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Preface

The dynamics of railway vehicles play a crucial role in ensuring the safety, stability, and

efficiency of rail transportation systems. As the demand for faster, more reliable, and environmentally

friendly rail travel continues to grow, it is imperative to develop a deep understanding of the complex

interactions between vehicles, tracks, and their surrounding environment. This reprint, Analysis of

Dynamics of Railway Vehicles, brings together cutting-edge research and practical insights from leading

experts in the field to provide a comprehensive overview of the latest methodologies and applications

in railway vehicle dynamics.

The reprint covers a wide range of topics, including the modeling and simulation of

vehicle–track interactions, stability analysis, noise and vibration control, and the optimization of

suspension systems. It explores the use of advanced computational techniques, such as multibody

dynamics, finite element analysis, and machine learning, to tackle the challenges associated with the

design and operation of railway vehicles. The authors also address the importance of experimental

validation and the integration of measurement data with numerical models to enhance the accuracy

and reliability of the analysis.

By bringing together the latest research findings and industry best practices, Analysis of Dynamics

of Railway Vehicles serves as an invaluable resource for researchers, engineers, and decision-makers in

the railway sector. It provides a solid foundation for the development of innovative solutions that

can enhance the safety, reliability, and sustainability of rail transportation, thereby contributing to the

growth and competitiveness of the industry in the face of evolving global challenges.

Suchao Xie

Collection Editor
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Editorial

Special Issue on Dynamics of Railway Vehicles

Suchao Xie 1,2,3

1 Key Laboratory of Traffic Safety on Track, Ministry of Education, School of Traffic & Transportation
Engineering, Central South University, Changsha 410075, China; xsc0407@csu.edu.cn

2 Joint International Research Laboratory of Key Technology for Rail Traffic Safety, Changsha 410075, China
3 National & Local Joint Engineering Research Center of Safety Technology for Rail Vehicle,

Changsha 410075, China

1. Introduction

High-speed Railway Vehicle systems have become integral to modern transportation
infrastructure, offering a rapid, efficient, and environmentally friendly travel option. The
development of High-speed Railway Vehicles involves a complex interplay of engineer-
ing disciplines, including safety engineering, computational algorithms, noise control
technologies, material science, and passenger comfort optimization. Continuous inno-
vation in these areas is essential to meet the increasing demands for speed, reliability,
and sustainability. Enhancing the design and performance of high-speed trains not only
improves the passenger experience, but also contributes significantly to economic growth
and environmental conservation.

2. New Theories and Technological Progress

Safety is paramount in high-speed rail operations. The integration of advanced
algorithms and real-time monitoring systems has significantly improved safety assessments
and risk mitigation strategies. Cai et al. [1] investigated the influence of wheel–rail contact
algorithms on the running safety assessment of trains under earthquake conditions. Their
study emphasizes the critical role of accurate modeling in predicting train behavior during
seismic events, which is essential for ensuring passenger safety and infrastructure integrity.
Advanced monitoring technologies, such as fiber optic sensing and Internet of Things
(IoT) devices, are being employed for the real-time structural health monitoring of railway
infrastructure [2]. These systems enable the early detection of potential faults, allowing
for timely maintenance and preventing accidents. Moreover, machine learning algorithms
are being utilized to predict and prevent derailments. Li et al. [3] developed a predictive
model using machine learning techniques to assess derailment risks based on various
operational parameters.

Understanding and controlling the dynamic behavior of high-speed trains is crucial
for passenger safety and comfort. Yu et al. [4] developed a flow-induced vibration hybrid
modeling method to analyze the dynamic characteristics of a U-section rubber outer
windshield system. This research aids in predicting and mitigating vibration issues caused
by aerodynamic forces, enhancing structural integrity and passenger comfort. Additionally,
computational algorithms are being used to optimize suspension systems. Chen et al. [5]
applied genetic algorithms to optimize the suspension parameters of high-speed trains,
resulting in improved stability and ride comfort.

Noise pollution is a significant challenge in high-speed rail operations, affecting
both environmental compatibility and passenger comfort. Yan et al. [6] conducted a
comprehensive review of recent research into the causes and control of noise during high-
speed train movement. Strategies such as aerodynamic optimization, sound-absorbing
materials, and noise barriers are critical in mitigating noise levels. Innovative materials
like acoustic metamaterials are being explored for their exceptional sound absorption
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properties [7]. These materials can be integrated into train components and infrastructure
to reduce noise transmission effectively. Furthermore, advancements in wheel and rail
design have contributed to noise reduction. Thompson et al. [8] studied the impact of
wheel and rail roughness on rolling noise and proposed design modifications to minimize
noise generation.

Enhancing passenger comfort is a key objective in high-speed rail development. Bao
et al. [9] introduced a mobile device-based train ride comfort-measuring system, enabling
the real-time assessment of ride quality and allowing operators to make adjustments to
improve the passenger experience. Advanced HVAC systems are being designed for
optimal thermal comfort while minimizing energy consumption [10]. Moreover, ergonomic
seat designs and cabin layouts are being developed to improve passenger well-being during
long journeys [11].

Efficient maintenance strategies are crucial for the reliability and safety of HSR systems.
Predictive maintenance, powered by AI and big data analytics, allows for the anticipation
of equipment failures before they occur, significantly reducing downtime and maintenance
costs [12–14]. Chen et al. [15] developed a data-driven fault diagnosis system for high-
speed trains using deep learning techniques. Their model can detect anomalies in real time,
enhancing the safety and reliability of train operations.

Emerging technologies such as artificial intelligence [16,17], IoT [18–20], and quantum
computing are poised to revolutionize high-speed rail systems. AI algorithms are being
developed for autonomous train operations, enhancing trains’ safety and efficiency. Hy-
perloop technology will require newer super materials to meet the demands of this new
technology, promising unprecedented speeds and energy efficiency [21,22]. Moreover, the
development of superconducting materials may enable the creation of the next generation
of maglev trains, offering frictionless travel at ultra-high speeds [23].

3. Conclusions

The integration of safety engineering, advanced algorithms, noise reduction tech-
nologies, energy efficiency measures, and passenger comfort enhancements is driving
significant advancements in high-speed rail systems. The studies discussed herein not only
improve the operational efficiency and safety of high-speed trains, but also enhance their en-
vironmental sustainability and the passenger experience. Future research and development
will continue to leverage emerging technologies to further advance high-speed rail systems,
addressing challenges and meeting the growing demands of modern transportation.

Funding: This research was undertaken at Key Laboratory of Traffic Safety on Track (Central South
University), Ministry of Education, China. The authors gratefully acknowledge the support from
the Key Project of Scientific Research of the Hunan Provincial Department of Education (Grant
No. 23A0017). This paper was also supported by the National Natural Science Foundation of China
(Grant No. 52202455) and the Science and Technology Innovation Program of Hunan Province
(Project No. 2024RC1019).
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Abstract: High-speed train is a large-scale electromechanical coupling equipment with a complex
structure, where the coupling is interlaced between various system components, and the excitation
sources are complex and diverse. Therefore, reliability has become the top priority for the safe
operation of high-speed trains. As the operating mileage of high-speed trains increases, various key
systems experience various degrees of performance degradation and damage failures. Moreover,
it is accompanied by the influence of external environmental high interference noise and weak
early fault information. Thus, those factors are serious challenges for the condition monitoring
and fault diagnosis of high-speed trains. Therefore, this paper summarizes the research progress
and theoretical results of the fault detection, fault isolation, and fault diagnosis methods of the key
systems of high-speed trains. Finally, the paper summarizes the applicability of the main methods,
discusses the challenges and opportunities of condition monitoring and fault diagnosis of high-speed
trains, and looks forward to improving its diagnosis level.

Keywords: high-speed train; key systems; fault diagnosis; feature extraction; pattern recognition

1. Introduction

With the advantages of high speed, large carrying capacity, safety, and all-weather
operation, high-speed trains have become one of the most popular modern means of
transportation. With the development of high-speed trains toward high speed and electrifi-
cation, as well as the long operating mileage, higher requirements have been proposed for
their safety and stability. Due to the long-running in various bad environments and with
uncertain factors, some system components of the high-speed train will inevitably break
down, even suffering serious failure [1]. If these faults are not discovered and handled
in time, they eventually lead to disastrous consequences. A series of train accidents in
recent years show that effective condition monitoring and fault diagnosis technology can
provide a reliable solution to prevent or reduce the occurrence of similar incidents in the
future. Therefore, it is very urgent and necessary to study the condition monitoring and
fault diagnosis of high-speed trains to improve the safety of the rail transit system [2,3].

In recent years, good research results have been achieved in fault condition monitoring
and diagnosis technology for mechanical systems [4]. Therefore, drawing on existing
technologies can provide certain theoretical support for condition monitoring and fault
diagnosis of high-speed trains, which play an important role in maintaining the safety
of railroad transportation systems. However, there are still some difficulties in fault
diagnosis of high-speed trains. Firstly, the diverse service environment of high-speed
trains, with large speed fluctuations and unclear shock loads, leads to signals with strong
nonlinearity [5,6]. Secondly, the early fault information of each key system is weak, and
the fault signal is easily disturbed by the background noise, leading to greater difficulty in
early fault feature extraction. In addition, the relationship between the system components

Appl. Sci. 2023, 13, 4790. https://doi.org/10.3390/app13084790 https://www.mdpi.com/journal/applsci4
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is extremely complex. Hence, the collected signals are not only independent but also have a
certain correlation and often contain more interference components. To this end, this thesis
summarizes the fault diagnosis techniques of key systems (bogie system, traction/braking
system, and electrical/information control system) of high-speed trains in recent years, as
shown in Figure 1. From Figure 1, signal processing, machine learning, and deep learning
techniques are effective methods to achieve condition monitoring and fault diagnosis of
each key system. Finally, the development of high-speed train fault diagnosis technology is
forecasted. The main contributions of this study are as follows:

(1) The fault diagnosis methods of the bogie system of the high-speed train are presented.
(2) The fault diagnosis methods of the traction system and brake system of the high-speed

train are summarized.
(3) The fault diagnosis methods of electric systems and information control systems of

the high-speed train are overview.
(4) The applicability of main fault diagnosis methods for high-speed trains is discussed.

 

Figure 1. Fault diagnosis for key systems of high-speed trains.

2. Fault Diagnosis of High-Speed Train Bogie System

2.1. Fault Diagnosis of Train Bearing

Bearings are widely used in mechanical systems and are essential parts of high-speed
trains. The bearings of trains work under heavy loads and alternating impact stresses for a
long time and are highly susceptible to pitting, cracking, wear, and other failures. Their
main diagnostic techniques are shown in Figure 2.

To address the challenge of the large data volume of high-speed trains, Liu et al. [7]
proposed a method based on mapping approximate principal component analysis (PCA),
and validated it with actual train operation data. To effectively analyze the vibration signals
of bearings, Cao et al. [8] presented a method based on empirical wavelet transform (EWT)
to effectively detect outer ring faults, rolling body faults, and composite faults of bearings.
Due to the relative motion between the train and the detection system, the collected acoustic
signal is distorted by the Doppler effect, so Zhang et al. [9] introduced the method of multi-
scale chirp path pursuit (MSCPP) and variable digital filter (VDF) to effectively suppress
the Doppler effect and extract the bearing fault features. Ding et al. [10] proposed a detec-
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tion method based on shock response convolutional sparse coding, thus improving the
accuracy of bearing fault detection. To extract bearing fault features effectively, Li et al. [11]
proposed an acoustic detection technique based on a sparse decomposition of resonant
signals and singular value decomposition, which is superior to traditional methods. To
improve the diagnostic accuracy of train bearing faults, Li et al. [12] advanced a multiscale
morphological filter method based on feature selection using maximum correlation based
on more than 30 feature indicators of vibration signals. Through the technique of time
domain interpolation resampling, Zhang et al. [13] proposed an enhanced spline kernelized
wavelet transform-based acoustic detection method for roadside acoustics, which effec-
tively overcomes the distortion caused by the Doppler effect. Ding et al. [14] introduced a
sparse representation method based on cyclic structure dictionary learning and applied it
to the extraction of bearing fault features of trains, and the effectiveness of the proposed
method was verified by simulated signals and measured signals. Zhao et al. [15] presented
an improved harmonic product spectrum (IHPS) to identify multiple modulation sources
hidden in the vibration signal, which not only effectively identifies the fault features but
also eliminates the influence of non-fault modulation on the fault features. Huang et al. [16]
optimized the key parameters of variational mode decomposition (VMD) and proposed an
improved scale-space VMD method, which can automatically decompose the resonance
band of bearing signals and further reveal the fault mode. Through a time-frequency
data fusion strategy, Zhang et al. [17] advanced a method of time-frequency distribution
(TFD) that can effectively separate the acoustic signals in the time-frequency domain and
achieve an accurate diagnosis of bearing faults. Minimum entropy deconvolution (MED)
enhances the impulse component of the signal, and Cheng et al. [18] designed a particle
swarm algorithm optimized MED method, and the experimental results showed that the
method could effectively diagnose bearing faults with a low signal-to-noise ratio and
outperforms other methods. Through the singular value decomposition package (SVDP)
and reconstruction of the Hankel matrix, Huang et al. [19] proposed a method of extended
SVDP (ESVDP) and validated it with the failure data of train bearings. References [20,21]
improved the conventional signal processing method and were able to successfully identify
train-bearing faults. In addition, the results of references [22–24] show that fault identi-
fication of train bearings can be achieved based on morphological component analysis,
data-driven analysis, and improved SVDP. Furthermore, the time-frequency features of the
empirical modal decomposition of the signal are input to a support vector machine, which
can achieve fault diagnosis of train bearings [25–27]. To improve the accuracy of fault
diagnosis across domains, Shen et al. [28] proposed an adaptive convolutional ResNet-50
network model and validated it with train bearings. Zhang et al. [29] proposed an effective
adaptive Gabor sub-dictionary approach that can extract fault features from the vibration
signals of trains. With the autoencoder as the feature learning model, bearing fault types
can be accurately identified through the weighted voting strategy and generative adver-
sarial network (GAN) [30,31]. Xu et al. [32] introduced a time-frequency domain feature
extraction method based on sound signals and vibration signals and applied it to condition
monitoring and service life prediction of train bearings.

Therefore, the bearing fault diagnosis method for high-speed trains is mainly achieved
by fault feature extraction and fault pattern recognition. In feature extraction, the main
methods are EWT, singular value decomposition, VDF, empirical modal decomposition,
MED, wavelet transform, VMD, TFD, etc. In pattern recognition, the main methods used are
principal component analysis, support vector machines, dictionary learning, self-encoders,
generative adversarial networks, etc.
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Figure 2. Fault diagnosis method of bearing: (a) multiscale chirp path pursuit (MSCPP) and variable
digital filter (VDF) [9]; (b) time-frequency distribution (TFD) [17]; (c) generative adversarial network
(GAN) [30].

2.2. Fault Diagnosis of Train Gear

Gears are an important part of high-speed train transmission systems, which usually
work under harsh environmental conditions (such as sudden shock loads, unbalanced
shaft conditions, heavy loads, large speed fluctuations, etc.), resulting in gears inevitably
cracking, pitting, wearing, spalling, suffering tooth surface damage, etc. Their main
diagnostic techniques are shown in Figure 3.

It is well known that gear failure is the main source of vibration and noise in high-
speed trains. To effectively extract the fault features of train gears, Chen et al. [33] designed
an improved complementary ensemble empirical mode decomposition (CEEMD), which
not only reduces the problem of modal aliasing but also reduces the residual noise in signal
reconstruction and obtains valuable intrinsic mode functions (IMFs). In order to detect the
early failure of cracks in gears, Zhang et al. [34] proposed a time-frequency statistical feature
(TFSF) method based on finite element analysis combined with modal analysis, which not
only obtained the causes of crack generation but also effectively identified the different
degrees of crack failure. To address the problem of weak extraction of weak fault features
under strong background noise, Zhu et al. [35] presented an improved maximum correlated
kurtosis deconvolution (MCKD) method, which can effectively diagnose multiple faults
in train gears and outperforms some conventional methods. To extract fault information
from the vibration signals of train gears, Wang et al. [36] advanced an improved empirical
wavelet transform method based on EWT using the kurtosis index and inverse transforma-
tion technology and applied it to gear fault identification. Combining the advantages of
spectral kurtosis and tunable Q-factor wavelet transform (TQWT), Long et al. [37] intro-
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duced an improved TQWT, which was verified by simulation signals and experimental
signals of train gears. Zhu et al. [38] proposed a method based on singular value decomposi-
tion (SVD) and multipoint optimal minimum entropy deconvolution adjusted (MOMEDA)
and applied it to the fault diagnosis of train gears. In order to reduce the degree of modal
aliasing in empirical mode decomposition (EMD), Peng et al. [39] proposed a method based
on a soft sieving criterion to optimize EMD and applied it to the simulated signals and the
measured signals of train gear faults. Li et al. [40] developed a method to optimize VMD
with a discrete difference evolutionary (DDE) algorithm, combined with MED for noise
reduction, and successfully identified multiple faults in train gears.

 
Figure 3. Fault diagnosis method of gearbox: (a) improved complementary ensemble empirical mode
decomposition (CEEMD) [33]; (b) time-frequency statistical feature (TFSF) [34].

Therefore, gear fault diagnosis is mainly accomplished by fault feature extraction,
and the main methods used include CEEMD, MCKD, wavelet transform, singular value
decomposition, EMD, VMD, TFSF, etc.

2.3. Fault Diagnosis of Train Cardan Shaft

The cardan shaft is the key power transmission component of high-speed trains. It is
connected to the drive motor and the gearbox through two universal joints, which transmit
the traction force generated by the motor to the gearbox, and then drive the train forward.
Additionally, it is a slender mechanical structure with little bending and stiffness, which
makes it easy to appear to various degrees of deformation during the train’s long run,
causing abnormal vibration of other components, thus leading to damage. Since the cardan
shaft not only needs to transmit traction power but also needs to coordinate complex motion
relationships, its failure causes a major train accident. Their main diagnostic methods are
displayed in Figure 4.

In order to quickly diagnose the misalignment fault of the cardan shaft of trains,
Hu et al. [41] presented a method based on dual-tree complex wavelet packet transformation
(DTCWPT), which greatly eliminated the interference of other mechanical noises in the
vibration signal of the cardan shaft and was verified by train data. By using wavelet
packet decomposition, Ding et al. [42] proposed a method based on double decomposition
and double reconstruction (DDDR), which can effectively extract the fault features of the
universal axis of the train and is better than wavelet decomposition and wavelet singular
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value decomposition. By using the Hamming window, Li et al. [43] designed a method
based on an improved morphological filter that can effectively identify the characteristic
frequencies and multiplicative information of train cardan shaft faults.

Figure 4. Fault diagnosis method of cardan shaft: (a) dual-tree complex wavelet packet transformation
(DTCWPT) [41]; (b) double decomposition and double reconstruction (DDDR) [42].

Therefore, the fault diagnosis of the train cardan shaft is mainly made by fault feature
extraction, and the main applied methods include wavelet packet transform, morphological
filter, singular value decomposition, etc.

2.4. Fault Diagnosis of Train Suspension System

The suspension system is an important part of the high-speed train, which mainly
consists of the frame, primary suspension, secondary suspension, drive unit, etc. The
suspension system plays an important role in power transmission and load bearing, and its
performance directly affects the train’s running quality and safety. Their main diagnostic
techniques are shown in Figure 5.

As the mileage of a high-speed train increases, its suspension system suffers from
various types of fatigue damage and performance degradation, which increases the risk
of train accidents. By taking advantage of the good extraction ability of deep learning,
Zhang et al. [44] proposed a method based on a deep neural network (DNN) that can
effectively identify multiple faults in a suspension system with an accuracy of 92.5%,
which is better than traditional signal methods. To detect early faults in train suspension
systems in a timely manner, Dumitriu et al. [45] calculated the correlation function of the
vibration acceleration signals of a train under unbalanced forces and thus diagnosed the
faults of the dampers. Due to the complex vibration signals and weak fault information
of the train’s suspension system, Gou et al. [46] presented a method based on VMD
multiscale entropy combined with SVM and validated it with experiments. Based on
the analysis of the vibration signal features of different components of the suspension
system, Qin et al. [47] introduced a method based on the information entropy of the
ensemble empirical modal decomposition to diagnose multiple fault types of the train
suspension system effectively. Qin et al. [48] proposed a fault identification technique
based on wavelet entropy features for typical faults in train suspension systems. Due to the
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strong noise and difficult feature extraction of the train suspension system, Guo et al. [49]
proposed a method based on an ensemble deep belief network (EDBN) and combined it
with SVM to achieve a diagnosis. In addition, the application of ensemble empirical mode
decomposition (EEMD) entropy and wavelet packet energy with least squares support
vector machines as classifiers can effectively identify faults in suspension systems [50,51].
To further improve the fault diagnosis accuracy of train suspension systems under small
sample conditions, references [52,53] designed methods based on combined permutation
entropy and EEMD permutation entropy, respectively. By using the time-frequency domain
features of vibration signals and convolutional neural networks (CNN), Wu et al. [54]
presented a multi-domain fusion (MDF)-based method to successfully diagnose faults
such as air springs and transverse dampers of train suspension systems. Zhu et al. [55]
advanced a feature extraction method based on energy entropy and singular entropy, and
the effectiveness of the method was verified by simulated and measured signals of the
train suspension system. Additionally, in order to improve the diagnostic accuracy of
the suspension system, references [56,57] developed the dual-tree complex wavelet and
singular value decomposition, respectively. Ye et al. [58] designed a method based on
multiscale permutation entropy and linear local tangent space alignment (LLTSA), which
was finally validated with tracking data of the suspension system of China’s CRH3 high-
speed trains. To detect early faults in high-speed train suspension systems as early as
possible, Wu et al. [59] introduced a method based on improved ToMFIR, which was then
validated with data from the Chinese CRH2 and was better than the conventional method.
To address the problem of great difficulty in early fault diagnosis of the anti-yaw dampers
of the suspension system of high-speed trains, Kaiser et al. [60] proposed a real-time
monitoring method based on a nonlinear constraint model. To change the maintenance
of train suspension systems from scheduled repair to condition repair, Zoljic et al. [61]
proposed a method based on cubic Kalman filtering, which was verified experimentally.
To improve the diagnostic accuracy and robustness of suspension systems for high-speed
trains, Aravanis et al. [62] presented a method based on a functional model (FM), which was
experimentally verified to have better performance compared to the traditional method.

Therefore, the fault diagnosis of the train’s suspension system is mainly accomplished
by feature extraction and pattern recognition. The main methods applied in feature extrac-
tion include permutation entropy, LLTSA, wavelet packet, VMD, MDF, FM, singular value
decomposition, EEMD, etc. In pattern recognition, DNN, SVM, LSSVM, CNN, Kalman
filters, etc., are mainly used.

2.5. Fault Diagnosis of Train Wheels

The wheels of high-speed trains are important components for carrying, guiding,
traction, and braking. When the train is in normal service, due to the long-term interaction
between the wheels and the track, it will have different degrees of wear and tear and even
cracks, which affects the stability of the train. Therefore, in order to improve the safety and
reliability of train operation, early failure of wheels (wear, cracks, etc.) should be detected
as soon as possible, and maintenance should be carried out as soon as possible. Their main
diagnostic techniques are shown in Figure 6.

To accurately identify defects in the wheels of high-speed trains, Skarlatos et al. [63]
proposed a method based on fuzzy logic, which was experimentally shown to reduce the
maintenance cost of trains. To be able to detect wheel defects in real time, Wang et al. [64]
proposed a real-time detection method based on a Bayesian dynamic linear model, which
can detect the degree of wheel damage and show the abnormal values. To obtain the effect of
seasonal changes on wheels, Chi et al. [65] presented a method based on three Bayesian data-
driven models with field monitoring data showing that the wear is more severe during the
summer season than in other seasons. Due to the great difficulty of wheel fault detection in
high-speed trains, Li et al. [66] advanced an algorithm of adaptive multiscale morphological
filtering (AMMF) that can extract the wheel fault features in strong background noise. By
establishing a wear model of the wheel, Zeng et al. [67] developed a physical data-driven
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approach to achieve accurate prediction of wheel performance degradation and effective
assessment of the remaining service life. Chellaswamy et al. [68] designed a dynamic
differential evolution algorithm to identify defects and compared it with the chaotic particle
swarm algorithm and the genetic algorithm, and experimental results showed that the
method is more effective. Liang et al. [69] introduced an adaptive noise canceling (ANC)
method, and the experimental results showed that the method could effectively reduce
noise interference and extract fault features from strong background noise. To accurately
predict the early defects of wheels and reduce the maintenance time of railroad vehicles,
Ward et al. [70] proposed a method to predict wheel wear. Lingamanaik et al. [71] collected
signals and assessed wheel wear by installing various sensors (vibration acceleration,
displacement, etc.) in the carriage, bogie, and wheelset. To identify fatigue cracks in
high-speed train wheels more effectively, Zhou et al. [72] developed a method based on the
energy entropy of EMD and the Elman neural network, which uses the energy entropy of
EMD as a feature and the Elman as a classifier.

 
Figure 5. Fault diagnosis method of bogie suspension system: (a) multi-domain fusion (MDF)–
convolutional neural network (CNN); (b) linear local tangent space alignment (LLTSA) [58]; (c) func-
tional model (FM) [62].
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Figure 6. Fault diagnosis method of wheel-rail system: (a) adaptive multiscale morphological filtering
(AMMF) [66]; (b) adaptive noise canceling (ANC) [69].

Therefore, the fault diagnosis of train wheels is mainly achieved by feature extraction
and pattern recognition. In feature extraction, morphological filters, ANC, AMMF, EMD,
and other methods are mainly applied. In pattern recognition, the main methods used
include Bayesian and Elman neural networks, etc.

3. Fault Diagnosis of the High-Speed Train Traction System and Brake System

3.1. Fault Diagnosis of Train Traction System

As the heart of the whole high-speed train, the traction system of the train can generate
traction power, which mainly consists of a traction transformer, traction power supply
(rectifier, DC link, and inverter), and traction motor. Early failures of traction systems
are often caused by unavoidable factors, such as the degradation of winding insulation
and the aging of mechanical and electronic components, which in turn affect the safety of
trains. Therefore, these early faults need to be detected in time, and their main diagnostic
techniques are presented in Figure 7.

The traction system of high-speed trains will deteriorate under long-term operation,
leading to various early failures. If these early failures are not successfully detected, they
evolve into safety incidents. To detect early faults in the traction system, Chen et al. [73]
introduced a method based on Kullback Leibler divergence and independent component
analysis (ICA), and the experimental results showed that the method could diagnose
three early faults in the train traction system with higher computational efficiency. To
effectively diagnose early faults in train traction systems, Wang et al. [74] designed an
improved relevant vector machine (RVM) approach based on a Bayesian framework and
demonstrated the effectiveness of the method with practical cases. To improve the accuracy
of fault diagnosis of train traction motors under external disturbances, Tian et al. [75]
developed a method based on interference isolation with an unknown input observer. To
identify early faults in the traction system of trains more accurately, Wu et al. [76] advanced
a method based on improved total measurable fault information residual (ToMFIR) and
validated the effectiveness of the proposed method by simulation models. Insulated-gate
bipolar transistor (IGBT) is the main power supply component of traction systems in
high-speed trains, and to improve the accuracy of fault diagnosis of IGBTs, Fei et al. [77]
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presented a method based on wavelet transform and SVM. In order to diagnose the typical
faults of traction systems effectively, both simulation-driven and data-driven methods
are effective [78,79]. Zhang et al. [80] proposed a method based on statistical indicators
and fuzzy clustering, which was verified by experimental data from the train traction
control system. By constructing a nonlinear fault dynamics model for high-speed trains,
Tao et al. [81] proposed a method for fault-tolerant control based on state observation.

 
Figure 7. Fault diagnosis method of traction system: (a) independent component analysis (ICA) [73];
(b) relevant vector machine (RVM).

Therefore, the fault diagnosis of the train’s traction system is mainly made by pattern
recognition, and the main models used include ICA, relevant vector machine, ToMFIR,
SVM, etc.

3.2. Fault Diagnosis of Train Braking System

The braking system of trains mainly consists of brake units, brake cylinders, and
related brake components. The complex service environment of high-speed trains, coupled
with long-distance driving, leads to various early failures that inevitably occur. If these early
failures are not detected in time for maintenance, safety accidents may occur. Therefore, it
is important to carry out fault diagnosis research on the train braking system, and its main
fault diagnosis methods are shown in Figure 8.

Combining the concepts related to inter-variate variance (IVV) and the idea of four-stage
division, Ji et al. [82] proposed a fault detection method based on refined IVV (R-IVV) and
stage monitoring indicators, which can improve the accuracy of early fault diagnosis of the
train’s braking system. To address the problem of data imbalance in train brake system
fault detection, Liu et al. [83] presented a diagnostic framework based on a support vector
machine (SVM), which improved the computational efficiency from the aspects of feature
brush selection, feature selection, and model construction, and verified that the method
had better results through experiments. Sang et al. [84] advanced a method based on data
domain description and a variable control limit, which can detect three kinds of early
failures of high-speed train braking systems and effectively reduce the false alarm rate.
Guo et al. [85] designed an improved convex packet vertex-based method to diagnose
multiple faults in the train’s braking system accurately.

Therefore, the fault diagnosis of train braking systems is mainly made by failure mode
identification, and the main methods include IVV, feature selection, SVM, etc.
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Figure 8. Fault diagnosis method of brake system: (a) refined inter-variate variance (R-IVV) [82];
(b) support vector machine (SVM) [83].

4. Fault Diagnosis of the High-Speed Train Electrical System and Information
Control System

4.1. Fault Diagnosis of Train Electrical System

High-speed train electrical systems are extremely complex and prone to performance
degradation and early failure of their internal components due to various uncertainties
(overload, unexpected disturbances, and extreme environmental changes). If these early
faults are not detected in time, it affects the safe operation of trains. Therefore, it is
important to perform the diagnosis of early faults in the train electrical system, and the
main diagnostic methods applied are presented in Figure 9.

The long-term operation of high-speed trains in various harsh environments makes it
inevitable that the actuators and sensors in the electrical system will suffer performance
degradation and even more serious failures. If not addressed in a timely manner, minor
malfunctions can eventually turn into catastrophic consequences. To accurately diagnose
early faults of asynchronous motors in high-speed trains, Wu et al. [86] constructed a kinetic
model based on a squirrel-cage induction motor with a d-q coordinate system, which has
high sensitivity and accuracy. To address the problem of serious difficulty in detecting
compound faults in electrical systems under multi-source disturbances, Bai et al. [87]
proposed a detection method that assigns different faults in coupled signals to separate
subspaces, which can effectively improve diagnostic capability. To effectively detect early
faults in the slanting support lines of the suspension chain network, Yang et al. [88]
presented a deep learning detection method based on fast RCNN Resnet 101 and YOLO
V2, which achieves the detection of faults and their localization with high accuracy and
robustness. Yao et al. [89] proposed a deep learning foreign object detection method based
on YOLO V3, which combines the advantages of migration learning and data augmentation
and is not only easier to train but also improves the accuracy of foreign object detection
in train electrical systems. To address the problems existing in the manual inspection
of train electrical systems, Han et al. [90] advanced an automatic machine vision-based
inspection method, which uses CNN to extract crack faults and then uses a fast algorithm
to perform further identification of the region of interest. Combining the advantages of
traditional hierarchical analysis, maximum absolute weighted residuals, and maximum
entropy, Liu et al. [91] developed a comprehensive weighting algorithm (CWA), and the
experiments proved that the proposed method has good practical application value. To
detect early faults of capacitors in train electrical systems, Oukhellou et al. [92] designed
a method based on Dempster–Shafer classification fusion, which improves the accuracy
of fault detection. To increase the accuracy of diagnosing different fault states in train
electrical systems, Liu et al. [93] proposed a discrete Hidden Markov method based on
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k-mean clustering, which uses Lloyd’s algorithm to quantify the collected sample vector
set and can effectively identify six different kinds of faults.

 
Figure 9. Fault diagnosis method of electrical system: (a) convolutional neural network (CNN) [90];
(b) comprehensive weighting algorithm (CWA) [91].

Therefore, the fault diagnosis of train electrical systems is mainly made by pattern
recognition, mainly applying Resnet, CNN, CWA, YOLO, and discrete hidden Markov models.

4.2. Fault Diagnosis of the Train Information Control System

The information control system of high-speed trains mainly consists of a detection
unit, a control unit, an input unit, an output unit, a communication unit, display equipment,
and other auxiliary equipment. During the long service life of a train, the components of
the information control system develop early failures, which affect the stability of the train.
Therefore, it is important to carry out the fault diagnosis of the information control system
of high-speed trains to ensure the safe operation of trains, and the main diagnostic methods
applied are displayed in Figure 10.

To quickly detect faults in the information control system of trains, Xu et al. [94]
introduced a big data-driven approach based on Hadoop, MySQL, and HDFS as the basic
framework for realistic user-oriented fault diagnosis and fault prediction. To enable more
accurate fault detection and isolation, Niu et al. [95] designed a method to improve the
Petri net, which uses PCA to monitor the state of the vibration signal from the acquisition
and can achieve the detection and isolation of information control system faults. To achieve
a rapid diagnosis of early faults in information control systems, Cai et al. [96] developed an
approach based on a train safety sensor network (TSSN), which is accomplished in concert
with a multi-layer sensor, a train data center, and a ground data center. Huang et al. [97]
advanced a method based on support vector regression (SVR) and Kalman filter (KF),
which not only reduced the calculation time but also improved the accuracy of state
prediction of the information control system. Aiming at the inaccuracy of fault diagnosis
in the train information control system, Yin et al. [98] presented a method based on a
vehicle-mounted deep belief network (DBN), which was verified by actual fault data of
the Wuhan–Guangzhou high-speed railway and was better than the traditional method.
In order to diagnose the faults of the information control system of high-speed trains
more comprehensively, Liu et al. [99] proposed a method based on a deep fault tree
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and quantitative analysis, and the effectiveness of the proposed method was verified by
experiments. Huang et al. [100] proposed a method based on fault trees and fuzzy D-S
evidence inference, which was shown to be effective for fault prediction and diagnosis
through experiments. To improve the accuracy of fault diagnosis in information control
systems, Zhou et al. [101] designed a method based on a transferable belief model and
multi-sensor data fusion, which was validated experimentally.

 

Figure 10. Fault diagnosis method of information control system: (a) support vector regression (SVR)
and Kalman filter (KF) [97]; (b) train safety sensor network (TSSN) [96]; (c) deep belief network
(DBN) [98].

Therefore, the fault diagnosis of an information control system is mainly made by
pattern recognition, and the main methods used include PCA, the deep belief network,
TSSN, the Kalman filter, the fault tree, D-S evidence, etc.

5. Applicability of Fault Diagnosis Methods for the High-Speed Train

In summary, the fault diagnosis of each key system of high-speed trains is mainly
realized by fault feature extraction and fault pattern recognition, and the main methods
used are shown in Figure 11. In addition, the applicability of the same method in different
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systems was categorized, as shown in Table 1. From Table 1, the Kalman filter can be
applied to the fault diagnosis of the bogie system and the information control system
at the same time. Secondly, support vector machines can be used not only in the bogie
system (bearings, suspension system, and wheels) but also in the traction system and brake
system fault diagnosis. Thirdly, the principal component analysis can enable not only the
effective fault diagnosis of bogie systems (bearing and wheel) but also the fault diagnosis
of information control systems. Additionally, morphological filters are mainly used in the
fault diagnosis of bogie systems (bearing, cardan shaft, wheel) and information control
systems. Furthermore, convolutional neural networks are mainly applied to the fault
diagnosis of bogie systems and electrical systems. Therefore, the Kalman filter, support
vector machine, principal component analysis, morphological filter, and convolutional
neural network are widely used in train fault diagnosis and have good applicability and
robustness in different systems. Moreover, the main methods used in the fault diagnosis
of bogie systems are empirical modal decomposition, variational modal decomposition,
wavelet transform, singular value decomposition, and support vector machines.

 

Figure 11. The main fault diagnosis methods used in the key systems of high-speed trains.

Table 1. Applicability of main fault diagnosis methods.

Methods Key Systems

Empirical modal decomposition Bogie system (bearing, gear, suspension system, wheel), etc.
Variational modal decomposition Bogie system (bearing, gear, suspension system), etc.

Wavelet transform Bogie system (bearing, gear, cardan shaft), traction system, etc.
Singular value decomposition Bogie system (bearing, gear, cardan shaft, suspension system), etc.

Kalman filter Bogie system (suspension system), information control system, etc.
Support vector machine Bogie system (bearing, suspension system, wheel), traction system, braking system, etc.

Principal component analysis Bogie system (bearing, wheel), information control system, etc.
Morphological filter Bogie system (bearing, cardan shaft, wheel),

Convolutional neural network information control system, etc.
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6. Discussion and Conclusions

While enjoying the convenience and comfort of high-speed trains, increasing attention
has been paid to their safety during service. In addition, as a piece of large and complex
equipment, the performance degradation and early failure of various key systems inevitably
occur during the service of high-speed trains, thus affecting the safe operation of trains.
Therefore, condition monitoring and fault diagnosis of key train systems are of great value
and are increasingly becoming a difficult challenge.

Through the previous review, it was known that the fault diagnosis of key systems of
high-speed trains is realized by feature extraction and pattern recognition, but it is mainly
carried out by the traditional manual inspection, test bench, and video monitoring, which
still has many shortcomings. Firstly, existing fault diagnosis methods do not work online
on a large scale. Secondly, the monitoring data collected is not comprehensive and objective
enough, which restricts the in-depth research on the fault diagnosis of key train systems.
Third, the practicality of the existing methods needs to be further improved to be applied to
the fault diagnosis of high-speed trains. Therefore, this review has the following prospects:

(1) Developing online monitoring technology can ensure the reliability and safety of high-
speed trains. This can not only quickly identify early failures of key systems but also
predict performance degradation, thus establishing a long-term warning mechanism.

(2) By installing various sensors (voltage, current, vibration acceleration, displacement,
and pressure) in the key system of the train, a large number of real train operation data
and corresponding historical data can be obtained, which provides data support for
train fault diagnosis based on the combination of big data and experience knowledge.

(3) With the advantages of machine learning and deep learning, a big data-driven con-
dition monitoring and fault diagnosis platform for key systems of high-speed trains
is being developed. This can shift from traditional planned repairs to condition re-
pairs and forecast repairs, thereby reducing annual maintenance costs and preventing
potential safety accidents.
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Abstract: This study proposes a theoretical method for evaluating the “safety against derailment”
indicator of a specialized train composition for the transportation of very long rails. A composition
of nine wagons, suitable for the transportation of rails with a length of 120 m in three layers, is
considered. For the remaining recommended rail lengths, the number of wagons is reduced or
increased, with the calculation model being modified depending on the required configuration. When
the composition is in a curve with the minimum radius (R = 150 m), the rails bend, and some of
them come into contact with the vertical stanchions of the wagon and cause additional lateral forces.
These forces are then transferred through the wagon body, central pivot, bogie frame, and wheels
and act on the wheel–rail contact points. They could potentially lead to derailment of the train
composition. The goal of this study is to determine the additional lateral forces that arise because
of the bent rails. For the purposes of this study, the finite element method was used. Based on the
displacements of the support points of the rails (caused by the geometry of the curve), the bending
line of the elastic load is determined and the forces in the supports are calculated. The resulting
forces are considered when determining the derailment safety criterion. The analysis of the results
shows that the wagon with fixing blocks is the most at risk of derailment. The front and intermediate
wagons have criterion values very close to that of the empty wagon. This shows that the emerging
horizontal elastic forces do not significantly influence the derailment process. The obtained results
show that the transportation of long rails with specialized train composition can be realized on four
layers. This will significantly increase the efficiency of delivering new long rails.

Keywords: railway; derailment; long rails transportation; FEM

1. Introduction

The European Commission’s road map [1] (with a time horizon of 2050) identifies
10 goals in defining transport policy and offers a list of 40 concrete initiatives to achieve the
goals. One of them concerns passenger and freight transport, with the following aims:

• Reducing the share of road transport, with 50% of all medium-distance transport being
carried out through rail and water transport;

• By 2030, 30% of freight transport over 300 km should be carried out through rail or
water transport, and by 2050, over 50%;

• By 2050, most of the passenger transport over more than 300 km should be carried out
through rail transport.

The main reasons for the strategic plans formulated in this way are dictated by the
huge advantages that rail and water transport have over road and air transport: developed
infrastructure, high speed of movement, the possibility of transporting loads of large
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volume and mass, low cost per unit of work, minimal staff per unit of work, environmental
friendliness, high level of safety, and others.

In terms of safety (as well as personnel and environmental indicators), rail transport
is the undisputed leader among other modes of transport. This stems from the strict
regulatory documents for the admission of new vehicles into operation and the regulation
of a strict system for operation and maintenance.

A special place for guaranteeing accident-free transport is occupied by the wheel–
rail interaction. This is the reason why these elements are the subject of a few current
studies [2–5], in which analytical, numerical, and experimental methods related to wheel
and rail wear and the derailment phenomenon have been proposed and analyzed. A signif-
icant concern in modern publications is the elucidation of the derailment mechanism [6–13],
in which new factors related to the process are introduced. Their reasons are logical since
the phenomenon of derailment is a not infrequent event in the modern reality of railway
transport and is associated with serious material damage and casualties. Derailments can
occur due to the infrastructure or to rolling stock failures as stated in [14]. Some of the pub-
lications [8,9,11,15–17] investigate specific elements (turnouts, guardrails, switches, track
defects, lubricators, crossings) or operational indicators (speed, train length, location of
wagons carrying dangerous loads) affecting the wheel–rail system and contributing to the
derailment of rolling stock. To better investigate the complex phenomenon of derailment,
some research activities were devoted to studying the problem from an experimental point
of view [18]. Many authors [8,9,19] propose the use of numerical methods to theoretically
determine the “safety against derailment” indicator. In [20], a new type of finite element
for FEM analysis is proposed, which more accurately reflects the interaction between the
wheel and the rail.

The analysis made above clearly shows that there are many theoretically unexplained
problems for the occurrence of the derailment process. This is clearly stated in [21], where
a critical reading of the currently effective regulatory documents for the admission of new
railway vehicles into operation of the European Union, CIS, Great Britain, the USA, China,
South Korea, and Japan was made. The authors provide specific explanations of the most
common trade-offs, point out the advantages and disadvantages of the methods from the
relevant papers, and provide useful recommendations on using simulation methods to
assess safety against derailment.

The extensive analysis of available publications allows for the determination of the
following conclusions:

• The derailment phenomenon has a distinctly stochastic character. It depends on
many factors, which at a certain moment in a complex combination can lead to its
occurrence. Current research addresses the issue of derailment from the point of view
of theory enrichment by accounting for one or more additional factors that could
influence the occurrence of the adverse event. This effort to clarify the mechanism of
the process is undeniably positive for two main reasons: first, although the wagons
commissioned into operation meet the requirements of the regulatory documents, in
practice, railway accidents caused by derailments often occur; and second, it could
lead to an adjustment of national or international standards, which would reduce the
likelihood of derailment.

• Although the proposed criteria are generally valid for the cases of examination of
railway vehicles in a loaded or empty state, the safety assessment against derailment
is carried out on an unloaded wagon. The reasons for this are logical—with a full
wagon, the vertical force Q increases significantly (especially for freight wagons up
to 3–4 times), while the lateral force Y increases less or in the same order under the
influence of centrifugal forces.

• Currently, there are regulatory documents that, regardless of their shortcomings,
should be respected to reduce the likelihood of derailment.

• In most analyzed publications and in all normative documents related to the derail-
ment process, the evaluation is reduced to the application of Nadal’s criterion [21]. The
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limit value of the ratio (Y/Q) at a coefficient of friction equal to 0.36 was determined
via Nadal’s criterion using Equation (1):

(
Y
Q

)
lim

=
tan γ − 0.36

1 + 0.36 tan γ
(1)

where γ is the angle of inclination of the wheel flange.
Based on the third conclusion, a theoretical method for evaluating the safety against

derailment of a specialized rolling stock for the transport of long rails is proposed in the
present study. In this regard, the second conclusion has relevance to the problem: when
transporting long rails, the load is placed not on one wagon, but on a whole specialized
train composition (Figure 1). When passing through a curved section of the track, the elastic
rails are deformed and describe a complex curved line, the shape of which depends on
the radius of the curve, the number of rails, the type of rails, the method of fixing the rails,
the number of vertical columns limiting the lateral displacements inside the gauge of the
wagon, etc.

 
(a) (b) 

Figure 1. Train composition for the transport of long rails in a curve: (a) middle view; (b) front view
(source: personal archive).

As a result of the interaction of the elastic rails with the vertical columns of the wagon,
enormous lateral forces arise between them, which are transmitted through the vehicle
structure and balanced on the rail track. This leads to an increase in the lateral forces Y. The
mechanism described above necessitates an assessment of safety against derailment not
only in a single empty wagon (the case when a new wagon is commissioned into service),
but also in the whole train composition, which is loaded to the permissible values. There
is a very small number of studies dealing with this issue. One of them is [22], which uses
a multibody dynamics simulation for the assessment of safety against derailment when
transporting long rails. In this case, rails are “only” 50 m long, loaded in one layer, using
four wagons. This is not a common case according to European standards, where longer
rails (mostly 120 m long) in three layers are transported in one train composition, which
dramatically increases the efficiency of transport work.

Based on the above considerations, the study of the safety criterion against derailment
should be carried out through two distinct stages:

• Determination of the lateral forces acting on the central bearings of the bogies, obtained
because of the elastic deformations of the long rails transported.
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• Application of the method for theoretical assessment of safety against derailment,
considering the permissible vertical load and the total values of lateral forces resulting
from the movement of the train composition in a curved section of the track and from
the elastic deformation of the transported rails.

The first stage takes place in the following sequence:

1. Development of a computational model for the research object;
2. Numerical solution for determining the interaction forces between the deformed rails

and the vertical columns of the wagon;
3. Determination of the additional forces acting on the central bearings of the bogies.

2. Computational Model

The task is complex and complicated since the dimensions of the studied objects are
large, and the deformations are significant. In this case, non-linear effects occur that do not
allow us to obtain an accurate solution even when using specialized software SolidWorks
2014 SP5. In the literature, there are studies investigating beams where the deformations
are large [23–27]. In them, the following task is solved: at a given load, the bending line of
the beam is sought. In the present work, the reverse task should be solved: determining the
forces that arise at the support points at a given deformation of the investigated beam. For
this purpose, a linear analysis method was used, and the research methods from [23–27]
can be used to assess the accuracy of the solution.

The transportation of long rails can be carried out with wagons that have different
parameters (length, base, width, own weight, load capacity, etc.). After analyzing the men-
tioned parameters, the authors propose as the most efficient version of the specialized train
composition, one that should consist of nine wagons with precisely defined parameters.
The idea is to obtain maximum use of both the wagons’ carrying capacity and their length,
and to have the necessary safety factor against derailment. Therefore, the specific technical
parameters of the wagon, which in our opinion are the most efficient, are described. When
using another modification in the wagons, the mentioned efficiency cannot be guaranteed.

Basic data and prerequisites for solving the task at these conditions are:

• In accordance with [28], the train composition is in a curve with radius R = 150 m
(Figure 2a). The locomotive is not shown in the figure.

• The composition consists of nine wagons; the rails are located on support frames
(Figure 2b) and are grouped in separate sections of five rails each.

• The middle wagon is equipped with a system to guarantee the immobility of the
rails (so called “fixing block”) (Figure 2b), and the load/pressure forces are shown in
Figure 2c.

• On the remaining wagons (not equipped with fixing blocks), three or two (for the end
wagons) support frames [29] (Figure 2b) are installed, depending on the length of the
transported rails and the number of wagons.

• In the support frames, the rails are placed freely, and unlimited longitudinal dis-
placement is allowed as well as limited lateral displacement within Δh, (Figure 2d).
Movements along the vertical direction are limited by the supporting beams of the
frames and the clearances Δv (Figure 2d).

• It is assumed that the first four wagons have entered the curve.

The last premise allows for only one half of the train composition to be considered
(Figure 3). Element A0 defines the position of the fixing block in the middle wagon, and the
remaining elements (A1 to A12) define the position of the support frames. The front wagon
is equipped with two support frames (A11 and A12) in accordance with the requirements
of [29]. The locomotive is not illustrated in Figure 3.
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(a) 

 
(b) 

  
(c) (d) 

Figure 2. Train composition for transportation of long rails: (a) composition in the curve; (b) mid-
dle wagon with frames; (c) load/pressure forces in the fixing block; (d) movement limitations in
support frames.

Figure 3. Half of the train composition with elements needed for calculation.

The following additional assumptions were made during the compilation of the
computational model:

• The bending of a group of five rails (corresponding to one separate section) in the
plane Oxy, referred to as “group of rails” or “beam” for brevity (Figures 4 and 5);

• Each rail group has a moment of inertia Izi = 0.00000486 m4 [30,31]. The total moment
of inertia for five rails is Iz = 5. Izi;
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Figure 4. Cross section of one rail group.

• The friction between the rails is neglected due to the peculiarities of the investigated
structure.

• In the wagon with the fixing blocks, it is assumed that the rails are immovably fixed,
i.e., in the fixing block, it is assumed that we have a fixed beam (Figure 5a);

• At the locations of the supports Ai, it is assumed that unknown forces caused by the
deformation of the beam act on the lateral direction (y axis) as shown in Figure 5b. The
forces are directed perpendicular to the beam axis (x axis);

• Because of the large dimensions and deformations of the system and considering that
the task is statically indeterminate, it is solved with a linear analysis method for the
approximate determination of the forces in the supports. The obtained results contain
some inaccuracies, which can be estimated by the studies presented in [25,27];

• When moving in a curve with radius R = 150 m, the speed of the train composition is
small; therefore, the inertial forces are neglected.

Figure 5. Calculation model of the fixed beam and lateral forces acting on it: (a) fixed beam in fixing
block; (b) unknown forces acting on the lateral direction.

The classical form of the differential equation of the bending line in the given coordi-
nate system and for each section of the beam is given in Equation (2) [32]:

d2

dx2

(
EIz

d2uy

dx2

)
= qy (2)

For the analytical solution, it is necessary to integrate Equation (2), where a significant
number of integration constants appear, depending on the number of sections, which
must subsequently be determined by the boundary conditions. For this purpose, the finite
element method was applied [32,33]. The large dimensions of the beams make it difficult
to use precise models like those shown in [2,34,35]. The beam is divided into n-number of
finite elements, and each of them is located between two adjacent supports Ai (Figure 5).
The type of finite element is shown in Figure 6 [32].
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Figure 6. Finite beam element [28].

The position of each element is described by four local coordinates—two displacements
and two rotations (u(i)

1y ,ϕ(i)
1z , u(i)

2y ,ϕ(i)
2z ) of each of the nodes [32].

The stiffness matrix [32,33] of the element i is given in Equation (3):

[
K(e)

]
=

2EIz

li
3

⎡
⎢⎢⎣

6 3li −6 3li
3li 2li

2 −3li li
2

−6 −3li 6 −3li
3li li

2 −3li 2li
2

⎤
⎥⎥⎦ (3)

where li is the length of the element and E is the modulus of elasticity.
The discretized model has n number of elements (n = 12 in Figure 7) with different

lengths li and correspondingly different stiffness matrices. Its position is described by
2n + 2 global coordinates (Figure 7a). The forces act on the nodes, and the moment acts in
node A0 (Figure 7b).

(a) 

(b) 

Figure 7. Discretized model of the beam: (a) with defined nodes coordinates; (b) with defined loads
in nodes.

For the beam in Figure 7, Equation (4) is valid:

[K0]{U0} = {F0} (4)

where {U0} =
{

u0y, ϕ0z, u1y, ϕ1z......, uiy, ϕiz......uny, ϕnz,
}T is a vector of global coordinates

with dimension (2n + 2) × 1 and {F0} = {FA0, MA0, FA1, 0, FA2, 0....FAi, 0..FAn, 0}T is a
vector of node loads with dimension (2n + 2) × 1. {F0} contains forces and moments
applied at the nodes. Except for A0, there are no applied moments in all other nodes. [K0]
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is the global stiffness matrix, with dimension (2n + 2) × (2n + 2). Considering that u0y = 0
and φ0z = 0, Equation (4) is reduced to Equation (5):

[K]{U} = {F} (5)

where [K] = [K0 (3:2n + 2, 3:2n + 2)] is the stiffness matrix after considering the boundary
conditions and has a dimension of 2n × 2n (the first two rows and columns of the matrix
[K0] are removed), {U} =

{
u1y, ϕ1z......, uiy, ϕiz, ......., uny, ϕnz,

}T is a vector of global coor-
dinates after considering the boundary conditions and has a dimension of 2n × 1, and
{F} = {FA1, 0, FA2, 0....FAi, 0..FAn, 0}T is a vector of node loads after considering the bound-
ary conditions and has a dimension of 2n × 1. FA0 and MA0 are determined using
Equation (6):

[K1]{U} =

{
FA0
MA0

}
(6)

where [K1] = [K0 (1:2, 3:2n + 2)] is a 2 × 2n matrix formed by the first two rows and columns
from 3 to 2n + 2 of the matrix [K]. Classical FEM analysis was used up to this step. In
Equation (5) (unlike the classical problem), the displacements uiy are known, but the forces
FAi and rotations ϕiz of the nodes are not known. To make the equations easier to solve
(with MATLAB R2020b software), it is necessary to discretize this continuous mechanical
system. To determine the unknowns, the system is transformed into the form given in
Equation (7):

[X]{p} = {Z}⇒{p} = [X]−1{Z} (7)

In Equation (7), the term {p} has a dimension of 2n × 1 and contains the unknowns
FAi and ϕiz. It is determined using Equation (8):

{p} = {FA1, FA2, ...FAn, ϕ1z, ϕ2z......ϕnz}T (8)

The term {Z} in Equation (7) has a dimension of 2n × 1 and contains the predeter-
mined displacements uiy of the nodes (coordinates of Ai along the y-axis direction) and
elements of the matrix [K]. It is determined using Equation (9):

{Z} =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

K1,1u1y + K1,3u2y....... + K1,2n−1uny
K3,1u1y + K3,3u2y....... + K3,2n−1uny
...
....
K2n−1,1u1y + K2n−1,3u2y....... + K2n−1,2n−1uny
K2,1u1y + K2,3u2y....... + K2,2n−1uny
K4,1u1y + K4,3u2y....... + K4,2n−1uny
...
....
K2n,1u1y + K2n,3u2y....... + K2n,2n−1uny

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(9)
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The matrix [X] has a dimension of 2n × 2n, and contains the null matrices and the
elements of matrix [K]. It is determined using Equation (10):

[X] =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1, O1,n−1,−K1,2,−K1,4,−K1,6.........,−K1,2n
0, 1, O1,n−2,−K3,2,−K3,4,−K3,6.........,−K3,2n
....
...
O1,n−1, 1,−K2n−1,2,−K2n−1,4,−K2n−1,6.........,−K2n−1,2n
O1,n,−K2,2,−K2,4,−K2,6.........,−K2,2n
O1,n,−K4,2,−K4,4,−K4,6.........,−K4,2n
...
.....
O1,n,−K2n,2,−K2n,4,−K2n,6.........,−K2n,2n

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(10)

In this way, the unknowns from Equation (8) can easily be solved with MATLAB
software. After determining the unknowns FA1, FA2, ...FAn, φ1z, φ2z......φnz (contained in
{p}), MA0 and FA0 can be determined from Equation (6) or from the two equilibrium
conditions of the entire beam.

3. Results from the Numerical Calculations

As mentioned above, in numerical calculations, the first step is to determine the
interaction forces between the deformed rails and the vertical columns of the wagon. The
second step is the determination of the additional forces acting on the central bearings of
the bogies from the forces calculated in the first step. These lateral forces are transferred via
central bearings to the bogie frame and then on to the wheels, acting on wheel–rail contact
and causing additional lateral force. This force is used for the assessment of safety against
derailment according to Equation (1).

3.1. Results from Calculation of Lateral Forces between Rails and Vertical Columns of the Wagon

To determine the coordinates of the points Ai (and the displacements uiy, respectively)
along the y-axis, it is assumed that the composition is in a curve with radius R (Figure 2a).
It is assumed that the points A1, A2, A4, A5, A7, A8, A10 and A11 lie on the theoretical arc
of a circle because that is where the central bearings of the wagons are positioned. The
remaining points A3, A6, A9 and A12 are located on the chords between the above points
(Figure 3). Their position is determined by the line connecting the central bearings of the
wagon. Point A1 is located at the beginning of the curve.

The theoretical curve of the bending line, described with the coordinates from Table 1,
is shown in Figure 8.

Figure 8. Bending line with coordinates of points Ai.

The coordinate system A0xy is introduced so that the x-axis is in the direction of line
A0–A1, and its direction relative to the curve is determined by the two central bearings of
the wagon with the fixing blocks (Figure 2a).

The determination of the unknown forces FAi and the moment MA0 is carried out in
the MATLAB program environment using the displacements from Table 1 (third column).
Table 1 (column 5) also contains the obtained values for force reactions in points Ai. It
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should be noted that the values are obtained under the condition that there is no horizontal
clearance between the rails and the support stanchions, i.e., Δh = 0 (Figure 2d).

