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Preface

The theory of dynamical systems has evolved from linear to nonlinear and then to complex
systems. New modeling and control techniques have been developed and applied in various fields,
such as physics, mechanics, electronics, economy, finance, geophysics, and biology, to mention
a few. Nonlinear and complex dynamical systems, as well as their related concepts of chaos,
bifurcations, criticality, symmetry, memory, scale invariance, fractality, fractionality, and other rich
features, have attracted researchers from many areas of science and technology that are involved in
system modeling and control, with applications in real-world problems. However, at present, there
are still many unsolved problems, and new theoretical developments and applications are needed in
order to describe and control more accurately dynamical systems with linear, nonlinear, and complex
behavior.

This volume focuses on the modeling and control of dynamic systems. It gathers linear
and nonlinear dynamics, systems modeling, advanced control theory, complex systems, fractional
calculus, fractals, entropy, information theory, chaos, self-organization, and criticality contributions.
This volume presents the manuscripts of the Special Issue by Mathematics as a tribute to Professor
J. A. Tenreiro Machado, who unexpectedly passed away on October 6, 2021. Studies regarding
fractional calculus represent a significant part of this volume, with the modeling and control of
dynamic systems being the most represented. Moreover, there is one article that studies the dynamics
of a fractional-order discrete-time susceptible-infected-recovered epidemic model and another one
that presents an analysis of one of Professor J. A. Tenreiro Machado’s works serving as a basis for a

deeper reflection on the origins of fractional behaviors and their modeling.

Alexandra M.S.F. Galhano, Anténio Lopes, and Carlo Cattani
Editors
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Abstract: In this paper, we introduce a unified fractional derivative, defined by two parameters (order
and asymmetry). From this, all the interesting derivatives can be obtained. We study the one-sided
derivatives and show that most known derivatives are particular cases. We consider also some myths
of Fractional Calculus and false fractional derivatives. The results are expected to contribute to limit
the appearance of derivatives that differ from existing ones just because they are defined on distinct
domains, and to prevent the ambiguous use of the concept of fractional derivative.

Keywords: fractional calculus; fractional derivative; signals and systems
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1. Introduction

Four centuries after the first reference to the possibility of non integer order derivatives,
the presently termed Fractional Calculus (FC) has reached a crossroads where multiple
definitions are mixed, causing a huge confusion that makes life very difficult for those who
only intend to make applications in Science and Engineering. In fact, the first reference
was found in a letter from Leibniz to J. Bernoulli [1]. Although Euler (1730), Fourier (1822),
and Abel (1823) touched on the problem, the true father of FC was Liouville (1832) [2,3],
in spite of their many difficulties to impose their vision, due to a main obstacle: At that
time, the inverse Laplace integral was unknown. Therefore, Liouville could not find
a simple way of expressing a function in terms of exponentials that were the basis for
his findings. Anyway, the main definitions we find today are based on the formulee
presented by Liouville, mainly the Riemann-Liouville [4], (Dzherbashian)-Caputo [5,6],
and Griinwald-Letnikov [4] definitions. However, and based on these derivatives, new
ones have been proposed alongside these, such as Hadamard’s [6] or Marchaud’s [4].
Consequently, the number of currently existing fractional derivatives (FDs) is so high,
which became the biggest obstacle to the diffusion of FC in Science and Engineering.

If we also consider the pseudo-derivatives and the disguised integer order derivatives,
we conclude that the situation is really confused and confusing. Trying to introduce some
order in the field, Oliveira and Machado, first, and Teodoro et al., more recently [7,8],
listed such derivatives and introduced a classification according to some specified criteria.
However, these papers included some operators that can hardly be classified as FDs. On the
other hand, in recent years a great discussion took place in forums, conferences and articles,
where there is a great confusion between the concepts of system and derivative. In a
sequence of papers, Ortigueira and Machado tried to clarify the situation by proposing a
coherent definition of FD [9], a description of FD suitable for applications in Science and
Engineering [10], and introducing the FD in the context of fractional linear systems [11].

Mathematics 2022, 10, 737. https:/ /doi.org/10.3390/math10050737 1 https://www.mdpi.com/journal /mathematics
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In this text, we make another step to clarify the situation, by introducing a step-down
procedure. We recover the unified fractional derivative (UFD) obtained in [11] after a four step
unification, and proceed as if this UFD were a mother derivative, defined by two parameters
(order and dissymmetry), from which all the derivatives listed in [7,8] emerge as particular
cases [12]. We will work in the context of Laplace and Fourier transforms. This includes
most of the interesting functions and distributions used in practical applications.

We could go further by considering the tempered FDs [13,14], but we will not do so, in or-
der to keep ourselves in the context of the derivatives introduced in [7,8]. On the other hand,
we directed our attention to what we can call shift invariant derivatives, without considering the
scale invariant ones such as the Hadamard [6] and the quantum [15] derivatives, as well as
the discrete-time derivatives [16-18]. We will also not consider variable order derivatives [17].
Some operators, sometimes called FDs, are analyzed and put in the correct framework.

The paper is outlined as follows. In Section 2, we define fractional derivative. The UFD
and its main properties is introduced in Section 3. The derivatives to referred in [7,8] are
then obtained sequentially as particular cases through suitable choice of the parameters
and working domain (Section 4). The other operators that, according to our framework,
cannot be considered as FD will be treated in Section 5. Section 6 concludes the paper with
a reflection on which definitions ought to be chosen.

Remark 1. We adopt here the following assumptions:

s WeworkonR.
o We use the two-sided Laplace transform (LT):

F(s) = LIFB) = [ F(teat, M

R

where f(t) is any function defined on R and F(s) is its transform, provided that it has a non
empty region of convergence (ROC).

*  The Fourier transform (FT), F[f(t)], is obtained from the LT through the substitution s = ix,
with x € R.

2. What Is a Fractional Derivative?

In Signal Processing, independently of the applications to Electrical, Mechanical,
Biomedical or any other Engineering field, there is a very simple way of defining a FD: a
FD is a linear operator described by Bode diagrams that are straight lines [11]. In terms of the FT
we can write

FIDJf(H)] = |w|"e® 28O F[f(1)]  tweR, )

where 4,0 € R, and Dg represents the derivative. The operator
Y] (w) = |w|Te?2en@)  weR 3)

is the frequency response of the derivative. Functions A(w) (amplitude) and ¢(w) (phase),
when represented in a logscale for w > 0, are expressed by straight lines. These can be
used to define a FD.

However, we need a criterion independent of any transform. As in [9], we define as
FD an operator that verifies the following (wide sense) criterion.

Definition 1. An operator is considered a FD in wide sense if it enjoys properties P defined as:
P1 Linearity
The operator is linear.

P2 Identity
The zero order derivative of a function returns the function itself.
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P3  Backward compatibility
When the order is integer, FD gives the same result as the ordinary derivative.

P4  The index law

D*DFf(t) = D**Pf(t) )
holds for &« < 0 and B < 0.
P5  The generalized Leibniz rule
D] = X (§) DD ig(r) ®
i=0

holds. As is clear, when &« = N € Z™T, we obtain the classical Leibniz rule.

The index law property can be modified to include positive orders. This leads to the
strict sense criterion. This criterion has the same five conditions, but P4 is modified to:

P’4 The generalized index law
D*DFf(t) = D*Pf(t) (6)
holds for any « and S.

This is very important because it allows the existence of the inverse derivative: the anti-
derivative. It is convenient to state the differences between anti-derivative and “primitive”:

*  The anti-derivative is unique.
*  The anti-derivative is a left and right inverse, while any primitive is only right inverse.

These criteria allow us to clarify the situation of some “disguised” order one deriva-
tives and put out some frauds.

3. Unified Fractional Derivative

In [11], a UFD incorporating most of the useful derivatives was presented and its
properties studied. It is described as follows.

Definition 2. Let f(t) be a function defined on R (C), and let « > —1if 6 # +a, ora € Rif
6 = +a. We define a UFD of GL type by

—+00
DEf(E) := lim B Y (—1)" r("‘“)_
h—0* n=—co F(“JFG n—i—l)l"(%—l—n—i—l

)f(t nh)/ (7)

where « is the derivative order and 0 the asymmetry parameter. We define also a general integral
formulation for the unified anti-derivative through

Dy f(t) = /f sm vc+6 sgn(t ))§}|T|"‘*1dr, 8)

Sll’l IXTC

where sgn(.) denotes the signum function.
The integral in (8) can be regularized in order to become valid for positive orders [12]. This is
done with the substitution

flt—1) — ft—1) ilwr , )

0

with N = [v] +1.

Some known properties of this derivative can be drawn [12,15]. The main ones are:
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Fourier transformation
It was introduced above in (2). It permits obtaining (8) from (7), using the convolution
theorem. It has another consequence:

DEf(t) = cos(eg)pg f(H) + sin(Q%)Di‘ £(b). (10)

Eigenfunctions
Let f(x) = e, x,x € R. Then,

Dgeizcx _ |K‘ﬁei§9‘sgn(x)eixx, (11)
meaning that the sisoids are the eigenfunctions of the UFD with eigenvalue ‘I’g (k) =
|K|ﬁei%9-sgn(1c) ]

Periodicity in 6
The UFD is periodic in 6 with period 4

Dhf(x) = (-1)"D} ,,f(x), neZ, (12)

as we observe from (2).
Additivity and commutativity of the orders

D} DR f(x) = D2 £(). (13)
In particular, conjugating (13) with (12),
Dy’ Dy’ f(x) = Dy P f(x), (14)
D' D f(x) = —Dp* £ (x), (15)
Df' D f(x) = DY P2 £ (x), (16)
DD f(x) = DRITR (), (17)
D} D f(x) = Dhf(x) a8)
D§Df of(x) = DEF(x) 1)
Existence of inverse derivative
From (13), the anti-derivative exists when f, = —p1 and 6; = —6,. Therefore,
DiDZLf(x) = DD} f(x) = f(x). (20)
Identity operator
According to (13) and (20), the identity operator is defined by
Dpf (x) = f(x). (21)

Suitable choices of these parameters allow us to recover the causal, anti-causal, and

bilateral (acausal) derivatives. The particular, most interesting, cases are obtained from (7)
and (8). In terms of the frequency response, we have

forward derivative, 6 = «

¥ (w) = [w|*e® 78 = (i) (22)
backward derivative, 6 = —«
¥ (@) = w|%e 28 = (—iw)® (23)
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. Riesz derivative and potential, 6§ = 0
¥o(w) = |w|* (24)
e  Feller derivative and potential, § = 1
¥1(w) = ilw|*sgn(w) (25)
e  Hilbert transform, &« = 0,60 =1
Y(w) = e/ 2%8M@) — json(w). (26)

From these expressions and using (7) it is possible to devise numerous derivatives by:

1. choosing particular values of the parameters x and 6,
2. restricting the domain of the function at hand.

4. One-Sided Derivatives
4.1. The GL Derivatives
The great importance of one-sided derivatives in applications leads us to study them

in detail. Taking (7) with v = « and 6 = £« we obtain the forward (left) and backward
(right) GL derivatives that with some manipulation can be written as

113 : 7“4+m Cfa)n
Lf() = lim h ;)Tf(t F nh). (27)

As it is easy to verify, the forward derivative + is causal, while the backward — is
anti-causal. This kind of derivatives was proposed first by Liouville [2].
For functions with LT (or FT), we can write

LIDgf(H)] = (£5)*F(s),  £R(s) 20, (28)

where F(s) = L[f(t)]. Asis known from the study of the LT, the LT of a right (left) function,
f(t) =0, t < a(t > a), a € R has a ROC defined by R(s) > 0 (R(s) < 0). If f(¢) is
absolutely of square integrable, then it has FT and we can write

Y (s) = (£5)%,  £R(s) > 0. (29)

Function ¥4 (s) = (&s)* with suitable ROC is the transfer function (TF) of the deriva-
tive (also called differintegrator).

4.2. The Impulse Response

The relations (28) and (29) suggest the existence of two operators that, convolved with
suitable functions, give their FDs. For « > 0 the LT inverse of s* does not exist as regular
function. However, it has a generalized inverse represented by the pseudo-function

—a—1

Pi(t) = iT

-y u(=£t), (30)

where + (—) corresponds to the causal (anti-causal) case. The pseudo-function (30) is called
impulse response (IR) of the differintegrator. The use of the convolution resulting from (28)
would allow us to obtain the derivative D% f(t). For a < 0, there is no particular difficulty
and we obtain from (8)

DL () = gy [} SeF D de (1)
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The expression corresponding to the anti-causal case was proposed almost with
the above form by Liouville [3]. The causal case was deduced from the anti-causal by
Serret [1,19]. Liouville’s formula included a factor (+1) ~* to ensure that

LDZF(t) = s™F(s) 32

for both expressions, although the ROC will be defined by +R,(s) > 0. In most texts, such
factor is removed. In time problems it must be kept, but, in space applications, it plays no
relevant role. Therefore, we will omit it in the following. The finite domain versions of (31)
are called RL integrals:

Dy f(f) = r(loo / 1 Flt— 1)t ldr (33)
and B ) - .
D, “f(t) = W J; f(t—7)t* " dr. (34)

We will assume these forms in the following.

4.3. Liouville’s Derivatives

Liouville [2] noted that (31) becomes singular when the order is positive (i.e., when it
corresponds to a derivative). This problem can be solved with the regularization [15,17]

/ - [ i )"f (.m)() dr, (35)
0

fo
0

that we will call regularized Liouville (L) derivative. The first regularization of the Liouville
integral (31) was done by Marchaud [4]. However, their regularization only verifies the
derivative property of the LT if the order is less than 1.
Instead of a regularization, Liouville devised a trick for solving the singularity problem
that we can describe as
gt — SNSzfo _ SlX*NsN, (36)

where N > 0 verifies N > a. The most usual choice is N = [a]. Basically, it consists of
transferring the singular behavior to an integer order derivative. The first approach leads
to the so-called Liouville derivatives [4],

1
Dﬁf(t):mdm/ F(t—)TN " ldr (37)
and
o ( 1 N dN N—a—1
D £(1) :I*(idtN/ Ft+ )TN 1dr, (38)
that can be rewritten as
1
DY £(t) = dW/ f@)(E - N dr (39)
and 1 N gN
D" f(t) = dtN/ F(o)(t—t)N-2"14r. (40)

This one is sometimes called ”Weyl derivative” [8].
Liouville’s second procedure leads to what can be called Liouville-Caputo (LC) deriva-
tives [20]:

D% (1) / FN ()t - TN dr (41)
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and

D* f(t) = F&lf;) /too FN () (¢ — )Nl 4, @)

Remark 2. We must remark that:

1. These derivative definitions are equivalent for functions with LT or FT.
2. For some particular classes of functions this may not be correct, e.g., the L derivatives are
better than the LC. Possible causes for this are:

. The convolution makes the functions smoother;
*  The derivative may introduce roughness or spikes.

3. These 2 + 2 formulations lead to most derivatives described in [7,8]. We must reinforce
something very important: all the above defined derivatives are valid for functions defined in
any interval of R. This means that we do not need to change the definitions to accommodate
them to the domain of the function at hand. One thing is the definition, another one is the
computation of the derivative. It is a situation similar to the one we find in the LT or FT. We
do not need to change the definitions to agree with the domain of the function. Therefore, most
derivative definitions in [7,8] have no reason to be considered as autonomous derivatives.

4. These derivatives do not introduce any initial conditions.

5. For a given derivative, there is always an anti-derivative.

These derivative formulations using (28) and the convolution are related as Figure 1
illustrates, and collected in Table 1, where

F'(a+1)

ro+ Dby 1)y faba-bel:

= (-Dr(b-a) . _
)= I o ea-nbey @)

0,if[(beZ Vb—aeN)ANa¢Z |V (a,beZ Ala|l > |b])

Causal GL derivative

| o
Derivative property of
LT and FT

convolution

Liouville derivatives

(fw)" (iw)* ™Y ()N ()"

L derivative LC derivative
<« [ah] ——————————

RL derivative C derivative
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Figure 1. Hierarchical relation of FDs.
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Table 1. Derivatives defined on R.

Name Definition Parameters Domain
N  x
Dfof(x) = ﬁi{w/_m(x—g)*“mflf(g)dg T=u 6=u xeR
L
114 (_1)N dN oo —a+N-1 = 0= —un xeR
Doof(x):r(Ni_a)dTN/x (¢ —x) f(@)dg l
x N
Dt wf(5) = o=y [ - S e 7=u o=u ‘R
LC
_1\N ) N
fo_oof(x) = rENilzDC) /x (xig)flierlddg;gg) dg Y=« 0= —un reR
DYeof(x) = lim h~ “i(—l)k<z)f(x—kh) v =w 0 =u xeR
GL k=0
DRf(x) = fim 1 (15§ ) ek 7=a - rcR
0

4.4. RL and C Derivatives

Despite the high degree of generality exhibited by the above derivatives, they are not
used in most papers. In fact, such papers use derivatives specialized for functions that are
defined on intervals [4,b], —o0 < a < b < o0 [4,6]. Usually a > 0 so that right functions
are assumed. When a = 0 we use frequently the designation “causal function”. The GL
derivatives assume the form

1 T+ 1) f(x — kh)

LDy [f(%)] :}llig(l)ﬁlg(*l) Tkt a—k+1)’ nh=x—a (44)
and
S8 [f(x)] — lim L 3 (c SEEDAGER)
b 0 ht = T(k+ T (e —k+1) - ‘

This was the procedure of Griinwald [21] and Letnikov [22]. Therefore, they are
nothing else than the application of (27) to bounded support functions and so they are not new
derivatives. For the integral formulations, the contributions of Liouville and Riemann [23]
were joined to obtain the Riemann-Liouville (RL) derivative [4,6]; likewise, from the
Liouville-Caputo derivative, the (Dzherbashian-)Caputo (C) derivative [5,6] is obtained.
We have:

¢ Riemann-Liouville (RL) derivatives

1
RL T)N-a-1
Dy, f(t) = dtN/f *~dt, t>a (46)
and
RL & 1 NoaN )N-a-1
Dy_f(t) = dtN/ f(t dr, t>a. (47)

¢  (Dzherbashian-)Caputo (C) derivatives

DY, £(t) = / FN ()t —T)N-2"1dr, t>a 48)

and

Dy_f(t) /f(N —T)N=2-14r, t<b. (49)
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These formulations, collected in Table 2, are the ones most used, although they have
several inconveniences, mainly the initial conditions problem they introduce [17]. However,
they form the basis for many applications.

Table 2. Classical derivatives.

Name Definition Parameters Domain
N x
R e ACE T B OL: 7=un 0=a x € [o,b]
RL
_1\N N b
D&fw%:ﬁﬁgzﬁ%ﬁé(é—m—”N4f@yg T=ua 0=—u x € [a,b]
Dg f(x)—#/x(x—éj)’”hfﬂwdg v =a 0=u x € [a,b]
@S T T(N = a) Ja deN
C
« _ (=Nt —arn—14Vf(E) = 6=— ,b
Db*f(x)—m/x(x—é) N 1Wd§ rT=a 1% X € [a,b]
L]
Y (_1)k(i)f(X—kh) Y=ua 0=un X € [a,b]
D1.f10) = i, =
GL
)
INCI G TERa — o= —a xe
Rl

4.5. Multistep Derivatives

The procedure introduced in (36) can be generalized. For example,
g = gN—kga—Ngk xR, NeZ7, (50)
with k < N and N > a. Then,

1

D*f(t) = DM F s

t
/ FO () (t — T)N-2-Tqr. (51)
a
This procedure was proposed by Davidson and Essex [8]. However, the derivative
they proposed is valid only for functions which are null for ¢ < 0. Cavanati [8] introduced
an algorithm that is a particular case obtained with k = N — 1.
Another similar algorithm was presented by Hilfer [24], also for causal functions. It

can be stated as
sD( = Sﬂ(lfﬂ‘)ss(lil’l)(lfl")’ (52)

where 0 < a, u < 1. It reads

]
F((Q—p)(1—a))dx

This approach can be generalized. For example, if 1 < & < 2, then we can set

D*f(t) = DHI-

/ ")t — 1) 1m0-0) g, (53)

g% — gh(2—a)g2,(1—p)(2—a) (54)

or
s = g5t (2~ g5(1-p)(2—a) (55)
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This kind of reasoning shows that, following this method, we can invent billions
of “derivatives”. However, it is not clear how this is interesting in real life applications.
Indeed, we are not introducing a new derivative, but using repeatedly one basic derivative.
Some of the such derivatives were proposed because they introduced more favorable initial
conditions. However, this is in general incorrect, since the initial conditions do not depend
on the derivatives, but on the physical structure of the system at hand [17,25].

4.6. Second Generation Operators

The derivatives we introduced above are “shift invariant”. However, there are other
derivatives that do not enjoy such properties, and therefore cannot be obtained from the
UFD introduced above. It is the case of the Hadamard derivatives [6] that are “scale
invariant”. Other examples are the “quantum derivatives” [15]. It is important to refer
also the Marchaud derivatives [4] that exhibit a kind of regularization. On the other hand,
some modifications and variable changes can be made in the above derivatives, leading to
interesting operators that may not necessarily be considered to be derivatives when seen in
the light of the above criterion [7,8]. They are introduced in Table 3.

Table 3. Operators (not necessarily derivatives) obtained from modified derivatives.

Name Definition Domain
O 5)“ €<0,x>0
D + - 1 - d ’ -
Hadamard RAS r(_l"‘)/O i( 8% ﬂxi((:) ¢
Db f() = gy o €083 ) (0~ s €>0,x20
+00 it
T 5] (e
A N O
Quantum = |:3C:|q(—1>jq/(12 q ]Déf(q Jx>
0671 — 7“1 - -
e
j-1 Ny
1 — g¥ti
-2
j q B 1-— qf
1—¢
+oo
Dy () = gy fy &)~ flx ) g #>0
Marchaud N 0
Dy f() = gy &) St x<0
i o 1 dN * —a+N-1 0 >0
Jumarie Dy () = =y ey (9N HAE) — £(0) dg x>0, x>
o 9= Ty [ e e b<0xz
DZQ - f(x) — ﬂ a(Ca . xa)fucflgrf(lﬁxfr])flf(g) dij a<0 x<a
Erdélyi-Kober o (=) /X L 4N
DZ‘*,(T,ﬂf(x) _ x—a('7+oc) <0-xc71 dx) XU(“+N+W)D;+I?]V_,U“]((X) a>0,x>a
d\N
Dg,lmf(x) = x ((Tx}'l dx> xU(N—W)D;jtZ]Dc (x) a>0 x<a

10
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Table 3. Cont.

Name Definition Domain
1 x «
D}, f(x) = s / (x— ) 1F(E) dg <0, x>0
k-Hilfer
Wy 0<u<i1,0 1,
DY, f(x) = D LY ) SR
1+a x
Dy o+ f(x) = I’FE Dc)/( — &) lf(E) dE p>0,a<0 x>a
1+«
Hilfer-Katugampola D"‘ _f(x) = Fz / (xf — gP) f(g) de 0>0,a<0,x<a
ocﬁ /5 1;3(,x 1) p>0,1>a>0,
DigLS) = £0flt ( ) 05550
y-Hilfer, with D:il’(x) —p(E) (@) dE a<0,I=]ax]
¥(x) € CN(I,R) Dg'fp( ) —p(x)) "¢ f(E) dE a<0,I=]x,a]
/ a, a— x d\" a— 0,0<B<1,
P(x) #0,Vx el ﬁﬁlp()f() D/s th( ( ) Dlﬁ N £ a>I:[a,f}
Xy > X1 = ,8,p(x) (a—N), d N( (x—N),p(x) xa>0,0<8<1,
T R e R f) I [z

5. Pseudo-Fractional-Derivatives
5.1. Some Comments

In many quarters, the treatment of FDs and systems was taken to be a quite difficult
task. Therefore, simplified versions thereof were welcomed, even if some important features
that characterize most systems were lost in the process — for example, in modeling natural
or human-made systems that are essentially low-pass or bandpass systems. However, some
proposed systems are high-pass, and then have limited usefulness; in the following, we
describe some of them. We must remark that sometimes the word “fractional” is used as
a “trade mark” that helps to “sell a product”. It is the case of the “Memory-dependent
derivative” [26], that is nothing else than a running average.

5.2. "Derivatives” That Are High-Pass Filters

Consider a simple differential equation:

a1y’ (t) + aoy(t) = bix'(¢). (56)

This equation is recognized easily as the model of the classic high-pass filter [27]. Its
transfer function is

_ bis by s _
H(S)_ﬂ15+a0 = st R(s) > —0 = —ag/a;. (57)
One way of relating the input and output is:
by ! —o(t—T) ,/
y(t) = —/ e x'(7)dr. (58)
ay Jo

This expression was chosen with this form to remember the Caputo derivative (41).
Now set:

ag=wa, aq=1—a, by = (59)

11
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to obtain t
y(t) = ]1\4_(02/0 e_ﬁ(t_f)x’('r) dr. (60)

This is the expression of the “famous” fractional Caputo-Fabrizio “derivative”. As is
clear, it is neither a derivative, nor fractional.

Let us continue and substitute the exponential in (60) by the Mittag—Leffler function.
We obtain also a fractional high-pass filter with TF given by

M(a) s*
H(s) = 1—ast40’

R(s) >0, (61)

that is called Atangana-Baleanu “derivative”. Attending to its FT, it is a system, but not a
derivative. There are many variations of this operator, but they remain high-pass filters,
not derivatives [8].

For a list of these and similar operators, see Table 4.

Table 4. “Derivatives” with non-singular kernel; in all cases, the order verifies 0 < a < 1, and M(«)
verifies M(0) = M(1) = 1.

Name Definition Domain
. M(a) [* _st=0) df($)
Caputo-Fabrizio « — 7\ — —J \o/ x>a
P ’ D f(x) 1—a./a ¢ g %
M(a) d [* _ax=d
Y. t al. « — el — x>a
ang eta D f() = oo [ e fode
M(a) [~ a(x —¢)"\ df(S)
Atangana-Baleanu-Caputo & =\ — x>a
g p DY, f(x) 1_“/u Ea< ) e
Atangana-Baleanu-Riemann-Liouville D%, f(x) = M(e) d / ' E, _ax =0t f(&)dé x>a
a 1—adx /g 11—«
' — 8P\ df(d)
Generalized Caputo B _ M(a) /x _a(x 9) f 0<p<1l,x>a
p Da+f<x) 170( {Z Eﬁ 17“ dé- dé
—_ 5B
Generalized Riemann-Liouville ap _M (a) d / g _a(x—¢) 0<B<1l,x>a
Du+f(x) 1—adx ; Eﬂ 1—u« f(§>d€
o . 1+ a2 ¥ a2 df(E) _
Caputo-Fabrizio, Gaussian kernel DY flx)= —— "% / o T d f(a)=0,x>a
u+f( ) \/m p dC 6
Sun-Hao-Zhang-Baleanu D%, f(x) = L"‘)l / x - % L@) de x>a
(1—a)u Ja dg

5.3. “Disguised” Order 1 Derivatives

The “local fractional derivative” introduced by Kolwankar reads [28]
D*f(t) = lim D} (1) ~ £(), (62)

where DY is the RL derivative. V. Tarasov [29] showed that, if # < 1, this derivative is
equivalent to the order 1 derivative, therefore not fractional.
A similar result can be found for the “conformable” derivative [30]

ft+et™) — f(1)

Df(t) = ll_f}(l) . (63)
and
teft ") — f(t
D*f(t) = lim w (64)

12



Mathematics 2022, 10, 737

For differentiable functions and for both derivatives, this results in

pef(e) =i

(). (65)

Several modified versions of these derivatives were proposed [8].
The so-called “fractal derivative” was introduced in [31] and reads

() _ . f(0)—

ot s—t 1% —

£(s)
o (66)

It is a strange derivative that gives oo for differentiable functions, unless « = 1.
For a list of these and similar operators, see Table 5.

Table 5. Local formulations of derivatives (« > 0).

Name Definition Domain
Kolwankar D*f(x) = éim D%(f (&) — f(x)) where DY is the RL derivative xR
Chen D*f(x) = élf}c f(j;z —];C) xeRT
Conformable D*f(x) = lim flx+ex™) — f(x) x € RT

e—0 £
Katugampola D*f(x) = lim flxe™ ™) = f(x) x € Rt

e—0 €
M Da,ﬁf(x) — lim f(x E/;(SJC_“)) —f(X) x € R+,‘B >0

e—0 €

Deformable D“f(x) = lim (1+e—ea)f(x+ea) — f(x) x e Rt

e—0 €

1 1—ua
Beta f(x+e(x—|—r(a)) )—f(x) 0<a<l xeRT
D*f(x) = lim
e—0 €
1—u
AGO D"f(x) = hi%f(xﬂ(wx): ) ) O<a<lreR?
p(x) € CRY), ¢'(x) #0
e(p(x) "
i f(x—lp(x)—i—gb(x)e v >—f(x) O<a<l xeRt

Generalized D*f(x) = lim

—0

P(x) € C(R™), ¢/(x) £0

General conformable Dif(x) — lim flxtep(x,a)) - f(x) x>0 xcRT
e—0 S
e AR R R IIF:
Lazopoulos’s Lambda D& f(x) = [(N —«) dxN /g x e RT
1 dN

V=5 & | a=a iz

Figures 2—4 illustrate the results obtained with different FD formulations, when ap-
plied to compute the « = 0.5 order derivative of the function f(x) = cos(wx), for w =
{0.0177,0.17t, 1007t }, respectively. The derivatives are compared with the one obtained with
the GL operator, which serves as baseline. In all cases we adopt a = 0, while FD specific
parameters are as presented in the legends of the graphs. We verify that some formulations
fail to compute the derivatives accurately, while others diverge.

13
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p%® cos(wx)

D% cos(mx)

400

‘ a : : ‘ 0 100 200 300
0 100 200 300 400 X
X —GL —— Jumarie
[—ceL——RL--C] [ Caputo-Fabrizio, M = sin(re) = — Yang et al., M = sin(zo)
(a) (b)

200 300 400
X

100

100 200 300 400
X

—GL
— — Atangana-Baleanu-Caputo, M =sin(ro)
Atangana-Baleanu-Riemann-Liouville, M = sin(ro)

—GL
— — Generalised Riemann-Liouville, M = sin(zw), = 0.4
Caputo-Fabrizio, Gaussian kernel

—-— Generalised Caputo, M = sin(za), § = 0.4 —-— Kolwankar
(c) (d)
~ 0.6
0.4
S 0.2
s
S o
s
8 .0.24
-0.4
-0.6~ ‘ ‘ ‘ \
: ‘ ‘ ‘ ‘ 0 100 200 300 400
0 100 200 300 400 X
X —GL ——Deformable - Beta
— GL —— Conformable ----- Katugampola —-— M, B = 0.4‘ — = AGO, y = x Lazopoulos Lambda
(e) ®)

Figure 2. The @ = 0.5 order derivative of function f(x) = cos(0.017tx) with different FD formulations.

See Tables 2-5.
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20
X
[—GL——RL

(@)

—GL

— — Atangana-Baleanu-Caputo, M =sin(ra)
Atangana-Baleanu-Riemann-Liouville, M = sin(ro)
—-— Generalised Caputo, M = sin(no), 8 = 0.4

20

0 10 30 40
X
—GL — —Jumarie
----- Caputo-Fabrizio, M =sin(za) —- — Yang et al., M = sin(zc)
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—GL

— — Kolwankar

— — Generalised Riemann-Liouville, M = sin(ra), f = 0.4
Caputo-Fabrizio, Gaussian kernel
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()

R =
i P R
NN A
\~. AN 7 Ve
\ J " il
\‘ !
\ /
\ /
N4
20 30
X
—GL —— Deformable - Beta
- = AGO, y = x Lazopoulos Lambda

Figure 3. The « = 0.5 order derivative of function f(x) = cos(0.17rx) with different FD formulations.

See Tables 2-5.
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-80+ ‘ ‘ ‘ ‘
‘ : : : ‘ 0 0.01 0.02 0.03 0.04
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X —GL —— Jumarie
[—ceL——RL--C] [ Caputo-Fabrizio, M = sin(ra) = — Yang et al., M = sin(zo)
(a) (b)
60

cos(wx)

-20~ ‘ ‘ ‘ : -60~+ : ‘ ‘ ‘
0 0.01 0.02 0.03 0.04 0 0.01 0.02 0.03 0.04
X X
—CGL —GL
— — Atangana-BaleanuCaputo, M = sin(rc) — — Generalised Riemann-Liouville, M = sin(ro), § = 0.4
""" Atangana-Baleanu-Riemann-Liouville, M = sin(ro) ----- Caputo-Fabrizio, Gaussian kernel
—-— Generalised Caputo, M = sin(za), § = 0.4 —-— Kolwankar
(c) (d)

-80+ ‘ ‘ ; \ 0 0.01 0.02 0.03 0.04
0 0.01 0.02 0.03 0.04 X
X —GL ——Deformable - Beta
—— GL — — Conformable ----- Katugampola —-— M, B = 0.4‘ — = AGO, y = x Lazopoulos Lambda
(e) ®)

Figure 4. The « = 0.5 order derivative of function f(x) = cos(1007tx) with different FD formulations.
See Tables 2-5.

As is well known, the classic order 1 derivative of a sinusoidal is the same sinusoidal
multiplied by the angular frequency and with a change of phase equal to 7/2. Therefore,
we expect something similar in the fractional case, at least after passing some time corre-
sponding to the transient regime. This happens with those operators that we classified
as derivatives. For the others, we have amplifications/attenuations and, in some cases,
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modulations, confirming that they are systems (filters), but not derivatives. Some have a
non-acceptable behavior: they are unstable.

6. Which Derivatives?

After this journey into the world of FDs, it is important to answer the question: “Do
we need such different formulations?”
In previous papers [10-12], some answers to this question were given.

1.  In problems involving time, we have almost always to use causal derivatives. There-
fore, the GL or one of the integral versions (37), (39), or (41) should be used.

2. In space problems, we can use the above formulaeor the corresponding right-side
versions, if there is any privileged direction. If this does not happen, we must use a
two-sided derivative, preferably (2).

However, most derivatives described in [7,8] are particular cases, and the particularity
is introduced by the domain. Therefore, do we need to define a new derivative each time
the domain changes? This creates a big difficulty: we cannot keep increasing the number of
derivatives, differing only because they are defined on different domains, which constrains
the application fields.
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Abstract: In this paper, we deal with the general fractional integrals and the general fractional deriva-
tives of arbitrary order with the kernels from a class of functions that have an integrable singularity
of power function type at the origin. In particular, we introduce the sequential fractional derivatives
of this type and derive an explicit formula for their projector operator. The main contribution of
this paper is a construction of an operational calculus of Mikusiniski type for the general fractional
derivatives of arbitrary order. In particular, we present a representation of the m-fold sequential
general fractional derivatives of arbitrary order as algebraic operations in the field of convolution
quotients and derive some important operational relations.

Keywords: Sonine kernel; general fractional integral; general fractional derivative of arbitrary order;
fundamental theorems of fractional calculus; operational calculus; convolution series
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1. Introduction

Starting from the early phases in development of calculus, several attempts of inter-
pretation of derivatives and integrals as some purely algebraic symbols were undertaken.
Leibniz, Euler, Lagrange, and other founders of calculus introduced and employed the alge-
braic rules for manipulation with the integral and differential operators. In most of the cases,
these rules led to correct results. However, they were just formal algorithms without a strict
mathematical background. The most prominent example of this procedure were the works
by Oliver Heaviside who systematically employed an algebraic approach to investigation
of a number of practical problems including differential equations of electromagnetism
and theory of oscillators. Because of importance of Heaviside’s approach for engineers,
mathematicians started to think about its rigorous mathematical background. In the works
by Bromwich, Carson, Van der Pol, Doetsch, and other mathematicians, the methods of
Heaviside were justified in terms of the Laplace transform and its modifications. However,
a requirement of existence of the Laplace transform led to some conditions on behavior of
the functions in infinity that restricted applicability of the Heaviside operational calculus.

In the 1950s, a cardinal return to the original ideas of operational calculus was proposed
in the works by Jan Mikusifiski and his co-authors (see [1] and the references therein),
where an operational calculus for the first order derivative has been developed and applied
for a number of mathematical and real world problems. The main components of this
approach are an interpretation of the Laplace convolution as a multiplication in the ring
of functions continuous on the real positive semi-axis and an extension of this ring to
the field of convolution quotients. Later on, the Mikusiriski scheme was employed by
several mathematicians for development of operational calculi for some special differential
operators with the variable coefficients (see, for example, [2-4]) that turned out to be
particular cases of the hyper-Bessel differential operator in the form
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m
(By)(t) = tﬂH<’yj + ;ti)ﬂt), B>0,7€R, j=1,...,m. 1)
j=1

An operational calculus of Mikusiniski type for the hyper-Bessel differential operator
(1) was constructed by Dimovski in [5].

A new stage in further development of operational calculi of Mikusiriski type was
initiated in the works by Luchko and his co-authors, where operational calculi for different
fractional derivatives were constructed and applied for derivation of the closed form
solution formulas for the fractional integral and differential equations. The first operational
calculus for a fractional derivative has been proposed in [6,7], where an operational calculus
of Mikusiniski type for the multiple Erdélyi-Kober fractional derivative was developed. The
two prominent particular cases of this fractional derivative are the hyper-Bessel differential
operator (1) and the Riemann-Liouville fractional derivative. An extended version of the
operational calculus for the Riemann-Liouville fractional derivative was suggested in [8,9].
An operational calculus for another basic fractional derivative, the Caputo derivative, was
developed in [10]. It is worth mentioning that in [10], this operational calculus was applied
for derivation of the closed form solutions formulas to the multi-term fractional differential
equations involving the Caputo fractional derivatives with the commensurate and non-
commensurate orders. An operational calculus of Mikusiriski type for the Hilfer fractional
derivative was worked out in [11]. In [12], the case of the Caputo-type fractional Erdélyi-
Kober derivative was treated. In [13], a Mikusiriski type operational calculus for the general
fractional derivative (GFD) of the “generalized order” form the interval (0, 1) in the Caputo
sense was developed. This GFD is a composition of a Laplace convolution integral with a
Sonine kernel with an integrable singularity of power function type at the point zero and
the first order derivative. In [13], this calculus was applied for derivation of the closed form
solution formulas for the initial-value problems for the multi-term fractional differential
equations with the sequential fractional derivatives of this type. The case of the GFD of
arbitrary order in the Riemann-Liouville sense was treated in the very recent paper [14],
where the corresponding operational calculus was applied to solve the multi-term fractional
differential equations with these derivatives and the suitably formulated initial conditions.
In [15,16], a survey of the operational calculi for several different fractional derivatives
was provided.

The rest of this paper is organized as follows: In Section 2, we present an overview of
some important properties of the general fractional integrals (GFI) and the GFD of arbitrary
order. Then we introduce the sequential GFDs, prove the 1st and the 2nd fundamental
theorem of fractional calculus (FC) for these derivatives, and derive an explicit form for
their projector operators. Section 3 is devoted to construction of an operational calculus of
the Mikusiniski type for the GFD of arbitrary order. In particular, the sequential GFDs of
arbitrary order are represented as multiplication with certain elements of the constructed
field of convolution quotients. The developed operational calculus can be applied for
derivation of the closed form solution formulas for the ordinary and partial fractional
differential equations with the sequential GFDs of arbitrary order.

2. General Fractional Derivatives of Arbitrary Order

The first publication devoted to the GFI and GFD was the paper [17] by Sonine
published in 1884, even if no fractional integrals and fractional derivatives were explicitly
mentioned there. In [17], Sonine generalized the solution method employed by Abel
in [18,19] for the integro-differential equation (in slightly different notations)

1 tg(t)dt

f(t):r(l_a) A (t—r)“’0<“<1 )
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to the case of more general integral equations. In his derivations, Abel essentially used
the relation
(hyxh_o)(t)={1},t>0,0<a<1, (3)

where h, denotes a power function

tlx—l
h“(t) = TD{), t>0, 0(>0, (4)

the operation * stands for the Laplace convolution

(h = )0 = [ Ali—Dp@ ®)

and {1} is the function that is identically equal to 1 for t > 0. Abel’s solution to the
integro-differential Equation (2) under the condition g(0) = 0 is nowadays well-known as
the Riemann-Liouville fractional integral:

o(t) = r(la) /Ot(t —)*1 f(1)dr, > 0. ©)

The brilliant idea of Sonine was to replace the power functions h, and hj_, in the
relation (3) with the arbitrary functions x, k that satisfy the same relation:

(ke x k)(t) = {1}, £ > 0. @)

Nowadays such functions are called the Sonine kernels and the condition (7) is refereed
to as the Sonine condition.
By employing the Abel method, Sonine solved the convolution type integral equation

t
1) = [ x(t=v)g(x)dr = (x = )1 ®
in explicit form:
t
g = % [ Ke-nf@ar = Liex o), ©)

provided the kernels «, k satisfy the Sonine condition (7).

It is worth mentioning that derivations of both Abel and Sonine were not rigorous
from the modern viewpoint because they did not introduce the suitable spaces of functions
and did not provide conditions for validity of their formal manipulations with integrals
and derivatives. Only recently, the operators (8) and (9) became a subject of active re-
search in FC and nowadays their mathematical theory is under intensive construction,
see [13,20-28].

In this paper, we deal with the GFI and GFD of arbitrary order introduced in [24] for
the first time. It is well-known that both the Riemann-Liouville fractional integral

(I8, )(t) = r(la) /Ot(t — 1) f(r)dt, « >0, t >0 (10)

and the Riemann-Liouville and Caputo fractional derivatives

(D§. ))(6) = T ), n-1<a<n nel, 1)
n—1

(.D§, £)(t) = (Dsu <f(-) -y f<f><o>hj+1<->>) (1), t>0n—1<a<mneN (12)
j=0

are well-defined for any order « > 0.
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However, the relation (3) is valid only under the restriction 0 < a < 1. Similarly, the
Sonine operators defined by the right-hand sides of the Formulas (8) and (9) (GFI and GFD
in the modern FC notations) have a “generalized order” between zero and one because of
the Sonine condition (7). To define the GFI and GFD of arbitrary positive order, in [24], the
Sonine condition (7) was extended and specified for the kernels from some suitable spaces
of functions:

Definition 1 ([24]). Let the functions x and k satisfy the condition

(k * k)(t) = {1}="7(t), neN, t >0, (13)
where -
{1357 (1) = (1) #. o« (1)(0) = () =
n times

and the inclusions x € C_1(0,+00) and k € C_1 (0, +00) hold true, where
C_1(0,400) := {f: f(t) =t f1(t), t >0, p > —1, f1 € C([0,400))}, (14)

C_10(0,4+00) = {f: f(t) =tPf1(t), t >0, =1 < p <0, f1 € C([0,+0))}. (15)
The set of pairs (x, k) of such kernels is denoted by L,,.

For a detailed treatment of the case n = 1, i.e., for a theory of the GFI and GFD with
the kernels from £ we refer to [23]. In this paper, our focus will be on the case n > 1, even
if the case n = 1 is also included in all formulations and derivations.

It is worth mentioning that one cannot interchange the kernels x and k in
Definition 1 with n > 1 because of the non-symmetrical inclusions ¥ € C_1(0, +o0) and
k € C_10(0,+0) (in the case n = 1, Definition 1 is symmetrical and one can interchange the
kernels x and k). However, the kernel «(t) = h,(t), « > 0 of the Riemann-Liouville integral
(10) and the kernel k(t) = hy,—q(t) of the Riemann-Liouville and Caputo fractional deriva-
tives (11) and (12) of order &, n —1 < a < 1, n € N can be also not interchanged in the case
n > 1. Evidently, the kernels «(t) = hy(t), « > 0and k(t) = hy—o(t), n—1 <a <n,neN
belong to the kernel set £,,. However, they are the Sonine kernels only in the case n =1,
i.e., only in the case of the fractional derivatives orders less than one.

For other examples of the kernels from £,, n > 1 and for the procedures how to
construct them starting from the known Sonine kernels from the set £; we refer to [24,28].

Now we define the GFI and GFD of arbitrary order, present their known properties
and derive some new ones.

Definition 2 ([24]). Let (x, k) € L. The GFI with the kernel « and the GFD of arbitrary order
with the kernel k are defined as follows:

t
T )= [ x(t=D)f()dr, 1> 0, (16)
n—1
(«Dy £)(t) == <D(k) (f(') —- Yy f0 (0>hj+1(')>> (t), t>0, (17)
j=0
where the GFD Dy defined in the Riemann—Liouville sense is given by the relation
ar
Dy (1) 1= 2 /O k(t— 1) f(7)d, t > 0. (18)
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As already mentioned, the kernels of the Riemann-Liouville fractional integral (10)
and the Caputo fractional derivative (12) belong to the kernel set £,, and thus these FC
operators are particular cases of the GFI (16) and the GFD (17), respectively.

Another interesting particular case of the GFI (16) and the GFD (17) was presented
in [24]. Let the conditionn —2 < v < n —1, n € N holds true. Then the operator

(I (O = [ (=02 L VE= D) (@), >0, 1)

is a particular case of the GFI (16) and the corresponding GFD of arbitrary order takes the
following form:

n—1 .
(D f)(t) = (Dm <f(~> - §f<f><o>hj+1<~>>> (), t >0, (20)
£

where P
Dy () = 2 /O (t— )22 oV —T)f(T)dT, t> 0 1)
and the functions |, and I, are the Bessel and the modified Bessel functions, respectively.
In this paper, we investigate the GFI and the GFD of arbitrary order on the space
C_1(0,4+0) defined by the Formula (14) and its sub-spaces. In particular, the sub-spaces

C"™(0,400) := {f: f"™ € C_1(0,+00)},m € Ny = NU {0}

will be often used. These sub-spaces were introduced and investigated in [10] in connection
with construction of an operational calculus of Mikusinski type for the Caputo fractional
derivative.

As mentioned in [24], if the inclusion k € Cﬁl (0, 4+00) holds valid, the GFD (17) can
be represented as follows:

n—-1 n—j—1
(B £)0) = B 11O~ L F710) gkt £ 0, @
e

where D(k) is given by the relation (18). Moreover, for f € C"; (0, +0), the GFD (17) takes
the form

ot
(D (1) = /0 k(t— 1) f")(7)dT, t >0 23)

that is often used in the case of the power law kernel k(7) = h,—4(7), n—1<a <n,n €N
of the Caputo fractional derivative.

