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Editorial
Advances in Difference Equations

Azhar Ali Zafar

Department of Mathematics, Government College University, Lahore 54000, Pakistan; azharalizafar@gcu.edu.pk

1. Introduction

This editorial concerns the Special Issue of Axioms entitled “Advances in Difference
Equations”. It is well known that difference equations provide an extreme and yet widely
recognized representation of complex dynamical systems. The kernel of non-integer order
derivative operators holds significant relevance as an empirical explanation for these
complex phenomena. In recent years, the theory of non-integer order derivative operators
has been successfully applied to the study of anomalous behaviors in both social and
physical sciences. This Special Issue thus highlights high-quality research papers featuring
novel findings, with a focus on the theory and applications of differential and difference
equations, particularly in the fields of science and engineering.

2. An Overview of the Published Papers

This Special Issue includes 10 papers that were accepted for publication following a
thorough and rigorous review process.

In the first contribution, several new types of partial fractional derivatives in both
continuous and discrete settings are introduced. Moreover, some classes of the abstract
fractional differential equations and the abstract fractional difference equations depending
on several variables are investigated.

The second contribution presents new nonlinear delayed integral inequalities which
can be utilized to study the existence, stability, boundedness, uniqueness, and asymptotic
behavior of solutions of nonlinear delayed integro-differential equations. These inequalities
can be used in the symmetrical properties of functions and also generalize several well-
known inequalities in the literature.

In the third contribution to this Special Issue, a class of nonlinear ordinary differential
equations with impulses at variable times is considered. The existence and uniqueness of
the solution are given. Simultaneously, the classical definitions of continuous dependence

Citation: Zafar, A.A. Advances in and Gateaux differentiability are modified. The results provide a foundation to study
Difference Equations. Axiorms 2024, optimal control problems of systems governed by differential equations with impulses at
13,651. https://doi.org/10.3390/ variable times.
axioms13090651 The fourth contribution deals with the oscillatory behavior of solutions of a new class
Received: 19 September 2024 of second-order nonlinear differential equations. Some new criteria, that guarantee the
Accepted: 20 September 2024 oscillation of all solutions of the dynamical model without additional restrictions, are
Published: 22 September 2024 introduced. This new approach improves the standard integral averaging technique to
obtain simpler oscillation theorems for new classes of nonlinear differential equations.
The Special Issue’s fifth contribution aims to describe the dynamics of a discrete
- fractional-order reaction—diffusion FitzZHugh-Nagumo model. Acceptable requirements for
the local asymptotic stability of the system’s unique equilibrium are established. Moreover,
it is established that the constant equilibrium solution is globally asymptotically stable.
In the sixth contribution, the problem of synchronization-control in a fractional discrete
nonlinear biological model is investigated using the Caputo h-difference operator and
an L1 finite difference scheme. Furthermore, this research revealed that the L1 finite
difference scheme and the second-order central difference scheme may successfully retain
the properties of the related continuous system.

Copyright: © 2024 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
40/).
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In the seventh contribution to this Special Issue, topological degree and fixed point
theorems are applied to investigate the existence, uniqueness, and multiplicity of solutions
for a boundary value problem associated with a fractional-order difference equation. The
results are validated by the provision of appropriate examples.

In eighth contribution, the qualitative properties of solutions to a general difference
equation are investigated. Necessary and sufficient conditions for the existence of prime
period-two and period-three solutions are provided. Furthermore, the boundedness and
global stability of the solutions is investigated.

The ninth contribution forwards a neural network approach based on Lie series in
Lie groups of differential equations to solve Burgers-Huxley nonlinear partial differential
equations, where initial or boundary value terms in loss functions are investigated. The
proposed technique yields closed analytic solutions that possess excellent generalization
properties. Moreover, a thorough comparison with its exact solution is carried out to
validate the practicality and effectiveness of the proposed method, using vivid graphics
and detailed analysis.

Finally, the tenth contribution to this Issue offers novel adequate conditions for dif-
ference equations with forcing, positive, and negative terms to ensure non-oscillatory
solutions. To help establish the main results, an analogous representation for the main equa-
tion, called a Volterra-type summation equation, is constructed. Two numerical examples
are provided to demonstrate the validity of the theoretical findings.

Conflicts of Interest: The author declares no conflicts of interest.
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Abstract: In this paper, we introduce several new types of partial fractional derivatives in the
continuous setting and the discrete setting. We analyze some classes of the abstract fractional
differential equations and the abstract fractional difference equations depending on several variables,
providing a great number of structural results, useful remarks and illustrative examples. Concerning
some specific applications, we would like to mention here our investigation of the fractional partial
differential inclusions with Riemann-Liouville and Caputo derivatives. We also establish the complex
characterization theorem for the multidimensional vector-valued Laplace transform and provide
certain applications.

Keywords: multidimensional fractional calculus; multidimensional discrete fractional calculus; mul-
tidimensional generalized Weyl fractional calculus; abstract partial fractional differential equations;
abstract partial fractional difference equations; multidimensional vector-valued Laplace transform;
multivalued linear operators

MSC: 26A33; 39A14; 45D05; 39A99; 47D99

1. Introduction and Preliminaries

Fractional calculus is an important field of theoretical and applied mathematics which
generalizes the classical differential and integral calculus with the operations of integration
and differentiation of noninteger order. Fractional calculus and fractional differential
equations have earned considerable popularity and importance in the past few decades
in various fields of applied science; for further information in this direction, see [1-8]
and the references quoted therein. We will only mention here that fractional differential
equations are invaluable and important in modeling of various phenomena appearing in
mathematical physics, viscoelasticity, optics, acoustics, rheology, bioengineering, control
theory, electrical and mechanical engineering and so on.

Discrete fractional calculus is also a rapidly developing branch of mathematics. The
first serious study of discrete fractional differences can be attributed to F. Atici and
P. Eloe ([9], 2009); for more details about this topic, we refer the reader to the research
monograph [10] by C. Goodrich and A. C. Peterson, and the references quoted therein.
Fractional difference equations are extremely useful in modeling discrete phenomena in
different fields such as economics, physics, engineering and biology, and undoubtedly,
there is a vast literature on them; for example, T. Zhang and Y. Li [11] recently analyzed the

global exponential stability of discrete-time almost automorphic Caputo-Fabrizio BAM
fuzzy neural networks (it would be very difficult to summarize and quote here all relevant
references concerning discrete fractional calculus and its applications). The stability, bound-
edness, periodicity and asymptotic behavior of solutions for various classes of the fractional
difference equations are very well explored by now. Concerning the existence and unique-
Attribution (CC BY) license (https://  11€s8 of almost periodic solutions to the abstract fractional difference equations and the
creativecommons.org licenses /by / abstract Volterra difference equations, we refer the reader to the research monograph [12]
£0/). and the list of references quoted therein.

Copyright: © 2024 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and

conditions of the Creative Commons
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The partial fractional derivatives of functions have not attracted as much attention
of the authors working in the field of fractional calculus to date. With the exception of
the structural theory developed in Chapter 5 of the fundamental research monograph [7]
by S. G. Samko, A. A. Kilbas and O. I. Marichev and some structural results about the
partial fractional differential equations given in Chapter 7 in the fundamental research
monograph [4] by A. A. Kilbas, M. Srivastava and J. J. Trujillo, we can freely say that almost
all established results about partial fractional derivatives of functions and partial fractional
differential equations given to date are rather fragmentary and concern some very special
kinds of functions and partial fractional differential equations. In this research study, we
tried to overcome the shortcomings of existing research by investigating many interesting
topics that have not attracted the attention of authors working in the field of fractional
calculus yet; for example, we initiated the study of the abstract partial fractional differential-
difference inclusions with multivalued linear operators here (the multidimensional Laplace
transform of functions with values in complex Banach spaces is also a very unexplored
chapter of the theory of integral transforms).

For example, H. M. Srivastava, R. C. Singh Chandel and P. K. Vishwakarma analyzed,
in [13], the partial fractional derivatives of certain generalized hypergeometric functions
of several variables (see also [14]); the partial fractional differential equations with Riesz
space fractional derivatives of positive real order (see [7] (Section 25, p. 357) for the notion
and more details) were analyzed by H. Jiang et al. in [15] (see also [16]). It is also worth
mentioning the recent research article [17] by V. Pilipauskaité and D. Surgailis, where the
authors analyzed certain fractional operators and fractionally integrated random fields
on Z". Further on, M. O. Mamchuev [18] and A. V. Pshku [19] considered the systems of
multidimensional fractional partial differential equations containing the terms of form
Dz;u (x1, ..., xn) with just one index j € N, and not the general forms of partial fractional
derivatives introduced in this paper. More precisely, A. V. Pshku considered, in [19], the
well-posedness of the following multidimensional fractional partial differential equation:

Zﬂk gk x) +Au(x) = f(x), x€0,00)", )

where (9% / szk u) denotes the fractional partial derivative of order oy with respect to the
variable x; with origin x; = 0 (in the sense of the Riemann-Liouville, Caputo or Dzhrbashyan—
Nersesyan approach); here ap > 0for 1 < k < n, A € Rand f(-) is a locally integrable
function. We also refer the reader to the works mentioned in [7] (pp. 623-624) and some
recent results about nonlinear fractional partial differential equations obtained in [20-25].

The structure and main ideas of this paper can be briefly summarized as follows.
First of all, we explain the notation and terminology used throughout the paper and
recall the basic facts about the generalized Hilfer fractional derivatives and differences
(cf. Section 1.1). Section 2 examines the multidimensional generalized Hilfer fractional
derivatives and differences. We first introduce the notion of a multidimensional generalized
Hilfer fractional derivative D] ,u for a class of locally integrable functions u : [0,00)" = X;
here and hereafter, (X, || - ) denotes a complex Banach space. After that, we introduce the
multidimensional generalized Hilfer fractional discrete derivative D7, u, for any sequence
u : Nj — X. It seems that the notion introduced in this section is not considered elsewhere
in the existing literature, even for the Riemann-Liouville or Caputo fractional derivatives.

Section 3, which is broken down into two subsections, examines the multidimensional
generalized Weyl fractional derivatives and differences. The first subsection investigates
the generalized Weyl fractional derivatives and differences in the one-dimensional setting.
In Definition 3, we introduce the notion of a generalized Weyl fractional derivative Dy’ u
of function u(-). After that, we examine the basic structural properties of the introduced
fractional derivatives. If 2 : Ny — C and f : Z — X are given sequences, then we define
the Weyl fractional difference operator Ay , . f. We show that the approach of R. Hilfer [3]
is meaningless for the definitions of Weyl fractional derivatives and differences.
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The second subsection investigates the generalized Weyl fractional derivatives and
differences in the multidimensional setting (concerning some predecessors of this work,
we would like to mention here the research articles [26] by V. B. L. Chaurasia and R. S.
Dubey, [27] by S. P. Goyal and Trilok Mathur, [28] by B. B. Jaimini and H. Nagar and [29] by
R. K. Raina; see also the lists of references quoted therein). We first introduce the notion
of a generalized Weyl (a, a)-fractional derivative D}/ u; a very special case of the partial
fractional derivative Dj;?u is the generalized Weyl (, a)-fractional derivative D§ . After
that, if the sequences a; : Ny — Cand u : Z" — X are given and m; € N is a given integer
(1 <j < n), then we introduce the multidimensional Weyl fractional difference operator
Dy a,mu. We investigate the law of exponents for generalized Weyl derivatives and integrals
and provide an interesting open problem about the generation of C-regularized solution
operator families by the Weyl fractional differential operators with constant coefficients.
Furthermore, we reconsider the well-known Clairaut’s theorem on equality of mixed
partial derivatives (sometimes also called Schwartz’s theorem or Young’s theorem) in
the fractional setting and prove that it is not valid for the Riemann-Liouville and Caputo
fractional derivatives (see [7], p. 342) for the first results established in this direction) as well
as that it is valid for the Weyl fractional derivatives under certain reasonable assumptions.

In Section 4, we introduce and analyze the partial fractional derivatives of functions
defined on some special regions in R" and the partial fractional differences of sequences
defined on some special subsets of Z" (we tried to furnish an illustrative example for
each partial fractional derivative introduced in this paper; unfortunately, in the present
situation, we cannot precisely explain the physical meaning for each partial fractional
derivative introduced here). Further on, the investigation of two-dimensional scalar-valued
Laplace transform starts probably with the works of D. L. Bernstein [30,31] and J. C.
Jaeger [32] (1939-1941); for more details about the multidimensional scalar-valued Laplace
transform and its applications to (fractional) partial integro-differential equations, we refer
the reader to the research articles [33-38] and the doctoral dissertations [39-41]. For the
purpose of our investigations of the partial fractional integro-differential inclusions, we
provide the basic details and results about the multidimensional vector-valued Laplace
transform in Section 5 (we will systematically analyze multidimensional vector-valued
Laplace transform elsewhere). Our main structural result established in this section is
Theorem 1, where we clarify the complex inversion theorem for the multidimensional
vector-valued Laplace transform.

The fractional partial differential inclusions with Riemann-Liouville and Caputo
derivatives are investigated in Section 6.1, whose main results are Theorems 2 and 3 (cf. also
Remarks 3 and 4); Section 6.2, whose main result is Theorem 4, investigates the abstract
multiterm fractional partial differential equations with Riemann-Liouville and Caputo
derivatives, while Section 6.3 investigates the fractional partial difference equations with
generalized Weyl derivatives. Many other types of fractional partial differential-difference
equations will be considered in [12].

We introduce many new types of partial fractional derivatives in this paper. Before
fixing the notation and explaining some preliminaries, we would like to emphasize that it is
our duty to say that the motivation behind our innovations is still not sufficiently explained
as well as that future research studies should shed a light on these new concepts.
Notation and terminology. In the sequel, we will always assume thatm, n € N, (X, | - )
is a complex Banach space, L(X) is the Banach space of all bounded linear operators on
Xand C € L(X); N, := {1,..,n}, N} := {0,1,..,n} and [s] := inf{k € Z : s < k}
(n € N;s € R). If Ais a closed linear operator on X, then [D(A)] denotes the Banach
space D(A) equipped with the graph norm. The finite convolution product * of the
Lebesgue measurable functions a(-) and b(-) defined on [0, c0) is given by (a %o b)(t) :=
]0[ a(t —s)b(s)ds, t > 0; if the sequences (ai)ren, and (br)ken, are given, then we define
(a%0b)(+) by (axqb)(k) := Z;(:o ar—ibj, k € Ny. If A and B are non-empty sets, then we
define B4 := {f|f : A — B}. By I'(-) we denote the Euler Gamma function; we set
gu(t) == t*71/T(a), t > 0 and go(t) := 4(t), the Dirac s-distribution. If & € (0, 7t], then
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we define ¥, := {z € C\ {0} : |arg(z)| < a}; further on, if @ # QO C R" is a Lebesgue
measurable set, then Ll]o C(Q) denotes the space of all locally integrable complex-valued
functions defined on Q). For more details about the multivalued linear operators, we refer
the reader to [5]; we will use the same terminology as in this monograph.

Ifue L}Uc([O,OO)"),j € Ny and & > 0, then we define

o; Xj
]t/_’u(xl, wr X, Xy Xj1y ey Xy ) = /0 8 (xj = 8) (X1, 00, Xj_1,8, X1, 00y X)) s,
X = (X1, X1, X}, Xj 11, 000y Xn) € [0,00)"
If « > 0, then the Cesaro sequence (k*(v))yen, is defined by

f(p) . L0+ &)
k*(v) == Tl

It is well-known that for every a > 0 and B > 0, we have k* %9 kf = k*+P. Define
K9(0) := 1and k°(v) := 0, v € N; then k* %o kP = k**P foralla, B > 0.

If (uy) is a one-dimensional sequence in X, then the Euler forward difference operator
A is defined by Auy := 1y — uy. The operator A" is defined inductively; then, for every
integer m > 1, we have

’” (m
A"’uk = Z(*l)m7]< ,>Mk+]'.
j=0 J

If A and B are non-empty sets, then we define B4 := {f|f: A — B}.

Ifj = (ji,.,jn) € Njand k = (ky, ..., ky) € N, then we write j < k if and only if
jm < ky forall 1 < m < n.1If the sequences (ax)keny and (bx)eny are given, then we define
(axob)(-) by

(axob)(k):= ) a_jbj, ke Nj;
jeNEj<k
and it can be simply proved that the convolution product *( is commutative and associative.
If the sequences (ay)keny and (by)kezn are given, then we define the Weyl convolution
product (a0 b)(-) by

(aob)(v):= Z alv—0b(l), velZ,

leZml<v

whenever the last series is absolutely convergent.
Finally, if a(-)isa given sequence in X which depends on the variables vy, ..., v, then
we define

Ao, (V1, v Vg oy On) i= (01, 000y 05 + 1,y 0n) — A (01, 000y Vi ooy On) .

.a and A%ivia = Ay, Ay,a; the terms

After that, we set A%,-v/ﬂ = Ny Ay

m |ec|
Avi1 naandAul' v“"a

-0
I 1 e Un

are defined recursively, as for the partial derivatives of functions («; € No; |a| = a3 + ... +
«y). It is worth noting that for every permutation o : N, — N,;, we have

Jae] _ Alel
AUM, L= Al Gy () W @
1 Yn v(r(l) '..."UV(”)
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as easily proved. Many other important results of mathematical analysis, like Green’s for-
mula in the plane and the Gronwall inequality, have analogues for the difference operators;
see [42] (pp. 23-25, 43—44) for more details in this direction.

1.1. Generalized Hilfer Fractional Derivatives and Differences

If 5(t) denotes the Dirac delta distribution, then we accept the formal convention
fot 5(t —s)f(s)ds = f(t). Suppose now that u : [0,00) — X is locally integrable, « > 0,
m = [a],a € L} ([0,00)) ora(t) = &(t),and b € L}, ([0,00)) or b(t) = &(t). Set

Va(t) := /Ofu(t —s)u(s)ds, t>0.

The following extension of the usual Hilfer fractional derivative Df’ﬁ u(t), whena(t) =
8(1=p)(m—a)(t) and b(t) = gp(n—)(t) for some B € [0,1], was recently introduced in [43]
(for B = 0, resp. B = 1, we obtain the usual Riemann-Liouville fractional derivative D u of
order g, resp., the Caputo fractional derivative D¢ u of order «).

Definition 1. The generalized Hilfer (a, b, a)-fractional derivative of function u(-), denoted shortly

by Dy yu, is defined for any locally integrable function u(-) such that the function v,(,m_1> (t) is
locully absolutely continuous for t > 0, by

Dy ju(t) == (b % 0" )(t) (b xg (a %9 u)<m)) (t), aet>0. (3)

Suppose now thatu : Ng — X, « > 0, m = [a],a : Ng = Cand b : Ny — C. The
following is a discrete version of the notion considered above (cf. [44] (Definition 3.1)).

Definition 2. The generalized Hilfer (a, b, «)-fractional derivative of sequence u(-), denoted shortly
by DY ,u, is defined by

Diyu(v) i= (bxo A" (axou) )(v), © €N,

If 0 < B < 1, then the usual Hilfer fractional derivative D*#u of order « and type
B is defined as the generalized Hilfer (a, b, «)-fractional derivative of u(-), with a(v) =
K(A=B)m=1) (1) and b(v) = kP19 (v).

In both cases, the continuous one and the discrete one, we define

D,?/bu i=axgbxou.

2. Multidimensional Generalized Hilfer Fractional Derivatives and Differences
Suppose that 0 < T; < +ooand I; = [0, T;), I; = [0, Tj] or I; = [0, +00) for 1 < j < n.
Set I :=1I; X I x ... x I,. Suppose that u : I — X is a locally integrable function, and for
every j € Ny, a; € Llnc(I ) oraj(t) = &(t), and bj € L, (I;) or bj(t) = &(t). Suppose further
that aj >0 forall j € N,. Define a := (ay, .. ,ocn) and

Dy, (Dgz{bz ( (Dz‘,',’lbnu(-,..., -)) ))] (X1, xn), (@)

for a.e. (x1,..,x,) € I, provided that the right-hand side of (4) is well-defined. Here,
we assume that the variables xq, xy,...,x,_; are fixed in the computation of the term
D'X” " (X1, .-, Xp), ..., as well as that the variables x5, x3, ..., x,, are fixed in the computation of
the final term on the right-hand side of (4). We call D] , u the multidimensional generalized
Hilfer (a,b «)-fractional derivative of the function u( ) If for each j € N, we have

D pu (X1, 0er Xp) 1=

Da’ b = = DY , resp., for each j € N;; we have D b = D , then the corresponding partial
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fractional derivative ]D)”‘b is called the multidimensional Riemann-Liouville fractional
operator (cf. also [7] (pp. 340-342)), resp., the multidimensional Caputo fractional operator,
and it is denoted by D7 || = Dy, resp. D} ) = D¢

In the discrete setting, we assume that u : N{,’ — X,a;:No — Cand b; : Ng — C are
given sequences (1 < j < n). We define

Df:llrbl (Dz‘zzrb2 ( (D;‘:rbnu (O )) ) >] (01, s V), (5)

for any (v1,...,vs) € N{; note that the right-hand side of (5) is always well-defined. We

call Df u the multidimensional generalized Hilfer (a, b, a)-fractional derivative of the

sequence (- ); the multidimensional Riemann-Liouville fractional difference operator D%

and the multidimensional Caputo fractional difference operator D are defined similarly.
We continue by providing certain illustrative examples.

]D)‘;‘lbu(vl, oy V) 1=

Example 1.
(i) Suppose that @ # D C [0, +c0)" is a finite set, cg € C forall B = (1, ..., Bn) € D and
u(x1, . xp) =y cp8p, (X1) - 8p, (Xn), X120, ..., x4 > 0.
peD
Suppose further that a; > 0, aj(t) = g, (t) and bj(t) = gs,(t) for some non-negative num-
bers «y; > 0.and 6; > 0 such that 7y; + B; > m; (1 < j < n). Set fj(t) = gs;+p,-m;(t),
t>0,if v+ B; > mjand fi(t) :=0,t >0, if v; + B; = m;. Then we have

D§ pu (X1, 00y Xn) = Y cpfi(x1) - fu(xn), %120, ., 0 20
)

This formula enables one to clarify a great number of various partial fractional differential
equations which do have the function u(xy, ..., X,) as its solution; for example, we have

Df pu (%1, s Xn)
151+”/1 my x§n+'yn*mn
n

/3;? I+ ﬁl tyr—my) 7 T(6n+ Bu+ yn — )

u(x1, . X ),

forany x1 >0, ..., x, > 0, provided that 5]- +79; > mjfor 1<j<n.
(i) Suppose that @ # D C [0, +c0)" is a finite set, cg € C forall B = (1, ..., Bn) € D and

u(vy, . o0) =Y cﬂk'61 (01) - oo kg, (vn), ©1 €Ny, ..., v, € Ny.
6D

Suppose further that a; > 0, aj(v) = k"i(v) and bj(v) = K% (v) for some non-negative
numbers v > 0 and (5/ > 0 such that v +ﬁj > mj (1 <j<mn). Set
otmj
fi(0) = KR (o 4 mj) — I Y KR (o +m; — 1)K%(1), v € No.
=0v+1

We know that (see [45] (Example 3)):

AKP() =KP (- +[a]), B=a>0.
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This simply implies

D§ pit (01, 00y 0n) = ,32‘5 cpfi(v1) - fu(on), ©1 €Ny, ..., v, € N.
€

Remark 1.

(i) Instead of the generalized Hilfer fractional derivatives and differences, we can consider here
any other type of fractional derivatives of functions defined on the segment of the non-negative
real axis ([46]). In such a way, we can extend the notion considered in this section and obtain
much more general forms of the partial fractional derivatives.

(ii) It is well-known that the composition of the Riemann—Liouville (Caputo) fractional derivatives
of orders « > 0 and B > 0 is not the Riemann—Liouville (Caputo) fractional derivative of order
« + B; see [6] (Sections 2.3.5 and 2.3.6) for more details. We can further extend the notion
of fractional derivative D} ju by replacing some terms DZ;’bl in its definition by the finite
compositions Dj;l],bh DZZ’% e DZ;:’Z% of terms with respect to the variable x; (1 < j <n).
Let us recall that Clairaut’s theorem on equality of mixed partial derivatives states that

if a function u : 3 — R defined on a non-empty set 3 C R" is given, as well as that x € R"

is a point such that some neighborhood O(x) of it belongs to (2, and u(+, -) has continuous

second partial derivatives on O(x), then we have

0%u u
8xi8xj (x) o 8xj8xi (x)

This equality cannot be so easily interpreted for the generalized Hilfer partial fractional
derivatives, because the equality

a «
Dall,bl (Dazzbz >:| (xl’ XZ) =

Dor, (Di‘f,blu)] (x1,%2), ©6)

is not true, in general (of course, it is true in the case that b = d, a4 = c and m; =
my, at least almost everywhere). The Formula (6) does not hold even for the Riemann-
Liouville fractional derivatives and the Caputo fractional derivatives, as the following
simple counterexample shows.

Example 2. Suppose that 0 < oy < 1,0 < ap < 1and ay # ay. Let us consider the Caputo

approach, in which aq(t) = ax(t) = 6(t), bi(t) = g1—ay (1), b2(t) = 14, (t) and my = my = 1.
Then a simple computation shows that the equality (6) is equivalent with

X1
/0 S1-ay (X1 — / 1a ( ) az u(r,1)dl dr
X1 du
_ /0 1w (21 — r)a /0 $1-0x (52 = 1) Srulr, 1) dl dr. %
Take now u(xy,x3) := x1x for x1 > 0and x; > 0. Then (7) is equivalent with

82-0, (¥1) 820y (¥2) = 820y (¥1) - 820 (¥2),

which is wrong. In the discrete setting, we cannot expect the validity of nontrivial fractional
analogues of Equation (2).
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We continue with the observation that the formulae [1] (1.13, 1.21) can be straightfor-
wardly extended to the multidimensional setting. For example, if u € L} ([0,00)") and
aj >0 for all j € N, then we have

DR!DR2 - e DR - - JR2 1w = u
and
DEDE - .. D"‘”]“” . ][ u =,

with the meaning clear. The situation is a little bit comphcated if we consider the second
formulae in Equations (1.13) and (1.21) from [1]; for example, in the two-dimensional
setting, we have

Ji2 Tt DR DR2u(x1, x2)
my—1 ak

=u(xy,x) — Z {]mz 2 %o u] (x1,0) - Suptkt1—m, (X2)

k=0
et ak my—aq %)
— Z /0 gaZ ) W Ifl *0 DR u
1

for any (x1,x,) € [0,00)2, provided that u € L}, ([0,00)2), my = [a1], my = [as], for each
xp > 0 the function x; — DY 2u(x1,x2), x1 > 0is locally integrable and satisfies ]f EO
D%2u € W™ ([0,00) : X), and for each x; > 0 we have ]t 272 5o (9M27 1 /0xy? Yu e

(Xuxz)} ds} Sy k4 1-my (X1), (8)
0,xp=s

R loc
Wy 1([0,00) : X), as well as
my—1 ak
Ji T DEDEu(x1,x2) = u(x1,22) = ) [Bxku(xlfo)} Skt (x2)
k=0 b

my—1

R | I S LTS

for any (x1,x2) € [0,00)?, provided that my = [a], mo = [aa], u € L} ([0,00)?), for
each x, > 0 the function x; — f(x1) = (9™ ~1/0x)"~ 1)DC (x1,x2), x3 > 0 is con-
tinuous, g, —a; *0 f € WV 1(]0,00) : X), for each x; > 0 the function x; > g(x3) :=

(amz*l/axmz_l)u(xl,xz) X, > 0 is continuous and g, —a, *0 § € W}, 1([0100) : X). Here,

WA ([0,00) : X) and W21 ([0,00) : X) denote the usual Sobolev spaces; cf. [1] for the

loc loc
notation used.

3. Multidimensional Generalized Weyl Fractional Derivatives and Differences

In this section, which consists of two separate subsections, we investigate the multidi-
mensional generalized Weyl fractional derivatives and differences.

3.1. Generalized Weyl Fractional Derivatives and Differences

If u : R — X is a locally integrable function, & > 0 and m = [a], then the Weyl
fractional derivative Dy u of function u(-) of order « is well-defined if the mapping x —
i foo Im—a(x —s)u(s) ds, x € Ris well-defined and m-times continuously differentiable, by

. qm X
[Dwu] (x) := Pl Lm m—a(x —s)u(s)ds, xeR;

cf. [47] for more details. Now we would like to propose the following notion.

10
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Definition 3. Suppose that a € L} ([0,00)), u : R — X is a locally integrable function, & > 0
and m = [a. The generalized Weyl fractional derivative Dy u of function u(-) is well-defined
if the mapping x — [*_a(x —s)u(s)ds, x € R is well-defined and m-times continuously
differentiable, by

am x
[D{',‘(,”u} (x) == dx’"/ a(x—s)u(s)ds, xeR.

We call the function x — Iy 4(x) := [*_a(x —s)u(s)ds, x € R, if it is well-defined,
the generalized Weyl a-integral of function u(-). If a(t) = g¢(t) for some ¢ € (0, 1), then the
class of functions for which the above integral absolutely converges and behaves nicely
was considered for the first time by M. ]J. Lighthill in [48], where it was called the class of
“good functions”. In the general case, we have

/x a(x —s)u(s)ds = /O+ooa(s)u(x —s)ds, xeR

—00

and the dominated convergence theorem implies

d ds= [ a(s)ut™ d R
Wlwa(x—s)u(s) sf/0 a(s)u™(x—s)ds, xe€R, neN,
provided that there exists m € N such that f0+°° la(s)|(14s)"™ds < 400, and the function
u(-) and all its derivatives are differentiable almost everywhere and for each n € N and
« € Ny there exists a finite real number M, , > 1 such that [|u(® (x)|| < My, (1 + |x])7",
x € R; we call such functions “vector-valued good functions” and denote the corresponding
class by S(X). If (G) holds, where
(G) There exists an integer m € N such that f0+°° la(s)|(14s)"™ds < o0 and

S b(s)|(1+5) " ds < +oo,
then we can repeat verbatim the argumentation from [47] (Section 3, pp. 239-240) in order
to see that the law of exponents for generalized Weyl integrals holds true:

IW,aIw,bu = IW,a*Ubur ue S(X); (10)

Here, we we will only note that the Dirichlet integral formula given on [47] (p. 239,
1.-7-1.-4) in our new framework takes the form

/twa(x— t) [/wa(s —x)f(s)ds} dx = /rw(u %0 b)(s —1)f(s)ds,

which follows from an elementary change of variables in the double integral. Furthermore,
if (G) holds, then we can repeat verbatim the argumentation from [47] (Section 4, pp. 240-244)
in order to see that the law of exponents for generalized Weyl derivatives holds true:

D& Db = DT Py, e s(x). (11)

In connection with the above issue, we would like to note that the approach of R.
Hilfer is insignificant for the definitions of Weyl fractional derivatives introduced above.
Without going into full detail, we will only note here that the following formula holds true:

x dam s dam px
/_Do b(x — s)ds—m /_oou(s —r)u(r)drds = o '/_oo(u #o b)(x —s)u(s)ds, x e R, (12)
provided that u € S(X) and (G) holds; furthermore, the assumption u € S(X) can be
slightly relaxed and all abovementioned statements can be slightly generalized keep-
ing in mind the concrete value of integer m € N satisfying (G); details can be left to
interested readers.

11
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Suppose now thata : Ny — Cand f : Z — X are given sequences. If the series
Y% a(s)f(v —s) is absolutely convergent for all v € Z, then we define

(Awaf) @)= Y. alo—9)f(s) = 2 ($)f(0—s), vel 13)

S=—00

Assume that the sequence Ay ,f : Z — X is well-defined and m € N. Then we put

(Bwamf) (@) i= (A"Bwaf ) (2), v €.

It is worth noting that if m = [a] and a = k" * for some « > 0, then the operator
Agm reduces to the Weyl fractional derivative Dj f of sequence f(-) of order &; cf. [49]
(Definition 2.3). Because of that, we will call the sequence Ay , ,, f the generalized Weyl
(a, m)-fractional derivative of sequence f(-).

Concerning the discrete counterpart of Formula (12), let us first define (0 < g < 1;
b: Ny — (C)

AP F = AP ATA=B0m=) £ and A, f = AATAf.

Then, under certain logical assumptions, we have the following (the multidimensional
analogues of these formulae can be also achieved):

AP F=D8f and Aupf = Agugpf- (14)

Both formulae can be proved in the same manner, with the help of the discrete Fubini
theorem and the result established in [50] (Theorem 3.12(ii), (iii)). For the sake of brevity, we will
prove here the first formula in (14) only, extending thus the result established in [49] (Remark 2.4):

[858f] @) = ¥ KO0 s)

S=—00

AmA(lﬁ)(mﬂ)f} (s)

. kﬂ<"’*“><vfs>f<f1)"“"(r-”)[ AUPO=Of] (s )

1

s=—00 i=0
:iizlo(—l)m_'<r7> S;@kﬁm "‘)(v—l—z—s)[ (1-B)(m— k)f](s)
:i(*l)mﬂ( > Z KPm=2) (9 47 — 5) E KA=B)m=2) (5 _ 1) £(1)
i=0 s=-c0 [T
::0(_1)"17,(7”) :Zlk”‘ “o+i=s)f(s) = [Dif](0), veZ

3.2. Continuation: Multidimensional Generalized Weyl Fractional Calculus

Suppose now that a; € L} ([0,00)) forall j € Ny, u : R" — X is a locally integrable
function and a; > 0 for all j € N,,. Define a := (21, ..., 0y ) and

Dt u(x1, ooy Xp) 1= {D%’”l (Dg\}’“z < (D%’“"u(y . )) ) >} (%1, xn),  (15)

for a.e. (x1,...,xy) € R", provided that the right-hand side of (15) is well-defined. Here,
we assume that the variables x1, xp,...,x,_1 are fixed in the computation of the term
Dg\’,"””u(xl, vy Xn), ..., as well as that the variables x;, x3, ..., x, are fixed in the computa-
tion of the final term on the right-hand side of (15). We call D{;"u the multidimensional
generalized Weyl (a, a)-fractional derivative of the function u(-). If aj = Gmj—aj/ where

12
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mj = ﬂx]-] forall j € N;, then we call Df u := D‘{j\’,"u the multidimensional generalized Weyl
a-fractional derivative of function u(-); cf. also [7] (p. 343) for the scalar-valued version of
this notion. We call the function

X1 X2 Xn
x = Iy a(x) == /7 /7 . /7 a1 (x1 —s1)a2(x2 = $2) + oo - an (x4 — 54)

X U(81,90, 00y Su) ds16dSy - ... dsy, x = (x1,%2,..., %) € R”,

if it is well-defined, the generalized Weyl a-integral of function u(-).

Suppose now that u : Z" — X, aj Ny — C are given sequences and mj € N are
given integers (1 < j < n). Then we introduce the following multidimensional fractional
difference operator

DW,a,mu ("01, (Y] Un)

Awlallml <Aw/ﬂ2,m2 ( <Aw,amm”u(~, ey )> ) >:| (Z)l, ey Un), (16)

for any (vy,...,v,) € Z", provided that the right-hand side of (16) is well-defined. We call
Dyy,a,m# the generalized multidimensional Weyl (a, m)-fractional derivative of u(-). If m; =

[¢j] and a; = k""" for 1 < j < n, then we call Dy , mt the generalized multidimensional
Weyl a-fractional derivative of u(-), where &« = (a1, ..., ay).

Remark 2. It is clear that in place of the generalized Weyl fractional derivatives and differences,
we can consider here any other type of fractional derivatives of functions defined on the whole real
axis (see, e.g., [7] (Chapter 5) and [46,51]).

The formulae [47] ((7.4), (7.6), (7.10), (7.12), (7.13)) can be simply formulated in the
multidimensional setting. For example, we have

D%D%...D%emx]+a2x2+“‘+a”x” = g?lagZ S eMX1 Tt tanxn (17)

provided that a i > 0and aj > 0 for 1 < j < n, with the meaning clear.

If all partial derivatives of a function u : R" — X are continuous almost everywhere
and for each m € N and a € Nj there exists a finite real number My, , > 1 such that
4 (x) || < Mua(1+]x])7", x € R", then we say that u(-) is a vector-valued good
function of several variables; the corresponding class of vector-valued good functions
will be denoted by S, (X) henceforth. If u € S,,(X), then the function Iy ,(-) is infinitely
differentiable and for each « € Njj and x € R" we have

i (x) = / a1(s1)az(s2) .- an(sn) L(x —s)ds.
Wa [0,+00) oxyl - .- 0xy"

Furthermore, if the following condition holds:
(G1) There exists an integer m € N such that f0+°° la;(s)[(1+s)"™ds < +ooand
Jo = Ibj(s)1(1+5) " ds < +ooforall j € Ny,

then we can apply the Fubini theorem and (10) in order to see that the law of exponents for
generalized multidimensional Weyl integrals holds true:

IW,aIw,bu = IW,a*Ubu/ ue Sn(X)/ (18)

where a xg b := (a3 %g by, ..., an %o by ). If (G1) is valid, then the following multidimensional
analogue of (11) holds:

DDLU = DTl e s, (x), (19)

13
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where [a] + [B] := ([a1] + [B1], -, [an] + [Bn]); in particular, we can clarify Clairaut’s
theorem on equality of mixed partial Weyl fractional derivatives of type (6).

The generation of C-regularized solution operator families in L¥(R") by the Weyl
fractional differential operators of the form

A=Y cDjyu,
aeD

where D is a non-empty subset of Njj and ¢, € C for all « € D, is a rather nontrivial
problem. We will consider this issue elsewhere.

4. Multidimensional Fractional Calculus on Some Special Regions of R"

Keeping in mind the notion introduced in the previous two sections, we have an open
door to consider the partial fractional derivatives of functions defined on the subsets I C R"
which have the form [ = Iy x I X ... X I, where [; = [O,T]-), I = [0, T]], I = [0, +00) or
I = Rfor1 < j < n; for example, in the two-dimensional setting, we can consider functions
defined on the half-space I = [0, c0) X R or the closed rectangle [0, T] x R, where T > 0.

Suppose that f : I — X and I has the above form. Suppose, further, that a; > 0 for all
jeN,and a = (aq, ..., 0y ). We define

D (e 20) = [Dm <D«z ( <D<>>m () @0)

for a.e. (x1,..,x,) € I, provided that the right-hand side of (20) is well-defined, where
D% = DZj/bj for somea; € L}UC(I]-) oraj(t) = d(t),and b; € L}M(I]-) or b;(t) = d(t), provided
that I; = [0, T;), Ij = [0, Tj] or I; = [0, +c0), and D% = D}, with some a; € L}, ([0,0)), if
I; = R. We will not consider here the partial fractional derivatives of functions defined
on some other regions of R"; for example, it could be interesting to consider the partial
fractional derivatives of functions defined on convex polyhedrals in R".

In the discrete setting, we will only consider the sets I C Z" which have the form
I =1L xI x..xI,, where Ij =Ny orIj = Zfor1 < j < n.If I has such a form and
u : I — X, then we define the partial fractional derivative D*u(v, ..., v,) similar to the
continuous setting; for example, in the two-dimensional setting, we can consider sequences
defined on the set I = Ny x Z or [ = Z x Nj.

We continue by providing the following illustrative example.

Example 3. Suppose that n > 2, @ # D C [0,+00)" is a finite set, cg € C for all B =
(B1,rBn) € D, By > 0and

u(xy, . Xn) =Y cpgp, (1) - 88, (xp—1)ePr™n, x; >0, ..., x,m1 >0, x, €R.
gD

Suppose further that aj > 0, aj(t) = g,,(t) and bj(t) = g, (t) for some non-negative numbers

v = Oandéj > Osuchthut'yj+ﬁj > mj(l <j<n-1).Let D"u = D:T‘b‘uforl <j<n-1,
b

andhlet D" u = Dyy. If we define the functions f;(-), for 1 < j < n—1, as in Example 1(i), then

we have

D*u (1, Xn) = Y cpBifr(x1) - e < fue1 (xp—1)ePron,

peD

forany xq >0, ..., x,_1 > 0and x, € R; cf. also (17).

14
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As in Example 1(i), we can construct a great number of various partial fractional differential
equations having the function u(xy, ..., x,) as their solution; for example, we have

D yu (%1, eees Xn)

S1+11—my O 1+ Yn-1—My_1
X Yn-1

= cp By e
ﬁ;) APn (61 + B1+71—my) T(6p—1+Bu1+Yn-1—My_1)

su (xll ey xn)/

forany x; >0, ..., x,—1 > 0and x, € R, provided that o+ v > mjfor 1<j<n—-1

5. Multidimensional Vector-Valued Laplace Transform

The multidimensional vector-valued Laplace transform has not attracted as much
attention of the authors to date. Suppose that f : [0, +o0)" — X is a locally integrable
function. Then the multidimensional vector-valued Laplace transform of f(-), denoted by
F(-) = f = Lf,is defined through

+ +
F(A o An) ::/0 w/o T oMbt g (1) dby o, @1)

if it is well-defined. We say that f(-) is Laplace transformable if and only if there exist
real constants w; € R, ..., wy € R such that F(Aq,...,Ay) is well-defined for A >
w1, ..., RA; > wy. This is always the case if there exist finite real constants M > 1 and
wy €R, ..., wy € Rsuch that ||f(t1,... tn)]| < Mexp(wity + ... + wyty) forae. 4 >0, ...,
t, > 0, when we say that f(-) is exponentially bounded; then F (A4, ..., A,;) is well-defined
for RA1 > wy, ..., A, > wy and F(+) is analytic in this region of C” (see L. Hsrmander [52]
for the basic introduction to the theory of analytic functions of several complex variables).
The uniqueness theorem for Laplace transform holds in the multidimensional framework.

The numerical inversion of a multidimensional vector-valued Laplace transform has
been considered in many research articles to date (these papers can be easily located online
and we will not quote them here). On the other hand, it seems that the complex inversion
theorem for the multidimensional Laplace transform in both the scalar-valued setting and
the vector-valued setting has not been properly formulated by now. Concerning this issue,
we will state and prove the following extension of [53] (Theorem 2.5.1):

Theorem 1. Suppose that M > 0, wy >0, ..., wy > 0,61 >0, ..., €, > 0and F: {1 € C:
RA > w1} x ... x {A € C: RA > wy} — X is an analytic function such that

HF(Al,...,An)

] <M AT, R S wp (1<<n). (22)

Then there exist a real number My > 0 and a continuous function f : [0, +00)" — X such
that

(f(t o ta) || < My[t]her - e forall t >0, ..., ty >0 (23)
and F(A, .., An) = (Lf) (M, o An) for A > wj(1<j<n).

Proof. We present the main details of the proof only. Let a; > w; be pairwisely distinct
numbers (1 < j <), and let

1 a7 +ico ay+ico
' / MO E (A A dAy Ay, (24)

f(tlf"'l tn) = W a1 —ico B ay—ioco

forany t; > 0, ..., t; > 0; it can be easily shown that the integral appearing in (24) is
absolutely convergent so that f(-) is well-defined. The dominated convergence theorem
implies that f(-) is continuous; moreover, we can use the Fubini theorem, the growth rate
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of F(-) and the computation carried out in the proof of the last mentioned theorem in order
to see that there exists a constant M; > 0, independent of ay, ..., a,, such that

[f(tr oo tn) || < My [t] e - 5e™] forall 1 > 0, ..., £y > 0.