Table 1. Coordinates of points Ai along the bending line and values of reaction forces (and moment
MA0) in points Ai without horizontal clearance between the rails and the support stanchions (Δh = 0).

Point
Coordinate x

(m)
Coordinate y = uiy

(m)
Reaction

Identifier (Unit)
Value

A0 0 0 MA0 (kN·m) −20.9627
A0 0 0 FA0 (kN) −20.9627
A1 3.000 0 FA1 (kN) 15.4067
A2 8.190 −0.168 FA2 (kN) 28.7388
A3 12.690 −0.525 FA3 (kN) −45.0839
A4 17.190 −0.883 FA4 (kN) 22.1165
A5 22.380 −1.540 FA5 (kN) 21.0936
A6 26.880 −2.320 FA6 (kN) −42.6837
A7 31.380 −3.100 FA7 (kN) 21.6934
A8 36.570 −4.241 FA8 (kN) 20.7446
A9 41.070 −5.436 FA9 (kN) −43.0170
A10 45.570 −6.631 FA10 (kN) 25.6134
A11 50.760 −8.245 FA11 (kN) 4.9837
A12 56.260 −10.200 FA12 (kN) −8.6432

During the calculations, the presence of large forces was found (Table 1, last column),
especially in the points that do not lie on the theoretical arc of a circle (A3, A6 and A9).
This is logical and is dictated by the fact that the clearance Δh is not provided in the
model, i.e., Δh = 0 (Figure 2d). To increase the adequacy of the model, a limited horizontal
displacement of the points was allowed due to the available constructively provided
clearances between the rails and the support frames. With successive iterations based
on a possible displacement of the bending line in the support points, new results for the
y-coordinates of points Ai and values for the force reactions in points Ai were obtained and
are presented in Table 2.

Some of them have been adjusted relative to their original position up to 90 mm
(constructively provided clearance between the rails and the support frames) in the lateral
direction. In this case, the group of rails does not necessarily rest against each of the side
supports, but settles freely, hindered by the minimal frictional forces at the base of the rail.
This fact was established during real measurements carried out on another specialized train
composition for the transport of long rails. The clearance and possible settlement of the
beam at a given point was obtained by iterations through a certain step with a numerical
experiment until the actual measured values were obtained.

The iterations of horizontal clearance between the rails and limiting pins Δh (Figure 2d)
show that the reaction forces decrease because the bending line changes.

With new coordinates from Table 2 (third column), new values of reaction forces are
determined and are presented in the last column of Table 2.

An analysis of the data from Table 2 shows that the maximum lateral forces are at
points A0 and A1 of the wagon with fixing block and at points A11 and A12 of the front
(closest to the locomotive) wagon.

These lateral forces are transferred via central bearings to the bogie frame and then on
the wheels, acting on wheel–rail contact and causing additional lateral force. The results
from the calculation of these additional forces for different wagons of a specialized train
composition are presented in the next subsection.
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Table 2. Adjusted coordinates of points Ai along the bending line and values of reaction forces (and
moment MA0) in points Ai with horizontal clearance between the rails and the support stanchions
(Δh = 90 mm).

Point
Coordinate x

(m)
Coordinate y = uiy

(m)
Reaction

Identifier (Unit)
Value

A0 0 0 MA0 (kN·m) −21.8257
A0 0 0 FA0 (kN) −21.8257
A1 3.000 0 FA1 (kN) 22.8997
A2 8.190 −0.1436 FA2 (kN) −1.0583
A3 12.690 −0.4350 FA3 (kN) 1.3180
A4 17.190 −0.8733 FA4 (kN) −1.0934
A5 22.380 −1.5400 FA5 (kN) −1.1026
A6 26.880 −2.2530 FA6 (kN) 1.1627
A7 31.380 −3.1000 FA7 (kN) −0.0952
A8 36.570 −4.2410 FA8 (kN) −0.2744
A9 41.070 −5.3690 FA9 (kN) −0.4341
A10 45.570 −6.6274 FA10 (kN) 1.2717
A11 50.760 −8.2450 FA11 (kN) 4.8339
A12 56.260 −10.1100 FA12 (kN) −5.6022

3.2. Results from Calculation of Additional Lateral Forces in Wheel–Rail Contact

The next step is to determine the additional forces acting on the central bearings of the
bogies from forces calculated in the previous subsection. They are used to assess the safety
against derailment of the entire specialized train composition. The calculation is carried
out only for the wagon with the fixing blocks and the front wagon.

The forces at points A0 and A1 of the wagon with fixing block with their respective
values from Table 2 are applied to the wagon, as shown in Figure 9.

Figure 9. Forces and moment acting on a wagon with fixing block when entering the curve.

The reason for analyzing the front wagon is that it is at risk of derailment due to the
incomplete vertical load from the rails’ weight (leading to a reduction in the vertical force
Q from Equation (1)) and due to the asymmetric distribution of the load in the structure
resulting from the placement of the support frames on the wagon (Figure 3). The forces at
points A11 and A12 of the front wagon with their respective values from Table 2 are applied
to the wagon, as shown in Figure 10.
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Figure 10. Forces acting on a front wagon.

The determination of the additional horizontal forces Hri is trivial, and their values
are given in Table 3.

Table 3. Values of additional lateral forces Hri.

Wagon with Fixing Block Front Wagon Unit Value

Hr1 - (kN) 4.84
Hr2 - (kN) 5.94

- Hr3 (kN) 2.62
- Hr4 (kN) 3.42

4. Assessment of Safety against Derailment

The assessment of safety against derailment of the specialized train composition
for transportation of long rails was performed theoretically in full accordance with the
method proposed in [36]. Briefly, this is an analytical method developed according to EN
14363:2019 [28], Section 6.1, Method 2 (paragraph 6.1.5.2). The method proposed in [36] has
been verified by comparing the results of theoretical and experimental studies and shows a
very good compliance.

For assessment purposes, the following corrections were made in the present method
compared to that in [36]:

• The vertical load from the weight of 60 (4 rows × 15 rails per row) rails of type 60E1
with a length of 120 m (on the entire train composition) was applied;

• The horizontal forces from Table 3 are applied in the central bearings of the wagon.

It is assumed that the specialized train composition for transportation of long rails is
composed of nine flat wagons of the Smmns series with the following parameters:

• The tare weight of each wagon is 21 tons;
• The distance between pivots is 9000 mm;
• The maximum load capacity is 69 tons;
• The maximum permissible load capacity when transporting rails is 0.8 × 69 tons =

49.6 tons according to [29];
• The wagon gauge is G1;
• The weight of two fixing blocks at the middle wagon is 2 × 2.5 tons = 5 tons;
• The weight of one support frame is 1 ton.

The calculations were performed for a horizontal track without overhang at a friction
coefficient μ = 0.36.

Three types of wagons from the loaded train composition were studied:

• The wagon equipped with fixing block to limit the longitudinal movements of the
rails during transportation—the reason for this is that this is the wagon with the
maximum tare weight (taking into account the weight of the installed frames) and in
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it, the lateral forces FA0 and FA1 (Table 2), respectively, and the lateral force Hri have a
maximum values;

• Front wagon with protective walls. It has a reduced weight of the payload, which is
placed asymmetrically on the wagon;

• Intermediate wagon (heaviest loaded wagon of all the wagons discussed above).

Additionally, an assessment was also performed for the empty Smmns series wagon
in accordance with the requirements of [28], to assess the influence of the load on the
derailment process. Detailed data from the simulation are presented in Table 4 only for the
first type of wagon—wagon with fixing block—and for the other types of wagons only the
final assessments are given separately in Table 5.

Table 4. Results from calculation of parameters used for assessment of safety against derailment of
wagon with fixing block.

Parameter Description Symbol/Equation Value

Total reaction force of the attacking wheel of wheelset 1 Y1a
1 122.814 kN

Total reaction force of the non-attacking wheel of wheelset 1 Y1i
1 −70.732 kN

Minimum deflection of the bogie frame to be reached during tests of the
wagon [28] Δz+jk = g+lim.2a+ 0.0076 m

Twist of the bogie frame during test (2a+ is distance between wheelsets) [28] g+lim = 7− 5/2a+ 4.2222‰
Minimum deflection of the wagon frame to be reached during tests of the

wagon [28] Δz∗ = g∗lim.2a 33.2 mm

Twist of the wagon frame during test (2a is the pivot distance) [28] g∗lim = 15
2a+2 3.6483‰

Load force during torsion test ΔFp 10 kN
Deflection of the wagon frame under ΔFp Δzp 88.22 mm

Force needed to achieve Δz* ΔFz∗ =
ΔFp .Δz∗

Δzp
3.763 kN

Maximum force additionally loading bogie frame under ΔFz* ΔF’
z∗,max =

ΔFz∗ .(b1F +bs)
2b1F

3.481 kN
Minimum force additionally loading bogie frame under ΔFz* ΔF’

z∗,min = ΔFz∗−ΔF’z∗,max 0.282 kN
Maximum force overloading first wheel ΔF’

1z∗,max = ΔF’
z∗,max
2

1.7405 kN
Minimum force overloading first wheel ΔF’

1z∗,min = ΔF’
z∗,min
2

0.141 kN
Additional maximum vertical reaction force in wheels (Equation (25) of [36]) ΔQ1,max 2.007 kN
Additional minimum vertical reaction force in wheels (Equation (25) of [36]) ΔQ1,min −0.125 kN

Nominal vertical force loading the wheels Qnom = Q/N 93.401 kN
Minimum vertical wheel reaction force Qjk,min = Qnom+ΔQ1,min 93.276 kN
Minimum vertical wheel reaction force Qjk,max = Qnom+ΔQ1,max 95.408 kN

1 Calculated according to methodology described in [36].

With the data from Table 5, the final assessment of safety against derailment can be
conducted. This is performed using Equation (11) and the calculated value is equal to
1.0698. According to [28], when using the theoretical assessment methods, the limit value
of 1.2 is reduced by 10%, which means that the limit value of Nadal’s criterion should be
set to 1.08 and compared with the calculated value, as shown in Equation (12).(

Y
Q

)
ja
=

Yja

Qjk,min+ΔQj
;

Yja

Qjk,min+ΔQj
≤
(

Y
Q

)
lim

(11)

(
Y
Q

)
ja
≤
(

Y
Q

)
lim

; 1.0698 ≤ 1.08 (12)

Data for the safety against derailment evaluation criterion for all wagon types consid-
ered are given in Table 5.
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Table 5. Safety criterion for different wagon types.

Criterion
Wagon with
Fixing Block

Front Wagon
Intermediate

Wagon
Empty Wagon(

Y
Q

)
ja
≤ 1.08 1.0698 0.8024 0.8295 0.8268

The obtained values of the safety criterion for all wagon types considered are lower
than the limit value of 1.08, which means that for specialized train composition for trans-
portation of long rails, the requirement for safety against derailment is fulfilled.

The developed model allows us to evaluate the influence of individual factors like
pivot distance, own weight, number of rails, movement speed, overhang of the outer rail of
the track, friction coefficient, etc., on the criterion. It was found that the friction coefficient
has the most serious influence. By increasing its value by only one hundredth from 0.36
to 0.37, the criterion increases from 1.0698 to 1.0874 and exceeds the permissible limits for
theoretical evaluation.

The remaining parameters have relatively less influence on the change in intensity
of the criterion. For example, when reducing the number of rails from 60 (four rows with
15 rails each) to 45 (three rows with 15 rails each) as recommended in [29] (the reduction
by 25%), the criterion decreases from 1.0698 to 1.0450, i.e., by only 2.37%, which is within
the computational error. This makes it inexpedient to use an approach from [29] with only
three layers of long rails in the composition.

5. Conclusions

The present study proposes a theoretical method for assessment of safety against
derailment of a specialized train composition for the transportation of long rails. For
this purpose, a method was developed to determine the horizontal forces in the vertical
stanchions of the wagon, occurring when they contact the transported rails in a curved
section of the track. The forces are used in the computational model for the study of safety
against derailment and an evaluation is made according to Nadal’s criterion.

• Four different types of train composition wagons were considered: a wagon with
fixing blocks, front wagon, intermediate wagon, and an empty wagon. The analysis
of the results shows that the wagon with fixing blocks is most at risk of derailment.
The obtained value (Table 4) fully corresponds to the requirements of the normative
documents not only for real tests (<1.2), but also for theoretical studies (<1.08).

• The front and intermediate wagons have criterion values very close to that of the empty
wagon. This shows that the emerging horizontal elastic forces do not significantly
influence the derailment process.

• The developed model allows us to evaluate the influence of individual factors like
pivot distance, own weight, number of rails, movement speed, overhang of the outer
rail of the track, friction coefficient, etc., on the safety against derailment criterion.

• The transportation of long rails can be carried out with wagons that have different
parameters (length, base, width, own weight, load capacity, etc.). After analyzing
the mentioned parameters, the authors propose the most efficient version of the
specialized train composition for 120 m long rails. When using another modification
in the wagons or another rail length, the mentioned efficiency cannot be guaranteed.

• The obtained results show that the transportation of long rails with specialized train
composition can be realized on four levels. This will significantly increase the efficiency
of operators when delivering long new rails.

The transportation of rails on more than three levels is not new in global practice
and is widely used in India (a record was set there for the transportation of rails with a
length of 260 m, in five rows with 12 rails each), the USA, Russia, etc. (in four rows with
12–15 rails each).
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For future research, it would be necessary to conduct a physical validation of the
model. This will certainly be carried out if there is a proposal from companies carrying out
the transportation of long rails.
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Abstract: The assessment of safety against freight wagons’ derailment is a mandatory element of the
documents provided to the EU notifying authorities of the entry into service of new freight wagons.
The assessment methodology is presented in EN 14363:2019. It is mainly aimed at the experimental
measurement of certain parameters, and the data are used to calculate the safety criterion. The
practical implementation of the tests is accompanied by many difficulties: finding a track with a
proper radius, ensuring free access to the railway infrastructure for a long period of time, waiting
for suitable metrological conditions, preparing the curve and the test wagon, etc. These difficulties
are well known to the European legislators, and as a solution, they propose a large set of reference
wagons that have undergone real tests. It is sufficient to demonstrate that the parameters of the new
wagon relate to some of the reference wagon parameters to avoid such a requirement. Proving the
“convergence” of the parameters of the new and the reference wagons is a lengthy, complex, and, in
many cases, subjective process. To introduce an objective assessment, the authors set themselves the
task of developing a theoretical method to assess safety against derailment.

Keywords: railway; freight wagon; derailment; safety; assessment

1. Introduction

The methods for assessing safety against derailment for new vehicle acceptance are
mostly performed using some combination of testing and theoretical mathematical calcula-
tions or simulations. Most methods are based on dynamic tests, which can be performed as
controlled tests in a laboratory or as long runs under representative service conditions or
under the described test conditions, using exactly defined track characteristics and statisti-
cal assessment methods. All three test types have their advantages and disadvantages, as
described in [1].

There are many methods used for evaluating safety against derailments worldwide.
A good overview of these methods is given in [1]. Theoretical mathematical calculations
have a long tradition since the first attempts from Hertz [2], Klingel [3], and Nadal [4] to
mathematically describe the processes occurring in the wheel–rail interface. In particular,
the Nadal criterion [4] sets the basics for further developing theoretical methods to assess
safety against derailment [5–8]. Today, it is applied in different international and European
normative documents [9,10].

On the other hand, the experimental measurement of certain parameters relevant
to derailment safety is still a standard procedure for approving new freight wagons for
operational commissioning. The measured values of these parameters are then used
to calculate the safety criterion; if the limit values are not exceeded, the new wagon is
approved. The performance of these tests is strictly regulated by international and European
authorities in standards and regulatory works [9,10]. Even if these test procedures and
conditions are strictly described, some new approaches and methods for measuring forces
and displacements are used nowadays [11,12]. However, the practical implementation
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of the tests is accompanied by many difficulties: finding a track with a proper radius,
ensuring free access to the railway infrastructure for a long period of time, waiting for
suitable metrological conditions, preparing the curve and the test wagon, etc. For the
wagon manufacturers, these difficulties mean long-term approval procedures and higher
expenses. This is why most wagon manufacturers attempt to avoid dynamic tests since
this is possible according to EN 14363:2019 [9]. The required evidence and procedure for
acceptance are well defined in this European standard, and, thus, it is possible to compare
the resulting parameters from the theoretical calculations or simulations of safety against
derailment with parameters of reference wagons that have undergone real tests. This
approach is allowed according to clause 6.1.5.2.6 of EN 14363:2019 [9] when using Method
2 for the assessment. This method is described in detail in Section 2 of this paper.

When using Method 2 of EN 14363:2019 [9], it is necessary to determine the vertical
and transversal forces acting in wheel–rail contact. In tests, these parameters are measured
directly. It is not explicitly pointed out which theoretical method or type of simulation
should be used. The only condition is that the method used for calculation or simulation
delivers sufficiently reliable results that are close enough to the results from dynamic
tests. Depending on the mechanism that causes derailment of wagons, many methods that
determine forces and displacements exist. As mentioned above, a very good overview of
these methods is given in [1].

Many methods are based on the flange climb in the wheel–rail contact [13–16], which
is the most frequent reason for derailment. Many researchers in this field deal with geo-
metrical properties of wheel–rail contact on straight tracks or in curves [13,15], including
dynamic properties of suspension, while others propose methods to control these pro-
cesses [14,16].

Some researchers deal with derailment caused by other mechanisms: passing through
an S-shaped curve [17], passing through turnouts and switches [18], or due to track fail-
ure [19]. There is also research on the effects of wind loads on dynamic behavior and
derailment of the train composition [20]. New methodologies are also presented with some
non-standard approaches, like a response surface methodology [21].

Over the last 70 years, computer development has allowed their very intense use
in numerical and multibody simulations, as well as in testing and analysis techniques.
There is much research using multibody dynamic approaches to assess safety against
derailment [22,23]. Also, other types of simulations are used for this purpose [24,25].
Many simulation methods have their advantages and problems [1,24–26]. The main issue
for simulations and theoretical calculations in the last decades is that a vehicle model
must be validated in tests; it is still unclear what can be determined as a validated model.
In [10], computer simulations were introduced to supplement or replace testing and to be
used as an alternative assessment method. The same thing happened in the last version
of [9], but with some restrictions regarding the validation procedure: in Europe, for every
new freight wagon that should enter the service across European railways, mandatory
documents provided to the EU notifying authorities is an assessment of safety against
derailment. According to Method 2 of EN 14363:2019 [9], it is sufficient to demonstrate
that the parameters of the new wagon relate to some of the reference wagon parameters to
avoid such a requirement. Proving the “convergence” of the parameters of the new and the
reference wagons is a lengthy, complex, and, in many cases, subjective process.

The final decision is met by the notified bodies, independent of the method used for
theoretical calculations or simulations. The notified body will accept a new freight wagon
for commissioning if safety against derailment is proven and assessed with appropriate
methods or simulation. Moreover, the multibody approaches and different simulations and
theoretical methods can be very complex, as well as costly and time-consuming. From the
perspective of the wagon manufacturers, the used method must be objective enough, fast
in fulfillment, not expensive, and capable of delivering reliable results.

This work introduces an objective theoretical method to assess safety against de-
railment. Consequently, it is possible to shorten the time and the costs of the approval
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procedure. The results obtained from theoretical analyses, as described in Section 3, were
compared and validated with results from experimental tests carried out on real objects to
achieve a sufficient degree of validation.

2. Method for Assessment of Theoretical Safety against Freight Wagon Derailment

In accordance with EN 14363:2019 [9], Section 6.1, Method 2 (paragraph 6.1.5.2), when
analyzing the safety criterion against derailment, Equation (1) must be considered:(

Y
Q

)
ja
=

Yja

Qjk,min+ΔQjH
;

Yja

Qjk,min+ΔQjH
≤
(

Y
Q

)
lim

(1)

where Yja is the reaction of the rail at its contact with the attacking wheel, Qjk,min is the
lowest value of the vertical reaction of the wheel calculated when the frame of the wagon
is twisted, and ΔQjH is a load on the wheel from the moment of the forces acting on the
2 wheels of the examined wheel axle (Figure 1). The value of (Y/Q)lim is equal to 1.2, and
the railway vehicle is safe against derailment if (Y/Q)ja ≤ 1.2.

Figure 1. Forces acting in wheel–rail contact.

The component ΔQjH is determined using Equation (2):

ΔQjH= (Yja + Yji).
h

2b0
(2)

where Yja is the total reaction of the rail at its contact with the attacking (outer) wheel; h is
the effective height above the rail of the journal box suspension (for the most commonly
used bogie, Y25, h = 365 mm is assumed); Yji is horizontal load force between the inner
(non-attacking) wheel of the examined axle and the inner rail (Figure 1); 2b0 is the nominal
transverse distance between the contact points of the wheels (2b0 = 1500 mm is assumed);
j is index (number) of the examined axle; a is index (number) of the outer wheel; and i is
index of the inner wheel.

For the theoretical assessment of the criterion from Equation (1), it is necessary to
apply appropriate methods for the theoretical determination of the following parameters:

• Yja—the total reaction of the rail in contact with the attacking (outer) wheel. The
parameter is involved in Equations (1) and (2).

• Yji—the horizontal load force between the inner (non-attacking) wheel of the examined
track axle and the inner rail. The parameter is involved in Equation (2).

• Qjk,min—the lowest value of the vertical reaction of the wheel calculated when the
frame of the wagon is twisted. The parameter is involved in Equation (1).

The methods for determining these three important parameters are given in the next
three subsections and represent the main goal of our paper.
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2.1. Methodology for Theoretical Determination of Leading Forces, Ya, on Axles of Railway Vehicles
with Bogies

In [27], a theoretical method for determining the total reaction of the rail on the wheels
of a bogie is proposed. Briefly, the method consists of the following: when moving on a
curved section of the rail track, the wagon performs two movements—translational and
rotational. The rotation occurs around the center of rotation, M (Figure 2), characterized by
the pole distance, x, which can be determined using Equation (3):

x = l +
R.σb
2.l

(3)

where 2.l is the distance between wheelsets of the bogie (for compliance with European
standards, it should be noted that 2.l = 2a+), R is the radius of the calculation curve, and σb
is the current coordinate.

Figure 2. Movement of bogie in curved section of the track.

The current coordinate, σb, depends on the position of the bogie when passing a
curved section of the track. In Figure 3, the bogie is represented by section AB (AB′ or AB′′).
For this purpose, the transverse dimensions of the track with gauge 2s and of the bogie are
reduced by the constant amount, 2d, defining the transverse distance between the bases of
the wheel flanges of the same axle.

Figure 3. Representation of bogie moving in curved section of the track.

The bases of the flanges of the two wheels merge and are represented in Figure 3 as
points A and B (B′ and B′′). The same points depict the attacking (A) and the non-attacking
(B) axle, respectively.

The reduced gauge is determined via Equation (4):

σ = 2s − 2d =Δ + δ (4)
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where Δ is the total clearance between the flange and the rail, equal to 0.01 m; and δ is an
additional expansion of the rail track in a curved section depending on the radius of the
calculation curve, as determined with data from Table 1 [27].

Table 1. Additional expansion of the rail track in a curved section depends on the radius of the
calculation curve [13].

Radius R (m) δ (mm)

125–150 20
150–180 15
180–250 10
250–300 5
Over 300 0

In this way, the calculated value represents the maximum total clearance between the
rails and the axle in a curved section of the rail track. In Figure 3, the attacking axle (point
A) always contacts the outer rail. Depending on the movement speed and the radius of the
curve, the second axle (point B or B’ or B”) can take one of the following positions:

• AB—maximum crossing (σb = σ = Δ + δ);
• AB′—free settling (0 ≤ σb ≤ δ);
• AB′′—maximum displacement (σb = 0).

When moving in a curve, the following forces act on the bogie (Figure 4):

 

Figure 4. Forces acting on the bogie while moving in a curve.

1. The transverse force, H, is induced by the centrifugal (Hc) and wind (Hw) forces. It is
applied at the mass center of the wagon and is determined via Equation (5):

H = Hc + Hw (5)

2. The centrifugal force is defined using Equation (6):

Hc= P.(
v2

R.g
− h

2.s
) (6)

where P (in [N]) is the weight of the wagon, v (in [m/s]) is the movement speed, g (in
[m/s2]) is the gravitational acceleration, R (in [m]) is the curve radius, 2.s (in [mm]) is the
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distance between wheels rolling circles (normal track width 2.s = 1500 mm), and h (in [mm])
is the overhang of the outer rail determined from the table in Figure 5 [27].

 
Figure 5. Overhang of the outer rail, depending on radius of curve and movement speed [27].

3. The wind force is determined via Equation (7):

Hw= F.W (7)

where F is the surface of the wagon on which the wind is acting (in [m2]), and W is the
wind pressure (in [N/m2]).

4. The frictional forces Φ obtained because of the rotation around the pole M are deter-
mined using Equation (8):

Φ = μ.Nst (8)

where μ is the coefficient of friction between the wheel and the rail, and Nst is the static
vertical load on one wheel, as determined using Equation (9):

Nst =
P
N

(9)

where N is the number of wheels. For compliance with European standards, it should be
noted that Nst = Qnom.

5. The total reaction Yi from rails on the wheelset i are obtained from the equilibrium
conditions ΣY = 0 and ΣMM = 0, according to Equation (10):

∣∣∣∣∣ Y1 − Y2 − H − 2.Φ.cosα1 + 2Φcosα2 = 0

Y1x + Y2(2l − x)− H(x − l)− 2Φ.r1−2Φ.r2 =0
(10)

where Φyi is the component of force Φ along the y-axis, and ri is the distance from pole M
to the corresponding contact point between the rail and wheel of the i-th wheel axle.
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In Equation (10), there are four unknown terms implicitly set by the centrifugal forces:
Y1, Y2, x, and speed v. Therefore, the total reactions, Y1 and Y2, are determined according
to the following methodology, and the graphical representation is shown in Figure 6.

Figure 6. Graphical representation of dependencies Y1 = Y1(v) and Y2 = Y2(v) [13].

Step 1. It is assumed that the bogie is in the limit state between “maximum overshoot”
and “free settling”. It is possible at a precisely determined but unknown speed, v1. From
the condition for the considered boundary condition, it follows that the distance from pole
M, according to Equation (11), is

x = xmax = l +
R.σb
2.l

(11)

which is typical for the “maximum overshoot” position. It also follows that the total reaction
of the second wheel axle is zero, e.g.,

Y2 = 0 (12)

which is typical for the “free settling” position.
This allows Equation (10) to be solved and to obtain specific values for Y1 and v1,

which are typical for the limited state. When solving Equation (10), it is possible for Y1 or
for v1 to obtain negative values. This indicates that the boundary condition is not valid for
the specified track and bogie parameters. In this case, it is necessary to go to Step 3 of the
current methodology.

Step 2. When the bogie is in the “maximum overshoot” state, it will move with a speed
in the interval from 0 to v1, and the pole distance will be x = xmax. Therefore, the system
of Equation (10) can be solved concerning Y1 and Y2 by setting discrete movement speed
values in the specified interval.

Step 3. It is assumed that the bogie is in a limited state between free settling and
maximum displacement. From this, the next conditions are shown in the following
Equation (13):

x = xmin = l and Y2 = 0 (13)

Movement speed v2 and force Y1, in this case, can be found by solving Equation (10)
under the conditions of Equation (13).

Step 4. If the bogie is freely fixed (Y2 = 0), then, in Equation (10), there are three
unknowns: Y1, v, and x. In this case, the condition in Equation (14) is relevant:

v1 < v < v2 and xmin< x < xmax (14)
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Therefore, it is possible to obtain the remaining two unknowns by setting discrete
values of v or x in Equation (10). The calculation process is greatly simplified when setting
values of the parameter x.

Step 5. If the design speed of the wagon, vk, is higher than v2, it is necessary to build the
third zone of the horizontal dynamic calculations, i.e., the zone of maximum displacement.
In this case, the condition in Equation (15) is valid:

x = xmin = l (15)

Therefore, by setting movement speed values in the interval between v2 and vk, the
full reaction forces, Y1 and Y2, can be determined.

The methodology proposed above allows us to determine the full reactions, Y1 and
Y2, of the first- and second-wheel axles of each bogie at different speeds, curve radii,
specific track parameters, different wheel loads, different bogie wheel axle distances, and
other parameters.

2.2. Methodology for Theoretical Determination of the Horizontal Load Force between the Inner
(Non-Attacking) Wheel Yji of the Investigated Wheel Axle and the Inner Rail

The inner wheel of the examined wheel axle does not contact its flange with the
corresponding rail. Therefore, the horizontal force acting between them arises from the
frictional forces, which are determined via Equation (16):

Yji = μ.Qji = μ.
(
2.Qnom − Qja,min

)
(16)

where μ is the coefficient of friction between the wheel and the rail, assumed to be equal to
0.4 for clean and dry rails, Qji is the vertical load force of the inner wheel (index i) on axle j,
Qnom is the nominal vertical load force of the wagon wheels, and Qja,min is the minimum
vertical force acting on the outer (attacking) wheel of axle j. It is determined in accordance
with the methodology given in Section 2.3. of this paper. Qnom is determined using the
ratio of the force from the weight of the wagon Q and the number of wheels of the vehicle
N, as given in Equation (17):

Qnom =
Q
N

(17)

2.3. Methodology for Theoretical Determination of the Smallest Value of the Vertical Reaction of the
Wheel, Qjk„min, Calculated during Torsion of the Wagon Frame

The proposed methodology for the theoretical determination of the minimum value of
the vertical reaction of the wheels, Qjk„min, allows us to obtain the corresponding maximum
value of this parameter, Qjk„max. The calculations are carried out in the following sequence:

1. The frame of the wagon is loaded with an arbitrary force, ΔFp (Figure 7), according
to UIC Leaflet 432 [28], and the deflection of the frame, Δzp, in the area around the
lateral supports is determined (Figure 8).

2. In accordance with EN 14363 [9], the minimum deflection of the frame Δz* is deter-
mined, which should be reached during the real (in situ) testing of the wagon. It is
determined via Equation (18), subject to the requirement in Equation (19). In this case,
2a* is valid for wagon frames with pivot distances between 4 and 30 m.

Δz∗ = g∗ .2a∗ (18)

g∗ =
15
2a∗ + 2 (19)

3. Recalculation of the force ΔFp from step 1 for loading the wagon frame to achieve the
minimum deflection Δz* according to Equation (20):
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ΔFz∗ =
ΔFp.Δz∗

Δzp
(20)

The result of Equation (20) gives the force that acts on one side of the bogie in the area
around the lateral support in Figure 8. This means that force ΔFz* significantly loads the
two unilaterally located wheels and significantly less for the other two.

Figure 7. Forces acting on wagon frame during torsion tests.

Figure 8. Area of lateral support in which the deflection of the frame is measured.

4. The force ΔFz* is then transmitted from the lateral support to the side beams of the
bogie with a value of ΔF′

z*max and ΔF′
z*min according to Equations (21) and (22). The

corresponding distances, b1F and bs, are shown in Figure 9.

ΔF′
z∗,max =

ΔFz∗.(b1F + bs)

2b1F
(21)

ΔF′
z∗,min = ΔFz∗ − ΔF′

z∗,max (22)
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From the side beam, the forces ΔF′
z*max and ΔF′

z*min are distributed between the two
axle journals of the overloaded and the two axle journals of the unloaded wheels, with
the forces ΔF′

z*max and ΔF′
z*min acting on the first (attacking) wheel axle, defined using

Equations (23) and (24):

ΔF′
1z∗,max =

ΔF′
z∗,max

2
(23)

ΔF′
1z∗,min =

ΔF′
z∗,min

2
(24)

From the corresponding axle journal, the forces from Equations (23) and (24) cause addi-
tional reactions in the two wheels, with values defined in Equations (25) and (26):

ΔQ1,max =
ΔF′

1z∗,max .(b1F + b0)− ΔF′
1z∗,min.(b1F − b0)

2b0
(25)

ΔQ1,min = ΔF′
1z∗,max + ΔF′

1z∗,min − ΔQ1,max (26)

Figure 9. Forces acting on the standard Y25 bogie with distances used for calculations.

5. The minimum value of the wheel reaction, Qjk„min, is determined using Equation (27),
and the maximum value is evaluated using Equation (28), respectively:

Qjk,min = Qnom + ΔQ1,min (27)

Qjk,max = Qnom + ΔQ1,max (28)

where the force Qnom is determined via Equation (17).

3. Results from the Theoretical Derailment Safety Assessment

This study was conducted only for the first bogie axle of a Sggmrss series wagon
(90 feet) in an unloaded condition equipped with a standard Y25 bogie. The reason for
this is that theoretical analyses categorically state that the first wheel axle of an unloaded
wagon is most at risk of derailment. This conclusion is also confirmed in the test results
of all wagons from the reference list given in UIC Leaflet 530-2 [29]. This was also found
during field tests of the same wagon [11,30]. The initial data used in the theoretical study
are as follows:

• Tare weight of the wagon, 27.5 t;
• Curve radius, R = 150 m;
• Clearance between flanges and rail threads in a straight section of the track, equal to

δ = 0.01 m;
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• Additional tracks widening in a curved section, δ = 0.002 m (in accordance with the
test data of the wagon [30]);

• Coefficient of friction between the rail and the wheel, μ = 0.4;
• Wheel axle distance, a+ = 1.8 m;
• Pivot distance (for one wagon section only), a* = 11.995 m;
• Speed of passing through the curve, v = 7 km/h (in accordance with the test data of

the wagon [30]);
• Wind pressure, W = 0 N/m2 (in accordance with the test data of the wagon [30]);
• Distance between the rolling circles of the two wheels of the same axle, 2b0 = 1.5 m;
• Transverse distance between the axle journals, 2bjF = 2.0 m;
• Distance between the side supports on the bogie, 2bs = 1.7 m;
• Overhang of the outer rail, h = 0.15 m;
• Earth acceleration, g = 9.81 m/s2.

For the theoretical determination of the safety criterion against derailment of a Sggmrss
wagon (90 feet), the methods described in detail in Section 2 of this paper were applied.
The results from the calculations conducted with the mentioned methodology are given in
Table 2.

Table 2. Results from the calculation needed for determination of safety against derailment.

Parameter Value Remark

v1 58.3 km/h Methodology from Section 2.1.
Y1 = Y1a 24.718 kN Methodology from Section 2.1.

Y1i −14.024 kN Methodology from Section 2.2.
g* 3.251‰ Equation (19)

Δz* 39 mm Equation (18)

ΔFp 50 kN The selected load value for the
torsional stiffness test [30]

Δzp 0.08265 mm Deflection of the frame under the
Load, ΔFp, determined in [31]

ΔFz* 23.59 kN Equation (20)
ΔF’z*,max 21.82 kN Equation (21)
ΔF’z*,min 1.769 kN Equation (22)
ΔF’1z*,max 10.909 kN Equation (23)
ΔF’1z*,min 0.885 kN Equation (24)
ΔQ1,max 12.58 kN Equation (25)
ΔQ1,min −0.7862 kN Equation (26)

Qnom 22.48 kN Equation (17)
Qjk,min 21.695 kN Equation (27)
Qjk,max 35.061 kN Equation (28)

With the data from Table 2, the final assessment of safety against derailment can be
conducted. This is performed using Equation (1), and the calculated value is equal to 1.017.
According to [9], when using the theoretical assessment methods, the limit value of 1.2 is
reduced by 10%, which means that the limit value of Nadal’s criterion should be set to 1.08
and compared with the calculated value, as shown in Equation (29).(

Y
Q

)
ja
= 1.017; 1.017 ≤ 1.08 (29)

The obtained value of the safety criterion, 1.017, is lower than the limit value, 1.08,
meaning that, for wagon series Sggmrss, the requirement for safety against derailment
is fulfilled.

4. Discussion

The partial results from the experimental study are given in [11,30]. In [11], as well as
in this paper, only an excerpt of the results is presented due to the sensitivity and confi-

49



Appl. Sci. 2023, 13, 12698

dentiality of the data contained in the report [30], as requested by the wagon manufacturer.
For the final assessment in tests, not all parameters from Table 2 were determined, but only
a few of them, which are necessary for the assessment and measured directly or indirectly.
These parameters are Y1i, Δz*, Qnom, and Qjk„min. A comparison of the results from tests
and calculations is given in Table 3.

Table 3. Comparison of results from the calculation and test.

Parameter Value from Calculation Value from Test

Y1i −14.024 kN −13.5 kN
Δz* 39 mm 40.1 mm

Qnom 22.48 kN 22.10 kN
Qjk,min 21.695 kN 19.81 kN

The values for the lateral force, Y1i, were measured in the test on the flat track with a
radius of 150 m, while forces Qnom and Qjk,min were measured on the twist test rig, as well
as Δz* [11,30]. It should be noted that all values of parameters measured in the tests are
the average values from different numbers of tests (seven tests on twist rig and three on
flat track) conducted. In [30], the measurement uncertainty was determined at 1.4% for
vertical forces and 1.2% for displacements and twists. This, along with wagon imperfections
caused by production, welding, and other influential factors, explains the deviation from
the theoretical assumptions.

The results from the tests also confirm that the safety against derailment for this wagon
fulfills the requirements. The value obtained in the tests is equal to 1.03 (Table 1 in [11]). It
should be mentioned that the limit value in this case is set to 1.2, as stated in Equation (1)
and Reference [9].

Table 3 shows that the values of measured and calculated parameters are close enough
(in order of ±10%). This gives reason to claim that the proposed theoretical safety as-
sessment method delivers very good results and can be used for the safety assessment of
similar wagons.

The advantages of our method compared to similar methods are mainly the use of
fewer input parameters, simplicity, and no need for complex simulations. On the other
hand, the proposed method uses some initial parameters for which assumptions are made
(the value of the coefficient of friction, μ) or for which their values are determined in
tests (additional tracks widening in a curved section (δ) or wind pressure (W)). With other
values for these parameters, safety against derailment would have values other than the
calculated values, and the final fulfillment could be questionable. This is the reason why
it would be necessary to conduct more assessments using the proposed method and on
different wagon series for future research. This would help to additionally verify the results
from calculations.

5. Conclusions

It is possible to save costs and time for the acceptance procedure by using the resulting
parameters from the theoretical calculations of safety against derailment with the proposed
method and by comparing them with the parameters of the reference wagons that have
undergone real tests. This approach is allowed by clause 6.1.5.2.6 of EN 14363:2019 [9].
In this paper, we show that the proposed methodology for calculating safety against
derailment gives good results and is verified in a test on a real object, the wagon Sggmrss
series. For future research, it would be necessary to conduct more theoretical assessments
using the proposed method on different wagon series, as doing so would help to verify
the calculation results. The proposed theoretical safety assessment method can be used to
study the safety regarding derailment for other new wagons and railway vehicles.

However, the final decision on whether the proposed method is appropriate for the
assessment of safety in terms of preventing derailment lies with the notified body. If the
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authorities are satisfied with the results obtained in the theoretical calculation, this method
could be allowed to be used for the assessment.
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(a) Front view (b) Side view 
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Abstract: The flow-induced vibration characteristic of the U-section rubber outer windshield structure
of high-speed train is the key factor to limit its high-speed movement. Accurate and effective
flow-induced vibration analysis of windshield structures is an important topic. In this paper, a
hybrid modeling method for the analysis of flow-induced vibration of windshield structure is
innovatively proposed for the U-section rubber windshield system of high-speed train. The method
uses the external aerodynamic load obtained by aerodynamic simulation as the input condition
of the flow-induced vibration model, and maps the aerodynamic load to the structural dynamics
model characterized by the modal test data of the windshield structure. The flow-induced vibration
model is established by means of modal superposition method and the time-domain response is
effectively integrated by Runge Kutta method with variable step size. The results show that this
method can effectively simulate the flow induced vibration of the wind baffle structure, and the
real-time relationship between the aerodynamic load and the modal characteristics of the structure
and the response of displacement and velocity can be obtained. On this basis, the comprehensive
dynamic performance of the windshield system of high-speed trains at 400 km/h under external
aerodynamic load is studied, that is, the force, displacement and velocity variation rules of the flexible
structure are examined. It is determined that the displacement and velocity response curve of the
measuring point near the lower side of the U-section rubber outer windshield is significantly higher
than that of other parts. Moreover, the contribution of the first mode to the dynamic response of the
structure is very obvious. This method provides an efficient calculation method for analyzing the
flow-induced vibration characteristics of complex flexible structures.

Keywords: U-section rubber outer windshield structure of high-speed trains; aerodynamic simulation;
modal test; modal superposition method; flow-induced vibration model

1. Introduction

The windshield system is a flexible structure connecting the two car ends of the high-
speed train, usually composed of outer windshield and inner windshield. The design of
the windshield system reduces not only the aerodynamic resistance of train operation but
also the aerodynamic noise of the connection between the two car ends [1–6]. According
to the train operation and maintenance data, once the train operating speed increases, the
aerodynamic effect surges, and the lightweight design requirements make the windshield
system more sensitive to flow-induced vibration [7–13], which intensifies the flow-induced
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vibration phenomenon of the outer windshield structure, and the windshield is obviously
turned out or even torn. Therefore, when designing a higher speed train, the flow-induced
vibration characteristics of the windshield system are a key design consideration [3,14–20].

In the current study, the analysis methods related to flow-induced vibration are
roughly divided into two categories [13,21–28]. (1) Means of monitoring analysis through
experiments. Cai Jianming et al. [29] determined in the following test that the U-shaped
rubber outer windshield of some high-speed trains had a gap between the windshield
connection between the two cars due to the installation process problem. When the train
runs at a high speed, high-frequency vibrations occur at the inner windshield at the end of
the train where there is a gap in the outer windshield. Wang Haiyan et al. [30] conducted
a modal test on the inner windshield of high-speed trains with a speed of 350 km/h,
and obtained the vibration characteristics of the inner windshield. The modal test was
combined with the real vehicle dynamic test to compare and analyze the dynamic influence
of the outer windshield on the inner windshield under the condition of with or without
gaps in the outer windshield. Li Suxuan et al. [31] studied the vibration and deformation
causes of the outer windshield with a maximum speed of 350 km/h, and analyzed the
abnormal vibration and high noise of the inner windshield in detail through experiments
and data analysis. However, due to the relatively high cost of experimental testing, it
is only suitable for testing of finished products, not for the design stage. (2) Modeling
and simulation analysis with the help of commercial software. With the improvement of
computer performance and the rapid development of computational mechanics, numerical
calculation methods have gradually become a very important research method in train
aerodynamics. The numerical calculation method can analyze the influence of a certain
parameter separately, which is a very important research method in train aerodynamics.
Numerical calculation methods are much more convenient, cheaper, and can consider
a variety of situations separately, which is why they are the most widely used research
methods. Many scholars have carried out extensive research on train aerodynamics based
on numerical calculation methods. Liu Zhen et al. [32] conducted a fatigue life analysis
under aerodynamic load on the CRH2-300 EMU rubber windshield, which was used to
explore the problem of cracks in the rubber outer windshield. Wang et al. [33] used the
FLDutil module of the fluid software SC/Tetra (version 11.0) and the input port of the
analysis software Ansys (version 10.0) to analyze the load of the high-speed trains to
obtain its response and analyze the vibration situation. Miao [34] used three-dimensional
numerical methods to discuss the influence of four schemes: full enveloping windshield,
top open windshield, bottom open windshield, and top end and low end simultaneous
opening windshield on the aerodynamic performance of high-speed trains, and obtained
the aerodynamic loads of the following trains under different schemes. Long [35] used
the Naiver–Stokes equation and the k-ε turbulence model to numerically simulate and
calculate the aerodynamic characteristics of high-speed trains on flat ground, bridges,
cuttings and embankments, and obtained the aerodynamic load of high-speed trains in
this driving environment. Wang [36] established a train aerodynamic model to study the
aerodynamic characteristics of high-speed trains under the action of two different lateral
winds: average wind and index wind. Ouyang [37] used hybrid LES/APE method to
simulate the unsteady flow field and the near-field aerodynamic noise of a 1/25 scale eight-
coach high-speed train in long tunnel to study the changes in sound pressure in different
cases, including tunnel with fully reflective walls and tunnel with fully absorptive walls
and open air. S. Maleki et al. [38] used various turbulence modeling approaches including
ELES, SAS, URANS and RANS to predict the aerodynamic flow around a double-stacked
freight wagon. A. Premoli [39] used computational fluid dynamics to investigate the effect
of the relative motion between train and infrastructure scenario.

However, the windshield material, structure and connection are complex, which not
only makes it difficult to model accurately, but also increases the number of modeling
degrees of freedom. In addition, the calculation time and efficiency of this method are low,
so it is difficult to apply it well to the dynamic response and fluid-structure interaction
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analysis of windshield system, and it is also difficult to apply it to the optimization de-
sign or selection stage. In summary, it is difficult to analyze the flow-induced vibration
characteristics of the windshield system quickly and accurately according to the existing
research methods.

The windshield structure in this paper is modeled by mode superposition method
based on the results of modal test, which is different from the previous works based on
finite element simulations. On the one hand, the current experiment-based model can
represent the dynamic characteristics of the windshield structure accurately without the
need for cumbersome and complicated structural modeling processes. On the other hand,
by using the mode superposition method, the computational efficiency of flow-induced
vibration simulation is greatly increased. At the same time, due to the application of the
mode superposition method, the aerodynamic loads under different operating conditions
can be mapped to the structural nodes easily. In general, this method provides an efficient
and reliable tool for the simulation of flow-induced vibration of complex flexible structures.

In this paper, a method is proposed to establish a flow-induced vibration simulation
model of windshield structure based on modal superposition method and then analyze
the flow-induced vibration characteristics of windshield structure by using aerodynamic
simulation data combined with structural modal test data as input, and the specific principle
is shown in Figure 1.

Figure 1. Schematic diagram of U-section rubber outer windshield structure flow-induced
vibration analysis.

The rest of this paper is organized as follows: Section 2 introduces the aerodynamic
simulation analysis and surface aerodynamic load extraction of U-section rubber wind-
shield. In Section 3, the modal experiment of U-section rubber outer windshield structure
and the analysis of the results are briefly summarized. In Section 4, the flow-induced vibra-
tion hybrid simulation method of U-section rubber outer windshield is introduced in detail.
In Section 5, based on the simulation method proposed in this paper, the dynamic response
of U-section rubber windshield was analyzed. Combined with the natural frequency of
the outer windshield, the vibration mechanism and vibration characteristics of the outer
windshield are summarized and discussed. Finally, Section 6 summarizes this research.

2. Extraction of Aerodynamic Load on U-Section Rubber Outer Windshield

In this section, an aerodynamic model of the U-section rubber outer windshield of high-
speed train is developed, and the modelling process and the analysis of the aerodynamic
load characteristics on the windshield surface are briefly described. In addition to this, an
integration method for the aerodynamic loads is also presented.

2.1. Geometric Model and Computational Setup

To reduce the amount of calculation, the aerodynamic simulation model of the U-
section rubber outer windshield adopts a three-car marshaling test train, including the
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head, middle and tail trains, and two groups of outer windshield structures. The middle
section of the train remains unchanged, and the shortened model has relatively little effect
on the flow field structure at the first windshield of the train [40]. During the numerical
simulation, the modeling is carried out in strict accordance with the installation and size of
the internal and outer windshields of the test train. In addition, the train’s height H = 4.0 m
is selected as the characteristic length, the width of the train is 0.8 H, and the length of the
train is 20.8 H. The established model of the high-speed train is shown in Figure 2.

Figure 2. Geometric model of the train.

The high-speed train adopts a U-section rubber outer windshield with two windshield
opening positions at the lower end and a total of four U-section rubber elements. The
U-section rubber outer windshield structure is shown in Figure 3.

Figure 3. Geometric model of U-section rubber outer windshield.

The commercial software STRA-CCM+ (version 2020.3) is used to simulate the flow of
the high-speed train in open line. The calculation area is shown in Figure 4. The calculation
domain is 66.4 H long, 20 H wide and 15 H high. The nose tip of the head train is 18 H from
the entrance of the calculation domain, and the nose tip of the tail train is 30 H from the
exit of the calculation domain. The train is located in the middle of the calculation domain,
and the lowest point of the wheelset is 0.05 H from the ground. The size ratio of the model
to the actual high-speed train is 1:8.
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Figure 4. Computational domain.

The velocity inlet boundary condition is adopted at the inlet of the calculation domain,
and the incoming flow velocity is set as 111 m/s. Pressure outlet boundary conditions are
adopted at the outlet. The ground is set as a no-slip boundary condition, the velocity is
consistent with the incoming flow velocity, and the rest are set to symmetry plane boundary
conditions. The entire computing area grid is divided by tetrahedral mesh, and the total
number of meshes is about 75 million; Figure 5 is a grid schematic. Three layers of nested
encryption areas are set near the train’s body, and the maximum grid scale is set to 200 mm,
400 mm, and 600 mm, respectively. Grid encryption is carried out on the train’s body, bogie,
windshield and other areas to ensure the accuracy of calculation. A 15-layer grid is set on
the surface of the train body, windshield and pantograph. The first layer grid thickness is
set to 0.02 mm, with a growth rate of 1.2, and the thickness of the first layer of the other
surfaces is set to 0.05 mm, with a growth rate of 1.2. Overall, y+ is around 1, which meets
the requirements of turbulence calculation [41–44].

Figure 5. Computational grids.

For high-Reynolds-number flows, as the range for time and length scales that describe
the flow depends on the Reynolds number, some level of turbulence modeling is required.
The air flow around the train is highly turbulent, three-dimensional and time-dependent,
and appropriate turbulence modeling is essential for accurate prediction. The model of
train is 1:8 scaled, the implicit solution method pressure-based is selected for the constant
flow field calculation, the SSTk − ω turbulence model is selected for numerical simulation,
the SIMPLE algorithm is selected for pressure–velocity coupling, the pressure adopts
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Standard discrete format, and the convection term and dissipation term are adopted in the
second-order windward discrete format. The unsteady flow field calculation adopts the
LES method, and the discrete momentum equation adopts the bounded center difference
format, with a time step of 5 × 10−5 s, and each step is iterated 20 times, for a total of
10,000 time steps.

In order to obtain the time history data of pulsating wind pressure of the flow field
in the windshield area, the measurement points are arranged on the outer windshield
of the train, and the three-group train has a total of two windshields, and a total of
479 measurement points are arranged on the inside and outside of each windshield. The
aerodynamic measurement point arrangement is shown in Figure 6.

Figure 6. Schematic diagram of outer windshield measurement points. (a) Measurement points
arranged circumferentially along the windshield section. (b) Lateral arrangement of measuring points
on the outer surface of windshield.
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2.2. Data Analysis

This section introduces the aerodynamic pressure distribution of the windshield surface
of the train and the extraction of the aerodynamic load of the surface measurement point.
Pressure cloud diagram of cross-section and surface of U-section rubber outer windshield
when the velocity of the train is 400 km/h in open line is shown in Figures 7 and 8. Because
the bottom of the windshield is close to the bogie area, and this area is similar to a groove, the
speed of air decreases rapidly and the pressure value increases when the air flows through
the windward side of bogie area. Through the arc connecting the wall and the train’s body,
the incoming flow separates, the speed begins to increase rapidly, causing its pressure to
decrease to a negative value. The upper side of the tail train is also affected by the separation
of incoming flow in the pantograph area, showing partial negative pressure in the area.

Figure 7. Pressure diagram of outer windshield section at 400 km/h. (a) Pressure diagram of head
train windshield section. (b) Pressure diagram of tail train windshield section.

Figure 8. Pressure diagram of U-section rubber outer windshield surface at 400 km/h. (a) Side
pressure cloud. (b) Side pressure cloud. (c) Top pressure cloud.

Through the flow field simulation calculation, the time history data of aerodynamic
pressure of all the windshield surface measurement points shown in Figure 6 can be obtained,
and the pressure change curve of the measurement points at different positions of the head
train’s windshield with time is shown in Figure 9, and it can be seen from the figure that the
pressure amplitude of the bottom of the train is larger and the pressure amplitude of the top of
the train is small. The pressure change curves of the measurement points at different positions
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of the windshield in the same horizontal plane are basically the same, and only the pressure
amplitude at the peaks and troughs of the pressure wave is different.

Figure 9. Aerodynamic pressure difference between inside and outside surface at different measuring
points of head train windshield. (a) The layout diagram of horizontal and longitudinal measurement
points. (b) Comparison of aerodynamic pressure difference at horizontal measurement points.
(c) Comparison of aerodynamic pressure difference at longitudinal measurement points.
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Next, all aerodynamic data of measurement points is extracted, and the aerodynamic
pressure of the measurement points is mapped to the structural modal measurement points
by the method of interpolation integration.

2.3. Aerodynamic Load Integration

Flow-induced vibration analysis needs to correspond the aerodynamic load of the
measurement point in the flow field analysis to the aerodynamic load of the modal test. Ac-
cording to the measurement point arranged during the modal test to divide the windshield
structure into multiple area units, in order to ensure a more accurate description of the
aerodynamic load, it is necessary to use as many measurement points as possible to study
the change in the aerodynamic load of the external flow field to the structure, and load the
measurement point in the aerodynamic simulation to the measurement point of the modal
test through the difference integration method. The mapping is shown in Figure 10. The
pressure per area unit can be obtained from the aerodynamic load and the unit area. The
detailed steps are described below.

Figure 10. Mapping between aerodynamic measuring points and modal measuring points.

The inner and outer structure of the windshield can be divided into four parts: upper,
lower, left and right. Each part of the structure establishes x-y local coordinates. The
coordinate positions corresponding to the aerodynamic simulation measurement points
and modal test measurement points of each part are ensured. Aerodynamic measurement
points are used to interpolate each area unit at different positions. Assuming n aerodynamic
pressure values are interpolated within an area unit, the average pressure for that area
unit is

P × n =
n

∑
i=1

pi. (1)

The pressure of each area unit can be expressed as

F = S × P, (2)

where S is the area of the area unit.

3. Modal Experiment and Analysis of U-Section Rubber Outer Windshield Structure

In this section, the modal test method for U-section rubber outer windshield structures
is presented and, based on this method, the natural frequencies, damping ratios and modal
shapes of the windshield structures are obtained.

3.1. Test Object, Measurement Point and Excitation Point Arrangement

Hammer method was used to test the structural modes, and signals were collected by
force sensor (force hammer) and acceleration sensor (measuring point). The lateral part of
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the structure of the outer windshield was selected as the main test object in this test (see
Figure 11a). The thickness of the root of the U-section rubber is 18 mm, the overall width
of the U-section rubber is 240 mm, and there is a pretension between the two U-section
rubbers. Twenty measuring points are arranged on the side of the windshield (see red
numbers Figure 11d). Three sets of tests were carried out at three different excitation points,
which were above point 7, in the middle of point 14 and 15, and on the upper side of point
10, as shown by the yellow five-pointed star in Figure 11d.

Figure 11. U-section rubber outer windshield structure and lateral part of the measurement points
(red number) and excitation points (yellow five-pointed star) schematic. (a) The layout diagram of
the modal experiment of the outer windshield. (b) The bottom section of the outer windshield. (c)
The bottom of outer windshield. (d) The measurement points (red number) and excitation points
(yellow five-pointed star).

3.2. Modal Analysis

After data of modal test collection, LMS PolyMAX module was used for mode ex-
traction. The peaks with relatively concentrated S value (the mode with stable frequency,
damping value and vector) were selected as the mode frequency, and the corresponding
mode shapes of each order were extracted. In the modal test of the lateral part of the outer
windshield structure, the results of the test under three different excitation points also have
a good agreement. Based on the data measured at these excitation points, the first nine
natural frequencies and damping ratios of the lateral part of the outer windshield can be
obtained, as shown in Table 1, and the corresponding mode shapes of the first six modes
are shown in Figure 12. The common point of the first four modes is large amplitude in the
middle and small amplitude on both sides (connecting with the end wall of the train).

Table 1. Modal frequency and damping ratio of outer windshield.

Mode Natural Frequency (Hz) Damping Ratio (%)

1 12.02 6.25
2 14.25 6.92
3 18.31 6.37
4 23.66 8.63
5 26.72 6.21
6 28.41 5.36
7 31.78 5.72
8 33.46 5.70
9 39.57 4.10
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Figure 12. The first four mode shapes of the lateral part of the outer windshield structure.
(a) ω1 = 12.02 Hz. (b) ω2 = 14.25 Hz. (c) ω3 = 18.31 Hz. (d) ω4 = 23.66 Hz. (e) ω5 = 26.72 Hz.
(f) ω6 = 28.41 Hz. Nodes 1–20 correspond to the modal test points in Figure 11d and different colored
lines represent the outer outline of the windshield structure.

4. Establishment of U-Section Rubber Outer Windshield Flow-Induced Vibration
Response Analysis Method

In this section, based on the modal superposition method, the time course curves
of the aerodynamic loads on the outer windshield surface in Section 2 and the modal
parameters of the outer windshield structure in Section 3 are used as inputs to build a
simulation model of the flow-induced vibration of the U-section rubber outer windshield.
The dynamic response of the model is solved using the Runge–Kutta method. In addition
to their mathematical formulation, the advantages of using each of these methods are
also presented.

