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Abstract: In the paper, we apply a new approach to the comparison of the distributions of sums of
random variables to the case of Poisson random sums. This approach was proposed in our previous
work (Bening, Korolev, 2022) and is based on the concept of statistical deficiency. Here, we introduce
a continuous analog of deficiency. In the case under consideration, by continuous deficiency, we will
mean the difference between the parameter of the Poisson distribution of the number of summands in
a Poisson random sum and that of the compound Poisson distribution providing the desired accuracy
of the normal approximation. This approach is used for the solution of the problem of determination
of the distribution of a separate term in the Poisson sum that provides the least possible value of
the parameter of the Poisson distribution of the number of summands guaranteeing the prescribed
value of the (1 — «)-quantile of the normalized Poisson sum for a given « € (0,1). This problem is
solved under the condition that possible distributions of random summands possess coinciding first
three moments. The approach under consideration is applied to the collective risk model in order to
determine the distribution of insurance payments providing the least possible time that provides the
prescribed Value-at-Risk. This approach is also used for the problem of comparison of the accuracy of
approximation of the asymptotic (1 — a)-quantile of the sum of independent, identically distributed
random variables with that of the accompanying infinitely divisible distribution.

Keywords: limit theorem; compound Poisson distribution; Poisson random sum; asymptotic
expansion; asymptotic deficiency; kurtosis; accompanying infinitely divisible distribution

MSC: 60E15; 60F05; 60G50; 60G55; 91B05

1. Introduction

This paper is a complement to our previous work [1], where we considered a version
of the problem of stochastic ordering and proposed an approach based on the concept of de-
ficiency that is well-known in asymptotic statistics; see, e.g., [2] and later publications [3-6].
In the paper [1], we used the approach mentioned above in order to establish a kind of
stochastic order for the distributions of sums of independent random variables (r.v.s) based
on the comparison of the number of summands required for the distribution of the sum to
have the desired asymptotic properties (for the problems and methods related to stochastic
ordering, see, e.g., [7]). Here, we apply this approach to the comparison of the distributions
of sums of random variables to the case of Poisson random sums.

In statistics, as well as in [1], the deficiency is measured in integer units and corre-
spondingly has the meaning of either the number of additional observations required for a
statistical procedure to attain the same quality as the ‘optimal” procedure in statistics or
the number of additional summands in the sum required to attain the desired accuracy of
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the normal approximation in [1]. Unlike these cases, in the present paper, we deal with
the compound Poisson distributions and introduce a continuous analog of deficiency. The
extension of the approach proposed in [1] for non-random sums of independent r.v.s to Pois-
son random sums is possible due to the asymptotic normality of the latter as the parameter
of the Poisson distribution of the number of summands infinitely grows. In the case under
consideration, by continuous deficiency, we mean the difference between the parameter
of the Poisson distribution of the number of summands in a Poisson random sum and
that of the compound Poisson distribution providing the desired accuracy of the normal
approximation. This approach is used for the solution of the problem of determination of
the distribution of a separate term in the Poisson sum that provides the least possible value
of the parameter of the Poisson distribution of the number of summands guaranteeing
the prescribed value of the (1 — «)-quantile of the normalized Poisson sum for a given
a e (0,1).

This problem is solved under the condition that possible distributions of random
summands possess coinciding first three moments. Therefore, we can say that, in this
problem, we deal with ‘fine tuning’ of the distribution of a separate summand since we
assume that different possible distributions of random summands may differ only by their
kurtosis. In the setting under consideration, the best distribution delivers the smallest
value of the parameter of the compounding Poisson distribution. This problem is actually
a particular case of the problem of quantification of the accuracy of approximations of the
compound Poisson distributions provided by limit theorems of probability theory. The
main mathematical tools used in the paper are asymptotic expansions for the compound
Poisson distributions and their quantiles.

The formal setting mentioned above can be applied to solving some practical prob-
lems dealing with the collective risk insurance models where it is traditional to describe
the cumulative insurance payments by the compound Poisson process. The approach
under consideration makes it possible to determine the distribution of insurance payments
providing the least possible time that provides the prescribed Value-at-Risk.

To make the above-mentioned more clear, consider an insurance company that starts
its activity at time fp = 0. Within the classical collective risk model [8], the total insurance
payments at some time f have the form of a sum of a random number (number of payments
by the time f) of independent identically distributed r.v.s (insurance payments), that is,
of a Poisson random sum. In this model, the number of insurance payments by time ¢
follows the Poisson process N, () with some intensity A > 0. We assume that the parameter
A is uncontrollable and fixed. Since N, (t) has the same distribution as Nj(At) and the
parameter A is assumed fixed, the setting under consideration concerns the problem of
determination of the distribution of an individual insurance payment providing the least
possible ¢ guaranteeing the prescribed Value-at-Risk for the average losses of the insurance
company within the time interval [0, t].

The approach considered in the paper can be used when the distributions of the
summands (possible losses) are known only up to their first three moments, and the exact
Value-at-Risk is not known for sure.

Within the framework of the collective risk model in the setting under consideration,
the problem consists in the description of the best strategy of the insurance company. Here,
the choice of the terms of a contract (e.g., the amount of insurance payment related to
each possible insurance event) is meant as a strategy. That is, a strategy consists in the
determination of the distribution of an insurance payment. Briefly, the problem is to choose
an optimal distribution of a separate insurance payment among the distributions that have
the same first three moments so that the desired goal is achieved within the least possible
time interval.

We also consider the application of the proposed approach to the study of the asymp-
totic properties of non-random sums of independent identically distributed r.v.s as com-
pared to those of the compound Poisson distributions with the same expectation. It is
well-known that, in many respects, these properties coincide. This phenomenon mani-
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fests itself, for example, in the form of the method of accompanying infinitely divisible
distributions (see, e.g., [9], Chapter 4, Section 24). Therefore, it is of certain interest to
investigate the accuracy of the approximation of the characteristics of sums of independent
r.v.s as compared to that of the accompanying infinitely divisible (that is, corresponding
compound Poisson) laws. This problem was studied by many specialists; see, e.g., [10-13]
and the references therein. Unlike most preceding works where the approximation of
distribution functions was discussed, here we consider the application of accompanying
laws to a somewhat inverse problem of approximation of quantiles.

The paper is organized as follows. Section 2 contains a short overview of the results
concerning the asymptotic expansions for compound Poisson distributions. Here we also
formulate basic lemmas to be used in the next sections. The main results are presented in
Section 3. In Section 3.1, we introduce the notion of the a-reserve in the collective risk model
and present some asymptotic expansions for this quantity. In Section 3.2, a continuous-time
analog of the notion of deficiency is introduced. Here we also prove some general results
concerning the continuous-time deficiency. In Section 3.3, we consider the problem of
comparison of compound Poisson distributions by deficiency and present the asymptotic
formula for the deficiency of one compound Poisson distribution with respect to the other.
In Section 3.4, we deal with the problem of comparison of the distributions of Poisson
random sums with those of non-random sums. Actually, this problem consists in the
comparison of the accuracy of approximation of the asymptotic (1 — a)-quantile of the sum
of independent identically distributed random variables with that of the accompanying
infinitely divisible distribution.

2. Notation and Auxiliary Results

Throughout what follows, we will assume that all the random variables and processes
are defined on the same probability space (Q),§, P). The expectation and variance with
respect to the measure P will be, respectively, denoted E and D. The set of real numbers
and natural numbers will be, respectively, denoted R and N. The distribution function of
the standard normal law will be denoted ®(x),

2

0@ === [ oty o) = Z—ee{-F} xcr

The distribution of a random variable X will be denoted £(X).

Let X;, X, ... be independent identically distributed random variables. Let N, be the
random variable with the Poisson distribution with parameter A. Assume that for each
A > 0, the random variables N, X1, X, ... are independent. Let S, be the Poisson random
sum, Sy = X + ...+ Xn,. If Ny = 0, then S, is assumed to equal to zero. Assume that
EX; = aand DX; = ¢? > 0 exist. For integer k > 0, denote EX’l‘ = . Of course, ap =1,
a1 = aand ay = 0% + a2

Recall some facts concerning the asymptotic expansions for the compound Poisson
distributions (sf. [8,14,15]).

Denote the characteristic functions of the random variables X; and S, as f(t) and
) (t), respectively. It is well-known that if f(t) has r continuous derivatives, then, as t — 0,

we have

Dézfz

f(t) = 1+iat7T+(z’t)2 r2 (it)airn

k=1 (k+2)!

A random variable X is said to satisfy the Cramér condition (C), if

+o(). (1)

limsup |f(£)] < 1. ()

[t|—o0
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Fork =0,1,2,... define the function Hi(x) : R — R as

) = (— k™ (x)
Hk( )—( 1) (P(x) .

The function Hy(x), x € R, so defined, is a polynomial of degree k and is called the
Hermite polynomial of degree k.
It is easy to calculate that

Ho(x) =1, Hi(x)=x Ha(x)=x>—-1, Hz(x)=x>—3x, Hy(x)=2x"—6x>+3,

Hs(x) = x° —10x% +15x, Hg(x) = x® — 15x* 4 45x% — 15.

Let m be a nonnegative integer and gy € R, k = 0, ..., m. Consider the polynomial

q(x) = Y aix”

Let Hy(x), ..., Hu(x) be Hermite polynomials. Let
Q) = Yo GicHi(x).

Then it is easy to make sure that the function v(t) = q(it) exp{—t?/2} is the Fourier
transform of the function V(x) = Q(x)¢(x). Throughout what follows, we will assume
that r > 3 is a fixed integer number.

For a complex z, let

k
TN N2 Rkq2Z
f&) = Lia e o

Obviously, f(z) is a polynomial of degree < r — 2 with real coefficients; moreover,
f(0) = 0. From (1), it follows that

f(t) =1 —iat + “é—tz = (it)2f(it) + o(t")

ast — 0. For A > 0 and a complex z let

Pa2) =Z;;§%[z—zf~( \/%Q)r ®

It can be easily made sure that there exist integer m > 3 and polynomials gy (z) with
real coefficients, k = 3,...,m, not depending on A such that

pa(z) = Y s AT g (2) @)

for all A > 0 and complex z. Moreover, these polynomials i (z) are uniquely determined
by (3) and (4). Let

9e(z) = Y355 ai? )

be the corresponding representation of qi(z) with q; € R (j = 3,...,Ly), Ly > 3
(k =3,...,m). Let H;(x) be the Hermite polynomials. For x € Rand k = 3,...,m let

Ri(x) = — E]Li3 Gr,;Hj—1(x). (6)

The function R (x) is called the Edgeworth polynomial of degree k.
For A > 0 and complex z from (3) and (4), we easily obtain

(r=2)%42 4 —k/2+41 kr2(j-1
pa(z) =} 4y A Z%S/‘gk—z"‘kdz G0,



Mathematics 2022, 10, 4712

where N »
L m e By —kj2-j1
!ock = 3<ny<..<n;<r 7DL
/ g Zn]+ +1n k+£( -1) ny! 7’1]' 2
Therefore, in (4) and (5), we should set m = (r —2)> +2and L; = 3(k —2) (k =
3,...,m).
For x € R, A > 0 and r € N define the functions G, ,(x) as

Gar(x) = @(x) + ¢ (x) Y, _ A2 IR ().

In particular, for r = 3, we have

R(x) =~ Ha(x)
2

and a5 R

Gp3(x) = @(x) - m(’f = 1)¢(x). ()
2
For r = 4, we have
2
Ry(x) = 2406 Hy(x) — 25 Hs(x)
and
2

Gpa(x) = d(x) — Mg‘j;ﬁ(xz —“Dg(x) — @ [Zi‘—i%(ﬁ ~3x) - %(x ~10:3 +15x)|. (8)

Moreover, if 53(S) ) and 34(S, ) are the skewness and kurtosis of the random variable

%(S ):E<S/\—ES/\>3_E<SA—DL1)\) a3
PV =EUVES: ) T\ Vam NV E

Sy —ES3\* (S/\—le/\>4 a
#4(51) < /DS, ) N e

then (7) and (8) can be rewritten as

S

Gra(x) = @) ~ 2EW o))

and

»#3(5)) #4(Sp) #3(S,)

Grax) = ®(x) - 2 o) () 1 Z oM 9(8) (1) + BN 90 (x).

Lemma 1. Let r > 3. Assume that the distribution of the random variable X satisfies the Cramér
condition (C) (see (2)). Then

S/\ —aA > /242
sup|P| ——=——— < x| — G, (x)| =0 (A7/*T
xp < A(a2+02) ?\,r( ) ( )
that is,
Sy —aA
lim A7/2 1 su P<A7<x>—G x)| =0.
A—soo xp /—A(a2+02) A,r( )

This statement is a particular case of Theorem 4.4.1 in [15].
Our further reasoning is based on the following general statement dealing with the
asymptotic behavior of the quantiles of univariate distributions of a random process.
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Let Z(t), t > 0, be a random process. Assume that for each t > 0 the distribution of
the random variable Z(t) is continuous. For § € (0,1) and t > 0, the left f-quantile of the
random variable Z(t) will be denoted ug(t):

ug(t) = inf{u: P(Z(t) <u) > B}.

Lemma 2. Assume that, as t — oo, the distribution function of the random process Z(t) admits
the asymptotic expansion of the form

P(Z(t) < x) = ¥o(x) + + /2% (x) + ¥, (x) +o(t71).

Moreover, let the functions ¥ (x), Y1 (x) and ¥, (x) be continuous and ¥((x) > 0. Then for
any B € (0,1), we have

Yi(up)  ¥h(up)¥i(up) ¥y (up) — (¥h(up)) ¥alup) — Y¥3(up) ¥y (up)

— _ -1
0= g () e

where ug is the left B-quantile of the distribution function ¥o(x): ¥o(ug) = B.
For the proof of this statement, see [15], Section 4.5.

Remark 1. If we set

Y1(up) N Wi (up)¥1(up) ¥ (ug) — (¥o(up)) " ¥alug) — Y2 (ug) ¥y (15)
¥ (up)vE (¥h(up)) '

then it is not difficult to make sure that under the conditions of Lemma 2, we have
P(Z(t) <ug(t)) = B+o(t ).

From Lemmas 1 and 2, it follows that if oy = EX‘l1 < o0 and the random variable X;
satisfies the Cramér (C) condition (2), then

Sy —aA _ Yi(x) | Ya(x) 1
where
2
Hi(x) =~ SRR, ¥alx) = —90) | iaHal) + e His()|.

Therefore, setting t = A, Z(t) = S, Yo(x) = ®(x), from Lemma 2, we obtain the
following result. For g € (0,1), let wg(A) and ug be the B-quantiles of the random variable
S, and of the standard normal distribution, respectively.

Lemma 3. Let EX} < oo, and let the random variable Xy satisfy the Cramér (C) condition (2).
Then, as A — oo, we have

Wﬁ()t) = a/\-i—uﬁ\//\a + L(uﬁ)

1 a3 a4 _
|:7; (HS(u}g) —2H2(M‘3)H3(1/l5) +4MﬁH%(u/3)) + %Hg,(uﬁ) + 0()\ 1/2)

where Hy(x) are the Hermite polynomials.
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3. Main Results
3.1. The Asymptotic Expansions for the a-Reserve in the Collective Risk Model

Let X1, Xy, ... be independent identically distributed r.v.s such that
X2 >0, X4 <0, §>0. (10)

Assume that the r.v. X; satisfies the Cramér (C) condition (2). For t > 0, let the r.v. N;
have the Poisson distribution with parameter Af, where A > 0 is a fixed parameter. Assume
that for each t > 0 the r.v.s Ny, X1, X3, .. . are independent. Consider the Poisson random sum

Sp=Xp...+ XN,

In terms of the collective risk model, the r.v.s X; can be interpreted as individual
insurance claims, and the r.v. S; can be interpreted as the total insurance payment of an
insurance company by the time ¢.

Letw € (0,1). Define the standardized a-reserve C};(t) by the formula

o (st — MEX;

\JAtEX?

Along with the set X1, Xy, ... consider another set Y7, Y, ... of independent identically
distributed r.v.s such that

> C;f(t)) =a+to(t™), t— oo (11)

Y2>0, [Vi[* <o, §>0. (12)

Assume that the r.v. Y; satisfies the Cramér (C) condition (2). Also assume that for
each t > 0, the r.v. N; having the Poisson distribution with parameter At is independent of
the set Y7, Y, ... Denote

Ti=Yi+...+ Yy,

In the same way as (11), define the standardized a-reserve C;*(t) for the sequence

Yl, Yz ,-.-4as
Ty — AtEY
P ( t tEY; > C;k*

t) | = til,t 0.
e () =atol™), 1

Lemmas 2 and 3 directly imply the following statement. For « € (0,1) let u, be the
1 — a-quantile of the standard normal distribution, that is, ®(u,) =1 — a.

Theorem 1. Let a € (0,1) and the rv.s X1, Xo, ... and Y1, Ya, . .. satisfy conditions (10), (12) and
(2). Then, as t — oo,

EX3(u2 —1) 1 (EX3)? EX?
P = e 1 (g [ D" 5, 0,3 13 3 ]+ 1y,
R = et e e | ExE e T 2) ey e ) | o)
EY3(u2 —1) 1 (EY3)? EY#
Crr(t) = ug + —=2 { L Sty —2u3) + —— S (ud 3 :|+ 1.
a (1) = 6VAHEY2)3/2 T 12MEYZ | EY] (Btte = 212) 2(EY})? (4 = 3) | +0()

We see that if the first three moments of X; and Y; coincide, then C}(t) and C}*(t)
differ only by the terms of order O(t!). _
Now if we define the a-reserves C;; (t) and C}*(t) as

P(S:>Ci(t)) =a+o(t7h), and P(T; > Ci*(t)) =a+o(t™), t— oo,

then

Ci(t) = \/AMEX2 - Ci(t) + MEX; and Cp*(t) = \/MEY? - Cj(t) + MEY.



Mathematics 2022, 10, 4712

3.2. A Continuous-Time Analog of Deficiency

In this section, we will propose an approach to the comparison of the two compound
Poisson distributions in terms of the ‘continuous’ analog of deficiency. For the traditional
definition of deficiency as the number of additional observations required for a statistical
procedure to attain the desired quality, we refer the reader to the papers [1-3,5,6]. Here, we
will introduce its continuous-time analog.

Consider two stochastic processes X(t) and Y(t), t > 0. We will be interested in the
asymptotic behavior of the probabilities of X (t) and Y (¢) to exceed a given threshold.

For a € (0,1) let ¢y (t) be the asymptotic (1 — a)-quantile of X(¢):

P(X(t) > calt)) =a+o(t™!), t— oo
Lemma 2 directly implies the following statement.

Proposition 1. Assume that there exist distribution function G(x) and the functions g1(x) and
92(x) such that

sup [P(X() < %) = G(x) = aa(¥) — ()] =olt™), (13)

where the functions G(x), g1 (x) and g (x) are smooth enough. Then the the asymptotic (1 — a)-
quantile of X (t) admits the asymptotic expansion

e 1[G | Cledgalen) —gileds(e)] L
ll) = e = i et e [ oten,

where c, is the (1 — «)-quantile of the distribution function G(x), that is, G(cy) =1 — a.

Assume that the asymptotic expansion for the distribution function of Y(t) has
the form

P(Y(t) < x) = G(x) + %gl(x) n %gz(x) +o(t D), (14)

where the functions G(x), g1(x) and g, (x) are smooth enough. The asymptotic expansion (14)
differs from that for the distribution function of X(#) in Proposition 1 only by the term of
order t~1, that is, the two distributions are close enough.

Define the positive function m(t), t > 0, by the equality

P(VEY(m(t)) > ca(m(t))) = a+o(t™1), t— co. (15)

Ifm(t)—t =d+o(1),d € R, t — oo, then the number d is called the asymptotic
deficiency of the distribution £(Y(t)) with respect to the distribution £(X(t)). In other
words, d is the asymptotic “additional’ time required for the process Y(t) to attain the
quantile of the same order as that of X(t).

Theorem 2. Assume that conditions (13) and (14) hold. Then the asymptotic deficiency d of the
distribution L(Y (t)) with respect to the distribution L(X(t)) has the form

2[82(506) - gz(ca')]
d= """ 1).
G/ (cq)cCa +o(1)

The proof of this statement repeats that of Theorem 3.1 in [1] up to notation (further-
more, unfortunately, in formula (16) of [1], the coefficient /1 analogous to v/t in (15) of the
present paper was erroneously omitted).
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3.3. The Comparison of Compound Poisson Distributions by Deficiency
In this section, we will discuss the asymptotic deficiency of the compound Poisson
distributions providing a given (1 — &)-quantile of the normalized Poisson random sums.
For this purpose, we will use Theorem 2.
Define the average Poisson random sums S;and T by the formulas
— S —AMEXy] = T} — AtEY;
S, = 2 1 T, = t 1

t S ——
t\/AEX? t\/AEY?

Define the asymptotic deficiency d € R of T; with respect to S; by the formula
P(Vt-T; > Ci(F)) =a+o(t), t— o,

where f =t +d + 0(1), that s, d is the ‘additional time’ required for the normalized average
Poisson random sum +/f - T¢ to exceed the asymptotic a-reserve C; () of the normalized
average Poisson random sum V-5

To apply Theorem 2, assume that

3 3
ExX}  EY

EX7 - @ 1o

Condition (16) holds, e.g., if the first three moments of X; and Y7 coincide.
Theorem 2 directly implies the following statement.

Theorem 3. Assume that the r.v.s Ny, X1, X, ...; Y1, Yo, ... satisfy conditions (2), (10) and (16).
Then, as t — oo, the ‘additional time’ d has the form
(3—u?)[ EX} EY{

d="= EXCR (B +o(1). 17)

Remark 2. IfEX; = EY; = 0, then (17) can be rewritten as
d = 153 —uz) (a(X1) — sa(V1)) +0(1),

That is, in this case, the continuous-time analog of asymptotic deficiency is determined by the
difference of kurtoses.

3.4. Comparing the Distributions of Poisson Random Sums with Those of Non-Random Sums

It is well-known that the asymptotic properties of non-random sums of independent
identically distributed r.v.s coincide with those of the compound Poisson distributions
with the same expectation. This phenomenon manifests itself, for example, in the form
of the method of accompanying infinitely divisible distributions (see, e.g., [9], Chapter 4,
Section 24). Therefore, it is of certain interest to investigate the accuracy of the approxima-
tion of the characteristics of sums of independent r.v.s as compared to that of the accompa-
nying infinitely divisible (that is, corresponding compound Poisson) laws. This problem
was studied by many specialists, see, e.g., [10-13]. Unlike most preceding works where the
approximation of distribution functions was discussed, here we consider the application of
accompanying laws to a somewhat inverse problem of approximation of quantiles.

Here, we will not assume the possibility of the interpretation of the presented results
in terms of a collective risk model where at least the expectations of X; should be positive.
Assume that the independent identically distributed r.v.s X1, X, ... are standardized:

EX; =0, EX?=1. (18)
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Again, let N; be an r.v. with the Poisson distribution with parameter At, where
A > 0 is fixed. Assume that for each t > 0 the random variables N;, Xy, X, ... are
independent. Consider the problem of comparison of the distribution of a normalized
Poisson random sum

g — X1+ ...+ Xn,
t m
with the distribution of the corresponding non-random sum
U — X1+...+X[M]
f A1

as t — oo, where the symbol [a] denotes the integer part of a real number a. For definiteness,
if Ny = 0, then S} is assumed to be equal to zero.
If conditions (18), (10) and (2), then Lemmas 1 and 2 imply (see (9)) that, as t — oo,

P(ST < ) = B(x) ~ —lp(x)(s® 1)
x) =®(x) — x)(x°—1)—
! VT
EX3 2
C W) eyaid gy (EX)) (x5 — 10x +15x) | +o(t71), 19)
24\t
whereas the classical theory of asymptotic expansions in the central limit theorem (e.g.,
see [16]) yields that
P(U; <) = B(x) ~ —L_g(x)(2 — 1)
x) =®d(x) — x)(x°—1)—
f o/ ”
EX3 2
90) Xt 3)(x® —3x) + (EX}) (x5 —10x +15x) | +o(t™ ). (20)

- 24[Ad]

Note that (19) and (20) differ in that, in (19), the kurtosis of X is present in the non-
normalized form »¢;(X;) = EX%, whereas in (20), there stands the normalized kurtosis
sa(Xy) = EX{ —3.

From the obvious inequalities

AM—1<[M] <At

it follows that, as t — oo,

11 11 1 ,
<< - =
A ST S -1 (o)
and 1 1
= —+0(t72).
o - v o)

Therefore, relation (20) can be rewritten as

3
P(U; <) = B(x) = —Lg(x) (2~ 1)

(EX])?

90 [g (x4 — 3)(x® — 32) +

_ 5__ -1
7Y (x> —10x +15x) | +o(t ). (21)

Denote U; = U; /+/t. Leta € (0,1). Define the asymptotic (1 — «)-quantile Cy(t) of

S} by the relation
P(S} > Calt) =atolt™), e

10
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Define the number d € R by the formula
P(\/ZU; >Cu(f)) =a +o(t™h), t— oo,

where f =t +d + o(1). Now relations (19), (21) and Theorem 2 directly imply the follow-
ing statement.

Theorem 4. Let « € (0,1). Assume that the r.0.s Ny, X1, X3, . . . satisfy conditions (18), (10) and
(2). Then
3—u2

d= 1

+o(1)
as t — oo, where ®(uy) =1 — a.

Remark 3. The quantity d can be interpreted as the asymptotic deficiency of the distribution of a
non-random sum with respect to the corresponding accompanying compound Poisson distribution.
Note that under the conditions of Theorem 4, d does not depend on the distribution of Xy. If
« > 0.0417..., then d is asymptotically positive, that is, the (accompanying) compound Poisson
distribution of the r.v. S} provides better accuracy for the approximation of the asymptotic (1 — «)-
quantile of Uy .

4. Conclusions

This paper is a continuation of our previous work [1] and deals with a version of
the problem of stochastic ordering. We follow an approach based on the concept of
deficiency, which is well-known in asymptotic statistics. In the present paper, we considered
compound Poisson distributions and introduced a continuous analog of deficiency. It was
suggested to understand the continuous deficiency as the difference between the parameter
of the compounding distribution of a Poisson random sum and that of the compound
Poisson distribution providing the desired accuracy of the normal approximation. The
asymptotic representations for the continuous deficiency were obtained under the condition
that possible distributions of random summands possess coinciding first three moments.
Therefore, we can say that, in this problem, we deal with ‘fine tuning’ of the distribution
of a separate summand since we assume that different possible distributions of random
summands can differ only by their kurtosis. In the setting under consideration, the best
distribution delivers the smallest value of the parameter of the compounding Poisson
distribution. The main mathematical tools used in the paper are asymptotic expansions
for the compound Poisson distributions and their quantiles. The formal setting mentioned
above was applied to solving some practical problems dealing with the collective risk
insurance models where it is traditional to describe the cumulative insurance payments
by the compound Poisson process. The approach under consideration makes it possible
to determine the distribution of insurance payments providing the least possible time
that provides the prescribed Value-at-Risk. We also considered the application of the
proposed approach to the study of the asymptotic properties of non-random sums of
independent identically distributed r.v.s as compared to those of the compound Poisson
distributions with the same expectation. We investigate the accuracy of the approximation
of the characteristics of sums of independent r.v.s as compared to that of the accompanying
infinitely divisible (that is, corresponding compound Poisson) laws. Unlike most preceding
works where the approximation of distribution functions was discussed, here we considered
the application of accompanying laws to a somewhat inverse problem of approximation
of quantiles.
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Abstract: Foreach € (—1,1), the exact value of the least upper bound H(t) = sup{E|X|*/E|X — t]*}
over all the non-degenerate distributions of the random variable X with a fixed normalized first-order

moment EX; //EX? = t, and a finite third-order moment is obtained, yielding the exact value of

the unconditional supremum M := sup L (X)/L1(X — EX) = (V17 + 7\/7) /4, where L1(X) =

E|X[3/(EX?)3/2 is the non-central Lyapunov ratio, and hence proving S.Shorgin’s (2001) conjecture

on the exact value of M. As a corollary, an analog of the Berry—Esseen inequality for the Poisson ran-
dom sums of independent identically distributed random variables X;, X5, . .. is proven in terms of

the central Lyapunov ratio L; (X; — EX;) with the constant 0.3031 - H(#)(1 — £2)3/2 € [0.3031,0.4517),

t € [0,1), which depends on the normalized first-moment t := EX; / \/@ of random summands

and being arbitrarily close to 0.3031 for small values of f, an almost 1.5 size improvement from the

previously known one.

Keywords: Lyapunov fraction; extreme problem; moment inequality; central limit theorem; Berry—
Esseen inequality; compound Poisson distribution; normal approximation

MSC: 60F05; 60E15; 26D05

1. Introduction

Let X, X1, X», ... be independent and identically distributed random variables (i.i.d.
r.v.’s), N) be a Poisson r.v. with expectation A > 0 and independent of the sequence
{Xn}u>1 foreach A > 0. The r.v. is

SA:X1+X2+...+XN/\

and is called a Poisson random sum, and its distribution is called a compound Poisson.
Here, for definiteness, we assume that 22:1( -) = 0. Poisson random sums S are popular
mathematic models in many fields. In particular, in the classical collective risk model [1],
the r.v. S, describes the total insurance claim amount per time unit with the intensity of the
claim arrivals equaling A. Many examples of applied problems that make use of Poisson
random sums can be found, e.g., in the books [2—4]. As a rule, these problems can be
successfully solved only if the distribution of the r.v. S, is either known or approximated
accurately enough.

Mathematics 2023, 11, 625. https:/ /doi.org/10.3390/math11030625 13 https:/ /www.mdpi.com/journal /mathematics
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Assume that EX? € (0, ). We denote

-~ S —ES, S),-AEX
S, = =

DS, AEX2
1
27

As is well known, under the above assumptions, the compound Poisson distributions
are asymptotically normal:

~ X
Fy(x):=P(S) <x), ®(x)= L e /2 dt, xeR.

0

A)N(X) :=sup|Fy(x) —P(x)] -0, A — oo
X

Therefore, irrespective of the common distribution . (X) of the summands Xj, Xy, ...,
the distribution function (d.f.) of the Poisson random sum S) can be approximated by
the normal law with the corresponding location and scale parameters under reasonable
(“convenient,” computable) estimates Ay < A for the uniform distance A :

®(x)—A) < Fi(x) < P(x)+A), x€eR.

Under the above assumptions, A, may converge to zero arbitrarily and
slowly ([5], Theorems 5 and 8). Some possible upper bounds for A, in this situation were
presented in [6]. However, under some additional moment-type conditions, the rate of con-
vergence of A to zero can be rather universally estimated by a “convenient” power-type
function. For example, if E|X|?+¢ < co for some & € (0,1], then A, = O(A"S/Z), as A — oo.
A particular form of O(...) is determined by the available moment characteristics of .2 (X).

The main attention was traditionally given to the case § = 1 since, generally, for 6 > 1,
the convergence rate remains the same as for 6 = 1. Moreover, by analogy with convergence
rate bounds for the sums of a non-random number of independent r.v.s’, central moments
were initially used in the moment-type bounds for A, since these bounds themselves were
obtained by a more or less ingenious application of the formula of total probability in order
to extend to random sums the bounds initially constructed for non-random sums. These
bounds had a rather cumbersome form, as shown in [7,8].

However, in the construction of the estimates of the accuracy of the normal approxi-
mation to compound Poisson distributions, it turned out to be convenient and reasonable
to use non-central moments. In these terms, the bounds take a pretty simple form [9,10]

A(X) < % LX), A0, 1)
where 5
E|X
Li(X) = W @

is the non-central Lyapunov ratio or non-central Lyapunov fraction. Estimate (1) is an analog of the

Berry-Esseen inequality for Poisson random sums (or for compound Poisson distributions).
The first upper bounds for the constant C; [9-11] were greater than the then best-known

upper bounds for the absolute constant C in the classical Berry—Esseen inequality [12,13]

supIP’(XlJr"'erninEX<x>—<I>(x) <£-L0(X), HEN,
xeR nDX vn
where 3
E|X — EX]|
Lo(X) = ———— = L1 (X - EX
0( ) (DX)3/2 1( ) (3)

is known as the central Lyapunov ratio or the central Lyapunov fraction. Michel [14] was
the first to prove that C; < C (four years later, this result was independently re-proved

14
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in [15]). Finally, the authors of [16] succeeded in proving that C; < C. Namely, in that
paper, the upper bound of C; < 0.345 was obtained, which was strictly less than the lower
bound Cf := (v/10 4+ 3)/(6v/27) = 0.4097 ... [17] for the absolute constant C. Later the
upper bound of 0.345 for C; was lowered to 0.3041 [18] (see also [19], Theorem 2.4.3) and
0.3031 ([20], Theorem 4). The first lower bound, C; > 0.2344, for C;, was obtained in the
paper [21]. In ([5], Theorem 5) and ([22], Chapter 3, p. 50), this estimate was improved to

., m ,.)/k m—y 2
Ci > sup ﬁ<€7 — = <7>> > 0.266012... = ——= +0.0000505.. ..
¥>0,meN VY 3v2m

In [5], an intermediate estimate was obtained in terms of the least upper bound with
respect to y and m, whereas in [22], exact values v = 6.4206, m = 6, were found to provide
the lower bound for this supremum. However, if we let v = m — oo, then the limit value is
2/ (3\/5) only. The lower bound for the constant C; is presented here with the separation
of the term 2/(3+/27t), and due to that, this number plays the same asymptotic role in
inequality (1), as the Esseen lower bound Cf in the classical Berry—Esseen inequality. For
more details concerning the asymptotically exact constants, see [5,23]. A detailed survey of
the moment-type bounds for the accuracy of the normal approximation to the compound
Poisson distribution, including both the case 0 < 6 < 1 and asymptotic settings, can be
found in [5] (for the case § = 1 and non-asymptotic setting see also [18], Section 3).

It should be noted that the estimate (1) in terms of the non-central Lyapunov ratio
L1(X) implies a similar estimate in terms of the central Lyapunov ratio

!
= K

Co

A(X) < — - Ly(X), A>0, 4
A(X) ey o(X) )
where Cj is an absolute constant, but not vice versa. Namely, let
Ly(X) E|X|? (]D)X>3/2
X)=J(Z(X)):= = — ,
00 = J200) = 1o = g (e

and let & be the class of all distributions on R with finite third moments. In 1996
S.Shorgin [24] proved that for any .2 (X) € &

X) <2v2 <2885 and  inf J(X)=0,
J(X) <2v2 an z(l)p)a@]( )

hence, with the account of the upper bound C; < 0.3031 [20], it follows that Cy < 2v2C; <
0.8573, and also that inequality (4) does not imply (1); that is, bounding (1) in terms of
the non-central Lyapunov ratio not only obtains in a more natural way than (4) but is
also more accurate. However, inequality (4) is more natural and extremely convenient in
estimating the rate of convergence of distributions of randomly stopped random walks
with equivalent elementary trends and variances to variance-mean mixtures of normal
laws [25-29], in particular, to skew the exponential power law, skew the Student’s law, and
more generally, the variance-generalized gamma and generalized hyperbolic distributions.
Note that such asymptotic behavior of the elementary trends and variances is typical for
the increments of a Wiener process with drift, and due to the considerable trends, the
central moments of elementary increments are computed in a much simpler way than the
non-central ones, which gives an advantage to inequality (4) over inequality (1).
In 2001, S. Shorgin [30] suggested that

sup J(X) = sup ) VIZETVT ) ysour.. Cen )
L(X)er 2(x)ez Lo(X) 4

and described the hypothetical extreme of the two-point distribution of the r.v. X.
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In 2011, Korolev, Shevtsova, and Shorgin [31] demonstrated that the least upper bound
sup J(X) can be found in the class of distributions concentrated in at most three points,
Z(X)ez
and that the estimate sup [(X) < 1.49 was computed numerically, which implies
Z(X)ez
that Cy < 1.49C; < 1.49(~ ()).3031 < 0.4517, see also ([19], Section 2.4). Note that, as of
2011, the best-known upper bound for C; was 0.3041 [18], yielding a worse upper bound
Cp < 1.49-0.3041 < 0.4532, published in the cited works.

In the present paper, a complete proof of hypothesis (5) is given, but the main result
consists of the solution to this problem in a more delicate setting. Namely, we suggest
the fixing of the value of the normalized mathematical expectation EX/VEX? = t €
(—1,1) and instead of the unconditional optimization problem (5), we solve the problem of
conditional optimization

Ly(X 3/2 E|X?
sup J(X)= sup % =(1-#) _EIX[” 5. (6)
L(X)eP: 2x)jer: Li(X—t) 2x)ez: E|X—t
EX=tVEX2 EX=t,EX?=1 EX=t,EX?=1

which allows us to take the possible smallness of the centering parameter EX /v EX? into
account and majorize the ratio J(X) = L1(X)/Lo(X) by a quantity close to unity, which is
almost one and a half times more accurate, than is allowed by (5). The values t = 41 are not
considered here because the only distribution satisfying the conditions EX = t = £1 and
EX? = 1 is the degenerate in the point t one. The solution to the conditional optimization
problem (6) reduces the calculation of the least upper bound to

E|X*

H(t) ::sup{m:.f(X)E,@, EX =t IEXZ:l}, -1<t<1. (7)

In the present paper, H(t) is calculated for each value of the centering parameter
t € (=1,1) (Theorem 1 and Table 1), and hypothesis (5) is proved by writing the sup J(X)
in the form
sup J(X)= sup H(t)(1- t2)3/2
ZL(X)ez te(—1,1)
and calculating the latest upper bound with respect to t € (—1,1) (Theorem 2 and Table 1).
In particular, from (7), it follows that for any .#(X) € &2, we have

0= 1% < Z) (1 (522)3/2’

and hence, for any distribution .£(X) € 2 with the known value of the normalized
first-order moment EX/VEX? =t € (—1,1), inequality (4) holds with a sharper value of
the constant

Co = Colt) == Cy - H(t) (1 — £2)¥* < 0.3031 - w < 0.4517.

The values of Cy(#) rounded up to the fourth digit are presented for some t € [0,1)
in the fourth column of Table 1. In addition, in Theorem 3, the form of the constant Cy(t),
t € (—1,1), is presented for the case where only an upper bound [EX|/VEX? < tis known
for the normalized expectation.
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Table 1. The values of the functions H(t), H(t)(1 — £2)3/2, Cy(t) = 0.3031 - H(t)(1 — £2)3/2, and the
mass p(t) of one of the atoms of the extreme distribution rounded up, for some t € [0,1).

t H(t) H(t)(1— )% Co(t) p(t)
0 1 1 0.3031 3/
0.001 1.00111 1.00111 0.3035 0.2116
0.01 1.0108 1.0107 0.3064 0.21405
0.05 1.057 1.053 0.3192 0.22494
0.1 1.1225 1.1057 0.3352 0.23856
0.2 1285 1.20871 0.3664 0.26593
03 15034 13051 0.3956 0.29365
0.4 1.805 1.3896 0.4212 0.32205
05 2.2392 14544 0.4409 0.35168
0.6 2.9067 1.4882 0.4511 0.38345
57 Li2y7 NN 0.4517 ST
0.7 4.04901 1.4747 0.447 0.41691
0.8 6.4739 1.3984 0.4239 0.44833
0.9 15.041 1.2457 0.3776 0.47783
1- oo 1 0.3031 05

Regarding the methods, computation of the least upper bound in (7) is implemented
in two steps: a reduction to the distributions concentrated in two points at most (see
Section 3, “Reduction to the case of two-point distributions”), and the analysis of the two-
point distributions (see Section 4, “Analysis of the two-point distributions”), the last step is,
in fact, the most difficult one from a technical point of view. It also should be noted here
that the standard technique based on the works [32-34] (see also [35]) allows the reduction
of only up to the three-point distributions, since there are three linear conditions in total for
Z(X) in (6) and (7): the two moment conditions EX = t and EX? =1, plus one probability
normalization condition EX? = E1 = 1. In fact, the same moments should be fixed in (5)
to make the objective function

E|X]?
(EX2)3/2 n

E|X — EX|?

Ly(X) = Csr - Lo(X) = DR

CSH :

linear with respect to .Z(X), and hence, no further reduction in (5) can be allowed by just the
standard techniques. Therefore, we used an alternative approach based on the construction
of a special lower bound to |x — t|* with two tangency points in the form of a linear
combination of the functions 1, x, x2, and |x|3, generating the required moment conditions
El =1, EX = t, EX?> = 1, E|X|? < c (Lemma 1 in Section 3), and then integrating
the obtained inequality with respect to x (Lemma 2 in Section 3). This trick allows us to
immediately reduce the calculation of the least upper bound in (7) to the analysis of the
two-point distributions, which is implemented in Lemma 4 of Section 4.

Section 2, “Formulations of main results,” contains accurate formulations of the main
results, and Section 5, “Proofs of main results,” contains their proofs.
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To conclude this introductory overview, note as well that an “opposite” problem of
comparing the central and non-central absolute moments

E|X — EX|?

]E‘X‘p — Ssup

was considered in the papers [36], with p = 3 and [37], with an arbitrary p > 1; for a wider
class of functions of X and X — EX, including | - |P; and also in [38] with p = 3 under an
additional restriction EX/VEX? = t foreach t € (—1,1).

2. Formulations of Main Results
Theorem 1. Forevery t € (—1,1)

1, t= 01
2 2
EIxP? 32 1-2A(1)
H(f) = sup #3: i iy <M< @
2(X)ez: EIX —t 5
EX=tVEX2 fo < |t <1,

z(H) (3 —22(1))’

where tg = \/ 327 = 0.6263....,

u(t), 0<t<ty,
2 = {40 ©)
o(t), th<t<1,
u(t),0 <t < V3/2 =0.8660..., s the unique root of the equation
duvT—u2 42 -3 (10)
3u2—1 3 /1-12
on the interval 0 < u < ?,’ and v(t), t € (0,1), is the unique root of the equation
_2)3/2 Y
2(1—o%)>2  #(3—2t%) 1)

v(3 —02) (1—12)3/2

on the interval 0 < v < 1. The function H(t) is continuous and monotonically increasing on [0,1)
with tlirln H(t) = +oo. The supremum in (7) is attained for 0 < t < 1 only on the two-point
S

distribution of the form

PX=x)=p=1-PX=y)=1—q, (12)
where x = x(t) = t+ /(1= 2)q/p,y = y(t) = t = /(1 = 2)p/q, and
p=p(t)=3(1-z(), te(01) (13)

The values of the functions H(t) and p(t) for some t € [0,1) rounded up to the fourth
digit are given in the second and fifth columns of Table 1. Since the function p(t) is close
to linear (see the left graph in Figure 1), for more clarity, the right graph in Figure 1 also
represents the normalized function

Sy p(t) _ p(t)
T e e ) e s s L

18
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Figure 1. Plots of the functions p(t) and p(t) defined in (13) and (14), respectively.

The next statement provides a simple upper bound for H(t) for small |¢| in the form
of a fractional-rational expression.

Proposition 1. The function H defined in (8) admits the upper bound

5t + 62
(1—12)(3v2—21)

H(t) < A(t) == 5 forevery 0 <t < t, (15)

where H is continuous and monotonically increasing on [0, to] with
H(t) -1

lim 2= g
0% H(t) — 1

Theorem 2. Foreveryt € (—1,1), we have

E|x|
sup  J(X) = sup  —X(1- 22 = H(t)(1- ),
L(X)eP: 2(x)ez: E|X —t|
EX=tVEX2 EX=tVEX2

where the function H(t)(1 — t2)3/2 is even and continuous on the interval (—1,1), increases on

the interval 0 < t < tg = 4/ S*Tﬁ = 0.6263.. ., decreases on the interval ty < t < 1, and

lim H(t)(1—2)%% =1, 16

Jim H(#)( ) (16)
\J1-£2

sup H(H)(1 =232 = sup J(X) = 5 0 . = 7477 =1.489971..., (17)

—1<t<1 L(X)ep 1—2t5+ 2t 4

with the supremums attained only at the points t = £t and only on the two-point distribution of
the form
P(X=t')=1, P(X=0)=1-13

The existence of the upper bound (15) for H allows us to immediately construct a
simple and rather tight majorant for the function H(t)(1 — £2)3/2 for a small £.

Proposition 2. For 0 < t < ty, we have

2\3/2 723/2_V1—t2(5f+6\ﬁ)
H(t)(1—t7)* < H(t)(1—t)"" = —2(3\&_20 , (18)

where H(t)(1 — t*)3/2 is continuous and monotonically increasing on [0, to] and satisfies

i A1 —-2)32-1
=0+ H(t)(1—12)3/2 -1 7

19
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A(t)(1—£3)%/2 = 1.5144... = H(t)(1 — £3)¥/? +0.0244 . ..

The values of the function H(t)(1 — t2)3/2 for some t € [0,1), rounded up to the fourth
digit, are presented in the third column of Table 1. The plots of the functions H(t)(1 — 2)3/2
and A(t)(1 — t?)3/2 are given in Figure 2.

J - 151444 e — H()(1-t?)*?
L2707 =1.4899... = - O - 8272

13

1.0

0 0.25 05 ;o5 075 1.0
6

t

Figure 2. Plots of the functions H(t)(1 — #2)3/2 and H(t)(1 — t?)%/2.

Theorem 2 and inequality (1) directly imply the following estimate of the accuracy
of the normal approximation to the distribution of a Poisson random sum in terms of the
central moments of the summands.

Theorem 3. Using the notation from Section 1, for every t € (—1,1) and for any common
distribution of random summands £ (X) € 2 with EX = tVEX?, we have

Co(t)
AM(X) < L Lo(X), A>0, 19
A(X) Jr 0(X) (19)
where
Co(t) = C1 - H(£)(1 - £2)3/2 < 0.3031 - %ﬁ < 04517, te(-1,1).

If [EX| < tVEX?, then inequality (19) holds for each t € [0,1) with Co(t) replaced by Co(t A to),
where ty = 4/ S%ﬁ = 0.6263... is defined in Theorem 1. Moreover, Co(t) admits the estimate

_ 12
Co(t) < 0.3031 - M/ 0<t<ty,
2(3v/2 —21)

whose right-hand side is monotonically increasing on (0, ty).

The values of Cy(t), rounded up to the fourth digit, are presented for some t € [0,1)
in the fourth column of Table 1.
Before turning to the proofs of these theorems, note that we obviously have H(0) =1,

E|X|? E|(-X)[? E|YP?
H(t) = sup _EIXI” 5= sup B (G2.9] 5 = sup __ENMP 5 = H(-t),
2z E[X =t gx)er E|[(=X) = (=t)]7  yez E[Y—(-t)]
EX=t, EX=t, EY=—t,
EX2=1 EX2=1 EY?=1
and hence, it suffices to consider ¢ € (0,1) only.

3. Reduction to the Case of Two-Point Distributions

The aim of the present section is to prove that for every r.v. X with EX = t and
EX? = 1, there exists an r.v. Y with the same expectation and variance, and with the
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third absolute moment matching X (and whose distribution is then uniquely defined),
such that E|X — t3 > E|Y — ¢|3. Since E|X|® = E|Y|?, this would immediately imply that
E|X —t]3/E|X|* > E|Y — t]3/E|Y|?, and, hence, the investigation of the least upper bound
in

E|x|?
H(t)=  sup _EIXI” 5 = sup sup N 3
2(x)ez: E|X—t| p=1 Z(X)eP: E[X — ¢
EX=t EX?=1 EX=t,EX?=1,E|X[*=p

can be restricted to the analysis of the two-point distributions only.

Following Richter [39], we start with the construction (Lemma 1) of a special lower bound
for the function |x — £|?, x € R, which satisfies the following two important properties:

e  itisa linear combination a + bx + cx2 + d\x\3, a,b,c,d € R, of the functions 1, x, x2, \x\3
generating the given moment conditions E1 = 1, EX = t, EX> = LE|X]? = p €
[1,00); and

e ithas exactly two tangent points with |x — 1|3.

Afterward, we integrate (Lemma 2) the obtained inequality with respect to x to
construct a lower bound to E|X — t|3 as a linear combination of 1, EX, EX?, and E|X |
and note that equality in the obtained inequality is attained iff X is a two-point r.v. with
possible special values. Finally, we prove in Lemma 3 that for every p > 1 and any r.v. X
satisfying the above three moment conditions EX = t, EX? = 1,and E|X|*> = p, there exists
a two-point distribution (of the r.v. Y), whose support satisfies all the conditions in the
coefficients a,b, c,and d of 1, x, x2, and|x\3 imposed by Lemma 2 and which then satisfies
the required inequality

E|X —t > a+bEX + cEX> +dE|X]P=a+b-t+c+d-p=E|Y -t

The last statement allows us to immediately conclude that only the two-point distribu-
tions may be extremal.

Lemmal. Let t € R\ {0}. Then for all u,v € R such that

u+v >0,
u<l<o,
the inequality
\x—t|3 >a+bx+cx2+d\x|3, x €R, (20)
holds, where
a=a;(u,v)= |t\3a1(u,v), (21)
b= be(u,v) = t|t|by(u,v), (22)
c = ct(u,0) = |t|e1(u,0), (23)
d=d(u,v), (24)
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(2uv — u — v) (2u*v? — 2uv — u? — 2uv? + 4uv — v?) -0
_ , uz=y,
(u—0)°
6utv? — u* — 12u30? + 4uPv + 6ulv* — 12120° + 6120? + 4uv® — vt

(u—0)(u+ ) (42 — 4uv + 02)

a1(u,0) =

3(2u30* — 4o + v + 2u0® — 4o+
by(1,0) +5u%0 — 4uv® + 5uv? — duv +0%) / (u — 0)3, u>0,
1(U,0) =
3(4ulo — u® — 4uv? — 3u%0 + 4uv® — 3uv? + duv — v°)
_ , u<o,
(u —v)(u2 — 4uv + 02)

3(u® — 4uv? + 5u%v — 4u® + 5uv? — duv 4 2u + 3 — 40 + 20) 0
u
3 7 = 7

c1(u,0) = - v
3(ut + 4ulv — 4ud — 6u20? + 2u? + 4uv® + vt — 40° + 20%)

(u—0)(u+0)(u? — 4uv + 02)

, u<o,

u~+0—2)(u?—4uv+2u+ 0> +20—-2
C(ut )( +3 + 0% + ), “>0,

d(u,0) = (u—0)
(1,0) (u+v—2)(u? — 4w+ 2u + v* + 2v — 2)

(1 + 0)(u2 — 4uv + 02)

, u<o,

with equality attained exactly in the two points: ut and vt.
Remark 1. In [38], Lemma 1, it was demonstrated that for any t € R\ {0} and real u, v such that

u+ov<0,
v>1,

the inequality
|x — if|3 < ar(u,0) +be(u,v)x + ct(u,v)x2 + d,(u,v)\x|3, x € R,

holds with the same functions ay, by, ¢y, and dy, as in Lemma 1 for the case where u < 0 with equality
attained exactly the two points ut and vt.

Let
f(x)=|x—17 and g(x)=a-+bx+cx®+d|x]’>, xeR,

be the left-hand and right-hand sides of (20) with t = 1, respectively. Figures 3-5 illustrate
that several variants of the location of tangency points of the functions f and g with respect
to the stationary points of g are possible. On the left side of these figures are the plots
of f(x) (solid line) and g(x) (dotted line), whereas on the right side, for clarity, is the plot
of the difference f(x) — g(x).
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Figure 3. The graphs of the functions f(x) = |x — 1]® and g(x) = a + bx + cx? + d| x| from Lemma 1
(left) and the graph of the difference f — g (right) for u = —5, v = 10 (d > 0). The unique minimum
point of g lies between the tangency points u and v.
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Figure 4. Plots of the functions f(x) = |x — 1| and g(x) = a + bx + cx* + d|x|> from Lemma 1 (left),
and the plot of the difference f — g (right) for u = —1, v = 2 (d < 0). The unique minimum point

of g lies between the tangency points 1 and v. The maximum points lie to the left from u and to the
right from v.
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Figure 5. Plots of the functions f(x) = |x — 1| and g(x) = a + bx + cx? + d|x|> from Lemma 1 (left),
and the plot of the difference f — g (right) for u = 0.5, v = 3 (d > 0). The unique minimum point
of g lies between the tangency points u and v. Two more stationary points, the minimum and the
maximum points, lie to the left of u.

Proof. By virtue of the relations (21)—(24), the problem is reduced to the case of t = 1 by
the scale transformation. We let

flx) =|x— 1|3, g(x) = a+bx—|—cx2+d\x\3, h(x) = f(x) —g(x), x€eR.
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The coefficients a, b, ¢, and d given in the formulation of the lemma, were constructed so
that points u and v were the tangency points of the functions g(x) and f(x); that is, these
coefficients are defined as the solution to the system of the following four linear equations:

gu) = f(u), a+bu+cu2+d|u|3 = (1—-u)d,
gy = fl(u), — b+ 2cu + 3duu] = —3(1-u)?
glv) = f(v), a+ b+ cv? + dovd = (v—1)5
) = flv), b+ 2cv + 3dv? = 3(v—1)>~
Next, we proved that /i(x) > 0 for any x € R.
1.Let0 < u < 1. Then
(2uv — u — v) (2u*0* — 2uv — u? — 2uv? + 4uv — v?)
a1 (u,v) = — 3 ,
(u—0)
by (1,0) 3(2u3v? — 4o + u® + 2u%0® — 4uP0? + 5uPv — 4uv? + 5u0? — duv + 03)
u,v) = ,
1 (u—2)?
3(u® — 4uv? + 5u%0 — 4u? + 5u0% — 4uv + 2u + > — 40? + 20)
c1(u,v) = 3 ,and
(u—0)
d(u,0) 7(u+v—2)(u2—4uv+§u+vz+2v—2)‘

(u—0)
(1a) Let x > 1. We have

2(u —1)%(x — v)*(2uv + ux — 3u — 3vx + v + 2x)
(=0’ '

h(x) =

Since
2u—1)2(x-0v)2>0, (u—2v)°<0,

it suffices to show that
s1(x) :=2uv + ux — 3u — 3vx + v+ 2x < 0.
We have
51(1) =2(u—1)(v—1) < 0and
u+2
3
therefore, s1(x) < 0 and h(x) > 0. Moreover, h(x) = 0 if and only if x = v.

si(x) =u—3v+2<0, sincev>1>

(1b) Let 0 < x < 1. Then

2(x — u)z(v —1)%(2uv — Bux 4 u +vx — 30+ 2x)

h(x) = 3

(u—0)

Since
2(x—u)*(0—1)220, (u—0)°<0,

it suffices to show that
sp(x) == (v —3u+2)x+2uv+u —3v < 0.
We have

$3(0) =2uv+u—3v <0, sincev>1> 3—L2u; and

s2(1) =2(u—1)(v—1) <O,
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min{s,(0),s2(1)} < sp(x) < max{sz(0),s2(1)},

therefore, s(x) < 0 and hi(x) > 0. Moreover, h(x) = 0 if and only if x = u.

(1c) Let x < 0. Then
W(x) = =3(1—x)? — b —2cx + 3dx?,
' (x) =6(d—1)x +2(3—c¢),
1(0) >0,

moreover, 1(0) = 0 if and only if u = 0 (as it was proved above),

6u(v —1)* (12 + uv — 20)

WO)=-b-3= ,
(0) o u]
2 —
d_1— 2u—1)"(u 330—&—2),
(0—u)
6(v—1)2(2u? —u —
3 (v—1)"(2u 3u v).
(u—0)
Taking into account the relations
6u(v—1)2
————3 =20,
(0 —u)?

2
. u
u2+u21720<0, smcev>1>2 ,

we have 1/ (0) < 0. Moreover, 1’ (0) = 0 if and only if u = 0. Note that

2 _1)2
M>0,
(v—u)

2
u—3v+2<0, sincev>1>%,
_1)\2
6(v—1) <0

(u—0)3

2u2—u—v<0, sincev>1>2u2—u,

therefore,d —1 < 0, 3—c¢ > 0,and 1"/ (x) > 0. Hence, //(x) increases, and with the account
of I'(0) < 0, we find that /' (x) < 0 for x < 0; that is, h(x) decreases for x < 0. Since
h(0) > 0, we have h(x) > 0 for x < 0.

2. Now let u < 0. We have

6utv? — u* — 12u80% + 4uPv + 6u?v* — 121203 + 61202 + 4uv® — vt

a1 (w,0) = (u—0)(u+0) (12 — 4uv + v2) !
3(4u’v — u® — 4uv? — 3u%v + 4uv® — 3uv® 4 4uv — v°)
bi(u,v) = — ,
(u—v)(u2 — 4uv + v?)

3(ut + dudv — 4ud — 6u0? + 2u? + 4uv® + vt — 40% + 20?)

cr(u,v) = 2 2 ’

(u—v)(u+v)(u?—4uv + v?)

u—+0v—2)(u?—4uv+2u+v>+20—-2

d(u,v) = (u + ) )

(1 +0) (42 — 4uv + 02)

25



Mathematics 2023, 11, 625

(2a) Let x > 1. Then
2(x — 0)’s3(x)

hlx) = (v —u)(u+0)(u? - 4uv +02)’

where
s3(x) = 3u* — 61> + 3u%0? + 6uPvx — 610 — 3u’x + 3u® — 6uvx + 4uv 4 2ux + 30%x — ¥ — 2vx.
Note that

2(x —v)?
(v —u)(u+0)(u2 — 4uv + 02) >0

with the equality attained iff x = v. Therefore, it suffices to show that s3(x) > 0. However,
this follows from the relations

s3(1) = 3u* — 613 + 3u%0® —2u(v —1)(Bo+ 1) +20(v — 1) > 0,
sh(x) = 3u?(2v — 1) — 2u(3v* — 1) + v(3v — 2) > 0.
(2b) Let x < 0. Then

2(x — u)?sy(x)
(v —u)(u+0) (U2 —4uv+0?2)’

h(x) =
where
s4(x) = 3u?0? — 6uvx + 3ulx — u® + 6uv*x — 6uv? + 4uv — 2ux + 3v* — 6v° — 3v%x + 30 + 2vx.
Note that

2(x — u)?
(v —u)(u+0)(u? —4uv + 02)

20,

with the equality attained iff x = u. Therefore, it suffices to show that s4(x) > 0. However,
this follows from the relations

54(0) = u?(30* — 1) — 2uv(3v — 2) + 30 (v — 1)2 > 0,

si(x) = (v —u)(3u(20 — 1) — (3v —2)) < 0.

(2c)Let0 < x < 1.Forallu <0,v >1, u+ v >0, we have

2u? (uz(i’m2 —1) —2uv(3v — 2) + 30%(v — 1)2>

(v —u)(u+0)(u? —4uv + 02) >0,

h(0) =

200 — 1)2<3u4 — 6u® + 3u20? — 2u (302 — 20 — 1) + 20(v — 1))
h(1) =
) (v —u)(u+0)(u? —4uv + 02) >0,

6u (MZ(ZU —1) —uv(20 —1) +20v(v — 1)2)

") =~ (v —u)(u? — 4uv + v2) > 0.

Moreover,

12(1 — u —v) (u® + u(1 — 4v) + 0> + 0 — 2)
(u+0)(u? — 4uv + v2)

hm(x): >0 <= u+4ov<l

Consider the case 1 + v > 1. Since ' (x) < 0, the function /' is concave. Since 1/ (0) > 0,
the function /' has at most one root xy on the interval 0 < x < 1. Moreover, I’ (x) =0 for
0 < x < xpand I/ (x) < 0for xp < x < 1. Therefore, hi(x) either increases on the whole
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interval 0 < x < 1 (if 1 is nonnegative), or increases on 0 < x < xg and decreases on
xg < x <1, so that
in h(x) = min{h(0),h(1)}.
min h(x) = min{h(0), k(1))
Since h(0) > 0 and h(1) > 0, we have h(x) > 0.
Now consider the case 0 < u + v < 1. In this case, &’ is convex. Note that

6(v—1)(2—u —v)(2u3 —2u?v+u(20 —v—1) —v(v—l))

(v— 1) (u+v) (12 — 4uv + 02) <0.