On the other hand, an elementary contour argument shows that the definition of
function f(-) does not depend on the choice of numbers a7 > wy, ..., 4, > wy. In actual
fact, we can fix the numbers a; > wy, ...,a,_1 > wy,_1 and prove first that the definition
of function f(-) does not depend on the choice of number a, > w,; after that, we can
repeat this procedure (1 — 1) times. Using this fact and letting a; — wj+ for1 < j <,
we obtain (23). It remains to be proved that F(Ay, ..., Ay) = (L£f)(A1, ..., Au) for RA; > w;
(1 <j < n). Let the numbers A, ..., A, enjoy the above properties and let w; < a; < RA; for
1 < j < n. Then the Fubini theorem and an elementary argumentation shows that

1 ay+ico an—+ico F(Zl,...,Zn)
LAy ) = e / / dz .. dz,.
( f)( 1 ”) (27-”)71 a1 —ico 4, —ico ()\1 — Zl) LR (An — Zrl) Z1 Zy

Using the residue theorem and deforming the line [a;, — ico, a, + ico] into the union
of the segment [a, — iR, a, + iR] and the semi-circle a, + {Re’g /2 <6 < m/2},
we obtain

O R

/”1+i°° /”n—1+i°° F(Zl, ‘..,Zn,l,)\n)
X .
a .

. dzy..dz,_q.
a,_1—ico (A] — Zl) R (/\n,1 — anl) ! n-l

1—ico
Repeating this argument, we simply obtain the required equality. [

6. Some Classes of Fractional Partial Differential-Difference Inclusions

In this section, we investigate some classes of the fractional partial differential-difference
inclusions. We will divide the material of this section into three separate subsections.

6.1. Fractional Partial Differential Inclusions with Riemann—Liouville and Caputo Derivatives

Suppose thata; € [0,2), 4y € [0,2), my = [a1], mp = [ay] and Ais a closed MLO in X
(the precise assumptions about A will be clarified a little bit later). In this subsection, we will
provide certain results about the well-posedness of the following abstract two-dimensional
Cauchy inclusions:

DR DRu(x1,x2) € Au(xy,x2) + f(x1,%2), x>0, x>0, (25)

subjected to the initial conditions of the form

ok _
ok {IZZZ o ”] (x1,0) = fi(x1), 0<k<mp-1; (26)
2 ok my—aq oy o
) Sw (x2—5) Sk Iy, o D | (x1,x2) ds = hy(x2), 27)
xl x1=0,x=5s
for0 <k <mp—1,and
DEDZu(x1,x2) € Au(xy, x2) + f(x1,x2), x>0, x>0, (28)

16
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subjected to the initial conditions of the form

ak
ﬁu(xllo) =fi(x1), 0<k<mp—1; (29)
2

k

/OxZ Su, (X2 —5) {aaka’ézu(xl,xz)} ds = hi(x), 0<k<m—1. (30)
1 x1=0,xp=5s

Our basic assumption will be that f (-, -) is a Laplace transformable function.

Let us consider first the problem (28) equipped with the initial conditions (29)—(30).
Assuming that f € L}, ([0,00)? : X), all conditions for applying the Formula (9) are
satisfied and using the fact that for every locally integrable function u L] oc ([o, 00)2 1 X),
the assumption

JigTitu(x,%2) =0, x>0, x2>0

implies u = 0, we obtain that the problem [(28)—(30)] is equivalent with

my—1 my—1

u(x1,xz Z Sk+1 xz) fk x1 Z Lkt xl) hk(xz)
X
€ A/o Sy (%2 —1’)/0 1ga1 (x1 —s)u(s,r)dsdr
+ /Oxz Suy (X2 —7) /OX1 Qo (x1—=8)f(s,r)dsdr, x1>0,x >0, (31

since A is closed. Similarly, if f € L}, ([0,00)? : X) and all conditions for applying the
Formula (8) are satisfied, the problem [(25)—(27)] is equivalent with

mp—1 m—1
u(x1,0) = Y Quprkr1—m, (x2) - fi(x1) Z Say+hr1—my (x1) - e (x2)
k=0

X2 X1
€ A/O Sy (X2 —7) /0 Sy (x1 — ) u(s,r) dsdr
X X
+/O zg,xz (x2—7) /0 1g,,q (x1 —8)f(s,r)dsdr, x1 >0, x, >0. (32)
We will use the following notion (cf. also [5] (Definition 3.1.1(i))).

Definition 4. It is said that a locally integrable function u : [0,00)? — X is
(i) A solution of [(28)—(30)] if and only if

X2 X1
/0 Sy (X2 —7) /0 S, (x1 —8)u(s,r)dsdr € D(A)
and (32) holds for a.e. x; > 0 and x; > 0.

(ii) A strong solution of [(28)—~(30)] if and only if there exists a locally integrable function u g a, «, :
[0,00)2 — X such that

"Xy X
/0 S, (X2 —7) /0 Sy (X1 — 8)Up g, 0y (5,7) ds dr

X X
€ A/ ng (x2—7) / 1g‘,(1 (x1 —s)u(s,r) dsdr fora.e. x; > 0and xp > 0,
Jo 0

17
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and

ny—1 myp—1

u(xy,22) — Z k1 (x2) - fre(x1) Z Qi1 (x1) - Ty (x2)
= / Say (X2 —7 /0 Sy (%1 = 8) U Ay, 0y (5,7) ds dlr
+/ Sy (%2 —r)/ Sy (x1 —8) f(s,7)dsdr fora.e. x; > 0 and x, > 0.
0
We similarly define the notion of a (strong) solution of problem [(25)—-(27)].

It is clear that any strong solution of [(28)-(30)] ([(25)-(27)]) is likewise a solution of
the same problem and that the converse statement is not true, in general.

Let us now take a closer look at the abstract Cauchy inclusions (31) and (32). Apply-
ing the two-dimensional Laplace transform and the Fubini theorem, we obtain that the

problem (31) is equivalent with

+0o oo mp—1
/ / e~ ’\XZu(xl xp) dxydx, — Y A= k/ e fi(x1) dxy
0o Jo 0

k=0

my—1

— Z z 1= k/o e M2y (x2) dixy
00 ~+o00
eA [z_”‘l/\_"‘2 / / e PRy (g, xp) diy dxz}
o Jo

“+o0 ~+o0
4z / / e—z?ﬁ—)\Xzf(xl,xZ) dxy dxy, (33)
0 0

for all z € C with Rz > w; for some wy > 0 and A € C with RA > w, for some w;p > 0,
under certain logical assumptions, as well as that the problem (32) is equivalent with

+oo  ptoo my—1 oo
/ / e Py (xq,000) dxy dxp — ) Am2TITREm / e fi(x1) dxy
o Jo 0

k=0

my—1
_ Z ZM1— 1—k— al/o e*/\thk(XZ) dx;
0 “+o0
€ A{Z_“l)\_"‘z/ / e P2y (g, xp) dy dxz}
0 0

~+o0 “+o0
LM / / eflef/\hf(x],xz) dxy dxo, (34)
0 0

for all z € C with Rz > w; for some wy > 0 and A € C with RA > w; for some wy > 0,
under certain logical assumptions. After setting

“+00 “+o00
i(z,\) / / e T A"Zu(xl xp) dxy dxs,
we obtain that the problem (33) is equivalent with
my—1
(z”‘l)\”‘z - A)u( Z ZM 1= k/o e fi(x1) dx;
myp—1 _
— Y ke /O e M2y (xy) da + f(z,A), (35)

k=0

18
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forall z € C with #z > wj and A € C with A > w,, while the problem (34) is equivalent
with

mz 1
(qu)»txziA) ( Z 01 \ 2= 1- k/ lefk(xl) dxy
0
my—1 +00 .
— Y gl /O ey (xy) dxy + Fz,A), (36)
k=0

for all z € C with Rz > wy and A € C with RA > w,. In the case that there exists an
injective operator C € L(X) which commutes with A and condition (C1) clarified below
holds, then the inclusion (35), resp., (36), is equivalent with:

1 mp—1 ) +o00
ﬁ(z,)\) _ (Zm/\lxz _ A) C Z Zm/\azflfk/ eilefk(xl) dxq
k=0 0
—1 m—1 oo -1
— (A —A) Y e /0 e Ml (1) dxy + (292% — A) T CF(z ), (7)
k=0 ’
for all z € C with Rz > wq and A € C with RA > wy, resp.,
1 ma—1 400
i(z,A) = (z”‘l/\le 7./4) cy z"‘l/\mfl’k/ e fi(xq) dxy
k=0 0
1 m—1 +oo -1
_ (z”‘l/\”‘z - A) c Yy zmlhe / e M2y (xp) dxy + (z”‘l/\”‘z - A) Cf(zA),  (38)
k=0 0

forall z € C with Rz > wy and A € C with RA > wy.
Now we will formalize all this and state the following result by assuming some special
conditions on the multivalued linear operator A.

Theorem 2. Suppose that C € L(X) is injective and commutes with A, f(-;-) is Laplace trans-
formable and the following condition holds:

(C1) There exist real numbers wy > 0 and wy > 0 such that z1A*2 € pc(A) for all z € C with
Rz > wy and A € C with RA > wy.

Denote by D1 the set of all indexes k € N?nrl such that fi.(-) is not identically equal to the zero

unction and by Dy the set of all indexes k € N such that hy(-) is not identically equal to the
Y my—1 yeq
zero function. If the following conditions hold:

(i) Forevery k € Dy, there exists a Laplace transformable function u}{( -) such that

uN}C(z,/\) =M1k (z"‘l/\”‘2 C/ e fi(x1) dxy,

resp.
uh(z,4) = 2o (g e / e i (1) dxy,

for Rz > wq and RA > w.
(ii)  For every k € Dy, there exists a Laplace transformable function uZ(-; -) such that

uN%(z,)\) = zf1-kym (z“l)\"‘z C/ e M2y (xp) diy,

resp.
z:]%(z,)\) = zMm-1-kym (z"‘l)\”‘z C/ e M2y (xp) dx,

for Rz > wq and RA > w,.
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(iii)  There exists a Laplace transformable function uZ(-; -) such that

iiy(z,A) = (214% - A) “CFen),

for Rz > wq and RA > ws.

Then there exists a unique solution of problem u(x1, x2) of [(28)—~(30)], resp., [(25)—(27)], which is
given by

u(xy,x) = Y up(x, ) + Y ui(x1,x0) + ug(x1,x2) forae. xy >0, x2 > 0. (39)
keDy keD,

Furthermore, suppose that (i)—(iii) and the following conditions hold:

(is) For every k € Dy, there exists a Laplace transformable function uf (-; -) such that
L;v,l((z,A) = 2\ 201k (z"‘l/\"‘2 C/ e fi(x) dxg
1ok [T
— M\l /0 e fi(xq) dxq,
resp.
~ ' k -1 o0
up(z,A) = 2 pretme1s (z"“ A2 — A) C/O e fi(x) dxy
—+o00
_ ZalAmz—l—k/() e—lefk(xl) de

for Rz > wq and RA > ws.
(iis) For every k € D, there exists a Laplace transformable function uk( -) such that

2(z,1) = 21k (e 4) / e N2y (x;) dxs
— g l-k e /0+oo e’Athk (x2) dxa,
resp.
MN%(Z, A) = gatm=l-k) 20 (z"‘%"‘z C/ e M2y (xp) dxy
—zm-l-kec /;00 e M2y (x2) dix,

for Rz > wq and RA > w.
(iiis) There exists a Laplace transformable function uz(-; -) such that
-1 -
i7(z,1) = 21A% (22%2 — A} Cf(z,4) = Cf(z,A),

for Rz > wq and RA > w,.

Then there exists a unique solution of problem u(x1, x2) of [(28)—~(30)], resp., [(25)—(27)], which is
given by

u(xy,xa) = Y up(x,x2) + Y ug(x1,x2) +up(x1,x2) forae. x; >0, x> 0. (40)
keDy keDy

Then the function u(xy, x2), given by (40), is a strong solution of problem u(x1, x2) of [(28)-(30)],
resp., [(25)-(27)].
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Proof. Since we assume the conditions (i)—(iii), we simply infer that the function u(xy, x2),
given by (40), satisfies (37), resp., (38). Arguing reversely, we obtain that (35), resp., (36),
holds true. Applying the inverse double Laplace transform, we obtain that (33), resp., (34),
holds true, which simply completes the proof of the first part of theorem. The second part
of theorem follows similarly since, in this case, there exists a locally integrable function
U Ay 0y (75 +) such that g, 4, () € Au(;-) ae. on [0,400)%, which can be proved by
performing the double Laplace transform and (is)—(iiis); see also [5] (Theorem 1.2.4(i)). [

The subsequent result follows immediately from Theorems 1 and 2 (we can similarly
clarify the corresponding conditions ensuring the existence of a unique strong solution of
problems under our consideration; we use the symbol - to denote both the one-dimensional
and the two-dimensional Laplace transform here, which will not cause any confusion).

Theorem 3. Suppose that f(-;-) is Laplace transformable and the following condition holds:
(C1s)(C1) holds and there exist real numbers M > 0 and p € (0,1] such that

1

(A -4) C M

< W, Rz > w1, RA > wy. (41)

Suppose, further, that the following conditions hold:
(i) Forevery k € Dy, there exist real numbers My; >0, e’l‘/l > 0and 51{,2 > 0 such that

t— fr —1—¢k 1k
e k(l +H\z\mm|az)/s Mialz| AT, Rz > wp, RA > wp.

(ii)  For every k € Dy, there exist real numbers My, >0, elg 1 > 0and e’ﬁ 5 > 0such that

‘Z‘le—l—k‘)qaz ||ﬁ;<(/\)H

A ] — “1-efy)y—1-¢h,
(1 n ‘z“"l‘}w"‘z)ﬁ < Mk,l‘z‘ |)\‘ , Rz >wy, RA > wy.

(iii) There exist real numbers M' > 0, €1 > 0 and €y > 0 such that

1Al

W< Mz AT, Rz > wy, RA > w).
@+ e | = M A

Then there exists a unique continuous solution u(xy,xy) of problem [(28)—~(30)], resp., [(25)-(27)],
and we have

€ €
H (x1,x2 H <M" Z x11x21zew1x1+w2r2
keDy

€ €
+ Z X 21x2226w1x1+w2‘v2 + x51x§26w1x1+w2x2 x1 > 0/ X2 > 0.
keDy

If 0 ¢ Dq U Dy, then the requirements of Theorem 3 are satisfied in many important real
situations, even for the degenerate Poisson heat operator A - n1(x)~'; cf. [5] and references
cited therein for further information in this direction.

Remark 3. Suppose that ay +ay < 2. Then it is clear that the estimate (41) holds if Xy, 4 y) /2 ©
oc(A) and there exists p € (0,1] such that

M

@t app & Haronrz

-]
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Unfortunately, we cannot prove that (41) holds if there exists a positive real number a > 0 such
that a + Z‘(oq+0c2)7'{/2 - PC(A) and

T I A

+IADF

The main problem lies in the fact that for every real number wy > 0, we have
. . i . o
XEdezst({re’al 17 >0}, (w; + ix) 1) —0.

Remark 4. Suppose that aq + xy > 2. Then we can apply Theorem 3, with C # 1, to a class of
two-dimensional partial fractional differential equations involving the single-valued linear operators
A = A whose C-resolvent is bounded by (1+ | - |)~" on the set of form C \ K, where K is compact;
see [5] for the corresponding examples. In particular, if &y = ay = 1, then we can analyze the
well-posedness of the problem

aZ

mu(xl,xz) = Au(x1,%) + f(x1,x2), x>0, x>0,

subjected to the initial conditions u(x1,0) = fo(x1), x1 > 0and u(0,x2) = u(0,0) + ho(x2),
xp > 0.

Using the multidimensional generalizations of the Formulae (8) and (9), we can
similarly analyze the well-posedness of the abstract fractional Cauchy inclusions

DRDR -...-DRu(x) € Au(x) + f(x), x= (x1,%2, ..., xs) € [0,400)"
and
DEDE - ... DFu(x) € Au(x) + f(x), x= (x1,x2, ..., x1) € [0,400)",

subjected to certain initial conditions (for the scalar-valued case, see also [54] (Section 3)).
Details can be left to interested readers.

6.2. The Abstract Multiterm Fractional Partial Differential Equations with Riemann—Liouville and
Caputo Derivatives

In this subsection, we investigate the following operator extensions of the partial
fractional differential Equation (1):

ZA D<0 0y, U (X1, ey Xy ooy X)) = f (X1, 000 %0), 2120, oy Xy 20, (42)

subjected to the initial conditions

]mk 1 (x1, ey Xn) = fioj (X1 ooos Xkt Xk oo X)), (43)
x=0

for1 <k<mn 0<j<mp—1,and

Z Ay D<0 =0y, U (X1, ey Xy ooy X)) = f (X1, 00 %n), 2120, ooy Xy 20, (44)
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subjected to the initial conditions

o
]-u(xln--wn)} = fij (X1 oo X1, Xk 1, 0 Xn), (45)
axk x.=0

k

forl <k <mn, 0 <j< m—1, where A is a closed linear operator and «; > 0 for
1 <k < n.In order to do that, we essentially apply the multidimensional vector-valued
Laplace transform.

We will use the following notion.

Definition 5.
(i) By amild LT-solution u(x1, ..., Xn ) of [(42) and (43)], resp. [(44) and (45)], we mean any Laplace

transformable function u(xy, ..., X, ) such that the terms DI(QO ”"O>u(x1, weos Xfey ooy X)), TESP.

Déo""’“k"“’o)u(xl, vees Xpey ooy X ), are well-defined and Laplace transformable for 1 < k < n

as well as that the terms (Bf/ax;() t"klk*“ku(xl, vy X)), TESP. (af/ax{()u(xl, vy Xp), ave well-
defined and continuous with respect to the variable xjfor 1<k<n0<j<m—1,

n
Y Ay (LD;O""'“k""'())u(xl,...,xk,...,x,,)> (A An) = F(Ay s An),  (46)
k=1

for §R/\/- > wj (1 < j < n) and some non-negative real numbers wy > 0, ..., w, >

0, resp. (46) holds with the term D%O"“"x""“’o)u(xl,..., X, -y Xn) Teplaced with the term

Déo""’“k""’o)u(xl, wes Xis ooy X ) therein, and (43), resp. (45), holds.

(ii) By a strong LT-solution u(xy, ..., x,) of [(42) and (43)], resp. [(44) and (45)], we mean
any mild LT-solution u(x, ..., xn ) of this problem which additionally satisfies that the terms
Ale(QO"“’“k""’())u(xl, wes Xfey ooy X)), TESP. AkD(CO"“’“k"“’O)u(xl, ces Xfey ey X)), are well-defined
and Laplace transformable for 1 < k < n.

The uniqueness theorem for Laplace transform and the closedness of operators Ay for
1 <k < n show that any strong LT-solution of [(42) and (43)], resp. [(44) and (45)], satisfies
that (42), resp. (44), holds for a.e. x; > 0, ..., x;, > 0.

Our main result concerning the well-posedness of Equations (42)-(45) reads as follows

Theorem 4. Suppose that C € L(X) is injective, Ay is a closed linear operator commuting
with C and o > 0 for 1 < k < n. Suppose, further, that there exist non-negative real numbers
wi >0, ..., wy > 0such that the operator Yy | _, /\ikAk is injective and (Y}, /\zkAk)*lC € L(X)
for RA1 > wy, ..., RAy > wy. Let the following conditions also hold:

(i) There exists a locally integrable, exponentially bounded function h(x, ..., x,) for x; >0, ...,
Xy > 0 satisfying that Dl(zo"“’““"“’o)h(xl, weey Xy weey X ), TESP. D(CO""’“k""’O)h(xl, wer Xfep oo X)),
is welljdeﬁned, locally integrable and exponentially bounded (1 < k < n), the terms
(Bf/ax{()]f;k_“kh(xb wrXn), vesp. (91 /9x))h(x1, ..., xy), are well-defined and continuous
with respect to the variable x]-for 1<k<n0<j<m—1,and

1

~ n ~

h()\],...,)\n) = (Z /\zkAk> Cfo (Al,...,)\n), §R/\1 > W1, ey KA, > wy, (47)
k=1

where f = Cfp.
(ii) If1 <k <nand0 < j < my — 1, then there exists a locally integrable, exponentially bounded
function hk,]-(xl, s X1, X1, o0 Xn) for x1 > 0,0, X1 > 0, 41 > 0,..,x, > 0

satisfying that the terms D;ao"“’a”"“’o)hk,]»(xl,..., Xk—1, Xk11s s Xn), TESP. D(CO""’“"""’())hk,j

(X1, ees Xk_1, X1+, X ), are well-defined, locally integrable and exponentially bounded for
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1 < v < n, the terms (af/ax{;)];:"ﬂ"hk,j(xl,..., Xk—1, Xk41s s Xn), TESP. (af/ax{,)hk,j
(X1, vy Xk—1, Xg 41, -y X ) are well-defined and continuous with respect to the variable x, for
1<v<mnand

1

— n —

e j (A1) woos Ak—1s Akits ooor An) = (E )\zkAk) CAifij0 (A1) s A1, Akgts oo An), (48)
=1

provided that ®A1 > w1, ..., RA 1 > w1, RAk1 > wpyr, oo, RAw > wy, where fi; =
ka/jlo.

Then there exists a unique mild LT-solution u(x1, ..., x,) of [(42) and (43)], resp. [(44) and
(45)], and we have

n M=
1 (%1, s Xy Z Z k] X100 Xn) F (X1, 00 %0), X120, .., x5 > 0. (49)
Furthermore, if the following conditions hold:

resp.DéO’“"“”’“"O)Avh(x1, wees Xy, oeny Xy ), ave well-defined, locally integrable and exponentially
bounded;

(iis) f1<v<mn1<k<nand0<j<my—1,then the terms Avhkl]»(xl, eees X1, X1 over X))
and D}?"“’“”"“’O)Avhkl/(xl, e X1, Xk 1y -es Xn), TESP. D(CO"“’“""“’O)Avhklj(xl, ey X1,
X1 Xn ), are well-defined, locally integrable and exponentially bounded,

then the function u(x1, ..., x,), given by (49), is a strong LT-solution of [(42) and (43)], resp. [(44)

and (45)].

Proof. Let u(xy, ..., x,) be given by (49), and let A1 > wy, ..., A, > wy. Our assumptions
imply that the term Dg)’ ’ak""’(])u(xl,..., Xk eves Xp1), TESP. D<CO"""X""”’O>u(x1,..., Xk ooy Xn), 18
well-defined as well as that we have the following (see also Equations (1.22)—(1.23) [1]

and Equation (16) [55]):

D}f"“’“k"“’o)u(xh ey Xy ey Xg) = /\i"ﬁ(/\l, s An)

resp.

DOy (x), gy o ) = ARG (A, M)
m—1

11—
- E |:‘C’f1,-»-,tk1Jk+1,~qfnfk,j:| (Alr s /\k—lr )‘k+1/ ey An)/\zk ], (51)
=0

where L+, t 1 t,1,..t, denotes the multidimensional Laplace transform with respect to the
variables ty, ..., ty_1, tjy1, ..., tn. Furthermore, our assumptions simply imply that

n n -1 my—1
(A1, An) = Z(Z )LZkAk> CA Y. [ﬁh S 1 tnfk]o}

k=1 \k=1 j=0

-1
n ~
(M) eoos A1, A1 s A (Z "‘kAk> Cho(A1s s An).-
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This simply implies

1=

n
{Z AFAR (AL, M) = Y Ax
k=1

mg—1
x )

j=0

~
Il

1

1 ~
[:tlrmrtklrtk+]r"'/tﬂfk,j:| ()\1, v A1, )Lk+1, e /\n)/\zlk ] f(/\l, vy /\n),

resp.

i /\1,.. /\71 ZAk

[EA Ax

ny—1

3

j=0

11— ~
£t1,...,tk1,tk+1,.4.,t,,fk,j:| (M or A1, Akt 1y oo An)AZk j— F(A1, e An).

Keeping in mind Equations (50) and (51), it readily follows that Equation (46) and its
analogue with Caputo fractional derivatives hold good. Therefore, the function u(x1, ..., X )
is a mild LT-solution of problem [(42) and (43)], resp. [(44) and (45)]. The uniqueness
of mild LT-solutions of this problem follows from a simple argumentation involving the
injectiveness of the operator } ! ; )\I’:k Ay for RA1 > wy, ..., RA; > w, and the uniqueness

theorem for the Laplace transform. Finally, if the conditions (is) and (iis) hold, then we can

y,...,0)

simply prove that the function Ale(zo"“' u(xq,...xn) is Laplace transformable and

L[A D( ~0) u(xg, ..x )] = A, [ﬁu(xl,...xn)},

which simply completes the proof. O

Keeping in mind Theorem 1, we can apply Theorem 4 in many concrete situations,
even if a; > 2 for some indexes k € Ny;; cf. [5,55] for more details. Let us finally observe
that we can similarly analyze some generalizations of the problems [(42)-(45)] with various
types of generalized Laplace fractional derivatives, especially with the generalized Hilfer
(a,b, a)-fractional derivatives [43].

6.3. Fractional Partial Difference Equations with Generalized Weyl Derivatives

In our recent research article [56], we investigated various classes of the abstract non-
scalar Volterra difference equations of several variables. In order to do that, we introduced
and analyzed the notion of a discrete (k, C, B, (A;)1<i<n, (Vi)1<i<n)-existence family (cf. [56]
(Definition 2.1)); the generation of discrete (k, C, B, (A;)1<i<n, (Vi)1<i<n)-existence families
was analyzed in [56] (Theorem 2.1) under certain very mild assumptions.

In [56], (Theorem 2.2(i)), we proved the following result:

Lemma 1. Suppose that vi € Njj, ..., v,y € Nf, (S(V))veNg C L(X) is a discrete (k,C, B,
(Ai)1<i<m, (Vi)1<i<m)-existence family, Yoenn [|S(v) || < +oo and the following holds:

(a)  f:Z" — Xisabounded sequence, k € I'(N : C) and Yveny lai(v)| < fooforl <i<m,

or
(b) fel(Z":X), k: N} — Cisabounded sequence and a; : Z" — C is a bounded sequence
forl <i<m.
Define
u(v) := Z Sv=Df), veZ" (52)
leZm;l<v
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and

8(v ( )3 Z) a1 %0 S) (Vv =D f(I) + ..

I<v+4vy <y

( Y 2) am*0S) (v +vm —1f(), veZ" (53)

I<v+vy, I<v
Then u(-) is bounded if (a) holds, u € I'(Z" : X) if (b) holds, and we have
BM(V) = A Z 111(V+V1*Z)M(l)+...
1eZ1<v+vy
+ Ap Y a(vHve—Du(l)+g(v), veZ".

1eZM1<v+vy,

For some concrete applications of Lemma 1 to the fractional partial difference equations
with generalized Weyl derivatives, we will particularly consider the situation in which the
sequences 4;(-) have the following form:

a;(v1, ey ) = @ (01) - ol (0n), (01,00 00) €NE (1< i < m). (54)

Suppose now thatv; € Njj, ..., vi; € N, (S(V))veNg C L(X) is a discrete

(k,C, B, (Ai)1<i<m, (Vi)1<i<m)-existence family, } o ey |S(v) || < o0, (54) and the follow-

ing conditions hold:

(al) f : Z" — X is a bounded sequence, k € I'(N§ : C) and ¥ 1° O\a( v)| < +oo for
1<j<mnand1<i<m,or

(bl) f € IYZ" : X), k : N — C is a bounded sequence and a;- : Z — Cis a bounded
sequence forl1 <j<nand1<i<m.

Let m = (my,...,my,) € N" be fixed, and let the sequences u(-) and g(-) be defined by
(52) and (53), respectively. Then u(-) is bounded if (al) holds, u € I'(Z" : X) if (b1) holds,
and a simple computation shows that we have

(g

=A (Aw,m,m”) (V4 vi) + .+ Ay (AW,u,,,,mu> (Vv+vm), vez (55)

Further on, if a1 = (a},...,al) € [0,400)" ...,y = (&, ..., a)") € [0,400)", mi = [a ] for

1<j<nand1<i<m,a(o;) = K" "(v)) for1<j<m1<i<mand

P B N .
mp=m; =..=mj, 1<j<n,

then we have

1

(Azz}j +,T”"Bu>( ) = Ar (A1) (Vi) + o A (A5000) (v Vi), v EZ" (56)

We can also analyze some other relatives of (55) and (56) as well as the existence and
uniqueness of almost periodic-type solutions to (55) and (56); cf. [56] for more details.

7. Conclusions

In this paper, we introduced and analyzed several new types of partial fractional
derivatives in the continuous setting and the discrete setting. We investigated the well-
posedness of some classes of the abstract fractional differential equations and the abstract
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fractional difference equations depending on several variables, providing also many il-
lustrative examples and useful remarks. We also provided some new applications of the
multidimensional vector-valued Laplace transform.

We can also consider several new types of partial fractional derivatives using the
multidimensional convolution products

(axob)(x):= /;1 s /Oxn a(x1 = $1, 00 X — 51 )b (51,000, 1) dS1...dsy,

for x = (x1,...,xx) € [0,400)", where a, b € L} ([0, +c0)"), and

loc
X1 Xn
(aob)(x) := /7 e /7 a(x1 = $1, ., X — 1) b (51, .00, 1) dsq..dsy, (57)

for x = (x1,..,x,) € R", where a € L} ([0,+o0)") and b € L} (R"). It is clear that
Equation (57) presents an extension of the generalized Weyl a-integral; ifa € L} ([0, +c0)"),

loc
uc L}OC(R"), aj>0forl <j<mnanda= (a1, ..., & ), then we also define

ai’ll

Y  (a
7 i (
Oxy '+ Oy

]D)g\’,a’lu = ou)(x), x=(x1,..,x:) € R",

where m; = ﬂxj] for1 < j < nmand m = mq + ...+ my. It is worth noting that the
Formulae (18) and (19) continue to hold in this framework.

In the discrete framework, several new types of fractional partial difference operators
can be introduced and analyzed using the multidimensional convolution products *g, o
and the sequences a : Njj — C which do not have the form (54). We will consider such
operators elsewhere.

Let us finally note that the multidimensional fractional calculus is still a very unex-
plored field of mathematics. It is our strong belief that the partial fractional differential-
difference equations will receive the considerable attention of authors in the near future.
Without any doubt, this will reinforce the significance of our research and greatly enhance
the impact of this paper.
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Abstract: The purpose of this article is to present some new nonlinear retarded integral inequalities
which can be utilized to study the existence, stability, boundedness, uniqueness, and asymptotic
behavior of solutions of nonlinear retarded integro-differential equations, and these inequalities can
be used in the symmetrical properties of functions. These inequalities also generalize some former
famous inequalities in the literature. Two examples as applications will be provided to demonstrate
the strength of our inequalities in estimating the boundedness and global existence of the solution to
initial value problems for nonlinear integro-differential equations and differential equations which
can be seen in graphs. This research work will ensure opening new opportunities for studying
nonlinear dynamic inequalities on a time-scale structure of a varying nature.

Keywords: retarded integral inequality; Gronwall-Bellman inequality; nonlinear integral; differential
equations

MSC: 39B72; 26D10; 34A34

1. Introduction

It is well known that there exists a class of mathematical models that are described
by differential equations, and a lot of differential equations do not apply directly to ana-
lyze the global existence, boundedness, uniqueness, stability, and other properties of the
solutions. On the other hand, integral inequalities occupy a very privileged position in
all mathematical sciences, and they have many applications to questions of the existence,
stability, boundedness, uniqueness, and asymptotic behavior of the solutions of nonlinear
integro-differential equations. They can be used in various problems involving symmetry
(see [1-7]). In 1919, Gronwall [8] was the first person to introduce the following inequality
(which can be used to estimate the solution of a linear differential equation):

Gronwall’s Inequality [8]. Suppose x to be a continuous function defined on [, a + k]
with a, k, ¢, and d being non-negative constants. Then, inequality

0<x(r) < /(c x(p)+d)dy, Yre|n,a+kl], 1)

implies

0 < x(r) <dkexp(ck), Vreaa+k]. )
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A significant generalization of Gronwall’s inequality was given by Bellman [9] in 1943,
which is stated below as follows:

Gronwall-Bellman Inequality [9]. Assume x and / to be non-negative continuous func-
tions defined on E; = [0, k] where xo and k are positive constants. Then, inequality

x(r) < xo+ [hpx(wdn, VreEy, ©)
0
gives

x(r) < xp exp (/h(y)dy) , VreE. 4)

0

A huge number of useful generalizations of (1) and (3) were given by many mathe-
maticians and scientists after the establishment of Gronwall’s inequality and the Gronwall—-
Bellman inequality which can be found in [4-6,10-20]. Among them, Abdeldaim and
Yakout [16] in 2011 extended the inequality (3) as given below:

) = s0+ ([ H00x00aw) -+ [ (x00 +2 / HOXOWB )dn, 6
0 0 0

where x(r) and h(r) are non-negative real valued continuous functions defined on
R4 = [0,00) and x is a positive constant. Retarded or delayed arguments were introduced
in differential and integral equations to solve real-life problems such as the involvement
of a significant memory effect in a refined model. In these perspectives, retarded integral
inequalities were introduced, where non-retarded argument r is modified into retarded
argument 9(r). In 2015, the following inequality was studied in [12] in which the retarded
case of inequality (5) was obtained by replacing r by a function 9(r):

8(r) B(r) u
x(r) <xo+ [ h(0x(o) + p(n)ldn+ [ hGu) [ b(0)x(0)dodp. ©)
0 0 0

In 2020, Shakoor et al. [19] improved the above results, where they generalized inequality
(6) to the general form of

9(r) (r) 1
x(n <q()+ [ (h0x(o+pn)du+ [ b [b@)x(O)dodn, ¥r e Ry @)
0 0 0

Recently, in 2023, Sun and Xu [6] established new weakly singular Volterra-type integral
inequalities that include the maxima of the unknown function of two variables while in [5]
the new retarded nonlinear integral inequalities with mixed powers were studied and
utilized to study the property of boundedness and the global existence of solutions of the
Volterra-type integral equations with delay.

Motivated by the inequalities mentioned above, we prove more general integral
inequalities with an addition of a differentiable function to replace the constant outside the
integral sign. In addition, the nonlinear function ¢(x(r)) will be introduced to replace the
linear function x(r). The objective of this article is to establish some new nonlinear retarded
integral inequalities that will generalize and cover the inequalities presented in [3,9,12-16].
These inequalities can be used to analyze the existence, stability, boundedness, uniqueness,
and asymptotic behavior of the solutions of nonlinear integro-differential equations in the
symmetrical properties of functions. Further, two examples, in terms of application, will be
provided to demonstrate the strength of our inequalities in estimating the boundedness and
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global existence of a solution to the initial value problems of nonlinear integro-differential
equations and differential equations, which can be seen in graphs. This research work
will ensure the opening up of new opportunities for the studying of nonlinear dynamic
inequalities on a time-scale structure of a varying nature.

The remaining parts of the article will proceed as follows: Section 2 contains a few
preliminary results of new nonlinear retarded integral inequalities with the addition of a
differentiable function to replace the constant outside the integral sign, and the nonlinear
function ¢(x(r)) will be introduced replacing the linear function x(r) for the Gronwall-
Bellman—Pachpatte type in Section 3. Section 4 presents applications for the purpose of
demonstrating the strength of our inequalities in estimating the boundedness and existence
of solutions for differential equations and integro-differential equations, which can be seen
in graphs. Lastly, the conclusion of this study will be given in Section 5.

2. Preliminaries

Throughout this article, R presents the set of real numbers, while R} = [0, c0) is the
subset of R and / represents the derivative, whereas E(R,, R, ) and E'(R;, R, ) stand
for the sets of all non-negative continuous functions and nondecreasing continuously
differentiable functions from R into R, respectively. Now, we are ready to present some
preliminary results.

The inequality

x(r) < xo+ /rh(y)x(y)d]/t—o—/rh (7b dG)dpt, Vr e Ry, (8)
0 0 0

was discovered by Pachpatte [13] in 1973 taking x(), h(r), and b(r) to be non-negative real
valued continuous functions defined on R and xg to be a positive constant. The inequality

A A "
x(r) < xo+ [ (Gu)x(0) +p(n) du+ [ () [v(@)x(O)d0dy, re Ry, ©)
0 0 0

was derived by Pachpatte [3] in 1998 considering x(r), h(r), p(r), and b(r) to be non-
negative continuous functions defined on R and xj to be a non-negative constant. The
inequality

P H(r) < x4 (/h )xP (u dy) +2/h(y )xP( )(x(y) +/Ph(9)x”(9)d9>dy, (10)
0 0

was established by Abdeldaim and Yakout [16] in 2011 with the same assumptions as given
in (8) and p € (0,1). The inequalities

o(r) 5 ()
x(r) < xo+</h(u)fp(x(u))du> + / h(ﬂ)¢(x(ﬂ))<¢(x(ﬂ))
0 0
"
+2 / h(G)qa(x(B))dG)dy, (11)

0
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and
8(r) 8(r)

o) = o ([ Hmotetn)an) + [ wotet (<60
0

0

}I
+2 / h(@)(p(x(e))de)dy, (12)
0

were developed by Wang [15] in 2012 assuming x, h € E(Ry,R.), ¢, ¢/, 9 € E'(R4,Ry)
with ¢(r) < k,8(r) < r; k, xo to be positive constants and x, h € E(Ry,R.), ¢, ¢, ¢ €
E' (R4, Ry) with ¢/(r) = ¢(r), 9(r) < r; and x to be a positive constant. The following in-
equality has the same assumptions as given in (11) studied by Abdeldaim and El-Deeb [14]
in 2015

8(r) i
x0) <30t [ hnotr0) (ox(0) + [ @0g(x(O)d0 )y, ey (3
0 0

The following result was studied by Abdeldaim and El-Deeb [12] in 2015

8(r) o(r)
x() < w0+ [ ol(n) (g (x(0) +a(0)dn+ [ o(x(u)h(n)
0 0
1
x (/ b(@)<p(x(9))d9> du, (14)
0

considering the same assumptions as given in (11).
We now introduce the following basic lemmas, which are very helpful in the proofs of
our main results.

Lemma 1 ([10]). Suppose thata > 0, m > n > 0, and m # 0.
(a) IfK>O0,then

n - m-—n
a% < 7Knmmu+ K%
—m m

(b) IfK =1, then
am < £a+1f£.
m m

Lemma 2 ([11]). Let x, h € E(R4,Ry), and q, ¢, 8, € E' (R, Ry) with 9(r) < r, Vr € R4
If
8(r)
x() < )+ [ hpex(n)dp, Vre Ry,

(=]

holds, then

w0 < ¥ (Yao)+ [ hGodn), e OR),
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where

¥(t) = / %, Vi >0,

W1 is the inverse function of ¥, and Ry € Ry is the largest number such that

8(Rq)

¥+ [ noods [ i
1

3. Results on Retarded Integral Inequalities

In this section, we state and prove the following nonlinear retarded integral inequality
with the addition of a differentiable function to replace the constant outside the integral sign
for the inequality of the Gronwall-Bellman-Pachpatte type. These results will generalize a
few important inequalities in [3,9,12,13].

Theorem 1. Let x, h, p, b € E(R;, Ry ) and q, 0 € E'(Ry,Ry) with 8(r) < ron Ry, and
m € (0,1]. The inequality

9(r) 9(r) u
x(r) <q() + [ () +p(o]"du+ / n) [ b(@)x(e)dedu, Vre Ry, (15)
0 0
implies
8(r) r 8(p)

x0) < q+ [ (mple)+ @) s [ 0G0 0G| (bt + b))
0 0 0
8(p)

X <mq(0) + / (mq/(ﬂfl(O)) +m?p(0) +m(1 — m))
0

xexp| — o(mh(ﬂ) + lb(iy))d;y do |du, Vr € Ry. (16)
J m

Proof. With the help of Lemma 1 (b), from (15) we have

8(r) B(r) H
¥0) < a()+ [ (mCh0)x0) + p) + (1= m) -+ [ 10 [ vostoyany,
0 0
forall » € Ry. Let J(r) be the right hand side of (17) that is a non-negative and nondecreas-
ing function on R, and J(0) = 4(0). Thus, from (17) we have

x(r) <J(r), x(8(r)) <J(¥(r)) <J(r), VreR,. (18)
After differentiating [(r), we obtain

8(r)

J'(r)=q'(r)+9'(r) <mh(l9(r))X(l9(T)) +mp(8(r)) + (1 - m)> +0'(r)h(8(r)) / b(0)x(6)do,

0
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by utilizing (18), we have
J'(r) < q'(r) +md' (r)p(8(r)) + &' (r) (1 —m) + &' (Nh(8(r))V(r), VreRy,  (19)
where
8(r)

V(r) = mJ(r) + / b(6)](6)d6, Vr € R, (20)
0

is a non-negative and nondecreasing function on R, and we also have V(0) = mJ(0) = mq(0),
J(r) < %V(r), and J(8(r)) < %V(ﬂ(r)) < %V(}'). We obtain the following inequality after
differentiating inequality (20) and utilizing inequality (19):

V'(r) < mg'(r) + m®d (1) p(9(r)) + & ()m(1 — m) + &' (r) <mh(l9(r)) + %b(ﬂ(r))) V(r),
which is equivalent to

Vi(r) = 0'(r) <mh(19(r)) + %MWT))) V(r) < mq'(r) +m9' (r)p(8(r)) + 9 (r)m(1 — m),

for all » € R4. We have the following estimation for V(r) after integrating the above
inequality from O to r:

8(r) 8(r)

exp ([ ) + o0 ) (ma(0) + / ('@ (00) + mp(e) + m(1 — m) )

0

wexp( — Q(mh(n)+lb(q))dn ), VreR.. 1)
b m

Putting (21) into (19), we have

8(r)
)+ 8/0) (mp(010) + (1= m) )+ (B0 [ bt + i
9(r)
<(m )+ [ ('@ )+ mp(e) + m(1 -~ m)
0
o
Xexp( — /(mh(iy) + %b(ﬂ))dﬂ) d6>, Vre Ry (22)
0

Setting r = y in (22) and integrating it from 0 to r, then substituting J(7) in (18), we obtain
(16). The proof is completed. [

Remark 1. It is very interesting to observe that Theorem 1 generalizes some former famous results
such as the following:

(1).  If we take q(r) = xq (a constant) and m = 1, then Theorem 1 is converted into inequality
(6) [12].

(2).  When we suppose q(r) = xo (a constant), m = 1, and 0(r) = r, then inequality (9) [3]
becomes the corollary of Theorem 1.

(3). Ifweput q(r) = xq (a constant), O(r) = r, b(r) =0, p(r) = 0, and m = 1, then we obtain
the Gronwall-Bellman inequality [9] given in (3).
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(4). When we put q(r) = xo (a constant), 9(r) = r, m =1, and p(r) = 0, then Theorem 1 is
reduced to inequality (8) [13].

Generalization of the results given in [12,14-16] will be established in the upcoming
new inequalities which can also be utilized to study the global existence of solutions to the
generalized Liénard equation with time delay and to a retarded Rayleigh type equation:

Theorem 2. Let x, b, p, h € E(R,Ry) and q, ¢, ¢/, 8, € E'(Ry,Ry) with q(r) > 1,
@' (r) < k, (a positive constant) ¢ > 0, (r) < r, forall r € Ry and m € (0,1). The inequality

o(r)

8(r)
x(r) < g+ / o) (0 @(x()) + p(o) "+ [ 9(x(u)h(n)
0

( / b(6)p(x(6)) d@) du, VreR,, 23)

gives

8(r)

x0) ¥ (RO + [ (g 00+ p0n0+ (- m) +h0pGn) ), @b
0

forall v € R, where

t
¥(t) :/—, £>0, (25)
1

o(r)
exp( f (kp(u) + k(1 = m) + 5:b(p))dp)
B(r) = 0 . , (26)
—k f (mg"(0=2()) + h(p))exp f(kp(e )+ k( 1—m)+ b(9))d9)
0

forallr € Ry, C; = mo~1(q(0)), ¥~ and ¢~ are the inverse functions of ¥ and @, respectively,
such that
d(r) M 1
Ci—k [ (g’ (97 (1)) + h(g0))exp( [ (kp(8) + k(1 —m) + .-b(6))de)dp > 0.
0 0

Proof. Applying Lemma 1 (b) to inequality (23), we obtain

B(r)

r)
x(r) < )+ [ @(xu)im(h(u)p(x(w) +p() + (1 =m)ldn+ [ 9(x(u)(n)
0 0
H

< / (©)g(x dG)dy, Vr e Ry 7)
0

Assume that J; () is the right hand side of (27) that is a non-negative and nondecreasing
function on R and J;(0) = ¢(0). Thus, from (27), we have

x(r) < Ja(r), x(8(r)) < J1(8(r)) < Ja(r),  VreRy. (28)
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Differentiation of 1 (r) gives

) = q @)+ 8O m(h(B(r)e(x(8(n)) + p(8(r) + (1 - m)]
9(r)
+0' (Ne(x(BNREM) [ be(x(u)du, re Re.
0

By utilizing (28), we have
Ji(r) < q'(r) + 9" (e (1) [p(8(r)) + (1 = m)] + &' (@1 (r)h(8(r))Va(r),  (29)

where

o(r)

Vi) = mo(h(r) + [ bngUa(w)dn, € Rs, (30)
0

and we have V;(0) = mg(J1(0)) = mg(q(0)), and ¢(J1(r)) < LV;(r). After differentiating
(30) and using the relation ¢’ (J1(r)) < k and (29), we obtain
1
Vi(r) < kg (r) +8'(r) (kp(8(r)) + k(1 —m) + —b(8(r))) V1 (r)
+k¢' (r)h(0(r))VE(r), Vr€R,.

