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Preface

This Special Issue is a Festschrift containing articles written to commemorate the 80th
anniversary of Frampton, who is encountering his second Festschrift after the first one on his
60th anniversary, organised by the University of Miami at the 2003 Coral Gables Meeting. This
foreword can act as an introduction. We shall present a biography of Frampton which includes his
early education, including how he became interested in particle theory. We then discuss selected
accomplishments from his almost six decades of research productivity. Paul Frampton was born
on October 31st, 1943 in Kidderminster, Worcestershire, UK, as the son of the late Harold Albert
Frampton, a civil engineer, and the late Grace Elizabeth Frampton, née Howard, a housewife. In
Kidderminster, he attended Foley Park Primary School 1948-54, then King Charles School 1954-62,
where he became intellectually very excited at age 14 by the discovery of parity violation in weak
interactions, which he could understand without quantum mechanics and which sparked his life-long
interest in particle theory. That discovery resulted in the award of a Nobel prize to Lee and Yang in
1957. In the same year his headmaster, John Drake, very unusually noted on a school report that he
considered it possible that Frampton might go on to win a Nobel prize in physics. Drake had a strong
personality and was a larger than life figure both as a headmaster and as a physics teacher. Before
Drake retired in 1958, he taught Frampton relativity and provided other intellectual inspiration.
George Oxendale took over as Frampton’s physics teacher and inspiration for the years 1958-62.
In 1961, Frampton sat his A-level examinations; in 2006 he was invited back to present a hundred
prizes to students at King Charles School, and his introducer was somehow able to quote Frampton’s
A-level results from 45 years earlier and stated that they had never been equalled. Also in 1961, he sat
for the Oxford Entrance Examinations and was awarded an Open Hulme Scholarship to Brasenose
College, Oxford, the same college of which his Latin teacher was an alumnus. Frampton studied
physics in Oxford and was there educated in a time-honoured tutorial system where, with only one
other student (the late Adrian Harford), he spent one hour a week in term time with a professor,
including the late Simon Altmann. In the first-year examination, Frampton achieved First-Class
Honours. At the end of the third and final undergraduate year, he again received First-Class Honours,
thus completing a Double First bachelor degree. He stayed on at Brasenose College, now as a Senior
Hulme Scholar, for a further three years 1965-68 to complete a doctoral DPhil research degree. His
research supervisor was John Clayton Taylor and his thesis title was Strong Interactions of Elementary
Particles: Regge Theory and Sum Rules. In it, he proved that certain sum rules which had previously
been derived by assuming current algebra could be derived without that assumption using only more

general considerations of analyticity and locality.

After his DPhil in 1968, Frampton spent the next twelve years until 1980 in a sequence of six
postdoctoral positions. The first was in Chicago 1968-70 in a particle theory group headed by the
late Yoichiro Nambu. Both of the senior Oxford particle theorists, J.C. Taylor and the late Richard
Dalitz, recommended applying for a postdoctoral post in the USA because the quality of research
was allegedly better there. Frampton received two good offers from Princeton and Chicago. The
Proctor fellowship at Princeton seemed more prestigious than a regular postdoctoral position at the
University of Chicago, but Dalitz was familiar with the exceptional gifts of Nambu as a former
colleague and strongly urged accepting the Chicago offer instead. This advice immediately paid
dividends. In late August 1968, just before leaving to Chicago, J.C. Taylor told Frampton about the
Veneziano Model which provided an unexpectedly simple closed form solution of sum rules in his
DPhil thesis. Upon arriving in Chicago and being greeted by Nambu, he discussed the Veneziano
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model then to answer a question posed by Nambu, and, through two weeks of very hard work,
he determined how to factorise it by using string variables, perhaps his most fruitful piece of work
in terms, not of agreeing with Nature, but of influencing many papers in the future. If the string
invention had been published in 1968, it would by now have been cited thousands of times. He did
publish three other papers with Nambu. Frampton’s second postdoc was at CERN as a fellow1970-72
where he continued to work on dual resonance models and collaborated with Brink, Ellis, Goddard,
and Nielsen. At age 28, after two postdocs, Frampton was ready for a permanent job back in England.
He was a leading candidate for such a job at Imperial College London, but committed career suicide
by saying in an interview that he preferred to teach as little as possible. He was offered instead a
long-term postdoc there but oddly accepted fixed term jobs at Syracuse University 1972-75, UCLA
1975-77, Ohio State, 1977-78, and finally Harvard University 1978-80, where he began a long and
fruitful collaboration with Sheldon Glashow. While at UCLA, when teaching postgraduate quantum
field theory, Frampton solved the important problem of vacuum decay using instantons, resulting
in a publication in 1976 Physical Review Letters, which a colleague, Gerard 't Hooft, named the

“Frampton Disaster.”

There was still the issue of a permanent job. However, this problem was solved by attending a
meeting at UCLA in 1978 to celebrate the 60th birthday of Julian Schwinger. At the meeting, Frampton
was approached by Henk Van Dam, a professor at UNC-Chapel Hill, who raised the possibility of
moving permanently to his university. An offer of a tenure-track assistant professorship was made
on Frampton’s 35th birthday, October 31st 1978. He started as a UNC assistant professor on January
1st, 1981, sharing a DOE grant with Van Dam and Jack Ng. The first postdoc hired for 1981-83, and the
best of all 23 was Thomas Kephart, who went on in 1985 to a professorship at Vanderbilt University. In
1983, Frampton and Kephart published a calculation of the hexagon chiral anomaly in ten spacetime
dimensions, which was an important precursor of the first superstring revolution. They continued to
collaborate with Kephart at Vanderbilt, creating a world-renowned collaboration which produced
45 joint papers of which five have at least 100 citations. In 1995, they introduced the successful
flavour symmetry called T-prime. In 1984. Frampton was awarded an advanced DSc degree by
Oxford University for the quality of his research papers. In the academic year 1986-87, Frampton
was a visiting professor at Boston University where he and Glashow published a model called chiral
colour, which predicted an axigluon particle. Although experimental searches revealed that the
axigluon does not exist in Nature, the work was important to Frampton in terms of overcoming
the psychological barrier to predicting a new particle. In 1992, Frampton published his most famous
paper, which predicted the bilepton as an accessible resonance in like-sign leptons, This was the
paper most likely to fulfil his headmaster’s 1958 prediction about a Nobel prize. In 2002, Frampton
published a well-known paper with Glashow and Yanagida about a "FGY” model in which the CP
violation in leptogenesis is equal to that in neutrino oscillations. It has been argued that, if oscillation
experiments must relate to the conundrum of matter—antimatter asymmetry, Nature must choose the
FGY model. This will likely not be known quickly without information about right-handed neutrinos.
In 2009-10, Frampton was a distinguished visiting professor at the University of Tokyo. While there,
he published two popular papers about an entropic explanation for accelerating cosmic expansion
with George Smoot, his third Nobelist coauthor (after Nambu and Glashow).

After retiring from UNC and returning to Oxford at the beginning of 2015, Frampton published
a significant paper on the Origin and Nature of Dark Matter, arguing against microscopic constituents
in favour of Primordial Intermediate Mass Black Holes (PIMBHs) inside the Milky Way. These
PIMBHSs could be discovered by microlensing of stars in the Magellanic Clouds. Frampton’s 1992

prediction of the bilepton received a welcome boost in January 2021 when, after watching a video of
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a retirement colloquium at BU by Glashow in which he said his biggest career disappointment had
been the failure of SU(5) theory, Frampton suggested to him that it could be explained by the bilepton.
Glashow immediately contacted CERN to encourage a bilepton search; this search was started but
requires a higher luminosity, which will be available at the High Luminosity HL-LHC in 2030. In 2022,
Frampton began research on a topic as different as possible from the bilepton by studying whether the
accelerated expansion of the universe may be caused by electromagnetic repulsion between same-sign
Primordial Extremely Massive Naked Singularities (PEMNSs) in an EAU-model where the dominant
force at the largest cosmological distances is electromagnetic rather than gravitational. Here, EAU
means Electromagnetically Accelerating Universe. Preliminary supporting evidence that the EAU
model is on the right track might, in the foreseeable future, be provided by successful discovery of
PIMBHs in the Milky Way. It will be interesting to see whether the EAU model survives the test of
time. Currently, Frampton has published more than 500 papers on particle theory and related topics.

Finally we must thank all the contributors to this Festschrift which commemorates Frampron’s
80th birthday.

Thomas W. Kephart and Paul Howard Frampton
Guest Editors
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Abstract: While the standard model accurately describes data at the electroweak scale without the
inclusion of gravity, beyond the standard model, physics is increasingly intertwined with gravitational
phenomena and cosmology. Thus, the gravity-mediated breaking of supersymmetry in supergravity
models leads to sparticle masses, which are gravitational in origin, observable at TeV scales and
testable at the LHC, and supergravity also provides a candidate for dark matter, a possible framework
for inflationary models and for models of dark energy. Further, extended supergravity models and
string and D-brane models contain hidden sectors, some of which may be feebly coupled to the
visible sector, resulting in heat exchange between the visible and hidden sectors. Because of the
couplings between the sectors, both particle physics and cosmology are affected. The above implies
that particle physics and cosmology are intrinsically intertwined in the resolution of essentially
all of the cosmological phenomena, such as dark matter and dark energy, and in the resolution
of cosmological puzzles, such as the Hubble tension and the EDGES anomaly. Here, we give a
brief overview of the intertwining and its implications for the discovery of sparticles, as well as the
resolution of cosmological anomalies and the identification of dark matter and dark energy as major
challenges for the coming decades.

Keywords: particle physics; cosmology

1. Introduction

This article is a contribution to Paul Frampton’s 80th birthday volume, marking his
over five decades of contributions as a prolific researcher to theoretical physics. He is one of
the few theoretical physicists who recognized early on that there is no boundary between
particle physics and cosmology and contributed freely to each in good measure. His
prominent works include those in particle theory, such as those related to physics beyond
the standard model and anomaly cancellations in higher dimensions, and in cosmology,
such as those focusing on non-standard cosmological models and black-hole physics. Since
particle physics and cosmology are the two major areas of his work, this paper elaborates
on the progressive intertwining of the fields of particle physics and cosmology over the
past several decades from the author’s own perspective.

For a long period of time, up to and including the period of the emergence of the
standard model [1-7] and its tests, it was largely accepted that gravity could be ignored in
phenomena related to particle physics. The contrary, of course, was not true, as particle
physics was already known to be central to a variety of astrophysical phenomena, such
as the Chandrasekhar limit [8] and the synthesis of elements in the work of B2FH [9] and
Peebles [10]. For particle physics, gravity became more relevant with the emergence of
supersymmetry, supergravity, and strings. Further, supergravity models with the gravity-
mediated breaking of supersymmetry lead to soft terms that allow for the radiative breaking
of electroweak symmetry and predict sparticles observable at colliders. There is another
aspect of supergravity and strings that has a direct impact on particle physics. In extended
supergravity, string, and D-brane models, one finds hidden sectors that can couple feebly
with the visible sector and affect particle physics phenomena observable at colliders and
that also have implications for cosmology, as they can provide candidates for inflation, dark
matter, and dark energy. Thus, with the emergence of supergravity and strings, a deeper
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connection between particle physics and cosmology has emerged. Of course, one hopes
that particle physics and cosmology are parts of strings, and significant literature exists on
the particle-physics—string connection (see, e.g., [11-15] and references therein) and on the
cosmology-string connection (see, e.g., [16-18] and references therein).

In this paper, we will focus on the intertwining of particle physics and cosmology. As
noted above, this intertwining has occurred on two fronts: first, in supergravity models
with gravity-mediated breaking, the sparticle spectra are direct evidence that gravitational
interactions are at work even at the scale of electroweak physics. Further, supergravity
models with R-parity conservation lead to a candidate for dark matter, specifically a
neutralino [19]. Most often, it turns out to be the lightest supersymmetric particle in the
radiative breaking of electroweak symmetry [20]. The neutralino as dark matter importantly
enters simulations of cosmological evolution. At the same time, supergravity provides
models for the inflationary expansion of the universe. Second, as noted above, in extended
supergravity and string models, one finds hidden sectors, some of which may be feebly
coupled to the visible sector. Typically, the hidden sectors and the visible sector will have
different temperatures, but they have heat exchange, which requires the synchronous
evolution of the two sectors, thus intertwining the two and affecting both particle physics
and cosmology. The outline of the rest of the paper is as follows. In Section 2, we will
discuss the implications of the gravity-mediated breaking of supergravity at low energy, and
Section 3 focuses on the intertwining of particle physics and cosmology via hidden sectors.

2. Gravitational Imprint on Particle Physics at the Electroweak Scale

As noted above, until the advent of Sugra, it was the prevalent view that gravity
did not have much of a role in particle physics models. However, with the advent of
supergravity grand unification [21,22], where supersymmetry is broken in the hidden
sector and communicated to the visible sector through gravitational interactions, one
finds that soft breaking terms are dependent on gravitational interactions [21,23,24]. Thus,
the soft mass of scalars in the visible sector ms « km?, where x = /87Gy and Gy is
Newton’s constant, and m is an intermediate hidden sector mass. Here, with m ~ 1010
and Mp; = k=1 = 2.43 x 10'® GeV (in natural units: # = ¢ = 1), one finds m; to be of
electroweak size. Since sparticle masses are controlled by the soft susy scale, the discovery
of sparticles would be a signature indicating that gravity has a role in low -energy physics.
This would very much be akin to the discovery that the W and Z bosons are a reflection
of SU(2); x U(1)y unification. It is notable that the soft terms are also responsible for
generating the spontaneous breaking of electroweak symmetry [21,25]. An indication that
some of the sparticles may be low-lying comes from the ¢ — 2 data from Fermilab [26],
which point to a deviation from the standard-model prediction of about 40. An attractive
proposition is that the deviation arises from light-sparticle exchange, specifically light
charginos and light sleptons (see, e.g., [27-29] and the references therein), a deviation
that was predicted quite a while ago [30]. However, a word of caution is in order, in
that the lattice analysis [31] for the hadronic vacuum polarization contribution gives a
smaller deviation from the standard model than the conventional result, where the hadronic
vacuum polarization contribution is computed using ete~ — 777~ data. Thus, further
work is needed to reconcile the lattice analysis with the conventional result on the hadronic
polarization contribution before drawing any definitive conclusions.

3. Hidden Sectors Intertwine Particle Physics and Cosmology

As already noted, in a variety of models beyond standard-model physics, which
include extended supergravity models, string models, and extra-dimension models, one
has hidden sectors. While these sectors are neutral under the standard-model gauge group,
they may interact with the visible sectors via feeble interactions. Such feeble interactions
can occur via a variety of portals, which include the Higgs portal [32], kinetic energy
portal [33,34], Stueckelberg mass-mixing portal [35,36], kinetic-mass-mixing portal [37],
and Stueckelberg-Higgs portal [38], as well as possible higher-dimensional operators. The
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hidden sectors could be endowed with gauge fields, as well as with matter. At the reheat
temperature, the hidden sectors and the visible sector would, in general, lie in different heat
baths. However, because of the feeble interactions between the sectors, there will be heat
exchange between the visible and hidden sectors, and thus, their thermal evolution will
be correlated. The evolution of the relative temperatures of the two sectors then depends
on the initial conditions, specifically on the ratio &(T) = Tj,/T at the reheat temperature,
where Tj, is the hidden-sector temperature, and T is the visible-sector temperature. The
Boltzmann equations governing the evolution of the visible and hidden sectors are coupled
and involve the evolution equation for ¢(T). Such an equation was derived in [39-41]
and applied in a variety of settings in [42], consistent with all experimental constraints on
hidden-sector matter from terrestrial and astrophysical data [43]. It is found that hidden
sectors can affect observable phenomena in the visible sector, such as the density of thermal
relics. Hidden sectors provide candidates for dark matter and dark energy and help resolve
cosmological anomalies intertwining particle physics and cosmological phenomena. We
discuss some of these topics in further detail below.

Green-Schwarz [44] found that in the low-energy limit of Type I strings, the ki-
netic energy of the two-tensor By;y of a 10D supergravity multiplet has Yang-Mills
and Lorentz-group Chern-Simons terms (indicated by superscripts Y and L) so that
IpByn) = 9pBuny + wg/)m — w},%N, where M, N, and P are 10-dimensional indices.
The inclusion of the Chern-Simons terms fully requires that one extend the 10D Sugra
Lagrangian to order O(x)2. This was accomplished subsequent to Green-Schwarz’s work
in [45] (for related works, see [46—48]). Dimensional reduction to 4D with a vacuum ex-
pectation value for the internal-gauge-field strength, (F;;) # 0 (where the indices are for
the six-dimensional compact manifold), leads to 0, Bj; + AyFj + -+ ~ 9,0 +mAy (uin
an index for four-dimensional Minkowskian space-time), where the internal components
Bjj give the pseudo-scalar ¢, and m arises from < Fj; >, which is a topological quantity,
related to the Chern numbers of the gauge bundle. Thus, A;, and ¢ have a Stueckelberg
coupling of the form A,0"¢. This provides the inspiration for building BSM models with
the Stueckelberg mechanism [35,36,49-51]. Specifically, this allows for the possibility of
writing effective theories with gauge-invariant mass terms. For the case of a single U(1)
gauge field Ay, one may write a gauge-invariant mass term by letting A, — A, + %a},a,
where the gauge transformations are defined so that 6A; = dyA and 60 = —mA. In this
case, 0’s role is akin to that of the longitudinal component of a massive vector. The above
technique also allows one to generate invariant mass mixing between two U(1) gauge
fields. Thus, consider two gauge groups U(1)x and U(1)y with gauge fields A, and B,
and an axionic field ¢. In this case, we can write a mass term (111 A, + mzB, + 8},0)2 that
is invariant under 0y Ay = 9, Ay, 00 = —myAy for U(1)x, and 8, By, = 9, Ay, 8,0 = —moA,,
for U(1)y. One of the interesting phenomena associated with effective gauge theories with
gauge-invariant mass terms is that they generate millicharges when coupled to matter
fields [35,37,49,52]. We will return to this feature of the Stueckelberg mass-mixing terms
when we discuss the EDGES anomaly.

Hubble tension: Currently, there exists a discrepancy between the measured value of the
Hubble parameter Hy for low redshifts (z < 1) and high redshifts (z > 1000). Thus, for (z < 1),
an analysis of data from Cepheids and SNIa gives [53] Hy = (73.04 £ 1.04) km/s/Mpc. On
the other hand, an analysis based on the ACDM model by the SHOES Collaboration [53]
using data from the cosmic microwave background (CMB), Baryon Acoustic Oscillations
(BAOs), and Big Bang Nucleosynthesis (BBN) determines the Hubble parameter at high z to
be [54] Hy = (67.4 £ 0.5) km/s/Mpec. This indicates a 50-level tension between the low-z
and the high-z measurements. There is a significant amount of literature attempting to re-
solve this puzzle, at least partially, and recent reviews include [55,56]. One simple approach
is introducing extra relativistic degrees of freedom during the period of recombination,
which increases the magnitude of Hp, which helps alleviate the tension. Models using this
idea introduce extra particles, such as the Z’ of an extra U(1) gauge field that decays to
neutrinos [57,58], or utilize other particles, such as the majoron [59,60]. The inclusion of
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extra degrees of freedom, however, must be consistent with the BBN constraints, which
are sensitive to the addition of massless degrees of freedom. Thus, the standard-model
prediction of NeSfI}/[ ~ 3.046 [61] is consistent with the synthesis of light elements, and
the introduction of new degrees of freedom must maintain this successful standard-model
prediction. The above indicates that the extra degrees of freedom should emerge only beyond
the BBN time and in the time frame of the recombination epoch. It is noted that new degrees of
freedom are also constrained by the CMB data, as given by the Planck analysis [54].

A cosmologically consistent model based on the Stueckelberg extension of the SM
with a hidden sector was proposed in [62] for alleviating the Hubble tension. The model is
cosmologically consistent since the analysis is based on a consistent thermal evolution of
the visible and hidden sectors, taking account of the thermal exchange between the two
sectors. In addition to dark fermions and dark photons, the model also contains a massless
pseudo-scalar particle field ¢ and a massive long-lived scalar field s. The fields ¢ and s
have interactions only in the dark sector, with no interactions with the standard-model
fields. The decay of the scalar field occurs after BBN, close to the recombination time, via
the decay s — ¢¢, which provides the extra degrees of freedom needed to alleviate the
Hubble tension. It should be noted that the full resolution of the Hubble tension would
require going beyond providing new degrees of freedom and would involve a fit to all of
the CMB data that are consistent with all cosmological and particle physics constraints. For
some recent related work on the Hubble tension, see [63-68].

EDGES anomaly: The 21 cm line plays an important role in the analysis of physics
during the dark ages and the cosmic dawn in the evolution of the early universe. The
21 cm line arises from the spin transition from the triplet state to the singlet state and
vice versa in the ground state of neutral hydrogen. The relative abundance of the triplet
and singlet states defines the spin temperature Ts (and T = Ts) of hydrogen gas and
is given by n1/ng = 3e~"+/Ts, where 3 is the ratio of the spin degrees of freedom for
the triplet versus the singlet state, T, is defined by AE = kT, where AE = 1420 MHz
is the energy difference at rest between the two spin states, and T, = 57— )\ = 0.068K.
EDGES (the Experiment to Detect the Global Epoch of Reionization Slgnature) reported
an absorption profile centered at the frequency v = 78 MHz in the sky-averaged spec-
trum.The quantity of interest is the brightness temperature T5; of the 21 cm line defined by
To1(z) = (Ts — T,)(1 — e~ ") /(1 + z), where T, (z) is the photon temperature at redshift
z, and T is the optical depth for the transition. The analysis of Bowman et al. [69] finds
(see, however, reference [70] on concerns regarding the modeling of data) that at redshift
z~17,Ty = —SOOfégg mK at 99% C.L. On the other hand, the analysis of [71] based on
the ACDM model gives a Tp; of around —230 mK, which shows that the EDGES result is
a 3.80 deviation away from that of the standard cosmological paradigm.

The EDGES anomaly is not yet confirmed, but pending its possible confirmation, it
is of interest to investigate what possible explanations there might be. In fact, several
mechanisms have already been proposed to explain the 3.8c anomaly [72-88]. A list of
some of the prominent possibilities consists of the following: (1) astrophysical phenomena,
such as radiation from stars and star remnants; (2) a hotter CMB background radiation tem-
perature than expected; (3) cooler baryons than what ACDM predicts; (4) the modification
of cosmological evolution: the inclusion of dark energy such as Chapligin gas. Of the above,
there appears to be a leaning toward baryon cooling, and there is a substantial amount
of work in this area following the earlier works of [89] and Barkana [78]. Specifically, it
was pointed out in [78] that the observed anomaly could be explained if the baryons were
cooled down by roughly 3 K. Here, one assumes that a small percentage of DM (~0.3%) is
millicharged and that baryons become cooler through Rutherford scattering from the colder
dark matter. As mentioned earlier, precisely such a possibility occurs via Stueckelberg
mass mixing if we assume that one of the gauge fields U(1)y is the hyper-charge gauge
field, while U(1)x is a hidden-sector field, and the millicharged dark matter resides in the
hidden sector, while the rest of the dark matter could be WIMPS. Within this framework, a
cosmologically consistent analysis of a string-inspired millicharged model was proposed
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in [90], where a detailed fit to the data is possibly consistent within a high-scale model. For
some recent work on the EDGES anomaly, see [91-94].

Inflation: As is well known, the problems associated with the Big Bang, such as the
flatness, horizon, and monopole problems, are resolved in inflationary models. In models
of this type, quantum fluctuations at the horizon exit encode information regarding the
characteristics of the inflationary model that can be extracted from the cosmic microwave
background (CMB) radiation anisotropy [95-99]. In fact, data from the Planck experiment
[100-102] have already put stringent bounds on inflationary models, eliminating some.
A model proposed in [103,104] is based on an axionic field with a potential of the form

V(a) = A* (1 + cos(;%) , where 4 is the axion field and f is the axion decay constant.

However, for the simple model above to hold, the Planck data require f > 10Mp;, which
is undesirable since string theory indicates that f lies below Mp; [105,106]. However, a
reduction in f turns out to be a non-trivial issue. The techniques used to resolve this issue
include the alignment mechanism [107,108], n-flation, coherent enhancement [109], and
models using shift symmetry (for a review and more references, see [110,111]).

We mention another inflation model, which is based on an axion landscape with a
U(1) symmetry [112]. This model involves m pairs of chiral fields, and the fields in each
pair are oppositely charged under the same U(1) symmetry. Our nomenclature is such that
we label the pseudo-scalar component of each field as an axion and the corresponding real
part as a saxion. Since the model has only U(1) global symmetry, the breaking of the global
symmetry leads to just one pseudo-Nambu—Goldstone boson (PNGB), and the remaining
pseudo-scalars are not PNGBs. Thus, the superpotential of the model consists of a part
that is invariant under the U(1) global symmetry and a U(1)-symmetry-breaking part
that simulates instanton effects. The analysis of this work shows that the potential contains a
fast-roll-slow-roll-splitting mechanism, which splits the axion potential into fast-roll and slow-
roll parts, where the fields entering the fast roll are eliminated early on, leaving the slow-roll
part, which involves a single axion field that drives inflation. Here, under the constraints of
stabilized saxions, one finds inflation models with f < Mp; to be consistent with the Planck
data. Similar results are found in the Dirac-Born-Infeld-based models [113].

Dark energy: One of the most outstanding puzzles of both particle physics and
of cosmology is dark energy, which constitutes about 70% of the energy budget of the
universe and is responsible for the accelerated expansion of the universe. Dark energy is
characterized by negative pressure such that w, defined by w = p/p, where p is the pressure
and p is the energy density for dark energy, must satisfy w < —1/3. The CMB and the BAO
data fit well with a cosmological constant A that corresponds to w = —1. Thus, the Planck
Collaboration [54] gives w = —1.03 & 0.03, consistent with the cosmological constant. There
are two puzzles connected with dark energy. First, the use of the cosmological constant
appears artificial, and it is desirable to replace it with a dynamical field, i.e., a so-called
quintessence field (for a review, see [114]), which, at late times, can generate accelerated
expansion similar to that given by A. The second problem relates to the very small size
of the cosmological constant, which is not automatically resolved by simply replacing A
with a dynamical field. The extreme fine-tuning needed in a particle physics model to get
to the size of A requires a new idea, such as vacuum selection in a landscape with a large
number of possible allowed vacua [115], for instance, those available in string theory. In any
case, it is an example of the extreme intertwined nature of cosmology and particle physics.
However, finding a quintessence solution that replaces A and is consistent with all of the
CMB data is itself progress. Regarding experimental measurement of w = —1.03 4 0.03, if
more accurate data in the future give w > —1, it would point to something like quintessence,
while w < —1 would indicate phantom energy and an entirely new sector.

4. Conclusions

In conclusion, it is clear that particle physics and cosmology are deeply intertwined,
and in the future, models of physics beyond the standard model will be increasingly con-
strained by particle physics experiments as well as by astrophysical data. We congratulate
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Paul for his notable contributions in the twin fields and wish him many productive years
of contributions for the future.
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Abstract: We give a bilocal field theory description of a composite scalar with an extended binding
potential that reduces to the Nambu—Jona-Lasinio (NJL) model in the pointlike limit. This provides a
description of the internal dynamics of the bound state and features a static internal wave function,
¢(7), in the center-of-mass frame that satisfies a Schrédinger-Klein-Gordon equation with eigenvalues
m?. We analyze the “coloron” model (single perturbative massive gluon exchange) which yields a UV
completion of the NJL model. This has a BCS-like enhancement of its interaction, & N, the number of
colors, and is classically critical with gyiticq Temarkably close to the NJL quantum critical coupling.
Negative eigenvalues for m? lead to spontaneous symmetry breaking, and the Yukawa coupling of
the bound state to constituent fermions is emergent.

Keywords: bound states; compositeness; coloron

1. Introduction

Many years ago, Yukawa proposed a multilocal field theory for the description of rela-
tivistic bound states [1-3]. For a composite scalar field, consisting of a pair of constituents,
he introduced a complex bilocal field, ®(x,y). This is factorized, ®(x,y) — x(X)¢(r)
where X! = (x'+y")/2 where r* = (x¥—y")/2, and x(X) describes the center-of-mass
motion like any conventional point-like field. Then, ¢(r) describes the internal structure of
the bound state. The formalism preserves Lorentz covariance, though we typically “gauge
fix” to the center-of-mass frame, and Lorentz covariance is then not manifested. Here, we
must confront the issue of “relative time”.

Each of the constituent particles in a relativistic bound state carries its own local
clock, e.g., 10 and yo. These are, in principle, independent; so, the question “how can a
description of a multi-particle bound state be given in a quantum theory with a single time
variable, X0?” arises. To answer this, Yukawa introduced an imaginary “relative time”
10 = (20 — 49) /2, but this did not seem to be effective and is an element of his construction
we will abandon.

A bilocal field theory formalism can be constructed in an action by considering general
properties of free field bilocal actions. However, we can “derive” the bilocal theory from a
local constituent field theory by matching the conserved currents of the composite theory
with those of the constituent theory. This leads to the removal of relative time, which
then becomes associated with canonical normalization of the constituent fields x and ¢. In
the center-of-mass frame, the internal wave function reduces to a static field, ¢(7), where
7 = (X —§)/2. The approach yields a fairly simple solution to the problem of relative
time, matching the conclusions one obtains from the elegant Dirac Hamiltonian constraint
theory [4-10]. The resulting ¢(7) then appears as a straightforward result.

After first considering a bosonic construction, we apply this to a theory of chiral
fermions with an extended interaction mediated by a perturbative massive gluon, i.e., the
“coloron model” [11-16]. This provides a UV completion for the Nambu-Jona-Lasinio
(NJL) model [17,18], which is recovered in the point-like limit, 7 — 0. This leads to an

effective (mass)? Yukawa potential with coupling g. We form bound states with mass m?,
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determined as the eigenvalue of a static Schrodinger-Klein-Gordon (SKG) equation for the
internal wave function ¢(7).

A key result of this analysis leads to a departure from the usual NJL model: the coloron
model has a nontrivial classical critical behavior, g > g, leading to a bound state with a
negative m?. The classical interaction is analogous to the Frohlich Hamiltonian interaction
in a superconductor and has a BCS-like enhancement of the coupling by a factor of N
(number of colors) [19,20]. Remarkably, we find the classical g. is numerically close to the
NJL critical coupling constant which arises in fermion loops.

The scalar bound state develops an effective Yukawa coupling to its constituent
fermions, distinct from g, that is emergent in the theory. In the point-like limit this matches
the NJL coupling when near criticality. However, in general, this depends in detail upon
the internal wave function ¢(7) and potential. In the point-like limit this is determined by
¢(0) and we recover the NJL model. However, if we are far from the point-like limit in an
extended wave function ¢ (7) might suppress the emergent Yukawa coupling, even though
the coloron coupling g is large.

The description of a relativistic bound state in the rest frame is similar to the eigen-
value problem of the nonrelativistic Schrodinger equation and some intuition carries over.
However, the eigenvalue of the static Schrodinger—Klein-Gordon (SKG) equation is 2
rather than energy. Hence, a bound state with positive m? is a resonance that can decay to
its constituents and has a Lorentz line-shape in m2, and thus has a large distance radiative
component to its solution that represents incoming and outgoing open scattering states.

If the eigenvalue for m? is negative or tachyonic; contrary to the non-relativistic case,
the bound state represents a chiral vacuum instability. This then requires consideration of a
quartic interaction of the composite field, ~A®*, which is expected to be generated by the
loops in the underlying theory. We treat this phenomenologically in the present paper. In
the broken symmetry phase, the composite field ®(x, y) acquires a vacuum expectation
value (VEV), (®) = v. In the perturbative quartic coupling limit (1), in the broken phase,
¢(7) remains localized and the Nambu-Goldstone modes and Brout-Englert-Higgs (BEH)
boson retain the common localized solution for their internal wave functions.

2. Constructing a Bilocal Composite Theory
2.1. Brief Review of the NJL Model

The Nambu-Jona-Lasinio model (NJL) [17,18] is the simplest field theory of a compos-
ite scalar boson, consisting of a pair of chiral fermions. A bound state emerges from an
assumed point-like four-fermion interaction and is described by local effective field, ®(x).
The effective field arises as an auxiliary field from the factorization of the four-fermion
interaction. In the usual formulation of the NJL model, chiral fermions induce loop effects
in a leading large N, limit which, through the renormalization group, leads to interesting
dynamic phenomena at low energies. We present a brief review of this.

We assume chiral fermions, each with N, “colors” labeled by (a,b,...). A non-
confining, point-like chirally invariant U(1); x U(1)g interaction then takes the form:

S = [t (T3 o () + T (09 g ()
g

T R() ¢Z<x>¢bL<x>) @

This can be readily generalized to a G, x Gg chiral symmetry. We then factorize Equation (1)
by introducing the local auxiliary field ®(x) and write for the interaction:

/d4x (g@'z(x)lpm(x)d?(x) +h.c. — M(z)d>+(x)<1>(x)> )
We view Equation (2) as the action defined at the high scale yi~M. Then, following [21], we

integrate out the fermions to obtain the effective action for the composite field ® at a lower
scale y << M.
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The calculation in the large-N, limit and full renormalization group is discussed in
detail in [22-24]. The leading N, fermion loop yields the result:

Ly — Ly = g[ppypr]® + hc + 29, 0T 01 @
A

—m?dte — E(<I>’f<1>)2 ®3)
where
N, 2
= M- NS (g y2)
Ncg2 Ncg4
Z =35 5 InMo/u), A= o In(Mo/ o). 4)

Here, M(2) is the UV loop momentum cut-off, and we include the induced kinetic and quartic
interaction terms. The one-loop result can be improved by using the full renormalization
group [22-24]. Hence, the NJL model is driven by fermion loops, which are o f intrinsically
quantum effects.

Note the behavior of the composite scalar boson mass, m?, of Equation (4) in the
UV. The —N.g*>M3 /87 term arises from the negative quadratic divergence in the loop
involving the pair (g, 1) of Figure 1, with UV cut-off MZ. Therefore, the NJL model has
a critical value of its coupling defined by the cancellation of the large M2 terms for % = 0

2 2

= +o(l) ®

Note that  is the running RG mass and comes from the lower limit of the loop integrals and

breaks scale invariance and can, in principle, be small. For super-critical coupling, ¢ > g/,

we see that m? < 0 and there will be a vacuum instability. The effective action, with a A|®|*

term, is then the usual sombrero potential. The chiral symmetry is spontaneously broken,

the chiral fermions acquire mass, and the theory generates Nambu—-Goldstone bosons.
Fine-tuning of g? &~ g2 is possible if we want a theory with a hierarchy, |m?| << M3.

Figure 1. Diagrams contributing to the point-like NJL model effective Lagrangian,
Equations (2) and (4). External lines are ® and internal lines are fermions.

2.2. Construction of Bilocal Compositeness in a Local Scalar Field Theory

Presently, we obtain a theory of bound states by bilocal fields in a Lorentz invariant
model, consisting of a point-like complex scalar field and an interaction mediated by a
point-like real field (in Section 3, we extend this to a chiral fermion interaction via a massive
gauge field, analogous to a heavy gluon, aka “coloron”; in Appendix A we give a summary
of notation and formulas). Our present treatment will be semi-classical.

Consider local scalar fields ¢(x) (complex) and A(x) (real) and action:

_ 2 o2 Lioo 2, A
5= [ (129P-+5 @2~ M2 A2 ~gMlg A=l ©
where we abbreviate [0¢|? = 9,¢T0" ¢ and (9A)? = 9, Ad" A. Here, g is dimensionless and

we refer all mass scales to the single scale M. We will discuss the quartic term separately
below, and presently set it aside, A = 0.

12
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If we integrate out A, we obtain an effective, attractive, bilocal potential interaction
term at leading order in g2,

2 A2
5 =[ 9l + E25 ') 9 ) Dry 1) x)p(x) @)
X .Xy

where the two-point function is given by (i) x the Feynman propagator,

)ty

Prie—¥) =~ =3y ©

The equation of motion of ¢ is therefore
Po(x) =M | ¢* (1) p(x)Dr(x ~y)g(y) =0 ©)

(note we have transposed ¢'(y) and ¢(y) under the integral). In the action in Equation (7),
the kinetic term is still local while the interaction is bilocal, and the theory is still classical
in that this only involved a tree diagram that is O (1°).

We now define a bilocal field of mass dimension d = 1

Dy, x) = M~ p(y)p(x). (10)

The free particle states described by the bilocal field trivially satisfy an equation of motion
and a symmetry

RBO(xy) =0  D(x,y) =Py, x) 11

and this is generated by a bilocal action
5= m![ Zp@(xy)P? (12)
J XYy

where we will specify the normalization, Z, and scale M subsequently (we discuss the
general properties of the bilocal fields and actions in Appendices B.2 and B.3). With the
bilocal field the interaction of Equation (7), it becomes

204
[ (5, ) D (xr—y) () (13)
Jxy
We can therefore postulate a bilocalized action as a free particle part plus the interaction
1
5 = [ (ZM* .05, 9) P+ 3 M4 (1, 9)Dr(x — 1) D(x,) ) a1

In the limit ¢ = 0, the field ®(x, y) and the action faithfully represents two-particle kine-
matics, and we have the equation of motion

0=2Z32d(x,y) — %gZDF(X —y)®(x,y) (15)

We see that a U (1) conserved Noether current is generated by ®(x,y) — ¢ ®(x,y)
. ]
Jou() =12 [ty (@) 0(x,9)) (16)

A4
where A 9 B = AdB — (0A)B. This must match the conserved U(1) current in the
constituent theory
nd

Jou(x) = g ()52 () a7)

13
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Substituting Equation (10) into Jg, (x), we see that the matching requires

Jou(x) = Jou(x) ZM? [ d*y|g(y)[* (18)
Hence
1=2M [d'y lp(y) (19)

This is a required constraint for the bound state sector of the theory. Note that the square of
the constraint is the four-normalization of ®

L= 22M* [y iy lp(w) Plo()?
= 22M° [ty dty (o) P 0)
This implies that the presence of a correlation in the two-particle sector, P(x,y), acts as a
constraint on the single particle action in that sector. We can now see how the underlying ¢

action of Equation (7) leads to the @ action by inserting the constraint of Equation (19) into
the kinetic term of Equation (7) and rearranging to obtain

s y(zwwy)axqv(xnz

212
I )eDex - g (1)o) ) @

and S remains dimensionless. With the bilocal field of Equation (10) the bilocalized action
Equation (21) becomes Equation (14).
Following Yukawa, we go to barycentric coordinates (X, )

X=20ty),  r=a0x-y) @2

where r# = (10,7), where 7 is the radius and 79 is the relative time (Yukawa preferred to

write things in terms of p = 2r, which has the advantage of a unit Jacobian, [ d4xd*y =
] [ d*Xd*p with | = 1. We find that the radius, r, is more convenient in loop calculations
and derivatives are symmetrical, dx, = (dy = 9y)/2 vs. = %Bx + dp, but require the
Jacobian. See Appendix A for a summary of notation).

Hence, we write

P(x,y) = O(X+r, X—1) =D(X,7) (23)

Let S = Sk + Sp and we can then rewrite the kinetic term, Sk, using the derivative
ax = % (aX +ar)

M*
Sk = M Z|(9x+0,)® (X, 7)|?
4 JXr
s 2 2 +
=5/, Z|0x®|*+Z(9,D*+Z(0x P 3,D + h.c.) (24)
.

Note the Jacobian | = 16

S|y
-l -G .
Likewise, the potential term is
_ M, 2
sp="5- [ £DrE) (XN, 6)

14
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We will treat the latter term in Equation (24) Z(9x®'9,® + h.c.), as a constraint, with
its contribution to the equation of motion

3 0
57 3, =0 27)

We can redefine this term in the action as a Lagrange multiplier while preserving Lorentz
invariance

a0t 90 2
S ./><y 7 (W@ n h.c.) hence, 85/67 =0 28)

which also enforces the constraint on a path integral in analogy to gauge fixing. In the
following, we assume the constraint is present in the total action but not written explicitly.
We therefore have the bilocal action with the constraint understood:

S=Sx+Sp=

M4
L[ (zloxf? + Zja,f2+ 262D (2r) 0%, )?) 9)

Following Yukawa, we factorize ® (these factorized solutions form a complete set of basis
functions)

VI/A®(X,r) = x(X)$(r) (30)

where ¢ is the internal wave function which we define to be dimensionless, d = 0, while x
is an ordinary local field with mass dimension d = 1. x(X) determines the center-of-mass
motion of the composite state. The full action for the factorized field takes the form

5= m[ (ZioaPi
Xr

+\x\2<zwar¢|2+2g20p<zr>|¢<r>ﬁ) (31)

The matching of the U(1) current generated by x — ¢X)x (or to have a canonical normal-

ization of x (X)), where we see that the normalization of the world-scalar four-integral is
1= ZM4/d4r lp(r)|? 32)

where ¢ replaces ¢ in Equation (19).
We can then represent S in terms of two “nested” actions. For the field x

S :/)I(<|8X7(\2 — m2|X|2> where m? = —Sy (33)

and S, is an action for the internal wave function

o= (Z10:0()P+ 287 Dr o)) 64
Equation (33) then implies
o%x = —m?x hence, x ~ exp(iP, X") (35)

x(X) has free plane wave solutions with P> = m?.

In the center-of-mass frame of the bound state, we can choose ) to have four-momentum
P, = (m,0,0,0) where we then have

(X, 1) = x(X)$p(r") o< exp(imX)p(r™). (36)

15
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¢(r) must then satisfy the Lagrange multiplier constraint
)
P”ﬁ‘l’(’”) =0 (37)

and therefore becomes a static function of r* = (0, 7).

While we have specified Z in Equation (32), we still have the option of normalizing
the internal wave function ¢ (7). This can be conveniently normalized in the center-of-mass
frame as

M3 /d3r o) =1 38)

Note that in Equation (38), we have implicitly defined the static internal wave function ¢(7)
to be dimensionless, d = 0.

We see that the relative time now emerges in the four-integral over |¢(r)|? of Equation (32)
together with Equation (38)

1= ZM* a4 |g(r)? = ZMm? dro/d3r|q>(?)|2 — ZMT (39)
where [ dr? = [drtP,/m = T. Then, from Equation (39), we have
TZ =M (40)

With static ¢(r) — ¢(¥), the internal action of Equation (34) becomes
9= [, (~ZIV0(0) P+ 28Dr(2) o) )

where |V:p(7)|> = V¢! - Vip. Note that Vy¢ is spacelike, and the arguments of the
constrained ¢(7) are now three-vector; however, Dp(2r") still depends upon the four-
vector r#.

There remains the integral over relative time ¥ in the action. For the potential, we
have the residues

o 02177 e 2MJ7|
_ =2 Dr(2 = 42
/d?‘ F T) /qu I M2 3 Sﬂl?‘ ( )

and the potential term in the action becomes the static Yukawa potential

Sp= —M%LgZMV(7)|¢(7)\2, vE) = - )
The ¢(7) kinetic term in Equation (41) becomes
S = —M*[, ZIVip(P)P= M ZT |59
— M |V9() )

where we use Equation (40). The action Sy thus becomes
mt = —5p =M [ (\W\Z +8*MV( )IW)F) (45)

Note that S, has dimension d = 2, as it must for m2. We thus see, as previously mentioned,
that the combination ZT occurs in the theory, and the relative time has disappeared into
normalization constraints; see Equations (32) and (38).
The radicalization of Sy leads to the Schrodinger-Klein-Gordon (SKG) equation in the
center-of-mass frame
o 2MJ7]

~VIO() = § Mg (r) = m(r). (46)

16



Entropy 2024, 26, 146

where, for spherical symmetry in a ground state,
2 _2, 2
V=340 A7)

We see that the induced mass? of the bound state, 2, is the eigenvalue of the SKG equation.
We can compare this to a non-relativistic Schrodinger equation (NRSE)

,LVZ (x) — Zﬂ = E¢(7) (48)
am V) T8 e P =
In the next section, we will obtain similar results for a bound state of chiral fermions and
use the known results for the Yukawa potential in the NRSE to obtain the critical coupling.
The negative eigenvalue of E in the NRSE, which signals binding, presently implies a
vacuum instability.

Integrating both parts, we then have, from Equation (45)

w2 =0 [ ¢~V + MV (49)

Note the consistency, using Equation (48), and the normalization of the dimensionless field
¢ of Equation (38).

More generally, by promoting x to a (1 + 3) time-dependent field while maintaining a
static ¢, we have the full joint action:

5= (0P

In summary, we have constructed, by “bilocalization” of a local field theory, a bilocal
field description ®(x,y) for the dynamics of binding a pair of particles. The dynamics
implies that, in barycentric coordinates, ®(x, y)~®(X, r)~x(X)¢(7), where the internal
wave function, ¢(7), is a static function of 7 and satisfies an SKG equation with eigenvalue
m?, which determines the squared-mass of a bound state. This illustrates the removal
of relative time in an action formalism, which is usually framed in the context of Dirac
Hamiltonian constraints [4,5].

p) 2
x|~ (19.9P+2Mvlp ) ) (50)

2.3. Simplified Normalization
The normalization system we have thus far used is awkward. We can facilitate this by
defining a new integral over the internal wave function three-space 7:
! 3
/ = / I here V = M3 (51)
r 14
We then have the key elements of the theory in this notation:

5= [ax (Joxl? - )

! 3
1= [0l = [P

mz = 75¢
Sy = [ (~lowtl? - MV () ip(r)?)
o—2MF
V(r)= ~BAl (52)

Our general notation is summarized in Appendix A.
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3. The Coloron Model
3.1. Boundstate and N.-Enhanced Coupling

The point-like NJL model can be viewed as the limit of a physical theory with a bilocal
interaction. An example that motivates the origin of the NJL interaction is an analogue of
QCD, with a massive and perturbatively coupled gluon. We call this a “coloron model”,
and it has been extensively deployed to describe chiral constituent and heavy-light quark
models [13,25,26], the possibility of the BEH boson composed of top quarks, and as a
generic model for experimental search strategies [11,12,14-16,27].

Consider a nonconfining SU(N,) gauge Theory with a broken global SU(N;), where
the coloron gauge fields Aﬁ acquire mass M and have a fixed coupling constant g. We as-
sume chiral fermions, each with N, “colors” labeled by (a, b, . ..) with the local Dirac action

5t = [ (B0 por ) + TH(OD pan(x)) 3

where the covariant derivative is
Dy =09, — igAﬁ(x)TA (54)
and T are the adjoint representation generators of SU(N,). We assume the colorons have

a common mass M.
The single coloron exchange interaction then takes a bilocal current-current form:

Sc=—¢ /X , Py ()7 T (x) DM (x — y) P ()70 TR (y) (55)

where T# are generators of SU(N,). The coloron propagator in a Feynman gauge yields:

*l'g in(re 44
Dy (x —y) :/quﬂzew Y (27;;4 (56)

A Fierz rearrangement of the interaction to leading order in 1/ N, leads to an attractive
potential [11,12]:

Sc = £ PLOuR(Y) Dr(x —y) Fr(y)pue () )

where Dr is defined in Equation (8). Note that if we suppress the 4% term in the denominator
of Equation (56)

1
Dr(x—y) = 7% (=) (58)
and we immediately recover the point-like NJL model interaction.
Consider spin-0 fermion pairs of a given color [ab] Y (x)¢pr (y). We will have free

fermionic scattering states, : ¥ (x)ippr (y) : coexisting in the action with bound states
~ @(xy)

PR L (v) = MZ PR (x) Py (v) : +M> DY (x, ), (59)

The normal ordering : ... : signifies that we have subtracted the bound state from the
product. These will be eigenstates of the equation of motion and will be orthogonal wave
functions.

We see that @Z(X, r)is an Ne X N, complex matrix that transforms as a product of
SU(N,) representations, N. x N, and therefore decomposes into a singlet plus an adjoint
representation of SU(N). We write @} it as a matrix ® by introducing the N2 — 1 adjoint

18
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matrices, T4, where Tr(TATB) = %(SAB. The unit matrix is T = diag(1,1,1,...)/v2N;,
and Tr(T%)? = 1/2, hence we have

o= \/E(T%U + ZTA<I>A> (60)
A

The /2 is present because ®° and ®* form complex representations since they also repre-
sent the U(1) x U(1)g chiral symmetry.
For the bilocal fields, we have a bosonic kinetic term with the constraint

_Jzm?

Sk / Tr<\ax<i>|2 + \a,<T>|2+;7|aX&>+a,<T>\2) 1)

JXr

Note the numerical factor differs from the scalar case by treating (x,y) symmetrically as in
Equation (A15). For the singlet representations this takes the form

Sk 5 Xy(\axcbo\z + |a,<1>°\2+;7\axc1>°*arq>°\2> (62)

We assume the constraint in the barycentric frame, and integrate out relative time with
ZMT = 1.

sc= /2 [ (1?0 - et ) ()

(where frl = M?® [ d&®r). Factorizing ®°

VI729%(X, 1) = x(X)¢(r) (64)
then the kinetic term action becomes identical to the bosonic case
_ [ 2 2 [a 2
= (19xx (0P = k) [ o)) (9
with
v
[ lemPE=1 (66)

If we include the free fermion scattering states, the full bound state interaction of
Equation (57) becomes

Sc = & Lk (): Dr(x =) Ty pue (3):
MV (X r)ur (X1): De(2r) @ the.
+¢2 ]M4N6. /X ;bo’f(x, r) Dp(2r) (X, r) (67)
where

4
et 40 (68)

' 1
De(on) =~ | Gy Gy

The leading term Sc of Equation (69) is just a free four-fermion scattering state interac-
tion and has the structure of an NJL interaction in the limit of Equation (58). This identifies
g% as the NJL coupling constant. This is best treated separately by the local interaction of
Equation (57). We therefore omit this term in the discussion of the bound states.

The second term~ Tr(ipty)®0 4 h.c. in Equation (69) determines the Yukawa inter-
action between the bound state ®° and the free fermion scattering states. We will treat
this below.
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Note that the third term is the binding interaction and it involves only the singlet,
Tr ® = /N.®°. It can then be written in Equation (42) as

Se - g2]M4Nc/ (X, ) Dp(2r) (X, 7)
X,r

o 2MI7]

= N[ IXX)P [ oM g ©9)

We see that adjoint representation ®* is decoupled from the interaction and remain as two-
body massless scattering states. Hence, they do not form bound states by the interaction.

We also see that the singlet ®° singlet field has an enhanced interaction by a factor of
N¢. This is analogous to a BCS superconductor, where the N, color pairs are analogues of
N Cooper pairs and the weak four-fermion Frohlich Hamiltonian interaction is enhanced
by a factor of Ncgoper [19,20]. The color enhancement also occurs in the NJL model, but at
loop level. Here, we see that the color enhancement is occurring in the semi-classical (no
loop) coloron theory by this coherent mechanism.

Hence, the removal of relative time is then the identical procedure as in the previous
model (and absorbs away Z and T as in Equations (32), (39) and (40)), and leads to the
same action, S = Sk + S¢, in the compact notation of Equation (52) with the interaction
enhanced by N..

