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This is a continuation of the work initiated in [1], representing a reprint of the second
edition of the Special Issue “Algebraic Structures and Graph Theory”, which was published
in the MDPI journal Mathematics. Among the 36 submissions received for this Special
Issue, the editors selected ten articles and one review paper that successfully passed the
peer-review process, and were then published in the journal in the period from March 2023
to November 2024. They contain original research ideas that have made a significant ad-
vancements in the theory of algebraic structures and graph theory. In particular, the topics
discussed in these 11 papers are related to graphs constructed from lattices, semigroups, or
groups, to particular types of graphs (as edge-primitive, friendship, or equitable graphs),
and to hypercompositional algebras (HX-groups and multi-rings).

Contribution 1 proposes a characterization of the crosscap two annihilating ideals
graphs of lattices with at most four atoms. As a consequence, a large class of r-partite graphs
that can be embedded in the Klein bottle has been introduced. Contribution 2 discusses the
planarity of S(m, e)-graphs associated with some irreducible numerical semigroups with
multiplicity m and embedding dimension e. In Contribution 3, the authors characterize
the maximal connected subdigraphs of the Cayley digraph of a Clifford semigroup related
to one of its subsets. This study helps to investigate on the independence numbers of the
Cayley digraphs of Clifford semigroups. Based on the properties of non-abelian simple
groups having at least one subgroup of order pg, where p and q are two distinct odd
primes, the authors of Contribution 4 completely determined the edge-primitive graphs
of order pgq. In Contribution 5 we can find a model for calculating the upper bounds of
the radio numbers of the so-called friendship graphs having k cycles, each of length m,
with 3 < m < 6, and having one common vertex. The study conducted in Contribution 6
leads to a structure theorem for semiconic idempotent commutative residuated lattices.
This theorem is the key element to prove that the variety of strongly semiconic idempotent
commutative residuated lattices has the amalgamation property. A classification of the
seven-valent symmetric graphs of order 8pg, where p and g are distinct primes, is presented
in Contribution 7. The main idea used by the authors of this paper is the reduction of the
automorphism groups of the considered graphs to some non-commutative simple groups.
Another interesting connection between graphs and groups arises in Contribution 8. In this
paper, the authors study some topological indices and graph-theoretic properties (such as
connectedness, diameter, girth, clique number, and radius) of equitable graphs of type I
constructed from various groups. The last two original articles within this Special Issue
deal with algebraic multistructures. In Contribution 9, the concept of Marshall’s quotient
of a non-commutative multi-ring with involution is studied, leading to new examples of
multialgebras with involution. Contribution 10 presents an algorithm for computing the
HX-groups that have support equal to the dihedral group D,;. We conclude this Special
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Issue with Contribution 11, which is a review paper on Feynam diagrams, introduced in
quantum electrodynamics and also used in biology and economy nowadays. The main
analytical and algebraic properties of these diagrams are summarized, with examples
related to wave propagation, information field theory, and medicine.
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Abstract: Let £ be a lattice. The annihilating-ideal graph of £ is a simple graph whose vertex set
is the set of all nontrivial ideals of £ and whose two distinct vertices I and | are adjacent if and
only if I A ] = 0. In this paper, crosscap two annihilating-ideal graphs of lattices with at most four
atoms are characterized. These characterizations provide the classes of multipartite graphs, which
are embedded in the Klein bottle.

Keywords: crosscap; Klein bottle; lattice; annihilating-ideal graph

MSC: 05C75; 05C25; 05C10; 06A07; 06B99

1. Introduction

According to the well-known theorem of Kuratowski and Wagner, a graph is planar
if and only if it does not contain either of the two forbidden graphs Ks and K3 3. The Graph
Minor Theorem of Robertson and Seymour [1] can be considered a powerful generaliza-
tion of Kuratowski’s Theorem. In particular, their theorem, which is the “deepest” and
“most important” result in the arena of graph theory [2], implies that each graph property,
no matter what, is characterized by a corresponding finite list of graphs. Thus, for surfaces
(both orientable and non-orientable) in general, it is known that the set of forbidden mi-
nors is finite [3]. An analogous characterization for the embedding of graphs on surfaces is
known for the crosscap one surface (Mobius strip) where 103 forbidden subgraphs (equiv-
alently 35 forbidden minors) are characterized [4,5]. So, an open problem is to determine
the several forbidden subgraphs for crosscap two surfaces (the Klein bottle). In this se-
quel, finding a family of graphs that has a crosscap two is an interesting one. Note that
most of the 103 graphs contain a subgraph that is homeomorphic to K3 3, and multipartite
graphs play a vital role in finding these 103 forbidden subgraphs for the projective plane.
It is worth mentioning that the crosscap value of bipartite and tripartite graphs are well
known (refer to Proposition 1). The main goal of this paper is to identify a large class of
crosscap two r-partite graphs where r > 4.

Let us introduce the concept of the annihilating-ideal graph of a lattice, a type of multi-
partite graph. Note that the annihilating-ideal graph is an extension of the concept of the
zero-divisor graph. The idea of the zero-divisor graph of a ring structure is due to Beck [6].
In 2009, Halas et al. [7] introduced the zero-divisor graph for a partially ordered set, and,
in 2012, Estaji et al. [8] extended the concept of the zero-divisor graph to an arbitrary
finite bounded lattice. For a clear exposition of the work completed in the area of zero-
divisor graphs and their related areas, the reader is referred to the book by Anderson
et al. [9]. In 2011, Behboodi et al. [10] defined and investigated the ideal theoretic ver-
sion of the zero-divisor graph, called the annihilating-ideal graph of a ring, and, thereafter,
many facts about zero-divisors were expressed in the language of ideals. The concept of
an annihilating-ideal graph of a ring was extended to an arbitrary lattice by Afkhami et
al. [11] in 2015. The annihilating-ideal graph of a lattice £, denoted by AG(L), is defined to
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be a simple graph whose vertex set is the set of all non-trivial ideals of £, and whose two
distinct vertices I and | are adjacent if and only if I A ] = 0. The hope when studying the
annihilating-ideal graph of a lattice is that the graph theoretic properties of the graph from
the lattice will help us to better understand the lattice theoretic properties of the lattice.

One of the most important topological properties of a graph is its genus, which can
be orientable or non-orientable (crosscap). The genus of graphs associated with algebraic
structures has been studied by many authors (see [12-17]). The planar zero-divisor graph
was first explicitly characterized by Smith [18], and the characterization of commutative
rings with projective zero-divisor graphs was obtained by Chiang-Hsieh [15]. In 2019,
Asir et al. [12] enumerated all commutative rings whose zero-divisor graph has a crosscap
two. The planar and crosscap one annihilating-ideal graph of lattices were characterized
by Shahsavar [19] and Parsapour et al. [20], respectively. Additionally, whether the line
graph associated with the annihilating-ideal graph of a lattice is planar or projective was
characterized by Parsapour et al. [21]. Moreover, the authors of [22] characterized all lat-
tices £ whose line graph of AG(L) is toroidal.

Now, this paper aims to classify lattices with a number of atoms less than or equal
to four whose annihilating-ideal graph can be embedded in the non-orientable surfaces
of crosscap two. The main results of this paper are Theorems 2, 3, and 5, in which we
have obtained our classifications. As a result, this classification provides a large class
of r-partite graphs that can be embedded in the Klein bottle. Further, in the proof of the
main theorems, we have shown several minimal r-partite graphs that cannot be embedded
in the Klein bottle. Possibly, these graphs may be realized as forbidden subgraphs for
crosscap two surfaces (refer to Example 1). Further, in order to cover the missing cases in
the proof of Theorem 2.6 [20], which affects the statement of the corresponding theorem,
the modified version is included as Theorem 4.

2. Preliminaries

In this section, we present the definitions and results needed to prove the main re-
sults in the subsequent sections. First, we recall some definitions and notations on lattices.
A lattice is an algebra £ = (£, A, V), where A and V are the binary operations, satisfying
the following conditions: foralla,b,c € £
1. aNa=a,aVa=a;

2. aAb=bAa,aVb=bVa;
3. (anb)Ac=an(bAc);aV (bVec)=(aVb)Vc
4. av(aAnb)=an(aVb)=a.

According to [23] (Theorem 2.1), we can define an order < on £ as follows: for any
a,b € L, weseta < bifand only if a Ab = a. Then (£, <) is an ordered set in which
every pair of elements has the greatest lower bound (g/b) and the least upper bound (Iub).
Conversely, let P be an ordered set such that, for every pair a,b € P, glb(a,b) and lub(a, b)
belong to P. For each a and b in P, we define a Ab = glb(a,b) and a V b = lub(a,b). Then
(P, A, V) is a lattice. A lattice £ is said to be bounded if there are the elements 0 and 1 in £
suchthat0Aa =0andaV1=1,foralla € L. Clearly, every finite lattice is bounded. Let
(£, A, V) be a lattice with a least element 0 and I be a non-empty subset of £. Then I is
said to be the ideal of L, denoted by I < L,

1. Foralla,bel,avbel
2. If0<a<bandbe€ I thenac€l

In a lattice (£, A, V) with a least element 0, an element 4 is called an atom if a # 0, and,
for an element x € £, the relation 0 < x < a implies that either x = 0 or x = a. We denote
the set of all atoms of £ by A(L). For basic facts about lattices, we refer the reader to [24].

Next, we recall the following terms regarding graph embedding. For the non-negative
integers ¢ and k, let Sy denote the sphere with ¢ handles, and Nj denote a sphere with k
crosscaps attached to it. Note that every connected compact surface is homeomorphic to
Sy or Ni for some non-negative integers £ and k. The genus y(G) of a simple graph G is the
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minimum / such that G can be embedded in S,. Similarly, crosscap number (non-orientable
genus) 7(G) is the minimum k such that G can be embedded in Nj. Note that the projective
space is of crosscap one and the Klein bottle is of crosscap two. If ¢ = xy € E(G), then the
contraction of e in G, denoted as [x, y] is the graph obtained from G — xy by identifying ver-
tices x and y to create a new vertex z incident with all edges of G that were incident with
either x or y. We say H is a minor of G, if H can be obtained from G by deleting vertices,
edges, and/or contracting edges. For a graph G, we denote G for the subgraph G — V'
where V' = {v € V|deg(v) = 1}, and we call this graph the reduction of G. For details on
the notion of the embedding of graphs in a surface, we recommend reading [25].

The following three results on the non-orientable embedding of graphs are used fre-
quently in this paper. In what follows, we denote the complete graph with p vertices by
Kp, the complete bipartite graph with parts of sizes p and g by K, 4, the complete tripartite
graph with parts of sizes p,q, and r by K4, and the complete four-partite graph with
parts of sizes p,q,r, and s by Kp g5

Proposition 1 ([25,26]). Let p,q,r, and s be positive integers greater than or equal to two. Then

(p=3)(p—4) ;
@ = [T i pzs
3 if p=7.
(b) Y(Kpq) = [4@72)2('772)-"
) '7(Kp,q,r) = [WW except for Kzzz, Kya1 and Kyas. Further,
Y(Ksz3) =3, 7(Kya1) = 4 and 7(Kya3) = 6.
@ Ifp = g+, then §(Kpgys) > [L-2M03r12 ],

Ifp < g1, then §(Kpgys) > |24t ],

Proposition 2 (([16] Theorem 1.3) (Euler formula)). Lef ¢ : G — Nj be a two-cell embedding
of a connected graph G to the non-orientable surface Ni. Then |V| — |E| + |F| = 2 — k, where
|V, |E|, and |F| are the number of vertices, edges, and faces that ¢(G) has, respectively, and k is
the crosscap of N.

The following is an easy observation that will be used in the proof of the main theo-
rem.

Observation 1. Let G be a simple graph with |E| edges embedded with |F| faces. Then % >

gr(G) where gr(G) denotes the length of the shortest cycle in G.
3. Basic Results and Notations

Before going into the classifications, we need to be familiar with the following nota-
tions and observations given by Parsapour and Javaheri in [20].

Notation: ([20]) Let £ be a lattice and A(L) = {ay,ay,...,a,} be the set of all atoms. Let
iy, ip, ..., i beintegers with 1 < iy < ip < ... < i < n. The notation U, stands for the
following set:

itin...ig

{Igc Aay, a,..., 05} C Tand a;, & Iforij € {1,2,...,n} \ {il,iz,...,ik}}.
The next result provides the structure of AG(L).
Proposition 3. Let £ be a lattice with n atoms. Then AG(L) is a 2" — 2-partite graph.
Proof. Let [A(L)| =n. Forl1 <ij <ip < ...<jp<nand1<j; <jp <...<jp <

n, if the index sets {i1,i,..., i} and {ji, /o, .., ju} of U .., and U; respectively,
are distinct, then U NUjj,..jy = @ Clearly, V(AG(L)) =

12yt
iy o o Uigipy-
1< <ip<...<ix<n
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Therefore, for 1 < i; < ip < ... < i < n, the set Uy, ;, forms a partition of V(AG(L)).
Since 0 # a;, belongs to every ideal in U;;, , no pair of distinct vertices in U;, iy..iy are
adjacent in AG(L). Note that the number of distinct Uj,;, . ;s is 2" — 1. This, together with
the fact that every vertex in Uy, is isolated in AG(L), implies that AG(L) is a 2" — 2-
partite graph. O

According to the abovementioned result regarding the structure of AG(L), in order
to identify the crosscap two r-partite graph or to classify the forbidden r-partite graphs of
anon-orientable surface of order two for some 3 < r € N, one may be interested in finding
all crosscap two annihilating-ideal graphs. This is the main objective of this paper.

We shall also need the following notations:

Notations: Before proving our main results, the following points are assumed for conve-
nience in notations and clarity in proofs. Let us take |A(L)| = n.

e To avoid repetition, we assume |Uy| > |Up| > ... > |Uy].

*  We denote the vertices of the set U ;,.. i, by {Ij,i,..i,, Ii/liz...ik' Il(l/iz»--ik'. .t

e For an integer p, an integer different from p will be denoted by p’.

e For the sake of convenience, we shall denote U, i)

i jas - je=141,2,...,n}\ {i1, 12, ..., ik} and the notation U
Uiriy..i, # D

e The edge between the two vertices I and | is denoted by (I, ]).

e The notations |F| and f; denote the number of faces and number of i-gons in an em-
bedding of G in Ny, respectively.