As q(r) > 1, Vi(r) > 1 which gives that g < q'(r), so dividing the above inequality by

Vi(r)
VZ(r), we have

sz(r)Vl'(r) < V' (r)(kp(8(r)) + k(1 — m) + %b(ﬂ(r)))Vfl(r)
+kmq' (r) + k&' (r)h(8(r)), VreR;. (31
Ifwelet V, ' (r) = W(r), W(0) = V; 1(0) = mgp~'(q(0)),and V, () V] (r) = —W'(r), then
inequality (31) gives

W' (r) + ' (r) (kp(&(r)) +k(1—m)+ %b(ﬂ(r))) W(r) > —k (mq’(r) + l9’(r)h(19(r))>,

forall r € Ry. Applying integration from 0 to r to the above inequality gives an estimation
for W(r) as follows:

"
Lk f ( (1)) + h(n ))exp(f(kp(9)+k(1fm)+%b(9))d9>d;4
W(r)z 0 ,

o)
exp( [ (kp(y) + KL= ) + 36(0)dn )
0

for all r € Ry, where C; = m@~1(g(0)). Thus, Vi(r) = W~(r) < B(r), where (r) is
defined in (26). Substituting V; () < B(r) in (29), we obtain

Ji(r) < q'(r) + 0" (N1 (r)[p(8(r)) + (1 =m)] + ' () @(J1(N)h(B(r))B(r).  (32)

Since q(r) > 1 and ¢(J1(r)) > 1, which implies that % < ¢'(r), we can write (32) as
follows:

<q () +9(N)[p@(r) + 1 —m)] + 8 (h(8(r)(r), VreR,. (33)

37



Axioms 2024, 13, 356

Setting r = p in (33), integrating it from 0 to r, and utilizing (25), we obtain

8(r)

RO <Y (¥ + [ (004 pl0+ (1= m) 4 hG0BG) )i ), € R
0

Putting the above inequality in (28), we obtain the required result of (24). The proof is
completed. O

Remark 2. It is very interesting to observe that Theorem 2 generalizes former inequalities such as

the following:

(1).  Ifwe take q(r) = xo (a constant) and m = 1, then we obtain inequality (14) [12].

(2). When we put q(r) = xo (a constant), p(r) = 0, and m = 1, then we obtain inequality (13) [14].

(3). It is observed that inverse ¥~ is well defined, continuous, and increasing in its corresponding
domain as ¥ is strictly increasing.

Generalization of the inequalities given in [15,16] will be established in the following
new inequality:

Theorem 3. Let x, h € E(Ry,Ry)andq, ¢, ¢/, 0,€ E'(Ry, Ry) withq(r) > 1, ¢'(r) <k
(a positive constant), ¢ >0, 9(r) <r, forall v € Ry and m € (0,1]. The inequality
B(r) 9(r)

2
x) < )+ ([ Woglean) + [ ho0) o)
0 0
u

+2/h(11)<p(X(17))dﬂmd% vr e Ry, (34)
0

implies

o(r)
x(r -1 (91 , Vr p
(n<¥ (T(q(0>>+ 0/ (q (8 (ﬂ)+h(u)ﬂ1(ﬂ)>dﬂ> vr e R, 35)

where
I d
¥(1) :/W:)’ >0, (36)
o(r)
exp (201 %) [ b))
Bi(r) = g . @)

o)
)"k [ <mqf(l9*1(p)) + h(y)) exp (2(1 41 fh(e)da) du
0 0

forallr € Ry, Co = me(q(0)) + 1 —m, Y~ is the inverse function of ¥, such that

8(r) #
o mg' (971 ex 1 .
@ f (/072 0) + 1) Josp (2604 ) / ()0 ) >0
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Proof. Applying Lemma 1 (b) to inequality (34), we obtain

9(r) o(r)

2
x0) < q+ ([ Bopteoan) + [ 1ero) (mate()
0 0

H
+2m/h(17)<p(x(17))d77 +(1- m))dy, Vr € Ry. (38)
0
Let J(r) be the right hand side of (38) that is a non-negative and nondecreasing function
onRy, and J»(0) = ¢(0). Thus, from (38), we have
x(r) < Jo(r), x(8(r)) < 2(8(r)) < Ja(r),  VreRy. 39
After differentiating J»(r), we obtain

9

r)

B(r) = q'(r) + 20/ (Nh(B(r)@(x(8(r))) | h(w)@(x(u))dp+ 0" (rh(B(r))p(x(8(r)))

o

8(r)
< (mplx(@) + 20 [ Wwg(x()n+ (1=m)), e R
0

By using (39), we have
a(r) < q'(r) + &' (Nh(8(r) @(J2(r))Va(r), Vr Ry, (40)
where
o(r) 8(r)
Valr) = mp(f2(8r) +2 [ W) p(a(0)du-+2m [ (0@l + (1= m), @)
0 0

is a non-negative and nondecreasing function on R, and we also have V5 (0) = m¢(J2(0)) +
(1—m) =me(q(0)) + (1 —m) and ¢(2(8(r))) < LV(r). After differentiating (41), and
using the relation ¢’(J2(r)) < k and (40), we obtain

—_

V3 (r) < kmg'(r) + k&' (nh(8(r) V3 (r) +2(1+ )8 (r)h(8(r)) Va(r), ¥r € Ry

3

Since q(r) > 1and V,(r) > 1 which implies that
by VZ(r), we have

"7/;((:)) < ¢/(r), dividing the above inequality

Vy 2(r)Va(r) < kmg' (r) + k&' (r)h(d(r)) +2(1 + %)ﬁ’(r)h(ﬂ(r))vz’l(r), Vr € Ry. (42)

-1
If we let V, 1(r) = Wi(r), Wi(0) = Vv, 1(0) = <m(p(q(0)) +(1 —m)) and V, 2(n)V4(r) =
—Wj (r), then inequality (42) implies

Wi (r) +2(1+ %)ﬁ/(r)h(ﬂ(r))wl(r) > —k <mq’(r) + ﬂ'(r)h(ﬁ(r))), Vr e R,.
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We have the following estimation for W () after applying integration from 0 to r to the
above inequality:

9(r)
(C) =k [ (mq’(ﬁ‘l(u)) +h(ﬂ)>exp (2(1 +) fh(e)w)du
Wi(r) > 0 0

9(r)
exp (2(1 o h(u)dﬂ)

forallr € R;, where C; = mg(q(0)) + 1 — m. Thus, Va(r) = W, ' (r) < B1(r), where B (r)
is defined in (37). Substituting V5 (r) < B1(r) in (40), we obtain

Ja(r) < q'(r) + &' (h(8(r)) @(J2(r)) B1(r),  Vr € Ry.

Since q(r) > 1 and ¢(J2(r)) > 1, which implies that % < ¢'(r), we have

J>(r)
¢(J2(r))

Setting r = p in (43), integrating it from 0 to r, and utilizing (36), we obtain

<q'(r)+ 8" (Nh(d(r))Br(r),  VreRy. (43)

8(r)
r -1 (971 , T .
1) < ¥ (¥0(0) + 0/ (0100 + hpr () ) ), vre R

Putting the above inequality in (39), we obtain the required result of (35). The proof is
completed. O

Remark 3. It is very interesting to observe that Theorem 3 generalizes former results such as

the following:

(1).  Ifwe take q(r) = xo (a constant) and m = 1, then we obtain inequality (11) [15].

(2).  When we put q(r) = xo (a constant), 9(r) = r, ¢(x(r)) = x(r), and m = 1, then we obtain
inequality (5) [16].

Now, we present the last inequality of this section which will generalize the inequalities
in [15,16].

Theorem 4. Let x, h € E(Ry,Ry), and q, ¢, @, ¢/, ¢/r, 8,€ E' (R, Ry) with q(r) > 1,
¢'(r) = @(r), 8(r) <, forallr € Ry and m € (0,1]. The inequality

d(r) 2 90
o) < a4 ([ eGdn) + [ Hetx(m)
0 ’ mO
()42 oty ), vre Ry, (@)
0
gives
d(r) 8(r)
x0) < ep (Y (ot [ (@07 0) ) +20m 1) [ i) ), 69
0 0
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forallr € (0,Rq), where

_ [ _exp(r)
Y(t) = 1/ oy >0, 46)

Cs = In(1+mgp~1(q(0)) —m), Y~ and ¢~ are the inverses of ¥ and ¢, respectively, and
Ry € Ry is the largest number such that

8(Ry) 9(Rq)

- rrg—1 m Ooexp(r)dr
¥(e+ 0/ (07 0) + (o)) ) + 20 +1) 0/ < [ 2T @

Proof. Applying Lemma 1 (b) to inequality (44), we have

8(r)

o) < a+ ( h(#)fP(X(V))du)er [ bt () + 2m
0

0

H
X /h n))dy + (1 — ))dy, Vre Ry, (48)
0
Let ¢(J3(r)) be the right hand side of (48) that is a non-negative and nondecreasing function
on R, and J3(0) = ¢~1(g(0)). Thus, from (48), we obtain
x(r) < Ja(r), x(8(r)) < J3(8(r)) < Ja(r) Vr€Ry. (49)
After differentiating ¢(J3(r)) and utilizing (49), we have

4

)

¢'Js(M)Ja(r) < q'(r) +28'(h(8(r)@(J3(8(r))) [ h()e(Ja(p))dp

o

o(r)
9/ O p(a(2(0)) (ma(0(0)) + 2m [ H90s()e

+(1 —m)), vr € Ry.

Since q(r) > 1and ¢(J3(r)) > 1 which implies that % < ¢'(r), and using the relation
¢'(J3(r)) = ¢(J3(r)), we obtain

8(r)

BO) < g 0)+ 0 0n0) (mha0) + 20m+1) [ K0gCan)d-+ (1= m))
0
q'(r) + ' (Nh(@(r)Vs(r),  VreRy, (50)

IN

where
9(r)
Va(r) = mJ3(r) +2(m+1) /h Yo(Us(u))du+ (1 —m), VreR,.
0
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is a non-negative and nondecreasing function on R, and we also have V3(0) = mJ3(0) +
(1—m) = mp~'(q(0)) + (1 —m), and J3(r) < V3(r). After differentiating V5(r) with
respect to r and utilizing (50), we obtain

V3(r) < mq'(r) + md' (r)h(8(r)) V3(8(r)) +2(m + )9 (r)h(8(r)) 9(V3(8(r))), Vr € Ry.

As q(r) > 1 and V3(8(r)) > 1 which implies that % < ¢'(r), dividing the above

inequality by V3(8(r)), we obtain

< mq (r) +md (r)h(8(r)) + 2(m + 1)19’(r)h(l9(r))%ﬂ((r;)))), VreRy.  (51)

V3(I’

~—

Applying integration from 0 to 7 to (51), we obtain

9(r) r

=

)
InVs(r) < c3+m(/ (q/w1(u>>+h<#))d””(’”“)O/h(y)wd
. é‘(f ) e 42 . W)h p(exp(In V3(1)))
< 3+m/ )+())y+<m+)0/<ﬂ>W’

where C3 = In(1 + m¢~1(g(0)) — m). Applying Lemma 2 and utilizing (46), we have

o)
InVa(r) < ¥ <‘I’(C3 o [ (4071 @) + h(w))dpe) +2(m + 1)
0

=3

r)h(u)dﬂ)

o

forall ¥ € (0,Ry). By using the relation x(r) < J3(r) < V3(r), this gives (45). The proof is
completed. [

Remark 4. It is very interesting to observe that Theorem 4 generalizes some famous results such as

the following:

(1).  Ifwe take q(r) = xo (a constant) and m = 1, then we obtain inequality (12) [15].

(2). When we put q(r) = xq (a constant), 8(r) = r, p(x(r)) = xP(r), ¢p(x(r)) = xPT1(r), and
m = 1, then we obtain inequality (10) [16].

(3). It is noted that Rl is confined by inequality (47). Particularly, (45) is valid for all r € (0, R1)

exp(r)dr

¢(exp r)

when ¢ satisfies [

4. Existence and Boundedness of Solution

In this section, we present two examples to demonstrate the strength of our derived
inequalities from Section 3 as well as to study the boundedness and existence of solutions
for integro-differential equations and differential equations.

Example 1. Consider the nonlinear integro-differential equation of the initial value problem

x'(r) =q'(r) + F(r, x(8(r) ,er Vr e Ry,
0
x(0) = 4(0),

(52)
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where F € E(R%,R), G € E(R?,R), and q(0) is a positive constant. Assume

T

[ 1969+ Flu (0G0, 80ldp < [ (00 -+ ol 00g(lx]) + p"
0

0

+<0(IXI)h(M)|HI>d#, vr e Ry, (53)

H=G(r,x(r)) <b(r)(e([x(r)])), Vr € Ry, (54)

where the functions x, h, q, p, 9, ¢, b, and m are already defined as in Theorem 2. If x is the
solution of (52), then

H
x(r) = q(r) +/ <y, (8(1)) /h (0, x(8(6 df))dy, vreR,, (55)
0
Utilizing (563) and (54) in (55), we obtain

lx(r)] < \+/<P(\x ()@ ([x (@)1 + p()]"dp

=

(r)
+ [ ol ( / b(E)(+(0(6)) ) ) s
0

Y

N+ / 19, () (x()]) + p()]"du

IN

"

. -1
+b/ %(/ﬂx(ﬂ)\)(/ b(6)qv(|x(9)\)d6>dy, VreR,. (56

0

As an application of Theorem 2, the inequality (56) implies

8(r)
) < ¥ (%0 + [ gy (76077604 00 + (0= m) 0800 ) ),
0

forall r € Ry, which gives boundedness and global existence for x, where ¥ and k are defined in
Theorem 2 and

19(’ k +k +Lb
exe( [ o T Ly
B(r) = " '
g1 ok f wexpg( 0) +k(1—m) + Lb(0))d6)du

forall v € Ry The estimated boundedness and existence of unknown x for 0 < r < 1 are shown in
Figure 1.
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Estimated bound of x(r)

Figure 1. Estimated boundedness and existence of x(r).

At the end of this section, we present another example to demonstrate the result of

Theorem 3.

Example 2. Consider the nonlinear differential equation of the initial value problem

{x’(r) =q'(r)+ F(r,x(8(r)) + H(r,x(8(t)), G(r, x(9(r)))), Vre Ry,

x(0) = 4(0),

where F, G € E(R%,R), H € E(R%,R), and q(0) is a positive constant. Assume that
|'(r) + F(r, x(8(r)))| < 1(8(r)) @ (x(8(r))) %,

1G(r,x(8(r))) < h(8(r))|@(x(8(r)))],

[H(r,x,G| < |Gl(glxl)"+2 [ G|"dp,
0

(67)

(58)

(59)

(60)

forallr € Ry, where x, h, q, 9, ¢, ¢/, k, and m are already defined as in Theorem 3. Taking

integration from 0 to r on (57), we have

x(r) = () + [ FGux(0o))dp+ [ H(ux(0(0), G, x(0(n))dp, vr € Ry (6D
0 0
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Using (58)—(60) in (61), we obtain

T

KO = 1901+ [ 100G P+ [ 160G (001 lox(000))
0

0

K m
+2 [ Woo)lp(x(o(e)ae )

0
< ol 7)h(u)qv(lx(u))ldy)2+ ’7”h(u)¢(lx(m> (otstot)
/o TG0) A ICRImY
e m
+2/h(9)\q)(x(9))\d9> dn, VreR,. ©62)
0

As an application of Theorem 3, the inequality (62) implies

8(r)

x) < ¥ (Y0 + [ G (907 00 +hwpi ), vrems,
0

which gives boundedness and global existence for x, where ¥ and k are defined in Theorem 3 and

1 i

/51(7‘) = 1 L9(r) ) ’971 , " 7
(meta@)+1-m) i [ 2 ey (2014 ) [0)de)d

forall v € R The estimated boundedness and existence of unknown x for 0 < r < 1 are shown in
Figure 2.

Estimated bound of x(r)

08}
Sosf
04F

021

Figure 2. Estimated boundedness and existence of x(r).
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5. Conclusions

It is well known that there exists a class of mathematical models that are described by
differential equations, and a large number of differential equations do not possess exact
solutions or the existence of solutions or the boundedness of solutions. On the other hand,
integral inequalities occupy a very privileged position in all mathematical sciences, and they
have many applications to questions of existence, stability, boundedness, and uniqueness,
and to the asymptotic behavior of the solutions of nonlinear integro-differential equations
(see [1-4]). But, in certain cases, the existence and boundedness studied by the integral
inequalities given in the current literature (see references) are not directly applicable, and
they are not feasible for studying the stability and asymptotic behavior of the solutions of
classes of more general nonlinear retarded integral, differential, and integro-differential
equations. However, the inequalities established in this manuscript permit us to analyze the
existence, uniqueness, stability, boundedness, and asymptotic behavior, as well as the other
properties of the solutions of classes of more general retarded nonlinear differential, integro-
differential, and integral equations. Many renowned and existing famous inequalities can
be explored on the basis of different choices of parameters (see Remarks 1-4) from the
integral inequalities of this article. The importance of these inequalities stems from the
fact that it is applicable in certain situations in which other available inequalities do not
apply directly. As such, these inequalities can handle the problems of nonlinear partial
differential equations in applied sciences. This research work will ensure the opening up
of new opportunities for the studying of nonlinear dynamic inequalities on a time-scale
structure of a varying nature.
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1. Introduction

We begin by introducing the problem studied. Let R* £ [0, +0), Y(t) = {y;(t)]i €
AE2{1,2,,p}} fRT xR — R,y : RY — R'and J; : R" — R" (i = 1,2,
-+, p) be given maps. Consider the following differential equations with impulses at
variable times

x(t) = f(trx(t))r
x(t+) = Ji(x(t)) + x(t),
x(0) = xo.

{x(OrNY() =0t >0,
{xOrNY(E) = yi(t),t =0, O]

The main purpose of this study is (i) to provide a sufficient condition for the existence
and uniqueness of solution x for impulsive system (1); and (ii) to give the necessary and
sufficient condition for the exact times when solution x meets set Y (t); (iii) to present the
properties of the solution relative to the initial value.

There are some interesting phenomena for impulsive system (1). First, it is clear that
the system %(t) = x(t) + u(t) is controllable (see [1]), but the following impulsive system

x(t) = x(t) +u(t), x(t) #1,
x(t4+) =0, x(f) =1
is not controllable. Similarly, the system %(t) = —x(¢) is stable, but the impulsive system
x(t) = —x(t), x(t) #1,
x(t+) =2, x(t) =1

Axioms 2024, 13, 126. https:/ /doi.org/10.3390/axioms13020126 48
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is not stable when the initial value x(0) > 1. Let us look at the third example. Denote by
x(+;0,x0) the solution of the following impulsive differential system

{ﬂﬂ:za x(t) #1,t >0,
x(t+) =0, x(t)=1t>0

with the initial value (0, xg). Then, we have

x(501+1) =P +1+ Lt >0,
1, t=0,
x(t,O,l)—{ 2 —m, te (vm,vm+1],meN.

This implies that the impulsive system (1) never has any continuous solution with respect to
the initial value in L!. In addition, we can also use simple cases to show that the impulsive
system (1) may not have a global solution.

The motivation for studying this problem is as follows. First of all, many physical
phenomena and application models are characterized by (1). For example, integrate-and-
fire models derived from a physical oscillation circuit [2,3] is widely used in neuroscience
research, which is concerned with current-voltage relations at which the states can be reset
once the voltage reaches a threshold level [4,5]. Again, in the application, it is crucial to
choose appropriate threshold levels for making decisions to trigger or suspend an impulsive
intervention: ref. [6] used glucose threshold level-guided injections of insulin; ref. [7] used
the time that when an economic threshold was reached by the number of pests as the time of
impulsive intervention. Second, the theory of impulsive differential equations has been an
object of increasing interest because of its wide applicability in biology, medicine and more
and more fields (see [8] and its references). The significant interest in the investigation of
differential equations with impulse effects is explained by the development of equipment in
which a significant role is played by complex systems [9-11]. In particular, the qualitative
theory of impulsive system (1) has not been systematically established and it is natural
to investigate it. We discuss the existence and uniqueness of a global solution and its
properties for nonlinear ordinary differential equations with impulses at variable times
(1) under weaker conditions. It is worth pointing out that the solutions of differential
systems with impulses may experience pulse phenomena, namely, the solutions may hit
a given surface a finite or infinite number of times, causing a rhythmical beating. This
situation presents difficulties in the investigation of properties of solutions of such systems.
In addition, it is not suitable for the stronger conditions of a control problem. Consequently,
it is desirable to find weaker conditions that guarantee the absence or presence of pulse
phenomena. More generally, it is significant to find conditions where the solution only
meets a given surface k € N times (N denote the set of natural numbers).

Before concluding this section, we review the previous literature on the qualitative
analysis of impulsive differential equations. In fact, the qualitative analysis of impulsive
differential equations can at least be traced back to the works by N.M. Kruylov and N.N.
Bogolyubov [12] in 1937 in their classical monograph Introduction to Nonlinear Mechanics.
A mathematical formulation of the differential equation with impulses at fixed times was
first presented by A.M. Samoilenko and N.A. Perestyuk [13] in 1974. Since then, the
qualitative theory on differential equation with impulses at fixed times in finite (or infinite)
dimensional spaces has been extensively studied (see [14-17] and the references therein).
For the differential equations with impulses at variable times, A.M. Samoilenko and N.A.
Perestyuk [18] gave in 1981 the mathematical model

{ x(t) = f(trx(t))r t 7"é Ti(x(t))r (2)
x(t+) = x(t) + Ji(x(t), t=m(x(t)).

Later relevant works were published by D.D. Bainov and A.B. Dishliev [19] in 1984, S.
Hu [20] in 1989, etc. For more details, one can see the monographs of V. Lakshmikan-
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tham [21] in 1989, A.M. Samoilenko [22] in 1995, D.D. Bainov [23] in 1995 and M. Ben-
chohra [24] in 2006 and so on. In a word, these works established the qualitative theory of
(2) under stronger conditions. However, they are not suitable for the stronger conditions
of a control problem and impulsive differential equations in infinite dimensional spaces.
At the same time, when y;, (Vi € A) is a one-to-one mapping, x(t) = y;() is equal to
t= yi’l (x(t)). Hence, (2) can be treated as a simplified case of (1). For the linear case of (1),
Peng et al. [25] obtained the existence and uniqueness of the solution and its properties.

The rest of the paper is organized as follows. Section 2 presents the main results. In
Sections 3-5, the proofs of the three main theorems are given in turn. The periodicity of an
autonomous impulsive system is presented in Section 6. As an application, the variation
in the solution relative to the control is presented in Section 7, which is a foundation for
studying optimal control problems of systems governed by differential equations with
impulses at variable times. Finally, some new phenomena of impulsive differential systems
are summarized.

2. Main Results
We present our main results in this section. To state the first one, some preliminaries
are introduced. Throughout this paper, we fix T > 0 and assume that T = 400, RT =

[0,00), LL (R R™M) £ {x 1 (0,400) — R™||x(-)| € LL(0, T;R"*"),¥T > 0}. We first
introduce several definitions. We define the function set PCy ([0, T),R") = {x: [0,T) —
R"|x is continuous at t when x(t) ¢ Y(t), x is left continuous at ¢, and the right limit x(t+)
exists when x(t) € Y(t)}. For x € PCy([0, T),R"), t € [0, T) is called an irregular point if
x(t) € Y(t). Otherwise, t is called a regular point. One can directly verify that the function
set PCy ([0, T), R") is not linear. Denoted by B(z, 62), the closed ball (in R") is centered at z

and has radius 6% > 0.

Definition 1. A piecewise continuous function xg is said to be an approximate PC-solution of (1)
if xp(+) = x9(+;0, x0) satisfies the following integral equation with impulses

xp(t) = xo + /Otf(Tf x(T))dT + Y Ji(xe(t)))- ®3)
0< t/‘ <t,
x9(t;) € B(yi(t;),6%)

In particular, when 6 = 0, we call x(-) = xo(-) € PCy([0, T),R™) a PC-solution of (1).

Meanwhile, we introduce the following basic assumptions.
[FIQ) f : RT x R" — R" is measurable in f on R* and locally Lipschitz continuous in
x, i.e., forany p > 0, there exits L(p) > 0 such that for all x, y € R" with |x|, [y| < p, we have

[f(t,x) = f(t,y)| < L(p)|x —y| forany t € R
(2) There exists a constant k > 0 such that
If(t,x)| <k(1+|x|) forany € R".

(3) f is continuous, partially differentiable in x, and fx(-, x) € L} (RF, R™™).

[YI(1) y; € C(RT,R"), and y;(t) # y;(t) forallt € RT and i # j (i,j € A).
@) y; € CL([0, T),R"), and f(t,y;(t)) # yi(t) (i € A).
[J1(1) J; : R" — R™ is continuous, and

Yi(t) = yi(t) + Ji(wi(1)) £ y;(t) forall t€RY and ij € A. @

(2) Ji : R" — R" is continuous, partially differentiable.
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It is clear that when assumptions [F](1)(2) hold, for any fixed (s, z;) € R x R", the
differential equation

{ z2(t) = f(t,z(t)),t > s,

z(s) = zs,

has a unique solution z(+; s, z5) € C([s, +o0),R") given by

t
z(t;8,25) = zs +/ f(t,z(T;8,25) )dT. (5)
S
We define several functions:

Fi(ts,zs) = (z(t8,25) —yi(t),zs —yi(s)) (i=1,2,---,p),t>s (6)

and

Fij(t;s,Yi(s)) = (2(5,Yi(s)) —yj (1), Yi(s) = y;(s)) (j=1,2,---,p)t>s, (7

where (-, -) denotes the inner product in R".
The first main result is presented as follows.

Theorem 1. Suppose assumptions [F](1)(2), [Y](1) and [J](1) hold.

(1) The system (1) admits a unique PC-solution x € PCy(RT,R™).

(2) x has exactly one irregular point set {t;]0 < t; < tp < -+ < t; < +oo} over RT if and
only if there exists I; € A (i =1,2,- - -, k) such that

F (t1;0,x0) =0, Fy, (tiyist, Y, (4) =0 for i=1,2,--- k-1, ®)

and
Fj(tt, Y (t)) > 0 forany t € [ty +o0) forall je A. )

We have to point out that the necessary and sufficient conditions of a pulse phe-
nomenon is also given in Theorem 1. Moreover, for the existence of a solution of system (2),
in order to ensure f; = T (x) is monotonous with respect to k in [21], it requires that 7;(x)
be smooth and satisfy the corresponding inequality conditions. However, using Theorem 1,
we can obtain immediately the following result.

Corollary 1. Suppose assumptions [FI(1)(2), [Y](1) and [JI(1) hold. If y; is invertible and t; = yi’l
forany i € A, then the system (2) admits a unique PC-solution x € PCy(R™,R").

Now, we state our second and third main results. It follows from Theorem 1 that
for any fixed, sufficiently small 6 > 0, (1) has a unique approximate PC-solution xgy
provided that assumptions [F](1)(2), [Y](1) and [J](1) hold. Let v € R", x4(+; 6, xo + 6v) be
an approximate PC-solution of Equation (1) corresponding to (6, xg + 0v). We note that (1)
is not well posed. Thus, we can never expect to have the continuity of the solution with
respect to the initial value. We have to modify the classical definition of continuity and
differentiability, respectively.

Definition 2. Let v € R" be fixed. The PC-solution x(+;0, xo) of (1) is said to have a continuous
dependence relative to the initial value (0, xq) if the following facts hold:

(i) When x(t;0,x0) # yi(t) (i € A), x¢(t;0,x0 + 0v) — x(£,0,x0) as 0 — 0;

(ii) For any sufficient small € > 0, there exist 6 > 0 and I, C [0, T] such that

|xg(t;0,x0 4+ 0v) — x(t;0,x0)| < e forany t € I, (10)

when p([0, TI\I¢) < ¢ 0 < 60 < 6, where u denotes the Lebesgue measure.
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Definition 3. Let v € R" be fixed. The PC-solution x(-;0,xg) of (1) is said to be Gateaux
differentiable relative to the initial value (0, xo) if the Gateaux derivative ¢(t) of x(t;0, xo) exists
at (0,x0) forall t € [0, T) with x(t;0, x9) # y;(t), otherwise,

p(t) = yg} @(s),

where

o(t) = lim Xe(t;€,x0 +€v) — x(t;0,x0)

e—0 €

when x(t0,x0) # yi(t).
Let us state the following main results.

Theorem 2. Suppose assumptions [FI(1)(2), [Y](1) and [JI(1) hold. Then, the PC-solution
x(+;0,x9) of (1) has a continuous dependence relative to the initial value (0,xg) in the sense
of Definition 2.

Theorem 3. Suppose assumptions [F], [Y] and [J] hold. Then, the PC-solution x(+;0,xg) of (1) is
Gateaux differentiable relative to the initial value (0, xo) in the sense of Definition 3. Moreover, its
Giteaux derivative ¢ is a PC-solution of the following differential equation with impulses

o(t) = fx(t, x(t)p(t), 4 te (0, Tl x(HNY(t) =2,
p(t+) = o(t) + V]ilyi() [@(t) + he(0) f (£, y:(1)], x(H) N Y (E) = yi(t),
¢(0) = v — f(0,x0)-

Here, hy denotes the solution of the equation {x¢(t;e,xo +€v)} NOB(y;(t),e?) # @ in e for
somei € A.

3. Proof of Theorem 1
Throughout this section, we define the function r : (0, 400) — R* given by

sl (s) — v,
i) 23 it o) -0,

yi(s) = Y;(t)

i)~ Yi(®)llij € A and z'#j},

where Y; is defined by (4). It is easy from assumptions [J](1) and [Y](1) to see Y; €
C([0, T],R") forall i € A. Hence, there exists a constant M(T) such that

[Y;(#)] < M(T) forany t€[0,T] and i € A (11)
and
r(T) >0 forall T >0. (12)

To claim the existence and uniqueness of the solution of (1), we need the following
Lemma.

Lemma 1. If assumptions [FI(1)(2), [YI(1) and [JI(1) hold, then for any (s,&) € [0,T) x
{Y;i(t)|t € [0, T),i € A}, thereisa § > 0 which is independent of (s, ) such that the following
differential equation

o(t) = f(t9(1),t > s,
{ o0t o
has a unique solution ¢ € C([s,s + 6], R") and
|p(t) —yi(t)] > @ forany t € [s,s+6] and i€ A. (14)

52



Axioms 2024, 13, 126

Proof. It follows from assumptions [F](1)(2) that (13) has a unique solution ¢ € C([s, T|,R")
and

9] < Jel+ [ K+ o)
Using Gronwall’s inequality, we have
l9()] < (g1 + k7).
Together with (11), this means that
9(t)] < (M(T) +KkT)e*T = NI(T;k) forany t € [0,T].

Consequently, for any ¢ € [0, T|, we have

o -¢l < [ 1F0) — F(0) + fr )i

< [If@odrs [ 1) - fz0)lde
< /|fT, |dT+/ F(T; R)) ()| dT
< /|fr, )T+ L(W(T; ) M(T;K) ¢ — 5|
< [k+L(M(T;k))M(T; k)] |t — 5|

Together with (12) and

lp(t) —wi(B) = [yi(t) = ¢l —lo(t) = ],

we have
lp(t) —wi(D] = |yi(t) —&| = [¢(t) — ¢
> yi(t) =&l — [k + L(M(T; k) M(T; k)] |t — s (15)
> 2r(T) — [k+ L(M(T; k) M(T; k)] |t — 5|

and there exists a constant § = &(T, k) = > 0 such that (14) holds. [

31(T)
2[k+L(M(T3k))M(T;h)]

Now, we prove conclusion (1) of Theorem 1. For any T > 0, with respect to the number
of irregular point of that system (1), there are only two possibilities: Case (1), x has no
irregular point on [0, T] and Case (2), x has at least one irregular point on [0, T]. For Case
(1), it follows from assumptions [F](1)(2) that (1) has a unique solution x € C([0, T], R").
For Case (2), there exists i € A and #; > 0 such that x(#1;0,x0) = y;(f1), and #; is the
time of the first impulse. In a similar way, if no more impulse occurs, it follows from
assumptions [F](1)(2) that (1) has a unique solution x € C([t;, T], R"). If another impulse
occurs, there exists j € A and t, > t1, such that x(t2;t1,yi(t1) + Ji(yi(t1))) = y;(t2),
and ¢, is the time of the second impulse. At the same time, from Lemma 1, we have
|t — t2] > 0. By a mathematical induction method, the system (1) has a unique PC-solution
x € PCy([0,T],R"). Thus, when T — oo, Equation (1) admits a unique PC-solution
x(+;0,x0) on R,

Next, we discuss the number of irregular points for solution x of (1) over R*.

(
T;

Lemma 2. If assumptions [F](1)(2), [Y](1) and []](1) hold, then solution x of (1) has no irregular
point over R™ if and only if the following algebraic equations

Fi(t;0,x0) = 0 has no solution on R™ forall i € A.
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Proof. For the first step, we prove the sufficient condition. We assume solution x of (1)
has an irregular point over [0, +00), then there exist i € A and t; € [0, +00) such that
x(t1;0,x0) = yi(t1), and together with (5) and (6), we have

Fi(t1;0,x0) = (x(t1;0,x0) — yi(t1), x0 — vi(0))
= (ot [ AEx(mo,x)dr —yilh) x0 - i(0)

X0 — (]/i(tl) + /:f("f/x("f;ozxo))d’t),xo — yi(0)>

(

(x0 = x(0;t1,yi(t1)), x0 — yi(0))
= (xo—x(0),x0 —yi(0))

-0

This contradicts F;(£0,x9) = 0 hasno solutionon R* forall i € A. the proof of the
sufficient condition is completed.

For the second step, we prove the necessary condition. In fact, we can prove that
under assumptions [F](1)(2), [Y](1) and [J](1), if solution x of (1) has no irregular point
over RT, then F;(£;0,x9) > 0 on R" forall i € A. First of all, if solution x of (1) has
no irregular point over RT, then forall i € A, Fi(£0,x9) € C([0,+0c0),R). In addition,
forall i € A, F(0;0,x9) = (xo — i(0),x0 — y;(0)) > 0. Combined with the proof of the
sufficient condition, we have F;(;0,x9) > 0 on R for all i € A. The proof of the necessary
condition is completed. [J

Now, we prove the necessary condition on (2) in Theorem 1. For convenience, we let
x(-) =x(-;0,x0) and {#|0 <ty < tp < -+ <ty < +o0} stand for the irregular point set of
x over RT. Then, there exists [; € A such that

x(t) = yp, ().

Together with (6), we can affirm
Fll (tl;O, XO) =0.

For the second irregular point t; of x, there exists I, € A such that
x(t2) = x(t2;t1, Y1, (y1, (1)) = y1, (t2)-
Together with (7), it follows
Fyp (t2it1, Yo, (yy, (1)) = 0.
Similarly, for the irregular point t; of x, there is an [, € A such that
F g (ot Yy (t—1)) = 0.

Moreover, we can see from Lemma 2 that x has no irregular point on [t;, +o0) if and only if

Fj(t t, Y1 (t)) = 0 hasno solution on [t;, 4-0) forall j & A. (16)

Combined with (7), it is easy from assumptions [J](1) and [Y](1) to see that Fj,; (5t Y, () €
C([t, +o0),R) and

B (bt Y, () = (2(t b Ya () — yi(t), Y, (B) — yj (k) > 0 forall j € A.

Therefore, together with (16), this means (8) and (9) hold.

For the sufficient condition on (2) in Theorem 1, suppose {#;{0 < t; < tp < -+ < t; < +o0}
satisfies (8) and (9). For t, take Fy_j (t; ti—1, Yy, ,(t—1)) = 0 and Flkj(t/' b, Yo (t)) >
0 forany t € [t;, +o0) forall j € A, and combine with Lemma 2, then, #; is the irregular
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point. For t;_y, take F,_,;, (1, tk—2, Yy, (tx—2)) = 0and Ftk,lj(t; tk—erIk,l(tk—l)) >
0 forany t € [t;_1,t) forall j € A, and combine with Lemma 2, then, ;1 is the irregular
point. Analogously, {;|0 < t; < t; < -+ < f; < 400} is the irregular point set of x over R*.
This completes the proof.

4. Proof of Theorem 2

Throughout this section, we fix T > 0 and vector v € R". It follows from Theorem 1
that the irregular points to the PC-solution x of (1) occur at most a finite number of times
on the interval [0, T|. There are only two possibilities: Case (1), x has no irregular point on
[0, T] and Case (2), x has at least one irregular point on [0, T].

In Case (1), the PC-solution x has a continuous dependence relative to the initial value
in the sense of the classical definition, i.e.,

[xq(+;6,x0 + 6v) — x('?O/XO)‘C([O,T],]R") — 0 as 6 — 0.

In Case (2), if xp = y;(0) for some i € A, we only study the PC-solution x(-; 0+, Y;(0)).
Consequently, we may assume that x(-;0, xo) meets the movement obstacle set Y(t) k
times in [0, T], and let f; be the moments when x(+;0, xo) hits the movement obstacle line
yi(+), this moment is exactly the jth hits movement obstacle set Y(t), (i € A, j =1, 2,
-+, k). For convenience, let {Z;l\o < H < .-+ < F < T} denote the irregular point set of
x(+;0,x9) on [0, T]. By Theorem 1, one can prove that the impulsive differential Equation (1)
has a unique approximate PC-solution xy(; 6, xo + 6v) corresponding to the initial value
(8, xg + 6v). Note that the approximate PC-solution (3) is the PC-solution of (1), as 6 = 0.
According to the continuous dependence of the solution of an ODE on parameters, there
exists 6 > 0, such that when 0 < 6 < 6, x¢(+;0,x0 + 6v) and xy(+;0, x9) have the same
number of irregular points on [fg, T]. Let ti(6) be the irregular moments of x4(+; 6, xo + 60).
Notice approximate PC-solution (3) is the PC-solution of (1), again, as 6 = 0, and using the
continuous dependence of the solution of an ODE on parameters, there exists § > § > 0,
such that when 0 < 6 < §, max{f}, t;(G)} < min{f}+1, t;+1(9)}.

For a sufficient small ¢ > 0, the PC-solution x¢(+;0, xo) of (1) does not meet movement
obstacle set Y(t) on [0, F; — £]. Similarly, using the continuous dependence of the solution
of an ODE on parameters, approximate PC-solution (3) is the PC-solution of (1), as 6 = 0.
It yields that there is a § > &; > 0 such that for any 0 < 6 < min{é;, 5z}, the inequality
|x(+;6, x0 + 00) — x0(+;0,x0)| < e holds on [0, ; — £]. Furthermore, together with x(F}) =
vi(F), we have x(£ (0)) = 7; € 833?, this means

3 1 )
élg}) 1(0) =H.

Together with the continuity of J;, we have
lim (xg (tﬁ (6);0, x0 + ev)) =i (x (fg;o, xo) )
It follows from (4) that
i 10) ().
where
Y; (tg(e)) = % (tg(e);e, o+ ev) +i (XQ (tg(e); 0,x0 + ev)).
For the time interval [f, + §,7 — &/,

|xq(t;0,x0 4+ 0v) — x(£;0, x0)]
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(14500, Y (£0))) = x(65, (7))

< Yf(t’i(")) - Y"(g) ’ * ‘/ﬂt(mf(r' xo(T))dT - /z;tf(f’x(r))dT
< 2M(T) +| /:::t{t:;j)tt}l } f(T,xp(7))dT

t

+ L(M(T;Tc))/ () = x(T)]dT

max {t} (), }

IN

M(T) + k(1 + KI(T;R)) 4 (6) — 7| + L(#(T; k))/max{y(e) o (0) = x(D)ldr

From Gronwall’s inequality, we obtain the estimate

|xg(t;0, x0 + 6v) — x(£;0,x0)|
< exp(L(M(T;k))[t — max {£ (8), ‘}])(zM(T) +12(1+M(T,-12))]t§(9) —f

)

which implies that there is a 6, > 0 with é, < 7 such that for any 6 > 0 with 6 < &,

x0 (10, %0 + 00) — x(£1,0,%)| = ]xg(t;tg(e),yi(ti (9))) —x(t;f’i,Y,'(fé))‘
< ¢ forany t € [t’ 4k j i]
Let
Yi(t;i(e)) —x (t;(e);e, X0 +ev) +i (xg (t}(e);e,xo n 9v>),]‘ >1i€A. 17)

In general, by repeating the above process, one can show that there is a ‘Sj+1 > 0 with
Jdj41 < dj such that for any 6 > 0 with 6 < 6,41,

|xo (£, x0 + 00) — x(£0,x0)| = ‘xg(ui(e) Yl<t’:(9))) fx<t;f§,Yi<f}>>’

€
< ¢ forany t € [t +4k ]+1 4k}

and
ég}% t]+1 (9) t]+1/
tim J; (o (#7,1(0);6, 0 +60) ) = Jr (x(,4:0,%0) )
(70 ¥, (7.),
where

Y,(t;+1(9)> . XQ( 7.1(6);6, xo+6v> +]y<x9< (8);6, x0+9u)>
In short, for any sufficient small ¢ > 0, there exists a 6 > 0 such that

|xg(£0,x0 4+ 0v) — x(£0,x0)| < e forany t e I, when 6 <,
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and u([0, T] \ ) < ¢, where

i€ Lo € €
Is—[G,fi—MJU(le[f}-F‘U(/E;‘H—MJ U[fzrc-F@,T].
This completes the proof.

5. Proof of Theorem 3

Throughout this section, we fix T > 0. It follows from Theorem 2 that there are only
two possibilities: Case (i), x(-; 0, x9) has no irregular point on [0, T] and Case (ii), x(-; 0, xg)
has at least one irregular point on [0, T].

In Case (i), one can directly check that x(-; 0, xo) of (1) is Gateaux differentiable, and
its Gateaux derivative ¢ is a weak solution of the following differential equation

{ ¢(t) = fa(t,x(£,0,x0))p(t),t € (0, T],
¢(0) = v —f(0,x0).

To discuss Case (i), we define function /; given by
h¢(e) denotes the solution of the equation H(g, t) = 0. (18)
Here,
H(e t) = xe(t;¢,x0 + ev) — §(t,¢), 19)
where 7(t,€) = §;(t¢) for some i € A, §;(t,e) € 0B(yi(t),e?). By Theorem 2, when
x(t;0,x9) = y;(t), there is a § > 0 such that definition (18) holds for all € € [0, ], that is,

ht :[0,8] — O(t) is a function, and 1(0) = t, where O(t) denotes some neighborhood of .
For convenience, let {t;-|0 <t} <--- < t; < T} denote the irregular point set of x(-;0, xo)

on [0, T]. If y; € C'([0, T], R"), it follows from Theorem 2 and (19) that there is an 6 > 0
such that

H e C([0,6] x [0,T]) and H(e,hti_(s)> =0 forany e € [0,0],i€c A,j=1,2,--- ,k
j

and
Hi(e, t) = f(t,xe(t; 6, x0 +€v)) — G (t, €).