(1) =

Since 1'(0) > 0, h'(1) < 0,and I’ is convex, the function i’ has exactly one root x1 on the
interval 0 < x < 1. Moreover, //(x) > 0for 0 < x < x7 and //(x) < 0 for x; < x < 1. So,
the function & increases on the interval [0, x1] and decreases on [x1,1]. Therefore,

min h(x) = min{h(0),h(1)}.

0<x<1
With the account of 1(0) > 0 and /(1) > 0, we have h(x) > Oforall0 < x < 1. O

Lemma 1 trivially yields the following statement.
Lemma 2. Forany £(X) € 2,t € R\ {0} and every u,v € R such that
{u +v>0,
u<l<o,
the inequality
E|X — i!|3 > ap(u,v) + by (1, 0)EX + ¢4 (u, v)EX? + d(u,v)]E\X\?’,

holds with equality attained iff the distribution of the r.v. X is concentrated in the two points: ut
and vt.

By &, let us denote the class of all the non-degenerate two-point distributions.
Obviously, 2, C Z.

Lemma 3. Foranyt € (0,1)

E[x|? E|x|?
H(t) := _EIXF 5= su _EIXF 3
2x)ez: BEIX —t°  zx)ez, EIX — 1
EX=t, EX=t,
EX?=1 EX%=1

moreover, the least upper bound on the right-hand side can be attained only on the two-point distributions.
Proof. It suffices to prove that for any ¢ > 1 and r.v. X with

EX=t EX>=1,and E|X?=o
there exists a two-point r.v. Y with

EY =t EY?2=1,and E[Y] =o,

satisfying the inequality
E[X -t > E|Y —t].
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Indeed, the above moment conditions imply that

H(t) = sup sup % < sup sup %, 0<t<l,
0>1 2(X)ez: Ex=t, B|X —t]° 031 vez,: Ey=t, E|Y —{]
EX?=1,E|X[*=0 EY2=1,E|Y|?=¢

where only equality is possible since &, C Z.

(1) Let ¢ > 1. Consider a two-point r.v. Y}, that takes values x > y with probabilities p and
g =1 — p, respectively, and satisfies EY, = ¢, ]EYFZ, = 1. Then we necessarily have

x=x(p)=t+/A-1)q/p, y=y(p)=t—/1-*)p/q.
We show that x +y > 0iff p < % We have
2t\/ﬁ+\/l—t2(q—p)
x+y>0 <— >0 < 2t 1—p)>V1-122p—1).
y 7P \Vp(1=p) (2p-1)

The last inequality trivially holds for 0 < p < 4 since the left-hand side is positive, whereas
the right-hand side is non-positive. If < p < 1, then both sides of this inequality are
positive. Therefore, they can be squared:

42p(1—p)> (1 —2)4p* —4p+1) = £2>2p-1?2 — p<¥.

Unifying the intervals under consideration, we obtain the desired statement. Note that on
(0, ) the function

o) =51 = {1+ TP ol TP

of the argument, p takes all the values from the interval (1, +00) because, for any 0 <t <1,
we have

1+t o
Q<T>—L plg(r)lg(rf)—ﬂo

and §(p) is continuous. Hence, for every o > 1 there exists py = po(0) € (0, 13*) such that

]E|Yp0 \3 = ¢. Furthermore, note that,

{y(m) <t < x(po),
x(po) +y(po) >0,

and, hence, the couple u = y(pg)/t and v = x(pg)/t satisfy all the conditions of Lemma 2,
according to which, with the account of the definition of the r.v. Y},;, we have

3

’

E|X — t[> > ap(1,0) + by (1, 0)t + ¢t (u,0) + d(u,0)0 = E|Yp, — t

where the equality is attained iff the distribution of the r.v. X is concentrated in exactly two
points ut = y(po) and vt = x(po); that is, iff X £ Yp,- Therefore, the desired statement
holds with the r.v. Y £ Y.

(2) Now let ¢ = 1. By virtue of Jensen'’s inequality, for the strictly convex function f(x) =
%372, x > 0, we have

1=E|X’ =Ef(X?) > f(EX?) = f(1) = 1,
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where the equality holds iff
P(X?=EX?) =1, ie, P(|X|=1)=1

The condition EX = t immediately implies that, in this case, the r.v. X must have the
two-point distribution of the form P(X = 1) = (1% t) /2. So, the desired statement holds

withY £ X. O

4. Analysis of Two-Point Distributions

Recall that by &%, we denoted the class of all the non-degenerate two-point distribu-
tions.

Lemma 4. (a) Foranyt € (0,1)

E|x’
sup  ————= = max_ M(zt) = M(z(t),t), (25)
2(X)ezy: E[X -t —l<z<l
EX=t, EX?=1

where the function z(t), t € (0,1), is defined in Theorem 1 (see (9))

Mi(zt), —1 12t
M(z,t) = 1(z1), <z< ,
My(z,t), 1-22<z<1,
32 1—u?—a(tuv/1—u?
M(u,t) =1 . -1,1
1) =1+ =7 T2 , ue(=1,1),
(V1 —02+20
M;(v,t) = S E— ve(-1,1),
412 -3 t(3 —212)
)= ———, b(t)=—7—5375 t€(01).
H() 3t /71_t2 () (1—t2)3/2 ( )
Moreover, the supremum in (25) is attained only on the two-point distribution defined in Theorem 1

(see (12)).

(b) The functions M, My, and M, are differentiable in the domain (z,t) € (—=1,1) x (0,1)
and have continuous derivatives there.

(c) There hold the equalities

lim M;(z,t) = lim My(z,t) =1, te(0,1),
z——1+ z—1—

lim My(z,t) =—1, lim My(z,t) =1, te€(0,1),
z——1+ z—1—
2z
T 2241
lim My (z,t) = 400, z € (—1,1).
t—=1

lim My (z,t) =1, lim My(z,t) ze (-1,1),
t—0 t—0

(d) The function z(t) is continuously differentiable and monotonically decreasing on the
interval t € (0,1) with

z(o+)=§, z(to):ﬁ;Z, 2(1-) = 0.

Moreover, the inequalities
Z(H) <1-282, te(0,t),

z(H) > 1-212, te k1),
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hold, and the equality in each of them is attained only at the endpoint t = ty := %ﬁ =
0.6263. .., defined in Theorem 1.
Proof. (a) Consider a two-point distribution

PX=x)=p=1-PX=y)=1—q, (26)

with some x >t >y, p € (0,1). From the conditions

EX =tand EX*>=1,

x:t—&-q/%(l—tz)und y=1t— g(l—tz). (27)

it follows that

Denote
~ E|X[’ plx’ +qly®
H(p,t) = = , €(0,1), te(0,1). 28
(p.t) ExX_1F pa-0Ptqt—p F (0,1) (0,1) (28)
Then s
H(t):= sup % = sup H(p,t). (29)
2(X)ezy: E[X—t  o<p<t

EX=t, EX?=1

Let us show that the last supremum has the form (25) with z(t) defined in (9).
For 0 < p < 2, we have y > 0 and

_242 q=P (1 _ 42)3/2
ST EED T FIE (1 pyre .

vz

For t? < p < 1, we havey < 0 and

+t(4t2—3)(p—q)+6t2\/1—t2\/ﬁz 322 alt)ypPilp—q) +2pq
r

ﬁ(p/ t) = 1 2 2 1 +
+0% (1 _ 12)3/2 1—#2 2+ g2
7 (18 e
In terms of a new variable
z=q—-p=1-2p, (30)
we have
2 2 - - _
pg = 172, P+q?= i, and sup H(p,t)= sup H<1—Z,t)
4 2 pe(01) 2e(-1,1) 2
Observing that
ﬁ<12;2t> = M(z,t), 31)

we may finally write

H(t):= sup H(p,t)= sup M(zt), te(0,1).
pe(0,1) —1<z<1

We show that z(t) is the unique global maximum point of the function M( -, t) for each
t € (0,1), whence, with the account of relations (26), (27), (30), the item (a) would follow.
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For M;, we have

oM (u,t) 32 a(t)(3u? —1) —4uv1— u?

ou  1-£ VI—i2-(1+u2)?
and hence, the stationary points of M; ( -, t) can be determined from the equation

gl = 2L )

which coincides with (10).

Note that the function g(u) is even, continuously differentiable and monotonically
decreasing on the intervals (—1, f\/§/3), (— V3/3, \/3/3), and (\/5/3, 1) and has discon-
tinuity points of the second kind in the points u = 41/3/3 (see the plot of g(u) in Figure 6).
Therefore, there exist the inverse functions

g1 (—00,0) = (—1,-V/3/3),
¢ R — (—V3/3,V3/3),

g1 (0, +00) = (vV3/3,1),

each of which is differentiable and monotonically decreasing in its domain.

10.0

7.5 1

5.0 1

2.54

0.0 1

g(u)

—-2.54

—5.01

—7.5

e ————————————

-10.0

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
u

Figure 6. The plot of the function g(u) = 4”3;/2%7.

If a(t) = O (that is, t = v/3/2), then it is easy to make sure that u = 0 is the unique
maximum point and unique stationary point of the function My (-, ) on (—1,1).

Now let a(t) # 0. By uy(t) < ux(t) denote the roots of the equation g(u) = a(t)
on the interval u € (—1,1). If a(t) > 0 (thatis, t > +/3/2), then u(t) = g;l(a(t)),
up(t) = g5 '(a(t)) are respectively the points of local maximum and minimum of the
function M ( -, t) (see the plots of the function M ( -, t) for some t in Figure 7). Moreover,
a(t)up(t) < 0and M (uq(t), ) > 1. Since a(t) is continuously differentiable and monoton-
ically increasing, both 11 (-) and u,(+) are continuously differentiable and monotonically
decreasing with

u1(v3/24) =0, wy(1-) = —/3/3,
ur(V3/24) =1, upy(1-) =+/3/3.
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104

Mi(u, t)

-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00 -1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
u u

Figure 7. Plots of the functions M (-, t) for some ¢.

And if a(t) < 0 (thatis, t < v/3/2), then u;(t) = g, (a(t)), ua(t) = g, ' (a(t)) are
the points of local minimum and maximum, respectively. Moreover, a(t)uz(t) < 0 and
My (up(t),t) > 1. Since a(t) is continuously differentiable and monotonically increasing,

both uq (f) and uy(t) are continuously differentiable and monotonically decreasing on the
interval t € (0,1/3/2) with

w1 (0+) = —v3/3, u1(vV/3/2—) = —1,

us(04) = v3/3, uy(v/3/2—) =0.

Since M (+£1,t) = 1, the local maximum point of the function M ( -, ) is the point of
its global maximum on the whole interval u € (—1,1).
So, for an arbitrary s € (—1,1), we have

My(0As,t), a(t) =0,
sup M (u,t) = My(ui(t) As,t), a(t) >0,
—1<u<s

My (up(t) As,t) V1, a(t) <0

(here, the symbols V and A denote the maximum and minimum, respectively). For s =
1 — 22, we have

Ml(—%,é) =2, t=13/2,
(ur(£) A (1—22),1), V3/2<t<1,
YA —2t2),t) V1, 0<t<+3/2

sup  Mi(u,t) =< M,
—l<u<1-2t2
My (uo(t
Compare 1 — 212 with uy(t) for 0 < t < g and with u;(t) for @ <t < L
If @ <t <1, then, as it has already been noted, —V3/3 < uq(t) < 0, and hence,
m(t) > —v/3/3 > 1- 21 trivially for /1 + %2 <t < 1. Andift € (/1 +2) =
(0.866...,0888...), then 1 -2 € (%2, ~1) € (=2, %2), thatis, point 1 - 2¢ belongs

to the same interval ( — @, ?) of the monotonic decrease of the function g(u), as u1(t),

and hence, on the interval of the values of t under consideration, we have
1-28<u(t) & g(1-228)>gu(t)=alt) <

4t(2t2—1)\/1—t2> 442 -3
—6tt 4612 —1 7 31/1— 2
& 128022 1)1 —12) = (@2 =3) (-6t + 62 —1) = 64 —10P+3<0 <«

54
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< [VEEA=E) 0 (£E+ B) = (L1 6)
(In the third step here, we also took into account that —6t*+6t2—1>0fort € ( % — g,

\/ % + %) D (@, \/ % + %) > So, unifying the obtained interval with the domain ¢ >

Vit %, we finally conclude that

uy(t) >1 -2 forall t € (% 1).

V3

It remains to compare 1 — 2t> with u,(t) on the interval 0 < ¢ < %. As it has
already been noted, on this interval, we have 0 < uy(t) < @, and hence, uy(t) > 0
1 — 22 a fortiori for 0.707 ... ‘[ <t < ‘[ and uy(t) < V3/3 < 1—2f2for0 < t

13 _0459...Tft € (\/%—%,%),thenl—%z (0,2) © (=4, %) thatis,

Z
<

the point 1 — 212 belongs to the same interval ( - i i) of the monotonic decrease of the
function g(u), as uy(t), and hence,

1-22 <up(t) & g(1—262) > g(ua(t)) = a(t).

Further calculations completely coincide with what has been done for the comparison
of uy(t) and 1 — 2¢2, including the remark on the positiveness of the polynomial —6t* +

6t2 — 1 on the interval t € (\/ 1_ %, %) Therefore, for t under consideration, we have
w2122 o e [RIVRIIN (V-0 R) =[R2 ),
m(t)<1-28 & te(Vi-%,/=0).

Unifying the obtained domains of the values of ¢, we finally get

N

up(t) 21— 22 on the interval t € (0,?) Y &T‘ﬁ =itp <t <Y,
with equality attained only at the point t = ¢.
Taking into account that u,(t) is the global maximum point of the function M; (-, f)

for 0 < t < v/3/2, and also that
143
—M1<*§'7>'

Mi(1—282,1)

t=+/3/2
we conclude that
My (ua(t),t), 0<t<ty,
max  M(ut)={ My(1-222,6) V1, to<t<L, (32)
—1<u<1-212
M(1-21),  L<i<l

We now consider the behavior of the function My(-,t). Since both functions
V1—92/(v*+1) and v/ (v* + 1) increase for v € (—1,0], Mz (v, t) increases in v € (—1,0]
forevery t € (0,1).

The numerator of the derivative

oM (v, 1) b(H)v(v? —3) +2(1 —02)%/2

Jv V1—02- (02 +1)2
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decreases on the interval v € (0,1) and takes the values 2 > 0 and —2b(t) < 0 of different
oMy

signs at the endpoints. Therefore, the equation %> = 0, which is equivalent to

_ 2)\3/2
o) = 20 = b0 3

and coincides with (11), has a unique root on (0,1), which is the maximum point of
M (v, t) on the interval v € [0,1]. Since the function f(v) is continuously differentiable and
monotonically decreasing on the interval v € (0,1) with f(+0) = 400, f(1—) = 0, there
exists an inverse function

£ (0,400) > (0,1),

which is also continuously differentiable and monotonically decreasing. Furthermore, since
the function b(t) is continuously differentiable and monotonically increasing on the interval
t € (0,1), Equation (33) has a unique root

o(t) = 1 (b(1)),

onv € (0,1), which is the global maximum point of the function Mj( -, t) on the whole
interval (—1,1) (see the plots of the function M;( -, t) for some ¢ in Figure 8). Moreover, v(t)
is continuously differentiable and monotonically decreasing for t € (0,1), as a superposition
of two continuously differentiable functions, one of which (b(t)) increases, whereas the
other one (f (b)) decreases. By conducting direct calculations we make sure that b(0) = 0,
b(1—) = 400, and hence, v(0+) =1, v(1—) = 0.

My(v, t)

-1.00 —-0.75 —0.50 -0.25 0.00 0.25 0.50 0.75 1.00
v

Figure 8. Plots of the function M;( -, t) for some t.
So, for an arbitrary s € (—1,1), we have

sup My(v,t) = Mp(v(t) Vs, t).

s<o<1
In particular, fors =1 — 2+2 we obtain

sup  My(v,t) = Ma(v(t) V (1 —2£%),1).
1-2£2<v<1

Compare v(t) and 1 — 2f2. Since v(t) € (0,1) for all t € (0,1) by definition, a fortiori
o(t) > 0> 1-2¢for % <t < 1.Ontheinterval 0 < t < %, we have

1-222<o(t) < f(1-2% 2 f(o(t) =b(t) <«
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83(1 — £2)3/2 (3 —2t%)

T )R 22 1) 7 (1-R)2

e 8P1-2)P>3-22)2P -1 -2 -1) < 6* =102 +3<0

& te [\ 0 (0,2) = [=2, ) = [0626...,0707 ...

On the third step here we also took into account the fact that 2t — 1 < 0,2t — 22 =1 < 0
in the domain of the values of t under consideration. Thus, unifying the obtained interval
with the domain # > v/2/2, we arrive at

o(t) > 1 -2 ontheinterval t € (0,1) & tr<t<1,

with equality attained only at the point t = fg.
So, for s = 1 — 2> we finally obtain

My(1—2t%,1), 0<t<ty,
max My(ov,t) = (34)
1-22<0<1 My (v(t),t), to<t< 1.
As a by-product we showed that
7-2
ur(tg) = v(tg) =1 -2 = \[3 =021525... . (35)

In addition, note that the function

1

1-212,t) =
Mi(1-2658) (1—2)2t =212+ 1)

= My(1-2£,1), te(0,1), (36)

increases monotonically on the interval fy < t < @
Finally, from (29), (31), (32), (34), (36), it follows that

H(t) = sup ﬁ(l;z,t>:max{ max  Mi(u,t), max Mz(v,t)}:

—1<z<1 2 —l<u<l-2p 1-212<0<1

My (up(t),t)V Ma(1—-212,1),  0<t<ty,
=M (1=22,)V My(o(t), ) V1, ty<t< ¥, =
My(1—282,1) vV My(o(t),t), B«

M (up(t), )V My (1 —2£2,1), 0<t<ty,
= My(1 =22, 6)V My(o(t), ) V1, tg <t <%,
My(1—282,t) vV Ma(v(t), 1), Wt<L

Taking into account that

Mi(1—283,t0) = Mp(1 — 23, t9) = =3.14575... > 1,

54
87 — 4
we obtain

q) My (ua(t),£) V My (1 —212,1), 0<t<t,
H(t) =
My(1 =282, )V Mp(v(t), ), to<t<l.
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Recalling that v(t) is the unique point of global maximum of M (v, t) on the interval
v € (—1,1), and uy(t) is the unique point of global maximum of M (u,t) on the interval

ue (=1,1)fort € (0,t] C <0, @) (when a(t) < 0), we conclude that

= M(z(t), ).

- Ml(uz(t),t), 0<t< to,
H _
My(v(t),t), to<t<l,

Thus, the function uy(t) defined for t € (0,1/3/2) (which corresponds to the case
a(t) < 0) and monotonically decreasing in its domain, acts as the function u(t) given in
the formulation of Theorem 1 and the lemma being proved, whereas the role of the global
maximum point z(t) of the function M( -, t) is played by the functions u(t) = uy(t) for
t € (0,t9) and v(t) for t € [to, 1), which completely agrees with (9).
(b) The functions M; and M are obviously differentiable in the domain (z,t) € (—1,1) x
(0,1) and have continuous partial derivatives there. It is easy to see from (27) and (28) that
the function H(p, t) is differentiable in the domain (p, t) € (0,1) x (0,1) and has continuous
partial derivatives there. With the account of (31) we conclude that M is differentiable in
the domain (z,t) € (—1,1) x (0,1) and has continuous partial derivatives there.

(c) This statement can be verified directly.

(d) We show that z(f) is continuously differentiable and decreases on the interval € (0,1).
Since uy(t) is continuously differentiable and monotonically decreasing on the interval

te (o, ?) D (0, tg] and the function v(t) is continuously differentiable and monotonically
decreasing on the interval t € (0,1) D [t, 1], with the account of (35), we conclude that
the function z(t) is continuous and monotonically decreasing on the interval t € (0,1).
Furthermore, the function z(t) is continuously differentiable on each of the intervals (0, fo)
and (to, 1). In addition, we show that 1} (t9) = v'(ty), whence it will follow that the function
z is continuously differentiable in the point t(, and hence, on the whole, interval t € (0,1).
In the neighborhood of ty, we have

ua(ty) =g '(alto)), v(to) = f~'(bto)),

therefore, , )
t) V' (t)
) (tg) = — (fo , V() = s
200 = St * 1= Floth))
whence by virtue of (35), we obtain
/ a'(to) / V' (to)
) = ————— ty) = ——————.
t (to) g(1-28) v k) (1 —213)

By direct calculations, we make sure that

uh(to) = 0/ (tg) = —2¢/ 37 = —0.687263.....

Thus, the function z(t) is differentiable on the interval t € (0, 1).
Now to complete the proof of item (d), it remains to recall that

2(0) =104 = X2, 215 =o(1-) =0, 2() = o) =olt0) = V2,

and that (see the proof of item (a)) each of the equations
u(t) =1-21, te(0,V/3/2),

o(t)=1-212, te(0,1),
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has the unique root t = to. [

5. Proofs of Main Results

Proof of Theorem 1. It is obvious that H(0) = 1 and H is an even function. Since J(X) is
invariant with respect to the scale transform of X, the single non-linear condition in (8) can
be replaced by the two linear ones: EX = t, EX? = 1. Further, from Lemmas 3 and 4 (a), (d),
it follows that for t € (0,1), we have

H(t) = M(z(t),t) {Ml(z(t)rt)/ —1<z(t) <1-2£,

My(z(t),), 1-22<z(t) <1,

1+ 312 1—22(t) —a(b)z(t) /1 —22(t)

. L 0<t<ty
B -2 1+ 22(1) <t<h
- — 2
b(t)\/1—z (t)-&-ZZ(t)’ h<t<l.
Z2(H) +1
By the definition of the function z(t), we have
4z(t)\/1 —22(t
a(t):M, 0<t<ty,
322(t) — 1
2(1—22(t))3/2
b(t) = ————5——~, to<t<l
W= e —2m "
Hence,
32 1—-22(t)
1+ s, 0<t<t,
H() = 1—2t 1-322(1)
fo<t<1,

z(H)(3 - 22(1))’
which coincides with (8). The form and uniqueness of the extreme distribution were proved
in Lemma 4 (a).

It remains to be proven that the function H is continuous and monotonically increasing
on the interval € [0,1) and that H(1—) = 4-co. By virtue of Lemma 4 (a) for t € (0,1), we
have H(t) = M(z(t),t), moreover, M is continuous in the domain (z,t) € (—1,1) x (0,1),
whereas z is continuous on the interval t € (0, 1), whence H(t) is continuous on the interval
t € (0,1). Since

H(0+) = M(z(0+),0+) =1 = H(0),

H is also continuous in zero.
Finally, prove that the function H is monotonically increasing. From the definition of
the function z(t), it follows that

1 B 3 —4t?
1-322(t)  12tz(t) /(1 — 2)(1 — 22(1))

, te (O,fo),

and hence, we can write

(3 — 412)y/1 — 22(t)
4z(t)(1—12)3/2 7
2

z(t) (3 —22(t)’

Note that the function #(3 — 4t2)(1 — £2)~3/2 is positive and monotonically increasing on
the interval 0 < t < tp, whereas the function z~!v/1 — 22 is positive and monotonically
decreasing on the interval 0 < z < 1. Since the function z(t) decreases on the interval

1+

0<t<ty,
H(t) =
fo<t <1
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0 < t <ty as well, we conclude that H increases on the interval (0, fy) as a product of two
positive monotonically increasing functions (up to an additive constant). Furthermore,
since the function 2/ (z(3 — z2)) decreases on the interval 0 < z < 1 and the function z(t)
decreases on the interval ty < t < 1, the function H(t) increases on the interval fp <t <1,
as a superposition of two decreasing functions. Finally, the existence of an infinite limit of
H(t),ast — 1—, follows from that z(t) — 0+,as t — 1—. [

Proof of Proposition 1. By virtue of the continuity of H and H, it suffices to prove inequal-
ity (15) only on the interval (0, fo). By the definition of z(t) for 0 < t < fp, as a unique root

of the equation
(2) = 4zy1—-22  42-3
SE= AT T Ao e

on the interval 0 < z < v/3/3, we have

a(t),

. V3o, (b 2v6
dm 20 =73 im0 = lim gy = "o
hence, by the Lagrange theorem,
2(8) = 2(t) +o(f), E(t) = ? - #t.

We show that z(t) < z(t) for 0 < t < to. By virtue of the monotonic decrease of g(u) for
0 < u < v/3/3, we have

Z(t) <z(t) = gz() >gE(t) =

53 4p (3v2—at) V-4t +6v2t+9
— — > — —

3tv/1- £ 3t(3v2 - 2t)

—  (3-4)(3V2-21) < (3ﬁf4t)\/(f4t2+6\f2+9)(1 —2) =
= 96V26 + (- 328 — 96V2) + £3(24V2 + 288) + (306 — 12V2) +
+t(—288 —108v/2) +108v2 =: 5(t) > 0.
We show that s(t) > 0 for 0 < t < ty. We have

s/ (1) = 480V/2t* + 13 — 1312 — 384V/2) + 12 (72v/2 + 864) + (612 — 24V/2) — 288 — 108V2,

s () = 1920V/28° + 2( — 3936 — 1152V/2) + £(144v/2 +1728) — 24v/2 + 612,
s®)(t) = 5760v/2t> + t( — 7872 — 2304v/2) + 1442 + 1728,
s (1) = 11520v/2t — 7872 —2304v2 < 0, t € (0,ty),
therefore, s(3) (t) decreases for t € (0, t). Since
sO(0+4) =144v2+1728 > 0, s (tg—) = —1844.1499... < 0,

s”(t) has a unique stationary point on the interval t € (0, ty), namely, the local maximum
point. Taking into account that

$"(04) = 612 —24v/2 >0, §"(ty—) = 271.7769... > 0,

we conclude that s”(t) > 0 for t € (0, ty), and whence, s’ (t) increases for t € (0, t]. Since
s'(tp) = —51.1066 < 0,, we have s'(t) < 0 for all t € (0, fy] and hence, s(t) decreases for
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t € (0, ). Finally, s(tp) = 10.8876.. ., therefore, s(t) > 0 for t € (0, fy]. So, the inequality
z(t) < z(t) is proved for t € (0, tp).
Note that ) 21
3t 1—z(t
H) = MED D=1+ 75 T30

for 0 < t < ty, moreover, the function M( -, t) increases on the interval 0 < z < V3/3,
therefore, taking into account that 0 < z(t) < z(f) < v/3/3 and

1 42 24
=2 _ - 2
z(t)73 - t+81t

we obtain

32 P4 oA 54602
1-2 &2, _xu a ) _2) H(t).
42 Ap 2(1—12)(3v/2 - 21)

H(t) < ME(H),t) =1+

The function H(t) obviously increases on (0, tp). It now remains to note that, as t — 0,

20 = (2 -2 on) = 1820 =20,

32 1-22(1) 32 2+t

H(t)—1= 5" >N = 5 =
11—t 1-3z (t) 1—t ¥t+0(t)
_ 3t 240(1) 32 1-Z(H) _ A -1, @7
11— 42+40(1) 1-£2 1-322(t) ’
and hence,
. HM) -1 . 2+40(1) 4vV2+0(1)
lim = lim . =
=0+ H(t) —1 =0+ 42+ 0(1) 2+0(1)
|

Proof of Theorem 2. Lemma 4 (a) implies that H(t) = M(z(t),t), where z(t), t € (0,1),
is the unique global maximum point of the function M(-,t), t € (0,1). Moreover, the
function M(z, t) is differentiable in the domain (z,t) € (—1,1) x (0,1) and has continuous
partial derivatives there, whereas the function z(t) is continuously differentiable on the

interval t € (0,1) and takes values from the interval ( f) So,

sup H(t)(1—2)%2 = sup h(t),
0<t<1 0<t<1
where h(t) = M(z(t),t)(1 — t2)3/2,t € (0,1). It is obvious that  is continuously differen-
tiable on the interval t € (0,1).
We find the stationary points of the function / on the interval t € (0,1). We have

B (t) = (1 —2)32(M(z(t), 1) — 3tv/1 — 2M(z(t), 1)

(M(z(t), 1))} = M(z,t)| 2 () + Mi(z, )|,y = Mi(z,1)]

z=z(t) z=z(t)"

For t € [tp,1), we have

Ui(r) = (1—212)/1—22(¢ )—2tz(t)\/1—t

Z22(t) +1
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In the domain (z,t) € (0, ?) X [tp,1) the equation

(1-22)V1-2-2tz/1-£2=0

is only satisfied by the couples (1 — 212, t),te [to, g) , whence with the account of the fact
that z(t) = 1 — 2t only for t = t (see Lemma 4 (d)), we conclude that t = tg is the unique
stationary point of the function / on the interval [t, 1).

For t € (0, tp], we have

L 20+t 22(1) (42 - 3)t+2(1) (1 - 48) V1 — 21— 22(F)

1q,7
() VI—2(22(t) +1)

Find the solutions to the equation
2(1-42)V1 - 2V1 -2 = 12 — 1 - 22 (42 - 3))

in the domain (z,t) € (0, ?) x (0, tg]. Squaring both sides, we obtain

22(1—42)2(1— 12)(1 — 22) = 2(212 — 1 — 22 (412 — 3))?,
which is equivalent to

(t—=2)(t+2)(z =22 +1)(z+22 —1) = 0.

Therefore, the original equation can only be satisfied by the points

(1), (=), (1=282,1), (=142, 0<t<l1.
By direct calculations, we make sure that in the domain (z,t) € (0, @) x (0, to] the original

equation is only satisfied by the couple (1 — 212, t),te ( %, to] and the couple (%, %)

Since z(t) = 1— 2% iff t = ty, we conclude that t = t; is the stationary point of the
function #, and h has no other stationary points except for t = % We show that z (%) # %
and, hence, t = } cannot be a stationary point of /1. Recall (see Theorem 1), that z(#) turns

the equation
2(z) = 4z\/1 — 22 _ 442 -3
322-1  3/1-#2
into identity on the interval t € (0, ). By direct verification, we make sure that (z,t) =

(1, 1) is not a root of this equation.
Thus, the function / has a unique stationary point f = t; on the interval t € (0, 1).

Moreover,
\J1-£2 17 + 77
h(to) = = VEIVT 3 agoor..
1282 421} 4
Also, note that
limh(t) = h(0) =1 < h(tp),
t—0
_42\3/2 — 2
lim (t) = (1—1¢%) (b(zt)\/l Z2(t) + 2z) _
=1 Z2(t) +1
3
t/1 —22(8) (3 — 212) 4 2z(t) (1 — £2) 2
— lim 2020 +2=OA-F)" _y ),
=1 Z22(t) +1
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therefore, the point tj is the global maximum point of the function / on the interval (0,1),
and & increases on [0, tp] and decreases on [to, 1). The fact that the maximum is attained on
the two-point distribution follows from Theorem 1. [

Proof of Proposition 2. Inequality (18) for 0 < t < fg follows trivially from Proposition 1.
Let us prove the equivalence of the left-hand and right-hand sides of this inequality as
t — 0. From the proof of Proposition 1 (see (37)), we have

3t 240(1)
12 4y/240(1)

whence with the account of the asymptotics (1 —t?)* = 1+ 0(t),t — 0,& € R, it follows that

HO(1 - P2 = (1- 22 131220 _

H(t) =1+ =HA(t), t—0,

f+o( )
= 1+ 0(t) +3t(1 +o()) 2 +0(1)) (25 + (1)) =
=14 0(t) +3t( 25 +0(1)) = 1+ 3Lt +o(t) = AB)(1 - )72,
and hence,
A -2)32-1 32 io(r)

lim =1

im ——~— —~ _ ~ — _4
— 12\3/2 _
=0+ H(t)(1—12) 1 50+ ¥t+o(t)
The function

it avae Y1 (54 6V2)
A(t)(1—2)%2 = ETCV T

is continuous on [0, o] by virtue of the continuity of H. To prove that H(t)(1 — 2)3/2
increases on (0, tg), consider the derivative

=:5(t)

1083 — 30V/212 — 36t 4+ 27/2
21— £2(2t — 3v/2)2

With the account of the positiveness of the denominator for t € (0, ty), it suffices to prove
that the numerator of s’ () is positive; that is,

s'(t) =

s1(t) := 102 — 30212 — 36t +27v2 >0, t € (0,tp).
Since 5t> — 6 < —1 forall t € (0,1),, we have
sh(t) = 6(582 —10V2t — 6) < 6(—1—10v2t) <0, te (0,),
therefore, s1(t) decreases on the interval t € (0, t) and, hence, for all t € (0, t), we have
s1(t) > s1(to) = 14442 ... > 0. O

Proof of Theorem 3. According to the Berry-Esseen inequality (1), the following estimate
in terms of the non-central Lyapunov ratio holds:

A)\(X)gclLi})X{), A > 0.
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From Theorem 2, it follows that for any #(X) € 2 withEX/VEX2 =t € (—1,1)

3/2
L1(X) E|x|? (ID)X )3/2 _ E|X|3(1 — ) <HE) (1 B t2)3/2 - V17 + 77

Lo(X)  E|x —EX|® \EX? E|X - EX|? h 4 7

and hence,

32Lo(X) _ 17+7V7 . Lo(X)

AN(X) < Cp-H(t)(1- 1) S 1 G I

that is, inequality (19) holds with Co(t) = Cy - H(t) (1 — t2)3/2 < 7WC1. The estimate
C;1 < 0.3031 was obtained in ([20], Theorem 4).

In Theorem 2, it was also shown that H(¢) (1 - t2)3/2 increases for 0 < t < tg and
decreases for ty < t < 1. Therefore,

Co(t) < Co(tAty), 0<t<1,

and the function Cy(t A ty) does not decrease for 0 < t < 1. Hence, for [EX|/VEX2 = s < t
in accordance with what has just been proven, we have
Lo(X) Lo(X)
Ay (X) < Co(s)—== < Co(sAtg) - < Co(tNtg) - —=.
A(X) < Cols) /r o(s Ato) r ot Ato) /r
Finally, the upper bound of Cy(t) for 0 < t < #y declared in the formulation of the
theorem trivially follows from the inequality H(t) < H(t) obtained in Proposition 1 with
the account of the particular upper bound 0.3031 for the constant C;:

Lo(X)

1 — 12
Co(t) < Cq - H(H)(1—1%)%/2 < 0.3031 - V1-£(5t+6v2) << k.
2(3v2 —2t)

The monotonicity of these upper bounds follows from that of the function F(t)(1 — t?)3/2

proved in Proposition 2. [

6. Conclusions

In this paper, we posed and solved a new problem of a delicate comparison of Lya-
punov ratios, where the word “delicate” addresses the presence of additional moment
conditions (on the first two moments) in the originally [24] unconditional problem of
optimization of the ratio of Lyapunov fractions.

The problem of comparison of Lyapunov fractions arises naturally in the construction
of convergence rate estimates for random sums of independent random variables, in
particular, compound Poisson random sums, as was observed in [24]. As a possible
application of the results in Theorem 2, we introduced a new Berry—Esseen-type error bound
for the accuracy of the normal approximation to distributions of Poisson random sums in
terms of the classical central Lyapunov fraction whose factor depends on the value of the
normalized expectation of random summands. The introduced error bound improves up to
1.5 times the best-known one [31], where the factor of the Lyapunov fraction was constant.
In addition to an independent interest, the Berry—-Esseen-type inequality (4), namely with
the central Lyapunov fraction, plays an important role in the construction of moment-
type estimates of the rate of convergence of random walks with equivalent elementary
trends and variances to variance-mean mixtures of normal laws [25-29], including skew
exponential power law, skew Student’s law, and more generally, variance-generalized
gamma law and generalized hyperbolic distributions. In addition, the introduction of
the non-constant factor of the central Lyapunov fraction in this inequality, as proposed in
Theorem 3, will allow, in particular, to improve the above-cited results considerably.
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Abstract: We consider a new model of a branching random walk on a multidimensional lattice with
continuous time and one source of particle reproduction and death, as well as an infinite number of
sources in which, in addition to the walk, only the absorption of particles can occur. The asymptotic
behavior of the integer moments of both the total number of particles and the number of particles at
a lattice point is studied depending on the relationship between the model parameters. In the case of
the existence of an isolated positive eigenvalue of the evolution operator of the average number of
particles, a limit theorem is obtained on the exponential growth of both the total number of particles
and the number of particles at a lattice point.

Keywords: branching random walks; moments of particle numbers; evolution operator; Green’s
function

MSC: 60]27; 60]80; 05C81; 60]85

1. Introduction

We consider a continuous-time branching random walk (BRW) on the multidimen-
sional lattice Z4, d € N, with one source of particle reproduction and death located at the
origin and an infinite number of absorbing sources located at all other points of the lattice
in which, in addition to walk, the particle can only disappear.

The behavior of a BRW with a single source of particle generation (branching) located
at the origin and no absorption at other points under the assumption of a finite variance of
jumps has been studied, for example, in [1], and with infinite variance in [2,3]. The random
walk underlying the processes under consideration is defined using the transition intensity
matrix A = (a(x,Y)), ez« and satisfies conditions of regularity a(x,y) > 0 for x # y and
a(x,x) < 0, symmetry and spatial homogeneity a(x,y) = a(y,x) = a(0,y — x) = a(y — x),
where ) a(z) = 0 (which allows us to consider a(x,y) as a function of one argument

z

a(y — x)), and irreducibility, i.e., for every z € 7% there exists a set of vectors 21,22, ,2k €
7% such that z = Zile ziand a(z;) # 0fori=1,2,...,k. In these models, the operator that
specifies the evolution of the average number of particles has the form

H=A+ﬁA0,

where the operator A : IP(Z%) — 1P(Z?) generated by the matrix A acts on the function
@ € IP(Z7) by the formula

(Ap)(x) = Y alx —y)e(y),

yezd

xeZf, 1)
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and the operator Ag is defined by the equality Ay = 5odg , where &y = Jy(-) denotes a
column-vector on the lattice taking the unit value at the point 0 € Z¢ and vanishing at
other points. The parameter § in the definition of the operator H is given by the equality
B =Y ,~1(n —1)b, — by, where b, is the intensity of occurrence of n > 1 descendants of
the particle, including the particle itself, by is the absorption intensity of the particle. Thus,
the operator BA( determines the process of particle branching at the origin.

As shown in [1], the operator A appears in the system of differential-difference equa-
tions (backward Kolmogorov equations) for the transition probability p(t, x, y):

ap(t,x,
WEXY) — dptey) pOxy) = 60,

where 8, (+) is the Kronecker delta on Z¢. Schur’s lemma shows that the operator A :
1P(2%) — 1P(Z%), given by the Formula (1), is bounded linear operator in I7(Z%) for
1<p <o

In a BRW with an infinite number of absorbing sources, the evolution operator of the
average number of particles is modified as follows:

E=A+ BN —Dbol,

where [ is the identity operator and the last term specifies the process of absorption
of particles at every lattice point. Note that the parameter * := Y, 1(n — 1)b, in the
considered BRW differs from the parameter f = B* — by in that for by > 0 the parameter
B can take values from the interval (—oo, +-0), while the parameter f* is non-negative:
g*>0.

Let the parameter . be determined by the formula . := 1/Gy(0,0), where G, (x,y)
is the Green’s function of the random walk. Many properties of the transition probabilities
of a random walk p(t, x, y), see details in Section 2, are expressed in terms of the Green'’s
function, while the Green’s function can be defined as the Laplace transform of the transition
probability p(t, x,y) by the formula:

Gr(x,y) ::/0 e Mp(tx,y)dt, A>0. ()

As shown, for example, in [1], when the relation 8* > B. holds, the operator A + B*A
has an isolated positive eigenvalue Ay, which is the solution of the equation $*G,(0,0) = 1.
The asymptotic behavior of the integer moments of the total number of particles and the
number of particles at every point of the lattice in the process under consideration depends
on the dimension of the lattice d, the relation between the parameters * and f, and for
B* > B also on the relation between A and by.

In the case of B > B, a BRW with one source of particle generation and no absorbing
sources is called supercritical. The operator H in this case has an isolated positive eigenvalue
and there is an exponential growth in the number of particles at every point and in the
total number of particles [1]. In the process under consideration, if the relation f* > B,
holds, the operator £ has an isolated eigenvalue A¢ = Ag — by, where Ag > 0 is an isolated
eigenvalue of the operator A + p*Ag. Note that the eigenvalue A¢ of the operator £ is
not always positive, so the behavior of the process differs significantly depending on the
relation between the parameters Ay and by.

The structure of the paper is as follows. In Section 2, we give a formal description
of a BRW with particle reproduction at the origin and absorption at every point of the
lattice. Section 3 presents the key equations. Section 4 gives a complete classification of
the asymptotic behavior of the first moments of particle numbers. In Section 5 the limit
Theorem 7 is obtained, which states that despite the infinite number of absorbing sources,
an exponential growth of both the total number of particles and the number of particles at
every point can be observed in the considered BRW. This happens when A¢ > 0, which is
equivalent to Ay > by. In Section 6, we study the asymptotic behavior of the particle number
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moments for * > B. and Ag = 0 (A9 = bp), and it is found that the integer moments of
both the total number of particles and the number of particles at every point grow in a
power-law manner as t — co, with the first moments behaving as constants at infinity.
In Section 7 we consider the remaining cases, that is, the case when * > B.and A¢ < 0
(Ao < by), and also, when the operator £ does not have an isolated eigenvalue, that is, when
B* < Bc. Theorems 9-11 are obtained, stating that the moments of particle numbers in these
cases decrease exponentially as t — oco. It turned out that the results of Sections 5 and 6, as
well as Theorem 9 of Section 7, do not depend on the conditions imposed on the variance of
random walk jumps, while the behavior of the process for f* < B. turns out to be different
for the finite and infinite variance of jumps (Theorems 10 and 11).

We will call the considered BRW supercritical if B* > B. and Ag > 0, critical if B* > B,
and Ag = 0 and subcritical if B* > Bcand Ag < 0 or p* < Be.

Note that there is no exponential decrease of moments in a BRW with a single source
of particle generation (and the absence of other absorbing sources) [1]. The classification of
the asymptotic behavior of the BRW with possible absorption of particles at every point 74
turns out to be closer to the classification of the behavior of the Markov branching process
1(t) with continuous time, where the average number of particles Eji(t) = ¢™. A branching
process is called supercritical if Ep(t) > 1 (a > 0), critical if Eu(t) = 1 (a = 0) and subcritical
if Ep(t) < 1 (a <0), thatis, the average number of particles in the supercritical branching
process increases exponentially, in the critical it tends to a constant and in the subcritical it
decreases exponentially [4].

The main results of the paper are Theorem 7 on the exponential growth of particle
numbers in the supercritical case, as well as Theorem 8 and Theorems 9, 10, and 11 on
the asymptotic behavior of the particle number moments in the critical and subcritical
cases, respectively.

2. Description of the Model

Let us proceed to a formal description of the BRW with one source of particle reproduc-
tion and death located at the origin of the coordinates and an infinite number of absorbing
sources located at the remaining points of the lattice Z4, d € N.

The random walk underlying the process is specified using the transition intensity
matrix A = (a(x,y)) xyezd and satisfies the conditions regularity, symmetry, spatial homo-
geneity (which allows us to consider a(x, y) as a function of one argument a(y — x)), time
homogeneity and irreducibility (a particle can be at any point of the lattice).

The transition probability of a random walk, that is, the probability that at time t > 0
the particle is at point y, provided that at time ¢ = 0 it was at point x, is denoted by p(t, x, ).
Asymptotically for i — 0 the transition probabilities are expressed in terms of the transition
intensities as follows:

p(hx,y) = a(x,y)h+o(h), x#y,
p(h,x,x) =14 a(x, x)h +o(h).

Note that the condition for the finite variance of jumps in terms of the transition
intensity matrix is written as Y, |z|%a(z) < co. In situations where the finiteness of the
variance of jumps turns out to be essential, we will separately consider the case when the
function a(z) has the following behavior at infinity:

H(z/lz])

a(z) ~ |z]dte

|z| = oo, @)
where | - | is Euclidean norm on RY, H(z/|z|) = H(—z/|z|) is a positive continuous function
onS* 1 ={zcR?:|z| =1}, € (0,2) and the symbol ~ here and below will denote the
asymptotic equivalence of functions. Under this assumption, the variance of jumps becomes

infinite (see [5]). Random walks with an infinite variance of jumps are commonly referred to
in the literature as random walks with heavy tails. We will consider the simplest case, when
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H(z/|z]) = C > 0, and use the results obtained in [2,3], where a BRW with one particle
generation center and the absence of absorbing sources was considered under condition (3).

To describe the behavior of a random walk, it is convenient to use the Green’s function
G, (x,y), which, as mentioned in the introduction, can be defined as the Laplace transform
of the transition probability p(t, x,y) by the Formula (2).

As in [1], we will call the random walk recurrent if Gy(0,0) = oo and nonrecurrent
or transient if Gp(0,0) < co. In the case of a finite variance of jumps the random walk is
transient for d > 3 and is recurrent for d = 1,2, while in the case of an infinite variance of
jumps (when the condition (3) is satisfied) the transience of a random walk turns out to be
possible in the dimension d = 1 for a € (0,1) and in the dimension d = 2 for a € (0,2).

The branching process at the particle generation center is specified using the infinites-
imal generating function f(u) = Y 5_gbyu", 0 < u <1, whereb, > Oforn #1,b; <0,
Yoo bu = 0. The coefficients b, determine the main linear part of the probability p. (h, n)
of having n particles at time 1 provided that there was one particle at the initial time ¢ = 0:

p«(h,n) =byh+o(h) forn #1,
p«(h,1) =1+ bih+o(h).

The coefficients b, for n > 1 can be interpreted as the intensities of appearance of n
descendants of the particle, including the particle itself, while by is interpreted as the
intensity of death, or absorption, of the particle. The generating function at other points of
the lattice has a simpler form: f(u) = by + bju = by(1 — u). Further, we assume that the
intensity of death is the same at all lattice points.

The evolution of particles in the system occurs as follows: a particle located at
some time t > 0 at the point x € Z? in a short time df — 0 can either jump to the point
y # x,y € Z¢, with probability a(x, y)dt + o(dt), or die with probability bodt + o(dt). If the
point x is the center of particle generation (x = 0), then the particle can also produce n > 1
descendants, including itself, with probability b,dt + o(dt). Otherwise, with probability
1+ a(x, x)dt 4 6o (x)brdt + (1 — do(x))(—bodt) + o(dt), the particle remains at the point
x during the entire time interval [f, + dt]. We assume that each new particle evolves
according to the same law, independently of other particles and of the entire prehistory.

The main objects of study in BRW are the number of particles at the time t > 0 at
the point y € Z* (the local number of particles), denoted by (,y), the total number of
particles (particle population), denoted by ju(t) = ¥ <z pt(t,y), and their integer moments,
which are denoted as my, (¢, x,y) := Exp"(t,y) and my (¢, x) := Exp"(t), n € N, where E, is
the mean on condition (0, y) = &(x — y), d(-) is the Kronecker delta on Z¢. We will assume
that at the initial moment of time ¢ = 0 the system consists of one particle located at the
point x € Z¢, so the expectations of the local and total number of particles satisfy the initial
conditions m1 (0, x,y) = dy(x) and m, (0, x) = 1, respectively.

3. Key Equations

Let us present the key equations that will be required to study the behavior of the
considered BRW. The proofs of the theorems presented in this section are based on the
methods developed in [1] and follow the same scheme, so the corresponding theorems will
be presented below without proof.

We introduce the Laplace generating functions of the random variables y(t,y) and
u(t) forz > 0:

F(z;t,x,y) = Eye2t(ty), F(z;t,x) := Ee2H(®),

Taking into account the evolution of particles in the system and using the Markov
property of the process, the following statement can be proved for the generating functions.
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Theorem 1. The functions F(z;t,x) and F(z; t, x,y) are continuously differentiable with respect
to t uniformly with respect to x,y € Z2 for all 0 < z < co. They are the solutions to the following
Cauchy problems:

0tF(z;t,x) = (AF(zt,-))(x) +do(x) f(F(zt, X))+
+ (1= 00(x))bo(1 = F(z;:t,x)),
OF(z;t,x,y) = (AF(z;:t,-,y)) (x) + do(x) f(F(z:t, x,y)) +
+ (1= 60(x))bo(1 — F(zt,x,y))

with the initial conditions F(z;0,x) = e % and F(z;0,x,y) = e 20y(x), respectively. Here,
A:1P(Z4) — 1P(Z),1 < p < oo, is a walk operator that acts on the function ¢ € IP(Z) by the
Formula (1).

Note that the proof of this theorem repeats the arguments from the proof of Lemma 1.2.1
in [1] and differs only in technical details.
The following theorem turns out to be true for the moments of particle numbers.

Theorem 2. The moments my(t,-,y) € 1>(Z%) and my(t,-) € 1°(Z%) satisfy the following
differential equations in the corresponding Banach spaces for all natural n > 1:

d
% = Eml = Aml —+ ﬁ*Ale — b()ml, (4)
d

;”;n - Smn +50(')gn(m1/- . ~/ml/lfl)/ n 2 2/ (5)

with the initial conditions m,(0,-,y) = dy(-) and my(t,-) = 1, respectively. Here, p* :=
Y1 (1 — 1)by, the operator A : IP(Z%) — 17 (Z9) is given by the Formula (1), the operator A is
defined by the equality Ay = 90, where 6y = Jo(-) denotes a column-vector on the lattice taking
the unit value at the point 0 € Z% and vanishing at other points and the function g, (my, ..., m,_1)
is given by the formula

n (mll ce /mnfl) =

where B .= £ (1).

The proof of this theorem repeats the argument of the proof of Theorem 1.3.1 from [1].
It also uses equations for generating functions, the Faa di Bruno’s formula and the
following property:

mu(t,x) = (=1)" lim 9LF(z;t,x),
z—0+
mu(t,x,y) = (=1)" lim 0YF(zt,x,y).
z—0+
Considering separately the case f* = 0, this condition is equivalent to the fact that
all b, for n > 1 are equal to zero. That is, in this case the particle does not produce new
descendants and only the death and movement of the particle along the lattice is possible.

The operator describing the evolution of the average number of particles in this particular
case has the form £ = A — byl and the equations for the moments for all n € N take the form

gy, = Amy — bomy,.

Making the change of variables 11, = g,e " in the last equation, we find that the functions
qn satisfy the equation

af‘]n = «AQW
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The equation for the transition probabilities of a random walk p(t, x, y) has the same form,
whence we find that

mu(t,x,y) = e_b"tp(t, X, y), mp(t,x) = e ot

foralld,n € N.

Further, we will assume that the parameter p* is strictly positive (a particle in the
generation source can produce at least one new particle).

Integral equations for the moments will play an important role in the further analysis,
the derivation of which is carried out according to the same scheme as in (Theorem 1.4.1 [1]).

Theorem 3. The moment m1(t, x,y) satisfies both integral equations
b y) = play) + [ (B pl =550 ~ A Dmsopds, @
m(t,y) = ple o)+ [ (B pli—5,0) ~bedNm(s,x00ds. ©)
The moment my (t, x) satisfies both integral equations

ot
my(t,x) =1+ /0 (B*p(t—s,x,0) — boeA“*S))ml(s,O) ds,

my(t,x) =1+ /ot(ﬁ* — boe =) )my (s, x,0) ds. v
For k > 1, the moments my(t, x,y) and my(t, x) satisfy the equations
m(t,x,y) = my(t,x,y)+
[t = 5,2, 0)gulm (5,0, g 1(5,0,) s, o

my(t, x) = mq(t, x)+

t
+ [ (=5, %,0)gu(m1(5,0),... mi1(5,0)) ds.

Note that the derivation of the differential and integral equations presented in this
section does not depend on the conditions imposed on the variance of random walk jumps,
as noted, for example, in [2,6].

4. Classification of the Asymptotic Behavior of the First Moments

Let us first study the asymptotic behavior of the first moments. To do this, we pass
from the functions m; (t,-,y) and my(t,-) to the functions q(¢,-,y) and g(¢, -), making a
change of variables n1; = ge~ . We obtain an equation for the functions ¢(t, -, ) and q(t, -)
of the form

dg _ "

with the initial conditions q(0, -, y) = d,(-) and q(0, -) = 1, respectively.

Note that the resulting equation has exactly the same form as the equation for the
first moments in the BRW without absorbing sources, considered in [1] (or in [3] for the
case of heavy tails), which greatly simplifies the study. The classification of the asymptotic
behavior of the first moments of the local number of particles and the total number of
particles for arbitrary d—dimensional lattices in the considered BRW can be obtained using
the classification of the asymptotic behavior for the functions g(t, x,y) and ¢(t, x), obtained
in [1,3], and the relation m; = qe*bot.

As in [1] we denote B := 1/Gy(0,0), where G, (x,y) is the Green’s function of the
random walk. When g* > B, the operator A + B*A has a single isolated positive eigen-
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value A, which is a solution of the equation f*G,(0,0) = 1. However, the eigenvalue
A¢ of the operator £ that arises in this case is equal to Ay — bp and is not always positive,
which complicates the problem. In contrast to the BRW considered in [1], the asymptotic
behavior of the process considered in this paper differs significantly depending on the
relation between the parameters Ay and by, namely, for A9 > by, Ag = by and Ay < by.

So, in the case of a finite variance of jumps, we obtain the following classification of
the asymptotic behavior of the first moments.

Theorem 4. Let the variance of jumps of the random walk be finite, then for t — oo the asymptotic
behavior of the first moments can be represented as

my(t,x,y) ~ C(x,y)u*(t), my(t,x) ~ C(x)v*(t),

where C(x,y), C(x) are some positive functions, whose explicit form was obtained in [1], and the
functions u* (t) and v*(t) have the following form:
(a) for B* > Be: u*(t) = eret, v¥(t) = elet;
(b) for p* = Be:
d=3:u*(t) = t71/2e Wt p* (1) = 1/2e~Iot;
d=4:u*(t) = (Int)"le~!, v*(t) = t(Int)"le~ W0,
d > 5:u*(t) = e bt v¥(t) = tebot;

(c) for B* < Be,d > 3: ut(t) =t~/ 2e~bot p* (1) = e~ bot,

Note that for a recurrent random walk . = 0, and since the parameter §* is assumed
to be positive, then assuming a finite variance of jumps for d < 2 the relation * > B,
always holds, due to which in the above classification, in contrast to [1], there are no cases
of d =1,2 for p* < Be.

We also note that for §* < B, for all d, an exponential decrease in the first moments of
both the local number and the total number of particles is observed.

Let us separately consider the result obtained for p* > B.. In this case, since A\¢ =
Ag — b, the asymptotic behavior of the first moments depends on the relation between A
and by: three different cases are possible. For Ay > by, an exponential growth of the first
moments is observed, for Ay = by the first moments tend to a constant and for Ay < by an
exponential decrease is observed, and these cases correspond to supercritical, critical and
subcritical cases in the theory of branching processes [4].

The classification of the asymptotic behavior of the first moments in the case of heavy
tails uses the classification of the behavior of the functions (¢, x,y) and g(t, x) obtained
in [3].

Theorem 5. Under the condition (3), the asymptotic behavior of the first moments for a € (0,2)
and t — oo can be represented as

m(t,x,y) ~ Cloy)u (5, mi(tx) ~ Cx)o* (1),

where C(x,y),C(x) > 0 and the functions u*(t) and v*(t) have the following form:
(a) for B* > Be: u*(t) = eret, v*(t) = eet;
(b) for B* = B
w*(t) = 470" 2e7bot pr(t) = /el ifd /€ (1,2);
w*(t) = (Int) e bt v*(t) = t(Int) e~ ifd/a = 2;
ut(t) = e bt v¥(t) = te~! ifd /o € (2, +00);
(c) for B* < Be: u*(t) =t~ /% bot (1) = bt d/a € (1, 400).

Note that for g* > B, the obtained asymptotic relations do not depend on the con-
ditions imposed on the variance of random walk jumps (see [6]). In addition, * > 0,
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while B, = 0ford/a € (1/2,1], so in the above classification for f* < B, there are no cases
where d/a € (1/2,1], in contrast to the classification of the asymptotic behavior of the first
moments in [3].

5. Supercritical Case

Theorem 6. Let f* > B.and Ag > 0. Then, for t — oo and all n € N, the following statements
hold:
my (£, x,y) ~ Cu(x, y)e"’\ft, my(t,x) ~ Cn(x)e"’\ft,

where
Gap(%,0)Gay (0,y) Cilx) = Gy (%,0)
G, (O[>~ Ao[Ga, (0,0)[12

and the functions Cy(x,y), Cy(x) > 0 for n > 2 are defined as follows:

Cu(x,y) = gn(C1(0,y), ..., C1(0,y)) Du(x),
Cu(x) = n(Cl(O),. . -rCn—l (0))Dy(x),

Ci(xy) =

where Dy, (x) are certain functions satisfying the estimate |D,(x)| < ﬁfor n > n, and some
n, € N.

Proof. In the case under consideration, the operator £ has an isolated positive eigenvalue
Ag = Ag — by, where A is an isolated positive eigenvalue of the operator H = A + B*Ay.

For n € N, we consider the functions v, := v,(t,x,y) = m,(t,x, y)e‘"’\ft. From

Theorem 2, we obtain the following equations for v;:

Btvl = 51/1 — )Lgl/l,

OV = EVy — AgVy + 80(X)gn(v1, ..., Vy—1), n>2
with the initial conditions v, (0, -, y) = d,(-), n € N.

We define the operator &, by setting £, := £ — nAgl. Since A¢ is the largest eigenvalue
of &, the spectrum of &, for n > 2 is included into (—oo, —(1n — 1)A¢], that is, it is on the
negative semiaxis, since Ag > 0.

Further, arguments similar to those given in [6] in the proof of a similar theorem
remain valid.

The value of 1, from the statement of the theorem is determined by the formula
Ny 1= %ﬁ” The theorem is proved. [

For the number of particles in the case under consideration, the following limit theorem
is true, the proof of which is carried out according to the scheme of proof of the limit theorem
obtained in [6], so we present only the main parts of the proof.

Theorem 7. Let * > B and Ag > 0. If B) = O(r!" 1) for all sufficiently large r € N, then
the following statements hold in the sense of convergence in distribution

: —Agt __ : —Agt _
lim p(t,y)e " =Gyy),  lim p(t)e g
where (y) is some non-negative function and ¢ is a non-degenerate random variable.

Proof. Let us define the functions

= fim BEY) g (b 5y)  Calxy)
MO ) AR xy)  C(ey)’
x,un( ) mn( ) — C”(x)
) = M TRy T O
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As shown, for example, in [6], the functions C,(x,y) and C,(x) for p* > B for all
n € N are related by the relation C,(x,y) = 9" (y)Cn(x), where ¥ (y) is some function, from
which the next equalities follow:

m(nxy)—m(nx)—c =
o TGl Gloy)
From Theorem 6, we have this theorem statements in terms of convergence of the
moments of the random variables ¢(y) = ¢(y)¢ and ¢.
The distributions of the limit random variables &(y) and ¢ are to be uniquely deter-
mined by their moments if the Carleman condition is satisfied.

e

W’Z(Vl, x’y)fl/(Zn) = oo, i —1/(2n) _
1 n=1

3
Il

Assuming N = 1 in the notation from [6] and defining #. as in Theorem 6, we obtain
Cu(x) < 9" nln", where v is some constant, from here and from the estimate n! < ((n +
1)/2)" we obtain

i o i (Cng)>—1/(2n) .

n=1

The proof for m(n, x,y) is similar.

Thus, the Stieltjes moment problem has a unique solution, hence the relations from the
formulation of the theorem are valid in terms of convergence in distribution. The theorem
is proved. [

Note that the obtained limit theorem is true without restrictions on the variance of
random walk jumps, see [6].

6. Moments in a Critical Case

Theorem 8. Let * > B. and Ag = 0. Then, for t — co and all n € N the following state-
ments hold

my(t,x,y) ~ ],,(x,y)t”_l, my(t,x) ~ ],,(x)t”_l,

where [, (x,y) and [, (x) are some constants.

Proof. The proof will be carried out for m,(t, x,y) using the asymptotic relation for the
first moment and the equations for the higher moments. The limit relations for m, (¢, x)
follow from the form of the integral Equation (3) and the asymptotics for m,(t, x,y).
In the case p* > B, the operator £ has a unique isolated eigenvalue A¢ = Ay — by,
which is zero in this case, consider its corresponding eigenfunction f(x) € [2(Z4).
Consider first the second moment 1 (¢, x, y), which satisfies the equation

dma(t, x,y) = Ema(t, x,y) + do(x)g2(m1(t, x,y)).