The radicalization of ¢ then leads to the SKG equation

s, eMr
=Vip(¥) —g NCMSTM(P(r) =m=¢(7). (70)

3.2. Classical Criticality of the Coloron Model

The coloron model furnishes a direct UV completion of the NJL model. However,
in the coloron model, we do not need to invoke large-N, quantum loops to have a critical
theory. Rather, it leads to an SKG potential of the Yukawa form which has a classical critical
coupling, gc.. For ¢ < g, the theory is subcritical and produces resonant bound states
that decay into chiral fermions. For g > g, the theory produces a tachyonic bound state
which implies a chiral instability and ® must develop a VEV. This requires stabilization by,
e.g., quartic interactions and a sombrero potential. All of this is treated bosonically in our
present formalism.

The criticality of the Yukawa potential in the nonrelativistic Schrodinger equation is
discussed in the literature in the context of “screening”. The nonrelativistic Schrodinger
equation r = |7 is:

e~ Hr

—V2p — 2ma

¢ =2mE 71)

and criticality (eigenvalue E = 0) occurs for y = pi where a numerical analysis yields [28,29]
e = 1.19am (72)

For us, the spherical SKG equation is now r = |7|

e—ZMr

~Vip(r) - §NeM ¢(r)=0 (73)

8rtr

Comparing, gives us a critical value of the coupling constant, when pi. — 2M, m — M /2
and &« — gzNC/Brr, then:

2
2M = (1.19) (%) (gsgf) hence: §2/4m = 6.72/N, (74)

We can compare the NJL critical value of Equation (4)

g?N]L/47T =2mw/N. =6.28/N,. (75)
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Hence, the NJL quantum criticality is a comparable effect, with a remarkably similar
numerical value for the critical coupling.

Note that we can rewrite Equation (73) with dimensionless coordinates, ii = M7,
u = M[7|
67214

2 o2 2
M2 (= Vio) - NG

¢(u)) =0 (76)
and then M? only appears as an overall scale factor. Hence, we see that critical coupling
is determined by Equation (76), and the scale M cancels out at criticality. The mass scale
M is dictated in the exponential e =M of the particular Yukawa potential, together with
canonical normalization of ¢. In general, we can start with the dimensionless coordinate
form of the SKG equation and infer the scale M by matching it to the potential. In this way,
solutions may exist where the scale in the potential is driven by the renormalization group.
This will be investigated elsewhere.

However, it is important to realize that the NJL model involves Yukawa coupling,
gnjL, while the present criticality involves the coloron coupling constant. The NJL coupling
is emergent in the coloron model, and we need to compute it.

3.3. Yukawa Interaction

The second term in Equation (67) is the induced Yukawa interaction Sy, and can be
written with the factorized field as:

Sy = §2(V/2]Ne)M? x
[ X =) gar(X+1): DE (X)) +he 77

This is the effective Yukawa interaction between the bound state ® and the free fermion
scattering states.

We cannot simply integrate the relative time here. However, we can first connect
this to the point-like limit by suppressing the > term in the denominator of D(2r) with
z — 0in:

Dp(2r) — Lezf‘i;i”l d4q —)71 (54(7‘) (78)
F M2 emt M2

where 64(2r) = J716%(r), hence with ]! = 1/16
Sy = S (VNe/8) [ 91 (00 (0x(X)9(0)+he. 79)
This gives a value of the Yukawa coupling

gy = §2(V/Ne/8)$(0) (80)

The wave function at the origin, ¢(0), in the NJL limit is somewhat undefined. However,
if we consider a spherical cavity of radius R, where MR = 71/2, with a confined and
dimensionless ¢(r), then ¢(0) is obtained (see [30] Equation (B58))

$(0) = —. (81)
Plugging this into the expression for gy in Equation (80) gives
gy =& VNe/8m2 = g% /genyt (82)

where g2 L= (872 /N¢) is the critical coupling of the NJL model, as seen in Equation (4).

Hence, if the coloron coupling constant, gz, is critical, as in Equations (74) and (75), we
have seen that g2 ~ g% j1» and the induced Yukawa coupling from Equation (82) is then
8y =~ genyr- The coloron model is then consistent with the NJL model in the point-like limit
where the NJL model coupling is the Yukawa coupling, as seen in Equation (2).
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However, the induced Yukawa coupling in the bound state, gy, may be significantly
different than the coloron coupling ¢ in realistic extended 7 models. The result we just
obtained applies when we assume the strict point-like limit of Dp(2r)~d%(r), while in
reality, as the potential becomes more extended, the [ V(7)¢(7) may become smaller, even
if the coloron coupling ¢ may be supercritical. We anticipate this could have implications for
a composite Higgs model, which will be investigated elsewhere (together with loop effects
including the extended wave function). There may also be additional new effects that occur
at the loop level in extended potentials, such as the infall of zero modes, as suggested
in [31].

3.4. Spontaneous Symmetry Breaking

For subcritical Coupling, there are resonance solutions with positive m? that have
large distance tails of external incoming and outgoing radiation, representing a steady state
of resonant production and decay. The portion of the wave function localized within the
potential can be viewed as the resonant bound state for normalization purposes, while the
large distance tail is non-normalizable radiation.

With super-critical coupling, ¢ > g, the bilocal field ®(X, r) has a negative squared
mass eigenvalue (tachyonic), with a well-defined localized wave function. In the region
external to the potential (forbidden zone), the field is exponentially damped. At exact
criticality with ¢ = g, — €, there is a 1/r (quasi-radiative) tail that switches to exponential
damping for ¢ = g + €. The supercritical solutions are localized and normalizable over
the entire space 7, but with m? < 0, they lead to exponential runaway in time of the field
x(X9), and must be stabilized, typically with a |®|* interaction.

We then treat the supercritical case as resulting in spontaneous symmetry breaking.
In the point-like limit, ®(X)~®(X,0), the theory has the “sombrero potential”,

A
V(@) = —[M*®* + 7 |o* (83)

The point-like field develops a VEV, (®) = |M|/+/A. In this way, the bound state theory
will drive the usual chiral symmetry breaking from the underlying dynamics of a potential
induced by new physics.

A quartic potential generally exists in a local field theory, Equation (6), and would be in-
duced by free loops in the coloron model. We can introduce a bilocalized quartic interaction
as a model by presently introducing another world scalar factor with coefficient Z’

Ao g g Ao [ af g4 14
2 [dtxiglt 2 [ dty Z/lo()* [ dixlg]

= 28 [ [xoem)! 9

and Z'MT = 1 to absorb relative time.
The simplest sombrero potential can therefore be modeled as

5=, (toP

P 2
| =XV P+ NMY (1) g () )

A
1) (55)

In the case of a perturbatively small A, we expect the eigensolution of ¢ to be essentially
unaffected

J(Ive0R NV IR ~ (80

The effective quartic coupling is then further renormalized by the internal wave function

St [em1t = w5 )
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In this case, we see that y develops a VEV in the usual way:
(Ix?) = m?| /A = o (88)

This is a consequence of ¢(¥) remaining localized in its potential.

The external scattering state fermions, 1?(X), will then acquire mass through the emer-
gent Yukawa interaction described in the previous section, ~gy (| x|). However, an issue we
have yet to resolve is whether the induced fermion masses back-react with the VEV solution
itself. We segregated the free fermions from the bound state wave function, ®, by shifting,
so we are presently arguing that ® forms a VEV as described above, and the scattering state
fermions independently acquire mass as spectators, but this may require a more detailed
analysis, and for general large A (as in a nonlinear sigma model), the situation is potentially
more complicated.

4. Summary and Conclusions

In the present paper, we have given a formulation of bilocal field theory, ®(x,y),
as a variation on Yukawa’s original multilocal field theory of composite particles [1-3].
In particular, we focus on two-particle-bound states consisting of bosons or chiral fermions
and scattering states. There are many foreseeable extensions of the present work. Here,
we construct bilocal field theories from an underlying local interacting field theory via the
introduction of “world-scalars”. We then go to barycentric coordinates, and the bilocal field
is “factorized”

X= gty r=56-y)
P(xy)  PX,1) = X(X)90) )

Here, x(X) describes center-of-mass motion like any pointlike scalar field, while ¢(r) is the
internal wave function of the bound state.

This procedure enables the removal of the relative time, 0, in the bilocalized theory,
essentially by canonical renormalization. The bilocal kinetic term contains a constraint that
leads to a static internal field, ¢(r) — ¢(7), in the center-of-mass frame. Hence, we obtain
a static Schrodinger—-Klein-Gordon (SKG) equation for the internal wave function. The
eigenvalue of this equation is the m? of the bound state.

The SKG equation likewise contains a static potential that comes from the Feynman
propagator of the exchanged particle in the parent theory. Typically we have a Yukawa
potential, ~ gzMe*ZM’/ 8mtr, though the formalism can in principle accommodate any
desired phenomenological potential. Here, g is the exchanged particle coupling constant,
such as the coloron coupling (massive perturbative gluon) for fermions. This is not the
scalar—fermion Yukawa coupling, gy, which is subsequently emergent.

We find that the Yukawa potential is classically critical with coupling g.. If the
coupling is sub-critical, g < g, then m? is positive, and the bound state is therefore a
resonance. It will decay to its constituents if kinematically allowed. ¢(7) is then a localized
“lump”, with a radiative tail representing the two body decay and production by external
free particles.

If the coupling is supercritical, g > g, then m? < 0 is tachyonic and ® will acquire a
VEV. We require an interaction, such as ~/\|<1>\4, to stabilize the vacuum and we therefore
have spontaneous symmetry breaking. ¢(r) is expected to be localized in its potential
and x(X) acquires the VEV. If ¢(r) becomes delocalized, both x(X) and ¢(r) acquire
VEVs, which is an analogue of a Bose-Einstein condensate, e.g., in a slightly heated
superconductor; however, we have not produced solutions to the SKG equation that
demonstrates this behavior.

We consider a bound state of chiral fermions in the coloron model, where a coloron is a
massive gluon with coupling g, such as in “topcolor” models [11,12] and chiral constituent
quark models [13]. Fierz’s rearrangement of the non-local, color-current-current, interaction
yields a leading large N, interaction in ¢(x).9(y)r ~ P(x,y). For the color singlet, ®, the
coupling g2 is enhanced by N, in analogy to a BCS superconductor [19,20].
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As our main result, we find that the coloron model can be classically critical. The
critical coupling, g%, extracted from [28,29], is astonishingly close to the critical value of
the Yukawa coupling in the NJL model. While in the NJL model the critical behavior
is O(h) coming from fermion loops, in the bilocal model this is a semiclassical result,
and the essential factor of N, comes from the coherent BCS-like enhancement of the four-
fermion scattering amplitudes. It is therefore unclear what happens when we include the
fermion loops in addition to the classical behavior in the large N, limit. Is criticality further
enhanced by the additional loop contribution? Is there an additional N, enhancement of
the underlying coupling due to the /N factor in the emergent Yukawa interaction? These
are interesting issues we will address elsewhere.

The induced Yukawa coupling of the bound state to fermions, gy (x) .9 (y)rP(x,y),
is extended and emergent in the composite models. We derive the coupling and find
gy « [V(r)¢(r) ~ g%p(0) in the point-like limit. For ¢(0), in a tiny spherical cavity, we
obtain gy = %/ 8eNjL- Hence, the critical value of g2 implies the critical value of gy = gcnjL
in the point-like limit NJL model, which is consistent.

However, the [ V(r)¢(r) could in principle be reduced to an extended potential as
the wave function spreads out, even if g2 is critical. This is an intriguing possibility: the
BEH-Yukawa coupling of the top quark is g;op ~ 1, which is perturbative and is insufficient
to drive the formation of a composite, negative m2, Brout-Englert-Higgs (BEH) boson
at low energies in, e.g., a top condensation model. However, the present result suggests
that perhaps [ V(r)¢(r) is small suppressing Stop, €ven though the underlying coloron
coupling, ¢>N,, is super-critical and leads to the composite BEH mechanism. In this picture,
the BEH boson may be a large object, e.g., a “balloon” of size Nm[o}ﬂ (see [31]).

While we have an eye to a composite BEH boson for the standard model, as in top
condensation theories [22-24,32,33], our present analysis is more general, but does not yet
include many details, e.g., gauge interactions and gravity. We think the emphasis on a
bosonic field description, the treatment of the coloron model and its classical criticality, its
linkage the NJL model as UV completion, and our treatment of relative time renormalization
comprises a novel perspective.
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Appendix A. Summary of Notation
Two body kinematics:

p1x+pay = (p1+ p2) X+ (p1 — p2)r (A1)
pi=pri=p> P=(p+p) Q=(pi—p2)
P? 4+ Q2 = 4;,12; rest frame: PV = Zp(l); Q =2py;

P2 = (p1 + p2)?, though commonly referred to as the “invariant mass” of a pair,

is not a scale breaking mass in that it involves fields with a traceless stress tensor.

Barycentric coordinates:

X=30ty)  p=(-y) r=s(x-y)

1 1
0y = E(ax +0r) = Eax +ap
1 1
3y = 5(0x—3,) = 59x — 9 (A2)
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Two-body scattering states

D(x,y) = exp(ip1x + ipoy) = exp(iP, X* +iQ,r")
(03 + )@ (x,y) = (P + p2)®(x,y) = 2°D(x,y)

- 672+i O(X,r) = 212D(x, y)
~ 2\ XX, " aror, )T T AR

— L+i D(X,r) = 4p?
aXrax, ' arfar, S

2 2 82
(9% — ay)q>(x,y) = W‘I’(xﬂ’) =0

dx® + dy* = 2dX? + %dpz =2dX? + 2dr?
1 1 1
0i +0) = 50% + 501" = S0k +29;
9% — 95 = Aydyr = 2059 (A3)

Integration measures

/ :/d4u...d4v / :/d3x...d3y
Ju.v JE.

/ B ?/d4ll..d4v dx...d%
u..0X..J

!
/ = [M*dru.Mrdto M3Bx. . . MPdPy
Ju.vx.y
/ dxdty = / PXdY = ] / A Xd*r;
Jacobian | = (2)*
[ sty (1ol + 0ygl - 210l

' 1 1
= 1f it (GloxoP + 3lonal? ~ 12iol

1

= [ exto( Gloxol + 2000 - i2lol?)
Hermitian operator : W + wt= Wine (A4)

Appendix B. Bilocal Field Theory

Here, we give a general discussion of our “revisited” bilocal field theory for a pair of
particles, as inspired by Yukawa [1-3]. We begin with the “bilocalization” and subsequently
construct the generic actions for bilocal fields containing free particles.

Appendix B.1. Free Fields

Let us examine the bilocalization procedure in Section 2.2 for free particle states.
Consider a pair of local scalar fields ¢;(x) (complex):

5= [ (1902 + el - 2 + g2P) (A9)
with independent free particle equations of motion
azqﬂl + quol =0 32([)2 + ]42([72 =0 (A6)
We want to describe a pair of particles by a bilocal field of mass dimesion 1:

(x,y) = M 1 (x)g2(y) (A7)
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We therefore have the two equations of motion for ®

(03 +97)@(x,y) + 21D (x,y) = 0 (A8)
(03 —9))®(x,y) = 0. (A9)

Appendix B.2. Bilocalization of Scattering States
We can obtain the action for ® as follows. We multiply the kinetic and mass terms of
Equation (A5) by world scalars:
W, = ZM? [ty |gi(y)? (A10)
and hence,
5= [ (Walogr 2+ Wifoga? - i2(Walgn? + WilgaP) )
= 202 (Iga()0e01 ()7 + 1 ()22

220 (y)¢2(x)|2> (A11)

At this stage, we can still vary with respect to either ¢; of ¢, and the equations are modified.
In terms of the bilocal field, we have

= 2t (0:0(x )P + 2y, 9) - 212105, 9) )

(A12)
We go to barycentric coordinates and note the derivatives:

X=(x+y)/2 r=(x-y)/2

BX:(BX—#B,)/Z ay:(ax—ay)/z

P(x,y) = D(X,r) (A13)

The factor of M is superfluous at this point, and in what follows we can set M = 1 (we’ll
restore it below). Hence:

1 1
5 =12 (§160x + 000X 1P + 11(0x ~)@(X,1) 2
~le(x,n)?) (A1)
which yields the action

V4
5= %/Xr(\axcp(x,r)\Z +10,B(X, )2 — 42D (X, r)\z)

(A15)
If we vary 0®(x’,y") = 6*(x — x')0*(y — i), we obtain one equation of motion:
% D(X, 1) 4 0*®(X, 1) + 4u>®(X,r) = 0 (A16)
We see that this is consistent with Equation (A8)
R+ = %(ai +a2). (A17)
However, Equation (A9) is missing. We see using
Jd 0
2 2y _ 9
(ax - ay) T OXH ort (A18)
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that Equation (A9) takes the form

Jd 0

5 5y ) =0 (A19)

As before, this can be viewed as a constraint, and we can treat it as a Lagrange multiplier
as in Equation (28) to supply the second equation.
We factorize @ in barycentric coordinates as

VI/2 (X, r) = x(X)¢(r) (A20)
The action Equation (A15) becomes

5=2z[ (lotPoxx(0P
+HxX)P(10,p(r) [ — 4142\47(7)\2)) (A21)
We then define
1=2 [ dirig(nP? (A22)

The Schrodinger—Klein-Gordon equation has eigenvalue 1

RP(r) + 429 (r) = mg(r)
n? [ g = [ (g (r) 2+ 4p2lg(r) ) (A23)
Then, the x equation becomes
Rxx(X) +mx(X) =0 (A24)

The constraint then takes the form

Ix(X) 99 (r)
X1 ork

=0 (A25)

In the barycentric (rest) frame, we can choose x to have four-momentum P, = (m,0,0,0).

The constraint becomes P,,d} ¢(r) = 0, Therefore, ¢ becomes a static function of r* = (0,7).
The Schrodinger-Klein-Gordon equation is then a static equation

—V2p(F) + 47 p(F) = m*x (7) (A26)

We define the static internal wave function ¢(7) to be dimensionless, d = 0, and we
normalize the dimensionless static wave function (restoring M)

() [ &7 1p(7)F =1 (a27)
We then have
1=z [ p(n)? = z(m®) [ ar” [ @79 (7) P = 2T(m) (A28)

where an integral over relative time has appeared leading to an overall factor ZT(M) =1
in the action for ). The action becomes two nested parts

5 =[(xxC0P - n2ix(0)
w27 9F)F = [(IVr9(r) P +41219(r) ) (A29)

with Equation (A27).
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Appendix B.3. Kinematics of Scattering States

We can more directly construct the bilocal fields, without appealing to world scalars,
by considering simple free particle kinematics. For free particles of four-momenta p;, we
see that ® describes a scattering state

@(x,y) ~ exp(ipyd +ipyy") = exp(iPuXF +iQur")

(A30)
where
Py = p1y =+ popu Qu =Py — Py (A31)
For massive particles, p% = p% = u?, ® satisfies
i+ i +4p% | ®(X, 1) =0 (A32)
XX, orfidr, =
The constraint is the second equation
aZ
(03 —)P(x,y) = == P(X,7) =0 (A33)

© 0XHary

and forces ®(X,7) to have Y = 0 in the center-of-mass frame; hence, P,Q¥ = 0 and

Q= (0,9).
Constant Positive m? = 4%
In the center-of-mass frame, p? = pg, QY =o,
Q@ =(-p)=-(-p) = -5* (A34)
Hence, from Equations (A32) and (A33)

P2 = 4% + 52
_ P x,7) = (4 7D, T) (A35)
) CE) ’

Therefore, if we were to try to interpret ® as a “bound state”, we see that is has continuum
of invariant “masses” m? = m3 + § 2. This is evidently an “unparticle” [34]. This implies it
is not localized and is a scattering state of asymptotic free particles each of mass j = mg/2.

With the constraint of Equation (A33), we can choose 7 = (0,7) and X* = (X?,0). We
factorize ® = x(X)¢(r) and the factor field ¢(r) then satisfies the static SKG equation with
eigenvalue M?

—V2p(F) + mip(F) = m*¢(7) (A36)

the solutions of the factorized field ¢(r) are static, box normalized, plane waves, with
eigenvalues m? = m7 = m§ +7°

o() = %exp(iﬁi) =%+ (A37)

x(X) then satisfies the KG equation with X = tand X = 0
Fx(t) +mix(t)=0 =X (A38)
and the x(X) solution becomes

X(X) o< exp(imgt) (A39)
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This is just the spectrum of the two body states of y-massive particles in the barycen-
tric frame.
Constant Negative m2:

If we suppose m3 < 0 then the solutions for ®(t,r) for small 7 are runaway exponen-
tials, @ ~ exp(|mylt). The eigenvalues are

mz = > — |mo|* (A40)
This analogous to a “Dirac sea” of negative mass eigenvalues extending from §2 = 0 to
7% = |mg|?, where the lowest mass state has § = 0 and eigenvalue — |11 |?.

This would therefore be a tachyonic instability of unparticles, and we then require
higher field theoretic interactions, such as A|®|*, to stabilize the vacuum. This represents a
spontaneous breaking of the chiral symmetry, and the constituent fermions will dynamically
acquire masses and the instability is halted.

However, a constant negative m% does not give a Higgs-like spontaneous symmetry
breaking mechanism. If the potential is

A
V= fmé\cb\2+§\<b\4 (A41)

where we have constant —m% rather than a localized potential. Then, indeed, the field
develops a constant VEV:

(@) =V+a®  mi=0%A (A42)

Then, ®° indeed becomes a massive BEH mode, but with the continuous spectrum
m? = |my|? + G2 To have an acceptable BEH mechanism, with a well-defined BEH
boson, we therefore require a localized potential in ¥ where (@) = (x)¢(¥) and ¢(7) is a
localized eigenmode.

Appendix B.4. Removal of Relative Time and Generic Potential

A point-like interaction in the underlying theory may produce an effective action with
a potential term that is a function of r#

4 .

S = % X(Z|axcp\2 + Z[9, D)= U2r)|d(X,7)[?) (A43)
v r
and we assume the constraint:
o0t 00 2
s:/}{rq(maﬂu,) . (A44)
We factorize ®

VI/20(X,r) = x(X)¢(r) (A45)

In the center-of-mass frame we impose the constraint, ®(X,7) — x(X%)¢ (7). We can then
integrate over relative time

5= m[_(ZTMpsaPlo(n) - ZTMIx (ORI
VKPR (Ad6)

where

V() =M / 40U (2rt) (A47)
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and V(7) has dimensions of M2. We now define the normalizations,
_ — B (Bl 2
ZTM =1 1= M [dBr|p(7) 2 (A48)

The purpose of these normalizations is to have a canonically normalized x field in the

center-of-mass frame, even in the limit g = 0. It also defines the conserved yx current to

have unit charge (one boundstate pair) to match the underlying theory’s conserved current.
Hence, we obtain the actions:

5= [10xx(0] - (X))
2 [#7 [pF)F = [ (V)P +V(Dlg(r)P) (A%9)

with Equation (A48).

An attractive (repulsive) potential is V' < 0 (V > 0). The main point is that the field
X(X) must have canonical normalization of its kinetic term, which dictates the introduction
of Z. The kinetic term of x is seen to be extensive in T, and this is absorbed by normalizing
Z,as ZMT = 1. The potential is determined by the integral over relative time of the
interaction and is not extensive in T.

From the factorization ® = x(X)¢(7) with normalized ¢(r), as in Equation (38), the

eigenvalue m? is computed in the rest frame
w2 = [ 19 = [ (<020 + VD Io(o)) (A50)
JT r
From this, we obtain a normalized effective action for y in any frame
s (X ox
_ [ pAx (%X X 2 2
Sy = / d X(axu i (A51)

The mass of the bound state is determined by the eigenvalue of the static Schrodinger—
Klein-Gordan (SKG) equation in the center-of-mass frame:

—V2¢ + V(7)$(F) = m*¢(F). (A52)
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arguments suggest a power-law draw to large soft terms, but these are subject to an anthropic
selection of a not-too-large value for the weak scale. The combined selection allows one to compute
relative probabilities for the emergence of supersymmetric models from the landscape. Models with
weak scale naturalness appear most likely to emerge since they have the largest parameter space on
the landscape. For finetuned models such as high-scale SUSY or split SUSY, the required weak scale
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compared to natural models. Probability distributions for sparticle and Higgs masses from natural
models show a preference for Higgs mass n1j, ~ 125 GeV, with sparticles typically beyond the present
LHC limits, in accord with data. From these considerations, we briefly describe how natural SUSY is
expected to be revealed at future LHC upgrades. This article is a contribution to the Special Edition
of the journal Entropy, honoring Paul Frampton on his 80th birthday.
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In this contribution to the volume of the journal Entropy, honoring Paul Frampton
on his 80th birthday, we address this question. Here, we will put forward arguments in
favor not only of weak scale SUSY as emergent from the string landscape, but indeed of a
special form of weak scale SUSY (WSS)—SUSY with radiatively driven naturalness [11,12],
or stringy-natural SUSY [13]. The specific form of WSS predicts at present that a light
SUSY Higgs boson with mass 1, ~ 125 GeV should emerge, whilst sparticles masses are at
present somewhat or well beyond the reach of the CERN Large Hadron Collider (LHC) [14].
It also allows us to predict a variety of SUSY signatures, which may allow for SUSY
discovery at LHC luminosity upgrades over the coming years. Perhaps most important of
these are the soft isolated opposite-sign dileptons+MET which arise from light higgsino
pair production [15] and which recoil against a hard initial state jet radiation [16-19]. At
present, both ATLAS [20] and CMS [21] with 139 fb~1 seem to have 20 excesses in this
channel, and an associated monojet signal may also be emerging [22].

2. Approximate Supersymmetric Vacua from String Theory

The main motivation for SUSY is that it provides a ‘tHooft technical naturalness
solution to the gauge hierarchy problem via the cancellation of quadratic divergences
associated with the Higgs sector. This is true for SUSY breaking at any energy scale below
mp, since in the limit of mg;;gy — 0, the model becomes more (super)symmetric. Thus,
SUSY provides a technically natural solution to the so-called big hierarchy problem.

Specific motivation for weak scale SUSY comes from the little hierarchy problem
and what we call practical naturalness [23,24]: an observable O is practically natural if all
independent contributions to O are comparable to or less than O. For the case of WSS, we
can relate the weak scale 101 ~ 1My, 7z, ~ 100 GeV to the weak scale soft SUSY-breaking
terms and SUSY-conserving y term via the scalar potential minimization conditions:

myy, +Z — (myy, +Zy) tan” p

2 2 u(g 2
— i~ —m?, — () — 1
tanzﬁ 1 H My, u( 1,2) H ( )

2
mz _
2

where m%iu , are the soft SUSY-breaking Higgs masses and the ZZ:g contain an assortment
of loop corrections to the scalar potential (explicit formulae are included in Ref’s [12]). A
measure of practical naturalness Agyy can be defined which compares the largest (absolute)
contribution to the right-hand side of Equation (1) to 1112Z /2. Requiring Apy < 30 fulfills
the practical naturalness condition. From Equation (1), we see immediately that m%l“
must be driven to small negative values at the weak scale while the y term must also be
i ~ 100-350 GeV. The latter condition means the higgsinos are usually the lightest SUSY
particles, and the only ones required to be ~ 1., The other sparticles enter via the Zzl'g
terms, and hence, are suppressed by loop factors, and so can live in the TeV or beyond
range. We shall see shortly that practical naturalness is closely linked to the selection of
SUSY models on the landscape.

On the theory side, we expect the 4 — d vacua emergent from the landscape to often
contain some remnant SUSY.

e Remnant spacetime SUSY: In Ref. [25], Acharya argues that all stable, Ricci-flat man-
ifolds in dimensions < 11 have special holonomy, and consequently a conserved
Killing spinor. If so, then some remnant spacetime SUSY should exist in the 4 — d
low-energy effective field theory (LE-EFT).

e EW stability: A problem for the Standard Model to be the low-energy effective field
theory for E < mp is electroweak stability, in that the Higgs quartic term A may evolve
to negative values at some intermediate scale, leading to a runaway scalar potential.
For m; ~ 173.2 GeV, the SM is just on the edge of metastability /runaway [26,27]. The
Minimal Supersymmetric Standard Model (MSSM) has no such problem, since for the
MSSM the quartic couplings involve the gauge couplings, which are always positive.

e Landscape vacua stability: In Ref’s [28,29], Dine et al. ask what sort of conditions
can stabilize landscape deSitter vacua against decay to AdS vacua, leading to a big
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crunch. The presence of SUSY leads to absolutely stable vacua, whilst the presence of

approximate (broken) SUSY leads to (metastable) vacua decay rates I' ~ m pe_m%’/ "
far beyond the age of the universe.

®  Hierarchy of scales: While a hierarchy of scales is typically hard to come by in many
BSM models, SUSY models allow for dynamical SUSY breaking [30], where the SUSY-
breaking scale m1;44,,, is gained via dimensional transmutation 1440, ~ m pe’gnz/ bg?
and where the soft terms are developed as 1115, ~ m% idden/ 1P under gravity-mediation.
Here, we only consider gravity-mediation, since gauge mediation leads to tiny trilin-
ear soft terms A, which then require unnatural top-squark contributions X} to gain
my, ~ 125 GeV [31].

e Harmony: Witten emphasizes that consistent QFTs exist for spin-0,1/2, 1, 3/2, and 2.
The graviton is the physical spin-2 particle and the spin-3/2 Rarita-Schwinger grav-
itino field would exist as the superpartner of the graviton, thus filling out all allowed
spin states.

In addition, WSS is motivated experimentally by a variety of measurements.

e The measured values of the gauge couplings unify under MSSM RG evolution but do
not under most other BSM extensions, including the SM itself [32].

e The measured top-quark mass is large enough to seed the required radiative break-
down of EW symmetry [33].

e The measured value of m;, ~ 125 GeV falls squarely into the range allowed by the
MSSM: my, < 130 GeV [34].

e Precision EW corrections tend to prefer the (heavy spectra) MSSM over the SM [35].

A complaint often made, with good reason, is that gravity mediation has its own flavor
and CP problems, the former arising from operators such as f d495+SQfQ i / m%, where S
is a hidden sector superfield obtaining a SUSY-breaking vev Fs ~ 10!! GeV and the Q;
are visible-sector chiral superfields with generation index i, j = 1 — 3. Since no symmetry
forbids such flavor mixing, then FCNCs are expected to be large in gravity-mediated SUSY
breaking (historically, this strongly motivated the search for flavor-conserving models such
as gauge-mediation and sometimes anomaly-mediation). It is pointed out in Ref. [36] that
the landscape provides its own decoupling/quasi-degeneracy solution to the SUSY flavor
and CP problems by pulling first-/second-generation matter scalars to a flavor-independent
upper bound in the 2040 TeV range.

For these reasons, we will assume a so-called “fertile patch” or friendly neighbor-
hood [37] of the string landscape: those vacua which include the MSSM as the LE-EFT and
where only the CC and the magnitude of the weak scale scan within the landscape. In this
case, Yukawa couplings and gauge couplings are instead fixed by string dynamics rather
than environmental selection. This leads to predictive landscape models [37]: if the CC is
too large, then large scale structure will not form, which seems required for complexity
to emerge (the structure principle, leading to Weinberg’s successful prediction of Acc).
Only the magnitude of the weak scale scans. If mPY4, > 4”‘%;1« then the down—-up quark
mass difference becomes so large that neutrons are no longer stable in nuclei and the only
atoms formed in the early universe are hydrogen. If mfU, < O.Sm%ik, then we obtain a
universe with only neutrons. This is the atomic principle [38], since complex nuclei are also
apparently needed for complexity to emerge in any pocket universe (PU) within the greater
multiverse (and where OU refers to 11y, in our universe).

3. Natural SUSY from the Landscape

It is emphasized by Douglas that the CC scans independently of the SUSY-breaking
scale in the landscape [39]. For the SUSY-breaking scale, we expect the vacua to be dis-
tributed as

ANoac ~ fsusy - fewss - Ambysy 2

where g5y is the overall hidden sector SUSY-breaking scale, expected to be ~ 10! GeV,
such that the scale of soft terms is given by mg, ¢ ~ méusy /mp.
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3.1. Distribution of Soft Breaking Terms on the Landscape

How is fsysy distributed? Douglas [39] emphasizes that there is nothing in string
theory to favor any particular SUSY-breaking vev over another, and hence, 11,7, would be
distributed as a power-law:

fsusy ~ mf:ff"DA 3
where nr is the total number of (complex-valued) F-breaking fields and np is the total
number of (real-valued) D-breaking fields contributing to the overall scale of SUSY breaking,
me ey = Li|Fi|? + L, D2. The prefactor of 2 in the exponent arises because the F; are
distributed randomly as complex numbers. For the textbook case of SUSY breaking via a
single F term, then we expect fs;gy ~ mia fie i.e., a linear draw to large soft terms. If more
hidden fields contribute to the overall SUSY-breaking scale, then the draw to large soft
terms will be a stronger power-law.

While the overall SUSY-breaking scale is distributed as a power-law, the different
functional dependence [40-42] of the soft terms on the hidden sector SUSY-breaking fields
means that gaugino masses, the trilinear soft terms, and the various scalar masses will
effectively scan independently on the landscape [43]. Now, it is an advantage that different
scalar mass-squared terms scan independently (as expected in SUGRA), since the first-
/second-generation scalars are pulled to much higher values than third-generation scalars,
while the two Higgs soft masses are also non-universal and scan independently. This situa-
tion is borne out in Nilles et al.’s mini-landscape, where different fields gain different soft
masses due to their different geographical locations on the compactification manifold [44].
In terms of gravity mediation, then the so-called n-extra-parameter non-universal Higgs
model (NUHMn) with parameters [45,46]

mo(i): mg,,, der ml/ZrAOr tan,B (NUHM4) (4)

provides the proper template. Since the matter scalars fill out a complete spinor rep of
50(10), we assume each generation i = 1 — 3 is unified to (7). Also, for convenience one
may ultimately trade mpy, and mpy, for the more convenient weak scale parameters 1,4 and
. One may also build (and scan separately) the natural anomaly-mediated SUSY-breaking
model [47,48] (NAMSB) and the natural generalized mirage mediation model [49] (nGMM).

3.2. The ABDS Window

The anthropic selection on the landscape comes from frsp. This involves a rather
unheralded prediction of the MSSM: the value of the weak scale in terms of soft SUSY-
breaking parameters and y, as displayed in Equation (1). However, in the multiverse, here
we rely on the existence of a friendly neighborhood [37], wherein the LE-EFT contains
the MSSM but where only dimensionful quantities such as Acc and v2 + vﬁ scan, whilst
dimensionless quantities like gauge and Yukawa couplings are determined by dynamics.
This assumption leads to predictivity as we shall see.

Under these assumptions, then we ask what conditions lead to complex nuclei, atoms
as we know them, and hence, the ability to generate complex lifeforms in a pocket universe?
For different values of soft terms, frequently one is pushed into a weak scale scalar potential
with charge-or-color-breaking minima (CCB) where one or more charged or colored scalar
mass squared is driven tachyonic (i.e., m? < 0). Such CCB minima must be vetoed. Also,
for values of m%{u that are too large, then its value is nof driven to negative values and
EW symmetry is generally not broken. These we label as “no EWSB” and veto them as
well. In practice, we must check the boundedness of the scalar potential from below in the
vacuum stability conditions and that the origin of field space has been destabilized at least
at tree level.

At this point, we are left with (MS)SM vacua where the EW symmetry is properly broken,
but where 11,00 ~ My 7, is at a different value from what we see in our universe. Here,
we rely on the prescient analysis of Agrawal, Barr, Donoghue, and Seckel (ABDS) [38,50]. If
the derived value of the weak scale is bigger than ours by a factor of 2-5, then the light
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quark mass difference m; — m, becomes so large that neutrons are no longer stable in the
nucleus and nuclei with Z >> N are not bound; such pocket universes would have nuclei of
single protons only, and would be chemically inert. Likewise, if the PU value of the weak
scale is a factor ~ 0.5 less than our measured value, then one obtains a universe with only
neutrons—also chemically inert. The ABDS window of allowed values is that

0.5mU < mPU. < amQ ()

wel weak weak

where we take the (2 — 5)m8§’£k to be ~ 4mgglk for definiteness, which is probably a
conservative value. This is very central to our analysis and so is displayed in Figure 1. Our
anthropic condition frwsp is then that the scalar potential leads to minima with not only
the appropriate EWSB, but also that the derived value of the weak scale lies within the
ABDS window. Vacua not fulfilling these conditions must be vetoed. Early papers on this
topic used instead a naturalness “penalty” of frwsp ~ m%u cak’ méusy ; this condition would
allow for many of the vacua which are forbidden by our approach.

ABDS window

-
2
[
o1
>
I

) i - ]
~

- rd
0.5mz = 45.6 GeV 4mz =~ 365 GeV

Figure 1. The ABDS-allowed window within the range of mb" values.

3.3. EW-Natural SUSY Emergent from the Landscape

The next goal is to build a toy simulation of our friendly neighborhood of the string
landscape. We can generate the soft terms of Equation (4) according to a power-law
selection, usually taken to be n = 2nr +np —1 = 1 (linear draw). While Equation (3)
favors the largest possible soft terms, the anthropic veto frwgsp places an upper bound on
such terms because usually large soft terms lead to too large a value of mgglk beyond the
ABDS window. The trick is to take the upper bound on scan limits beyond the upper bound
posed by frwsp. However, in some cases larger soft terms are nore apt to generate vacua
within the ABDS window. A case in point is m%,“: the smaller its value, the more negative
it runs to unnatural values at the weak scale, while as it gets larger, then it barely runs
negative: EW symmetry is barely broken. As its high scale value becomes even larger, it
does not run negative by 11,,,,, and EW symmetry is typically not properly broken—such
vacua failing to break the EW symmetry are vetoed. Also, for small Ay, the £!(f; ) terms
can be large. When A( becomes significantly negative, then cancellations occur in X (f; »)
such that these loop corrections then lie within the ABDS window: large negative weak scale
A terms make X (f; ) more natural while raising the light Higgs mass to m, ~ 125 GeV.

A plot of the weak scale values of mp, and p is shown in Figure 2 (taken from Ref. [51])
for the case where all radiative corrections—some negative and some positive [52]—lie
within the ABDS window. The ABDS window lies between the red and green curves.
Imagine playing darts with this target, trying to land your dart within the ABDS window.
There is a large region to the lower left where both mpy, and p are < 350 GeV, which
leads to PUs with complexity. Alternatively, if you want to land your dart at a point with
# ~ 1000 GeV, then the target space has pinched off to a tiny volume: the target space is
finetuned and your dart will almost never land there. The EW-natural SUSY models live
in the lower-left ABDS window while finetuned SUSY models with large Ay lie within
the extremely small volume between the red and green curves in the upper-right plane.
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This tightly constrained region is labeled by split SUSY [53], high-scale SUSY [54] and
mini-split [55].

It is often said that landscape selection offers an alternative to naturalness and allows
for finetuned SUSY models. After all, is the CC not finetuned? However, from Figure 2 we
see that models with EW naturalness (low Agyy) have a far greater relative probability to
emerge from landscape selection than finetuned SUSY models.

108
% Split-SUSY ]
= 10° Mi Hsnssujsfv“
) Inispli f
% 1
|_
- 10! 1
s
"¢ 1000
g ]
-
= 100
Nf Natural SUSY
£ o0 ;
c
j@)]
%) 1

11 10 100 1000 10* 10° 108

H[GeV]

i PU [ 2 ; ; ; iati ;
Figure 2. The p" vs. \/—my (weak) parameter space in a toy model ignoring radiative corrections
to the Higgs potential. The region between the red and green curves leads to mggﬂk < 4"‘85«1: so that

the atomic principle is satisfied.

In Figure 3 (from Ref. [51]), we perform a numerical exercise to generate high-scale
SUSY soft terms in accord with an n = 1 draw in Equation (3). The green dots are viable
vacua states with appropriate EWSB and m’{ within the ABDS window. While some

dots land in the finetuned region, the bulk of the points lie within the EW-natural SUSY
parameter space.

10* \ : —s
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Figure 3. The value of mp, (weak) vs. #PU The green points denote vacua with appropriate EWSB
and with mﬁluk < 4mggk so that the atomic principle is satisfied. Blue points have migzk > 4mgeuak.
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An alternative view is gained from Figure 4 from Ref. [56]. Here, we compute contri-
butions to the scalar potential within a variety of SUSY models including RNS (radiatively
driven natural SUSY [11]), CMSSM [57], G;MSSM [58], high-scale SUSY [59], spread
SUSY [60], mini-split [55], split SUSY [53], and the SM with cutoff A = 10!3 TeV, indicative
of the neutrino see-saw scale [61]. The x-axis is either the SM y parameter or the SUSY u
parameter while the y-axis is the calculated value of m within the PU. The ABDS window
is the horizontal blue-shaded region. For y distributed as equally likely at all scales (the
distribution’s probability density integrates to a log), then the length of the x-axis interval
leading to mbY within the ABDS window can be regarded as a relative probability measure
Py, for the model to emerge from the landscape. There is a substantial interval for the RNS
model, but for finetuned SUSY models, the interval is typically much more narrow than
the width of the printed curves. We can see that finetuned models have only a tiny range
of u values which allow habitation within the ABDS window.

sM.A=1013Tev

1012, 4

© L

(0] Spit SUSY, A = 105 Tev/

—_ 8 r _j -
=) 1 0 Spread SUSY (7 LSP), A = 105 TeV.
0N

S [ hanispit susY (3 LsP), A = 108 Tev 1

[ Spread SUSY (i LSP)/ PeV SUSY, A = 107 TeV
1 04 i
ABDS window
1 . . . I
10° 10%

Hey or sy [GeV]

Figure 4. Values of mgu vs. ppy or pgp for various natural (RNS) and unnatural SUSY models and
the SM. The ABDS window extends here from mgu ~ 50 to 500 GeV.

Using the magic of algebra, the width of the y intervals can be computed, and the
results are shown in Table 1. Here, P, is to be considered as a relative probability. From the
table, we see that the SM is about 10~% times less likely to emerge as compared to RNS.
Mini-split is 10~4-10~8 times less likely to emerge (depending on the version of mini-split).
Even the once-popular CMSSM model is ~ 1073 times less likely than RNS to emerge from
the landscape.

Table 1. A survey of some unnatural and natural SUSY models along with general expectations for
sparticle and Higgs mass spectra in TeV units. We also show the relative probability measure P, for
the model to emerge from the landscape. For RNS, we take p,,,;;, = 10 GeV.

Model m(1,2) (3) Gauginos Higgsinos my, P,

SM - - - - - 7 x10~%
CMSSM 3
(e = 2641) ~1 ~1 ~1 ~1 0.1-0.13 5% 10

PeV SUSY ~103 ~103 ~1 1-103 0.125-0.155 5x107°
Split SUSY ~10° ~10° ~1 ~1 0.13-0.155 7 x 10712
HS-SUSY >10? >10? >10? >10? 0.125-0.16 6x107*
Spread (7LSP) 10° 10° 102 ~1 0.125-0.15 9% 10710
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Table 1. Cont.

Model 7(1,2) 7(3) Gauginos Higgsinos my, Py
Spread (@LSP) 103 103 ~1 ~10? 0.125-0.14 5x 1070
Mini-Split 4 4 5 8
(iLSP) ~10 ~10 ~10 1 0.125-0.14 8x 10
Mini-Split 5 5 5 4
(@LSP) ~10 ~10 1 ~10 0.11-0.13 4x10
SUN-SUSY ~10? ~10? ~1 ~10? 0.125 4x10°%
G,MSSM 30-100 30-100 ~1 ~1 0.11-0.13 2x1073
RNS/landscape 5-40 0.5-3 ~1 0.1-0.35 0.123-0.126 1.4

4. Radiatively Driven Natural SUSY

Along with probability distributions for models to emerge from the landscape, one
can compute probability distributions for sparticle and Higgs mass values from particular
models given an assumed value of n in fg;;gy. Here, we use a linear draw, n = 1, to
large soft terms with the NUHM4 model as the LE-EFT. We capture non-finetuned models
by requiring Apw < 30, i.e., that the largest independent contribution to my lies within
the ABDS window. These models have radiatively driven naturalness (RNS) [11], where
RG running drives various soft terms to natural values at the weak scale. The value of
mpy, (mcyr) is selected so that mz = 91.2 GeV in our universe.

The distribution for the light Higgs mass is shown in Figure 5. We see for n = 1
that the blue distribution rises to a maximum at m;, ~ 125 GeV. This is where A; is large
enough to yield cancellations in the X% (f; 5) terms, but also lifts m;, up to ~ 125 GeV via
maximal stop mixing [11]. For comparison, we also show the orange histogram for n = —1,
where soft terms are equally favored at any mass scale. Here, the distribution peaks at
my, ~ 118 GeV, with hardly any probability at m;, ~ 125 GeV.

T T T T I T T T T I T T T T ] T T T T T T
| —n=-1 i
— L — n= J
> 0.2 .
O | 1
g L 4
E 01_ ]
'c - -

1 1 | 1 1 I L 1 I 1 1 1

q05 110 115 120 125

mhiggs [GeV]

Figure 5. Probability distributions for the light Higgs scalar mass m;, from the fgy sy = m;tg}t
distributions of soft terms in the string landscape with y = 150 GeV.

In Figure 6, we show the corresponding probability distribution for the gluino mass.
Here, for n = 1 the curve begins around m; ~ 1 TeV and reaches a broad maximum
around 3-4 TeV, while petering out beyond g ~ 6 TeV. The present LHC Run 2 limit from
ATLAS/CMS [62,63] is mg 2, 2.2 TeV from searches within the simplified model context.
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From the plot, we see that the LHC is only beginning to probe the expected range of g
values from the landscape.

EEEEEEEEEE R L DL B

i —n=-1]

.o — n=17

L 0.8F .
o F i
| i
o 0.6[ .
£ C i
RS L i
% 04f -
0.2 .
O:[LITI | IR P P B - .:

1 2 3 4 5 6 7

mé[TeV]

Figure 6. Probability distribution for n; from the fsysy = msio}f distributions of soft terms in the
string landscape with y = 150 GeV.

Other sparticle and Higgs mass distributions from the landscape are shown in
Refs. [14,64], and they are typically beyond or even well beyond present LHC limits.
For instance, light top-squarks are expected around mj, ~1-2.5 TeV whilst first-/second-
generation squarks and sleptons are expected near m i ~10-30 TeV. From this point of
view, LHC is at present seeing exactly what the string landscape predicts.

5. Conclusions

Theoretical arguments suggest many models which include a remnant spacetime
SUSY to populate the string landscape of 4 — d vacua. We assume a friendly neighborhood
of the landscape populated by the MSSM as the LE-EFT, but where the CC and also the soft
SUSY-breaking gaugino masses, scalar masses, and A-terms scan via a power-law draw
to large values. Landscape selection of soft terms then allows for a derived value of the
weak scale, which must lie within the ABDS window in order for the atomic principle to be
obeyed, leading to complex nuclei, and hence, atoms which are needed for complexity.

Under the landscape selection of soft SUSY-breaking terms, one expects radiative
natural SUSY, or RNS, to be much more prevalent than finetuned SUSY models such as
CMSSM, GoMSSM, high-scale SUSY, split SUSY, or mini-split SUSY. This is evident because
in RNS, where all contributions to the weak scale lie within the ABDS window, there is
a much larger volume of scan space leading to m,,,;x € ABDS. Alternatively, if even one
contribution to the weak scale lies outside the ABDS window, then the remaining volume
of parameter space leading to #1,,,,; € ABDS shrinks to tiny values, and is relatively less
likely. This is borne out by toy simulations of the string landscape and also allows for a
relative probability measure P, for different models to emerge from the landscape. For
instance, P, (RNS) ~ 1.4, compared to, for instance, P, (HS-SUSY) ~ 6 x 10~*. Finally,
we show probability distributions of the light Higgs mass and gluinos, showing that the
present LHC is seeing what one would expect from the string landscape. New SUSY signals,
especially from higgsino pair production, could arise within the next few years at LHC.
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With all these beautiful results, we anticipate that Paul will begin to work on landscape
SUSY as well.
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Abstract: Overwhelming astronomical evidence for dark matter and absence of any laboratory
evidence for it despite many dedicated searches have fueled speculation that dark matter may reside
in a parallel universe interacting with the familiar universe only via gravitational interactions as
well as possibly via some ultra-weak forces. In this scenario, we postulate that the visible universe
co-exists with a mirror world consisting of an identical duplicate of forces and matter of our world,
obeying a mirror symmetry. This picture, motivated by particle physics considerations, not only
provides a natural candidate for dark matter but also has the potential to explain the matter dark
matter coincidence problem, i.e., why the dark matter content of the universe is only a few times
the visible matter content. One requirement for mirror models is that the mirror world must be
colder than our world to maintain the success of big bang nucleosynthesis. After a review of the
basic features of the model, we present several new results: first is that the consistency between the
coldness of the mirror world and the explanation of the matter dark matter coincidence implies an
upper bound on the inflation reheat temperature of the universe to be around 10%° GeV. We also
argue that the coldness implies the mirror world consists mainly of mirror Helium and very little
mirror hydrogen, which is the exact opposite of what we see in the visible world.

Keywords: mirror world; asymmetric inflation; matter-dark matter coincidence; helium dominated

mirror sector

1. Introduction

There is now overwhelming evidence in favor of the existence of dark matter from
many astrophysical observations such as the speed of galaxies in the Coma cluster, flat
rotation curves of stars in galaxies, as well as the Chandra image of two galaxies crossing
each other in the Bullet Cluster with dark matter moving ahead of the visible matter. This
conclusion seems to have been further confirmed by the study of the cosmic microwave
spectrum obtained by the NASA WMAP spacecraft followed by other space missions such
as the Planck spacecraft of the European Space Agency, etc. This has granted urgency to
the question of what dark matter is and if it is a collection of particles spread out over the
universe, what particles are they and what kind of forces they experience other than gravity.
The hope is that any understanding of dark matter will provide a glimpse into the nature
of physics beyond the standard model.

Experiments in the laboratory set-ups deep underground as well as in colliders have
been ongoing for the last thirty years to obtain the dark matter particle (or particles) with
more and more sophisticated techniques, but they have all ended up with negative results
(for a review, see [1]; see, however, the claims by the DAMA collaboration [2]). This has
fueled speculation that dark matter could be residing in a parallel universe (or the mirror
universe), in which case its only interaction with known matter (i.e., protons, neutrons
or electrons) is via gravity forces or similar ultra-weak forces. This would explain why
it seems to elude discovery by conventional detectors. It is the ramification of this idea
that we discuss in this article. We call the familiar proton, neutron and electron the visible
particles and their mirror partners the mirror protons (p’), mirror neutrons, etc.
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The idea of a mirror universe first appeared in the famous parity violation paper of
Lee and Yang in 1956 [3], where they noted that while parity is violated maximally in the
beta decay process in our universe, it could be a good symmetry of nature if there was
another sector to our universe (called mirror world here) with identical particle spectra
and force content to our sector, with the opposite chirality fermions in the mirror sector
participating in the mirror beta decay. Our world and the mirror world would transform
to each other under mirror (or Z;) symmetry. This picture is also motivated by a class of
string theories based on the Eg x Ef group.