¢ There may be sets U;;, ; such that each vertex of U, ; is isolated, ends, or is
adjacent to exactly two ends of an edge in AG(L). In such places, the vertices of
u; do not affect the crosscap number of AG(L), which leads to ignoring the set
Ui, j,...i, from the corresponding embedding. This fact is used throughout the article
and is sometimes not explicitly pointed out.

e For convenience in any drawing, we provide a particular type of Np-embedding of
AG(L). This means that instead of drawing graphs for the case Uj;; with1 <i < j <3,
weassume i = 1 and j = 2 in figures. Additionally, the notation - - - is used to denote
the possibility of embedding any number of vertices.

Ujyj,..j, where

irin...iy)c €Xists only when

L.k

We show a few simple, but useful, properties of a crosscap on AG(L). We now state
and prove the following lemma, which provides a subgraph and super-graph structure of
AG(L).

Lemma 1. Let L be a lattice, |A(L)| = n, and n > k € N. Let aj, i, = [Uiip. il A =
max{a; ..} forall 1 <iy <ip <...<ip <n Then

(@) Kaya,..an is a subgraph of AG(L).

(b).  Kion_o)() is a super-graph of AG(L).

Proof. Let H be the induced subgraph of AG(L), induced by the vertex subset U} ; U;. It
is clear that no two distinct vertices in U; are adjacent, and every vertex in U; is adjacent
to all of the vertices of U; for i # jin AG(L). Thus H = Ky ay,... -

The second part follows from the facts that V(AG(L)) = UUj,;,..;,; the number of
vertex subsets U ;, _;,, except Uiy, in V(AG(L))is (1) + () +...+(,"1) =2" —2;and
A =max{a;, i, }-

We are now in the position to provide a lower bound for the crosscap of AG(L).
Applying Proposition 1c,d in the first part of the above lemma, we obtain the following
result.

Theorem 1. Let L be a lattice, |A(L)| =n >3, and |Uy| > |Up| > ... > |Uy]|.
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(@). Ifn =3, then y(AG(L)) > (ww . Moreover, the equality holds whenever
lll-j:®foralll <i<j<3.

[ DU D iy > (1) +
b). Ifn >4, then y(AG(L)) >
(b). Ifn >4, then y(AG(L)) { {(|u1\+\u4\72)(\u2\+\u3\72)W if |Un| < U+ |Us).

2

We now enter into the core part of the paper. We first observe that AG(L) is totally
disconnected when |A(L)| = 1, and AG(L) contains K7 as a subgraph when |A(L)| >
7. Further, according to Proposition 1a, the crosscap of K7 is three. Thus, one obtains
the following result, which provides a bound for the number of atoms in lattice £ with
Y(AG(L)) = 2.

Proposition 4. Let L be a lattice. If the crosscap of the annihilating-ideal graph AG(L) is two,
then 2 < |A(L)]| < 6.

We start the characterization by analyzing the simple case that |A(L)|
= 2.If|A(L)| = 2, then Theorem 2.6 [20] implies that AG(L) = K| | u,|, and so

(Ith| = 2) (U] —2)1
2

HAG(E) = |

whenever |U;|, |Uz| > 2. Now, a simple calculation has yielded the following result, which
characterized lattice £ with a crosscap two AG(L) in the case of |A(L)| = 2.

Theorem 2. Let L be a lattice and |A(L)| = 2. Then 7(AG(L)) = 2 if and only if |Uz| =
|Up| =4 or |U;| = Band |U;j| € {5,6} wherei,j € {1,2} withi # j.

To finish this section we show two results that will be used to prove the main results.
The graphs given in Figures 1 and 2 play a vital role in characterizing a lattice with cross-
cap two annihilating-ideal graphs, and, therefore, we draw the graph with its embedding
in the first result.

Lemma 2. For the graphs Hy and Hy, as shown in Figures 1 and 2, we have 4(Hy) = 7(Hp) = 2.

r-- |
1 1
1 1
0 U3 o U2
U4
U — U1
1 1
1 1
L= -
Uus Uy
(a). The graph H; (b). An Np-embedding of Hy

Figure 1. The graph H; and its Ny-embedding.
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u Us Ug Uy
o U Uq -
2} ﬁuS % 01
Uy us Ug Uy
(a). The graph Hp (b). An Np-embedding of Hj

Figure 2. The graph H; and its N;-embedding.

The graphs H3 and Hy given in Figure 3 play a vital role in our main theorems.

Lemma 3. For the graphs Hz and Hy, as shown in Figure 3, we have 7(Hs) > 3 and 4(Hy) > 3.

(a). Graph H3 (b). Graph Hy

Figure 3. The graphs H3 and Hy.

Proof. (a). Consider the subgraph H; = H3 — {u;}. Clearly H} = Ky — ¢ where ¢ =
(u2,u3), and there are 13 faces in any N,-embedding of Hé of which 12 are triangular, and
1 is rectangular. Now, we try to recover an Np-embedding of H3 by inserting u; with its
edges. Since u; is adjacent to four vertices of Hj, 111 should be inserted into the rectangular
face of Hé However, all vertices of Hé are adjacent to each other, except for u, and u3, so
the rectangular face of H; must contain either u, or u3, which is in contradiction to u, and
u3 not belonging to the neighborhood set of 1. Therefore, ¥(Hs) > 3.

(b). Apply a similar argument as in (a) for the subgraph Hy = Hy — {u1} = Ky — 2e.
Here, notice that the largest face in any N>-embedding of Hj is a unique pentagon, and 1
is adjacent to the five vertices vy, v2,v3,v4, and uy. O

4. The Case When |A(L)| =3

Let us start the classification result with a lattice containing exactly three atoms. Note
that the following theorem provides a class of multipartite graphs, which are embedded
in the Klein bottle (refer to Example 1 for an illustration).

Theorem 3. Let L be a lattice with |A(L)| =3, and let 1 < i # j # k < 3. Then 3(AG(L)) =
2 if and only if one of the following conditions hold:

(). [Ui_y Un| = 9; there is U; with |U;| = 6 and Uy = @.

(i). |US_, Uy| = 8, and one of the following cases is satisfied:
[a] There is U; with |U;| = 6 and |Uy| = 1.
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[b] There exist U; and U; such that |U;| € {5,4} and |U;| = 2 with Uy = @.
[c] There exist U; and U; such that |U;| = 4 and |U;| = 3 with Uy = Uy = @.
[d] There exist U; and U such that |U;| = |U;| = 3 with U;; = Uy = Uy = .

(iti). |US_, Uy| = 7, and one of the following cases is satisfied:
[a] There is U; with |U;| € {5,4} and |Uy| = 1.
[b] There exist U; and U; such that |U;| = |U;| = 3 with either [Uy| € {1,2} and
ujk =Qor Uy = Dand \U]-k\ S {1,2}.
[c] There exist U; and U such that |U;| = 3, [U;| = 2 with Uy | € {1,2}. Further, if
|Uj| = 1, then either U;; = @ or Uy = @ and, if Uj| = 2, then U;; = Uy = @.

(iv). |US_, Uy| = 6, and one of the following cases is satisfied:
[a] There is U; with |U;| = 4 and |Uy| = 2.
[b] There is U; with |U;| = 3 and |Uy| € {2,3}.

V). [US_y Un| = 5; there is U; with |U;| = 3 and |Uj| € {3,4}.

Proof. Assume that 5(AG(L)) = 2. First of all, if | U3_; U,| < 4, then AG(L) is planar
(see [19]). Suppose | US_; U, | > 10. If |Uy| > 2, then by Theorem 1 we have 7(AG(L)) >

%1 > 3, which is a contradiction. Suppose |Uy| = 1. Then |U3| = 1.

Note that every vertex in Ujp, Ujs, and Ups is adjacent to all of the vertices of U, Uy, and
Uy, respectively. So, if Uz = @, then clearly AG(L) is planar. If not, the vertices in U are
adjacent to all of the vertices of Up U Us U Ups. Since |U| > 8, Kg 3 is a subgraph of AG (L)
that has a crosscap of more than three, refer to Proposition la. Thus, 5 < | Ui:l u,| <o9.

Case 1 Let | 3_; U,| = 9. Then, clearly, |U;| < 7. If |U;| = 7, then a slight modifi-
cation to the discussion made in the above paragraph would show that AG(L) is planar
whenever Up; = @ and the graph AG(L) contains K73 as a subgraph when Uy # @.
If U] = 6, then |Up| = 2 and |Uz| = 1. Now, if Upz # @, then AG(L) contains Kg 4
as a subgraph, which is a contradiction. So, Ups = ©@. Here, all of the vertices in Uy,
are adjacent to a single vertex of Uz, and, therefore, the vertices in U, do not affect the
crosscap. In Figure 4a, we provide the canonical representation of the embedding of the
resulting graph in N so that, in this case, 7(AG(L)) = 2. Next, if |[Uj| = 5 or 4, then
|Uy| + |U3| > 4, and so, by Theorem 1a, we obtain 7(AG(L)) > 3. Thus, |U;| = 3, and,
therefore, |Uy| = |U3| = 3. Here, K333 is a subgraph of AG(L), and, therefore, according
to Proposition 1c, we have ¥(AG(L)) > 3.

Case2Let |J3_, U,| =8.

If |U;| = 6, then |Up| = |U3] = 1. Clearly, by [19], AG(L) is planar in the case that
Uy is empty. If [Uy| > 2, then the partite sets X = Uy and Y = Uy U U3 U Uy form
Kg,4 as a subgraph in AG(L), which is a contradiction. Therefore, |Up3| = 1. In this case,
the vertices in Uy3 U Uy are all end vertices, and, therefore, it does not affect the crosscap.
Thus, the resulting graph is K¢3 U {(I, I3)}, which is a subgraph of a graph given in
Figure 2a, and, therefore, (AG(L)) = 2.

Suppose |U;| € {5,4}. Then, according to Theorem 1la, we have 7(AG(L)) > 2.
If Ups # @, then the sets X = Uj and Y = Up U U3 U Ups form Ks 4 as a subgraph of AG(L),
and so 7(AG(L)) > 3. Therefore, Upz = @. Let |Up| = 2,|Upp| > 0, and |Uj3| > 0. For
the embedding of AG(L) in Ny, in the case of |U;| = 5, we can obtain help from Figure 4a
because the number of vertices and edges of AG(L) is less than that of in Figure 4a. Fur-
ther, Figure 4b provides an N,-embedding of AG(L) in the case of |U;| = 4. Here, notice
that the open neighborhood of each vertex in U3 is { I, Ié}, and, in Figure 4a,b, there is a
face in an Np-embedding of AG (L) that contains both I, and I} so that every vertex of Us3
can be embedded in N no matter what its cardinality may be. Let |U| = 3. This implies
that |U;| = 4. If Uyz = @ (recall that Uy = @), then AG(L) is a subgraph of the graph
H; in Figure 1, and, therefore, according to Lemma 2, 7(AG(L)) = 2. If not, consider
that the subgraph AG(L) — {(I5, ), (I3, 1), (I3, 1), (Is,I]")} contains K36. By Euler’s
formula, any embedding of K34 in N, has nine faces. Further, by solving the equations
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@). |U—y Un| = 9,|Us| = 6 and Up3 = @

"
I 1

I

I3

> — —

o
Il

2|E| = 4fy + 6f¢ and |F| = fi + fs, we have all the faces as rectangular faces in any
Np-embedding of K34. Now we try to recover the embedding of AG(L) by inserting all
edges (I3, ), (I3, 1), (I, 1)), (I3, I{") into the embedding of K3 6. Since degg,,(3) = 3,
the vertex I3 is in the boundary of three rectangular faces of any N-embedding of K3 .
In addition, note that, at the maximum, each rectangular face can adopt one edge incident
with I3. So, we cannot insert all four edges of I3 into N, without crossing, which is a
contradiction. Thus, 7(AG(L)) > 3.

" 1" "
Il Il Il

-—

I8! Ié

'Ié I3

- N §
11 m
I I

"
Il

Z
I I

1 1
(). [P Uy | =8, |Uy| =4, |Up| =2 and Uy = D
Figure 4. Ny-embedding of AG(L).

Suppose |Up| = 3. If U;; = @ forall 1 <i < j < 3, then, by Proposition 1c, we have
Y(AG(L)) = 2. Next, our claim is that U;; = @ forall 1 <i < j <3.
Assume that Uy, # @. Then the minor subgraph is

AG(L) —{(h, 1), (I}, I3), (I{, 3), (I, |13, Iha]), (I3, 13, Th2]), (13, [I3, T12] ) } = Ky a

with the partite sets X = Uy U {[I3,I1p]} and Y = U; U{I;}. By Euler’s formula, any
Nr-embedding of K44 has eight rectangular faces. Next, we attempt to obtain an Np-
embedding of AG(L) from any N,-embedding of Ky4. For this, we try to embed the six
omitted edges of AG(L) into an arbitrary Np-embedding of K4 4. First, to embed the three
edges (I, I}), (I, 14), and (If, 1), three rectangular faces are required, denoted as F;, F,
and F3, all of which contains I; (refer to Figure 5a). Since degy, , (I3) = 4, exactly one more
face should have I}; it is denoted as Fy. Intentionally, we label the diagonals of F; as the
vertices I; and [I3, I15] because Fy; can adopt one diagonal edge that can be used to embed
the fourth edge (I, [I3, I12]). Finally, to embed the rest of the two edges (I}, [I3, I12]) and
(I3, |13, I2]), two distinct faces are required, denoted by Fs and Fs, which should have the
vertex [I3, I12]. Note that, in any Ny-embedding, every edge of a graph is in exactly two
faces. Since the edge (11, [I3, I12]) is in F, and the edge (I}, [I3, I12]) is in Fy, the common
edge between F5 and F must be (I{, [I3, I15]). Now, the choice for the unlabelled vertex of
Fs5 and Fg is either I or I{. Without a loss of generality, we label I; for F5 and I{ for Fg (refer
to Figure 5b). Since any N,-embedding of Ky 4 has eight faces, there are two more faces,
lets say F; and Fg, that have to be formed using all of the remaining vertices and edges of
Ky 4. Notice that, in any Np-embedding of Ky 4, each vertex is present in exactly four faces,
and each edge is present in exactly two faces. Since the vertices I, € X and I € Y are
used twice in the faces Fy, ..., Fs, the faces F; and Fg must share the edge (L, I{) (refer to
Figure 5c). Now, the choices for the third and fourth vertices of F; and Fg are I}, I € X
and [, I{’ € Y, respectively. Clearly, we have to select distinct vertices for F; and Fg, in
which one is from {I}, I}’ } and the other is from {I;, I'}. A contradiction to this fact is that
the edges (I}, I) and (I}, I') are used twice in the faces Fy, ..., Fg.