Multiplying this equation scalarly by f, we obtain
9 (f,ma(t,x,y)) = f(0)g2(m(£,0,y))-

Denote h(t,y) := (f, ma(t, x,y)), then the function h(t, y) satisfies the equation

oth(t,y) = f(0)g2(m1(t,0,y))

with the initial condition

1(0,y) = (f,m2(0,x,y)) = (f,do(x —y)) = f(v),
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whose solution has the form

Btw) = )+ [ FO)galm (x,0,y))d.

Since for mq(t,0,y) we have my(t,0,y) ~ C(0,y) as t — oo, then for h(t,y) as t — oo the
following limit relation holds:

h(t,y) ~ t£(0)g2(C(0, y))-

Denote by Ey the eigensubspace of the operator £ corresponding to the eigenvalue Ag,
ie, Ef:={tf: t € R}. Via Ef, we will further denote the orthogonal complement to the
subspace L¢. Then, 2(z%) = E; @ Ef, that s, forany v € 12(Z%) there are unique & € C
and v] € EJJ; such that v = af 4 v;. Since f is an eigenfunction of the self-adjoint operator
&, then Ej% is an eigensubspace of the operator &, thatis, £ E}- - EJ%.

Since A¢ = 0 is a simple eigenvalue corresponding to the eigenfunction f, it is not a
point of the spectrum of the operator € restricted to E, so the spectrum of this operator
lies on the negative semiaxis and is separated from zero. Let us use the property, which
was noted, for example, in [1]: if the spectrum of a self-adjoint continuous operator # on
a Hilbert space is included into (—oco, —s], s > 0, and also f(t) — fi ast — oo, then the

solution of the equation

% = Hv+ f(1)

satisfies v(t) — —H ™! f. condition.
Since my(t, x, y) satisfies the equation

orma(t, x,y) = Ema(t, x,y) + do(x)g2(m1(t, x,y))
and for t — co we have the relation
do(x)g2(m1(t,x,y)) ~ do(x)g2(C(x,y)),

we obtain the limit relation that holds on E fi:

ma(t,x,y)) ~ —€ 7 (d0(x)82(C(x,y))) =: 0] (x,y).

We have my(t,x,y) = af + v, where « = W = h((t—%) and v ~ v}. Fort — o

my(t,x,y) ~ tf(X)f(?J)‘(?j‘gC(OIy))~

we obtain the relation

Denoting J>(x,y) := W, we find that my (¢, x,y) ~ J2(x,y)t.

Further, we continue similarly, using the asymptotics for the moments obtained at the
previous step. On the subspace Ey, carrying out similar reasoning for n1,(t, x,y), we obtain
the asymptotics

mu(t,x,y) ~ 501,
where ],(11) is some constant. On the subspace E JJ; we use the following property: if the spec-
trum of a self-adjoint continuous operator 7 on a Hilbert space is included into (—co, —s],
s >0, and f(t) = P,(t), where P,(t) is a polynomial of degree 1, then the solution of

the equation

dv

P t

o = Hvtf (t)
satisfies v(t) = Qy(¢) + u(t) condition, where Qy(t) is a polynomial of degree n and u(t)
is a function that decreases exponentially in f. We find that on the subspace EfL the
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asymptotics n,(t, x,y) ~ ],(Zz)t"*2 is true, where ]5,2> is some constant. So, for my(t, x,y)

we have

mu(t,x,y) ~ Jn(x,y) "

as t — oo. The theorem is proved. [

7. Moments in a Subcritical Case

To study the asymptotic behavior of the particle number moments for A¢ < 0, we
need an auxiliary lemma.

Lemma 1. If the spectrum of a self-adjoint continuous operator H on a Hilbert space is included
into (—oo, —c|, o > 0, and f(t) is a function such that || f(t)|| < Ce™*!, where C,a > 0 are some
constants, then the solution of the equation

% — Hu+ (1)

satisfies ||v|| < Cie™ ™! for o £ oand ||v|| < Cote™ 7" otherwise, where Cy, Cy are some constants.

Proof. The solution of the considered equation with the given initial condition v(0) = vy
can be represented explicitly:

v(t) = eMtyy + /Ot eH(t*S)f(s) ds. (10)

Let us estimate the norm of each of the terms. To estimate the norm of the first term,
we recall some properties of the spectrum of a self-adjoint continuous operator on a Hilbert
space, denoting the operator’s spectrum as spec(+).

1. Theorem 7.2.6 in [7]: for any self-adjoint operator H on a Hilbert space, the following
equality holds

1] = sup{|A]| : A is the point of the spectrum 7 }.

2. Corollary 7.8.10 in [7]: let H be a self-adjoint operator and f be a continuous complex
function on spec(#). Then,

spec(f(H)) = f(spec(H)).
In particular, spec(e!) = espec(H)t,

Using these properties, we find that the first term in (10) satisfies the estimate
lle®tuol| < |le™|[llvoll = e *||vo||- Additionally, for the second term for & # o, we have:

H/{;te?-t(tfs)f(s)ds S/OtHeH(f*s)

= Ce 7t /te(‘r_“)s ds =
0

ot
0
—ot
Ce™™ |

e o—n)s

I£(s)1ds < [ eotoIce s ds ~

t

0

c—a
Ce 7! C ,
= _ plo—a)t) —ot _ ,—at
—(0—0) (1 € > Y ) (e e ™) <

< (’j‘e— min(a,0)t

In the case « > o, we set C1 = ||g|| + C and in the case « < o: C; = C. It remains to
note that for # = ¢ the following equality holds

Ce 7t /te<‘7*"‘)s ds = Cte %,
Jo
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so we can put C; = ||vg]| + C, which completes the proof of Lemma 1. [

Theorem 9. Let f* > B. and Ag < 0. Then, for t — oo and all n € N the following state-
ments hold:
mp(t,x,y) ~ D,,(x,y)e)‘ff, mp(t,x) ~ Dn(x)e}‘ft,

where Dy, (x,y) and Dy (x) are some constants.

Proof. The proof will be carried out for m,(t, x, ). The limit relations for m, (t, x) follow
from the form of the integral Equation (3) and the asymptotics for n1, (¢, x, y).

As in the proof of Theorem 8, we consider the eigenfunction f(x) € I?(Z9) with
the eigenvalue A¢ of the operator £ and denote by Ej% the subspace in lz(Zd), which is
orthogonal to the element f (see the corresponding definition in the proof of Theorem 8).

Multiplying the equation for m;(t, x,y) scalarly by f, we obtain

U (f,ma(t,x,y)) = Ae(f,ma(t,x,y)) + f(0)g2(m1(£,0,)).

Let h(t,y) := (f, ma(t, x,y)). This function satisfies the equation

oth(t,y) = Agh(t,y) + f(0)g2(m1(t,0,y))

with the initial condition #(0,y) = (f, m2(0,x,¥)) = (f,d(x —y)) = f(y), whose solution
has the form

() = )+ [P0 fO0)galom (5,0,)) ds.

Since the relation 11 (t,0,) ~ C(0,y)e*¢* holds for my (£,0,y), ~and this and the explicit
form of the function g» (1) imply the relation g»(m11(t,0,y)) ~ Ke*'¢!, where K is some
constant, then h(t, y) satisfies the limit relation

h(t,y) ~ Kl(y)e/\ff + Kpe?et,

where K (y), K; are constant.
Consider now the subspace E J% The function mj(t, x,y) satisfies the equation

Oma(t,x,y) = Ema(t, x,y) + do(x)g2(m1(t, x,y))

and the spectrum of the operator € restricted to E fL is included into (—oo, —c], ¢ > 0. Using

Lemma 1, we find that on the subspace E J} for —2A¢ # o the following estimate holds

||7l12(f, x,y) ” < 6187 min(—2Ag,0)t

and ||ma(t, x,y)|| < Cote?re! otherwise, with some constants Cp, Cy.
As in the proof of Theorem 8, taking into account the representation 12(Z%) = E rOE fi,
we find for m(t, x,y) as t — oo the relation

ma(t, x,y) ~ Dy(x,y)ete!.

It remains to be noted that for all n > 2 and t — oo the relation g, (mq,...,m,_1) ~
Kne% ! holds, where Kn is some constant. This follows from the explicit form of the
function gy (my, ..., m,_1). Additionally, the above reasoning remains true for n, (¢, x, y)
foralln € N.

So, for my(t,x,y) for all n € N and for t — oo, we have

mp(t, x,y) ~ Dn(x,y)e)‘ft.

The theorem is proved. [
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Note that in proving Theorems 8 and 9 in addition to the asymptotic behavior of the
first moments, which for p* > B. does not depend on the variance of jumps of the random
walk, we also use differential equations for higher moments, which, as noted above, also
do not depend on the conditions imposed on the variance of jumps. Consequently, all
the results obtained for the case f* > B, do not depend on the variance of jumps of the
random walk.

To study the asymptotic behavior of the particle number moments in the case * < B,
when there is no isolated eigenvalue A¢, we need the following auxiliary lemma.

Lemma 2. Let continuous functions ¢(t), x(t) > 0, t > 0, satisfy the following asymptotic rela-
tions as t — o

p(t) ~ got* (Int)Pe !, x(t) ~ xot*(Int)Pe 2",

where o, B € R, by € Ry and let W(t) := fot @(t —s)x(s)ds. Then, for W(t) the following
asymptotic relation holds as t — oo

W(t) ~ Wot* (In t)Pe~bot,

Proof. It follows from the form of the asymptotics for the functions ¢(t) and x(t), that for
any & > 0 there exists § > 0 such that the following relations hold for t > §

(1 —e)t*(Int)Pe ! < () < (1+&)t*(Int)Pe!,
(1 —e)t?*(Int)2Pe 20t < (1) < (1+ &)t (Int)?Pe= 20!,
We choose t > 26 and represent the function W(t) as a sum
W(t) = Wis(t) + Was(t),
where s ,
Wist) = [ ot —six(s)ds,  Was(t) = [ ot =s)x(s)ds.
To estimate Wy 45(t), note that for 0 < 's < t — § the inequality  —s > ¢ holds. Hence,

we find that

7000 - 5t ne = o) Pe ot x(s) ds < Wis(0) <
< /otié(l +e)(t—s)*(In(t —s))Pe 0l x(s) ds.

Note that

/Ofﬂs(t — 5)*(In(t — 5))Pe(=5) x () ds =

Int+In(1—s/t)

p
boS
I > e x(s)ds,

= ¢ ot (Int)P /H(1 - s/t)”‘(
JO

In t+In(

in this case the functions (1 —s/#)* and ( lnlfs/ f) ) f tend monotonically to 1 as t — oo

and ef%x(s) ~ xs?*(Ins)%Pe0% as s — o0, i.e., e x(s) € L[0, +o0).
So, we obtain

/H(t — §)%(In(t — 5))PeP0(=5) x (5) ds = =Pt (In )P (/‘m 05y (s) ds + 0(1)>.
JO JO
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Consider now W, 5(t). Since t > 25, we have

t
Was(t) = [ glt=s)x(s)ds <

< (1+¢)(t—8)*(In(t — 8))?Pe20(t=0) /05 @(s)ds =

= 7Pt (In)Po(1).

Finally, denoting Wy := f0+°° ebo’x(s) ds, we obtain the required asymptotic relation
and Lemma 2 is proved. [

Theorem 10. Let the variance of jumps of the random walk be finite, then for t — oo and alln € N,
the following statements hold:

(a) for p* = Pc:
d=3:my(t,x,y) ~ An(x,y)t=1/2e= 0t 1, (t,x) ~ Ay(x)t1/ 200t
d =4 my(t,x,y) ~ By(x,y)(Int)"Te=bo! 1, (t, x) ~ By (x)t(Int)~Te~bot,
d > 5:my(t,x,y) ~ Cu(x,y)e !, my, (t,x) ~ Cy(x)te b,

(b) for B* < Be:
d > 3:my(t,x,y) ~ Dy(x,y)t=%2e=bo! 1, (t, x) ~ Dy(x)e !,
where Ay (x,y), Au(x), Bu(x,y), Bu(x), Ca(x,y), Cu(x), Dyn(x,y) and Dy (x) are some constants.

Proof. The limit relations for the first moments are obtained in Theorem 4. The second mo-
ments are expressed in terms of the first moments and their convolutions with the functions
2(m1(t,0,y)) and g»(m1(t,0)) using Theorem 3. Note that the asymptotic relations for
the first moments for all d in the case §* < B, have the form m; ~ C;t*(In t)Pe~b! and for
the functions g»(m1) the following asymptotic relations hold: g (1111) ~ Gyt2*(In t)2Pe—2b0!,
where G, is some constant and a and  are the same, as in the asymptotics of the corre-
sponding first moment m;. Using Lemma 2 for the functions m7 and g», we find that

/(: iy (t — 5)ga(my(s)) ds ~ Wot® (In t)Pe 0",

Finally, we find that for the second moments the relation 1, ~ 62 #*(In t)/g e~bof holds,
i.e., the second moments behave at infinity in the same way as the corresponding first
moments, up to a constant.

To complete the proof, we note that for all n > 2 the following relation will hold
gu(my, ..., my_q) ~ G t2® (Int)2Pe—2b0t, where G, is some constant. This means that for
all n € N and t — oo the following limit relations will hold: m;, ~ Cpt® (In t)ﬁe*hof. The
theorem is proved. [

When the condition (3) is satisfied, which leads to an infinite variance of jumps, the
following theorem turns out to be true.

Theorem 11. Under the condition (3) for t — co and all n € N, the following statements hold:
(a) for p* = Be:
mn(t/ x/y) ~ Bn,d/a(xry)u*(t)r mn(t/ x) ~ Bn,d/a(x)v*(t)/
where By 44 (%,Y), By ayo(x) > 0and
(t) = td/8=2e=bot (1) = pA/a—Te=bot ifd/a € (1,2);

u*
u*(t) = (Int)~le %!, v*(t) = t(Int) e bt ifd/a = 2;
w*(t) = ebot v¥(t) = te7! ifd /o € (2, +00);
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(b) for B* < B
mu(t, x,y) ~ An(x,0)u*(t), mu(t,x) ~ Ap(x)v*(t),

where An(x,y), An(x) > 0, u*(t) = t~%/%e=bot p*(t) = ¢~ bot,

Proof. Asymptotic relations for the first moments in the case of the condition (3) are
obtained in Theorem 5. Note that for all possible values of the parameter d/a for f* < B,
these relations have the form

my ~ Ct*(Int)Pe ot

where « and f are some known constants.

Furthermore, carrying out the arguments from the proof of the Theorem 10 without
changes, we find that all integer moments in the case under consideration behave at infinity
in the same way as the corresponding first moments, up to a constant. The theorem is
proved. [

8. Conclusions

We study a model of a BRW, apparently not previously considered, with one branching
source and possible absorption at every point of the lattice. The possibility of particle
absorption at every point makes the model more realistic for some applications compared
to the process considered in [1-3], where there is one branching source and at other points
only particle movement is possible.

One of the main results is Theorem 7, which states that, despite the possible absorption
at every point, an exponential growth of both the total number of particles and the number
of particles at a lattice point can be observed. Also in the process under consideration,
an exponential decrease in the moments of the particle numbers can be observed, which
distinguishes it from the previously considered BRWs. The resulting classification of the
behavior of the moments of particle numbers turned out to be close to the classification of
the behavior of a Markov branching process with continuous time [4].

As is well-known, an irregular growth of moments characterizes such a phenomenon
as the intermittency of the field of particles intensively studied in different areas of
physics [8], in particular in hydrodynamics [9]. We established that in the supercriti-
cal case for our model, the intermittency of the particle field is not observed, see Theorem 7.
However, the proposed model can be developed for further study of BRW models with the
so-called random potential, which find numerous applications in statistical physics. As a
rule, such a phenomenon occurs in BRW models under assumption that the intensities of
particle birth and death are random, i.e., the operator A is perturbed by a random potential.

In conclusion, we note that in addition to the method of moments, a martingale
approach can be used to prove the limit theorems on the behavior of particle numbers at
lattice points for some BRW models, which allows us to establish the convergence of the
limiting process in the mean square [10].
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Abstract: In this paper, we study a new type of distribution that generalizes distributions from the
gamma and beta classes that are widely used in applications. The estimators for the parameters of
the digamma distribution obtained by the method of logarithmic cumulants are considered. Based
on the previously proved asymptotic normality of the estimators for the characteristic index and
the shape and scale parameters of the digamma distribution constructed from a fixed-size sample,
we obtain a statement about the convergence of these estimators to the scale mixtures of the normal
law in the case of a random sample size. Using this result, asymptotic confidence intervals for the
estimated parameters are constructed. A number of examples of the limit laws for sample sizes with
special forms of negative binomial distributions are given. The results of this paper can be widely
used in the study of probabilistic models based on continuous distributions with an unbounded
non-negative support.
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1. Introduction

Distributions belonging to beta and gamma classes play an essential role in prob-
ability theory and mathematical statistics. Such distributions have proven themselves
as convenient and efficient tools in modeling a large number of real processes and phe-
nomena [1-6]. Special cases of the generalized beta distribution of the second kind and
the generalized gamma distribution can have the properties of infinite divisibility and
stability, which makes it possible to use them as asymptotic approximations in various limit
theorems. Ref. [7] proposed a new probability distribution closely related to both beta and
gamma classes.

Definition 1. We say that the random variable { has the digamma distribution DiG(r,v, p,q, )
with a characteristic index r € R and the parameters of shape v # 0, concentration p,q > 0, and
scale & > 0, if its Mellin transform is

_OT(p+z/v)I(q—rz/v)
M=) = OO

where Re(z) is the real part of a complex number z, and T'(z) is Euler’s gamma function.

Re(z) rRe(z)

qu>0, (1)

p+ >0,

Particular types of digamma distribution include the generalized gamma distribu-
tion (also known as the Amoroso distribution with zero shift) [8], the generalized beta
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distribution of the second kind (also known as the McDonald distribution) [9], and the
gamma-exponential distribution [10].

The digamma distribution (1) can be represented as a scale mixture of two general-
ized gamma-distributed random variables, i.e., for { ~ DiG(r,v, p,q,J) and independent
random variables A ~ I'(p,1) and y ~ I'(g,1) with gamma distributions

1/v
i(s<i> . 2
4 " (2)

This representation makes it possible [11] to use the digamma distribution for an
adequate description of the Bayesian balance models proposed in [12].

Assuming that the process is modeled using the digamma distribution, the problem
of statistical estimation of its unknown parameters inevitably arises [5,13,14]. As shown
in Ref. [7], the density of the digamma distribution is expressed in terms of the special
Fox’s H-function. This significantly complicates the application of the maximum likelihood
method. The form of the Mellin transform (1) of the digamma distribution also indicates
the infeasibility of using the direct method of moments. Refs. [15-17] originally proposed
a modified method for estimating the parameters of the gamma-exponential distribution
based on logarithmic moments and cumulants. Due to the fact that the digamma distribu-
tion and the gamma-exponential distribution have the Mellin transform of the same type
(up to the range of the parameter r), all previously obtained conclusions about the form of
estimates by the method of logarithmic cumulants for the gamma-exponential distribution
automatically remain valid for the digamma distribution, taking into account the formal
expansion of the characteristic index range from a unit interval to the entire real line.

In today’s rapidly changing world, it is quite problematic to use the traditional statisti-
cal approach based on the analysis of fixed-size samples. Thus, in the context of the global
crisis caused by the COVID-19 epidemic, it is necessary to have a mechanism to respond
to negative impacts using only the currently available data. Since the accumulation of a
sufficient fixed amount of statistics can often take an indefinite time, it makes sense to
strive for the possession of methods that allow one to draw adequate conclusions based
on an a priori indefinite number of observations. This approach inevitably leads to the
consideration of models with randomized sample sizes and is usually found not only in
medicine but also in other fields in situations where the accumulation of statistical data
continues not up to a certain amount but, rather, over a given period of time. For example, a
similar situation can be observed in insurance when a different number of insurance events
(insurance payments and/or insurance contracts) occur during different reporting periods
of the same length (say, months), etc. Due to these circumstances, it becomes quite natural
to study the asymptotic behavior of distributions of fairly general statistics based on the
random size samples. When replacing a non-random sample size with a random variable,
the asymptotic properties of statistics can radically change. This fact was apparently first
noted by B.V. Gnedenko in 1989 [18,19]. It was shown that if the sample size is a geometri-
cally distributed random variable, then instead of the normal law expected in accordance
with the classical theory, a Student distribution with two degrees of freedom arises as an
asymptotic distribution for the sample median, whose tails are so heavy that it does not
have second-order moments. The “heaviness” of the tails of asymptotic distributions is of
critical importance, in particular, in problems of testing hypotheses.

The distributions from the gamma class and their derivatives have become very popu-
lar for modeling random non-negative parameters, and, when modeling a random number
of events and studying an a priori unknown number of observations, their discrete analogs
are widely used, which are mixed Poisson distributions with corresponding continuous
structural distributions.
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The discrete analog of the gamma distribution I'(p, §) is the negative binomial distri-
bution, whose partial probabilities for n = 0,1, ... are

B An-%—p 1 —(141/6)A - F(n+p) 5 n 1 P
N=n) / ST (p)n! dA_l"(n+1)1"(p)<5+1> <5+1> -G

A natural generalization of the distribution (3) is the mixed Poisson distribution whose
structure is given by the generalized gamma distribution GG(v, p, §) with the density

[y]xP=1e= (/)

flx) = ST v#0, p>0, x>0. )

Such distributions are called generalized negative binomial distributions and are
widely used in insurance, financial mathematics, physics, and other fields [20-24].

The purpose of this article is to study the asymptotic behavior of digamma distribution
parameter estimates under conditions of an a priori unknown sample size.

The article has the following structure. Section 2 describes a method for obtaining
digamma distribution parameter estimates; auxiliary relations are given. Section 3 contains
the main statement of this paper on the asymptotic behavior of the digamma distribution
parameter estimates constructed from random size samples. Section 4 discusses special
cases of limit distributions. This paper also contains a section with our conclusions.

2. Auxiliary Relations

This section describes a method based on logarithmic cumulants for obtaining es-
timators for the parameters 7, v, and ¢ of the digamma distribution (1) with fixed con-
centration parameters p and g and a sample of a non-random size n. Estimating the
parameters p and g is a separate problem due to the analytical complexity of inverting the
polygamma function.

The results and relations of this section were published in Ref. [17] and are provided
as auxiliary statements.

To obtain an explicit form of theoretical logarithmic cumulants, consider the
polygamma functions

m+1
¥(z) = ilnr() ¢<m>(z)_;m++1 InT(z), m=1,2,...

The theoretical cumulants of the random variable In{ for { ~ DiG(r,v, p,q,6) have
the form

_ _vIiné+y(p) —rp(q) .
(r,v,0) =EIn{ = y ;

_ 9 (p) 4 (=)D (g)

4=0 Y , m > 1.

km (r,v) = (=)™ dym ln ECY

The moments of the random variable In { can be represented as [25]

Um(r,v,8) = EIn™ ¢ = By (r1(r,v,0),k2(r,v), ..., km (7, V), (5)

where By, is a complete (exponential) Bell polynomial that can be recurrently defined as

m
By1(x1,. ., Xpy1) = Z Cf;lBﬂl—k(xll .. ~/xm—k)xk+1/ By=1.
k=0

An explicit form of the necessary relations connecting moments and cumulants can be
found in Ref. [25].
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In addition, we will need the following moment characteristics of the logarithm of a
random variable with a digamma distribution:

02 (r,v,8) = DIn™{ = ppy(r,v,8) — p2,(r,v,6);
Uml(rlvl 6) = cov(lnm gl 1nl g) = merl(rr v, (S) - ]’lm(rr v, 5)]/1[(7, v, 5) (6)

To define the sample logarithmic cumulants, we introduce a notation for the sample
logarithmic moments of the random variable (:

1 n
Lu(Xa) = — Y- In" X,

where X, = (X3,...,Xy)isa sample from the distribution { of non-random size n.
Let us denote I = (I4,15,13,14). Consider the functions

Ki(l) = Ki(h) = (9(q)) 'h;
Ky(l) = Ka(l, o) = (¢'(9) ' (. — 1§);

K3(1) = K3(h, I, 13) = (9" (q)) "' (I3 — 3Ly + 213);

Ky(1) = Ky(ly, I, I3, 13) = (9"(q)) "V (ly — 431y — 313 + 12,13 — 613).
Consider the statistics

Ky (X)) = Ky (Li(Xa));

KZ(XW) = KZ(Ll (Xn)/ LZ(XH)); 7)
K3(Xy) = K3(L1(Xn), Lo(Xy), L3(X,) );

Ky(Xy) =

Ky (L1 (Xa), L2(Xn), L3 (Xa), La(Xn))- ®)
Note that the statistics "~V (q)K,, (X,,) are the m-th sample logarithmic cumulants
of the digamma distribution.

The method for estimating the unknown parameters considered in this paper is based
on solving the system for logarithmic cumulants:

K (r,1,8) = "D () K (X)), m=1,2,3,4.

To describe the solution of this system, we introduce a number of functions of sample
logarithmic cumulants with the arguments k = (kq, ko, k3, kq):

(m)

Om

©)

Re (k) = R (ky, ki) = | SRR v/T0E),
ky — kg
Va(k) = Vil ky) = || 2R EVTR),
ka —ka
D) = D (ky ko ky) = exp{ pla + LORET =00,

Vi (k) (10)
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In what follows, we will need the derivatives of functions (10), expressed in terms of
the functions ¢, and 7, defined in (9). Note that

ke (93 + T(k) £21k2y/T(0))
(kg — k)Y TR\ ks £ ko TR)

ko (9313 + (k) % 21k r(k))

kz —k4 3/2\/T(k \/¢1k4ik2

CLEIP )= ko (¢7ka + T(k ))i¢1(k2+k4) (k)

W( 2, K4 +
2 kZ k4 3/2\/T(k \/4711(2

q>%k2 + 7(k) £ 2¢1k, (k)

k4 3/2\/ \/¢1k2i

8Ri

Ry, (k) = (kz ky) =

dR
Ry, + (k) = ﬁ(kz, ky) =+

Vip, (k) =

V-
Vi, (k) = ﬁ(kz,h) =

Dy, + (k) = aaDki (ky, ka, kg) = ¢(q)exp{¢(q)k +W},
D (k) = aDi (kl,kz,k4) = exp{lp(q)kl Ri(k } x
« (P)sz, (k) + 9 (q) Ry, (k) Ve (k) — (q)Ri(k)sz (k
V2 (k)
Dt = 220 o g =V
le(P)Vk4,i(k)+l/J(q)Rk4, L(K)Ve(k) — ()Ri(k)% ()
V2 (k)

Using the formula for the derivative of a composite function, we obtain

IR+ 214 — 2401 + 2413

W( )= _1/1 (q)RkZ + (K (D), Ka(1)) = " (q) le4 +(Ka(1), Ka(1));
O iq)szi(Kz(z),m(z)) - 6’;,,, (1;)11 Re, s (Ka(D), Ka(1));
S ) = s Ry (Ka(D), Ka(1)

OR+ 1

8714(1) 7 )Rk4i(K2(l) JKa(D));
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P 1) = Vi Ko, K1)~ 2B 0, k)
‘%(z):ﬁvkz, (Ka (1), Ka(1)) — 6l¢,//(12)llvk4 (Ka (), Ka(1));

T ) = s Vi (Ka (D), K1)

%(l) IP"}( Vi £ (Kal0), Ka (1))

D) = S Di e (K1), K1) Kal1)) = 7Dy (K1 (1), Ka) Ka(0) -

4l5 — 24151, + 2413
A A A (K1), Ka(D), Ka(1));

11)///()
21 = gt Dus (a0 K0, Ka(1) — 222 P D 1), ke, ka0
oD 41
T = — D (K 1), Kal0), K1)
oD+ 1

WU) lp,,/()Dk4i(K1(l),K2(l),K4(l)). (11

To formulate the statement about the asymptotic normality of estimators for the
parameters 7, v, and ¢ with fixed concentration parameters p and g for a fixed sample size
1, we introduce some notations. Let

alz(r,v 3) on(r,v,6) os(r,v,8) oa(r,v,9)
(

(
023(r,v,8) 041,
) (

s _ | oa(nvé) o(rv,e) 5) |.
a3(r,v,8) on(r,v,6) 03(r,v,6 o3 (r,v, & |
o14(r,v,08)  0o4(r,v,0)  o3u(r,v,8) oy(r,v,6)
_ aRi aRi aRj: aRj: .
dr, = ( ol 9 1=y 0l 2 1=y ol3 (l)’z:;/ ol (l)’z:)'
- aVi BV:E aVi aV:t .
dv, = (Tll(l)‘z s Ol SE 0] S0 ;,>'
aDi E)Di aDi aDj:
dDi ( all ()’l ]4 alz ’l y’ 613 (l)‘l:;t, 814 (l)‘l:}I), (12)

where the variances 02 (r,v,6) and the covariances o,,(r,v,d) are defined in the
relations (6), the partial derivatives R+ /9l (1), 0V4 /9l (1), and 9D+ /9l (1) are defined in
(11), and p = (p1, p2, p3) is the vector of moments (5).

Previously, in Ref. [17], the following result was obtained for the gamma-
exponential distribution.

Theorem 1. Let 0 < r < 1and v > 0. Assume that the concentration parameters p and q
of the digamma distribution DiG(r,v, p,q,0) are fixed. Then, for r > \/¢3/ ¢y, the estimators
(X)) = Ry (Ka(Xy), Ky(X,y,)) for the unknown characteristic index r, 9(X,) = Vi (Ka(X,),
Ky4(Xy,)) for the unknown shape parameter v and 8(X,,) = Dy (K1 (Xy), Ko (Xy), K4 (X)) for the
unknown scale parameter § have the property of asymptotic normality when n — co:

\/EM — N(0,1), \/EM — N(0,1); \/EM — N(0,1). (13)
dg, Xd} dv, Tdj, dp, Zdf,

Remark 1. In addition to the property of asymptotic normality, the estimators listed in Theorem 1
have the property of strong consistency [16].

66



Mathematics 2023, 11,1778

Remark 2. In Theorem 1, if 0 < r < \/¢3/¢1, then one should choose the statistics
#(Xn) = R-(Ka(Xn), Ka(Xp)), 9(Xn) = V(Ko (Xy), Ka(Xpr)), and 6(Xy) = D (K1 (Xy),
Ko (X)), Ka(Xy)) with a corresponding modification of the normalizing constants in (13) [17].

Remark 3. In Theorem 1, if v < O, then one should choose as an estimator for the unknown parameter v the
statistics (X)) = =V (Ka(Xy), Ka (X)) ifr > /¢3/¢p1, and 0(X,,) = —V_(K2(Xy), Ka(Xy))

if0<r<.\/¢3/¢1.

Remark 4. Since the gamma-exponential distribution and the digamma distribution have the
Mellin transform of the same type (1), the results of Theorem 1 and Remark 1 remain valid for all
r > 0. In the case when r < 0, one should consider as an estimator for the parameter r the statistics
P(Xy) = =R (Ko (X)), Ka(Xy)) forr < —/3/ 1 and #(X;) = —R_(Kp(Xy), Ka (X)) for

—V¢3/p1 <r <0

Remark 5. When processing real data, one should first choose one of the statistics =R+ (Kp(X,,),
Ky (Xy)), and £V (Ko (Xy), Ka(Xy,)) as the estimators #(X,,) and 0(X,,), using the algorithm for
eliminating unnecessary solutions described in Ref. [17]. The estimator for the unknown parameter
6 is always defined by the formula

§05,) = exp{ o)k o) + L) VP,

3. Main Result

Everywhere below we will assume that the sample size is random. To obtain asymp-
totic approximations, it is reasonable to consider a situation in which the random size of
the sample increases in some sense. We will consider a sequence N, such that N;, — oo in
probability as n — co.

Let the non-random size sample X,, = (Xj,...,X;) and the random size sample
XN, = (Xy,...,Xn,) be from the digamma distribution DiG(r, v, p, q, ) with the known
concentration parameters p and 4.

Using the Functions (7) and (8), we construct the statistics

Ky (Xn,) = Ka(L1(XN,), L2(Xn,));

Ky(Xn,) = Ky(L1(Xn, ), L2(Xn, ), L3 (X, ), La(Xn, ),

based on sample logarithmic moments

Lm (XNn) = — Z lnm X[.

Let N, be a sequence of natural-valued random variables independent of Xj, X», ...,
for each 1, and let N;, tend toward infinity in probability as n — .
The following statement holds.

Theorem 2. Let r > \/¢3/ ¢y and v > 0. Suppose that the concentration parameters p and q of
the digamma distribution DiG(r,v, p,q, ) are fixed. Assume that there exists a numerical sequence
{by, > 0} and a random variable U such that

My (14)
by

when n — oco. Then, the estimators #(Xy,) = Ry (Kz2(Xy;, ), Ka(Xn,)) for the unknown char-
acteristic index r, V(Xy,) = Vi (Ka(Xn, ), Ka(Xy,)) for the unknown shape parameter v, and
S§(Xn,) = D+(K1(Xn,), K2(Xn, ), Ks(Xn,)) for the unknown scale parameter & converge in
distribution when n — oo:
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(XN, ) —7 Y Xy ) —v Y S(Xn)—6 Y
57 (Xn) L= iy, L @%ﬁf (15)
/dR+z‘dR+ u dV+z‘dV+ u dD+ZdD+ u

where Y has a standard normal distribution, and U can be considered independent of Y.

Proof of Theorem 2. We consider the statement of the theorem for estimating the charac-
teristic index r. The argument is based on the method proposed in Ref. [26].

Denote
dR+Zd1T{+ 1/dR+2311£+

Vb T

Let hy (t) be the characteristic function of a random variable

ay =

X)) =7 _ P(Xy) — 7.
,/dR+Zd£+ Cn

and f,(t) be the characteristic function of

Y, =n

(X —r 7(X —r
Zn = \/E ( Nn) _ ( Nn) .

Theorem 1 implies that when n — oo
Y, = Y ~ N(0,1).

Denote by h(t) the characteristic function of a standard normal random variable Y.
Define the random variables

Let
gn(t) = ER(tUy).

Let us show that forany t € R
nlgl;lo [fu(t) — gn(t)] = 0.
For some positive number <y and positive integer m, we define
Ky =Kipu(y) = {m | cm < van}, Koy =Kouly) ={m|cm > yan}.
For t = 0, the statement is obvious. Fix an arbitrary ¢ # 0. Then,

[fu(£) = &n(t)] = [Eexp{itZy} — Eh(tUy)| =

o)) -

m=1 an

3" P(N, = m) {Eexp{it% : M} —h(t;’:)“ =

m=1 Cm

Eromm() ()]

< Z P(N, = m)

mekKy ,
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+ Y P(N,=m)

mekKy

Fi (t@> —h (t@> ‘ =L +Db.
a, a,

Fix an arbitrary € > 0. Consider I,.

12 = Z P(N;7 = m)

mekKy ,

s (t%’“) - h(ti'“> ’ <2 Y P(Ny=m)=2P(U, >7) <e/2

n mekKy

for all v > 5 (€), due to the convergence U, = 1/+/U.
Now, consider I;. Let v > 72(€). Since |tcy /an| < |t]7y,

() (5)
an an

< Y P(Ny=m) sup [hm(t)—h(0)| =E sup |hy, (1) — (7).

m=1 [Tl<7li] [Tl<7t

L= ) P(N,=m)

mekKy

Due to the uniform convergence of the sequence of characteristic functions #, (t) to
h(t) on any finite interval and the convergence N, — oo in probability,

E sup |hn,(T)—h(T)| <e/2

[TI<7lt

starting from some 7.
Since I + I < e starting from some 7, we conclude that for any ¢

Tim [fu(t) — gu(8)] = 0.

Note that the function
¢r(x) = h(tx)
is bounded and continuous. Therefore, the weak convergence condition U, =—
1/+/U implies
lim Egy(Uy) = E¢:(1/v/U) = Eh(t/VU).

By the Fubini theorem, the right-hand side of the last equality is the characteristic
function of the random variable Y /+/U for a copy of the standard normal random variable
Y independent of U.

Since

[fu(t) = ER(t/VU)| < |fu(t) = gn(t)| + |gn(t) — ER(t/VU)| < 2¢
for all € > 0 starting from some 7,
lim (1) = En(e/ VD),

which completes the proof of the theorem for the estimator of the characteristic index r.
The statements of the theorem for the estimators of the form parameter v and the scale
parameter § are proved in a completely similar way. The theorem is proved. [

Remark 6. Similarly to Remarks 2-5, the statement of Theorem 2 remains valid in the cases
r < =/ P3/ 1, —P3/ P < v < 0,0 < v < \/P3/¢p1 and v < O for the estimators
?(XNV,) = :f:Ri (KZ(XN,,)rKZL(XNn)) and ﬁ(XNy,) = iVi (KZ(XNn)rK4(XN,Z)) with the cor-
responding modification of the normalizing constants in (15). The choice of the “correct” signs of the
estimators is carried out using the algorithm for eliminating unnecessary solutions from Ref. [17].
The estimator for the unknown parameter ¢ is always defined by the formula
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5(XN”) = exp{lp(q)Kl(XNn) + w}

7(Xy,)
Let us introduce additional notation

smm(XNﬂ) *0’ ( (XNﬂ) ( (
Sml(XN,,) Sim (XNn) = UmI(r(XNn) ]7( ) 5(
d

_ (XN, ] _O0(XnN,) ] _ S(Xwn)
n) - alm ’ dl/ (XNn) - alm 4 d5 (XNn) =

" (X (16)
where 02 (r,v,8) and 0, (r,v,9) are defined in (6) and #(Xy;, ), ?(Xy, ), and 8(Xy,, ) satisfy
the conditions of Theorem 2.

Theorem 2 implies a statement about the form of the asymptotic confidence intervals
for unknown parameters of the digamma distribution. Denote by i the (1 + 7) /2-quantile
of the limiting random variable Y/ VU.

Corollary 1. Suppose that the conditions of Theorem 2 are met; then the asymptotic confidence
intervals with a confidence level y based on the estimators #(Xy, ), ?(Xy, ), and §(Xy, ) for the
unknown parameters r, v, and 6 have the form

(AAXNn),B,(XN,Z)):(f(XNn)f%cr(xm FE,) + <an>)
(Au(Xn,) BV<XNW>>=<9<XN,I>7”W () 0K, ) + TG (XN,J);
(As(Xn, ), Bs(Xn,)) = (&XM) - 2Lk, Bk, + fCo(XN,1)>

where

4 4
C(Xn,) = | 1 2l (K, s (X, ) (X, )i

4 4
C(Xn) =4 X Zdl[/m](XN,,)sml(XNﬂ)dy] (Xn,);

Co(Xn,) = | = Yl (Xn, )5 (X, )b (X, ),

and s, (X, ), dim] (XN, ), d[vm] (XN, ) dt[sm] (XN, are defined in (16).
The proof is completely analogous to the proof of Corollary 2 from Ref. [17].

4. Examples of Limit Distributions

Let us give a number of examples of possible limit distributions in Theorem 2.

As noted in Section 1, special forms of the negative binomial distribution have gained
great popularity in modeling a random number of events. Since the negative binomial
distribution is concentrated on non-negative integers, it cannot be directly used as a random
sample size. We will consider such distributions with a shift by one, which will ensure
the natural value of the sample size. According to the generalized Slutsky theorem, all
conclusions concerning the asymptotic behavior of “shifted” distributions are equivalent
to the statements about the asymptotics for sequences of random variables that have a
classical negative binomial distribution or a mixed Poisson distribution with a structural
gamma distribution.
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Note that the gamma distribution belongs to the class of distributions with a scale

parameter. It means that if A ~ I'(s,0), then AL /0 ~ T(s,1). The following state-
ments are based on the fact that for a standard Poisson process Nj (t) independent of the

random variable A,

NAT) R e
on

Note also that if a random variable ¢ has a generalized gamma distribution GG(v, s, 6)
with the density (4), then

1 1

NS GG( 2v,s, \/§)

Denote by IT(A) the mixed Poisson distribution whose structure is given by the

random variable A. To specify particular cases of Theorem 2, we consider the distribution

D(0) degenerate at the point 6, the gamma distribution I'(s, 8), the exponential distribution

E(#) =T(1,6), and the scaled y2-distribution x2(k,0) = I'(k/2,0), k € N as the structural

one. To determine the corresponding mixed Poisson distributions, consider the negative

binomial distribution NB(p,1/(1 + 6)) whose partial probabilities are given by (3), and

the geometric distribution G(1/(1+6)) = NB(1,1/(1 +6)). To determine the limit

distributions, consider the type VII Pearson distribution P7(m, ), m > 1/2, « > 0, with
the density

p2m=1
fer) = gon—1/2,172)

the Student distribution St(n) = P7((n + 1)/2,4/n); and the Cauchy distribution
K(a) = P7(1, ).

For b, = 6n, let us list several examples of limit distributions of the random variable
Y/+/U from (15).

Let N, — liNl (An) ~ II(An). Then, the limit random variable U in (14) coincides
in distribution with A, and the distributions of the random variable Y /+/U have the form
shown in Table 1.

(0(2 + xz)””;

Table 1. Special cases of the limit distribution.

A~ (An) YIVU ~

D(6) I1(6n) N(0,1)

E(6) G (ﬁ St(2)
2(1,0) NB(%,H;%) K(v2)
I'(s,0) NB (s, H%) r7 <s + % fz)

Let us give some numerical examples of calculating the estimates of the parameters
7, v, and ¢ of the digamma distribution DiG(r,v, p,q,J) from the model samples. The
concentration parameters p and g are fixed. The data given in Table 2 are obtained using
the algorithm described in Ref. [17].

The pseudorandom sample size N, for each n is generated for the distributions IT(An)
from Table 1. The simulation of pseudorandom samples from the digamma distribution is
based on Relation (2).

Table 2 lists the values of the estimates #(Xy, ), 7(Xy,), and §(Xy,) of the pa-
rameters r, v, and J, obtained by simulating a sample from the digamma distribution
DiG(0.5;2.5;2.4;1.9;1.0), and the corresponding boundaries of the confidence intervals.
The distributions of the random sample size are taken from Table 1 withf = 1and s = 2.
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Table 2. Examples of parameter estimates and boundaries of confidence intervals for a model
distribution for r = 0.5, v = 2.5, and § = 1.0.

Ny—1n~ #(Xn,) Ar(Xn,) B, (Xn,) 7(Xn,) Av(XN,) By (Xn,) 5(Xn,) As(XN,) Bs(Xn,)
T1(10%) 05754 0.0458 1.1051 25877 1.8475 3.3278 1.0159 0.8915 1.1403
I 1(105) 0.4693 0.3526 0.5859 2.4633 2.3205 2.6061 0.9912 0.9630 1.0195
I 1(106) 0.5032 0.4631 0.5433 2.5039 2.4525 2.5554 1.0005 0.9909 1.0101
6(lm 0.4073 —0.2401 1.0549 23678 1.6620 3.0735 0.9767 0.8180 1.1355
G ﬁ 0.5613 0.1982 0.9243 2.5793 2.077 3.0808 1.0140 0.9284 1.0995
o] 0.4942 0.4392 0.5493 24927 24229 25626 0.9985 0.9853 1.0118
NB %, ﬁ 0.4575 —2.9511 3.8662 2.4297 —1.6338 6.4933 0.9884 0.1551 1.8217
NB %, ﬁ 0.4137 —0.7791 1.6065 2.4056 1.0728 3.7384 0.9780 0.6893 1.2668
NB(1, k) 05107 0.2524 0.7690 25133 21781 2.8485 1.0024 0.9404 1.0644
NB(2, ﬁ 0.5700 0.2545 0.8855 2.5935 2.1529 3.0341 1.0148 0.9407 1.0888
NB(2, i) 05817 0.3867 0.6767 25418 2.3483 27353 1.0079 0.9733 1.0424
NB(2, H%O" 0.5052 0.4848 0.5256 2.5056 2.4793 2.5319 1.0009 0.9960 1.0058

5. Conclusions

This paper has considered the problem of estimating the parameters of the digamma
distribution with a random sample size. The consideration of a random sample size is very
important since the accumulation of a sufficient fixed amount of statistical data can often
take an indefinite amount of time, and, sometimes, it is impossible, in principle. Therefore, it
becomes natural to study the asymptotic behavior of statistics based on random size samples.

The digamma distribution is a generalization of popular distributions from the gamma
and beta classes, as well as the gamma-exponential distribution. This paper has discussed
a method for estimating unknown parameters of the digamma distribution based on the
logarithmic cumulants. Assuming that the sample size is random, the weak convergence of
the studied estimators to the scale mixtures of the normal law is proved. This result allows
for the construction of asymptotic confidence intervals for the estimated parameters. It is
shown that the asymptotic properties of the statistics can change radically when passing
from a fixed sample size to a random one. In particular, it leads to heavier tails of the limit
distribution. For example, the type VII Pearson distribution may appear to be a limiting
distribution whose representatives may not have a mathematical expectation.

The results proposed in this paper concern the estimation of the characteristic in-
dex and the shape and scale parameters of the digamma distribution assuming that the
concentration parameters are known. Naturally, the question arises about the form of
statistical estimates in the case in which all five parameters are unknown. The equations
for constructing the estimates contain polygamma functions with arguments depending on
the concentration parameters. Theoretical methods for inverting polygamma functions are
being actively developed at the present time, but, apparently, there are currently no effective
tools suitable for use in the method under consideration. At the same time, polygamma
functions have nice properties that make their inversion easy using numerical methods.
The authors plan to continue their studies in this direction.
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Abstract: In the first part of this article, we discuss and generalize the complete convergence intro-
duced by Hsu and Robbins in 1947 to the r-complete convergence introduced by Tartakovsky in
1998. We also establish its relation to the r-quick convergence first introduced by Strassen in 1967
and extensively studied by Lai. Our work is motivated by various statistical problems, mostly in
sequential analysis. As we show in the second part, generalizing and studying these convergence
modes is important not only in probability theory but also to solve challenging statistical problems in
hypothesis testing and changepoint detection for general stochastic non-i.i.d. models.
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1. Introduction

In [1], Hsu and Robbins introduced the notion of complete convergence which is
stronger than almost sure (a.s.) convergence. Hsu and Robbins used this notion to discuss
certain aspects of the law of large numbers (LLN). In particular, let X1, X5, ... be indepen-
dent and identically distributed (i.i.d.) random variables with the common mean y = E[X;].
Hsu and Robbins proved that, while in Kolmogorov’s strong law of large numbers (SLLN),
only the first moment condition is needed for the sample mean n~! Y/ ; X; to converge
to pu as n — oo, the complete version of the SLLN requires the second-moment condition
E|X1|? < oo (finiteness of variance). Later, Baum and Katz [2], working on the rate of con-
vergence in the LLN established that the second-moment condition is not only necessary
but also sufficient for complete convergence. Strassen [3] introduced another mode of
convergence, the r-quick convergence. When r = 1, these two modes of convergence are
closely related. In the case of i.i.d. random variables and the sample mean n~' Y/ ; X;,
they are identical. This fact and certain statistical applications motivated Tartakovsky [4]
(see also Tartakovsky [5] and Tartakovsky et al. [6]) to introduce a natural generalization of
complete convergence—the r-complete convergence, which turns out to be identical to the
r-quick convergence in the i.i.d. case.

The goal of this overview paper is to discuss the importance of quick and complete
convergence concepts for several challenging statistical applications. These modes of
convergence are discussed in detail in the first part of this paper. Statistical applications,
which constitute the second part of this paper, include such fields as sequential hypothesis
testing and changepoint detection in general non-i.i.d. stochastic models when observations
can be dependent and highly non-stationary. Specifically, in the second part, we first address
near optimality of Wald’s sequential probability ratio test (SPRT) for testing two hypotheses
regarding the distributions of non-i.i.d. data. We discuss Lai’s results in his fundamental
paper [7], which was the first publication that used the r-quick convergence of the log-
likelihood ratio processes to establish the asymptotic optimality of the SPRT as probabilities
of errors go to zero. We then go on to tackle the much more difficult multi-decision problem
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of testing multiple hypotheses and show that certain multi-hypothesis sequential tests
asymptotically minimize moments of the stopping time distribution up to the order r
when properly normalized log-likelihood ratio processes between hypotheses converge
r-quickly or r-completely to finite positive numbers. These results can be established
based on the former works of the author (see, e.g., Tartakovsky [4,5] and Tartakovsky
et al. [6]). The second challenging application is the quickest change detection when it
is necessary to detect a change that occurs at an unknown point in time as rapidly as
possible. We show, using the works of the author (see, e.g., [5,6] and the references therein),
that certain popular changepoint detection procedures such as CUSUM, Shiryaev, and
Shiryaev—Roberts procedures are asymptotically optimal as the false alarm rate is low when
the normalized log-likelihood ratio processes converge r-completely to finite numbers.

The rest of the paper is organized as follows. Section 2 discusses pure probabilistic
issues related to r-complete convergence and r-quick convergence. Section 3 explores
statistical applications in sequential hypothesis testing and changepoint detection. Section 4
outlines sufficient conditions for the r-complete convergence for Markov and hidden
Markov models, which is needed to establish the optimality properties of sequential
hypothesis tests and changepoint detection procedures. Section 5 provides a final discussion
and concludes the paper.

2. Modes of Convergence and the Law of Large Numbers

We begin by listing some standard definitions in probability theory. Let (Q),.%) be
a measurable space, i.e., () is a set of elementary events w and .7 is a sigma-algebra (a
system of subsets of () satisfying standard conditions). A probability space is a triple
(Q,.Z,P), where P is a probability measure (completely additive measure normalized to 1)
defined on the sets from the sigma-algebra .. More specifically, by Kolmogorov’s axioms,
probability P satisfies: P(A) > 0 for any A € .7; P(Q)) = 1;and P(U2 1 A;) = Y2 P(A))
for A; € 7, A;N Aj = O,1 # j, where @ is an empty set.

A function X = X(w) defined on (Q), .#) with values in 2 is called a random variable
if it is .#-measurable, i.e., {w : X(w) € B} belongs to the sigma-algebra .%. The function
F(x) = P(w : X(w) < x) is the distribution function of X. It is also referred to as a
cumulative distribution function (cdf). The real-valued random variables X, X5, ... are
independent if the events {X; < x1}, {X» < x2},... are independent for every sequence
X1,X2,... of real numbers. In what follows, we shall deal with real-valued random variables
unless specified otherwise.

2.1. Standard Modes of Convergence

Let X be a random variable and let {X; },cz. (Z+ = {0,1,2,...}) be a sequence of
random variables, both defined on the probability space (Q), %, P). We now give several
standard definitions and results related to the law of large numbers.

Convergence in Distribution (Weak Convergence). Let F,(x) = P(w : X, < x) be the cdf
of X;; and let F(x) = P(w : X < x) be the cdf of X. We say that the sequence {X; },cz,

converges to X in distribution (or in law or weakly ) as n — oo and write X, laTw> X if
n—o0

lim F,(x) = F(x)

n—oo

at all continuity points of F(x).
Convergence in Probability. We say that the sequence {X; },c7, converges to X in proba-

bility as n — oo and write X, P xif
n—oo

ﬂlgn P(|X, —X| >¢) =0 foreverye > 0.
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Almost Sure Convergence. We say that the sequence { X, },cz, converges to X almost

surely (a.s.) or with probability 1 (w.p. 1) as n — oo under probability measure P and write

X, P—”> X if
n—

P(w:r}grgoxnzx)zl. 1)

It is easily seen that (1) is equivalent to the condition
nlgr;oP<a;: Z |X; — X| > s) =0 foreverye >0,

and that the a.s. convergence implies convergence in probability, and the convergence
in probability implies convergence in distribution, while the converse statements are not
generally true.

The following double implications that establish necessary and sufficient conditions
(i.e., equivalences) for the a.s. convergence are useful:

Xn—>X = P(supXt X>e>—>() foralle > 0. ()
n— >n n—oo

The following result is often useful.

Lemma 1. Let f(t) be a non-negative increasing function, lims e f(t) = 0. If

Xn P-as. 0,
Fln) e
then 1
nh_r)rgo P (m Orgtagxn X > s) =0 foreverye > 0. 3)

Proof. For any e > 0,9 > 0 and n > ngp, we have
—maxX>s <P LmaxX>£ +P ! max Xy > ¢
F(n) ozi<n " ="\ F(n) osi<n, f(n) no<t<n !
1
P( max X; > s) + P su
F(n) 051, 0] f( ke
Letting n — oo and taking into account that
. 1
lim P — max X; >¢) =0,
n—eo \ f(n) 0<t<ng
we obtain
1mspP< ! ma X>e> sup > €
imsu —— max X; < up ——~
n—oo f(n) o<t<n t>ng f( )
Since ng can be arbitrarily large, we can let 1p — oo and since, by assumption, X,/ f (1) :—S>
n oo

0, it follows from (2) that the upper bound approaches 0 as 19 — co. This completes the
proof. [

Random Walk. Let X, X1, X3, ... be ii.d. random variables with the mean E[X,,] = u for
n > 1 and the initial condition Xy = x. Then, S, = Y/ X; is called a random walk with
the mean x + y n.
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In what follows, in the case where X7, X, ... areiid. random variablesand S,, = Y_}" , Xy,
we prefer to formulate the results in terms of the random walk {5, },,c7, (typically but not
necessarily So = 0).

We now recall the two strong law of large numbers (SLLN). Write S, = X + X1 +

-+ 4 X, for the partial sum (Xy = Sy = 0), so that {S,},cz, is a random walk with an
initial condition of zero as long as X1, Xy, ... arei.i.d. with mean .

Kolmogorov’s SLLN. Let {S; },c7, be a random walk under probability measure P. If
E[S1] exists, then the sample mean S, /n converges to the mean value E[S;] w.p. 1, i.e.,

- P—as.
n 1Sy == E[Sy]. )

Conversely, if 1715, %) u, where || < oo, then E[S1] = p.

Marcinkiewicz-Zygmund’s SLLN. Let {S,},cz, be a zero-mean random walk under
probability measure P. The two following statements are equivalent:

(i) E\Sl\p<oofor0<p<2;
@ nrs, —>0

2.2. Complete and r-Complete Convergence
We begin with discussing the issue of rates of convergence in the LLN.

Rates of Convergence. Let {X; },cz. be a sequence of random variables and assume
that X;; converges to 0 w.p. 1 as n — oo. The question asks what the rate of convergence is.
In other words, we are concerned with the speed at which the tail probability P(|X,| > ¢)
decays to zero. This question can be answered by analyzing the behavior of the sums

(e

Z "1p(|X,| > ¢€) forsomer > 0andalle > 0.

More specifically, if ¥.(r, ¢) is finite for every ¢ > 0, then the tail probability P(|X,| > ¢)
decays with a rate faster than 1/n", so that n"P(|X,,| > ¢) — O foralle > 0 as n — oo.

To answer this question, we now consider modes of convergence that strengthen the
almost sure convergence and therefore help determine the rate of convergence in the SLLN.
Historically, this issue was first addressed in 1947 by Hsu and Robbins [1], who introduced
the new mode of convergence which they called complete convergence.

Complete Convergence. The sequence { X, },c7. converges to 0 completely if
MIEI;OZP(|X[| >¢) =0 foreverye>0, (5)
1=n

which is equivalent to

[

E (|Xn| >€) <co foreverye >0

Let {Sy}nez, be arandom walk with a mean of E[S,] = p n. Kolmogorov’s SLLN (4)
implies that the sample mean S, /n converges to y w.p. 1. Hsu and Robbins [1] proved that,
under the same assumptions (i.e., under the only first-moment condition E|S;| < o) the
sequence {1715, },>1 does not need to completely converge to , but it will do so under the
further second-moment condition E|S;|> < co. Thus, the finiteness of variance is a sufficient
condition for complete convergence in the SLLN. They conjectured that the second-moment
condition is not only sufficient but also necessary for complete convergence. Thus, it
follows from these results that, if the variance is finite, then the rate of convergence in
Kolmogorov’s SLLN is limy, o n P(|Sy /1 — | > €) = 0foralle > 0.
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In 1965, Baum and Katz [2] made a further step towards this issue. In particular, the
following result follows from Theorem 3 in [2] for the zero-mean random walk {5, } ez, -

Theorem 1. Let r > 0and a > 1/2. If {Sy} ez, is a zero-mean random walk, then the following
statements are equivalent:

E[IS1] D8] < 0o = Y 0 IP{n¥(Sy| > €} < oo foralle >0
n=1

(6)

> 1
=) n’lP{sup k—a\Sk| > s} < oo foralle > 0.
n=1 k>n

Setting r = 1 and & = 1 in (6), we obtain the following equivalence
E[|512] < 00 = Y P{\n’lsn\ > e} < oo foralle >0,
n=1

which shows that the conjecture of Hsu and Robbins is correct—the second-moment
condition E|S1|? < oo is both necessary and sufficient for complete convergence

P—completely
_—

n_lsn 0.

n—oo
Furthermore, if for some r > 0, the (r + 1)-th moment is finite, E|S;|"*! < oo, then the rate
of convergence in the SLLN is limy,_co 7" P(|n~1S,,| > ¢) = 0 for all ¢ > 0.

Previous results suggest that it is reasonable to generalize the notion of complete
convergence into the following mode of convergence that we will refer to as r-complete
convergence, which is also related to the so-called r-quick convergence that we will discuss
later on (see Section 2.3).

Definition 1 (r-Complete Convergence). Let r > 0. We say that the sequence of random

variables { Xy }pez., converges to X as n — oo r-completely under probability measure P and write

P—r—completel 3
X, Pormcompletely, i
n—»00

X(re) =Y n"P(|Xy— X| > ) < oo foreverye > 0. 7)
n=1

Note that the a.s. convergence of {X, } to X can be equivalently written as

[ee]
nlgr;()P(onXt—X >s> =0 foreverye >0,

so that the r-complete convergence with » > 1 implies the a.s. convergence, but the converse
is not true in general.
Suppose that X, converges a.s. to X. If £.(r, ¢) is finite for every ¢ > 0, then

: - r—1 _ —
’}grc}o;lt P(|X —X| >¢) =0 foreverye >0

and probability P(| X, — X| > ¢€) goes to 0 as n — co with the rate faster than 1/n". Hence,
as already mentioned above, the r-complete convergence allows one to determine the rate
of convergence of X, to X, i.e., to answer the question of how fast the tail probability
P(|X, — X| > ¢) decays to zero.

The following result provides a very useful implication of complete convergence.
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Theorem 2. Let {X;}yez, and {Yu},ez, be two arbitrary, possibly dependent sequences of
random variables. Assume that there are positive and finite numbers piq and py such that

ZP(‘%X,L—M >8><OO for every e >0 8
n=1
and .
Z (‘ Yy — 2 >e><oo for every e > 0, )
P— letel, P letel,
ie,n" X, % uy and n=Y, M po. If i1 > pio, then for any random time T
n—o00
P(Xr <b, Y41 > b(1405)) — 0 asb — oo foranyé > 0. (10)

Proof. Fix 6 > 0,c € (0,0) and let N, = [(1+ c)b/ 2| be the smallest integer that is larger
than or equal to (1 + ¢)b/ jip. Observe that

P(XT < b, YT+1 > b(l +5)) < P(XT < b, T > Nb) + P(YT-H > (1 +5)b, T < Nb)

<P(Xr<b T> Nb)+P< max Y, > (1+5)b).
1<n<N,
Thus, to prove (10), it suffices to show that the two terms on the right-hand side go to 0 as
b — oo.
For the first term, we notice that, for any n > N,

x\w

b U2 U1
< =< <
Ny +c*l+c<m'

so that

P(Xr<b T>Ny)= Y P(Xy<b T=n)< Y p<7<b>

n=N, n=Np
(e8] (o)

32P<ﬁs ’”)zZP(ﬁ—ms— >
n=N, n 1+C n=N, n

Since Nj, — co as b — oo, the upper bound goes to 0 as b — oo due to condition (8).

Next, since ¢ € (0,6), there exists ¢ > 0 such that
(1+0)b _ (1+0)b

Ny [b(1+0)/p]

> (1+€)uo.
As a result,

1
> <P -— !
P(lgzg\]hYn_ (1+(5)b> < P<Nb 12&;\] Y, > (1+e)1/12>,

where the upper bound goes to 0 as b — co by condition (9) (see Lemma 1). [

Remark 1. The proof suggests that the assertion (10) of Theorem 2 holds under the following
one-sided conditions

P(yfl max Ys — pp > s) H—QQ) 0, Z P(n*IXn - < —e) < 00.