This picture provides a minimal extension of the standard model with very few
additional parameters describing it. The phenomenological implications of this hypothesis
were first discussed in a paper by Kovzarev, Okun and Pomeranchuk [4] in 1966. In recent
years, these models have been the focus of many papers in the context of both particle
physics and cosmology [5-12]. In particular, this model also provides a natural candidate
for dark matter, which is the main motivation in this paper. The dark matter particle could
either be mirror hydrogen or mirror neutron [13-17], whichever is the lightest baryonic
particle. We choose the mirror neutron alternative here.

In this model, the dark matter displays self-interaction, which seems to be a useful
attribute to explain several puzzles of the collisionless dark matter hypothesis [18,19].

After summarizing the basic ingredients of this model, the paper focuses on two of its
salient features: (i) first is an important consistency requirement, which says that the mirror
world must be cooler than ours. We outline how this can possibility be realized in concrete
models; (ii) next, we present a scenario which provides a resolution [20] of the coincidence
problem of matter and dark matter. For another recent proposal in this direction, see [21].
These scenarios require that the mirror fermions must have a higher mass than the fermions
of our world. We then discuss the implications of these two ingredients for structure in the
mirror universe.

The main new results of this paper are the following: (i) for the first time, we demon-
strate the consistency between the colder mirror world and the scenario for matter—dark
matter coincidence. (ii) This consistency requirement implies that the inflation reheat
temperature of the universe must be less than 10°° GeV. (iii) A final interesting result is
that the combined effect of lower temperature and higher mirror electroweak VEV implies
that the mirror world consists mainly of mirror helium and very little mirror hydrogen,
which is exactly the opposite of the situation in our universe.

2. The Mirror Model

As noted in the previous section, the mirror model consists of two sectors to our
universe invariant under a discrete Z, symmetry, the mirror symmetry, which transforms
all particles and forces of one sector to those of the other. The symmetry guarantees that the
particles and forces in the mirror sector of the universe are duplicates of those in the visible
sector with equal coupling strengths for the mirror-duplicated forces prior to symmetry
breaking. In Table 1, we display the particle content of the model. The symmetry breaking
may introduce differences between the two sectors. Depending on the way the gauge
symmetries are broken, one can define two broad classes of mirror models. The first is
called the symmetric mirror model, where the weak scale in both sectors are the same,
whereas the second realization is one where the weak scales in the two sectors are different.
In the symmetric mirror model, the visible particles in our world have the same or nearly
the same mass as their mirror partners. This can lead to a new class of phenomena such as
neutron-mirror-neutron oscillation [22] if there are interactions connecting # to n’ such as
uddu'd'd’. There are now several experiments searching for this process [23,24]. The Kaon
oscillation can now involve four mesons (K, K, K/, K’), if there are operators of type dsd's’
in the theory. Note that such new oscillations are not generic to mirror models and need
additional assumptions.
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Table 1. Gauge quantum numbers of all the fields in the theory; 77 is a mirror parity odd field.

’ !
Our World SU(3)c X SU(2)L X Mirror World SU(3)c x SU(2)7 x

u(1)y u(1)y
Visible fermions mirror fermions
QL (3,2,1/3) QL (3,2,1/3)
UR (3,1,4/3) il (3,1,4/3)
dr (3,1,-2/3) di (3,1,-2/3)
o (1,2,-1) A (1,2,-1)
er (1,1,-2) eR (1,1,-2)
Gauge bosons Mirror Gauge bosons
W, Z,,Gluons W', Z',«/, mirror Gluons
Scalar sector mirror scalar
H (1,2,1) H' (1,2,+1)
Ui (1,1,0) i (1,1,0)

To implement other details such as n' as dark matter, we must make sure that n’ is the
lightest baryon in the mirror sector. A single Higgs doublet in each sector leads to relation
Furthermore, to understand neutrino masses, we add a Y = 2 triplet Higgs field to each
sector as well [25]. Finally, we add three gauge singlet fermions N, connecting the mirror
world and the visible one to explain the matter—dark matter coincidence puzzle.

The interactions of the mirror particles are identical duplicates of those in the visible
sector, and we do not write them down here.

. To make m,, less than m,, we need to add another Higgs doublet to each sector.

3. Consistency Requirements for the Mirror World Picture

The basic picture for the mirror world scenario is that at the big bang origin time, both
ours and the mirror universe were present and started evolving in a completely identical
manner. The next big event in the evolution of the universe was the inflation to explain
the isotropy, homogeneity, causal connectedness and flatness of the universe. The question
that now arises is the whether both the worlds inflate and reheat the in same way. It turns
out that they do, but they must reheat to different temperatures after inflation with the
mirror world reheating to a cooler temperature and remaining colder for the rest of its life.
Thus, the two requirements for mirror models are: (i) asymmetric inflation [12,13,26] so
that the reheat temperature in the mirror sector is lower and (ii) the absence of interactions
connecting both worlds that will put them in equilibrium with each other after the reheat.

The reason why the mirror sector has to be colder is the fact that the mirror sector
adds three extra neutrinos, the mirror electron and a mirror photon to the cosmic plasma of
relativistic particles on top of the already known neutrinos, electron and the photon, thus
doubling the relativistic degrees of freedom at the BBN epoch. This increased number is
in sharp contradiction to the fact that the known neutrinos, the photon and the electrons
are just enough to explain the observed helium, deuterium and lithium abundance in the
visible universe. The extra degrees of freedom, if any, are collectively denoted by AN,f,
which is restricted to be less than 0.3. Since the energy density of relativistic particles acts
like T#, a cooler mirror sector reduces the extra energy density contributed by the extra
mirror particles to the desired level to restore consistency of the nucleosynthesis results.
The necessary coldness of the mirror sector can be determined from this. If we denote
x = TT/, the present limits from BBN are satisfied for x < 0.7, assuming AN, i< 0.3.
In the discussion below, we assume x = 0.5 for definiteness. The only way to avoid this
requirement is to design the model in such a way that all mirror neutrinos, the mirror
photon and the mirror electrons are much heavier so that they would have annihilated or
decayed away by the BBN epoch. We do not make this assumption in what follows.
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To obtain the cooler mirror sector, we resort to the mechanism of asymmetric inflation
outlined in [12]. The Z; invariant Higgs potential for the model with a single Higgs doublet
in each sector that implements asymmetric inflation is given by

V(p,H,H') = V(H,H) +min* + Ayy* + g (H'H — HH') + Ay (HYH + H'TH') 1)
with
V(H,H') = i, (HH+ H'H') + Ay (H'H)? + (HH'?) + Ay (HTH)(H'H') ()

We note that the potential has no 73 term since 7 is a mirror Z, odd field. The 5-field is
the inflaton field which acquires VEV < y ># 0. This asymmetrises 1 couplings to H
and H' fields leading to I'(y — HH) > I'(y — H'H’) as we see later. After inflation ends,
the inflaton field decays to the two sectors in an asymmetric way, leading to different reheat
temperatures in the two sectors. The same asymmetric coupling of the #-field also leads to
the electroweak VEVs in the two sectors being different. Thus, # plays a dual role in the
model, unifying two different aspects of it.

Another way to restore consistency of mirror models with BBN is to add heavy gauge
singlet Majorana neutrinos N, N " to the two sectors, respectively, and connect them via a
mass term MNN’ + h.c. This can lead to N eigenstates with different masses and different
couplings to /H and ¢'H’ states and a subsequent release of more relativistic particles from
their decay to the visible sector compared to the mirror sector [27]. This, in turn, leads to
x < 1 and solving the BBN problem. We do not follow this route here.

Thus, in our asymmetric mirror scenario, the two parameters that characterize the
mirror sector of the universe are x, the ratio of the two temperatures and f3, the ratio of mass
scales, p = %, One immediate consequence of B < 1 is that the two strong couplings as

and af, whid‘"{kstart out being equal at very high energies due to mirror symmetry, become
different at low scales, when we obtain as(y) < af(p). This results from the fact that
the mirror top quark decouples much above the visible top quark from QCD running
since (my /my) = (0], /vyr) > 1. This leads to the following constraint on QCD and
QCD’ scales: A’QCD > Agcp, which makes the mirror sector particles, and in particular
baryons, heavier.

4. Asymmetric Inflation, Weak Scale Asymmetry and Constraints on Model Parameters

As already noted, the 7 field in Equation (1), which is odd under mirror symmetry,
plays an important role in the model; (i) it is the inflaton field; (ii) its VEV asymmetrises the
inflaton coupling to the Higgs and mirror Higgs fields, which leads to asymmetric reheating
in the two sectors; and (iii) finally, its VEV also asymmetrises the particle spectrum in both
sectors and becomes one of the keys to solving the matter-dark matter coincidence problem.
We note, parenthetically, that ours is a model of chaotic inflation, which is slightly outside
the Planck CMB data, but this problem can be cured by coupling # non-minimally to gravity.
We do not dwell on this aspect here. As an order of magnitude, we estimate that VEV of i1
to be of order |M;|, which is assumed in the discussion below.

We see that 77 vev makes the H and H’ masses different as follows [28]:

M3y = piy + Ayuoy + pyoy ©)
M%{, = F‘%{ + /\VHU% — Uy0y

The reheat temperatures are given by Try ~ /I’y Mp. If we then use the width of
7 — HH, etc., as (assuming M, >> ipy)

(]411 + )\;IHUU )2

I'(y - HH) ~ 87M,

4)

and similarly for 7 — H'H’ decay, we obtain
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RE By~ AyHYy

~ 0.3 5
TRy My + Ayuoy ©)

We now summarize the constraints on the parameters of the potential above that
follow from weak scale asymmetry and asymmetric reheating. For the sake of illustration,
we take M,fle8 GeV as a benchmark parameter.

e First, we find that < 7 >~M;, for A;~1.

e  Since M%{, p to break the electroweak symmetries in both the visible and mirror
sectors, to obtain v/, ~10%v,, |12 + /\,]Hv%|~y,70,7~1010 GeV?2, jiyvy > Oand p%, <0
is required, as well as —|p2;| + A, 0* — ;v ~ 10* GeV2. This produces the desired
parameter range for our model, i.e., f~1073. This also implies that

pyvy = |ug| ~ 10'°GeV? (6)

e This offers y1;,~100 GeV and A,;~10~° for our benchmark choice.

e We require %—SNxNO.S. This leads to py ~ 2A,; g0y

e These results for M;~10% GeV produce T ~10%> GeV. Thus, we obtain an upper
bound on the inflation reheat in the visible sector.

e The last constraint at this stage is that the mass of the 5-field must be such that
the HH — H'H’ scattering via 1 exchange does not thermalize the two sectors till

4T
the BBN epoch, i.e., Tgp ~N~1073 GeV. The condition for this is that SZ'M; < 101\%.

For M,;~108 GeV, this implies that the temperature below which there is equilibrium

pi Mp

100M;f

¢ Infact, by varying the value of M;, we find that this condition implies an upper limit
on Try of order 10°° GeV. In Table 2, we present the value of T, for different choices
of My, which helps us to obtain this upper limit on Try. This upper limit is important
since it implies that the masses of the singlet fermions N must be less than this if they
have to be present in the universe to generate lepton asymmetry in both the visible
and dark sectors (see the next section).

is given by Ty~

~10 eV. This is acceptable since it does not affect BBN.

Table 2. Lowering M, brings the mirror and visible sectors to equilibrium and makes the theory
unacceptable. Increasing My keeps the theory acceptable but yields a lower Trp. Thus, near about
the value of M, ~108, the maximum Trp is yielded. We choose this optimal value for our parameters.

M, My Tru T, Comment
10° GeV 100 GeV 10> GeV 10eV acceptable
100 Gev 1GeV 10% GeV 102 GeV acceptable
10° GeV 10* GeV 1085 GeV 10° GeV unacceptable

5. Matter-Dark Matter Coincidence

As already noted, the lightest baryon of the mirror sector (in our case, ') can be a
dark matter of the universe and in the framework described below is an asymmetric dark
matter [29,30]. After the end of inflation reheat, the universe undergoes usual Hubble
expansion and processes leading to leptogenesis and Big Bang Nucleosynthesis start in
both sectors. Due to asymmetric weak scales and colder mirror sector, the value of g*,
the number of degrees of freedom are not always same in both sectors, but for simple
illustration of the phenomena we are interested in, we assume them to be same.

Let us first discuss how the mirror world explains the matter-dark matter coincidence
puzzle via leptogenesis [12]. For this purpose, we add three SM singlet Majorana fermions
N, portals which connect both sectors of the universe via the following couplings [12]:
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Ly = My(NN)+hN(LH +L'H') + h.c. @)

where we drop the three flavor indices in coupling matrix / and mass matrix My. We then
use leptogenesis as the co-genesis mechanism for matter and dark matter following [12]
(we note that there is no 7NN coupling in the theory, since NN is Z; even when 7 is Z;
odd). We assume that the mass of the N singlets is 10° GeV so that after reheating is
completed they exist in the cosmic fluid. They connect with the SM and mirror particles
via their couplings in Equation (5). We further assume that they produce lepton asymmetry
via leptogenesis in both the visible and mirror sectors. Due to mirror symmetry, they
produce an equal amount of lepton asymmetry in both sectors, which is then converted
to both visible and mirror baryons, producing ng = np due to their respective sphaleron
interactions. The lepton asymmetry is produced below T~M N~106 GeV, when despite a
colder mirror sector, the mirror sphalerons are still active. This requirement also puts an
upper limit on v/, < My.

Since the N masses are low, the mechanism is the resonant leptogenesis mecha-
nism [31], which requires that at least two of the portal right-handed neutrinos (RHN) are
degenerate. The RHNs must exit the equilibrium at T ~ My. The condition for that is

Hh* My ~ 10M7%\’
4 - Mp

®)

For M N~1O6 GeV, this implies hi~1075. In resonant leptogenesis, by adjusting the degree
of degeneracy, one can produce an adequate amount of lepton asymmetry.

The addition of the cogenesis to the mirror model imposes these constraints on the
model parameters:

e We must guarantee that the wash-out processes are out of equilibrium, which requires
that K = % < 10°, which is easily satisfied in the model.

e We must also ensure that the N-mediated /H — ¢'H’ scatterings do not equilibrate
the two worlds. This implies that

hht)2T3 1072
B <DL ©
My, Mp

This condition is easily satisfied below the reheat temperature of 105 GeV.

It follows from these considerations that ng = np/. Therefore, if the mass of the mirror
neutron dark matter is about 4-5 GeV, we have an understanding of the matter—dark matter
coincidence puzzle.

6. Helium Universe in the Mirror Sector

In this section, we discuss some implications of the two outstanding features of the

. . . I . !
asymmetric mirror model, i.e., (B = Z;—”‘ < 1) and a cold mirror sector (x = TT < 1.

As a first step, we discuss the consequezrv{(ces of nucleosynthesis in the mirror sector. We
present a very simple approximate analysis, neglecting the difference in the degrees of
freedom between the two sectors as the universe evolves and also subtleties associated
with deuterium formation prior to helium synthesis.

First, we need to write down the expansion rate equation of the universe in terms of
the temperature of the mirror sector, T’ = xT, where T is the temperature of the visible
sector. We then have

MAH? = " T"* (1 + x7%) (10)
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To discuss big bang nucleosynthesis (BBN) in the mirror sector [32], we first find out
the value of T’ at which the mirror weak reactions involving mirror neutrinos, such as
v +n’ — p’ 4 ¢, that maintain the mirror neutron proton equality go out of equilibrium.
The equation for that is

g*l/Zle(l + x74)1/2
Mp

GP2piT" < (11)

As just noted, we assume the number of degrees of freedom g* to be same in each sector for

simplicity. Adding extra details on this would not significantly change our broad conclusion.
This leads to the v' decoupling temperature T, in the mirror sector to be

T, ~ (§9)/G P31+ x4 /OMp /3 Gev (12)

For our parameter choice, this n’/p’ freeze-out occurs at the mirror sector temperature
equal to ~70 GeV. It was shown in Ref. [20] that for a certain choice of the two Higgs
doublet VEVs (or tan #) in the model, the mirror neutron can be lighter than the mirror
proton and the mass difference 1,y —m,s ~ 2 GeV or so, which means that the number
of mirror protons and mirror neutrons at their freeze-out epoch is about same, with the
number of neutrons slightly exceeding that of protons. Since the nuclear forces in the visible
and the mirror sectors are similar, we expect that all the protons (p’) combine with equal
number of neutrons (1’) to form mirror Helium with very few mirror neutrons left over
leading to a Helium dominated mirror universe as announced. Dark matter then consists
of mirror helium and leftover mirror neutrons (for an interpretation of the DAMA results
in the mirror model framework, see [33,34]).

7. Comments and Conclusions

In this brief note, we summarize the main points of the asymmetric mirror world
model for dark matter, where the electroweak symmetry breaking in the mirror sector is
higher than that of the visible sector. It turns out that the consistency between a colder
mirror sector with electroweak VEV asymmetry implies an upper bound on the inflation
reheat temperature of 105 GeV, which is a new result of this paper. We outline the co-
genesis for matter and dark matter in this set-up and show that the weak scale asymmetry,
together with a colder mirror sector, leads to the mirror sector being helium-dominated.
This has implications for structure formation in the mirror universe.

There are many relevant points about asymmetric mirror models that we do not discuss
here. For example, in these models, there are other gauge-invariant interactions which can
connect both sectors, e.g., photon mirror photon mixing coming from hypercharge gauge
boson mixings By, B'*Y, Higgs mixings HT HH' TH', etc. For the consistency of the model
described here, these interactions must be highly suppressed. The other issue that we do
not address is the formation of structure in a helium universe and mirror stellar evolution
as well as the possibility that familiar neutron stars could contain mirror dark matter in
their core and how it can affect their evolution, the latter item discussed in [35-37].
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Abstract: Discrete flavor symmetries provide a promising approach to understand the flavor sector
of the standard model of particle physics. Top-down (TD) explanations from string theory reveal two
different types of such flavor symmetries: traditional and modular flavor symmetries that combine to
the eclectic flavor group. There have been many bottom-up (BU) constructions to fit experimental
data within this scheme. We compare TD and BU constructions to identify the most promising
groups and try to give a unified description. Although there is some progress in joining BU and TD
approaches, we point out some gaps that have to be closed with future model building.

Keywords: flavor; string compactifications; eclectic symmetries

1. Introduction

The problem of flavor, the description of masses and mixing angles of quarks and
leptons, remains one of the most important questions in elementary particle physics. A
major approach to solve this problem is based on non-Abelian (discrete) flavor symmetries.
In attempting to fit presently available data, many different symmetries and representations
of flavor groups have been suggested and analysed. A comprehensive summary of these
BU attempts can be found in the reviews [1-4]. In his book [5] with Jihn E. Kim, entitled
History of Particle Theory, Paul Frampton (p. 172) mentions his preferred flavor group T,
the binary tetrahedral group. This choice is motivated through his early work on flavor
symmetries: see ref. [6] and references therein.

Citation: Nilles, LD Most attempts in the BU approach focus on the lepton sector to obtain solutions close
Ramos-Sénchez, S. Flavor’s Delight. to neutrino tribimaximal mixing [7]. Prominent examples have been Ay, S4, A(27), A(54),
Entropy 2024, 26, 355. %(81), and Q(24), among many others [8]. While they lead to acceptable solutions in the
https:/ /doi.org/10.3390/ lepton sector, applications to the quark sector have been less frequent and usually less
26050355 successful. Still, as there are many viable models it is difficult to draw a definite conclusion

about the correct choice.
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& It seems that we need additional ingredients to select models from a more theoretical

Received: 2 April 2024 point of view. Such TD considerations draw their motivation from string theory model
Accepted: 22 April 2024 building, in particular orbifold compactifications of the heterotic string [9-14]. Early
Published: 24 April 2024 work [15] on the Zj3 orbifold revealed the discrete flavor group A(54) with irreducible

triplet representations to describe the three families of quarks and leptons. Even more

earlier work, analyzing duality symmetries in string theory [16-19], provided an example

- of the discrete (modular) group T’. From this point of view, the predictions of the Zj;
orbifold lead to the discrete groups A(54) and T'.

Fortunately, these groups allow many connections to models of the BU approach;
in fact, T" and A(54), as well as their “little sisters” Ay and A(27), have played a major
role (for an encyclopedia of discrete groups and technical details, we refer to ref. [20]).
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mixing. We continue with its double cover T” and potential applications to flavor physics.
Section 3 introduces the motivation for the use of the group A(27) for leptonic mixing.
It has 27 elements and is a discrete subgroup of SU(3). It is also a subgroup of A(54)
that appeared in early discussions of flavor groups in string theory constructions [15].
Section 4 is devoted to TD considerations of flavor symmetries from string theory model
building. There, we shall also introduce the concept of discrete modular symmetries that
were discovered from an analysis of dualities in string theory [16-19]. The application of
modular symmetries to flavor physics was pioneered in the BU approach by Feruglio [21]
for the example of the discrete modular group A4. We argue that the TD approach favors
instead the modular flavor group T’, the double cover of A4. Section 5 introduces the
concept of the eclectic flavor group [22,23] that appears as a prediction in the string theory
framework. It combines the traditional flavor symmetries (here, A(54)) with the discrete
modular flavor symmetries (here, T'). In Section 6, we shall try to make contact between
the BU and TD approaches. Section 7 will give an outlook on strategies for further model
building. The appendices will provide technical details of the properties of Ay, T', A(27),
and A(54).

2. The Tetrahedral Group and Its Double Cover

The symmetry group T of the tetrahedron is one of the smallest non-Abelian discrete
groups and found early applications in particle physics [24,25]. It has 12 elements and is
isomorphic to Ay, the group of even permutations of four elements. There are three singlets
(1,7,1”) and one irreducible triplet representation. Detailed properties of T = A4 can be
found in Appendix A.1. The presence of the triplet representation makes it attractive for
flavor physics with three families of quarks and leptons. It became particularly relevant
for the discussion of (nearly) tribimaximal mixing [26,27] in the lepton sector. An explicit
discussion of this situation can be found in the reviews [1,8]. Tribimaximal mixing [7] is
characterized (up to phases) through the PMNS structure

2 1 0
A

Upmns = - ? ? - fﬁ
Ve V3 V2

and includes a Z, X Z, symmetry acting (in the neutrino mass basis) as U = diag(—1, —1,1)
and V = diag(—1,1, —1). This symmetry is a subgroup of S, the group of permutations of
four elements. Tribimaximal mixing, however, is not exactly realized in nature as it would
imply that the (reactor) angle 613 vanishes. The 7, transformation V thus cannot be an
exact symmetry. This brings A4 into the game, a subgroup of S4 that does not contain V.
It allows satisfactory fits for the lepton sector, as reviewed in ref. [1]. These applications
typically use the triplet representation for the left-handed lepton-SU(2)-doublets (v;, ¢;)
and the representations (1,1’ and 1”) for the the SU(2) singlets of the standard model of
particle physics (SM). Various “flavon” fields have to be considered for the spontaneous
breakdown of Ay, and this is subject to explicit model building, which we shall not discuss
here in detail. In any case, T = A, is a very appealing discrete flavor symmetry for the
description of the lepton sector.

A look at the quark sector reveals a completely different picture: there, all mixing
angles are small and a fit similar to the lepton sector does not seem to work. One
particular property of the quark sector is the fact that the top-quark is much heavier than
the other quarks. This seems to indicate a special role of the third family, somewhat
sequestered from the other two families. This could therefore imply that for quarks the
third-family is a singlet under the discrete flavor group. Such a situation can be well
described in the framework of T’, the double cover of T = Ay. This group has 24 elements
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with representations 1,1’,1”,3 (as A4 2 T) and in addition doublet representations 2,2’,2"
(details of properties of T’ can be found in Appendix A.2). This double-cover is similar
to the double-cover SU(2) of SO(3) when describing angular momentum. In fact, T is a
subgroup of SO(3) and T’ is a subgroup of SU(2). This implies that the dynamics and
constraints associated with T can equally stem from the larger group T’ (in analogy to the
fact that one can also describe integer spin with SU(2)), while the doublet representations
of T’ allow for more options [28,29].

This fact has been used in refs. [30,31] to obtain a simultaneous description of both,
the lepton- and the quark-sector in the framework of T’ [6]. The lepton sector remains
the same as in the A4 case, while in the quark sector we do not use the irreducible triplet
representation, but the representation 1@ 2/, to single out the third family. This seems to be
a nice explanation of the difference of the quark and lepton sectors within the flavor group
T'. As Paul Frampton says in his book with Jihn E. Kim [5] (page 172) “Clearly, it is better
simultaneously to fit both the quark- and lepton-mixing matrices. This is possible using,
for example, the binary tetrahedral group T'”. There are, of course, many other attempts
based on larger groups and representations, but T’ remains a very attractive option.

3. Towards Larger Groups: A(27) and A(54)

Although small groups such as A4 and T’ already lead to satisfactory fits, there are
a lot of new parameters and ambiguities in explicit model building, and it is not evident
whether this really gives the ultimate answer. In fact, there have been many more attempts
with different groups and different representations, as can be seen in refs. [1-4]. Another
attractive small group is A(27). It has 27 elements and 9 one-dimensional representations,
as well as a triplet 3 and an anti-triplet 3 representation. Technical details of the group are
given in Appendix B.2. This is still a small group and is attractive in particular because
of the 3 and 3 representations, which are well suited for flavor model building with three
families of quarks and leptons. As shown in the appendix, it can be constructed as a
semi-direct product of Z3xZ3 and Z3 and is a subgroup of SU(3).

Early applications can be found in refs. [32-36], which exploit the presence of the 3 and
3 representations. For more recent work and a detailed list of references, refer to refs. [37,38].
As in the case of Ay, A(27) is also well suited to accommodate near tribimaximal mixing.
Again (as for Ay), the Zyx Zy group of tribimaximal mixing is not a subgroup of A(27),
but it appears approximately for specific alignments of the vacuum expectation values of
flavon fields that appear naturally within A(27).

A(27) is the “little sister” and subgroup of A(54). This group has 54 elements, two
singlet, four doublet, and two pairs of triplet and anti-triplet (3 & 3) representations. The
properties of A(54) are collected in Appendix B.1. It is already quite a large group, some-
what unfamiliar to the BU flavor-community and found less applications than A(27). It
became popular because of its appearance in string theory [15], which we shall discuss in
Section 4 in detail. Explicit BU model building with A(54) was pioneered in ref. [20].

4. Top-Down Considerations: A Taste of Flavor from String Theory

In the BU approach, there are many successful models based on various groups and
representations [1-4], too many to single out a “best” option. Such an answer might come
from theoretical considerations and top-down model building. An attractive framework
is provided by string theory. Here we shall concentrate on the orbifold compactifica-
tions of heterotic string theory, which provide many realistic models with gauge group
SU(3)xSU(2) xU(1) and three families of quarks and leptons [10,13,39-44].

In these theories, discrete flavor symmetries arise as a result of the geometry of extra
dimensions and the geography of fields localized in compact space. Strings are extended
objects, and this reflects itself in generalized aspects of geometry that include the winding
modes of strings. A full classification of the flavor symmetries of orbifold compactifications
of the heterotic string is given by the outer automorphisms [45,46] of the Narain space
group [47-50]. Here we shall not be able to give a full derivation of this fact, but only
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provide a glimpse of the general TD formalism and illustrate the results in simple examples
based on a D = 2-dimensional torus and its orbifold.

In general, a string in D dimensions has D right-moving and D left-moving degrees
of freedom, encoded in Y = (yg, y1.). Compactifying the theory on a D-dimensional torus
demands that the 2D degrees of freedom be subject to the toroidal boundary conditions

= ()~ rees = ()£,
YL yL m

where the winding and the Kaluza—Klein (momentum) quantum numbers of the string,
n,m € ZP, define a 2D-dimensional Narain lattice. E denotes the so-called Narain viel-
bein and contains the moduli M; of the torus. In the Narain formulation, we achieve a
D-dimensional orbifold by imposing the identifications

Y~0OY+E N, with the Zg orbifold twist © = <0R 0 ) satisfying oK = 1p,

0 6

where k = 0,...,K — 1 and the SO(D) elements 6,0 are set to be equal to obtain a
symmetric orbifold. Excluding roto-translations, the Narain space group can then be
generated by

the twist (®,0) and shifts (1,E;) for i=1,...,2D.

It turns out that flavor symmetries correspond to the (rotational and translational)
outer automorphisms of this Narain space group [45,46], which are transformations that
map the group to itself but do not belong to the group.

Hence, it follows that the flavor symmetries of string theory come in two classes:

e Those symmetries that map momentum- to momentum- and winding- to winding-
modes. These symmetries we call traditional flavor symmetries. They are the same
type as those symmetries that would appear in a quantum field theory of point
particles. In the Narain formulation, these can be understood as translational outer
automorphisms of the Narain space group.

e  Symmetries that exchange winding- and momentum-modes. They have their origin in
the duality transformations of string theory. We call them modular flavor symmetries
as (for the torus discussed here) they are connected to the modular group SL(2,7Z).
These arise from rotational outer automorphisms of the Narain space group.

4.1. Traditional Flavor Symmetries

Here we concentrate on the two-dimensional cases T2/Zg and K = 2, 3,4, 6, which can
be understood as the fundamental building blocks for the discussion of flavor symmetries.
They have been discussed in detail in ref. [15]. Various groups can be obtained, prominently
Dg or A(54). As an illustrative example, we discuss here the case T2 /Z3 with group A(54)
because it has the nice property to provide irreducible triplet representations for three
families of quarks and leptons [43,51].

The 73 orbifold T2 /75 is shown in Figure 1. Twisted fields are localized on the
fixed points X, Y, Z of the orbifold. This geometry leads to an S3 symmetry from the
interchange of the fixed points. String theory selection rules provide an additional Z3xZ3
flavor symmetry, as discussed in ref. [15]. The full traditional flavor symmetry is A(54),
the multiplicative closure of these groups. The twisted states on the fixed points X, Y, Z
transform as (irreducible) triplets under A(54) (details can be found in Appendix B.1).
A(54) has two independent triplet representations, 3; and 3,. Both can be realized in
string theory, depending on the presence or absence of twisted oscillator modes [23]. The
untwisted states are in the trivial 1 representation in the absence and 1’ in the presence of
oscillator modes. A nontrivial vacuum expectation value of a field in the 1’ representation
will break A(54) to A(27). A discussion of the breakdown pattern of A(54) can be found
in ref. [52]. Winding states transform as doublets under A(54). They are typically heavy
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and could play a prominent role in the discussion of C’P-violation in string theory as they
provide a mechanism for baryogenesis through the decay of the heavy winding modes [53].

€2

X el

Figure 1. The T2/ Z3 orbifold (yellow shaded region) with three fixed points, X, Y, Z. Twisted states
are localized at theses fixed points. Figure taken from ref. [54].

4.2. Modular Flavor Symmetries

Modular flavor symmetries have their origin in the duality transformations of string
theory. One example is T-duality, which exchanges winding and momentum modes. As a
warm-up example, consider a string on a circle of radius R.

The masses of momentum modes are governed by 1/R, while winding states become
heavier as R grows. On the other hand, the T-duality of string theory is defined by
the transformations

winding modes <— momentum modes and R +— a'/R.

Hence, T-duality maps a theory to its T-dual, which coincides at the self-dual point
R2=da' =1/ Mgmn ,where 1/« is the string tension. For a generic value of the modulus R,
T-duality exchanges light and heavy states, which suggests that T-duality could be relevant
to flavor physics. Since string theory demands the compactifications of more than one
extra dimension, T-duality generalizes to large groups of nontrivial transformations of the
moduli of higher-dimensional tori. For instance, in D = 2 the transformations on each of
the (Kahler and complex structure) moduli build the modular group SL(2, Z)? of the T?

torus. The group SL(2, Z) is generated by two elements,
Sand T, suchthat S* =1, ST =TS? and (ST)® = 1.

For each modular group, SL(2, Z ), there exists an associated modulus, M, that trans-

forms as 1
S: MHfM and T: M— M+1.

Further transformations include mirror symmetry (which exchanges Kéhler and com-
plex structure moduli) as well as the CP-like transformation

U: M~ —M,

where M denotes the complex conjugate of M. String dualities give important constraints
on the action of the theory via the modular group SL(2,Z) (or GL(2, Z) when including U).
A general SL(2, Z) transformation of the modulus is given by

v aM+b _ <a b

M d d) € SL(2,7Z),

57



Entropy 2024, 26, 355

with dety = 1and a,b,c,d € Z. The value of M (originally in the upper complex half
plane) is then restricted to the fundamental domain, as shown in (the dark shaded region
of) Figure 2. Matter fields ¢ turn out to transform as

¢ — (cM+d)*(y)¢  for v € SL(2,7),

where (¢ M + d)F is known as automorphy factor, k is a modular weight fixed by the
compactification properties [55,56], and p(7y) is a unitary representation of -y. Interestingly,
(p(T))N = 1 even though TN # 1, such that p(+y) generates a so-called finite modular
group, as we shall shortly discuss. Among others, the modular weights, k, of the fields are
important ingredients for flavor model building.

Im M

i vl \
-15 -1.0 -05 0.0 05 1.0 15 ReM

Figure 2. Fundamental domain of SL(2,7Z) (dark shaded) and of its subgroup I'(3) == SL(2,3Z)
(light shaded). Figure taken from ref. [54].

As in the one-dimensional case, duality maps one theory to its dual, and there remains
the question of whether or not such transformations are relevant for the low-energy effective
action of the massless fields. This has been discussed explicitly with the help of worldsheet
conformal field theory methods [16-19]. It leads to field-dependent Yukawa couplings that
transform as modular forms Y (") (M) of a weights ny > 0,

Y (M) -5 (e MA+d)Ypy(y) Y™ (M) for ¢ € SL(2,7),
where, as for matter fields, py(+y) is also a unitary representation of vy in a finite modular
group. The description in terms of supergravity actions has been given in ref. [57]. From
the transformation properties of matter fields and Yukawa couplings, it becomes clear that
the action is subject to both invariance under the finite modular group and conditions on
the modular weights, which are strongly restricted in the TD approach.

Let us illustrate the relevance to flavor physics in the case of the 73 orbifold. We start
with a two-torus and its two moduli: Kahler modulus M and complex structure modulus U.
On the orbifold, the U-modulus is frozen, such that the lengths of the lattice vectors ¢; and
ey are equal, with an angle of 120 degrees (see Figure 1). This also gives restrictions on the
modular transformations of the matter fields. The coefficients a, b, ¢,d € Z of the modular
transformation are defined only by modulo 3; hence, instead of the full modular group
SL(2,7), we have to deal with its so-called principal congruence subgroup (the principal
congruence subgroup of level N is denoted by I'(N) and built by all v € SL(2, Z), such that
v =1 mod N), T(3) = SL(2,3%). Clearly, I'(3) still has infinitely many elements, but it is
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a normal subgroup of the finite index in SL(2, Z). Hence, a finite discrete modular group
can be obtained by the quotient SL(2,Z)/T(3) = I';. An explicit discussion is provided
in ref. [58]. F’3 is isomorphic to T’, the binary tetrahedral group. It is the double cover of
I's = A4, which one would obtain starting with PSL(2, Z) instead of SL(2,7Z). In the first
application of discrete modular flavor symmetry, Feruglio [21] used the group I's = Ay
with its representations 1,1’,1”, and 3 to explain tribimaximal mixing in the standard way.
Complications with flavon fields and many additional parameters could be avoided as the
modular flavor symmetry is nonlinearly realized. This might lead to problems with the
control of additional free parameters in the Kahler potential, which has been taken into
account [59]. The modular flavor approach was picked up quickly [2,4,60-66] and led to
many different BU constructions with various groups, representations of modular weights.

Unfortunately, the TD approach is much more restrictive and allows less freedom in
model building. In our example, we obtain T’ and not A4 (the double cover is necessary
to obtain chiral fermions in the string construction). Moreover, the twisted states do not
transform as irreducible triplets of T’ but as 14 2/, and the modular weights of the fields
are correlated with the T’ representation (and thus cannot be chosen freely as done in the
BU framework). Some details of T" modular forms are provided in Appendix C.

5. Eclectic Flavor Groups

So far we have seen that string theory predicts the presence of both the traditional
flavor group (A(54) in our example) and the modular flavor group (T’). You cannot
have one of them without the other. This should be taken into account in flavor model
building. The eclectic flavor group [22] is the multiplicative closure of A(54) and T’, here
Q(1) = [648,533]. (We have somewhat simplified the discussion here. In full string theory
with six compact extra dimensions, we usually find additional R-symmetries that would
increase the eclectic flavor group, here the group (1) to Q2(2) = [1944, 3448]. A detailed
discussion of these subtleties can be found in refs. [67,68].) Observe that this group has
only 648 elements for the product of groups with 54 and 24 elements, respectively. There is
one Zy-like element contained in both A(54) and T’. Incidentally, this is the same element
that enhances A(27) to A(54). Thus, A(27) and A(54), together with T/, would lead to the
same eclectic group [22].

The eclectic flavor group is nonlinearly realized. Part of it appears “spontaneously”
broken through the vacuum expectation value of the modulus M. The modulus is confined
to the fundamental domain of I'(3) = SL(2,3Z), as displayed in Figure 2. This area
is reduced by a factor two if we include the natural candidate for a CP-symmetry that
transforms M to —M. The CP-symmetry extends SL(2,7Z) to GL(2,7Z), T' to GL(2,3) (a
group with 48 elements), and the eclectic group ()(1) to a group with 1296 elements. The
fundamental domain includes fixed points and fixed lines with respect to the modular
transformations S and T as well as the CP-transformation U : M — —M, as shown in
Figure 3.

For generic points in moduli space the traditional flavor symmetry, A(54) is linearly
realized. At the fixed points and lines this symmetry is enhanced to larger groups, as
illustrated in Figure 4.

We see that here the largest linearly realized group has 324 elements with GAP
Id [324,39]. (We use the group notation of the classification of GAP [69].) Thus, only part of
the full eclectic flavor group with 1296 elements (including CP) can be linearly realized.
The enhancement of the traditional flavor symmetry at fixed loci (here points and lines) in
the fundamental domain exhibits the phenomenon called “Local Flavor Unification” [45,46].
The flavor symmetry is non-universal in moduli space, and the spontaneous breakdown
of modular flavor symmetry can be understood as a motion in moduli space. This has
important consequences for flavor model building. At the loci of enhanced symmetry,
some of the masses and mixing angles of the quark- and lepton-sector might vanish.
The explanation of small parameters and hierarchies in flavor physics can thus find an
explanation if the modulus is located close to the fixed points or lines [52,70-78]. The
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mechanism of moduli stabilization in string theory could therefore provide the ingredients
to understand the mysteries of flavor [71,79-81].

Im M
L) TU TTU TTTU

+6-8 3

Re M

0.0 0.5 1.0 15

Figure 3. Unbroken modular symmetries at special curves in moduli space, including the CP-like
generator U, which maps M — —M. Figure adapted from ref. [46].

ImM

0.0 05 1.0 1.5

Figure 4. Local flavor unification at special points and curves in moduli space. The traditional flavor
symmetry A(54), valid at generic points, is enhanced to two (different) groups with GAP Id [108,17]
at the vertical lines and semi-circles, including CP-like transformations. At the intersections of curves,
the flavor symmetry is further enhanced to [216,87] and [324,39], also with CP-like transformations.
Figure adapted from ref. [45].

6. Top-Down Does Not Yet Meet Bottom-Up

There have been many BU constructions, but only a few take TD considerations into
account [82-84]. From the presently available TD models, the groups A(54) for traditional
and T’ for modular flavor symmetry seem to be the favorite choices. In fact, there is only
one explicit model that incorporates the SM with gauge group SU(3)xSU(2) xU(1) and
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three families of quarks and leptons [72]. We certainly need more work in the TD approach.
Therefore, any conclusions about the connection between the two approaches is necessarily
preliminary. Still, it is reassuring to see that the same groups A(54) and T’ and their “little
sisters” A(27) and A4 appear prominently in BU constructions. One could therefore try to
make contact between the two approaches within this class of models.

Before we do that, we would like to stress some important properties of the TD
approach that seem to be of more general validity and thus should have an influence on
BU model building. The first of these is the prediction of string theory for the simultaneous
presence of both traditional and modular flavor symmetry that combine to the eclectic
flavor group. It is this eclectic group that is relevant, not one of the others in isolation.
Up to now, many BU constructions only consider one of them. Therefore, a direct contact
between the two approaches is very difficult at this point.

The TD approach is very restrictive. Apart from the limited type of groups that appear
in the TD constructions, there are also severe restrictions on the choice of representations.
Not everything is possible. In the case of modular symmetry T’, for example, the irreducible
triplet representation does not appear in the spectrum, while many BU constructions exactly
concentrate on this representation. Therefore, the TD approach cannot make contact with
models based on modular A4 flavor symmetry, where these triplets are generally used. For
T', we have the twisted fields in the 1 ® 2’ representation. It seems to be more likely that
irreducible triplet representations are found within the traditional flavor group, as seen in
the example with A(54).

A second severe restriction concerns the choice of modular weights. In the TD ap-
proach we have essentially no choice. Once we know the representations of the eclectic
group, the modular weights are fixed. This is an important restriction, as in the BU approach
the choice of modular weights is an important ingredient of model building. With a careful
choice of modular weights one can create additional “shaping symmetries”, which are
important for the success of the fit to the data. This is not possible in the TD approach. There
the role of such symmetries could, however, be found in the traditional flavor symmetry.

As a result of these facts, there is presently still a crucial difference between the BU
and TD approaches, and a direct comparison is not possible at this point. We are still at the
very early stage of such investigations.

7. Outlook

Much more work in both approaches is needed in order to clarify the situation. In the
BU approach, it would be desirable to consider models that fulfill the restrictions coming
from TD. Traditional flavor symmetries and the eclectic framework should be taken into
account. A toolkit for such a construction can be found in the consideration of a modular
group that fits into the outer automorphism of the traditional flavor group, as explained in
ref. [22]. A recent application of this connection for the traditional flavor group A(27) has
been discussed in refs. [83,84]. Moreover, BU constructions should avoid the excessive use
of modular weights in model building. A strict correlation between the representations
and their modular weights might be the right way to proceed. Useful shaping symmetries
might be found within the traditional flavor symmetry instead.

The TD approach needs to make serious attempts for the construction of more explicit
models. In particular, it would be useful to increase the number of explicit string construc-
tions that ressemble the SM with gauge group SU(3) xSU(2)xU(1) and three families of
quarks and leptons. This is important, as in generic string theory we might find huge
classes of duality symmetries that might not survive in models with the properties of the
SM. Of course, the size and nature of these large symmetry groups have to be explored.
Modular invariance and its group SL(2, Z) are closely related to torus compactifications,
which can be realized in orbifold compactifications and more generally in Calabi-Yau
compactifications with elliptic fibrations. This can be described by the basic building
blocks T2 /7y with K = 2,3,4, 6, which have been studied previously [68]. Explicit string
model building shows that such situations are possible, but require particular constellations
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for the Wilson lines needed for realistic model building. Such Wilson lines and other
background fields might otherwise break modular symmetries in various ways [85-87].
In some orbifolds, only a subgroup of SL(2,Z) is unbroken, even without background
fields [88], which opens up the possibility of finite modular flavor symmetries beyond
T}( [65,66,89]. However, a more general discussion has to go beyond SL(2,Z). A first
step in the direction is the consideration of the Siegel modular group [78,90,91] or higher
dimensional constructions [67,68,92,93]. Many exciting developments seem to be in front
of us.
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Appendix A. The Group A4 and its Double Cover T’
Appendix A.1. Ay

Ay = (7o x Zyp) % Z3 (GAP 1d [12,3]) is the alternating group of four elements and can
also be understood as the rotational symmetry group of a regular tetrahedron. It contains
12 elements. A4 has the irreducible representations r € {1,1’,1”,3}. With w := /3 its
character table reads

class 1C; 3G, 4Gz 4G
representative | 1 S T T?
1 1 1 1 1
1 1 1 w  W?
1" 1 1 @ w
3 3 -1 0 0

in terms of the generators S and T. They satisfy S?> = T®> = (ST)® = 1 and their representa-
tions p, can be expressed by

r |1 17 1 3
-1 2 -2
pr(S)J1 1 1 {2 -1 -2
-2 -2 -1

(M) |1 w W? diag(1, w, w?)
The A4 product rules are
1"91"=1° with c=a+b mod 3, 1"®3=3, 303=161c1"a3e3,

where a,b,c = 0,1,2 correspond to the number of primes.
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Appendix A.2. T

T’ (GAP Id [24,3]) is the double cover of A4 known also as the binary tetrahedral group.
Its irreducible representations are r € {1,1/,1”,2,2/,2”,3}. This group can be generated by
two generators, S and T, satisfying S* = T® = (ST)® = 1 and S?T = TS?. This leads to the
character table

class 1C; 1C, 6Cy 4C3  4C, 4G 4Cy
representative | 1 s? S T2 ST S°T?
1 1 1 1 1 1 1 1
1/ 1 1 1 ) w? w w?
1" 1 1 1 w? w w? w
2 2 -2 0 -1 —1 1 1
2/ 2 -2 0 —w —w? w w?
2" 2 -2 0 —w? —w W? w
3 3 3 -1 0 0 0 0

Note that the triplet representation is unfaithful; it yields only Ay = T'/Z,, where the
normal Z; subgroup is generated by S?. The representations can be expressed as

! 1// 2 2/ 2// 3

Pr(S)‘ 1 Xs Qs p3(S)
(M |1 w «?* (OO7)* Qr O ps(T)

Jury

1
1

)
w
®
w

where we defined the two-dimensional matrices

_ (v dn(lo?, e
Qg = ﬁ(ﬁ 71>, Qr = diag(1, w?), QOr = diag(w, 1)

and the three-dimensional representation is given (as in A4) by

-1 2 =2
p3(5)(2 —1 —2) and  p3(T) = diag(1, w,w?).
-2 -2 -1

Finally, the tensor products of the T’ irreducible representations are given by

1"21"=1°, 1792’ =2°, 2°®2'=1°@%3 with c=a+0b mod3,
1"®3=3, 2°03=262¢2" and 303=1617¢1"¢343,

where a,b,c = 0,1,2 correspond to the number of primes. The Clebsch-Gordan coefficients
can be found, e.g., in [94].

Appendix B. Group Theory Elements of Larger Groups
Appendix B.1. A(54)

A(54) = (Z3 X Z3) % S3 = ((Z3 x 73) x Z3) X Zp (GAP Id [54,8]) has 54 elements,
which can be generated by three generators, A, B, C, satisfying the presentation A3 =B =
C? = (AB)® = (AB?)® = (AC)? = (BC)? = 1. Its irreducible representations are two
singlets, four doublets, and two triplets, plus their complex conjugates. Together, they lead
to the character table
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class | 1C; 9C, 6C; 6C, 6Cy 6CY  1Cs 1C4 9Cs  9C

repr.. | 1 C A B AB AB*> (ABC)2 (ACB)2 ABC ACB
1 1 1 1 1 1 1 1 1 1 1
1 1 -1 1 1 1 1 1 1 -1 -1
2, 2 0 2 -1 -1 -1 2 2 0 0
2 2 0o -1 2 -1 -1 2 2 0 0
23 2 0o -1 -1 -1 2 2 2 0 0
2 2 0o -1 -1 2 -1 2 2 0 0
3 3 1 0 0 0 0 3w 3w? w? w
3, 3 -1 0 0 0 0 3w 3w? —w?  —w
3; 3 1 0 0 0 0 3w? 3w w w?
3, 3 -1 0 0 0 0 3w? 3w T E—

The doublets are unfaithful representations, which yield the quotient group S3 =
A(54)/Z3 x Z3, where the normal subgroup Z3 x Z3 can be generated by A and BAB2AZ.
In the irreducible representations, the A(54) generators can be expressed as

ro |1 1T 2 2 235 2 3 3, 3, 3,
p,-(A) 1 1 ]12 02 Qz Qz p(A)
e+(B) |1 1 O 1o O Q5 p(B) p(B) p(B)* p(B)
pr(C) 1 -1 52 52 52 52 p(C)

where the doublet representations are generated by

10 w? 0 0 1
112—<O 1>, Qz—<0 cu)’ 52—<1 0>,
and the triplets by

010 10 0 0
P(A)=(0 0 1), P(B):(O w 0), p(C):< 1).
10 0 0 ?

It is useful to list the nontrivial tensor products of A(54) irreducible representations:

0
0
1

(=]
(=]

121 =1 102 =2, 1®3, =3, 7®3,=3, 103, =3,, 103 =3,
2,02 =101 B2, 2402/ =2, D2, withkALEm#n klLmn=1,...,4,
2,23, =303y, 2,23, =303, forall k=1,...,4,(=1,2,

3,3 =3133103, 3103 =303 03, 31031 =102182, 2302,
3103, =182182,82:82, 3,031 =182182,52:82,,

3,03, =102 B2, B23B2, 3/03,=31D31D3, 3103, =303, D3.

The explicit Clebsch—Gordan coefficients can be found, e.g., in [94].

Appendix B.2. A(27)

The group A(27) = (Z3 x Zz) x Z3 (GAP Id [27,3]) can be obtained from A(54),
excluding the 7Z; generator C. Hence, the generators A and B yielding the 27 elements
of the group are constrained to fulfill only the subset of conditions A3 = B® = (AB)® =
(AB?)® = 1. By excluding C in the A(54) character table, we observe that the A(27)
representations arise from the trivial singlet, the doublets, and combinations of triplets of
A(54). One can show that they break into nine singlets and two triplets, which describe the
character table
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dass | 1¢; 3ce 3¢y 3cs 3cd 3cg 3¢, 3¢ sct  3Ch 1G;
repr. | 1 A B A7 B2 AB AB? (AB)>? BA? AZB’AB A(AB)’B
Top | 1 1 1 1 1 1 1 1 1 1
101 1 1 w 1 «? w WP w? 1 1
Top | 1 1 @ 1 w & w w w? 1 1
119 1 w 1 w? 1 w w w? w? 1 1
111 1 w w w?  Wwr WP 1 w 1 1 1
1o 1 w w?  W? w 1 w? 1 w 1 1
10 1 w? 1 w 1 w? w? w w 1 1
11 1 w? W w w w 1 w? 1 1 1
1o 1 w? w w w? 1 w 1 w? 1 1
3 3 0 0 0 0 0 0 0 0 3w 3w?
3 3 0 0 0 0 0 0 0 0 3w? 3w

Here we immediately see that the singlets 1,5, r,s = 0,1,2, have the representa-
tions p,s(A) = w" and p,s(B) = w°. Further, the triplet representations are given by
03(A) = p3(A) = p(A) and p3(B) = p3(B)* = p(B), in terms of the A(54) matrices.