According to assumption [Y](2), f(t;,y,- (t;)) # i <t;> (Gj=12--,kieA),wehave
H; <£, ht,_(s)> = f(ht,; (€), x¢ (h,,; (€);€ x0 + sv)) —yi(h(e)) #0 in R", Ve e [0,4],
i i i i

T

wherej=1,2,---, k. Let f = (fL, %, ,vi = (v}, 2,---,’7T(iEA),Without
] Y Yi'Yi Yi

loss of generality, we suppose

1t <ht,-(e),xg (ht,:(e);s,xo—i—ev)) — 9} (hi(e)) #0 in R, Ye€ [0,0],j=1,2,---,k (20)
] ] ]

We introduce the following functions

DO, (t,s) = exp(/.tfx(r, xe(T; €, x0 + sv))dr>; (21)
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then,
ot
D(t,5) = lIim D(t,s) = exp(/ fro(T, x(T;0, xg))dr).
e—0 Js
We let
®L(t,5) and ®!(t,s) denote the first line vector of ®(t,s) and ®(t,s), respectively. (22)

We first claim the following lemma.

Lemma 3. Suppose assumption [F](3) holds. Then, h; is differentiable over [0, 8] for some 6 > 0,
and its derivative is given by

¢1((f’ ()f)(;”o) °)

. IR CYACH f !

g0 = { g o (10 )) (50 o) )
7 (8 (8)) -9 (5) '

=1

i>1

Here, I is a unit matrix.
Proof. When ¢ € (0, h i (e)), it follows from assumption [F](3), (10) and (3) that

Yeg(e+ & xo+ (e+0)0) —xe(bexo+ev) 9

Helet) = lim : + 5 it e)
1
— lim/ / frx(s,xe(s;8,x0 + €v) + 0(xeqe(s;e + &, x0 + (4 §)v)
¢—0Je+¢ JO

xerg(sie+ & %0 + (e +8)0) — xe(s36, %0 + £0)

dfds
4

—xe(s;6,x0 + €v)))
9 _
v — f(e,x0 +€v) + —7i(t €).
oe
One can see from (21) and the above equality that
2]
He(e,t) = ®¢(t,€) (v — f(e, x0 +ev)) + g?i(ti)
Combining (20), (21) and (22), we have
! (ht}(s),s> (v—fle,xo+ev)) + 27} (t,€)
f1 (hf’i (e), xe (htg (e);€ x0 + sv)) —y} (hfi (e))

ht% (8) = —

and

P! (1,0) (0~ (0,30))
HORSHCHACHE

i (0) =

In general, when ¢ € (ht; , (€),hyi (£)> , it follows from assumption [F](3), (10), (3) and (4) that
- j

Xepe(te+E,x0 + (e +8)v) — xe(tre, xo+sv)

He(e,t) = é{ao : = 7i(t,€)
oy xerg (i (e +0), Y (i (e + é‘;)) —x(t ht;,l ()Y (g ()
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J _
+&yz(tr S)
t

1
= 1 / ,xe(s;€,x0 + €v) + 6 e+ & x0+ (e+
Iy oy o o0 ) F sk 0 e 00

Xerg(s;64 &, X0+ (e +§)v) — xe(s; € X0 + €0)
g
g0 0

ht171(€+§)
I @ fls x(s;e,x0+€v))ds

dbds

—xe(s;6,x0+¢€v)))

+ 2” (t,€)
) z e\

t 1
= lim / s, xe(s;€,x0 +€v) +0(x s;e+C,x0+ (e+ 8o
Y AL LU AR

Xepe(s;e 4+, x0 + (e +8)v) — xe(s;€,x0 + €v)
¢

(100, 09) o 03001

dbds

—xe(s;6,x0 + €v)))

et (g (61,€) | =iy (€17 (g, (€0 (g, (€)€)) + St 0).

We can also infer from (21) and the above equality that

He(et) = %g,(t,e)juqa(t,h%(g)) (1+ V3 (9 (1, (0)¢))) {htgil(e)%yr(hth(e),e)

p) )
2T (ht;,l<e>,e)] — iy (e (b () f (e (€),5 (e (e).¢) ).
Together with (20) and (22), by the implicit function theorem, we have
ol (g0 ©) (14 99 (3 (1))
1 {(orx(nyeeneo) ) =yl (1(0)
. d d
g 615390 (. (0,€) + 5200 (e
30b(0,0) by @ (g 6), g ©) ) (g, @0 (01

i
i

f (hti(s), Xe (hti(s);s, xg + sv) ) —y! (hti (e))
] ] )
Further, this means that

g 000 (6172) [ (509 (50)) = (1 9 (o (520)) ) ()]
£ (Hu()) -9(5)

ht; (5)

ht;(O) =

This completes the proof. [
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Now, we claim Case (if). For t € (0,t}), similarly to Case (i), it is not difficult to check
the following result

¢(t) = fx(t,x(50,%0))9(t), € (0,8],
{ 9(0) = v— £(0,x0), ! (23)

Combining with Lemma 3, we first note that

Xe (ht,v_ (€);€ x0 + sv) - x(t;-;O, xo)

]

lim
e—=0 e

= lim " <ht; (e);erzo ¥ gv) o (t;; &Xo+ gv) + lim e (tj'; & X0+ EU) B x(t;; 0, xo)
e—=0 € e—=0 e

- o{t) +hyr(ra (1),

Together with assumption [J](2), When h,; (e) > t;, we have
i

Xe (ht,-_ (&)+;¢€ x0 + 8?]) —x (ht,-_ (¢);0, x0>
i _ : J j
(P(tf+) o llj% e

= 21_13% % {xs (ht; (e);€,x0 + ev) +Ji <x‘€ <ht;(s);s, X + sv))
_x<ht;(s);t;:,x(t§;0,x0> +Ji (x(t};O,x())))}
= 213% % {xe (ht; (€);€,x0 + sv) +Ji <x‘€ (ht;;(s);s, X + ev))
_x(t§;0,x0) — ]i(x<t§;0,x0)> — /tihtj(S)f(s,x(s;O,xo))ds]
(S l)) o8] s ()] 0 4)
o) o 4)) o)+ ()

When £, (g) < t;, we also have
]

: | Xe (t;;s, xo + sv) — x<t§+; 0, xo)
i ) i
(P( ]+ 851(1) €

= lim 1 {xs (ht,- (e);e,x0 + ev) + Ji (xE (h[i (e);e x0 + 8v>>
e—0 € j j
) . h i (€)
*X(t}; 0/ xO) - ]i <X (t;f O/ xO)) - /ti ,j ) f(S, xS(S’. € xo+ SU))dS:|
]

= o(ti=) +Vii(u(#)) {fP(tf‘—) +ht}(o)f(t§’y’(t§)>}'

Consequently, we have

o(ti+) =o(#) + Vi(ui(4)) {qu(t;) —o—ht;(O)f(t;,yi(t}))},i eAj=12- -k (25)
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Therefore, when t € (t;, t;f “) G=12---,k=1orte (t,’{, T} , it follows from assumption
[F](3) and (10), (3), (4), (17), (22) and (24) that

xg(t;0,x0 + 6v) — x(£0, x0)

o(t) = lim 0
(£ 1y (), X (g (0))) = x(£ £, Y, (£))
= lim ! :
6—0 o
_ Yilhg(8)) = Yi(t)) i [
= 5mﬁ+am/hﬂ<a>/o fr(s,%(5;0,x0) + & (xg(5; 6, x0 + 60)
]

xg(s;0,x0 + 0v) — x(s; 0, x0)

~x(50,10))) ;

1 hri(g)
déds —lim = [ 7 f(s,x(s;0,x0))ds
6-00 Jii

. , 't 1

- . i (4 i . .

= ht;(o)f(t],yl (t])) +£1§(‘, '/”y(g) /o fr(s,%(s;0,x0) 4 &(x9(s; 0, x0 + 60)
i

xg(s; 6, x9 + 0v) — x(s;0, x
—x(5;0,%0))) 0(s;0, %0 9) (s;0,x0)

+<I +VJ; (y,(t}))) ((p (t;) + ht; (0)f<tj-, v, (t})))

Thus, combining with (23) and (25), we obtain from the above equality that

déds

¢(t) = fo(t, x(50,%0))@(t),t € (0,T] and t £ ti€ A j=1,2,- k
9(0) = v — £(0,x9),

o(#+) = o(#) + VI (wi(£)) ((p(t;) i OF (H, (t;:))), j=12, k
This completes the proof of Theorem 3.

6. Periodicity of an Autonomous Impulsive System

As an application, in this section, we discuss the periodicity of the solution of the
following impulsive differential equation

H(t) = g(x(1), x(t) #y1,t =0,
x(t4+) =y, x(t) =y1,t >0, (26)
x(0) = xo,
where i1, y» € R", and y; # y». We introduce the function
G(ts,25) = (z(t,5,2s) —y1,2s — y1) forany t>s > 0.

Here,
t
z(t,s,25) = zs +/ g(z(t,s,25))dt, forany t>s > 0.
s

For function G(-;0, xg), it is clear that
G(t0,x9) = 0 has no solution on R (27)
or
t; is the minimum solution of G(#;0,xp) =0 on R™. (28)
Similarly, it is obvious that

G(t;t1,2) = 0 has no solution on [t1, +0) (29)
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or
ty is the minimum solution of G(f;t1,12) =0 on [t1, +00). (30)

Let PCy,y,(RT,R") = {x : [0, +00) — R"|x be continuous at t when x(t) # yy, x
is left-continuous at t and the right limit x(t+) exists when x(t) = y1}. We check the
following main result for autonomous impulsive system (26).

Theorem 4. Suppose g : R" — R" is locally Lipschitz continuous in x, and there exists a
constant k > 0 such that
|g(x)| < k(1+ |x|) forany t > 0.

(1) If (27) holds, then (26) has a unique solution x € C(R*,R™).
(2) If (28) and (29) hold, then the solution of (26) has a unique irregular point t;.
(3) If (29) and (30) hold, then the solution of (26) is a periodic function on [t;,+00).

Proof. Using Theorem 1, we directly check that autonomous impulsive system (26) has
a unique solution x € PCy,y, (R*,R"). Further, there are only three possibilities for the
solution: Case (i), x has not irregular point on R*; Case (ii), x has a unique irregular point
on R"; and Case (iii), x has two irregular points on R™ at least.

For Case (i), it follows from (2) of Theorem 1 that x has no irregular point on R if
and only if (27) holds. This means (26) has a unique solution x € C(R",R"). Similarly, for
Case (ii), together with (28) and (29), we can also infer that x only has a unique irregular
point £;.

For Case (iii), let t; and t; denote the smallest two irregular points of solution x on R"
and T = t, — t;. We claim

x(t+T) = x(t) forany € [t;, +0o0). (31)

By the definitions of ¢; and t; (see (28) and (30)), solution x of (26) has not irregular point
on (ty,t,) and satisfies

t
x(t) =y2+ /t g(x(s))ds forany t € (t,tp] and x(t2) = x(t1) = y1. (32)
v
When t € (t1,t,], wehavet + T € (tp, £, + T] and
T t
X(E+T) =y + /t L 8(x(s)ds = vz + /t g(x(s +T))ds. 33)
Jht Jt

It is easy to see that by the assumption conditions of g, there exists p > 0 such that |x(t)],
|x(T +t)| < p for every t € (t;,t2]. Furthermore, we assert from (32) and (33) that

[x(t+T)—x(t)] < /tlt lg(x(s +T)) — g(x(s))|ds

A

t
< L(o) [ x(s+T) = x(s)lds.
1
Together with Gronwall’s inequality, one can verify that
x(t+T)=x(t) forany t € (t1,f].

Consequently, we can infer that (31) holds. Thus, this means that solution x of (26) is a
periodic function on [t1, +o0) with period T. The proof is completed. [
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7. Application

As an application, in this section, we discuss the variation in the solution relative to
the control for the following control impulsive differential equation

x(t) = f(t,x(t)) + B(t)u(t), {x()}NY() =2,t>0,
{ x(t4) = Ji(x(t)) + x(8), xINY(H) = yi(t), £ >0, (54)
x(0) = xo,
where control function u € L} (R*,R™), B € L (R, R™™).
Using the idea of Theorems 1 and 2, forany T > 0 and u € Ll((O, T),R™), one can
prove the following result.

Theorem 5. Suppose assumptions [F](1)(2), [Y](1) and []J] hold. Then, system (34) has a unique
PC-solution x(-;u) = x(-;1,0,x9) € PCy([0, T],R") given by

ot
x(tu) = xg + /0 [f(t,x(t;u)) + B(t)u(t)dt + Yy Ji(x(tj;u)).
’ 0< f]' <t,
x(ti;u) = yi(t))
Moreover, solution x(-;u) has a continuous dependence relative to the control u in the sense of
Definition 2.

Moreover, for any fixed sufficient small > 0 and fixed v € L!([0, T],R™), (34) has a
unique PC-approximate solution xg(-) = xy(-; u + 00,0, x9) which satisfies

salt) =30+ | [F(5x0(0)) + B)(u(r) + 60(e))Jdr + » Ji(ra(t): 35)

0< i‘]‘ <t,
xg(tj) € B(yi(t)),6%)

To discuss the variation in the solution relative to the control, we introduce the follow-
ing definitions.

Definition 4. The PC-solution x(-;u,0,xq) of (34) is said to be Gateaux differentiable relative
to the control u if the Gateaux derivative ((-) of x(t;u) exists at u for all t € [0,T] with
x(t;u,0,x0) # yi(t); otherwise,

p() = limys),

where

$(t) = lim xe(tu +€0,0,x0) — x(t; 1,0, %))

e—0 €

when x(t;u,0,x0) # yi(t).

Theorem 6. Suppose assumptions [F], [Y] and []] hold and u € C([0, T],R™), B € C([0, T},
R™*™). The PC-solution x(-) = x(-; 1,0, x0) of (34) is Gateaux differentiable relative to the control
u in the sense of Definition 4. Moreover, its Gateaux derivative 1 is a PC-solution of the following
differential equation with impulses

{ II’ES)):{).r(t/x(t))lP(t) +B(t)o(t),  te(0,T]x(t) #yi(t),i € A,
$(0) =0,
P(t4) = (1) + V]ilyi(0) [p(t) + &) (f(t,yi(t)) + B(H)u(B)], x(t) = yi(t),i € A.

Proof. There are only two possibilities: Case (I), x(-; 1,0, xp) has no irregular point on [0, T]
and Case (II), x(-; 1,0, xo) has at least one irregular point on [0, T].
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In Case (I), one can directly check that x(+; 1,0, xp) of (34) is Gateaux differentiable,
and its Gateaux derivative ¢ is a weak solution of the following differential equation

{wn=ﬁ@unwwm+8mmmtemﬂ,
$(0) = 0.

To discuss Case (II), we define function g; given by
gt(e) denotes the solution of the equation G(¢, t) = 0.
Here,
G(e t) = xe(t; u+€v,0,x0) — §(t, €).

By Theorem 5, when x(t;1,0,x9) = y;(t), there is a § > 0 such that for all ¢ € [0,4],
gt [0,8] — O(t) is a function and g¢(0) = t, where O(t) denotes some neighborhood of ¢.
For convenience, let {t;-|0 <] <--- <t} < T} denote the irregular point set of x(-; 1,0, xo)

on [0, T]. Ify; € C1([0, T],R"), it follows that there is a § > 0 such that
Gi(e,t) = f(t, xe(bu+€v,0,x0)) + B(t)[u(t) +ev(t)] — e (t, €).
Further, whenf(t},y,—(tj-)) + B(t;>u<t;> #* y’,-(t}) =12,k i e A) withoutloss of
generality, we assume
fl <gt;(s), Xe (&; (e);u +€v,0, x0>> + B! (gt;(€)> u (gt;(g)> — y‘} (gt;(s)) #0 in R,
i€ AYee0,0,j=12-k (36)

where B! denotes the first line vector of B. We introduce the following functions given by
Ye(t,s) =exp (/;fx('r, Xe(T;u + €0,0, xo))d'r), 37)
then
Y(t,s) = lgrg)Tg(t,s) = exp (/Sffx(r,x(r; u,0, xo))dT>, (38)
We let

Yl(t,s) and ¥!(t,s) denote the first line vector of ¥¢(t,s) and ¥(t,s), respectively.

Now, we calculate the variation in the solution relative to the control in Case (II). For
te [O, tﬂ , similar to Case (I), it is not difficult to check the following result:

{ 90 = i 0x0)9(0) + B0, 1€ 6] )
$(0) =0.

When t € (0, 8 (e)) , it follows from assumption [F](3), (35) and (10) that

. Xepe(Bu+ (e+2)v,0,x0) — xe(Hu +€v,0,x9) 9
lim : +

Ge(e,t) = ) z &?i(tlf)
£
= lim/ / fr(s,xe(s;u 4 €0,0,x0) + 0(xeqe(s;u + (e 4 §)0,0,x0)
¢—0Jo Jo

Xepe(s;u+ (e+8)v,0,x0) — xe(s;u +€v,0,x0)
¢

—xe(s;u +€0,0,x0))) dods
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y(1)

t 9
/0 B(s)v(s)ds + gyi(t, €).
It follows from (37) and the above that
)

Q&ﬂ-/?ﬂs ($)o(s)ds + = i(t,).

Using the implicit function theorem, combined with (36), we have
809 1y 9 1
Jot ¥y (6),5)B(s)ols)ds + 29 (s (e) )

£1(81 &), (81 (310 +€0,0,x0) ) + B (5 (&) ) u (54 (€) ) = v} (354 (€))
In the above equation, the vector product is the inner product operation. In the following

operations, the vector product is also the inner product operation. Together with Theorem 5,
we obtain

g't’i () = —

o T (8, 5) B(s)o(s)ds
8O = A 2 ,0,20)) + B () — 71 ‘40’

Further,

Xe (gf’i (e);u+¢€v,0, xo) —x(t;u,0,x0)

lim
e—0 €
Xe (gti (e);u+¢€v,0, xo) — X (tﬁ; u+¢ev,0,x))
= lim 1
e—0 €
+lim xe(H;u+ev,0,x0) — x(t;1,0,x0)
e—0 €

= 0{) sy 0t (1) + 0)o()

Together with assumption [J](2), it follows from (40) and (41) that when 8 (e) > ti,

e Xe (g"i (e)+;u+€v,0, x0> - x<gti (e);u,0, x0>
e—0

lim = 1 [xs <8t’ (¢);u+e€v,0, xo) + J; <x (gt, ;u+¢v,0, x0>>

(s(fm o))
(

Xe (gtl ;u+ev,0, x0>)
—x<t§;u,0, xo) - ],v( (tl,u 0, x0)> /?ﬂ f(s,x(s;u,0,x9)) + B(s)u(s)}ds}

() )20 n(0)-o6)(0)]
0 (1 (1)) +5(2)u()
0(1) + 940 (2) [0 84 0 () ()1

_x<gt§ (e);u, tl, (tl,u 0, xo) + Ji

£—!

1
hn% [xg (gt, (¢);u+e€v,0, xo) + Ji
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and when 8 (e) < ti, we also have

IP(tH) = lim Xe (#1; 1 +€0,0,x0) — x (#1451, 0,x0)
£—0 e

= lim 1 {xs (gtg (e);u +¢v,0, xo) + Ji (xS (gf% (€);u+ ¢€v,0, xo))

e—0 €

—x(t’i; 1,0, xo) —J; (x(tg;u, 0, xo))}

—lim ! /gq . [f (s, xe(s;u +€0,0,x0)) + B(s)(u(s) + ev(s))]ds
=0 € J

= w(i) + V() (1) e @ (F(Aw()) - 2(6)u(4)) ]

Consequently, we have

o) =o8) + T [o0) £ sy () ()} ien

Generally speaking, we first note that

Xe (gtr ) (¢);u+¢€v,0, xo) — x(t][l; u,0, xo)
lim L
e—0 €

Xe <gt’ (€);u+e0,0, xo) —Xe (t},l;u +¢v,0, xO>

= lim I~
e—=0 €
Xe (t]’vfl; u+ev,0, xo) — X (t][l; u,0, x0>

+ lim

e—0 €

- (p(t;,l) + g ,(0) [ f(t;,l,y, (t;,l)) + B(t;,l)u (t;,l)] . (43)

Further, when t € <gt]y ) (¢), 8 (e)) , one can infer from assumption [F](3), (35), (10) and
- j
(43) that

X tbu+(e+¢)v,0,x0) — xe(t;u+€v,0,x J
Ge(e ) = élrlﬂ% et (e+¢) 50) o( 0)+$y~i(t/€)

= lim é {xw (Bu+ e+ 00,80 (e+8). Yo (g0 (c+0)))

J _
—Xe (t; U+t ev, g (),Y; (gt,’-,l (s)))} + a—eyi(t, €)
t 1
= lim / fr(s,xe(s; 1+ €0,0,x0) + 0(xeqg(s;u + (64 &), 0,x0)
E0 Sy (e42) Jo

Xepg(s;u+ (e +8)v,0,x0) — xe(s; u + 0,0, x0)

—xe(s;u+€0,0,x0))) : dods
Yr(gr (e+8)e+8) —Yr(gr (e)e t

+ lim r( fit > r( ol ) +lim/ B(s)v(s)ds

¢=0 ¢ =0 g¢;71(€+§)

gtf71(£+é)
gfrl © [f(s, x(s;u+¢€v,0,x0)) + B(s)(u(s) + ev(s))]ds 5

~lim ! 9

%13}) ¢ + asy’(t'e)

ot 1
= lim / fx(s, xe(s;u +€9,0,x0) + 0(xeqe(s;u + (e +&)v,0,x0)
'3r]¥71 (e+8) JO
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Xepg(s;u+ (e +8)0,0,x0) — xe(s; u + 0,0, x0)
¢

+/g B(s)ov( s)ds+lp 8 ( )) + %?r(tze)

V), (y, (37.,(0)) [ (s, @)
g6 (£ (3,000 sy, €0.€)) + By, () (s, )|

Moreover, one can see from (37) and the above equality that

—xe(s; 1+ €v,0,x0))) deds

Gele,t) = %w,e)+Ys(t,gt;,l(s))v»(yrr(gt;,xe),s))[w(gf;,l(a)

(£ (37,0 (0,(00)) + B (s, ©)u(s7.,))|

t
(g @)1 (8q,@) + [ Flb)BEs
-1
Together with (36), by the implicit function theorem, we have

| (3406181, ) V(3 (31, ().€))

o (00 (3@ .0.30) ) + 8 (3400 ) (3,00 ) - g0
[o(er, @) + 87 @ (7 (s, ©.5 (s, ©0)) + Blsy @) (s, 1))
308 (sy(00e) + 2 (40613, @ ) (s, o )+fg"<g ¥1(t,9)B()0(s)ds
syt x(sglernr 0 ) B (500 (gt<s>) 2(5,(0)

Further, it follows from the above expression, (38) and Theorem 5 that

o ()
A G e e G e
[4’ <tr‘71> +S’t/’;1(0) (f(t;—l/yf<t;—l)> +B t;—1>u(t;;l)>} (44)

1 (t] t; 1) (t]’vfl) + ff?,1 ¥l (t;,s)B(s)v(s)ds .
o)) o) ()

Similar to (43), we can obtain

Xe <gt,;(s);u +€0,0, x0> — x(t;; u,0, xo)
. j
lim

e—0 €
= y(#) +84(0) F(Ewi(s)) +B(E)u()]ieni=12- k@5

Together with assumption [J](2), (45) and (44), it follows that when g,: () > t;,
]
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¥(1+)

Xe (gt§ (e)+;u+ev,, xo> —x (gt; (&);u,0, x0>

lim
e—0 €
1
lim — {xe (gt,- (¢);u+¢v,0, x()) + J; <xe <gti (¢);u+ev,0, x0> >
e—0 € j j

7x(gt;-_(s);u, t},x(t};u,o, xo> + J; (x(t};u,o,xo))ﬂ
lim 1 {xs (gt,-_(s); u—+ev,0, x0> +Ji <xS (gt,;(s); u+¢€v,0, x0> >
j i

% (St;:; w0.50) < (x(tm0.3)) = [ 176 w0200 + oy
(19 (4)) o (1) + 5@ (o (1)) + 2 (5) ()]

sy (1)) (3ol

(1) + 90 (5)) [0 (6) + 5@ [ (5 (4)) + () ()]
and when 8 (e) < t},

Xe <t;.; u—+e€v,0, xo) — x(t;—i—; u,0, x0>

y(i+) = lim

e—0 €
1
= lg%g {x€<gt (e);u +e€v,0, x0> +]l<xg< }( €);u+ev,0, x0>>

—x(#1,0,%0) = Ji (x(#5,0,%0 ) )

i(©)
_ tg [f(s,xe(s;u +€v,0,x0)) + B(s) (u(s) +ev(s))}ds}

) ) #(5-) + g [ (tan(8)) + (1) (8)]]

Consequently, we have

2(14) = 0(6) + D)) [0(5) + 84 @ [r (5 (6) + B(1)u(8)]] w0

forie A,j=1,2,--- k. Therefore, when t € (t;,t;H) G=12--,k—1)orte (t,’(,T],
it follows from assumption [F](3), (10), (35), (3), (17), (44) and (45) that

xg(t; u 4 6v,0,x0) — x(;u,0,x0)

pit) = lim 0
xg(t;u+ BU,g,i(G),Yi(gt;(B))) —x(tu, t;, Yi(t;))
= lim ! !
60 0
Yi(g,i(0)) — Yi(t))
= lim’——i—hm/ /ft(sxsu0x0)+§(x9(su+900x0)
6—0 4 0—0
fx(s;u,O,xo)))x olsiu +60,0, xg) *(si1,0, xO)dCder hm/ v(s)ds
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. 8,1 (6)
—lLm = [ 7 [f(s,x(s;u,0,x0)) + B(s)u(s)]ds

= 0 () () [o(5) + 8@ (1)) + () (1)

t t 1
+ / B(s)v(s)ds+lim/ (6)/ fr(s,x(s;1,0,x0) + &(xg(s;u + 60,0,x0)
P t} 8 0
i

6—0

xg(s; 1+ 00,0,x0) — x(s; 1,0, x0)
0

Thus, it follows from (39), (42) and (46) that

—x(s;u,0,x0)))

d&ds.

(1) = folt,x(61,0,30))p(t) + B(Ho(t), £ € (0,T] and t# ti€ Aj=12,-k
(0)=0,

2
1(65) = (-5 ()

—I—g:;i(O)V]i (y;(ﬁ)) [f t;,yi(t;» + B(t;'.)u(t}lﬂ,]‘ —1,2,-- k.
This completes the proof of Theorem 6. [

8. Conclusions

In this paper, we proposed a class of widely applied impulsive differential systems
and gave its qualitative theory under some weaker conditions, including the existence,
uniqueness, and periodicity of the solution, as well as the continuous dependence and
differentiability of the solution on the initial value. For the pulse phenomena of the solution,
it is significant to give the sufficient and necessary conditions. It is very interesting that
the pulse may destroy the intrinsic properties of the system, such as the existence, the
continuous dependence, and differentiability of solution. Moreover, these results also lay a
theoretical foundation for the optimal control problem given by impulsive different systems
with impulses at variable times and the applications of such systems.
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Abstract: This paper deals with the oscillatory behavior of solutions of a new class of second-order
nonlinear differential equations. In contrast to most of the previous results in the literature, we
establish some new criteria that guarantee the oscillation of all solutions of the studied equation
without additional restrictions. Our approach improves the standard integral averaging technique to
obtain simpler oscillation theorems for new classes of nonlinear differential equations. Two examples
are presented to illustrate the importance of our findings.
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1. Introduction

In this work, we consider the asymptotic and oscillatory properties of solutions to a
class of differential equations of the form

(DY) +pME M +aMFETN =0 T>To>0, )

where ¢ > 1is a ratio of two odd positive integers, and
(Hy) r(T) € CY(It,,RT),
p(T)and q(T) € C(It,, R), 2
where I, = [Tg,);
(Hy) f(T) € C(R,R),yf(y) > 0fory # 0,and f(y)/y* > p, for y # 0 and for some y > 0.

Definition 1 ([1]). By a solution y of Equation (1), we mean a function y € C([T},0)), T} €
I, which satisfies (1) on [T}, 00) for every T > T} > To, and (T (T))* € CL{([T, ).
Our attention is restricted to those solutions y of (1) that exist on some half line I and satisfy

sup{|y(T)|: Ty < T <e0o} >0, T, > Ty

Axioms 2024, 13, 105. https://doi.org/10.3390/axioms13020105 71
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Definition 2 ([2]). A solution of Equation (1) is called oscillatory if it has arbitrarily large zeros;
otherwise, it is called non-oscillatory. Moreover, we say that Equation (1) oscillates if all its solutions
oscillate, otherwise we say that it does not oscillate.

Oscillation theory is considered one of the most important theories in all fields of
science, including physics and engineering. It also plays a crucial role in the advancement of
science and technology and in developing solutions to contemporary challenges. Through
continued research and development in this field, significant progress can be achieved
in various scientific and applied fields. It attempts to explain how objects or phenomena
can change over time and is used to understand advanced natural and technological
phenomena in the modern world. Currently, oscillation theory is of particular importance
because of its practical applications in various fields such as communications, astronomy,
and others. Its importance is not diminished even in the field of medicine, as it contributes
to examining and analysing vital signals such as heartbeats and brain waves, which enables
doctors to better evaluate health conditions and diagnose diseases.

Both the concept of symmetry and the oscillation theory play pivotal roles in under-
standing nature at different levels, and there can be overlaps and interactions between them
in certain contexts of physical research. Oscillations can be viewed as a kind of temporal
symmetry in many dynamical systems. Likewise, a physical system that oscillates regularly
can be described as a type of temporal symmetry in that phenomenon, where conditions
repeat periodically. On the other hand, the concept of symmetry plays an important role
in describing fundamental interactions and particle interactions. It is worth noting that
in some cases, symmetries lead to phenomena such as oscillation between different types
of particles, such as neutrino oscillation. Theories that combine symmetry and oscillation
may reveal new and unexpected phenomena. For example, broken symmetry could be
responsible for generating particle masses in the Standard Model of particle physics; see,
for instance [3-9].

Their approximations lead to very large linear systems and many properties can
be understood using the approximated solutions [10-12]. Damping is crucial in control
systems to prevent and minimise feedback-induced oscillations, so the damping differential
equation is used in the models of mechanical systems, electrical circuits, acoustics, civil
engineering, and control theory (economic cycles). Second-order differential equations
with a damping term play a central role in many scientific and engineering fields, helping
to understand and analyse dynamical systems and develop new technologies. They are
used in many different fields, and the analysis of solutions to these equations often includes
the term “damping” to describe resistance to movement or the gradual degradation of
energy, which may be the result of movement in an elastic medium or under the presence of
friction. Second-order differential equations can also be used to study damping vibrations
in structures and machines. Damping is also used to describe the effect that resistors,
capacitors, and coils have on the current and voltage in the system. The term damping
describes the interaction between particles and their surrounding environment, and its
importance extends to planetary science and astronomy, as these equations are used in
studying the motion of planets and other astronomical bodies and the damping effects
resulting from gravity and resistance [13-18].

A number of authors, such as [19-23], have paid attention to the oscillation of equations
of the form

(M@ (T)Y' (1) +p(T)y'(T) +q(T)f(y(T)) =0.
On the other hand, the authors in [24-27] examined the oscillation of the following differ-
ential equation:

(r(My (M) +p(T)y (T) +a(T)f(y(T)) =0 ®)

and some special cases under conditions

p(T)>0andg(T) > 0. 4)
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Moreover, Rogovchenko [28] showed a sufficient condition for the oscillation of Equation (3)
assuming that (2) is satisfied and

f'(x) exists, f'(x) > k for some k > 0.

Also, Grace [29] shed light on finding criteria that guarantee the oscillatory behavior of all
solutions of Equation (3).

Motivation

Adding a damping term to a differential equation may change the character of the
solutions, for example, giving rise to oscillations. For example, if we look at equation

y"(T)+ (47%) "y(T) =0, )

we find that all of its solutions are non-oscillatory as follows: y; = 1.2696, y» = 1.83763 and

y3 = —0.10716. While if we introduce the damping term (4T2) 71y’ (T) into Equation (5) it
becomes as follows:

y"(T)+ (472) T+ (4T3>71y(T) =0.

We find that the behavior of its solutions is different, as we obtain two conjugate
solutions (oscillatory solutions) and another solution (nonoscillatory solution) as follows:
y1,2 = 1.5490 £ 0.3925i and y3 = —0.097912. Thus, the study of this type of equations can
be considered related to the oscillation theory. Through this work, we aim to establish
new relationships that can be used to obtain new oscillation criteria for the solutions of
the Equation (1). Our results are an extension of the findings presented in the previous
literature, for example [19-22,28,30-32], which studied the Equation (1) with { = 1. On
the other hand, our results work to develop and improve some of the previous findings;
for instance, contrary to [24-27], we do not need additional constraints, including the
constraints in (4). Therefore, the scope of application of our results extends to include more
models that previous studies did not cover.

This paper is organized as follows. In Section 1, we present the significance of studying
oscillations in many areas of life, which is the primary motivation for our study. In Section 2,
we present previous findings and the abbreviations that will be used throughout the paper.
Then, in Section 3, we provide some results of oscillation for the solutions of the studied
equation. We also present and discuss some examples to illustrate the importance of our
results in Section 4. Finally, in Section 5, we offer a brief overview of the main conclusions
and present some suggestions and open problems for future work.

2. Preliminaries
Now, assume that U € C(D,RT) and

D={(T,g): Tg<¢<T<oo} and Dg={(T,¢): Tg<g< T <oo}.

IfU(T, T)=0,U(T,c) > 0and thereis (T,g) € Dy for U has a nonpositive continuous
partial derivative with respect to ¢, and there is there is a function il € I,y (D, R) such that

ou(T, ~
% = —i(T,6)(U(T, )", ©
then we say that U € We.
Now we present some results obtained previously, in order to compare them with the
main results we reached in this work.
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Theorem 1 ([29], Theorem 6). Assume that there exist functions p € Cl(ITO,]Rﬂ, ¢ <
C(It,,R),and U € W, & = 1and f'(x) > K. If

0< inf ®(T) <o, @)
T 2
timsup U™(T, ) [ r(e)p() AT, 6) = w(e)/u(T,)| de <o

timsup U~ (T, To) [ (U(T,ple)ate) ~ 1 (T,))de = 4(T°),

T—0c0

and -
lim [ ¢ (c)(v(c)r(c)) "/ *dg = oo,

T—00JTy
for T > To,andy T* > Ty, where
i H(T6)
o) = limint e 7,y
¢+(T) = max(¢(T),0)

and

2
F(T,6) = (4K)"p(¢)r(c) (ﬂ(m (e) um)) ,
where 7() = (r(6)p(6) — p(€)p(6))/ (r(c)p(c)), then (3) is oscilltory,

Theorem 2 ([28], Theorem 2). Assume that there exist functions g € Cl(ITO,Rﬂ, ¢ €
C(It,,R). Assume further that U € W, & = 1and f'(x) > K. Set

o) =exp(-2 [ glerac)

and
¥(T) = K1B(T) (Ka(T) = p(T)g(T) = [(T)2(T)] +r(T)gA(T)).

If

i - ! . plc) 2
hg‘jo‘jpu 1(TITO)/TO r(¢)p(c) (u(T,g)+@ U(T,g)) dg < oo,

~ 2
timsap U (T, 7) [ u(T,0p#(6) — "R (7,00 + L Ju(T, ) ) e = 9(T)

T—00 T

and oo
lim sup ~¢+(g) dg = oo,
Toseo JT0 P(6)7(S)

then (3) is oscillatory.

Now, define the functions

exp | — ’ 1/ _ p(s)
o[ -een [ (o0~ i ) ©
W) = o(T)[ja(T)+r(DpEDE(T) = ((T(T)) = p(Tp(T)] )

S

=
_'

N
Il

and

F(T,¢) =U(T,¢)plc) — BE(E+1)"Co(g)r(¢)a1(T, g), for some B € [1,00)
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3. Main Results

In this section we present two main results in the form of theorems. In the first theorem,
using the Riccati technique, we obtained criteria that ensure the oscillation of all solutions
of the studied equation. In the second theorem, using other analytical techniques, we
present another criterion that reaches the same conclusion as in the first theorem.

Theorem 3. Assume that there exists a function p € C'([T¢,00),IR) such that, for some p €
[1,00) and U € W,

limsup U~ (T, To) [ [U(T,e)p(e) = F(& + 1) o(e)r(e)a(T,¢) | dg = oo (10)

T—o0

with v(T) and Y(T) given in (8) and (9), respectively. Then all solutions of Equation (1) are
oscillatory.

Proof. Let x(T) > 0 be a solution of (1) for T > T§ > T. Setting

/ ¢
uw(T)=o(T)r(T) (J;g((iT_l_)))er(T) , T>Tg, (11)
we have
/ H(T)(T)F)
W(T) = zgi))umw(r)( T )
(G+1)/¢
{v(T)r(T)[%w(T)} Fo(TY(r(Tp(T)).  (12)

According to [33], it is

N1/E
Ny (N = Np) R < S (@ N - N, (13)

Taking
Ny =u(T)/(vo(T)r(T))and N; = p(T),

in (13), we obtain

y 41/ y @)/
=) = (S| 2 ()
)

It follows from (1), (8), and (12) that
, a1y N\ /¢
which we rewrite as

1/¢
u§+1(T))> a5)

U(T, ¢! (T) < ~U(T, ¢)p(T) - umg)g(w
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By integrating (15) from T7 to T, forall T > T] > Tjand all > 1, we have
! $/(E+1)
[ T pieds+ / (T, ) (U(T,¢)¥ €+ Vu(T)dg

U(T, ué Ve — 1 4
e

U(T, THu(T) = e (B—1) [ U(T,e)ué Ve () ————
< U T g (B [ U @ o

Also, according to [34], it is

MEDE Cgl MM, > — g MEE
Taking,
ME/E §U(T,gue/E(g)

B (u(e)r(e))'*

and

9
ME/E _ _ﬁv(g)r@)ﬁ@“)(?g),

in (17), we get

s e
u(g)ii(T,¢)(U(T,¢))¥ ¢ 4 %U(T,g)( “(9))

o(¢)r(¢)
B ~
+WU(€)”(€)“§H(TIG) <0.
Thus, it follows from (16) and (18) that

u(T, THu(Ty) = /Tt(ummg) B +1) Vo(o)r()it (T, 6)) d

1

gy [T u(g) \
a1 [ umo (o) e

From property (6), we find

/~T
JTE

¢
|utr e - #v(g)r(g)rﬁ“mo

< U(T, T)u(T)| <U(T, To)|u(T)|, forall T > T7.

dg

Therefore, it is
[ w0 = B + 1 V(e (T, )

< u(r, o (Il + [ lvioldc ).
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Hence,
limsup U~ (T, To) ./}: [U(T,e)ple) = B (& + 1) o(e)r(e)a ' (T,¢) ] dg

T—oo

.Ti‘
< (Tl [ 9 lde
< 0o,

which contradicts (10). [

Theorem 4. Assume that there exist functions p € C1(It,,R), ¢ € C(I,, R) and U belonging
to the class Wg such that, for some p > 1 and for T* > T,

lim sup u—(tT,m) /TT F(T,¢)dg > ¢(T") (20)
and _
0< inf U(T) < 1)
If
@) e =, 2)

then all solutions of Equation (1) are oscillatory.

Proof. Let x(T) > 0 be a solution of (1) on [T§, o), T§ > To. Proceeding exactly as in the
proof of Theorem 3, we get the inequality (19), it is obvious that

. : 1t B .
¢(T1) < hITTfoliPm/T{ U(ng)l/’(‘;)—WU(G)V(Q)IEH(T'G) dg
o _SB-1 1T W (g) \ &
< u(T])— 5 lim inf U(T,Ti‘) ~/Ti‘ u(T,g) (v(g)r(g)) dg,

forall T > T7 and for any B > 1. This implies that

e e (T a0 .
¢(T1)+ep(B=DliminfU (T, T9) [ U(T,0)——rdc<u(T}) @)
o i (v(6)r(c))*
and
T (o)
liminfU~1(T, T5) [ u(T,¢)—2"'¢ _q¢
e /TT (0(6)r(s))?
< BEB—O) (T —¢(T1))
< oo, (24)
It follows from (21) that there exists v > 0 such that
U(T) > o(T). (25)
Now, we claim that .
/m BN YR, (26)
i (v(g)r(6))®
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By (26) and for any constant 77 > 0, there exists a T; > T such that

41
T T
/ * ”7(’5)1@ > 1, forall T> T3,
1 (0(g)r(g))¢

Integrating from T] to T and using (27), we see that

U’l(T, Ti«) /t U(T, Q)L(g)ldg
T (v(e)r(g))¢

e [T S Wt ()
= U NT,Ty) [ U(T,¢)d dC}
1/T? / (@)

forall T > T7. Hence,

u—l(T,T;)/; U(T,g)(%)édg - u%g,ﬂ)/i@%)
(I ‘<““1<;>1 )
% < BU(T c )

- %U(T,Tz)u YT, T7)

Y

> Tyt (T, Tou(T, ).
In view of (25), there exists a T5 > T; such that

u(r,Ts)

> > Tx.
U(T, 7o) = o(T), forall T > T3

Thus, we have

GH(O)\ €
u=N(T, ) /TT u(T,¢) (Z(;r((i‘))> “de > yfor T > T3

Since 7 > 0, we obtain

T a1
liminfU~(T, T7) /T u(T,g)<” (g)>5dg:oo.

T—00 h

But according to (24), we note that

[0 @) T de =,

*

and from (23), we get

[ (ate) = [ () <=

1

This completes the proof. [
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Remark 1. We observe that the restrictions imposed in Theorem 4 are more tractable than those
in [29] [Theorem 6], since we do not have the complex hypotheses that appear there.

Corollary 1. If one of the following statements is true
(i) All conditions of Theorem 3 are satisfied;

(ii) All conditions of Theorem 4 are satisfied,
then the equation

(M) + P (D) + (T (T) =0, 28)
where p > 0, is oscillatory.
4. Applications

Example 1. Consider the following differential equation

(FO/T)F) 4o TR/ T +a(TE(T) =0, )

for T > 1and ¢ > 1, where

J(T) = L_TcosT—2T4<TcosT—2T*1> <TcosT—2T*1>CosT
T3 T(E+1) c+1 c+1
TeosT —27-1\/
( TG +1) )

Let assume that

TeosT —2T-1
p(T) = (%),T(T) — T L o(T) = T3and p > 1.

By condition (10) in Corollary 1, we conclude that

lim sup ﬁ /Tz U(T,0)y(e) - @%;Hv(g)r(g)ﬁg“(?g) dg
= im0 o=
That is Equation (29) is oscillatory.
Example 2. Consider the following differential equation
/
0 < QT3+ 12)%+ sin T) (x'(T))¢> N (3(2T3 + ;)T(f + sinT)) (T +a(T)E(T), 50)

for T > 1and ¢ > 1, where
1
q(T) = ﬁ((1 — T3 4272 76T) sin T +12T).