4.1. Flow-Induced Vibration Model Based on Mode Superposition Method of U-Section Rubber
Outer Windshield Structure

The differential equation of motion for the outer windshield system can be expressed as

[M]
{ ..

x
}
+ [C]

{ .
x
}
+ [K]{x} = {f}, (3)

78



Appl. Sci. 2023, 13, 5813

where [M] is the mass matrix, [C] is the damping matrix, [K] is the stiffness matrix, all
of them are square matrices of order n, n is the degree of freedom of the system. {f} is
the generalized force vector, representing the force on each degree of freedom. {x} is
the generalized displacement matrix of the system, in which each parameter represents
the generalized displacement on the corresponding degree of freedom of the system.{ .

x
}

and
{ ..

x
}

represent the generalized velocity vector and the generalized acceleration
vector, respectively.

Generally, the degrees of freedom of a multi-degree-of-freedom system are coupled to
each other, its mass matrix, damping matrix and stiffness matrix are not diagonal matrices,
and it is not possible to convert the set of differential equations into individual differential
equations to solve them; they need to be converted into independent differential equa-
tions in modal coordinates to solve them through coordinate transformation. Coordinate
transformation of {x} is as follows:

{x} = [U]× {y}, (4)

where [U] is the coordinate transformation matrix. Substituting Equation (4) into Equation (3),
the differential equations of motion are converted into the form under modal coordinates:

[M][U]
{ ..

y
}
+ [C][U]

{ .
y
}
+ [K][U]{y} = {f}. (5)

Both sides of Equation (5) are left multiplied by the modal transpose matrix [U]T :

[U]T [M][U]
{ ..

y
}
+ [U]T [C][U]{ .

y}+ [U]T [K][U]{y} = [U]T{f}. (6)

The generalized mass matrix [Mn], generalized damping matrix [Cn], generalized
stiffness matrix [Kn] and generalized excitation

{
fp

}
are defined as

[Mn] = [U]T [M][U], (7)

[Cn] = [U]T [C][U], (8)

[Kn] = [U]T [K][U], (9)

{
fp

}
= [U]T{f}. (10)

Equation (6) can be expressed as

[Mn]{y}+ [Cn]
{ .

y
}
+ [Kn]{y} =

{
fp

}
. (11)

To ensure that the transformed equations can be decoupled, [Mn], [Cn], [Kn] are all diag-
onal matrices, and [U] is the modal matrix. To obtain [U], combining Equations (7) and (9)
leads to

[K][U] = [M][U][Mn]
−1[Kn], (12)

where both [Mn]
−1 and [K] are diagonal matrices of order n. The matrixobtained by

multiplying [Mn]
−1 and [K] is also a diagonal matrix, and the ith element on the diagonal

of this matrix is λi =
ki
mi

. Then, Equation (11) can be expressed as

[k1u1, k1u1, . . . knun] = [λ1m1u1, λ2m2u2, . . . , λnmnun]. (13)

That is, {u} is the generalized eigenvector of the mass matrix [M] and the stiffness matrix
[K], and the vector consisting of [λ1, λ2, . . . , λn] is its generalized eigenvalue. Equation (13) is
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the general eigenvalue problem if the mass matrix is the unit matrix, and therefore the modal
vectors can be normalized. The generalized mass matrix corresponding to the ith order modal
vector is

[Mi] = [ui]
T [M][ui]. (14)

[ui] is ith order modal vector. Normalization of the modal vector results in

[φi] =
ui√
Mi

. (15)

Equation (11) can be decomposed into n separate differential equations:

mi
..
yi + ci

.
yi + kiyi = fpi, (i = 1, 2, 3, . . . , n). (16)

Both sides of the equation are simultaneously divided by mi and have

ki
mi

= ω2
ni, (17)

ci
mi

= 2ζiωni. (18)

Thus, Equation (16) can be translated into

..
yl + 2ζiωi

.
yl + ω2

i yi =
fpi

mi
, (i = 1, 2, 3, . . . , n). (19)

Equation (18) is the differential equation of mode shape of the ith order. The modal
superposition method based on the measured modal data of the structure can effectively
restore the real mechanical properties of the windshield structure and avoid the problem of
oversimplification of the modal simulation model of the structure.

4.2. Dynamic Response of U-Section Rubber Outer Windshield Structure

For the motion differential Equation (19) of a system with multiple degrees of freedom,
it can be expressed as a matrix as follows:{ .

Y
..
Y

}
=

[
0 1

−ω2 −2δω2

]{
Y
.
Y

}
+

{
0
F

}
. (20)

Further, Equation (19) could write

.
X(t) = AX(t) + U(t), (21)

where

X(t) =

{
Y
.
Y

}

A =

[
0 1

−ω2 −2δω

]
,

U(t) =
{

0
F

} (22)

where X(t) is the state vector of the system, A is the system matrix, U(t) is the external load
vector. Equation (20) is the state equation of the system. The external load vector of each
time step and the state vector of the system in the matrix form of the equation of motion
can be obtained by the above derivation process.

The ode45 function in MATLAB uses the Runge–Kutta method to solve the differential
equation of motion of the structure under aerodynamic load and calculate the displacement
response. This method can solve nonlinear problems effectively and has the advantages of
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less computation and high precision. For the outer windshield structure, the displacement
of each measuring point over time can be expressed as

W(x, y, t) =
N

∑
i=1

φi(x, y)qi(t), (23)

where W(x, y, t) represents the displacement of a measuring point with coordinate (x, y)
with time t, φi(x, y) represents the ith mode of a measuring point with coordinate (x, y),
and qi(t) represents the displacement of a point with time t under generalized coordinates.
N is the number of modes of the first N order. As the Runge–Kutta method is solved
using variable step integration, the dynamic response curves obtained are not of the
same time step in the time domain and the results can be post-processed using numerical
interpolation methods.

5. Dynamic Response Analysis of U-Section Rubber Outer Windshield

Through the calculation and analysis of the U-section rubber outer windshield struc-
ture, it is determined that under the action of aerodynamic load, only the first three modes
of the outer windshield have major contributions, and the contributions of the latter modes
are negligible. In order to ensure accuracy, the first six modes are used for modal superposi-
tion in the flow-induced vibration analysis of windshield structure. Figure 13 is a schematic
diagram of the selection of measuring points for the displacement response of the U-section
rubber outer windshield. The left part corresponds to the left windshield in Figure 10d, and
the right part corresponds to the right windshield in Figure 10d. A total of 12 measuring
points are selected for analysis. On a common computer, Intel(R) Core(TM) i7-10750CPU is
used. The calculation time of this example is 16.74 s, which has engineering availability.

Figure 13. Schematic diagram of displacement response measurement point selection. The red circles
are the displacement response measurement point 1–12.

Figures 14 and 15 show the displacement and velocity response curves of the mea-
surement points on the left and right sides of the outer windshield within 6 s, respectively,
positive in the direction toward the outside of the windshield. It can be seen from Figure 14
that the displacement and velocity amplitudes of measuring points 6 and 10 are the largest.
This is due to the opening on the lower side of the outer windshield structure at points
6 and 10, which leads to lower stiffness compared with other measuring points and more
obvious vibration there. On the other hand, measurement points 1, 4, 9 and 12 are closer to
the connection between outer windshield and end wall. Due to the limitation of boundary
conditions, their stiffness is larger than that of other measurement points, resulting in
significantly smaller displacement and velocity response amplitudes than those of other
measurement points.
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Figure 14. The displacement response of measurement points 1–6 (a) and 7–12 (b) on both sides of
the U-section rubber outer windshield.

Figure 15. The velocity response of measurement points 1–6 (a) and 7–12 (b) on both sides of the
U-section rubber outer windshield.

Figure 16 shows the modal contribution of displacement at measurement points 6 (left)
and 10 (right). The black solid line is the actual displacement at measurement point of outer
windshield, and the dashed lines in other colors represent the contribution of each mode to
the displacement of outer windshield, respectively. It can be observed that for measurement
points 6 and 10, the first-order mode has a strong influence on the displacement of the outer
windshield, while the other modes contribute relatively little to the displacement response.

Next, in order to investigate the dynamic response of the measurement points for
different positions of the windshield, the train is divided by direction of travel. Windshield
1 between the head car and the middle car and windshield 2 between the middle car and the
tail car were selected for comparison in this paper, as shown in Figure 17. Each windshield
was selected for comparison at the same measurement point locations as in Figure 13.
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Figure 16. The displacement modal contribution of U-section rubber outer windshield measuring
point 6 (a) and measuring point 10 (b).

Figure 17. Diagram of the different positions of the windshield.

Figures 18 and 19 show a comparison of the maximum and mean values of the absolute
values of each measurement point for different positions of the windshield at 400 km/h of
the train. It can be seen that the amplitude of displacement vibrations at each measurement
point on windshield 2 is higher than that of the measurement points on windshield 1, and
the same is the case for the mean values. However, the difference is not very significant
near the end of the car due to the constraints. It can be concluded that the outer windshield
2 vibrates more significantly under aerodynamic load excitation than windshield 1.

Furthermore, from Figure 13, it can be seen that the position of the measuring point
on the lower side of the windshield is close to the windshield opening, and the constraint
conditions at this place are weaker than the position of the measuring point on the upper
side, and the stiffness is smaller. At the same time, for the measuring points on the lower
side of the windshield, since both sides of the outer windshield are fixed at the end wall,
points 4 and 12 near the end wall are more constrained than other measuring points at the
same horizontal line (points 5, 6, 10, 11), while points 6 and 10 are more constrained than
other measuring points at the same horizontal line. On the other hand, due to the opening
on the lower side of the outer windshield, the airflow inside and outside the windshield is
exchanged through the opening position, which increases the aerodynamic force on the
surface at the lower side. Therefore, it can be seen from Figure 18 that the displacements of
lower points are larger than those of upper points and displacements of points 6 and 10 are
the largest.
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Figure 18. Comparison of the maximum values of the displacement of windshield 1 and windshield 2.

Figure 19. Comparison of the mean values of the displacement of windshield 1 and windshield 2.

6. Conclusions

In this paper, a new method is proposed to build a U-section rubber windshield
structure flow-induced vibration model by using the external aerodynamic load and the
measured modal data of the outer windshield structure as input, combined with the mode
superposition method. This method can be used to analyze the dynamic response of
U-section rubber outer windshield structure efficiently.

Since the aerodynamic load on the windshield surface as the input condition does not
need to be iterated repeatedly, it is not limited by the computing resources required and
can handle the dynamic response simulation calculation under various working conditions
such as open line operation, open line intersection or tunnel operation.

The use of measured structural modal data can avoid the problem of inaccurate
dynamic characteristics caused by oversimplification of U-section rubber outer windshield
simulation modeling. This method is suitable for dynamic characterization of complex
flexible structures.

Through the flow-induced vibration analysis of U-section rubber outer windshield
structure of a 400 km/h train, it is determined that the displacement and velocity response
curves of the measuring point near the windshield opening position are significantly higher
than those of other parts due to the influence of the opening position. This area has a
great potential for vibration reduction, and attention should be paid to the influence of the
structure’s first-order mode on its response.
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Abstract: Accurate running safety assessment of trains under earthquakes is crucial to ensuring the
safety of line operation. Extreme contact behaviors such as wheel flange contact and wheel jump
during earthquakes will directly affect the running safety of trains. To accurately simulate a wheel-rail
extreme contact state, the calculation of the normal compression amount, the normal contact stiffness,
and a number of contact points are crucial in wheel-rail space contact modeling. Hence, in order to
clarify the applicable algorithms during earthquakes, this paper first introduces different algorithms
in three aspects mentioned above. Taking a single CRH2 motor vehicle passing through a ballastless
track structure under EI-Centro wave excitation as an example, a comparative analysis of wheel-rail
contact dynamics and running safety was conducted. The results showed that adopting the normal
compression algorithm based on vertical penetration and the consideration of only single-point
contact will result in the maximum calculation error of wheel-rail contact force to reach 339.50% and
35.00%, respectively. This significantly affects the accuracy of train safety assessment, while using the
empirical formula for wheel-rail normal contact stiffness has relatively less impact. To ensure the
accuracy of running safety assessment of trains during an earthquake, it is recommended to adopt
the normal compression algorithm based on normal penetration and consider the multi-point contact
in wheel-rail contact modelling.

Keywords: running safety assessment; earthquake; wheel-rail contact; contact point; normal
compression amount; normal contact stiffness

1. Introduction

In China, high-speed railways are increasingly crossing high-intensity earthquake-
prone areas given their wide distribution, thus influencing the running safety of trains [1].
The running safety problems of trains under earthquake excitation has become an ongoing
concern. Under earthquake excitation, extreme contact behaviors such as wheel flange
contact and wheel jumping occur, directly impacting the running safety of trains [2].
Therefore, it is crucial to accurately simulate the wheel-rail extreme contact state.

Wheel-rail contact modeling under earthquake excitation needs to consider wheel-rail
spatial rolling contact characteristics, and the typical wheel-rail contact model is associated
with three problems: (i) wheel-rail contact geometry calculation, (ii) normal contact force
calculation, and (iii) tangential contact force calculation [3]. In previous studies, the contact
trace method [4], nonlinear Hertz theory, and Shen-Hedrick-Elkins theory [5] have been
used to solve the above problems and establish a corresponding model [6–8]. Since this
model can balance the requirements of wheel-rail contact modeling and computational
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efficiency [9,10], it is widely applied in vehicle dynamic simulations and running safety
analyses under earthquakes [11–13].

However, in order to ensure the accuracy of the wheel-rail extreme contact state
simulation, the algorithm used in wheel-rail contact modelling under earthquake excitation
in the following aspects needs to be further clarified. First, the contact points are generally
detected by the maximum wheel-rail vertical penetration in most cases; thus, only a single
contact point can be determined [14]. Seismic excitation causes a large relative lateral
displacement between the wheel and rail [15], leading to simultaneous elastic penetrations
in different regions [16,17]. Hence, the consideration of the number of wheel-rail contact
points under earthquake excitation needs to be further clarified.

The wheel-rail contact geometry relationship, as the basis for contact force calculation,
mainly includes determining the contact point and the normal compression amount, and
the wheel-rail searching method plays a decisive role. The vertical searching method [9], in
which the contact point and the normal compression amount are determined according
to the maximum wheel-rail vertical penetration, is widely adopted for the convenience
of calculation. As the normal compression amount is a key parameter in calculating
the contact normal force [17], it is essential to ensuring its calculation accuracy. The
approximate calculation method based on vertical penetration is applicable to ordinary
conditions [18], whereas it is not convincing under extreme operation conditions such as
during earthquakes. The normal searching method [19–21], in which the contact point
position and the normal compression amount are determined according to the maximum
wheel-rail normal penetration, can ensure the reliability of the solution to the normal
compression amount under all conditions. Hence, it is crucial to clarify the necessity
of introducing the normal searching method for seismic conditions by comparing the
two methods.

The normal contact stiffness, which is another key parameter in the calculation of
the wheel-rail normal contact force, is calculated on the basis of the geometric parameters
at wheel-rail contact points when using the Hertzian contact theory [22]. However, an
empirical formula based on wheel-rail constants [23] is widely used in the wheel-rail contact
force calculation, which is only applicable in cases where the contact points are located in a
narrow region of the wheel tread and rail head [24]. Hence, the normal contact stiffness
algorithm also needs to be further clarified for seismic conditions.

Therefore, in order to evaluate the algorithm of normal compression, the normal con-
tact stiffness and the considerations of single-point or multi-point contact under earthquake
excitations, various algorithms in the above three aspects were introduced in wheel-rail
contact modelling. Taking a single CRH2 motor vehicle passing through a ballastless track
structure under El-Centro wave excitation as an example, the wheel-rail contact dynamics
and the running safety evaluation results calculated based on different algorithms were
compared and analyzed.

2. Wheel-Rail Contact Model

2.1. Wheel-Rail Contact Geometry Calculation

To solve the wheel-rail contact geometric relationship, two types of methods have
been developed currently: the spatial direct search method and the projection method.
The spatial direct search method requires searching for wheel rail contact points in the
spatial dimension and involves a considerable number of iterative calculations [25–27]. As
a representative of the projection method, the contact trace method [28] uses the idea of
constructing spatial traces to transform the three-dimensional search problem into a planar
search problem [9], greatly improving computational efficiency and making it widely used
in the calculation of wheel rail spatial geometric relationships. Thus, the contact trace
method was employed in this study, as illustrated in Figure 1. Two coordinate systems are
defined in the system, namely, the absolute coordinate system (O-XYZ) and the wheelset
coordinate system (Ow-XwYwZw). In the absolute coordinate system, O is positioned at the
center of the track, with the OX axis pointing in the direction of rolling, the OZ axis pointing
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vertically, and the OY axis aligning with the track transverse direction as determined by
the right-hand rule. In the wheelset coordinate system, Ow is situated at the center of mass
of the wheelset, and the OwYw-axis aligns with the wheelset’s axis of revolution. The basic
idea of this method is as follows. First, the wheel profile is discretized along the transverse
direction to obtain several rolling circles. A coordinate expression of the potential contact
points on the wheel in the absolute coordinate system O-XYZ is obtained:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

x = dwlx − lxRw tan δw

y = dwly + Yw + Rw
1−l2

x

(
l2
xlylz tan δw − lz

√
1 − l2

x

(
1 + (tan δw)

2
))

z = dwlz + Zw + Rw
1−l2

x

(
l2
xlz tan δw + ly

√
1 − l2

x

(
1 + (tan δw)

2
)) (1)

where lw is the lateral distance of the rolling circle from the wheelset center of mass; Rw
is the rolling circle radius; δw is the contact angle at the wheel-rail contact point; Yw and
Zw are the lateral and vertical displacements of the wheelset, respectively. lx, ly, and lz are
the elements of direction cosine matrix between the absolute coordinate system and the
wheelset coordinate system, which can be expressed as:⎧⎨

⎩
lx = −cos φw sin ψw
ly = cos φw cos ψw

lz = sin φw

(2)

where φw and ψw represents the rolling angle and the yaw angle of the wheelset, respectively.

Figure 1. Calculation of wheel-rail contact geometric relationship.

The potential contact points of each rolling circle form a space curve, namely, the
contact trace, and it is then projected onto the rail cross-section. To determine the contact
point position and the normal compression amount in the projection plane, the calculation
methods based on the vertical searching method or normal searching method are adopted,
as shown in Figure 2. In the normal searching method, for each discrete point on the
wheel and rail profiles, the distance from the normal to another profile curve is defined
as the normal penetration amount. The maximum normal penetration is adopted for the
judgement of the contact point position and the determination of the normal compression
amount, which is characterized by the length of the red line segment shown in Figure 2.
The mathematical expression can be written as:

δcn = max(dn) (3)

where dn represents the normal penetration amount.
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Figure 2. Determination of wheel-rail contact points and normal compression amounts based on
different searching methods: (a) wheel-tread contact; (b) wheel-flange contact.

In the vertical searching method, the maximum wheel-rail vertical penetration is
introduced as the judgement condition when determining the contact point, which is
characterized by the length of the green line segment shown in Figure 2. The normal
compression amount can be determined by constructing a right triangle, as characterized
by the length of the blue line segment shown in Figure 2. The mathematical expression is
given as:

δcv = δz/cos θ (4)

where δz is the maximum vertical penetration amount, and θ is equal to δw − φw.
In the wheel tread penetration zone, as presented in Figure 2a, since θ is small, the

difference between δcn and δcv is not evident, indicating that the algorithm based on the
vertical penetration is applicable in this case. In the wheel flange penetration zone, as
shown in Figure 2b, δcv is significantly different from δcn in this case due to the significant
impact of θ. Hence, using the algorithm based on the vertical penetration tends to cause
large calculation errors of the normal compression amount in this case.

In addition, for the consideration of the number of wheel-rail contact points, if only
single-point contact is considered, the position corresponding to the maximum penetration
in the whole range of wheel tread is generally regarded as the wheel-rail contact point. In
contrast, to consider multipoint contact, the segment searching method can be introduced
to determine each wheel-rail penetration zone, as illustrated in Figure 3. For each discrete
point on the wheel profile, its vertical coordinate is denoted by Zw, and the rail vertical
coordinate corresponding to the vertical direction is denoted by Zr. The difference between
the two vertical coordinates is denoted by ΔZ and can be expressed as:

ΔZ = Zw − Zr (5)

Thus, each wheel-rail penetration zone can be determined when ΔZ < 0. The
contact point position and the normal compression amount can be determined in each
penetration zone.

O
X

Y

Z

Z<

Z>

Figure 3. Wheel-rail segment searching method.
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2.2. Wheel-Rail Contact Force Calculation

The wheel-rail normal contact force based on the Hertz elasticity theory is given as:

FN = Knrδ3/2
c (6)

where Knr is the wheel-rail normal contact stiffness, and δc is the wheel-rail normal com-
pression amount.

According to an empirical formula, Knr is expressed as:

Knr = (1/G)3/2 (7)

where G is the wheel-rail contact constant
(

m/N2/3
)

.
In contrast, the general expression for Knr derived from the Hertz theory is given as [24]:

Knr =
2
√

2
3

qk
(δ1 + δ2)

(
ρ

Rwx

)1/2√
Rwx (8)

where δ1 and δ2 are the calculated parameters related to the Poisson’s ratio and elastic
modulus of the wheel and rail; ρ is the parameter related to Rwy and Rry at the contact
points; Rwy and Rry are the curvature radii of the wheel and rail profiles; and Rwx is the
rolling circle radius of the wheel. ρ/Rwx is obtained from the corresponding calculation
table. The intermediate calculation parameter qk is expressed as:

qk = [m/2K(e)]3/2 (9)

where m and K(e) are the intermediate parameters in the solution obtained using the
Hertz theory.

To clarify the difference between the empirical formula and the theoretical formula,
the cases of wheel-tread contact and wheel-flange contact were analyzed. The different
colored line segments on the wheel and rail profiles represent areas with different curvature
radii in Figure 4. For wheel-tread contact, the contact points on the wheel and rail are
located on lines AB and CD, respectively, as shown in Figure 4. In this case, the applicability
of the empirical formula has been verified [24]. In contrast, for wheel-flange contact, the
contact points are located on the lines EF and GH, respectively, as shown in Figure 4. In
this case, Rwy and Rry at the contact points are significantly different from that in wheel-
tread contact. When using the theoretical formula, the calculation result of Knr must be
significantly different from that in wheel-tread contact according to Equation (8). However,
Knr will not change compared to that in wheel-tread contact when using the empirical
formula according to Equation (7). Hence, using the empirical formula tends to cause large
calculation errors of normal contact stiffness in this case.

Figure 4. Distribution range of wheel-rail contact point positions in wheel-tread contact and
flange contact.

After obtaining the normal contact force within each contact patch, the wheel-rail
tangential force is first calculated using Kalker linear theory [29]. Considering the non-
linear relationship between wheel-rail creepages and creep forces for large creepages, the
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Shen-Hedrick-Elkins theory [5] is applied for the nonlinear correction of the tangential
contact force.

Thus, the wheel-rail contact forces in each contact patch can be calculated, represented
by blue line segments with arrows in Figure 5. Notably, the contact forces should be
converted to an absolute coordinate system in dynamic analysis, which is given as:

FY = ∑ FYi, FZ = ∑ FZi, MX = ∑ MXi, MZ = ∑ MZi(i = 1, 2, . . . n) (10)

where FY, FZ, MX and MZ are composed by the wheel rail contact force and spin moment;
i is the indicator of each wheel-rail contact point, and n is the number of contact points;
and FYi, FZi, MXi and MZi can be expressed as:

FXi = FNi·i + Fxi·i + Fyi·i, FYi = FNi·j + Fxi·j + Fyi·j
FZi = Ni·k + Fxi·k + Fyi·k, MXi = Mi·i, MZi = Mi·k (11)

where (i, j, k) is the unit vector in the absolute coordinate system; FNi, Fxi, Fyi, and Mi are
the contact force and spin moment vectors at the ith wheel-rail contact point.

Figure 5. Wheel-rail contact force in the contact patch.

3. Dynamic Analysis Model of Train-Track Coupling System under Earthquakes

The dynamic analysis model of the train-track coupling system under the effect of
earthquakes is used for analysis of the influence of different algorithms on wheel-rail
contact dynamics and running safety, as presented in Figure 6. The coupling system is
divided into two subsystems: a train subsystem and a track subsystem. The subsystems
are coupled by wheel-rail interaction. Earthquake excitations are applied to the bottom of
the track. The vibration equation of the coupling system can be written as:

[
Mv 0

0 Mr

]{ ..
Xv..
Xr

}
+

[
Cv 0

0 Cr

]{ .
Xv.
Xr

}
+

[
Kv 0

0 Kr

]{
Xv
Xr

}
=

{
Fvg + Fw
Fr + FEA

}
(12)

where Mv, Cv, and Kv represent the mass, damping, and stiffness matrices of the train
subsystem, respectively; Xv represents the displacement vector of the train subsystem; Mr,
Cr, and Kr represent the mass, damping, and stiffness matrices of the track subsystem,
respectively; Xr represents the displacement vector of the track subsystem; Fvg represents
the self-weight load vector of the train system; Fw and Fr represent the load vectors of the
wheel-rail force applied to the train subsystem and track subsystem, respectively; and FEA
is the earthquake load obtained using the large mass method [30].
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Figure 6. Train-track coupling system under earthquakes.

3.1. Train Subsystem

Each vehicle of a train can be simplified as a vibration system comprising vehicle
body, bogies, wheelsets, and double-suspension systems, as shown in Figure 7. Four
degrees of freedom, namely, vertical movement, lateral movement, rolling, and yawing,
are considered for each wheelset, and for the vehicle body and each bogie, the degree of
freedom of pitching is considered in addition to the former four degrees of freedom. To
accurately simulate the motion behavior of vehicles under extreme conditions, such as
during an earthquake, the nonlinearity of the secondary lateral stop, spring stiffness, and
damping of the suspension systems [31–33], is considered in this paper. Thus, the vibration
equation of the train subsystem can be given as:

Mv
..
Xv + Cv

.
Xv + KvXv = Fvg + Fw (13)

where the definitions of each variable are the same as that given for Equation (12).

Figure 7. Vehicle model with corresponding DOFs: (a) Side view; (b) Front view; (c) Top view;
(d) Sign convention of vehicle.
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3.2. Track Subsystem

The China Railway Track System II (CRTS II) slab ballastless track structure was
adopted in this study, the main construction and dimensions of which are shown in
Figure 8. This type of ballastless track was derived from German Borg slab ballastless
track structure and developed in China, which can provide a more stable, durable, and
lower maintenance alternative to traditional ballasted track systems [34]. It has been widely
used in China’s high-speed rail line, including the Beijing-Tianjin Intercity Railway and the
Beijing-Shanghai High-Speed Railway [35]. The track structure was established using the
finite element (FE) method. For the modeling, the rail was built using beam element, the
track plate and base plate were built using shell element, and the fastener was simulated
by a spring damping element. The CA mortar layer and support layer were simulated
by uniformly distributed spring damping element. The vibration equation of the track
subsystem under earthquakes is given as:

Mr
..
Xr + Cr

.
Xr + KrXr = Fr + FEA (14)

where the definitions of each variable are the same as that given for Equation (12).

Figure 8. Diagram of CRTS II slab ballastless track (unit: m).

3.3. Train-Track Coupling

Figure 9 shows a scheme of the force state of each wheelset in the train subsystem.
The loads at the wheelset centroid can be expressed as:

FYw = ∑ FYLi + ∑ FYRi, FZw = ∑ FZLi + ∑ FZRi,
MXw = −∑ FZLi·lli − ∑ FYLi·rli + ∑ FZRi·lri − ∑ FYRi·rri + ∑ MXLi + ∑ MXRi

MZw = ∑ FXLi·lli + ∑ FYLi·lli·ψw + ∑ FXRi·lri + ∑ FYLi·lli·ψw + ∑ MZLi + ∑ MZRi
(i = 1, 2, . . . n)

(15)

where FYw, FZw, MXw, and MZw are the lateral force, vertical force, rolling moment, and
yawing moment at the wheelset centroid, respectively; FX(L,R)i, FY(L,R)i, FZ(L,R)i, MX(L,R)i,
and MZ(L,R)i can be obtained by Equation (11).

FZW

FYW

O

X

Y

Z
MXW

MZW

FXLi

FZLi

FYLi

lli lri

rli rri

FXRi

FZRi
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Figure 9. Wheelset force state.
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Fw in Equation (13) can be written as:

Fw =
[
Fw1, Fw2, · · · , Fwj

]T
(j = 1, 2, · · · , m) (16)

where m is the number of vehicles, and Fwj is expressed as:

Fwj(1×31) =
[
Fcj, Fbj1, Fbj2, Fwj1, · · · , Fwjk

]T
(k = 1, 2, 3, 4) (17)

where Fcj, Fbj(1,2), Fwjk are the load vectors corresponding to the vehicle body, bogies, and
the kth wheelset of the jth vehicle. Fwjk can be written as:

Fwjk(1×4) = [FYw, FZw, MXw, MZw]
T (18)

In the track subsystem, taking the left rail as an example, the concentrated wheel-rail
load applied to the rail can be expressed as:

FYr = −∑ FYLi, FZr = −∑ FZLi (19)

Here, FYr and FZr represent the lateral and vertical forces, respectively; FYLi and FZLi
are the same as that in Equation (15).

The node load vector of the rail element is expressed as:

Fre(1×Nr) = [FYr FZr]
T·N(x) (20)

where N(x) represents the vector of the cubic Hermit form functions corresponding to the
cell nodes, and Nr is the number of degrees of freedom of each node.

Fre(1×Nr) is applied to the corresponding degrees of freedom; thus, Fr in Equation (14)
can be established.

4. Comparison of Different Wheel-Rail Contact Models

To analyze the impact of different algorithms on wheel-rail contact dynamics, different
wheel-rail contact models were established based on the corresponding algorithms. By
considering single-point contact, calculating normal compression amount based on vertical
penetration and adopting the empirical formula for normal contact stiffness calculation, the
corresponding wheel-rail contact model was established. This model was designated as
Model 1. Similarly, different wheel-rail contact models were established, as listed in Table 1.
The effect of considering multipoint contact versus single-point contact can be clarified
by comparing Models 1 and 2. The effect of different algorithms for wheel-rail normal
compression amount can be clarified by comparing Models 2 and 3, while the effect of
different calculation formulae for the normal contact stiffness can be clarified by comparing
Models 3 and 4.

Table 1. Setting of different wheel-rail contact models.

Wheel-Rail Contact Model
Consideration of Contact

Point
Calculation Basis for Normal

Compression Amount
Algorithm for Normal

Contact Stiffness

Model 1 Single-point contact Vertical penetration Empirical formula
Model 2 Multipoint contact Vertical penetration Empirical formula
Model 3 Multipoint contact Normal penetration Empirical formula
Model 4 Multipoint contact Normal penetration Theoretical formula

A single CRH2 motor vehicle passing through the CRTS II slab ballastless track was
taken as the example. The train running speed was set to 300 km/h. LMA and CHN60
were adopted as the wheel and rail profiles, respectively, as presented in Figure 10.
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Figure 10. Profiles of the wheel and rail (units: mm): (a) wheel profile; (b) rail profile.

A comparative analysis under ordinary and seismic conditions was conducted. Under
the seismic condition, the track irregularity excitation was considered; Figure 11 shows
the irregularity samples. Since the wheel-rail dynamic response is mainly influenced by
transverse excitations of earthquakes [36], only the transverse excitations were considered in
this study. The El-Centro wave, generated by the 6.5 magnitude earthquake that took place
in California, United States on 18 May 1957, has distinctive waveform characteristics that
make it one of the frequently utilized seismic waves in the field of train-running safety under
earthquakes [37,38]. The acceleration time history of this earthquake wave was obtained
from the Pacific Earthquake Engineering Research (PEER) Ground Motion Database, and
the peak acceleration was adjusted to 0.3 g as the ground motion input, as shown in
Figure 12. For ordinary conditions, only track irregularity excitation was considered.

Figure 11. Samples of rail irregularities: (a) Lateral irregularities; (b) Vertical irregularities;
(c) Torsional irregularities.
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Figure 12. Acceleration-time history of the ground motion.

4.1. Comparison under Ordinary Conditions

To verify the correctness of the four models and to analyze the applicability of the
wheel-rail contact algorithms under ordinary conditions, the wheel-rail contact dynamics
on the left wheel of the first wheelset calculated based on the different models were
compared, as shown in Figure 13.

F Z
  F Y

c

K
nr

Figure 13. Time histories of wheel-rail dynamic responses based on different models: (a) Ver-
tical wheel-rail force; (b) Lateral wheel-rail force; (c) Normal contact stiffness; (d) Normal
compression amount.

Figure 13a,b show that the time histories of FY and FZ based on the different models are
in good agreement, thus verifying the correctness of the established models. As presented in
Figure 13c, Knr calculated based on Model 1 is maintained at 11.52 × 1010 N/m3/2. In con-
trast, when calculating based on Model 4, this value is maintained at 9.20 × 1010 N/m3/2
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due to the straight segment of the wheel tread keeping in contact with the R300 arc segment
of the rail head. Figure 13d shows a slight difference in δc calculated based on Models 1
and 4. Moreover, although the empirical formula causes a calculation error for Knr and
δc, it has largely no impact on the contact force. Thus, it can be concluded that under this
condition, it is applicable to adopt the normal compression algorithm based on vertical
penetration, the empirical formula for calculating the normal contact stiffness, and only
consider single-point contact.

4.2. Comparison under Seismic Conditions
4.2.1. Wheel-Rail Contact Dynamics

The wheel-rail dynamic responses on the left side of the first wheelset calculated based
on the different models were compared under seismic conditions firstly. The calculation
results based on Models 1–4 are denoted by R1, R2, R3, and R4, respectively.

To clarify the effect of considering multipoint contact versus single-point contact, the
wheel-rail dynamic responses calculated on the basis of Models 1 and 2 are compared, as
shown in Figures 14 and 15. The relative calculation error between the two models can be
expressed as (R1 − R2)/R2 × 100%. Figure 14 shows that the differences in FY and FZ that
were calculated based on Models 1 and 2 mainly occur during the period when the contact
force surges, i.e., when the wheel-flange contact occurs.

F Z
  

F Y

Figure 14. Time histories of wheel-rail contact forces based on Models 1 and 2: (a) Vertical wheel-rail
force; (b) Lateral wheel-rail force.

Figure 15. Wheel-rail contact state at time t = 3.80 s simulated based on Models 1 and 2: (a) Simulation
result based on Model 1; (b) Simulation result based on Model 2.

Figure 15 shows the wheel-rail contact states obtained at a time of 3.80 s based on
the two models. The wheel profile and rail profile are represented by red and blue curves
respectively in Figure 15. In this case, the two-point contact state can be simulated based
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on Model 2 while the contact area existing in the wheel tread region is ignored when
Model 1 is used. The solutions to FZ based on Models 1 and 2 are 221.78 kN and 258.16 kN,
respectively, with a calculated relative error of −14.09%, and the solutions to FY based
on Models 1 and 2 are 130.20 kN and 76.98 kN, respectively, with a calculated relative
error of 69.13%. Considering single point contact only will adversely affect the simulation
of the wheel-rail contact state. Hence, multipoint contact should be considered under
seismic conditions.

To clarify the effect of different algorithms for the wheel-rail normal compression
amount, the wheel-rail dynamic responses calculated based on Models 2 and 3 are com-
pared, as shown in Figure 16. Both wheel-tread contact region and flange-root contact
region are considered as wheel-rail contact potential areas, which are recorded as region
1 and region 2, respectively. From Figure 16a,b, it can be found that the difference in δc
based on the two models is mainly reflected in region 2, where the maximum values of
δc obtained based on Models 2 and 3 are 0.186 mm and 0.083 mm, respectively, and the
former is 2.24 times that of the latter. From Figure 16c,d, it is observed that the trend in FN
is consistent with δc since the same calculation formula for Knr is adopted. The maximum
values of FN calculated based on Models 2 and 3, are 297.72 kN and 87.02 kN, respectively,
in region 2, and the former is 3.42 times that of the latter. In addition, the wheel jumping
amount, defined as the maximum vertical distance between the wheel and rail without
wheel-rail contact occurring, was also introduced as an indicator of wheel rail dynamic
response here. The responses of the wheel jump amount are given, as depicted in Figure 16e.
Wheel jump is consistent with the occurrence of the contact in region 2 based on Model
2, which means that an unreasonable surge in the wheel-rail contact force will lead to an
unreasonable wheel jump. Hence, the algorithm for the wheel-rail normal compression
amount based on normal penetration should be introduced to avoid any unreasonable
surge in the wheel-rail normal contact force.

To clarify the influence of different calculation formulae for the normal contact stiffness,
the wheel-rail dynamic responses calculated based on Models 3 and 4 are compared, as
plotted in Figure 17. For the contact in region 1, Figure 17a shows that based on Model 4,
when contact occurs between the straight-line segment of the wheel tread and the R300 arc
segment of the rail head, Knr is maintained at 9.20 × 1010 N/m3/2. When contact occurs
between the R450 arc segment of the wheel tread and the R300 arc segment of the rail head,
Knr decreases to 8.21 × 1010 N/m3/2. Figure 17c,e show that the theoretical formula also
causes a difference in δc, but has no significant effect on FN , which is consistent with the
phenomenon observed under ordinary conditions. For the contact in region 2, the solutions
to Knr based on Models 3 and 4 are significantly different, as presented in Figure 17b. In
this case, the contact mainly occurs between the R14 arc segment of the wheel flange root
and the R13 arc segment of the rail gauge corner. The calculation result of Knr based on
the theoretical formula is 5.13 × 1010 N/m3/2, which is approximately half of that based
on the empirical formula. A different calculation formulae for Knr will cause significant
differences in δc, as shown in Figure 17d. Consequently, there is a noticeable difference
after 8 s, as shown in Figure 17f. Therefore, to ensure the reliability of the normal contact
force calculation, the theoretical calculation formula for the normal contact stiffness should
be introduced.
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Figure 16. Time histories of wheel-rail dynamic responses based on Models 2 and 3: (a) Normal
compression amount in region 1; (b) Normal compression amount in region 2; (c) Normal contact
force in region 1; (d) Normal contact force in region 2; (e) Wheel jump amount.

100



Appl. Sci. 2023, 13, 5230

K
nr K
nr

c c

F N
  F N

  

Figure 17. Time histories of wheel-rail dynamic responses based on Models 3 and 4: (a) Normal
contact stiffness in region 1; (b) Normal contact stiffness in region 2; (c) Normal compression amount
in region 1; (d) Normal compression amount in region 2; (e) Normal contact force in region 1;
(f) Normal contact force in region 2.

To clarify the significance of the effect of the normal compression algorithms, the nor-
mal contact stiffness algorithms, and the considerations of the number of the contact point,
the maximum values of wheel-rail forces on both sides of the four wheelsets calculated
on the basis of the different models are presented in Figure 18. The relative calculation
errors can be expressed as: Δ12 = (R1 − R2)/R2 × 100%, Δ23 = (R2 − R3)/R3 × 100%
and Δ34 = (R3 − R4)/R4 × 100%. As shown in Figure 18, the algorithm for the normal
compression amount has the most significant impact on the FZ and FY solutions, with
Δ23 ranging from 48.97% to 339.50%. Regarding the impact of considering the wheel-rail
contact point, considering only single-point contact may cause FZ and FY to increase or
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decrease, with Δ12 ranging from −15.26% to 35.00%. The impact of the normal contact
stiffness algorithm is minimal, with Δ34 ranging from 6.04% to 23.55%.
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Figure 18. Maximum wheel-rail forces calculated based on different models: (a) Left vertical wheel-
rail force; (b) Left lateral wheel-rail force; (c) Right vertical wheel-rail force; (d) Right lateral wheel-
rail force.

4.2.2. Running Safety Assessment

In order to clarify the impact of different models on the running safety of trains
during earthquakes, the calculation results of the running safety indices and running
safety assessment results based on different models were compared. Three indices were
adopted in this study: (i) derailment coefficient (Q/P), (ii) wheel unloading rate (ΔP/P), and
(iii) wheelset lateral force (∑Q). According to the Technical Code for Dynamic Acceptance
of High-Speed Railway Engineering (TB10761-2013), the limit values of each index are
listed in Table 2.

Table 2. Limit values of train running safety indices.

Running Safety Indices Q/P ΔP/P ∑Q (kN)

Limit 0.8 0.8 55

Table 3 shows the maximum values of the three running safety indices calculated
based on different models. The results demonstrate that the selection of algorithms in
wheel-rail contact modelling has a significant effect on the safety assessment of trains
during earthquakes. All the indices calculated based on Models 1 and 2 exceed their limits,
indicating that the train has entered a dangerous state of operation. In comparison, all
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the indices calculated based on Models 3 and 4 are within the safe range, indicating that
the train is in a safe state of operation. Comparing the results of Models 1 and 2, the
relative calculation errors of Q/P, ΔP/P, and ∑Q reach to −4.60%, −5.0%, and −8.84%,
respectively. This finding indicates that the running safety of trains during earthquakes
is underestimated when considering only the single-point wheel-rail contact. Comparing
the results of Models 2 and 3, the relative calculation error of Q/P, ΔP/P, and ∑Q reach
to 11.54%, 20.99%, and 432.09%, respectively. This finding indicates that calculating the
wheel-rail normal compression based on vertical penetration will significantly overestimate
the running safety indices under earthquakes, leading to misjudgment of the running safety
of trains. Comparing the results of Models 3 and 4, there is no significant difference in the
indices, indicating that although using an empirical formula for wheel-rail normal contact
stiffness will have a certain impact on the calculation accuracy of wheel-rail contact force,
the influence on the calculation results of the running safety assessment of trains under
earthquakes is small.

Table 3. Maximum values of the running safety indices based on different models.

Running Safety Indices Model 1 Model 2 Model 3 Model 4

Q/P 0.83 0.87 0.78 0.78
ΔP/P 0.95 1.0 0.80 0.79

∑Q (kN) 228.79 250.99 49.33 46.65

5. Model Validation

Through the analysis in Section 4, Model 4 should be the most reasonable choice as the
wheel rail contact model under earthquake excitations. In order to verify the correctness
of the model, the calculation results of wheel-rail contact force based on the model estab-
lished in this paper were compared with those given in the study of Nishimura et al. [33].
Nishimura et al. simplified the vehicle as a system consisting of four rigid bodies, including
a body, a frame, and two wheelsets. They considered the lateral, sinking, and rolling
movements of each rigid body and assumed that the two wheelsets had the same motion
state, establishing a 9-degree of freedom vehicle model. Furthermore, they also considered
the lateral and vertical degrees of freedom of the rail, resulting in a comprehensive vehicle
dynamic simulation model with a total of 13 degrees of freedom (as shown in Figure 19).
The correctness of this model was verified through shaking table tests [39].

 
(a) (b) 

Figure 19. The vehicle dynamic analysis model established by Nishimura et al. [33]: (a) vehicle model;
(b) track model.

Taking five-circle sine waves with frequencies of 0.5 Hz, 0.8 Hz, and 1.5 Hz as excita-
tion, the wheel rail force calculation results are shown in Figures 20–22. It can be seen that
the time histories of the vertical and lateral wheel-rail forces calculated based on this article
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are in good agreement with those presented in the literature, thus verifying the correctness
and effectiveness of the model established in this article.

 
(a) (b) 

Figure 20. Time histories of wheel-rail contact force under excitation with frequency of 0.5 Hz and
amplitude of 320 mm: (a) Vertical wheel-rail force; (b) Lateral wheel-rail force.

 
(a) (b) 

Figure 21. Time histories of wheel-rail contact force under excitation with frequency of 0.8 Hz and
amplitude of 105 mm: (a) Vertical wheel-rail force; (b) Lateral wheel-rail force.

 
(a) (b) 

Figure 22. Time histories of wheel-rail contact force under excitation with frequency of 1.5 Hz and
amplitude of 100 mm: (a) Vertical wheel-rail force; (b) Lateral wheel-rail force.

6. Conclusions

This paper investigated the effects of different normal compression algorithms, normal
contact stiffness algorithms, and considerations of single-point/multi-point contact on the
running safety assessment of trains under earthquakes. Through a case study of a single
CRH2 train passing over a CRTS II type slab track structure under El-Centro wave excita-
tion, a comparative analysis of the effect of different algorithms on the wheel-rail contact
dynamics and running safety was conducted. The findings provided recommendations for
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the selection of wheel-rail contact algorithms under earthquakes. The main conclusions are
as follows:

1. Using different wheel-rail contact algorithms will significantly affect the calculation
accuracy of wheel-rail force in the case of flange-root contact under earthquakes.
The most significant influence is due to the normal compression algorithm. Using
an algorithm based on vertical penetration can lead to a maximum relative error of
339.50% for the case considered in this study. The consideration of the number of
wheel-rail contact points also has a notable impact, with a maximum relative error of
35.00% caused by only considering single point contact. The influence of the normal
contact stiffness algorithm is the least significant, with a maximum relative calculation
error of 23.55% caused by using the empirical formula.

2. Using different wheel-rail contact algorithms will have a significant impact on the
indices of running safety assessment under earthquakes. Using wheel-rail normal
compression algorithm based on vertical penetration will significantly underestimat-
ing the train running safety margin, while only considering the wheel-rail single point
contact will overestimate the train running safety margin, and using the wheel-rail
normal contact empirical formula has little impact.

3. To ensure the accuracy of running safety assessment of trains under earthquakes, it is
recommended to use the normal compression algorithm based on normal penetration
and consider multi-point contact in wheel-rail contact modelling.
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Abstract: In recent years, the research and development of high-speed trains has advanced rapidly.
The main development trends of high-speed trains are higher speeds, lower energy consumption,
higher safety, and better environmental protection. The realization of a lightweight high-speed car
body is one of the key features in the development trend of high-speed trains. Firstly, the basic
dimensions of the car body’s geometric model are determined according to the external dimensions
of the body of a CRH EMU, and the specific topology optimization design domain is selected to
establish the finite element analysis model; secondly, the strength and modal analyses of the topology
optimization design domain are carried out to check the accuracy of the design domain and provide a
comparative analysis for subsequent design. Then, the variables, constraints, and objective functions
of the topology optimization design are determined to establish the mathematical model of topology
optimization, and the design domain is calculated for topology optimization under single and
multiple conditions, respectively. Finally, based on the topology optimization calculation results,
truss-type reconstruction modeling is carried out for the car body’s side walls, roof, underframe,
end walls, and other parts. Compared with the conventional EMU body structure, the weight of the
reconstructed body structure is reduced by about 18%. The results of the finite element analysis of
the reconstructed car-body structure prove the reliability and safety of the structure, indicating that
the reconstructed car-body scheme meets the corresponding performance indicators.

Keywords: high-speed car body; lightweight; truss body; topology optimization; structural
reconstruction

1. Introduction

In recent years, the research and development of high-speed trains has advanced
rapidly. The main development trends of high-speed trains are higher speeds, lower energy
consumption, higher safety, and better environmental protection. The realization of a
lightweight high-speed car body is one of the key features in the development trend of
high-speed trains. When a train has higher-speed operation, the car-body structure needs
to bear many complex combined load conditions. The bearing structure of the body of
electric multiple units (EMUs) is usually welded in a cylinder shape. In order to further
reduce the air resistance, the contour of the head and the external frame of the train are
streamlined [1].

In the design of high-speed trains’ car-body structures, various factors should be
integrated and coordinated to improve the performance of the body. As a large vehicle,
the safety of the body structure of a high-speed train EMU has always been an important
subject in the design of high-speed trains’ car bodies [2–4]. As a complex mechanical
structure, the EMU’s body structure should be considered in the design of strength, mode,
and other performance indicators because of its various structural forms and changeable
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load conditions. For the next generation of high-speed EMUs’ body structure design, the
traditional CAE/CAD design and analysis process has some shortcomings, such as high
R&D costs, long time cycles, and insufficient optimization analysis. With the continuous
development of optimization technology, structural optimization design gradually tends
to combine multiple disciplines and objectives, which can significantly shorten the opti-
mization design cycle, improve the reliability of the vehicle structure and the degree of
optimization analysis, and make full use of materials.

In order to obtain a car-body structure that can meet many design requirements at the
same time, extensive research has been carried out in the field of structure optimization.
Harte et al. [5] divided the light rail body structure into different subregions based on the
calculation and analysis results and then optimized the calculation and analysis of each
subregion through size optimization. Chiandussi et al. [6] took the automobile chassis as
the research object and realized the light weight of the automobile chassis through topology
optimization design, and the dynamic performance of the chassis was also significantly
improved. Chen et al. [7] took the train underframe as the main research object, analyzed the
results of a material analysis for topological optimization under different loads, determined
the optimal distribution position of the inner ribs of the underframe, and obtained the
optimal shape of the underframe section. Zhang et al. [8] analyzed the design scheme of the
whole vehicle structure of a tracked vehicle, determined the location of the maximum stress
and strain point through static analysis results, used Optistruct to optimize its topology,
and analyzed the stiffness and strength of the optimization results. Based on a certain
type of China Railway High-Speed (CRH) EMU, Ji [9] performed a sectional analysis
and comparison of the existing car-body sections; optimized the car-body model in the
transverse, longitudinal, and transverse directions with Optistruct; reconstructed the car-
body model according to the optimization results; and compared and analyzed the static
changes in the car body before and after optimization. Zhang et al. [10,11] established a
parameter model for high-speed trains and compared the aerodynamic performance of the
front-end model before and after optimization with a crosswind, proving that optimization
analysis can effectively improve the anti-crosswind performance of the front end. Many
scholars have combined multidisciplinary optimization techniques with vehicle structure
optimization to achieve lightweight structures and further improve the performance in
terms of vehicle strength [12–14], vibration [15–17], collision [18–20], and other aspects.

To summarize, the existing studies mainly focus on the optimization of the section and
local structure of the car body, while research on the topology optimization of the whole
vehicle is scarce, which limits the design of the car body. At present, there is an urgent need
to carry out the research and development of the next-generation high-speed EMU body. As
the main research and design method, structural optimization technology has been highly
valued by researchers at home and abroad. Due to its significant challenges, topology
optimization technology has been a major focus of research. The purpose and objectives
of this study include an investigation of the shortcomings of existing research, aiming to
optimize the topology of the whole structure of the car body. Through a simulation analysis
platform, the topology optimization design of the car-body structure design domain based
on the CRH profile data is carried out. With the aim of developing the structural form of
the next-generation high-speed EMU body, a comprehensive and detailed optimization
design study is carried out, and the material distribution results of each part of the body are
obtained. Based on these results, the main bearing truss structure of each part is established,
which provides a certain reference for the research and development of the body structure
of the next generation of high-speed EMUs.

2. Topology Optimization Method of Car-Body Structure

2.1. Homogenization Method

In 1978, Benssousan [21] put forward the theoretical basis of the homogenization
method to study the relationship between the macroscopic characteristics and microstruc-
tures of composite materials. This method can correlate variables of different scales and
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thus transform macroscopic problems into microscopic ones, such as replacing periodic
microscopic structures with single cells, which has been widely used in engineering practice
for decades [22]. Guedes and other scholars combined the homogenization method and
the finite element method to establish a finite element equation based on the progressive
homogenization method, serving to simplify the solution process and expand the solvable
range and the complexity of the solution [23]. At the same time, as a calculation method
for periodic composite materials, the homogenization method can improve the analysis
efficiency, reduce the workload, and significantly shorten the calculation time under the
premise of known material properties.

2.2. Variable-Density Method

The variable-density method was developed from the homogenization method, which
deals with the intermediate density. It is one of the mainstream topology optimization
methods based on finite elements. The optimization criteria adopted by the variable
density method have the characteristics of a fast convergence speed, few iterations, and
small computation, which is the focus of current structural topology optimization methods.
Unlike the homogenization method, the variable-density method mainly uses material
description for topology optimization. Upon introducing a reverie material, the material
density is between 0 and 1, where 0 represents the hollowed-out state, 1 represents the
solid state, and a density between 0 and 1 represents the point between the hollowed-out
and solid states. The material’s physical characteristics and the element’s relative density
depend on the interpolation function. Considering the relative density of each unit as
a design variable, the number of design variables can be significantly reduced, and the
computation is also reduced accordingly.

The design domain of the variable-density method is discretized into a finite element
set defined by the element set NX = {1, 2, . . . , |NX |} in the x-direction and the element set
NY = {1, 2, . . . , |NY|} in the y-direction. The element density is taken as the design variable:

(0 ≤ ρ(x,y) ≤ 1, (x, y) ∈ NX × NY) (1)

According to the optimality criterion, the element stiffness is effectively controlled.
Then, the overall stiffness of the structure can be reasonably regulated, and the materials
can be redistributed within the design domain. Thus, the topology optimization structure
with the optimum structural stiffness and material distribution can be obtained [24].

E = ρeE0 (2)

E =
ρe

1 + q(1 − ρe)
E0 (3)

Solid isotropic material with penalization (SIMP) is a commonly used density–stiffness
interpolation model, a common technique in topology optimization problems. The model
assumes that the material density is constant within the cell and takes it as a design variable.
In order to simplify the calculation and improve the efficiency, the material properties are
simulated by the exponential function of the cell density. The SIMP method introduces
relative density ρe and penalty factor P. When 0 ≤ ρe ≤ 1, the element density is limited by
penalty factor P, so the structural elements’ density is as close as possible to 0 or 1. If the
element density is 0, the material can be deleted; if the element density is 1, the material
should be filled. For the SIMP interpolation model, the larger the penalty factor is, the
better it is. When the penalty factor takes different values, the penalty effect is also different.
The element density can be expressed as follows.

ϕ(xi) = xP
i , xi ∈ [xmin, 1], i = 1, 2, 3 . . . , xn (4)

The relation between element density and elastic modulus is
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E(xi) = Emin + ϕ(xi)(E − Emin), i = 1, 2, 3 . . . , n (5)

where E(xi) is the elastic modulus of the element, Emin is the elastic modulus of the low-
strength material element, and xi represents the relative density of each element. To ensure
the stability of numerical calculation, usually, Emin = E/1000 and 0 < Emin ≤ E(xi) ≤ E.
The general optimization mathematical model of structural topology optimization can be
formulated as follows.

Minimize : f (X) = f (x1, x2, . . . , xn)
Subjectto : gj(X) ≤ 0

j = 1, 2, 3, . . . , m
(6)

where n represents the number of design variables, X is the optimization design variable,
f (X) is the optimization objective function, g(X) represents the design response requiring
constraints, and j is the number of constraint equations.

2.3. Progressive Structural Optimization Method

The progressive structural optimization method was first put forward by Xie and
Steven [25]. This method involves gradually removing inefficient or ineffective materials
from the initial design space so that the final topology optimization result achieved is
optimal. In other words, as the iteration progresses, some of the design variables change
from 1 to 0.

2.4. Topology Optimization Process of Car-Body Structure

Based on the above optimization methods, the topology optimization process of the
new-type car-body structure for EMUs is shown in Figure 1.

 

Figure 1. Vehicle body structure topology optimization process.
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3. Selection of Topology Optimization Design Domain and Model Establishment

3.1. Selection of Topology Optimization Design Domain

The topology optimization design domain refers to the design space where the car-
body structure can be optimized. A reasonable design domain can ensure the rationality
and adaptivity of the topology optimization results, which is a crucial prerequisite for
topology optimization calculation. In this paper, the topology optimization design domain
is determined according to the outer contour size of the CRH vehicle car-body model, and
the structure model is established. The car-body structure dimensions of a CRH vehicle are
given in Table 1, including the body length, fixed distance, width, height, and other basic
contour dimensions of the car-body structure.

Table 1. CRH car body’s basic dimensions.

Structure Size L/mm

Car-body length 25,000
Fixed distance 17,800

Car-body width 3360
Car-body height 4050

Height from coupler centerline to rail surface 950

Firstly, the initial topology optimization model is analyzed based on the existing
car-body structure, and some structures suitable for topology optimization analysis (mainly
considering the conventional extruded profile structure) are selected. Secondly, the selected
parts of the car-body structure are classified, dividing it into the end wall, end, bottom
frame, side wall, upper beam, and roof structure. Finally, it is necessary to facilitate the
welding and manufacturing of the car-body structure and quickly match it with the vehicles
already operating. Therefore, some of the necessary structural positions should be set aside,
such as the coupler seat, car window, car door, etc. Based on the above analysis, the
car-body structure model required for the initial topology optimization can be established.
The geometric model of the car-body structure is shown in Figure 2.

  
(a) (b) 

 
(c) 

Figure 2. Geometric model of car-body structure: (a) axonometric drawing of car body; (b) cross-
section of the car body; (c) the view of the car-body frame.

3.2. Establishment of Topology Optimization Design Domain Model

Since the topology optimization model is relatively simple and has few sharp corners
or chamfering, the element size of the topology optimization design domain of the vehicle
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body is 50 mm with an eight-node hexahedral mesh [26]. The number of grid elements is
determined by both the car-body structure parameters, as shown in Table 1, and the recom-
mended mesh sizes in the topology optimization model, and the model has 390,620 meshes
and 475,326 nodes after mesh division. Figure 3 shows the finite element model of the
car-body structure. The selected material is aluminum 6005-T6, commonly used in the
production of car-body structures. Its mechanical properties are as follows: the elastic
modulus is 6.9 × 104 MPa, the density is 2.7 × 103 kg/m3, and Poisson’s ratio is 0.33. The
working conditions and boundary conditions are shown in Table 2.

Figure 3. Finite element model of car-body structure.

Table 2. Working conditions and boundary conditions.