10
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L J& I I I
N
F 4 7
N ~ ! Fz/ ‘ FS/ - F
1 N S e ’ [13/ 112] -7
2 (I3, I12] I 163 L
7z Il e ~
N N Fs
e 3 e 4 Fo >
Iy I I I I
(a) (b) ()

Figure 5. Representation of faces of Np-embedding of Ky 4.

Assume that Ujz # @ for some i € {1,2}. Then, the subgraph AG(L) — {I;3, (1;, I3),
(I], I3), (I'", I3) } contains Ky 4 — e with the partite sets X = U; U {I3} and Y = Uy U {I}}
where i € {1,2}\ {i} and e = (I3,1}). By Proposition 2, any N,-embedding of K44 — ¢
has one hexagonal and six rectangular faces. Note that the hexagonal face should have
either I3 or I}, and the vertex Ij3 is adjacent to {Iy, I, I'/ } C Y. So, I;3 with its edges must
be inserted into the hexagonal face, which implies that I3 is in the hexagonal face. Since
degi,,—e(I3)
= 3, exactly two rectangular faces contain I3 in which it is not possible to embed all of
the three edges (I;, I3), (I/, I3), and (I, I3), which is a contradiction. Thus, U;; = @ for all
i,je{1,23}.

Case3 Let |3_, Uy| =7.

Suppose |U;| € {5,4}. Clearly, AG(L) is either planar or projective when Uy = @
(refer to [19,20]), and K54 is a subgraph of the contraction of AG(L) when [Uy| > 2.
Therefore, |Up3| will be one. Then, AG(L) is a subgraph of the graph given in Figure 4a
when |U;| = 5, and AG(L) is a subgraph of the graph given in Figure 4b when |U;| = 4
so that 7(AG(L)) = 2.

Assume that |Uj| = |Uz] = 3. Then, AG(L) is projective when Uj;
= @ foralli = 1,2, and the graph AG(L) contains K37 as a subgraph when |U;3| > 3
for some i = 1,2. Suppose U3 # @ and Uz # @. Now, the graph AG(L) — {3} is
isomorphic to Ky 4 — {e} with the bipartite sets {I;, I{, I{, Ij3} and {I,, I}, I}, I3} where
e = (I13, I3). Note that 4(Ky 4 — {e}) = 2, and there are seven faces in any Np-embedding
of Ky4 — {e}, of which six are rectangular, and one is hexagonal. Since 7(Ks4) = 2
and every face in any Np-embedding of Ky 4 is rectangular, the hexagonal face of any
Np-embedding of K4 — {e} must have the vertices I;3 and I3. Now, we try to recover
an Np-embedding of AG (L) from an Np-embedding of Ky 4 — {e} by inserting I3 with its
edges. Here, I3 is adjacent to the six vertices Iy, I{, I{, I, I}, and I}. However, the hexag-
onal face of K44 — {e} does not contain two of them so that ¥(AG(L)) > 3. Therefore,
either Uz = @ or Uy = @. Now, with the help of Figure 6, we have 7(AG(L)) = 2 when
1 < |Uj| < 2forauniquei € {1,2}.

I I I I

h Ly

I Ié/

L & L L

Figure 6. | U3_, U,| = 7 with |Uy| = |Us| = 3,Uj3 = @ and |Ups| = 2.

11
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Assume that |U;| = 3 and |Uy| = 2. If |Up3| > 3, then AG(L) contains K37 as a sub-
graph, and, if Upz = @, then, by Theorem 2.4iii [20], AG (L) is projective. Suppose |Up3| =
2.1f Uyj # @ for j = 2 or 3, then consider a subgraph G; = AG(L) — {Ilj/ I, e1,e0,e3,64}
where ey = (I, I3),eo = (I, I3),e3 = (I}, I3), and e, = (I3, I5). Clearly, G; contains
K35 with the partite sets X = {L, [, I/} and Y = {D, I}, I3, I}, ,3}. Note that any Np-
embedding of K3 5 has one hexagonal and six rectangular faces. Now, we try to recover an
Np-embedding of AG (L) from any N>-embedding of K3 5. Since I}, is adjacent to all three
vertices of X, the embedding of I}, requires the hexagonal face of K35 to have I, I], and I}
Notice that each rectangular face may adopt at most one edge into it. So, to insert efs, for
1 < f <4, into any Np-embedding of K3 5, four rectangular faces with diagonals as the end
vertices of each ey are required. At last, to insert I3, a rectangular face with the diagonals
Iy and I jf, for j/ € {2,3}\ {j} is required. Therefore, it requires one hexagonal face with

five rectangular faces containing the vertices I, Ié, I3, and Ié in at least three different faces.

Since the degree of I, I}, I3, and I} in K35 is three, all four vertices are placed in exactly

three faces of any N-embedding of K3 5. So, the sixth rectangular face of K35 could not

be formed using the only left-out vertex in X (namely I3), which is a contradiction. Thus,

Uy, = Uyz = @, and an Np-embedding of AG(L) for this case is provided in Figure 7a.
Suppose |Ups| = 1. If Uy; # @ for j = 2 and 3, then the minor subgraph is

Gy = AG(L) —{L13,e1,e2,e3,e4,05} = Kgg — {e}, ¢

with the bipartite sets {Iy, I, I, Is } and {I», I3, [I}, I15], I3 } where ey = (I1, I3),e2 = (11, I3),
ez = (I{,, 13),64 = (12, [Ié, 112]), €5 = (Ié, [Ié, 112]), and e = (13, 123). Note that any Nz-
embedding of Ky 4 — {e} has six rectangular faces and a hexagonal face, and the hexagonal
face must have the vertices I3 and Ir3. Let us denote the six rectangular faces by Fy, ..., Fs
and the hexagonal face by F;. Now, let us try to recover an Ny-embedding of AG (L) by in-
serting the vertex I;3 and the edges e; foralli =1,...,5. If we embed the edge ¢4, the edge
es, or the vertex I3 together with its edges into F, then we cannot insert the edges e1, e, or
e3 into Fy. Since degg, (I3) = 3, the vertex I3 is in exactly three faces of an Np-embedding
of Gy. So, in such cases, the edges e1, e, and e3 cannot be embedded in two rectangular
faces which contains I3. Therefore we have to add at least one of the edges ey, e; or e3 into
F;. For the best possibility, say e; and e, are embedded in F;. Then, e3 has to be embedded
into one of the two rectangular faces that contains I3, for example, F;. Notice that there are
two rectangular faces, say F, and F3, that contain Ip3, in which one should not embed any
of ey, e5, or I3 with its edges. So, the edges e, and e5 have to be embedded into different
rectangular faces, say F; and Fs, respectively. Therefore, after embedding the edges from
e to es nicely, we are left with the single rectangular face Fg that could not be formed using
the diagonal vertices I, and Ij. Thus, 7(AG(L)) > 3. Hence, either Uy, = @ or Uj3 = @.
In this case, with the help of Figure 7b, we obtain (AG(L)) = 2.

Ly L I Iy
I
I{' f 223 I/
I 1
I 2 I
1 |
I
1 1
I 13 1
Ly I I Iy
(a). Upp = Uz = @ and |Ups| = 2 (b). Uy = @, |Uy3| > 0 and [Uns| =1

Figure 7. | U3_, U,| = 7 with |Uy| = 3 and |Up| = 2.
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Case 4 Let ||U>_, U,| = 6. Suppose |U;| = 4. If |Ups| > 3, then Ky5 is contained
in AG(L), and if |Uy3| = 1, then AG(L) is projective. Therefore |Up3| = 2. Clearly,
AG(L)(except for the end vertices) is a subgraph of the graph H; given in Figure 1a, and
so Lemma 2 implies 7(AG(L)) = 2.

Suppose |U;| = 3. Then AG(L) contains K37 when |Uys| > 4, and AG(L) is projec-
tive when |Ups| < 1. Thus, 2 < |Us| < 3. Then, AG(L) — {Uj3} is a subgraph of the
graph H, (see Figure 2a), so that 7(AG(L) — {Uj3}) = 2. Note that every vertex in Uj3
is adjacent to exactly two vertices of U, in AG(L). Therefore, replace the labels 1y and u5
with I, and I}, respectively, in the Np-embedding of H, provided in Figure 2b, and then
label all of the other vertices accordingly. Now, we can insert any number of vertices of
Uy into a face that contains both I, and I} so that 7(AG(L)) = 2.

Moreover, if |Up| = 2, then AG(L) is either planar or projective (refer to [19,20]).

Case 5 Let | J3_; Uy| = 5. Then AG(L) is planar or projective when |U;| = 2. This
implies that |U;| = 3. If |Uys| > 5, then AG(L) contains K37, and, if |Uys| < 2, then
AG(L) is projective. Thus, |Ua3| = 3 or 4. Then, clearly, AG(L) is a subgraph of the graph
Hy, as in Figure 2a, so that Y(AG(£)) =2. O

All of the results proved in this paper have a similar structure to that of those given
in the statement of Theorem 3. To familiarize readers with the connection between the
multipartite graph and the statement of Theorem 3, we illustrate two four-partite graphs,
G and H, with 4(G) = 2 and §(H) # 2, respectively, in the following example.

Example 1. Consider Case (iii)[c] in Theorem 3. Let |U;| = 3,|Uz| = 2, |Us| = 2, and
|Ups| = 1. If [Uypp| = k € ZT and U3 = @, then the corresponding four-partite graph G is
a crosscap two, which is given in Figure 8a. Additionally, if |Uy2| = 1 and |Uj3| = 1, then
the crosscap of the corresponding four-partite graph H, given in Figure 8b, is not equal
to two. It is worth mentioning that the four-partite graph H in Figure 8b is minimal with
respect to 7(H) # 2; that is, there exists an edge e in H such that 7(H —e) = 2. Further,
the graph H may be realized as one of the forbidden subgraphs for a crosscap two surface.

u2 u1 U3 Uz u 1 u 3

>

by Iy I, I Ip Ly I

(a) A crosscap two 4-partite graph G (b) A minimal 4-partite graph H with crosscap # 2
Figure 8. Four-partite graphs.

By using the proof of Theorem 3, we establish the following points, which will be
used in the subsequent results.

Remark 1. If a graph G is isomorphic to Kg 3 U (K4 — e) or Ky 5 — e where ¢ is an edge, then
7(G) > 3.

5. The Case When |A(L)| =4

Next, we fix the number of atoms as four. As mentioned in the introduction, for
1 <i# j <4, we denote Ugijye = U where k, ¢ € {1,2,3,4} \ {i,j}, and the notation

13
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Ujj)c exists only when Uj; # ©. Before going into the characterization of the crosscap two
AG(L) with |A(L)| = 4, we provide modifications for Theorem 2.6 [20]. To be precise,
the missing cases and the corresponding conditions for the projectiveness of AG(L) are
given below.

(i) First of all, consider the missing case | Jt_; Uy| = 4. Then, |U;| = 1 forall 1 <
i < 4. Clearly, AG(L) is planar whenever U®u<l‘j)c = @. Therefore, ui@u(in[ # @.

ij gl
If [Uj U Ugjye| > 4 with Uy, Ugje # O, then the subgraph induced by the sets X =
Uul;UUand Y = k;LeJ' Uy U Ugjj)c contains Ky 4 or K35 as a subgraph. This implies
L

Y(AG(L)) > 2. Therefore, 2 < Uy U Upje| < 3if Uy, Ujje # Dfor1 <i s j<4.

Suppose |U,/ U U(U)c‘ = 3 for some ll,j, U(,-j)c 75 O with1 <1 ;é ] <4 1If Uk[, U(k[)c 75
@ for k¢ # ij, then the subgraph AG(L) — {U;; U Ujj)c} contains K33 with the partite
sets X = Uy UUyUUyyand Y = ;Jk/um U Ukp)e- Note that ¥(K33) = 1. Now, we try to

m#kl
embed all of the vertices of U;; U U;;)c with their edges in any Nj-embedding of K3 5. Since
|Uij U Uy = 3, either |U;;| = 2 or |Uj;jc| = 2. Without a loss of generality, let |Ujj| = 2.
Since the vertex I(ij)c IS U(i]')c is adjacent to I,j, Il-’j S Uij, all of the three vertices Iij, Ii/j-, and
1 (if)e must be embedded into a single face of the Nyj-embedding of K3 3, denoted as F;. Now,
draw the path [;; — I ;e — Ii/j into F; and then draw the edges (I;j, In), (Lij, In), (Ii/j' L), and
(Ii’j, I,) where m,n ¢ {i,j}. Now, the edges (I, ;) and (I, I;) cannot be embedded
into Fy. Therefore, 4(AG(L)) > 2. Thus, U Ukeye = @.
ki, (if) Uk 7O

Suppose |U;; U Ujye| = 2 for all Uj, Upje # @ with 1 < i # j < 4. Then, Figure 9

guarantees that y(AG(L)) = 1.

Figure 9. | Uj_; Un| = 4 with [U;; U U | < 2 for all Uy, U # @.