1<s<n =1

Complete convergence conditions (8) and (9) guarantee both these conditions.
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Remark 2. Theorem 2 can be applied to the overshoot problem. Indeed, if X, = Yy, = Z,, and the
random time T is the first time n when Z, exceeds the level b, T = inf{n > 1 : Z, > b}, then
Theorem 2 shows that the relative excess of boundary crossing (overshoot) (Z — b) /b converges to
0 in probability as b — co when Z,, /n completely converges as n — oo to a positive number u.

2.3. r-Quick Convergence

In 1967, Strassen [3] introduced the notion of r-quick limit points of a sequence of
random variables. The r-quick convergence has been further addressed by Lai [7,8], Chow
and Lai [9], Fuh and Zhang [10], and Tartakovsky [4,5] (see certain details in Section 2.4).

We define r-quick convergence in a way suitable for this paper. Let {X; },cz, be a
sequence of real-valued random variables and let X be a random variable defined on the
same probability space (Q), .7, P).

Definition 2 (r-Quick Convergence). Let r > 0 and for ¢ > 0, let
Le=sup{n>1:|X,—X|>¢} (sup{@}=0)

be the last entry time of X, in the region (X + ¢,00) U (—o0, X —¢). We say that the se-
quence {Xy}nez, converges to X r-quickly as n — oo under the probability measure P and

. P —r—quickl . .
write X, —— 4y X if and only if
n—oo

E[L]] < oo foreverye >0, (11)
where E is the operator of expectation under probability P.

This definition can be generalized to random variables X, {X,},cz. taking values in

—quickl
a metric space (2, d) with distance d: X, % X if

E[(sup{n >1:d(X,X,) >¢})'] <oo foreverye > 0.

Note that the a.s. convergence X, — p (|u| < o0) as n — oo to a constant y can be
expressed as P(Lg(t) < 00) =1, where L¢(t) = sup{n > 1: |X,, — u| > ¢}. Therefore, the
r-quick convergence implies the convergence w.p. 1 but not conversely.

Also, in general, r-quick convergence is stronger than r-complete convergence. Specifi-
cally, the following lemma shows that

r—completely r—completely
EE— —_—

r—quickl
max X; — X, M, = X, (12)
1<i<n n—00

Lemma 2. Let { X }nez, beasequence of random variables. Let f(t) be a non-negative increasing
function, f(0) = 0, im0 f(t) = o0, and let for e > 0

Le(f) = sup{n > 1: |Xu| > e ()} (sup{@} =0)
be the last time that X,, leaves the interval [—¢f (n), +¢f (n)].
(i) For any r > 0 and any € > 0, the following inequalities hold:

r an P{|Xu| > ef(n)} < E[Le(f)"] i = lP{supl i >£}. (13)

n=1 t>n f(t)
Therefore,
Y " 'P{ sup u <o foralle >0 = X, T .
=1 t>n f(t) ~ =00
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(ii)  If f(t) is a power function, f(t) = t7, v > 0, then the finiteness of

Z n 1P{ max X; > en”}
1<t<n

n=1
for some v > 0 and every € > 0 implies the r-quick convergence of X, to 0:

{ Y n"1P<lrga<xn Xp > sn”’) <ocoVe> 0} = {E[Le(y)] <o Ve>0}, (14)

n=1
where Le(y) = sup{n > 1:|Xu| > en"}.

Proof. Proof of (i). Obviously,

P{IXn| = ef(n)} < P{Le(f) 2 n} < P{stggﬂﬁ)Xt > 8}

from which the inequalities (13) follow immediately.
Proof of (ii). Write My = maxq<,<[,]|Xu|, where [u] is a smallest integer greater or
equal to u. We have the following chain of inequalities and equalities:

E[La(7)"] < r/o t’lP{supuleuI > Zs} dt

u>t

<r/ 1P sup[| X — eu] > et? pdt
u>t
<r/ #1PS sup[|Xy| —eu?] > et? b dt
u>0
<ry’ / trlP{ sup [|Xy| —eu"] zsty}dt
n=1"0 (2117 <ur < (21 —1)t7

<r Z/ t’lP{ sup |Xy,| > 2"181‘”’} dt
n=170

'y <2MtY

—ry / {1 My, > 271t} dt
n=1 0

= r{z 2-"/7} /0 W P{M, > (¢/2)u"} du.
n=1

It follows that
ElLac(7)] <127 =1) 71 [T w P (M, 2 (e/2)u7} du <
0

[eo)
21/7 Z = 1P{11£1a<x X, > enV}
— <t<n

which yields the implication (14) and completes the proof. [

The following theorem shows that, in the i.i.d. case, the implications in (12) become
equivalences.

Theorem 3. Let {Sy},c7, be a zero-mean random walk. The following statements are equivalent

r—completely

E|S| T < 0= n"1S, ———=0, (15)
n—oo
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r—quickl;
q Y

EIS1"! < 0= n"1S, 0, (16)
n—o00
ElS| ! = an 1P{sup|St|>s} < oo foralle > 0. 17)
n=1 t>n
Proof. By Theorem 1, in the i.i.d. case,
> 1
E[S1! < 00 = Zn”1P<;|Sn| >s> <o Ye>0 (18)
and
E|S;| ! < 00 = Zn’ 1F’<sup|5t>8> <o Ve>0, (19)
n=1 t>n
so that assertion (15) follows from (18) and (17) from (19).
Next, let
Le =sup{n >1:|S,| >ne} (sup@=0).
By Lemma 2(i),
E[L{] <r2n’ 1P{sup(|5t/t) } Ve >0, (20)
n=1 t>n

which, along with (19), implies (16). O

2.4. Further Remarks on r-Complete Convergence, r-Quick Convergence, and Rates of Convergence
in SLLN

Let {Sy}ycz, be arandom walk. Without loss of generality, let Sy = 0 and E[S;] = 0.

1. Strassen [3] proved, in particular, that if f(1) = (21logn)!/? in Lemma 2, then for r > 0

. Sn
lim sup

n—oo  y/2nlogn -

whenever E|S1|P < co for p > (2r 4 1). He also proved the functional form of the law of
the iterated logarithm.

E[S3] r— quickly (21)

2. Lai [8] improved this result, showing that Strassen’s moment condition E|S1|P < oo for
p > (2r + 1) can be relaxed. Specifically, he showed that a weaker condition

E[\51\2<*+1>(1og+ 1S1] + 1)—<’+1>)] <oco forr>0 22)

is the best one can do (i.e., both necessary and sufficient):

E[15127+ (1o [$1] + 1)~ "] < oo <= Timsup

Sy
n—eo \/2nlogn

< oo r — quickly,

in which case equality (21) holds.
Note, however, that for r = 0, in terms of the a.s. convergence,

n—oo

S
E|]S1]?| < 0o <= limsup ————— = ,/E[|$1]?] as.
“ 1‘] P 2nloglogn (1517
but under condition (22) forall ¥ > 0

. Sy
lim su

Vlﬁoop \/2nloglogn

3. Leta > 1/2and r > 0. Chow and Lai [9] established the following one-sided inequality
for tail probabilities:

= oo r — quickly.
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o /(2a—1
Zln’*1P<11?ta<xn S > n"‘) < Cr,,x{E[(ST)('H)/“] + (E[S%])r e )} (23)
= <t<

whenever E|S;|? < 0. Under the same hypotheses, this one-sided inequality implies the
two-sided one:

= r—1 « (r+1)/a 2 r/(2a=1)
n;n P<1rg§§xn\5:\ >n ) SCM{E[ISN ]+ (E[Sﬂ) : (24)
The upper bound in (24) turns out to be sharp since the lower bound also holds:

S /(20—1)
1 St > (r+1)/a 27
7;:171 P(lrgtagxn\SA >n > >1 +BW{E[\51\ ] + (E[Sl}) .

Here, the constants C; 4 and B, are universal only depending on r, «.

The results of Chow and Lai [9] provide one-sided analogues of the results of Baum
and Katz [2] as well as extend their results. Indeed, the one-sided inequality (23) implies
that the following statements are equivalent for the zero-mean random walk {S; },en:

(1) E[(s{r)(H»l)/vc] < o0;
(i) Y ,n " 'P(n %S, >¢) <o foralle >0;
(i) Y2, n’*1P<supk2n kas, > s) <o foralle >0,

where a > 1/2.
Clearly, the two-sided inequality (24) yields the assertions of Theorem 1.

4. The Marcinkiewicz-Zygmund SLLN states that, for « > 1/2, the following implications
hold:

E|S1|V* < o0 <= n7%S, :—s> 0. (25)
n {o]

The strengthened r-quick equivalent of this SLLN is: for any » > 0 and « > 1/2, the
following statements are equivalent,

E[1S1]71/%] < 00 = ;n”lP{%\Sﬂ > e} < oo foralle >0

d 1
= Y n"Psup | > e < oo foralle >0 (26)
n=1 k>n k

—s ntg r—quickly 0
" n—o0 ’

Implications (26) follow from Theorem 1, Theorem 3 and inequality (24). The proof is
almost obvious and omitted.

3. Applications of r-Complete and r-Quick Convergences in Statistics

In this section, we outline certain statistical applications which show the usefulness of
r-complete and r-quick versions of the SLLN.

3.1. Sequential Hypothesis Testing

We begin by formulating the following multi-hypothesis testing problem for a general
non-i.i.d. stochastic model. Let (Q), %, .%,,P), n € Z+ = {0,1,2,...} be a filtered probabil-
ity space with standard assumptions about the monotonicity of the sub-c-algebras .7%,. The
sub-c-algebra .7, = o(X") of .7 is assumed to be generated by the sequence X" = {X;, 1 <
t < n} observed up to time 1, which is defined on the space (), .%). The hypotheses are
Hi: P=P;,i=0,1,...,N, where Py, Py,..., Py are given probability measures assumed
to be locally mutually absolutely continuous, i.e., their restrictions P} and P}1 to %, are
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equivalent forall1 <n < coandalli,j =0,1,...,N,i # j. Let Q" be a restriction to .%, of
a o-finite measure Q on (Q),.%). Under P;, the sample X" = (Xj, ..., X,;) has a joint density
pin(X") with respect to the dominating measure Q" for all n € N, which can be written as

pin(X") Hfu XX, (27)

where f; ,(X,|X"~1), n > 1 are corresponding conditional densities.
For n € N, define the likelihood ratio (LR) process between the hypotheses H; and H;

n t—1
z}(fl) jE; (X”) Z;:(in H;i(iiét 1;
and the log-likelihood ratio (LLR) process
n flt Xt‘xt 1)
Y] =g glo) = dlog | e |

A multi-hypothesis sequential test is a pair § = (d, T), where T is a stopping time with
respect to the filtration {%,},cz, andd = d (XT) is an .Zr-measurable terminal decision
function with values in the set {0, 1, ..., N'}. Specifically, d = i means that the hypothesis H;
is accepted upon stopping, i.e., {d =i} = {T < oo, J accepts H;}. Let ;;(6) = P;(d = j),
i#j,i,j=0,1,...,N denote the error probabilities of the test J, i.e., the probabilities of
accepting the hypothesis H; when H; is true.

Introduce the class of tests with probabilities of errors a;;(J) that do not exceed the
prespecified numbers 0 < a;; < 1:

a) = {5:aij((5) <ajjfori,j=0,1,...,N,i#j}, (28)

where & = (a;;) is a matrix of given error probabilities that are positive numbers less than 1.

Let E; denote the expectation under the hypothesis H; (i.e., under the measure P;). The
goal of a statistician is to find a sequential test that would minimize the expected sample
sizes E;[T] for all hypotheses H;, i = 0,1,..., N at least approximately, say asymptotically
for small probabilities of errors, i.e., as aj — 0.

3.1.1. Asymptotic Optimality of Walds’s SPRT

First, assume that N = 1, i.e,, that we are dealing with two hypotheses Hy and Hj.
In the mid-1940s, Wald [11,12] introduced the sequential probability ratio test (SPRT) for the
sequence of i.i.d. observations Xy, X, . .., in which case f; +(X;|X!1) = £;(X;) in (27) and
the LR Al’o(n) = Ay is

Hfo Xr

After n observations have been made, Wald’s SPRT prescribes for each n > 1:

stop and accept H; if A, > Ay;

stop and accept Hy if A, < Ap;

continue sampling if Ay < A, < Ay,
where 0 < Ap < 1 < Aj are two thresholds.

Let Z; = log[f1(Xt)/ fo(X¢)] be the LLR for the observation X;, so the LLR for the
sample X" is the sum

)\10 TZ) /\ 7ZZt, n=1 , ,...
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Let ap = —logAp > 0 and a7 = logA; > 0. The SPRT 6.(ag,a1) = (d«, Tx) can be
represented in the form

1 if Ap, > o

. (29)
0 if Ar, < —ap.

Ti(ag,m) =inf{n >1: A, & (—ap,m1)}, d«(ap,a) = {

In the case of two hypotheses, the class of tests (28) is of the form
Clap, 1) = {6 :a9(6) < wpand a1(6) < aq}.

That is, it includes hypothesis tests with upper bounds ag and «; on the probabilities of
errors of Type 1 (false positive) ag(d) = ag1(8) and Type 2 (false negative) a1 () = a10(5),
respectively.

Wald’s SPRT has an extraordinary optimality property: it minimizes both expected
sample sizes Eo[T] and E [T] in the class of sequential (and non-sequential) tests C (g, a1)
with given error probabilities as long as the observations are i.i.d. under both hypotheses.
More specifically, Wald and Wolfowitz [13] proved, using a Bayesian approach, that if
ap + a1 < 1 and thresholds —ag and a; can be selected in such a way that a(d,) = ag and
a1(05) = ay, then the SPRT 4, is strictly optimal in class C (g, a1 ). A rigorous proof of this
fundamental result is tedious and involves several delicate technical details. Alternative
proofs can be found in [14-18].

Regardless of the strict optimality of SPRT which holds if and only if thresholds are
selected so that the probabilities of errors of SPRT are exactly equal to the prescribed values
«g, a1, which is usually impossible, suppose that thresholds ag and a; are so selected that

ag ~log(1/a1) and a3 ~log(1l/ap) as max — 0. (30)
Then | |
El[T*] ~ %/ EO[T*} ~ % as &max — 0, (31)

where [} = E1[Z;] and Iy = Eg[—Z;] are Kullback-Leibler (K-L) information numbers so
that the following asymptotic lower bounds for expected sample sizes are attained by SPRT:

i | log ao| . |log ]|
f E[T] > ——+0(1), f Eo[T] > —=—+o0(1 —0
seant EUTIZ === 4o(l), | inf  BolT] = === +0(1) as tmax

(cf. [6]). Hereafter, amax = max (&g, a1).
The following inequalities for the error probabilities of the SPRT hold in the most
general non-i.i.d. case

w1 (8,) < exp{—ao}[1 — w0(6,)], ao(6.) < exp{—ay}[1 — a1(6.)]. 32)

These bounds can be used to guarantee asymptotic relations (30).
In the i.i.d. case, by the SLLN, the LLR A, has the following stability property

Pi-as. Po-as.
A 2 L, nT (= A) s I, (33)
n—oo n—oo

This allows one to conjecture that, if in the general non-i.i.d. case, the LLR is also stable in
the sense that the almost sure convergence conditions (33) are satisfied with some positive
and finite numbers I; and Iy, then the asymptotic formulas (31) still hold. In the general
case, these numbers represent the local K-L information in the sense that often (while not
always) I; = lim;, 0 nVE{[Ay] and Iy = limy, 0 1~ 'Eg[—A,]. Note, however, that in the
general non-i.i.d. case, the SLLN does not even guarantee the finiteness of the expected
sample sizes E;[T.] of the SPRT, so some additional conditions are needed, such as a certain
rate of convergence in the strong law, e.g., complete or quick convergence.
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In 1981, Lai [7] was the first to prove the asymptotic optimality of Wald’s SPRT in
a general non-i.i.d. case as wmax = max(ag, 1) — 0. While the motivation was the near
optimality of invariant SPRTs with respect to nuisance parameters, Lai proved a more
general result using the r-quick convergence concept.

Specifically, for 0 < Iy < ccand 0 < I; < oo, define

Li(e) = sup{n >1:|n A, — L > 8} and Lo(e) = sup{n >1:|n A+ | > e}

(sup{@} = 0) and suppose that E;[L;(¢)"] < oo (i = 0,1) for some r > 0 and every ¢ > 0,
i.e., that the normalized LLR converges r-quickly to I; under P; and to —Ip under Py:

_ Py —r—quickl
n A, A A
n—o0

_ Po—r—quickl
I and n'A, Loy,
n—00

Io. (34)

Strengthening the a.s. convergence (33) into the r-quick version (34), Lai [7] established
the first-order asymptotic optimality of Wald’s SPRT for moments of the stopping time
distribution up to order r: If thresholds a1 (xg, 1) and —ag(ap, a1) in the SPRT are so
selected that 6. (ag,a1) € C(ap,aq) and asymptotics (30) hold, then as amax — 0,

i logoco\)r
inf ET’~<|7 ~ E[T7],
5eC(ag,np) 1Tl I 1T

, logvcl\)r
f Eol[T"] ~ |7 ~ Eo[T"].
Bl ( 8 olT7]

(35)

Wald’s ideas have been generalized in many publications to construct sequential
tests of composite hypotheses with nuisance parameters when these hypotheses can be
reduced to simple ones by the principle of invariance. If M, is the maximal invariant
statistic and p;(M,,) is the density of this statistic under hypothesis H;, then the invariant
SPRT is defined as in (29) with the LLR A,, = log[p1(My)/po(M,)]. However, even if
the observations Xi, X5, ... are i.i.d. the invariant LLR statistic A, is not a random walk
anymore and Wald’s methods cannot be applied directly. Lai [7] has applied the asymptotic
optimality property (35) of Wald’s SPRT in the non-i.i.d. case to investigate the optimality
properties of several classical invariant SPRTs such as the sequential ¢-test, the sequential
T2-test, and Savage’s rank-order test.

In the sequel, we will call the case where the a.s. convergence in the non-i.i.d. model
(33) holds with the rate 1/n asymptotically stationary. Assume now that (33) is generalized to

) Py—as.

A/ p(n) T2 n, (<Aa) /(i I, (36)

n—o00

where §(t) is a positive increasing function. If {(t) is not linear, then this case will be
referred to as asymptotically non-stationary.

A simple example where this generalization is needed is testing Hy versus Hy regarding
the mean of the normal distribution:

Xn:isn+§nr nEZ+/ i:0/1/

where {;, },,>1 is a zero-mean i.i.d. standard Gaussian sequence N'(0,1) and S,, = ):}‘:0 cjnf
is a polynomial of order k > 1. Then,

n 1 n
A=Y SiXe—5 ) St
t=1 t=1

E1[An] = —Eo[An] = 1 X0, S? ~ Zn? for alarge n, so (n) = n* and I; = Iy = c2/2
in (36). This example is of interest for certain practical applications, in particular, for the
recognition of ballistic objects and satellites.
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Tartakovsky et al. ([6] Section 3.4) generalized Lai’s results for the asymptotically
non-stationary case. Write ¥ (t) for the inverse function of (t).

Theorem 4 (SPRT asymptotic optimality). Let r > 1. Assume that there exist finite positive
numbers Iy and I and an increasing non-negative function (t) such that the r-quick convergence

conditions N N
Py —r—quickl —Ap Po—r—quickl
n 1—Fr—quickly Il, n 0—Tr—quicKly
P(n) n—reo P(n) n—co
hold. If thresholds —ag(ag, a1) and ay(ag, a1) are selected so that 6, (ag,a1) € C(ag, a1) and
ag ~ |logay| and aq ~ |logwg|, then, as amax — 0,

inf  E[T'] ~ {‘P(Mﬂr ~ E1[TY],

Ip

5eC(agm) ’ kL ¢ 37)
. og g
f Eo[T"~ |¥| —2— ~ Eo[T"].
seClapam) olT"] { ( Iy ﬂ olT:]

This theorem implies that the SPRT asymptotically minimizes the moments of the
stopping time distribution up to order r.

The proof of this theorem is performed in two steps which are related to our previous
discussion of the rates of convergence in Section 2. The first step is to obtain the asymptotic
lower bounds in class C(ag, a1):

infsec(agap) E1(T7] infsec(agar) Eo[T"]
- , o ,
imin g Togao /)7 = ¥ M & Thog [/ 10T =

These bounds hold whenever the following right-tail conditions for the LLR are satisfied:

1
i - > (1+ —
hglo Pl{l[)( 3 11Sr'11anM/\n > (1 8)11} 1,

1\/1113100 Po{ﬁ 121}25\/1(7)\,1) >(1+ 8)[0} =1

Note that, by Lemma 1, these conditions are satisfied when the SLLN (36) holds so that the

almost sure convergence (36) is sufficient. However, as we already mentioned, the SLLN

for the LLR is not sufficient to guarantee even the finiteness of the SPRT stopping time.
The second step is to show that the lower bounds are attained by the SPRT. To do so, it

suffices to impose the following additional left-tail conditions:

Y P A < (L= g(m} <o, YW Po{ A < (I —e)p(m)} < o0
n=1 n=1

for all 0 < € < min(lp, I;). Since both right-tail and left-tail conditions hold if the LLR

converges r-completely to I;,
in"lPl{‘ 28}<oo, in”ng{' An + Iy
n=1 n=1 l/](]’l)

and since r-quick convergence implies r-complete convergence (see (12)), we conclude that
the assertions (37) hold.

wA(ina) ~h = g} <o

Remark 3. In the i.i.d. case, Wald’s approach allows us to establish asymptotic equalities (37)
with [} = Eq[A] and Iy = —Ey[A1] being K-L information numbers under the only condition of
finiteness I;. However, Wald's approach breaks down in the non-i.i.d. case. Certain generalizations in
the case of independent but non-identically and substantially non-stationary observations, extending
Wald'’s ideas, were considered in [19-21]. Theorem 4 covers all these non-stationary models.
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Fellouris and Tartakovsky [22] extended previous results on the asymptotic optimality
of the SPRT to the case of the multistream hypothesis testing problem when the observations
are sequentially acquired in multiple data streams (or channels or sources). The problem is
to test the null hypothesis Hy that none of the N streams are affected against the composite
hypothesis Hp that a subset B C {1,..., N} is affected. Write Pg and Ep for the distribution
of observations and expectation under hypothesis Hp. Let &7 denote a class of subsets of
{1,..., N} that incorporates prior information which is available regarding the subset of
affected streams, e.g., not more than K < N streams can be affected. (In many practical
problems, K is substantially smaller than the total number of streams N, which can be
very large.)

Two sequential tests were studied in [22]—the generalized sequential likelihood ratio
test and the mixture sequential likelihood ratio test. It has been shown that both tests are
first-order asymptotically optimal, minimizing the moments of the sample size Eg[T"] and
Ep[T"] for all B € & up to order r as max(ag, «1) — 0 in the class of tests

C{o}v(l){o,lxl) = {5 : Po(d = 1) < g and IB;IIE?; PB(d = O) < al}, 0<w <1
€

The proof is essentially based on the concept of r-complete convergence of LLR with
the rate 1/n. See also Chapter 1 in [5].

3.1.2. Asymptotic Optimality of the Multi-hypothesis SPRT

We now return to the multi-hypothesis model with N > 1 that we started to discuss
at the beginning of this section (see (27) and (28)). The problem of the sequential testing
of many hypotheses is substantially more difficult than that of testing two hypotheses.
For multiple-decision testing problems, it is usually very difficult, if even possible, to
obtain optimal solutions. Finding an optimal non-Bayesian test in the class of tests (28)
that minimizes expected sample sizes E;[T] for all hypotheses H;, i = 0,1,...,N is not
manageable even in the i.i.d. case. For this reason, a substantial part of the development of
sequential multi-hypothesis testing in the 20th century has been directed towards the study
of certain combinations of one-sided sequential probability ratio tests when observations
areii.d. (see, e.g., [23-28]).

We will focus on the following first-order asymptotic criterion: Find a multi-hypothesis
test 6. (&) = (ds (&), T«()) such that, for some r > 1,

inf E;[T"
lim INfs5ec(a) i([T7]

=1 f ni=0,1,...,N 38
T (@)] oralli=0,1,...,N, (38)

where amax = maxp<i,j<N,i#j Dll']'.

In 1998, Tartakovsky [4] was the first who considered the sequential multiple hy-
pothesis testing problems for general non-i.i.d. stochastic models following Lai’s idea of
exploiting the r-quick convergence in the SLLN for two hypotheses. The results were
obtained for both discrete and continuous-time scenarios and for the asymptotically non-
stationary case where the LLR processes between hypotheses converge to finite numbers
with the rate 1/¢(t). Two multi-hypothesis tests were investigated: (1) the rejecting test,
which rejects the hypotheses one by one, and the last hypothesis, which is not rejected, is
accepted; and (2) the matrix accepting test that accepts a hypothesis for which all component
SPRTs that involve this hypothesis vote for accepting it.

We now proceed with introducing this accepting test which we will refer to as the
matrix SPRT (MSPRT). In the present article, we do not consider the continuous-time
scenarios. Those who are interested in continuous time are referred to [4,6,19,21,29].
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Write N' = {0,1,...,N}. For a threshold matrix (Aij)ijen, with Aj; > 0 and the A;;
being immaterial (say 0), define the matrix SPRT 6 = (TN,dY), built on (N + 1)N/2
one-sided SPRTs between the hypotheses H; and Hj, as follows:

Stop at the first n > 1 such that, for some i, Aij(n) > Ajiforall j # 1, (39)

and accept the unique H; that satisfies these inequalities. Note that, for N = 1, the MSPRT
coincides with Wald’s SPRT.

In the following, we omit the superscript N in 6N = (TN, dN) for brevity. Obviously,
with aj; = log Aj;, the MSPRT in (39) can be written as

T, = inf{n > 1: A;j(n) > a; forall j # i and some i}, (40)
d. =i for which (40) holds. (41)

Introducing the Markov accepting times for the hypotheses H; as

T;=infqn >1:Ap(n) > max[)\jo(n) +a]-i} , i=0,1,...,N, (42)
1<j<N
j#
the test in (40), (41) can be also written in the following form:

T, = min T, d,=i if T.=T. (43)

Thus, in the MSPRT, each component SPRT is extended until, for some i € N, all N SPRTs
involving H; accept H;.

Using Wald’s likelihood ratio identity, it is easily shown that a;;(ds) < exp(—a;;) for
i,j € N,i# j, soselecting aj; = |loga;;| implies that 6, € C(a). These inequalities are
similar to Wald’s ones in the binary hypothesis case and are very imprecise. In his ingenious
paper, Lorden [27] showed that, with a very sophisticated design that includes the accurate
estimation of thresholds accounting for overshoots, the MSPRT is nearly optimal in the
third-order sense, i.e., it minimizes the expected sample sizes for all hypotheses up to an
additive disappearing term: infscc(y) Ei[T] = E;[T:] + 0(1) as &max — 0. This result only
holds for i.i.d. models with the finite second moment E;[A;;(1)?] < co. In the non-i.i.d. case
(and even in the i.i.d. case for higher moments » > 1), there is no way to obtain such a
result, so we focus on the first-order optimality (38).

The following theorem establishes asymptotic operating characteristics and the opti-
mality of MSPRT under the r-quick convergence of A;;(1)/9(n) to finite K-L-type numbers
I;j, where y(n) is a positive increasing function, ¢ (c0) = co.

Theorem 5 (MSPRT asymptotic optimality [4]). Let r > 1. Assume that there exist finite
positive numbers Ij;, i,j = 0,1,...,N, i # j and an increasing non-negative function y(t) such
that, for some r > 0,

/\1‘/‘(1’1) P;—r—quickly

1/)(;1) n—00

Then, the following assertions are tre.
(i) Fori=0,1,...,N,

Li forall i,j=0,1,...,N,i#]. (44)

ai
E[T/] ~ |¥| max L as minaj — oo. (45)
osj<N Ijj ji

j#
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(ii)  If the thresholds are so selected that a;;(0*) < wj; and a;; ~ |logaj|, particularly as
aj = |10gvc]-i|, then foralli =10,1,...,N

log aj;
ot BT~ [ max BB | ) a0 )
) l]
j#i

Assertion (ii) implies that the MSPRT asymptotically minimizes the moments of the
stopping time distribution up to order r for all hypotheses Hg, Hy, ..., Hy in the class of
tests C(a).

Remark 4. Both assertions of Theorem 5 are correct under the r-complete convergence

)\ij (71) P;—r—complete

o) e i Jorall i =01 Ni ),

i.e., when

ad 1
n”lP-{‘—)\'»(n) — Lij| > s} < oo foralle> 0.
ng:l i 1/)(”) ij ij f
While this statement has not been proven anywhere to date, it can be easily proven using the methods
developed for multistream hypothesis testing and changepoint detection ([5] Ch 1, Ch 6).

Remark 5. As shown in the example given in Section 3.4.3 of [6], the r-quick convergence condi-
tions in Theorem 5 (or corresponding r-complete convergence conditions for LLR processes) cannot
be generally relaxed into the almost sure convergence

)‘ij(”) Pi—a.s. .. .
o) 7/l~>—oo>ljj forall i,j=0,1,...,N,i #j. (47)

However, the following weak asymptotic optimality result holds for the MSPRT under the a.s.
convergence: if the a.s. convergence (47) holds with the power function p(t) = t*, k > 0, then, for
every 0 <e <1,

inf P{(T>eTy) =1 as amax — 0 forall i=0,1,...,N (48)
6eC(w)

whenever thresholds aj; are selected as in Theorem 5 (ii).

Note that several interesting statistical and practical applications of these results to
invariant sequential testing and multisample slippage scenarios are discussed in Sections
4.5 and 4.6 of Tartakovsky et al. [6] (see Mosteller [30] and Ferguson [16] for terminology
regarding multisample slippage problems).

3.2. Sequential Changepoint Detection

Sequential (or quickest) changepoint detection is an important subfield of sequential
analysis. The observations are made one at a time and as long as their behavior suggests that
the process of interest is in control (i.e., in a normal state), the process is allowed to continue.
If the state is believed to have lost control, the goal is to detect the change in distribution
as rapidly as possible. Quickest change detection problems have an enormous number of
important applications, e.g., object detection in noise and clutter, industrial quality control,
environment surveillance, failure detection, navigation, seismology, computer network
security, genomics, and epidemiology (see, e.g., [31-40]). Many challenging application
areas are discussed in the books by Tartakovsky, Nikiforov, and Basseville ([6] Ch 11) and
Tartakovsky ([5] Ch 8).
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3.2.1. Changepoint Models

The probability distribution of the observations X = {Xj } ;e is subject to a change
at an unknown point in time v € {0,1,2,...} = Z; so that Xy,..., X, are generated
by one stochastic model and X, 1, X, 42, ... are generated by another model. A sequen-
tial detection rule is a stopping time T for an observed sequence {X,},>1, i.e, T is an
integer-valued random variable such that the event {T = n} belongs to the sigma-algebra
Fy = 0(Xy,...,Xy) generated by observations Xj, ..., Xj.

Let Po, denote the probability measure corresponding to the sequence of observations
{Xy}n>1 when there is never a change (v = ) and, for k = 0,1,2,..., let P, denote
the measure corresponding to the sequence {X;},>1 when v = k < co. We denote the
hypothesis that the change never occurs by He, : ¥ = 00 and we denote the hypothesis that
the change occurs at time 0 < k < coby Hy : v = k.

First consider a general non-i.i.d. model assuming that the observations may have a
very general stochastic structure. Specifically, if we let, as before, X" = (X3,...,Xn) denote
the sample of size 1, then when v = co (there is no change), the conditional density of
Xy given X" 1is g, (X, X" 1) for all n > 1 and when v = k < oo, then the conditional
density is g, (X, |X"1) for n < k and f,(X,|X"1) for n > k. Thus, for the general non-
i.i.d. changepoint model, the joint density p(X"|Hy) under hypothesis Hy can be written
as follows

Ty geXe X for v="k>n,

(49)
Ty g (Xe XY X Ty fi(Xe X)) for v=k <n,

p(X"[Hi) = {

where g,,(X,|X""1) is the pre-change conditional density and f,(X,|X"~!) is the post-
change conditional density which may depend on v, f,, (X,|X" 1) = f,gv) (Xn|X" 1), but
we will omit the superscript v for brevity.

The classical changepoint detection problem deals with the i.i.d. case where there is
a sequence of observations X1, Xy, ... that are identically distributed with a probability
density function (pdf) g(x) for n < v and with a pdf f(x) for n > v. That s, in the ii.d.
case, the joint density of the vector X" = (X3, ..., X;;) under hypothesis Hy has the form

IT—1 8(Xe) forv="k>n,

50
H’t‘zl 9(Xy) x H:’:kH f(Xe) forv=k<n. (0)

p(X*[Hy) = {

Note that, as discussed in [5,6], in applications, there are two different kinds of
changes—additive and non-additive. Additive changes lead to a change in the mean value
of the sequence of observations. Non-additive changes are typically produced by a change
in variance or covariance, i.e., these are spectral changes.

We now proceed by discussing the models for the change point v. The change point v
may be considered either as an unknown deterministic number or as a random variable. If
the change point is treated as a random variable, then the model has to be supplied with the
prior distribution of the change point. There may be several changepoint mechanisms, and,
as a result, a random variable v may be dependent on or independent of the observations.
In particular, Moustakides [41] assumed that v can be a {.%, }-adapted stopping time. In
this article, we will not discuss Moustakides’s concept by allowing the prior distribution
to depend on some additional information available to “Nature” (see [5] for a detailed
discussion); rather, when considering a Bayesian approach, we will assume that the prior
distribution of the unknown change point is independent of the observations.

3.2.2. Popular Changepoint Detection Procedures

Before formulating the criteria of optimality in the next subsection, we begin by
defining the three most popular and common change detection procedures, which are
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either optimal or nearly optimal in different settings. To define these procedures, we need
to introduce the partial likelihood ratio and the corresponding log-likelihood ratio

fr(Xe X1
(X[ Xt=1)’

fi(Xi| Xt

LR; = PR ke TN A
' g (X XT)

Zt = log t=1,2,...

It is worth iterating that, for general non-i.i.d. models, the post-change density often
depends on the point of change, f;(X;|X!™!) = ft(v) (X¢|X*=1), so in general LR; = LR;V)

and Z; = Zt(v> also depend on the change point v. However, this is not the case for the i.i.d.
model (50).

The CUSUM Procedure

We now introduce the Cumulative Sum (CUSUM) algorithm, which was first proposed
by Page [42] for the i.i.d. model (50). Recall that we consider the changepoint detection
problem as a problem of testing two hypotheses: H, that the change occurs at a fixed-point
0 < v < co against the alternative He, that the change never occurs. The LR between these
hypotheses is A}, = [Tj_, 1 LR; for v < n and 1 for v > n. Since the hypothesis H, is
composite, we may apply the generalized likelihood ratio (GLR) approach maximizing the
LR A}, over v to obtain the GLR statistic

n

V, = max LRy, n>1.
" 0§v<nt:]‘:lrl t -

It is easy to verify that this statistic follows the recursion
V, =max{1,V, 1}LR,, n>1, V=1 (51)

as long as the partial LR LR;, does not depend on the change point, i.e., the post-change
conditional density f,(X,|X"1) does not depend on v. This is always the case for i.i.d.
models (50) when f,(X,|X"1) = f(X,). However, as we already mentioned, for non-
iid. models, f,(X,|X"™) = f,sv)(Xn\anl) often depends on the change point v, so
LR, = LR,&V), in which case the recursion (51) does not hold.

The logarithmic version of V;,, W, = log V},, is related to Page’s CUSUM statistic G,
introduced by Page [42] in the ii.d. case as G, = max(0, W,,). The statistic G, can also
be obtained via the GLR approach by maximizing the LLR A}, = log A}, over 0 < v < co.
However, since the hypotheses He and H,, are indistinguishable for v > 7, the maximization
over v > n does not make very much sense. Note also that, in contrast to Page’s CUSUM
statistic G, the statistic W, may take values smaller than 0, so the CUSUM procedure

Tes =inf{n >1: W, > a} (52)

makes sense even for negative values of the threshold a. Thus, it is more general than
Page’s CUSUM. Note the recursions

W, = W

n—1

+Zy, n>1, Wp=0 (53)

and
Gy = (anl +Zn)+/ n>1 Gy=0

in cases where Z,, = log[fu (X, |X"™1) /g1 (X, |X"~1)] does not depend on v.
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Shiryaev’s Procedure

In the i.i.d. case and for the zero-modified geometric prior distribution of the change
point, Shiryaev [43] introduced the change detection procedure that prescribes the thresh-
olding of the posterior probability P(v < n|X"). Introducing the statistic

P(v < n|X")
1—P(v < n|X")

T _
Sﬂ -

one can write the stopping time of the Shiryaev procedure in the general non-i.i.d. case and
for an arbitrary prior 7T as

Tsy =inf{n >1:S] > A}, (54)

where A (A > 0) is a threshold controlling for the false alarm risk. The statistic S]] can be
written as

1 n—1 ‘

T
= A
S P(v > n) lg) T n

— 1 —
T P(v>n)

(55)
n—1 n
TTk H LR,}, 1’!21, SgZO,
k=0 t=k+1
where the product [T,_; LRy = 1 for j < i.
Often (following Shiryaev’s assumptions), it is supposed that the change point v is
distributed according to the geometric distribution Geometric(o)

P(v=4k)=o0(1—0)* fork=0,1,2,..., (56)

where ¢ € (0,1).
If LR, does not depend on the change point v and the prior distribution is geometric (56),
then the statistic S, = S/ o can be rewritten in the recursive form

_ _ LR .
0 _ 0 n 0 _
58 = (1+5H)1_Q, n>1, 8=o0. (57)
However, as mentioned above, this may not be the case for non-i.i.d. models, since LR,
often depends on v.

Shiryaev-Roberts Procedure

The generalized Shiryaev-Roberts (SR) change detection procedure is based on the
thresholding of the generalized SR statistic

n—1 n n—1 n
RY =roAS+ Y Al =rJJLRi+ Y. J] LRy, n>1, (58)
k=0 t=1 k=0 t=k+1

with a non-negative head-start Ry = rg, g > 0, i.e., the stopping time of the SR procedure
is given by
Tg"R = inf{n >1:Rp? > A}, A > 0. (59)

This procedure is usually referred to as the SR-r detection procedure in contrast to the
standard SR procedure Tsg = Tg’R, ro = 0 that starts with a zero initial condition ry = 0. In
the i.i.d. case (50), this modification of the SR procedure was introduced and studied in
detail in [44,45].
If LR, does not depend on the change point v, then the SR-r detection statistic satisfies
the recursion
R =(14+R° LR, n>1 RY=r.
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Note that, as the parameter of the geometric prior distribution ¢ — 0, the Shiryaev
statistic §§ converges to the SR statistic R;P:O.

3.2.3. Optimality Criteria

The goal of online change detection is to detect the change with the smallest delay
controlling for a false alarm rate at a given level. Tartakovsky et al. [6] suggested several
changepoint problem settings, including Bayesian, minimax, and uniform (pointwise)
approaches.

Let E; denote the expectation with respect to measure Py when the change occurs at
v =k < oo and E with respect to P, when there is no change.

In 1954, Page [42] suggested measuring the risk due to a false alarm by the mean
time to false alarm Eq[T] and the risk associated with a true change detection by the mean
time to detection Ey[T] when the change occurs at the very beginning. He called these
performance characteristics the average run length (ARL). Page also introduced the now most
famous change detection procedure—the CUSUM procedure (see (52) with W, replaced by
Gy)—and analyzed it using these operating characteristics in the i.i.d. case.

While the false alarm rate can be reasonably measure by the ARL to false alarm

ARL2FA(T) = E[T],

as Figure 1 suggests, the risk due to a true change detection can be reasonably measured by
the conditional expected delay to detection

CEDD,(T) = E,[T—v|T >v], v=0,1,2,...

for any possible change point v € Z; = {0,1,2,... } but not necessarily by the ARL to
detection Eo[T] = CEDDy(T). A good detection procedure has to guarantee small values of
the expected detection delay CEDD, (T) for all change points v € Z; when ARL2FA(T) is
set at a certain level. However, if the false alarm risk is measured in terms of the ARL to
false alarm, i.e., it is required that ARL2FA(T) > + for some 7 > 1, then a procedure that
minimizes the conditional expected delay to detection CEDD, (T) uniformly over all v does
not exist. For this reason, we must resort to different optimality criteria, e.g., to Bayesian
and minimax criteria.

Detection Delay, T'— v, where T' > v
(random)

A4 /_)ﬁ‘

Detection Point

I
Detection Threshold (false alarm)

Detection Point
(correct but delayed detection)
I

Surveillance Starts

Detection Statistic

\ J T | \
Changepoint
(possibly random)

Time, n

~
Run Length to False Alarm, 7'
(random)

Figure 1. Illustration of a single-run sequential changepoint detection. Two possibilities in the
detection process: false alarm (left) and correct detection (right).

Minimax Changepoint Optimization Criteria

There are two popular minimax criteria. The first one was introduced by Lorden [46]:

iITlf sup esssupE, [T —v | T > v,. %] subject to ARL2FA(T) > 1.
vely
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This requires minimizing the conditional expected delay to detection E, [T —v | T > v, %]
in the worst-case scenario with respect to both the change point v and the trajectory
(Xj,...,Xy) of the observed process in the class of detection procedures

Care(7) ={T: ARL2FA(T) > 7}, 71 =1,

for which the ARL to false alarm exceeds the prespecified value y € [1,00). Let ESADD(T) =
sup,~gesssup Ey[T —v | T > v,.%] denote Lorden’s speed detection measure. Under
Lorden’s minimax approach, the goal is to find a stopping time Topt € Carp(7) such that

ESADD(Topt) = Tecinf o) ESADD(T) forany vy > 1.
ARL

In the classical i.i.d. scenario (50), Lorden [46] proved that the CUSUM detection
procedure (52) is asymptotically first-order minimax optimal as y — oo, i.e.,

inf  ESADD(T) = ESADD(Tcs)(1+0(1)), 7 — co.
T€CarL(7)

Later on, Moustakides [47], using optimal stopping theory, in his ingenious paper, estab-
lished the exact optimality of CUSUM for any ARL to the false alarm ¢ > 1.
Another popular, less pessimistic minimax criterion is from Pollak [48]:

inf sup CEDD,(T) subject to ARL2FA(T) > v,
vEZy

which requires minimizing the conditional expected delay to detection CEDD,(T) = E, [T —
v | T > v] in the worst-case scenario with respect to the change point v in class CAgrp (7).
Under Pollak’s minimax approach, the goal is to find a stopping time Topt € Carp(77)
such that

sup CEDDy(Topt) = ; inf  sup CEDD,(T) foranyy > 1.
vEZy €CARL(7) veZ,

For the i.i.d. model (50), Pollak [48] showed that the modified SR detection procedure
that starts from the quasi-stationary distribution of the SR statistic (i.e., the head-start r( in
the SR-7 procedure is a specific random variable) is third-order asymptotically optimal as
¥ — o9, i.e., the best one can attain up to an additive term o(1):

inf  sup CEDDy(T) = sup CEDD,(T&g)+o(1), 7 — oo,
TECARL(T) veZ, VEZLy

where 0(1) — 0 as y — oo. Later, Tartakovsky et al. [49] proved that this is also true for
the SR-r procedure (59) that starts from the fixed but specially designed point g = ro(7y)
that depends on <y, which was first introduced and thoroughly studied by Moustakides
et al. [44]. See also Polunchenko and Tartakovsky [50] on the exact optimality of the
SR-r procedure.

Bayesian Changepoint Optimization Criterion

In Bayesian problems, the point of change v is treated as random with a prior distribu-
tion 71y = P(v = k), k € Z. Define the probability measure on the Borel c-algebra % in
R® x Z4 as

PTAXK) =Y mPr(A), Ac BR®), KeZ.
kel
Under measure P, the change point v has a distribution 77 = {7} } and the model for the
observations is given in (49).
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From the Bayesian point of view, it is reasonable to measure the false alarm risk with
the weighted probability of false alarm (PFA) defined as

PFA™(T) := P™(T < v) = i Pr(T < k) = i TP oo(T < k). (60)
k=0 k=0

The last equality follows from the fact that Py (T < k) = Ps(T < k) because the event
{T < k} depends on the first k observations which under measure Py correspond to the
no-change hypothesis Heo. Thus, for a € (0,1), introduce the class of changepoint detection
procedures

Cr(a) ={T: PFA™(T) < a} (61)

for which the weighted PFA does not exceed a prescribed level a.
Let E™ denote the expectation with respect to the measure P”.
Shiryaev [18,43] introduced the Bayesian optimality criterion

inf ET[(T —v)7],
rnd BT =)

which is equivalent to minimizing the conditional expected detection delay EDD™(T) =
E™[T —v|T > v]
irTlf EDD”™(T) subject to PFA™(T) < a.

Under the Bayesian approach, the goal is to find a stopping time Topt € Cr (&) such that

EDD™(Typt) = inf EDD™(T) foranya« € (0,1). (62)
P reCr(n) Y
€

(&

For the i.i.d. model (50) and for the geometric prior distribution Geometric(o) of the
changepoint v (see (56)), this problem was solved by Shiryaev [18,43]. Shiryaev [18,43,51]
proved that the detection procedure given by the stopping time Tgy(A) defined in (54)
is strictly optimal in class Cr(«) if A = A, in (54) can be selected in such a way that
PFA™(Tsy(Ag)) = a, thatis

inf EDD”(T) = EDD”™(Tsy(As)) forany a € (0,1).

TeCr(a)

Uniform Pointwise Optimality Criterion

In many applications, the most reasonable optimality criterion is the pointwise uniform
criterion of minimizing the conditional expected detection delay CEDD, (T) = E,[T —
v|T > v] for all v € Z, when the false alarm risk is fixed at a certain level. However,
as we already mentioned, if it is required that ARL2FA(T) > + for some y > 1, then
a procedure that minimizes CEDD, (T) for all v does not exist. More importantly, as
discussed in ([5] Section 2.3), the requirement of having large values of the ARL2FA(T)
generally does not guarantee small values of the maximal local probability of false alarm
MLPFA(T) = sup;~q Peo(T < £+ m|T > £) in a time window of a length m > 1, while the
opposite is always true (see Lemmas 2.1-2.2 in [5]). Hence, the constraint MLPFA(T) <
is more stringent than ARL2FA(T) > 1.

Another reason for considering the MLPFA constraint instead of the ARL to false
alarm constraint is that the latter one makes sense if and only if the P-distribution of
stopping times are geometric or at least close to geometric, which is often the case for
many popular detection procedures such as CUSUM and SR in the i.i.d. case. However, for
general non-i.i.d. models, this is not necessarily true (see [5,52] for a detailed discussion).
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For these reasons, introduce the most stringent class of change detection procedures
for which the MLPFA(T) is upper-bounded by the prespecified level g € (0,1):

Cppa (m, B) = {T:supr(T<£+m|T>€) <,B} (63)
>0

The goal is to find a stopping time Topt € Cpra (m, B) such that

CEDDy(Topt) = Tecri)gf(mﬁ) CEDD,(T) forallve ZiandanyO0<p<1.  (64)

3.2.4. Asymptotic Optimality for General Non-i.i.d. Models via r-Quick and
r-Complete Convergence

Complete Convergence and General Bayesian Changepoint Detection Theory

First consider the Bayesian problem assuming that the change point v is a random
variable independent of the observations with a prior distribution 77 = {71, }. Unfortunately,
in the general non-i.i.d. case and for an arbitrary prior 7, the Bayesian optimization
problem (62) is intractable for arbitrary values of PFA a € (0,1). For this reason, we will
consider the first-order asymptotic problem assuming that the given PFA « approaches
zero. To be specific, the goal is to design such a detection procedure T* that asymptotically
minimizes the expected detection delay EDD™(T) to first order as « — 0:

inf EDD™(T) =EDD™(T*)(1+0(1)) asa —0, (65)
TeCr ()

where 0(1) — 0 as « — 0. It turns out that, in the asymptotic setting, it is also possible

to find a procedure that minimizes the conditional expected detection delay EDD(T) =
Ex[T — k| T > k] uniformly for all possible values of the change pointv =k € Z,, i.e.,

. infree, (o) EDDE(T)
lim

Lim, EDD(T7) =1 forallkeZy. (66)

Furthermore, asymptotic optimality results can also be established for higher moments of
the detection delay of the order of r > 1

ENT—K)'|T>k and E[(T—v)"|T> 1]

Since the Shiryaev procedure Tgy(A), which was defined in (54), (55), is optimal for
the i.i.d. model and Geometric(g) prior, it is reasonable to assume that it is asymptotically
optimal for the more general prior and the non-i.i.d model. However, to study asymptotic
optimality, we need certain constraints imposed on the prior distribution and on the
asymptotic behavior of the decision statistics as the sample size increases, i.e., on the
general stochastic model (49).

Assume that the prior distribution {7} is fully supported, i.e., 7ty > 0 forall k € Z,
and 71, = 0 and that the following condition holds:

1
lim —
n—oo 1

log Z | =p forsome 0 < p < oo. (67)

k=n+1

Obviously, if 4 > 0, then the prior 77 has an exponential right tail (e.g., the geometric
distribution Geometric(), in which case y = |log(1 — ¢)|). If 4 = 0, then it has a heavier
tail than an exponential tail. In this case, we will refer to it as a heavy-tailed distribution.

Define the LLR of the hypotheses Hy and He,

P E AKX
A =10 k — ——, n>k
=18 = L )
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(Ak = 0 for n < k). To obtain asymptotic optimality results, the general non-i.i.d. model
for observations is restricted to the case that the normalized LLR n’l/\f +n Obeys the SLLN
as n — oo with a finite and positive number I under the probability measure P and its

r-complete strengthened version

Z n~1 sup Pk{|n’1)x£+n —1I| > 8} < oo foreverye > 0. (68)
n=1 keZ

It follows from Lemma 7.2.1 in [6] that, for any A > 0,
PFA™(Tsu(A)) < (1+A)7,

so that Tsy(Ay) € Cr(a) if A=Ay =(1—a)/a.

The following theorem that can be deduced from Theorem 3.7 in [5] shows that the
Shiryaev detection procedure is asymptotically optimal if the normalized LLR n*1A11§ n
converges r-completely to a positive and finite number I and the prior distribution satisfies
condition (67).

Theorem 6. Suppose that the prior distribution w = {7ty }rez, of the change point satisfies
condition (67) with some 0 < u < oo. Assume that there exists some number 0 < I < oo such
that the LLR process n_lA’; 4 converges to I uniformly r-completely as n — oo under Py, i.e.,
condition (68) holds for some r > 1. If threshold A = A, in the Shiryaev procedure is so selected
that PFA™ (Tsy(Ag)) < aand log Ay ~ |loga|asa — 0, e.g., as A = (1 —a)/a, then as
a—0

,
inf BT =R T > K ~ <|;°Tg;’j‘) ~ Ex[(Tsy — k)" | Ton > k] forallk € Z,

TeCr(a

and

. log & ) !
inf E*[(T—v)"|T>v]~ | ~E*[(Tsy —v)" | Tsy > v].
nt (T =0y T ]~ (L) (T ) o > 0
Therefore, the Shiryaev procedure Tsy(Ay) is first-order asymptotically optimal as o« — 0 in class
Cr (), minimizing the moments of the detection delay up to order r whenever the r-complete
version of the SLLN (68) holds for the LLR process.

For r = 1, the assertions of this theorem imply the asymptotic optimality of the
Shiryaev procedure for the expected detection delays (65) and (66) as well as asymptotic
approximations for the expected detection delays.

Remark 6. The results of Theorem 6 can be generalized to the asymptotically non-stationary case
where /\§+n/¢(n) converges to I uniformly r-completely as n — oo under Py with a non-linear
function (n) similarly to the hypothesis testing problem discussed in Section 3.1. See also the
recent paper [53] for the minimax change detection problem with independent but substantially
non-stationary post-change observations.

It is also interesting to see how two other most popular changepoint detection
procedures—the SR and CUSUM—perform in the Bayesian context.
Consider the SR procedure defined by (58), (59). By Lemma 3.4 (p. 100) in [5],

PFAT(TE, (A)) < 2 Y 7+ Lio 7tk

< a for every A >0,
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and therefore, setting A = A, = a~!(ro + L5, ki) implies that T&R(Ax) € Cr(a).
If threshold A = A, in the SR procedure is so selected that PFA7(TJz(Ax)) < a and
log Ay ~ |loga|asa — 0,e.g., as Ay = a~(rg + Yoo q kmy), thenas a — 0

.
Ec[(TSR—K) | TS > k] ~ (M) forallk € Z., (69)
and | .
. og
[T~ ) | T > v] ~ (1)) 70)

whenever the uniform r-complete convergence condition (68) holds. Therefore, the SR
procedure T&: (Ay) is first-order asymptotically optimal as & — 0 in class Cr(a), mini-
mizing the moments of the detection delay up to order r, when the prior distribution 7 is
heavy-tailed (i.e., when y = 0) and the r-complete version of the SLLN holds. In the case
where i1 > 0 (i.e., the prior distribution has an exponential tail), the SR procedure is not
optimal. This can be expected since it uses the improper uniform prior in the detection
statistic.

The same asymptotic results (69), (70) are true for the CUSUM procedure Tcg(a)
defined in (52) if threshold a = a, is so selected that PFA;(Tcs(ax)) < w and a, ~ |log«|
as « — 0 and the uniform r-complete convergence condition (68) holds.

Hence, the r-complete convergence of the LLR process is the sufficient condition for
the uniform asymptotic optimality of several popular change detection procedures in
class Cr ().

Complete Convergence and General Non-Bayesian Changepoint Detection Theory

Consider the non-Bayesian problem where the change point v is an unknown deter-
ministic number. We focus on the most interesting for a variety of applications uniform
optimality criterion (64) that requires minimizing the conditional expected delay to detec-
tion CEDD,(T) = E,[T — v|T > v] for all values of the change point v € Z in the class
of change detection procedures Cpga (1, B) defined in (63). Recall that this class includes
change detection procedures with the maximal local probability of false alarm in the time
window m,

MLPFA(T) = sup Poo(T < £+ m|T > £),
>0
which does not exceed the prescribed value € (0,1). However, the exact solution to this
challenging problem is unknown even in the i.i.d. case.

Instead consider the following asymptotic problem assuming that the given MLPFA B
goes to zero: find a change detection procedure T* which asymptotically minimizes the
expected detection delay E, [T — v|T > v] to the first order as  — 0. That is, the goal is to
design such a detection procedure T* that

inf  Ey[T—v|T >v] =E/[T"—v|T* >v](140(1)) forallve Ziasp — 0.
T Cppa (m,p)

More generally, we may focus on the asymptotic problem of minimizing the moments
of the detection delay of order r > 1:

inf  E,J(T—v)|T>v] =EJ[(T"—v)"|T" >v](140(1)) forallveZyasp— 0.
TECppa (m,8)

To solve this problem, we need to assume that the window length m = m is a function
of the MLPFA constraint 8 and that s goes to infinity as  — 0 with a certain appropriate
rate. Using [54], the following results can be established.

Consider the SR procedure defined by (58), (59) with ry = 0, in which case write
TIR(A) = Tsr(A). Letr > 1 and assume that the r-complete version of the SLLN holds
with some number 0 < I < oo, i.e, n7'AY,, converges to I uniformly r-completely as
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n — oo under Py. If mg = O(|log B|?) as p — oo and threshold A = Ag in the SR procedure
is so selected that MLPFA(Tsr(Ag)) < B and log Ag ~ |logB| as B — 0, e.g., as defined
in [54], thenas  — 0

r
inf EJ(T—v) |T>v] ~ ('k’gﬁ) ~E[(Tsr—v) | Tsg > v] forallv € Z.
T<Cpga (mp,B) I

A similar result also holds for the CUSUM procedure Tcs(a) if threshold a = ag
is selected so that MLPFA(Tcs(ag)) < B and ag ~ |logp| as B — 0 and the r-complete
version of the SLLN holds for the normalized LLR n~ Al as n — co.

Hence, the r-complete convergence of the LLR process is the sufficient condition for
the uniform asymptotic optimality of SR and CUSUM change detection procedures with
respect to the moments of the detection delay of order r in class Cpra (1115, B)-

4. Quick and Complete Convergence for Markov and Hidden Markov Models

Usually, in particular problems, the verification of the SLLN for the LLR process is
relatively easy. However, in practice, verifying the strengthened r-complete or r-quick
versions of the SLLN, i.e., checking condition (68), can cause some difficulty. Many interest-
ing examples where this verification was performed can be found in [5,6]. However, it is
interesting to find sufficient conditions for the r-complete convergence for a relatively large
class of stochastic models.

In this section, we outline this issue for Markov and hidden Markov models based
on the results obtained by Pergamenchtchikov and Tartakovsky [54] for ergodic Markov
processes and by Fuh and Tartakovsky [55] for hidden Markov models (HMM). See also
Tartakovsky ([5] Ch 3).

Let { Xy }nez, be a time-homogeneous Markov process with values in a measurable
space (27, %) with the transition probability P(x, A) with density p(y|x). Let Ex denote
the expectation with respect to this probability. Assume that this process is geometrically
ergodic, i.e., there exist positives constants 0 < R < oo, ¥ > 0, and probability measure s
on (2, %) and the Lyapunov 2" — [1,00) function V with (V) < oo such that

1
sup ¢ sup sup Vi) Ex[9p(Xn)] — ()| < R.
ez, o<p<v x V(¥)

In the change detection problem, the sequence {Xn}nez L isa Markov process, such
that { X, }1<n<y is a homogeneous process with the transition density g(y|x) and { X, }n>v
is homogeneous positive ergodic with the transition density f(y|x) and the ergodic (sta-
tionary) distribution . In this case, the LLR process Ak can be represented as

n
A=Y G(Xy,Xi—1), n>k
t=k+1

where G(y, x) = log|f (y|x)/g(y|x)].

Define ‘
1= [,{ ], 6w ) ay e

Under a set of quite sophisticated sufficient conditions, the LLR A} /n converges to I as
n — oo r-completely (cf. [54]). We omit the details and only mention that the main condition
is the finiteness of (7 4 1)-th moment of the LLR increment, Eq[(G (X1, Xp))"*1] < 0.
Now consider the HMM with finite state space. Then again, as in the pure Markov
case, the main condition for the r-complete convergence of A/, /n to I, where [ is specified
in Fuh and Tartakovsky [55], is Eg[(A9)"*!] < co. Further details can be found in [55].
Similar results for Markov and hidden Markov models hold for the hypothesis testing
problem considered in Section 3.1. Specifically, if in the Markov case we assume that the
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observed Markov process { X, } ¢z, is a time-homogeneous geometrically ergodic with a
transition density f;(y|x) under hypothesis H; (i = 0,1, ..., N) and invariant distribution
#;, then the LLR processes are

n
Aij(n) = 2 Gij(Xt, X4-1), 14,j=0,1,...,N,i#],
t=1

where Gij(y,x) = log[fi(y|x)/fj(y\x)]. If Ei[(Gij(Xl,Xo))’“} < oo, then the LLR n’l)\ij(n)
converges r-completely to a finite number

1= [,{ ], Gitw ity dy f(an),

5. Discussion and Conclusions

The purpose of this article is to provide an overview of two modes of convergence in
the LLN—r-quick and r-complete convergences. These strengthened versions of the SLLN
are often neglected in the theory of probability. In the first part of this paper (Section 2),
we discussed in detail these two modes of convergence and corresponding strengthened
versions of the SLLN. The main motivation was the fact that both r-quick and r-complete
versions of the SLLN can be effectively used for establishing near optimality results in
sequential analysis, in particular, in sequential hypothesis testing and quickest changepoint
detection problems for very general stochastic models of dependent and non-stationary
observations. These models are not limited to Markov and hidden Markov models. The
results presented in the second part of this paper (Section 3) show that the constraints
imposed on the models for observations can be formulated in terms of either the r-quick or
r-complete convergence of properly normalized log-likelihood ratios between hypotheses
to finite numbers, which can be interpreted as local Kullback-Leibler information numbers.
This is natural and can be intuitively expected since optimal or nearly optimal decision-
making rules are typically based on a combination of log-likelihood ratios. Therefore, if
one is interested in the asymptotic optimality properties of decision-making rules, the
asymptotic behavior of log-likelihood ratios as the sample size goes to infinity not only
matters but provides the main contribution.