Finally, the tensor products of A(27) irreducible representations are given by

1s®1yg =1ug with ¥ =r+7 mod3, s =s+5s mod3,
1,;®3=3, 1,;®3=3 forall r,s=0,1,2,
393=30303, 303=303®3 and 3®3=) 1,
7,8

Appendix C. T/ Modular Forms

The vector space of SL(2,Z) modular forms of weight 1 associated with T = I}, =
SL(2,7)/T(3) can be spanned by [63]

7°(3 M) 73 (M/3)

17(M) (M)

in terms of the Dedekind #-function of the modulus M. One can show that the combinations

v = (560) = (3 ) ()

transform under v € SL(2,7Z) as

él(M) = and éz(M) =

YO (M) 5 (cM+d) pyr(7) YV (M),

i.e., building a 2" representation p,» of I'; = T', which is given in Appendix A.2. Higher-
weight modular forms of T’ are derived from Y (M) by the products of this basic vector-
valued modular form, such that Y"+") (M) = Y(") (M) @ Y(")(M). For instance, the
modular forms of weight 2 are obtained from Y@ (M) = Y(U(M) @ Y (M), which
build the T’ (and Ay) triplet (Y2(M)?, v2Y1(M)Y2(M), Y1 (M)?)T =: (X1, X5, X3)" (other
choices for the T’ Clebsch-Gordan coefficients lead to different but unimportant signs).
The expected singlet from 2” ® 2” = 1’ @ 3 vanishes, and we observe the known relation
X% —2X, X5 = 0, which can lead to interesting consequences [95].
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Abstract: In this brief paper, I give a very personal account on the state of particle physics on the
occasion of Paul Frampton’s 80th birthday.
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Tt is a pleasure to contribute to this Special Issue on the occasion of Paul Frampton’s
80th birthday. I got to know Paul in 2004 when I moved from Caltech to UNC-Chapel Hill
to take a postdoctoral position in his group. Paul very kindly came to knock at the door of
my apartment on the day I arrived in Chapel Hill after an exhausting but amazing four and
half days of driving from Pasadena to Chapel Hill. He took me to his place to have a chat
and to show me the pictures of all the Nobel prize winners he had interacted with. I will
never forget that Paul told me on that day that he had proposed so many extensions of the
Standard Model of particle physics that he was bound to be awarded the Nobel Prize as
one of his new particles would certainly be discovered at the CERN Large Hadron Collider
(LHC). This was in 2004. The LHC discovered the Higgs boson in 2012. We are now in 2024
and sadly Paul is still waiting for the discovery of one of his particles and his prize. It is by
now very unlikely that the LHC will be able to produce particles that are not part of the
Standard Model, assuming they truly exist, at least not on-shell, see, e.g., [1].

To some, this lack of new physics beyond the Standard Model in the TeV region may
not have been a surprise. My father, who was trained as a theoretical particle physicist in
the 1960s, told me many times that his decision to move to computer science was strongly
influenced by a discussion with Sheldon Glashow who was advocating in the 1970s the idea
of a grand desert between the weak scale [2], i.e., the energy scale of the Standard Model,
and the scale of unification at some 10'® GeV. My father, who was working on the heroic
multi-loop calculation of the anomalous magnetic moment of the muon [3-5], became part
of a small group of people who developed the field of computer algebra that was needed
to perform these tedious calculations. He started a new research group in Grenoble in the
mid-1980s, formally quitting physics and his original lab at Luminy in Marseille. He finally
moved to the University of Karlsruhe, now KIT, in 1987, having accepted a professorship
in computer algebra. There, he developed some contacts with the local particle physicists.
In private, he would laugh at their effort to automatize Feynman diagram calculations in
non-Abelian gauge theories including renormalization: he had done all these things in
the 1970s and simply did not bother to publish them as they were trivial given his work
on quantum electrodynamics. He had a very fulfilling career as a professor in computer
science, never regretting having left physics.

What happened to physics since the 1970s? Well, first of all, people in the 1970s were
too smart for the sake of my generation. The Higgs mechanism had been proposed by
Peter Higgs [6,7] and embedded by Steven Weinberg in Sheldon Glashow’s electroweak
model [8]. Harald Fritzsch and Murray Gell-Mann had proposed what turned out to be
the correct theory for strong interactions (see, e.g., [9], for a review). Gerardus 't Hooft and
Martinus Veltman had shown [10] that these non-Abelian theories are renormalizable and
thus mathematically consistent at all energy scales. This work enabled 't Hooft to show that
Yang-Mills theories can be asymptotically safe, long before the minus sign controversy and
the following dilemma of attribution [11]. Sadly, for theorists trying to extend the Standard
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Model, experimentalists have found one particle predicted by the Standard Model after
another, with the discovery of the Higgs boson being the last and final confirmation of the
Standard Model.

Some will argue that neutrino masses are a clear sign of the breakdown of the elec-
troweak Standard Model, but this is not something I find convincing. Neutrino masses
are easily accounted for by the Standard Model if the Yukawa couplings between the
left-handed neutrinos and right-handed neutrinos are not set to zero in full analogy to
up-type quarks. There was never any real reason to set them to zero, besides the fact that
their masses were compatible with zero given the experimental state of the art in the 1970s.
I'would see neutrino masses as a prediction of the Standard Model, because of the close
analogy in the treatment of leptons and quarks in this model, rather than new physics.
To a certain extent, this is a semantic question, but neutrino masses are not a theoretical
challenge whichever point of view one takes.

As Glashow foresaw, it is thus conceivable that the Standard Model remains valid up
to some very high energy scale, for example, the scale of grand unification, and threshold
effects [12] could easily lead to the numerical unification of the gauge couplings of the
Standard Model without the need for new physics between the weak scale and the grand
unification scale (The issue of stability of the electroweak vacuum is an open one [13,14] as
it depends on quantum gravity corrections.).

Despite Glashow’s insight, a few generations of physicists worked on so-called beyond-
the-Standard-Model physics between the early 1970s and the late 2010s. This program
was motivated by different reasons related to the question of the spontaneous breaking
of the electroweak symmetry. In particular, the Higgs mechanism implied the existence
of a fundamental scalar boson, something that had never been observed until 2012. This
was a strong motivation to consider alternatives to the Higgs mechanism using the idea
of dynamical symmetry breaking, where the scalar would effectively be a condensate of
fermions. Technicolor and other composite Higgs models were very attractive from a
theoretical point of view; sadly, it quickly became clear that the simplest and most elegant
models were not compatible with data accumulated at colliders. Another logical possibility
was that there could be a lot of fundamental scalars and not just the Higgs boson. This is
the case of supersymmetric extensions of the Standard Model, where there are a minimum
of two scalar fields for each fermion field depending on the amount of supersymmetry
envisaged. Supersymmetry came with its own model-building issues; namely, these new
scalar fields had to be made heavy to explain why they had not been discovered yet and
supersymmetry had to be broken as we do not observe it as an exact symmetry of nature,
at low energies at least.

So why did this program of looking for physics beyond the Standard Model fail so
badly? On the one hand, one could argue that physicists of the age of Paul have been
very unlucky; indeed, nature picked a model that was proposed when they were finishing
their studies. There were good reasons to doubt the Standard Model. On the other hand,
applying Gell-Mann'’s criteria (one point for papers that are correct in the sense of being
relevant to nature, minus one for papers that are not relevant to it) to evaluate particle
physicists active in the last 50 years reveals that most of them are in the red and that they
have been barking up the wrong tree.

Clearly one issue is that the main guiding principle to look for physics beyond the Stan-
dard Model was a red herring. Naturalness is the idea that the Higgs boson’s mass should
be stable under radiative corrections. Proponents of this idea argue that the bare mass of a
scalar field receives corrections at the quantum level from self-interactions and interactions
with other particles of the model. These corrections are argued to grow quadratically with a
dimensionful cutoff that is introduced to regularize loop corrections. They argue that if the
cutoff is taken of the order of the reduced Planck mass (i.e., the energy scale where quantum
gravitational effects are expected to become important), there needs to be some unnatural
adjustment between the quantum corrections and the bare mass to keep the Higgs boson’s
mass light. Most of the model building effort to go beyond the Standard Model has been
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motivated by this naturalness “problem”. Four broad classes of solutions have been envis-
aged: models without fundamental scalars, supersymmetric models, models with a low
scale of quantum gravity and models advocating the anthropic principle.

In my view, naturalness is absolutely meaningless in the context of a renormalizable
quantum field theory, as masses and coupling constants cannot be calculated from first
principles. They are renormalized parameters which are used to absorb divergent quantities
appearing in the perturbative evaluation of quantum amplitudes. As such, they need to
be measured at some energy scale and can be scaled up or down using renormalization
group equations, but as we cannot calculate these parameters from first principles, it is
meaningless to talk about large or small values. Furthermore, whether divergences are
quadratic or logarithmic plays no role from a physical point of view. One could also argue
that the problem is not even well posed from a mathematical point of view, as the nature of
the divergences depends on the regularization schemed used. For example, in dimensional
regularization, quadratic divergencies do not appear in four dimensions.

It is remarkable that this problem was indeed first introduced by proponents of
String Theory, where it is indeed possibly an issue as they claim to be able to calculate
all fundamental constants which appear as the expectation values of some moduli fields
in their framework. But it is certainly not an issue for particle physics. From a particle
physics point of view, it should be clear to any researcher that the naturalness problem
was not a valid guiding principle. The discovery of a light Higgs boson without new
physics to stabilize its mass is the final nail in the coffin for naturalness after the discovery
of a cosmological constant that is small and again without any new physics to stabilize it
(similar arguments to those for the Higgs boson’s mass had been made for the cosmological
constant). The particle physics community spent essentially 50 years trying to solve a
problem which is not one.

It is fair to say that while experimental particle physics has been extremely successful
for the last 50 years and found one particle of the Standard Model after the other, particle
physics phenomenology has hit a wall and made very little progress partly because it has
been guided by the wrong guiding principles.

Another issue that has affected theoretical particle physics overall is that because it
has been increasingly disconnected from experimental physics, as it has been trying to
solve a problem which is clearly not relevant to nature, it has become a beauty contest.
An issue with beauty is that it obviously lies in the eye of the beholder and instead of
applying Gell-Mann'’s principle to evaluate scientists, less objective criteria have been
applied, resulting in high-energy theory groups at top universities being taken over by
people convinced that the single most important problem was the naturalness problem.
Young people had to follow their lead and research to hope to be able to obtain a job in
academia. The problem we are describing here is not unique to particle phenomenology,
but it also applies to String Theory for the same reason: this program is mostly completely
disconnected from experiment or to a certain extent from physics which is an empirical
science. Overall, theoretical physics has become extremely speculative and the “cutest”
speculations get rewarded with prestigious faculty positions and academic prizes.

As we have argued, physicists of Paul’s generation have been unlucky, but it is also
clear that this generation decided to change the rules of the game when it became acceptable
to invent new particles without being forced to do so by experiment or mathematical
consistency of the theory.

How can my generation and younger theorists get out of this impasse? I can only offer
a very personal opinion. We need to refocus research on what nature and mathematics
are telling us. I see two clear problems, that while very difficult to solve, are certainly
worth trying to address as they could guide us to an understanding of what lies beyond
the Standard Model.

The first problem is obvious. It is dark matter, for which there is ample observational
evidence. Unless all these uncorrelated observations are wrong, which would be very
surprising, we know that Einstein’s theory of gravitation with visible matter (which can be
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described by the Standard Model) is not able to explain, e.g., the galaxy rotation curves or
the Cosmic Microwave Background power spectrum. These phenomena are clearly fully
disconnected and related to physics at different energy scales. However, they both point
towards physics beyond the Standard Model, as no particle of the Standard Model can
account for these observations. While a modification of gravitational physics is a logical
possibility, it is unclear whether this would be sufficient to explain all observation such
as, e.g., bullet clusters. The most logical explanation is clearly that there is some hidden
sector of dark matter particles that is weakly interacting with itself and extremely weakly
interacting with Standard Model particles, possibly only gravitationally (There is a caveat
here as primordial black holes could account for a least a good fraction if not all of dark
matter. I personally like this scenario very much as it does not require physics beyond the
Standard Model.).

Here again, the guiding principle described above has led people to consider mostly a
limited class of models called wimps, which stands for Weakly Interacting Massive Particles.
Wimps are common in supersymmetric extensions of the Standard Model. Wimps are
now mostly excluded by searches at LEP, Tevatron and the LHC. Again, there was no real
theoretical reason to expect wimps to be relevant to nature, but it did not stop the field
from making an industry out of these models. From a theoretical point of view, very little
is known about the masses of dark matter particles and their interactions with regular
matter. Without any serious theoretical prejudice or guidance, it seems unrealistic and
unreasonable to build a new collider to exclude a small fraction of the allowed parameter
range for dark matter models. There is a recent effort that appears very promising to me
which consists of using existing quantum sensors to probe for ultra-light dark matter, see,
e.g., [15]. These are cheap experiments, which are mostly already operating, e.g., atomic
clocks, for other reasons. While they may not find dark matter, these experiments clearly
have other important outcomes in, e.g., the field of quantum metrology, and quantum
sensors have important practical implications which are likely to benefit humanity. There
is thus a no lose game argument to be made for these experiments.

My suggestion to young theorists is to make an effort to talk to the atomic, molecular,
and optical physics (AMO) community and to learn their slang. Progress in quantum
technology is fast and there are plenty of opportunities to propose tests of the Standard
Model using these new technologies based on quantum physics.

The other direction I would like to mention is that of quantum gravity. While we
are still far away from having a theory of quantum gravity which is ultra-violet finite,
modern quantum field theoretical techniques can be used to derive an effective action
for quantum gravity that enables one to perform calculations for any physical process
taking place at energies below the reduced Planck scale. This approach is called the unique
effective action [16-20]. The only required assumption is that general relativity is the
correct low-energy limit of the theory of quantum gravity. The effective action enables
some model-independent predictions of quantum gravity (see, e.g., [21]). While these
effects are, as expected, very small, they demonstrate that calculations in quantum gravity
are feasible and do not require any speculation.

While these quantum gravitational effects are small and unlikely to be relevant to
currently conceivable experiments, they can provide us with some important insights
into quantum gravity. My hope is that this program could give us some hints about
the correct fundamental theory of quantum gravity, for example, by providing us with
consistency conditions.

I'would like to emphasize that this approach has already produced some important
results. Indeed, it has enabled us to show that black holes have a quantum hair, which
is the key feature to explain how information escapes an evaporating black hole, thereby
resolving the famous Hawking paradox [22-26]. It has also enabled us to calculate the
leading-order quantum gravitational corrections to the entropy of a Schwarzschild black
hole, which forced us to introduce the notion of quantum pressure for black holes [27].
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I strongly believe that this is not the end of the story for this approach to quantum
gravity. I believe that connecting our results to some ideas coming from String Theory
such as the AdS/CFT correspondence or the Swampland program could help us discover
interesting results connecting gauge theories and quantum gravity.

In terms of probing quantum gravity experimentally, I think that one should again
turn towards quantum technologies. Establishing that gravity can entangle macroscopic
objects would be highly interesting [28,29] and proof, if one is needed, that gravity is a
quantum force.

My feeling is that we are making some important progress and that while the way
people have performed particle physics for the last 50 years has to change, there are plenty
of interesting opportunities for bright young theorists if they are willing to take some risks,
ignore famous people and try to follow their physical intuition, mathematical consistency
and nature.

Finally, let me argue that while the approach followed by Paul and this generation did
not lead to new discoveries, it was still valuable in the sense that it pushed experimentalists
to keep an open mind about the type of physics that could supersede the Standard Model.
Paul with his creativity and productivity has played a crucial role in this endeavour. On
this note, I would like to use this opportunity to congratulate Paul on his 80th birthday.
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Abstract: One of the most important and unanswered problems in particle physics is the origin of the
three generations of quarks and leptons. The Standard Model does not provide any hint regarding
its sequential charge assignments, which remain a fundamental mystery of Nature. One possible
solution of the puzzle is to look for charge assignments, in a given gauge theory, that are inter-
generational, by employing the cancellation of the gravitational and gauge anomalies horizontally.
The 331 model, based on an SU(3)¢ x SU(3)p x U(1)x does this in an economical way and defines a
possible extension of the Standard Model, where the number of families has necessarily to be three.
We review the model in Pisano, Pleitez, and Frampton’s formulation, which predicts the existence of
bileptons. Another characteristics of the model is to unify the SU(3)c x SU(2); x U(1)x into the
331 symmetry at a scale that is in the TeV range. Expressions of the scalar mass eigenstates and of the
renormalization group equations of the model are also presented.

Keywords: particle theory; physics beyond the Standard Model; collider phenomenology

1. Introduction

In the quest to unveil new physics governing fundamental interactions at the Large
Hadron Collider (LHC), resolving several crucial questions remains a challenge within the
Standard Model (SM). These include the gauge hierarchy problem in the Higgs sector and
the origin of light neutrino masses.

Addressing these issues often requires theories involving larger gauge groups and a
broader spectrum of particles. Grand Unified Theories (GUTs) offer promising avenues,
but their high energy scales (around 10'2 to 10'®> GeV) far exceed the electroweak scale
probed by the LHC.

Bridging the gap between the GUT scale and the TeV scale, where the LHC operates,
to identify signatures of symmetry breaking presents a significant challenge, due to the
increased complexity of these extended theories.

However, specific scenarios exist where evidence for enlarged gauge symmetries
might be discovered or excluded at the LHC scale, suggesting alternative exploration paths.

One such example is the 331 model (SU(3), x SU(3); x U(1)x), where the constraint
of real gauge couplings significantly restricts the parameter space for potential signal
searches. This model was proposed as a potential extension to the SM, in order to address
certain theoretical and experimental shortcomings, as well as to provide explanations for
phenomena not accounted for within the SM.

The 331 model introduces a new gauge group, SU(3)r, which is isomorphic to the
color gauge group SU(3)¢. This implies that the strong force acting between quarks within
hadrons is now governed by the SU(3); symmetry, in addition to the color symmetry.

The fermion content of the 331 model differs from the SM, due to an extended gauge
symmetry. Typically, in the 331 model, the quarks and leptons are organized into multiplets
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that transform under the representations of the SU(3) gauge group. For example, quarks
and leptons may be arranged in triplets or antitriplets of SU(3);, depending on their
electric charge and other quantum numbers. One notable feature of the 331 model is the
presence of new gauge bosons called “bileptons”. These are bosons carrying both a lepton
number and electric charge, with charges Q = 42 and L = +2. Bileptons arise due to the
extended gauge symmetry and can have significant implications for various phenomena,
including neutrino masses and decays of heavy particles.

Similar to the SM, the 331 model also involves spontaneous symmetry breaking, where
the gauge symmetries are broken at a certain energy scale. This results in the generation
of particle masses and the emergence of the familiar gauge bosons, such as the W* and
70 bosons.

The 331 model offers potential explanations for various phenomena beyond the scope
of the SM, including neutrino masses and mixing, and the unification of fundamental forces
at high energies.

Overall, the 331 model represents an intriguing extension of the SM, offering new
avenues for exploring fundamental physics beyond the established framework. However,
it remains subject to experimental scrutiny and theoretical refinement to fully ascertain its
validity and implications for our understanding of the fundamental forces and particles
in nature.

In the model, the constraint of real gauge couplings significantly restricts the parameter
space for potential signal searches. This property establishes the vacuum expectation values
(vevs) of the Higgs bosons, responsible for symmetry breaking from the 331 scale to the
electroweak scale, around the TeV region. The model under consideration incorporates
the presence of bileptons, denoted as gauge bosons (Y~ ~,Y '), possessing a charge
Q = £2 and lepton number L = £2. Consequently, we dub this framework the “bilepton
model”. Within the array of 331 models, the existence of bileptons within the spectrum
only arises through specific embeddings of the U(1)x symmetry, as well as the charge (Q)
and hypercharge (Y) generators within the local gauge structure.

An additional noteworthy aspect of this model is its departure from the conventions of
the Standard Model or typical chiral models seen thus far. In contrast to merely extending
the SM spectrum and symmetries, the determination of the (chiral) fermion generations
hinges on the interfamily cancellation of gauge anomalies. Remarkably, gauge anomalies
cancel across distinct fermion families, thereby pinpointing the number of generations as
three. From this vantage point, the model emerges as distinctly singular. Furthermore, in
the framework outlined by Frampton, which we adopt henceforth, the treatment of the
third fermion family is asymmetrical in comparison to the initial two families.

Our work is organized as follows: We will first discuss the general structure of the
model, starting with the anomaly constraints that crucially characterize the charge assign-
ments of the spectrum. We then move on to characterize the gauge boson spectrum, turning
afterwards to the Higgs sector. The structure of the potential is thoroughly examined, both
in its triplet and sextet contributions. We discuss the energy bound present in the model,
induced by the structure of the gauge coupling relation coming from the embedding of
the Standard Model into the 331. This bound on the energy scale at which the model is
characterized by real (as opposed to complex) values of the couplings is one of the salient
features of this theory. A second important feature is the presence of a Landau pole in the
renormalization group equations (RGEs) of the gauge couplings, which we briefly illustrate
numerically. A list of results for the mass eigenstates of the Higgs sector is contained in
Appendix A. Notice that an important feature of the model is the identification of the
electric charge operator in terms of the diagonal generators of the fundamental gauge
symmetry. In general this is given by

Q=T +BT8+ X1 1)

where B is a parameter of the model, with T? and T® generators of SU(3);. Our discussion
will focus on the choice g = /3, as in Pisano, Pleitez, and Frampton’s original formulation.
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This choice induces the presence of bileptons, which are doubly charged gauge bosons
carrying lepton number L = +2. We refer to this version of the model as to the minimal one.

2. The Particle Content of the Minimal 331 Model

One of the most important questions that arise in particle physics is why there are
only three families of quarks and leptons. There are many observables in particle physics
that depend on the family number and they all agree to constrain this number to three. In
the Standard Model, there is no mechanism that prohibits the existence of more families
than those observed. To answer this question P. H. Frampton, F. Pisano, and V. Pleitez [1,2]
proposed a new model that extends the Standard Model and could provide an elegant
answer to this fundamental question. Specifically, this is called the 331 model, and it is
built on the gauge group

SU(3)c x SU(3), x U(1)x, @)

which enlarges the SU(2); symmetry of the Standard Model. Three exotic quarks must be
added to the particle content of the Standard Model to allow for SU(3); symmetry in the
quark sector. The 331 model democratically treats leptons in each of the three families, in
fact color singlets are SU(3), anti-triplets

e " T
() () () 30 o
eC L ]’lc L TC L

each with X = 0. Where with e, ¢, and 7¢ we are denoting the left-handed Weyl spinors of
the relative charge conjugate field. On the contrary, in the quark sector, the three families are
treated differently, the first two generations are in triplets of SU(3), with the corresponding
left-handed field of exotic quark

u C 1
dl ,[s] = <3,3,—§>, 4)
D L S L

both with X = f%. On the other hand, the third generation in the quark sector is embedded

in anti-triplets of SU(3)p,
b
(—t) -+ (33.3), ©
3
T L

with X = % To each left-handed field there is a corresponding right-handed field singlet
under SU(3),

e
i)
((ISDCC))LL — (1,1,%), 8)
(T)L — (1,1,%), 9)

The U(1)x charges are respectively —, 1 and % for u°, d°, D and the corresponding field of

the second generation. The X quantum numbers of the third family instead are respectively
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%, 7% and 7% for b°, ¢, T¢. Three scalar triplets under SU(3) are necessary to ensure the

spontaneous symmetry breaking

p++ 771:; XO
p=\pr fr={1 Jx=1{ X (10)
P b3 X

respectively with X charge X = 1,0, —1, and a scalar sextet

-
1+ V2 V2
o= & Z|, (11)
oo
9 9 -
V2o vz 72

in order to generate physical masses for leptons, as we will see in Section 6. All quantum
numbers under SU(3)c x SU(3); x U(1)x in the 331 model can be found in Table 1. This
unconventional assignment of quantum numbers in the model ensures that gauge anomalies
are not canceled vertically for each family, as in the Standard Model. It is necessary to add
the contribution of each quark in the triangle anomaly to obtain the total cancellation. This
is one of the most important and attractive features of the model, because it provides a
possible explanation for the number of generations. This could provide a first step towards
understanding the flavor puzzle and perhaps serve as a guide for new models inspired by it.

Table 1. Quantum numbers of the particle spectrum of the minimal 331 model.

SU(3)c Su(3)rL u(1)x
u¢ ¢ 3 1 7%
I 3 1 1
dc ¢ 3 1 1
b¢ 3 1 7%
D° s 3 1 4
T¢ 3 1 -3

Xy 1 1 0

Wﬂ 1 8 0

G 8 1 0
o 1 3 1
i 1 3 0
X 1 3 -1
o 1 6 0
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3. Cross-Family Anomaly Cancellation and the Flavor Question

In this section, we analyze the non-trivial cancellation of anomalies in the 331 model
and discuss why this method of eliminating them could represent an initial step towards
addressing the flavor question.

There are six types of anomalies that occur in the 331 model

Su(3)s, SU(3)2U(1)x, SU(3)3,
SU(3)2U(1)y, ums, grav? U(1)x, (12)

where grav? U(1)y is the mixed chiral anomaly with two gravitons and a chiral U(1)x
gauge current; i.e., the gravitational chiral anomaly.
Each vertex collects a factor

26r(TE{TE, TR}) = A(R)d™,  with A(fund) =1 (13)

from the gauge current group generators, where A(R) is the representation dependent
anomaly coefficient, with A(fund) in the fundamental representation of SU(3), and d?* is
the totally symmetric invariant SU(3) tensor.

The anomaly involving only gluons is obviously zero, as in the Standard Model.
Another anomaly arises from the mixed SU(3)% U(1)x vertex, which imposes the following
constraint on the X charges

SU(3)2U(1)x — 3Xg, + Xye + Xge + Xje = 0. (14)

Here, the index i ranges over families, but there is no summation over it, Q; stands for
quark triplets, while | f denotes the complex conjugate of the exotic quark fields. Indeed,
for this reason, the anomaly cancellation in this case occurs vertically between families, as
in the Standard Model.

The same cannot be said for another anomaly, which involves only the gauge group
SU(3)L. In the Standard Model, the SU(2); group possesses a vanishing anomaly coeffi-
cient, rendering it unnecessary. However, in the case of SU(3) or, in general, SU(N) with
N > 2, it exhibits a non-zero anomaly coefficient. In the 331 model, such SU(3)} anomaly
cancels due to the equal number of fermions in the 3 and 3 representations of SU(3).

In the minimal 331 model, the SU(3)7 L(1) x anomaly can only be canceled by account-
ing for contributions from all three families. This type of anomaly cancellation is referred
to as a horizontal cancellation. If we consider anomaly cancellation on a generation-by-
generation basis, it does not vanish, and requires summation over different families. The

relative constraint is
3

Su@E)iU(l)x — Y Xg, =0. (15)
i=1

The same motivations lead to the cancellation of the cubic anomaly
3
umy -y (3x~gi + X0+ X5 + X?) -0, (16)
i=1

with the relative constraint.
The last anomaly that needs to be checked is the gravitational anomaly, but it is not
difficult to show that it leads to the same constraint as for SU(3)2 U(1)x
grav> U(1)x — 3Xg, + Xye + Xge + Xje = 0. 17)

A summary of anomalies and relative constraints can be found in Table 2.
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Table 2. Anomaly cancellation constraints on the fermion charges in the minimal 331 model.

Anomaly
SU3)zu(1)x 3XQ + Xus + Xge + Xje =0
su(s)3 Equal number of 3; and 3 representations
SU(3)7U(1)x Y2, Xg =0
umsx 2, (SX?QI + X3+ X5 + X?) =0
grav*U(1)x 3Xq; + Xug + Xge + Xje =0

The non-trivial cancellation of anomalies in the model is arguably one of its most in-
triguing and distinctive features, which was first discussed in [3]. The horizontal approach,
involving all three generations of quarks and leptons, inherently constrains the number of
families to three. Unlike the Standard Model, which lacks a mechanism to limit the number
of fermion generations, the 331 model provides such a constraint.

Notice that, in the Standard Model, the number of generations is fixed experimen-
tally by the annihilation process ete~ — hadrons, which is sensitive to the number of
families. Experimental constraints based on these observables restrict the number to three;
nevertheless, the model lacks a theoretical guiding principle for predicting such a number.
The horizontal approach to anomaly cancellation of the 331 model, on the other hand, as
already mentioned, can serve as a guiding principle for investigating other UV-completions
beyond the Standard Model (BSM) that aim to address the flavor question.

4. Spontaneous Symmetry Breaking

Below the electroweak scale, in the Standard Model, the gauge symmetry is SU(3)¢ x
U(1)em. Therefore, in the 331 model, spontaneous symmetry breaking (SSB) must also occur,
in order to reduce the SU(3)¢c x SU(3)L x U(1)x gauge symmetry. The breaking can be
divided into two stages. Initially, at energy scales greater than 246 GeV, the gauge symmetry
of the 331 model can be broken down to that of the Standard Model, and subsequently to
SU(3)¢ % U(1)em. This can be represented as

Su(3)c X SU(3)L X u(l)x — Su(3)c X SU(Z)L X u(l)y — Su(3)c X U(l)em (18)

Achieving this requires a more intricate Higgs sector comprising three scalar triplets and a
scalar sextet of SU(3)r. In the following two sections, we will analyze the pattern of SSB
and explore how it predicts the existence of bileptons, specifically massive double-charged
gauge bosons that carry lepton number of L = £2, which can be classified as elementary
bifermions (including also leptoquarks and biquarks) in the framework based on SU(15)
noted recently in [4].

4.1. The Breaking SU(3)¢c x SU(3) x U(1)x — SU(3)¢ x SU(2)L x U(1)y
Spontaneous symmetry breaking to the Standard Model gauge group can be accom-
plished by means of a vacuum expectation value of a scalar triplet belonging to SU(3);,

denoted as p,
ot
o= ( pg ) (19)
[

which carries charge under U(1)x, namely X =1

0
(p) = ( 0 ) ~ (20)
Yo

The SU(3); x U(1)x covariant derivative can be written as follows:
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. AT
DI‘ = BH — zg1XXy - ngTWZ =

3 8 1 TINV2 4 Vel
Wi o W W iWe Wy W
2 100 21 2\/23 23 Zs 26 -27
:<a“‘iﬁglxxy> 01 0)-igo| o By BETh, el
0 01 Wh WS WS W] ws
R -
2 2 2 2 7

where X is the charge under U(1)x of the fermion, X, is the corresponding gauge bo-
son, and Wj; are the generators of SU(3)r. A® are the Gell-Mann matrices normalized as

Tr <)\”Ab ) = 20%. Once the Higgs triplet p acquires the vacuum expectation value, its
kinetic term gives

+

0 0
1
D[ 0 Dy| 0 = —gvg ( — 4V2819: X, W + 463 XI X, + 383 Y T Y,
Yo Yo

+3g VIV, + 2g§w§WH8> . (22)

From Equation (22), it is easy to observe that the mass terms obtained are expressed in a
basis that is not completely diagonal. This implies that, in order to obtain the mass eigen-
states of the bosons, it is necessary to perform an orthogonal rotation of the corresponding
states. Before doing this, we mention that the W* bosons, given by

1
+ _ 1 2
Wi s (Wi n2), (23)
remain massless. This is due to the fact that the residual symmetry SU(2); remains unbro-
ken at this stage. We also recognize two correctly diagonalized kinetic energy contributions,
given in terms of the charge operator eigenstates. As we will see, the charge operator in the
331 model is embedded as Q = %/\3 + @)\8 + X1. We have

1
++ __ 4 TATD
Yt = 7 (WV T 1w;,>, (24)
for the bileptons and
1
+ _ "
vE = 7 (WV F zWy), (25)

for the exotic charged gauge bosons. The mass matrix that needs to be diagonalized in the
{X, W8} bases is the following:

2
2% V2

2
81820 (26)

3
— 2018003

The diagonalization can be easily achieved through the orthogonal transformations

1
7l = ——— (W8 + V2¢1 X (27)
M I3 wJ)
V83 +2g%< )
1
By = 7(ﬁglwﬁ - ngy), (28)

V& +28%
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which can be thought as a rotation from the basis {X, W8} to {B, Z'}, with an angle

. by
sinfbas = ———, (29)
Vartd

that gives

0 0
. (30)
<0 Sop (g3 + 23%))
From the matrix in Equation (30), we can read off the squared masses of the mass eigenstates
{B,Z'}

1
My=0 M} =30 (&5 +282). (31)

It is clear that we obtain a massless boson related to the U(1)y symmetry of the Standard
Model. It is not difficult to identify the embedding of the Y charge operator in the 331
model, namely

g — V3T 4+ X1, (32)

where T8 is the eighth generator of SU(3). The matching condition between the U(1)y cou-
pling and the Standard Model hypercharge can be easily computed, leading to

the relation
15,3 -
8 81 &
4.2. The Breaking SU(3)c x SU(2) x U(1)y — SU(B3)c x U(1)em
Once the gauge symmetry has been decomposed into that of the Standard Model,
another symmetry breaking is necessary to end up with the residual SU(3)c x U(1)em

gauge symmetry. To realize the correct breaking scheme, we require two Higgs triplets, 1
and x, which acquire the vacuum expectation values

0
7

(n=|4] withx=0, (34)
0

and

with X = —1, (35)

> onk

and a sextet of SU(3) L,

Yo

0 2
@y =1|o 0 with X = 0. (36)
w o0 0

2

o O

After the first symmetry breaking, the covariant derivative can be written in terms of the mass
eigenstate fields, namely in the basis {B, Z'}. Inserting the inverse of the Equations (27) and (28)
into (21) gives

LW . Wl iw? . Wi w3
aﬂ*ngT”+K1 *132<T”*Tp —ig2| 5 — 7*
. wh o w2 .ow3 . We w7
DV = | —ig TP + 2” a}, — Zng’l + Ky —ig7 T’l — Tp (37)
W iws WE w7
H M 1 ; U M
—ig2| 5+ 7 —182(T+T o+ Kz
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where K; and K; are given by

. i(V2Bugag (2X — 1) — 7 (3 + 4817X) )
1= 2\/5 ’

(38)

and
i(ﬁBﬂgzgl(X +1)+2, (3 — 2g12X)>
o V3
Once all the scalar field has acquired a vacuum expectation value, the gauge fields W=

and Z become massive too, while Y**, V* and Z’ obtain more involved mass terms. The
squared masses of W=, V* and Y= are given by

(39)

'U U v
M, = —g24 + g24 + 324” (40)
2,2 2,2 2.2
8% | &C v
M2 = 4p+ 4’1+324U, (41)
VINE L RS (12)

where we recall that

Wi = é(wlxzwz) v,jt:%(w6 W), Y,fi:%<wﬁ$iwﬁ). 43)

On the other hand, the neutral gauge bosons also gain non-diagonal mass terms, which in
the {W3, W8, X} basis, are given by the following matrix:

580 $1820%

2,2 2,2 1 2
glvp2+ 81% 3 - 2\[ glgﬂ)
_N10T  §1820% v + gz x 8%”3 gy + $y _ gl (44)
V3 2V3 2 212 43 43 45
1 2 782”17 82 x _ & 82”1/ 82% gzvn
281820y 13 + 23 4 + +

In a first step, the two neutral gauge bosons W8 and X mix, giving rise to the two bosons B
and Z. The mixing angle is denoted by 60331 and is given by

: 82
s 9331 = T (45)
Vet s

which was the rotation discussed in the previous section. Then, we can proceed in complete
analogy with the Standard Model, where B mixes with W3 through the Weinberg angle 6}y,
which in the minimal 331 model takes the form

; 8y
sinfy = —=——. (46)
V& +8y

Using (46), it is straightforward to show that we can express the 6331 angle in terms of the
Weinberg angle, namely

cos 331 = V3tan Ow, (47)

therefore the photon field A and the two massive neutral gauge bosons Z and Z' are

identified as
A = sin Oy W3 + cos Oy (\/gtan OwWs + 1/1 — 3tan? GWX>, (48)
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Z = cos 0w W3 — sin Oy (ﬁtan O Ws + mx> ’ (49)
7 = 7\/mw8 +V3tan Oy X. (50)

The Weinberg angle also relates the coupling of SU(3), which through matching is equal
to the SU(2)y, of the Standard Model, to the U(1)x coupling, through
g 65sin? Byy

=_—— W 51
B 1—4sin’y b

which can be obtained from Equations (45) and (46). From Equations (48)-(50), it is evident
that there is a residual mixing between the massive gauge boson, which is given by

the matrix
Czz Czz )
52
( CZZ/ CZ/Z/ ( )
with entries
Czz = &3(20w) (0} + 0} +92), (53)

g5 sin” Oy (cscz((-)w) (vﬁ + vy + 4oy + v?,) +9sec?(Ow) (v% +op+ v?,) —4 (v% + 4oy + 0% + 4v§)>
24 cos(20w) — 12

Czz = ;o (59)

) B sec®(B) (_ cos(20w) (v% +2 (v% + v%)) + 205 + o5 + vzzr) (55)
7z = 4/12 — 9sec?(6y) .

Therefore, a further rotation is needed

Z1\ _ [cosfy —sinbz\ (Z
<Z2> o <sin 07 cosfy z! (56)
in order to obtain the masses of propagating gauge bosons, namely
1
M3 == (381 (05 + %) — (981(05 + 73)* + 68383 (v — ¥ (0] + v5)
+ vi(—v% + vi - ZJ?,)) —l—g%(vé — vf,(v% + vi + vg) + vg —+ 0(2,(21)% - Z)f()
fv%vi+vi+v§)%)+g%(vf,+vé+v§(+v%,)), (57)

and

M3, :% (383 (v + ) + (981 (vp +v3)? + 68785 (v — U (v +v5)
+ 03 (0] + 0% — v2)) + 83 (vp — U3 (05 + V% + 05) + vy + 05 (20F — 03)
—v%vi+v§(+v§))% + 85(05 + vp + 0% + v7)). (58)
Once the orthogonal rotations have been performed and the Lagrangian has been
written in terms of the mass eigenstates of bosonic fields, it is possible to extract the values

of the couplings. In particular, it is possible to derive the expression of the electric charge
in terms of the couplings of the minimal 331

A& (59)
V8 +4si

with the embedding of the charge operator given by

e =

Q= T3+ V3T% + X1. (60)
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One of the most interesting features of the model is that the embedding of the Standard
Model gauge group into the 331 model gauge group induces a bound on the UV completion
of the model [5]. From (51), it is clear that we need to satisfy the following condition

sin? Ow < %, (61)

in order to guarantee that the g; coupling of the minimal 331 model is finite. When
sin® By (1) = 1/4, the coupling constant g;(jt) diverges, indicating a Landau pole in
the renormalization group evolution of the model, which causes the theory to loose its
perturbative character even at energy scales lower than y. With the particle content of the
Standard Model, the condition sin® @y (1) = 1/4 is reached at an energy scale of around
4 TeV, and the presence of an additional particle at the TeV scale can make this behavior
even faster, loosing a perturbative character before 4 TeV. The alternative scenario, where
g2 tends towards zero, is disregarded, as g, coincides with the Standard Model’s SU(2);,
coupling, g», due to the full embedding of SU(2), into SU(3). We show the running of
the Standard Model couplings ¢ in Figure 1a and g, in Figure 1b, and in Figure 1c we
show how the matching condition of the coupling g7 evolves in terms of the matching scale.

Here, we have defined
— 828y

g] I e 4
\/& — 382

which expresses the value of the U(1)x coupling in terms of the Standard Model. Finally,
the evolution of g; in the context of the 331 Model is shown in Figure 1d, where we have
plotted the quantity

(62)

_ &
ap = = (63)
which makes it clear that when a1 > 1, the theory looses pertubativity. A more recent study
was performed in [6].

The occurrence of a Landau-like pole in the minimal 331 model is not surprising, as
many non -asymptotically free theories exhibit a similar behavior. What distinguishes some
of these models is the possibility of encountering this behavior at energies as low as a few
TeVs. Consequently, the cutoff scale, A cannot be removed by taking A _, - — 0, as
in other renormalizable theories.

From a phenomenological perspective, this result is not overly concerning. The neces-
sity of embedding QED within the electroweak theory at energies of a few hundred GeVs,
along with the requirement to account for weak and strong corrections in calculations of
physical observables, has already been acknowledged. Nevertheless, as a mathematical
exercise, studying pure QED at infinitesimal distances proves intriguing. Lattice calcula-
tions suggest that chiral symmetry breaking within QED mitigates the Landau pole issue
by shifting it above the cutoff scale. Interestingly, the potential existence of the Landau pole
or the triviality of the theory arises even at low orders in perturbation theory, suggesting
that this phenomenon is not merely a perturbative artifact.

The renormalization group offers qualitative insights into the asymptotic behavior
of theories at very high energies, even when coupling constants at the relevant scale
prohibit the use of perturbation theory. However, it is essential to remember that both QED
and the Standard Model are effective, not fundamental, theories. Consequently, effective
operators with dimensions higher than d = 4 must be considered for a realistic continuum
limit in lattice calculations. Thus, employing the pure versions of these models remains
inconclusive, and the renormalization group may provide valuable insights into this issue
within the minimal 331 model.

cutoff” utof f
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Figure 1. Behavior of the matching condition between the Standard Model and 331 model, which
makes it clear how the Landau pole at the TeV scale emerges from the matching with the Standard
Model. (a) Running of the coupling g> in the Standard Model. (b) Running of the coupling g in the
Standard Model. (c) Evolution of the matching condition of the coupling g1 of the 331 model with the
Standard Model coupling constants. (d) Running of the coupling «; in the minimal 331 model.

5. Higgs Sector

The inclusion of the sextet representation in the potential enriches the phenomenology
of the model and enlarges the number of physical states in the spectrum. In fact, we
now have, after electroweak symmetry breaking (EWSB) SU(3);, x U(1)x — SU(2) x
U(1)y — U(1)em, five scalar Higgses, three pseudoscalar Higgses, four charged Higgses,
and three doubly-charged Higgses. The (lepton-number conserving) potential of the model
is given by [7]

V =mip'p+ iy + max"x + A1(e"0)* + A2 (") + Aa(x"x)?

+ A1 "y + Map' ex "+ Aaax Xy + Caap o + Casp"xx o + Cas

+my Tr ((T+0’> + Ay (Tr <a+a> )2 + A14p+p Tr ((7+(7> + A2417+17 Tr (0’+0) + )\34)(+;( Tr <¢7+0)

+AuTr (0+w+t7) + Gup' o0t o+ Goan ooty + Zaxoo'x

+ (\ﬁfpimeijkpiﬂj?(k + ﬁfptr}(()T‘ﬁX

+ Crae ™™ i + Coa€ ™ i 00y + Eaa€ X oy i) + hec. (64)
In principle, it is possible to extend the potential with additional lepton number violating
terms that are singlet under 331 gauge group [7], this possibility has been extensively dis-
cussed in [8]. The EWSB mechanism will cause a mixing among the Higgs fields [9]. From
Equation (64), it is possible to obtain the explicit expressions of the mass matrices of the

scalar, pseudoscalar, charged, and doubly-charged Higgses by using standard procedures.
In the broken Higgs phase, the minimization conditions

W

= 0y — —
a0, O W)= @=paxe (65)
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will define the tree-level vacuum, one-loop contributions to the vacuum stability were re-

cently analyzed in [10] for a simpler model version, namely the economical 331

model [11,12]. We remind that we are considering massless neutrinos by choosing the vev

of the neutral field (720 as zero. This was the choice in Frampton'’s original formulation. This

can be generalized in order to give a small Majorana neutrino mass to the neutrinos [13].
The explicit expressions of the minimization conditions are then given by

1 1 1
myvp + Alvg + E)\uvpv% — foux0yvx + EAvavi — ﬁguz}pqug + forxUx Vo (66)

1 1
+7A14vpv%, + 75140,)0%, =0

1 1
myvy + E/\lzv/%Un + )\202 - quxvpvx + E/\23ZJ,7?J)2( \[614 0Vc +—= \[ X (67)
1
+§)L24U,12)J — §24v,7v(, =0
1 1 1
mzvy + /\30; + EABU%UX — fonxvpvy + 5/\23’0,27’07( + 55340,72)%00 + fooxVpUc (68)
1 1
+§)\34vxv§ + Z§34vxv%, =0
Moy + 1)\14020(, + Agav2 + 1)\403 + fooxVpUx — L@“14020 + Lég;ﬂ] 02 (69)
2 Y CARE) [ poxvpP¥X 2\/§ o= 2\/2 nm¥x

1 1 1 1 1
+7A14v’%vg + 1@140500 + §A24v%vg - @2411%00 + 5/\342)?(00 + Z@gwivg =0

These conditions are inserted into the tree-level mass matrices of the CP-even and CP-
odd Higgs sectors, derived from M;; = ?V/ a¢ia¢j}m, where V is the potential in
Equation (64). The mass eigenstates are defined as follows:

+
Re p°
Re PO Im po X" ptt
s 7 p [ Imy° el | Xt
h=R°|[Rex’ |Anh =R HT=R“| "L [HTT =R (70)
Im x° s ot
Re(TO Imo? 0’2+ ot
1 1 2
73 oF
2

where the explicit expressions of the mass matrices are too cumbersome to be presented
here, and are given in Appendix A.

In this case, we have five scalar Higgs bosons, and one of them will be the SM Higgs
of mass about 125 GeV, along with four neutral pseudoscalar Higgs bosons, out of which,
two are the Goldstones of the Z and the Z’ massive vector bosons. In addition, there are six
charged Higgses, two of which are the charged Goldstones, and three are doubly-charged
Higgses, one of which is a Goldstone boson.

Hereafter, we shall give the schematic expression of the physical Higgs states, after
EWSB, in terms of the gauge eigenstates, whose expressions contain only the vev of the
various fields. In the following equations, RK = R (ml, my, m3, A1, Ay, .. .) refers to the
rotation matrix of each Higgs sector that depends on all the parameters of the potential in
Equation (64). Starting from the scalar (CP-even) Higgs bosons, we have

H; = R§Rep® + RHRe 1% + RERe X0 + RERe o) + RERe o3, (71)

expressed in terms of the rotation matrix of the scalar components R°. There are similar
expressions for the pseudoscalars

Ah; = REIm p° + RDIm #° + REIm x° + REIm 0¥ + REIm o) (72)
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in terms of the rotation matrix of the pseudoscalar components R”. Here, however, we
have two Goldstone bosons responsible for the generation of the masses of the neutral
gauge bosons Z and Z' given by

1
Ap = N (vplmpo - v,]Iqu + v,Im 0'?), Ni = ‘/v% + v% +v%; (73)

1
A2 = — (—0,Ime° + 0, Im x°), Ny = /02 + 02, 74
0 NZ( 4 4 X X) 2 0 X ( )

For the charged Higgs bosons, the interaction eigenstates are
H =Rip* +RG(17)" +Ry" +RG(x )" +Roy +Rig(0;)", (75)

with R€ being a rotation matrix of the charged sector. We recall that, even in this case, two
H l* are massless Goldstones bosons, because in the minimal 331 model there are W= and
the V+ gauge bosons that both become massive after EWSB. The explicit expressions of the
Goldstones are

1 _ _
Hj, = VW(_U”U+ +o(x7) Foe(oy)), Ny = /02 + 02 +05; (76)

1 —\*
Hf = N—V(vpp+ =0y )* +ve0y), Ny = 1/0“2, +v% +v2. (77)

In particular, we are interested in the doubly-charged Higgses, where the number of
physical states, after EWSB, is three, whereas we would have had only one physical doubly-
charged Higgs if we had not included the sextet. The physical doubly-charged Higgs states
are expressed in terms of the gauge eigenstates and the elements of the rotation matrix
RC as

H T = Rip™ + RE (x7 )" + RE o +Rif (o )" (78)

1

In particular, the structure of the corresponding Goldstone boson is

1 ok ok
Hft = N(—vpp++ +o(x ) - \ﬁng';HF +V20,(0; ) ) (79)

where N = /03 +v2 + 4vZ is a normalization factor.

6. The Yukawa Sector

The model presented in the previous section exhibits the interesting feature of having
both scalar and vector doubly-charged bosons, which is a peculiarity of the minimal
version of the 331 model. In fact, it is possible to consider various versions of the SU(3). x
SU(3)r x U(1)x gauge symmetry, usually parametrized by p [14,15]. We discuss the case
of B = /3, corresponding to the minimal version presented here [1,2], leading to vector
bosons with an electric charge equal to £2.

Doubly-charged states hold particular interest, due to their potential for unique charac-
teristics in terms of permissible decay channels, such as the production of same-sign lepton
pairs [16-20]. Within the framework of the minimal 331 model, an even more intriguing
prospect arises. It becomes possible to discern whether a same-sign lepton pair originates
from either a scalar or a vector boson. As we will elaborate, this distinction also offers
insights into the existence of a higher representation within the SU(3), x SU(3); x U(1)x
gauge group, notably the sextet.
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6.1. The Triplet Sector

In the previous section, we saw that the EWSB mechanism is realized in the 331 model
by giving a vev to the neutral component of the triplets p, 77 and x. The Yukawa interactions
for SM and exotic quarks are obtained by means of these scalar fields and are given by

£2]/, triplet — Qm (Y‘iarl*dﬂcR + Yfﬁaﬂ“ma) - G3(Ygaxdth + Y;fxﬂumﬂé)'i'
— Qu(YanxJur) = QYdxJar + hec. (80)

where yi,, yi, and yi. are the Yukawa couplings for down-, up-type, and exotic quarks,
respectively. The masses of the exotic quarks are related to the vev of the neutral component
of p = (0,0,v,) via the invariants

Q10'D, Q1 0*Sk ~ (3,3,-1/3) x (1,3,-1) x (3,1,4/3)
Q3 PTE ~ (31312/3) X (11311) X (3/ 1, 75/3)1 (81)

responsible of the breaking SU(3). x SU(3); x U(1)x — SU(3)c x SU(2), x U(1)y. It
is clear that, being v, > vy, the masses of the exotic quarks are O(TeV) whenever the
relation Y/ ~ 1 is satisfied. As we will see, the model also needs a sextet.

6.2. The Sextet Yukawa Coupling

The need for introducing a sextet sector can be summarized as follows. A typical Dirac
mass term for the leptons in the SM is associated with the operator [ Heg, withI} = (ver, €1.)
being the SU(2), doublet, with the representation content (2,1/2) x (2,1/2) x (1, —1) (for
I, H and eg, respectively) in SU(2);, x U(1)y. In the 331 model, the L and R components of
the lepton () belong to the same multiplet. Consequently, identifying an SO(1,3) x SU(3),,
singlet requires two leptons in the same representation. This can be achieved (at least
partially) with the operator

‘Cll,(ltl:’{iplet = GZh(l;uceaﬁl{,ﬁ)ﬂ*keijk+h.C.

GZb Ii. l{; q*keiﬂ‘ + h.c. (82)

where the indices 2 and b run over the three generations of flavor, « and j are Weyl indices
contracted in order to generate an SO(1,3) invariant (7 - li = l;ae“ﬁliﬁ) from two Weyl
fermions, and i, j, k = 1,2, 3, are SU(3) . indices. ‘

The use of 1 as a Higgs field is mandatory, since the components of the multiplet I/
are U(1)x singlets. The representation content of the operator l,il{; according to SU(3) is
given by 3 x 3 = 6 + 3, with the 3 extracted by an anti-symmetrization over i and j via e'/*.
This allows identifying l;lin*keijk as an SU(3), singlet. Considering that the two leptons
are anticommuting Weyl spinors, and that the €*P (Lorentz) and €’ (SU(3),) contractions
introduce two sign flips under the a <+ b exchange, the combination

My, = (I - 1)yl (83)

is therefore antisymmetric under the exchange of the two flavors, implying that even G
has to be antisymmetric. However, an antisymmetric GZb is not sufficient to provide mass
to all the leptons.