Working Condition Load Restraint Condition Design Diagram

Longitudinal load

Compression force of 1500 kN for
front-end coupler seat

Compression forces of 300, 300,
and 400 kN to the front-end wall

near the roof, side wall, and
chassis, respectively

Longitudinal constraint at
the rear end wall

Vertical load 1.3 times the weight
of the car body

Vertical restraint at the
secondary suspension

Torsional load Unit torsional load 1 kN·m Full restraint at the
secondary suspension

Crosswind load Unit wind pressure 450 Pa Full restraint at the
secondary suspension
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Table 2. Cont.

Working Condition Load Restraint Condition Design Diagram

Three-point support load -
Apply vertical

displacement to constrained
support points

3.3. Results of Static Analysis

The design domain’s static strength and natural vibration mode are preliminarily
analyzed. This can better control the variable parameters of optimization, reduce the scope
of constraints, and improve the spatial scope of the design domain. Theoretically, this
can also make the structure optimization process more detailed, with better optimization
results; secondly, it can also reduce the number of iterations and shorten the computation
time. The results are shown in Figure 4 and Table 3.

Table 3. Results of finite element analysis in design domain.

Working Condition Maximum Von Mises Stress/MPa

Longitudinal load 86.8
Vertical load 63.3

Torsional load 67.9
Crosswind load 45.0

Three-point support load 36.0

(a) 

(b)

Figure 4. Cont.
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(c) 

(d)

 
(e) 

Figure 4. Finite element analysis of stress nephogram in design domain: (a) longitudinal load;
(b) vertical load; (c) torsional load; (d) crosswind load; (e) three-point support load.

It can be seen from the calculation results that the maximum Von Mises stress in the
design domain is 86.8 Mpa, which is far less than the allowable stress of the material and
has ample space for optimization, and the design domain space is reasonable.

3.4. Results of Modal Analysis

In the general simulation analysis, the mass equipment is applied to the center of
gravity by concentrating the mass points, and the rest of the mass of the equipment is
loaded by uniformly distributing the mass points. Both structural and reconditioning
modes are free vibration modes without any constraint. In the conceptual stage of car-body
design, the influence of the equipment quality on the car-body mode should be considered
in the topology optimization analysis and calculation. Table 4 and Figure 5 show the
magnitude of the vibration frequency and corresponding mode shapes.
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Table 4. Description of the natural frequency and mode shape of the car-body mode.

Modal Order Number
Mode Shape of the Car-Body Mode

Frequency/Hz Vibration Mode

1 21.25 First vertical bending deformation
2 22.69 First diamond deformation
3 23.51 First transverse bending deformation
4 30.64 Breathing deformation

 
(a) 

(b) 

 
(c) 

Figure 5. Cont.
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(d) 

Figure 5. Mode shapes of each order in the state of the steel structure of the car body: (a) first
vertical bending deformation; (b) first diamond deformation; (c) first transverse bending deformation;
(d) breathing deformation.

4. Topology Optimization of Car-Body Structure

4.1. Topology Optimization Design

Before performing topology optimization, the mathematical model of topology opti-
mization should be established. The design variables, constraints, and objective functions
of topology optimization should be determined.

(1) Design variables
In order to ensure that the computer can complete the optimization calculation task

and obtain the ideal optimization result, reasonable and appropriate design variables are
indispensable. The more design variables, the more detailed the optimization results and
the more in-depth the optimization degree, but too many design variables will also cause
an increase in computing time. Therefore, when selecting design variables, the design
variables should be reduced as much as possible to ensure the complete representation of
the requirements. Based on the above principles, this paper takes the whole vehicle as a
design variable with a minimum member size of 150 mm and a maximum member size of
400 mm.

(2) Constraints
Constraints are necessary to control the direction of the result generation in the op-

timization calculation. The constraint conditions can be divided into two types: size
constraints and behavior constraints. Size constraints are mainly geometric restrictions on
the design variables, while behavior constraints are used to characterize the state of the
reaction structure, such as the frequency and intensity.

(1) Yield constraints
The yield strength is used as the constraint condition. The allowable yield utilization

factor λperm is defined, and the finite elements meet the yield criteria as follows.

λy ≤ λperm (7)

where λy is the yield utilization factor, λy = 0.78σvm/235, and σvm is the Von Mises stress.
(2) Volume fraction constraints
Different volume fractions are used as response constraints to explore the influence of

different volume fraction constraints on the optimization results and determine the value
range of volume fractions.

This paper discusses only the constraints on the yield strength and first-order deforma-
tion frequency. The yield strength constraint limit is 215 MPa, the first-order deformation
frequency constraint limit is 10 Hz, and the second-order deformation frequency constraint
limit is 12 Hz.
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(3) Objective function
This paper is a topological optimization solution analysis of the car-body structure,

aiming to obtain the minimum material surplus in the design space to meet the design
requirements. The optimization design should take the minimum volume of the residual
material as the objective function. The formula for the volume as the objective function is
as follows.

V =
n

∑
i=1

ρijV0
i (8)

where ρij represents the unit material density of the micro-element, and V0
i is the initial

volume of the ith element.
For the car-body model in the initial state, the density of all unit materials is 1. After

iterative calculation, if the unit material density is still 1, the unit material is more important
for the car-body structure, and the unit is preserved. Meanwhile, when the unit material
density is 0 after the iterative calculation is completed, the unit material is not important
to the car-body structure, and the unit is deleted. Table 5 shows the specific topology
optimization parameter settings.

Table 5. Topology optimization parameter settings.

Parameter Description Value

MINDIM Minimum member size 150
MAXDIM Maximum member size 400
OBJTOL Tolerance of target function 0.005

CHECKER Checkerboard parameter 1
DISCRETE Discrete parameter 1

4.2. Topology Optimization Results

The force flow transfer path of the vehicle body is different under different loads,
which leads to different topology optimization results under different loads. Based on
different load conditions, this section describes the topology optimization analysis of single
and multiple load conditions, respectively, to obtain the new main bearing structure of the
vehicle body, satisfying multiple load conditions simultaneously.

(1) Topology optimization results of single working condition
After 75 iterations of analysis and calculation, the topology optimization calculation

for the longitudinal load condition is terminated. Figure 6 lists the topological density
cloud images with different thresholds.

(a)

Figure 6. Cont.

118



Appl. Sci. 2024, 14, 1074

(b) 

(c)

(d)

Figure 6. Cont.
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(e)

(f)

Figure 6. The optimization results of 75 iterations with different thresholds were obtained: (a) thresh-
old 0.05; (b) threshold 0.1; (c) threshold 0.2; (d) threshold 0.3; (e) threshold 0.4; (f) threshold 0.5.

After 106 iterations of analysis and calculation, topology optimization calculation for
vertical load conditions is terminated. Figure 7 lists the topological density cloud images
with different thresholds.

(a)

Figure 7. Cont.
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(b) 

(c)

(d)

Figure 7. Cont.
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(e) 

(f)

Figure 7. The optimization results of 106 iterations with different thresholds were obtained: (a) thresh-
old 0.05; (b) threshold 0.1; (c) threshold 0.2; (d) threshold 0.3; (e) threshold 0.4; (f) threshold 0.5.

After 139 iterations of analysis and calculation, topology optimization calculation for
torsional load conditions is terminated. Figure 8 lists the topological density cloud images
with different thresholds.

(a)

Figure 8. Cont.
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(b) 

(c)

(d)

Figure 8. Cont.
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(e)

(f)

Figure 8. The optimization results of 139 iterations with different thresholds were obtained: (a) thresh-
old 0.05; (b) threshold 0.1; (c) threshold 0.2; (d) threshold 0.3; (e) threshold 0.4; (f) threshold 0.5.

After 155 iterations of analysis and calculation, the topology optimization calculation
of crosswind load conditions is terminated. Figure 9 lists the topological density cloud
maps with different thresholds.

(a)

Figure 9. Cont.

124



Appl. Sci. 2024, 14, 1074

(b) 

(c)

(d)

Figure 9. Cont.
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(e) 

(f)

Figure 9. The optimization results of 155 iterations with different thresholds were obtained: (a) thresh-
old 0.05; (b) threshold 0.1; (c) threshold 0.2; (d) threshold 0.3; (e) threshold 0.4; (f) threshold 0.5.

After 200 iterations of analysis and calculation, topology optimization calculation
under three-point support load conditions is terminated. Figure 10 lists the topological
density cloud diagrams with different thresholds.

(a)

Figure 10. Cont.
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(b) 

(c)

(d)

Figure 10. Cont.
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(e) 

(f)

Figure 10. The optimization results of 200 iterations with different thresholds were obtained:
(a) threshold 0.05; (b) threshold 0.1; (c) threshold 0.2; (d) threshold 0.3; (e) threshold 0.4; (f) thresh-
old 0.5.

(2) Topology optimization results of multiple working conditions
In the multiple working condition topology optimization of the structure, the optimal

topology optimization structure corresponding to different conditions may also differ. A
material element deleted in one working condition may be retained in another. In other
words, there may be conflicts between the deletion and retaining of material elements under
different working conditions. To obtain the comprehensive optimal solution under various
working conditions, the linear weighted relationship between the topology optimization
results of each single load working condition is considered. By assigning different weight
coefficients to each working condition, the complex multi-working condition optimization
problem can be simplified to a single working condition optimization problem. The
mathematical model is as follows.⎧⎪⎪⎨

⎪⎪⎩
F(X) =

m
∑

j=1
ωj f j(X) = ω1 f1(X) + ω2 f2(X) + . . . + ωm fm(X)

P
∑

i=1
ωi = 1 (i = 1, 2, . . . , p)

(9)

where F(X) represents the equivalent objective function under multiple working conditions,
m represents the number of optimized working conditions, ω corresponds to the weight
coefficient of each working condition, and f (X) represents the input load under the single
load condition.
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When creating the response in the simulation software, it is necessary to set the corre-
sponding proportion of each working condition. However, due to the different frequencies
of each working condition during the operation of the vehicle body, the proportion of
each working condition in the topology optimization is different, so two groups of weight
coefficients are selected for comparative analysis.

(1) Topology optimization scheme with the same weight coefficients
In this group, the specific gravity of the five working conditions is set as 0.2 for

topology optimization and submitted for calculation. Figures 11 and 12 show the changing
trend of the objective function under topology optimization with the same weight coefficient
after 139 iterations.

The optimization results of multiple working conditions with the same weight co-
efficient show that the residual material distribution of the car-body structure after the
topology optimization of multiple working conditions is relatively straightforward. With
the increase in the number of iterations, the truss structure in the middle of the car body
is apparent. However, there are still more materials on both sides of the car body, and no
apparent truss structure is generated.

Figure 11. Volume change trend under topology optimization of the same weight coefficient.

(a)

Figure 12. Cont.
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(b) 

(c)

(d)

Figure 12. Cont.
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(e) 

(f)

Figure 12. Optimization results with different thresholds in 139 iterations: (a) threshold 0.05;
(b) threshold 0.1; (c) threshold 0.2; (d) threshold 0.3; (e) threshold 0.4; (f) threshold 0.5.

(2) Topology optimization scheme with different weight coefficients
A vertical load is always present in the daily operation of high-speed EMUs. The

torsional load and transverse wind load are the most frequent loads of trains entering
and exiting curves, intersections, and tunnels, while the longitudinal load and three-point
support load are less frequent. According to the frequency of the five working conditions,
the specific gravity of the five topology optimizations in this group is set as 0.4, 0.2, 0.2,
0.1, 0.1, including the vertical load of 0.4, the torsional load and the transverse wind
load of 0.2, and the longitudinal load and the three-point support load of 0.1, and the
calculation is performed based on the above optimization settings. Figures 13 and 14 show
the changing trend of the objective function under topology optimization with different
weight coefficients after 75 iterations.

The multi-condition optimization results with different weight coefficients show that
the distribution of residual structural materials of the car body is clear after the multi-
condition topology optimization. With the increase in the number of iterations, the material
of the end walls on both sides is removed from the early stage of calculation, the structure
of the bottom beam of the frame gradually becomes clear, and the cross-type grid structure
of the side wall and the roof also gradually becomes prominent.

The multiple condition optimization with different weight coefficients is adopted by
comprehensively comparing the above two schemes. This scheme can better integrate
the characteristics of the topology optimization results of each single condition, and the
optimization results are reasonable. The truss structure is evident, which can provide
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critical guiding suggestions for the establishment of the truss vehicle body structure in the
later stage.

Figure 13. Volume change trend under topology optimization with different weight coefficients.

 
(a) 

(b)

Figure 14. Cont.
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(c) 

(d)

(e)

Figure 14. Cont.
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(f)

Figure 14. The optimization results of 75 iterations with different thresholds were obtained: (a) thresh-
old 0.05; (b) threshold 0.1; (c) threshold 0.2; (d) threshold 0.3; (e) threshold 0.4; (f) threshold 0.5.

5. Reconstruction of Car-Body Bearing Structure

Although topology optimization can reflect the load transfer path by optimizing the
resulting material distribution, this result cannot be directly applied to machining and
manufacturing, and it can only provide ideas for subsequent design. In this section, the
reconstruction scheme of the car-body bearing structure is determined, and the dynamic
performance is checked.

5.1. Design Method of Truss Car-Body Structure Reconstruction

The bearing structure of high-speed EMUs mainly comprises the roof, side wall,
bottom frame, end wall, end part, etc. By extracting the topology optimization results
of each part of the car body, the basic shape of the new car-body structure of high-speed
EMUs is obtained. The basic design principles of each car-body part are as follows. The
end wall mainly adopts the triangular bearing structure; the end part is the coupler–seat
rear inclined beam structure; the bottom frame mainly considers the longitudinal beam
structure in the middle and both sides of the bottom frame; the side wall and the roof adopt
the cross-beam structure; and the structure near the supporting point of the car body needs
to be strengthened locally. In order to ensure that the vibration mode frequency meets the
design requirements, the side wall and upper beam structure are strengthened.

The topology optimization results contain the residual distribution range of materials
under different working conditions. However, this result is limited by the conceptual
design stage of topology optimization, which does not consider various complex situations
in vehicle body operation, such as the counterweight of cables, ventilation ducts, toilets,
etc. Therefore, the topology optimization results are more suitable to guide the subsequent
detailed design stage.

This process includes measuring various working conditions in the finite element
software, examining the surplus material in the topology optimization results, determining
each part’s hole position and its sizes and conditions, evaluating multiple conditions
considering the multiple and single topological optimization results, and incorporating
the welding manufacture process, including the simplification of irregular holes and the
identification of each part of the body after obtaining the neat hole position and its size.

5.2. Establishment of Car-Body Geometry Model and Finite Element Model

Many factors should be considered in the reconstruction of the truss car-body model.
This paper establishes the main bearing structure model of the truss car body based on
the basic data of the CRH vehicle contour and topology optimization results. In order
to facilitate the subsequent simulation calculation, only a quarter of the car-body model

134



Appl. Sci. 2024, 14, 1074

is established, and the comparative modeling of each part of the car body is shown in
Figures 15–21; different colors are used to distinguish the components.

 
(a) 

 
(b) 

Figure 15. Contrast modeling of underframe structure: (a) results of topology optimization of
underframe structure; (b) geometric modeling of underframe structure.

 
(a) 

 
(b) 

Figure 16. Contrast modeling of end-wall structure: (a) results of topology optimization of end-wall
structure; (b) geometric modeling of end-wall structure.
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(a) 

 
(b) 

Figure 17. Contrast modeling of results of end structure: (a) results of topology optimization of
results of end structure; (b) geometric modeling of results of end structure.

(a) 

 
(b) 

Figure 18. Contrast modeling of side beam structure (a) results of topology optimization of side beam
structure; (b) geometric modeling of side beam structure.
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(a) 

 
(b) 

Figure 19. Contrast modeling of roof structure: (a) results of topology optimization of side wall
structure; (b) geometric modeling of roof structure.

 
(a) 

 
(b) 

Figure 20. Contrast modeling of side wall structure: (a) results of topology optimization of side wall
structure; (b) geometric modeling of side wall structure.
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(a) 

 
(b) 

Figure 21. Contrast modeling of supporting structure: (a) results of topology optimization of sup-
porting structure; (b) geometric modeling of supporting structure.

Each part’s topology optimization modeling results are combined to obtain the truss
body structure of high-speed EMUs after topology optimization. Figure 22 shows the
model diagram of the quarter-truss vehicle. At the same time, to further improve the
strength and stiffness of the car body and consider the tightness of the car-body structure,
a layer of aluminum alloy skin with a thickness of 2 mm is added to the inner and outer
surfaces of the car body. The quarter-body model with the skin added is shown in Figure 23.
Different colors are used to distinguish the components.

Figure 22. A quarter-truss model of the vehicle.
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Figure 23. A quarter-truss model of the vehicle (skin).

The 3D model of the vehicle is imported into the finite element modeling software,
and the car-body structure model is meshed. The mesh size is 20 mm × 20 mm, and the
mesh shape is dominated by four-node thin-shell elements, totaling 1,865,412 elements
and 1,772,788 nodes. The vehicle body model after finite element dispersion is shown
in Figure 24. According to the measurement, the weight of the car body after topology
optimization is 8.62 t. According to the relevant information, the weight of a CRH EMU’s
body is about 10.5 t. Compared with the CRH EMU’s body, the weight of the reconstructed
car body is reduced by 1.88 t from the original 10.5 t, which is about 18%.

 

Figure 24. Finite element model of vehicle body after topology optimization.

5.3. Finite Element Analysis of the Reconstructed Model

In the above simulation calculation, the weight lifted by the off-board equipment and
the weight of the passengers are not considered, and the traction transformer, auxiliary con-
verter, sewage box, compressor, exhaust air cylinder, brake module, and other suspension
equipment are not set separately. In this simulation analysis, it is necessary to consider the
counterweights of cables, lighting equipment, ventilation ducts, toilets, inner end walls, tea
rooms, seats, and other car components. However, the car-body structure design is only
in the conceptual design stage, and the suspension position of the mass equipment has
yet to be determined, so the mass equipment and the cable and other equipment are set
by uniformly distributing the mass points. The reference design quality of the car-body
structure is shown in Table 6.

A load and constraint are applied to the reconstructed finite element model of the
car-body structure, and the simulation solution is carried out. The stress cloud diagram of
the truss vehicle structure under different working conditions is obtained. The calculation
results are shown in Figure 25.
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Table 6. Body reference design quality.

Sequence Description Number/t

1 Weight of vehicle maintenance equipment
(excluding bogie and car-body structure) 25.46

2 Weight of bogie 8.0

3 Passengers (80 kg/per person) Capacity: 85 6.8
Overcrowding: 120 9.6

4 Servicing equipment 0.4

5 Weight of vehicle with capacity passengers
(excluding bogie and car-body structure) 32.26

6 Weight of vehicle with overcrowding passengers
(excluding bogie and car-body structure) 35.06

 
(a) 

 
(b) 

 
(c) 

Figure 25. Cont.
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(d) 

(e) 

Figure 25. The stress nephogram of car-body model is reconstructed by finite element method:
(a) stress cloud diagram (longitudinal load); (b) stress cloud diagram (vertical load); (c) stress cloud
diagram (torsional load); (d) stress cloud diagram (crosswind load); (e) stress cloud diagram (three-
point support load).

According to the calculation results, the maximum Von Mises stress of the car-body
structure under these five working conditions is 157.6 MPa, less than the allowable stress
of the material of 215 MPa. The maximum stress points are mainly concentrated at the
window corner, the joint between the rear seat of the couplers and the bottom frame, and
the corner of the side wall.

6. Conclusions

This paper uses topology optimization design for the car-body structure design domain
based on CRH profile data. The following conclusions are drawn from the research analysis.

(1) The geometry model is established based on the contour size of the car-body
structure. The design space of the topology optimization design domain is determined,
and the finite element model of the vehicle body is established. The finite element analysis
of the initial design domain is completed, and the correctness of the design space is
checked, which provides a comparative reference for the subsequent topology optimization
calculation results.

(2) The input parameter values of the design variables, constraints, and objective func-
tions of topology optimization are determined, and the mathematical model of topology
optimization is established. In the topology optimization design domain of the car-body
structure, the topology configuration of the car-body structure is obtained by performing
the topology optimization of the single and multiple operating conditions, respectively.
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(3) The truss-body bearing structure is reconstructed based on the topology optimiza-
tion results. The weight of the reconstructed structure is 8.6 t, which is about 18% lower
than that of the current EMU structure in operation. The finite element analysis of the
reconstructed truss car-body structure shows that the strength of the structure meets the
requirements of the corresponding standards.
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Abstract: In recent years, urban rail transportation has rapidly developed in China and become one
of the most important modes of travel. Most existing studies on the dynamic characteristics of urban
rail trains have been based on single-section trains, and there have been fewer studies on marshaling
urban rail trains that incorporate traction transmission systems. The dynamic performance of each
carriage directly affects the operational reliability and even the running safety of urban rail trains.
For this reason, in this paper, a marshaling urban rail train model with a traction transmission system
was established and its accuracy was validated by field tests. This dynamics model enables the
consideration of the coupling interactions between the gear transmission motion, the vertical, the
lateral and the longitudinal motions of the vehicle. First, the model accuracy was validated by
field tests. Then, the relationship between the motor torque and the running time of the urban rail
train under traction conditions was calculated. Finally, the dynamic performance of each car of the
marshaling train was studied. The research results show that there is a clear difference between the
dynamics of the motor car and the trailer, and that the motor car is significantly inferior to the trailer.
Among the four motor cars, the dynamic performances of the first and last moving cars were worse
than those of the other motor cars. Among the two trailers, the trailer at the back was worse than the
trailer at the front. The traction transmission system has a greater impact on the vertical and lateral
vibration of the train bogie frame and wheelset, but the impact on the vibration of the car body is
negligible. This paper provides theoretical support for the research one train dynamic performance
optimization and operation safety.

Keywords: urban rail train; multivehicle marshaling; traction transmission system; traction condition;
dynamic characteristics

1. Introduction

In China, with the rapid development of cities, urban rail transit has increasingly
become the first choice for people to travel. Compared with other modes of transportation,
urban rail transit has the advantages of being economic, safe, convenient, environmentally
friendly, highly efficient and able to fundamentally improve the development of public
transportation in the process of urban development. In the actual operation process of
urban rail trains, they will experience rapid and frequent traction and braking, and each
motor car and trailer will be subject to different degrees of shock and vibration. The
above phenomenon occurs between different cars will directly affect the operational safety
of urban rail trains, as well as their stability and stability. Therefore, it is particularly
important that a multicar marshaling model of urban rail trains is established, considering
the interaction between the carriages and the traction transmission system, and to analyze
its dynamic characteristics.

For a long time, the operational safety problems caused by the dynamic characteristics
of urban rail vehicles have attracted extensive attention from scholars. Alexander et al. [1]
established a fine finite element model of the car body and the bogie system and studied and
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analyzed the vibration transmission path of the bogie structure caused by the excitation of
the wheel and rail. Simson et al. [2] studied the three-axle bogie locomotive, and the bending
performance of the bogie under different track excitations is compared and analyzed.
Ribeiro et al. [3] conducted modal test analysis on the closing part of the high-speed train
bogie by the modal test method and corrected the finite element model according to the
analysis results. Wang et al. [4] studied the time domain response reconstruction method
based on using the wavelet transform to obtain the responses of multiple positions, and
the vibration transmission paths between the train bogie and the car body are sorted.
Ling et al. [5] studied the influence of rail corrugation on the vibration of subway bogies
and proposed measures to reduce the vibration of subway bogies and reduce the failure
rate of primary suspension springs, which provided a basis for the development of new
subway bogies and track maintenance. The traction transmission system plays the role
of transmitting force and motion in urban rail trains, and its dynamic performance has
a significant impact on the stability and safety of train operations. Traction transmission
failures can even lead to catastrophic consequences such as derailment or train collisions.
Yang et al. [6,7] researched the time-domain and time–frequency domain responses of
the gear system of a vehicle with the wheel flat under variable speed conditions, and the
influence of wear parameters on the nonlinear dynamics of gear systems. Wang et al. [8]
presented a novel analytical model of TVMS for profile-shifted spur gears, and carried
out numerical simulations to analyze the individual and compound shifts. Wang et al. [9]
established a gear system model of a railway vehicle, which they proposed in consideration
of its time-varying mesh stiffness, nonlinear backlash, transmission error, time-varying
external excitation and rail irregularity to investigate the nonlinear dynamics of a time-
varying gear system. Wang et al. [10] studied the inner/outer races failure mechanism of
axle box bearing. Zhang et al. [11] studied the dynamic responses of the electromechanical
coupling model under variable conditions, and the dynamic characteristics of the traction
motor were revealed by numerical analysis. Li et al. [12] studied the contribution of each
vibration path of the gearbox, determined that the right bearing of the gearbox was the
main transmission path of vibration through vibration tests and obtained the transmission
law of the vibration transmission path of the gearbox. Zhang et al. [13] established a
dynamic model considering the traction motor and gearbox. By comparing the simulation
results with the experimental results in the time domain and time–frequency domain
and analyzing the gear meshing force and wheel–rail force, it was found that compared
with the wheelset, the gear meshing force has a greater impact on the dynamics of the
traction motor and gearbox. Wang et al. [14] established the vehicle dynamics model that
integrated the flexible gearbox housing, time-varying mesh stiffness and nonlinear gear
backlash. The effect of wheel out-of-roundness on the dynamic response of the traction
transmission system was studied, and the results show that wheel wear can cause the severe
and complex torsional vibration of the gear drive system. Chen et al. [15–17] embedded the
gear transmission system into the vehicle–track coupling model and considered complex
excitations such as gear time-varying mesh stiffness, nonlinear backlash, nonlinear wheel–
rail normal contact force and creep force. The vibration responses of the train and gear
transmission system under braking conditions were in good agreement with the actual line
test results. Zhang et al. [18] established a vehicle-track coupling model and compared and
analyzed the models considering and not considering the gear transmission system. The
gear system adopts spur gears and verifies the vertical and longitudinal vibration of the gear
transmission system to the wheelset and traction motor. There is an obvious effect, but the
effect on the lateral vibration of the bogie frame is not obvious. Wang et al. [19] conducted
a non-smooth dynamic analysis of the wheelset system. The relationship between the time–
frequency dynamic characteristics, slip velocity and nonlinear interaction force between the
wheel and rail was studied. Zhou et al. [20,21] established an electromechanical coupling
model and verified that the electromechanical coupling effect can be applied to monitor
the faults of rotating components in the transmission path of the train transmission system.
In addition to heavy-duty locomotives, Wang et al. [22] conducted similar research in
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the field of high-speed EMUs. Zhang et al. [23] established fully translational and fully
rotational vehicle–track coupling models, studied the gear vibration mechanism through
the time–frequency analysis method and analyzed the composition of the frequency band
components considering gear excitation. Wang et al. [24] established a plane vibration
model of the train gear system considering the effect of adhesion and studied the bifurcation
characteristics of the gear system at different speeds. Huang et al. [25] established the
torsional vibration model of a high-speed train gear system and studied the superharmonic
resonance problem and the Hopf bifurcation problem of the system by a semi-analytical
method. Kia et al. [26] conducted experiments on a train traction system and found that
the vibration characteristics of the traction motor, bearing and gearbox have a significant
impact on the motor current. Huang et al. [27] established a high-speed train dynamics
model based on the SIMPACK software. The research results show that gear meshing
excitation has a significant impact on motor vibration. The running stability and safety of
trains are also important research directions. Based on the flexible vehicle–track coupled
dynamic model, Chen et al. [28] studied the ride comfort on the straight lines and curves
under different excitations, as well as the vibration of the car body at different positions
found that the riding comfort is very sensitive to longwave excitation but not to shortwave
excitation, and it is not sufficiently accurate to evaluate the ride comfort of subway vehicles
only based on the vibration of the center of the floor. Pradhan et al. [29] established a
train dynamics model based on the ADAMS VI-Rail software, which included the first five
modes of the car body, and studied the comfort of the train.

In addition, the single vehicle model cannot accurately reflect the dynamic charac-
teristics of the train system, and therefore, Belforte et al. [30] established a numerical
calculation method for studying the dynamics of heavy freight trains, and the influence
of train composition on the operational safety was demonstrated through numerical anal-
ysis. Tao et al. [31] established a vehicle–track rigid-flexible coupling dynamic model
considering two carriages, studied the influence of wheel–rail interaction caused by the
out-of-roundness of the wheel of one wheelset on the wheel–rail interaction of the other
seven wheelsets, and found that the wheel–rail interaction dynamic interactions can be
transferred from an out-of-round wheelset to another wheelset of the same bogie via the
rails. However, more research has focused on the coupler. Wu et al. [32] established a
train model consisting of two eight-axle trains and one simplified carriage, and analyzed
the working principles and differences between the two coupler systems. Ding et al. [33]
established a nonlinear finite element model of the collision between the train and the
detailed coupler and studied the collision characteristics of the coupler under different
working conditions. Yadav et al. [34] established a simplified and degree-of-freedom model
of the coupler to study the effect of the coupler clearance on the longitudinal dynamics of
the train. Zou et al. [35] established different marshaling train models, compared the longi-
tudinal dynamic characteristics of the train under different rescue conditions, and analyzed
the effect of the longitudinal impulse on the coupler and vehicle dynamic performance.
However, the influence of the traction transmission system on the dynamic characteristics
of marshaling trains is still unclear at present, so it is difficult to obtain a more accurate
dynamic response of marshaling trains under variable speed conditions, and it is difficult
to provide an effective reference for traffic safety, optimal design and fault diagnosis.

As a result, in this paper, on the basis of considering the traction transmission, the
dynamic model of the marshaling urban rail train is established, and the dynamic char-
acteristics of each carriage under the traction conditions of the train are studied. The
specific research contents are as follows: Section 2 introduces the dynamic model of the
marshaling urban rail train. Section 3 validates the model. Section 4 analyzes and discusses
the dynamic characteristics. Section 5 summarizes the full text.

2. Dynamic Modeling

One effective means of solving the dynamics problem of a complex mechanical system
is to establish its physical model and analyze it. In this paper, the dynamic model of a
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domestic urban rail train is established by the SIMPACK software. The train adopts the
form of six carriages, and the traction transmission system is considered. Figure 1a shows
the connection mode and structural characteristics of the various components of the train.
When building this model, all parts were treated as rigid bodies. Figure 1b shows the
modeling process.

Figure 1. Marshaling urban rail train dynamics model with the traction transmission system:
(a) Topology model of the urban rail train; (b) The modeling flow chart of the marshaling urban rail
train; (c) The marshaling urban rail train dynamics model.
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The trailer model consists of four wheelsets, eight axle boxes, two bogie frames and a
car body. The wheelset is connected to the bogie frame through the primary suspension and
then connected to the car body through the secondary suspension. The primary suspension
and the secondary suspension were represented by springs and dampers in the model.
Some parameters of the trailer are shown in Table 1.

Table 1. Main parameters of the urban rail train dynamics model.

Specification Value

Car body mass (kg) 4.08 × 104

Bogie frame mass (kg) 3188
Wheelset mass (kg) 1640
Axle box mass (kg) 85.367

Gearwheel mass (kg) 53.15
Pinion mass (kg) 5.15

Gearbox mass (kg) 149.75
Rotor mass (kg) 178..36
Motor mass (kg) 422.82

Rotational inertia of car body x/y/z (t·m2) 75.06/2277.4/2277.4
Rotational inertia of bogie frame x/y/z (kg·m2) 2040/2710/3460

Rotational inertia of wheelset x/y/z (kg·m2) 725/100/725
Rotational inertia of axle box x/y/z (kg·m2) 1.455/2.448/2.011

Rotational inertia of gearwheel mass x/y/z (kg·m2) 4.55/4.85/4.555
Rotational inertia of pinion x/y/z (kg·m2) 0.006/0.007/0.006

Rotational inertia of gearbox x/y/z (kg·m2) 4.22/10.45/8.56
Rotational inertia of rotor x/y/z (kg·m2) 24.5/1.9/24.5

Rotational inertia of motor x/y/z (kg·m2) 77.5/24.7/75.2
Stiffness of primary suspension x/y/z (N/m) 9.2 × 106/8 × 106/1.5 × 106

Stiffness of secondary suspension x/y/z (N/m) 2.06 × 105/2.06 × 105/4.41 × 105

Stiffness between motor and bogie frame x/y/z (N/m) 3 × 107/1 × 107/3 × 107

Stiffness between gearbox and bogie frame x/y/z (N/m) 3 × 106/3 × 106/3 × 106

Damping coefficient of primary suspension x/y/z
(N·s/m) 5560/5560/1800

Vertical damping coefficient of secondary suspension
(N·s/m) 6 × 104

Damping coefficient between motor and bogie frame
x/y/z (N·s/m) 1 × 103/1 × 103/1 × 103

Damping coefficient between gearbox and bogie frame
x/y/z (N·s/m) 3 × 105/2 × 105/3 × 105

The motor car model including four wheelsets, eight axle boxes, four gearboxes, four
traction motors, two bogie frames and a car body. Compared with the trailer, the motor car
has added a traction transmission system. The traction transmission system is composed
of a traction motor, gearwheel, pinion and gearbox casing. The traction torque is first
transmitted to the pinion through coupling and then transmitted to the gear through the
meshing of the gearwheel. When establishing the gear system, the meshing of the gearwheel
and the pinion is defined by force element No. 225, which can accurately describe the
Young’s modulus, Poisson’s ratio and damping coefficient of the gear pair and establish
the profile parameters. The geometric characteristic parameters are shown in Table 2. The
traction motor consists of a stator and a rotor. The stator model is first established and
connected to the bogie frame through the motor hanger. The rotor is then modeled and
hinged to the stator. After that, the rotor is connected with the pinion through the coupling.
The coupling is defined by force element No. 43, and reasonable stiffness and damping
are set to ensure the torque transmission function of the coupling. The construction of the
other parts of the motor car is the same as that of the trailer, and some parameters of the
motor car are shown in Table 1.
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Table 2. Main parameters of gear model.

Specification Value

Tooth number of pinion/gear 16/107
Modification coefficient of pinion/gear (mm) 0.31449/−0.07614

Face width of pinion/gear (mm) 70/70
Module (mm) 85.367

Pressure angle (◦) 20
Helix angle (◦) 17
Poisson ratio 0.3

Young modulus (GN/m) 206
Damping coefficient (kN·s/m) 5

The marshaling train model is shown in Figure 1c, which adopts the marshaling form
of “four motor cars + two trailers”: M1–M2–T1–T2–M3–M4 (where M1, M2, M3 and M4 are
motor cars and T1 and T2 are trailers). Here, the x axis is longitudinal, the y axis is lateral
and the z axis is vertical. Each car is connected by a coupler, and the coupler is defined by
force element No. 4.

3. Model Validation

To verify the accuracy and reliability of the urban rail train dynamic model, the
measured tracking data and simulation data of a subway line in Beijing were used for
comparative analysis, mainly to compare the vertical acceleration of the axle box and the
gearbox box. In the actual test train, the fourth vehicle was selected as the test vehicle, the
acceleration sensor was arranged on the axle box and the gearbox box for the tracking test,
and the acceleration data of the corresponding components were obtained. The sensor uses
a three-axis vibration acceleration sensor and the principle is piezoelectric. The gear box
uses a vibration acceleration sensor with a range of 500 g, and the axle box uses a vibration
acceleration sensor with a range of 50 g. The location of the sensor is above the axle box
and to the left of the gear box case. The direction of the sensor: x axis is longitudinal, y axis
is transverse and z axis is vertical. The sampling frequency is 10 K Hz. The scene photo is
shown in Figure 2.

  
(a) (b) 

Figure 2. Sensor layout in the field test. (a) Layout of sensors on axle box, and the red circle indicates
that the axle box; (b) Layout of sensors on gearbox, and the red circle indicates that the gearbox.

Compared with the actual operating conditions of urban rail trains, the simulated
train parameters have certain differences which have a certain impact on the simulation
results. The simulation model uses the measured track spectrum of a line in Beijing as
the track excitation. The train simulation data and measured data are shown in Figure 3.
Because the working conditions of urban rail trains in actual operation are very complex,
they will experience continuous acceleration, coasting and braking, and will continue to
pass through curves and turnouts, and the measured map will have a larger rail impact.
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Therefore, the axle box, as the component with the closest contact distance with the wheel
and rail, has the most obvious impact on the rail in the measured data. Since this situation is
not considered in the simulation model, the overall vibration acceleration of the simulation
model is smaller than the measured data. In this paper, the actual acquired vibration signals
are low-pass filtered using a digital filter to filter out the high-frequency noise signals in
the acquisition process. The comparison between the vertical dynamics simulation data
of the urban rail train and the measured data is shown in the figure. Although there is
a certain difference between the simulation data and the test data, the overall vibration
characteristics are in good agreement with the measured data, so the established simulation
model is more reasonable.

Figure 3. Comparison of the experimental data and simulation data in the vertical direction: the time
series (a) on the axle box and (b) gearbox.

4. Analysis and Discussion

The working conditions studied in this paper adopt the linear traction working condi-
tions, and the track spectrum is based on the measured data of a line in Beijing, the time is
40 s and the sampling frequency is 5000 Hz.

The traction motor of an urban rail train adopts an AC asynchronous motor, and the
working speed range of the motor is divided into two parts: a constant torque area and
a constant power area. When the traction motor works in the constant torque range, the
output torque remains unchanged, and the working range is between the starting speed
and the synchronous speed; when the traction motor works in the constant power range,
the output power remains unchanged, and the output torque and speed have an inversely
proportional relationship. According to the data provided by the traction motor, the motor
output torque is obtained as a piecewise function:

Ts =

{
Te n ≤ ns
9550 Pe

n n > ns
(1)

where Ts is the driving torque; Te is the rated torque; Pe is the rated power; n is the traction
motor speed; and ns is the motor synchronous torque.

The traction characteristic curve of the urban rail train is shown in Figure 4a. The
urban rail train will be affected by the traction force and basic resistance of the motor
under traction conditions. According to the literature [9], the speed curve of the urban
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rail train under traction conditions can be obtained, as shown in Figure 4b. The train
performs a uniform acceleration motion in 0–15.7 s, the working range of the traction motor
is the constant torque range and the speed reaches 42.6 km/h; the train performs variable
acceleration motion in 15.7–70 s and the working range of the traction motor is the constant
power range.
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Figure 4. (a) Traction characteristic curve; and (b) speed curve under traction condition.

The evaluation index of the train’s dynamic performance is an important basis for
evaluating the dynamic characteristics of the train. When evaluating the safety of train
operation, the derailment coefficient, wheel load reduction rate and other indicators are
generally comprehensively evaluated. In this section, based on the dynamic simulation
results of urban rail trains under traction conditions, evaluation indicators such as wheel–
rail vertical force, wheel–rail lateral force, the derailment coefficient and the rate of wheel
load reduction in six carriages are compared and analyzed, and the influence of train
dynamics is analyzed.

4.1. Analysis of Safety and Critical Velocity
4.1.1. Security Analysis

Figure 5a,b show the wheel–rail vertical force and wheel–rail lateral force of each car
of the urban rail train under traction conditions, respectively. The simulation data from
the position of the axle box divides the 40 s traction condition into eight segments every
5 s and takes the peak value of each segment for comparative analysis. This method is
adopted in the subsequent analysis in this section. The wheel–rail vertical force and the
wheel–rail lateral force of the six carriages are monotonically increasing. The wheel–rail
vertical force of M1 is the largest, and the variation range is 69.91–77.17 KN. The wheel–rail
lateral force of M2 is the largest, and the variation range is 2.27–5.96 KN. The wheel–rail
vertical force of T1 is smaller than that of T2. The wheel–rail vertical force of the four-section
locomotive is significantly greater than that of the two-section trailer because the total mass
of the locomotive is greater than that of the trailer and because of the effect of the traction
transmission system on the train bogie.

Figure 6 shows the variation in the derailment coefficient of urban rail trains. The
derailment coefficients of all cars are monotonically increasing. The derailment coefficient
of M1 is the largest, followed by that of M4. The first car and the last car of the train are
only connected to one car, which is greatly affected by the longitudinal impact of the train
and has poor dynamic performance. The derailment coefficients of the four-section EMUs
are significantly greater than those of two-section trailers, indicating that the trailers have
better dynamic performance. T1 is smaller than T2, and the variation ranges are 0.016–0.048
and 0.019–0.051, respectively, indicating that the dynamic performance of the trailer in the
front is better than that in the rear.
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(a) (b) 

Figure 5. Wheel–rail force of urban rail train in operation: (a) wheel–rail vertical force; and (b) wheel–
rail lateral force.

 

Figure 6. Derailment coefficient.
Figure 7 shows the change in the wheel load reduction rate of each car of the urban

rail train. The wheel load reduction rate of all cars is monotonically increasing. The
wheel load reduction rate of M1 is the largest, followed by M4, and their variation ranges
are 0.050~0.090 and 0.049~0.089, respectively, whilst the wheel load reduction rate of the
four-segment trains is significantly larger than those of the two-segment trailers, T1 is
smaller than T2 and their variation ranges are 0.033~0.070 and 0.035~0.073, respectively.
The variation characteristics of the wheel load reduction rate of urban rail trains are similar
to the derailment coefficient, which verifies the previous analysis.

 

Figure 7. Rate of wheel load reduction.

152



Appl. Sci. 2023, 13, 3022

4.1.2. Nonlinear Critical Speed Analysis

The critical speed is divided into a linear critical speed and a nonlinear critical speed.
In general, the linear critical speed is 10~28% faster than the nonlinear critical speed.
Therefore, calculating the critical speed of the train only needs to calculate its nonlinear
critical speed. The nonlinear critical speed needs to give the train an initial speed that is
much larger than the actual running speed and at the same time apply a force opposite to
the running direction of the train body to make the train perform a uniform deceleration
motion, let the train pass through a small section of lateral track excitation and then cancel
so that the train continues to run on a smooth track. The nonlinear critical speed of the
train is judged by observing whether the traverse amount of the wheelset converges in the
postprocessing, and the minimum value of the convergence of the traverse amount of the
wheelset is the nonlinear critical speed of the train.

The nonlinear critical speed simulation selects 300 km/h as the initial speed of the train,
which is significantly greater than the actual running speed of the train. The simulation
results of the single-section trailer are shown in Figure 8. The lateral offset of the four
wheelsets of the single-section trailer model is within ±10 mm, and the convergence speed
of the lateral offset of the four wheelsets is basically the same. Therefore, it can be concluded
that the nonlinear critical speed of the model is 223 km/h.

 
Figure 8. The nonlinear critical speed of the single trailer.

The simulation results of the marshaling train are shown in Figure 9. Figure 9 shows
the “M1, M2, T1, T2, M3, M4” carriages of the six-car marshaling urban rail train. As a
result, the nonlinear critical speed of each car relative to the single train model is different.
The critical speeds of the T1 and T2 trailers are 217.5 km/h and 215.8 km/h, respectively,
which are lower than the critical speed of the single-segment model. The critical speeds
of the four motor cars M1, M2, M3 and M4 are 181.5 km/h, 183.3 km/h, 183.1 km/h
and 181.2 km/h, respectively. Compared with the trailer, the motor vehicle has different
parameters and more components, such as a gearbox and traction motor, so the critical
speed of the motor vehicle is lower than that of the trailer. The critical speeds of M1 and
M4 are lower than those of the other two, indicating that the dynamic performances of
M1 and M4 are poor; the critical speed of T1 is greater than that of T2, indicating that the
dynamic performance of T1 is better than that of T2, which verifies the previous analysis.
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Figure 9. Nonlinear critical speed of each car of the marshaling urban rail train. Each curve represents
the convergence rate of transverse movement of each carriage respectively.

4.2. Vibration and Comfort Analysis of Urban Rail Trains
4.2.1. Vibration Response Analysis

Figure 10a,b show the vertical acceleration and lateral acceleration of each carriage
body, respectively. The vertical acceleration and lateral acceleration of the six-carriage car
increase monotonically. In terms of vertical acceleration, the motor car is larger than the
trailer, but the difference is not obvious. The variation range of M1 is the largest, in the
range of 0.018~0.385 m/s2. T1 is the smallest, with a variation range of 0.011~0.365 m/s2.
In terms of lateral acceleration, there is no obvious difference between the carriages, and
the overall variation range is 0.022~0.472 m/s2.

Figure 10c,d show the vertical and lateral accelerations of the bogie frames of each
car, respectively. The vertical and lateral accelerations of the six carriages monotonically
increase. The vibration accelerations of M1 and M4 are relatively large, the vertical accel-
eration ranges are 0.262~1.523 m/s2 and 0.239~1.512 m/s2, respectively, and the lateral
acceleration ranges are 0.083~1.062 m/s2 and 0.086~1.042 m/s2, respectively. The vibration
acceleration of the four motor cars is greater than that of the two trailers because the
traction motor will generate large vibration during operation, and the gear mechanism
adopts a helical gear which will generate large vertical vibration and lateral vibration
during operation. The vertical vibration acceleration has a significant effect.

Figure 10e,f show the vertical and lateral accelerations of the wheelsets of each carriage,
respectively. The vertical and lateral accelerations of the six carriages monotonically
increase. The vertical and lateral accelerations of the four motor cars are both greater than
those of the two trailers, indicating that the traction transmission system has an obvious
influence on the vibration acceleration of the train wheels. The ranges of the vertical and
lateral accelerations of the motor car are 0.26~13.86 m/s2 and 0.15~11.84 m/s2, respectively,
and the ranges of the vertical and lateral accelerations of the trailer are 0.13~3.47 m/s2

and 0.11~3.01 m/s2, respectively. The vibration acceleration of the axle box is significantly
greater than that of the bogie frame, and the vibration acceleration of the bogie frame is
significantly greater than that of the car body, indicating that the primary suspension and
the secondary suspension suppress most of the vibration.
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(a) (b) 

  
(c) (d) 

  
(e) (f) 

Figure 10. Vibration acceleration of each component of the marshaling urban rail train: (a) vertical
acceleration of car body; (b) lateral acceleration of car body; (c) vertical acceleration of bogie frame;
(d) lateral acceleration of bogie frame; (e) vertical acceleration of wheelset; and (f) lateral acceleration
of wheelset.

The traction transmission system will generate a large vertical vibration during opera-
tion, which will affect the vibration response of each component of the train. Therefore,
it is also important to compare and study the vibration frequency of each component of
the motor car and the trailer. A short-time Fourier transform is performed on the vibration
signals of the car body, bogie frame and axle box of the two adjacent carriages M2 and T1,
and the time–frequency diagrams are obtained [36,37], as shown in Figures 11 and 12.
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Figure 11. Time–frequency diagram of the vertical vibration acceleration of the motor car and trailer:
(a) car body of the motor car; (b) car body of the trailer; (c) bogie frame of the motor car; (d) bogie
frame of the trailer; (e) wheelset of the motor car; and (f) wheelset of the trailer.
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Figure 12. Time–frequency diagram of the lateral vibration acceleration of the motor car and trailer:
(a) car body of the motor car; (b) car body of the trailer; (c) bogie frame of the motor car; (d) bogie
frame of the trailer; (e) wheelset of the motor car; and (f) wheelset of the trailer.

Figures 11 and 12 show the time–frequency plots of the vertical and lateral vibration
accelerations, respectively, of the M2 and T1 car bodies, bogie frames and wheelsets. There
is an obvious energy bar for the vertical vibration and lateral vibration of the M2 car body,
with a frequency band in the range of 0~25 Hz. This shows that the traction transmission
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system has little influence on the vibration frequency band of the motor car and trailer
body. The vibration difference between the M2 and T1 bogie frames is obvious. The vertical
vibration and lateral vibration energy bars of M2 are mainly concentrated in the ranges of
0~250 Hz and 0~300 Hz, and the meshing frequency of the gearbox can clearly be seen,
indicating that the vibration of the gearbox will be obviously transmitted to the bogie frame.
The energy bars of the vertical vibration and lateral vibration of the T1 bogie frame are
mainly concentrated in 0~100 Hz. The vertical vibration and lateral vibration energy bars of
the M2 and T1 wheel sets are mainly concentrated in the low-frequency range of 0~50 Hz.
M2 clearly shows the meshing frequency and frequency multiplication of the gearbox,
which is due to the hinge joint of the large gear and the axle. The vibration generated by
the meshing of the gears will be directly passed to the wheelset. The meshing frequency of
the gears is denoted by fs, the double frequency is denoted by 2fs, and the triple frequency
is denoted by 3fs. The frequency multiplication response wheel-to-body octave response
gradually decreases because of the gradual reduction in the effect of the nonlinear term
generated by the nonlinear forces during the Fourier transform. The traction transmission
system has a significant impact on the low-frequency vibration of the bogie frame, and the
meshing frequency of the gearbox will be significantly transmitted to the bogie frame and
the wheelset.

4.2.2. Stability Analysis

The evaluation of the train stability mainly refers to the vibration acceleration, vibra-
tion amplitude, vibration frequency and vibration duration of the train body. The running
quality is determined by the parameters of the vehicle itself, which is the most widely used
dynamic performance of trains in the world. Sperling index is one of the indicators to
evaluate the train stability, so this index is also the running stability evaluation Chinese
standard specified in GB/T 5599-2019.

The sperling index Ws can be expressed as

Ws = 0.896 10

√
a3

f
F( f ) (2)

where a is the vibration acceleration, cm/s2; f is the vibration frequency, Hz; and F( f ) is a
weighting factor that considers the sensitivity of the human body to various frequencies
of vibration. Here, Ws ≤ 2.5 is excellent grade, Ws ≤ 2.75 is good grade and Ws ≤ 3.0 is a
pass grade.

Figure 13 shows the vertical sperling index and the lateral sperling index of each
car of the urban rail train during different time periods. In terms of the vertical sperling
index, each carriage monotonically increases within 0~15 s and 20~40 s, and the value of the
sperling index decreases within 15~20 s because the working condition of the traction motor
changes from constant rotation during this time period. The torque area becomes a constant
power area, and the torque output by the motor is reduced to optimize the sperling index
of each carriage. With increasing vehicle speed, the influence caused by the traction motor
gradually decreases, and the value of the stability index gradually increases. The change
rate of the four motor cars within 15~20 s is greater than that of the two trailers, indicating
that the traction motor has a greater impact on the EMU’s stability index. The value of
the vertical sperling index of M1 is the largest, followed by M2, with variation ranges of
1.11~2.25 and 1.09~2.23, respectively. In terms of the lateral sperling index, the values of
the lateral sperling index of all carriages monotonically increase, and the difference in the
lateral sperling index values of the six carriages is small. The vertical sperling index and
lateral sperling index of each car of the urban rail train are both less than 2.5, so the stability
level of the urban rail train is excellent.
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Figure 13. Sperling index of the marshaling urban rail train: (a) vertical sperling index; and (b) lateral
sperling index.

5. Conclusions

(1) When calculating the nonlinear critical speed of urban rail trains, the calculation
results of a single car body are quite different from the calculation results of marshaling
trains, and the calculation results of marshaling trains are more in line with the actual situa-
tion. Therefore, the calculation of the marshaling train model for subsequent simulations is
more realistic.

(2) In terms of safety indicators, dynamic indicators such as the wheel–rail force, wheel
load reduction rate and derailment coefficient of the motor cars are significantly larger than
those of the trailers, indicating that the safety of the motor car is significantly worse than
that of the front trailer. In terms of running stability, the difference between the motor car
and the trailer is small, and the traction motor will obviously improve the stability of the
train when it transitions between the constant torque zone and the constant power zone. In
the four-section motor car, the dynamic performance of the first and last sections is poor. In
a two-section trailer, the dynamics of the rear car are poor.

(3) In terms of vibration response, the difference in the amplitude of the vibration
acceleration between the motor car and the trailer body is small, the vibration acceleration
of the motor car bogie frame and wheelset is significantly higher than that of the trailer
and the low-frequency vibration frequency of the motor car is significantly larger than that
of the trailer, indicating that the traction transmission system has a significant impact on
the train bogie frame. The time domain and time–frequency response of vibration have a
great influence.

The establishment of the marshaling urban rail train model with a traction transmission
system in this paper is of great significance for more accurately determining the dynamic
performance of each carriage of the marshaling train and the influence of the traction
transmission system on each carriage. The dynamic performance of the train is optimized
to improve its dynamic performance, and it can also simplify the maintenance of the
marshaled urban rail train in the later stage.
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Abstract: Mode pairing is a crucial step for the stability of any model-updating strategy based on
experimental modal parameters. Automatically establishing a stable and assertive correspondence
between numerical and experimental modes, in many cases, proves to be a very challenging task,
especially in situations where complex mode shapes are present. This article presents a novel formu-
lation for the automatic mode pairing between experimental and numerical complex modes based on
an Energy-based Modal Assurance Criterion (EMAC). The efficiency of the proposed criterion was
demonstrated on the basis of a case study involving the pairing between numerical and experimental
modes of a passenger railway vehicle. A highly complex detailed FE numerical model of the vehicle
was developed involving the modeling of the carbody, bogies and axles. A numerical damped modal
analysis allowed obtaining the main global rigid-body and flexural modes of the vehicle’s carbody,
as well as several local modes associated to the vibration of specific components of the carbody.
Due to the localized damping provided by the suspensions, these modes presented complex modal
ordinates, especially for the rigid-body modes. The comparison between the results obtained from
the application of the EMAC and the classical MAC criteria, on the pairing of five global mode
shapes, proved that the EMAC criterion is much more assertive, avoiding mismatches between the
experimental global modes and some of the local numerical modes with similar configurations, and,
consequently, establishing the correct correspondences between experimental and numerical modes.

Keywords: model updating; automatic mode pairing; complex modal parameters; energy-based MAC

1. Introduction

The overall use of numerical modeling techniques based on the finite element (FE)
method, as well as experimental techniques for operational modal analysis (OMA), made
the updating of numerical models based on modal parameters quite widespread [1]. These
model-updating methodologies are widely used for: (i) developing highly accurate nu-
merical models [2–6]; (ii) modeling structures under operational conditions with unknown
levels of degradation and/or geometrical/mechanical parameters with very high levels of
uncertainty [7,8]; (iii) monitoring the evolution of the structural behavior during retrofit
operations [9]; and (iv) identifying structural damage [10,11], among others.

In most situations, these methodologies are based on the minimization of an objective
function, composed by the residuals between numerical and experimental modal param-
eters, through the iterative variation of sensitive parameters of the numerical model [4].
During the optimization process, particularly due to variations on the numerical param-
eters’ values, several changes in the order of the numerical mode shapes are frequently
registered. To guarantee that these modifications do not affect the search for the optimal
solution, it must be ensured that, in all iterations throughout the optimization process, the
residuals of the objective function are calculated between an experimental mode and its
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correspondent numerical counterpart. Thus, the convergence of the optimization problem
fundamentally depends on an efficient, automatic and stable mode-pairing technique to
perform the correct assignment between numerical and experimental modes [12].

Most of the mode-pairing techniques are based on metrics for evaluating the corre-
lation between two vectors (in this case, modal ordinate vectors), or between Frequency
Response Functions (FRFs) [13,14]. Such metrics, applied to experimental and numerical
results, allow to quantify the degree of correlation between the modes, and, consequently,
to assign each experimental mode to its numerical counterpart [12]. The metrics based
on FRFs are less widespread in the field of mode pairing compared to those based on
modal ordinate vectors, mainly due to the difficulties associated with the estimation of
the experimental FRFs in large-scale structures. Nevertheless, the Frequency Domain
Assurance Criterion (FDAC), proposed by [15], can be used for mode pairing with FRFs.
The FDAC computes the correlation between two FRFs for different frequency shifts, and
provides, for each frequency, a scalar between 0 and 1, with 0 meaning no correspondence
and 1 meaning full correspondence.

Among the modal-ordinate-vector-based criteria, one of the first to be applied is
known as the Modal Scale Factor (MSF), proposed by [16]. The MSF is defined as the inner
product of the two modal ordinate vectors to be compared, scaled by the inner product
of either one of these vectors, making it significantly dependent on the normalization of
the modes [17]. This dependence on the normalization factor sometimes causes a problem
in practical applications, since it is often not possible to apply the same normalization
to experimental and numerical modes, especially when using OMA techniques to gather
experimental data. A very widespread criterion that is independent from normalization is
the Modal Assurance Criterion (MAC), proposed by [16]. The MAC is defined as the square
of the inner product of the two vectors, scaled by the product of the two inner products of
the two vectors by themselves, resulting in a real scalar between 0 and 1 [18].

Based on the MAC, several other criteria for the correlation between modal ordinate
vectors were proposed: the Partial MAC (PMAC) [19], in which only part of the modal
ordinate vector is used in the calculations, focusing the analysis in a particular component
or direction; the Extended MAC (MACX) [20], with an expanded assertiveness for complex
modes, and its enhanced version (MACXP) [20], which, by a weighting with the poles of
the corresponding mode shapes, improves the performance of the criterion under reduced
spatial resolution; and the Weighted MAC (WMAC), also known as Normalized Cross
Orthogonality (NCO), which incorporates the mass or stiffness matrices as a weighting
matrix for the calculation of the MAC, remedying the shortcoming of the MAC not being
a true orthogonality check [13]. However, due to the fact that usually not all degrees of
freedom are instrumented, the application of the WMAC requires condensing the mass or
stiffness matrices through model-reduction techniques [13,17]. Another issue regarding
the WMAC is that, for complex mode shapes, a different formulation based on the state
formulation of the orthogonality condition is required. This is due to the orthogonality
conditions with respect to mass and stiffness matrices not being met for complex modes [21].