(ii) Let | U%:l U,| = 5. Then, |U;| = 2 for some 1 < i < 4, and the condition for the
projectiveness of AG (L) given in Theorem 2.6i [20] is that |Uj| = 1 or 2, in which at most
one of the Ujs has exactly two elements for 1 <i # j # k < 4. However, if \Lljk\ = 2 with
U(jk)(‘ # @, then the sets X = U; U U, U U(]'k)c and Y = Uj U U U U, where ¢ ¢ {i,j, k},
contain Ky 4 in AG(L) so that we obtain 7(AG(L)) > 2. In fact, if |Uy| = 2 for some
j, k # i, then U Upge = . Otherwise, the sets X = U; U Uy U Uj U [Ipg, I(pg)c]

p,q;ﬁz;upq#Q
and Y = Uy U Uy, where ¢ ¢ {i,j,k}, form K53, so we can conclude that ¥(AG(L)) > 2.
Further, if |ujk| < 1forall j,k # i, then | U U(W>(| < 1. For if ‘U(WH > 2, then
PaFiUpg 70
the sets X = U, UU; UUp; and Y = U; UU, U Upgyes where r ¢ {i,p,q}, form Kz,
and, if [Ugpgyel, [Up,q,)c] = 1 for some 1 < py # g1 < 4 with p1q1 # pg, then the sets
X = ll,g @] Uq (@] qu U {[Ipl‘h/l( )c]} andY = U; U U, U U(pq)” form K4’4 — {e} in AG([,)
wherer ¢ {i,p,q}.

(iii) Let | Ut_; Uy| = 6. If there exists |U;| = 3 for some 1 < i < 4, then the statement
of ([20] Theorem 2.6(ii)(a)) says that if Uy, = @ for 1 <i #j#k # ¢ <4, |Uy| <1, and
at most one of the Uj;s has exactly one element, then AG(L) is projective. However, for

P11
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instance, if [Uy| = 1 with U jkye = Ui # O, then the partite sets X = U; U Uy U U;p and
Y = U; U Uy U Uj contain Ks 3 as a subgraph of AG(L) so that ¥(AG(L)) > 2. Therefore,
the condition Ujrye = @ has to be added to the statement of ([20] Theorem 2.6iia).

As a result of the above remarks (i), (ii), and (iii), we modify the statement of ([20]
Theorem 2.6) as follows.

Theorem 4. Let L bea lattice with |A(L)| =4. Let 1 <i#j#k#(<4and1 <p#g<4
Then ¥(AG(L)) = 1if and only if one of the following conditions hold:
(). |Ui_; Uy| = 4; there exist two non-empty sets Ujj and Uj)e such that 2 < |U;; U Ugje| <

3. Moreover, if |U;; U Ujj)c| = 3, then U u
Pq#u (i) Upg #@

(pa)*

(i) Uy Un
Upgs has a maxinum of two elements, and | U Ugpgye| < 1. Moreover, if [Upg| = 2, then
Uy 2D
U Uy =D, and, if U Upg = O, then Uy # D.
Um?é(b paF

(iii). |Ui_, Uy| = 6, and one of the following is satisfied:
[a] There is U; with |U;| = 3. If |Uje| = 1, then Uy = Uy = Uy, = @ and if

Ujke = @, then |Uj U Uje U Uge| < 1. Moreover, U(pg)e = © whenever Upg # ©.

[b] There exist U; and U; such that |U;| = |Uj| = 2 with |Uy| < 1. Additionally,
Upg)e = © whenever Up, 7& @. Moreover, 1f|ll,k| [Uiel < Tor [Uyl, [Uj| <1, then
[Uye| < 1. Furthermore, if [Uy| = [Up| = 1or [Uy| = [Uj| =1, then llk(7®

iv). |Ut_, U,| = 7 and one of the following is satisfied:
[a] There is U; with |U;| = 4 and Uj, = Uy = @.

[b] There exist U; and Uj such that |U;| = 3 and |U;| = 2. Additionally, Uy, = @, and
Ujke = @ whenever Uy, = Uy = Uy, = Uy = O.

We are now in the position to state and prove the second result which classifies all
lattices £ with four atoms whose AG(L) has a crosscap two.

Theorem 5. Let L be a lattice with |[A(L)| = 4. Let1 < i # j#k #( < 4and1 <
p,q,1,s,t <4 Then ¥(AG(L)) = 2 if and only if one of the following conditions hold:

(). |Upey Un| = 9; there is U; with |U;| = 6 and Uy, = Uy = Uy = Upy = Q.

(it). |Ut_, Uy| = 8, and one of the following cases is satisfied:
[a] There is U; with |u | = 5and Uk = U]/ = U = U]k/ =Q.
[b] There exist U; and U such that |U;| = 4, |U;| = 2and |J Upg = Uy = D.
[c] There exist U; and U; such that |U;| = |Uj| = 3 and U”'Tﬁpq Uike = Ujpe = @.

[d] There exist U;, U;, and Uy such that |U;| = 3, |Uj] i |Ui| = 2, and UUp; =
U Upy=Qfor1<p#q#r<4
parijk
(iii). |Ui_; Uy| = 7, and one of the following cases is satisfied:
[a] There is U; with |U;| = 4 and | U#.qu U Ujxe| = 1. Moreover, U(pg)c = @ when-
pAa7t

ever [Upg| = 1for p,q #i.
[b] There exist U; and U; such that |U;| = 3, |U;| = 2 and | U#lllpq Ul < 1.
pAa7t

Moreover, if | U Upg U Ujke| = 1, then U, gc = @ and Uy = Uy = Uy = @, and if
pa#i
U quUukg = @, then Uy U Uy| € {1,2}.
pa#i
[c] There exist U;, Uj, and Uy such that |U;| = |U;| = |Uy| = 2 with | Upg| < 2, in

which at most one of the Upgs has exactly one element, and, also, at most two distinct sets’
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(iv).

(V).

(vi).

Uysts are non-empty for all rst # ijk. Moreover, if [Upq| = 2 or [Uy| = 1for p,q # ¢, then
at most one of the Uyss is non-empty.

| Ut_, Uy| = 6, and one of the following cases is satisfied:

[a] There is U; with |U;] = 3, \quJ lllpq U Ujke| € {2,3} in which |Upg| < 2, and
| U Uyl < 1. Moreover, if [Upg| € {1,2} with [Uje| =2, then U Ugpgye = .
et (pa)* j U 2o (pa)

[b] There exist U; and U; such that |U;| = [U;| = 2 and |U; U Uy| < 3 with
|U,~]~|,|ng| < 2. Additionully, zf|Ul]\ = 2, then \ng| < 1 and U qu = uikl =

Uire = D, and, if U;;| = 1, then |Uye| < 1 and | gkéupﬂ < 1. Moreover, in the case of
Pa71,
Ujj = @, one of the following hold:

[b1] If [Uxe| = 2, then | U Upy| < 2 in which |Upy| < 1 and

pazijkt
U Uy = 2.
Uy r® (pq)
[b2] If [Uge| = 1, then [Uys| < 3 with U(yg)e = @ where |Uys| = p%ﬁ[\u,,ﬂ and

| U Upn| < 1.
mn#ijklrs,(rs)e
[b3] If Uy, = @, then |pq7gj k[u,,q| < 4 in which at most three Upgs are non-empty.

Furthermore, if |Upq| € {2,3}, then U @.

pa)e =

|Ut_, Uy| = 5; there exists U; such that |U;| = 2.and 1 < | U#lllpq| < 6 in which
pAa7t
|qu| < 4. Moreover,

[l If [Upg| =4, then Ujppye =D, | U Uns| < 1,and U Ugsye = .
rsirspg Us#0
[b] If [Upg| = 3, then Uppye = @, | U Us| <2 and Upys)e = © whenever
1,5#Lrs#pq

[Uys| = 2.
[c] In the case of |Up,| = 2, one of the following holds
[A1If| U Us|=4then U Ug,se = 2.

r,5FLIsS#pq Uy #£D
[2]If| U  Us| €{23} then| U Ugge| < 1. Inaddition,| U U] =
1S5GS Epq Uys #0 Urs #0
1 whenever | U Uys| = 2 in which exactly two Uyss are non-empty.
r,5#LIs#Epq
[31If| U  Us| <1, then either U(W)c =Quwithl1 <| U U(rs)[‘ < 2or
r,s£irs£pq Uys#D

U(,,s)c = Q@ with |U<pq) I <1
[dlIf [Upg| < 1foralll < p #q#i<4 then2 < \ U U q)c| < 3 in which at

most two distinct U(pg)es are non-empty.

| UE_, U,| = 4; there exist two non-empty sets Ujj and Uj)e such that 2 < |U;; U Upjye| <
5, and one of the following cases is satisfied:
[al If |U;; U Ugjel = 5, then either |Uj;| = 4 or [Ugje| = 4. Further,

U U c = @.
pa#ij (if)Upg 7D (7

[b] If |Ui; U Uije| = 4, then |Upg U U(pg)c| = 2 whenever Uy, U(W # @ for
pq # ij. Further, zf|U,j\ = |Uijye| = 2, then at most one pair of Upg, Upge is nonempty
for all pq # ij.

[e] If [Ui; U Uije| = 3, then |Upg U U pgyc| € {2,3} whenever Upg, Uypg)e # O for

pq # ij. Further, sz (rs)c 7 D forl <r ;é s < 4and rs # pq,ij, then |Ups U Upgyc| €
{2,3} with |(U,,,q U U(Pq)c) U (U,s @] U(,s)c)| (S {4,5}
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Proof. Assume that 7(AG(L)) = 2. Then, by Theorem 1b, we have | Ui_; U,| < 9. So,
4<|Up Un| <9

Case 1 Let |U%_; U,| = 9. Then, by Theorem 1b, (AG(L)) = 2 implies |U;| = 6.
If Ujj # @ or Uy # @ for some i # 1, then the sets X = Uy and Y = V(AG(L)) \ Uy
contain Kg 4, which has a crosscap four. So, Ujj, Ujjx = @ for all i # 1. Here, remember
that every vertex in Uy jy is an end vertex, and every vertex in Uy is of degree two. Let G12
be the induced subgraph of AG(£) induced by the vertex subset J*_; Uy,. It is clear that
Gi2 = Kg11,1, and Gy is a subgraph of the graph H, given in Figure 2a with the labels
up € Uy (for¢ =1,...,6), I, = v1,I3 = vy, and I = v3. By Figure 2b, the N-embedding
of Gy contains three different faces with vertices I, I; I3, I4;, and I, Iy, respectively. So,
any number of vertices in Uy can be embedded into the N-embedding of Gy, without
edge-crossing. Thus, 7(AG(L)) = 2.

Case 2 Let |Ui_, U,| = 8.

Case 2.1 Suppose |U;| € {5,4}. If U # @ or Uy # @ for some i # 1, then AG(L)
contains Ks 4 as a subgraph, which is a contradiction. Therefore, U;; = @ and U = @
for all i # 1. Now, if |U;| = 5, then AG(L) is a subgraph of the annihilating-ideal graph
in Case 1 with |U;| = 6 so that ¥(AG(L)) = 2. Suppose |U;| = 4. Here, |U,| = 2. If
Ie ‘%ui" U Upza, then AG(L) contains a copy of K45 where the partite sets are U; and

1

U, UUz U Uy U {1} so that ¥(AG(L)) > 3. If Uy; # @ for some j € {3,4}, then AG(L)

contains Ks 4 — ¢ as a subgraph with the partition sets U; U Uyj and Uz U U U Uy so that,

by Remark 1, we have ¥(AG(L)) > 3. Therefore, |J U;; = @ and Upsy = @. In this case,
ij#12

one can retrieve an Np-embedding of AG (L) from Figure 4b by changing the label I} to I

and its related edges such that ¥(AG(L)) = 2.

Case 2.2 Suppose |U;| = 3. Let [Uy| = 3. If U;; # @ or Uy # @ for ij # 12, then
AG(L) contains K45 — e, which is a contradiction. Therefore, Ujj = @ and U = @ for
all ij # 12. In this case, the crosscap of AG(L) is same as the crosscap of K331 so that
F(AG(L)) =2. Let|Up| =2and T € U ui]‘ U Uijk.

ijk#123
e In the case that I € Uj; for ij € {12,13}, the contraction of AG(L) induced by the
partite sets X = U; UUy and Y = Uy {L, [I,i, Iij]}z where k ¢ {i,j,4}, forms a copy
of H4.
e Inthe case that I € Uj; for ij € {14,23,24,34}, the graph AG(L) contains K54 with

the partite sets U; U U; U Uj; and Uy U Uy where k, £ ¢ {i, j}.

e Inthe case that I € |J Uy, the contraction of AG(L) induced by (UA_, Uy \
ijk#123

{I;}) U{[I;, I]} forms Hy where / is the least integer in {1,2,3,4} \ {7, ], k}.

Thus, U Uj;U U = @, and, so, the crosscap of AG(L) is the crosscap of K355 1, which
ijk#123
is two.

Case 2.3 Suppose |U;| = 2. Then, K20, is a subgraph of AG(L). Suppose
¥(Kz222) = 2. Then, by Euler’s formula, the number of faces in an N, embedding of
K352 is 16 so that all the faces are triangular, which contradicts the fact that K55 has
no triangular embedding (see [27]). Thus, ¥(AG(L)) > 3.

Case3 Let | Ui, U, =7.