Now, assume that

p(T) =0,¥(T) = (1= T2 +2T2=6T)sin T +12T,0(T) = T2 p =271 (1+ &) €*V/%,

Set U(T,¢) = (T —¢)? (T,g) =2(T —¢)(1-0)/ &+,
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By condition (20) in Theorem 4, we find that

B ~
lim sup g7 ey T = )/ { () - Wv(g)r(g)ué“(?g) dg
T
= lernjup TZ/ [(T—g)2(<1—g +2¢2 —6g) smg+12g) — 28 (E+1) E+1)

><<2g +1)(2+sing)(T— ) de
>hmsup Tz/ (T 1—g +2¢2 —6g>smg+12g>

—(2(; +1>(2+sin§)]d€
= 16— T"3cos T" + T*2(2cos T* —6+3sin T*) —4T*sin T* —3cos T* = ¢(T7).

It is easy to see that condition (22) is satisfied. Therefore, Equation (30) is oscillatory.
Remark 2. If condition (10) in Theorem 3 fails, we can use Theorem 4.

Remark 3. By applying Theorems 3 and 4 when ¢ = 1, we obtain the results presented in
references [24] [Theorems 17 and 19], Our results also improve those of [25,26], which imposed
more restrictions on the sign of the coefficients p and q.

5. Conclusions

Through this paper, we focus on studying some oscillatory properties of a particular
class of differential equations with damping. We note that the conditions in Theorem 2
are less restrictive and more efficient than those in Theorem 1. The improvement is due
to the fact that the oscillation criteria obtained in this paper are more flexible compared
to those appearing [29,35], because there are no restrictions on the damping coefficient
p(T). Studying this type of equation without any restrictions imposed on the functions
p(T) and q(T) is an extension and improvement of previous results. Defining the optional
functions U and p and then using them in Theorems 3 and 4 to test the oscillatory behavior
of Equation (1) (or its special cases) provide strong results for testing the oscillation of its
solutions. Also, for ¢ = 1, Wz generates the class of functions W, which was studied in [24].
On the other hand, our results do not need additional restrictions to ensure the oscillation
of all solutions of Equation (1) [1,24-28]. It would be worth studying the following more
general form of Equation (1):

(M) + P + (M) =0,

where ¢ and B are positive. Furthermore, introducing a delay term into the function
f(y(T)) so that it has the form f(y(7(T))), where T(T) < T, will be a fertile field for
researchers. Also, the possibility of providing different conditions without resorting to
setting the restriction ¢ > 1 remains an inspiring point for researchers as well.
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1. Introduction

Fractional calculus has been around for three centuries, and recently, it has become more
frequently utilized in the scientific and technical fields. It investigates extensions of the basic
calculus operators, differentiation and integration, defined by letting their order to roam
outside of Z to more extended domains [1-3]. Such extensions are not only a mathematical
novelty; differential equations containing the generalized operators have been employed
in a wide range of scientific domains [4,5], from viscoelasticity [6] to epidemiology [7],
economics [8,9], and electrical circuits [10].

Almost every mathematical theory has a discrete equivalent that enables it to be
comprehended theoretically and practically in the modeling process of real-world issues.
Owing to the availability of a coherent mathematical framework for continuous fractional
calculus, the potential advancement of discrete fractional calculus has been inadequate
until recently. However, there has been significant progress in the development of discrete
fractional calculus. For example, Atici and Eloe [11] implemented a discrete Laplace trans-
form technique for solving a series of fractional difference equations. Atici and Eloe [12]
developed the triggers for the beginning value in discrete fractional calculus. With the
nabla operator, Atici and Eloe [13] investigated the structure of a discrete fractional calculus.
For additional information on recent advances in fractional discrete calculus, see [14-19].
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Reaction—diffusion systems have acquired great theoretical attention and are of tremen-
dous utility in many scientific and technical disciplines due to their capacity to simulate a
range of real-world events and the intricacy of their solutions (see [20-23]). Meanwhile,
the fractional partial differential equation is widely used in practice. Several papers on
the subject have recently been published [24-27]. An effective and common application of
fractional diffusion equations is the simulation of anomalous diffusion in porous media
with rich nano—-micro-size characteristics. However, many nonlinear systems in nature
have discrete qualities, such as population models, brain networks, and gene information.
Discrete models may be used to successfully identify parameters from experimental data.
Fractional partial difference equations offer a separate time-discretization model, partic-
ularly for anomalous diffusion, or a time-discretization difference technique, which was
recently described as a discrete fractional modeling [28]. The authors of [29] established a
fractional time discretization diffusion model in the Caputo-like delta interpretation, and
addressed diffusion concentration for various fractional difference orders. Alternatively,
the authors of [30] proposed a variable-order fractional diffusion equation on discrete
periods and created a variable-order function using a chaotic map.

Several neuron models have recently been proposed in the literature to describe neural
dynamics. Among these models, one can find the reaction diffusion FitzHugh-Nagumo
model, which is a classic standard model in neuroscience that has been extensively ex-
amined in periodical literature [31]. This model is a simplified variant of the well-known
Hodgkin-Huxley model, which captures neuron dynamics and, more broadly, the dynam-
ics of excitable systems in several domains such as chemical reaction kinetics and solid
state physics [32-34]. It is made up of two differential equations that describe the voltage
variable’s temporal evolution. In recent years, FitzHugh-Nagumo has received a lot of
attention, and several notable studies have been conducted to examine this system. For
example, in [35], the global existence and asymptotic stability of solutions for a generalized
Lengyel-Epstein and FitzHugh-Nagumo reaction-diffusion system were explored. In [36],
synchronization and control of FitzHugh-Nagumo coupled reaction-diffusion systems
are addressed. In addition, synchronization of the reaction-diffusion FitzHugh-Nagumo
systems using a one-dimensional linear control law was investigated in [37]. Finite element
analysis of a FitzHugh—Nagumo reaction-diffusion system with Robin boundary conditions
was explored in [38]. Moreover, many papers examined the influence of the fractional deriva-
tive on the FitzHugh-Nagumo model. For example, in [39] the low-voltage, low-power
sinh-domain implementations of the fractional-order FitzHugh-Nagumo neuron model
have been presented, as well as the influence of fractional orders on the neuron’s external
excitation current and dynamics. In [40], the effect of the fractional order on the dynamics
of action potentials in the FitzZHugh-Nagumo model is discussed.

The goal of this paper is to study the stability of the equilibrium state of a discrete
fractional-order reaction—diffusion FitzHugh-Nagumo model. Both local and global sta-
bility are explored for applicability in the above-mentioned neural model research. To the
best of our knowledge, this is the first time a full theoretical stability study for a discrete
fractional-order reaction—diffusion FitzHugh-Nagumo model has been conducted in which
the effect of the fractional order on the dynamics of the model is investigated and discussed.

The paper is structured as follows. Section 2 is intended to provide some preliminary re-
sults as well as the discrete fractional-order dependent and independent outcomes. Section 3
describes the main findings of the study; the mathematical model is presented, the local
stability of the equilibrium state is addressed, and global stability of the equilibrium state is
examined, both dependently on the fractional orders of the considered model. The findings
are corroborated by numerical simulations. Section 5 draws conclusions from the findings.

2. Preliminaries

This section begins by introducing the subject’s required nomenclature and stabil-
ity theory.

84



Axioms 2023, 12, 806

Definition 1 ([41]). Assume x : N — R, the forward difference operator A is then defined by
Ax(0) =x(+1) —x(¢); ¢e€N. 1)
Next, the operators A", n =1,2,3,. .., are recursively identified by
A'(0) = AMA"IX)(0), LEN. )
In particular, the second order difference operator of function x(t) is given by
A2x(£0) = x(€ +2) —2x(£ + 1) 4+ x(£). 3)

Lemma 1 ([41]). Here we give some properties of the difference operator A,
e Ac =0, where c is a constant.

o Alx+x)(0) = Ax(£) + Ax(0).

o A(xx)(0) =x(0)Ax(L) + x(£+1)Ax(L).

Theorem 1 ([41]). Given two functions x;x : R — Rand a;b € N; a < b; we have the
summation by parts” formulas:

b—1 b—1

x(1)Ax(p) = x()x()[5 = ¥ k(7 +1)Ax(), “4)
j=a j=a
b—1 b—1

x(7+ D Ax() = x(Nx() |5 = Y x()Ax()). (5)
j=a j=a

Definition 2 ([42,43]). Let x € (hN), — R. For given ¢ > 0, the 9-th order h-sum is given by

wﬂmﬁ%?wmedewﬂHMtﬂmM,@
Lo

with a € R as the initial value and the h-falling factorial function described by

@ _ .0 T(Gi+1)
e =P T(f+1-98) @
while
(hN)aJrgh = {ﬂ+ (1 *l9)h,¢l+ (2*19)7’1,} (8)

Definition 3 ([43,44]). For a function x(t) defined on (hN), and for a certain ¢ > 0, so that
¢ € N the Caputo h-difference operator is expressed by

CAIX(t) = A" Apx(H), ©)

where AJ'x(t) = W

Lemma 2 ([42]). Here are some important properties employed in this work:

e Discrete Leibniz integral law:
hA;f(l_ﬁ)h CAUX(t) = x(t) —x(a), 0<9<1, te€ (hN), 4 (10)

e Caputo fractional difference of a constant x:

CA%x =0, 0<d<1. (11)
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Lemma 3 ([42]). The following inequality holds:
FADC(H) < 2x(t+ Oh)FAIX(E), € (hN)ason, (12)
where 0 < 9 < 1.

Let us consider the nonlinear fractional-order difference system.
CAUX(H) = p(t + 1O, x(t+18)), t€ (hN), gy (13)

Theorem 2 ([42]). Let x = 0 be the system’s equilibrium point (13). The equilibrium point is
asymptotically stable if there exists a positive, definite, and declining scalar function. If all the
eigenvalues of P’ (x*) are located in SZ, then x* is asymptotically stable, where gA,’fV(t, x(t)) <0.

Theorem 3 ([45]). Let x* be an equilibrium point of (13). If all the eigenvalues of ' (x*) are located
in Sg , then x* is asymptotically stable,
where

8
sY = {w e C: |Arg(w)| > 197% or |w| > %cosl9 (NgT@> } (14)

3. The Discrete Fractional-Order FitzHugh-Nagumo Reaction-Diffusion System

In this section, we present the model under discussion, which is approximated using
two well-known approaches. This discrete model is, to the best of our knowledge, the first
in the literature.

The FitzHugh-Nagumo reaction—-diffusion system, as is well known, was proposed
in [46] as follows:

%—?:dlAu—ﬁ—&-(ﬁ—l—l)uz—ﬁu—v, x€Ot>0,
%:dzAv—&—eu—e'yv, xeO,t>0, (15)
d, =0y, =0 , xe€d)t>0,
u(x,0) =up(x) >0, ov(x,0) =vp(x) >0, xe€Q.
where Q) is a bounded domain in R",n = 1, with sufficiently smooth boundary 0Q),
2
A=Y, % The state u corresponds to the membrane potential in this spatially extended
X4
1

system, whereas v reflects a combination of potassium activation and sodium inactivation
at point (x,t) € Q) x (0, 00). The parameters B, € and 1y are positive constants with values

1
0f0</3<§ande<<1.

Since time fractional systems have been extensively studied by researchers, the following
time fractional FitzHugh-Nagumo reaction-diffusion system was presented in [47] as follows:

§Du —diAdu = —u® + (B+1)u? — pu—o,
. 16
$Dfv — dyAv = €u — eyo. {16)

where 0 < & < 11is the fractional order and § D? describes the Caputo fractional derivative,
dq, d and o are strictly positive constants with the same initial conditions and Neumann
boundary conditions.
Based on the model (16) and with the discretization used in [29,48], and assuming that
x € [0,L], wehavex;;1 =x;+k, i=0,...,m, and using the central difference formula
u(x,t) and %v(x,t)
ox2 dx2

concerning x, can be approximately expanded as
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Pu(x,t) i (t) —2ui(4) +uiq(t)

oz 7 k2 !
%v(x, t) - vip1(t) = 20;(t) +v;_1(t)
ox? k2 ‘

Using the definition of the second order difference operator of 1; and v; we obtain

azu(x, t) _ Azui_l(t)
w2 Tk
%v(x,t) N A1 (t)

~

0x2 k2

Therefore, we consider the following discrete-time reaction-diffusion fractional
FitzHugh-Nagumo system

d
AL ui(t) = k—;Azui_l(t + 1) — uB(t+ 1) + (B + 1)ul(t + ho) — Pu(t + hd) — v;(t + hd),

d 7)
gAf;v,»(t) = k—gszi,l(t + 1) + eu;(t + ho) — eyv;(t + hd).
where gAZ} is the Caputo-like difference, 0 < ¢ <1, t € (AN)y,.
With the periodic boundary conditions
wot) = tn(£), 01 (£) = tya (1), s
vo(t) = om(t), v1(t) = vppa(t),

and the initial condition

ui(to) = ¢1(x;) >0, vi(ty) = ¢a(x;) > 0.

4. Local Stability

In order to investigate the asymptotic stability of the considered discrete-time fractional
FitzHugh-Nagumo system, we consider the unique equilibrium point, which is the solution
of the following system:

dq
K2

d
k%sz* +eu* —eyv* =0.

Aut — w4 (B+Du*? — Bu* —ov* =0,
(19)

As previously stated in [49], the system (17) may have many equilibriums depending
on the sign of ¢, where ¢ is determined by

—1_p2_*%
{=0-p) . (20)

Thus, we may have the three cases listed below:

e If¢ <0, system (17) has the origin (1, v§) = (0,0) as its only fixed point.
_B+1 ”Ll)

e If¢ =0, system (17) has two fixed points; the origin and (ui‘, UT) = ( > Y

e If{ >0, system (17) has three fixed points; the origin,

.09 = (-5~ Ve ) and (09 = (<54 vE 8.

87



Axioms 2023, 12, 806

4.1. Local Stability of the Free Diffusions System

In this part, we develop suitable requirements for the local asymptotic stability of the
following system:

1)

FOLu(t) = —ud(t+hd) + (B+ 1) (t+ 19) — pu(t + hd) — o(t + 1d),
gAfov(t) = eu(t +nho) — eyo(t + hd).

The characteristic equation for the eigenvalues is obtained using linear stability analy-
sis around the stable state:

Y Iy
v 77 a2 B B
= 5)11{4] g‘z; :< 3ue’)/+2(ﬁ+l)u ‘Iie 1)[ 22)
u v
where
P(u,v) = —u3(t+ho) + (14 B)u?(t + ho) — Bu(t + ho) — v(t + ho), (23)
and
¥ (u,v) = eyu(t + htd) — ev(t + hd). (24)

We may deduce the following:

Theorem 4. System (21) is locally asymptotically stable at the steady state according to the follow-
ing cases:

o If& =0, the equilibrium point (uj, vy) is locally asymptotically stable.
If ¢ = O, the equilibrium points (ug, vy) and (u3,v]) are locally asymptotically stable.

e If& >0, the equilibrium points (uj, vy) and (u3,v3) are locally asymptotically stable, and
(u}, v3) is stable if the following hold true:

5<Zﬁ+2> —\VE(5B+2)+3¢ > 0.

Proof. Since the system (21) might have many equilibriums depending on the sign of ¢,
we shall analyze each one separately.

*  Given that the origin (1, v§) always represents an equilibrium point, we shall investi-
gate the stability of the system (21) regardless of the sign of ¢.

The Jacobian matrix of the equilibrium point (i, vj) may be expressed as follows:

_(—F -1
](146,278) - <€,Y _e) (25)
The Jacobian matrix | (ug,08) has the following characteristic equation:
A% — tr(](ugrvg))/\ + det(](u;/v;)) =0, (26)

where
tr(](u(*),vg)) =—p—¢ det(](ug,v(*))) = Pe+ey. (27)

This might lead to the following discriminant

A=t (J (s o)) — Adet(Jiys 00) = (B+€)* —4(Be +e7) = (B—€)* —de.

88



Axioms 2023, 12, 806

The solutions of (26) are obviously dependent on the sing of A,; therefore, we may
analyze the stability in the following situations.

- If (B—e€)2 > 4ev, and since fe + ey > 0, the negativity of the eigenvalues
is determined by the sign of tr(l(”ﬁ'vé))' Furthermore, as — — € < 0, and the
eigenvalues A1 and A; are real, thus we have

tr * ok 7\/A
Ay = W <o. 28)

As a consequence of this, Arg(A1) = m. It is self-evident that Arg(A1) =
Arg(Ap) = m. As a result, according to Theorem 3, the equilibrium (ug, v;)
is asymptotically stable.

- If(B—e€)? < 4ey, then

tr(l(“é”é)) — V= Ay — tr(](u(*)vg)) +ivV/=Ax
2 s 2 = > .

A= (29)
Since —B — € < 0, the system (21) is then asymptotically stable, based on the
identical situation studied before.

- If(B—¢€)? = dey, tr(] (u(*),vg)) cannot be equal to zero. The sign of the eigenvalues
is the same as the sign of tr (/s oz ). As a result, (ug, vj) is asymptotically stable
forall ¥ € (0,1].

We may deduce that the origin is locally asymptotically stable, regardless of the sing
of A A-

e Now, assuming that { = 0, and the origin is clearly stable according to the previous
investigations, we can thus investigate the stability of the equilibrium point (uj, v7).

In this case, we have the Jacobian matrix of the equilibrium point (u],v]) defined by

B+1\* (B+1)7?
](ui‘,vf) = <_3< 2 > —2 2 B ‘B B 1)/ (30)
€y —€
and we also have:
_ 2 2
tr(](ui’,vf)) = w —-B—e det(](ui‘,v{)) = <@ + ﬁ)e +ey. (31

This may lead us to the discriminant of the eigenvalue problem (26):

dn= G (B 17 (517~ e+ B) ~de(B7) + B+

We notice that det(/,; 1)) > 0and tr(J(,; »r)) < 0, which indicates that, based on the

results we have reached about the stability of the equilibrium point, (ug, v§), (u},v])
is asymptotically stable.

* Inthe last case, we suppose that ¢ > 0; thus, the equilibrium point (u5, v§) remains
stable, and we will discuss the stability of the two other equilibriums.

- Concering the equilibrium (u},v5) we have

Jugop) = (_3<_§_\/E>2+2(/5+1)<_§_\/Z) —B _1>. (32)

€y —€

89



Axioms 2023, 12, 806

This leads us to:
2
)= (L) w2 ER) 5
—-p(3p+2) - VEGB+D -3t <,

2

det(J(ug,05))= —"3(—3(—/3 - \/E>2 +2(8+1) <—§ - \/E> - ﬁ) +ev,
= —e(tr(Jug,op) +€) +e.
:e<ﬁ<gﬁ+2> +\/5(5/5+2)+3é+7>-

The discriminant of the eingenvalue problem (26) is as follows:

Ap= (—ﬁ(%ﬁ—&-Z) +VE(-38+2) —3§+e>2 — dery.

This case is identical to the case of the equilibrium point (17, v7), since det(/(3 55)) > 0
and tr(J (”Eﬂ’E)) < 0, which leads us to the same results as the first and second

cases of the demonstration. As a result, (13, v3) is locally asymptotically stable.
- Finally, we investigate the stability of the equilibrium (13, v}), and we have

) = (—3(—5 + \/E>2 +2(B+1) <—§ + \/§> -B - 1) @)
€y —€
We might observe from the Jacobian matrix that
tr(J(ug,09))= —3(—7 + f) +2(B+1) (—§ + \/E> -

= —/3(1/3+2) +VEBB+2) —3¢—¢,

det(J(us 05)) = —e<— (——+ f) +2(B+1) <—§+ \/E> —ﬁ) +ev,
= —e(tr(Jug,op)) +€) €7
:e<ﬁ<£ﬁ+2) - \/5(5/3+2)+3c:+7>.

The characteristic equation (26) has the following discriminant

Ap= (fﬁ(ZﬁJrZ) +\/g(5/3+2)73§+e>274e'y, (34)

Based on (34), we investigate each case independently.

+  IfAp > 0and if det(](,; 01)) > 0, as a result, the eigenvalues’ negativity is
dependent on the sign of tr(], (u;,v;))' and the eigenvalues A; and A; are real
and may be represented as

tr(](u;,v;)) —VAA tr(](u* U*)) +VAp

- Ap= — U0 T VR 5
1 2 2 2 (35)
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If tr(]<u§,v§)) < 0, then we have

_ tr(](u;,v;)) —VAA <0

A
! 2

(36)
As aresult, Arg(A1) = 7. Since both eigenvalues are real, it is obvious
that Arg(Aq) = Arg(Ay) = 7. As a consequence, based on Theorem 3,
the equilibrium (u3,” *3) is asymptotically stable.

If tr(]<“§lv§)) > 0, then we have

(g o) + VDA -

Ay >

0. 37)

Therefore, Arg(Az) = 0, and based on Theorem 3, system (21) is unstable.
+  IfAp < Oandif det(J(y305)) > 0, then

A tr(J(ug,00) = iV=Ba

tr(](u;,v;)) +iyv—=Ap
1 s = .
2

2

Ay (38)

We may discuss the solutions based on the sign of tr (] (13,0 ))-

If tr(J(ug,05)) < 001 tr(Jiys01)) > 0, then, following the same case
investigated previously, system (21) is asymptotically stable.
If tr(J(uz,05)) = 0, then

Arg <7_im> = Arg <7lm> = E,
2 2 2
and system (21) is asymptotically stable.

+  If Ay = 0,and det(J(u,05)) > 0, tr(J(y3,05)) cannot be equal to zero. The sign
of the eigenvalues is the same as the sign of tr(] u;,v§))' As aresult, (u3,03)
is asymptotically stable for all ¢ € (0, 1] if tr(J(,; ,1)) < 0 and unstable if
tr(](ug,v;)) > 0.

The proof is completed. [

4.2. Local Stability of the Diffusion System

We shall now show that in the presence of diffusion, the steady state (u*,v*) can be
stable under certain parameter circumstances. We will adopt the same approach as in [50],
first considering the eigenvalues of the following equation:

A%x;_1 (t+ ho) + Apx(t+hd) =0, (39)
with the periodic boundary conditions:
xo(t) = xu(t), X1 () = xms1(8)- (40)
We obtain
d
FALui(t) = —F;Ailli(t +10) — ud(t+ 1) + (B + D)u(t + hd) — Pu;(t + ho) — v;(t + 19),
41)
d (

gA?OU,‘(t) = —PA;vi(t +19) + eu;(t + ho) — eyov;(t + hd).

To explore the system’s local asymptotic stability, we will linearize it. If the eigenvalues
of the linearized system fulfill the conditions of Theorem 3, using fundamental linear
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operator theory and keeping the system’s fractional structure in mind, we might state that
(u*,v*) is asymptotically stable.

We derive the following by linearizing the reaction diffusion system (41) about the
steady state, and we obtain

,%Ai73u§(t+h19)+2(l3+1)ui(t+hl9)*/3 -1 (42)
I . 42
ey —i—;/\,‘—e

The following result is conducted.

Theorem 5. System (17) is asymptotically stable if the following hold:

o Wesuppose that & < 0and (B — €)? > 4evy. System (17) is asymptotically stable at the steady
state (ug), v;) if the following hold:
- Ifdi<dyand HA; < —B.
- Ifdy > dp and %Ai < —B, and in addition, the eigenvalues

tr(Jiug ) i\/tr(h(ug,vg))z — 4det(Ji(y; 01))

ui(A;) = 5 , j=12,

satisfy  Arg(p;(A;)) > 197”

e We suppose that ¢ = 0 and (%(,B +1)2 <g(ﬁ +1)2 —e+ /5) > de(B+7) — (B+e)~
System (17) is asymptotically stable at the steady state (uy,v7) if the following hold:
7
- Ifdi<dpand —BA; > Z(/3+1)2+/3.

7
- Ifdy >dyand f’;—%A,- > Z(’B +1)2 + B, and in addition, the eigenvalues

tr(Jigur 00)) 4/t Uigus o))? — 4det(Jis or))
A = — 0 S ,u; & e

satisfy — Arg(p;(A;)) > 197”

e Wesuppose that ¢ > 0 and we have two cases:
2
- I (qﬁ <£ﬁ + 2) —VZ(Bp+2) -3¢+ e) > 4evy, system (17) is asymptotically
stable at the steady state (u},v3) if the following hold:
7
*  Ifdy <dyand *%A,2,3<113+2>+\/E(5ﬁ+2)+3§

x  Ifdy > dpand fz%A,' > ﬁ<£ﬁ +2> + VE(58 + 2) + 3¢, and in addition,

the eigenvalues

tr(]i ul, 0% )+— tr(]i 5,04 )2 74det(]i uk ok )
g = V)l )

satisfy  Arg(uj(A;)) > 19771

2
- I <7/3 (Zﬁ + 2) +vC(BB+2) -3¢+ e) > 4evy, system (17) is asymptotically
stable at the steady state (u}, v3) if the following hold:
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«  Ifdy < dgand —%Ai2ﬁ<gﬁ+2>—\/§(5ﬁ+2)+3§-

«  Ifdy > dyand —Z%A,» > ﬁ(%ﬁ + 2> — VZ(5B +2) + 3¢, and in addition,

the eigenvalues

ui(A) =

tr(Ji(us o3)) i\/tr(]i(ug,vg))z — 4det(Ji(uz,03)) 12
2 7 - il

9

satisfy  Arg(uj(A;)) > >

Proof. The proof will be conducted following the same cases investigated in the free
diffusion section.

We first start with the origin (1, v§), and we have

@hi=p = Jitus o0y — AADT
(67 i%Aie> Jitug a5 — M),

which has the eigenvalue equation

12 (D) =t (Jigus ) )1 (AD) + det(Jis o)) = 0, 43)
where
tr(Jigus 0p)) = — <% + %)Ai +tr(Jug,01)) (44
and

did d d
det(Ji(ug o5)) :k%k%/\fz + (,7%6 + k%ﬁ) Ai+det(Jiuz o))

and its discriminant is

d )’ d d
A= % (Jiug o)) — 4det(Jiup op)) = (k% - k%) AF + 2(,;; - k%) (B—€)Ai+ An.

The sign of A; is important to the stability of (1, v ). The discriminant of A; in relation
to A;is

di  dy 2ordy d)\?, d  dy\?
A/\i: ((7—k7>(ﬁ—€)A1> — kfz—kfz AiA/\:4 k7—k7 €.

Clearly, Ap, > 0, because with dq # d we distinguish two cases:

- Ifdy < dy, then (B — €)% > 4ev, and the two solutions of the equation Ay, = 0
are both negative. Thus, A; > 0 and the roots of (43) are

tr(Jiug,05)) + \/tr(]i)z — 4det(Ji(us 0z))

1 ()

(45)

2
tr(Jicug,05)) — \/tr(]i(ug,vg))z — 4det(Ji(ys o))
Ha(A;) = 2 .

Note that the solutions are real, and also y(A;); < 0. In addition, if f%Al > B,
then p(A;)2 < 0. This leads to

|[Arg(u1(A))| = [Arg(ua(Ai)2)| = 7, (46)
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which ensures the asymptotic stability of (uf, vj).
- Ifdy > dz, we have (8 — €)? > 4ev. This returns us to the previous scenario.

Again, for & A1 > B, det(Jig: ) > 0; thus, p1(A;) and pp(A;) are negative and
must meet the conditions of Theorem 3.

¢ Moving on to the second case where { = 0, we will investigate the stability of the
equilibrium point (uf, v{), and in order to do so we consider the following:

( o _7(5+1) L _1> = Jiwg.op) — MM,

€y dz 2N\ —€
where
dq dz
tr(]i(u{,vi‘)) == @ kz A Jrtr(](u 0 )) (47)
and

did d d
dEt(]i(u’l‘,vf ) k; k; AZ + <?; t - < (ﬁ + 1) + ﬁ) )Ai + de’f(](u;,v{))r

and its discriminant is

d dy\? d d
D=t (Jius o)) — 4det(igug o)) = (k% - k%) A7+ 2(1{% - k%) (B—€)Ai+ An.

In this case, we have the discriminant of A; in relation to A;, defined by

di dy L A d dy\’
AAi: ((p*p)(ﬁfe)/\l> (kfszfz A AA_4 k2 k7 €.

We can clearly notice that the discriminant in this case is identical to the one calculated
previously; therefore, we summarized the dynamics of the system concerning the
(u3,v7) in Theorem 5.

e Moving on to the last case where { > 0, we will investigate the stability of the
equilibrium points (u3,v5) and (u3, v3).

- We start by considering the Jacobian matrix of (u3,v5), and we have
—dA; - (Z +2>7 Zp+2)—-3¢ -1
K2t ﬁ 4ﬁ \/7( ﬁ ) :]l(u U )\(A)
€y - Z—%Ai —€

where i P
tr(Ji(us03)) = *(k; k§>A +tr(Jug,05)) (48)

and

dyd d d
det(Jius,05)) = k;k§A2+k—; +k§<ﬁ< /3+2>+f5[3+2 +3§>A +det(Jus,05))s

and its discriminant is

) di do

Ai= (1? — p>2A%+2<k—2 - 172) (,BG,BH) +VEGBB+2) +3§—€>Ai+AA-

The discriminant of A; in relation to A; is
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A?A,,

1

BB (754 0) ¢ \JE(Gp+2) 130 e A
4 k2 k2
dy dy
4(?2 - ﬁ) er.
The discriminant in this situation is obviously similar to the one determined
previously; therefore, we summarized the dynamics of the system concerning

the (u3,v5) in Theorem 5.
- Finally, let us consider the equilibrium point (13, v3)

(_Z;Ai_}g<15+2> +VE(5p+2) -3¢ _1> = Jitug, o) — MM,

€y - ‘Z%Al- —€
where

r(Jigug,0p)) = — (% + ii)l\ +tr(Jug,03)) (49)
and

dy d d d 7
det(Ji(uy,03)) = k; k; A7+ k% €+ k§ (ﬁ(zﬂ + 2) —VE(BB+2)+ 3C> Ai+det(Jz,05))s

and its discriminant is

A= <% - %)ZA,?H(% - %) (ﬁ(%;&u) —VEBB+2) +3§76>A1‘+AA.

The discriminant of A; in relation to A; is

< <Zﬁ+2)+\/3(5ﬁ+2)+3ge>2<i;Z;))Z

a4 @
2or)Tr
We can easily see that the discriminant in this case is also similar to the one

determined previously; thus, we outlined the dynamics of the system concerning
the (u},v3) in Theorem 5.

O

5. Global Stability

In this part, we define the global asymptotic stability of the constant steady-state
solution. It is possible to rewrite the discrete-time fractional FitzZHugh-Nagumo system
(17) as follows:

EAfu(t) = Zz w2t 19) + (F(ug) = F(u)) — (o4(t +18) — 2°),
k . (50)
Eafon(e) = 22 8% (04 10) +er (O U (o1 m) — o))

We define the variables U; = u; — ux and V; = v; — v%, such that the function f(u;) is
defined as follows:

flui) = —u} + (B+1)uf — Bu. (1)
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Theorem 6. System (17) is globally asymptotically stable if the following holds:
(ui(t) —u*)(f(u;) — f(u*)) >0, 1<i<m. (52)

Proof. To achieve the unique equilibrium point’s global asymptotic stability (u*,v*), we
evaluate the following function:

L(®) ;f((‘“(”—“)2+<vi<t>—v*>2>. 53)

i—1 v v

Taking the Caputo h-difference operator and using Lemma 3, we have

CAb 1 uit)  ur)? C A (1:(F) — )2
€AY L(E) = 2;( LMD ) i st >),

gl:(”l (thd) _u )gAfU( i’*) —”7> T (@it + 1) — 0")SAL (0i(1) — %),
"t + ho) k .
§;<u £+ ,%)%A wio (£ 19) + (f(ug) — F(u*))

— (ot + 19) —0")) + (041 + 18) — 0*) (A2 A0,y (1 4-10)

+€7<u, (t+ho) u* ~ (o4(t + 1) — 0 )
< i‘{ k%(”'(”w u*>A2ul (1B + A 2 (0t + 1) — 0" )A%0r_y (£ + B
+i( i(t +h6) ”*)((f(ui) — f()) — (oi(t +78) — %))
+ 3G+ 0) o) e ey o),
i=1
= J1(t) + 12(t),
where
Mok (u(t+h0) k .
Ji(t) = ; A%% (% - 7>A2ui,1(t + 1) + A—Z%(v,-(t + 1) — 0*)A%0;_q (t + hD), (54)
() = i(“%“) - ) () - 50 (55)
~ (oi(t+ 1) — 0")) + (04(t + D) —v*)(ey(@ _ ’fr — (oi(t+10) —v*))). (56)

We then examine the [; and | signs:
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3

t+ 1o * k
(L) Lj}/ >A2Mi,1(t + hﬂ) + Ii(vi(f + hl9) - U*)AZU,‘,] (t + hl9),
X

Ji(t) = . p”

Il
_
= k[?\)"“

(i (t + hO) — u*)A? (uj_q (£ + hO) — u*) + %( i(t+ 1) — 0" ) A2 (v;_1 (t + h9) — 0¥)

Il

i
2
= >
=N

i(t+10) — w) A (t+18) —u*) [

I
™=

(u
] 7A§

k . . ook .
+ -5 (0i(t+ 1) — 0*)A (v (F+ 1B) — ") |1 = Y L (A(uj_q (t+ 1B) — u*))>
Ax i=1 'YAx

Zz (A(v;_1(t + 1) — v*))? < 0.

J(t) = ;(@ - 7) (Fu) — F(*)) — (ot + 1) — %))

wit+n9) o -
Y o~ (it +18) = 07))),

(@ 7) (F ) = F(07) = £ (e +18) — ) ot +18) — )

+ S (it + 1) — 0") (i (t + 1B) — u*) — (v5(t + 1) — 07)2,

+ (Uit +18) —o") (e (

<

.m:

I
—

1

\g

m ui(t—|—hl9)_1£ ) — F() — (o )2
< L (MR ) ) — £ — (e 1) o

Now, the following hold:
o Ifui(t+nd) <w,then (u;(t+hd) —u*)(f(u;) — f(ux)) <O0.
o If ui(t+hd) >u*, then  (u;(t+hd) —u*)(f(u;) — f(ux)) <O0.

This means that L(t) < 0, and according to Theorem 2, the system is globally asymp-
totically stable. [J

6. Numerical Simulations

In this part, we show some exemplary simulations of the theoretical properties of the
stability of the discrete-time fractional FitzHugh-Nagumo reaction—diffusion system. We
can observe the behavior of the system by modifying its parameters and order. We use the
following numerical solution, and the system (17) appears as follows:

uip1 (G = Dh) = 2ui(( — D) +ui (G = D7)

n? T(n—j+0)
[S k2

%)+ £y B T =+ 1

)

w((j—=1h) + (B+Du((j — Dh) — pu((j — Dh) —vi((j — D)),
)
)

uy(nh) =

i
G=1m)- . , |
vi(nh) = ¢2(x;) + 1‘7?(Z 8) -1 FEZ:;i? [ U= 720i((]k; D) o (=D (67)
Feui((j — Dh) —eyoi((j — DR,

1<i<m,

n > 0.
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Example 1. Consider the following parameter values of model (17): N = 110, (B,€,7v,d1,d2) =
(0.139,0.7,0.18,2,3) h = 0.18, t € [0,20], x € [0,20], and the boundary conditions (u(t), vo(t)) =
(2,3), (uq(t), v1(t)) = (2,3), with the initial conditions

{zpl(xi) =1 —sin(mx;),

¢2(x;) = 3 — sin(7rx;).

We see that all of our model’s solutions converge at some point to the equilibrium point
(u*,v*) = (0.64,0.12). The unique equilibrium is thus asymptotically stable. This numerical
conclusion is consistent with our earlier theoretical results. Figures 1-3 display the results mentioned
earlier for different orders.

Example 2. In this example, we set the following parameter of the model (17): N = 110,
(B,e,v,d1,d2) = (0.3,0.01,0.1,0.1,0.7) i = 0.4, t € [0,20], x € [0,20] and the boundary
conditions (uq(t),vo(t)) = (1,3), (ur(t),v1(t)) = (1,3), with the initial conditions

{4)1(361‘) = 3+cos<%),

Pa(xi) =2+ cos(Ti).

We can observe that the solutions of the model converge to the equilibrium point (u*,v*) =
(0,0). As a result, the unique equilibrium is asymptotically stable. This numerical solution
agrees with the theories provided in the previous sections, as displayed in Figures 4-6 for different
fractional orders.

Figure 2. State trajectories of r u;(t) and v;(t) for 8 = 0.05.
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Figure 5. Numerical solution of u;(t) and v;(t) for (B, €,7,d1,d2) = (0.3,0.01,0.1,0.1,0.7) and ¢ = 0.8.
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Figure 6. Dynamic behaviors of u;(t) and v;(t) ¢ = 0.8 and ¢ = 0.2.

7. Conclusions

In this paper, we looked at a discrete-time fractional-order variant of the reaction
diffusion FitzHugh-Nagumo system. We provided adequate constraints for the unique
equilibrium’s local asymptotic stability. Moreover, with the help of the direct Lyapunov tech-
nique, the steady-state solution’s global asymptotic stability was established. Finally, the
simulation results illustrate all of the theoretical investigations’ results. In the future, further
research will be performed to examine this kind of discrete-time reaction—diffusion system.

Moreover, the linearization approach and the Lyapunov functional may be utilized to
solve the issue of stability in discrete fractional reaction—diffusion models. In addition, the
results of this study may be readily applicable to many various types of discrete fractional
spatiotemporal systems with reaction—diffusion terms, as well as to other dynamical issues,
such as chaos and synchronization control.
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Abstract: Discrete fractional models with reaction-diffusion have gained significance in the scientific
field in recent years, not only due to the need for numerical simulation but also due to the stated
biological processes. In this paper, we investigate the problem of synchronization-control in a
fractional discrete nonlinear bacterial culture reaction-diffusion model using the Caputo h-difference
operator and a second-order central difference scheme and an L1 finite difference scheme after
deriving the discrete fractional version of the well-known Degn-Harrison system and Lengyel—-
Epstein system. Using appropriate techniques and the direct Lyapunov method, the conditions for
full synchronization are determined.Furthermore, this research shows that the L1 finite difference
scheme and the second-order central difference scheme may successfully retain the properties of
the related continuous system. The conclusions are proven throughout the paper using two major
biological models, and numerical simulations are carried out to demonstrate the practical use of the
recommended technique.

Keywords: fractional discrete reaction-diffusion Degn-Harrison system; discrete-time fractional
reaction-diffusion Lengyel-Epstein system; second-order difference operator; Caputo f-difference

operator; complete synchronization; Lyapunov method

MSC: 39A12; 39A30; 39A60; 34K24

1. Introduction

One of the most essential components of dynamic system analysis is the construction
of adequate functions identified as controllers to ensure synchronization. To understand
how these systems achieve their distinctive synchronization behavior, a great variety of
mathematical models have been suggested and studied. For continuous-space systems,
mathematical modeling of oscillating biological or chemical media, for example, takes
the form of reaction-diffusion equations. This type of model shows intricate dynamical
structures such as bifurcations, spatial patterns, and turning instability. It has been demon-
strated that reaction-diffusion systems, such as low-dimensional oscillators, may exhibit
synchronization. For example, Mesdoui et al. [1] examined the synchronization of the
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Degn-Harrison reaction-diffusion system. Ref. [2] was concerned with the synchronization
control of the Lengyel-Epstein reaction-diffusion system. Furthermore, the synchronization
of the FitzHugh-Nagumo reaction-diffusion model using a particular control rule was
detailed in [3]. Other works regarding this subject may be found in [4,5].

In real-world applications, fractional-order nonlinear equations are frequently em-
ployed to describe a wide range of physical phenomena [6-9]. Scientists are still fascinated
by fractional calculus because of its numerous applications in physics, chemistry, biology,
electronics, electrical engineering, mechanics, signal processing, and control [10-15]. As a
result, in recent years, scholars have grown particularly interested in it. However, over
the last decade, there has been a spike in attention to fractional reaction-diffusion systems,
particularly on the topic of synchronization. For instance, in [16], a hybrid technique
for synchronizing between two integer and fractional-order reaction-diffusion systems is
proposed, with applications to particular chemical models. Moreover, In [17], the dynamics
of the activator-inhibitor system known as the Gierer-Meinhardt system, which is utilized
to describe the interactions of chemical and biological phenomena, was investigated.

The discrete form of fractional calculus is a novel approach with enormous potential
applications in a variety of scientific and industrial fields. The application has attracted
tremendous attention in the past few years (see [18-25]). The purpose of the latest inves-
tigations in this area is fundamental. Fractional difference equations, on the one hand,
enhance classical differential equations. In addition, they provide for a feasible comparison
of the behaviors of fractional difference and fractional differential equations.

Many physical phenomena rely on spatially discrete systems, often known as dis-
crete reaction-diffusion systems. In fact, the discreteness and structure of the underlying
spatial domain influence dynamical behavior significantly. Active PIN-induced transport
across cell membranes, for instance, is required for auxin spreading across plant leaves [26].
Peierls—-Nabarro barriers are often used to prevent tiny faults from propagating across
discrete media, although they can be avoided by carefully modifying system characteris-
tics [27]. Discrete reaction-diffusion systems are more similar to biological systems than
continuous ones, and certain investigations on the behavior of such systems are particularly
fascinating (see [25,28-30]). Nevertheless, fractional discrete reaction-diffusion equations
have not yet been extensively studied [31]. A fractional discrete diffusion equation was
presented by [32]. In [33], the chaotic behavior of a variable fractional diffusion equation
on discontinuous time scales is examined. Clearly, there is a gap in our comprehension of
the dynamics of such systems.

To the best of the authors’ knowledge, this is the first work dealing with the synchro-
nization and control of discrete fractional reaction-diffusion systems. This has prompted us
to investigate the issue of complete synchronization in coupled discrete fractional reaction-
diffusion systems. With the help of the fractional Lyapunov approach, linear control laws
for the discrete fractional reaction-diffusion Degn-Harrison system and Lengyel-Epstein
systems have been proposed after driving the discrete version of the considered systems
using the L1 finite difference scheme and the second-order central difference scheme.
The following is how the paper is managed: Section 2 introduces some essential concepts
and lemmas for discrete fractional calculus. Section 3 describes the models investigated in
this study, which are the fractional discrete reaction-diffusion Lengyel-Epstein and Degn—
Harrison systems, and presents a unique discrete temporal fractional reaction-diffusion
system. Section 4 contains the discrete fractional Lengyel-Epstein reaction-diffusion sys-
tem’s master-slave formulation, along with unique control rules and demonstrations of
convergence based on an appropriate Lyapunov functional. Section 5 employs the same
approach to drive the master-slave discrete fractional Degn—-Harrison reaction-diffusion
system, as well as control laws and proofs of convergence. In Section 6, control laws
are derived analytically and numerically in two dimensions to achieve synchronization
between the master-slave systems of the investigated models.
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2. Preliminaries

This part starts with an overview of some of the topic’s primary concepts.
Definition 1 ([21]). Assuming x : N — R, the forward difference operator Delta is expressed by
Ax(i) = x(i+1) —x(i), ieN

Additionally, the operators A"; n = 1; 2; 3; ..., are recursively determined by
A"x(i) = A(A"Ix(1)), i € N.
More specifically, the second-order difference operator of the function x(i) is provided by
A% (i) = x(i+2) — 2x(i + 1) + x(i). 1)

Theorem 1 ([21]). Given two functions x;y : N, — R and a;b € N; a < b; we have the
following formulae for summation by parts:

b-1 b-1

Y x(@)ay () = x(@)y ()5 — X y(i+1)ax(),

=, i=a

)

b-1

x(i+1)Ay(i) = y(1 Z y()Ax(i

a

i

Definition 2 ([22]). Let x € (hN), — R. The b-sum of the {—th order for each { > 0 has been
provided by

pa *x( ) Z (t—o(sh))E Vx(sh),

o(sh) = (s + 1)h, t€ (0N)aygp-
where a € R is the initial value and the b-falling factorial function is stated as
¢
(0 _pr Tt
b [(t+1-0)
i1y
while

(hN)a+§h = {a + (1 - g)h’a + (2 - g)h/}

Definition 3 ([22]). For x(t) given on(hN), and a stated 0 < { < 1, the Caputo h-difference
operator is supplied:

CASX(t) =y A" AX(0).

where Afx(t) = w

The following are a few essential properties that have been used in this work.