The basic properties of the GFI (16) of arbitrary order on the space C_1(0, +-c0) imme-
diately follow from the well-known properties of the Laplace convolution [23]:

Iy C_1(0,400) — C_1(0,+o0) (mapping property), (24)
L) H(Kz) = H(Kz) H(;q) (commutativity law), (25)
L)) Lixy) = L, #x,) (index law). (26)

We also mention the following important theorem:
Theorem 1 ([10]). The triple R 1 = (C_1(0,+0), +, *) with the usual addition + and multi-

plication * in form of the Laplace convolution is a commutative ring without unity with respect to
multiplication and without divisors of zero.
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Furthermore, in [24], two fundamental theorems of FC for the GFI and the GFD of
arbitrary order have been proved. The formulations of these theorems are provided below,
for the proofs see [24].

Theorem 2 ([24]). Let (x, k) € Ly.
The GFD (17) of arbitrary order is a left inverse operator to the GFI (16) on the space
C—l,(k) (0, +OO).'
(«Dy L) £) (1) = f(t), f € C_1,1)(0,+00), t >0, (27)

where C_y () (0, +00) := {f : f(t) = ([ ¢)(t), ¢ € C_1(0, +00)}.

Theorem 3 ([24]). Let (x, k) € L.
Then the relation

n

(Tey Doy £)(8) = f(£) = Zof(])(o) hia(t) (28)

j=

holds true on the space C" ; (0, +o0).

It is worth mentioning that the result of Theorem 3 (2nd fundamental theorem of
FC for the GFD of arbitrary order) can be reformulated in terms of the so-called projector
operator P of the GFD (17):

n—1
(PA)(t) == f(t) = (L) «Diey ) (F) = Z[:)f(/)(o) hjy1(t). (29)
=

The form of the projector operator P determines the natural initial conditions for the
initial-value problems for the fractional differential equations with the GFD (17). Accord-
ing to the representation (29), they are provided in terms of the integer order derivatives
f0(0), j=0,1,...,1n — 1 of the unknown function as it is the case for the ordinary differ-
ential equations and for the fractional differential equations with the Caputo derivatives.

In the rest of this section, we define the m-fold sequential GFIs and GFDs of arbitrary
order with the kernels (x, k) € £,, n € N and investigate their properties. In the case
n = 1, the m-fold GFIs and the m-fold sequential GFDs were introduced and studied
in [25,29]. In [14], the m-fold sequential GFDs in the Riemann-Liouville sense with the
kernels (x, k) € L, have been considered based on the GFD of arbitrary order defined in
the Riemann-Liouville sense by the Formula (18). In this paper, we deal with the case of
the GFD of arbitrary order in form (17).

First we define the convolution powers f<"~, m € Ny of a function f as follows:

{1}, m=0,
<m> . f(t)/ m=1,
frn = (fx...xf)(t), m=2,3,.... G0
times

Definition 3. Let (x, k) € L,, n € N.
The m-fold GFI is defined as a composition of m GFIs with the kernel «:

(5 1) = G L) ) = (5" 5 £)(B), £>0. S

m times
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(]I<m> *D

(¥)

The corresponding m-fold sequential GFD of arbitrary order is defined as follows:

(DG ) = (D) -« Dy F)(B), £>0. 32
N——
m times

In analogy to the case of the Riemann-Liouville fractional integral and the Caputo

fractional derivative, the operators ]I(fg> and *D(<k())> are interpreted as the identity opera-

tor Id.
Due to Theorem 1, the kernel x<">, m € N from the Formula (31) is from the space
C_1(0, +o0) and thus the m-fold GFI can be represented as a GFI with the kernel x<"~:

(L7 N)(E) = (&5 % £)(8) = Lgon= £)(E), £ > 0. (33)

The m-fold sequential GFD (32) of arbitrary order is a direct generalization of the
sequential fractional derivative in the Caputo sense to the case of the integro-differential
operators with the kernels from £,,.

The 1st fundamental theorem of FC (Theorem 2) for the GFI (16) and the GFD (17) of
arbitrary order immediately leads to the following important result:

Theorem 4 (1st fundamental theorem of FC for the m-fold sequential GFD of arbitrary
order). Let (x, k) € L,, n € N.

The m-fold sequential GFD (32) of arbitrary order is a left inverse operator to the m-fold GFI
(31) on the space C_ () (0, +00):

(DG~ I35 F)(0) = £(0), f € Coy (0, +e0), £ > 0. 9

To generalize Theorem 3 to the case of the m-fold sequential GFDs, we first introduce
the suitable spaces of functions in the form

C™ 1y (0,+00) := {f € C"4 (0, +o0) : *D(<k§>f €C"(0,+),i=1,...,m—1}. (35)
Form =1, we set CT},(k) (0, +00) := C" (0, +00).

Theorem 5 (2nd fundamental theorem of FC for the m-fold sequential GFD of arbitrary
order). Let (x, k) € Ly.
Then the relation

j=0 dtl j=0 i=

(Sl djf Sk <i> <i>
)0 =10 - ¥ om0 =TT (5 057) 0 6 ) @)
1
holds true on the space C"' ® (0, +o0).

Proof. In the case m = 1, the statement of Theorem 5 is Theorem 3 that was proved in [24].

Now we proceed with the case m = 2. Then we have the inclusion f € Cf% ) (0,4+00) and

the representation
(I3 D3 /(1) = Lo L) +Digy <Dy /) (E) =

Ly Ty «D iy Dy £))) (B)-

For a function f € C'if ) (0, +0), the inclusion D) f € C" (0, +-c0) holds true and
thus we can apply Theorem 3 to the inner composition I, «D () acting on the function
«D(y) f and get the formula
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mﬁ>ﬁwﬁ>ﬁu>—(m@ (D f) g;(w] wf )«nm+naﬂ>u>—

Loy «Dy £) (1) — 2 (Z] x (k)f> (0) (1 * hjp1)(t).

The final result immediately follows by applying Theorem 3 to the composition
I(x) «Dx) f at the right-hand side of the last formula:

n—1 jj
03 B N0 = £~ L, G O a6 - ;:($] Do )0 ) 1)

Form = 3,4,..., we employ the recurrent formula

(I35 D3 N)(0) = (5™ () Dy (DG F)E) =

<m—1>
<H<K>

- n—1 d _ —
(72 )0 5 (G501 ) @ 6 o

n—1 i
(B 00 - 2 (5D O >D<t> -

and the principle of the mathematical induction to complete the proof of the representa-
tion (36). O

Remark 1. The Formula (36) can be rewritten in terms of the projector operator Py, of the m-fold
sequential GFD (32) as follows:

(Pu F)(8) = £(1) — (I3 LD £)(8) =

— f e <i> K <>
1 1
zw m+22@w.mﬂ Ch)(®, £ 0 ()

According to Theorem 5, the Formula (37) is valid on the space Ci’{”(k) (0, +00).

It is worth mentioning that the Formula (37) specifies the natural form of the initial conditions
while dealing with the fractional differential equations that contain the sequential GFDs of the orders
up to m. These initial conditions should be formulated in terms of the values of the integer order
derivatives applied to the sequential GFDs of the orders up to (m — 1) evaluated at the point zero:

d , do ‘ :
TJ(O):ajO,]:O,...,n—l, <dt]*]D)(<kl)> )(0):a]‘l’,]:o,...,n—l,l:1,...,7’1’1—1.

Remark 2. Evidently, the identity operator Id on the space C’i’f‘( 0 (0, 400) can be represented

as follows:
1d :<I ( )) (H(K) *]D)( k)~ H(f(%> D(<k§>) +...
<m— 1> <m—1> <m> <m> <m> <m>
+(T) D(k) — It~ Dy ) T 15y D)
=(Id — Ty +Diy) + Ty (+Dgey = Loy «Digey) <Dy ) +
A B ) B35 4

) =D
=P+ () P(:Dgy)) + -+ + (IG5 PR ™2)) + 1507 DR,

26



Mathematics 2022, 10, 1590

where P stands for the projector operator of the GFD (17) given by the Formula (29).
As a consequence, the projector operator Py, of the m-fold sequential GFD (32) can be also
represented in a more compact form:

m—1

(B 1) = L, (5 (PCDGE) )0, 1> 0 (38)

1=

It is worth mentioning that for any function f € C™" ) (0, +00), its image Py, f by the
projector operator is from the kernel of the m-fold sequential GFD:
(DGS™ (P f)(#) =(DEY™ £) () = (DG IR D5 £)()
—(.DE™ F)() = (DR F)(t) =o.

We also mention the inclusions

Ker D) C Ker*ID)(<k%> C ... C Ker *D(<kr)n>

that immediately follow from the definition of the m-fold sequential GFD.

3. Operational Calculus for the GFD of Arbitrary Order

As already mentioned in Introduction, an operational calculus of the Mikusiriski type
for the GFI and GFD with the kernels (x, k) € £ has been constructed in [13]. This
case corresponds to the GFI and GFD of the “generalized order” between zero and one.
In this paper, we extend the constructions presented in [13] to the case of the kernels
(x, k) € Ly, n € N, ie., for the GFI and GFD of arbitrary order.

The first important component of any operational calculus of Mikusiniski type is
a suitable ring of functions. For the operational calculus for the GFI and GFD with
the kernels (x, k) € L, this ring is described in Theorem 1 that says that the triple
R_1 = (C_1(0, +00), +, %) with the usual addition + and multiplication  in form of the
Laplace convolution is a commutative ring without divisors of zero.

Furthermore, Definition 1 ensures that the kernels x and k from £,, are elements of
this ring:

keER_1, ke R_qif (K, k) € Ly.

In particular, this means that the GFI with the kernel « is reduced to a conventional
multiplication on the ring R _:

(I )(8) = (k% f)(8), £ >0, fER 1. (39)

As to the GFD of arbitrary order, it cannot be reduced to the algebraic operations on
the ring R _1. The reason is that the GFD is a left-inverse operator to the GFI and the ring
'R_1 does not possess a unity element with respect to multiplication. Thus, no inverse
element to x € R_1 does exist in R _1.

To demonstrate the last statement, let us assume that the GFD (17) of arbitrary order
can be represented as a convolution with a certain element k1 € R_1:

(:Dgy /(8) = (7 % f)(t), >0, f € Ry,

According to Theorem 2, the GFD (17) of arbitrary order is a left inverse operator to the
GFI (16). Combining the last equation with the representation (39), we arrive at the relation

(D Iy F)(E) = (67 % (k% )))(E) = (k7 % &) = f)(t) = f(1), £>0, f € Ry

that contradicts to the fact that the ring R _1 does not possess a unity element with respect
to multiplication.
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To resolve the problem mentioned above, the ring R _; is extended to a field of convo-
lution quotients. Let us remind that R_; does not have any divisors of zero (Theorem 1)
and thus this extension follows a standard procedure, see, e.g., [10,13].

First, an equivalence relation on the set

C2 (0, +00) := C_1(0, +00) x (C_1(0,+00) \ {0})

is introduced:

(f1, §1) ~ (f2r g2) & (f1 * g2)(t) = (f2 = g1) (1), (f1, §1), (f2r §2) € C21(0, +c0).

Then we consider the equivalences classes C? | (0, +00)/ ~ and denote them as quotients:

f; = {(f1, g1) € C*1(0,+00) : (f1, g1) ~ (. )}

On the space C2 (0, +00)/ ~, usual operations of addition and multiplication are
introduced:
fi . fixsetha
81 & g1x8

h h_h+h
81 82 &1 * &2

These operations are correctly defined (they do not depend on the representatives of

the equivalence classes). Theorem 1 and the definitions provided above immediately lead

to the following important result:

Theorem 6 ([10]). The triple F_1 = (C?,(0,+00)/ ~, +, -) is a field that is usually referred to
as the field of convolution quotients.

As usual, the ring R_; can be embedded into the field F_;:
fro ik, (40)

where « is the kernel of the GFI (16).

The set C2,(0,+00)/ ~ of the equivalence classes is also a vector space with the
addition operation mentioned above and multiplication with a scalar A € Ror A € C
defined as follows [10]:

Py )‘—f, f € C?,(0,+00)/ ~.
§ 8¢

On the other hand, the constant function {A} (the function that takes the value A
for any t > 0) is from the space C_1(0, +0) and thus it is an element of the ring R_;.
According to our definitions, multiplication with {A} in the field F_; is given by the
following expression:

TS PR U3 &0 B ey
s 8 g

As we see, one has to differentiate between multiplication of an element from F_
with a scalar A and with the constant function {A}.

Even if the ring R_; is embedded into the field F_;, some elements of the field of
convolution quotients cannot be reduced to the conventional functions from the ring. One
of them is the unity element I = ¥ of the field 7_; with respect to multiplication (see [13]).
Such elements can be interpreted as a kind of generalized functions (hyper-functions in
the terminology of [30]). The inverse element to the kernel « of the GFI (16) is another
important hyper-function.
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Definition 4 ([13]). The inverse element to the kernel x € R _1 in the field F_1 in form

Sk = 41)
is called an algebraic inverse element to the GFI (16).

By definition, the relation

K<3>

K K%Kk k<35> =1 (42)

K * K K

holds true, where I is the unity of the field F_; with respect to multiplication.
Then, following [13], we introduce an important notion of an algebraic GFD of arbi-
trary order.

Definition 5. Lef (x, k) € Ly, n € Nand f € C"il[O, +00).
The algebraic GFD of arbitrary order is defined as follows:

Dy f=Sc-f—5c-(Pf), (43)

where the function f and the projector operator P f given by the Formula (29) are interpreted as
elements of the convolution quotients field F_;.

As we see, the algebraic GFD of arbitrary order is defined for any function
f € C"10,+0). However, the GFD of arbitrary order given by the Formula (17) ev-
idently does not always exist on the space cn-1 [0, +c0). Thus, the algebraic GFD (43) can
be interpreted as a kind of a generalized derivative that assigns a certain element of the field
F_1 to any function f € C"~1[0, +c0). However, the algebraic GFD (43) coincides with the
GFD (17) on the space C" ; (0, 4-c0) (the inclusion C"; (0, +-00) C C"~1]0, 4+o0) holds valid,
see [10]).

Theorem 7. Let (x, k) € L, and f € C" (0, 4c0).
Then the algebraic GFD (43) coincides with the GFD (17) of arbitrary order:

(Do /() = «Dy f = S - f = S - (P ), (44)

where the projector operator P f is defined by the Formula (29) and the functions f, Dy f, and
P f are interpreted as elements of the field F_1.

Proof. On the space C", (0, +c0), the projector operator P is given by the Formula (29).
Thus, we have the following representation:

(L) Doy ))(8) = (1 % Dy £))(8) = f(£) = (P f)(#), £ > 0. (45)

For any f € C",(0, +o0), both the function at the right- and the function at the left-
hand side of the Formula (45) evidently belong to the space C_1(0, +c0). Because the
ring R_; is embedded into the convolution quotients field F_;, the Formula (45) can be
interpreted as an equality of two elements from F_1. By multiplying this equality with the
element Sy and using the relation (42) we immediately arrive at the Formula (44). O

Remark 3. In the case of the kernels x(t) = hy(t), « > 0and k(t) = hy—o(t), n—1 < a <mn,
n € N, the GFI (16) is the well-known Riemann—Liouville fractional integral and the GFD (17) is
the Caputo fractional derivative of order a. In [10], a formula of type (44) for the Caputo fractional
derivative has been derived for the first time.
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The constructions presented above can be extended to the case of the m-fold sequential
GFD (32) of arbitrary order.

Definition 6. Let (x, k) € L, n € Nand *D(<ki)> fec 10, +0),i=0,...,m—1.
The m-fold sequential algebraic GFD of arbitrary order is defined by the expression

D f = S f— SI - (P f), (46)

where the function f and the projector operator Py, f given by the Formula (37) are interpreted as
the elements of the convolution quotients field F_;.

According to the Formula (37), the m-fold sequential algebraic GFD of arbitrary order
is well defined for any function f that satisfies the conditions *]D)(<ki)> f € C" 10, +0),
i =0,...,m—1. Evidently, these conditions do not ensure existence of the m-fold sequen-
tial GFD (32) of arbitrary order. Therefore, the m-fold sequential algebraic GFD of arbitrary
order can be interpreted as a kind of a generalized derivative. Still, for the functions
from the space Ci;” ) (0, +0) given by the Formula (35), Theorem 5 and the same argu-
ments that were used in the case m = 1 (Theorem 7 and its proof) lead to the following
important result:

Theorem 8. Let (k, k) € L, n € Nand f € Cﬁ’;”(k) (0, +00).
Then the m-fold sequential algebraic GFD (46) coincides with the m-fold sequential GFD (32):

(:D3F= (1) = DFF= f =S f =St (P f), (47)

where the projector operator Py, is defined by the Formula (37) and the functions f, D(<k’)”> f,and
Py, f are interpreted as the elements of the field F_.

Remark 4. The representation (37) of the projector operator Py, along with the formulas (I (<K g> ) =
(k<"> % f)(t) and Sy - k = I lead to another form of the Formula (47):

m—1 . .
(*D(<k;)n> ) = *]D(<k1)n>f =8S". f— ;O sm=i.(p (*D(<kl)>f))/ (48)

where the projector operator P is given by Equation (29).

According to the representations (44) and (47) (or (48)), the GFD (17) of arbitrary order
and the m-fold sequential GFD (32) of arbitrary order can be represented as algebraic oper-
ations (multiplications) on the field /_; of convolution quotients. These representations
can be used to reduce the initial-value problems for the fractional differential equations
with the GFDs of arbitrary order and the m-fold sequential GFDs of arbitrary order to
some algebraic equations on the field 7_; of convolution quotients. The solutions to these
equations are some elements of F_; that in general are generalized functions or hyper-
functions. However, usually one looks for solutions in form of conventional functions, say,
from the space C_1(0, +o0). That is why the so-called operational relations (representations
of some elements of the field F_; as conventional functions from the ring R _) are another
important component of any operational calculus of Mikusiriski type. In the rest of this
section, we provide operational relations for the elements of the field F_; in form of the
rational functions R(Sx) = Q(Sx)/P(Sx) with deg(Q) < deg(P). The result formulated in
the next theorem is a basis for derivation of these operational relations.

Theorem 9 ([14]). Let a function k € C_1(0, +00) be represented in the form

Kk(t) = hp(t)xi(t), t >0, p >0, x1 € C[0, +00) (49)
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and the convergence radius of the power series

foo
:Zajz], a]-E(C,zEC (50)
i=0
be non-zero. Then the convolution series
fo0 )
Zi(t) = ;)a,-x<f“><t> (51)
]:

is convergent for all t > 0 and defines a function from the space C_1(0, +00). Moreover, the series

v r (1) Za H® <> (1), o = min{p, 1} (52)
j=0

is uniformly convergent for t € [0, T|] for any T > 0.

It is worth mentioning that the convolution series (51) is a far reaching generalization
of the power series (50) that is also a convolution series generated by the kernel x = {1}
(Mikusinski’s operational calculus for the first order derivative).

As an example, let us consider the geometric series

to .
=Y VW, AeC, A#0,teC. (53)
j=1

Its convergence radius is r = 1/|A| > 0. Theorem 9 ensures that the convolution series
Zx\]1<]> ,AEC, t>0 (54)

is a function that belongs to the space C_1(0, +0).

In the framework of the Mikusiriski operational calculus for the first order derivative,
the kernel function ¥ = {1} was employed. It is easy to verify that for this kernel the
relation </~ (t) = {1}</>(t) = hi(t) holds valid. Thus, the convolution series (54) is an
exponential function:

t) = +Zoo)d—lhj(t) = f (A.f)] = oM, (55)
j=1 =0 J°

Another important example is the operational calculus of Mikusiriski type for the
Caputo fractional derivative ([10]). In this case, the kernel x is the power function h, and

the formula k</> (t) = hy > (t) = hju(t) holds valid. Thus, the convolution series (54) takes

i=1 J ]‘X [K) ’ ’

where the two-parameters Mittag-Leffler function E, g is defined by the following abso-
lutely convergent series:

Eyp(z) = T B R(a) >0, z,peC. (57)

Some other particular cases of the convolution series (54) were presented in [13].
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A very important operational relation in terms of the convolution series I, , is pre-
sented in the next theorem.

Theorem 10. For any A € C, the operational relation

K

holds true, where by é we denote the element of the field F_4 inverse to the element e € F_j.

Proof. In the case A = 0, the convolution series (54) is just the kernel function x(t) and
the operational relation (58) in the form é = « holds true by definition of S, (see the
Formula (42)).

For A # 0, the GFI [ can be applied to the convolution series I, ) term by term due

to Theorem 9 and we get the following chain of equations:

+oo . oo .
(1= A0) b = lep = ATy A0 =l = A AT T (1) =
]:

j=1
+oo +oo . +oo .
Loy — Y At (1) = Y AN (1) — YA (1) = k.
j=1 j=1 j=2

Otherwise, the element I — Ax of the field F_; can be represented as follows:
I— Ak =k-S5¢— Ak =k (Sc—A).
The last two representations lead to the relation
K- (Sx—A) Ly = (I —Ak) - Ly = k.

Thus, the element (S — A) - I, is the unity I of the field F_; and the proof of the
operational relation (58) is completed. [

In the case of the kernels (x, k) € £1, Theorem (10) has been formulated and proved
in [13].

As an example, we consider the kernel ¥ = {1} (Mikusinski’s operational calculus for
the first order derivative). According to the Formula (55), the operational relation (58) can
be represented in the well-known form:

I

- = = M,
In the case of the kernel «(t) = hy(t), t > 0 (operational calculus for the Caputo

fractional derivative [10]), the Formula (56) leads to the following operational relation:

I

3 = Loa(t) = 7 TE 0 (A1), (60)
—

where the two-parameters Mittag—Leffler function E, g is defined by (57). This operational
relation has been deduced in [6] for the fist time.

Other particular cases of the operational relation (58) have been presented in [13].

As already mentioned, the operational relation (58) can be used to deduce other
useful operational relations. The embedding of the ring R_; into the field 7_; means
in particular that a convolution of any ring elements complies with multiplication of the
corresponding elements of the field of convolution quotients. Thus, we get the following
operational relation:
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(SI/\)’” = IS (1), t >0, me N, (61)
- ,

For a representation of the convolution powers [ K<X1> in terms of the convolution series
see [13].

As an example, we consider the kernel ¥ = {1} (Mikusinski’s operational calculus for
the first order derivative). The operational relation (61) takes the well-known form [1]:

— T (t) M, (62)

In the case of the kernel «(t) = hy(t), t > 0 (operational calculus for the Caputo
fractional derivative), we get the following operational relation [6,10]:

I — tmaflEm

- o
(S — A)m wma(AMtY), >0, m €N, (63)

where the Mittag-Leffler type function E! g s defined via the following convergent series:

v () =
np(z) = ]E) m, a,p>0,z€C, (m);= g(m+z).

Combining the operational relations (58) and (61), we deduce another important
operational relation.

Let R(Sx) = Q(Sx)/P(Sk), where Q and P are polynomials and deg(Q) < deg(P). In
this case, the rational function R(Sy) can be represented as a sum of the partial fractions:

] M a;; /
R(So) =Y Y}, # Y mj = deg (P). (64)
j=1i=1 (Sx = 4)) j=1
Then the operational relation
J , I
R(Sx) =) Y aijlgi (1), £ >0, ) mj=deg(P), (65)
j=li=1 j=1

holds true, where the constants A; and m;, j = 1,..., ] are uniquely determined by repre-
sentation of the rational function R(Sy) as a sum of the partial fractions in form (64).

The operational relation (65) is a direct consequence from the Formula (64) and the
operational relation (61).

4. Discussion

In this paper, we first discussed some important properties of the general fractional
integrals (GFI) and the GFD of arbitrary order introduced recently in the works of the third
named co-author. The new objects defined for the first time in this paper are the m-fold
GFls and the sequential GFDs of arbitrary order. For the m-fold GFls and the sequential
GFDs of arbitrary order we proved the 1st and the 2nd fundamental theorems of FC and
derived an explicit form for their projector operator. The main contribution of this paper is
an operational calculus of Mikusiniski type for the GFDs of arbitrary order. In the field of
the convolution quotients, the GFDs of arbitrary order and the sequential GFDs of arbitrary
order are represented as multiplication with certain elements of the field. We also derived
several important operational relations that provide useful representations of some field
elements as conventional functions expressed in terms of the so-called convolution series.

In conclusion, we mention that the operational calculus for the GFDs of arbitrary order
that we constructed in this paper can be applied for derivation of the closed form formulas

33



Mathematics 2022, 10, 1590

for the solutions to the ordinary and partial fractional differential equations containing the
m-fold sequential GFDs. These matters will be discussed elsewhere.
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Abstract: Positivity analysis is used with some basic conditions to analyse monotonicity across
all discrete fractional disciplines. This article addresses the monotonicity of the discrete nabla
fractional differences of the Riemann-Liouville type by considering the positivity of (Rbgve g> (2)
combined with a condition on g(bg + 2), g(bo + 3) and g(bo + 4), successively. The article ends with
a relationship between the discrete nabla fractional and integer differences of the Riemann-Liouville
type, which serves to show the monotonicity of the discrete fractional difference (Rbﬁ Ve g) (2).

Keywords: discrete fractional calculus; discrete nabla Riemann-Liouville fractional differences;
monotonicity analysis

MSC: 26A48; 26A51; 33B10; 39A12; 39B62

1. Introduction

In recent years, discrete fractional operators (sums and differences) have turned out to
be modern tools in the modelling of many phenomena of mathematical analysis [1-3], elec-
tric circuits [4,5], medical sciences [6], material sciences and mechanics (see, for details, [7-9]).
From among the several meanings and avenues of such studies, we choose to mention the
discrete delta/nabla fractional operators of the Riemann-Liouville, Liouville-Caputo or
other types (see, for details, [10,11]), from singular and non-singular kernel operators to the
definitions based upon the time-scale theory. Some of these definitions are equivalent, even
though they seem to be completely different, and they have been established by different
authors (see, for example, [12-15]).

The positivity and monotonicity analyses have proven to be useful tools in discrete
fractional calculus theory:
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For the set {by, bg +1,by +2,...} denoted by Jj,, with by € R, let g be defined on Jj,.
Then, the function g will be monotonically increasing if (Vg)(z) is positive; that is:

(Vg)(z) =g(z) —g(z—1) 20,

for each z € Jp, 1.

In the context of discrete fractional calculus, the development of new positivity and
monotonicity analyses is a source of interesting mathematical problems (see, for exam-
ple, [16-21]). In recent years, several papers have been published devoted exclusively to
the study of the problem of the monotonicity of discrete nabla/delta fractional operators
with a certain kernel (and often under additional assumptions about the function). The
interested reader may be referred, for example, to the developments reported in [22-28].

Our results in this paper concern the analysis of monotonicity for the discrete nabla

fractional differences of Riemann-Liouville-type under the conditions that (Rbgvf’ g) (z)=20
and the ones coming from one of the following:

o g(bo+2) = ;%5g(bg+1) for £ € J3 in Theorem 1.

o g(bo+3) = Lg(bo+2)+ (z(fl_)%g(bo +1) for £ € Jy in Theorem 2.

* glbo4) 2 pyglb+3) + a8 bo +2) + (S (ko + 1) for £ € Iy

in Theorem 3.
Furthermore, we will show that the discrete nabla fractional Riemann-Liouville dif-
ference (%,gve g) (z) 2 0 for each z € Jj, ;1 by considering the relationship between the

discrete nabla fractional and integer differences. It is worth mentioning that our results are
motivated by the results in [29], wherein somewhat analogous results were investigated for
the discrete delta Riemann-Liouville fractional differences.

The paper is divided into another three sections as follows. Section 2 considers prelim-
inaries on discrete fractional operators of the Riemann-Liouville type and a main lemma,
which we need in the next section. Our main results are presented in Section 3, which is
separated into two subsections: In Section 3.1, we consider our three main theorems, which
establish the monotonicity analysis of the discrete fractional operators. The relationship
between the discrete nabla fractional and integer differences will be examined in Section 3.2,
which will show how it will be used to establish the positivity of the discrete nabla fractional
Riemann-Liouville operators. At the end of each theorem, a corollary is made. Section 4
provides a specific example, which confirms the applicability of our results. The article ends
with concluding remarks and brief considerations of several discrete fractional modelling
extensions, which can be applicable in the future to obtain monotonicity analysis for other
types of discrete fractional operators in Section 5.

2. Preliminaries and a Lemma

Here, we provide some background material regarding the discrete nabla fractional
operators toward the proof of our main achievements. As such, the main lemma is given.

Definition 1 (see [13,14,30]). Let us denote the set {by, by +1,by +2, ...} by Jy,, and with the
starting point a € R. Assume that g is defined on Jy,. Then, the V Riemann—Liouville fractional
sum of order 6 (> 0) is expressed as follows:

[6-1]
_ z z—r+1 .
(V%)@ = ¥ (Fw))g(r) for z in Ty 41, (1)
7:bg+1
where z9) is defined by
z T B for z and 6 in R, 2)
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and it yields zero at a pole. 1t is also worth recalling that
v Zl0) = g [0-1], ©)

Definition 2 (see [30]). Let g be defined on Jy,. Then the V Riemann—Liouville fractional
difference of order 6 (£ —1 < 0 < ) is defined by

(8E9%8) () = (V" 4, v g) (2)

[—6-1]
= — 1
= vé Z (Z 1’:‘(_; _)9) g(r) for z in Jb0+1, £in Jl-

r=bp+1
Recently, Liu et al. [31] established an equivalent definition to Definition 2, as follows.

Definition 3 (see [31]). Let £ —1 < 6 < {. Then the V Riemann—Liouville fractional difference
of order 0 can be expressed as follows:

z _ [—6-1]
(8ivis) @) = & @2{% g(r)

r=bg+1

for z in Jp 14, £ in Jy.

In order to begin our work later, we state and prove the following main lemma.

Lemma 1. For g defined on Jy,, the V Riemann—Liouville fractional difference of order 6 (1 < 8 <
2) can be expressed as follows:

(Rbﬁvgg> (z) = (Vg)(z) + wg(bo +1)

~—————(Vg)(r) forzinJy 5. (4

r=by+2 F(l - 9)
In addition, it is essential to observe that
(-]
(z—r+1)
W <0, @)

foreachr =by+2,bp+3,...,z—1land z € Jp 3.

Proof. According to Definition 3, we note for 1 < 6 < 2 and z € Jj,, that

(v = 3 st
x5 g o
zgicaﬁjygm—j;%@f;yw
_ F(11—9) l(z — o) (b + 1) + ,gz(z —r+ 1))
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z

Y @) g

r=by+2

(z—bp) " il (z—r41)l
=(V ~————8(b —(V p

which completes the proof of (4). For r = by +2,bg + 3, ...,z — 1 with z € Jj,;3, we have

(z—r—}—l)[_e}  T(z—r—-0+1)
r1-6) T1-0r(z—r+1)
_ (z—r—0)(z—r—0—-1)---(2—0)(1—190)
(z—r1)! !

which is clearly positive for 6 € (1,2). Therefore, the second part of the lemma is proved.
Hence, the proof of the lemma is complete. O

3. Main Results

This section is divided into two main subsections.

3.1. Monotonicity Results

This section is devoted to the study of the monotonicity analysis of the discrete
fractional Riemann-Liouville differences.

Theorem 1. Suppose that g : J;,, — R satisfies each of the following conditions:
(i) (%Veg) (z) 20 foreachz € Jj 13,
6
for 6 € (1,2). Then (Vg)(z) = 0 for z € Jpy13.

Proof. According to the assumption that (@gv" g) (z) 2 0 and the identity (4), one can see,
for z € Jp,43, that

(z—bo)! ™ =l (z—r41)l
(Vg)(z) 2 —wg(bo +1) — rz%ﬂw(vg) (r).

If we set z := by + £ for £ € J3, it follows that

(0] bo+0-1 _ (d
(V8) (b + £) 2 _r(£1 R LCEE o (bo +1€(1 i;)l) (V). ©)
r=bp+

We proceed with the proof using the principle of mathematical induction on ¢ for the
inequality (6). Indeed, for £ = 3, we have
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o[-
T(1-0)

)
[Fr 5 I's b0+1)+r(§(;)9)(Vg)(b0+2)}
)

H\/

(V§)(bo +3) 8(bo+1) — (V&) (bo +2)

T ‘j[zzgg(bmwg(mz) st +1)]

=(0-1) [zeg(bo +1)+g(bo+2)| = 0.
N—_——

>0

20 per condition (ii)

Suppose that (Vg)(bg +7) = 0forj =3,4,...,¢ —1and £ € J. Then, we shall show that
(Vg) (b + £) = 0. By making use of (6), we obtain

=0 bt (g + 4 — 1+ 1){*9]
V) (bo +£) = — by +1) — Vo) (r
(0] (-1

= —mg(b(ﬁl) - W(Vg)(boﬂ)

bo+4—1 b {—r+1 (]
- Z ( 0+F(1 _—g) ) (Vg)(r)

r=bp+3 . |
<0 per (5) 20 per our claim
-] 0 1)
- l— _0_
= r(1 _1 0) {T(F(E)G)g(bo +1) + W (Vg)(bo + 2)]
—T(l{—6-1)

T TA-er(E—1 {_gﬁlg(boﬂ) +g(bo+2)] 20,

20 per condition (ii)
where we have used that

—T(t—0-1) (L—0-2)({—8—3)--(2—8)(1—0)

rl—-er¢—1 (¢ —2)!

>0, @)
for 6 € (1,2) and ¢ 2 3. Thus, the proof is complete. [
Corollary 1. If the function g : J,, — R satisfies
(i) (Rbﬁveg) (z) 20 foreachz e Jy 3,
(i) glbo+2) = %g(bo +1) forlelJs,
for 6 € (1,2), then, (Vg)(z) < 0 forz € Jy 1o

Proof. Define h := —g. Thus, the proof follows immediately from Theorem 1 applying for
the function g. O
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Theorem 2. Assume that g : J;,, — R satisfies each of the following conditions:

@) (Rbsveg) (z) 20 foreachz € Jy 3,

(0 —6—2)

(i) glbo+3)2 o glby+2) + -1 —2)

= g(bp+1) forl e Jy,
for 6 € (1,2). Then (Vg)(z) = 0forz € Jp, 4.

Proof. The proof will make use of the principle of mathematical induction on ¢ for the
inequality (6). In fact, for ¢ = 4, it follows that

(Vg)(bo +4)
> —ré[__e]e)g(bo +1) - r(31[__ﬂ6)(vg)(bo +2) - r(zl[__ﬂe) (V&) (o +3)
NG - ) F(ﬁ(;)")gwo +1)+ “ﬁ(gf) (Vg)(bo+2) + r(ﬁ(;)e) (Vg) (bo+3)
— _rr(gz__efj) l(z — 9)6(3 — g)g(bo +1) + zz;g{g(bo +2)—g(bp+1)}
+g(bo+3) — g(bp +2)
) [_9(26 Dotvo+1) - 2(ba+2) + 500 +3)] 200
0

20 per condition (ii)

If we let (Vg)(bp+7) = 0forj =4,5,...,0 —1and ¢ € J5, then, we try to show that
(Vg)(by + £) = 0, with the help of (6), we can deduce

(Vg)(bo + )

o N N
2 r(él_e)g(bo +1) - (i(ll_)e)(VS) (bo+2) — (r(l_)e)(VS) (bo +3)
B bo+(—1 (bO 4l—r+ 1) [—#6]

r=by+4 r(l o 9)
>0 per (5) and our claim

g N N
> —r(el —9)g<b0+1) - (f_,(ll_)e)(vg)(bo—l—Z) - (f_,(lz_)e)(vg)(bo—ng)
_ -1 F(@—Q) F(E—G—l)

rao| @ WtV Ty (Ve

S (V) b+

~T({—6-2) {_ (2@ I)‘(’g‘_zg) glbo+1) — %g(bo +2)+g(bo+3)| 20,

TTA-0r(—2)

>0 per (7) 20 per condition (ii)

which completes the proof. [
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Corollary 2. If the function g : J, — R satisfies

@) (Rbsveg) (z) 20 foreachz € Jy 3,

(0 —6—2)

(i) glbo+3) < o glby+2) + -1 —2)

N g(bp+1) forl e Jy,

for 6 € (1,2), then, (Vg)(z) < 0 forz € Jy, 1.

Proof. The proof follows immediately from Theorem 2 applied to the function & := —g.
O

Theorem 3. Assume that g : J;,, — R satisfies each of the following conditions:

Q) (Rb[(;veg) (z) 20 foreach z € Jy 43,
6({—6—3)
(€—2)(f—3)
O(L—0—2)(L—0—3)
((—1)(£—2)(—-3)

for 6 € (1,2). Then (Vg)(z) = 0 for z € Jpy15.

(i) g(bo+4)2 g(bo+2)

g(bp+1) fort e Js,

Proof. Again, we will prove this theorem using the principle of mathematical induction
induction on /. Thus, (6) at £ = 5 leads to

(Vg)(bo +5)
-] [-0] [-6]
- _r(51 —g 8o+ 1) - ﬁ(vg)(bo +2) - ﬁ(Vg)(bo +3)
(6]
o r(zl —0) (Vg)(bo +4)
- }T(§2_—66;) {(2 — 9)(32_49)(4 - g)g(bo +1) + %6(3_9) (Vg)(bo+2)

+ 228 (Va) 00+ 3) + (V) 0 +9)

0(2—6)(3—0)
24

_(‘9;_’02{_

sl +1) -~ 2220

0
8(bo +2) = 58(bo +3) + (b +4) | 2 0.

20 per condition (ii)

Now, we assume that (Vg)(by+7) 2 0forj =5,6,...,¢ —1and ¢ € Js. Then, we have to
show that (Vg)(by + £) = 0. In view of (6), we can deduce

(Vg)(bo+0)
o NS _ [0
> gy - S @ w2 - L e+
(¢—3) -] ot (bg+ £ —r+1) =61
- W(V8)(b0+4) _r=%+5 I(1-06)

20 per (5) and our claim
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(6] _ [

) )t (6]
- (m_)e)wg)“’o +3)- (r(—)e)
-1 [re-oe T(£—6-1)
TTA-0)| 1) T((—1)

v

(Vg) (b() + 4)

g(bp+1) + (Vg)(bo +2)

T(6—0-2)
T((—2)

0(—6—2)((—6—3
. —T(—-6-3) [ —Wg(bo—i—l) ]
- (

(6—0-3)

(V8)(bo+3) ++ ri—3) (V&)(otd)

v
L

S TA-0r(-3) | — e g (b +2) — 1258(bo +3) + g(bo +4)
>0 per (7)

20 per condition (ii)
which completes the proof. [

Corollary 3. If the function g : J, — R satisfies

Q) (Rb%veg) (z) 20 foreachz € Jy 3,

(i) glbat4) 2 Lglbo+3) + 1t gt +2)
00— 60— 2)(¢—0—3)

((—1)({—2)({=3) g(bp+1) fort e Js,

for 6 € (1,2), then, (Vg)(z) £ 0forz € Jp 14

Proof. This proof follows directly from Theorem 3 applied to the function /i := —g.
O

3.2. Discrete Nabla Fractional and Integer Differences

Based on Lemma 1, we can now establish a relationship between the discrete nabla
fractional and integer differences of the Riemann-Liouville type, and we immediately
present the final monotonicity result of this study.

Theorem 4. Let g be defined on Jy, and N —1 < 0 < N with N € Jy. Then

N—1 —0+1)
RLw0 _ (N+0)
(8Ew?8) (bo + N+ £) = z;o A=y

(V'g)(bo +1)
1 /-1
+ TN =) ;(f—l—i—l)[*@Jerl] (VNg>(b0—|—z—|—N) n (VNg)(bo+£+N),

forall ¢ € Jy. In addition, we have

(€ —1+41)-0+N=1]
(N —0)
C(N-04 01— 1) (N—8+L—1-2)--- (N+1—6)(N—0)
o (0 —1)! >0 ®)

fori=1,2,...,0 —1with{ € Jy.
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Proof. For N = 1, from Lemma 1, we find for z € Jp ,, that

 (z—=bp)" : (z—r4+1)°
(Rhﬁveg)(z)_ﬁ glbo+1) + bz e (VR0 ©

Now, by the same technique used in Lemma 1, for N = 2, we have:

(55v%) (2)
z 1)[-# 2 )19
=V r_%l( :2+— Z)) gr| =V |V ( %H( Z;_ g) g(r))]

(z—bg) "™ ) 1
=V bp+1 \%
s+ £ BN w00
(z—bo)[lfe] z (z—r—f—l)[l 6] ]
=V bp+1 \% \Y
F(Z*Q) g(0+ ) + r:% (279) ( g)()
PN PR
= (r(lbi)g) g(b0+1) + ( F(Zbo_) 9) g(bO +1)
z —7r [1_9]
+ bZH(ZF(;_%(Vzg)(r), (10)

for z € Jj, 3, where we have used the following fact
1-6 1-6 1-6 —0
V(z=b0)"" = 2 b0)" (21— b0)" T = (1-0) (2 b))
We can continue by the same process to obtain
N-T(z— bo)[—9+l]

(Rbﬁvgg) (z) = ;) TA-6+1)

(Vlg) (bo + 1)
2 (z—r1)N
sy )

r=by+N+1

(VNg)(r), (1)

for z € Jp 4+ n+1- Now, we define z := by + N + £ for £ € J; to obtain

(85 v7g) (bo + N +0)

= Z NM)“H)l](vlg)(bo +1) +:[;:;NZ1 (bo + N +r f]\;rﬂ;)l)m“] (VVe)(r)

N Z w(v’gﬂbo +1) +é s ‘;(}11“; - (VNg)(bo+ 1+ N)
; N1+£)9[:+)1](V’g)(boJrl)

J‘ll (¢ rz&lz[z)—e—ﬂ (V) (bo + 14 N) + (VNg) (bo + £+ N),

1
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which completes the proof of the first part. For the second part of the theorem, we see that

(0 —1+1)0+N-1T (¢ —1—-0+N)
I'(N —6) Tl —1+1)I(N-9)
(N=04+—1—1)(N—0+L—1—2)---(N+1—0)(N—0)

= @) >0

forN—1<6<Nand:1=1,2,...,¢—1. Hence, the proof is complete. [J

Our final result is on the positivity of (Rb% v? g) (z), as follows.

Theorem 5. Let g : J,, — R be a function, N —1 < 6 < Nwith N € Iy, (VNg)(z) = 0 for
z € Jpyr1, (“1)NT(VNg) (bo+1) £0for1=0,1,...,N — 1. Then (%vf’g) (z) = 0 for each
A Jb0+1.

Proof. Let ¢ be a fixed but arbitrary element in J;. We can then see that
N+ PN+ -0+
r1—0+1) T(A-0+1)T(N+¥)
(N+L—0+1—1)(N+{L—0+1—-2)---(2—-0+1)(1—0+1)
(N+£-1)!

Now, if N —1 — 1 is even, then we obtain

(N + f) [—9+1]

) N >
ETE >0 and (V g)(bo+1):0,

butif N —1 — 11is odd, then we obtain

[—6+1]
(N+2) N <
These provide that
N-1 (N +¢) [—0-+1] l
—_ bp+1) 20. 12
L Ta—ary (VE+1)20 12

Hence, according to Theorems 4, (8) and (12) and the assumption that (VN g)(z) 20, we
can deduce

N-1 (N_,_g)[*@ﬂ]

(Rbﬁv"g) (bp+N+1) = ;) m(vlg)(bOJrl)

L(e— 4 1)N70
T(N—6)

1 (t—1+1) (N=6-1]
(N —0)

(VNg)(bo+ 1+ N) + (VNg) (bo + £+ N)

&~

(VNg)(bo +1+N) = 0.

By putting z := by + N + ¢ for arbitrary ¢ € J;, we obtain (%v@g) (z) 2 0 for each
z € Jpy41 as desired. O
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Corollary 4. Let g : J,, — R bea function, N—1 < 6 < Nwith N € J, (VNg)(z) <0 for

z € Jppr1, ()N (VNg) (o +1) 2 0for1 =0,1,...,N — 1. Then (Rbgveg) (z) < 0 for each
z € Jb0+1.

4. Application: A Specific Example

In this section, we provide a specific example to illustrate our results.
Consider the function

8 z
g(z) = (3> for z € Jp, 4o

At first, we will try to show that (Rhﬁvﬂg) (z) > 0forz € {by+3,bp+4},0 = 3 and by = 0.
From Definition 3 at z = by + 3, we have

(59%) ko + 3
1 bp+3 ) o]
= +3—r+ 1) g(r
r(—6) r:§+1( 0 ) 8(r)
= = (@ Vg(bo 1) + () Vg(b +2) + () g(bo +3)}
r(-0)
—6(1—1¢0
= 200D oy 1)~ gt +2) + 500 +3)
251
=57 =20
which leads to
0(1—16
g(bo+3) > ( 5 )g(bo—l—l)—l—ﬂg(bo—i-Z). (13)

In addition, Definition 3 at z = by + 4 gives

(8697%) (b0 +4)
1 b() +4:

:rvﬁhjif%+4—’+ﬂ“*”ﬂo

T T(-0) (@b +1) + (3) g by +2)

+(2) g by +3) + (1) Vg (b +4) }

—60(1—0)2—106 0(1—106
= ( 6)( )g(bo-f—l)—%g(bo—FZ)—Qg(bo+3)+g(bo+4)
_ 3179 >0,
162 —
which implies that
0(1—-6)2—0 0(1—0
stbo+4) > 000 1) OO iy 1) 10gibg +3). ()
On the other hand, we consider the condition:
g0 +2) = =g(bn +1),
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at/ = 3,4. At/ = 3, it follows that

82 6 3/8
— = > — = — —
(3> g(bp+2) > 2g(bg+l) 4(3),
which means that

g(bo+2) > 5g(bo +1). (15)

NI

In addition, at £ = 4, it follows that

<§)2 = g(bo +2)

> 11:((3)_1':(?3))‘?(1?0 +9h) = gg(bo +1) = ;(2)/

which is equivalent to

6
8(bo+2) = 38(bo +1). (16)
Thus, we can conclude from the inequalities (13)—(14) that

(Vg)(bo+3) = g(bo+3) — g(bo +2)
01— 0)
2

= 0-1{ Fsto+ 1)+ 0300 +2)} 20

>

g(bo+1) +0g(bo+2) — g(bo +2)

Also, from the inequalities (15)—(16) we can conclude that

(Vg)(bo+4) = g(bo +4) — g(bo +3)
_61-0)2-6)

glbo+1) + 2= o4 1 2) 4 0g(bo +3) — glbo +3)

= 6 2
_ (9_1)2(2_9){_39g(b0+1)+0g(b0+2)} > 0.

These inequalities imply that g is non-decreasing in the time set {by + 3, by + 4}.

5. Conclusions and Future Directions

In this paper, we studied the monotonicity analysis for the discrete nabla fractional
differences of the Riemann-Liouville type. The first three main results were dedicated

to the positivity of (Vg)(z) by assuming that (@gve g) (z) = 0 combined with the con-

dition that g(by +2) = ;%5 g(bo + 1) for £ € J5 in Theorem 1, g(by +3) = 7259(bo +2) +

%g(bo +1)for ¢ € Jyin Theorem 2, and g(by +4) = %g(bo +3)+ %g(bo +

2)+ %g(bo +1) for ¢ € J5 in Theorem 3.