Case 3.1 Suppose |U| = 4. If | J U;; U Ujj| > 2, then AG(L) contains Ky 5 with

i#1

one partite set X = Uj, and, so, 7(AG(L)) > 3. Further, by Theorem 4iv, AG(L) is
projective whenever U;; = Uy = @ for all i # 1. Therefore, |U Uj; U Ui/k\ =1, and let
iZ1

I € UU;U U Now, if Ujj = @ forall 2 < j < 4, then it is easy to verify that AG(L)
i#1

is isomorphic to a subgraph of the graph H; (see Figure 1a). Therefore, by Lemma 2, we
have ¥(AG(L)) = 2. So, let U;; # @ for some 2 < j < 4. Suppose Uy = @ for2 < j #
k # £ < 4. Here, the open neighbor of each vertex in Uy; is Iy and I; in AG(L). Let Gy3 be
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)

(a). ‘_gluij Ul =1and Ujz = Uyy = Uy = D
1

I3

the induced subgraph of AG(£) induced by the vertex subset J_; U, U {I}. Clearly, Gi3
is a subgraph of the graph H; given in Figure 1a with the labels uy € U; (for ¢ =1,...,4),
U1 = 12,’02 = 13,’03 = 14, and Uy = I. Since (13, 14),(12, 14), (12, 13) (S E(AG(C)), any
number of vertices in Uy; (for 2 < j < 4) can be embedded in the N;-embedding of G13
without edge-crossing, and, therefore, 4(AG(L)) = 2. Now, take Uy # @ for 2 < j #
k # ¢ < 4. Note that the set Uy, is nothing but the singleton set {I}. Now, consider the
subgraph Gi4 = AG(L) — {Lj, (I;, It), (Ir, Ir), (I;, Ir), (I, I;) }, which is isomorphic to Ky4
with the partition sets X = Uj and Y = {I/, I, I;, I}. Note that any Np-embedding of
G14 has eight rectangular faces so that each face shares exactly two vertices from X and Y.
In AG(L), the vertex I i is adjacent to three vertices of Y, namely Ii, I;, and I. Therefore,
one cannot insert I;; with its edges into N, without crossing, which is a contradiction.
Case 3.2 Suppose |U;| = 3. Then, || = 2. If |_glu,j U Ujjk| > 2, then it is easy to
1

check that the contraction of AG(L) contains either Ky5 — e or Kz U (K4 — e) as a sub-
graph, and, so, by Remark 1, we have 4(AG(L)) > 3. Therefore, | U U;; U Ujp| < 1.
iZ1

Assume | U Uy U U| = 1. If Uj; # @, then U5 = @; otherwise, the graph induced
i#1

by the partition sets X = Uy UUz and Y = Up UUy U [IZ/, je] form Hy in AG(L) so
that 9(AG(L)) > 3. Further, if I € U3 U Ujq U Uyzs, then cons1der the graph AG(L) —
{I,e1,e0,3,e4,65} = Ky 4 — e with the bipartite sets {I1, I, I{', [;} and {I;, I, I, Ij } where
e = (Il,lj),EZ = (I{,I]'),€3 = (I{,,I]‘),&; = (Il', Ik),€5 = (III, Ik)}r and e = (I I,]k) NOW,
a similar argument given for G, (refer to Equation 1) leads to ¥(AG(L)) > 3. Therefore,
\glu,»j u Uijk| = 1 with Uz = Ujs = Ujzs = @. In this case, with the help of Figure 10a,
1

we obtain 4(AG(L)) = 2. Notice that in Figure 10a, we take |Uss| = 1.
Assume | U;; U Uy = @. If [Uy| > 3 for some j € {3,4}, then the sets X = U, U U
i#1

and Y = U; UU; U Uy, where j' € {3,4}\ {j}, form K37. So, |Uyj| < 2 for j = 3,4.
Suppose |Uj3 U Uyy| > 3. Let [Uyj| > 2 and |Uy| > 1 for j, k € {3,4}. Then, the subgraph
AG(L) — {I, (I, I;), (I, I}), (I, I;) } contains K36 with the partite sets X = U, U U} and
Y = U ul;uly. Smce degK%( ]) = 3, I; is contained in exactly three rectangular faces
in any N»- embeddmg of K3 6. Since {13, Il, I, I;} C Y, to embed the edges (I, I;), (I, I;),
and (Il F ) the vertices Iy, Il, and [} " on the dlagonals of the three rectangular faces that
contain I, respectively, are required. Now, after embedding the three edges, [; is in exactly
six triangular faces, all of which were formed by using two vertices from Y and one vertex
from X. Therefore, the vertex Ij; cannot be embedded because it is adjacent to I; as well
as two vertices from X. So, |Uj3 U Uys| < 2. However, AG(L) is projective if Uy3 U Uyy =
@. Thus, 1 < |Uy3U Ups| < 2. Now, one can obtain help from Figure 10b to say that
T(AG(L)) =2.

I A A Lo L L
- e --
4 I

—1 [32\ I3 I I = L

) I

1 I I
I y4 I 13 : 3 1

Ly
L I Ik L I I &L

(b). U lll-]- U ll,-]-k =Q@and1 < |U13 U U14| <2
iZ1

Figure 10. | U} _; U,| = 7 with |U;| = 3.
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Case 3.3 Suppose |U;| = 2.

Claim A: At most two distinct Uj;s are non-empty in which at most one Uy is non-
empty for 1 < i # j < 4. Additionally, at most two distinct Uy,,,s are non-empty for
Imn # 123.

Assume on the contrary that at least three Uijs are non-empty for 1 < i,j < 4; say,
Ui i,, Uiy, and Uy, are non-empty. Let p € {1,2,3} \ {i1,i2},q € {1,2,3} \ {p,i3,i4}
and r € {1,2,3} \ {p, q, 15,16 }. If r exists, then the minor subgraph induced by the vertices
Up, Liyiy)s I;,, [, Iiyi, ), I, [1r, L, |, I, and I forms K7 in AG (L), which is a contradiction. If r
does not exist, then take r as {1,2,3} \ {p, g} and form a minor of AG(L) with the partite
sets X = {I,, I}, I, [s} and Y = {[I,, L;;;,], I}/,, g, Ligi, ] I,g}, which is isomorphic to either
Hj or Hy, as in Figure 3. So, by Lemma 3, we have 7(AG(L)) > 3. Therefore, only at
most two distinct Ujjs can be non-empty for 1 < i # j < 4. Further, if U4, Uyy # O for
some 1 < m # n < 4, then the subgraph induced by the sets X = U, U Uypa U {I} and
Y = U, UU4U{[I}, I,4]}, where k # m or n, form Hy which has a crosscap of at least three.

Note that all the vertices in Ujp; are end vertices in AG(L). If Uijk, Upyn, and Upgr are
non-empty for ijk,¢mn,pqr # 123, then the minor subgraph induced by
{[I(ijk)ff Iijk]r Iéijk)“ [I(fmn)ff Ié’mn]r I(/émn)” [I(Pi’q)f’ Ipqr]/ IEP‘?’)“ 14} is K7, which is a contradic-
tion. Therefore, at most two distinct Uy,,,,s are non-empty for {mn # 123.

Claim B: \LI,-]-| <2and |Uy| <1foralll <i<j<3.

If \Uij| > 3 forsome 1 < i,j < 3, then AG(L) contains K73 as a subgraph with the
partite sets X = U; UU; U Ujj and Y = U U Uy where k € {1,2,3} \ {i,j}. Additionally,
if [Ujs| > 2 for some 1 < i < 3, then AG(L) contains K54 as a subgraph with the partite
sets X = U; UUy UUy and Y = U; U Uy where j, k € {1,2,3} \ {i}. Thus, |U;j| < 2 and
|Uy| <1foralll<i<j<3.

Assume |U;;| = 2 for some 1 < i,j < 3. Suppose Uy, # @ forsome 1 < k < ¢ <4
and k¢ # ij. Let us take j & {k, £} N {i,j}. Then, AG(L) contains Kg3 U (Ky — ¢) with the
partite sets X = {I;, I/, I, [I]{, L], Iij, I,-’]-} and Y = U, UUy where m € {1,2,3}\ {i,j}. So,
by Remark 1, ¥(AG(L)) > 3. Therefore, Uy, = @. In this case, the number of U;j cannot
be more than one because here AG (L) contains Kq3 U (Kg4 — ). For the remaining cases,
by Figure 11a, we obtain (AG(L)) = 2.

Assume |U;;| < 1foralll<i,j < 3. Suppose |Uy| = 1 for some 1 < k < 3. If there
are two Uy, s that are non-empty for ¢mn # 123, then it is not hard to verify that AG(L)
contains a subgraph similar to the structure of H3, which has a crosscap of at least three.
For all the remaining cases, that is |U;;| = [U| = 1 with unique Uy, # @ or [Uy| < 1
and |Up;| < 1 with at most two Uyy,,s that are non-empty for 1 < i,j,k,p,q < 3 and
fmn # 123, one can use Figure 11b to obtain y(AG(L)) = 2.

L o B
___; T\ | i S
124 : s !
I L L I T2 I
I I P 3 | I 12 Lo
) ]
! ! V1 I !
i Ly I jii 4 A
} I ) I ]
1
ol L
L I L L I
(a). |Ujj| = 2, Uy = @V ke # ij and (b). |Ujil, IUpal < 1 and at most two
at most one Ujjx # @ for ijk # 123 Ujj # @ for ijk # 123 if Uy = @

Figure 11. | Ui_; U, | = 7 with |U;| = 2.

Cased Let |Ut_, Uy| = 6.
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Case 4.1 Suppose |U; | = 3. Note that each vertex of Uj; for i = 1 is adjacent to exactly
two vertices Iy and Iy for #/,j" ¢ {i,j} and (Iy,I;) € E(AG(L)), so we do not want to
bother about Uy; and Uy for all 2 < j < k < 4. If [Uj;| > 3 for some i # 1, then AG(L)
contains Ky 5 as a subgraph with the partite sets X = U; U Uy and Y = U; U U; U U;j where
k€ {2,3,4}\ {i,j}, which is a contradiction. So, |U;j| <2 foralli # 1.

((i).Assume |U;;| = 2 for some i # 1. If Uije # O, then the sets X = U; U U; U Uj;
and Y = Uy U U U U form Kys in AG(L), and, if Uy # O for some k # 1 with
ke # ij or Upzs # @, then AG(L) contains Ky 5 — ¢ so that 7(AG(L)) > 3. If not, that is
Ugijye, Uge, Upza = @ for all k # 1 with k€ # ij, then by Figure 12a, we have ¥(AG(L)) = 2.

(ii). Assume |U;| < 1foralli # 1. If U ;) # @ and Uy, # O for some
Uyj, # @ and Uy, # @, then the sets X = Uy, U Uy U Uy j U {[liyj,, Lij)c]} and Y =
Ur Ul U e, where m # iy, j, contains K4 5 — e in AG(L). Additionally, if |U(,'j)c| >3,
then the sets X = U; U llj U Uij and Y = U, UU, U U(I']‘>c, where m # i,j, form K37
in AG(£), which is a contradiction. So, at most one of the sets Uj;jc is non-empty with
|Uggje| < 2.

Let |Ugje| = 2. If 1 € k}iuuk[ U Upsy, then the sets X = {I;, [}, [;j} and Y =

(Fif
(L, 1,11, 1), L, Lij)e, IEij)C}' where m # i,j, form K3 U (K4 — ¢) so that, by Remark 1,
F(AG(L)) > 3. Therefore, 7& U ?é Uy U Upzs = @. For this case, readers can verify the
kA Lkl£i]
Np-embedding of AG(L).
Let ‘u(ij)f| =11IfI,] € U Uk U Uyzy with |Uk[| < 1, then the sets {Ii/ I]', Ly, I,

kALKOA]
[I{, I], [Ii,, ]], U,‘j, I(lj)c}} form K;. Therefore, ‘ U ukg U LI234\ =1
k£ kO]
Let U U(jj)c = @. Then, by Theorem 4iii[a], AG(L) is projective if | U U;; U Ui | < 1.
i1 i1

If | J U; U Ujj| > 4, then K37 is a subgraph of AG(L) with the partite sets X = U
i£1
and Y = V(AG(L)) \ Us. So, in the case of U U;jc = @, 7(AG(L)) = 2 whenever
i#1
2 < | U Uj; U Usy| < 3 with [Uj;| <1 (refer to Figure 12b).
iZ1

I 13 Iy I 13 I4
r-—- -7
1 1
1 1
11 I’ I{l I 1/
AANEE He AN -
| | | I 1
34 [
I & I I I 1 I
! 1 I3 ! 1 1 !
1 1
| - »
12 I3 14 Iz I3 I4
(a). Unique \U”| =2fori 7& 1 and (b) ‘ul]| — 1foralli 75 1

Upgp, Upzs = DV k # 1 and k # ij

Figure 12. | Ui_, U,| = 6 with |U;| = 3.

Case 4.2 Suppose |U;| = 2. Then, |Up| = 2 and |U3| = |Us| = 1. If |U34| > 3, then the
partite sets X = Uy U Uy and Y = Uz U Uy U Usy form Ky 5 as a subgraph in AG (L), which
is a contradiction.

Case 4.2.1 Assume |Uss| = 2. Then, Uy, = @ for all Uy, # @; otherwise, the sets
X=UWUlyand Y = Uz UUg U Usg U {[Ipg, I(pq)c}} form K45 in AG(L). In particular,
U = .

If |U;;| > 2 for some ij # 12,34 and i < j, then the subgraph AG (L) — {Izq, I3y, (I;, I}),
(I}, 1;)} contains K35 with the partite sets X = U; U U; U U and Y = Uy U Uy where i’ €
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{1,2} \ {i} and j’ € {3,4} \ {j}. Note that any Np-embedding of K35 has one hexagonal
and six rectangular faces, and the vertices I35 and I§4 are adjacent to I;, IZ-’ , I and I,.’,. So, to
insert I34 and I}, into an Np-embedding of K35, we require two faces, say F; and F,, which
contains I;, I/, Iy, and I},. If either F; or F, is hexagonal, then the corresponding face may
adopt one of the edges (I, I;) or (I}, I;). Let us take that the edge (I;, I;) is embedded. Now,
to insert an edge (I, I;), a rectangular face containing I/ and I; as diagonals is required.
However, no such rectangular face exists because the edges (I/, I;) and (I/, I,) have been
used twice in F; and F,, which is a contradiction.

For all of the remaining cases, thatis | U Uj;| < 2 with [U;] < 1and U
ij#12,34
when Uy, # @ for1 < p # q < 4, wehave 7(AG(L)) = 2 (refer to Figure 13a).

poye = @

51_3___13 Iy L3 I o I L I Iai
I I : 1134. b}
& L34
Iy I3
@. [Uss| =2, |ij7é%J2,34uﬁ| < 2with (b). [Uzyg| =1, |Ujp| =2 and
|U;j| < 1and Ujj)e = @ when Uj; # @ ij#L1J2,34Uij Ulhze Ulss =D

Figure 13. | Up_; Uy | = 6 with |U;| = 2.

Case 4.2.2 Assume that |Uss| = 1. Let us take ij # 12,34.
Let |Uyz| > 3, then the subgraph of AG(L) induced by the sets X = Uz U Uy U Usg
and Y = Uy U Up U Uy, contains K3 7 so that 7(AG(L)) > 3. Thus, |Ujp| < 2.