Lemma 1 ([22]). For t € (hN) 47y and 0 < { < 1, the following proprieties hold:

hA;f(lfm CAEX() = x(t) — x(a).

o For a constant x
FASx =0.
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Lemma 2 ([22]). Fort € (hN)aycy, inequality (2) holds true.
CASX () < 2x(t+ Zh)§ASX(Y), )
where 0 < ¢ < 1.

Considering the fractional-order difference system:

CASX(t) = @(t+ b7, x(t+L)), € (BN)yizn, 3)

Theorem 2 ([22]). Suppose x = 0 is the equilibrium point of system (3) . If a positively definite
and decreasing scalar function V (t,x(t)) exists so that gAgV(t,x(t)) < 0, the equilibrium point is
asymptotically stable.

3. Model Description

The models in question are now approximated using two well-known approaches.
These discrete models are, to our knowledge, the first in the literature. Wu et al. [32]
proposed an interesting discretization of the fractional reaction equation shown below.

a—%:KA%, x €O, t>0,
ot

9,=0, x€dN,t>0, 4)
#(x,0) = »(x) >0, xe€Q.

This equation represents a classical diffusion equation with the initial boundary condi-
tions, 0 is the initial point, and K is the diffusion coefficient.
According to the structure of the model (4) and the discretization employed by
Wu et al. [32,33]. Considering x € [0,L], we obtain x;41 = x; + A, i = 0,...,m, and
%u(x,t) ?w(x, t)
gEREY AT AZ]
2

s well as e

by applying the central difference formula for X, may be

approximated as
82u(x, t) ~ Uiy (t) — 21/{,‘({) + ui,l(t)

ox2 A2 !
*w(x, t) ~ wi1(t) — 2w (t) + w;_q1(t)
ox2 A2 '

With the aid of the description of the second-order difference operator of u; and w;,
we obtain:
%u(x,t) _ A’ui_q(t)
2 T A
Pw(x,t)  Nwi(t)
2 T A

As a result, we may identify the previously mentioned model by Wu et al. [32,33].

1
FAGA(0) = a8 (4 00) 5)
With the periodic boundary conditions

s(t) = sam(t), sa(t) = sgu41(1). (6)

Moving on to the models in question, the Degn—-Harrison model and the Lengyel-
Epstein model, we present the discrete fractional version of each.
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Mesdoui et al. [1] designed the reaction-diffusion model commonly referred to as the
Degn-Harrison reaction-diffusion model, which is represented as

)

u wiu

— =k1A —U— — 0O, t

5 1Au+a—u 1+qu2' xeO, t>0,

Jw wu

— = kA b——+— 0O, t

3t 2Aw + 1+qu2, xeO, t>0, (7)

0y =0y =0, x€d, t>0
u(x,0) =up(x) >0, w(x,0)=wp(x) >0, xe€Q.

where ) is a bounded domain in R”, and 0Q) is a suitably smooth border, while k; and
ko are the respective diffusion coefficients of the reacting substances 1 and w, which are

supposed to be positive constants throughout the reaction phase.The Laplace operator is
2
ivenby A =Y | —.
givenby & = 1Ly 25
Because time-fractional systems have been widely explored by scholars, Mesdoui et al. [1]
presented the following fractional-time Degn—Harrison reaction-diffusion system.

ngu—klAu :a—u—ﬂz,

ulw+qu 8
Cné _
¢ D{w —koAw =b — Trar

where 0 < § < 1 is the fractional order, CDf denotes the Caputo fractional derivative,
ki, ky and o are strictly positive constants with the same initial conditions and Neumann
boundary conditions considered by Mesdoui et al. [34].

Following the discretization defined previously, we may now provide the discrete
fractional reaction-diffusion Degn-Harrison system.

ui(t+bhO)wi(t+b7)

14 q(ui(t+62))% ’ 9)
ui(t+ ho)w;(t+ hZ)
T+q(ui(t+60))?

k
EAiu,—(t) = A*%Azuifl(tJr he) +a—u(t+hl) —

ko
CAS wi(t) = A?Azwz;l(f +6h0) +b—

With the periodic boundary conditions

{uo(t) = um(t)/ U (t) = Up+1 (t)/

wo(t) = (), w1(6) = Wy (1), a0

and the initial condition

ui(to) = 1(x;) 20, wilto) = Pa(x;) > 0.

Regarding the remaining model, the Lengyel-Epstein reaction-diffusion system was
provided as a simulation of the chlorite-iodide-malonic-acid chemical reaction (CIMA).
Yi et al. [35] investigated a specific model described by:

J

l:Au-Q—a—u—iuu;z, xe, t>0,

Jw uw

§:0’<dAw+b<u—l+u2>>, XEQ,{>O, (11)

dy =0y =0, x€9Q, t>0,
u(x,0) =up(x) >0, w(x,0)=wp(x) >0, xe&Q.

where () is a bounded domain in R”, with a properly smooth boundary 0Q). u reflects the
chemical concentration of the activator iodide, whereas w indicates the inhibitor chlorite at
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a point x € (), a and b are related to the supply concentration, d is the value of the ratio of
the coefficient of diffusion, and ¢ > 0 is an adjusting parameter determined by the amount
of starch concentration.

Given that fractional systems have been thoroughly studied over the years, the next
fractional Lengyel-Epstein system was investigated:

ngu—dlAu:a—u—sz,

1+u 12)
CD%w — dyAw = b u—ﬂ
0t 1+u2)’

where dy,d; and o are constants that are positive and have similar initial conditions and
Neumann boundaries.

We analyze the discrete fractional reaction-diffusion Lengyel-Epstein system (15) via
the model (12) and the discretization described above.

4u;(t+hO)wi(t+b7)

1+ (ui(t+152))> (13)
ui(t+hg)w;(t+ hC))
T+ (ui(t+60)* )

d
Cagui(t) = A*iz(Azui—l(t+ be) +a—u(t+5l) —

i) = 530%1(t+60) + b (st 00) -

Using periodic boundary conditions:

{uo(t) = (), m(t) = i (9, a4
= wy

wo(t) = wm(t), wi(t) = wpia(t),

as well as the initial condition

ui(to) = 1(x;) >0, wilto) = Pa(x;) > 0.

4. Synchronization of Discrete-Time Fractional Reaction-Diffusion
Lengyel-Epstein System

The most typical method for testing synchronization is to employ a controller to
have the slave system output duplicate the master system output in some similar way.
In this part, we create a controller that minimizes the state difference between synchronized
systems to zero, which is known to be complete synchronization. Let the discrete reaction-
diffusion master system (13) and the slave system be

EAL Ui() = TLA2U; 4 (t+2) +a — Uy(+py) — SETOIWLEDD)
i Ui bWl 50 9
CAS W(t) = 22 A2W. . _ i i
SALWi(H) = AEA Wl,l(t+h5)+ob(ll,(t+h§) 15 (U ( 4 60) 2 ) + Va(t).
With the periodic boundary conditions
{Uo(f) = Um(’t), (O} (t) = Upt (t)/ (16)
Wo(t) = Win(t),  Wi(t) = Wi (H),

and the initial condition
Ui(to) = P1(x;) >0, Wi(tg) = Pa(x;) > 0.

The purpose of synchronization is to reduce the error regarding the master and slave
systems to zero, which is described as

(erisezi) = (U; — uj, W; — w;). 17)
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In what follows, we will identify the linear controllers V; and V, that cause the
error system solution to be 0 as t approaches +cc. In other words, to be able to accom-
plish complete synchronization within the master-slave systems (13)-(15), we examine the
asymptotical stability of the zero solution of the synchronization error system described
in (17).

First, According to Ouannas et al. [2], it is easy to verify that

’ 4u1(t+hg)wl(t+hg) _ 4ui(t+hg)wi(t+hg) ‘< |ui7ui‘ +4|Wi7wi|

1+ (Ui(t+67))? 1+ (u;(t+157))2
obU;(t+ h)W;(t+bZ)  obuy(t+ b )wi(t + bE) - -
T+ (W 00)7 1+ (m(t+h)) ‘S‘”’ ] + ob|W; = wil-

Theorem 3. If there is a control matrix M = (mij)zxz that satisfies 1 —my > 0and my —ob > 0
the master-slave reaction-diffusion system identified in (13)—(15) is synchronized applying the linear
control rule indicated below.

{w(t) =~ (m+ 3 )euts), "
Va(t) = —maey; — (0 + 1)ex(t).

Proof. When (18) is substituted into the error system described in (17), the result is

Cal,e1(t) = 5 A%y 1(t+0) — eu(t+ 0)
N <4ui(t+hé)wi(t+hé) 4ui(t+h5)wi(t+h5)> ( 1+29>61 0
4 e

14 (U;(t+57))? T4 (u;(t+50))?

dy (19)
Fafen(t) = g%esia(+00) + b ((exleb0)
Ui(t+ 5 Wi(t+5hZ)  wi(t+bg)w;(t+hg) o _
ST 0 T g ) ) e~ (@4 Dea)
Developing a Lyapunov function of the type
L) = 5 3 (0 + &), (20)
i=1

gives

SALL(Y) < Y eqi(t+2)SAL eri(t) + eni(t +07)§ AL ei(),

i=1
o 4o - AU+ B Wt b)
- izzlell(t_'_hg)[A%Azel,lfl(t—"_hg) ell(t+h§) ( 1+ (Uz(t‘f'f)é))z
- 4u11(_?£:€(,)‘z_{: (hf;)—)gé) - (ml + ?)EM} + i e2i(t+ hC)[%AZEZ,i—l(f +0)
1 i=1 X

obU;(t+h0)Wi(t+bhg)  obu;(t+hZ)w;(t+h7)
+‘7b€2f(t+h€)7< T+ (Wit +05))2 1+ (wi(t+0g))? )

— (leffz,‘ -+ ((Tb + 1)621')},

mod d
< Z Aflzeli(ur hg)A%e1i 1 (t+h7) + K?%EZi(t+ hg)A%er;_1(t+ h()
—2(1 my)ed; () + lexi ()| (|U; — ;] + 4| W; — w;])

2 D0 + Y (b — m2)eg(t+0Z) + leai(t+00) (| U (¢ +5T) — ui(t+ b))

i=1
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+ob|Wi(t+bZ) — wi(t+b0)|) — (b + 1)edi(t+ h7),

d d
< Aflz(Ael,i—lAel,i—l (t+50) 1 — Y (Aeriq(t+00))?) + I;(Aez,i—lAez,i—l (t+50) e
X i=1 X

m

- ﬁ(Aez,i—l(t"‘ 62))?) — (1 — m1)eq;(t) + (ob — ma)e3;(t+ bZ)
=

i=1
+egi(t) + 4lewi ()] Jeai (8)] — %E%i(w 6C) + lexi(t+b3) leai(t + 3)| + obes; (¢ + bT)

m

< - i (%(Aelﬂel(t+ h2))* + Z%Z((Aez"‘*l(ur hC))2> = 2 (1—m)e;(1)

i=1 X i=1

m m 2
= Yo tm = o0) ()~ 1 (Slewte+ 0] - lex(t+00)] ) <o.

i=1 i=1

This means the global asymptotic stability of the error system’s zero solution (19),
based on the Lyapunov stability theory presented in Theorem 2. As a result, the master-
slave systems (13)-(15) are completely synchronized. [

5. Synchronization of Discrete Fractional Degn-Harrison Reaction-Diffusion Systems

We investigate the synchronization of the fractional discrete Degn—-Harrison models
using the master-slave formalism, in which the discrete fractional Degn-Harrison reaction-
diffusion systems are linked in such a way that the slave system asymptotically matches
the master system. In this scenario, we create controllers that cause the difference between
the states of synchronized systems to converge to zero, indicating that the systems are fully
synchronized. The slave system that is linked to the master system (13) may be expressed as

Ui (t+h0)Wi(t+ b)
14 q(U;(t+hE))? 50, 1)

k
CAL U (1) = A—%Azuiq(w 67) +a— Ui(t+b7) —

Al w. iy _ K2 aarn ~ Ui(t+ B Wi(t+h0)
CALWi(Y) = AiA Wi_1(t+b7) +b T (Uit 50))2 +55(4).
With the periodic boundary conditions
UO({:) =Un (t)/ U, (t) = um+1 (t)/ (22)
Wo(t) = Wi(t), Wi(t) =Wy (t),

and the initial condition
Ui(to) = @1(x;) >0, Wi(to) = Pa(x;) > 0.

The goal of this part is to identify a control S; to induce the synchronization errors
ei(x,t) = (e} (x,1),€2(x, t)) described by

e1i(x,t) = U;(t,x) —u;(t,x), en(xt) = Wi(t,x) — w;(t,x). (23)

where (1;(x, 1), w;(x,t)) and (U(x,t), W(x, t)) are the solutions of systems (13) and (21) that
converge to zero as t approaches infinity.
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The error system is given by

U;(t+hO)W;(t+h7)
T4 q(U;(t+57))?

k
§a%en(t) = 1A% 1 (t+b7) +a—ey(t+60) -

i (€4 b)w;(t+ hY)

Tt qGuerog)? o

24)
Ao K22 _ Ui(t+ B Wi(t+ho) (
hAtOEZI(t) - A%A 32,171(t+ bé) +b 1+ q(Ul(H- hg))z
”i(t+ hg)wl(t+ hg) +S (t)
T q(ui(e+00)2 772
The error system (24) may be seen to satisfy the periodic boundary conditions.
el,O(t) = UO(t) - uO(f) = um(t) - um(t) = elm(t)r
e11(t) = Ur(t) — () = Upy1 () — 1 (8) = ey mia (1), 25)

EZ,O(t) = Wo(t) — ZUO(t) = Wm(t) — wm(t) = €2m(t),
e21(t) = Wi(t) — w1 (t) = Wiy (t) — wipa (t) = e mr1 (1)

Before proceeding to the synchronization of master-slave systems, consider the follow-
ing lemma.

Lemma 3 ([34]). The following inequality holds

ui(t+hwi(t+hl)  Ui(t+hO)Wi(t+ bh)
1+ q(u;(t+57))? 1+ q(Ui(t+57))?

’S QUU; —uil + Wi —wi]),  (26)

where 5 .
Q> max{ik,ﬁ}, |[W;| < k.

The controllers S; and S; are determined in the following Theorem to establish syn-
chronization between the systems provided in (13) and (21).

Theorem 4. Under the following control law, the master system (1) and slave system (2) are
completely synchronized.

{Sl(t) = (1-2Q)exu(t), 27)
Sy(t) = —2Qep;(4).

Proof. By substituting the control described in the Theorem in the error system, we obtain

Ui(t+ Wit +6b0) | ui(t+bhDw;i(t+hg)
14 q(U;(t+1n2))? 14 q(ui(t+57))?

k
Faken(t) = xyAeria(t+0) -
—2Qey;(t+b7),

CAL on () — K2 20 W+ DOWilt+08) | milt+ h0)wi(t+bY) 9
et = pa¥ (00 T 607 T Gl 0
—2Qes;(t + b7).
Next, we design a Lyapunov function as
= N o (092 4 (e ())2
L() = 5 - ((en(®) + (ex(0)?), @9

i=1

then, we have
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CASL(Y) =

N[ =

IN
[\’]3

Il
-

Il
[\15

z(t+h€)( A%ey;i 4 (t+h0) —

CAT Y- (o) + (en(D)?

1(t+ hg) h Atoell( ) + 321(t+ hg) AtOEZI( )

Ui(t+bOWi(t+68) | ui(t+bhDw;i(t+hg)
T4 q(U;(t+157))? 14 q(ui(t+57))?

(t+h€))+ez,(t+h5)( Az@z: 1(t+62)
U;(t+Hh)W;(t+b7) Mi(f+b§)wz(f+h5)

2Qe7 (t+h7)),

14 q(U;(t+157))? 14 q(ui(t+57))?

=) %eli(t +57) A%, 1 (t+h7) + %ezi(f +50) A% 1 (t+02) — 2Q((e11)* + (e21)?)

i=1

n (ui(t+ hg)wi(t‘f’ hé) ui(tJr f]g)w,'(er hg) ) (eli + 321')

T4 q(U;(t+1n7))? 14 q(ui(t+57))?

S%Z%’(*“’C) (Adeyi(t+00)) AZZezl(whé) (Ades;_1(t+57))
X j=1

-2Q i((eli)z + (e2i)?
i=1

[(lexi] + leail),

‘*‘Z‘ Ui (t+ W, (t+57) | ui(t+hwi(t+b7)
1+q(Ui(t+57))> 1+ q(ui(t+60))?

Z(Aﬁu 18er; 1 (t+b0)[L 1 — Z(Aelz 1(t+57)) >—2Q Y ((e1i)* + (e2)?)

k
+ A22<A€2,i1A€2,z‘1(f+hC)}n+1 Z(AEZz 1(t+57)) > +QZ(|€11\ + leai])?,

i=1

ZAell 1(t+0))? EAezz 1(t+62))? QE legi| — lei])> <

According to the Lyapunov stability theory stated in Theorem 2, this implies the
global asymptotic stability of the zero solution of the error system (24). Consequently, the
master-slave systems (13) and (21) are completely synchronized. [

6. Numerical Simulation

To demonstrate and confirm the synchronization techniques proposed in the preceding
section. We provide the following examples with numerical simulations:

Example 1. We consider the master-slave systems (13)—(15) with the following parameters:
(a,b,0,d1,dp) = (10,1,2,1,1.5),N = 100,h = 1.5,t € [0,150], x € [0,20], the boundary
conditions (ug(t), wo(t)) = (1,5), (u1(t), w1 (t)) = (1,5) and with the following initial conditions.

{(¢1 (xi), ¥2(xi)) = (7 +0.3sin(57x;), 7 + 0.6 sin(57%; ) ),
(P1(x)), P2(x;)) = (74 0.2cos(57x;), 7 + 0.2 cos(57x;) ).

First, the assumptions given in Theorem 3 is satisfied for controlling the master-slave discrete
fractional reaction-diffusion systems using the following linear controllers.

090
m= (%))
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As a result, systems (13) and (15) are completely synchronized. We provide the numerical
solution of the system (13) in (30). Moreover, Figures 1 and 2 show the solutions u;, w;, U; and W;,
also, Figure 3 illustrate the time development of error system states e1; and ey; in this case.

ui(nh) — 1/)1(Xi) + % 3:1 ggi:zig) x [ui+1((P — 1)h) _zui((pA; 1)h) + ui—l((p — 1)h)

4w ((p — D)) wi((p — 1)‘))]’

Fa—uille = Db = = - D)2
b . T(n—p+Q) o [wi+1((P—1)h)—2wi((P—1)h)+w171((P—1)h)
v

wi(nh) = ¢a(x;) + O 1Tm—p+1 (30)

”i((p_l)h;wi((l:‘_l)h)
b o~ 1) - “ERCE )

1<i<m,
n > 0.

Figure 1. Dynamic behaviors of of the master system u;(t) and w;(t) for N = 100, (a,b, 0, dy,d;)
=(10,1,2,1,1.5) and = 0.1.

U
v

Figure 2. Dynamic behaviors of the slave system U;(t) and W;(t) for N = 100, (a,b,0,dy,d2) =
(10,1,2,1,1.5) and = 0.1.

Figure 3. State trajectories of the error ey;(t) and ep;(t).
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Example 2. To keep track of the system’s (13) performance, we alter the system’s parameters and
order, taking into account parameter values: (a,b,q,k1,kz,{) = (1.2371,0.1,9,3,2,0.35) and

P1(x;) = 0.2(3 4 0.1cos(0.5x;)), 31)
Po(x;) = 0.2(4 + 0.3sin(0.2x;)).
Additionally, we set
{cpl (xi) = 0.7sin(0.3x;)), 32)
@, (x;) = 0.5c0s(0.3%;)).

With the periodic conditions (up(t), wo(t)) = (3,1), (u1(t), w1 (t)) = (3,1) and (Up(t),
WO(t)) = (4/ 2)/ (ul (t)r Wiy (t)) = (41 2)'

As a consequence of the numerical simulations, we can see that by adding appropriate con-
trollers as shown in (27), the dynamics of (13) and (21) are synchronized, and the zero constant state
of the synchronization error system expressed in (28) is asymptotically stable. Figures 4 and 5 are
numerical simulations of the master-slave systems under the considered parameters. Furthermore,
Figure 6 indicates that the system’s zero steady-state is asymptotically stable, moreover, Figure 7
shows the same results in the 2D spatial domain.

YO

v

4 6

2 4
= =2
o o

-2 0

20 20

Figure 6. State trajectories of the error ¢;(t).
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el
w

Figure 7. State trajectories of the error ¢;(t) in 2D.

7. Conclusions

In this study, we present a unique version of the Degn-Harrison reaction-diffusion
systems and the Lengyel-Epstein reaction-diffusion systems that depend on the Caputo h-
difference operator. We developed unique approaches for investigating synchronization in
a spatiotemporal model of nonlinear bacterial colonies. First, for complete synchronization,
suitable control schemes for synchronization are presented. The results of synchroniza-
tion are based on Lyapunov theory and the master-slave formulation. To demonstrate
the efficacy as well as the validity of the suggested synchronization schemas, numerical
simulations of discrete time-fractional order Degn-Harrison systems and Lengyel-Epstein
systems are provided. In the future, our plan is to further investigate bacterial colonies
and the related reaction-diffusion synchronization phenomena, with the aim of developing
sensor-based applications.
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Abstract: In this current work, we apply the topological degree and fixed point theorems to investigate
the existence, uniqueness, and multiplicity of solutions for a boundary value problem associated
with a fractional-order difference equation. Moreover, we provide some appropriate examples to

verify our main conclusions.
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1. Introduction

Let [x, 0]y, == {r,x+1,k+2,---,6} (0 —x € Ny), where Ny := {x,k +1,6+2,--- }.
In the current work, we shall discuss the solvability of the fractional difference boundary
value problem

=AY y(t) =g(t+v—1,¢(t+v—-1)), tec[0,b+2]y,
Citation: Lv, Z.; Wu, C.; O'Regan, D.; B
Xu, J. Solvability of a Boundary Value lP(U - 3) = [Ag,:’,l/](t)} |t:vftx72 = |:A7)731/)(t):| ‘

Problem Involving Fractional

Difference Equations. Avioms 2023, where 0 € (2,3],8 € (1,2),0— B € (1,+00),& € (0,1),b € (3,+00)(b € N),and AY , isa

@

f=v+b+2-8

12,650. https://doi.org/10.3390/ discrete fractional-order operator defined by
axioms12070650

t4v
Academic Editors: Azhar Ali Zafar 1 Z (t —5— 1)*1/*117]](5) N-1<v<N
and Nehad Ali Shah Ayp(t) == TV =

ANy(t), v=N,

Received: 8 June 2023
Revised: 25 June 2023 where N € Nwith 0 < N -1 < v < N. Asin [1], this definition is equivalent to (2) in
Accepted: 28 June 2023 Section 2.

Published: 29 June 2023 The theory of fractional calculus has been widely used in modern mathematics for

more than 300 years, and the study of solutions of fractional differential (difference) equa-
tions arises in real-world problems in the field of physics, mechanics, chemistry, and
engineering. For example, in [2], the authors extended the variational approach to the

Copyright: © 2023 by the authors. ) > X . . )
fractional discrete case and introduced the Gompertz fractional difference equation
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This article is an open access article a
distributed under the terms and AO In g(t —a+t 1) - (b - 1) In g(t) +a
conditions of the Creative Commons
Attribution (CC BY) license (https://
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4.0/).

which can be used to describe tumor growth, a special relationship between tumor size and
time, and is of special interest since growth estimation is very critical in clinical practice.
Here, a,b are parameters and a € (0,1]. One can also find some other applications for the

Axioms 2023, 12, 650. https:/ /doi.org/10.3390/axioms12070650 117 https:/ /www.mdpi.com/journal /axioms
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Gompertz fractional difference equation in [1]. In [3], the authors introduced the following
discrete logistic map and investigated the chaotic behavior:

{CAzw(w =pp(t+o—1)A—9(t+0-1)),t ENgr1,0<v <1,
Pp(a) =c,

where €AY is the left Caputo-like delta difference defined by

1 t—(m—v)

CATp(t) = Tm—0) Yo (t—s—1)m=2=LATY(s),

s=a
where t € Nyypy_o,m = [0] + 1.

We note that in [4], the author mentioned that discretization is inevitable for fractional
differential equations. To date, they are only used as the starting point for approximate
solution calculations, and there is no special research on fractional difference equations.
Therefore, from the perspective of theory and application, this is a big gap. Many devel-
opments in the theory are now taking place, and two books [5,6] are sources for mathe-
maticians who are interested in this area. However, we still note that most works focus
on fractional-order differential equations, while the research on fractional-order difference
equations is quite small (we refer the reader to [5-26]). In [7], the authors investigated
positive solutions for the discrete fractional boundary value problems

=AY x(t)=F(t+o-1x(t+v-1)),1<0<2,
x(0—2) = A {x(v+N) =0,
where t € [0,N + 1]y, and F : [v — 1,0+ N]y, , X R — R" satisfies some superlinear or

sublinear conditions. In [8], the authors utilized fixed-point methods to investigate the
solvability of a fractional difference equation with a p-Laplacian operator

APpp (A" X)) (1) + Fa+ B+t —1,x(a+p+t—1)) =0,t €[0,b]y,,
A"x(p—2) =A"x(B+1b) =0,
xe+p—4)=x(a+p+b)=0,

where 7 ¢ [a+ B — 4,0+ p+bly,.,,
¢p(z) = |z|P~2z,p > 1,z € R. In [9], the authors utilized the fixed point index to consider
the solvability of the system of fractional-order difference boundary value problems

x R — R satisfies a Lipschitz condition, and

Ax(t) = Alt+o—-1xa(t+o-1),x(t+v—-1)),t €[0Tz
Axo(t) = Fa(t+v—1,x1(t+v—1), x2(t+v—1)),t € [0, T]z,
x1(v =1 =x1(0+7T)x2(v-1) = x2(0 +T),
where F;(i = 1,2) are semipositone nonlinearities.
We note that usually one expresses the solutions of fractional-order equations by a

Green’s function. However, not all fractional-order difference equations can be obtained in
this way, for example, in [10], the authors studied the problem

{ Ax(t) =F(t+a—1x(t+a—1)), t €0, Ty, € (1,2],
xX(ae—2)=0,x(a+T)=APx({+B), { €Ngparr-1,B>0,

and showed it is equivalent to
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1
"~ or(a) |T(B)

_Z T+oc—

§=

SEs 1
;Z,Cﬂg o(s)) (s —o(@) T FE+a—1Lx(E+a—1)

t—u

Y (t—o(s) " Fls+a—1,x(s +a—1)),

O Fera-Lalsta-)| o L

where
g*“Z“(g+5—s—zx+1)ﬂr(s+o¢—1) T(a+T+1)

©= L TBT(s) T TIT+2)

Clearly, the integral form is very complicated and cannot be formulated via some
suitable Green’s function.

Inspired by the aforementioned works, in this paper, via a Green’s function, we use
the topological degree and fixed point theorems to consider the existence, uniqueness, and
multiplicity of solutions to (1). Furthermore, we present some examples to illustrate our
main results.

2. Preliminary

In this section, we first offer some basic materials for discrete fractional calculus;
see [5-26] and the references therein.

Definition 1. Let

= r(rt(fl—i)v)' Vioe R Ift+1—wvisapoleof I'(-) and t + 1 is not a pole, then t2 = 0.

Definition 2. For v > 0, a function F's v-th fractional sum is defined by

—0 1 = Z)
JUF() = F—Z (t—s—1)2=LF(s), t € Nyjo.

F’s v-th fractional difference is defined by
A F(t) = ANATNF(t), t € Nosnoo, @

where N € Nwith0< N—-1< v <N.
Let x : [v—1,b+v+1]n, , — Rbea given function. Then, we consider the problem

v—1

bap(t) = (t+v—1) t€[0,b+42]n,, 5
{ 4’(” - 3) - [Az—s |t:v—a¢—2 = [A573lp(t)} )t:U+b+2—‘B =0, ( )

where v, a, B, b can be founded in (1).

Lemma 1 (see [11]). Problem (3) has a unique solution

b+42
) =Y Gts)x(s+v-1), tefo—1b+ov+1]y,_,,
s=0

where G is the Green’s function given by

v— A v—p—-1
1 tﬁg:fﬁi;;—lgf —(t—s—1)=Lo<s<t—ov+1<b+2,
G(t,s) = — 4)
o— _p v—p—1
I'(0) ‘ﬁi}”jﬁ"f ﬁ’i;ﬁgf,o <t—v+1<s<b+2

Lemma 2 (see [11]). The Green’s function (4) has the properties
(G1) G(t,5) > 0,(t,5) € [v—=1,b+v+ 1]y, , x [0,b+2]y,,
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b+2

Y G(t,s)q
5=0

(GZ)M < G(t,s) < £ orbpsin)t Pt (t;s) € [o—1,6+0+ 1]y

(b+ov+1)2=L T(v)(0+b—p+2)2=FL g-1 v-1
x[0,b + 2],
(G3) g()G(b+0+1,5) < G(t,s) < G(b+0+1,5),q(t) = —L=— (t,5) € [ —

(b-+o+1)2=L”
1,b+0+1]y, , x[0,0+ 2]y,

Lemma 3 (see [11]). Let (s +v—1) = G(b+v+1,5),s € [0,b 4 2]y,. Then, the following
inequalities hold:

b+o+1 btotl
Y Gi(ts) <rop(s+o—1),k= Y ¢),s€c[0,b+2, (5)
t=v-1 t=v—1
and
b2
(s+0—-1)=xq(t)x1=Y Glo+o+1s)gis+v—1),tco—-1Lb+0o+1]y, . (6)
s=0
Let E be a set of all maps from [v — 3,b + v + 1]y, , to R, and
9l = maxepo—36or1)y |l[)(t)| Then, E is a Banach space. Moreover, define a set

P={ypecE:p(t)=0,te [v —1,b+v+1]y, , }. Then, P is a cone on E. Lemma 3 enables us
to obtain that (1) is equivalent to the sum equation

b+2
t) = E G(t,s)g(s+o—1Lyp(s+v—1)):=(By)(t), telo—1,b+v+ 1]1\7%1'
where G is defined in Lemma 3. Obviously, ¢ € E\{0} is a solution for (1) when ¢ € E\{0} isa
fixed point of B.

Lemma 4. Let Py = {peP:yp(t)=qt)|y|,Vtelv-1b+0+1]y, ,}.  Then,
L(P) C Py, where
b2
(Ly)(t) =Y. G(t,s)p(s+v—1), tefo—Lb+v+1]y,
s=0

Lemma 5 (see [27] Theorem A.3.3). Let E be a Banach space, Q) C E a bounded open set, and
T : Q — E be a continuous compact operator. If there is an rg € E\{0} such that

r— Tt # pro, Ve €00, > 0,
then deg(I — T,Q,0) = 0, where deg denotes the topological degree.

Lemma 6 (see [27] Lemma 2.5.1). Let E be a Banach space, O C E a bounded open set with
0€ Q,and T : Q — E bea continuous compact operator. If

Tr # pr, Ve €O, u =1,
then deg(I —7,0Q,0) = 1.

Lemma 7 (see [28,29]). Let X be a Banach space and P be a cone on X. Define functionals as
follows: a7y : P — R are continuous increasing and B : P — R is continuous. Moreover, there
exists M > 0,0 < a < ¢ such that

w(0) <a@,v(x) < B(x) <a(x)and [tl| < My(r), Ve € P(y,¢) :={r € P:y(x) < ¢}

Furthermore, there is a completely continuous operator T : P(y,¢) — P and a constant b>0
with 0 < @ < b < ¢ such that B(Ar) < AB(x) for A € (0,1], & € OP(B, b), and
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(E1) ¥(Tr) <& Ve € 0P(7,0);
(E2) B(Tx) > b, Vxr € 9P(B, b);
(E3) a(T) < a,Vr € 0P (, ).
Then, T has at least three fixed points r1,12,13 € P(7y, ¢) such that

0<a(n) <ad<a(n)fl) <b<ps) @) <

In the following, we present some lemmas involving the theory of mixed monotone operators.
Let (E,|| - ||) be a real Banach space which is partially ordered by a cone P C E, i.e., x <y <
y—x € P.Ifx <yand x # y, then we mean that x < y ory > x. Moreover, for a fixed h > 0,
we define P, = {x € E | x ~ h}, in which ~ is an equivalence relation, i.e., x ~ y implies that
there are A, yu > 0 such that Ax >y > ux,Vx,y € E.

Definition 3 (see [30,31]). If u;, v;(i = 1,2) € P,uy < up, by > vy imply A(ug,07) <
A(up, vp), then A : P x P — P is called a mixed monotone operator.

Definition 4 (see [30,31]). If A(tx) > tAx, Vt € (0,1),x € P, then A : P — P is said to be
sub-homogeneous.

Lemma 8 (see [30,31]). Let B : P — P bean increasing sub-homogeneous operator, A : P x P — P
a mixed monotone operator and satisfy

At t7) = A y), bae (0,1),5n € P, %)

If

(C1) There is a by € Py, such that A(ho,bo) € Py and Bhy € Py;

(C2) There is a constant &y > 0 such that A(x,n) > 8B, Vr,n € P.

Then,

(Dl).APh X Pb — Ph,BZPh — Ph,’

(D2) There are wy, vg € Py and r € (0,1) such that rog < ug < vg, ug < A(ug, vg) + Bug <
A(bo, ) + B(vg) < vg;

(D3) A(x,x) + Bx = ¢ has a unique solution t* in Py;

(D4) For any initial values vo, 1o € Py, the sequences vy = A(tn—1,99-1) + Btn—1, 9 =
A(vy—1,xn-1) + Byy,_1 converge to t* as n — oo.

3. Main Results

In the section, we will state our main theorems and give their proof. In the first
theorem, we obtain an existence result on nontrivial solutions for (1) when the nonlinearity
can change sign.

Theorem 1. Suppose that the following assumptions hold:

(H1) g(t, ) : [v = 1,0+ v+ 1]y, , x R — Ris a continuous function;

(H2) There are nonnegative continuous functions 71 (t), y2(t) and M () with y,(t) # 0,
tev—1,b+v+1]y, , suchthat

8t ) = —m(t) = 2(OM(y), (L y) € [~ 1L b+o+1]y, , xR;

; M) _ .
(HS) llm‘lp‘_>+oo W = 0,

(H4) liminfyy | o % > Kfl, uniformly int € [v —1,b+ v+ 1]y, ,;

(H5) liminf|y| o+ ‘g(lfl’fllm <y !, uniformlyint € [v—1,b+0+1]y,_,.
Then, (1) has one nontrivial solution.
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Proof. From (H3), for any given ¢ > 0, there exists Yy > 0 such that M(¢) < e|y| for
[$| > Yo. Let M* = maxy|c[o,y,) M (). Then, we have

M(y) <elp[+ M, p eR. ®)

By (HA4), there exist & > 0and Y; > Yj such that g(t, ) > (k; ' + 1) |y for [¢| > V3
andt € [v—1,b+v+1]y, ,. Furthermore, let C; = MAX () efo—1b+o+1]y, | x[0Y] lg(t,¥)]|-
Then, we obtain

st y) = (ki +0)[Y| —Co t€[v—Lb+o+1]y, ,peR
Note that §1 can be greater than ¢||y;||; then, from (H2) and (H3) and (8), we have
gt y) = (k" + o —e| Dyl —n() —Cq teo-Lb+o+1y, R, (9

where Cg = Cg + |72/ M*. Let

* (01=¢ll721) -1
+ * 4+ C el + 2l M* +Cy) 2 o1 1)2— + (k7" 461 — €|l 2l )M
R> aX{Kz(H“rlH [ 2] M g) 8 {(u +1)e=tL 1 } , 10)

Tmealnl " el (1 — e lyall) = ellvall Vi (! + 6 — el v2l)
where
I :[’i:z (v+bfﬁf‘r'+l)m.
= (v+b—B+2)2Fr(o)
We prove that

Y — By # uq, Y € 0Bg,u >0, (11)
where g is given in Lemma 4, and
Br={y€E:|lp| <R}, 0Br ={p € E:[y|] =R}

Proof by contradiction. Then, there are ¢ € 0B, ;¢ > 0 such that

p— By = pq. (12)

Note that if 4 = 0 and ¢ € 9By is a nontrivial solution to (1), the theorem has been
obtained. So, we only consider the case y > 0. Moreover, we also find that

q € P.
In order to prove our theorem, we need to define a function ¢ as follows:
b+2

P(t) =Y G(t,s)[nls+o—1)+12(s+o—-1)M(P(s+v—1))+Ce|,t €[ —1,b+0v+ 1]y, ,, ¢ € IBx.
s=0

Then, we get the following claims:
Claim i. Note that y; + v M (¢) + C¢ € P, and Lemma 6 implies that

¢ € Pp. (13)
Claim ii. From (12), we find

P(1) + (1) = (By) (1) + () + pq(t)
= E%;ZG(t,s) [gs+o—1p(s+v—1))+n(s+v—1)+7(s+v—1)M(YP(s+v—1)) + Cg] + uq(t),
s=0
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forallt € [v—1,b+v+ 1]y, ,. Note that g + 9 +12M + C; € Pand g € Py, and we
have

y+ypen. (14)
Claim iii. From (8) and (10), we have

_ bt2
9l < Y Ge+o+1s)[[Inll+ [rllelgll + M) + C]

5=0
= w2 [l + [2llCellgll + M*) + G
<R.

From Claim ii and (9), we have
b+2
By) () +9(t) = ) G(ts)[gls +o—Ly(s+o—1)) +7(s+0—1) +72(s + 0 = DM(p(s + v —1)) + Cg]
5=0
b+2
> i G(ts)[gs+o—1Lp(s+v—1))+1(s+v—1)+Cq]
s=0
b2
> Y G(ts)[ (7 + 61 —ellDlp(s +o =) = Mls+0-1) = Co+m(s +0—1) +Cg]
=0 . (15)
+2
> (k7 + 61— ellml) Y Gt s)yp(s +0—1)

5=0

= (k" + 01 —ell72))

042 b+2
Gt s)[pis+o—1)+P(s+v-1)] = Y G(t,s)p(s+v— 1)}
5=0 5=0

b+2

>kt Y G(ts)[p(s+o—1)+¢(s+v—1)].
5=0
The last inequality in (15) holds if

b+2 b+2
(@1 —ellr2l) Y Gts) [p(s +o—1) + (s +v—1)] = (15 + 01 —e|n2]l) L Gt s)p(s +v—-1) 20,  (16)
s=0 5=0

fort € [v—1,b+4v+1]y, ,. In what follows, we prove (16). Indeed, from Claim ii we have
p(&)+9t) = q@®)lp+ ¢l = 9@l = [19l),t € [0 —1,b+v+1]y, ,. Therefore, from
(4) and (10), we obtain

b2 _ b2 _
(61 —¢l2l) ZO Gt,s)[ps+o-1)+9(s+v—-1)] = (k" + 1 — el ZO G(t,s)p(s+v—1)

042 _
> (o1 —efr2l) ZO G(ts)g(s +o =)yl — llwl)

b+2 b+2
= (ko —eln2l) L G(ts) 3o Gls+0—1,7)[n(t+0 1)+ 72T +o - YM(P(t +v 1)) + Cg
s=0 =0
b+2 (s+0— 1)1 B
> (01 —elln2l) S;O G(t/S)m(HlPH = [lel)
b+2 b+2 -1 o—p1
— (k0 - G(t, (s+o-12Lo+b-p-T+1)"F “4c
(7' + 0 slln\l)sgo (¢ s)gO o g2 (7l + 72l el + MF) + C]
> Y ot 96+ v -1 | Al R+ %)+ )
= (b+o+1)2-L 2{lIm 2 .

b+2 v—p-1
= . (v+b—-B—1+1)
- +6 — + R+ M*)+C

(" + 81— el il + R + A7)+ 6] 3 o=

> 0.
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This implies that (15) holds, as required. Consequently, we have
(By) (1) + (1) = k7 LY+ )(1),t € =L b+ 0+ 1]y, .
Using (12), we obtain
P+ =By++puq>n L +$)+pg > pg, y € IBr,ju > 0.

Define ~
pt=sup{p >0:¢+¢ = pgj.
Note that y* > pand ¢ + ¢ > u*q, and from (6), we have

Pt > L)+ pg =0 WL+ pg > (0 + o),
which contradicts the definition of y*. Hence, (11) holds, and Lemma 7 enables us to find
deg(I — B,Bg,0) =0. (17)
From (H5), there exist d, € (0,x, 1yand r > 0 such that
8t 9)l < (" =&)Yl [pl € [0r)t€o—Lb+o+1y, . (18)
For this 7, we prove that

By # pp,¢p € 9By, p > 1. (19)

Proof by contradiction. Then, there are ¢ € 0B, u > 1 such that

1
By =y = Iyl = 1Byl < Byl

This, together with (18), implies that

b+2 b+2
[p()] < Y Gts)lgls+o—Lyp(s+v—1)) < (1" = 62) }_ G(t,s)[¢p(s +v—1)|. (20)
5=0 s=0
Multiplying by ¢(#) on the both sides of (20) and summing over [v — 1, b + v + 1], then
(5) implies that
b+ov+1 b+v+l b+42
Y. lp)let) < ) Y. ZGts (HO]yp(s +v—1)]
t=v—1 t=v—1 s=
b+2
< (' = 5)Kko Y lp(s+v—1)|p(s+0-1)
5=0
1 b+ov+1
= (' —d)r2 ), [p(t)le(t).
t=v-1

b+o+1
This implies that i [p(t)|@(t) = 0,and thus ¥(t) = 0,t € [v -1, b+ v+ 1]y, ;.
1

Clearly, this is contradictory to ¢ € dB,. Hence, Lemma 8 shows that
deg(I — B,B,,0) = 1. (21)
Equations (17) and (21) enable us to obtain

deg(I — B, Bg\B;,0) = deg(I — B,Bg,0) — deg(I — B, B,,0) = —
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This implies that B has a fixed point in B \ B, and (1) has a nontrivial solution. [

In the following theorem, using the generalized Avery—Henderson fixed point theorem
(Lemma 9), we obtain triple positive solutions for (1) when the nonlinearity satisfies some
bounded conditions.

Theorem 2. Suppose that there exist positive constants a,bc with @ < b < G

2 G(oto41s)
:> T (risa fixed point in (v —1,b 4 v+ 1)y, ,) such that
Z‘ G(b+v+1t—v+1)

(H6) gt y):[o—1Lb+0+1]y, , x RT — RY isa continuous function, and g(t,0) # 0,
tefo-1,b+0+1]y,

(H7) g(t,§) < —s——— fort € o —1,b+v+1]y,_,, ¢ € 0,675
q0 ;0 G(b+v+1,s)

(H8) g(t, §) > —yr—L fortelrb+v+1)y, ¢ € [bbgy%;
q0 ¥ G(b+ov+1t—0v+1)

t=r

(H9) g(t,¢) < %fort €lo-1Lb+v+1]y,, ¥ <[0a.
Y. G(b+ov+1,s)

5=0
Then, (1) has at least three positive solutions vy, v, and y3 satisfying
0 <a(n) <a<a(n)Bln) <b<p) 1) <

Proof. Note that if g0 = mine[,_1,p1041) X g(t) > 0, then from Lemma 6 and (H6) we
have

B(P) C bp.