On the other hand, the relationship between the discrete nabla fractional and integer
differences of the Riemann-Liouville type has been made. From which the positivity of the
discrete nabla fractional differences of the Riemann-Liouville type has been established. In
addition, some particular results have been obtained in the corollaries, which showed the
negativity (decreasing) of the function.

There is vast room for monotonicity analysis to be explored in this fertile field of
discrete fractional operators, for example, discrete Caputo-Fabrizio and Atangana-Baleanu
fractional operators (see [30,32,33] for information about these discrete operators).
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1. Introduction

In our current study, we take into consideration the following fourth-order nonlinear
damped delay differential equations with distributed deviating arguments:

(al0) (0 (" (0)")) + 90 ('6(0) " + [“alt @)f @zt 0))d =0, (1)

where « > 1 is a ratio of odd non-negative natural numbers and ¢ < d. We consider the
below assertions all through this article:

x1,%2,p,6 € C(I,[0,00)) and xq,x2 > 0, where I = [to, +o0);

7,8 € C[I X [c,d],[0,00)),6(t) < t,limss 100 0(t) = 00, g(t,0) is a non-decreasing
function for ¢ € [c, d] satisfying g(t,0) < t and lim;—, {0 g(t, 0) = oo;

f € C(R,R), there is a constant k; > 0 such that f(t, u(t))/uf > k.

We define the operators,

Loy =, Ly =/, LRy = xl((L[O]u)N)“, LBy = x, (Lmu)/ as well as

Ly = (LBl

Mathematics 2022, 10, 995. https:/ /doi.org/10.3390/math10060995 50 https://www.mdpi.com/journal /mathematics
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The meaning of having a solution to Equation (1) is the function u(#) in CZ[TM, o), for
which L2y, LMy is in C? [Ty, c0), and Equation (1) holds on [T, o), such that T, > to. We
only take into consideration the solutions u(t) when sup{|u(t)| : t > T} > 0 for every
T > Ty,. On one hand, such a solution to Equation (1) is termed oscillatory when this
solution is not eventually negative and, at the same time, not eventually positive on the
interval [Ty, c0). On the other hand, the same solution is termed non-oscillatory if it is
eventually negative or eventually positive. Finally, when every solution is oscillating, the
equation is said to be oscillatory.

We define

t
Aq(t,t) = / V% (s)ds,

ty

t
A2(t1,t):/t Xy (s)ds,
1
1/a

As(ty, t) = /tt ((xl(s))flAz(tl,s)> ds,

Ag(b, ) = /: /t1 ((xl(s))‘1A2(t1,s))”“dsdu,

for tg < t; <t < oo and assume that
A1(ty,t) = oo, Ax(fy,t) > o0 as t— oo 2)

Fourth-order differential equations are often used in mathematical models of a wide
range of physical, chemical, and biological processes [1-4]. Problems with elasticity, struc-
tural deformation, and soil settling are examples of applications of this type of equation. In
addition, in mechanical and engineering fields, questions about the presence of oscillatory
and non-oscillatory solutions are mostly arising, and the solutions require the presence of
the same mentioned equation [5]. Many researchers have intensively studied the topic of
oscillation of fourth or higher order differential equations in depth, and many strategies
for establishing oscillatory criteria for fourth or higher order differential equations have
been developed. Several works, see [6-18], contain extremely interesting results linked
to oscillatory features of solutions of neutral differential equations and damped delay
differential equations with or without distributed deviating arguments.

In fact, for the following equation, Bazighifan et al. [19] have developed some oscilla-
tion criteria

(O + [ a0t 0)do =0

Moreover, Dzurina et al. [20] introduced some oscillation findings of the below fourth-
order equation

(r3(t) (r2 () (r1 (Y (1)) + p(B)Y () + q(By (z(t)) = 0.

More specifically, there are no requirements for the oscillation of Equation (1) in the
previous studies.

By the motivations above, our contribution would be giving certain adequate condi-
tions that ensure that every solution to Equation (1) oscillates, utilizing proper Riccati-type
transformation, integral averaging condition, and comparison technique, when the follow-
ing second-order equation

NY, p(t) _
(XZ(t)Z (t)) + xl(é(t))z(t) =0, (3)

is oscillatory or non-oscillatory.
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2. Basic Lemmas

We state in the current section several Lemmas along with their proofs, which are
mostly needed in the rest of this study.

Lemma 1 ([8]). Assume that Equation (3) is non-oscillatory. If Equation (1) has a non-oscillatory
solution u(t) on I, t; > to, then thereisa ty € I in a way that u(t)LZu(t) > 0or u(t)LPu(t) <
0fort > ty.

Lemma 2. If the Equation (1) has a non-oscillatory solution u(t) that satisfies u(t)L&u(t) > 0
in Lemma 1 for t > t1 > ty, then

LPu(t) > Ax(ty, t) LBlu(t), t>1, @)
LUu(t) > As(ty, ) (LBu(e)"*, t>h, ®)

and
u(t) > Ayt ) (LBu()"*, >t (6)

Proof. We suppose that there is a t; > tg in a way that u(t) > 0 and u(g(t,0)) > 0 for
t > t1. From Equation (1), we have

Lu(t) = - (2O 1P lu(o(w) k1 [ g, 0)u (30, 0))d0 <,

x1(6(t))
and LBlu(t) is non increasing on I, we obtain
t t
LPu(r) > / (L2 u(s))' ds = / (xa(s)) " LBlu(s) ds > Ax(hr, 1) LPlu(t),
h h

which implies that

1/a

w0 > (L) (0 (1) An(er, 1))

Now, twice integrating above from #; to t and using LPlu(t) < 0, we find

u'(£) > (L[slu(t))l/a /

3]

t <(x1 (s))_lAz(tl,s))l/“ds

and
u(t) > (L[3]u(t))1/a /tlt /tlu ((xl(s))*lAz(tl,s))l/adsdu fort < .
O

Lemma 3 ([10]). Let ¢ € CY(I,R"), &(t) < t, &(t) > 0and G(t) € C(L,RY) for t > t,.
Assume that y(t) is a bounded solution of a second-order delay differential equation:

(x2(t) y' (1) = ©(H) y(&(t)) = 0. @)
If

lim sup ( )@(s) A (&(t), E(s))ds > 1 (8)

52



Mathematics 2022, 10, 995

or
t

lim sup ((xz(t))71 /;@(s) ds)du >1, )

t—o00 g(t)

where x,(t) is as in Equation (1); thus, the solutions of Equation (7) are oscillatory.

3. Oscillation—Comparison Principle Method

In this section, we shall establish some oscillation criteria for Equation (1). For conve-
nience, we denote

Q) = (o) Aattno(e), vt =exp ( [ Qo).
d B
qte) = [ q(te)de, © (1) =kii(t,e)(Asltrg(t,d)) -

Theorem 1. Assume that « > B and the conditions in Equation (2) hold, and Equation (3) is
non-oscillatory. Suppose there exists a & € C'(I,R) such that

glto) <EM) <o(t)<t, &(t)>0 fort>t,
and Equations (8) or (9) holds with
O(1) = £ ki1, 08 (1) (A0, g0, 0)° — ks >0, k2,
x1(6(#))
for constant £, > 0. Moreover, suppose that every solution of the first-order delay equation

B
«

() + 918 (3t d)) ©* () 2% (g(t,d)) = 0. (10)

Then, every solution of Equation (1) is oscillatory.

Proof. Let Equation (1) have a non-oscillatory solution u(t). Assume there exists a t > t;
such that u(t) > 0 and u(g(t,0)) > 0 for some t > t). From Lemma 1, u(t) has the
conditions either L2 u(t) > 0 or LZu(t) < 0 for t > t;.

Assume that 1(t) has the condition LZu(t) > 0 for t > t;, then one can easily see that
LBlu(t) > 0 for t > t;. We can choose t, > t; such that g(t,0) > t; for t > t;, g(t,0) — o
as t — oo, and we have Equation (6),

u(g(t,d)) > Au(tr, g(t,d)) (LPu(g(t,d), t> . (1)

By substituting Equations (4) and (11) into Equation (1) and when LBl u(t) is decreasing,

(Lmu(t))/—i—( p(t) )L[3]u(t)A2(t1,<S(t))

x1(8()
() (Aslins(,)” (1Pusan) <o a2)

Taking ¢ = LBl u, we have
§'(1) + QUOP(E) + O ()95 (3(t,d)) <0 (13)
(#()9(1) +p()O" (9¥ (5(t,d) <0, fort > (14)
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Next, setting z = ¢ > 0 and ¢(g(t,d)) < ¢(t), we have

2 () + 175 (5(t,4)@" (1)F
This means Equation (15) is positive for this inequality. Furthermore, by ([21], Corol-
lary 2.3.5), it can be seen that Equation (1) has a positive solution, a contradiction.
Next, assume u(t) has the condition L2lu(t) < 0, for t > t;, then one can easily see
that LWu(t) > 0, LBlu(t) > 0 for t > t3(> t,). Using the monotonicity of ' (t) and mean
value property of differentiation, there exists a § € (0,1) such that

(g(t,d)) <o. (15)

u(t) >0tu'(t), fort>ts. (16)

Set w(t) = LMu(t), then w'(t) = u”(t) < 0. Using Equation (16) in Equation (1),
we obtain

(x2(8) (x1 () [ (£)]%)") + p () (@' (5(£)))* + K1 (6)P (¢, 0)wP (g(t,d)) <O,

and so (x1(t) [w'(1)]") < 0, we have (x1(#) [@'(£)]*)" > 0 for t > t3. Now, forv > u > t3,
we obtain

w(u) > w(u) ~ (o) — —'/j—x;““m<x1<T><w'<T>>“>““d~r

= X/ (o)(~/(0)) A1 (1, 0).

Taking u = ¢(t) and v = g(t,d), we obtain
w(g(t,d) > Ai(g(t,d),5()) (a1 (6(1)) (—w'(5(1)))) = Ar(g(t,d), &(1)) y(&(D)),

where y(t) = x%/"‘(é‘(t))( w'(&(t))) > 0 for t > t3. From Equation (1), we have that y(t) is
decreasing and g(t,d) < &(t) < é(t) < t; thus, we obtain
B

(x2(B)2' (1)) + p) 2(6(t)) = ki (6g(t,d))P (¢, 0) Ar(g(t,d), &(8))zx 1 (E(1))2(5(1))-

B
o

Since z is decreasing and a# > B, there exists a constant ¢ such that z -1 (t) > { for

t > t3. Thus, we obtain

(202 (1) = (k1 05(0,0)P 700,00 (5(0,0),E0)) — D) 2(E(0)

Proceeding the rest of the proof in Lemma (3), we arrive at the required conclusion,
and so it is omitted. O

4. Oscillation—Riccati Method

This section deals with some oscillation criteria for Equation (1) using the Ricatti Method.

Theorem 2. Assume o > p and the conditions in Equation (2) hold, Equation (3) is non-oscillatory.
Suppose there exists 17, & € C'(I,R) such that g(t,0) < &(t) < 6(t) < t, &'(t) > 0andn > 0
fort >ty with

t 2
lim sup kin(s)q(s,0) — AB(S) ds =ooforallt; € I, (17)
t—oc0 ts 4 (S)
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where, for t >y,

_7® e
AD =0~ w0 19
and
BLEY o/ (t,d) p-1 1/a
B(H) = S22 (Ahuged)) (As(hg(d) (19)

also Equations (8) or (9) hold with ©(t) as in Theorem 1. Then every solution of Equation (1)
is oscillatory.

Proof. Suppose that Equation (1) has a non-oscillatory solution u(t). Assume that, there
exists a t > t; such that u(t) > 0and u(g(t,0)) > 0 for some t > to. From Lemma 1, u(t)
has the conditions either L@ u(t) > 0 or LPu(t) < 0 for t > t;. If condition LPu(t) < 0
holds, the proof follows from Theorem 1.

Next, if condition L2/u(t) > 0 holds, define

LBlu(t)
ub(g(t,d))’

then w(t) > 0 for t > t;. From Equation (6) and L*u(t) < 0, we have

w(t) =n(t) tel, (20)

8] 8]
wlt) = () g < (0 =g S < ) (Aulr gle.d) 0 Plg(e), @

for t > t;. From Equation (5) and definition L2 u(t), we find

W (g(t,d)) = LWu(g(t,d)) = As(tr, g(t,d))(LPIu(3(0)/* = As(tr, g(t,d)) (LPu(g (t,d))) /.

Then,
1/a
u'(g(t,d)) As(t, g(t,d)) 171/"‘(r5(t))(L[%(t))l/“uﬁ/a_1
u(g(t,d)) = < 1n(6(t)) > ub/a(g(5(t),d)) (8(s(t),d))
1/a
_ [ Asltg(td)) W% (1) B/ 21
< () ) (t) (8(6(8), d))- (22)

Furthermore, since there exists a constant ¢; and t, > #; such that for LPBlu(t) <
LBlu(ty) = ¢;. Therefore,

t t
LPu(t) = LPu(ty) + | (LPlu(s)) ds < LPu(ty) + 61/ ds
t

ty 2 xz(s)
2]
— P _ | LPultz)
L¥u(t2) + 61 A2(t2, 1) Ay (2, ) + 01| Ax(ta, t)
MJJ As(to, t) = € Ay(tp, t) (23)
= Az(tz,t3) 1 2\t2, 1 2\t2, 7
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w'(t)

IN

IN

holds for all t > t,, where /] = {1 + A ( Ju(t )), which implies that

u’(t) = ul(f3) +

1/«
t t e*Az(tz,S)
u'(s)ds < u'(t +/ A ds
ts ( ) = ( 3) b x1(s)

= u(t3) + (gf)l/aAg(tg,, t) =/ A3(t3, t),

holds for all t > t3(> t,), where £, = u(ty)

As(taty)
t4 + /

holds for all t > t4(> t3), where £ = Ar((t?il)

+ (¢3)1/*. Then,

s)ds < u(ts) +/ (82A3 (ts,s ))ds

= u(ty) + o Ag(ts, t) = €5 Ag(ts, t),

+ ¢,. Further,

ubl*Y(g(t,d)) >

By using Equation (24) in Equation (21), we obtain

w(t) < (63) P y(t) (Aa(tr,g(t,d))) P,

and hence

1

1_ s (e=B)(3—1)  1_

Now differentiating Equation (20), we obtain

n'(t) LHu(t)
LBlu(t)

Using Equations (1) and (4) in Equation (28), we have

n(t)  x(g(t,
A(tw(t) —

—kin(t)q(t, o) +

—kin(H)q(t,

u'(g(t,d))
u(g(t,d))

By using Equations (22), (25) and (28) in Equation (29), we have

ki (1)i(t, @) — Bg/ (1) w(t).

p—a s _
— ki (t)q(t,e) — W (A4(t1,g(t,d)))ﬁ ' (A3(t1,g(t, d)))
2(t

— ki (8)q(t, @) + B(t)w

)
A(t) 1 A%(t)

)+15
@y

Integrating Equation (31) from t5(> t4) to t gives

2
ﬁQw@ﬂw%&§$§m<mm,

56

7 Aalta g 0, Jolt) — kun (0718, 0) — B ()50

(3)P"* N (Ag(ta, g (6P, >t

(1) (As(tr, g(t,d))) PG,

1, (8t d))
w(t) — Bg (t/d)ww(t)-

w?(t)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

(31)

(32)
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which contradicts Equation (17). O

Corollary 1. Assume o > [ and the conditions in Equation (2) hold, Equation (3) is non-
oscillatory. Suppose there exists 17, &£ € C'(I,R) such that g(t,0) < &(t) < 5(t) <t,&(t) >0
and n > 0 for t > t; such that the function A(t) <0,

t
lim sup (17(5) q(s, Q))ds =ooforallt; €1, (33)

t—o00 ts
where A(t) is defined in Equation (18), and Equations (8) or (9) holds with ©(t) as in Theorem 1.
Then, every solution of Equation (1) is oscillatory.

Next, we examine the oscillation results of solutions to Equation (1) by Philos-type.
LetDy = {(f,5) :a <s <t < +o0}, D = {(t,s) : a <s <t < 4o}, the continuous
function H(t,s), H : D — R belongs to the class function R:

(i) H(tt)=0fort>tyand H(t,s) > 0for (f,5) € Dy;
(i) H has a continuous and non-positive partial derivative on Iy with respect to the
second variable such that

0H(t,s)
ds

= h(t,s)[H(t,5)]',
for all (t,s) € Dy.

Theorem 3. Assume a > 1 and the conditions in Equation (2) hold, and Equation (3) is non-
oscillatory. Suppose there exists 7, ¢ € C1(I,R) such that g(t,0) < &(t) <4o(t) <t &(t) >0,
n > 0and H(t,s) € R for t > t; with

ot 2
lirtnsup (tlt5) ./t5 (kl n(s)q(s,0)H(t,s) — ié&?)ds =oo forall t) €], (34)

where P(t,s) = h(t,s) — A(s)\/H(t,s) and A(t), B(t) are defined in Theorem 2, and Equa-
tions (8) or (9) holds with ©(t) as in Theorem 1. Then, every solution of Equation (1) is oscillatory.

Proof. Suppose that Equation (1) has a non-oscillatory solution u(t). Assume that there
exists a t > t; such that u(t) > 0and u(g(t,0)) > 0 for some t > ty. Proceeding as in the
proof of Theorem 2, we obtain the inequality from Equation (30), i.e.,

W'(H) < Alw(t) = kin(t)q(t o) + B(Hw(1),

and so,
[ HE s 0ds < [ HEo)-/(5) + Als)els) ~ Bl ()]ds
= —H(if,s)[cu(s)K5 —0—/; [%w(s)

FH(Ls) [A(s)w(s) - B(s)wz(s)} } ds

= H(t ts)w(ts) — /t t [wz(s)B(s)H(t,s)
—i—w(s)(h(t,s) H(t,s)—H(t,s)A(s))}ds

t P2(t,s)

ts 4B(S)

IN

H(t, ts)w(ts) + ds,
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t—o0

t 2 t
lim sup A <k1 1(s)q(s,0) — f (S)>ds = limsup A (12k1 se/3 — (

which contradicts Equation (34). The rest of the proof is similar to that of Theorem 2 and
hence is omitted. [J

5. Examples

Below, we present an example to show the application of the main results. This
example is given to demonstrate Theorem 2.

Example 1. Fort > 1, consider the fourth-order differential equation
2
(172t (9 (1) (u" (1)) ") + 36e5/2u" (/2) + /1 éu(g, 36e!/3)do = 0. (35)

Here, x1 = 9¢~f, xo = 1/2t,a = B =1, p(t) = 36e7/2, q(t,0) = t/3 and 5(t) = t/2,
g(t,0) = t/3. Now, pick 5(t) = 36e'/3, so we obtain

ot

Ar( ) = /1 (9¢)~1ds = 9(ef —e),
As(ty,t) = /1t25ds = —1=(t+1)(t-1),
As(ty,t/3) = /1t/3(9f35)_1(s2 —1)ds = !/3(t — 3)?,

- s 2d
q(s,0) = 5/1 0=s/3,

—

AZ(S) — (31‘29_5)2 and B(s) — 5575)2 Now,

36 _35>2)ds —o00ast — 0o,

B(S) t—oc0 5—

and all hypotheses of Theorem 2 are satisfied, so every solution of Equation (35) is oscillatory.

6. Conclusions

The form in Equation (1) is clearly more generic than all of the problems covered in
the literature. In this paper, we provided some oscillatory properties using the appropriate
Riccati-type transformation, integral averaging condition, and comparison method, en-
suring that any solution of Equation (1) oscillates under the assumption of A;(t;,t) — oo,
As(t1,t) — oo as t — oo. Furthermore, based on the condition of A1(t1,t) < o0, Ax(#y,t) <
o as t — co, it would be desirable to expand the oscillation criteria of Equation (1).
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Abstract: In this paper, we investigate the controllability of first order linear fuzzy differential systems.
We use the direct construction method to derive the controllability results for three types of first
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1. Introduction

The study of controllability is an important area of research and classical differential
controlled systems have been discussed in many papers. In [1], controllability of impulsive
differential equations was studied for the first time. The authors in [2] established some
sufficient conditions for controllability by applying the measure of noncompactness and
Monch’s fixed point theorem. In [3], the authors presented complete controllability of the
considered impulsive control system and in [4], the author gave local and global control-
lability properties for nonlinear systems. In [5], the controllability and the observability
of continuous linear time-varying systems with norm-bounded parameter perturbations
was considered. When using classical mathematical models alone, many equations need
to be solved due to the uncertainty of the measurement parameters and this can be time-
consuming and can be financially burdensome to compute. The disadvantages of uncer-
tainty can be overcome by fuzzy differential systems. The concept of controllability was
introduced by Kalman [6] in 1963 and has played an important role in control theory since
then. We have done some research on fuzzy differential systems [7,8], in this paper we will
go further investigate the controllability of first-order linear fuzzy differential systems and
it can resolve the controllability problem with uncertainty more accurately.

The main contributions are as follows:

Comparing the relevant literature above, we use the direct construction method to
present the controllability of three types of first order linear fuzzy differential systems in
the case of a > 0, (c1)-solution; a > 0, (c2)-solution; a < 0, (c1)-solution; a < 0, (c2)-solution,
respectively.

While the method used is standard in some sense the constructed approach is technical
and the control function given for our problem is a function with hyperbolic sine and cosine.
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The controllability of first order fuzzy differential systems in iterative feedback tuning
in fuzzy control system, fuzzy control design for non-holonomic wheeled mobile and fuzzy
optimal control for complex nonlinear systems is useful and for more details we refer the
reader to [9-11].

In this paper, we consider the controllability of three types of first order linear fuzzy
differential systems

{ v (t) =a(t)y(t) +b(t) +du(t), t € ] =[0,T], )
y(O) = Yo,
and
{ y'(t) + (—a(t))y(t) = b(t) +du(t), t ], @
y(O) = Yo,
and
{ y' (1) + (=(b(t) +du(t))) = a(t)y(t), t € ], 3)
y(O) = Yo,

wherea: | =+ R, yp €Rrandb:] > Rp,u:] — Rp,deR,.

In Section 2, we present notations, concepts, and lemmas needed in this paper. In
Section 3, we establish some theorems concerning the controllability of first order linear
fuzzy differential systems. Finally, in the last section, we give an example to illustrate our
main results.

2. Preliminaries

We collect some concepts which will be used throughout the paper; for more details,
see for [12,13].

Denote by R := {v | v : R — [0,1]} the class of the fuzzy subsets of the real axis
satisfying the following properties:

(X71) visnormal (i.e.,, 3x9 € Rs.t. v(xg) = 1).

(X2) v is convex fuzzy set (i.e., v(&sp + (1 — &)s1) > min{v(sp),v(s1)}) for all sp,
s1 € Rand ¢ € [0,1].

(X3) v is upper semicontinuous on R.

(X4) [0]° = {x € R:v(x) > 0} is compact.

Let « € (0,1]. Consider the a-level set of v € Rr by [v]* = {s € R | v(s) > a}, which
is a nonempty compact interval for all « € (0, 1]. We use [v]* = [v,, T« to denote explicitly
the a-level set of v. We call v, and 7, the lower and upper branches of v, respectively. We
use the notation diam([v]*) = Ty — v, to denote the length of v.

Now Va € [0,1], u, v € Rr and ¢ € R, we define the sum u + v and the produce u as
0+ )% = (1] + [0 = [t + 0, T+ 7] and [Eu]* = E[u].

Consider the Hausdorff distance D : Rp x Rp — Ry U {0} where D(1,v) = sup

0<a<1
dp([u]®, [v]*) = sup max{|u, — v,|, [#x — Va|} (see [14]). Then (Rf, D) is a complete
0<a<1
metric space (see [15]) and (i) D(u +e,v+¢) = D(u,v),V u, v, e € Rg, (ii) D(gu,cv) =
lg|D(u,v),V¢ €R,u,veRE, (i) D(u+e,v+0) < D(u,v)+ D(e,0),Vu,v,e 0 € Rpare
satisfied.
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Definition 1 (see [13] (Definition 2.1)). Let f : [a,b] — Rp be measurable and integrably
bounded. The integral of f over [a,b), denoted by | Hb f(t)dt, is defined levelwise by the expression

Uahf(t)dtr - /ah[f(t)]védt
= {/ﬂb f(t)dt | f: [a,b] — Rp is a measurable selection for [f()]”‘},

for every « € [0,1].

Throughout this paper, we use the symbol © to represent the H-difference. Note that
a ©ay # a; + (—1)ap := a; — ap. In the sequel, we fix ] = [0, T], for T > 0.

Here we simplify the classes of strongly generalized differentiable by considering case
(1) and case (i7) as in paper [16].

Definition 2 (see [13] (Definition 2.2)). Let Q : | — Rpand fix ny € J. We say Q is
differentiable at ny, if we have an element Q' (ng) € Ry such that either

(c1) for all p > 0 sufficiently close to 0, the H-differences Q(ng + p) © Q(np), Q(ng) &
Q(ng — p) exist and the limits (in the metric D)

lim QU0 +p)©Q(m0) _ . Qo) © Q(mo — p)
p—0T p p—0+ 14

= Q'(no),

or
(c2) for all p > 0 sufficiently close to 0, the H-differences Q(ng) © Q(no + p), Q(no — p) ©
Q(no) exist and the limits (in the metric D)

i QUI0) QUm0 +p) _ | Qlo— p) © Qo)
p—0t —p p—0* —p

= Q'(n).

Definition 3 (See [13] (Definition 2.5)). Let Q : ] — Rg. We say Q is (c1)-differentiable on | if
Q is differentiable in the sense (c1) in Definition 2 and its derivative is denoted D1Q. Similarly we
can define (c2)-differentiable and denote it by D, Q.

Theorem 1 (see [13] (Theorem 2.6)). Let Q : ] — Rp and put [Q()]* = [pa(t),qu(t)] for each
a € [0,1].
(i) If Q is (c1)-differentiable then p, and q, are differentiable functions and [D1Q(t)]* =

[Pe(t), 9 ()]-
(ii) If Q is (c2)-differentiable then p, and q, are differentiable functions and we have [DyQ(t)]* =

[9.(), pa ()]

Theorem 2 (see [17] (Theorem 2.2)). Let K : | — Rp be a differentiable fuzzy number-valued
mapping and we suppose that the derivative K’ is integrable over J. Then for each t € ], we have
(a) if K is (c1)-differentiable, then K(t) = K(b) + fbt K'(s)ds;
(b) if K is (c2)-differentiable, then K(t) = K(b) © fbt —K'(s)ds.

Theorem 3 (see [13] (Theorem 2.7)). Let Q be (c2)-differentiable on | and assume that the
derivative Q' is integrable over |. Then for each t € | we have

Q) = Q@e [ Q@
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Theorem 4 (see [18] (Theorem 2.4)). Let K : | — Rp be continuous. Define the integral
G(t):==0c8 fvt —K(s)ds, t € ], where o € Rp is such that the preceding H-difference exist on J.
Then G(t) is (c2)-differentiable and G'(t) = K(t).

Consider the following conditions (here p : R — Rp):
Hypothesis 1. Foragivent € |, p(t +h) © p(t) and p(t) © p(t — h) exist for h — 07;
Hypothesis 2. Foragivent € [, p(t) © p(t + h) and p(t — h) © p(t) exist for h — 0.

3. Controllability of First Order Linear Fuzzy Differential Systems

Definition 4. Fuzzy system (1)—(3) is called controllable on [ty, T| (T > ty), if for an arbitrary
initial state yy € R at ty, final state y, € Ry at time Ty(here ty = 0 and Ty = T), there exists
a control u : ] — R such that the system (1)—(3) has a solution y that satisfies y(T1) = y1(i.e.,

y(T))* = [y1]*)

Consider the following system (see [17]):

{ y'(t) = a(t)y(t) + b(t) +du(t), t €],
y(O) = Yo,

wherea : | = R, yg €Rrandb:] - Rp,u:J] = Rp,deR,.
From [17] (Theorem 3.1, a < 0), the (c1)-solution of (1) can be written in the form:

() = cosh(/ot (0 )dv) (yo+/ { () + du(s ))cosh(/osa(v)dv>
o (b(s) +Ju(s))sinh( v)dv } >
—i—sinh(/ot (v )dv) <y0+/ [b(s +du(s)) cosh (/Osa(v)dv>
e(b(s)+ciu(s))sinh( ; a(v)dvﬂds)

From [17] (Theorem 3.1, a < 0), the (c2)-solution of (1) can be written in the form:

: t t
y(t) = eha@doy o efo’a(v)dv/o (—b(s))e Jo 1@ gs o efy alv /0 (—du(s))e~ Jo a@dvgs,
Thus, we consider two cases to study the controllability of (1): The (c1)-solution and
the (c2)-solution.

Case 1.1 Consider a < 0 via (c1)-solution.

Theorem 5. In Case 1.1, system (1) is controllable, if the control function u(t) is given by

u(t) = Titi {yl cosh (/OTl a(v)dv — /Ot a(v)dv) © yp sinh (/OTl a(v)dv — /Ot a(v)dv>
e(cosh (/Ota(v)dv> Yo + sinh (/Ota(v)dv)yoﬂ S %b(t), te],

where the H-differences exist.
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Proof. Since the H-differences exist in u(t), for T; > 0, we obtain

T
dv >y0+sinh (/ 1a(v)dv>yo
0
5

~—

y(T1) = cosh (/OTl a(v

@)
@]
®
=

ey eosh (oo Mol
— a(v)dv
T Jo 0
1 T
+—/ sinh a( d0+/ v) si
T Jo

inh
= (cosh(/OTla v)dv)yoecosh(/o a(v)d )yo)
+<sinh (/OTl a(v)dv)yo © sinh </0T1 a(v)do yo) + 11

g yl'

1 T; S
+—/ cosh (/ a(v)dv) cosh( dv) ypds
T1 0
Tl S
+= / sinh (/ a )dv> cosh < dv) ypds
0
1 h( [ a(v)do) sinh 0)dv ) y1d
9T1/0 cos (/0 a(v) v) si ( v)yl s
L % vk ([ a(o)do ) sinh 0)d
@ﬁ/o sin (/0 a(v) v> si ( v |y1d
1 T T
@*/ cosh (/ a( dv+/ dv) cosh dv)yods
Ti Jo 0
1 rh T
@—/ sinh (/ a( dv+/ dv) cosh dv)yods
Ti Jo 0

(
(e

dv) sinh ( dv) yods
(e

o\
ey

—~

Thus, the system (1) is controllable in this case. O

Case 1.2 Consider a < 0 via the (c2)-solution.

Theorem 6. In Case 1.2, system (1) is controllable, if W 1 [0, T1] exists; here
T S ~ o~ S
Wo[0, T3] = / Lo Jy 2o e Jy al)dv g, @)
0

Proof. From Wy[0, T1] = f Tt o= Jg a(o)do g7o=J al v)dvds for Ty > 0, for any final state y; €
Rr we choose a control function as follows:

ul(t)_—aieféﬂ@)deo1[0,T1](y0@/0n(— 5))e Jo 1@)ogs o o= Jy'a yl),tej,

where the H-differences exist.
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~ Tl
up(t) = —de™ fg"(v)d”Vg_l[Of T] (yo @/0 (—

Then we get
: T
W(Ty) = el oy o el e [ p(s))em Tioehiogs
T,
@efoTla(U)dv/ 1(—du ( )) — J5 a( dvds
0
S a(v)dvy0@e~0T1”(v)dv/T]( b(s))elo 124
0
6efOTla(v)dv/ e~ Joa(o)dv g7, [5al de [0, T1]
T — [y a(v)do —le a(v)dv
><<y06/0 (=b(s))e” o dso e Jo y1>ds
= gfoTl “(U)d”y()@gfoTlﬂ(v)dv /Tl( b(s ))efo v)do 4
0

@efoTl ﬂ(U)dvyO + efoTl a(v)dv /Tl( b(s ))ejo 0)dvgg
0

+ef0T1a v)do 710 a(v) vyl
= ]/1~

That means system (1) is controllable in this case. [

From [17] (Theorem 3.2, a > 0), the (c1)-solution of (1) can be written in the form:

t t s t .
y(t) :efo a(v)do (y0+/() b(s)eifo u(v)dvds+/() du( — J5a( dvds)

From [17] (Theorem 3.2, a > 0), the (c2)-solution of (1) can be written in the form:

y(t) = cosh (/Ot (v )dv) (y()@/ [ ) +du(s ))sinh(/osa(v)dv>

—(b(s) + du(s)) cosh (/[)sa(v)dz;): ds)

© — sinh (/Ota(v)dv> (yo o /Ot {(b s) +du(s)) sinh </Osa(v)dv)

—(b(s) + du(s)) cosh (/Osa(v)dv>: ds).

—~

Thus, we consider two cases to study the controllability of (1): The (c1)-solution and

the (c2)-solution.

Case 2.1 Consider a > 0 via the (c1)-solution.

Theorem 7. In Case 2.1, system (1) is controllable, if V; 1[0, Ty] exists; here

Vg[O,Tl]:/ e~ Jo a0 g 7o Jy a0)dvgg
0

Proof. We set

where the H-differences exist. The rest of proof is the same as in Case 1.2. O

Case 2.2 Consider a > 0 via the (c2)-solution.
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Theorem 8. In Case 2.2, system (1) is controllable, if the control function u,(t) is given by

up(t) = Tid{( - (cosh (/Ota(v)dv)yo © —sinh (/Ota(v)dv>yo)>
© —y1 cosh (/OTl a(v)dv — /Ot a(v)dv)

©y1 sinh </0T1 a(v)dv — /Ota(v)dv)] e %b(t), te],

where the H-differences exist.

Proof. Since the H-differences exist in u,(t), for T; > 0, we get

y(Th)

_ [cosh('/OTla(v)dv>y0@ (71,1 /OT1 cosh (/(;Tla(v)dv—l—/sa dv> Cosh( dv)yods
9;1/;1 sinh </0T1a(v)dv+/osa(v)dv> smh( (0 dv)ygds)}
+{— (Tll /OTl sinh (./O'Tl a(v)dv+/(;sa(v)dv) cosh( dv)yo
@;1/;1 cosh (/OTla(v)dH/osa(v)dv) sinh< ) Ods)
o — sinh (/OT1 a(v)dv)yo] JrTll/OT1 cosh (/0 )cosh( [ dv)ylds
@%/@Tl sinh </Osa(v)dv> sinh (/Osa(v)dv>y1ds
o- (Tll /OT1 sinh (/Osa(v)dv) cosh (/Osa(v)dv>y1ds
e;l/OT1 cosh (/Osa(v)dv> sinh </Osa(v)dv)y1ds>

Thus, system (1) is controllable in this case. [

Consider system (2) (see [17]):

{ y'(t) + (—a(t)y(t) = b(t) +du(t), t € ],
]/(0) = Yo,

wherea : | = R, yg €Rrandb:] - Rp,u:] = Rp,deR,.
From [17] (Theorem 3.3, a < 0), the (c1)-solution of (2) can be written in the form:

y(t) = eﬁ)t“(v)d ( Yo +/ fo dvds>
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From [17] (Theorem 3.3, a < 0), the (¢2)-solution of (2) can be written in the form:

y(t) = cosh (/Ota(v)dv> (yo o (-1) /Ot {(b(s) + du(s)) cosh (/Osa(v)dv>

©(b(s) + du(s)) sinh (/OS a(v)dv>: ds)

+ sinh (/Ota(v)dv> <y0 o (-1 /Ot [(b(s) +du(s)) cosh (/OS a(v)dv)

©(b(s) + du(s)) sinh (/OS a(v)dv): ds).

Thus, we consider two cases to study the controllability of (1): The (c1)-solution and
the (c2)-solution.
Case 3.1 Consider a < 0 via the (c1)-solution.

Theorem 9. In Case 3.1, system (2) is controllable, if W, 1[0, Ty | exists; here

T S ~ S
Wi[0, T3] = /0 ' o Jo aedo gz, fy al)do g, ©)

Proof. Let
- T s
us(t) = de” fOt“(”)d”Wfl[O, Ty] (e‘fOTl a0}y, &y, @/O 1(—b(s))e_ Jo “(v)d”ds>, te],

where the H-differences exist. The method of proof is the same as in Case 1.2, so we omit it
here. O

Case 3.2 Consider a < 0 via the (c2)-solution.

Theorem 10. In Case 3.2, system (2) is controllable, if the control function uy(t) is given by

uy(t) = Ticf{( — cosh </0ta(v)dv>yo — sinh (/Ot a(v)dv>y0>
© — y1 cosh (/OTl a(v)dov — /Ot a(v)dv)

ey " (oo | afo)o) | & 200, te ),

where the H-differences exist.

Proof. The method of proof is the same as in Case 1.1, so we omit it here. O

From [17] (Theorem 3.5, a > 0), the (c1)-solution of (2) can be written in the form:

y(t) = cosh </0ta(v)dv) <]/0 + /Ot [(b(s) +du(s)) sinh (/OS a(v)dv>

—(b(s) + du(s)) cosh (/Osa(v)a%)): ds)

© — sinh (/Ot a(v)dv> (yo + /Ot {(b(s) + du(s)) sinh </OS a(v)dv)

—(b(s) + du(s)) cosh (/Osa(v)m)): ds).
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From [17] (Theorem 3.5, a > 0), the (c2)-solution of (2) can be written in the form:

]/(t) _ efota(v)dv (yo 5 /Ot(—b(s) B Ju(S))ei fosﬂ(v)dvds> )

Thus, we consider two cases to study the controllability of (1): The (c1)-solution and
the (c2)-solution.
Case 4.1 Consider a > 0 via the (c1)-solution.

Theorem 11. In Case 4.1, system (2) is controllable, if the control function us(t) is given by

us(t) = TidN[_yl cosh (/OTl a(v)do — /Ota(v)m)) + y1 sinh (/OTl a(v)do — /Ota(v)dv>

o - (cosh </0ta(v)dv)yo © —sinh (/Ota(v)dv>y0)] o %b(f), te],

where the H-differences exist.

Proof. The method of proof is the same as in Case 1.1, so we omit it here. O

Case 4.2 Consider a > 0 via the (c2)-solution.

Theorem 12. In Case 4.2, system (2) is controllable, if W, 1 [0, T1] exists; here

W,[0, Ty] = | /0 n e~ Joa()dv o= Jg a(o)do g 7)
Proof. Let
ug(t) = —de™ fotﬂ(z’)dez_l [0, T1] (yo o /OT] (—=b(s))e™ Joal)dvgs o o~ Jo “(v)dz’yl), te],

where the H-differences exist. The method of proof is the same as in Case 1.2, so we omit
ithere. O
Next, we consider the following system (3):
{ Y' (1) + (=(b(t) +du(t))) = a(t)y(t), t € ],
y(0) = yo,

wherea : | = R, yo €Rrandb:] - Rp,u:J] = Rp,deR,.
The method of proof is same as in systems (1) and (2), so we omit it here.

4. An Example

In this section we give an example to prove our theorems.

Example 1. Consider linear fuzzy differential equations:
{ y'(t) = —y(t) +du(t), t €[0,03], ®)
y(0) =,

wherea = —1, [y]* = [« — 1,1 —a], y; = 0.67,d = 3.
According to Theorem 6,

0.3 s 0.3
Wo[0, Ty] £ /0 9(eho 1)24s = 9 /0 e*ds = g(eo-6 —1) = 3.6995,
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then W, 1[0,0.3] = 0.1827. Note

~ 03 s .
ui(t) = —de” .f(fa(v)deo—l [0,0.3] <y0 = /O (—b(s))e_-fo a(0)dv g o e—fg%(v)dvyl)
= —0.4439 '4.
To sum up, Wy 1[0, Ty] exists, so the system is controllable.

5. Conclusions

In this paper we mainly study the controllability of first order linear fuzzy differen-
tial equations with the direct construction method. In future work, we shall study the
controllability of first order linear and non-linear impulsive fuzzy differential equations.
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Abstract: We study the regional controllability problem for delayed fractional control systems through
the use of the standard Caputo derivative. First, we recall several fundamental results and introduce
the family of fractional-order systems under consideration. Afterward, we formulate the notion of
regional controllability for fractional systems with control delays and give some of their important
properties. Our main method consists of defining an attainable set, which allows us to prove exact
and weak controllability. Moreover, the main results include not only those of controllability but
also a powerful Hilbert uniqueness method, which allows us to solve the minimum energy optimal
control problem. More precisely, an explicit control is obtained that drives the system from an initial
given state to a desired regional state with minimum energy. Two examples are given to illustrate the
obtained theoretical results.
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1. Introduction

The celebrated letter addressed by L'Hopital to Leibniz about the possibilities that can
be obtained when the order n of the derivative is a fraction 1/2, revolutionized calculus
and marked the birth of fractional calculus [1]. Since its beginnings, fractional calculus
has attracted many great mathematicians, who directly or indirectly contributed to its
development [2]. Today, many researchers consider fractional calculus an important tool
for solving different problems in various fields, e.g., physics, thermodynamics, chemistry,
biology, classical and quantum mechanics, viscoelasticity, finance, engineering, signal and
image processing, and automatics and control [3-5].

Let () be a bounded subset of R" with a regular boundary d(), the final time be T > 0,
Q=0x10,1],and £ = 9Q) x [0, T]. We then consider the system

gID)gz(x,t) = Az(x,t) +Bu(t—h), t>0,
z(x,0) = z,(x), 1
u(t) =¢(t), —-h<t<O,

where D denotes the left-sided Caputo fractional order derivative of order r € (0,1) [6,7].
Note that z is a function of two parameters but the derivative is an operator that acts
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on t. The linear operator A is an infinitesimal generator of a Cy-semi-group (7 (t)),-,
on the Hilbert state space L?(Q) [8,9]. Here, i > 0 is the time control delay and ¢(t) is
the initial control function. In the sequel, we have z(x,t) € Z = L?(0,7; L>(Q))) and the
control u € & = L?(0, T;RP). The initial state z, € L*(Q) and the linear control operator
% : R? — L2(Q), which might be unbounded, depend on the number p and the structure
of the actuators.

The notion of controllability seeks to find a command or control that brings the system
under study from an initial state to a desired final state. This is generally difficult to
achieve, in particular, for fractional order diffusion systems. This explains why a large
number of scholars have been investigating control problems using the notion of “regional
controllability”. This concept was first introduced by El Jai et al. in 1995 [10] for parabolic
systems and was then extended to the case of hyperbolic systems [11]. The concept is
widely used to investigate problems where the target of interest is not fully specified as a
state and relates only to a smaller internal region w of the system domain (). It is especially
crucial when it comes to real-world problems since the transfer costs are lower in a regional
case, for instance, in the case of wildfires, where the main purpose is to control it in a
smaller region and one tries to minimize the costs [12-14].

In various processes, future states are dependent on the current and previous states
of the system, which implies that the models describing these processes should include
delays, either in the state or control variables or both. If the delays are in the inputs, we are
faced with systems with delayed commands. Due to the number of mathematical models
describing dynamical systems with delays in the controls, solving controllability problems
for such systems is of great importance. In particular, controllability problems for linear
continuous-time fractional systems with a delayed control have been the subject of several
works [15-18]. However, it should be noted that the majority of research in this area deals
with the global case, that is, controllability is treated on the whole evolution domain. Here,
we are interested in studying the concept in a specific region w € Q).

Fractional delayed differential equations are equations involving fractional derivatives
and delays. Unlike ordinary derivatives, they are nonlocal derivatives by nature and are
able to model memory effects. Indeed, time delays express the history of a past state [19].
Many real-world problems can be modeled more accurately by including fractional deriva-
tives and delays in a specific subregion w of the whole evolution domain of the system
Q). For instance, when it comes to modeling several epidemiological problems, regional
controllability of fractional delayed differential systems can be more plausible. In the case
of monitoring glucose rates, fractional-order models provide a reasonable rate of movement
of glucose from the blood into the environment [20,21].

Over the years, numerous mathematicians, utilizing their own notations and ap-
proaches, have defined different types of fractional derivatives and integrals. In this paper,
we treat the controllability problem of a fractional diffusion equation in the sense of Caputo
with a delay in the control. Recent works were expanded to solve optimal control problems
with delays by combining conformable and Caputo-Fabrizio fractional derivatives via
artificial neural networks [22]. Here, we define the regional controllability in the exact and
weak senses; we give the necessary and sufficient conditions under which the system is
controllable and we obtain the control that minimizes the energy cost functional.

The rest of this paper is structured as follows. Some definitions and fundamentals of
fractional calculus are given in Section 2. In Section 3, a definition of regional fractional
controllability for delayed systems is given and a necessary and sufficient condition to
verify it is proved. Our main findings on controllability and optimal control are then
formulated and proved in Section 4. In Section 5, we provide illustrative examples for
cases of both a bounded and an unbounded control operator. We conclude with Section 6,
providing a summary of the main conclusions and some insightful open questions that still
deserve in-depth investigations.
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2. Preliminary Results

We begin with some definitions, properties, and known results of fractional calculus
that are used to study System (1). In particular, we recall the two more standard notions for
fractional derivatives: the concept of the solution to System (1) and the fractional Green
formula. In what follows, ¢ : R™ — R is a given function.

Definition 1 (Caputo fractional derivatives; see, e.g., [6]). The Caputo fractional derivative of
order r > 0 of a function g : [0,00) — R is defined as

t
SDis(0) 1= ol 50 1= s [(t= o) g (o), @

where n = —[—r|, provided the right side is pointwise, is defined on R and oI}'~" is the left-sided
Riemann—Liouville fractional integral of order n — r > 0 defined by

1 t
I gt ::7/ t—o)" " lg(o)do, t>0.

oS0 = pr oy ) (-0 T g0, >0 )
Definition 2 (Riemann-Liouville fractional derivatives; see, e.g., [23-25]). The left- and right-
hand sides of the Riemann—Liouville fractional derivatives of order r of function g are expressed by

d\" an gt
Dig(t)i= (5 ) ol 8(0) 1= s g =0 (o), 10, @

and
d\" T
tD7g(t) ::1"(111—r)<_dt> /t(a—t)"*’*lg(a)da, t< T, )

respectively, wherer € (n —1,n), n € N.