Let |U12| =2 1IfI € ?&U UU U Ujzq U Upzy, then AG([/) contains K3,6 U (K4 — 8),
ij#12,34
so that, by Remark 1, ¥(AG(L)) > 3. Therefore, 7éL,l Ujj U Uyag U Upsg = @, and in this
ij#34,12

case, by Figure 13b, we obtain 7(AG(L)) = 2.

Let [Ujp| = 1. If [Ujj| > 2, then the partite sets X = Uy U Upand Y = {L, I, L, I, I{j,
[I34, [12]} where i’ € {1,2}\ {i} and j’ € {3,4}\ {j} form a minor subgraph K3 U (K4 —¢)
in AG(L) so that, by Remark 1, ¥(AG(L)) > 3. If Uy, Uy, # @ for ij,kl # 12,34
where {i,j} N {k,{} = j = {, then the partite sets X = {I;, [I], I/], I, Iij} and ¥ =
{Ix, I, I, [I34, Inp] } where m ¢ {i,j,k} form (HyU (up,u3)) — (u1,us). A slight modifi-
cation of the proof for Hy in Lemma 3 yields ¥(AG(L)) > 3. Further, minor changes to
the labels in Figure 13a give 7(AG(L)) = 2 whenever | 7éU Ul < 1.

ij#12,34

Let Uy, = @. Then U,y = @ for all Uy, # ©; otherwise, AG(L) contains Kg — 4e,
which is isomorphic to (Hy U (11, u3)) — (v1,v2), so Lemma 3 gives us 7(AG(L)) > 3. If
|Uj| > 4, then the partite sets X = U; UU; U Uy and Y = Uy U Uy where i’ € {1,2}\ {i}
and j' € {3,4} \ {j} contain K73 in AG(L), which is a contradiction. Suppose |Ujj| €
{2,3}. If |Uys| > 2 for some k¢ # ij where {k, ¢} N{i,j} = k = i, then the subgraph
Gis = AG(L) — {Iss, I, I, (I, L), (I, I;)} contains K53 with the partite sets X = U; U
U; Ul and Y = Uy U Uy where #',j" ¢ {i,j}. Note that any Np-embedding of K53 has
one hexagonal and six rectangular faces. Further, in AG(L), I3 is adjacent to I;, I/, I, I/,
and, also, Iy, I, are adjacent to I, I{,,I]-. So, to embed the vertices Iy, Iy, and I}, one
hexagonal and two rectangular faces containing both Iy and I, are required. In such a
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case, one cannot find two rectangular faces with the diagonal vertices I;, Ij and I{ , Ij. So,
either the edge (I;, I;) or (I}, I;) cannot be drawn without crossing, which is a contradiction.
Thus, we obtain the result as in the statement-(iv)[b2].

Case 4.2.3 Suppose Uzy = @.

If |U;; U Ujjjyc| > 4 for some ij ¢ {12,34}, then the sets X = U; UU;UU;jand Y =
Uy U Uy U Ugje where i',j" ¢ {i,j} form a complete bipartite graph whose crosscap is
more than two.

Let |U;;| € {2,3} for some ij ¢ {12,34}. Then, clearly, U;;- must be empty. Let k(¢ ¢
{12,34, l], (l])c} If |ll,] U U U u(kf)f| > 5, then the sets X = U; U l,I/ U ul] @] {[Ik/g, Ikgc]}
and Y = Uy U Uy where i’ € {1,2}\ {i} and ' € {3,4} \ {j} form K¢3 U (K4 —¢) and, by
Remark 1, (AG(L)) > 3. Therefore, 2 < |U;; U Uyy U Ufgyye| < 4. Now, there are at most
three possibilities:

(). |Ujj| = 3and |Uy| = 1; this case is pictured in Figure 14.

(ii). |U;j| = 2and [Uk| = [Ugy)e| = 1; this case is pictured in Figure 15a.
(iii). |Ujj| = |Uk| = 2; this case is pictured in Figure 15b.

Thus, in all these cases, we have 7(AG(L)) = 2.

I3 Ié I I3
I134
I ¢ 11 I3 I{
1 123 I
. 1
v 1/ 13y Iy ! I
! >
Iys T4
e g~ > >
I3 Ié I Iz

Uy = @ with |Ujj| = 3 and |Uy,| = 1 for some ij, k€ # 12,34

Figure 14. | U}_; U,| = 6 with |U;| = |Us| = 2.

(a). Uz4 = @ with |U;;| = 2 and |U| = (b). Usy = @ with |Uj;| = |U| =2
|u(kk)f| = 1 for some ij, k( # 12,34 for some ij, k¢ # 12,34

Figure 15. | U} _; U,| = 6 with |Uy| = |Us| = 2.

Let [Ujj] < 1forallij ¢ {12,34}. Then, at least one Uj;; = @ for ij ¢ {12,34}. Other-
wise, the graph induced by {I1, I, I, I}, I3, Is, [ 13, o), [I14, 23]} forms Kg — 3e in AG(L).
Clearly, 7(Kg — 3¢) > 3 because the number of faces in the Ny-embedding of Kg — 3e is 17,

which contradicts the well-known fact that % must be greater than the girth value (refer

to Observation 1). Therefore, | |J Uj| < 3. Thus, by [20, Theorem 2.6iib)], we have
ij£12,34
Y(AG(L)) =2 whenever | U Uj|=3.
ij#12,34
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Case 5 Let |Jj_; Uy| = 5. Then, [Uj| = 2. IfU; = @ foralll < i < j < 4,
then (AG(L)) < 1. Observe that we do not want to consider the sets Uj; for i # 1
whenever Uj;jc = @ because every vertex in Uj; is adjacent to I;, I; and (;, I;) € E(AG(L)).
If |Uij\ > 5 for some i # 1, then the sets X = U; UU; U U;j; and Y = Uy U Uy where
i',j" ¢ {i,j} form K37 in AG(L), which is a contradiction.

Case 5.1 Assume |Ujj| = 4 for some i # 1. Then, U,,,)c = @ whenever Uy, # @;
otherwise, the sets X = U; U U; U Uy; U {[Lnn, Lyup)e] } and Y = Uy U Uy where ', j ¢ {i, j}
form K73 as a minor of AG(L). Similarly, U(;jc = @; otherwise Ke 4 is a minor of AG(L).
If |Uy| > 2 for some k # 1 and kf # ij, then the subgraph Gy = AG(L) — { Iy, I, (I, I) }
contains K¢ 3 with the partition sets X = U; UU; U Ujjand Y = Uy U Uy where i’ ¢ {1,i,j}.
Since {i,j} N{k, ¢} # @, let {i,j} N{k,{} =i =k. Clearly, j € {2,3,4} \ {k, £}. Note that
each face in any N;-embedding of Ky 3 is rectangular, and the vertices Iy, I, are adjacent
to I, I] and I;. Therefore, to insert Iy, and I, two rectangular faces that contain Iy, I} and
1 ; are required. Next, to insert the edge (I;, j)/ a rectangular face with the diagonals I; and
I is required. However, the edges (Iy, I;) and (I, I;) have been used twice to form the first
two rectangular faces. So, one cannot construct another rectangular face that contains I;
and I; with a single left-out vertex of Y, which is a contradiction.

Therefore, for the remaining case, that is, |Uy,| < 1 for all k # 1 and k{ # ij with
Uynye = @ whenever Uy # @, by using Figure 16a, one can have 7(AG(L)) = 2.

(a). |Ujj| = 4 for some i # 1 and (b). |Ujj| =2 and U = Oforalli # 1
[Uge| < 1forallk #1and kl # ij

Figure 16. | Up_; Uy| = 5 with |Uy| = 2.

Case 5.2 Assume |Uj;| = 3 for some i # 1. Let p ¢ {1,i,j}. Clearly, U = &;
otherwise, the sets X = U; UU; UU;;and Y = Uy U U, U Ugije form Ks 4.

If [Uy| = 3 for some k # 1 and k¢ # ij, then the subgraph Gj; = AG(L) —
{Iees g 1y, (13, 1), (I, 1), (I3, Ip) } has a similar structure of G5 with the partite sets X =
WUl Ul and Y = Uy UUp, and so 7(AG(L)) > 3. Suppose |Uy|, |Umn| = 2
for k,m # 1 and kl,mn # ij. Let {i,j} N{k, ¢} = i = k. Then, G;; = AG(L) —
{TIkes By T Ty, (I, I;)} has K53 with the partite sets X = U; UU; U U;;and Y = Uy U Uy,
Any N>-embedding of K5 3 has one hexagonal and six rectangular faces. Notice that I/, I},
are adjacent to Iy, I, I;, and Ly, I, are adjacent to I, I, I;. So, to embed Ii, I} ;, Iun, and
I},,, one hexagonal and two rectangular faces containing both I and I are required. How-
ever, the edge (I;, [;) cannot be drawn without crossing, which is a contradiction. There-

fore,| U U] <3and |Ug| # 3.
kALkOAi]
Suppose| U U] = 3. Since |Uy| # 3forallk # 1and k¢ # ij, we have |Uy,| = 2
kA TkOAT

and Uy | = 1 for some m # 1 and mn # ij, k(. Next, we claim that Uxp)e = Uyppye = @.
If Ugpye # O, then by letting {i, j} N {k,{} = i = k, K73 can be formed by the sets X =
u; U ll]- @] U,‘]’ Ul and Y = U3 U {[I(;, I(kf)c]}. 1If u(mn)‘ # @, then AG([,) has a similar
structure to G5, so that 7(AG(L)) > 3.
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Suppose | U Uy| < 2. As mentioned, U ). = @ when |Uye| = 2 for k # 1 and
kALK

kt 75 1] Suppose \LIM\ =1land |U(k()c‘ Z 2. Then, AG(ﬁ) — {Iké‘/ I(ké)c’lzk/)” (Ii, I]), (I],Ig),
and
(I1,Ip)} has K53 with the partite sets X = U; UU;UU;j and Y = U; U Uy. Note that
any Np-embedding of K53 has one hexagonal and six rectangular faces, I, is adjacent to
I, Il,I],I(k[)c,I{k()C, and Iy, Iék()( are adjacent to I, Iy, ;. So, the three vertices
Lees Likeyes (kf)c together with the edges (I;, I;), (I1, I), (I, I;) cannot be embedded, and,
also
,Y(AG(L)) = 3. Therefore, [Ug, U Urg)c| < 2. Further, if [Ugy U Upgge| = [Up U U6 | =
2 for k¢ # ij and ¢m # ij, k¢, then AG(L) contains K37, which is a contradiction.

Thus, an Np-embedding of AG(L) can be retrieved from Figure 16a for | Li,,upq| <3

paij

with Uyg)e = @ if |Upg| = 2.

Case 5.3 Assume |Ujj| = 2 for some i # 1. Clearly, |Ujc| < 1; otherwise, the sets
X=U;ul;Ul;and Y = U3 UUp U U;jc where p ¢ {1,1,j} form Ks 4.

If [Uge|, [Upin| = 2 for k,m # 1and k€, mn # ij, then Ujjye, Ugeye, U pn)e = ©- Further,
an Np-embedding of AG (L) in the case of |Uj;| = [Uy¢| = [Un| = 2 is given in Figure 16b
so that ¥(AG(L)) = 2.

Suppose [Ug| = 2,[Umn| < 1for k,m # 1and kl,mn # ij. If Uyje, Ugpye # O,
then the sets X = U3 UU, U U and Y = U; U U; U Uy U {[Lre), Lge)c]} where p ¢
{1,i,j} form K54 — e in AG(L) so that, by Remark l, we have '7(AG(£)) > 3. Fur-
ther, since [Uy| = 2, we have [Uy)| < 1. Therefore, |Ujc U Ugyye| < 1. Suppose
[Ugijie Ulreye| = 1, say Ugjye # @. Then, Uy = O; otherw1se, X = Uy UUp U Ugje
and Y = Ll UU U Uij U {{T(un)s Lommye ]} where p & {1,i,j} form Ky5 — e in AG(L). So,
[Unin U Uy | S 1. Suppose not, that is, Ujje, Ukeye = @, then [Ugyyye| < 1; other-
wise, AG(L) — {I,],Il’],lk[, tor (Tns In), (I, Ly ), (17, Ly ) } =2 Ks 3 with the partite sets X =
u, uu,, U U(mn)c and Y = U, U U, U Uy, where m’ ¢ {1,m,n} is a similar structure to
G17 which has a crosscap of at least three. So, [Un U U] < 2.

Suppose |Uge|, [Umn| < 1 for k,m # 1 and kf,mn # ij. Then, by Theorem 4(ii),

F(AG(L)) =2 provided | U Uy| =2 with | U Ugpgrel =1or| U Uyl =1with
k#1k0#ij k#Lkl#ij
‘U(i]'>c|:1, U(k[)c:@OI'U(ljuf@ |Uk¢>c\§20r U?é uk/—@WIth‘u |:1.
i
Hence, 7(AG(L)) = 2 whenever 4 < | U LIU U Ugije| < 6 with \ U Ugje| < 1or
\ U Ul]\ = 3 with |[Uj; U Ugje| < 3andaumque U )e # @ or U LI,] = 2w1th \LI =1
Case 54 Assume |Uy| = 1 foralli # 1. Then, [U | < 3; otherwise, the sets

X=U;U U]‘ @] UZ‘]‘ and Y =U; U Uy U U(I']')c where i’ ¢ {1, i,j} form K3 7.