Let a(y) = maxeep_1 ooty (), Bly) = MiNye b0ty P(t) and
() = qomaxef,_q A, 1,b(t) We easily know that a,y : P — R™ are continuous, in-

creasing functionals with vc( )=0,Vtcv-1,b+0v+1]y, , ¢ € Pand B(Ap) = AB(Y).
Moreover, for i € Py, we have

() =q0 _ max  y(t) < qolly|l < min p(t) < - min o 9(t) = B(y) <a(y),

telo—1rn, , tefo-1b+v+1]y, te[rbro+lly,
and
7(¥) > q0 te[v?}%‘m ¥(t) >q %o 1{;1;;1] ¥(t) = gl
ie.,

9l < S (p).
0

(i) For ¢ € 9P(+y,¢), we have

=) > g5llyll,

which implies that
0<y(t)<gp® telo—Lb+ov+1]y, .
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By (H7), we find
b+2
y(By) =q0 max ZG(t,S)g(S+Ufl,l/J(S+ZJfl))
fe[vfl,r]Nwl s—0
642
< G(t, To-1p(sto—1
S, M, LG Lo )
bl b+2
<—5 70 Y G(b+v+1,5)
go ¥ G(b+o+1,5) 0
s=0
=c.

(ii) For ¢ € BP(ﬁ,E), we have

b _ .
'3(17’]) te[r,bfiliTl

This implies that
by <y
9o

In

<

B(y)

ol =

P(t) < Il < ()
1 qO

§N‘ -

v—

,p €IP(B,D),t € [rb+v+1]y, .

This, combined with (H8), enables us to obtain

b+42
By) = i G(t, -1, -1
BEP =, min LG5l o Lot o 1)
642
> min q)Gb+0v+1,5)g(s+v—1,¢9p(s+v—1))
o telrbrotly,
b2
> min g)Gb+ov+1,5)g(s+v—1¢(s+v—1))
=0 te[vfl,b+v+l]Nv71
b+2
=1q Z Gb+ov+1,s)g(s+v—19(s+v—1))
s=0
b+o+1
=q0 Y. G(o+o+1t—0+1)g(tp(t))
t=v—1
b+o+1
>q0 Y, Glo+o+1,t—v+1)g(ty(t))
t=r
b b+ov+1
> —— q Y. Gb+ov+1,t—v+1)
g0 ¥ Glo+o+1,t—ov+1) =7
t=r
=b.
(iii) For ¢ € 9P (w, @), we have
0<a(yp) = max Y(t) =a,

and

0<y(t)<a ¢
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This, together with (H9), implies that

b+2
By) = G(t, —1, —1
a(By) te[vfl,?ﬁﬁuNHs; (ts)g(s+v—1,¢(s+v—1))
i b+2
< Y Gh+ov+ls)

b+2
Y G(b+ov+1,s) 570
s=0

=a.

Now, we have established that all the conditions in Lemma 9 hold, and note that
B0 # 0, so we conclude that (1) has at least three positive solutions y; € P\{0} such that

0<a(m) <a<a(n) B(n) <b<pm)vm) <d O

In what follows, we study the problem

=AY _p(t) = ft+o—19pt+o—-1),p(t+v—-1)+g(t+o—-1Lp(t+v—-1)), te[0,b+2]y,
22

P(o=3) = (85 90|y o= (A av)]| 2

where v, &, B, b are founded in (1). By Lemma 3, (22) is equivalent to the following equation

’

t=v+b42-B

P(t) = %G(t,s)[f(s+v—1,1j)(s+v—l),¢(s+v— ))+gs+v—-1Ly(s+v-1)), tefo-1b+v+1]y, ,,
s=0

andlet A: P x P — Pand B: P x P — P be defined by

b2 b+2
A, x)(t) = é(@(t,s)f(s—l—v—l,n(s—i-v—1),;(s+v—1)), (By)(t) = ;G(t,s)g(s—&-v—1,n(s+v—1)).

Obviously, y* is a solution of (1) when y* = A(y*, 9*) + By*. In the following theorem,
we study the operators A, B to help us to obtain the existence of solutions to (22). Moreover,
the positive solution is unique, and it can be uniformly approximated by two appropriate
iterative sequences.

Now, we list some assumptions for our nonlinearities f, g as follows:

(H10) f(t,u,0) : [p—1b6+0v+ 1)y, , x Rt xRT — R, g(t,u) : [o—1,b+0v+
1y, , ¥ Rt — RT are continuous functions;

(H11) f(t,u,0) is increasing about u € R* for fixed t € [v —1,b+ v+ 1]y, , and
v € R and decreasing about v € R* for fixed t € [v —1,b+ v+ 1]y, , and u € RY, and
g(t,u) is increasing about u € R* for fixed t € [v —1,b+ v+ 1]y, ;;

(H12) For every t € [v —1,b+ v+ 1]y, ,,7 € (0,1),u,0 € RY, there is a constant
&€ (0,1) such that f(t,yu, v '0) > 9 f(t,u,0) and g(t,vu) > vg(t,u);

(H13) Forevery t € [v —1,b4+ v+ 1]y, , and u, v € RT, there is a constant dy > 0 such
that f(t,u,0) > dg(t,u).

1

Theorem 3. Suppose that (H10)-(H13) hold. Then, we get
(T1) There are g, xo € Py and r € (0,1) such that rrg < vo < o,

b+2
no(t) < i G(t,s)[f(s+v—1y9o(s+v—1),x0(s+v—1))+g(s+v—11o(s+v—1))],
s=0

and

wo(t) > biz((}(t,s)[f(s +v—Lir(s+v—1),n(s+v—1))+g(s+v—1r(s+v—-1))],
s=0
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where h(t) = =1
(T2) (22) has a unique positive solution v* € Py;
(T3) For each initial value ro, 1o € Py, the sequences

o= hiz((}(t,s)[f(s—i-v—1,;,,,1(5—1—0—1),1),,,1(3—',—2;—1))+g(s+v—1,;n,1(s+v—1))},
s=0
b+2
= Y G ) (50— L 1(5+0—1), 50 1(s+0—1)+g(s 40—, 1(s+o—1))],
s=0

converge to n* as n — co.

Proof. From (H10) and (H11), we know that A : P x P — P is a mixed monotone operator

and B : P — P is an increasing operator. Using (H12), for all y € (0,1) and z,9 € P, we
obtain oo

Ay ) = Y Gts)f(s+o—Lm(s+v—1),7 (s +v—1))

b+2
> 48 Y G(ts)f(s+o—1y(s+v—1),x(s+v—1))
s=0
=715 A, 0)(b),
and hence A satisfies (7) in Lemma 12. In addition, for any y € P and v € (0,1) we find
b+2
(Byn)(t) = }_ G(t,s)g(s+v—1,m(s+v—1))
s=0
b+2
> Y Gts)gls+0—1,n(s+0—1))
s=0
=7(By)(t).
Thus, B is a sub-homogeneous operator.
Lethy = h = 2=1, . From Lemma 4, we have
b+2

L(s+v—1)2=1)

A(bo, bo)(t) = Y G(t,s)f(s+0o—1,(s +0—1)2=

R orb - pos+ 1)t
"5 TE)(o+b-p+2)2FL
P e G T R Ve
"5 TE)(o+b-p+2)0FL
2w pos+ 1) P
ST @+be— g2t

fs+v—1,(s+0—1)L (s +0— 1))

f(s+o—1,(b+0v+1)=

1,0)

f(s+v—1,(6+0+1)2L0) by,

and

b+2
A(bo,bo) (1) = 3 G(t,s)f(s +v—1,(s+0—1)2L (s + 0 — 1))
5=0
- W2 221G (b + v+ 1,8)
T 5 (bt+o+1)l

f(s+v71,(s+v71)”’1,(s+071)ﬂ)

"iztv =1G(b+v+1,5)

— e f(s+0—1,0,(b+0+1)% L
L orosnet JETO L0 (e )T

"izG(bJerrl ,s)

o ror ) OO L0 b
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b+2 G(b+0v+1,s) 1 b+2 (v+b—B—s+1)*
Let] = ):OW (s+v—-10,(b+o+1)— )L—Szowf(st

v—1,(b+v+1)271,0). Then, we have Iy < A(ho,hg) < Lbo, ie., A(ho, ho) € Py,
Similarly, from (H11), we have

642
Z Mg(s—kv—lﬂ)

(b+ov+1)=L

b2
< (Bho)(t) = Z G(t,s)g(s+v—1,(s+0v—1))

642 _a_ p-1
Z ”+Z+f_;ilz))v i85+ =1, (b +o+1)).

Thus, we obtain Bhy € Py,. Therefore, (C1) in Lemma 12 holds.
Finally, for every r,y € P, from (H13) we have

b42
=Y Gts)f(s+v—-Ly(s+v—1),x(s+v—1))

b+2
>0 Y G(ts)g(s+v—1,9(s+v—1))
s=0

= do(By)(t).

Thus, (C2) in Lemma 12 holds. Then, our conclusions are true from Lemma 12. [

4. Examples
In this section, we will provide some examples to verify our main results.

Example 1. Let g(t, ) = alp| — bM(p), M(p) = In(|p| +1),¢ € Rt € [v—1,b+
v+ 1)y where a € (Kl_l,—|—00> and b € (a,a+x2_1>. Then, limWHﬂo |(|) =0, and

v—17
lim‘wbﬂow =a >, Limy 0+ W = |a—b| < x,'. Therefore,

(H1)—-(H5) hold.

Example 2. Let b = 4,0 = 25,0 = 058 = 14 Then, [v—1,b +v+ 1y, ,
{15,2.5,35,45,55,6.5, 75} 0,6 + 2, = {0,1,2,3,4,5,6}, 4o

e minte[v_1,b+v+1] 7515 = 0.068, and if r = 6.5 we also obtain
6 6
(6.1 —5) 15
_ZO (7.5,5) ZT_% =112.26,
bto+1 b+2 6
Y, Glo+o+Lt—v+1)= Y GO+ov+1Lt)=) G(751) =19.86.
t=r t=r+1—v t=5
Letd=1,b = 4,¢ = 24, and
0.008, ypeo1],
sbp) =< 9p—0992, e(l,4],
3.008, P € [4,+00).
Then, g satisfies -
Dgt,p) < =314, fort c [v—-1,b+v+ 1]y, ,, ¢ €[0,5190.3];

qo L G(b+ov+1ys)
s=0

129



Axioms 2023, 12, 650

() g(t ) > b =296fort € [r,b+v+1]y, ¢ € [4,865.1);

b+ov+1
q0 ¥ G(b+ov+1t—0v+1)
t=r

(1) g(ty) < 75— —— =0.009fort € [p—1,b+v+1]y,_,, ¢ € [0,1].
Y. G(b+ov+1,s)

Therefore, (H6)~(H9) hold.

Example 3. Let f(t,u,0) = (b+0v+1— t)*%t*%u% + n*%,g(t,u) =(b+v+1- t)*%t*%u%,
(two) €v—1,b4+0v+1]N, , X RT x R*. Then, f is increasing about u and decreasing about
v, and g is increasing about u. For any v € (0,1),u,0 € RY, taking & = %, then 4% € (v, 1) and

we obtain .
f(t,'yu,'y’ln> =(b+v+1- t)’%t’%('yu)% + (’f%) >
1 1,21 1
:73(b+v+1_t) 3t73u3 5075
1 1,21 _1
272[(b+v+17t) S50 o s]
=2 f(t,u,v),
and

glt,yw) = (b+0+1— )33 (qu)3
= 'y%(b—kv—&-l—t)‘%t‘
> y[(b+o+1-H75 5]

1
u3

= 7g(tu).

Moreover, it is easy to see that f(t,u,v) > g(t,u) for (t,u,0) € [v—1,b+ 0+ 1]y, , X
RT x R, Therefore, (H10)—(H13) hold.

Example 4. In [31], the authors consider nonlinearities like:

F(tu,0) =ui + [0 +2] 73 +b(t) +d, g(t,u) = - iua(t) +c—d, (tuv) €fv—1b+0v+1]y, , x RT xR,
where a,b : [v—1,b4+0v+ 1]y, , — R with a # 0, and c,d are positive constants with
¢ > d > 0. Note that f is increasing about w and decreasing about v, and g is increasing about u.

Moreover, for y € (0,1),t € [v =1, b+ v+ 1]y, ,,u,0s. € RY, we have

yu
1+u

gty = 2 a(t)+c—d>

T4 qu a(t) +y(c—d) = 1g(tu),

and

f(t,'yu,'y’ln) = ﬁu% +'y%[u +2’y]’% +b(t)+d > 'y%{u% +[o +2]’% + b(t) +d} = 'yéf(t,u,n).

Furthermore, we note that

d
tu,0) >d= X max a(t)+c—d
4 ) MaXteo—1,b+0+1]y, , a(t)+c—d (fe[v1,b+v+1]wvl 2 >
d (& )
> X a(t)+c—d
MaXiely-1,b-+o+1]y, | a(t)+c—d 1+u ()

= 6g(t,u), (o) €fo—1b+0+1y, , x RT xR

Therefore, (H10)—(H13) hold.
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5. Conclusions

Fractional-order difference equations are a new form of differential equation that have
wider applications compared to traditional integer-order differential equations. They are
generalized differential equations whose derivative index can be a decimal or a fraction,
rather than an integer. This form of differential equation has wide applications in fields
such as physics, engineering, and finance. Therefore, the importance of studying fractional
difference equations is now becoming apparent. In this paper, we consider a boundary
value problem with a fractional-order difference equation and use Green’s function to
express its solution. Moreover, we obtain some existence theorems for the considered
problem, i.e., when the nonlinearities satisfy some appropriate conditions, we study the
existence, uniqueness, and multiplicity of solutions via the topological degree and fixed
point theorems. Finally, we provide some examples to verify our main results.
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1. Introduction

In both pure and applied mathematics, meteorology, physics, population dynamics,
and engineering, there are many applications for the study of functional differential equa-
tions (FDEs) and difference equations (DIEs). The properties of these equations of different
sorts are a topic that is addressed by all of these fields. For global existence and uniqueness
theorems for differential equations, see books [1], and for the fundamentals of DIEs, see
books [2-5]. Pure mathematics is concerned with the existence and uniqueness of solutions.
The rigorous justification of the qualitative properties of solutions, such as oscillation,
periodicity, stability (local and global), Hopf bifurcation, control, etc., is emphasized in
applied mathematics [4,6-8].

DIEs are used to describe how a phenomena evolves in the real world when most
observations of a temporally changing variable are discrete. These equations consequently
become essential in mathematical models. Applications heavily rely on nonlinear DIEs of
an order larger than one. Additionally, these equations naturally occur as discrete analogs
and numerical answers to differential and delay differential equations that model a variety
of diverse phenomena in different sciences; see [5,9-15].

Investigation of the qualitative properties of the DIE

Upy—1
Uy = =L 1
n+1 P(Mn,unq) ( )
is the focus of this paper, where P(t,s) : [0,00)* — (0, 00) is continuous and homogenous
with degree &, where « is a non-negative real number. Furthermore, the initial conditions
u_1, 1y are nonnegative real numbers.
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The study of the qualitative properties of solutions of DIEs was and still is a vital and
active research field. As a result of the rapid development of science and technology, many
biological, technological, geological and other issues have arisen. Many mathematical
models have emerged with these issues. Studying the qualitative behavior of the general
DIEs may significantly contribute to eliciting the characteristics of the solutions of these
new models.

In this work, we are interested in investigating some qualitative properties of solutions
to the general DIE (1). We begin by deducing the sufficient and necessary conditions for
the existence of prime period-two solutions of DIE (1). Then, we investigate the local
asymptotic stability of a two-cycle solution of DIE (1). Moreover, we obtain criteria that
guarantee the existence of prime period-three solutions, and apply the results in this
section to some special cases to support the theoretical results. We also study the local
and global stability of solutions to DIE (1). We present several lemmas and theorems that
set sufficient criteria for the convergence of solutions to the equilibrium point. Finally,
through examples and numerical simulations, we present some theoretical results for some
special cases of the studied equation and simulate the results numerically through the
MATHEMATICA program.

In order to verify the periodicity of solutions, the methodology of this study is based
on the use of an improved technique discussed in [16,17]. Using some theorems in [18], we
investigate the local and global stability of the equilibrium points of the studied equation.

In the following, we review some of the previous results in the literature, which
contributed significantly to the development of the study of the qualitative properties of
solutions of DIEs.

The Riccati DIEs model
u . m + asuy (2)
n+1 a3 T Agily ’
is one of the most intriguing ones, where a; € R, for i = 1,2,3,4, see [12]. A special

application of DIE (2) offers the traditional Beverton-Holt model on the dynamics of
exploited fish populations [10]. In [19], Kuruklis et al. examined some properties of
solutions of the Pielou’s discrete logistic model [20]

auy,

) 3
T ®)

Upnt+1 =
where a < 1. May [21] offered the DIE

upexp(c(l —2uy))
1—uy + upexp(c(1 — 2uy))’

@)

Upt1 =

where ¢ > 0, as an illustration of a map produced by a straightforward model for frequency-
dependent natural selection. The model of the expansion of the flour beetle population

Upi1 = A1ty + ity _p eXp(—azly, — Aally_2),
was proven to be globally stable by Kuang et al. [22], where a1 € (0,1), a3,a3,a4 €
[0,00), ap # 0 and a3 + a4 > 0.
Many researchers have been interested in studying general models of DIEs. In [23],

Stevic studied the periodic nature of the general DIE

F(un, ”nfl)

Upt1 = it u
n

wherea, u_1,up € Rt and F € C(RT x RT,R") and

F(k1)—F(l,m) = (k —m)G(k,1,m) —a(k —1),
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for some G €€ C(R" x RT,R™), such that

1 1
EG(k,l,m) — 0 as k,I,m — oo and sup mG(k,l,m) < 0.

Karakostas and Stevic [24] studied the qualitative properties of solutions to the gen-
eral DIE

Up—r
F(un, tiy—1,. -, Up—rs1)

where a > 0. In [25], the global stability of solutions to the general DIE

Upp1 = a+

Up+ = F(”n—k: ”nfl)r

has been studied, where k,! € N, k < I. Moaaz et al. [26] discussed the qualitative properties
of solutions to the DIE

U1 = f(ty1,Upx) ®)
where k,I € N, and f is a homogenous function with degree zero.

Recently, Elsayed et al. [27-29], Al-Basyouni and Elsayed [30], and Kara and Yazlik [31]
established solutions to for certain categories of DIEs. In [27], Elsayed and Alofi studied the
properties of solutions to a system of DIEs and provided solutions to this system. Elsayed
et al. [28] considered the DIE

bunflun74

Uptq = Ally—1 + city 4 +7ku S
n— n—

and provided solutions to this DIE. The periodic properties and construction of the solution
for some rational system of DIEs were presented in [29,30]. Moreover, for fractional
difference equations and systems, there are many interesting results in [32,33].

2. Definitions and Preliminary Results

The fundamental definitions, including equilibrium points, local and global stabil-
ity, boundedness, and periodicity, are presented in this section. We also review some
basic theorems.

Consider a DIE in the form

Uy = Py ttyy), n=0,1,..., (6)

where p € C(I x I,1),1,k € Z* U {0}, I is some interval of R, and m = max{l, k}.

Definition 1. If a point u. is a fixed point of 1, then it is said to be an equilibrium point (EQP) of
DIE (6).

Definition 2. Assume that u. is an EQP of (6).

S1. Ifforall € > O thereis a § > 0 such that |u, —u.| < € forall n > —m, for u_j € I,
j=0,1,...,muwith Z}“’:O‘u,j — ue| < 0, then u, is said to be locally stable.

S2. Ifucislocally stable and there is oy > 0 such that im0 14y, = U, for u_j € Iij=0,1,...,m
with ;”Zo‘u,]- — ue| < 6, then u. is said to be locally asymptotically stable.

S3. Iflimy o0 Uy = U for all u_je 1,j=0,1,...,m, then u, is said to be a global attractor.

S4.  If u. is locally stable and a global attractor, then it is said to be globally asymptotically stable.
S5. If u. is not locally stable, then it is said to be unstable.

Definition 3. A sequence {u, }
alln > —m.

o Is called a periodic solution with period £ if 1,y = uy for
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Definition 4. A sequence {u,}, __, is called a periodic solution with prime period ( if
¢ = min{s € Z" : upys = uy foralln > —m}.

Definition 5. The linearized equation of (6) about the EQP u. is defined by 2,11 = Y/~ g AiZ,—

where a0 )
_0Y(ue, U,
Ai = “ou,

Theorem 1 ([18], Theorem 1.4.6). Suppose that ¢ € C(I%I), where T C R, and (t,s)
satisfies the following properties:
(a) ¥r < 0and s >0, forall (t,5) € T2,
(b) The DIE
Uni1 = (i, iy 1) @)
has no solutions of prime period two in T.
Then, DIE (7) has a unique EQP u, and all solutions of (7) converge to u,.

Theorem 2 ([18], Theorem 1.4.5). Suppose that € C(I%,I), where I C R, and (t,s)
satisfies the following properties:
(@) ¥ > 0and s <0, forall (t,5) € T2,

(b) If (s, B) € I? is a solution of the system

¢P(s,B) =s,
e

then s = B.
Then, DIE (7) has a unique EQP u, and all solutions of (7) converge to u,.

3. Dynamics of Equation (1)

In the following, we study the behavior of solutions to DIE (1). Through the next
results, we need to define the following functions:

d
Pi(t,s) = aP(t,s)

and

d
Pa(t,s) = gp(t,s).

3.1. Periodic Behavior of Solutions

In the following, we provide the necessary and sufficient conditions for the existence
of prime period-two and -three solutions to DIE (1).

3.1.1. Existence of Prime Period-Two Solutions

Theorem 3. Suppose that « > 0. The necessary and sufficient condition for the existence of
periodic solutions with period-two of DIE (1) is the existence of a constant £ € R* /{1} that
satisfies P(¢,1) = P(1,0).

Proof. Suppose that DIE (1) has the solution of the form ...,0,0,0,0,... . Then, we
can obtain
o = 7
Plo,0)
9
Q0 = -
P(o,0)
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Therefore,

er(1g) -
Wk

Hence, thereis a £ = ¢/ ¢ such that P(¢,1) = P(1, ).
On the other hand, we suppose that P(£,1) = P(1,{). Now, we choose u_; =
(P~V%(1,0) and ug = P~1/%(1,£), where £ € R* /{1}. Thus,

and

U_1
Pug,u_1)
(PY%(1,0)
P(P-Va(1,0),4P-1a(1,0))
(P11, 0)
= (PV%(1,0)

= U_1.

uy =

Also,
Uo
P (u1, o)
Pfl/"‘(l,f)
P-1(1,0)P (1)
= P10
= Up.

Uy =

Similarly, we have up, = ugand up,1 =u_q forallr =1,2,....
Then, the proof is complete. [

Theorem 4. Suppose that &« = 0. The necessary and sufficient condition for the existence of
periodic solutions with period-two of DIE (1) is the existence of a constant £ € R* /{1} that
satisfies P(¢,1) =1 =P(1,0).

Proof. Proceeding as in the proof of Theorem 1, we can prove that the condition is necessary.
On the other hand, we suppose that P(¢,1) = P(1,{). Now, we choose 1_1 = c and
ug = ck, where £ € R /{1}. Thus,

Cc _ C

Pt T P

Also,
ct

27 Pleel) ~ P0)
Similarly, we have up, = cand up, 1 = clforallr =1,2,....
Then, the proof is complete. [J

=c/.

Example 1. Let the DIE

Upn—1
u =" 8
n+1 at, + bun,1 7 ( )

where a, b € RT. We note that P(t,s) = at+ bs is homogenous with degree one. Using
Theorem 3, the necessary and sufficient condition for the existence of periodic solutions with period-
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two of DIE (1) is the existence of a constant ¢ € Rt /{1} that satisfies al + b = a + b{, and so
(a—0b)({ —1) =0,ie.,a=Db,see Figure 1.

Xn
07

06
05

04t — Xpata=1

—— Xx,ata=2

ARARRRRRRGARAL ===

0.2

0.1H

2'0 4'0 6'0 8'0 160
Figure 1. Periodic solutions of DIE (8) ata = b = 1,2, or 3.

3.1.2. Local Asymptotic Stability of a Two Cycle
Suppose that DIE (1) has a solution with two cycle ...,0,0,0,0,... . Now, we set

ty, = u,_1 and s, = u,.
Then, DIE (1) is equivalent to the system
tur1 = sn,
Spp1 = =
n+l = P(sn, tn)’

Next, we define F : [0, oo)2 — [0, <><>)2 by

Therefore, we have that

is a fixed point of F .= Fo F, where
t
£ ( t ) _ P(S,t)
7\ PG

The Jacobian matrix [, at (0, @) takes the form

c\ (A B
]p[z]Q—CD,
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where
( ’ — P,
A 9‘7712(50)2(@ )
B _ —0Pi(e,0)
P2(e,0)
g )
and
2 saloir) )~ () P )

In the event that the eigenvalues of [ at (0, ¢) are inside the unit disk, the two-cycle
solution is locally asymptotically stable. Using Theorem 1.1.1 (c) in [18], the eigenvalues of
Jpp at (o, 0) are inside the unit disk if

K<l+Land L <1,

where
K=A+D

and
L =AD — BC.

Example 2. Consider the DIE (8) where a, b € R™. From Theorem 3, for £ € R* /{1}, there is a
prime period two solution

L 1 L 1

A0 a0 a0+ D a0 ©)
It is easy to verify that
1 ¢ ‘
R T A WY L WV
and
12410)
(1+0)*

The two cycle solution (9) of DIE (8) is locally asymptotically stable if £(1 + £) < 1

3.1.3. Existence of Prime Period-Three Solutions
Theorem 5. Assume that o > 0. Then, DIE (1) has a prime period-three solution if and only if
the system
P(,1) = kz""lP(k 1),
P(1/kl,1) P(1,1), (10)
Pk 1) = k2 1lk2 27> 1/kl 1),

has a solution (k,1), where k,1 € R, and at least one of {k, 1} is not equal to one.
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Proof. Suppose that DIE (1) has the solution ..., 6, 8,7,9,B,7,... . Then, we can obtain

- )
P(B,6)’
B
6 = 7
P(1.f)
_ i
F = P6m
Set 5/0 = kand /B = I, we arrive at
sl
T Py
B
0= P(1,1)
,Ylfvc

b= pamy

Thus, we obtain
P(L,1) = K*IP(k,1),

and
1—a

P(1/k,1) = ITP(I,l).

Then, system (10) has the solution (8/6,v/pB).
On the other hand, we suppose that system (10) has a solution (k, 1), where k,I € RT,
and at least one of {k, I} is not equal to one. Now, we choose

1 1/a
e = (klP(k,l)) '

Thus, by using (10), we have

U = .
VT Pluguy)
_ 1 1
T KV/api/apl/a k1 Kl/a 1
( ) P('])l/a(}[l)’ kl/“ll/“Pl/”‘(k,l))
B Kl
- kl/"‘ll/"‘Pl/”‘(k,l)
_ kl
B kl/“ll/“kl;allﬂPl/"‘(l/kl,l)
1 1/a
N (P(l/km)) '
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Additionally,
Uo
Uy = =
P Pluwo)
K/« 1
- Pl/a(] 1 [1/a Kl/a
1) P(Pl/"‘(l/kl,l)’ 791/&(1,1)>
ke 1
T PUs(,1)k
ke 11
C ek Pk 1)
B 1 1/
— \KkIP(k1)
Similarly, we can prove that u3 = uy. Proceeding with the same approach, we

conclude that
U3y 1 = U_1, U3y = uo,and Uzp11 = Uq, forall v = 1,2, e e
Therefore, the proof is complete. [

Theorem 6. Suppose that « = 0. DIE (1) has a prime period-three solution if and only if the system

0=1-kP(k1),
0=k-P(1), a1
0=1-"P(1/k,1)

has a solution (k,1,m), where k,1,m € R™, and at least one of {k,1,m} is not equal to one.

Proof. Suppose that DIE (1) has the solution ...,d,8,7,5,B8,7,... . As in the proof of
Theorem 5, we arrive at

2
Il

)

)

)
—~

=
S

—
=

_ v
b= P(1/K,1)

Thus, we obtain
kIP(k1)=1
k="P(,1)
and
1="P(1/kl,1).

Then, system (10) has the solution (/6,7 /B).

On the other hand, we assume that (10) has a solution (k, 1), where k,! € R™, and at
least one of {k, [} is not equal to one. Now, we choose u_1 = ¢ and 1y = ck, where k € R
and c is an arbitrary positive real number. Therefore,

U = = = Ckl,

27 Plekl,ck) T P Tt
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and
Uy ckl ckl

- P(Mz, ul) =

us = ck = uy.

~ Ple,ckl) — P(/K,1)
Proceeding with the same approach, we conclude that

Uzp1 = U_1, U3 = Uy, and Uzr41 = ckl, forallr =1,2,....
Therefore, the proof is complete. [

Example 3. Consider the DIE

2
Unlly, 1

U1 = (12)

7
Augity_1 + bud + cu?

where a, b and c € R/{0}. We note that
Plts)=atbt+cs
T st

is homogenous with degree zero. Using Theorem 5, DIE (12) has a prime period-three solution if
the system

0=1—K(a+bk+c}),

0=k-— (a+bl+c%>,

0=1-(a+b}+ck)
has the solution.

_ 2521 b= 380

Consider the special case when a = — %7, Tg7,and ¢ = %. DIE (12) has a prime period-three
solution ...,1,2,6,1,2,6,..., see Figure 2.

10 20 30 40 50

E]

Figure 2. Prime period-three solution of DIE (12).

3.2. Stability Behavior of Solutions
Now, we define ¢ : (0,00)*> — (0,00) by

P(ts) = B ey
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The EQP of DIE (1) is given by u, = ¢ (1, ¢ ). Therefore,

1
— =1 =0
[P(”er Ue) } e ’
this implies that the positive EQP
U = 1 a>0 (13)
£ ple(1,1)’ '
The linearized equation of DIE (1) is
Lop1 = ALw— Ly 1 =0, (14)
where
A= OP(ie, Ue) _ —u Py (ue, the) - P1(1,1)
ot P2(ue, 1) u¥P2(1,1)
and

_ P (e, ute) _ Plute, tte) — uePo(the, te) _ P(1,1) —Pr(1,1)
# ds P2(ue, 1) u¢P(1,1)

From (13), we obtain u§ =1/P(1,1), and so

Py
P(1,1)

P2(1,1)

A= PA,1)

and p=1-

Remark 1. Since P(t,s) is homogenous with degree a, we have Py (t,s) and P, (t,s) are homoge-
nous with degree w — 1. Moreover, from Euler Theorem for homogeneous functions tP;(t,s) +
sP(t,s) = aP(t,s). Thus, P1(1,1) + P2(1,1) = aP(1,1).

Lemma 1. The EQP u. of DIE (1) is locally asymptotically stable (sink) if
[yl <p <2k (15)

otherwise it is unstable. Furthermore, it has the following unstable cases:
(a) u is repeller if
[k —p| > xand || < p],

(b) ue is a saddle point if
7%+ 4x? > 4xp and 5| > |p|,

(¢) ue is a nonhyperbolic point if
= lel,

or
2k = pand |n| < 2k,

where x = P(1,1), 7 = P1(1,1), and p = P»(1,1).
Proof. The proof results directly from Theorem 1.1.1 in [18], so it was deleted. [
Lemma 2. Assume that P1(t,s) >0, Pa(t,s) <0, and

P,1)=P(1,0) - L=1. (16)

Then, all solutions of DIE (1) converge to u..
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Proof. From the definition of the function ¢, it is easy to conclude that

ap(t,s)  —sPi(ts)

ot P2ts) =0
ap(t,s)  P(t,s) —sPat,s)

ds B P2(t,s) 0.

Since P(¢,1) # P(1,¢) for all £ € R*/{1}, we obtain from Theorem 3 that DIE (1)
has no solutions of prime period two. Therefore, from Theorem 1, all solutions of DIE (1)
converge to u.. Hence, the proof is complete. [

Lemma 3. Assume that « < 1, P1(t,s) > 0, and (16) holds. Then, all solutions of DIE (1)
converge to ue.

Proof. From Remark 1, we have aP(t,s) — sP,(t,s) > 0, which with the fact thata < 1
gives P(t,s) > sPa(t,s). The rest of the proof is exactly as the proof of Theorem 2. [

Lemma 4. Assume that « > 1, P1(t,s) <0, and
P(1,0) = C2PU1) = L=1. (17)
Then, all solutions of DIE (1) converge to u..

Proof. From Remark 1 and the fact that & > 1, we get P(t,s) < aP(t,s) < sPa(t,s).

From the definition of the function ¢, it is easy to conclude that d¢/9dt > 0 and d¢/9s < 0.
Now, we suppose that (s, B) is a solution of the system

¢(s,B) =s,
{005

Thus, we obtain
B=5sP(s,B)and s = BP(B,s).

Hence, we conclude that
B B
B = ss"‘P(l,E) and s = BS“P(;J),

Set B/s = {, we arrive at
P(1,0) = CP(L,1).

Using (17), we obtain that £ = 1, and so B = s. Therefore, it follows from Theorem 2
that all solutions of DIE (1) converge to u.. This completes the proof. [

Lemma 5. Assume that P1(t,s) >0, P(£,1) > Pa(¢,1) forall £ € R, and (16) holds. Then, all
solutions of DIE (1) converge to ..

Proof. From the definition of the function ¢, it is easy to note that d¢ /ot < 0, and

Ap(ts)  P(ts)—sPa(ts)  s*[P(L,1) —Pa(i,1)] -0
s P2(t,s) B P2(t,s) T

The rest of the proof is exactly as the proof of Theorem 2. [

Lemma 6. Assume that « = 0, and thereis a hy € RT such that P(£,1) > hy > 1forall £ € RT.
If {un '}y _y is a solution of DIE (1), then limy, 0 11y, = 0.
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Proof. From DIE (1), we have

Unt1 1 1 1«
0<u = = < —u 18
n+1 P(uy, ”n—l) ui*}fp(”un ,1> o n—1 (18)
- n—1
1
< hfouﬂf} (19)

Now, let y,+1 = %yn,l. Then,

han Yo, if n is even,
— 0
= 1 . .
Yn W]/_l, if n is odd.
0

Therefore,
lim y, =0,if hp > 1.
n—o0

which with (19) gives lim;, o 1, = 0. This completes the proof. [

Lemma 7. Assume that « = 1, and there is a hg € R™ such that P({,1) > hq for all ¢ € R™.
Then, all solutions of DIE (1) are bounded.

Proof. From DIE (1), we have that (18) holds. Thus, 1,1 < 1/hg for all n > 0. Hence,
1
Uy < max{ h—,uo, u,l} foralln > —1.
0

This completes the proof. [

Theorem 7. Assume that « < 1, P1(t,s) > 0 and (16) holds. Then, the EQP of (1) is globally
asymptotically stable if (15) holds.

Theorem 8. Assume that Py(t,s) >0, P({,1) > P2({,1) forall £ € R, and (16) holds. Then,
the EQP of (1) is globally asymptotically stable if (15) holds.

3.3. Examples and Numerical Simulations

In this part, we provide some examples that support the previous theoretical results.
Examples are presented later, including what has been studied and what has not been
studied before.

3.3.1. Special Case 1
Consider the DIE
a1

_ 20
buy, + cuy g 20)

Upt1 =
where 4, b, and ¢ are positive real numbers. Using the substitution u, = -, DIE (20)

Zn-1
Zn

, and this equation has been studied in [34].

It is easy to notice that P(t,s) = Lt + ¢s is homogenous with degree one. Using our

previous results, the following information can be obtained

reduces to 2,1 = { +

1. DIE (20) has a prime period-two solution <= b = c.

The positive EQP of DIE (20) is u, = a/ (b + c).

The EQP u, of DIE (20) is locally asymptotically stable (sink) if b < c.

If b < c, then EQP of DIE (20) is globally asymptotically stable.

We note that P(¢,1) = %C + %bé > c/a. Then, all solutions of DIE (20) are bounded if
c>a.

G LN
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3.3.2. Special Case 2
Consider the DIE

Uyl = Up_18Xp (711 —p CM), (21)
Up—1 Un

where 4, b and ¢ are real numbers. It is easy to notice that
t S
P(t,s) =exp (u + bg + c;)

is homogenous with degree zero.

1. DIE (21) has a prime period-two solution <= thereisa ¢ € R /{1} such that

1 1
b€+cz = <bz +cé>,
i.e, b =c <0, see Figure 3.

Xn

20 40 60 80 100
Figure 3. Periodic solutions of DIE (21) ata = 1,and b = ¢ = —2/5.

2. DIE (21) has a prime period-three solution <= thereisa ¢,/ € R*/{1} such that

bk* + ak + ¢ —kIn(kI),
b2 4al +¢ IInk,
ck® +akl +bI> = kilnl,

see Figure 4.
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Xn

5 10 15 20 25 0 "

Figure 4. Periodic solutions of DIE (21) ata = —8.7829, b = 1.9489, and ¢ = 0.684 16.

3. Assume that b,c € RT. We note that P(¢,1) = et tbl+g > €. Then, every solution of
DIE (22) converges to zero if a > 0.

3.3.3. Special Case 3

Consider the DIE

Up—1
Uyl = (22)
T 2 4 bugi,_q + a2 )’

where a, b and c are real numbers, and one of them is not equal to zero at least. It is easy to
notice that
P(t,s) = at> + bts + cs?

is homogenous with degree two.

1. DIE (22) has a prime period-two solution <= thereisa ¢ € R /{1} such that

(afc)<6271) =0

ie., a = c, see Figure 5.

10 20 30 40 50

Figure 5. Periodic solutions of DIE (22) atb =2, and a = ¢ = 1.
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2. DIE (22) has a prime period-three solution <=> thereisa ¢,/ € R*/{1} such that

cHal>+bl—cl—ak’l —bkli = 0,
a— akl® — bkI? + ck®I> + bkl —ckl = 0,
a— cki® — ak®1? — bk*1? + ck2> + bkl = 0,

see Figure 6.

20

05

10 20 30 20 ER

Figure 6. Periodic solutions of DIE (22) ata = %, b=— %, andc = 1.

3. The positive EQP of DIE (22) is

1
Ue=———,a+b+c>0.

T Vatb+tc
4. The EQP u. of DIE (22) is locally asymptotically stable (sink) if

[2a+b| <b+2c<2(a+b+c).

If a, b, and c are positive, then u. is locally asymptotically stable (sink) if 2 < ¢, is a
saddle point if ¢ < a, and is a nonhyperbolic point if 2 = ¢, see Figure 7.

Xn

251
20t
151 — sink
—— saddle point
Pl —— nonhyperbolic point
05f
L . N

10 20 30 40 50

Figure 7. Stability behavior of solutions (22).
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4. Conclusions

Our interest in this work was centered on the examination of some features of solutions
to the general DIE (1). We considered the periodic behavior, stability, and boundedness of
solutions to DIE (1). In detail, we fulfilled the sufficient and necessary conditions for the
existence of periodic solutions with periods two and three. We then obtained a complete
perception of the local stability of the EQPs for DIE (1). Moreover, we presented a number
of lemma and theorems that discuss the global stability and boundedness of the studied
equation. Finally, we obtained many properties of the solutions for some special cases of
the studied equation, and we showed numerical simulations of their solutions.

Studying the qualitative behavior of the general DIEs may significantly contribute to
eliciting the characteristics of the solutions of some new models that appear as a result of
scientific and technological development in various fields. It is interesting, as an extension
of our results in this work, to study the qualitative properties of solutions to the general
DIE w11 = K(up, ty—1), where L = G(P(t,s)) is a homothetic function.
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Abstract: The study of non-linear partial differential equations is a complex task requiring sophis-
ticated methods and techniques. In this context, we propose a neural network approach based on
Lie series in Lie groups of differential equations (symmetry) for solving Burgers—-Huxley nonlinear
partial differential equations, considering initial or boundary value terms in the loss functions. The
proposed technique yields closed analytic solutions that possess excellent generalization properties.
Our approach differs from existing deep neural networks in that it employs only shallow neural
networks. This choice significantly reduces the parameter cost while retaining the dynamic behavior
and accuracy of the solution. A thorough comparison with its exact solution was carried out to
validate the practicality and effectiveness of our proposed method, using vivid graphics and detailed
analysis to present the results.

Keywords: Burgers—-Huxley equation; optimization; neural network method; Lie groups; Lie series

MSC: 656M99

1. Introduction

Partial differential equations (PDEs) are ubiquitous and fundamental to understanding
and modeling the complexities of natural phenomena. From mathematics to physics to
economics and beyond, PDEs play a critical role in virtually all fields of engineering and
science [1-3]. Through their mathematical representation of physical phenomena, PDEs
provide a powerful means of gaining insight into complex systems, enabling researchers
and engineers to predict behavior and uncover hidden relationships. However, solving
PDEs can be a daunting and challenging task. The complexity of these equations often
requires sophisticated numerical methods that must balance accuracy and efficiency while
solving high-dimensional PDEs. Despite these challenges, PDEs remain a cornerstone of
modern science, enabling researchers to unlock discoveries and technological advancements
across disciplines.

As numerical and computational techniques continue to rapidly develop, the study
of PDEs has become increasingly vital. In recent years, advances in numerical methods
and high-performance computing techniques have made it possible to solve complex PDEs
more accurately and efficiently than ever before. These new tools can precisely solve specific
problems across a broader range of equations while simultaneously computing data faster,
reducing the time and cost of solving pending problems. Moreover, these new techniques
have allowed researchers to gain deeper insights into the physical meaning behind PDEs,
enabling them to revisit natural phenomena from fresh perspectives and explore those
that prove challenging to explain by traditional methods. This has led to groundbreaking
research discoveries and innovations in various fields of science and engineering.
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Machine learning methods [4,5], particularly in the area of artificial neural networks
(ANN ) [6,7], have piqued considerable interest in recent years due to their potential to
solve differential equations. ANNs are well-known for their exceptional approximation
capabilities and have emerged as a promising alternative to traditional algorithms [8].
These methods have a significantly smaller memory footprint and generate numerical
solutions that are both closed and continuous over the integration domain without requiring
interpolation. ANNSs have been applied to differential equations, including ordinary
differential equations (ODEs) [9,10], PDEs [11,12], and stochastic differential equations
(SDEs) [13,14], making them a valuable tool for researchers and engineers alike. Neural
networks have become a powerful and versatile tool for solving differential equations due
to their ability to learn intricate mappings from input-output data, further cementing their
role as a critical component in the machine learning fields.

In recent years, the application of neural networks in solving differential equations
has gained significant attention in the scientific community. One prominent model is the
neural ordinary differential equations, which approximates the derivative of an unknown
solution using neural networks, parameterizing the derivatives of the hidden states of
the network with the help of the differential equation, thus creating a new type of neural
network [15]. Another approach is the deep Galerkin method [16], which uses neural
networks to approximate the solution of the differential equation in a bid to minimize error.
Gorikhovskii et al. [17] introduced a practical approach for solving ODEs using neural
networks in the TensorFlow machine-learning framework. In addition, Huang et al. [18]
introduce an additive self-attention mechanism to the numerical solution of differential
equations based on the dynamical system perspective of the residual neural network.

By utilizing neural network functions to approximate the solutions, neural networks
have also been used to solve PDEs. The physics-informed neural network (PINN) method
uses the underlying physics of the problem to incorporate constraints into the solution of the
neural network, resulting in successful applications to various PDEs such as the Burgers and
Poisson equations [19]. Compared to traditional numerical methods, PINNs offer several
advantages, including higher accuracy and more efficient computation. Berg et al. [20]
introduced a new deep learning-based approach to solve PDEs on complex geometries.
They use a feed-forward neural network and an unconstrained gradient-based optimization
method to predict PDE solutions. Furthermore, Another exciting development in the
field of neural networks and PDEs is the use of convolutional neural networks (CNNs).
Ruthotto et al. [21] used a CNN to learn to solve elliptic PDEs and incorporated a residual
block structure to improve network performance. Quan et al. [22] presented an innovative
approach to addressing the challenge of solving diffusion PDEs, by introducing a novel
learning method built on the foundation of the extreme learning machine algorithm. By
leveraging this advanced technique, the parameters of the neural network are precisely
calculated by solving a linear system of equations. Furthermore, the loss function is
ingeniously constructed from three crucial components: the PDE, initial conditions, and
boundary conditions. Tang et al. [23] demonstrate through numerical cases that the
proposed depth adaptive sampling (DAS-PINNs) method can be used for solving PDEs.
Overall, the advancements made in the domain of neural networks have revolutionized
how we approach solving complex PDEs in unimaginable ways. These developments
suggest that neural networks are a promising tool for solving complex PDEs and that there
is great potential for further research and innovation in this area.

