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This Special Issue of Mathematics titled “Advances in Differential and Difference Equa-
tions and Their Applications” presents a collection of articles that highlight the significant
progress in the study of differential and difference equations. These contributions cover
a wide range of topics, from boundary value problems and the asymptotic behavior of
solutions to complex mathematical models and the application of fractional and difference
equations in various scientific and engineering fields.

Differential equations are a core mathematical tool for modeling dynamic systems in
a diverse range of areas, such as physics, biology, economics, and engineering. Likewise,
difference equations provide discrete counterparts to continuous models, which are crucial
in understanding phenomena occurring in digital systems and various computational
models. The papers presented in this issue reflect the latest theoretical advancements and
applications in these important research areas.

1.  Radially Symmetric Positive Solutions of the Dirichlet Problem for the p-Laplace
Equation, by Bo Yang, presents new lower estimates for positive solutions of the
p-Laplace boundary value problem, offering significant insights into the existence and
nonexistence conditions for such solutions (https://doi.org/10.3390/math12152351).

2. Minimum Principles for Sturm-Liouville Inequalities and Applications, by Phuc
Ngo and Kunquan Lan, introduces a minimum principle for Sturm-Liouville inequal-
ities, providing a framework to understand solution behavior in boundary-value
contexts (https://doi.org/10.3390/math12132088).

3. Global Existence of Small Data Solutions to Weakly Coupled Systems of Semi-
Linear Fractional o-Evolution Equations, by Seyyid Ali Saiah et al., explores the
existence of a long-term solution in fractional evolution equations, analyzing memory
terms and initial conditions (https://doi.org/10.3390/math12131942).

4.  Stability and Bifurcation Analysis in a Discrete Predator—Prey System, by Luyao
Lv and Xianyi Li, investigates a Leslie-type predator-prey model, focusing on the
influence of functional responses on stability, bifurcation, and dynamics (https://doi.
org/10.3390/math12121803).

5. Differentiation of Solutions of Caputo Boundary Value Problems, by Jeffrey W.
Lyons, generalizes differentiation techniques for fractional boundary value problems,
expanding upon classical results (https://doi.org/10.3390/math12121790).

6. Kamenev-Type Criteria for Testing Asymptotic Behavior of Solutions, by Hail
S. Alrashdi et al., examines third-order quasi-linear neutral differential equations,
offering new tools for studying the asymptotic behavior of solutions (https:/ /doi.org/
10.3390/math12111734).

7.  Existence of Solutions to a System of Fractional g-Difference Boundary Value
Problems, by Alexandru Tudorache and Rodica Luca, analyzes multi-point boundary
conditions in g-difference systems, demonstrating their existence (https://doi.org/10
.3390/math12091335).
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Bifurcation Analysis for an OSN Model with Two Delays, by Liancheng Wang and
Min Wang, delves into the dynamics of online social networks, focusing on delays
representing user activity transitions (https://doi.org/10.3390/math12091321).

The Blow-Up of the Local Energy Solution to the Wave Equation, by Yulong Liu,
studies finite-time blow-up and local existence for wave equations with nontrivial
boundary conditions (https://doi.org/10.3390/math12091317).

A Signed Maximum Principle for Riemann-Liouville Fractional Differential Equa-
tions, by Paul W. Eloe et al., derives conditions for maximum principles in fractional
differential equations with periodic boundary conditions (https://doi.org/10.3390/
math12071000).

Periodic Solutions to Nonlinear Second-Order Difference Equations, by Daniel
Maroncelli, offers conditions for periodic solutions in nonlinear difference equations,
highlighting their computational and theoretical implications (https://doi.org/10.339
0/math12060849).

Chains with Connections of Diffusion and Advective Types, by Sergey Kashchenko,
investigates oscillator chains, emphasizing their stability under diffusive and advec-
tive couplings (https:/ /doi.org/10.3390 /math12060790).

Existence and Limit Behavior of Constraint Minimizers for a Non-Local Kirchhoff-
Type Energy Functional, by Xincai Zhu and Hanxiao Wu, studies minimization
problems in energy functionals, connecting them to Kirchhoff-type equations (https:
//doi.org/10.3390/math12050661).

Multivalued Contraction Fixed-Point Theorem in b-Metric Spaces, by Bachir Slimani
et al., extends fixed-point theorems in b-metric spaces, contributing to fixed-point
theory (https://doi.org/10.3390/math12040567).

Multiplicity Results of Solutions to Schrodinger—Kirchhoff-Type Double Phase
Problems, by Yun-Ho Kim and Taek-Jun Jeong, establishes solutions for double
phase problems with concave-convex nonlinearities using advanced theorems (https:
/ /doi.org/10.3390/math12010060).

Global Existence, Blowup, and Asymptotic Behavior for a Kirchhoff-Type Parabolic
Problem, by Zihao Guan and Ning Pan, investigates pseudo-parabolic equations with
fractional Laplacians and logarithmic nonlinearities, analyzing the dynamics of the
solution (https:/ /doi.org/10.3390/math12010005).

We extend our gratitude to all of the authors who contributed their original work to

this Special Issue, and to the reviewers whose critical evaluations ensured the high quality
of this collection. Finally, we thank the Editorial team of Mathematics for their professional
support and for providing a platform to publish this important body of work.

We hope that this Special Issue serves as a valuable resource for researchers, sparks

new ideas, and strengthens the connections within the global mathematical community.
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Abstract: In this paper, we studied a class of semilinear pseudo-parabolic equations of the
Kirchhoff type involving the fractional
up + M([u)?)(=8)*u + (=A)°us = |u|P~2ulnu],
u(x,0) = up(x), inQ,
u(x,t) =0, ondQ x (0,T),
semi-norm of u, (—A)* is the fractional Laplacian, s € (0,1),2A < p < 2f =2N/(N —2s),Q € RN
is a bounded domain with N > 2s, and 1 is the initial function. To start with, we combined the

Laplacian ~ with
inQx (0,T),

logarithmic  nonlinearity:

, where [u]; is the Gagliardo

potential well theory and Galerkin method to prove the existence of global solutions. Finally, we
introduced the concavity method and some special inequalities to discuss the blowup and asymptotic
properties of the above problem and obtained the upper and lower bounds on the blowup at the
sublevel and initial level.

Keywords: parabolic; Kirchhoff type; logarithmic; Galerkin method; potential wells

MSC: 35R11; 35K92; 47G20

1. Introduction

We deal with the following fractional Kirchhoff-type semilinear pseudo-parabolic
problem involving logarithmic nonlinearity:

up + M([u)2) Seu + Lxug = f(u), inQx(0,T),
u(x,0) = ug(x), inQ, @
u(x,t) =0, ondQ x (0,T),
where f(u) = |u[P~2uln|u| and the Kirchhoff function M(t) = t*~1 with t € R} and
Ael, 27‘) for 2f = 2N/(N — 2s). For convenience, we set the functions:
70(xy) = lo(x) - 9(y) PK(xy),
T (x,y) = (p(x) — 9(y)) (¢(x) — ¢(y)K(x,y).

As a non-local integration operator, %% satisfies:

Zxe(x) =2 lim

i T (x,y)dy,
Ho+/RN\Dw<x) (xoy)dy

0l = ([ 100~ PG paay)

Mathematics 2024, 12, 5. https:/ /doi.org/10.3390 /math12010005 3
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for Vo € C3°(RN), where Dy, (x) refers to a sphere in RN with x € RN as the center and
w > 0 as the radius. The function K : RN\ {0} — R satisfies: K(x) > m|x|”N+2) for
vx € RN\{0}, where m is a positive number and s € (0,1), so that KoK € L!(RN)
when Kg(x) = min{|x|2,1}. Usually, we set K(x) = |x|~(N+25) to meet the above condi-
tions. Ergo, it can be inferred that .Zxu = (—A)u for Vu € CJ(RN). For more-relevant
details about the fractional Laplacian and fractional Sobolev space, we can refer to the
literature [1,2].

In recent years, research on the problem of parabolic equations with the fractional
Laplacian and Kirchhoff term has been a hot topic. In [3], the prototype of the Kirchhoff
termcan be traced back to 1883:

2 L 2
U L TR
Bythedescriptiono ft h 2L Jo = ox ox

which described the physical phenomenon of elastic string vibration. As a result, more and
more scholars are attempting to introduce the Kirchhoff model into the study of parabolic
equations, obtaining many interesting results and more-complex changes. In [4], the authors
put forward the following Kirchhoff-type problems with a non-local integral operator:

~M(|JulZ) L = Af (x,u) + [u* “u; @

here, 2, is equal to 2} in this article. (2) imposes a special constraint on f when proving the
existence of non-negative solutions, while considered an auxiliary problem with

_f M(1), 0<t<ty,
Ma(t) _{ 0, if t > to.

Application and research on the Kirchhoff term can be found in [4-12], where we note
that, in each of these papers, the authors gave the following restrictions to the Kirchhoff
function:

Mo)M : RT — R is a continuous and non-decreasing function.
0 &
(M1)M(t) > a, wherea > 0, for Vt € R{.

We let M(t) = a+ bt~ (t > 1) meet the conditions My and M, where a > 0 and
b > 0. Specifically, in this article, we seta = 0,b = 1,and A € [1,5).

In [13], since Sattinger introduced the theory of potential wells in the construction of
the global existence of the solution for hyperbolic equations, a growing number of authors
have introduced the theory of potential wells in the study of various properties of solutions
of parabolic equations; see [5-8,14]. On the other hand, Levine established the concavity
method in [15,16]. In [5], Pan and Zhang opened up a way of investigating the nature
of Kirchhoff-type parabolic problems containing the fractional p-Laplacian when they
investigated the existence of global solutions at sublevel (#(1) < d) and critical energy
level (7 (ug) = d) for (3), combining, for the first time, the theory of the potential wells
and the Galerkin method:

e+ 1)y VP (=AY = |2, 3)

where p < ¢ < NP/(N —sp) with1l < p < N/sand1 < A < N/(N —sp). In [9], Yang
and Tian took a deeper look at (3) by letting p and g satisfy 2 < pA < g < Np/(N —sp)
with1 <A < N/(N —sp). They obtained the blowup properties and asymptotic behavior
of the weak solutions at the sublevel and critical energy level by means of the potential
well theory, the concavity method, and some inequality tricks. In [10], Zhang and Xiang
investigated the burstiness of non-negative solutions at sublevel (# (1) < d), critical
(A (ug) = d), and supercritical (#(19) > 0) in p = 2, in addition to obtaining the
corresponding upper and lower bounds on the blowup at different energy levels. We can
also see [11,12,17,18] for more details on the application of these two methods.
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In [19], Ding and Zhou made p = 2 and replaced the polynomial term at the right of
Equation (3) with the logarithmic nonlinear term:

ut+M([u]§)ZKu = \u\quuln\ub 4)

at this point, the Kirchhoff term M(t) = a +bt*~'(a > 0,b > 0) was taken. In order to
analyze the effect of the logarithmic terms on (4), the logarithmic fractional-order Sobolev
spaces were introduced, and some inequality tricks were cleverly used to analyze the
problem in depth and to obtain the global existence, invariance of the region, blowup, and
asymptotic behavior. In [20], the authors also considered (4), with the difference that the
Kirchhoff function is an unknown function, and they used differential inequality techniques
to overcome these difficulties to obtain upper and lower bounds for the blowup.
For the problem:
up — ANuy — Au = uP,

the authors studied the initial-boundary-value problem with subcritical level J# (up) < d
for Z(ug) < 0and 2 (ug) > 0, critical level 52 (up) = d with Z(ug) > 0, and high initial
energy % (uy) > d and also introduced invariants for three sets B, G, and Gy. Moreover, to
learn more about the nature of solutions and the definition of the sets, we can refer to [21].
In [22], Chen and Tian introduced a logarithmic term on the above model to obtain the
following semilinear pseudo-parabolic equation:

u— Ay — Au=uf Inul;

for the above model, the authors utilized a modified potential well theory and the definition
of the logarithmic Sobolev space to obtain quite different results from parabolic equations
containing polynomial nonlinear terms. The details with logarithmic Sobolev spaces can be
found in [7,8,12,19,23-25].

Inspired by the above work, we added a fractional-order nonlinear dissipative term
(—A)*uy to (4) and let M(t) = t~1, different from the Kirchhoff function considered in [19].
In the subsequent proofs, we introduce the correlation function .2,(u), as well as the new
set of potential wells ¥, and a tighter control of the logarithmic terms. In this article, we
considered the problem (1). In Section 2, we give the definition and related properties of
the logarithmic fractional Sobolev space. In Section 3, we give the modified potential well
theory and some necessary Lemmas. In Section 4, we construct an approximate solution to
the problem (1) using the Galerkin method. In Section 5, we focus on proving the existence
of global solutions when 7 (119) = d for Z(ug) > 0or 0 < #(up) < d for 2 (uy) = 0.
In Section 6, we prove the finite-time blowup at subcritical (J#(uy) < d) and critical
(A (up) = d) energy levels and derive the corresponding upper and lower bounds. At the
same time, we obtain the asymptotic behaviors of the global solutions. In Section 7, we
give an example to illustrate our results. In Section 8, we provide a conclusion of the entire
article.

2. Preliminaries

In the following, we first give some necessary definitions about fractional Sobolev
spaces and related properties, and we can refer to [26,27] for more details.
Now, we introduce some definitions. We define L7 (Q)) to be the usual Lebesgue space

for v > 1 with the norm:
. 1/y
ull, = ulTdx ;
Ially = (i)

in particular, when y = 2, we define the inner-product in the following form:

(u,v) :/qudx.
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In the following, let 0 < s < 1 and define the fractional critical exponent 2; by
2N
—, if2 N
= N_2 MW
00, if 2s > N.
Put Q = RN\, where © = ¢(Q) x ¢(Q) € R?N and ¢(Q) = RN\ Q. We considered
the fractional Sobolev space ¥ satisfying the Lebesgue measurable functions u from R to

R, ie.,
/ TH(x,y)dxdy < co.
Q

The space Y is prescribed the norm:
) - 1/2
Jully = <|IM|IL2(Q) + /Q 9”(x,y)dxdy> :
We considered the closed linear subspace:

Yo={ue¥:u(x)=0 ae in 0Q},

its norm being defined as

1
2
lullvg = [, 7" e pydy) " ®)
The function space ¥ denotes that
Y
Yo =C(Q) .

Forall u, v € ¥y, we define

o = [ 7 y)axdy

From now on, we will only consider the general case where K(x —y) = |x — y|
and more relevant details can be found in [27].

N+Zs

Lemma 1. (i) There exists 0 = o(N,v,s) > 0, where v € [1,2%], such that, for arbitrary

veYy,
||v||2L < tT// (x,y)dxdy < — // T7(x,y)dxdy.

(ii)  There exists ¢ = 0(N, s, B, Q2) > 0 such that, for arbitrary v € ¥,
.//Q T (x,y)dxdy < |0} < TT/ 0 T (x,y)dxdy.

(iii) For any bounded sequence (v;); in ¥, there exists v € LY (RN), with v = 0 a.e. in 90, such
that, up to a subsequence, still denoted by (v]-)]-,

vj — v strongly in L'(Q) as j — oo,
foranyv € [1,27).

Definition 1 ([28]). (Maximal existence time) T for which u is a weak solution of Equation (1) and
satisfies the following two conditions is called the maximal existence time:

(1) Ifu(t) exists for Vt € [0, +00), thenT = +oco.
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(2)  Let ty € (0,+00) and u(t) exist for 0 < t < to, but be non-existent at ty, so that T = t.
3. The Potential Well

In the following, we will give some notations and Lemmas. First of all, we define

A0 = gl = [l e+ ©
and
2(w) = [l — [ JulInjuldx. )
A definition of potential well as followsin Equation (1) is defined as follows:
Y = {u(x) € ¥Yo|2(u) >0, #(u) <d} U{0};
the external set © is indicated as
O = {u(x) e ¥o|2(u) <0, #(u) <d},
where
d= ui?; (1), (8)

denotes the depth of the potential well and the Nehari manifold is indicated as
I ={uec¥y|Pu)=0, u+#0}.
Moreover, the positive set and negative set are represented as

Iy ={ueY|2u) >0},
I_={ue¥y|2(u) <0}

Obviously, from (6) and (7), we have
1 1 1 o 1 p
— 29 _ - -
H () p](u) +(531 p)llullxyo + p2||u||p~ ©)
Moreover, for Vi € [0,00), we set
P,(u) = t|jul]% f/ PIn fuldx,
W) = tlully, — | Jul?Infuldx

Lee 1 (10)
— e—2A
(5(1/8) - (E£+g)p+ 2 ’

where 2A < p 4 ¢ < 2§ and E. is the optimal embedding constant for embedding ¥y into
LPYE e,
[l p-+e

E,= sup .
uE¥\{0} [l

We impose a new series of potential wells such that
Y, = {u(x) € ¥o(Q)|Z(u) >0, 5(u) < d(:)} U{0},

®, = {u(x) € ¥o(Q)|2,(u) < 0, #(u) < d(1)},

where
d(1) = inf 2 (u),

ue s
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and
I ={ue¥|Z(u)=0,u+#0}.

Specifically, we can substitute (10) for (9):

1 1 ! 1
%”(M):;@L(M)Jr(ﬁ—;)HMII%Jr?HuHﬁ- (1n

Definition 2. u = u(t) is named a weak solution of the problem (1), if u(t) € L*(0, 00;¥) with
up € L2(0,00; L2(Q))) and it satisfies the following equation

/ upvdx + (1, v)y, + (s, )y, = / [u|P~2uIn [u|vdx,
Ja Ja

where
(v)9y = M(2) [ 7 (x gy,

(ut,v)qfo = //Q T (x,y)dxdy,
forany v € ¥,.
Lemma 2. Let ¢ be a positive number; we can obtain
Ins < ésg, Vs € [1,+00).

Proof. Letg(s) =1Ins— ésg for all s > 1. Clearly, g attains its maximum value at s, = et;
thus, g(s) < g(s«) =0foralls > 1. O

Lemma 3. Let u € ¥o\{0}, and consider a function l:0 — 5 (cou) for Vo > 0:

1) lim (@) =0, lim (@)= —co.
@—0t @——+00

(2)  Function [(@) is strictly monotonically increasing on (0, @), strictly monotonically decreas-
ing on (@*,00) for unique @*, and max (@) = 1(@*).

3) Z(wu) > 0forw € (0,0*), Z(@u) < 0for@ € (@*,0), and Z(@*u) = 0.

Proof. (1) By the description of /7 (1) in (6), we have
@t oy @F @’ po @
(@) = —5-llully, — " /Q [P In |u|dx — 7ln@HMHp + ?Hqu-

Obviously, (1) holds.
(2) By simple calculations, we have

(@) = @1 (Hu”\z{(\) sl /Q |u|P In [u] dx — wﬂ*mmknuu,’;).
Set 0(@) = @' ~2M'(@), then we have
(@) =~ 21 ((p =20 @l + (=2 Il Il + [} )
Q

therefore, by taking

oy — expd ZIHIb= (P =20 Jg P juldx
! (p—21)[ull} '
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thus o' (@) > 0 for @ € (0,@), o'(®) < 0 for @ € (@1, +0c0) and o'(@1) = 0. We

can notice that 0(0) = Hu||\21,)L > 0 and lim o(w) = —o00,50 0(@*) = 0 for a unique

@* € (0,+00) yields I'(@*) = @**~1 ( ) = 0; it is shown that (2) holds.
(3) By the description of £ (u), we can obtain @!' (@) = I(@u); thus, (3) holds.
|

Lemma 4. If u € Yo and for e > 0, it satisfies 2A < p + ¢ < 23, then:

(1) If0 < |lully, < 0(1,€), then 22, (u) > 0. Pre-eminently, if 0 < ||u|ly, < 6(1,¢), then
P(u) > 0.

(2)  If 2,(u) <O, then ||ul|y, > 6(1,¢€). Pre-eminently, if 22 (u) < 0, then |Ju||w, > 6(1,¢).

(3)  If 2, (u) =0, then |[u||w, > (1, €) or ||u||w, = 0 holds. Pre-eminently,

l|lullw, = 0 when 2 (u) =

Proof. (1) 0 < |[ully, < 6(s,€), (10) and Lemma 2 gives

+e—2A
Dollulle,”

+ +
/Iul”lnluldx<*Hqu < B H I, < tulF,

pte =

implying 2,(u) > 0. Pre- emmently, P(u) >0, where: = 1.
(2) ByLemma?2and Z,(u) <

. p+£ 2)\

;

+
ulF, </ [P In |u]dx < *Hullﬁﬁ <

thus, [Ju||y, > 0(,,€). If we put 1 = 1, we can conclude that [|u||y, > 6(1,€).
()  Z.(u) =0when |lully, = 0. In contrast, if &,(u) = 0and |u|¢, # 0, we can obtain

20
ul, = / |7 In |u|dx < *Hullﬁi < Bllully
ie, |lully, > o(r ). If we put =1, (3) is valid.
O
Lemma 5. Forall 1 > 0 and for € > 0 satisfying 2\ < p +¢ < 2,
(Lo
40) = (35~ ) we)
and it is description as follows:
() = inf{A (u)|u € Yo, [|u|l¥, # 0, Z,(u) = 0}.
Proof. Fix (> 0. Z,(u) = 0 and ||u||y, # 0 with u € ¥, then
+ e ELT +e—2
€ € £—
ullF = / |7 In |ue]dx < *Hullﬁﬂ < || Ky = =~ Nl el

Hence,

e 1 __
[ue]|w, > (EHS)pﬂ—u =6(1¢).
*

ully, > 6(1,€) or
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Therefore, by Lemma 4(3),

ff(u)%%(u) <———)H e %HuH;’i

L

> (**;)II ul|F,

1 !
> ———JZAL,e.
> (3= )8 0e)

Thus, d(1) = inf{(u)|u € Yo, ||u|l¥, # 0, Z,(u) = 0}, as claimed. If welet: =1,
we can deduce that

=d(1) = (* - *)5“(1 £). (12)
O

Lemma 6. If u € Yy, d(:) follows these properties:
(1) d(1) > k(1)6*M(1,¢), where k(1) = 2)\ 5 0<i< .
(2)  There exists a unique 7t € (1, +00), such thut d(m) =0,and d(1) > 0, where 1 € (1, 7).

(3) When 1 € (0,1], d(1) is monotonically increasing and monotonically decreasing, where
1 € (1, ) with a maximum at 1 = 1.

Proof. (1) Letu € .%; the definition of (1) and Lemma 4(3) give

%(u)*(f—f)\l I + = /l(u)+ 2||”Hp
zk(t)lluny(,
> k(1)8% (1, €).
(2) Set
h(0) = o||ul[§} — 67— '/Q |ulP In [u|dx — 0P~} In6|[ul|},

then
W(9) = —pr—2A-1 {(p —2)) ln9||u|\5 +(p—2A) /Q |u|P In |u|dx + ||uHZ];

let ' (0) = 0; we can obtain

6" — exp My~ (p=24) Jo luf? Infuldx)
(p = 22)|[ull} '

thus h'(#) > 0 on (0,6%), W(6) < 0 on (6* +o). We can clearly see that
h(0) = l||MH%% > 0, as well as Glim h(6) = —co forall u € ¥y satisfy ||u||y, # 0; by
—r+o00

the definition of Z,(u1), we have

2,(0u) = 6**h(0);

10
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®)

therefore, there exists a unique 6; € [0, +o0) such that 2,(6,u) = 0, which implies
611 € J,. By the expression d(t), one obtains

d()<%”(6u)
1 1 1
*9’”( —7/ u”]nudx—flnBup—i——up)
H 1%, . [ [l Inful p [ullp sz IIp
— —00(f — +o0);
hence,
lim d(1) <0
1—>+00

In addition, due tod = d (l) > 0 by (12) and d(1) being continuous about ¢, so letting
d'(1) = 0, we have 1 = ;/—, which implies that d(1) is increasing when 1 € (0, pﬁs}
p+€,+00) Since p+s < 1, we have d(p+€) >d(1) >0, and
we have that d(1) is decreasing in [1, +o0), which leads to the existence of a unique
7 € [1,400) such that d(n) =0and d( ) > 0when: € [1, 7).

For arbitrary 0 < // < / < lorl < (" </ < mand arbitrary u € ., there exist
v € .% and a constant {(/, ") > 0 such that % (v) < (1) — {(,1") holds. Clearly,
for the above u, we can define the same 6; (1) that appears in the proof of Lemma 6(2)

to be satisfied, such that 2,(6;(1)u) = 0 and 6;(:") = 1. Let ¢(61) = 5 (61u), then

and decreasing when ¢ 6 (

25960 = (1= el + L(6u)) = 6211 = )l

Taking v = 6;(:" )u, then v € I M0 <) < /" <1, then

L4
Hw) = A () =9(0) = 9O = [ - (#(6)d0y

= [, 00 e
LA, O 1) (1~ 61(/)
=, >o.

If1 </ </ < m, then
A () = A (0) = p(1) = p(6:(/))
> (=)0 ) () - 1)
= (1) >0

Thus, (3) holds.
O

Lemma 7. Let 0 < 5 (u) < d foru € Yoand 1 <1 < 15 be two roots of d(1) = 4 (u). Then,
the sign of 2,(u) remains unchanged for 11 < 1t < 1.

Proof. If the sign of #,(u) changes in (11, 12), 7 (1) > 0 implies ||u||y, # 0, according to
Z,(u) being continuous about ¢, and we can pick an ¢ € (i1, 12) such that I, (1) = 0. Thus,
(1) > d(1), which forms a contradiction with 57 (u) = d(11) = d(1n) < d(1+). O

Lemma 8. Let 1 € (0, £7) and u € Y. Assuming %”(u) < d(1), then:

(1)
2)

If 2,(u) > 0 then ||u||q,0 <X ; where k(1) = 5 — 5
IfHu|\I,(J > k ), then 2,(u) <

11
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3 If Pi(u) =0, then [|u|3) < g;

Proof. For 0 << £
1 L oA 1 p, 1
) = (— — L - Ly <
() = (53 p)HMH% + szunL p%(u) <d(),

d
then [[uf[3 < §4.

The proofs of (2) and (3) closely resemble the proof of (1). O

Lemma9. Assume 7 (u) < d withu € Yo. Then, 2 (u) > 0 if and only if

HuH\ZY/; < (52/\(1,8). (13)
Proof. If (13) holds, from
21
S gt < e < g = 3l =l
2(u) > 0is valid.
In contrast, & (u) > 0 and
1 —2A
() = ;,@(MH”ZAP s+ 5l < d = ”ZAP 2 (1e),
yield
22 uli (19).
|

4. Galerkin Method

In the following that, we prove that there is an approximate solution to (1) by the
Galerkin method. For the Galerkin solution, we refer to [5,29,30].
Put {wj}]?”:l as a column of a base function in L2(Q). Firstly, we define m(t,x) :

[0,T] x RN — Rand #,(t,«) : [0, T] x RN — RN by
n

(1 (£, %)) //|2K, Yo = L)) K x = y)dxdy

(// \2K] () = Y2 k(D)o () PR (x - )dxdy)Al,

j=1

wherex = (k1,%2, -+, k) and m(t,h) and 1, (¢, k) are continuous about t and k; we consider
the ordinary differential equation.

V' +m(t, V(6 V) 4+ (8, V) = fu(V),
{ V(0) = A,(0),

where A, (0); = [ un(0)w;dx, g2 (V)i = [ ¢(V)wjdx.
Multiplying the above equation by V' to obtain

V'V +m(t, V)i (t, VIV + 11 (t, VIV = fo(V)V,

12
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where
; A-1
mVmeviv=| [[ ] Zv Jooj(x) = ) w(t)w,-(y)ﬁK(x—y)dxdy]
j=1
n
// \ZV Jwi(x) — ZV Jw;(y)]
n
: {Z Vi(Hwi(x) = ) Vi(Hwi(y) | K(x — y)dxdy > 0,
i=1 i=1
n n
e VOV = [[ 1L V00 = L V0w m)
Q= =1
Z Vi(H)wi(x Z Vi(t)w; y)] —y)dxdy,
thus
V'V + ., VYV < fu(V)V,
ie.,
19 , 19 1 S
WO+ 2 St VIV < fV)IVI< 2 faV)PIVE,
and combining this with Gronwall’s Lemma yields |V (t)| < C,(T) for t € [0, T].
Let
to=0, |V(t)=V(0)] <2Cu(T),
= V) —m(t,V)ngu(t, V)|,
9= o T (V) = m(t, V)i (£, V)]
and oC (T
h = min{T, Cr;})( )},

for which there exists a local solution when |t — fo| < h. Letting t; = h as an initial
value, one obtains the existence of the local solution to the ordinary differential equation in
(1, 2], tz =1 +h,..., then we divide [0, T] into [0, 1], ..., [ty—1,tn], where t; = t; 1+ h,
i=1...,.n=1t, = T thus, there is a local solution on the mterval [ti_1,t]. So, b € C'[0,T]
asa solutlon to the above ordinary differential equation. By the definitions of m(t, V) and

1n(t, V), we construct the following approximate solution u,(x, t) of the problem (1):

n
xt) =) bu(hwjx), n=12...,
=1
satisfying
(1tnt, 07) (s, 0}t + (s ) = (fn st I [un, 0y),
where
A1
{tn, @)y, U T (x, y)dxdy} ~/Q T (x, y)dxdy,
and

(tnt, wj) ¥, // T (x,y)dxdy.

13

(14)

(15)
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un(0) €W,  u,(0 ngw] —ug € ¥y as n —» oo, (16)

Since V € C'[0, T], then u, € C1([0, T]; ¥o). Multiplying (15) by V'j,(t) and adding j
from 1 to n, we obtain

A—1
/Q |ttt Bl + { / /Q 9“"(x,y)dxdy} / /Q grimtine(x, ) dxdy + / /Q it (x, ) dxdy

:/Q|un|p*2unumh1\un|dx,

ie.,

/|unt|%dx+ﬁﬁ{// T xydxdy} +// Tt (x,y)dxdy

17)
= G5 el ),
then integrating (17) about ¢ yields
J ey X ey N I e T
= g1 = [ 1O 0 0+ s O)
since 1, (0) € W, we can obtain
/Ot Fus (Ot + 7 (1 (£)) = #(un(0)) <d, 0<E<T, (18)

where the description of f; () can be seen in Theorem 4; we will not emphasize this in the
sequel.

Next, we show that u,(t) € ¥ holds for n large enough. If the conclusion is incorrect,
there exists a ty € (0, T] such that u,(tg) € Y, i.e., J(uy(ty)) = d and u,(ty) € ¥o\{0} or
P (un(tg)) = 0. Obviously, 5 (u,(ty)) = d contradicts (18). In fact, 7 (11,(tp)) > d from
the description of d in (8) in the even of u,(ty) € .#, which denies the truth of (18). So, we
have u,(t) € ¥ for large enoughn and ¢ € [0, T].

uy(t) € ¥; thus, 2(u,(t)) > 0. Furthermore, by (18) and the definition of J# (1) in (9),
for large enough nand all t € [0, T},

't 't —2A 1
) DB+ [ e e+ E = )1, + 5l (01 < d,

2Ap
which yields
t
/ e (1) 13t < d, Wt € [0,T), (19)
2Apd
(), < 7, Ve 0T, 20)
[ (£ )Hp <p d vt €[0,T], (21)

14
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for arbitrary T > 0. By a straightforward calculation,

)26y 1 0]

. _P_ . _r_
= Jo, [l O Zan @y 1| [l (0261 (0|,
k 1 2

where
Q1 ={xe€Qu(x,t)| <1}, O ={x€ Q| |u(x,t)] >1}.
Since 1
inf sPlns =sP"lns| 4 = ——-,
s€(0,1) s=e P71 (P - 1)6

we deduce that
1

/Q1 (p—1)e

Taking € = W into Lemma 2, by Lemma 1(i) and (20), we have

_r_
ot ()72 (8) I ()] | i < )PTIQ)| = Dy, Vt € [0,00).

P *
/Ozl\un(tﬂpﬂun(t) ln|un(t)|‘ "x < C/QZ | (£)|% dx < C||un(t)||i;g @

2Apd
p—2A

* 2f
< CCy[lun(B)IIF, < CCa )7

7

where C; = % in Lemma 1(i). Thus, from the above proof, it follows that

o1 2Apd | %
/ 16 (£) 72100 (£) I 1 (1)]| ™ < Do+ CCy (—=E0) 3 1= D, 22)
Q p—2A
Next, we prove u,(t) € L*(0,00; ¥p), unt € L?(0,00; L2(Q)).
Combining (19) and (20) with (22), there exists u(t) € L%®(0,00;%y) with
up € L2(0,00; L2(QY)), |u|P2uln|u| € L?(0, oo;L%(Q)) and a subsequence of {u,}% ;,
still denoted by {u,}$_;, such that

uy = uin L2(0, 00; ¥y), (23)
tyr — 1y in L2(0,00; L2(QY)), (24)
[t P 20 I 12| = |0 P~ 20 I |u] in L°(0, oo;L% (Q)); (25)
by (23), (24) and Lemma 1(iii),
ty — uin L2(0,00; LP(QY)), (26)

which implies |t |P~2uy, In [ty | — |u|P2uln |u| a.e. in Q x (0, 00).
By (23)~(25), letting w; = v € ¥p and n — o0 in (15),

(11,0) + {1, 00w, + (11, 0}y = (|l 2uln |u] ).
Indeed, as indicated by (23) and (24), we have u,(x,0) — u(x,0) in L?>(Q), then for the

union with (16), u(x,0) = ug(x) € ¥o.
Finally, we prove the energy level inequality:

/Otfut(t)dt () < A (ug). 27)

15
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By (22), (25), and Hoélder’s inequality, we obtain

‘/ \unmn\un\dx—/ |u|P In |u|dx
] O

= ’/ [t [P I (1| — ety | [P 72000 10| vty |10 | P2 I 1ty | — |u]P I || dx
Q

+'/ ([t P~ 210 10 [1t] — P20 10 a] )l
Q

-1
<DV ug —ullp + ‘/Q u(\un|p’2unln\un| — |u|”’*2nln|u|)dx

— 0asn — oo.

By (18), (23), (24), (26), and (28), the construction of the approximate solution in (14) and (16),
and the definition of 7 (u) in (6), we deduce that

t 1 1
2A P
| Fun0dt gl + Sl
.. t 2 .. t 2 P 21 1. . r
<t | e B+t [ [+ i e, + i in
. . t t 1
< imin( [ o B+ [ e+ el + )
1 t t
— 1 . - P 2 2
hﬂ%ﬂf(E(""Hp/ﬂ'”"' lr1|u,1|dx+/O ||um||2dt‘+/0 [ttt ||, dt)
e
= i —_ p
S (E(ua (0)) + Sl 1 ] )
1
= (u +7/ u|P In |uldx,
(o) + o [ 1ulIn

which implies that (27) holds.

5. Existence of Global Solutions

In the following, we consider the global existence solutions of the problem (1).
Theorem 1. Suppose that ug € Yo, 7 (ug) =d, P(ug) > 00r0 < #(ug) <d, P(up) =0.
Then, the problem (1) has a global solution u(t) € L*(0,00;¥q) such that uy € L*(0,00; L2(Q)))
and u(t) € ¥, where

Y=YUo¥ = {u € ¥o| 2(ug) >0, 5 (uy) <d}.
Proof. Let6,, = 1— ,17, Ugm (x) = Opug(x), m = 2,3,.... Consider the initial condition

u(x,0) = ug,(x) and the corresponding equation:

u(x, t) = ugm(x), in Q) (29)

up+ M([u)?) Gu + Ly = JulP2uln|ul, inQ xR,
u(x,t) =0, in Q) x Ry

If ug = 0, the problem (1) has a global solution u(t) = 0, so we mainly consider uy € ¥o\{0}
in the following proofs. Now, we prove & (uq,,) > 0; in fact,

2 (wow) = 03 1ul¥, — 08, [ ol tn uoldx — 65, 106, | Juol7dx
> 02 uol%, = 0 [ fuol” n Juoldx (0)

21 [
= 63 (Juoll3} — €5 ™ [ fuol” In uolt);

16
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we note that there are two aspects: (1) [ |uo|? In [ug|dx > 0and (2) [, [uo|? In ug|dx < 0:
(1) If [ Juo|? In Jug|dx > 0, by 2 (up) > 0 or P (ug) = 0, we have

luol3) > [ ol n |,
and from (30), we obtain
P (won) > 03 (|woll¥) — 05 [ Juol” Inuolex) > 0. (31)
(2) If [ Juo|? In Jugldx < 0, from (30), we obtain
P (ugm) > O3 |uo||, > 0. (32)

Thus, we obtain & (u,,) > 0. By the calculation,

d - -1 -1
Ja ot ) = 03 [, — o} /O|u|P1n|u|dx—95, In Oy [
1
= 5o (O3 ) — oh [ jul? n Juldx — 0 In 0] ) (33)
m
1
= —P(0nu).
O

Therefore, combining (31)—(33), we obtain

d d 1
—_— = —_— = G .
0, .%(Mom) dgmjf(f?muo) 0, j(emuo) > 0;

this means that .77 (ugy, ) is strictly monotonically increasing with 6,,. So, we have
,}f(u()m) = ,%(Gmuo) < jf(uo) <d.

In Section 4, we proved that the problem (29) admits a global solution 1, (t) € L®(0, c0; ¥()
with e € L2(0,00; L>(Q)) and 1y, (t) € ¥ for 0 < t < oo, satisfying

(tmt, ) + (i, 0)wy + (e, 0)wy = (|t [P 2t In [, 0), Vo € ¥o. (34
Combining (18) with (9), we deduce that

t t
p—21 1 1
M eme et + E ml +  nl + 2 am(0)) < - @5)

Since 2 (uy(t)) > 0, from (35), we have

t
/0 te |2t < d,
2Apd
p—2A
lumllp < p*d;

A
||umH‘2Po <

thus, by a similar discussion as in Section 4, there exists 1 and a subsequence of {um}"m":l,
still denoted by {u,,}$_,, such that

Uy — uin L*(0,00; ¥y),

Ut — Uy IN LZ(O, o; LZ(Q)),

17
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\um|p*2um In |1ty N \u|p*2u]n || in L% (0, oo;LPLT(Q)).
Making m — co in (34),
(s, 0) + (u, 0)y, + (U, v)y, = (lulP~2uln|ul,v), Yoe ¥, t>0.
Making m — o0 in 1, (0) = 10y, (x), we can obtain 1(0) = ug(x) € ¥o. Therefore, u(x,t) is

a global solution of the problem (1). Moreover,

'/(:fu[(t)dt +e%ﬂ(u) < ,%”(uo).

Then, the subsequent proof is in common with Section 4. [

6. Blowup and Decay of Solutions

In the following, we discuss the blowup and asymptotic stability of the solutions to
the problem (1). For this purpose, we provide some preliminary Lemmas.

Lemma 10 ([15]). Suppose that 0 < T < oo and the function G(t) € C2[0,T) with G(t) > 0
satisfies
G()G"(H) — (1+8)(G'(1)* >0,

for some constants & > 0. If G(0) > 0 and G'(0) > 0, then

G(0)
= 260)

< oo,

and G(t) — +ooast — T.

Lemma 11. Taking 7 (ug) < d and the sets .9_ and .7 as both invariant for u(t), we have:

(1) Ifug € I, thenu(t) € I_ forvt € [0, T).
(2) Ifug € Sy, thenu(t) € Sy forvt € [0,T).

Proof. (1) We begin by considering (1) < d. Conversely, if u(t) ¢ #_, by the
description of the energy inequality in (27),

H(u(t)) < #(ug) < d; (36)

thus, 2 (u(tp)) = 0 and Z(u(t)) < 0 for ty € (0,T) with t € (0,t) hold. By
Lemma 4(2), we have |u(to)|v, > 6(1,€) > 0, so u(ty) € #. We can deduce
A (u(tg)) > d from (8), which contradicts (36).

Next, we consider (1) = d. Conversely, if u(t) ¢ J_, since Z(ug) < 0, there
exists #; such that 22(u(t1)) = 0and 22 (u(t)) < 0fort € [0, t1). From (2) of Lemma 4,
we have [Ju|ly, > 6(1,&) > 0 for t € [0,p); this means that u(t;) # 0, and we can
obtain u(t1) € .7; by the description of 4 in (8), we can obtain

H(u(tr)) = d. (37)

In contrast, from (us, u) + (up, u)y, = =2 (u(t)) > 0fort € [0,t;) and u(t)|yn =0,
we can obtain u; # 0 and fot ! fu, (t)dt > 0. From the energy inequality, we obtain

f
A (u(t)) < (ug) — /0 Fu (Bt < d,
which conflicts with (37).

(2) This is similar to the proof of (1) and will not be repeated.
|

18
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Lemma 12. Ifu € Yo and 22 (u) < O, then there exists a k.. € (0,1), such that 2 (k.u) = 0.

Proof. Set
x(k) :kr’*“/ [P In | + kP~ 2M Ink|u||},
O

then we have
P (ku) = KM u||F, — /Q [l n [l dac = K ([l — x(k));

since p > 24, klirg+ x(k) = 0 holds and there exists a k € (0,1), such that 2 (ku) > 0 and
—
Z(u) < 0when k = 1, the final conclusion can be drawn. [
Lemma 13. Assume u € Yo with 2(u) < 0; thus,
P (u) < p(H(u) —d).

Proof. Set
A(k) = pA(ku) — 2 (ku).

By calculation,
K2 (p 2))

A(k) = llull, *Hullp,
in view of Lemma 4(2), we have
A (k) = K (p = 20) ||, + K2~ [ull}
> M (p = 20)[|u|F,

> KA (p— )52)‘(1,5) >0,

which implies that A is strictly monotonically increasing; thus, A(1) > A(k) for Vk € (0,1).
By Lemma 12, letting k = k. € (0,1) and £ (k,u) = 0, then

A1) = p(u) — P(u) > Alky) = pH(keu) — P (keut) = pH(keu) > pd;
this completes the proof. [

Lemma 14. Assumeu € ¥ is a (weak) solution of the problem (1), then (s, u)w, < ||ul|w, |[ut||w,-

Proof. Let v = u in Definition 2:
(ur, u)y, = / T (x,y)dxdy;
Q

from the definition’sequivalent norm on ¥y in (5),

1
2
([ullw, = (/Qﬁ“(x,y)dxdy> ,
%
kg = ([ 7% oy
Set a function:

(k) =K2 / [ 7" (x )y + 2% //Q F (x, ) dxdy + / /Q T (x, y)dxdy.
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Then, for any k, we have

0= [ (1000) — uly) o+ () = () K (e = y)ixdy > 0.
Hence,
2
i (x Ndxdy | < “(x,y)dxd u (x,y)dxd
(/Qﬂ (%, y)dx y) _//Qﬂ (%, y)dx y//Q? (x,y)dxdy,
ie.,
(e, u)yy < [Jullwylluellw,-
0

Lemma 15. Ifu € ¥ and ¢ and » > 0 are two constants, thus

</ fu(t)dt +0(t + ») )(/ fu(t dt+z9> (/Ot(u,ut)+(u,ut)\y0dt+l9(t+%))2.

Proof. In view of Lemma 14 and the Cauchy inequality,

1 1
t ot t 2 t 2
[ s < [l < ([ pula)” ([ 1) @)
0 0 0 0
¢ t b 3/t ) 3
[ e < [ gt < ([ ol ([ i, ). 09

Let
= (f halBant, ) = ([ lulBan,
vt) = ([ Il ()= ([ lul,ant.
Then,
([ futtydt+ o+ 52)( [ oyt +0)
= (4R(5) + 15(1) + 8(t +50)%) (] (1) + 13 (1) + 9) (40)
= BB + B +0(t-+ 2P0 + OB + B
+ (¢ + 3703 (t) + Opf (t) + Op3(t) + 0°(t+ 0)%;
by (38) and (39),

(/Ot(u,uf) + (1, up)wydt + B(t + )2
= (/Ot(urut)dt)z + (/Ot(u,ut)‘ifodt)2 +02(t+ 2)* + 2/()t(u,ut)dt /Ot(u,ut)‘lfodt

t t
+219(t+¢7)/0 (u,ut)dt+zl9(t+%)/0 (1, ur) gt

< 3(E)vE(E) + 13 (DVA(E) + 201 () pa () va () pa(t) + 20(t + s) v (£)pa (£)
+ 20(t + ) va (D pa (t) + 82 (t + ).

(41)
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Combining (40) with (41),

(/Ot Fu(t)dt + 0t + %)2)(/Otf“, ()dt + ) — (/()'(u, ) + (1, )y dt + O(t + 5)?
> 8(t+ )07 (1) + pg ()3 (1) + 3 ()i () + (¢t + 50)*v3 () + Opi (1) + 93 (1)
= @ui(Hpr(Dva () pa(t) +20(t + s)vy () pa (1) + 20(t + s0)va(t)pa(t))

= (VO(t+ s)n1 (1) — VOua ()2 + (VO(t + s)wa(t) — VO (1))

+ (m(Hva(t) — pa(thna (1)) > 0,

which ends of proof. [

Corollary 1. Let u € ¥y, then

(/Otfu(t)dt> (/Otfu,(t)dt) > (/Ot(u,ut) n (”/”t)‘{fodt>2.

Proof. Specifically, we make ¢ = 0 in Lemma 15, then the conclusion holds. [

Theorem 2. Let ug € Yy, satisfying 7 (up) < d and P (uy) < 0, then the solution u(x, t) of the
problem (1) blows up in finite time, i.e., there exists T > 0 such that

t
[113%/0 Fu(t)dt = +oo.
Proof. By contradiction, if T = oo, we set
t
AW = [ fuB)dt+ (T = £0)
By the description of weak solutions and making v = u in Definition 2, we obtain
/ upudx + M([u]?) // TH(x,y)dxdy + // T (x,y)dxdy = / [P~ 1 In |u|dx;

Q Q Q Q

we can deduce from the above equation that
Sule) = =2l — [ P uinfuldx) = ~252(u) @)
Therefore,
t
A1) = fult) = £u(0) =2 [[ (1, 0) + (1, 01)

and
"

A(t) = 2((M,ut) + (u,ut)\{fo) = -22(u).
By Lemma 13, Lemma 15, and the description of energy inequality in (27),
A" (t) = —22(u) > 2pd — 2p (u)

A >2p(d— H(up)) +2p /(; fu, ()dt;
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thus, by Corollary 1,
A" (AW ~ A0 >2p(a — A0 A®) +2p [ fu 0t [ fult)is

' 2
—2p </0 (u,up) + (u, Mt)\fodt>
> 2p(d — () JA(t) > 0.
Therefore, we have

(A~ () = A%%(A(t)A“(t) —ern@m?) <o, b=L250 @)

Lemma 10 and (43) imply that there exists a T > 0 such that
lim Al(t) =0 and lim A(t) = 4o,
t—=T t—=T

which contradicts T = co. [

Theorem 3. Under the assumptions of Theorem 2, the blowup upper bound is

4(p—1)£u(0)
pld — o (ug))(p —2)>

Proof. Set ,
B) = [ fult)dt+ (T = DFu(0) +8(1 + P,

where ¢ and > > 0 are two constants.
Obviously, 22(u) < 0 from Lemma 36, and (42) implies that f,(t) is strictly monotoni-
cally increasing, so

B'(t) = fu(t) — fu(0) +20(t + ») >0,

ie.,
B(t) > B(0) = Tf,(0) + 0.

From ; 174 1

[ ot =5 [* SuiBar = 511~ wol),
and ' 1 rtd 1

2 2 2
[ gt =5 [ Zlulfat = S0l — ol

we have

ot ot
B'(1) :2/0 (ut,u)dt+2/0 (1, 1), dt + 20(t + 5¢).

Combining Lemma 13 with (27),

"

B (t) = 2(u, us) + 2(u, ur)y, + 20
=-22(u)+2¢
> 2pd — 2p i (u) + 29

ot
> prji”(uo)Jer/O Fur(B)dt + 2pd +20.
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With the above calculations,
B'(1)B(t) - L(B'(1))?

> <72p<%"(uo) +2p /tfut(t)dt +2pd + 219) B(t)
2

t
72p</ (ug,u dt+/ Up, U dt+19(t+%)>
9
> 2pB(t) <—,;f(uo) +/ Fur(B)dt +d + ?)
—2p</ Fu(B)dt + Ot + 52) )(/ Fur () dt+z9>
> 2pB(t) <7%(uo) +/O Fu(Ddt+d + ;) —2pB(t (/ Fu (Dt + &)
, p—1
=2pB(t)( = (up) +d — =)
which is non-negative if we let ¢ be sufficiently small and satisfy
0<d< %(d — #(up)).

By Lemma 10, we can obtain

FO)  ful0) »
TS0~ (-2 T p-2

(44)

taking s large enough and satisfying

By calculating (44), we can obtain

952

= (p=2)0x— fu0)’

let o
mT(x, ) = m,
then
) T< inf m(x ») = 4(p —1)(fu(0))
T (xx)ez ! p(d_(%ﬂ(uo))(p_z)zf

where x = ¢ and

Z:{(x,%)|x>f“(0)%> (p—Dx }

p—2"""" p(d— (u))
O

Theorem 4. Under the assumptions of Theorem 2, the blowup lower bound is

Se(fu( ))1 ¢
2(¢-1)C

’
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where
_ O=1)(p+e)
C = ( )2/\ (- 9)(p+& (68) 22— (11 9)(p+a)
‘= OA(p +¢)
2A—(1—=0)(p+e)
Here,
ol
ueto g, ?llullg’
and oo
oo 2Z-p=9) (0,20 +2 —41/2F — p).

(2: =2)(p+e)
Proof. Asshownin[19],as 8 € (0,1), C is well-defined, and & > 1. Set
fu(t) = [[ull5 + [[ulF,,

satisfying
fu(T) = co.
It follows that
fu (8) = 2(up, u) + 2(up, u)y, = —22(u).

We know that 2 (uy) < 0, and by Lemma 11, we have £ (u) < 0, so that

)3 </Q|u|pln|u|dx.

(45)

(46)

Specifically, we chose ¢ € (0,2A 42 — 46/2f — p) in Lemma 2, and combining the

interpolation inequality with (46),
p 1 p+£ 0)(p+e) (p+e)
| P Infuldx < Zlulllpe < ZCllu ully, lully

(1-6)(p+e) 0(p+
2 ) 3P

1_—
_1c 27
N <||uu%>

1=, 1 (A=0)(p+e)
<gC</ ) = a2

— p+)_ p+s
< Clee) A1 (a0 3 g+,
. " _ 2(%—p—g)
Since 0 < e <2A+2—4A/2f —p,2A < p < p+eandf = ()
obtain (1— 0)( )
—0)(p+e
— <1
Therefore, (47) yields
lullhs < CUlulB)E < C(fu(®))F,
where
‘= OA(p +¢)
2A—(1-0)(p+¢e)
and

- (O—1)(p+e)
C=(@C)nm e)(;m) (eg) -0+

24
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Thus,
ful () = =22 (u) = =2|u|¥, +2/Q | In [u|dx

2 pte
<2 [ fullIn fuldx < = u 7% (49)

2 -
< ZC(Rt).

Next, we inform that f,, () > 0 forany t € [0, T). As a paradox, there existsa t; > 0
such that

fu(tl) =0,

which is a paradox with respect to (48). Then, we can deduce from (49) that

ful() 2
) < =G (50)

Integrating (50) from 0 to ¢,
2 ~
(Fu(0)'6 = (fu(8)'7F < —(& = 1)Ct, (51
from (45) and letting t — T in (51),

T> ee(fu(0))' ¢

2(¢-1)C °
O

Theorem 5. Let ug € ¥, satisfying 7 (up) = d and P (ugy) < 0, then the solution u(x, t) of the
problem (1) blows up in finite time, i.e., there exists T > 0 such that

t
li / t)dt = +oo.
tim [ fu(t)dt = oo
Proof. We deduce that 2 (u(t)) < 0 for t > 0 from Lemma 11; thus,
(u,up) + (w,ur)y, = —2(u(t)) >0,

which yields f,,,(0) > 0 for t > 0; there exists a t; > 0 such that we let #; be a new initial
time and satisfy

H(u(ty)) < H#(ug) — /0“ fu, (B)dt < d.

This is similar to Theorem 2. [

Theorem 6. Put ug € Yo, satisfying 7 (ug) < 0, and u(t) is a weak solution of the problem (1),
then the blowup upper bound is
fu(0)

p(p —2)7 (uo)
Proof. By the description of 7 (u) in (6) and 2 (u) in (7), set

_ o Lyer L p R
() = ~20¢ 1) = =2p g Il = [ 7 I+l

2 P
=2 PIn |uldx — Z|ullh — £ju|?.
ol =l — B
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Obviously,
fi (1) = 20w, up) + 2(u, up)y,
= —20(u) =2 [ [ul? In|uldx = 2u]3} = u(t).

By the description of weak solutions and making v = u; in Definition 2,

_/Qu%dx+M([u]§)_//(‘2 9”’”'(x,y)dxdy+//Q 9“’(x,y)dxdy:/Q\u\pfzuutlnw\dx,

we can deduce from the above equation that

d
= — p - P
Fut) =~ g IR+ S [l uldx —

ie.,

LA (w) =~ Fu 1), 3)

By (53), we have
Wt = —2pdt () = 2p(fus(8)) =

and p(0) = —2ps#(ug) > 0; therefore, u(t) > 0 for 0 > t > T. By Theorem 4, we have
fu(t) > 0fort € [0, T), according to Corollary 1,

SuOp'(8) = 2p((u, 1) + (u, 1)y, )* = g(fu'(t))z- (54)

Combining (52) with (54), we can obtain

fuop'(0) = B o,

ie.,

and integration of (55) over (0, t) yields

0)
07

® H
(R0 = T
thereby having

0
077

fu' (1) > _H (56)
(

(fu())P2 = (fu
Now, we integrate (56) over (0,t), yielding

1 - 1 _p—=2  p(0)
(fu(8))P=272 = (£,(0))P=272 2 (fu(0))P/2

and letting t — T in the above inequality,
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Next, we begin to compute the decay estimates for arbitrary solutions of the prob-
lem (1), and before proving this, we give some properties about the vacuum isolating
behavior of the solutions.

Lemma 16. Assume ug € Yo, 0 < § < d, and 11 and 15, with 0 < 11 < 1 are the two roots of
d(1) =g, where 1 € (11,13), then:

(1) All solutions u of (1) with 7 (ug) = q belong to ¥, provided 2 (uy) > 0.

(2)  All solutions u of (1) with 7 (ug) = q belong to ©,, provided P (ug) < 0.

Proof. (1) Taking u(t) as an arbitrary solution to (1) satisfying ¢ (ug) = §, & (up) > 0 or
lluoll¥, = O, T is the maximum existence time of . If [|ug ||y, = 0, then uy(x) € ¥, for
allz € (0, &). If Z(ug) > 0, from Lemma 5, the energy level inequality in (27), and
Lemma 7, we can deduce that 2,(ug) > 0 and 22 (1) < d(1) are valid, which implies
ug € ¥, forall € (11, 12).

We prove that u(x,t) € Yo forall 1 € (11,12) with t € (0, T). As a paradox, there is
u(t) € 0¥, fortg € (0,T)and 1y € (11,12). Thatis, 2, (u(t)) = Oeither [Ju(to)||w, # 0
or s (u(ty)) = d(10), which together with (27) give

/Otfut(O)dt + 2 (u) < H#(up) <d(t), 1€ (n,n); (57)

thus, 77 (u(tg)) # d(i0). Meanwhile, 57 (u(ty)) > d(10) when 2, (u(tp)) = 0 and
[lu(to)|lw, # O, which contradicts (57).

(2) Similar to the proof of (1), assume that either &(ug) < 0 or ||ug|¢, = 0. We prove
that u(x,t) € ¥y. As a paradox, there is some ty € (0,T), 1o € (11,12), such that
u(t) € 0¥y, thatis 2, (u(t)) = 0, and either |lu(to)|w, # 0 or 5 (u(ty)) = d(i0).
Again, (57) shows that 2 (u(ty)) # d(19). Otherwise, take tp € (0, T) as the initial
time satisfying 22, (u(to)) = 0, then 2, (u(t)) < 0for 0 < t < to. By Lemma 4(2), we
have [|u(to)|lw, > d(1,€) for 0 < t < tg and ' (u(ty)) # d(19); this contradicts (57)
and proves the claim.

|

Theorem 7. Let ug € ¥y, satisfying 7 (ug) < d and & (uy) > 0; arbitrary global weak solutions
u of the problem (1) have the following decay estimate

2(0)) expd =21 (1 — 19)t}, A=1,
fu <) = | | (O exp{ T (1 - )1} -

20 -m) A=)+ FO) T, a1,

J[ull,

m: .
ue¥o\{0} ||ull3

where Ay =
Proof. Take u(t) as a global weak solution of the problem (1). By 0 < J#(up) < d,
P(up) > 0, and Lemma 16, we deduce that u(t) € ¥, for all 1 € (11,12) and t € [0, c0),
where 11 and 1, are two roots of d(1) = 5 (ug); Lemma 7 indicates that Z,(u) > 0 for all
1€ (1n,12) and 2, (u) > 0 for t € [0,00). Thus, (42) gives
if () +2(1 — i) |ulF = 22, (u) <0; (58)
dt u 1 Yo — <1 =Y
from (58) we also obtain

D hut) < =201 ) . 59)

Now, we consider two situations: (1) A =1; (2) A > 1
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1) Ifr=1,

Sult) < =201 = ) ful6) +201 - ) Jul, (60

then divide by f,(t) on both sides of (60), and by the definition of A4,

4 2
d}ﬁs) < —-2(1-n)+2(1- Ll)ﬁ:(%
<-2(1—-n)+21- ll)ﬁ (61)
24
= —1+1\1(]711),

ie.,
) < (a0 exp{ - 21—t

(2) If A > 1, by the definition of A1, we can obtain

fulh) < (14 Ailmun%yo. (62)

Thus, (59) and (62) lead to

M
1+ A

%(fu(f)) < =2( (1= ) (el + 1§,

and a simple calculation yields

1
M e

£ult) < 20— ) (A= DA 4 (ful0)

End of the proof.
O

Theorem 8. Let ug € Yy, satisfying 7 (ug) = d and 2 (ug) > 0; any global weak solution u of
the problem (1) has the following decay estimate:

fult)exp{ A1)t - 1)}, A=1,

fu(t) < A (1) := a1
20— ) A =DM =) + )] T a1,
Jul,

where Ay = in 5
ue¥o\{0} [lull3

Proof. Taking u(t) as a global weak solution of the problem (1) with J# (ug) = d, 2(ug) >
0, by the definition of the energy inequality in (27) and Lemma 11, we obtain /7 (1) < d and
P(u) > 0for 0 < t < co. Immediately afterwards, by (uy, u) + (us, u)y, = —Z(u) <0
and f,(t) > 0, we have fot fu; (£)dt monotonically increasing for all 0 < t < co. For any
t1 >0, let

o=d~ [ fulti.

It follows from (27) that 0 < ' (u) < ¢ < d and u(t) € ¥, hold on 3 < ¢ < i and
0 <t < oo, where 11 and 1, are two roots of d(1) = p; thus, Z,, (1) > 0ont > t;.
The subsequent steps are similar to Theorem 7.
O
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References

7. Example

We take A = 1 in the Kirchhoff function M(t) = t*~1 of (1), which gives us the problem
below:
ur + (=A)u+ (—=A)up = |u[P2ulnju|, inQx (0,T),
u(x,0) = up(x), inQ,
u(x,t) =0, ondQ x (0, T).

From the main theorem of this article, it can be concluded that the global solution of the
problem exists and blows up in finite time.
In particular, let p = 2; the above problem becomes

ur+ (—=A)°u+ (—=A)°uy = ulnfu|, inQx(0,T),
u(x,0) = up(x), inQ,
u(x,t) =0, onadQ x (0,T),

which was studied in [31]; the authors considered both blowup and decay solutions;
furthermore, they obtained relevant conclusions.

8. Conclusions

In this paper, we studied the suitability of solutions to a class of fractional-order
parabolic equations with Kirchhoff terms M(t) involving the fractional-order damping
(—A)® and logarithmic source terms |u|7~2uIn |u|. Firstly, the correlation functions 7 (1),
& (u) and some necessary Lemmas were introduced; in addition, we introduced fractional
Sobolev spaces for logarithmic terms. Based on these, we combined the Galerkin method
and potential wells to prove the global existence of the solutions. Then, using some
inequality techniques and an improved concave function method to simultaneously select
a new auxiliary function, it was proven that the solution blows up in finite time, and the
upper and lower bounds on the blowup time were also obtained. Finally, the invariant
set at subcritical energy levels was obtained by combining .77 (1), & (u), and the potential
well ¥. Using the Galerkin method and Gronwall’s inequality, the asymptotic behavior of
the solution was proven.
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solutions to Schrodinger—Kirchhoff-type double phase problems with concave—convex nonlinearities.
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dual fountain theorem. In addition, we prove the existence of a sequence of infinitely many weak
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and the modified functional method.
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1. Introduction

In this paper, we demonstrate the existence of multiple solutions for the following
double phase problem in RN:

() (ool 20+ v(y) ol 20) = o(y) o] 2w+ 63y, w) RN, (1)

where N >2,1<p<qg<N,1<r<p,0isapositive real parameter, g : RN xR — Ris
a Carathéodory function,

<142,

NV RN — [0, 00) is Lipschitz continuous,

==

and U : RN — (0,0) is a potential function satisfying

(V) U € C(RN), ess inf ey B(y) > 0, and meas{y € RN : Y(y) < Vy} < +oo, for all
Vo € R.

Furthermore, let us assume that a Kirchhoff function M : Rg — RT satisfies the
following conditions:

(M1) M € C(R") fulfills infrcp+ M(Z) > xo > 0, where K is a constant;
(M2) There exists a constant ¢ > 1 such that M ({) = ﬂfog M(t)dt > M({){ for > 0.

The double phase operator, which is the natural generalization of the p-Laplace opera-
tor, has been studied extensively by many researchers. The research interest in differential
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equations and variational problems with double phase operators can be regarded as a key
factor in diverse fields of mathematical physics, such as strongly anisotropic materials, the
Lavrentiev phenomenon, plasma physics, biophysics, chemical reactions, etc.; for more
information, see [1,2]. In relation to regularity theory for double phase functionals, there
is a series of remarkable papers by Mingione et al. [3-8]. Eigenvalue problems for a class
of double phase variational integrals driven by Dirichlet double phase operators have
been dealt with [9]. A study on a remarkable existence result of solutions to quasilinear
equations involving a general variable exponent elliptic operator was investigated in the
recent work by Zhang and Radulescu [10]. Recently, the authors in [11] provided a new
class of double phase operators with variable exponents. As its application, they gave the
existence and uniqueness results for quasilinear elliptic equations with a convection term.
Other existence results for double phase problems can be found in the papers [12,13].

The study of elliptic problems with the non-local Kirchhoff term was initially intro-
duced by Kirchhoff [14] in order to study an extension of the classical d’Alembert’s wave
equation by taking into account the changes to the lengths of strings during vibration.
The variational problems of the Kirchhoff type have had influence in various applications
in physics and have been intensively investigated by many researchers in recent years; for
examples, see [15-28] and the references therein. A detailed discussion about the physical
implications based on the fractional Kirchhoff model was initially suggested by the work
of Fiscella and Valdinoci [20]. They derived the existence of non-trivial solutions by tak-
ing advantage of the mountain-pass theorem and a truncation argument on a non-local
Kirchhoff term. In particular, the conditions imposed on the non-degenerated Kirchhoff
function M : Rg — R()* were that M is an increasing and continuous function with (M1);
also, see [24] and references therein. However, this increasing condition eliminated the case
that is not monotone; for example,

M) =140+ 1+ 'witho<k<1

for all { € Rj . In this regard, the existence of multiple solutions to a class of Schrédinger—
Kirchhoff-type equations involving the fractional p-Laplacian was provided by refer-
ence [25] when the Kirchhoff function M is continuous and satisfies (M1) and the condition:

(M3) For 0 < s < 1, thereis ¥ € [1, N%Sp) such that 9M ({) > M({) for any { > 0.

We also referred to [15,16,25-29] for recent results.

Recently, the authors of [22] studied the existence result of a positive ground-state
solution for an elliptic problem of the Kirchhoff type with critical exponential growth
under the following condition:

(M4) There exists ¢ > 1 such that 2/‘[9(51) is non-increasing for ¢ > 0.

From this condition and direct computation, we immediately recognize that 9M({) —
M(Z)C is non-decreasing for all { > 0, and thus, this implies the condition (M2). A typical
model for the Kirchhoff function M satisfying (M2) is given by M({) = 1+ a®, witha >0
for all { > 0. Hence, the condition (M2) includes this classical example as well as cases
that are not monotone. Under this condition, the authors of [18] obtained multiplicity
results for certain classes of double phase problems of the Kirchhoff type with nonlinear
boundary conditions; also, see [19] for the Dirichlet boundary condition. For these reasons,
the nonlinear elliptic equations with a Kirchhoff coefficient satisfying (M2) have been
comprehensively investigated by many researchers in recent years [15,17-19,21,25,27,28].

The main aim of the present paper is to provide several multiplicity results of solutions
for Schrodinger—Kirchhoff-type problems involving a double phase operator for the com-
bined effect of concave—convex nonlinearities. In this paper, we first discuss that Problem
(1) has infinitely many large-energy solutions. Second, we demonstrate the existence of a
sequence of infinitely many small-energy solutions. Finally, we provide the existence of a
sequence of infinitely many weak solutions converging to 0 in L*-space. To derive such
results, we exploit the fountain theorem, the dual fountain theorem, and the modified func-
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tional method as the main tools. The present paper is motivated by recent work in [30,31].
Moreover, the authors of [30] obtained multiplicity results to the double phase problem
as follows:

—div(|VulP2Vu + v(y) |VulT72Vu) + B(y) ([ulP 2w +v(y)|u|T?u)
= Ao (y)|w| w+ g(y,u) in RN,

where 0 : RN — (0, c0) is a potential function satisfying (V) and ¢ : RN x R — R fulfills the
Carathéodory condition. In particular, in the work [30], the authors obtained the existence
of a sequence of small-energy solutions under specific conditions of the nonlinear term that
were different from those in previous studies [23,32-37]. More precisely, in view of [32-35],
the conditions of the nonlinear term ¢ near zero as well as at infinity were decisive for
proving the hypotheses in the dual-fountain theorem. However, the authors also ensured
the hypotheses when the behavior at infinity was not assumed, and the condition near
zero—namely, g(v,{) = o(|¢|P2¢) as |¢| — 0 uniformly for all y € RN—was replaced by
(G4), which is discussed in Section 2. Although this study is inspired by [30,31], the presence
of the non-local Kirchhoff coefficient M required more complicated analyses that had
to be performed meticulously. In particular, one of the key ingredients to obtain this
multiplicity result in [30,31] is that the potential function V € C(RY, (0,00)) is coercive:
that is, lim 3| o V(x) = 400, which is crucial to guarantee the compactness condition of
the Palais-Smale type. However, in order to prove this condition, we employ a weaker
condition (V) than the coercivity of the function V. Therefore, in this study, we develop a
multiplicity result for double phase problems of the Kirchhoff type under various conditions
on the convex term g.

Our multiplicity result of infinitely many small-energy solutions converging to 0 in
L*®-space is motivated by [38-42]. However, in contrast to [38,41,42], we utilize the dual-
fountain theorem instead of the global variational formulation in [43]. This multiplicity
result yielding small-energy solutions for variational elliptic equations based on the dual
fountain theorem does not guarantee the boundedness of the solutions. For this reason,
the authors of [39,40] combined the modified functional method with the dual-fountain
theorem in order to demonstrate the existence of multiple small-energy solutions converg-
ing to zero in L*-space. In this direction, our final result is based on recent research [39,40].
However, our approach differs from [40] when validating a condition in the dual fountain
theorem, as shown in the Section 4. Furthermore, we have to carry out more complicated
analyses than those in [39]: not only because our problem has the Kirchhoff coefficient M
but also because the given domain is the whole space RN.

The outline of this paper is as follows. We present necessary preliminary knowledge of
function spaces for the present paper. Next, we provide the variational framework related
to problem (1), and then we establish various existence results of infinitely many non-
trivial solutions to the Kirchhoff-type double phase equations with concave—convex-type
nonlinearities under certain conditions on g.

2. Preliminaries
In this section, we briefly discuss the definitions and the essential properties of
Musielak-Orlicz-Sobolev space. For more in-depth examinations of these spaces, we
refer to [9,44-46].
The functions H : RN x [0,00) — [0,00) and Hy : RN x [0,00) — [0,00) are defined
as follows:
H(,0) =0 +v(T, Hoy,0) = D)@ +v(y)?) @

For almost all y € RN and forany { € [0,00) with1 < p < g,

1

<1+ N RN [0, 00) is Lipschitz continuous,

= =
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and U : RN — R is a function satisfying (V).
We define the Musielak-Orlicz space L™ (RN) as

LH(RN) = {v : RN — R is measurable : ¢ (v) < oo},

induced by the Luxemburg norm

2 <1).

[vll% == inf{/\ >0: ¢y (y,
where ¢y denotes the H-modular function with
cn(@) = [ 1l o)y, ©

If we replace H with Hg;, we obtain the definition of the Musielak—-Orlicz space
(Lot BRY), [ - [34), e,

Ly (RN) = {v :RN — Ris measurable : ¢k (v) < oo},
induced by the Luxemburg norm

[0l = inf{A > 0: ¥ (y,

7)) <)

where g% denotes the Hgz-modular function as
K@) = [ Haly, o). @

According to [45,47], the spaces L™ (RN) and Ly, (RN) are separable and reflexive
Banach spaces.

Lemma 1 ([47]). For ¢¥(v) given in (4) and v € Ly, (RN, we have:
(i) forv#0,[olyuy = Aiffi(F) =1

(i) [v|py < U=1>1)iff ¢k (v) <1(=1;>1);

(iii) if |03y > 1, then o]y, < 6% () < [o]f,,;

(@) if 0]y <1, then 0], < c¥ (o) < [0l

Furthermore, analogous results hold for g3, (u), given in (3), and || - || .

The weighted Musielak-Orlicz-Sobolev space W%’H (RN) is defined by
Wy (RN) = {v € Ly (RN) : |Vo| € LH(RN)}.
Then, it is provided with the following norm:
loll = Vol + o)y
Note that W;;H (RN) is a separable reflexive Banach space [45]. In the following

calculations, the notation E — F indicates that space E is continuously embedded into
space F, while E << F denotes that E is compactly embedded into F.

According to Lemma 1, we obtain the following results:

Lemma 2 ([47]). The following embeddings hold:
(i) Ly (RN) < LH(RN);
(ii) Wy (RN) < LT(RN) for T € [p, p*];
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(iii) Wy (RN) < LT(RN) for T € [p, p*).

Lemma 3 ([47]). Let

Al)i= [ A |VoDdy+ [ Moy lo)dy

Then, the following properties hold:

(i) A(v) < [o]|P + o] for all v € Wit (RN);
(i) If [0l <1, then 2!~ o] < A(v) < |lo]|?;
(iii) If |o|| > 1, then 27 F||o||P < A(v) < 2o

Let us define the functional @ : € := Wé}y (RN) — Rby

@) = M( [ Hpal Ty ) + [ Pl

where the functions 7,4 : RN x [0,00) — [0,00) and Hag 5 : RN x [0,00) — [0, 00) are
defined as

Hpa(y,0) = %guv(qu)éq and  Hag (v, ) ::%(y)< &+ ()§q>

Then, it is standard to check that ® € C!(&,R), and its Fréchet derivative ® : ¢ — ¢*is
defined as follows:

(@' (w),v) =M</]RN Hpqy, \Vw|)dy> /RN(Ww\”’ZVw Vo +v(y)|[Vw|1™2Vw - Vo) dy
+ o B(y) (|w]P~2wo + v(y) [w]T2wo) dy

forallw,v € €, where €* denotes the dual space of €, and (-, -) denotes the pairing between
¢ and ¢*.

Throughout this paper, the Kirchhoff function M satisfies the conditions (M1)-(M2),
and the potential U fulfills the condition (V).

Definition 1. We say that w € € is a weak solution for Problem (1) if

M(/ Hpq(y, |Vwl) dy) /N(|Vw\p’2Vw Vu+v(y)|Vw|T2Vw - Vu) dy

+ / y) (|w|P~2wu + v(y)|w|1 2wu) dy = /]RN o(y)|w| " 2wudy + 9/11@ Sy, wyudy
foranyu € €.

We assume the following;:

Bl) I1<r<p<g<i<p%

(B2) 0<ce€ L%(RN) N L®(RN) with meas {y € RN : o(y) # 0} > 0 for any 7o with
p <y <p%

(G1) g: RN x R — R satisfies the Carathéodory condition, and there is an s € [p,p*),
0<p; e LS RY)NL®(RN)and a positive constant p, such that

180, )| < pa(y) +p2lg|

for all € R and for almost all y € RY;
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(G2) There exist u > ¢q and My > 0 such that

s, —uG(y,0) >0

forall (y,¢) € RN x R with || > 9y where G(y,{) = fo s)ds;
(G3) There exist u > dq,¢ > 0, and My > 0 such that

8y, 0 —uG(y,¢) > —¢lg|”

forall (y,¢) € RN x R with || > Dy;
(G4) There exist My > 0,1 < d < p, T > 1 with p < 7/d < p*, and a positive function
&€ LY(RN) N L®°(RN) such that

lim in fig(y’g)z > M
E1=0 g(y)Idl

uniformly for almost all y € RN.

Remark 1. It is clear that the condition (G3) is weaker than (G2), which was initially provided
by [48]. If we consider the function

5,0 = o) (@(ym“w P2+ gsm 5)

with its primitive function
6(s.0) = ol (Wiett + J1cr - 2cos+2),

where p € C(RN,R) with 0 < inf, gy p(y) < sup,cpn p(y) < oo, and d, § are given in (G4),
then it is obvious that this example satisfies the condition (G3) but not (G2). However, the conditions
(G1) and (G4) are also satisfied.

Let us define the functional ¥4 : ¢ — R as
Fo(w) = 1 [ ol dy+0 [ Gy,w)dy.
r JRN
Then, it is easy to show that ¥y € C! (¢, R), and its Fréchet derivative is
(Yp(w),z) = /D%N o(y)|w| 2wzdy 40 -/ﬂ.{N gy, w)zdy
for any w, z € € [47]. Next, we define the functional & : ¢ — R by
Eo(w) = P(w) = ¥p(w).
Then, it follows that the functional & € C!(&,R) and its Fréchet derivative is:
(& (w), z) = (P (w),z) — (Yy(w),z) forany w,z € €.
Before describing the proofs of our results, we present several preliminary assertions.

Lemma 4 ([47]). Assume that (B1), (B2), and (G1) hold. Then, ¥y and ¥, are sequentially weakly
strongly continuous.

Definition 2. Suppose that X is a real Banach space. We say that the functional F satisfies
the Cerami condition at level ¢ ((C)c-condition for short) in X if any (C)c-sequence {w,} C X,
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e, F(wy) — cand | F'(wn)|x(1 + |wn|x) — 0asn — oo has a convergent subsequence
in X.

The following Lemmas 5 and 6 are the compactness condition for the Palais—-Smale
type that play a crucial role in obtaining our main results. The basic concepts behind the
proofs of these logical consequences follows the analogous arguments in [30]. However,
more complicated analyses have to be carried out because of the presence of the non-local
Kirchhoff coefficient M.

Remark 2. The basic concepts of the proofs for the following logical consequences use similar
arguments to those in [30,31]. From this point of view, it is important that the potential function
V € C(RN, (0,00)) is coercive. As mentioned in the introduction, we show this condition without
assuming the coercivity of the function V.

Lemma 5. Suppose that (B1), (B2), (G1), and (G2) hold. Then, the functional £y ensures the
(C)c-condition for any 6 > 0.