Definition 3 (Mittag-Leffler function; see, e.g., [26]). The generalized Mittag—Leffler function
is defined by

i

Ers(y) := i /

L m, Re(r) >0, s,yeC. (6)

Definition 4 (Three-parameter Mittag—Leffler function [7]). The Prabhakar generalized Mittag—
Leffler function is given by

_ 1 & Mr+n)y”
Eaply) = () ;0 if(an+ g Re@W >0 apyeC @)

Definition 5 (See, e.g., [27]). For any given F(x,t) € Z,0 < r < 1, a function z(x,t) € Z is
said to be the general solution of

SDrz(x,t) = Az(x,t) + F(x,t), t>0,
z(x,0) = zp(x),

and is expressed by
2(x,) = +/ V1S (t — 0)F(0)do,

where

R (1) = /O Y@, ()T (Fa)da, ®)
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and

S(t)=r / ad ()T (¢ )da. )
0
Here, {T (t) }+>0 is the strongly continuous semigroup generated by operator A,
@, (2) = Loy, (1),

and , is the probability density function defined by

n—1,—rn—1 F(nr + 1)

P, (a) = (-D)" Tsin(nnr), a € (0,00). (10)

£M8

L
T A

Remark 1. The density function given by (10) satisfies the properties

/Ooo e %y (a)da = eV, /Ooo ¢, (0)da =1, re(0,1), (11)
n r(1+v)
00 v B v

‘/0 3 CDr (ﬂé)dﬁé = m, v Z 0. (12)

The following hypotheses are used in our results:

(H1) The control operator B is dense and B* exists;
(Hy) (BS/(t))" exists and (BS,(t))" = S;(t)B

Note that (H;) and (H;) hold when B is bounded and linear. Throughout this paper,
we use z(x, t) for the state of the system. Next, we introduce the notion of a mild solution
of System (1), using for it the notation z, (x, t).

Definition 6 (Mild solution of System (1) [28]). We say that a function z (x,t) € Z is a mild
solution of System (1) if it satisfies

t—h
2, (6 8) = R, ()z, (x) + /0 (t— o —h)~'S.(t — o — h)Bu(o)do
0
+ / h(t —0—h)"1S (t—o—h)Be(c)do. (13)
We define H : L2(0, T — li;RP) — L?(Q) by
T—h
Hu = / (t—0—h)1S,(t -0 — W)Bu(c)do, forall ue L2(0,7—h;RP). (14)
0

Assume that (Hy)-(H;) hold and (7*(t)),., is a semigroup generated by A* on L?(02),
which is strong and continuous. For v € L?(Q)), we have

(Hu,v) = </Th(r —o—h)" 1S (t—0— h)%u(o)da,v>

L2(Q)
:/ (T—0—h)"1S,(t— 0 —h)Bu(r )1/>L2(Q)da (15)
:/ (t—0c—h) 1S (t—0c—h)v >ud0
(u, H

where (-, -) is the inner product on the vector space and

%

S = r./0°° ad, ()T (# a)dax
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Then, one has
Hv=B*(t—c—h)" 'S (t—c—h)y, forall veL*Q). (16)
Let H be defined as in (14) and let us define the operator £, in such a way that

Ly L*(=h,0;L*(Q)) — L?(Q)

p — /jl(T—(f—h)rflS,(T—a—h)%q)((r)da. A7)

Following the same steps in the computation of #*, we obtain

Lov =B (t—0— h)’flSy*(T —o—h)v, forall ve L*(Q).

Remark 2. The solutions of (1) are considered in the weak sense.

The subsequent lemmas are necessary to demonstrate our main results: Lemma 1 is
used in the proof of Theorem 1, whereas Lemma 3 is useful for proving Theorem 2.

Lemma 1 (See [29,30]). The operators R,(t) and S,(t) are bounded and linear. Moreover, for
every z € L?(Q), we have

rM
R <M S < ——— .

Lemma 2 (See, e.g., [31]). If the reflection operator Q on [0, T| is defined for a differentiable and
integrable function g by
Qg(t) :=g(r —1), (19)

then it satisfies the properties

Qolig(t) = +1;Qg(t),  QoDjg(t) = DL Og(t),
(20)
oI} Qg(t) = QiIig(t),  oDjQg(t) = QiDig(t).

In the following lemmas, we recall the integration by parts and the fractional Green for-
mulas that relate the left-sided Caputo derivatives with the right-sided Riemann-Liouville
derivatives.

Lemma 3 (Fractional integration by parts formula; see, e.g., [32]). For t € [0, 7] and r €
(n—1,n), n € N, the integration by parts relation,

T n—1 T . T T
| rosDig(ta = L (0 O w) o+ (7 | smirwar @

holds.

Remark 3. If0 < r < 1, we obtain from Lemma 3

[ rwsiga = [sontr o], - [“somiso. 22)
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Lemma 4 (Fractional Green formula; see, e.g., [24,33]). Let 0 < r < 1landt € [0, T]. Then,

/OT/Q CDr (x,t) —AZ(X,f))qb(x,t)dxdt

— / / (—oDlp(x, t) — A (x, t))dxdt
+ /an( >t11 f¢<x Tl = [ 2(x,0)1 7 (x,0)dT

T $(x, 1) oz(x, t
) ardr — / / ar,
+/0 /BQ 2(x, ) 20 al/A % t)

(23)

forany ¢ € C®(Q).
As a corollary of Lemma 4, the following result can be derived.

Corollary 1. Let 0 < r < 1. Then, for any ¢ € C®(Q) such that ¢(x,t) = 0in Qand ¢ = 0on
Y., we obtain

/OT/Q (§Diz(x,t) — Az(x,t))p(x, t)dxdt
= [ wont g0+ [ a0 arar
+/ / x, £)(—Dip(x,t) — A"¢p(x, t))dx dt

3. Regional Fractional Controllability

Let w be a given region and a subset of () with a positive Lebesgue measure. The
projection operator on w is denoted by the restriction mapping

P, :12(Q) — L*(w)

25
y —Py=yl, @)

Definition 7 (Regional exact controllability at time 7). We say that System (1) is w-exactly
controllable at time T if, for any z, € L*(w), there exists a control u € L such that

P,z (x,7) =z, (26)

Definition 8 (Regional weak controllability at time 7). We say that System (1) is w-weakly
controllable at time T if, for every z, € L?(w), given € > 0, there is a control w € U such that

1Pz, (%, T) = 2yl r2(w) < & (27)

Remark 4. It is equivalent saying that System (1) is regionally exactly (resp. regionally weakly)
controllable or that System (1) is w-exactly (resp. w-weakly) controllable.

Taking into account that System (1) is linear, for u € 4, let us consider the attainable
set A(t) in L2(Q)) defined by

At) = {a(-,t) € L2(Q) |a(x,t) = Hu + Sq,go}, (28)

where operators H and £, are defined by Equations (14) and (17), respectively. The
following result holds.

Theorem 1 (Necessary and sufficient conditions for regional controllability). For any given
T > 0, System (1) is regionally exactly (resp. regionally approximately) controllable if, and only if,

P A(T) = L*(w) (resp. P,A(T) = L*(w)).
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Proof. We prove the approximate controllability case. Using the same proof as in [34,35]
and assuming that u = 0 for all ¢, System (1) admits a unique solution

X(z0)(x,t) € Z, such that X (z0)(x,t) = Re(t)zo(x). (29)

Then, using Lemma 1, 3¢ > 0 that satisfies || X'(z0)[|2(q) < cl|z0]|12(qr)- Hence, (29) is
well defined. For every v € L2(w), since P, X (zo)(+, T) € L?(w), we obtain

(v—P,X(z0))(:,7T) € Lz(w),
and

1Pwz(x,T) = Vll2w) = [P2(x,T) + P, X (20) (x, T) — (P, X (20) = v)(x, T) [ 12 ()
= [[(Pwz = P& (20)) (%, T) — (v = P, X (20)) (%, T) | 12
= [[P,a(x, 7) = (v = P, X (20)) (%, D)l 12()-

If P,A(T) = L?(w), for any € > 0, we can find that u € 4l satisfies
[Poal, T) = (v — PuX (20)) (-, T)[| < &,

where a(+, -) is an element of the attainable set (28). This implies that || Pz (-, T) — v|| <,
where z,, (-, T) = X(z0) (-, T) + a(-, T) is the mild solution of System (1). Then, System (1) is
w-weakly controllable at time T.

On the other hand, for a given T > 0, System (1) is w-weakly controllable if for any
z4 € L?(w), given & > 0, there is a control u € {l such that

1Pwz, (%,T) = Zall 2wy = [Pz, (, T) + PoX (20) (-, T) = Po X (20) (-, T) — Zdl 12
= |Pwz, (-, T) = P X (20) (-, T) = (2d — Pu X (20) (-, 7)) || 12
= |Pwa(, 7) = (24 — PoX (20) (- 7)) | 12
<e.

One has (Pyz, (-, T) — PuX (20) (-, T)) € PwA(T). Then, (z4 — PuX(20)(+, 7)) € L?(w).
Thus P,A(T) = L?(w). O

Proposition 1. The following properties are equivalent:

(1)  System (1) is w-exactly controllable;
(2) Im(Py(H+Ly)) = L*(w);
(3)  Ker(Py,) +Im(H + £4) = L?(Q).

Proof. (1) < (2). Suppose that System (1) is w-exactly controllable. Then, there exists
z4 € L?(w) such that P,z (x, T) = z4, which is equivalent to

For zg = 0, we have P, Hu + PyLp = z4 < Im(PuH) + Im(PuLy) = L?(w).

(2) = (3). For every z € L?(w), we designate by Z the prolongation of z to L2(Q).
Given Im(PyH) + Im(Py£y) = L?(w), there is a control u € &I, ¢ € L?(—h,0; L?(Q)), and
z1 € Ker(Py), such that Z = z; + Hu + £,¢.

(3) = (2). For every z € L?(Q), it follows from (3) that Z = z; + z5 + z3, where
z1 € Ker(Py), z2 € ImH, and z3 € Im £. Then, there exists u € il such that Hu = z; and
¢ € L?(—h,0; L*(Q))) such that £,¢ = z3. Hence, it follows from (25) that

Im(PyH) + Im(PuSy) = L (w).

The proof is complete. [
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Proposition 2. The following properties are equivalent:
(1)  System (1) is w-weakly controllable;

@ Im(Pu(H + L)) = [A(w);

(3) Ker(Py,) +Im(H + £4) = L?(Q).

Proof. The proof that (1)< (2)& (3) is similar to the proof of Proposition 1 and is left to
the reader. O

We give an illustrative example of the application of our results.

Example 1. Consider the time fractional order differential system with a zonal actuator governed

by the state equation
SDrz(x,t) = Az(x, t) + P, pou(t —h) in[0,1] x [0,T —h],
z(0) = zg, (30)
u(t) = ¢(t),
02
where 0 < r < 1, Bu = P[ﬁ1,ﬁz]u and 0 < B1 < Br < 1. Moreover, since A = Fyel isa
self-adjoint operator, we find that the eigenvalues of the operator A are given by v; = —i>7t? and its

eigenfunctions by {;(x) = v/2sin(irtx). The uniformly continuous semigroup generated by A is

™

l
—

E(t)Z(x, t) - e(vit) (Z, gi)LZ(O,l)gi(x)'
It implies

o0}

Si(t)z(x,8) = [~ 091 (O)2(0)z(x, )0 = 1 Y B, 1 (0t} (2 8020 ()

i=1

and we obtain that
(H+£y) z(x,t) =2 [%*(T —o—h)" IS (1 -0 — h)z] (x,t)

=2rB*(t—o—h)! Y. E?,m(vi(r =0 =h)")(z,8i)r2(01)Gi (%) (31)
i=1

s B2
=2r(t—o—h)"! ) E%Hl(Uz‘(T —0—h)")(z8i)r2(01) /,51 Zi(x)dx,
i=1

8 . . _ .

whereasfrom/ ’ Ci(x)dx = i—\fsin 17T(ﬁ12+ B2) sin 17T(ﬁ12 P2) we obtain Ker (H + £,)" # {0},
P1

ie, Im(H + £y) # L?(w), which means that System (30) is not controllable on Q) = [0,1]. Let

[B1 =0, B2 = 1/3]. We then have

/01/3 Ci(x)dx = /01/3 V2 sin(imx)dx
_ ﬁ|:_COS(Z7T.X):| 1/3

in 0
= l—f(l — cos(irt/3)).

Ifw=11/3,2/3] C [0,1], then
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0 1/3
(H + L) Py (Polj) =2r(t =0 = 1)1 Y 7,y (0(T = 0 = h)") (G0 0 12(w) /0 Gi(x)dx

k=1
—oc—h)
o Z rr+}[—((: I/glr ) )<§ilg]'>L2(w) /01/3 gi(x)dx
- Z rr+}[_ ((J'T _h(;lirh)r) /113@( x)gj(x )dxé(l — cos(in/2)) >

St o b)) I
= V2in(t—o—h)t-r Ji/3
# 0.

We conclude that the state {; is reachable on w.

Ci(x)gj(x)dx[1 — cos(irr/2)]

4. Optimal Control with a Regional Target

Fractional optimal control is a rapidly developing topic (see, for instance, [36-39]). This
section is motivated by the results of [10,40-44] and is devoted to the proof that the steering
control is a minimizer of a suitable optimal control problem. For this, we use an extended
version of the Hilbert uniqueness method (HUM) first introduced by Lions [45,46].

Let F be a closed subspace of L2(Q)). Our extended optimal control problem consists
of seeking a minimum-norm control that drives the system to F at time 7. More precisely,
we consider

irl}fj(u) = irl}f{/or %Hu(t)”zdt ue€ ilad}, (33)

wheref , = {uel | Puz,(-,T)—z, € F}, and the set

={fer?@ | f=0 n0\w}

For ¢, € F°, we consider the system

P Qy(t) = —A*Qy(t), y
lim (17~ Qy(t) = ¢, € LA(Q), (54)
t—=T
in L2(Q) and let
9all%. = (18" (=0 =018 (x =0 — WP ()| o, )
which is a semi-norm on F°.
Using Lemma 2, we can rewrite (34) as
GDp(t) = —A*p(t), 2%
lim oI} ~"(t) = ¢, C L2(Q), (36)
t—0t

with the solution given by 9 (t) = —t""1K*,.
Theorem 2. If u spans I, then z,,(x,T) = L2(Q).

Proof. Take z(x,0) = zp(x) = 0 and suppose that z,(x, T) is not dense in L?(Q). Conse-
quently, there is 1, € Lz(Q), P, # 0, such that

(zu(x,7),¢9,) =0, Yu € sl (37)
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By multiplying both sides of (34) by z(t) and then integrating it over Q, we obtain

[ | = 05D op(tydtax =/ (00), A Q1) -

A (Az(x,t), Qu(t))qdt.

From Lemma 3, we have

/Q /0 “2(x, D Qy(1)dtdx = /Q [ z(x, ) I3 Qup(t) /Q / Qu(t)§Djz(x, t)dtdx
= <Z(X,T),}£Ilt1% rQlP( )y — <z(x,0),hr%t1% rQ¢(t)>
. T O t— a
- /0 <Qtp(t),CID>£z(x,t)>th (39)
= (0 ) 90) = [ (Qu(8),§Diz(x, ), db
= (z(x,7),¥,) — /OT<QI/J(t),Az(x,t) + Bu(t — h))dt.

From Equations (38) and (39), one has

(206, 7), ) = [ (Q(e), Bu(t — 1))t (40)

Using (37), we have
/(]T<Qtp(t),%u(t —h))dt=0< Qy(t) =¢(t—1t)=0, in LZ(Q), Vte [0,7]. (41)

Then ¢, = 0, which is a contradiction. The proof is complete. [

To proceed with the HUM approach, we first need to prove that the semi-norm || - ||
on F° in (35) is a norm. We prove the next results.

Lemma 5. Assuming that (Hy)—(Hy) hold, (35) defines a norm of F°® when System (1) is w-weakly
controllable.

Proof. Suppose that system (1) is w-weakly controllable. Then, Ker((H + £,)*P*) = {0},
that is,
B(t—0—h) 1S (t—0c—h)Pp=0= 1y =0.

Therefore, for every i, € F°, it follows that
T
9ollee = [ 197 (= £ =1y 7187 (= = W) PIp(0) Pt = 0
& B (T —t—h)ISi (T —t—h)P'yp(t) = 0.

Then, (35) is a norm. [

Furthermore, let us define an operator M : F°* — F° by

Mf =P(¢(7)), (42)
where P = P’ P, and ¢ is defined by
{gm¢(t) = Ap(t) + BB (T —t —h) LS (T —t — h)p(t), 3)
$(0) = z,.
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We then decompose M as

Mf = 7)(471 (T) + 4)2(’()),

where
{SW (1) = Ap, (1), w
(Pl (0) = Zy,
and
{gm¢2(t) = A¢,(t) + BB (T —t —h)" 'S (t—t—h)p(t), te€[0,T—h, 5)
‘Pz(o) =
Let
A, = P,P($,(7)). (46)

Then, the regional controllability problem leads to the resolution of the equation
Ay = 24 = PP (¢ (7))- (47)
For any f € (F°)* and g € F, by Holder’s inequality we have that
(Af, Q) /P / T—0—h)1S(t—0c—h)BB*(t—0c—h)"!
xS* (T —0o —h)P*f(o)dog(x)dx

T

(T —e =TS (r = =P f(o) [P do | g |
A1 g Il
and | Af ||<|| f || Moreover, for any f € (F°)*, we obtain

<
<

(A ) po = (B P(,(D), 9,)
= ([ Ry 15 (e B xS (o WP e ()
= /(f<%*<f—cr—h>”s*< 0 WP (0), B (x 0 h) IS, (1 — 0 — )P (0) Yo
= [M18 (o —ny S (- o~ WPy, (0)|Pdo

HIP[)HF

Consequently, if System (1) is w-weakly controllable at 7, we find that ¢, = 0. From
the uniqueness of M, we find that A defined in (46) is an isomorphism.

Theorem 3. If System (1) is cw-weakly controllable, for any zy € L2(w), (47) has a unique solution
Y, € F° and the control

¥(e Y1 Q¥ (. % B
() = {% (T—t—h) 1S (T —t—h)Php(t), 0<t<T—h, )
P(t), T-h<t<T,

steers the system to zz in w. Moreover, u* solves the minimization optimal control problem in (33).
Proof. If System (1) is w-weakly controllable, (35) is a norm. Let us consider the completion

of F° regarding the norm in (35) and let us denote it again by F°. Now, we prove that (47)
admits a unique solution in F°. For any 1, € F°, one has

(Ao, ) por o = (PP (9, (1)), %) = [, 17

Fo-
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Using Theorems 1.1 and 2.1 in [45], one can see that (47) has a unique solution.
Moreover, by setting u = u* in System (1), we have P,z (x, T) = z,. For uand v in 4,4,
one has Pz, (x,T) = Puzo(X,T) = z4 50 Py[zu(x,T) — 2zo(x, T)] = 0. We can easily find,
for any ¢, € F°, that

(%o, P, [Zu(x/TT_)h— z,(x,T)]) =0
& (P, Pu /0 (T =0 — W) 18,1 — o — )Blu() — v(0)]de) =

@/T (B (1 — 0 — )18} (T — 0 — )Py, (o) — 0(0))do = 0,
and
J(w)(u—0) = o o) —o(o))do
= A T—O‘ h)r 18*(1’ g — h) wlpof ( )—Z)(O‘))d(f
=0.

Because i, is convex, by using Theorem 1.3 in [45], we establish the optimality of
u*. O
5. Examples

We provide two illustrative examples for cases of both a bounded (Section 5.1) and an
unbounded control operator (Section 5.2).

5.1. Example 1: Zonal Actuator

We consider the system

SD?'3z(x, £) = Az(x,t) + P[ﬁl,ﬁz]u(t —h), [0,1] x[0,T—H],
z(x,0) =0, (49)
u(t) = @(t), —-h<t<0,

with a fractional order r = 0.3. Here, the control operator B is bounded, [B1, B2] = [0,1/2],
2

A=A= aa—2, and the semigroup (7 (t));> is given by

T()z(xt) = Y (@ 0)5(x),  xe01],
i=1

where v; = —i?7? and {;(x) = V2sin(inx), i = 1,2,... Then, (T (t)),5 is uniformly
bounded. Moreover, one has

Sos(t)z(x,f) =03 / 00, (6)T (1°39)z(x, 1)d6
—03 [ 6D,,(0) i eVt (2, 2,)7;(x)d0

0 i=1
_ SR 0 (Ult03)n n
~03 g g /O 0 (0)d0(z, )i (%) (50)

_ = (0it®)" T(n+2)
=03), Z%) A T+ 03n403) 2 o6

=03 E3514(0i#%) (2,02 ().
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Similarly, we have

Roa(t i (z,Ci 5031<Uf )@i(x)- (51)

i=1

Let w = [0.25,0.75]. We can easily verify that System (49) is [0.25, 0.75]-controllable
using the same arguments in (32) and, by Theorem 3, we obtain

Tk 07 v 2 0.3 . (12 2

£l = [ 103(r =0 =17 ¥ Bya(wi(r =0~ 1)) (2 R [ flx)axPdo,
i=1

which defines a norm on F°. Moreover, Af = P,P(¢,(T)) is an isomorphism and we

obtain the control

) 1/2

W (t) = 03(t = o =) Y B3y (vt — o = 1)) (2.2)Ps [ ()

=1

steering system in (49) from z;(x) to z,with minimum energy.

5.2. Example 2: Pointwise Actuator

Let us now consider the same system as in Example 1 with the control operator
B = 6(x —b), where 0 < b < 1is the control action point. The system is given by

gD?'B'z(x, t) = Az(x,t) +6(x —b)u(t —h), [0,1] x [0,T —Hh],
z(x,0) =0, (52)
u(t) =¢(t), —-h<t<0,

with § the impulse function defined by

5()=0, for t#0,
/+°°5(t)dt ~1. 53)

—0o0

Here the operator B is unbounded. Using Equations (50) and (51), one has

(H + £4) z(x,t) =2 [%*(T o —h) LS (t—o— h)z} (x,1)

& Efa15(0i(T =0 = 1)%) (2, 8i) 120 Gib). (54)

=0.6 =
l; (t—o—h)07

If b € Q, System (52) is not Q)-controllable. Considering w = [1/3,3/4] and b =1/2,
System (52) is w-controllable. Indeed,

e E e h L) 12001V 25 7
(H + £5)"2(x,1) —062 Ga13(vi(t—0 (T)_(T)Ezmo); (01) sm<12>

> EO313(UI(T 0= h) )(Zlgi)LZ(oll)Sin iz
_06\62 CEr— (2)
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Then,

0313(Uk( U_h)os)

(H+2)" p*(pwg])_oaﬁz TCar— <§i/€j>L2(w)Sin(ig)

_06\62 Eiaua (ot —o =)™ sin(iz) /12/351-(X)Cj(x)dx

2(t— o —h)%7 2/ i3
£ 0.
Moreover,
T—h 07
1o 2 —/ HT o —=h)" Soa(T =0 = )P 5549 H
)03 2 55)
2,0 Php(1/2 (
_/ 0313( ) wp(1/2) o
(t—0c—h)*7

From Lemma 5, (55) defines a norm on F° and (46) is an isomorphism from F°* to F°,
where ¢, (1) is the solution of the system

{ﬂﬁ%xw:A%aw+u—t—mOﬂﬁxr%—hww» T e
(Pz(o) =0.
By Theorem 3, we obtain the control
o E2 (T =0 =" (z,7)Prp(1/2
w(t) =03y 7 (1r =0 =) @ ERa ) do, (57)

= (t—o—n"

steering system in (52) to z;, which is simultaneously the solution of the minimization
problem in (33), where ¢ is a solution of (47) and ¢, (T) is a solution of

G0, (1) = Mg, (1),
0t 1 1 58
{4’1 (0) = z,. )

6. Conclusions

In this paper, we dealt with a fractional Caputo diffusion equation defined in (1). We
studied regional controllability with a delay in the control. By defining an attainable set, we
proved the exact and weak controllability of such a system. We also formulated a minimum
optimal energy control problem subject to System (1) and computed its optimal control.
The solution of the optimal control problem was obtained via an extension of the Hilbert
uniqueness method.

In future work, we intend to extend the obtained results (i) to the case of fractional
semi-linear systems with delays in either the control, state variables, or both; (ii) to the
case of neutral evolution systems [47,48] by extending the notion of regional controllability
to such systems; (iii) to the case of the complete controllability of nonlinear fractional
neutral functional differential equations [49] with delays; and (iv) to the case of the regional
stability of fractional delay systems [50]. Another line of research consists of developing
the numerical part and providing suitable numerical simulations for real problems. This is
under investigation and will be addressed elsewhere.
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1. Introduction

In this paper, we study the following n-dimensional system of undamped abstract
evolution equations with memory:

e(F)uy + k(0)A%u + /00o K (s)A%u(t —s)ds + f(u) = g(x), (x,t) € Qx [1,+0),

u(x,t) =0, x €90, t € [1,+), 1)

u(x, t) = uo(x,t), u(x, t) = ui(x,t), x€Q, te (—oo,1,
where Q) is a bounded domain of R" (n > 3) with a smooth boundary 9}, A is a Laplacian
operator with the Dirichlet boundary condition, with domain D(A) = H>(Q)) N H}(QY), and

2n n

ge (1
€<n—l—?.'Z

), n=3, @)

Through the linear time convolution of function A%u(-) and memory kernel k(-), the
fading memory term replaces the damping term and plays the role of energy dissipation in
system (1). It follows that the solution semigroup (or the solution process) of undamped
evolution equations with fading memory can generate a dissipative dynamical system.

Especially in recent years, one of the key problems in the study of abstract evolution
equations with fading memory has been the asymptotic behavior of the solutions when
time tends to infinity. Therefore, it has attracted the attention and research interest of
many scholars (see, e.g., [1-4] and the references therein). Influenced by this, we also
carried out a study of this issue. The problem in (1) we studied arises from isothermal
viscoelasticity theory and describes the energy dissipation of an isotropic viscoelastic
material (see, e.g., [5-10]). Therefore, it has a strong background in mathematical physics,
and it can be naturally transformed into many concrete mathematical models such as the
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semilinear wave equation, Sine-Gordon equation, relative quantum mechanical equation,
semilinear hyperbolic equation and the floating beam equation (see, e.g., [11-15]).

However, as far as we know, the undamped abstract evolution equations with fading
memory is less considered. This is mainly because it is more difficult to verify the compact-
ness of the solution semigroup (or solution process) and estimate the asymptotic regularity
of solutions than in the damping case. Moreover, it is worth emphasizing that the energy
dissipation of the system is only dependent on the fading memory term.

Regarding the abstract evolution equations with fading memory, known results are
all in the case of ¢(f) = 1 and the asymptotic behavior of the solution can be studied
by applying the usual dynamical system theory. Nevertheless, when ¢(+) is a positive
decreasing function, the standard theory fails to discuss the dissipative property involved
in evolution equations. Therefore, the time-dependent terms are at a functional level; this
can be found in (4).

To this end, let £(t) be a positive decreasing function which vanishes at infinity
and satisfies:

sup(le(t)] + ['(H)[] < L, 3)
teR

where L > 0. In this case, the natural energy functional associated with the system is
defined in the standard way:

&) :/Q|A%u|2dx+s(t)/ﬂ|ut|2dx+/0 y(s)/Q\A%deds, @)

which shows a structural dependence on time. Moreover, it is not hard to see that the
vanishing property of ¢(+) transforms the dissipative property and holds back the existence
of absorbing sets in the usual sense, that is, the bounded sets of the phase space absorb
all the trajectories after a certain period of time. In such a case, Conti et al. [16,17] put
forward the notions and established theories of time-dependent attractors (the modified
pullback attractors theory). The main idea is to obtain the existence of absorbing set and
attractors by restricting the attraction domain of the compact pullback attracting family in
the phase space.

By using the ideas in [16,17], some breakthrough progress was made in the research of
the existence of time-dependent attractors and the regularity of solutions for the evolution
equation problems. The semilinear wave equations have been treated in many papers, see,
for example, [16,18-21]. Conti et al. [16] proved the existence and regularity of a time-
dependent attractor, and they [18] obtained the asymptotic structure of a time-dependent
attractor. Meng et al. [21,22] discussed and investigated the longtime dynamical behav-
ior for the semilinear wave equation with nonlinear damping and the extensible Berger
equation via a contractive function method, respectively. In addition, Meng et al. [20] gave
some necessary and sufficient conditions to guarantee the existence of a time-dependent
attractor. Liu et al. [23,24] considered the longtime dynamical behavior and achieved
the existence of time-dependent attractor for the plate equation on a bounded domain
or unbounded domain via an operator decomposition or a contractive function method,
respectively. Furthermore, the time-dependent asymptotic behavior of the nonclassical
reaction—diffusion equation was studied in [25,26].

Motivated by the ideas in [9,16,17], we were interested in analyzing the dynamical
behavior of the undamped abstract evolution equations with fading memory, under the
assumption that the nonlinear term satisfies critical growth. It is worth mentioning that the
asymptotic regularity of the solutions and time-dependent attractors for the problem in (1)
are discussed and investigated firstly in our paper.

The main goal of the present paper was to study the asymptotic behavior of the
solutions of system (1). For the existence of time-dependent attractors, the compactness
verification of the family of processes is a key ingredient. However, the critical nonlinearity,
the memory space that lacks compactness and A? that is a fractional operator all contribute
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to the essential difficulties of the compactness verification. Furthermore, it seems hard
to directly apply the methods of [9,16,17] to verify the asymptotic compactness in the
time-dependent function space. Therefore, it is very important to study how to handle
these natural difficulties brought by the critical nonlinearity, noncompact memory term and
fractional operator in the undamped model when verifying the asymptotic compactness.
At the same time, this is also a main problem in the research of the asymptotic behavior of
nonlinear dynamical systems. By applying the process theory of time-dependent space,
asymptotic a priori estimate and the technique of operator decomposition, we conquer the
above difficulties, verify the compactness of the process and obtain our main results (see
Theorem 5, Lemma 9 and Theorem 6).

The structure of the paper is as follows: in preliminary Section 2, we give a definition
of some function sets, present the assumptions and recall some known abstract results;
in Section 3, we state and prove our main results on the existence and regularity of a
time-dependent attractor and the asymptotic regularity of solutions for system (1).

2. Preliminaries

In this section, we introduce some notations and abstract results about a time-dependent
dynamical system.

Let H = L?(Q) and let A = —A. A can be viewed as a self-adjoint and unbounded
operator in H with domain D(A).

We presume that {A;};cy and {w;};cn are eigenvalues and eigenvectors of A, then
{w;}jen can form a group of orthogonal basis of H, and

0<)\1 <)\2<</\], )\]—>OO, asj—>oo.

Define the powers A? of A with domain D(A%) C H as follows:

D(A% ={ucH, ;Afe(u, wj)? < oo}, (5)
]:
and
(u,0)29 = (A%, A%), NulZg = 1A% 1%, (6)
here, (-, -)p9 and || - ||2¢ are the inner product and norm in D(A?). Obviously, A? is also

unbounded and self-adjoint.

Set Vy = D(A?), for 0 € (25, ). Then, Vo = H = L2(Q), D(A?) = Vy, D(A%) =

V_g. In the paper, we assume that the forcing term g(x) only belongs to V_,. The spaces H
and Vj are endowed with the following inner products and norms, respectively:

<u,v):/0u(x)v(x)dx, ||u||2:/0|u(x)|2dx, Yu,ve H; @)

(u,v)p = /QA%u(x)Agv(x)dx, ul|3 = /Q |A%u(x)|2dx, Vu,ve V. 8)
Therefore, we know that the compact embedding is
Vgl — ng, as f0p > 6,, (9)

the continuous embedding is

Vy =L, (10)
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and the following Poincaré inequality holds:
@/w&ug/m%&m Yo e V. (1)
Q Q
In addition, concerning the memory kernel function in system (1), we presume that

k(o) =1,K'(s) <0,Vs € RT.
Suppose also that j(s) = —k'(s) and that it satisfies:

u(s) € CHRHNLYRT), u(s) >0, 4'(s) <0, VsecRT; (12)
/000 p(s)ds = ko; (13)
W (s)+0u(s) <0, VseRT, (14)

where ko, J are two positive constants. Furthermore, consequently, the kernels k(s) and
1(s) decay to zero with an exponential rate.

Hereafter, we introduce a new unknown function 7’ (x, s) and let it be equal to u(x, t) —
u(x,t—s), (x,s) € A xR, t € [1,+0c0). In virtue of the presumption k(co) = 1, then the
problem in (1) can be written in the form:

{ (O + At [T () A ()5 4 f) =g He [ore)
= =i+ up, t € [1,400),
with the initial-boundary conditions are:
u(x,t) =0, '(x,s) =0, x € 90, t € [T,+00),
u(x,t) =up(x,t), ur(x,t) =uy(x,t), x€Q, te (—oo,1, (16)
n7(x,s) = up(x,T) —up(x, 7 —s), (x,5) € Q x RT,

where the unknown function u(-) satisfies the condition as follows: there exist two positive
constants R and ¢ = min{$, % }, such that

/‘e_wHVu@ﬁﬂFds<7& (17)
JO

were || - || denotes L>-norm, and A is the first eigenvalue of the operator —A with a Dirichlet
boundary condition.

We assume that ¢ € V_g and the nonlinear function f(v) € C!(R) with f(0) = 0
satisfies the following conditions.

Growth condition:

0<p< ity n=3,
&<+ s]7), Vs € R, T (18)
p > 0and is arbitrary, n=1,2.

The assumption in (18) will be used to verify the compactness about the solution process.
Dissipation condition:

limint /() > —AY (19)

|s| 200 S
and in view of (19), we obtain

2(F(s),1) = —(1 = v)|sllg — C*,
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and we also presume that
2(f(s),5) = 2(F(s), 1) — (1 = v) sl — C*, (20)

where 0 <v <1, C* > 0,F(u) = [ f(r)drand || - || is the norm of Vj.

Considering the assumption about memory kernel (), let L]% (RT; Vp) be the family of
Hilbert spaces of the Vp-valued functions on R*. The scalar product and norm are defined
by the formula:

0 o 0 o 0
(@ )po = | ns) [ Afpatypdxds lglZs= [ ) [ [aTpPdxds. 1)

Then, we introduce the family of Hilbert spaces #+7
HITT = Voo x Vo x L2(RT; Vo),
and endowed norm
1203 = 1t 0, 1) g = NtllG + () e lZ + 117" 1 (22)
Clearly, when ¢ = 0, the family of Hilbert spaces H? is defined by:
H] = Vo x H x L2(R"; Vp), (23)
endowed with the norm:
12130 = 1l Gey1ee, 1) 15,0 = Nullf + (@)l 12 + 11" 17, . (24)
By use of assumptions (12)—(14), we can gain the preliminary result as follows ([27]).

Lemma 1. If assumptions (12)—(14) about the memory kernel function p(s) hold, then for any

nt e Cl([t,t] ;LI%(RJF,‘ V), 0<r<20, Vt>T1,0¢€ (nz—fz, L), there exists a positive constant

0
S, such that (y', 775t>y,r = §||’7t %,/,.

We also need the following abstract results to prove the existence of time-dependent
attractors.

Lemma 2 ([28]). Let (M,d) be a metric space and also let U(t, T) be a Lipschitz continuous
dynamical process in M, i.e.,

d(U(t, T)my, U(t, T)my) < CeXEDd(my, my),

for appropriate constants C and K which are independent of m;, t and T. Assume further that there
exist three subsets M1, My, Mz C M such that

d(U(t, T)My, U(t, T)My) < Lye 117,

d(U(t, T) My, U(t, T)M3) < Lye 277,
for some v1,vo > 0and Ly, Ly > 0. Then, it follows that

d(U(t, T)Ml, U(t, T)MS) < Lefv(tfr)l

where v = K:givz and L = CLy + Ly.
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Lemma 3 ([13,29,30]). Let u(s) € C*(R*) N LY(R") be a nonnegative function that satisfies
the following: if there exists sy € R such that u(sg) = 0, then p(s) = 0, for all s > so. Moreover,
let By, By and By be Banach spaces satisfying

Bo‘—)Bl ‘—>Bz,

where By and By are reflexive, and the embedding By — By is compact. Assume that C C
L3, (R*; By) and it satisfies

(i) € C Ly(R*; Bo) N Hy(RY; By);
(i) supyec I7(s)I3, <hs), ¥s € RT, h(s) € L (RY).

Then, C is relatively compact in L}%(]RJr ;B1).

Subsequently, we review some basic concepts and abstract results about a process on
a time-dependent system ([16,18,25]), which are used to study the long-time behavior of
solutions.

Definition 1. Let X; be a family of normed spaces. A two-parameter family of operators {U (¢, T) :
Xr — Xi, T < t, T € R} is said to be a process, if for any T € R,

(i) U(t, ) = Id is the identity operator on X<;
(ii) U(t,s)U(s,t)=U(t 1), VT <s< L

Assume that X; is a family of normed spaces. For every t € R, we introduce the R-ball
of Xti
Bi(R) = {z € Xi[l|z]lx, < R}

The Hausdorff semidistance of sets A, B of X; is denoted by:

0t(A, B) = supdisty, (x, B) = sup inf ||x — y||x,.
x€A xeAYEB

Definition 2. A family € = {C;}cRr of bounded sets Cy C X is called uniformly bounded, if
there exists a constant R > 0 such that C; C By(R), ¥Vt € R.

Definition 3. A uniformly bounded family B; = {B¢(Ro)}ser is called a time-dependent
absorbing set for the process U(t, T), if for every R > 0, there exist a ty = to(R) < tand Ry > 0
such that

TSt—1t) = U(t, T)BT(R) C Bt(RO)

The process U(t, T) is said to be dissipative as it possesses a time-dependent absorbing
set.

Definition 4. The smallest family A = {At}icr is called a time-dependent attractor for the
process U (t, T), if 2 satisfies the following properties:

(i) Each Ay is compact in Xy ;
(ii) A is pullback attracting, that is, it is uniformly bounded, and the limit

lim & (U(t,T)Cq, At) =0

T—r—00

holds for every uniformly bounded family € = {C;}4cg and every t € R.
Theorem 1 ([16]). If U(t, T) is asymptotically compact, that is, the set

K = {R = {K;};cr| Each K; is compact in Xy, R is pullback attracting }
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is not empty, then the time-dependent attractor 2 exists and coincides with A = {As}ier. In
particular, it is unique.

Definition 5. A function t — Z(t) and Z(t) € Xy is a complete bounded trajectory (CBT) of the
process U(t, T), if and only if

(i) sup;cg |Z(8)][x, < oo;
(ii) Z(t) = U(t, 1) Z(7),VT <t, TER.

Definition 6. A time-dependent attractor A = { At }ier is invariant, if for all T < t,
U(f, T)AT = At.

Theorem 2. If the time-dependent attractor 2 = { Ay }er of the process U(t, T) is invariant,
then it coincides with the set of all CBTs of the process U(t, T), that is,

A= {Z|t - Z(t) € Xy and Z(t) is a CBT of the process U(t, T)}.

3. Time-Dependent Global Attractor in HY
3.1. Well-Posedness

We start with the general existence and uniqueness of the solutions of the prob-
lem in (15) and (16). Based on the standard Faedo—Galerkin approximation method, see,
e.g., [14], the following results can be easily obtained and the time-dependent function &(t)
does not bring about any essential difficulties.

Theorem 3. Let Q) be a bounded domain in R" with smooth boundary 0Q). If (12)—(14) and (3)
hold, g € V_g and f satisfies (18)—(20), then for any initial data z(t) = (u(7), us(t), 17 (s)) €
HY, there exists a unique solution z(t) = (u(t), u¢(t), 7t (s)) € L°([t, t]; H?) N C([t, t]; HY) of
the problem in (15) and (16), in the sense that

ueC([t,t;Vp), wel*([t,t;Vp), n'eC(tt;LL(RT;Vp)),
mt+né € L([1, 8 Ly (RY; H)) 0 L2 ([T, 1] L3 (R Vp))

and
{ (e(t)un, v) + (w,0)o + (1'(s), V)o + (f(u),0) = (3, 0),
<771€(S) + Wé(s)r ¢(5)>y,9 = (ut, (P(S)>;4,91

forallt > tand anyv € Vg, ¢ € L3 (RY; V).

Moreover, for any ¢ > T, the mapping z(T) + z(t) is continuous from H¢ to #?.
By Theorem 3, we can define a process U(t, T) as follows:

z(t) = U(t,7)z(1) : HE — HY,

which is continuous from H to HY.
In the next subsection, we prove that U(t, T) satisfies the continuous dependence
property on the initial data.

Lemma 4. Let z;(t), i = 1,2, be the corresponding solutions of the problem in (15) and (16) with

z:(t) € HY satisfying ||z;(7) 30 < R i=1,2. Suppose that (12)(14) and (3) hold. If g € V_q and
f satisfies (18)—~(20), then there exists a positive constant K, such that the following estimate holds:

93



Mathematics 2022, 10, 2198

llz1(8) — Zz(t)H?{te = Ut 7)z: (1) — U(t, T)Zz(T)llig

< CeX |2y (1) — 22(7) 2, VTS

3.2. Time-Dependent Absorbing Set in H?

In the subsequent estimates, we presume that 0 < p < 1. Furthermore, we prove the
following dissipative estimate.

Theorem 4. Under the assumption of Lemma 4, for any initial data z(t) € B(R) C HY, then
there exists Ry > 0, such that the process U(t, T) corresponding to the problem in (15) and (16)
possesses a time-dependent absorbing set, namely, the family By = {B¢(Ro) }tcr-

Proof. Multiplying (15) by 2(u; + pu) and integrating over (), we obtain
(e(tyupe, 2(ur + pu)) + (A%u, 2(us + pu)) + </0 1(s) A%yt (s)ds, 2(us + pu))
+ (f(w), 2(us + pu)) = (g, 2(us + pu)). (25)
Thanks to Lemma 1, we have
(] we) A s)ds,2m) = [ [ 72! + () A% (s)dsdx
d
> 11 + 81" 1760 (26)

combining with the Holder inequality, Cauchy inequality and (13), we obtain that

(L n) A% s)ds,2pu) =20 [ u [~ () A%’ (s)dstx
>80 [ abuPdx =2 [ ([ pe)laby'(s) dsdx
1%
>—Zllul} -

= e (27)

Therefore, we obtain from (20) that

d

3 Uleelg + e(®) el + 11" 17,0 + 202(8) (e, ) + 2(F (), 1) = 2(8, 1) + C)
+p(llullf+e®)|uel® + 17117, + 206() (g, u) + 2(F(u),1) = 2(g,u) +C)  (28)

v 2k

+ 1l — ¢/ (8) + 3pe(t)) e |2 + (6 = =22 — p) 112
—2p(e (1) + pe(t)) (ur, 1) < p(C +C).

The functional is defined by the formula:

M) = [lullf + e(®) el + 117, o + 208(8) (ur, ) +2(F(u), 1) = 2(g,u) +C,  (29)

where C = &gy, , +C*.
Then, we deduce from (3) and (11) that

v 2pL
20¢(t) e, ) < 2pe(0) e, )| < Sl - et a2,
1
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and

PV o 2o
+2(g,u) < 2[(g,u)| < 7””“9 + %Hgnv,g‘

Using (19), for some 0 < v < 1, we have

2(F(u),1) = —(1 = v)|ulf - C*.

Thus, choosing p small enough, we obtain that M (t) > 0

Namely,
d PV 2 g 2 _ 2kop £2
SMUE) + pM(E) + Ol = (¢ (8) + 3pe(e) e+ (6 = 202 — )1
= 2p(€'(t) + pe(t)) (ur, u) < p(C+C”). (30)
By (3) and (11), we find that
2
—2p(e'(t) + pe(t)) (u, u) > || ullf — p LZHMtlIZ- (31)
Hence,
d *
SM(E) + pM(1) < p(C+CY),
that is,
M(t) < e P M(T) + C+C. (32)

For e > 0, from (18), 6 € (nz—fz, 2) and the interpolation inequality, we have

(F(w),1) = [ F(n)dx

c/ (Juf? + [u] 22 )dx

N

C(ljul® + | Vul| ™)
< Cllul? + C(Cellull + ellullo)

2n
Cllullg™.

N

Thus, for a small enough p there exist positive constants C, C; and Cp, such that
CIIZ(t)Ilf,[f =G S M(t) < Cfz(t )H” 4G (33)
Combining with (32), there exists a constant N7 > 0 such that
Ut 7)z )H < QulIz(T)llpe)e 0 + Ny,

where Q;(+) is an increasing positive function. Because z(7) € B;(R), the following
inequality is valid

Ut D)2(7) 3, < (R)e =7 1 Ny < 2N; = R3,

provided that T < t — to, where tg = max{0, ; 1in 2Q1i[5 s

This completes the proof. O

Proof. Proof of Lemma 4:
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Assume that the initial data z;(7), i = 1,2, satisfy ||Zi(7)||%2 < R. It follows from
Theorem 4 that

12i(8) |30 = U(E T)zi(T)[l30 < Ro- (34)

We substitute z(t) = (i(t), #i:(t), 7' (s)) = z1(t) — z2(t) into (15). Then,
(D)t + A u+/ () A%q (s)ds + F(u1) — f(ua) = O (35)

and z(71) = z1(7) — z2(7).
Taking the scalar product of (35) with 2ii;(t), we have

d
aﬂfﬂig — € ()
From (18), (10) and (34), we have
—2(f(ur) — f(uz), )
<2 [ If'@/alln|ax

<x%pﬂm%+m%ﬁmﬁéw%wﬁﬁAmWﬁ

20 < —2(f(ur) — f(up), iiy). (36)

S2C(1+ fluzllg™ + [luallg™) ol
<C(llallF + [lm]1?), (37)

where -2 > ﬁ. Substituting (37) into (36), we obtain

I < Izl + la]?)
:;qu%HWMW
< sy (Ll + <o)l
_ClL+1)

2
Ol

Applying the Gronwall lemma, we finally have

= (L+1 d.
lea(t) — z(8) By < [12(2) [ -1 e

< €Tz (1) — 22 (1) 5

The proof is completed. O

3.3. The Existence of a Time-Dependent Attractor in H?

Devoted to the difficulties arising from the critical exponent and noncompact memory
space, in this subsection, we use the method of asymptotic a priori estimates and the
technique of operator decomposition to verify the necessary compactness.