In fact, the diagonalization of G” by means of a unitary matrix U, namely G = UAU?,
with G’ antisymmetric in flavor space, implies that its three eigenvalues are given by
A = (0, Ap, A33), with App = —Ag3; ie., one eigenvalue is null and the other two are equal
in magnitude. At the minimum of 7, i.e., 7 = (0, vy, 0), one has

Gl M™ = —Tr(AUMU") = 20y Ung I} - I3 Uy, + 205 A a3 Use I} - 3 UZ,, (84)
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with I} = e, and lg’ = ¢jp- Introducing the linear combinations
_ 1 . _
Epp =Uply = Uy ea U313 = Uz efp = ioa(Upyepr) ™ = Egp, (85)
then the antisymmetric contribution in flavor space becomes
Ezbgciplet = 20yAn(EaLE5g — E3LESR), (86)

which is clearly insufficient to generate the lepton masses of three non-degenerate lepton
families. We shall solve this problem by introducing a second invariant operator, with the
inclusion of a sextet o

ot gt /V2 V2
o= Ur/ﬁ 0’? U’{/\/E € (1,6,0), (87)
/N2 oy V2 oy

leading to the Yukawa term A
LYk = Gl - Lot (88)

1,sextet ij’

which allows building a singlet out of the representation 6 of SU(3), contained in I/ - l]b,
by combining it with the flavor-symmetric ¢, i.e., 6. Notice that GJ, is symmetric in
flavor space.

It is interesting to note that without considering the sextet, a doubly-charged scalar
would not be able to decay into same-sign leptons. This is because, without the sextet, the
interaction responsible for the leptons only involves the scalar triplet, denoted as 7, which

does not contain a doubly-charged state.

6.3. Lepton Mass Matrices

Let us now come to discuss the lepton mass matrices in the model. They are related to
the Yukawa interactions by the Lagrangian
Yuk. __ pYuk. Yuk.
ﬁl = ﬁl,suextct + ‘Cl,;lriplet +he (89)

and are combinations of triplet and sextet contributions. The structure of the mass matrix
that emerges from the vevs of the neutral components of # and ¢ is thus given by

Ly = (\ﬁﬂong + 20, GZb> (ear - €55) + 0 GY, <vLTi¢721/L> +hec, (90)

which generates a Dirac mass matrix for the charged leptons Mflb and a Majorana mass
matrix for neutrinos MZ;

My, = V2(00) Gy +20,G), My, = (07) G5 o1

In the expression above, (¢°) and (0)) are the vacuum expectation values of the neutral
components of ¢. For a vanishing G, as we have already discussed, we will not be able to
generate the lepton masses consistently, nor any mass for the neutrinos, i.e.,

M., =2v,G!  , M"=0. 92)
On the contrary, in the limit G7 — 0, Equation (91) becomes

()
Moy = V2(0) Gy, My, =Gl ©3)
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which has some interesting consequences. Since the Yukawa couplings are the same for both
leptons and neutrinos, we have to require (¢V) < (¢}, in order to obtain small neutrino
masses. For the goal of our analysis, we will assume that the vev of ¢! vanishes; i.e.,
<U?) = 0. Clearly, if the matrix G is diagonal in flavor space, from Equation (93), we will
immediately conclude that the Yukawa coupling G” has to be chosen to be proportional
to the masses of the SM leptons. An interesting consequence of this is that the decay
H** — [¥1*, which is also proportional to G, and therefore to the lepton masses, will
be enhanced for the heavier leptons, in particular for the 7, as thoroughly discussed
in [21]. This is an almost unique situation that is not encountered in other models with
doubly-charged scalars decaying into same-sign leptons [22].

7. Flavor Physics in the Minimal 331 Model

One of the features of the minimal 331 model lies in its arrangement of fermions within
triplets of SU(3)L. However, to maintain anomaly cancellation, it becomes necessary to
assign one of the quark families to a different representation than the other two, ensuring
an equal number of triplets and anti-triplets in the fermion sector.

This introduces several complexities, particularly concerning the flavor physics within
the model. First, to achieve the spontaneous symmetry breaking of the 331 gauge sym-
metry to the SU(3)¢c x U(1)en symmetry, at least three scalar triplets of SU(3); must be
introduced. While these are sufficient to impart masses to quarks in the quark sector, the
flavor structure becomes intricate due to the differing group representations of the three
quark families.

Conversely, in the lepton sector, a fundamentally different situation arises. Realistic
masses cannot be obtained using only three triplets. As previously argued, the introduction
of a scalar sextet belonging to (1,6,0) becomes necessary to generate appropriate masses
for charged leptons.

A general feature of models of this kind, where mass terms arise from different
scalar fields, is the introduction of flavor-changing neutral currents mediated by neutral
scalars [23].

7.1. Quark Sector
Let us revisit the presence of three scalar triplets within the model. The first triplet,
ot
p=1|p" | €131), (94)
o°
acquires a vacuum expectation value (vev) on the order of the spontaneous symmetry
breaking of the 331 symmetry. The other two triplets,

n
=141 €(@,30), (95)

o

XO
x=1|x | €(,3-1), (96)

X

acquire non-zero vevs at the electroweak scale. In the quark sector, the Yukawa interactions
are described by

‘6;, triplet = - Qm (Ygzaﬂ*der + Yﬁ;aX*“mrx) - QS(YgaXdaR + Y;aﬂuma)Jr
- Qm(Yr{inX]nR) - §3Y3]7C]3R +he.. 97)

The mass matrices for the up-type and down-type quarks arise when all scalar triplets
acquire real vevs: p — vp/ V2, n— v,,/ V2, and X — Ux/ /2. Both matrices involve
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contributions from the triplets # and x. Exotic quark mass terms emerge following the
initial spontaneous symmetry breaking.

Since there are two quarks, namely D and S with electric charge Q = —4/3 ¢, they
undergo mixing via a Cabibbo-like 2 x 2 matrix

DY\  ~_1(Dg D/\ .1(Dr
()= ()-7(5) o0

Notably, only the quark T remains unmixed, being the sole quark with Q = 5/3 e.
The resulting mass matrices for ordinary quarks from the Lagrangian in Equation (97) are
as follows:

u u u
oYy vxYih  oxYis
My = | oxY5 oYy 0xYs |, 99
u u u
oyYs oYz Y3

d d d
vay vny}iz Uﬂy}js

M, = UWdel v”dez UWYZ; . (100)
Uy Ys UxY3 vxYa

In the minimal version, there is typically no reason to initially place one type of quark
in the diagonal basis, unless some specific additional symmetry is introduced. Therefore,
similar to the Standard Model, we proceed by independently rotating down-type and
up-type quarks into their mass eigenstates

) dr dly dr
si | =V st sk | = Vel sk (101)
by by by br
ujp in uk UR
| = Ugl cr R | = Ulgl CR (102)
t tr th tr

Here, the primed fields represent flavor eigenstates, while unprimed fields denote mass
eigenstates. Matrices Uy, Ug, V1, and Vy are unitary matrices satisfying

viv, = vivg = utu, = utug =1, (103)
which diagonalize M, and M respectively via bi-unitary transformations
UfMUg = My, ViMyVg = M, (104)

where M, and M, are diagonal 3 x 3 matrices containing quark masses.
In the Standard Model, all three families are placed within the same group representation of
the gauge symmetry, and this results in no family distinction in the Lagrangian apart from
the Yukawa sector. Here, non-diagonal terms between quark masses arise if the couplings
are non-diagonal. The same field rotation procedure is implemented in the Standard Model
to diagonalize Yukawa interactions, while leaving the Lagrangian mostly unchanged, and
the only part sensitive to flavor rotation is the W boson interactions, where the CKM matrix
arises as

Vexm = UiV, (105)

Every other sector in the Lagrangian remains unaffected. Consequently, the GIM mecha-
nism is naturally implemented, since there are no flavor-changing neutral currents (FCNCs)
at tree-level, resulting in a natural suppression of these processes, which can only occur
at loop-level. Up-type quark masses can be assumed as diagonal from the outset, while
down-type quark flavor and mass eigenstates can be related through the CKM matrices, as
any other rotation effects cancel out in the Lagrangian.
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However, in the context of the minimal 331 model, the situation is fundamentally
different. As previously emphasized, the appealing feature of constraining the number
of families is that it causes every sector of the Lagrangian to be sensitive to flavor, owing
to the different group representations to which the quarks are assigned. Consequently,
flavor rotation matrices persist in various combinations in fermion interactions, either with
scalars or gauge bosons. From the Yukawa Lagrangian in Equation (97), we can derive the
fermion-scalar interactions after the field rotations discussed previously

€ e = —dL VLSS Ukug — @ UL S VEdR +hee, (106)

scalar

where d and u represent the down-type and up-type flavor vectors in the mass basis, and

XY XY XY
Squ=|X"Yn X Yn X Vs (107)
URGEIREGIE RS

i a
cc +d Wliy}f HIJJ:YIEIB
wd = | Y51 17 Yo 1y Yz - (108)

In the expression above, all the charged scalars are interaction eigenstates, and we need
to perform a rotation in (111) and (110) in order to extract the corresponding mass eigen-
states. It is evident that, in general, the combination of flavor rotation matrices cannot
be further reduced, and they persist in a combination distinct from the CKM matrix.
This behavior also manifests in the neutral currents mediated by scalar fields, where the
Lagrangian becomes

e e = —Up U SIUfug — dp Vi S1°Vidg + hec,, (109)
with 0 0 0
XYY XY XUYis
si= (a0 0 K0 (110
Yy Y Y
and

Sit =" n°vg, Y (111)

where, as in the case of charged scalars, here we also need a further rotation in order to
extract the mass eigenstates of this sector.

Although the matrix combinations UpS}* U;r{ and V.S}¢ VI‘; resemble those in
Equations (101) and (102), they are insufficient to diagonalize the interaction. Hence,
flavor-changing neutral currents in the scalar sector are a prediction of the minimal 331
model. They can be controlled, but not entirely avoided.

In the minimal 331 model, eight bosons are present, including the neutral ones: the
photon A¥, with straightforward interactions, Z" and Z'", and the charged ones, W=, VE,
and the doubly charged bileptons Y**. However, rotations in flavor space do not leave the
interactions unaffected. The d-type and u-type quarks interact with the W™ boson as in the
Standard Model

‘cduW = %dL'yVVCKMuLW,: + h.c. (112)
Here, the CKM matrix appears as expected. Further interactions are possible between
exotic quarks and ordinary quarks mediated by exotic gauge bosons. The interactions of
u-type and d-type quarks with the exotic T quark are given by

Loty = %ﬁyﬂ(uL)Sjuij,j Y he (113)
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2

Here, only the third column of the rotation matrix appears due to the difference
between the third quark generation and the other two. Similar interactions occur between
up-type and down-type quarks with the other two exotic quarks D and S

Lary = %TLW(VL)dejLYﬁ Y he (114)

Lajy = %mﬂ(o*w)mdﬂvg +he  withj, = (Dy, S1) (115)
Ly = %ﬂw(o* Up)widinY; ™ +he  withjp = (D, Sp) (116)

where the O matrix in Equations (115) and (116) is a 2 x 2 Cabibbo-like matrix, which mixes
the exotic quarks D and S.

Finally, the interaction of ordinary quarks with the Z’ boson can be schematized as
follows—omitting an overall coefficient-

L

7 = <TLU{7"YZUL11L +d ViyrYdvias

R Y Urun + TRV YEVidte )2, a17)

where we have defined the couplings with Y} and Y¢, which are proportional to the
following matrix

1 —2sin? () 0 0
=y 0 1-2sin?(6y) O (118)
0 0 -1

In this interaction, there are flavor-changing neutral currents (FCNCs) in the left-handed
interactions, but the right-handed neutral currents mediated by the gauge boson Z’ are
diagonal in flavor space, as Y o« 1 and Y% o 1 [24].

It is noteworthy that in the quark sector, the rotation matrices of the right-handed
quarks cancel out from the Lagrangian, similarly to the case of the Standard Model. Con-
versely, the left-handed Uy, V}, matrices not only survive in a combination analogous to
the CKM matrix of the Standard Model, but also independently. From a practical stand-
point, it is possible to redefine the fields in the interactions—using the unitary condition
UfU; = 1—to construct a Lagrangian for the quark sector in which only two matrices
appear: the CKM matrix and V.

To obtain an appropriate parameterization for the matrix Vi, it is necessary to initially
enumerate the additional parameters present within this matrix. Upon examining all
conceivable interaction terms, it becomes apparent that, subsequently to employing phase
transformations of the up and down-type quarks to simplify the CKM matrix, three more
potential phases emerge from transformations in the D, S, and T quarks. This results in a
total of six supplementary parameters, encompassing three mixing angles and three phases.
However, it is evident that only the V3; elements are essential when computing FCNCs,
thus allowing for a parameterization that effectively diminishes the number of parameters
involved. We obtain [25]

1213 S1202361% — C12513523€’(517§2) C12€23513€“>'1 + 51252361(‘52“3')
—ci3s12¢ % cpeas + 5128135236 10270 —s1pcp3s136l170) — cppsze® | (119)
—s13e” "1 —c135p3e 12 13623

where only two additional CP violating quantities J; and J, appear, which are responsible
for the additional CP violating effects.
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7.2. Lepton Sector

In the minimal 331 model, similarly to quarks, the leptonic sector exhibits a multitude
of parameters. Despite the Z and Z' interactions being diagonal in flavor space (owing to the
consistent transformation behavior of the three lepton generations under the electroweak
symmetries SU(3); x U(1)x), flavor-changing neutral currents (FCNCs) occur in the scalar
sector [26]. These parameters result from the diverse contributions to the mass matrices of
charged leptons, mirroring the scenario observed in quarks.

The Yukawa interactions in the lepton sector must incorporate the triplet 77 and the
sextet, whose components are detailed as follows:

ot A 9
1+ V2 2
o= L 0 Z (120)
Gon v
a9 % -
V2o V2 2

In the minimal 331 model, including the sextet in the scalar sector is necessary to assign
physical masses to charged leptons. This necessity arises from how the Yukawa interaction
is constructed from group theory. When combining three triplets according to 3 ® 3 ® 3, the
resulting invariant structure demands antisymmetry among the triplets. As a consequence,
the Yukawa matrix must exhibit antisymmetry in flavor indices to allow for vanishing
interactions. However, this interaction pattern leads to eigenvalues of (0,m, —m) of this
matrix, which is evidently an unphysical solution.

Once spontaneous symmetry breaking occurs, the scalars acquire vacuum expectation
values as follows:

+
1 1 117 ! i
;rl = ﬁ ﬁl]q + ﬁ_z” + ﬁgq (121)
P!
ot o vt Eetile
1 2 2
1 q 0 o, (122)

i
Vot Yo +ile Oy oo
2 V2 2
In the context of the minimal 331 model, as originally proposed, neutrinos are massless
at the tree level. However, a mechanism to generate massive neutrinos can be obtained
through the scalar sextet. Indeed, the component ¢9 can also acquire a vev, which can be
used in the Yukawa interactions to construct a Majorana mass term for the neutrinos

LY = —v§Gvo +he.. (123)

This interaction is not invariant under flavor rotation, therefore an additional rotation
matrix appears in this sector, in order to diagonalize the neutrino mass terms

VIM,V, = M, (124)

where M, is a diagonal matrix containing physical neutrino masses.

The inclusion of this additional vev carries further implications, such as the mixing
between the singly charged gauge bosons W* and V*, which can be predicted to be a
small value of v, chosen to yield small neutrino masses. The interactions between charged
leptons, neutrinos, and W= remain the same as in the Standard Model

— lgiz v iz c H(yC +
Liw 23 (VLVPMNS“Y I+ (IR Vemns Y (v )R)Wp. +he. (125)

where Vppns is the Pontecorvo-Maki-Nakagawa—Sakata matrix given by
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Vemns = V' VY. (126)

The model also predicts that the interaction between charged leptons and neutrinos must
include additional contributions from V+

igz

2V2

Ly = 252 (T Viyhur + Vg Vier (DR ) Vi + e, (127)
where the definition
Vi = (V)1 (VR)* (128)

In this model, there are also interactions between charged leptons and doubly charged
vector bosons given by the Lagrangian

— 182 (Ton (g pTY _aSen (T 4 TT) )Y
Lay = ﬁ(l (Vi = V) =7 (Vi + V1) )Y (129)
with

Vi = (Vi) TV (130)

Finally, leptons couple universally to neutral vector bosons, since no distinction has been
made between generations of leptons, where the Z "boson also has the property of being
Leptophobic [27].

Therefore, in the minimal 331 model, V; is always not equal to Vpyins, and V£ and VII2
both appear separately in the combination shown in Equations (128) and (130). Because the
charged lepton mass matrix includes an anti-symmetric contribution, we cannot assume
it is diagonal from the beginning. This means we cannot simply set VIIa as equal to 1 in
the interactions in Equation (127). However, if interactions between leptons and the scalar
triplet 17 are forbidden by some discrete symmetry, then this simplification becomes possible.

In this scenario, the charged lepton mass matrix is diagonalized using the same unitary
matrix as the neutrino mass matrix, making the PMNS matrix straightforward. Similarly,
just like in the quark sector, determining the values of the entries in the matrices V,, V{,
and Vlé is crucial for understanding the realistic behavior of this model.

8. Conclusions

The 331 model stands as a remarkable embodiment of the anomaly cancellation
mechanism, encompassing all fermion generations. It represents a compelling avenue for
extending the fermion sector of the Standard Model in an alternative direction. Within
the framework of the 331 model, the significance of anomaly constraints cannot be over-
stated. They serve as pivotal guiding principles, steering us away from the conventional
sequential structure of the Standard Model’s fermion families. Unlike the traditional model,
which lacks a clear rationale regarding the number of fermion families, the 331 model
offers a fresh perspective, inviting exploration and deeper understanding of fundamental
particle interactions.
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Appendix A. Rotations for the Determination of the Mass Eigenstates

In this appendix, we summarize some results concerning the scalar/psesudoscalar
sectors of the model [28,29].

Mass matrix of the scalar sector, Basis: (01, 02, 3,04, 02°), (01, 02, 03, 1, 02%")

Mpipy Mpypy - Mpspr Mpypy 0
Mpip;  Mpypy Moy Mpyp, 0
m% = Mpyps Mpyps Mpgps  Mpyps 0
Mpipy Mpypy Mpzpy Mpypy 0
0 0 0 0 M 04700+

1
Moy = 3 (12)\1057 + 2(/\12”% + M3v)2() — 2V20,05C14 + 03 (2A14 + §14)) +H
1
Mpypy = foy + Up( - ﬁvaém + Alz%,)

1
Mpopy = 5 (6/\271% + /\120% + /\23?};2( + vﬁ( — 2004 + /\24)) + 2
1
Mpp3 = \ﬁ

1
Mpypy = fop + 0y (ﬁ%@m + Azqu)

fovo + foy 4+ A3vp0y

Mpsps = i (12)\31;; 4 2(A13vf, +A0? + ﬁvvvygﬂ) T2 (2/\34 + g34)) +us

Moypy = % (\/Ef(,v,( + vp( — V20,814 + 00 (2/\14 + g’m)))

My = %% (v§(§34 - vf,g’,‘M) + v,,vg( 2+ /\24)

Mpsps = % (\/Ef(,v,, +oy (\50,7534 + 0, (2)\34 + §34) ))

Mpsps = i (202 (= 2824+ Aas ) +6(20a + Aaa ) 02 + 02 (2034 + T

+22 (2A14 4 514)) -
Moyt = % (20402 + Mao? + A3g0d + 03 (Aoa + T ) ) + s
This matrix is diagonalized by R®
ROmARS" = il

with

p1= LR Ny, 2= Y R'hy, 03 = L Rh
] ] ]

Pg = ZR;’*h} , (720 = Z R]SS/*h/
] ]

Mass matrix of the pseudoscalar sector, Basis: (01,09, 03,04), (01,02, 03, 04)

Moy —foy 7%]([,71.7 - fo, 7%%0%
—fo m —fv, m
m%\o _ . f X CoLp) f P 1"41’2 + :;"Zmz(Z) + §Z,m2(z/)
- ﬁfvva —foy —fo Mooy *ﬁfﬂ’p
- %fﬂv?( Moyay _%fﬂvﬁ Moy0y
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Mooy = % (2 (/\1217,2, + AlS‘”i) - 2\/51;,,110514 + 4/\11137 +02 (2/\14 + @14)) +m
Maye, = % (2/\271 + /\1271 +Az02 +7, (2524 + )\24>) + 12
Mayry = i (2 (A13v,% + )tzsv,z, + \/501100534) + 4/\3U§( +02 (2/\34 + 534)) +u3
Maye, = % ( 80,0080 + V2 (UiCSA - vf,Cm))
Moy, = % ( ((2/\4 + /\44)0.7 + 7] (2524 + /\24)) + U)Z( (2/\34 + C34)

+ ,27(2/\14 + 514)) + M

The gauge fixing contributions are

mo‘l 51

Moyo, =

mUZ 2

Moyoy =

Moyos =

Moyo3 =

m”l 0y

Moyoy =

mgs 0y

Mayoy

Mooy Mooy  Mozey  Moyoy
2(62) _ Mayo,  Moye,  Mozo,  Moyo,
Moy Moyoy  Mozoy Moyoy

Moy Moyoy  Mozoy  Moyoy

= ; o3~ 2V312:RERE + 3gTRE + g3RE)
ggzvpvq (81 Ri‘z( —3R% + \/§R%2) + ng§2( —RL, + \/§R§2))
= 5630 (- 2VARERE, + 3RS + R

%vpvx( 3182k, (V3RE, + RE ) +663R{3 + 83R% (VARG + RS ) )
lz ooy (— 251R% ( — 3RG + VARG ) + &2~ 3RE” + RE?) )

112 o2 (1263R{3 — 4g182R%, (3R + V3R )
+83(2VBRLRS + 3R% + RE2) )

= ggzvpva (91R% (~ 3R% + V3RS + 22R% (— RS + V3RS ) )
Lo Shoyne( ~ 2VRGRG +3R5 + R
= %gszu( —21R% (— 3R% + V3RE,) + g2 —3RE +REY))

1
= Egﬁvg( 2V3RGRE, +3R% + Ry; )

Mgy Moyoy Mozey Mooy
2 (CZ' ) _ Meyoy  Moyoy, Mozey  Moyoy
Mgio03  Moyoy Mozey Mooy
Meygy  Moyoy  Mogoy Moyoy
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Moy, = %vf,( ~2V3318:RGRS, + 3g3RE + G3RE) (A34)
Mooy = %821’9”11 (81 R1Z3( —3R% + \/§R223> +§2R3; ( ~R§+ \/§R§3>> (A35)
Meyoy = %ggvg ( —2V3R%R% + 3R + RZZ3'2> (A36)
Mooy = _%UPUX< ~3g182R15 (ﬁRzZs + R323> +6gTRY + GR3s (\/§R3Z3 + Rzz3)> (A37)
Moy, = 11—2 82050 ( —251R% (— 3R + V3RS ) + 2 — 3RS + REY) ) (A38)
Moy = 133 (126R1F 45132k (3R + V3R

+83(2VBRE RS + 3R + RIS ) (A39)
Mooy = %gzvpvg (81R123< —3R% + \/§R%3> + 82R223< —R%+ \/§R§3>) (A40)
Moy, = f—zggv,,vg( —2V3R%R% + 3R + Rféz) (A41)
Moy, = 11—2 820500 ( —251R% (= 3R + V3RS ) + 82— 3RE? + REF) ) (A42)
Moy, = f—zgﬁv%,( — 2V3RERE + 3R + REY) (Ad3)

where R is the rotation matrix that diagonalize the mass of the neutral gauge boson
components in the {W3, W8, X } basis, which is given by the following matrix

2 2
2.2 2.2 8182V 81820y 1 2
817 + 810% T3 2/ —281820%
2 2 2 > 29 2.2 2.2 2.2 2.2
_%182% _ &0y 8% o K% o H% 4 H% 8% 4 H% _ H% (A44)
V3 2V/3 3 212 212 2 212 ;1\{5 4\{57 ;1\45
_1 2 _g%Z"I + $1 _ g 827 + vy + 8%
281820 3 43 43 I3 4 4

The matrix (A16) is diagonalized by the matrix RP

RPm?%, RPY = m3, (A45)
with
o1 =Y Ri" A, 7 =Y RFAY, o =Y Ry A (A46)
j j i
o5 = ZR}}"A? (A47)

]

e Mass matrix for Charged Higgs, Basis: (pi, n el s x-, Uf) , (p+, w8y,

)(*,,al_’*)
M« 0 0 m*_ 0 m*_
PP+ 1 P+ a1 P+
0 M s m*p,. 0 m*
o ey X1y
0 m o+ p M _px p 0 mt
2 n e ol o _al 2 (Wt 2wt
mi_ = 17 % 2 %2 X-03 . + Eyem (W )+§W,+m (W'™) (A48)
[/ — 0 0 [/ F—— 0 mt_
P31, 2 2 oy’
0 M o+ o M _px_, 0 My = 0
X oy X XX
[P 0 0 m, - 0 m_— -,
Loy nyoy " oo
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mP o+ =

m_ 4«
’11+ iy

m 4+ p =
"o

m_psx_p
3 ‘72

P+’72

’12 U

m
nwoxt T

m
Uf*x

My _x= =

|
*

772 0’

}_ﬁ
._-Q

)
=
=
=,

24 (M2 +812) 08 + A0} + Aaged ) +

2 (/\1211 (A2s +028)03) + 40002 + 02 (2000 + T ) ) + 12

V20214 + oo (424 + 1))

2((200 + Aaa )02 + M54 ) + 03 (2001 + Tt ) + 02 (2014 +Cua) ) + s
4fvy + 0, (25120;, + \fvaém))

2((Maa+ 000 ) 2 + A3t ) + 42002 + 02 (2o + G ) ) + g2
4fv, + 0y (2g23v,, \600534))

\f(Zf,,vp + qu,(gm) + vxvg§34)

20302 + a0 + (AB + Czs)vi +A34v§) + 13

V2(2fr0y — vp0y81a) + 2p0el1s)
V202 &34 + vy00 (4624 + éz4>)

(200 + Aaa )2+ A140R) + 02 (2034 + Gas) + 02 (2024 +oa) ) + s

mHmHmHN\HMHMHMHMHMHMHMHN\H

(
=l
(
(
=3(-
=4l
(-
(
(
=l
=3(-
=40

The gauge fixing contributions are

0 0 0 0 0 0
0 }lg%v,zl f%ggvvv(, 0 *I%g%UVUX 0
2.2 2
2 _|0 —Zgzvﬂvg 1829 0 1800, 0
m(Gw) 0 0 0 0 0 0
0 f%g%v”vx %g%vxvg 0 %g%v)z( 0
0 0 0 0 0 0
8% 0 0 —iguoy 0 g3u,us
0 0 0 0 0 0
0 0 0 0 0 0
2
m=(Syyr+) =
w —%g%vpvn 0 0 %g%v% 0 —%g%vﬂvg
0 0 0 0 0 0
%g%vpvg 00 —%g%qug 0 %g%v%,
This matrix is diagonalized by R®
Rcm%i,RC'Jr mgfl"_l,
with
C C c
p+ = LRGH, n= ZR Hf, of = Y RGH]
] ]
- _ C, — _ Cxpy— - _ C, —
1, —;Rj4*Hj , X- —;Ris H, o —;RJG*Hj

(A49)
(A50)
(A51)
(A52)
(A53)
(A54)
(A55)
(A56)
(A57)
(A58)
(A59)

(A60)

(A61)

(A62)

(A63)

(A64)

(A65)

Mass matrix for Doubly Charged Higgs, Basis: (o™, x~ ", 01,027 *), (o™,

X e, o)
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* * *
Mpttspt+ Myt My —pt+ M oyttt
* *
Mpyttpq——p  My——y——x mo . -, Mt en——,
wd = | M My woe Metec e (vt (A6e)
mp++;*0177/* mx,,gl,,/* mal,,gl,,,* j/\44vz7 + 07624

1 2 2
Mpttigytt Myt 7/\44?][7 + U,7§24 Mgyt x gyt

1
mp++,*p++ = Z (2 (/\120% + (/\13 + §13)U§( + \/50;70(7514) + 4/\10’%
+02 (204 + 1) )+ (A67)
1
Myt y—— = 5 ( —2fv, + \fogv(, + §13vpvx) (A68)

My g = 2(2(()\13 + §13)U§ + )\230%) — 2V20,05G34 + 4A30%

+0; (2)\34 + Cs4>> +H3 (A69)

Myingy e = i (4 frox +0p( — 205814 + x/ivggm)) (A70)
My = ivx< — 20,834 + \/EUUCS4> (A71)
Moy = 5 (2(As 4 Aaa ) 2 M40l + 2040 + 2 (Msa 80 ) s (A7)
Myttsgytt = ivp (21),7@‘14 + \/500514) (A73)
My s = i (4fo00 + 0 (204834 + V20074 ) ) (A74)

1
Myt gyt = 7 (2 (/\4 + A44) 0127 + /\24?}% + )\340% + U% ()\14 + Cl4>) + s (A75)

The gauge fixing contributions are

1,2.,2 1,2 11,2 11,2
1829 —182% % 258290 T 275820000
1,2 1,22 11 2 11 2
2 — 182000y 1827% T2 3820V 3 582VxVr
me(Gy++) = 11,2, 5 11 .2 1,22 S 1,22 (A76)
2 /5820000 2 /382Vx Ve 282% 282Y%
1.1 .2 11,2 1,22 1,22
T2 282900 37 5820x0c —282% 282V
This matrix is diagonalized by Ry¢
Rocmyy  Ric = m§e, (A77)
with
ptt = Zch,lef’+r X7 =Y RicpH T, o1 =) Ry pH (A78)
] ] ]
++ ot
o= Zch,J4H]- (A79)
]
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Abstract: Recently, a concept known as uTRISTAN, which involves the acceleration of 11T, has been
proposed. This initiative has led to considerations of a new design for a neutrino factory. Additionally,
leveraging the polarization of i, measurements of T violation in neutrino oscillations are also being
explored. In this paper, we present analytical expressions for T violation in neutrino oscillations
within the framework of standard three-flavor neutrino oscillations, a scenario involving nonstandard
interactions, and a case of unitarity violation. We point out that examining the energy spectrum of T
violation may be useful for probing new physics effects.

Keywords: neutrino oscillation; T violation; yTRISTAN

1. Introduction

Results from various neutrino oscillation experiments have nearly determined the
three mixing angles and the absolute values of the mass squared differences in the standard
three-flavor mixing scenario within the lepton sector [1]. The remaining undetermined
parameters, such as the mass ordering, the octant of the atmospheric neutrino oscillation
mixing angle, and the CP phase, are expected to be resolved by the high-intensity neutrino
long-baseline experiments currently under construction, such as T2HK and DUNE. Once
the CP phase is established, the standard three-flavor lepton mixing scheme will be so-
lidified, achieving the final goal of studies on standard three-flavor neutrino oscillations.
To explore physics beyond this framework using neutrino oscillations, experiments in
previously unexplored channels will be necessary.

Recently, a concept known as pTRISTAN [2] has been proposed, which involves
creating a low-emittance ;i beam using ultra-cold muon technology and accelerating it
to energies suitable for a u " collider. The expected number of muons at yTRISTAN is on
the order of 10'® to 10'* muons per second. This proposal has reignited interest [3] in the
neutrino factory concept[4,5], which could be developed en route to achieving a muon
collider. At such a neutrino factory, the decay of 11 in the storage ring would produce 7,
and v,. Ref.[6] explored the potential to polarize the y beam to reduce the flux of v, or
vy, thereby enabling the measurement of v, — v, transitions. If this can be achieved, it
would allow for the measurement of T violation in neutrino oscillations, i.e., the difference
between the oscillation probabilities P(v, — ve) and P(ve — vy).

T violation in neutrino oscillations has been discussed by many researchers in the
past[6-28]. T violation has attracted significant attention primarily because its structure
is simpler than that of CP violation, which compares P(v;, — v.) with P(v, — 7,) and
involves complications due to the presence of the matter effect. (To justify discussions of T
violation on an equal footing with CP violation, CPT symmetry is necessary in the neutrino
sector. Refs. [29-33] studied CPT symmetry in the neutrino sector and concluded that there
are strong constraints on CPT violation.) In this paper, we derive the analytical forms of T
violation in three scenarios: the standard three-flavor scheme, a scenario with nonstandard
interactions, and a case of unitarity violation. We also briefly comment on the feasibility of
probing new physics effects by examining the energy dependence of T violation.

In Section 2, we review the formalism by Kimura, Takamura, and Yokomakura [34,35]
to derive analytical formulas for the oscillation probabilities. In Section 3, we derive
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the analytic forms for T violation in the three cases: the standard three-flavor mixing
framework, a scenario involving flavor-dependent nonstandard interactions, and a case
with unitarity violation. In Section 4, we summarize our conclusions.

2. Analytical Formula for Oscillation Probabilities

It is known [36] (see also earlier works [37-39]) that after eliminating the negative
energy states by a Tani-Foldy-Wouthusen-type transformation, the Dirac equation for
neutrinos propagating in matter is reduced to the familiar form:

L
ar

where U is the PMNS matrix,
Ve
Y
Vr

g = diag(El, Ez, E3) (2)

(uar1 -I—A)‘F, (1)

Y

is the flavor eigenstate,

is the diagonal matrix of the energy eigenvalue E; = , / m]2 + P2 (j =1,2,3) of each mass

eigenstate with momentum g, and the matrix
. N, N, N,
A=V2Gr {dlag(Ng — 7”, —7",—7”> } .

stands for the matter effect, which is characterized by the Fermi coupling constant G,
the electron density N, and the neutron density N;,. Throughout this paper we assume for
simplicity that the density of matter is constant. The 3 x 3 matrix on the right-hand side of
Equation (1) is Hermitian and can be formally diagonalized by a unitary matrix U as

UEU '+ A=UEU Y, 3)
where
gE diag(gl,fz, Eg,)

is a diagonal matrix with the energy eigenvalue Ej in the presence of the matter effect.
Equation (1) can be easily solved, resulting in the flavor eigenstate at the distance L:

¥(L) = Ijexp(figL> U ¥(0). @)
Thus, we have the probability amplitude A(vg — v4) of the flavor transition vg — vy:

7 A
Alvg — ) = [Uexp(ﬂf,‘L)u ]aﬁ. (5)
From Equation (5) we observe that the shift £ — & — 1E;, where 1 stands for the 3 x 3
identity matrix, changes only the overall phase of the probability amplitude A(vg — vy),
and this phase does not affect the value of the probability P(vg — va) = |A(vg — va)|?
of the flavor transition Vg = Va. In the following discussions, therefore, for simplicity, we
define the diagonal energy matrix £ and the potential one A as follows:
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&= diag(El,Ez, E3) — El 1

= dlag(O, AEZl,AE31) (6)
_ . Ny Np Ny Ny

A=V2GF {dlag(Ng R 77> + <7> 1}
= diag(A,0,0) @)

with
2 .9 2 2
IR i e el
me 20pl  2(pl  2F

A=vV2GgN,. ()]

Thus, the appearance of the oscillation probability P(vg — vy) (a # B) is given by

P(vg — vy)
~aew(-ev)a] [

2

ap

3 .
_ X?’,BE—IE/-L
j=1

2

3 e

— |p—iEiL y X?‘BE_IAEﬂL
=1

2

3. _ .. o
= | LX) ©

~ 2
3 NF ~ua AE; L
(—Zi)]ge_lAEﬂL/zX?ﬁ sin<2ﬂ>'

_ . 2
4 efiAEmL/zggﬁ sin<AE231L> +efiAEmL/2}~(g,5 sin<A5221L> ‘

_ ~ 2
% sin <A15231L> +eibEnLl/2%5 i <A5221L> ’ (10)

=4

where
NIX‘B o~ ‘~*
Agjk = E] — Ek

have been defined,

3 ~
X;‘ﬁ =08, =0 fora #p 11)
j=1

was subtracted in Equation (9) and throughout this paper the indices a, B = (¢, 4, T) and

j,k = (1,2,3) stand for those of the flavor and mass eigenstates, respectively. Once we

B

know the eigenvalues E ; and the quantity )N(]“ , the oscillation probability can be expressed

analytically. ( In the case of three neutrino flavors in matter, the energy eigenvalues, E j, can
in principle be analytically determined using the cubic equation root formula [40]. However,
the analytic expression for E; involving the inverse cosine function is not practically useful.
Therefore, below we will calculate Ej using perturbation theory with small parameters,
such as AEy; /AEz = Am%1 / Am%1 =~ 1/30 and those relevant to nonstandard scenarios).
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So the only non-trivial problem in the standard case is to obtain the expression for }N(;‘ﬂ ,
and this was achieved by Kimura, Takamura and Yokomakura [34,35]. Their arguments are
based on the trivial identities. From the unitarity condition of the matrix U, we have

_[i7-1 =70 — VR
Sup = [uu ]w - ]ZUMUM - ,ZXf . 12)
Next, we take the (a, B) component of both sides in Equation (3):

usut+ 4]~ [aga] - Y 0Eil; = ;Eji;fﬂ 13)

Furthermore, we take the («, §) component of the square of Equation (3):

2 ~ ary ~ ~ o~ ~» ~un
{(ugwl +4) } = [ugza] 5 = LUy EF U = YR (14)
ap R j
Putting Equations (12)—(14) together, we have
11 1 X yib
(hen)(w])- (¥ 09
BB ES/)\ X3P v?

with

i—1
Y = [(usw1 +A)] } for j=1,2,3,
j o

which can be easily solved by inverting the Vandermonde matrix:

v 1 ~ ~ ~ ~ wp
X (BoE, —(Ea+ ), 1 Y,
1 AE21%E31( 2E3 (E2+E3), 1) 1
B | = | = (E3E,, —(E3+Ep), 1 “p | 16
X; AE211AE32( sk, —(Bs+E1), 1) Y, (16)
Sup ﬁgg, 7E+E , 1 ap
X3 AE31AE32( 152 (1 2) ) y3

3. Analytic Form of T Violation

In this section, we derive the analytic form of T violation in the cases with and without
unitarity, using the formalism described in Section 2.

3.1. The Three-Flavor Case with Unitarity

First, let us discuss the case where time evolution is unitary. From Equation (10),
we have

P(vy = ve) = P(ve = vy)
= 4sin (AE31L) sin <AE21L>
2 2
« [eiA§32L/2X§H*X§H + efiA§32L/2X§HX;V*

_ IAEspL/25pep pe*  —iAEsyL/2 5eH* Srep
e X5 X, e X5 X,

= 161m [X5'X"] sin<AE232L> si11<AE231L> sin<AE221L> , (17)
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Furthermore, from Equation (16), the factor Im [)N(';V )N('gy *] in Equation (17) can be rewrit-
ten as

Seu e -1 1
Im [X'R ] =
AEy AE3; AE31AE3

xIm [{5 — (B + E1) ;" HY5" — (B1 + E2) 5"}

= Im|YV 18
AEy AE3 A, [2 8 ] (18)

Equations (17) and (18) are applicable for a generic case, as long as the unitarity relation
(11) holds.

3.1.1. The Standard Three-Flavor Case

In the standard three-flavor case, Y;fl = [(UEUT + A)], g (j = 1,2) can be expressed

as follows:

v’ = [ueu -‘rA]aﬁ

Il
MUJ

AEjlx;‘ﬂ + Abuebpe (19)
2

(ueu +A)2}

-
Il

«p
Y3

Il
—

ap

3
(AE; XS + A AE) ((sﬂxjﬁ n 5ﬂex;“-’) + A2 5o, (0)
] =2

]

Lege

where we have also defined the quantity in vacuum:

X;?"S = U, U}, 1)

From Equations (19) and (20), the factor Im [Y;V Y;” *] in Equation (18) can be rewritten as
m [5v5]
_ e ep
—Im {(AEHXZ + AE5 X¢ )
x {AEZl(AE21 + A)XS" 4 AE3 (AEs + A)Xg”*}]
—Im [x;’* X_fj‘*] AEy AE3 AE3 22)

Im [ng Xg”*] in Equation (22) is the Jarlskog factor [41] for the lepton sector, and is given

in the standard parametrization [1] with the three mixing angles 0 (j,k = 1,2,3) and the
Dirac CP phase o by

_ ey ek
J = Im X' x3"]
1
=3 sin 6 cos 613 sin 261, sin 2673 sin 26,3 .

Hence, we obtain

P(vy = ve) = P(ve = vy)

AEy AE3 AE AEsL AE3 L AEy L
=16] —A A% sin( 2 >sin< 31 )sin( 2 ) (23)

AEy AE31 AEs 2 2 2
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Equation (23) is a well-known formula [10] for the standard three-flavor case. It is remark-
able that in the standard three-flavor case, T violation in matter, when divided by the
d-independent factor 16 [T;-x [sin(AE ikL/2)AE;/ AE jkl, coincides with the Jarlskog factor
in vacuum. This implies that the only source of T violation is the CP phase ¢ in the stan-
dard three-flavor case, and it is the reason why T violation is simpler than CP violation in
neutrino oscillations.

3.1.2. The Case with Nonstandard Interactions
As long as unitarity in the three-flavor framework is maintained, Equation (18) holds.
In this subsection, let us consider the scenario with flavor-dependent nonstandard interac-
tions [42,43] during neutrino propagation. This scenario has garnered significant attention
due to its potential implications for phenomenology. In this case, the mass matrix is
given by
UEU™t + A+ Axp (24)
with
€ee  €ep €er
Anp = Al € e €ur |,
[ e;‘” €1t
where A and A are given by Equations (7) and (8), respectively. The dimensionless quanti-
ties €,p stand for the ratio of the nonstandard Fermi coupling constant interaction to the
standard one. Since the matrix (24) is Hermitian, time evolution is unitary and all the
arguments up to Equation (18) hold also in this case. The oscillation probability is given
by Equations (10) and (16), where the standard potential matrix .A must be replaced by
A+ Anp.
_ Theextra complication compared to the standard case is calculations of the eigenvalues
Ejand the elements [(UEU ! + A+ Anp)™]up (m = 1,2). Here, we work with perturbation

theory with respect to the small parameters AEy;/AE3; = Am%1 / Am%l ~ 1/30 and €,p,
which we assume to be as small as AE1 / AE3;. Namely, throughout this paper we assume

|AEz1| ~ A > [AEx| 2 Alesgl -

and take into consideration to first order in these small parameters. Then, to first order in
them, we obtain

Yo = [UEU‘l + A+ ANp] "
= AE;1 X5 + AEn Xy + Ay (25)

2

Ygu = {(U€U71 +A+.ANP> }
el

~ {(AE31)* + AAE } X5 + AAEy X3

+A2 €ep + AE31{X3r ANP}(’;[

= (AEy +A)Y," — AEj AEy X3! — A AEsy ey + AE3 { X3, Anp} (26)

L’]/{’

where the curly bracket stands for an anticommutator of matrices P and Q: {P,Q} =
PQ + QP, and X3 is a 3 x 3 matrix defined by

X3 = Udiag(0,0,1) U™? (27)
(K)o = Unalljs = X3P
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From this, the first term on the right-hand side of Equation (26) drops in the factor
Im [YZWY;”*] , and we obtain
tm [1245""] = —tm [
~ AEy Im [Y;"* (AEleg" + Aey —{Xs, ANP}E,M
~ (MBs1 *Im [X3" (AEn XS + A — {Xa, Anp ), )]

= (AE31)2 Im [X?‘*{AEﬂX;H + A ( ;Teey - Xgrery - Xgﬂeer) }] ’

where we have ignored terms of order O((AE;)?), O(A?(e,p)?), and O(AAE; €4p). Thus,
we finally obtain the form for T violation:

P(vy = ve) — P(ve = 1)

s ~ N ~
L _16(AEn)* . (AEpL) . (AEnL) . (AEnL
AEy AE3 AE3, 2 2 2

» Im [Xg"*{AEZIXZ" +A (ngew — X§Tery — XST"eET) H (28)

Note that the form of the standard contribution (AE3;)?AEy;, Im [X;’ ! X;M *} in Equation (28)

differs slightly from that in Equation (22) because we are neglecting terms of order
O((AEy1)?). The terms proportional to A in the parenthesis in Equation (28) represent the
additional contributions to T violation due to nonstandard interactions. These additional
contributions are constant with respect to the neutrino energy E, and they exhibit a dif-
ferent energy dependence from that of the standard one, AEy Xy = (Am3, /2E) U,y Upp.
Therefore, if the magnitude of the additional contributions from nonstandard interactions is
significant enough, then their effects are expected to be observable in the energy spectrum
of T violation. Constraints on the parameters €,5 have been provided in Refs. [44-46].
Depending on the sensitivity of each experiment, it may or may not be possible to detect
the signal or to improve the existing bounds on €,g. The aim of this paper is to derive the
analytic form of T violation; estimating experimental sensitivity is beyond its scope.

3.2. The Three-Flavor Case with Unitarity Violation

The discussions in Section 3.1 are based on the assumption that time evolution is
unitary. In Ref. [47], the possibility to have a nonunitary leptonic mixing matrix was pointed
out. In that case, the relation between the mass eigenstate vj and the flavor eigenstate v, is
given by a nonunitary matrix N:

Vg = NlXj 1/]‘
N=(1+nUu
with
nt=1. (29)

In the so-called minimal unitarity violation, which was discussed in Ref. [47], the constraint
on the deviation matrix 7 turned out to be strong. Here, we take phenomenologically the
form of the nonunitary matrix N and assume that the elements of the deviation matrix 7
are of order AEy; /AE3; or smaller, as in Section 3.1.2, namely,

|AEz1| ~ A > [AEy| 2 Alnapl -
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It was argued in Ref. [48] that time evolution in the case of a nonunitary mixing matrix can
be discussed in terms of the mass eigenstate

and its time evolution is described by

I,d‘{’m
dt

where £ and A are defined by Equations (6) and (7),

- {5 + NTAN* — A, (NTN* - 1) }‘Ym (30)

1
ﬁ

stands for the absolute value of the contribution to the matter effect from the neutral current
interaction, and the term A, 1 was added to simplify the calculations without changing
the absolute value of the probability amplitude. The 3 x 3 matrix on the right-hand side of
Equation (30) can be diagonalized with a unitary matrix W:

An = GF Nn

&+ NTAN* — A, (NTN* - 1) = WEW, (31)
where
g = diag(El, Ez, E3>

is the energy eigenvalue matrix in matter with unitarity violation. The mass eigenstate at
distance L can be solved as

¥ou(L) = Wexp(—iEL)W 19, (0). (32)

In cases involving unitarity violation, due to the modified form of the charged current
interaction [47], after computing the probability amplitude from Equation (32) we must

multiply the probability amplitude by an additional factor of (NN +)E§/ 2 for the production

process and (NN')!/2 for detection. Defining the modified amplitude

A(vp = va) = A(vp = va) (NNT)ZZ(NNT) 1
= [N*Wexp(—iEL)W N4,
the modified probability
DPvy — vg) = |A(vy — 1//3)|2,
and the quantity

X = (N*W),(NW*)g;,
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we have the following expression for the appearance oscillation probability:
15(1//5 — Vg)

= ||N*Wexp(—ifL)W™'NT ‘

[ewesp(-ieL)wnr],

2

3 -
_ Z .X;\ﬁe—zE/L
j=1

2
_ 3 o

— |e~iEiL ZXjaﬁeszEﬂL
j=1

2

- [ e )

= 2
3. & ~u AEj L
_ T ; —iAE7L/2 pap - jA!
=|[N"N ]aﬂ—Zl]g—ze 85 X] sm<T>‘

AR iy = AEs L
R e sin(*? )
~ 2
+2€—iAEﬂL/2—in/2/?2aﬁ sin(AE;1L> ‘

~ 4l + e—iAEmL/Z—in/ZX";ﬁ sin(AE3lI‘>
2

2

+e—iAEQ1L/2—in/2XNZ‘"ﬁ sin(M> (33)
2

T violation P(v, — v¢) — P(ve — v) is a small quantity, and the difference between
the probability P(v, — v,) and the modified one 15(1/;, — V) comes from the factor
(NN+)M(NN+)/5/3 = [(14+17)?]aal(1+ ﬂ)z]ﬁﬁ o 1+ 21uq + 217p5, which has a small devi-
ation from 1. Therefore, T violation of the probability P(v, — v,) — P(ve — v) can be
approximated by that of the modified probability P(v, — ve) — P(ve — v;,). Hence, T
violation is given by
P(vy = ve) — P(ve = vy)
~ P(vy — ve) — P(ve — 1)

T ~ 2
= 4|1y + e—iAEle/z—m/z/\?;’V sin (AEZML> i e—iAEzlL/Z—in/Z/?zeH sin <A5221L> ’

_ - 2
e + e—iAEmL/Z—in/z%ue sin<AE231L) I e—iAEmL/Z—in/z)?Zue sin(AEan) ‘

AE; L ~ .S iAE i A i
_ 4sin< 231 > (’YWX;P* _ U;EXC:H) (ezAE31L/2+171/2 _ e—zAE31L/2—m/2)

t4sin ( AE221L> (We)?zgy* B 17;6)?26;4) (eiAéz1L/2+z‘n/z _ e—iAEﬂL/Z—in/Z)

—iAE3 L/2—im/24iAEx L/2+i7r/2)

eiAEyL/2+i7r/2—iAEz1L/2—i7r/2 _

X ( e

= —16Im[f§”f§”*] sin(AE§1L> sin(AE§1L> sin(AE§2L>

+8Im [We)?;’**} sin(AE31L> +8Im [We)?;”*} sin(AE21L) (34)
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We observe that the energy dependence of T violation in this case is different from that
with unitarity, since we have extra contributions which are proportional to sin (AE31 L> or

sin <AEZl L) . As in the case with unitarity, %“ﬁ can be expressed in terms of the quantity
X;( = Uaj Ugj in vacuum, E i and Nap- First of all, we note the following relations:

7 ym pap
L(E)"]
]

= Z(N*W)a/(gj)m(NW*)ﬁ/
j

- [N* {5 £ NTAN* — A, (NTN* - 1) }mNT}

ap
_ + _ N Mot
_[N{S+NAN A,,(NN 1)} N]ﬁa
= form =0,1,2. (35)
Then, we rewrite Equations (35) as
3 ~
Y Vin Xl = yj”‘ﬁ forj=1,2,3, (36)

m=1

where Vj,, = (En)/ 71 is the element of the Vandermonde matrix V, as in the case with

unitarity (see Equation (15)). The simultaneous Equation (36) can be solved by inverting V,
and we obtain

1.4 3 114
P =y (v Ik (37)

m=1

The factor Im [A?ze} ! )?38” *] can be expressed in terms of E]- and Y

I [ 7]
-1 1
" AEnAEy AEyAEy
xTm [{35 = (Es + E0))S" + BB HOE — (B + B8 + B0

= EaEar, (BmPro] - Bmpras | e mbyay]). e

The quantities y;’" (j = 1,2,3) are calculated as follows:

W= [NNJF]W = [(1"'77)2];48 >~ 2Mye,

V= [N{s +NTAN - A, (N*N - 1) }N*]W

= [a+m{ueut+ @+ mAaa+n) - a(@+n?-1)ba+y) ‘W
~ {usu*l + A+ {gUEU Y +2{y, A} — 2An;7]ye

~ AEy X5 + AEn X5 + AEs1 {17, X3} e + 2(A — Ap) e,
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Ve = {N{S +NtAN - A, (N*N - 1) }ZN*] .