Suppose |Ug| = |Umn| = 1 for k,m # 1and kl,mn # ij. If Uje, Ugpye, Upnnye # O,
then the sets X = Uy UlU,UUs and ¥ = {14, [Ii/'/ I(m(}, [Ik/,/ I(kf)[}/ [Imnll(mn)f]} form
Hy as a minor of AG(L), which is a contradiction. Assume that [Ujc| = 3. If I €
u(kZ)‘ @] u(mn)" then G18 = AG(L‘,) — {I, Ikér Imn/ (I,‘, I]), (Il, Ii’)r (I{, Ii’)} contains K6/3 with
the partite sets X = U; U Uy U Uije and Y = U; UU; UUj; and any Np-embedding of
K36 has nine rectangular faces. Here, it is not hard to verify that all the left-out vertices
and edges cannot be embedded into the nine rectangular faces so that ¥(AG(L)) > 3.
Therefore, U xs)e U Ugyyye = @. Here, the graph AG(L) — {Ixy, Imn} is a subgraph of
the graph in Figure 2a, and the suitable labels in Figure 2b give two different faces in
the Ny-embedding of AG(L) — {Ii, Lun } that contains the vertices N () and N(Ly,) so
that 7(AG(L)) = 2. Assume [Uje| < 2. If [Upje U Uggye| > 4, then the subgraph
AG(L) — {Lkeye I(ké)c, Lun, (I, I}), (Il, L), (I}, In)} has a similar structure to Gy5 so that we
have '?(AG(C)) > 3. Additionally, by Theorem 4ii, AG(L) is projective when | 'gl Uijye| <

1

1. For all of the remaining cases, ¥(AG(L)) = 2 can be verified by drawing the Nj-
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embedding.
Thus, 7(AG(L)) =2 when 2 < | U Ujjc| < 3 with at least one of the sets’ U;j)c = @.
i#1

Suppose [Uy| = 1 and Upy = @ for k,m # 1and k¢, mn # ij. If [Uyj| = 3 and
Ugpye # O, then the subgraph AG(L) — {Ikpye, ke, (I, 1), (I, Ir), (I, Iy ) } has a similar
structure to Gis, and, if [Uypel = |Ugyl = 2, then the subgraph
AG(L) — {I(k[)c,lék[)c,lkg, (I 1), (I, Iy), (I}, Iy)}  has a similar structure to Gis
so that 7(AG(L)) > 3. Further, AG(L) is projective if |Uje U Ugpe| < 1. Thus,
Y(AG(L)) = 2 whenever [U;jc U U] € {2,3}.

Suppose Ugy, Uy = @ for k,m # 1 and k¢, mn # ij. Then, ¥(AG(L)) = 2 whenever
2 < U] <3.

Case 6 Let |Ji_,U,| = 4 Then, by Theorem 4(1), |Uij U Ugjye| > 3 for
some Uy, Ugjj)e # @. Further, if [U;; U Ujjye| > 6 with Uj;, Ugj)e # @, then the subgraph
induced by the sets X = U; UU; U U and Y = kU Uy U U( e contains one of the graph’s

#i,]

Ks,7, Ky, or K55 as a subgraph so that ¥(AG(L)) > 3. Therefore, 3 < [U;; U Ujjjyc| < 5 for
some U”, U 7& @.

(i) Suppose [Uij U Ugjye| = 5 for Uy, Uje # ©. If either |Uy| = 3 or [Ugj| = 3,
then the sets X = U; U U; U ll,] and Y = k;LéJ Uy U Ujj)c form Ky 5, which is a contradiction.

i

So, either |Ujj| = 4 or |U(;jc| = 4. With no loss of generality, assume that [U;j| = 4. If
Uge, Uggye # @ for kit # ij, (if)°, then clearly [{i,j} N {k, ¢}| = Tand [{m,n} N{k,£}| =1
where m,n € {1,2,3,4}\ {i,j}. So, let us take {i,j} N {k, ¢} = {j} and {m,n} N{k,{} =
{m}. This implies that (Ir;, I;), (I(xe)e, Im) € E(AG(L)). Then, the subgraph AG(L) —
{1i/ Ire, I gp)e } contains Ks 3 with the partite sets X = U; U U and Y = Uy U Uy U Ugjye.
Now, the path I; — Iy — I(3¢)c has to be embedded into a single face of any N,-embedding
of K5 3. Further, the vertices I; and I(;)c are adjacent to I; and L. So, after embedding these
four edges, the edge (Ii, I,) cannot be embeded, which means §(AG(L)) > 3. Therefore,
Ukpye = @ when Uy # @ for all ke # ij, (if)¢, and, in such cases, 7(AG(L)) = 2.

(li) Suppose |UU U u(z;)" = 4 for LI,-]-, u(ij)C 75 Q. If |ng U U<kg)c| > 3 for kl 75 Z],
then the subgraph AG(L) — {Uy, U U ) } contains a crosscap two graph K53 or Ky 4 with
the partite sets X = U; UU; U U;; and ¥ = g U U Uijye. Since [Uge U Upye| > 3,

m#i,j
we can take |Uy| > 2. Notice that the path Ity — e — I}, together with the edges
(Iee Im), (Ike, i), (I Im), and (I, I;) should be embedded into a smgle face of an Np-
embedding of Ks3. Thereafter, the face cannot adopt the edges (I(xy)c, ;) and (Ixpye, In)
where n ¢ {i,j, m}, which implies that 4(AG(L)) > 3. Therefore, |Uj, U U(k[)c‘ = 2 forall
Ug, Ugegye # @ with ke # ijand 1 < i,j < 4.

If |Uj| = 3, then, by Figure 17a, we obtain ¥(AG(L)) = 2. If not, then |U;j| =
2. Suppose Uy U Ugpyel = [Upin U Upypye| = 2 for Uye, Uggpye, Umn, Ugpye 7 @ with
k¢, mn # ij. Then, the subgraph AG(L) — {[Ix, Igeye], [Tmn, I(n)e] } contains K4,4 with the
partitesets X = U; UU; UUjand Y = Uy U Uy U Uy, where ', j & {i, j}. Note that every
face of any Np-embedding of K 4 is rectangular, and the vertices Iy, I(k)c] and [Inn, Iy)c]
are adjacent to the four vertices I, I], I, and I So, to embed the vertices (I, I(kg)f] and
[Ln, I (mn)c], two distinct rectangular faces w1th boundaries I;, I], Iy, and I i are required,
which is a contradiction. Therefore, at least one Uy)c = @ when Uy # O for k¢ # ij and
1 <i# j < 4. In this case, an N>-embedding of AG(ﬁ) is given in Figure 17b.

(iif) Suppose 2 < |Uj;; U Ujj)e| < 3 for all Ujj, Upije # @ with 1 < i # j < 4. Then,
by Theorem 4i, there exists Uk[ such that Uyy, Uge)e # @ with [Ug U Ugp)e| = 3 and

mn # @
m‘ﬂ#kl,(ke)c}unm 7é®
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by L I Iy Ly Iy L I
1 I 1
1/ sl Y 1
/ 134
Iy § 7 I § I3 LK, I
12
I34 I
13 7 14 12 i 12 [1
12 I3 : 34 23 :
by L I Iy hy Iy Iy Iy

(a). |U12| =3 and |U13UUZ4‘ = |U14UUZ3‘ =2

Ls 1,

(a) A crosscap two 5-partite graph

(b). |U12| = |U34| =2and ‘U14U UZS‘ =2
Figure 17. | Ui_, U, | = 4 with |Ujp U Usy| = 4.

SuppOSG \Ul/ U U(,])c| =3foralll <i# ] < 4. That is, ‘ulz U U34‘ = \U13 U U24‘ =
|Uy4 U Upz| = 3. Without a loss of generality, we let |Uyp| = |Ujz| = |Uys| = 2. Now, con-
sider thebipartite graph G19 = AG([,) — {(12, 13), (12, 14), (13, 14), (Iz, 134), (13, 124), (14, 123)}
with the partite sets X = Uy UUjp U U3 U Ug and Y = Up U Uz U Uy U Uzy U Upg U Ups.
Note that 7(Gj9) = 2 and the faces of any N-embedding of Gy9 have one of the following
possibilities:

e Nine rectangular and two hexagonal faces;
e Ten rectangular faces and one octagonal face.

Since, in Gyg, the only common neighbor for I and I34 in X is I;, no rectangular face
has both I and I34. Therefore, the edge (I, I34) should be embedded in a face of a length
of more than four; so the edges are (I3, I,4) and (I, I3). Thus, we have to embed the
three mutually disjoint edges of (Y) in either two hexagonal faces or one octagonal face.
However, in any case, the faces may adopt at most two mutually disjoint edges of (Y),
and, so, 7(AG(L)) > 3. For the remaining cases, we have ¥(AG(L£)) =2. O

Remark 2. As an illustration, we consider the case (v)[a] in Theorem 5. Let |U;| = U] =
|Uz| = |Uy| = 1and |Ups| = 4. If |Ups| = |Uzs| = 1, then the corresponding five-partite
graph, as in Figure 18a, has a crosscap two. Additionally, if |Up4| = 2, then the crosscap of
the corresponding five-partite graph, given in Figure 18b, is not equal to two. Moreover,
the five-partite graph G in Figure 18b is minimal with respect to 7(G) # 2.

il

(OSSN

AN N

(b) A minimal 5-partite graph with crosscap # 2

U, U,

Uy

1" 1"
123 123

Figure 18. Five-partite graphs.
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6. Conclusions

The forbidden subgraphs for a crosscap two surface (a Klein bottle) are not known yet.
In this regard, an open problem will be to determine a family of graphs that has a crosscap
number two. This paper provides a class of r-partite graphs, where 2 < r < 5, that can
be both embedded and not embedded in a crosscap two surface. This was completed
by using the classification of all lattices with at most four atoms whose annihilating-ideal
graph has a crosscap two.
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1. Introduction and Preliminaries

In the last couple of decades, researchers have been assigning graphs to various
kinds of algebraic structures, which opens new horizons to study algebraic structures with
the help of graphs’ theoretic properties and vice versa. The first paper in this direction
was the work by Beck [1], where he assigned a graph with the zero divisor elements of a
commutative ring and called it a zero divisor graph. After that, many generalizations of this
concept were provided by different researchers. Presently, assigning a graph to an algebraic
object and studying the interplay between the properties of algebraic objects and with
properties of the graph is an active area of research. The most studied concepts among these
are the zero divisor graph [2], extended zero divisor graph [3], Cayley graph [4], nilpotent
graphs [5], etc. Recently, Binyamin et al. [6] assigned a graph to the numerical semigroup
and studied some properties of this graph. In a similar way, a graph is assigned to the ideal
of a numerical semigroup by Binyamin et al. [7] who studied its metric dimension [8] and
planarity [9].

Let N be the set of non-negative integers. A subset S C N is said to be numerical
semigroup if 0 € S, x+y € Sforall x,y € S, and N\ S is finite. The least positive
integer x € S is called the multiplicity of S and the set N'\ S is called the gap set of S. We
use the notations m(S) and g(S) to denote the multiplicity and gap set of S, respectively.
The number of elements of ¢(S) is called the genus of S. The largest integer that belongs to
the set ¢(S) is called the Frobenius number and is denoted by F(S) or simply F. A numerical
semigroup is said to be symmetricif forany x € N\ S, then F — x € S. Similarly, a numerical
semigroup is said to be pseudo symmetric if for any x € N\ §, either F —x € Sor x = g
An important property of numerical semigroup is that it is always finitely generated and
there exists a minimal system of generators of S. Let x1, x, ..., X, be a minimal system of
generators of S, then we write S = (xq, %y, ..., x,). The number of elements in the minimal
system of generators of S is called the embedding dimension of S and is denoted by ¢(S).
A numerical semigroup is called irreducible if it cannot be written as an intersection of
two numerical semigroups containing it properly. It is well-known that an irreducible

Mathematics 2023, 11, 1681. https://doi.org/10.3390/math11071681 29 https:/ /www.mdpi.com/journal /mathematics
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numerical semigroup is either symmetric or pseudo-symmetric [10]. To read more about
the theory of numerical semigroups, the readers can see the book by [11].

Let G be a simple graph with the vertex set and edge set denoted by V and E, re-
spectively. The degree of a vertex x € V is the number of edges incident to it. A graph is
called complete if every pair of vertices has an edge between them. A complete graph on n
vertices is denoted by K;,. A complete subgraph of a graph G is called clique and the clique
of largest possible size in G is called a maximum clique of G. The number of vertices in the
maximum clique of G is called clique number and is denoted by ¢/(G). A graph G is called
bipartite if its vertex set V can be partitioned into two sets, V; and V5, and the edges are
from elements of V; to the elements of V5. If all the vertices of V; are adjacent to all vertices
of V3, then G is called a complete bipartite graph. If | V; |= m and | V; |= n, Ky, » denotes
the complete bipartite graph. A graph is called planar if it can be embedded in a plane.
In other words, a graph is planar if it can be drawn in a plane such that its edges intersect
at end points (or no edges cross each other). A graph H is called minor of G if H can be
formed by deleting edges and vertices and by contracting edges. The planarity of a graph
can be checked using the famous Wagner’s Theorem which states that a graph G is planar
if and only if it contains neither K5 nor K3 3 as a graph minor [12].

We use the notation S(m, e) to denote the class of numerical semigroups with multiplic-
ity m and embedding dimension e. Following the idea of Binyamin et al. [6], a graph G can
be assigned to any numerical semigroup S by considering the vertex set of G as the gap set
g(S) and any two vertices are adjacent if their sum belongs to S. In this work, we introduced
the notion of S(m, ) graph. We call a graph Gg an S(m, e)-graph if there exist a numerical
semigroup S € S(m,e) with V(Gg) = {x : x € ¢(S)} and E(Gs) = {xy & x+y € S},
where g(S) denotes the gap set of S. Now, finding a closed subset of ¢(S) is equivalent to
finding a clique of graph Ggs (which is very difficult to compute in general). In this article,
we computed a clique of graph Gg of order 5 and as a consequence, we deduced that the
graph Gg is non-planar. The aim of this article is to discuss the planarity of S(im, e)-graphs
for some cases when S is an irreducible numerical semigroup.

2. Planarity of Graphs Associated with Numerical Semigroups of Embedding
Dimension 2

In this section, we discuss the planarity of the graph Gg associated with the numerical

semigroup S € S(m,2). It is well-known that every numerical semigroup of embedding

dimension 2 is symmetrical and for any S € S(m,2), we have | g(S) |= EfL. We prove

thatif | Gg |> 4, then Gg is always non-planar. The following results can be immediately
obtained from Theorem 1 [6].

Proposition 1 ([6]). Every S(m, e)-graph for m > 3, is not a complete graph.

Proposition 2 ([6]). If S(3,2)-graph is complete then Gg = K3 or Ky.