Since H — V_g is dense, for every ¢ € V_g and any ¢ > 0, there exists g¢ € H which
depends on g and ¢, such that

18 = 8%llv_y <o (39)
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Assuming (18)—(20) hold, we write f = fy + f1, where fo, f; € C*(R) fulfill

f0(0) = 1(0) =0, (40)

2fols),5) > 2(Ra(s),1) ~ 55l @)

from which we obtain

2fi(s),5) > 2(Fi(s),1) ~ 1L IsIB ~ C* + o, )
2(Fo(s),1) = ———sllf — e, (43)
2R($),1) > o s~ C + o, (a4)

2

where 0 < 1—v < A{, C* >0, Fi(u) = [y fi(r)dr,i = 1,2, and || - [|g is the norm of Vj.
Furthermore, in the space 1Y, we assume that

fo(s) < CA+s]P),¥s €R, 0< p <

n=3, (45)

|f1’(s)|<C(1+|S|p),VSGR,O<p<n7 n>=3. (46)

Let B; = {B:(Ro) };cr be a time-dependent absorbing set obtained in Theorem 4. For
afixed T € R and any ||z(7) HH?} < R, we decompose the solution z(t) = (u(t), us(t), ') of
the problem in (15) and (16) as follows:

z(t) = U(t, 7)z(1) = V(t, T)z1(T) + W(t, T)z2(T) = 2z1(t) + 22(8),

where
z1(t) = (v(t),ve(t),8°(s)),  z2(t) = (w(t), w(t), & (s))
satisfy
e(t)on + A% + [ u(s)A°C! (s)ds + fo(v) = g — g%
=0+,
o(x,t)laq =0, ¢'(x,t)|aa =0, (47)
o(x,7) = o(x,8), 0i(x,7) = w1 (x,8), x €Q, £ < T,
C%(x,8) = up(x,t) —up(x, T —s), (x,s) € Q xR,
and

e(t)wy + A%w + [ u(s)A%E! (s)ds + f(u) — fo(v) = g%
&= —C 4w,
w(x,t)|an =0, &'(x,t)|an =0,

w(x,7) =0, w(x,7) =0, & (x,8) =0.

(48)
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By the Galerkin approximation method, the existence and uniqueness of the solution of (47)
and (48) can be obtained.
Furthermore, akin to the proof of Theorem 4, for the solution z () of (47), we get

Lemma 5. Let z1(t) be the solution of problem (47) with initial data z1(t) = z(T) satisfying
||Z(T)||%_[g < R. Suppose that ¢ € V_g and (12)—(14), (3) hold. If fy satisfies (40), (41), (43)

and (45), for € > 0, then there exists a positive constant ¢ = 0(€), such that the solution of
problem (47) satisfies
IV D)2(1) 0 < Qallz(D)llgge)e ™) < 26, as T <t~ 1. (49)

where Qy(-) is an increasing positive function, p;

t1 = t1(e, Q2(R), p1).

Pl(H%tHHf) is small enough and

Proof. Taking the inner product of (47) with 2(vs(t) + p1v(t)), we get

d
a(llv\\g +e(®) ol + 127113 6 + 2016(8) (0, 01) +2(Fo(v), 1) — 2(g — %, v) +C)

+o1(llolI§ +e(®)lloel® + 17115, o +2016(8) (0, 06) + 2(Fo(v), 1) —2(g — 8% ) +C)

+ B[l — (¢/(1) +3pre(t)) [or 2+ (6 = 201k — p) 1212, (50)
- 2p1<s (£) + pre() o, 01)
<p1(e+C),

where Fy(s fo fo(r)
We defme the functlonal as follows:

My (t) =[[olI§ +e(®)lloel* + 12717, + 201e(8) (v, 01) +2(Fo(0),1) — 2{g — 8%,0) +C, (51)

where C = 8||g — gQH%/_G +o0= 8Q2 +o.

o
In fact, by virtue of (41) and (45), we have — 5% |[v[|3 — 0 < 2(Fy(v),1) < Cllo||;~>
Similarly, we can deduce that
2p1¢(t < 2p1e(t = 801L (1) o 2
p1e(t) {0, 0r) < 2018()[ {0, 01)| < || ol5 + A8 e(B)l[oell%,

1
2(g - g%v) <2|(g—8%v)| < §||v||5 +8|lg — g°lI%,-

Then,
1 20
v T)Z(T)Ilif; S M (t) < C[[V(E, T)Z(T)II;QE;2 +160” + ¢. (52)

From (3) and (11), we have

v 40,12
201 (' (t) + p1e(t) ) (v, v1) = pl lloll5 — pl ||vt\|2-

Choosing p; small enough, we have

40112
Aﬁ)v

—¢(t) = 3p1e(t) —
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Combining with the above estimates, we get

d
M)+ Mi(t) < (8% +20). (53)
Taking € = 320% + 20 + C(640% + 4¢), we obtain from (52) and (53)
V(D)2 (D)5 < Qalllz(D) g )e 7 +e.
Due to z(7) € B;(R), we find the estimate

|V (t,T)z(T) Hig < 2e,
t

provided that T < t —t;, where t; = max{O 1 In Q2 } This completes the proof of
Lemma 6. [

Allin all, the following uniformly bound estimate holds:

sup {[|U(t, 1)2(7) [l + IV (£, T)2(1) |30 + [W(E 1)2(T) [0} < 2Ro, (54)

T —t*

where t* = max{0, pi] In sz(eR), ; In ZQ;{é )}

Lemma 6. Let z;(t) be the solution of (48) with initial data z,(T) satisfying ||z2(7) HH@ =0.1If
the assumptions (12)—(14), (18), (3) and (40)—(46) hold, then there exists Ny = Np(B;) > 0
such that

sup [|za(8)llgerc = sup [[W(t, 7)za(7) |84 < N, (55)
N

Tt
where o = min{§, (”Jrnz)#,% — 0} and t* = t*(Ro, p, M, 18°]])-
Proof. Note that f = fy + f; implies that

f(u) = fo(o) = f(u) = f(0) + f(v) = fo(v) = f(u) = f(v) + fa(v),

therefore, taking the inner product of (48) with 2A7 (w;(t) + pw(t)), we obtain

d
a(llﬂ)lléw +e(t)|wellz + 17117 o+ + 206(t) {wr, A7w) +2(f (u) = fo(v), A%w) — 2(g%, A”w))
3
+ ?p ][0 — (¢'(t) +20e(8)) [t ]15 + (6 = 2pk0)|E" 17, .0 — 20€' (1) (201, A7w) (56)

+20(f (1) — fo(v), A%w) — 2p(g%, A%w)
<2(f' (w)ur — £ (v)o, A%w) + 2(f (v)vy, A%w).

Next, we will deal with each term on the right-hand of (56).
First, by virtue of (18), (10), (49) and (54), we have

2(f (w)ur — f'(v)o, A%w))
< C([ 1+ lulit) ) ¥ ([ i)} ([ |47l T 5

2(6—

+c</ (1+ [o|72) 5 dx) T(/ o 2dx) 3 / | A%w| 00 dx) Y (57)

< C( A ullg™ 7 el +C(1+ lollg~ 7)ol el

< BJfwl?,, +C,

o] \
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20"
, (10) and (49), we get

—2(f{(0)or, A70)) < K|, +C.

Choosing a suitable constant C > 0, we define the functional:

Ma(t) = [wlFse +e(®)llwtll5 + 18115 oo + 206(t) (wr, A%w)

+2(f(u) = fo(v), A%w) = 2(g%, A”w) + C,

as p is small enough, we know that
1
SIW(ET)22(0) Bgse < Malt) < 2AW(E )22 (D)2 +C.

Indeed, we can easily deduce that

L
20 (1) w01, Aw)| < pllwlfy, + %e(t)ﬂwtn?ﬂ
1

2|(g% A7w)| < pllwllfy, + lge11%.

pAG o
Thanks to (10), we have

2/{f(u) = fo(v), A%w)|
L2f(f(u) = f(0), A%w)| +2|(f1(v), A7w)]

4 n_ 6—c 2 1 - 2 n—2(0—0)
<C(/ (1+ ul2 + o] 72) P2 dx) 5 (/Q|w\ dx)Z(/O|A w| 20 dx)

n—2(0—c)

— 2n
we(f, <1+|v|”>mdx>97< [ a3 ([ |A7w] 7 )

<C(1+|| ||9" = +||U|| wllollwllose + CA+ o)) o]lollwlloo
<1||w||9+a+cr

2n 4n
where n=20 = 2 (n—2)(6—0) > 6 a

It follows from the above estimates that

d
aMz(tHPMz(f)JrgllMlﬁw (€'(t) + 3pe(t)) w5+ (6 — p — 20k0) 1" I3 6.

—20(¢/ (1) + pe(t)){wr, A7) < B f o+ C.
Obviously, we can gain

4oL?

—20(€'(£) + pe(t)) {wr, ATw) > _£Hw||5+a -~ llwtllz-
1

Substituting (63) into (62), we have

2

(58)

(59)

(60)

(61)

(62)

(63)

d 4pL
T Ma(t) +pMa(t) — (€' (1) +3pe(t) + f\—e)nwtnf; + (6 —20ko — p)[|&"][% 01 < C. (64)

1

Taking p small enough, we know

SMa (1) +pMo(h) < C
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lw(x, T) —w(x, T =s)lly, < llw(x, T)llv, + w(x, T =s)llv,, T<s<T,
(x,8)llv, =

From (65) and (60), we obtain (55).
We completed the proof. O

To verify the asymptotic compactness of the process U(t, T) corresponding to the
problem in (15) and (16), we also need the following preliminary results.
For any &) € Li (RT; Vp), the Cauchy problem (see [13,29,30])

é’i{:_gé‘l'wt/ t=27,
(66)

gt =Co

has a unique solution &' € C([T,OO);L}%(RJF,'VQ)). Then, for (66), we have the
explicit expression

. w(x,t) —w(x,t—s), TLs<t,
¢(x,s) = (67)

w(x,t), s>t

Let B; be the time-dependent absorbing set for the process U(t, T) corresponding to
the problem in (15) and (16) in ’H,f obtained from Theorem 4. Then,

Lemma 7. For every given T < T, we set
Kr:=TW(T, T)B-.

Assume that the forcing term g € V_g. If the assumptions (12)—(14), (18)—(20), (3) and (40)—(46)
hold, then there exists a positive constant Ny = Ny (|| By HW; ), such that

(i) Kr is bounded in L% (RT; VOT0) N HL(RT; V7);

(ii) supgere, [5(s)II50 < Na,

where o = min{ 9, ('an)#,% — 0}, W(T, 1) is a solution operator of (48) and IT : Vy , X
Vi X L%(R*; Voro) — L%(R*; Vo) is a projection operator.

Proof. From (67), we conclude that

ws(x,T—s), T<s<T,

& (x,s) = { (68)

0, s>T.

Applying Lemma 6, we know (i) holds.
Using (68) once again, we can easily deduce that

(69)
[lw0(x, T) v, s>T.
Clearly, it implies (ii) holds. The proof is complete. []

Therefore, applying Lemma 3, we conclude that K7 is relatively compact in Li (RT; Vp).
Moreover, by the compact embedding Vg, x V, < Vj x L?(Q), we obtain:

Lemma 8. Let {W(T, T)}r<r be the process corresponding to the problem (48). If the assumptions
of Lemma 7 hold, then for any T < T and given R > 0, W(T, T)B¢(R) is relatively compact in H.

Theorem 5. Let U(t,T) : HY — HY be the process generated by the problem in (15) and (16).

Assume that ¢ € V_g. If (12)—(14), (18)—(20), (3) and (40)—(46) hold, then the process U (t, T)
possesses an invariant time-dependent global attractor % = { At }ieg in HY.
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Proof. According to Lemmas 6 and 8, we consider the family & = {K¢*7}, g, where
KI* = (2() € HI* < |2(0)]| g0 < M).

By the compact embedding H¢*7 < HY and Lemma 8, K?*7 is compact in H¢. In addition,
since the injection constant M is independent of ¢, the set £ is uniformly bounded.
It follows from Theorem 4, Lemmas 5 and 6 that £ is pullback attracting. In fact,

& (U(t, T)B(R), KI+7) < Ce T, vr <,

here, &:(-,-) denotes the Hausdorff semidistance of two subsets of H{. Hence, the pro-
cess U(t, T) is asymptotically compact, which implies the existence of the unique time-
dependent global attractor A = {A;};cr of the process U(t, T). Finally, the invariance of 2
can be concluded by Lemma 4 (the continuity of the process U(t, T) in HY).

We completed the proof. O

3.4. The Regularity of the Time-Dependent Attractor

Here, we prove that the time-dependent attractor 2 = {A;};cg is bounded in 7-[%9,
where the bound is independent of ¢.

For any given 7 € R and z(t) € A, we give a decomposition of the solution
Uu(t, t)z(t):

U(t,7)z(t) = z(t) = 21(F) + 22(t) = Vi(t, T)z1(T) + Wi (t, T)22(T),
where
Vi(t, )z (7) = (v(t),ve(1), ¢ (), Wit T)za(1) = (w(t), wi(t), &' (5))
solve the equations, respectively,
e(t)ou + A%v + [ u(s) A% (s)ds = 0,
Gi=—C+o

v(x, t)‘aﬂ =0, gt(x, t)|aQ =0, (70)

v(x,T) =uo(x,t), vi(x,7) =up(x,t), x€Q, t <7,

{%(x,8) = up(x,t) —up(x, T —3), (x,8) € QxRT,

and
e(t)wy + APw+ [;° u(s) A& (s)ds + f(u) = g(x),

& = =&+ wy,

(71)
w(x,t)lan=0, &'(x,t)la0 =0,
w(x,7) =0, wi(x,7)=0, {7(x,5) =0, x € Q,s € RT.
As a special case of Lemma 5, we can get
Vit D)z()llye < Cem77, VT <i—h, (72)

where f; = max{0, pil In sz(eR) 1.

Lemma9. Let zp(t) be the solution of (71) with initial data z;(T) € A¢ satisfying ||z2(T) ”H.’} =0.

If the assumptions (12)—(14), (18), (3) and (40)—(46) hold, then { A };cr is bounded in H?® and
the bound is independent of t.
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Proof. For 9 ¢ (%/%), n > 3, we set

0 (n+2)0—2n n

0<c70:(7<mn{ — 6}, and 0y < 07 = min

n—2 )

Taking the inner product of (71) with 2( A% w; + pA”lw), we obtain

d o
a(\lwﬂﬁm +e() w3, + 1617, o0, + 206(8) (w1, A w) +2(f (1) —

3
+ §P||w||5+a1 = (€' (t) +20e(8)) e 3, + (6 —20k0) I1E 13 6,

= 20¢'(t) (wr, A% w) + 20(f (u) — &, A" w)
< 2(f (u)up, A%w).

Set

Ms(t) = |[wllf o, +e(®)lwel3, + 11"
+2(f(u) — g, A%w) + C.

Similar to (60), for p small enough, we have

1
SIWL (D2 ey < Ma(t) < 2 Wa (1,20 P iy +C,
t t

and

d
M) +pMa(t) + Kl <20 (W), A™0) + pC.

Due to the invariance of 2, we have
U2 i < C,

where C is a generic constant depending on the size of A; in HHUU

Using the embedding (10), we can deduce that
2(f' (u)ur, A%w)
4 O+op—0y
<C([ (a5 ([ )
Q

n—2(0—cq)

2r
. (/ |A‘71w| ”*Zwi"’l) dx) 2n
Q

<C(1+ ||u||9+l70)I\litllzr[)llaillew1

<Ll +c,

4 n < 2n
n—2 " 0Fop—01 X n—2(0+0p)"
Therefore, we conclude that

where

9 Ms(t) + oMy (1) < C

{(n+2)(9+00) 2n
n—2

2 ey + 20() (wr, A7)

(73)

(74)

(75)

(76)

(77)

Applying the Gronwall lemma and combining with (75), we obtain that there

exists N*1 = N*1(2) > 0, such that

sup [|z2(t)ll, 00 = sup [[Wi(t, D)za(T)]], 000 <N,

T —t* Tt
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where t* = max{O,pilln sz(eR) 11n ZQ] } Namely, ||W; (¢, T)za(T )”HG“’] is uniformly
t

" p
bounded.
We denote

KT = {2(t) € M l2(0) vy < Nab
It follows from (72) and Lemma 9 that
lim_6(U(t,7)Ax, Kty —0,vt e R.
The invariance of % implies that
5t(A, KTy = 0.

Therefore, A; C Kf+‘71 = Kf'wl. We can deduce that A; is bounded in 7—[?+01 (with a bound
independent of t € R).

For 0 ¢ (m, 2), n >3, weset
(n+2)(0+01)—2n

<0y = n—2

Repeating the above process, we obtain that A; is bounded in Hf+‘72 (with a bound inde-
pendent of t € R).
We set 0min = min{c;}, i = 1,2, - - -. Repeating the above process at most [ - +1]

times, we can finally obtain that A; is bounded in 7—[%9 (with a bound 1ndependent of
teR). O

3.5. The Asymptotic Regularity of the Solution

By using bootstrap methods, the following results can be obtained.

Lemma 10. Assume that the forcing term g € V_g. Let the assumptions (12)—(14), (18)—(20), (3)
and (40)—(46) hold. For any bounded (in HE+7) set BE+7, there is a positive constant N 1B+
t

that depends on ||Bt9+‘7\|H?+(,, such that forany T € Rand t, <t* <t, -
[lu(t, T)zT||3{?W < NHBewHwa as T < t — ty and z; € BYHY,

where o = min{§, (”22)#,% -0}

Lemma 11. Let 0 < ¢ = min{6, %} Under the assumptions of Lemma 10, for any

bounded (in HO™*) set BT, there is a positive constant NHB“’H o that depends on ||B£9+ Il 361/
t Ht L t

such that forany T € Rand t3 < tp <,

U (t, T)ZTH’ZHf*‘ < NHBf“H ,as T < t—tyand z € BIT,
Ht

Lemma 12. Assume that ¢ < 1 = min{#, w} Under the assumptions of Lemma 10, for

any bounded (in HE+") set BSH, there is a positive constant ]H B o that depends on ||BfJr [Py
t ’H‘f L t

such that for the solution z,(t) of Equation (48), for any T € Rand ty < t3 <,

||W(t, T)ZT||,2HG+KO < ]”B?HHH ,asT < t—1y and Zr € B,9[+l,
t t
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. +2)(0+1)-2
where 1 < kg = min{0, (")n#}

Theorem 6 (Asymptotic regularity of solution). Let Q) be a bounded domain in R"(n > 3)
with smooth boundary 0Q). Under the assumptions of Lemma 11, then there exist a bounded (in
H2) set By C H?®, a positive constant v and a monotonically function Q(-), such that for any
bounded (in H?) set B C HY, any T € R, the following estimate holds:

8(U(t, T)Br, Br) < Q(|Bellye)e ™7, (79)
where 8y is the Hausdorff semidistance in H¢ and v is independent of By, g and .

Proof. Let B; = {B¢(Ry)};cr be the time-dependent absorbing set in H! obtained from
Theorem 4. From Lemmas 5 and 6, we can deduce that there exists a bounded (in Hf*”)
subset A?*‘T C Hf“’, such that

8¢ (U(t, T)B(Ro), ALT7) < 64(V (¢, T)Bc(Ro), AJ )

<
< Qa(Rp)e 7). (80)

In regard to A%*7, from Lemmas 5 and 12, it is easy to know that there exists a bounded
set Af+K° in HerKO, such that

S(U(t,T)AZH, ATH) < Gi(V (1, 1) ALY, A7)

<
< Qo[ A% ly0)e 10T, (81)

where p; is positive and only depends on ||A9+0||H$ ,and xy = min{6, %}

From (38), (80), (81) and Lemma 2, we obtain
5+(U(t, T)Br(Rg), ATT0) < CQy(Rg)e P2(H7), 82)

where C and p; are both positive constants.
Fix kg = min{6, %} and ¢ = min{ ¢, ("Jrnz)#, % — 6}. By a finite number
of steps (no more than [K% + 1] steps), we can deduce that there exists a bounded (in H??)

set B; C ’H%G, such that
St (U(t, T)Be(Ro), Br) < Q(Rg)e V-7, (83)

where v is dependent of Ry.
For any bounded (in ’Hg) set Bz, by Theorem 4, there exists a ty such that

U(t, T)Br C B(Rg), as T < t— t. (84)
Therefore,
Si(U(t,T)Br, By(Rg)) < Nae'foe v(t-7), (85)

where N3 = sup{||ll(t,T)BT||fH?,T <t—ty} < oo.
By Lemma 2 once more, we can deduce that (79). The proof is complete. [

4. Conclusions

For the undamped second-order abstract evolution equation with fading memory, when
the nonlinear term satisfies the critical exponential growth, the existence and asymptotic
regularity of the time-dependent attractor, as well as the asymptotic regularity of the solutions,
can be obtained by using the process theory, asymptotic prior technique and decomposition
technique. This result improves and generalizes some known results (see [9,23,30]).
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We will continue to study the asymptotic behavior of the solutions of the equation in
the strong topological space Vy x Vj X LI% (RT; Vo), and it is expected that corresponding
research results will be obtained.
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Abstract: In this paper, a new approach is proposed to analyze the behavior of a nonlinear two-degree-
of-freedom vibro-impact oscillator subject to a harmonic perturbing force, based on a combination
of analytical and numerical approaches. The nonlinear governing equations are analytically solved
by means of a new analytical technique, namely the Optimal Auxiliary Functions Method (OAFM),
which provided highly accurate explicit analytical solutions. Benefiting from these results, the
application of Schur principle made it possible to analyze the stability conditions for the considered
system. Various types of possible motions were emphasized, taking into account possible initial
conditions and different parameters, and the explicit analytical solutions were found to be very useful
to analyze the kinetic energy loss, the contact force, and the stability of periodic motions.

Keywords: vibro-impact; Optimal Auxiliary Functions Method; stability

1. Introduction

Vibro-impact processes are widely used in mechanical-engineering applications and
devices such as hammer-like devices, rotor-casing dynamical systems, wheel-rail inter-
action of high-speed railway couches, heat exchangers, fuel elements of nuclear reactors,
gears, piping systems [1], stiction and electric short circuits of MEMS [2], noise and wear-
producing processes, grinding, foraging, drilling, punching, tamping, pile cutting a variety
of objects, and vibrating machinery or structures with stops or clearance [3].

Dynamics of vibro-impact systems has received great attention in the last decades.
Some numerical or experimental results were obtained, but adequate analytical predictions
need to be further studied. For the first time, Masri [4] analyzed the stability of the impact
damper by using the perturbation method. The finite-difference method was used by
Kobrinski [5], Babitsky [6], Brindeu [7], and Okolewska et al. [8]. The nonlinear equation of
a single-degree-of-freedom oscillator with an impact damper was analyzed approximately
using the method of Kryloff and Bogoliuboff by Cronin and Van [9]. Shaw [10] studied
the symmetric double-impact motion, both harmonic and subharmonic, by means of a
mapping that related conditions at subsequent impacts. A mechanical system with one
degree of freedom was investigated by Ivanov [11] using standard Poincare-Bendixon
theory, Lyapunov’s second method, and Zhuravlev transformations. The exact solutions
of the vibro-impact oscillator with two degrees of freedom, including localized states and
their bifurcation structure, were obtained by Aziz et al. [12]. Stability and bifurcation for
the unsymmetrical, periodic motion of a horizontal impact oscillator under a periodic
excitation were employed through four mappings based on two switch planes by Luo [13].
De Souza and Caldas [14] implemented the Ott-Grebogi—Yorke (OGY) method to stabilize
desired unstable periodic orbits by applying a small perturbation on an available control
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parameter and introducing an impact map for the dynamical variables. Chaos and periodic
motion of a cantilever beam system with impacts was found readily by Emans et al. [15].
In addition, nonlinear behavior such as coexistence of attractors was found even at modest
oscillation levels during investigations with realistic parameters.

The dynamics of an impact oscillator with viscoelastic and Hertzian contact was
examined by Mann et al. [16] using the presence of multiple periodic attractors, subhar-
monics, quasi-periodic motions, and chaotic oscillations. Avramov [17] considered the
forced vibrations of an impact Duffing oscillator using Zhuravlev’s transformation and the
multiple-scale method. The stability and bifurcations of periodic vibrations were explored.
The control of vibro-impact dynamics of a single-sided Hertzian contact forced oscillator
was considered by Bichri et al. [18]. The multiple-scale technique was applied to study the
slow dynamic and the frequency-response curves near the primary resonance. Based on
Zhuravlev and Ivanov transformations, Grace et al. [19] developed an analytical model of
a ship’s roll motion interacting with ice. Extensive numerical simulations were carried out
for all initial conditions covered by the ship’s grazing orbit for different values of excitation
amplitude and frequency of the external wave roll moment.

Jovic et al. [20] considered the motion trajectory of a vibro-impact system based on
the oscillator moving along a rough parabolic line in the vertical plane, under the action of
extreme force with nonlinearity of the bond originates of sliding Coulomb’s type friction
force. The study of Askari and Tahani [2] was focused on the effect of mechanical shock
on dynamic pull-in instability of electrically actuated microbeams through an alternative
reduced-order model and using the fourth-order Runge-Kutta method. By setting up a
Poincaré map and using a shooting method, Lin et al. [21] obtained a fixed point of periodic
motion in the system, period doubling bifurcation, and Hopf bifurcation. The existing
and stability conditions of period-1 motion in a single-degree-of-freedom oscillator with
double-side constraints were studied by Wang et al. [22]. A smaller shock gap than impact
gap could make the periodic motion more stable.

Reboucas et al. [23] examined limitations of the coefficient of restitution model using
experimental observations from a simple vibro-impact setup, and the effect of the magni-
tude response of gap deviation during an experimental sweep. Numerical simulation using
Zhuravlev and Ivanov transformations was obtained. A triboelectric energy harvester on
a three-degree-of-freedom vibro-impact oscillator was investigated by Fu et al. [24]. The
symmetric mass configurations of the oscillator were more beneficial to energy harvesting
than the asymmetric cases. Zukovic et al. [25] explored a vibro-impact system consisting
of a crank-slider mechanism with one attached oscillator. The cases with an ideal and a
non-ideal excitation were analyzed, and analytical and numerical solutions were obtained
for the vibrating system with the ideal excitation. For the system with non-ideal excitation,
the average value of the frequency was obtained.

The present paper analyzes the motion of a horizontal vibro-impact system with two
degrees of freedom in the case when the external coercive force and viscous damping
force are known and a periodic vibro-impact model is realized in the system. A variety
of possible cases of motion of the vibro-impact system is presented. This process is very
complex, and a nonlinear differential equation for one of the masses and a linear differential
equation for the other mass is needed in the analysis. It is very difficult to obtain an exact
solution for these types of equations, but an analytical approximate solution with a high
accuracy will be given by means of OAFM [26-31]. The condition for periodic motion is
obtained and the stability of periodic motion is studied.

2. Dynamical Model of the Vibro-Impact System

The considered dynamical model of the vibro-impact system under investigation is
depicted in Figure 1, which details the two-degree-of-freedom system with gaps.
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Figure 1. The model of the vibro-impact oscillator.

The system under investigation is composed of a horizontal direction periodical force
F = Acoswt and two oscillators of mass M; and M,, which also move in the horizontal
direction. These two masses are initially separated by three gaps: §; between the wall W,
and the mass M, J, between the masses M and M,, and é3 between the mass M, and
the wall W,. The mass M; is connected to a linear spring K, nonlinear spring K*, and the
damper c;, and the mass M, is connected to linear spring K, and damper c,. The oscillator
M, collides with the rigid wall W, and with the mass M;. The coefficient of restitution
between Mj and M is R, and R; is the coefficient of restitution between M; and W7 and
M, and Wj. The displacement between the mass M; and vertical wall W is x1, and the
displacement between the mass M, and the wall Wj is x;.

The equations of motion between any two successive collisions are given as:

Myx"1 4+ cl(x’l — F/) + Kl(xl — F) + K* (x1 — F)3 =0, 1

Mpx"y + ca(x's — F') + Kp(xa — F) =0, )

where the prime denotes the derivative with respect to time ¢.
By means of the following transformations:

;X =8Y ; oq =c1/(2Miy), 3)
ay =2/ (2MxO); B = K*8}/Ky ; a=A/8 ; k=g,

Equations (1) and (2) can be rewritten in the dimensionless variables, after some
simple manipulations:

X +200X + (14 3a?) X + pX? = —201aQsin(Q1) + (a + 3ap X2 + 3a®) cos(Q1) — 3a?BX cos(207) + £4? cos(3027), 4)

Y + 200kY + K%Y = ak? cos(Q¥t) — 2apkaQ)sin (), 5)

where the dot denotes the derivative with respect to variable .
Between two successive collisions, the initial conditions of Equations (4) and (5) are:

X0)=1, X (0O)=V,, Y0 =1+=, v (0)=V,, (6)

where V1 and V; are known parameters.

Equations (4)—(6) are second-order nonlinear differential equations, and therefore
are very difficult to be analytically solved. In the following, we present a relatively new
approach, namely the Optimal Auxiliary Functions Method, to obtain an approximate
analytical solution in an efficient manner.
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3. Basics of the Optimal Auxiliary Functions Method (OAFM)

Following basic concepts of OAFM presented in [26-31], in this work, we consider a
general nonlinear equation in the form:

LIU(7)] + N[U(7)] = 0, @)

where L and N are the linear differential and nonlinear differential operators, T is the inde-
pendent variable, and U(T) is an unknown function. The initial or boundary conditions are:

B( ,du(T)> — 0. ®)

dt

In order to obtain an approximate solution U(T), we consider that this approximate
solution can be expressed in the form:

U(T) :U()(T)+U1(T,C1,C2,...,Cn), (9)

in which Uj (initial approximation) and U (the first approximation) will be determined
as described below, and with Cy, Cy, ... ,C, being the unknown parameters whose values
will be optimally determined.

Substituting Equation (9) into Equation (7), one obtains:

L[Uo("t)} + L[U1 (T)] + N[U()(T) + ul(T, Cl,Cz,. . .,Cn)] =0. (10)

The initial approximation Uy(t) can be obtained from the linear equation:
L{Up(1)] =0, B(Up(x), ™42) =0, an

and therefore, the first approximation is obtained from Equations (10) and (11):
L[Ui(7,C1,Ca, ..., Cn)] + N[Uy(T) + Uy (1,C1, Cay .., Cu)] =0, B(ul(r),d”dli@) ~0. (12)

The nonlinear term from Equation (12) can be expanded in the form:

kT
N[Uo(t) + Uy (1,C))] = Z” ) N Uy ()] 13)

To accelerate the convergence of the first approximation U;(7,C;) and therefore of
the approximate solution as well, and also to avoid the difficulties that can appear in
solving the nonlinear differential Equation (12), we propose another expression, such that
Equation (12) can be written as follows:

n
Uy (t,Cy,Ca, .., Cu) + Y. Gifi(t) =0, (ul, a”l) -0, (14)
k=1

where C; are arbitrary unknown parameters and f;(t) are auxiliary functions depending on
the initial approximation Uy(T), on the functions which appear in N[U(T)] or N[Up(T)] or
are combinations of such expressions. These auxiliary functions f;(t) are very important
and are not unique. It should be emphasized that we have much freedom to choose such
auxiliary functions, because it is known that the nonlinear differential equation does not
have a unique solution. The parameters C;, which appear into Equations (9) and (14), can
be optimally identified via rigorous methods such as the Galerkin method, the least square
method, the Ritz method, the collocation method, or by minimizing the square residual
error. In this last case, if:

R(t,C;) =L[U(T)]+ N[U(T)] , t€eD, (15)
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where U(7) is given by Equations (9), (11), and (14), then

J(CL,Cay...Cr) = / R2(x, C;)d. (16)

The values of the parameters C; are obtained from the following system:

9 _9d _  _ 9]

aC;  9C; T 9AC,

= 0. (17)

It is clear that in this way, the approximate solution U(T) is well determined after
the identification of the optimal values of the initially unknown convergence-control
parameters C;.

4. Application of the Optimal Auxiliary Functions Method to Equations (4)—(6)

The approximate solutions and exact solutions of Equations (4)—~(6) are of the following
forms: -
X(T>:XO<T)+X1(T/C1) 7 i:1/2/'--/p 7 (18)

?(T) :YQ(T)+Y1(T,Ci+Cj) , 7=12,...,9 . (19)

For the nonlinear differential Equation (4) and for the linear Equation (5), the linear
operators are, respectively:

L(X) = X+ 20X + (1+ 2a2>X, (20)
L(Y) = Y + 200kY + K2Y. 1)

The initial approximations X(t) and the exact solution Y(7) are obtained from the
linear equations:

. . 3 .
Xo + 201 Xo + <1+ 2a2>X0 =0, Xo(0)=1, Xo(0)=W; , (22)

Yo+ 200kY + Yy =0, Y(0) =1+ , Y(0) =V, , (23)

and therefore:

Xo(t) =e “1T<C1c05\/j'r+Czsm\/07—ocl> a’ —1+ 11 (24)

Yo(t) = g~ okt [C3 cos vVk? — kot + Cysin k2 — kazT} . (25)

The nonlinear operator for Equation (4) is obtained from Equations (7) and (20):

N(X) = BX® + 201aQsin(Q1) — (a + 3apX> + Zﬁaa) cos(Qr) + %azﬁX cos(2Qt) — %13 cos(3Q)), (26)

and the corresponding nonlinear operator for Equation (5) is obtained from Equations (7) and (29)
as:
N(Y) = ak? cos(Qt) — 2akaQ sin (). (27)

Taking into account the initial conditions (6) for the first variable X(t) and the initial
conditions for (22) for the initial approximation X(t), one can write the initial conditions
for the first approximation X;(7):

X1(0) = X1(0) = 0. (28)

112



Mathematics 2021, 9, 1374

The initial conditions for Y(T) are:

o

Y1(0) =1+ E’Yl(o) = V. (29)

From the Equations (26) and (28) and from the Equations (27) and (29), we can choose
the first approximation in the forms:

X1(7) = Q1[cos(3Qxt) — cos(Qt)] + Qy[sin(3Q7) — 3sin(Q1)], (30)

Y1(t) = Q3 cos(Q1) + Qg sin(Q1). (31)

The approximate solution of Equations (4) and (6) and exact solution of Equations (5) and (6)
are respectively:

"‘1T< s/ Q —adt+ “ﬁvl sm \/ - oc1> + Q1[cos(3Q1) — cos(Q1)] + Qy[sin(3Q2T) — 3sin(Q1)], (32)

Y(1) = e~ %2kt [C3 cos k2 — kot + Cysin k2 — kocﬂ} + Q3 cos(Qt) + Q4 sin(Q1). (33)

The parameters Q; and Q, can be determined by the Galerkin method, Q3, Qq
can be determined by identification of coefficients, and C3, C4 can be determined from

f><\\

Equation (29):
Q= — 9a Q, = (36a%—3a)Q 0 . Ci=1+ 8 ak2(k2—022)+2acx%k202

8+1242 / 8(2+342)2 51 (02— 402202 7
_ Vs . aopkO* & ak? (K> —0?)+2a 03k

Ca= ViR—kaa ke ((szk2)2+4oc2k202> +ogk(1+43 (02 —K2)" +402k202 (34)
2 2 >
Qs = (K2 —0%)ak? +403ak> 22 Q4 = 2(x2akQ3
37 T 1adiear 1 <A T (TR 14diRO?

The approximate solution of Equations (4)—(6) and exact solution are obtained using
Equations (32)—(34):

X(t) = °‘1T< 05/ Q" — gt + “1+V1 sm ik — o ) 8+12u2 [cos(Qt) — cos(3Q1) ]|+

+M [sin(3Q2T) — 3sin(Q1)],

(35)

8(24342)
Y(1) = ekt (14 %2 ak2 (2 -0?) +2005° 0" cos /k? — kopyT + V2 — acokO? +
5 (O2—K2) +402K202 Vi—ko, \/szkocz((027k2)2+4oc%k202)

2 2
4ok <1 + g—f — ﬂkz(kLQszm%sz )) sin \/k? — koczT} + (36)

(Q2—k2)"+403K202
akZ(kZ*Q?HM%szZ cos Ot + —2%=5 °‘§k03 sin Ot
4
(K2—0%)"+403K20% (K2—0?)"+403k20?

Now, to prove the accuracy and the effectiveness of our method, we consider a set
of numerical values for the physical parameters involved in the governing equations;
i.e., M; =0.072, M, = 0.086, K1 =110, K, = 141,a = 3.

Figure 2 presents a comparison between the approximate solution (35) and correspond-
ing numerical integration results obtained by means of a fourth-order Runge-Kutta method.

This comparison emphasizes the high accuracy of the proposed analytical solution
obtained through OAFM. Figure 3 presents the corresponding phase portraits.
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Figure 2. Comparison between the approximate analytical solution (35) and numerical integration results: (a) for w = 49.61
and J1 = J, =0.02; (b) for w =27.26 and 61 = d, = 0.04. —numerical solution; _ _ _ _—analytical solution.
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Figure 3. Comparison of the phase portraits for analytical solution (35) and numerical integration results: (a) for w = 49.61

S — — —

and 61 =, =0.02; (b) for w =27.26 and 57 = 6 = 0.04. —numerical solution; —analytical solution.

5. Analysis of Non-Periodic Motion

In this section, we present some possible situations, depending on the motions of
the masses M; and M, of the dynamical system considered in Section 2. Depending on
the perturbing force F and initial conditions, we present the following possible cases of
non-periodic motions.

Case 5.1. The oscillator of mass M; is moving from the static equilibrium position to
the position of the impact with the wall Wj. If the moment of impact M; with Wyjs T1, then
this case takes place if X(t) < 1, X(t1) = 0 and X (1) < 0. In particular, if X(t;) = 0, then
the oscillator M; stops at the wall W;. The velocity of the mass M; after the impact will
be X(Tl+ ) = —RZX(T; ), where the symbols “+” and “—" indicate the moments after and
before the impact, respectively, and R; is the coefficient of restitution. For the oscillator of
mass My, the following situations are possible (types of movement):

(a) The oscillator M; is moving between the oscillator of mass M; and the wall W
without impact and without sticking motion. The condition is equivalent to the
existence of the inequalities X(T) < Y(7) < 1+ 62/681 + 83/81 and T < 11, It follows

that there exists a moment of time 1] when M stops, Y(TT) =0.
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(b) The oscillator M, impacts the oscillator M; before the collision of the mass M; with
the wall W. In this case, there exists a moment T, < T so that X(1) = Y(12), X(12) <
0,Y(ty) < 0,and X(12) # Y(13). After this collision, the velocities can be written as:

< M1—RM, ~, — Mp(1+R) § —
X(t}) = MEl X (1) + R Y (),

. o My A2 ‘ ‘ . (37)
V() = B X () + BBy (1) 5 X(1p) = X(r) 5 V() =Y(t,)

(c) The oscillator of mass M is sticking to Mj (sticking motion). The condition is written

as X(12) = Y(1) and X(1;) = Y(72). The contact force corresponding to masses M
and M, is obtained from Equations (4) and (5):

Fio(7) = 2aQ(koy — Qo) sin Ot + (a — ak? 4+ 3apX> + %Ba?’) cos Ot — %aZBX cos 20t
+%a3 08 30T + 200 — 200 X + K2Y — (1+ 3a%)X — pX°.
(38)
The sticking takes place only if F1; > 0.
(d) The oscillator of mass M, impacts the wall W; at the moment T = t3. The conditions

are Y(t3) = 1+ 08,/81 +83/8; and Y(13) > 0. If Y(73) = 0, then the oscillator M,
stops without impacting the wall W.

Case 5.2. The oscillator of mass M; is moving without impact from the position of
static equilibrium between the wall W; and the oscillator of mass M,. The oscillator of mass
M; stops at the moment T = 1’ before reaching the wall Wi, then stops at the moment

T = 11, before reaching the oscillator of mass Mp, so that X(t'y) = X(1”1) = 0. For the
oscillator of mass My, one can identify two situations:

(a) The oscillator of mass M, is moving without impact between the oscillator of mass
M and the wall W, so that one can write X(1) < Y(1) < 1+ 82/81 +83/81. It
results that there exist two moments: T'5, when the oscillator of mass M, stops before
the oscillator My; and 1’5, when the oscillator M; stops before the wall W5, so that

Y(t5) = Y(t',) = 0.

(b) The oscillator of mass M, moving between the oscillator of mass M; without impact
and the wall W, with impact, so that X(t) < Y(t) <1+ 68,/81 + 83/51. The moment
of impact of the oscillator M, with the wall W is 14. It follows the condition Y (t4) =
1+06,/01 4+ 03/61 and Y(T;) > 0. After the impact, the following expression takes
place: Y(t}) = —RY(7}).

Case 5.3. In this last case, the oscillator of mass M; is moving from the static equilib-
rium position toward the oscillator of mas M, X(t) > 1. For the oscillator of mass My, the
following five situations are possible:

(@) The oscillator of mass M is moving from the position of static equilibrium Y (0) =
1+ 8,/6; toward the oscillator of mass M; without impact. The conditions are
X(1) < Y(1), Y(1) < 1+ 8,/81, and Y(0) < 0. In this subcase, there exists a moment
5 so that Y(15) = 0.

(b) The oscillator of mass M, is moving from the position of static equilibrium toward
the oscillator of mass M; with impact. The corresponding conditions for this subcase
are X(t) < Y(1) <1+ 6,/81, and there exists a moment 14 when X(t¢) = Y(16) and

Y(16) < 0. After the impact, the velocities of the oscillators will be:

. M{—RMj ~ My (14+R) v
X(tg) = a2 X(Te) + W}/(%)/
Y(Tg_) _ Ml(lJrRZ) M27RM1Y

. (39)
= w3 X () T Fan Y (T)-

(c) The oscillator of mass M, is moving from the position of static equilibrium toward
the wall W, without impact with the oscillator of mass M or with the wall W;. This
subcase takes place if X(t) > 1, Y(t) > 1+ 68,2/81, and X(1) < Y(7). It is clear that
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there exist two moments 'y and 1’7 when X (t'7) = 0, which means the oscillator of
mass M, stops; and Y(T”7) = 0, which means the oscillator of mass M stops.

(d) The oscillator of mass M, is moving from the position of static equilibrium toward the
wall W;, but with impact between the two oscillators. The impact takes place before
the oscillator of mass M, to reach at the wall W; and without sticking. The conditions
will be X(t) > 1,Y(t) > 1+ 8,/81, and there exists a moment t; when X(t7) =
Y(t;), X(7'7) > 0, Y(17) > 0, and X(t;) > Y(t7). If the impact of the oscillators
takes place with sticking, then the condition is similar to (38), Fi»(t) > 0,7 > 7.

(e) The oscillator of mass M, is moving toward the wall W5, and the impact with W
takes place at the moment tg, but there is no impact between the two oscillators.
Therefore, the following conditions should be satisfied:

5 | 83 5 | O3

X(O<Y() <1+ 2425 Y(w)=1+"+2; Y (13) >0 (40)
01 01 &1 o1

After the impact, the velocity of the oscillator of mass M; is Y(Tg) = —RY(Tg ).

It should be stated that after the two oscillators undergo one of the movements
studied before, the movement of each oscillator should be studied by taking into account
the conditions mentioned for the corresponding case. For example, after Case 5.1a takes
place, therefore in the condition X(t;) < 0 (the oscillator of mass M; does not stop),
X () = —RX (t7),and Y(Ti‘) = 0, then the approximate solutions (35) and (36) will be
written as:

%sin - od(t—1)+ 8+91“2 5 [cos (T — 1) — cos3Q(T — T1)]+
VO —od ! (41)

(364°~3a) 00ty 1o ) 2w _ <
+ 8(24342)” [sin3Q(t— 1) =3sinQ(t—1)] , T=71,

— ,—ogk(t—T} * ok(y—Q3)—0QQy . %
Y (1) = e~k 1){(’Y—QB,)COS\/’CZ—’COQ(T—TO-F” WsmM(T—Tl) + @)

+Q3c0s (T —1T}) + Qasin (T —17),

X(T) — 670‘1 (TiTl)

where 17 is obtained from the equation Y(Ti‘ ) =0, =Y(1}), Y(T}) is given by Equation (36);
and Q3 and Q4 are given by Equation (34).
Figure 4 shows the contact force of (38).

E,(7)
10
5
.
5 1 \5 /2 25 \3
_5
~10

Figure 4. The contact force.

It can be seen that the contact force has two maximum points at t= 0.8 and T =24,
and is null for four points: t =04, 1=13,7=1.9,and T=209.

116



Mathematics 2021, 9, 1374

Another specific element for the impact phenomenon is the kinetic energy loss. At the
moment of impact, the kinetic energy is transformed into work, caloric energy, etc. The
kinetic energy loss is given by the difference between the kinetic energy at the beginning
and at the end of impact:

1

AT = -
2

2 1. .2 1. .2 1. .2
MX (t7)+ EMZY (t7) — EMlX (th) — EMzY (th). (43)
In Case 5.1b, the kinetic energy loss becomes:

M; M,

AT = A1V2
2(M; + M)

: : 2
{X(T) - Y(T)} (1— R?). (44)
Figure 5 presents the kinetic energy loss for Case 5.1b.

AT

0.4

0.3
0.2
0.5 1 1.5 2 2.5 3 !

Figure 5. The kinetic energy loss for Case 5.1b.

6. Analysis of Periodic Motion

The solutions (35) and (36) are written for the initial conditions in (6), in the absence
of impact. After some time, the free vibration described by (35) and (36) disappear, so that
the movement becomes periodic with the same period of the perturbing force F, which is
T =21/Q.

The problem of the stability of periodic motion is of interest only in the case of the
impact between the two oscillators, since the impact with the walls W and W5 is assumed
to be elastic. In the general case, instead of the conditions in (6), we consider that the
approximate solution X(t) and the exact solution Y(t) are:

X(t) =e " <C1 cos \/ﬂT + Cysin \/027—0%) + 831% (cos(O0t + ) — cos(30t + 3¢)] +
(45)
(36a°~3a)Qoxs r e
8(2+3a2)° [sin(3QT + 3¢) — sin(Qt + ¢)],
Y(1) = e~ 2kt [Cs cos k2 — kayT + Cy sin M’t} + Q3 cos(Qt+ ¢) + Qasin(Qt+ ¢). (46)

where Q3 and Qq are given by Equation (34), and C1—C4 and ¢ are determined from
initial conditions.

Solutions (45) and (46) are stable if a negligible change of a small perturbation takes
place in the initial conditions and delay at any time interval. If the change is significant,
then the solutions become unstable.