The results presented in this article allow us to conclude that the strengthened r-quick
and r-complete versions of the SLLN are useful tools for many statistical problems for
general non-i.i.d. stochastic models. In particular, r-quick and r-complete convergences
for log-likelihood ratio processes are sufficient for the near optimality of sequential hy-
pothesis tests and changepoint detection procedures for models with dependent and
non-identically distributed observations. Such non-i.i.d. models are typical for modern
large-scale information and physical systems that produce big data in numerous practical
applications. Readers interested in specific applications may find detailed discussions
in [4-7,21,22,33,35,37,53-58].
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1. Introduction
1.1. History of the Problem and Motivation

The t-distribution, which is more often called the Student distribution, was proposed
in 1908 in the fundamental paper [1] by William Sealy Gosset published in Biometrika under
the pseudonym ‘Student’. Originally, this distribution played only a technical role in the
so-called theory of errors. In the paper [2], R. Fisher gave a detailed description of the
application of the Student distribution in problems related to the statistical analysis of
normal samples. However, when, in the middle of the 20th century, it was noticed that
the distributions of various financial data (e.g., increments of stock prices) do not meet
the normal model and have noticeably heavier tails with power-type decreases, some
specialists turned to the Student distribution as a heavy-tailed alternative to the normal
distribution. Now, the Student distribution is one of the most popular models for economic
and financial data [3]. In the paper [4], an attempt was made to explain the adequacy of
the Student model from the viewpoint of limit theorems of probability theory, and it was
demonstrated that, in descriptive statistics, this distribution can be used as an asymptotic
approximation since it appears as the limit law for statistics constructed from samples
when the sample size obeys the negative binomial distribution.

In recent years, many generalizations of the Student distribution have been proposed,
including those that are purely analytic [5] and purely artificial [6]. A comprehensive
review of generalizations of the Student distribution was presented in [3]. Unfortunately,
many generalizations are in some sense formal, not-so-well theoretically justified, and
are based on the reasons of convenience of fitting to particular data. In the present paper,
primary attention is paid to the generalization of the Student distribution that is based on
the representation of a so-distributed random variable as a quotient of two independent ran-
dom variables. The numerator in this quotient is the random variable with the exponential
power distribution, whereas the denominator is the power of a gamma-distributed random
variable with identical shape and scale parameters. This generalization is due to Mcdonald
and Newey [7] (see also [8,9]), who noticed that the generalized Student distribution as
defined can be obtained as the scale mixture of a power exponential distribution where the
mixing law is the inverse generalized gamma distribution. The scale mixture representation
opens the way to construct rather simple asymptotic settings in which the appropriately
defined generalized Student distribution appears as a limit law. Consequently, the general-
ized Student distribution obtains a theoretic foundation as an asymptotic approximation.
Apparently, it is this property that makes the generalized Student distribution an attractive
model for financial data [10-13]. This approach is also very promising for the construction
of multivariate and asymmetric generalizations, e.g., see [14].

Since heavy-tailed distributions are widely encountered in many practical problems,
they are under serious theoretic study. For example, there are developments in the context
of the Tsallis entropy that result in power-law distributions and fractional differential oper-
ators. In both cases, we also have a connection with stable distributions and Lévy processes
(see, e.g., [15]). Although stable Lévy processes with power-type tails have very serious
theoretic grounds, they are not so easily statistically treated because, with four rather trivial
exceptions, stable densities cannot be represented in terms of elementary functions. Simple
representations for the generalized Student densities make them promising alternatives to
stable laws. Moreover, the analytic properties (e.g., the infinite divisibility) of the general-
ized Student distributions and limit theorems for sums of independent random variables
with the generalized Student distributions as the limit laws presented below, together with
the functional limit theorems for compound Cox processes proved in [16], guarantee the
possibility to construct a Lévy process (more exactly, a subordinated Wiener process) whose
finite-dimensional distributions are of the generalized Student type.

Another benefit of the approach based off the scale mixture representation is that it
makes it possible to easily trace the relationship of the generalized Student distribution
with the generalized Lomax distribution, which is a popular power-type heavy-tailed
model that was used in many applied problems after it was introduced in [17], where
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it was used to analyze business failure data. The Lomax distribution appeared to be a
convenient heavy-tailed alternative to exponential, gamma, and Weibull distributions [18].
Possible applications of the Lomax distribution and its generalizations involve many fields,
from modelling business records [19] to reliability and lifetime testing [20]. An extensive
bibliography can be found in [21]. Various generalizations of the Lomax distribution were
used in [22-26] and many other studies; see the extensive bibliography in [21].

In accordance with the approach that is used in the present paper, the generalized
Lomax distribution is just the distribution of the absolute value of a random variable
with the generalized Student distribution. This definition makes it possible to study
the important analytic properties of the so-generalized Lomax distribution, such as its
infinite divisibility, identifiability, and mixture representability. In turn, these properties
open the way to proving limit theorems in rather simple asymptotic settings in which the
generalized Lomax distribution appears to be the limit law. These limit theorems may serve
as a theoretical foundation for the adequacy of the generalized Lomax distribution as an
asymptotic approximation in descriptive statistics and an explanation of the excellent fit of
this distribution to real data in many cases.

In the present paper, we study analytic and asymptotic properties of the generalized
Student and generalized Lomax distributions, paying main attention to the representation
of these distributions as scale mixtures of the laws that appear as limit distributions in
classical limit theorems of probability theory, such as the normal, folded normal, exponen-
tial, Weibull, and Fréchet distributions. These representations result in the possibility of
proving some limit theorems for statistics constructed from samples with random sizes in
which the generalized Student and generalized Lomax distributions are limit laws. Unlike
the conventional analytical approach used in most papers on generalized Student or gen-
eralized Lomax distributions, in the present paper, we use a kind of ‘arithmetic’ way of
reasoning within the space of random variables. According to this approach, instead of
the operation of scale mixing distributions, we consider the operation of multiplication
of random variables, provided the multipliers are independent. Nevertheless, speaking
of random variables, we actually deal with their distributions. This approach makes the
reasoning substantially simpler, the proofs shorte, and reveals some general features of the
distributions under consideration.

The paper is organized as follows. Section 1.2 contains auxiliary definitions and in-
troduces some basic properties of the distributions involved in the subsequent reasoning.
In Section 2.1, an overview of known the properties of the generalized Student distribution
is given, and some simple bounds for its tail probabilities are presented; furthermore,
an analog of the ‘multiplication theorem’ is proved, and the identifiability of scale mixtures
of generalized Student distributions is considered. In Section 2.2, the normal scale mixture
representation for the generalized Student distribution is discussed, and the properties of
the mixing distribution in this representation are studied. In particular, in order to study the
tail probabilities of the mixing distributions, some simple general inequalities are proved
here that relate the tails of the scale mixture with those of the mixing distribution. It is
proved here that for some values of the parameters, the generalized Student distribution
is infinitely divisible and admits a representation as a scale mixture of Laplace distribu-
tions. In Section 2.3, necessary and sufficient conditions are presented that provide the
convergence of the distributions of sums of a random number of independent random
variables with finite variances to the generalized Student distribution. Section 2.4 presents
necessary and sufficient conditions that provide the convergence of the distributions of

‘asymptotically normal’ statistics constructed from samples with random sizes to the gener-

alized Student distribution. As an example, the convergence of the distributions of sample
quantiles in samples with random sizes is considered. Section 3.1 contains the definition
and basic properties of the generalized Lomax distribution. In Section 3.2, it is shown that
the generalized Lomax distribution can be represented as a scale mixture of the folded
normal distribution (the distribution of the maximum of the standard Wiener process on
the unit interval). In Section 3.3, the convergence of the distributions of maximum and
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minimum random sums to the generalized Lomax distribution is considered. In Section 3.4,
it is demonstrated that the generalized Lomax distribution can be represented as a scale
mixture of Weibull distributions or as a mixture of Fréchet distributions. These representa-
tions make it possible to demonstrate in Section 3.5 that the generalized Lomax distribution
can be limiting for extreme statistics in samples with a random size. Finally, in Section 3.6,
the convergence of the distributions of mixed geometric random sums to the generalized
Lomax distribution is considered, and the corresponding extension of the famous Rényi
theorem is proved.

1.2. Auxiliary Definitions and Notation

All the random variables are assumed to be defined on one and the same probability
space (Q, A, P).

The product of independentrandom elements will be denoted by the symbol o. The sym-
bols £ and = will stand for the coincidence of distributions and convergence in distribu-
tion, respectively. The symbol [ marks the end of the proof. The indicator function of a set
A will be denoted 4 (z): if z € A, then4(z) = 1; otherwise, I4(z) = 0.

A random variable with the standard exponential distribution will be denoted Wy,
as follows:

P(W] < X) = [1 — Eix] ]I[O,oo)(x)~
For x > 0 and r > 0, the (lower) incomplete gamma function will be denoted as
T(r;x):
X
I(r;x) = / 2o 3 dz.
0

LetI'(r) def I'(r; c0) be the ‘usual’ Euler’s gamma function.
A random variable having a gamma distribution with a shape parameter » > 0 and a
scale parameter A > 0 will be denoted as G, ,, where

"X T
P(G,) <x) = /0 g(zr,A)dz, with g(x;r,A) = %x’fle*)‘xﬂ[o,w)(x),

Obviously, in this notation, Gy is a random variable with the standard exponential distri-
bution G1; = Wj.

A generalized gamma distribution is an absolutely continuous distribution defined by
the density

_ M ar—1 ,—pux®
ggrrar]’l(x) - F(r) x e ]I[O,oo)(x)

witha € R, y > 0,and r > 0. A random variable with the density ggr ., (x) will be denoted
as Gy Itis easy to see that

G Leol/ed —1/agl/a 4
Gr’a,H £ Gr,;xa = y /lXGy,lA £

W Gran M
Let ¢ > 0. The distribution of the random variable W,
P(Wy < x) = [1—e " ]Tjp,00) (%),
is called the Weibull distribution with a shape parameter «. It is easy to see that
W LW, LT v)
The random variable W ! is said to have an inverse Weibull or Fréchet distribution,

as follows:
PW, ! < x) =P(W, > %) =exp{x "}, x>0.
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The standard normal distribution function and its density will be denoted by ®(x)
and ¢(x), where

1 —x2/2 / x
X)) = ——e ¥%, Dx) = z)dz,
o) = 5= ()= [ o)
respectively. A random variable with the standard normal distribution will be denoted
by X.
A random variable with the strictly stable characteristic function
, infa .
Oa0(t) = exp { — [t|*exp { — 51gnt}}, teR, 3)

where 0 < & < 2, 0| < 6, = min{1,2 — 1}, will be denoted by S,¢. The probability
density of the random variable S, g will be denoted by S, 4. For the properties of stable
distributions with characteristic functions (3), see, e.g., [15,27,28].

It is easy to see that S o 4 V2X.

If 0 =1and 0 < a < 1, the corresponding strictly stable random variable takes only
nonnegative values. If &« = 1 and 6 = +£1, then the corresponding stable distributions are
degenerate in £1, respectively. All the other strictly stable distributions are absolutely
continuous. There are no explicit representations for stable distributions in terms of ele-
mentary functions with four exceptions: the normal distribution (x = 2, 6 = 0), the Cauchy
distribution (« = 1, § = 0), the Lévy distribution (¢ = %, 0 = 1) and the distribution
symmetric to the Lévy law (« = %, 0 = —1). Expressions for stable densities in terms of
generalized Meijer G-functions (Fox functions) can be found in [29,30].

According to the ‘multiplication theorem’ (see, e.g., Theorem 3.3.1 in [27]), for any
admissible pair of parameters («, ) and any &’ € (0, 1], the product representation

d o1/a
Szxa’,{? = Stx”,l o Sa,Q

holds. In particular, for any a € (0,2],

d
Sa,O =/ 2513(/2,1 oX,

that is, any symmetric strictly stable distribution is a scale mixture of the normal distributions.
Let « > 0. The symmetric exponential power distribution is an absolutely continuous
distribution defined by its Lebesgue probability density

14
2r(l)

pa(x) = L @)

To simplify the notation and calculation, here and in what follows, we will use a single
parameter & in Representation (4) since this parameter is, in some sense, characteristic of
and determines the shape of the distribution (4). With « = 1, Relationship (4) defines the
classical Laplace distribution as

p(x) = %e*"’“, xeR

with zero mean and a variance of 2. With a = 2, Relationship (4) defines the normal
(Gaussian) distribution with a zero mean and a variance of % Any random variable with a
probability density p.(x) will be denoted by Q,.

The class of distributions (4) was introduced and studied in 1923 in the paper [31] by
M. T. Subbotin. For more details concerning the properties of exponential power distribu-
tions, see [32,33] and the references therein.

It is easy to make sure that

d
[Qal* = Giyan- ©)
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In our further reasoning, we will exploit the following properties of exponential power
distributions. For convenience, we present them as lemmas.

Lemma 1 (e.g., see [32]). For 6 > —1, we have

[eY] " T o+1
E[Q.]° = 70‘1 / X dx = ( 4 ),
I(z)Jo I'(z)
Lemma 2 ([32]). Leta € (0,2], &’ € (0,1]. Then,
d _
Quar = Quo U, /%, ©6)

where Uy, is a random variable such that if o' = 1, then Uy, = 1 for any a € (0,2], and if
0 < o <1, then U, 4 is absolutely continuous with a probability density

el ,
”a,a’(x) = lx(rga)) ’ Sax,ll/(:c) ' (O,oo)(x)'

Corollary 1 ([34]). Any symmetric exponential power distribution with « € (0,2] is a scale

mixture of normal laws:
d

1y7-1
Qﬂ( Euzl /2 [¢] X
Corollary 2 (e.g., see [32]). Any symmetric exponential power distribution with o € (0,1] isa

scale mixture of Laplace laws:
d -
Qu=U, 0Qr

Lemma 3 ([32]). For any « € (0,1], the distribution of the random variable uzj/z is a mixed
exponential:

u-t 4

-2
Y 4Uy ;o Wi

Recall that a distribution function F(x) whose characteristic function is denoted f(t)
is infinitely divisible if, for each n € N, there exists a characteristic function f, (¢) such that
f(t) = f}(t) and t € R. In terms of random variables (if the probability space (Q), A, P) is
rich enough), this means that for each n € N, there exist independent identically distributed
random variables Y}, 1, Y2, ..., Yy such that a random variable Y whose distribution
function is F(x) admits the representation Y = Y, 1 + Y2 + ... + Yy, ». The property of
infinite divisibility is very important in some problems. For example, infinite divisible
distributions exist, and only they can be limiting for sums of independent asymptotically
negligible (in particular, identically distributed) random variables (see [35]. Moreover, this
is crucial in the construction of Lévy processes (see, e.g., [15,16]).

Corollary 3 ([32]). For any « € (0,1], the distribution of the random variable uz_;/z is infinitely
divisible. ’

In the present paper, we consider the generalizations of the Student and Lomax
distributions.
The Student distributionwas introduced in [1] and is defined as the distribution of the
random variable
T, 4 Xo G;,l/z,
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where r > 0 is the shape parameter usually called ‘the degrees of freedom’. The probability
density of the Student distribution, up to scale and location transformation, has the form

r(r+1) 2N\ —(r+1/2)
fy(.x) = \/ﬁr(zr) (1 7) , XE R.

The Lomax distribution, also called the Pareto Type II distribution, was introduced
in [17]. The probability density of the Lomax distribution, up to scale and location transfor-

mation, has the form
r

fr(x) = Ao ¥20

where r > 0 is the shape parameter.

2. The Generalized Student Distribution
2.1. The Definition and Elementary Properties of the Generalized Student Distribution

Leta € (0,2] and r € R be such that ar > 1. Assume that the random variables Q,
and G, , are independent. Consider the random variable T, 4, defined as the product

def _
Tr,a = sz o Gr,rl/‘x' (7)

The distribution of the random variable T, will be called a generalized Student
distribution with parameters « and r. (It should be noted that in [14], instead of —%,
the exponent of G, , is — 1, which does not restrict generality but leads to more complicated
notation).

Find the probability density function f; « (x) of Ty . Since Qn and G;, are independent,

by the Fubini theorem, we have

ar’ « 1/ ,—ulx|* r—1 ,—ru
X) = ——= u'e u' e Mdu =
fralx) 2r(r)r(§)/o
_ ar’ e r+1/a—1,—u _
TN+ [y e et

eR. (8

_ el g) (1 IxI”‘)—<r+1/a) _ « (H@)—(m/w
2r1/aT (r)T(L) r 2r1/uB(r, 1) r ’
Here and in what follows, B(a, b) is the beta-function:

B(a,b) = %, a>0,b>0.

It is easily seen that with « = 2, the generalized Student distribution turns into the
classical Student distribution up to the re-parametrization. If, in addition, r = 1, the
generalized Student distribution is a Cauchy distribution.

When & = 1, the generalized Student distribution turns into a two-sided Lomax
distribution.

We see that the family of generalized Student distributions is wide enough and
contains popular power-type-tailed laws.

Moreover, this family is flexible enough since it contains distributions with various
shapes of their vertices. Consider this variety in more detail. First, from (8), it follows that
the densities of all the generalized Student distributions are finite:

1
m;(aler,a(x) = fra(0) = %

110



Mathematics 2023, 11, 2890

Second, consider the behavior of the derivative of the density f,«(x) in the neigh-
borhood of zero. Since f;(x) is symmetric, it suffices to consider x > 0. For such x,
we have

d a2B(r, 1)xe-1 x%\ —(r+1)
LRRE. S L
dx 2r1/a r
Therefore, if x > 1, then
lim =0;
i G ialo)

that is, the vertex of f; . (x) is smooth and rather flat.
If « =1, then

a2

fra( ) = *W;

J~~>0+ dx
that is, the vertex of f;4(x) looks like a non-zero angle.
If « < 1, then

xgrgl+ ﬂfra( ) -

that is, in this case, the vertex of f,(x) is ‘infinitely” sharp.

The two last cases noticeably differ from the traditional Student density shape.

As is demonstrated by the two following statements, when r increases, the tails of a
generalized Student distribution become less heavy, so that finally, a generalized Student
distribution turns into an exponential power distribution.

Proposition 1. The following asymptotic relationship holds:

li (x) w 0 )
im su - =0.
r—yc0 p Jra 2r(l)
Proof. Note that the relationships
I(r+1)

. |x|* Jx ] _
fim (1 55) = e and i S <1
imply the point-wise convergence of the densities. Since the limit exponential power
density function is monotone on each semi-axis, as well as bounded and continuous, by the

Dini theorem, the convergence is uniform in x € R. [

This property of the generalized Student distributions can be mathematically for-
mulated in terms of distribution functions as well. For a« € (0,2] and r > 0, denote
Fa(x) =P(T,n <x),x€R,

(L, o
1+(*f1 x>0,
d 2 2T ()
Hy(x) = P(Qq < x) X .
rdi
= T , X<
2 2r(y)

Corollary 4. Forany a € (0,2], as r — oo, the distribution functions of the random variables T;
converge to the exponential power distribution function Hy (x) uniformly in x € R:

lim sgp |Fra(x) — Ha(x)] = 0.

Proof. This statement follows from Proposition 4 by the Lebesgue-dominated convergence
theorem and the Dini theorem mentioned above.
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Another way of proving this result is as follows. Let [a] and {a}, correspondingly,
denote the integer part and the fractional part of a real number a. Represent r as r =
[r] + {r}. Then, the random variable G, can be represented as

[ G
d1c al {r}l
Gr,r* 77’2

}’

Asr — oo, the first summand on the right-hand side of this relation almost surely converges
to 1 by the strong law of large numbers, whereas the second summand almost surely
converges to zero. This means that G,, — 1 almost surely converges to 1. Now, by the
Slutsky theorem [36] (see also [37], Sect. 20.6), it follows from the definition of T;, that
Ty« = Qu. Since the limit function H,(x) is monotone, bounded, and continuous, by the
Dini theorem, the convergence of distribution functions is uniformin x € R. O

Now consider the moments of the generalized Student distribution.
Proposition 2. Forany § € (—1,ar)

5 3\ 041
r/oT(r = 9T ()

T(nr(z)

Proof. This relationship follows from (7) and Lemma 1. [

E|T al® = EG.2/* - E|Qu|® =

The distribution function of Ty 4, in general, cannot be expressed in terms of elementary
functions. The integral of f; . (x) can be written (e.g., see [38], item 3.194) in terms of the
hypergeometric function o Fy (-, -, -, -) (e.g., see [38], item 9.111):

oax

1 11 1 x*
-_— e — 2 L. L. __ A >
2+zrl/aB(r,%)zpl(r_'_a'u’1+a' r)’ x>0,
Fralx) =
. L N P O U VL S
2 2,,1/sz(,,,%)21 [ o’ r ) :

Nevertheless, we can obtain very simple two-sided bounds for the tail probabilities
of Ty 4.

Proposition 3. For any x > 0, we have

rrfl xtxr+l r—1

. < P(|Ty x| > _—
B0, D e = PUTel 29 S 50

Proof. For any x > 0, we obviously have

P(T.l >x) =2 [ dy= — 2 (o Wy, 10
(ITrul > x) = /X fr,a(y)y—m/ (+ ) Y- (10)

For the integral on the right-hand side of (10), we easily obtain the following lower bound:

¥ (1 WU g (7)Y Ly
L) T = [T () T

rr+1/txx:xr+1 /oo dy rr+1/a71 o +1
= (r+x"‘)7+1/"‘ o

yar+1 - T ’ (r+xa)r+l/,x.

(11
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The upper bound for this integral is obvious:

O e dy
/X (1"‘7) dyfr /x <]7+1) y"‘H'l S

~00 r+1/a—1
cpim [T Ay U 2

¥ yar+1 axer

Now, the desired statement easily follows from (11), (12), and (10). O

Since
xzxr+1

xlgr.}o (r + xuc)r+l/a =1 (13)

we immediately obtain the following statement.
Corollary 5. The tailprobabilities of T, , satisfy the following asymptotic relation:
r—1
Lim x""P(|T;a] > x) = ———.
x—00 (ITral =) B(r, %)

Lemma 2 was proved in [32] with the application of the ‘multiplication theorem’ for
stable distributions (Theorem 3.3.1 in [27]). Therefore, this lemma can be regarded as a ‘mul-
tiplication theorem’ for exponential power distributions. This lemma can be used to establish
a kind of an analog of ‘multiplication theorem’ for generalized Student distributions.

Proposition 4. Forany 0 < a < B < 2and any r > %, we have

-1 d ~_ -1
Grr o Trw = Gml/a °oTypo Uﬁnx?/‘;'

Proof. The assertion of Lemma 2 can be rewritten as
d -1/
QL Qpolly k.
Now, the desired statement follows from the definition of T, . [

One more representation of a random variable with the generalized Student distribu-
tion is possible.

Proposition 5. The following relationship holds:

Ty L 112000 Q1
Proof. According to (5), we have

Gry £ 161 £ 4Qu ",

whence follows the desired result. [

Now consider the property of the identifiability of scale mixtures of generalized
Student distributions. Recall the definition of the identifiability of scale mixtures. Let T be a
random variable with the distribution function Fr(x) and let V; and V; be two nonnegative
random variables. The family of scale mixtures of Fr is said to be identifiable if the equality

To Vi £ ToVyimplies Vi < V5.
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Proposition 6. For any fixed « € (0,2] and r > L, the family of scale mixtures of generalized
Student distributions is identifiable; that is, if V1 and V; are two nonnegative random variables,

then the equality Ty, o V4 4 ra © Vo implies Vi 4 Va.

Proof. In [32], it was proved that the family of scale mixtures of exponential power distri-
butions is identifiable. Hence, if V; and V; are two nonnegative random variables, then
the equality Ty 0 V4 4 Tyo © Vo implies V; o G, 1/a 4 Va0 Gy, 1% or, which is the same,
GrioVi*® 4 G100V, " As was proved in [39], the family of scale mixtures of gamma
distributions is identifiable. Hence, the last relationship implies V,™* L2 Vy % or Vi 3 Va,
which is the same. [

2.2. Mixture Representation for the Generalized Student Distribution and Related Topics
2.2.1. Normal Mixture Representation

Proposition 7. Forany « € (0,2] and any r > % the generalized Student distribution is a scale
mixture of normal distributions:

d
Tr,a =V Dr,zx oX, (14)

where et L )
er 1 2 - 1 - -
Dr,vt =32 (UZ,uc/Z o Gr,éﬂ‘) =3 (UZ,zx/Z o Gr,tx/z,r) ’

so that . ¥
P(Tya < %) = /0 @(W)dP(Dm <) (15)

This statement directly follows from (7) and Corollary 1.
In accordance with Lemma 2, for & € (0,2), the probability density u3 , ,,(x) of the

random variable U;/ ; ” has the form

a7 Sus21(3)

= =, x> 0.
ar(ly X2

”;,a/z(x)

If « = 2, then the distribution of U, i 2 is degenerate at Point 1.

The generalized gamma probability density gg, ,/2,(x) of the random variable G%{“
has the form

.
ggr,nx/Z,r(x) = r’('r) ua(r+1)/2—26—ru“/2, x> 0.

Therefore, the mixing random variable D, 4 in (15) has the probability density

ra/27 0

2 +1)/2-5/2 ,—ru*/?
o7 fy S Gy VA2, x>0
14

Jra(x) =

This expression is cumbersome and can hardly be used either for the purpose of
clarifying the analytic and asymptotic properties of the mixing distribution or its statistical
analysis. However, as will be shown in the next subsection, it is possible to obtain rather
accurate (asymptotic) two-sided bounds for the tail probability of the distribution of D; 4.

2.2.2. The Properties of the Mixing Distribution And Inequalities for the Tail Probabilities

Proposition 8. There exist finite positive constants C = C(r,a) and C = C(r,a) such that for
any 6 € (0,1)

lim: inf x*"/2HP(D,, > x) > C (16)
X—00
and B
lim sup x*"/2P(D, , > x) < C. (17)
X—00
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For example, as C and C, one can take
rrfl },rfl

€= B(r, 1)’ €= 2B(r, 1)[1— o(1)]

Roughly speaking, Proposition 8 states that the distribution of the mixing random
variable D, , in Proposition 4 has the power-type tails decreasing such that O(x~%"/2) as
X — oo.

In order to prove this proposition, we need to formulate and prove some general
inequalities relating the tails of a scale mixture with that of the mixing distribution. These
inequalities will be formulated as lemmas.

Lemma 4. Let Y be a random variable with a symmetric distribution. Let U be a positive random
variable. Then, for any x > 0 and u > 0,

P(lYolU| > x) > P(m > §>P(U > ).

Proof. Denote the distribution function of Y as F(x). Then, for any x > 0 and u > 0, due
to the monotonicity of F, we have

P(lYoU| > x) :2/000 [kP(ﬁﬂdP(u <) 22/:0 {17F(§)}dP(u<y) >

>2[1 7F<§)] /de(u <y =P(IV> E)P(u > u).
O

Now, if we set Y = X (thatis, F = @), U = /D, 4, and u = x¢ with arbitrary € € [0,2],
then for any x > 0, Proposition 2, Lemma 4, and Proposition 3 yield the bound
rrfl
— > P(|Ta| > x) > P(Dyq > x6)P(|X] > x17¢/2). 18
5 Ty = Pl > 002 PDya 2 ¥IP(X| 227 (15
Additionally, if € = 2, then (18), in turn, implies
rrfl

ar 2 ARle INM a1
X"P(Dpa > x7) < 2B(r, %)[1 *q:'(l)],

(19)

thus proving (17).
Lemma 4 generalizes a result of [40].

Lemma 5. Let Y be a random variable independent of a positive random variable U. Then, for any
x>0andd € (0,1),

P(lYou| > x) < P(lY] > x'%) + P(U > ¥*)P(Y] < x17%) =
=P(JY] > 2')P(U < %) + P(U > x%) < P(]Y] > 21 %) + P(U > x°).
Proof. It is not difficult to verify that for any ¢ € (0,1),

{w:In]Y(w)|+InU(w) >Inx} C{w: In|Y(w)| > (1-6)Inx} U{w: nU(w) > lnx}.

Therefore,
P([lYolU| > x) =P(In|YoU| >Inx) =P(In|Y|+InU > Inx) <

<P{In|Y| > (1—-6)Inx} U{lnU >élnx})} =
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=P(n|Y| > (1-90)Inx)+P(InU > éInx) —P(In|Y| > (1 = d)Inx) - P(InU > éInx) <
=P(JY| > 2170 +P(U > 2%) —P([Y| > x179) - P(U > %)} =
=P(lY] > 219 + P(U > °)P(|Y] < x'%) = P(|Y] > x'°)P(U < x%) + P(U > x) <
<P(lY] > 2179 + P(U > 29).
The lemma is proved. [

It should be noted that in Lemma 5, no conditions were imposed on the distribution
of the random variable Y.

Now, if we set Y = X (thatis, F = ®) and U = /D,4, then for any x > 0 and
€ € (0,2), Proposition 4 and Lemma 5 yield the bound

P(ITpul > x) < P(|X| > x'¢/2) + P(D,, > x°),

which is valid for any € € (0,2). Hence, in turn, it follows that

P(Da > ) | PUX| 2 21/ o0
P(|Tyul >x) — P(|Tra| > x)
It is well-known that for any y > 0,
V2 s
>y) < -
PUXI > w) < = e { - T} @
From the left inequality of Proposition 3 and (21), it follows that for any € € (0,2),
B P(|X‘ 2 xl—e/Z) \/EB(?’, %) ; ayr+1/a,.e/2-2 x*e _
lim ey S et m ) e { - S o

Hence, with the account of (13), from (20) and the left inequality of Proposition 3, it
follows that for any € € (0,2)

T

liminf xY"P(D,, > x€) >
X—r00

thus proving (35). Thus, Proposition 8 is completely proved. [

Proposition 9. Ifa € (0,1] and r > %, then the random variable Dy o has the mixed exponential
distribution J )
Dy = 2(GH%oUy,) "0 Wi

Proof. From Corollary 1, Lemma 3, and the definition of the generalized Student distribu-
tion, we obtain the representation

d ~1/a d -2
Tra = Quo G,l,l/“ = \/Z(G%“ ol,) “oWjoX.

Now the desired result follows from the identifiability of scale mixtures of normal
distributions (see, e.g., [39]). O

Corollary 6. Fora € (0,1]U {2} and any r > 1, the generalized Student distribution is infinitely
divisible.

Proof. According to Proposition 6, for & € (0, 1] in Representation (14), the scaling (mixing)

distribution is mixed exponential and, hence, in accordance with the result of [41], infinitely
divisible. In turn, if the mixing distribution in a normal scale mixture is infinitely divisible,
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then, in accordance with [42], Ch. XVII, Sect. 3, the normal scale mixture is infinitely
divisible itself.

In the case that « = 2, the infinite divisibility of the generalized Student distribution
(in this case, the conventional Student distribution) for any r > 0 was proved in [43]. [

1

o’

Proposition 10. If a € (0,1] and r >
mixture of the Laplace laws,

then the generalized Student distribution is a scale

d
Tr,zx = Yrn © Q1,

where
L (G otn,)

Yr,a
Proof. This statement follows from Corollary 2 and the definition of the random variable
Troo O

/

2.3. Convergence of the Distributions of Random Sums to the Generalized Student Law

In applied probability, it is a convention, probably based on some topics of [35],
that to make sure that a probability distribution can serve as a well-justified model of a
real phenomenon, one should construct a limit setting where this distribution is a limit
distribution or asymptotic approximation (say, a scheme of maximum or summation of
random variables). The existence of such a limit setting with specific conditions providing
the convergence to the assumed distribution can provide a better understanding of real
mechanisms that generate observed statistical regularities.

The representation for the generalized Student distribution as a scale mixture of
normals obtained in Proposition 4 opens the way for the construction in this section of
an ‘if and only if” version of the random-sum central limit theorem with the generalized
Student distribution as the limit law.

Consider independent not necessarily identically distributed random variables X, X5,
... WithEX; =0and 0 < 07 = EXi2 < 00,i > 1. Forn € N, denote

Su=X1+...+ Xy, Bi=c?+.. . 402

Assume that the random variables Xi, X5, . . . satisfy the Lindeberg condition such that
forany 7 > 0,

n
lim — / 2dP(X; < x) = 0. )
nw%;mmn(l ) (2)

It is well-known that under these assumptions,
P(Sy < Bux) = ®(x)

(this is the classical central limit theorem due to Lindeberg).

Let N1, Ny, ... be a sequence of integer-valued nonnegative random variables defined
on the same probability space so that for each n € N, the random variable N, is independent
of the sequence X, X, .... Denote Sy, = X1 + ...+ Xy,. For definiteness, in what follows,
we assume that Z?:l = 0. In what follows, the convergence will be meant as n — .

Recall that a random sequence Nj, Ny, ... is said to be infinitely increasing in probabil-
ity if P(N,, < m) — 0 forany m € (0,00).

Let {d,; } ,>1 be an infinitely increasing sequence of positive numbers.

The following version of the central limit theorem for random sums is the base for the
proof of the main result of this section.

Lemma 6 ([44]). Assume that the random variables X1, Xy, ... and N1, Ny, ... satisfy the condi-
tions specified above. In particular, let the Lindeberg condition (22) hold. Moreover, let N, — oo in
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probability. The distribution functions of appropriately normalized random sums Sy;, converge to
some distribution function F(x),

P(SdN” < x) = F(x),
n

if and only if there exists a distribution function H(x) satisfying the conditions

X

H(0) =0, F(x) :/Ow<b<\/y

)dH(y), x € R,

and P(B%\,” < xd%) = H(x).

Proof. This statement is a particular case of a result proved in [44]; also see Theorem 3.3.2
in[45]. O

The main result of this section is the following statement presenting necessary and
sufficient conditions for the convergence of the distributions of random sums of independent
random variables with finite variances to the generalized Student distribution.
Proposition 11. Let « € (0,2], r > % Assume that the random variables X1, Xo, ... and
N1, Ny, ... satisfy the conditions specified above. In particular, let the Lindeberg condition (22) hold.
Moreover, let N, — oo in probability. Then, the distributions of the normalized random sums Sy,
converge to the generalized Student law with parameters v and «; that is,

S
dI:]l” > TYIX
with some d, > 0, d,, — oo, if and only if
B%\],, d = -1
2 = Dyy = E(UZ,a/Z ° Gr,ac/z,r) . (23)

Proof. This statement is a direct consequence of Lemma 4 with H(x) = P(D,, < x) and
Proposition 4. [

Note that if the random variables X;, X, ... are identically distributed, then 0; = o,
i € N, and the Lindeberg condition holds automatically. In this case, it is reasonable to take
dy = o+/n. Hence, from Proposition 11, in this case, it follows that for the convergence

S Dy (24)

It should be especially noted that despite the requirement that the summands in the sum
have finite variances, the resulting generalized Student distribution in Proposition 11 may
have arbitrarily heavy tails. The parameters of the limit-generalized Student distribution are
entirely defined by the asymptotic behavior of the random index N, (see Relationship (24)).

One more remark concerns the curious form of the random variable D, , due to which
the realization of Conditions (23) and (24) in practical situations may seem doubtful. How-
ever, in many practical problems, the flow of informative events producing observations
can be successfully modelled by a doubly stochastic Poisson process (also called a Cox
process). Such a process is defined as a Poisson process with stochastic intensity.
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Namely, a doubly stochastic Poisson process is a stochastic point process of the form

N(t) &t II(L(t)), where II(t), where t > 0, is a homogeneous Poisson process with unit

intensity, and the stochastic process L(t), where t > 0, is independent of I1(#) and possesses
the following properties: L(0) = 0, P(L(t) < o) =1 for any t > 0, and the sample paths
of L(t) do not decrease and are right-continuous. In this context, the Cox process N(t) is
said to be lead by the process L(t). For more details concerning Cox and more general
subordinated processes, see, e.g., [46—48].

In real problems, the process L(t) characterizing the cumulative intensity of the flow
of informative events depends on many factors whose influence is hardly predictable, and
it is quite likely that the statistical regularities in its behavior can be approximated by the

distribution of the random variable D, ,. Now, if N, def N(n), then for Condition (24) to
hold, it is necessary and sufficient that n='L(n) == Dy, [49]. This means that actually,
Conditions (23) and (24) are not as artificial as it may seem at the first sight.

2.4. Convergence of the Distributions of Statistics Constructed from Samples with Random Sizes to
the Generalized Student Distribution

In practice, rather often, the data are collected or registered during a certain period
of time so that the sequence (flow) of informative events, each of which brings the next
observation, is a random point process. Hence, the number of available observations may
be unknown until the termination of the process of their registration. Therefore, the number
of accumulated observations (sample size) should also be treated as a (random) obser-
vation. This means that the problems and results of the classical mathematical statistics,
in which the size of the available sample is usually assumed to be deterministic, deals with
conditional distributions given the concrete value of the sample size. In the asymptotic
settings, this value plays the role of an infinitely increasing known parameter. However, the
asymptotic behavior of the (unconditional) distributions of statistics constructed from sam-
ples with random sizes noticeably differs from that of the distributions of statistics in the
classical case, which are actually conditional distributions given the particular value of the
sample size. For a more detailed motivation for the consideration of statistics constructed
from samples with random sizes, see, e.g., [32].

The randomness of the sample size usually leads to the limit distributions for the
corresponding statistics being heavy-tailed, even in situations where the conditional distri-
butions of the same statistics given a non-random sample size are asymptotically normal;
see, e.g., [4,45,50].

Consider a traditional setting of mathematical statistics. As in the preceding section,
consider the random variables Ny, N, ..., X1, X, ... defined on one and the same proba-
bility space so that for each n > 1, the random variable N, takes only natural values and
is independent of the ‘observations” X1, Xy, .... Let t;, = t,(Xj, ..., X;) be a statistic, that
is, a measurable function of Xj, ..., X,. For every n > 1 and w € Q, define the random
variable ty, = ty, (,)(w) as

th = th(w) (Xl ((U), ey XNy,(w) (w)) .
A statistic ¢, is said to be asymptotically normal if there exist 6 > 0 and 6 € R such that
P(ovn(ty —0) < x) = @(x). (25)

Lemma 7 ([51]). Assume that N, — oo in probability and the statistic t, is asymptotically
normal in the sense of (25). A distribution function F(x) such that

P(6v/n(tn, —6) < x) = F(x),
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exists if and only if there exists a distribution function H(x) satisfying the conditions
H(0) =0, F(x)= /0 ®(x\/7)dH(y), x €R, P(N, < nx) = H(x).

The following theorem presents necessary and sufficient conditions for the conver-
gence of the distributions of statistics, which are suggested to be asymptotically normal in
the traditional sense but are constructed from samples with random sizes, to the generalized
Student distribution.

Proposition 12. Let « € (0,2], r > % Assume that the random variables Xq,X5, ... and
Ny, Na, . .. satisfy the conditions specified above. Moreover, let N, — oo in probability and let the
statistic t,, be asymptotically normal in the sense of (25). Then, the distribution of the statistic ty,,
constructed from samples with random sizes Ny, converges to the generalized Student law Fy »(x);
that is,

P(6vn(tn, —0) < x) = Fra(x),
if and only if

N, 1 d =
7’1 = Dr,o} = 2u2,oc/2 o Gr,a/Z/r' (26)

Proof. This statement is a direct consequence of (14) and Lemma 7 with H(x) = P(D;} < x).
O

As an example of an application of Proposition 12, consider the following statement
establishing necessary and sufficient conditions for the sample quantiles to have the gener-
alized Student asymptotic distribution.

In addition to the notation introduced above, for each n € N, let X1y, X(3), ..., X(,,) be
order statistics constructed from the sample X1, X5, ..., X;; so that X(1> < X(z) <...< X(n).
Assume that the common distribution of X; is absolutely continuous and denote the
corresponding probability density as p(x). Let g4 € (0,1). The quantile of order q of the
random variable X; will be denoted &;. For a fixed n € N, define the sample quantile as
X([nq]+1), Where [a] stands for the integer part of a real number a. The following Lemma is
a particular case of a result from [52].

Lemma 8. Assume that the density p(x) is differentiable in the neighborhood of ¢4 and p(y) # 0.
Then, as n — oo,
P(gq)

N R V(X g 41) — &) = X.

This statement means that the sample quantile X(W] +1) is asymptotically normal in
the sense of (25) with 6 = p(&,)/+/q(1 —q) and 6 = &,.

In [4], an example was presented of the convergence of the distributions of some
statistics constructed from samples with random sizes to the classical Student distribution.
In that paper, it was assumed that the sample size had a negative binomial distribution.
Here, we will present a generalization of this result. As is known, the negative binomial
distribution considered in [4] is a mixed Poisson distribution with a mixing gamma distri-
bution. A random variable N with a negative binomial distribution can be represented as
N =T1I(G, ), where r > 0, A > 0, and I'l(#) is the Poisson process with the unit intensity
independent of the gamma-distributed random variable G, ). Here, we will use the same
construction and assume that for each n € N, the random sample size N, has the mixed
Poisson distribution of the form

N, =II(nD,}). (27)

With « = 2 the random variable D, al obviously turns into G, so that, as in this case,
we deal with the negative binomially distributed sample size considered in [4].
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Corollary 7. Let « € (0,2] where r > 1. Let the random variable Ny, be defined as (27) and
be independent of the sequence X1, Xy, ... for each n € N. Then, the distribution of the sample
quantiles constructed from samples with random sizes Ny, converges to the generalized Student law
Fro(x); that is,

P(% V(X 1) = 8) < x) = Fra(x).

Proof. Itis easy to verify that the random variables N, defined as (27) satisfy Condition (26)
so that the desired result follows from Proposition 12. [J

It should be noted that in Proposition 12 and Corollary 6, a non-random normalization
and centering was used for the statistics constructed from samples with random sizes.
This was performed because a reasonable approximation to the distribution of the basic
statistics can be constructed only if both centering and normalizing values are non-random.
Otherwise (that is, if normalization is random depending on the random sample size),
the approximate asymptotic distribution function becomes random itself. For example,
random normalization makes the problem of the evaluation of significance levels from the
asymptotic distribution of the test statistic senseless.

3. Generalized Lomax Distribution
3.1. Definition and Basic Properties of the Generalized Lomax Distribution

The distribution of the random variable
d —1/a
|Tr,a‘ = |Qa¢| oGr,r

will be called a generalized Lomax distribution. When & = 1, this distribution is known as
Lomax distribution. In general, with an arbitrary & € (0, 2], the distribution of |T} 4| can just
as well be called folded generalized Student or one-sided generalized Student distribution.
However, in what follows, we will keep to the term generalized Lomax distribution.

From (8), it is easy to see that the probability density f;*,(x) of the generalized Lomax
distribution has the form

, x>0.

. o xy —(r+1/2)
fr,a(x) - rl/aB(r/ %) (1 + 7)
Recall that here, & € (0,2] and r > 0 so that ar > 1.
The expression for the moments of the generalized Lomax distribution is given by

Proposition 2.

Proposition 13. Fora € (0,1] and r > %, the generalized Lomax distribution is mixed exponential.

Proof. Since |Q| 4 W, from Proposition 10, it directly follows that
IToal £ (Una 0 GH*) " o Wi, 28)
O
Corollary 8. For« € (0,1] and r > % the generalized Lomax distribution is infinitely divisible.
Proof. The statement follows from Proposition 13 and the result of [41], according to which

it is sufficient that F is mixed exponential in order for a distribution function F(x) such that
F(0) = 0 to be infinitely divisible. [J
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Proposition 14. For « € (0,2] and r > %, the scale mixtures of generalized Lomax distributions
are identifiable; that is, if Vi and V, are two nonnegative random variables, then the equality

‘T"ﬂl‘ © Vl i |Tr,zx| oV, lmplzes Vl i V.

Proof. The proof is similar to that of Proposition 6. [

The generalized Lomax distribution can be just as well defined in terms of only (gen-
eralized) gamma distributions or only exponential power distributions, as is demonstrated
in the following statement implied by Relationship (5).

Proposition 15. Fora € (0,2] and r > %, the following relationships hold:

d _ 1/a d _ 1/a d
|Trnl = (r‘Qa‘ o |Q1//] 1/7) - (rcl/a,l o |Q1//] 1/7) f L

1/

4 (Gl/a,r © |Q1/r|71/r)1/a é (Gl/a,r o G;:ll) (29)

3.2. Generalized Lomax Distribution as a Scale Mixture of Folded Normal Distributions

From Proposition 7, we obviously obtain the following statement.

Corollary 9. For any a € (0,2] and any r > %, the generalized Lomax distribution is a scale
mixture of folded normal distributions:

d
|Tr,4x‘ =V Dr,zx © |X|/ (30)
where def 1d 1
e _ — _
Dr,vc = %(UZ,IX/Z o G‘%lx) = %(UZ/uc/Z © Gr,zx/z,r) ’
so that

P(ITa] < %) =2./0°°q>(%)dP(Dr,a <y -1 31)

Moreover, if « € (0,1], then Dy 4 4 2Wy 0 (Upg o G%"‘)fz.

3.3. Convergence of the Distributions of Maximum and Minimum Random Sums to the
Generalized Lomax Distribution

In this section, it will be demonstrated that the generalized Lomax distribution can be
the limit law for maximum sums of a random number of independent random variables
(maximum random sums), minimum random sums, and absolute values of random sums.

In addition to the notation S,, = Xj + ...+ X, introduced in Section 2.3, for n € N,
denote S, = maxj<i<, S;, where S, = minj<;<, S;. The random variables Xy, Xy, ...
will be assumed to satisfy the Lindeberg condition (22). It is well-known that under
these assumptions, not only does P(Sn < B,,x) — ®(x) (see Section 2.3), but also
P(Sy < Byx) = 2®(x) —1,x > 0,and P(S, < Bux) = 2®(x), x < 0.

Let, as usual, Nj, N, ... be a sequence of nonnegative random variables such that
for each n € N the random variables N, X1, X3, ... are independent. For n € N, let
Sn, = X1+ ...+ Xn,, SN, = maxi<j<n, Si, and Sy, = minj<;<n, S; (for definiteness,
assume that Sy = Sp = Sy = 0). Let {d, },,>1 be an arbitrary infinitely increasing sequence
of positive numbers. Here, the convergence is meant as n — .

Lemma 9 ([44]). Assume that the random variables X1, Xy, ... and N1, Ny, . .. satisfy the con-
ditions specified above. In particular, let the Lindeberg Condition (22) hold and let N, — oo in
probability. Then, the distributions of normalized random sums weakly converge to some distribu-
tion; that is, there exists a random variable Y such that d;;'Sy, == Y if and only if there exists a

nonnegative random variable U such that Y L2 VU o X and if any of the following conditions holds:

122



Mathematics 2023, 11, 2890

(i) d;'Sn,| = |Y|;

(i) There exists a random variable Y such that d; 'Sy, = Y;

(iii)  There exists a random variable Y such that d;lﬁNn =Y

(iv)  There exists a nonnegative random variable U such that d;zB%\]” = U.

Moreover,
P(Y <x) =2EQ(xU?), x<0; P(Y <x) =P(|]Y| <x) =2E®(xU %) ~1, x > 0.
Lemma 9 and Corollary 8 imply the following statement.

Proposition 16. Let a« € (0,2]. Assume that the random variables X1, Xy, ... and N1, N, . ..
satisfy the conditions specified above. In particular, let the Lindeberg Condition (22) hold. Moreover,
let N, — oo in probability. Then the following five statements are equivalent:

d;15N,1 - Tr,zx; d;zlgl\]n = |Tr,zx|} d;lﬁNn - _‘Tr,oz‘}
dyls Tyal; d;2B% D
w 1SN, = | Trel; d, "By, = Dy

3.4. Generalized Lomax Distribution as a Mixed Weibull Distribution (with 1 < a < 2) and as a
Mixed Fréchet Distribution (with 0 < o < 1)

In addition to the auxiliary information presented in the Introduction, in this section,
we will need some more definitions and auxiliary results.

In the paper [53], it was shown that any gamma distribution with a shape parameter
no greater than one is mixed exponential. Namely, the density g(x;r, ) of a gamma
distribution with 0 < r < 1 can be represented as

g(x;r,m) :/0 ze p(z;r, p)dz,

where I @)
) — W )2
PED) = i) @ -z

Moreover, a gamma distribution with a shape parameter > 1 cannot be represented
as a mixed exponential distribution.

In [54], it was proved thatif r € (0,1), # > 0, and G, 1 and G;_,,1 are independent
gamma-distributed random variables, then the density p(z;r, i) defined by (32) corre-
sponds to the random variable

(32)

#(Gr1+Gir1)

Zr,y B Gr 1

d d _
= I"Zr,l = ]’l(l + %ler,r)/ (33)

where R;_,, is a random variable with the Snedecor-Fisher distribution defined by the
probability density

A=ntrr  Tge)(®)
r(1—nrr(r) x[r+Q—r)x]

fl;1—rr)= (34)
In other words, if r € (0,1), then
d 1
Gh}l = Zr,y ° Wl- (35)
In [32], it was proved that if & > 1, then the one-sided EP distribution is a scale mixture

of Weibull distributions: J
Qal = Z; /4 0 Wa (36)
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Recall that the random variable W, ! is said to have an inverse Weibull or Fréchet
distribution:
PWl<x)=P(W, > 1) =exp{x™™}, x>0.

From (5) and Gleser’s result (35), we obtain the following statement.

Proposition 17. (i). If 1 < a < 2and % < r < 1, then the generalized Lomax distribution is a
scale mixture of Fréchet distributions:

d 1 d 1/
|Tf’,l¥| = |Ql¥| OZ};‘X OWIX L (Gl/a,rozr,l) !

oW, L. (37)
(i0). If1 <a <2andr > %, then the generalized Lomax distribution is a scale mixture of Weibull
distributions: ; y

| Tral = (Zi/a10Grr) """ 0 Wa. (38)

Proof. Relationship (37) follows from Proposition 15 and (35). Relationship (38) follows
from Proposition 15, (36), and (2) with y = a. O

3.5. Some Limit Theorems for Extreme Order Statistics in Samples with Random Sizes

Proposition 17 states that the generalized Lomax distributions with « > 1 can be
represented as scale mixtures of the Weibull distribution or as scale mixtures of the Fréchet
distribution. In other words, Relationship (38) can be expressed in the following form: for
any x > 0,

P(Tral <) = [ (1= *)dP(Z1/010Grr < 2), 39)

whereas Relationship (37) can be rewritten as
P(|Tya] < x) = ‘/0'oo e dP(Zy1 0 Gyyay < 2)- (40)
At the same time, in the case that 0 < a < 1, Relationship (28) can be written in the form
P(|Tyq| < x) = /000(1 —e #)dP(Up 0 GH* < z2). (41)

As is well known, all the parent distributions in these mixtures can be limiting for
extreme-order statistics.

From (39) and (40), it follows that the generalized Lomax distribution with « > 1
can appear as a limit distribution in limit theorems for extreme-order statistics in samples
with random sizes. To illustrate this, we will consider the limit setting dealing with the
max-compound and min-compound doubly stochastic Poisson processes.

Recall that the definition of a doubly stochastic Poisson process (Cox process) was
given in Section 2.3.

Now, let N(t), where t > 0, be the a doubly stochastic Poisson process (Cox process)
lead by the process L(t). Let T, Ty, . . . be the jump points of the process N(t). Consider
a marked Cox point process { (T}, X;) };>1, where Xj, X, ... are independent identically
distributed random variables independent of the process N(t). Most studies dealing with
the point process {(T;, X;)}i>1 deal with a traditional compound Cox process S(t) defined
for each t > 0 as the sum of all marks X; of the points T; of the marked Cox point process
that do not exceed the time t. In S(¢), the compounding operation is summation. In many
applied problems, of no less importance are the other functions of the marked Cox point
process {(T;, X;) }i>1: the so-called max-compound Cox process or min-compound Cox
process that differ from S(t) in that the compounding operation of summation is replaced
by the operation of taking the maximum or minimum of the marking random variables,
respectively. The analytic and asymptotic properties of max-compound and min-compound
Cox processes were considered in [55-57].
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Let N(t) be a Cox process. The process M(t) defined as

—o00, if N(t) =0,
MB =1 max X, ifN(t)>1,
1<k<N(t)

where t > 0, is called a max-compound Cox process.
The process m(t) defined as

Yoo, ifN(t) =0,
MO =0 min X, #NE)>1,
1<k<N(t)

where t > 0, is called a min-compound Cox process.
The common distribution function of the random variables X; will be denoted F(x).
In what follows, we will use the conventional notation

lext(F) = inf{x : F(x) >0}, rext(F) =sup{x: F(x) <1}.

Lemma 10. Assume that there exists a positive infinitely increasing function d(t) and a positive

random variable L such that 0
t
=L =L 42
I0) (42)
as t — oo. Let us also assume that lext(F) > —oo and the distribution function Pp(x) =
F(lext(F) — x~1) satisfies the condition that there exists a number -y > 0 such that for any x > 0

PF(yx) Y
v Pr(y) e @

Then, there exist functions a(t) and b(t) such that

p (00—l

0] < x) = H(x)

as t — oo, where

/'00(1 —e®)P(L<z), x>0,
H(x)=¢"/0

0, x < 0.

Moreover, the functions a(t) and b(t) can be defined as

a(t) =lext(F), b(t) =sup {x: F(x) < } — lext(F). (44)

Proof. This lemma can be proved in the same way as Theorem 2 in [55] dealing with max-
compound Cox processes using the fact that

min{Xl,. . 'IXN(t)} = — max{—Xl, caey _XN(t)}'

O

Proposition 18. Let 0 < a < 1,7 > L. Assume that there exists a positive infinitely increasing
function d(t) such that condition (42) holds with

LU, 0GHe
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Let us also assume that lext(F) > —oo and the distribution function Pp(x) = F (lext(F) —
x~1) satisfies Condition (43) with iy = 1. Then, there exist functions a(t) and b(t) such that

m(t) —a(t)
b(t)

as t — oo. Moreover, the functions a(t) and b(t) can be defined by (44).

= [Tyl (45)

Proof. This statement directly follows from Lemma 10 with the account of (41). [

Proposition 19. Let 1 < a < 2, where r > % Assume that there exists a positive infinitely

increasing function d(t) such that Condition (42) holds with

d
L=2Z1/410Gr.

Let us also assume that lext(F) > —oo and the distribution function Pp(x) = F (lext(F) —
x~1) satisfies Condition (43) with <y = . Then, there exist functions a(t) and b(t) such that

= [T« (46)

as t — oo. Moreover, the functions a(t) and b(t) can be defined by (44).
Proof. This statement directly follows from Lemma 10 with the account of (39). [

Lemma 11. Assume that there exist a positive infinitely increasing function d(t) and a nonnegative
random variable L such that Condition (42) holds. Let us also assume that rext(F) = oo and there
exists a positive number <y such that

1-F(yx) _ —y
PR TR “

for any x > 0. Then, there exist a positive function b(t) and a distribution function Hy(x) such
that M)
t
P(ib(t) < x) = Hi(x)
as t — oo. Moreover,
0, x <0,
H1 (x) = ) —y
/ e ® dP(L<z), x>0,
0

and the function b(t) can be defined as

b(t) :inf{x: 1-F(x) < %} (48)

Proposition 20. Let1 <a <2,r > % Assume that there exists a positive infinitely increasing
function d(t) such that Condition (42) holds with

d
L=2Z,10G1/a,

Let us also assume that rext(F) = oo and Condition (47) holds with -y = «. Then, there exists
a positive function b(t) such that

M(t)
W = [Tyl (49)

as t — oo. Moreover, the function b(t) can be defined by (48).
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Proof. This statement directly follows from Lemma 10 with the account of (40). [

It is very simple to give examples of processes satisfying the conditions described
in Propositions 18 and 19. Let L(t) = Ut and d(t) = t, where t > 0, where U is a
positive random variable. Then, choosing an appropriately distributed U, we can provide
the validity of the corresponding condition for the convergence of L(t)/d(t). Moreover,
the parameter t may not have the meaning of physical time. For example, it may be some
location parameter of L(t), so that the statements of this section concern the case of the
large mean intensity of the Cox process.

3.6. Convergence of the Distributions of Mixed Geometric Random Sums to the Generalized Lomax
Distribution And Extensions of the Rényi Theorem

In the preceding section, we made sure that the generalized Lomax distribution
can be limiting for extreme-order statistics in samples of random sizes. Here, it will be
demonstrated that this distribution can also be used as an asymptotic approximation for
the distributions of sums of independent random variables.

According to Proposition 13, if « € (0,1] and r > 1, then the generalized Lomax
distribution is mixed exponential. According to Corollary 7, it is infinitely divisible and
hence, by the Lévy—Khintchin theorem, can be limiting for sums of independent random
variables in the double array limit scheme under the condition of the uniform negligibility
of summands.

However, the classical summation scheme is far from the only summation model
within which the generalized Lomax distribution can be an asymptotic distribution. To be
sure of this, consider two limit settings dealing with mixed geometric and mixed Pois-
son random sums. In both of these settings, we will deal with versions of the law of
large numbers for random sums where, unlike the classical situation, the limit may be
random [45].

First, consider mixed geometric random sums.

Let p € (0,1) and let V), be a random variable having a geometric distribution with
the parameter p: P(V, = k) = p(1 — p)*~1,k = 1,2,... . This means that

)

P(Vp >m) = ) Y. 117(1 —pft=a-pm
=m+

for any m € N. Let (71,),>1 be a sequence of positive random variables taking values in
the interval (0, 1), and, moreover, for each n > 1 and all p € (0,1), the random variables
7y and V), are independent.

For eachn € N, let N, = Vy,. Hence,

1
P(N, > m) = /O (1—2)"dP(my < 2) (50)

for any m € N. The distribution of the random variable N, will be called 7t,,-mixed geometric
(for more details, see [58]).

Let X3, Xy, ... be a sequence of independent identically distributed random variables
such that the expectation EX; exists. Assume that EX; = a # 0. According to the
Kolmogorov strong law of large numbers, this condition implies that

1 n
— Y X —1 (1)
na i=1

almost surely as n — co.
Forn € N, letS, = X; + -+ X,,. Let N, be a random variable with a 77,,-mixed
geometric distribution (50). Assume that for each n € N, the random variable N;, is inde-
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pendent of the sequence X1, Xy, ... . Our nearest aim is to study the asymptotic behavior of
the random sum Sy, as n — co.

Lemma 12 ([58]). Assume that the random variables X1, Xo, . .. satisfy Condition (51). Let for
each n € N the random variable Ny, have a 7t,-mixed geometric distribution (50) and be independent
of the sequence X1, Xo, ... . Assume that there exists a positive random variable N such that

nmn, = N

asn — oo. Then

S
2N — aN"ToW; (1 — o).

Proposition 21. Let « € (0,1] and r > % Assume that the random variables Xq1,X5, ...
satisfy Condition (51). Let for each n € N the random variable N, have a 1t,-mixed geometric

distribution (50) and be independent of the sequence X1, Xy, ... . Assume that
7ty = Uy, 0 GH* (52)
as n — oo. Then,

lim sup |P(Sy, < na-x) = P(|Tya

n—oo >0

<x)|=0.

Proof. By Lemma 12 with N 4 Up, 0 G%"‘ and (28), Condition (52) implies

SN, 1 d
L= (U0 GHY) ™ oWy = |The

. (53)

Now it remains for us to refer to the Dini theorem, according to which, since the distribution
function of the limit random variable is continuous, convergence in distribution (53) implies
the uniform convergence of the distribution functions. [

Proposition 21 is an example of extension of the famous Rényi theorem on the asymp-
totic behavior of the distributions of geometric sums (or rarefied renewal processes) [59]
to the case of mixed geometric sums. In turn, the Rényi theorem can be regarded as an
example of the law of large numbers for geometric random sums.