Proof. Forc € R, let {w,} be a (C),-sequence in €, i.e.,
Eo(wn) — cand || (wn)|x+ (1 + [walx) — 0asn — oo, ®)

which show that
c = E(wy) +0(1) and (Ep(wy), wn) = 0(1), (6)

where 0(1) — 0 as n — co. Firstly, we verify that the sequence {w, } is bounded in €. To do
this, we claim that

1 1 ‘
— _ = — P ¢
(5~ 30) fon Howlwabdy—Co [ oal” + pa(y)lenl +polenl dy - )
1,1 1
2 5(19711 - ;) /RN Ha (y, [wn]) dy — Ko
for any positive constant C; and for some positive constant Ky, where Hgj, as given in (2).
Indeed, without the loss of generality, we suppose that Mty > 1. By Young’s inequality, we
know that

1 1 "
(qu - ﬁ> /RN Ha (Y, [wnl]) dy

,C1A‘10n|§m0}(\wnlﬂ + 01(9) [w] + p2lwn|*) dy
- (0%7 N i) /RN Hay (y, [wal) dy

7C1»/{“wn|§9ﬁ0}(|wn‘p +05 (y) + |wn|5+p2‘wn|z> dy
3 »

- ‘ 14 s Y
G '/{\w,,|§1} (|w”| + Jwnl” + p2fwn] )dy

/RN Hg (y, [wnl) dy + Hm(y,\wn\)dy}

{wn| <00}

— 4 s l _ s
G /{KWS%}(IW\ + |wn|” + p2|wy| )dy C1||p1||L5,<RN) )
1,1 1
> (-2
238 ) o Pt el s {\Wn\émo}H%(yl‘wn‘)dy}
— P gy — s
G+pn) [ ol dy = Ciloalo g,
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—Ci(14+ Mg + 3" o) E

(1 o) (1<funf<omg) 7

> (5 ) [ ol fwalydy + | %w\wﬂ\)dﬂ

2\ u/ )y J{Jwnl <M}

Gt [ Al dy = Gl

(1P Loma P / Hy, d
(14907 + "o ) 1oy T )y

1,1 1 '

> —(——- H ) d H ’ d

> 5 (5 3) o Pty [ st

75/ H(y, |wn]) dy — G,
L A (Y, [wnl) dy — G

where H, as given in (2), Co = G (1 + M F +9ﬁ0[*pp2>. and G; := CallHSL/S,(RN).
We set
By, ={y eR": |yl <ro}, A={yeRV\By:B(y) =W}
and
B={y € RV \By, : B(y) < W}

for any Vy > 0. Then, it is clear that AU B = Bfo, where A and B are disjoint. If y € A,
29quCo

—9q s We know that

then for any Vy >

284uCo

H(y, [wnl) ©)
for |y| > ro. Furthermore, since ¥ € L'(B,,), we infer

Hay (y, dy < d H(y, dy < 10
/{\wn\éfmo}ﬂ]ﬂ%ro w(Wwnl)dy < +oo an {Jon| <90 }1By, (. [wn])dy < +oo (10)

for some positive constants Cy, C3. Using (V), we know meas({y € RN : |w,(y)| < Mo} N B)
is finite, and thus,

d d d . 11
S gy o enl) dy < oo and [ H(y, [wal)dy < +oo. (1)

|wn [ <M }NB

This, together with (8)-(11), yields the following:

(5 ) fou Pl oy =

1,1 1
> (—=—= , d , d
>3 (55— ) Lo Myt [ Hal )y

(Jwn” + p1(y)|wn| + PZ|wn|[) dy
[wn| <90}

Ho (y, d
+/{|wn\§im0}m]gro (‘U(y |wn‘) y}

-G / H(y, |wa|) d H(y, |wal) dy| — C
o onomoyeas, OO AT [, PO D) y] - &

11 1
> — — —
- 2(1%1 u) URN ol DB+ f oy PR D 8

Heo ( [wal) dy] = Co| [ H(y, ) dy

g/
{lwn‘ﬁgﬂo}ﬂg {lwn\Sfmo}ﬁA

nl) dy| — K
+/{|wn\smzo}mBH(y'|w dy] Ko
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1,1 1 u— 19q/
> (== |wal) d ,|wn)) d
> 5 (57 ) Jou ool ol dy + ZW oo P 0l
- C H{y, dy —
O I (L
1/1 1 "
> 2(197] - ;) on Hag (y, |wal) dy —

where Ky and K are suitable constants. From this, the relation (7) is proved. Combining
(7) with (B1), (B2), (G1), and (G2), we find the following;:

c+1>E(wy) — l<£{3(wn)/wn>
([ o150 ) + [ Hon o el
1
— [ ol dy =6 [ Gw,w.)dy

([ ’Hp,q(y,anDdy)/ H(y, (Vo) dy

1
o Mty [ ol dy+ [ st w)wndy

1
> 5M</]RN Hp,q(yflvwn\)d@/ Hpg(y, [Vewon]) dy
+ [ gty =+ [ ool dy—6 [ Gly,wn)dy

1
- m( RNHp,q@,anDdy)/ Hiy, V) dy

-
_ = Hos (y, d / "d / , d
i e w (Y, [wnl) dy + — Ywal"dy + = | 8(y, wn)wn dy
1 1
> (53 )m( L, Hp,qw,anndy) ./RNH(%qu)dy

F(3-0) Loty (1) [ ol dy

+ */ 8y, wp)wy — pG(y, wy) dy

1 1 1 1
> . —_—— —
_Ko<0q y>/ (y,\an\)der( y)/}RNHm(y,\wnDdy

11 '
_<;_ﬁ>/ o(y)|wal y+ [P ey, wn)wy — uG(y, wy) dy

" ' — uG(y,wy)d
+V/{Iwubzmo}g(y Wn)Wn — p (y wy) dy
S -1 / Hp (VoD dy+ (=LY [ Ha(y, |wn])d
= Ko 1911 u RN Y, n Yy 7 ” o 2 (y, |wy y
11 r
- <?_ﬁ> /RN"(V)WM dy
_ , Z
Cl/{\wn\gmo}m"‘ +01(y)|wn| + p2|wa|" dy
11 1/1 1
=m0y ) o PV 5 (G- ) [ Mt

~(3-3) Lyewlmray-
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> mnt SO ]y, [Vanay-+ [ oo o)

20qu
1 1
~(5-3 )it s o) — Ko

min{xo, 1} (¢ — 9q) lwn]? wn ]9
>
= 20qu mn{ T }

1 1

5, min{ro, 1} (p — 1911) n{||wnH” ||wnH‘7}

20qu 2r 7 0t
(2= ey Copims ol — K
roou L%%(RN) Toimb|[n o

where C, iy is an embedding constant of ¢ < L7 (RN). Since p > r > 1, we assert that
the sequence {wy, } is bounded in €, and thus, {w, } has a weakly convergent subsequence
in €. Passing to the limit, if necessary, to a subsequence according to Lemma 2, we have
the following:

wy, — woin €, wy,(y) = wo(y) ae. inRY and  w, — wpin LT(RN) (12)

asn — oo forany T € [p, p*). To prove that {wy, } converges strongly to wy in € as n — oo,
we let ¢ € € be fixed and let &y denote the linear function on € as defined by

(o) = [ V91"V Vody+ [ ()| Vg7V Vody (13)
for allv € €. Obviously, by the Holder inequality, ®y, is also continuous, as
By ()] < Co (11791, + |||ww*1||m,RN>)nvn
< G (IVHIL, Gy + 1120 v )

for any v € € and a positive constant Cp. Hence, (12) yields

lim | / Hyq(y, [Veou) dy) - / Hp gy, V0] dy ) | B (w00 — o) = 0, (14)

n—)oo

as the sequence {M(f]RN Hpqa(y, [Vwul) dy) - M(fRN Hpq(y, [Vwgl) dy) } is bounded in
R. Using (G1) and the Holder inequality, it follows that

o8 00) = (3700)) 0w = w0) dy

= /RN [2P1(y) +P2<\wn|[;1 + \woll_lﬂ |w, — wo| dy

< 2llo1]l o vy l0n — woll s ()
02 (ol + ol )l = ol
Then, (12) implies that

lim | (g(y,wn) — g(y,wo))(wn — wo) dy = 0. (15)

n—oo JRN
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Let us denote 7 :=

/RN ‘U(y) ('w”‘rfzwn - \wolr’zwo) )70/ dy

,.y/
- / |70 |r72wn - |w0‘r72wo)‘ 0 dy
- _ 70
et
l/
(lor(y)[) ' [<|ww—1+|wo|r—1)%](~o)
S/ il + .
RN <l)
0

70
= RNRO oW (\wn|“+|wo\’ N }dy

dy (16)

-1
v " N
<G [, o)+ L (wnl + wol) dy

for a positive constant C3. Invoking (12), (16), and the convergence principle, we have

7'
o) a0 = o) ol 20| < fi(y)
for almostall y € RN and forsome f; € L' (RN), and thus, o (y) |w, |""%w, — o(y)|wo| 2w

as 11 — oo for almost all y € RN. This, together with Lebesgue’s dominated convergence
theorem, yields the following:

nlgrolo . o(y) (|wn\’*2wn — \wo\rfzwg) (wy — wp) dy = 0. (17)
Because w,; — wp in € and &)(w,) — 0in €*, as n — oo, we obtain the following:
(Ep(wn) — Eh(wp), wy — wp) — 0 asn — oo. (18)
Let us denote ‘i’lp in ¢ with
§ — p—2 q-2
Ey(0)i= [ 0) (191" 2y + vyl 2p)ody.
Then, we infer
<5é(wn) - 5é(w0), Wy — o)
= ([ Moo V0D ) o 10— )
- u( / Hpa (v, Vau]) dy ) @ s o)
+/ \wn|’” 2wy 4 v(y)|w, |1 2w,,)(w,, wo) dy
- [ 3 (\w0|p_2wo +u(y) 0120 ) (wn — wp) dy
~ [ o) (1wl 20 = o000 ) (w5 — o) dy
—9/ yrwn)—g(y,wo))(wn—wo)dy

= M(/}RN Hp,q(y, [Vwnl) d]/) [@w, (wn — wo) — ey (wn — wy)]
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/ Hia s |90al) dy ) =M ([ Hpa(w, [Vool) dy) | Bay (w5 — o)
* / ) (10nlP =200 = o]0+ v(y) (1210, = ol ~200)
X (wn — wo) dy

= oy o)l a0 = ol ) (3 — ) dy
0 [ (37,00) = 803, w0) ) (0 — w0) dy
= [M( [, Myl 90D ) B 0 = ) = B — )]
+ ¥, (w0 — w00) — g (s — 00)]
(M [ Hoa(w, IVoul) dy) = M( [ gy, [F0]) dy )| Dy 20— 0)
- /RN () (Joal" 20— faol" 2100 (105 — wo) dy
=0 [ (sn ) = gy, w0)) (w0 — wo) dy.

This together with Equations (14), (15), (17), and (18) yields

nlgrolo [M <./]RN Hpg(y, | Vion]) dy) [P, (wn — o) — ey (wn — wp)]

+ liIwy, (wn - wO) - ‘?wo (wn - wo)} =
By convexity, (M1), and (V), we have the following;:
M(/RN Hpq(y, [Vwal) dy) [Daw, (W — wo) — Dy (W — w9)] >0 (19)
and
V(y) (\wn|p’2wn — Jwo|P~2wg + v(y) (\wn|‘7’2wn — |w0|‘7’2w0))(wn —wp) >0. (20)

It follows that

nlgr;o (Do, (wn — wp) — Py (wn — wp)] =0 (21)
and
Jim [V, (wn — wo) — Ve (wn — wg)] = 0. (22)

It should be noted that there are the well-known vector inequalities:

Clm(le™ e =" 2m) - =m) form >2,
=" < Scm|e e~ " n) - -] 23)
x (g™ ‘H’ﬂm)z " forl<m <2

for all & 57 € RN, where C(m) is a positive constant depending only on m [49]. It is now
assumed that 2 < p < q. Then, according to (23), we know the following:

/#N\an — Vuwo|” dy
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< C(p) /RN(|Vw,,|’”_2an — |Vwo|P~2Vwy) - (Vw, — Vwy) dy (24)
and
./RN v(y)|Vw, — Vwy|Tdy
<C(q) /RN v(y)(IVwa|T?Vw, — [Vawo" ?Vawy) - (Vwy — V) dy.  (25)
Then, based on (24), (25), and the definition of <i>lp in (13), it follows that
[l Vs = Veool? + v(y) [V, = Vel dy
< max{C(p),C(q)} (éwn (wn — w0) — Puy (wn — wO))~ (26)
Similarly, utilizing (V) and (23),
[ @) n =l dy
< Cp) [, B fonl? w0 — fawol?w0) (w0 — ) dy @)
and
Loy B ) s — wol? dy
~ ' q-2 q-2
<) [, W) (v lonl? w00 = v(y) ol Zw0) (s —wo)dy. (28)
Then, according to (27) and (28), we deduce that
[ ) (100 = wol? + vyl — wol?) dy
< max{C(p), C(q)}[¥uw, (wn — w0) — Fuy (wn —wp)]. (29)
However, we consider the case where 1 < p < g < 2. As {wj,} is bounded

in ¢, there exist positive constants of C4 and Cs such that jﬁ&N |Vw,|Pdy < C4 and
Jen v(y)|Vw,|7dy < Cs for all n € N. By (23) and the Holder inequality, we have

/]RN |Vw, — Vw|? dy
P

<Cp) [, [(1Vwnl? 290, = [Vl *Tw) - (Ve = Tao) |

"
x (|Vwn|F + \Vwo\p)Tp dy
P
5

< C(p) </H%N(|an|l”*2an — Vol 2 Vay) - (Ve — V) dy) (30)

2

N‘
=

X (/RN(|an|p+ |Vwo|p)dy>

NS

)
< C(p)(2Cy) 7" </RN(|Vw,,|”’_2Vw,, — |Vawo|P "> Vawy) - (Vwy — Vawy) dy)
and

o V@)V = Vool dy

[N

< C@) [, [v)(ITwal" 2V, = [To| V) - (Ve = V)|
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< C(q)(2G5) " (/RN v(y) (|Ve0a 12V, — [Vaool 2V ey ) - (Ve — Vi) dy> :

 [v (Tl + [Veoof?)] T dy

Y

2

C(q) </RN V() (|Veon|T 2V, — Va1 2Vwp) - (Veo, — Vag) dy> (31)

2—q
A
< ([ Il 4 v Tl ay

=

2

Then, according to (30), (31), and the definition of ¢~>¢ in (13), it follows that

/RN |Vw, — Vwo|? +v(y)|Vw, — Vw|?dy

< C(Pu, (wn — wo) — Doy (wn — wp))*, (32)

where C := max{C(p)(2C4)2%p, C(q)(2C5)2%q} and a is either § or 7. Similarly, from (V)
and the boundedness of {w,} in €, there exist positive constants Cs and C; such that

Jan D) |wal? dy < Co and [pn V(y)v(y)|w,|Tdy < C7 for all n € N. According to (23)
and the Holder inequality, we have the following:

and

< C@) [, [T ) (wal2w, = ol 20 ) (w5 = w0)]

< e)@en)® ([, D) (o, — ol 2un) o )] )

[ Bl — ol dy
<

C(p) [ [T (lenl? 2w, = ol 200 (10, — wo)

N

x [B) (jwal?” + \wov’)]%pdy

NI

< (p) (B0 (ol 20, = anl? 2200 a0, — )]y )

) (/RN et MT(y)lwov’dy> N

N

2—p

< CpCe) ™ ( [, 90 (P20, = ol o) a0, — )y

B(y)v(y)lwn — wol? dy

q

s [T ) fenl? + ool)] T dy

) (/]RN Tly)v(y) {(lwn|‘1—2wn — Jwo | 2w (wy, — wo)] dy) i (34)

< (Lo Bl + D ftay) ©

q
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Then, based on (33) and (34), we get that

[ B f0n = wol? + v(y)leon — wol) dy

< C (Yo, (wn — wo) — Feop (wn — wo))ﬁ, (35)

where C := max{é(p)(2C6) =, C(q)(2C7) } and B is either § or 4. Then, with the foun-

dation of (21) and (22) and according to (26), (29), (32), and (35), we obtain |w, — wy|| — 0
as n — oo. Hence, & satisfies the (C).-condition. This completes the proof. [

Remark 3. As mentioned in Remark 1, condition (G3) is weaker than (G2). However, to obtain
the following compactness condition, we need an additional assumption on the nonlinear term g
at infinity.

Lemma 6. Suppose that (B1), (B2), (G1), and (G3) hold. In addition,

(G5) limyg| 00 % = co uniformly for almost all y € RN

holds. Then, the functional Eg fulfills the (C)¢-condition for any 6 > 0.

Proof. Forc € R, let {wy} be a (C).-sequence in € satisfying (5). Based on Lemma 5, it is
sufficient to prove that {w, } is bounded in €. To this end, suppose, to the contrary, that
[wall > 1 and [|w,| — oo as n — oo, and a sequence {@,} is defined by @, = wy/|wx|.
Then, up to the subsequence denoted by {®, }, we obtain @, — @ in € as n — o, and due
to Lemma 2,

@y — @y ae. inRYN and @, — @ in L (RY) (36)

as n — oo for any t with p <t < p*. By Lemma 3 and assumption (B2), we have
Eatoon) = M( [, Hyalv [Vnl)dy) + [ Ho gy o)y
1
— [ el dy—o [ Gy,wa)dy

1
> M (., Hpaly T dy) [ Hpaly (V) dy

+ [ Hopaw oy =+ [ ool dy—6 [ G,wn)dy

1
> G Jon R IVl dy o [ Hon(y ) dy ")
1
— [ oWl dy =6 [ Gywa)dy

min{xg,
il O} ([ A, [Vl dy [ P o) )

1 f oWl ay=o [ Gy wn)dy

r
min{xo, 0}
> T~ e T A /RN Gly,wn) dy
min{xg, 9} b ,
> P 17 - Sl 6/ (v, 1) d
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for a positive constant Cg. Since Eg(wy,) — casn — oo, |w,| — c0asn — oo, and r < p,
we assert that

i 1/ min{x, 9} p_ Cs ,
'/RNG(y,wn)dy2§<W||wnH = P — Eglwa) ) oo as o0, (39)

According to Lemma 3, we have

Eowon) = M( [ Hpal, [0 dy) + [ Ho (o el dy
1
— Lol dy =0 [ Gly,w.)dy

< M(/ HP’J Y, |an| dy) / Hm,pq(yr |w71|)
—9/ (y,wn)d
1
<m( [, Hp,q<y,|wn|>dy) 41 [ Hno

—8 / (v, w0n) (39)

< M(1) <1 + </]RN Hp,q(y,|an|)dy>l9>

[ Al wahdy = [ Gwa)dy

< cgmaxw<1),1}<1+ [ T+ [ ool )
—9/ (y,wn) d

< Comax{M(1), 1}(1+2Hwn||q)" 0 [, Gwa)dy

< 4/Comax{ M (1), 1} |ewa | =0 [ Gly,wn)dy

for a posiﬁve constant Co, where M(7) < M(1)(1+ Tﬂ) forall T € R" becauseif 0 < T < 1,
then M(t) = [ M(s)ds < M(1),and if T > 1, then M(t) < M(1)7®. Furthermore,

£ Comax{ M(1), Huwal 2 E9(wa) +6 [ Gly, ) dy. (40)

Due to assumption (G5), there exists a 6 > 1 such that G(y, ) > || for all x € RN
and || > 4. Taking into account (G1), we obtain |G(y, )| < € forall (y,{) € RN x [0, L]
for a constant ¢ > 0. Therefore, there is C; € R such that G(y,0) > Cy forall (y,0) €
RN x R, and thus,

Gy, wy) —C
> 41
49Comax{ M (1),1}|wy|?1 = 0 1)

forally € RN and n € N. Combining (7) with (B1), (B2), (G1), and (G3), we have
the following:

1
c+1>E(wy) — ﬁ<5é(wn)/wn>
_M(/ Hpq(y, [Vewn|) dy) / Hoopq (Y, [wnl) dy

2 L owlady—o [ Gly,wn)dy
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M(Hp,q(%‘vwn‘))/ H(y, |Vwn|) dy
1

o My oyt [ ol dy
0

*./Ng(y,wn)wndy

1 1

3= ) o M1V dy

11 1 1 .
o) L ety = (3= 3) [ ol dy

8y, wn)wn — uG(y, wn) dy

1 1

;q—;) [ H V) dy

1 1 1 1

L Ny —(=—= a7 d
=) [ty — (3= 3) [ oWl dy

-G wal? + u| + p2|wa |’ d
{‘WK%}\ 17 + p1(y) |wn| + p2|wn|" dy

-

- wy|P d

u |w,1\>f.m1}g| " dy

> (i 1)/ H(y, Vo) d
19‘1 u RN Y, n y

(D) Lorsvimn- () vinrs

0
- = Pdy—K
y/]RN€|wn| Y 0
< min{xo, 1} ( 1 1)

I3

0

H J{|wn <My}
g .

M.

=72 ey

| o o Vel dy [ Honly el

11 :
B LU S Ll ST

0
= el = Ko

min{xo, 1} (4 — 99)
Z 11 ” ”H
27 9
1 1

_(r_2 ) r
<I’ V) HU“L%(RN)CWO,WIJHWHH
0¢ )

- ;HwH”U}(RN) — Ko.

Hence, we know that

1 1 Q
et (5 3 )11, Crmoliol”+ Sl g+ Ko+ 1

- min{xo, 1}(u — 99)
> TR IHE = 00)
qu
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min{xo, 1} (4—89)
20t 19qu
inequality as n — oo, we find the following:

Dividing this by |wy|P and then taking the limit supremum of this

2r+19g0¢
~ min{xg, 1} (y — 9q)

2P +19q6¢

P —
HL;J(RN) - min{Ko,l}(y*l?q)” 0||Lp (RN)* (42)

lim sup ||y
n—o00
Hence, based on (42), it follows that @y # 0. Set A1 = {y € RN : @y (y) # 0}. By

Equation (36), we infer that |w, ()| = |@n(y)||wn| — coasn — co forally € A;. Thus,
by using (G5),

lim —~—~ m
n—eo |w,|% n—sc0 \wn|ﬂq

G, @n) _ iy GWO), 000 _ Lo fory € Ay, (43)

Hence, we obtain that meas(A;) = 0. Indeed, if meas(A;) # 0, according to
Equations (38)-(43) and the Fatou lemma, we have the following:

1 lim inf Jan Gy, wn) dy
0 noreo Gf]RN (y, wn) dy + Eg(wy)
G(y, wn)
> liminf
IF fen B Comax M (1), 13 [P
i G(y, wn)
=1 f d
5 Jey 29Comax{M(1), 1} Jwa]® Y
— lim su G
H,op &N 29Comax{ M (1), 1} [wa]®7
G(y,wn) — C1
— liminf
it 3 Comax{ M (1), 1} [wn [
' Gy, wn) —C1
> [ liminf
% Ja B 4 Comax { M(1), 1} [eoa] P

_ / lim Gy, wn)
S B Comax{M(1), 1} [wn] " ¥

G
— limsu
a1 et 4 Comax{ M(1), 1} [, |79

dy

dy

dy

dy

dy = oo,

which is impossible. Thus, @ (y) = 0 for almost all y € RN. Consequently, we yielded a
contradiction, and thus, the sequence {wj,} is bounded in €. The proof is completed. [

3. Main Results

In this section, we illustrate two existence results for a sequence of infinitely many
solutions to Problem (1). The primary tools for these consequences are the fountain theorem
and the dual-fountain theorem in [37]. Let X be a real reflexive and separable Banach space;
then, it can be known (see [50,51]) that {e;} € X and {f} C X* exist such that

X =span{e;:k=1,2,---}, X" =span{f:k=1,2,---}
and

. 1 ifi=j
<ﬁ’e’>_{ 0 if i#].

Let us denote X = span{e;}, 1 = @®j_; X, and &, = Py, Xy.
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Lemma 7 (Fountain Theorem [34,37]). Assume that (X, | - ||) is a Banach space, the functional
F € CY(X,R) satisfies the (C).-condition for any ¢ > 0, and F is even. Therefore, if, for each
sufficiently large n € N, there are B, > «y, > 0 such that

(1) bp:=inf{F(@): @ € &y, ||@| =a,} - 00 as n— oo

(2)  ppi=max{F(@):@ € Ty, |@|| =B} <O0.

Then F has an unbounded sequence of critical values, i.e., there is a sequence {@y} C X such that
F'(@r) = 0and F (@) — +o0as k — +oo.

Lemma 8. Let us denote

Xyn = sup H“HL'(RN)
[u]|=1ue&,
and
Xn = max{)(g’,,, Xs,ns Xvo,n} (44)

Then x, — 0as n — oo (see [34]).

Lemma 9. Assume that (B1), (B2), (G1), and (G5) hold. Then, there are B, > ay, > 0 such that
(1) 6y :=nf{E (w) 1w € Gy, |w| =an} — 00 as n— oo;

(2)  ty:=max{&)(w) :w € Fp, |w| = Pn} <0

for a sufficiently large n .

Proof. The basic concept of the proof is carried out similarly to [52] (see also [32]). For the
reader’s convenience, we provide the proof. For any w € &, suppose that |w| > 1.
From assumptions (B1), (B2), (G1), and Lemma 3, as well as the similar argument in (37), it
follows that

Ealtw) = M( [ Hoalo Gy dy ) + [ P, ol dy

> el ay—o [

. %@o/ﬂ}(/ H(y, |Vw)) dy+/ Hy %\M)dy)

/ y)lw|" dy — 9/ G(y, w) dy
- min{xo, 9} w

p_7 r
7 LU L NP L

602
Ls(RN) — Hw”Lt (RN)

—0l1] 2 oy ]
min{xg, ¢
> {0 }H

1
p_ — r r
> Tyl = Lol s il

—0lloal g ol — 2 o]

min{xg, ¥} 7/9 2 - 1
z( | L A
L7077 (RN)

0q2p
— 8l o ol
Since p < {, we obtain

- (ﬁqZp“ ”9(12)% e

min{xg, 0}
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as n — co. Hence, if w € &, and ||w| = ay,, then we find that

min{xg, 9} .y
Eo(w) > W’xn HUHL%@N)X”% = 0llp1]l v gy Xnitn — 00 as 1 — oo,

which implies (1) because &, — 0, x, — 0asn — ocoand p >r > 1.
Next, we show condition (2). To the contrary, suppose there is n € N such that
condition (2) is not fulfilled. Then, sequence {wy} exists in §, such that

|wi]| = c0cask — o0 and & (wy) > 0. (45)

Let zp = wy/|wg|. Since dimF, < oo, thereis a z € F, \ {0} such that, up to a
subsequence still denoted by {z;},

lzx =z =0 and  z(y) = z(y)

for almost all y € RN as k — co. We assert that z(y) = 0 for almost all y € RN. If z(y) # 0,
then |wy(y)| — oo for all y € RN as k — oo. Hence, in accordance with (G5), it follows that

Gly,we) _ G(y )

forally € By := {y € RN : z(y) # 0}. In the same fashion as in the proof of Lemma 6, we
can choose a C, € R such that G(y,{) > C, forall (y,{) € RN x R, and so

G(y' Wk)ﬂ_ Cz Z 0
(g

forally € RN and k € N. Using (46) and the Fatou lemma, we have the following:
Co

Gy, wy) G(y, wr)

lim inf ——=dy > hm inf [ —~—~dy —limsup | ———dy
koo JRN i [%0 koo I8y [awy|® koo B W%
— liminf [ Gly,we) =G wk)l; C dy
koo S8y [lw]|
> hminfc(y’wik)ﬂ_cz
N L
liminf G(Lu;k)dy— lim sup 020 dy.
By koo g™ Bl koo [wil|®

Thus, we infer

/ G(Lul;k)dyﬁoo as k — co.
RN g7

We may assume that |wy| > 1. Therefore, by (39), we have
Eo(uwi) < 4°Comax{M(1), | 0 [ G(y,w)dy
oq 49 Gy, wi)
< ]| '7<4 Co max{M(1),1} — 9./RN Teor [P dy) — —o0 ask — oo,

which contradicts (45). This completes the proof. [

With the help of Lemma 7, we are ready to establish the existence of infinitely many
large-energy solutions.
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Theorem 1. Assume that (B1), (B2), (G1), (G2), and (G5) hold. If ¢(y, —{) = —g(y, ) holds
forall (y,0) € RN xR, then for any 6 > 0, Problem (1) yields a sequence of non-trivial weak
solutions {wy } in € such that Eg(wy) — o0 as k — oo,

Proof. Clearly, & is an even functional and the (C).-condition by Lemma 5 is ensured.
From Lemma 9, this assertion can be immediately derived from the fountain theorem. This
completes the proof. [

Theorem 2. Assume that (B1), (B2), (G1), (G3), and (G5) hold. If g is odd in &, then for any 6 > 0,
Problem (1) yields a sequence of non-trivial weak solutions {wy} in € such that Ey(wy) — co as
k — oo.

Proof. If we replace Lemma 5 with Lemma 6, the proof is the same as in Theorem 1. [J

Definition 3. Suppose that (X, | - ||) is a real separable and reflexive Banach space. We say that F
satisfies the (C)g-condition (with respect to Fy) if any sequence {wy }ren C X for which wy € F
foranyk € N

Flwp) = and  |[(Flg) (we)lx- (1 + [wgl]) — 0ask — oo,

possesses a subsequence converging to a critical point of F.

Lemma 10 (Dual Fountain Theorem [34]). Assume that (X,| - |) is a Banach space, and
F € CYH(X,R) is an even functional. If ng > 0 so that for each n > ng there exists By, > oy > 0
such that the following holds:

(A1) inf{F(@):@ € &,,||o| =Bn} >0;

(Ay) 6y = max{F(®@):®@ € Fy, |@]| =an} <O0;

(A3) ¢p:=Inf{F (@) : @ € &y, ||@]| < Bu} = 0asn — oo;
(Ay) F fulfills the (C)¢-condition for every c € [¢pn,,0),

then F yields a sequence of negative critical values dj < 0 satisfying dy — 0as k — co.
Next, we check all the conditions of the dual fountain theorem.

Lemma 11. Assume that (B1), (B2), (G1), and (G2) hold. Then, the functional &y satisfies the
(C)%-condition for any 6 > 0.

Proof. First, we claim that ®’ is a mapping of type (S; ). Let {wy} be any sequence in &
such that w, — wy in € as k — co and

limsup<d>’(wk) - q)/(wo),Wk — ZU()> <0

k—c0 n

Then, by using the notation in Lemma 5, we know the following;:

klglgo [M </]RN Hp,q(y, | Vwy|) dy) (Do, (i — wp) — Doy, (Wi — wp)]
+‘ijwk (wk — ZUO) +‘ff’w[) (wk — ZUO)] <0.
According to (19) and (20), we find the following:

Jim (@' (wg) — @' (wo), w — wo) = 0.
—»00

Therefore, using (12), (26), (29), (32), and (35), wy — wp in € as k — oo as claimed.
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Let ¢ € R, and let the sequence {wy} in € be such that wy, € §y for any k € N
Eo(wp) — ¢ and  [(&lg,) (wi)le: (1+ Jwil) — 0ask — co.

Therefore, we obtain ¢ = E(wy) + 0x(1) and (&) (wy), wi) = 0k(1), where 0,(1) — 0
as k — oo. Repeating the argument from Lemma 6 proof, we derive the boundedness of
{wy} in €. Therefore, there is a subsequence, still denoted by {wy }, and a function wy in &
such that w, — wy in € as k — oo.

To complete this proof, we will show that wy, — wp in € as k — oo, and also, wy is a
critical point of &. Though the concept of this proof follows that in [34] (Lemma 3.12), we
provide it here for convenience. As € = (Jycy Sk, we can choose v € Fi, k € N such that
v — wp as k — co. Since || (&gl ) (wi)[er — 0, {wy — vi} is bounded, and wy — v € Fy,
we have

(Eg(wy), wp — v) = ((Elg,) (W), wr — vg) = O ask — oo, (47)

The analogous argument in Lemma 9 [47] implies that @' is continuous, bounded,
and strictly monotone. This, together with Lemma 4, indicates that {&}(wy)} is bounded
because {wy } is bounded. Thus,

(5(3(201(),7);( —wp) — 0ask — oo. (48)
Using (47) and (48), we find that
(Ep(wy), wg — wp) — 0as k — oo.

Therefore,
(Eh(wy) — Ef(wp), wr — wp) — 0ask — co. (49)

According to Lemma 4, we know the following;:

(¥y(wy) — Yp(wo), wy — wo) — 0as k — 0. (50)
Based on (49) and (50), we derive that

(@ (wy) — D (wp), wy — wpy) — 0ask — co.

Since @’ is a mapping of type (S+), we conclude that wy — wy as k — co. Furthermore,
we have &)(wy) — &Ej(wp) as k — oo. Then, we can prove that wy is a critical point of &.
Indeed, fix ko € N and take any u € §y,. For k > ko, we find that

(Eg(wo), u) = (Eg(wo) — Eg(wi), u) + (E(wk), u)
= (Eg(wo) — Eg(wy), u) + ((Eolg,) (wi), u);

thus, passing the limit on the right side of the previous equation, as k — oo, we obtain
(Eg(wo), uy = Oforall u € Fy,.

As k is taken arbitrarily and Uy Sk is dense in &, we have &)(wp) = 0 as required.
Then, we conclude that &y satisfies the (C)?#-condition for any ¢ € R and forany 6 > 0. [

Lemma 12. Assume that (B1), (B2), (G3), and (G5) hold. Then, the functional &y satisfies the
(C)E-condition for any 6 > 0.

Proof. Based on Lemma 6, we obtain that {w, } is a bounded sequence in €. The proof is
the same as for Lemma 11. O
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Lemma 13. Assume that (B1), (B2), and (G1) hold. Then, there is ny > 0 so that for each n > ny,
there exists B, > 0 such that

inf{&(w) : w € &, |w| = Bn} > 0.

Proof. Let ), < 1 for a sufficiently large n. Based on (G1), Lemma 3, and the definition of
Xn, we find

%}W(/RN H(y,|vw\)dy+/RN Hon (v, [w]) dy )

1 ~[owleldy =6 [ Gy wdy

Ey(w) =

min{xg, &
> {0 }H

1
p_ = r r
7 e N A
— 0l ol — 2 ol
min{xg, 9} 1 602 ,
> W0 S e (2
Ul G NS P

= Ollo1ll e vy xn ]

for a sufficiently large n and |w| > 1. Let us choose

1
_ (L bpa) _8q20 "
Bn = |:<r HU”Lng* (RN) + ¢ ) min{KO,ﬂ}X" . (51)

Let w € &, with |w| = B, > 1 for a sufficiently large k . Then, there is np € N
such that

min{xg, ¢
Eata) 2 T L o p

6p2 r 4

- (r"”mw, ot €>xnnw RIS

min{xg, 9}
l9q2p+1

1
1 fpp | Og2rtl | P o
9”P1HL5’(RN) {(r' mggr (&N) + 7 ) min{xo, 0} Xn

>0

/317

for all n € N with n > ng, which implies that the conclusion holds since lim;, ﬁﬁ =
and x, - 0asn —oco. [

Lemma 14. Assume that (B1), (B2), (G1), and (G4) hold. Then for each sufficiently large n € N,
there exists oy, > 0 with 0 < ay, < By such that

(1) 6y :=max{&(w): w € Fp, |w| = an} <O0;
(2) ¢ :=inf{&E(w) 1w € Gy, |w| < Bu} — 0asn — oo,
where Py, is given in Lemma 13.

Proof. (1): Since §, is a finite dimensional, || - ||z gny, | - | ¢(mny, and || - || are equivalent
on §,. Then, 01, > 0and 05, > 0 exist such that

ouullwl < |w] e rny and [wll e gny < 02wl
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forany w € §,. Let w € §, with |w|| < 1. Based on (G1) and (G4), there are C19,C17 > 0
such that

G(y,0) = Cioé(y)[Z]* — Cnlgl*

for almost all (y,{) € RN x R. According to Lemma 3, we obtain

[ Hoaw [Vl dy < K

for some positive constant K. Then, we have

Eo(w) <M</ Hpq(y, |Vw)) dy) /H‘ﬂpq(y"wD

1 [ ewloray—e [ G,w)dy

r.

_(sup M(C)/ Hpa |Vl dy+ [ Hoopgvfohdy  (2)
0<i<Kk

—0Cio /RN §(y)[w|? dy +6Cy /]RN Jw|"dy
< Coalw|” — 9C10”wHid(§,]RN) +6Cny ||wHié?(]RN)
< Cipllw]? — 6C100] 1 w]* + 0C1105, 0]
for some positive constant Cyp. Let f(x) = CppxP — 9C10Q‘flnxd + Gcllgénxé. Sinced < p < ¥,
we infer f(x) < 0 for all x € (0,x) for sufficiently small x; € (0,1). Hence, we can find

a, > 0 such that & (w) < 0 for all w € §, with |w|| = a, < x¢ for a sufficiently large k.
If necessary, we can change 1y to a large value so that 8, > «,, > 0 and

y i=max{&(w) : w € Fp, |w| = an} <0

for all n > ny.

(2): Because §, NG, # ¢ and 0 < a, < By, we have ¢, < 6, < O for all n > ny.
Forany w € &, with |w| =1and 0 < t < B, we have

5(fw)>M(/ Hpaq(y, | Viwl) dy) / Hog,pq(y, [tw]) dy
2 [ ewll dy—e [ Gy tw)dy

r

2—%/ o(y)|tw|" dy — 9/ (v, tw) dy

2=l Il
o [ orlreldy = %2 [ jrollay 3)
=2l Bl

i 002 o0 [ ¢
b [ or(n)oldy — F2p} [ awl'ay
> Lol Bk~ Oloul g frrn — 2B
e LWQV(]RN) nXn P1llgs (RN)PnXn nXn

for a sufficiently large n, where x;, and B, are given in (44) and (51), respectively. Hence,
based on the definition of B, it follows that
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||o-||ﬁ o
0> On = — ﬁn?(n - GH‘DlHLs’(]RN)ﬁ"Xn - ﬁan
el 25 (r4p-20)r
v @) [ (1 Opa \ per|” T
= = \® - oP P
r |:( ”(TH W() T (RN) T l q An

_1_
1 02\ per | S :
—lloll o gy Kr L7 gy + €> q2 Xn

L
P (rp-20)f
P2 6p2 |’ “
~21 20 + 12 ) qor
z [( LIENE )q

X
Because p < p+r < 2{ and x, — 0 as n — oo, we derive that lim, ;e ¢, =0. O

With the aid of Lemmas 10 and 11, we are in a position to establish our final
consequences.

Theorem 3. Under the assumptions in Theorem 1, if (G4) holds, then Problem (1) yields a sequence
of non-trivial weak solutions {wy} in € such that Eg(wy) — 0as k — oo for any 6 > 0.

Proof. Due to Lemma 11, we note that the functional & is even and fulfills the (C)}-
condition for every ¢ € [¢y,,0). Based on Lemmas 13 and 14, we ensure that properties
(A1), (A2), and (Aj3) in the dual fountain theorem hold. Therefore, problem (1) possesses a
sequence of weak solutions {wy } with a sufficiently large k. The proof is complete. [

Theorem 4. Under the assumptions in Theorem 2, if (G4) holds, then Problem (1) yields a sequence
of non-trivial weak solutions {wy} in € such that Eg(wy) — 0as k — oo for any 6 > 0.

Proof. Similar to Theorem 3, instead of Lemma 11, we apply Lemma 12 to obtain this
result. [J

Finally, we demonstrate the existence of a sequence of infinitely many weak solutions
to (1) that converges to 0 in L®-space. To accomplish this, we needed the following
additional assumptions regarding g:

(G6) There exists a constant {; > 0such that g(y,¢) isodd in RN x (—{1,{1) and pG(y, {) —

¢(y,0)¢ > 0forally € RN and for 0 < |{| < {y;

(G7) limz| 0 |§\(’%2)5 = oo uniformly for all y € RN.

The following assertion follows upon the analogous arguments of Proposition 1 in [40]
and Proposition 3.1 in [39].

Proposition 1. Assume that (G1) holds. If w is a weak solution of Problem (1), then w € L®(RN),
and there exist positive constants C, y independent of w such that

lwl oy < Cllwllfy gy

With the help of Lemma 10 and Proposition 1, we are in a position to derive our final
major result.

Theorem 5. Suppose that (B1), (B2), (G1), (G6), and (G7) hold. In addition, suppose that

(M5) M(t) < M(t)t forany t > 0.

Then, there exists an interval T such that problem (1) has a sequence of non-trivial solutions {w, }
in € whose Eg(wy) — 0 and |wy | o gy — 0as n — oo for every 6 € T.
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Proof. To obtain the desired properties of the energy functional, as in Lemma 10, we modify
the nonlinear term g as follows. According to (G6) and (G7), for any i3 > 0, there exists
(> € (0,min{¢y,1}) such that

G(y,0) > M|¢|P forae. y € RN andall |{] < 0. (54)

Fix {3 € (0, {2/2), and let ¢ € C!(IR,R) be such that ¢ is even, ¢(7) = 1 for |{| < 3,
@(2) = 0 for [Z] > 203, |¢'(Q)| < 2/T3, and ¢/ ()T < 0. We then define the modified
function §: RN x R — R as

_ 3~
$W,0) = iG(y,é),

where

G(1,8) = 9GO + (1= 9zl

for some fixed ¢ € (0, min{ }) with C ;i being the embedding constant for the

1
7 P
P qcp/imb

embedding ¢ < L?(RN) by means of Lemma 2. Clearly, Gisevenin,

g0 = ¢ (OG0 +9(0)g(y,8) — ¢'(@)ZIZ] + (1 = p(0)EpIcIP 2, (55)

and

PGy, Q) =3y, 0T = (D) [pGw, Q) — 8y, )] — ¢’ (DZ[G(y, §) — &lZ|”].
Thus, the definition of ¢ and (54) yield the following:
pG(y,0) —§(y,0)7 >0 forae.ycRY andall { €R, (56)

and
pG(y,¢) — &y, )¢ =0 ifandonlyif { =0 or |{| > 2Z5. (57)
By the definition of G and (G1), we infer

Gly,€) < ()l +21gl’ + elel (58)

fora.e. y € RN and all { € R. Consider the modified energy functional &:€—R given by
Eo(w) = D(w) — Fo(w),
where

Tolw) = 7 [ owloldy+0 [ Gw,w)dy.

r JR

Subsequently, by a standard argument invoking the embedding € — L¥ (RN) and the
differentiability of ®, we can show that & € C'(¢&,R) is an even functional. Furthermore,
we have

Eo(u) = 0= (E)(u),u) ifand onlyif u=0. (59)
Indeed, let &g(1) = (E}(u), u) = 0. Then, according to (M5), we find that
0= —p&(u)
==t Myl 1)) = p [ Pl )
+ 2 [ ol dy+op [ Clyu)dy

> =M ([, Hpalo IVl ) [ Haly, 9]y (60
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and

(E(u), u)

— [ M VD dy+ [ o)ludy+o [ pCly,u)dy

—M(/ ’Hp,q(y,Wul)dy)/ H(y, [Vul)dy

7/‘ Hog (y, |Vul) dy+/ y)|ul" dy+9/ pG(y, u)dy

=M ( [ gl [Vul) ) [ 2, [ dy

+ [ Ao Vuhdy— [ o)l dy—o [ g

Based on Equations (60) and (61), it follows that

/RN (”G(%“) - §(y,u)u) dy < 0.

Consequently, the relations (56) and (57) imply u = 0.

w)udy = 0.

(61)

(Aj): Let x,, < 1 for a sufficiently large n. Based on Lemmas 1 and 3 as well as the
similar argument in (37), it follows that

&(w) = ®(w) - Fo(w)
([ a1l dy ) + [ Ho o )y
2 [ oWl dy—o [ Gwwdy

min{xy, ¢

> T OL [ hy 90) 0 ]
1 iy - :

= el dy=o [ (Gy,w) +¢lwl)dy

min{xg, ¢

> T gy — ol N LA
*9/ (y,w)dy — 96/ |w|P dy
min{xg, ¢

> Tl g o Pl
—0 [ (o)l +%\w|f) dy—f’CXnHWH”
min{xg, ¢ 1

> T gy — Fhol 4@( ol 0 vy
79”P1HL~"(RN Hw||L5(RN) Hw”Ll (RN) 9§X1€Hw”p

min{xg, ¢
> {0 }H|

1
p_ — r r
oo ol = Zlel 4(RN)XH||wH

2
= Ollorl gy Xnllw] — 5 xalwl® = 02xh]w]?
min{xo, 0} o]
0q2p

= Ollo1 ol = (2 42 ah ol

1
p_ = r r
L ”‘THL%(RN)X"”wH
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for a sufficiently large n and |w| > 1. Let us choose

- 9a2p+1, P =2
o= (5 2) o

min{xg, 9}

and let w € &, with |w| = B, > 1 for a sufficiently large 1. Then, there exists 1y € N
such that

min{xo, 9} o] —
¥q2p

= Ollo1 ] sy nlol = 0( 52 + &) ah ol

Eg(w) >

r r
A

min{xg, 8} zp 1 02 Oq2rtl r p(fy[)
> _Z
= Ogq2rt! Bn r HU”L%(RN) 9( 2 é‘) min{xg, 9} Xn

1
ﬂq2p+1 p=2 2017;?
L G B
>0

for all n € N with n > ng by being

lim min{xg, 9}
n—oo l9q2!’+1

’BP
Then, we find the following;:
inf{&(w) : w € &, ||[w| = B} > 0.

(Az): Observe that | - || e @y, || - [ gy, and | - | are equivalent on §,. Then, there are
positive constants 07 , and 0, such that

: ©
for any w € §,. From (G6) and (G7), for any 3 > 0, there exists {3 € (0,2/2) such that

3@2;1

Gy, Q) = —==[I

for almost all y € RN and all |{| < 3. Choose &, := min{3, {301} for all n € N. Then, we
know that [[w] gy < 3 for w € §y with |w| = &y, and so G(y,w) = G(y,w). From the
analogous argument in (52) and based on (62), we derive the following:

Eatw) = M( [ Hyalo[Tl)dy )+ [ Hon gl )y
> [ ewirdy—o [ Glyw)dy

r

< < sup M( C))/ Hpq(y, [Vwl)dy
0<f<k
. m3ap
+ [y Honpaly oy dy o [ = 20wl y

99)?392
< Cozflw|” - — ]l @y
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oM.
< Copflw|? — TSHWHP

S pC12 ; 99313&5

for any w € §, with |w| = @,. If we choose a sufficiently large 93 such that 1 < 0913, we
obtain the following:

b = max{&(w) : w € Fn, |w| = &y} < 0.
If necessary, we can change 1 to a larger value so that ﬁn >y, > 0foralln > ng.

(A3): Because 9, NG, # ¢ and 0 < txn < ﬁn, we have 4),, < (5,1 < 0 for all n > ny.
Forany w € &, with |w| = 1and 0 < t < B, we have

Eattw) = M ( [, Hoalo IV0l) dy) + [ Hon a0l
1 ; ~
—;/RNO'(y)ItWI dy—G/ Gy, tw) dy
1~
> 2By [ el dy =0 [ (Glytw) +¢lt]) dy
1~
> =2 Bilel o, o Tl

—9/ (v, tw) dy 9{;’/ [tw]|? dy

2 7;‘BIHHO’HL730 ”wHL“/o (RN)
fe/Nm(y)uwwyf—/ ol dy —6¢ [ lrwl?dy
1~
L T L e
~ 0 /RNpuynwwy— 2, [ ol dy 0Bl [ fol dy
S o B = Ol g s~ %02 5t i, — ocpi,
= r LT nAn Ls"(RN)PnAn nAn nAns

where ), is given in (44). Hence, we achieve

. ||0HL#L e
0> ¢u > .3an - 9HP1HLS’(RN)ﬁan - .3an - GC‘BH){”
lel v r
- Hmag' (RN) 9<& (:) dq2r+t Wx%(fzp
- r l min{xp, 9} ¢

1
Yg2p+l 1z 220
_9||p1”L5’(RN) |:9<P72 —|—§) qi:l an 27

min{xg, 9}
L
_ bp2 0(& §) dq2r+1 ;FZZXZI;E 0
! [ min{xg, 9} "
P
19112’]+1 p—2t 2!;(172*;)
B 96{ < * (f) min{xo,ﬁ}} Xt

Because p < £ and x, — 0 asn — oo, we conclude that lim;; o 47,1 =0. N
(Ay): Before proving that & ensures the (C)}-condition, we have to show that ¥},
is sequentially weakly strongly continuous on € for any 6 > 0 and that & is coercive.
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Therefore, we first derive that & ensures the (C)-condition for any ¢ € R and for every
6 € T. Let {wy } be a sequence in € such that wy — win € ask — oo. Since {wy } is bounded

in ¢, Lemma 3 guarantees that there exists a subsequence {wkj} such that
wy, (y) — w(y) a.e. in RN and Wi, — win L"(RN)asj — oo, (63)

where p < m < p*. By the convergence principle, there exists a subsequence {wkf} and a
non-negative function v € L? (RN) N LY(RN) N L7 (RN) such that wy, (y) > v(y)asj— o

for almost all y € RV, and [wg, (y)| < v(y) forall j € Nand for almost all y € RN. For any
u € ¢, we have

(e[

+9/ y,wk §(y,W))udy)

< (/RN oty |

o | = o)l P
-I—G‘/ y,wk g(y,w))udy‘.

Wk, — o(y) \w|r72w> udy

.r/
dy) loel ey

By Young’s inequality, we infer that

o

< Cua [ el 1o (o + ol) dy
< Cug [ Jo )l (jos| + For) dy

r—2 B o "d
o) |, — o) ol 2u| ay

<Cis [y ( 2000 oy ool \wI%) dy (64)
0
for some positive constants Cy3, C14, and Cis. By the definition of ¢ and (G1) and based on
(55), we deduce that
18(y,0) < Clé(Pl(y)+Pz|Cll_1+§P|C|”_1>- (65)

Due to (65), we obtain

‘/ y,wk (y,w))udy‘

< [ (B(w )| + 18 w)1) juldy (66)
<cy [ o) torfuwg| "+ zpluwg|” +paleol ™ + Epll ) uldy

<C [ (o1 +ea (ol "+l ) + (ol + ol ) Y uldy

for some positive constants C1 and Cy7. Invoking (63)-(66) and the convergence principle,
we find the following:

y)‘wkj '

,zwkj — o(y) o] 2w ‘r < fi(y) and |< (y,wkj) —§(y,w))u‘ < fa(y)
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-2
for almost all y € RN and for some f1, f, € L'(RN), and also, o(y) ’wkj ‘r Wy, — o(y)|w] 2w

and |< (y, Wy, ) gy, w)>u| — 0asj — oo for almost all y € RN. This, together with
Lebesgue’s dominated convergence theorem, yields that

CACHER AT
= sup ’<‘T’é (wk/) - ‘T’é(w),u>‘

<1

s ‘/ ( ‘wk

+9/ y,wk (y,w))udy‘ —0

-2
g, = o) ol Judy

as j — oo. Therefore, we derive that ¥/, (wkj) — ¥j(w) in €*asj — co. Letw € € with

[w| > 1. Weset A; == {y € RN : |w(y)| < g3}, Ay = {y € RN : {3 < |w(y)| < 203}, and
Az = {y € RN : 205 < |w(y)|}, where {3 is given in (57). From the condition of ¢, we have

Eatww) = M( [ Hoalw [Vl dy ) + [ Han o)
7%/RNU(y)\w|rdy79/R Gly,w)dy
> Pl ol el ey =0 [, 160wl dy
_g/Az () |Gy, w)| + (1— <p(w))€|w\”dy—9/A3€\w|”dV
> L0 o Croamll

G w)lay—o [ gl dy
2 3

mm{Ko,ﬁ}

> P gy o Chymplel’

—0 [ pleldy—6 [ Pullay-o [ ey
A1UA, AUA, £ AsUA3

min{xo, 8} ., 1 . p

2 Tl = 2ol el

— 2l v [0l = (52 +€) [ lol” dy

min{xo, ¥} 1 ; .
> el = Ll el
- 2Cs,z'mb9”.01 L5 (RN) ”wH - ( + g) ”wHLp (RN)

min{xo, 9} /P2 4 v
> [T (% +¢) Cpm ]

1
- ; Ho—llL%(RN)C;o,ithw”r - 2Cs,imb9Hp1 HLS’ (RN) Hw“

where C,, iy is an embedding constant of & < L"(RN) for any m with p < m < p*.
Therefore, we deduce that for any

fmin{xo, 0}
el =0, w77 ~— |,
< ﬁqu (PZ + gg)cp,imh
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the functional & is coercive in €; that is, & (w) — oo as |w| — co. Based on the analogous
argument in Lemma 9 in [47], it follows that @’ is strictly monotone and coercive. Similar
to the proof of Lemma 11, @' is a mapping of type (S.). According to the Browder-Minty
theorem, the inverse operator of @' exists (see Theorem 26.A in [53]). Since @ is of type
(S+), itis clear that it has a continuous inverse. From the compactness of the operator ‘?g
and the coercivity of &g, it follows that the functional & satisfies the (C).-condition for any
c € Rand for every 6 € I as required.

Finally, we show that (A4) is verified. Let ¢ € R and let the sequence {wy} in € be
such that wy € §y forany k € N,

Eo(w) ¢ and  (&lg,) (wp)ler (1 + [wi]) = 0ask — co.

Then, based on the coercivity of &, it follows that {w;} is bounded in € for every f € T.
Following the concept of the proof of Lemma 11, we deduce that w; — wp in € as k — co
and also that wy is a critical point of &. Therefore, we conclude that the functional &
satisfies the (C)y-condition for any ¢ € R and for any 6 > 0. This shows the condition (\Ay4).

Consequently, all conditions of Proposition 10 hold, and thus, for 6 € T', we find a
sequence of negative critical values d for & satisfying d; — 0 when k goes to co. Then, for
any {w;} € € with &(wy) = di and | E](wy)| .. = 0, the sequence {wy} is a (C)o-sequence
of & (w), and {wy} yields a convergent subsequence. Thus, up to the subsequence denoted
by {wy}, we have wy — w in € as k — co. Equations (56), (57), and (59) imply that 0 is
the only critical point with 0 energy and the subsequence {w; } has to converge to 0 in &;
thus, w1 (rv) — 0asn — oo for any ¢ with p < t < p*. By virtue of Proposition 1, any

e+

weak solution w of (1) belongs to the space L®(RY), and there are positive constants of
C,  independent of w such that

U

”ZUHL“’(RN) < C”wHU(RN)

Therefore, we know |wy| LNy — 0. Hence, by applying (56) and (57) once again, we
achieve [[wy || ~gn) < {3 for a sufficiently large k. Thus, {wj} with a sufficiently large k is
a sequence of weak solutions to (1). The proof is complete. [

4. Conclusions

In order to use the dual fountain theorem, the authors of [23,36,37,40,47] considered

the existence of two sequences 0 < &, < B, — 0 as n — co. However, our approach differs
from the above papers. In view of the papers [32-35], we adopted the conditions (G5) and
(g) G(v,0) =0(|¢|7) as { — 0 uniformly for all y € RN,
These conditions play an important role in proving the assumptions of the dual fountain
theorem, and the authors of [30,32-35] established the existence of two sequences 0 < a;; <
Bn, which are both sufficiently large. However, when utilizing the analogous argument
from [33,34], we cannot ensure property (2) in Lemma 14. More precisely, if we replace B,
in (51) with

1
. 1 eﬂ l9q2p+1 . Pt
P = [(r HU”nggv (RN) T ) min{KO,ﬂ}X” !

and r + p > /, then in Equation (53),

1

! fpa\ Oq2rtl |70 et
P = [(rallL%Lr(RN>+ ¢ )min{Ko,ﬂ} o e

However, the authors of [32,35] overcame this difficulty with a new setting for f,,
as in (51). Although the basic idea for proving Lemmas 13 and 14 is analogous to [32,35], in
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this paper, we derive these conditions without assuming (G5) and (g). For this reason, our
approach is slightly different from those of previous related studies [23,32-37,40,47].

Additionally, a new research direction is the study of Kirchhoff-Schrodinger-type
problems with Hardy potentials:

([ 5+ Tl )iVl o) a2 Ve)

|w|7?w

ly|T

|w|P~2w

T +v(y)

+mwmmw%+WWM%%pﬂ( >+@@W>mRM

where N >2,1 < p <q<N,A € (—oo,A*) for some A* > 0, 0 is a positive real parameter,
¢ : RN x R — R is a Carathéodory function,
1

<1+ N’ v:RN - [0, 00) is Lipschitz continuous,

==

and U : RN — (0,0) is a potential function satisfying (V), and a Kirchhoff function
M: ]Rg — R satisfies the conditions (M1) and (M2).

Because of the term A(|w|P~2w|y| =7 + v(y)|w|T 2w|y| 1), when A # 0, the classical
variational approach is not applicable to our focus in the present paper. The reason is that
the Hardy inequality only guarantees the embeddings of the Musielak—-Orlicz-Sobolev
space Wé’H(RN) — LP(RN, |y|~P) and W&’H(RN) < L1(RN,v(y), ly|~). However, these
embeddings are not compact. Hence, problems with A # 0 must be handled more carefully
due to the lack of compactness.

Also, we indicate some further research for degenerated Kirchhoff coefficients as fol-
lows.

{—M(%(IWI))diV((IWI”2+b(y)|Vu"2)Vu) =g(u) inQ,
u=20 on d(),

where the modular function ¢4 is defined by ¢y (|Vu|) == [, [Vul? +b(y)|Vul|? dy for all
ue W& A (Q)), g is a continuous function with suitable conditions, and the exponents p, g
and the weight function b : Q) — [0, +00) satisfy the following condition:

(K1) 1<p<N,p<q<p = yb, andb e L*(Q;[0, +c0)).

Also, M : [0, +00) — [0, +o0) is the Kirchhoff function satisfying the condition:

(K2) M is continuous and there are constants 0 = sy < s1 < sp < --- < sg such that
M(sg) =0foreach ¢ € {0,1,...,R} and M(s) > 0 foralls € [0,sr] \ {s0,51,.-.,5r}

Regarding this problem, the authors of [54] considered a nonlinear elliptic equation
involving a nonlocal term that vanishes at finitely many points, a double phase differential
operator that satisfies unbalanced growth, and a nonlinear reaction term. The model is
referred as the double phase degenerate Kirchhoff problem, as it involves a nonlocal Kirch-
hoff term, too. The major contribution of this paper is to establish a multiplicity theorem in
which the main method is based on a truncation technique and variational method.
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1. Introduction

Fixed-point theory is a major and important tool in the study of nonlinear phenomena.
This theory has been applied in such diverse fields as topology, differential equations and
inclusions, economics, game theory, engineering, physics, optimal control, and nonlinear
functional analyses. Many authors are interested in fixed-point theorems in metric spaces.
The concept of a b-metric space is an old notion that is used in many areas of mathematics.
In 1970, Coifman and Guzffian [1] introduced a weaker notion of a metric space called a
quasi-metric space; some researchers have used the notion of the b-distance in an attempt
to include b-distance functions such as

d(x/y) = |x 7y‘"/ X, Y€ R",
to resolve some central questions in harmonic analyses (see also [2—4]). The actual definition
of a b-metric was introduced in 1979 by Madas and Segovia [5]. The notion of a b-metric
was first used in fixed-point theory by Bakhtin [6] and extended by Czerwik [7]. Chapter 12,
and in particular Section 12.1, of the monograph by Kirk and Shahzad [8] presents a nice
introduction to the origin and history of this type of metric space as well as some elementary
examples of such spaces.

Our aim in this work is to prove some new versions of the Covitz and Nadler fixed-
point theorem [9,10] and to answer a question proposed by Kirk and Shahzad [8], namely,
does Nadler’s theorem hold in strong b-metric spaces [8] (page 128) (see Theorem 3 below)?

2. Preliminaries

We begin with some essential concepts and results. In what follows, P(X) denotes
the set of all nonempty subsets of X so that P, ,(X) is the set of all nonempty closed and
bounded subsets of X, and P, (X) is the set of all nonempty compact subsets of X.

Definition 1. Let A, B € P(X) and define:
e Hj(A,B)=sup{d(a,B):ac A};
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H}(B,A) = sup{d(A,b) : b € B};
e Hy(A, B) =max(Hj(A,B),H;(B, A)) (the b-Hausdorff distance between A and B).

Remark 1. Fore > 0, let
Ac={xeX:d(x,A) <e}.
Then,

Hj(A,B) =inf{e >0: A C B}, Hj(B,A) =inf{e > 0: B C Ac}.
Next, we define what is meant by a b-metric space and a strong b-metric space.

Definition 2. Let X be a nonempty set and s > 1. By a b-metric on X, we mean a map d:
X x X — [0, c0) with the following properties for all x, y, z € X:

(i) d(x,y) =0ifand only if x = y;

(ii)  (Symmetry) d(x,y) = d(y, x);

(iii) (s-relaxed triangle inequality) d(x,y) < s[d(x,z) +d(z,y)].
The triple (X, d, s) is called a b-metric space.

Definition 3. Let X be a nonempty set and s > 1. By a strong b-metric on X, we mean a map
d: X x X — [0, 00) with the following properties for all x,y, z € X:

(i) d(x,y) =0ifand only if x = y;

(ii)  (Symmetry) d(x,y) = d(y, x);

(iii) (s-relaxed triangle inequality) d(x,y) < d(x,z) + sd(z,y).

The triple (X, d, s) is called a strong b-metric space.

A useful generalization of the s-relaxed triangle inequality is given in the
following lemma.

Lemma 1. Let (X, d,s) be a strong b-metric space. Then, for xo, x1, ..., X, € X, we have

d(xg, xn) Z T (x, xp40) + 5" (X1, Xn).

The next two lemmas will be used in our proofs.
Lemma 2. Let (X, d,s) be a strong b-metric space. Then, d is a continuous mapping.

Proof. For any x, y, xo, yo € X,

d(x,y) <sd(x,xp)+d(x0,y)
< Sd(x, XO) + d(X(),y()) + Sd(yo,y)A

Hence,
d(x,y) —d(xo,y0) < sd(x,x0) + sd(yo,y).

Similarly,
d(xo,y0) —d(x,y) < sd(x,x0) +sd(yo,y)- (1)

This implies that

|d(xr ) (xOryO)‘ < S[ (xr xO) + d(yﬁry)]r

and therefore d is continuous. [
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Lemma 3 ([11]). Let (X,d,s) be a b-metric space. Then, every sequence (xn)nen C X for which
there exists <y € (0,1) such that

d(xn/xn+1) < 'yd(xn,xn,l), neN,
is a Cauchy sequence.

Lemma 4. Let (X,d,s) be a b-metric space and A, B € Pcp(X), which is the set of all nonempty
compact subsets of X. If d is a continuous b-metric, then for any x € A, there exists y € B such that

d(x,y) <d(x,B).

Proof. Let x € A; then, for every n € N, there exists y, € B with
1
d(x,yn) gd(x,B)+£. (2)

Since B is compact, there exists a subsequence (¥, )ken of (Vn)nen converging toy € B.
Since d is continuous, letting n — o0 in (2), we obtain

d(x,y) <d(x,B) < Hy(A,B),
which proves the lemma. [

3. Covitz-Nadler-Type Fixed-Point Theorems

In this section, we give versions of the Covitz and Nadler fixed-point theorem in
b-metric spaces. They proved their classical fixed-point theorem in metric spaces for con-
traction multi-valued operators in 1970 (see [9,10]) (also see Deimling [12] (Theorem 11.1)).

Definition 4. A mapping F : X — P(X) is a multivalued map if for each x € X, F(x) € P(X).
The point p is a fixed point of a multivalued map F if p € F(p). We will denote the set of fixed
points of the mapping F by Fix F.

We also have the notion of a contraction for multivalued maps.

Definition 5. If the mapping F has a Lipschitz constant ¢ < 1, then f is called a multivalued
contraction mapping.

The following lemma is referred to as the Covitz and Nadler fixed-point theorem [9].

Lemma 5. Let (X,d) be a complete metric space. If F : X — Py(X) is a contraction, then
FixX # Q.

Our first result is contained in the following theorem.

Theorem 1. Let (X,d,s) be a complete b-metric space and d be continuous. If F : X — Pep(X) is
a contraction, then Fix F # @.

Proof. Assume that H;(F(x),F(y)) < Ld(x,y) for every x, y € X, where L € [0,1), and let
x € X. Since F(x) is compact, by Lemma 4, we can choose x1 € F(x) such that

d(x,xq1) <d(x,F(x)).
Then, we may choose x; € F(x1) such that

d(x1,x2) < d(x1,F(xq)) implies d(x1,x2) < Hy(F(x),F(x71)).
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This means that
d(x1,x7) < Ld(x, F(x)).

Continuing this way, we can find a sequence {x, : n € N} C X with
d(xn, Xp41) < d(x0, F(x2)).
Hence,

A(xn, Xp1) < d(xn, F(xn)) < Hy(F(x-1), %n)
< Ld(xy—1,%,) < L"d(x,F(x)).

By Lemma 3, {x, },cn is a Cauchy sequence. Since X is complete, we let X = nlgn X
o0

Then, x,, 1 € F(xy) for every n € N, and
0 <d(X,F(x)) <sld(xy41,X) +d(xp41, F(X))] < s[d(xy41,X) + Ld(xy, X)].
Letting n — o0 gives X € F(X) as claimed, and this proves the theorem. [

As a direct consequence of Theorem 1, we are able to obtain the following generaliza-
tion of Nadler’s fixed-point theorem to strong b-metric spaces.

Corollary 1. Let (X,d,s) be a complete strong b-metric space. If F : X — Pcp(X) is an L-
contraction, then Fix F # @.

Proof. Since (X, d,s) is a complete strong b-metric space, it is complete. By Lemma 2, d is
continuous. By Theorem 1, F has at least one fixed point, and this completes the proof. [

Our next result on the existence of a fixed point is contained in the following theorem.

Theorem 2. Let (X, d,s) be a complete b-metric space and F : X — Py ,(X) be an L-contraction
multi-valued mapping. Then, F has a fixed point in X.

Proof. We will employ a standard iterative procedure for contracting mappings. Let
L € (0,1) be such that

Hy(F(x),F(y)) < Ld(x,y) forallx, y € X.
Let xg € X be fixed and choose x1 € F(xp) such that
d(x1,x0) < d(xo, F(x0)) + L.
From the definition of the Hausdorff distance, we can find x, € F(x1) with
d(xq,x2) <d(x1,F(x1)) + L, which implies d(xq,x2) < Hy(F(xo), F(x1)) + L.
Similarly, we can find x3 € F(x2), with
d(x3,x7) < Hy(F(x2), F(x1)) + L%
Continuing this process, we obtain a sequence (x,),cn in X such that x; 1 € (x,) and
d(xi1,%;) < Ha(F(x;), F(x;-1)) + L.

For fixed m € N,
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d(xm, Xmy1) < Hy(F(xm), F(xpu-1)) + L™
< Ld(xpm, xpm_1) + L™
< LHy(F(xp—1), F(xm—2)) +2L"
< L2d(xp_q, Xp—n) +2L™
< L2(Hg(F(xp—2), F(xpm-3)) + L™ %) +20L™
< L3d(xp_2,Xp_3) + 31"

< L™d(xq,x0) +mL™.
By the s-relaxed triangle inequality in b-metric spaces, for every p € Nand g = [log, p],

A(Xg1, Xmrp) < sd(Xpgr, Xmg2) + 54(Xpg2, X p)

< sd(Xmi1, Xmi2) + 52 (X g2, Xy 22) + 574 (X102, Xt p)

q
< Z snd(xm+2n—1, Xpyon) + sq+1d(xm+2’ir xm+p)~
n=1

By Lemma 1, we obtain

q 5 m+2" 11
n
A(Xm1, Xmtp) < ZS Z d(Xpn-1 g s Xy 21 4i11)
n=1 i=m
m+p—21-1

+5200 Y A, Xgis)

i=m
Consequently,
m+21"1-1

q - H n— 5
A(sr, xmep) < Y820 Y (L Fd(xg, 1) + (20 40 L)
n=1 i=m
m4p—21—1 4 ,
+ sZ(q+l) Z (qu“d(xg, xl) + (2’7 + i)L2'7+7)
i=m
gl ordo1
< Z SZn Z [LZ +1+md(xO/xl)
n=1 i=0
+ (znfl i m)LZ”’lJrier]
q+1 2"*1,1 n—1_4 :
S m Z sZn Z L2 ﬂd(xo,xl)
n=1 i=0
g+l orlg s
s Z 5211 2 (2}171 +i)L2 +i
n=1 i=0
q+1 2”7171 n—1_ +
+mL™ ZSZn Z (2"714»1')[,2 +1.
n=1 i=0

Using simple calculations, we can see that
2n-1og

q+1 L
Lm Z g2 Z LZ" 1+ld(xo,x1) <
n=1 i=0

q+1
Lm?(foixl) Z 12nlog; s+2”’1, 3)

n=1
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and
g+l 2n g 1
B
m ZSZn Z (27471 +Z)L2 +i
n=1 i=0
q+1 2 q+1 - U
< m Z S2n2n71L2 Ligpm E 52”L2 Z iLi
n=1 i=0 n=1 i=0
1 +1
oLm I* -1 o 1 -1
< Yo (2)2L2 4 LMY ALty s
1-L5 i=0 n=1
Then,
gl orlog L
m 25217 E (21171 +i)L2 +i
n=1 i=0
sz q+1 n—1 ad 4‘7‘*’1 n—1
< . Z LZnIOgL 25+2! L ZiLz Z LZnIOgL s+2170
T =l i=0 n=1
Hence,
q+1 2”7171 n—1_ ; ZLWI q+1 n—1
m Z SZn Z zn—lLZ +i < T Z LanogL25+2 , (4)
n=1 i=0 n=1
and
q+1 2 11 n—1_ ; ad ; 1 n—1
m Z g2 Z i <™ ZiLI Z L2nlogL5+2 . (5)
n=1 i=0 i=0 n=1
We observe that

. n—1 _ 1 n—1 _ —
nlglgo(Zn log; s +2 ) nh_r}rolo(Zn log; 25 +2 n) = oo.
For a fixed M > 0, there exist ny € N such that

2nlog; s +2" 1> M, and 2n log; 2s +2" 1> M, foralln > np.

Then,
12nlog; s+211 < LM ang [2n1og, 25421 < LnLM,
n+1
and since lim;; 0 % =L € (0,1), we conclude that
ad n—1 had n—1 ad
Ly = Z L2nlogLs+2 , Ly = Z LanogL25+2 , Ly = Z nL" (6)
n=1 n=1 n=1

are convergent series. Using (3)-(6), we obtain

L’”L1d(x1,x0) I (2 + (1 — L)Ll)Lz(l + m)L"’
1-L 1-L ’

d(Xpmg1, xm+p) <

Thus, (x,),en is a Cauchy sequence, and so x, — x for some x € X.
Next, we prove that x € F(x). Foralln € N,

0 <d(x,F(x)) <s[d(x,x,) +d(x, F(x))]
< sld(x, xn) + Ha(F(xn-1), F(x))]
< sld(x,xn) + Ld(x,_1,x)].
Letting n — oo, we see that

d(x,F(x)) =0,
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which implies x € F(x), and so x is a fixed point of F. This proves the theorem. [I

Remark 2. In [13], Czerwik obtained the result in Theorem 2 for b-metric spaces, but with the
more restrictive condition that sL € (0,1). Kirk and Shahzad [8] (Theorem 12.5) relaxed the result
for strong b-metric spaces with L € (0,1). Theorem 2 is an extension of the results of Czerwik and

Kirk and Shahzad.

4. Local Version of the Covitz—Nadler Theorem

For the next result, we give a version of the fixed-point theorems proved by Beer and
Dontchev [14] (see Theorem 4) and Dontchev and Hager [15] in a strong b-metric space.
Hence, we obtain a partial answer to the question raised by Kirk and Shahzad [8] (p. 128).

Theorem 3. Let (X,d,s) be a complete strong b-metric space and F : X — Pep(X). Assume there

exist xo € X, r > 0,and sL € (0,1) such that

(7)) d(xo,F(xp)) <r(l—sL);

(if) Hj(F(x)NB(xo,r),F(y)) < Ld(x,y) forall x, y € B(xo,r).
Then, F has a fixed point in B(xo,r).

Proof. Since F(xg) € Pcp(X), there exists x; € F(xo) with x; € B(xo, r) such that

d(xl,xo) < 7’(1 — SL)

and )
Hj(F(xo) N B(xg,r),F(x1)) < Ld(x1,x0).
Since x1 € F(xo) N B(xo,7),
d(x1,F(x1)) < Hj(F(xo) N B(xo,7),F(x1)) < Ld(x1,x9) < r(1—sL)L.
Then, there exists x, € F(x1) with
d(x1,x) <r(l—sL)L,
so we have
d(xp, x2) < d(x0,x1) +sd(xq,x2) <r(1—sL)+sr(1—sL)L,
that is,
d(x1,x2) < r(1—sL)L, d(xo,x2) <r(1—(sL)?), and x» € B(xo,7).
Hence,
d(xp, F(x2)) < H;(F(x1) NB(xo,7), F(x2)) < Ld(x1,x2) < rL2(1 —sL).
Then, there exists x3 € F(x;) such that
d(xp,x3) < rL*(1 —sL),
and so

(1 — (sL)?) 4 srL2(1 —sL)
(1 — (sL)?) 4 srL2(1 — (sL)?)

d(xg,x3) < d(xp,x2) + sd(xp, x3)

ININA

since sL. < 1. We then have

d(xp,x3) < rL*(1 —sL), d(xo,x3) < r(1— (sL)*), and x3 € B(xo, 7).
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From (7)-(9), we can proceed by induction, so that there exist (x,),en C B(xo,7) with
Xy € F(x,_1),n € N, such that

d(xy, xy11) < rL"(1—sL), n € Np.

By the s-relaxed triangular inequality, for n > m, we have

n—1 n=1 ©
A(xp, xn) <s Z d(x;,xi11) <rs(1—sL) E L' <rs(1—sL)L™ E L.
i=m i=m i=0
Therefore,
o m
d(xm, xn) < 7}’3(11 jZLJ)L —0asm — o,

which implies that (x,),cn is a Cauchy sequence in X. Since X is complete, there exists
x € X such that lim x, = x € B(xo, ). By condition (ii),
n—oo

d(xn, F(x)) < Hj(F(xy—1) N B(xo,7),F(x)) < Ld(xy_1,x).
The s-relaxed triangle inequality implies that
d(x, F(x)) <sd(x,xn) +d(xy, F(x)) <sd(x,x,) + Ld(x,-1,x) — 0

as n — oo. Therefore, d(x, F(x)) = 0, and hence, x is a fixed point of F. This proves the
theorem. [

A second result in the same direction is contained in the following theorem.

Theorem 4. Let (X, d,s) be a complete strong b-metric space and F : X — P.(X). Assume there
exist xo € X, r > 0,and L € (0,1) such that

(i) d(xo,F(x0)) < §(1—L); )
(if) H;(F(x) N B(xo,7),F(y)) < Ld(x,y) forall x,y € B(xo,7).
Then, F has a fixed point in B(x, 7).
Proof. Since F(x) € Pcp(X), there exists x; € F(xo) with x; € B(x, ) such that

(%) < £(1- L)

and
Hj(F(xo) N B(xo,7), F(x1)) < Ld(x1, x0).