{(1 +{Ueu + 1+ A1 +1y) - A (A +7)? 1) }2(1 + ;7)}

pe

12

ugtu + A ueu AY] o [{UEUT (g, A+ LA AT

- [ZA,[{USU’1,17} + 2An{A,17}}

ne
[ ugUy 4 (g, A%} + {n, (UEU, A}

~ A3 (AEs + A) X5 + AAEnX)°
+AE51{ X3, {1, A} e + {A {1, A} e
—2AnAE31{X3,1}pe — 2A0{ A 1 }ie
+AE {17, Xa} e + {1, A} e + MEs1 {7, { X3, A} }e
= (AEs3; + A) V' — AE31 AEy; Xb°
—2(A — An)AEs1nue — (A +2A0)AE31{X3, 1} e
+AE31{ X3, {1, A} }pe + AE31{n,{X3, A} } e -

e

In the current scenario involving unitarity violation, we observe a nonvanishing contri-
bution from )} , necessitating knowledge of the explicit form of the energy eigenvalue
E1. Given that y{”‘ is of order O(1, ﬁ), to evaluate Equation (38) accurately to first order in

both AEy; /AE3; and 17,5, we must calculate Eq solely to zeroth order in these parameters,
i.e., assuming AEy; — 0 and 7,5 — 0. Under these conditions, the characteristic equation
of the 3 x 3 matrix (31) is defined by

0=det[1t—{£+NTAN" - 4,(N'N"~1) }]
~ det [1 t — diag(0,0, AEs;) — U~ diag(A,0,0) u]
—t {ﬂ — (AEs; + A) t + AAE3; cos? 913}
—H(E-As)(E-Al),
where A are the roots of the quadratic equation and are given by

_ AEj + A+ AEj
Ay = =S

Agg;l = \/(AE31 cos 2913 - A)l + (AE31 sin 2913)2 .

From this, we obtain the energy eigenvalues Ej (j = 1,2,3) to the leading order in
AEZl /AE31 and }706,3:

(5)-(%)

The roots A = El and A4 = Eg satisfy the quadratic equation

A% — (AE3 + A)AL 4+ AAEz cos? 613 = 0.
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Hence, the first two terms on the right-hand side of Equation (38) can be rewritten as

E{Im [y‘?”y‘”**} — By Im [0 95°]
By - 507

\ é

yeH {AE31X””*E2 AE31(AEs; + A) xg‘f*El}]

im [
Im [yf“A AE3)2X!** cos? 913]
=2A(AE3)? cos 013Im[r7yexge*}/

whereas the third term on the right-hand side of Equation (38) can be written as

im 52"
— —Im [ye"*{(AE31 + A) VS — AE3 AEy XU
—2(A — An)AEs11pe — (A +2A0)AE31{X3, 1} e
+AE31{X3, {1, A} }pe + MEs1{17,{X3, A} } e }]
— AEy; Im {X’;"* {AE31AE21 Xl
+2(A — An)AEsiue + (A +2A3) AE31{X5, 11} e
—AE3{X3, {WrA}}Ve — AEs{n,{Xs, A}}ye}] .
Thus, we obtain the expression for the factor Im [/'\N,’ze # AN’; # '*] :
Im [
1

= A AraE, (B[] - Bum 708 ] + tm[ 3597 )

AEs;

~ Hex pe _
S AR X5 { MBS XL + 4 A e + 240 ({1, Xa e = ) }]

To complete the calculation of Equation (34), we need to estimate the two quantities:

tm e 55"

T AEyAEn Im [”ﬂﬁ{ElEzyl — (Ey + E) V5 + yew}]
~ [WHE(*A_AEngf* b B (88 + A)X)]
= ARgA, AR Im [0 X5°"]

AEB] pex
= ——1Im X ,
AE3y {’7”“ 3 ]
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Im {17;,32?26”*]

= aEars e BRI - (Bt E)3g 35
-1
AExAEs

- -1
"~ AEnAEs
~0, (41)

12

[ (B + E1) 95" + 5]

Im[—(E3 + Ey)AE3 XI" + AEgy (AEs; + A)Xg‘e*}

where terms of order O((AEy /AE31)?), O((eaﬁ)z), and O(eygAE2 /AE31) have been ne-
glected in Equations (39)—(41). Putting Equations (39)-(41) together, the final expression for
T violation is given by

P(vy = ve) = P(ve = vy)

~ 16 NAE31 sin AEuL sin AbnL sin LE&L
A AE31 COS2 913 2 2 2

x Im [xg’“*{AEﬂxg‘e 4 A+ 240 ({1, X3} e — e }]

1885 sin(AE1L) Tm [, X4 | 42)
AEz;
Due to the additional contribution proportional to sin(AEz; L), the energy dependence of
Equation (42) in the scenario with unitarity violation differs from that in the scenarios with
unitarity, such as the standard case (23) and the nonstandard interaction case (42). Therefore,
if the contribution from unitarity violation is significant enough and the experimental
sensitivity is sufficiently high, it may be possible to distinguish the unitarity violation
scenario from both the standard and nonstandard interaction scenarios by examining the
energy spectrum in T violation.

4. Conclusions

In this paper, we have derived the analytical expression for T violation in neutrino
oscillations under three different scenarios: the standard three-flavor mixing framework,
a scenario involving flavor-dependent nonstandard interactions, and a case with unitarity
violation. In scenarios preserving unitarity, the T-violating component of the oscillation
probability is proportional to sin(%) sin( #) sin(#). However, in the case with
unitarity violation, there is an additional contribution proportional to sin(AEs; L). Should
future long-baseline experiments, such as yTRISTAN or other types of neutrino factories,
achieve high sensitivity to T violation across a broad energy spectrum, it may become
feasible to specifically probe unitarity in the v, <> v, channel.

Moreover, we demonstrated that the coefficient of the term sm(#) sin(%)

sin(% )(AE31)?(AE31 AExpAEy )~ ! varies depending on whether neutrino propagation

follows the standard scheme or involves nonstandard interactions. In the standard scenario,
this coefficient is proportional to AEy; = Am3, /2E. However, in the case with nonstandard
interactions, there is an additional contribution that is energy-independent. Thus, it may
be possible to observe the effects of nonstandard interactions by examining the energy
dependence of T violation.

The purpose of this paper is to derive the analytical expression of T violation, and we
did not quantitatively discuss the sensitivity of future experiments. The potential for T
violation in neutrino oscillations deserves further study.
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Abstract: The quartification model is an SU(3)* extension with a bi-fundamental fermion sector
of the well-known SU(3)? bi-fundamentalfication model. An alternative “flipped” version of the
quartification model is obtained by rearrangement of the particle assignments. The flipped model
has two standard (bi-fundamentalfication) families and one flipped quartification family. In contrast
to traditional product group unification models, flipped quartification stands out by featuring
leptoquarks and thus allows for new mechanisms to explain the generation of neutrino masses and
possible hints of lepton-flavor non-universality.

Keywords: leptoquarks; beyond the standard model; quantification models; early Universe; ther-
modynamics; phenomenology

1. Introduction

The long-term goal of extending the standard model of particle physics is to develop a
model that is more predictive than the standard model and to connect it with physics at
higher energy scales. Many people have contributed to the progress toward this goal over
the last 50 years, and the effort has continued up until this day (Paul Frampton has been
a major contributor to this effort. This article is to acknowledge his work and celebrate
his 80th birthday). These scales could be in descending order of energy, the Planck scale
at 1.2 x 10 GeV, the string scale at about 107 GeV, a grand unification scale around
10'® GeV, or some lower scale where proton decay can be avoided via a partial unification
into a product gauge group. The latter two scales are typically set by vacuum expectation
values (VEVs) of scalar fields, which give various non-standard model particles their
masses but leave the SM fermions and gauge bosons massless. The SM particles themselves
remain massless as the energy scale is lowered, until the Higgs scalar electroweak (EW)
doubles develop a VEV at 246 GeV. The reason why the EW scale is at such a low energy
relative to the Planck scale is one of the key puzzles of the SM, called the hierarchy problem,
whose eventual resolution holds great promise for providing a deeper understanding of
fundamental physics. Being able to predict other properties of the SM in a systematic
way also provides us with the hope that the higher symmetry theory from which the SM
descends can eventually be discovered.

Not all the information relevant to extending the SM will necessarily come from parti-
cle physics accelerators. The study of particle physics has long been assisted by astronomy,
astrophysics, and cosmology. Cosmic rays in particular have played an important role in
particle discoveries and searches. The highest energy cosmic rays, while scarce, are still the
cause of the highest energy collisions of which we are aware. The origins and acceleration
mechanism of these cosmic rays are still unknown, but these rare events are an important
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window of extreme energies and in turn a potential opportunity to understanding energy
scales near unification.

In this paper, we will focus on a particular partial unification into the product gauge
group SU*(3) called a quartification symmetry. Conformal field theories arise naturally as
product gauge groups in compactifications of string theories on five dimensional orbifolds
(for a review, see Lawrence et al. [1]). Such theories are potentially a way to connect physics
at very high energies to physics at energies close to the EW scale. If such a scenario could
be fully developed and if it had phenomenological relevance, then it would go a long way
to filling out our understanding of a more complete theory of fundamental physics.

Before turning to our particular quartification model, we will first provide some
technical remarks to help place it in context. Some phenomenological consequences will be
discussed in the final section.

Product group unification schemes include trinification models, refs. [2-30] with gauge
group SU(3) x SU(3)¢ x SU(3)g, and quartification models [14,31-38], where the gauge
group is extended to SU(3); x SU(3)r x SU(3)c x SU(3)g, and in both classes of models,
the fermions are accommodated in bi-fundamental representations. A generic feature of
such product group unification schemes is the absence of leptoquarks, i.e., scalar or vector
particles that allow transitions between quarks and leptons. In trinification models, leptons
are defined by being bi-fundamental under the two SU(3)s that have no color, implying
that there are no leptoquarks in such models. Likewise, in traditional quartification models,
the SU(3)s are arranged in a way that particles have either SU(3); or SU(3)c charges,
preventing again the occurrence of leptoquarks. This property can be seen as both a
blessing and a curse. On the positive side, the absence of transitions between quarks
and leptons avoids the occurrence of various processes triggering fast proton decay, yet
on the negative side, leptoquarks are attractive components of models for neutrino mass
generation [39—-41] and have been invoked to explain recent anomalies which suggested
lepton-flavor non-universality [42-44] or both [45-47].

Here, we will concentrate on the phenomenology of a new class of quartification
models obtained by “flipping” the SU(3); and SU(3)g groups, which we call “flipped
quartification”. In contrast to traditional product-group unification schemes, flipped
quartification allows for leptoquarks that are bi-fundamental under the SU(3)¢ and SU(3),
groups, albeit confined to the third generation, making them less likely of inducing fast
proton decays. In addition, the model also singles out the b quark as different from all
the rest of the SM fermions in that, just above the electro-weak (EW) scale, the EW singlet
bg can be in a nontrivial irreducible representation (irrep) of a new gauge group SU(2);,
while all the other SM fermions are in SU(2); singlets. This can happen when the SU(2),
symmetry breaks just above the EW scale where now the by falls into its usual SM irrep,
but with slightly different phenomenology due to nearby SU(2); effects that the other SM
fermions do not feel. This is a fairly conventional but interesting scheme for introducing
new physics into the SM.

All quartification models contain an SU(3); leptonic color sector to realize a manifest
quark-lepton symmetry [48-50] and must contain at least three families to be phenomeno-
logically viable, plus they contain the new fermions needed to symmetrize the quark and
lepton particle content at high energies. Instead of fully quartified models, where all
families are quartification families given by

3[(3311) + (1331) + (1133) + (3113)], (1)
we will consider only hybrid models
n[(1331) + (1133) + (1313)] + (3 — n)[(3311) + (1331) + (1133) 4 (3113)]. 2)

where n > 0 families are trinification families and the the remaining 3 — # are quartification
families. In particular, we concentrate on the n = 2 case [36]. One important thing to note
here is that both the trinification and quartification family components of these models
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can be represented by quiver diagrams which are anomaly-free [51]. For models with only
bi-fundamental fermions, there are no chiral gauge anomalies since for each 3 there is a
3 with equal and opposite charges. Furthermore, the descendent gauge groups are also
guaranteed to be free of anomalies upon breaking the initial gauge symmetry with the "t
Hooft matching conditions [52].

One can derive three family models with appropriate scalar content to permit gauge
symmetry breaking to the SM and ultimately to SU(3)¢ x Ugp;(1) from orbifolded AdS @ S°
(for a review, see [51]). In [53,54], two of us carried out a global search for I' = Z,, trinifica-
tion models with three or more families, and in [36], quartification models of this type were
derived from a I' = Zg orbifolded AdS @ S°. We leave the study of the UV completion of
the present model for later work.

2. Flipped 2 + 1 Quartification Model

Under the original quartification gauge group SU(3); x SU(3)1, x SU(3)c x SU(3)g,
the representations of the two trinification plus one quartification family model (the 2 4- 1
quartification model of reference [36]) were given by

2[(1331) + (1133) + (1313)] + [(3311) + (1331) + (1133) + (3113)] 3)
We now “flip” the R and ! designations such that
ILCR — RLCI. @)

We are free to cyclically permute the groups and to reverse their order without chang-
ing the physics. Thus, we let

RLCI — CLRI ®)

which allows us to write our new 2 + 1 flipped quartification model in a form that conforms
with the notation of earlier work. Symmetry breaking can easily be arranged with a
single adjoint scalar VEV for each of SU(3);, and SU(3); and a pair of adjoints for SU(3)r
such that

SU(3)L — SU(Z)L X U(l)A (6)
SUB)r  — U(1)p x U(1)c @)
SU(3), — SU(Z)[ X U(l)D (8)

where the charge operators A, C, and D are of the form diag(1,1, —2) and B is of the form
diag(1, —1,0). Their weighting in forming weak hypercharge will be provided below.

To be more specific, the symmetry breaking from SU(3)* to SU(3)c x SU(2); x
U(1)* x SU(2); can be carried out with four adjoints (1,8,1,1)", (1,1,8,1)F, (1,1,8, 1)"
and (1,1,1,8) which break SU(3); to SU(2); x U(1), SU(3)g to U(1)? and SU(3); to
SU(2); x U(1), respectively. The remaining U(1)s are broken by appropriately charged
singlets of the respective groups. The standard model scalar doublet can come from an
(1,3,1,1) irrep of SU(3); to yield the standard model Higgs or in the present notation an
(1,2,1,1)H. No light scalars are required beyond the SM Higgs.

Under the symmetry group SU(3)¢ x SU(2)p x SU(2); x U(1)4 x U(1)p x U(1)¢ %
U(1)p, the first two families decompose as in a standard trinification model,

(3311) — (321) 1000 + (311)2000 )
(1331) — (121)1-1-10 + (121)11-10 + (121)1020 + (111) _2_1-10 + (111) _1 10 + (111) _2020
(3131) — (311)o110 + (311)0-110 + (311)00—20

while the third family representations become
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(3311) — (321) 1000 + (311)2000 (10)
(1331) — (121)1-1-10 + (121)17-10 + (121) 1000 + (111) 5110 + (111) 310 + (111) _p020

(1133) — (112)011-1 + (112)0-11-1 + (112)00—2-1 + (111)o112 + (111)—112 + (111)00-22

(3113) — (312)g001 + (311)000—2-

Using the relation
Q=T+Y (11)

where Q is the electric charge, T3 is the third component of isospin, and Y is the hypercharge,
we can determine the hypercharge in terms of the U(1) charges (designated by A, B, C,
and D) as

1,01, 1. 1
Y=—cA+3B—C+2D. 12)

Charged singlets can be used to break U(1)4 x U(1)p x U(1)c x U(1)p to the stan-
dard weak hypercharge U(1)y, resulting in

(3311) — (321), + (311) _,
(1331) = (121)_y + (121), + (121)
(3131) — (311); + (311)_z + (311)

13)
+ (111)9 4 (111); + (111)g

L N

for the first two families, where as usual, each trinification family contains an SM family

Q1% +d(s)r + ule)r + 1%+ e(u)r = (321); + (311)y + (311) 3 + (121), + (111), (14)
plus the following vector-like states:
+(311)% + (311)7% + (121)7% + (121)% + (111)g + (111)o. (15)
The third family in Equation (10) becomes
(3311) — (321)1 + (311)7% (16)
(1331) — (121)_ 1t (121)% + (121)% + (111)0 + (111)1 + (111)g
(1133) — (112)g + (112) 1 + (112)9 + (111)7 + (111)o + (111)4
(3113) — (3 2)% + (311)7%
which we rearrange in a more suggestive form
(321)% + (311)7% + (121)% + (111)4 (17)
+(312)% + (112)0 + (112)0} + [(112),1 + (111)1 + (111)1] + (111)0

[
+(311) 1 + [(121)_% + (121)%] + (111)0 + (111)o.

1
3
The first line of Equation (17) contains an SM family except that by is missing. The sec-
ond line contains states in nontrivial SU(2); irreps and their natural partners, and the last
line contains the remaining states.
In order to complete the third SM family, a (311)% from the second line must be moved

to the first line. To perform this, we can either (i) break SU(2); — 0 at a scale Mgy, or (ii)
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arrange to have the gauge coupling of SU(2); run to large values, where at some scale A,
this group becomes confining. We expect the lower bounds on My, and A; to be similar.

To complete the third family via spontaneous symmetry breaking, we introduce a
scalar SU(2); doublet (1,1,2)y whose VEV breaks SU(2); completely so that (312)% —
(311) 1+ (311) 1 One of these two irreps can be identified with the bg, hence completing
the third family in the first line of Equation (17). The other we identify as the b, which
pairs with the (311) _ 1 in the third line of Equation (17). The chargeless SU(2); doublet
leptonic states in the second line of Equation (17) also split into singlets, while the charge
—1 doublet SU(2); irreps split so that they can pair with the charge +1 singlet leptons in
that line. Writing Equation (17) after the symmetry breaking, where we have moved half
the split (312)% irrep into the first line and the other half into the third line gives

(321) + (311); + (311)_3 + (121), + (111); (18)
+[(111)9 + (111)g + (111)g + (111)] + [(111)_1 + (111)_1 + (111); + (111)] + (111)g
+(311), +(311)

+ [(12])7; + (121) } + (1]1)0 —+ (]11)0

1 1
3 2 2

The SSB has yielded a standard third family in the first line, states with identical
charges to the extra trinification family in the third line, plus the new extra states of a
quartification family in the second line. In the following, we concentrate on the properties
of the b quark.

Note that all three families have an extra d’ type quark in (311) _ 1+ (311) 1 which is

typical of all trinification or Eg models. For the first two families, they are in vector-like
representations, so these particles can acquire mass at a high scale, and we will not discuss
them further. However, in the third family, the b’ can not acquire a mass until SU(2); is
broken. Thus, the third family b is phenomenologically more interesting.

As we are completing the third family via spontaneous symmetry breaking, at some
scale M, then the only chiral fermions below that scale are in the standard families. All the
rest are vector-like; see Equation (18), and obtain masses around the scale Mgg,.

3. Phenomenological Implications

For spontaneous symmetry breaking of SU(2);, we find a phenomenology that is a
straightforward extension of the SM: it contains the normal SM particle content in the
first two families plus their trinification extension. The third quartified family contains
a third normal family, its extended trinification content, plus the remaining extended
quartification content composed of two SU(2), singlet unit electric charged leptons and
five Weyl neutrinos, some of which can be paired up after SSB.

Extended Z' bosons sector: The gauge group of our SU(3)* flipped quartification model
is rank 8, while the standard model is rank 4, so FQ has four additional uncharged Z'-like
gauge bosons. Depending on how the spontaneous symmetry breaking proceeds, their
masses can range from the initial SU(3)* breaking scale down to the current experimental
limit on Z" masses. The four Z’ masses can all be different within these bounds. We have
yet to explore the full parameter space of allowed FQ models, so we are reluctant to give
the full set of constraints on the Z's yet, but we hope to come back to this interesting
phenomenological question in future work.

Leptoquarks, Hints for Lepton-Flavor-Non-Universality, and the Muon Anomaly: A charac-
teristic property of the “flipping” in the order of the quartification gauge group within the
present construction is the likelihood of the presence of light leptoquarks. This could be real-
ized by the scalar or vector representation that couple terms in the bi-fundamental fermions
that are nontrivial in SU(3)¢ with those in SU(2);. (Bileptons and/or biquarks could also
be present. For a full classification, see [55].) Leptoquarks have been a popular possibility
to explain the recent b-physics anomalies pointing at lepton-flavor non-universality (see,
e.g., [42,56]), though recent results from the LHCb collaboration are consistent with Stan-
dard Model predictions [57,58]. Regardless of these recent collider results, leptoquarks
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have a rich phenomenology that will continue to be explored in BSM scenarios of flavor
physics and neutrino mass origins, to name a few (see, for example, ref. [59] for a review
of the varieties of leptoquark phenomenology). For the most recent experimental results on
leptoquarks, see the publications from ATLAS [60-62] and CMS [63-65].

There is another interesting leptoquark possibility in the flipped quartification model
discussed above. Since the third family has SU(3); quantum numbers, there is also the
possibility of vector leptoquark contributions from this sector. Likewise, there are potential
scalar SU(3); leptoquarks if we were to add the appropriate scalar irreps.

An interesting result is Fermilab’s recent confirmation of an anomalous result for the
magnetic moment of the muon [66]. In [67], it had been shown that the anomalous magnetic
moment of the muon could be explained by adding a vector-like doublet plus a scalar
singlet to the particle content of the SM. In the present model the states (112) + (112) in
the second line of Equation (17) can play the role of the vector-like doublet. See also [68].

Finally, while the model we have presented can be used to focus on B physics, other
models in this class can be used to single out one or more right-handed charge —% quarks.
Then right-handed quarks are made to fall into flipped quartification families, while the
remaining right-handed charge —% quarks remain in trinification families. Future work
can potentially lead to a whole class of models similar to flipped quartification where
one or more fermions are singled out to differ from other normal family members, hence
providing a rich and interesting BSM phenomenology.

Changing the model of particle physics to the FQ model has implications for astro-
physics and cosmology. For instance, let us compare the thermodynamics of the early
Universe for SU(5) unification with that of the FQ model. When the SU(5) gauge group
breaks at a high scale, there is typically a first-order phase transition that produces magnetic
monopoles and also causes inflation, after which the Universe evolves adiabatically until
SM symmetry breaking. By contrast, the FQ model can undergo many phase transitions
and have a much more complicated thermodynamics. Starting from SU(3)* and identifying
one SU(3) group as color, the other three can each break to SU(2) x U(1), and then two of
the SU(2)s can break to U(1)s. At this stage, the gauge group is SU(3) x SU(2) x U(1)°.
Then the U(1)% part must break to U(1)y. These symmetry breakings can occur sequen-
tially or some can happen concurrently. Some of these phase transitions can be first order,
leading to particle production and entropy production. All the symmetry breakings that
produce a U(1) produce monopoles. All U(1) breakings can produce cosmic strings.
Monopole-antimonopole pairs can annihilate if they are at the end of a string. It is clear
that the thermodynamics of the early Universe for FQ models can have a wide variety of
implications for astro-particle physics and cosmology, all worthy of future study.

4. Summary

In this paper, we have discussed a novel class of quartification models with the curious
feature that they—in contrast to traditional product group unification schemes—allow
for the occurrence of leptoquarks and thus an interesting phenomenology for neutrino
mass generation and other beyond-the-Standard-Model processes, such as lepton-flavor
non-universality.

There are many FQ model building options to consider. The FQ model should be
thought of as string-inspired, not string-derived. This allows us more leeway to explore
potential phenomenologies; e.g., there are multiple ways to break the extra U(1)s to the
required hypercharge U(1)y. Since it is a linear combination of U(1)s coming from different
SU(3)s, this requires charged scalar representations living in multiple SU(3)s, e.g., bi-
fundamental Higgses like (1,1,3, 3)y, etc. Such representations would arise naturally in,
say,an V' = 1 SUSY S°/Z, orbifolding.

From a purely phenomenological perspective, we could use any Higgs we like. Differ-
ent choices lead to different symmetry breaking scenarios with different mass scales for
the breaking. The breaking of SU(3)* to the non-abelian part of the standard model gauge
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group is easily accomplished with scalar octets, so that part of the phenomenology should
be straightforward.

The SU(3)* scale is set by how much the gauge couplings need to run to get to their
SM values. The initial values of the SU(3)* gauge couplings can be set by the fact that
these SU(3)s can be in diagonal subgroups of some larger group, SU(3)? x SU(3)7 x
SU(3)" x SU(3)*, where the ratios of p/q/r/s set the initial values of these FQ SU(3)
couplings [69]. Consequently we can raise or lower the initial values by changing the string
model orbifolding group, I' = Z,,, wheren = p +q+r+s.

This multitude of possibilities makes the FQ models a rich source of phenomenology,
but it will take a dedicated effort to explore all the parameter space and to optimize the
model with respect to new phenomenology and simple economical patterns of SSB. For this
reason we have added an overview of phenomenological possibilities and SSBs in the final
section of the manuscript but have not committed to a specific model. We are reluctant to
make such a choice here before we feel comfortable with having accomplished all we can
to select the best model. Hence, we believe this is better left to future work once we have
fully explored all the options.

Within this model, we found that the third family of the Standard Model can be
completed via spontaneous symmetry breaking of an unbroken SU(2);. Completion via
spontaneous symmetry breaking leads to interesting leptoquarks and bileptons coupled
only to the third family, which can potentially avoid proton decay but still extend standard
model phenomenology. We leave the details to future work. Beyond the possibility of
having leptoquarks, if the SU(2); group becomes confining at a high scale, it leads to a
possible composite b quark. However, we have yet to build a successful phenomenology
from this prospective and leave further considerations along these lines to future work.

Author Contributions: Writing—original draft, ].B.D., TW.K.,, H.P. and T.].W. All authors have read
and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Institutional Review Board Statement: Not applicable.

Data Availability Statement: The original contributions presented in the study are included in the
article, further inquiries can be directed to the corresponding author.

Acknowledgments: We thank Gudrun Hiller for useful discussions about partial compositeness and
flavor anomalies. This work was supported in part by the US Department of Energy under Grants
DE-FG05-85ER40226 (JBD and TWK), DE-SC-0019235 (TWK), DE-SC-001198(TJW), and DE-FG03-
91ER40833 (HP). TWK and HP thank the Aspen Center for Physics for hospitality, where this research
was initiated some time ago. JBD acknowledges support from the National Science Foundation
under Grant No. NSF PHY182080. This paper is dedicated to Paul Frampton’s 80th birthday and to
our coauthor, colleague, and friend Tom Weiler, who passed away in December of 2023 as we were
finalizing this work.

Conflicts of Interest: The authors declare no conflict of interest.

1. Lawrence, A.E,; Nekrasov, N.; Vafa, C. On conformal field theories in four-dimensions. Nucl. Phys. B 1998, 533, 199-209.

[CrossRef]

2. deRujula, A; Glashow, S.L.; Georgi, H. Trinification Of All Elementary Particle Forces. In Proceedings of the Fifth Workshop on
Grand Unification, Providence, RI, USA, 2-14 April 1984; Kang, K., Fried, H., Frampton, P., Eds.; World Scientific: Singapore,

1984; p. 88.

3. Babu, K;He, X.G,; Pakvasa, S. Neutrino Masses and Proton Decay Modes in SU(3) x SU(3) x SU(3) Trinification. Phys. Rev. D
1986, 33, 763. [CrossRef] [PubMed]

4. He, X.G,; Pakvasa, S. Baryon Asymmetry in SU(3)**3 X Z(3) Trinification Model. Phys. Lett. B 1986, 173, 159-162. [CrossRef]

5. Nishimura, H.; Okunishi, A. Strong CP problem and nucleon stability in SU(3) x SU(3) x SU(3) trinification model. Phys. Lett. B
1988, 209, 307-310. [CrossRef]

6.  Carlson, E.D.; Wang, M.Y. Trinification and the strong P problem. AIP Conf. Proc. 1992, 272, 1432-1435. [CrossRef]

7. Lazarides, G.; Panagiotakopoulos, C. MSSM from SUSY trinification. Phys. Lett. B 1994, 336, 190-193. [CrossRef]

124



Entropy 2024, 26, 533

10.
11.
12.
13.
14.
15.
16.
17.

18.
19.

20.

21.

22.

23.

24.
25.

26.
27.
28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.
40.
41.
42.

43.
44.

45.

Lazarides, G.; Panagiotakopoulos, C. MSSM and large tan beta from SUSY trinification. Phys. Rev. D 1995, 51, 2486-2488.
[CrossRef]

Willenbrock, S. Triplicated trinification. Phys. Lett. B 2003, 561, 130-134. [CrossRef]

Choi, K.S.; Kim, J.E. Three family Z(3) orbifold trinification, MSSM and doublet triplet splitting problem. Phys. Lett. B 2003,
567, 87-92. [CrossRef]

Kim, J.E. Trinification with sin**2 theta(W) = 3/8 and seesaw neutrino mass. Phys. Lett. B 2004, 591, 119-126. [CrossRef]
Carone, C.D.; Conroy, ].M. Higgsless GUT breaking and trinification. Phys. Rev. D 2004, 70, 075013. [CrossRef]

Carone, C.D. Tri-N-ification. Phys. Rev. D 2005, 71, 075013. [CrossRef]

Demaria, A.; Volkas, R.R. Kink-induced symmetry breaking patterns in brane-world SU(3)**3 trinification models. Phys. Rev. D
2005, 71, 105011. [CrossRef]

Carone, C.D.; Conroy, ].M. Five-dimensional trinification improved. Phys. Lett. B 2005, 626, 195-201. [CrossRef]

Stech, B. Trinification Phenomenology and the structure of Higgs Bosons. J. High Energy Phys. 2014, 2014, 139. [CrossRef]
Hetzel, J.; Stech, B. Low-energy phenomenology of trinification: An effective left-right-symmetric model. Phys. Rev. D 2015,
91, 055026. [CrossRef]

Pelaggi, G.M.; Strumia, A.; Vignali, S. Totally asymptotically free trinification. J. High Energy Phys. 2015, 2015, 130. [CrossRef]
Camargo-Molina, J.E.; Morais, A.P; Pasechnik, R.; Wessén, J. On a radiative origin of the Standard Model from Trinification. J.
High Energy Phys. 2016, 2016, 129. [CrossRef]

Camargo-Molina, J.E.; Morais, A.P,; Ordell, A.; Pasechnik, R.; Sampaio, M.O.P.; Wessén, J. Reviving trinification models through
an E6 -extended supersymmetric GUT. Phys. Rev. D 2017, 95, 075031. [CrossRef]

Dong, P.V.; Huong, D.T.; Queiroz, ES.; Valle, ].W.E,; Vaquera-Araujo, C.A. The Dark Side of Flipped Trinification. J. High Energy
Phys. 2018, 2018, 143. [CrossRef]

Camargo-Molina, J.E.; Morais, A.P,; Ordell, A.; Pasechnik, R.; Wessén, J. Scale hierarchies, symmetry breaking and particle spectra
in SU(3)-family extended SUSY trinification. Phys. Rev. D 2019, 99, 035041. [CrossRef]

Ohmer, S. Spontaneous CP Violation and the Strong CP Problem in Left-Right Symmetric Theories. Phys. Rev. D 2019, 99, 115031.
[CrossRef]

Wang, Z.W.; Al Balushi, A.; Mann, R; Jiang, H.M. Safe Trinification. Phys. Rev. D 2019, 99, 115017. [CrossRef]

Dinh, D.N.; Huong, D.T.; Duy, N.T.; Nhuan, N.T,; Thien, L.D.; Van Dong, P. Flavor changing in the flipped trinification. Phys. Rev.
D 2019, 99, 055005. [CrossRef]

Dash, C.; Mishra, S.; Patra, S. Theorem on vanishing contributions to sin? O and intermediate mass scale in Grand Unified
Theories with trinification symmetry. Phys. Rev. D 2020, 101, 055039. [CrossRef]

Morais, A.P; Pasechnik, R.; Porod, W. Prospects for new physics from gauge left-right-colour-family grand unification hypothesis.
Eur. Phys. ]. C 2020, 80, 1162. [CrossRef]

Carcamo Herndndez, A.E.; Huong, D.T.; Kovalenko, S.; Morais, A.P.; Pasechnik, R.; Schmidt, I. How low-scale trinification sheds
light in the flavor hierarchies, neutrino puzzle, dark matter, and leptogenesis. Phys. Rev. D 2020, 102, 095003. [CrossRef]

Dash, C.; Mishra, S.; Patra, S.; Sahu, P. Threshold effects on prediction for proton decay in non-supersymmetric Eg GUT with
intermediate trinification symmetry. Nucl. Phys. B 2021, 962, 115239. [CrossRef]

Manolakos, G.; Patellis, G.; Zoupanos, G. N = 1 trinification from dimensional reduction of N = 1, 10D Eg over SU(3)/U(1) x
U(1) x Z3 and its phenomenological consequences. Phys. Lett. B 2021, 813, 136031. [CrossRef]

Joshi, G.C.; Volkas, R. Extended weak isospin and fermion masses in a unified model. Phys. Rev. D 1992, 45, 1711-1719. [CrossRef]
Babu, K.; Ma, E.; Willenbrock, S. Quark lepton quartification. Phys. Rev. D 2004, 69, 051301. [CrossRef]

Chen, S.L.; Ma, E. Exotic fermions and bosons in the quartification model. Mod. Phys. Lett. A 2004, 19, 1267-1272. [CrossRef]
Demaria, A.; Low, C.L; Volkas, R.R. Neutrino masses in quartification schemes. Phys. Rev. D 2006, 74, 033005. [CrossRef]
Demaria, A.; McDonald, K.L. Quartification On An Orbifold. Phys. Rev. D 2007, 75, 056006. [CrossRef]

Babu, K.; Kephart, TW.; Pas, H. Leptonic color models from Z(8) orbifolded AdS/CFT. Phys. Rev. D 2008, 77, 116006. [CrossRef]
Eby, D.A.; Frampton, PH.; He, X.G.; Kephart, TW. Quartification with T” Flavor. Phys. Rev. D 2011, 84, 037302. [CrossRef]
Kownacki, C.; Ma, E.; Pollard, N.; Popov, O.; Zakeri, M. Quartified leptonic color, bound states, and future electron-positron
collider. Phys. Lett. B 2017, 769, 267-271. [CrossRef]

Hirsch, M.; Klapdor-Kleingrothaus, H.V.; Kovalenko, S.G. New low-energy leptoquark interactions. Phys. Lett. B 1996, 378, 17-22.
[CrossRef]

Aristizabal Sierra, D.; Hirsch, M.; Kovalenko, S.G. Leptoquarks: Neutrino masses and accelerator phenomenology. Phys. Rev. D
2008, 77, 055011. [CrossRef]

Cai, Y.; Herrero-Garcia, J.; Schmidt, M.A.; Vicente, A.; Volkas, R.R. From the trees to the forest: A review of radiative neutrino
mass models. Front. Phys. 2017, 5, 63. [CrossRef]

Hiller, G.; Schmaltz, M. Rg and future b — s{{ physics beyond the standard model opportunities. Phys. Rev. D 2014, 90, 054014.
[CrossRef]

Sahoo, S.; Mohanta, R. Scalar leptoquarks and the rare B meson decays. Phys. Rev. D 2015, 91, 094019. [CrossRef]

de Medeiros Varzielas, I.; Hiller, G. Clues for flavor from rare lepton and quark decays. ]. High Energy Phys. 2015, 2015, 72.
[CrossRef]

Péas, H.; Schumacher, E. Common origin of Rx and neutrino masses. Phys. Rev. D 2015, 92, 114025. [CrossRef]

125



Entropy 2024, 26, 533

46.

47.

48.
49.

50.
51.

52.
53.
54.
55.
56.
57.
58.
59.
60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

Cai, Y.; Gargalionis, J.; Schmidt, M.A.; Volkas, R.R. Reconsidering the One Leptoquark solution: Flavor anomalies and neutrino
mass. J. High Energy Phys. 2017, 2017, 47. [CrossRef]

Bigaran, I.; Gargalionis, J.; Volkas, R.R. A near-minimal leptoquark model for reconciling flavour anomalies and generating
radiative neutrino masses. ]. High Energy Phys. 2019, 2019, 106. [CrossRef]

Foot, R.; Lew, H. Quark -lepton symmetric model. Phys. Rev. D 1990, 41, 3502. [CrossRef] [PubMed]

Foot, R.; Lew, H.; Volkas, R. Phenomenology of quark-lepton symmetric models. Phys. Rev. D 1991, 44, 1531-1546. [CrossRef]
[PubMed]

Foot, R.; Volkas, R. Generalised leptonic colour. Phys. Lett. B 2007, 645, 345-350. [CrossRef]

Frampton, PH.; Kephart, TW. Quiver Gauge Theory and Conformality at the Large Hadron Collider. Phys. Rept. 2008,
454, 203-269. [CrossRef]

‘t Hooft, G. Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking. NATO Sci. Ser. B 1980, 59, 135-157.
[CrossRef] [PubMed]

Kephart, TW.; Pas, H. Three family N = 1 SUSY models from Z(n) orbifolded AdS/CFT. Phys. Lett. B 2001, 522, 315-319.
[CrossRef]

Kephart, TW.; Pas, H. Classification of SUSY and nonSUSY chiral models from Abelian orbifolds AdS/CFT. Phys. Rev. D 2004,
70, 086009. [CrossRef]

Coriano, C.; Frampton, PH.; Kephart, T.W.; Melle, D.; Yuan, T.C. An SU(15) Approach to Bifermion Classification. arXiv 2023,
arXiv:2301.02425.

LHCb Collaboration. Test of lepton universality in beauty-quark decays. Nat. Phys. 2022, 18, 277-282. [CrossRef]

Test of lepton universality in b — s¢*¢~ decays. arXiv 2022, arXiv:2212.09152.

Measurement of lepton universality parameters in B¥ — K* /¢~ and B® — K*0¢* ¢~ decays. arXiv 2022, arXiv:2212.09153.
Dorsner, L; Fajfer, S.; Greljo, A.; Kamenik, J.E; Kosnik, N. Physics of leptoquarks in precision experiments and at particle colliders.
Phys. Rept. 2016, 641, 1-68. [CrossRef]

ATLAS Collaboration. Search for pair-produced scalar and vector leptoquarks decaying into third-generation quarks and first- or
second-generation leptons in pp collisions with the ATLAS detector. . High Energy Phys. 2023, 2306, 188. [CrossRef]

ATLAS Collaboration. Search for leptoquarks decaying into the b final state in pp collisions at /s = 13 TeV with the ATLAS
detector. |. High Energy Phys. 2023, 10, 1. [CrossRef]

Aad, G.; Abbott, B.; Abeling, K.; Abidi, S.H.; Aboulhorma, A.; Abramowicz, H.; Abreu, H.; Abulaiti, Y.; Hoffman, A.C.A.; Acharya,
B.S.; et al. Search for pair production of third-generation leptoquarks decaying into a bottom quark and a 7-lepton with the
ATLAS detector. Eur. Phys. J. C 2023, 83, 1075. [CrossRef]

The CMS Collaboration. Search for singly and pair-produced leptoquarks coupling to third-generation fermions in proton-proton
collisions at s = 13 TeV. Phys. Lett. B 2021, 819, 136446. [CrossRef]

The CMS Collaboration. Searches for additional Higgs bosons and for vector leptoquarks in 77 final states in proton-proton
collisions at /s = 13 TeV. J. High Energy Phys. 2023, 2023, 73. [CrossRef]

The CMS Collaboration. Search for Scalar Leptoquarks Produced via T-Lepton-Quark Scattering in pp Collisions at s = 13 TeV.
Phys. Rev. Lett. 2024, 132, 061801. [CrossRef]

Abi, B. Muon g-2 Collaboration. Measurement of the Positive Muon Anomalous Magnetic Moment to 0.46 ppm. Phys. Rev. Lett.
2021, 126, 141801. [CrossRef]

Kephart, TW.; Pas, H. Muon anomalous magnetic moment in string inspired extended family models. Phys. Rev. D 2002,
65,093014. [CrossRef]

Brune, T.; Kephart, T.W.; P4s, H. Muon g-2 Anomaly from Vectorlike Leptons in TeV scale Trinification and E¢ models. arXiv
2022, arXiv:2205.05566.

Ho, C.M.; Hung, P.Q.; Kephart, T.W. Conformal Completion of the Standard Model with a Fourth Generation. J. High Energy Phys.
2012, 6, 45. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

126



ﬂ entropy

Article

Status of Electromagnetically Accelerating Universe

Paul H. Frampton

Citation: Frampton, P.H. Status of
Electromagnetically Accelerating
Universe. Entropy 2024, 26, 629.
https://doi.org/10.3390/e26080629

Academic Editor: Lawrence Horwitz

Received: 22 April 2024
Revised: 11 July 2024
Accepted: 23 July 2024
Published: 26 July 2024

Copyright: © 2024 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Dipartimento di Matematica e Fisica “Ennio De Giorgi”, Universita del Salento and INFN-Lecce, Via Arnesano,
73100 Lecce, Italy; paul.h.frampton@gmail.com

Abstract: To describe the dark side of the universe, we adopt a novel approach where dark
energy is explained as an electrically charged majority of dark matter. Dark energy, as such,
does not exist. The Friedmann equation at the present time coincides with that in a conventional
approach, although the cosmological “constant” in the Electromagnetic Accelerating Universe
(EAU) Model shares a time dependence with the matter component. Its equation of state is
w = P/p = —1 within observational accuracy.
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1. Introduction to the EAU Model

Theoretical cosmology is at an exciting stage because about 95% of the energy in the Visible
Universe remains incompletely understood. The 25% which is dark matter has constituents
whose mass is unknown by over one hundred orders of magnitude. The 70% which is dark
energy is, if anything, more mysterious. Although it can be parametrised by a cosmological
constant with an equation of state w = —1, which provides an excellent phenomenological
description, that is only a parametrisation and not a complete understanding.

In the present paper, we address the issues of dark matter and dark energy using a
novel approach. We use only the classical theories of electrodynamics and general relativity.
We shall not employ any knowledge of quantum mechanics or of theories describing
short-range strong and weak interactions.

This paper may be regarded as a follow-up to our 2018 paper [1] entitled On the
Origin and Nature of Dark Matter and we could have simply added and Energy to that title.
We have, however, chosen Status of Electromagnetic Accelerating Universe because it more
accurately characterises our present emphasis on the EAU model whose main idea is
that electromagnetism dominates over gravitation in the explanation of the accelerating
cosmological expansion. This idea takes us beyond the first paper [2] that applied general
relativity to theoretical cosmology. This is not surprising, since in 1917, that author was
obviously unaware of the fact [3,4] that is was discovered only in 1998 that the rate of
cosmological expansion is accelerating.

The make up of this paper is that primordial black holes are discussed in Section 2,
then primordial naked singularities are discussed in Section 3. Finally, in Section 4, there is
a discussion.

2. Primordial Black Holes (PBHs)

Black holes may be classified into those which arise from the gravitational collapse of
stars and others, which do not. We shall refer to all of the others as primordial. In general,
PBHs with masses up to 10° M, are expected to be formed during the first second after the
Big Bang and arise from inhomogeneities and fluctuations of spacetime. The existence of
PBHs was first proposed [5] by Novikov and Zeldovich and independently seven years
later in the West by Carr and Hawking [6]. The idea that dark matter constituents are PBHs
was first suggested by Chapline [7].
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Shortly after the original presentation of general relativity [8-10], a metric describing a
static black hole of mass M with zero charge and zero spin was discovered by Schwarzschild [11]
in the form

ds? = —(1- )+ (1- %5)751# +r2d0? M

Shortly thereafter, the Reissner-Nordstrom metric [12,13] for a static black hole with
electric charge was found. It then took a surprising forty-five years until Kerr cleverly
found a metric [14] of general relativity corresponding to such a solution with spin. We
shall not discuss the case of non-zero spin in the present paper because, although we
expect that all the objects we discuss do spin in nature, according to the calculations
in [15], which use Kerr’s generalisation, spin is an inessential complication in all of our
subsequent considerations.

2.1. Primordial Intermediate Mass Black Holes (PIMBHSs) as Galactic Dark Matter

Global fits to cosmological parameters have led to a consensus that about one quarter
of the energy of the universe is in the form of electrically neutral dark matter. It seemed
natural to propose [16] that in a galaxy like the Milky Way are between ten million and
ten billion primordial black holes with masses between one hundred and one hundred
thousand solar masses.

Black holes in this range of masses are naturally known as intermediate mass black
holes (IMBHs) since they lie as an intermediate between the masses of stellar mass black
holes and the masses of the supermassive black holes at galactic centers.

The existence of stellar mass black holes in nature was established sixty years ago in
1964 by the discovery in Cygnus X-1 of a black hole with a mass of about 15M¢. Such X-ray
binaries were studied in [17] and then in [18] and appear in the mass range between 5M;,
and IOOMQ

The existence of dark matter was first discovered by Zwicky [19,20] in 1933 in the
Coma Clusters and its presence in individual galaxies was demonstrated convincingly by
Rubin in the 1970s from the measurement of rotation curves, which demanded the existence
of additional matter to what was luminous [21].

The PBH mass function is all important. Possible PBH masses extend upwards to
many solar masses and without any obvious upper limit, far beyond what was thought
possible in the twentieth century, when ignorance about PBHs with many solar masses
probably prevented the MACHO [22] and EROS [23] collaborations from discovering a
larger fraction of dark matter.

Black holes formed by gravitational collapse cannot satisfy Mpy < Mg, because stars
powered by nuclear fusion cannot be far below M = M. This was contradicted by the
studies in [5,6], which suggested that much lighter black holes can be produced in the
earliest stages of the Big Bang.

Such PBHs are of special interest for several reasons. Firstly, they are the only type
of black hole that can be so light, down to 102 kg ~ 10~ 18 M., that Hawking radiation
might conceivably be detected. Secondly, PBHs in the intermediate mass region 100M, <
Mima < 10°Mg can provide galactic dark matter.

The mechanism of PBH formation involves large fluctuations or inhomogeneities.
Carr and Hawking [6] argued that we know there are fluctuations in the universe in order
to seed structure formation and there must similarly be fluctuations in the early universe.
Provided the radiation is compressed to a high density, meaning to a radius as small as
its Schwarzschild radius, a PBH will form. Because the density in the early universe is
extremely high, it is very likely that PBHs will be created. The two necessities are high
density, which is guaranteed, and large inhomogeneities, which are possible.

During radiation domination,

a(t) o t1/2 )
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and

Py xa(t) ™ oct? 3)

Ignoring factors O(1) and bearing in mind that the radius of a black hole is
M
By ~ <M2 B ) 4)
Planck

with

Mpianck ~ 1019G€V ~ 10’8kg ~ 10738M’\~) (5)

and using the Planck density ppjack

Optanck = (Mpianck)* ~ (107°8) (10" Pem) =3 = 10™p,0 (6)

the density of a general black hole pgy(Mppy) is

2
Mgy Mpianer 94 1038 Mg

Mpy) ~ | 22BH | — MPlanck | 10 L Mo 7

pH(Mpy) (7%H> PPZﬂnck( Mpps PH0 |~ 7)

which means that for a solar mass black hole

p8H(Mo) ~ 10%pp,0 ®)

while for a billion solar mass black hole
1 (10°Ma) ~ ppy0- ©)

and above this mass, the density falls as Mgﬁ.

The mass of the PBH is derived by combining Equations (3) and (7). We see from
these two equations that Mpgp grows linearly with time, and using Planckian units or solar
units, we find, respectively,

3 t
Mpppy ~ <W>Mp1mk ~ <@>105M@ (10)

which implies that if we insisted on PBH formation before the electroweak phase transition,
t < 107125, that
Mppp < 107"Me an

Such an upper bound as that in Equation (11) explains why the MACHO searches at
the turn of the twenty-first century [22,23], inspired by the clever suggestion of Paczyn-
ski [24], lacked motivation to pursue searching above 100M,, because it was thought
incorrectly at that time that PBHs were far too light. It was known correctly that the
results of the gravitational collapse of normal stars, or even large early stars, are below
100Me. Supermassive black holes with M > 10°M, such as SgrA* in the Milky Way were
beginning to be discovered in galactic centers but their origin was unclear and this will be
discussed further in Section 2.2.

Using the mechanism for Hawking radiation provides the lifetime for a black hole
evaporating in vacuo given by

3
TBH ~ (ﬁ;) X 1064years (12)
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so that to survive to the age 10'0 years of the universe, there is a lower bound on Mppy to
augment the upper bound in Equation (11), giving, as the full range of Carr-Hawking PBHs,

1078 My, < Mppy < 107" M, (13)

The lowest mass possible for s surviving PBH in Equation (13) has the density
0~ 10%p H,0- It is an object which has the physical size of a proton and the mass of
Mount Everest.

The Hawking temperature Ty (Mppy) of a black hole is given by

Ty (Mpy) = 6 x 10—81<< Mo ) (14)
Mgy
which would be above the CMB temperature, and hence there would be outgoing radiation
for all of the cases with Mpy < 2 x 1078 M. Hypothetically, if the dark matter halo were
made entirely of the brightest possible (in terms of Hawking radiation) 10~ M., PBHs,
the expected distance to the nearest PBH would be about 107 km. Although the PBH
temperature, according to Equation (14), is ~ 6 X 109K, the inverse square law renders
the intensity of Hawking radiation too small, by many orders of magnitude, to allow for
detection by any foreseeable terrestrial apparatus.

The originally suggested mechanism produces PBHs with masses in the range up
to 1077 Me. We shall now discuss the formation of far more massive PBHs by a rather
different mechanism. As already discussed, PBH formation requires very large inhomo-
geneities. Here, we shall illustrate how mathematically to produce inhomogeneities that
are exponentially large.

In the simplest single-stage inflation, no exceptionally large-density perturbation is
expected. Therefore, it is necessary to consider at least a two-stage hybrid inflation with
respective fields called [25], inflaton, and waterfall. The idea then involves parametric
resonance in that, after the first of the two stages of inflation, mutual couplings of the
inflaton and waterfall fields cause both to oscillate arbitrarily wildly and produce pertur-
bations which can grow exponentially. A second (waterfall) inflation then stretches the
inhomogeneities further, thus enabling the production of PBHs with an arbitrarily high
mass. This specific model may not describe nature but provides an existence theorem to
confirm that arbitrarily large-mass PBHs can be produced mathematically. The resulting
mass function is spiked, but it is possible that other PBH production mechanisms can
produce a smoother mass function.