Now, we turn to mixed Poisson random sums. For each n € N, define the random
variable N, as N, = II(L,), where I1(t), with t > 0, is the Poisson process with unit inten-
sity and L is a positive random variable independent of the process I1(t). The distribution
of N, is a mixed Poisson distribution, as follows:

1

P(N, = k) = F/0 e kA P(Ly <), k=0,12,... (54)

Proposition 22. Let a € (0,2] and let r > % Assume that the random variables X1, X5, . . . satisfy
Condition (51). Let for each n € N the random variable N;, have a mixed Poisson distribution (54).
Then,

lim sup [P(Sn, < na-x) — P(|Tpa| <x)| =0

n—00 X

if and only if
= -1
— = Dia %(UZ,a/Z © Gr,a/z,r) .

Proof. This statement is the direct consequence of Theorem 1 in [60] and the Dini theorem
mentioned above. [J
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Abstract: We investigate the complete convergence for weighted sums of sequences of negative
dependence (ND) random variables and p-th moment convergence for weighted sums of sequences
of ND random variables under sublinear expectation space. Using moment inequality and trunca-
tion methods, we prove the equivalent conditions of complete convergence for weighted sums of
sequences of ND random variables and p-th moment convergence for weighted sums of sequences of
ND random variables under sublinear expectation space.
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1. Introduction

The nonadditive probabilities theory and nonadditive expectations theory are useful
tools for researching measures of risk, uncertainties in statistics, non-linear stochastic calcu-
lus and superhedging in finance, cf. Peng [1,2], Denis [3], Gilboa [4], Marinacci [5]. This
paper considers the general sublinear expectations which were introduced by Peng [6-8]
in a general space by relaxing the linear property of the classical expectation to the sub-
additivity and positive homogeneity (cf. Definition 1 below). The sublinear expectation
conception provided a very flexible framework to model the problems which are not
additive. Inspired by the work of Peng, researchers have tried to study lots of limit the-
orems under linear expectation space to extend the corresponding results in probability
and statistics. Zhang [9-11] studied the exponential inequalities, Rosenthal’s inequali-
ties, Holder’s inequalities and Donsker’s invariance principle under sublinear expectation
space. Chen [12-14] studied the strong laws of large numbers, the weak laws of large
numbers, and the large deviation for ND random variables under sublinear expectations,
respectively. Wu [15] obtained precise asymptotics for complete integral convergence
under sublinear expectation space. For more research about limit theorems of sublin-
ear expectation space, the reader could refer to the articles of Hu and Peng [15], Li and
Li [16], Liu [17], Ding [18], Wu [19], Guo and Zhang [20,21], Dong and Tan [22].

Recently, Guo and Shan [23] studied equivalent conditions of complete q-th moment
convergence for sums of sequences of negatively orthant dependent (NOD) variables
under the classical space. Xu and Cheng [24,25] obtained equivalent conditions of complete
convergence for sums of independence identical distribution (i.i.d.) random variables
sequences and p-th moment convergence for sums of i.i.d. random variables sequences
under sublinear expectation space. ND sequences have wide applications in penetration
theory, multivariable statistics, etc. Therefore, it is necessary to generalize the properties of
independent sequences to ND sequences. Hence, it is meaningful to extend the results of
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Xu and Cheng [24,25] to ND random variables under sublinear expectation space. In this
paper, we try to prove the equivalent conditions of complete convergence random variables
and p-th moment convergence for weighted sums of sequences of ND random variables
under sublinear expectation space.

2. Preliminaries

We use the framework of Peng [8]. Suppose that (Q), F) is a given measurable space,
is a linear space of real functions defined on Q) such that I, € H, where A € F, I, denotes
the indicator function of A, and if (X3, Xp, ..., X,) € H, then ¢(X1,Xp,..., Xy) € H for
each ¢ € Cj1;(R"), where C;1;,(R") is the linear space of local Lipschitz continuous
functions ¢ satisfying

[9(x) = @) < COL+ |x[" +[y")[x —yl, Y,y €R",

for some C > 0, m € N depending on ¢. We also denote Cy,1;,(R") as the linear space of
bounded Lipschitz continuous functions, for some C > 0, ¢ satisfying

lp(x) —@(y)| < Clx—yl, Vx,y € R".

Definition 1. A sublinear expectation E on H is a function E : H — R satisfying the following

properties: for all X,Y € H, we have

(1)  Monotonicity: if X > Y then E[X] > E[Y] ;

(2)  Constant preserving: Ec] = ¢;

(3)  Sub-additivity: E[X + Y] < E[X] + E[Y] whenever E[X] + E[Y] is not of the form 400 — oo
or —o0 + 00,

(4)  Positive homogeneity: E[AX] = AE[X],A > 0.

Here, R = [—00,00|. The triple (Q), H,E) is called a sublinear expectation space. Give a

sublinear expectation E, let us denote the conjugate expectation £ of E by
E[X]:=-E[-X], VXeH.

A set function V : F — [0,1] is called a capacity if

1 V@) =0V(Q) =1
(2) V(A)<V(B),ACB,ABEcF.

In this paper, given a sublinear expectation space (), H,E), we set the capacity
V(A) :=E[I4] for A € F. We set the Choquet expectations Cy by

Cy = /0 (V(xzx)—1)+/0°°wxzx)dx.

—00

Definition 2. Let Xy be a n-dimensional random vector defined in sublinear expectation space
(D, H1,Eq) and X, be a n-dimensional random vector defined in sublinear expectation space

(Qp, Ha, Ep). They are called “identically distributed’, denoted by X3 2z Xy, if
Er[p(X1)] = E2[@(X2)], V¢ € Cprip(Rn).

Definition 3. In a sublinear expectation space (Q0, H,E), a random vector Y = (Y1,...,Yy),Y; €
H is said to be independent to another random vector X = (X, ..., Xm), X; € H under E if

Elp(X,Y)] =E[E[p(x,Y)]lr=x], Yo € Cb,Lip(Rm x Ry).

Random variables { X,,, n > 1} are said to be independent, if X; 1 is independent to (X1, ..., X;)
foreachi > 1.
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From the definition of independence, it is easily seen that, if Y is independent to X
and X,Y € £L,L={X € H:E[|X]] <o}. X >0,E[Y] >0, then

E[XY] = E[X]E[Y].
Further, if Y is independent to X and X, Y € Land X > 0,Y > 0, then

£IXY] = E[X]E[Y].

Definition 4. A sequence of random variables {X,,n > 1} is said to be i.i.d., if X; 4 Xy and
Xi1 is independent to (Xy,...,X;) for each i > 1.

Definition 5. (i) In a sublinear expectation space (Q0, H,E), a random vector Y = (Y1,...,Yy),
Y; € H is said to be ND to another random vector X = (Xq,...,Xm), X; € H under E if for
each pair of test functions @1 € Cj 1jp(Ry) and 2 € Cy1ip(Ry), we have E[g1(X)g2(Y)] <
Elg1 (X)|E[g2(Y)] whenever g1(X) = 0, E[pa(Y)] = 0, Elpr (X)g2(Y)] < co, Elgy (X)] <
0o, E[p2(Y)] < oo, and either ¢ and ¢y are coordinate-wise non-increasing.

(ii) Let { Xy, n > 1} be a sequence of random variables in the sublinear expectations. X1, X, ... are
said to be ND if X; 1 is ND to (X3, ..., X;) foreach i > 1.

From the definition of independence and ND, if Y is independent to X, then Y is ND
to X. Furthermore, let {X,,n > 1} be a sequence of independent random variables and
fi(x), fo(x), .. € Cy Lip(r), then {fu(Xy),n > 1} is also a sequence of independent random
variables; let { X;;,n > 1} be a sequence of ND random variables, fi (x), f2(x), ... € Cy ip(r)
are non-decreasing (non-increasing) functions, then {f,(Xy),n > 1} is also a sequence
of ND.

In the sequel we suppose that [E is sub-additive. Let C denote a positive constant
which may differ from place to place. a, < b, denote that there exists a constant C > 0
such that a, < Cb, for n large enough, a, ~ b, means that a, < b, and b, < a,, logx
means In(max{e, x}). I(A) or I4 represents the indicator function of A.

We present several necessary lemmas to prove our main results.

Lemma 1 ([9]). Let p,q > 1 be two real numbers satisfying % + % 1. Then, for two random

variables X, Y in (Q, H,E) we have E[|XY|] < (E[|X|P])%(E[|XW]) .

[

Lemma 2 ([9]). IfE is countably subadditive and Cy (| X|) < oo, then
E[IX]] < Cv(IX]).

Lemma 3 ([9]). Suppose that Xy is ND to (Xyy1,...,Xy) foreachk =1,...,n—1, 0r Xy 1 is
NDto (Xy,...,Xy) foreachk =1,...,n — 1. Then, for p > 2,

k=1

n n /2 n p
E{‘?Sﬂsk‘p} < Cp{ZIEHXkI”] + (}(ZlE{IXkIZD + (2((5[)@) + (E[xk])+)) }

k
where Si = Y. Xy, Cp is a positive constant depending only on p.
i=1
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E|) (I(A) —

»
Hl‘:
-

n
<C),

k=1

Lemma 4 ([24]). Let Y be a random variable under sublinear expectation space (Q), H,E). Then,
foranya >0, v >0,and p > —1

(1) /1°° uﬁCV(‘Y|"¢I(|Y| > u"))du < CCV(‘y|(ﬁ+1)/y+A)/
(i) /100 WP log(u)Cy (Y I*I(|Y| > u™))du < CCy(|Y|E+D/7+%) log(1 + Y.

Lemma 5. Let { Xy, n > 1} be a sequence of ND random variables under sublinear expectation
space (), H,E). Then, the condition that for all x > 0,

n—00

lim V(lmax 1X;] > x) =0, 1)

implies that there exist constants C such that for all x > 0, and n large enough,

n
_ : <
{1 V<1%§1S><W|Xj\ > x)} 2 |X | > x) CV<max 1X;] > x> 2

Proof. Write &, = V( max |X;| > x) Without the loss of generality, we may assume that
sjsn

ay > 0. Since {I(Xy > x) —EI(X; > x), k> 1} and {I(X; < —x) —EI(X; < —x), k > 1}
are sequences of ND under sublinear expectation space, denote Ay = (X > x), By = (Xj <
—x), Dy = (| Xi| > x), combining C, inequality and Lemma 3 results in

2
EI(Ay))

n 2
E[(1(Ax) — EI(Ay) ]+c(g 1) = EI(AM)HEU(A@EI(AU])*)

n

2
ngZ]E[(I(Ak) V(Ay)) } (2 [11(Ax) EI(AkH>
=)

k=1

<C 2 V(Ag) +

k=1

2
gCZE[I(Ak) (V(Ap) } <2E[I Ay) — (Ak)]>

n 2
C <2 V(Ak)> )
k=1

In the same way, we could obtain

n

2 " n 2
E —EI( Bk))} < ckz V(Bk)+c<2 V(Bk)> .
=1

It follows that

E kf(l(Dw —EI((Dy))
=1
n 2
<E| L1040 - EI(40) + (13 —EI(Bk»]
=1
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2

f _EI(A))| +2E

k=1

., 2
Yo (I(By) — EI(Bk)):|

k=1 k=1 k=1

n n 2 n n 2
<CY V(A +C ( y V(Ak)> +CY V(B +C (2 V(Bk)>

Similar to the proof of Lemma 2.5 in Xu [24], by positive homogeneity of sublinear
expectation space, Lemma 1 and the subadditivity of expectations, we conclude that

n n n—2
};V(Dk) = k; E[I(Dy)] = k; E[I(Dy)] + E[I(Dy—1) +E[I(Dy)]]
:"_ZIE[I(Dk)} L E[(Dy_1) + 1(Dy)] = ... = E|I(D1) + E| Y. 1(Dy) H
k=1 k=2
=E kil [Z I1(Dy U D;) i I(Dk)I(LnJ D]-)]
=1 k=1 j=1

E[i ~EI(Dy) )I(UD)

Hfﬂ)
s(cﬂn(k"zlwnk) (2 ))) +an21V(Dk

1z 1( Cay, u
<Ca,32V(Dk)+2<1_ 2 >+o¢nEVDk
1 k=1

j=1

Dk)V(U D)

Y (I(Dx) — EI(Dy)) ) an Y V(DY)

k=1

which combined with (1) results in (2) immediately. Therefore the proof is finished. [

Lemma 6 ([25]). Assume that Y is a random variable under sublinear expectation space (Q0, H,E).
Then, for p >0, g > 0, r > 0, the following is equivalent:

(i)
Cy(]Y]P) < oo, forp>r/q,
Cy([Y["Tlog [Y]) < co, forp=r/g,
Cy(|Y]/7) < oo, forp <r/q.
(ii)

/1 dy/l yIV(|Y] > £ PyT)dx < 0.

Lemma 7 ([25]). Assume that Y is a random variable under sublinear expectation space (Q0, H, E).
Then, for p >0, g > 0, r > 0, the following is equivalent:

(1)
Cy(|Y]P) < oo, forp>r/q,
Cy([Y"/710g? |Y]) < o0, forp=r1/q,
Cy(|Y|/1og|Y|) < o, forp<r/q.
(ii)

/ dy/ y”lV(|Y| > xl/”’yq)dx < oo.
1 1
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3. Main Results

Our main results are as follows.

Theorem 1. Assume that {X,,n > 1} is a ND random variables sequence under sublinear
expectation space (Q, H, ), which is identically distributed as X. Suppose thatr > 1, q > %,
B+ q > 0, moreover, for % <g<1,

E(X) = —E(-X) =0.

Furthermore, let {a,; ~ (i/n)f(1/n)1, 1 < i < n, n > 1} be a triangular array of real
numbers. Then, the following is equivalent:

(i)
Cy (|X]71) < oo, for B> —q/r,
Cy (|X|=D/+F)) < oo, for —q< B < —q/r, @)
Cy(|X|"/1log(1+ [X])) < co, forp=—q/r.

(ii)
= k
E n'2V< max a,; X;| > e> < oo, Ve>0 4)
=1 Isksn)is

Theorem 2. Assume that {X,,n > 1} is a ND random variables sequenceunder sublinear
expectation space (Q), H,E), which is identically distributed as X. Suppose thatr > 1, q > %,
B > —q/r, moreover, for % <g<1,

E(X) = —E(—X) = 0.

Furthermore, let {a,; ~ (z'/n)ﬁ(l/n)‘?, 1 <i<wn, n> 1} bea triangular array of real
numbers. Then the following is equivalent:

(1)
Cv([X]P) < oo, forp>r/q,
Cy(|X[7) < oo, forp <r/q, ®)
CV(|X|’/’710g|X|) < oo, forp=r/qg.

(ii)

oo ) k
r—
E n'~C max z a,i X;
A% 1<ken &= ni<xi

r +
—e) )<00,V6>0 6)
n=1
Theorem 3. Assume that {X,,n > 1} is a ND random variables sequence under sublinear
expectation space (Q), H,E), which is identically distributed as X. Suppose thatr > 1, q > %,
B=—q/r<0, moreover,for% <g<1,

Furthermore, let {a,; ~ (i/n)f(1/n)1, 1 < i < n, n > 1} be a triangular array of real
numbers. Then, (6) equivalent to

Co(|XPP) < o0, for p > 1/4,
Cy(|X|"/1log|X|) < oo, forp<r/q, (7)
ColIXI"110g? X)) < o0, for p = r/g.
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Theorem 4. Assume that {X,,n > 1} is a ND random variables sequence under sublinear
expectation space (Q), H,E), which is identically distributed as X. Suppose thatr > 1, q > %,
—q<Bp<—q/r<o, moreover,for% <q<1,

Furthermore, let {a,; ~ (i/n)f(1/n)1, 1 < i < n, n > 1} be a triangular array of real
numbers. Then (6) equivalent to

Cv(IX\”)<°° forp>(r=1)/(q+8),
{ Cy(|X|=D/@+P)) < oo, forp < (r—1)/(q+8), 8)
Cy(|X|=V/ @A) log |X|) < oo, forp=(r—1)/(q+B).

4. Proof of the Main Results
4.1. Proof of Theorem 1

We first prove (3) = (4). Choose 6 > 0, small enough, and a sufficiently large integer
K.Foralll <i<mn, n>1,wewrite
(1.> = —n" (0 X; < —n77) + ay Xl (| Xi| <n7 ) +n" (0 X; > n70),

2 — — €
X2 - (aiX; =1 )L < X5 < ),

€ i )
X,f) (apiX;+n~ T)I(E <apX; < —n""),
4 € _ €
X”*WJ+HMW%§—@+%%—nWW%2E)
Obviously, ZZ 100 X; = Z m ) 4 Zi-;l X,(j) + ZLl i 5 4 Z ). Notice that
4
>
(m VR 46) -V (m yx ) 10
Thus, in order to establish (4), it suffices to prove that
N2 () -
I n;nr V(lﬁ‘,?fn i;xm > €> <o, j=1234. (11

In order to estimate I;, we verify that

max — 0asn — 0.

1<k<n

Z EX}1I>

By Lemma 2 and (3) we could obtain E|X|/7 < oo, E|X|"/7 < co. When g > 1, notice
that |X | <n Tand |X | < |a,;X;l, it follows that

k 1
max EIEX( )

1<k<n i

- iE‘Xm

i=1

k
<n TVD Y Bla, X[/
i=1

=~

< n—7(1-1/9) Y n- (B+a)/qiB/q
=1

~n TV 5 0asn — co.
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When § < g < 1, note that E(X) = —E(—X) = 0, by choosing T small enough such

that—7(1—7/g) +1—r < 0, we obtain

Z EX?II

n
<2V Ela,; X;|I(|a; X;| >n"T
11?ka<xn g ‘ ni 1‘ (‘ ni 1‘ )

n
<2n~ "1 Y Ela, X;| 1

i=1

<<n7'r(17r/q E‘a |r/q
i

=

[y

< n~t=r/q) (Z nr(ﬁﬂ)/qirﬁ/q)

i=1

ntr(TBra)/q, —g<B<—q/r,
~Q n T 0gn, B = —q/r, —0asn — oo.
n—r(l—r/q)+1—r/ ﬁ > 7q/7,,

Hence, to prove I < o, it suffices to prove that

2 x@ 1)
- Eor L -

From the property of ND random variables under sublinear expectation space, we
could obtain XS) is also a sequence of ND random variables under sublinear expectation
space. By Markov’s inequality and Cr’s inequality under sublinear expectation, Lemma 3, it

can be shown that for a suitably large M,

k
1) o]
V(fﬁ:‘zn L (% X)) 2 )

M/2 n M
< L[+ (zre:[xm ]) +(g(<6[><,3?1>+<E[X§£>b+)>

2—tM+(t—B)r/qg< -1, -1—tM+1r/qg<

26) < 0o

Taking M sulfficiently large such that —
—1, we have
n
_ 1
n' 2 Z E [‘Xr(zz) |M]
i=1

19, 1]

ngh

=1

=

A
e
=S
5
=

n=1 i=1

© ,—2-TM
Zl n—2-T7 +(77/3)r/q, —q<B<—q/r,
n=
(o]

~ Zl n—l—‘rM-H'r/q logn, ‘3 — 7q/1’,
n=
(o]
Zl nflfTMJrTr/q, ﬁ > _q/r,
n=

<o
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When r/q > 2, (3) implies EX? < co. Noting that 8 + g > 0, g > 1/2, we can choose a
sufficiently large M such thatr —2 — M(q+ ) < —1,r =2 —gM + M/2 < —1, then
o0 n M/2
. 1
5 <ZE[X7(7,')|2]>
n=1 i=1

0 n M/2
-2 2
< Z n' < m')
n=1

i=1

[e o]
Y n 2 Mgtp), —g<B<-1/2,
n=1
~{ ¥ n MM 2 (g )M/2 B = 12,
n=1
E nr—2-aM+M/2, B> —1/2,
n=1

<00,

When r/gq < 2, we could choose a sufficiently large M such thatr —2 — (r +rB/q +
2-r/g)t)M/2< -1,r—=2—(r—1+(2—7r/q)T)M/2 < —1, then

Er(Been)

i=1

[e+] n M/2
< Z 2y TM(2-1/4)/2 <Z a;?q)

n=1 i=1
El nr =2 (rrB/q+(2-r/q)T)M/2, —q<p<—q/r,
n—
~ ):1 nr727(r71+(27r/q)7)M/2(logn)M/Z/ B=—q/r,
n—
Zl nr—2—(r—1+(2—r/q)r)M/2, /3 > *q/?’,
n—

<co.
FromB+4q >0, q>1/2, |X$)| <n Tand |X$)| < |a,;X;|, choosing a sufficiently

large Msuchthatr —2 — (t+r— (1= B)r/qM < -1, r—=2—(r—1—1—1r/q)M < —1,
we obtain

n M
n'? (z(mx,i?]) | <E{x£,%>1>+)>

" M
(z(mxﬁw +Enx,ﬁ?n)>

IN

M i

o0 n M
<cy -’ Z(E[n-f“-’/‘”am-xi“ﬂ)>
n=1 i=1
ozo: nr—Z—(r—lfff'rr/q)M, —q< Ig < _q/r,
n=1
~ Zl nrfzf(TJrrf(rfﬁ)r/q)M(lOg H)M, ‘B _ _q/r,
n=
ozo: nr—Z—(TJrr—(T—ﬁ)r/q)M’ B> —q/r,
n=1
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By the definition X (2) we have 0 < X,(j) < % It follows that

ni ’

<V (there are at least K indices i € [1,n], such thata,;X; > n"")
< Z V('“nilxil‘ > 1’17T,..,,|llm'KXiK‘ > niT)

1<ii<ip<...<ig<n

n
< (Z EI(|ay, X| > 17, ..., I(|ay, X| > nf)}>
i=1

¥
¥

Hence, by Markov’s inequality under sublinear expectation, it follows that

1=

K
E[I(lanX| > "_T)]>

Il
—_

1=

K
V(|aniX]| > nT)> .

Il
-

K
oo n
L<Y nr2< V(la X| > nT)>
n=1 1

i—

IA
@)
e

K
n
nr—z <E an/p|am|r/pE|X|7/p)

n=1 i=1
°Z°: n'—2-Kr(q+p-7/q) —q<p<-q/r,
n=1
~d T oK) 00Ky g = gy,
n=1
OXO: n'—2-K(r=1-rt/q), p>—alr

3
||
—

Notice that r > 1,4 + g > 0, we could choose T > 0, small enough, and a sufficiently
large integer K such thatr —2 — Kr(g+p—7/q) < —landr -2 —K(r —1—r7/q) < —1.
Hence, by Lemma 2, we obtain I, < co. Similarly, we could obtain I3 < co.

By the definition of X;f), we have

1
€
max >e | C | max|a,;X;| > — ).
1<j<n 1<i<n K

Since {a,; ~ (i/n)P(1/n)7}, by Lemma 4, we see that

3 X
ni

i=1
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n'" ZV(\an,X\ > )

< nq+ﬁl ﬁ)

/ V \X| >z x“’;y ﬂ)dydx (Letting u = x1F,0 = y)

IN

S\LM&a \\[\’]8

/(q+B)=1,B(r=1)/ (1) £
- ﬁ/ /1 v v(1x| > CKu)dv
o MRV (1X] > Su)du < Cy(|X|0-V/ @), —g<p<—q/1;
C u’/" 1ln( v (IXI 2 cK”)d” < Cy(IX["1og(1+[X])), p=—aq/n;
C ur/q W(IX| > &u)du < Cy(|X]"/7), B>—q/r

Then by (3), we conclude Iy < oo. Now we prove (4) = (3). Since

’

k
max |a,; X;| <2 max a,;i X;
o2 o Xi < 1sk§n,; "

applying (4), we have

V(| max |a Xi| > €| =0, n— oo.
1<k<n

By Lemma 5, it follows that, for alle > 0

-

Il
-

V(|am-Xi| > 6) < V( max \anka\ > E). (12)
1<k<n

1
Now, combining (12) with (4) gives
[es] n
Y Y V(|anXi| > €) < oo, (13)
i=1

n=1

By the process of proof of Iy < oo, we see that (13) is equivalent to (3). The proof of
Theorem 1 is finished.

4.2. Proof of Theorem 2
We first prove that (5) = (6). Notice that

)

Z i X

P
>e+x>dx

P o
> x |dx n’_z/ a
- ) +n§ 1 1420 Z "'

>x1/p>dx+2n’ 2/ (max
1

n 1<k<

3
Z ani X

P
X;i| > x>dx

k
Z iXi Zam i >x1/p>dx

From Theorem 1, we see that I < co. We next establish [I < co. Choose 0 < a <
1/p, 6 > 0, sufficiently small, and a large enough integer K. Forevery 1 <i <mn, n > 1, we
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. .. 1/ .
note the fact that n is sufficiently large to guarantee x*n~" < %. Without the loss of
restrictions, we could write

Yr(l}) = —xX*n L0, X; < =207 7) + 2 XiI (|2 Xi) < x*n77) + 2001 (a,X; > x*nF);

1/p
Y;SIZ) = (a,iX; — x"‘nT)I<x“nT < a4, X < a )

4K
1/p
Y}SIS) (2, X; +x"‘nT)I< x4K <, X< — T);
(4) 0, =T Xl e xt/p
Y, = (aniX; +x"n" ") | 0, X; < — K + (i X; — x"n )| 0, X; > K |
It is obvious that 21 hiis Z + Z Y<2 + ): m + Z ). Notice

!

4
) g U (&% L

1

max a
(i

Thus, in order to establish (6), we only need to prove that

0 [e3]
o r—2 ()
= Y,
=Yt (mZ

In order to estimate J;, we verify that

v

le/p/4>.

>x1/P/4>dx<oo j=1,2,3,4.

Z EY!

Lemmas 1 and 2, and (5) imply that

1
sup ——-- max

— 0asn — oo.
>1i x1/p 1<i<n|!

E|X|V1 < o, E|X|"/7 < co.

When g > 1, since |Y m)| < x*n~ 7 and |Y )| < |a,;iX;|, by Lemma 2, it follows that

IN

n
(W)Y Blayi X, V1
i=1
n
<1V )y =TA=1/0) ¥ g, 1/g
i=1

1/r
<x0(1=1/4)=7(1=1/0q)y, (Zam’/‘7>

rox®(1-1/),,~T(1=1/g) (14)

Sinceq > 1,0 < & < 1, we could know (1 —1/g)a < « < 1/p. Then by (14), for x > 1,
we obtain

——— max

sup — <n "D 5 0asn — co.
x>1 x/Pi<i<n|f

Z]E
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When 1/2 < g <1, noticing that E(X) = —E(—X) = 0, taking a sufficiently small T

such that —7(1 —r/g) + 1 —r < 0, we obtain

Z EY)

<2 ZE|amX [I(|aniXi| > x*n~7)

max
1<I<n|:

§2x“(17'/‘7>n77(177/q) Z E|anixi|r/q

i=1
n
Szxtx(lfr/q)nfr(lfr/q) Z E"lni‘r/q
i=1
mox(1=1/9) y=T(1=r/q)+1=r

Observing that 1 —7/g < 0, we have

ZEY<}) < n T/ s 0agn — oo,

sup
x>1 xl/P 1<k<n
Then, to prove J; < oo, we only need to show

) 0o k
kL -2 (1)_ (1)
V) V(m > () Bl

1/p
> 5 dx < oo.

i=1

It is obvious that Y(}) is a sequence of negatively dependent random variables under
sublinear expectation space. It follows from Markov’s inequality and Cr’s inequality under
sublinear expectation, Lemma 3, that for a sufficiently large M,

k 1/p
M _ gy® x
V(lean(Ynf Ev,)| 2 5 )
n
<x~M/PpM/2=1 (166 1) MZE ()HM

Taking a suitably large M such that —(1/p —a)M —ra/qg < =1, =2 —t(M —r/q) +

M/2 < —1, we have

) n oS}
Y a2 M/2-1 (1og )M 2/1 x_M/pEHY,S)Hde

=
81

<<an72+1\/[/271717—[( r/q IOng E‘a |r/q/ M(1/p—a)— ruc/qu
1

n

3

< Z n727T(M7r/q)+M/2 IOg I’lM < oo.
n=1

Consequently, we obtain | < co. Similar to the proof of (9), we could obtain

K
>x1/P/4> <ZV (laniX| > x*n T)) .
i=1

Y
(fé‘% »

From B > —q/r,and a,; ~ (i/n)P(1/n)7, we obtain

n n
Z“Zq ~) n @B /B oy 1t
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By Maokov’s inequality under sublinear expectations, we conclude that

00 0 n K

Ryt (2 V(ja,iX| > HX“nT)> dx

L \i=1

K

= -2 © (L —ra/q rT/qE|X|r/q d

<C) o / x n x

scy L

i=1
~ i nf—2-K(r—1-rt/q) /.oo xTKe/q
n=1 1
Since x > 0,7 > 1, we could take a sufficiently small T and sufficiently large K such that

—rKa/q < —land =2 +7r—K(r—1—r7t/q) < —1. It follows that J, < co. Similarly, we
can obtain J3 < co. Itis obvious that § > —q/r implies B(r —1)/(q+ B) > —1. Then,

1/ Blr+1)
/5 (=17 (@+6) gy o 51 T (15)
1

It follows that

o0 oo 1/p
e Bt [ (s> 5 o

n=1 i=1
00 n oo 1/p

~ r=2 X0 a8
n:1n 1;/1 V(X > k™ dx

~./1 z:lx/1 v dv/l <X > —CKU u P |du
(r-1)/g+B) -1, Br-1)/ (4 B)y X/
/ d/ ds/ y ‘X|>4c1< ay

o oo 1/p
~ /4=y X
/1 dx./l : <|X|>4C1<S>ds'

Hence, from Lemma 6 and (5), we obtain /4 < . Now we prove (6) = (5). By
Markov’s inequality under sublinear expectations, (6), and Lemma 2, we have

)

k P + ‘
Xi| - 2)P 2P |1 X >
(‘“ 2 [cmr) sera )i o] =)
k

r +
—(e/2)F ) /(6/2)””

4 +
— (e/2)P > ]/(6/2)” < oo,

similar proofs of (3.17) are available in Guo [23], we have

V( max |a Xy| >€)] =0, n— oo.
1<k<n
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By Lemma 5, it follows that, for alle > 0

-

Il
-

V(|ﬂm'Xi| > G) < V( max ‘ﬂnkxk‘ > 6’). (16)
1<k<n

1

Now, combining (16) with (4) gives

(e 0o N
ot / YV (JanXil > x1/7) < o, 17)
n=1 i=1

By the process of proof of Iy < oo, we see that (17) is equivalent to (3). The proof of
Theorem 2 is finished.

4.3. Proof of Theorem 3

From the supposition of Theorem 3, for B = —g/r, one can obtain
n / n
Yot~ Yn T Togn, as)
i=1 i=1
and
s1/q sl/q
/ =1/ (g+6) gy — / t~1dt ~ logs, (19)
1 1

By the same argument as the proof of Theorem 2, with Lemma 7 in place of Lemma 6,
together with (18) and (19), we could prove Theorem 3. Therefore, the proof is omitted.
4.4. Proof of Theorem 4

From the supposition of Theorem 4, for B < —g/r, one can obtain

n n
a%q ~ Z TP/ aiPr/a o pratp)/g, (20)
=1 i=1

and

s1/4

/ tﬁ('*l)/('iﬂg)dt ~ C. (21)
1

By the same argument as the proof of Theorem 2, with (21) in place of (15), we could
prove Theorem 4. Therefore, the proof is omitted.

5. Conclusions

In this paper, using the moment inequality for ND random variables sequences under
sublinear expectation space and the truncation method, the authors establish the equivalent
conditions of complete convergence for sums of ND random variables sequences and p-th
moment convergence for sums of ND random variables sequences. The results extend
the corresponding results from the classical probability space to the sublinear expectation
space, as well as extending i.i.d random variables to ND random variables. In the future,
we will try to establish the corresponding results for other dependent sequences under
sublinear expectation space.
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Abstract: We study classification of random sequences of characters selected from a given alphabet
into two classes characterized by distinct character selection probabilities and length distributions.
The classification is based on the sign of the log-likelihood score (LLS) consisting of a random sum and
arandom term depending on the length distributions for the two classes. For long sequences selected
from a large alphabet, computing misclassification error rates is not feasible either theoretically or
computationally. To mitigate this problem, we computed limiting distributions for two versions of the
normalized LLS applicable to long sequences whose class-specific length follows a translated negative
binomial distribution (TNBD). The two limiting distributions turned out to be plain or transformed
Erlang distributions. This allowed us to establish the asymptotic accuracy of the likelihood-based
classification of random sequences with TNBD length distributions. Our limit theorem generalizes a
classic theorem on geometric random sums due to Rényi and is closely related to the published results
of V. Korolev and coworkers on negative binomial random sums. As an illustration, we applied
our limit theorem to the classification of DNA sequences contained in the genome of the bacterium
Bacillus subtilis into two classes: protein-coding genes and standard noncoding open reading frames.
We found that TNBDs provide an excellent fit to the length distributions for both classes and that the
limiting distributions capture essential features of the normalized empirical LLS fairly well.

Keywords: Rényi theorem; sequence classification; classification accuracy; random sum; translated
negative binomial distribution; Kullback-Leibler distance; Erlang distribution; protein-coding gene;

open reading frame

MSC: 60F05; 92D20

1. Introduction

This study concerns classification of sequences of characters selected randomly and
independently of each other from a given alphabet of M > 2 characters. The length, N, of
any such sequence is assumed to be a random variable (rv) independent of the sequence
content. Suppose that there are two models of sequence assembly: one where characters
are selected from the alphabet with positive probabilities p(1), p(2),...,p(M) and the
sequence length has a certain distribution P (model A), and another where characters are
selected with positive probabilities 4(1),4(2),...,q(M) and the length has a distribution Q
(model B). The two vectors of character selection probabilities (or equivalently, probability
measures on {1,2,..., M}) are assumed to be distinct and will be denoted by P and Q.
Then, the model-generating probabilities are P4 = P x Pand Pp = Q x Q.

The sequence classification problem consists of deciding, for a given sequence of
characters C = (Cy,Cy, ..., Cy), which model generated this sequence. To simplify our
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notation, in what follows we will adopt the following convention: if Cy is the nj-th character
of the alphabet, then we will write p(Cy) = p(ny) and likewise g(Cy) = q(ny), 1 <k < n.
A natural approach to solving the classification problem is to compare the likelihoods of a
sequence C associated with models A and B:

La(C) = P(m)I_1p(Cr) and Lp(C) = Q(n)IL_1q(Cx). @

Specifically, if L4(C) > Lp(C), then we decide that sequence C is generated by model
A, while in the case where Lg(C) > L4(C), the sequence C is attributed to model B (in
the unlikely case where L4(C) = Lg(C), the sequence C is not assigned to any model).
Equivalently, denoting by £(C) the log-likelihood

LA(C)
& L?(C) '

L(C) = @)

we classify sequence C as being generated by model A if £(C) > 0 and by model B if
L(C) < 0.

Formulas (1) and (2) suggest that the log-likelihood ratio for a randomly and indepen-
dently generated sequence (Cy,Cy, ..., Cy) of random length N is a rv

P(N)
Q(N)

where f(N) = log[P(N)/Q(N)] and

N Cn
X = log +n§110g Z((Cng = f(N)+ U, 3)

N
= E Xn (4)
n=1
is a random sum generated by independent and identically distributed (iid) rvs
p(Cn)
Xn=1o .
")
The expected value of rvs X, for sequences generated by models P and Q is given by
M
m
W—ZP m)log 2 an o =) q(m)log (m). ®)
q(m) s’ q(m)

It follows from Jensen’s inequality [1] that j1g < 0, hence also pp > 0. Note that pp repre-
sents the Kullback-Leibler distance [2] between distributions P and Q : up = dg. (P, Q)
and similarly yg = —dk1(Q, P). We denote by (7723 and U'é the corresponding variances.

An alternative way of looking at rv U arises from the following observation. For 1 <
m < M, denote by v;, the number of occurrences of the m-th letter of the alphabet in a
random sequence of length N. Then, v; +v2 +... +vp = N and

m)
Z Vi 1og (m (6)

m=1 )

Suppose the sequence is generated by model A. Note that, conditional on N = n, the ran-
dom vector (v1, v, ..., vy ) follows the multinomial distribution Mult(n; p(1), p(2),...p(M)).
In particular, the distribution of rv vy, is binomial B(n, p(m)), 1 < m < M. Then, from
Formulas (4)—(6), we obtain the following expression for the expected value of rv U under
model A:
- 3 p(m)
EsU =Y P(N=n) Y np(m)log a(m) = upEpN. 7)

n=1 m=1
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Similarly, under model B we have EgU = pugEgN. Thus, rv U is closely related to the
multinomial process with M outcomes and a random number of replications. The above
formulas for the expectation of rv U under models A and B can also be obtained directly by
applying Wald'’s identity [3] to the random sum (4).

Computation of various measures of classification accuracy including important mis-
classification error rates P4 (X < 0) and Pg(X > 0) requires the knowledge of the distribu-
tion of the log-likelihood score X under models A and B. However, in applications with a
large alphabet size, computing these distributions for long sequences, let alone sequences of
variable length, in closed form is a daunting task. This motivates studying approximations
to the model-specific distributions of rv X arising for very long sequences. In this article,
such approximations will be derived from the asymptotic distributions of two normalized
versions of rv X,

X
Y_ﬁ and Z = O'(X) ;

®)

where, as usual, EX is the expected value of rv X and ¢(X) is its standard deviation under
a given model of sequence assembly. The two asymptotic distributions are identified in
Theorem 1 (see below). This theorem implies (see Section 4) that the two misclassification
error rates for very long sequences are negligible, i.e., that the likelihood-based classification
rule is asymptotically accurate (Theorem 2).

As an illustration of our results, we consider in Section 5 the classification of sequences
of triplets of nucleotides contained in the deoxyribonucleic acid (DNA) of a given organism
as protein-coding genes or noncoding open reading frames (ORFs). This classification
problem is central in computational gene finding for newly sequenced or incompletely
annotated genomes [4-6]. One of the most powerful tools used for this purpose is Hidden
Markov models, see, e.g., [5-8]. In this setting, triplets of nucleotides (or individual
nucleotides) generated by the same hidden state are emitted independently and have a
random length, i.e., they meet our model assumptions.

In many cases of practical interest, sequences of characters must be sufficiently long.
In the case of protein-coding genes, this is due to the fact that, in order to perform various
biological functions, e.g., to serve as enzymes, proteins must have certain structural features
that can only arise if they contain sufficiently many amino acids. Let £ > 1 be the minimum
allowed length, then N > ¢ with probability 1.

The limiting distribution of rvs Y and Z will be obtained in the case where the sequence
length in models A and B follows respective translated negative binomial distributions
(TNBDs) NB(a,p) +« and NB(b,q) + B, where 0 < p, 4 < 1 and a,b,a, § are integers
such thata, b > 1 and «, B > 0. Recall that there are two closely related kinds of negative
binomial distributions NB(r, p). The first is the distribution of the “waiting time” to r-th
“success” in a sequence of Bernoulli trials with the success probability p including the first r
successes, while the second is the distribution of the number of “failures" preceding the
r-th success. The latter distribution has a natural extension, sometimes called the Pélia
distribution, for any real number r > 0 [9]. For compelling biological reasons associated
with the structure of genes and elucidated in Section 5, see also [10], we will be modeling
the length of DNA segments using negative binomial distributions NB(r, p) of the first kind
with integer r > 1. Thus,

P(N =n) = ( " ;ﬁ;l >p”(l - n>a+ta, (9a)

and similarly

Q(N:n)=( b1 )q*’(lw)“*‘**b, n>b+p. (%)
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In what follows, the minimum sequence length under the two models will be assumed
the same:
{=a+4+a=0b+p. (10)

Parameters a,b,«, B of TNBDs, related to each other through Formula (10), will be
assumed to be fixed. Therefore, limiting distributions of rvs Y and Z for very long sequences
under models A and B will be computed under the conditions p — 0 and g — 0.

Our main goal in Sections 2 and 3 is to prove the following limit theorem. To formulate
it, recall that the Erlang distribution E(a, A) is a gamma distribution G(a, A) with an integer
shape parameter a. Also, if S is a probability distribution on R and 7 € R, then S+ 7
denotes the translated distribution and —S stands for the distribution S reflected about
the origin.

Theorem 1. Suppose the sequence length distributions under models A and B are P = NB(a, p) +

aand Q = NB(b,q) + B, respectively, witha +a = b+ p = L.

(i) Ifp, q — 0in such a way that plogq — 0, then under model A, rvs Y and Z converge in
distribution to E(a,a) and E(a,\/a) — +/a, respectively;

(i) If p, g — 0in such a way that glog p — 0, then under model B, rvs Y and Z converge in
distribution to E(b,b) and /b — E(b, \/b), respectively.

In the case where rv X is just the random sum U, see Formula (4), the limit theorem
for plain (untranslated) negative binomial distributions was known previously. Specifically,
for a = 1, the fact that the limiting distribution of rv Y is Exp(1) represents a classic
theorem due to Rényi [11], see also [12]. A generalization of Rényi’s theorem to negative
binomial distributions NB(r, p) of the second kind with arbitrary r > 0 was obtained by
Korolev and Zeifman [13] based on an estimate of the Zolotarev distance [14] between
the distributions of the normalized random sum U and E(r,r); for a review of relevant
results and methodology, see the article by Korolev [9] and references therein. Although it
is probably possible to prove Theorem 1 by reduction to the known limit theorems for the
normalized random sum U, we here prefer, for greater insight and the reader’s convenience,
to give a direct, self-contained, and fairly elementary proof of Theorem 1. In particular,
the proof clearly demonstrates that conditions plogg — 0 and glog p — 0 in Theorem 1
make the term f(N) in (3) negligible in the limit. The meaning of these conditions is that
the expected length of random sequences generated by one model cannot tend to infinity
exponentially faster than for sequences generated by the other model.

The article is organized as follows. In Section 2, we study the asymptotic behavior of
the expected value and variance of rv X for long sequences generated by models A or B
under the conditions of Theorem 1. Section 3 delivers the proof of Theorem 1. In Section 4,
we show that, under the conditions of Theorem 1, the likelihood-based classification of
random sequences is asymptotically accurate. In Section 5, we delve into genomics and
describe in detail the problem of classification of DNA sequences as protein-coding genes
or noncoding ORFs using the genome of bacterium Bacillus subtilis as an example. In the
same section, we estimate the sequence length distributions from data and make a visual
comparison of the empirical and theoretical distributions of rvs Y and Z. Finally, in Section 6,
we discuss our findings from mathematical and bioinformatics perspectives.

2. Asymptotic Behavior of the Expectation and Variance of the Log-Likelihood Score

Our goal in this section is to establish the following result:

Proposition 1. Let character selection probabilities under models A and B be governed by the
respective probability distributions P and Q with expected values yp and pg. Also, let the respective
sequence length distributions under models A and B be P = NB(a, p) +a and Q = NB(b,q) + B
witha+a = b+ B = L. Suppose that p, g — 0. Then, for the expected value and variance of the
log-likelihood score X under models A and B, we have the following asymptotic relations:
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(i) Ifplogq — 0, then p EAX — app and p*Vary X — apb,;
(i) Ifqlogp — O, then g EpX — bug and ¢*VargX — byzg.

The following two lemmas will be instrumental in proving Proposition 1.
Lemma 1. Let £ € Z and {Py(k) : k > (}, 0 < p < 1, be a family of probability distributions

on {€,0+1,0+2,...}. Suppose there is a constant C > 0 independent of p such that p EP, < C
for all p. Then, for any sequence {c(j) }32 such that

(:(]—J)—>O as j— oo, (11)
we have .
p Y c()Pp(j+¢) =0 as p—0. (12)

0

j

Proof. We may assume without loss of generality that c(j) > 0 for all j > 0. Fix ¢ > 0. In
view of (11), there exists K > 0, which we will also fix, such that ¢(j) < je for all j > K. Let
Mg = max{c(j) : 0 < j < K}. Then,

00

p Y c(i)Pp(j+0) —PE Pp(j+0)+p Z Py(j+1)

j=0 j= j=K+1

<pMKZPp]+13 +ep Z jPp(j+1€)
j=0 j=K+1

<pMg+ep Y (j+0OP,(j+¢) < pMg +ep EP, < pMg + Ce.
j=K+1

Clearly, pMy < ¢ for all sufficiently small p. Therefore, for such p, we have
pY c(j)Py(j+¢) < (C+1)e
j=0
O

The second lemma concerns the asymptotic behavior of the Kullback-Leibler distance
dkr (P, Q) between two TNBDs.

Lemma 2. Let £ € Z,, P = NB(a,p) + aand Q = NB(b,q) + Bwitha+a =b+p = L.
Suppose that p, q — 0 in such a way that plogq — 0. Then, p dx(P,Q) — 0.

Proof. We have

o o ¢
dx(P,Q) =n§ )log Q(( )) ];0 (j+ ) log Q((]L))) (13)

In view of Formulas (9),

P(i+0) (’iﬁl >pa(1_p)j
Qi+ <j+b—1 >qb(17q)f

b—1
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independently of ¢, so that

P(j+ () L 1—p )
=al —bl 1 14
08 5+ e)  losp —blogq+jlog 3, +cli), (14)
where the sequence
(j—i—a—l >
. a—1
c(j) = log >0, (15)

ooty 12
b—-1

clearly has property (11). From (13) and (14), we conclude that

dg(P,Q) = alogp — blogq+log . ij j+4)+ Zc(j)P(jJrZ).
j=0

Recall that the expected value of the distribution NB(r, p) is r/p. Together with (10),
this implies

Z]P]+£ :Z]+£ ]+£)—f:5+a—£:u<l—1>. (16)
=0 =0 p p
Therefore,
1 1-— NN
dxr(P,Q) = alogp—blogq—&-a(; — 1) log 1 72 + Y c(j)P(j+0). (17)
j=0

We now apply Lemma 1 to the family of TNBDs P, = NB(a,p) +a, 0 < p < 1, and
the sequence {c(j) ]?“’:0 given by (15). Note that the assumption of Lemma 1 regarding
distributions Py is met because p EP, = a + ap < a + a = { for all p. Therefore, using (12),
we infer from (17) that if

p, 4 — 0 insuch a way that plogg — 0, (18)
then p di1 (P, Q) — 0, which completes the proof of Lemma 2. [J

Remark 1. A similar proof would show that if p, ¢ — 0 in such a way that glogp — 0, then
qdg(Q,P) — 0.

Proof. We now proceed to proving part (i) of Proposition 1 assuming that conditions (18)
are met. Recall that the expected value pp and variance c3 of the TNBD (9a) are given by
pp=a/p+aand oz = a(l—p)/p* Inview of (3) and (7), we find that

EAX = d.(P,Q) + ip (% + a). (19)

Then, according to Lemma 2, we have p E4 X — app.

We turn to the asymptotic behavior of the variance of the log-likelihood score X
under model A. As a reminder, X = f(N) + U, where f(N) = log[P(N)/Q(N)] and
U = X;+ X, +... + Xy is a random sum, see (4). Then, for sequences generated by
model A, we have

Var 4 (X) = Varp[f(N)] + Varp(U) + 2Cov4[f (N), U]. (20)
We begin with the term Varp[f(N)] :

Varp[f(N)] = Epf*(N) — [Epf(N)]* < Epf*(N). (1)
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Using the inequality (x +y + z)? < 3(x? + y? + z2), we find on account of (14) that

Epf*(N ZP(HE Q((;ie)) 3 (alog p — blogq)?
-|—310g pZ]2P1+€ +3Z AP+ 0). @2)
j=0

For the first term after the 1nequahty sign in (22), we have, under the conditions in (18),
p*(alogp —blogq)? — 0. Regarding the second term, we first estimate the second moment,

My(P) = Y+ 0P +0),
=0

of the TNBD P = NB(a, p) + a as follows:

1— 2 2 2
Mz(P):L pzp)+<%+a> §a+(;2+“) :a:;f.

Therefore,
plogt pZJZP(]+/-’)<p log? | pZJHZP(]H)

-r

<(a+f2)log q—)O as p,q—0.

Next, since ¢?(j)/j — 0 as j — co, we conclude from Lemma 1 that
p Y c()PG+0) = 0.
=0

Combining the above limit relations for the three terms in Formula (22), we obtain p?Ep f2(N)
— 0, which, in view of (21), implies

p*Varp[f(N)] — 0. (23)

We now focus on the second term in (20). According to the formula for the variance of
arandom sum [3],

Varp(U) = 072) EpN + V%? Varp(N) = (% + oc) (7723 + ﬂ(lp; P) o

Hps

then
p*Varp(U) — apb as p— 0. (24)

Finally, for the third term in (20), we obtain by the Cauchy-Schwarz inequality

P2 | Covalf(N), U] | < \/p2Varp[f(N)]y/ p2Varp (U)

It follows from (23) and (24) that p?Cov4[f(N), U] — 0.
In summary, Formula (20) and the limit relations for its terms yield pz VaryX —a y%,.
To prove part (ii) of Proposition 1, notice that, in the case of model B, Formula (19)
takes on the form

EpX = HQ(S +5) —dxr(Q,P),
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which implies that if p, § — 0 and glog p — 0, then q EgX — by g. The proof of the limit
relation for the variance of rv X under model B is identical to that for model A. [

Remark 2. Asymptotic formulas for the expected value of rv X in Proposition 1 hold for any
sequence of iid rvs (X, ) with finite expectation and, similarly, asymptotic formulas for the variance
of rv X are valid for any such sequence of rvs with a finite second moment.

3. Proof of Theorem 1

Because models A and B can be treated similarly, we only prove Theorem 1 for model A.
As a preliminary, we compute the characteristic function (ch. f.) of rvs X and ¥ = X/E 4 X.
To compute the ch. f. of rv X, denote by ¢p the ch. f. of rvs X, for sequences generated by
model A. Conditioning on rv N and using its independence of rvs X1, Xy, ..., we find that

q)X(S) _ ]EAeisX _ IEAeis[f(N)+u] _ i P(n)eislog[P(n)/Q(n)] EPEiS(X1+X2+4..+X”)
n=>~(

= i p(n)giSIOg[P(”)/Q(n)](P"P(s). (25)

n=~{

Also, for the ch. f. of rv Y, we have
Oy (t) = Epe™ = Ox(t/EpX). (26)

The following result shows that the presence of the exponential factor eislog[P(n)/Q(n)]
in (25) does not affect the asymptotic behavior of ®x (t/EX).

Lemma 3. Under the conditions in (18),

q’x(i’/EAX)— ZP(I’!)(p%(t/]EAX)—)O, teR.
n=(

Proof. Recall that | ¢p(s) | < 1forall's € R. Using the inequality | e —1| <| x|, x € R,
we obtain in view of (25)

| @x(s) = X PO)eh(s) [ = 2 P(n) gl (s) (8P /20 1) |

n=>~l
- islog[P(n)/Q(n)] = P(n)
< Y P(n) | e —11<s| ¥ P) [ log 2 |
n=t n=t Q(n)
We set here s = t/E 4 X and invoke (14) and (16) to find that
| ©x(t/EsX) — ) P(n)gp(t/EsX) |
n=>~_

< L Lap togp |+ bp |10gq | +a(1—p) [10g - =2 | +5 27)
~ pEsX 1—gq P

where

sp:pfowcwmjm
2

and sequence {c(j)} is defined by (15). By Lemma 1, we have S, — 0 as p — 0. Also,
in view of Proposition 1,under the conditions in (18),

pEAX — apup > 0. (28)
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The conclusion of Lemma 3 now follows immediately from (27). O

Next, we prove Theorem 1 starting with the limiting distribution of rv Y. To identify
the latter, we have to find the limit of the ch. f. of rv Y given by (26). According to Lemma 3,
we only have to compute the limit of the function

Q(s) = ) P(n)gp(s) = ¥plep(s)]
n=/{
evaluated at s = t/IE4 X, where
[ee] a 1
Yp(z) = Pnz":z"‘{L}, z| < —),
P() ng:[ () 17(17P)Z | ‘ 17p

is the probability generating function of the TNBD P = N(a, p) + .
Since the distribution of rvs X;, under model P has a finite first moment, we can use
the first-order Taylor expansion of its ch. f.:

Pp(s) = 1+ 9p (0)s +5p(s) = 1+ igeps + 5p(s),
where p(s) — 0 as s — 0. Then,
00 = lor (0 | =225
p(1+ipps +sp(s)) r
1= p)(1+iups +sp(s))
1+ ipps +sp(s) r
L=p)(ipp +p(s))s/p]

Setting here s = t/[E 4 X, we find, due to (28), that under the conditions in (18), s/p has a
finite limit ¢/ (app), which implies that s — 0. Therefore, we conclude from (29) that

=1 +iu7>S+SP(S)}"‘L —

= (1 iups +5p(6))* |

it "
Q(t/EAX) = (1-—)
Thus, by Lemma 3, we also have

Dy (t) - (1 - %)7 29)

This limiting function represents the ch. f. of the Erlang distribution E(a, ).
To find the limiting distribution of rv Z under model A, notice that in view of (8)

Z = k(X)(Y 1), (30)
where k(X) = E4 X /04 (X). By Proposition 1, under the conditions in (18)
K(X) = app/ (Vapp) = Va. (1)

Therefore, from (30)—(32),

(I)Z(t) = e_ik(X)tq)y[k(X)t] N e—i\/Er<1 B %)7u.

Thus, the limiting distribution of rv Z under model A is the Erlang distribution E(a, /a)
translated by 1/a to the left, or symbolically E(a, \/a) — v/a.
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The limiting ch. f. for rv Y under model B can be computed along similar lines. In this
case, one has to take into account that ;1o < 0, which brings about a change of the sign
in the analogs of formulas (28) and (32). As a result, under conditions p, § — 0 and
qlogp — 0,

L\ —b . —b
it iVt it
Dy (t 1-— d Pyt ! 1+—) .
y()*}( b) and  ®z(t) —e <+\/E>
Therefore, the limiting distributions of rvs Y and Z are, respectively, the Erlang distribu-
tion E(b,b) and the reflected Erlang distribution E(b, v/b), translated by /b to the right,
or symbolically v/b — E(b, V/b).

Remark 3. Theorem 1 holds for any sequence (X, ) of iid rvs with a finite second moment that has
a positive expected value under model A and a negative expected value under model B.

Remark 4. It follows from (8) that, under model A, the distribution of rv X can be approximated
by either an Erlang distribution E(a, A) with A = a4 X or by a transformed Erlang distribution
E(a,v) +twithy = \aoca(X)and T = EgX — \/a 04 (X). A similar remark also holds for
model B.

4. The Accuracy of the Likelihood-Based Classification of Random Sequences

Among the many measures of classification accuracy, perhaps the most informative
ones are misclassification error rates P4 (X < 0) and Pg(X > 0). The first of them represents
the probability that a sequence generated by model A is not assigned to this model by the
classification decision rule, i.e., it is either assigned to model B or not assigned to any model.
A similar interpretation holds for the other error rate. An important question is whether,
for very long sequences, the classification produces the correct result with a probability
approaching 1; equivalently, this means that both misclassification error rates approach 0.
We will call such a classification asymptotically accurate. The following statement about the
asymptotic accuracy of the likelihood-based classification of random sequences described
in the Introduction follows from Theorem 1.

Theorem 2. Suppose that character selection probabilities P and Q for models A and B are
distinct and that the sequence length distributions under these models are P = NB(a, p) + a
and Q = NB(b,q) + B, respectively, witha +«a = b+ p = L. If p, ¢ — 0 in such a way that
plogg — 0and qlog p — O, then the likelihood-based classification of such random sequences is
asymptotically accurate.

Proof. It follows from (28) that if p, g and plog g are all sufficiently small, then E4 X > 0.
Therefore, in view of Theorem 1 and due to the fact that the limiting distribution E(a,a)
does not have an atom at 0, we obtain

PA(XSO):PA<EA%§O> — P4(V<0)=0,

where V is a rv with Erlang distribution E(a, a). Similarly, if p, g and glog p are all suffi-
ciently small, then EgX < 0. Using Theorem 1, we conclude that

PB(XZO):PB<EB%SO> — Pg(W <0) =0,

where W is a rv with Erlang distribution E(b,b). O

Recall that the meaning of the assumptions of Theorem 2 related to parameters p
and g is that the expected length of long sequences generated by either model cannot be
exponentially larger than that for sequences generated by the other model.
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5. An Application to Genomics: Classification of DNA Sequences as Protein-Coding
or Noncoding

In this section, we apply Theorem 1 to the classification of DNA sequences of bacterium
Bacillus subtilis strain 168 as protein-coding or noncoding. Bacillus subtilis is a model
bacterial organism with a well-annotated genome [15], which was extracted from the open
source National Center for Biotechnology Information (NCBI) database (https:/ /www.ncbi.
nlm.nih.gov/nuccore/AF012532.1) accessed on 10 October 2023.

The annotated list of Bacillus subtilis genes is found at https:/ /www.ncbi.nlm.nih.gov/
genome/browse/#!/ proteins/665/300274%7CBacillus%20subtilis%20subsp.%20subtilis %
20str.%20168 /chromosome/, accessed on 21 August 2023.

5.1. Background

Recall that (a) genetic information stored in the DNA can be represented as a sequence
of nucleotides, A, C, T, G (adenine, cytosine, guanine, and thymine, respectively); (b) a
protein is a sequence of amino acids; (c) each amino acid is encoded by one or several (up
to six) triplets of DNA nucleotides, called codons; (d) a protein-coding gene is a sequence of
codons encoding a protein; (e) the first codon of a gene is a START codon (typically ATG,
encoding the amino acid methionine) signaling the start of transcription; (f) every gene
is followed by a STOP triplet (TAA, TAG, or TGA) that does not encode an amino acid
and signals the termination of the transcription process; (g) each gene belongs to one of
the two complementary strands of the DNA; (h) genes of many prokaryotic organisms
including all bacteria do not contain noncoding DNA segments, called introns. Thus,
bacterial genes are contiguous sequences of codons starting with a START codon, followed
by one of the three STOP triplets and not containing other in-frame STOP triplets. DNA
sequences with these properties are called open reading frames (ORFs). DNA of various
organisms, including Bacillus subtilis, contain numerous ORFs other than protein-coding
genes. For more information about DNA, codons, genes, ORFs, amino acids, and proteins,
see [16].

In what follows, we compare the Erlang distributions identified in Theorem 1 with
the empirical distributions of the normalized log-likelihood scores Y and Z under models
A and B associated with two respective classes of DNA sequences extracted from the
Bacillus subtilis genome: protein-coding genes and a certain natural class, defined below,
of protein noncoding ORFs. Parameters of these models of DNA sequence assembly were
estimated based on the known membership of Bacillus subtilis ORFs in the two classes.
A similar comparison can be performed for any other well-annotated prokaryotic genome
without introns.

5.2. Protein-Coding Genes and Noncoding Open Reading Frames: Data and Models

The genome of Bacillus subtilis was found to contain no repeated genes or those with
in-frame internal STOP triplets. A peculiar feature of the Bacillus subtilis genome is that only
about 77.5% of its 4237 protein-coding genes begin with the standard START codon ATG.
The vast majority of the remaining protein-coding genes begin with alternative START
codons: TTG (coding for amino acid leucine) or GTG (coding for valine), which occur
in 13% and 9% of all protein-coding genes, respectively. Additionally, 15 Bacillus subtilis
protein-coding genes have nonstandard START codons: CTG encoding leucine and ATT
encoding isoleucine.

To identify all protein noncoding ORFs within the Bacillus subtilis genome, we deleted
all the protein-coding genes from the genome and read the resulting contiguous segments
of nucleotides in the 5 — 3 direction on the strand to which they belong. If the number, n,
of nucleotides in any such segment was divisible by three then the segment was read in its
natural frame; if n was of the form n = 3k + 1, then the segment was read in two reading
frames (i.e., starting with the first or second nucleotide), while in the case n = 3k + 2, it
was read in three reading frames (i.e., starting with the first, second, or third nucleotide).
From all these reads, sequences of triplets beginning with the main START codon ATG
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utilized by Bacillus subtilis, followed by one of the STOP triplets, and not containing other
in-frame STOP triplets were selected. This resulted in 4571 ORFs beginning with the
standard START codon ATG. We will call them standard noncoding ORFs.

Note that some of them may actually represent genes encoding various kinds of RNA.