Since x1 € F(xp) N B(xo,7),
d(xq,F(x1)) < Hj(F(xo) N B(xo,7),F(x1)) < Ld(x1,x0) < g(l — L)L,
and so there exists x, € F(x7) such that
d(x1, %) < 2(1 — L)L.
Hence, we have
d(xp,x2) <sld(xg,x1) +d(x1,x2)] <r(1—L)+r(1—L)L=r(1— Lz),
which means

d(xy, %) < g(l — L)L, d(xg,x3) < r(1—1L2), and x, € B(xp,7).
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Thus,
d(xp, F(x2)) < Hj(F(x1) N B(xo,7), F(x2)) < Ld(x1,x2) < ng(l —L),
and so then there exists x3 € F(x7) such that
d(x2,x3) < £L2(1 —L).
This implies

r(1—L%) +rL2(1-1L)
r(1—L%) +rL2(1— L%

d(xo,x3) < d(xp,x2) + sd(xp, x3)

INIA

since L < 1. Thus, we have
d(x2,x3) < £L2(1 — L), d(xo,x3) < r(1—L*), and x3 € B(xq,7).

Proceeding by induction, there exists (x,),eny C B(xg,7) with x, € F(x,_1),n € N,
such that .
d(xn, Xp41) < gL“(l —L), neN,.

As in the proof of Theorem 3, we again see that (x,),en, is a Cauchy sequence. Since
X is complete, there exists x € B(xg, r) such that 1311 ¥, = x and x € F(x), which proves
n—o0

the theorem. [J

The next result is our improvement of Dontchev and Hager’s [15] (Lemma) fixed-point
theorem.

Theorem 5. Let (X, d, s) be a complete strong b-metric space and F : X — P(X). Assume there
exist xg € X, r > 0,and L € (0,1) such that

(1) Theset Gr(F) N B(xq,r) % B(xg,7) is a closed set;
(ii) d(xo, F(x0)) < £(1—L); )
(iif) Hj(F(x) N B(xo,7),F(y)) < Ld(x,y) forall x,y € B(xo,r).
Then, F has a fixed point in B(xo,r).
Proof. Since d(xo, F(xg)) < £(1— L), there exists x; € F(xg) with x; € B(xo, r) such that
d(x1,x0) < 2(1 -L) (10)

and
Hj(F(xo) N B(xo,7), F(x1)) < Ld(x1, x0).

Since x1 € F(xp) N B(xo,7),
d(xq1,F(x1)) < Hj(F(xo) N B(xo,7),F(x1)) < Ld(x1,x0) < g(l — L)L,
and so there exists x, € F(x7) such that
d(x, %) < 2(1 — L)L

and
d(xq, x2) < s[d(xg,x1) +d(x1,%)] <r(1—L)+r(1—L)L=r(1-L32).
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That is,
d(x1,x7) < £(1 — L)L, d(xo,x;) < r(1—L?), and x; € B(xq,7). (11)
Hence,
d(x2, F(x2)) < Hj(F(x1) N B(xg,7),F(x2)) < Ld(x1,x2) < ng(l —1L),
so there exists x3 € F(x,) such that
d(x2,x3) < £L2(1 —L).
It follows that
d(xq, x3) < d(x0,x2) + sd(xp,x3) < r(1—L2) +rL2(1—L)
<r(1-L%) +rL2(1-L?),
that is,
d(x,x3) < ng(l — L), d(xg,x3) <r(1—L%, and x3 € B(xo, 7). (12)
By induction, there exists
(xn)nen C B(xo,7), x4 € F(x,_1), n €N, (13)

with ,
d(x,,,xnﬂ) < ;Ln(l—L), n € Np.
As in the proof of Theorem 3, (xn)neNO is a Cauchy sequence, and since X is complete,
there exists x € B(x,) such that 1211 x;, = x. Hence, (x,_1,x,) — (x,x) as n — oo.
n—o0
From (13) and condition (i), we have

{(xn—1,%n) bnen C Gr(F) N B(xo,r) x B(xo,7),
and so
(x,x) € Gr(F) N B(xp,7) x B(xo,7).

Therefore, x € F(x) and this completes the proof of the theorem. [

Author Contributions: Conceptualization, B.S., ].R.G. and A.O.; methodology, B.S., ].R.G. and A.O.;
validation, B.S., J.R.G. and A.O.; formal analysis, B.S., ].R.G. and A.O.; investigation, B.S., ].R.G. and
A.O.; writing—original draft preparation, B.S., ].R.G. and A.O.; writing—review and editing, B.S.,
J.R.G. and A.O.; project administration, B.S., ].R.G. and A.O. All authors have read and agreed to the
published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: No data sets were generated during this research.

Conflicts of Interest: The authors declare that there are no conflicts of interest.

1. Coifman, R.; de Guzman, M. Singular integrals and multipliers on homogeneous spaces. Rev. Union Mat. Argent. 1970, 35, 137-144.

2. Coifman, R.; Weiss, G. Analyse Harmonique Non-Commutative sur Certains Spaces Homogenes, Etude de Certaines Integmles Singulieres;
Lecture Notes in Mathematics; Springer: Berlin, Germany, 1971; Volume 242.

3. Donggao, D.; Yongsheng, H. Harmonic Analysis on Spaces of Homogeneous Type; Lecture Notes in Mathematics; Springer: Berlin,
Germany, 2009; Volume 1966.

4. Mitrea, D.; Mitrea, I.; Mitrea, M.; Monniaux, S. Groupoid Metrization Theory, with Applications to Analysis on Quasi-Metric Spaces and
Functional Analysis; Applied and Numerical Harmonic Analysis; Birkhduser: New York, NY, USA, 2013.

75



Mathematics 2024, 12, 567

12.
13.
14.
15.

Macias, R.A.; Segovia, C. Lipschitz functions on spaces of homogeneous type. Adv. Math. 1979, 33, 257-270. [CrossRef]
Bakhtin, I.A. The contraction principle in quasimetric spaces. Funct. Anal. 1989, 30, 26-37.

Czerwik, S. Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1993, 1, 5-11.

Kirk, W.; Shahzad, N. Fixed Point Theory in Distance Spaces; Springer: New York, NY, USA, 2014.

Covitz, H.; Nadler, S.B., Jr. Multi-valued contraction mappings in generalized metric spaces. Isr. . Math. 1970, 8, 5-11. [CrossRef]
Nadler, S.B., Jr. Multi-valued contraction mappings. Pac. ]. Math. 1969, 30, 475-488. [CrossRef]

Miculescu, R.; Mihail, A. New fixed point theorems for set-valued contractions in b-metric spaces. J. Fixed Point Theory Appl. 2017,
19, 2153-2163. [CrossRef]

Deimling, K. Multi-Valued Differential Equations; De Gruyter: Berlin, Germany; New York, NY, USA, 1992.

Czerwik, S. Nonlinear set-valued contraction mappings in b-metric spaces. Atti Semin. Mat. Fis. Univ. Modena 1998, 46, 263-276.
Beer, G.; Dontchev, A.L. The weak Ekeland variational principle and fixed points. Nonlinear Anal. 2014, 102, 91-96. [CrossRef]
Dontchev, A.L.; Hager, W.W. An inverse mapping theorem for setvalued maps. Proc. Am. Math. Soc. 1994, 121, 481-489. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

76



. mathematics

Article

Existence and Limit Behavior of Constraint Minimizers for a
Varying Non-Local Kirchhoff-Type Energy Functional

Xincai Zhu * and Hanxiao Wu

Citation: Zhu, X.; Wu, H. Existence
and Limit Behavior of Constraint
Minimizers for a Varying Non-Local
Kirchhoff-Type Energy Functional.
Mathematics 2024, 12, 661. https://
doi.org/10.3390/math12050661

Academic Editors: Lingju Kong and
Min Wang

Received: 5 February 2024
Revised: 18 February 2024
Accepted: 19 February 2024
Published: 23 February 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
1.0/).

School of Mathematics and Statistics, Xinyang Normal University, Xinyang 464000, China;
wuhanxiao19991228@163.com
* Correspondence: zhuxc68@163.com

Abstract: In this paper, we study the constrained minimization problem for an energy functional
which is related to a Kirchhoff-type equation. For s = 1, there many articles have analyzed the limit
behavior of minimizers when 7 > 0as b — 0" or b > 0 as 7 — 07. When the equation involves
a varying non-local term (' [ps \Vu|2dx)s, we give a detailed limit behavior analysis of constrained
minimizers for any positive sequence {1} with 17, — 07. The present paper obtains an interesting
result on this topic and enriches the conclusions of previous works.
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1. Introduction and Main Results

We consider the following Kirchhoff-type equation with a varying non-local term
7<77+b(/.3 |Vu\2dx)S)Au+V(x)u:qurMuV’u, 1)
JR

where b > 0 is a constant, parameters 7 > 0,A > 0, exponentss > 0,0 < p <4and pyisa
Lagrange multiplier. The b( [ps \Vu|2dx)s in (1) arises as a varying non-local term.

In recent years, there have been many articles involved in different types of varying
non-local problems similar to (1) such as the model

xeq,

_C(/Q|Vu\2dx)sAu :h(x,u)(/nf(x,u)dx)r,
0

u=0, x € 9Q),
which mainly studied the existence of solutions by using variational theory and analytical
methods, as seen in [1-4].

Especially for s = 1 in (1), the Kirchhoff-type constrained minimization problems are
related to

—(77 +b/ﬂ.{3 \Vu|2dx)Au+ V(x)u = pu+ AMu|Pu

which have attracted a significant number of mathematicians to study their existence,
non-existence, uniqueness and limit behavior of constraint minimizers. More detailed,
for V(x) = 0, Ye [5,6] obtained some results of existence and nonexistence on constraint
minimizers. Zeng and Zhang [7] proved the local uniqueness of minimizer, and then
they [8] provided an analysis of asymptotic behavior for minimizers when V (x) satisfies
periodic potential. Guo, Zhang and Zhou [9] analyzed the existence and limit behavior
of minimizers if the trapping potential V(x) > 0 satisfies liminfj;|_, .o, V(x) = co. In pa-
pers [10-13], the authors studied the existence and non-existence of constraint minimizers
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for the Kirchhoff-type energy functional with a L?-subcritical term. Also for V(x) being a
polynomial function, the articles [14,15] obtained the limit behavior of L2-norm solutions
whenn >0asb — 0" orb>0asy — 0F.

Coincidentally for s = 0 and R3 replaced by RR?, the (1) comes from an interesting
physical context, which is associated with the well known Bose-Einstein condensates
(BECs). The mathematical theory study of BECs can be described by a Gross—Pitaevskii
(GP) functional [16,17], which is related to the elliptic equation

Au+ V(x)u = pu + Alu|Pu.

There are many researchers devoted to exploring the properties of the ground states for
the GP functional related to the above elliptic equation. More precisely, when the external
trapping potentials V(x) are in the forms of polynomial, ring-shaped, multi-well, periodic
and sinusoidal, the articles [18-22] gave the existence, non-existence and mass concentration
behavior analysis of the ground states. If V(x) behaves like logarithmic or homogeneous
potential [23,24], the local uniqueness and refined spike profiles of ground states for the GP
functional are analyzed when A tends to a critical value A*.

However, as far as we know, there are few papers using the constrained variational
approaches to study the varying non-local problem (1). Inspired by the above articles,
the aim of the present paper is to study the following constrained minimization problem
related to (1), which is defined by

I(n,s,A) := inf E(u), )
ueld
where E(u) fulfills

E(u): 17/ |Vu|?dx + (/3|Vu\2dx)s+1

b
2(s+1)
A
24, p+2
2/ x)|u|~dx 2 Rs\u\ dx.

The above U in (2) is restricted to meet

®)

U= {ueH|./RS\u\2dx=1}, @)
where H satisfies
H:= {ueH1 (R%) |/ |u|2dx<00}

1

as well as with the norm ||u||y := (fR3 |Vul2dx + [ps (14 V(x)|u|2)dx> ?. Assume that
the V(x) in (1) satisfies

(V7). V(x) € L2 (R} NC (R, a € (0,1), ‘hm V(x) = +oo and r%isn V(x)=0.

loc
x| o0

To state our main results, we introduce an elliptic equation such as

3
prAQer(lfg)pr@p\’”Qp:O, xeR3 0<p<A. ©)

In fact, up to the translations, (5) has a unique positive radially symmetric solution
Qp € H'(IR3), as seen in [25]. For convenience, we denote a critical constant
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where Q is the unique positive solution of (5) for p = 4(5; O According to the above

conditions, the existence and non-existence theorems on constraint minimizers for I(7, s, A)
are established as follows:

Theorem 1. For,s > 0,0 < p < 4and if (V1) holds, then I(11,s, A) has at least one minimizer
forp < (SH) orp = @,0 < A < A*. The I(1,s,A) has no minimizer for p > (Hl)
(s+1) JA > AR

or

Theorem 2. Fory = 0,5 > 0, p = (SH and if (V1) holds, then I(y,s,A) has at least one
minimizer if 0 < A < A*. Moreover, I(r],s A) has no minimizer for A > A*

Remark that similar conclusions appear elsewhere for studying different types of Kirchhoff
equations, as seen in [7,12,14,15]. For convenience, we give a detailed proof of Theorems 1 and 2

in Section 3. In view of the above theorems, one knows that, fory > 0, p = @ and

A = A*, the I(7,s,A) has at least one minimizer. However, fory = 0, p = @ and A = A%,
the I(17,s,A*) admits no minimizer. A nature question is what happens to constraint minimizers
of I(1,s,A) when 17 tends to 0 from the right?

Suppose that u,, is a minimizer for [ (1,s,A); then, one can restrict uy >0 due to
E(u) > E(Ju|) for any u € U. At the same time, we always assume that I(1,s, A) admits
a positive minimizer by applying the strong maximum principle to (1). In truth, for any
positive sequence {1, } with 17, — 0T as k — oo, one can verify that the positive constraint
minimizers u;, satisfy f]R3 [V, |2dx — +oo as k — oo (see Section 4); that is, the minimiz-
ers enact blow-up behavior as 77, — 0. In order to obtain a more detailed limit behavior of
the constraint minimizers, some appropriate assumptions on V (x) are necessary. For this
purpose, we assume that V(x) is a form of polynomial function, and admits n > 1 isolated
minima. More narrowly, there exist n > 1 distinct points x; € R3, numbers g; > 0 and
constant M > 0 fulfilling

n
(V). V(x) = C(x) [ |x — xi| with M < C(x) < % forall x € R?;
i=1

here, lijn C(x) exists for all 1 < i < n. For convenience, we denote

X—X;
g =max{qy, - ,qn} >0, (6)

VW)
1QI, =% x = x1

0 = [ 1x171Q)Pdx > o,

(s+1)

where Q(x) satisfies (5) for p = . Moreover, let

0 =min{fy,---6,} >0 @)
and the set of flattest global minima for V(x) is denoted by
W= {x:6;=6}. (8)

In light of Theorems 1 and 2, and inspired by [12,14,15,26], for any positive sequence
{7k} and set u;, being the positive minimizers of I(1, s, A*), we next establish the following

4(s+1)
3

theorem on limit behavior of constraint minimizers for (1, s, A*) when p = and

A=A*asy — 0t
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Theorem 3. Assume that (Vy) and (V) hold. For p = 4(53“), A = A* and any positive

1
sequence {1} with . — 07 as k — oo, define ey, 1= ( [z |Vuy,[2dx) ™ 2; then, the following
conclusions hold:

(i) The uy, has a unique local maximum zy, satisfying kh_)nolo zy, = X;and x; € W is a flattest
global minimum of V (x). Moreover, we have as k — oo

; Q(lxl)

ep iy (eqx +2y,) — Tl strongly in H'(R3),

4(s+1)

where Q denotes the unique positive solution of (5) for p = ==

(i) The ey, fulfills as k — oo

1

1
ey = (q0) T2 (175) T2
(iii) The least energy I(1x, s, A*) satisfies as k — oo

2 -1

qT2 + 7072 ()77,

N 1
(g, s,A%) ~ [5

where q,0 are stated by (6) and (7).

Notice that the f(77x) ~ g(ix) in Theorem 3 means f/g — 1 as k — oo. In fact,
for the case in which s = 0 and V/(x) behave in sinusoidal, ring-shaped, periodic and
multi-well forms, the papers [19-22] widely studied the mass concentration behavior of
the constrained minimizers.Particularly for s = 1, the authors in [14,15] also analyzed the
limit behavior of minimizers when > 0asb — 0T orb > 0as 7 — 0. As described in
Theorem 3, our paper obtains an interesting result on this topic when it involves a varying
non-local term, and it thus enriches the study of such issues.

The present paper is structured as follows. Section 3 shall establish the existence and
non-existence proof of constrained minimizers for I(7,s, A) when the parameters 77, A and
exponents s, p satisfy suitable range. For p = @, A = A* and any positive sequence
{n} with 77y — 0T as k — oo, in Section 4 we plan to give the accurate energy estimation of
I(#x,s,A*), and then analyze the detailed limit behavior of positive constrained minimizers
as 1 — 0F.

2. Preliminaries
In this paper, we shall make full use of the following notations:
1
e The H'(R%) is a Sobolev space with norm [|ul| 1 =: ( fps |Vul?dx + [ps [ul?dx)?.
e On any compact support set of R%, the L (R®) denotes the essentially bounded

measurable function space, and C}!

% .(R3) is a Holder continuous function space.

1
e The LP(R3), p € (1,00) denotes a Sobolev space with norm [|u|» =: ( [gs [u[Pdx)?.
e The symbol — (resp. —) means the strong (resp. weak) convergence.

e Theletters A, C, D, £, F, K and M represent different positive constants.

Moreover, we introduce the following equality, as seen in [9]:
2 +2
IVQplit. = QI3 = ﬁHQrJHi;wz' 0<p<4 )
Recall also from [27] (Proposition 4.1) that Q,(x) has the exponential decay property

IVQp(x)], Qp(lx]) = O(|x| e ) as [x| = co. (10)
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At last, we give a Gagliardo-Nirenberg (G-N)-type inequality [28] such as

2+ p+2
llull 24,

3p 2_F
Vul|l 3 ||ull7, 2, 0<p <4, 11
2 S 210,17, [ Vul| 5 [l p (11)

where Q) is the unique positive solution of (5).
For proving the existence of constraint minimizers, the following compactness lemma
is necessary:

Lemma 4 ([29] (Theorem 2.1)). Suppose that (V1) is holding; then, for any p € (2,6), the imbedding
H — LF(R?),
is compact, where H is given by (4).

3. Proof of Theorems 1 and 2

In this section, we shall give the proof of existence and non-existence on constraint
minimizers for (2), which are divided into the following two parts:

Proof of Theorem 1. Under the assumption of Theorem 1, for any u € U, we deduce from
G-N inequality (11) that fory > 0, p < (SH)

b
E(u) > Q/ |Vu|*dx + m(/}Rs |Vu|2dx)s+1

A e (12)
/ x) |ul?dx — S (/ |Vu|?dx) *.
"2 2[1Qpll "R
(s+1) b e rl) )
Forp = and 0 < A < A* = (=) [[Qll,2* ,one derives from (11) that
n 2 b 25.\5+1
E(u) > / [Vul*dx + e +1)(/H§3|Vu\ dx)
1
) uf2dx — / Vu2dx)**
3t TG T e 770 13
AF—=A 1
> 17/ |Vu|?dx + W(/RS \Vu\zdx)”l-l-i/ﬂ{3 V(x)|u|?dx.
2HQHL2

Both p < 4<s+1 and p = @,O < A < A* hold, (12) and (13) yield a fact that, for
any sequence {un} C U, the E(uy) is bounded uniformly from below. Hence, there admits
a minimization sequence {u, } C U as fulfilling

I(n,s,A) = ,}EIC}OE(M”)'

In truth, one can obtain from (12) and (13) that {u,} is bounded in H. Applying the
Lemma 4, there exists a it € H, and {u,} has a subsequence {uy, } such that as k — oo

uy, — i weaklyin H, u,, — i strongly in LV(R3), 2<v<6.

Using the weak lower semi-continuity, we obtain

lim inf / |Vt [2dx > / |V |dx.
k—o0 JR3 JR3
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The above results give that

I(n,s,A) = li;ninfE(unk) > E(a) > I(y,s,M)
—00

which then yields E (i) = I(1,s, A). Hence, ii is a minimizer for I(7,s, A).
The non-existence proof of constraint minimizer comes true by establishing energy
estimation for I(77,s,A). To meet this goal, we choose a test function such as

(%) = B3 (x — x)Q(t]x — xi|) (¢ > 0), (14)
Qll2
where Q fulfills (5) for p = 4(5%1), and x; € W satisfies V(x;) = 0. The function ®(x) €
CP(R3) in (14) is chosen as

P(x)=1, [x| <1,
0<d(x) <1, 1<x]<2,
|®(x)[ =0, [x[>2,

|[V®(x)] <C, xeR3.

Notice that P; in (14) makes sure ||u; ||i2 = 1. Itis deduced from (10) and (14) that

1<P<1+0(t*®)and lim P, =1, (15)
t—+00

where g(t) = O(+®°) means tlir+n |g(£)|t* = 0 for any d > 0. One can attain from (9) that
— oo

ast — o0
P22 pp2(sth) 2(s+1)
I(?],S,/\) S ;7 £ 5 / \VQ|2dx+t—2(sH)(/ |VQ‘2dX)S+l
2|1QIIE /2 2As+1)llQII R
, 16)
APPP2E 5
- [ 1QIP x4V (x0) + 0(1) + O(t)
(r+2)lQl, " ®
which yields that, for any p > 4<s3+1), the I(17,5,A) — —ooas t — co. Fory > 0 and
= 4(5; 1) , we derive from (16) that
ﬂtz bt2(5+]) At2(5+1> .
< 1 _
I(n,s,A) < >+ G D) 2\\Q||w +o(1) +0(t™™)
12
17
,]tz ()\* —A)t2(5+1) e (17)
= 7-|-W—|—0(1)-&-O(t ) — —oo.
2[|Qll

We can deduce from (17) that for A > A*, the I(1,s,A) — —o0 as t — oco. Hence,
for any 1 > 0, if either p > w orp = @, A > A* holds, then I(7,s,A) has no

minimizer. [

Proof of Theorem 2. Under the assumption of Theorem 2, for any u € U/, one can derive

from (11) that fory = 0and p = @ that

Af—A " s+1 1
E(u) > m(/w Vul?dx)*" +§/RS V(x)|uf2dx. (18)

2[1Qll.°

If 0 < A < A%, repeating the proof of Theorem 1, one claims that I(0,s, A) has a minimizer.
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The non-existence proof of constraint minimizer is established as follows: for 7 = 0

and p = 4(5; 1 , similar to the estimation of (17), one obtains that

()L* _ A)t2(5+l)
e

2[|Qll;2°

It then yields that 1(0,s, A) has no minimizer due to I(0,s,A) = —oo for A > A*.

For 7 = 0 and A = A*, one can obtain from (18) and (19) that I(0,s, A*) = 0. We next
argue that 1(0,s,A*) has no minimizer by establishing a contradiction. If this is not true,
suppose that 11 € I is a minimizer of 1(0,s,A*). As stated in Section 1, we may assume that
il is positive. Since V(x) > 0 and [ps [#1|2dx = 1, the G-N inequality (11) then yields that

1(0,5,A) < E(uy) = +0(1) +0(t%) = —o0 (19)

1 . 12 s+1
(5+1)(./]R3 [Vafdx)™ = 25 +5 Jrs

3A* i 4(s+1)
a]" 5 +2dx,

where the equality holds only for i = Q, and Q is the unique positive solution of (5) for

= @. One obtains from (12) that i satisfies

A2 -
/]1%3 V(x)a~dx = min V(x)=0.

However, the above two equalities cannot be held at the same time because the first
one presents a fact that 7 has no compact support, and the second one needs 71 = Q to
possess a compact support. Thus, one claims that I1(0,s,A*) has no minimizer. So far,
the non-existence proof of constraint minimizer is completed. [

4. Proof of Theorem 3

In this section, for p = 4(5; 1) ,A = A* and any positive sequence {1} with 7, — 07 as

k — oo, we plan to analyze the limit behavior on minimizers uy, for I(1,s,A*) as i, — 07.
Before proving Theorem 3, some indispensable lemmas are necessary, which are stated
as follows:

3
Lemma 5. Under the assumption of Theorem 3, set Oy, (x) := € tty, (€y,x) and ey, = ( [gs [Viuy,|?

1
dx) % > 0; then, as k — oo, the €, — 0 and 0y, satisfy

o A b[2s + 5]
/RB\VUW\dx_l, /Rs\vqk\ Kl 973(54_1)/\*.

Proof. If uy, are positive minimizers of (2), then u,, satisfies
: 2 s . 4(s+1)
7(17;( +b( /]R3 |V, |*dx) )Auﬂk + V(xX)uy, = gty + A"y |73 uy, (20)

here, 1y, € R denote Lagrange multipliers. Set

5 3

Oy, (%) := €1y, (€,%), (21)

_1

where €y = (fR3 |Vu,,k \zdx) 2 > 0. On the contrary, we assume that €y, » Oasm — 0t;
then, {u,,} is bounded uniformly in #. Similar to the proof of Theorems 1 and 2 in

Section 3, one asserts that there exists a 1y € U and {uy, } has a subsequence (still denoted
by {uy, }) such that as i — 07

Uy, — g weakly in H, uy, — ug strongly in LF(R%), 2 < p < 6. (22)
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To obtain our result, we need to prove that I(1,s,A*) — 0 as 7y — 0. For this
purpose, we choose a test function the same as (14). Based on (10), (14) and (15), one
calculates that

/ Vi 2dx = / IVQ[2dx + O(t~)

HQW

and
4(s+1)

pT“tz(sﬂ) (551
4(s+1) /1;3 | |

e [fells

Since V(x) satisfies (V1) and (V2), one obtains that as t — oo

4(s+1
2y - 2y + O().

+2

/]Rs V() ue2dx = V(x;) +o(1) = o(1).

It thus follows from (9) that, for p = M

2,2 2(s+1) .2(s+1)
o5, A%) < O [ vQPax+ L2 [ vopan)™

and A = A"ast — +o0

2]|QI2, Jes 2(s + 1) Q|25
A*pPtp / ) _

— 2 T 0P dx + V (k) + o(1) + O(H)

(p+2)1QI% w 23
77kt2 pe2(s+1) A*f2(s+1) .

=T 4 +o(1) +0(t)
2 T 2(s+1 A(s+1)
CHD o)

12

m‘—+o( 1) +0(t™).

2

Taking t = (qk)_% into (23), it yields that as k, f — oo

(5, A*) < (1) = ’7k Fo(1) +0() — 0. 24)
We can deduce from (3), (22) and (24) that

0=1(0,5,A") < E(up) < liminf E(uy, ) = im I(5,s,A*) = 1(0,5,A%) =0
k—o0 k—o0

which yields a fact that 1 is a minimizer of I(0,s,A*). However, this is a contradiction
since Theorem 2 shows that I(0, s, A*) has no minimizer. Thus, €y, — 0holds as k — oo.

By (21), we just have [gs |V, [2dx = e,ﬁz Jgs |V, |>dx = 1. Since u,, are minimizers
of I(yg,s,A*) for any i, > 0, we can derive from (11) and (24) that as k — oo

0 < E(uy,) = I(n,s,A") < E(ur) =0

which yields that as k — o

b 2 5 22(s+1) 3A* 4(s+1)
72(3—&—1)(/RS|V”’7"| dx) T R3|u,7k| 3

It hence follows from (21) and (25) that as k — oo

2dx — 0. (25)

L.
266+1) 4s+10 Jws M
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which shows as k — oo [ }
s+1)+2 b[2s+5
/ Oyl 3 dx%73(s+1))\*.

We have finished the proof of Lemma 5. [

Assume that 1, are positive minimizers of I(1,s, A*) for any . > 0. Since [ps |1y, |?
dx = 1, one has uy, (x) — 0 as [x| — co. This yields that u,, (x) has at least one local
maximum, which is denoted by z;,. We define a function

3
Oy (%) 1= et (€% + 25, ), (26)

where €, is given in Lemma 5. We next establish the following lemma, which is related to
convergence properties of vy, and zy, .

Lemma 6. Under the assumption of Theorem 3, set zy, as a local maximum of uy, and vy, defined
by (26); then, we have

(i) There exist a finite ball Bys(0) and a constant D > 0 such that

hmmf/ oy, (x)[2dx > D > 0.

(ii)  The zy, is a unique maximum of u,, and satisfies z,, — xo for some xg € R3 as k — oco.
Furthermore, the xq is a minimum of V (x), that is, V(xy) = 0.
(iti)  The function vy, satisfies

strongly in H' (R?),

.3 Q(lx|)
kh_)n;ovﬂk( x) *kh_)n;oe'%kuﬂk(e'ikx""zﬂk) = 10l

where Q is the unique solution of (5) for p = @.

Proof. (i) By (20), we see that v;, fulfills the elliptic equation

2(s+1)

2(s+1 (s+1)
- (W%i + b) Avy, + ey, TV (x)oy, = enf )ty v, 3 Oy 27)

here, i, are Lagrange multipliers. In truth, (2) and (20) give that

sb o, s+l 2(s+1)A* Hs4D) |
P =21('7k,5,A*)+S_Tl(/RS |V [*dx) ™ — W/ g |37 Pdx.(28)

Repeating the proof of (24), one obtains that as k — oo

2(s+1 % '
D I (,5,) = 0 and '/RS V(egx + 25, )02, (x)dx = 0, (29)
Since 0 < p = (SH) < 4yields 0 < s < 2, we can obtain from (28), (29) and Lemma 5 that
ask — oo
2(s+1) 2(s+1) sb 26 (s—=2)b
Hanc € =2e I(n,s, A )+S+1 3 %3(S+1)<0’ (30)

Since uy, take local maxima at x = z;,, it yields that v, obtain local maxima at x = 0. We
thus derive from (27) and (30) that there exists a constant K > 0 satisfying as k — oo

0y, (0) > K€ > 0. (31)
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Furthermore, one obtains from (27) that
—Avy, —c(x)vy, <0, x€ R3, (32)

where c(x) = A*|oy, | 52 In view of the De Giorgi-Nash-Moser theory, as seen in [30]
(Theorem 4.1), one declares that there exist a finite ball Bys(0) C R? and constant C > 0

such that

. 1
<c(/ 24x)°. 33
e =€ o) )

It hence yields from (31) and (33) that there exists a constant D > 0 satisfying
lim inf / oy, [2dx > D > 0. (34)
k=00 JBy(0)

(ii) On the contrary, one may assume that |z;, | — o0 as k — co. By applying (34) and
Fatou’s lemma, for any large constant .A, one has

- ‘ 2
timink [ Vieyx-+2,) oy, () P .
>/B o liminf V (ey,x + zy, ) [0y, (x)[Pdx > A >0

2s

- k—o0

which contradicts (29), and it hence shows that |z, | is bounded in R®. Taking a subsequence
of {z;,} if necessary (still denoted by {z,, }), there admits a xy € R3 such that z,, — xo
as k — oo. In fact, one can claim that x( is a minimum of V(x), thatis, V(xg) = 0. If not,
repeating the proof of (35), it also yields a contradiction. Thus, we say that z;, — x¢ as
k — coand V(xg) = 0.

(iii) The Lemma 5 shows that sequence {v;, } is bounded in H!(R?), and under the
sense of subsequence, there exists a vg € H'(R3) such that Uy, — v as k — oco. Using (30)
and passing weak limit to (27), one obtains that vy satisfies

2—s AR s

—A - — RS
Z?0-|-3(S+1)00 b [vo] 73 vo, x €R’, (36)

where 0 < s < 2. By (34) and applying the strong maximum principle to (36), one has

vg > 0. Taking p = @ in (5), one knows that

2—5s 1 4s+1) 3
Qe T Q vER 37)

~AQ +

Due to the fact that (37) has a unique positive radially symmetric solution Q € H'(R3), it
hence yields from (36) that

vo(x) = Qlx = yol) for some yo € R®. (38)

1QlI2

Similar to the procedure of Theorem 1, one declares that as k — oo, v, — vg strongly
in H(R?). Using the standard elliptic regularity theory, we obtain from (27) that as k — co

vy — vp in C(R%), a € (0,1). (39)

Applying the method [18] (Theorem 2), one knows that the yp = 0 in (38), and 0 is the
unique global maximum of vy. Therefore, vy behaves like

vo(x) = TIQS\TL‘B’ x € RS (40)
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By (39), using the technique of [19] (Theorem 1.2), we know that z;, is the unique global
maximum of u,,. O

To obtain a more detailed description on limit behavior of constraint minimizers u,,
as 1y — 0T, some precise energy estimation of (1, s, A*) as 17y — 07 is necessary. Toward
this aim, we begin with the upper-bound estimation of I(1, s, A), which is sated as the
following lemma:

Lemma 7. Assume that (V1) and (V3) hold. If p = SH) and A = \*, then for any positive
sequence {ny} with g, — 07 as k — oo, the I1(1y, s, A) satzsﬁes ask — oo

—9

+ 10T () T2 (14 (1)),

2
+2

1
(77k/ s,A" ) [Eq
where q,0 are defined by (6) and (7).

Proof. Choosing (14), we can deduce from (9)-(11) that there exist positive constants dy, d»
such thatas t — +co

b 2 s+1 3A* 4(‘+1 +2
2(s—|—1)(/ [Vl dx) To 110 Jpo 1l 7 T
DECT  AEETD et g )
“2(s+1) em A A

2| QHLz
and there exist positive constants d3, dy such thatas f — +oco

P22

|Vuf|2dx =
IQlIZ.

2 _
2 /Rg IVQ|2dx = ﬂkT + daedat, 42)

Since V (x) satisfies (V;) and (Vz), we derive that there exist positive constants ds, dg
such thatas t — +co

1 X
Vix 2dx < V(Z +x;)|QPdx + dse %!
o v HQMréﬂ> (G iQfax+ds

1
Qi

=t 1

/B ) (? +xi) H \? +x; — xj| 1] Q[2dx + dse ™ %"
Vi j=1

1 im V(x)
1QIF, ¥ |x — xilf

=0t +0(t77) 4 dse %!,

(43)

/R3 |x|91Q(x) [Pdx + o(+7) + dse %!

where g, 6 defined by (6) and (7). Using (41)-(43), we have

2
I(1,8,A%) S% + 07T 4 0(t79) + dye~ ! + dze ™! 4 dse !
(44)

t2
=T+ 01 (1+0(1)).

Taking t = (g0) 7+ ™ (iyk)ffl%, one can deduce from (44) that as 17, — 0™

—9

+ 2107 (1) T2 (14 0(1)).

2
+2

05,1°) < [2a7
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Proof of Theorem 3. According to the results of Lemmas 5-7, it remains to prove (ii) and
(iii) in Theorem 3, which can be realized by establishing the precise lower energy estimation
of I(n,s,A*) as gy — 07 To meet this goal, we set {uy, } as the positive minimizers of
(g, s,A%), zy, being their unique global maxima, and we define vy, by (26). Using Lemma 6,
one knows that for {z;,}, choosing a subsequence if necessary (still stated by {zy,}),
the z;, — xp and V(xp) = 0.
In fact, we can go a step further, that is, we can come to the following conclusion:
Zyp, — %; and M is bounded uniformly as k — oo, (45)
"k

where x; € W and x; denotes a flattest global minimum of V (x). To obtain (45), we firstly
claim that
‘Z‘Vik - xO‘

c is bounded uniformly as k — co. (46)
Ul

k

‘ka_xfﬂ
€y,

If this is false, then we assume that — o0 as k — oco. It then follows from (V;)

and Lemma 6 (i) that, for any large positive constant 7,

L 2
liminf — / , V(e x + zy, )0y, dx

k00 ego JR W)
47

>C liminf|x+w\’7"ﬂ . ﬁ |e,7kx+z,7k—xj|'7/'v$kdx > F.

Bs(0) k—reo Eilk =Lj#iy

Recall from G-N inequality (11) that we also have for p = @ and A = A*

lim inf (L( / [Vu |2dx)s+1 A \u \”de) >0 (48)
koo \2(s+1) "\ Jgs' p+2 e
which together with (47) then gives
‘710
q; +2
liminf I(,5,A*) = lim inf E(y) > k€ 'ik +Del > g0, (49)
— 00 —> 00

where £ is a arbitrarily large constant. However, this is a contradiction with the upper
energy in Lemma 7. Hence, (46) holds. In truth, the upper energy of I(i, s, A*) also
compels that xg = x; € W. If not, by repeating the proof process from (46) to (48), one still
derives a contradiction. Thus, we complete the proof of (i) in Theorem 3.

Using (45) and similar to estimation of (47), one can deduce that there admits a £ € R3
such that

o1 2
liminf — /R3 V(e x + zy )0y, dx

q
k—ro0 €
= lim M/ |x + %|T03dx (50)
x=x; |x — x4
V(x)

> lim ————
xg%l |x — x;]7

/g |x|903dx = 6,
R’

where 6, q given by (6) and (7). As a fact, the equality in (50) holds only for ¥ = 0. One then
calculates from (49) and (50) that

1K€ ’7}(
S+ bc] (51)

liminf (7, s,A*) = liminf E(1;) >
k—o0 k—c0
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References

Due to the restriction of energy upper bound in Lemma 7, it yields that €, is in the form of

‘H
‘H

™
ol

e = (90) T2 (1) 7

which shows a fact that the (i) in Theorem 3 holds.
Taking the above ¢, into (51), we can obtain that

liFian(r]k,s,/\*) > [%qq% +qT2] 07 (1) T2
—00

which together with Lemma 7 yields that as k — oo

q

2 — 2
15, A7) [%qm + )07 () 72,

So far, we have finished the proof of (iii) in Theorem 3. [

5. Conclusions

There are many significant results for (2) when the exponent s = 1, and the readers
are advised to refer to Section 1. In the present paper, we have studied the constrained
minimization problem (2) with s > 0, which may be the first one studying the varying non-
local problem by applying constrained variational methods. Under the assumptions of (V;)
and (V3), our first conclusion is involved in the existence and non-existence of constraint
minimizers for (2), which can be stated by Theorems 1 and 2. Furthermore, the second
conclusion in Theorem 3 is concerned with the limit behavior of constraint minimizers as
7 — 07. In detail, when the trapping potential V (x) is a polynomial function and fulfills
(V1) and (V3), we can prove that the mass of minimizers must concentrate (i.e., blow up)
at some flattest global minimum of V(x) as i, — 0. However, the local uniqueness of
the constraint minimizer is hard to prove as 1y — 0%. Hence, in the future, we may try to
overcome this problem.

Author Contributions: X.Z. and H.W. designed and drafted the manuscript. All participated in
finalizing and approving the manuscript. All authors have read and agreed to the published version
of the manuscript.

Funding: The research was supported by National Nature Science Foundation of China (NSFC),
grant number 11901500; Nanhu Scholars Program for Young Scholars of XYNU.

Data Availability Statement: Data are contained within the article.

Acknowledgments: The authors are very grateful to Changjian Wang for his fruitful discussions
on the present paper. We would like to express gratitude to the editors and the reviewers for their
constructive comments.

Conflicts of Interest: The authors declare that there are no conflicts of interest regarding the publica-
tion of this paper.

1. Chabrowski, J. On bi-nonlocal problem for elliptic equations with Neumann boundary conditions. J. Anal. Math. 2018, 134, 303-334.

[CrossRef]

2. Corréa, E].S.A.; Figueiredo, G.M. Existence and multiplicity of nontrivial solutions for a bi-nonlocal equation. Adv. Diff. Equ.
2013, 18, 587-608. [CrossRef]
3. Mao, AM.; Wang, W.Q. Signed and sign-changing solutions of bi-nonlocal fourth order elliptic problem. J. Math. Phys. 2019,

60, 051513. [CrossRef]

4. Tian, G.Q.; Suo, HM.; An, Y.C. Multiple positive solutions for a bi-nonlocal Kirchhoff-Schrodinger-Poisson system with critical
growth. Electron. Res. Arch. 2022, 30, 4493-4506. [CrossRef]

5. Ye, H.Y. The existence of normalized solutions for [ 2-critical constrained problems related to Kirchhoff equations. Z. Angew.
Math. Phys. 2015, 66, 1483-1497. [CrossRef]

89



Mathematics 2024, 12, 661

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
26.

27.

28.

29.

30.

Ye, H.Y. The sharp existence of constrained minimizers for a class of nonlinear Kirchhoff equations. Math. Methods Appl. Sci. 2015,
38, 2663-2679. [CrossRef]

Zeng, X.Y.; Zhang, Y.M. Existence and uniqueness of normalized solutions for the Kirchhoff equation. Appl. Math. Lett. 2017,
74,52-59. [CrossRef]

Meng, X.Y.; Zeng, X.Y. Existence and asymptotic behavior of minimizers for the Kirchhoff functional with periodic potentials. J.
Math. Anal. Appl. 2022, 507, 125727. [CrossRef]

Guo, H.L.; Zhang, Y.M.; Zhou, H.S. Blow-up solutions for a Kirchhoff type elliptic equation with trapping potential. Commun.
Pur. Appl. Anal. 2018, 17, 1875-1897. [CrossRef]

Li, G.B.; Ye, H.Y. On the concentration phenomenon of L2-subcritical constrained minimizers for a class of Kirchhoff equations
with potentials. J. Differ. Equ. 2019, 266, 7101-7123. [CrossRef]

Li, Y.H.; Hao, X.C.; Shi, ].P. The existence of constrained minimizers for a class of nonlinear Kirchhoff-Schrédinger equations with
doubly critical exponents in dimension four. Nonlinear Anal. 2019, 186, 99-112. [CrossRef]

Zhu, X.C.; Wang, C.J.; Xue, Y.F. Constraint minimizers of Kirchhoff-Schrodinger energy functionals with L2-subcritical perturba-
tion. Mediterr. . Math. 2021, 18, 224. [CrossRef]

Zhu, X.C.; Zhang, S.; Wang, C.J.; He, C.X. Blow-up behavior of L2-norm solutions for Kirchhoff equation in a bounded domain.
Bull. Malays. Math. Sci. Soc. 2023, 46, 155. [CrossRef]

Guo, H.L.; Zhou, H.S. Properties of the minimizers for a constrained minimization problem arising in Kirchhoff equation. Discret.
Cont. Dyn. A 2021, 41, 1023-1050. [CrossRef]

Hu, T.X,; Tang, C.L. Limiting behavior and local uniqueness of normalized solutions for mass critical Kirchhoff equations. Calc.
Var. 2021, 60, 210. [CrossRef]

Bao, W.Z.; Cai, Y.Y. Mathematical theory and numerical methods for Bose-Einstein condensation. Kinet. Relat. Model. 2013, 6, 1-135.
[CrossRef]

Dalfovo, E; Giorgini, S.; Pitaevskii, L.P; Stringari, S. Theory of Bose-Einstein condensation in trapped gases. Rev. Mod. Phys. 1999,
71,463-512. [CrossRef]

Guo, YJ.; Seiringer, R. On the mass concentration for Bose-Einstein condensates with attactive interactions. Lett. Math. Phys. 2014,
104, 141-156. [CrossRef]

Guo, Y.J.; Wang, Z.Q.; Zeng, X.Y.; Zhou, H.S. Properties of ground states of attractive Gross-Pitaevskii equations with multi-well
potentials. Nonlinearity 2018, 31, 957-979. [CrossRef]

Guo, YJ.; Zeng, X.Y.; Zhou, H.S. Energy estimates and symmetry breaking in attractive Bose-Einstein condensates with ring-
shaped potentials. Ann. L'Insitut Henri Poincaré C Anal. Non Linéaire 2016, 33, 809-828.

Wang, Q.X.; Zhao, D. Existence and mass concentration of 2D attractive Bose-Einstein condensates with periodic potentials. J.
Differ. Equ. 2017, 262, 2684-2704. [CrossRef]

Zhu, X.C.; Wang, C.J. Mass concentration behavior of attractive Bose-Einstein condensates with sinusoidal potential in a circular
region. Mediterr. |. Math. 2024, 21, 12. [CrossRef]

Guo, YJ.; Liang, W.N; Li, Y. Existence and uniqueness of constraint minimizers for the planar Schrodinger-Poisson system with
logarithmic potentials. ]. Differ. Equ. 2023, 369, 299-352. [CrossRef]

Guo, YJ.; Lin, C.S.; Wei, ].C.Local uniqueness and refined spike profiles of ground states for two-dimensional attractive Bose-
Einstein condensates. SIAM |. Math. Anal. 2017, 49, 3671-3715. [CrossRef]

Kwong, M.K. Uniqueness of positive solutions of Au — 1 +u? = 0in RN. Arch. Rational Mech. Anal. 1989, 105, 243-266. [CrossRef]
Luo, Y.; Zhu, X.C. Mass concentration behavior of Bose-Einstein condensates with attractive interactions in bounded domains.
Anal. Appl. 2020, 99, 2414-2427. [CrossRef]

Gidas, B.; Ni, WM.; Nirenberg, L. Symmetry of positive solutions of nonlinear elliptic equations in R". In Mathematical Analysis
and Applications Part A, Advances in Mathematics Supplementary Studies; Academic Press: New York, NY, USA, 1981; Volume 7,
pp- 369-402.

Weinstein, M.I. Nonlinear Schrédinger equations and sharp interpolations estimates. Comm. Math. Phys. 1983, 87, 567-576.
[CrossRef]

Bartsch, T.; Wang, Z.Q. Existence and multiplicity results for some superlinear elliptic problems on R". Comm. Partial. Differ. Equ.
1995, 20, 1725-1741. [CrossRef]

Han, Q; Lin, EH. Elliptic Partial Differential Equations; Courant Lecture Note in Mathematics 1; Courant Institute of Mathematical
Science/ AMS: New York, NY, USA, 2011.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

90



. mathematics

Article

Chains with Connections of Diffusion and Advective Types

Sergey Kashchenko

Citation: Kashchenko, S. Chains with
Connections of Diffusion and
Advective Types. Mathematics 2024, 12,
790. https://doi.org/10.3390/
math12060790

Academic Editors: Lingju Kong and
Min Wang

Received: 9 February 2024
Revised: 29 February 2024
Accepted: 6 March 2024
Published: 7 March 2024

Copyright: © 2024 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
1.0/).

Regional Scientific and Educational Mathematical Center “Centre of Integrable Systems”, P. G. Demidov Yaroslavl
State University, 150003 Yaroslavl, Russia; kasch@uniyar.ac.ru

Abstract: The local dynamics of a system of oscillators with a large number of elements and with
diffusive- and advective-type couplings containing a large delay are studied. Critical cases in the
problem of the stability of the zero equilibrium state are singled out, and it is shown that all of
them have infinite dimensions. Applying special methods of infinite normalization, we construct
quasinormal forms, namely, nonlinear boundary value problems of the parabolic type, whose nonlocal
dynamics determine the behavior of the solutions of the initial system in a small neighborhood of
the equilibrium state. These quasinormal forms contain either two or three spatial variables, which
emphasizes the complexity of the dynamical properties of the original problem.
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1. Introduction

We consider the dynamics of chains with diffusive and advective couplings containing
a large delay. The second-order equation with cubic nonlinearity,

il +ai+u+ f(u,11) =0, 1)

Fu, ) = byu® + bouPii + byuui® + byii, ()

serves as a basic example.
A chain of N equations of the form in (1) has the form

N
u]—|—uu]+u]+f(u],u]) =d Zaj,kuk(t— T), ®3)
k=1

where T > 0 is the delay time, 4; denotes the coefficients of the couplings, and 1y (t) denotes
N-periodic functions of the index k:

U4 N = U

The dynamics of chains of this kind have been studied by many authors, such as [1-3],
where chains without a delay were considered, and [4-12], where chains with a delay were
studied. The main assumption is that the number N of oscillators is sufficiently large; i.e.,
the value ¢ = 27tN ! is sufficiently small:

0<e< 1. )

Functions uy(t) are conveniently associated with the values of a function of two variables,
ug(t) = u(t, xx), where x; denotes points with angular coordinates uniformly distributed
on some circle: x; = 27tkN 1. Condition (4) gives reason to transition from the system in (3)
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to the problem of studying functions of two variables, u(t, x), with a continuous spatial
variable x € (—0c0, c0) and with the periodicity condition

u(t,x+2m) = u(t,x), (5)
for which
%u ou ou s
ﬁ+a§+u+f<u,g) 7d/¢>(s,s)u(t—T,x+s)ds. (6)

The values of the function ®(s, €) are determined by coupling coefficients ay. Let us describe
the classes of functions ®(s, €) that will be studied in this paper. We arbitrarily set ¢ > 0
and introduce a Gaussian function:

1 (s —e)?
Fels) = vevan ¥ (7 2¢202 )

Let @q(s, €) denote the function

@o(s,€) = Fe(s) — 2Fy(s) + F_¢(s). (7)

Due to the fact that, for every continuous function u(x),

lig(l) . Do (s, e)u(x +s)ds = u(x +¢) —2u(x) + u(x —¢), 8)

—o0

it is natural to call (7) a diffusion-type coupling, since the right part of this equality resem-
bles the expression for the standard difference approximation of the diffusion operator
92u/9x?. Such couplings were used, for example, in [8,12-14]. Let us also note the work
in [15], where chains of systems of laser equations were considered.

Let us introduce two more functions:

D1 (s,€) = Fe(s) — Fe(s) )

and
s (s,¢) = Fo(s) — Fols). (10)

For each fixed continuous function u#(x) bounded on the interval (—oco, c0), we have the
following equations:

(lrig% / DOy (s,e)u(x+s)ds = u(x+¢e) —u(x —¢), (11)
lig(l) / Dy (s, e)u(x +s)ds = u(x +¢) — u(x). (12)

The right-hand sides of (11) and (12) usually arise, for example, when applying the standard
difference approximation of the advection (transfer) operator du /0x. Therefore, it is natural
to call the right-hand side in (6) an advection-type coupling.

Another assumption that paves the way for the application of asymptotic methods is
that the value of T is sufficiently large: for some ¢ > 0, we have

T=rce L. (13)
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In Equation (6), we perform time normalization t — Tt. As a result, we arrive at the
singularly perturbed equation

%u ou ou 7
27 7 —_— —_ = —
€5 teas, +u+f<u,sat> d / D(s, e)u(t —c,x + s)ds. (14)

Note that the degenerate at ¢ = 0 in Equation (14) does not give information about the
behavior of solutions. We will use classical asymptotic methods based on the application of
methods of many scales: methods characteristic of the theory of averaging (see, for exam-
ple, [16]) and methods of singular perturbations [17-19]. In order to study the dynamical
properties of solutions under conditions (4) and (13), we will use the special asymptotic
methods of local analysis developed in [20,21].

Let us study the behavior of all solutions of the boundary value problem (14) as t — oo
with initial functions sufficiently small in the norm C [176/0] % Co,27) and 271-periodic in the
spatial variable x.

In the study of the local—in the neighborhood of the zero equilibrium state—behavior
of solutions, the linearized boundary value problem

[eS)

%u ou i
27 * _ = —_
€5 +ea o +u=d / D(s,e)u(t—c,x+s)ds, (15)
u(t,x +27) = u(t, x). (16)

plays an important role. Its characteristic equation, which we obtain by substituting the
Euler solutions u = exp(ikx 4+ At) into (15), has the form

222+ ead +1 = dy(z) exp(—cA), (17)

where, in the case of diffusion coupling,

v(z) = —4sin2§-exp <— %(7222) z=c¢k, k=0,+1,42,....

In advective coupling (9),
v¥(z) = 2isinz, (18)

and at the connection of the form in (10),
7(z) = exp(iz) — 1. (19)

In the case where all roots of Equation (17), for all k = 0,41, +2,..., have negative real
parts that move away from zero as ¢ — 0, the solutions of the boundary value prob-
lem (15), (16) are asymptotically stable, and the solutions of (14), (16) with sufficiently
small and e-independent (by the norm C[l—c,o] % Clo2n]) initial conditions tend to zero as
t — oo. If Equation (17) has a root with a positive real part that moves away from zero
as ¢ — 0, then the solutions of (15), (16) are unstable, and the dynamics problem (14), (16)
becomes nonlocal.

Here, we will consider the critical case where there are no roots with a positive real
part that moves away from zero in (17), but there are roots that tend to the imaginary axis as
€ — 0. Note that, in the case of the finite dimensionality of the critical case, the methodology
for the study of local dynamics is well known. It relies on the method of integral manifolds
and the method of normal forms (see, e.g., [22,23]). A characteristic feature of all of the
problems considered below is the fact that they realize infinite-dimensional critical cases
when infinitely many roots of the characteristic equation tend to the imaginary axis as
¢ — 0. Therefore, the methods of integral manifolds and normal forms are not directly
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applicable. The approach developed in [20,21], which is related to the construction of
infinite-dimensional quasinormal forms, is essentially used here.

Let us briefly look at the research design used below. First, a linearized boundary
value problem is considered, and its characteristic equation is studied. We determine
those parameters at which a critical case occurs in the problem of the stability of solutions.
Then, we obtain the asymptotics of those roots of the characteristic equation that tend
to the imaginary axis as the small parameter tends to zero. Since there are infinitely
many such roots, there are also infinitely many solutions corresponding to the linearized
boundary value problem. The set of such solutions can be written in a special form using
another spatial variable. Therefore, it is possible to determine the structure of the main
approximation of solutions to a nonlinear boundary value problem. Let us denote it
conditionally by ell;.

The solutions of the nonlinear boundary value problem are then found in the form of a
formal series in powers of ¢, the coefficients of which are periodic in t. Since, for simplicity,
there is no quadratic nonlinearity in the equation, then, as a consequence, there are no
terms of order €2 in the formal asymptotic series. Substituting the formal series into the
original equation, we obtain a special linear inhomogeneous boundary value problem for
the elements of this series. Using the solvability conditions for the resulting equation, we
arrive at an equation for the unknown slowly varying amplitudes included in U;. These
equations are called quasinormal forms. They describe the local behavior of the original
boundary value problem.

Note that the form of the notation in (7) is convenient from a purely technical point of
view. Below, we will use the equality

(o)

o2e2k?
/ Fi (s, €) exp(iks)ds = exp(=Like) exp ( - )

—o0

The o parameter defines the set of chain elements that significantly affect each specific
element. In addition, it also sets the strength of the corresponding influence: the farther the
elements are from each other, the weaker this influence is.

At o = 0, an additional critical case arises; therefore, this work examines the dynamics
of the system under the condition ¢ < 1. As it turns out, in these cases, the quasinormal
form acquires an additional spatial variable. It follows that, for o — 0, there is a tendency
for the dynamic properties of solutions to become more complex.

The corresponding results are given in Sections 2.3 and 3.5.

Chains of this type without a delay were studied in [14]. The presence of a delay, on the
one hand, allows one to obtain explicitly formal expressions for critical cases. On the other
hand, the dimensionality of critical cases increases, and the corresponding quasinormal
forms become even more complicated.

This paper consists of two parts. The first part studies diffusion-type couplings,
whereas the second part deals with advection-type couplings.

2. Diffusion-Type Coupling
Linear analysis has a central role in the study of the boundary value problem (14), (16).

2.1. Linear Analysis

Let us consider the roots of the characteristic Equation (17). Recall that critical cases in
the stability problem (15), (16) are realized when Equation (17) has a root with a zero or
sufficiently close to zero real part for some k. In this connection, for some real value of w,
let us set A = iwe ™! in (17). As a result, we obtain the following:

1—w? +iaw =dy(z)exp (—iwe 'c), z=¢ek, k=0,+1,%2,.... (20)
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Let p(w) denote the modulus of the left part of (20):

p(w) = [(1-?)? + Pa?]'?,
and let
po=_min p(w) = plwo).
Here,
0, , ifa? > 2, 1, ifa2 >2,
wp = 2\ 1/2 0 = 2
<17%> ,ita2<2, © %(47112)1/2, if a? < 2.

Note that py = 0 for a = 0.
In this section, we will focus on the first case, where

o> 0. (1)

The case
o= e0y. (22)

will be discussed in Section 2.3.
Let condition (21) be satisfied. For each fixed z and under the condition

dly(z)| < po

Equation (20) has no real roots. Below, we assume that

Y0 =_max 7y(z) =v(z0) (2020) (23)
—00<z<0
The value of zj is defined in a unique way and is found simply. From the condition
7' (z0) = 0, we find that 2 is the first positive root of the equation
g =2(c%2)"L.

Given d|yy| < po and sufficiently small ¢, all roots of Equation (17) have negative
real parts that move away from zero as ¢ — 0. Given d|y| > po, we find zg such that
Equation (17) has a root with a positive real part that moves away from zero as ¢ — 0.

Let us restrict ourselves to the case where the parameter d is positive. The value of
the parameter dy, which distinguishes the critical case in the stability problem (15), (16), is
determined by the equality

do = polyol "

In this connection, we assume below that, for an arbitrary fixed value d; for the parameter
d, we have
d =dy + éd;. (24)

Under this condition, let us consider the asymptotics of all those roots of the character-
istic Equation (17) whose real parts tend to zero as ¢ — 0. We note at once that there are
infinitely many such roots, so the critical case has infinite dimensionality.

Let us introduce some more notations. Let Qg = Qg (wy) be a real value for which

1— wi +iw = ppexp(iQy).

We let 6, = 6,,(¢) € [0,271) denote an expression that complements the value wy(ce) ™! to
an integer multiple of 27t. When wy = 0, then 6, = 0. We will similarly let 6, = 6,(¢) € [0,1)
denote an expression that complements the value 205*1 to an integer. Given zgp = 0, we
consider that 8, = 0.

95



Mathematics 2024, 12, 790

Let us formulate two simple statements about the asymptotics of the roots of (17).

Lemma 1. Let

a2 > 2. (25)

Then, dy = po = 1,wg = 0, and for the roots Ay, (€) (k,n = 0,41, £2,...) of (17), the real parts
of which tend to zero as e — 0, the asymptotic equations

Men(€) = mmic V(20 4+ 1) + eAqgy + Aot + - -, (26)
are satisfied, where

Min = —¢ 2iar(2n + 1),

1 . _ _
Agjn = ¢ 2 (1 - §a2> (m(2n +1))* —ic 2a*m(2n + 1) + ¢ 'dyyopy '+
1 _ _
+ 56710 (20) (0 + k) (por0) -

Lemma 2. Let
0<a?<2 (27)

Then, wqy > 0, and for the roots Ay, (€) (k,n = 0,£1,42,...) of (17) whose real parts tend to zero
as ¢ — 0, the asymptotic equations

Nn(€) = 12 + Aon + eArgs + A+ (28)

hold, where
Aow = ic Hm(2n +1) + 0 — g, 3¢ = poexp(iQ),

M = i e (2w — ia) Agp, (29)

Aokn =c! K%’l — %(—2(00 + iu)z}z*2> /\%n + dlpal—
+ %w”(zO)(ez +K)2(poyo) " — (cs¢) 12iwpr 2wy — ia) Aoy — i3 Lado, |.
Note that the following conditions hold:
%(%‘1 - %(—2% + ia)2%_2> <0, RAy =0. (30)

The first condition in (30) is obvious. Regarding the second equality in (30), it suffices to

prove that the expression

(2wq — ia) s

is purely imaginary. In this case, P(w) = p(w) exp(iQ}(w)) and P'(w) = (p/(w) +iQ/(w)p(w)>
exp (iQ(w)); hence,
P'(w) = i) (wo) poexp(iQ) = —2wp + ia.
Therefore, we conclude that (—2wp + ia)s~1 = iQ)/ (wp) = 2ia~ 1.
The roots Ay, (€) of the characteristic Equation (17) allow us to determine solutions to

the linear boundary value problem (15), (16):

i (t,x,€) = exp (i(zoe ' + 0z + k)x + Ay, (e)t),
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and hence, the formal set of solutions is
u(t,x,e) = Y (é‘knukn(t, %,€) + Ckntlpn (£, X, €)>, (31)
kn=—c0

where (y,, denotes arbitrary complex constants.

Remark 1. Together with the roots Ay, (e) of Equation (17), there are roots Ay, (&), which corre-
spond to the solutions of the boundary value problem (15), (16):

Ty (t, x,€) = exp (—i(zoe ™" + 0z + k)x + Ay, ()t).

Note that for the parameters z and —z, the roots in (17) are the same, since the dependence of the
right-hand side of (17) on z is even. This means that for the modes of —(zge ™! + 0, + k), the roots
are the same: Ay, (€). Therefore, the problem (15), (16) has the solutions

Tk (t,%,€) = exp (— i(zoe " + 0 + k) x + Agy (e)t).
Under the conditions of Lemma 1, we have the following:
il (%, €) = Tgy, (£, X, €),
which is not the case under the conditions of Lemma 2.

2.2. Nonlinear Analysis

We separately consider the cases where 4% > 2 and where 0 < 2% < 2.

22.1. Case a2 > 2

In this case, we have the equality wy = 0,0y = 0,pg = 1. The critical case in the
stability problem is defined by the equality

dolyol = 1. (32)
We will base the following on the representation in (31). Let us write it in a more convenient
form:

u(t,x,e) = E(x) i Enexp (ikx +ic 'w(2n + 1) (1 — ecLa)t + (Ag, + O(e))T) =

k,n=—c0

SE@) Y Een(t)exp (ikx + in(2n + D) = EG)E(T x,31), (33)

kn=—o0

where T = ¢?t is the “slow” time, E(x) = exp (i(zoe ! + 62)x), and &, () = Etnexp ((Aggn +
O(e))T) denotes the coefficients of the expansion (7, x,x1) into a Fourier series by the
27-periodic argument x and 1-antiperiodic argument x; = ¢~ (1 — ec1a)t.

The solutions of the nonlinear boundary value problem (14), (16) are found in the form

u=e(E(x)&(T,x,x1) +¢¢) + uz(T,x,x1) +.... (34)

Here and below, cc denotes the term that is complex conjugate to the previous one. The un-
known complex function (7, x, x1) is to be defined. Let us substitute (34) into (14) and
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equate the coefficients of the various powers of €. Then, at the first degree of €, we obtain
the identity. Equating the coefficients of &3, we arrive at the equation

B ) =0 TE + ) e T g Gt
- ac*f—i +((270) 71" (20)62 — g ') + 3brg [ (35)
with the boundary conditions
—¢(t,x,x1+1) =¢(t,x,x1) = &(T, x + 271, x7). (36)

Here, we take into account the relations

¢ _ 296 90 o 1
i g—&—a—(l eac™ ),

Croc=C(T—c¢ c,x,xlfc(lfeac 1)):
a¢ i 1 2za§

+eas— + €

=&(T,x,%1) — € e o T2 > 2 + o(€?).

Let us introduce the following notation. We arbitrarily fix the value 6y, € [0,1) and let
en = €n(0oz) denote a sequence such that e, — 0, for n — oo, and 6 (e,, 6p;) = 6o The
above constructions justify the following result.

Theorem 1. Let a> > 2 and conditions (24) and (32) be satisfied. Let 6g, € [0,1) be arbitrarily
fixed, and let the boundary value problem (35), (36) for 8, = 6, have a bounded solution &(t, x, x1)
for T — o0, x € [0,27], x1 € [0,1]. Then, the function u(t,x,e) = e(E(x)&(t,x,x1) +¢c) +
eu3 (T, x, x1) satisfies the boundary value problem (14), (16) up to o(3).

Thus, the parabolic boundary value problem (35), (36) is a quasinormal form for the
boundary value problem (14), (16).

222.Case0 < a? <2

The dynamical properties in this case are significantly more complicated. The principal
parts of the roots Ay, (¢) of the characteristic equation are close to icpe™!: i.e., they are
asymptotically large. Therefore, it is natural to expect that the oscillations in the boundary
value problem (14), (16) will be rapid.

Note that, in this case,

1/2 2
a a _
wy = (1 -5 ) ;opo= (4 a2, do = polvol L. (37)

The roots of Ay, (¢) correspond to the Euler solutions of the linear boundary value prob-
lem (15), (16):
ut (tx,€) = exp (£i(zoe ' + 02 +k)x + Agy (e)t).

It is more convenient to write these functions in the form
uib (t,x,€) = EX(t,x) exp (ikx +im(2n + 1)x1 + (A + O(€))7),
where

E*(t,x) =exp (£i(c 'woe t + ¢ (0 — Qo) + ec™ Lo (2w — ia)-
ic ™ (B — Q))t +i(zoe ! +62)x),
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R ="' 2wy —ia) - ic™ (B — Qo) = 2(ca)™!, SR=0,

T =&t x; = ¢ (1 — ec”'R)t. Hence, we find that

E &t uit (t,x,e) = EX(t,x) E &Gt (1) exp (ikx +im(2n+1)x1) =

kn=—oc0 kn=—co

= EX (4, x)& (1, x,%1).

Here, (jk denotes arbitrary complex constants, and Ckn( T) = ékn exp ((Agkn + O(€))7).
The functions @’k (7) are the Fourier coefficients of the function &* (7, x, x; ), which is 27-
periodic with respect to x and 1-antiperiodic with respect to x;.

The solutions of the nonlinear boundary value problem (14), (16) are found in the form

u(t,x) =ut(t,x) +u" (tx), (38)

ut(tx) = e(g’fi(’r,x,xﬂEi(t,x) +c) + Suz(t, T, x,x1) + ...,

where the dependence on t, x and x; is periodic.

Let us substitute (38) into (14) and equate the coefficients of the same powers €. In the
first step, we obtain the identity, and for €3, we obtain an equation for uz. From the
condition in the specified class of functions, we arrive at the relation. Let us substitute (38)
into (14) and equate the coefficients of the same powers ¢. In the first step, we obtain the
identity, while, by equating the coefficients of ¢, we obtain an equation for u3. From its
solvability condition in the specified class of functions, we arrive at the relation

+ 2 x+ + 2 x4 a
S SV SIS N S i+c”ﬁéi<\éilz+2|¢ﬂ2), (39)
oT a dxq ox2
in which

1
Ay =—c78 {%’1 — E(ia — 2w0)214’2},

1
~(ia — 2w0)? 572 (0 — Q) + c3¢ 22wy 2wy — ia)+

3| _ -1 _
A2 =C I: 2(% 5

+ a0, — QO)} ,

Az =c3 B(iu — 2w) 2 (0 — Qp)? — %71] + dlc’lpglJr

1 _

+ E'Y”(ZO)C 102 (poyo) ™t — i(cs) " *2iwy (2w — ia)-
(0w — Q) —i(c0) a6 — ),
1

Bi =3¢y “19"(20) (pov0)

By =c™ 19" (20)0:(po0) ",

B =by + iwoby — wibs — iw3by.
Recall that the function &(7, x, x1) satisfies the boundary conditions
—&(t,x,x1+1) =&(1,x,x1) = &(T,x + 27, x1). (40)

In order to formulate the final result, we introduce some notations. We arbitrarily fix
Bow € [0,271) and let the sequence €5 = ¢€5(6y,,) be defined by the condition 6., (¢s(0pw)) =
Bow (s =1,2,...). Let ['(fy ) denote all limit points of the sequence 0 (es(6y,,)) from the
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interval [0, 1]. Let 6y, denote the limit element of I'(6y,,) and let the subsequence &5 of the
sequence €, be such that

lim 6, (es;) = 6.

I'—oo

Note that it is possible that the set I'(6y,,) coincides with the segment [0, 1], and it is possible
that this set consists of a single element.

Theorem 2. Let 0 < a? < 2and dy = po|yo|~'. We arbitrarily fix 6o, € [0,27) and let
Bo; € T(0ow)- Let & (T, x,x1) be the solution of the boundary value problem (39), (40) that is
bounded for T — oo, x € [0,27], x1 € [0,1]. Then, the function

u(t,x,e) =e(&H(t,x,x1)ET(t,x) +cc+ ¢ (1,x,x1)E " (tx) +cc) + Sus(t, T, x,x1)

satisfies the boundary value problem (14), (16) up to o(e3.) for T = €t, x; = (1 —ec”'R)t, for
the sequence € = &s..

Thus, the boundary value problem (39), (40) is a quasinormal form for the original
boundary value problem (14), (16) in this critical case.

2.3. Small Values of Parameter o

Below, we will consider important questions about the dynamical properties of the
boundary value problem (14), (16) for small values of c. We will assume that for some fixed
value of 7y, equality (22) is satisfied.

The interest in this case is due to the fact that, first, as is shown above for small o,
the corresponding integral expressions in the boundary value problem (14), (16) are close
to being written in the form of a finite difference on the spatial variable.

Second, it follows from (17) that the value of exp ( — ¢2z%/2) on the right-hand side
of (17) is small, and hence, the critical cases are determined by the periodic function 7(z).
Thus, the critical values of zg in (23) are obviously not unique. There are obviously infinitely
many such values. This suggests that the quasinormal form becomes significantly more
complex, and the dynamical properties more interesting and diverse.

Under condition (22) for the function y(z), we have the equality

v(z) = —4sin? <§) - exp <f %82(71222>.

Yo(z) = —4sin? %

Let

Then,
7(2) = 20(a) (1- 38032 +0(e)).

The largest value |yo(z)| = 4, and for all values z,, at which this value is reached, we have
the equations
Zm=n(2m—+1), m=0,+1,42,....

Recall that ¢ = 2tN~1. Below, we will assume that the value N is even, so all values of
7t(2m + 1)e~! are integers for all integers .

Consider the set of integers 7(2m + l).s’1 +k k,m = 0,£1,£2,.... Let uyy,(t x)
denote the Euler solutions of the linear problem (15), (16):

Ui (1, ) = exp [i(71(2m + 1) + k) x + Ay (€)t].

Here, Ay, (€) represents the roots of the characteristic equation (17) whose real parts tend
to zeroas e — 0.
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2.3.1. Building A Quasinormal Form For A% > 2

Recall that, given a? > 2, we have wy = Qo =0, pg = 1, |70| = 4, and dp = 1/4. Let
us first consider the asymptotics of gy, (€).

Lemma 3. Let conditions (22), (24) and (25) be satisfied. Then, there are asymptotic equalities:
Mt (€) = ¢ 1irt(2n + 1) + eAyun + € Atonn + - -+,
where
Migmn =iac 2w (2n +1),
A =%(2 —a?)c 3 (m(2n + l))2 —ia?c3(2n + 1) + 4dy — %(712(71(2711 + 1))27
- i(ez +h)2.

The set of Euler solutions of the linear boundary value problem (15), (16)

u(t,x,e) = i Crmn exp (i(7r(2m + e ' +k)x + Memn (€)1)

k,m,n=—c0

can be written in the form

u(t,x,e) = i Cemn (T) exp (ikx +im(2m + 1)y +in(2n +1)x1) =

k,mn=—oco

= (T, x,y,x1). (41)
Here,
Chmn (T) = Ckmn exp ()‘kan + O(S)T)r y= xs—l/ X1 = (1 + Eacil)t'

Based on the representation in (41), we will look for solutions of the nonlinear boundary
value problem (14), (16) of the form

u(t,x) =e(t,x,y,x1) + Sus(T, XY, X))+ (42)

After substituting (42) into (14) and following the standard steps, we arrive at the boundary
value problem for determining the unknown function (7, x,y, x1):

8 -2 ¢ A % o T 1 P b %

ot 2 a2 2 9xy 20 9y 4c oxr 2 ox

ady 1, by 4
(M- ge)er e, #3)
(v y+1,x) =&(t,x,y,x1) =E(T,x+2m,y,x1), (44)
—&(t,x,y,x1+1) =&(T,x,y,x1). (45)

As a result of the above constructions, we come to the justification of the following result.

Theorem 3. Let conditions (22), (24) and (25) be satisfied. Let 0, € [0,1) be arbitrarily fixed,

and let {(T,x,y,x1) be a solution of the boundary value problem (43)—(45) bounded for T — oo,

x € [0,27t], y € [0,1], x4 € [0,1]. Then, for the sequence €5(0;(es(0-0) = 0x0), the function
u(t,x) = (7, x,y,%1) + us (7, x,y,x1)

satisfies the boundary value problem of (14), (16) up to o(2) for 6, = 6.
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2.3.2. Building Quasinormal Forms for 0 < A2 < 2

Recall that, in this case, Equation (37) holds.

Let us consider the asymptotics of such roots of the characteristic Equation (17) whose
real parts tend to zero as ¢ — 0.

In the following, 6, denotes such a quantity that complements the expression wpe ™!
to a value that is an odd multiple of 7rc .

Lemma 4. Let 0 < a*> < 2 and let conditions (22) and (24) be satisfied. Then, for A (€),
k,m,n =0,%1,%2,..., the asymptotic equalities take place:

Aemn (€) = i(we’l + 0 — 'O+ (20 + 1)) + eArjmn + E Atmn + -+
Migmn = —2i(ac) 'K, K =0, —c 'Qy+c 'm(2n+1),

1
Aot = ~DiK? + DoK = 20f (m(2m +1))* + dydg -
Dy =2a72c7% — (1 +iawy — wd) 73,

D; = 2i(2iwg + a) (po exp(iQ)ca) -

Note that RD; > 0.
The set of Euler solutions of the linear boundary value problem (15), (16) can then be
represented as

M(t, x) = i ‘:kmn exp (i(n(Zm + 1)871 + k)x + Mann (S)t) =

k,m,n=—c0

= E(t) i Ckmn (T) exp (im(2m + 1)y + ikx + in(2n +1)x1) =

k,mn=—oco

=E)Z(t, %y, x1). (46)

Here, T = &%, E(t) = exp [i(wpe™ + (6 — c7100) (1 — 2e(ca) ™ V))t], Chmn(T) = Ehoun -
exp ((Aggmn + O(€))T), y = xe71, x; = c7}(1 — 2¢(ca)~1)t. Based on the representation
in (46), we will look for solutions of the nonlinear boundary value problem (14), (16) of
the form

u(t,x) = e(&(t,x,y,x1)E(t) +cc) + Sus(t, T, XY X))+, (47)

where the dependence on x, y, x; and t is periodic.

By substituting (47) into (14) and performing some straightforward calculations, we
arrive at an equation for u3. From its solvability condition in the specified class of functions,
we obtain

ac %E . ac o1 825
3 Dla 2 +i(2Dy + Dz)ﬁ(gw Qo) + ay 2=+
,ﬁ D6, - Lzl
toaa T (= D1 (8 — Q9)* + D2 (6 — Q))& + ¢ BE|E%. (48)
For this equation, the boundary conditions are satisfied:
—C(t,xy,x+1)=E(t,x,y,x) =E¢(T,x+2m,y,x1), (49)
—¢(t,x,y+1,x1) = ¢(T,x,,x1). (50)

Let us summarize.
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Theorem 4. Let conditions (22), (24) and (27) be satisfied. We arbitrarily fix 6o, € [0,c'7) and
let &(T,x,y,x1) be a solution of the boundary value problem (48)—(50) for 6., = 6o, bounded for
T — 00, x € [0,27], y € [0,1], x1 € [0,1]. Then, the function

u(t,x) =¢e(&(t,x,y,x1)E(t) +cc) + Sus(t, T, x,y,%1)

satisfies the boundary value problem (14), (16) up to o(e®) for T = €2t, x; = ¢~ 1(1 — 2¢(ca) 1)t
and ¢ = €5(0pw ).

Thus, in this section, we construct quasinormal forms, namely, boundary value prob-
lems of the parabolic type, (43)—(45) and (48)—(50), with three spatial variables. They play
the role of the normal forms of the original boundary value problem (14), (16) in the above
critical cases.

3. Advective-Type Coupling
3.1. The Results of Linear Analysis in the Case ®(s) = P4 (s)
At each fixed z and under the condition

d|y(2)] < po
Equation (20) has no real roots. Let us assume that

r0=_max [y(z)| = |r(z0)[ (20 2>0). (51)
—00<LZ< 0
The value of zg is defined in a unique way and is found simply. From the condition
|7(z0)|" = 0, we find that zy is the first positive root of equation

z=2(c%2)" L (52)

Given d|y| < po and sufficiently small ¢, all roots of Equation (17) have negative
real parts that move away from zero as ¢ — 0. Given d|yo| > po, we find a zj such that
Equation (17) has a root with a positive real part that moves away from zero as ¢ — 0.