In this section, we consider small perturbations for T, C1—Cy4, and delay ¢: A1, ACy,
..., ACy, Ad, so that ([4-7,32]):
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X(t+ At :e—“l(HAT) Cr + AC;) cos /O — o2(T+ AT) + (Co + ACy) sin /O — (1 + A1) | +
1 1

2 2 [cos(QT + QAT+ ¢ + Ap) — cos(3QT + 3QAT + 3¢ + 3Ap)|+ (47)
+(368”221$‘)’2“] [sin(3QT + 3QAT + 3¢ + 3A¢) — sin(Qt + QAT+ ¢ + Ag)],

Y (T4 At) = e~ %k(T+AT) |:(C3 + AC3) cos k%2 — ko (T + AT) + (Cq + ACy) sin /K2 — kap (T + AT)} + (48)
+Q3cos(QT+ QAT+ ¢ + Ap) + Qusin(QT + QAT+ ¢ + Ag),

Taking into account the approximations:

— AT ~1

e — aAT ; cos(at+ AT) = cosat—Atsinat ; sin (T4 AT) = sin T+ ATcos o, (49)

and the modifications of the solutions X and Y:
AX(t) = X(t+ A1) — X(1) ; AY(T)=Y(T+ A7) —Y(T), (50)

after linearization of Equations (47) and (48) can be written as:

AX(t) =e T |:*AT(O(1C1 cos \/52 —adt+Cy \/ﬁz — oZsin \/52 — o214 o Cysin \/52 —odt—
—Cz\/ﬂ — o cos \/Q — o21) + ACy cos |/ Q" — ocl'c—f—ACQsm\/Q —o? } 8+12u2 [(QAT+ A@)(3sin(3QT + 3¢)— (51)

—sin(Qt+ ¢)] + 1.f<['2;73952>?0‘1(QAT + A¢)[3cos (3t + 3¢) — cos(QT + )],

AY (1) = e~ %2kt [—AT((szC3 c0s \/k2 — kapT 4 C31/k2 — ko sin /k2 — katyT — Cy\/k2 — koxp cos /K2 — koot +
+0pkCy sin \/k% — kapyt) + ACs cos k2 — koot + ACy sin/k% — kOCQT} + (52)

+Q4(QAT+ A¢) cos(QT + ¢) — Q3(QAT + Ap) sin(QT + ¢),
After differentiating Equations (51) and (52), one obtains:

AY(T) = e T [m(ﬁzcl cos \/52 — a8t +204qCy \/52 — o sin \/ﬁZ — o2t —&—ﬁZCz sin \/ﬁz — odT—
_zoqczcosy/Qz—oc1 ) — ACy( O(1COS\/Q —oc1”t+ \/Q — sm\/Q —ocl )+ (53)

+AC( O — o2 c0s /O — 21— oy siny/ O — olt| + 20 (QAT + AP)[(9 cos (30T + 3¢) — cos(Qt + ¢)]+
1 1 1

8+12a2
(1084°—9a) Q% o . o
—1—78(24_3{12)2 (QAT+ A@)[sin(QT + ¢) — 9sin(3QT + 39)],
AY (1) = e~ %2kt [AT(k2C3 cos \/k2 — koot 4 200:kC3/k2 — katy sin v/k2 — koo 4 k2Cy sin /K2 — kayT—
—206:kC3 cos /K2 — koo t) — AC3(0ook cos /K2 — kot + /K2 — kot sin \/k2 — koyt) + AC4(1/k2 — kowy cos /K2 — kapt— (54)

—opksin /K2 — kcm} — QQ3(QAT + Ad) cos(OQT + ) — QQ(QAT + Ag) sin(QT + ¢).

For the perturbed motion described by Equations (51) and (52), the initial conditions
at two moments—after the n-th impact and before the (n + 1)-th impact—are written as:

< - ey - -+
n: t=0, A1, =0, AX,=AY,=0 , AX,=AX, , AY,=AY, , (55)

n+l: T=3T 4 AT, Aty = AT, = 88 AX =AY, =0 | AX,=AX, , AY,=AY, , (56)
where

- (2
AXn:AX(gT+AT> , AY, = AY (2T 4 ATY) (57)
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Then, the velocities after the impact become:

-
= My(1+R .
AX, (0) = %AX (27 4 AT,) + Y20 RAY, (27 4+ ATY), 68)
-+
AY, (0) = MUOLRIAY, (217 4 AT,) + Ma=RMuAY (20 4 AT,
From Equations (51)—(53), one obtains:
- 9a(3sin3¢ —sin¢g) (1084 — 9a)Qx; (3 cos 3¢ — cos ¢)
AX,(0) = AC Ay, (59
n( ) n+ [ 8 + 1242 8(2+3a2)2 Pn (59)
AY;(0) = ACzy, + (Qqcos p — Q3 sin¢g)Agy,. (60)
From Equations (53)—(55), one obtains:
=+ 940 (9 cos 3¢ — cos 108a% — 9a2)% a4 (sinp — 9sin 3
AX, (0) = —aqACy, + /O — o2ACy, + ( - 1(./7112 9) | )8(2 +1;a2);b ?) Ay, (61)

AY:(O) = —0kACs, + VK2 — kogACyy, — (QQ3 cos ¢ + QQysin ) A, (62)

Analogously, from Equations (51), (52), and (56), one obtains:

<~ 2n7roc — > O
AX"(Znﬁﬁ"‘A”ﬁz):f Ql{_l<a1C1_C2 QZ—CX%) Cos@ (C m+
_ =z —
+(ch2) sin 2 ﬂ\/ﬁ‘| A(P”Jrl Adn —+ Acl CcOS @ + ACZ sm@ }+

(1084°—9a) Qo
8(2+342)°

2nmank
AY (B f Aty =e 00 - [((szc3 _ c4\/m> cos an/ﬂ (C3m+
+02kCy) sin zm@ Ay 2801 4 AC5cos @ + ACysin @ } +

+[Q4cos ¢ — Q3 sinp|AP;; ;.
From Equations (53), (54), and (56), the results are:
= no — nrry/ 7'(\/7270(2 —
AX, (Z”ﬁ” +AT,) = e’2 o (chl — 2oc1C2> cos % + (201C1 + o’ Cy) sin 2 g 1 A‘p"*}) An

27y — o2 — 27y — o2 — 27/ O — o
—ACy (oq cos % + 4/ o - of sin Moal> +AC, (\/ - oF cos %7 (63)
Zrm\/QZoc%>}
Q +

+ {SHZ 5(3sin3¢ —sin¢) + (3 cos3¢ — cos 4))} APy,

(1084° —9a) 0% oy

—og sin 910 (9 cos 3¢ — cos ) +

(sin¢ — 9sin 34))] APy,

841242 8(2+3u2)2
. Znnkoc _ _ APp*  —Ap*
AY, (37 1 ATS) = 2 {(kzq — 20kCy) cos TV ETKS 4 (900kCy 4 K2 Cy) sin ZTVE ’“"2} LT
—AC3 <oc2k cos 217 B koo koo sin 2TV ke ”(k)Lk“Z) + ACy <\/ K2 — koy cos 2TV E ko V(I;Lk“zf (64)

— ook sin 2TV K ke V(k)Lk(XZ) } —0[Q3co8p + QusinP|AP”

After the elimination of ACy,, from Equations (55) and (59), as well as of ACs;, from
Equations (55) and (60), and using the notations:

9 (1084 — 9a)Q oy
F(a,¢) = BEFRTy ——55(3sin3¢ —sin¢) — 52T 3a2)

(cos3¢ — cos ¢),
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ak* (k> — Q%) +203K20%a xpak3
G(QI(P) = " 2 5 SID(P — 2 5
(k2 — O%)" + 402k2Q) (k2 — O%)" + 403k2Q)
9aQ) 108a% — 92)0%ay , . _
H(a,¢) = m@cos&p—cosgb) + ( 8(2+3ai)2 L(sin¢ — 9sin3¢),

3 K2 (k2 —
Kia,p) = ——220K g O
(k2 — O%)" + 403k200? (k2

cos ¢,

0?) +203k20%a
— %) + 4021202

os ¢,

2nmy/ Q7 — o2 2nmy/ Q7 — «?
C(Tl) = COS\/T ; S(n) — sin \/i ; C*<1’1) _ COS@ . S*(n) _ sin @ )

Q

Znﬂ(x
L1 ! |:<0(1C1 —O(l >C + (Cl\/Q —(Xl-f'(XlCz) :|,

(65)

L — _ 2umkag K(szc3 _ mQ) )+ (Cg\/7km+ ocsz4) )}
Ly = 4e o [(Q C — 2(x1Cz)C(n) + (2061(31 +52C2)5(n)},
Ly = fe= 0 [(K2Cs — 200kCy) C* (n)

+ (200kCs + k2C4) S* (n)],
_Mi—-MR o M(+R)

a M;+M, ’ N M+ M’
Dy = /O — &2[AC(n) — 1] — y AS(n) ; DZ:B[ o}

— oc1C( n) — qu(n)} ,
Ds = (1+R— B) [\/kz — ko C* ()

- ocsz*(n)] ; Dy=(1—-R—-A) (\/k2 koyC*(n) — ocsz*(n)) — k2 — ko,
Ds = qu(u, (/)) — H(Ll, 47) — AF(LI, 47) |:(X1C(1/l) — 0(1 ] AlLs,
D¢ = AH(a,¢) + AL ; D7 = okG(a, ) — K(a,¢$) — BF(a, ¢) [oqC(n) +/0° - oc%S(n)] — L,

Ds = BH(a,¢) + L3 ; Do = —(1+R— B)G(a,¢) [cxzkc* + V2 — kopS*(n }
Dqg = (1+R—B)H(a,4>) —|—L4(1—|—R—B) ; D=

Ei =L+ C(H)F(a,(P) ; Er=14

(1+R—B)Ly,
—(1-R-A)G(a,¢) —Ls; Dp= (1-R—-A)
—F(a,¢) ; E3=C*(n)G(a,¢) ; Es=Lr+G(a,¢) ,

one obtains a linear system of four equations with the unknowns ACy;,, ACyn, Adn, and
Ad*y. Introducing the notations:

H(a,gb) + L4,

Con = 1A" ; ACyy = A" App =030 ; Ay, = 044", (66)
one obtains the characteristic equation:
aoA? + mA +a; =0, (67)
where

ag = S(n)S*(n)(DeD12 — DyD1g) + S(n)(DsDeE4 — D3DgEy) 4+ S*(n)(D1D1Ey — DyDigEy) + E2E4D1 Dy,

a = S(I’l)s* (ﬂ)(D6D11 + DsD1p — D7D10 — Dng) =+ S(n)(D3D8E3 — DyDgE3z — D3D7E4 + D4D5E4)—|— (68)
+S* (ﬂ)(DlDllEz — DyDsEy — D1DyEq + D2D10E1) + (D2D3 — D1D4)(E2E3 + E1E4),

S(H)S*(Vl)(D5D11 — D7D9) + S(ﬂ)(D3D7E3 — D4D5E3) + S*( )(DzDgEl

— D1D11E1) + E1E3(D1D4 — D2D3).

ap) —
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The analyzed motion is asymptotically stable if the roots of the characteristic Equation (67)
verify the conditions:
A1) < 1. (69)

According to the Schur criterion, the conditions in (69) are satisfied if the following
inequalities take place:

a1
ap+a

1< 1, 1<

1. 7!
20 < (70)

In order to study the stability conditions in (7), the parameters C;—C4 and the delay ¢
should be determined. In this respect, the periodicity conditions will be used:

X0 = ¥(0) = X(4) = V() | X(0) = A% (4)+ Q0+ R-BVCE),
Y(0)t =BX(ZE) + (1-R—A)Y (&F).
where A and B were defined in Equation (65).
From Equations (45), (46), and (71), one obtains the system of equations:
X(0) = AX(25) + (1+ R~ B)Y (%) ; ¥(0) = BX(2) + (1 - R — A)Y(2%)
Cl = e_zm%[clc(”) +GS(n)] ; Cz=e" 52 [C3C*(n) + C4S*(n)] ~ (72)

G+ 8+12H2 (cos ¢ — cos3¢p) + M(Sin&l) —sin¢g) = C3 + Q3 cos¢p + Qqsin¢,

8(2+3a2)°
where
X(O) = —x1C1 + 4/ a’ - o3Cy + 8%;1122(;2 (3sin3¢ — sin¢) + %(cosqj —3cos3¢),
Y(O) = —opkCs + k2 — koyCy — QQ3 sin ¢ + QQy4 cos ¢,
- 2nmo -
X(ﬁ”) =e 0! (\/Qz—oc%Cz—oc1C1> C(n) — (oqu—i-\/Q —oc1C1> (n )}+ (73)
_._8121222 (3sin3¢ — sin¢) + %(COSQD —3cos 3(1)),
2n7rcx
Y(zﬁﬂ —e "0 {\/ — koyCy — 0(sz3} C*( ) — (O(sz4 + k2 — kCXng) — QQssing 4+ Q4 cos ¢.

A graphical analysis of the stability conditions is presented in Figures 6-9, taking into
account the influence of different parameters; the yellow color denotes a zone of stability.

-0.5 -0.5
4 \ /\ 1 \\j/\
(a) (b)

Figure 6. Stability analysis for the variation of ¢: (a) case n =1; (b) case n = 2.
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Figure 9. Stability analysis for the variation of R: (a) case n = 1; (b) case n = 2.

7. Conclusions

In this paper, we presented a study on the dynamical model of a two-degree-of-
freedom vibro-impact oscillator with damping, subject to a perturbing force. Within this
system, each of the masses may produce a combination of continuous movements or vibro-
impact movements that are quite complicated. The system under study was composed of a
linear oscillator and nonlinear one whose movements were determined by means of an
approximate analytical solution, very close to the numerical solution. This approximate
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analytical solution was optimally determined using a new method, namely the Optimal
Auxiliary Functions Method (OAFM), which was very efficient in practice. This solution
was further used in analyzing the kinetic energy loss, the contact force, and the stability of
periodic motions. Several cases were emphasized for possible movements of the system
depending on the initial conditions and movement parameters, considering various impact
possibilities between the two oscillators or between the oscillators and the walls.

In the case of periodic movements, it was considered that the period of the system
was proportional with the period of the perturbing force. The boundary conditions of the
system between two periodic subsequent arbitrary impacts were considered. After some
analytical and numerical computations and by using the Schur principle, we established
the stability conditions of the system. For different values of the movement parameters,
a graphical analysis of stability conditions was presented. Different expressions for the
velocities of the two oscillators were considered, establishing recurrence relations for
periodic solutions.

Limitations of this study include the fact that it did not cover bifurcation- and chaos-
related problems, but these aspects will be the subject of future developments. In addition,
more research will be necessary to refine and further elaborate the proposed approach to
make it applicable to three-degree-of-freedom vibro-impact systems, which would provide
a more complete understanding of more complex systems. Moreover, as an alternative to
the Schur criterion, use of the Zhukovsky-type stability [33] could be convenient, and the
Sommerfeld effect [34,35] could be investigated by means of OAFM.
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Abstract: The current paper focuses on the impact phenomenon analysis, in the case of multi-
body mechanical systems undergoing fast motion, due to the presence of some manufacturing and
mounting errors or due to some accident during the transport mechanical systems. Thus, the impact
phenomenon was analyzed in two cases, the first one consisting of a two bodies, namely, a free-fall
body brought in contact with the other considered fixed in space and the second case, which is a
complex one, when the analyzed bodies are components of a multi-body mechanical system. The
research main objective is to analyze the impact generated between the two bodies through three
methods, i.e., the analytical method, a virtual prototyping method accomplished with MSC Adams
software and a method based on finite element analysis with Ansys and Abaqus software. A dynamic
model of the impact force was developed, which allows to make a comparison of the numerical
results obtained through the abovementioned methods. As a multi-body mechanical system, it
was considered a mechanism from an internal combustion engine from which the radial clearance
between the piston bolt and connecting rod head of the considered mechanism was analyzed.

Keywords: dynamics impact; finite element; radial clearance; modal dynamic analysis

1. Introduction

The impact phenomenon can be present in the case of multi-body systems and this can
be generated by many causes such as mounting and manufacturing errors, discontinuities
of kinematic parameters variation or critical situation (for example, vehicle collision, etc.).
Vehicle collisions are much more complex than other impact phenomena occurring between
the two bodies.

The impact analysis of multi-body systems is of paramount importance since at the
impact moment, the system state variables are quickly modified and discontinuities inside
of system velocities and accelerations appear. These discontinuities can lead to forces of
high values, which vary in a very short period of time. By knowing these forces variation
peaks, it is important to take them into account during the mechanical systems design.

Using the research reported in [1], the authors show that there are two methods for
solving impact problems of multi-body mechanical systems. The first method is based on
a model of a “continuous” contact-force type. Similar models were analyzed in [2] and
they underpinned a spring-damper element. Other research like that in [3] uses a Hertzian
model for impact analysis. The second method is used more frequently than the first one
and this is called the piecewise analysis method, where the motion equations integration
stops at the moment of impact.

The research data from [4] present an impact analysis for models with friction from
mechanical systems, which contain open kinematic linkages. Two problem types, namely,
a bar, which drops free on the ground and a double pendulum system in a free fall, are
examined. Thus, by solving the analytical impact problem it can be remarked that this
mainly depends on motion equation integration at three impact phases, i.e., before, during
and after the impact. This it could be a starting point for the proposed research.

Mathematics 2021, 9, 1776. https:/ /doi.org/10.3390/math9151776 125

https://www.mdpi.com/journal /mathematics



Mathematics 2021, 9, 1776

In the research reported in [5] information is provided on whether impact events
of mechanical systems can be successfully modeled through simple or low-order finite
elements. There are developed simple finite element models which are benchmarked
against theoretical impact problems and published experimental impact results. A case
study is also presented, a finite element model using simple plastic beam elements. This
is further tested to predict stresses and deflections in an experimental structural impact.
The established workflow can be transposed to other impact problems because the stress
levels predicted by the FEA model were generally within 10% of measured values. This
demonstrates that a finite element analysis characterized by simple or low ordered finite
elements can be used as a valid engineering tool for a medium-sized manufacturer in
developing analyses of mobile mechanical systems or for designing products exhibiting
impact requirements.

Impact phenomena can be studied by using simple models, especially experimental
ones. This can generate complex problems which are hard to analyze through analytical
methods. For example, the methods used in [6] develop analytical and experimental studies
on some models based on free-fall drop impact analysis of portable products similar to
cell phones. Thus, the research core was represented by a developed simplified analytical
procedure for obtaining the dynamic response during impact in case of a free fall dropped
object. The developed experimental analysis uses special objects with accelerometers
mounted inside. With the use of a special drop tower with a guiding frame for controlled-
angle free-fall drop impact, the used objects are dropped at different angles and the
acceleration during impact is recorded. The aim of this analysis is to improve the conceptual
solutions for impact resistance of portable products. From this research the experimental
infrastructure can be noted and for further research the principle can lead to the use of
small objects presumed to undergo a free fall drop. Thus, an experimental stand can
be elaborated and an accelerometer can be placed inside of the base component. Also
for experimental tests video motion analysis with high speed cameras can be used for
analyzing impact phenomena.

Impact phenomena occur in various domains and cases, starting from medicine,
accidentology, mechanical engineering, civil engineering, military defense, food industry,
chemistry or physics. From this different methods and tools can be extracted for impact
modeling.

In [7] the civil engineering specialists analyzed the behavior of concrete specimens
during impact phenomena. Thus, experimental tests were made by dropping a constant
weight hammer from five different heights on concrete specimens placed on special cells
equipped with accelerometers. The novelty of this research relies on a finite element model
that is made by using the ABAQUS software. Thus, extra attention is paid to the modeling
of impact incidence and a non-linear dynamic model was prepared. FEM in the presented
research can only be used for giving designers a prior idea about the impact behavior.
A similar analysis was conducted in [8] where the authors determined the most suitable
drop height for shock testing military equipment. For this, an application of regression
analysis and a back-propagation neural network for determining the most suitable drop
height for free-fall shock tests was proposed. The mathematical model, elaborated through
a regression analysis, was verified through a comparative analysis between experimental
tests carried out on several military materials like specific elastomers in order to estimate
the optimal height and duration for free-fall shock tests.

Based on free-fall drop objects, several experimental tests were performed in [9] by
taking into account the related researches from [10-13]. The authors in [9] performed
a quite modern experimental analysis of the impact-induced acceleration by obstacles
with the use of flexible ball chains. It can be remarked that impact phenomena have
different behavior and depend on various materials. The novel element is represented
by the possibility of using modeling of discrete structures as continuous bodies with a
complicated constitutive law of impact which includes angle of incidence as a starting
point for the elaborated mathematical models.
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Bearing in mind the research reported in [14,15] it can be remarked that impact
phenomenon modeling can be performed through modern techniques and for these finite
element modeling represents an essential tool. For example, in [14] a nonlinear dynamic
finite element analysis for a cylinder piston model was performed. The authors developed
finite element models analyzed under specific circumstances of collision impact with the
ANSYS/LS-DYNA software. The developed mathematical model can be applied to mobile
mechanical systems. Several input data for the developed numerical simulations are
reported, but in this case the clearance between piston and cylinder was neglected. The
obtained results are materialized through impact force under different velocities of the
piston impact collar.

An important argument for controlling the input parameters for impact modeling
relays on simple numerical simulations like the one reported in [15], where the developed
numerical simulations examine the perforation of steel and aluminum plate specimens
and then impact load is applied on composite plates with eight layers reinforced by
carbon fibers. For this ABAQUS software was used for several numerical models of solid
penetration i.e., Mohr-Coulomb model, Johnson-Cook model, Zerilli-Armstrong model,
Steinberg-Guinam model and a thermo-mechanical material model. For these it is very
important to retain the use of damping coefficient, penetration depth, restitution coefficient,
and also the way of controlling the finite elements network.

The impact without friction was analyzed by other studies like those describe in [16-19].
In [20] contact-impact force models, with friction, for cylindrical surfaces and spherical ones
are analyzed.

Based on the results reported in [21], a comparison between different contact-impact
force models for a crank and connecting rod mechanism were made. In this research the
major objective is to analyze the impact phenomena for two major cases:

(1) Impact analysis for two bodies on a free-fall drop, which come in contact together,
and
(2) Impact study for a multi-body system from an internal combustion engine mechanism.

For the first case it is important to control the input data for numerical simulations in
order to have better accuracy during impact phenomenon modeling. In the second case
some input data from the previous case are reconsidered and the obtained results will
improve the reliability of the mobile mechanical systems, especially the ones from internal
combustion engines, but not limited to these.

The novel element achieved through this research is the numerical result accuracy
based on the finite element method for studying a impact phenomena. In order to achieve
this several contact analyses it will be proposed, namely with and without friction, with and
without damping effect and for different dynamic impact force parameters. Another novel
element is represented by the three impact modeling methods used, namely analytical,
virtual prototyping and FEM analysis. These methods allow identifying the variation
domain for important dynamic factors, namely penetration depth, damping coefficient and
force application factor.

In a comparison with [6], the contact between two bodies on a free-fall drop will
be better analyzed and controlled due to the mathematical considerations. This can be
completed by using modern techniques implemented through finite element software. The
desired data can be easily compared through experimental analyses conducted on similar
models for analyzing impact phenomena.

2. Impact Analysis of a Link with Planar Surface

In this case, it will analyze a planar mechanical system made up of a bar with a circular
cross-section, which will drop freely with one end on a planar surface, being articulated
through a ball bearing joint at the other end, as it can be seen in Figure 1.
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X

Figure 1. Kinematic model of the planar mechanical system.

This bar has a transversal circular diameter of 4 mm and a length of 240 mm. The
planar surface has a rectangular shape with a length of 300 mm, a width of 100 mm and a
height of 6 mm. The envisaged bar link will drop free from a height of 194 mm.

For this model it is important to analyze the impact between the bar and the planar
surface in three cases, namely, the analytical mode, modeling and numerical simulation
with Adams software, the modeling with finite element method through the aid of ANSYS
and Abaqus.

2.1. Analytical Method

The analytical method involved an elaborated mathematical model based on the
kinematic scheme in Figure 1.

For the schematized model in Figure 1, it will obtain the bar angular speed from
dynamics considerations:

2

= 0
where: G represents the bar weight, which actuates in the mass center Cy; Jj is the mass
inertia momentum depending on bar rotation center, O and 6 is the bar rotation angle:

l
§G~ cos = Jo-

m-1> G2
= = — 2
Jo=—3 3g 2
- d’0 G-l cosf
U T T ®
0= 27 cos 6, (4)
0= W g (5)

Equation (4) is integrated and it has the following form:

w? _3g

5 7 -sinf + C. (6)

The initial conditions are introduced:
t=0,0=0p,0=w=0. ?)

By introducing Equation (7) in (6) we obtain:

Ozi%‘?sin@o—kC. (8)
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In addition, it will have the following mathematical expressions:

_ 38
C= 2 sin 6. 9)
w? = 3’73(511(19 — sin ), (10)

where: w is the bar angular speed, I the bar length, and g the acceleration of gravity.
To determine the impact function, the displacement and speed of the free end of the
bar, i.e., point (A), is considered. Therefore, the kinematic constraint equations are:

X —Xp —cos@-% =0
O(q,t) =4 Y—Yp—sinf5=0 . (11)
0 —wt=0
The generalized coordinate is: g, = [x1, 1, ¢1]"
A proper Jacoby model for Equation (11) is:
1 0 [sin®
Jo= |0 1 —Ltcose |. (12)
00 1

Velocities

These will be obtained by differentiating the Equation (11) depending on time, and
the obtained results are:

X1 — Xo + é~9~sin0 =0
Yl—Yo—%'Q'COSQIO . (13)
é — w1 = 0
According to Figure 2, the impact function accepted by multibody systems theory [22]
will have the following form:

F:{QV“VEW . . (14)
k(y1 —y)" — cmax-y-STEP(y,y1 — d,1,y1,0),if ...y <1

Y
VAl

Figure 2. Spherical—planar contact type.

In Equation (14) one can identify the following terms: y—distance depending on
time, which is necessary for the impact function calculus, namely: y4 = ya(t); y = %—
the point speed at which it will consider that it will actuate the impact force, i.e., speed
y = vy (point A speed); y;—a positive real variable, which can be considered to be the
free length of ¥ component displacement; k—stiffness which corresponds to the interaction
between the bar and the contact surface; e—is a positive real variable which specifies
the deformation characteristics exponent of the applied force; cmax—is a non-negative,
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double-precision variable that specifies the maximum damping coefficient; d—is a positive
double-precision variable that specifies the secondary penetration at which ADAMS/Solver
applies full damping.

The damping coefficient versus the penetration variation is plotted in Figure 3.

ol
Cma

X/
|
|
|
|
|
|
|
|
|
|
|

L B—
d p
Figure 3. Damping coefficient versus penetration.

The stiffness term k, which can be seen in Equation (14), depends on material properties
and the solid bodies’ radius when these get in contact together. This is calculated by using
the following equation [22]:

RiR; 1-v2

_ 4 1/2 _ _ i
K= 37r(hi+hj)R R= g, =75, k=1, (15)

where: R;, Ri—represent the radii of each body in contact; v;, vj—represent the transversal
contraction coefficients for bodies i and j brought in contact together; E;, E;—represent the
longitudinal elasticity modulus for body i and body j, respectively.

It is important to know the following conditions:

e ify >y, there will be no penetration at the level of the contact surface, and in this
case the impact force will be equal to zero (penetration p = 0);

e if y <yj, penetration occurs at the end closer to the i marker, and the impact force is
>0 (penetration p =y — y);

e  when p <d, the damping instantaneous coefficient is a cubic STEP function of penetra-
tion, labeled p;

e  whenp > d, the instantaneous damping coefficient will be cmax.

Thus, the impact function, regarding [22], has the following form:
Fimpact - F(yl y/ ]/1/ kl €, Cmax, d)/ (16)

The impact function is active when the distance between the markers i and j will
be smaller than y;. Practically, this function enters when the considered bodies collide,
otherwise, it will be equal to zero. Also, it will consider that the force in the mathematical
expression of (14) has two components:

e  aspring or stiffness component and a damping or viscous component:

F = k(y1 —y)°, spring (stiffness component). (17)
Furthermore, the stiffness component will be an opponent term of penetration:
F> = cmaxy-STEP(y,y1 — 4,1,91,0), (18)

e damping (viscous component), which is a function of the speed of penetration.

Damping opposes the direction of relative motion. Alternatively, the mathematical
model of the impact force, when the considered bodies collide, will be:

F = max(0,k(y; —y)* — cy-STEP(y,y1 — d,1,11,0)), (19)
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Both components of the considered force can be analyzed based on Figures 4 and 5,

namely:
F =k(yy —y); F, = —cy-STEP(y,y; —d,1,11,0). (20)
>1F1
e=15""|
e<1
k
—
yr Y

Figure 4. Compression-only spring force from impact function.

_C-y

y,~d Yo Y
Figure 5. Impact force depending on damping component.

The STEP function approximates the Heaviside step function with a cubic polynomial
one, as well as a STEP function, which looks like the one in Figure 6.

|
|
|
ho :
|

!

Figure 6. The proposed STEP function.

The equation by which a STEP function will be defined in the following form:

ho 1y < yo
STEP={ ho+aA*(3—-2A):yo<y <y, , (21)
hi:y >
where:
a=h —hy, A= (y—yo)(y1 —vo). (22)

Thus, the impact force mathematical model will be elaborated based on the math-
ematical expressions in Equation (14). For the proposed system presented in Figure 2,
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it will obtain: h is equal to zero for this aplication. By comparing Figures 5 and 6, the
mathematical expression (21) becomes:

Cmax:ygyl_d

STEP ={ Cmax +a-A2(3—2A) 1y —d<y<yp . (23)
Oy=>wn
where:
4= Cmax, A= (y1 —y1+4d)/d. (24)

Thus, the k stiffness value can be calculated with Equation (15) and the obtained
value will be k = 48,049. The presented mathematical models, which correspond to the
impact force, can be numerically processed under MAPLE programming environment.
Accordingly, the time intervals when the stiffness component and viscous component
of impact force are actuated will be identified. These time intervals correspond to a
programming sequence, namely Algorithm 1, with the MAPLE software as follows:

Algorithm 1 Programming Sequence for Time Intervals

for t from 0 by 0.0001 to 0.6 do

if (y) < (y1 — d)then

F:=k-(y1 —y)° — vy-cmax; print (t,y,F);

elif (y; —d) <y andy < y; then

F:=k(y1 —y)° — vy (cmax + a-P*>-(3—2:P));
print (t,y, F) else

F:=0;

print (t,y,F) end if

end do;

Using the initial data and the programming sequence, the processing of the presented
mathematical models will lead to the time variation diagrams of both impact force compo-
nents. Two major cases defined through different damping coefficients will be considered:

(a) Bar length: [ = 240 mm; y; = 0.8; damping coefficient: cmax = 1; penetration depth:
d = 0.01; stiffness: k = 48,049; force exponent: e = 2.2. By considering the diagram in
Figure 7, it can be noted that the impact force will have a maximum value of 250 N, and in
Figure 8 the viscous component has a maximum value around 3000 N, and these values
correspond to ¢ = 1. If we modify the damping coefficient at a value of ¢ = 6, the force
stiffness component will reach a value of 450 N, according to Figure 9, and the viscous
component reported in Figure 10 will reach a value of 5 x 10* N.

(b) Bar length: | = 240 mm; y; = 0.897; damping coefficient: cmax = 6; penetration depth:
d = 0.01; stiffness: k = 48,049; force exponent: ¢ = 2.2.

250
200
150

F1[N] 100

50

0.365 0370 0375 0.380 0.385 0.390 0.395
time [s]

Figure 7. Stiffness component variation during time.
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Figure 8. Viscous component variation during time.
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Figure 9. Stiffness component variation with time.
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Figure 10. Viscous component variation with time.

2.2. Impact Modeling with MSC Adams

For the impact analysis, a virtual model was designed, equivalent to an experimental
testbed, as can be observed in Figure 11. This contains in its structure a bar (1), a prismatic
body (2) and a column composed of adjustable length devices (3). The considered bar
has free motion on one end under its own weight. With the help of this virtual model the
impact between the bar and the prismatic body will be analyzed. This will take place in
three virtual environments, namely, MSC Adams, ANSYS and Abaqus software.

bar_body.flex. MARKER_25

prismatic_body.flex. MARKER_4

Figure 11. A 3D model of the experimental test bed.
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The virtual prototyping accomplished via the Adams program has on its background
a kinematic model made up of five parts connected together through kinematic joints. Thus,
the adjustable column (3) has devices which allow the user to adjust the drop height of
the considered bar (1). By having a closer look at the impact between the abovementioned
components from a dynamic viewpoint, these were defined as deformable bodies and were
meshed with finite elements such as tetrahedral ones taking into account the connection
between interest nodes.

To obtain the impact function corresponding to the elaborated dynamic model, the
following steps are to be followed:

The marker which materializes the origin of the impact force (marker_25, in Figure 11)
will be identified;

The kinematic parameters (displacements and velocities) for the application point
of the impact force (displacement and velocity of marker 25 according to Figure 12) will
be obtained through numerical simulations. These parameters are defined as functions
depending on time;

2501 250 ———r 1000
1 ——-_i&:is”
1001 _, 200 | Force |-500 -
\\ e \ b | b =
= 0.0 g = e e }P‘: s S £
o 5011507 L " 1 E
o RI i \ : | 1-500 ig
© _200{ n' 100 : ' I
e (8 \\\ ; 1000 &
\ ./ -
350 50 o -1500
500- 0.0+ - - - - - - - - - +-2000
0.0 0.1 0.2 0.3 0.4 0.5 0.6

Time [s]
Figure 12. Impact force, displacement and speed time variation (detailed view).

The dynamic model parameters of the impact function, i.e., stiffness—k; damping—c;
depth penetration—d; force exponent coefficient—e, will be evaluated.

The stiffness k will be calculated by Equation (15) by taking into account the geometry
of the considered components which will be in contact together. The kinematic parameters
are monitored in line with a local coordinate system, which is fixed with the prismatic
body, defined through marker no. 4 (according to Figure 11).

The impact analysis of both component bodies will be made for two distinct cases,
a contact made from rigid bodies and a contact made from deformable ones, respectively.

Thus, in Figure 12 the time variation laws for displacement in the case of marker no.
25 (dz_25), speed (vz_25) and impact force (force) can be seen. The dynamic parameters,
which contribute to the impact function definition, have the following values: k = 48,049,
e=22,c=1,d =0.01. For differential equations integration the Adams solver GSTIFF I3
was used, with an integration step equal to 1 x 10~3. In addition, the recorded harmonics
as amplitude and number obtained in the case of impact forces variation are generated
mainly by the damping phenomenon.

In order to examine the prismatic body behavior at the contact moment with the bar,
it is necessary to perform a transversal elastic displacement analysis of this, as shown in
Figure 13. Thus, in Figure 13 the prismatic body elastic displacement and the impact force
when the damping coefficient is equal to 1 are represented. It can be remarked that the
elastic displacement is relatively small, whereas the impact force reaches maximum values.
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Figure 13. Variation diagrams for impact force and elastic displacement (c = 1) vs. time.

By considering Figures 14 and 15, it can be observed that the impact force and dis-
placement variation occur at the same time intervals. In this case, the contact number
between the bar and the prismatic body is smaller than in the previous case.

0.008 : ~ — ~ : ; — ‘250
__0.0055 62.5 —
E <00 =
E. 0.003 ~125 8
N o
=) " L

5.0x10
0.0 -312.5
- 0.002 | | . , | . | 500
0.17 0.1775 0.185 0.1925 0.2

Figure 14. Variation diagrams for impact force and elastic displacement (c = 1) vs. time
(detailed view).
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Figure 15. Variation diagrams for impact force and elastic displacement (c = 1) vs. time.
In Figures 16 and 17, the impact force, displacement and speed variation diagrams of
the analyzed marker, namely, marker no. 25 (dz_25, vz_25) are shown, when the damping

coefficient is equal to ¢ = 6. These diagrams were obtained by taking into account a local
coordinate system placed on the prismatic body in marker no. 4, according to Figure 11.
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Figure 16. Force, displacement and speed variation diagrams of marker no: 25 vs. time.
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Figure 17. Force, displacement and speed variation diagrams of marker no: 25 vs. time (detailed
view at first contact—t = 0.1824 s).

The impact between these components occurs at the time t = 0.1824 s. Thus, it can
be observed that the displacement after impact shows a quasilinear variation until the
time t = 0.2265 s, when the bar loses contact with the prismatic body component. At the
impact moment the bar speed suddenly increases and it records a maximum value of
1325 mm/s. Accordingly, the impact force will occur at the contact moment and it records
values ranging from zero to 205.5 N. Between the time interval of 0.1824—0.1862 s, the
considered force will record many harmonics and one of them reaches a high value of
406.66 N as it can be seen in the detailed view in Figure 17. This variation has the following
dynamic parameters values: k = 48,049, e = 2.2, c = 6, d = 0.01. In addition, this dynamic
analysis was set up for an integration step equal to 1 x 1074,

By comparing the variation diagrams in Figures 12 and 16, it can be noted that for a
high value of the damping coefficient, the number of harmonics will increase, whereas the
transversal elastic displacement will decrease.

Figure 18 shows the force impact and transversal elastic displacement during time
of the prismatic body component considered as a solid deformable one. These variations
correspond to an impact force dynamic model where the damping coefficient is equal
to c = 6. A detailed view of these variations is shown in Figure 19, which corresponds
to the impact force and elastic displacement during the first impact. Another aspect is
represented through the diagram in Figure 20, describing the entire impact force and elastic
displacement variations on each impact between the bar and prismatic body components.
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Figure 18. Variation diagrams for impact force and elastic displacement (c = 6) during time.
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Figure 19. Detailed view of the impact force and elastic displacement ¢ = 6 during first impact

vs. time.
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Figure 20. Impact force and elastic displacement c = 6 for entire simulation vs. time.

2.3. Impact Analysis with Finite Element Method

To analyze the impact phenomenon, based on the finite element method, three soft-
ware programs were used, namely: Abaqus, ANSYS Workbench and ANSYS Mechanical
APDL. For the impact phenomenon analysis with ANSYS the following steps were fol-
lowed: the mechanical system CAD model was imported; the kinematic joints were defined;
the entire model was meshed with proper finite elements and material and inertial prop-
erties were also defined; there were introduced the contour conditions and the contact
between the bar and the prismatic body components was established when that had a free
fall at the one end and touched the prismatic body.

The aim of this analysis regards the dynamic parameters, which define the contact
between the bar and the prismatic body. Thus, many contact models, such as the ones
below, were created:

(a) Frictionless contact, characterized by behavior-symmetric, stabilization damping
factor-10, pinball radius—5 mm. In this case, the integration step was setup at 1 x 1074
which corresponds to the hypothesis of large deflections. Time variation diagrams were
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identified for the following parameters: prismatic body stress, computed by considering
a local coordinate system solitary with this component and dynamic parameters, which
define the impact phenomenon between the bar and the prismatic body, namely, penetration
depth, friction stress, contact pressure and contact force. For this model, the contact force is
represented in Figures 21 and 22.
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Figure 21. Impact force variation during time.
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Figure 22. A detailed view of impact force variation during time (Zone A-C).

(b) Frictionless contact when the stabilization damping factor is equal to 0.1 and
the integration step is equal to 1 x 10~%. With reference to the previous case, one it
can note a decrease of amplitude for the resultant elastic displacement and an increased
number of harmonics for all the monitored kinematic and dynamic parameters after the
first impact. Thus, the contact force records a maximum value during the impact of 433.
N and afterwards, the values will be small due to the damping phenomenon (Figure 23).
Considering the diagrams reported in the first case (case a), it can be observed that after
the impact, all the monitored parameters reach absolute values at the same time instants,
whereas different variation forms are reported. By having in sight the fact that in all
the modeling cases the bar motion in a free fall drop records high amplitudes, the finite
element analysis was setup under the large deflections hypothesis. Thus the used finite
elements support the contact modeling under this hypothesis. This setup was done in
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order to evaluate in a correct manner the bar component motion before and during the
impact phenomenon.
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Figure 23. Displacement variation of the considered bar in the global coordinate system vs. time.

It can be observed that during the time interval 0 to 0.18517 s, the bar component will
have a free motion under the gravity force until the impact momentum with the prismatic
body component (this occurs at time = 0.18426 s). From the reported diagram it can be
seen that the impact length period is around 0.002 s (between time = 0.18426-0.18626 s).
After the impact, the displacement amplitude of the bar component will decrease due to
the damping phenomenon, as it can be seen in Figure 24. The contact problem processing
between the bar and prismatic body components take the time variations of the following
parameters: contact pressure, sliding distance, friction stress, penetration and contact force.
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Figure 24. Force impact variation depending on time for the b-case.

(c) Contact type rough, where the stabilization damping factor is equal to 6. For this
contact type it was remarked that the impact force has a higher value, i.e., equal to 915 N.
In addition, the bar motion amplitude after the first impact is higher than in the other cases.
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Thus, the impact was influenced by the quality of the contact surfaces. The obtained results
are reported in Figures 25-27.

In Figure 25 can be observed that the bar component displacement amplitudes will
not decrease immediately after the impact time period. They reach high values around
230.16 mm. The reason for this behavior is represented by the base component surface,
which is rough and the analyzed contact problem was included in this hypothesis of
contact definition.

Thus, the impact force records high values at points A, B and C, as shown in Figure 26.
A correspondence time interval between the bar component displacement variation and
the force at the impact moment and after impact can be spotted.

Figure 27 provides details of the impact force variation with time for the most impor-
tant contact zones, namely, zone A and zone B. It can be remarked that the time period of
the impact is higher than the other time periods. In addition, after the first contact, the time
periods were smaller for zones B and C compared to Zone A. High values were recorded
for the first contact, namely, 915.73 N (corresponding to zone A), then they decreased to
around 515 N (corresponding to Zone B) and to around 735 N (corresponding to Zone C).
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Figure 25. Resultant displacement depending on time for the c-case.
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Figure 26. Impact force variation vs. time for the c-case.
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Figure 27. A detailed view of the impact force variation vs. time for the c-case (Zone A and B).

2.4. Impact Modeling with Abaqus

In order to study the impact phenomenon under the Abaqus software environment,
the same mechanical system model that was presented in Figure 11 was considered. The
virtual prototyping accomplished with the Abaqus software underpins a kinematic model
made up of five parts connected together through kinematic joints. There was made a
similar setup as in the previous case studies and the main objective was to determine the
impact force variation and the elastic displacement during the impact phenomenon. Thus,
the obtained results are reported in Figures 28 and 29.

Figure 28 presents the contact force variation during time at the impact moment and
after, between the bar and the prismatic body component. This reaches a maximum value
of 450 N. In Figure 29, the bar component displacement in a free fall, before and at the
impact moment, records values within an amplitude of 200 mm, which will decrease after
the first impact.
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Figure 28. Impact force variation vs. time and a detailed view for the first impact.
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Figure 29. Resultant elastic displacement of the bar component during time.
3. Dynamic Analysis of the Impact in the Case of a Crank-Connecting Rod Mechanism

With the Adams program, a connecting rod-crank mechanism is examined. Due to the
modeling of a radial clearance in the rotational joint between the connecting rod and the
slide, an impact occurs, which generates a force impacting the dynamics of the mechanism.
The radial clearance resultant value in the rotational joint is equal to 1.1 mm. A procedure
was designed for generating the torque, under the Adams programming environment, to
actuate the entire mechanism in the impact force conditions between the connecting rod
and the slide. The following steps are required to create the impact function:

e time variation functions are defined for the interest marker displacement and velocity
(the marker that materializes the force point application, i.e., marker 13, placed in the
joint rotation center);

e the impact function will be created based on the following kinematic and dynamic
parameters: displacement, dy_ MARKER_i, velocity, vy_ MARKER_i, for marker i,
stiffness k, exponential coefficient e, damping c, penetration d, as follows:

IMPACT (MODEL_1.dy_ MARKER i, MODEL_1.vy_ MARKER i, k, e, ¢, d)

One will examine the impact force effect developed at the connecting rod-slide contact
on the evolution of the mechanism kinematic parameters, in two cases, a mechanism with
rigid elements and a mechanism with deformable elements, respectively.

3.1. Impact Dynamic Analysis with Rigid Elements

A function is defined in order to identify the motor torque, based on the following
expression:

M,, = My = (1 — WZ(MARKER_1, MARKER_9, MARKER_10) /wy), (25)

where: M, represents the engine torque (T;,—reported in diagrams); My is the initial
torque; wy is an initial angular velocity; WZ represents the resulting angular velocity
during the engine torque.

There are three markers placed in the center of rotation of the crank, namely, MARKER 1,
MARKER _9, MARKER 10. These will materialize the origins of three reference systems
(two reference systems that define the rotation torque and one mobile integrated with the
crank). The mechanism dynamics was studied for the dynamic parameters with several sets
of values in the impact force structure. These are represented through diagrams as seen in
Figures 30-33.
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Figure 30. Variation diagrams for the engine torque and impact forces during time for e = 0.1.
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Figure 31. Variation diagrams for the engine torque and impact forces during time for e = 0.01.
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Figure 32. Variation diagrams for the engine torque and impact forces during time for e = 0.2.
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Figure 33. Variation diagrams for the engine torque and impact forces during time for e = 0.2.
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The functions used for processing the diagrams in Figure 30 are:

Torque:(—10,000,000 * (1 — WZ(MARKER_1,MARKER_9,MARKER_10)/10);
IMPACT(MODEL,_1.dy_13, MODEL_1.vy_13, 0.0, 10,000, 0.1, 10,1 x 10~3)

The functions that were the basis for processing the diagrams in Figures 31-33, are:

Torque: (—10,000,000 * (1 — WZ(MARKER_1, MARKER_9, MARKER 10)/10)
IMPACT(MODEL_1.dy_13, MODEL_1.vy_13, 0.0, 10,000, 0.01, 10, 1 x 10~3)

The reported results in Figure 33 generate the following functions:

Torque: (—10,000,000 * (1 — WZ(MARKER_1, MARKER_9, MARKER_10)/10)
IMPACT(MODEL_1.dy_13, MODEL_1.vy_13, 0.0, 10,000, 0.2, 10, 1 x 10~3)
Torque: (—100,000,000 * (1 — WZ(MARKER_1, MARKER_9, MARKER_10)/10)
IMPACT(MODEL,_1.dy_13, MODEL_1.vy_13, 0.0, 100,000, 0.2, 10, 1 x 10~3)

Figures 30-33 show the time variation diagrams for the engine torque and the two
components of the impact force along the y and z axes.

Figure 30 indicates that the three components have a cyclic variation, and that each
cycle was repeated at an interval of 0.63 s.

The engine torque in each case reaches a maximum value at the start-up, due to the
mechanism inertia in the first milliseconds. In addition, as seen in Figure 30, the engine
torque maximum value on each cycle is around 4.09 x 10> Nmm and the minimum value
around —8.25 x 10° Nmm.

It was found that the component along the y-axis of the force reaches higher values
than the one along the z-axis. Thus, the component along the y-axis has a maximum value
of 12.375 N, and the one along the z-axis has a maximum value of 3.500 N.

In Figure 31 the impact force components have the same variation shape as the ones
in Figure 30, with the specification that the extreme values are lower given the dynamic
parameters, except for the force exponent which was smaller in this case. The component
along the y axis reaches a maximum value of 6181.81 N and around 1462.5 N along the
z axis.