The following idea, borrowed from [10], allows one to view protein-coding genes and
standard noncoding ORFs as randomly and independently assembled sequences of triplets
of the kind discussed in the Introduction. Recall that any DNA sequence from each of
these two classes is followed by a STOP triplet. Proceeding from any such STOP triplet, we
move backwards adding new nucleotide triplets other than STOP triplets randomly and
independently of each other. The alphabet used for such sequence assembly thus contains
M = 4% — 3 = 61 triplets. The character selection probabilities for protein-coding genes and
standard noncoding ORFs can be defined on empirical grounds as the respective frequencies
of the 61 triplets found in all 4237 protein-coding genes and all 4571 standard noncoding
OREFs, see Table 1. Also note that, under our independent model of DNA sequence assembly,
the empirical frequency of a triplet coincides with the maximum likelihood estimate of the
class-specific selection probability for the corresponding character given the data [8,17].
Based on the frequencies reported in Table 1, we found that yp = 0.0709, op = 0.3575 and
ug = —0.0791, g = 0.4182.

Table 1. Observed frequencies of 61 triplets or codons for the two classes of DNA sequences of the
Bacillus subtilis genome: A (protein-coding genes) and B (standard noncoding ORFs). Triplets are
ordered lexicographically.

Triplets A B Triplets A B
AAA 0.0496 0.0391 CTT 0.0232 0.0207
AAC 0.0172 0.0158 GAA 0.0493 0.0256
AAG 0.0211 0.0221 GAC 0.0186 0.0121
AAT 0.0223 0.0233 GAG 0.0232 0.0137
ACA 0.0223 0.0185 GAT 0.0332 0.0206
ACC 0.0086 0.0105 GCA 0.0217 0.0168
ACG 0.0145 0.0124 GCC 0.0159 0.0149
ACT 0.0087 0.0102 GCG 0.0202 0.0139
AGA 0.0108 0.0146 GCT 0.0190 0.0178
AGC 0.0142 0.0185 GGA 0.0218 0.0142
AGG 0.0038 0.0113 GGC 0.0235 0.0142
AGT 0.0066 0.0092 GGG 0.0112 0.0091
ATA 0.0094 0.0197 GGT 0.0127 0.0096
ATC 0.0271 0.0228 GTA 0.0134 0.0112
ATG 0.0271 0.0413 GTC 0.0174 0.0131
ATT 0.0372 0.0263 GTG 0.0178 0.0118
CAA 0.0197 0.0179 GTT 0.0193 0.0163
CAC 0.0074 0.0094 TAC 0.0121 0.0104
CAG 0.0187 0.0171 TAT 0.0228 0.0185
CAT 0.0153 0.0172 TCA 0.0148 0.0219
CCA 0.0070 0.0111 TCC 0.0080 0.0149
CCC 0.0033 0.0096 TCG 0.0063 0.0119
CCG 0.0159 0.0161 TCT 0.0129 0.0174
CCT 0.0105 0.0133 TGC 0.0043 0.0143
CGA 0.0040 0.0096 TGG 0.0103 0.0113
CGC 0.0085 0.0111 TGT 0.0036 0.0130
CGG 0.0064 0.0126 TTA 0.0192 0.0177
CGT 0.0074 0.0097 TTC 0.0142 0.0248
CTA 0.0049 0.0065 TTG 0.0155 0.0211
CTC 0.0109 0.0130 TTT 0.0308 0.0382
CTG 0.0233 0.0193

In what follows, models A and B are used for describing DNA sequences representing
protein-coding genes and standard noncoding ORFs, respectively. To specify these models
completely, we need to determine their length distributions. Because the first triplet of any
ORF is a START codon, random sequences anchored by a given STOP triplet and assembled
as described above form a cluster of nested ORFs, each determined by the number, r, of
START codons preceding the STOP triplet, as illustrated in Figure 1. Empirically, we found
that the number r displays substantial variation, see Figure 2, showing the histogram for
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the values of r for all protein-coding genes beginning with the standard START codon ATG
found in the Bacillus subtilis genome. According to our model of DNA sequence assembly,
the length of protein-coding genes and standard noncoding ORFs with a fixed number
r > 1 of START triplets ATG would follow respective negative binomial distributions
NB(r,p) and NB(r,q), where p = 0.0271 and q = 0.0413 are the empirical frequencies
of the START codon ATG for the two respective classes of ORFs, see Table 1. Therefore,
the length distribution for protein-coding genes or standard noncoding ORFs is a mixture of
such negative binomial distributions over all observed values of r, whose relative weights
can also be determined empirically (for protein-coding genes with the START codon ATG,
the absolute weights are given in Figure 2). Additionally, to encode functional proteins,
genes have to be sufficiently long. In fact, the shortest protein-coding gene in the Bacillus
subtilis genome has 20 codons. By comparison, the shortest standard noncoding ORF
identified in this genome is 25 triplets long.

To account for such complexity of the length distribution, we assumed it to be TNBD
NB(a, p) +a formodel A and NB(b, q) + 8 for model B, where a + a = b+ p = ¢ = 20 triplets,
with adjustable parameters a, b, p, g, to be estimated from the data.

| | START m | START 2 | START 1 | | STOP
< ORF 1 >
< ORF 2 >
< ORFm >

Figure 1. A nested cluster of ORFs anchored by a given STOP triplet. Empty boxes represent triplets
of nucleotides other than START codons or STOP triplets. Reproduced with permission from [10].

350 T T T T T T T T T T T T T T T T T T

300

150

111 111

100

50

1.2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

Figure 2. Histogram of the number of START codons ATG preceding a gene’s STOP triplet for
protein-coding Bacillus subtilis genes beginning with the START codon ATG.

5.3. Results

Parameters a, b, p, g of the two TNBDs were estimated by minimizing the total variation
distance, d, between the assumed TNBDs and the empirical length distributions for protein-
coding genes (model A) and standard noncoding ORFs (model B). The resulting optimal
values were a = 2, p = 0.0077 for model A and b = 1, g = 0.0467 for model B, while the
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respective minimal total variation distances were found to be d4 = 0.3945 and dp = 0.4707.
Then, the translation parameters are « = ¢ — a = 18 codons for protein-coding genes and
B = ¢ —b = 19 triplets for standard noncoding ORFs. Thus, the best-fitting theoretical
length distribution for standard noncoding ORFs is a translated geometric distribution
G(q) + B. The relatively large magnitude of the minimum total variation distance is due to
the fact that many lengths of protein-coding genes and standard noncoding ORFs carrying
positive probabilities in the theoretical distributions are absent in the genome of Bacillus
subtilis; yet another reason is the presence in this genome of a large number of anomalously
long (in relative terms) sequences of both classes.

The profiles of the total variation distance as functions of parameters p and g for
the optimal values 2 = 2 and b = 1 are shown in Figure 3. Notice that (i) if p — 0 or
q — 0, then the corresponding theoretical length distributions “escape to infinity” so that
d — 2; (i) if p — 1, then d — 2[1 — P(20)], where P(20) = 1/4237 is the frequency of the
minimum gene length of 20 codons; and (iii) by contrast, if § — 1, then d — 2 due to the
fact that the shortest length of standard noncoding ORFs is 25 triplets rather than 20 triplets.
The limiting behaviors (i)—(iii) are clearly seen in Figure 3. Finally, the estimated TNBDs
and empirical length distributions approximated by suitable histograms are displayed in
Figure 4A,B. We conclude from Figure 4 that TNBDs with the above-specified parameters
provide an excellent visual fit to the empirical length distributions for the two classes of
DNA sequences.

For the expected model-based lengths of protein-coding genes and standard noncoding
ORFs, measured in triplets, we have

yp:%+zx':278 and yQ:§+‘Bz4O

while the corresponding standard deviations, also measured in triplets, are

a(l-p)

ap:Tglgs and aQ:Mgzl,

q

to be compared with their empirical counterparts Ny ~ 290, Ny ~ 54 and s4(N) ~ 266,
sp(N) ~ 91. A few comments about the length distributions for the two classes of DNA
sequences are in order:

(i)  The genome of Bacillus subtilis contains a large number of very short standard non-
coding ORFs. For example, the number of such ORFs with the length of 25 triplets
(the shortest possible) is 273, while the number of those with the length ranging from
25 to 30 triplets is 1331 or 29%;

(ii) On average, protein-coding genes are much longer than standard noncoding ORFs.
In fact, the ratio of their observed average lengths is about 5.4 and that of their
model-based expected lengths is about 7.0;

(ili) The genome contains a significant number of very long protein-coding genes. The
seven longest among them have lengths 3583, 3587, 3603, 4262, 4538, 5043, and
5488 codons, while the eighth longest gene is just 2561 codons long. This explains why
the empirical standard deviation of gene length, s4 (N) =~ 266 codons, is substantially
larger than its theoretical counterpart, cp ~ 183 codons. Without the seven longest
genes, one would have s 4 (N) ~ 208 codons;

(iv) Although the number of anomalously long standard noncoding ORFs is dispropor-
tionately smaller than the number of very long protein-coding genes, their effect on
the standard deviation of the length distribution is still considerable. For example,
the longest standard noncoding ORF has 4428 triplets, while the length of the second
longest ORF is 1190 triplets. Removing the longest ORF would reduce the standard
deviation of ORF length from sg(N) =~ 91 to 64 triplets.

We also fitted TNBDs to the empirical length distribution for 3283 protein-coding
genes beginning with the standard START codon ATG. This resulted in a = 2 (implying
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that « = 18) and p = 0.0078, while the minimum total variation distance was 0.4313. Thus,
the best-fitting TNBD is virtually indistinguishable from the same for the entire set of
4237 Bacillus subtilis protein-coding genes; however, surprisingly, the goodness of fit for
the entire collection of genes is even better than for the seemingly more homogeneous
subset of genes with the standard START codon ATG. That is why we used the entire set of
protein-coding genes in our analysis.

Once models A and B are completely specified, one can evaluate the log-likelihood
score X given by Formula (3) for each DNA sequence from either class. For the above-
specified models of sequence length, the first term in (3) for any given sequence of length
N =nis
P(n)
Q(n)

where p = 0.0077 and g = 0.0467. We then computed the class-specific normalized scores

1-p
1—4q’

2
=log % +log(n —19) + (n —20) log

log

X YB:—£ and ZA:X7XA Z _X7XB

Y. = -
AT X Xp sa(X) T P (X))

where X4 ~ 59.50 and Xy ~ —2.30 are sample averages of the log-likelihood score X
over all sequences in the two respective classes, while s 4 (X) ~ 61.50 and sp(X) =~ 20.59
are the corresponding sample standard deviations. Because the values of parameters p
and g are small and have roughly the same order of magnitude, it would seem reasonable
to compare empirical distributions of the samples Y4, Yz, Z4, Zp with the respective
limiting distributions identified in Theorem 1, see Figures 5A,B and 6A,B, where empirical
distributions are represented as histograms with appropriately chosen bins. We conclude
from Figures 5 and 6 that the plain and transformed Erlang distributions found in Theorem
1 reproduce essential features of empirical distributions of the samples Y4, Yg, Z4, Zp
such as range, shape, and mode fairly well.

0 01 02 03 04 05 06 07 08 09 1

Figure 3. Red curve: plot of the total variation distance, d, between theoretical length distribution
NB(2, p) + 18 for Bacillus subtilis protein-coding genes and its empirical counterpart as a function of
parameter p. Blue curve: plot of the distance d between theoretical length distribution G(gq) + 19 for
Bacillus subtilis standard noncoding ORFs and its empirical counterpart as a function of parameter 4.
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Figure 4. (A) Comparison of the empirical length distribution for all Bacillus subtilis protein-coding
genes with the best-fitting TNBD NB(2, p) + 18, p = 0.0077. (B) Comparison of the empirical length
distribution for Bacillus subtilis standard noncoding ORFs with the best-fitting translated geometric
distribution G(g) + 19, g = 0.0467.
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Figure 5. Comparison of the class-specific empirical distribution of the normalized log-likelihood
score Y with its theoretical limiting counterpart identified in Theorem 1. (A) Bacillus subtilis protein-
coding genes (class A); (B) Bacillus subtilis standard noncoding ORFs (class B).
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Figure 6. Comparison of the class-specific empirical distribution of the normalized log-likelihood
score Z with its theoretical limiting counterpart identified in Theorem 1. (A) Bacillus subtilis protein-
coding genes (class A); (B) Bacillus subtilis standard noncoding ORFs (class B).

6. Discussion

In this article, we derived a novel limit theorem for two natural normalizations,
Y = X/EX and Z = (X — EX)/0(X), of the log-likelihood score X, where the expectation
and standard deviation are taken relative to either model A or B and it is assumed that the
sequence length for these models follows respective TNBDs NB(a, p) + « and NB(b, q) + B.
The limit theorem applies to long sequences (p,q — 0) under the essential additional
condition that the expected sequence length for either class is not exponentially larger than
for the other class (more precisely, plogg — 0 and glog p — 0). The limiting distributions
of rv Y under respective models A and B turned out to be Erlang distributions E(a,4) and
E(b,b), while for rv Z, they came out as transformed Erlang distributions E(a, /a) — /a
and Vb — E (b, \/E), see Theorem 1. It is noteworthy that the limiting distributions depend
on integer parameters a and b alone. Thus, the limiting behavior of the normalized log-
likelihood score for long sequences represents, under the assumptions of Theorem 1, a fairly
crude phenomenon.

Theorem 1 yields an important corollary: the asymptotic accuracy of the likelihood-
based classification of random sequences, see Theorem 2.

To test the utility of our limit theorem, we applied it to the classification of open
reading frames (ORFs), see Section 4, extracted from the genome of the bacterium Bacillus
subtilis strain 168, as protein-coding genes (class A) and standard noncoding ORFs (class
B). In this case, the alphabet consists of M = 61 triplets of DNA nucleotides other than
STOP triplets. Since the genome of Bacillus subtilis is well annotated, class membership
of all ORFs is known with certainty, which allowed us to empirically estimate character
selection probabilities and length distributions for both classes of DNA sequences, see
Table 1 and Figure 4. As was explained in Section 4, under the model of independent
DNA sequence assembly, the length distributions for both classes are mixtures of negative
binomial distributions, which we approximated, for each class of sequences, by a single
TNBD. The best-fitting distributions from this family provided a surprisingly good fit
to the empirical length distributions for both classes of DNA sequences, see Figure 4.
This serves as an indirect validation of our model of DNA sequence assembly. This also
corroborates earlier findings that the length of protein-coding genes in many organisms

163



Mathematics 2023, 11, 4254

can be approximated by negative binomial distributions [6] or gamma distributions [18],
which serve as a continuous analog of negative binomial distributions.

The aforementioned (transformed) Erlang distributions with 2 = 2 and b = 1 and their
empirical counterparts (i.e., the distributions of the observed normalized log-likelihood
scores Y and Z for the two classes of DNA sequences) are compared in Figures 5 and 6. They
reveal that the theoretical limiting distributions provide a reasonable fit to the empirical
distributions and capture some of their salient features such as range, shape, and mode. This
is somewhat unexpected given that (a) the limiting distributions are one-parametric; (b) the
model of random independent DNA sequence assembly is quite simplistic; (c) frequencies
of the codons immediately following the START codon and immediately preceding the
STOP triplet in protein-coding genes are distinct from those for internal codons [6]; and
(d) our model disregards various additional features such as the presence in bacterial
genomes of short regulatory nucleotide sequences at characteristic distances from the
gene’s START codon including ribosome binding sites (or Shine-Dalgarno sequences) and
binding sites for transcription factors [5,6].

Our results can be applied to the classification of binary sequences (M = 2), DNA
sequences viewed at the level of individual nucleotides (M = 4), and proteins represented
as sequences of amino acids (M = 20). They may also potentially have applications in the
areas of natural language processing and artificial intelligence.

The principal limitation of this work is the use of an independent (or zero-order
Markov chain) model of sequence assembly. It was found long ago that DNA sequences are
characterized by the presence of substantial short-range [7] and long-range [8] correlations
between nucleotides and their triplets. As a result, efficient modern methods of computa-
tional gene finding employ higher-order, or even variable-order, Markov chain models and
Hidden Markov models at the level of individual nucleotides [4-6]. For example, a gene
finder called GeneMark [5] employs a 5th-order Markov chain model, while GLIMMER
gene finder [4] combines k-th order Markov chain models for 0 < k < 8. Although the
accuracy of gene finding generally increases with k (the order of the Markov chain), the use
of large values of k is prohibited by the large number, 4°+1, of Markov transition proba-
bilities that have to be estimated from a training set and the sparsity of (k+ 1) — tuples
of nucleotides used for estimation purposes. Thus, to make our limit theorem a better
discriminator between protein-coding genes and noncoding ORFs in prokaryotic genomes,
it should be extended to higher-order Markov chain models and Hidden Markov models
of DNA sequence assembly, and to more general sequence length distributions including
translated mixtures of negative binomial distributions.

On the mathematical side, our limit theorem would be more practical if augmented
with a tight estimate of the Zolotarev metric [9,14] or another suitable distance [19] be-
tween the empirical distribution of the normalized log-likelihood score and its theoretical
limiting counterpart.
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1. Introduction

Beta and gamma classes of distributions traditionally play an important role in model-
ing real processes with the use of probability theory techniques. The properties of infinite
divisibility and stability inherent to some types of generalized gamma and beta distri-
butions make it possible to use them as adequate asymptotic approximations in various
popular limit theorems.

In 1925, the Italian researcher L. Amoroso, who studied the problems of dynamic
equilibrium, considered the distribution [1], a special form of which is usually called the
generalized gamma distribution GG(v, p, §) with the density

[u[xP-Te= (/o)
upo(x) = Te(p)

This distribution, along with its special cases, has found wide application in the study of
many applied problems.

A natural generalization of distributions from the gamma class is the digamma distri-
bution proposed in [2,3].

, v#0, p>0, 6>0, x>0. (1)

Definition 1. A random variable 05 = ., p 4 5 has a digamma distribution DiG(r, v, p,q,0) with
the characteristic index r € R and the parameters of shape v # 0, concentration p,q > 0 and scale
6 > 0, if its Mellin transform is

_ FT(p+z/v)[(qg—rz/v)

Re(z)
Mps(2) = Mo

Pt rRe(z)

g——=>0. @)

>0,
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In addition to the generalized gamma distribution (1), the special cases of digamma
distribution (2) also include [2,3] the generalized beta distribution of the second kind
(McDonald distribution) [4] used primarily in econometrics and regression analysis, as well
as the gamma-exponential distribution [5,6], proposed as a link between the gamma and
beta classes.

The possibility of representing the digamma distribution as a scale mixture of general-

ized gamma laws
i A 1/v
o5 Lo (?) , ©)
where independent random variables A and i have gamma distributions GG(1, p,1) and
GG(1,4q,1), respectively, makes it possible to use the digamma distribution in the analysis
of balance models [7,8], particulary for studying the asymptotic properties of the integral
balance index [9].

One of the first and most important limit theorems related to the gamma family is the
Rényi theorem [10] about the convergence of random sums with a geometric summation
index to the standard exponential distribution. The classical Rényi theorem has a number of
generalizations. In particular, it can be shown [9] that (2) can arise as a limiting distribution
in the case when a mixed Poisson index is used instead of a geometric one.

The main accompanying task in the study of the asymptotic behavior of random
sums is to estimate the rate of convergence to the limit law [11-15]. In particular, in
Refs. [16-18], the estimation of the convergence rate in the Rényi theorem and some of
its generalizations was carried out using the zeta metric, which was proposed in 1976 by
V.M. Zolotarev [19]. The introduction of the zeta metric was motivated by the following
considerations. Since in the presence of convergence there is always a question about its
rate, it is necessary to have some metric that can be used to evaluate the accuracy of the
approximation. When considering a weak convergence, it would also be desirable to have
some “natural” metric. However, the class of continuous bounded functions present in
the definition of weak convergence is too wide for presenting some convenient metric.
For this reason, Zolotarev proposed to narrow the consideration to the class of Lipschitz
differentiable bounded functions.

The paper proves a generalization of the Rényi theorem to the case of structural distri-
butions that have a scale parameter. The results extend the approaches of [16-18], proposed
for generalized gamma distributions, and are devoted to estimating the convergence rate
in the generalized Rényi theorem with structural mixed generalized gamma distributions.
In particular, some results for the structural digamma distribution are given.

2. Representations for Generalized Gamma and Negative Binomial Distributions

By Nj,0, we denote a random variable with the geometric distribution supported on
non-negative integers:

P(Npo=mn)=p(1-p)", n=0,1,..., pe(0,1).

Let S, 0 be the corresponding geometric random sum
Np,o
Spo = Z X;.
j=1
Denote

n
Su=1Y_Xi So=0.
i=1

By Gy,5, we denote a random variable having a generalized gamma distribution

GG(v, p,6) with the density (1). In what follows, a special form of (1) will be of particular
interest, namely, the exponential distribution GG(1,1,4).

167



Mathematics 2023, 11, 4477

Let Ny (t) be the standard Poisson process. Let Ni(t) and G, ,, 5 be independent for all
t. We say that the random variable N, , s = N1(G, , s) has a generalized negative binomial

distribution GNB(v, p, 6) [16]. Note that N,,,W-tiNl (G pst)-
In Ref. [16], the following statement was proved.

Lemmal. Ifv e (0,1) and p € (0,1], then the generalized negative binomial distribution is the
Yy, p,s-mixed geometric distribution:

1
P(Nyps = k) = /0 y(1 = Yk dP(Yy s <), k=0,1,...,

where the random variable Y., 5 has the density

o 52 1 © £, 1(6"y(1 —y) Tx1/V)dx
hnsl®) = STy g e 0<Y<l @

where f,,1(x), 0 < v < 1, is the density of a one-sided strictly stable law supported on the positive
half-line, with a characteristic function

Pp1(t) = exp{ —|tY exp{—%im/sgnt} }

In Ref. [17], the following statement for continuous analogues of generalized negative
binomial and geometric distributions is proved.

Lemma 2. If v € (0,1) and p € (0,1], then the generalized gamma distribution is a mixed
exponential distribution:

1 _v
Sups(2) :/0 %e TV Ry s(y)dy, 2> 0,

where the density h,, , 5(y) is defined in (4).

3. Generalization of the Rényi Theorem for Distributions with a Scale Parameter

This section presents a generalization of the classical Rényi theorem [10] for structural
distributions with a scale parameter [20]. The following theorem weakens the convergence
requirements compared to the generalized Rényi theorem proved in Ref. [9].

Definition 2. A random variable A has a distribution D(. .., &) with the scale parameter 6 > 0, if
AL A /6 has a distribution D(...,1), independent of ¢.

Note that all continuous distributions listed above have a scale parameter.

Let A ~ D(...,d) be a non-negative random variable with the scale parameter ¢.
Consider the standard Poisson process Nj(f) and a sequence of identically distributed
random variables X7, X, ... with a finite mathematical expectation EX; = a # 0. Assume
that Nq(t), A, X1, Xy, . .. are independent for any ¢ > 0.

Theorem 1. Let f\iA/ 0. Then,

Sni(Ap) A
a5t = A, 6t — co. 5)

Proof of Theorem 1. Note that

. . [ N1(AE) A -

168



Mathematics 2023, 11, 4477

Hence,

N-l(At) A p

Since the distribution of A does not depend on 8, according to the Slutsky theorem [21], we
conclude that

Ni(At)
ot

The relation (5) follows from the transfer theorem for random sums, e.g., Theorem
2.2.1 from Ref. [22]. The theorem is proved. [

= A, 0t — oo.

Remark 1. Theorem 1 does not require that the parameters 6 and t simultaneously tend to infinity.

4. Estimation of the Rate of Convergence in the Classical Rényi Theorem Using the
Zeta Metric

The Rényi theorem is a classical limit theorem. In the study of asymptotic approxima-
tions, the rate of convergence to the limit law is of particular interest. One of the approaches
to analyzing the convergence rate is based on the use of an ideal metric.

Consider the {-metric proposed by V.M. Zolotarev. To demonstrate the importance
of this metric, recall that the sequence of random variables Y, weakly converges to the
random variable Y if

Dy =E(f(Yn) = f(Y)) — 0

asn — oo for all f € F, where F is the set of all bounded and continuous functions. How-
ever, it is inconvenient to use the values of A, to construct the convergence rate boundaries,
since F is too large. V.M. Zolotarev proposed a definition of the so-called ideal {-metric,
which narrows the class F to a subclass of Lipschitz differentiable bounded functions.

Let us introduce a formal definition of this metric. Let s be a positive number. Then,
s = m + ¢, where m is a non-negative integer and ¢ € (0, 1]. Let F; be the set of all m times
differentiable real-valued bounded functions f for which

£ ) = £ ()| < = .
The {-metric {5(X,Y) = {s(Fx, Fy) [19] is defined as
0s(X,Y) = TR (X,Y) = sup [E(f(X) — f(Y))[;
feFs

see also Refs. [23,24].
Note that the -metric has the following property [24]:

gs(cX,cY) =c*Cs(X,Y), ¢ > 0. (6)

According to the classical Rényi theorem, a geometric random sum, normalized by its
mathematical expectation, weakly converges to the standard exponential distribution:
PSpo
——— = G111 @)
a(1-p)
In the Refs. [18,25], the following estimates of the convergence rate in (7) were obtained
in terms of {-metrics.

Lemma 3. Suppose that p € (0,1). Let Xq, Xy, . .. be a sequence of identically distributed random
variables independent of Ny o with EXy = a # 0 and EX? < co. Then,
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PIY X p EX}
C( ( ) Gl,l,l) Sm?

Lemma 4. Suppose that p € (0,1). Let Xy, Xy, . . . be a sequence of identically distributed random
variables independent of N, o with EXy = a # 0 and EX? < o0. Then, for1 <s <2

Py 1 14 EX2
gs(a(l—p) Glll) |:1_p az

s/2

’

in particular,

5. Convergence Rate Estimates in the Generalized Rényi Theorem with a Structural
Generalized Gamma Distribution

The statements of this section are the generalization of the results proved in Refs. [16,18]
for the structural gamma distribution.

Lemma 5. Suppose that v € (0,1] and p € (0,1). Let X1, Xy, ... be a sequence of identically

distributed random variables with EX; = a # 0 and Ny (t), Gy, p,s, X1, X2, . .. be independent for
allt > 0. Then,

Nl(Gu Jt)
Z‘: o) 5. 1 1 (1 _ ]/)S ysy,O
és<llaz5t]’cv’p'l) = o1y /0 v gS((lfy)a’(h”) Hopanly)dy

where the density h,, , 5¢(y) is defined in (4).

Proof of Lemma 5. According to the property (6) of {-metrics

Ni(Gy,pst) N1(Gy,p,st)
Z': P X; 1 P
gs (11[15t1' GL’,P,l = Wés Z% X,’, HGV,P,& .
i=

Using Lemma 1, we get
Nl(Gv,p,Jf) (=) 1
P Y Xi<x|=Y) /0 y(1—y)"h(y;v, p,t) dyP(S, < x)
i=1 n=0"

[eS)

1
Yy —y)"P(Sy < x)h(y;v, p,6t) dy = /0 P(Sy0 < x)h(y;v,p, ét)dy.

n=0

Therefore, for any continuous bounded function f

i=1

Ni(Gy,p,st) .
Ef( » X,v):/0 £ (Sya) (v, p,0) .

Similarly, using Lemma 2,

oo 1
€/ 0Gup) = [ S8z = [ €F(0Gy 1) ) dy
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Hence,
Ni(Gy,pst) Ni(Gy,pst)
{s Z Xi, ”Gu,p,éf = sup |Ef Z Xi| — Ef(qu,p,Jt)
i=1 feFs i=1
1 1
= sup| [ € (Sua s )y — [ EF (0, 1 ) s ) ]
feFs 0 0 Ty
1
< /0 Gs (Sy,OIQGLl/l;/J/) Tt (y) dy
Thus,

Ni(Gy,pst)
Yo X 1 1
gs (11a§t, Gv,p,l < W/) CS (Sy,Or‘ZGLLl%!/> . hv,p,b't(]/) dy

1 T (1-y)y YSy0
- (5t)5/0 : ysy) CS((l fyy)u’cl'1’1> Hupa9)

The lemma is proved. [

The following statement is a generalization of Lemmas 3 and 4 to the case of a structural
generalized gamma distribution.

Lemma 6. Suppose that v € (0,1] and p € (0,1). Let Xq,Xo, ... be a sequence of identically
distributed random variables with EX; = a # 0, EX? < oo and Ni(t), Gy ps, X1, X2, ... be
independent for all t > 0. Then,

Ni(Gy,pst) 2
Lo 7 X G < EXy,
& adt PPl = gy
for1 <s<2

N1 (Gy,p st /2
yGat) . _ 1 T(p+s/ev)  [EXE ’
gs — 5 Lypa = (505/2 . s .

a2

’

T(p)T(1+s/2)
in particular,

N1 (Gt
o [T 1 T(p+1/v) EX}
2 ast N BT T'(p) 2a2°

Proof of Lemma 6. From Lemma 3 we get

Sy0 EX?
& (uy_ﬁlcl,m) <4 ==L

Hence,

Ni(Gy,pst)
Lt X Loy, (Y50 EXi
; ('m,cm <5t h 5 ela e G ) e dy <

Let1 <s <2. Then, by Lemma 4
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Nl(Gl/ 5t) Q
Yo X 1 1Ay YSy0
g(‘”c”) < b e (2 o) hors

/2
1 pa-ys1] y X2
_(&PA v s|licy @ | ey

/2

_ 1 1 EX% ’ (1 B Yv,p,ét)S/z

- s s | a2 sz

(6t)s s a Y]f,p,&t
Since by Lemma 2
al=Y, s
Gy,po= Y St Gii1

v,p,0

where Y), ;, s and Gj,1,1 can be considered independent, we obtain

1-Y,,0\""
s

Yv/p,ﬁt
Thus,
Ni(Gy,pst) s/2 /2
: rin "X o1 EX2]"?E(Gyps)°
A 2 72
adt (6t)s s a EGi,l,l

1 T(p+s/v) [Ex2]”?
(6172 sT(p)T(1+s/2) | a2 |

The lemma is proved. [
6. Convergence Rate Estimates in a Generalized Rényi Theorem with a Structural
Mixed Generalized Gamma Distribution

This section provides an estimate of the convergence rate in the generalized Rényi
theorem with a structural distribution that is a scale mixture of the generalized gamma
distribution.

Let Q be a non-negative random variable.

Theorem 2. Suppose that v € (0,1] and p € (0,1). Let X1, Xo, ... be a sequence of identically
distributed random variables with EXy = a # 0 and Q, Ny (t), Gl,,p,(g, X1, Xo,. .. beindependent
forall t > 0. Assume that there is an estimate

Ny (Gv,p,ét)

. X
Z (Zl—lm’,cv,p,l) < 8, (01).

Then,

ZNl(Q'GV,p,Jt) X 00
Ts %,Q.G%1 g/o Y As(yot) dFo(y).
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Proof of Theorem 2. Averaging over the distribution of Q, we obtain
N1 (Q-Gy pst) N1(Gy,psyt)
Z':1 " Xi b Z‘:] " Xi
Cs (’ 57 ,Q- Gu,p,l = /0 | =5— — 7,]/(3%;,’1 dFQ (y)

ee]
< /0 Yy As(yot) dEo(y).
The theorem is proved. [

Lemma 6 and Theorem 2 imply the validity of the following statements.

Corollary 1. Suppose that v € (0,1] and p € (0,1). Let Xy, Xy, ... be a sequence of identically
distributed random variables with EX; = a # 0, EX% < oo, and Q, Ny (t), Gy,ps, X1, X2, be
independent for all t > 0. Then,

Ni(Gy,pst)
81 721:1 "X Gyp1 | < —EX%
adt PP ) = g6t

and hence,

(B e
! adt ! vl | = g2t

Corollary 2. Suppose that v € (0,1] and p € (0,1). Let X1, Xy, ... be a sequence of identically
distributed random variables with EX; = a # 0, EX12 < oo, and Q, Ny (t), Gy, X1, X2, be
independent for all t > 0. Then by Lemma 4 and Theorem 3 for 1 <s <2

Ni(Gy,p st s/2
(TS N 1 Tprsse) (e
s adt PR L= (5152 ST (p)T(1+s/2) | a2 ’
and hence,
g Zf\ill(Q‘GV,P,Jt) Xi QG - EQs/Z . r(p+s/(zv)) . L)(% s/2
s adt PRl = Ghs/2 ST (p)T(1+5/2) | a2

In particular,

Zfill(Q.Gwp/o'f) X; c - EQ r(p n 1/1/) EX%
o\ T Qe | S TR e
As a special case of a scale mixture of the generalized gamma distribution, consider
the digamma distribution: p; ~ DiG(r,v, p, q,6).
Since the representation (3) in the form of a scale mixture of generalized gamma
distributions is valid for the digamma distribution, the following statements hold.

Corollary 3. Suppose that v € (0,1], p € (0,1) or —v/r € (0,1], g € (0,1). Let X1, X, ...
be a sequence of identically distributed random variables with EX; = a # 0, EX? < oo, and
Ny (t),ps, X1, X2, . .. be independent for all t > 0. Then,

N N
L(EEx ) e
! ast PV = a2st
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Corollary 4. Suppose that v € (0,1], p € (0,1) or —v/r € (0,1], g € (0,1). Let X1, Xa, ...
be a sequence of identically distributed random variables with EX; = a # 0, EX? < oo, and
Ni(t),p5, X1, X2, . . . be independent for all t > 0. Then, for 1 <s <2

> s/2
EX2
112

: (Zﬁll(pm X; p) <1 Tg—rs/(v)) T(p+s/(2))
’ ast PV = (Gr)s2 I(q) sT(p)T(1+5/2)

In particular,

; Zl{ill(mf)xi ) <l_1"(q—r/v)_l"(p+l/v) EiX%:%EiX%
2 ast PV = 5t I'(q) I'(p) 2a2 6t 2a%’

7. Conclusions

In this paper, a generalization of the Rényi theorem is obtained for a class of structural
distributions with a scale parameter, which includes a generalized gamma distribution and
a generalized beta distribution of the second kind. For the case when the distribution of the
summation index is a scale mixture of the generalized gamma distribution, the estimates of
the convergence rate in the generalized Rényi theorem are obtained, expressed in terms
of zeta metrics. In particular, such estimates are obtained for the structural digamma
distribution that arises in the study of Bayesian balance models. The paper extends the
results previously obtained only for the generalized gamma distribution.

Author Contributions: Conceptualization, AK. and O.S.; methodology, A.K. and O.S.; formal
analysis, A.K. and O.S.; investigation, A.K. and O.S.; writing—original draft preparation, A.K. and
O.S.; writing—review and editing, A.K. and O.S.; supervision, A.K. and O.S.; funding acquisition,
O.S. All authors have read and agreed to the published version of the manuscript.

Funding: This research was supported by the Ministry of Science and Higher Education of the
Russian Federation, project No. 075-15-2020-799.

Data Availability Statement: Data sharing not applicable.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Amoroso, L. Ricerche intorno alla curva dei redditi. Ann. Mat. Pura Appl. 1925, 21, 123-159. [CrossRef]

2. Kudryavtsev, A.A.; Nedolivko, Y.N.; Shestakov, O.V. Main Probabilistic Characteristics of the Digamma Distribution and the
Method of Estimating Its Parameters. Moscow Univ. Comput. Math. Cybern. 2022, 46, 79-86. [CrossRef]

3. Kudryavtsev, A.A.; Shestakov, O.V. Limit distributions for the estimates of the digamma distribution parameters constructed
from a random size sample. Mathematics 2023, 11, 1778. [CrossRef]

4. McDonald, J.B. Some Generalized Functions for the Size Distribution of Income. Econometrica 1984, 52, 647-665. [CrossRef]

5. Kudryavtsev, A.A. On the representation of gamma-exponential and generalized negative binomial distributions. Inform. Appl.
2019, 13, 78-82. (In Russian)

6.  Kudryavtsev, A.A.; Shestakov, O.V. The estimators of the bent, shape and scale parameters of the gamma-exponential distribution
and their asymptotic normality. Mathematics 2022, 10, 619. [CrossRef]

7. Kudryavtsev, A.A. Bayesian balance models. Inform. Appl. 2018, 12, 18-27. (In Russian)

8.  Kudryavtsev, A.A.; Shestakov, O.V. Asymptotically normal estimators for the parameters of the gamma-exponential distribution.
Mathematics 2021, 9, 273. [CrossRef]

9. Kudryavtsev, A.A_; Shestakov, O.V. Digamma Distribution as a Limit for the Integral Balance Index. Moscow Univ. Comput. Math.
Cybern. 2022, 46, 133-139. [CrossRef]

10. Kalashnikov, V.V. Geometric Sums: Bounds for Rare Events with Applications; Kluwer Academic Publishers: Dordrecht, The Nether-
lands, 2013.

11.  Pekoz, E.A.; Rollin, A. New rates for exponential approximation and the theorems of Renyi and Yaglom. Ann. Probab. 2011, 39,
587-608. [CrossRef]

12.  Hung, T.L. On the rate of convergence in limit theorems for geometric sums. Southeast Asian |. Sci. 2013, 2, 117-130.

174



Mathematics 2023, 11, 4477

13.

14.

15.

16.

17.

18.
19.

20.
21.
22.
23.

24.
25.

Hung, T.L.; Kein, P.T. On the rates of convergence in weak limit theorems for normalized geometric sums. Bull. Korean Math. Soc.
2020, 57, 1115-1126.

Slepov, N.A. Convergence rate of random geometric sum distributions to the Laplace law. Theory Probab. Appl. 2021, 66, 121-141.
[CrossRef]

Bulinski, A.; Slepov, N. Sharp Estimates for Proximity of Geometric and Related Sums Distributions to Limit Laws. Mathematics
2022, 10, 4747. [CrossRef]

Korolev, V.Y; Zeifman, A.I. Generalized negative binomial distributions as mixed geometric laws and related limit theorems. Lith.
Math. J. 2019, 59, 366-388. [CrossRef]

Shevtsova, I.; Tselishchev, M. On the Accuracy of the Generalized Gamma Approximation to Generalized Negative Binomial
Random Sums. Mathematics 2021, 9, 1571. [CrossRef]

Korolev, V. Bounds for the Rate of Convergence in the Generalized Renyi Theorem. Mathematics 2022, 10, 4252. [CrossRef]
Zolotarev, V.M. Approximation of distributions of sums of independent random variables with values in infinite-dimensional
spaces. Theory Probab. Appl. 1976, 21, 721-737. [CrossRef]

Chen, W.; Xie, M.; Wu, M. Parametric estimation for the scale parameter for scale distributions using moving extremes ranked set
sampling. Stat. Probab. Lett. 2013, 83, 2060-2066. [CrossRef]

Serfling, R.J. Approximation Theorems of Mathematical Statistics; John Wiley & Sons, Inc.: New York, NY, USA, 2002.

Gnedenko, B.V.; Korolev, V.Y. Random Summation: Limit Theorems and Applications; CRC Press: Boca Raton, FL, USA, 1996.
Zolotarev, V.M. Ideal metrics in the problem of approximating distributions of sums of independent random variables. Theory
Probab. Appl. 1977, 22, 433-449. [CrossRef]

Zolotarev, V.M. Modern Theory of Summation of Random Variables; VSP: Utrecht, The Netherlands, 1997.

Shevtsova, L; Tselishchev, M. A generalized equilibrium transform with application to error bounds in the Renyi theorem with no
support constraints. Mathematics 2020, 8, 577. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

175



. mathematics

Article

Limit Distributions of Products of Independent and Identically
Distributed Random 2 X 2 Stochastic Matrices: A Treatment
with the Reciprocal of the Golden Ratio

Santanu Chakraborty

Citation: Chakraborty, S. Limit
Distributions of Products of
Independent and Identically
Distributed Random 2 x 2 Stochastic
Matrices: A Treatment with the
Reciprocal of the Golden Ratio.
Mathematics 2023, 11, 4993. https://
doi.org/10.3390/math11244993

Academic Editors: Irina Shevtsova

and Victor Korolev

Received: 27 September 2023
Revised: 4 December 2023
Accepted: 6 December 2023
Published: 18 December 2023

Copyright: © 2023 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
1.0/).

School of Mathematical and Statistical Sciences, University of Texas Rio Grande Valley, 1201 West University
Drive, Edinburg, TX 78539-2999, USA; santanu.chakraborty@utrgv.edu

Abstract: Consider a sequence (X,),>1 of i.i.d. 2 x 2 stochastic matrices with each X, distributed as
. This p is described as follows. Let (Cp, D,,)T denote the first column of X;, and for a given real
rwith0 < r < 1, let ¥~ 1C, and r~1D,, each be Bernoulli distributions with parameters p; and py,
respectively, and 0 < pq, p» < 1. Clearly, the weak limit of the sequence y", namely A, is known to
exist, whose support is contained in the set of all 2 x 2 rank one stochastic matrices. In a previous
paper, we considered 0 < < 4 and obtained A explicitly. We showed that A is supported countably
on many points, each with positive A-mass. Of course, the case 0 < r < % is tractable, but the case
r> % is very challenging. Considering the extreme nontriviality of this case, we stick to a very special
such r, namely, r = @ (the reciprocal of the golden ratio), briefly mention the challenges in this
nontrivial case, and completely identify A for a very special situation.

Keywords: random walk; stochastic matrices; limiting measure; golden ratio

MSC: 60B15

1. Introduction

As the title of the paper suggests, the reader can understand that this paper deals
with a situation where one considers products of independent and identically distributed
random 2 x 2 stochastic matrices and their limiting behavior. In other words, here we
are considering a probability measure i on a collection of 2 x 2 stochastic matrices and
studying the limiting behavior of the convolution sequence y". To a reader new to this area,
the author would like to refer the reader to the book by Hognas and Mukherjea [1]. This
book starts from the very basic concepts, such as the definition of a semigroup, topological
semigroups, semigroups of matrices, etc., in chapter 1 and then moves forward to more
complex concepts, such as probability measures of semigroups, convolution products of
probabilities and convergence, random walks on semigroups, random walks on semigroups
of nonnegative matrices (and in particular stochastic matrices), etc. The current author
collaborated on a few papers in this area [2-6].

For complete understanding of this article, we will go over a few details about con-
vergence of convolution products of probability measures on semigroups of matrices. If B
denotes the collection of Borel subsets of a set S, then P(S) can be the set of all regular
probability measures y on B. Then, denoting the collection of continuous functions on S as
C(S), for u,v € P(S), and f € C(S), one defines the following iterated integral:

17) = [ [ rlapuiaxvidy)

By the Riesz representation theorem, there exists a unique regular probability measure
A such that for any function f € C(S) with compact support, we have
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1) = [ far

Then, A is called the convolution of the probability measures y and v. There is a
proposition in [1] that shows that for 1, v € P(S), and B € B,

wev(B) = [ u(Bx () = [vx ' Byu(dx)

Having defined the convolution product of regular probability measures on semi-
groups, one can consider a sequence of regular probability measures i1, ji2, i3, . . ., construct
a sequence of convolution products of these regular probability measures pi1, ji1 * pi2, 1 *
Mo * 13,..., and talk about conditions when such convolution sequences will converge.
Then, one can specialize to the independent identically distributed situation where for
each i, we have, y; = pfori = 1,2,3,.... Then, the convolution sequence looks like y"
forn =1,2,3,.... In all these situations, [1] assumes that S is a locally compact, second
countable Hausdorff topological semigroup.

Then, if someone further specializes to the situation when S is a semigroup of non-
negative matrices or say, stochatic matrices of a fixed order d, then one considers the usual
matrix topology. There have been quite a few papers that study the conditions when the
convolution sequence " converges. Mukherjea [7] first gave conditions when such a se-
quence converges for i.i.d. 2 x 2 stochastic matrices. Then, subsequently such conditions for
higher order stochastic matrices were obtained [5,6]. But none of these papers performed
detailed study on the nature of the corresponding limiting measures. But motivated by a
paper by Chamayou and Letac [8], we have investigated the nature of the limiting measure
A for a very special pt on 2 x 2 i.i.d. stochastic matrices.

Before proceeding further, let us denote the probability measure on stochastic matrices
of a fixed order d by p and its support by S(p). So, S(j) is a subcollection of stochastic
matrices of a fixed order d. Thus, for any convolution product y”*, we will denote its support
by S(u") and the support of the limiting measure A (if it exists) by S(A).

If we denote the closure of an arbirary set E by E, then

S(u") = {A1Ay--- Ap|foreachi, A; € S(u), 1 <i<n}

where 7 is a positive integer and
S =Uy  S(u)

Also, denote IP to be the set of d x d strictly positive stochastic matrices in S.

Chamayou and Letac [8] proved that if (X, ),>1 is a sequence of d x d i.i.d. stochastic
matrices such that P(min;;(X;);; = 0) < 1, then Y = limy, 0 X, X1 - - - X; exists almost
surely and P(Y has rank 1) = 1; furthermore, if for any Borel B of d x d stochastic matrices
(with usual Rdz—topology), we denote j(B) = P(X; € B) and A(B) = P(Y € B), and then
A is the unique solution of the convolution equation A x y = A.

Then, in [2], we noted that this wonderful result of Chamayou and Letac also holds un-
der the (slightly weaker) condition that ™ (IP) > 0 for some positive integer m (as opposed
to just 1, instead of m, taken in [8]) where u™ is the distribution of the product X, - - - X
and PP is the set of d x d strictly positive stochastic matrices. The reason is as follows:
the Chamayou and Letac result shows that under the weaker condition, the subsequence
Yum = XpumXnm—1 - - - X1 converges almost surely to some d x d rank one stochastic matrix,
Yo, and consequently, any subsequence Xy, X, 1 -+ X1 with ny > sgm (for some s;) will
also converge almost surely to a d x d stochastc matrix VYy(= Yy, as Yj has rank one),
where V is a limit point of the product subsequence X, X;;, 1 -+ Xs, 1. This establishes
our observation.

Next we mention below some situations when S(A) consists of all rank one matrices:
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Situation 1: If (X;);>1, as before, is i.i.d. d x d stochastic matrices such that for some
positive integer m > 1,

p"(P) >0 1)

then the sequence u", where j(B) = P(X; € B) for Borel sets B of d x d stochastic matrices,
converges weakly to a probability measure A and S(A) consists of all rank one stochastic
matrices in S such that A(P) > 0.

Situation 2: When A is the weak limit of (4"),>1 and S contains a rank one matrix,
then the support of A, S(A) consists of all rank one stochastic matrices in S. This is an
algebraic fact for the support of an idempotent probability measure (note that A = A x A;
see [1]).

In the same paper, Chamayou and Letac (see also [9]) tried to identify A in the case
when the rows of X; above are independent, and for 1 < i < d, the i-th row of Xj has
Dirichlet distribution with positive parameters «;1, aj, . . ., &;4, and they were successful in
the case when ):}1:1 ajj = Z}Ll aji, 1 < i <d.Indeed, there are only very few (other than
those given in [8-10]) examples in the literature even for 2 x 2 stochastic matrices when the
limit distribution A has been identified completely in the above context. Our paper [2] is
an example.

Dy, 1-Dy,

each X, is distributed as y# and r~1C,, and ¥ ~1D,, are each Bernoulli distributions (with possibly
different parameters p; and po, 0 < p1, p2 < 1) for a real r satisfying 0 < r < 1. Our goal was
to identify A, the distribution of limy, 00 X;; X1 - - - X. Clearly, there are exactly four matrices
in the support of 1, each with positive mass. It is well known that that " converges weakly
to a limiting measure A and the support of A consists of rank one matrices. In particular, if r

equals 1, the support of A has exactly two matrices, namely, < 01 ) and ( Lo ) In[2],

In [2], we considered 2 x 2i.i.d. stochastic matrices (X, ),,>1 with X, = ( G 1-G ),

01 10

a complete solution is given to the problem for 0 < r < % and also for r = 1.

The situation 1 < r < 1 is much more challenging. Before explaining where the
challenge lies, let us make the following convention:
1—

. . X
From now on, we will often denote the matrix ( ‘1

ﬁ ) by simply x when there is

no fear of confusion. Thus, for the limiting measure A, A(x) will mean /\< i 1 B ﬁ ) and

if we write that the support of A, S(A) is contained in [0, 1], then this means the following:

S(A)C{(i 1:i>:0§"§1}

Now, we are going to explain why the case % < r < 1is more challenging. Al-

though we find it quite easy to observe that A(0) and A(r) have the same expressions as in
the previous case, it is indeed hard to exhibit a point in (0, r) with positive A-mass.

However, there is a special situation when things are more tractable, namely, r = @
(the reciprocal of the golden ratio). We denote this special r as ry. Notice that r¢ satisfies
the equation r§ +1¢ — 1 = 0. Using this equation extensively, we completely solve for A in
this particular situation. It can be seen that although this is just one case, the proof is highly
nontrivial. According to the author, the reason why 7, works for us is because of the fact
that A(1 — r,) could be found out easily and so this technique of proof worked.

It may be mentioned here that there have been numerous studies in the literature
involving the golden ratio. One very recent study invloving golden ratio is in the context
of machine learning [11].

Asinthecase of 0 < r < %, here also A is discrete with masses at countably many
points. Our main theorem appears in Section 4.
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One gets a feeling that for any other r satisfying 4 < r < 1, finding the value of
A(1 —r) itself will be a challenge, making it quite nontrivial. Thus, for a general % <r<l,
a different technique of proof might be needed to obtain a complete solution.

In the next section (Section 2), we describe our set up, state the results proved in [2]

for0 <r < %, and briefly discuss the more challenging situation % < r < 1. In Section 3,

we focus on r = 1y = ‘/52_1 (reciprocal of the golden ratio) and prove two important

propostions. We prove our main theorem and a series of lemmas leading to it in Section 4.
We have some concluding remarks and comments in Section 5.

2. Preliminaries

In our case, we are considering the case of a probability measure y on 2 x 2 stochastic
matrices. S(y) denotes its support, which is a subcollection of 2 x 2 stochastic matrices.
S(u™) denotes the support of u" where u" is the convolution sequence. As pointed out
in [7], u" converges if and only if S(u) is not a singleton:

s {(§ 5 )}

And in case there is a strictly positive matrix in S(j), then the support S(A) of the
limiting measure A consists of rank one matrices. Our special case satisfies that condition:
Cp 1-GCy
D, 1-D, )’
such that each X, is distributed as p. Also, assume that for a given r with 0 < 7 < 1, both
r~1C, and r~1D,, are Bernoulli distributions with parameters p; and p; respectively .
Then, the support of y has exactly four matrices as S (u) is given by:

so={(5 1) (2.5 ) (o (012

Let the y-masses at these points be denoted by poo, po1, P10, P11 respectively so that
poo + po1 =1 —p1, poo + p1o =1 — p2, p1o + p11 = p1 and po1 + p11 = pa-

Let A be the distribution of limy, 0o X, X,,—1 - - - X3.

In case r equals 1, one can easily observe that A is a Bernoulli distribution with
parameters entirely dependent on the probability mass function of i, namely,

We consider 2 x 2 i.i.d. stochastic matrices (X;),>1 with X,, = (

/\(0) _ Poo + Po1
1—p10+pn

This follows by solving for A(0) and A(1) in the convolution equation A x it = A.
For 0 < r < 1, the support of 1", S(u") and consequently S is contained in the set

x 1—x
0<x<r,0<y<r
{<y 1—1/) T Y }

This can be proved using induction on 7. One assumes up to some positive integer
and proves for I + 1 by noticing that when one multiplies a matrix in S(y!) by a matrix in
S(p), the entiries in the product matrix satisfies the condition that each entry in the first
column is between 0 and r because each entry in the first column of the matrices from S (')
and S(p) is so.

Also, since the relation A x 4 = A holds, the support of A, namely, S(A) consists
of all rank one matrices in S. As a result, S(A) C {x : 0 < x <r}, where x stands for

( i i : i > . Moreover, exploiting the identity A x 4 = A, we have

1 pio) +
AO) = 5 PO A () = oy + A(O)por = P 1Plo) PooPo1
— P — Pio
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and for other points x with 0 < x < r with positive A-masses, we have
Ax) = A0 + A1 =) por @)
Next, we state the results proved in [2] for 0 < r < %:

2.1. Case: 0 <r <3

First of all, we introduce some notations. For each i > 1, define

k . .
A; = {Z(l)llr’f 1< <ip<izg<--- <ik:i,k<z}, A = U2 A
j=1

We have two propositions for taking care of the cases 0 < r < % and r = %:

Proposition 1. For 0 <r < % we have the following:

(i) For every positive integer i > 1, |A;| = 2/~ and each point in A; has positive A-mass. These
are the only points of degree i in the support of A with positive A-mass.

(ii) Each such point has A-measure equal to A(r)p’lalfkpgl. For every i > 1,
A(A) = A1) [pro +por] 7

) A)+ 21 AA) = A0)+A(r) - [E=(pro+por) ] =1.

Proposition 2. For r = %, we have the following:

(i) The only points that have positive A-masses are the dyadic rationals in [0, %] Thus, for every
i, there are exactly 2!=2 dyadic rationals of the form % with k < 2°=1 and k odd with positive

A,’l =22

(ii) A typical point in A; has A-measure equal to A (%) (P10 + Pm)pﬁglfkp}él’l for some positive

A-mass. A; consists of exactly these points. Also,

integer k. For every i > 1, A(A;) = /\(%) [p10+por) "
(iii)  The sum of the A-masses of all dyadic rationals in [O, %] along with the A-mass at zero equals
1. Equivalently, A(0) + Y524 A(A;) = A(0) + /\(%) . [Efil(pw + pm)i*l] =1
1

The case ; < r < 1 turns out to be quite nontrivial. We briefly introduce that
case below:

2.2. Case: % <r<l1

The case § < r < 1is distinctly different from the case r < 1 because now we have
1 —r < r. Since for each 7, A has masses at 0 and r, it is not absolutely continuous for any r.
Now, suppose we continue with the same notation of A introduced in the case 0 < r < %
Thus, A = U2 | A; where, for every positive integer i,

k .
Ai—{z(—l)]1}’le]<i1<i2<i3<"~<ik—i,k<i}
j=1

It then easily follows that each of these points in A also has positive mass even in the
case 3 < r < 1. However, it is indeed a challenge to calculate A-masses at these points.

Also, since 1 —r € (0, r), it is natural to have points of the form 1 + Z}‘Zl(fl)f i,
1<iy <ip<iz<---<i=1i k <iforany positive integer i in the interval (0, r) (to see
this, notice that rt > Z}‘ Z(fl)f rli )- Accordingly, define A* = U$>; A¥, where

k o
A7{1+2(—1)]r7f: 1§i1<i2<i3<~-~<iki,k§z’}
=
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Recall that, for 0 < r < %, each point in A has positive A-mass and each point in A* is
outside (0, r) and has zero A-mass.

For % < r < 1, of course, each polynomial in A is in (0, 7). But, although some
polynomials in A* are numerically less than 7, it is not easy to see which of these points
have positive A-masses. Clearly, some polynomials in A} are outside (0, r) and have zero
A-measure if i is large enough. For example, for a fixed r, it is possible to get a positive
integer m > 1such that1 —r" >r > 1— =1 Next, consider i1 = [ with [ > m for a
polynomial 1 +Z’{(71)fri/ in A7 with1 <y <ip <i3 < --- < iy =i,k <1i.Then, this
polynomial is greater than or equal to 1 — #” + Y5 (—1)/ri, which is obviously greater than
r and has A-measure zero. But, it is a possibility that some points in A* could have positive
A-masses too.

Recall the very special r, 7 = rq, the reciprocal of the golden ratio. We know r, satisfies
the equation r§, +rg—1=0and 1 - rg actually equals rfg, whose A-measure can be found
out easily. The next two sections deal with this special case.

3. r = rg: Main Results

In this section and also in the next section, we deal with r = ro = @ unless stated
otherwise. This is a very special case of % < r < 1. Note that r¢ is the reciprocal of the
golden ratio and is the positive solution of the equation 2 + 7 — 1 = 0. To avoid dealing
with too many radical signs and complicating matters, we will continue to use r¢ in these
two sections for this particluar choice of r.

Remark 1. A polynomial 1 +Z]1‘(fl)fr;i inAf withl <iy <ip <z <---<ifp=10k<i
and i; > 2 has zero A-measure.
This is because, 1 — r(%, = rg implies that such a polynomial is greater than r¢ in
magnitude. However, for i1 = 1, such a polynomial may have positive A-measure as well.
In order to notice this, first observe that, A(1 — rg) > 0. This is because, using (2),
we have
AMl—rg) = A(rﬁ) = A(rg)p1o + A1 —rg)pm
implying that A(1 —rg) = 151’?01
Next, consider a nontrivial example, say, the polynomial 1 —r¢ + rézz — rz,. Using (2)
repeatedly and Remark 2, we find that its A- measure equals

A(rg) where A(rg) is already known.

A(rg)piopor + A1 = r5)propn = A1 = rg)piopor + Arg) propiy

implying that the polynomial under consideration has non-zero A-measure. Since we know
A(rg) and A(1 —rg), it is possible to find out A(1 —r¢ + r§ - rg) explicitly.

But, this is only a particular example. Can we make a general observation? Yes. Look
at the following result.

Proposition 3. Any polynomial in A* either has A-measure O or can be written as a polynomial
in A.

Proof. To fix ideas, we assume that our polynomial in A* is 1 + Z?:l (-1)f 1’;{ with1 <ij <
ip <i3 < ---<ir=1iandk <i. Because of Remark 3.0, we can assume thati; = 1. Then,
we consider the following cases:

Case 1: ij =jforj=23,..., k

Then, the given polynomial equals 1 — r¢ + r§ — (—1)kr§

Subcase 1: k is even, say, k = 2m. Then, the above polynomial equals 1 — r¢ + réz, —

st réz,m. Notice that rJé - r{zﬂ = r(];l - ré,% forj=0,1,2,.... Thus, the given polynomial
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equals rg — 73 + 13 — 13+ -+ + 7" 1 — "1 4 12" which equals rg — 13" 413" > 1.
So, it has A-measure 0.
Subcase 2: k is odd, k = 2m + 1. Then, the above polynomial equals 1 — rg+ rz, —
2 1 j+1 j+3
rg’” — =ry —T1g

ré’"“. Once again recall that ré — Ty forj=0,1,2,.... So, the given

polynoimal equals rg — 13 + 13 — 13 + -+ + "1 — T 2t 23 — o 23,
And it is a polynomial in A.
Case 2: There exists an [ such thati; > I and i; = j for j < I. Then, the given polynomial
equals 1 —rg+ 717 — -+ (—1)”11‘;1 + Z}‘:l(—l)fr;j.
Subcase 1: [ is even, say, | = 2m. Then, the polynomial equals 1 — re + rz — =
2’” 1y Zk om (— 1)/'rg, Again, we use r]g — rf;l = r]g+1 ]+3 forj = 0,1,2,... so that

the given polynomial equals 7y — r3 + r — rg 4+ -+ rz"’ T 2"’“ + Zk 2m(—1)fr;f. If

ipy = 2m + 1, then this polynomial equals rg— r + r - r 4+ rz’” 1 ;’"H + rz’”“ +

Zj:Zerl( 1)Jrg, which equals ¢ + Z] ot (— 1)er This is, of course, a polynomial in
A . On the other hand, if ip,, > 2m + 1, then the above polynomial equals 7y — rg,”’*l +

Z o (= 1) rg Once again, it is a polynomial in A.
Subcase 2: lis odd, say, I = 2m + 1. Then, the given polynomial equals 1 — r¢ +

s — e 2"’ 14 rz’” + Zk 2er1( 1)Jrg Applymg once again r] — r?l = r?l ?3

forj =0, 1,2,. o~ thls polynom1a1 equals r¢ — rg + rg — rg + -4 rz’” 1_ é’"“ + er +
G 1)J‘r§' This simplifies to rg — r2" 1 472" 4+ Y5, (= V)ir) = rg + r2m+2 +
2;‘ o1 (— 1)Jrg If iy 41 = 2m + 2, then the above equals r¢ + Z] o2 (— 1)/rg > rg. So,
it has A-measure zero. If iy, 1 > 2m + 2, then the given polynomial equals rg + 1’2’”*2 +

ijmﬂ(fl)frg which is same as r¢ + 7‘2'”*2 r’z””1 + Ej:mﬂ(fl)]rg > 1. So, it has
A-measure equal to zero. [

Remark 2. Because of the above proposition, it is good enough to consider only polynomials in A.
We will rather consider the same polynomials as in the case 0 < r < 1 and will try to work out their
A-measures.