Let us restrict ourselves to the case where the parameter 4 is positive. The value of
the parameter dy, which distinguishes the critical case in the stability problem (15), (16), is
determined by the equality

do = polyol "

In this connection, we assume below that, for an arbitrary fixed value d; for the parameter
d, we have
d=dy+ €2d1. (53)

Under this condition, let us consider the asymptotics of all those roots of the character-
istic Equation (17) whose real parts tend to zero as ¢ — 0. There are infinitely many such
roots, so the critical case has infinite dimensionality.

Let us introduce some more notations. Let Qg = Qg (wy) be a real value for which

1 - wi +iw = poexp(iQ).

As above, we let 6, = 0, (¢) € [0,27) denote an expression that complements the value of
cwoe™ ! to an integer multiple of 271. Given wy = 0, we consider 6, = 0. We similarly let
0, = 0-(¢) € [0,1) denote an expression that complements the value of zge ! to an integer.
Given zg = 0, we consider that 6, = 0.

We shall now formulate a statement about the asymptotics of the roots of (17) in the
case of (18).

Lemma 5. Let y(z) = y1(z) and
a* > 2. (54)
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Then, dyyo = po = 1, wy = 0, and for the roots Ay, (¢) (k,n = 0,41, £2,...) of Equation (17),
the real parts of which tend to zero as € — 0, the asymptotic equations are satisfied:

. 1
A (€) = rric™! <2n + E) +eApn + A + -+, (55)

where

2

2
Ay =72 (1 — %uz) <7r<2n + %)) — ic*3u2n<2n + %) + cfldlfyopo’l—i—

1 _ _
+5e 198 (20) (62 + k)*(povo) "

1
Min = fc’ziarc<2n + 7>,

Lemma 6. Let y(z) = 1(z) and
0<a®<2 (56)

Then, wy > 0, and for the roots Ay, (e) (k,n = 0,41, +2,...) of Equation (17) whose real parts
tend to zero as € — 0, the asymptotic equations are satisfied:

Men(€) = iwpe ™ 4 Aoy + €A1k + € Agpn + - - -, (57)

where
Aoy = ic 1 {7‘[ <2n + %) + 0, — QO}, 2 = poexp(iQ),

M = ic™ e 2wy — ia) Agy, (58)

Agjen =c 1 K;{‘l — %(—Zwo + iu)2%‘2> gy +dipy =
1 _ 1. _ . PR
+57"(20) (6 +k)?(poyo) " = (c3¢) " 2iwose ! (2wo — ia) Aoy — iz adon |-
Note that
1
%(%_1 - E(—Zwo + ia)z%_2> <0, RAy, =0. (59

The roots A, (€) of the characteristic Equation (17) allow us to determine solutions to
the linear boundary value problem (15), (16):

i (t,x,€) = exp (i(zoe * + 0z + k)x + Ag, (e)t),

and hence, the formal set of solutions is

u(txe) = 3 (St %) 4 Ginllia (8, 3,9)), (60)

kn=—co

where ¢y, denotes arbitrary complex constants.

Remark 2. Together with the roots Ay, (e) of Equation (17), there are the roots Ay, (), which
correspond to the solutions of the boundary value problem (15), (16):

g (,x,€) = exp (— (206" + 0; + k)x + Ay ()1).
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Note that for the parameters z and —z, the roots in (17) are the same, since the dependence of the
right-hand side of (17) on z is even. This means that for the modes of —(zpe~! + 0 + k), the roots
are the same, i.e., Ay, (€). Therefore, the problem (15), (16) has the following solutions:

g (t,x,€) = exp (—i(zoe ' + 02 4+ k)x + Ay (e)t).
Under the conditions of Lemma 5, we have
ik (£, x,€) = Ty (£, x, €),
and under the conditions of Lemma 6, this is no longer the case.

3.2. The Results of Linear Analysis in the Case ®(s) = P (s)

In the case of (19), the value of zy > 0 is defined as the first positive root from the
equation

4 _
5= (20%2) 71 (61)

Lemma 7. Let condition (19) be satisfied and a> > 2. Then, dyyg = po = 1,wy = 0, and for
the roots Ay, (¢) (k,n = 0,£1,+2,...) of Equation (17) whose real parts tend to zero as € — 0,
the asymptotic equations are satisfied:

(1 i -
A (€) = [m(i +2n> + %(zo +e(0, + k))} el eAgy + A o, (62)

where
. 1 Z 1 _
Alkn:*“: Zﬂ(ﬂ:(i +27’l> +*20> 7§C 1(92 +k),

27\ 2[2 — a? 2rtn | 7 oy 20 P 1y >
)\an:<T>|: C }4—?{?(2—»1)+C—2(2—a)+z?}+d0c 7" (z0)k™+

+2doc ™1y (20)60:k + By,

By = ¢ Ydyyo+ ¢ Moy (20)602 + 12(2—a2) -I—Lzz (2—a%)+ i(2—¢12) - ﬁ(n—&-z )
1= 170 07 (20)Vz 403 23 0 43 22 0)-

Lemma 8. Let condition (19) be satisfied and
0<a®<2. (63)

Then, wy > 0, and for the roots Ay, (e) (k,n = 0,41, %2,...) of Equation (17), the real parts of
which tend to zero as € — 0, the asymptotic equations are fulfilled:

An(€) = i[woe™ + ¢ Agn] + 8(%c71(92 +k) + Al,m> + A+, (64)
where
1 .
Aon = 7'[(211 + E) +60,— QO+ %0, 7 = poexp(iQ),

2i
Alkn = _P)\On/ (65)

Agpn = — 2¢73a72A3, + dy(edo) ™t + do(cy0) 19" (z0) (02 + k)2 +

2i 1
+lepexp(i0) ! |e 243, - @iwn +a) (= 2o+ 562 +8)) |
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Remark 3. The roots Ay, (€) of the characteristic Equation (17) allow us to determine solutions to
the linear boundary value problem (15), (16):

Uy (t,x,€) = exp (i (zoe™' 40, + k)x + Men(€)1),
and hence, the formal set of solutions is
u(tr X, S) = Z (gknukn(tr X,S) + gknﬁkn(tr x,g)), (66)
k,n=—c0

where Gy, denotes arbitrary complex constants.
This remark applies to Lemmas 5-8.

3.3. Nonlinear Analysis for ®(s) = D1(s)
Consider the cases a? > 2 and a? < 2 separately.

3.3.1. Case a®? > 2

In this case, we have the equality wy = 0,09 = 0,pg = 1. The critical case in the
stability problem is defined by the equality

dolol = 1. (67)

The following will be based on the representation in (66). Let us write it in a more conve-
nient form:

u(t,x,e) = E(t,x) Z Ckn €Xp (lkx + 2imtne ™ (1 — ec ™ a)t + (Agey + O(s))r) =

kn=—o0

= E(t,x)¢(T,x,x1), (68)

where T = €2t is the “slow” time, E(t, x) = exp(i(zoe ! +6;)x +im(2c) "1 (1 — eac™1)t), and
Cin(T) = Cknexp ((Agkn + O(e))T) denotes coefficients of the expansion of ¢(7, x, x1) into
a Fourier series with respect to the 27r-periodic argument x and the c-periodic argument
x1 = (1 —ec la)t.

Solutions of the nonlinear boundary value problem (14), (16) are found in the form

u=e(E(t,x)&(t,x,x1) +€C) + Eusz(T,%,x1) + ... (69)

Here and below, cc denotes the term that is complex conjugate to the previous one. The un-
known complex function (7, x, x1) is to be defined. Let us substitute (69) into (14) and
collect the coefficients of the same powers of e. Then, at the first power of ¢, we obtain an
identity. Equating the coefficients of €3, we arrive at the equation

%_ 127 826 1.7 ﬁi -1, %
cge =(5 1) 55 + @0 )5S i s

d
+lc‘1( - 2(1 %“2>>%+Bo¢+sblcléﬁ (70)

1 1 1
c2n? < 5 2) +iazc’2§7r+ E’y”(zo)Bf—l-Zdlc’l'yo

with the boundary conditions

é(t,x,x1+¢) =¢(t,x,x1) = &(T,x + 27, x7). (71)
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Here, the following relations are taken into account:
dé _ 596 | 9¢ -1
it S ar oy, L)
Crc =C(T— ¢, x,x1 — o(1— sac’l)) =

2
=¢(t,x,x1) —¢ CaiJrsu%Jr ga2%+o( ).

Let us introduce the following notation. We arbitrarily fix the value 6y, € [0,1) and
let €, = €,(0o;) denote a sequence for which ¢, — 0 as n — o0 and 6, (¢, 6pz) = 6p. The
above constructions justify the following result.

Theorem 5. Let a> > 2 and conditions (53) and (67) be satisfied. Let 6, € [0,1) be arbitrarily
fixed, and let the boundary value problem (70), (71) at 0, = 6y, have a bounded solution &(t, x, x1)
as T — oo, x € [0,27], x1 € [0,c|. Then, the function u(t,x,e) = e(E(t,x)&(T,x,x1) +E) +
e u3(T, x, x1) satisfies the boundary value problem (14), (16) with accuracy up to o(e>).

Thus, the parabolic boundary value problem (70), (71) is a quasinormal form for the
boundary value problem (14), (16).

3.3.2. Case a? < 2

The dynamical properties in this case are much more complicated. The principal
parts of the roots Ay, (¢) of the characteristic equation are close to iwpe1: i.e., they are
asymptotically large. Therefore, the oscillations in the boundary value problem (14), (16)
will be rapid.

Note that, in this case,

a2\ "2 a? 2\1/2 1
wo = (1*3> o Po= 5 (&=a%) s, do = polyol (72)

The roots of Ay, () correspond to the Euler solutions of the linear boundary value prob-

lem (15), (16):
uib (t,x,e) = exp (Li(zoe ' 402 +k)x + Ay (e)t).

It is more convenient to write these functions in the form
uit (t,x,€) = EX(t, x) exp (ikx + 2imnxy + (Agen + O(€))T),
where
E=(t,x) =exp ( (e twpe™ 471 <9w -0+ g) + ec Ve (2uwg — ia)-
icT (B, — Q) )t i(zoe ™t + 92)x>,
R=3x"1Q2wy—ia)-ic ' (0, — ), SR=0,

T = €2, x; = (1 — ec"'R)t. Hence, we find that

Z &Ghuik (t,x,e) = E5(t,x) Z &Gt (1) exp (ikx + 2imnxy) =

kn=—c0 k,n=—c0

= EF(t,x)& (1, x,x1).
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Here, cfk denotes arbitrary complex constants, and ék”( T) = é‘kn exp ((Agkn + O(€))7).
The functions (',‘k (7) are the Fourier coefficients of the function &* (T, x, x1), which is 27-
periodic with respect to x and c-periodic with respect to x7.

Solutions of the nonlinear boundary value problem (14), (16) are found in the form

u(t,x) =ut(t,x) +u(tx), (73)

u®(t,x) = (&5 (1, x,x1)EX(t, x) +¢¢) + uz(t, T, x,x1) + ...,

where the dependencies on t, x and x; are periodic.

Let us substitute (73) into (14) and equate the coefficients of the same powers of e.
In the first step, we obtain an identity, and by collecting the coefficients of &3, we obtain the
equation for u3. From its solvability condition in the specified class of functions, we arrive
at the relation

agt ot oc*t + 0%¢* LS PR T2
S-=4M 522 ot Ayt Al Bt Ba e G (117 +2871%), (74)
in which

Ay =—c° {%’1 - %(ia - Zwo)zz’z},

Ay =¢3 { —2( 1= %(ia —2w0)2372 (0 — D)) + e3¢ 2200 (2wp — ia)+
+ a0, — QO)} ,

Az =c73 E(iu — 2w0) 52 (0 — Q)% — J«Fl] +dic py T+

1
+ 57"(20)07193@0%) b —i(cse) "22iw (2wp — ia)-
(0 — Q) —i(c0) a6, — ),

1
By =5¢ 19" (z0) (pov0)

By =c 1" (20)6:(povo) ",

B =by + iwyby — wibs — iw3by.
Recall that the function (7, x, x1) satisfies the boundary conditions
é(t,x,x1+¢) =¢(t,x,x1) = &(T,x + 27, x71). (75)

In order to formulate the final result, we introduce some notations. We arbitrarily fix
Bow € [0,271) and let the sequence €5 = ¢€5(6p,,) be defined by the condition 6, (€s(fpw)) =
Oow (s =1,2,...). We let I'(0y,, ) denote all limit points of the sequence 6, (& (6o, )) from the
interval [0,1]. We let 6, denote the limit element of I'(y,,) and let the subsequence ¢, of
the sequence &5 be such that

l"lgn Qz(fsr) = 0oz

Note that it is possible that the set I'(6y,,) coincides with the segment [0, 1], and it is possible
that this set consists of a single element.

Theorem 6. Let 0 < a> < 2and dy = po|vyo|~'. We arbitrarily fix 6o, € [0,27) and let
oz € T(Oow)- Let £5 (T, x,x1) be a bounded solution of the boundary value problem (74), (75)
as T — o0, x € [0,27], x1 € [0, c]. Then, the function

u(t,x,e) = e(&E"(t,x,x1)ET(t,x) +cc+ & (T,%,x1)E(t,x) +¢C) + us(t, T, %, x1)
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satisfies the boundary value problem (14), (16) up to o(e3.) for T = €t, x; = (1 —ec 'R)t, for
the sequence € = e ..

Thus, the boundary value problem (74), (75) is a quasinormal form for the original
boundary value problem (14), (16) in this critical case.

3.4. Nonlinear Analysis for ®(s) = Dy(s)
And here, we consider the cases > > 2 and a? < 2 separately.

3.4.1. Case a® > 2

In this case, we have the equality wy = 0,09 = 0,pg = 1. The critical case in the
stability problem is defined by the equality

dolvo| = po- (76)

The following will be based on the representation in (66). Let us write it in a more conve-
nient form:

u(t,x,e) = E(t,x) E Ckn €XP (ikx + 2imtnc ™ (1 — ec ™ a)t + (Agey + O(e))r) =

kn=—oc0
= E(t,x)¢(t,x,x1), (77)
where T = €2t is the “slow” time,
E(t,x) = exp (i(woe * + 0, — Qo + %(zo + 7+ e02)) +i(zoe L+ 02)x +irt(2c) 11— eac1)t),
and &, (T) = &y exp ((Agkn + O(€))T) denotes coefficients of the expansion of &(T, x, x1)
into a Fourier series with respect to the 277-periodic argument x and the c-periodic argument

x1 = (1 —ec la)t.
The solutions of the nonlinear boundary value problem (14), (16) are found in the form

u=¢e(E(t,x)&(T,x,x1) + 7€) + uz(T,x,x1) +.... (78)

Here and below, cc denotes the term that is complex conjugate to the previous one. The un-
known complex function (7, x, x1) is to be defined. Let us substitute (78) into (14) and
collect the coefficients of the same powers of e. Then, at the first power of ¢, we obtain an
identity. Equating the coefficients of €3, we arrive at the equation

85 o 1 2 826 1 825 0 ag
“or _<5a 71)37%“”’) 720055 —i10 7" (20)0: 57+

it <u2 _r (1 — %f)) ;751 + BoZ + 3b1&|E[%, (79)

2
By = c_znzi (1 — %a2> + iazc_zén + %'y”(zo)ef + 2d1¢ My

with the boundary conditions
&(t,x,x1+¢) =¢(t,x,x1) = &(T,x + 27, x71). (80)

Let us introduce some notation. We arbitrarily fix the value 6y, € [0,1) and lete, = ¢, (6p;) de-
note a sequence for which ¢, — 0 as n — oo and 6; (€5, 6p;) = 6p,. The above constructions
justify the following result.

Theorem 7. Let a*> > 2 and conditions (53) and (76) be satisfied. Let 6o, € [0,1) be arbitrarily
fixed, and let the boundary value problem (79), (80) at 0, = 6y, have a bounded solution &(t,x,x1)
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as T — oo, x € [0,27], x1 € [0,c|. Then, the function u(t,x,e) = e(E(t,x)&(T,x,x1) +E) +
u3(T, x, x1) satisfies the boundary value problem (14), (16) with accuracy up to o(e>).

Thus, the parabolic boundary value problem (79), (80) is a quasinormal form for the
boundary value problem (14), (16).

3.4.2. Casea® < 2

The principal parts of the roots Ay, (¢) of the characteristic equation are close to
iwpe 1 i.e., they are asymptotically large. Therefore, the oscillations in the boundary value
problem (14), (16) will be rapid.

Note that, in this case,

a2\ "2 a? 2\1/2 1
wo:<1—7> , P0:7(4—a)// do = polvol - (81)

The roots of Ay, (¢) correspond to the Euler solutions of the linear boundary value prob-
lem (15), (16):
uf, (t,x,€) = exp (£i(z08 ™ + 62 +k)x + Agy (e)1).

It is more convenient to write these functions in the form
u;*rn(t, x,¢) = EX(t,x) exp (ikx 4 2irtnxy + (Aggy + O(€))7),

where
EE(t,x) =exp (i(c’lwosfl +c7! <9w -0+ g) +ec e 2wy — ia)-

cic T (0 — Q) ti(zoe ! + az)x),

2
R =x"'Q2wy—ia) - ic (B — Q) = ~, SR=0,

T = €%, x; = (1 — ec”'R)t. Hence we find that

Z &Gt uit (t,x,e) = E5(t,x) i & (1) exp (ikx + 2imnxy) =

kn=—c0 k,n=—c0

= EE(t,x)&E (1, %, x1).

Here, Zi5 denotes arbitrary complex constants, and &, (1) = & exp ((Ag + O(e)) 7).
The functions r:k (7) are the Fourier coefficients of the function &+ (7, x, x1), which is 277-
periodic with respect to x and c-periodic with respect to xy.

The solutions of the nonlinear boundary value problem (14), (16) are found in the form

u(t,x) =ut(t,x) +u (tx), (82)

u®(t,x) = (& (1, %, x1)EX(t,x) +¢¢) + us(t, T, x,x1) + ...,

where the dependencies on f, x and x; are periodic.

Let us substitute (82) into (14) and equate the coefficients of the same powers of «.
In the first step, we obtain an identity, whereas, by collecting the coefficients of 3, we obtain
the equation for u3. From its solvability condition in the specified class of functions, we
arrive at the relation

P} gi 82 ér:t ) g:t

aZi
——A1—+A2 a2

¢+
= Gar H g H AT A AT+ (I 28T, (89)
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in which
Ay =2a% — (po exp(iQo))fl, RA; >0,
Ap = 2iA1lc 4+ 4072,
Az = dory ' (z0),
Ay = —2i0doyy 1" (z0) — 2(a*c) 1,
As = A1l? +didy +doyyg 1y (20)0% — 4i(a*c) M+ a6,
1
I'= 60— 0o+ 5(7+20),
B = by +iwpby — w3b3 — iw8b4.
Recall that the function &(7, x, x1) satisfies the boundary conditions
E(t,x,x1+¢) =¢(t,x,x1) = &(T,x + 27, x71). (84)

In order to formulate the final result, we introduce some notations. We arbitrarily fix
60w € [0,277) and let the sequence &5 = €5(6p ) be defined by the condition 6, (&5(6pw)) =
Bow (s =1,2,...). Let I'(fy ) denote all limit points of the sequence 0 (es(6o,,)) from the
interval [0, 1]. Let 6, denote the limit element of I'(y,, ), and let the subsequence &, of the
sequence ¢, be such that

lim 92(851.) = 0.

T'—oo

We formulate the final result.

Theorem 8. Let 0 < a®> < 2 and dy = po|yo|~'. We arbitrarily fix 6o, € [0,271) and let
B0z € T(0ow)- Let & (T, x, x1) be a bounded solution of the boundary value problem (74), (75) as
T — 00, x € [0,27], x1 € [0, c]. Then, the function

u(t,x,e) = e(&E"(t,x,x1)ET(t,x) +cc+ & (1, %,x1)E(t,x) +¢C) + us(t, T, %, x1)

satisfies the boundary value problem (14), (16) up to o(e3.) for T = €t, x; = (1 —ec 'R)t, for
the sequence € = €.

Thus, the boundary value problem (74), (75) is a quasinormal form for the original
boundary value problem (14), (16) in this critical case.

3.5. Quasinormal Forms in the Case of Small Values of the Parameter o

Here, we assume that for each fixed o7 > 0, the following condition is satisfied:
o= eoy. (85)
Let us separately consider the cases where ®(s) = ®;(s) and ®(s) = Dy(s).
3.5.1. Building a Quasinormal Form under the Condition ®(s) = ®;(s) and A% > 2
Under condition (85) for the function 7(z), we have the following:
. 1,5,
v(z) = 2i(sinz) -exp | — K€ ).

Set
Yo(z) = 2isinz.

Then,
7(2) = 70(2) (1 — %820'1222 + O(e4)>.
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The largest value |yo(z)| = 2, and for all values z;; at which this value is reached, we have
the equations

zﬁ:n@mi%) m=0,£1,42,....

Recall that ¢ = 27tN 1. Consider the sets of integers 7t(2m 4 1/2)e ™! +k, k,m = 0,£1,42,....
We let uy,,, (t, x) denote the Euler solutions of the linear problem (15), (16):

kmn

ll]:f"m(t, x) = exp |:i(7t<2m + %)571 + Oom + k)x + AE (S)t .

Here, )‘kim ,(€) denotes the roots of the characteristic Equation (17) whose real parts tend to
zero as ¢ — 0. Note that

0, N =4P

3/4, N=4P+1
Ozm =

1/2, N=4P+2

1/4, N=4P +3.

Recall that, for > > 2, we have wp = Qg = 0, po = 1, |y0| = 2,do = 1/2. Let us first

consider the asymptotics of A" (e).

Lemma 9. Let conditions (53), (54) and (85) be satisfied. Then, there are the asymptotic relations

1
+ —1; + 24+
A (8) = ¢ 17T<2n + 5) + A T E A T s
where
PEOE. Iy P
Temn =tac™ "7t ( 2n 5)

1 1 2 1 1 1 2
C/\imn :5(2 - a2)c—27-[2 <2n + §> - iazc—ZT[(Zn + E) +4dy — E0-127-(2 <2m + E) _

1
—Zwi@m?

The set of Euler solutions of the linear boundary value problem (15), (16)
0 1
+ _ + ; -1 +
ur(t,x,e) = k,m,g:ioo Clmn €XP {z <7r<2m + E) € 0, + k) X+ /\kmn(e)t]

can be written in the form

o
ut(t,x,e) =E*(t,x) Y. & (T)exp {ikx + 2iztne g +2i7rmy} =

k,m,n=—co

= (T, %, %1, y). (86)
Here,
EE(t,x) = exp {i ig (c_l(l —eac Dt (e + sz)x>],

§kimn(r) = {,‘kimn exp (Aimn +0(e)T), y= xe !, x = (14+eac Mt
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Given that E~(t,x) = E' (t, x), we will look for solutions of the nonlinear boundary value
problem (14), (16) in the form of

u(t,x) = s(E(t,x)fj(T, X, x1,Y) +ﬁ> + Suz(T, %, x1,Y) + ... (87)

Substituting (87) into (14) and performing the standard steps, we arrive at the boundary
value problem for determining the unknown function &(7, x,y, x1):

oF 1,\0%¢ 9 (a® inm 1, g . oF ¥4
5 = (1 5“%7;*% T\ ) taae i g T g gt

) o¢ ? 1 a2t 1 1
+io?m? . 5 + <2d1 12 <1 - 5112) it - Eeg - §U%n2>§+ b Ele)?, (88)
8(t,x+2m,x1,y) = &(T,x,x1,y) =4(T,x, 01+ ¢,y) = 8(T, x5, %,y +1). 89)

As a result of the above constructions, we come to the justification of the following result.

Theorem 9. Let conditions (53), (54) and (85) be satisfied. Let 6,y € [0,1) be arbitrarily fixed, and let
&(t,x,x1,y) be a bounded solution of the boundary value problem (88)—(89) as T — oo, x € [0,27],
y € [0,1], x1 € [0, c]. Then, for the sequence €5(0;(es(0-0) = 020), the function

u(tr X) = S(E(tr x)é(Tr X, xl/y) + ﬁ) + E31”3(7-/ X, xlr]/)
satisfies the boundary value problem of (14), (16) up to o(e3) at 8, = 6,

3.5.2. Building Quasinormal Forms under the Conditions ®(s) = ®,(s), o = ey
and A2 > 2

The values of the parameter z for which the critical cases are realized are determined
by the following relation:

zm =m(2m+1); m=0,+1,42,....

Thus, v9(zm) = —2and pg = 1, wg = Qp = 0, dg = 1/2. It follows from the condition
g = 2tN~! that

0, ifN — even,

0, =6, =
TP I LN odd.

2

Below, we separately consider the cases where 6, = 0 and where 6, = 1/2.

3.5.3. Building Quasinormal Forms for 6, = 0

For the roots Ay, (€) (k,m,n = 0,£1,£2,...) of the characteristic Equation (17) whose
real parts tend to zero as ¢ — 0, the following asymptotic equality takes place:

Akmn (g) = in(2n + 1) + eAtgmn + 82/\2kmn +... (90)
1
Mign = —iac 2m(2n+1) + Eic’lk,
1, 12 Lo 1, 2 1
Agpyn = | 1— 4 (m(2n+1)c )" — gk — 5% (m(2m+1))" — Emt(Zn + Dk+

+ia?c w(2n 4 1) — ia(2c) "'k 4 2d;.
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The solutions of the linear boundary value problem (15), (16) can then be written in the form

u(t,x) = Y Cmexp [im(2m+1)e tx +kx + (im(2n +1)(1 —eac ) —

k,m,n=—oc0

- sa(Zc)flk)t + (A2kimn + O(E))T} =

= Y Cumn(T)exp [im(2m+ 1)y +im(2n +1)x1 + ikxy| =

k,m,n=—o0
= §(1, %1, %2,Y), 1)
where
gkm‘n (T) = gkmn . eXP[(/\kan + O(’S))T]r

-1 -1 - (92)
X1 = (1 — &ac )tr Xp =X — 811(26‘) t, Yy = xe

1
Based on equality (91), we seek solutions to the nonlinear boundary value problem (14),
(16) of the form

u(t,x, &) = e¢(T,x1,%2,y) + €uz(T, x1, %2, ) + ...

Substituting this expression into (14) and performing the standard steps, we arrive at the
parabolic boundary value problem for finding a real function &(, x1, x2,y):

o (1, 28 19%¢ oF % 1 9% 4 O
Ca?‘(i” %7%@*7 W2 2amax % am
~a(20) 155 4 2 + gl ©3)

with the boundary conditions
(T, x1 4 0,x2,y) = 6(T,x1,%2,y) = 4(T, 21,02 + 27, Y), (%4)

—&(T,x1, %0,y + 1) = &(T,x1, %2, Y)- (95)

This boundary value problem is a quasinormal form in the considered case.

3.5.4. Quasinormal Form for 6, = 1/2

In this case, let us give the following formulas for the elements of A1y, and Ay,

1 1
Mkmn = _iucizn(2n + 1) + Eic71 (E + k>,

%012(71(2m+1))2—

CAgkmn = <1 - 1a )(71(2;1 +1)ch)? %kZ _
- %“”(2” +1)c! (5 + k> +ia?c 2w (2n +1) —ia(2c) 7! (% + k) +2d.

The “critical” solutions of the linear boundary value problem (15), (16) can be written in
the form

u(t,x) =E(t,x) Y. Crmmexp [im(2m+ 1)y +in(2n+ 1)x; + ikxy] =

k,m,n=—o0
= E(t,x)&(T,x1,%2,Y),

where

E(t,x) = exp (x+£(2c) )} =exp {zlxz}
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Therefore, solutions of the nonlinear boundary value problem (14), (16) are sought in
the form

u(t,x,€) = e(E(t,x)¢(t,x1,%2,y) +C) + Suz(t,T,x1,%2,9) + ...

Let us substitute this expression into (14). After straightforward calculations, we obtain a
parabolic boundary value problem, namely, a quasinormal form, for finding the complex
function §(T, x1, x2,y):

B _ (1o \P¢ 1% of ¢ 1 8¢  (a  1)0C
Car_(z”‘ l)a;@*sa;@*z 2 20mom  \'2 7% oy T
L ae1) 28 _1 i 2
+ (8 a(2c) )axz + <2d1 32 4C)§+3b1€‘§| (96)

with boundary conditions (94) and (95).
Let us make one remark. In the right part of (96), there is no term of the form
Const - E2(t,x)&. This is due to the fact that

E(t,x) = exp {z%(x + (Zce)*lr)}.

As a result of the principle of averaging over a rapidly oscillating periodic argument T (see,
e.g., [16,17]), the corresponding term in the principal term vanishes.

3.6. Building a Quasinormal Form under the Conditions ®(s) = ®(s), o = ecy, 0 < 4% < 2

We first give the values of the coefficients A 5 i, in formula (90) for the asymptotic rep-
resentation of the roots Ay, (€) (k,m,n = 0,£1, £2,...) of the characteristic Equation (17):

Mimn = —2i(ac) 'R +i(2c)71(6: + k),

CAgmn = —%(ZaflR + %(92 +0) + %(2{11{ - %(92 +k))(6z +k)—
—c MO +K5)? + (poexp(iQ)) 'R* + 2wy (2a 'R — %(92 +k))—
—2ic 'R +ia(2c) (6, + k) — %012 (m(2m +1))* +2dp ",

where R = (6, — Qg + 71(2n +1))c L.
Let us write the “critical” solutions of the linear boundary value problem (15), (16) in
the form

u(t,x) =E(t,x) Y Crmnexp [in(2n+1)x; +ikxy +im(2m +1)y] =

k,m,n=—c0

= E(t,x)&(t,x1,x2,¥),
where
E(t,x) = exp [i(woe ' + (8w — Qo)c ' (1 — 2eac™) +ec™10)t +i6.x],

and for xq, and y, the relations in (92) hold. Then, the solutions of the nonlinear boundary
value problem (14), (16) are found in the form

u(t, x,€) = e(E(t,x)¢(7, x1, X2, ¥) +C) + Su(t, T, x1,x0,9) + ..., (97)
and the dependence on ¢, x1, x and y is periodic. Let us substitute (97) into (14), and in the

resulting formal identity, we will successively equate the coefficients of the same powers of
e. As a result, we arrive at an equation for u3, from the solvability condition of which we
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obtain a boundary value problem for determining the unknown amplitude ¢(7, x1, X2, y) in
the specified class of functions:

% Hlazé L8 1o % (1) ¢

BT ox2 2371 B gaixg 3ox 4 0x10x7
1,0
+ 57 %—§ Hyg + 322 8)

with boundary conditions (94) and (95), where

1
H1 = *%71 + E(lﬂ - 20.)0)2%72,

Hy=c¢c"1! { —2(37 — %(ia —2w0)? 5 2 (0w — o)) + e3¢ 22wp (2w — ia)+

+ % ta(b,, —QO)}
Hy = i[260: — (— (2a) 7" (6w — Qo) +a~" —wo +ia(20)7")],

2
1 1 1 1
Hy=—3 <2(9w — ) + 592> +5 <2a_1(6w — Q) — E9Z>ez —c o2y

. 1 .
+ <po exp(iQ9) "1 (8 — Qo) + 2wp(2a L (B — Q) — 5@) + 2ic ™ (0 — Qo)+

+ia(2c) 710, +2d1p, !,

B =by + iwgby — wibs — iw3by.

Recall that, depending on the evenness or oddness of N, the value of 6, takes a value of 0
orl/2.

The main result is that the boundary value problem (94), (95), (98) obtained here plays
the role of a quasinormal form for the boundary value problem (14), (16) in the above
critical case.

4. Conclusions

The local dynamics of a system of coupled identical oscillators are considered. The large
number of oscillators gave grounds for the transition to the consideration of the boundary
value problem with a continuous spatial variable. The presence of a large delay in the
couplings made it possible to use special asymptotic methods [20,21].

Critical cases in the problem of the stability of the zero equilibrium state were singled
out. It was shown that all of them have infinite dimensionality, so the known methods of
local analysis based on the use of methods of invariant integral manifolds and methods of
normal forms [22,23] are not directly applicable. This research is based on special infinite
normalization methods [24,25]. The main results include the construction of the analogs of
normal forms—quasinormal forms—nonlinear equations of the parabolic type containing
no small parameters. Their nonlocal dynamics determine the local dynamics of the original
problem. The corresponding quasinormal forms contain two or three spatial variables, so
we can conclude that the dynamics of the problems under consideration are, in general,
complex. Asymptotic formulas linking the solutions of quasinormal forms and solutions of
the original equation were given.

We emphasize that asymptotic approximations were constructed on an infinite time
interval. Therefore, a quasinormal form requires the existence of a bounded solution on
the entire axis. Most often, “quasinormal forms” are boundary value problems of the
parabolic type, which have the property of local solvability. Based on the known results
of the numerical analysis of such problems (see, e.g., [26]), one can often conclude that
solutions bounded on the entire axis exist. However, in the present paper, we do not talk
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about the asymptotics of exact solutions of the original system, but about the asymptotic
approximation of functions satisfying the original system with a certain degree of accuracy.
Of course, one can formulate conclusions about determining the asymptotics of solutions
by means of solutions of a quasinormal form on a finite O(e~!)-order time-varying interval,
especially since the dependence on the time variable x; = ¢~ !(1 — ec~!a)t is periodic.

It is interesting to note that, in the case of > > 2, the quasinormal forms contain a
coefficient at nonlinearity b; and do not contain the coefficients of by, b3 or bs. In the case of
a? < 2, the quasinormal forms contain all coefficients of the function f.

The parameter a plays an important role in the dynamics of quasinormal forms.
The structure of solutions in the case a> < 2 is much more complicated than in the case
a%> > 2, because quasinormal forms at > < 2 are complex boundary value problems of
the Ginzburg-Landau type, and the solutions contain rapidly oscillating ¢ components.
Explicit formulas are obtained that allow us to trace the role of the parameter c, included in
the delay coefficient (13).

Quasinormal forms do not explicitly contain the parameter € but depend essentially
on ¢ through 6, and 6,. As ¢ — 0, these quantities run indefinitely from 0 to cwp and from
0 to 1, respectively. At the same time, unlimited alternations of forward and backward
bifurcations can be observed in quasinormal forms. This indicates the high sensitivity of
the dynamical properties to changes in the parameter € and, hence, to changes in the values
of N and T. In particular, even changing a large value of N to 1 can significantly affect the
dynamics of the problem.

Cases where the parameter ¢ is small enough were considered. It was shown that
quasinormal forms become even more complicated, since there appears a third spatial vari-
able, and the dimensionality of the diffusion operator increases. It entails the complication
of the dynamics of the initial problem. It is important to note that the condition ¢ < 1 is
of special interest: the couplings between elements are more “close” to those that arise at
standard approximations of the diffusion and advection operators (see (11), (12)).

It is interesting to note that, under the condition T >> 1, we were able to obtain explicit
formulas for all parameters defining the critical cases.

Let us focus on the most interesting differences in the structure of the solutions
for the cases ®(s) = P1(s) and ®(s) = Py(s). The “critical” modes are adjacent to the
values zge~! + 0,, and these values are determined by relations (52) and (61). When
o is small, these values are also different. In the first case, z,, = 7t(m + 1/2), and in
the second, 7(2m + 1) (m = 0,£1,%2,...). Not only are the coefficients and even the
number of equations in the corresponding quasinormal forms different, but the boundary
conditions (89) and (94), (95) are also different. Thus, the dynamics, even in the case of
different advective-type couplings, can be essentially different.

The obtained results can be extended to other systems with diffusive, advective or
other couplings (see, for example, [27]). We note that accounting for quadratic nonlinearities
in (14) does not lead to additional difficulties.

It is important to emphasize that the principal terms of the asymptotics of the solu-
tions of the original equation are determined by the solutions of the (nonlocal) quasinor-
mal forms.
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1. Introduction

In this work, we provide conditions for the existence of periodic solutions to nonlinear,
second-order difference equations of the form

y(t+2) +by(t+1) +cy(t) = g(y(t)). €]

Throughout our discussion, we will assume that b and ¢ are real parameters, ¢ # 0, and
g : R — Ris continuous.

In the paper [1], the authors prove the existence of N-periodic solutions to (1) under
various restrictions on the nonlinearity g, the parameters b and c, and the period N. Two of
the most prominent results are the following:

Proposition 1. Suppose that the following conditions hold:

Al lim ligll, =0, where, fors >0, ||g||, =

r—00 r

sup [g(x)[;

x€[—s,s]

A2. there exists a positive number Z such that xg(x) > 0 whenever |x| > z;
A3. if Narccos(—5) is a multiple of 27t, then ¢ # 1 0r 2 < |b|.

If N is odd with N > 1, then (1) has a N-periodic solution.

Proposition 2. Suppose the following conditions hold:

Bl. ¢=1,1|b| <2,and Narccos(f%) = 27tr for somer € N;

B2.  the function g is bounded, say by K;

B3. there are constants 2 and | > 0 such that for all x € Rwithx > 2, g(—x) < -] <0< ] <
g(X)Z;\] «

B4. 2, N) > max{3, 7 + 1}, where ged(r, N) denotes the greatest common divisor of r
and N.

If N is odd, then (1) has a N-periodic solution.

Clearly, the assumptions of Proposition 1 generate the existence of solutions to (1) for
a more general class of nonlinearities, g, than do the assumptions of Proposition 2, since
unbounded nonlinearities can easily satisfy the conditions of Proposition 1. For particular
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examples of such g, see [1]. Now, the reason that Proposition 2 requires stronger conditions
on the nonlinearity, g, is simple. In Proposition 1, the assumption A3. ensures that the
dimension of the solution space to the N-periodic homogeneous problem

y(E+2) +by(t+1)+cy(t) =0 2)

is one-dimensional. In Proposition 2, condition B1. forces the solution space to (2) to
be two-dimensional. See the appendix for the details. When the solution space of (2) is
two-dimensional, the analysis of (1) is more complex, as the interaction of the solution space
and the nonlinearity is much more complicated. For this reason, additional requirements
were placed.

As a final remark at the end of [1], the authors left open the question of whether similar
results to Proposition 2 hold without a boundedness assumption placed on g. In particular,
they posed the question of whether the existence of solutions to (1) could be proved when
condition B1. holds, but under assumptions “similar” to Al. and A2. In this paper, we show
that this is indeed the case; that is, we prove the existence of solutions to (1) when B1. holds
and assumptions Al. and A2. are valid. Interestingly, we will also show that this more
general result holds when N is even, something that is not discussed in [1], where they
always assume N is odd. We will also discuss the existence of solutions to (1) when b = 0,
¢ = —1,and N is even with N > 4. As it turns out, see the appendix for the details, for real
parameters b and c, the case when b = 0 and ¢ = —1 is the only case in which condition
B1. does not hold, and the solution space of (2) is two-dimensional. So, in this regard,
this paper shows that conditions Al. and A2. of Proposition 1 are sufficient to prove the
existence of solutions to (1) in all cases where the solution space of (2) is two-dimensional.

To provide a bit more concreteness to the discussion above, we list here, for reference,
our main result, Theorem 2, which will be proved in Section 3.

Theorem (Theorem 2). Suppose the following conditions hold:

C1. the solution space to (2) is two-dimensional;

C2. lim liglls = 0, where, forw >0, ||g|l, = sup |[g(x);

s s x€[—w,w]

C3. there is a positive number 2 such that xg(x) > 0 whenever |x| > 2.

Then (12) has a N-periodic solution.

Remark 1. We would like to point out, while Propositions 1 and 2, and Theorem 2 are close by, that
Theorem 2 is obviously a substantial generalization of Proposition 2; we will discuss the various
“advantages” of Theorem 2 in more detail after the proof of Theorem 2. Additionally, Theorem 2 is
also the “ideal” analog of Proposition 1 in the more complicated setting where the solution space to
(2) is two-dimensional. However, as similar as the statements of Proposition 1 and Theorem 2 may
be, their proofs take an entirely different route. In fact, the proof of Theorem 2 differs, almost in its
entirety, from the original proofs of Propositions 1 and 2 (found in [1]), and it is this new approach
that makes our work novel.

The theory of periodic solutions to nonlinear differential/difference equations is
extensive. Most of the deep results in this setting are for problems in which an associated
linear homogeneous problem has at most a one-dimensional kernel. There are also some
known results when the dimension of this solution space is odd but of a higher dimension.
Very little is known in cases of resonance where the dimension of resonance is even. For
those readers interested in known results in this area of study, we mention a few that are
relevant to this work. In [2-5], periodic solutions are analyzed. In [6-11] the authors study
the existence of solutions to nonlinear discrete Sturm-Liouville problems. Refs. [12-15]
establish existence results for multi-point problems. Positive solutions are treated in [16-18].
Results regarding the existence of multiple solutions may be found in [19-21].
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The paper is organized as follows: In Section 2, we introduce the preliminary ideas
needed to study (1) from an operator theoretic point of view. Section 2 contains noth-
ing novel and is included simply for completeness. Those familiar with the theory of
linear difference equations at resonance can safely skim Section 2 and move directly to
Section 3. Section 3 contains our main result, which is proved using Schaefer’s fixed the-
orem. Section 4 contains an example showing the type of nonlinearities we had in mind
when developing the main result, Theorem 2. Section 5 contains some concluding remarks.
Lastly, in Appendix A, we conclude the paper with an appendix that contains calculations
verifying the dimension of the solution space to (2) under various conditions on the real
parameters b and c. The calculations in the appendix are not difficult; however, they are a
bit tedious, which is why we have designated them as an appendix.

2. Preliminaries

We begin with several preliminary ideas that will be needed to develop our main
result, Theorem 2. All of the statements in this section are well-known and can be found
in [1]. We include these results to improve readability, especially for those who may not be
experts in this area, and to make the document essentially self-contained.

Our approach to analyzing the nonlinear boundary value problem, (1), will be to view
it as an operator problem for an equivalent system of difference equations. We start by

defining
0 1
=5 5)

flwo)= <g(0u)>’

If we let x(t) denote (y ({ (f_) 1)> , then finding N-periodic solutions to (1) is equivalent to

andf:R2—>R2by

solving
x(t+1) = Ax(t) + f(x(t)) (3)
subject to
x(0) — x(N) = 0. 4)

To view our new system in an operator theoretic framework, we introduce the follow-
ing function space and associated operators: First, we let

XN = {fp :Ng — R?|gis N—periodic}.

We view Xy as a finite-dimensional normed space using the supremum norm, which we
will denote by ||-||. When needed, we will use | - | to denote the standard Euclidean norm
on R?. We now define operators
L: XN — XN by
(Lx)(t) = x(t+1) — Ax(t),

and
F: XN — XN by
F(x)(t) = f(x(t))-

It should be clear that finding N-periodic solutions to (1) is now equivalent to solving
Lx = F(x). (5)

As a first step in our analysis of the nonlinear boundary value problem (1), we analyze
the linear nonhomogeneous problem Lx = h, where & is a N-periodic function. Our
characterization of the im(L£) (the image of £) will then be used to create a projection
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scheme, often referred to as the Lyapunov-Schmidt projection scheme, which will be used
to analyze (1). The characterization of the im(£) is straightforward; it depends to a large
extent on the fact that the principal fundamental matrix solution to

x(t+1) = Ax(t) (6)

is given by ®(t) = A!, where t is as in (6). For those readers not familiar with this result,
we suggest [22,23]. Ref. [23] is a great resource for those already familiar with many
standard results from the theory of linear ordinary differential equations. Ref. [22] has
a nice introduction to several standard topics in difference equations, their discussion of
periodic linear systems being the one most relevant to the work of this paper.

As our first introductory result, we completely characterize the im(L£). As is often the
case for differential and difference operators, the image of our mapping is “essentially” an
orthogonal complement. As a matter of notation, since it will appear several times moving
forward, we point out, that for any matrix C, we will use C T to denote its transpose.

Proposition 3. An element h € Xy is contained in the im(L) if and only if
N-1 . T 1
AN YT A D) € ker<<I—AN) ) ,
i=0

where for any subspace E of R?, E+ = {v € R? | vTw = 0 forall w € E}.

Proof. Suppose Lx = h for some x € Xy. Using the variation of parameters formula,
we have

t—1
x(t) = Alx(0) + A' Y A= Dp(i).
i=0

Since x(0) = x(N), we must have that

£(0) = x(N) = ANx(0) + AV Y A-D(y)
i=0

N-1 )
It now easily follows that £x =  if and only if AN Y A~(*VUn(i) € im(I — AN). The
i=0
statement of the proposition is now a consequence of the fact that for any square matrix C,
im(C) = ker(CT)L. O

We also have the following result regarding the linear homogeneous system, (6).
Corollary 1. The ker(L) and ker (I — AN ) have the same dimension.

Proof. From the proof of Proposition 3, Lx = 0if and only if x(t) = A'vand (I — AN)o =0
for some v € R2. [
Let W denote any matrix whose columns form a basis for ker((I — AN)T). Tt follows

from Proposition 3 that i € im(£) if and only

N-1 )
WTAN Y= A=+ (i) = 0.
i=0

i=

122



Mathematics 2024, 12, 849

(aM)'w

(A=) (AN T
to show that Lx = & if and only if

For t € Ny, we define ¥ (t) = { . It is then a routine verification

N-1
Y ¥T(i+1)h(i) = 0. )

i=0

During the proof of Theorem 2, we will take advantage of the fact that the columns of
Y span the solution space of the N-periodic linear homogeneous “adjoint” problem.

Lx =0, (8)
where £* : Xy — Xy is defined by
(L*x)(t) = x(t+1) — A~ Tx(t).

As a reminder, ()T denotes transpose. If you know a bit about adjoint operators, £* is the
adjoint operator of £. From the basic theory of linear difference equations, we have that
any fundamental matrix solution to the “adjoint” problem, (8), is of the form ¥ (¢)D, for
some invertible matrix D. Using (7), we have that Lx = & if and only if

N-1
Y TT(i+1)h(i) =0 9)

i=0

for any fundamental matrix solution to (8), T'.

We intend to prove the existence of solutions to (1) using a Schaefer fixed point
argument. In this setting, it will be useful to know that the “adjoint” system produces
periodic solutions to a scalar difference equation which is very similar to (1). In fact, in
the cases of interest to this paper, the adjoint scalar difference equation and (1) agree.
The derivation, regardless of the dimension of ker(L), proceeds along the following lines:

Calculating A~T, we get
1/-b ¢
-T _ 1
ATl = c (71 O)' (10)

It is now easy to see that solving (8) is equivalent to

cxp(t+1) = —bxy(f) + cxa(t)
cxp(t+1) = —x(t)

or
cxp(t+2) +bxp(t+1) + x(t) = 0.

Thus, the second component of a solution to the “adjoint” system is a N-periodic solution
to
cy(t+2)+by(t+1)+y(t) =0. (11)

As was mentioned above, we intend to analyze the nonlinear periodic problem (1)
using an alternative method in conjunction with Schaefer’s fixed point theorem. Crucial
to the use of this alternative method is the construction of projections onto the kernel and
image of L. The proofs of the following two results are trivial, so they are omitted. For
readers interested in the proofs of Propositions 4 and 5, see [4].

Proposition 4. Let V be the orthogonal projection onto ker(I — AN). If we define P : X — X
by (Px)(t) = A'Vx(0), then P is a projection onto the ker(L).
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Proposition 5. If we define Q : X — Xy by

N-1 In-1
(Qh)(t) =¥ (t) < 20 |‘1’(]')|2> ZO ¥ (i)h(i),
j= i=

then Q is a projection with ker(Q) = im(L).

The following is a formulation of the alternative method we will use to analyze (1).
Since under our assumptions, ker(£) will be two-dimensional, £ will not be invertible.
When £ is not invertible, using fixed point methods to analyze (1) is not straightforward.
However, the development of the Lyapunov-Schmidt projection scheme will allow us to
define a mapping, say H, on appropriate sequence spaces, for which the solutions to (1) are
precisely the fixed points of H. For those readers interested in a more thorough treatment
of alternative methods, we suggest [24]. Again, this result is well-known, we include the
proof of this result for the benefit of the reader.

Proposition 6. Solving Lx = F(x) is equivalent to solving the system

x = Px+ My(I - Q)F(x)
and ,
QF(x)=0
where My is (E‘KMP))’I
Proof. Lx = F(x) for some x € Xy if and only if

{ (1-Q)(Lx— F(x)) = 0
and .

Q(Lx—F(x))=0

Since QLx = 0, we conclude

and

Lx—(I-Q)F(x)=0
{ QF(x)=0

Applying M), to the first equation in the system gives

and

MpLx — My(I - Q)F(x) =0
{ QF(x) =0

which is equivalent to

and

(1— P)x— My(I - Q)F(x) =0
{ QF(x) =0 .

O

Remark 2. Since ker(Q) =im(L), QF (x) = 0 if and only if

NZ 1) ga() =0
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for all fundamental matrix solutions T to (8). We will return to this idea shortly when constructing
the mapping, H, mentioned above.

3. Existence Results When dim(ker(L£)) = 2

In this section, we prove our main existence theorem for the periodic difference
Equation (1). As a reminder, we are interested in finding N-periodic solutions to

y(t+2) +by(t+1) +cy(t) = g(y(t) (12)

for N € Nwith N > 3. Our interest will be limited to cases where the solution space is a
linear, homogeneous problem

y(t+2)+by(t+1)+cy(t) =0 (13)

is two-dimensional, since in this case very little is known. As has been mentioned in the
introduction and is proved in the appendix, the solution space to (13) is two-dimensional
only in the following cases:

Rl. c¢=1,[b| <2, and Narccos(—}) = 27r for some r € N;

R2. ¢=-1,b=0,and N € 2Z with N > 4.

The analysis of (12) depends, to some extent, on which condition R1. or R2. holds, and so
for the ease of the reader, we have broken the proof of our main result, Theorem 2, into
two cases.

As has been mentioned in our earlier discussion of Theorem 2, we will prove the
existence of solutions to (1) when B1. of Proposition 2 holds and assumptions Al. and A2.
of Proposition 1 are valid. Existence will be proved using Schaefer’s fixed point theorem,
which we now state for the convenience of the reader.

Theorem 1 (Schaefer’s Theorem). Let X be a finite-dimensional Banach space, and for v > 0,
let B(0,v) denote the closed ball of radius v centered at the origin, with 9B(0,v) denoting its
boundary. Suppose T : X — X is a continuous mapping. If there exists an R > 0 such that
S={(x,A) €9B(0,R) x (0,1) | x = AT(x)} = &, then T has a fixed point in B(0, R).

We now come to our main result.

Theorem 2. Suppose the following conditions hold:

C1. the solution space to (2) is two-dimensional, that is, suppose either R1. or R2. holds;

C2. lim liglls = 0, where, forw >0, ||g]|, = sup |g(x);
]

s 8 xe[-w,w

C3.  There exists a positive number 2 such that xg(x) > 0 whenever |x| > 2.
Then (12) has a N-periodic solution.

Proof. (The case R1.) We start by assuming that condition R1. holds; that is, we will be
assuming that c = 1, |b| < 2, N is a fixed natural number with N > 3, and N6 = 27r for

some natural number r, where 6 = arccos(— %) . In this case, see the appendiyx, it follows

that D1 — cos(6t) sin(6t)
(t) = <cos(9(t+l)) sin(G(t+1))>

is a fundamental matrix solution to (6). Since ¢ = 1, we have found that the periodic scalar
problems (1) and (11) agree, so that

— cos(60t) — sin(0t)

I(t) = (cos(@(tfl)) sin(6(t — 1))>
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is a fundamental matrix solution to the adjoint system (8).
Let
= i0j 0] .
) — [~ 5 s )|
My (I = Q) F(P(-)a +x)

cos(67)
sin(6j)
Remark 2, and the discussion above, it follows that the solutions to (12) are precisely
the fixed points of H. We will show that H has a fixed point using Schaefer’s fixed
point theorem.

The norm generating the topology on R? x im(I — P) is not terribly important, but for
concreteness we make R? x im(I — P) a Banach space under the topology generated by
the norm

whenever « € R? and x € im(I — P), where here ¢/ = < ) From Proposition 6,

[ (o, x) [} = max{[al, [|x[[}-

Let S = {(a,x) € R2xim(I —P) | (a,x) = AH(a, x) forsome A € (0,1)}. We will
show that S is a bounded set, and thus, by Schaefer’s theorem, H will have a fixed
point. To reach a contradiction, suppose that S is unbounded and choose sequences
(@n)nen, (Xn)nen, (An)nen with (ay, xn) = AnH(an, xn), and || (@, xn)|| — co. By going to
subsequences if needed, we may assume that there exist ag € R?,xg € im(I — P), and
Ao € [0,1], with ;w(an,xn) — (&g, Xo) and A, — Ag.

I (i

To simplify notation, for « € R? and x € im(I — P), let
pla,x) = Mp(I = Q)F(P(-)a + x).
Observe that any & € R? and any x € im(I — P)
[, €%) + [xTa (k)] < ol + | [x]a (k)] < o + [lx]] < 20} (@, %),
where [x]; is the first component of the vector x. Therefore,

Ip(a, )| = [[Mp(I = Q)F (®(-)a+x)||
< [Mp(1 = QIF(@()a + )|

= [Mp(I-Q)]| sup |8 (e, &™) + [x]1 (k)| (14)
< [[Mp (1= Q182 (a0

where ||M,,,(I - Q)H = sup”Z“:1||Mp(I — Q)ZH
From (14) and C2., we see that

p(&n, xn)
T 0
Il (s ) |

Under essentially the same reasoning, we conclude that

H(“n/ xn)

MmO

But (ay, xn) = AnH(an, x,), so that
(a0, %0) = lim —————(ap, x0) = lim ————— A, H(an, %) = Ao(a0,0)
0,10 oo ”(arnxn)” nrin oo H(“nrxn)” n nsin o\ao,Y)-

It follows that Ay = 1, xg = 0. Further, since || (g, xo)|| = 1, we must have |ag| = 1.
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Suppose for the moment that <tX0,€i9j ) #Oforallj e {0,--- —1}. Thus,

_ N
7 ged(r,N)

1 i6j ; N
W(an, ey #0forallj e {0, - N — 1} and large enough n € N. However,
since H(,x,, el )ﬂ”ii"‘;n’;’h) — 0, we see that || (an, x,)|| = |an| for large enough 1 € N. Since
we are assuming that for every j € {0, - - '3 d{i ) — 1} we have (g, ¢?) # 0, it follows

that (a,, ™) + [x,]1(j) — +ooforall j € {0, -
that of («g, e'%).
Since the collection ¢/, j=20,---,N—1,is just gcd(r, N) copies of the collection
ol ji=0,--- N
! " 7ged(r,N)
j€{0,---,N —1} and that the sign is still the same as (g, ¢?%/). But then, for large enough
n € N, we must have, using C3., that

(e, €¥)g ((an, €) + [xul1(j)) > O (15)

gcd(r ) — 1} and that the sign (of £c0) is

— 1, we easily deduce that (&, e™) + [x,];(j) — oo for each

for all j € Ny, since the signs of {wg, e’”/) and (a,,, ¢’} agree, at least for large enough n € N.
It follows that for large enough n € N,

N-1 N N-1 N .
<"‘nr Z 319/8(<"‘nr919]> + [xnh(]))> = E <0‘nr919]>3(<“m319]> + [xa]1(j))

=0 i=0 (16)
> 0.

However, the result in (16) is contradictory, since from («y, x,,) = A H (a0, x4 ) we deduce

N-1
(1= Aw)an+An Y e¥g({an, e + [xa]1(j)) = 0, (17)
j=0

so that by taking an inner product of the expression in (17) and «;,, we see that

N-1

(1= An)lan|* + An Z <“n/3i6j>g(<"‘nfei9j> + [xa]1(j)) =0, (18)
=0

which is not possible, since from (16), (18) is a sum of positive terms, at least for large
neN.
Our previous contradiction now forces (g, ¢!%/) = 0 for some j € {0, - -, W -1}

IfweletF={jec{0,-- gcd(rN — 1} | (&g, ey # 0}, then

Z wo, @) g ((an, %) + [xa)1(j)) = ged(r,N) - Y~ (a0, €) g ({an, &) + [xa]1(j))
j=0 jeF
>0,
whenever F # @, since as was just argued above, forall j € F,

(o, ) g ({an, €) + [xu]1(j)) > O,

whenever n € N is large. Now it is entirely possible that F = &, but in this case, we
trivially have

g w0, €Y g ({an, ) + [x]1(j)) = O,
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so that for all cases of N,

N-1
Y (o, e®)g({an, ) + [xula (7)) > 0. (19)
=0

-

If we now have an inner product (17) with ap, we deduce

N-1
(1= Au) (oo, &) +Au Y, (o, ) g (G, &) + [xa]1 () = O. (20)
j=0

However, (20) also produces a contradiction for large enough n € N. Indeed, since
|ay| — oo and (ag, %) — (g, xp) = 1, we must have

«
(w0, an) = [an| (w0, ) — 00
et |

Further, by (19), Zji?)l(ao, e g ({an, €% + [x4]1(j)) > 0 whenever n € N is large. Thus,
(20) must be positive for large enough n € N.

Since a contradiction is produced for all choices of ag, it must be that S is bounded
and so, by Schaefer’s fixed point theorem, H has a fixed point. This fixed point is our
solution to (12), which proves the existence of a solution to (12) in the case where condition
R1. holds.

(The case R2.)

The proof for the case when condition R2. holds is very similar to what was given for
the case when condition R1. is valid. Due to the similarity, we will not provide a complete
proof for this case, but we do want to point out the few differences. First, in the case where
R1. holds, see Appendix A, we have that

ot~ (1 )

is a fundamental matrix solution to (6). However, since b = 0 and ¢ = —1, the periodic
scalar problems (1) and (11) once again agree. It follows that

_ (1 (1)
o= ()
is a fundamental matrix solution to (8).

Let
N-1

1 1 )
e = [+ 5 (ot (o) e shon ),
My(1 - Q) F(@()a+x)

whenever « € R? and x € im(I — P). Once again, it follows that the solutions to (12) are
precisely the fixed points of H. The proof now proceeds, essentially as in the case when R1.
holds, by assuming

S ={(ax,x) € RZ xim(I — P) | (&, x) = AH(a, x) for some A € (0,1)}

is unbounded and reaching a contradiction. The argument is almost identical; most of the

changes consist of replacing ¢’/ by < (711) /»> in the appropriate places. [

Remark 3. Theorem 2 is a substantial generalization of Proposition 2, since if g is bounded, then

certainly assumption C2. is valid. Additionally, C3. is clearly satisfied when B3. of Proposition 2 is.
It is also extremely important to note that condition B4. of Proposition 2 is no longer required.
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Remark 4. In Proposition 2, it is assumed that N is odd. In Theorem 2, we make no stch
assumption. Thus, Theorem 2 not only generalizes Proposition 2 in that it allows for much more
general nonlinearities, but it also generalizes it to allow for many more cases of the period N.

4. Example

The simplicity of the hypotheses of Theorem 2 makes it very easy to visualize examples
of nonlinearities, g, which will allow periodic solutions to (1). We now provide an example
of a nonlinearity that we had in mind when formulating Theorem 2. Suppose either R1. or
R2. holds, and let

g(x) =In(1 + |x|) arctan(x) + sin(x).

Clearly, g is continuous. It is obvious that for this choice of g, C2. holds, since, with our
notation as in theorem 2, we have, for s > 0,

lglls < In(1+s)arctan(s) + 1.

It is also not hard to see that C3. holds. Thus, for this choice of g, (1) has a periodic solution
under the conditions placed by either R1. or R2.

5. Concluding Remarks

We conclude our work, with the exception of the appendix, with a few closing remarks.
First, even though it was not of interest to this paper, it is easy to establish that Proposition 1
can be extended from the assumption that N is odd to cases where N is even. This amounts
to showing that ker(£) and ker(£*) have not changed in these cases where N is even.
Lastly, there are several open questions in this setting that remain; I mention two that are of
interest to the author. First, it is certainly of interest to know to what extent condition C2.
of Theorem 2 can be weakened. Condition C2. is often referred to as a sublinear growth
condition. It is currently an active area of research, in both nonlinear differential equations
and nonlinear difference equations, to look for existence theorems under growth conditions
on nonlinearities that are less stringent than sublinear growth. I encourage interested
readers to look for existence results in this setting. Second, problem (1) is perfectly well-
formulated when the parameters b and c are complex and the nonlinearity g : C — C. The
analysis in this complex setting is much more difficult, but it is certainly of interest to see to
what extent Theorem 2 can be transferred to this complex setting.

Funding: This research received no external funding.
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Appendix A

In this final section, we present the characterizations of the ker(L£) that were used in
the proofs of our main result, Theorem 2. The calculations here are not difficult, but they
do require a bit of tedious analysis, which is why they are deferred to this appendix.

As was shown in Proposition 1, £ is singular if and only if ker(I — AN) is singular, and
in this case, dim(ker(L)) is precisely equal to dim(ker(I — AN)). In fact, in Proposition 1,
we showed that if {vy,- -+, vy} is a basis for ker(I — AN), then {¢y, -+, ¢} is a basis of
ker(L), where fort € {0,--- ,N}and k € {1,--- ,m}, px(t) = A'vy. Let us point out that
since A is a 2 X 2 matrix, when I — AN is singular, we must have m = 1 or m = 2.

Now it is a simple characterization from linear algebra that I — AN is singular if and
only if at least one eigenvalue of A is an Nth root of unity. However, since

0o 1
A= 2)
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We know that the eigenvalues of A are precisely the roots of the characteristic polynomial
p(z) = 22 + bz + c. In what follows, we show that:

D1. The dimension of the kernel of L is precisely the number of roots of the characteristic
polynomial, which are Nth roots of unity.

The Case of a Repeated Root Is Considered to Have One Nth Root of Unity

Suppose that A and A, are the complex roots of the characteristic polynomial p(z) =
22+ bz +c. Since (z — A1)(z — Ap) = 22 — (A + A2)z + A g, we see that b = —(Aq + 1)
and ¢ = A1 A;. Note that since ¢ # 0, neither Ay nor A, is zero. If neither A nor A; is a Nth
root of unity, then from our discussion above, L is invertible, and so Al. holds in this case.

Now, without loss of generality, assume that A; is an Nth root of unity. At the moment,
suppose that A} # A,. Itis well-known that when A; # Ay,

A AL
p1(t) = <A§i1> and @o(t) = (Agfl)

are linearly independent solutions to (6). If c; @1 + c2 2 was N-periodic, then we would have

c1+¢ B cl)\{\] + cz/\é‘] B c1+ czAé\f
1M + cA; o Cl/\{\]+1 + C2/\§1+1 o 1M + Cz)\é\,+1 !

since A1 is an Nth root of unity. Equivalently, we have

o(l=AY)\ _ (0
(i 3) = o)
If Ay is not an Nth root of unity, then ¢; = 0 and ¢ must span ker(L£). However, if A; is an
Nth root of unity, then @1, ¢ must be a basis for ker(L£). It follows that D1. holds for these
cases of Aq, As.
The remaining case is when A = A; and A is an Nth root of unity. As mentioned
above, we are considering this case to have one Nth root of unity; D1. will be proved

if we can show that dim(ker(£)) = 1 for this case. Now in the repeated roots case, it is

well-known that ,

Pi(t) = (A/t\+1> and ¢, (t) = ((t+t1/\)t/\t+1>

are linearly independent solutions to (6), where A = A1 = Ay. If ¢ 1 + c292 was N-periodic,

then we would have
c1 - c1+ Ncp
(Cl +C2))\ B (61 + (N + 1)C2))\ ’

since AN = 1. It follows easily that c; = 0 and that ¢; can be any complex constant; that is,
@1 spans ker(L£) and so dim(ker(£)) = 1.

From what was just shown, we know that dim(ker(£)) = 2 if and only if both roots
of the characteristic polynomial p(z) = z2 + bz + c are roots of unity. We now look a bit
more closely at these cases, under the assumptions that the coefficients b and c are real.

(Complex Roots)

If the parameters b and c are real, then in the case of complex roots, we must have that
the roots are conjugate pairs. Thus, suppose that the roots of z> 4 bz -+ c are A and A, for
some complex number A. Here A denotes the conjugate of A. We then have that

Z24bz+c=(z—A)(z—A) =2%> —2Re(A) + |A]%

It follows that b = —2Re(A) and ¢ = |A|%.

Now A is an Nth root of unity if and only if A is an Nth root of unity, so if £ (or
equivalently I — AN) is singular, then |A| = 1. Since ¢ = |A|?, we deduce that when £
is singular, then ¢ = 1. If we now write A = ¢ in polar form, then we also see that
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Re(A) = cos(#) and so b = —2cos(6). Thus, in this complex setting, we have deduced the
following: if £ is singular, then ¢ = 1 and —2 < b < 2. We point out that these conditions
on b and ¢ are necessary conditions for £ to be singular, but they are certainly not sufficient.

In fact, we can say a bit more. If A = ¢ is an Nth root of unity, then we may arrange
(swap A and A if needed) so that 6 = z—ﬁ’f for some natural number r with 0 < r < %
Rearranging gives N = 277, where, from above, we would have § = arccos(f%), Itis
well known that in this complex case,

B cos(0t) sin(6t)
() = <COS(9(1‘ +1)) sin(6(t + 1))>

is a fundamental matrix solution to (6), as was claimed in the proof of Theorem 2.

(Real Distinct Roots)

The final case in which we may have that dim(ker(£)) = 2 is when the roots of
the characteristic polynomial p(z) = z? + bz + ¢ are real and distinct. So, suppose that
A1 and A; are distinct roots of the characteristic polynomial p(z) = z2 + bz + c. Since
(z—=A)(z—A2) = 22— (A + A2)z + Ay, we see that b = — (A + Ap) and ¢ = A Ay, If
A1 and A; are both roots of unity, then we may assume A1 = 1 and A, = —1. This forces N
to be even. Our characteristic polynomial becomes z> — 1, so that c = —1 and b = 0. Itis a
simple consequence of the theory of linear difference equations that, in this case,

o= (1 )

is a fundamental matrix solution to (6), as was claimed in the proof of Theorem 2.
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Abstract: Sufficient conditions are obtained for a signed maximum principle for boundary value
problems for Riemann-Liouville fractional differential equations with analogues of Neumann or
periodic boundary conditions in neighborhoods of simple eigenvalues. The primary objective is to
exhibit four specific boundary value problems for which the sufficient conditions can be verified.
To show an application of the signed maximum principle, a method of upper and lower solutions
coupled with monotone methods is developed to obtain sufficient conditions for the existence of a
maximal solution and a minimal solution of a nonlinear boundary value problem. A specific example
is provided to show that sufficient conditions for the nonlinear problem can be realized.
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1. Introduction

Applications of the maximum principle in functional analysis are well known and we
refer the interested reader to the authoritative account [1]. In recent years, the maximum
principle has become an important tool in the study of boundary value problems for
fractional differential equations. Early applications appear in [2,3] where explicit Green’s
functions, expressed in terms of power functions, were constructed; sign properties of
the Green’s function were analyzed so that fixed point theorems could be applied to give
sufficient conditions for the existence of positive solutions. More recently, Green’s functions,
expressed in terms of Mittag-Leffler functions, have been constructed so that fixed-point
theorems and the maximum principle can be applied. See, for example, Refs. [4-7].

Credit for the discovery of an anti-maximum principle is given to Clément and
Peletier [8]. Although primarily interested in partial differential equations, they initially
illustrated the anti-maximum principle with the boundary value problem, y” + Ay = f,
y'(0)=0,/(1) =0, with 0 < A < Z°. They showed, if 0 < A < A = Z* and if f € £[0,1],
then the boundary value problem is uniquely solvable and f > 0 implies y > 0 where y is
the unique solution associated with f.

At A = 0, the boundary value problem, vy + Ay = f, y'(0) = 0, (1) = 0, is at
resonance, and A = 0 is a simple eigenvalue of the homogeneous problem. Moreover, for
A <0, then f > 0 implies y > 0; that is, for A < 0, the boundary value problem obeys a
maximum principle. Thus, there has been a change in the sign property, maximum principle
or anti-maximum principle, through the simple eigenvalue A = 0. In more succinct terms,
ifo<|Al < A= %2, and if f € £[0,1], then the boundary value problem is uniquely
solvable and f > 0 implies Ay > 0 where y is the unique solution associated with f. Since
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the publication of [8], the change in behavior from maximum to anti-maximum principles
as a function of the parameter has received considerable attention. For partial differential
equations, see [9-16]. For ordinary differential equations, see [17-21]. More recently, this
change in behavior from maximum to anti-maximum principles has also been noticed
and studied in fractional differential equations. For equations analyzing the fractional
p—Laplacian, see [22,23]; for fractional differential equations of one independent variable,
see [24].

In [9], the authors studied the nature of the maximum principle for boundary value
problems for an abstract differential equation, (A + AZ)y = f, defined on [0,1] with
f € £[0,1], under a fundamental assumption that A = 0 was a simple eigenvalue for the
homogeneous problem. Under mild sufficient conditions, they proved the existence of
A >0, and a constant K > 0, independent of f, such that

Ay(t) > K|fl, Ae[-AAN\{0}, 0<t<1, )

where y is the unique solution of the boundary value problem associated with (A + AZ)y = f
and [f|; = fol |f(s)|ds. If (1) holds and A < O, then f > 0 implies y < 0; that is, the
boundary value problem for (1) obeys a maximum principle. If (1) holds and A > 0, then
f > 0implies y > 0; that is, the boundary value problem for (1) obeys an anti-maximum
principle [8].

The methods of [9] were recently adapted to apply to a boundary value problem
with a parameter for a Riemann-Liouville fractional differential equation [24]. During the
review process for [24], those authors were asked by one referee if the methods of [9] could
be successfully adapted to apply to analogues of Neumann or periodic boundary value
problems for Riemann-Liouville fractional differential equations. In [24], the eigenspace
generated by A = 0 is contained in the space of continuous functions on [0, 1]. The corre-
sponding eigenspace for boundary value problems analogous to Neumann or periodic
type boundary value problems will contain a singularity. Thus, the question is interesting.
The purpose of this study is to address that question with a positive response.

In Section 2, we shall introduce preliminary notations and concepts from fractional
calculus. We shall also introduce four boundary value problems for which the general
theorem, stated in Section 3, applies. In Section 3, we introduce the notations adapted
from [9] and state and prove the abstract theorem. The proof of the abstract theorem
closely models the proofs of analogous theorems in [9,24]; with subtle differences in the
technical details due to the specific function space, we shall produce a proof here for the
self-containment of the manuscript. In Section 4, we shall apply the abstract theorem to
each of the four examples introduced in Section 2. In Section 5, to illustrate an application
of the abstract theorem, we develop a monotone method motivated by the abstract theorem
and apply the monotone method to a nonlinear problem related to one of the examples
introduced in Section 2. The monotone method closely models one that has been developed
in [24] with subtle differences in the convergence argument. In Section 6, we illustrate
the monotone method with a specific example. In this example, a Green’s function is
constructed using Mittag-Leffler functions. The purpose of introducing the Green’s function
is not to produce an explicit function on which to analyze sign properties, as is the case in
say, [2] or [3]; the purpose is to obtain a verifiable bound on A so thatif 0 < [A| < A, then
f = 0implies Ay > 0.

2. Preliminaries

In this section, we introduce notations from fractional calculus and state common
properties that we shall employ throughout. For authoritative accounts on the development
of fractional calculus, we refer to the monographs [25-27].
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Assume 7 > 0. For y € L]0, 1], the space of Lebesgue integrable functions, a Riemann—
Liouville fractional integral of y of order v, is defined by

Iy(t) = /Ot %y(s)d& 0<t<1,

where -
I'(z) = / sle™, Rez>0,
0

denotes the special gamma function. For y = 0, I{ is defined to be the identity operator.
Let n denote a positive integer and assume 7 — 1 < a < n. A Riemann-Liouville fractional
derivative of y of order a is defined by Diy(t) = D"I} *y(t), where D" = 4. if this
expression exists. In the case « is a positive integer, we may write Djy(t) = D*y(t) or
I§y(t) = I*y(t) since the Riemann-Liouville derivative or integral agrees with the classical
derivative or integral if « is a positive integer.

For the sake of self-containment, we state properties that we shall employ in this
study. It is well known that the Riemann-Liouville fractional integrals commute; that is, if
71,72 > 0,and y € L[0,1], then

1My (8) = 19y () = 1915 y ().

A power rule is valid for the Riemann-Liouville fractional integral; if § > —1and ¢ > 0,
then
_ r(6+1) [+

T(6+1+7)

A power rule is valid for the Riemann-Liouville fractional derivative; if § > —1 and v > 0,
then

I =1J(t-0)°

TG+
70:76 v
ECH VO ey LS

If n —1 < &« < n,and if D§y(t) exists, then Dgfly(t) exists and
Diy() = D"Ij~*y(t) = DD" 1"V~ "Vy(1) = DGy (1).
Thus, it is clear that for each j € {1,...,n — 1}, Dgij(t) exists and
Diy(t) = DDy y(t).

A Green’s function will be constructed in Section 6. The two-parameter Mittag-
Leffler function
[ Zn
E,g(z) = ————, Re(a) >0, ecC, zeC,
tx,ﬁ( ) r;)r((xl’l-‘rﬁ) ( ) :B

will be employed in those calculations. Many properties and identities for the two-
parameter Mittag-Leffler are derived in [26].
In [24], a boundary value problem,

Diy(t) + BDE y(t) = f(t), 0<t<1, 1<a<2

y(0) =0, D§ 'y(0) = D§ y(1),

was studied. This is an example of a boundary value problem at resonance since < el s
the linear span of +*~1, denotes the solution space of the homogeneous problem, D%y = 0,
with the given homogeneous boundary conditions; moreover, f = 0 is a simple eigenvalue
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of the homogeneous problem. There, an abstract theorem was proved that gave the
existence of B > 0, and a constant K > 0, independent of f, such that

BDG'y(t) = Kifl, pe[-BBI\{0}, 0<t<1, @

where y is the unique solution associated with f. Thus, f > 0 implies /SDgfly > 0. It was
also proved in [24] that BD3'y(t) > 0, y(0) = 0, implies By > 0. Thus, with control of
the sign of both ‘BDg_ly and y, a monotone method was developed to obtain sufficient
conditions for a solution of the nonlinear problem,

Diy(t) + BD My(t) = F(t,y(1), Dy (1), 0<t<1, 1<a<2,

y(0) =0, D§~'y(0) = Df~'y(1).

Since the purpose of this study is to modify the methods developed in [9] to
apply to Neumann-like or periodic-like boundary conditions, we shall focus on a
differential equation,

Dyy(t) +Ay(t) = f(t), 0<t<1, n—1<a<n,

where nn > 2 is an integer.
Consider the fractional differential equation To study the Neumann-like boundary
conditions, assume 1 < a < 2. Consider the fractional differential equation

Dyy(t) +Ay(t) = f(t), 0<t<1, 1<a<2 3)
We shall refer to the boundary conditions
D5 'y(0) =0, D§ly(1) =0, )

as Neumann boundary conditions. The first exhibited boundary value problem is the
boundary value problem, (3), (4).
To study periodic-like boundary conditions we shall consider a fractional differential
equation
Diy(t) +aDi 'y(t) + Ay(t) = f(t), 0<t<1, 1<a<2, (5)

or
Dyy(t) +Ay(t) = f(t), 0<t<1, n—1<a<n. 6)

In the second exhibited example, we study the boundary value problem, (5), with
boundary conditions

Ii=*y(0) = If"y(1), D§~'y(0) = D§'y(1),

in the third exhibited example, we study the boundary value problem, (6), with the bound-
ary conditions

1%y (0) = =%y(1), Di'y(0) =Dy Ty(1), j=1,...,n—1, @)

and in the final exhibited boundary value problem we study the boundary value problem,
(6), with the boundary conditions

lim £7%y(t) = y(1), D} 'y(0) =D Ty(1), j=1,...,n—1. ®)

t—0+

3. The Abstract Theorem

Let C[0, 1] denote the Banach space of continuous functions defined on [0, 1] with the
supremum norm, | - |9, and let £[0, 1] denote the space of Lebesgue integrable functions
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with the usual £1 norm. Let n > 2 denote an integer. Assume n — 1 < a < n. Employing
notation introduced in [28], define

Ca—n[0,1] = {y : (0,1] — R : y(t) is continuous for t € (0,1], and li%1+ 1%y (t) exists }.
£

Itis clear that y € Cy—5[0,1] if, and only if, there exists z € C[0, 1] such that y(t) = t*~"z(t)
for t € (0,1]. Define |y|a—n = |z]p and Co—y[0, 1] with norm | - [,y is a Banach space.
The following definition is motivated by Definition 1 found in [9].