This paper proposes a novel approach for solving the Burgers—Huxley equation ,
which uses a neural network based on the Lie series in the Lie groups of differential
equations, adding initial or boundary value terms to the loss function to approximate the
solution of the equation by minimization. Slavova et al. [24] constructed a cellular neural
network model to study the Burgers—-Huxley equation. Shagun et al. [25] employed a
feed-forward neural network to solve the Burgers-Huxley equation and investigated the
impact of the number of training points on the accuracy of the solution. Kumar et al. [26]
proposed a deep learning algorithm based on the deep Galerkin method for solving the
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Burgers—-Huxley equation, which outperformed traditional numerical methods. These
studies demonstrate the potential of neural networks in solving differential equations.
Nonetheless, it is simple to ignore the underlying nature of these equations, in other words,
to fail to capture the nonlinear nature of the equations, which is essential to comprehend
the behavior of complex systems. To address this issue, the aim of our proposed method
is to approximate the solution of the differential equations by combining the Lie series
in Lie groups of differential equations and the power of neural networks. Our proposed
method accurately simulates the physical behavior of complicated systems, and the first
part of the constructed solution has well captured the nonlinear nature of the equation
while reducing the parameter cost of the subsequent neural network and by minimizing
the loss function, making the solution converge quickly by introducing initial or boundary
value terms required for exact approximation. This work demonstrates the effectiveness
of combining neural networks with Lie series to solve differential equations and provides
insights into the physical behavior of complex dynamical systems.

The essay is set up as follows. The basic framework and fundamental theory of
neural network algorithms based on Lie series in Lie groups of differential equations are
introduced in Section 2. The specific steps for the Lie-series-based neural network method
to solve the Burgers—Huxley equation are described in Section 3. The method is also applied
to the Burgers-Fisher equation and the Huxley equation. Summary and outlook are presented
in Section 4.

2. Basic Idea of a Lie-Series-Based Neural Network Algorithm
2.1. Differential Forms and Lie Series Solution

With respect to the Lie group transformation of the parameter ¢,
w=T(Eu)eG, u*(0)=u 1)

where G is a Lie group, and ¢ is a group parameter.
By employing Taylor expansion about neighborhood of ¢ = 0,

T (& u)

= T(eu) =
u (u)=u+ PP

e+ 0 (sz). 2)

e=0

Then, u* = u + ¢ is known as the infinitesimal transformation. D = {(u)du is called

9T (&u)
de .o

The following differential equation is given

the infinitesimal operator, where {(u) =

u' = F(&u), u(0)=ug (3)

F(&,u) is a differentiable function, and if (2) is a symmetry of (3), then it has a Lie
series solution to the initial value problem (3) and can be written as [27]

u= eéDu|§:o 4)

2.2. Algorithm of a Lie-Series-Based Neural Network

The idea of Lie groups is based on the study of continuous symmetry, which at first
may seem abstract and complex. However, in the realm of solving differential equations,
Lie group methods are a unique approach that goes beyond traditional mathematical
techniques. Lie series in the Lie transform groups of differential equations can be used
to construct approximate solutions of PDEs and to study their symmetries and other
properties. Lie series provide a powerful framework for studying the behavior of dif-
ferential equations and have many important applications in various fields of science
and engineering.
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From [28], it is known that
D =D+ D, (5)
The solution of (3) can be written as u = egDu|€:0 = e§<D1+D2>u\g:0,

Theorem 1. ii(;u) = e§D1u|§:0, ¢ € R", is the decomposition part of D. The solution of
problem (3) belonging to D expanded as follows:

¢
u=1i(Zu) +/O D, (e(g’ﬂDu) st () 4T (6)

The proof is given below and is detailed in the literature [28].
Proof.
u =Py = fD1+D2)y — i & Uy + i QUD”’lD u
B N T =gl 4ol 1 2
o=

v=0

o0 gz] (o) éry (7)
+ Zz JDf*ZDZDu +.o..+ ) ;Df*“DZDHu +...
U= : v=a “°

It is known that

o (v >« >1,integers)

gvi g(giT)tx—l o
**/o T T

Equation (7) is rewritten as
G ¢ S
u= ﬁ+/ ) ;D{’Dzudr+/ E-7) ;D{’DzDudTJr...
0 ,=p 9 0 v=0 "

o e 1
+ [ S DiDaD tudr .
0o (a—1)1 = ol

From the form of the series solution [27], it follows that
v

i %D;“(DZD“—H[) - <D2D"‘_1u)

=0 U u—1i(T;u)

Hence,

N

u =

0 ¢ _szfl .
+a;1/0 %(DzD )

after commuting the signs of the series and the integral which is allowed within the circle
of absolute convergence, the formula

u—ii(T;u)

¢ © (7 _ 1)
u=a+/ D,y =T e, dt ®)
0 a=0 al (T
u—i(Tu)
is obtained, which may also be written as follows:

4
Py = efP1y +/ (Dze@_r)Du> dt )
0

u—it(Tu)
O

The complexities inherent in the integration of the second component, as elucidated by
Equation (6), necessitates a sophisticated approach to computation. To tackle this daunting
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challenge head-on, as elaborated in the reference [29] of our previous work, the functional
form of the neural network is utilized to simplify this part and ensure the accuracy of
our results.

From [29], il = ¢*Pulz_g = i + {N(0; ). The determination of 7 from the equation
i’ = Dyl is inspired by the idea of the Lie series solution of the first-order ODE, where
the initial value of 7(0) = u(0) = 1o is kept constant throughout the process, ensuring the
reliability and truthfulness of our results. N(6; ) is a single output neural network with a
single input of ¢, the parameter 6 consists of the weight W and the bias b. The Algorithm 1
is described in detail below, as shown in Figure 1.

Initialize W.,b
Y
i Input £, ;

Output  N(&;W,b)
Calculate 2/

4

Calculation error I ( W, b)

Y

Done

Figure 1. Flow chart of Lie-series-based neural network algorithm.

Algorithm 1: A Lie-series-based neural network algorithm for problem (3)

Require Determine the operator D according to (3), and solve it with the
decomposed part Dy to obtain ii.
Begin
1. Consider a uniformly spaced distribution of discrete points within the initial
condition &y({ =1,2,...,A).
2. Determining the structure of a neural network. (The number of hidden
layers and the number of neurons, the selection of the activation function ¢.)
3. Initialization of the neural networks parameters W, b.
4. Get 1 = i1 + {N(6; &) and substitute back into (3).
5. Minimize the loss function L(6).
6. Update the parameter 6 so that 7 approximates the solution u of problem (3).
End

In general, the loss function IL(0) is defined as follows:
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L(#) =Lp+1L;
1& e ?
:XZZ a*ﬁi((f/f))‘ — Fi(iy, da, ..., 1)
(=11 9 = 2 (10)
1E &y 2
+ Ellei—l (”i(§/9)|g:§1 - K(é”g:g) Hz

as additional terms with K(&;), = 1,2,..., p as initial value or boundary conditions. The
Lr part of the loss function is derived by substituting the network solution # into the mean
squared error generated on both sides of the problem (3). In addition, the mean squared
error generated by the network solution 7 under the initial or boundary value terms are also
used to derive the Ly component of our loss function. By constructing the components of
Lr and ILj, we can satisfy both the differential equations and the initial values or boundary
conditions of the problem under study.

The above algorithm also applies to the system of differential equations ’% = Fi(uy,uy,
o ttn), u;(0) =a; € RLi=1,2,...,n,where D =Y ; F,'(u,»)%. For higher-order ODEs
or PDEs, the above form can also be transformed with the help of some transformations or
calculations.

2.3. The General Structure of the Neural Network

As depicted in Figure 2, our study delves into the complexities of multilayer percep-
trons and their unique characteristics, with a particular emphasis on those with a single
input unit, m hidden layers of H neurons, a neural network with activation function ¢ in
the hidden layer, and a linear output unit. We present a detailed analysis of this neural
network architecture. Specifically, for a given input vector ;(¢ = 1,2,...,A), the output
of the network N = Y11, W +lg(Z") + b+, zi = Z}il w}’ftr(Z}"*l) + b}, where wi is
the weight of the jth neuron in layer m — 1 to the ith neuron in layer m, and b}" is the bias of
the ith neuron in layer m. It can be seen that Z} = w%lg o+ b%. In this paper, the activation

E‘Z —Eiz

function ¢ is chosen tanh(Z) = & o7

Hidden Layer

Figure 2. Neural network structure.

3. Lie-Series-Based Neural Network Algorithm for Solving Burgers Huxley Equation

The generalized Burgers-Huxley equation [30] is a nonlinear PDE that describes the
propagation of electrical impulses in excitable media, such as nerve and muscle cells. It is a
widely used mathematical framework for modeling intricate dynamical phenomena and
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has been instrumental in advancing research across multiple domains including physics,
biology, economics, and ecology. The equation takes the form

ou sou  Pu 5 5
g-l-au g—ﬁfﬁu(l—u><7]u —/\> (11)
where «, B, A, 17 are constants and ¢ is a positive constant.

Whena = —1,=1,A =1, =1, = 1, the Burgers-Huxley equation is as follows:

ou  d*u Ju

1
S = 5 g Hu(l—w)(u—1), u(0,x) = E(l — tanh f) 12)

4

The exact solution of (12) is u(t,x) = 3 (1 — tanh(§ + ¥)). Using the traveling wave
transform ¢ = x — ct, problem (12) is transformed into an ODE, u” + cu’ + uu’ + u(1 —
u) (1 — 1) = 0. Naturally, it is transformed into the form of the following system of ODEs

3
Uy =uy, uh = Euz—uluz—ul(l—ul)(ul—l) (13)
with ¢ = f%, u1(¢) = u and initial values u1(0) = %, up(0) = f%.

In this study, we address the problem of solving the Burgers-Huxley equation us-
ing a Lie-series-based neural network algorithm. The operator D = 19y, + (3up —
uquy — up(1 —uy)(ug — 1))0y, of (13) is chosen as Dy = 120y, + %uzauz, and the solu-
tion of the corresponding initial value problem is 7 (¢) = % (7 — cosh (%) —sinh (%)),

i (8) = —% cosh (%) — % sinh (%) The solution of this part has been able to capture
the nonlinear nature of the equation within a certain range, as shown in Figure 3. To
minimize the loss function L(6), we employ two structurally identical neural networks
and boundary value terms, each with 30 neurons in a single hidden layer, and the in-
put &(¢ = 1,2,...,100) is 100 training points spaced equally in the interval [—5,3],
making 1 () as close as possible to the exact solution () of the equation. The gen-
eralization ability of the neural network was confirmed in 120 test points at equidistant
intervals of {; € [—5,3.3]. The Lie-series-based neural network algorithm solves the
Burgers—-Huxley equation model as shown in Figure 4. Furthermore, we demonstrate
the ability of neural networks to fit the training and test sets in Figure 5. By plotting the
loss function L(6) = Lf + L against the number of iterations in Figure 6, where Ly =

10 ((ﬁﬂ(ﬁé) — 2(20))% + (W(E0) — 302(80) + 1(30)B2(E0) + 01(80) (1 — 01(80))
(1(&0) = 1))*), and Ly = (i1 (~5) — #(=5))” + 4 (12(~5) — /(=5))*, A = 100. Some
1100 iterations later, L(6) = 3.042 x 1078,
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Figure 3. Comparison of the () solution of the Burgers-Huxley equation with the exact
solution u(§).

We compare the solution #(t, x) containing the neural network training and the exact
solution u(t, x) in the interval t € [0,1], x € [—5,2] in the upper panel of Figure 7. Addition-
ally, the lower panel displays the behavior of the solution at t = 0.3, 0.5, 0.8, demonstrating
the solitary wave solution of the Burgers—-Huxley equation. The contour plots for solution
i1 (£, x) and the exact solution u(¢, x) are shown in Figure 8, further illustrating the accuracy
of our proposed algorithm.

7

NN(¢.0) ODEs

Figure 4. Schematic diagram of a Lie series-based neural network algorithm for solving Burgers—
Huxley equation.
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® Neural solution - (,
—— Exact solution - u

o Neural solution - i 00
—— Exact solution - u

Figure 5. (Left) Comparison of solution i (¢) with the exact solution u(¢) = } (1 - tanh(%))
of (13) in the training set. (Right) Comparison of solution i;(¢) with the exact solution
u(g) = %(1 — tanh(%)) of (13) in the test set.
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Figure 6. Curves of Loss function versus number of iterations for Burgers-Huxley equation.
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Figure 7. (Top) The true solution u(t, x) = } <1 - tanh(% + %)) of the Burgers-Huxley equation is
on the left, the predicted solution #(t, x) is on the right. (Bottom) Comparison of predicted and exact
solutions at time t = 0.3, 0.5, and 0.8. (The dashed blue line indicates the exact solution u(t, x), and
the solid red line indicates the predicted solution #(t, x)).
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Figure 8. Contour plot of the Burgers—-Huxley equation with respect to the solution I (£, x) and the
exact solution u(t, x).

To verify the validity and generality of our proposed equation, the method was applied
to two classical equations, the Burgers-Fisher, and the Huxley equations. For this purpose,
we performed a thorough analysis and obtained strong results that proved the validity of
our method. Specifically, whena = —1, 3 =1, A = -1, = 0, § = 1, the Burgers—Fisher
equation is as follows:

ou  u ou 1 X
il s +u(l—u), u(0,x)= 5(1 +tanh1) (14)

The exact solution of (14) is u(f, x) = (1 + tanh(} + ¥)). Similarly, using the travel-
ing wave transform ¢ = x — ct, problem (14) is transformed into an ODE, u” + cu’ 4+ uu’ +

160



Axioms 2023, 12, 429

u(1 —u) = 0, with initial value u(0) = 1, u'(0) = %. Transformation of ODEs into the form
of a system of differential equations,

5
Uy =up, up = Sl — iz — ur(1—uy) (15)
where u1(¢) = u, ¢ = —3, and initial values u1(0) = 1, u,(0) = %. The operator
D = u0y, + (%uz — gy — 1 (1 — 11))9y, of (15), Dy is chosen as 120y, + %uzauz — U104y,
the predicted solution i1(&;) = —75e%/2(=7 + e%/2) + &Ny, 1p(&)) = 54 (7e5/%) —

162t + ¢/ N>, where the structure of the neural network is a single hidden layer containing
30 neurons with inputs ¢, € [—5,2] of equidistant intervals of 100 training points and test
points are 120 points of the interval [—5,2.2], and the training results are shown in Figure 9.
As shown in Figure 10, our method achieves an impressive performance with the loss
function L(#) reaches 8.861 x 10~ in about 700 iterations. This exceptional result again
illustrates that the solution of the D; part of our proposed method captures the nonlinear
nature of the solution, thereby reducing the computational cost associated with additional
parameters which are evident from Figure 11. In addition, we provide a three-dimensional
representation of the dynamics of the predicted solution #(t, x) with the exact solution
u(t, x) in the interval t € [0,1] and x € [—5,2], as shown in Figure 12.

e Neural solution - d; ®  Neural solution - iy
—— Exact solution - u 0.74 — Exact solution - u

Figure 9. (Left) Comparison of solution i1 () with the exact solution u(¢) = % (1 + tanh(%) ) of (15)
ta

in the training set. (Right) Comparison of 111 () with the exact solution u(&) = % (1 + nh(%))
of (15) in the test set.

— BFGS
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100 4
(%]
(%]
o
—1 1072
o
o
a
10*4 4
10*6 4
0 100 200 300 400 500 600 700

Training Iterations

Figure 10. Curves of loss function versus number of iterations for Burgers-Fisher equation.
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Figure 11. Comparison of the (&) solution of the Burgers—Fisher equation with the exact
solution u(¢).
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Figure 12. (Top) The true solution u(t,x) = % (1 + tanh(ﬁ + %)) of the Burgers—Fisher equation is
on the left, the predicted solution 7(t, x) is on the right. (Bottom) Comparison of predicted and exact
solutions at time t = 0.3, 0.5, and 0.8. (The dashed blue line indicates the exact solution u(t, x), and
the solid red line indicates the predicted solution #(t, x)).

We investigate the Huxley equation under the conditions wherea =0, =1,A =1,
1 =1,5 = 1. The equations are as follows:
o _ o

ot ox?

+u(l—u)(u—-1), u0x)= %(1 + tanh

)
2\/5
The exact solution of (16) is M(t, X) =3 1+ tanh< V2

#-1))
traveling wave transform ¢ = x — ct, problem (16) is transformed into an ODE, u” + cu’ +

(16)
. Similarly, using the
u(1l —u)(u —1) = 0. Itis transformed into the following differential equation form

_t
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V2
up =up, uh = —5 2~ up(1—uy)(ug —1) (17)

where initial values u1(0) = 3, u2(0) = 41—\5, and ¢ = 4, it is clear that u1(&) = u(g),

up(&) = u'(¢). In the case of Dy = updy, — %uzaw, the system of differential equations

I 2 - o _ 1 _ 1 L,
i) = ilp, iy = —%uz, the initial values are 7;(0) = 5 and #,(0) = VL this time

M) =3 -1 V2 m(8) = lpe ¢/V2

For predicting the solution i1 (¢) and i15(¢), the same neural network with two single
hidden layers containing 30 neurons with the same structure is trained by optimization
technique Broyden-Fletcher-Goldfarb—Shanno (BFGS) minimizes the Loss function L(6).
The input ¢y is the interval [—2,7] equidistantly spaced by 100 points. The test set is the
150 points in the interval [—2,7.5]. As shown in Figure 13, our proposed method produced
excellent predictions for both the trained predicted and exact solutions. The variation of
the loss function throughout the process is depicted in Figure 14, and it can be observed
that the loss function decreased remarkably during training. Figure 15 shows the dynamics
of 111 (¢, x) with the exact solution u(t, x), when ¢ = x — ct is substituted into i (¢) and the
predicted solution i (¢, x) compared with the exact solution u(t, x) at t = 0.3,0.5,0.8. The
contour plot in Figure 16 provides a more visualization of the network solution i (£, x)
compared to the exact solution u(t, x).

1.0 -
1.01 o Neural solution - iy ®  Neural solution -
—— Exact solution - u
—— Exact solution - u 0.9
09 .
08 08
07 07
4 ¢
=06 % 0.6
S >
=05 05
04 04
03 03
02 02
-2 o 2 4 6 -2 0 2 2 s

Figure 13. (Left) Comparison of solution i1 (¢) with the exact solution u(¢) = (l + tanh(@))
of (17) in the training set. (Right) Comparison of solution i1(¢) with the exact solution
u(g) = % (l + tanh(@)) of (17) in the test set.
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0 100 200 300 400 500
Training Iterations

Figure 14. Curves of loss function versus number of iterations for Huxley equation.
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Figure 15. (Top) The true solution u(t,x) = % (l + tanh(@ — i)) of the Huxley equation is on
the left, the predicted solution 7(f, x) is on the right. (Bottom) Comparison of predicted and exact
solutions at time t = 0.3, 0.5, and 0.8. (The dashed blue line indicates the exact solution u(t, x), and
the solid red line indicates the predicted solution #(t, x)).
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Figure 16. Contour plot of the Huxley equation with respect to the solution #; (, x) and the exact
solution u(t, x).

4. Discussion and Conclusions

The exponential growth of information data has resulted in limited data becoming
a significant issue in various fields, especially in data-driven applications. Addressing
this challenge has become a critical area of research in recent times. To contribute towards
finding solutions to this problem, this paper proposes a novel method for resolving the
Burgers-Huxley equation using a neural network based on Lie series in Lie groups of
differential equations, which is an emerging field with great potential in solving complex
problems. To the best of our knowledge, this study represents the first time the Burgers-
Huxley equation has been solved using a Lie-series-based neural network algorithm. In
physics, engineering, and biology, the Burgers—Huxley equation is a well-known mathe-
matical model that is frequently utilized. Our novel approach offers a unique perspective
on solving this equation by adding boundary or initial value items to the loss function,
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which leads to more accurate predictions and a better understanding of the underlying
system. This research opens up new avenues for further exploration of the Lie-series-based
neural network algorithm, specifically regarding its applications to other complex models
beyond the Burgers-Huxley equation.

In this study, we present a novel method for obtaining a differentiable closed analytical
form to provide an effective foundation for further research. The proposed approach is
straightforward to use and evaluate. To verify the effectiveness of the suggested method,
we applied it to two classic models of the Burgers—Fisher and Huxley equations that have
well-known exact solutions. The proposed algorithm exhibits remarkable potential in cap-
turing the nonlinear nature of equations and accelerating the computation process of neural
networks. The performance of our method is demonstrated in Figures 3 and 11, which
show how the proposed algorithm can capture the nonlinear behavior of the equations
more effectively and speed up the computation of subsequent neural networks. To further
evaluate the effectiveness of the proposed technique, we plotted the relationship between
the loss function and the number of iterations in Figures 6, 10 and 14. Our results indicate
that under the influence of the Lie series in Lie groups of differential equations, our algo-
rithm can converge quickly and achieve more precise solutions with fewer data. Moreover,
the accuracy of the obtained solutions is significant, and the generalization ability of the
neural network is demonstrated by its ability to maintain high accuracy even outside the
training domain, as shown in Figures 5, 9 and 13. We compared the performance of each
neural network using small parameters (60 weight parameters and 31 bias parameters)
with the exact solution to the problem. Our results highlight that the addition of the Lie
series in Lie groups of differential equations algorithm remarkably enhances the ability of
the neural network to solve a given equation.

Undoubtedly, the proposed method has several limitations that need to be carefully
considered. Firstly, the method requires the transformation of PDEs into ODEs before
applying the suggested algorithm. Although the results obtained after this transformation
are preliminary, they provide useful insights for researchers. Additionally, an inverse
transformation must be employed to produce the final solution a(t, x), taking into account
the range of values for various variables. The choice of the operator D; may also influence
the outcomes. Secondly, the current study only addresses nonlinear diffusion issues of the
type F(u) = au®uy + iy + pu(1 — u°) (u® — A), and the suitability of the technique was
assessed via the computation of the loss function. Therefore, the applicability of the method
to other types of non-linear PDEs is yet to be investigated, and it might require further
adjustments to accommodate such problems. Despite some inherent challenges, our work
offers a promising strategy for solving complex mathematical models using neural network
algorithms based on Lie series. The computational performance of the proposed algorithm
is noteworthy, achieving high solution accuracy at a relatively low time and parameter cost.
In light of these findings, it is worth considering the prospect of applying this algorithm to
financial modeling, where accurate predictions can have a significant impact.

Moving forward, there is ample scope for extending and improving the proposed
algorithm further. Future research could explore how to optimize the performance of
the algorithm by addressing its limitations and weaknesses for nonlinear PDE problems.
For example, choosing a different neural network framework, CNN or recurrent neural
network, etc., may improve the efficiency and accuracy of the method. Additionally,
expanding the method’s applicability beyond nonlinear diffusion issues may also yield
valuable insights into other areas of mathematical modeling.

In summary, we believe that our work presents an exciting avenue for future research.
By building upon our findings and addressing the limitations of the proposed algorithm,
we can develop more sophisticated techniques for solving complex mathematical models
in finance and other areas. Solving the above problems is the main goal of our next
research work.
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Abstract: This work provides new adequate conditions for difference equations with forcing, positive
and negative terms to have non-oscillatory solutions. A few mathematical inequalities and the
properties of discrete fractional calculus serve as the fundamental foundation to our approach. To
help establish the main results, an analogous representation for the main equation, called a Volterra-
type summation equation, is constructed. Two numerical examples are provided to demonstrate
the validity of the theoretical findings; no earlier publications have been able to comment on their
solutions’ non-oscillatory behavior.
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LetNy = {x,x+1,x+2,...} forany x € R. Research on the oscillation of solu-
tions of nabla fractional difference equations was started by Alzabut et al. [15] with the
following problems:

i M
) ovin g =X XER,

{VZJrzz‘P(@) +81(@, (@) = L(@) + &2(@, 9(@)), @ € Nyyo,

and
Vi 1:9(@) + 510, 9(@)) = (@) + 02(@,9(®@), @ € Noyn, o
V'"(oc+x—1)=xm, xm€R, m=0,12---,x—1,

where 7 > 0 and » € Ny suchthat x —1 < % < 55 81,62 : Nyys,1 xR — Rand
¢: NVJF%*l - R

Then, Abdalla et al. [13,14] continued to study the oscillation of solutions of different
types of mixed nonlinear nabla fractional difference equations:

©)

{VLH@(@) ~b(@)9(@) + L, bj(@)|9(@)[ ' = (@), @€ Noss,
o+x—2 P

) (w)) =X X€ER

O=0+x—

and

i—1
Vit 1.9(@) = b(@)9(@) + Li_; bj(@)|9(@)|" = (@), @ €Npisoa, @

V(o +x—1)=xm, xm€R, m=012--,x—1,
where b, b]- ‘Npysem1 = R, j=1,2,-- -k a1, ap, - - -, and ay are the ratios of odd natural
numbers withay > -+ >a; > 1> a1 > - > .

In this vein, Alzabut et al. [16] derived the conditions for the oscillation of solutions of
a forced and damped nabla fractional difference equation:

(1-p(@))VVip(@) + p(@)Vip(@) + p2(@)i(9p(@)) = p1(@), @ €Ny, 5

v "Me@| =x xeRr

where0 <y < L;¢:R—=R;p,p1: Ny - Rand pp : Ny = RT.

Motivated by the above studies, which concentrated on oscillation discussion, and for
the sake of giving an affirmative response about the behavior of non-oscillatory solutions,
in this work, we consider the higher-order forced nabla fractional difference equation with
positive and negative terms of the following form:

Viz(@) + ¢(@,y(@) = (@) + {(@)yf (@) + @(@,y(@)), @ € Neyy, 6)

where

2(@) = V1 [d(w)(Vy(a)))ﬁ], @eN, neN, @)

where 0 < x < 1, B is the ratio of two odd natural numbers, ¢ € Ny, and V{,z denotes the

xth Caputo nabla fractional difference of z. Throughout this work, we need the following

conditions in the sequel.

(i ¢ d:N.— (0,00),7:N. — Rand ®, ¢ : N. x R — R are real valued continuous
functions;

(i) There exist two continuous functions ®; and @, : N. — (0,0), and positive real
numbers A and 1y, where A > 7 such that

yp(@,y) > 01(@)ly/*™!, 0<yd(@,y) < Ox(@)|y|"

169



Axioms 2023, 12, 325

fory # 0and @ € N,.

Unlike most existing results, which often discuss the oscillation of solutions, the asymp-
totic behavior of the Equation (6)’s non-oscillatory solutions is examined in this study. Our
method is essentially based on some mathematical inequalities and the properties of dis-
crete fractional calculus. A Volterra-type summation equation is built as an analogous
representation for Equation (6) to aid in establishing the key conclusions. In order to
demonstrate the validity of the theoretical findings, we offer numerical examples.

2. Essential Preliminaries

The results in this section are adopted from the two main monographs [12,17].

Definition 1 (See [12]). For @ € R\ {...,—2,—1,0} and 0 € R such that (0 +0) € R\
{...,—2,—1,0}, we define the generalized rising function by

5 TI(o+6)
- I(@)

Furthermore, if ® € {...,~2,—1,0} and 6 € R such that (@ +0) € R\ {..., =2, 1,0}, then

@’ =0.

Definition 2 (See [12]). Let « be a real valued function defined on Ny. The first nabla difference of
K is given by
V(@) = k(@) —x(@—1), @ € Ny,q.

Definition 3 (See [12]). Let x be a real valued function defined on N, 1 and x > 0. The xth nabla
fractional sum of x based at x is given by

[ JE—
Vik(@) === Y (@0—@+1) k(@) @ €N,
T(x) @ =x+1
where, by convention, Vy*x(x) = 0.

Definition 4 (See [3]). Let 0 < x < 1 and « be a real valued function defined on Ny. The xth
Caputo nabla fractional difference of x based at x is given by

Vix(@) =V "IVk(@), @eNg.

Theorem 1. The initial value problem

Viak(@) =w(@), @ €Ny, ®)
K(a) = xo,
has the unique solution
@ JE—
k(@) = Ko + = Y (@-@+1) w(@), @eN, 9)
( )w1:a+1

where0 < x < land w : Ny — R

Lemma 1. The following properties hold well.

1. Ifrs<@ <o, theno;® <@
2. @(@41r)? ="t
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3. If0<r3<land® >1,then

I N
[@*73} < Mw*mﬁl @ > r30.

T r )

Lemma 2. Under the assumption that b, x and p are positive constants with b > 1 and
p(x—1) +1 > 0, we obtain

@
Y (@ — @+ 1)PEDpra < QP! @ € Ny,

@1=1

bP plx—1)+1
QZ(W—l) I'(p(x—1)+1).

where

Lemma 3. If R and S are nonnegative, % + % =1,and vy > 1, then
1 1_,
RS < —P7 4 =8V, (10)
0% v

where equality holds if and only if S = RY~1.

We denote ( : )
|95 (@) o
m(@) = @Y(w)} , (11)
and o
Al@,c)= Y d F@) (12)
@y =c+1

3. Main Results

In this section, we provide sufficient conditions for which any non-oscillatory solution
of (6) satisfies

v@|=0([e "t a@0)) as e

Theorem 2. Under the assumptions that (i)—(ii),0 < x <1, p(x = 1)+ 1> 0for p > 1and

Z gq(wl) [wafl} qA/Sq(wll C) < 09, q= %1! (13)
@1=c+1 p
Jim, {r(l) L @-a 1>“|n<wl>|] <o, (14)

every non-oscillatory solution of (6) satisfies

lim sup ly(@)|

T < co. (16)
D@—00 [@ﬁ] ﬁbéA((D,C)
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Proof. Let i be a non-oscillatory solution of (6), say y(@) > 0 for @ € Ny, for some
@1 € Neyq. Take z(c) = ¢p. Letting F(@) = (@, y(®@)) — ¢p(@,y(@)), it follows from (6)
and (i)-(ii) that, for @ € N,

v (@) (Vy(@))]

~ot g L @ @t i)+ f@nen + o)

< feol + r(l%lwzi“(@ — @+ D F@)] + Wwéﬂ(w — @+ 1) (@)
N % . é @-art 1@ @)y (@) - 8 (@1)y* (@1)] (17)
b wlwz;l(w @1+ 1) (@) |yP(@)|
L LY @—e )T @)y (@),

r(x) @1=w+1
Applying Lemma 3 to [@(@)y" (@) — O1(@)y* (@)] with

:162((’0) _ A
20 (@) TT A=y

(5:%>1, X =y" (@),

we obtain

<2010 Pw] as)

Substituting (18) into (17) and applying Lemma 1, for @ € N, we obtain

vt d(@) (Vy(@))f]

Y (@-a +1)" (@)l

@1=c+1

1 & Y—1
<leol+ == Y (@ —@ +1)" F(@r)| +

1
h r(x) @1=c+1 r(x)

-y [ﬂ} () Y (@ @+ 1) Tm(ay) 19)
@1 =@1+1

to L (@@ )T @) |yP(@)]

@;=c+1

b L @t g @)y@).
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In view of (14) and (15), we see from (19) that, for @ € N,

v d(@)(Vy(@)f] < Crr + o Y (@@ 4 )T @) @), (@0)
l"(x) @1=w1+1
where C,_; > 0is defined by
1 @1 — 1 @ —
Cu1 = |co| + mwlgﬂ(@l — @1+ 1) 1|F(@)] + O] w1§+1(w — @1+ 1) (@)
(%) @ -
trmt 5] L @@ e
fr X (@ + 1) @) en]

@1=c+1

By the integer order variation of constants formula, it follows from (20) that
d(@)(Vy(@))’
k
< k B (@—@+1)
Z(V { )(Vy(@)) ])w:a)l—l T'(k+1)

@ _ n—2 r _
vy oo {cm trg L (e 1>“@<w1>yﬁ<w1>]
r=@, @1=@1+
n—2 k
B ((,’D — @1 + 1)
= kg%) <Vk [d( )(Vy(@)) ])@:wl—l I(k+1)
& (@—r+1)"2
+Cn71 r;,gl F(Vl*].)
@ ( —r+ 1)” n=2 1 r 1
+r:§+1 I(n—1) L"(x) 01:%“(7’7@1 = 1€(wl)yﬂ(wl)} ey
n—2 k
B [ (0 —w@+1)
(o)), ., [ Crmn
+ Cn—li(w = (1?1(;; Dl
& & (@—r+1)" 2 (r—@ +1)* 1
+w §1+1 |:r‘01 l"(n—l) r](x) }C(‘Dl)yﬁ(wl)

n—1 k @
(@—@+1)
ZC" Tk+1) 1%:

@1=w1+1

(@ — @ +1)¥+2

F(x+n ) g(‘ﬂl)yﬁ(‘ol)

Cr = ‘(vk {d(w)(w(w))ﬁ])w:wlil >0, k=012 ,n—2.

Note that (21) holds for n = 1. Hence, (21) holds for all n € N; and for all @ € Np,. Next,
we proceed to estimate (21) as
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d(@)(Vy(@))F < 2 Ckl"(k ot %H (@ wl)rff)n_—% oy (@)
< @1 L: % + m w:%ﬂ(w @ +1)" g(wl)yﬁ(a)l)}
implying that
d(@)(Vy(@))? <" 1|0+ 6, éﬂ(wwm)’”awnyﬂ(wn} (22)
where e 1
®1=k:OH>O, ®2=m>0.

Applying Lemmas 1 and 2, and Holder’s inequality to the sum on the far right in (22),
we have

Y (@-a +1)" (@)yP(@)
@1=wp+1

= Y [@-@+1) ] @)y (@)

@1=wp+1

@ - 1/p ® 1/q
<< )y [(w—@1+1)X1]pb”w‘> ( D bq‘”@(wl)yﬁq(wl)>

@=m1+1 @1=m1+1

o 1/p © 1/q
<(A Y (@-@ 1) “b"‘”l) ( D H@cq(col)yﬁq(wl)) @)

1=@1+1 1=@1+1

@ 1/q
<(AQb’”w)1/p< Y bqwl@(@)ﬁ%@))

1=w1+1

@ 1/q
=(AQ)]/pbw< ) bqwléq((ﬂl)yﬂq(wl)) /

1=w1+1

where

1+ 1 —-x)p)
r2-x)”

Using (23) in (22), we obtain from (22) that

A=

d(@)(Vy(@))f < " h9w(@), (4)
where
® 1/q
w(@) =0 +M3< Y b_qwléq(wl)yﬁq(@1)> ,
@1 =wp+1
with

Ms = 0,(AQ)Y? > 0.
We rewrite (24) as

=

Vy(@) < <W> , @ € Neg,. (25)
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Noting that @1, b?, and w(@) are all increasing, summing (25) from @; + 1 to @

yields that
@ 11,9 1 —1
y(@) <yl@)+ Y [w?*l]“wwﬁ(wl)d 5 (@)
1 =m;+1

1

<y@)+ [ ot@ Y d @)

@1=@1+1

=y(@)+ [@"] Pb% wh (@) A(0, 1)

- 2(01) +wh (@) [cﬂﬁ]%b%fl(@/@l)
[wﬁ}ﬁbﬁA(w,wl)
_ y(@) rab@ | [o" ] oF A, @),

1 4
[wgfl} P A, @)
holds for @ € Ny, with @, > @;. Thus,

y(@)

1
— <My +wh (@), @ € Na,
[(Dn—l} ﬁbFA(w,wl)

where
M, y(@1)

) [‘UF] %b%A((Derl).

Applying one of the elementary inequalities

(y+2)7 < 27Ny 21, =1,
YT+, 0<g<1,
with y, z > 0, to (26) gives
B
y(@)

[wﬁ} %b%A(w,wl)

< Ms + Mew(@), @ € Np,,

where M5 and Mg > 0 are defined by

2-IME, g>1,
Ms=3"4
My, 0<g<1,

and

2p-1 >
M, — , 921,
1, 0<g<l.
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Recalling the definition of w(@), from (28), we have that

B
@ 1/q
(@) §M7+M8< y bq@gq(wl)yﬁq(wl)) )
[@ﬁ} ﬁb%A(w, @1) @1=@1+1

holds for @ € Ng,, where
My = Ms +©O;Mg >0, Mg = M;Ms > 0.
Applying the inequality (27) to (31) gives that
Pa

y(@) "
- <Mo+Myy Y b Z(r)yPi(r), (32)
{c@ﬁ]ﬂbFA((D,(Dl) r=@1+1

holds for @ € Ny,, where
Mo =2F"1M] >0, My =2"M{ > 0.

Denoting the left-hand side of (32) by w(w), (32) yields that

w(@) <Mg+Myy Y [(DF]qAﬁq((Dler@q(@l)w(@l)r (33)
@1=;+1

holds for @ € Np,, and this can be rewritten as

w(@) <Mp+My Y, {‘DF]qAﬁq(@L@l)Cq(@l)w(@l)/ (34)

@1=wy+1
which holds for @ € N,, where

() —q
My =Moo+ My Y, [‘9?1} AP (@1, @1)77(@1)w(@7) > 0.

@1=m+1

Using (13) and Gronwall’s inequality, we have the conclusion to the theorem. The proof
for an eventually negative solution is similar. So, we omit it here. Thus, the theorem
is proved. O

Next, we consider § = 1 and we provide sufficient conditions for which any non-

oscillatory solution of (6) is bounded.

Theorem 3. Assume that (i) — (ii), 0 < x < 1, p(x —=1) +1 > 0 for p > 1 and that (14)
and (15) hold. Furthermore, assume that there exist real numbers S > 0 and T > 1 such that

@1 —-T@

and .
Y, b (@) <o, g=

@1=c+1

P
T (36)

hold; then, all non-oscillatory solutions of (6) are bounded.
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Proof. Let i be a non-oscillatory solution of (6), say y(@) > 0 for @ € Ny, for some
@1 € Ngyq. Proceeding as in the proof of Theorem 2, we obtain (25) when 8 = 1. Since w is
increasing, summing (25) from @; + 1 to @ yields

1=@+1 d(@1)

@
<y(@) + Z Sb(lq)wlw(@l)
1=@1+1

@
<y(@)+Sw(t) Yy, b0
1= +1

< y(@1) + Sw(t) wﬁ4<bh 1)
e o )
—ﬂwn+5wm< ){( 1\

< y(@1)+ Sw(t) <b<"*11) _ 1) (b(T*”) .

Using the definition of w, we obtain

[

1/q
y(@) < Myp + M13< Y bqwlgq(wl)yq(@1)> , (37)
1=@1+1

for @ € Np,, where

1 1 \“
Miz = y(@1) + ®1S(b(‘r—1) - 1) <b<f—1)> >0,

1 1 \9
Mz = M3S<b(_r_1> — 1) <b(T_1)> > 0.

Using the inequality (27) to (37), we have

and

@
yq((i)) < Myy + M5 Z b’qwlgq(wl)yq(col), (38)
@ =w1+1
for @ € Ne,, where
My, =21"'M1, >0, Mys=27""M]; > 0.

Now, using (36) and Gronwall’s inequality, we have the conclusion to the theorem. The proof
for an eventually negative solution is similar. So, we omit it here. The theorem is proved. [
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4. Examples
We conclude this paper with the following examples to illustrate our main results.

Example 1. Consider the equation

VI (V2 (@9(Vy(@))’) ) + (@, y(@)

—(@-1)9 ¢ exe SEZ)JF Do+ P@ (@), @ N (9

Here, we have z(@) = V3 (63‘O(Vy(ci)))3), n=4,x=075,c=18=3dw)=e*,
(@) = (@ =1)"", {(®) = S0 and

) @1
e o I O M e

Clearly, condition (i) holds. Let b = e and p = 2. Clearly, p(x — 1) + 1 > 0. Additionally,
we have g =2, and

[}

L ¢@]el ] 4P @0 < 2(e—1)2 Z ¢ <o,

@1=c+1

implying that (13) holds. Considering ¢(®, y(®@)) = O1(w@) \y(ci))| (@) and ®(w,y(@))
= @,(@)|y(@)|" 'y(@) with A > 7, 01 (@) = @2(@) = (@ — 1) %9, we see that (i) holds.
To check (14), we assume

1 @ @ -
. @—@, + 1) (o) = (@ — @1+ 1) 1) (@; —1)709
r(0.75) w;:“( 1+1) (@) = r(o 75) Z:; 1 ‘( 1—-1) ‘

[ -
— Y e-@+ 1) Yy 1) O
r(0.75) =,
_ v1—0.75((D _ 1)@
I'(1—-09 097075
T ! 09+ 0).75) (@—1)75®
_ T(o1) 015
N F(0.85)( 1
r(.1) 1015
= T(0.85)
=T(0.1),
that is,
1 <z 0751
u’}lﬂoo|: (O 75) ;+](w — @1+ 1) |€((D])‘ < 0.

Similarly, it is easy to verify that (15) holds. Therefore, all conditions of Theorem 2 are
satisfied. Thus, every non-oscillatory solution of (6) satisfies

ly(@)]

lim sup — ) <o (40)
ome [(03] “e? A(@,1)
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Example 2. Consider the equation
Vi3 (V2 (@(@ + 1)e* (Vo(@)) ) ) + (@, (@)
= (@ — 1) + 2%y (0) + ®(@,y(@)), @ €N, (41)

Here, we have z(@) = V2(@(@ +1)e’® (Vo(@))), c =1, x = 0.5, 1n = 3, d(@) =
@(@+1)e>?, e(@) = (0 —1)7%7°, and {(@) = ¢>?/3. Hence, condition (i) holds. Assum-
ingb=e, @ =1,and T = 5, we find

(Di _ 5w
@) =

Therefore, (35) holds. Now, if we take p = 3/2, then we have g = 3, and

o0 _ o0 -~ _ 1
Z b=1917(1) = Z e 320 — E e = e(e—l)

@1=c+1 @1=2

that is, (36) holds. Again, if

9(@,y(@)) = O1(@)y(@)" (@) and (@, y(@)) = O (@)|y(@)|" 'y(w@)

with A > 7, @1(@) = @,(@) = (@ —1)7%75, then it is easy to verify that condition (/i)
holds. To check that (14) holds, we assume

r(é ) i: 1((0 — @1 +1)" ()| = ﬁ i (@ — @1 + 1)0?1‘(@ - 1)%‘
5) o5 .
ﬁ i (@ — @) +1)75 (@ —1)707
V S(@ 1)—0.75
- %(w _1)075%05
I(0.25) -
r(0.75) (@—1)79%
r(0:25) ~o
~ T(0.75)
=1(0.25),
that is,
#2103 wlgﬂ(‘o — @1 +1)" e(@)]| < eo.

Similarly, it is easy to verify that (15) holds. Therefore, all conditions of Theorem 3 are
satisfied. Thus, every non-oscillatory solution of (41) is bounded.

5. Concluding Remarks

Unlike most existing results in the literature that have been dedicated to oscillation
criteria, we introduced a number of additional necessary conditions for non-oscillatory
solutions to forced nabla difference equations with positive and negative terms. The main
equation is of a general nature, and it covers many particular cases. By creating an equiva-
lent representation of the primary equation in the form of a summation equation similar to
Volterra and using some mathematical inequalities, the results are stated and proved. Some
earlier findings in the literature were enhanced by the results. In fact, we give two brand-
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new cases, the non-oscillatory behavior of whose solutions has never been discussed in
earlier studies. The existing methodology can be used in the future to produce comparable
outcomes for higher order dynamic equations with forcing, positive and negative terms.
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