The mathematical formulation of some of these criteria will be briefly presented in
Section 2 of the manuscript. A more detailed description of these and other criteria can be
consulted, for example, in the References section [17,19,21,22].

A common issue associated with the application of these classic mode-pairing criteria
arises when dealing with structures where local modes are associated to a particular
structural component, as well as a set of components or parts of the structure that do not
constitute the object of interest but also have global components, even if very small, with
a shape similar to the true global modes. These modes, especially when they have close
natural frequencies, can easily generate errors in the matching process and compromise the
stability of the model-optimization algorithm [12,23].

Seeking to solve this issue, Brehm et al. [12] proposed an innovative criterion, the
EMAC, which is based on the weighting of the MAC by the relative modal strain energy
associated with different parts of the structure denominated as clusters. The authors
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demonstrated that, through the appropriate choice of clusters, it is possible to isolate modes
from different parts of the structure quite efficiently. Applications of the EMAC for mode
pairing can be consulted in the works of [3,5,23,24], in which its use proved to be essential
in applications involving the model updating of FE models of railway bridges including
the track.

Since it relies on the orthogonality conditions between the vibration modes and the
stiffness matrix to calculate the modal strain energy, the EMAC, according to its original
formulation, cannot be applied to problems involving complex modes. In many cases,
especially in civil engineering structures where the modes are real or almost real, this
does not represent a problem, and often, the pairing and model updating are performed
considering the undamped modal problem. However, in the case of vehicles and structures
with localized dampers, modes with a significant degree of complexity are present. In these
situations, the EMAC ends up being at a disadvantage compared to criteria such as the
FDAC, the MSF and the MAC, which can be applied to complex modes, and even more in
relation to the MACX, which was specifically developed for these applications.

In this framework, the present work intends to share innovative contributions that,
according to the authors’ knowledge, are not sufficiently detailed in the existing litera-
ture, namely:

- The development of a mode-pairing formulation dedicated to complex modes based on
an energy-based criterion and relying on a state-space formulation. The existing criteria
for complex mode shapes reveal weaknesses and tend to fail in several situations;

- The evaluation of the performance of the developed mode-pairing criterion based on a
case study involving a highly complex FE model of a railway vehicle and experimental
modal parameters. In the existing mode pairing criteria, the validation is usually
performed based on simple numerical or analytical examples. Additionally, the
experimental restrictions associated with the positioning and number of sensors, noise
and environmental interference create more challenging conditions to evaluate the
performance of the pairing criteria.

This article presents the main existing mode-pairing criteria for complex modes, with
a special emphasis on the criteria relying on the Energy-based Modal Assurance Criteria
(EMAC). Regarding the EMAC, an innovative mathematical formulation based on a state-
space model is detailed. Then, this criterion was applied to a case study involving the
automatic mode pairing between the experimental and numerical modes of a passenger
railway vehicle. In railway vehicles, the localized damping introduced by the suspension
systems is responsible for the existence of complex mode shapes. In addition, the numerical
model considers the flexibility of the carbody’s elements, and consequently, the local modes
of the panels that form the floor, walls and roof are present. These two aspects make the
application of a criterion such as the EMAC particularly relevant to obtain a stable and
robust automatic mode pairing.

2. Review of Existing Mode-Pairing Criteria

In this section, some of the most used criteria for mode pairing, which can be applied
for systems with complex modes, are briefly presented. In addition to their mathemat-
ical formulation, the advantages and disadvantages of using each of these criteria are
also presented.

2.1. Modal Assurance Criterion (MAC)

The Modal Assurance Criterion (MAC) is the most used criterion for pairing numerical
and experimental modes of vibration [17,21,25]. It is defined as:

MACij =

∣∣ΦH
i Φj

∣∣2
ΦH

i ΦiΦ
H
j Φj

(1)
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in which Φi and Φj are the vectors containing the modal ordinates of modes i and j,
respectively, and H is the Hermitian transpose (conjugate transpose) operator.

According to [12], the main advantages of applying the MAC parameter are: (i) simple
implementation; (ii) experimental information is not required on all degrees of freedom
of the structure; and (iii) it does not depend on the normalization of the modal vectors.
However, according to [21], the value of the MAC parameter strongly depends on the
dimension of the modal vectors and is also particularly sensitive to the change in the higher
amplitude ordinates. Due to these issues, pairing by the MAC value may be not sufficient
in cases of complex structures, as well as in continuous structures or structures with partial
continuity, such as bridges with several spans, as demonstrated by [23]. Examples of the
application of the MAC criterion in mode pairing can be found in references [1,2,26,27].

2.2. Extended Modal Assurance Criterion (MACX)

As stated by Sternharz et al. [22], the MAC criteria might lead to inconclusive results
in the case of modes with a significant level of complexity, especially in the presence of
close or repeated modes. According to Vacher et al. [20], these inconclusive results are due
to the fact that the MAC provides different results depending on the combinations made
with the pairs of complex and complex-conjugate of the two mode shapes being compared.
In order to address those issues, Vacher et al. [20] proposed the Extended Modal Assurance
Criterion (MACX), defined as:

MACXij =

(∣∣ΦH
i Φj

∣∣+ ∣∣ΦT
i Φj

∣∣)2(
ΦH

i Φi +
∣∣ΦT

i Φi
∣∣)(ΦH

j Φj +
∣∣∣ΦT

j Φj

∣∣∣) (2)

in which T is the transpose operator.
Compared to the MAC, the use of the MACX provides more consistent results in the

case of complex mode shapes, but it is also influenced by the dimension of the modal ordi-
nate vector and more sensible to variations in components of greater amplitude. Examples
of its application can be found in references [28,29].

Aiming to improve the MACX performance in situations where the modal ordinate
vectors contain information from only a few points, Vacher et al. [20] proposed an enhance-
ment of the criterion called Pole-Weighted MACX (MACXP). This criterion incorporates
information regarding the natural frequencies and damping ratios of the structure by
weighting the MACX with the poles of the dynamic system.

The MACXP is defined as:

MACXPij =

( |ΦH
i Φj|

|λ∗
i +λj| +

|ΦT
i Φj|

|λi+λj|
)2

(
ΦH

i Φi
2|Re(λi)| +

|ΦT
i Φi|

2|λi |

)(
ΦH

j Φj

2|Re(λj)| +
∣∣∣ΦT

j Φj

∣∣∣
2|λj|

) (3)

in which λi and λj are the poles associated with modes i and j, and * is the complex-
conjugate operator. It was demonstrated by Vacher et al. [20] that this weighting by
the poles is capable of significantly improving the accuracy of the criterion in situations
where there are few sample points. Examples of the application of this criterion can be
consulted in [22].

2.3. Frequency Domain Assurance Criterion (FDAC)

The Frequency Domain Assurance Criterion (FDAC), proposed by Pascual et al. [15], is
analogous to the MAC criteria, but it is calculated with the Frequency Response Functions
(FRFs) with distinct frequency shifts. It is defined as:
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FDAC
(

ω f , ωg

)
=

∣∣∣∑N
p=1 ∑N

q=1 h(x)
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pq
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in which h(x)
pq

(
ω f

)
and h(a)

pq
(
ωg

)
are the values of the FRFs corresponding to an excitation

at the Degree Of Freedom (DOF) p, measured at DOF q and at frequencies ω f and ωg,
respectively [30]. The FDAC parameter allows for the analysis of the correspondence
between two FRFs for all frequencies within a selected range. Such an operation results in
something similar to a MAC matrix, although it is much denser given the large number of
frequency values which can be used compared to the restricted number of modes used to
compute the MAC matrix [13].

Several variants of this criterion are also found in the literature, such as the Response
Vector Assurance Criterion (RVAC) [31], in which only one column of the FRF matrix is used
to compute the FDAC; the improved FDAC [15], which takes into account the lags between
the FRFs and prevents the pairing of FRFs with a lag of 180◦; and the complex FDAC [30],
which is calculated without the modulus and conjugated operator in the numerator to
account for the real and imaginary parts of the criterion.

The major drawbacks associated with the application of this mode-pairing criteria
are related to the necessity of estimating experimental FRFs, which are not obtained
when applying OMA techniques. Furthermore, the FDAC calculation implies a higher
computational cost compared to the correlation criteria between modal order vectors,
especially when there is a wide range and high resolution of frequencies. Examples of
application of the FDAC criteria and its variants are found in references [32–34].

3. Mode Pairing Using the Energy-Based Modal Assurance Criterion (EMAC)

An efficient and robust mode-pairing criterion is a key aspect to assure the stability of
any model-updating methodology based on experimental modal data. Undoubtedly, the
MAC is the most used criterion for this task. However, due to its drawbacks (presented in
Section 2), it might be unsuitable in some situations. Some of these issues may be solved
by a proper weighting of the MAC values. The criterion based on strain energy gathers
the information from the mathematical correlation between the modal vectors with the
physical information of the degrees of freedom observed in the dynamic test and related to
the stiffness or mass distribution.

In this criterion, the correspondence of the numerical modes with the experimental
ones is carried out through the EMAC parameter (Energy-based Modal Assurance Criterion)
which is given by:

EMACijk = ∏jkMACij (5)

This parameter results from the weighting of the MAC parameter by the relative modal
strain energy (∏ jk) of one or several groups of degrees of freedom of the numerical model,
called clusters. Each experimental mode is paired with the numerical mode corresponding
to the highest value of the EMAC parameter.

The success of the criterion based on the EMAC parameter largely depends on the
selection of the degrees of freedom of the numerical model that form the various clusters.
Clusters must allow for the separation of measured degrees of freedom from unmeasured
degrees of freedom in the test. In complex structures, the clusters must also consider the
different substructures constituted by groups of elements with a dynamic behavior different
from the global structure.

This criterion was developed and successfully applied by Brehm et al. [12] for the case
of real vibration modes. Its application to complex vibration modes based on a state-space
formulation is innovative and is not reported in the bibliography in detail.
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In this section, the mathematical formulation of the EMAC criterion is presented. First,
the formulation proposed by Brehm et al. [12] for real modes is briefly presented, as it
represents the basis for the understanding of the formulation for complex modes. Then,
the mathematical formulation of the newly innovative approach to dealing with complex
modes is presented.

3.1. Real Modes

In the case of real vibration modes, the relative modal strain energy uses the physical
information of the stiffness matrix. Its calculation involves rearranging the modal vectors
and dividing the stiffness matrix into submatrices that relate the different clusters [12].

Assuming that the modal matrix (Φ) is normalized in relation to the mass matrix, the
modal stiffness matrix, which constitutes the orthogonality condition in relation to the
stiffness matrix, is as follows:

ΦTKΦ =

⎡
⎢⎢⎣

. . .
ω2

j
. . .

⎤
⎥⎥⎦ (6)

in which ωj corresponds to the angular natural frequency of mode j. The total strain energy
(Modal Strain Energy) associated with each vibration mode j (MSEj) is equal to 1/2 × ω2

j .
The vector that contains the modal information of the numerical mode j can be

rearranged by separating the degrees of freedom of the numerical model into n clusters:

ΦT
j =

[
ΦT

j1ΦT
j2 · · ·ΦT

jn

]T
(7)

In turn, the stiffness matrix is also divided into submatrices (Kkl) that relate the degrees
of freedom of clusters k and l, that is:

K =

⎡
⎢⎢⎢⎣

K11 K12 · · · K1n
K21 K22 · · · K2n

...
...

. . .
...

Kn1 Kn2 · · · Knn

⎤
⎥⎥⎥⎦ (8)

where k and l take values equal to 1, 2, . . . , n, and n is the total number of clusters.
The modal strain energy of vibration mode j with respect to cluster k (MSEjk) is

calculated based on the following expression:

MSEjk =
1
2

n

∑
l=1

ΦT
jkKklΦjl (9)

where Φjk is the matrix that contains the modal information of the numerical mode j,
corresponding to the degrees of freedom of cluster k; Kkl is the stiffness submatrix that
relates the degrees of freedom of clusters k and l; and Φjl is the matrix that contains the
modal information of numerical mode j, corresponding to the degrees of freedom of cluster l.

The total strain energy of vibration mode j is given by:

MSEj =
1
2

n

∑
k=1

n

∑
l=1

ΦT
jkKklΦjl =

1
2

ΦT
j KΦj =

1
2

ω2
j (10)
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The relative strain energy (∏ jk) represents the portion of the total energy mobilized
by the vibration mode j considering only the degrees of freedom of cluster k. It can be
calculated based on Equations (9) and (10), that is:

∏jk =
MSEjk

MSEj
=

∑n
l=1 ΦT

jkKklΦjl

ΦT
j KΦj

(11)

with MSEj 
= 0. This parameter is a scalar that takes values in the range between 0 and 1.
Finally, the EMACijk is calculated through Equation (5).

3.2. Complex Modes

In cases where the damping matrix is not proportional to the mass and stiffness
matrices, the so-called complex modes of vibration are present. These are characterized
by complex numbers, i.e., they encompass both magnitude and phase information. In a
complex vibration mode, the movements of the points occur with a time delay proportional
to the phase difference, situated between 0◦ and 180◦. The representation of the deformed
structure is usually performed with animations that present the values of the amplitudes of
the various components of the modes at different instants of time [17].

In the case of complex vibration modes, the previously presented formulation cannot
be directly applied since the orthogonality conditions with respect to the stiffness matrix
(Equation (6)) are not met. Therefore, to obtain an expression for the modal strain energy it
is necessary to resort to a formulation based on state-space equations.

In a state-space formulation, the system of second-order differential equilibrium
equations, with dimension z, is transformed into a system of 2z first-order differential
equations. To this end, the state vector x(t) is defined with z lines, which are constituted by
the displacements and velocities of the z degrees of freedom of the structure:

x(t) =
[

q(t)
.
q(t)

]
(12)

Based on the state-space formulation, the equation of motion (M
..
q + C

.
q + Kq = p(t))

can be rewritten as:

P
.
x(t) + Qx(t) =

{
p(t)

0

}
(13)

P and Q are defined in Equations (14) and (15), respectively, in terms of the stiffness,
damping and mass matrices [35,36]:

P =

[
C M

M 0

]
(14)

Q =

[
K 0

0 −M

]
(15)

Assuming q(t) = ϕje
λj t as a solution for homogeneous differential equations results

in the following eigenvalue problem:

Q·Ψ = −P·Ψ·ΛC (16)

The eigenvalues (Λ) and the eigenvectors (Ψ) can be related to matrices that contain
the vibration modes (Θ) and λj, which characterize the dynamic behavior of the structure
through the following expressions:

ΛC =

[
Λ 0

0 Λ∗
]

(17)
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Ψ =

[
Θ Θ∗

ΘΛ Θ∗Λ∗
]

(18)

where

Λ =

⎡
⎢⎢⎣

. . .
λj

. . .

⎤
⎥⎥⎦ j = 1, . . . , n (19)

Θ =
[
. . . Φj . . .

]
j = 1, . . . , n (20)

in which Φj is a vector containing the modal ordinates of mode i, and λi is the associated
eigenvalue [35,36].

Based on the previously presented formulation, the following orthogonality conditions
can be derived:

ΨTPΨ =

⎡
⎢⎢⎣

. . .
aj

. . .

⎤
⎥⎥⎦ (21)

ΨTQΨ =

⎡
⎢⎢⎣

. . .
bj

. . .

⎤
⎥⎥⎦ (22)

in which aj and bj play a role similar to the modal mass and modal stiffness for undamped
vibration systems but are usually complex numbers [36]. Therefore, in the case of complex
modes, the modal strain energy can be calculated based on the second orthogonality
condition, and the total strain energy associated with mode j (MSEj) is equal to 1/2 × bj.

The matrix Ψ has a dimension of 2z× 2n′, where z is the number of degrees of freedom
of the numerical model and n′ is the total number of vibration modes. This matrix can be
rearranged by separating the degrees of freedom of the numerical model into n clusters,
resulting in:

Ψ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Φ11 Φ12 · · · Φ1n′ Φ∗
11 Φ∗

12 · · · Φ∗
1n′

Φ21 Φ22 · · · Φ2n′ Φ∗
21 Φ∗

22 · · · Φ∗
2n′

...
...

. . .
...

...
...

. . .
...

Φn1 Φn2 · · · Φnn′ Φ∗
n1 Φ∗

n2 · · · Φ∗
nn′

Φ11λ1 Φ12λ2 · · · Φ1n′λn′ Φ∗
11λ∗

1 Φ∗
12λ∗

2 · · · Φ∗
1n′λ∗

n′
Φ21λ1 Φ22λ2 · · · Φ2n′λn′ Φ∗

21λ∗
1 Φ∗

22λ∗
2 · · · Φ∗

2n′λ∗
n′

...
...

. . .
...

...
...

. . .
...

Φn1λ1 Φn2λ2 · · · Φnn′λn′ Φ∗
n1λ∗

1 Φ∗
n2λ∗

2 · · · Φ∗
nn′λ∗

n′

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(23)

The vector that contains the modal information of the numerical mode j can be rear-
ranged by separating the degrees of freedom of the n clusters. It has the following format:

ΨT
j =

[
ΦT

1jΦ
T
2j · · ·ΦT

nj
(
Φ1jλj

)T(
Φ2jλj

)T · · · (Φnjλj
)T
]T

(24)
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In turn, the matrix Q, with a dimension of 2z × 2z, is also divided into submatrices
(Kkl and Mkl) that relate the degrees of freedom of clusters k and l, that is:

Q =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

K11 K12 · · · K1n 0 0 · · · 0

K21 K22 · · · K2n 0 0 · · · 0
...

...
. . .

...
...

...
. . .

...
Kn1 Kn2 · · · Knn 0 0 · · · 0

0 0 · · · 0 −M11 −M12 · · · −M1n
0 0 · · · 0 −M21 −M12 · · · −M2n
...

...
. . .

...
...

...
. . .

...
0 0 · · · 0 −Mn1 −Mn2 · · · −Mnn

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(25)

in which k and l can assume values equal to 1, 2, . . . , n, where n is the total number
of clusters.

Based on this submatrix division of Q, it is possible to form the matrices Qkl , which
relate the degrees of freedom from clusters k and l, that is:

Qkl =

[
Kkl 0
0 −Mkl

]
(26)

Therefore, the modal strain energy from mode j with respect to cluster k (MSEjk) can
be calculated by:

MSEjk =
1
2

n

∑
l=1

ΨT
jkQklΨjl (27)

where Ψjk is the matrix that contains the information of numerical mode j, corresponding
to the degrees of freedom of cluster k; Qkl is the submatrix from Q relating the degrees of
freedom from clusters k and l; and Ψjl is the matrix containing the modal information of
numerical mode j, corresponding to the degrees of freedom from cluster l.

The total modal strain energy of mode j is given by:

MSEj =
1
2

n

∑
k=1

n

∑
l=1

ΨT
jkQklΨjl =

1
2

ΨT
j QΨj =

1
2

bj (28)

Therefore, the relative strain energy (∏ jk) represents the portion of the total energy
mobilized by vibration mode j considering only the degrees of freedom of cluster k. Itis
given by:

∏jk =

∣∣∣MSEjk

∣∣∣∣∣MSEj
∣∣ =

∣∣∣∑n
l=1 ΨT

jkQklΨjl

∣∣∣∣∣∣ΨT
j QΨj

∣∣∣ (29)

with MSEj 
= 0. Similarly to the case involving real modes, the relative strain energy (∏ jk)
varies from 0 to 1.

4. Case Study

In this section, the presented EMAC formulation for complex modes is applied to a
case study involving the mode pairing between numerical and experimental modes of a
BBN tourist-class passenger railway vehicle. The BBN vehicle (Figure 1) is a 25.9 m and
55-ton car with two motor bogies and capacity for 62 passengers. This vehicle is part of the
CPA 4000 series (“Alfa Pendular”) train which operates in the line connecting the cities of
Porto and Lisbon in Portugal.
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Figure 1. BBN vehicle: (a) perspective; (b) elevation; (c) floor plan.

4.1. Numerical Model

The numerical model of the vehicle (Figure 2) was developed based on shell, beam
and spring-dashpot assemblies. Particularly, the beam elements were used for modeling
the bogies, and the spring-dashpot assemblies were used to simulate the suspensions, the
connecting rods and the tilting system. The shell elements were used to model the floor,
the roof and the wall panels. The thickness of the shell elements was considered to match
the cross-sectional area with one of the real panels. The real panels, however, are formed
by an upper and lower plate connected by diagonal plates, thus presenting an orthotropic
behavior to bending. To adequately represent this behavior, the inertia of the shell elements
was corrected by the RMI (Ratio of the Bending Moment of Inertia) [37] parameter given
by the ratio between the real inertia of the panel and that given by the shell element.
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Figure 2. Overview of the BBN vehicle’s numerical model.

The main parameters of the numerical model are depicted in Table 1, according to the
information provided by the manufacturer of the BBN vehicle.

Table 1. Main parameters of the BBN vehicle’s numerical model.

Parameter Designation Adopted Value Unit

Carbody

KS1 Vertical secondary
suspension stiffness

Front bogie
256.4 kN/m

KS2 Rear bogie

cS Vertical secondary suspension damping 35 kNm/s

KST Transverse secondary suspension stiffness 2500 kN/m

cST Transverse secondary suspension damping 17.5 kNm/s

KPend Rigidity of the pendulum system 0 (at rest) kN/m

cAL Anti-hunting suspension damping 400 kNm/s

Kb Stiffness of the tilting bolster–load bolster connection rod 20,000 kN/m

Δalum Aluminum density 2700 kg/m3

Ealum Aluminum deformability
module

Dir x 70 GPa

Dir z 54.2 GPa

RMIb
Corrective factor of the

moment of inertia

Floor 90 -

RMIp Walls 114 -

RMIc Roof 386 -

ΔMb

Additional mass

Floor 70 %

ΔMp Walls 20 %

ΔMc Roof 10 %
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Table 1. Cont.

Parameter Designation Adopted Value Unit

ebas

Equivalent thickness

Floor 10.2 mm

epar Walls 10.3 mm

ecob Roof 8.8 mm

Bogies

KP Primary suspension stiffness 564 kN/m

cP Primary suspension damping 18 kNm/s

Kbls Axle-box connecting rod
stiffness

Top 6.5 MN/m

Kbli Bottom 25 MN/m

Krc Stiffness of the wheel–rail contact 1.5674 × 109 N/m

ΔMlc

Additional mass

Girder
(central zone) 42 kg/m

ΔMle
Girder

(extremities) 38 kg/m

ΔMt Crossmember 92 kg/m

ΔMe Axles 271 kg/m

Additionally, concentrated mass elements were used to incorporate the mass of some
non-structural components and equipment at the wagon’s floor and at specific locations
distributed along the bogies. The adequate positioning of these elements is essential for
accurately representing the vehicle’s modal behavior. The positioning and corresponding
values of these masses are depicted in Figure 3.

 

Figure 3. Mass elements in the finite element model: (a) carbody; (b) bogie.
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Figure 4 depicts the modal configurations and natural frequencies of the vehicle’s
carbody. Among the rigid-body modes, 1C is a rotation about the x axis, 2C is a translation
along the y axis, and 3C is a rotation about the z axis. Due to the relevant contribution
of the localized damping provided by the suspension elements, these rigid-body modes
presented a high degree of complexity. Among the deformation modes, 4C and 6C are,
respectively, the first and second torsional modes, and 5C is the first bending mode.

 

Figure 4. Numerical modes of the BBN vehicle’s carbody.

Several local modes involving the bending of elements of the box, in particular the
base, walls and roof, were also identified. As an example, Figure 5 illustrates the first two
local modes (1L and 2L) that involve bending movements of the base of the carbody, with
natural frequencies of the damped system equal to 8.85 Hz and 9.63 Hz, respectively.

 

Figure 5. Numerically obtained local vibration modes of the housing.

As can be seen in Figure 5, despite being clearly local, modes 1L and 2L contain global
displacement components, which might be confused with global modes and create extra
difficulties for an automatic mode-pairing algorithm. Particularly, in Mode 1L, these global
movements are very similar, in a smaller scale, to the first global bending mode (5C).
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The vehicle damping matrix was constructed as the sum of a Rayleigh damping
matrix and the matrix resulting from the scattering of the matrices of the elements with
localized damping, particularly the primary, secondary and anti-hunting dampers. The
addition of the matrices from the localized dampers to the Rayleigh damping matrix makes
it nonproportional to the stiffness and mass matrices, which results in complex modes.

The Rayleigh constants were calculated setting damping coefficients equal to 2% for
the 4C and 6C vibration modes. The evolution of the damping coefficient as a function of
frequency for the Rayleigh damping portion is graphically represented in Figure 6.

Figure 6. Rayleigh damping curve.

4.2. Mode Pairing

A dynamic test, described in detail in [4], was performed based on a set of 14 accelerom-
eters distributed along the floor of the carbody. The tests allowed for the identification
of 5 experimental vibration modes, depicted in Figure 7, which clearly correspond to the
numerical modes 1C to 5C previously presented in Figure 4. In Figure 7, for each vibra-
tion mode, the respective natural frequency and Mode Complexity Factor (MCF) [38] are
also indicated.

 

Figure 7. Experimental carbody modes.
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To demonstrate the performance of the EMAC in automatically pairing these experi-
mental modes to their numerical correspondents, the vehicle’s FE model was divided into
the four clusters presented in Figure 8. The carbody clusters, namely the floor, walls and
roof, where each split into sub-clusters containing only the degrees of freedom associated
with the vertical (y) and transverse (z) directions, respectively. Accordingly, seven separate
clusters were obtained in total. In the “other elements” cluster, the remaining degrees of
freedom of translation and rotation of the numerical model were included, encompassing,
among others, the bogies and the seats.

 

Figure 8. Identification of the clusters used in the numerical model of the BBN vehicle.

For each of these clusters, the relative modal strain energy (see Figure 9) was calculated
through Equation (29) considering 80 vibration modes, obtained through a numerical modal
analysis taking the damping into account.

 

Figure 9. Relative MSE values for the different clusters and vibration modes, obtained based on the
numerical model of the BBN vehicle.

Figure 10 presents the MAC and EMAC correlation matrices between the 80 numer-
ical modes and the 5 experimentally identified modes (see Figure 7). In this Figure, the
80 numerical modes correspond to 40 complex-conjugate pairs. The EMAC values for the
2C, 3C and 5C modes were obtained by weighting the MAC by the modal strain energy of
the clusters 1, 3 and 5 (see Figures 8 and 9). The EMAC values for the 1C and 4C modes
resulted of the weighting of the MAC values by the modal strain energy of the clusters 1,
4 and 6 (see Figures 8 and 9). Cluster 1 is representative of the positioning of the sensors
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and the measurement direction used in the dynamic test of the carbody, since the sensors
were installed on the vehicle’s floor. The use of other clusters in the weighting of the MAC
values, particularly in the rigid-body modes, allowed to highlight the interrelationship
between the degrees of freedom of the base, walls and roof in the y and z directions.

 

Figure 10. Pairing of experimental and numerical modes of the BBN vehicle based on the (a) MAC
and (b) EMAC parameters.

As can be clearly seen, the EMAC matrix is significantly cleaner compared to the
MAC matrix. The application of the EMAC allowed for the proper pairing the between
experimental and the numerical modes, as indicated by the little green arrows in Figure 10b.
On the other hand, the use of the MAC parameter resulted in a high level of correlation
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between the experimental modes and several numerical modes, which made it impossible
to establish a proper pairing between experimental and numerical modes.

The EMAC parameter facilitated the pairing of the 1C and 5C experimental modes,
especially. Figure 11 shows two numerical vibration modes, modes 7 and 50, which can be
paired with experimental modes 1C and 5C, respectively, and which the use of the EMAC
parameter allowed to exclude. Mode 7 is a transverse rotation mode of both bogies. It
causes small-amplitude transverse-rotation movements of the box. Mode 50 is a global
bending mode with local-box base movements.

 

Figure 11. Numerical vibration modes likely to pair with (a) experimental mode 1C, and (b) experi-
mental mode 5C.

It is also important to highlight the significant correlation between vibration modes
1C and 4C. As can be seen from Figure 7, due to the limited number of points where the
experimental information was available, the deformed modal configurations of these two
modes, from the perspective of the instrumented points, are very similar. The distinction
between these two modes became more evident using the EMAC parameter.

5. Conclusions

This paper presents a novel approach to the problem of automatic pairing complex
vibration modes through the expansion of the MAC criterion weighted by the modal strain
energy (EMAC), for its application in problems involving complex mode shapes.

To enable the application of the EMAC to problems with complex modes, an expression
for the modal strain energy was derived on the basis of the orthogonality conditions of a
state-space formulation. The derived formulation allows to quantify the relative modal
strain energy, used for the weighting of the MAC, in cases where the orthogonality condition
between the modes and the stiffness matrix is not satisfied. Consequently, this made it
possible to expand the criterion to more general applications.

Subsequently, the effectiveness of the proposed criterion was demonstrated through
a case study involving the pairing of modes of a BBN-type passenger vehicle. A detailed
numerical model of the vehicle was developed in ANSYS® based on shell, beam, spring-
dashpot assemblies and concentrated mass elements. Particularly, the shell elements were
used to represent the panels of the carbody, the beam elements were used to model the
bogies, the spring-dashpot assemblies were used to model the suspension components, and
the mass elements were used to represent the non-structural equipment and components
of the vehicle. The localized damping effect introduced by the dampers led to a non-
proportional damping matrix and, consequently, to complex modes.

A numerical modal analysis was performed, in which it was possible to identify the
main rigid-body modes of the carbody in addition to the first structural modes associated
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with the bending and torsional movements of the carbody. In addition to these global
modes, it was possible to identify several local modes, mainly for bending the carbody
panels. These modes presented global components of small amplitude with a format very
similar to some of the global modes, which imposes extra difficulties in the pairing process.

The numerical modes were paired with five experimental modes, from which in-
formation was available on the modal ordinate amplitudes of the 14 points that were
instrumented on the vehicle floor. To demonstrate the efficiency of the proposed criterion,
the pairing process was performed by the MAC and EMAC, with the aim of comparing the
results obtained. After applying both criteria, the EMAC proved to be much more assertive
in establishing the correct correspondences between numerical and experimental modes,
even in challenging situations, due to the reduced number and positioning constraints
of the sensors and the complexity of the numerical model. The weighting by the modal
deformation energy, used in the EMAC, was able to significantly reduce the erroneous cor-
respondences between the experimental global modes and the purely local modes verified
when applying the MAC. In addition, even more assertive results are expected in situations
with a higher number of sensors and larger spatial distribution.

In conclusion, the new formulation proposed for the application of the EMAC criterion
to complex modes has proved to be very promising and represents an advance for future ap-
plications involving the updating of numerical models in the presence of non-proportional
damping conditions.
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Abstract: In this paper, to improve the wheel/rail dynamic performance of the vehicle passing
through the fixed frog area and improve the service life of the fixed frog, a geometric parameter
optimization design method of the fixed frog area is proposed using particle swarm optimization
(PSO). Based on the variable section rail profile interpolation algorithm and wheel/rail contact
solution algorithm, the wheel/rail contact characteristics of the fixed frog area are analyzed. Then,
the vehicle-fixed frog dynamic model is built using a MATLAB/Simulink platform to complete the
dynamic calculation and analysis of the rail vehicle passing through the fixed frog area. Finally,
based on the wheel/rail contact characteristics of the fixed frog area, and take wheel/rail forces as
the optimization goal, the optimization design method for the wing rail lifting value and the nose
rail height of the fixed frog area is proposed. The comparative analysis shows that the wheel/rail
dynamic performance in the fixed frog area has been greatly improved after optimization, which
verifies the feasibility of the optimization strategy.

Keywords: fixed frog; wheel/rail interaction; geometric parameter optimization; PSO

1. Introduction

Turnout is the key part of the track structure of the railway system, and its role is to
guide the rail vehicle from one track to another, so as to give full play to the transportation
efficiency of the line. However, due to its complex structure, large number of applications,
short service life, low traffic safety, limited train speed and high maintenance cost, it brings
a great workload to the daily maintenance and overhaul of the railway public works
department. Therefore, turnout, curve and joint are called the three weak links of track [1].
As the fixed frog turnout is cheaper and more reliable than the movable core rail turnout,
it is widely used in a large number of the common railway, the heavy-haul line and the
urban rail transit line [2].

The fixed frog turnout mainly includes switch parts, connecting parts and frog area
parts. Among them, the gap from the throat of the frog to the actual point of nose rail is
called the harmful space of a fixed frog. The wheel/rail relationship of the wheelset passing
through a harmful space is very complex, which is also the main reason for limiting the
vehicle crossing speed [3].

Due to the harmful space, the wheel/rail force in the frog is much greater than that in
the general section line. This violent dynamic interaction becomes more and more serious
with the speed increase of the train. This can not only cause strong wheel/rail impact
and even derailment of vehicles, but also cause serious wear, fracture and other turnout
diseases of the nose rail in the frog section. Therefore, it is particularly essential to research
the wheel/rail interaction relationship of vehicles passing through the fixed frog area.

Many scholars have carried out extensive research on reducing wheel/rail impact in a
fixed frog area. Ren [4,5] established the vehicle-frog vertical vibration model, calculated
the wheel/rail impact force in the fixed frog through a self-made program, carrying out
the wheel/rail dynamics research first in the fixed frog area in China. Wang [6,7] regarded
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the fixed frog as a finite length variable cross-section Euler beam, established a vehicle-
turnout spatial coupling vibration model including the vibration of the fixed frog, the
connecting part and the switch, and comprehensively research the influence of vehicle and
track parameters on the wheel/rail relationship in the turnout area. Lagos [8] used four
different treads and two different turnouts to conduct a dynamic simulation analysis of
vehicle crossing, and results show the geometric design for turnouts play a very important
role on the dynamic performance of vehicle crossing. Markine [9,10] established a complete
dynamic model of the fixed frog to research the fatigue failure of the nose rail under the
high-frequency wheel/rail impact load, analyzed the influence of the stiffness of the lower
support structure in the fixed frog area on the contact fatigue failure of the nose rail, and
found that the use of the under-rail pad with small stiffness is helpful to decrease the
impact force on the rail. Grossoni [11] iteratively optimized the stiffness under the track
in the fixed frog area based on Genetic Algorithm to reduce the common failure forms
such as fatigue failure of the fixed frog. Anderson [12,13] established the wheel/turnout
contact finite element model considering the characteristics of track variable stiffness, rail
variable section and wheel/rail multi-point contact in detail, and analyzed the dynamic
performance of the wheel/turnout in a wide frequency range. Blanco-Saura [14] built a
detailed 3D finite element model for turnout by using ANSYS software, and combined
with the vehicle dynamics model established by VAMPIRE Pro, analyzed the vertical
dynamic response of turnout under dynamic load, especially the vertical dynamic force
characteristics of center rail and switch rail area.

In the research on the optimization method for the wing rail lifting value and the
nose rail height, Palsson [15] took the wheel/rail contact stress as the optimal goal, and
proposes a cross geometric design strategy for the crossing to optimize the rail shape in
the frog area, so as to reduce the rail damage. Wan [16] presented an optimization strategy
for deceasing wheel/rail wear through changing nose rail profiles. Cao [17,18] obtained
a more reasonable reduction value of a key section of nose rail through researching the
wheel/rail static parameters and wheel/rail dynamic action performance in a fixed frog
area. Xu [19] obtained a fixed frog optimization design method based on the ratio of the
required height difference of wheel profile to the actual height difference of rail top profile
in the fixed frog. Zhang [20] focused on the effects of the wing rail height value in fixed
frog area on driving stability and wheel/rail dynamic action when vehicles pass through
the turnout center.

Although the existing research has done a lot of in-depth and continuous work, there
are still shortcomings. When the number of control sections of fixed frogs is large, the
arrangement and combination schemes increase rapidly, which leads to the extremely low
efficiency of trial and error method and is basically not feasible. Therefore, it is a difficult
problem to propose a complete and standardized design process for the optimization
design of key geometric parameters of the fixed frog area. This paper will focus on the
wheel/rail interaction performance of rail vehicles passing through the fixed frog area, and
decrease the wheel/rail impact by optimizing and improving geometric structure in the
frog area, especially the wing rail lifting value and the nose rail height, so as to provide
some theoretical basis for turnout design, application and maintenance. Additionally,
to change the traditional design method of repeated trial and error and then dynamic
verification, based on the comprehensive analysis of the wheel/rail contact relationship in
the fixed frog area, a closed-loop design method of the geometric parameter optimization in
the fixed frog area is proposed by using the particle swarm optimization algorithm, which
has great engineering application value.

2. Wheel/Rail Contact Analysis in the Fixed Frog Area

To comprehensively explore the wheel/rail contact characteristics in a fixed frog
area, variation laws of key wheel/rail contact parameters under different wheelset lateral
displacement are analyzed; see Figure 1 for the calculation results. Figure 1a,b show that
the wheelset passing the fixed frog area, the lateral coordinate of the wheel/rail contact
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points gradually increases from the throat with the wing rail continuously deviating from
the gauge center line, and the vertical coordinate gradually decreases with the wing rail
continuously height. This means that during the contact between the wing rail and wheel,
wheel/rail contact points transfer from near the wheel profile rolling circle to the side away
from the flange. When the wheelset is about 240 mm away from theoretical point of frog,
the wheelset load begins to transfer to the nose rail, and coordinates of the wheel/rail
contact point suddenly change. Additionally, wheel/rail contact point lateral coordinates
instantaneously decrease and the vertical coordinates instantaneously increase. Then, with
the continuous widening and lifting of the nose rail, lateral coordinates of wheel/rail
contact points continue to increase, and the vertical coordinates continue to decrease and
gradually return to the initial value.

From the perspective of the wheelset lateral shift, with the wheelset lateral shift
increasing and moving towards the nose rail, the smaller the lateral coordinate jump
amplitude of wheel/rail contact coordinate points and the larger vertical coordinate jump
amplitude. At the same time, it also means that the shorter the contact time between the
wing rail and wheel, the position of the section where the nose rail begins to bear load is
closer to the theoretical point. Figure 1c shows that the rolling circle radius increases to
more than 440 mm instantaneously, which means that the wheel flange contact occurred,
resulting in a sharp increase in the vertical contact coordinate points and a risk that the
wheelset will climb to the nose rail surface.

The above analysis shows that when the wheelset load is moved from the wing rail
to the nose rail, the wheel will jump. If the wing rail height value is set unreasonably, it
will directly lead to a large jump of the wheel, thus deteriorating the wheel/rail contact
performance in the frog. In addition, to strictly guarantee the safety of the vehicle and
prevent the wheelset from climbing the track in the wheel load transfer stage, the geometric
structure design of the fixed frog should ensure that the wheelset passes through the
turn-out center with a small lateral displacement.

Figure 1. Cont.

184



Appl. Sci. 2022, 12, 11549

Figure 1. Wheel/rail contact calculation results of key sections: (a) Lateral coordinates of wheel/rail
contact point; (b) Vertical coordinates of wheel/rail contact point; (c) Rolling circle radius.

3. Dynamics Modeling of Vehicle/Fixed Frog Interaction

3.1. Vehicle Dynamics Modeling

A dynamic model for the four-axle rail vehicle is built to more accurately simulate the
dynamic characteristics of the rail vehicle passing the fixed frog area. The frog bodies of
the vehicle dynamics system include 1 car body, 2 frames, and 4 wheelsets. In addition,
the suspension system includes primary suspension and secondary suspension as shown
in Figure 2. Assuming the vehicle runs at a uniform speed, the telescopic vibration of
the wheelset, frames, and car body are negligible. Each rigid body considers 5 degrees of
freedom (DOF), a total of 35 DOFs as shown in Table 1.
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Figure 2. Calculation diagram of four-axle rail vehicle.

Table 1. Model DOFs.

Rigid
Body

Lateral
Motion

Vertical
Motion

Rolling
Motion

Pitch
Motion

Yaw
Motion

/

Car body Yc Zc Φc Ѳc Ψc /
Frames Ybn Zbn Φbn Ѳbn Ψbn n = 1, 2

Wheelsets Ywi Zwi Φwi Ѳbi Ψwi i = 1, 2, 3, 4

Based on the matrix assembly method [21], the general representation of the dynamic
equation for the railway vehicle is:

M
{ ..

q
}
+ C

{ .
q
}
+ K{q} = {F}

where, {q} is the DOF vector of the model;

M is the inertia matrix;
C is the damping matrix;
K is the stiffness matrix;
{F} is the external force matrix, ignoring the track irregularity, which is mainly composed
of 3 parts:

F = Fwr + FIG + Fc

The meaning of each force component is as follows:

Fwr is the force transmitted by the rail to the wheelset, including normal force and tangential
force (creep force);
FIG is gravity, inertia force, and Coriolis force;
Fc is the zero position non-equilibrium additional force due to curve line conditions.

This paper uses MATLAB/Simulink to build the railway vehicle dynamic model for
the subsequent optimization solution, as shown in Figure 3.
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Figure 3. Vehicle dynamics model based on Simulink.

3.2. Rail Vibration System Model

According to the different problems studied, the rail dynamics models selected are
different, mainly including the massless rail, the inertial rail, and the flexible track. Among
them, the inertial rail model can be for simulation of complex wheel/rail contact: railway
track dynamic performance in the switches and turnouts, contacts between wheel-back and
rail, vehicle derailment, etc., so the inertial rail model is selected for dynamic calculation
in the paper. Assuming wheel/rail contact of a certain section on one side, the rail is
simplified as a mass block with 3 DOFs: lateral shift, vertical shift and torsion, and the mass
block is connected with the foundation through equivalent spring and damping. Selecting
right rail as an illustration, the dynamic modeling of the rail vibration system is carried out
as shown in Figure 4.

Figure 4. Equivalent model of track vibration model.

The coordinate of wheel/rail contact point is (yrr, zrr) in the rail coordinate system. P is
the lateral component, Q is the vertical component, and Mx is the roll moment, respectively.
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Kry and Cry are the lateral support stiffness and damping of sleeper, fastener, and other
basic components to the rail. Krz is the vertical foundation stiffness of sleeper, fastener, and
other basic components to the rail, and Crz is the damping. Therefore, the fulcrum reaction
of the rail is shown in Equation (1).⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

Fql = −Krz
(
zr − φrlry

)− Crz(
.
zr −

.
φrlry)

Fqr = −Krz
(
zr + φrlry

)− Crz(
.
zr +

.
φrlry)

Fpl = −Kry(yr − φrlrz)− Cry(
.
zr −

.
φrlrz)

Fpr = −Kry(yr − φrlrz)− Cry(
.
zr −

.
φrlrz)

(1)

The torsional torque of the rail is shown in Equation (2):

Mxr = −Kφrφr − Cφr
.
φr (2)

where, Kφr is the rail torsional stiffness; Cφr is the rail torsional damping.
Further, the vibration expression for the rail system can be obtained as shown in

Equation (3):⎧⎪⎪⎨
⎪⎪⎩

mr
..
yr = P + Fpl + Fpr

mr
..
zr = Q + Fql + Fqr + mrg

Irx
..
φr = Mx + Pyrr − Qzrr + Mxr − Fpl lrz − Fprlrz + Fqrlry − Fql lry

(3)

where, mr is the equivalent mass of rail, yr, zr, and φr are lateral, vertical shift, and torsional
angle of the rail.

The inner back of the wheelset impacts the side of the guard rail, resulting in additional
wheel/rail impact force. Due to the short action time and large amplitude of this wheel/rail
impact force, it can be considered as the lateral impact force between wheel-back and guard
rail [16].

To simulate the instantaneous impact load between wheel-back and guard rail, a
contact condition is equivalent to the spring with great stiffness. Therefore, the wheel/rail
elastic compression equation is:

ε = lwc − ltc + yrail + 0.009 + da − Δa(x) (4)

where, ka is the equivalent spring stiffness, lwc is the lateral distance between wheel/rail
contact point and the origin in wheelset translation coordinate system, ltc is the lateral
distance between wheel/rail contact point and the origin in the rail coordinate system, yrail
is the dynamic traverse of stock rail, da is the wheel flange thickness, Δa(x) is the wheel
flange groove width at current position of the wheelset. Further, the wheel/rail impact
force is:

Fa =

{
kaε, ε > 0 (Contact state)

0, ε ≤ 0 (Non contact state)
(5)

3.3. Real-Time Calculation for the Wheel/Rail Interaction

For the optimization problem in the paper, real-time calculation is indispensable. The
transmission of wheel/rail creep force and normal forces between vehicle vibration system
and rail vibration system are completed through the wheel/rail interaction module.

Figure 5 shows the calculation process of wheel/rail interaction. Firstly, calculate
the wheel/rail real-time contact based on the wheelset and rail motion state at time t.
Then, calculate wheel/rail creep rate, normal forces and contact forces between wheel-back
and guard rail based on the wheel/rail real-time contact parameters and the wheel/rail
real-time contact parameters, then calculate wheel/rail contact spots and creep coefficient
based on the normal force and wheel/rail real-time contact parameters, and then calculate

188



Appl. Sci. 2022, 12, 11549

the creep force. Finally, the above creep forces, normal forces, and lateral impact forces
are input into the vehicle model and the rail vibration system respectively, and motion
states of the wheel and rail at t + 1 time is obtained, which starts again and again until the
vehicle runs to the end of the frog. Based on the above analysis, Simulink is used to build a
real-time calculation module for the wheel/rail interaction as shown in Figure 6.

Figure 5. Calculation process of wheel/rail interaction.

Figure 6. Wheel/rail interaction calculation module based on Simulink.

4. Geometric Parameter Optimization Design for the Fixed Frog Area

4.1. PSO Algorithm

PSO algorithm has faster calculation speed and better global search ability, and each
particle will continuously follow its own position and flight speed according to the individ-
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ual optimal solution and group optimal solution generated in the iterative process, and
then track the present optimal particle to constantly find in the search space according to
certain rules, so as to solve the complex optimization problem [22].

According to the particle swarm optimization algorithm, it is assumed that N particles
are constantly searching for optimization in a D-dimensional search space, and the current
position and flight speed of the i-th particle are recorded as Equations (6) and (7).

Hi = (hi1, hi2, . . . , hiD), i = 1, 2, . . . , N (6)

Vi = (vi1, vi2, . . . , viD), i = 1, 2, . . . , N (7)

The individual optimal solution and group optimal solution of the i-th particle are
recorded as:

Pbest = (pi1, pi2, . . . , piD) (8)

Gbest = (gi1, gi2, . . . , giD) (9)

Before finding the target solution, all particles update the flight speed and position at
the next time according to Equation (10):{

vij(t + 1) = ωvij(t) + c1r1
[
pij(t)− hij(t)

]
+ c2r2

[
gj(t)− hij(t)

]
hij(t + 1) = hij(t) + vij(t + 1)

(10)

where, hij is the current position of each particle, vij is the flight speed of each particle, and
vij ∈ [−vmax, vmax], c1 is the individual learning factor, c2 is the social learning factor, pij is
the individual optimal solution, pj is the overall optimal solution, r1 and r2 are the random
number between [0, 1], and ω is the inertia weight.

In order to ensure that the PSO algorithm has a high probability of convergence to the
global optimal position, the inertia weight can be adjusted dynamically ω to balance global
search ability and local search ability, as shown in Equation (11):

ω = ωmax − (ωmax − ωmin)

Tmax
t (11)

where, ωmax is the maximum inertia weight, ωmin is the minimum inertia weight, Tmax is
the maximum iterations number, and t is the current iterations number.

4.2. Optimization Design Method for the Wing Rail Lifting Values

Figure 7 shows the plan view and side view of the wing rail, which deviates to both
sides of gauge line with the longitudinal extension of frog. Section A is the throat of the
frog, and section K is the section with the top width of the nose rail of 50 mm. Nine key
sections are taken between section A and section K, then the wing rail can be interpolated
from a total of 11 sections above. Section A is the starting point of deviation and lifting, so
the lifting value of the wing rail at section A is set to zero (hA = 0). Based on wheel/rail
contact characteristics of the fixed frog area mentioned above, the wheel load transfer has
been completed at section K, so the lifting value of the wing rail at section K is also set to
zero (hk = 0). The lifting value of the nine sections from section B to section J is set as a
series of variable values hk (k = 1~9), a series of complete wing rail profiles can be obtained
by optimizing the wing rail lifting values of the nine sections.
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Figure 7. Plan and side view of the wing rail.

As the object of optimization are wheel/rail forces at the stock rail and the frog area,
the objective function of the optimization model can be determined by Equation (12):⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

f1(hk) = max(|Fyli|)
f2(hk) = max(|Fzli|)
f3(hk) = max

(∣∣Fyri
∣∣)

f4(hk) = max(|Fzri|)
i = 1, 2, 3, 4, k = 1, 2 . . . 9 (12)

where, Fyli and Fyri are wheel/rail lateral forces at the stock rail and the frog area, and Fzli
and Fzri are wheel/rail vertical forces at the stock rail and the frog area.

According to the order of magnitude and importance, the above four objective func-
tions are weighted in turn, and the total optimization objective function is shown in
Equation (13):

f (hk) = ω1 f1(hk) + ω2 f2(hk) + ω3 f3(hk) + ω4 f4(hk) (13)

where, ω1 ∼ ω4 are the weight coefficient corresponding to each objective function.
In order to ensure the smooth transfer of wheelset load from the wing rail to nose rail,

the height of the wing rail top surface should be gradually increased until the maxi-mum
value is reached. Therefore, the constraint conditions are set as Equation (14).

0 < hk < hk+1 < hmax (14)

Wheel/rail contact points jump near the section with the width of the nose rail top
surface of 20 mm. When wheelset rolls from the wing rail to the nose rail from the throat of
the frog, if the wing rail height value at section E is set unreasonably, the nose rail will bear
severe wheel/rail impact load at the weak section with narrow top width, so the minimum
height value hmin shall be set, as shown in Equation (15).

h4 > hmin (15)

The optimized wing rail shall ensure the driving safety of the vehicle passing through
the fixed frog area. Therefore, the derailment coefficient and wheel load reduction rate
at the stock rail side and the frog side shall meet the following constraints, as shown in
Equations (16) and (17):

max
(∣∣∣∣ Fyli

Fzli

∣∣∣∣,
∣∣∣∣ Fyri

Fzri

∣∣∣∣
)
< 1 (16)

max
(∣∣∣∣ P − Fzli

P

∣∣∣∣,
∣∣∣∣ P − Fzri

P

∣∣∣∣
)
< 0.6 (17)

where, P is the average wheel load of the left and right wheels of the wheelset.
Therefore, the established optimization model of wing rail lifting values is as shown

in Equations (18) and (19).
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The objective function:

min : f (h1, h2, . . . , h9) = f (hk) (18)

The constraint condition:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0 < hk < hk+1 < hmax

h4 > hmin

max
(∣∣∣ Fyli

Fzli

∣∣∣, ∣∣∣ Fyri
Fzri

∣∣∣) < 1

max
(∣∣∣ P−Fzli

P

∣∣∣, ∣∣∣ P−Fzri
P

∣∣∣) < 0.6

(19)

Figure 8 is the flow chart of the wing lifting values optimization algorithm based on
PSO. The optimization process is as follows:

(1) Set the basic parameters of particle swarm optimization algorithm and initialize the
population, and randomly generate N groups of wing rail lifting values according to
the constraints.

(2) A complete set of frog profiles is generated according to each lifting value and the
profile of each key section, and the vehicle dynamics are calculated.

(3) If the dynamic calculation results conform to safety conditions, the individual optimal
solution and group optimal solution shall be updated according to the quality of the
objective function value, and then judge whether the current iteration times have
reached the maximum iterations. If the maximum iterations have been met, the
optimization results shall be output.

(4) If the dynamic calculation results do not meet the safety requirements or the current
iterations number does not reach the maximum iterations, obtain a new group N
lifting values according to Formula (14) and (15), and repeat the above calculation
steps until the optimal lifting values are obtained.

To verify the effectiveness of the wing rail lifting optimization algorithm, the dynamic
performance of a metro vehicle passing through No. 12 fixed frog in the main direction
at the speed of 80 km/h is calculated, and the effects of the non-optimized wing rail and
the optimized wing rail on the dynamic performance are compared. See Table 2 for the
main calculation parameters. According to the technical manual of railway public works
design [23], the maximum height value of wing rail hmax is set to 5 mm, the minimum height
value of key section E is set to hmin = 2 mm. The basic parameters of the PSO algorithm
are set as follows according to the recommended values in literature [24]: population
dimension D = 9, population size N = 10 and maximum flight speed vmax = 1, individual
learning factor c1 = 1.5, social learning factor c2 = 1.5, maximum iterations Tmax = 100,
maximum inertia weight ωmax = 0.8, and minimum inertia weight ωmin = 0.4.

Table 2. Principal parameters.

Parameter Value

Car body mass (kg) 41,910
Frame mass (kg) 4060

Wheelset mass (kg) 1670
Gauge (m) 1.435

Nominal rolling circle radius (m) 0.42

Figure 9 shows the evolution curve of the objective function value of the wing rail
lifting optimization model solved by particle swarm optimization algorithm. It can be seen
that when the number of iterations is about 40, the objective function value has tended to
be stable. The optimization results for the wing rail lifting values are shown in Table 3.
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Figure 8. Flow chart of the wing rail optimization algorithm based on the PSO.

Figure 9. Evolution curve of the objective function value.
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Table 3. Optimization results of the wing rail lifting value of each section.

Section Position Optimized Value/mm

B 1.07
C 2.39
D 3.81
E 4.95
F 4.98
G 4.99
H 5
I 5
J 5

Figure 10 shows the change curve of wheelset vertical displacement of the vehicle
passing through the fixed frog before and after optimization. Before wing rail optimization,
the maximum vertical displacement of wheelset is 0.78 mm. After the wing rail optimiza-
tion, the maximum vertical displacement of the wheelset is 0.51 mm, which is reduced by
34.6%, indicating that the optimized wing rail could greatly decrease the vertical vibration
amplitude of the wheelset when passing through the frog and improve the running stability
of the vehicle.

Figure 10. Wheelset vertical displacement.

Figures 11 and 12 show the wheel/rail force curve of the vehicle passing through
the fixed frog area in main directions. On the stock rail side, after wing rail optimization,
the maximum value of wheel/rail lateral force is reduced from 7.8 kN to 6.8 kN, with a
decrease range of 12.8%, and the maximum value of wheel/rail vertical force decreases
from 83.4 Kn to 75.1 kN, with a decrease of about 10%. On the frog side, after wing rail
optimization, the maximum value of wheel/rail lateral force is reduced from 18.4 Kn to
11.4 kN, with a decrease range of 38%, and the maximum value of wheel/rail vertical force
is reduced from 104 kN to 91 kN, with a decrease range of 12.5%. To sum up, the optimized
lifting value of wing rail can greatly reduce the impact force between the wheel and rail. In
addition, based on the wheel/rail force, the maximum value of the wheel load reduction
rate is 0.53 and the maximum value of derailment coefficient is 0.2, indicating that the
optimized wing rail can ensure the safety of vehicles passing through the turnout in the
main direction.
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Figure 11. On the stock rail side: (a) Wheel/rail lateral force; (b) Wheel/rail vertical force.

4.3. Optimization Design Method for the Nose Rail Height

The plan and side schematic diagram of the nose rail in the fixed frog area is shown
in Figure 13. The nose rail is located in the center of the two wing rails, symmetrically
distributed relative to the gauge line, and continuously widened and heightened with the
longitudinal direction of the frog from the theoretical point of frog, so as to meet the needs
of the smooth crossing of wheels.

Section A is the theoretical point of frog, the top width of the nose rail at Section B is
20 mm, and the top width of the nose rail at section H is 50 mm. One section is set every
5 mm from section B to section H, and the profile of the nose rail can be interpolated from
the above 8 key sections. Set the height of a total of 6 sections from section B to section G to
the variable value hk, k = 1, 2 . . . 6, and set the height values of section A and section H to
the fixed value h, respectively, hA and hH. A series of nose rail profiles can be generated by
continuously adjusting the nose rail height values of the 6 sections.
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Figure 12. On the frog side: (a) Wheel/rail lateral force; (b) Wheel/rail vertical force.

In the same way, the wheel/rail force at the stock rail and the frog area is selected as the
evaluation index of nose rail height. Therefore, the objective function of the optimization
model is determined by Equation (12), and the total objective function is determined by
Equation (13). To reduce the wheel/rail impact force generated when the wheel load
transits from the wing rail to the nose rail, the height of the top surface of the nose rail
should be gradually increased until it reaches the standard rail surface height. In order to
make the optimized top surface of the nose rail smooth enough, the height value of each
key section should be kept decreasing along the longitudinal direction of the frog, with the
following constraints, as shown in Equation (20).

hA > hk > hk+1 > hH (20)

Similarly, the minimum height value hmin shall be set according to the bearing capacity
of the nose rail, and the height value at section B shall meet the following constraints:

h1 > hmin (21)
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Figure 13. Plan and side view of the nose rail.

According to the technical manual of railway public works design, the nose rail height
value of each fixed section is set as: the reduction value at Section A is hA = 6 mm, the min-
imum height value at Section B is hmin = 2 mm, the height value at section H is hH = 0 [23].
At the same time, the population dimension in particle swarm optimization algorithm is
set to D = 6, and other parameters are the same as the wing rail lifting optimization design
example. The calculation process is similar to the wing rail optimization method and will
not be repeated here.