Definition 1. Assume A is a linear operator with Dom (A) C Ca—y and Im (A) C L]0, 1].
For A € R\ {0}, the operator A + AZ, where I denotes the identity operator, satisfies a signed
maximum principle in Ay if for each f € L][0,1], the equation

(A+AZ)y=f, ye€ Dom(A),

has unique solution y, and f > 0, implies Ay(t) > 0,0 < t < 1. The operator A + AL satisfies a
strong signed maximum principle in Ay if f > 0, and f(t) # 0 a.e. implies Ay(t) > 0,0 <t < 1.

Remark 1. In [9], the authors employed the phrase, maximum principle. We have taken the liberty
to employ the phrase signed maximum principle to distinguish further from classical usage of
maximum principle or anti-maximum principle.

Remark 2. The phrases “maximum principle” or “anti-maximum principle” are used loosely and
we mean the following. Maximum principle means f > 0 implies y < 0. This is precisely the case
for the classical second order ordinary differential equation with Dirichlet boundary conditions.
Anti-maximum principle means f > 0 implies y > 0. This is the case observed in [8] for & = 2,
where the phrase anti-maximum principle was coined.

For f € £[0,1] (or f € Cy—n[0,1]), let |f]1 = fol |f(s)|ds and define f = folf(t)dt. Define
C C Conl0,1] = {y € Ca—n[0,1] : ¥ =0}, L C L[0,1] ={f € L[0,1]: f =0}.

Assume A : Dom (A) — L]0,1] denotes a linear operator satisfying

Dom (A) C Cy—y[0,1], Ker (A)=<t*">, Im(A)=7L, 9)

where < t*7" > denotes the linear span of t*~". Assume further that for f e L, the problem

Ay = f is uniquely solvable with solution § € Dom(A) and such that [ 7(t)dt = 7 = 0.
In particular, define

Dom (A) = {§ € Dom (A) : j =0} C C, (10)

and then . )
Al Dom (4) : Dom (A) =L

is invertible. Moreover, if Aj = f for f € £, j € Dom(.A), assume there exists a constant
M > 0 depending only on A such that

|Fla—n < M|fls. 1n

For f € L, define B
f=f-(a—-n+1)fr",
which implies f € £, and for y € Dom (.A) define

a—n
t 7

j=y—(a-n+1)y
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which implies §# € Dom (A).
Since Ker(A) =< t*7" >, with the decompositions f = f—(a—n+1)ft*" and
7J=y— (a —n+1)yt* ", it follows that

Ay+Ay=f, y€ Dom (A), (12)

which decouples as follows:
A+ A7 = (A+AD)j = f, (13)
Ma—n+ D)y " = (0 —n+1)fr5 ", (14)

Denote the inverse of (A + AZ), if it exists, by R and denote the inverse of

Al Dom (A4)
by Ryo. So, Ro : £ — C and
7 = Rof if, and only if, Aj = f. (15)
Note that (15) implies that since § € Dom(.A),
7 = RoAy. (16)

Note that (11) implies that R : £ — C is continuous, and hence, Ry : £ — C is a bounded
linear operator with ||Ro|[z_,s < M. To note the continuity, if Ro( fu) = G, Ro(f) =7,
and [f, — f|1 — 0,as n — oo, then |y — Jla—n < M|fy — f|]1 — 0,as n — oo.

Since C C £, we can also consider Ry : C — C. Equation (11) also implies that
Ry : € — Cis continuous and hence, bounded. To see this, assume | ﬁ, — f l|amn — 0, as
n — co. Then, t*~*|f, — f| — 0 uniformly as n — co. For each € > 0, |f — f|(t) < et*~2
and |f, — fl1 < 7%, eventually; in particular, |f, — f|; — 0, as n — oo, which implies
|n — Fla—n — 0,as 1 — co.

Theorem 1. Assume A : Dom (A) — L[0,1] denotes a linear operator satisfying (9). Define A
by (10) and assume . .
Al Dom (A) : Dom (A) = L

is invertible. Finally, if Aj = f for f € L, € Dom(.A), assume there exists a constant M > 0
depending only on A such that (11) is satisfied. Then there exists Aq > 0 such that if0 < |A| < Aq,
then Ry : C — C, the inverse of (A + AT), exists. Moreover, if f € L, if A1[|Rollee < 1,
where Ry denotes the inverse of A| pom () and if 0 < |A| < Aq, then

4 ||R'0H£~ c 7
R oy < — el . 17
‘ /\f‘a n_17~1HROHC C_‘f‘l ( )

Further, there exists A € (0, A1) such that if 0 < |A| < A, then the operator (A + AT) satisfies a
strong signed maximum principle in Ay.

Proof. Employ (16) and apply Ry to (13) to obtain
7+ ARoj = Rof.

It has been established that (11) implies that each of Ry : £ — C and Ry : ¢ — C are
bounded linear operators. Since |A|||Rg||c_,c < 1, it follows that (Z + ARg) : € — Cis
invertible and

7= (Z+ARo) 'Rof.
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Assume 0 < Aq < W and assume |A| < Aj. Then, Ry = (Z + ARq) "Ry exists.

Since A1]|Rol|g_¢ < Tand 0 < |A| < Ay, it follows that
[Flan = ARoFla-1 = |17l = [ARoFlar]
and so the triangle inequality implies

[Fla—n — M|[Rolle_elFla—n < [Fla—n — [MI|Rolle_elFla—n
< T+ AR0)Fla—n = |Rofla—n < [IRoll 7l f 1

Thus, (17) is proved since Rof = § € Co—n[0,1]. B
Now assume f € £[0,1] and assume f > 0 a.e. Then, f = [f[1. Let 0 < [A]| < Ag <

R — 1 — _ T—n hd .
TRalleo Write f = (@ —n+1)f#*"" 4 f, and consider

Ay = AR f = ARy ((& = n+ DF#" + F).

Note that AR, (& —n + 1) ft* " = (x —n+ 1) ft* " since (A + AL)(a —n+ 1) ft* " =
M = (n—1))ft*~". Thus,
Ay = AR\f = AR (&= n+ DFE" + f)
= (@—n+Dft " ARV = (= n+1)|fl1 = [M|RAfla—n.

Continuing to assume that 0 < |A| < Ay, it now follows from (17) that

M2 (o= = 1)~ () 7

C—=C

Since f = f — (¢ —n+1)ft* ", and | f|; < |f|1 + f = 2|f|1, the theorem is proved with

17A1||Ro|\cﬁc'>}'

A < min {AL (e — ”+l)( 2[|Rollz_¢

In particular, if 0 < [A| < A, then
2[|Rollz ¢
M) = KIffs = @ —n+1) (1= A (=1 mpfec ) )
—
O

4. Four Examples

To apply Theorem 1, there are two primary tasks. First, if f € £, we must show there
exists a unique solution § € Dom (A) of Ay = f satisfying § = 0. In the case of ordinary
differential equations or partial differential equations, one can often appeal to a Fredholm
alternative to complete this task. For the Riemann-Liouville fractional differential equation,
we only know to construct 7 explicitly, and show uniqueness to complete this task. Second,
we must show the existence of a constant M > 0 such that [§],—, < M|f|;. This will be a
straightforward task since we will have constructed j explicitly.

Example 1. Let 1 < a < 2, and consider the linear boundary value problem, with a Riemann—
Liouville analogue of Neumann boundary conditions, (3), (4); that is, consider,

Doy(t) +Ay(t) = f(t), 0<t<1,

Dy 'y(0) =0, D§ 'y(1)=0.
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For the boundary value problem (3), (4), A = D&, and Ker(A) =< t*~2 > . We show that the
operator A satisfies the hypotheses of Theorent 1.
One can show directly that Im(A) = L. If f € Im(A), then there exists a solution y of

Doy(H) = f(H), 0<t<1, Dy 'y(0)=0, Dj 'y(1)=0,
which implies
1 1
0= D§y(1) =D 'y(0) = [ Dyy(nydt = [ f(t)at,
0 Jo
and f € L. Likewise, if f € L, then

. Cqya—2
90 = iy [ o - S [l ay

=I5f(t) — (a = )I§T F(1)t* 2 € Dom (A)
is a solution of
Diy(t) = f(t), 0<t<1, Dj'y(0)=0, D§ 'y(1)=0,

and §j = 0. To verify that § satisfies these properties, note that any solution of D§y(t) = f(t),
0 < t <1, has the form, IS f(t) + ct*2 + 1%~ L. Thus, D§j(t) = f(t),0 < t < 1. To see that
the boundary conditions are satisfied, write

D§UIgF () = Dy () = B = [ F(o)as

and note that DS"lt"‘*2 = 0. Thus, Dg"llgfh:g =0, and Dg’llgfh:l = Osince f € L; in
particular, the boundary conditions are satisfied. To see that § = 0, note that

HEf(8) = I (1)

and so, -
F=16f -1 () = ()~ (1) =0,

To arque that Ay = f is uniquely solvable with solution §j € Dom (A), (18) implies the
solvability. For uniqueness, if y; and y are two such solutions, then (y; —y2)(t) = ct*~% and
Y1 — y2 = 0 implies c = 0.

Finally, (18) implies (11) is satisfied with M = ﬁ + r&;fl) = %

Theorem 1 applies and there exists A > 0 such that if 0 < |A| < A, then (A + AZ) satisfies a
signed maximum principle in y; that is, f > 0 implies Ay > 0.

Example 2. For the second example, let 1 < a < 2, and let a € R. Consider the linear boundary
value problem, with a Riemann—Liouville analogue of periodic boundary conditions, (5), (7); that
is, consider,

Diy(t) +aDg'y(t) + Ay(t) = f(), 0<t<1,

27%y(0) = 27*y(1), D& 'y(0) = D§~ly(1).

Now, A = D& +aD§ ™!, and Ker(A) =< t*2 > . We show that the operator A satisfies the
hypotheses of Theorem 1.
We show directly that Im (A) = L. If f € Im (A), then

If(5) = 1(Dy(t) +aD§~y(1))
= (D8y(t) = D§ ' (0)) +a (B y() - B (0));
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thus, If(1) = O since y satisfies the periodic boundary conditions. In particular, f € L.
Now assume f € L. We first construct a general solution of

Dgy(t) +aDy 'y(t) = f(t), 0<t<1,

I57y(0) = 5"y(1),  D§~'y(0) = D§'y(1).
Since Djy = DD(")‘_ly, apply an integrating factor, e, and

D(e" Dy~ "y (1) = e" (1),
which implies
Dy y(6) = D y(0)e " + [ et (s
Then,
t
y(t) =tV 1 (D ly () + [ et f(s)ds
Jo
t
=2 4 Dg‘fly(O)IS"lef’” + 13‘71 (/ e*”(tﬂ)f(s)ds).
0
Apply the periodic boundary conditions. Then,

t
DEy(t) = Dy (@) + [ e f(s)as,

and the boundary condition DY 'y(0) = D&~ 'y(1) implies

pr-1 (O) _ 1 /l efu(l—s)f(s)ds
0o Y 1—e " Jo
is uniquely determined. Now,
t
I2%y(t) = cT(a — 1) + DE 'y (0)le ™™ + I</0 e*“(t*5>f(s)ds)
t rt S
= — a—1 —as —a(s—r)
cl'(a—1)+ Dj y(O)/O e ds+./0 (/0 e f(r)dr)ds

= a1+ 03y A= - D g

Thus, Igf"‘y(o) =cI(a—1)and

Iéf”‘y(l) =cl(a—1)+ D(")‘*ly(O) (a _ueia) — /01 (e : — 1)f(s)ds

—s) —a(1-s)
sy [ a1 [ psyas

At this point in the construction, c is still undetermined and

=cI(a—1).

t
y(t) = ct* 2+ Dy y(0) I8 e + 137! (/0 e*”(t’s)f(s)ds>
is a general solution of

Diy(t) +aDy 'y(t) = f(t), 0<t<1,
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137%y(0) = I3 *y(1), D§ 'y(0) = D§ 'y(1).

To obtain the parameter ¢ uniquely, Theorem 1 requires that § = 0. Thus,

7 T
0= S+ D5 YO e+ 157 [ et fls)ds
— Jo

and

I ;
c=(1—a)Ds ty(0)I§ Te—at + 51 /0 e—a(t=5) f(s)ds

is uniquely determined.
Note that

1 . . _ 1
Dg‘*ly(o) = /0 e*“(lfs)f(s)ds implies | D§ 1y(0)] < g |fl1-

Thus, ,
y(t) = et 24 Dy ()t 17 (e f(s)as)

implies (11) is satisfied.

This concludes the second example.

Before proceeding to the third example, we observe that Theorem 1 does not apparently apply
to a Neumann boundary value problem (5), (4) in the case 1 < a < 2,a # 0. Assume f € L and
begin the construction of a general solution. As before, one obtains

t t
D y(t) = Dgfly(O)e"”—l—/O e~ £(s)ds :/0 e=t=5) £(s)ds.
Tuke for example, f(t) =t — % € L. Then, Dy 'y (1) # 0.

Example 3. For the third example, let n > 2, let n — 1 < « < n, and consider the linear boundary
value problem, with a Riemann—Liouville analogue of periodic boundary conditions, (6), (7); that
is, consider,

Doy(t) +Ay(t) = f(t), 0<t<1,

I *y(0) = I} "y(1), Dy 'y(0) =Dy 'y(1), j=1,...,n—1.

For the boundary value problem (6), (7), A = D{ and Ker(A) =< t*" > . Again, we
show Im (A) = L. First, note that if the boundary value problem (6), (7) is solvable, then
the boundary condition D“ily(O) = D"‘*ly(l) implies f € L since If(t) = IDSy(t) =
DE1y(t) — DY 'y(0). Thus, [, f(t)dt = D&~ 'y(0) — D&~y (0) = 0.

Now assume f € L.Ifj € Dom ( 1), then

( _IOf +ECDC]

We show the coefficients c,_j are uniquely determined. The condition Dy '5(0) = Dy (1)
implies
IF(0) + oD () = If(1) 4+ cu1T ()

which implies ¢,_1 is undetermined at this point in the construction. Let k € {2,...,n}. Then,

k Fla+1—7j) 4
a— k }: ]
D IOf Ca— ]]" k-l—l_])t . )
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Apply the boundary conditions Dy y( )= Dg_jg(l) intheorderj=2,...,n.Atj=2,

sz(O) + Ca—2r(“ —1) = DlX 2~ (O) Dgizg(l) = [2f(1) +egal(a—1)+cyuq %

Thus, cp—1 = —%sz(l) is uniquely determined. Employ (19) inductively and for j = k,
I(0) + e kT (& +1 — k) = D§~5(0) = Dy *5(1)

= (1) + coil(a+ 1K) + Z Cam ]%

Inductively, Ca—js j=1,...k — 2 have been uniquely determined and so,
_ r'2) k Fla+1—j)
) = ez 10 *Zcﬂ EEE =) (20)

is uniquely determined. To summarize, the boundary conditions D} y(O) =Dy~ y( )j =
1,...,n — 1, uniquely determine the coefficients, cy—1, ..., Co—_(n_2)-

To determine the coefficient, ¢, _ (1), employ the boundary condition I9(0) = 15 ~"9(1).
Since

In o () IOf +an ]rﬂé+17l],;tn*f/
it follows that
_ rQ2) n (a+1-j)
Ca—(n—-1) = *m(l f()+ Z Ca— ]m) (21)

is uniquely determined.
Finally, the application of Theorem 1 requires that §j = 0. Thus,

Hence, cq—n is uniquely determined and the proof that f € L implies §j € Dom (A) is uniquely
determined is complete.
To see that M in (11) can be computed, recall that

gt = I8 f(t +2ca ]t"‘/
j=1

and employ (20) and (21). Note that c,_1 is a multiple of I> f (1), which implies that c,_y is a linear
combination of I"f(1),...,I2f(1), for k = 1,...,n. Thus, M is computable. Thus, Theorem 1
applies and there exists A > 0 such that if 0 < [A| < A, then (A + AZ) satisfies the strong signed
maximum principle in y.

Example 4. Theorem 1 can also apply to the boundary value problem with boundary conditions
analogous to periodic boundary conditions, (6), (8); that is, consider,

Doy(t) + Ay(t) = f(t), 0<t<1,

tli%l "yt =y(1), Dy 'y(0)=Dy 'y(1), j=1,...,.n—1
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The unique determination of ¢y, k = 1,...1n — 2 proceeds precisely as in Example (3). Apply
the boundary condition lim; o+ t"~*y(t) = y(1) to §(t) = I§ f(t) + Liq ca—jt" "/ to obtain

n
caon =I"f(1)+ Y caj
=1

and cy_(y_1) = — (Inf(l) + 27;12 ca,/> is uniquely determined. Then, as in Example 3, cy—y, is

uniquely determined by the requirement that § = 0.
Thus, Theorem 1 applies and there exists A > 0 such that if 0 < |A| < A then (A+ AZ)
satisfies the strong signed maximum principle in y.

5. A Monotone Method

The application of monotone methods in the presence of a maximum principle or in
the presence of an anti-maximum principle to construct approximate solutions of initial
value or boundary value type problems enjoys a long history. The purpose of this section
is to employ (1) to quickly recognize the presence of the maximum principle or the anti-
maximum principle. There are recent applications of monotone methods to periodic-like
boundary value problems for Riemann-Liouville fractional differential equations; see, for
example, [6,7]. In each of those application, 0 < « < 1, and the anti-maximum principle
is observed by the explicit construction of a corresponding Green’s function in terms of
Mittag-Leffler functions.

Assume f : (0,1] x R — R is continuous and consider the boundary value problem

Diy(t) = f(ty(), 0<t<1, 1<a<2, 22)
Dg'y(0) =0, D§ly(1) =0. (23)

Assume that
y(t) € Cu2[0,1] implies f(t,y(t)) € Co—2[0,1], (24)

and assume further that f satisfies the following monotonicity property,

f(ty1) < f(t,y2) for (t,y) € (0,1] xR, y3 > yo. (25)

Thus, f is monotone decreasing in the second component.

Apply Theorem 1 and find A > 0 such thatif 0 < A < A, then (A + AZ) satisfies
a strong signed maximum principle in Ay. Apply a shift [29] to (22) and consider the
equivalent boundary value problem,

Doy(t) + Ay(t) = f(t,y(t)) +Ay(t), 0<t<1,

with boundary conditions (23) where —A < A < 0 and A > 0 is shown to exist in
Theorem 1. Note that if g(t,y) = f(t,y) + Ay and f satisfies (24) and (25), then g satisfies
(24) and g satisfies (25) if A < 0.

Assume the existence of solutions, wq, v1 € Cy4—2[0, 1], of the following boundary value
problems for differential inequalities

Djwi(t) > f(t,wi(t)), 0<t<1, Dgoi(t) < f(t,v1(t)), 0<t<1, (26)

D& 'wi(0) =0, D 'wi(1) =0, D& 1'01(0) =0, DE'vy(1) =0.

Assume further that

v1(t) —wi(£) >0, 0<t<1. (27)

Since A < 0, define a partial order =, on C4—»[0,1] by

Uric00<=u(t) <0,0<t<1.
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Then, the assumption (27) implies w =)~ v1.
Define iteratively the sequences {v;}5> ;, {wy }5-,, where

Dgvg1(8) + Avggr (F) = f(Hoe(8)) + Ao (), 0<t<1, (28)
D3 v 1(0) =0, D3 log4(1) =0,

and

DkaH (t) + /\wk+1(i’) = f(t, wk(t)) + /\wk(t), 0<t<1, (29)
DY 'wy,1(0) =0, D§ 'wgyq(1) =0.

Inductively, Theorem 1 implies the existence of each vy 1, Wy, since [A| < A implies the
inverse of (A + AT) exists, and, for example, f(t, vk (t)) + Avg(t) € Co—2[0,1].

Theorem 2. Assume f : (0,1] x R — R is continuous, assume that f satisfies (24), and assume f
satisfies the monotonicity properties (25). Assume the existence of functions v1,w; € Cy—2[0,1]
satisfying (26) and (27). Define the sequences of iterates {vy}7> 1, {wi}3>, by (28) and (29),
respectively. Then, for each positive integer k,

Wk ZA<0 W41 ZA<0 V41 ZA<0 Vk- (30)

Moreover, {vy}12_; converges in Cy_3 to a solution v € Cy_»[0, 1] of the boundary value problem
(22), (23) and {wy }3>, converges in Co_»[0,1] to a solution w € Cy_5[0, 1] of the boundary value
problem (22), (23) satisfying

Wi Z2<0 W1 ZA<0 W Z2<0 U ZA<0 Ukt ZA<0 V- @D
Proof. Since v; satisfies a differential inequality given in (27), then for 0 <t <1,

Dgvp(t) + Avp(t) = f(t,01(F)) + Avy () > Dgop(t) + Avy (t).
Set u = vy — v1 and u satisfies a boundary value problem for a differential inequality,
D§u(t) +Au(t) >0, 0<t<1, D 'u(0)=0, D§ 'u(l)=0.

The signed maximum principle applies and u =, 0; in particular, v; =)o v1. Similarly,
w1 = <o wa. Now set u = wp — vy and

D§u(t) + Au(t) = (F(t (1) = f(t,01()) + Awr(t) —o1(H), 0<t<1,
DY 'u(0) =0, D§ 'u(1) =0.
Since f satisfies (25) and w1 =)o v1, then
Dgu(t) +Au(t) >0, 0<t<1,

and again the signed maximum principle applies and u =)o 0. In particular, w, =, v2.
Thus, (30) is proved for k = 1.

Before applying a straightforward induction to obtain (30), we must show D§w, () >
f(t,wy(t)), and Diva(t) < f(t,v2(t)), for 0 < t < 1. Since f(t,v1(t)) < f(t,02(t)), A <0
and (v; — v2)(t) > 0, it follows that

Dgoa(t) = f(t,01(8)) + A(vr —v2)(t) < f(t,02(8))-

Similarly, D§w,(t) > f(t, w(t)) and (30) is valid.
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To obtain the existence of limiting solutions v and w satisfying (31), note that the
sequence {vy } is monotone decreasing and bounded below by {w; }. Thus, the sequence
{vx} is converging pointwise to some v(t) for each t € (0,1]. Moreover, if

Zk(f) = tz_"‘vk (S C[O, 1}, Zk(O) = ay,

the sequence {z} is converging pointwise to some z(t) = t*~%v(t), z(0) = ay where
a converges monotonically to a9. At this point in the argument, the convergence is
pointwise. Since

Do () = F(t0(8) + Awe(t) — v (1), 0<t<1,

if follows that { D§vy } is converging pointwise to g(t) = f(t,v(t)) for each t € (0,1]. Since
D% 1o, (0) =0,
() = apt* 2 4+ I8D%v(t), 0<t<1.

Thus, by the dominated convergence theorem
o(t) = apt* 2+ 18g(t), 0<t<1;

in particular,
Dio(t) = g(t) = f(L,o(t)), 0<t<1,

and v satisfies the fractional differential equation. To see that v satisfies the Neumann type
boundary conditions, again observe

Dgver1(t) = f(tok(t) + A(or(t) — v (8), 0<t <1,
DY 'o(0) =0, D§ 'op(1) =0.

Since 0 = D§ 'oy(1) — D} 'vi(0) = fol Dfvg1(s)ds, it follows that

./0-1 (f(s, Uk(S)) +/\(Uk(5) — Uk+1(5)))ds —0.

Again, the dominated convergence theorem implies that fol f(s,v(s))ds = 0. Thus,

D o(t) = /Otf(s,v(s))ds

which implies DS '0(0) = 0 and DY "0(1) = [y f(s,0(s))ds = 0.
Note that since w;(t) < v(t) < v1(t) on (0,1] and D§ 'o(t) = fotf(s,v(s))ds, then
DS‘ “1uis uniformly continuous on any compact subinterval of (0,1]. Thus,

o(t) = apt* 2+ I 'Dy to(t), 0<t<1,

implies v € C,_[0,1] and
Wk ZA<0 ¥ ZA<0 Uk

for each k. Moreover, Dini’s theorem now applies and the convergence of tZ*“vk(t) is uniform.
Similar details apply to {wy} and the theorem is proved. [

Suppose now f satisfies the “anti”-inequalities to (25); that is, suppose f satisfies

fltyr) > f(tya) for (ty) € (0,1 xR, y1 > ya. (32)

One can appeal to the signed maximum principle, apply a shift to (22), and consider the
equivalent boundary value problem, Diy(t) + Ay(t) = f(t,y(t)) + Ay(t),0 < t < 1, where
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0 <A <A, and A > 0is given by Theorem 1. Note, if f satisfies (32) and A > 0, then
g(t,y) = f(t,y) + Ay satisfies (32).

Now, assume the existence of solutions, wy,v1 € Cy—2[0,1], of the following differen-
tial inequalities

Diwi(t) < f(t,wi(t)), 0<t<1, Dgoi(t) > f(t,v1(t)), 0<t<1, (33

D& 'wi(0) =0, D 'wi(1) =0, D& 101(0) =0, Di'vy(1) =0.
Assume further that
(v1(t) —wq(t)) >0, 0<t<1 (34)

Noting that A > 0 defines a partial order >~ on C4_2(0,1] by
Urrs0 0= u(t) >0,0<t<1.
In particular, in (34), assume v =)~ w;.

Theorem 3. Assume f : (0,1] x R — R is continuous, assume that f satisfies (24), and assume f
satisfies the monotonicity properties, (32). Assume the existence of w1, v1 € Co—2[0, 1] satisfying
(33) and (34). Define the sequences of iterates {vj}> 1, {wi}poyq by (28) and (29), respectively.
Then, for each positive integer k,

Uk ZA>0 Uk+1 ZA>0 Wht1 ZA>0 Wi

Moreover, {vy } >, converges in Cy_ to a solution v € Cy_3[0,1] of the boundary value problem
(22), (23) and {wy }3> 4 converges in Cy_»[0,1] to a solution w € Cy_2[0, 1] of the boundary value
problem (22), (23) satisfying

Uk 2250 Uk1 ZA>0 0 2250 W 2250 Wil ZA>0 Wk (35)

6. Example

We close the article with an example in which Theorem 3 applies and in which upper
and lower solutions, v and w4, are explicitly produced. To do so, we construct an explicit
Green’s function to obtain an estimate on A > 0, and we exhibit verifiable conditions on f
so that (24) is satisfied.

The two-parameter Mittag-Leffler function

00 n

Euplz) = Y ——

—, Re(a) >0, eC, zeC
= T(an+p) (a) p

will be employed to construct an appropriate Green’s function.

Assume 1 < & < 2, assume A # 0, and consider a Neumann boundary value problem
for nonhomogenous linear Equations (3) and (4). We restate the boundary value problem
for convenience.

Dyy(t) +Ay(t) = f(t), 0<t<1, 1<a<2
D§'y(0) =0, D§ 'y(1)=0.
Thus, y(t) = —AI§y(t) + I3 f() + ct*~2 where c is still undetermined or

(T+ ATy (E) = IEf(E) +ctv 2,

147



Mathematics 2024, 12, 1000

Employ the Neumann series to see that if (I + AI§)y(t) = h(t), then

y(t) = i( A)MIg"h(t) = (I+ i(—)»)"lg")h(t)

+/ Z t_z):;%h(s)ds
= h(t) /\/ %h(s)ds

— h(t) — /\/0 (t—s “’lEa,a(f)\(t —§))h(s)ds.
Thus,

Y(0) = H(E) (<) [ (= 51" Eua (=2t~ 5)*))h(5)ds,

0
where h(t) = I3f(t) + ct*~2. Employ the identity

b
[ == pyan = 7?((’2111)1(:)) (x — a)"+h

and note that
t
tH+(—A)/ (t—s)“’lEM(—A(t—s)“) 825
0

n+1/ (t—S an+zx lsa 2 it

=T
(&= © T(an+a)

)r< - 1>

_ n r(‘x - 1) a(n a—

SRl = E Ve

=T(a— )" 2E 0 1(— At“).
Thus,

U0 = (1) + () [ (6 =9 Eaa( ALt =)D B (5)ds

el (@ — 1) " 2E, 0 (—ALY). (36)

To calculate D§'y(t), we have D3 I8 f(t) = I'f(t),

Dy M 2E g q 1 (M) = rlan( AEY)

B w) & (—Amy
=t 2 o 1n; T'(an)
At Z r an +): (=) Eg o (=A%)
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and
t
DgfltH/o (F—8) T En(—A(t — 5)*)) & F(s)ds
= D2 /Ot(t7s)“’lEa,a(fA(t75)“))15‘f(s)ds
- / Eo1(~A(t—s) )Igf(sms
:/ Ep1(—A(t—r1)" / [l s)dsdr
B At —r)o)" (rfs)
/ /s vcn—i—l) I'(a) dr)f(s)ds
_ b (_)‘) (t_ )MH% an+u
*/O(EWU—S) ) f(s)ds
:/Ot(tfs)"‘E,x,,Hl(fA(tfs)“)f(s)ds
Thus,

D§ (1) = (1) + (1) [ (1= 5 Eur (-2~ 1) (s
—AcT (e — 1)Equ(—A).

Employ the boundary condition D} 'y(1) = 0 and obtain

jo ds—AfO (1= 8)"Eyqr1(—A(1 —5)%)f(s)ds
AT(& —1)Eqa(—7) '

c=

if Eyo(—A) # 0.
The solution y in (36) satisfies \y = —AD{y + f or

y=3 (/\ /O"(t — ) E a(—A(t —8)*) f(s)ds 4 AcT (& — 1)1‘“725&%1(7/&“))
= /O'f(t — )  VEa(—A(t — $)%) f(s)ds + T (& — 1) 2E, o1 (—AL)

Define

B 2Bt (—A) (1= A1 = 8)*Egara (~A(1 = 5)"))

gldibs) = AEea(—7)
taizsz,zxfl(_/\t“)Ea,l(_/\(l - s)vc))
n AEga(—A) ’

where an identity E, g(z) = + zEy 44 p has been employed. Then,

T(ﬁ)

y(t) = /01 Gla, At s) f(s)ds,

where

gla, Asts), 0<t<s<1,
Gla, At s) =
g, At s) + (E—8)* TEgn(=A(t—5)%), 0<s<t<1.
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One can see from this construction that a maximum principle will be valid for A €
(—00,0). For the anti-maximum principle, it is shown in ([30], Corollary 3) that E, +(—z)
has the smallest in modulus root which is a positive root. From the identity,

IS Eg1 (=A%) = £ g o(—AY),

and integrating from 0 to 1, it is clear that E, ; (—z) has the smallest positive root which is
smaller than the smallest root of Eq 4 (—z). Then, the identity

B 2E,  q (—AY) = Eyq(—AtY),

implies that E, ,_1(—z) has the smallest positive root which is smaller than the smallest
positive root of E,1(—z). Thus, from the construction, an anti-maximum principle will
be valid for A € (0,A¢), where Ag is the smallest positive real root of the Mittag-Leffler
function, Eyq—1(—2).

Now, consider a boundary value problem for nonlinear fractional differential
Equations (22) and (23). Assume f : (0,1] x R — R is continuous, assume f satisfies the
monotonicity property (25), and assume there exists A < 0 such that f(t,s) = g(t,s) — As
and g(t,s) is bounded and continuous on (0,1] x R. Then, f satisfies (24).

Corollary 1. Assume 1 < a < 2. Assume f : (0,1] x R — R is continuous, and assume f
satisfies the monotonicity property (25). Assume there exists A < 0 such that f(t,s) = g(t,s) — As
and g(t,s) is bounded and continuous on (0,1] x R. Then, there exists a solution of the boundary
value problem

Dgy(t) = f(t,y(t)), 0<t<1,

D& 'y(0) =0, D 'y(1)=0.

Proof. As noted above, the boundedness condition on g implies that f satisfies (24). Let
(—A)M denote an upper bound on |g|. Set v1(t) = Mt*~2 and set w; (t) = —M*~2. Thus,
v1 and w; satisfy the boundary conditions (4). Moreover,

D*01 (1) + Aoy (t) = AMIY 2 < AM < —|g(t, Mt*2)| < f(t,01(1)) + Aoy (1),
or D*vq(t) < f(t,v1(t)). Similarly, D*w, (t) > f(t,w1(t)) and Theorem 2 applies. [

Corollary 2. Assume1 < a < 2. Assume f : (0,1] x R — R is continuous and assume f satisfies
the monotonicity property (32). Let Ag > 0 denote the smallest positive real root of Ey y—1(—2).
Assume there exists A € (0,Ag) such that f(t,s) = g(t,s) — As and g(t,s) is bounded and
continuous on (0, 1] x R. Then, there exists a solution of the boundary value problem

Doy(t) = f(ty(t), 0<t<1,

D& 'y(0) =0, D 'y(1)=0.

Proof. Let AM denote an upper bound on |g|. Set v1 (t) = Mt*~2 and set wy (t) = —Mt* 2.
v1 and wy satisfy (33) and Theorem 3 applies. [

7. Conclusions

In this paper, we study a A dependent boundary value problem for a Riemann-—
Liouville fractional differential equation. Denoting the boundary value problem abstractly
as Ay + Ay = f, A = 0 is assumed to be a simple eigenvalue. Sufficient conditions
are obtained to show the existence of A > 0 such that if |A| € (0,A), then (A + Al) is
invertible and f > 0 implies Ay > 0 where y denotes the unique solution of (A + Al)y = f.
Four examples are produced illustrating the abstract result. An application of monotone
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methods and the method of upper and lower solutions is produced for a nonlinear boundary
value problem.
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Abstract: In this study, we examine the wave equation with a nontrivial boundary condition. The
main target of this study is to prove the local-in-time existence and the blow-up in finite time of the
energy solution. Through the construction of an auxiliary function and the imposition of appropriate
conditions on the initial data, we establish the both lower and upper bounds for the blow-up time of
the solution. Meanwhile, based on these estimates, we obtain the result of the local-in-time existence
and the blow-up of the energy solution. This approach enhances our understanding of the dynamics
leading to blow-up in the considered condition.
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1. Introduction

In this paper, we are concerned with the local-in-time existence of the energy solution
to the following wave equation:

u”(x,t) — u(t) Au(x, t) + h(u(x, t)) =0
u(x,t) =0

u(H) 5 +g) = |u|"u

u(x,0) = ug(x),u'(x,0) = u1(x)

in Q) x (0, 4-00)
on Ty x (0, 400)
on Ty x (0, +o0)
in Q)

@)

where Q) is a bounded domain of R"(n = 1,2,3) with boundary T = Ty UT} of class C2.
Here, Ty # @, T'p and T'; are closed and disjoint. Let v be the outward normal to T; A stands
for the Laplace operator.

System (1) has been studied in [1]. When y,7y and g satisfy appropriate assumptions,
the solution of System (1) will blow up within a finite time. In this article, based on the
solution blow-up, we will continue to study the upper and lower bounds for the blow-up
time of System (1). Based on these estimates, we will obtain the result of the local-in-time
existence of the energy solution. There is relatively little existing literature on the problem
of calculating the upper and lower bounds of the blow-up time, but accurately calculating
the blow-up time has significant practical significance in specific engineering problems. The
authors of Ref. [2] study a nonlinear viscoelastic wave equation with damping and source
terms. By using the concavity method, it shows a finite time blow-up result and obtains
the upper bound for the blow-up time. Ref. [3] deals with a nonlinear viscoelastic wave
equation with strong damping. By means of a first-order differential inequality technique,
the estimate the lower bound for the blow-up time is obtained. Ref. [4] deals with the blow-
up for a class of nonlinear viscoelastic wave equations. Based on a first-order differential
inequality technique and some Sobolev-type inequality, a lower bound for blow-up time
is obtained. However, each reference listed above has the Dirichlet’s boundary condition.
The previous studies that have been performed related to trivial boundary conditions.
More importantly, the problem with nontrivial boundary conditions has extremely few
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results. In the references above, it always assumes that # = 0 on 0Q), which greatly reduces
the difficulty of estimating the blow-up time boundary. Unlike the previous literature,
our article considers nontrivial boundary conditions, and these boundary conditions are
nonlinear, increasing the difficulty of estimating the blow-up time. In addition, nontriv-
ial boundary conditions can also cause difficulties in inequality estimation and auxiliary
function construction. Therefore, our research can fill the gap in this area of study. There
are still many other studies on handling blow-up time under trivial boundary conditions,
for example, G.A. Philippin [5] explores the lower bounds for the blow-up time in the
context of the wave equation with trivial boundary conditions. However, this study does
not currently address the upper bounds for blow-up time. Future research endeavors may
extend the investigation to include upper bounds and further enrich our understanding of
the dynamics in this particular scenario. J. Zhou [6] considered the blow-up time with three
different ranges of initial energy under the condition of atrivial boundary. Furthermore,
considering positive initial energy and nonlinear boundary damping, T.G.Ha [1,7] estab-
lished the blow-up of solutions for the semilinear wave equation. However, the specific
determination of the blow-up time is not addressed within the current scope of the research.
Investigating the blow-up time in this context could provide valuable insights into the
temporal evolution of the solutions.

On the other hand, the blow-up behavior of solutions to the wave equation is not only
related to the interaction between damping terms and source terms, but also to the sign
of the system’s initial energy. Generally speaking, negative initial energy is more likely to
cause system solution blow-up, while positive initial energy requires stricter conditions for
system solution blow-up. This article has already addressed the issue of system solution
blow-up under positive initial energy, and we further estimate the upper and lower bounds
of the solution blow-up time. Considerable progress has been made in demonstrating to
the wave equation, especially in cases where the initial energy is negative, the conclusions
about blow-up solution have been proved [8-15]. Meanwhile, many similar results also
have been found when the initial energy is positive (see [16-19]). However, the problem of
computing exact blow-up time T has not been considered. In instances where the solution
of the wave equation experiences blow-up, the exact computation of the blow-up time T is
often not feasible. So figuring out the bounds for T is valuable in practical applications. In
recent years, there have been some advances in research on the bounds of blow-up time.
However, a great deal of research work has focused on parabolic equations [20-25]. Very
few researchers have focused their work on hyperbolic equations with nontrivial boundary
conditions [5]. In addition, the above literature only obtained the bounds of blow-up time,
but did not analyze the sharpness of blow-up time. In [26,27], not only the limit of blasting
time is obtained, but also the sharpness of blasting time is analyzed.

Compared to existing literature results, this paper addresses a notable gap in the
existing research, as minimal attention has been dedicated to investigating the lower and
upper bounds for the blow-up time of the wave equation with weak boundary damping
and source term. The primary focus of this work is to contribute to this specific aspect of
the field.

This paper aims to investigate how the interaction between the damping term and
source term influences the occurrence of blow-up in the solution. Specifically, the focus
is on demonstrating that the blow-up and blow-up time are intricately controlled by the
interplay of these two terms. Building upon the findings of [7], the objective is to extend
and generalize the results by precisely computing both lower and upper bounds for the
blow-up time T in the context of the wave equation with weak boundary damping and
source term. Therefore, the motivation of this paper is to generalize the results under
trivial boundary conditions, and further solve the problem of constructing new auxiliary
functions to estimate the bounds of blow-up time under nontrivial boundary conditions.

This paper follows a structured organization. Section 2 provides a review of notation,
hypotheses, and crucial preliminary steps. It also introduces the blow-up solution for
Equation (1). Moving on to Section 3, the main result is presented, and the paper precisely
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computes both lower and upper bounds for the blow-up time T in the context of problem (1).
This organization ensures a clear and systematic presentation of the research.

2. Preliminaries

Before delving into our principal discovery, it is crucial to take a moment to revisit
the extant body of research pertaining to the local existence, uniqueness, and blow-up
of the solution. This foundational understanding will provide a solid foundation for our
forthcoming discussion and findings. We begin this part by outlining a few theories and
some necessary results. To be more precise, we have the following hypotheses:

Hypothesis 1. () C R" is a bounded domain, n > 1, where the boundary of Q isT = TgUT of
class C2.

Here, Ty # @, Ty and I'y are closed and disjoint, satisfying the following conditions:
m(x)-v(x) > o >0o0nTy,m(x) v(x) <0onTy,
m(x) = x — 20 (x" € R") and R = max g |m(x)|,
where v represents the unit outward normal vector to I'. We assume that

ou
V(O)TVO +g(u1) = |ug|"up on I'y.

Hypothesis 2. Assume u € W2 (0, T) N W*1(0,T), and u(t) > 0 is monotonic decreasing.
Meanwhile, h : R — R is a continuous function and h(s)s > 0 for all s € R.

Hypothesis 3. Assume 7y is a constant and satisfies requirements:

0<y<1l, ifn=23,
v =0, ifn=1,2.

Hypothesis 4. Assume g is a monotone increasing function and satisfies g(0) = 0. There exist a
non-negative constant m and a strictly increasing and odd function B of C* class on [—1, 1] such that

B()| < Ig(s) < [B7H(s), if[s] <1,
Cals|"™*! < [g(s)] < Cals|™*, if [s| > 1,
where B~ denotes the inverse function of B and Cy and Cy are positive constants.

2.1. Wellposedness Result
First of all, one can define the energy E(t) associated with system (1).

_ 1., 2 1 2 1 Y+2
E(t) = 5”” I3+ /Q‘I’(u(x, £))dx + Eﬂ(t)uquz - m””“wz,rl/ (2
where ¥ (t) = fot h(s)dx. By calculation, we can obtain
E() = W (O] Vul = [ g, ®
1

where V is the gradient operator. According to the Hypothesis 2, E(t) is monotone decreas-
ing function.

Remark 1. The proof of the energy identity (2)—(3) will be proved in (7)—(8).

With the notion we set, the following conclusion will be obtained [28].
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Theorem 1. Assume Hypotheses 1-4 hold and

m >y or (ug,u1) € {(up,u1) € H%O(Q) x L2(Q); ||[Vul| < Ao, E(0) < d}.
Then, the problem (1) has a unique local solution
u € C°(0,T; Hf, (Q)) N C'(0, T; L*(V)).

2.2. Blow-Up Solution

Next, we have the corresponding blow-up result.
Theorem 2. Assume Hypotheses 1-4 hold and m < -y. Meanwhile, to System (1), we suppose that
(uo,u1) € {(up,u1) € H%O(Q) x L2(Q); |[Vuglla > Ag, E(0) < E; < d,E; € R}

and

pl< (7 +2)(poyro — 2(y +2)E1)? Th
< 8(’y+1)meas(F1)(y0/\%_2El) .

Consequently, the solution u(t) blows up.

The result of Theorem 2 has been obtained in [7]. We can now report our primary
finding in the next section.

3. The Bounds for T

In this section, we turn our attention to examining the lower bound of the blow-up
time for the blow-up solution of Equation (1). Prior to presenting and demonstrating our
primary result, we require the following lemma that plays a pivotal role in establishing the
upper bounds for the blow-up time T.

Lemma 1. In the case of the assumptions specified in Theorem 2, the solution to system (1) yields
the following result
[Vu(®)l2 > Ao.

Lemma 1 closely parallels Lemma 1 in [1]. Therefore, the proof will be omitted
for brevity.

Theorem 3. Assume Hypotheses 1-4 hold. Under the result in Theorem 2, the solution u(x,t) to
System (1) will blow up at a finite T, and blow-up time T satisfies

F(T") dy cre 1-X
/F sTs —5

© y+2k+ Coygi12 (meus(l"l))zvlﬁ C7[L(0)] =%

where Cy, Cy is a positive constant, 0 < X < x < % and

F(O):/ |u0|2dx+/ |u0|7+2dr+t*/ |ug| 72T,
JQ JoQ) JoQ)

— 1 2 1 2 1 r+2
ko= gl P+ [ ¥+ 300 V0l = 5ol T, @

Proof. (i): In this section, we initiate the estimation of the upper bound of time T using
auxiliary function that allows us to establish an upper bound
Eq is a constant and satisfies E(0) < E; < d; then, we define H(#) as follows:

H(t) = E; — E(t).
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Subsequently, we obtain
H'(t)=0—E'(t) = —E'(t) > 0.
It is straightforward to derive that H(t) is nondecreasing. Meanwhile, we have,
H(t) > Hy:=E; —E(0) >0, forall t > 0.

According to Lemma 1 and Hypothesis 2, we obtain
H(E) < By — 3 u0) [Vl + —— u(8)] 72
S L 2}4 2 v+2 Y42,y

1 2, 1 7+2
<d-— EV(O))‘O + m””(t)”wz,n

— I3

’Y + 2 Y+2,I7°

Afterward, we will examine:

— %/ﬂu’udx = (Q’z(t)),.

By similar calculation as in [1,7], we can see that the following estimate holds:

1= /13— [ o —p(O)| VulB+ ull755r, — [ 8(u)udl +0E() — 0E()
1

0 0
> (145 ) I3 - wo( 5 ~1) 17l - 08+ (1= 55 )iy,
+9H(15)7_/r g(u"yudl
1
> Cs (Il I + ()17 5, + H(H) — H () HY “H D), )

where0<)(<)(<( and C5 > 0.

m+2)('y+2)

To derive the corresponding estimate, we construct an auxiliary function that allows
us to establish the upper bound for T.

L(t) = H'7X(t) + 6/ (1),
where (t) = u(t) 3
By taking the derivative of L(#) and utilizing (5), we obtain:
L'(t) = (1— Q) H T(OH' (1) + 60 (1)
>(1-%- ch(sHX-X) HH'(#) +2Cs0 (/|3 + lu ()17 35, + H(D)).

Choosing 0 < ¥ < min{%, x} and making ¢ sufficiently small, we establish

L'(t) = Co(Ilw' I3+ uw(®T 355, + H),

where Cg is a positive number, so L(t) > 0 is an increasing function. Using the same
reasoning as in [1], we establish:

L'(t) > GLTR(H),  forallte[0,T], ©)
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where C; > 0 is constant and satisfies 1 < ﬁ < 2.
Then, a straightforward integration of (6) over (0, T') produces

phy 1

=l

therefore L(t) blows up in time
S =
Crx[L(0)] 7

(ii): In this section, we initiate the estimation of the lower bound of time T using a
series of energy mode estimation and inequality reduction techniques.

By multiplying both sides of the first equation by 1" and integrating over the domain,
we obtain the following energy mode estimate:

/(.)(u”u’ —u()Aur + h(u)u")dx =0

by Green’s formulas we have

ou
"dx = ()| wShar— [ uvadn) + [ nwidx =0
/Quux y()(aQuaV Quux) O(u)ux
Because of the bound condition of I in Equation (1), we obtain
/. u"u'dx — / |7 dT + / w'g(u)dT + u(t) / VuViu'dx + / h(u)u'dx = 0.
Jo Jry Jry Ja Ja

It is straightforward to derive that

AL g L rizgr 4 1 / 2 //”
dt<2/0|u|dx 7+2/1_1 [u dl"-l—zy(t) O\Vu| dx + A h(s)dsdx

:%P‘/(t)/ﬂ|Vu\2dx—/r g(u")u'dT. @)

1
Through the above calculation, we can deduce the result (2), and

E'(t) = %y’(t)/ﬂ|Vu\2dx—/r (! i/dT < 0. ®)

1

So
E(t) < E(0) = k.

It is straightforward to derive that
2
Y+2

2 2
<2k+ ,Y+2||”||7+2,r1- )

Y+2

2E(H) + —— 712,

Next, we will define an auxiliary function as follows:

F(t):/ \u\de/ \u\"’*zdr+(t*7t)/ g |23,
Q Q) Q)
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1%
Crx[L(0)]T

where t* > 0 is a time large enough; furthermore, we can set t* = then

=’
X

F'(t :2/ uu'dx + (v +2 / u'Yuu’dF—/ uq |27H34r.
() =2 [ wldx+ (y+2) [ [l
By using a series of inequality reduction techniques, we have
F’(t)g/ |u\2dx+/ \u/|2dx+g/ |/ Pr+3ar
+C / [SE0E=¥) / |y [PV 34T

g/ |u\2dx+/ |u'] 2dx+s/ [/ |27+3dr
0 0 a0

243
2y+4 1
+Ce (/ |u|7+2d1"> ! (meas(T))5+1 f/ 1127734,
Q) o0

e — Jooy lu1 277340

where C; is a constant depending on . Furthermore we choose 3 o WTTT small

enough so that
¢ / |/ PYH34r — / g P7H3T < 0,
oQ 0Q

then, we have

29+3

2v+4
F/(t)g/ |u\2dx+/ \u'|2dx+Cg</ |uw+2dr) " (meas (1)) 7.
Q O 20
Through (9) we obtain

/ 2 Y42
t)g/@\u\ dx+zk+—u w72

M
27+4 1
+C5</ \u\”’*%ﬂ") ! (meas(Tq))2r+

2
2 +2
/ juPdx + 2+ el

27+3
‘ 2 ‘
+ Col f le2ar) ™ meas(ri)) =+ 00 =) [l Far
JoQ)
2 a2
/\u\zderHquLn (t* —t)/ao|u1\ 7dr + 2k
+Cs(F(f))m(m€ﬂS(F1))m
29+3
< F(t) + 2k + Co(F(1)) 57 (meas(T1)) 755, (10)

where Co = Max;¢(,1){Ce}-
From Theorem 2, it is straightforward to derive that the solution of System (1) blows
up; as a consequence, we concluded that

lim F(t) =
[ F(8) =0

and by (10), we have

Jee ol <T.
7+3 1
FO) y 4+ 21+ Coy 7+ (meas(T'y)) 77

Finally, we complete the proof of Theorem 3. [
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References

Remark 2. Theorem 3 gives an upper and lower bound on the blow-up time, but does not analyze
the sharpness of the blow-up time. According to (10), we have

2943

F'(t) < F(t) + Ca(F(t))r7
with p = %Zy—ﬁ. This differential inequality may be reduced to a linear differential inequality by the
process of solving the Bernoulli equation. Moreover, we can obtain

(F(£)'7 = (F(0)' 7 + Coel" P =,

where C, is a positive constant. Hence, F(t) bounded for t € [0, T) with
T log{1+ = (FO)! ") < T
1-p 8 Ca -

if we let
u(x,0) = equg(x),u' (x,0) = equq (x),

where €1 and ey are small parameters. Then, we can determine the sharpness of the lower bound

2-2,
Culog(1+ ¢, Py < T(ep)
where g = max{ey, €p} and Cy, is a positive constant independent of €.
In the same way, we can obtain the sharpness of the upper bound

p_a—m
T(SO) g CM€g+ m+2

where Cyy is a positive constant independent of .

4. Conclusions

The present paper substantially expands upon T.G. Ha’s findings on the blow-up
solution to the wave equation with damping and source terms, which were initially in-
troduced in 2015. The main conclusions of this article are as follows: Firstly, through a
series of energy mode estimations and auxiliary function techniques, the result of both
upper and lower bounds for blow-up time is obtained. Based on these estimates, we obtain
the result of the local-in-time existence of the energy solution. In comparison to previous
studies, the most original contribution of this paper is the construction of a new auxiliary
function under nontrivial boundary conditions, which solves the problem of estimating the
bounds of blow-up time. Second, this work also delves deeper into how the source term
and damping term impact blow-up time, revealing their effects more comprehensively.
These insights provide valuable theoretical support and reference points for real-world
engineering applications. Moving forward, we will study the effect of increasing the vis-
coelastic term and the time delay term on the blasting of the equation solution, and then
estimate the upper and lower bounds of the blow-up time. Therefore, estimating the upper
and lower bounds of the blow-up time under the influence of the viscoelastic term and the
time delay term within the domain will be the focus of our next research.
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Abstract: In this research, we introduce and analyze a mathematical model for online social networks,
incorporating two distinct delays. These delays represent the time it takes for active users within the
network to begin disengaging, either with or without contacting non-users of online social platforms.
We focus particularly on the user prevailing equilibrium (UPE), denoted as P*, and explore the role
of delays as parameters in triggering Hopf bifurcations. In doing so, we find the conditions under
which Hopf bifurcations occur, then establish stable regions based on the two delays. Furthermore,
we delineate the boundaries of stability regions wherein bifurcations transpire as the delays cross
these thresholds. We present numerical simulations to illustrate and validate our theoretical findings.
Through this interdisciplinary approach, we aim to deepen our understanding of the dynamics
inherent in online social networks.
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1. Introduction

The emergence of online social networks (OSNs) has significantly reshaped the land-
scape of information dissemination and interpersonal connectivity over the last two decades.
Platforms like Facebook, Twitter, and Instagram have revolutionized how individuals ex-
change ideas and interact, profoundly influencing daily life. OSNs serve as virtual spaces
where users can present themselves, engage with others, and forge connections irrespective
of geographical boundaries. Their widespread adoption, particularly among tech-savvy
generations, has had far-reaching implications across various domains, such as education,
elections, and information dissemination. Understanding the intricate ways in which OSNs
influence societal, political, and economic realms, as well as individual behaviors, has
become increasingly imperative.

To better comprehend the dynamics of OSNs, mathematical models have been devel-
oped, offering profound insights into how social networks shape opinions and behaviors.
Noteworthy contributions include seminal works by, for example [1-11]. Many of these
models draw inspiration from SIR/SEIR disease-type models, providing a framework to
study OSN dynamics effectively. Interested readers can delve into classic and advanced
results on SIR/SEIR mathematical models and SIR/SEIR mathematical models with delays
in works such as those by [12-24] and references therein. Most recently, Barman and
Mishra [25,26] introduced a graph Laplacian diffusion into SIR/SEIR type network models
and carried out Hopf bifurcation analysis.

In the realm of OSN modeling, the total population N(t) at time ¢ is often partitioned
into three distinct sub-classes representing key populations within OSN dynamics: poten-
tial users, active users, and individuals opposed to OSNs, denoted by x(t), y(t), and z(t),
respectively. Cannarella and Spechler [2] introduced the “infectious recovery” SIR-type
model to analyze user adoption and abandonment of OSNs, later extended in ordinary,
fractional, and stochastic differential equation models as given in [3,5,6]. Graef et al. [5] ex-
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plored the following OSN model with demography to examine adoption and abandonment
dynamics, conducting both local and global stability analyses.

x'=A—axy—pux,
y' = axy —nyz— (u+0)y, M
Z' = nyz+ 6y — pz.

Motivated by existing research and the nuanced complexities of OSNs, Wang and
Wang [27] proposed a dynamic mathematical model capturing unique characteristics such
as users’ varying interests and the impact of time delays. Their model accounts for the
transition of potential users to active ones and the eventual abandonment of OSNs by
active users due to disinterest or interaction with those opposed to OSNs. This interaction
is described by a system of differential equations as follows:

¥ = A—axy—pux,
{ v o= axy—ny(D)z(t) —y(t — 1) —py, )
Z = B4ny(t)z(t) + oyt — 1) — uz,

where the parameters A > 0 and B > 0 represent the rates that newcomers come into the
community as either potential online network users or as people who are never interested
in OSNs. « > 0 denotes the contact rate between the potential and active OSN users;
i > 0 is the death rate for all people; 7 > 0 is the contact rate between active users and
people who are opposed to OSNs; § > 0 is the transferring rate describing the rate the
active users lose their interest and become opposing to OSNs; and T > 0 is the time delay
that represents the time for active users to starting abandoning the network. Wang and
Wang [27] performed a detailed analysis for System (2), including local and global analysis
for user free equilibrium (UFE) and UPE. Hopf bifurcation was also carried out using
the delay 7 as the bifurcating parameter. Conditions and critical values were found that
guarantee the occurrence of Hopf bifurcation.

Building upon prior work, considering the fact that it will take some time for active
users to disengage after interacting with non-users, we introduce the following refined
model that accounts for this time delay. Our proposed system of equations incorporates a
time delay p, representing the period for active users to abandon OSNs after contact with
non-users. This addition of a new time delay can indeed make it more representative of real-
world situations and more accurately representing real-world dynamics and improving the
reliability of predictions and control strategies. Notably, our model encompasses previous
formulations as special cases, offering a comprehensive framework to study the evolving
dynamics of OSNs

¥ = A—axy—pux,
y = axy—ny(t—p)z(t—p) = dy(t — 1) — py, ®)
Z = B+ny(t—p)z(t—p)+y(t — 1) — pz.

For System (3), define

f(z) = Aa(é +52) )

and

8(z) = py(a+ )2 + [u(p +8)(w+ 1) +9(pé — Ba)lz + (4 +8) (o — Ba).  (5)
Let Ry be the basic reproduction number defined by

A

T Byt u(uto) ©

Ro
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The following results are established by Wang and Wang [27].

Theorem 1. Let R be defined by (6). If Ry < 1, then System (3) has a unique user free equilibrium
Py = (A/u,0,B/u) and it exists for all parameter values. If Ry > 1, then System (3) has two
equilibria: Py and a unique user prevailing equilibrium P* = (x*,y*,z*), where z* is the unique
positive root of the equation f(z) = g(z), such that z* > B/, and x* and y* are given by

P P %)
o o
and «_p
* Hz© —

Theorem 2. Let Ry be defined by (6) and assume that T = p = 0. If Ry < 1, Py is locally
asymptotically stable; if Ry = 1, Py is neutrally stable; and if Ry > 1, Py becomes unstable, and P*
emerges and it is locally asymptotically stable.

The following result was established by Ruan and Wei [28] and will be used in this research.
Lemma 1. Consider the following exponential polynomial:

PAT,T, ) = /\n+u£0))\n71+”'+a510)
+ [agl))\”*l +F a,&w}e*"ﬁ
+ Ce

+ [agm))»”*l +-+ a,gm)}e*“m,

(@)
j
As (T4, T2, -+, T) changes, the sum of the orders of the zeros of P in the open right half plane can
change only if a zero appears on or crosses the imaginary axis.

where t; > 0 (i = 1,2,--- ,m) and a;” (i = 0,1,2,--- ,m;j = 1,2,--- ,n) are constants.

In this research, we were interested in finding out what network user dynamics the
new model presents, in particular, whether or not a Hopf bifurcation will occur for this
new OSN model after adding a time delay. In doing so, we performed a Hopf bifurcation
analysis for System (3) using two delays T and p as bifurcating parameters. We investigated
the Hopf bifurcations at the unique user prevailing equilibrium point when R > 1. Stability
regions were established in terms of two delays 7 and p. Conditions and critical curves
were obtained so that the Hopf bifurcation occurs as (7, p), passing through the boundary
of the stability regions.

The remainder of the manuscript is structured as follows: In Section 2, we delve
into Hopf bifurcation analysis concerning the interplay of two delays. We explore the
establishment of stability regions and identify critical values under scenarios where either
one delay is absent, or both delays are concurrently present. Our investigation delves into
the conditions conducive to Hopf bifurcations and delineates the associated implications.
To augment our theoretical insights, we present numerical simulations aimed at illustrating
the dynamics of the system under consideration.

Finally, Section 3 encapsulates our findings and conclusions drawn from the preceding
analyses. We synthesize the key insights gleaned from our study and discuss their broader
implications in understanding the dynamics of online social networks.

2. Hopf Bifurcation

From Wang and Wang [27], we know that the dynamics of System (3) is completely
determined by the basic reproduction number Ry when delays p = 7 = 0. In particular, we
know that when Ry > 1, the unique user prevailing equilibrium P* is locally asymptotically
stable. We are interested in the question of whether the delays p and 7 could cause the
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stability of the UPE P* to switch as they increase. In this section, we study the occurrence of
Hopf bifurcations using the delays p and 7 as the bifurcation parameters. Note that when
Rg > 1 there is a unique UPE P* = (x*,y*,z"). For this section, we always assume that
Rg > 1.

The characteristic equation of System (3) at the unique equilibrium P* when p,7 > 0
is the determinant of the matrix

Atay™+p ax* 0
= —ay* A p—ax* +yzte M 4 e nyte AP ,
0 —nzte M — ge T A p—nyre
which is
A+w)(A2+ar + b+ (A +d)e ™ + (A +h)e ) =0, 9)
where
a = 2u+ay’ —ax®,
b= plp+ay’ —ax’),
c = "=y, (10)
d = (@ -y)p+ay’)+ax’y,
h = p+ay’,

and x*,y*, and z* are given in Theorem 1.

One root of Equation (9) is A = —pu < 0. The other roots are determined by the
transcendental equation:

A2 ar+b+n(cA+d)e ™ +5(A+h)e T =0. (11)

We know that if Ry > 1 and p = 7 = 0, all roots of Equation (11) have negative real
parts and P* is locally asymptotically stable. Our interest is to see whether or not the delays
p and T cause the stability of P* to switch as p and 7 increase while Ry remains larger than
the unity. Due to Lemma 1, we need to investigate if a zero of Equation (11) appears on or
crosses the imaginary axis as p and 7 increases. Keep in mind that when Ry > 1, z* > B/,
see [27].

From (10) and using the expressions given in (7) and (8), we can obtain

(pz* = B) (a(n(B+n(z*)?) + 8 +6(u +2y2%)) + (6 +nz*)?)

b d+oh =
et Gtz )

>0

since z* > B/u. Therefore, A = 0 is not a root of (11). Therefore, there are no zero-
Hopf bifurcations.

2.1. Hopf Bifurcation When p = 0

For the case that p = 0, the Hopf bifurcation analysis was carried out completely by
Wang and Wang [27]. For completeness, we only cite key definitions and results here. We
refer readers to [27] for a detailed analysis. When p = 0, Equation (11) becomes

A+ aA+by+ (6A+c1)e T =0, (12)

where
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a = 2u+ay* +nzt —ax® —nyt,
by = yz +ulay™ +nz" —ax® —qy*) +agy*(x* + 25 —y*), (13)
g = o(u+ay’).

Now, let A = wi (w > 0) be a root to Equation (12). Plug it into (12), then w has to
satisfy the following equation:

w4 (a2 = 82 = 20w + 12 — 2 = 0.
Letp = w? and denote a; = a% — 02 —2bjand by, = b% — C%. Then, the above equation
can be rewritten as:
P>+ axp+by = 0. (14)

The following result is well known.

Lemma 2. For Equation (14), we have

(@) Ifbr <Oorifby =0anday <O, then it has a unique positive root.

(b) Ifax > 0and by > 0O, then it has no positive roots.

() Ifax < 0and by > O, then it has no positive roots z'fa% — 4by < 0; one positive root if
a3 — 4by = 0; and two positive roots if a3 — 4by > 0.

Plug a3, b1, ¢1, given in (13) and x*, and v, given in (7) and (8), into a, and by, and we have

5 1

ay =a3 — 8% — 2b, 72 P(z"), (15)

:W

*—B
bt = (B 1o

where

Pi(z) = —2n*u(a+n)2° + 2By (a + 1) + p(adp — 4ady — 200n%))22
+(B(4adn + 265% — 2ap) — 206% 1)z
+B2(7* + %) + 6%u* + 2B3(ad + ), 17)
Py(z) = (a*+1°)2% + (2ady + 209%)z + ad® + adp + aBy + 6%,
Ps(z) = (wp+n’p)z’ — (aBy® + By’)2?
- (—ad?u + adp® + aByu — 2Boy> — 382 p)z
—aB%y + aBo* — «Boy — B&*y — 28%u. (18)

We then have the following results; see Wang and Wang [27].

Theorem 3. Let Ry > 1, and let ap, by, Py and Ps be defined by (15), (16), (17), and (18). Assume
that Py and P3 have unique positive roots z1 and zp, respectively.
(I)  When any of the following conditions is satisfied, Equation (14) has no positive roots.
(1) zy =zpand z* = zy;
(2) z1>zpand zp <z* < zq;
() z* >max{z1,z2} and a3 — 4b, < 0.
(I) When any of the following conditions is satisfied, Equation (14) has a unique positive root.
(1) z1 < zpand z* < zp;
(2) z1 > zpand z* < zp;
(3) z* > max{zy,z,} and u% —4b, = 0.
(IIl) Equation (14) has two positive roots if z* > max{zy,zp} and a3 — 4by > 0.

166



Mathematics 2024, 12, 1321

Now assume that Ry > 1 and Equation (14) has at least one positive root. Solving p
from Equation (14) for the positive roots gives

1
Pt =] - P82y (a8 20)2 - 48R - D).

Note that if Equation (14) has a unique positive root, then it is p7. Let w® = /pT
and define

2 2
_ qw” —a1dw” —bicq
filw) = 4 52w?
and ( 2)
_ w(ajcr — b1d +dw
fz(w) - C% +52w2
Also define 7f,n = 0,1,2,--- ,as
1 + : +
o= (arccos fi(w™) +2n7) if fo(w™) >0,
5 = (19)
L (27 — arccos fi (wF) +2nm) i fo(w*) < 0.

Hence, 7,7 > 0 and Equation (11) has a pair of purely imaginary roots +iw® when T = 7,5

forn=0,1,2,---.

Theorem 4. Assume that Ry > 1 and let a>, by, Py, P3,z*, w™, T0+ be defined above. Assume that
Py and Ps have unique positive roots zq and zy, respectively. We then have the following results.
(I)  All roots of Equation (12) have negative real parts for all delay T > 0, if

(1) zy =zpand z* = z1, or

(2) z1>zpand zy < z* < zq,0r

() z* >max{z1,z2} and a3 — 4b, < 0.

Therefore, P* is locally asymptotically stable for all T > 0.

(I) There is a vy > O, such that all roots of Equation (12) have negative real parts for all
T € [0,7"). It has a pair of purely imaginary roots +icw™, and all other roots have negative
real parts when T = 1", if
(1) z1 <zpandz* < zp,0r
(2) z1>zpand z* < zp, 0r
(3) z* > max{zy,zp} and a% —4by, > 0.

Therefore, P* is locally asymptotically stable for all T < 1, . Hopf bifurcation occurs as T
passes through T = 1.

We use one numerical simulation to illustrate the above theoretical results. If we choose

A = 10,B = 02« = 01,57 = 05u = 02,6 = 04 Then we have

P* = (43.239,0.3127,7.4479), i.e., z* = 7.4479. Calculations show that Ry = 4.54545 > 1, and
a1 = 0.325082, by = 0.682603, c¢; = 0.092508.

Two polynomials P; and P3 can be found:

Py(z) 0.0392 + 0.0488z + 0.0044z% — 0.062°,
P3(z) = —0.042—0.0876z — 0.03z% + 0.03z°.

By Descartes’ Rule of Signs, both P; and P; have a unique positive root and they are
z; = 120208,  z = 2.43518.

We also find that
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a; = —1.41953, by = 0.457389.

Thus
a3 — 4b, = 0.185503 > 0.

Therefore, Condition (II)(3) of Theorem 4 is satisfied and a TO+ > 0 exists. Using (19), we
find that
7,5 = 0.440535.

According to Theorem 4, all roots of Equation (11) have negative real parts for all
T < 13, thus P* is locally asymptotically stable for all T < 7. When T = 7", Equation (11)
has a pair of purely imaginary roots, and all other roots have negative real parts. Hopf
bifurcation occurs as T passes across T = T, . See Figure 1 for solutions to converge to P*
fort=02< TJ' , Figure 2 for Hopf bifurcations to occur and periodic solutions to appear
when T = 7" = 0.440535, and Figure 3 for solutions blow out when T moves to the right of
7" = 0.440535.

X(t), y(t), z(t)

40
— x(t)
- % —0
% — 2
10
0 t
20 40 60 80 100
Figure 1. T = 0.2 < 7. Solutions converge to P*.
X(®), y(t), z()
50
40
— X
% —0
— )

20

0 t

20 40 60 80 100

Figure 2. T = 'L’O+ = 0.440535. Periodic solutions appear.

X(t), y(t), z(t)

4

30

20
0

t
20 40 60 80 100

Figure 3. T = 0.4406 > 1, . Solutions go to infinity.
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2.2. Hopf Bifurcation When T = 0
When 7 = 0, Equation (11) becomes

A2 fazA 4 b3+ 5(c3A +ds)e ™™ =0, (20)
where
a3 = 2u+0+ayt —ax’,
by = p(p+ay" —ax®)+6(u+ay”), (21)
C3 — Z* 7y*,
d3 = (" =y )(p+ay’)+ax'y"

Now, let A = wi (w > 0) be a root to Equation (20). When plugged into (20), separating
the real and imaginary parts gives

31 cos(wp) + fezwsin(wp) = w? — bz, (22)

nesw cos(wp) — day sin(wp) = —azw. (23)
Squaring both sides and adding them together yields

w4+ (a5 — 23 — 2b3)w? + b3 — y?d3 = 0.

Let ¢ = w? and denote a; = a% — 772c§ —2bz and by = b% — 112d§. Then, the above
equation can be rewritten as:
7 +a4q+by=0. (24)

Plug a3, b3, c3 and d3 given in (21) and x* and y* given in (7) and (8) into a4 and by,
calculations yield

ay =a3 —n°c; — 2b3 = (5+’12*)2Q1( ) (25)
by =b3 — nzdz—((fj _ ))4@2( Qs("), (26)

where Qj, Q; and Q3 are polynomials of z, such that

Qi) = 2Pl — )2 + (u(oPp — 4ady + 2692 + 2By ( — )22
72((5;1(0«5 —1u) + B(azy — 2001 +42(5 — y)))z
+B? (ocz - 172) +2aBé* + (52;42, (27)
Q(z) = ad®+adp+aBy+ 6%y 4+ an?2® + 132% + 2adyz + 205z,
Qs(z) = —n’pula+3n)2>+y(2u(ap —35y) + By(a+1))2?
+ou(a(6+ ) —36n) + By (26 — o)z
+B(8% —a(~By+ 82 +p)). (28)

Note that Q1 (z) is a degree three polynomial with Q; (B/u) = B2y? + 2Béyp + 62u? >
0. Obviously, Qz(z*) > 0, and puz* — B > 0 as z* > B/ if Ry > 1. Q3(z) is also a degree
three polynomial of z, such that

2B%  4B%n?

—2B&% <0
p -

Q3(B/p) = —

and
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Q3(B/u) <0

if B> 0.
Applying the results of Lemma 2, we have the following results.

Theorem 5. Let Ry > 1, and let Q1 and Q3 be defined by (27), and (28). We then have:

(D)  IfQi(z*) > 0and Qs(z*) > 0, then Equation (24) has no positive roots.
(I If Qs3(z*) < 0, or if Q3(z*) = 0 and Q1(z*) < O, then Equation (24) has a unique
positive root.

Now assume that Ry > 1 and Equation (24) has at least one positive root. Solving g
from Equation (24) for the positive roots gives

1
75 = 5| = (@ = 173 — 2b3) + \ (a3 — 12 — 20)2 — 4(13 — p2B}) |

Note that if Equation (24) has a unique positive root, then it is 4. Let w* = /g%.
Solving for sin(wp) and cos(wp) from (22) and (23), we obtain

(d3 — asc3)w? — bads

cos(wp) = =g1(w)
n(Gw? + d3)
and
sin(wp) _ (JJ(C3(4_]2 + asds — b3C3) _ gz(w)
n(cw? +d3)
Define pf,n =0,1,2,---,as
L (arccos g1 (w™) + 2n7) if go(w®) >0,
o = (29)
L (27 — arccos g1 (w*) 4 2n7)  if go(w*) < 0.

Hence, p;° > 0 and Equation (20) has a pair of purely imaginary roots +iw* when p = p-
forn = 0,1,2,--- . Next, we attempt to establish the transversality condition for Hopf
bifurcation. For p > 0, let

Mp) = a(p) + iw(p) (30)

be the root of Equation (20), satisfying

a(oy) =0, w(py) = w*.

Differentiating both sides of Equation (20) with respect to p gives

_ (a2 —
Re(d—)\) ' — ﬂ, 31)
dp ) ot A5+ Gw?

Note that a2 — 4by > 0 since in this case Equation (24) has two positive roots. We thus

a7t )t
established that Re <%> . >0and Re(W) ~ < 0. The discussion above establishes
P=Pn P=Pn

the following stability and Hopf bifurcation results.

Theorem 6. Assume that Ry > 1 and let ay, by, Qq, Qg,z*,aﬁ',po+ be defined above. We then
have the following results.

(D IfQi(z*) > 0and Q3(z*) > 0, then all roots of Equation (20) have negative real parts for all
delay p > 0. Therefore, P* is locally asymptotically stable for all p > 0.
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(D) IfQs(z*) <0,0rif Q3(z*) = 0and Q1(z*) < O, then there is a pj > 0, such that all roots
of Equation (20) have negative real parts for all p € [0, pg ). It has a pair of purely imaginary
roots i, and all other roots have negative real parts when p = pg . Therefore, P* is locally
asymptotically stable for all p < pg, and is unstable for all p > p/ . Hopf bifurcation occurs
as p passes through p = pg.

If we choose the same parameter values as in Section 2.1,i.e., A = 10,B = 0.2, =0.1,
7 =0.5u=0.2,0 = 0.4. Then we have P* = (43.239,0.3127,7.4479), i.e., z* = 7.4479. We
also have Ry = 4.54545 > 1, and calculations give

Qi1(z)
Q3(z)

Therefore, Q1 (z*) = 15.6992, Q3(z*) = —37.87 < 0, which means that the condition (II) of
Theorem 6 is satisfied, and a pj > 0 exists. Actually, calculations yield

0.0032 + 0.0048z — 0.0156z2 + 0.042°,
0.0132 — 0.0092z — 0.086z> — 0.08z>.

pg = 0.0474351.

That means that all roots of Equation (20) have negative real parts when p < pg; there-
fore, P* is locally asymptotically stable for all p < pg .Whenp = par , Equation (20) has a
pair of purely imaginary roots, and all other roots have negative real parts. Hopf bifur-
cation occurs as p passes across p = pg . See Figure 4 for solutions to converge to P* for
0 =0.02< pa' , Figure 5 for Hopf bifurcations to occur and periodic solutions to appear
when p = p = 0.0474351, and Figure 6 for solutions blow out when p moves to the right
of pj = 0.0474351.

x(B), y(t), z()

40
—x()
%
= — ¥
2 —2(Y
10
AN A~ t
20 40 60 80 100
Figure 4. p = 0.02 < p; . Solutions converge to P*.
X(1), y(), z(t)
40
— x(t)
P — 0
— z(t)

— t

20 40 60 80 100

Figure 5. p = pJ = 0.0474351. Periodic solutions appear.
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20 10 60 % 100
Figure 6. p = 0.05 > p; . Solutions go to infinity.

2.3. Hopf Bifurcation When p > 0 and T > 0

Now, assume that p > 0 and 7 > 0. Let A = wi (w > 0) be a root to Equation (11).
Plug it into (11), and separate the real and imaginary parts, we obtain

cqwsin(pw) 4 dycos(pw) = w? — b — dwsin(tw) — Sl cos(Tw), (32)
cnw cos(pw) —dysin(pw) = —aw — dw cos(Tw) + Shsin(tw). (33)
Squaring both sides and adding them together yields

26[w(ah — b+ w?) sin(tw) + (w?(h — a) — bh) cos(Tw)]
— w4+ (u2 +52 _2ph— C2’72)w2 —|—b2 +h252 _d2’72

which is equivalent to

sin(6 + wr) = wt + (2 + 62 — 2b — 2y?)w? + b2 + h28? — d?y?
26+/(h? + w?) (a2w? + (w? — b)?) ’

where
0 = arcsin (- u)w2 —bh
V(2 + w?) (22w + (w2 —b)2)’
Let
F(w) = sin(6 + wT) (34)
and

G(w) _ w4 + (a2 _'_‘52 _2h— 627]2)602 + b2 +h2¢52 _ d27]2 (35)
26~/ (12 + w?)(a2w? + (w? — b)?) '

Now, we study the existence of positive solutions to the equation

when T > 0. First, note that if w = 0, then we have

(h—a)wz—bh _;b_{ 1, ifb<0,
V2 0?)(@2w? + (2 —b)2) bl -1, ifb>0.
Therefore, it follows that

B 1, ifb<0,
F(O)*{—l, ifb> 0.