In Figure 32, the engine torque and the impact force dynamic parameters are kept,
except for the force exponent, which increased. This led to a significant increase of the two
force components extreme values along the y and z axes, i.e., 23,875 N for the y-axis and
5.750 N for the z-axis.

In Figure 33 the structure stiffness in the case of the impact force changes, consequently,
a higher value of the initial moment My is required. In this case, the maximum and
minimum values of the engine torque and the impact forces components change, resulting
in 8.63 x 10® Nmm for the engine torque, the value of the component along the y-axis being
around 2.7 x 10° N and the value of the component along the z axis being of 64,925 N.

As a remark, due to the eccentricity of the spindle-bearing coupling type, the two
dynamic components (engine torque and impact force), record jumps in an infinitesimal
time at the mechanism start-up. We will consider that these jumps can be neglected and
find that the mechanism has a correct cyclic operation, even if in some cases the extreme
values of the dynamic components are high. For this reason, a dynamic study of the
mechanism is required, regarding the elements in contact as deformable.

3.2. Impact Dynamic Analysis with Deformable Elements
3.2.1. Mathematical Considerations

A geometrical modeling of the engine mechanism was performed using the Solid-
Works software, according to its dimensions and construction geometry.

The mechanism modal dynamic analysis was performed via the ADAMS program
and it involved two important steps:
e  Evaluating the natural frequencies and vibration modes;
e  [Elastic dynamic analysis.
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The modal analysis mathematical models of a mobile mechanical system with de-
formable elements were proposed and developed by Craig and Bampton [23].

Thus, the equations defining the flexible body motion are differentiated from La-
grange’s equations [23]:

d (oL oL oF [o¥] !
dt(aér>8€‘+aér+[8§} A-Q=0, (26)

where: L is the Lagrange defined as: L=T — V; T and V are the kinetic energy and potential
energy, respectively, F is the energy dissipation function; ¥ are the constraint equations;
A are the constraints Lagrange multipliers; ¢ are the generalized coordinates; Q are the
generalized applied forces (the applied forces projected on ¢).

The flexible body generalized coordinates are:

T
&= {x,y,z,¢, 0, 9,4qi (z‘:l...M)} = {x,q}". (27)

The instantaneous position of a point attached to a node on a flexible body, according
to Figure 34, is given by the following mathematical expression:

ry =+ +1, (28)

5
where: r is the position vector from the fixed (ground) reference system origin to point

O where the local reference system origin is located of the flexible body; 74 is the position
vector of the undeformed position of point P, according to the local reference system

attached to body B; 1—the translational deformation vector of point P, the position vector
of the body un-deformed position to its deformed position.

z 4 y

Bl
c

X

Figure 34. The position vector to a deformed point P’ on a flexible body relative to a local body
reference system and to the fixed (ground) reference system.

The elements of the vector 7, x, y and z are the flexible body generalized coordinates.
The orientation is evaluated and characterized by the Euler angles set, ¥, 6 and @, according
with Figure 34.

The translational deformation vector is a modal superposition as follows:

Mp = (ppq/ (29)

where: @, is the part from the modal matrix corresponding to the node P translational
degrees of freedom.
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The &, matrix dimension is 3 x M, where M represents the number of vibration modes.
The modal coordinates g;, (i =1, ... , M) are the flexible body generalized coordinates. The
angular deformations vector was obtained in a similar mode as the translation deformation
vector, using a modal superposition, similar to the following expression:

0p = pq, (30)

where @, is the modal matrix part corresponding to the rotational degrees of freedom of
node P. The ®* matrix dimension is 3XM, where M is the number of modes of vibration [18].

3.2.2. Numerical Simulation

The same planar mechanism as the one with the rigid elements will be analyzed, but
in this case, the connecting rod is considered as a deformable element. The connecting
rod transformation from a rigid body to a deformable body was based on the finite ele-
ment method, adopting the following procedure: The connecting rod body is meshed in
tetrahedral finite elements, with a finer network in the joints contact areas.

The flexible body, obtained through the mesh network, must have its attachment
points corresponding to the kinematic joints. The connection is made through nodes, with a
spider type network. The analytical model of the engine torque is the same as Equation (25)
namely wg =10 rad /s, My = —100,000 Nmm.

Thus, the time variation laws for the mechanism kinematic and dynamic parameters
for two operating cycles are identified. Some snapshots during this simulation are shown

Bolt_1.MARKER_13

in Figure 35.
s - ’ "
Connecting rod_1.

flexINT_NODE_610

Bolt_1.MARKER_13
Connecting rod_1.

Bolt_1.MARKER_13 [
Connectingrod_1. «=— )
flexNT_NODE_610 * fleINT_NODE_610 -

Figure 35. Snapshots during virtual simulations of the considered mechanism with a deformable
connecting rod (MARKER_13 Node 610 location).

Figure 35 indicates the location of one node in the center of the bolt as a revolute joint
between bolt and connecting rod head. This node is part of the network of hexahedral
finite elements in which the mechanism connecting rod is meshed (node 610).

The time variation laws are identified for the kinematic parameters that define the
motion of the node 610, i.e., the translational displacement along the x and y axes. These
are reported in Figures 36 and 37 in case of the deformable body movement.
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Figure 36. Angular velocity variation of the drive joint during time.
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Figure 37. The node 610 elastic displacement vector component variation during time.

The impact structure function is defined as: IMPACT(MODEL_1.dy_flex13,
.MODEL_1.vy_flex13, 0.0, 20,000, 0.1, 10, 1 X 1073), with the following values of the
dynamic parameters: k =20,000,e=0.1,c=10,d = 103,

In addition, as seen in Figure 35, the connecting rod deformed shape for vibration
mode no. 3 with a natural frequency records a value of 6.515 x 10* Hz and for vibration
mode no.10 with a natural frequency of 1.061 x 10* Hz.

The performed dynamic analysis consists of two major stages:

e modal-dynamic analysis with calculating the engine torque for the mechanism actua-
tion;

e  kinematic and dynamic parameters analysis of the generated contact during the impact
between the bolt and the connecting rod head.

The modal-dynamic analysis presupposes the natural frequencies evaluation and the
component proper vibration modes when this is considered deformable one.

The kinematic parameters involved in the impact force dynamic model definition are
the displacement and velocity of the marker 13. This marker is identified as the position
with the node 610, so it is located in the bolt center of the revolute joint (between the bolt
and the connecting rod). Figure 38 shows the displacement and velocity time variation
for marker 13 along the y-axis. Based on Equation (25) and on the numerical simulation
performed with the Adams program, the engine torque variation diagram reported in
Figure 39 was obtained. In Figure 39 is observed that the engine torque has a periodic
variation, with the maximum amplitude around 50,000 Nmm. The jump recorded at
start-up results from existence of the impact generated by the shock in the joint.

Figure 39 presents the behavior mode of the impact force on two elements brought in
contact, i.e., the connecting rod and the bolt. It is important to note that the effect of this
force is visible mainly in the area of maximum eccentricity between the connecting rod and
the slide. Figure 39 it shows the time variation diagrams for the considered components
along the y and z axes of the impact force. Thus, the engine torque variation mode is close
to the impact force variation mode.
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Figure 38. Displacement and velocity variation for the marker no.: 13 depending on time.
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Figure 39. Variation diagrams for the engine torque and impact force components depending on time.

4. Results and Conclusions

The impact phenomenon was examined in two major cases, namely the impact result-
ing from the contact between the two bodies, when one of them was fixed and the other
one was mobile, actuating freely under gravity and the impact generated by two mobile
bodies from a multi-body mechanical system structure.

In the first case the impact analysis was done through an analytical method and
virtual prototyping with the Adams, ANSYS and Abaqus software. Thus, the following
conclusions were drawn:

e  The mathematical model corresponding to Equation (16) is compatible with the Adams
software theory, in relation to the impact phenomenon analysis. A Maple program
sequence was derived, which can be numerically processed based on the created
mathematical models by considering two major impact force components, namely, the
stiffness component and the viscous component. These component variations with
time were presented in Figures 7 and 8.

e The dynamic parameters were processed via the Maple program by considering
Equation (16) with the numerical values indicated in Figure 7 and these corresponds
to the virtual models obtained with the Adams software (Figures 16 and 17), with
Ansys software (Figure 24) and Abaqus software (Figure 28), respectively.

e  For the analytical models and numerical processing of the imported models with the
Adams software, the bar component motion was monitored in a time interval equal to
0.6s.

e By analyzing Figure 7 (mathematical model processing) and Figure 12 (Adams soft-
ware processing) it can be observed that the impact force reaches a maximum value of
250 N in similar time intervals that correspond to the damping coefficient (c = 1).

e By modifying the damping coefficient value to ¢ = 6, it can be remarked that the impact
force maximum value will be modified, as well, along the number of contacts between
the bar component and the prismatic body. At the same damping coefficient, by
keeping the contact conditions and the integration step of the equations system, which
dictate the bar component motion, one can see that the impact force values are not com-
patible with these cases, namely, analytical case (Figure 9), numerical simulation with
the Adams software (Figure 16) and the finite element analysis (Figures 24 and 28).

Thus, the impact analysis based on the finite element method for the proposed model
was performed for several cases: contact without friction, contact with friction and a rough
type contact. The following kinematic and dynamic parameters were considered: the
bar component displacement on three time intervals, i.e., before the impact, during the
impact and after the impact, depth penetration; sliding distance, contact pressure and
contact force.

Based on these parameters, the analysis was performed for different damping coeffi-
cient values and the same materials for contact analysis. In addition, the same integration
step for differential equations was preserved. Thus, it was concluded that the variation
forms of the impact force are the same for each analyzed case (Figures 22, 24, 27 and 28).

148



Mathematics 2021, 9, 1776

The displacement bar component amplitude is different in terms of value and fre-
quency, depending on the contact and damping coefficient values during motion
(Figures 23, 25 and 30).

A parameter which one can consider very important is represented by the prismatic
body’s elastic displacement variation due to the impact between the bar component and the
prismatic body. These variation diagrams are represented and analyzed in Figures 13-15
(via the Adams software). These are very important because they can be compared rela-
tively easy to the ones which were further obtained through experimental analysis.

A crank connecting the rod mechanism was examined, in which a radial clearance
was considered in the joint that connects the connecting rod and the piston. Under these
conditions, during the engine mechanism operation, a developed impact has major in-
fluence on the kinematic parameters that define the movement of the considered bodies
brought in contact (the connecting rod and the piston). The dynamics of the mechanism
involved two cases, namely, when the kinematic elements are rigid bodies and the case
when the connecting rod and the piston are deformable ones.

The impact force dynamic model in the two cases was built on the following pa-
rameters: stiffness, force exponent, damping and penetration depth. These parameters
were determined by several sets of numerical simulations that were based on the interface
between the variation of the impact force and the variation of the engine torque, in the
conditions of a cyclic operation of the mechanism. It was found that the results of the
numerical simulation, mainly the impact force and the engine torque, are compatible with
the mechanism cyclic operation if the elements deformability is taken into account, as well.

Variations of the kinematic parameters were reported, especially in the contact area of
the connecting rod-piston, by monitoring the nodes movement on the joint finite elements.

As it was mentioned before, the impact dynamics was analyzed for two cases. Thus,
in the first case the impact dynamics between two distinctive bodies were analyzed with
the use of the finite element method. This allowed us to determine the kinematic and
dynamic factors’ influence mode on the impact force size and variation mode. Moreover
the friction coefficient influence through contact surface quality and damping factor can
be remarked. Thus, multiple tests were performed with different material types, different
friction coefficients which were associated with damping factor values sets. By considering
these tests, an influence rapport of the mentioned factors which depends with the contact
body stiffness respectively impact force amplitude and frequency during and after impact
phenomenon was established.

The obtained diagrams through impact phenomenon analysis in the second case show
that impact force characteristics such as the amplitude and variation mode were influenced
by assembly errors and kinematic parameters variation during motion. By having in sight
other results from specific literature like [14], the impact force influence on mechanism
torque was analyzed. Thus, the mechanism torque was established through a function
definition under the MSC Adams environment. This function allows the user to perform a
complete dynamic analysis of the combustion engine mechanism. In addition, the impact
function presence which affects the engine mechanism functionality especially when this
mechanism starts and the mechanism torque records high values can be observed.
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Abstract: Collisions can be classified as completely elastic or inelastic. Collision mechanics theory has
gradually developed from elastic to inelastic collision theories. Based on the Hertz elastic collision
contact theory and Zener inelastic collision theory model, we derive and explain the Hertz and Zener
collision theory model equations in detail in this study and establish the Zener inelastic collision
theory, which is a simple and fast calculation of the approximate solution to the nonlinear differential
equations of motion. We propose an approximate formula to obtain the Zener nonlinear differential
equation of motion in a simple manner. The approximate solution determines the relevant values of
the collision force, material displacement, velocity, and contact time.

Keywords: elastic collision; inelastic collision; approximate solution

1. Introduction

Theoretical research on collisions possesses significant value in engineering appli-
cation. It is widely used in various industrial engineering fields—including aerospace,
machinery, transportation, civil engineering, agriculture, and military applications. Colli-
sion is a mechanical phenomenon in which two or more objects in relative motion come
into contact with each other for an instant, with changes in speed. Collisions are considered
either elastic or inelastic based on the material properties and deformation types of the
colliding objects. An elastic collision means that only elastic deformations occur in the
colliding objects during collision, regardless of local contact deformation or if the entire
deformed structure can be restored. Inelastic collisions mainly occur during crashing of
metal objects in flexible systems. During these collisions, the structures of the colliding
objects undergo elastic and plastic deformations at the local contact surfaces or overall
systems. Therefore, even if the collision speed is low, the local contact stress exceeds the
yield limit, thereby causing irreversible plastic deformation.

1.1. Hertz and Zener Impact Theory Related Studies

Hertz proposed a static contact problem for elastic bodies [1], where the spherical
contact surface is approximated as a parabola. The two elastic balls contact problem was
solved analytically. The colliding objects underwent elastic deformations during the elastic
phase, which forms the basis of the Hertz elastic contact theory. The relationships between
the contact force, deformation, and compression of the object were established to obtain the
elastic collision contact time. Zener [2] extended the Hertz contact theory [1] and the effects
of thin plate bending. To describe this model, let us consider the situation of a stationary
plate or board impacted by a moving ball. In the Zener model, energy dissipation is
considered only by bending waves propagating radially from the contact area [3]. The
Zener model is not based on waves propagating through the thickness of the plate [4];
instead, it assumes that—during the collision of a large plate—the bending wave will
not return to the contact area after being reflected from the lateral boundary of the plate.
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Additionally, it assumes that the radius of curvature of the large flat plate is greater and
the contact radius is smaller than the thickness of the plate; that is, the sphere collides with
the thin plate. While the sphere is in contact with the surface, quasi-longitudinal waves
may propagate through the thickness of the board several times [2,5]. To calculate the
rebound velocity of the ball, Zener [2] combined the equations of motion of the ball and the
board—as described by Newton’s second law—to obtain the relationship between impulse
and board displacements. Many scholars have subsequently continued their research
based on the theoretical models of Hertz [1] and Zener [2,6]. Hunter [7] applied the kinetic
energy transferred from the elastic longitudinal waves, etc., to the Hertz model [5] to
consider the impact of small objects on infinite objects. Therefore, Hunter’s work was
based on Hertz’s perfect elastic impact theory, ignoring all the attenuation effects caused by
damping [7,8]. Boettcher et al. [8] modified the Hunter model [7] by considering the loss of
kinetic energy during impact (Hunter loss) [7,8], they further modified the collision model
proposed by Reed [9] to obtain more accurate elastic collision force-time parameters [5,8].
Mueller et al. [4] measured the coefficient of restitution and contact time for comparison
with the theoretical predictions of the Hertz and Zener models. The contact time of the
Hertz model does not consider the plate thickness as a parameter of influence. Hence, the
model predicts the same result for a glass plate of any thickness [4], which is why the model
is insufficient for predicting the contact time. The Hertz model can only accurately predict
the contact time when the impact of a large plate is being considered [4,10]. Thus, the Hertz
model represents a limiting case of the Zener model. In contrast, the contact time predicted
by the Zener theoretical model approaches the actual measured value. The aforementioned
research on collision is mostly based on the theories of the Hertz and Zener models.

1.2. Main Work and Purpose

In this study, we combined the Hertz contact theory and Zener inelastic collision
models to propose a fast and straightforward method of deriving and establishing the
Zener inelastic collision model. It is unnecessary to derive Newton’s second law from
the beginning to obtain the Zener collision equation and hence the collision displacement,
contact force, contact time, and speed. Another focus of this article is to provide a de-
tailed review of the equations of the Hertz and Zener’s contact theory models for better
understanding, along with their possible future applications for theoretical reference.

2. Review of Impact Mechanics
2.1. Hertz Model

This section refers to Hertz (1882) [1] and Timoshenko and Goodier (1970) [11]. Hertz’s
elastic collision theory [1] assumes that two spheres move linearly along their centers to
cause a collision. The distance between the centers of the two spheres reduces gradually,
and the speed of movement reduces to a static state. The collision that occurs at this moment
causes the two spheres to produce the maximum amount of compression deformations.
Finally, the two spheres gradually separate and return to their original conditions. This
process is known as an elastic collision.

We assume that the masses of the two spheres are m; and m,. The contact compression
force P is generated during collision, and the speed reduces and changes after collision.

The velocities of the two spheres during collision are 01 and 02, as shown in Figure 1, and
are expressed by Equation (1) according to Newton’s second law of motion.

i
a1 =—P, mp

™ . M
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=

Figure 1. Schematic illustration of the elastic collision of two spheres.

Assuming that the two spheres collide with the compression displacement «, the
relative velocity of the spheres, v;, can be expressed by Equation (2) below.

—
N do N

o= =0 U2 = vy1 + vpf = (v1 +v2)i. 2

From Equations (1) and (2), the relationship after collision of the spheres is

dzZ_dZZ_dle_dzZ__p mi+my] P )
dt 42 4t dt mymy | M’
where M = 1 = LM g the effective (average) mass after collision of the spheres.

T, 1) mtm
my + my

When the two spheres come into contact, as shown in Figure 2, the vertical distance
between points M and O is z;, and the vertical distance between points N and O is zp;
hence, MN distance can be expressed as Equation (4)

1 ) _ rz(Rl +R2)‘ (4)

B 1
N = — 2 —
M z1 + 22 r( + T

2R, ' 2R,

Figure 2. Schematic of compression changes after collision of two balls (a) coming into contact with
each other and (b) colliding with each other.

When the two spheres collide, the elastic deformations w; and w, of the collision point
change as shown in Figure 2a,b, and the contact surfaces of the two spheres are deformed.
Therefore, the collision compression distance between the two spheres can be expressed by
Equations (5) and (6) and are obtained using Equation (4).

a=wy+wy+z1+ 2o, 5)

wy +wy =a — pr?, (6)
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where « is the collision compression displacement between the centers of the two spheres
after collision and B = I;Hf;; Assuming that the maximum pressure intensity of a
hemispherical collision is gg and that it is distributed on the surface of the hemisphere with
radius b at the point of contact, the total maximum collision compressive force P can be

expressed as in Equation (7).

= D273 = 502 1b2. 7
P b3 b 103 b @
Here, &« = (k1 + kz)””;qo, b= (ki + kz)—ﬁgo, and B = 1;}{111{{22 can be obtained from

Equations (7) and (6). Then, «, b, and B are applied in Equation (7) to obtain Equation (8).

1
_ |97 P(ki+ko)*(Ri+Ry) |’ ®)
| 16 R{R; '

Equation (9) can be obtained from Equation (8) as

P = na%, )

where « is the contact displacement, n is the Hertzian stiffness constant where

n= 4 RiR,
= 3n(ky+ky) Ri+Ry"

2
Equation (9) is substituted with Equation (3) and updated as d ( %) = Z%da to

1 da\? n 3
Zld(dt> ] = —szzdoc. (10)

At the beginning of the collision, the compression is 0 and relative velocity is vy.
During the compression process, the relative speed is v, = ‘2—‘2‘, and Equation (11) can be
obtained by integrating Equation (10). At the end of the collision compression, the final
relative speed is v, and maximum compression is &y

2
1 2 2 4 5
[(d()é) — UOZ] = **ilxg = 002 = g%“max% = Kmax = [5M002:| . (11)

obtain Equation (10).

2|\ dt 5M 4n

Equation (11) gives time ¢ for the distance compression of the centroids of the two
spheres and the maximum compression time ¢ of the two colliding bodies as

W di = da (12)

Suppose that at the initiation of the collision, the centers of the masses of the two
spheres collide with a compression distance « = 0, t = 0. For x = 0 the maximum
compression distance of the two collision bodies after collision is = ayy, t =t fr where
x=1,and t I is the end time of the collision. Let x = &/ &pqx, ¥ maxdx = da, after integrating
Equation (12), the time t required for compression of the distance between the centroids of
the two spheres can be obtained through Equation (13).

1
At — Xaxdx — = Xmax / dx (13)
0
V0 \/1 — %ﬁoz(vcmﬂxx)

Nl
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Using the initial conditions of Equation (13), we obtain Equation (14).

Yy = x% = dx = %y_%dy

x=0;y=0 —"‘g“"é/ Y 3(1—y) tdy. (14)
x=Ly=1 0
Using the beta function, B(m, n) f X1 )t Liax F(&)Jrr(n)) m,n > 0 and

gamma function, I'(n) [;~ x"le!¥dx, T(n — 1) = nF( ) = n!,n = 1,2,3. The maximum
compression time of the colliding bodies of the two spheres (t) is given by Equation (15).

2 1
B zmeZF(E)F(E) _ 147ocmux

= = . . (15)
f v9 5 r(% 4 %) 0o
The Hertz perfect elastic collision time is 2t and is given as in Equation (16)
5M_ 5151 M}
2
2ty =294 fmax _ 5 94 [voz] —=3215 - | =3.215(T)5, (16)
) 4 n ) "oy 2
where T = M,
noy2

2.2. Zener Model

This section refers to Zener (1941) [2]. When a collision occurs between two spheres,
it is generally not completely elastic, as assumed in Hertz theory [1]. Because of the
energy consumed during a collision, inelastic collision occurs instead. During the impact,
pressure is generated in the contact area. Local deformation causes a stress wave, which
propagates inward through the object from the excitation point [4]. In addition, the
generation of collision waves from the surfaces of the object and body can cause energy
loss at the impact area. Elastic waves propagate through solids and exhibit characteristic
velocities. Therefore, multiple refractions or reflections of waves at the interface cause
energy dissipation. The Hertz model [1] is a conservative force field; hence, it does not
consider the energy consumption during actual collision. As a result, there is a gap in the
analysis results of actual collisions.

Zener [2] extended the Hertz theory through the bending effect of the board; thus, it
is assumed that the board extends infinitely in the horizontal direction. The Zener model
describes a sphere hitting a thin plate, and as per the model, bending waves do not return to
the contact area after reflecting from the lateral boundary of the plate. Zener [2] combined
the sphere and plate motion equations explained by Newton’s second law to describe the
interaction between the bending effect of the ball colliding with the plate and its process.

First, we assume that the radius of curvature of the plate and the angle between the
plate and arrival plate overall are small. However, it is large compared to its thickness.
For the theory of thin plates with the reaction to localized impulsivity, the transverse
displacement U(x, y, t) of the plate can be represented by the differential equation

d?
<DV4 +20h 15 ) u=f, (17)

where f is the surface density of the normal force, p is the density, 2/ is the thickness of the

plate, D 2h3 E 7 the rigidity modulus, and v is Poisson’s ratio of the impacting bodies.
2 92 ot ot 84
2 4
: : 22— L 2 1
722 + 3y vV 35 + 8x28y2 ay et U(x,y,t) Cu(H)Un(x,y), (18)
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where C,(t) is an eigenvalue, and Uy, (x,y) are normalized eigenfunctions. Substituting
Equation (18) into Equation (17) and multiplying by Uy, with d A being integrated over the
surface of plate, we get Equation (19).

20hw2Cy. = / Uy fd A= U (0)E(t), (19)

where wy and Uy, are the eigenvalues and normalized eigenfunctions, respectively. Uy (0) is
the value of Uk at the point of application of force F(t), which gives
Cr = (2phwi) MU, fO F(t')sinwy(t — t')dt’. For the integral of ', as long as t is suf-
ficiently small, the boundaries do not reflect the disturbance. Hence, this integration
process does not depend on the shape of the plate and boundary conditions.

t) =Y Cu(t)Un(0), (20)
= (20h)” an—lun /P( ") sinwy (t —t')dt, (21)
:6/0 F(t)dt, (22)

where the ¢ is the bending coefficient given as

1
()
E

16ph2’

¢= (23)

Here, h is the plate thickness, p is the density of the plate, and E’ is the modulus of
elasticity of the plate.

Suppose that when a sphere hits the plate, as it falls freely from a height, the ball and
plate collide through an ideal elastic collision, and the total displacement (s) is as shown in
Figure 3a. On the other hand, in the case of an inelastic collision, the total displacement
caused by the actual collision is (Z), and the irreversible deformation of the plate after
collision is (U), as shown in Figure 3b. The total displacements of the elastic and inelastic
collisions are as follows.

Z=s+U. (24)

(a) (b)

F(s) ((”:1([5)

Figure 3. Ball collides with a plate via (a) elastic and (b) inelastic collisions.

The acceleration obtained using the second differential of the displacement in Equation (24)
as well as Equations (1) and (23) gives Zener’s nonlinear motion equation as

sz 1 dF(s

= 0. (25)

The nonlinear differential equation proposed by Zener [2] is transformed to pro-
vide an analytical solution by simplifying the Hertzian contact force as a function of the
displacement. Thus, Equation (9) is rewritten as

ds? 1 dF(s)

ﬁ“‘*F()‘F@ T

—0. (26)
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where s is the contact displacement, k is the Hertzian stiffness constant, and Equation (26)

. . . . . . t
can be written in dimensionless form using transformations o (1) = % and7 = f;0and T
are dimensionless displacement and time, respectively; f is the time and T is a characteristic

time constant that reflects the mechanical material properties of the sphere and plate as

T:( M1> . 27)
nog2

Equation (25) can be transformed into a dimensionless differential equation of Equation (28),
which is given as [2]

d’c d
lll 14+ A—
Tl ( + dT> 7

According to Zener [2], all parameters that influence the impact are summarized using
a dimensionless inelasticity parameter, A, as per Equation (29)

NI

=0. (28)

A—gkvoiTi—gM(]&vO%T?)—gM(T3.T3)— ‘:TM (29)

3. Results and Discussion

When the ball collides with the plate material, the inelasticity parameter (1) between
the two and force time during the impact change owing to different material properties.
The Zener collision theory equation was numerically analyzed and complex calculations
were performed. Furthermore, the force-time collision curve diagram was drawn with A
at0,0.5,1.0, and 1.5, as shown in Figure 4a. Figure 4a shows the process of change in the
impact contact time and the magnitude of the contact force. Through the Hertzian contact
force as a function of the displacement (Equation (26)), the impact force was converted to
material displacement and other parameters. Next, the material inelasticity parameter (1)
was calculated using Equation (29).

(@) ' ‘ ‘ ' (b)

1 1
0.9 = 0.9
A=0 A=0

0.8+ 4 0.8

K A=0.5 ;

o o A=05
IE 0.6 4 é 0.6+
E 0.5 A=1.0 g os A=1.0
1 S
8 0.44 4 8 0.4

0.3 0.3

0.2 4 0.2 A=15

0.1 A=15 0.1

o T T T . 7 0 T T T > T

0 1 2 3 4 5 6 0 1 2 3 4 5 6
Dimensionless time (t) Dimensionless time ()

Figure 4. (a) Zener standard force-time collision curve [2,12]. (b) Boettcher et al. simplified the
normalized force-time collision curve graph obtained from the analysis of the Zener equation [12].

Boettcher et al. [12] revised the nonlinear motion equation (Equation (25)) [2] pro-
posed by Zener with a dimensionless parameter, wy, to be adjusted (determined by adapt-
ing the wp dimensionless analytical displacement—time function), and Hertz’s equation
(Equation (26)) [1], and established a method that simply analyzes the nonlinear motion
equation of the Zener collision [3,12]. Boettcher et al. also simplified the Zener nonlinear
collision equation (Equation (28)) to a linear differential equation, which can be regarded as
a damped oscillation equation. When A = 0, an ideal elastic collision without damping is
indicated, whereas A > 0 is an inelastic collision and has a damping state [12]. The process
obtains the force—-time impact curve of A = 0, which is a perfect elastic collision equation,
and then adjusts wy to obtain A > 0, that is, the inelastic collision [3,12]. Figure 4b shows
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the normalized impact force curve obtained by Boettcher et al. after a simplified analysis
of Zener’s nonlinear motion equation [12]. This work is based on the nonlinear motion
equation provided by Zener [2], which establishes the force-time collision curve equation
in different ways.

As observed in Figure 4, the sphere collides with the plate, and the contact force
changes with time. Additionally, the force ascends from zero to the maximum value and
then decreases gradually. It is considered to be an ideal elastic collision when the inelasticity
parameter is zero. The impact process is not affected by the friction force and causes energy
attenuation. Consequently, the force-time variation curve is a symmetrical graph. When
the inelasticity parameter is larger (A # 0), it is an inelastic collision. Energy loss was
generated during the collision between the sphere and the plate, and the contact force was
smaller, while the contact time was longer. As seen in Figure 4, the force-time collision
curve based on Equation (28) correlates well with the dimensionless displacement (¢) and
time (7). As shown in Figure 5, the force-time curve is a graph of the quadratic function.
First, we used the approximation method, and the curve was drawn based on Equation (30).

3
Force 3 T 2
=02 = |7|1— — . (30)
Fm Tel
18 . ; . 4
1.6 — =05 1
A=1.0
14 —_—A1=1.5
12
B
3
Sost
06F 4
04F B
0.2
o ! [ ‘
0 1 2 3 4 5 6

Dimensionless time (t)

Figure 5. Force-time change quadratic function curve.

The relationship between the elastic collision time (7) and the inelasticity param-
eter (A) of the plate is based on the equation 7,; = 2.762 + 0.4568¢'%7* provided by
Miiller et al. [4]. Additionally, the displacement (¢) can be converted into force using
Equation (26). Equation (30) provides the left-right symmetrical quadratic function graph.
When the elasticity parameter is 0, it is an elastic collision curve. Consequently, the inelas-
ticity parameter value (A # 0) and impact force are greater and the contact time is longer,
as shown in Figure 5.

However, in the actual collision process, A # 0. After the sphere collides with the
plate, the force on the plate shows an exponential attenuation as the sphere leaves the plate.
Therefore, we multiply the ¢ in Equation (30) by e~ to obtain Equation (31), as

3

2
Force _ 5 _ [T (1 _ T>e/\'r] . @31)
F

Equation (31), as seen from Figure 6a, shows an exponential decay change with time
in the force process of different inelasticity parameter materials. The selection range of e =7
coefficient is from e 0317 to ¢~05AT, When multiplied by e =947, the force is an attenuated
process of the contact time. As per the comparison curve between Figure 6b and the o of
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—04AT

Equation (30) multiplied by e and Figure 4a, Zener’s standard force-time collision

curve is the closest.

oo (3) oot (b)

POENENEW
- O
town

[NENENEW
nwwnn
RrRrOoO
town

Force/Fm
g 0
PO

Force/Fm

o
o
=)

0 1 2 3 4 2 3 4 5 6

Dimensionless time (t) Dimensionless time (1)

Figure 6. The o of Equation (30) is multiplied by (a) e~*7 and (b) e~ 0417,

Figure 6b shows that A = 0, and the maximum collision force (Force/ Fy;) is not equal
to 1. Therefore, the correction Equation (31), multiplied by Tiel, aims to correct the change
in contact time and force of different inelasticity parameters, and the force (Force/F;) of
A = 0 can be corrected to 1, as shown in Figure 7a.

3
Force 3 4T T\ _ 2
=02 =|—(1——)e 97| | (32)
F T, T,
m el el
1 ( ) T T T T T 1 T
a —1=0 A=0
0.9 —1=05 0.9 1=05
| A=10 | A=10
o8 A=0 i=15 b A=15
0.7 —— Zener 0.7 Zener
s _ s
% 0.6 A=05 . $ 0.6
o o
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Figure 7. (a) The o of Equation (31) is multiplied by %. Multiplying the o in Equation (32) by
(b) (AL +(1-1)), () A3+ (1—1)), (d) (A + (1—1)).

The force—time collision curve of Equation (32) is quite close to the original Zener
force-time diagram (Figure 4), as shown in Figure 7a. However, when the inelasticity
parameters are 1 and 1.5, the maximum force curve is very different from the Zener curve;
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hence, we multiply the ¢ in Equation (32) by (A" + (1 — A)) to modify the same, as shown
in Equation (33).

3
Force 3 4T T 2
=02 = |(A"+(1-A (1—)e—0-4“} . 33
E, ( ( ) o - (33)

When the o of Equation (32) is multiplied by (A" + (1 — A)), the force-time curve
withn > 0 and A = 1 does not change, as shown in Figure 7b—d. However, when the
value of n in Equation (33) becomes larger, and A = 0.5, the impact force curve gradually
becomes smaller, whereas for A = 1.5, it gradually becomes larger, as shown in Figure 7b-d.
Additionally, the value of n gradually increases from 1.0, 1.3, and 1.5 for comparison.
Finally, the value of n = 1.3 is the maximum force peak value of the force-time curve
drawn using Equation (33) established in this study is between the peak force value of the
inelasticity parameter 0.5 to 1.5 and the Zener value, and the peaks of the force-time curve
are equidistant, as shown in Figure 7c.

As shown in Figure 7c, the force-time curve peak values of the inelasticity parame-
ters 0.5-1.5 are approximately equidistant from the Zener force-time curve peak values.
Therefore, the correction Equation (33) adjusts the peak force of the force—time curve and
multiplies it by (1 +n X /\)2 to provide Equation (34).

3

2
Force —od = (14n x )\)2 (AP 41— A))4—T (1 — T)gO.MT] . (34)
En Tel Tel

When A = 0, (1+n x A)2, n is any value, the force is 1, and the force-time curve
remains constant. Thus, the inelasticity parameter is between 0.5 and 1.5. When the value
of n in Equation (34) is larger, the force-time curve of the inelasticity parameter gradually
increases the force value, as shown in Figure 8. When n = 0.2, it is nearly identical to the
time—force curve of the original Zener, and the curve drawn with inelasticity parameters of
1-1.5 uses Equation (34). Therefore, n = 0.2 is the most suitable. As shown in Figure 9a,b,
the force-time collision curve given using Equation (34) and that given by Boettcher et al.
are different from the analytical methods that provide graphs and equations that are
considerably similar to the diagrams of the force—time collisions proposed by Zener.
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Figure 8. Equation (33) multiplied by (1 +n x /\)2, when (a)n=0.15, (b)n=0.18, (c)n=0.2,and (d) n = 0.3.

160



Mathematics 2021, 9, 2222

References

(a) (b)
1 T T T g 1 T T T T
0.9+ - —A1=0 0.9 —Zener
A=0 —_—1=0.5 —Boettcheretal.
0.8} : A=10 4 0.8 : -
—_—1=1.5
0.7 + =
A =0.5 Zener . 0.7
é 0.6 Y= 1 & 0.6 .
8 0.5 ; A=10 1 g 0.5
= \
D04 > T \ ; : 1 & 0. g
03+ R 0.3
A= 15 \
0.2 ) \ _ 0.2/} 4
0.1} 0.1
o / : \ 0
0 1 2 3 4 5 6 0 1 2 3 4 5 6
Dimensionless time (t) Dimensionless time (t)

Figure 9. (a) Force—time collision curves of the equation established in this study and that of the
Zener standard; (b) Force-time collision curves of the equations established by Boettcher et al. and
Zener standard [2,12].

4. Conclusions

The nonlinear collision motion equation proposed by Zener [2] is the force-time
collision curve of the inelasticity parameter (0 < A < 1.5) considered in the collision
process through numerical analysis. In this study, we have proposed an approximate
solution to Zener’s inelastic collision theory, which is expressed as

3

4 2
— ot = (140202 (A3 4 (1- 1)L (1 - T)e_o'“f} ,
Fin Tel Tel

Force

The contribution of the present study to literature includes an approximate solution
that is simple and can be used directly without complex calculations. The contact time,
magnitude of the material impact force and displacement, and inelasticity parameter
can be obtained simply by substituting the parameters into the equation. Using the
approximate solution, the inelasticity parameter can be obtained from the thickness, density,
and modulus of elasticity of the material, and the relationship between thickness and
contact time can be obtained by simple and fast calculation. Furthermore, the method can
be applied to nondestructive impact quality inspections of commercial materials, such
as internal defects and thickness differences of liquid crystal glass panels. It can also be
applied to the quality inspection of golf club heads in the future. In summary, the use of
the proposed formula does not require complex numerical calculations and can be verified
easily to obtain the collision-related parameters. Furthermore, the proposed approximate
solution can be adjusted for application based on user requirements.
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Abstract: This research presents a new fractional-order discrete-time susceptible-infected-recovered
(SIR) epidemic model with vaccination. The dynamical behavior of the suggested model is exam-
ined analytically and numerically. Through using phase attractors, bifurcation diagrams, maximum
Lyapunov exponent and the 0—1 test, it is verified that the newly introduced fractional discrete SIR
epidemic model vaccination with both commensurate and incommensurate fractional orders has
chaotic behavior. The discrete fractional model gives more complex dynamics for incommensurate
fractional orders compared to commensurate fractional orders. The reasonable range of commensu-
rate fractional orders is between = 0.8712 and -y = 1, while the reasonable range of incommensurate
fractional orders is between 7, = 0.77 and 7, = 1. Furthermore, the complexity analysis is performed
using approximate entropy (ApEn) and Cy complexity to confirm the existence of chaos. Finally,
simulations were carried out on MATLAB to verify the efficacy of the given findings.

Keywords: discrete SIR epidemic model; commensurate order; incommensurate order; chaos; complexity

1. Introduction

Epidemiology is a topic of research in the biological sciences, which explores all the
elements that influence whether there are diseases and disorders. Over the last few years,
the outbreaks of several diseases such as SARS, Ebola, and COVID-19 have increased the
attention of many researchers to the study of epidemiology. In this regard, the construction
of infectious diseases mathematical models and discussion of their dynamics are very
significant, since these models are used to aid prevent and control diseases. Numerous
studies on mathematical epidemic models have been examined for a variety of diseases.
These models may be classified as either continuous-time [1-5] or discrete-time models.
Differential equations are used to create continuous-time models, while difference equations
are used to formulate discrete-time models. Recently, discrete models have been extensively
employed to evaluate and study infectious diseases as opposed to continuous models since
epidemic data are available during discrete time periods. Furthermore, the discrete-time
epidemic models display more complicated dynamics than the continuous-time epidemic
models. Numerous significant types of discrete models may be found in [6-9].

Vaccination is a significant component of disease prevention strategies across the
globe. A vaccine’s effectiveness is based on its ability to reduce the number of susceptible
individuals in order to prevent infectious diseases from spreading through the popula-
tion [10]. The effect of vaccination on the dynamics of an epidemic model has been studied
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by adding a component for the vaccinated individuals to the epidemic model and obtain-
ing the epidemic model with vaccination. For example, in [11] the authors studied the
dynamical behavior of a discrete SIR epidemic model with a constant vaccination strategy.
The stability and bifurcations of a discrete susceptible-infected-susceptible (SIS) epidemic
model with vaccination were investigated in [12], while Xiang et al. in [13] developed a
discrete SIRS model that included vaccination and examined its dynamical behavior.

Fractional calculus is a subject in mathematical analysis, where it can be considered as
a generalization of integer calculus [14-28]. Despite this, only in the past decades has it
been extensively examined, owing to its broad range of use in many areas. Fractional-order
derivatives are relatively more accurate than integer-order derivatives because they serve
as an effective tool for describing the memory effect throughout all types of processing
and materials [29]. Memory effects refer to the fact that the states of systems with a
fractional order are determined by all previous states. Over the last several years, numerous
academics have concentrated their efforts on discrete fractional calculus [30-32]. Following
the proposal of that special field, researchers have become more interested in its applications
in neural networks, physics, biology, etc. Meanwhile, since Wu et al. [33] suggested the first
chaotic fractional logistic map, the dynamics and control of various fractional-order chaotic
discrete-time systems have been intensively studied [34-38].

Fractional-order derivatives have been extensively used in epidemiology, with the
majority of these studies focusing on SIR-type models [39-44]. In [45], Selvam et al. investi-
gated the stability of the fractional-order SIR epidemic model using a discretization process,
whereas Naik in [46] studied the global dynamics of a fractional-order SIR epidemic model
with memory. The analysis and numerical solution of a novel fractional-order SIR dengue
model was investigated in [47]. In [48], the stability analysis and bifurcation control for a
delayed fractional-order SIR epidemic model with incommensurate order was considered.
It is worth noting that all of these studies are based on continuous-time systems. The moti-
vation behind this work, particularly with the current spread of the COVID-19 pandemic, is
to assess the benefits of the fractional discrete epidemic model in the field of epidemiology.
So far, to the best of our knowledge, the dynamic analysis of a fractional-order discrete-time
epidemic model with vaccination based on a Caputo-like difference operator has not yet
been investigated. This piqued our interest and inspired us to study the phenomenon and
investigate the behavior of a fractional SIR epidemic model with vaccination when the
fractional orders are commensurate and incommensurate.

The goal of this article is to contribute to the field of epidemiology by introducing a
novel discrete-time SIR epidemic model with vaccination with both commensurate and
incommensurate fractional orders. The work is organized as follows. In Section 2, we
present the integer-order form of the discrete SIR model and we recast the mathemati-
cal model to take the form of the fractional-order discrete SIR model. In Section 3, we
look at how the range and type of chaotic behaviors are affected by commensurate and
incommensurate fractional orders. Furthermore, we use the 0—1 test method to distinguish
between regular and chaotic behavior. In Section 4, we use the Cy complexity and approx-
imate entropy (ApEn) to analyze the complexity of the proposed discrete SIR epidemic
model. Throughout the paper, numerical simulations are used to demonstrate and verify
the results.

2. Mathematical Model

In this section, we introduce the discrete SIR model as an integer-order discrete system,
and then we reformulate it as a fractional-order discrete system by employing the Caputo-
left difference operator.

164



Mathematics 2022, 10, 165

2.1. Integer-Order Discrete Model

Consider the following description of the SIR epidemic model described in [49],
in which the population densities S, I;, and R, represent the number of susceptible,
infected, and recovered individuals at time m, respectively:

n
Sm+l = SM - Nlmsm + ﬁ(Rm + Im),
[
S NImsm +(1—B—0)ly, (1)
Riyp1 = (1 - ﬁ)Rm + 0ly,

where a > 0 is the contact number, 0 < 8 < 1is is the probability of birth, and 0 < ¢ < 11is
the probability of recovery. The flow diagram for model (3) is seen in Figure 1.

. Bl
szfwk‘}

BR

ol

Figure 1. Flow chart of the SIR epidemic model (1).

In [50], the authors focused on the dynamics of an SIR epidemic model by incorpo-
rating vaccination in the model (1). The proportion of persons who had been vaccinated
was represented by the parameter p, where 0 < p < 1; and the remainder had a risk of
susceptibility to infection in the proportion 1 — p. The following is the general SIR epidemic
model with vaccination, which takes the following form:

o
Smi1=(1—p)Sm — N

14
Iut1 = 55 ImSm + (1—B—0)Ly, 2

LuSm + B(Ry + L),

(So, In, Rp) are initial conditions that are positive real values, with S + Iy + Ry = N. N is
the total population size. Furthermore, by employing the relation S;, + Iy + R;y = N, we
replace Ry, by N — S, — I, and we get the following system:

44
Sps1 = (1—p)Sm — 5 mSm+ B(N —Sy),
14
 — mesm +(1—=B—0)ly, 3)
Ryi1 = (1—PB)Ry + 0Ly + pSm,

Observing that the two equations concerning (S, I) in the SIR epidemic model (3) do
not contain R, they are thus independent of the third one. As a result, the three-dimensional
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SIR epidemic model (3) can be reduced to a two-dimensional model, which results in the
following equivalent system:

o
4)
14
L1 = mesm +(A—-p—0)ln,

whena =4, $=0.8, ¢ =0.1, p = 0.005, and N = 100, the discrete SIR epidemic model
with vaccination (4) exhibits a chaotic attractor as shown in Figure 2.

»"“‘J |
7 -“,‘f" ‘

s
(@) (b) (0)
Figure 2. (a) Phase space of the discrete SIR epidemic model with vaccination (4) fora =4, 8 = 0.8,
o =0.1, p =0.005, N = 100, and initial conditions (5(0), I(0)) = (70, 30). (b) Bifurcation diagram of
the SIR epidemic model (4) versus «. (¢) The maximum Lyapunov exponents.

2.2. Fractional-Order Discrete Model

In this study, a discrete-time SIR epidemic model with vaccination with both commen-
surate and incommensurate orders is considered. Herein, the first-order difference of the
SIR model (4) is formulated as:

«
AS(m) = —pS(m) — 5 1(m)S(m) + B(N — 5(m)), -
Al(s) = - 1(m)S(m) — (B+0)I(m),
As mentioned above, we use the Caputo-left difference operator to create the frac-
tional version of the discrete-time SIR epidemic model with vaccination. The Caputo-left
difference operator is defined as follows:

Definition 1. [51] The ~y-Caputo fractional difference operator for a function h(s), is defined by
Cath(s) = 8, "V AM(s) = s Ty (s — T = )T ATh(T),  (6)

where's € Noym—o, m = [y] +1,and v € N. (s —1— )" 7"V and A" (7) are the falling
factorial function and the m-th integer difference operator, respectively, which are defined as

mey1) I'(s—1)
(s—1—1) “>—F(S_T_mﬂ+1), @)
and .
A"h(s) =AM h(s)) =Y (Zf) (—=1)"*n(s+k), seN,. (8)
k=0

Remark 1. If we consider that m = 1, we can define the «y-Caputo fractional difference operator by

CaTh(s) = A, TV ARG) = s B (s T 1)UVAR(T), s €N, )

I
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Definition 2. [30] The «y-th fractional sum for a function h is defined as
A k(s —7( Zs—l—r('y Un(r), (10)

withs € Ny, v > 0. Np ={a,a+1,a+2,...} isatime scale, a € R.

Now, the discrete SIR epidemic model with vaccination (4) may be expressed in
fractional order as follows:

CAVIS(s) = —pS(s — 1 +71) — %1(5 —1+71)8( —1+71) + BN = S(s — 1+ 72)),

CALIs) = 15— 1+72)S(s = 1+72) = (B+0)I(s— 1+ 72),

(11)
where 7;(;_123) are the fractional order such that 0 < 7; < 1. Note that if 7, = 7,, then
system (11) is referred to as a commensurate fractional-order system, whereas it is referred
to as an incommensurate fractional-order system if y1 # .