Therefore, the established optimization model of the nose rail height values is as
follows.

The objective function:

min : f (h1, h2, . . . , h6) = f (hk) (22)

The constraint condition:⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

hA > hk > hk+1 > hH

h1 > hmin

max
(∣∣∣ Fyli

Fzli

∣∣∣, ∣∣∣ Fyri
Fzri

∣∣∣) < 1

max
(∣∣∣ P−Fzli

P

∣∣∣, ∣∣∣ P−Fzri
P

∣∣∣) < 0.6

(23)

Figure 14 shows the evolution curve of the objective function value of the nose rail
height optimization model solved by particle swarm optimization algorithm. It can be seen
that when the number of iterations is about 85, the objective function value has tended to
be stable. The optimization results of the wing rail heightening value are shown in Table 4.

Table 4. Optimization results of the nose rail height value of each section.

Section Position Optimized Value/mm

B 3.22
C 1.98
D 1.65
E 1.49
F 1.23
G 0.72
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Figure 14. Evolution curve of the objective function value.

Figure 15 shows the change curve of wheel vertical displacement of the vehicle passing
through the fixed frog before and after optimization. Before the nose rail optimization, the
maximum vertical displacement of wheelset is 0.77 mm. After optimization, the maximum
vertical displacement of the wheelset is 0.62 mm, which is reduced by 19.5%.

Figure 15. Wheelset vertical displacement.

Figures 16 and 17 show the wheel/rail force curve of the vehicle passing through
the fixed frog area in main directions. On side of the stock rail side, after the nose rail
optimization, the maximum value of wheel/rail lateral force is reduced from 7.8 kN to
6.6 kN, with a decrease range of 15.4%, and the maximum value of wheel/rail vertical force
decreases from 83.4 kN to 80.5 kN, with a decrease of about 3.5%. On the side of the frog,
after wing rail optimization, the maximum value of wheel/rail lateral force is reduced from
18.4 kN to 15 kN, with a decrease range of 18.5%, and the maximum value of wheel/rail
vertical force is reduced from 106 kN to 96 kN, with a decrease range of 9.4%. To sum up,
the optimized height values of nose rail can also reduce the impact force between the wheel
and rail. In addition, according to the change curve of wheel/rail force, it can be calculated
that the derailment coefficient and wheel load reduction rate are within the safe range, that
is, the optimization algorithm does not affect the safety of the vehicle.

The effectiveness of the optimization method is verified by optimizing the wing rail
lifting value and nose rail height of the fixed frog area. By analyzing the wheel/rail
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dynamic response in a fixed frog area before and after optimization, it is found that the
optimized fixed frog can significantly improve the wheel/rail relationship in the fixed
frog area, reduce the vertical impact force and lateral force of the wheel/rail, improve the
running stability and driving safety of the vehicle, and thus extend the service life of the
fixed frog. At the same time, by comparing and analyzing the optimization results of the
wing rail lifting value and nose rail height, it is found that the optimization of wing rail
lifting value improves the wheel/rail interaction performance in the frog area more.

Figure 16. On the stock rail side: (a) Wheel/rail lateral force; (b) Wheel/rail vertical force.
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Figure 17. On the frog side: (a) Wheel/rail lateral force; (b) Wheel/rail vertical force.

5. Conclusions

In this paper, the wheel/rail contact characteristics in the fixed frog area are compre-
hensively analyzed, the optimization models of wing rail lifting values and nose rail height
values in the fixed frog area are established, and the specific optimization design process
based on particle swarm optimization algorithm is proposed. The main conclusions are
as follows:

(1) If the wheelset is close to the nose rail with a large lateral displacement, there is a risk
that the wheel will climb onto the nose rail. In order to reduce the vertical impact of
wheelsets passing through the fixed frog area and improve the safety and stability of
vehicles passing through the turnout center, the geometric parameters of the fixed
frog should be set reasonably.

(2) After wing rail lifting values optimization, the maximum vertical displacement of the
wheelset is reduced by 34.6%. On the stock rail side, the maximum wheel/rail lateral
force is reduced by 12.8%, and the maximum wheel/rail vertical force is reduced by
10%. On the frog side, the maximum wheel/rail lateral force is reduced by 38%, and
the maximum wheel/rail lateral force is reduced by 12.5%.

(3) After nose rail height values optimization, the maximum vertical displacement of the
wheelset is reduced by 19.5%. On the stock rail side, the maximum wheel/rail lateral
force is reduced by 15.4%, and the maximum wheel/rail vertical force is reduced by
3.5%. On the frog side, the maximum wheel/rail lateral force is reduced by 18.5%,
and the maximum wheel/rail lateral force is reduced by 9.4%.
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6. Future Work

The optimization algorithm proposed in this paper by using original PSO has a good
effect on the optimization of geometric parameters of the fixed frog. However, with the
continuous improvement and development of the random search algorithm based on group
cooperation, there will be more options to solve the optimization problem of the fixed frog
geometric parameters in the future, such as the Grey Wolf Optimizer (GWO), Sine Cosine
Algorithm (SCA), Harris-Hawk Optimizer (HHO), Whale Optimization Algorithm (WOA),
Arithmetic Optimization Algorithm (AOA), and their hybrid algorithm. In subsequent
research, on the basis of the above algorithms, by comparing the characteristics of different
algorithms, we can explore better optimization algorithms or hybrid algorithms to solve
engineering problems.
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Abstract: The straddle-type monorail tour transit system is a light overhead steel structure, and
the lateral stiffness is generally low. However, the limit of the lateral natural vibration frequency
is not clear in the current codes of China, and designers may ignore it. Weak lateral stiffness will
lead to a violent vibration during vehicle operation and crowds walking, affecting human comfort
and structural safety. Based on a practical project, we tested the acceleration of a monorail vehicle
under full load conditions, and its running stability and ride comfort were assessed. Then, the impact
of pedestrians on lateral vibration under some working conditions was measured and analyzed.
Furthermore, the influence of different structural parameters on the lateral fundamental frequency
was investigated. The results showed the following: (i) The vehicle’s running stability and riding
comfort was good. However, human comfort was poor due to the weak lateral stiffness of the
structure, which was affected by human-induced vibration. (ii) The comprehensive response of the
structure increased with the increase in walking frequency, increased with the increase in the number
of people working or weight, and the growth speed slowed down. (iii) The structural stiffness was
most sensitive to the change in steel column diameter. (iv) The recommended value of the lateral
fundamental frequency limit for different spans of the straddle-type monorail tour transit system
was put forward. The recommended lower limit of fundamental frequency for a 15 m span is 5.0 Hz,
for an 18 m span it is 3.5 Hz, and for a 25 m span it is 2.8 Hz.

Keywords: straddle-type monorail tour transit system; lateral vibration; human-induced vibration;
comfort level

1. Introduction

In recent years, with the rapid development of tourism and the improvement in the
awareness of natural landscape protection, more and more people have begun to think
about how to develop the tourism industry while protecting the original style of the
scenic spot and adapting to the complex and changeable terrain conditions. Therefore, the
straddle-type monorail tour transit system (MTTS) has gradually been popularized. As
a new type of rail transit, it has the advantages of a small land area, short construction
period, strong climbing ability, and strong terrain adaptability [1–4]. More than 30 projects
have been completed or are under construction in China, and typical projects are shown in
Figure 1.

Unlike the traditional monorail systems and railways, most MTTS have adapted
elevated steel structures with lightweight beams and heavy-weight vehicles, showing the
characteristics of small dead loads and large live loads. Therefore, the dynamic response of
the track structure during vehicle operation may be notable [5–8]. The tracking subsystem
of MTTS is composed of a track structure and a maintenance and evacuation platform for
relevant personnel. The track structure bears the vehicle load and acts as a rail. Different
from the traditional wheel–rail contact, the wheel–rail contact of the MTTS is a rubber
wheel contact, which also makes the research results of the traditional railway unable
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to be applied to the research of MTTS [9–11]. With the development of MTTS towards
long-span use, the dynamic interaction problem of track structure is becoming highly
prominent. While taking the vehicle or walking on the evacuation platform, a notable
vibration response may be present, which may cause human discomfort or even reduce
the safety and service life of the structure [12–14]. Thus, reducing the system’s dynamic
response [15–23] and improving the comfort of humans [24–27] have been researched topics
of great concern.

Figure 1. Single track monorail project (left) and double track monorail project (right).

For the MTTS, the crowd belongs to an eccentric excitation force on the structure, and
the periodic lateral load will generate with walking, resulting in the lateral vibration of
the system. This problem has not received enough attention from engineers. In recent
years, some large-span structures have also experienced evident lateral vibrations caused
by pedestrians. The Millennium Bridge in London, UK, has experienced a severe lateral
vibration due to pedestrians, which has seriously affected pedestrian comfort and safety, re-
sulting in a significant phenomenon of “collective synchronization” of walking [28]. He [29]
et al. considered people as a time-varying dynamic model. They established the coupling
dynamic equation between the beam and the human to study the dynamic response of the
people and the structure. The results showed that a person’s natural frequency, walking
frequency, and speed were important factors affecting the structure’s dynamic response
and the person’s comfort. Many studies have also analyzed structural vibration and its
impact on comfort and studied methods to reduce vibration and improve comfort [30–32].
The technical code for urban pedestrian overpasses and pedestrian underpasses [33] is the
main code for designing pedestrian bridges in China. The frequency-adjustment method
is adopted to consider the vertical vibration of the structure, and the vertical frequency is
required to be no less than 3 Hz. However, the code does not provide further suggestions or
methods for evaluating vibration serviceability that cannot meet the code’s requirements,
and the problem of lateral vibration is still unresolved. Although there are differences
between MTTS and pedestrian bridges, the research results of pedestrian bridge vibra-
tion have significance for the research on pedestrian structure vibration of the evacuation
platform of the MTTS.

Based on a practical project, firstly, the vehicle full load operation dynamic test was
carried out by counterweight simulating passenger load, the single vibration “Sperling”
index was analyzed to evaluate the vehicle’s running stability, and the ride comfort was
studied. Furthermore, in the human-induced vibration test, the different numbers of people
and frequencies had different effects on the lateral vibration response of the structure. In
this paper, a deterministic pedestrian load model was introduced to explore the influence
of the number of people and step frequency on the structural response through the control
variable method. The sensitivity of the parameters, such as the thickness of the track wall
plate, the wall thickness of the column, the height, and the diameter, was analyzed using the
finite element method. Finally, based on pedestrian comfort, the comfort standard specified
in the German EN03 (2007) specification was taken as the basis, and in combination with
some provisions of the domestic GB50458-2008 Code for Design of Straddle Monorail
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Transit, the recommended limit values for the lateral fundamental frequency of different
spans of the steel structure monorail system were proposed.

2. Test Overview

2.1. Project Introduction

The project included a circular line with a total length of 341.6 m. The experimental
research was carried out only for three spans. The spans were 14.125 m, 17.875 m, and
20.768 m. The column diameters were 400 mm, 600 mm, and 700 mm. The section mainly
included straddle-type monorail vehicles, tracks, columns, and evacuation platforms. The
section form of the MTTS is shown in Figure 2.

Figure 2. Section form of MTTS.

2.2. Test Content

The project was located in a construction area. According to the site conditions, we
selected the period without construction, and the wind speed was less than 1.0 m/s (no
wind or weak wind) to avoid the impact of the construction environment and wind-induced
vibration on the test. The test was divided into three parts: (i) Dynamic characteristic test.
The residual vibration method was adopted. The vehicle ran freely through the track, and
then the free attenuation signal in the structural response was extracted for modal parameter
identification. (ii) Vehicle running performance test. When the vehicle ran typically, we
measured the three-dimensional acceleration of the vehicle floor, then analyzed its running
stability and ride comfort. (iii) Human-induced vibration test. When pedestrians walked
on the evacuation platform, the acceleration response at the maximum point of the track
and the pier top amplitude were tested.

2.3. Layout of Measuring Points

The test instrument included eight acceleration sensors with a sensitivity of 0.33 m/s2,
two displacement meters with a sensitivity of 0.1183 mv/mm, and a YSV8008 dynamic
signal-acquisition instrument with eight channels. The vibration response of the track
under random load excitation was measured, and the natural vibration characteristics of
the structure were obtained by spectrum analysis.

In the test, ten lateral and vertical acceleration measuring points were located at the
mid-span and side column of the test section, numbered H/S 1–5 from left to right. Two
amplitude measuring points were located at the top of two columns in the middle of the
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test section. The vehicle ran on the whole line under full load, and five measuring points
were located on both sides’ bottom mounting surface and the floor surface of the cushion.
The layout of the measuring points is shown in Figure 3.

Figure 3. The layout of measuring points. (a) Amplitude measuring point; (b) vibration sensors;
(c) vehicle measuring points; (d) overview of walking route and measuring points.

3. Dynamic Characteristics and Comfort Analysis

3.1. Dynamic Characteristics Analysis

The residual vibration method was used to study the structure’s dynamic characteris-
tics. After analysis, the results of the span acceleration spectrum analysis were similar. This
paper extracted the signal of a mid-span acceleration sensor, analyzed the time-frequency
domain characteristics of the attenuation signal, and obtained the structure’s first four
natural vibration frequencies, as shown in Table 1. At the same time, the finite element
model was established by ANSYS for analysis. The theoretical analysis agreed with the
experimental results, and the finite element model could be further applied to relevant re-
search. We took lateral acceleration as an example. The test signal analysis and third-order
vibration mode are shown in Figures 4 and 5.

Table 1. The first four frequencies of the structure.

Mode
Test ANSYS

Lateral Vertical Lateral Vertical

1 1.82 4.26 1.85 4.13
2 2.65 5.55 2.72 5.15
3 3.54 9.77 3.67 9.53
4 4.11 10.23 4.38 10.32
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Figure 4. Time history and frequency domain signal of acceleration by the residual vibration method.

Figure 5. Mode and frequency.

The MTTS is a single-column structure. Combined with Figure 5 and Table 1, the first
three-track mode was lateral bending, and the lateral fundamental frequency was 1.82 Hz.
This indicates that its lateral stiffness was weak, and the lateral fundamental frequency was
close to the walking frequency of tourists, which easily causes resonance. Therefore, in the
design of MTTS, designers should focus on controlling the structure’s lateral stiffness.

3.2. Vehicle Operation Performance Analysis

The MTTS belongs to amusement facilities with high running stability and ride com-
fort requirements. Ride comfort reflects passengers’ subjective feelings about vibration
frequency and magnitude. In addition to having the same effect as ride comfort, running
stability reflects the train vibration’s objective frequency and extent [34]. Various vibrations
affect the train’s running stability and ride comfort during vehicle operation.

The Sperling stability index wi of a single vibration was analyzed and calculated
according to the literature [35]. The vehicles running in the circle line at an average driving
speed were evaluated according to the time history. After the 0.5–40 Hz band-pass filter
filtered the vibration acceleration of each measuring point, the stability index was calculated
every 5 m [36]. The method in UIC 513-1994 specification [37] of the International Union of
Railways was used to study ride comfort. We took some measuring points as examples.
The distribution of the stability and comfort index with time is shown in Figures 6 and 7.

The results showed that the lateral stability index of each measuring point was smaller
than the vertical stability index at full load, indicating that the vehicle’s lateral stability was
better than the vertical stability. Only 1.4% of the vertical indicators exceeded the qualified
line in the whole process. The comfort index met the “comfort” standard. Generally
speaking, the vehicle operation performance under full load was good.

3.3. Human-Induced Vibration Analysis

The monorail system vehicle acts vertically on the track subsystem. With the track
structure’s refined fabrication and the curved sections’ speed limit requirements, the
track will not normally generate excessive vibration during vehicle driving. Relevant
research [6,38] has shown that the monorail system vehicles’ running stability and riding
comfort are good. When pedestrians walk on the evacuation platform, the crowd load
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acts eccentrically on the main structure of the MTTS. The lateral stiffness of the MTTS is
relatively weak, and the designers cannot ignore the lateral vibration caused by the crowd
load. Therefore, this paper only studied the lateral response of human-induced vibration.

Figure 6. Stability index under full load operation.

Figure 7. Comfort index under full load operation.

Three people (A, B, and C) participated in the human-induced vibration test. The
test conditions were divided into multi-person and multi-frequency walking to study the
impact of the number of excitations and frequency on the structural response. A stopwatch
timer controlled the excitation frequency. The acquisition time of each condition was 10 s.
At the same time, 10-person excitation conditions were simulated. Table 2 shows the
specific condition information, and the walking route is shown in Figure 3d. The field test
is shown in Figure 8.

When people generally walk on the evacuation platform, there is a slight lateral
amplitude on the top of the column. The measured lateral amplitude on the top of a column
is shown in Figure 9. It can be seen from the analysis that when the vibration was excited at
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the frequency of 2 Hz, the lateral amplitude of the column top was the measured maximum
value in all cases, which is consistent with the results of the measured and finite element
analysis that the fundamental frequency was about 2 Hz. The maximum amplitude of
the pier top met the requirement that the lateral displacement shall not exceed 15 mm as
specified in the reference [39].

Figure 8. Field test.

Figure 9. Lateral amplitude.
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Table 2. Conditions information.

Test Conditions f /Hz Participants
Excitation

Source

Number of people test

1 2 A Walk
2 2 A, B Walk in line
3 2 A, B, C Walk in line

4 2 Ten people
(70 kg/person) Walk in line

Walk frequency test

5 1
A Walk1 2

6 3

7 1
A, B Walk in line2 2

8 3

9 1
A, B, C Walk in line3 2

10 3

11 1 Ten people
(70 kg/person) Walk in line4 2

12 3

Compared with the fundamental vertical frequency, the fundamental lateral frequency
was smaller and closer to the human gait frequency, which more easily produces lateral
vibration. The fundamental vertical frequency met the comfort requirements specified in
the Chinese CJJ69-95 code [33], so this paper only studied the lateral response of human-
induced oscillation.

There are two methods to evaluate the comfort of human-induced vibration, avoiding
the sensitive frequency method and limiting the dynamic response value method. Avoiding
the sensitive frequency method requires that the natural vibration frequency of the structure
deviates from the step frequency range to prevent man–bridge resonance. The limited
dynamic response method requires that the maximum vibration acceleration of the system
meet the comfort limit requirements [40–42]. The existing pedestrian bridge specifications
at home and abroad have different provisions for human-induced vibration (Table 3).
Among them, the Chinese specifications do not specify the lateral comfort standard. The
German code considers the influence of the deviation between the structural frequency
and the pedestrian step frequency on the structure and believes that the system will have a
severe vibration response only when the fundamental structural frequency is close to the
pedestrian step frequency [43,44]. We combined the resonance characteristics of modern
steel structure bridges and the actual pedestrian crossing experience. This paper used
the method of pedestrian acceleration limit specified in the design guide EN03 (2007)
to evaluate comfort. The comfort distribution of human-induced vibration is shown in
Figure 10.

Table 3. Current codes on human-induced vibration at home and abroad.

Current Codes
Evaluation Standard of Human-Induced Vibration Comfort

Vertical Lateral

CJJ69-95 (China) f vertical ≥ 3 Hz -
BS5400 (Englind) amax ≤ 0.5 f v1

0.5 m/s2 -
EN03(2007) (Germany) amax ≤ 1.0 m/s2 amax < 1.0 m/s2

Bro2004 (Sweden) arms ≤ 0.5 m/s2 -
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Figure 10. Comfort distribution of human-induced vibration.

Table 3 and Figure 10 show that the self-reported walking experience was relatively
poor. For MTTS, even if the driving comfort is good, there is still a problem of poor pedes-
trian comfort. The lateral fundamental frequency of the structure should be controlled by
considering the factors of pedestrian comfort. However, the current domestic specifications
do not consider the impact of pedestrians on the lateral dynamic response of the structure,
and there are hidden dangers in comfort and safety. Therefore, it is important to clarify the
corresponding design parameters.

4. Analysis of Different Parameters

4.1. Pedestrian Load Model

During the complete gait cycle of pedestrian walking, the center of gravity fluctuates
up and down, and the force acting on the evacuation platform changes constantly. The
single-person continuous load model mainly includes the deterministic and random load
models. The deterministic load model is commonly used in engineering to describe the
walking load [45], as shown in Equation (1):

Fp(t) = G

[
1 +

n

∑
i=1

βi sin(2iπ fpt − Φi)

]
(1)

where G is the pedestrian weight, n is the order of the function, t is the time, f p is the
walking frequency, βi is the coefficient of the ith order Fourier series, and Φi is the phase
angle of the ith order load. β1 = 0.2611, f p − 0.2109, β2 = 0.09, β3 = 0.077, Φ1 = Φ2 = Φ3 = 0.

According to relevant research results [29,46–48], this paper selected the single-person
load step frequency of slow walking as 1.0 Hz, normal walking as 2.0 Hz, fast walking or
running as 3.0 Hz, and the load walking curve is shown in Figure 11.
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Figure 11. Time history curve of single person walking load.

4.2. Influence of the Number of People on the Structural Response

The root-mean-square (RMS) of acceleration is a function of time. Considering the
influence of the overall acceleration response in the time history, it can better reflect the
attribute of structural response than the peak acceleration [49,50]. This paper divided
the acceleration time history data into calculation windows by 0.5 s, and the RMS of
acceleration in each window was calculated by MATLAB (Equation (2)). For condition
one, the acceleration time history and the RMS curve of measuring point H-3 are shown in
Figure 12.

aw =

⎡
⎣ 1

T

T∫
0

a2
w(t)dt

⎤
⎦

1
2

(2)

where aw(t) is the acceleration time history (m/s2), T is the total time (s), and aw is the RMS
of acceleration within the calculation window.

Figure 12. Acceleration time history and RMS.
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To study the influence of the number of pedestrians on the structural response of
MTTS, we arranged different numbers of pedestrians to walk back and forth for 10 s along
the walking route shown in Figure 3d. The relationship between the number of pedestrians
or weight and the acceleration response is shown in Figure 13, where arms represents the
maximum RMS of acceleration. The results show that when the number of pedestrians
increased from 1 to 2, the RMS of acceleration response rose significantly. When the number
of pedestrians increased from 2 to 3, the increase in response was relatively small. The
structural response increased with the number of people and body weight, and the growth
rate slowed. In addition, the reaction of measuring points H-1 and H-5 under various
working conditions was slight because the measuring points were far from the excitation
position, and it had the same section as the column. The lateral restraint of the column on
the structure made its vibration weak. The acceleration of measuring point H-3 was the
maximum value under the same condition because the measuring point was located at the
mid-span of the personnel walking section, where the excitation was the largest. Still, the
constraint was relatively weak, making its vibration the most obvious.

Figure 13. RMSmax at different numbers.

4.3. Influence of Walking Frequency on Structural Response

To study the influence of walking frequency on the structural response of MTTS, we
arranged different numbers of pedestrians to step back and forth at 1, 2, and 3 Hz along the
walking route shown in Figure 3d for 10 s. The relationship between walking frequency and
the acceleration response of each measuring point is shown in Figure 14. The results show
that the overall reaction of the track increased with the increase in walking frequency. For
the same number of people, when the walking frequency increased from 1 Hz to 2 Hz, the
structural acceleration response rose significantly. When the walking frequency increased
from 2 Hz to 3 Hz, the ratio of excitation frequency to structural natural frequency (1.82 Hz)
increased from 1.10 to 1.65, but the acceleration response of each measuring point decreased.
When the walking frequency was 2 Hz, there was a possibility of man–bridge resonance.
The measuring points H-1 and H-5 were in the same section with the column, and the
lateral restraint of the column on the structure made its vibration weak.
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Figure 14. RMSmax at different frequency.

4.4. Methods of Increasing Structural Stiffness

It is necessary to analyze the fundamental frequency changes to evaluate the sensitivity
of structural stiffness changes to different structural parameters. The structural parameters
were consistent with the engineering examples analyzed in Section 2.1. The change of
fundamental structural frequency under various conditions was analyzed by adjusting the
track wall thickness and the column wall thickness, height, and diameter. The changing
trend of fundamental structural frequency under different structural parameters is shown
in Figure 15.

Through analysis, the fundamental frequency of the structure changed obviously
with the structural parameters. If we adjusted the structural parameters slightly within a
reasonable range, there were differences in the change range of the fundamental frequency
of the structure. The fundamental frequency changed the fastest with the diameter of the
column, the wall thickness of the column changed the second-fastest, and the change of
speed with the height of the column was the slowest. That is, the structural stiffness was
the most sensitive to the change in the diameter of the column, and the sensitivity to the
height of the column was relatively weak. In design, when the structural rigidity does not
meet the requirements, we suggest first considering adjusting the diameter of the column.
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Figure 15. Change trend of fundamental frequency of structure.

5. Study on the Limit of the Fundamental Lateral Frequency

5.1. Analysis of Human-Induced Vibration

The ANSYS established the finite element model. According to the deterministic load
model defined in Section 4.1, the time history analysis was carried out by walking in unison
within the whole span. The acceleration response corresponding to the measuring point
H-3 is shown in Figure 16. The simulation was in good agreement with the measured
result.

Figure 16. Comparison between simulation and measured.
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Since the evacuation platform is the main structure for evacuating tourists, more
than one person will likely be walking on it simultaneously. This paper used 15 people
walking simultaneously, with an interval of 1 m between the front and back of the group,
walking at a step frequency of 2 Hz. The lateral vibration peak acceleration did not exceed
0.3 m/s2 according to the standards in the German EN03 (2007) code that analyzed the
lateral fundamental frequency limit of domestic MTTS. We considered that the weight of a
single person was 70 kg. The load walking curve is shown in Figure 17.

Figure 17. Time history of walking load.

5.2. Discussion on the Limit of the Fundamental Frequency

It is necessary to analyze their acceleration response to evaluate whether structures
with different stiffnesses produce excessive vibration under pedestrian load. To study the
influence of structural stiffness on the structural response of the MTTS, we used the walking
load in Figure 17 as the excitation condition. The German EN03 (2007) code stipulates that
the lateral acceleration of the structure is not more than 0.3 m/s2 from the perspective of
pedestrian comfort, and the lateral fundamental frequency limit of the straddle PC structure
without pedestrians in the Code for Design of Straddle Monorail Traffic GB50458-2008 is
70/L (L represents the bridge span). This paper also considered avoiding the sensitive
frequency and limiting the dynamic response. Through finite element analysis, it explored
the value of the lateral fundamental frequency of the structure when the lateral acceleration
was just below 0.3 m/s2 to ensure that the pedestrian comfort reached the “comfort”
standard. In combination with the horizontal fundamental frequency value specified in
GB50458-2008 Code for Design of Straddle type Monorail Transit, the larger value of the
two was taken as the lower limit of the fundamental lateral frequency of the span straddle
type monorail tourism transportation system from the perspective of safety. For the span
length of 18 m, the time history curve of the lateral acceleration response of the structure
in the span with different lateral stiffnesses is shown in Figure 18. The lower limit of the
fundamental lateral frequency of different spans is shown in Table 4.
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Figure 18. Time history of lateral acceleration in mid-span.

Table 4. Lower limit of horizontal fundamental frequency of different spans.

Span/m
Excitation

Source
Lateral Acceleration:

amax (m/s2)

Fundamental
Lateral

Frequency (Hz)

The Limit of Fundamental Frequency

Based on
Acceleration

Standard
Value (PC
Structure)

Recommended
Value

15

Full span crowd
walking at 2 Hz

1.21 1.87
5.0 4.7 5.00.29 4.93

18
1.19 1.85

2.8 3.5 3.50.29 2.79

25
0.97 1.51

2.5 2.8 2.80.28 2.42

Note: In the projects under construction and operation, the 15 m, 18 m, and 25 m spans accounted for 87% of the
total. The span selection is of universal significance.

It can be seen from Table 4 that, at the same span, with the increase in the lateral
stiffness of the structure, that is, the increase in the lateral fundamental frequency, the
lateral acceleration response in the middle of the span decreased. For MTTS, this paper
suggests that the lower limit of the fundamental frequency for the span length of 15 m is
5.0 Hz, for 18 m it is 3.5 Hz, and for 25 m it is 2.8 Hz.

6. Conclusions

This paper used a straddle-type monorail tour transit system as the background for
an experiment. We systematically studied vehicle running stability and pedestrian and
riding comfort based on the tracks’ dynamic characteristics. In addition, we used the finite
element analysis method to control the lateral vibration of the MTTS and put forward the
recommended value of the lateral fundamental frequency limit to optimize pedestrian
comfort and further improve the evaluation index of comfort in the current codes of China.
We can draw the following conclusions from our research:

(i) When the running stability and riding comfort of the MTTS are good, the comfort of
human-induced vibration may also be poor. The lateral stiffness of the track is weak,
and the fundamental lateral frequency is close to the activity frequency of tourists,
which easily causes resonance. Thus, the designer should focus on controlling the
structure’s lateral stiffness;

(ii) When pedestrians walk on the evacuation platform, the comprehensive response
of the structure increases with the increase in walking frequency. The increase in
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the number of pedestrians or total weight increases the structural response, and the
growth speed decreases with the increase in number or weight;

(iii) The structural stiffness of the MTTS has a different sensitivity to different parameters
and is most sensitive to the change in column diameter, followed by column wall
thickness;

(iv) According to the test and finite element analysis, for the 15 m, 18 m, and 25 m span of
MTTS, this paper suggests that the lower limit of the fundamental lateral frequency
for the span length of 15 m is 5.0 Hz, for 18 m it is 3.5 Hz, and for 25 m it is 2.8 Hz.
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Abstract: Since the invention of the train, the problem of train noise has been a constraint on the
development of trains. With increases in train speed, the main noise from high-speed trains has
changed from rolling noise to aerodynamic noise, and the noise level and noise frequency range have
also changed significantly. This paper provides a comprehensive overview of recent advances in the
development of high-speed train noise. Firstly, the train noise composition is summarized; next, the
main research methods for train noise, which include real high-speed train noise tests, wind tunnel
tests, and numerical simulations, are reviewed and discussed. We also discuss the current methods of
noise reduction for trains and summarize the progress in current research and the limitations of train
body panels and railroad sound barrier technology. Finally, the article introduces the development
and potential future applications of acoustic metamaterials and proposes application scenarios of
acoustic metamaterials for the specific needs of railroad sound barriers and train car bodies. This
synopsis provides a useful platform for researchers and engineers to cope with problems of future
high-speed rail noise in the future.

Keywords: high-speed train; noise control; acoustic metamaterial; sound barrier; rail vehicle

1. Introduction

The sound of trains is considered a disturbance to most residents around the railroad
and train passengers, and the sound generated by trains can interfere with sleep, life, and
work. As early as 1825, a letter from Leeds Intelligencer presents a record of train noise
interfering with life [1].

Noise has always been a major threat to people’s health, and several studies have
shown that people exposed to noise for a long time have an increased risk of stroke [2],
coronary heart disease [3], and many other cardiovascular and cerebrovascular diseases [4].
People who live in noisy environments for long periods also have significantly higher rates
of endocrine disorders and breast cancer. Noise causes physical problems as well as sleep
disturbances and mental problems [5].

Countries around the world have introduced various laws and regulations to protect
people from noise hazards. The European Regional Environmental Noise Guidelines
recommend that rail noise should be controlled to below 54 decibels (dB Lden). In 1974,
the United States first enacted noise regulations to ensure the health of people. In China’s
railroad environmental noise management regulations, the railroad environmental noise
emission standards implement Category 4b of the Sound Environmental Quality Standard
(GB12525-90). This category requires no more than 70 decibels (dB Leq) during the day and
no more than 60 dB (dB Leq) at night [6]. Japan promulgated noise standard values for the
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Shinkansen in 1975. The values specified in decibels (LpA.Smax) in these standards are
70 dB or less, mainly for residential areas, and 75 dB or less for other areas [7].

The rise in the industrial civilization of the nineteenth century brought the railroad,
and people’s pursuit of train speed drove the continuous development of train technology.
Steam locomotives reached their peak in the 1930s when Gresley’s streamlined “Mallard”
locomotive reached a top speed of 202 km/h. In 1964, Japan’s Shinkansen was the first
to commercialize modern electric high-speed trains, operating at 210 km/h en route from
Tokyo to Osaka.

Nowadays, the operating speed of high-speed trains has reached 350 km/h. In the
future, the speed of high-speed trains will be further increased, and the noise problem
will be further exacerbated, making the train noise problem a hot research topic among
engineers with an interest in rail transportation. High-speed train noise is already a problem
that cannot be ignored, and if this problem is not solved timeously, it will seriously affect
the future development of high-speed trains.

To this end, this study presents a selective literature review focusing on:

(1) The causes of high-speed train noise and the distribution of the sound sources;
(2) The current main research methods for high-speed train noise;
(3) Traditional methods of high-speed train noise control;
(4) Potential uses of acoustic metamaterials in the area of high-speed train noise.

2. High-Speed Train Noise Composition

While the noise of early steam locomotives was generated by steam engines, the noise
of modern electric high-speed trains consists of wheel-rail rolling noise and aerodynamic
noise caused by train airflow [8].

2.1. High-Speed Train Aerodynamic Noise

The airborne noise generated by high-speed trains is divided into external airborne
noise and internal airborne noise, of which the external airborne noise of high-speed trains
is the main source of noise. When the driving speed of high-speed trains exceeds 300 km/h,
the external airborne noise accounts for more than 50% of the total noise of the train [9],
and as the speed of the train increases, the external aerodynamic noise of the train will
increase in the ratio of six to eight times the speed of the train [10].

The aerodynamic noise sources are monopoles, dipoles, and quadrupoles. The aerody-
namic noise generated by high-speed trains during the driving process is mainly caused by
the dipole and quadrupole sound sources generated by the surface pressure fluctuations
around high-speed trains. When running, the aerodynamic noise will change due to the
speed and the surrounding environment [9].

The train’s aerodynamic noise mainly comes from the pantograph area, bogie area,
connection area, and the concave structural areas of the train’s body surface. Smoothing
the design of the train body [11], flow-field control, laying sound-absorbing material [12],
and other measures are the main ways to reduce noise generation on the train body. Noise
reduction in the pantograph region is currently achieved by optimizing the pantograph
shape. Pantograph shape optimization can control the scale of eddy current shedding and
thus reduce noise [13]. The addition of shields on both sides of the pantograph effectively
diverts the airflow and prevents noise diffusion. The contribution of radiated noise from
pantographs accounts for more than 10% of the total noise generated. Researchers mainly
study the sound generation mechanism of pantographs and optimize them through ex-
periments and numerical simulations. The bogie fairing can reduce the development of
turbulence outside the fairing, thus reducing the noise from the bogie. Meanwhile, the use
of a reasonable skirt design also reduces the influence of the train bottom spill on the car
body and decreases noise propagation therefrom [14]. The inter-coach windshield region
is considered one of the main sources of aerodynamic noise. At present, a fully enclosed
outer windscreen is used to ensure that the external airflow and the inner windscreen do
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not come into contact, thus eliminating the vortex in the inner windscreen part, which can
control the aerodynamic noise generated on the windscreen of the train [15].

The pantograph is the main noise source of aerodynamic noise in high-speed trains.
Compared with the cavity and bogie, the pantograph is located on the top of the train, and
the aerodynamic noise generated by it is difficult to be isolated by sound barriers. This
paper counts some representative pantograph noise reduction measures in recent years,
as shown in Table 1, which are found through comparison and analysis. For the noise
reduction measures in the pantograph area, the current research can be summarized into
two levels: one is to reduce the number of rods of the pantograph for the pantograph itself;
second, passive noise reduction is applied to the shunt area.

Table 1. Comparison of noise reduction measures for pantographs.

Methods to Reduce Noise Research Methods
Frequency

Characteristics
Sound Pressure Level Reference

Different strip spacing of
the pantograph CFD analysis No effect

The sound pressure level of the
standard noise measuring

point is reduced by 2.8 dB with
a spacing of 540 mm

[16]

Bionic pigeon feathers CFD analysis

Around 1000 Hz
(original model)
Around 100 Hz

(optimized model)

The total noise decreased
by 10 dB [17]

Pantograph insulators with
elliptical section CFD analysis

Tonal peaks are
gradually reduced from

2 kHz

The peak sound pressure level
of elliptical insulators

decreased by 4 dB
[18]

Cylindrical rod and push
rod applied to a layer of

porous sound absorption
material

CFD analysis, Wind
tunnel test No effect

The peak sound pressure level
of the optimized pantograph

decreased by 5 dB
[19]

Covering the fairings with
a porous material

CFD analysis, Wind
tunnel test No effect

The optimized noise peak is 8
dB lower than the original

noise peak
[20]

Covering the circular
cylinder with metal foam Wind tunnel test Tonal peaks toward

lower frequencies
The peak sound pressure level
decreased by 5 dB at 216 km/h [21]

Pantographs with and
without the cavity CFD analysis No effect

The difference in OASPL
between the pantographs with

and without the cavity was
approximately 4 dB at the side

[22]

The comparison of noise
reduction effects for four

types of pantographs
covers

CFD analysis No description

A pair of baffles with half of
the height of the pantograph
on both sides can lessen noise

by about 3 dB

[23]

Noise contribution from
high-speed train roof

configuration of cavities,
ramped cavities, flat roofs

CFD analysis No effect
The flat roof with side

insulation plates has the
lowest overall noise levels.

[24]

In Table 1, we analyze the noise reduction measurements, research methods, frequency
variation, and sound pressure level variation of each research. Through comparison, we
find that researchers generally study the pantograph noise reduction problem by wind
tunnel tests and CFD analysis, among which CFD analysis is the most widely used research
method, which indicates that CFD technology has strong application value in the field of
high-speed trains at present. In some of the studies, the results of wind tunnel tests also
fully prove the reliability of CFD analysis. In the future, the flow simulation methods and
computer performance algorithms will be the focus area of the researcher.

At present, optimizing the rod structure of the pantograph is a feasible measure to
reduce the pantograph noise. By analyzing the noise frequencies of each study, we can find
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that optimizing the cylindrical rod and push rod of the pantograph will change the fre-
quency of pantograph noise so that the peak frequency shifts to the low-frequency direction.
Compared with high-frequency noise, low-frequency noise is more difficult to be absorbed
by porous materials (polyurethane fiber, glass fiber wool, etc.). Using metamaterials to
absorb low-frequency noise may be a feasible method. In Section 4, we further introduce
the metamaterial for sound absorption. Bionic pigeon feathers shaped pantograph rods and
covering the fairings with the porous material bring the most significant noise reduction ef-
fect, but the shape of the pigeon feathers will significantly increase the processing cost, and
the porous material will change its pore structure under high wind conditions. Compared
with other noise reduction measures, changing the strip spacing of the pantograph is the
easiest to implement, but this has only been analyzed by CFD analysis, and the specific
effect has yet to be experimented with.

An overall analysis of the studies in Table 1 shows that all pantograph noise reduction
measures can improve the aerodynamic noise of high-speed trains to some extent, but the
improvement is limited and difficult to be applied in actual high-speed train manufacturing.
Perhaps there will be better measurements to improve the pantograph noise in the future,
but at present, it is difficult to optimize the pantograph to reduce the noise. Therefore,
in future research, improving the train body panels and sound barriers to stop noise
propagation may be the best way to reduce aerodynamic noise.

2.2. High-Speed Train Mechanical Vibration Noise
2.2.1. Braking Noise

Brake squeal noise is loud and associated with high sound pressure and a sharp tone,
which poses a hazard to people’s physical and mental health. The friction of the brake disc
generates brake squeal noise, friction generates wear, and the generation and development
of brake noise are inseparable from frictional wear behavior.

In their study, Eriksson et al. [25] proposed that wear of the braking surface leads to
significant randomness in braking noise spectra. Graf et al. [26] suggested that the uniform
friction layer of the braking interface exerts an important influence on the occurrence of
squeal noise. Renault et al. [27] estimated the effect between the surface morphological
characteristics of the braking interface and the braking noise. Majcherczak et al. [28]
discovered that material debris generated changes the friction coefficient and thus affects
frictional noise. Massi et al. [29] found that when frictional squeal noise is generated during
braking, a large amount of debris tends to accumulate on the material surface.

The aforementioned research found that high-speed train brake noise and tribology
are inseparable, and now with the continuous improvement of materials and production
processes of the train brake disc, frictional brake noise is further reduced.

2.2.2. Wheel-Rail Noise

Wheel-rail noise is mainly divided into three types: impact noise, rolling noise, and
spike noise. When the train speed is less than 300 km/h, rolling noise is the main noise
source [30]. Wheel-rail noise is generated by the relative motion between the wheels and
the track due to the roughness of the rail [31]. The degree of wheel and rail roughness
also determines the amplitude of vibration and other dynamic characteristics of each
component during train travel. There is a mutual force between the wheels and the rails
during motion of the train, and this force causes the rails and wheels to vibrate, thus
radiating noise into the surrounding air. In 1976, to find the sound radiation between
the wheel and rail, Remington et al. [32] proposed a simplified engineering method to
predict wheel-rail noise by simplifying the wheel and rail as an infinitely long Eulerian
beam and an Eulerian beam under continuous elastic support, respectively. Thompson
considered the symmetry of the wheel based on Remington’s work and calculated several
typical wheels of that time by the finite element calculation method [33]. For the rail model,
Thompson considered the influences of the rail sleeper [34] and wheel rotation [35], used
the two-dimensional boundary element method to calculate the vibration sound radiation
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efficiency, and developed the wheel-rail noise prediction software “TWINS” according to
the research results.

With the continuous improvement of the wheel-rail noise prediction model, the tech-
nique to eliminate wheel-rail noise is becoming increasingly mature. Reducing wheel
and track surface roughness, improving the wheel-rail design, and using local shielding
can better solve the train wheel-rail noise problem. Jones et al. [36] added shields to the
bogies; Vincent et al. [37] eliminated the noise from the train wheels by changing the train
track and sleepers; Bouvet et al. [38] and Cigada et al. [39] proposed improvements to
the wheels to suppress wheel-rail noise by increasing the elasticity of the wheels; and
Merideno et al. [40] changed the modalities of the wheels using sandwich-type dampers,
thus reducing vibration and noise. For train wheels, Lee et al. [41] improved wheel wear
by optimizing the curvature of the wheel webs so that the wheels maintain a stable noise
level after long-term use. In terms of train rails, Chen et al. [42] believed that replacing rails
on viaduct lines with damped rails can reduce noise while changing the peak frequency
band of the noise.

3. High-Speed Train Noise Research Methods

At present, the noise of high-speed trains in motion is mainly studied by line tests,
wind tunnel tests, and numerical simulations.

3.1. Real High-Speed Train Noise Tests

Real high-speed train noise tests can obtain the most realistic noise distribution during
the train-driving process. Real high-speed train noise tests are generally divided into
internal and external noise acquisition. Internal noise experiments on high-speed trains
generally use different locations in the car for microphone arrays for acoustic signal ac-
quisition [43], but the internal noise data alone cannot be used to assess the overall noise
level in service and its effect on the surrounding environment: it is now generally used in
sound-insulation research on high-speed train bodies [44].

Train exterior noise tests generally involve measurement of the noise distribution in
space through single or multiple acoustic sensors and can also obtain the far-field field noise
information of moving high-speed trains. The total sound pressure of the high-speed trains
during the driving process and the contribution of different frequency bands of noise to
the overall high-speed train interior and exterior noise can be measured using the acoustic
signals collected by microphones at different measurement points. The arrangement of the
acoustic sensors affects the collected noise data. As shown in Figure 1, the one-dimensional
horizontal arrangement of the acoustic sensor array identifies the distribution of sound
sources in the direction of motion of the train. The one-dimensional vertical arrangement
can identify the sound source distribution at the height of the train [45]. The X-shaped
sensor array identifies noise data in both horizontal and vertical directions relative to the
high-speed train, and these data can be used to map the sound source distribution of the
high-speed train [46]. By increasing the number of acoustic sensors, the microphone array
is also arranged in spiral, star, or spherical forms.

The number of microphones in the microphone array further increases with the
increase in the speed of the train. He et al. [47] used a star-shaped microphone array with
78 microphones to test the sound field of a high-speed train in a real-world experiment.
Li et al. [48] employed a microphone array consisting of 78 microphones to measure the
noise levels of high-speed trains traveling over viaducts and embankment sections, and
Zhang et al. [49] used a microphone combination consisting of a 78-channel microphone
array and microphones at a horizontal height of 3.5 m to study the sound field of high-
speed trains travelling at a speed of 350 km/h. Noh [50] used a microphone array with
144 channels to conduct sound field tests on a high-speed train running at 390 km/h. As
shown in Figure 2, these train noise experiments collected real high-speed train noise data
and used the data to study the noise distribution and variations therein.
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Figure 1. Microphone array arrangement form [45,46].

Figure 2. Noise distribution at different train speeds [48].
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3.2. Wind-Tunnel Test

Compared to train noise experiments, wind tunnel experiments can be conducted
in an indoor environment, independent of external climatic conditions, and can simulate
external wind and other climatic conditions according to the hardware facilities of the wind
tunnel, thus realizing the controllability of environmental factors. In aerodynamic research,
wind tunnels are cutting-edge experimental testing tools. Both Ferrari and NASA have
built wind tunnels to improve the aerodynamic performance of Formula 1 cars and space
shuttles. As shown in Figure 3, wind tunnel facilities for high-speed trains typically employ
large tunnels that use giant vanes at the entrance to generate strong airflow, with special
grilles to reduce vortices in the airflow before it enters the laboratory. The noise collected
in the wind tunnel test does not include mechanical noise, so it is possible to improve
evaluations of the aerodynamic noise generated by the train.

 

Figure 3. Train isometric model.

As shown in Figure 3, to reduce the cost of wind tunnel experiments, scaled-down
models are often used for experiments. In 1991, Baker et al. [51] used a 1/76 scale HST train
model and a 1/20 scale TGV001 train model to evaluate the effects of different types of
ground simulations on train drag. Willemsen et al. [52] experimentally investigated three
different types of trains at a 1/10 scale using a German-Dutch wind tunnel, and the results
of the study showed that high Reynolds numbers on the surface significantly improve
the reliability of wind tunnel experiments on trains. Nagakura et al. [53] conducted wind
tunnel experiments using a 1/5 scale model of the Shinkansen train, and they estimated
the contribution of each source of noise generated by a Shinkansen train to the roadside
noise level based on the experimental data. Zhu et al. [54] proposed a numerical simulation
method for wheel-track noise of the high-speed train and verified the accuracy of this
method through wind tunnel experiments. Zhang et al. [55] performed a large eddy
simulation to research the unsteady flow near the pantograph of the DSA380 high-speed
train and predicted the aerodynamic noise caused by the pantograph. Although wind
tunnel experiments are cheaper and have a higher safety factor, current wind tunnel
experiments are more demanding in terms of experimental environment and equipment
for non-full-size flow field simulations due to the similarity criterion.
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3.3. Numerical Simulation and Theoretical Research

To conduct train noise tests or wind tunnel tests relative to the various complex
environments through which high-speed trains pass is costly, but the full range of flow field
information can be determined quickly and easily through computational fluid dynamics
(CFD). Computational fluid dynamics has various advantages, such as fewer restrictions
and lower costs. Using the method of computational fluid dynamics, it is possible to
use mathematical methods to discretize the flow field control equations in the grid of the
computational region, solve the discrete numerical solutions, and obtain the aerodynamic
noise of the train during travel according to the Navier–Stokes equations. As shown in
Figure 4, the high-speed train model is huge and has a complex structure, so the mesh must
contain many elements, often too onerous given current computational resources, to satisfy
the need for a direct solution for the whole vehicle model. In CFD commercial software,
the most common method is to ascertain the computational flow field characteristics by
using Lighthill’s acoustic approximation model and then use the acoustic analogy theory
to simulate the noise propagation, thus improving the computational efficiency and saving
computational resources.

 
Figure 4. CFD meshing for high-speed trains. (a) Schematic of flow field computational domain [56];
(b) grid density variation in the computational domain [56]; (c) pantograph meshing [57]; (d) high-
speed train complete grid [57]; (e) high-speed train head meshing [56]; (f) high-speed train head grid
density variation [56]; (g) bogie meshing [58].

Many scholars have studied high-speed train noise using computational fluid dynam-
ics. Sassa et al. [59] combined acoustic and fluid analyses to calculate the aerodynamic noise
radiation from the surface vestibule side doors of high-speed trains. Takaishi et al. [60] de-
rived the far-field integral equation for aerodynamic noise and calculated the aerodynamic
noise conditions at the train pantograph. Masson et al. [61] developed a numerical model
of the French TGV train based on the lattice Boltzmann method and obtained the noise
distribution around a TGV high-speed train. Wang et al. [57] and Wu et al. [62] used large
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eddy current simulation and boundary element method to simulate the pantographs of
high-speed trains and found that the pantograph noise is concentrated in the low-frequency
range, and the pantograph aerodynamic noise is gradually dispersed in the high-frequency
range. Sun et al. [63] conducted a simulation-based analysis of the pantograph and found
that the slide plate, pantograph head, balance rod, insulators, bottom frame, and pull rod
are the main sources of aerodynamic noise thereon. By comparing six models, Li et al. [64]
found that the SST k-ω method is the most suitable for numerical simulation of train aero-
dynamic behavior in crosswinds. To cope with the problem of insufficient computational
resources during the numerical computation of high-speed trains, Liu et al. [65] proposed
a model for pantograph noise prediction based on the Reynolds number provided by a
single component.

As shown in Figure 5, CFD software can give you the calculation results of running
train vortex shedding. The rapid development of computers in the future will further
promote the development of numerical simulation and theoretical research into high-
speed trains to provide more abundant solutions to the noise problems associated with
high-speed trains.

 

Figure 5. (a) Turbulent kinetic energy distribution of the pantograph [55]; (b) instantaneous iso-
surface plots of the Q-criterion, colored by vorticity magnitude (Q = 10,000) [55]; (c) bogie speed flow
chart [58]; (d) turbulent kinetic energy distribution of high-speed trains.

4. High-Speed Train Noise Control Methods

4.1. Traditional Noise Control Methods for High-Speed Trains
4.1.1. Train Vibration Reduction

High-speed trains will inevitably impose a greater impulse on railroad infrastructure,
causing an increase in the vibration intensity of the infrastructure and the environment
along the railroad line [66]. Under the action of the cyclic force caused by high-speed trains,
excessive vibration amplitudes can damage the infrastructure, while this vibration also
generates much noise, affecting the safety, comfort, and stability of train operation [67].
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At present, the main active isolation measures and passive isolation are adopted to
reduce high-speed train vibration and thus control high-speed train noise. Active isolation
measures include floating slabs [68], highly resilient rail pads [69], and high-performance
wheels [70]. All these measures can directly reduce the vibration of the train to a large extent.
Passive isolation measures include open trenches and soft-filled barriers [71]. Although the
above measures show a good damping effect, damping to reduce the actual engineering
problems related to noise still faces certain difficulties due to the huge mass and fast speed
of high-speed trains.

4.1.2. Train Body Sound Insulation

The noise inside the high-speed train is mainly transmitted from outside. The sound
source and vibration excitation outside the train can be transmitted to the inside of the train
through two main paths: airborne sound and structural sound transmission, thus forming
the noise inside the train [72]. Therefore, improving the sound insulation performance
of the high-speed train carriage panel structure is conducive to improving the acoustic
environment inside the car. The train carriage panels are mainly extruded aluminum profile
structures (floor, roof, and sidewalls) and double-plate cavity structures (windows). At
present, extruded aluminum profiles are the main sheet structure of high-speed train bodies,
and their acoustic performance is one of the important factors influencing the acoustic
environment inside the vehicle.

Due to the special structural form of extruded aluminum profiles, their sound insu-
lation performance is poor. Improving the sound insulation performance of aluminum
profiles is a key focus of much research in academe. Xin et al. [73] studied the sound insula-
tion characteristics of orthogonally rib-stiffened sandwich structures and corrugated core
sandwich structures and the mechanism of sound radiation during the vibration of these
structures. Xie et al. [74] developed an acoustic model of the statistical energy method for
the amount of sound insulation of extruded profiles, and the model was able to favorably
predict vibration excitation. Kim et al. [75] improved the sound insulation performance of
aluminum profiles by filling. Qin et al. [76] employed an optimized finite element energy
statistics method (FE-SEA) and verified its efficacy. Li et al. [77] used a waveguide finite
element (2.5-d FE) model combined with the energy statistics method to investigate the
sound insulation model of extruded aluminum profiles. Zhang et al. estimated the coupling
loss factors between the structure and cavity and established a statistical energy analysis
model to make predictions of bogie noise and bottom plate sound transmission. Based on
the model, they developed a program that can quickly design the internal panel structure
of a train and proposed a model that can predict the sound absorption and insulation
characteristics of the composite bottom panel of a train [78,79]. Thereafter, they proposed to
improve the noise insulation of the train by adding high-damping rubber and water-based
damping as a coating to the train floor [80,81].

For the double-plate cavity structure of the window part of the train, Xin et al. [82]
systematically studied the sound insulation characteristics of the finite and infinite double-
plate cavity structure using the wave propagation method. Zhang et al. [83] established and
validated their sound transmission loss model of the window by measuring the vibration
and the interior noise level of a window of a high-speed train.

4.1.3. Railroad Sound Barriers

A sound barrier featuring easy installation and obvious noise reduction is an impor-
tant method of traffic-noise management, which has been widely used and developed
throughout the world [84]. Sound barriers mainly include wide top types, semi-enclosed
types, fully enclosed types, etc. The diversity of sound barriers makes it possible to have
different classification methods, which are based on appearance, line form, material, acous-
tic performance, structural form, etc. According to the differences in line form, the sound
barriers can be classified into bridge sound barriers and road sound barriers; according
to the differences in unit plate material, the sound barriers are classified into metal and
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non-metal sound barriers. As shown in Figure 6, the common structures of sound barriers
are upright insert types, T types, inverted L types, Y types, multiple edge types, etc. [85].
In practical application, insert-type sound barriers are most widely used. May et al. [86]
used proportional model experiments to compare the noise reduction effects of upright,
T-shaped, and Y-shaped sound barriers and proposed, for the first time, that T-shaped
sound barriers provide the best noise reduction effects. Defrance et al. [87] simulated
the noise reduction effect of T-shaped sound barriers with sound-absorbing materials
using the boundary element method and undertook experimental verification thereof.
Baulac et al. [88] improved the acoustic performance by providing slots at the top of T-
shaped sound barriers and optimizing the form and disposition of the slots using genetic
algorithms. Oldham et al. [89] investigated the factors affecting the noise reduction effect of
T-shaped sound barriers using numerical calculations and found that the additional noise
reduction of the top structure is related to the locations of the source and receptor of the
sound and the location and height of the sound barrier. Venckus et al. [90] studied the roof-
inclination angle of upright-type sound barriers and found that the sound barrier was most
effective in reducing high-frequency sound waves when the roof inclination angle was 120◦.
Zhang et al. [91] proposed a semi-enclosed sound barrier with slits and verified its sound
insulation effect. At present, sound barriers provide good control of environmental noise
along the railroad, but the noise frequency band they control is singular, and because most
of them are reflective sound barriers, they will aggravate the noise inside the train instead.

 

Figure 6. (a) Y-shaped sound barrier; (b) inverted L-shaped sound barrier; (c) upright type sound
barriers; (d) semi-enclosed sound barrier; (e) fully enclosed sound barrier.
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4.2. Acoustic Metamaterials Applied to High-Speed Train Noise Control

After the train speed is increased to 600 km/h, the aerodynamic noise and wheel-
rail noise will be significantly increased, and the noise-reduction ability of the traditional
extruded aluminum profiles used in the body of high-speed trains, the sound barriers
along the railroad line, and the polyurethane foam materials laid inside the car body
are all stretched to their operational limit. When traditional materials and structures fail
to meet the needs of high-speed train development, acoustic metamaterials with exotic
characteristics will become an important means by which to solve the noise problems
associated with high-speed trains.

4.2.1. Definition and Development History of Acoustic Metamaterials

The term “metamaterial” is commonly used to describe artificial composites con-
sisting of periodic or randomly arranged artificial subwavelength structures, a concept
first introduced by Veselago in 1968 in the field of electromagnetism [92]. The emergence
of electromagnetic metamaterials sharpens researchers’ understanding of metamaterial
theory, and the concept of metamaterials was also introduced in the fields of optics, me-
chanics, and heat transfer. The concept of acoustic metamaterials can be traced back to
Narayanamurti [93], who first discovered that periodic structures could be used to control
high-frequency phonon propagation but did not refer to such periodic structured materials
as acoustic metamaterials. In 2000, Liu et al. [94] designed a small ball made of high-density
lead wrapped in rubber and then proposed the theory of locally resonant phonon crystals
using this model, opening the door to the study of acoustic metamaterials. After this, acous-
tic metamaterials have been further developed by artificially designing microstructures to
allow materials to present limitations beyond their original natural laws. This can realize a
series of idiosyncratic material functions, including acoustic stealth [95], acoustic directional
transmission [96], acoustic negative refraction [97], acoustic focusing [98], low-frequency
sound absorption [99], and so on. At present, acoustic metamaterials have been applied to
solve engineering problems such as aircraft cabin noise reduction, automotive NVH, and
building facades and have achieved better vibration and noise suppression effects [100].