The full details of the model are presented in [26], where the inflaton and waterfall
fields are denoted by ¢ and ¢, respectively. Between the two stages of inflation, the o
and 1 fields oscillate, decaying into their quanta via their own and mutual couplings.
Specific modes of o and ¢ are amplified by parametric resonance. The resulting coupled
equations for the two fields are of the Mathieu type with exponentially growing solutions.
The numerical solution shows that the peak wave number k ;. is approximately linear in
my. The resultant PBH mass, the horizon mass when the fluctuations re-enter the horizon,
is approximately

k -2
Mpgg ~ 1.4 x 108 M., (M;"’C“ﬁ 1) 15)

Explicit plots were exhibited in [26] for the cases Mppy = 107 8Mg, 107" Mg, and
10°Me. At that time (2010), although not included in the paper, it was confirmed that
parameters can always be chosen such that arbitrarily high-mass PBHs, at or even beyond
the mass of the universe, may be produced. This is an important result to be borne in mind.

In the PBH production mechanism based on hybrid inflation with parametric res-
onance, the mass function is generally sharply spiked at a specific mass region. Such a
peculiar mass function is not expected to be a general feature of PBH formation, only a
property of this specific mechanism. But this specific mechanism readily demonstrates the
possibility of the primordial formation of black holes with many solar masses. For com-
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pleteness, it should be pointed out that PBHs with masses up to 10~ M, were discussed
even in the 1970s, for example, by Carr [27] and by Novikov, Polnarev, Starobinskii, and
Zeldovich [28].

For dark matter in galaxies, PIMBHSs are important, where the upper end must be
truncated at 10°M, to stay well away from galactic disk instability, first discussed by
Ostriker et al [29]. They showed convincingly that an object with a mass one million solar
masses out in the spiral arms of the Milky Way destabilizes the galactic disk to such an
extent that the entire galaxy collapses.

The observations of rotation curves reveal that the dark matter in galaxies including
the Milky Way fills out an approximately spherical halo somewhat larger in radius than the
disk occupied by the luminous stars. Numerical simulations of structure formation suggest
a profile of the dark matter of the NFW type [30]. Note that the NFW profile is independent
of the mass of the dark matter constituent and the numerical calculations are restricted by
the available computer size, for a system as large as a typical galaxy, to constituents which
have many solar masses.

In our discussion a decade ago [16], we focused on galaxies like the Milky Way and re-
stricted the mass range for dark matter constituents to lie within three orders of magnitude:

10°Ms < M < 10°Mg (16)

We shall not repeat the lengthy entropy arguments in [16] here, just that the con-
stituents were proposed to be primordial intermediate mass black holes, PIMBHs.
Assuming a total dark halo mass of 10'>M,, Equation (16) implies that the number
of PIMBHs is between ten million (107) and ten billion (10'0). Assuming further that the
dark halo has a radius R of a hundred thousand (10°) light years, the mean separation L of
PIMBHs can then estimated by
- R
L~ (W) 17)

1001y < L < 10001y (18)

which translates approximately to

which also provides a reasonable estimate of the distance to the nearest PIMBH from the
Earth, which is very far outside the Solar System where the orbital radius of the outermost
planet Neptune is ~ 0.001 ly.

To an outsider, it may be surprising that millions of intermediate mass black holes in
the Milky Way have remained undetected. Ironically, they could have been detected more
than two decades ago had the MACHO collaboration [22] persisted in its microlensing
experiment at Mount Stromlo Observatory in Australia.

Dark matter was first discovered almost a century ago by Zwicky [19,20] in the Coma
cluster, a large cluster at 99 Mpc containing over a thousand galaxies and with a total mass
estimated at 6 x 10'*Mg, [31]. Convincing proof of the existence of cluster dark matter was
provided by the Bullet cluster collision, where the distinct behaviours of the X-ray-emitting
gas which collided, and the dark matter which did not, was observable [32-34].

Since there is not the same disk stability limit [29] as for galaxies, the constituents of
cluster dark matter can also involve PSMBHs up to much higher masses than those possible
for the PIMBHs within galaxies.

The possible solution of the galactic dark matter problem cries out for experimental
verification. Three methods have been discussed: wide binaries, distortion of the CMB, and
microlensing. Of these, microlensing seems the most direct and promising. Microlensing
experiments were carried out by the MACHO [22] and EROS [23] collaborations decades
ago. At that time, it was believed that PBH masses were below 107" Mp by virtue of the
Carr-Hawking mechanism. Heavier black holes could, it was then believed, arise only
from the gravitational collapse of normal stars, or heavier early stars, and would have a
mass below 100Mg,.
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For this reason, there was no motivation to suspect that there might be MACHOs
which led to higher-duration microlensing events. The longevity, #, of an event is

1
3
F=0.2yrs <M> (19)

which assumes a transit velocity of 200 km/s. Subsituting our extended PBH masses,
one finds approximately f~6,20,60 years for Mppy ~ 103,10%,10° M, respectively, and
searching for light curves with these higher values of f could be rewarding.

It is to be hoped that MACHO searches will soon resume at the Vera Rubin Obser-
vatory and focus on highest-longevity microlensing events. Is it possible that convincing
observations showing only a fraction of a light curve could suffice? If so, only a fraction
of the six years, for example, corresponding to PIMBHs with one thousand solar masses,
could be enough to confirm the theory.

2.2. Primordial Supermassive Black Holes (PSMBHs) at Galactic Centers

Evidence for supermassive black holes at galactic centers arises from the observations
of fast-moving stars around them and such stars being swallowed or torn apart by the
strong gravitational field. The first discovered SMBH was Sgr A*, at the core of the Milky
Way, which was discovered in 1974 and has a mass Msg, 4« ~ 4.1 X 10°M,. The SMBH at
the core of the nearby Andromeda galaxy (M31) has a mass M = 2 x 108 Mo, fifty times
Msgra«. The most massive core SMBH so far observed is for NGC4889, with a mass of
M ~ 2.1 x 10° My, Some galaxies contain two SMBHs in a binary, expected to be the result
of a galaxy merger. Quasars contain black holes with even higher masses up to at least
4% 10"°M,.

A black hole with the mass of that of SgrA* would disrupt the disk dynamics [29]
were it out in the spiral arms, but at, or near to, the center of mass of the Milky Way, it is
more stable. SgrA* is far too massive to have been the result of a gravitational collapse, and
if we take the view that all black holes either are the result of gravitational collapse or are
primordial, then the galaxies” core SMBHs must be primordial. Nevertheless, it is probable
that the PSMBHs are built up by merging and accretion from less massive PIMBH seeds.

3. Primordial Naked Singularities (PNSs)

Just as neutral black holes can be formed as PBHs in the early universe, it is natural to
assume that objects can be formed based on the Reissner-Nordstrom metric [12,13]:

ds? = f(r)dt> — f(r)~'dr* — r*d6* — r* sin® 0d¢? (20)
where
s, "o
fry=1-"+3 ) 1)
with
rs =2GM rg=Q*G (22)

The horizon(s) of the RN metric occur when

f(r)=0 (23)

ry = %(rs + M) (24)

It follows that for 2rg < rg, Q% < M, there are two horizons. On the other hand, when
2rg =rs, Q? = M, the RN black hole is named extremal and there is only one horizon. If
2rg >rs, Q2 > M, the RN metric may be called super-extremal. In this case, there is no
horizon at all and the r = 0 singularity becomes observable to a distant observer. This is

which gives
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called a naked singularity. With this last inequality, it is no longer a black hole, which, by
definition, requires a horizon.

Consider two identical objects with mass M and charge Q, and then an electromagnetic
repulsive force F;; o k.Q? and a gravitational attraction Fgrey GM?2. Thus, for the
electromagnetic repulsion to exceed the gravitational attraction, we need Q2 > GM2/k,
and hence perhaps super-extremal Reissner-Nordstrom or naked singularities (NSs) (to
anticipate NSs, we shall replace BH with NS for charged dark matter. If charges satisfy
Q2 < M, this replacement is unnecessary).

We cannot claim to understand the formation of PNSs. One idea hinted at in [35] is that
extremely massive ones, charged PEMNSs, might begin life as electrically neutral PBHs.
Then, during the dark ages, these selectively accrete electrons over protons. However this
formation process evolves, it must be completed before the onset of accelerated expansion
some 4 billlion years ago at cosmic time ¢ ~ 9.8 Gy.

Like-Sign-Charged Primordial Extremely Massive Naked Singularities (PEMNSs) and Accelerated
Expansion: The EAU Model

A novel EAU model was suggested in [36,37], where dark energy is replaced by
charged dark matter in the form of PEMNSs or charged primordial extremely massive
naked singularities (in [36,37] the PEMNSs were called PEMBHs). That discussion involved
the new idea that, at the very largest cosmological distances, the dominant force is electro-
magnetism rather than gravitation. This differs from the assumption tacitly made in the
first application of general relativity by Einstein [2].

The production mechanism for PBHs in general is not well understood, and for
the PEMNSs, we shall make the assumption that they are formed before the accelerated
expansion begins at t = tpg ~ 9.8 Gy. For the expansion before {pg, we shall assume that
the ACDM model is approximately accurate.

The subsequent expansion in the charged dark matter model will, in the future, depart
markedly from the ACDM case. We can regard this as advantageous because the future
fate of the universe in the conventional picture does have certain unaesthetic features in
terms of the extremely large size of the asymptotic extroverse.

In the ACDM model, the introverse, or what is also called the visible universe, coin-
cides with the extroverse at t = tpg ~ 9.8 Gy with the common radius

Rev(tpe) = Ry (tpe) = 39Gly. (25)

The introverse expansion is limited by the speed of light and its radius increases from
Equation (25) to 44 Gly at the present time t = t, but asymptotes only to

The extroverse expansion is, by contrast, exponential and superluminal. Its radius
increases from its value of 39 Gly in Equation (25) to 52 Gly at the present time t = fg
and grows without limit. After only a trillion years, it attains an extremely large value,
as follows:

Rpy(t = 1Ty) = 9.7 x 10%Gly. (27)

This future for the ACDM scenario seems distasteful because the introverse becomes
of ever decreasing, and eventually vanishing, significance, relative to the extroverse.

One attempt at a possible formation mechanism of PEMNSs was provided in [35],
where their common sign of electric charge, negative, arises from the preferential accretion
of electrons relative to protons. This formation mechanism is not well understood (elec-
trically neutral PEMBHS were first considered, with a different acronym, SLABs, in [38]).
So, to create a cosmological model, we shall, for simplicity, assume that the PEMNSs are
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all formed before t = tpg ~ 9.8 Gy and thereafter, the Friedmann equation, ignoring
radiation, is

Ny

a A(t) 871G
<;> = :E) ) + 3 Pmatter (28)

where A(t) is the cosmological “constant” generated by Coulomb repulsion between the
PEMNSs. From Equation (28), in the ACDM model with a(ty) = 1 and constant A(t) = A,
we would predict that, in the distant future,

a(t — oo) ~exp<\/§(tto)> (29)

In the case of charged dark matter, with no dark energy, we must re-write Equation (28) as

s\ 2
a 8nG 8nG
(E) = TPCPEMNSS + Tpmatter (30)

in which (o)
£
pmatter(t) = f’m;t(t+330 (31)
where matter includes normal matter and uncharged dark matter.
Of special interest to the present discussion is the expected future behaviour of the
charged dark matter:
prEMNS (to)
f) = —— 20—~ 32
PPEMNSs () a(t)? (32)
so that the comparison of Equations (28) and (30) suggests that the cosmological constant is
predicted to decrease from its present value. More specifically, we find that, asymptotically,
the scale factor will behave as if matter-dominated and the cosmological constant will
decrease at large future times as a power:

a(t > o0) ~ 13 A(t— 00) ~ 72 (33)

so that a trillion years in the future, A(t) will have decreased by some four orders of
magnitude relative to A(fg). See Table 1.

Table 1. Cosmological “constant”.

Time A(t)
to (2.0 meV)*
to + 10Gy (1.0 meV)*
to + 100Gy (700 peV)*
to+ 1Ty (230 peV)*
to+ 1Py (7.4 peV)*

In both the ACDM model and the EAU model, the present time is an unusual one in
cosmic history. In the former case, there is the present similarity between the the densities of
dark matter and energy. In the latter case with charged dark matter, the present accelerated
expansion is maximal and will disappear within a few more billion years.

In the EAU model, acceleration began about 4 Gy ago at tpg = 9.8Gy = ty — 4Gy.
This behaviour will disappear in a few more billion years. The value of the cosmological
constant is predicted to fall like a(t)_2 so that, when t ~ /2t ~ 19.5Gy ~ tg +4.7Gy, the
value of A(t) will be one half of its present value, A(fy). On the other hand, as discussed
in [37], the equation of state associated with A is accurately predicted to be w = —1, so
close to that value that measuring the difference seems forever impracticable.
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For charged dark matter, we now discuss the future time evolution of the introverse
and extroverse. For the introverse, nothing changes from the ACDM, and after a trillion
years, the introverse radius will be at its asymptotic value Rjy = 58Gly, as stated in
Equation (26). By contrast, the future for the extroverse is very different for charged dark
matter than for the conventional ACDM case. With the growth a(t) t%, we find that the
radius of the extroverse att = 1 Ty is

Rey (t = 1Ty) ~ 900Gly. (34)

This is in stark contrast to the extremely large value 9.7 x 10%? Gly predicted by the
ACDM model, quoted in Equation (27) above. Equation (34) means that if there still exist
scientific observers, their view of the distant universe will be quite similar to that of the
present one and will include many billions of galaxies.

In the ACDM case, such a hypothetical observational cosmologist, trillions of years in
the future, could observe only the Milky Way and objects which are gravitationally bound
to it, so that cosmology would become an extinct science.

The principal physics advantage of charged dark matter is that it avoids the idea of an
unknown repulsive gravity inherent in “dark energy”. Electromagnetism provides the only
known long-range repulsion so it is more attractive to adopt it as the explanation for the
accelerating universe. The secondary advantage of charged dark matter, that it provides a
conducive environment for observational cosmology trillions of years into the future, is not
by itself sufficient to choose this theory.

4. Discussion

Although this paper is essentially speculative, we are unaware of any fatal flaw. We
have replaced the conventional make up for the slices of the universe’s energy pie (5%
normal matter; 25% dark matter; 70% dark energy) with a similar but crucially changed
version (5% normal matter; 25% dark matter; 70% charged dark matter).

The term dark energy was coined by Turner [39] in 1998, shortly after the announce-
ment of accelerated expansion [3,4]. An outsider familiar with E = Mc? might guess that
dark energy and matter are equivalent. If our model is correct, they would be correct,
although it has nothing to do with E = mc?. Charged dark matter replaces dark energy,
an ill-chosen name because it suggested that there exists an additional component in
the Universe.

In April 2024, news [40] from the Dark Energy Spectroscopic Instrument (DESI) at Kitt
Peak in Arizona, USA, gave a preliminary indication that the cosmological constant A(t)
is not constant but diminishing with time, as suggested by our Equation (33), and by our
Table 1, thus providing possible support for the EAU model.

Other supporting evidence could appear in the foreseeable future from the James
Webb Space Telescope (JWST), which might shed light on the formation of PBHs in the
early universe, and also from the Vera C. Rubin Observatory in Chile, which will study
long-duration microlensing light curves, which could provide evidence for the existence of
PIMBHs inside the Milky Way.

It will be interesting to learn how these and other observations might support the idea
that the observed cosmic acceleration is caused by charged dark matter.

Funding: This research received no external funding

Institutional Review Board Statement: Not applicable

Data Availability Statement: No new data were created or analyzed in this study. Data sharing is
not applicable to this article.

Acknowledgments: We wish to thank the editors of Entropy magazine for coming up with the idea
of this eightieth anniversary Festschrift, and to thank all of the other contributors for writing and
submitting their stimulating papers.

135



Entropy 2024, 26, 629

Conflicts of Interest: The author declares no conflicts of interest

References

1. Frampton, PH. On the Origin and Nature of Dark Matter. Int. |. Mod. Phys. 2018, A33, 1830030. [CrossRef]

2. Einstein, A. Cosmological Considerations in the General Theory of Relativity. Sitz. Preuss. Akad. 1917, 142, 142-152.

3. Perlmutter, S.; Aldering, G.; Goldhaber, G.; Knop, R.A.; Nugent, P; Castro, P.G.; Deustua, S.; Fabbro, S.; Goobar, A.; Supernova
Cosmology Project Collaboration; et al. Measurements of () and A from 42 High-Redshift Supernovae. Astrophys. J. 1999, 517,
565. [CrossRef]

4. Riess, A.G,; Filippenko, A.V.; Challis, P; Clocchiatti, A.; Diercks, A.; Garnavich, PM.; Gilliland, R.L.; Hogan, C.J.; Jha, S.;
Supernova Search Team; et al. Observational evidence from supernovae for an accelerating universe and a cosmological constant.
Astron. J. 1998, 116, 1009. [CrossRef]

5. Novikov, I.D.; Zeldovic, Y.B. Cosmology. Ann. Rev. Astron. Astrophys. 1967, 5, 627. [CrossRef]

6.  Carr, BJ.; Hawking, S.W. Black Holes in the Early Universe. MNRAS 1974, 168, 399. [CrossRef]

7. Chapline, G.F. Cosmological Effects of Primordial Black Holes. Nature 1975, 253, 251. [CrossRef]

8. Einstein, A. Zur Allgemeinen Relativitatstheorie. Sitz. Preuss. Akad. 1915, 46, 799.

9.  Einstein, A. Erklarung der Perihelbewegung des Merkur. Biogr. Geogr. 1915, 47, 831.

10.  Einstein, A. Die Feldgleichungen der Gravitation. Sitzungsberichte Der Koniglich Preuflischen Akad. Der Wiss. 1915, 48, 844.

11.  Schwarzschild, K. On the Gravitational Field of a Mass Point According to Einstein’s Theory. Sitz. Preuss. Akad. 1916, 189-196.

12.  Reissner, H. Uber die Eigengravitation des Elektrischen Feldes nach der Einsteinschen Theorie. Ann. Phys. 1916, 355, 106.
[CrossRef]

13.  Nordstrom, G. On the Energy of the Gravitational Field in Einstein’s Theory. Verhandl. Koninki. Ned. Akad. 1918, 26, 1201.

14. Kerr, R.P. Gravitational Field of a Spinning Mass as an Example of Algebraically Special Metrics. Phys. Rev. Lett. 1963, 11, 237.
[CrossRef]

15.  Frampton, PH. Kerr-Newman and Electromagnetic Acceleration. arXiv 2023, arXiv:2308.04875.

16. Frampton, PH. Searching for Dark Matter Constituents with Many Solar Masses. Mod. Phys. Lett. 2016, A31, 1650093. [CrossRef]

17.  Zeldovich, Y.B.; Guseinov, O.H. Collapsed Stars in Binaries. Astrophys. J. 1966, 144, 840. [CrossRef]

18. Trimble, V.L.; Thorne, K.S. Spectroscopic Binaries and Collapsed Stars. Astrophys. J. 1969, 156, 1013. [CrossRef]

19.  Zwicky, F. Die Rotverschiebung von Extragalaktischen Nebeln. Helv. Phys. Acta 1933, 6, 110.

20. Zwicky, F. On the Masses of Nebulae and of Clusters of Nebulae. Astrophys. ]. 1937 86, 217. [CrossRef]

21.  Rubin, V.C; Thonnard, N.; Ford, W.K,, Jr. Rotational Properties of 21 SC Galaxies with a Large Range of Luminosities and Radii,
from NGC4605 (R = 4 kpc) to UGC2885 (R = 122 kpc). Astrophys. |. 1980, 238, 471. [CrossRef]

22.  Alcock, C.; Allsman, R.A.; Alves, D.R.; Axelrod, T.S.; Becker, A.C.; Bennett, D.P,; Cook, K.H.; Dalal, N.; Drake, A.].; MACHO
Collaboration; et al. The MACHO Project: Microlensing Results from 5.7 Years of LMC Observations. Astrophys. ]. 2000, 542, 281.
[CrossRef]

23. Tisser, P; Le Guillou, L.; Afonso, C.; Albert, ].N.; Andersen, J.; Ansari, R.; Aubourg, E.; Bareyre, P; Beaulieu, J.P.; EROS
Collaboration; et al. Limits on the Macho Content of the Galactic Halo from the EROS-2 Survey of the Magellanic Clouds. Astron.
Astrophys. 2007, 469, 387. [CrossRef]

24. Paczynski, B. Gravitational Microlensing by the Galactic Halo. Astrophys. |. 1986, 304, 1. [CrossRef]

25. Liddle, A.R.; Lyth, D.H. Cosmological Inflation and Large-Scale Structure; Cambridge University Press: Cambridge, UK, 2000.

26. Frampton, P.H.; Kawasaki, M.; Takahashi, F.; Yanagida, T.T. Primordial Black Holes as All Dark Matter. JCAP 2010, 4, 23.
[CrossRef]

27.  Carr, B. The Primordial Black Hole Mass Spectrum. Astrophys. J. 1975, 201, 1. [CrossRef]

28. Novikov, L.D,; Polnarev, A.G.; Starobinskii, A.A.; Zeldovich, Y.B. Primordial Black Holes. Astron. Astrophys. 1979, 80, 104.

29.  Xu, G.H,; Ostriker, ].P. Dynamics of Massive Black Holes as a Possible Candidate of Galactic Dark Matter. Astrophys. ]. 1994, 437, 184.
[CrossRef]

30. Navarro, J.F; Frenk, C.S.; White, S.D. A Universal Density Profile from Hierarchical Clustering. Astrophys. |. 1997, 490, 493.
[CrossRef]

31. Merritt, D. The Distribution of Dark Matter in the Coma Cluster. Astrophys. ]. 1987, 313, 121. [CrossRef]

32. Binggeli, B.; Sandage, A.; Tammann, G.A. Studies of the Virgo Cluster. 2. A Catalog of 2096 Galaxies in the Virgo Cluster Area.
Astron. J. 1985, 90, 1681. [CrossRef]

33. Mei, S.; Blakeslee, ].P.,; Coté, P; Tonry, ].L.; West, M.].; Ferrarese, L.; Jorddn, A.; Peng, EW.; Anthony, A.; Merritt, D.; et al. The ACS
Virgo Cluster Survey. 13. SBF Distance Catalog and the Three-Dimensional Structure of the Virgo Cluster. Astrophys. J. 2007, 655,
144. [CrossRef]

34. Clowe, D.; Brada¢, M.; Gonzalez, A.H.; Markevitch, M.; Randall, S.W.; Jones, C.; Zaritsky, D. A Direct Emprical Proof of the
Existence of Dark Matter. Astrophys. J. Lett. 2006, 648, L109. [CrossRef]

35. Araya, I]; Padilla, N.D.; Rubio, M.E.; Sureda, J.; Magafia, J.; Osorio, L. Dark Matter from Primordial Black Holes Would Hold
Charge. JCAP 2023, 2, 30. [CrossRef]

36. Frampton, P.H. Electromagnetic Accelerating Universe. Phys. Lett. 2022, B835, 137480. [CrossRef]

37.  Frampton, PH. A Model of Dark Matter and Energy. Mod. Phys. Lett. 2023, A38, 2350032. [CrossRef]

136



Entropy 2024, 26, 629

38. Carr, B;; Kiihnel, F; Visinelli, L. Constraints on Stupendously Large Black Holes. MNRAS 2021, 501, 2029. [CrossRef]

39. Turner, M.S. Dark Matter and Dark Energy in the Universe. Phys. Scr. 2000, T85, 210. [CrossRef]

40. Adame, A.G.; Aguilar, J.; Ahlen, S.; Alam, S.; Alexander, D.M.; Alvarez, M.; Alves, O.; Anand, A_; Rich, J.; DESI Collaboration; et al.
DESI 2024 VI:Cosmological Constraints from the Measurements of Baryon Acoustic Oscillations. arXiv 2024, arXiv:2404.03002.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual

author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

137



o4 entropy

Article

String Invention, Viable 3-3-1 Model, Dark Matter Black Holes

Holger B. Nielsen

Citation: Nielsen, H.B. String
Invention, Viable 3-3-1 Model, Dark
Matter Black Holes. Entropy 2024, 26,
830. https://doi.org/10.3390/
€26100830

Academic Editor: Oleg Lunin

Received: 13 August 2024
Revised: 18 September 2024
Accepted: 23 September 2024
Published: 30 September 2024

Copyright: © 2024 by the author.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Niels Bohr Institute, 2200 Copenhagen, Denmark; hbech@nbi.ku.dk

Abstract: With our very limited memories, we provide a brief review of Paul Frampton’s memories
of the discovery of the Veneziano model, with this indeed being string theory, with Y. Nambu,
and, secondly, his 3-3-1 theory. The latter is, indeed, a non-excluded replacement for the Standard
Model with triangle anomalies being cancelled, as they must in a truly viable theory. It even
needs (essentially) three as the family number! Moreover, primordial black holes as dark matter
is mentioned. We end with a review of my own very speculative, utterly recent idea that for the
purpose of the classical approximation, we could, using the functional integral as our rudimentary
assumption taken over from quantum mechanics, obtain the equations of motion without the, in our
opinion, very mysterious imaginary unit i, which usually occurs as a factor in the exponent of the
functional integrand, which is this i times the action. The functional integral without the mysterious i
leads to the prediction of some of the strongest features in cosmology, and also seems to argue for as
few black holes as possible and for the cosmological constant being zero.

Keywords: string theory; invention of string; dual models; quantumfield theory; gauge theories;
3-3-1 model; anomalies; number of families; cosmology; dark matter; black holes; complex action;
influence from future; cosmological constant; complex unit 7

1. Introduction

Thinking about Paul, first, I do remember our nice time together in CERN when we
were younger, getting nice dinners and visiting the mountains, once even with a couple
of diplomat girls. However, first of all, we were working, and Paul was, in addition to
working with me, etc., writing his book [1] on dual models with its several chapters. I had
met Paul earlier than at CERN, I think in DESY. Additionally, once he even met my mother
and uncle in Copenhagen, and I remember we were at a place in the far end of Nyhavn,
and that was rather special in the way that I think my mother and uncle met exceedingly
few of my colleagues.

In Geneva, we went to a lot of good restaurants together and there were many pos-
sibilities. During the same stay in CERN, I also worked with Lars Brink, and also, Colin
Froggatt, with whom I am still working a lot, was there. In addition, Paul and I worked a
bit together much later, and I have not given up the hope of us getting even more work
together; in fact, I am going to Corfu soon, and Paul is to be there too.

Plan of Paper

In the next section, I review the very early stages of finding the string from the
Veneziano model as conducted by Frampton and Nambu. In Section 3, we review the
3-3-1 model, which Paul created and which has been studied a lot, because it is a possible
replacement for the Standard Model, which really could be true still. In Section 4, we
look at which arguments one would speculate Nature may have used for finally selecting
the model, 3-3-1 or the Standard Model. In Section 5, we move on to black holes, mainly
with the idea that they should be dark matter as this is Paul’s favorite dark matter model.
Then, in Section 6, I refer to my own work, which attempts as a Random Dynamics project
to derive quantum mechanics but instead discusses how one makes a classical theory
from functional integral formulation with the, to me, mysterious imaginary unit i, in a
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fundamental theory such as quantum mechanics, removed. Section 7 provides a conclusion
and birthday wishes.

2. Very Early String Theory

In the celebration of Nambu [2], Paul reveals how I, [3], and Lenny Susskind [4,5]
should feel very lucky that Nambu [6,7] was a bit slow in publishing about the string from
factorization of the dual model. (See also the book on the Birth of String Theory [8]).

Indeed, after a question by Nambu, Paul worked on factorizing the factor
(1—x)2P2Ps in the Veneziano model to what would now be called string variables.
The question was:

Can the t-dependence be factorized as

(1—x) 7277 = F(p2)G(ps)? ey
where this is the factor in the Veneziano model notation
1
A(s,t) = / P S € R e R P )
0
Paul carried out the factorization by writing
(1-x) = ep(nd-x), ©)
and expanding
x‘l’l
In(l1-x) = 72?' 4)

He reached the factorization

1

%) a(")xn
F(p) = exp|iv2dp,y” ”ﬁ ®)

o (m)t
Glp) = exp(immz“gﬁ> (6)

1
It is easy to check that the explicit solution is
(1—x)2P 2 = <O[F(p2)G(ps)|0 >. )

This was all very early, even compared to my own also unpublished version —even
the first version, which was the same but without the word “almost” in the title. In fact,
Knud Hansen, an experimentalist at the Niels Bohr Institute, commented on my first title
without the “almost” so that I put in this word and then produced the title “An almost
physical Interpretation of Dual Model” [3].

3. Extension of Standard Model That Could Work

The so-called 3-3-1 model [9,10], of which one can have some slightly different
variations (see e.g., [11]), is a model carefully worked out to have no anomalies from
the triangle diagrams for the fermions in the model. This model [10] is described as
SU(3) x SU(3) x U(1)y, or thinking with O'Raifeartaigh [12] on gauge groups rather
than just the Lie algebra, U(3), x SU(3)L, and the leptons have their left pair put together
with the antiparticle of the right-handed singlet of the usual Standard Model, into a single
antitriplet representation for the SU(3), representation
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Ya = |l ] ~ (3,0 ®)

For the quarks, we do not in the Standard Model have the SU(2) singlet as for the
leptons, and thus, instead, a new particle J, is introduced to complete the triplets under the
SU(3)r. The naive attempt would be to let all the three families of quarks we know also be
represented as the lepton SU(2)-doublets as, e.g., the first family

u/

1
Qu = (d|~(32/3), )
J

but if we had all the quark families represented this way, then the anomaly from a triangle
diagram (see Figure 1) with three external gauge particles from group SU(3);, would add
up and the model would not be anomaly free.

N

Figure 1. In this diagram, the three outgoing gauge boson (propagator) attachments denoting the
gauge bosons from the gauge group SU(3) replaced the weak SU(2) and some of the U(1) in the
Standard Model, which is discussed in the text.

Instead, it must now be repaired by representing instead one of the quark families by
the representation

Ja
Qu = |uh] ~ (3% —1/3)fora=2,3. (10)
dy

Then, we can easily see that we can achieve a cancellation of the anomalies from the
triangle diagram with three outgoing gauge particles from the SU(3); group, with one
extending the weak SU(2) and, partly, the U(1) of the Standard Model. We just have
to know that the diagram anomaly is non-zero because it is obvious that the anomaly
contribution is simply proportional to the number of left-handed fermions going around
the triangle in the diagram. Thus, we must have arranged that there are equally as many
left-handed particles going around with the representation 3 as with the conjugate 3x.

Since whatever choice we make with the different quark families, we always obtain
them in triples because of the color representation, so they will always also participate with
a multiple of three of the triangle diagram for three external SU(3); gauge bosons, unless
we choose higher than the sextet representations for them. Thus, under this attempt to keep
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close to the Standard Model and at least not postulate, e.g., SU(3).-octet-colored fermions,
there must be lepton families in a multiple of three. With the just-sketched trick of having
two quark families in the 3%, while there is only one in the 3, we can indeed obtain the no
anomaly conditions satisfied by the relations

(“1 family” * 3 + 3 leptons)anomaly(3 SU(3).’s)
“2 families” * 3 * anomaly(3* of SU(3)L’s)
343-2%3 = 0. 1)

{2 +

Models of this type were made without any anomalies, so that they really could be
true, and so close to the Standard Model, that they cannot be excluded yet. It is remarkable
that it has its predictions much closer to the experiments than say grand unification theories,
which only provide a number of coincidences of fine structure constants and proton decay,
which are very remote in energy scale, while Paul’s 3-3-1 model(s) have new particles much
closer. (Actually there are limits to how far they can be put away). One test of 3-3-1 is the
bilepton resonance in same sign leptons.

For the good reason of being, in this sense, closer to possible reality, it has already
been well studied and deserved lots of citations; actually, if it really were true, it could be
found very soon that it was indeed the case.

There are of course obvious dangers for the 3-3-1 model, namely that the relations be-
tween measured quantities, which come from the Standard Model as successfully predicted,
do not quite come out in the 3-3-1 models. The question of whether the 3-3-1 model can
manage to organize the successful predictions such as no flavor changing neutral currents
(i.e., bounds for flavor changing neutral currents FCNC) and the p parameter

iy

p= m% cos? Oy (12)
is complicated because the model needs some scalar triplets under the SU(3), in order
to break the symmetry down to the Standard Model. In fact, one has three scalars that
are triplets under the SU(3) |, (the one connected to weak interactions), and one can make
different models by leaving out one or the other of these scalars. It turns out, however, that
there is a need to fit all the scales of the scalar triplets to adjust the 3-3-1 model to match the
known conditions [11]. Thus, some simplified version(s) are excluded.

4. Some Day We Shall Explain Whether the 3-3-1 or the Old SM Is Right

The great thing is that the 3-3-1 model is closer than many other theories proposed,
and then it should not take an unrealistically long time to find out if it is right or if the
Standard Model is the right one. At that time, one would likely give some principles by
word that point to the right model, in order to find out what the principles are behind the
even deeper physics, which determines which model we should find in the LHC energy
range. One might set out with some questions like:

e Is the number of families determined? The 3-3-1 model has the feature, via the

disappearance of anomalies, needing (a multiple of) three families. Insisting on the
asymptotic freedom of QCD requires exactly three families.
This is of course a great victory for the 3-3-1 model, which, thus, does predict the
number of families, and thus, it should support our belief in the model. However, is
this something we should think about for the next level of theories so as to bring us
onto the track of the next level of theories? Presumably, the next more fundamental
level theory would not care if there some understanding was left of the number of
families, or we would be left with that for the next level.

e Small representations of the fermions This is seemingly a good principle to apply
for the details of both the 3-3-1 model and the Standard Model, since both (types of)
models have the smallest non-trivial representations of the groups at hand.
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One would have to make the concept of smallness of representations very detailed
to make assuming such a detailed definition of smallness a good argument for why
Nature should choose the one or the other (from a deeper physics point of view).
The gauge group Philosophizing over the gauge group, you might propose thoughts
like this:

If in a deeper physics there are principles or mechanisms that favor making the gauge
group at lower energies in some special simple group, then you might expect it to
be better to use the same group several times and make the full group or Lie algebra
a cross-product of several isomorphic groups, in the same way the 3-3-1 model has
SU(3) used twice. This saying would of course give a speculative argument in favor
of the 3-3-1 model (relative to the Standard Model).

Thus with such thinking in mind you would, if the Standard Model should finally
turn out to be the right one, wonder very much why a gauge group was chosen with
two different simple groups in it, in addition to the U(1). I would say this mystery
might have a possible explanation in the next item.

Which group has the strongest connection between the Lie algebras by rule(s) of
allowed representation combinations? I would say that it looks like Nature has
chosen the Standard Model partly because it loves that the gauge group has obtained
the center of the covering group divided out by a discrete group so as to connect the
different Lie algebra cross-product factors. Having gauge groups is the O'Raifeartaigh
way of looking at [12] the quantization rules connecting the allowed combinations of
(irreducible) representations of the different Lie algebras.

In fact, the Standard Model has a quantization rule for the U(1) charge usually called
y/2, which relates it to both the representation of the color SU(3). and the weak
SU(2) requiring

“triality” for SU(3). +sw +y/2 = 0 (mod 1), (13)

which is of course the rule that ensures the quantization of the electric charge as it is
believed in the Standard Model. Here, syy is the representation classifying number for
the Standard Model weak SU(2): i.e., the (2syy + 1)-plet.

You could not connect the given Lie algebras more by such a quantization rule than by
this (13).

In the 3-3-1 model, there is only such a quantization rule connection between the U (1) x
and the color SU(3).. The SU(3); is not connected this way. Thus, the 3-3-1 model is
not quite as strongly connected as the Standard Model, which has such a quantization
rule connection between all three Lie algebra cross-product factors n(1), su(2), and su(3).
In fact, the most intertangling quantization rule for the U(1) charge y/2 is postulated
for the Standard Model. Now, such a high degree of complication for the quantization
rule can only be made provided the orders of the centers of the simple non-abelian
groups, in the Standard Model, SU(2) and SU(3) are incommensurable/mutually
prime. The two smallest incommensurable natural numbers that can be used in
SU(N)-groups are actually 2 and 3.

For example, if you have the Lie algebras as in 3-3-1, u(1), su(3), su(3), you cannot make
a non-trivial quantization rule connecting the u(1) to both su(3)’s. (3 and 3 are, namely,
not incommensurable).

Thus, one could claim that the Standard Model would have to have the two different
Lie algebras in order that one could then make such quantization rules for both non-
abelian algebras.

Skewness Once, I and Niels Brene [13-15], in our search for some characteristic proper-
ties of the Standard Model, proposed a concept of skewness that should basically mean
that the (gauge) group (and here we really thought of the group in O’Raifeartaigh’s
sense [12] rather than just the Lie algebra) should have very few (outer) automor-
phisms compared to the rank. We found that the appropriately defined Standard
model group S(U(3) x U(2)) (which is defined as the group of 5 x 5 matrices com-
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posed from the SU(2) and the SU(3) matrices and imposing the condition given by
the S, that the determinant of the 5 x 5 matrix should be 1). would be pointed out as
most skew.

The 3-3-1 model group is U(3). x SU(3), because there is a rule connecting the U(1) x
charges so that they have 1/3 modulus 1 for triplets of the color SU(3), while the
“U(1)x charge” is not connected similarly to the SU(3)| representation.

This group of the 3-3-1 model at least has the interesting sign of skewness, in that
just the colored SU(3) obtained a rule connecting it to the U(1)x, while the other
SU(3) has no such connection to the U(1)x. This, namely means that the obvious
outer automorphism of the group U(3). x SU(3)., consisting of permuting the two
SU(3)-subgroups is prevented, so that at least this automorphism is not there.
However, you can make a complex conjugation of the U(3). and of the SU(3) sepa-
rately, and thus, the outer automorphism group becomes Z, x Z,, while the Standard
Model group only has an outer automorphism group Z,.

¢ Holy number 3 The 3-3-1 model has “the holy number 3” we could fantasize first in the
two SU(3) groups, and then from there, it is transferred with the anomaly avoidance
to the number of families. Thus, it is really characterized by a “holy number”.

I do not see that you could say the same thing about the Standard Model.

e  Unification In seeking theoretical stories that could be used to say a posteriori why
Nature should have chosen one model or the other, the possibility of putting the model
into a grand unification model is almost a must to be mentioned. I am afraid I shall
not be able to study the possibilities of making a grand unification model extension
of the 3-3-1 model before Paul is more than 80 years old, but we can hope to find out
such possibilities when he gets to 90. It is not fitting in at all that SU(5) is the starting
point for most unifications for the Standard Model.

It is, however, well known that the success for unification of the Standard Model with-
out some helping complications like super-symmetry has not been so great again [16].
I have myself followed the attempt by Norma Mankoc Borstnik [17] and collaborators
of having 10 extra dimensions in addition to the 4, which we see clearly, and SO(10)
is one of the studied unification extensions of the Standard Model.

However, very recently I have been keen on accepting that the SU(5) symmetry could
be only approximate [18] and further gauge particles in it compared to the Standard
Model should not exist in reality. Really, it is a lattice gauge theory I propose in which
SU(5) symmetry comes in the classical approximation but is broken by quantum
corrections; you just have to multiply the quantum correction by a factor of 3 obtained
by giving each family its own lattice.

5. Black Holes

For the purpose of the present article, I thought it best to read a little bit of Paul’s
papers, preferably about, e.g., dark matter.

Of course, I come in as one who definitely does not believe in dark matter being
primordial black holes, in as far I have written with Colin Froggatt, who also was in CERN
at the same time Paul and I were there, a long series of works about it being small (it could
at first come from much bigger regions of an alternative vacuum, then contract, or still
survive today) macroscopic objects; but then Paul’s black holes sound very convincing!

After all, the black hole theory of dark matter is genuinely without new physics,
whereas mine and Colin Froggatt’s model [19-28] only formally is without new physics
because it needs two phases of vacuum. Such two vacuum phases would a priori need
new physics, unless we have such remarkably good luck that the calculations in QCD of
the properties of vacuum for different values of the quark masses [29] should reveal a non-
trivial behavior, and the experimental quark mass combination should just lie on the phase
transition. At least one of the authors [30] looking for phase transitions represented the
chance that we could have hope of really having no need for new physics in our model, by
admitting with question marks on his phase plot that he did not know if the experimental
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quark combination was in the one phase or the other. Thus, it could miraculously be on the
very border line. If so, there could be two phases existing in extensive regions of spacetime
in the universe, e.g., inside and outside dark matter pearls [19].

Well, it must be admitted, that even if there was the appropriate phase transition
between different phases that would still need the milder amount of new physics, there
should be some principle, some law of nature, ensuring that the quark masses, say, would
have just the right masses to be just on the phase border, so that more than one phase could
be realized with essentially the same energy density. This hypothesis we have talked much
about under the name “Multiple Point Critically Principle” [28,31-34] (MPP), and we once
had the luck of predicting [28] the Higgs mass from assuming this hypothesis, before the
Higgs was produced at LHC!

Actually, it turned out that what we thought was the main hypothesis in our MPP,
namely that different phases of vacuum should have the same energy density or cosmologi-
cal constant, Dvali and earlier Zeldovic had already proposed as a theorem [35-37]. Doubts
concerning this theorem are discussed by C. Gross, Strumia, et al. [38].

PBH Is a Possibility for Rather Heavy Dark Matter Particles

Believing in Hawking radiation, the primordial black holes (PBHs) lighter than
1015 g = 10" kg would have radiated away or would be just about doing it today. This is a
rather high mass compared to what is speculated in other models, and it has, of course,
consequences for how high a number of incidences with the Earth we can have. We had,
ourselves, a speculative model for dark matter once, in which the Tunguska event in which
the trees were thrown down or even up by a big explosion in a 70 km large region should
be due to the fall of a dark matter particle. This Tunguska particle was from the assumption
that one fell on Earth every hundred years, and using the dark matter density 0.3 GeV /cm?
in the solar system, having a mass of about 1.4 * 103 kg. The PBHs have to be a few thousand
times heavier, and thus, correspondingly, more seldomly hitting the Earth.

If so, it is of course excluded that the PBH component of the dark matter could be
what is observed by the DAMA-LIBRA experiment [39].

Of course, this DAMA-LIBRA experiment [39] is still rather in contradiction (one found
in 2021, e.g., an article with the title “Goodbye, DAMA /LIBRA: World’s Most Controversial
Dark Matter Experiment Fails Replication Test” by Ethan Siegel, alluding to the disagreeing
Anais [40] experiment with another underground search for dark matter, which actually
find nothing instead of confirming DAMA). Thus, one might attempt to declare DAMA
as seeing something else or being mistaken somehow. If we shall uphold that DAMA
saw many events of dark matter (whatever), it cannot be primordial black holes, so we
rather must have several different components in the dark matter if there are also the PBHs.
DAMA-Libra has achieved C.L. for the full exposure (2.86 t x yr) 13.7c. However, the
Anais experiment [40] sees no dark matter, i.e., a rate of 0.0003 £ 0.0037 cpd /kg/kev against
DAMA-LIBRA of 0.0102 + 0.0008 cpd/kg/keV for a range 2 keV to 6 keV. This rate means
that DAMA-LIBRA sees a season-varying amplitude of counts per day per kg detector per
bin of 1 keV energy in their scintillators of 0.0102 with uncertainty 8%. The Anais result is
thus in contradiction with DAMA-LIBRA.

Froggatt and I propose that this contradiction comes about because DAMA-LIBRA is
1400 m down in the earth, while the other experiments such as Anais are typically higher
up towards the earth’s surface, so that the story could be made that the dark matter runs
fast through the near surface region and does not have time to radiate electrons or X-rays
before it gets stopped in the DAMA-LIBRA region. Maxim Khlopov’s model [41] has it that
the dark matter of his 0-helium should be stopped and make a nuclear interaction with
nuclei inside the earth. This could also mean that it first became active deeper down at the
DAMA depth. Such models have the chance of obtaining more counts for DAMA-LIBRA
than for the higher up experiments. Most of the underground experiments use xenon as
the scintillator liquid. The fact that it is a liquid could easily mean that dark matter of a
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type that should be stopped or move slowly to be observed would not be seen in the liquid
xenon experiments. Alone, gravity might drive it too fast through the detector if it is fluid.

6. My Own Very Recent Work on “Kinetic Energy Being Unwanted”

With the bad excuse that my recent work [42] tends to predict that black holes should
be kept only as a small fraction of the present energy density in the universe, it should be
preferably inline with the relativistic contributions from the photons and the neutrinos,
which have, respectively,

Q,h* = 2480 x107° (14)
and O,k = 1.68x 1075, (15)

namely, e.g., as [43] says, that about 0.04% of the energy density (=critical density) should
be black holes. Already this is much compared to what many would have thought, but of
course, if the dark matter really consisted of (primordial) black holes, then the Qg would
not be the here-estimated 4 x 10~* but up in the 0.2 region. My crazy idea is in the series
of ideas [33,44-50] in which I speculated about a theory that seeks to combine physical
equations of motion and initial states conditions, which we in cosmology make assumptions
about similarly to how we make assumptions about the details of the laws of nature, the
Lagrangian density, and the system of particles that exist. Thus, such a united theory
should in principle tell, from the same formalism, about how the Universe started and
even how it shall end and about the laws of nature, when you have put in the appropriate
extra stuff, the Lagrangian, say. I long worked on that with Masao Ninomiya [44,45,51]
and Keiichi Nagao [46-48,52,53], and we obtained the encouraging result that taking the
Lagrangian or action to have complex coefficients in it would not be seen in the effective
equations of motions resulting. (The very earliest thoughts on this future influence might
have been with Colin Froggatt [50] and Don Bennett [33]). The only new information from
such a complex action should be that it also makes sayings about the initial state conscience.
In the newest idea, which I talked about in the Bled Workshop on “What comes beyond the
Standard Models” [42], I want to say that the i = V—1in quantum mechanics really is a bit
strange; should such a fundamental theory as quantum mechanics really be based on the
complex numbers?

Should Nature really in the so fundamental quantum mechanics take up these a priori
just invented numbers, which Gerolamo Cardano around 1545 in his Ars Magna [54] was
inventing, although his understanding was rudimentary? He even later described the
complex numbers as being “as subtle as they are useless”.

My recent work can be considered an attempt to ask: how needed really is this, is i a
priori not what you would expect Nature to choose?

Let us take over from quantum mechanics the idea of the functional integral, written
almost symbolically

Functional integral = /exp(%S[history])Dhistory. (16)

If you were thinking, as we have in mind here, on the development from the beginning
of time t to the end of time, you might without knowing better think that you should
most simply obtain the expectation value for an operator O at some moment of time f,
i.e., the expectation value of the “Heisenberg operator” O(t), by looking at the variable
O written in terms of the variables used in the functional integral taken at the time ¢ as
constructed in terms of these variables at ¢. That is to say that with the introduction also of
a normalization-denominator, one would naively propose to use as the expectation value

. O(t) exp (4 S[history]) Dhistor
< O(t) > = fwzth|7> and |f> ) p(h [ y}) : ]/, 17)
Sowith li> and |f> exp(3 Slhistory]) Dhistory

145



Entropy 2024, 26, 830

where I have also alluded to the fact that to make this expression meaningful, you need at
the earliest time to give a boundary condition state |i > and also one at the very final time
|f >. This naive construction of the expectation value < O(t) > does in general not give
a really good expectation value in as far as it is typically not even a real number. Rather,
this functional integral naive attempt to construct an expectation value in a seemingly not
so bad way, is what is called the weak value [55] of the operator O at time ¢.

The word history is here used to denote the general path in the thinkable development
of the Universe from the beginning to the end, and S is of course the action functional.
Really, you can see that this weak value is more like a matrix element than a genuine
expectation value, in as far as using the Heisenberg picture, the weak value becomes

< O(t) >weak value = M (Heisenberg picture). (18)
< fli>

We (Keiichi Nagao and I) made theorems about when it becomes real [56] for an
operator or dynamical variable O, which really means the Hermitian of actually the slightly
modified Hermiticity we required (“Q-hermiticity”). There is one case in which we can see
easily that the weak value must be real, namely when the operator O is Hermitean/real,
and when a narrow bunch of paths history’s dominates the functional integral, i.e, what
you can say would happen in a classical approximation, when the initial and final states
li > and |f > correspond to such a classical development. (Of course, if essentially only one
history dominates, and O(t) is the real function of the (real) variables used in the functional
integral, you really just ask for the value of O(#) on the classical path dominating and that
is of course real).

In the classical approximation, one could indeed use this weak value to extract some
classical paths.

It is well known that one of the uses of the functional integral formulation is that you
can obtain the classical equations of motion by requiring the functional derivative ¢ of the
integrand exp (4 S[history]) to be zero. It even gives the classical equation of motion in the
prequantum mechanics way as the requirement of the action being extremal.

However, if this classical use of the functional integral was the main application, we
would not need the i!

Thus, if I say I only care for the classical approximation, my only quantum mechan-
ics idea left over is a functional integral of some sort, then I can just throw away the
mysterious i if I do not like it. I would obtain a classical solution anyway, but now I
would not obtain a lot of them as with the i; no, I would likely obtain only one or a very
little set of classical solutions that would correspond to the truly maximal functional
integrand. (Most other solutions would only survive as saddle points, or for a very special
choice of the < f|and |i >).

Note that the history that comes out as the winner that dominates in the case, when
I leave out the i, still obeys the equations of motions, as if we had the i, because just
multiplying equations of motion with i or with any complex number (#0) does not make
any change at all. Thus, in this exercise of leaving out the i, one obtains the same equations
of motion, but now of course there is only one or very few histories for which the integrand
exp(4 S[history]) is maximal and presumably dominates in the integral over all the other
histories. This history is now selected by the functional integral formalism with the i left out.
We will, of course, assume that the history or histories with the very biggest integrand in
the functional integral without the i should now be the one (or a few) realized in the world.
That is to say, what really happens in the world should be described by this maximal action
solution. That is, so to speak, the model for the initial conditions, because by leaving
out the i the functional integral turned into a model, for the laws of nature, uniting the
equations of motion with the initial conditions.

The reader might easily see how theories of the type with i removed in functional—-
integral formulation leads to a prediction of the solution to the classical solution to be
chosen, by simply noticing that the integrand in the functional integral is (exponentially)
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much larger for the —S[hisoty| corresponding to a history that makes this —S[hisory| larger
than the one for which it is smaller.

6.1. Earlier Use of Turning the Phase and Throw an i Away

The idea of making an action or Lagrangian with the phase change like here is not quite
new in the sense that you can consider Wick rotation [57] used in evaluating loop integrals
as very similar. However, in the Wick rotation, it is purely a mathematical calculation
method, while our idea is philosophically very different as far as we want to change a
priori physics, by taking it that the fundamental physical action has indeed been turned in
phase relative to the usual one.

In the attempts to study the holography of the Maldacena conjecture type, it is often
used to compare under the name of correlation functions [58] what we below define as
“weak values” [55] of say the conformal field theory CFT and an Adss x Ss string theory.
Here, when the question is about testing if two theories are equivalent, it is not so important
if one puts an extra i in or not, provided one does the same for both theories.