3. Dynamical Analysis and Numerical Simulations

In this section, we investigate whether the previously suggested fractional-order
discrete-time SIR epidemic model with vaccination (11) exhibits chaotic behavior in both
the commensurate and incommensurate fractional orders. This study is conducted uti-
lizing many numerical techniques, including bifurcation diagrams, Lyapunov exponent
computations, plotting of phase portraits in S—I projection and applying the 0—1 method.

In order to show these, we first present a theorem that enables us to obtain the
numerical formula for the discrete fractional model that is subsequently discussed.

Theorem 1. [52] For the fractional difference equation

CAYy(s) =g(s+7i—Ly(s+7—1)) 12
Ays) =y, m=[v]+1, k=01,...,m—1,

the unique solution of this initial value problem (1) is given by

1 S—=7i
y(s) = yo(s) + (s — J(T))('fol)g(T +v—Ly(t+9-1)), s€ Natm,
r(%') T=a+m—y;
(13)
where k
; o 1 St Ay (a). (14)

According to Theorem 1, the numerical formula of the fractional discrete-time SIR
epidemic model (11) is designed as:

S(s) = S(a) = (s—(f(T))(“*”( -pS(t+m -1 -y l(t+71-1)
S(t+71—-1)
+pB (N*S(T+’Y1*1)))r . (15)

1(s) = 1(a) + tpo5 Tosiym—o, (5 —0(1) 7Y ( vIlt+m-1)S(t+7-1)
~(B+0) I(t+12-1))
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Take 2 = 0 and since (s — 7+ 1)(*" D is equal to I'(s — 7) /T'(s — T — 7y 4 1), it follows
from Theorem 1 that the numerical formula for (11) is obtained as:
T(n—1
S(n) = $(0) + ko Ty e ( —pS() = & 1) S(r 411 - 1)
+8 (N=5()) ), (16)

)
I(n) = 100) + by Tid i (5 1G) SG) = (B+0) 1) ),

where S(0) and I(0) are the initial conditions. This is a novel type of fractional-order
discrete-time SIR epidemic model with vaccination that possesses “memory effects”. As
seen in Equation (16), the states S(n) and I(n) are dependent on all previous variables
5(0),5(1),...,S(n—1),and I1(0), I(1),...,I(n —1).

3.1. Commensurate Fractional Order
3.1.1. Bifurcation Diagram and Maximum LEs

To investigate the dynamic of the commensurate fractional-order discrete-time SIR
epidemic model with vaccination given in (11) regarding the fractional order ¥ = y; = 72,
we set the parameters N = 100, B = 0.8, ¢ = 0.1, p = 0.005, and initial conditions
(5(0),1(0)) = (70,30). Figure 3 displays the phase space of model (11) for y = 1. Figure 4
shows the states of the system for 150 points. Take note that when 7 = 1, the fractional
discrete model (11) refers to the integer-order model. Now, using the same initial condition
and the same system parameters, the fractional discrete model for different fractional orders
7 is presented in Figure 5. We see that as y decreases, the phase portrait changes its shape
between chaotic and periodic trajectories, whereas if we continue to decrease 7, the states
of the fractional discrete model diverge to infinity.

The bifurcation diagrams of the fractional discrete model (11) where « varies in the
interval (3, 4.5] is presented in Figure 6. Obviously, decreasing the fractional order has an
effect on the interval in which chaos occurs, and the bifurcation diagram progressively
shifts to the right. For example, when y = 0.98, chaos begins to appear at « = 3.915 and
the maximum chaotic range is reached at « = 4.128, whereas when v = 0.91, chaos begins
to appear at « = 3.849 and the maximum chaotic range is reached at « = 4.047.

To further study the influence of the commensurate fractional order on the dynamics
of the fractional discrete-time SIR epidemic model (11), we plotted the bifurcation diagram
for y as a critical parameter and the findings are presented in Figure 6a. We notice that the
fractional discrete SIR epidemic model (11) contains chaos and that the fractional order
7 has an influence on the system’s dynamics. When « < 0.8712, the system (11) exhibits
a transient state, which means that until a minimum number of iterations is reached,
the proposed system’s states approach a limited attractor before diverging to infinity.

90
80
70
g 60

50 . .

40

30

Figure 3. Phase portrait of the fractional SIR epidemic model in (11) with 4 = 1 for N = 100, 8 = 0.8,
o = 0.1, p = 0.0005, and initial conditions (5(0),1(0)) = (70, 30).
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Figure 5. Phase portrait of the fractional SIR epidemic model (11) with commensurate fractional-order
values for N = 100, 8 = 0.8, = 0.1, p = 0.005, and initial conditions (5(0), I(0)) = (70, 30).
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(a)y =098 (b) y =091 (c) vy =10.89
Figure 6. Bifurcation diagrams of the fractional discrete SIR model (11) for different commensurate
fractional-order values.

An important tool used in fractional discrete systems is the Lyapunov exponents,
which are used in conjunction with bifurcation diagrams to show chaos. As shown in [52],
the Jacobian matrix algorithm is used to compute or estimate the maximum Lyapunov
exponent, which is calculated in a similar way to the states in the fractional-order discrete
model (11). The tangent map J; is defined as follows:

=% %)

where

- rnn__ll_]]ﬁll)) (—pe) =5 @G G +AG) S())

—pei()),

n—1 n—1—i Q
ea(m) = 2(0) + £ X T (= peat) = § (@0) 10) +£0) S)

(m a8)
—Be))).
nlrm—1—j n
filn) = F1(0) + r(im X T (@) 10)+ AG) SG) = (B+ ) AG)),
fan) = af0 Z LR (& ) 1)+ 20) S) — (8+0) ().
Then, the Lyapunov exponents can be given by :
Ak(x9) = lim fln|)\ | for k=1,2. (19)

i—oo 1

where Ay are the eigenvalues of the Jacobian matrix J;.

The method described above can be turned into a MATLAB script to calculate the
largest LE of the fractional-order discrete-time SIR epidemic model with vaccination (11).
Because it is difficult to predict the behavior of the system using analytical techniques, we
must rely on approximate numerical approaches, which can be achieved by using MATLAB
software. For further information on how to use numerical simulation of some chaotic
systems using MATLAB, see the link in [53]. The results of the MLE for system with the
same parameters and with initial conditions (S(0), I(0)) = (70,30) are shown in Figure 7b.
As can be seen, the system has positive LE, which shows that the MLE is compatible
with the bifurcation diagram depicted in Figure 7a. We can also see that some values of
Lyapunov exponents are negative, meaning that the system has periodic attractors, and this
is illustrated further by the phase portraits plotted in Figure 5.
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Figure 7. (a) Bifurcation diagram versus <y of the fractional discrete SIR model (11) with « = 4. (b) The
maximum Lyapunov exponent.

3.1.2. The 0—1 Test

To test chaotic behavior in nonlinear systems, one can use a 0—1 test method [54].
Unlike the Lyapunov exponent approach, the 0—1 test acts directly on the time sequence,
therefore eliminating the necessity for phase reconstruction. In particular, this technique
operates on finite points (S(n)),_; __y and an arbitrary number c € (0, 7). According to
the time series (S(n)), two terms referred to as the translation variables can be defined
forn =1,N as pc(n) = Y}_; S(k) cos(kc) and qc(n) = Yp_; S(k) sin(kc). We represent the
mean square displacement by

N
Me(n) =13grr;oka_zl [(peln 480 = pe)” + (geln+8) —qe(0)?], m< i @0

The asymptotic growth rate K, is given by the definition

K. = lim ‘08 Me(1)

n—soco 1og n (21)

The asymptotic growth rate K = median(K,.) or the plotting of p. and g, on the p—gq
plane may be used to assess if chaos occurs on the fractional discrete SIR epidemic model.
This means that the dynamics of the proposed fractional discrete SIR epidemic model
are nonchaotic when K is close to 0 and the behavior of trajectory in the (p.—q.) plane is
bounded; on the other hand, when K is close to 1 and the trajectory in the (p.—4.) plane
exhibits Brownian-like behavior, the dynamics of the fractional discrete SIR epidemic model
are chaotic.

The 0—1 test of the fractional discrete-time SIR epidemic model with vaccination (11) is
applied directly to the state S(n). Figure 8 shows the (p.—qc) plots of the fractional discrete
SIR epidemic model (11) with commensurate fractional order. Observing the p. and g,
trajectories, it is clear that the p. and g, trajectories display Brownian-like behavior when
7 =1l and 7 = 0.94, indicating that the fractional SIR model is chaotic. Otherwise, when
3 = 0.99 and 3 = 0.966, the trajectories in the (p.—q.) plane exhibit a bounded behavior,
so the SIR model with commensurate order yields regular dynamics.
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Figure 8. The p—q trajectories of the 0—1 test of the fractional discrete SIR epidemic model (11) with
commensurate orders (71 = 7¥2).

3.2. Incommensurate Fractional Order

In the following, the chaotic behavior of the proposed fractional SIR model with incom-
mensurate fractional order (11) are carefully analyzed via the computation of bifurcation
diagrams, Lyapunov exponents, phase portraits and 0—1 test method. Similarly, the effects
of system parameter « and the fractional-order values on the dynamics of the model are
illustrated in detail. We examine the case of incommensurate orders because it is more
representative of reality than the case of commensurate orders, as each variable changes
and moves independently of the others, implying that the rank of the influencer varies
from one equation to another.

3.2.1. Bifurcation Diagram and Maximum LEs

Here, we discuss the dynamics of the fractional discrete SIR model (11) by varying
« from 3 to 4.5 with the step size Ao = 0.001. Figure 9 displays the bifurcation diagrams
for the fractional order values (71, y2) = (0.94,0.97), (1, 72) = (0.94,0.99), and (71, 72) =
(0.99,0.94), respectively. From Figure 9, we see that the system exhibits periodic doubling
or flip bifurcation. When & increases from 3, stability begins with a one-period orbit,
then periodic orbits of periods 2, 4, and 8 are seen, which eventually evolve into chaos.
In addition, we observe that the states of the system (11) are influenced by the fractional-
order values 7; and the system parameter «, as shown in Figure 9. As can be observed,
when the incommensurate fractional orders (71, ¥2) are changed, the interval in which
the chaos may be found shifts. Namely, when (y1,72) = (0.94,0.97) the system is chaotic
at a €]3.822,3.907[U]3.915,4.008[U]4.014, 4.055, while when (71,72) = (0.99,0.94) the
system is chaotic at « €]4.023,3.136[U]4.139,4.1754]. As a consequence of these findings,
it can be concluded that the suggested fractional discrete SIR epidemic model (11) with
incommensurate fractional orders shows a greater variety of chaotic attractors than the
fractional discrete SIR epidemic model with commensurate fractional orders. To further
investigate the effect of the incommensurate fractional orders on the dynamics behavior
of system (11), Figure 10 displays the bifurcation diagram and the maximum Lyapunov
exponents with 1 as a bifurcation parameter where the initial conditions are (5(0), I(0)) =
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(70,30) , the system parameter is « = 4, and the fractional order is y, = 0.94. We can see
that the states of the system diverge towards infinity as soon as y; goes below 0.8383 and
when 7 increases, chaos occurs with certain periodic orbits. We can also see that when y;
approaches 1, the states become totally periodic. In Figure 10b, the maximum, Lyapunov
exponents calculated for the same parameters and initial conditions as in Figure 10a are
shown. Obviously, the maximum Lyapunov exponents have a positive number indicating
that chaos exists, which agrees with the corresponding bifurcation diagram in Figure 10a.

S(n)

w

0
10
o

10

@ y1 =094, v, =097 (b) y1 =094, 72, =0.99 () y1 =0.99, 7, =094
Figure 9. Bifurcation diagrams of the fractional discrete SIR model (11) for different incommensurate
fractional-order values.
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Figure 10. (a) Bifurcation diagram versus 7 of the fractional discrete SIR model (11) for @ = 4 and
72 = 0.94. (b) The maximum Lyapunov exponents.

Now, the dynamic behavior with the variation of the fractional order -, is studied for
71 = 0.94. The bifurcation diagram and its corresponding maximum LE are illustrated in
Figure 11. We can see that the dynamical behavior of the fractional discrete SIR epidemic
model (11) evolves from periodic to chaos as 7y, increases. In particular, the proposed SIR
model is chaotic when 7, €]0.888,0.9494[U]0.951,0.979[U]0.9836, 1]; where the maximum
LE is positive. The results illustrate that the dynamics behavior of the SIR model is affected
by the order ;. To illustrate the dynamics of the fractional discrete SIR epidemic model
(11) better, phase portraits with different values of (1, 77) are presented in Figure 12.
From Figure 12, we notice that the proposed SIR model shows different dynamic behaviors
for these corresponding different fractional-order values.

005

(a) (b)
Figure 11. (a) Bifurcation diagram versus 7, of the fractional discrete SIR model (11) for « = 4 and
¥1 = 0.94. (b) The maximum Lyapunov exponents.
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Figure 12. Phase portrait of the fractional discrete SIR epidemic model with vaccination (11) with
incommensurate fractional-order values for N = 100, B = 0.8, ¢ = 0.1, p = 0.005, and initial
conditions (5(0),1(0)) = (70, 30).

To get a better understanding of the influence of the fractional order on the SIR
epidemic model, and in light of previous numerical findings, we compare the recent results
obtained from the integer-order SIR model with the results obtained from the fractional-
order SIR model, which are presented in Table 1. It can be observed that the maximum
number of susceptible cases obtained from the fractional-order SIR model is identical to
the maximum number obtained from the integer-order SIR model, which is 70, whereas
the minimum number of susceptible cases obtained from the fractional-order SIR model
is less than the minimum number obtained from the integer-order SIR model. On the
other hand, we see that the maximum and minimum numbers of infected cases predicted
in the fractional-order SIR model are not identical to those expected in the integer-order
SIR model. This confirms the effect of the fractional order on the SIR epidemic model in
predicting the number of susceptible individuals and infected individuals.

Table 1. The minimum and maximum numbers of expected cases for the susceptible class and
infected class.

Classes Integer-Order Model Fractional-Order Model
(min, max) (min, max)
Susceptible individuals (S) (7,70) 4, 70)
Infected individuals (1) (30, 86) (20, 90)

3.2.2. The 0—1 Test

Similarly to the commensurate fractional orders, the 0—1 test was used to evaluate
the fractional discrete SIR epidemic model (11) with incommensurate fractional order.
The translation components p. and g. in the (pc—qc) plan are illustrated in Figure 13. As can
be observed, for (1, 72) = (0.91,0.94) and (1, 72) = (0.94,0.91), the trajectories p, and g,
display Brownian-like behavior, and a bounded behavior for (1, 72) = (0.94,0.983) and
(71,72) = (0.982,0.94), which confirms that the fractional discrete SIR epidemic model
(11) has chaotic attractors for (y1,72) = (0.97,0.94) and (y1,72) = (0.97,1), and has a
regular behavior for (7y1,72) = (0.99,0.94) and (1, 72) = (0.97,0.9). On the other side,
Figure 14 depicts the asymptotic growth rate K with fractional orders (1, 72), in which
a =4 and (5(0),1(0)) = (70,30). As we can see, for the majority of values of v, and 7,,
the asymptotic growth rate K approaches 1, implying that the fractional-order discrete SIR
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model with vaccination exhibits a chaotic behavior. These findings support very well the
results of the bifurcation diagrams and the maximum Lyapunov exponents obtained before.
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Figure 13. The p—q trajectories of the 0—1 test of the fractional discrete SIR epidemic model (11) with
incommensurate orders (1, 72)-

@) (b)
Figure 14. The asymptotic growth rate K of the fractional discrete SIR epidemic model (11) with
(71, 72) as critical parameters for (a) v, = 0.94, (b) 1 = 0.94.

4. Complexity Analysis of the Fractional Discrete SIR Epidemic Model with
Commensurate and Incommensurate Fractional Orders

For assessing the dynamic characteristics of chaotic systems, one technique is to
consider the complexity of the chaotic characteristic. The model becomes more chaotic
as the level of complexity increases. In this section, the approximate entropy and the C
complexity algorithm are used to assess the complexity of the fractional-order discrete-time
SIR epidemic model with vaccination.

4.1. Cy Complexity

Based on the inverse Fourier transform, the analysis of the complexity of chaotic
systems was carried out using the Cy algorithm. It divides the time series of the system
into two components, a series of regular and a series of irregular parts, where the series
of irregular parts is what we need. For a sequence [S(0), 5(1),...,S(N — 1)] with a length
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of N, and a control parameter r, the algorithm process is defined as follows [55]. Firstly,
the discrete Fourier transform of {S, } is determined by

NSt ik
Xn(k) = 55 1 S()exp m(x), k=0,1,.,N—1, (22)
=0
and the mean square value is calculated as Gy = & Z |XN( )|, We let
. Xn(k) if | Xn(K)|? > Gy,
(k) = n (k) 1 | Xn( )|2 rGN (23)
0 if  Xn(k)|* <rGn.
The inverse Fourier transformation of Xy is defined as
) 1 N=! 2mi( Xy .
== ZXN exp”™n), j=0,1,.,N—-1. (24)
Then, the Cy complexity is given by:
ot 18() = x(HP
Co= 22 . (25)

otIs(nP

The Cy complexity of the fractional-order discrete-time SIR epidemic model with
vaccination (11) with varying commensurate fractional-order value 7y and incommensurate
fractional-order values 71, v, are calculated and the result is shown in Figure 15. Inter-
estingly, in the case of commensurate fractional-order values 7, as with the MLE, the Cy
complexity value of the fractional SIR model increases rapidly when v; decreases. On the
other hand, the fractional discrete SIR epidemic model (11) with incommensurate fractional-
order values, in contrast to the case when the model has commensurate fractional-order
values, has more complexity when v, approaches 1. Thus, we can see that the Cy algorithm
can measure the complexity effectively. Figure 15a illustrates that model (11) has a higher
complexity when ¢ € (0.9712,0.9082]. When 1 = 0.94, the high complexity region in
Figure 15c¢ also exists in the range of 7, € [0.9836, 1], and the Cy complexity increases with
the increase of fractional order ;.

4.2. Approximate Entropy (ApEn)

The approximate entropy is a measure of regularity that quantifies the level of com-
plexity within systems generated by a time series. Generally, time series with larger values
of ApEn are considered to be more complex [56]. Note that, the approximate entropy value
is dependent on two essential parameters: the similarity tolerance r and the embedding
dimension m. In this article, we took m = 2 and r = 0.2std(S) where std(S) represents the
standard deviation of the data S. Theoretically, the ApEn is calculated as follows:

ApEn = —®"T1(r) + @™ (r), (26)
where ®"(r) is denoted by
1 n—m+1
mpy — 4 m
*"(r) = — =7 L losCl'(r) (27)

i=1

where C/"(r) = Trl € [1,n —m + 1], K is the number of X(j) such that d(X(j), X(i)) <
r,and X(i) = [x(i),x(i + 1), ..., x(i + m—1)].

The ApEn complexity of the fractional-order discrete-time SIR epidemic model with
vaccination (11), with both commensurate and incommensurate orders (71, y2) was ana-
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lyzed and the findings are reported in Table 2. It can be seen that the complexity of the
fractional discrete SIR epidemic model (11) varies when ; (i = 1,2) varies, and the highest
ApEn is found when the model is chaotic, which agrees very well with the maximum LE
results. As a result, in order to obtain a relatively high structural complexity, we must be
cautious when choosing the values of v; in system (11).

0 0
0.86 0.88 0.9 0.92 0.94 0.96 098 1 084 086 088 0.9 092 094 096 098 1

7

(@) (b)

(c)
Figure 15. Cy complexity analysis of the SIR epidemic model (11) for « = 4 and (5(0), I(0)) = (70, 30)
and with fractional-order values: (a) y1 = 72, (b) 71 = 0.94, and (c) 7, = 0.94.

Table 2. Approximate entropy test of the SIR model (11) with different fractional-order values
Yis = 1, 2.

T 72 ApEn
1 1 0.2552
0.99 0.99 0.0265
0.94 0.94 0.3718
0.94 0.983 0.0503
0.982 0.94 0.1336
0.91 0.94 0.4056

5. Conclusions

In this paper, we dealt with the dynamics of a new fractional-order discrete-time
SIR epidemic model with vaccination with commensurate and incommensurate orders.
Through phase portraits, bifurcation diagrams, and maximum LEs, the complex dynam-
ics of the proposed system were discussed. In addition, we also calculated the 0—1 test,
approximate entropy (ApEn), and Cy complexity of the fractional-order discrete SIR epi-
demic model for different fractional order values, all of which intended to demonstrate
and quantify the complex dynamics of the system. Results indicated that the fractional-
order model is more complex than the integer-order model. Furthermore, we showed that
the incommensurate fractional orders have a greater effect on the behavior of the system
than when the fractional orders are commensurate. The reasonable range of commen-
surate fractional orders is between v = 0.8712 and ¢ = 1 while the reasonable range of
incommensurate fractional orders is between 7y, = 0.77 and <, = 1. Throughout this work,

177



Mathematics 2022, 10, 165

numerical simulations were used to explain all the findings. Due to the current spread
of the COVID-19 epidemic and the onset of the implementation of various vaccination
strategies in various countries, we will attempt to use the fractal properties of most of the
COVID-19 series in order to establish a connection between the proposed fractional model
and the stochastic self-affine characteristics of the COVID-19 times series in future research.
In addition, the determination of the coupled time-fractional differential equations of the
proposed fractional model using the Caputo fractional derivative, as well as the study of
some complex epidemiological models will be considered in our future research.
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Abstract: This paper extends and illustrates a probabilistic interpretation of the fractional derivative
operator proposed by Pr. José Tenreiro Machado. While his interpretation concerned the probability
of finding samples of the derivate signal in the expression of the fractional derivative, the present
paper proposes interpretations for other fractional models and more generally fractional behaviours
(without using a model). It also proposes probabilistic interpretations in terms of time constants
and time delay distributions. It shows that these probabilistic interpretations in terms of time delay
distributions can be connected to the physical behaviour of real systems governed by adsorption or
diffusion phenomena.
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1. Introduction

As part of this special issue in tribute to our colleague José Tenreiro Machado, this
paper is an analysis of one of his works and serves as a basis for a deeper reflection on the
origins of fractional behaviors and their modeling. The work by Professor José Tenreiro
Machado analysed here is an interpretation of the fractional derivative operator [1].

Fractional operators remained abstract mathematical objects for a long time before
applications in modelling [2] and control [3], but the latter did not give them a physical
meaning. Finding interpretations and giving meaning, physical or not, to fractional op-
erators has subsequently been the concern of many researchers. However, most of the
interpretations proposed in the literature were not obtained from the observation of a
given phenomenon but resulted from purely mathematical discussions [4-9]. In the case of
non-commensurate fractional orders, certain interpretations even invalidated the model
obtained [10]. But none of these approaches really help to understand the fractional be-
haviour observed in practice (fractional models and fractional behaviours are two distinct
concepts), and they do not inform on the advantages and disadvantages of the fractional
operators usually used to model these fractional behaviours (and we must not forget that
other models exist [11-13]).

To try to obtain an interpretation which is the reflection of what occurs within a system
having a fractional behaviour, one should not lose sight of the fact that these behaviours
for the most part result from stochastic phenomena or result from geometries which are
stochastic constructions (natural fractals). It is therefore interesting to seek an interpretation
of these phenomena, and therefore of the fractional models very often used for their
modelling, which is also stochastic in nature. A first attempt was made by Prof Tenreiro
Machado in [1] with a probabilistic interpretation of the fractional differentiation operator
based on the Griinwald-Letnikov definition of a derivative of fractional order.
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In this paper, the idea of probabilistic interpretations for fractional models and be-
haviours is also used. Compared to [1], it proposes other types of interpretations and a
confrontation of these interpretations with the physics of certain systems producing frac-
tional behaviors. As defined in [11], we will say that a system has a fractional behaviours
or more accurately a power law—Ilike behaviour if its impulse response or if its frequency
response exhibits a power law behaviour in a given time or frequency range, which can
be evaluated from the system output autocorrelation function or system output power
spectral density if the system input is a white noise. Note that fractional behaviours and
fractional models are two distinct concepts. One designates a property of a physical system,
the other designates a model class, among a set of model classes that capture fractional
behaviours [13]. Thus, after recalling the results published in [1], this paper proposes a
first probabilistic interpretation in terms of time constants distribution, resulting from the
integral representation of fractional models” impulse response. But this interpretation is
only a macro representation of what happens in a system producing a fractional behaviour,
and very often, it does not correspond to what happens internally, which is in most cases
linked to the sequential movement of a multitude of agents in a constrained environment
(the case of diffusion, aggregation and adsorption for example). Thus, another probabilistic
interpretation in terms of time-delay distribution is proposed. As shown by this paper,
this interpretation describes quite well what happens internally for adsorption or diffusion
phenomena. For adsorption, this delay distribution it the time needed for particles to find
their places on the adsorbing surface. In the case of diffusion, it describes the time needed
for particles to cross a material.

2. Professor Tenreiro Machado’s Probabilistic Interpretation of the Fractional
Derivative Operator

In [1], our colleague José Tenreiro Machado proposed a probabilistic interpretation
of fractional differentiation based on the Griinwald-Letnikov definition of a derivative of
fractional order v of a signal x(t). This derivative is given by:

v _1; 1 &
D [x(0)] = Jim | 5 - (v~ ) <1>
with r .
Tk = (1 g e @

where I' is the gamma function and / is the sampling interval.
According to Professor Tenreiro Machado, and from a probability theory point of view,
in relation (1):
- the “present”, namely the sample x(0), is seen with probability one,
- each sample of the past, namely the samples x(—kh) with k € [1, oo[ is weighted with

the probability (v, k) and the expression — of: ¥(v, k)x(t — kh) can be viewed as the
k=0

expected value of the random variable X, E(X), such that P(X = x(kh)) = |y(v, k)|,

kell, oof.

This probabilistic interpretation is based on time information (samples) of the deriva-
tive signal. This idea can be extended to other operators with fractional behaviours and to
the spectral content of these operators as demonstrated in the following paragraph.

3. Probabilistic Interpretation Based on the Spectral Content of Operators with
Fractional Behaviours

The other probabilistic interpretation proposed can be revealed from the impulse
response of the fractional operators considered. It is assumed that H(s) denotes the transfer
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function of these operators. Using inverse Laplace transform, the corresponding impulse
response defined by:

1 c+joo
W) = LHHG)) = —— / H(s)e" ds. 3)
2j7t Je—joo

A Bromwich-Wagner path I' is used to compute the integral in relation (3). The value
of c is then taken greater than the abscissa of the singular point of H(s). For instance, for the
transfer function H(s) =s~", v € [0, 1], and for t > 0, the considered path I' is represented
by Figure 1. As the function s* = 0 is not defined on ]—oo, 0], the path I' avoid the negative
axis and goes around the point s = 0. It is shown by Figure 1.

“ gﬂl
R—>w 72
A
Y1
1§ e | R

Ll \ |-

< J v
Ys

Y6

Figure 1. The I path used for the computation of the impulse response h(t).

Using the residue theorem, relation (3) can be rewritten as:

1 s s
h(t) _ _Tm ‘/1_771 H(s)et ds + pOZZeSReS[H(S)et ], 4)
inT

with, in the case of a simple pole p for H(s)e'®

Resy [H(s)e"] = lim (2 — p) H(2)e" ©)

The computation of the poles of H(s) is required by relation (4), relation that also
shows that that the impulse (3) is made of two parts:

h(E) = hy(t) + hy(t). ©)

The function /1, (t) is computed from the poles of H(s) (residues of the Cauchy method).
The function h(t) is defined by [14]:

halt) = [ w(z)e . )

0

183



Mathematics 2022, 10, 4184

In relation (7), the function y(x) is defined by [15]:

u(z) = L {H((—z)_> — H((—z)+>} withu(z) € R. 8)

2im

Table 1 provides several impulse responses of fractional transfer functions (with no
pole and thus #,(t) = 0 for most) and computed using this method (demonstrations can be
found in [16]).

Table 1. Table of impulse responses (inverse Laplace transforms) of some transfer functions with

fractional behaviours.
H;(s) hi(®)
esit Yo Xio @b sin((a—By) ) x* —xt
Z]li:o byshi 121 ]; 1’1] ] +z f Yo 82X +Y o<k i<k AxA1008 (o —ap ) 77) X% dx
Lo @™ From [15] with demonstration in [17]. s; are the poles.
1 sin(v7r) 3‘wi67xtdx
5 7T xV
0
1 . sm v7T) f _xtd
(&) j
I w)
s v-1 . w v—1
(@+1) sin(vrt)  w;? (wp—x) ey
STNT T w1l ) T —w)”
(+1) @
Y v . wy v
| w; sin(vrr) (wp—x)
(“’h + )v (w;ﬁ) <(S(t) + T u\!; (xfw’l)u(erx) dx
o+l
(‘“l ) (t): Dirac impulse
1-v 1-v ; Wy 1-v
L (E4) ()7 () 4+ 5o e g
s s 1 v ! w; x(wh x)
(ﬂ+ ) H,(t): Heaviside step function
+oo
- 1 'p cos(zvax—b) _ 4
e\/;?j a>0, b>0, z>0 Eg (\/axfb )exdx

The Laplace transform of function h,(t) is given by:

I ay 1C)
hi(s) = Js mdz. 9)
For a practical implementation, relation (9) must be truncated and discretized. But
this implementation method is not very efficient. A large number of terms are needed in
the sum resulting from the integral discretization. A solution consists in applying a change
of variable to (9) before discretization [18]. Let z = ¢* and thus dz = e*dx this change of
variable. Relation (9) becomes:

ha(s) = j; P:(+)1d (10)

Relation (10) can thus be viewed as the expectation of a random variable X, such that
p (X = +1) = u(e*), x € R. Physically, if a real system is characterized by a fractional
model such as those in Table 1 (or others), relation (10) implicitly provides information on
the probability of encountering the time constant e% in the model.
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To illustrate this probabilistic interpretation, it is now proposed to use relation (10) to
design a filter of the form
=Ly 1o (1)
i\$) = =
Mz &+l
in which the corner frequencies e* (or the time constant E%k) are randomly selected with a
probability density y(e*) where

EVX

T evx o e2vx (12)
1+ 2% cos(vmr) + S5

_ sin(vrr)

p(e)

i.e., the function y(e*) involved in the impulse response of the transfer function (see line 1
of Table 1)
1
Fi(s) =—————a>00<v <l (13)
f ( ) ( % ) "1
The function p(e*) given by relation (12) is represented by Figure 2 for various values
of v and a = 10. It is interesting to note that all these curves resemble a normal law centred
on the value log(a) = log(10) ~ 2.3.

0.5
0.45

0.4
0.35

0.3

i“:: 0.25
0.2
0.15

0.1

0.05

v=05

Figure 2. Function y(e*) of relation (13) for various values of v.

The cumulative distribution function

Fely) = [ l(e)dx (19
(evaluated numerically) is represented by Figure 3 for several values of v and a = 10.
To obtain the corner frequencies e** of relation (11), the following algorithm is used:

- generate a random number uy from the standard uniform distribution in the interval [0, 1];
- compute x; = F=1(uy).

In the case of v = 0.4 (in this case h,(t) = 0) and a = 10, the cumulative distribution
function provided by relation (14) and the histogram of x; generated by the algorithm
above are represented by Figure 4. These figures are obtained after 50 x 10° random
numbers 1 have been generated. A comparison of the gain and phase diagrams of the
transfer functions F;(s) and Fy(s) is proposed in Figure 5. This comparaison validates the
probabilistic interpretation done relating to time constants.
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Figure 3. Function F;(y) of relation (14) for various values of v and a = 10.

4
I I I I I I I 18 x10 T T T T T T T

Number of e*

Figure 4. Cumulative distribution function provided by relation (14) (left) and the histogram of x;
obtained (right) in the case of v = 0.4 and a = 10.
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Figure 5. Comparison of the gain (left) and phase (right) diagrams of the transfer functions F;(s)
and Fy(s).
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The probabilistic interpretation of fractional behaviors proposed in this section leads
to the following remarks.

Modeling a real system by a fractional model amounts to considering that this system
has a distribution of time constants (or corner frequencies) whose probability of occurrence
is governed by the function p(e*).

This interpretation highlights that some fractional models, in particular those which,
in the Laplace domain, involve fractional powers of the Laplace variable (sV), induce the
probability, admittedly low but not zero, of the presence in the model of infinitely large
and infinitely small time constants, which is physically not realistic [19].

With a view to proposing more physically realistic models than the fractional models
of the type mentioned above, it would be possible to work directly on a model having a
substantially equal number of parameters and of the type

ha(s) = /}:h g(ildx. (15)

The characterization of a real physical phenomenon using such a model would then
consist in identifying the probability density (.) after having described it by an appropriate
function and the parameters x; and x;,. These two parameters can be fixed a priori from
information on the sampling frequency of the measured signals and on the bandwidth
(response time) of the physical phenomenon modeled. The author will describe this
identification method in more detail in another paper.

This interpretation in terms of time constants distribution is interesting but does
not necessarily reflect the physics of the modelled system. This is particularly the case
of phenomena such as diffusion, adsorption, and aggregation, in which entities (atoms,
molecules, people, etc.) evolve in a more or less constrained spatial domain.

In order to obtain a description that is even closer to the physical reality of systems
with fractional behaviours, the following interpretation in terms of delays is proposed.

4. Probabilistic Interpretation Based on the Delay Approximation of Operators with
Fractional Behaviours

The previous probabilistic interpretation based on time constants distribution does
not well describe what happens in phenomena such as adsorption, which is now described.

4.1. Description of Adsorption Phenomena

Adsorption is the phenomenon which consists of the accumulation of a substance at the
interface between two phases (gas-solid, gas-liquid, liquid-solid, liquid-liquid, solid-solid).
It has its origin in the intermolecular forces of attraction, of varied nature and intensity,
which are responsible for the cohesion of the condensed, liquid or solid phases [20,21].
Adsorption on solids is frequently used for the separation and purification of gases or the
separation of solutes in liquids [22]. Adsorption is used in many industrial and academic
applications [23,24] and in particular as water purification [22] and sensors [25,26].

Random Sequential Adsorption of RSA, is an idealized stochastic process often en-
countered in the literature to study chemical adsorption phenomenon. In the 1D case, it
is first Flory [27] and Rényi [28] (car-parking problem) who studied RSA. The 2D case
was also investigated in [29-31]. These latest studies focus on the final value of particles
concentration and also on the kinetic behaviour of RSA.

To define RSA process, let consider a square plane substrate of edge length L (thus
leading to a surface L?). Disk particles are supposed by this substrate and disk radius
is supposed small in relation to substrate size (R < L). During RSA process, particles
fall sequentially onto the substrate. At each process iteration, the position of the fall
is fixed randomly with a uniform distribution. A falling particle remains attached to
the surface only if its surface covers a still free surface of the substrate, otherwise, the
adsorption attempt fails. At the beginning of the process (time ty), the substrate surface is
supposed empty.

187



Mathematics 2022, 10, 4184

In the case R = 0.5 and L = 100R, the density 6(t) of the covered surface is shown in
Figure 6 as a function of trials (number of discs that fell on the surface) which is denoted ¢ in
the sequel. The fluctuations of the value of 6(t) between several simulations are represented
by error bars. These fluctuations result in the randomness of the process.

06 _
t  Errorbars
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Figure 6. Density of the occupied area as a function of trials.

For high coverage regimes, it is suggested in the literature [31-35] that the covered
surface can be described by a power law:

000 — O(t) ~ 172, (16)

in which 6 is the value of (t) when t goes to infinity.

The RSA process and adsorption thus result in the stochastic behaviour of agents
(atoms, molecules, people, etc.) in a constrained geometry, and the distribution of time
constants struggles to explain the overall behaviour of all these agents. A time constant
is indeed linked to a continuous time process whereas the placement of a disk in the RSA
process is sequential.

4.2. Time Delay Distribution for Fitting Fractional Behaviours

José Tenreiro Machado’s probabilistic interpretation published in [1] was based on the
sample distribution given in the Griinwald-Letnikov definition of a fractional derivative.
But one can also see in this definition an interpretation which relates to a distribution of
delay induced by the operator s and which can be generalized to other fractional operators
and behaviors. Indeed, Laplace transform applied to relation (1) leads to:

L{D"[x(t)]} = s"x(s) = x(s)lim [1V i 'y(v,k)ekhsl (17)
h=o| h =
and thus
sV = ;11135 [hlv I{Z&)'y(v,k)ekhsl . (18)
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Using relation (17) and regarding the definition of the operator s”, from a probability
theory point of view it can be said that the delay operators e~ with k € [1,0c0[ are
weighted with the probability (v, k) and the expression — Y3 , ¥ (v, k)e~*"* can be viewed
as the expected value of the random variable X, E(X), such that P (X = e’khs) = |y(v, k)|,
ke[1,00[.

This idea can of course be extended to many other fractional operators. This is now
highlighted graphically with the fractional integration operator s . To explain how such a
behaviour can be approximated by a delay distribution, the step response of the transfer
function

H(s) =s "V withv = % (19)
is analysed. It is defined by
11/2

and is represented by Figure 7. This figure shows that this time response can be approxi-
mated by a distribution of delayed steps with the same magnitude M, thus permitting the
following approximation in the Laplace domain:

M N
Y(s)=L{y(h)}~ — ) e (21)
5 k=1
and thus N
sV~ MY et with (#)"2 = T(3/2)kM. (22)
k=0
12 T T T T T T T T T
Step response
10k Approximation |
8 4
= :
4 - -
2 4
O 1 1 1 1 1 1 1 1 1

0 10 20 30 40 50 60 70 80 90 100
Time (s)

Figure 7. Approximation of a fractional integrator step response by a distribution of delayed steps.

The frequency response of the approximation given by relation (21) is represented by
Figure 8. This figure shows that the gain diagram decreases with a slope equal to —20v dB
per decade and a constant phase equal to —90v degrees, like the frequency response of a
fractional integrator.
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Figure 8. Frequency response of the approximation of a fractional integrator time response by a

distribution of delayed steps.

This approximation is of course not unique and an interesting one can be obtained
by considering the logarithm of the fractional integrator step response as a function of
the logarithm of time, namely a straight line whose slope is v. As shown by Figure 9, this
straight line can be approximated by a distribution of steps of magnitude A that occurs at
time #; that are linked by the recurrence equation involving a constant factor #:

log(tr 1) — log(ty) = r and thus log(t;) = log(to) + kr (23)
or
ty = toekr. (24)
4 1og0(®)
log(ts) log(#)) - : ! ] log@
A log(t) logltery loglhey  log(t)
t
i d l[
47 I)/

Figure 9. Approximation of a fractional integrator time response by a recursive distribution of

delayed steps.
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In such a situation, the fractional integrator step response admits in the Laplace
domain the approximation

N
Y6) = £{y(0) = | L M 25)
=0

where the magnitudes M;, are defined by:

My = #tg b " (26)
r(3/2) °\t,
t v
M = M4 (tkk1> = M;_qe"" = Mge"". (27)

An approximation of a fractional integrator time response can thus be obtained using
a recursive distribution of time delays:

N
sV a Y Mye (28)
k=1

The resulting step response approximation in the time domain is shown by Figure 10.

12 T T T T T T T T T

10 k Step response
Approximation

0 1 1 1 1 1 1 1 1 1
0 10 20 30 40 50 60 70 80 90 100

Time (s)

Figure 10. Approximation of a fractional integrator step response by a recursive distribution of
delayed steps (relation (28)).

However, in the previous two approximations, the lag between two delays is not
constant as in relation (17). To satisfy this constraint the following approximation can

be used N
sV & Z My ¥Tos (29)
k=1
with
M = y((k+1)Tg) +y(kTo) (30)

The accuracy of this approximation with a constant gap T between two consecutive
delays is represented by Figure 11 in the time domain (with Ty = 4 s, v = 0.5) and in the
frequency domain (with Ty = 0.02's, v = 0.5).
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Figure 11. Comparison of the fractional integrator step response and the approximation (29) (left)
and frequency response of the approximation (29) (right).

This approximation method and thus the associated probabilistic interpretation can be
extended to numerous fractional transfer functions and behaviours. We have for instance

(31)

A comparison of the filter step response and its approximation is done in Figure 12
with N =10000, To = 0.5s Ky = 1, w; = 0.1rd/sand v = 0.6. Note that the coefficients My
can be computed from the filter step response using relation (30) in which y(t) denotes the
filter step response. Thus, this approximation method can be applied directly to measures
resulting from the step response of a real system exhibiting a fractional behaviour. It is inter-
esting to see that this kind of approximation is close to the IIR filter-based approximations
proposed in the literature for fractional transfer functions [36-38].

09 r 1

08 1

0.7 F Step response -
Approximation

0.6 1

Magnitude
o o o
w S (6]

<)

N
T
1

01f 4
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Figure 12. Comparison of the step response of the fractional filter in relation (14) and its approximation.
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In relation (31), coefficients M/ Ky can be viewed as the probability to have a delay of
duration kT in the fractional behaviour studied as

N
M,
Z?f_

k=0

1. (32)

This probability distribution of My /Ky as a function of k (k € [1,100]) for the transfer
function of relation (31) is represented by Figure 13, again with N = 10,000, Tp = 0.5,
Kf =1,w; =0.1rd/sand v = 0.6.

O L 1 1 L L 1 L L 1
0 10 20 30 40 50 60 70 80 90 100

k

Figure 13. Distribution of coefficients My /K in relation (31) for k € [1,100].

It must be noted that the idea of modeling fractional behaviors by means of a delay
distribution was also used in another form in [39].

4.3. Adsorption Phenomena to lllustrate the Interest of this Probabilistic Delay Interpretation

The adsorption phenomenon and the RSA process are again considered. The algorithm
described in Section 4.1 for the RSA process is used to generate data with disk particles of
radius R = 0.5 that fall on a square with an edge length L = 50. The response obtained
in terms of surface coverage ¢ as a function of trials is shown by Figure 14, and will be
denoted 6(t) in the sequel. This figure also shows the placement of the disks at the end of
the process.

The response 0(t) can be approximated using a distribution of delay as in relation
(31). The delay distribution is similar to the one presented by Figure 13. On the other hand,
from the response 6(t), it is possible to compute the number of disks N that find a place on
the square in the time interval [(k — 1) T, kTy[. The numbers obtained are divided by €,
the value of 6(t) when t goes to infinity, which is close to 0.547 according to [31-33]. The
resulting Ny /€ are then represented by Figure 15 as a function of k for k € [1,100].
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Figure 14. Surface covered as a function of trials during the RSA process (left) and disk placement at
the end of the process (right).
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Figure 15. Representation of Ni /¢« for k € [1,100].

One can note a very large similarity between Figures 13 and 15, and thus between
the values of My /Ky and Ni/é«. Consequently, the third probabilistic interpretation in
terms of delay distribution leading to the expansion (31) has a physical meaning. The
probability to find a time delay with duration kTj in the fractional behaviour produced by
the RSA process is also the probability that Ny /e« disks find a place in the time interval
[(k—1)To, kTo|.

4.4. Another Example of Possible Physical Interpretation

The third statistical interpretation detailed in Section 4.2 which describes the probabil-
ity that a delay is induced by a system that produces a given fractional behaviour may have
other physical interpretations. This is the case for diffusion. It is well known that diffusion
can be physically described through particle random walk [40]. It is also well known that
diffusion produces fractional behaviours of order % or different from % in complex media
such as fractal media [41]. But an interpretation based on delay distribution is also possible.

This interpretation is represented by Figure 16. The medium is assumed to be consti-

tuted of channels of various lengths. Before the water hits the medium, the channels are
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assumed to be empty of fluid. When the fluid pressure P(t) appears at the input side, it
creates a flow inside the channels such that the total flow at the output side denoted Q(t) is
the sum of the flow produced by each channel, denoted Q(t):

Q(t) =) Qx(t). (33)
K

Input side

Qutput side

0w = ) 0
k

Figure 16. Interpretation in terms of time delay distribution of the fractional behaviour produced by
diffusion phenomena.

The flow Qi (t) depends on the pressure P(t) and on the inverse of the hydraulic
resistance Ry of each channel. Moreover, due to the difference in the channel length, each
flow Qy(t) reaches the output side with a time delay Ty depending on the channel length,
thus leading for each Qi (t) to the relation:

Qult) = Pt =Th) (34)

and thus for the total flux: ,
Q) =} g P(t=To). (35)

r DNk

If Qo denotes the steady state value of the flow Q(t) when P(t) is a unit step, then
with such a modelling approach, it can be said that the coefficients 1/(Q«Ry) can be
viewed as the probability to have a delay of duration T in the fractional behaviour pro-
duced by the diffusion phenomena. More physically, 1/(QwR)) can be connected to a
distribution of channel length and to the probability to find the corresponding channel in
the studied system.

5. Conclusions

This paper proposes extensions of a probabilistic interpretation of fractional derivative
operator that can be found in the literature [1]. The proposed interpretations are extensions
because they concern other fractional operators and more generally fractional behaviours,
and also by the nature of the random variables involved in these interpretations.

A first interpretation is derived from the impulse response of various fractional order
transfer functions. These impulse responses are fitted with a distribution of time constants
weighted by a function that can be interpreted as the probability to find these time constants
in the system. However, this interpretation only gives a macroscopic view of what happens
in a real system producing a fractional behaviour. Many systems that exhibit fractional
behaviours are stochastic systems in that they are based on random and sequential kinetics
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of a multitude of agents in a constrained space. This is the case of adsorption or diffusion
for instance.

A second interpretation is thus proposed. It is based on the approximation of a
fractional behaviour using a distribution of time delays. The resulting probabilistic inter-
pretation provides information on the probability of a given time delay to be present in
a system. This interpretation is particularly interesting because it also allows a physical
interpretation of the phenomena that take place in the system having a fractional behaviour.
This is highlighted with the adsorption phenomenon that can be approximated by the RSA
(Random Sequential Adsorption) process. RSA is a stochastic process in which particles
sequentially incide a substrate at uniformly randomly chosen surface positions. A particle
remains on the surface only if the target site is empty. As the substrate fills up, one has
to wait longer and longer for a new disk to find its place. It is this notion of delay that is
found in the second probabilistic interpretation proposed. This interpretation is also used
to propose a physical interpretation of diffusion.

But this work is also a tribute to our colleague Professor Tenreiro Machado who was
the first to propose in the literature a probabilistic interpretation of fractional derivative
operator. Professor Tenreiro Machado, Dear José, we wish you were here, with us, to
discuss again these probabilistic interpretations.
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