Metamaterials often have different properties from those of traditional materials. For
natural materials, material parameters such as mass density, Young’s modulus, and Pois-
son’s ratio are positive in the natural case, while for artificial structures, effective material
parameters may become negative within a specific frequency range. Some mechanical
metamaterials have been applied in the field of energy-absorbing structures and body struc-
tures of high-speed trains [101,102], and the application of metamaterials to reduce railroad
noise will be one of the important means of dealing with the noise problem associated with
future high-speed trains.

4.2.2. Metamaterials Applied to Railroad Sound Barriers

At present, railroad sound barriers are mainly upright insert-type sound barriers. The
wind pressure fluctuations, when passing through such sound barriers, can lead to the
loosening and breaking of bolts and the destruction of sound barrier panels [103]. When
designing high-speed railroad sound barriers, not only should the sound insulation and
sound absorption characteristics of the barrier be considered, but also the dynamic response
of the sound barrier structure. Conventional sound barriers produce sound reflections
that lead to increased noise levels within high-speed trains. For future high-speed railroad
sound barriers, they inevitably need to meet codified sound insulation criteria and, at the
same time, have both ventilation and noise absorption capabilities.

There is always a balance between the thickness of a sound insulation device and its
ventilation capacity. Zhang et al. [104] designed a binary structure consisting of a coiled
unit and a hollow tube with a thickness of less than one-fifth of the wavelength, which can
block low-frequency sound from different directions while allowing 63% of the airflow to
pass through. Wu et al. [105] designed a vented metamaterial absorber operating at low
frequencies (<500 Hz) with only two absorption units, achieving high-efficiency absorption
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under vented conditions by using weak coupling of two identical split-tube resonators.
Huang et al. [106] combined spiral channels and embedded apertures; this metamaterial
structure can absorb low-frequency noise while maintaining the requisite thickness. Ghaf-
farivardavagh et al. [107] proposed a deep sub-acoustic wavelength metamaterial cell that
includes nearly 60% of the open area allowing passage of air and also serves as a high-
performance selective sound muffler. Wang et al. [108] proposed an acoustic metamaterial
composed of many cells, and this open metamaterial contains a large hole in each cell to
ensure airflow. Kumar et al. [109] integrated eight labyrinth cells of different configurations
to form an acoustic metamaterial and introduced a herringbone channel to achieve ven-
tilation. Xie et al. [110] proposed a metamaterial with a conchoidal cavity structure and
embedded this metamaterial into a conventional concrete or metal sound barrier, which
can significantly improve the sound absorption capacity of the sound barrier and prevent
sound pollution of the surrounding high-rise buildings by high-speed railroads.

As shown in Figure 7, acoustic metamaterials can ensure better sound insulation and
absorption effects under ventilation, but they have not been widely used in sound barriers
due to their complicated production process and high cost of production. To increase the
potential for wider engineering applications of acoustic metamaterials, researchers should
further simplify their structure while considering the production cost in the design process
and, furthermore, fit the specific use scenario for optimization.

 

Figure 7. Acoustic metamaterials with ventilation properties applied in sound barrier.

4.2.3. Application of Metamaterials in Train Car Bodies

At present, the car body of high-speed trains is mainly fitted with a mixture of damping
pulp and fibrous materials as sound insulation and vibration damping materials. At present,
the train body shows poor sound insulation and absorption ability, especially for the long
wavelengths of low-frequency noise, which passes more easily through the body structure
and body gaps into the train interior. This impairs the quality of the acoustics within the
train interior and adversely affects passenger comfort.
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As shown in Figure 8, scholars have explored the application of acoustic metama-
terials in engineering. Li et al. [111] combined microperforated plates and embedded
partitions to design a controllable broadband acoustic unit with a thickness of only 70 mm.
Liu et al. [112] added a separator plate with micro-perforations inside the cavity of a com-
mon Helmholtz resonator to demonstrate the absorber a multi-order absorption capability
and expanded the absorption bandwidth of the absorber by combining eight absorbers.
Long et al. [113] designed a multi-band quasi-perfect absorber constructed by a double-
channel Mie resonator, which is more flexible, to achieve multi-band quasi-perfect ab-
sorption. The combination of labyrinth structure and micro-perforated plate structure
often can produce better sound absorption. The labyrinth structure can partition the cavi-
ties, while the combination of different cavities and perforated plates can yield acoustic
metamaterials with a wider frequency range. Zhang et al. [114] designed an acoustic
metamaterial consisting of a single-hole plate and a labyrinth cavity combination, which
achieved good sound absorption in the low-frequency range. Liu et al. [115] investigated
an acoustic metamaterial that achieved nearly perfect sound absorption in the range of
380 to 3600 Hz by combining a variety of different micro-hole plates and labyrinth cavities.
The honeycomb structure is the best topology covering two-dimensional planes with good
mechanical properties and is often used as the core structure of high-speed train underlay-
ment. Tang et al. [116] modified the traditional honeycomb sandwich panel by introducing
micro-pores based on the honeycomb-corrugated hybrid core to acquire an acoustic meta-
material with good sound absorption in the low-frequency range. Peng et al. [117] designed
a composite honeycomb structure by combining different microporous and honeycomb
cavities to fabricate an acoustic metamaterial with 90% sound absorption in the range
of 600 to 1000 Hz. Wang et al. [118] proposed a NOMEX honeycomb metamaterial with
acoustic absorption capability based on NOMEX honeycomb, which can achieve quasi-
perfect absorption against noise in high-speed train motion. Wu et al. [119] designed a
hybrid metamaterial absorber based on a microperforated plate and a coiled Fabry channel,
which can achieve more than 99% sound absorption at the resonant frequency (<500 Hz) of
acoustic absorption. Xu et al. [120] designed a metamaterial consisting of three holes and
three cavities connected in parallel and investigated the effects of different temperatures on
its acoustic absorption. Xie et al. [121] added polyurethane material to the acoustic metama-
terial composed of microporous plates and cavities to achieve continuous ultra-broadband
acoustic performance.

Figure 9 analyzes the main noise sources of high-speed trains, and it can be found that
the wheel-rail area noise, pantograph noise, and inter-coach gaps noise all rise to a great
extent as the speed of high-speed trains increases. Among the three main noise sources,
the pantograph noise increases most significantly with speed, and when the speed reaches
386 km/h, its main noise level exceeds that of the wheel-rail area and inter-coach gaps. The
frequency variation of the main noise sources also deserves attention; compared with the
noise in the range of 2000 Hz–4000 Hz, the improvement is more obvious in the range of
500 Hz–2000 Hz. The pantograph noise changes more significantly with speed, and the
noise level in the 500 Hz–1500 Hz range reaches nearly 100 dB(A) after the speed reaches
386 km/h. The significant increase in noise levels in the mid-frequency and low-frequency
can seriously affect passenger comfort.

Traditional acoustic materials mainly use porous structures, such as acoustic sponges,
felt, glass fiber, polyurethane foam, etc. When sound waves pass through the pores of
various materials, their kinetic energy is converted into thermal energy, leading to the
dissipation of sound wave energy to attenuate noise; however, porous materials have poor
absorption capacity for low-frequency noise, and the material thickness is strictly limited
due to the size of the train, which makes it difficult for the current acoustic insulation car
body design to deal with low-frequency noise. In contrast, metamaterials, with their unique
material properties, can absorb low-frequency noise while maintaining a small thickness.
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Figure 8. (a) Schematic of perforated honeycomb-corrugation hybrid (PHCH) metamaterial [116].
(b) Schematic of the broadband metamaterial unit [115]. (c) Schematic diagram of a hybrid absorber
with microperforated plates and coiled channels [119]. (d) Schematic representation of a tunable
multi-cavity coupled-resonator with polyurethane-filled slits [121]. (e) Schematics of the composite
honeycomb sandwich panels [117]. (f) Multiband quasi-perfect low-frequency sound absorber based
on double-channel Mie resonator [113].

According to the latest research on acoustic metamaterials shown in Figure 8, it can
be found that acoustic metamaterials can cope with low-frequency and mid-frequency
noise better and ensure a high noise absorption level in a thinner case. Figure 8d,e of
the absorption coefficient curve can be found that in acoustic metamaterials in a wide
range of frequencies, the sound absorption ability can reach more than 80%, and this
acoustic characteristic can just meet the noise problems faced by high-speed trains. At
present, acoustic metamaterials have been widely used in the fields of aerospace, ships,
automobiles, and buildings. It is believed that acoustic metamaterials, with their excellent
acoustic properties, will also become an important measure to solve the noise problem of
high-speed trains.
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Figure 9. The main noise frequencies characteristics of high-speed trains: (a) wheel-rail area;
(b) inter-coach spacing; (c) pantograph [47].
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5. Summary and Prospect

With the increase in train speed and the development of modern train structures, the
noise problem has become more pressing, and solutions thereto more complicated. The
development of high-speed trains also brings new opportunities and challenges for future
train noise research. To cope with the train noise problem, it is necessary to follow the devel-
opment of science and adopt new materials, new research tools, and new theories. In this
review, we have identified the following problems and made corresponding suggestions:

(1) The main component of high-speed train noise has gradually changed from mechan-
ical vibration noise to aerodynamic noise, and with the further increase in running
speeds in the future, the aerodynamic noise will be further intensified. The structure
of the high-speed train pantograph, high-speed train skirt, and high-speed train con-
nection should be further optimized, and the noise problem should be emphasized in
the optimization process.

(2) The acoustic insulation level of traditional railroad sound barriers is limited and
vulnerable to air pulsation stress. The introduction of acoustic metamaterials can
largely improve their acoustic insulation performance, but at present, the structure of
acoustic metamaterials is complicated, and their processing cost is high, so research
on their manufacturing process and batch production is warranted.

(3) It is difficult for the current body structure of high-speed trains to cope with low-
frequency noise, and the narrow body structure cannot be arranged with thicker
materials to realize sound absorption and insulation. Thus, future acoustic metama-
terials may be the best means of achieving sound absorption and insulation in the
train body.
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Abstract: With the increase in train speeds on high-speed railways, the excitation frequency of track
irregularities increases, which has a negative impact on train comfort and opposes the passengers’
desire for high ride comfort. In addition, the uncertainty of train comfort results from the stationary
randomness of track irregularities and the different zonal distribution in the car body. Therefore,
the application of the stationary random vibration method to analyze the zonal distribution of train
comfort and the relevant influencing factors is important to guarantee the passengers’ comfortable
experience in each ride and to provide a theoretical basis for comfort optimization. First, the train
was modeled using eight independent vehicle elements. Second, the pseudo-excitation method was
applied to obtain the theoretical zonal distribution of the Sperling index, an indicator of comfort,
via the linearity of the power spectrum density of train acceleration. Third, considering various
factors affecting train comfort, the results were compared with those calculated using the Monte
Carlo method. It was found that the most comfortable area was located slightly in the front of the
center of the car body. Improving track irregularities and reasonably controlling the speed of a train
will increase the train’s comfort, while it will deteriorate with a loss in car-body mass and damage to
the secondary suspension system.

Keywords: train comfort zonal distribution; Sperling index; stationary random vibration method;
pseudo–excitation method; Monte Carlo method; power spectrum density

1. Introduction

High-speed railways (HSRs) have been widely and rapidly developed in global trans-
portation thanks to their advantages such as positive energy efficiency, safety, and reliability.
The continuous acceleration of high–speed trains increases the excitation frequency of track
irregularities and intensifies the interaction between the vehicle and the track, which has a
negative impact on train comfort. Under these circumstances, people are increasingly dis-
satisfied with the inferior ride comfort of trains. In addition, the irregularity of the tracks, a
type of stationary random excitation, and the different arrangement of seats in the car body
are responsible for the uncertainty of ride comfort for passengers. Therefore, it is important
to improve the ride comfort for passengers and apply the stationary random vibration
method to analyze the zonal distribution of train comfort and the relevant influencing
factors to provide a theoretical basis for comfort optimization.

Nowadays, research on train vibration comfort has attracted the attention of scientists
all over the world. The main contribution of Albers et al. [1] was to develop the drive train
and its assemblies to meet customers’ vibration comfort requirements. Lee et al. [2] investi-
gated the implementation of an e-Health train that provided passengers with optimized
ride comfort as well as the opportunity to provide appropriate feedback on the changed
ride comfort to improve passengers’ feelings and the health service. The calculation and
analysis results of Yu et al. [3] showed that: (1) the vibration of the waiting and store floor
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under the load of the standing crowd was small, and the comfort requirements could
be met; (2) the vibration of the waiting and store floor under the load of the high-speed
train was larger because the waiting and store floors were more flexible; and (3) the vi-
bration comfort under the load of the high-speed train could meet the requirements of
the corresponding code. Using frequency-domain analysis and time-domain analysis, the
distribution of the main vibration frequency was given by Lu [4]. Ni et al. [5] presented
an experimental study on the design of a tunable secondary suspension for high-speed
trains using magnetorheological fluid dampers (hereafter referred to as MR dampers) to
improve lateral ride comfort. Bao et al. [6] develop a fully coupled wind-vehicle-bridge
(WVB) interaction model to evaluate the dynamic performance and ride comfort of the
monorail-vehicle-bridge system in turbulent crosswinds. The TR08 car of the Shanghai
Magnetic Train Demonstration Line was prototyped by Jingyu [7], and a simulation model
of multibody dynamics was built. Zhu et al. [8] proposed a strategy to evaluate the comfort
of the trestle in terms of the vibration of the train–bridge–trestle coupling. Alehashem
et al. [9] showed that the designed MR dampers effectively reduced the rolling motion of
the car body. Peng et al. [10] proposed a novel evaluation model to assess this, as the most
commonly used international standard ISO 2631-1 is inappropriate.

The random vibration method is used to study the vibration response of the train
system accurately and statistically significantly. Lu et al. [11] presented a detailed study on
the effect of vibration modes on fatigue damage in a bogie frame of a high-speed train under
random loading conditions while considering the extension of the excitation frequency
range and the proportional increase of the high-frequency components. Li et al. [12,13]
introduced the pseudo-excitation method (PEM) to solve the random oscillations induced
by rail irregularities, and presented an efficient algorithm to analyze the random multipoint
oscillations of train inverters. Tan et al. [14] established a refined 3D vibration model for a
coupled system of train, rail, and beam, and solved it using the PEM. Jin et al. [15] devel-
oped a versatile semiactive suspension system with variable-stiffness magnetorheological
elastomer isolators and variable-damping magnetorheological dampers for high-speed
trains to improve ride comfort by avoiding car body resonance and dissipating vibration
energy. Arnaud [16] proposed a new method to predict the random vibration of the train–
track–bridge system during earthquakes based on the Hamiltonian Monte Carlo method
(MCM). Yao et al. [17] used a combination of numerical simulation, field tests, and a random
forest algorithm to predict the building vibration caused by a moving train. Guo et al. [18]
proposed a method to monitor the deformation of the track slab using fiber optic sensing
and an intelligent method to identify the deformation of the track slab using a random
forest model.

Despite numerous research works, there is still a lack of a comprehensive analysis
of train comfort from the point of view of zonal distribution and the random vibration
method. In order to represent the zonal distribution of train comfort, flexible car bodies
must be modeled with a larger number of degrees of freedom (DOFs) than those based on
rigid-body dynamics theory, which significantly increases the complexity and inefficiency
of the solution. In this case, we aimed to accurately determine the zonal distribution of the
Sperling index by using stationary random excitation, including the PEM and MCM, and
to analyze various influencing factors such as the degree of track irregularity, train speed,
vehicle load, and damage to the secondary suspension system.

2. Establishment and Solution of the Motion Equation

2.1. Motion Equation of Train System Based on MCM

In the analysis of the train vibration, it was helpful to generate different series of
random track irregularity excitations repeatedly. Later, each of them was solved using the
Newmark-β method (NβM) to obtain the corresponding series of the random vibratory
response of the train. When the solving process for one of series of random excitation is
terminated, it is called once-sampling of MCM. The entire programming procedure was
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realized in MATLAB software (version R2022a). Before that, the relevant motion equation
of train system needed to be established in accordance with the following assumptions [19]:

(1) The interaction is nonexistent among vehicle elements.
(2) Each vehicle element is composed of a rigid car-body, bogies, and wheel sets.
(3) The springs of a train are linearly elastic, while the dampers are linearly viscous.
(4) Each vehicle element is a linear stationary system; namely, the mass, damping, and

stiffness matrices of train are constant.
(5) The train moves at a constant speed.
(6) The wheels and rails fit snugly. The relative displacement between the track and the

bridge deck, as well as the elastic effect of the track–bridge system, are neglected.
(7) The track irregularity is a zero-mean stationary Gaussian random process.

Based on the assumptions above, a train subsystem is made up of a certain number
of mutually independent 3D vehicle elements. Each of them consists of a car-body, two
bogies, four wheel sets, and a two-layer spring-damper suspension system. Each vehicle
element contains 15 independent DOFs for the car-body and bogies, and three dependent
DOFs for each wheel set coupled respectively with the vertical, horizontal, and torsional
motion states of 4 contact points. The DOFs of each vehicle element are listed in Table 1
and correspond to those in Figure 1.

Table 1. The DOFs of a vehicle element.

Vehicle Element i DOF

Car body 5 DOFs: yci, zci, θci, ϕci, ψci
1

Bogies 10 DOFs: yfbi, zfbi, θfbi, ϕfbi, ψfbi, yrbi, zrbi, θrbi, ϕrbi, ψrbi
Wheel sets 12 DOFs: yw1i, zw1i, θw1i, yw2i, zw2i, θw2i, yw3i, zw3i, θw3i, yw4i, zw4i, θw4i

1 y is the lateral sway, z is the vertical levitation, θ is the roll, ϕ is the pitch, and ψ is the yaw. Subscript “f” and “r”
respectively denote the front and the rear bogie, while the numbers represent the orders of wheel sets. Subscript
i denotes the number of a certain vehicle element and equals 1, 2, 3 . . . 8. Back-and-forth along the x-axis was
neglected because the train ran at a constant speed according to the 7th assumption. Subscripts “c”, “b”, and “w”,
respectively refer to “car body”, “bogies”, and “wheel sets”.

Figure 1. Vehicle element model: (a) front view; (b) lateral view; (c) top view.
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According to the D’Alembert principle, the motion equation of a train can be expressed as:

Mt
..
ut + Ct

.
ut + Ktut = Tsuw + Td

.
uw (1)

where Mt, Ct, and Kt are the mass, the damping, and the stiffness matrix, respectively. Ts
and Td are the projector matrices for the spring and the damper, respectively. All of them
can be diagonally assembled from Mve, Cve, Kve, Tsve, and Tdve of the vehicle elements, as
given in Equation (2), where ut is the vibratory displacement vector containing the DOFs
of the car body and the bogies in Table 1, while uw is the vibratory displacement vector
containing the DOFs of the wheel-sets in Table 1. Kve in Equation (3) contains the auto-
coupling stiffness matrices of the car body and bogies, namely Kcc and Kbb expressed in
Equations (5) and (6), as well as the cross-coupling stiffness matrix Kbc(η), which represents
the car–bogie interaction and differentiates the front and rear bogies using η = 1 and −1,
respectively. Mve is diagonally assembled using the mass of different components and their
moments of inertia around different axes. Tsve in Equation (8) is a stiffness projector matrix
multiplied by the displacement vector uw of wheel–track contact points to form the force
vector of the train. The expression of Cve and Tsve, respectively similar to Equations (3)
and (8), can be obtained simply by replacing the spring factor k with the corresponding
damping factor c.

Kt = diag
[
Kve Kve · · · Kve

]
(2)

Kve =

⎡
⎣ Kcc Kbc(1)

T Kbc(−1)T

Kbc(1) Kbb 0
Kbc(−1) 0 Kbb

⎤
⎦ (3)

Mve = diag(mc, mc, Ixc, Iyc, Izc, mb, mb, Ixb, Iyb, Izb, mb, mb, Ixb, Iyb, Izb) (4)

Kcc = 2

⎡
⎢⎢⎢⎢⎣

ky2 0 −ky2h1 0 0
0 kz2 0 0 0

−ky2h1 0 ky2h2
1 + kz2b2

2 0 0
0 0 0 kx2h2

1 + kz2d2
2 0

0 0 0 0 kx2b2
2 + ky2d2

2

⎤
⎥⎥⎥⎥⎦ (5)

Kbb =

⎡
⎢⎢⎢⎢⎣

2ky1 + ky2 0 −2ky1h3 + ky2h2 0 0
0 2kz1 + kz2 0 0 0

−2ky1h3 + ky2h2 0 2(ky1h2
3 + kz1b2

1) + ky2h2
2 + kz2b2

2 0 0
0 0 0 2(kx1h2

3 + kz1d2
1) + kx2h2

2 0
0 0 0 0 2(kx1b2

1 + ky1d2
1) + kx2b2

2

⎤
⎥⎥⎥⎥⎦ (6)

Kbc(η) =

⎡
⎢⎢⎢⎢⎣

−ky2 0 ky2h1 0 −ηky2d2
0 −kz2 0 −ηkz2d2 0

−ky2h2 0 ky2h1h2 − kz2b2
2 0 −ηky2d2h2

0 0 0 kx2h1h2 0
0 0 0 0 −kx2b2

2

⎤
⎥⎥⎥⎥⎦ (7)

Tsve =

⎡
⎣ 0 0

Tb
sve 0
0 Tb

sve

⎤
⎦; Tb

sve =

⎡
⎢⎢⎢⎢⎣

ky1 0 0 ky1 0 0
0 kz1 0 0 kz1 0

−ky1h3 0 kz1b2
1 −ky1h3 0 kz1b2

1
0 kz1d1 0 0 −kz1d1 0

ky1d1 0 0 −ky1d1 0 0

⎤
⎥⎥⎥⎥⎦ (8)

In MCM, the trigonometric series superposition method is commonly used to generate
the history samples of the track irregularity to form uw. Therefore, uw can be expressed in
Equation (9) with the delay vector td, which reflects the phase difference among the wheel

246



Appl. Sci. 2022, 12, 7442

sets in Equation (10). In addition, the symbol “◦” in Equation (9) represents the Hadamard
product, also known as the element-wise product between two matrices.

uw(t) =

[√
2

N

∑
k=1

√
Sir(nk)dnk ◦ cos(nkv(t − td) + θk)

]
(9)

td =
[
tve

d (1) tve
d (2) · · · tve

d (nv)
]T (10)

tve
d (i) = 11×12diag[(i − 1)lvI3,

2d1 + (i − 1)lv
V

I3,
2d2 + (i − 1)lv

V
I3,

2(d1 + d2) + (i − 1)lv
V

I3] (11)

Sir(n) =
{[

Sa(n) Sv(n) Sc(n)
][

I3 I3 · · · I3
]

3×12nv

}T
(12)

where nv is the total number of vehicle elements; Sir is the given vertical track irregularity
PSD matrix in Equation (12) composed of the alignment, vertical, and cross-level PSDs; nk
is an angular wave number sample; dn is the bandwidth; and θk is a random phase angle
obeying the uniform distribution U(0,2π). The integer order of k ranges from 1 to N.

2.2. Motion Equation of Train System Based on the PEM

The PEM proposed by LIN helps to establish a series of input pseudo simple harmonic
excitation by the given random excitation PSD in order to obtain the structural response
PSD and the variance [20]. In the PEM, the stationary pseudo solution can be calculated
through the multiplication of the frequency response function matrix (FRF). Based on the
same assumptions as those presented in Section 2.1, using the D’Alembert principle, the
motion equation of the train can be expressed as:

~
Ut(ω, t) =

[
~
u

a
t

~
u

v
t

~
u

c
t

]
= (−ω2Mt + jωCt + Kt)

−1
(Ts + jωTd)

~
Uw(ω, t) (13)

where
~
Ut with the overhead tilde “~” is the displacement vibratory response of the train

to represent the variables in the pseudo form as the function of angular frequency ω
and time t. In addition, in Equation (13), it is composed of three types of displacement
response subvectors respectively controlled by three independent directional types of track
irregularity PSDs, namely the alignment Sa, the vertical Sv, and the cross-level Sc. This is
because the PEM does not allow the linear superposition of different pseudo inputs defined
by mutually independent PSDs, and only their PSDs obey the linear superposition principle.

Meanwhile, the pseudo velocity
.
~
Ut and acceleration

..
~
Ut vibratory response vectors can

be expressed as Equations (14) and (15). The pseudo displacement of wheel sets can be
defined in Equation (16) by converting the angular wave number domain to the angular
frequency domain; it contains three types of pseudo track irregularity motions, similar to
the definition of Equation (13):

.
~
Ut(ω, t) = jω

~
Ut(ω, t) (14)

..
~
Ut(ω, t) = −ω2 ~

Ut(ω, t) (15)

~
Uw(ω, t) =

[
~
u

a
w

~
u

v
w

~
u

c
w

]
=
{[

I3 I3 · · · I3
]

3×12nv

}T ◦
√

Sir(n)
V ◦ exp[jnV(t − td)]

=
{[

I3 I3 · · · I3
]

3×12nv

}T ◦√Sir(ω) ◦ exp[jω(t − td)]
(16)

With the pseudo displacement vibratory response of the train in Equation (16), the
PSD matrix of the displacement vibratory response can be calculated through the sum of
the multiplication of the conjugate and the transpose of the corresponding pseudo vectors,
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as shown in Equation (17). Accordingly, the PSD matrix of acceleration vibratory response
can be deduced through the multiplication of the PSD matrix of the displacement vibratory
response and the fourth power of angular frequency ω. The exponential term with the vari-
able of time t will be eliminated due to the multiplication of the conjugate and the transpose,
which makes the PSD independent of time; namely, stationary. Accordingly, in Equation
(18), the principal diagonal elements represents the auto-PSDs of the corresponding DOFs,
while the remaining elements represent the cross-PSDs of two different DOFs.

SU(ω) =
~
Uw

∗ ~
Uw

T =
~
u

a∗
t

~
u

aT

t +
~
u

v∗
t

~
u

vT

t +
~
u

c∗
t

~
u

cT

t (17)

S ..
U
(ω) = ω4SU(ω) = ω4

⎡
⎢⎢⎢⎣

Syc1yc1(ω) Syc1zc1(ω) Syc1θc1(ω) · · ·
Szc1yc1(ω) Szc1zc1(ω) Szc1θc1(ω) · · ·
Sθc1yc1(ω) Sθc1yc1(ω) Sθc1θc1(ω) · · ·

...
...

...
. . .

⎤
⎥⎥⎥⎦ (18)

3. Sperling Index Based on Vibratory Acceleration History and PSD

3.1. Zonal Distribution Deduction of Sperling Index Based on Vibratory Acceleration History

The Sperling index, an indicator of stability, is a measurement method to determine
the comfort of passengers and occupants on the rolling stock, as well as the status of
transported goods. The evaluation is based on the measurement of the vehicle body’s
vibration acceleration. The less comfort the passengers experience, the higher the Sperling
index will be [21].

To derive the Sperling index at a given location, the zonal acceleration should first be
determined. In Figure 2, the vibration acceleration is linearly distributed in the space of the
car body according to the principle of rigid dynamics. The vertical vibration acceleration
at any zonal location in the horizontal plane of the car-body center can be determined
by considering the horizontal coordinate (x,y), vertical, roll, and pitch acceleration of the
car-body center. In this case, the coordinate origin was at the car-body center.

(a) (b) 

(c) 

Figure 2. Linear zonal relation model of car-body motion between the center and a certain point.
(a) front view of car-body motion of the vertical levitation and the pitch; (b) lateral view of car-body
motion of the vertical levitation and the roll; (c) top view of car-body motion of the lateral sway and
the yaw.
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Therefore, the zonal distribution of the vertical acceleration can be derived using Equa-
tion (19). In the case of horizontal acceleration, the horizontal coordinate (x,y), lateral sway,
and yaw acceleration of the car-body center are considered. Thus, the zonal distribution of
the horizontal acceleration can be expressed as Equation (20).

..
zci(x, y, t) =

..
zci(0, 0, t) + x

..
ϕci(0, 0, t) + y

..
θci(0, 0, t) (19)

..
yci(x, y, t) =

..
yci(0, 0, t) + x

..
ψci(0, 0, t) (20)

Secondly, the corresponding acceleration amplitude spectrum within the prescribed
interval of frequency must be calculated using fast Fourier transform (FFT). In this case,
the single-frequency component for the Sperling index can be defined as Equation (21),
while the 10th power root of the sum of the 10th power is described in Equation (22) for
the Sperling index of multiple-frequency component vibrations for the car body of vehicle
element i.

Wki(x, y) = 3.57 10

√
A3

ki
fk

◦ F( fk) = 3.57
10

√√√√∣∣∣FFT[
..
yci

..
zci ]

( fk)
∣∣∣3

fk
◦ [Fv( fk) Fh( fk)] (21)

Wi =
10

√√√√ N

∑
k=1

W10
ki (22)

where Ak (unit: m/s2) represents the amplitude vector of the vibration acceleration at
the frequency point fk (unit: Hz) after Fourier transform, F(fk) represents the frequency
correction coefficient vector whose vertical and horizontal elements are sectionally ex-
pressed in Equations (23) and (24), and the number of frequency N is strongly related to the
interval limit of frequency and the measurement duration. In accordance with the code
GB/T5599-2019, the standard measurement duration is 5 s, the reciprocal of which is the
bandwidth frequency df of the fast Fourier transform.

Fv( fk) =

⎧⎨
⎩

0.325 f 2
k ( fk = 0.5 ∼ 5.9Hz)

400/ f 2
k ( fk = 5.9 ∼ 20Hz)

1 ( fk = 20 ∼ 40Hz)
(23)

Fh( fk) =

⎧⎨
⎩

0.8 f 2
k ( fk = 0.5 ∼ 5.4Hz)

650/ f 2
k ( fk = 5.4 ∼ 26Hz)

1 ( fk = 26 ∼ 40Hz)
(24)

In general, the derivation of the zonal distribution of the Sperling index based on the
course of the vibration acceleration is random, as the phase angles of the course of the
track irregularities generated in each MCM vary. According to GB/T5599-2019, in order to
roughly evaluate the train comfort, the average value of the Sperling index is often used.

3.2. Zonal Distribution Deduction of Sperling Index Based on Vibratory Acceleration PSD

To derive the zonal distribution of the Sperling index based on the PSD, the linearity
of the PSD of the car-body acceleration must first be determined to form the auto-PSDs and
cross-PSDs between the different DOFs.

The linearity of the PSD can be derived from the linearity of the correlation function
of random signals. In signal processing, cross-correlation is a measure of the similarity
of two series as a function of the displacement of one series relative to the other, while
autocorrelation is the cross-correlation of a signal with a delayed copy of itself as a function
of delay. Informally, it is the similarity between observations as a function of the time
lag between them. Therefore, autocorrelation and cross-correlation can be defined as
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Equations (25) and (26), where τ is the time lag, T is the period of the signal, and v and h
are two signals [22].

Rvv(τ) = lim
T→∞

1
T

∫ T
2

− T
2

v(t)v(t + τ)dt (25)

Rvh(τ) = lim
T→∞

1
T

∫ T
2

− T
2

v(t)h(t + τ)dt (26)

There exists a signal p that is equal to the linear additional relation as av + bh, where a
and b are two constants. Therefore, the auto-correlation of signal p can be deduced using
Equation (27), from which it can be seen that the auto-correlation of the signal p is linked to
the auto-correlation and cross-correlation of signals v and h.

Rpp(τ) = R(av+bh)(av+bh)(τ)

= lim
T→∞

1
T
∫ T

2
− T

2
a2v(t)v(t + τ) + abv(t)h(t + τ) + abh(t)v(t + τ) + b2h(t)h(t + τ)dt

= a2Rvv(τ) + b2Rhh(τ) + ab[Rhv(τ) + Rvh(τ)]

(27)

The Wiener–Khinchin theorem illustrates that the Fourier transform of auto-correlation
of a signal is equal to its PSD [23]. Therefore, the PSD of signal p can be deduced by the
inverse Fourier transform given in Equation (28), namely the linearity of PSD.

Spp(τ) =
∫ ∞

−∞
Rpp(ω)ejωτdω = a2Svv(τ) + b2Shh(τ) + ab[Shv(τ) + Svh(τ)] (28)

Accordingly, the zonal relationship of the vertical and horizontal vibration acceleration
between the center of the car body and a specific location on the same plane is given in
Equations (19) and (20) in Section 3.1. Therefore, for the PSD of a vertical vibration
acceleration at coordinate (x,y), not only the auto-PSDs for the vertical levitation, roll,
and pitch of the car-body center, but also the cross-PSDs for the vertical levitation, roll,
and pitch of the car-body center are multiplied by the corresponding coordinate and
superimposed shortly thereafter in Equation (29). Similarly, the PSD of the horizontal
vibration acceleration at coordinate (x,y) can be calculated using (30), which includes auto-
PSDs for the lateral sway and yaw of the car-body center and cross-PSDs for the lateral
sway and yaw of the car-body center.
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S ..
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+ S ..
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+ x(S ..

yci
..
ψci

+ S ..
ψci

..
yci
) (30)

The auto-PSDs and the cross-PSDs above can be respectively withdrawn from the main
and the counter diagonal elements of the vibratory acceleration PSD matrix in Equation (18).
The PSD multiplied by the bandwidth dω is equal to the square of amplitude spectrum. In
this way, Equation (21), which describes the simple frequency component for the Sperling
index, should be modified to be the form containing the quadratic term of amplitudes to be
linked with the corresponding PSDs in Equation (31):

Wki(x, y) = 3.57
20
3

√√√√A2
ki ◦

[
F( fk)

fk

] 2
3
= 3.57

20
3

√√√√2[S ..
y[i](2π fk, x, y) S..

z[i](2π fk, x, y)] ◦
[

F( fk)

fk

] 2
3
d f (31)

In the actual calculation, the Sperling index for multiple frequency components ex-
pressed in Equation (22) is equivalent to Equation (32):

Wi =
10

√√√√ N

∑
k=1

W10
ki ≈ 20

3
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∑
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W
20
3

ki (32)
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Finally, through the combination of the equations above, the zonal distribution of the
Sperling index in the vertical and horizontal can be expressed as Equation (33) in the form
of a 20/3 root of the integration of PSDs.

Wi(x, y) =
20
3

√√√√√4π
∫ 40

0.5
3.57

20
3 [S ..

y[i](2π f , x, y) S..
z[i](2π f , x, y)] ◦

{
[Fv( f ) Fh( f )]

f

} 2
3

d f (33)

In general, the zonal distribution deduction of the Sperling index based on the vibra-
tory acceleration PSD can comprehensively and precisely reflect the train comfort because
the excitation is just formed of the PSD of track irregularities obtained through accurate
statistics gathered by the relevant national railway department, and can be directly con-
verted to the PSD of the response.

4. Case Study

4.1. Parameters of Track Irregularity and Train

The PSDs of track irregularities adopted for the case study were proposed by the
Federal Railroad Administration (FRA) [24] based on a large amount of measured data
fitted with the even functions expressed by the cutoff angle wave numbers (nc and ns with
units rad/m) and roughness constants (Aa and Av with units m/rad). The expressions
of the PSDs for the alignment, vertical, and cross-level PSDs are given in Equation (34)
through (36) and are shown in Figure 3. The PSDs were divided into Grades 1–6, and the
corresponding parameters from Equations (34)–(36) are listed in Table 2.

Sa(n) =
Aan2

c
n2(n2 + n2

c)
(34)

Sv(n) =
Avn2

c
n2(n2 + n2

c)
(35)

Sc(n) =
4Avn2

c
(n2 + n2

c)(n2 + n2
s)

(36)

Figure 3. Illustrations of track irregularities: (a) vertical profile; (b) alignment; (c) cross-level.
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Table 2. Parameters of the PSDs of track irregularities defined in FRA standard.

Items Grade-1 Grade-2 Grade-3 Grade-4 Grade-5 Grade-6

Alignment roughness constant Aa 1.211 × 10−4 1.018 × 10−4 0.682 × 10−4 0.538 × 10−4 0.210 × 10−4 0.034 × 10−4

Vertical roughness constant Av 3.363 × 10−4 1.211 × 10−4 0.413 × 10−4 0.303 × 10−4 0.076 × 10−4 0.034 × 10−4

Cutoff angular wave number nc 0.6046 0.9308 0.8520 1.1312 0.8209 0.4380
Cutoff angular wave number ns 0.8245 0.8245 0.8245 0.8245 0.8245 0.8245

The high-speed train CRH2 was used for analysis. To stabilize the response of the
train to ensure correctness, the train began by running for an initial distance equivalent
to a duration of 5 s. According to GB/T5599-2019 [25], the upper and lower limits of the
angular wave number were determined. All the parameters of the train operation are listed
in Table 3.

Table 3. Parameters of the train operation.

Items Values

Half of longitudinal distance of wheel sets d1 1.25 m
Half of longitudinal distance of bogies d2 8.75 m

Half of lateral distance of springs in 1st suspension system b1 1.00 m
Half of lateral distance of springs in 2nd suspension system b2 1.00 m
Vertical distance, car body center to 2nd suspension system h1 0.80 m

Vertical distance, 2nd suspension system to bogie center h2 0.20 m
Vertical distance, bogie center to 1st suspension system h3 0.10 m

Mass of wheel set mw 2000 kg
Mass of bogie mb 3000 kg

Moment of inertia of bogie in longitudinal direction Ibx 3000 kg·m2

Moment of inertia of bogie in lateral direction Iby 3000 kg·m2

Moment of inertia of bogie in vertical direction Ibz 3000 kg·m2

Mass of car body mb 40 t·m2

Moment of inertia of car body in longitudinal direction Icx 100 t·m2

Moment of inertia of car body in lateral direction Icy 2000 t·m2

Moment of inertia of car body, about vertical direction Icz 2000 t·m2

Longitudinal damping of 1st suspension system/bogie side cx1 1 kN·s/m
Lateral damping of 1st suspension system/bogie side cy1 1 kN·s/m
Vertical damping of 1st suspension system/bogie side cz1 20 kN·s/m

Longitudinal damping of 2nd suspension system/car-body side cx2 60 kN·s/m
Lateral damping of 2nd suspension system/car-body side cy2 60 kN·s/m
Vertical damping of 2nd suspension system/car-body side cz2 10 kN·s/m
Longitudinal stiffness of 1st suspension system/bogie side kx1 1000 kN/m

Lateral stiffness of 1st suspension system/bogie side ky1 1000 kN/m
Vertical stiffness of 1st suspension system/bogie side kz1 1000 kN/m

Longitudinal stiffness of 2nd suspension system/car-body side kx2 200 kN/m
Lateral stiffness of 2nd suspension system/car-body side ky2 200 kN/m
Vertical stiffness of 2nd suspension system/car-body side kz2 200 kN/m

Lower limit of angular wave number nmin π/V rad/m
Upper limit of angular wave number nmax 80π/V rad/m
Sampling rate of angular wave number dn 2π/5V rad/m

Lower limit of time tmin 0 s
Upper limit of time tmax 10 s

Time sampling rate dt 1/80 s

4.2. Demonstration of the Methodological Correctness

In this section, the methodological correctness is demonstrated by analyzing the
probability characteristics of the random vibration acceleration of the car-body center. The
expected value of the random process can be obtained by averaging the samples at each
measurement time from the total sample. Due to ergodicity in all states of a stationary
process, a sample history basically contains the properties reflecting all probability and
statistical characteristics of the random process. The expected value of the family of random
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variables corresponds to the time average of a single random time sample, as shown in
Equation (37), where vj represents a particular random time sample of the family of random
variables V . For the stationary Gaussian random process with a zero mean, the variance
can be expressed as Equation (38). By combining Equation (25) with the time lag τ = 0, the
autocorrelation of the signal is equal to its variance.

μ = E[V(t)] = E[vj(t)] =
n

∑
i=1

vj(t)
n

= lim
T→∞

1
T

∫ T
2

− T
2

vj(t)dt (37)

σ2 = E[V(t)− μ]2 = E[v2
j (t)] = lim

T→∞

1
T

∫ T
2

− T
2

v2
j (t)dt = Rvv(0) (38)

The track irregularities as input of the linear train system are a stationary Gaussian
random process with a zero mean, which theoretically has the same properties of probability
distribution as the train oscillation response. According to the Wiener–Khinchin theorem
and the statistical control for a random signal with a zero mean value [26], the theoretical
standard variance of the vertical vibration acceleration of the car body can be obtained
via the square root of the integration of the PSD calculated using the PEM, as shown in
Equation (31), similar to the horizontal acceleration. The preliminary history curve of the
expected value and the standard variance of the history samples can be calculated by the
statistical method at each time point.

σ..
zci

=

√∫ +∞

−∞
S..

zci
(ω)dω (39)

A vehicle element was simulated to run at a speed of 350 km/h for 5 s to cross a
distance of a Grade-4 track irregularity. The PEM and MCM with 100 times of sampling
were adopted to analyze the characteristics of the possibility distribution for the car-body
center acceleration. In Figure 4, concerning the possibility distribution of the car-body
center vibratory acceleration for only one vehicle element in the time history domain, it can
be seen that:

1. In Figure 4a,c, the expected value μ and the limits of the 3σ normal distribution
of the vibration response of the Car-Body center using MCM–NβM and PEM-FRF,
respectively, are in substantial agreement. The response patterns are also well within
the bounds of the 3σ principle for normal distributions. Compared to MCM, which
required multiple solutions, the PEM was much more accurate and efficient.

2. In Figure 4b,d, the preliminary probability density curve calculated using MCM-NβM
agrees with the theoretical normal distribution calculated using PEM-FRF.

3. In general, the train vibration acceleration under track irregularities obeyed the
stationary zero-mean normal distribution, the statistical properties of which can be
described by the 3σ-principle, and which is consistent with the original assumption
regarding the track irregularities as a stationary zero-mean Gaussian random process.
Therefore, it was demonstrated that the methodology was correct and suitable for the
analysis outlined in the following sections.

253



Appl. Sci. 2022, 12, 7442

Figure 4. Car-Body center vertical and horizontal vibratory acceleration responses: (a) history
samples distribution for the horizontal; (b) possibility density curve for the horizontal; (c) history
samples distribution for the vertical; (d) possibility density curve for the horizontal.

4.3. Analysis of the Car-Body Center Comfort in Different Vehicle Elements

The train, which consisted of eight independent vehicle elements, was adopted for 5 s
at a speed of 350 km/h over a track with Grade-4 track irregularities for the simulation.
The MCM was applied 100 times to calculate the vibration acceleration of the car body at
the center of each vehicle element and derive the Sperling indices, which are shown in
Figure 5 in the form of box plots, and compared with the theoretical values calculated using
the PEM. In Figure 5, it can be seen that:

1. The variations in the theoretical Sperling index of the car-body center according to the
PEM between the different vehicle elements were insignificant for both the horizontal
and vertical components. The theoretical Sperling index for the horizontal component
was obviously higher than that for the vertical component;

2. In all sequences of vehicle elements, the difference between the upper and lower
provisional range limits of the Sperling index sampling distribution according to
MCM did not exceed 0.12 for both the horizontal and vertical components;

3. In general, the discomfort was strongly related to the horizontal vibration acceleration
of the car body. In addition, the Sperling index was a stationary indicator of comfort
that was independent of the order of vehicle elements when the train was subjected
to track irregularities. In this way, the comfort of the center of the car body could be
characterized by simply selecting a vehicle element to analyze.
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(a) (b) 

Figure 5. Car-body center Sperling index as the function of the order of vehicle element using MCM
and PEM: (a) horizontal Sperling index; (b) vertical Sperling index.

4.4. Analysis of the Zonal Distribution Characteristics of Train Comfort

In the simulation, a vehicle element was selected to traverse a track with Grade-6 track
irregularities for 5 s at a speed of 350 km/h. MCM was applied 100 times to calculate the
vibration acceleration of the car-body center of each vehicle element and then calculate
the preliminary average of the zonal distribution of the Sperling index shown in Figure 6
according to Section 3.1 and compare it with the theoretical values calculated using the
PEM according to the linearity of PSDs given in Section 3.2. To simplify the representation
in the figure, the coordinate (x,y) was replaced by a length of the car body of 25 m and a
width of the car body of 4 m. The mesh of the plane in which the car body was located was
divided into 10 × 10. In Figure 6, it can be seen that:

(a) (b) 

Figure 6. Zonal distribution of car-body Sperling index using MCM and PEM: (a) horizontal Sperling
index; (b) vertical Sperling index.

1. The mean network of the zonal distribution of the Sperling index calculated using
MCM–NβM was almost identical to the theoretical network calculated using PEM-
FRF for both the horizontal and vertical components;

2. In Figure 6a, the zonal distribution of the horizontal Sperling index is symmetric with
respect to the pitch and roll axis of the car-body center. It has the cylindrical shape of
the letter “V” and reaches the highest line at the rear and front edges of the car-body,
respectively, while it reaches the lowest line on the pitch axis of the car-body;
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3. In Figure 6b, the zonal distribution of the vertical Sperling index is a symmetrically
curved surface with respect to the roll axis of the Car-Body center. It reaches the
highest points at the four vertices of the X−Y plane, where the center of the car body
is located, while the lowest point is slightly in front of the center of the car body in the
direction of travel;

4. Compared to Figure 5 in Section 4.3, the Sperling index of the center of the car body is
smaller for both the horizontal and vertical components for Grade-6 track irregularities
than for Grade-4 track irregularities;

5. In general, a small track irregularity had a negative effect on train comfort, and the
zonal distribution of train comfort was not strictly symmetrical with respect to the
center of the car body. The most comfortable area for the vertical component was
near the front of the center of the car body, while the most comfortable area for the
horizontal component was on the pitching axis of the center of the car body. The
realistic evaluation of train comfort could be roughly characterized by the average
value of the Sperling index during train operation, while the theoretical design of
train comfort could be accurately determined by the PEM.

4.5. Analysis of Influence of the Quality of Track Irregularity on the Zonal Distribution
Characteristics of Train Comfort

A vehicle element was simulated using the PEM to respectively cross a distance of
track irregularity of Grade-1, Grade-3, and Grade-5 at a speed of 350 km/h to compare
the different qualities of the track irregularities’ influences on the zonal distribution of the
Car-Body Sperling index, as shown in Figure 7. It can be seen in Figure 7 that:

(a) (b) 

Figure 7. Zonal distribution of car-body Sperling index as influenced by the quality of the track
irregularities using PEM: (a) horizontal Sperling index; (b) vertical Sperling index.

1. The symmetrical characteristic of the zonal distribution of the car-body Sperling index
of the car body for the horizontal and vertical components was identical to that in
Section 4.4;

2. With the deterioration in the quality of the track irregularities, the values of the
Sperling index for the entire network increased significantly for both the horizontal
and vertical components;

3. In general, train comfort deteriorated with the deterioration of the quality of track
irregularities, so regular track maintenance is of great importance.
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4.6. Analysis of Influence of the Train Speed on the Zonal Distribution Characteristics
of Train Comfort

A vehicle element was simulated using the PEM to run a train with a track irregularity
of Grade-2 at speeds of 150 km/h, 250 km/h, and 350 km/h to compare the influence of
the different train speeds on the zonal distribution of the Car-Body Sperling index of the
car body, as shown in Figure 8. In Figure 8, it can be seen that:

1. The symmetrical characteristic of the zonal distribution of the car-body Sperling index
of the car body was identical to that shown in Section 4.4 for both the horizontal and
vertical components;

2. As the train accelerated, the values of the car-body Sperling index for the entire
network increased significantly for both the horizontal and vertical components;

3. In general, the train comfort deteriorated when the train traveled too fast. This was
because the amplitude of the vibration velocity and the acceleration of the track
irregularity contained the linear and quadratic terms of the train speed V, respectively.
When the train accelerated, the amplitudes increased rapidly, which increased the
input excitation and led to a significant increase in the vibration response of the
car body. Therefore, appropriate control of a train’s speed can help to improve
passenger comfort.

(a) (b) 

Figure 8. Zonal distribution of car-body Sperling index influenced by the train speed according to
PEM: (a) horizontal Sperling index; (b) vertical Sperling index.

4.7. Analysis of Influence of the Car-Body Mass on the Zonal Distribution Characteristics
of Train Comfort

In rigid dynamics, the moment of inertia of a car-body center is equivalently linear
to the car-body mass. Considering the that center of mass is overlapped by the car-body
center, the mass matrix of the vehicle element in Equation (4) can be respectively redefined
as Equation (40) where α is the mass factor:

Mve = diag(αmc, αmc, αIxc, αIyc, αIzc, mb, mb, Ixb, Iyb, Izb, mb, mb, Ixb, Iyb, Izb) (40)

A vehicle element was simulated using the PEM to run on a track with a Grade-6 track
irregularity for 5 s at a speed of 250 km/h to compare the influence of a full load (Full rated,
α = 1.2) and an empty load (Unladen, α = 1) on the zonal distribution of the car body’s
Sperling index, as shown in Figure 9. In Figure 9, it can be seen that:
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1. The symmetrical characteristics of the zonal distribution of the car body’s Sperling
index for the horizontal and vertical components were identical to those shown in
Section 4.4;

2. With the additional mass of the car body, the values of the Sperling index for the entire
mesh decreased significantly for both the horizontal and vertical components;

3. In general, the comfort of the train deteriorated with the loss in the car-body mass.
Therefore, it is important to reasonably distribute the number of passengers during
transfer and optimize the original mass design of the car body.

(a) (b) 

Figure 9. Zonal distribution of car-body Sperling index influenced by the addition of the car-body
mass using PEM: (a) horizontal Sperling index; (b) vertical Sperling index.

4.8. Analysis of Influence of the Damage of Secondary Suspension System on the Zonal
Distribution Characteristics of Train Comfort

The comfort of a train is highly dependent on the performance of the secondary
suspension system. Reducing the stiffness and increasing the damping can help to simulate
the damage of the secondary suspension system. In this way, one of the vertical springs and
dampers in the secondary suspension system connecting the car body to the front bogie
was multiplied by the damage factors dfk and dfc, respectively. Therefore, the corresponding
stiffness submatrix of the vehicle element including Equations (3) and (5)–(7) was updated
in Equations (41)–(44).

Kve =
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Kbc(1) =
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−ky2 0 ky2h1 0 −ky2d2

0 − 1+dfk
2 kz2 0 − 1+dfk

2 kz2d2 0
−ky2h2 0 ky2h1h2 − 1+dfk

2 kz2b2
2 0 −ky2d2h2

0 0 0 kx2h1h2 0
0 0 0 0 −kx2b2

2

⎤
⎥⎥⎥⎥⎥⎦ (44)

Similarly, the damping submatrix was formed by replacing the spring coefficient k and
the spring damaged factor dfk with the damping coefficient c and the damper damaged
factor dfc. The top row of the submatrix in the following equations means that damage
was present.

In this case, a vehicle element was simulated using the PEM to traverse a track with
a Grade-6 track irregularity for 5 s at a speed of 250 km/h and compare the effects of the
original secondary suspension system (dfk = 1 and dfc = 1) and the damaged secondary
suspension system (dfk = 10 and dfc = 0.1) on the zonal distribution of the car body’s
Sperling index, as shown in Figure 10. In Figure 10, it can be seen that:

(a) (b) 

Figure 10. Zonal distribution of Car-Body Sperling index influenced by the damage of a vertical
spring damper in secondary suspension system using PEM: (a) horizontal Sperling index; (b) vertical
Sperling index.

1. In Figure 10a, the symmetrical characteristic of the network of the horizontal Sperling
index after damage to a vertical spring damper in the secondary suspension system
was still consistent with the initial condition, but the overall magnitude of the hori-
zontal Sperling index was much higher than the initial condition. This was because
the damaged vertical spring damper affected the lateral car-body sway by influencing
the car-body roll in conjunction with the vertical car-body sway;

2. It can be seen in Figure 10b that after the damage to the vertical spring damper in the
secondary suspension system, the network of the vertical Sperling index could not
maintain the uniformly curved surface as in the initial state, and reached the highest
values when the damaged spring damper was located and gradually decreased toward
the areas where the other healthy vertical spring dampers were located. The overall
magnitude of the vertical Sperling index far exceeded that of the initial condition;

3. In general, the damage to the secondary suspension system led to an overall deteriora-
tion in the train comfort for both the horizontal and vertical components, even if only
one local vertical spring damper in the secondary suspension system was damaged.
The comfort of the train suffered more on the side where the damage occurred. The
train comfort for the horizontal and vertical components were not independent of
each other. Therefore, it is important to consider both components comprehensively
when optimizing the train comfort.
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5. Conclusions

This study established a spatial train model that adopted the random vibration method
to study the zonal distribution of train comfort; the model could overcome the uncertainty
caused by the randomness of track irregularities and the zonal difference in the vibratory
acceleration in a car body. Our relevant conclusions are as follows:

1. Compared with the Monte Carlo method and depending on a large amount of samples,
the pseudo-excitation Method, based on the linearity of the power spectrum density
of the car-body vibratory acceleration, was more efficient to derive the accurate zonal
distribution of the Sperling index.

2. The realistic evaluation of train comfort can be roughly characterized by the average
value of the Sperling index during train operation, while the theoretical design of
train comfort can be accurately determined using the pseudo–excitation method.

3. The vibration acceleration of the train during track irregularities is a stationary Gaus-
sian random process with a zero mean value, the statistical properties of which can be
described by the 3σ–principle.

4. The Sperling index is a stationary indicator of comfort that is independent of the order
of the vehicle elements when the train is subjected to a track irregularity. In this way,
train comfort can be characterized by simply selecting a vehicle element to analyze.

5. The zonal distribution of train comfort is not strictly symmetrical with respect to the
center of the car body. The most comfortable area for the vertical component was
located near the front of the center of the car body, while the most comfortable area
for the horizontal component was located on the axis of the tilt axis of the center of
the car-body center.

6. The comfort of the train deteriorated with a loss in mass of the Car-Body and with
irregularities in the tracks, while reasonable control of the train speed, regular mainte-
nance of the tracks, and reasonable distribution of the number of passengers when
changing trains improved the comfort of the train.

7. The overall comfort of the train deteriorated even if only one local vertical spring
damper in the secondary suspension system was damaged. It suffered more on the
side where the damage was present. The comfort of the train was not independent
of the horizontal and vertical components. To optimize the comfort of the train, it is
therefore important to consider both components comprehensively.
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Abstract: As an important train performance quality, comfort depends on vibration and noise data
measured on a running train. Traditional vibration and noise measurement tools are facing challenges
in terms of collecting big data, portability, and cost. With the continuous upgrade of mobile terminal
hardware, the built-in sensors of mobile phones have the ability to undertake relatively complex
data measurement and processing tasks. In this study, a new type of train comfort measurement
system based on a mobile device is developed by using a built-in sensor to measure the vibration and
noise. The functions of the developed system include the real-time display of three-way vibration
acceleration, lateral and vertical Sperling indicators, sound pressure level, and train comfort-related
data storage and processing. To verify the accuracy of the mobile device-based train ride comfort
measuring system (DTRCMS), a comparison of test results from this system and from the traditional
measuring system is conducted. The comparison results show that the DTRCMS is in good agreement
with the traditional measuring system. The relative error in three-direction acceleration and Sperling
values is 2~10%. The fluctuation range of the noise measured by DTRCMS is slightly lower than that
of the professional noise meter, and the relative error is mainly between 1.5% and 4.5%. Overall, the
study shows that using mobile devices to measure train comfort is feasible and practical and has
great potential for big data-based train comfort evaluation in the future.

Keywords: rail vehicle; ride comfort; vibration measurement; noise measurement; Sperling index

1. Introduction

Train ride comfort has a great impact on the competitive advantage of rail transit and
other modes of transportation. To date, evaluation of train ride comfort has mainly used
the vibration and noise data of the train [1–3]. In the 1950s and 1960s, a series of comfort
evaluation standards and calculation criteria were initially formed. In 1941, Sperling
and Helberg of the German Railway Vehicle Research Institute gave the famous Sperling
index, and this empirical formula has been widely used in many countries [4]. Chinese
specifications (“Test Appraisal Method and Evaluation Standard for Dynamic Performance
of Railway Locomotives” and “Code for Dynamic Strength and Dynamic Performance of
High-speed Test Trains”) are also mainly evaluated based on this index. The International
Organization for Standardization (ISO) proposed the 1/3 octave band method and the total
weighted value to calculate the comfort evaluation index [5]. The International Union of
Railways (UIC) promulgated and implemented the UIC513 standard in 1994 [6]. It can
be seen that there are already a few standards and methods for evaluating train comfort.
However, they need to be improved in the following aspects:

1. The data used in the existing evaluation standard or methods are not enough to cover
full runtime and lifecycle. This is due to the fact that traditional vibration and noise
meters cannot collect such large amounts of data at any given time due to cost and
portability concerns;
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2. Compared with train response data, human response data are more direct in evaluat-
ing train ride comfort, but traditional vibration and noise meters, such as train sensor
systems and DSP-based systems, cannot directly measure the human response data [7],
and the production of the comfort index requires second processing and calculation.

Accurate results of train comfort require a large number of subjects to perform a mass
of tests under the actual operating environment. Currently, without the support of low-cost
and easy-to-operate measurement tools, testers often have to make a compromise to reduce
the sample, which greatly decreases the accuracy of the results [8]. It can be seen that the
development of portable and accurate train ride comfort measurement tools that support
mass data storage plays an important role in accurately reflecting passenger comfort and
train operating status and improving comfort evaluation standards.