( )_ b2+h2(527d2172 B b2+h2(52 3 d2172
B 25h|b| " 20h|b| 26hb|

we also have
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and G(w) — o0 as w — oo. Also note that F has a sine-shaped curve. If the equation
F(w) = G(w) has positive solutions, it has only a finite number of solutions.
Solving Equations (32) and (33) for cos(wp) and sin(wp), we obtain

acw?+bd+0 cos(Tw) (cw2+dh) +éw(d—ch) sin(tw)—dw?

cos(wp) = (R d?) =y (w) (36)
bew—&sin 2 Seo(d— 3
sin(cup) _ adw—bew—4's (Tw)(c;zcztz}izhz;))w(d ch) cos(tw)+cw _ hz(w). 37)

For values of 7, such that F(w) = G(w) has positive roots, assume that 0 < w; <

wy < -+ < wy are the roots, and deﬁnepﬁ(,j =12,---,mandk=0,1,2,---,as
. wl/ [2k7t + arccos iy (wj) ] if  hy(wj) >0, %)

Pik wi] [27t(k +1) — arccos by (wj)]  if  ha(wj) < 0.

It follows that for every 1 < j < m, k =0,1,2,---, p]f*,; > 0 is a function of T on some
interval and for each j, p;]r( are defined on the same interval for all k. There are a number of
different cases in terms of functions p]f*,'(. We list a couple of cases here. For more information

regarding the stability regions if a system has two delays, see Hale and Huang [29] and
Wang [30].

Theorem 7. Assume that Ry > 1. Let a,b,c,d, and h be defined by (10), and aq, by, and cq be
defined by (13). Also let F, G be defined in (34) and (35). We then have the following results.

(I)  Equation (14) has no positive roots. Then

e Ifthe equation F(w) = G(w) has no positive solutions for any T > 0, then all roots of
Equation (11) have negative real parts for all delays p > 0 and T > 0. Therefore, P* is
locally asymptotically stable for all o > 0 and T > 0. The stability region of P* is the
whole first quadrant of the (T, p) plane.

e Ifthe equation F(w) = G(w) has positive solutions for some T > 0, then there exists
a p(t) > 0, such that all roots of Equation (11) have negative real parts for all delays
0 < p < p(1). When p = p(7), it has a pair of imaginary roots Liw, and all other roots
have negative real parts. Therefore, P* is locally asymptotically stable for all p < p(T),
and Hopf bifurcations occur as p passes through p(t). The stability region of P* is the
region given by

{(tp): 0T <00, 0<p <p(7).}

(I)  Equation (14) has positive roots. Thus, a 1y > 0 exists and is given by (19). Then

e Ifthe equation F(w) = G(w) has no positive solutions for any 0 < T < T, then all roots
of Equation (11) have negative real parts for all delays p > 0and 0 < T < ;. Therefore,
P* is locally asymptotically stable for all (T, p) in the region {(t,p) : T < 15 ,p > O}.

e Ifthe equation F(w) = G(w) has one positive solution for all 0 < T < 7, then there
exists a p(T) > 0, such that all roots of Equation (11) have negative real parts for all
delays (t,p) in the region R = {(t,p) : 0 < T < 1, p < p(7)}. When p = p(7), it
has a pair of imaginary roots %icw, and all other roots have negative real parts. Therefore,
P* is locally asymptotically stable for all (t,p) in R, and Hopf bifurcations occur as
(T, p) crosses through the curve given by p = p(7).

Again, we perform some numerical simulations to illustrate our theoretical results.
First, if we choose the same parameter values as in Sections 2.1 and 2.2 as A = 10,
B=02,a =017 =05u = 02,6 = 0.4 Then, we have P* = (43.239,0.3127,7.4479),
Ro = 4.54545 > 1. In this case, both 7" > 0 and p; > 0 exist, and they are

15 = 0440535,  pf = 0.047453.
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A function p(T) > 0 as a function of T can be found using (38), such that the stability
region S in the Tp-space can be identified. P* is locally asymptotically stable for all (7, p)
in the interior of S, and Hopf bifurcation occurs as (T, p) passes across the boundary of
S, where

S={(t,0):0<T<1,0<p<p(7)}

See Figure 7 for the stability region S and Figure 8 for solutions to converge to P*
when (7,0) = (0.1,0.1) is in the interior of S. Also see Figure 9 for Hopf bifurcations to
occur and periodic solutions to appear when (7, p) = (0.2,0.0314633) is on the boundary
of the stability region S, and Figure 10 for solutions blow out when (7, p) moves out of the
stability region S.

L L L L L )
-0.1 0.0 0.1 0.2 0.3 04 0.5

Figure 7. The stability region.

x(B), y(t), z(t)

. \/V\/\/\/\/\/\/\M,W
—x()

W . N N t
20 40 60 80 100

Figure 8. 7 = 0.1,0 = 0.01, (7,p) € S. Solutions converge to P*.

x(B), y(t), z(t)
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Figure 9. T = 0.2, p = 0.0314633. (7, p) is on the boundary of S. Periodic solutions appear.
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20 40 60 80 100
Figure 10. 7 = 0.2, p = 0.04. (7, p) is outside of S. Solutions go to infinity.
Next, if we choose the parameter valuesas A =2,B = 0.2,0 = 0.3,7 = 0.5, u=0.3,

§ = 0.1, then we have P* = (4.8471,0.37484,2.1094), and Ry = 2.72727 > 1. In this case,
calculations show that:

ay = 0.629726, by = 0.0992197.

So, Equation (14) has no positive roots, and that implies that 7,” > 0 does not exist. But in
this case, pJ > 0 exists, and
pg = 0.325204.

A function of p(7) > 0 as a function of T can be found using (38), such that the stability
region S in the Tp-space can be identified. P* is locally asymptotically stable for all (7, p) in
the interior of S; Hopf bifurcation occurs as (T, p) passing across the boundary of S, where

S={(t,p):0<7,0<p<p(1)}

See Figure 11 for the stability region S, Figure 12 for solutions to converge to P* when
(t,p) = (0.1,0.1) is in the interior of S, and Figure 13 for Hopf bifurcations to occur and
periodic solutions to appear when (T, p) = (1,0.2413) is on the boundary of the stability
region S. As (T, p) moves out of the stability region S, solutions will blow out to infinity.

It’s similar to cases above, so we omit a numerical simulation here.

p
041

0.3

0.2

0.1

I
T
0.0 0.5 1.0 15 2.0 25 3.0

Figure 11. The stability region.

175



Mathematics 2024, 12, 1321
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Figure 12. 7 = 1,p = 0.18, (7,p) € S. Solutions converge to P*.

x(), (), z(t)

Lt
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Figure 13. T = 1,p = 0.2413. (7, p) is on the boundary of S. Periodic solutions appear.

3. Discussion

In this paper, we introduced and explored a mathematical model for online social
networks, wherein the population is categorized into three distinct sub-classes: potential
network users, active users, and individuals opposed to networks. Diverging from existing
literature, our model accounts for the presence of individuals who will never express
interest in using online networks. Additionally, active online social network users may
exhibit a tendency to lose interest and subsequently abandon the platform over time,
with or without interacting with non-users.

Assuming that the basic reproduction number R exceeds unity, we delved into an
investigation of whether time delays affecting active users” abandonment of the network
can induce a switch in the stability of the unique user prevailing equilibrium (UPE) denoted
as P*. We established conditions ensuring the asymptotic stability of P* for all delays T > 0
and p > 0, enabling individuals across all three sub-classes to settle into equilibrium
over time. Furthermore, we identified stability regions and associated conditions under
which Hopf bifurcations occur as the delays (7, p) traverse the boundaries of these regions.
Consequently, periodic solutions emerged, leading to oscillations in the populations of the
three sub-classes.

To validate our theoretical findings, we conducted numerical simulations, providing
empirical evidence to support the dynamics predicted by our model. Through this compre-
hensive analysis, we shed light on the complex dynamics inherent in online social networks
and elucidate the role of time delays in shaping equilibrium states and oscillatory behavior.
Our study contributes to a deeper understanding of the underlying mechanisms driving the
evolution of online social networks, with implications for diverse fields including sociology,
network science, and computational modeling.
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1. Introduction

We examine the system of fractional g-difference equations

(Dtu) (v) + f<v,u(v),v(v),Iﬁlu(v),Iglv(u)) =0, ve(0,1),

1)
(Df,v) (v) + g(1/,u(v),v(v),lf,zu(v),I;“V(v)> =0, ve(0,1),
subject to the multi-point boundary conditions
D’(]u(O) =0,1i1=0,...,n—2, Dgu(l) S Z aiDd’u(gfi) + Z biDqlV(wi),
i=1 i=1 (2)

c 0
Div(0) =0, i=0,...,m—2, Div(1) =Y ¢Dlu(g;) + Y d;D5v(6;).
i=1 i=1

Here, q € (0,1), 0, € R, a € (n—1,n],p € (m—1,m], n,m € N, n,m > 2;
a,b,¢,0 € N;g 0,1 € 0,0 —1); 8,07,0 € [0,8—1); a;,bj, ¢, d, € R; &, w;j, G, 0, € (0,1);
D’é is the fractional g-derivative of order «, for x = «, 8,6, 9, 0;, T, s P1r foralli=1,...,q,
j=1...6k=1,...,¢1=1,...79; D’g represents the g-derivative of order p, for
p=0,....n—2andp =0,....m—2; 6,7 > 0forr = 1,2; I’; is the fractional g-
integral of order x, for k = J;,7;, i = 1,2, and F, G are nonlinear functions satisfying
some assumptions.

In this paper, we aim to set forth conditions on the functions 7 and G that guarantee
the existence of at least one solution to problem (1), (2). Our proofs will make use of various
fixed-point theorems, including the Leray-Schauder nonlinear alternative, the Schaefer
fixed-point theorem, the Krasnoselskii fixed-point theorem for the sum of two operators,
and the Banach contraction mapping principle. Furthermore, we will include references
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to relevant literature closely associated with our investigated problem. In [1], the author
studied the existence, uniqueness, and multiplicity of positive solutions for problem (1), (2)
under different assumptions than those used in our present paper. The associated Green
functions are constructed, and some of their properties are presented. For the proof of the
principal findings, the author employed in [1] a range of fixed point theorems, including
the Schauder fixed point theorem, the Leggett—Williams fixed point theorem, and the Guo-
Krasnosel’skii fixed point theorem. Therefore, the methods used in [1] are distinct from
those we will apply in our paper. In [2], the authors investigated the system of nonlinear
fractional g-difference equations

{ (D) + (a0 (0, 13(0) =0, te (0.1) @
(DFv)(t) + Q(t u (t)rV(t)II‘q"2 (1), I7v(1) =0, te (0,1),
with the coupled nonlocal boundary conditions

fu(0)=0, i=0,...,m— COu = ! éV )d

Diu(0) =0, i =0,...,m—2, D{u(1) /Dq LH(), “

Div(0) =0, i=0,...,n—2, D{v( / Diu(t) dgK(t),

where q € (0,1), a1,a0 € R, g € (m—1,m|,ap € (n—1,n|,mn e N,m>2,n>2,
w;>0,6>01i=12,7¢ [0,062 — 1), ¢ € [0,111 — 1), lo € [0,0&1 — 1), Go € [O,IXZ — 1),
the integrals from (4) are Riemann-Stieltjes integrals, and H and K are bounded variation
functions. Utilizing diverse fixed-point theorems, they established results affirming the
existence and uniqueness of solutions to problem (3), (4). In [3], the authors analyzed the
existence of solutions to the fractional g-difference equation subject to nonlocal bound-
ary conditions

{ (DEu)(t) = f(t,u(t)), forae. te (0,T),
T 5)

T
u(0) —u’(0) =/0 h(s,u(s))ds, u(T)+u'(T) :/0 g(s,u(s))ds,

where T > 0, q € (0,1), B € (1,2], and CDg is the Caputo fractional g-derivative of
order «. In demonstrating the main result, they employed the Monch fixed-point theorem,
and the method of measures of noncompactness. In [4], the authors examined the existence,
uniqueness and multiplicity of positive solutions to the fractional g-difference equation
supplemented with nonlocal boundary conditions

(Dhu)(t) +g(tu(t) =0, te (0,1), ©
(Dqu)(0) =0, i=0,...,m—2, (Dgu)(1) = a(Dju)(n),

where ¢ € (0,1),p € (m—1,m], m > 2,v € [I,m—2], 7 € (0,1), a € [0,1], and
g :[0,1] x [0,00) — [0, ) satisfies Caratheodory type conditions. In proving the main the-
orems, they utilized multiple fixed-point theorems. In [5], based on the Guo-Krasnosel’skii
fixed point theorem, the author explored the existence of positive solutions for the fractional
g-difference equation subject to boundary conditions

{ (Dv)(t) = —g(t,v(t)), te (0,1), -
v(0) = (Dgv)(0) =0, (Dgv)(1) = p

where q € (0,1), v € (2,3], 8 > 0,and g : [0,1] x R — R is a nonnegative continuous
function. In [6], the author studied the existence of nontrivial solutions for the nonlinear
g-fractional boundary value problem

{ (Dqv)(t) = —g(t,v(1)), te (0,1), ®)
v(0) =v(1) =0,
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where q € (0,1), v € (1,2], and g : [0,1] x R — R is a nonnegative continuous func-
tion. To prove the main results, he also used the Guo-Krasnosel’skii fixed point theorem.
For other research works that investigate fractional g-difference equations and systems of
fractional g-difference equations with either coupled or uncoupled boundary conditions,
we refer the reader to the following papers [7-14].

The domain of g-difference calculus, commonly known as quantum calculus, finds
its roots in the seminal contributions of Jackson [15,16]. For a comprehensive exploration
of diverse applications within this field, readers are encouraged to delve into the research
conducted by Ernst [17]. The inception of fractional g-difference calculus can be traced
back to the works of Al-Salam [18] and Agarwal [19]. To stay updated on advancements
in this subfield, covering g-analogs of integral and differential fractional operators, along
with properties such as g-analogs of Cauchy’s formula, the fractional Leibniz g-formula,
g-Taylor’s formula, g-Laplace transform, and g-analogs of the Mittag—Leffler function, see
the papers [19-31].

The novelty aspects of our problem (1), (2), compared to that examined in [1] are the
following. In our paper, we study the existence of solutions for problem (1), (2), in contrast
to [1], where the author investigated the existence of positive solutions for (1), (2). For
this reason, the assumptions on the orders of the fractional derivatives in [1] are stronger
than those used here, and they assure the nonnegativity of the associated Green functions.
Indeed, in [1], the orders ¢ and ¥ must be greater than or equal to 1, an assumption that
does not appear in our present work. In addition, in [1], there are connections between ¢, ¢;
and g fori=1,...,aandk =1,..., ¢, on the one hand, and 9, (T/andp, forj=1,...,band
t=1,...,0, on the other hand. Namely, 0; and 7, are less than or equal to g, fori =1,...,a
andk=1,...,¢,and o and p, are less than or equal to ¢, forj =1,...,bandt =1,...,0.
These last conditions are not used in our paper. Furthermore, the theorems applied in the
present paper are different than those utilized in [1]. Related to paper [2], the differences
between [2] and our paper are in the form of boundary conditions, which in our case
(boundary conditions (2)) are more general than the conditions (4); our conditions (2) are
generalized coupled boundary conditions.

Our paper is structured as follows: Section 2 presents auxiliary results essential
for the subsequent sections. In Section 3, we unveil the primary existence results for
the problem (1), (2). Moving on, Section 4 offers illustrative examples to showcase the
applicability of our theorems. Finally, Section 5 concludes the paper by providing a
summary of the findings and presenting comprehensive conclusions.

2. Auxiliary Results

This section provides initial findings that will be utilized in subsequent sections. We
begin by examining the linear system associated with our given problem (1), (2), namely

{ (D%u)(v) +h(v) =0, v e (0,1), ©)

(Dg’v)(v) +k(v)=0, ve(0,1),

with the boundary conditions (2), where &, k € C[0,1].
We introduce the constants

Tq(a) a Tq(w)  a—0—1
A=—2" Y @ aenl
[ o sl DL o e

oy TalB) gt e Tal®) g
Az*i;bqu( *‘Ti)wi - A gclfq(afm)éf 4 (10)
_ _TalB) vy TalB)  gppim
MRG0 LG

’
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Lemma 1 ([1]). If A # O, then the solution (u(v),v(v)), v € [0,1] of problem (9), (2) is given by

a—1
+"A i f“ [0 e d
ML gy G ) dyr
¢ c; Ci
- — . gr)le—ni—1)
a—1 b
VA A“qu 5 o) / (wi — q1) B~ Dk(1) dgt
i=1
A 1 e
+Wil”/() (1_C[T)(ﬁ 4 1)k(T)qu
; di b —0.—
MYy G ”k(r)dqf] ve), a1
A1 : i Gi
V=5 [Al Yy b G h dge
As ! _ (o 1)
Jrrq(”‘—G)/O(l qr) T h(T) dgT
< a; Gi (a—qie1)
ML b G 1h(f>dqf]
L - gr)6D
rg(/lg)/ (1 q7) 1 k(t)dqt
v 1 o (Bet-1)
Aa[rq(ﬁd‘ 9) /09(1 q7) P Vk(r) dg
- i "6, — qr)B-pi-D)
A];rq(ﬁ*pi)/o (91 CIT) poi—1 k(T)d T
b b,‘ Wi -
ABE rq(,B_Otl)\/O (wz 7qT)<ﬁ i )k( )qu:|, Ve [O 1}

By the definition of fractional g-integrals, we obtain the next lemma.

Lemma 2. The following relations are satisfied:

" ﬁ/ov(“ q0) @V dyr = ﬁ (= 1)), v>0,

1 I I
rq(/‘ﬁ1 / = Vgr = T,(B+1) <1 (Iql)(V)), V>0,
= —qr)le—1) _

()rq('x—g)-/o (1-a7) gl’jl"T_rq(oc—ngl)'

I S AP PE ) S SR
@ gy fp 1= et = ey

© / UG L P— =10
Tq(a—ai) Jo ! rq(“;%i"‘l)
1 G ~ g
( _gr) @) g o — L ,i=1,...,¢
ﬂrq(’x—’?i) 0 (& —av) 1 rq(lX—Zi-‘rl)
1 wW; wvim
s — (:6*‘7171) =t :1 ...,b,
o1 (ﬁ—m/ R A S
't (ﬁ pi) Jo T Te(B-pit 1)
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Lemma 3 ([1]). Ifw € C[0,1], then for x > 0, we have

[[wll
<t T Yveo,1], (12)

Gw(v)

where ||w|| = sup,cfoq) [w(v)].
We consider now the Banach space U = C([0,1],R) with the supremum norm
[[ull = sup,c[oq [u(v)], and the Banach space V = U x U with the norm || (u, v)|ly = [u| +

|[v]]. We define the operator £ : V — V, E(u,v) = (&1(u,v), E(u,v)), with &, &V — U
given by

E1(u,v)(v) = — w /(v—qr D) Fou (1) dgt
o 7./0 (17q1')("‘ 5~ ])}'uv(r)dq"r

a; Gi N—0i—
—N\y E Fi)/o (i — CIT)( o 1)}—uv(T) dqT

S Tala—a
—Aa i; ﬁ /Ogi(éi — 7)Y Foy (1) dqr}
e R e R L N TR
(22 5 [, 1= a0 G0 (1) e
,Azi; ﬁ ./0'9"(9,- — q) B Gy (1) qu}, velo], ;
EZ(U,V)(V):$ —m;ﬁ Oéi(gi_qT)(%m-fl)]:uv(T)qu )
g A R g
5;@ [ (= a0 G () dye

1
g [ (1 a0 G (2) gt

2 d; B;
- —t (B—pi—
Alzrq(ﬁ_.“i) Jo (6; —a1) guv(T)qu

b , w;
—A34 b; 4 /0 (w; — qr) B=7" DG (1) dq'r], v e [0,1],

for (u,v) € V, where Fyy (T) = }'(T,u(T),V(T),Ifllu(r),lg]v(r)), Guv (1) = G(t,u(7),v(7),
Iffu("(),lgzv(”r)), forany 7 € [0,1].

By Lemma 1, we see that (u, v) is a solution of problem (1), (2) if and only if (u,v) is a
fixed point of operator €.

3. Existence of Solutions

In this section, we will outline the principal existence results for the problem defined
by Equations (1) and (2).
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We introduce the fundamental assumptions that form the basis of our theorems.

(J1) € (0,1), 0, e R, a € (n—1n),pe (m—1,m],n,meN,nm>2ab,.decN;
G 0i, Mk € [0, — ) 9, oj,pi € 0,8-1); ai,bj,ck,dl cR; gi,wj,Ck,BL € (0,1), for all
i=1,...,0j=1...,bk=1,...,¢1t=1,...,0; 0,7 >0forx =1,2; A # 0 (given
by (10)).

We also define the constants

Y _# |A |;+‘A|Z|”‘L
1_T(4X+1) IAI T, (w ! ’ 0i+1)
g”‘ i
A ,7
el el |
Y. _L \A\;+\A|Z|b|L
2*\\ N (B—0+1) 4 Tq(B—0i+1)
9)6 pz
A -t
1 1 ézx o (14)
Y3 = — ||A3] —/————— + |A P
3 ‘ ‘ ‘ 3‘1—~( §+1 +| 3‘2‘”1' Q+1)
g"‘ i
+|A1\Z\C1|ﬁ
1 1 1 b WP
Yi= gy o [Mle e 1A bt
CREE Sl Ea TR P M Y
ﬂ*ﬂi
A di| =—"——<
+| 1\2\ BT |

Under assumption (J1), we remark that Y; > 0, Y2 > 0, Y3 > 0, Y4 > 0, and so
Y1 +Ys>0,Yy+Yy >0

The initial existence and uniqueness theorem for problem (1), (2) is as follows, relying
on the Banach contraction mapping principle, as detailed in [32].

Theorem 1. Suppose that (J1) holds. In addition, we assume that the functions F, G : [0,1] x R* — R
are continuous and satisfy the condition

(J2) There exist the functions H;, K; € C([0,1],Ry), i =1,...,4, (Ry = [0,00)), such that

'S

| F(v,u1,up,u3,us) — F(v,v1,vo,v3,va)| < Y Hi(v)|u; — vy,
i=1 (15)
Ki(w)lui = vil,

[\1»

|G(v,uy,up,u3,uy) — G(v,vy,vo,v3,vy)| <

—_

i=

forallve[0,1)andu;,v;eR,i=1,...,4

If
@0 <1, (16)
where Oy = max{©1,0,},
(e b3 )
0, = (h] (§h+1)>(Yl +Y3) ( + rq(52j1)>(Y2+Y4), 17)
0= (14 £ ) 0+ 0 (84 ) 020

184



Mathematics 2024, 12, 1335

and b = sup,cpoq Hi(v), & = sup,cjoq) Ki(v), i = 1,...,4, then the boundary value prob-
lem (1), (2) has a unique solution (u(v),v(v )) velo, ]

Proof. We denote by &1 = SUp,co1] |F(v,0,0,0,0)| and &y = SUp,cio1) |G(v,0,0,0,0)|.
We consider the positive number

E1(Y1+Y3) + Ea(Y2 +Yy)
- 1 _ @0 7

(18)

and lettheset Q = {(uw,v) € V, ||[(uw,v)|ly < R}.
We will show firstly that £(Q) C Q. For this, let (u,v) € Q, thatis |Ju]| + ||v]| < R.
Then, by (J1) and Lemma 3, we obtain for all v € [0,1]

| Fav ()| = [F(v,uv), v(v), I u(v), Iv(©)|
< \]—'(v,u(v),v(v),Iﬂlu(v),lglv(v)) - F(v,0,0,0,0)| +[F(v,0,0,0,0)|
< H1(V)[u(v)] + H2(v) [V (V)| + Ha (V)1 u(v)| + Ha(v) |1V (v)| + B

* x ol [[v]] -
§h1||uH+b2HV||+h3r ((5 +1) 4rq(,\rl+l)+‘:‘1

(e N\ b _

= (i + 5! ||+(nz gy IVl 1= A
[Guv (V)| = \Q(V, (v),v(v),1u(v), IPv(v ))\

< \g(v,u(v),v(v),Iﬂzu(v),Igzv(v)) —G(v,0,0,0,0)| +|G(v,0,0,0,0)|

< K () [u(w)] + Ko (v) [V (v)| + K (v) [I2u() | + Ky (v) 1PV (v)] + B,

(19)

bl e o
<€ ||ull +e5||v|+ € + &
> lH || 2!*” 3rq(52+1) 4r%£72+1) 2
=6+ 6+t ) By = Byy.
(5+ s Ml + (8 + gy M +22 =2 B
Therefore, we find
S0 < i [ 0= Fa ()T
1
+m[| u—/ (1 q0) S D] Fur (1)) g
a DL
i s 'Z‘Q)/ D) Py (1)
< c Gi e
+|A2|Zl:ﬁ/o (i —qr)e 1>]:uv(T)qu}
1

b
|A| | 4|Zr ([Lb_‘al / (“Jz_qT)ﬁ i |guv( )|dq
Hal g 19)/ (1= 47) =01 (G (1)) dgT

D
el & it qr><ﬁﬂf1>guv(r>dqr]

<Auv{i/ (v—gn) @ Vdgr 4+ — 1 {\A4|¥/1(1—QT)(“7€71)11 -
- Tq(a) Jo 4] T(w—¢) Jo !
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Gi
ML s [ @ m e

“_Qz
c i o
+|Az|2%l,7)/o (i —qr) l)qu”
b b; wi o
\A4|Z _nl / (w; —qr) P~ Vd,r

“V\A\ Tq(B—0i)
+\A2|r(ﬁ 19)/ —q7) 5‘91>dr
; W (B-pi-1)
+1A2 |Z )/ (0; —qr) PP dyT (20)
v"‘ LA
= Auv ﬁ |A\ ‘A4|F(o¢7 ‘ 4\Z|ﬂz|ﬁ
g
+|A2|201MJ}
1 w! ™% 1
+Buv‘A‘ ‘A4|Z| 1|1—~ (ﬁ o; +1) +|A2‘Fq(ﬁ—l9+1)
B—pi
0:
+\Az|2|d|7r Bopr)| S A1t BuYa Vve(0],

and

120, v)(v)] < ‘1—|

5 |Ci| G . a—1y;
D e W R RO T

(& =1:) Jo
1
Hl =gy =)D ()
#10a] © s [ = am eV At )dqr}

S T
; — qr)(B-0-1)
+WDA |w/ (1—qr) PV |Guy (1) dgT

d;
2 b [0 =) G g
o b;
IABIqu/‘3 ‘Ul)/ w; —qr) F= V| Gy (7 )qu} 1)
: |C1 Gi L (a—n;—1)
<A uv‘A‘ |A1|§rqw71’], / (gl qT) qu

1
A 7/ 1—qr)@ sV
+‘ 3|1"q(tx—(;) 0( q ) q
+|A3|Za: |ai]

= Tl

Gi
. g7)(@—ei—1)
i G dqr}

Lo LY LR 2
+Buv{m/0 (v—qt )(ﬁ 1)qu+‘A| |:‘A1‘ (ﬁ*ﬁ) /0 (1 qT)’S 9-1 dqT

d; i i
+\A1|Z /|3 ‘Pl / (6; —qr) PPV dyT

b b wj
S0l S gt | (wiqrﬂﬁ"l”dqr”
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g"‘ i 1

=Aw— ||A + |A
u |A| |:| 1‘2‘ l|r (D( i +1) ‘ 3|Fq(zx—g+1)

= Ql
+|A3\Z|ﬂz|m

Vb 1 1 i
FBud =t — A+ (A Y |
{ e Sl i v M ey
o

+ |As] E |b; ‘m } < AuwY3 + BuyYy, Vv e 0,1].

Therefore, by (20), (21) and (18), we deduce

€ Vv)lly = ||51(u, M+ 11€2(u VIl < Auv(Ys +Y5) + Buv (Y2 +Ya)

[( 5 +1) ”u||+<"z I'*q(,h:j_1)>v+51:|(Yl+Y3)
*K T (a +1>>”uH+ (E%M)nwaz] (Ya+Yy)
[( (5 +1) (Y1 + Y3) + ET+%@>(Y2+Y4)}“u|| o

b €
sz T +1) Y1+ Y3) + (& + m)(YH—YU] vl
+E1(Y1 +Y3) +Ea(Ya +Yy)
= O1[u| +Oaf[v| + E1 (Y1 +Y3) + Eo (Y2 +Yy)
< 0| (w,v)[ly + E1(Y1 + Y3) + Ea (Y2 + Ya)
<O)R+E1(Y1+Y3) +E(Yo+Yys) <R.

Therefore, we conclude that £(Q) C Q.
Subsequently, we will prove that € is a contraction. For this, let (uy, v1), (uz, v2) € V.
By relations (15), we find for any 7 € [0,1]

[Fupvy (T) = Fugvy (D) < H1 (D) [ua () — ua (1) [+ Ha () [V (T) — va(7)]
+Ha(T) 1w (1) — 19w ()| + Ha( )II71 1(T) = 13'va2(7)] X

« by
< biflug — vl + b3[lvy = vall + m”ul up| + W”‘H va|
b3 ) ( b
= * —_— — _= — =:C ,
(hl + I, (61 +1) [lur — ol + by + rq('Yl +1) [vi — vl uv 23

|G (7) = Gupes (D) < K (1) s (1) = wa(7)[ + Ka()|¥1 (1) = v2 (7))
+K(1) 101 () — 102 (7)| + Ka (D) 1V (1) = IPva ()]
[[ur — w2 +

< #flun —wf + &lvi —val[ + v = val

_ 5 %

o Fq(02+1) o Tg(r2+1

=+ — - 6+ — Vo =t Dyy.
( l+rq(52+1)>Hul qu"r ( 2+rq(72+1) ”Vl V2|| uv

Then, for any v € [0, 1], we obtain

€1 (u1,v1) (V) = & (uz, v2) (V)]

1 v _
<ty 90 Fun (0 - Faa (0] o
1
Jr|iT| {% /0 (1- qT)(wigiw‘}—ulVl (T) = Fuyvy ()] dgT
a .
a a; G P
M s [ 6 B (1) P () e
S el S @) _
+|A2\£m/o (Gi —at) |Fugv (T) = Fugv, (T) | dqT
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1 b |bi‘ w; (Bocy-1)
Al |A4|i;m [ (wi—ar) |Guyv, (T) = Guyvy (T)| dg T
Aol /T e B
+m/0 (1—q7) |Guyvy (T) = Gugvy (T)] dgT

0 o
+[Az] Z T (Ld ! pi) / (6; — qT)(ﬁipﬁl)‘gmw (T) = Gupv, (1) qu]

L[l

< _ (a—1) 774/ (a—¢—1)

C“{r(a = P g | -
L el

gl
HA'EW/O @ —anedg 4

: Ci

1 b b; i o
www[muzr L [ - ) dr

(B—ai)
|Az| (B—0-1)
2 (1= d
+Fq(/3*l9)/o ( qT) W
+]A |§a _ldl (94— 7)== D g 7| < CuyY1 + DuyY.
2 (/3 Pl) i—4q q S Cuv X uv 2.

In a similar manner, for any v € [0, 1], we deduce
[E2(u1,vi) (V) = E2(ug, v2) (V)| < CuyY3 + Duy Y. (25)
Then, by (24), (25) and (17), we conclude that

1€, v1) = E(uz, va)lly = [|E1(wr, vi) = Ex(uz, va)|| + [|€2(ur, v1) — Ea(uz, v2) ||

* h3 * B3 _
by + m) (Y1+Ys3) + (31 + rvl(Ttl) (Y2 +Y4)] [lur — ua|

) ) a0
e (Y Y B+ ——)(Y2+Y —
| (05 oy ) 0+ Y0+ (8 + i ) e+ Yo I v
= 01|w —wp|| + O2f[vy — v2|| < Oo([[ur — wa| + [[v1 — val|)
= 0 (u1,v1) — (uz,v2)lly-

< Cuv (Y1+Y€2+DuV(Y2+Y4) .
=i+ (Y1 +Y - ( 74>Y Y -
(h1+rq(5lt1))( Yl (3 g ) Yl
* -3 _ * . T _
+<E1+r (52+1)>(Y2+Y4)Hu1 w + <?2+rq(72+1)>(Y2+Y4)HV1 V|

By (16) and (26), we deduce that £ is a contraction operator. Therefore, by the Ba-
nach contraction mapping principle, the operator £ has a unique fixed point (u*,v*) € Q.
Therefore, problem (1), (2) has a unique solution (u*(v),v*(v)), v € [0,1] with
[lu*|| + ||v*]| < R. Moreover, for any (ug, vp) € €, the sequence ((un,Vy))n>0 defined by
(un, vn) = E(uy—1,Vy—1) for n > 1 converges to (u*, v*) as n — oo. By the proof of Banach
theorem, we obtain the error estimate

11

Q
([, vi) = (", v9)lly < 5 _°®0 [[(u1,v1) = (uo, vo)ly- 27)

O

Corollary 1. Suppose that (J1) holds. In addition, we assume that the functions F, G : [0,1] x R* - R
are continuous and
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(J2)! There exist L; > 0, M; > 0,i=1,...,4 such that

M»

| F(v,u1,up,u3,uy) — F(v,v1,v2,v3,v4)| < ) Liju; — vy,
it (28)

G(v,u1,up,u3,uq) — G(v,v1,v2,v3,va)| < ) Milu; — vy,

i=1
forallv e [0,1]and w;,v; e R, i=1,...,4
If@o < 1, where ©y = max{®1,®2},
Ls M;
O = (Li+—3 )Y, +Y M+ —2 ) (Yo +Yy),

= (bt e 0w (M gy o) )

L My
2= (LZ M e 1))“1 TYa)+ (Mﬁ Falr +1>>(Y2 Ya),

then the boundary value problem (1), (2) has a unique solution (u(v),v(v)), v € [0,1].

The following two outcomes regarding the existence of solutions to problem (1), (2)
rely on the Krasnosel’skii fixed point theorem applied to the combination of two operators
(refer to [33] for details).

Theorem 2. Suppose that assumptions (J1) and (J2) hold. In addition, we assume that the
functions F,G : [0,1] x R* — R are continuous and

(J3) There exist the functions ®, ¥ € C([0,1], Ry ) such that
[ F(v,up,up,u3,u)| < @(v), [G(v,u1,uz,u3,u4)] < ¥(v), (30)

forallve 0,1, v, €eR,i=1,...,4

If
£o <1, (31)

where £y = max{£y, £, } with

<"1 e +1><Y1+ > <1+1>>
+<e* )(Y2+Y4

1
.
ol T‘ifl ) ’Til»

then problem (1), (2) has at least one solution (u(v),v(v)), v € [0,1].
Proof. We define the number r > 0, which satisfies the condition
r= (Yi+Y3)[|@f + (Y2 + Ya) [ Y], (33)

and the closed set Qy = {(u,v) € V, |[(u,v)|ly < r}. We shall verify the assumptions of
the Krasnosel’skii fixed point theorem for the sum of two operators. We split the operator
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& defined on Oy, as E =P+ Q, P = (P, P2), Q = (Q1,92), where P;, Q;, i = 1,2 are
defined by
1 "V
Pila0) = ~p 5 /O (v — q7) D Foy (1) dy T,
Q1 (uv)(v) =& v)(v) —Pr(uv)(v),
Pawv)0) = g [ (v = a0)F Gy () dgt
’ rq(ﬁ) 0 " L
(1, v)(v) = &(u,v)(v) = Pa(u,v)(v),

forallv € [0,1] and (u,v) € Q.
Firstly, we will prove that P(uy,v1) + Q(ug, v2) € Q for all (ug,v1), (uz, v2) € Q.
For this, let (u,v1), (uz,va2) € Q. Then, we find

G4

Pl o) Qa0 < Fo o a0 U W)l dyy

a—1
+ { = 1—qf)<“ S| Fug, (1) dgT

\A\
a a Gi L
+[Ag |Z%/ (& — a0) @4 Y| Fop, (1) dqT

(a —oi
+‘A2|Z¢
Iy
b b; wi e

‘A‘ |:|A4|ZF | | )/O (“-}i*qﬂr)(}3 7 1)|gU2V2(T)|dCIT

aal W
r(ﬁzﬁ)/ (1—q7) (b2 1>‘gusz(T)‘qu
100l ¥ s [0 =07 VG (0]

1 1) 1A \(a—ce1)
< ||q>||{ G )/ (v qTC). gt + IAI[ g)/ qr) @) dyr
0 s [ ane e e

./ (gz*qf) o |]:qu2( )|qu}

+

ala —0;) (35)
lci G i
+|A2|ZF7;7)./0 (Ci*qT)(a i 1)qu
&/w" ) (B-oi-1)
+||‘FH|A| |:|A4|Z ( 7(77_) o (wl qT) qu
|A,| / (B-0-1)
F 1—qt dgT
T (ﬁ_ﬂ) ( q ) q
. |d\ o —pi—1
+‘A2|Z /(9;7(]1’)(#3 pi >qu
w 1 | A4l g
oI ——— + — | — 4 A ki
I ”{r( 0 | Taa—crD) ! 4‘2‘“"r =D
g’l i 1
A ,7
137‘71 1
+[¥ = ||A b f7+ Ap|——
9/5 px 1
A di| =—t—| <||D||Y Y||Y,, V 1].
+I zIZI 7 TNB—pis 1) < @Y1+ [¥[IY2, Vv e[0,1]
In a similar manner, we obtain
P2 (1, v1) (v) + Q2(uz, v2) (v)| < |95 + [[¥]|Ys, Vv € [0,1]. (36)
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Therefore, we deduce

[P (ur, v1) + Quz, v2)lly = [[P1(ug, v1) + Q1 (uz, v2) | + | P2(ur, vi) + Qa(uz, va)| 37)
<Y1 +Y3) @ + (Y2 + YY)[[¥] <7,

thatis, P(uy, vi) + Q(ug, v2) € Q.

Subsequently, we will show that operator Q is a contraction mapping. Indeed, for all
(u,v1), (ug,va2) € Qp, by using assumption (J2), we obtain

1
|Q1(u1, v1)(v) — Qi(u, v2)(v)| < Cuy <Y1 - m) +DwY,, Vv e[0,1],
q

(38)
1
‘QZ(leVl)(V) — QZ(UZ,VZ)(V)| S CuvY3 + Duv <Y4 — m), Yv € [O, 1]
Therefore, we find
[1Q(uy,v1) - Q(uz,Vz)gv )
- “”;: ) *D‘”<Y”Y4h &)
_ * 3 o *
-0+ +1>1> o =l + (5 + £ +1>)”“ vl
X Y] +Y3 - m
e E* e EZ
+ K + W> lur — ol + ( >+ m) [[v1 *VZM
Yo+ Y- ——
(e rgm) )

—_— _ = V] — Vo
To(r2+1) Tq(B+1) ]” |
= L1|ug — vzl + L2llv1 — vall < Loll(ug, vi) — (U, v2)lly-

By condition (31), we conclude that operator Q is a contraction.
The operators P;, P, and P are continuous by the continuity of functions 7 and §G.
Moreover, P is uniformly bounded on (), because

1Py (u,v)]| < —— sup (/V(v_qT)<a—1>|qu(r)|qu>

Tq(a) velo,1]
< sup @()Lsup/ (v—qr)@Dyg qT
ve[0,1] rq("‘ ve[0,1]
- H(I)” sup ”q)”’ (u,v) € Qy,

1,GMF( a+1) Fq(lx—l—l)

sup ([0 a0) Y Gun (1) 7

1 (40)
rq (B) vejon

< sup ¥(v) —— sup (v—q‘r)(ﬁ_nd T
vel0,1] I (ﬁ) ve(0,1] ;
1
= [[¥]| sup ], ¥ (u,v) € O,

1/601 (ﬁ+1) q(.BJrl)
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and then
1 1

MO I A

In the last part of the proof, we will prove that P is compact. Let vy, vo € [0,1], v; < vp.
Then for all (u, v) € )y, we obtain

PVl < ¢ )H‘YH/ V(u,v) € Q. (41)

|P1(u,v)(v2) — Pr(u,v)(v1)]

1 v2 1 Vi .
. o (a—1) o _ (a—1)
11—‘51(“)‘]/‘1/0 (v, — q7) .Fuv(r)dq’r+rq(“)/0 (11 — q1) Fuv(T)dqT
—aqr) @D _ (y; — g7)@D)
@ / W[fm a7) Y — (11 — q0) V]| Foy (1)) dy
—q0) V| Fu (1) d
@ ,{v] (1sz1 q0) Y| Fus (1) dg ;
<t9l{ s £ 02 = a0 = (0 - ar) ] e )
T
—gr)&-1
+rq()/1/1 (v2 —qT) dr}
1 V2 Vi
_ _ (a—1) _ _ (a—1)
CIN ("‘1’</° (2 =) Vg [ = q0) 0 )
_ &
- ” ||rq(tX+l)(V2 Vi),
which tends to 0 as v, — vy, independently of (u, v) € Q.
In a similar manner, we find
1 B_ P
Pala)02) = Palu )] < ¥y (4 =), (43)

which tends to 0 as v, — v, independently of (u,v) € Q.

Therefore, the operators Py, P> and P are equicontinuous. Using the Arzela—Ascoli
theorem, we deduce that P is compact on ). Then, by the Krasnoselskii fixed point theorem
(see [33]), we conclude that problem (1), (2) has at least one solution (u(v),v(v)), v € [0,1].

O

Theorem 3. Suppose that (J1) holds and the functions F,G : [0,1] x R* — R are continuous
and satisfy the assumptions (J2) and (J3). If

My < 1, (44)
where My = max{My, M, } with
1 . b3 ) ( * G )
M = + + €+ ,
ERRCERY (v r, 1) RGBT\ @ ) s
M, = *+ 4 >+ (E*+ 4 ,
2T Tq(a+1) (hz To(n+1)) TqB+D\? Tq(r2+1)

then problem (1), (2) has at least one solution (u(v),v(v)), v € [0,1].

Proof. We consider again, similar to the proof of Theorem 2, the positive number
7> (Y1 +Y3)||®| + (Yo + Yq)||¥], and the closed set Oy = {(u,v) € V, |[(u,V)|y < 7}
We also split the operator £ defined on Qpas & =P+ Q, P = (P1,P2), Q = (91, Q2),
where P;, Q;, i = 1,2 are given by (34). For (uy,v1), (12, v2) € Qp, we deduce, as in the
first part of the proof of Theorem 2, that | P (uy,v1) + Q(up, v2)[ly < r.
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In what follows we will show that the operator P is a contraction. Indeed, for (uy,v1),
(up, v2) € 0, we obtain
|7’1(u1/V1)(V) 1(“2/V2)( )l
1
W) O Fu (et 4 s [0 a0 Fa (1) T

1rq(
< (V CIT)“ by ‘fulvl( ) — Fupv, (T )‘qu
q(w) v Cuv
< Cwp @ /O v —qr)l 1)qu:C“qu(a+1) <7 ) Vv e [0,1],
|7’2(u1,V1)( ) = Pa(ug, v2) (V)]

_ B-1) L v B (5-1)
1r<ﬁ>/ (=40 G, (o gy [ 0= ) a2
<ty Jo @ 901G (1)~ Gunn ()] o

Y a1 gop — vP Duy
e S W ES )

%

/\

—_
o\\%/

(46)

Vv el[0,1],

where Cyy, Dyy are given by (23).
So we conclude that

[P (u1,v1) = P(uz, v2)llv .

) s 1 . ?73” _
T D ’“*rqw];;n)*rq<ﬂ+11><él+rq<5z;1> SR
B 4 * 4 —
+{Fq(“+1)<h2+rq(’h+1)>+rq(:3+1)<E2+FQ(72+1)>MV1 vl
= M |lug — ua|| + Moallvy — va|| < Mol (ur,v1) — (uz,v2) v,

that is, by (44), the operator P is a contraction.
By the continuity of the functions F and G, the operators Q;, @, and Q are continuous.
In addition, Q is uniformly bounded on (), because we have

|Ql<u,v>(v)\_‘i‘[ e L LN PR

§i
M s )/ e
& el & (a—pi—1)
+|A i — )\ Fuy (1) dgT
| z\lzqu%m @ = a0 Y F ()]

|A4‘Zr (’[‘;b| / (wi —q7) (p—0i= |guv( )|dq

|A2| (B—8-1)
T (R_4H9) 1- uv d
+rq(f>;l9) /0( qt) |Guv (T)|dgqT
d . —_—0:—
+‘A2\Zr (,Ilﬁ ‘p) (Gifqr)@ pi 1)|guV(T)|qu:| (48)
| A4l g
gllcbum ﬁﬂz\uzmﬁ
a—;
+‘A2‘ Z|C1 m
p—oi
| A2
¥y \A4|>:|b|r(ﬂ T TR
+|A ‘ZVHL
P (B pi+ )
= ”q)H(Yl_m) +[¥[[Y2, Yve[0,1], (uv) ey,
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and

lei

|Qa(u,v)(v) |[|A1|Zr ).
+|A3| / (1 — q7) @D | Fy (1) dgT
+|A3|Zw / (&~ 1) ) s (1) dg }

+|Al|i /|3d|Pz / (6; — qr) B |Gy (1) T

G
7 @ a0 P (1) g

+|A3|E‘b| ‘B (7) /wi(wi*q’f) prai- ‘guv(T”dq :| (49)
G 23]
‘A”Z'C" To(a—7i+1) " Tqla—c+1)
é”‘ Qi
—0i+1)]
\A1| Gﬁipi
W“lz"’ﬁpm
+|A3|Z\b|ﬁ
1
Tq(B+1)

< ol oz

+|As] Z “11‘

JrHT”W

— | @|Ys+ ¥ (n— ) vv e [0,1], (uv) € Oy

Therefore we deduce
+[|[PIIY2, V(u,v) e Qy,

1
m), V(u,v) S 00,

ol < lol(% - o )

(50)
1Qa(u, v < @] Y5 + /7] (n -

and then
1 1
Gl < 101 (¥ +Ys = s ) + 191 (Ya + Yo = g ) V() € o, BD)

that is, Q is uniformly bounded on Q.
We finally prove that operator Q is compact. Let vy, 1, € [0,1], v; < v2. Then for all
(u,v) € Op, we find

[Q1(u, v )(Vz)_ Q1(u,v)(v1)]

< V§—1|;|:f 1“|a |{ A:|g)/ (4=c-1) g 7
HAA}‘EHTI—@)/{J» (& — qr)le—e )qu
+%nwu {Au i lf i =/, ‘”"(wi _ gD g7
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0 |d‘ ;i
+]As / 6; — qr) PPV 4,7
ML g o 6 :
vi - 1 |A4\ "5“ “
= A P S—
g‘x i
A . S
+] z|2|c\ 5
szfl ﬁ*”i ‘A2|
—“=——|[|[Y¥]|| | |A b;
T N R = £=1
9 —Pi
F 1A Y |y
ey
1
_ :x—l_ a—1 _
=047 -4 >[H<I>|| (¥~ gy ) +1va),
which tends to zero as v, — v1, independently of (u,v) € Q.
In a similar manner, we obtain
|Q2(u,v) (v2) — Qa(u, v)(v1)]
s g 1 (53)
< — DY Y Ys—=—+—< ]|,
<087 o les + 190 (Y - i )|

which tends to zero as v, — v7, independently of (u,v) € Q.

Therefore the operators Q1, @y and Q are equicontinuous. Utilizing the Arzela—
Ascoli theorem, we ascertain the compactness of Q on ()y. Consequently, employing
the Krasnosel’skii fixed-point theorem, we deduce the existence of at least one solution
(u(v),v(v)) v € [0,1] to problem (1), (2) O

The forthcoming result relies on the Schaefer fixed-point theorem (refer to [34]).

Theorem 4. Suppose that assumption (J1) holds. In addition, we assume that the functions
F,G :10,1] x R* — R are continuous and satisfy the condition

(J4) There exist positive constants Ty, T, such that

| F(v,x1,%2,%x3,%4)| < T1, |G(V,x1,%X2,%3,%Xa)| < T,

Vel xeR, i=1,...,4. (54)

Then, there exists at least one solution (u(v),v(v)), v € [0,1] of problem (1), (2).
Proof. We prove firstly that operator £ is completely continuous. Operator £ is continuous.

Indeed, let (uy,vy) € V, n € N, with (u,,v,) — (u,v), as n — co in V. Then, for each
v € [0,1], we deduce, as in the proof of Theorem 1, that

€1 (un, vir) (v) = E(w,v)(v)]

1 v _
<ty a0 P, (0) — P ()l o
1 A 1
7 [ty 0= a0 € Do, (2) = P (1) g7
a4 a; Gi -
+|AAZ% /0 (& = a0) V| Fuyn, (1) = Fa(1)|dgT (55)
i=1 !
U C: i
#10al L s 16— ) 1D B (0) = Fan (0
i=1
b

MY gy 0= 0 VG, () = G (1)

195



Mathematics 2024, 12, 1335

*% J (1= 40D Gy, (1) — G (1) dgT
0 d 0;
100l s [0 00D G, () = G (),

and

Al i=1 qla—m;
1
7_0/0 (1—gq1) véfg—l)\}'u,lv,,(r) — Fuv(T)| dqT
- Gi

+[As] Z #ﬂ) /0 (& — qr) @ %D Fy v, (T) — Fuy (7)) dqf}

Lo (6-1)
+r1q (IB) /OA(v_qT) P ‘guﬂvn(T) _guv(T)‘d T
+7[r A4 / (1= qr) B0 |Gy, (T) = Gun (T) | dgT

0y
0 N
e (E" [0 0D G, (0~ Gun (0]

¢ : Ci
<1[|A12FC") [ 6 a0 (0) — Favl0) gt

(56)

b b; w;
Il Y s =y <w,-—qr><ﬁ”f1>|gunvn<r>—guv<r>|dqr}

Because F and G are continuous, we obtain

|funvn(T) uv(T)| = |F (1, (1), v (1), 19 0 (1), T} v (7))
(t,u(7),v(7), Igu(t), v (1)) =0,

|gunVV1(T) guv( | = ‘g(T, uﬂ(T)rVn(T)l Izzun (T),IZZV,,(T))
g(

) (57)
7,u(7),v(1),12u(t), 1Pv(1))| = 0,

as n — oo, for all T € [0,1]. Therefore, by the inequalities (55)—(57), we find

€1 (un, vi) — E1(u, V)| = 0, [|E2(un, vi) — Ex(u,v)|| — 0, as n — oo, (58)

and then
IE(un, vin) — E(u,v)|]y — 0, as n — oo, (59)

that is, £ is a continuous operator.

In what follows, we prove that £ maps bounded sets into bounded sets in V. For R > 0,
let 01 = {(u,v) €V, ||[(w,v)|ly < R}. Then, by using the inequalities (54) and similar
computations as those from the first part of the proof of Theorem 1, we obtain

[E1(u,v)(v)] < T1Y1 + T2Ya, [E2(u,v)(v)| < T1Ys+ ToYy, (60)
forallv € [0,1] and (u,v) € Q. Then, we deduce
1€, v)[ly < Ti(Y1+Y3) +To(Y2+Yy), V(u,v) €y, (61)

that is, £(()q) is bounded.
Subsequently, we will demonstrate that £ transforms bounded sets into equicontinu-
ous sets. To illustrate this, consider vq,, v2 € [0,1] with 11 < 15 and (u,v) € O)1. Employing
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computations akin to those found in the proofs of Theorems 2 and 3, we arrive at the
following conclusions

‘5] (u,v) (1/2) — 51 (u,V) (1/1)‘
< |7’1(%1/V)(V2) = P1(u,v) ()] +1Q1(u,v)(v2) — Q1 (u,v)(11)]
< [Tl <Y1 _ ) + szz} (1) Sy,
|€2(u,v) (v2) = Ea(u, v) (v1)]

<Py, v) (v2) = Pa(u,v) (v1)| + [Q2(u, v)(1v2) — Qa(u,v)(v1)

)
gt [ e e

1
Tq(a+1) (62)

Iq(B+1)

as vy — 11, independently of (u,v) € ().

Therefore, the operators £; and &, are equicontinuous, and so £ is also an equicontin-
uous operator on (). Then, the operator £ : ), — V is completely continuous using the
Arzela—Ascoli theorem.

In the concluding section of the proof, we establish the boundedness of the set
Z={(wv) €V, (uv) = A(wv), 0 < A < 1}. Take (u,v) € V, implying there
exists A € [0,1] such that (u,v) = A&(u,v) oru(v) = A& (u,v)(v) and v(v) = A& (u,v)(v)
forall v € [0,1]. Utilizing (J4), we infer, similarly to the initial part of this proof, that

()] = Al&1(w,v)(v)] < [E(wv)(v)| < TiY1 + ToYa, Vv e [0,1],

V)| = AlEa(uv) (V)] < [E2(uv) (V)] < TyYs + ToYy, Yve o1, ()

and then
)l = llull + IV < Ta(Yr + Ya) + Ta(Ya + Ya). (64)
This final inequality indicates the boundedness of the set Z. Consequently, employing
the Schaefer fixed-point theorem, we establish the existence of at least one fixed point

for the operator £. Thus, problem (1), (2) possesses at least one solution. This concludes
the proof. [

In the subsequent existence theorem, we will employ the Leray-Schauder nonlinear
alternative (refer to [35]).

Theorem 5. Assume that assumption (J1) holds. In addition, we suppose that the functions
F,G :[0,1] x R* — R are continuous and the following conditions are satisfied

(J5) There exist the functions @1, 2 € C([0,1], R and the functions 1, € C((R4)*, Ry)
nondecreasing in each of variables such that

| F (v, x1,x2,%3,Xa)| < @1(v)P1(|x1], [x2l, [x3], [Xa]), (65)
1G (v, x1,%2,x3,%4)| < @2(V)¥ha(|xal, [xal, [x3], [xa]),

forallve[0,1],x;€R, i=1,...,4
(J6) There exists a positive constant V such that

% \%4
V,V, ’
||§01H1/J1< To(d1+1) Fq(71+%/)

+2llp2( V., V,
lp21ly I

)(Y1 +Y3)

(66)
) (Yoa+Yy) < V.

»+1) Tq(r+1)

Then, the q-fractional boundary value problem (1), (2) has at least one solution
(u(v),v(v)), vel[0,1].
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Proof. We define the set W = {(u,v) € V, [|(u,v)|ly < V}, where V is the constant given
by (66). The operator £ : W — V is completely continuous. We suppose that there exist
(u,v) € OW such that (u,v) = p&(u, v) for some p € (0,1). Then, we obtain

[u() = pl&(wv)(v)| Slllﬁl‘(u/V)(V)H\ I

< a1 (Wl IV sy oy )

all "l
gl Il V1, iy ey ) Y o
VW) = k&) )] < [E(0,) (0]

u v
< ol s (al vl o, ML)

[l "l
Higal g2 (Nall IVl gy ey ) Yo

forallv € [0,1], and so we find

ll(w, )by = flull + vl

u v
< llal (Tl IVl i s ) 0+ Ya)
u v
el (vl s, = v .

< lleal ()l )y, el JOID N v, vy

+H¢z||¢z(||<u,v>||v,H(u,vwv, I )l H(u'V)HV)>(Y2+Y4)-

Tq(62+1)" Tg(12+1

Therefore, we deduce

%4 1%
v/ {”(Pl I (V/ v (01 +1) Ty +1) ) (n+5) (69)
)(Yz +Y4)} <1,

+ V,V, 4
o2l (V.Y b 1y e )

which, by (66), is a contradiction.

We conclude that there is no (u,v) € 9W such that (u,v) = u&(u,v) for some
i € (0,1). Consequently, by employing the Leray-Schauder nonlinear alternative, we infer
that £ possesses a fixed point (u,v) € W, serving as a solution to problem (1), (2). This
concludes the proof. [J

4. Examples
Letg=3,a=3n=3p=m=46=3%n=%6=81n=5¢=¢
ﬂ:%,a:b:C:D:l,Q] :%lalzgrﬂl:%rplz%r{fl:%/wl:%rglzir
b =150 =3,by=—%, 0 =1, d1 = -2
We consider the system of g-difference equations
OY30)0) + F (v a0 B0, Fvw) <0 ve o,
(DI%%v) (v) + g(v,u(v),v(u),1;*%1311(1/),1?%3%(1/)) =0, ve(0,1),
with the boundary conditions
— _ 6/5 _ 2/9..(1 7 5/4, (1
u(0) = Dy/ou(0) = 0, DY/Zu(1) =3D33u(}) -~ HD}av (1), -
9/7 41y2/3. (1 21/10,,( 1
¥(0) = Dy/5v(0) = D2 ,,v(0) = 0, DY/Iv(1) = £D33u(}) — 20740 ().
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By using the Mathematica program, we obtain A; ~ 1.05480868, A, ~ —0.48038739,
A3 ~0.10410274, A4 = 3.76405767, and A ~ 4.02037036 # 0. Therefore, assumption (J1)
is satisfied.

In addition, after some computations, we find Y; ~ 1.37638598, Y, ~ 0.16737542,
Y3 ~ 0.02789379, and Y4 ~ 0.49956085.

Example 1. We consider the functions

sm(31/+2) 1 7(1/71)2 ) 1 21341
AR = o 1-= t
F(v,u,v,x,y) Vs +g¢ Vu?+ 77 arctanv
v . v,
msmx— 25 €087y,
G(v,uv,xy) = —12 45+

R S
6(v3+1)y2+1’

+
(72)

[

sinu — ; vl —
31(v2+4) 1+ |v|

N

8(v+1)

forallv e [0,1], u,v,x,y € R.
For these continuous functions, we obtain the following inequalities

|]'—(1/,L11,V1,X1,yl) - ]:(1/,1,12,V2,X2,YQ)|
< Hi(v)|lu — g + Ha(v) Ve — va| + Haz(v) [x1 — x2| + Ha(v)|y1 = y2l,
|G(v,u1,v1,x1,¥1) — G(v,u2,v2, %2, ¥2) |
< Ky(v)Jur — wa| + Ka(v) vy — va| + K5(v) [x1 — x| + Ka(v)|y1 — yal,

(73)

forallv € [0,1], u;, vi,x;,yi € R, i =1,2, where
v 6V
ey M =5

1 1 (74)
K3(v) = 7’ Ky(v) = m,

() = ge U, Halv) = e P, Ha) =
9 17

) = - = 2

) =gy © 31(v2 +4)

forall v € [0,1). The functions H;, K;, i = 1,...,4 are continuous, and we find b ~ 0.11111111,

h; ~ 0.15989893, b = 0.125, bh; = 0.24, & = 0.25, & ~ 0.01612903, & = 0.5, and

€ 0.16666667. In addition, we obtain ©®1 ~ 0.46864611, ©, =~ 0.41971398, and so

®p = ©1 < 1. Therefore, assumption (J2) and condition (16) are satisfied. Then, by Theo-

rem 1, we deduce that problem (70), (71) with the functions F and G given by (72) has a unique
solution (u(v),v(v)), v € [0,1].

Qo

Example 2. We consider the functions

_cos(P4+7) 1 4ut41 (1P 42)e

Fv,u,v,xy) = 2W+5 2+6 ut+3 6(vt +27) sy
_Lcoszx-i— ! !
812+ 1) v+41+3Jy[’
—v+4 72
- )_7e N 1 u v+l -
S0V, X y) = 324+1  1v24+7u2+1 9\/@
R S/
11 6(1+4ly[)’

forallv € [0,1], u,v,x,y € R. For these continuous functions, we obtain the following inequalities

1 4 (1° 42)e73H v !

- =
Flwvxy) S 55+ et euiran T 8eraD) T3 a oW (76)
1G(v,u,v,%y) < et L, vHl 2 v =¥(v)

VY S 3T T 2024 7) T ovdys 11 24 W)
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forallv € [0,1], u,v,x,y € R. In addition, we find

| F (v, u1,v1,X1,y1) — F (v, u2,v2,%X2, ¥2)|
< Hi(v)lw — we| + Ha(v)|[ve = va| + Ha(v)[x1 — xo| + Ha(v)|y1 — y2l,

77
|G(v,u1,v1,x1,y1) — G(v,u, v, X2, ¥2)| @7
< Ki(v)|ug — | + Ko (v)[vi — va| + K3 (v)|x1 — x| + Ka(v)|y1 — y2l,
forallv € [0,1], w;, vi,x;,y; € R, i = 1,2, where
29678 (P +2)e L v 1
Hi(v) = 216 Hao(v) = W, Hs(v) = FTOEYY Ha(v) = Iy s
1 0.8578(v +1 4 v
Ki(v) = a7 Ka(v) = ot s Ks(v) = T Ka(v) = &

forall v € [0,1]. Therefore, assumptions (J2) and (]J3) are satisfied. In addition, we obtain
b ~ 0.49463333, h; ~ 0.03355903, b3 = 0.125, h; = 0.25, £] ~ 0.14285714, £5 ~ 0.07782119,
€5 ~ 0.36363636, t; ~ 0.16666667, and so £1 ~ 0.56557327, £, ~ 0.25625052, and £y = £; <
1. Then, condition (31) is also satisfied. Therefore, by Theorem 2, we conclude that problem (70),
(71) with functions (75) has at least one solution (u(v),v(v)), v € [0,1].

Example 3. We consider the functions

€—4v+3 ) 1,
= T —y)— V2412
F(v,u,v,x,y) N cos(uv + x> —y) ‘ N RS o
2 2
G(v,u,v,xy) = ! 67(‘”")2 — arctan m + V. 4y 41 —sin(2v + 1),

2v+1) 543 y243
forallv € [0,1], u,v,x,y € R. For these continuous functions, we obtain the following inequalities
|F(v,u,v,x,y)| <204919 =Ty, |G(v,u,v,Xx,y)| < 4.0708 = T,. (80)

Therefore, assumption (J4) is satisfied. Then, by Theorem 4 we infer that problem (70), (71)
with functions (79) has at least one solution (u(v),v(v)), v € [0,1].

Example 4. We consider the functions

2 - 1 V2 +4y? 1
F(v,uv,x,y) = IS % sin(u? — 8v +x°) — v 2—; Y~ arctan ;;_:; + §>,
(81)
3 4u — 5y v+ 7x —(u+3y)? 2
Gv,u,v,xy) = AT ( R cos(ux — 3vy) ¢ )

forallv € [0,1], u,v,x,y € R. For these continuous functions, we obtain the inequalities

2 (Il 7vl 3, 7yl 43
1345\ 34 54 34 27 306 )’ 82)
(Al Wl 7 syl 2

v 471\ 43 11 11 43 15 )’

Flvuvxy)| <

|G(v,u,v,x,y)| <

forallv € [0,1], u,v,x,y € R. Therefore, the continuous functions ¢;, ;, i = 1,2 from (65) are
given by

2 b 3 d 43
¢p1(v) = —=————, ¥1(a,b,c,d) = a + o + oc + a +

B 15 354 34 27 306 (83)
W)= Y pa(abed) =8y b 7o N 2
V) = Ty b od) =gt gttt

forallv € [0,1] and a,b,c,d € Ry; that is, assumption (J5) is satisfied. In addition, we find
@1l = % and ||ga|| = 5. IfV > 0.1, then assumption (]6) is also satisfied. Therefore,
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by Theorem 5, we conclude the existence of at least one solution (u(v),v(v)), v € [0,1] for problem
(70), (71) with functions (81).

5. Conclusions

In this study, we explored the existence and uniqueness of solutions to a system of
fractional g-difference equations with fractional g-integral terms (1), subject to the multi-
point boundary conditions (2), which encompass g-derivatives and fractional g-derivatives
of diverse orders. We associated an operator (£) on the space V with our problem, where
the solutions of (1) and (2) correspond to the fixed points of this operator. Consequently,
our main results involved the utilization of various fixed-point theorems, including the
Banach contraction mapping principle (employed in Theorem 1), the Krasnosel’skii fixed-
point theorem for the sum of two operators (applied in Theorems 2 and 3), the Schaefer
fixed-point theorem (utilized in Theorem 4), and the Leray-Schauder nonlinear alternative
(employed in Theorem 5). To exemplify our findings, we concluded by presenting several
illustrative examples.
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1. Introduction

One type of functional differential equation (FDE) that accounts for the temporal
memory of phenomena is the delay differential equation (DDE). Thus, it is simple to
understand how these equations are applied in a wide spectrum of fields, including as
biological, engineering, and physical models, as well as in other sciences [1,2].

A variety of inquiries concerning oscillatory behavior and asymptotic features of DDE
solutions are addressed by oscillation theory, a subfield of qualitative theory. The basic task
of oscillation theory is to identify the criteria that eliminate the nonoscillatory solutions. A
variety of findings, techniques, and strategies for examining the oscillation of DDEs were
gathered in monographs [3-6].

The investigation of oscillation for solutions of ordinary, partial, and fractional FDEs
with delay, neutral delay (NDDE), mixed delay, and damping is a recent, significant ex-
pansion and enhancement of the oscillation theory. It is known that differential equations
with delay have received the most attention, particularly for non-canonical cases. For in-
stance, refer to [7-15] for delay, advanced, and neutral equations, respectively. Furthermore,
Refs. [16-21] show how investigations of odd-order equations have evolved. Moreover,
one may trace the variation of fractional DDEs in Survey [22]. Whereas [23-25] dealt
with damping equations, and [26-29] studied mixed equations. Over the past 20 years,
functional dynamic equations have also drawn a lot of attention; see, for instance, [30-32].
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In this paper, we present new criteria for the oscillation of quasi-linear third-order
neutral DDEs:

(a)((x(5) + ns)x(s())") ") +a(s) (x(s)) =0, M

where s > sg and r is the ratio of any two positive odd integers. Here, in this work, the
following assumptions are satisfied:

(D) a € C([sp, ), (0,00)), a’(s) >0, and T (sg, ) = oo, where

T(,s) = /Is al/}wd& @)

(ID 1,9 € C([so, 00),[0,00)) with 0 < 57(s) < 179 < o0 and g(s) does not vanish eventually;
(IID) g, 7 € C([sp,0),R), g(s) <, 7(s) <'s, and lims_;00 §(8) = limg—y00 T(S) = 0.

For the solution of (1) on [sy, c0), we refer to a real-valued function x € C([sy, ), R),
sy > sp, which satisfies (1) on [sy, ©), and has the properties (x + 17 - (x 0 g)) € C?([sx, ), R)
r
and (a . <(x +1-(xo g))”) ) € C([sx, 0),R). We only consider those solutions x(s) of (1)
satisfying sup{|x(s)| : s > S} > O forall S > s,, and we assume that (1) has such solutions.
A solution of (1) is said to be oscillatory if it has arbitrarily large zeros in [sp, c0), and is
called nonoscillatory otherwise. Equation (1) is said to be oscillatory if all of its solutions
are oscillatory.
In the study of neutral equations, the corresponding function z to the solution x,
defined as
z(s) := x(s) +11(s)x(g(s)), ®)

is vital.

Numerous studies have been conducted on third-order functional differential equa-
tions and the oscillation behavior of solutions; see [33—40]. There exists a theoretical and
applicable interest in the problem of oscillatory properties of neutral DDEs; see Hale [1] for
some important applications in various applied sciences.

In what follows, we survey some of the most important research that handles the
study of third-order NDDEs using different techniques and some different restrictions to
obtain conditions that ensure that the solution is oscillatory or tends to zero to cover the
the largest area when applied to special cases.

Baculikova and Dzurina [41] tested the asymptotic features of a pair of third-order
NDDEs,

r

(a9) (x(9) £n(0)x(5()))")") + g ((s) = 0, 5> 50, @

where 0 < 7(s) < 7 < 1. They established novel sufficient conditions that confirm that all
nonoscillatory solutions of (4) converge to zero.

Thandapani and Li [42] studied the oscillatory features of the third-order NDDE
(1), where ¢/(s) > g0 > 0, Tog = gotand 0 < 7(s) < 5 < co. By using the Riccati
transformation, they established some sufficient criteria, which confirm that any solution
of (1) is oscillatory or tends to zero.

Graef et al. [43] discussed the oscillatory properties of a class of solutions of third-order
nonlinear NDDEs:

N
(<) +n()x(2(5))")") +als)¥' (x(s)) =0
where 2 = 1 and #(s) > 1. They presented novel sulfficient criteria for any solution of the

studied equation to be either oscillating or converging to zero.
Kumar and Ganesan [44] discussed the third-order nonlinear NDDE in the form

(a(s)9(2"(8)))" +a(s)p(x(t(s))) =0, s > 59 > 0, ®)
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where (1) = |u|""'u, ¢'(s) > go > 0and T o g = g o 7. The third- and first-order equation
comparison principles provide the foundation for the obtained results. Below, we present
some results obtained in previous studies to facilitate the reader’s understanding.

Theorem 1 ([42]). Letr > 1, T € C!([sp, 0)) and T > 0. Assume that

oo oo 0 1/r
L1 Gty [ 0@10) dudo e,

holds and t(s) < g(s). Moreover, assuming there is a function p € C'([sg, ), (0,0)), for all
s1 > sq large enough, there exists s; > sg where

Sfomow  (+B)@m)™
(TGO ) A

for Q =min{q(s),q(3(s))}, (¢'(s)), = max{0,0'(s)} and pa(s,s1) = [; 1la'/"(6)de.
Then, (1) is almost oscillatory.

lim sup
S—»00 S

Theorem 2 ([44]). Let T(s) < g(s) < 1. Assuming that 0 <r <1,

[ (295 " aar) " audo = o

and the first-order DDE

/ 8 - —
W)+ S e (g () =0

oscillates, then any positive solution of (5) meets lims_co x(s) = 0, where g~ 1(s) is an inverse
function of g(s), and

@)= ([ Tan - Twnar).

S1

Our goal in this study was to examine the asymptotic properties of a class of neutral
third-order NDDEs. Based on the improved relationship between x and z that was derived
in [45], we obtained new relationships between x and z. The new relationship is character-
ized by taking into account both cases 7 < 1 and # > 1; this was not common in previous
third-order studies. We present Kamenev-type criteria that ensure that all solutions of the
neutral DDE, (1), either converge to zero or are oscillatory. We begin by deducing some
new relationships that help improve the approach. Then, we use the Philos function class
to obtain the required conditions. The criteria we obtain improve and extend some results
from previous studies. Finally, we employ the results in the special case of our studied
equation.

2. Preliminaries

We begin with lemmas, notations that are required throughout this paper. For con-
venience, we use the symbol P to state the category of all eventually positive solutions
to (1), the symbol P| to denote the class of solutions x € P, whose corresponding func-
tion confirms z/(t) < 0, and the symbol P; to denote the class of solutions x € P whose
corresponding function confirms z’(t) > 0.

Lemma 1 ([41] (Lemma 1)). Assume that x € P. Then, z meets one of the following possible
cases, eventually:

(i)  z>02 >0andz" >0;
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(i) z>0,2 <0andz” > 0.

Lemma 2 ([41] (Lemma 2)). Suppose that x € P|. If

/s:o /voo (u(liu) /uoo q(9)d9>1/7dudv = oo, (6)

then lims_ye0 x(s) = lims—c0 2(s) = 0.

Lemma 3 ([41] (Lemma 3)). Suppose that u € C?([sg, o), R). Assume that u(s) > 0, u'(s) >
0and u”(s) <0, o0n [sg,00). Then, there exist a sy > sg for each k1 € (0,1) such that

u(t(s)) (s)
TS) >k S

wheres > sq.

Lemma 4 ([46]). Suppose that u € C"*1([sp, ), R), ul)(s) > 0, for j = 0,1,...,m, and
y(m+1) (s) < 0. Then, there exist a sy > sy, for each ky € (0,1), such that

u(s) >k£
T m

S/
where s > sq.

Notation 1. For simplicity, let GP(s) := s, Gll(s) = G(GU*”(S)), Gll(s) = G (GH“](S)),
forj=12,...

Lemma 5 ([45]). Suppose that x € Py UP|. Then,

m [ 2%k z( ¢l2K
CE(fe) () o

eventually, where m > 0, m € Z.

Let R be class of functions, the function K € R, where £ € C(H,R), H = {(s,0,¢) :
sop < € <8 <s < oo}, if K satisfies the following hypotheses:

1) K(s,s,0) =0, K(s,(,0) =0, K(s,0,0) #0,for{ <6 <s;
(2) K(s,0,¢) possesses the partial derivative 0K /960 on H with the condition that 9/C /96
can be integrated locally in terms of 6 in H and

K (s,0,0)

% =h(s,0,0)K(s,0,0), (8)

for some h € C(H,R).
This class of functions is defined by Philos [47].

Notation 2. During the main results, we need to define the following abbreviations:

¥(s) = [ Tl w)au,

n, (2 9 (2 (x(s)))
S) = ["] S 1 —
i Z(H”(g ™ ))>><n(g[2ﬂ<r<s>>> 1) O
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@Z(S)ZéCﬁ 1( )(1 . ! p(s <(s>>)),

“H(1(s))) 9N (x(s)))

1, forn =0
Qs) ={ ©1(s), foro<ny<1
O (s), forn > lp(g[’Zkl(T(s))) /¢(g[*2k+1](f(s))),

and

o+ .y i Ty +j—rTA—j+1)
_ _ JH1, r—j+1yj Y] ] +
Mo ]§)<rfj+1)( DA R ey s R LA

where 7y, A € (r,00),
+o0
r(6) :/ 2¥~le*dx, 6> 0,
0

and

3. Main Results

We present new conditions that guarantee that each solution to DDE (1) oscillates or
converges to zero.

Theorem 3. Suppose that (6) holds and the function KK € R. In the event that a function,
o € CY([sp,00),R"), is present and satisfies p'(s) > 0 such that

o (26) p(6)

forany kq,ky € (0,1), then the solution x(s) oscillates or tends to zero.

lim sup /s K(s,8,0)p(0) <k;k; Tzr(o,) 7(0)0" (8) — koa(8) (h(s, 0,0)+ 20 )rH) do >0, ©)

Proof. Suppose that x € P. Suppose that there is an s > s; such that x(s) > 0, x(g(s)) >
0, and x(7(s)) > 0. Clearly, z(s) > 0, s > s;. From Lemma 1, we can see that (i) or (ii) is
satisfied.
Assume that (ii) is satisfied. Since (6) holds, following from Lemma 2 that lims_,c, x(s) = 0.
Now, assume that (i) is satisfied. We have

s ,1/r u " 5 s
Z(s) > /SO %du > al’"(s)2"(s) /50 ul/}wdu

al/7(s)2" (s) T (s0,5), s > 51

Y

therefore, we find

Z(s) \ _ T(s0,8)z"(s) —2'(s)a"¥"(s) _ a'’"(s)T (s0,8)z"(s) —2'(s)
<T(so,s)) - T2(50,5) T ST s S SE (a0
Since .
z(s) > /50 %du fors > s;
by using (10), we obtain

z(s) > Tz(s(os,)s) /S: T (so, u)du > Tz(s(os,)s)ll)(s)
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and so
2()\' _ ()2 (8) ~2(5)T(s0,5) _ T '(s0,9)9(8)Z'(8) —2(s) _ ) (o ¢
(1/’(5)) B P2(s) a T1(s0,8)92(s) <0,s>s;. (11)

From (3), we have
x(s) = z(s) —n1(s)x(g(s))-
Now, assume that 7 < 1. Since z(s) satisfies (i), following Lemma 5, that (7) holds.
Using gl+1l(s) < glH(s) <'s, 2/(s) > 0 and (11), we obtain

Z(g[2k+1] (s)) < z(g[Zk](s)) <z(s), s>s;

and

Z<g[2k](s)) > zp(g[z’;g)z(s), fork=0,1,....