We have seen in Section 2 that the number of elements in A, equals 2n=1 But, because of the
relationship 1 —rg = r§ in the current situation, there will be redundancy and all polynomials are

not distinct. So, we will see that we need to consider at most 2"~2 elements from Ay, for eachn > 3:
Proposition 4. There are at most 2"~ distinct elements in A, for each n > 3.

Proof. Once again, the identity 1 —ry = rg, has a big role to play. For n = 1,2,3 or 4, it

- n=1 and so "

< < ¢ can be

is trivial to observe. For general n, first notice that r/;

=7
8
considered to be in A,,_1. More generally, define

— 7T

k
Z( 1)]1 1< < <ik1<ik;ik1<n,ikn;k<n;n—ik122}
and

k
Rn—{Z( 1)1 "1<11< <ik1<ik;ik1—n—1,ik—n,k<n}

Let Q = U2 3Qn and R = U5 5R,. Then, observe that each polynomial in Q is
numerically equal to a polynomial in R of less degree.
We see this as follows:
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Consider an n > 2. Take a polynomial in Q. If it is r;, we have already provided the

argument, that is, rj = rg’z — rg’l € R,_1. Otherwise, consider a typical element from Q,,

say, ”él - 7’? +ot (*1)1(717’;"1 + (=1 with1 < i <ip < --- < nand for some k < .

k-1 _

If n—ix_q =2, then rg re = 2yt =yl = 173 12 Ag aresult, the given

} g ¢ = Tg g g
polynomial equals rg —7¢ +- - -+ +(71)k_1rg_3 + (fl)kr";,_.z, So,itisa polynomial in R of
less degree (1 — 2). On the other hand, if n — ix_q > 2, then r;gk’l —rg = rék’l — rg,*z + 7’;*1.

So, the given polynomial equals rg — rg + - -+ + (—1)F 11 4 (fl)krg_2 + (fl)k“rg_l.
Once again, this is a polynomial in R of less degree (1 — 1).

It is clear that for each n, A, = Q, UR; and hence A = Q U R. So, because of this
observation, the only polynomials in A that can be considered for A-mass calculation are
the ones in R. Also, it follows that for n > 3, R, has at most 2"~2 distinct polynomi-
als. Consequently, A, also has at the most 2”2 distinct elements and the proposition
follows. O

Remark 3. Thus, for each n, we have fewer polynomials of degree n compared to the situation
0<r<i.
2

Now, it is time we prove our main theorem. We prove it in the next section.

4. r = rg: Proof of the Main Theorem

Here is our main theorem:
Theorem 1. Considerr =ry = @ Then
A0) + A(rg) + A(rg) + A(rg —r3) + A(R) = 1

where R = U5’ 3R, with

k .
R, = {Z(—l)/_lré: 1< <ip<-+ <ip_p<ip_q <1k;zk1n—1,zkn,k§n}
j=1

First, notice that, using (2), it follows that )\(ré) = 151;01 A(rg) and A(rg — r§) =

2
P . s .
(1_1;01 + p01> A(rg). Thus, in order to prove the theorem, it is enough to prove:

P10 + Po1 2
AMR) = —————— A(re — 7 3
(R) = 22 P8 A(rg 1) )
because then,
+ po1 2
/\rfr2+)\R=<1+ P10 ))\rfr
s = 7g) + AR) 1—pi0—por (rg =)
As a result,

1

M0) + A(rg) + A(rg) + Alrg — r3) + A(R) = A(0) + r——

Alrg)

But, recall from Section 3:

A0) = 5 foglo, Alrg) = i1 + A(0)poy = P12 —1;110;)7; _—
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This implies that

1
1—p10—po
This is the reason that it is good enough to prove (3). For this, we proceed as follows.

: : 2.3 2.3 (3 _ 4 23, 4
First of all, notice that R3 = {rg — e, Tg—Ti+ rg}, Ry = {rg — g g —Te Ty g —

A0) + Alrg) =1

34,4 . 2.3 4 ;
1y + 15, g — 15+ 1y — 74} etc. and in general

_f =1 _ _n n-2__ _n-1 n _ n—1 n 2 n—1_ _n
R,,f{rg o, Tg rg A Tg ..., rg—Tg  ATg ... Tg—Tgt Ty rg}

Next, we introduce some notations for any 0 < r < 1.
Define ¢ : R — Rand f; : R — R for every positive integer j as follows: g(p) = rp and
fi(p) =¥/ —p. Thus, Rs = {£2(?), fifa()}, Ra = {f5(r*), ofs(r*), fif3(r*), frfafa(r*)}

etc., and in general,

Ry = {fu1(r"), fuafur(r"), oo, fifur(™), oo, fif2r o fua(P")}

We further define operators F; for j > 2 on R as follows: F, = {f2, fifa}, F5 =
{fs, fafs, fifs, fifafs} etc, and in general,

Foov=Afu-1 faofu-is-oos fifuets oo fifor - fu1}
Thus, Rj = Fj—l (rj) forj=3,4,...and

Fa(p) ={fi1(p), fiafiap), -, fifja(p), oo fifa - fia(p)}

In general, one would anticipate |F(p)| =2, |F3(p)| =4, ..., |Fi_1(p)| = 2/~2. But,
for r = r¢, equality is replaced by < for some ps.

Now, in order to prove (3), we will use a series of Lemmas 1-5. Lemma 1 identifies that
connsecutive R;s have nonempty overlaps for i > 3, Lemma 2 evaluates the cardinality of
the consecutive overlaps, Lemma 3 evaluates the cardinality of the consecutive differences,
Lemma 4 calculates the A- measures of these differences, and, finally, Lemma 5 puts them
together to evaluate the A-measure of R thereby proving (3). Thus, once Lemmas 1-5 are
proved, (3) is proved and the proof of the theorem is complete.

Lemma 1. Consecutive R;s (R; and R;1) have nonempty intersections for i > 3. In fact, R4 N
Rz = @ but Rj+1 ﬂR]' 75 @forj >3

Proof. Itis trivial to observe that R4 N R3 = ¢. Now, notice that r?, — ré + rg, rg — rﬁ, + r§ —

5 2 44,5 . .2, .5 . 2,3 .4 :
rg€1§5ﬂf4be5causerg re +2rg 73rg 4rg—|—r2g713fg Zg—l—rg rg € Ry andautoma;acall5y,
rg—Tgtrg—ry =rg— (rg—rg+ry —15) =15 — 13 +7g € Ry. Thus, RsN Ry = By(rg —13)

and [R5 N Ry| = 2. Ingeneral, R, 1 NR; 2 Fj—z(fé - r{;l) UFj_4(ré - r(];'l) forj > 6. Infact,

we can show that for positive integers k > 3

Ro—1 N Rop—p = Fy_g (3 2 = rg 1) U By _(r

k— k— k— k—
r 2 2—r§ 1)U-~-UF2(r§ 2_r§ b

8
Rok MRpp—q = sz—a(rﬁkf1 - ngk) U sz—5(7§k71 - rfgk) U---u F3(T§k71 - rék)
So, Lemma 1 is proved. O

Lemma 2. Fori > 4, |R; N R;11|s are evaluated upper bounds for |R; 11 — R;| are determined
as follows:

For k > 3, we have,

2 _ 4 _
[Rok—1 N Ro—p| = 5(2% t—1), [RyNRy_q| = 5(2% ‘1)
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so that - -
2787442 2971 44
[Rpk—1 — Rpp—p| < —s [Ry — Rop—1| < —

Proof. From Lemma 1, it follows that [R5 N Ry| = 2 implying [R5 — Ry| < 22 -2 =6,
|R¢ N Rs| = 4 implying |Rg — Rs| < 2* —4 = 12.
In general, notice that for k > 4,

‘FZk—Zl(r§k72]+2 _ ré23k72l+3)‘ _ 22k72171

and
‘FZk—ZH—l (r§k72l+3 _ r§k72l+4)‘ _ 22k72l
for2 <1 <k-—1.Also,

2
[Ragq M Rop] = 2275 4227 442 = S (2% 1)

. . _ _ 2k—2
implying that |Rop_q — Rop_p| < 223 — %(22" 4_ 1> =2 +2and
4
‘Rzk N R2k71| _ 22k*4 +22k76 N 22 _ g (22]{*4 o 1)

implying that |Ro; — Rop_q| < 222 — %(22"*4 — 1> = 221(7%.

Thus, Lemma 2 is proved. [

Lemma 3. Fori > 4, |R; 11 — R;|s are evaluated exactly by getting rid of the redundancies:
More explicitly, for j > 6, not all elements in Rj are distinct. In fact, for k > 3, Ry has

2%k=% 2 and Ry q has 223 — 2 pairs of elements which are numerically equal so that
5.2%74 410 5.2%338
IRok = Rpg1| = ———7—— [Ras1 = Rl = =——5——

Proof. From now on, we refer to duplicates as those pairs of polynomials or elements
in R which have different algebraic expressions, but becaue of our choice of r, they are
numerically equal. In order to exactly evaluate |R;+1 — R;| for i > 4, we need to identify
such pairs.
_ i ; 2 _,5 6 42 4 _ .5 6.
T;hus,5R6 6R5 has2 ’(wollpall‘?3 of d;lphcates, namely, rg—rgtrg &rq retrg—rgtrg;
rg —rg+ry —rgand rg —rg 413 — rg because
2,4 5,6 _ 2 4, 4 5,6 __ 2 5, 6
Tg—TgtTe—rgtTg =T —Tetrg—Tgt+rg=rg—13+71g

2.5 6_.2 4,5 6
rg Tg+7‘g rg—rg I’g+7’g I’g

In general, Ryy — Rpp—1 has 2 +4 +--- + 22k=5 pairs of duplicates implying that
22*’*31+4 — (224 ) = 5»22k*34+10‘

|[Rox — Rop_1] = Here, each pair in the union are
disjoint sets.

Also, Rypy1 — Ry has 2 +4 + - - - + 22575 pairs of duplicates implying that |Ryq —
Rox| = ZZkT*'z —(2%3 2y = Fyzzgﬂ. Again, each pair in the union are disjoint sets.

Thus, Lemma 3 is proved. [

Lemma 4. A-measures of R;1 — R; for i > 3 are calculated as:
First of all, A(R3) = A(rg — rfz)(plo + po1) and for k > 2,

A(Rog — Rog—1) = A(Rok—1 — Rog—2) (P10 + po1) + A(rg — rﬁ)v%’3pol(mo + po1)

which equals
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k—2
1+ Y %™ por (pro + por) —t 2 piopor (1o + por)” 212} 4)
=0

A(Rog — Rop_q) = /\("g - rﬁ) (P10 + por)* 2
where for k = 2, the last sum in the above equation is absent. Also, we have,

MRok41 — Rox) = MRy — Rog—1) (P10 + po1) — ( )P%’é 3po1(p1o + por)

which equals

AMRoky1 — Rog) = )\(7 ) (P10 + por)* 1+ Z P por [ pro+por) 27— (pro + pm)zzz]} 5)

wherefor k= 2, R2k — RZk—] = R4 — R3 = R4 and R2k—1 — R2k—2 = R3 — R2 = R3.

Proof. Recall that R3 = Fz(rf?’) = {rﬁ - rg, g — rﬁ + rg}. Then, using (2) and Proposition 3,
we have
A(Rs) = A(rg = 13) + Alrg =1 +13) = Alrg = 13) (pro + por)
Next, we have Ry = F3 (ré,) — {rg, — 7, r§ - rg, + r(‘é, re — rg + rfz, e — r§ + r?z — rg}.
We find A-measures of these points by making use of (2) and Remark 2. Thus, we notice that
AMl—rg+ r§ - VZ;) = Arg — ré + rg) = A(rg — ";)Plopm

Putting all these together, A(Ry — R3) equals

Mrg = 13) (P10 + p01)* + A1 = rg + 15 — r3) (P10 + po1) = Alrg — r3) (P10 + por)* + Alrg — 13) Propor (P10 + po1)

In other words,

A(Rg = R3) = A(R3)(p10 + po1) + Alrg — r3) propor (pro + por) (6)

It is to be noted that Ry N R3 = @, and so R4y — R3 = R4 which implies A(Rg — R3) =
A(Ry). 4
Before proceeding further, we notice that F; (7’?1) g(F] 1 (rg)> Ufio g( i 1(1’55,))
for j > 4and R;;1 — R; equals g(Rj - R]-,l) Ufi og(R] R],l) forj > 5.
However, at the next stage, we have already noticed that Rs N Ry # @, and so
R5 — R4 75 R5. In fact,
R5 = F4 (7‘2)

Rs— Ry = F, (rg) — K (rj; - rf,)

and

Now, notice that
F4 (rg,) = g(R4 — R3) Uf1 Og(R4 — R3)

So,
Rs — Ry =g(Ry —R3)U f10g(Ry —R3) — F» (}é _ 1’;)

This is the same as

[g(R4 —R3) 7g(rg *1’24’7’;)} U [fl 0g(Ry—R3) — f1 og(rg fr§+r§,)]
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)L(R5 — R4) = A(rg

Since g(R4 — R3) — g(rg - rg, + ré) and f1 0g(Rs —R3) — fi og(rg - rg, + ri,) do not
have overlaps, we deduce that

MRs — Ry) = MRy — R3)(p10 + po1) — /\(”g - rf;) p1opo1 (P10 + po1) @)

which equals

- ng) (P10+ po1)’ + Alrg — 12) propor(pro + por)? — Alrg — %) propo (P10 + pot) ®)

Thus, from Equations (6) and (8), we observe that Lemma 4 is proved for k = 2.
For general k, one can use induction on k and carefully sort out the issues with the duplicates
to complete the proof of the lemma. [

Lemma 5. Finally, we calculate A-measure of R:
AR) = AR —Ri ) =Y A(rg=72) (pro+ P = A(rg = 72) - _Pwotpo
j=3 j=1 1- P10 — Po1

where we put Ry = @.

Proof. Using (4) and (5) for k > 2, Lemma 5 follows trivially and the proof of the theorem
is complete. [

5. Concluding Remarks

In the present context, it is interesting to recall an older problem, first introduced in [7].
It is as follows: consider the very simple situation of a y that is supported on exactly two
2 x 2 stochastic matrices, namely, ( Zi i : Zi ) and < Zi 1 : Z; ) with a; > b; for
i = 1,2. Let the y-masses at these two points be p and 1 — p, respectively, where 0 < p < 1.
Let A be the weak limit of the convolution sequence y". What is the nature of A? If we
denote a; — by = s and a; — by = t, then, in [12], some partial solution to this problem was
mentioned. In the special case scenario whens = fand p = %, it was observed in [13] that
it is precisely the case of Bernoulli convolutions. In fact, the following proposition is stated
in [13]:

Proposition 5. Let y be a probability measure giving equal mass to the matrices < Zl 1 B Zl >
1 1=b0

and < ZZ 1 B Zz ) with a; > b; fori =1,2. Let, say, a1 — by = ay — by = t. Then, the limiting
2 1—0

measure A of the convolution sequence u" is absolutely continuous (where the limt A is identified

as a probability on [0,1]) iff the law of Y o t"€n is absolutely continuous where €,’s are i.i.d. +1

and —1 with equal probabilities.

Although the century old problem of Bernoulli convolutions was finally solved in [14],
there had been a lot of previous studies at various times in different directions in spite of
it being apparently a simple problem with y concentrated on two points only. Thus, it is
quite possible that under our current set up of y being concentrated on four matrices with
% < r < 1, the problem may be at least as challenging as the Bernoulli convolution problem.

We bring in the context of Bernoulli convolutions here to make readers aware that
for a nontrivial % < r < 1, one needs to explore a number of ideas to proceed towards a
complete solution for our problem.
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1. Introduction and the Main Results

Let X1, X, ... be independent random variables (r.v.s) taking values in a separable
Banach space (B, || - ||) with respective distributions Py, P,, .. .. In the i.i.d. case, we will
denote by P the common distribution.

Pois(p) denotes the compound Poisson distribution with Lévy measure y:

oo *k
Pois(p) := e #B) ) HIT" )
k=0 "

where p*f is the k-fold convolution of a finite measure y with itself; y*0 is the Dirac
measure with the atom at zero. S, := Z;<,, X;, where Sy = 0 by definition. The compound
Poisson distribution with Lévy measure y = y, := Y;<, P; is called the accompanying
infinitely divisible law for £(S,) (see [1]); here and everywhere in the future, the symbol
L(&) denotes the distribution of a random variable (r.v.) . We denote by 7, a r.v. having
this distribution.

For every natural m < n, let {X,,;; i > 1} be independent copies of the random
variable X;;. We assume that all the sequences {X;}, {Xj;}, {Xa;},... are independent.
Additionally, let 7t(t), 7t1(t), ...,y (), t > 0 be independent Poisson random processes
with unit intensity which do not depend on the sequences of r.vs above. From (1), it
follows that

Pois(P) = L (5n<1))~ @)
The characteristic functional of a B-valued r.v. { is defined as follows:
pr(l) ==

where [(-) is a bounded linear functional on B, i.e., it is an element of the conjugate space B*.
So, one obtains

Ee!'©, e B,

o (1) = Be'™) = exp{gx, (1) = 1) }.
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Next, the characteristic functional of the accompanying infinitely devisable law is
calculated by the formula

P, (1) := Ee'! (Tun) — exp{ E<(PXU(Z) — 1) } 3)

i=1

In other words,
n
L(TI/IU) = E ( Z S‘Vﬂ,ﬂﬂ;(l)) ’ (4)
m=1

7Tm(1) 0
Xyi,m=1,...,n (with o = 0) are independent, and
=1 i=1

E(Sm,ﬂmm) = Pois(Py) by virtue of (1). In the iid. case, from (3), we obtain that
Formula (4) can be rewritten as follows:

where the sums S,, (1) :=

1

Pois(jtn) = Pois(nP) = L(sﬂ(n))l )

The main goal of this paper is to obtain upper and lower moment inequalities for
some measurable functions of S;; or of the collection Sy, ..., S, via the analogous moments
of the accompanying compound Poisson laws as well as to obtain upper bounds for the
probability tail of these functionals. Results of this kind are related to Kolmogorov’s
problem of approximating sums of independent r.vs by various infinitely divisible laws,
in particular, by the accompanying ones, as well as with an improvement of the classical
probability inequalities for these sums.

In what follows, we consider functions of one or several (say, 1) B-valued arguments.
In the latter case, we consider functions of the n-variate argument z := (z1,...,z,) from
the new Banach space B" := B x - - - x B with the norm |2« := (||z1[]> +...+ Hanz)l/z.
So, for arbitrary Borel functions f(z), G(z) and F(z), with z € B and z € B", introduce the
following notation under appropriate moment conditions:

¢(n) = Ef(Su), (6)
q>F(I_{Vl) = EF(Sl,klr sy sn,kn )r (7)
gn :=EG(S1,...,Sn), (8

where k,, := (ky,..., k), with ki € Z. (Z4 is the set of all nonnegative integers). It is clear
that the function ¢(n) is a particular example of the function g,,. In turn, the latter function
is a particular case of ®p (k) ifk; = ... =k, = 1.
We say that a function ¢ : Z, — R is convex (concave) if the difference
Ap(n) := p(n+1) — p(n) is a nondecreasing (nonincreasing, respectively) function in .
The following two theorems, in particular, contain some results from [2] together with
some new results.

Theorem 1. The following assertions are valid:
1. Forall z € B and naturals m, let the functions ¢y, .(n) := Ef (Smn + z) be convex. Then,

Ef(Sn) < Ef(T;tn) )

provided that the expectation on the right-hand side of this inequality exists.
In the i.i.d. case, inequality (9) holds if only the function ¢(n) is convex.
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2. Let the function ®r (k,) be convex with respect to each coordinate ki € Z.. Then, for every
vector k € Z't,

Or(ky) <EF(t) ... 1) (10)

if the expectation on the right-hand side of (10) exists, where {Tk(]?, j=1,...,n} areindependent
i
1.0-s with respective distributions { Pois(k;P;), j = 1,...,n}.

Remark 1. If the functions ®f (ky) and ¢y, »(n) in Theorem 1 are concave, then, inequalities (9)
and (10) are changed to the opposite. It follows from the well-known connection between convex and
concave functions: concave = —convex.

For a r.v. { with values in B, supp { denotes the minimal closed subset of 13 such that
{ € supp { with probability 1. We need the notion of convexity in the direction determined
by a subset of B. We say that a measurable function f is convex in direction {J;>q suppX; if
forall x € U;>1 supp S;and all z, h € U;>q suppX;, this function satisfies the inequality

flrth) = f(x) < flx+h+2) = flx+2). 11

Notice that, in the one-dimensional case, convexity in direction R (nonnegative sum-
mands) or Z (integer-valued nonnegative summands) is the classical convexity. But in the
multivariate case, the convexity of f does not imply the relation (11). As a counterexample,
we consider the three-dimensional case and the convex function f(x1, X2, x3) = max;<3 |x;|.
Putx = (1,0,0), h = (0,2,0) and z=(0,0,3). It is clear that inequality (11) for these parame-
ters is false. However, this function satisfies the relation (11) in the direction determined by
any one-dimensional subspace of R3.

Proposition 1. In the i.i.d. case, let a measurable function f satisfy (11). Then, under the moment
conditions above, inequality (9) holds.

Example 1. If X; > 0a.s., and f is an arbitrary convex function on [0,00), then, inequalities (9)
and (11) are valid.

We now consider some particular cases of the scheme described in Proposition 1.
Let F;(t) be the empirical distribution function based on a sample wy, ..., w, from the
[0, 1]-uniform distribution. Then, the normalized empirical process v, (t) := nF; (t) can

be represented as the nth partial sum Z X; of the indicator-type i.i.d. random processes

Xi = I, s<t} (w;) taking values in a Banach space, say, L[0,1]. It is well known that the
accompanying compound Poisson r.v. S, for this sum is a Poisson random process
with intensity #, which coincides in distribution with the Poisson random process 7t(nt),
t € [0,1]. Notice that the finite-dimensional distributions of the random process v, (-) are
multinomial. In particular, for each t € (0,1), the distribution £(v,(t)) is binomial with
parameters (1, ).

As consequences of Proposition 1, we obtain the following two assertions.

Corollary 1. Let f : Z — R be a convex function. Then, for any t € [0,1],

Ef(va(t)) < Ef (7e(nt)), (12)
whenever the right-hand side in (12) is well-defined.
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Corollary 2. Let G and f be nondecreasing convex functions on R. Then,

1 1
EG (/f(vn(t))A(dt)) <EG (/f(rr(nt))/\(dt))
0 0

if the right-hand side of this inequality is well defined, where A(-) is an arbitrary finite measure
on [0,1].

One can slightly weaken the convexity property in Corollary 1 by studying power
moments of the r.vs under consideration.

Proposition 2. For every t € [0,1] and any naturals n and m, the following inequalities hold:
E(va(t) + 2)*" 1 < E(r(nt) +x)*"1, Vx> —n, (13)

and
[E(vy (1) +x)*>" 7 < E(m(nt) +x)>"71, Vx> —nt. (14)

Remark 2. It is worth noting that, from Corollary 2, one can easily obtain similar inequalities for
all even moments and x € R. Additionally, for all x > 0, inequalities (13) and (14) coincide and also
follow from (12). So, the only nontrivial cases in (13) and (14) are x € [—n,0) and x € [—nt,0),
respectively. We note that, for x < —nt, the right-hand sides in (13) and (14) may be negative (say,
form=1).

A direct consequence of Proposition 2 is as follows.

Corollary 3. Let f(x) be an entire function on [0, c0).
1. Assume that there is a point xo > 0 such that, for all k > 2, the values of k-th derivatives
F®) (xq) at the point xq are nonnegative. Then, for every t € [0,1] and all n > x,

Ef(va(t)) < Ef(7e(nt)) (15)

provided that the expectation on the right-hand side of (15) is well defined.
2. Assume that there is a point x* > 0 such that

fr = L Loy
k>0
is an entire function on [0, co) as well. Then, for every (0,1] and all n > x*/t,
Ef (1n(1) < Ef* ((nt)) (16)
provided that the expectation on the right-hand side of (16) is well defined.

Example 2. Let f(x) := x® —3rx2, x > 0, where r > 0. Put xo = r. Then, the conditions in
item 1 of Corollary 3 are fulfilled, and inequality (15) is valid for all n > r. But the function f(x) is
convex only for x > r; otherwise, it is concave.

Theorem 2. Suppose that at least one of the following two conditions is fulfilled:
1. The function f is continuously differentiable in the Fréchet sense (i.e., f'(x)[h] is continuous

in x for each fixed h), and for each x € Uiy supp S;and all z,h € U;>q supp X;,

Flx+th)[h) < f'(x+z+th)[h] Vte[0,1); 17)
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2. EXy = Oforallk, f is twice continuously differentiable in the Fréchet sense, and f" (x)[h, h]
is convex in x for each fixed h € ;> supp X;.
Then, the function ¢(n) is convex, i.e., inequality (9) is valid.

Corollary 4. If X; > Oa.s. and f : Ry — R is a convex function, then, inequality (11) is valid.
If X; are random vectors in RK, k > 2, or in the Hilbert space lp, with nonnegative coordinates,
then, the function f(x) := ||x||*™%, where || - || is the corresponding Euclidean norm and o > 0,
satisfies inequalities (11) and (17). For the zero-mean Hilbert-space-valued r.vs X;, the function
f(x) := ||x||B, where B = 2,4 or B > 6, satisfies condition 2 of Theorem 2. Therefore, in these
cases, inequality (9) holds under the restriction E|f (T, )| < 0.

Remark 3. There exist functions f(x) which do not satisfy the conditions of Theorem 2 but the
corresponding function ¢(n) is convex. For example, in the i.id. one-dimensional case, let us
consider the function f(x) := x° and the centered summands {X;}. It is clear that the conditions of
Theorem 2 are not fulfilled. In this case, we have

n
¢(n) = E()_ X;)° = nEX] + 10n(n — 1)EXJEX],
i=1

i.e., it is a quadratic function with respect to the variable n. Thus, if EX] > 0, then, the function
¢(n) is convex; otherwise, it is concave. In other words, in this case, we obtain upper and lower
Poissonization inequalities in dependence on the sign of the moment EX3.

The exactness of inequality (9) is characterized by the following two assertions.
Corollary 5. For independent one-dimensional centered r.v.s { X;}, consider the function f(x) := x°.
Since, for any fixed z € R, the second derivative of the function F;(x) = (z + x)? is convex and
concave simultaneously, then, by item 2 of Theorem 2,

ES) = Et, . (18)

Given a finite measure y on B3 satisfying the condition y({0}) = 0, we denote by ¢, (1)
the function ¢(n) in (6) defined in the i.i.d. case for the summand distribution p(-) /u(B).

Theorem 3 ([2]). In the i.i.d. case, let the function ¢, (k) be convex. Then,

SulI;’Ef(Sn) = Ef(Ty) (19)

whenever the expectation on the right-hand side of (5) is well defined, where L(t,) = Pois(u),
and the supremum is taken over all n and P such that nP(A \ {0}) = u(A) for all Borel subsets
ACB.

Remark 4. Taking inequality (9) into account, we can easily reformulate Theorem 2 for the non-i.i.d.
case. The idea of employing compound Poisson distributions for constructing upper bounds for the
moments of the sums was first proposed by Prokhorov ([3,4]). In particular, relations (9) and (19)
were obtained in [4] for the functions f(x) := x®™ (m is an arbitrary natural) and f(x) := ch(tx),
t € R, in the case of one-dimensional symmetric {X;}. Moreover, in the case of zero-mean one-
dimensional summands, these relations for the functions f(x) := exp(hx), h > 0, can be easily
deduced from [3] (see also [5]).

A more general result in this direction was obtained by Utev [6]. Under condition 2
of Theorem 2, he proved extremal equality (19) for nonnegative functions f(x) having an
exponential majorant, using a technique by Kemperman [7]. In our opinion, the proof of
item 2 of Theorem 2 (see Section 3) is much simpler than that in [6] and needs no additional
restrictions on f(x) and the sample space.
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Relations like (9) and (19) can also be applied for obtaining sharp moments and the
tail probability inequalities for sums of independent r.vs (for details, see [5-12]).

We now consider the centered empirical point process 7, () := v, (t) — nt, t € [0,1],
that one can interpret as a sum of n i.i.d. centered r.vs X; := Iy <y (w;) — t taking values,
say, in the Hilbert space L,([0,1],A), where A(-) is an arbitrary finite measure on [0, 1].
The accompanying compound Poisson random process can be represented in the form
5 (t) := nt(nt) —trr(n), t € [0,1], which may be called as a “Poissonian bridge” with
intensity n on the unit interval. By Corollary 5, we then obtain

1 7 1 v
E(/ mumww) <E( / (nz<t>>2A<dt>> : (20)

0 0

where ¢ = 1,2 or v > 3. If A(+) is the Dirac measure with atom at a point ¢, then, a
univariate analog of inequality (20) is as follows:

E[v,(8)|" < E[7, (1], @n

with an arbitrary v > 3 or v = 2 and any ¢ € [0, 1]. But compared to (20), we have here
less restrictive conditions on <y due to item 2 of Theorem 2. It is clear that we can replace
the power functions in (21) with any function f having a convex second derivative under
appropriate moment conditions:

Ef(7n(t)) < Bf (7(t)). (22)
Itis interesting to compare inequalities (21) and (22) with (12) and (13) taking Remark 2
into account and setting x = —nt in (13). Put 7(t) := 7t(t) — .

Proposition 3. For every t € [0, 1] and any even convex function f on R, the following two-sided
inequality is valid:

max{Ef(tt(n(1—1)),Ef((1 —t)7t(nt))}

< Ef(m(t)) < max{Ef((n(1—1t)), Ef(7T(nt))} (23)
if only the Poissonian moments exist. Moreover, if t € [1/2,1], then,
Ef(m,(t)) < Ef(7(nt)). (24)

Proposition 4. For any x > 0, t € [0,1] and every natural number m,
E(7t;(t) + x)"™ < E(7(nt) +x)™. (25)
Thus, inequalities (21)—(25) improve the estimates (12)—(15).
We supplemented Corollary 2 and Theorem 2 with an example of an infinitely dimensio-

nal function space B. Let B = C[0, 1], with ||x|| := supy.;<; [(t)|. Consider an integral-
type functional of the form

1
F(x) ::/0 g(x()A(dD), xecClo],

where ¢(z) is a smooth function on R. In this case, the first two Fréchet derivatives of f are
defined as follows:

FO = [ oA,

FO () [, hy] = /O L (1)) (D (DAW@E), BBy € C[0,1].
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For example, if the continuous random processes X; = X;(t), t € [0,1], are nonnegative
and the function g is convex (or the first derivative ¢’(x) is nondecreasing in the positive
direction), then, item 1 of Theorem 2 will be fulfilled. On the other hand, if X;(t) are
centered random processes on [0, 1] and the second derivative g (z) is convex on R, then,
item 2 of Theorem 2 will also be satisfied.

We can easily reformulate condition (11) and Theorem 2 for the functions F(z) in (7) if
forany j =1,...,n and fixed z; € B, we put

Fz-,j(x) = F(zl,...zj,l,x,zj+1,..4,zn) (26)

and, under the conditions of Theorem 2, replace the function f(x) with F; ;(x) for Z from
an appropriate subset.

Corollary 6. For every fixed j = 1,...,n, let the functions F;;(x) satisfy (11) for all
x,h € Ujs1suppSji and z € Uj>1 supp Sy, k # j. Then, under the moment conditions
above, inequality (10) holds.

In (7), put
F(z):=G(z1,z1+22,..., 21+ ... + zp). (27)

Corollary 7. Let the functions F; (x), defined in (26) by the function F(Z) in (27), satisfy the
conditions of Theorem 2. Then,

n .
n < EG(T,(,i),T,(Jll) + T,(,?,, . Z T,(,:)), (28)
i=1

where the independent r.v-s {T,E?} are defined in Theorem 1.

The above results deal with some type of convexity. However, one can obtain mo-
ment inequalities close to those mentioned above without any convexity conditions. The
following result is valid for the r.vs {X;} such that 0 < Pr(X; = 0) < 1 for all i.

Theorem 4. In thei.i.d. case, for every nonnegative measurable function f, the following inequality
holds:

EF(S:) < T Ef (), 29)

where p := Pr(X; # 0).
Corollary 8. For any measurable nonnegative function F(z) in (7),

@p(T) < AEF(T,... 7)), (30)
with A, := exp{¥_l_; pi}, where p; := Pr(X; # 0). In particular, in the non-i.i.d. case, the factor
(1—p)~1in (29) may be replaced with A,.

For an arbitrary vector ko #1,

Op(kn) < AZEF(T0) 7% ), 31)

where Aj =TT, (1 —pi) ! < exp{¥l, pi(1— pi)’l}.

In Theorem 4 and Corollary 8, we do not require the existence of the expectations
considering their values on the extended real line. It is clear that, in the non-i.i.d. case,
inequalities (29) and (30) provide a sufficiently good upper bound under the so-called
Poissonian setting when the summand distributions have large atoms at zero, i.e., the
probabilities p; are such that the constant A, is not too large.
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Notice that some particular cases of inequality (29) are contained in [1,13].

Remark 5. In the case n = 1, there exists a slightly better upper bound than that in (29). In
this case, the factor (1 — p) =1 on the right-hand side of (29) can be replaced with e?. However, in
the special case when Sy, = Y i<, 1/](’) (pi), where {1/](') (pi)} are independent Bernoulli r.vs with
respective parameters {p; }, there exists a better upper bound than that in (29). In this case, we can
replace the factor Ay with (1 — p) =2, where f = max{p;; i < n} (see [14,15]).

Corollary 9. Let g be a nonnegative function satisfying the condition Eg(mt(A)) < oo for some A.
Then, for every n and p satisfying the condition np < A, the following inequality holds:

eA—np
Eg(va(p)) < ﬂEg(ﬂ(A)) (32)
Moreover,
lim — Eg(va(p)) = Eg(7(A)). (33)

n—oo, np—A—0

Remark 6. It is worth noting that, under the minimal moment condition above, we cannot replace
the one-sided double limit in (33) with the classical double limit, and the condition np < A in (32)
cannot be omitted. Moreover, there exists a nonnegative function g(k) (see Section 3) such that
Eg(7t(A)) < coand

lim sup Eg(vn(p)) = co. (34)

n—00, np—A+0

2. Applications to Empirical Point Processes

In this section, we formulate some consequences of the above theorems as well as
some new similar results for empirical point processes indexed by subsets of a measurable
space. These processes generalize the scheme of univariate empirical point processes vy ()
from the previous section. These results are a basis for the so-called Poissonization method
for generalizing empirical point processes. Sometimes, it is more convenient to replace an
empirical point process under study with the corresponding accompanying Poisson point
process having a simpler structure for analysis (for example, independent “increments”).
Some versions of this sufficiently popular and very effective method can be found in
many papers. In particular, some probability inequalities connecting the distributions of
empirical processes (in various settings) and those of the corresponding Poisson processes
are contained in [13,16-18], etc.

Let x1, X2, ... be L.i.d. r.vs taking values in an arbitrary measurable space (X, A) and
having a common distribution P. The empirical point process is introduced as

n
Vn(A) = Z IA(JCi), A€ A,
i=1
and the accompanying Poisson point process

n(n)
Hn(A) = Z IA(xi), A€ AC,
i=1

where A; = {A;} is a countable family of measurable sets, and a standard Poisson random
process 7t(+) is independent of the collection {x;}.

We will consider these processes as r.vs taking values in the separable Banach space
By(A) of all functions Y(-) on A such that ;-1 |Y(A4;)]727F < oo for some q > 1, endowed

with the norm y
q
[Y (A
¥l = (sz -

i>1
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In the case g = co, we deal with the supnorm [|Y||e := sup; |Y(A4;)|. Itis clear that
the Banach space B;(A.) is isomorphic to the Banach space L;[N, A], where N is the set of
natural numbers, and A is a discrete probability measure on N with A({k}) = 27*. So, the
point process I, (+) is the accompanying compound Poisson process for the point process
Viu(-) in the Banach space By (Ac).

As a direct consequence of Proposition 1, the following assertion is valid.

Corollary 10. Let ®(-) be a measurable functional on By(A), which is convex in the positive
direction with respect to the standard pointwise partial order in function spaces. Then, under
appropriate moment conditions, the following inequality holds:

ED(V,) < ED(I1,). (35)

As examples, one can consider functionals of the form

Q6 f(Y) =G <Zfi(Y(Ai))>r

i>1
where G and {f;} are nondecreasing convex functions on R provided that }_ |fi(x)| < co
i>1

for all x € R. For such functionals, it is easy to verify the conditions of Corollary 10 (see the
proof of Corollary 2).

By analogy with the univariate case, the centered empirical point process
V@ (A) := Vu(A) — nP(A) and the corresponding accompanying compound Poisson point
process IT9(A) :=I1,(A) — nP(A)IL,(X) are introduced. For such processes, the second
assertion of Theorem 2 can be reformulated as follows:

Corollary 11. Let ®(x) be a measurable functional on By (.A¢) having a convex second Fréchet
derivative. Then,
E®(Vy) < E®(IL), (36)

whenever the expectation on the right-hand side of this inequality exists.

As examples of such functionals, one can cite ®g, (Y).

We now introduce the so-called restricted empirical point processes. Let Ag € A and
p:="P(x; € Ag) € (0,1). Consider the restrictions of the point processes V;,(A) and I1,,(A)
on the set Ay := {A € A.: A C Ao}, which is denoted by V;*(A) and IT};(A), respectively.
We call these processes Ag-restricted point processes. In this case, Vi (A) = S, = Y1 1 X;,
where X; := {Is(x;); A € A}, i =1,...,n,areiid. stochastic processes indexed by the
elements from the family Ay, with p := P(X; # 0) € (0,1). We may consider {X;} as i.i.d.
r.vs taking values in the Banach space Boo(\A¢). As a direct consequence of Theorem 4, we
then obtain

Corollary 12. The following inequalities are valid:

1

L(V;) < m

L(T15), (37)

* 1 *
EF(Vy;) < HEF(HU'

where F(-) > 0 and the expectations take their values on the extended real line.

We now introduce a class of additive statistics of the empirical point processes. Let
A1, Dy, ... be a finite or countable measurable partition of the sample space. We assume
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that p; := P(A;) > Oforalliand p; > pp > p3 > .... Denote v, := V,;(4;). We study a
class of additive functionals of the form

q)f(Vn) = Zfz‘n(vz‘n)/ (38)

i>1

where {f;, } is an array of functions on Z, with }_ [f;,(0)] < co.
i>1

Example 3. We now give a few examples of additive statistics.

(1) Given a finite partition {A;; i =1,...,m}, put fi(x) := Gonpi 1,...,m. Then,

npi
we deal with a x*-statistic of the form

L YR, )2
D) = 3

-

i=

(2) The log-likelihood function can be represented as the following linear functional:

N
DQ;(Vy) := Evin log p;.
i=1
(3) Fix a countable partition {A;; i > 1}. Let fi,(x) = f(x) := Is(x). (For countable
partitions, we assume that 0 ¢ A). Then, the functional

Dp(Vy) = Z Ia (Vin) (39)

i>1

is the number of cells A;, each of them contains a number of the sample points X; from the range
defined by a subset A of naturals. 1t is the so-called infinite multinomial scheme of placing particles
(balls) in cells (boxes) (for example, see [19-24]).

For additive functionals (38), one can also obtain Poissonization inequalities using the
above mentioned inequalities for restricted empirical point processes. The next theorem is
related to estimating the distribution tails of additive functionals (38) via the probability
tails of the same functionals of the accompanying Poisson point process I, (-). The main
property of the functionals @ (TTy) is that they have a structure of sums of independent r.vs.

Theorem 5. Let fi;;(-) > 0 for all i. Then, for any x > 0,
P(Df(V) > x) < 2C*P(Pf(I1,) > 2/2), (40)

where C* := I&i‘i‘lmax{ (Li<k pi) T (Tieepi) ! } If, additionally,

sup ) fia(x) < Cun
X i<m
for some natural number m, then,
-1
P(®s(Vy) > x) < <Z p,) P(®f(I1,) > x — Cun).- (41)
i<m

Remark 7. It is worth noting that, in (41), the constant Cy, ,, may be interpreted as a level of trunca-
tion for the r.v. Y.<, fin(vi,). In this case, we should add the probability P (Y i<, fin(vi,) > Cun)
to the right-hand side of inequality (41).

Integrating both sides of inequality (40) in x on the positive half-line, we obtain
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Corollary 13. Under the conditions of Theorem 5, let F be a nondecreasing function defined on
R, continuous at zero and F(0) = 0. If EF(2®¢(I1z)) < oo, then,

EF(®f(Vy)) < 2C*EF(2®(I1)). (42)

As an example, consider the functional @, (V) defined in (39). Then, as a consequence
of (41) and Chernoff’s upper bound (see [25]) for the probability tail of a sum of independent
nonidentically distributed Bernoulli r.vs (the transition from finite sums to series in this
case is obvious), we obtain the following result.

Corollary 14 ([24]). Put M,(B) := E®,(Ilz) = Y1 P(m,, € B). Then, the following
inequality holds for any ¢ > (M, (B))~:

([T

_ 82Mn(B)

—1’ >s> <2pile 20, (43)

where 6 := € — ﬁ(B).

Remark 8. We note that one can replace the Poissonian mean M, (B) in (43) with the mean
E®y, (V5), which differs from M, (B) by no more than 1 due to Barbour—Hall's estimate of the Pois-
son approximation to a binomial distribution (see [24,26]). Further, if the condition M, (B) — oo is
met as n — oo, then, from (43), we obtain not only the law of large numbers (already formulated in
Corollary 2) but at a certain growth rate of the sequence M, (B), the strong law of large numbers

(SLLN). In particular, if p; = Ci~'7?, then, M,,(B) ~ C(B)nllW for any subset of natural num-
bers B (see [24]). If in the case m = 1, we consider the infinite intervals B = By := {i : i > k} for
any k € Z, then, the SLLN is valid only under the condition p; > 0 for all i. This follows from
estimate (43), monotonicity of the functions Ip, (x) and simple arguments in proving SLLN in [27]
(see also [21]). Moreover, inequality (43) allows us to estimate the rate of convergence in SLLN. If
M, (B) — oo, this rate of convergence has the order O(M;; /2(B) log'/? n).

3. Proofs

In this section, we prove some key assertions formulated in the previous two sections.

Proof of Proposition 1. In the ii.d. case, the convexity of ¢(k) directly follows from (11):

Pk +1) = @(k) < E(f(Sks1 + Xiy2) = f(Sk + Xpy2)) = p(k+2) — p(k+1).
O

Proof of Corollary 2. Denote

1
Fonz i= [ Fx(t) +h(t) +2(0)A(d),
0

where x(t), h(t) and z(t) are nonnegative measurable bounded functions. Due to the
convexity and monotonicity of f, one has
Froo0 < Froz Feno = Fro0 < Fonz — Froz-
From these inequalities and convexity of G, we immediately obtain
G(Feno) = G(Fr00) < G(Fepz) — G(Frpyz)-

So, condition (11) is fulfilled. O
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Proof of Proposition 2. First, we consider the case n = 1. In other words, we deal here
with the Bernoulli r.v. v () with parameter .

Lemma 1. For every natural m, the following inequalities hold:

E(vy(t) + %)L < E(r(t) +x)%"7, v > 1, (44)
and

[E(vi(t) + x)2" Y < E(m(t) + x)2"7 L, va > —t (45)
Proof. In order to prove (44), we first study the case x = —1.. We have

E(vi(t) —1)>" 1 =¢—-1,

(-1 2m—1
E(n(t) - 1) = —e '+ ) (I k? the ™!
k=2 '

1 & (k71)2n173 P

t2
—t - ¢ -t _ _ -t _E(1 F 2m—3
> —e +2k; oo te e+ (1+7t(t))
£ 2m—3
>t—1—5+§E(1+n(t)) >t—1, (46)

where m > 2 (in the case m = 1, the assertion is trivial). We have proved inequalities of
the form (44) for even moments and all x € R (see Corollary 1). Therefore, inequality (44)
remains true after derivation of both its sides with respect to x. So, inequality (44) follows
from this fact and (46).

Taking inequality (44) into account, we conclude that, to prove (45), it suffices to
deduce only the inequality

E(t — vy (£)?" 1 < E(nt(t) — £)>"1, (47)
Denote g, (t) := E(7t(t) — t)™. We need the following recurrent relation for g, (t) (for
details, see [16,28]):

m—2

gm(t) =t Y Ck_ig(t), (48)
k=0

where m > 2, go(t) = 1 and g;(t) = 0. From (48), we conclude that, for all naturals m, the
functions g, (t) are nonnegative and nondecreasing on [0, 1].
First, we assume that t < 1/2. Then, we have

E(t— 1 (0 = (1 — (P2 — (1 - 1P"2) <,

and (47) holds because of the nonnegativity of the functions g, (f).
In the case t > 1/2, we consider another Bernoulli r.v. 71(f) := 1 — v(t), with
F:=1—t. By (44), we then obtain

E(t—vi (1)1 = (0 () — D' < gam1(F) < gom-1(t)
due to the monotonicity of the functions gy (t). The lemma is proven. O

Since vy (t) coincides in distribution with the sum of independent copies of the r.vs
vy—1(t) and v (t), the further proof of the theorem can be continued by induction on n
(using (22) and the binomial formula). The proposition is proven. [
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Proof of Corollary 3. Due to Fubini’s theorem and the Taylor expansion of the function f
at the point xp, the existence of the moment Ef (7t(nt)) implies the equality

®) (xq
Ef((nn) = Y L0 B (nt) — xo )t
So, for all n > xg, one can apply inequality (13) for every summand with k > 2 of the
series on the right-hand side of the above identity that yields inequality (15). Here, we have
taken into account the fact that

E(7t(nt) — x9) = E(vu(t) — x0),

i.e., the first two summands in the series representations of the expectations Ef (7r(nt)) and
Ef (v, (t)) coincide.
Inequality (16) is proved similarly, using the estimate (14). [

Remark 9. Inequality (53) is a part of a more general result in [15]. It is worth noting that this
upper bound is an estimate for the so-called Radon—Nikodym derivative of a binomial distribu-
tion with respect to the accompanying Poisson law. This problem was studied by a number of
authors ([14,29,30], and others). In particular, under some additional restriction on n and p, a
slightly stronger estimate is contained in [29]. However, in general, the upper bound (53) cannot
be essentially improved. Under some restrictions on n and p, a lower bound for the left-hand side
of (53) has the form (1 — cp) ™!, where ¢ < 1 is an absolute positive constant. For example, for
n = 1, an unimprovable upper bound in (53) equals e? < (1 — p)~L. It is easy to check that
e’ > (1—p/2) forallp < 1/2.

Proof of Corollary 8. Taking Remark 9 into account, we have a refinement of estimate (53)
in the case n = 1, and as a consequence, we obtain

Eg(vi(p)) < ePg(m(p))

for any nonnegative function g. The further arguments of proving estimate (30) are quite
similar to those in the proof of Theorem 1 below.
Estimate (31) is a direct consequence of estimate (53) and the arguments above. [

Proof of Corollary 9. Inequality (32) follows from Lemma 2 and the simple estimate

P(n(np) =j) _

np i A—np A—np
su - = su e <e
jP P(rt(A) =) jp( A )

if np < A only. Otherwise, there are no uniform upper bounds for the Radon-Nikodym
derivative under consideration.

Relation (33) follows from the classical Poisson limit theorem and inequality (32), which
provides fulfillment of the uniform integrability condition. The corollary is proven. [

To prove relation (34), we consider the function g(k) := (1V (k —2))A k. It is clear
that Eg(7t(A)) < co. Otherwise, we have

Bs0) > gy 1 a-im (%) (1-5)""

j<kn—1 n

where n > 4 and k;, := [/n]. Further, it easy to see that, as n — co and np — A,

I (1j/n)=e><p{ )3 j/n+0<ki/n2>}~exp{ki/Zn}w“z

j<kn—1 j<kn—1
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and

We now suppose that np/A =1+ n~* for some & < 1/2. Then,

np kn feun=®
( ! ) ki oo,
which must be proved. O

Proof of Theorem 1. In the ii.d. case, inequality (9) is a simple consequence of relation (5)
and the classical Jensen inequality:

Ef(t,) = Ep((n)) > ¢(n) = Ef(Sn).

In order to prove inequality (9) in the non-i.i.d. case, taking formula (4) into account,
we put

n
Ty 7= Y S (1)- (49)
m=1

The further reasoning is quite analogous to the above. Put zy := Y3, _, S, » 1) Using
the above arguments, we have

Ef(Ty,) = EEz @1z (71(1)) 2 EEz 1z (1) = Ef (X1 +21),

where the symbol E,, denotes the conditional expectation given z;. Now, we put
2p := X1 + Yp,—3 Sm,m,,- Then, repeating the same calculation, we obtain the estimate

n
Ef(X1+21) = EEzy¢2,(712) > EEzy¢2, (1) = Ef (X1 + X2+ ), Smr,)-

m=3
Continuing calculations in this way, we obtain inequality (9). Theorem 1 is proven. [

Proof of Theorem 2. The first assertion is trivial because, under condition 1, from Taylor’s
formula, we have

1 1
flr+m) = fx) = [ f G+ tmiar < [ f ez 4 t)lds
=flx+z+h)—f(x+z)

forevery x € G and z,h € U, suppX;, that is, inequality (11) is fulfilled.

To prove the second ass_ertion, we only need to prove this in the i.i.d. case because,
using the arguments in proving Theorem 1 above, we can reduce the problem to the i.i.d.
case. It remains to observe that, under condition 2 and given z, the function f(x + z) has
a convex second derivative with respect to x. So, we prove the assertion in the i.i.d. case.
Taking into account continuity in x of the function f”(x)[h, h] for any fixed h and using
Taylor’s formula, we have

F(Sis1) = F(5) = F/(S00Kenr] + [ (0= 0 (S (Xpen) Kpon Kokt (60)

First, we average both sides of (50) with respect to the distribution of Xj 1 and use the fact
that, for any centered (in Bochner sense) r.v. X and an arbitrary linear continuous functional
1(+), the equality EI(X) = 0 holds. Averaging both sides of this identity with respect to the
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other distributions, we then obtain the equality (with a probability interpretation of the
remainder in (50))

plk+1) —¢(k) = %Ef//(sk + T Xi41) [Xier 1, Xipa] = Ef" (Sk + {Xkr2) [Xii2, Xieya)  (51)

due to the ii.d. condition of { X\ }, where { is a r.v. with the density 2(1 — t) on the unit
interval, which is defined on the main probability space and independent of the sequence
{Xx} (we may assume here that this space is reached enough). It is worth noting that,
because of the integrability of the left-hand side of (50), the expectation on the right-hand
side of (51) is well defined due to Fubini’s theorem. In the i.i.d. case, by Jensen’s inequality
(for the conditional expectation E; x, ,), we finally obtain from (51) the inequality we need:

PUk+1) — 9k) = JBBgx, L F(Sk+ §Xin) X, Xy

1
< EEfN(SkJrl + 0 X1 2) Kiv2, Ko = ¢k +2) —p(k+1).
The theorem is proven. [

Proof of Theorem 4. First, we prove two important lemmas which play a key role in
proving the theorem. For the initial r.vs which are nondegenerate at zero, let {X?} be
independent r.vs with respective distributions

L(X]) := L(Xi|X; #0),
with p := Pr(X; # 0) € (0,1). Denote S, := ¥, X?.
Lemma 2 ([2,31]). In thei.i.d. case, under the above notation, the following relations hold:

L£(S,) = c(sgn(p)), Pois(nL(X1)) = c(sg(np)), (52)

where L(vy(p)) is the binomial distribution with parameters n and p; the pair (v, (p), 7(np))
does not depend on the sequence {X9}.

The equalities in (52), which are very convenient in studying the accuracy of the
Poisson approximation of the sums, are contained in various forms in many papers (see,
for example, Refs. [29-35], and others). Actually, these relations also represent versions of
the total probability formula and are easily proven.

Taking into account the representations in (52), we can reduce the problem to the
simplest one-dimensional case when we estimate moments of a binomial distribution
using, for example, convexity arguments as above. However, in this case, we can obtain
sufficiently exact inequalities for the moments of arbitrary functions without convexity
using the following lemma from [15] (see also [2]). For the convenience of the reader, we
reproduce the proof of this assertion.

Lemma 3. Foreachp € (0,1),

(53)
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Proof. For every nonnegative integer j < n, we have

Plv(p)=j)  nn—1)---(n—j+1) o
P(r(np) =j) W(l—py (1—p)e™

= log(1 jlog(1  tog(1- -
= expq n(p +log(l —p)) — jlog( *P)+Z{%0g< *g)

i=

< exp{ ~log(1— p) +n(p +log(1 - p)) — (j— 1) log(1 - p)

(j-1)/n ji—1
+n/0 log(1 — x)dx} < exp{— log(1—p) —nHy (T) },

where Hy(x) = —p+x+ (1 —x)log((1 —x)/(1 — p)). The following properties of H,
are obvious:

d2

Hy()=1-p, Hy(p) =0, Hy(p)=0, - H,(x)=1/(-7),

x
which implies Hy(x) > 0 for all x < 1 due to the convexity of H(x), i.e., inequality (13) is
proven. [J

Finally, as a consequence of Lemmas 1 and 2, we obtain the following moment inequal-
ity for any nonnegative function g(-):

Es((p)) < T8 (n(np)),

and apply this inequality for the conditional expectation E (X0} f (SS,, v ), given the sequence
{X%}. Theorem 4 is proven. [

Remark 10. Inequality (53) is a part of a more general result in [15]. It is worth noting that
this upper bound is an estimate for the so-called Radon—Nikodym derivative of a binomial distri-
bution with respect to the accompanying Poisson law. This problem was studied by a number of
authors ([14,29,30] and others). In particular, under some additional restriction on n and p, a
slightly stronger estimate is contained in [29]. However, in general, the upper bound (53) cannot
be essentially improved. Under some restrictions on n and p, a lower bound for the left-hand side
of (53) has the form (1 — cp)~!, where ¢ < 1 is an absolute positive constant. For example, for
n = 1, an unimprovable upper bound in (53) equals eP < (1 — p)~L. It is easy to confirm that
e’ > (1—p/2)forallp < 1/2.

Proof of Corollary 8. Taking Remark 9 into account, we have a refinement of estimate (53)
in the case n = 1, and as a consequence, we obtain

Eg(v1(p)) < efg(m(p))

for any nonnegative function g. The further arguments of proving estimate (30) are quite
similar to those in the proof of Theorem 1, applying formulas (52) for n = 1 and the
above inequality for the corresponding conditional expectations. Estimate (31) is a direct
consequence of estimate (53) and the arguments above. [

Proof of Corollary 9. Inequality (32) follows from Lemma 2 and the simple estimate

sup

P(r(np) = j) <np)je)\—np < Anp
j

P(n(A)=j) VA
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if np < A only. Otherwise, there are no uniform upper bounds for the Radon-Nikodym
derivative under consideration.

Relation (33) follows from the classical Poisson limit theorem and inequality (32), which
provides fulfillment of the uniform integrability condition. The corollary is proven. [

To prove relation (34), we consider the function g(k) := (1V (k —2)!)A~K. Tt is clear
that Eg(7t(A)) < co. Otherwise, we have

Bs(P) > 1 emgy 11 (- ()" (1="2)"™,

j<ha—1 n

where n > 4 and k;, := [\/n]. Further, it is easy to see that, as n — co and np — A,

I (1—j/n)exp{— > f/n+o<k3/n2>}~exp{—kﬁ/zn}~e“2

j<kn—1 j<kn—1
and .
n—~Kkn
(1 — Q) ~e N,
n
We now suppose that np/A =1+ n~* for some & < 1/2. Then,
np kn feun =%
( ! ) ki oo,

which was to be proved. O

Proof of Theorem 5. For any natural k, we denote

Z fzn Vln

i<k

It is clear that

(k) X _ oW x
P(cpf(vn) > x> < P(d>f (V) > 2) +P(c1>f(vn) o (V) > 2). (54)
In the notation of Theorem 1, let V,; be the restriction of the point process V, to the set

= U A; with a hit probability p := Z pi. Under the sign of the first probability of
i<k

the right-hand side of inequality (54), we replace the point process V,, with V7 and use
inequality (37) for the distributions of the restrictions of the corresponding point processes
under consideration.

The difference

q)f(Vn) *@}k)(vn) = Efin(vin)

i>k
is an additive functional of the restriction of V}, to the set A := U A; with hitting prob-
ability p := Z pi. For this functional, we also use estimate (37). As a result, taking into

account the nonnegatwlty of all fi,(-), from (54) and Theorem 1, we easily obtain
-1
P(@f(Va) 2 %) < (2 P:) p(of(11,) > 7)

i>k
+<E p,-> 71P(<1>f(nn) — o (11,) > %) < 2C*P(q>f(n,,) > g)

i<k

N[ R
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Inequality (41) is proved similarly:
~1
P(q)f(vn) > x) < P(Z fin(Vin) > x — Cm,n) < <Z Pi) P<q)f(Hn) >x— Cm,n)~
i>m i<m
The theorem is proven. [

Proof of Proposition 3. First, taking into account the fact that the increments of Poissonian
processes are independent, we note that the r.v. 75 (t) = m(nt) — trr(n) coincides in
distribution with the r.v.

Y= (1—t)7(nt) — tay(n(1 —t)). (55)

Since the r.vs 77(nt) and 771 (n(1 — t)) are independent and centered, the lower bound in (23)
immediately follows from Jensen’s inequality. The upper bound follows from the convexity
and evenness of the function f.

Since the centered random process 7(t) has independent increments, the expectation
Ef(7t(t)) is a nondecreasing function in t in virtue of Jensen’s inequality. So, for t € [1/2,1],
the right-hand side of (23) coincides with Ef (7z(nt)). O

Proof of Proposition 4. It is clear that it suffices to consider the case x = 0. Moreover,
taking inequality (24) into account, we prove estimate (25) for every ¢ € [0,1/2] only. The
characteristic function of Y has the form

Py (s) := exp{g(s)},

where g(s) := ntel1=)5 £ (1 — t)e~* — n. So, the mth moment of Y is calculated by the
formula EY"™ = i~ (") (0). We need the multiple differentiation formula of products:

uv) Z Ck K pn=k),
with (©) = . We then obtain

o™ (0) = (g (s) gy (s) Zcm 185D 0)9)" 0. (56)

A similar representation is valid for the characteristic function of 77(nt):

Pion( Z Ch 5 091 0), &7)

where f(s) := nt(e”® —1) — isnt and Pr(n) (8) = ef),
We now compare the coefficients in the sums in (56) and (57). One has

0(0) = fnt(1 — £)[(1— 1+ (~1)H1),

() =0, fO0)=nt, Vk>2.

Moreover, for each t € [0,1/2] and all naturals k,
0<(1—=0[1—-HFT"+(—D)FF 1 <1
In other words, for all naturals k,

0 < i *e®(0) <i k(o). (58)
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Since

l—m Z C 1l—k 1, (k+1) (0)i k+1— m%((m 1- k)( 0) (59)
then, all the values i _kq)Yk ) (0) are nonnegative. Therefore, the inequalities

B0 <l 0

are easily proved by induction on m using the relations (56)—(59).
Thus, the proposition is proven. [

4. Conclusions

In the present paper, some inequalities were obtained for the distributions of sums of
independent B-space-valued r.vs in terms of the accompanying infinitely divisible laws. As
consequences of these results, similar inequalities were obtained for the distributions of
empirical and accompanying Poisson point processes.

It is worth noting that the above arguments for additive statistics are also transferred to
more general additive functionals of the U-statistic structure of empirical group frequencies:

uf,n(vn) = Z fn,il,m,i,,, (Vn,ill e Vi )/

1<ih<..<ip

where {f, i, i, (-)} is an array of finite functions defined on Z"' and satisfying only the

restriction
Z | fo,i Jit,e ,zm( ,0)] <oo Vn,
1< <..<ip
with vy, ; := V,(4;) and finite or countable measurable partition {A;} of . In this case, the

problem is reduced to studying the distribution of the Poissonian version Uy, (IT,) where
one can use a martingale approach for estimating its moments and probability tail.
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