At present, the common measurement methods include inspection vehicle monitoring,
precision sensor monitoring, and on-site manual measurement [9]. These traditional
measurement methods have some shortcomings, such as high maintenance cost, poor
portability, and nonsupport of real-time display and data processing. In order to improve
measurement efficiency, Molly et al. [10] used virtual instrument technology and designed a
portable train comfort and stability testing system integrating data acquisition, processing,
storage, and analysis. Using the Qt development platform, Li et al. [11] designed a set of
comfort measurement systems for high-speed railway automatic driving systems which
achieves a quantitative detection of the impact of the high-speed railway automatic driving
curve on passenger experience. Chang et al. [12] also tried to apply a mobile phone to
evaluate train vibration comfort and initially verified its feasibility and measurement
accuracy. Although these system instruments can complete the measurement of noise or
train vibration and the evaluation of comfort, the sensor of most designs is separated from
the control display interface. It is a single-function type with low portability.

In recent years, with the continuous progress in operating systems, core processors,
and sensing devices, the functions of smartphones have become increasingly powerful and
have been preliminarily applied in non-destructive testing, airport noise measurement, and
other fields [13–18]. Shiferaw et al. [19] used smartphone sensors to measure traffic-induced
ground vibration and grasp ground health in real time. Saurabh Garg et al. [20] used
smartphones to record and analyze the car noise of various high-speed railway systems
and to perform data analysis on the operating noise in a train passenger compartment.
Partridge et al. [21] used a sinusoidal excitation filter to calibrate the acceleration sensor
of a smartphone and analyzed the flattest road in an ambulance through the massive
big data collected by the mobile phone. Liu et al. [11] explained the origin of vibration
and noise in railway trains in more detail and summarized the technical standards and
common methods for a series of studies on noise prediction, measurement analysis, and
noise reduction in railway trains. Liu [22] used mobile phone sensors to measure the
vibration acceleration data of vehicles passing through bridges and realized the functions
of data saving, setting sampling frequency, and real-time data display.

In this paper, a new type of train ride comfort measurement system is proposed based
on a mobile terminal with built-in sensors. Not only are the functions of real-time display
of three-way vibration acceleration, lateral and vertical Sperling indicators, sound pressure
level, and data storage and processing realized, but measurement accuracy is also ensured.
The accuracy and usability of DTRCMS are verified by test comparisons with professional
measurement equipment.

2. Train Ride Comfort Measurement System

The system function is divided into two modules, namely, the vibration measurement
module and the noise measurement module. The built-in sensor and built-in microphone
of a mobile phone are used as the system input; the mobile phone interface is used as the
output of the system, and data correlation processing is performed, including algorithm
processing of acceleration and noise, real-time data storage processing, etc. [23]. The overall
use case diagram of the system is shown in Figure 1:
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Figure 1. The overall use case diagram of the system.

The functions of the two modules are composed of four parts: data acquisition, data
processing, data display, and data storage and evaluation. The overall implementation
process and functions of the system are shown in Figure 2.

Figure 2. The overall flow of the system.

2.1. Data Acquisition

Data acquisition includes acceleration and noise. For collecting acceleration data,
the built-in linear acceleration sensor was chosen to avoid the influence of gravity and to
prepare for the calculation required by the Sperling index. At the same time, an appropriate
sampling frequency should be adopted to prevent the frequency from being too fast to
display real-time data unstably. This system selected the SENSOR_DELAY_GAME mode
(50 Hz), which is one of the four sampling frequency modes of Android.
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For collecting noise data, the Android system provides developers with the Medi-
aRecorder class, which can realize an audio recording function. By creating an object of the
MediaRecorder class and calling its corresponding method, the recording of audio and the
acquisition of noise amplitude are realized.

2.2. Data Processing

Data processing includes acceleration processing and noise processing. The accelera-
tion processing part includes the fast Fourier transform (FFT) and the Sperling algorithm.
The noise processing part includes the conversion of the sound amplitude to the decibel
value, the A-weighting algorithm, and the calculation of the final average decibel value of
the entire measurement process.

2.2.1. FFT

FFT is an algorithm based on the characteristics of parity symmetry and opposite signs of
virtual and real after sampling of the time-domain signal by discrete Fourier transform (DFT).

2.2.2. Equivalent Continuous A-Weighting

In the field of measuring noise, simply measuring decibels is no longer enough to
describe the feeling that is closer to what the human ear hears. In order to reflect the
high sensitivity of the human auditory system around the frequency of 3 kHz and the low
sensitivity at the frequency of 60 Hz, the usual processing method is to use the A sound
level weighting curve to weight the signals of different frequencies. Its formula is:

A( f ) = 20lg
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where f is the frequency of the input signal; A1000 = −2.000 dB is a normalization constant
expressed in decibels; f1 = 20.6 Hz; f2 = 107.7 Hz; f3 = 737.9 Hz; and f4 = 12194.0 Hz.

The A-weighted frequency weighting coefficient αA( f ) can be obtained from the
following formula:
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The A-weighting coefficient in the frequency domain can be obtained as:

XA(k) = αA( fk)X(k), (3)

For discontinuous and unstable noises such as urban vehicle traffic noise and train
running noise, a single A-weighted sound level cannot be accurately reflected. There-
fore, this system introduces the equivalent continuous A sound level, which uses the
mean of the noise energy to evaluate the impact of noise on people according to the
time-average method.

According to Parseval’s theorem, the total energy of the same signal in the time domain
and the total energy in the frequency domain are always the same, that is:

∑ N−1
n=0 |x(n)|2 =

1
N ∑N−1

k=0 |X(k)|2, (4)

where N is the number of sampling points; x(n) is the discrete-time domain signal obtained
by sampling the signal; and X(k) is the Fourier transform corresponding to x(n).
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By using Equation (4), the average energy of the A-weighted signal can be obtained,
and the corrected form is:

∧
P =

√
1
N ∑N−1

n=0 |x(n)|
2 =

√
1

N2 ∑N−1
k=1 |XA(k)|2 , (5)

Then, according to the sound level calculation formula, the A-weighted sound level
can be obtained as:

LA = 20 lg

⎛
⎝ ∧

P
2 × 10−5

⎞
⎠+ 2, (6)

2.2.3. Sperling Index Algorithm

The Sperling index is an evaluation index, summarized by Sperling et al. [24], in
which vibration data are measured through a large number of experiments with human
physiological sensation. It reflects the running quality of the vehicle itself and the riding
comfort of passengers. Its formula is:

W = 0.896 10

√
a3

f
F( f ) , (7)

where a is the measured vehicle vibration acceleration (unit: cm/s2); f is the frequency of
the acceleration signal (unit: Hz); and F( f ) is the frequency weighting coefficient.

Studies have shown that the human body has very different sensitivities to vibration
in different frequency bands [25]. In vertical vibration, the human body is most sensitive to
vibrations at frequencies from 4 to 8 Hz; in longitudinal vibration, the human body is more
sensitive to vibrations below 2 Hz. According to GB5599-2019 “Railway Vehicle Dynamic
Performance Evaluation and Test Qualification Specification”, the frequency weighting
formula of the Sperling index is shown in Table 1:

Table 1. The frequency weighting formula of the Sperling index.

Lateral Vibration/Hz Vertical Vibration/Hz

0.5~5.4 F( f ) = 0.8 f 2 0.5~5.9 F( f ) = 0.325 f 2

5.4~26 F( f ) = 650/ f 2 5.9~20 F( f ) = 400/ f 2

>26 F( f ) = 1 >20 F( f ) = 1

W, obtained from formula (7), is the value at a single frequency f . In practice, the
vibration contains acceleration values of different frequencies. After performing the Fourier
transform, it is brought into formula (8) to obtain the value of each group of frequencies.
After the W value, the final Sperling index can be calculated by the formula:

W = 10
√

W1
10 + W210 + W310 + · · ·Wn10, (8)

where Wi is the Sperling index at the i-th frequency.

2.3. Data Display

Data presentation types should be as diverse as possible in order to enhance the visual
performance of the user interface. The interface of the vibration measurement module
mainly includes functions such as time display, curve display, real-time data display,
calculation of Sperling index value, and database upload. The overall layout adopts a
linear layout. The interface of the noise measurement module mainly includes a large disc
display, real-time data value display, curve display, and related keys. The overall layout
adopts a constraint layout, which is convenient. The user interface is shown in Figure 3.
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(a) (b) 

Figure 3. The user interface of the DTRCMS: (a) the vibration measurement interface; (b) the noise
measurement interface.

2.4. Data Storage and Evaluation

In order to facilitate the acceleration data and Sperling comfort index data in the
vibration module for further data analysis on the computer in the later stage, the data
saving function was added to the vibration module area. SQLite was selected for data
storage; it is a built-in lightweight database for mobile phones, convenient for operation,
and it can record various real-time data at the same time.

In the noise measurement module, the result evaluation interface was introduced. The
sound pressure level obtained during the measurement period is calculated to obtain the
average decibel value (the average equivalent sound pressure value) during the measure-
ment period, and the value is generated through the result button event and passed into
the resulting interface. The users can select the running line (high-speed rail or subway) to
get whether the noise value during this period exceeds the noise standard limit.

3. System Test and Application

In order to verify the feasibility of the DTRCMS, professional noise and vibration
measuring instruments were used to compare with the DTRCMS. The Sperling index
calculated by the mobile phone was also compared and analyzed to verify the accuracy
and reliability of the Sperling train comfort evaluation.

3.1. Technical Standards of Measuring Equipment
3.1.1. Professional A Sound Level Noise Meter

1. Sampling frequency: 50 Hz, real-time measurement, fast response;
2. A-weighted processing of ambient noise;
3. Resolution: 0.1 dB, accuracy error: ±1.5 dB;
4. The measurement range is 30 dB~130 dB, and the frequency response range is

31.5 Hz~8.5 kHz;
5. The time constant is 125 ms, and the time weighting is fast.
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3.1.2. Professional Vibration Accelerometer

6. Integrated high-precision acceleration sensor and gyroscope;
7. The acceleration measurement range is ±16 g, and the accuracy is 0.0001 g;
8. The data output frequency is 100 Hz; the interface adopts serial TTL communication,

and the baud rate is 115,200.

3.1.3. Honor 9X Mobile Phone Measuring Instrument

9. CPU Kirin 810 GPU Turbo3.0;
10. Built-in sensors: acceleration sensor, mobile phone microphone, gravity sensor, pres-

sure sensor, etc.

3.2. System Test

The noise test conducted experiments by playing an audio file in AAC format based
on the ISO standard, with a sampling rate of 44.1 kHz and a bit rate of 192 Kbps. The two
measuring instruments recorded two data every second, and the experiment time was 150 s.
Among them, Figure 4 shows the data comparison curve diagram of the two measuring
instruments in this test, and Figure 5 shows the relative error with interval distribution.

In Figure 4, the data trends of the two curves are roughly the same. The data fluctuation
of the mobile phone measuring instrument is slightly lower than the standard value of the
professional instrument, and the amplitude is generally slightly lower. The reasons for
generating the lower fluctuation may include the following:

1. Hardware: the limitations of the type and quality of built-in MEMS microphones in
smartphones (small size, circuit board position, dynamic range and signal-to-noise
ratio responsiveness, etc.);

2. Software: the correction method of the application, the time delay of data processing,
and the influence of software running in the background;

3. Others: the influence of various obstacles (phone protection covers, microphone
openings clogged by dust), different operating systems, different mobile phone brands,
and environmental vibration.

 

Figure 4. Comparison of noise data.
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Figure 5. Distribution of relative error intervals.

It can be seen from Figure 5 that the relative errors of the two groups of data are mainly
distributed between 1.5% and 4.5%; the maximum error is 7.83%, and the overall error is
within a reasonable range.

In the acceleration test, the mobile phone measuring instrument and the professional
measuring instrument were fixed on a wooden partition, and the vibration environment
was created by artificial shaking. For the convenience of comparison, two data were
recorded every second, and the experiment time is 120 s.

Figure 6 shows the relative error distribution interval diagram of the three-axis accel-
eration, and the experimental data include a total of 256 points. As shown in this figure,
the relative error of the three-axis acceleration is generally distributed between 2% and
10%; the individual data error is greater than 14%, and the minimum error is less than
2%. In the three-axis data, the relative error data distributions of the y-axis and the x-axis
are relatively concentrated, mainly distributed in 2~8%, and the z-axis data distribution is
relatively uniform, mainly distributed in 0~10%.

 

Figure 6. Distribution of acceleration relative error.

The Sperling index test adopted the same method as the acceleration test, and the
vibration test environment was built by artificial shaking. The Sperling index of the mobile
phone measuring instrument was extracted from the database, and the Sperling index of
the professional acceleration instrument was calculated from its acceleration value through
MATLAB. The sampling frequency of the two instruments was 50 Hz. A Sperling index
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value was calculated for every 1000 acceleration data, and the experiment time was set to
be 55 s. There are 10 sets of data in total, as shown in Table 2.

Table 2. Comparison of Sperling index values of mobile phone/professional instrument.

No.

Horizontal Sperling
Relative

Tolerance No.

Vertical Sperling
Relative

ToleranceMobile
Phone

Professional
Equipment

Mobile
Phone

Professional
Equipment

1 2.40 2.37 1.14% 1 2.56 2.58 0.66%
2 2.41 2.39 0.96% 2 2.45 2.49 1.67%
3 3.64 3.49 4.41% 3 3.28 3.35 2.12%
4 3.49 3.54 1.24% 4 3.23 3.23 0.03%
5 3.91 3.79 3.35% 5 3.26 3.35 2.66%
6 3.44 3.50 1.66% 6 2.97 2.93 1.19%
7 3.11 2.97 4.71% 7 2.94 2.86 2.62%
8 3.06 2.99 2.14% 8 3.08 3.10 0.49%
9 3.03 2.96 2.43% 9 3.08 3.10 0.87%
10 3.11 3.15 1.07% 10 3.05 2.99 1.97%

In Table 2, there is little difference between the Sperling index value calculated by the
mobile phone and the Sperling index value calculated by MATLAB; i.e., the lateral error is
less than 5%, and the vertical error is less than 3%.

The data comparison shows that there is still a certain error between the mobile phone
and the professional tester. The reasons for generating the above errors may include
the following:

1. On the whole, due to the limitations of mobile phone cost, sensor volume, and built-
in location, the measurement accuracy and sampling performance of the built-in
acceleration sensor and microphone in mobile phones are not as good as professional
equipment, but the gap is not obvious;

2. The computing power of the mobile phone CPU is uneven, which leads to a certain
delay in the A-weighting calculation and Sperling value calculation. Subsequent
cloud computing can effectively solve this problem by decomposing computing tasks
into the cloud;

3. During the experiment, the positions of the two devices cannot be completely con-
sistent, resulting in different forces, relative jitter, or non-unique variables. In the
follow-up, big data processing methods can be used to filter out human factors;

4. The test time is relatively short, and the number of tests is small (all tests are short-
term tests of several minutes, and the number of measurements is small; differences
between different mobile phones are not considered), which leads to limited test data
and causes certain statistical errors.

The overall experimental results show that the relative errors are in a normal range, and
it is feasible to use the mobile phone measuring instrument as a train comfort measurement
tool in order to reflect train comfort.

3.3. System Application

Taking Chengdu Metro Line 6 as the test train line for the DTRCMS application, the
noise measurement module was applied between Wangcongci Station and Shuxin Avenue
Station; the vibration of standing posture was measured between Shuxin Avenue Station
and Xipu Station, and the vibration of sitting posture was measured between Tianyu Road
Station and Wangcongci station. The test roadmap is shown in Figure 7.
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Figure 7. Test roadmap.

The sound pressure levels during the noise measurement process are shown in Figure 8.
The data basically remained between 65 and 75 decibels. The decibel value of the running
train was in the range of 70 to 75 decibels. When the train stops and starts, the noise
can reach 80 decibels. According to the GB14892-2006 (Urban Rail Transit Vehicle Noise
Limits and Measurement Methods) issued by China, the noise limit of subway passenger
compartments is 83 decibels, and the noise measured by DTRCMS did not exceed this limit
in the whole test process.

 

Figure 8. Decibels in the test process.

In the application of the vibration measurement module, the mobile phone was placed
horizontally on the seat and the floor to simulate the two passenger states of sitting and
standing, respectively. The x-axis direction of the mobile phone points towards the front of
the train, as shown in Figure 9.

  
(a) (b) 

Figure 9. Application site of vibration measurement: (a) the mobile phone placed on the seat; (b) the
mobile phone placed on the floor.
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The measurement time of the standing posture vibration measurement process was
12 min; the measurement time of the sitting posture vibration measurement process was
15 min. Its three-axis acceleration curve is shown in Figure 10. The acceleration fluctuations
of the two states were similar. In the subway operation stage, the acceleration fluctuations
of the three axes were obvious, and they were all in the range of −0.5~0.5 m/s2. When
the subway stopped and started, the x-axis acceleration increased sharply, and the max-
imum value reached 1.5 m/s2. During the stop phase of the subway, the three-direction
acceleration changed smoothly.

(a) 

 
(b) 

Figure 10. Three-way acceleration: (a) three-axis acceleration from Shuxin Avenue station to Xipu
station; (b) three-axis acceleration from Tianyu station to Wangcongci station.

Horizontal and vertical Sperling indicators corresponding to the two states are shown
in Figure 11, where the value of the vertical Sperling indicator fluctuated between 1.5 and 2,
and the value of the horizontal Sperling index fluctuated around 3 (the value was around
3.5 during subway operation and around 1.5 during the stops). According to the Sperling
rating table of locomotives and rolling stock in China, during the whole measurement
process, for the horizontal Sperling index value, the subway operation stage is scored as
“pass” or “good”, due to the more obvious vibration in individual periods, and in the stop
phase, the score is “excellent”. For the vertical Sperling index value, the whole process
is relatively stable, and the score is “excellent”. The measured data of the two states are
roughly consistent with actual human experience.

  
(a) (b) 

Figure 11. Sperling index value: (a) Sperling from Shuxin Avenue station to Xipu station; (b) Sperling
from Tianyu station to Wangcongci station.
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4. Conclusions

Based on smartphone mobile devices, this study develops a new portable train comfort
measurement system (DTRCMS). The availability, accuracy, and reliability of the system
are verified by comparison with a professional test system in an on-board test. The main
conclusions are as follows:

1. Mobile devices can realize multi-module algorithm integration to meet real-time com-
fort assessment and visual presentation. The FFT, Sperling algorithm, A-weighting
algorithm, and other calculation processes were integrated into the system, and noise
and vibration data processing could be performed in real time.

2. The measurement accuracy of the built-in sensor in the mobile phone was verified by
a comparative test. The relative error of the noise test data was mainly distributed
in 1.5~5%. The overall trend of the three-way acceleration values was the same, and
the relative error was 2~10%. The difference in the Sperling index was small, and the
relative error was less than 5%.

3. The availability and reliability of the DTRCMS were verified by an on-board appli-
cation on Chengdu Metro Line 6. During the application process, the decibel value
basically remained between 65 and 75 db, which is consistent with the actual listening
experience. The Sperling value was between 2 and 3, and the measured data of the
two states were roughly consistent with actual human experience.

In summary, the DTRCMS not only provided almost all train ride comfort-related
functions, such as noise and vibration measuring and Sperling index calculation, but it is
also more convenient and faster than a traditional test meter. In addition, the challenges
in the existing riding comfort evaluation standards and methods were discussed, and an
optimization direction was introduced.

5. Future Works

The DTRCMS provides a more convenient and faster tool for train ride comfort
measurement. In the error results of the comparison test, the DTRCMS is not far from
professional equipment in data measurement and calculation. In practical applications,
the DTRCMS’s result are similar to passengers’ feelings, which shows a certain feasibility.
However, due to the limitations of mobile phone hardware compared with professional
meters, there is still room for optimization in terms of improving accuracy. Currently, in
the era of big data, follow-up research can further upgrade and improve the DTRCMS
by uploading the measurement data to a big data cloud platform and evaluating comfort
through massive amounts of data collected by the DTRCMS. In this way, current train
comfort assessment data can be quickly obtained in real time; train running quality can
be accurately reflected; and even train running tracking status can be monitored at the
same time.
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Featured Application: The purpose of this work was to provide a detailed derivation process of

the 3D analytical solution and TMs of the RDGCs based on the previous studies on the variable

ducts and propose a certain reference for designing and improving the acoustic characteristics of

the duct systems used in high-speed trains.

Abstract: Rectangular ducts used in the air-conditioning system of a high-speed train should be
carefully designed to achieve optimal acoustic and flow performance. However, the theoretical
analysis of the rectangular ducts with gradient cross-sections (RDGC) at frequencies higher than
the one-dimensional cut-off frequency is rarely published. This paper has developed the three-
dimensional analytical solutions to the wave equations of the expanding and shrinking RDGCs.
Firstly, a homogeneous second-order variable coefficient differential equation is derived from the
wave equations. Two coefficients of the solution to the differential equation are set to zero to ensure
convergence. Secondly, the transfer matrices of the duct systems composed of multiple RDGCs are
derived from the three-dimensional solutions. The transmission losses of the duct systems are then
calculated from the transfer matrices and validated with the measurement. Finally, the acoustic
performance and flow efficiency of the RDGCs with different geometries are discussed. The results
show that the REC with double baffles distributed transversely has good performance in both acoustic
attenuation and flow efficiency. This study shall provide a helpful guide for designing rectangular
ducts used in high-speed trains.

Keywords: theoretical derivation; three-dimensional wave equation; rectangular duct with gradient
cross-sections; transfer matrix

1. Introduction

Rectangular ducts are used in the air-conditioning systems of high-speed trains+ to
guide airflow. Some rectangular ducts adopt the oblique baffles (Figure 1) to form the
varying cross-sections which improve the performance of the ducts in noise attenuation [1].

 
Figure 1. Rectangular ducts used in a Fuxing bullet train.

The current studies on the duct acoustics of high-speed train are practiced based on
simulation, such as the hybrid method of finite element and statistical energy analysis
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(FE-SEA) [1,2]. Most scholars have focused their research on ducts suitable for any vehicle
based on a variety of methods. Both analytical and numerical methods have been widely
used in the field of duct acoustics. Generally, the numerical methods, such as the finite
element method (FEM) [3–6], boundary element method (BEM) [7] and computational
fluid dynamics (CFD) method [8–10], are popular for analyzing duct systems with complex
geometries. Assis et al. [4] proposed a spectral FEM approach to compute the transfer
matrix (TM) of duct systems with arbitrary geometries. Liu et al. [8] proposed the time
domain CFD approaches to predict the acoustic performance of the duct systems without
and with mean flow.

On the other hand, the analytical method is more efficient in computation than the nu-
merical methods. Two types of analytical methods have been used to investigate a duct sys-
tem with varying cross–sections. The Wentzel–Kramers–Brillouin (WKB) method [11–15]
utilizes the high frequency approximation that allows to neglect certain terms in the non-
linear governing equations of the media in a duct. Subrahmanyam et al. [12] used the
WKB approximation to derive the exact solutions for one-dimensional (1D) ducts with area
variations in the absence of mean flow. Rani et al. [14,15] derived a WKB-type solution to
the generalized Helmholtz equation in 1D ducts with nonuniform cross-sectional areas
and inhomogeneity in mean flow. The WKB approximation is less accurate than solving
the full wave equations of the duct. The solutions to the wave equations of 1D ducts with
varying cross-sections have been studied for decades [16–23]. Pillai et al. [24] developed
the 1D solution to a horn-like rectangular duct at frequencies lower than 250 Hz. However,
the three-dimensional (3D) solutions to the wave equations in rectangular ducts with gra-
dient cross-sections (RDGCs), which are more accurate at higher frequencies than the 1D
solutions, are rarely seen.

The objective of this paper is to develop the 3D analytical solutions to the wave
equations of the expanding or shrinking RDGCs at frequencies up to 1600 Hz. The derived
solutions are used to obtain the TMs and transmission losses (TLs) of the duct systems
consisted of RDGCs, which have been validated with the measured results. Lastly, the
effects of the RDGC geometries on the acoustic performance and flow efficiency of the duct
systems are discussed.

The organization of this paper is as follows: Section 2 develops the 3D analytical
solutions to the wave equations of RDGCs. In Section 3, the TMs of the RDGCs are derived.
In Section 4, several duct systems consisting of RDGCs are modeled to obtain the TMs. The
TLs and pressure losses of the duct systems with different RDGC geometries are obtained
and discussed in Section 5. Finally, the conclusions are presented in Section 6.

2. 3D Analytical Solutions to the Wave Equations of a RDGC

2.1. 3D Solutions for a Straight Rectangular Duct

Figure 2 shows a uniform rectangular duct with a width of b and a height of h. The 3D
wave equation of the rectangular duct is given by [25]

∂2 p
∂t2 = c2∇2 p, (1)

where p, t and c are the sound pressure, advancing time and sound velocity, respectively.
The Laplacian operator ∇2 is given as follows:

∇2 =
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 (2)

where x, y and z are the Cartesian coordinates shown in Figure 2.
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Figure 2. A straight rectangular duct.

The general solution of Equation (1) [25] is

p(x, y, z, t) =
(

C1e−jkzz + C2e+jkzz
)(

e−jkx x + C3e+jkx x
)(

e−jkyy + C4e+jkyy
)

ejωt (3)

where j is the imaginary unit. C1, C2, C3 and C4 are the coefficients to be determined with
boundary conditions. kx and ky are the wave numbers in the x and y direction, respectively.
kz is defined as

kz =
√

k2 − kx2 − ky2 (4)

where k = ω/c and ω is the angular frequency. The solution of the rigid-walled duct with
a width of b and a height of h is given by

p(x, y, z, t) =
∞

∑
m=0

∞

∑
n=0

cos
(mπx

b

)
cos

(nπy
h

)
p(z, t) (5)

where p(z, t) =
(

C1,mne−jkz,mnz + C2,mne+jkz,mnz
)

ejωt and kz,mn =
√

k2 − (mπ/b)2 − (nπ/h)2.
Here, cos(mπx/b) cos(nπy/h) is an eigenfunction representing the wave shape in the x-y
plane at the (m, n) mode. C1,mn and C2,mn are the amplitudes of the waves at the (m, n)
mode propagating in the positive and negative z directions.

2.2. 3D Solutions for a RDGC

A RDGC with either expanding (positive θ) or shrinking (negative θ) sections is shown
in Figure 3. θ is the angle between the bevel edge and the z axis. bi and bo are the widths of
the inlet and the outlet, respectively.

  
(a) (b) 

Figure 3. (a) A rectangular duct with expanding sections, (b) a rectangular duct with shrinking sections.
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Since the cross-sectional area S changes along the z direction, the 1D sound wave
equation in the z direction is obtained with modifying Equation (1) as

1
S

∂

∂z

(
S

∂p
∂z

)
=

1
c2

∂2 p
∂t2 . (6)

For an expanding duct, S is given by

S = (z tan θ + bi)h (7)

Substituting Equation (7) into Equation (6) yields a homogeneous second-order vari-
able coefficient differential equation as follows:

∂2 p
∂z2 +

tan θ

z tan θ + bi

∂p
∂z

=
1
c2

∂2 p
∂t2 . (8)

The solution of Equation (8) is given by [26]

p(z, t) = {B+J0(kzα) + B−J0(−kzα) + C+K0(−jkzα) + C−K0(jkzα)}ejωt (9)

where α = z + bi/ tan θ. The quantities B+, B−, C+ and C− are the corresponding ampli-
tudes. J0(.) is the zeroth order of the Bessel function of the first kind, and K0(.) is the zeroth
order of the modified Bessel function of the second kind [27]. When kzα becomes imaginary,
the values of J0(kzα) and J0(−kzα) are possible to be infinite. To converge the solution, B+

and B− are set to zero. As a result, Equation (9) is simplified as

p(z, t) = {C+K0(−jkzα) + C−K0(jkzα)}ejωt. (10)

Substituting Equation (10) into Equation (5), with b replaced by bi + z tan θ, the 3D
solution of an expanding RDGC is derived as

p(x, y, z, t) =
∞

∑
m=0

∞

∑
n=0

cos
( mπx

α tan θ

)
cos

(nπy
h

)
{C+,mnK0(−jkz,mnα) + C−,mnK0(jkz,mnα)}ejωt (11)

kz,mn =

√
k2 −

( mπ

α tan θ

)2 − (nπ/h)2 (12)

where C+,mn and C−,mn are the coefficients to be determined with boundary conditions.
Solve the momentum equation [25]

∂v
∂t

= − 1
ρ0

∇ · p (13)

to give the particle velocity v of an expanding RDGC as follows:

v(x, y, z, t) = − 1
ρ0ω

∞
∑

m=0

∞
∑

n=0
kz,mn cos

( mπx
α tan θ

)
cos

( nπy
h
){C+,mnK1(−jkz,mnα)− C−,mnK1(jkz,mnα)}ejωt

+

(
− 1

jρ0ω

) ∞

∑
m=0

∞

∑
n=0

mπx
α2 tan θ

sin
( mπx

α tan θ

)
cos

(nπy
h

)
{C+,mnK0(−jkz,mnα) + C−,mnK0(jkz,mnα)}ejωt

︸ ︷︷ ︸
X

(14)

where ρ0 is the ambient air density and K1(.) is the first order of the modified Bessel
function of the second kind.

The derivation of the solutions for a shrinking RDGC is similar to that of an expanding
RDGC and gives the same equations of Equations (11) and (14) with a negative θ.
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3. Derivation of the TM for a RDGC

The transfer matrix T (
[

A B
C D

]
) is used to describe the relationship as follows:

[
pi
vi

]
=

[
A B
C D

][
po
vo

]
(15)

where vi and vo are the average particle velocities at the inlet and outlet of a duct system.
The quantities pi and po are the inlet and outlet average sound pressures defined with

pi =
1
Si

�
Si

p(x, y, 0)dxdy (16)

po =
1
So

�
So

p(x, y, l)dxdy (17)

where l is the length of the duct. The quantities Si and So are the inlet and outlet cross-
sectional areas, respectively. The four elements of the TM can be obtained as follows:{

A = (pi/po)|vo=0
C = (vi/po)|vo=0

(18)

{
B = {(pi − Apo)/vo}

∣∣vi=0
D = (−Cpo/vo)

∣∣vi=0
. (19)

The elements A, B, C and D can be calculated from Appendix A.

The transfer matrix T′ (
[

A′ B′
C′ D′

]
) of the shrinking RDGC is derived from the T

with a negative θ.

4. The TMs and TLs of Rectangular Expansion Chambers (RECs)

4.1. The TMs of the RECs with One or Double Baffles

To simplify the setup of a validation experiment, the circular ducts with a diameter
of 50 mm are added at the inlet and outlet of the rectangular chamber with a height (h) of
150 mm. The dimensions of the REC with one baffle are shown in Figure 4. The dimensional
parameters of REC are designed according to those of the branch rectangular ducts in high-
speed trains. The center o of the baffle coincides with that of the REC. All the RECs in
the following sections have the same circular ducts and rectangular chamber as those in
Figure 4.

Figure 4. The gemometry of the REC with one baffle.

The components of the REC with one baffle are specified in Table 1.
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Table 1. Description of each component of the REC with one baffle.

Unit TM Annotations

I TI —made of two uniform ducts and one sudden expansion section
IIW TW

II —made of an expanding RDGC (II) and a shrinking RDGC (II′)
III TIII —made of two uniform ducts and one sudden contraction section

The transfer matrices (TII and TII
′) of the expanding RDGC and the shrinking RDGC

are given by

TII =

[
AII BII
CII DII

]
, T

′
II =

[
A′

II B′
II

C′
II D′

II

]
. (20)

According to the notation in Figure 4, the state variables at the two ends of each RDGC
are related by [

pi
vi

]
= TII

[
po
vo

]
,
[

p′i
v′i

]
= T

′
II

[
p′o
v′o

]
. (21)

The continuity of pressure and mass velocity at the inlet and outlet of the component
IIW gives

pII i = pi = p′i, pII o = po = p′o (22)

SII ivII i = Sivi + S′
iv

′
i, SII ovII o = Sovo + S′

ov′o (23)

where ′ denote the variables of the shrinking RDGC. SII i and SII o represent the cross-
sectional areas at the inlet and outlet of the component IIW , respectively. Solving simultane-
ously Equations (21)–(23) yields [28][

pII i
vII i

]
= TW

II

[
pII o
vII o

]
=

[
AW

II BW
II

CW
II DW

II

][
pII o
vII o

]
. (24)

The terms of the TM are given by⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

AW
II =

A′
IIBIISo+AIIB′

IIS
′
o

BIISo+B′
IIS

′
o

BW
II =

BIIB′
IISII o

BIISo+B′
IIS

′
o

CW
II =

(DIISoS′
i−D′

IIS
′
oSi)(A′

II−AII)
(BIISo+B′

IIS
′
o)SII i

+
S′

iCII+SiC′
II

SII i

DW
II =

(DIISoS′
i−D′

IIS
′
oSi)B′

IISII o

(BIISo+B′
IIS

′
o)S′

oSII i
+

SII oSi D′
II

SoSII i

(25)

The TM of the REC with one baffle is calculated with

T1 = TIT
W
II TIII =

[
T11 T12
T21 T22

]
. (26)

where TI and TIII are calculated with the analytical solutions in the refs. [29,30].
The cut-off frequencies at the mode (m, n) of a duct with a rectangular section can be

calculated with

fcut−o f f =
c
2

√(m
b

)2
+
(n

h

)2
. (27)

Table 2 shows the calculated cut-off frequencies with m, n ≤ 2 of the rectangular
chamber (Figure 4). The maximum cut-off frequency at (2, 2) mode is 2858.3 Hz. As a result,
the number of modes with m, n ≤ 2 is enough to investigate the acoustic characteristics of
the RECs at frequencies below 1600 Hz.

280



Appl. Sci. 2022, 12, 5307

Table 2. Modal frequencies (Hz) of the rectangular chamber.

n
m

0 1 2

0 0 857.5 1715.0
1 1143.3 1429.2 2061.2
2 2286.7 2442.2 2858.3

Figures 5 and 6 show the geometries of the RECs with double baffles distributed either
axially or transversely. The distance between the centers (o1 and o2) of the baffles is 100 mm.
The TI and TIII in Figures 5 and 6 are exactly the same as those in Figure 4. TW

II and TW
V

in Figure 5 are calculated with the Equation (25), while the TIV of the straight rectangular
duct is obtained with the analytical solutions in the ref. [29].

 

Figure 5. The REC with double baffles distributed axially.

 

Figure 6. The REC with double baffles distributed transversely.

The transfer matrices (TII, TII
′ and TU

II ) of the expanding RDGC, the shrinking RDGC
and the uniform duct (IIU) in Figure 6 are given by

TII =

[
AII BII
CII DII

]
, T′

II =

[
A′

II B′
II

C′
II D′

II

]
, TU

II =

[
AU

II BU
II

CU
II DU

II

]
. (28)

The transfer matrix (TW
II ) of the component IIW is calculated with a similar process

presented in the Equations (21)–(24) and the four elements are given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

AW
II =

AU
II B′

IIBIISU
o +A′

IIBU
II BIISU

i +AIIB′
IIBU

II So

B′
IIBIISU

o +BU
II BIIS′

o+B′
IIBU

II So

BW
II =

B′
IIBU

II BIISII o
B′

IIBIISU
o +BU

II BIIS′
o+B′

IIBU
II So

CW
II =

AU
II B′

IIBIISU
o +A′

IIBU
II BIIS′

o+AIIB′
IIBU

II So

B′
IIBIISU

o +BU
II BIIS′

o+B′
IIBU

II So
(

D′
IIS

′
i

B′
IISII i

+
DU

II SU
i

BU
II SII i

+ DIISi
BIISII i

)
−
(

A′
IID′

IIS
′
i

B′
IISII i

+
AU

II DU
II SU

i
BU

II SII i
+ AIIDIISi

BIISII i

)
+

S′
iC

′
II+SU

i CU
II +SiCII

SII i

DW
II =

SII o(D′
IIBU

II BIIS′
i+DU

II B′
IIBIISU

i +DIIB′
IIBU

II Si)

SII i(B′
IIBIISU

o +BU
II BIIS′

o+B′
IIBU

II So)

(29)

281



Appl. Sci. 2022, 12, 5307

where SU
i and SU

o are the cross-sectional areas of the inlet and outlet of the component IIU.
The TM (T2a) of the REC with double baffles distributed axially and the TM (T2t) with
double baffles distributed transversely are given by

T2a = TIT
W
II TIVTW

V TIII (30)

T2t = TIT
W
II TIII. (31)

4.2. Geometries of the RECs

Table 3 shows the geometries of the RECs with different baffle configurations. All the
baffles in the RECs have a thickness of 4 mm.

Table 3. The geometries of the RECs with different baffle configurations.

Type 1

Case 1-0

 

The REC with one baffle

lb = 0.50b, θ = 40◦

Case 1-1 lb = 0.50b, θ = 20◦

Case 1-2 lb = 0.50b, θ = 60◦

Case 1-3 lb = 0.30b, θ = 40◦

Case 1-4 lb = 0.40b, θ = 40◦

Type 2a

Case 2a-0

 

The REC with double baffles distributed axially

lb = 0.50b, θ = 40◦

Case 2a-1 lb = 0.50b, θ = 20◦

Case 2a-2 lb = 0.50b, θ = 60◦

Case 2a-3 lb = 0.30b, θ = 40◦

Case 2a-4 lb = 0.40b, θ = 40◦

Type 2t

Case 2t-0

 

The REC with double baffles distributed transversely

lb = 0.50b, θ = 40◦

Case 2t-1 lb = 0.50b, θ = 20◦

Case 2t-2 lb = 0.50b, θ = 60◦

Case 2t-3 lb = 0.30b, θ = 40◦

Case 2t-4 lb = 0.40b, θ = 40◦

4.3. Calculation and Measurement of the TLs for the RECs

The TL of a REC can be calculated from the derived TM as follows:

TL = 20 log10

(
1
2

∣∣∣∣T11 +
T12

ρ0c
+ T21 · ρ0c + T22

∣∣∣∣
)

. (32)

To verify the accuracy of the analytical method, the TLs of the RECs (Case 1-1, Case
2a-1 and Case 2t-1) were measured with the two-load method [31] shown in Figure 7. The
sound source was located at the outside of a semi-anechoic room where a REC with baffles
was located. An acoustic stimulus was introduced into the REC through a metal duct,
where two microphones were placed with a distance of 40 mm. The other two microphones
were located with the same distance at the duct connected to the outlet of the REC. A Brüel
& Kjær (B&K) 3560 C Module was adopted to acquire the data sampled with a frequency of
16,384 Hz. The experimental parameters are given in Table 4.
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Figure 7. Experimental setup for measuring the TL of a REC.

Table 4. Experimental parameters.

Parameters Values

Temperature 24.5 ◦C
Relative humidity 29.2%

Pressure 101,300 Pa

5. Results

5.1. Experimental Validation of the Calculated Results

In order to verify the 3D analytical method, the TLs obtained by experiment, 3D ana-
lytical method and FEM are shown in Figure 8. The FEM model and boundary conditions
are shown in Appendix B. Generally, the calculated results are in good agreement with
the measured results and the accuracy of the analytical method is validated to a certain
degree. However, the frequencies of TL peaks from FEM agree less with the experimental
results than those obtained by the 3D analytical method in this paper. The inaccuracy of
the measured TLs below 200 Hz shown in the Case 1-1 of Figure 8 should be attributed
to the insufficient energy of the sound source in this frequency range. As a result, the TLs
below 200 Hz are not presented in the other cases of Figure 8. The discrepancies between
the experiment and the 3D analytical method at higher frequencies may be caused by
the following reasons. First, the analytical method regards the REC as rigid, while the
prototypes under test are made of plastic with certain elasticity. Second, the damping
in the air is ignored with the analytical method. Third, the ignorance of the B+J0(kzα),
B−J0(−kzα) in the Equation (9) and the X in Equation (14) also causes errors.

5.2. TLs of the RECs

The TLs of the RECs with one or double baffles are shown in Figures 9 and 10. It can
be seen that the peaks and troughs of the TL curves of all types move to a lower frequency
with the decreasing θ and increasing lb. Although the Type 2a has more TL peaks, it is
worse in performance than the Type 2t at frequencies from 500 Hz to 1100 Hz. Generally,
the Type 2t is better in acoustic performance than the other types, especially at frequencies
from 600 Hz to 1100 Hz.
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Figure 8. The comparison of TLs obtained by experiment, 3D analytical method and FEM.

Figure 9. TLs of the RECs with different baffle angles.
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lb b
lb b
lb b

lb b
lb b
lb b

lb b
lb b
lb b

Figure 10. TLs of the RECs with different baffle lengths.

5.3. Pressure Losses of the RECs

The improvement of the acoustic performance of a duct system cannot be at the
expense of flow efficiency. A CFD model [32] (Figure 11), using the standard k-ε turbulence
model, is adopted to calculate the difference (pressure loss) between the area-weighted
average pressures at the inlet and outlet of the RECs. The model is discretized by about one
million unstructured tetrahedral meshes with a mesh size of 3 mm. The inlet has a velocity
of 10 m/s and the outlet has a zero gauge pressure.

 
Figure 11. CFD model of the REC with one baffle.

Table 5 shows the pressure losses of the RECs with one baffle or double baffles. It
can be seen that the pressure losses of the Case 1-0 and Case 2a-0 are higher than the Case
2t-0. Therefore, the REC with double baffles distributed transversely (Type 2t) has good
performance in both flow efficiency and TL.

Table 5. The pressure losses of the RECs with different baffle configurations.

Case 1-0 Case 2a-0 Case 2t-0

141 Pa 140.2 Pa 117.7 Pa

The influence of the baffle angles and lengths on the pressure losses of the RECs are
shown in Figures 12 and 13. Figure 12 shows that the pressure losses of Type 1 and Type 2t
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increase as θ increases, while the pressure loss of Type 2a decreases as θ increases from 40◦
to 60◦. Figure 13 shows that Type 1 and Type 2a have much higher pressure losses than
Type 2t, while the pressure loss of Type 2t increases faster than Type 1 and Type 2a as lb
increases. In general, Type 2t has better performance in flow efficiency than the other types,
especially at small values of θ and lb.

lb b

Figure 12. The pressure losses of the RECs with different baffle angles.

 
b b b

lb

Figure 13. The pressure losses of the RECs with different baffle lengths.

6. Conclusions

Here, the 3D analytical solutions to the wave equations of the expanding and shrinking
RDGCs were derived. The TMs of the RECs consisted of multiple expanding and shrinking
RDGCs, which were then calculated from the 3D solutions. The TLs calculated from the
TMs were validated with the measured results.

In the derivation of the 3D analytical solution and TMs of the RDGC, the ignorance of
some infinite and complex terms is risky, but it can simplify the formulas and reduce the
computation. These behaviors are proved to be practicable by experiments and the TLs
obtained by the theories in this paper are accurate to a certain extent.

According to the TLs of the RECs with different baffle configurations, the peaks and
troughs of the TL curves of all types move to a higher frequency with the increasing angle
(θ) between the bevel edge and the axial direction and move to a lower frequency with the
increasing length (lb) of the baffle. The REC with double baffles distributed transversely
(Type 2t) is better in acoustic performance than the other types at frequencies from 600 Hz
to 1100 Hz. On the other hand, although the pressure losses of all types of RECs increase as
θ or lb increases, Type 2t always has a lower pressure loss than other types. In summary,
Type 2t generally has good performance in both acoustic attenuation and flow efficiency.

This achievement of research shall provide a certain reference for designing and
improving the acoustic characteristics of the duct systems used in high-speed trains.
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Appendix A. Derivation of the A, B, C and D in the TM

We set v(x, y, 0) and v(x, y, l) as v and 0, respectivley, where v is the harmonic excita-
tion with a constant amplitude. As a result, vi and vo are also equal to v and 0. To simplify
the expression, jkz,mnα is denoted as βmn. Substituting v(x, y, 0) = v into Equation (14) and
eliminating the ejωt yields

− 1
ρ0ω

∞

∑
m=0

∞

∑
n=0

kz,mn,i cos
(

mπx
bi

)
cos

(nπy
h

)
{C+,mnK1(−βi,mn)− C−,mnK1(βi,mn)} = v. (A1)

The X term in Equation (14) is ignored here, because it is too complicated to derive a
concise solution. The rationality of this mathematical operation has been verified by the
following experimental results.

Substituting v(x, y, l) = 0 into Equation (14) and ignoring the term X yields

C+,mnK1(−βo,mn)− C−,mnK1(βo,mn) = 0. (A2)

The quantities βi,mn and βo,mn represent the βmn at z = 0 and z = l, respectively. kz,mn,i
and kz,mn,o represent the kz,mn at z = 0 and z = l, respectively.

In order to obtain the coefficients C+,mn and C−,mn, operating the both sides of Equa-
tion (A1) with

�
Si

cos(m′πx/bi) cos(n′πy/h)dxdy [28] yields
�

Si
v cos

(
m′πx

bi

)
cos

(
n′πy

h

)
dxdy

= − 1
ρ0ω

∞
∑

m,m′=0

∞
∑

n,n′=0
kz,mn,i

�
Si

cos(m′πx
bi

) cos( n′πy
h ) cos(mπx

bi
) cos( nπy

h )dxdy{C+,mnK1(−βi,mn)− C−,mnK1(βi,mn)}.
(A3)

According to the orthogonality property of eigenfunctions, Equation (A3) is trans-
formed with m = m′ and n = n′ to the following equation:

�
Si

v cos
(

mπx
bi

)
cos

( nπy
h

)
dxdy = − 1

ρ0ω
kz,mn,i

�
Si

cos2(
mπx

bi
) cos2(

nπy
h

)dxdy{C+,mnK1(−βi,mn)− C−,mnK1(βi,mn)}. (A4)

The coefficients C+,mn and C−,mn can be calculated from Equations (A2) and (A4)
as follows:

C+,mn = −ρ0cv
kK1(βo,mn)

kz,mn,iW(kz,mn)

�
Si

cos(mπx
bi

) cos( nπy
h )dxdy�

Si
cos2(mπx

bi
) cos2( nπy

h )dxdy
(A5)

C−,mn =
C+,mnK1(−βo,mn)

K1(βo,mn)
(A6)

where
W(kz,mn) = K1(−βi,mn)K1(βo,mn)− K1(βi,mn)K1(−βo,mn). (A7)

Substituting Equations (A5) and (A6) into Equation (11), the 3D solution of the pressure
is obtained as follows:

p(x, y, z) = −ρ0cv
∞

∑
m=0

∞

∑
n=0

V(kz,mn, z)
W(kz,mn)

k
kz,mn,i

cos( mπx
bi+z tan θ ) cos( nπy

h )
�

Si
cos(mπx

bi
) cos( nπy

h )dxdy�
Si

cos2(mπx
bi

) cos2( nπy
h )dxdy

(A8)
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where
V(kz,mn, z) = K1(βo,mn)K0(−βmn) + K0(βmn)K1(−βo,mn). (A9)

Substituting Equation (A8) with z = 0 into Equation (16) to obtain the average pressure
at the inlet as follows:

pi = 1
Si

�
Si

{
−ρ0cv

∞
∑

m=0

∞
∑

n=0

V(kz,mn ,0)
W(kz,mn)

k
kz,mn,i

cos( mπx
bi

) cos( nπy
h )

�
Si

cos( mπx
bi

) cos( nπy
h )dxdy�

Si
cos2( mπx

bi
) cos2(

nπy
h )dxdy

}
dxdy

= −ρ0cv1

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

V(k, 0)
W(k)︸ ︷︷ ︸

E11

+
∞

∑
m=1

V(kz,m0,i, 0)
W(kz,m0)

2k
kz,m0,i

(
2

mπ
Ψb1

)2

︸ ︷︷ ︸
E12

+
∞

∑
n=1

V(kz,0n,i, 0)
W(kz,0n)

2k
kz,0n,i

(
2

nπ
Ψh1

)2

︸ ︷︷ ︸
E13

+
∞

∑
m=1

∞

∑
n=1

V(kz,mn,i, 0)
W(kz,mn)

4k
kz,mn,i

(
4

mnπ2 Ψb1Ψh1

)2

︸ ︷︷ ︸
E14

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= −ρ0cv1E1

(A10)

where
E1 = E11 + E12 + E13 + E14 (A11)

Ψb1 = cos
(

mπbic
bi

)
sin

(mπ

2

)
(A12)

Ψh1 = cos
(

nπhc

h

)
sin

(nπ

2

)
. (A13)

The quantity E11 is obtained with m = 0 and n = 0. E12 is obtained with m ≥ 1 and
n = 0. E13 is obtained with m = 0 and n ≥ 1. Additionally, E14 is obtained with m ≥ 1 and
n ≥ 1. (bic, hc) are the coordinates of the center point at the inlet shown in Figure 3.

Substituting Equation (A8) with z = l into Equation (17) to obtain the average pressure
at the outlet as follows:

po = 1
So

�
So

{
−ρ0cv1

∞
∑

m=0

∞
∑

n=0

V(kz,mn ,l)
W(kz,mn)

k
kz,mn,i

cos( mπx
bi+l tan θ ) cos( nπy

h )
�

Si
cos( mπx

bi
) cos( nπy

h )dxdy�
Si

cos2( mπx
bi

) cos2(
nπy

h )dxdy

}
dxdy

= −ρ0cv

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

V(k, l)
W(k)︸ ︷︷ ︸

E21

+
∞

∑
m=1

V(kz,m0,o, l)
W(kz,m0)

2k
kz,m0,i

(
2

mπ

)2
Ψlb2Ψb1︸ ︷︷ ︸

E22

+
∞

∑
n=1

V(kz,0n,o, l)
W(kz,0n)

2k
kz,0n,i

(
2

nπ

)2
Ψh1Ψh2︸ ︷︷ ︸

E23

+
∞

∑
m=1

∞

∑
n=1

V(kz,mn,o, l)
W(kz,mn)

4k
kz,mn,i

(
4

mnπ2

)2
Ψb1Ψh1Ψlb2Ψh2︸ ︷︷ ︸

E24

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= −ρ0cvE2

(A14)

where
E2 = E21 + E22 + E23 + E24 (A15)

Ψh2 = cos
(

nπhc

h

)
sin

(nπ

2

)
(A16)

Ψlb2 = cos
(

mπboc

bo

)
sin

(mπ

2

)
. (A17)
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The quantity E21 is obtained with m = 0 and n = 0. E22 is obtained with m ≥ 1 and
n = 0. E23 is obtained with m = 0 and n ≥ 1. Additionally, E24 is obtained with m ≥ 1 and
n ≥ 1. (boc, hc) are the coordinates of the center point at the outlet in Figure 3.

The elements A and C can be calculated from Equations (18), (A10) and (A14) with the
following equations

A =
−ρ0cvE1

−ρ0cvE2
=

E1

E2
(A18)

C =
vi

−ρ0cv1E12
=

v
−ρ0cvE2

=
−1

ρ0cE2
. (A19)

We set v(x, y, 0) and v(x, y, l) as 0 and v, respectively, and obtain vi = 0 and vo = v.
Substituting v(x, y, 0) = 0 into Equation (14) yields

C+,mnK1(−βi,mn)− C−,mnK1(βi,mn) = 0. (A20)

Substituting v(x, y, l) = v into Equation (14) yields

− 1
ρ0ω

∞

∑
m=0

∞

∑
n=0

kz,mn,o cos
(

mπx
bi + l tan θ

)
cos

(nπy
h

)
{C+,mnK1(−βo,mn)− C−,mnK1(βo,mn)} = v. (A21)

Operating the both sides of Equation (A21) with
�

So
cos{mπx/(bi + l tan θ)} cos(nπy/h)

dxdy and using the same transformation with m = m′ and n = n′ as in Equation (A3) yields

�
So

v cos
(

mπx
bi+l tan θ

)
cos

( nπy
h
)
dxdy

= − 1
ρ0ω kz,mn,o

�
So

cos2
(

mπx
bi+l tan θ

)
cos2( nπy

h
)
dxdy{C+,mnK1(−βo,mn)− C−,mnK1(βo,mn)}.

(A22)

The coefficients C+,mn and C−,mn can be obtained from Equations (A20) and (A22)
as follows:

C+,mn = ρ0cv
kK1(βi,mn)

kz,mn,oW(kz,mn)

�
So

cos
(

mπx
bi+l tan θ

)
cos

( nπy
h
)
dxdy

�
So

cos2
(

mπx
bi+l tan θ

)
cos2

( nπy
h
)
dxdy

(A23)

C−,mn =
C+,mnK1(−βi,mn)

K1(βi,mn)
. (A24)

Substituting Equations (A23) and (A24) into Equation (11), the 3D solution of the
pressure is obtained as follows:

p(x, y, z) = ρ0cv
∞

∑
m=0

∞

∑
n=0

U(kz,mn, z)
W(kz,mn)

k
kz,mn,o

cos
(

mπx
bi+z tan θ

)
cos

( nπy
h
)�

So
cos

(
mπx

bi+l tan θ

)
cos

( nπy
h
)
dxdy

�
So

cos2
(

mπx
bi+l tan θ

)
cos2

( nπy
h
)
dxdy

(A25)

where
U(kz,mn, z) = K1(βi,mn)K0(−βmn) + K0(βmn)K1(−βi,mn). (A26)

Substituting Equation (A25) with z = 0 into Equation (16) to obtain the average pressure
at the inlet as follows:
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pi = 1
Si

�
Si

{
ρ0cv

∞
∑

m=0

∞
∑

n=0

U(kz,mn ,0)
W(kz,mn)

k
kz,mn,o

cos
(

mπx
bi

)
cos( nπy

h )
�

So
cos

(
mπx

bi+l tan θ

)
cos( nπy

h )dxdy�
So

cos2
(

mπx
bi+l tan θ

)
cos2( nπy

h )dxdy

}
dxdy

= ρ0cv

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U(k, z)
W(k)︸ ︷︷ ︸

E31

+
∞

∑
m=1

U(kz,m0,i, 0)
W(kz,m0)

2k
kz,m0,o

(
2

mπ

)2
Ψlb2Ψb1︸ ︷︷ ︸

E32

+
∞

∑
n=1

U(kz,0n,i, 0)
W(kz,0n)

2k
kz,0n,o

(
2

nπ

)2
Ψh2Ψh1︸ ︷︷ ︸

E33

+
∞

∑
m=1

∞

∑
n=1

U(kz,mn,i, 0)
W(kz,mn)

4k
kz,mn,o

(
4

mnπ2

)2
Ψlb2Ψh2Ψb1Ψh1︸ ︷︷ ︸

E34

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= ρ0cvE3

(A27)

where
E3 = E31 + E32 + E33 + E34. (A28)

The quantity E31 is obtained with m = 0 and n = 0. E32 is obtained with m ≥ 1 and
n = 0. E33 is obtained with m = 0 and n ≥ 1. Additionally, E34 is obtained with m ≥ 1 and
n ≥ 1.

Substituting Equation (A25) and z = l into Equation (17) to obtain the average pressure
at the outlet as follows:

po = 1
So

�
So

{
ρ0cv

∞
∑

m=0

∞
∑

n=0

U(kz,mn ,l)
W(kz,mn)

k
kz,mn,o

cos
(

mπx
bi+l tan θ

)
cos( nπy

h )
�

So
cos

(
mπx

bi+l tan θ

)
cos π( nπy

h )dxdy�
So

cos2
(

mπx
bi+l tan θ

)
cos2( nπy

h )dxdy

}
dxdy

= ρ0cv

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

U(k, l)
W(k)︸ ︷︷ ︸

E41

+
∞

∑
m=1

U(kz,m0,o, l)
W(kz,m0)

2k
kz,m0,o

(
2

mπ
Ψlb2

)2

︸ ︷︷ ︸
E42

+
∞

∑
n=1

U(kz,0n,o, l)
W(kz,0n)

2k
kz,0n,o

(
2

nπ
Ψh2

)2

︸ ︷︷ ︸
E43

+
∞

∑
m=1

∞

∑
n=1

U(kz,mn,o, l)
W(kz,mn)

4k
kz,mn,o

(
4

mnπ2 Ψlb2Ψh2

)2

︸ ︷︷ ︸
E44

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

= ρ0cvE4

(A29)

where
E4 = E41 + E42 + E43 + E44. (A30)

The quantity E41 is obtained with m = 0 and n = 0 . E42 is obtained with m ≥ 1 and n = 0.
E43 is obtained with m = 0 and n ≥ 1. Additionally, E44 is obtained with m ≥ 1 and n ≥ 1. The
elements B and D can be calculated from Equations (19), (A18), (A19), (A27) and (A29) with
the following equations

B =
ρ0cvE3 − Aρ0cvE4

vo
=

ρ0cvE3 − Aρ0cvE4

v
= ρ0c

(
E3 − E1E4

E2

)
(A31)

D = −Cρ0cvE4

v0
= −Cρ0cvE4

v
=

E4

E2
. (A32)

Appendix B. FEM Methodology

Figure A1 shows the FEM model used the automatic matched layer (AML) method [33]
in LMS Virtual.Lab software to calculate TL. Tetrahedral mesh (2 mm) was used to guaran-
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tee the calculation accuracy and the total number of grid cells of every REC was more than
400,000. The fluid material among the REC was defined as air, whose velocity was 340 m/s
and density was 1.225 kg/m3. Then, the outlet was AML property, which could simulate
the nonreflecting boundary condition. The inlet acoustic boundary condition was defined
as the plane wave with 1 W sound power.

Figure A1. The FEM model of the REC.
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