Thus, we see that (7) becomes

m 2k z [2K] (S)
B )

=

k=0 \n=0

m 2k
> g(lnoq(g[ﬂ}(s))) <;7 (g[z}‘](s)) - l>z<g[2k](s)>

m (% 1 (8P (s)
> z(s) E(nﬂ(g[n](s)D <ﬂ(g[2k](s)) 1) (w(s) ) s > s

k=0 \n=0

Using this inequality in (1), we obtain

(a() (xls) +1(5)x(3(5))")) < ~a(8)2" (x(s))@'(5), 5 > 5. (12)

Now, assume that # > 1. It follows from the (3) that

1(g1(s))
_z2(g's) 1 o) — (o2
n(g~1(s)) n(g*l(s))q(g[—zl(s))“g s) ~x(s79))
_ z2(37')
1(g71(s))

N q(g*l(s));(g[’zl ) (Z (g[fzJ (s)) . q(g[—lsl - (z (g[—31 (s)) - x<g[—3] (s)) ))

(g) ()
[ n(800(s)  TTig n(gl7(s))

ey ()~ 0) o2

and so on. Thus, we have

m [2k—1
x(s) > Z(H ( g[lﬂ(s))> (z(g““%)) - MZ(g“"Ms))), s> sy, (13)

=1\ j=1 1
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From the facts that g[’Zk] > g[’Zk“] >s, zZ/ > 0and (11), we arrive at

z<g[’2k+1] (s)) >2z(s), s> s (14)
and

¥ [—zk]( ) [—2k+1]( )
Z<g[72k](s)> < (g lp(;);gi (s)) ° )/

Using (14) and (15) in (13), we obtain

m (%1 1 1 1/1<g[ 24 (s)
> L (ﬂ n(g[-fus))) (l ) P E ) )

and so

m [2k—1 1 1 l/}( )
x““”””“”%(ﬂ n(g[-fur(s))))(ln(g[ ) (g™ 2 <>))) e

From the above inequality and (1), we obtain (12), therefore,

s > sq. (15)

(as) ((x(5) +n(9)x(s())") ) < 0. (16)

Using (16), a’(s) > 0, and z”(s) > 0, we have z"(s) < 0. Therefore, there exists an
sp > s1 such that z(s) satisfies

z(t(s)) >0, Z'(s) >0, Z2’(s) > 0, 2"(s) <0, s > sp.
We define w(s) as follow:

() (5)"

w(s) = p(s)” ) s>s). 17)
We see that w(s) > 0 and
e — a(s)(2"(s))"
w (S) - p( ) (Z/(S))
LPE)(E (8)) (a(s) (2" (s))") —rp(s)als) (2" ()" (2'(s) =" (s) s> s,
(2/(s))? N
By using (12) and (17), we have
/ 1y @(s) 9(8)2(1())0'(s) _ wD/7(s)
w (S) < Y (S) p(s) 7P(S) (Z/(S) T - rﬂl/r(S)pl/r(S), s> S2. (18)
By using Lemma 3 with u(s) = z(s), there exists a s3 > s, such that
Z,Z(,T(% > kl@/ s> s3> s). (19)
By using Lemma 4, we have
ZZ/((SS)) %kzs s > s3. (20)
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From (19) and (20), we obtain

2
1 Sk 7(s) >kk21’(s) 1

Z(s) = s (t(s)) T VP 28 z(t(s))
Using (18) and (21), we obtain

, 8> s 1)

w/(s) S /( )(AJ(S) 27(5) w(r+1)/r(s)

s o(s) 1% (2s) +0(s)q(s)@" (s) _”W, S >s3

and so

2r (r 1)/r
s o) < /(o) + )9S T s e

Multiplying the above inequality by K(s, 6, £) and integrating from ¢ > s3 to s, we
obtain

/SIC(S,G ki) ) 0)0(0)07(60)do

20
S 1o @(0)
- / (5,6, 0)c’ (0)d6 + / K(5,6, )0/(0) 550 (23)

d@, 14 Z S3.

s K(s,6, g r+1)/r( )
- / ul/r l/r(e)

By using (8), for all s > ¢, we have

2}'
. ()9 ) o(6)q(6)©" (6)d6

s 0 (r4+1)/r 0
< /[/C(S,G,é)(( (s,6,0) + ((9))>w(9)—ral“/’r@pl/(r()e)>de,szz. (24)

S
/[ K(s,6, kK, =

Set

(0 l9(r+1)/r
F(8) = (h(s,(},f) + %)0—rm, s> /.

A simple calculation implies when

9 = kop(6)a(6) (h(s,(),ﬁ) + p’(0)>r’ s>/

F(?) has the maximum

Kop(6)a(0) (h(s, 0,0)+ “’(“)Mf =t

p(6)
that is,
p’(@) r+1
F(8) < Fmax = kop(0)a(6 )(h(s,e,f) + o(0) ) , s> L. (25)
Using (24) and (25), we have
s 2r 0
0 > [ (s, 0k o) 0 (0)d0

s / r+1
—/[ K(s,6, O)kop(6)a(6) (h(s,e,e) + ‘;?) T, s> 0
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and so

s 2r / r+1
/é K(s,6,0)p(6) (kgkgzzéfﬁq(e)@*(e) ~ koa(0) (h(s, 0,0) + ‘;(9)> >d9 <0,5> L.

Taking the super limit, we obtain

lim sup :IC(s, 0, 0)p(0) (kgkg T(Z(f,)q(e)(af(e) — koa(0) (h(s, 0,0)+ ’;,((g))yH)dG <0,5> L

This contradicts (9) and the proof is complete. [
Theorem 4. Assume that (6) holds and
K(s,6,0) = (s—6)7(6 — 0)°,

where o, ¢ are constants greater than r. If there is a p € C'([sp, o), R™) satisfying p'(s) > 0 such
that

lim sup :(s —0)7(0— 0)°p(0)D(s,1,0)d0 > 0 (26)

S—00

forany ky,ky € (0,1), then, the solution x(s) is oscillatory or converges to zero, where

2r / r+1
®(s,1,0) ::qugr (9) (c+0)0+0¢ p(9)> .

. s —
oy 1090~ e(0) (G G 5w

Proof. Suppose that x € P. Suppose that there is an's > s; such that x(s) > 0, x(g(s)) >
0,and x(7(s)) > 0. Clearly, z(s) > 0, s > s. Since

K(s,6,0) = (s—0)°(0—0)% s> 1,
by using (8), we have

h(s,0,0) = %, s> /.

Now, as in the proof of Theorem 3, we arrive at

S
lim sup , (s—0)7(6—0)p(6)D(s,1,6)df <0, s > L.

S—00

This contradicts (26) and the proof is complete. [
Theorem 5. Assume that (6) holds and
K(s,6,0) = (T (s0,8) — T (s0,0))7 (T (s0,0) — T (s0,£))",

where 7y, A are constants greater than r. If there exists a function p € C1([sg, 00), R") satisfying
0'(s) > 0 such that
S

limsup | (7 (s0,5) - T (s0,0))"(T (s0,6) — T (s0,£))"*p(6)¥(s,1,6)d6 >0  (27)

S—00
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lim sup

S—r00

for any ky,ky € (0,1), then, the solution x(s) is oscillatory or converges to zero, where

T2r(9)

¥(s,1,0) @ =kik; (29),q

(6)07(6)

AT (s0,8) = (v +A)T (s0,6) + 7T (s0,4) p'0)\ !
~Hoa(8) (al/V(G)(T(so,s) ~T(50.0) (T(50,0) ~ T(0.0) | p(®) ) '

Proof. Suppose that x € P. Suppose that there is an s > s; such that x(s) > 0, x(g(s)) >
0, and x(7(s)) > 0. Clearly, z(s) > 0, s > s;. Since

K(s,0,0) = (T (s0,8) — T (50,0))" (T (s0,6) — T (s0, )", s > ¢,

by using (8), we have

/\T(So, S) - (’Y + )\)T(So, 9) + ’YT(S(), 5)
h(s,0,0) = > /(.
50 = 7 @) (T (s0,5) — T(50,8) (T(50.8) ~ T(s0,0)” ° =
Now, as in the proof of Theorem 3, we arrive at

lim sup , (T (s0,8) — T (s0,8))" (T (s0,8) — T (s0,£))"p(8)¥(s,1,6)d0 <0, s > £.

S—r00

This contradicts (27) and the proof is complete. [

Corollary 1. Suppose that (6) holds, r is an odd natural number and p(s) = 1. If there exist two
constants «y, A > r such that

(T (s0,5) = T(50,0)) (T (s0,6) — T (s0,£)) Kk =8 g (6)©" (6)dl6

(26)

k
(T (s0,8) — T (s0, €))7 > koMo (28)

for any kq,ky € (0,1), then, the solution x(s) is oscillatory or converges to zero.

Proof. As in Theorem 5 with p(s) = 1, we have to sufficiently prove that (28) leads to (27).

From ) T(9)T()
- - v
[vta—ytay = NCEmY

Using y = 0/6, we obtain

3 . . 1 . w
/O (5 _ Q)7+]7771Q}‘_]dg _ /0 5'y+)\—r(1 _ y)7+] r lyA ]dy
srao L+ =nr(A —j+1)

T(y+A—-r+1) @9
Leto = T (s0,0) — T (so,¢) and 6 = T (so,s) — T (so, £). Then, by (9),
/; a(0)(T (so,8) — T (s0,0))" (T (s0,0) — T (so, f))/\F(s, 1,0)d6
s
= [e=0 e Mo 0) — ) Tde, (30)

where

o ATls08) ~ (1 N0 +9T(s0.) )
F10) = (e T s Fam) o2
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and
r+1 X . .
(AG— ) —70)™ = Y (-1 ("= e, 61
=0 ]

From (30) and (31), we have
/; a(0)(T (s0,8) — T (s0,0))" (T (s0,0) — T (so, E))/\I (s,1,0)do

r+1 ra1 . . ) . X
1 r—j+1,r—j+1 // Ajrs _ \ytHj—r=1 )
(2L oy e gri e @)

j=0
(T (s0,8) — T(s0,£))" ™ "My, s > L.

Hence, by (28) and (32), (27) holds. The proof is complete. [

Corollary 2. Suppose that (6) holds, r is an odd natural number, and p(s) = 1. If there exist two
constants v, A > r such that

i sup J2 (T (50:8) = T(50,0)7(T (50,0) = T (50, 0)" =52 q(0)07 0)d0

> 2"koMy, (33
oo (T (s0,8) — T (s0,£))" " oMo, (33)

then, the solution x(s) is oscillatory or converges to zero.

Proof. We shall show (33) implies (28). Note that (33) implies

(lekzy"(s)@r(@)(@)r = (%)%@)@«e)(*g”)i (34)

where k = kikp. Conversely, (33) suggests, for k € (0,1),

[T~ T(50,0) (T(50,0) = Tl 0) a0 0)d6 _ 1,
e (T(50,9) — T(s0, )7 7 oM =t )

Combining (34) and (35), we obtain that (28) holds. Hence, by Corollary 1, we complete the
proof. O

Example 1. For the third-order NDDE

(x4 35(3)) +5x(3) =051 @)

Notethatr =1, a(s) =1, n(s) =1/2 < 1, q(s) = x/s%, k > 0, g(s) = 5/2,and T(s) = /2.
Condition (6) is satisfied, where

00 oo 1/r 9
/ / ( / de) dudo = / / / X dodudo = .
sp Jo u) So

T(so,s)f/ am /d97(s—so (s—1).

Note that
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We may choose y = 4, A = 5, then

r+1 ; i
r+1 rmj1, g1y L+ = nT(A —j+1)
My = , —1)/ Ly
0 ];)(rf]+1>( oy T(y+A—r+1)
_ 11 gy DA~ DEE—j+1) 5

Ecm —1) 41t FAT5 15 1) 4.1664 x 10

and so .
2koMo = (2) <Z> (4.1664 x 10—2) =2.0832 x 102

Now,

§2

9 (s™(x(s) = 573

\ . ¥(s™(r(s))
O1(s) Z (HW( )) <;7(g[2k](r(s))) - 1) ¥((s))

SO i
= 2 24k+3 g2 = 2 24k
~ 050794 := py,

Moreover, for s > £ > 1, the left side of (33) is

fS(T(so,s) — T (s0,0))"(T (s0,0) — T(so,f)))‘%q(m@"(f))df)

lim sup +£

500 (T (s0,8) = T (s0,0)"
_o\dp_ o
= limsup Mok /(S ) ge t) do
S—00 4(5—[) 6
_ Mo
= 120"

Therefore, from Corollary 2, it confirms that every positive solution of (36) approaches zero and that
K %, 45.934.

Example 2. Consider the third-order NDDE

1 7s\\"” ’ K 3(S
(s<<x(s)+3x(2)) > ) + 5 (E) =0,s>1. 37)
Note thatr =3, a(s) =s, 7(s) = 1/3 < 1, q(s) = x/s°, k > 0, ¢(s) = s/2,and T(s) = s/2.

Condition (6) is satisfied, where

1/3

LO/ ( / 9)d9>1/rdudv=./5. / < / —d@) dudo = .

Note that s 40 3
2/3
T (so,5) —/ @) 2( 1).
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We may choose y = 4, A = 5, then

r+1 r+1 T(y+j ) A—j+1)
M = ) 1 r— ]+1 r— hLl)\] ]— j
0 J;)<“f“>( ) Tyt A—r+1)
= S (L1)3itgij T4+ -3)r5-j+1) _
EC3+1 ST Y s 275
and so :
2'koMy = 2°——(27.5) = 0.85938.
(4)
Now,

- 9 g5/3
1P<8[ ](T(S))> = 10 300675)73

. 2(x(s))
01(5) E<Hv(8’” ))(W(g[ml 1>¢(g (s>>>

k=0 \n (T(s))) l/J(T
YA 2k+1 /3 25/3 20/ 2k+1 1
- k;) 3 (2)2(10k+5)/355T - k;) 3 (2)210k/3

~  0.67410 := y,

and, for s > € > 1, the left side of (33) takes

msup 2 (T (50:5) = T(50,0))"(T(50,0) = T (50, 0)" “5q(0)0" 0)d0
s (T (s0,8) = T(s0,£) "
5
2/3 _ 92/3 2/3 _ 42/3
= limsu §9 ;481( /S(s ’ ><9 ! >d9
o ooP\ 2 26(52/3_52/3)6 ¢ 63

_ (3

- \2/ 26(20)°
Hence, by Corollary 2, it confirms that every nonoscillatory solution of (37) converges to zero
provided that x Z 93.412.

Remark 1. Consider the NDDE

(0 33(3) + 5x(3) =0 s>1 @)

We find that Theorem 1 in [42] and Theorem 2 in [44] cannot be applied to this equation because
T(s) =s/2 > g(s) = s/4. While using the results we obtained, we find that the solutions of (38)
are oscillatory or tend to zero. Therefore, our results improve the results in [42,44].

Remark 2. We note that additional conditions were mentioned in [42,44], including the composition
condition (T o g = g o T), which is a harsh condition on the delay functions, while we were able
to dispense with these conditions in our results. We also note that the results we obtained are
considered an expansion and extension of both [41,43], as we find that in [41], (1) was studied when
0 < 5(s) <y <1, and we find in [43] that Equation (1) was studied when a =1 and n(s) > 1,
while in our study, Equation (1) was studied when 0 < 5(s) < g < oco.

Remark 3. From Example 1 in [41], we find that every nonoscillatory solution of (37) converges to
zero provided that x > 9% /2. However, by using our criterion (33), we find that every nonoscillatory
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solution of (37) converges to zero provided that k > 93.412. Hence, our findings enhance those
presented in [41].

4. Conclusions

It is known that studying the solution behavior of odd-order differential equations
is more difficult than studying even-order equations. This is due to several reasons, one
of which is the ability to obtain relationships between the different derivatives of positive
solutions, as well as the multiplicity of derivative possibilities for positive solutions. Based
on the improved relationship between x and z that was derived in [45], we obtained new
relationships between x and z. The new relationship takes into account the cases 7 < 1
and 77 > 1, and this was not usual in previous studies of neutral third-order differential
equations. Using the appropriate Riccati substitution, we obtained the Riccati inequality
and then applied the Philos approach to obtain new criteria for the asymptotic behavior of
the studied equation. The new criteria ensure that all nonoscillatory solutions converge
to zero. The results provided in this work improve and extend the well-known results in
previous works; for instance, see [41-44]. It would also be of interest to use this approach
to study the equation

(a(s) () + n(6)x(5s)) ")) +q(s)" (x(s)) =0,
where n > 3.
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1. Introduction

Letn € Nwitha € (n—1,n) and a < ty < b in R. Our concern is characterizing
partial derivatives with respect to the boundary data for solutions to the Caputo fractional
boundary value problem

“ox(t) = f(tx(t), 2 (),...,xD(1), a<to<t<b, 1)
satisfying conjugate boundary conditions
x(t) = x; @

where Df,; x is the Caputo fractional derivative of order « of the function x(t) and a <
tp <t <t)<...<t, <bandx; € Rfor1l <i < n. These partial derivatives solve the
associated Caputo fractional variational equation.

Definition 1. The « order Caputo fractional variational equation of (1) along a solution x(t) is the
differential equation

% 2(t) = f;l O (tx(1), 4 (8),....,x D (£))20). 3)

In this paper, we impose suitable continuity and uniqueness hypotheses so that given
a solution of (1), (2), one may take the derivative with respect to the boundary data. This
derivative solves the variational Equation (3) with interesting boundary data where all
but one of the boundary values are zero. Colloquially, we refer to this as studying the
smoothness of conditions.

The history of initial and boundary data smoothness dates back to Peano and his
work on the smoothness of initial conditions as cited by Hartman [1]. Subsequently, Peter-
son [2], Spencer [3], and Sukup [4] were among the first to shift to studying the smoothness
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of boundary conditions. In the following decade, these results were then extended by
Henderson to right-focal boundary conditions [5,6] and conjugate-type boundary condi-
tions [7]. Over the next several decades, results were introduced for nonlocal boundary
conditions [8-10], difference equations [11-13], dynamic equations on time scales [14-16],
and researchers incorporated parameters into the nonlinearity [15,17].

With this work, we broaden the scope even further by analyzing smoothness of solu-
tions to Caputo fractional boundary value problems. Research into fractional differential
equations has seen an explosion of articles in the past decade that seek to generalize results
for integer order differential equations to fractional order. To name a few, we cite [18-27].
In fact, there also seem to be a limitless number of different ways to define a fractional
derivative. However, two definitions have become the source of focus amongst a broad
range of researchers in the field; namely the Riemann-Liouville and Caputo fractional
derivatives. Brief definitions may be found in Section 2. For expository material on
fractional differential equations, we refer the reader to [28-31].

The theorems and proof in this article are novel as no other research to date has
attempted to extend boundary data smoothness to fractional differential equations. The rea-
son is that the results found in this article rely heavily upon two recent results for Caputo
fractional differential equations. The first establishes differentiation of solutions of Caputo
initial value problems with respect to the initial data [22], and the second establishes the
continuous dependence on boundary conditions for Caputo boundary value problems [32].

The idea behind the proof of our main result is to first assume a unique solution to a
Caputo boundary value problem. Then, we define a difference quotient with respect to the
boundary point or boundary value of interest. We view this difference quotient in terms of
an initial value problem and apply Theorem 3.2 from [22]. This yields that the difference
quotient solves the variational equation. Finally, we take a limit by applying the continuous
dependence result, Theorem 4.2, from [32] which yields the desired result.

The remainder of the paper is organized as follows. In Section 2, one will find brief
definitions of fractional integrals and derivatives. Section 3 is where we establish our
sufficient hypotheses. For Section 4, we present important recent results in continuous
dependence and smoothness of initial conditions. Following this, we have Section 5 that
contains the main result and its proof. Finally, we conclude with a summary of project and
thoughts on future research avenues.

2. Fractional Derivatives

Let & > 0. The Riemann-Liouville fractional integral of a function x of order «, denoted
I;’B x, is defined as

1 t
I% x(t :—/ t—35)"Ix(s)ds, to <t
ty ( ) r( D() ( ) ( ) 0>
provided the right-hand side exists. Moreover, let n € N denote a positive integer and
assume 71 — 1 < a < n. The Riemann-Liouville fractional derivative of order « of the
function x, denoted Df; x, is defined as

fX(t) = D”Ig)"‘x(t),

provided the right-hand side exists. If a function x is such that

n—1 _ i
; (x(t) - ;)x%)“if“)

exists, then the Caputo fractional derivative of order « of x is defined by

i=0

n—1 o i
D, x(1) = D (x(t) -y x<"><to)“ﬂ’*°)>.
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Remark 1. A sufficient condition to guarantee the existence of the Caputo fractional derivative
is the absolute continuity of the (n — 1)st derivative of x(t). See Theorem 3.1 in [28] and discus-
sion thereafter.

3. Preliminaries
Throughout this work, we make use of the following assumptions which are required
to apply the continuous dependence and differentiation results from [22,32]
(1)  f:(a,b) x R" — Ris continuous;
(2 forl<i<m,df(tx1,...,x4)/0%;: (a,b) x R" — Ris continuous; and
(3) solutions to initial value problems for (1) are unique on (4, b);
Next, we present two more hypotheses which establish a uniqueness condition for (1)
and (3), respectively.
(4) Givenpointsa < tg <t <ty <...<t, <b,if yand z are solutions of (1) such that
for1l <i<m,y(t) =z(t;), then y(t) = z(t) on [to, b); and
(5) givenpointsa < ty <t < fp < ... < t, < b, if u is a solution of (3) along (1) such
that for 1 <i <, u(t;)=0, then u(t) = 0 on [ty, ).
Next, we present two crucial results that make this work possible.
Let [¢,d] C Rand for x € C[c, d], define

lIxllo,ca) = max [x(£)]-

IfkeN, forx e Ck[c, d|, define

%Ik o) = max{llxllg jear 15 logeay - - - 12 o fea }-

We seek a boundary value problem result as an analog of the initial value problem
result from Eloe et al. [22].

Theorem 1. Assume that hypotheses (1)-(3) hold. Let y(t) := y(t; to, Yo, - .., Yu—1) be the unique
solution of the initial value problem (1) satisfying

y(i)(to):yi/i:O/""n_l’ @)

with maximal interval of existence [ty, w). Choose [c,d] C [tg, w). Then,

(a)  foreach 0 < j < n—1,v(t) := 9y(t)/dy; exists and is the solution of the variational
Equation (3) along y(t) on [c, d| and hence, [ty, w) satisfying the initial conditions

7 (t) =85, 0<i<n—1;
(b)  if, in addition, f has a continuous first derivative with respect to t and

f(to,yo,v1,-- -, ¥n-1) =0,

then B(t) := dy(t) /9ty exists and is the solution of the variational Equation (3) along y(t)
on [c,d] and hence, [ty, w) satisfying the initial conditions

B (t) =~y (to), 0<i<n—1; and
n—-1
(c)  Under the additional in (b), B(t) = — Y_ yU™*V (ko) 1:(1).

i=0

We also use recent continuous dependence on boundary conditions results for Caputo
fractional differential equations [32]. The first one is if the left-most boundary condition is
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to the right of the starting point of the Caputo fractional derivative; namely fg < t;, and the
second is if they are equal; namely ty = t;. Note that the second result has an additional
condition to establish continuous dependence to the left of f.

Theorem 2. [Case when ty < t1] Assume that hypotheses (1), (3), and (4) hold. Let x(t) be
a solution of (1) on [to, ), [c,d] C [to,b) with points tg < ¢ < t1 < th < ... < ty < d,
and € > 0. Then, there exists a 6(e, [c,d]) > 0 such that if for 1 < i < n, [t; — ;| < & with
<M< <B<...Ty <dand |x(t;) — y;| < dwithy; € R, then there exists a solution y(t)
of (1) satisfying y(7;) = y;. Also,

Hx(t) 7;V(t)‘|n—l,[c,d] <é€.

Theorem 3. [Case when ty = t1] Assume that hypotheses (1), (3), and (4) hold. Let x(t) be a
solution of (1) on [t1,b), [c,d] C [t1,b) with pointsc =t < tp < ... < t, < d,and e > 0.
Then, there exists a 6(e, [c,d]) > O such that if for2 <i <, |t — 1| < dwithc < T < 13 <
Ty <dandfor1 <i<mn,|x(t;) —y;| <Owithy; € R, then there exists a solution y(t) of (1)
satisfying y(t1) = yy and for 2 <i <mn, y(1;) = y;. Also,

x(8) = y(Olln-1,(ca) <€

Additionally, if fi : (a,b) x R" — R is a sequence of continuous functions that converge uniformly
to f on compact subsets of [c,d) x R" and for k > 1, tX is an increasing sequence such that t§ 1 t7
as k — oo, then there exists a K such that if k > K, then

k() = x(B)[[n-1,jcq) > O as Kk — co.

4. Main Results

In this section, we present our boundary value problem analog. First, we state and
prove the result when fy < f;.

Theorem 4. [Case when ty < t1] Assume conditions (1)—(5) are satisfied and that ty < t;. Let

x(t) == x(t,t1,..., ty, x1,...,Xn) be a solution of (1) satisfying x(t;) = x; for 1 < i < non

[to,w) C (a,b). Then,

(a) foreach1 < j < n, z]-(t) = ax(t)/ax]- exists and is the solution of the variational
Equation (3) along x(t) on [c,d] and hence, [to, w) satisfying the boundary conditions

Z]'(t,') = (51‘]', 1 S i S n;

(b)  if f has a continuous first derivative with respect to t and for each 1 < j < n,
(28, (1), x D ()) =0,

then w;(t) := 0x(t)/0t; exists and is the solution of the variational Equation (3) along x(t)
on [c,d] and hence, [y, w) satisfying the boundary conditions

wj(t) = —x'(t;)8;, 1 < i < n; and
(c)  Under the conditions of (b), for each 1 < j < n, w;(t) = —x'(t;)z(t).

Proof. We will only prove part (a) as the proof of part (b) is similar. Part (c) is an immediate
consequence from parts (a) and (b) when coupled with hypothesis (5).

Let 1 < j < n, and consider dx(t)/9x;. In the interests of conserving space and
lessening the tedious notation, we denote x(t; t1, ..., ty, X1, .. S ., xn) by x(t; xj) as x;
is the boundary value of interest.
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Let & > 0 be as in Theorem 2, 0 < |h| < & be given, and define the difference quotient
with respect to x; by

2t = %[x(t; X+ ) — x(tx)))

Note that for every i # 0,

zZin(tj) = %[x(tj;xf"‘h)_x(tﬁxf)]
_ %[(xj+h)—xj}
1
= 5l
= 1

Also, forevery h #0, 1 <k < nwithk # j,

Zin(te) = 7 [x(texj+h) — x(t;x5)]

[k — x¢]

=

Now that we have established the boundary conditions for zj,(t), we show that z;,(t)
solves the variational equation. To thatend, for 1 <i <n —1, let

Ui = X(l) (f]'; Xj)

and )
€ = Gi(h) = x(l)(tj; x]- + I’Z) — 0Uj.

By Theorem 2, for 1 < i < n—1, ¢; = €;(h) — 0as h — 0. Using the notation of
Theorem 1 for solutions of initial value problems for (1), viewing x(t) as the solution of an
initial value problem, and denoting the solution x(t) by y(t; t;, Xj, 01,0, U1 ), we have

1
zjp(t) = ﬁ[y(t; tiyxj+hor+ey. .., v 1 +en1) —y(ht, xj,01,. 0, 00-1)]

Then, by utilizing telescoping sums, we have

1

Z]‘h(t) :E{[y(t; t]',x]‘ —+ h,Ul +€1,...,0y1+ Enfl) — y(t,‘ f]',x]‘,lil +€1,...,0y1+ 6,,,1)}

+ (it xj 01+ €., 001+ €1) = Y6t X010, U1+ €41
+[y(tt, x5,01,. ., Op1 +€0m1)) — 0]
+ [y(

y(t:t, xj,01,. .., vn1 +€n1)) — Y(E t, Xxj,01, . ~/’0n71)]}-

By Theorem 1 and the Mean Value Theorem, we obtain
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1 -
zZjn(t) =7 [’yo(t,y(t; t,xj+horter,. .., v 1+ €-1))(xj + 1 —x;)
+r(ty(tt,xj 01+ &, 01+ €4-1)) (01 +€1—01) + -
+ v (L y(t £, Xj,01,..., Up—1+ €n1))(Vn1+€n1— Un—l)]
=v0(ty(tti, xj+ o1 +e1,..., 051+ €4-1))
€1 ~
+ W’h(f,y(t; b, Xj, 01+ €L Up1 F€pm1)) o

e _
+ "h ! Tn—-1 (t,y(t; tf/ Xj, 01+, Un—1 + 6"71))

where, for 0 < k < n—1, 9,(t,y(-)) is the solution of the variational Equation (3) along
y(-) satisfying
() =6y, 0<i<n—1.
Furthermore, foreach 1 <i < n — 1, v; + €; is between v; and v; + €;. Thus, to show
Fllin}) z]-h(x) exists, it suffices to show, foreach1 <i<n—1, }lin'é €;/h exists.
— 1

Now, from the construction of zj, (t), we have
zjp(t) =0, 1 <k < nwithk # .

Hence, for 1 < k < n with k # j, we have a system of n — 1 linear equations with n — 1
unknowns:

—voltk y(Et, xj+ o1 +€1,..., 01+ €51))
€] ~
= WWl(tk/y(t;tj/levl +E1, e, Ut Epr))

€n—1

+ A 7n—1(tkry(t?tjrxjfvlr-~-rvn—l +én71))~

In the system of equations above, we notice that y(-) is not always the same. Therefore, we
consider the coefficient matrix M based on y/(t)

11t y(8)  n(tLy®) - a1 (bLy(t)

Tt y(t)  mlyt) - -1l y(t)
M= | mi(tuy(®) malny®) o Tl y(o)
11ty (1) vl y() o a1t y(t)

Ny®)  12y®) o Yealtay(6)

We claim det(M) # 0. Suppose to the contrary that det(M) = 0. Then, there exist p; € R
for 1 <i < n —1not all zero such that

71(t,y(t)) Yn-1(t1, y(t)) 0
71 (2, y(t)) In-1(t2,y(t)) 0
pul v y@®) |+t | T u) | = |0
711, y(8)) Yn-1(tjr1,y(1)) 0
1 (b y(6)) Yot by (1)) 0
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Set
w(t,y(t)) = pim(ty(t)) + -+ pu_1vn-1(ty(t)).

Then, w(t,y(t)) is a nontrivial solution of the variational Equation (3). However, w(t;,y(t))
=0,and for 1 < k < n—1withk # j, w(x, y(t)) = 0. By hypothesis (5), w(t,y(t)) = 0.
Thus, py = p2 = -+ = py—1 = 0 which is a contradiction to the choice of the p;s. Hence,
det(M) # 0.

As a result of continuous dependence, for i # 0 and sufficiently small, det(M(h)) # 0
implying M(h) has an inverse where M(h) is the appropriately defined matrix from the
system of equations. Therefore, for each 1 < i < n — 1, we are able to find €;/h using
Cramer’s rule.

Note as h — 0, det(M(h)) — det(M), and so for1 < i < n—1, €(h)/h —
det(M;)/ det M := B; as h — 0, where M, is the n — 1 x n — 1 matrix found by replacing
the appropriate column of the matrix defining M by

Col[ = v0(t,x(t)), —70(t2, x(t)), -, =70 (tj—1, x(t)), =0 (tjr1, x(t)), -, =0 (tx, X(f))] 4

Now, let z;(t) = }lgr(\) zju(t), and by construction of zj, (),

Zi(t) = (,‘;’T’C‘j(t).

Furthermore,
n—1
25(0) = lim zi(8) = 70(t,x(1) + ¥ Byt (1))
i=1

which is a solution of the variational Equation (3) along x(f). In addition, for 1 < j <,
zj(x) = lim zjy (xe) = Gj.
This completes the argument for dx(t) /dx;. [

Next, with the additional assumption from Theorem 3, the same result is established for
top = t1 and the proof remains the same. Without this additional assumption, the derivative
at t; would only be a right-hand derivative but the result still holds.

Theorem 5. [Case when ty = t1] Assume conditions (1)—(5) are satisfied and that ty = t1. Let

x(t) = x(t,t1,..., tn, X1,...,Xn) be a solution of (1) satisfying x(t;) = x; for 1 < i < non

[to,w) C (a,b). Then,

(a)  foreach 1 <j < n,zjt):= 0x(t)/dx; exists and is the solution of the variational Equation
(3) along x(t) on [c,d] and hence, [ty, w) satisfying the boundary conditions

zj(t;) = 65, 1 < i <m;
(b)  if f has a continuous first derivative with respect to t,

£t x(t), ¥ (1), XD (1)) =0,

and additionally, fi. : (a,b) x R" — R is a sequence of continuous functions that converge
uniformly to f on compact subsets of [c,d] x R" and for k > 1, t& is an increasing sequence
such that t5 1 7 as k — oo, then wy(t) 1= 0x(t)/dt exists and is the solution of the
variational Equation (3) along x(t) on [c,d] and hence, [ty,w) satisfying the boundary
conditions

wl(ti) = fx’(tz-)d,-l, 1< i <mn;
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(c) foreach2 < j < m,if f has a continuous first derivative with respect to t and

f(t]-,x(tj),x’(tj),. . .,x<”’1>(t]-)) —0,

then w;(t) := 0x(t)/0t; exists and is the solution of the variational Equation (3) along x(t)
on [c,d] and hence, [y, w) satisfying the boundary conditions

w]-(ti) = —xl(t1)51']', 1 S i S n, and
(d)  Under the conditions of (b) and (c), for each 1 < j < n, wji(t) = —x'(t;)z;(t).

5. Conclusions

In this paper, we showed that under suitable continuity and uniqueness conditions
that a solution Caputo fractional conjugate boundary value problem may be differentiated
with respect to the boundary points and the boundary values. The resulting function solves
the Caputo fractional version of the variational equation. This work only recently became
possible as its proof relies extensively upon the differentiation of a solution to a Caputo
fractional initial value problem [22] and the continuous dependence of solutions to Caputo
fractional boundary value problems with respect to boundary data [32].

The results contained herein are novel and have not been explored or considered
previously. We believe this result is foundational in smoothness of solutions for Caputo
fractional boundary value problems and the proof sets a template for how to proceed
for several future research avenues such as Caputo fractional differential equations with
varying types of boundary conditions including parameter dependence, Caputo fractional
difference equations, and Caputo fractional dynamic equations.

When looking at the wide breadth and depth of research conducted for smoothness of
solutions for integer order differential, difference, and dynamic equations, it is clear there
is a lot of work to be done in this area.

Other future work could entail loosening the hypothesis that the nonlinearity be con-
tinuously differentiable. This was posited for future study in [22]. Another avenue would
be finding sufficient conditions to guarantee the uniqueness condition in hypothesis (3) in
certain contexts.
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Abstract: In this paper, we use a semi-discretization method to consider the predator—prey model of
Leslie type with ratio-dependent simplified Holling type IV functional response. First, we discuss the
existence and stability of the positive fixed point in total parameter space. Subsequently, through
using the central manifold theorem and bifurcation theory, we obtain sufficient conditions for the flip
bifurcation and Neimark-Sacker bifurcation of this system to occur. Finally, the numerical simulations
illustrate the existence of Neimark-Sacker bifurcation and obtain some new dynamical phenomena
of the system—the existence of a limit cycle. Corresponding biological meanings are also formulated.
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1. Introduction and Preliminaries

In the past few decades, mathematical models have played a crucial role in the study
of biology. According to different application environments, the interaction between
populations can be expressed as consumer-resource [1], plant-herbivore [2], parasite—
host [3], etc. Predator—prey models are the building blocks of ecosystems, as biomass grows
from resource masses. This topic plays an important role in ecology [4-16].

Two of the most famous predator-prey dynamical models are the Lotka—Volterra
model and the Leslie type model. Based on these models, subsequent scholars have
considered more influencing factors, such as the fear effect [9], the Allee effect [12], super-
predators [13], etc.

In [4], Leslie first proposed that the carrying capacity of the environment for the
predator is proportional to the number of prey. So, this form of predator growth is also
called Leslie-Gower type and can be represented as

@

where x and y represent prey and predator population sizes or densities, respectively; the
function g(x) characterizes the growth rate of prey in the absence of a predator, and may be
represented through logistic growth g(x) = r(1 — §); f(x, y) is a functional response curve
and has many different forms, such as Holling types I-IV [17,18], Beddington-DeAngelis
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type [19,20], Hassell-Varley type [15,21], etc.; the parameter s signifies the intrinsic growth
rate of the predator; and k and & denote the carrying capacity of the prey and predator
provided by the environment, respectively.

As is well-known, the generalized Holling-IV response function is f(x,y) = %
There is far less research on the Holling-IV response function than on the Holling-I-III
response functions. Here, we assume that the prey growth follows logistic growth, and the
functional response f(x,y) is taken as a Holling-IV response function. Then, the system (1)

can be reformulated as J
{ d)tc =rx(l- %) - aizzy )

d
d% :Sy(lfm)

Here, m and a are positive constants, the parameter m is the maximal predator per capita
consumption rate, the parameter a is the number of prey necessary to achieve half of the
maximum rate m, and the parameter r signifies the intrinsic growth rate of prey.

If one takes the functional response f(x, y) as the ratio-dependent type, ie., f(x,y) =

m

S

at ()2
then one has )
dx _ 2 mxy
{ Tf =rx(l— %) T oayPa? (3)
d
@ =sy(1— %)

For the sake of the simplicity of mathematical analysis, we now non-dimensionalize
the system (3). To accomplish this, let § — u, % — o, rt =1, hk =1, k L5, k2 — B, and
§ — 4. Then, one can derive an equivalent to the system (3) as follows

{ M= u(l—u) - ﬁﬁz”iuz W
% =6v(1— 9)

This continuous system has been discussed in [18], whereas its discrete version has
not been found to be investigated yet. It is very difficult to solve a complicated continuous
equation or system without using a computer. Meanwhile, many models in nature look
more reasonable in their discrete forms. So, it is crucial to consider the discrete version
corresponding to a continuous model.

Now, we use a semi-discretization method to discretize the system (4). Let [t] denote
the greatest integer not exceeding f. Consider the average change rate of the system (4) at
integer number points, namely, the following model:

du _ 2([])

ity e =1 u - DI )
1% o(|T

sy e = 01— 5apy)

[
One can see that a solution (u(7),v(7)) of the system (5) for T € [0,+o0) has the
following characteristics:
1. On theinterval [0, +c0), u(7) and v(T) are continuous;

2. dl;—(;) and dzzi(r) exist everywhere when 7 € [0, +0), possibly except at the points
{0,1,2,3,--- };
3. The system (5) is true on any interval [n,n + 1) withn =0,1,2,- - -.
The following system can be obtained by integrating the system (5) over the interval
[nt]forany T € [n,n+1)andn =0,1,2,- -

nt u(t) a v,,)2
{ i _ (1o griap ) (=) ©)
o(n)

s e

o(T
U
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Subsequently, we simultaneously take the exponent with e as the base for Equation (6):

P T L
u(t) = une<1 o ﬁ(zvn)2+(xm)2)<T ") @
o(1) = v, (T
where u, = u(n) and v, = v(n). Letting T — (n+ 1)~ in the system (7) produces
o lon)?
Upt1 = unel T Blom) T+ 2 (8)
(1)
Uyl = Une un

where the parameters &, 8,0 > 0, and they are the same as in (4). The system (8) will be
considered in the sequel.

The rest of this paper is organized as follows. In Section 2, we discuss the existence
and stability of the positive fixed point because of the biological significance. In Section 3,
we provide the sufficient conditions for the existence of the flip bifurcation and Neimark—
Sacker bifurcation. In Section 4, we illustrate the theoretical results derived with numerical
simulations. Finally, some conclusions and discussions are stated in Section 5.

2. Existence and Stability of Fixed Points

We discuss the existence and stability of non-negative fixed points of the system (8) in
this section. The fixed point of the system (8) satisfies the following equation:

17M7£ 5(1—2
i —ue p? = 0,0 — 0’170 = 0

It is easy to show that the system (8) has two non-negative fixed points E; = (1,0)
and E; = (u*,v*) for &« < B+ 1, where

The Jacobian matrix of the system (8) at a fixed point E(x, y) is

2 2
_ 2a1?v* 1-u— L;ﬁiuz __2aibo 1_“_5051,42
J(E) = (1-u+ <u2;5v2>2) (w2 po)” ©
%65(179 1— %})eé(l—g)

and its characteristic equation is
F(A) = A2 = Tr(J(E))A + Det(J(E))=0

where

201202 1oy ov v
— . - ﬁzv2+uz - 5(1_ﬂ)
Tr(J(E)) (1 u+ o ﬁvz)z> e + (1 o >e

20120? v 20uv3 1—u—
eaer) 00

Before analyzing the properties of the fixed points of the system (8), we provide the
following definition and Lemma [22-25].

2 .
ﬁzvﬂéj»uZ +o(1- %)

Der(r()) = | (1-u+

Definition 1. Let E(x,y) be a fixed point of the system (8) with multipliers Ay and As.
(1) If |M] < 1and |Ay| < 1, E(x,y) is called sink, then a sink is locally asymptotically stable.
(#0) If |AM1] > Land |Ay| > 1, E(x,y) is called source, then a source is locally asymptotically
unstable.
(#ii) If |AM1| < 1and |Az] > 1 (or |A1| > Land [Ay| < 1), then E(x,y) is called saddle.

230



Mathematics 2024, 12, 1803

(iv) If either |A1] = 1 or |Ay| =1, then E(x,y) is called to be non-hyperbolic.

Lemma 1. Let F(A) = A? + BA + C, where B and C are two real constants. Suppose A and A,
are two roots of F(A) = 0. Then, the following statements hold.
(1) IfF(1) > O, then

i.1) [A] < Land |Ay| < Vifand only if F(—1) > 0and C < 1;
) A= —1land Ay # —1ifand only if F(—1) = 0and B # 2;
) |/\1| < land |A;| > lifand only if F(—1) < 0;
) |A1] > 1and |Ay| > 1ifand only if F(—1) > 0and C > 1;
) A1 and Ay are a pair of conjugate complex roots and [A1] = [Ay| =1
ifandonly if -2 < B <2and C =1;

(i.6) Ay = Ay = —1ifand only if F(—1) = 0 and B = 2.
(i) If F(1) = 0, namely, 1 is one root of F(A) = 0, then another root

A satisfies |A| = (<, >)1ifand only if |C| = (<, >)1.

(#ii) If F(1) < 0, then F(A) = 0 has one root lying in (1,00). Moreover

(iii.1) the other root A satisfies A < (=) — 1if and only if F(—1) < (=)0;

(iii.2) the other root —1 < A < 1 ifand only if F(—1) > 0.

1.2
1.3
14
1.5

(
(
(
(
(

Due to biological significance, we only consider E,. By using Definition 1 and Lemma 1,
the following result can be obtained.
Theorem 1. For a < 1+ B, E; = (u*,v*) = (ITEEX’ ﬁf;'x) is a positive fixed point of the
system (8).

— 4

Let 61 = 2+ s pyaep
the positive fixed point Ej.
Case 1. When 0 < o < (1+/73) b <0< dq:

(1) if 0 < & < &y, then Ejy is a sink;

(2) if 8 = 61, then E; is non-hyperbolic;

(3) if § > &1, then Ey is a saddle.
Case 2. When (H%) <a<1+p,0<d <6y
1) if 0 < & < &y, then Ej is a sink;
(2) if 8 = 6y, then E; is non-hyperbolic;
(3) if 62 < & < &y, then Ej is a source;
(4)
(

and 5y = % — # The following statements are true about

if 6 = &y, then Ey is non-hyperbolic;
5) if 6 > 6y, then Ej is a saddle.

Proof. The Jacobian matrix [(E) of the system (8) at E; is

¢ 2 2
J(E2) = ( Tt T W )

) 1-9

whose characteristic polynomial can be written as

F(A)=A2—PA+Q )
with N . o L
TIrp aepr
20u
Q= ( T <1+ﬁ>)“"s”(1+ﬁ>2
(3+ﬁ )
1+p
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O

It is easy to see that F(1) = 4(1 — ﬁ) > 0 always holds for « < 14 B. Simple
calculations display that

F(—1) =2[1+$+ﬁ175(1+ﬁ)
_1+a+p
—W(élffs)
w 20 on
Q=1 g aspr 115
14
:m@z—@

We can see that when § > (=, <)é1, then F(—1) < (=,>)0, and when § > (=, <)d,
then Q < (=,>)1.

Casel.If0 < a < (131’;)2, then 6, <0 < 4.

If0 <& < 4y, then F(—1) > 0. ButQ—1 = 14502 —6) < 0,namely, Q < 1. Lemma 1
(i.1) states that E; is a stable node, i.e., a sink. If § = 41, then F(—1) = 0; hence, E, is
non-hyperbolic. If 6 > 41, then F(—1) < 0, then Lemma 1 (i.3) says that E; is a saddle.

Case 2. 1f (B < <1+ p,then0 < & < 1.

When 0 < § < Jp, then F(—1) > 0and Q > 1. By Lemma 1 (i.4), |A1| > 1and [Ay| > 1;
therefore, E; is an unstable node, i.e., a source. When é§ = 6, F(—1) =0and Q = 1. On
one hand, the following applies:

« 20 3+p 1+/3>
P2=—+ L 41 (2P 2
116 1+PR (Hﬁ x )"
2 2 1
o il B " +/3>0

TR T A S

So, P > —2. On the other hand, the following applies:

o 20 (34B 14BN
P=2=1g " a+pn <1+5 x ) !
o n 20 74-1-2[5 1+

148 (1482 1+8 o

1 (348
- ,x(1+/3)<1+ﬁ”‘2—2(1+ﬁ)a+(1+ﬁ)2>

2
< 0 because (L+P)
3+p
Hence, P < 2. Accordingly, —2 < P < 2. By Lemma 1 (i.5), Equation (9) has a pair of
conjugate complex roots Ajand A; with [A1| = |Ay| = 1, implying that E; is non-hyperbolic.
When 6, < 6 < 61, Q < 1. Lemma 1 (i.1) tells us that |A;| < 1and |Ay| < 1, so E; is a stable
node, i.e., a sink.
When § = 4, then F(—1) = 0 and E; is non-hyperbolic.
When 6 > 41, according to Lemma 1 (i.3), |A;| < 1 and |Az| > 1. Therefore, E; is a
saddle. Summarizing the above discussions, we obtain the following Table 1.

<a<l+p
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Table 1. Type of the fixed point E;.

Conditions Eigenvalues Properties
0<d<é A <1, A2 <1 sink (stable node)
O<a< % 0=101 AM=-1A #-1 non-hyperbolic
0> 6 Al <1, Az > 1 saddle
0<8<d IESHINES! Sourcﬁéggftable
(14p)? 5=20 A1) = A2 =1 non-hyperbolic
3P <4< 1+p by <6< 8y A <1, Ay <1 sink (stable node)
0 =101 M=-1A #-1 non-hyperbolic
0> A1l <1, Az > 1 saddle

3. Bifurcation Analysis

In this section, we employ the center manifold theorem and bifurcation theory to
research the local bifurcation problems of the system (8) at the fixed point E;.

3.1. Main Results

One can see from Theorem 1 that the fixed point E; is a non-hyperbolic fixed point
when § = J1. As soon as the parameter  goes through the critical value d, a flip bifurcation
probably occurs near the fixed point Ey. Namely, the bifurcation probably occurs in the
space of parameters

(a,B) € Oy :{(a,ﬁ) €R} |0<a<1+ﬁ,ﬁ>0}
In fact, a result is obtained as follows.

Theorem 2. Suppose the paramenters (x,p) € . Let 61 = 2+ 0 da Assume

T+a+p)(1+p)
c%oo + c300 # 0, where cypo and c3oo will be defined in the sequel. If the parameter & varies in a
small neighborhood of the critical value 61, then the system (8) experiences a flip bifurcation at the
fixed point E;.

When 6 = §,, there is a pair of conjugate imaginary roots with [A1| = |A2]| = 1, which
ensures the necessary condition for a Neimark-Sacker bifurcation to occur. The following

result may be obtained.

Theorem 3. Suppose we have the following parameters:

1 2
(0,) € Y = {(rx,ﬁ) erz | 0+P° <rx<1+/3,[3>0}
3+p
Let 5y = % - #, and let L be defined in (18). Then, the system (8) undergoes a Neimark—

Sacker bifurcation at the fixed point E; when the parament § varies in a small neighborhood of the
critical value &y. Moreover, if L < (>)0, then a (an) stable (unstable) invariant closed orbit is
bifurcated out from the fixed point Ey of the system (8).
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3.2. Proof of Main Results

Proof of Theorem 2. First, let X;,, = u;,, — u* and Y}, = v,, — u*, which transforms the fixed
point E; to the origin. Then, the system (8) becomes

ut— “(YnJr“*)z
B(Yn+u*) 24 (Xn+u)2 4%

(10)

Xp+u* *

oy 1=Xn—
Xn+1 = (Xn +u )e
—u

Y +u*
Yoo = (Yy + u*)em* i)

Second, giving a small perturbation §* of the parameter § around 4y, i.e., 6* =6 — J;
with 0 < [6*| < 1, and letting &5, | = &, = &, the system (10) is perturbed into

% 1*’“!*”“% X

Xn+1 = (Xn +u )e BYn+u*)>+(Xn+u%)2 gy
s\ (1 Yn+u* 11
Yn+1 — (Yn + u*)e(§1+§”)<1 Xn+ll*) —u* ( )

Opy1=0n
Using the Taylor expansion of the system (11) at (X, Yy, 6;;) = (0,0,0), one has

Xup1 = a100Xn + 010 Yn + 3200X3 + 020 Y2 + 2110 Xn Y
+a300X3 + a030Y3 + a210X2 Y + a120Xn Y2 + 0(p3)

Yor1 = biooXn + boroYn + bo015;; + baoo X2 + boxo Y2 + booa (55
+b110Xn Yo + b101 X5y 4 bor1 Yudyy + b300 X5 + boso Ya
+boo3 (85)3 + ba10X2 Yy + boo1 X365, + b120 X Y2 + boo1 Y257,
+b102 X (67)% + bo12Yu (8)% + b111 X Y8, + 0(03)

where p1 = /X2 + Y2 + (6;)2.

I o n 2u g — 20
100 — 1+,B (1+ﬁ)21 010 — (1+ﬁ)2

12)

. 20 i u* a(p—3)
20 = T B (“ A+p7 7) e
24 x(3—1)
R RO L (R

B 20 20 « 4a(1—PB)
=Ty (u*(1+ﬂ)2 - 1+/3> R

4u* ® 1 3 ® 1 2 20
”3°°:T<u*<1+ﬁ>2‘i> +2<u*<1+5)2‘5> T W1+ By

2a(B —3) « 1 a(f—3) 1 C2®ur)?
+<u*)2<1+5>3<u*<1+5>2 z)+ 1+ ((u*)2(1+ﬁ)2 ﬁ(1—3ﬁ)>
o — a(36—1) ( o n 2 +oc>—|— 20 ( 2 _1)
BT w2+ R\ A+ B2 1+ ()21 + B3 \3(1+p)°

B 4o u—p 1 ap _ 3
az10 = w(1+p)2 (u*(l T B) + E) + (1+p)3 <16 (u*)2>

4n o 1\? 20(B —3) B o
_3(1+/3)2<u*(1+ﬁ)2_5> +(u*>2(1+ﬁ»)3< _1+/5_(1+ﬁ)2>

4(1—-p) « i 1
*aarpe (i) (e 2)
- 10a? (x+1)(38—1) ® 1
20 <3u*(1+5)4 w(1+B) ) (u*(l +p2 5)

16ap B B a(38-1) 28
WA+ pP <(u*)2(1+ﬁ) 1) PR NS <1+5 “)
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2u « _ B
WAt pR ((1+ﬁ)2 CRECET) “)
@2 B-3)
+7 ( 8(1+[5)>

u*)2(1+ B)5 \ 3u* (14 B)?
0(2—06
boo1 = boo2 = booz = b102 = bo12 = 0, bigo = md1, bo1g = 1 — 81, bago = —%
01(2—96 0(2—06 523—51
booo = — 1(2u* 1), 110 = il e 1),b101 =1,bo11 = —1,bozo = %

5 01(3—41) 5 62 54 (61— 1)
b300 2(u*)2< 1 3 210 Wl 2 +5 , bao1 e

5 (& 5 —1 2(1-46
bioo = ﬁ <21 — 201 +1>rb021 = 1u* b1 = ( e 1)

Therefore, we obtain the Jacobian matrix of the system (11) at the fixed point E,

ST S S

T+ T (1+p)? (1+p)?
J(E2) = 0 1-6 O
0 0 1

and its eigenvalues
M=-1LAd=ap+2-6,1=1

with corresponding eigenvectors

(pe (i) e (d)

where M =1+ 7“%)(21;“’5) and N = %S}:fg
SetT = (61162/ (33), ie.

1 1 0

T=( M N 0

0 0 1

then
N __1 9
—1 N NM

"=\ ~vm wm O
0 0 1

Taking the transformation
(an Yo, 5;:)T = T(ln/ My, Wn)T

the system (11) is changed into the following form:

ln+1 -1 0 0 Iy gl(ln,mn,wn) +0(P )
Myt | = 0 Ay O my | + gz(ln, My, (Un) + O(p ) (13)
Wyt 0 0 1 wy 0

where pp = /12 + m2 + w3.

2 2 2
81(Ln, my, wy) = ca00ly; + co20my, + o2y + cr10lnty + c101lnwn + cormpwy

NN
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+ 30005 + 301y, + Co03wsy + 21013 + Con1 12wy + C120lum
+ c102ln iy + coramuwi + Cop1Mawy + cr11lymywy

82 (In, i, wy) = dooolyy + dogom, + doawsy + d110lam + drg1lnwy + domuwy
+ daool;y + dosoms, + doosw;, + daiolgmy + daorlywn + dizolumy,

2 2 2
+ dioplnw;;, + doramywy, + doprmywy + dilymywn

€102 = Co12 = €002 = Coo3 = 0

€200 = 7200 + 200 + M(yar1o + pbr1o) + M2 (a0 + pbono)

c110 = 2(va200 + pb200) + (M + N)(va110 + pbi1o) + 2MN (vao20 + pbozo)

co20 = 7200 + pbaoo + N(va110 + pbrio) + N*(vaoz0 + pbozo)

c101 = pMbo1n + pbior, conn = pNboin + pbim

c300 = 7300 + pbzoo + M> (vagso + pboso) + M(yazo + pbao)
+M?(7yarz0 + pbi2o), coso = ¥aso0 + Hbsoo + N (vaoso + pboso)
+N (7ya210 + pba10) + N* (a1 + pbizo)

c210 = 3(7a300 + pbo0) + 3M>N (vapz0 + uboso) + (2M + N) (yaz10 + pbao)
+(M? + 2MN) (120 + Hbizo), €120 = 3(vaz00 + pb3oo) + 3MN?(yaga0 + pbozo)
+(M +2N) (210 + pba10) + (N? + 2MN) (a1 + pbizo)

c201 = pbao1 + Mooy + Mbi11, coo1 = pbaor + pNboo1 + uNbyy

c111 = pboor + uMNbgo1 + w

d102 = do12 = dooz = dooz = 0

da00 = €az00 — pbaoo + M(ear1g — pbrig) + M (€anzo — pboao)

di10 = 2(€eaz00 — pbaoo) + (M + N)(ear1o — pbrio) +2MN (eaooo — pbozo)

dozo = €az00 — pbaoo + N(eario — pbiio) + N (eagao + pbono)

dio1 = —puMbo1 — pbior, conn = —pNbor1 — pbior

ds00 = €easoo — pbsoo + M (eagso — pboso) + M(€az1g — pbaro)
+M?(earpg — pbizo), doso = €aso0 — pbaoo + N (€aozo — pboso)
+N(eazo — ubaio) + N*(earz0 — bizo)

da10 = 3(easo0 — pbsoo) + 3M>N (eagao — pbozo) + (2M + N)(€azo — pbaio)
+(M? 4 2MN) (eayz9 — pbizg), di2o = 3(€asoo — ubsoo) + 3MN? (eagzo — pbozo)
+(M +2N)(eago — pbyio) + (M? +2MN) (earzy — pbizo)

daor = —pbogy — pM?bopy — pMbyyy, doz1 = —pboor — pN?bop1 — pNbipy

M+ N)b
di11 = —pbyo — pMNbgp1 — w
N M 1
TTN-M ST N-M T TN

Assume on the center manifold that

my = h(ln/ wn) = hZOl% + hlllnwn + hOZC‘]% + 0(‘0%)

where p3 = /12 4+ w2. Then, according to (13), we obtain

My =h(lps1, wps1) = Ash(ln, wn) + 82 (In, h(In, wn), wn) + 0(03)
h(ln+1r ‘Un+1) = hZO(*ln +g1(1n, h(lnr wn)r wn))z
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+ hll(*ln + g](lnr h(lnr wn)r wn))wn + hOZW% + O(Pg)

Comparing the corresponding coefficients of terms in the above center manifold
equation, it is easy to derive that

_ dopo _ dion _
hao = 1_)\2,’111 =1 _Az,hoz =0

So, the system (13) restricted to the center manifold is given by

L1 = f(ly,wn) =2 —1y +gl(lnrh(lnrwn)rwn) + U(Pg)
= —ly + c20l + c11lnwn + c3oly + e lzwn + cralnw + 0(p3)

Accordingly, we have the following:
fz(lnr wy) =1y = 2c11 1wy — Z(C%O + C30)12 + (C%l - 2‘312)1}1“}% - Cnczol%wn + 0(p§)

with cag = €200, €11 = €101, €30 = €300, €21 = €100M11 + Co11/120 + €201, and c12 = co11-
It is not difficult to calculate

2 22
flnon)liop) =0 %\(om = %ko@ =0, %kow =0
aZfZ
m‘(0,0) = —2c11 = —2c101 = _2]4(1 _ M)
- 2(1+p) (1 +a+p)?
S 20(1+p—a)— (L+B)(1+a+p)?
_ 214 B)(1 +a+B)?
S @ D) - patprra <00
anZ

W\(o,o) = —12(c3y + c30) = —12(cBgp + c300) # 0
n

According to (21.1.43)—(21.1.46) in [26], p. 507, all conditions are valid for a flip
bifurcation to occur; hence, the system (8) undergoes a flip bifurcation at the fixed point Ej.
The proof is complete. [

Next, we provide a proof for Theorem 3.

Proof of Theorem 3. First, give a small perturbation 6** of the parameter § around 4, in the
system (10), i.e., 6** = § — 6 with 0 < |[0**| < 1. Under the perturbation, the system (10) is

a(Yntu*)?
B(Yn+u)2+(Xn+u*)2 _ 4%

X1 = (Xn +u")e
Yoir = (Y +ur)e® 00550

1-X,—u*—
(14)

_u*

The characteristic equation of the linearized equation of the system (14) at the origin

0,0) is

F(A) = A2 = p(60™)A +g(67) =0 (15)
where
oy _ 28+ B)
p(o™) = Y +1-5
vy @34+ P) - a(by — 6*)
q(o )—W(1*52*5 )JFW
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: 2
Notice that p?(0) — 44(0) = (2 + % - (52> —4 < 0;s0, for 0 < |6"] < 1, the two
roots of F(A) = 0in (15) are

/\1’2(5**) _ p(6**) £i/4q(6*) — pZ(zS**)

2

The occurrence of a Neimark—-Sacker bifurcation requires the following two conditions
to be satisfied [26]:

d *k
2. M0 £1i=1234
It is easy to observe that |A12(65")| = \/q(6*%) and (|A1,2(6"*)]) |5y = +/9(0) = 1.
Therefore dna(5™)| ( .
Male” __s@+p?
( A6+ ) o AHBE S 0(+#0)

Obviously, AQ’Z(O) # 1fori=1,2,3,4,; so, the two conditions are satisfied.
Second, in order to derive the normal form of the system (14), one expands (14) in a
power series up to the third-order term around the origin to obtain

Xpi1 = 510Xn +501Yn +520X2 + 511 X Yy + S02Y2
+530X5 + 521 X2y + 512X Y2 + s03Y5 + 0(p3)

16
Y1 = toXn + tor Yu + tao X3 + t11 X Yo + b2 Y2 (16)
+t30X5 + b1 X2Yy + 12X YZ + o33 + 0(p3)
where p7 = /X2 + Y2.
510 = @100, S01 = 4010, S20 = 4200, S11 = @110
502 = 4020, $30 = 4300, S21 = 4210, S12 = @120, S03 = 4030
-~ B _ 0(6 —2) _ 0(6 —2)
tig =02, tor =1 =102, tro = T fle=—Tg
oo _5(86-2) b méy (63 — 605 +6)
1 = ¥ s 130 = 6(11*)2
6%(6, —3) 52(63 — 26,4 2)
tog = — 7 e = )
6(u*) 2(u*)
52(62 — 567 + 4)
by = -5
2(u*)
Take matrix
0 s =1 1
T< >,thenT_1<'7;” '7)
n 1-¢ Erl
Make a change in variables
(X, Y)T = 1(M,N)T
Then, the system (16) is changed to the following form:
M 4 —v) <M> (gs(M, N) + 0(93))
— + 17
)= G 7))+ G oed @)

where pg = VM2 + N2.

§3(M,N) = jooX* + 1 XY + joo Y* + jaoX> + jo1 X20 + j1a XY? + jos Y°
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g4(M, N) = kzon + k11XY + kozyz + k30X3 + k21X2Y + k]zXYz + k03Y3
X = SOlN,Y = 17M+ (1 *é)N

520(5—1)+@j _se@ -1 fo i su(@—-1)

0= s n’ 1ao1 n’ 101 1
. ss(f—1) |tz . so3(f —1) | tos . s1p(0—1) |t
]30:L+71]03: (C )+7’]12: 1(@ )+7

1501 Ul 11501 Ul 1ao1 Ui
. s —1 t S S S S
Jn = aE-1) + 2 ko= 2 kop = -2 ki = L kgo = 2

1501 7 501 501 501 501
kos = Bk = 12 )y = 2

501 501 501
Furthermore

Fxxl(0,0) = 20211 Fxyl(0,0) = j115017 + 2joan (1 = §)

Fyyl(o0) = 2joasty + 21501 (1 — ), Fxxxl(0,0) = 6jos?”

Fxxyl(0,0) = 2215017 + 6josn* (1 — {)

Fxyyl(o0) = 2215617 + 425017 (1 = ) + 6joan (1 — §)*

Fryyl(0) = 4(1—)° + 6j30s1 + 421551 (1 = £) + 6j1ason (1 — £)?
Gxxl(0,0) = 2k211°, Gxyl(0,0) = k1150177 + 2koar (1= 0)

Gyvl(0,0) = 2025ty + 2k11501 (1 — ), Gxxxl(00) = 6josn’
Gxxvl(00) = 2ka1sory* + 6kosy*(1— )

Gxyyl(0,0) = 2ka1577 + 4kiasory (1 — £) + 6kozn (1 — 7)*

Gyyyl(0,0) = 4(1 = 0)* + 6ksosty + k2155, (1 — ) + k1501 (1 — )

To determine the stability and direction of the bifurcation curve (closed orbit) for the
system (8), the discriminating quantity L should be calculated and not be zero, where

(1-2A1)A

2
1
L= —RE( - )\1 292091]) — E|91]|2 — ‘902‘2 —|—Re(/\2921) (18)

1 .

b0 = g[FXX — Fyy +2Gxy +i(Gxx — Gyy — 2Fxy)]l(0,0)
1 .

b1 = 7 [Fxx + Fry +i(Gxx + Gyy)ll o)
1 .

602 = g [Fxx — Fry = 2Gxy +i(Gxx — Gyy + 2Fxv)ll o)

1
01 = 16 [Fxxx + Fxyy + Gxxy + Gyyy

+i(Gxxx + Gxyy — Fxxy — Fryv)]l(0,0)

Based on [26-28], we see that if L < (>)0, then an attracting (a repelling) invariant
closed curve bifurcates from the fixed point.
The proof is then complete. [
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4. Numerical Simulation

In this section, by using the software Matlab, we obtain the bifurcation diagrams and
phase portraits of the system (8) at the fixed point E;, which illustrate our theoretical results
previously derived and reveal some new dynamical behaviors.

First, vary ¢ in the range (2.7,3) and (0.35,0.6), respectively, and fix « = 0.8, = 0.5
with the initial value (xo,y9) = (0.4667,0.4667). Figure 1a shows the existence of a flip
bifurcation at the fixed point E; = (0.4667,0.4667) when = d; = 2 + W ~ 293
and indicates the periodic orbits and chaos in the system (8) as J increases. Meanwhile, we
can calculate that c3y, + 300 ~ —10.92 < 0 and f% / % l(0,0) > 0, which means that
the direction of the flip bifurcation is on the right side of the critical value. Furthermore,
according to Case 2, we can clearly see that the nature of the system (8) changes from
unstable to stable near J,. This change is shown in Figure 1b, and the periodic orbit is
simulated in Figure 2b. This agrees with the conclusion in Theorem 2.

Then, we choose different values of the parameter 6. The corresponding phase portraits
are plotted in Figures 3 and 4, respectively. Figure 3 implies that the closed curve is stable
inside, while Figure 4 indicates that the closed curve is stable outside. That is to say, there
occurs a stable invariant closed curve around the fixed point E;. This agrees with the
conclusion in Theorem 3.

Finally, take initial values (xg, yo) = (0.43,0.43) in Figure 2a and (0.4667, 0.4667) in
Figure 2b. One finds a new dynamical phenomenon—the existence of a limit cycle. This
means that the system produces periodic oscillations here.

(@)d € (27,3) (b) 6 € (0.35,0.6)

Figure 1. Bifurcation of the system (8) in (4, x)-plane with a« = 0.8, = 0.5, and the initial value
(x0,0) = (0.4667,0.4667).

G201 0.466671

0.420
0.46007
0.4289
0.466669
0.4288

04287 0.466668

04286 0.466667

04285

0.466666
0.4284
0.466665
04283

0.466664
0.4282

0.4281 0.466863
0428 0.4282 0.4284 0.4286 0.4288 0.429 0.4292 4
5

0.46667 0.466671

8

(a) 5 = 0.67857 (b) 5 = 0.45833

Figure 2. Phase portraits of the system (8) with different parameter values: (a) x = 0.8, § = 04,
and § = 0.67857; and (b) « = 0.8, 5 = 0.5, and 6 = 0.45833. Different initial values: (a) (xg,y0) =
(0.43,0.43) and (b) (x9,y0) = (0.4667,0.4667).
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(@a)s=03 (b)s =035

025 03 0% 04 o045 05 0s 06 08 07 075 025 03 03 o0& o4 05 05 08 06 07
5

(c) 6 =039 (d)s=04

Figure 3. Phase portraits for the system (8) with « = 0.8, B = 0.5, and different § with the initial value
(x0,v0) = (0.4667,0.4667) inside the closed orbit.
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(a)s =045 (b) 6 =049
0.4667 0.46667
0.46669 ) : i . : S ' 0.466669
0.46667 0.466667
0.46666 0.466666
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0.46664 - J . . 0.466664
Ddaﬁ.ﬁm 0.46663 0.46664 0.46665 0.46666 0.46667 0.46668 0.46669 0.4667 0.46671 0Acoges 0.46667 0.466671
5 5
(c)o=05 (d)s =052

Figure 4. Phase portraits for the system (8) with « = 0.8, = 0.5, and different 6 with the initial value
(x0,v0) = (0.4667,0.4667) outside the closed orbit.

5. Conclusions and Discussion

In this paper, we analyze a predator—prey model of Leslie type with ratio-dependent
simplified Holling type IV functional response. By using the semi-discretization method,
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the system (4) is transformed to the discrete system (8). At first, one considers the existence
and stability of the positive fixed point E; = (%, ]Tﬁ;“) Subsequently, one studies
the existence conditions of the flip bifurcation and Neimark—Sacker bifurcation of the
system (8) at the fixed point E, by using the center manifold theorem and bifurcation
theory. In the end, we confirm the correctness of the theoretical results previously derived
through numerical simulations. In the process of simulation, the existence of a limit cycle is
also found.

As for the biological significance, our results indicate that a limit cycle will occur
when the parameter ¢ is small. This means that the interaction between prey and predator
leads to periodic oscillations, indicating the rich dynamic properties of the system. When
appropriately adding the value of the parameter 4, the prey and predator populations will
coexist and the limit cycle will be eliminated. Our studies provide a theoretical basis for
the stable coexistence of predator and prey.

However, there still are some questions worth investigating. For example, we only know
of the existence and bifurcation of the system (3) at the fixed point E; when 0 < a < 14 .
How about the case when « > 1+ ? Are there more interesting dynamical properties if we
discuss the impact of seasonality on the system’s behavior? How about using discrete methods
other than the semi-discretization method that we use in this paper? We hope that interested
readers consider these questions.
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Abstract: We study in this paper the long-term existence of solutions to the system of weakly coupled
equations with fractional evolution and various nonlinearities. Our objective is to determine the
connection between the regularity assumptions on the initial data, the memory terms, and the
permissible range of exponents in a specific equation. Using L” — L7 estimates for solutions to the
corresponding linear fractional c—evolution equations with vanishing right-hand sides, and applying
a fixed-point argument, the existence of small data solutions is established for some admissible range
of powers (p1, p2,..., Pk)-

Keywords: o—evolution equations; small data solutions; global in time existence; fractional equations;
nonlinear memory; weakly coupled system; loss of decay

MSC: 35R11; 35A01

1. Introduction

This paper is devoted to the weakly coupled system of k semi-linear fractional
o—evolution equations. The system incorporates mass terms and different memory terms
and our focus is on small data solutions to the corresponding Cauchy problem.

8}”‘1141 =+ (—A)UIM/ + M%ul = FVlzPl (Mk),
a}*“zuz + (—A)2uy + M3uy = Fuyp (11),

@)

82“"14;( + (—A)%kuy + M,%uk = Fup (1),
ue(0,x) = ugy(x), 0rug(0,x) =0, £=1,2,..,k,

where k > 2, for! =1,--- ,k, oy € (0,1), yy € (0,1), py > 1, M; > 0,00 > 1, (t,x) €
[0,00) x RY, with

t.
Fyp (1) (1, %) 1= /(t — ) Fus, x)|Pds. )
0
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The fractional derivative is defined as follows: 83”1 u = D} (uy), where

DY(f) =a,(11 " f) and I’f= %ﬁ)/(:(t—s)ﬁflf(s)ds for B> 0.

Here, Df(f) and Itﬂ f denote the fractional Riemann-Liouville derivative and the frac-
tional Riemann-Liouville integral, respectively, of f in [0, ¢], and T is the Euler Gamma function.

In this discussion, we will illustrate two distinct Cauchy problems: the semi-linear
heat equation and the semi-linear wave equation.

Firstly, let us consider the semi-linear heat equation:

ur— Au = |ul’, u(0,x) = up(x).

According to Fujita’s results in [1], the critical exponent for this equation is defined as
Pruj =1+ % It is noteworthy that for p > pgyj, small initial data solutions exist globally
(in time), while for 1 < p < ppyj, a blow-up phenomenon occurs. The critical case p = pry;
was further studied in [2,3], where it was shown that blow-up does indeed occur.
Moving on, let us shift our focus to the semi-linear wave equation:

uy — A= |ul?, u(0,x) =up(x), u(0,x)=us(x).

For the specific case when n = 3, ref. [4] proved that the critical exponent can be
determined as the positive root of the quadratic equation (n — 1)p?> — (n+1)p —2 = 0. The
exponent obtained from the quadratic equation is known as the Strauss exponent, denoted
as ps. Based on the Strauss exponent pg, we can conclude that there is the global (in time)
existence of small data weak solutions when p > ps. However, for p > 1 and large data,
we can only expect the local (in time) existence of solutions. The optimality of the Strauss
exponent ps in R? was demonstrated in [5,6]. After that, the global existence of solutions
for n = 2,3 was treated in [7], while for n > 4, it was addressed in [8,9]. The nonexistence
of solutions with compactly supported data was studied in [10] for the range 1 < p < 2£1.
For the specific case of 11 = 3, optimal results were proven in [11] for p = 1+ /2. Moreover,
in [12], it was proved that for n > 3and 1 < p < pg, there is a nonexistence result for
small data.

In 2017, D’ Abbicco et al. [13] studied the semi-linear fractional wave equation, which
can be expressed as follows:

O — Au = |ulP, u(0,x) = ug(x),us(0,x) = uy(x), (3)

where A € (0,1), which represents the fractional Riemann-Liouville derivative. The
authors successfully proved the critical power for the existence of solutions with small
initial data in spatial dimensions that are relatively low. The case of non-null Cauchy data
and the use of the Caputo fractional order were studied in [13].

In [14], they proved the global (in time) existence of small data solutions for semi-
linear fractional o-evolution equations. These equations incorporated either mass or power
nonlinearity. Furthermore, a related problem was addressed in [15], where instead of the
power nonlinearity, a memory term was considered.

For the weakly coupled system consisting of semi-linear heat equations, we have the
following equations:

ur—Au = [v|P, u(0,x) =up(x), u(0,x) =ui(x),
vy — Av = |ul7, v(0,x) =vp(x), v:(0,x) =v1(x),
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where t € [0,00),x € R?, and p,q > 1 with pg > 1. In [16], it was shown that the exponents
p and q satisfying

d_ max{p,q} +1

2 pg-1
max{p,q}+1

pg—1
for the opposite case. For more details on the system of semi-linear heat equations, please

refer to [17-20].

Considerations are made in several papers regarding weakly coupled systems of semi-
linear classical damped wave equations with power nonlinearities. The specific problem of
interest is:

are critical. This means that solutions exist globally if % > , while blow-up occurs

uy — A+ = |o|P, u(0,x) =up(x), u(0,x) =1up(x),
v — Av+ v = ul?, v(0,x) =vp(x), v:(0,x)=01(x),

4)
where t € [0,00),x € RZ. In 2007, Sun and Wang proved in [21] that

max{p;q} +1

d

A=

For the case of d = 1 or d = 3, it has been proven that the solution exists globally in
time for small initial data in weakly coupled systems of semi-linear classical damped wave
equations with power nonlinearities. However, if A > %, it has been shown that every
solution with a positive average value does not exist globally.

In the paper [22], these results were generalized to the case whered = 1,2,3. Addition-
ally, improved time-decay estimates have been provided specifically for the case of d = 2.
In 2014, Nishihara and Wakasugi used the weighted energy method to prove the critical
exponent for any space dimension in [23]. Furthermore, considering time-dependent dissi-
pation terms, the authors in [24-26] demonstrated the global (in time) existence of small
data solutions under certain conditions that illustrate the interplay between the exponents
of the power nonlinearities.

During the last years, many authors have studied the Cauchy problem for weakly
coupled systems, see, e.g., [24,27,28], where the derivative introduced in their work is
the classical derivative. In [29], the authors studied a weakly coupled system where the
fractional derivative involves in the equations with special Cauchy data.

The paper is organized into several sections. First, we provide an overview of the
study and present the main results (Section 2). Following that, Section 3 introduces the
necessary background information and definitions for the foundation used to prove the
results. Then, the proofs of the theorems are presented, utilizing previous estimates of linear
equations (Section 5). Finally, Section 6 summarizes the study, highlights its contributions,
and suggests potential directions for future research.

In a recent paper [30], the author investigated the following Cauchy problem for
weakly coupled systems of semi-linear fractional c-evolution equations. The system in-
volves mass terms and different power nonlinearities.