Moreover, Hawking in his theory for gravity allows himself to have the signature of
the metric changed, a modification basically like that of our i shift. When he now uses
this formulation together with his and Hartle’s no-boundary postulate [59], it is even
philosophically the same game as ours. Thus, we shall consider Hartle and Hawking as the
forerunners of the present work.

6.2. Could This Initial Condition Model Have Any Chance at All?

To achieve any idea about how such an “i-removed” might predict the chosen solution
to the (classical) equations of motion (meaning choosing intimal conditions), we might think
of a slightly simpler system, rather than the whole world with its field theories and gravity
with black holes and other strange configurations and an energy concept that requires a
special invention/or gauge choice, to make a system that might be nice to think about.

A still very general system that we could think about, and into which we might put
a more primitive version of gravity, would be a, non-relativistic for simplicity, particle
running in a potential in say a finite dimensional space, say dimension N. Such an particle
in N spatial dimensions really could be interpreted as many N /3 particles, namely by
letting the g;s be coordinates of the first three for the first particle, the next three for
the second, ...

For such a system, we have an action

action S[g] = /L(q,q)dt (19)
where L(q,4) = T(4) - V(q) (20)
and 7(G) = . Ln? @1)
and V(q) = f'7alpoten’cial function of 4”. (22)

Here, we have let g be a set of variables
g = (q1,92,---,9n-1,9N) = (ordered set ;i = 1,2,...,N).

We can imagine a complicated landscape with many peaks and valleys in the general
potential V(g). Then, we have to think of almost a “god” (a “god” in quotation marks) that
has to figure out/calculate what classical solution will maximize this action S[q].

If really we ask for such a maximal action, then the solution would be somewhat bad,
because the kinetic energy is not bounded from above. Thus, if we seek a solution with
as high a kinetic energy as possible, then the motions of the particles would be infinite
or there should be some cut off, if it should make sense. In any case it would mean
that the description with the particle variables we started from would not be good. In
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such a world, one would probably have used some different variables. However, instead
of philosophizing here about what such divergently running variables could mean, if
anything, let us just take the opposite sign for the action put into the functional integral
integrand exponent.

We are allowed to think that the world without the i had replaced this i by —1 instead
of just by 1, because the sign does not matter for the classical equations of motion. Thus, to
avoid divergence of the kinetic energy (which might be postponed to a later work), we put
the sign in the exponent in front of the action to be minus, so that the favorite solutions (the
ones with high probability) have the highest potential energy and lowest kinetic one, as far
as these can be combined.

This means we choose the opposite sign, namely to take the functional integral

/exp(— %S[history])Dhistory (23)
where history = an ordered function set g : time axis — RY.

Now, we make the “god” seek a solution, in which the world stands most of the time
on top of the highest peaks in the landscape potential V(g). (We assume to avoid problems
an upper bound for the potential energy V(q)).

However, with this sign, and with just a tiny shaking, it may happen that the world/
particle slides down from the very peak, and now, the equations of motion will make it run
down faster and faster from the peak, like a skier without the ability to break. (I remember
a tour where I had come out together with Paul, but we were alone, when my ski made
such a tour. Luckily for me I was not on the ski when it went down with high speed. As I
was now walking in deep snow and slowly went down myself, people began to ask about
if T had insurance. I began to fear the ski had hurt or killed somebody. However, shortly
after, I saw the ski planted up down in the snow, but alas in two pieces. Oh dear. However,
the ski was rented, and seemingly insured. The kind renter offered me a new ski for the
rest of the day, but I thanked him no, and went on doing physics instead; it was enough for
that day).

It is difficult to see that such a situation should not end in a total catastrophe in which
the potential V(g) which now comes into the exponent with a plus sign should go lower
and lower and thus make a soon negligible contribution. Such a solution could of course
not be the true winning dominant classical solution. What shall the “god” wishing a highest
possible potential energy minus kinetic one do?

The solution to avoid the catastrophe preventing any hope of having the dominant
history in the functional integral must be to arrange a way up to some neighboring hill-top
as quickly as possible.

(Remember that we are just seeking the maximal “-action” solution, and that means,
that the “god” that shall find it, also has the power also to arrange the future as good as
“he” can by adjusting and fine-tuning the initial state).

6.3. Is This Scenario a Caricature of Cosmology?

We may optimistically interpret this to be a crude picture of what goes on in cosmology
with regard to to the very strongest events:

e Standing on the highest peak as long as possible could be identified as a slow-rolling
inflation: The inflation field stands on the highest place in the inflaton potential. It
stands by making the uttermost effort to keep there as accurately as it can be arranged,
and the physicists think it stayed too long to be believable and call it the slow roll
problem, because it stayed so long.

Finally, it could not avoid a bit of shaking, and at the end, the inflaton field rolled down.
It is like putting a pen to stay just on the tip, just at the meta stable point, and then
find it there for years. If nothing else would shake it, even a very weak quantum effect
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would do the job, and getting such a pen to stand straight up for a long time is not
possible in practice.

e Next, it should run up a neighboring hill, and it would be better to be equally as high
so that it can stop there again for a very long time.
The way up is to let all the particles be shut away from each other, so that we have the
gravitational potential growing, when particles go away from each other.
The idea in the real world is that we can claim that the advice the “god” takes to come
up on a high hill again quickly is to make a very strong Hubble-Lemaitre expansion
from at least the end of the inflation. (Really, there is already a Hubble-Lemaitre
expansion going on during the inflation, so it might be rather easy to achieve for “god”
to just continue that; or rather, “he” arranged inflation in the inflation after his purpose
also after inflation).
Then, rather soon, most of the kinetic energy of the material/the particles should be
converted into the potential energy from them being separated (think about a Newton
gravity approximation). If this is carried out, then as the system approaches the next
peak, the kinetic energy would be more and more suppressed and the system should
be moving less and less.
In the Universe as we know it in cosmology, the contributions to the energy density
counted in the usual LFRW coordinate choice, which are expected to have much
kinetic energy in them, should have been suppressed by the arrangement to find a
potential peak.
Now, the galaxies, etc., have run so far away that they have run most of their original
speed off in the sense that the Hubble-Lemaitre expansion has dropped very much
compared to the original one, say at the end of inflation.
Now, physicists believe that the Universe should continue to expand forever, but
not terribly many years ago, one believed it could contract again some day; with
possible doubts about what dark energy really is and the uncertainties in measuring
it, we should rather say: only believing the strongest and most certain effects, it
could well be that the universe would still slow down and approach a null Hubble—
Lemaitre constant. That would correspond to stopping on the hill-top. In any case, the
expansion rate is minute today compared to what it was.

6.4. Seeking FLRW Formulation

In general relativity, even the concept of energy is coordinate choice dependent, and
thus, we shall here, rather than making a full general relativity formulation, choose to
consider a little subset of galaxies or just dust particles and study their kinetic energy, say
in a frame of the center of mass of the little subset. If we take it that the scale factor a
in the usual Friedman-Lemaitre-Robertson-Walker (FLRW) formulation is a true length
scale, say the radius of the universe, and consider a subset of the galaxies of unit length
extension (maybe the unit is Gparsec), then the time derivative 4 is the typical velocity in
the essentially flat space frame for the little subset with its center of mass taken to be at rest.
Now, we may look at the FLRW equations

.\ 2 2 2 4
a ke Ac KC
- —_——— = — 24
(a) + a2 3 3P @4
.. N2 2
i a ke 5 5
2; + <§> + - Ac® = —xcp. (25)

The goal of the theory (the “god”) without the i is to avoid kinetic energy and keep
the energy as potential energy as much as possible, and that will mean concentrating on
the little subset of galaxies to keep the time derivative of the scale parameter 4 as small as
we can weighted with time. Thus, it is most important to keep the velocity 4 small in the
long time intervals.

149



Entropy 2024, 26, 830

Now, it is well known and easy to see from the FLRW Equation (24) assuming a dust
model (matter dominance), otherwise the velocity of a galaxy makes is not important, that
the following cases can happen:

e If the parameters, such as the A, are so large and positive that the Universe, as it
seems empirically for the time being, goes into a A-dominated DeSitter universe in
the long run, then

g —  costant (26)
a — o (27)
sothata — oo (28)

and our formal kinetic energy goes to infinity. Thus, this case would not be chosen in
our model.

e If on the other hand the A is so negative that the Universe recontracts at some time,
then, with the matter dominance ansatz

1
P 3 (29)
when a getssmall 4 o % (30)
and thusa gets huge. (31)

Thus, this should also not be chosen, (if one wants to minimize kinetic energy).

e  If the Hubble-Lemaitre constant % keeps from both growing up and from turning
down, then there is a chance that the velocity @ could be kept small. However, the
most favorable and thus our model prediction would be to have

a — 0 (32)
even thougha — large or o (33)
butthen A = 0. (34)

This is the case we must have to avoid the kinetic energy in the long run.

Thus, indeed, the prediction is that A = 0.

If we require there to be a very small velocity 4 over a long time once the a goes
through very large values, so that the density p has gone almost to zero, then, in fact,
both the A term and the space curvature term k/ a2 have to be zero. Thus, we see that
our “throwing away the i” model indeed predicts both that the universe is flat, i.e.,
k/a% ~ 0, and that the cosmological constant A be “zero”.

We can certainly see that to the very first approximation, namely if we compare to
energy densities in the reheating era, the cosmological constant A is indeed minute, and
thus, the prediction that it should be zero is very good. However, in today’s best fit, we
know that the cosmological constant is not quite zero. However, there is still so many
ways of making alternative speculations by replacing A with something else like domain
walls or quintessence running A, so that it is absolutely not quite excluded, and that the
cosmological constant could be avoided. Even experimental uncertainties, that might be
needed to repair the various tensions, could also make the zero A become a possibility.

6.5. Field versus Particle Kinetic Energy, a Little Problem?

Even though the above description of the losing and quick recovery of the potential
energy as being very crudely arranged in our picture of cosmology sounds by words
ok, there is actually a mistake in it, in that the rushing down the peak describing the
slow roll inflation is a description in terms of the fields, whereas the description of the
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Hubble-Lemaitre expansion as climbing up a gravitational potential is a description in
terms of particles.

If we consider the fields even classically as the most fundamental description, then
we should define kinetic and potential energy in terms of fields concerning both
situations considered.

To obtain an idea about how to translate between kinetic and potential energy concepts
defined for fields versus for particles, let us consider, e.g., in [60], the expression for the
energy momentum tensor of a real scalar field ¢(x) (Klein-Gordon equation field)

1 1
Tyv = (P/y ¢y — Eg;wgp-[fplp ¢ —Emzﬂngpv (35)
. 1 1 1 55
so that energy density Togp = ¢,0$,0 —Egoog $,0 9.0 —530047,1' i _Em ¢~800
1 1 1
= 39000+ (1+20(x))9i ¢ +5 (1+20(x))n’¢?
1 1
= 3P0 +5(1+29(0)) (@ s +m9?) (36)
where we assumed g;; = 77;; = 1 for the spatial indices, and i = 1,2,3; and in flat space,
goo = —1. However, in a Newton gravity approximate situation
2¢(x
goo(x) = —1- (Pc(z ) 67)
= —1-2¢(x) (38)

where ¢(x) is the gravitational potential.

It is obvious that you could look naively at Equation (36) and see the first term 6,0 ¢,0
is in the field terminology the kinetic term, while the second term %(1 +2¢(x)) (¢ i +m2P?)
is the potential one, because the first term consists of the time derivatives ¢,9 of the
Klein-Gordon field ¢, while the second term has only the ¢ field itself, without the time
derivative. There is a gradient term with spatial derivatives (1 +2¢(x))¢,; ¢,;, but that
must principally be counted as potential. We can see that interaction with the Newtonian
gravitational field ¢(x) is solely in the potential part.

It looks promising for the potential energy for the particle language being identical to
a part of the field-wise potential energy, but I do not trust that. We must investigate / think
about what really happens when such a Klein-Gordon field describes a particle coming with
significant velocity and run up a slowly varying Newtonian gravitational potential ¢(x).
That the particle is running with significance (but we can for simplicity still think that
it is non-relativistic, not to be nervous about using Newton approximation) means that
there is at first a gradient part of the energy, but that is counted as potential field-wise.
However, as long as the particle has a rather well-determined momentum in spite of being
localized relative to the very little variation in space of the gravitational potential, then
the vibrations of the Klein-Gordon field will be like a harmonic oscillator and there will
be necessarily equally as much potential and kinetic energy provided when one counts
the zero for the potential energy at the minimum in the approximate harmonic oscillator
potential. This means that the two terms we pointed out as kinetic and potential energy,
respectively, will be approximately equally as big when integrated over the relatively large
region to which the particle is located. This approximate equality is to be understood with
the normalization, in that both terms would be zero if the Klein-Gordon field ¢ were zero.
This means that, some time later, when the particle has climbed up a hill and come to a
region where the Newtonian gravitational potential ¢(x) is higher, this normalization of
the potential is different.

Now of course what happens under the climbing up of the particle is that it slows
down, and that means that the gradient term will be smaller when it has come higher up.

151



Entropy 2024, 26, 830

Both the kinetic and potential term will have sunk, counted in the local normalization,
meaning that they would be zero when the Klein-Gordon field is zero.

Thus, we see that, indeed, by climbing up, the kinetic energy term in the field-wise
sense will have fallen. The potential term will also have fallen if one uses the local normal-
ization, but using the same normalization it must have increased because the total energy
should be conserved.

Thus, after all we came to, even when strictly using the definition of kinetic and
potential energy separation by means of the fields (i.e., the Klein-Gordon field ¢), then
we find that the climbing of the hill indeed gives a conversion of the kinetic energy to
potential energy as the naive thinking in the particle definition of the the kinetic and
potential energies.

Thus, indeed, the making of the Hubble-Lemaitre expansion to make the kinetic
energy into potential energy is a good idea for the “god” to perform, even when we take
the field definition of these concepts of various energies as the fundamental one.

However, it should be noted that defining kinetic energy and potential energy by
means of fields or by means of particles is not quite the same:

We calculated here, as is easily seen, the energy of the particle in excess of the gravita-
tional potential to be half potential and half kinetic.

In the particle definition, however, the energy due to the motion of the particle is
counted as purely kinetic. The Einstein mass energy is a bit more doubtful for the particle
and should presumably be counted as potential.

6.6. What to Think about Black Holes for the “God” ?

It sounds obvious that if the “god”, in quotation marks, is so eager to make kinetic
energy into potential energy, so that he makes/arranges the material in the Universe to
Hubble-Lemaitre expand dramatically to achieve that, he would consider making black
holes, primordial or later, as a kind of catastrophe, since it would undo “his” great efforts
with the expansion. Thus, “he” should put the density of black holes as low as is possible
for “him” within “his” competence of arranging details in initial conditions.

However, even ordinary matter and dark matter of a different nature than black holes
should be kept down in amounts, because, as I claimed above, half of the Einstein mass
energy that should be for a Klein-Gordon field particle could be counted as kinetic and
half as potential.

Thus, even having ordinary or non-black-hole dark matter seems not to be wanted.

One can find comfort in the idea of the determination having high potential energy by
telling that in the first 70,000 years or so we had a radiation-dominated universe, so that
these massive particles came in after a major work of climbing up the next hill is already
over in the first approximation.

Thus, one could still claim that the first and strongest Hubble-Lemaitre expansion was
performed without any problem of thinking about the masses of the surviving particles. It
was, namely, radiation dominance.

6.7. Our Dark Matter Model from the Point of View of the “God” in Quotation Marks

The “god” in quotation marks sat and read Paul Frampton’s work that dark matter
could be black holes, and thus, at the time of the humans, there should be about 24 percent,
after the mass/energy of the density, that should be dark matter. “He” got rather sad by
reading that and said to himself: “This is terrible when I now have made so much effort
to expand the universe so as to make the (gravitational) potential energy so positive as
possible, then to spoil it by making such a lot of black holes. That theory shall never be
right!” However, then, he thought a bit and added, “Well, there are many proposals that
are not going to be true” This encouraged “him” a bit, but then he thought on, “But I am
also in a theory that is proposed, but that proposed theory is even worse than that of the
dark matter being black holes, so I am very likely not true, I do not exist! It is very much
more likely”. Then, “he” became very depressed: “It is to be so much dark matter and in
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addition I do not even exist”. He now became so depressed that he almost lost all courage
for life. He almost thought it was better not to exist at all.

A little later (whatever that means for a timeless “god”), he sat and googled quite
without interest; “he” really was seriously depressed.

The “god” in quotation marks was so sad that he was googling almost at random and
among other things, “Columbia-plot” [61] (see Figure 2) came about and he saw that lattice
QCD calculations led to there being a phase transition, of second order, but anyway, as a
function of the light quark masses of the vacuum.

2nd order .
deconfined
¥ 0@4)? 2nd order
Z(2)

T Np=3

chiral
2nd order

/ 2(2)

Figure 2. “Columbia-plot”: on the abscissa is taken to be common mass of the up and down quarks,
and on the ordinate, the strange quark mass. By simulation, one has for each combination of quark
masses looked for whether increasing the temperature leads to a phase transition of first order or
only a so-called crossover, which means that there is no genuine phase transition as function of
temperature, but possibly a rather steep variation of an order parameters. It is the phase transition
separating curve, which separates the lower left corner, the zero quark mass point, from the middle
of the diagram, which is the phase transition, that “god” wants to use to make the Universe have two
sorts of vacua. The quark mass axes goes from 0 to co.

Now he got the idea that he could put the quark masses just on the phase transition
curve. It was not too far from where he would have thought of putting them anyway. Then,
he could obtain different phases of vacuum that were realized in Nature in different places
and times, and he could hope for some surface, a domain wall between the phases, and of
course, there would be a bit of potential difference between the two phases for the nucleons.
He got the idea of using such potential difference to catch the nucleons as in a jail and let
the skin between the phases contract itself around the caught nucleons and squeeze them
so hard that he could catch very many in a small region. Then, he would have very heavy
pearls of jails for nuclei and could make use of that in two ways:

First: The pearls would pick up electrons of course and become almost neutral, but in
any case, relative to their size, hugely heavy and thus function as dark matter.

Secondly: He could get rid of most nucleons and thus most matter, and thus of most
stars that could finally even develop into neutron stars or even worse to black holes. It
would be wonderful: he would only have some dark matter that would not be able to
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clump severely into clumps where the gravitational potential would become decreased
so that potential energy was converted into kinetic energy. He was so glad for this idea,
because if he could not get rid of the baryons totally, this was the best he could do: to catch
and keep them from interacting and losing their potential energy into kinetic energy. The
clumping would be much less than for ordinary matter that was not jailed. Thus, no serious
clumps could be formed and decrease the potential energy of gravity, and nothing of the
bad stuff such as stars and black holes should come out of it. He had an alternative to the
dark matter being black holes, and he got rid of the ordinary matter that had a tendency to
make stars and later even black holes. Hurrah, he became very happy.

However, suddenly, he heard some explosions, it seemed! What was that? He looked
and saw that inside his small jails for the nucleons, fusion bombs had appeared. The
nucleons had first formed helium under the high pressure inside the pearls, and then, in
an explosive way, the helium had also combined with carbon. The latter happened so
explosively that a lot of nucleons were expelled out from his so smartly invented jails
because of the high temperature from the fusion of the helium to carbon. About one-fifth
of the nucleons in the jails had escaped due to the explosions, and he had got a lot of
freely running nucleons back. That was a disappointment for him, but at least most of the
nucleons stayed in the jails.

However, he was still much more happy now that the terrible scenario of the 24 percent
of black holes had been avoided, and he contemplated: It was ME who adjusted the quark
masses so that we obtained two phases with the same energy density, so that they could
be in balance and coexist without the one immediately decaying to the other one. Thus, if
HE had done such a thing, should he not then exist? In spite of the little bad luck in that
the nucleons had made this fusion bomb and some of them had escaped, the situation was
still much better than with a lot of black holes, and a thread of his very existence. Now,
HE at least believed in himself; whether the others would believe in him or not, he now
did himself.

6.8. The Ratio of Dark to Ordinary Matter

The explosion of helium fusion to carbon (or some other heavy elements, but it would
have been carbon most likely) was one of the first points studied by Colin Froggatt and
me concerning dark matter. In [62], we wrote in 2005: “Before the further internal fusion
process took place, the main content of the balls was in the form of *He nuclei. Now
the nucleons in a *He nucleus have a binding energy of 7.1 MeV in normal matter in
our phase, while a typical “heavy” nucleus has a binding energy of 8.5 MeV for each
nucleon. Let us, for simplicity, assume that the ratio of these two binding energies per
nucleon is the same in the alternative phase and use the normal binding energies in
our estimate below. Thus we take the energy released by the fusion of the helium into
heavier nuclei to be 8.5 MeV — 7.1 MeV = 1.4 MeV per nucleon. Now we can calculate
what fraction of the nucleons, counted as a priori initially sitting in the heavy nuclei, can
be released by this 1.4 MeV per nucleon. Since they were bound inside the nuclei by
8.5 MeV relative to the energy they would have outside, the fraction released should be
(1.4 MeV)/(8.5MeV) = 0.165 = 1/6. So we predict that the normal baryonic matter should
make up 1/6 of the total amount of matter, dark as well as normal baryonic. According
to astrophysical fits, giving 23% dark matter and 4% normal baryonic matter relative to
the critical density, the amount of normal baryonic matter relative to the total matter is
4%/(23% + 4%) = 4/27 = 0.15".

Not so many dark matter models give the ratio of the dark to ordinary to be of order
unity directly; it more comes out as a miracle that the order of magnitude is the same.

7. Conclusions and Birthday Wishes

We have talked about the fact that it was very close, and that it would have been Paul
and Nambu who would have been the known inventors of string theory and not myself
and Susskind. (Both combinations in addition to Nambu).
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Additionally, we talked about a genuinely still not excluded replacement for the
Standard Model, the 3-3-1 model(s) (there are possibilities for some variations of the
model), a model in which one, in order to cancel the (triangle) anomalies, has to have the
number of families being a (multiple of) the number colors in QCD. This is of course a
remarkably good prediction. There are three families and three colors.

An important sign of the 3-3-1 model is that in the spectrum of leptons of the same
sign one should find resonances signaling decaying gauge particles.

We also mentioned that if dark matter is indeed primordial black holes, they have to
be rather heavy compared to many alternative pictures, but most severely, they would be
so heavy that there would be so long between them hitting earth that the DAMA-LIBRA
experiment, which in spite of being in contradiction seemingly with even very similar
experiments as the Anais experiment, with very high statistics for having seen dark matter
in the underground, should not see so much as they saw.

At the end, T sneaked in my own crazy theory of the last weeks of little “god” in
quotation marks seeking to govern the world so as to put most of the energy as potential
energy, and that this could be interpreted to mean that just after the “reheating” time,
when the inflation in which all energy was indeed potential ended, it was organized that a
huge expansion quickly could convert the kinetic energy back to potential energy.

In fact, we argued that such a “god” disfavoring kinetic energy would make the cosmo-
logical constant A and curvature term in the FLRW-cosmological equations preferably zero.

If there really was such an organization that liked to arrange the kinetic energy
to quickly come back to being potential, e.g., by Hubble-Lemaitre expansion, then of
course the production of black holes in which matter falls into the black hole in a strong
gravitational potential and thus sees its potential energy converted into kinetic energy,
would be seen as a bad thing to do. Thus, this “god” would only accept black holes to the
extent it would be almost unavoidable.

Congratulation

Let me first give thanks for the very nice times we have had together and for the many
discussions, etc. Then, the best wishes for that the “god”, if “he” exists, has planned a great
future for Paul, and if he does not exist, that Paul may have a very lucky and successful
future anyway, in the latter case, even with dark matter being primordial black holes. Good
luck with the birthday!
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Abstract: I review possible signals at hadron colliders of bileptons, namely doubly charged vectors or
scalars with lepton number L = +2, as predicted by a 331 model, based on a SU(3) x SU(3)r x U(1)x
symmetry. In particular, I account for a version of the 331 model wherein the embedding of the
hypercharge is obtained with the addition of three exotic quarks and vector bileptons. Furthermore, a
sextet of SU(3), necessary to provide masses to leptons, yields an extra scalar sector, including a doubly
charged Higgs, i.e., scalar bileptons. As bileptons are mostly produced in pairs at hadron colliders, their
main signal is provided by two same-sign lepton pairs at high invariant mass. Nevertheless, they can
also decay according to non-leptonic modes, such as a TeV-scale heavy quark, charged 4/3 or 5/3, plus
a Standard Model quark. I explore both leptonic and non-leptonic decays and the sensitivity to the
processes of the present and future hadron colliders.

Keywords: BSM phenomenology; bileptons; hadron colliders

1. Introduction

The Standard Model (SM) of electroweak and strong interactions is a complete theory,
but it exhibits several drawbacks, such as the hierarchy problem in the Higgs sector,
neutrino masses, or Dark Matter, which call for a theory with a more general gauge structure
and possibly new particles. As well-motivated SM extensions, such as supersymmetry or
extra dimensions, have provided no visible signal at the LHC thus far, it is mandatory to
explore alternative scenarios. In this paper, I review the work carried out in the last few
years [1-3] in the framework of the SU(3);, x SU(3)¢ x U(1)x model [4-6], also known as
the 331 model, and its possible signals at the Large Hadron Collider (LHC) and at a future
100 TeV hadron collider (FCC-hh).

Among its main features, this model predicts the existence of bileptons, i.e., gauge
bosons (Y™, Y*+) of charge Q = +2 and lepton number L = =£2, which is why one
often refers to it as a bilepton model. Furthermore, in the specific formulation of [4], one is
capable of explaining the asymmetry of the third quark family, i.e., top and bottom quarks,
with respect to the other two, while the existence of three families, i.e., N = N¢c =3, N¢
being the number of colours, is a consequence of the requirement of an anomaly-free theory
(see also the detailed discussion in [7]).

As will be detailed later on, the scenario that will be investigated, besides the vectors
Y++(==), predicts a number of new particles, which may possibly be within reach of the
LHC or a future hadron collider, such as FCC-hh. Among those, one has heavy quarks
with charge 5/3, usually labelled T, or charge 4/3, i.e., D or S, which typically have a
mass of the order of a few TeVs (see the analysis in [3]). Moreover, a complete description
of the model requires the inclusion of a Higgs sector, which is a sextet of SU(3); and is
needed to provide mass to the leptons. In the Higgs sector, the prediction of new doubly
charged scalars is particularly relevant. Such Higgs-like bosons with charge 42 have been
intensively searched by the experimental collaborations in different new physics models,
setting mass bounds between 900 and 1100 GeV [8,9] at /s = 13 TeV and integrated
luminosities £ = 139 fb~1 and 12.9 b1, respectively. As far as I know, no specific search
for vector bileptons has been undertaken so far.
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On the other hand, as will be detailed in the following, Refs. [1,3] investigated the
phenomenology of vector bileptons, decaying into leptonic or non-leptonic final states,
while Ref. [2] explored both vector and scalar bileptons, concentrating on final states with
same-sign lepton pairs. All such papers published results for reference points that are not
yet excluded by the experimental searches, with a bilepton mass just below the exclusion
range, in order to maximize the production cross section.

The plan of this contribution is the following. In Section 2, I shall review the main
ingredients of the 331 model, in the version proposed in [4]. In Section 3, I shall critically
present the phenomenological results contained in Refs. [1-3]. In Section 4, some concluding
remarks will be presented.

2. Theoretical Framework

Following Ref. [4], the gauge structure of the bilepton model is SU(3). x SU(3);, x U(1)x,
with the fermions (quarks) in the fundamental of SU(3), arranged into triplets of SU(3);.
As anticipated in the Introduction, the third quark family (top and bottom) is treated
asymmetrically with respect to the first two families in the electroweak SU(3);. In detail,
as for the first two families, one has

ur Cy,
Q1= ( ar >, Q= ( st >, Q12 € (3,3,-1/3) €]
D, s,

under SU(3), x SU(3). x U(1)x, while, for the third one, it is

by
Q3 = ( t ) Q3 € (3,3,2/3). 2
TL

In the above formulation, D, S, and T are quarks, with charge 4/3 (D and S) or 5/3 (T). In
the following, I will explore scenarios wherein such quarks are either within or outside the
reach of present and future hadron colliders.

The right-handed quarks (7), as happens in the SM, are singlets even under SU(3);.
Their representations are the following:

(dr,sr,br) € (3,1,1/3) 3)
(ur,cr, tr) € (3,1,-2/3) “)
(Dr,Sr) € (3,1,4/3) ®)
Tz € (3,1,-5/3). ©)

One can notice that adding such new particles to the Standard Model states is not enough
to cancel the SU(3)y, anomalies [4,7]. Therefore, one has to introduce new leptonic states in
three 3 representation. As a result, the three lepton families, unlike the quarks, are arranged
in a ‘democratic’ manner as triplets of SU(3);:

I
= (1_/1 ), 1€(1,3,0), l=e¢ u T (7)

Ir

As discussed in [4,7], these assignments of quarks and leptons lead to the cancellation of the
anomaly of SU(3)y, while the SU(3)¢ one is cancelled as happens in the SM, i.e., through a
complete balance between left-handed colour triplets and right-handed anti-triplets in the
quark sector.
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The electroweak symmetry breaking of this 331 model occurs through scalar fields p,
1, and x, which are arranged as triplets of SU(3):

p++ ;,l+ XO
P = ( pt ) €(1,31), n= ( 7° ) €(1,3,0), x= ( X~ ) €(1,3,-1). (8)
0° - X

The breaking of SU(3);, x U(1)x — U(1)em is achieved in two steps. First, the vacuum
expectation value (vev) of the neutral component of p provides mass to novel gauge bosons
Z',Y*t", and Y and heavy quarks D, S, and T. In this first step, the original gauge group
SU(3)p x U(1)x breaks into SU(2); x U(1)y. In the second step, it is x* and 7" that receive
a vev, and one has the usual breaking from SU(2); x U(1)y to U(1)em

In detail, the scalar potential reads as follows:

V = myp*p+myy*iy+mz x*x
+A1(0"0)? + Ao (") + As(x*x)?
+ A" o + Map e XX + A" XX ©)
+ G121 e + C13p X X o + Lot X X1
+ V2o 1 x-

The neutral component of each triplet acquires a vev and can be expanded as

0 = \[ \[(Rep + ilmp ) (10)
W = ﬁ \/, <Re11 + ilmy ) (11
X = %vx 7 (Re;( +iIm ) (12)

As detailed in [1], one first determines the potential minimization conditions and then,
after spontaneous symmetry breaking, the gauge and the mass eigenstates of p, 77, and yx.
The explicit expression of the mass matrices of the scalar sector, both neutral and charged,
are provided in [1], and we do not report them here for the sake of brevity.

As anticipated in the Introduction and discussed in detail in [2], it is necessary to add
to the scalar sector a SU(3), sextet in order to provide masses to leptons. This implies that
the particle spectrum of the bilepton model includes doubly charged Higgs bosons (H**)
capable of decaying into same-sign lepton pairs. In other words, decays like H¥* — [¥]*
would be evidence of the presence of sextet representation of SU(3);.

Still on decays of doubly charged scalars, as pointed out in [2], in principle, as for the
Standard Model Higgs, one should have amplitudes proportional to the Yukawa coupling,
hence to the masses of the final-state particles. However, for the sake of generality and
putting vector and scalar bileptons on the same footing, following [2], I shall consider
a scenario where the branching ratios of doubly charged Higgs bosons are not propor-
tional to the mass, but, referring, e.g., to decays into same-sign lepton pairs, one has
BR(Y** — IF1F) ~ BR(H** — [*]%), Y** being vector bileptons.

After electroweak symmetry breaking, one ends up with a rich Higgs sector. In detail,
we have 5 scalar Higgs bosons, one of them being the Standard Model with mass about
125 GeV and 4 neutral pseudoscalar Higgs bosons, out of which 2 are the Goldstones of the
Z and Z' massive vector bosons. Furthermore, one has 6 charged Higgses, 2 of which are
the charged Goldstones and 3 are doubly charged Higgses, 1 of which is a Goldstone boson.

As the main goal of this investigation is the phenomenology of doubly charged vectors
and scalars, we point out that Ref. [2] contains a thorough discussion of the vertices where
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pairs YFEY*E or HE*H*= are involved. We do not report the formulas in the present
contribution for brevity and refer to [2] for such couplings.

3. Phenomenology at the LHC and Future Colliders
3.1. Leptonic Decays of Bileptons

In this section, I present the main results contained in [1-3] regarding the phenomenol-
ogy of doubly charged scalars and vectors at the LHC (13 or 14 TeV) and future colliders,
namely FCC-hh. Typical contributions to bilepton production in hadron collisions are
presented in Figure 1: an initial-state g7 pair annihilates and a B*" B~ pair, B being a
doubly charged vector or scalar, is produced. As can be seen, bilepton-pair production can
be mediated by the exchange of, e.g., a neutral Higgs or a vector (Z, Z/, or photon) in the
s-channel, or a heavy TeV-scale quark, charged 5/3, in the t-channel. Ref. [1] also discusses
the production of bilepton pairs in association with jets and presents some typical diagrams
for such processes as well.

Figure 1. Characteristic diagrams for the production of bilepton pairs in hadron collisions.

In detail, Refs. [1,2] account for decays of bileptons into same-sign lepton pairs, say
YT+ — puTu™, while [3] deals with non-leptonic decays, i.e., decays into a light (SM) quark
(antiquark) and a heavy Tev-scale antiquark (quark), e.g., Y+ — Tb, Du. The results are
presented for a few benchmarks, determined in such a way as to be not yet excluded by the
experimental searches although capable of yielding a remarkable cross section and number
of events.

In order to determine the benchmarks and scan the parameter space, we had to
implement the bilepton model in the SARAH 4.9.3 code [10]. In particular, Refs. [1,2] carry
out a phenomenological investigation for a bilepton mass about 880 GeV, just below the
experimental exclusion limit. In Ref. [2], where the phenomenologies of vector and scalar
bileptons are compared, one sets the masses to the same value:

My++ =~ M+ ~ 8783 GeV, 13)

while exotic Higgs bosons, Z’, and heavy quarks are assumed to have masses well above
1 TeV; hence, they are too heavy to contribute to any bilepton phenomenology (see [2] for
their actual values in the reference points). One can then explore the process

pp — YTHY T (HTTHTT) 5 (T (1710), (14)

setting the following cuts on final-state lepton transverse momentum (pr), rapidity (1), and
invariant opening angle:

pr; > 20GeV, || < 2.5,AR; > 0.1. (15)
In [1,2], one assumes democratic leptonic branching ratios of bileptons, namely
BR(Y'*T — ITIT) ~ BR(H™+ — ITI") ~ 1/3, for any lepton flavour (e, j or 7).
After the cuts are applied, the leading-order cross sections of processes in Equation (14),
computed by means of MadGraph 2.6.1 [11] at /s = 13 TeV, read as follows:
o(pp =YY — 4l) ~43fb; o(pp — HH — 41) ~ 0.3 fb. (16)

At 14 TeV, one has instead o (pp — YY — 4l) ~ 6.0 fb and o(pp — HH — 4l) ~ 0.4 fb.
As discussed in [2], the higher cross section in the case of vector-pair production can be
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explained in terms of the bilepton helicity. In the case of doubly charged Higgs production,
only the amplitudes where the intermediate vectors (7, Z, Z’) have helicity zero contribute,
while, in case of doubly charged vectors, all helicities 0 and +1 play a role. For processes
mediated by scalars, Y™t and Y™~ can still rearrange their helicities in a few different
ways to achieve angular-momentum conservation and a total vanishing helicity in the
centre-of-mass frame. Similar results are also found in [12], where the authors investigated
vector and scalar bilepton pairs at hadron colliders at parton level in the LO approximation.

As for backgrounds, as pointed out in [1,2], the main one is due to same-sign lepton-
pair production mediated by a Z-boson pair, i.e.,

pp — ZZ — (ITI7)(IT17), 17)

while processes mediated by neutral Higgs pairs are negligible due to the tiny coupling
of the Higgs with leptons. After setting the cuts, the LO cross section of the process
(17) is provided by o(pp — ZZ — 41) ~ 6.1 fb at 13 TeV and 6.6 fb at 14 TeV. For
an integrated luminosity £ = 300 fb~!, at 13 TeV, one has N(YY) =~ 1302 lepton pairs
mediated by doubly charged vectors, while scalars yield N(HH) ~ 120 and the ZZ
background N(ZZ) =~ 1836 events. At 14 TeV and £ = 3000 fb—!, such numbers read
N(YY) ~ 17880, N(HH) ~ 1260, and N(ZZ) ~ 19740. For S signal and B background
events, one can define a significance (in units of standard deviations)

s = L (18)

\/B+03

where 03 is the systematic error on B gauged about o ~ 0.1B in [2]. Following [13],
the denominator of the significance (18) sums in quadrature the intrinsic statistical fluc-
tuation of the background /B and the uncertainty in the background o3, obtaining

s=S5/1/VB2?+ (7%. One can then find a significance s ~ 6.9 for vector pairs at 13 TeV and

£ =300 fb~! and s = 0.6 for scalars, which clearly means that only doubly charged vector
bileptons may possibly be visible at 13 TeV. At 14 TeV and high integrated luminosity,
onehass ~9for Y""Y "~ and s ~ 0.64 for H" "H~~ production. Reference [2] explores
several distributions of relevant leptonic observables, yielded by vector and scalar bilep-
tons, as well as ZZ background. For the sake of conciseness, we present in Figure 2 only
those referring to the hardest-lepton transverse momentum pr; and the same-sign lepton
invariant mass.

100~ -

N(px,1)
N(my)

Sl | | i [ | | |

1 1

o 500 1000 1500 2000 o 200 200 00 a00 1000
P, (GeV) m, (GeV)

Figure 2. Distributions of the transverse momentum of the hardest lepton (left) and of the same-sign
lepton invariant mass (right). The solid histograms are the spectra yielded by vector bileptons, the
dots correspond to scalar doubly charged Higgs bosons, and the blue dashes to the ZZ Standard
Model background.

As for the transverse momentum pr 1, the ZZ distribution is sharp and peaked at low
pr, while those yielded by the HH and YY bileptons are much broader and peak at about
1 TeV. In fact, the background Z bosons are much lighter than bileptons and decay into
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different-sign lepton pairs, while Y** and H** decay into same-sign electrons and muons.

Furthermore, for every value of pr, the HH spectrum is well below the YY one.

Regarding the same-sign lepton invariant mass 11y, as expected, the 331 signal peaks at
my; =~ 900 GeV, while the Z-background distribution is instead a broad spectrum, significant
up to about 350 GeV and maximum around 70 GeV. The signal spectra are rather narrow:
the authors of [2] quoted Y and H* widths about 7 GeV and 400 MeV, hence much
smaller than their masses.

Before concluding this subsection, one can then point out that, as should have been
expected due to the obtained significances, the distributions in Figure 2, as well as those
published in [2], seem to show that discriminating the 331 signal from the background
should be feasible, with doubly charged vectors dominating over scalars.

3.2. Non-Leptonic Decays of Bileptons

While possible decays into same-sign lepton pairs would be the ‘smoking gun’ for
bilepton discovery at the LHC, depending on the mass spectrum, it is also possible that
vector and scalar bileptons could well decay into non-leptonic final states, such as a TeV-
scale heavy quark and a light quark. This was in fact the main purpose of the exploration
in [3], which I shall summarize hereafter.

Unlike Refs. [1,2], the more recent work in [3] took advantage of the results of Ref. [14],
where the authors, by using renormalization group arguments, provided the estimate
my = (1.29 £ 0.06) TeV for the bilepton mass. Making use of this finding, Ref. [3] concen-
trated on doubly charged vectors Y+ and considered two benchmark cases: one scenario
with all heavy quarks D, S, and T lighter than Y** and another one where only the mass of
D is lower than my, while S and T are heavier. More precisely, the first benchmark, labelled
BM I'in [3], sets all TeV-scale quark masses to 1 TeV, i.e.,

mp = mg =mr =1TeV, (19)
while, in the second one, i.e., BM II, one has the following mass values:
mp =12TeV, mg = 1.5TeV, mr = 1.5 TeV. (20)

Both BM I and BM II are consistent with a light SM-like Higgs boson with mass about 125
GeV; all the other BSM particles have masses much above 1 TeV; therefore, they are not
relevant for bilepton phenomenology.

Unlike Refs. [1,2], wherein bileptons could only decay leptonically, in the benchmark
points of [3], one has substantial branching fractions into both leptonic and hadronic final
states. In detail, one has

BR(Y™" — IT1T) ~ 20.6% (BM 1), 32.5%(BMII), (21)
for each lepton flavour I = ¢, i, T, and
BR(Y™ — uD,cS,Th) ~ 12.7% (BM 1), BR(Y™™ — uD) ~ 2.5% (BM1II).  (22)
The total bilepton widths instead read as follows:
F(Y**) ~17.9 GeV (BMI); I'(Y**) ~ 11.4 GeV (BM 1II). (23)

The larger width in BM I is clearly due to the fact that decays into final states with all three
heavy quarks D, S, and T are permitted.

Before presenting some numerical results, one should also explore the phenomenology
of TeV-scale quark decays. In BM I, the heavy quarks exhibit three-body decays into a
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Standard Model quark and a same-sign lepton pair or a lepton-neutrino pair, through a
virtual bilepton, with the following branching fractions:

BR(D(S) — u(c)l"17) ~ BR(D(S) — d(s)I ;) ~ 16.7% (BMI). (24)

In BMIIL S and T are heavier than singly and doubly charged bileptons and can therefore
decay into final states with a real Y+ or Y**. While the D rates are the same as in BM ], i.e.,
Equation (24), S can decay into real bileptons as follows:

BR(S — ¢Y™7) ~50.5%, BR(S — sY ™) ~ 49.5% (BM II). (25)
As for T, charged 5/3, its decay rates are

BR(T — bI*I") ~19.4%, BR(T — tI77;) ~ 13.9% (BM I); (26)
BR(T — bY ") ~ 64.6%, BR(T — tY") ~ 35.4% (BM II). (27)

The total decay widths are provided by

(D)

~T(S) ~34x107%GeV, I(T) ~3.0 x 1073 GeV (BMI); (28)
I(D)~13

x 1072 GeV, T(S) ~ 1.5 GeV, I'(T) ~ 1.1 GeV (BMII). (29)

In other words, in BM I, all TeV-scale quarks have a pretty small width of the order
01073 GeV); in BMII, D is still quite narrow, having a width 0O(1072 GeV), while the
widths of S and T are of the order of 1 GeV since they are capable of decaying into states
with real bileptons.

The production cross sections of bilepton pairs at the LHC (13 and 14 TeV) and FCC-hh
are provided by

o(pp = YTTY™ ") =075 fb (LHC, 13 TeV), (30)
o(pp = YY" ")~ 112 b (LHC, 14 TeV), @31
o(pp — YY) ~ 393.89 fb (FCC—hh), (32)

with the FCC-hh cross sections about 500 and 350 times larger than the LHC ones.

Following [3], in BM [, I shall account for primary decays of Y*++ into quarks T, which
further decay into a bottom quark and a same-sign muon pair, hence a final state with four
b-flavoured jets and two same-sign muon pairs:

pp — YY" — (Th)(Tb) — (bbu™ ™) (bbu~ =) (BMI). (33)

In reference point BM II, I shall instead explore primary decays into quarks D and final
states with four u-quark initiated light jets accompanied by four muons (4u4y):

pp = YY" — (Du)(Dit) — (uap™ p™)(ugp~ p~) (BMII). (34)

In Ref. [3], a few representative diagrams of processes (33) and (34) are presented as well.

A first rough estimation of the predicted number of events at the LHC and FCC-hh
can be obtained by multiplying the inclusive cross sections in Equation (30) by the relevant
branching ratios, assuming a perfect tagging efficiency and no cut on final-state jets and
leptons. At the LHC, one obtains

o(pp — YY — 4bdy) ~ 455 x 10~* fb (LHC, 13 TeV, BM 1), (35)
o(pp — YY — 4bdyp) ~ 6.80 x 10~* fb (LHC, 14 TeV, BM 1), (36)
o(pp — YY — 4udp) ~ 131 x 10~° fb (LHC, 13 TeV, BM 1), 37)
o(pp — YY — 4udp) ~2.03 x 10~° fb (LHC, 14 TeV, BMII). (38)
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Such cross sections are too small to see any event at 300 fb~! and at 3000 fb—! (HL-LHC),
even before imposing any acceptance cut. Therefore, the investigation in [3] discarded the
LHC environment and the analysis was concentrated on FCC-hh, where the cross sections
are remarkable:

o(pp — YY — 4bdy) ~ 0.24 fb (FRCC—hh, BMI), (39)
o(pp — YY — 4udp) ~ 6.87 x 102 fb (FCC — hh, BMII). (40)

The scenario BM I at FCC-hh yields a few hundreds events; BM Il is less promising but still
worthwhile to investigate.

As for the backgrounds, one considers, above all, four b quarks and two Z bosons
decaying into muon pairs (background by),

pp — bbbbZZ — bbbbu (41)

and four top quarks with the subsequent Ws decaying into muons and requiring, as in [2],
a small missing energy due to the muon neutrinos (background by):

pp — ttE— QW) (W) (OW ) (BW ) — bbbbp p ™y ™ vyvy oy . (42)

As discussed in [3], the simulation of (42) accounted for electroweak corrections as well
since, as pointed out in [15], at both LO and NLO, they can contribute up to 10% of the
total cross section.

Reference [3] also considered the following backgrounds with four light jets and two
Z bosons and with two light jets, two b-jets, and two Zs:

pp = JijiZZ = jijin w W w T pp = JjObZZ = jibbu i (43)
In Equation (43), j is either a light-quark or gluon-initiated jet, mistagged as a b-jet.

I cluster the final states of hadrons in four jets according to the kt algorithm and apply
the following acceptance cuts on jets and muons:

prj > 30GeV, pr, >20GeV, || < 45, |1,| < 2.5,
ARj; > 04, ARy > 0.1, AR;, > 04. (44)

The cuts in (44) correspond to a conservative choice of the so-called ‘overlap removal’
algorithm used at the LHC to discriminate lepton and jet tracks at the LHC [16]. As for the
four-top background (42), Ref. [3] sets the additional cut MET < 200 GeV on the missing
transverse energy due to the neutrinos in the final state. In [3], the MET cut was consistently
set even on neutrinos coming from hadron decays.

In principle, one should account for the b-tagging efficiency, as well as the probability
of mistagging a light jet as a b-jet. Such efficiencies depend on the jet rapidity, transverse
momentum, and flavour; however, for an explorative analysis, like the one in [3], one
can implement such effects in a flat manner, i.e., independently of the jet kinematics and
of the flavour of the light jets. The b-tagging efficiency (€;) and the mistag rate (¢;, with
j =u,d,s,c) are then set to the following values, as in [17]:

ey = 0.82, ¢ = 0.05. (45)

After setting such cuts, the signal (s) cross section of process (33) amounts to o (4b4p)s ~
6.24 x 1072 fb, leading to N(4b4du)s ~ 90 events at FCC-ih for an integrated luminosity
L = 3000 fb~! and after setting all cuts and b-tagging efficiency. As for the backgrounds
(41)(43), one obtains o (4b4p),, ~ 1.28 x 1072 fb, o(4b4y + MET),, ~ 3.34 x 1072 fb,
o (4j4p)p, ~ 4.43 fb, 0(2b2j4p)p, ~ 1.34 fb. Including also b-tagging and mistag efficiencies
and rounding to the nearest ten, one computes the following number of background events at
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FCC-hh: N(4b4p)p, ~ 20, N(4b4p + MET);, =~ 50. The backgrounds b3 and by yield too few
events to be significant. Regarding BM II and the decay chain (34), the cross section is about
o(4j4p)s ~ 1.88 x 1073 fb at FCC-hih. As a result, considering that some extra suppression is
due to the efficiency of jet/lepton tagging, the BM II reference point was eventually discarded
in [3]. Several observables were presented in [3] for the purpose of the benchmark BM I; as for
leptonic decays, in Figure 3, the hardest muon transverse momentum (pr,1) and the invariant
mass of same-sign muons (M),;,) are plotted for both signal and background. The background
pT,1 spectra are substantial only at low transverse momenta, peaking about pr; ~ 100 GeV and
rapidly vanishing at large pr, while the signal ones are broad and substantial up to pr; ~ 2 TeV.
Above a few hundred GeV, the signal greatly dominates over the background; this was expected
since signal muons are related to the decay of a TeV-scale resonance. Regarding M, unlike the
backgrounds, whose spectra peak at low values and are negligible above 500 GeV, the signal
yields a broad invariant-mass spectrum, shifted towards large values and exhibiting a maximum
about 700 GeV.

N(Pt,l)

N(M,,)

R DO D sl MR
400 600
M, (Gev)

A s S N L fnan P E
0 500 1500 2000 800 1000

1000 —
P, (GeV)
Figure 3. Distributions of the transverse momentum of the hardest muons (left) and of the same-sign
muon invariant mass (right). The solid histograms are the signals, the dashes correspond to four
tops, and the dots to the bbZZ background.

4. Discussion

I reviewed recent phenomenological work carried out in Refs. [1-3] within the
SU(3)c x SU(3) x U(1)x, ie., 331 model, which has, above all, appropriate features
to explain the number of quark and lepton families and the asymmetry between the third
and first two quark families. I worked in the framework of [4] and explored the possibility
to discover doubly charged bileptons, i.e., doubly charged vectors or scalars with lepton
number 42, at the LHC and at a future 100 TeV collider FCC-hh. 1 first considered the
production of bilepton pairs and decays into same-sign leptons, and then I accounted for
non-leptonic decays too. In both cases, a few benchmarks, not yet excluded by the experi-
mental searches, were determined to maximize the cross section at the LHC. Regarding
the leptonic decays, it was found that a discovery of bileptons is feasible, with a possible
signal due to vector bileptons dominating over the scalars, because of helicity arguments.
Decays into non-leptonic final states are more cumbersome since bileptons decay into a
heavy TeV-scale quark and a light Standard Model quark: the cross section of the resulting
decay chain is too small at the LHC, even in the high-luminosity phase, to provide any
signal. Nevertheless, non-leptonic decays of bileptons are expected to be visible at a future
FCC-hh.

Before concluding, I wish to stress that, while the work presented here deals with
the primary production of bileptons, it is certainly a very interesting scenario regarding
TeV-scale quarks T, S, and D, which are heavier than YT+, so they can be produced in
processes like pp — TT and decay according to, e.g.,, T — Y Tb. A study of heavy-quark
production and decays, along the lines of [18] but specific to the 331 model, is currently in
progress [19].

In summary, as the most-studied models of new physics have provided no visible
signal yet, exploring alternative scenarios is compelling. The bilepton model is certainly an
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appealing framework from the theoretical viewpoint, and, as summarized in this contri-
bution, it features a rich phenomenology that may be a first indication of new physics in
the next LHC run as well as HL-LHC and FCC-hh. It is then hopeful and desirable that the
experimental collaborations use the results presented here and join the effort to search for
bileptons at present and future colliders.
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