3 U (=) u 4 M2u = [o|P1,
3 ™20 4 (—A) 20 + MZv = |ulP2, (6)
u(0,x) = up(x),v(0,x) = vo(x), us(0,x) = v;(0,x) =0,

where a; € (0,1), 05 > 1, My > 0fork = 1,2, (£,x) € [0,00) x RY, 3 ™ u = D™ (u;) with

D (f) = at(sz“kf) and I;sz %/Ot(tfs)ﬁ’lf(s)ds for g > 0.

Df(f) and Itﬁf are defined as above.
The author proved the following results.
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Proposition 1. Let us assume 0 < ay, 00 < 1, 09,00 > 1, M1, My > 0and mq, my > 1. Assume
that for all § > 0

P> max{% 7(5,1_17},

and

mq 1
> max {— -9, }
Pa My 1—m
Then, there exists a positive constant e, such that for any data

(1, v9) € Ap? = (L’”l(Rd) N L°°(Rd)) x (L™ RHN L“(Rd)),
with || (ug,vo)|| ;m < €, we have a uniquely determined global (in time) Sobolev solution
A quety 8
YYI'I
(u,0) € C([0,00), L™ (R?) N L®(R?)) x C([0,00), L™ (R?) N L= (R?))

to the Cauchy problem (6). Moreover, for all s > 0, the solution satisfies the following decay estimates:

(s, M £ A+ 8)5 uollpmare forall 1€ [my,00],

lo(s, ) lzr £ (14 9) 2 Hlvollpmaps forall 1 € [my, o).

Proposition 2 (Loss of decay). Let us assume 0 < aq,0p < 1, 01,00 > 1,My, My > 0 and
my,my > 1. Assume that for all 6 > 0

Ay mp
1 —= =9
max{'lftxz'ml }<p1<1f¢x2'
mq 1
>max{ — — 6, —————— b
Pz {mz pl(l—az)—al}

Then, there exists a positive constant €, such that for any data
(uo,v0) € Ani  with ||(uo,v0) gz < e
we have a uniquely determined global (in time) Sobolev solution
(1,0) € C([0,00), L™ (R) NL™(R?)) x C ([0, ), L™ (RY) N L™(R)
to the Cauchy problem (6). Moreover, for all s > 0, the solution satisfies the following decay estimates:

(s, )l S (48P0 || iy forall - € [my, o],

[oGs, )l < (1 +5) 2 oollpmanrs forall v € [ma, o]

Proposition 3 (Loss of decay). Let us assume 0 < ay,ap < 1, 09,00 > 1 and My, My > 0.
Assume that § > 0 is small enough for all

! and >71
plilfzxz P2 1—a;—46

Then, there exists a positive constant €, such that for any data

(u,00) € A} with [[(0,00) | 41 < ¢
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we have a uniquely determined global (in time) Sobolev solution
(u,0) € C([0,00), LY(RY) N L®(RY)) x ([0, 00), L (R?) N L™ (RY))
to the Cauchy problem (6). Moreover, for all s > 0, the solution satisfies the following decay estimates:
(s, Yl S 102 +8) 1+ ) uoll sy forall 7€ [1,00],
lo(s, )l < (1) Yol g forall v € [1,00].

In the subsequent sections, we will utilize the notation f < g, indicating the existence
of a non-negative constant C, such that f < Cg. Our main findings concerning the global (in
time) existence of small data Sobolev solutions will be presented in the following section.

2. Main Results

Theorem 1. Let us assume 0 < ay < 1, 0y < py < 1,00 > 1, my > 1, and My > 0 for all
0 =1,.., k. Assume that for all 6 > 0

p1 >max{ﬂ7(5, 1 },

my Mk — &k
mp_q 1 o
pe > max {71 o, m}, forall £=2,..k.

Then, there exists a positive constant €, such that for any data (up, .., ugx) € Ag =
15, (L™ (RT) N L®(RY)) with || (uoq, -, tox) |4, < & we have a uniquely determined global (in
time) Sobolev solution

C([0,00), L™ (RY) N L*(RY))

k
u e

(=1

to the Cauchy problem (1). Moreover, for all s > 0 and | = 1,...,k, the solution satisfies the
following decay estimates:

lle(s, )l S (L+8)H Jugl|lpmpre forall - q € [my, 0.

Theorem 2 (Loss of decay). Let us assume 0 < ay < 1,00 < pp < 1,00 >1,m; > 1, and
My > O0forall ¢ =1,..., k. Assume that for all 6 > 0

max{l/w,ﬂ_§}<pl< ,
Mk — &k nmy Mk — Xk
max{l, a—prtl ﬂ—(5}<pz< 1

P — 7252;(2’1) "2 i — a1 — 7 (p1)
and forl =3,--- k-1
1

(T
He—1 —&p—1 — ’Y(l’(k,m,lX[,z)

pe < ’
(P1, s Pe-1)

p1>max{1 & —petl @7(5}
Heo1 — a1 — véﬁf,’jjj[fjjj))(pl, ey pro1) M
and
Pk > max{ Mk _s ! }
Mi_1 Mk—1 — Q-1 — W&lkkff:zz)) (P1, s Pk=1)
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where, forl =3,--- k—1
(Hk 1 (p1) = 1= p1(e— )

Efffff;(m,;ﬂz) = 1= pal — ) + 27 () (p1) 7

YO (1, pr) = 1= pelpe = ) + Py (p s pra)-

Then, there exists a positive constant €, such that for any data

k

(uo1, . ugr) € Ag:=T] (L™ (RT) N L®(RY)) with || (o1, -, ox) |4, < &,
=1

we have a uniquely determined global (in time) Sobolev solution

ue ﬁC([O,w),Lml(Rd) NL®(RY))
(=1

to the Cauchy problem (1). Moreover, foralls > 0and | =2,--- ,k — 1, the solution satisfies the
decay estimate

la(s, s < (14830 gy [l e forall g € [, 0],
,,,,,,,

1)
ety 1)(P1r»<»w)

(s, s S (T+s ot pmppes  forall g € [my,00],
lur(s, Mier S (1 +8) M |lugg || e forall  q € [my, c0].

)M Hﬁ?f

We suppose m1 = my = 1 in the following result.

Theorem 3 (Loss of decay). Let us assume 0 < ap < 1,00 < py <1, 00> 1, My > 0 for all
0 =1,.., k. Assume that forall 6 > 0

> ,
e e — w1 — o1 (pe1)

where

vp) =1+ py(pra) forl =2, k=1.
Then, there exists a positive constant €, such that for any data
£ 1/md d
(uor, - ugr) € A = [T (L'RY) NL¥(RY))  with || (uoq, .., uok) |4, < e
(=1
we have a uniquely determined global (in time) Sobolev solution
k

ue TTC([0,00), LM(RY) N L™ (RY))
(=1
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to the Cauchy problem (1). Moreover, forl =1,- -,k — 1 and for all s > 0, the solution satisfies
the following decay estimate:

litg(s,)lls < (1+ )% (In@2+ )" lugi | g forall q € [1,00],
(s, ) lo S (1 + )% ugell e forall g € [1,00].

Remark 1. The nonlinear term Fy, ,(t,w) in (2) may be written as
1
Fup(t,w) =T(1 = w1 " (|w]?)

where T is the Euler Gamma function, and I, 1 "(Jwl|P) is the fractional Riemann—Liouville integral
of |w|” in [0, t]. Therefore, it is reasonable to expect that the relations with the power nonlinearities
introduced in Proposition 1, Proposition 2, and Proposition 3 as py tend to 1, foralll =1,--- ,k
and k = 2.

3. Preliminaries

Let us consider the Cauchy problem

v + (—A)70 + mPv = F(t, x)
_ _ ©)
v(x,0) =vo(x), ©(0,x) =0,

With parameters « € (0,1), ¢ > 1, and m > 0, and under the data condition
v¢(0,x) = 0, the problem can be formally transformed into an integral equation. The
solution of the problem is then given by:

u(t,x) = Gy (t, x) * vo(x) + Ny'p(v) (8, x) (10)

with
Glu(tx) = [ B (=), e, an
NI (0)(t, %) /c (£ —5) %) I2(F)(t,5) ds, (12)

where the semigroup of operators G}/, (t
as follows:

/)= is defined through the Fourier transform

(GEA(t, V) (6,8) = Eusa (— D3 F(@) with (©)2,, = 227 +m?.

Here, Eg(z) = denotes the Mittag-Leffler function (see [31]).

Z T( ﬁk+1)
According to [14] a representation of solutions to the linear problem associated
with Equation (9) (without the term F(¢, x)) can be given as v(t,x) = G}’ (t, x) * vo(t, x).
This representation involves convolving the initial data vy(t, x) with the semigroup of
operators GJ', (£, x).
In [14], the authors proved the following result.

Proposition 4 (see [14]). Let us assume that « € (0,1),r > 1,0 > 1, and vy € L' N L™. Then,
the solution of the linear Cauchy problem

0 + (=A) v+ m?v =0,

1
v(x,0) =vp(x), v:(0,x) =0, (13)
forallt > 0and 1 <r < q < oo, satisfies the following L" — L7 estimates:
lo(t, Vs S (148~ ool (14)
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4. Analysis of Weakly Coupled Linear Systems

We will use the decay estimates for solutions to:

a}ﬂ]ul + (=A)7uy + M3y =0,
9y 2y + (—A)2up + My = 0,

(15)

B}Hkuk =+ (—A)”kuk + M%Mk =0,
up(0,x) = ug(x), 0suye(0,x) =0, £=1,2,.., k.

In order to establish the global existence (over time) of Sobolev solutions with small
initial data for the weakly coupled systems of semi-linear models (1), we express their
solutions in the following form:

uln(t,x) == G[,] o (£, %) % () ugy(x), forall I =1,--- k. (16)

Proposition 5. Let ug € L™ N L® withm; > 1 foralll =1,--- k. Then, the solution of the
linear Cauchy problem (15) satisfies the following L™ — L1 estimates:

() g S U480 g | o for all q € [y, ).

By applying Duhamel’s principle and some fixed-point argument, we can derive the
formal integral representation of solutions to (1) as follows:

u(t,x) == uf"(t,x) + fo Gzlr\flaq( — ) *(x) Fuypy () = (uf" + ") (8, x),
u(t,x) := ”[n(t X +fo 7, vq -0) *(x) FHI/PI(”lfl)dQ = (”1 +ltll)(t x).

foralll =2,--- k.

17)

Here, u}! = fo vy (E=0,) %(x) Fuypy (x)d0 is the solution to

agﬂlul + (=D)7uy + M2uy = Fy p, (),
u1(0,x) =0, dsu1(0,x) = 0.

and u} fo oty (= 0,7) *(x) Fuy,py (#1-1)dg is the solution to

8}+“lul + (=A)%uy + Ml uy = Fy, P[(”l 1),
u;(0,x) =0, 0y (0,x) =0, £=2,..,k

5. Proof of Main Results

Before showing our results, we recall the following lemma from [32].

Lemmal. Let us consider 6 € [0,1),a > 0,and b > 0. There exists a constant C = C(a,b,0) > 0
such that the following estimate holds for all t > 0:

Jott=) (1 +t—0)™"(1+ )t dg
C(1 + )~ min{at6,b} if max{a+6,b} >1, (18)
< { C(1+t)min{a+t0b 02+ #) if max{a+6,b} =1,
C(1+t)l-e-0-b if max{a+6,b} <1
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5.1. Proof of Theorem 1
Let T > 0. We introduce the space X¥(T) as follows:

XK(T) == ﬁ c([o, T], L™ (RY) N L*(R))
(=1
with the norm

k
||”||xk(r) o= | (ur, ua, ..., uk)”xk(T) = sup { E R(t, up), },
where
Ro(tug) = (L 0)F T (ug(t, )l pm + [lue(t, ) ll),
and the operator P by
P i ou=(uy,uy,..,u;) € XN(T) = P(u) = P(u)(t, x) == u(t,x) + u"™ (t,x).

In order to prove the global (in time) existence and uniqueness of Sobolev solutions in
X¥(T), we will demonstrate that the operator P satisfies the following two inequalities:

=k
1PG0) iy S I Cton, o, a0 L, + 1 1l (19
=1
- t= pe—1 pi—1
IP() = P(@) | xs(r <Huquxk<T>E(llull CHlal): 20)

Using the definition of the norm in X*(T) and Proposition 5, we may conclude:

H”m”xk(r) S [ (uor, o2, oo o) || 4

Hence, in order to complete the proof of (19), it is reasonable to show the following
inequality:

0 ) < 2 1
If u = (uq,up, -+ ,ug) € Xk(T), then by interpolation we derive forl =1,--- ,k
et Y laa S (L @9 ey forall g € [, oo,
On the other hand, we also have
141, Vs 1 [ Gy (5 = 07wy 12 (B ()l

s/0<1+t— S [ )t [ s ) g g, ) g iy ds
S el i (8) forall te[0,T) and  pig € [my, ],

where

t 0 ' s
Ji(t) = /0 (14— Q)*(lﬂxl)/o (0— S)mfl /0 (s—n) M1+ U)*?ﬁ(#k*ak) dndsdo. (21)
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We are interested in estimating the right-hand side of (21). For this we need Lemma 1.
We put

/ (s—y)M144)" pr(pe—a) d.

By using Lemma 1, we obtain w(s) < (1 +s) 1, if we assume that p; > ﬂklfak On

the other hand, the conditions g € [my,c0] and p1q € [my, oo] imply that py > JE.
Once more, we apply Lemma 1 to obtain

JAGES /t(l -&-t—Q)_(lJr"‘1)/j((J—s)"”_l(l-i-s)_"1 dsdo
N/ (1+t— ) IH*)(1+ g)M 1 dg
S(A+nnTm,
For! =2,--- ,kand q € [mj, o], we have
0, s S i) forall ¢€[0T) and  pog € myy, 0],

where

() = [ @t=0) 050 [*(gmo)e (s — ) Heu ) i dy asdo. 22)

To estimate the right-hand side of (22), we require the use of Lemma 1. Let

S
w(s) = /0 (s—n)H(1+ ﬂ)*Pi(Vﬁ—l*”‘l—l) d.

1
Po1—0p-1"
On the other hand, the conditions g € [m;, o] and p,q € [m;_1,c0] imply that p, > m’—;l

Once more, we apply Lemma 1 to obtain

By using Lemma 1, we obtain w(s) < (14 s) #, if we assume that p, >

Ji(t) S /f(l +t— Q)f(”“‘)/og(g —8)¥ (1 5) M dsdo

N/ (1+t— )~ %) (1 4 5)4 1 dg

(146 H,

In order to prove (24), let us consider two vector-functions u and  belonging to X*(T).
Then, we have

P(u) — P(i)

We estimate, for g € [my, o0,

| [ Gttt =t (o )P~ g, 1) s, ) s |

S [t 00 [yt [ ny [l I~ i, )P iy s
0
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Using Holder’s inequality implies the inequality

H|uk(sr')|pl - |ﬁk(5,4)|7’1H” ~ Huk S, )7 uk S, HL’WI Huk(sr )Hp‘m + ”ﬁk(sr')”ﬂ;l)'

By using the definition of the norm of the solution space X*(T), for p; > ZTIII and
0 < s < t, we obtain the following estimates:

(s, ) — (s, )| pamy S (14 8) Ry (s, e — i),
-1 — - -1
Huk(sr')Hi}W < (1+S)<pl 1)(0‘,( ”k)Hqulk(T)r

1 -1
(s, [ Far < (14 8) D00 B

Hence, we obtain
_ —a ~ 1 1
(s, )17t = laiels, )P [y S (14 5) 77109 Re(s, g — 1) (il ey + 117 )

— — ~ 1 -1
S (U 8) 70 |l — 1) (||uH§1T)+Hu||’“ )

By the same argument, for [ = 2, ...,k and 0 < s < t, we obtain the following estimate:
~ 1 1
e (s, )P = 15, )P | g S (1 )P R (5,11 = it 1) (g, + N5 )

S (5Pt — il (||u||”’ o+ )

So, for p; >
estimate (20).

and p; > ———— foralll = 2,--- ,k, we obtain the desired

1
Hk—& Hi—1— 0(1 1

Remark 2. All estimates (19) and (20) are uniform with respect to T € (0, c0).

From (19), we can see that P maps X¥(T) into itself for all T and for small data. By
using standard contraction arguments, the estimates (19) and (20) lead to the existence of a
unique solution to 1 = P(u) and, consequently, to (1). This implies that the solution of (1)
satisfies the desired decay estimate. Since all constants are independent of T, we can let T
tend to oo, which yields a global (in time) existence result for small data solutions to (1).
This concludes the proof.

5.2. Proof of Theorem 2
Let T > 0. We introduce the space X*(T) as follows:

XK(T) == ﬁc([o, T], L™ (R?) N L®(R%))
(=1

with the norm

—1 (Hgrerbty—1)

(ke
Iulloqry = sup {(1+6)° Yo VR, (1 +):<1+t iagy) PP
SES

Ry(t,up) + Mk(t,uk)},
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where, forl =1,--- ,k,

Ry(t,uy) = (1 )P ([fug(t, ) [ + Jue(t, ) [[>), and

Y0 (pr) = 1= pr(ue — o)

EZ‘ 511> (p1p2) =1—pa(p1 — 1) + PZ'Y(Z;:) (p1)

YD (31, po, p3) = 1= pa(ua — aa) + par(it) (pa, o)

YD (P ey pe) = 1= pelp = &101) + P 2 (o, pea),

for] =3,---,k —1. and the operator P by
P i ou=(uy, .., ur) € X(T) = P(u) = P(u)(t, x) := u(t,x) + u" (t,x).

We will prove that, for u = (uy,uy, ..., ug); @ = (iy, iy, ..., i) in XK(T), the operator P
satisfies the following two inequalities:

=k

1Pl ) S o o)L+ 1 Nl 23)
Z

1P() = P(@) sy S I = ey Z (||u||”f L+ uuw;;k(;)). 4

Using the definition of the norm in X*(T) and Proposition 5, we may conclude:

™ (|t < N (0, w0 s th0k) | 4

Hence, in order to complete the proof of (19), it is reasonable to show the following
inequality:

1) S 2 el

Ifu:= (uy,up, - ,u) € XK(T), then, forl =2,--- ,k—1, by interpolation, we derive

)<al—m>+w§£:§<m>

flua(t, s S (14t Hu||Xk () forall q € [mq, 0]

(Pl

(2%
)(M WHWW M D

o)
et e S (1+¢ r ||M||Xk(T) forall g € [my, o],

[t )les S (U4 O[]l gy forall g € [my, oo].

On the other hand, for g € [m1, o], we have

[ (£, ) oo < Nl 1 () forall t€[0,T] and  pig € [my, o],

where

ot ) "0 s
h(t) = [[+t=g 0 [Fg—syt [(s )1 (14y) N0 dydsdo. @5)
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We are interested in estimating the right-hand side of (25). For this we need Lemma 1.
We put

/(S “M(147)” pr(pe—a) d.

Thanks to Lemma 1, we obtain w(s) < (1 + )1 71 P104—%), if we assume that
1
P1< P
Once more, we apply Lemma 1 to obtain

ot
nt < /O 1+t 1+a1>/ §)MI(1 4 5) 1P 08 g o

< /t(l +t—0)" 1+0<1)(1 + Q)1+0¢1*141*P1(Pk*0‘k) do
0

<(1+ t)1+a1*141*l!71(ﬂk*1¥k)

<(1+ t)a1—}11+75,’(‘(l’1).

mk

On the other hand, the conditions g € [my, c0] and p1q € [my, oo] imply that p; >
For ! =2 and g € [my, 00|, we have

t 0
05"t Yo S [ (4= @704 [P =) (s, -) P2 11 dsde

S
S [0y 0 [ =9 [ = n)Telus (1) s dndsde
< Hu||X(T) Jo(t) forall te[0,T] and pag € [my, 00,

where

t 0 S _ _ (mg)
Jo(t) = /0 ¢! +t_Q)*(1+az)/0 (Q_s)zxzfl/o (s—n) "2 (1+7) p2(m a1)+Pz’Y(ak)(P1)d17 ds do. (26)

We are interested in estimating the right-hand side of (26). For this, we need Lemma 1.
We put

g (1)
w(s) = [[ls =) tau ) PO g
Thanks to Lemma 1, we obtain

()
1—pia—pa (1 —a) +
(,U(S) 5 (1+S) Ha—pa(p1—ar) PZY(ak)(Pl)/
1
i-a1-(% (p1)

The condition p1 — g — EZ f)) (p1) > 0is equivalent to p; >

if we assume that p; < and pq — a1 — ’Y&‘f)) (p1) > 0.

1+ —py

M=ok *
Once more, we apply Lemma 1 to obtain
I < / (1+t— 1+a2)/ )21(1 45 )1 Ha—p2(p1— “1)+P27ak (pl)dsdg
) (i)
N/ (1+t— 1+az)(1+Q)1+“2*H2*P2(V1*M)+P2”r<a;:)(Pl)dQ

(g

5(1+t)1+0¢2 Ha—p2(p1— 0<1)+P2’Y( )(Pl)

ay)

o _ (ug)
< (1+t)1+lx2 p2=p2(p 1) +p27(,, ) (P1)

(Hgeoit)
S+ t)az V2+7(“k “1> (pl’m)
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On the other hand, the conditions g € [nm1;, o] and ppq € [my, 0] imply that p, >

For! =3,--- ,k—1and g € [m, ], we have

t Q
I &) S [ (1= @)~ (o= T (s, )P s ds e

s
S [ t= 0y 00 [ =9y [ s =) Pl a () iy s do

<||u||X(T> Ji(t) forall t€[0,T] and pyq € [m_q,00],

where

) = [+t 050 [*g— syt
(Mperittp_2)
></ (s_17),]4[(1+;7)*W(Wq*04471)+Pn(§;:,,_;5722)(
0

On the other hand, we are interested in estimating the right-hand side of (27). For this,

pr--Pi-1) dy dsdo. (27)

we need Lemma 1. We put
o (Hrdtg—2)
2 ”‘kf'"""{—z)

w(s) = /OS(S_U)fw(l+’7)*P/(H£71*W71)+P/’Y( (p1r<-~rm!71)d

1.

Thanks to Lemma 1, we obtain
(Hgereittg—2)
T=pe—pe —-1—&-1)+ ) yeerPr—
w(s) 5 (1+S) te—pe(pe—1—0p-1) PEY (i) (P1ripe 1),

if we assume that 1

pe <
o1 — o — 78:: o ;))(Plr 2 Pe-1)

and ( |
Mo — 01— ’Y&f """ 5 f 22) (p1, s Pe-1) > 0.

The last condition is equivalent to

1+a 41—

pi-1 >
Ho—p = 0y_p — ’YEZ: o ; (1 Pe—2)

On the other hand, the conditions q € [mj,c0| and pyg € [m;_q,00] imply that
ml 1

pez
Once more, we apply Lemma 1 to obtain

Bt —2) :
Y gty ) (Plr»--r?k—l)ds do

' —(1+ e - T=po=pe(pe-1—ae-1)+pey
< _ (1+ay) ap—1 Pe—pepo—1—p—1)+p
]l(t) N/O (1 t Q) /0 (Q S) (l+s)

t ‘ (}'k'--'/}’é‘—z) ,
< [a+t—o s (Prrepes)
‘ Olk”"wfz)(Plr-wm;l)

)M*MH*W (M=o )+ 0, ) 0
)M*Vﬁl*P@(Wq*M;l)H’W(nk _____ v 2)

S+t
L (prape)
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Finally, for g € [my, 0], we have

t Q
o )l S [ £ = @70 [T =) uga(5,) P12 dsde
t 0 . S _
S [t [T =)t [ s =)y () g iy ds de
S ull¥rJk(t) forall t€(0,T] and peq € [my1, 0],

where

t Q
et = [[a+t—g 0 [Fp—s)ut
-~ B ~(mg2)
X/os(s—ri)*“’f(lJrn) im0 0 0nd) gy acae o)

We are interested in estimating the right-hand side of (28). For this we need Lemma 1.
We put
(H1ttg—2)

w(s / (S - 17) ﬂk(l + ’7) pk(yk 17017 (. 1) (Pl:-wpkfl)) d”IA
Thanks to Lemma 1 we obtain w(s) < (1 +s) ¥, if we assume that
1

e e 755::;:::5:::))(171, s Pk—1)

Pk >

and

Pk—1 — X1 — 7&;5::22))(?1 Pr-1) >0

which equivalent to
M1 — P11 +1

Pk-1 > .
Hi—2 — Xk—2 —%(yk afk; (P1) s Pr—2)

Once more, we apply Lemma 1 to obtain

Q
()5 [t =gy ) [*(q o) (14 5) Hody s do
0
N/ (14— ) (™) (1+ )™ M dg
(1 + )% Hr,
The proof of (24) is similar to the proof of (20) of Theorem 1. This completes the proof.

5.3. Proof of Theorem 3

Let T > 0. We introduce the space X*(T) as follows:
k
X*(T) == [T c(lo, T], L™ (R?) 0 L®(RY))
=1

with the norm

HMHXk(T) = Sup { Z 1+t 7(p1) R[(t u,) -‘rRk(t uk)},
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where, forl =1,--- ,k,
Rt up) = (1 A (et ) lem + llue(t, ) le),
{ (p1)
v(p) = 1 +prv(pe), for1=2,-- k-1
The operator P is defined by
P:ou=(uy, .., u;) € XN(T) = P(u) = P(u)(t,x) := u(t,x) + u" (t,x).

We will prove that, for u = (uy, up, ..., ux); it = (i, ily, ..., f) in XK(T), the operator P
satisfies the following two inequalities:

1Py S o, i) L, + X Il 29)
=1
= 1 -1
1P() = P(@)lxtry S e = Tler z(nun’” +Huufgk<r)). (30)

Using the definition of the norm in X¥(T) and Proposition 5, we may conclude:

™ Iy S N (01, 102, - k) [ 4

Hence, in order to complete the proof of (29), it is reasonable to show the following
inequality:

||unl||Xk Z Xk(T)

Ifu:= (ug,up, - -, u) € XK(T), then by interpolation, we derive, for/ =1,--- k-1,

late(t, ) llo S (14 )T u]| ) forall g € [1,00],
et e S (L4 O [l xiq) forall g€ [1,00].

On the other hand, for g € [1, o], we have

5 (8, lea S el Ky () forall ¢ € [0,T],

where

t 0 s
Ji(t) =/O (1+t—e)’<””‘”/0 (Q—S)“l’l/o (s—n) M1 (1+y) P dydsdg. (31)

We are interested in estimating the right-hand side of (31). For this, we need Lemma 1.
We put

w(s) = [ =) (14 g) P g

Thanks to Lemma 1, we obtain w(s) < (14 s) " In(1 +s), if we assume that
1
= e
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Once more, we apply Lemma 1 to obtain

t 0
() SIn@+8) [[(1+t=g) 70 [Tg— syl (145) 1 dsdo

t
S [ at—o 0+ g mdg
0
<S(A+HMMIn2+1t)
S(A+HY M (In(2+ t))'Y(Pl).

For!=2,--- ,k—1and g € [1, 0], we have

t 4 )
I () lr S 02 =040 [ = s a5, )P s dsde
t 4 s )
S =@ [ = ) [N s =) g () iy ds e

Sl i) forall t€[0,T] and peg € [m_y, ],

where
) = [[ari=g e [ syt
x /Os(s ) (1 ) e (In(1 4 )PP dy ds d.
We remark that
() £ (0@ )10 [ =gy [g gy
X /Os(s — ) (1 4 ) P —%e) dy ds do. (32)

On the other hand, we are interested in estimating the right-hand side of (32). For this,
we need Lemma 1. We put

w(s) = [ s =) 7H (14 g) P gy,
Thanks to Lemma 1, we obtain
w(s) S (14s)71,
if we assume that

1
=
P Ho—1 — Xp—1

Once more, we apply Lemma 1 to obtain

'
J0) 5 (@4 )77 [k g 490 [*(g - )11 4 5) M dsdg
0 0

t
< (ln(2+t))p”<p”*1)/ (14t — o)~ () (1 4 o)1 dg
0

5 (1 4 t)a[,—y/, (111(2 4 t))W’Y(P/—l)
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Finally, for g € [1, o], we have

t Q
o )l S [ 1t = @70 M=) uga(5,) P12 dsde

f —(1+ag) ¢ -1 [° —u Pr
S [t [T =)t [ s =)y () g iy ds de
S ull¥rJe(t) forall te 0, T)

where
o) = [t gy () (g gyt
0
x /q(s — ) M1+ )P (In(1 4 )PP dydsde. (33)
0

We are interested in estimating the right-hand side of (33). Let 6 > 0 be small enough
and we use the fact that In(2 4 t) < (1 + t)° to obtain

()5 [t 050 [fg gyt
X /Os(s — )M (1 + ) " Prlo1 %1 =07 (Pe1)) gy ds dg. (34)
For this, we need Lemma 1. We put
5) = /Os(s — )M (1 4 )Pt =00 () gy

Thanks to Lemma 1, we obtain w(s) < (14 s) ", if we assume that

1
pr—1 — ag—1 — 0y (pr—1)

Pk >

Once more, we apply Lemma 1 to obtain

Q
()5 [t =) ) [ (g o) (14 5) Mo dy s do
0
< / 1 - 1+v¢k)(1 + Q)"‘k*}’k dQ
' (14 )% H,
The proof of (30) is similar to the proof of (20) of Theorem 1. This completes the proof.

6. Conclusions

In the present paper, we proved the global (in time) existence of small data Sobolev
solutions to the weakly coupled system of k semi-linear fractional o-evolution equations
with mass and different memory terms. We studied the relationship between the regularity
assumptions for the data, the memory terms, and the admissible range of exponents
(p1,p2,- .., px) in Equation (1). In a forthcoming paper, we will study the blow-up of
solutions to (1).
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Abstract: A minimum principle for a Sturm-Liouville (S-L) inequality is obtained, which shows that
the minimum value of a nonconstant solution of a S-L inequality never occurs in the interior of the
domain (a closed interval) of the solution. The minimum principle is then applied to prove that
any nonconstant solutions of S-L inequalities subject to separated inequality boundary conditions
(IBCs) must be strictly positive in the interiors of their domains and are increasing or decreasing
for some of these IBCs. These positivity results are used to prove the uniqueness of the solutions of
linear S-L equations with separated BCs. All of these results hold for the corresponding second-order
differential inequalities (or equations), which are special cases of S-L inequalities (or equations).
These results are applied to two models arising from the source distribution of the human head
and chemical reactor theory. The first model is governed by a nonlinear S-L equation, while the
second one is governed by a nonlinear second-order differential equation. For the first model, the
explicit solutions are not available, and there are no results on the existence of solutions of the first
model. Our results show that all the nonconstant solutions are increasing and are strictly positive
solutions. For the second model, many results on the uniqueness of the solutions and the existence of
multiple solutions have been obtained before. Our results are applied to prove that all the nonconstant
solutions are decreasing and strictly positive.

Keywords: Sturm-Liouville inequalities; minimum principles; second-order differential inequalities;
boundary value problems; strictly positive solutions

MSC: 34B24; 26D10; 34A12; 34A30; 34A34; 34B05

1. Introduction
We study the properties of solutions of a Sturm-Liouville (S-L) inequality of the form

—(p(x)u'(x)) >0 foreachx € [a,b], 1)

where p : [a,b] — R, is a function satisfying p(x) > 0 for each x € (a,b), and u’ denotes
the first-order derivative of a function u.

A function u : [a,b] — R is said to be a solution of (1) if u € Cla,b], u/(x) and
(p(x)u’(x))" exist for each x € [a,b] and u satisfies (1). A solution of (1) is said to be strictly
positive if u(x) > 0 for each x € (a,b).

Note that p may be zero at either a or b, and p is not required to be continuous
or differentiable on [a,b]. We do not require pu’ to be in L'[a,b], so pu’ may not be an
absolutely continuous function on (g, b]. Hence, if 1 is a solution of (1), then the following
assertion may not be true:

/‘x(p(x)u'(x))’dx = p(x)u'(x) — p(a)u’(a) foreachx € [a,b].
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This shows that we cannot obtain any results by taking the integral from a to x on
both sides of (1).

However, in this paper, we use monotonicity of the function pu’ to derive a new
minimum principle for nonconstant solutions of (1). More precisely, we prove that, if u is a
nonconstant solution of (1), then u cannot reach its minimum in (a,b), that is,

min{u(x) : x € [a,b]} = min{u(a), u(b)} < u(x) foreachx € (a,b). ()

It is well known that, if a function u : [a,b] — R is twice differentiable on [a,b] and
satisfies that u”(x) < 0 for each x € [a,b], then u is concave down on [a, b], that is, u satisfies

u(ta+ (1 —t)b) > tu(a)+ (1 —t)u(b) foreacht € [0,1].
This implies that
u(x) > min{u(a),u(b)} foreachx € [a,b]. 3)

Hence, the new minimum principle (2) with p = 1 enhances (3) by replacing the
inequality sign with the strict inequality on (a,b).

The minimum principle (2) holds for (1) without any boundary conditions (BCs).
However, if we consider suitable BCs, then new properties of solutions for the boundary
value problems can be obtained. Here, we apply the minimum principle to obtain new
results on the positivity of the solutions of the S-L inequality (2) subject to the separated
inequality boundary conditions (IBCs):

au(a) — pu'(a) > 0 and yu(b) + ou’(b) > 0, )

where o, B,7,6 € Ry satisfy (« + B)(y +6) > 0. We refer to [1,2] for the study on a mini-
mum principle (or strong minimum principle) and Hopf’s boundary minimum principle
for S-L inequality (1), which holds a.e on (a, b) with the IBCs u(a) > 0 and u(b) > 0.

The separated IBCs contain Dirichlet (3 = 6 = 0), Robin (¢« = 7 and = ¢) and
Neumann (¢ = ¢ = 0) IBCs. We show that (1) with the Neumann IBCs u/(a) < 0 and
u'(b) > 0 only has constant solutions. By the minimum principle, we prove that all the
nonconstant solutions of (1) with the other IBCs of (4) are strictly positive in (4, b) and are
increasing if &« > 0 and 7y = 0 or decreasing if « = 0 and y > 0. We apply these positivity
results to obtain the uniqueness of the solutions of linear S-L equations with separated BCs

au(a) — pu'(a) = 0 and yu(b) + su/(b) =0 (5)

witha > 0or vy > 0.
An important special case of S-L inequality (1) is the following second-order differen-
tial inequalities:
—u"(x) —r(x)u'(x) >0 foreach x € [a,b], (6)

where r : [1,b] — Ris a continuous function. We prove that, if u is a solution of (6), then
u is a solution of (1). Hence, the minimum principle, positivity result and uniqueness
for (6) without or with the separated IBCs can be obtained via the results on S-L inequalities
or equations.

The minimum principle and positivity results can be used to study solutions of
nonlinear S-L equations such as

—(p(x)u'(x))" = f(x,u(x)) foreachx € [a,b] )

when f(x,u(x)) > 0 for each x € [a,b]. There are many results on the existence of
nonnegative solutions of (7) with suitable boundary conditions, for example, in [3-7], and
on the eigenvalues of the following S-L equations (see [8-10]).

—(p(x)u/(x)) = Au(x) foreachx € [a,b], (8)
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The minimum principle and positivity results can be used to obtain the minimum
principle and positivity on nonconstant solutions of (7) and eigenfunctions of the eigenvalue
problem (8).

As illustrations, we consider two models arising in the heat conduction of the human
head and chemical reactor theory. The first model is governed by a nonlinear S-L equation
(see [8,11-16] for computations of solutions). The second one is governed by a nonlinear
second-order differential equation (see [17,18] for the existence of solutions). For the first
model, the explicit solutions are not available, and there are no results on the existence
of solutions of the first model. There is little study on the existence of solutions, possibly
because of the lack of Green’s functions. Our results show that, if the solutions exist, then
all the solutions are increasing and are strictly positive. For the second models from the
chemical reactor theory, there have been many results on the uniqueness of the solutions
and the existence of multiple solutions (see [17,18] and the references therein). We prove
that all the solutions are decreasing and are strictly positive.

The structure of this paper is as follows: In Section 2 of this paper, we study the
minimum principle, positivity and uniqueness of solutions for the S-L inequalities and
linear S-L equations. In Section 3, we apply these results on the S-L inequalities or linear S-L
equations to deal with some second-order differential equations. In Section 4, we consider
the two models governed by a nonlinear S-L equation and a nonlinear second-order
differential equation, respectively, and obtain the minimum principles and monotonicity of
their solutions.

2. Sturm-Liouville Inequalities

We study the properties of solutions for the Sturm-Liouville (S-L) inequality of
the form
—(p(x)u'(x)) >0 foreachx € [a,b], )

where p : [a,b] — Ry is a function satisfying p(x) > 0 for each x € (a,b), and u’ denotes
the first-order derivative of a function u. We allow p to be zero at a or b.

We denote by C[a, b], C'[a, b] and AC][a, b] the Banach space of continuous functions
on [a,b] with the maximum norm, the space of continuously differentiable functions on
[2,] and the space of absolutely continuous functions on [a, ], respectively. It is well
known that

C'[a,b] C ACla,b] C Cla,b].

Definition 1. A function u : [a,b] — R is said to be a solution of (9) if u € Cla, b], u'(x) and
(p(x)u(x)) exist for each x € [a, b] and u satisfies (9). A solution u of (9) is said to be nonnegative
ifu(x) > 0 for each x € [a, b] and to be strictly positive on (a,b) if u(x) > 0 for each x € (a, b).

In Definition 1, we only require a solution u to satisfy that (p(x)u’(x))’ exists for each
x € [a,b]. We do not require (pu')’ € L'[a, b], so pu’ may not be in ACla, b].
Notation: For ¢ € R, we define a constant function ¢ : [a,b] — R by

é(x) =c foreachx € [a,b]. (10)

It is trivial that the constant function ¢ is a solution of (9) for each ¢ € R. Hence, we
concentrate on the nonconstant solutions of (9), that is, the solution u satisfies that there
exist two different points x1, xy € [a,b] such that u(x1) # u(xp).

We first prove the following minimum principle for nonconstant solutions of (9),
which shows that the minimum values of nonconstant solutions of (9) never occur at the
interior points of [a, b].

Theorem 1. If u is a nonconstant solution of (9), then

min{u(a),u(b)} <u(x) foreachx € (a,b). (11)
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Proof. Let 1 be a nonconstant solution of (9). By Definition 1, u is a continuous function on
[a,]. Let m be the minimum value of u on [a, ], that is,

m =min{u(x) : x € [a,b]}.

We prove that
m < u(x) foreachx € (a,b). (12)

If (12) is false, then there exists x* € (a, b) such that
u(x*) = min{u(x) : x € [a,b]}. (13)

Since 1’ (x) exists for each x € (a,b), it follows from Fermat’s Theorem that u/(x*) = 0.
By (9), pu’ is decreasing on [a, b]. Hence,

p(x)u'(x) > p(x*)u'(x*) =0 for each x € [a,x*] (14)

and
0= p(x*)u'(x*) > p(x)u'(x) foreachx € [x*,b]. (15)

Since p(x) > 0 for each x € (a,b), by (14) and (15), we obtain u’(x) > 0 for each
x € (a,x*] and u/(x) < 0 for each x € [x*,b). Hence, u is increasing on (a,x*] and
decreasing on [x*, D). It follows that

u(x) <u(x*) foreachx € (a,b).
This with (13) implies that
u(x) = u(x*) = min{u(x) : x € [a,b]} foreachx € (a,b). (16)
Since u € Cla, b, taking limits on (16) as x — a and x — b~ implies that u(a) = u(x*)
and u(b) = u(x*). This with (16) shows that u is a constant function, which contradicts
the hypothesis that u is a nonconstant function. Hence, (12) holds. Since u € Cla, b], there

exists xo € [a,b] such that u(xg) = m. It follows from (12) that x) = a or xg = b, and the
result holds. [

As an illustration of Theorem 1, we consider the S-L inequality
—(x%/(x)) >0 foreach x € [0,1]. (17)

Example 1. Let
u(x) = cos gx forx €(0,1]. (18)

Then, the following assertions hold:
(1) u is a solution of (17);
(2) min{u(0),u(1)} < u(x) foreach x € (0,1).

Proof. (1) Differentiating both sides of (18), we have

u'(x) = —% sin gx for each x € [0,1]. (19)
By (19), we have
2 (x) = — gxz sin gx for each x € [0, 1]. (20)

Taking derivatives on both sides of the above equation implies that

! T T T T
2.7 : 2
— > hxe .
—(x u (X)) = > [2xsm 2X+ 2X Ccos 2x] >0 for each x [0,1] (21)
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By (19), (20), (21) and Definition 1, u is a solution of (17).
(2) By (18) and the result (1), u is a nonconstant solution of (17). The result follows
from Theorem 1. [

As an application of Theorem 1, we provide another new result which provides suffi-
cient boundary value conditions ensuring that the first-order derivative of the nonconstant
solutions of (9) at a (or at b) is greater than O (or less than 0). The new result will be used to
derive a Hopf’s boundary minimum principle for the S-L inequalities with a Dirichlet-type
inequality BC (see Theorem 6).

To do this, we first prove the following lemma, which shows that the signs of the
first-order derivative of solutions of (9) at a (or at b) determine the monotonicity that is
decreasing or increasing on |4, b] of solutions of (9).

Lemma 1. Assume that u : [a,b] — R is a solution of (9). Then, the following assertions hold:
(i) If w'(a) <0, then u is decreasing on [a, b];
(i1) If u’(b) > 0, then u is increasing on [a, b].

Proof. (i) By (9), pu’ is decreasing on [a, b]. This with #/(a) < 0 implies that
p(x)u'(x) < p(a)u’(a) <0 foreach x € [a,b].

Since p(x) > 0 for each x € (a,b), we have u/(x) < 0 for each x € (a,b), and u is
decreasing on (a,b). Since u € Cla, b], we have

u(b) <u(x) <u(a) foreachx € [a,b]

and u is decreasing on [a, b].
(i) By (9), pu' is decreasing on [a, b]. This with #/(b) > 0 implies that

0 < p(b)u'(b) < p(x)u'(x) foreachx € [a,b].

Since p(x) > 0 for each x € (a,b), we have u/(x) > 0 for each x € (a,b), and u is
increasing on (a,b). Since u € Cla, b], u is increasing on [a,b]. [

By Theorem 1 and Lemma 1, we prove the new result, which is a key for obtaining the
Hopf’s boundary minimum principle (Theorem 6) for the S-L inequalities.

Theorem 2. Assume that u : [a,b] — R is a nonconstant solution of (9). Then, the following
assertions hold:

(1) Ifu(a) < u(b), then u'(a) > 0;
(2) If u(a) > u(b), then u'(b) < 0.

Proof. (1) If the result (1) is false, then u'(a) < 0. By Lemma 1 (1), u is decreasing on [a, b],
and u(x) < u(a) for each x € [a,b]. This with Theorem 1 implies that

u(b) < u(x) <u(a) foreachx € (a,b),

which contradicts the hypothesis that u(a) < u(b).
(2) If the result (2) is false, then u/(b) > 0. By Lemma 1 (2), u is increasing on [a, b],
and u(x) < u(b) for each x € [a, b]. This with Theorem 1 implies that

u(a) < u(x) <u(b) foreachx € (a,b),
which contradicts the hypothesis that u(a) > u(b). O

Theorem 1 applies to any nonconstant solutions of (9) in C[a, b] and does not involve
any inequality boundary conditions (IBCs) at a or at b.
Below, we consider nonconstant solutions of (9) subject to the separated IBCs of the form

au(a) — pu'(a) >0 and yu(b) + ou'(b) > 0. (22)
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where «, B, 7,6 € Ry satisfy
(a+B)(y+9d)>0. (23)

The separated IBCs (22) contain Dirichlet (3 = § = 0), Robin (x = 7y and g = J) and
Neumann (¢« = ¢ = 0) IBCs.

Under the assumption (23), it is easy to verify that (22) is equivalent to the following
four IBCs:

(By) u(a) — Bu'(a) > 0and u(b) +6u’(b) > 0forB, 6 e Ry. (@ >0,>0,v>0,6 > 0);
(Bp) u(a) — pu'(a) > 0and u/(b) > Ofor e Ry. (@ >0,>0,7v=0,8 > 0);
(B3) u/(a) <0and u(b) + ou'(b) > 0foréd e Ry. (x =0,>0,7>0,6>0);
(Bg) #/(a) <0and u/(b) >0.(x=0,>0,7=0,0>0).

It is clear that if &« > 0 or ¢ > 0, then the BC (22) is equivalent to the three BCs (By),
(By) and (B3), and, if &« = ¢ = 0, then the BC (22) is (By).

Definition 2. A function u : [a,b] — R is said to be a solution (nonnegative solution or strictly
positive solution) of (9) with (22) if u € Cla,b] is a solution (nonnegative solution or strictly
positive solution) of (9) and satisfies (22).

We state the following simple result of constant solutions of (9) with (22).

Theorem 3. Let ¢ € R. Then, the following assertions hold:
(7) ¢ is a solution of (9) with (B;) if and only if ¢ > 0 for each i € {1,2,3};
(ii) ¢ is a solution of (9) with (By).

Theorem 4. Assume that u : [a,b] — R is a solution of (9) with (By). Then, u is a constant
solution.

Proof. By (B,) and Lemma 1, u is decreasing and increasing on [a, b]. It follows that
u(b) < u(x) <u(a) <u(x) <u(b) foreachx € [a,b].
This implies that u(x) = u(b) for each x € [a,b], and the result holds. [

By Theorem 3 (ii) and Theorem 4, (9) with (B4) has no nonconstant solutions. There-
fore, we only discuss nonconstant solutions of (9) with (B;) for each i € {1,2,3}. Hence,
from now on, we always assume that «, 8,7, € R satisfy

(a+B)(y+9d) >0 andeithera >00rvy >0, (24)
which excludes the BC (By).

Lemma 2. Assume that u : [a,b] — R is a nonconstant solution of (9). Then, the following
assertions hold:
(1) If u(a) < u(b) and u(a) — Bu’(a) > 0, then u(a) > 0;
(ii) If u(a) > u(b) and u(b) + ou’(b) > 0, then u(b) > 0.
Proof. Let u : [a,b] — R be a nonconstant solution of (9) with (22). By Theorem 1, we have
min{u(a),u(b)} <u(x) foreachx € (a,b). (25)
(7) Since u(a) < u(b), by (25), we have
u(a) = min{u(a),u(b)} <u(x) foreachx € (a,b). (26)

If the result were false, then u(a) < 0. Since u(a) — pu’(a) > 0, we have

0> u(a) > pu'(a).
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This implies that 8 > 0, and u/(a) < 0. Hence, there exists ¢o € (0,b — a) such that
u(x) <u(a) foreachx € [a,a+¢p).
This with (26) implies that
u(a) <u(x) <u(a) foreachx € [a,a+¢p),

which is a contradiction.
(#i) Since u(a) > u(b), by (25), we have

u(b) = min{u(a),u(b)} <u(x) foreachx € (a,b). (27)
If the result is false, then u(b) < 0. Since u(b) + ou’(b) > 0, we have
0> u(b) > —ou'(b).
This implies that 6 > 0, and u/(b) > 0. Hence, there exists ¢y € (0,b — a) such that
u(x) <u(b) foreachx € (b—egp,b).
This with (27) implies that
u(b) <u(x) <u(b) foreachx e (b—ep,b],
which is a contradiction. [
Now we prove the positivity result on (9) subject to the BCs (B;)—(B3).
Theorem 5. (i) If u : [a,b] — R is a nonconstant solution of (9) with (By), then
0 < min{u(a),u(b)} <u(x) foreachx € (a,b). (28)
(i) If u = [a,b] — R is a nonconstant solution of (9) with (By), then u is increasing on

[a,b], and
0 <u(a) <u(x) <u(b) foreachx € (a,b). (29)

(#ii) If u : [a,b] — R is a nonconstant solution of (9) with (Bz), then u is decreasing on
[a,b], and
0<u(b) <u(x) <u(a) foreachx € (a,b). (30)
Proof. Letu : [a,b] — R be a nonconstant solution of (9). By Theorem 1, we have
min{u(a),u(b)} <u(x) foreachx € (a,b). (31)
() Since (By) holds, if u(a) < u(b), then it follows from u(a) — pu’(a) > 0 and
Lemma 2 (i) that u(a) > 0. If u(a) > u(b), then by u(b) — pu’(b) > 0 and Lemma 2 (ii),
we have u(b) > 0. This with (31) implies (28).
(i) By (By), we have u/(b) > 0. By Lemma 1 (i), u is increasing on [a, b], and
u(a) <u(x) <u(b) foreachx € [a,b].

This with (31) implies (29).
(#ii) By (B3), we have u/(a) < 0. By Lemma 1 (i), u is decreasing on (4, b], and

u(b) <u(x) <u(a) foreachx € [a,b].
This with (31) implies (30). O
As an application of Theorem 5, we consider the S-L inequality (17), that is,

—(x%/(x))) >0 foreach x € [0,1] (32)
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subject to the IBC
u(0) — Bu’(0) >0 and u(1) +éu'(1) >0, (33)

where §,0 > 0 are given.
We first provide an example of a nonconstant solution u of (32), which is not a solution
of (32)-(33).

Example 2. Let u be the same as in (18). Then, u is a solution of (32) but is not a solution
of (32)—(33).

Proof. The first result follows from Example 1. By (18) and (19), we have
u(1) — ou'(1) = 0 — 5% <0.

Hence, u does not satisfy (33). [

Next, we provide an example of a nonconstant solution of (32)-(33).
Example 3. Let A > %(5, and

u(x) = A+ cos gx forx € [0,1]. (34)

Then, the following assertions hold:
(1) u is a solution of (32)-(33);
(2) 0 < min{u(0),u(1)} < u(x) for each x € (0,1).

Proof. (1) Differentiating both sides of (34), we have

u'(x) = —% sin gx for x € [0,1]. (35)
By (35), we have
2 (x) = fng sin gx for x € [0,1].

Taking derivatives on both sides of the above equation implies that
!
2 7T LTt 2 7T 7T
— == = Zcos =x| >
(xu(x)) 2[2x51n2x—|—x 2coszx]_O forx € [0,1]
and u satisfies (32). By (34) and (35), we have

u(0) — pu' (0) = (1+ A) 7,3[7%111%(0)] =14+A>0.

and, since A > 74, we have
u(1)+ou' (1) = A — 5% >0.

Hence, u is a solution of (32)—(33).
(2) By the result (1), u is a nonconstant solution of (32)—(33). The result follows from
Theorem 5 (i). O

Now, by applying Theorems 2 and 5, we give the Hopf’s boundary minimum principle.

Theorem 6. (i) If u : [a,b] — R is a nonconstant solution of (9) with (By), then the following
assertions hold:

(1) Ifu(a) =0, then u’(a) > 0;

(2) Ifu(b) = 0, then u'(b) < 0.
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a) > O
(b) <
Proof. (1) Since u(a) = 0, it follows from Theorem 5 (i) that u(a) = 0 < u(b). By
Theorem 2 (1), u/(a) > 0.
(2) Since u( ) = 0, it follows from Theorem 5 (i) that u(b) = 0 < u(a). By
Theorem 2 (2), u’(b) < 0.
(i) By Theorem 5 (ii), we have u(a) < u(b). By Theorem 2 (1), u’(a) >
(#ii) By Theorem 5 (iii), we have u(b) < u(a). By Theorem 2 (2), u’(b ) O

(#1) If u : [a,b] — Ris a nonconstant solution of (9) with (By), then u'(
(tii) If u = [a, b] — R is a nonconstant solution of (9) with (B3), then u’(b

Remark 1. The Hopf's boundary minimum principle for some S-L inequalities with the BCs
u(a) > 0and u(b) > 0 was studied in [1] (p. 1072). Hence, Theorem 6 (i) with p > 0or § > 0
and (ii) and (iii) are new. Our method is different from that used in [1] (p. 1072).

Applying Theorem 5, we study the uniqueness of the solutions of the boundary value
problem (BVP) of the S-L equation

—(p(x)u/(x))' =0 foreachx € [a,b] (36)
subject to the separated BC
au(a) — pu'(a) =0 and yu(b) + ou'(b) =0, (37)
where «, B,7,6 € Ry satisfy (24).
Theorem 7. Equation (36) with Equation (37) has only a zero solution.

Proof. It is obvious that 0 is a solution of (36) with (37). Let u be a nonconstant so-
lution of (36) with (37). Then it is easy to see that —u is a solution of (36) with (37).
By Theorem 5, we obtain u = 0. Hence, (36) with (37) has no nonconstant solutions. By
Theorem 3 (i), (36) with (37) has no nonzero constant solutions. The result follows. [

We study the uniqueness of the solutions of the BVP of the S-L equation
—(p(x)u/(x)) =v(x) foreachx € [a,b] (38)
subject to the separated BC
au(a) — pu'(a) = cg and yu(b) + ou'(b) = cy, (39)
where v : [a,b] — Ris a function, &, B, 7,6 € R satisfy (24) and cp, c1 € R.

Definition 3. A function u : [a,b] — R is said to be a solution of (38) if u € Cla,b], u'(x) and
(p(x)u’(x)) exist for each x € [a, b] and u satisfies (38).

Theorem 8. Equation (38) with Equation (39) has at most one solution.
Proof. Assume that (38) and (39) have a solution u; for each j € {1,2}. Let
u(x) = uy(x) —up(x) foreachx € [a,b].

Tt is easy to see that u is a solution of (36) with (37). By Theorem 7, (36) with (37) has
only a zero solution. Hence, u = 0 and uy = up. O

3. Second-Order Linear Differential Inequalities
Closely related to the S-L inequality is the second-order differential inequality

—u"(x) —r(x)u'(x) >0 foreachx € [a,b], (40)
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where 7 : [a,b] — R is assumed to be a continuous function. Note that 7 is not necessarily
nonnegative. We can apply the results obtained in Section 2 to derive results on (40).

Definition 4. A function u : [a,b] — R is said to be a solution of (40) if u € C'[a,b], u”(x)
exists for each x € [a,b] and u satisfies (40).

In Definition 4, u is required to satisfy that 1"/ (x) exists for each x € [a,b], but u” is
not required to be continuous on (g, b). This is different from the the classical solutions,
thatis, u € C2(a,b) N C'[a, b] studied in (p. 634, [19]), where the one-dimensional strongly
uniformly elliptic equations were considered.

The inequality (40) can be studied via the following S-L inequality:

—(p(x)u'(x)) >0 foreach x € [a,b], (41)
where p : [a,b] — (0,00) is a function defined by
plx) = el (42)

We note that the function p satisfies p(x) > 0 for each x € [a,]] and is continuous on
[a,b]. By (42) and continuity of r, we obtain

p'(x) = p(x)r(x) foreachx € [a,b]. (43)
Lemma 3. If u is a solution of (40), then u is a solution of (41).

Proof. Let u be a solution of (40). By Definition 4, u € C'[a,b] and u”(x) exist for each
x € [a,b]. By (43), we have

(p(0)u' (x))" = p(x)u” (x) + p'(x)u' (x) = p(x)u” (x) + p(x)r(x)u’ (x)
= p(x)[u”(x) + r(x)u'(x)] <0 foreachx € [a,b] (44)

and (p(x)u’(x))’ exist for each x € [a,b]. It follows from Definition 1 that u is a solution
of 41). O

Similar to (9), we have the following minimum principle for nonconstant solutions
of (40).

Theorem 9. If u is a nonconstant solution of (40), then
min{u(a),u(b)} <u(x) foreachx € (a,b).

Proof. Let u be a nonconstant solution of (40). By Lemma 3, u is a nonconstant solution
of (41). The results follow from Theorem 1. [

Definition 5. A function u : [a,b] — R is said to be a solution of (40) with (22) ifu € C'[a,b] is
a solution of (40) and satisfies (22).

Similar to (9), we have the following positivity result on (40) subject to the BCs (By)—(B3).
Theorem 10. (i) If u : [a,b] — R is a nonconstant solution of (40) with (By), then

0 < min{u(a),u(b)} <u(x) foreachx € (a,b). (45)

(i) If u : [a,b] — R is a nonconstant solution of (40) with (By), then u is increasing on

[a,b], and
0 <u(a) <u(x) <u(b) foreachx € (a,b). (46)
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(iii) If u : [a,b] — R is a nonconstant solution of (40) with (Bs), then u is decreasing on
[a,b], and
0<u(b) <u(x)<u(a) foreachx € (a,b). (47)

Proof. Let u be a nonconstant solution of (40). By Lemma 3, u is a nonconstant solution
of (41). The result follows from Theorem 5. [

Similar to S-L equations, we obtain the following uniqueness results.
Theorem 11. The BVP of the second-order differential equation
—u"(x) —r(x)u'(x) =0 foreach x € [a,b] (48)
subject to the separated BC (37) has only a zero solution.
Theorem 12. The BVP of the second-order differential equation
—u"(x) —r(x)u'(x) = v(x) foreach x € [a,b] (49)
subject to the BC (39) has at most one solution, where v : [a,b] — R is a function.

4. Applications

We consider the model arising from the source distribution of the human head gov-
erned by the following nonlinear S-L equation:

— (%' (x)) = Ax2e ™) for each x € [0,1] (50)

subject to the BC
u(0) =0 and yu(l)+u'(1) =0, (51)

where A, g > 0 (see [11]). Some related models can be found in [13,14]. The exact solutions
of the BVP (50)-(51) are not available, and there are no results on the existence of solutions
of (50)—(51); therefore, there are extensive studies on computation of solutions of (50)—(51)
(see [12,14-16] and the reference therein). There are generalizations on the computation of
solutions to fractional differential equations [8]. Since p : [0,1] — R defined by p(x) = x?
for x € [0,1] does not satisfy 1/p € L'[0,1], the Green’s function does not exist. Hence,
the previous results on the existence of solutions of the BVP for the S-L equations obtained,
for example, in [3-5,7,20-22], via Green’s functions cannot be used to deal with (50)-(51).
Here, we use Theorem 1 to obtain the following new result.

Theorem 13. (1) If u is a solution of (50), then
min{u(0), u(1)} < u(x) foreachx € (0,1). (52)
(2) If u is a solution of the BVP (50)—(51), then u is decreasing on [0,1], and
0<u(l) <u(x) <u(0) foreachx e (0,1). (53)
Proof. Letu € C[0,1] be a solution of (50). By (50), it is easy to see that
— (%' (x))" = Ax2e 1) >0 for each x € [0,1] (54)
and u is a nonconstant solution of (54).
(1) The result (1) follows from (54) and Theorem 1.
(2) Let u € CJ0,1] be a solution of (50)—(51). Note that the BC (51) is a special

case of (B3). It follows from (54) and Theorem 10 (iii) that u is decreasing on [0,1],
and (53) holds. O

274



Mathematics 2024, 12, 2088

The second model we consider is the following BVP of the second-order
differential equation

—Bu’ (x) +u'(x) = f(u(x)) foreachx € [0,1] (55)
subject to the BC
au(0) — Bu'(0) =0 andu/(1) =0, (56)
where f : R, — R is defined by

Flu) = Alq — u)etra. (57)

The BVP (55)—(56) arises in chemical reactor theory. The function u represents the
dimensionless temperature in the reactor, and A, g,k > 0 are known constants. The function
f(u) in (57) is the Arrhenius reaction rate, which essentially represents the rates of chemical
production of the species (or the rate of heat generation) in the reactor (see [17,18] and the
references therein). ,

It is proved in Theorem 3.5 of [17] that, if (@) < 0foru € [0,q], then (55)-(56) have

a unique solution. When k > 4(1 +1/4), it is proved in [18] that, under suitable conditions
on A, (55)-(56) have at least two or three nonnegative solutions. However, these results do
not show that these solutions are strictly positive solutions.

By Theorems 9 and 10, we prove the following result which shows that all the solutions
of (55)—(56) are strictly positive.

Theorem 14. (1) If u € C[0,1] is a solution of (55), then
min{u(0),u(1)} < u(x) foreachx € (0,1). (58)

(2) If u € C[0,1] is a solution of the BVP (55)—(56), then u is increasing on [0,1], u is a
strictly positive solution and

0<u(0) <u(x) <u(l) foreachx e (0,1). (59)

Proof. Let u be a solution of (55). By (55) and (57), u is a nonconstant solution. By
Theorem 3.1 of [17], u(x) < q for x € [0, 1]. By (57), we obtain

f(u(x)) >0 foreachx € [0,1].
This with (55) implies that
—pu" (x) +u'(x) = f(u(x)) >0 forx € [0,1]. (60)

(1) The result (1) follows from Theorem 9.
(2) Let u be a solution of (55)-(56). Note that the BC (51) is a special case of (By).
The result (2) follows from Theorem 10 (ii). O
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1. Introduction

Differential equations involving p-Laplace operators have wide applications in physics,
and they have received quite some attention recently. For example, in 2007, by using the
theory of lower and upper solutions, Jin, Yin, and Wang [1] studied the existence of positive
radial solutions for the p-Laplacian boundary value problem

—div(|VulP~2Vu) = f(|x|,u),
u(x) =0, xeaQ,

x e,

where p > 1 and O C R” is the unit open ball centered at the origin. We refer the reader
to [2] for a historical account of the origin of the p-Laplace operator. For a very short list
of some recent papers on p-Laplace boundary value problems, we refer the reader to the
papers [3-11].

In this paper, we consider the boundary value problem

Apw(x) + g(|x|) f(w(x)) =0,

x € 90 ()

xeQ, )

w=0,
Here, Q C R" is the unit open ball centered at the origin, |x| denotes the Euclidean norm
of x € R", and
Apw = div<|Vw|p*2Vw>.

Throughout the paper, we assume that
(H) n > 1is a positive integer, p € (n,+o0) is a positive real number, g : [0,1] —

[0, +00) and f : [0, +00) — [0, +o0) are continuous functions, and g(t) # 0 on the

interval [0, 1].

For convenience, we define the function D, R — Rby

|x|P2x, x #0,
D, (x) =
p(x) {a x=0.

It is clear that &, (x) is an increasing and continuous function, and x®,(x) > 0 for all real
x. The inverse function of @ (x) is denoted by @, 1(x) in this paper.
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It is well known (see [1], for example) that if we consider only radially symmetric
positive solutions of problem (1),(2), then problem (1),(2) reduces to the following boundary
value problem for a second-order ordinary differential equation:

P, (0 (5)) + g(Df(u() =0, 0<t<1, ®

u'(0)=0, u(l)=0. 4)

That is, if u(t) is a solution to problem (3),(4), then w(x) = u(|x|) solves the boundary
value problem (1),(2), and vice versa.

Our main focus in this paper is on positive solutions to problem (3),(4). By a positive
solution to problem (3),(4), we mean a solution u(t) such that u(t) > 0 on (0,1). As has
been repeatedly pointed out in the literature (see [6,12], for example), in the study of
positive solutions to boundary value problems, a priori upper and lower estimates for
positive solutions play a crucial role. In particular, once we obtain some a priori upper
and lower estimates, we can use these estimates to approximate the first eigenvalue of
the corresponding eigenvalue problem (see [13], for example). Also, by using these upper
and lower estimates, we can establish some nice existence results for multiple positive
solutions (see [12,14], for example). The main purpose of this paper is to present a new
lower estimate for positive solutions to problem (3),(4).

Throughout this paper, we let X = C[0, 1] be equipped with the supremum norm

o] = max |v(t)| forallv e X.
te[0,1]

Clearly, X is a Banach space. We define
Y={veX|ov(t)>0for0<t<1}.

It is clear that Y is a positive cone in X. It is also clear that the boundary value problem
(3),(4) is equivalent to the integral equation

u(t) = /t1 @;1 <r1_” /Or s”_lg(s)f(u(s))ds> dr, 0<t<1.

Define the operator T : Y — X by

(Tu)(t) = /t1 <I>;1 (rl’” /Or s”’lg(s)f(u(s))ds>dr, 0<t<1, Yuey.

It is clear that if (H) holds, then T(Y) C Y. By some standard arguments, we can show that
T is a completely continuous operator. Also, it is now clear that u € Y is a fixed point of T
if and only if u is a non-negative solution to problem (3),(4).

This paper is organized as follows. In Section 2, we prove a new type of lower estimate
for positive solutions of problem (3),(4). In Sections 3 and 4, we prove some existence and
nonexistence results for positive solutions for problem (3),(4). An example is included at
the end of the paper to illustrate our existence and non-existence results.

2. A New Lower Estimate

In this section, we present a new lower estimate for positive solutions to problem
(3),(4). This lower estimate (see (7) below) is called by some authors the norm-type, for the
simple reason that its expression is the norm ||u|| times a function of t. To the best of our
knowledge, there is no lower estimate of this type for problem (3),(4) in the literature.

For this purpose, we define the function a : [0,1] — [0,1] by

a(t) =1 tP=0/=1) g <<, ®)
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The function a(t) is used to give the lower estimate for positive solutions of problem (3),(4).
Since p > n, a(t) is continuous on [0, 1], it is clear that 2(0) = 1 and a(1) = 0. We leave it to
the reader to verify that a(t) is decreasing on [0, 1]. We begin with some technical lemmas.

Lemma 1. [fu € C2(0,1] N C[0, 1] satisfies the boundary conditions (4) and u is such that

("o, (u' (1)) <0, 0<t<1, (6)
then,
u(t) >0 and u'(t) <0
on the interval [0,1], and u(0) = ||u]|.

The proof of the lemma is quite straightforward and is, therefore, left to the reader.
The next lemma gives a lower estimate for positive solutions of problem (3),(4).

Lemma 2. Suppose that (H) holds. If u € C%(0,1] N C1[0, 1] satisfies the boundary conditions (4)
and the inequality (6) holds, then

u(t) > |lulja(t), 0<t<1 (7)

Proof. By Lemma 1, we have u(t) > 0 on [0,1] and u(0) = ||u|. We define an auxiliary
function h(t) as follows:

h(t) = u(t) — |julla(t), 0<t<1.

It is easy to see that
h(0) = h(1) = 0.

To prove the lemma, it suffices to show that i(t) > 0 for 0 < t < 1. We use the method
of contradiction to prove the lemma. For this purpose, we assume, to the contrary, that
h(ty) < 0 for some ty € (0,1).

Since 1(0) = 0 > h(ty), by the mean value theorem, there exists t; € (0, ) such that
I (t1) < 0. Since h(tg) < 0 = h(1), there exists s; € (tp,1) such that h’(s;) > 0.

Note that i’ (1) < 0and '(s1) > 0 imply that

u'(t) — ||ulja’ (1) <0, u'(s1)— ||ulla’(s1) > O.
Since ®,, is strictly increasing, we have
@p(u'(t)) — Pp([Julla’(t)) <0, @p(u'(s1)) — Pp([|ulla’(s1)) > 0.
We now define another auxiliary function v(t) as follows:
o(t) = "1 (@, (' (1) — Pp(Jlulld’ (), 0<t<1 8)

Itis clear that v(#;) < 0 and v(s1) > 0. Since v(t1) < 0 < v(s1), there exists t; € (t1,51) C
(0,1) such that
U/(tz) > 0. 9)

On the other hand, by Equations (5), (6), and (8), we have
o'(t) = (" 1@, (u' (1)) <0, 0<t<]1,
which contradicts (9). The proof of the lemma is now complete. [

We now summarize our findings in the following theorems.
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Theorem 1. Suppose that (H) holds. If u € C2(0,1] N C1[0, 1] satisfies the boundary conditions
(4), and the inequality (6) holds, then u(t) > 0on [0,1], and

a(t)u(0) <u(t) <u(0), 0<tr<1. (10)

In particular, if u € C2(0,1] N C[0,1] is a nonnegative solution to the boundary value problem
(3),(4), then u(t) satisfies the estimates (10).

The next theorem follows immediately.

Theorem 2. Suppose that (H) holds. If w(x) is a radially symmetric positive solution to the
p-Laplace boundary value problem (1),(2), then

©(0) > w(x) > w(O)a(|x]), |x| <1.
Here, 0 = (0,0, --,0) is the origin of the R" space.
Now, we define a subset P of Y as follows:
P={veY:a(t)v(0) <o(t) <v(0) on [0,1]}.

Clearly, P is a positive cone of the Banach space X. From now on, we restrict the operator T
on the cone P. Again, T : P — Y is a completely continuous operator. And, by the same
arguments as those used to prove Theorem 1, we can show that T(P) C P provided (H)
holds. We also note that if v € P, then

[[o]l = ©(0).

Now, it is clear that, in order to solve problem (3),(4) for a positive solution, we only need
to find a fixed point u of T in P such that ||u|| > 0.

3. Existence of Positive Solutions

As an application of the lower estimate obtained in the last section, we now establish
some existence and nonexistence results for positive solutions to problem (3),(4). We
use the following fixed point theorem, which is due to Krasnosel’skii [15], to prove our
existence results.

Theorem 3. Let X be a Banach space over the reals, and let P C X be a cone in X. Let < be the
partial order on X determined by P. Assume that ()1 and Q) are bounded open subsets of X with
0€ Oy and 51 C ). Let

L:Pﬂ(ﬁz—ﬂl)—)P

be a completely continuous operator such that, either

(K1) Lu 2 uwifu € PNoQy, and Lu £ uifu € PN aQy; or
(K2) Lu Luifu € PNy, and Lu ? wifu € PNoQy.

Then, L has a fixed point in P N (Qp — Q).
Remark 1. In Theorem 3, < is the partial order on X determined by P. That is, if f,g € X, then

f<g = (g—f)€P

Hence, the inequality Lu % u means that (Lu — u) ¢ P, and the inequality Lu £ u means that
(u—Lu) ¢ P.
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We begin by defining constants A and B by

A= /01 CID;j1 <r1_” /Or s”_lg(s)(a(s))p_lds> dr

1 r
B:/O CID;1 <r1*"/0 s”flg(s)ds>dr.

Also, we define the following constants that are related to the function f:

and

Fy = limsup sz, fo = liminf f(le
oo+ XPT x—0t xP~

Feo = limsup in, foo = liminf @
x—too XPT x—too yP1

These constants are used in the statements of our existence and nonexistence theorems.
Our first existence result is given below. Though Krasnosel’skii’s fixed point theorem has
become quite a standard tool for finding positive solutions; the proof of the next theorem is
included here for completeness and reference purposes.

Theorem 4. If
BFS/(F’71> <1< Afgo/(p71>r

then problem (3),(4) has at least one positive solution.
Proof. Choose € > 0 such that B(Fy + e)l/ (P=1) < 1. Then, there exists Hy > 0 such that
f(x) < (Fy+e)xP~! for 0 < x < Hy.

For each u € P with [[u]| = Hy, we have
(w0) = [ @t (7 [ s g6 uts)as )
< [yt (o [ ) (o et s Jar
= (Rt eV [T (o [ g (o)) s )
< (Fo+ )/ (7D /01 cp,;l(rl*" /Oysnflg(s)(u(o))r’*ldsyr
= (B + €)=y 0) /1 o,! (#—n /0 s"-lg(s)ds) dr

0
= (Fo+¢€)""Vu(0)B
<u(0) = [ful,

thatis, (Tu — u)(0) < 0, which implies that (Tu — u) ¢ P. So, if we let
O = {u e X| |lul] < Hi},

then,
Tu #?u, foranyu € PNnoQ)y.

To construct (), we first choose a positive real number f such that f < f., and

1< APV (-1,
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Then, we choose ¢ € (3/4,1) and é > 0 such that

(f — o)V (r-D) /

0

;! (ﬂ-n /0 rs"_lg(s)(u(s))p_lds> dr > 1.

Now, there exists H3 > 0 such that f(x) > (f — &)xP~! for x > Hs. Let Hy = Hy + H3/a(c).
If u € Pwith ||u]| = Hp, then, for 0 < t < ¢, we have

u(t) = a(t)||ul] = a(c)Hy > Hs.

So, if u € P with |lu|| = Hp, then

) = [ @ (- /
fon (e
z/ o, <

1/p1

S 1g(6) () )

(=1

Y

T lg(s ))ds)dr

g9~ 0) ()7 s )ar

oyt ([ o) ()P s )

> (F=a) 00 [t (v [ tg(s) (w(0)a(e)) s v

= (f = 9" Vu(0) /0 @;1(r1—" /0 S"_lg(s)(a(s))”‘lds)dr
> 1-u(0) = u(0) = [jul,

C\o\o\

which means Tu % u. So, if welet Oy = {u € X : ||u|| < Hp}, then Q1 C (), and
Tu £ u, foranyu € PNoQy.

Therefore, condition (K1) of Theorem 3 is satisfied, and so there exists a fixed point of T in
P. This completes the proof of the theorem. [

Our next theorem is a companion result to the one above.

Theorem 5. If
BEY PV <1< af/Y,

then the boundary value problem (3),(4) has at least one positive solution.

The proof of Theorem 5 is similar to that of Theorem 4 and is, therefore, left to
the reader.

4. Nonexistence Results and Example

In this section, we give some sufficient conditions for the nonexistence of positive
solutions.

Theorem 6. Suppose that (H) holds. If f(x) < (x/B)P~! for all x € (0,+00), then problem
(3),(4) has no positive solutions.

Proof. Assume, on contrary, that u(t) is a positive solution of problem (3),(4). Then, u € P,
u(t) >0for0 <t <1,and
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< [fopt(r /Ors"’lg(s)(u(s)/B)P*dQdr
— B_l /01 q);] <r1—n Ar Sn—lg(s)(u(s))p—lds> dr
S 371 (D;l rl—n /07Sn—lg(s)(u(o))pflds>dr

1 T
=u(0)B~! q);l <r1’” / s”’lg(s)ds>dr
Jo Jo

which is a contradiction. The proof of the theorem is now complete. [

In a similar fashion, we can prove the next theorem.

Theorem 7. Suppose that (H) holds. If f(x) > (x/A)P~! for all x € (0,+00), then problem
(3),(4) has no positive solutions.

We conclude this section with an example.
Example 1. Consider the following p-Laplace boundary value problem:
Apw(x) +Ag(x])f(w(x)) =0, x€Q, (11)

w=0, xea, (12)

where A > 0 is a parameter, p = 4, Q0 C R? is the unit open ball centered at the origin, and

gy=1-1, 0<t<1,
14 8u

= Al >
flu) = Au T u>0.
It is clear that, if we seek a radially symmetric solution only, then problem (11),(12) reduces to the
following problem:
(kg (i (1)) + gD f(u(t) =0, 0<t<1, (13)
u'(0) =0, u(l)=0. (14)

Here, @y (x) = x3.
We easily see that problem (13),(14) is a special case of problem (3),(4) in which n = 2 and
p = 4. In this case, we have a(t) = 1 — t*/3. Also, we have Fy = fo = A and Foo = foo = 8A. It
is clear that
Ax® < flx) < 8Ax3, x>0.

Calculations by using a standard Computer Algebra System (CAS) indicate that
A ~0.317485, B = 0.550302.

From Theorem 4, we see that lf
. ~ QA3 < A < 7E3 ~ 0. ', ( )

then problem (13),(14) has at least one positive solution. From Theorems 6 and 7, we see that if

) 1 1
either A < 3B ~0.7501 or A> B 31.2487 (16)
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then problem (13),(14) has no positive solutions.
It follows that, if (15) holds, then problem (11),(12) has at least one radially symmetric positive
solution. And if (16) holds, then problem (11),(12) has no radially symmetric positive solutions.

5. Conclusions

In summary, we present a new lower estimate for radially symmetric positive solutions
to the Dirichlet boundary value problem for the p-Laplace equation. The proof of this
new lower estimate is elementary, making it accessible to undergraduate students. As
an application, some sufficient conditions for the existence and nonexistence of positive
solutions are obtained. In proving the existence results, we apply Krasnosel’skii’s fixed
point theorem on cones.

Some future developments we would like to see include

e Using the lower estimate in conjunction with other fixed-point theorems to establish
new existence results;
e Using the lower estimate to solve the corresponding singular boundary value problem.
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