Proposition 3 ([6]). If S(3,3)-graph is complete then Gg = K; or K.

Proposition 4 ([6]). Every S(2,2)-graph is complete.

Lemma 1. Let Gg be a graph associated with S = (m, b). If |Gg| > 4, then one of the following
conditions hold:

1. Ifm=3then {F,F—3,F—6,F—9,F—b} C g((m,Db)).
2. Ifm>4then {F,F —m,F—2m,F—b,F— (m+0b)} C g((m,Db)).

Proof. If m = 3 then clearly 0,3,6,9,b € S, and therefore F,F —3,F —6,F —9,F — b ¢ S.
Furthermore, |Gs| > 4 gives F > 11 and b > 7. Please note that

F-b=b-3.
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This implies
F-3,F-6F—-9,F—-b>0,

and therefore
F,F-3,F—6,F—9,F—be g((mb)).

Since 0,m,2m,b,b+ m € S, therefore, F,F —m,F —2m,F —b,F — (m+b) ¢ S. Also
F—m=mb—b—2m=(m—1)b—2m,
F—2m=mb—b—3m= (m—1)b—3m,

F—b=mb—m—2b=(m—2)b—m,

and
F—(m+0b)=mb—2m—2b= (m—2)b—2m.

If m > 4, then clearly
F—m,F—2m,F—b,F— (m+0b)>0.

This implies
F,F—m,F—2m,F —b,F — (m+0b) € g((m,D)).

O
Theorem 1. Let Gg be an S(m, 2)-graph, where m > 2. If |Gg| > 4 then cl(Gg) > 5.
Proof. We may assume that S =< m,b >. If m = 2 then from Proposition 4, we have
Gs = K, withn > 5, as |Gg| > 4. This gives cI(Gg) > 5 in this case.
Now if m = 3 then from Lemma 1, we have
{F,F—3,F—6,F—9,F —b} C g({(m,b)).
Clearly 2F — 3,2F — 6,2F —9,2F — b € S. Now we need to show
2F —12,2F — 15,2F — (3+b),2F — (6 + b),2F — (9+b) € S.
Since |Gg| > 4 therefore F > 11 and b > 7. Please note that
F—(2F—12)=12—F ¢S5,
F-(2F—15)=15—-F ¢85,
F—(2F—(3+b)=@B+b)—F=3—(F—b) ¢S5,
F—(Q2F—(6+b)=(6+b)—F=9—-0b¢S§5,
F—(2F—(94b)=(6+b)—F=12—-b ¢S.
This gives
2F —12,2F —15,2F — (3+b),2F — (6 +b),2F — (9+ b) € S,

and therefore cI(Gg) > 5 (see Figure 1).
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F-3 F-b
Figure 1. Minimum possible clique for the case m = 3.
If m > 4 then again from Lemma 1, we have
{F,F —m,F —2m,F —b,F — (m+b)} C g((m,b)).
Clearly, 2F — m,2F — 2m,2F — b,2F — (m +b) € S. Please note that
F—(2F-3m)=3m—F=m—(F—2m) ¢85,
F—(Q2F—-(2m+b))=2m+b—F=m— (F—(m+b)) ¢S,
F—(2F—Bm+0b) =3m+b—F.

This implies 3m +b — F =4m + (2—m)bor3m+b—F = (4 —b)m +2b. Since 4 < m < b,
therefore, both possibilities give 3m + b — F ¢ S. Furthermore,

F— (2F — (m+2b)) =m +2b — F.

We have either m +2b —F = 2m+ (3 —m)bor 3m+b —F = (2 —Db)m + 3b. Again
4 <m<b,givem+2b—F ¢ S. This implies

2F — 3m,2F — (2m + b),2F — (3m + b),2F — (m +2b) € S.

Consequently, we obtain ¢/(Gg) > 5 (see Figure 2). [

F—(m+b)
Figure 2. Minimum possible clique for the case m > 4.

Corollary 1. For m > 2, every S(m,2)-graph, whose order is greater than 4 is non-planar.

3. Planarity of Graphs Associated with Irreducible Numerical Semigroups of Maximal
Embedding Dimension

A numerical semigroup S is said to have a maximal embedding dimension if its
multiplicity and embedding dimension are the same. It is proved in [10] that a numerical
semigroup of maximal embedding dimension is irreducible if its embedding dimension is
either 2 or 3. In this section, we discuss the planarity of the graph Gg in the case S € S(3,3).

Lemma 2. Let S = (3,3 + x,3 + 2x), where x is not a multiple of 3. If |g(S)| > 6, then

{F,F—S,F—6,F79,§} C g(S).
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Proof. Please note thatx > 5and F > 10, as |g(S)| > 6. This implies F —3,F —6,F —9 > 0.
Since S is pseudo symmetric and 3,6,9 € S, therefore,

{F,F—3,F—6,F—9,§} < ().
O

Theorem 2. Let Gg be an S(m, e)-graph, where S is an irreducible numerical semigroup of maximal
embedding dimension. If |Gg| > 4 then cl(Gg) > 4.

Proof. Since S is an irreducible numerical semigroup of maximal embedding dimension,
then from Proposition 6 of [10], it follows that eitherm =2 =eorm =3 =e.lf m =2 =,
then from Proposition 4, it follows that c/(Gs) > 5. Now if m = 3 = e, then from
Proposition 7 of [10], we have S = (3,3 + x, 3 + 2x), where x is not a multiple of 3.
If |Gg| = 5 then x = 4. This implies S = (3,7,11) and g(S) = {1,2,4, 5,8} such that
1+4¢Sand
2+4,2452+84+54+85+8¢€S.

This gives cI(Gg) = 4. Similarly, If |Gg| = 6 then x = 5, therefore, S = (3,8,13) and
g(S) ={1,2,4,5,7,10}. Clearly cl(Gg) = 4.
Now if |Gg| > 6 then from Lemma 2, we have

{F,F—3,F—6,P—9,§} € g(5).

Clearly, 2F — 3,2F — 6,2F — 9, % € S. Now we show that 2F —9,2F — 12, % —3,2F —
15,3F —6,% —9 € S. This is easy to see that none of 2F —9,2F — 12,3 —3,2F — 15,3 —¢
and % —9isequal to g Please note that

F—(2F—-9)=9—F=3—(F—6),

F—(2F-12)=12—F=3—(F-9),
F—(2F—15)=15—F,

3F F

F— (% -3)=3—~

(2 3) =3 2’

3F F

F— (> —6)=6—~

(5 —6)=6-3

and ap F

Since F — 6,F — 9, g € g(8S), therefore, 9 — F,12 — F,3 — g ¢ S. Furthermore, since F > 14,
therefore, 15— F,6 — §,9 — % ¢ S. This implies cI(Gg) > 5 (see Figure 3). O

E
2

F-9

Figure 3. Minimum possible clique for the case m = e = 3 and | Gg [> 6.
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Corollary 2. Let Gg be an S(m,e)-graph, where S is an irreducible numerical semigroup of
maximal embedding dimension. If |Gg| > 5 then Gg is non-planar.

Proof. If m = 2 = ¢, then the result follows immediately from Theorem 1. If m = 3 = ¢,
then S =< 3,x+3,2x+3 > and F = 2x. Now, if | G5 |= 6 then x = 5 and therefore
S =< 3,8,13 > . This implies c/(Gg) = 4 (see Figure 4). By contraction of ese5 and by
removing multiple edges, we obtain the minor of Gg isomorphic to K5 (see Figure 5). Now
if | Gg |> 6 then from Theorem 2 it follows that c/(Gg) > 5. Hence Gg is non-planar. [

4

10

Figure 4. Graph Gg for S =< 3,8,13 >.

4

1 10
Figure 5. Minor of Gg for S =< 3,8,13 >.

4. Planarity of Graphs Associated with Irreducible Numerical Semigroups of Arbitrary
Embedding Dimension

In this section, we discuss the planarity of different classes of irreducible numerical
semigroups of arbitrary embedding dimensions.

Lemma 3. Let Gg be an S(m, e)-graph, where S = (m,m +1,qm +2q+2,...,qm + (m — 1))
withm > 2q+3,e =m —2qand q > 1. Then,

{F,F—m,F—(m+1),F—(2m+1),F— (gm+29+2)} C g(S).
Proof. Since 0,m,m +1,2m +1,qm +2q+2 € S, therefore, F,F —m,F — (m +1),F —
(2m+1),F — (gm+2q+2) ¢ S. From Lemma 1 of [13], it follows that S is symmetric and
F = 2qm + 2q + 1. Please note that
F=2qm+2q+1=(m+1)+ (29 —1)m+2q.

Since q > 1, therefore, F > m + 1. This implies F —m,F — (m +1) > 0 and therefore
F—m,F—(m+1) e g(S). Now consider

F—(2m+1)=2gm+2q+1-2m—1=(29—-2)m+29>0,

F—(gm+29+2)=2qm+2q+1—gm—-29—-2=qm—1>0.

This gives F — (2m + 1), F — (qm + 2q + 2) € g(S). Consequently, we obtain the required
result. O
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Theorem 3. Let Gg be an S(m, e)-graph, where S = (m,m+1,qm +2q+2,...,qm+ (m —1))
withm > 2q+3,e =m —2qand q > 1. Then, Gg is nonplanar.

Proof. From Lemma 3, we have
{F,F—m,F—(m+1),F—(2m+1),F— (gm+2q+2)} C g(9).

Clearly 2F —m,2F — (m +1),2F — 2m +1),2F — (gm +2q+ 2) € S. We need to show
2F — (3m+1),2F — (3m+2),2F — ((9 + 1)m +2q +2),2F — ((g+1)m +2q+3),2F — ((9 +
2)m+2q+3) € S. For this, we consider

F—(2Fr—(Bm+1))=0Bm+1)—F=m—(F—(2m+1)) ¢S,

F—(2F— (3m+2)) = (3m+2) —F = (3—2q)m— (2 —1).
Forq=1,wehave F— (2F — (3m +2)) =m —1land forq > 1, F — (2F — (3m +2)) < 0.
Both cases give F — (2F — (3m +2)) ¢ S.

F—(Q2F—((g+1)m+29+2)) = ((q+1)m+29+2)) —F,
=m—(F—(qm+2q+2)) ¢8S.
F—(2F—-((g+1)m+2q+3)) = ((9+1)m+29+3)) — F,
=(1-gm+2¢S8.
F—(2F—((g+2)m+29+3))=((q+2)m+29+3)) —F=(2—q)m+2.

Forq=1,wehave F — (2F — ((g+2)m+2q +3)) = m + 2, for ¢ = 2, we have F — (2F —
((g+2)m+2q+3)) =2and forqg > 2, F— (2F — ((9+2)m +2q+3)) < 0. All three cases
give F — (2F — ((g+2)m+2g+3)) ¢ S. This implies c/(Gg) > 5 and consequently Gg is
non-planar (see Figure 6). [

F—m

F—(2m+1) F—(m+1)

F—((qg+2)m+2q+3)
Figure 6. Minimum possible clique for the case m > 29+ 3,e = m —2gand q > 1.

Lemma 4. Let Gg be an S(m, e)-graph, where S = (m,m+1,(q+1)m+q+2,...,(g+1)m+
m—q—2)withm >2q+4,e=m—2q—1andq > 0.

1. Ifq=0and|Gg| > 6, then {F,F —m,F — (m+1),F — (m+2),F— (m+3)} C g(S).
2. Ifq>O0then {F,F —m,F—2m,F— (m+1),F—(2m+1)} C g(9).

Proof. Since 0,m,m+1,m+2,m+3,2m,2m+1 € S, therefore, F, F —m,F —2m,F — (m +
1),F—(m+2),F—(m+3),F— (2m+1) ¢ S. From Lemma 3 of [13], it follows that S is
symmetric and F = 2(q +1)m — 1.

Ifg = 0and |Gg| > 6 then F = 2m — 1 withm > 6. Please note that F —m =m —1 > 0,
F-(m+1)=m—-2>0,F—(m+2)=m—3>0and F— (m+3) =m—4 > 0. This
implies

{F,F—m,F—(m+1),F—(m+2),F—(m+3)} C g(S).
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Now if g > 0, then F > 4m — 1 withm > 6. Wehave F —m > 3m —1 > 0, F —2m >
2m—1>0,F—(m+1) >3m—2>0and F — (2m+1) > 2m —2 > 0. This gives

{F,F—m,F—2m,F— (m+1),F — (2m+1)} C g(5).
O

Theorem 4. Let Gg be an S(m,e)-graph, where S = (m,m+1,(g+1)m+q+2,...,(q+
Vm+m—q—2) withm >2q+4,e=m—2q—1andq > 0.

1. Ifq=0and|Gg| > 6, then Gg is non-planar.

2. Ifq >0, then Gg is non-planar.

Proof. If = 0 and |Gs| > 6, then from Lemma 4, it follows that
{F,F—m,F—(m+1),F—(m+2),F—(m+3)} Cg(S).

Clearly, 2F — m,2F — (m +1),2F — (m +2),2F — (m + 3) € S. Also
F—(QF—(2m+1))=2m+1—F=m— (F—(m+1)) &8.
F—(QF—(2m+2))=2m+2—F=m— (F—(m+2)) &S5.
F— (2F — (2m+3))—2m+3fF:m7(Ff(m+3))€S.

—(QF— (2m+4)) =2m+4—F=5¢S.

F—(2F— (2m+5)) =2m+5—-F=6¢S.

Now if g > 0, then again from Lemma 4, we have

{F,F—m,F—2m,F — (m+1),F—(2m+1)} C g(S).

Clearly, 2F —m,2F —2m,2F — (m +1),2F — (2m +1) € S. We have to show 2F — 3m, 2F —
(3m+1),2F — (4m +1),2F — (3m + 2) € S. For this, we consider

—(2F—-3m) =3m—F =m— (F—2m) ¢ S.

F—(2F—(Bm+1))=3m+1—F=m— (F—(2m+1)) ¢S.
F—(F—(4m+1)) =4m+1—F=m—2((1—q)m+1) ¢8.
F—(F—(Bm+2))=3m+2—F=m—2(1—q)m+3¢S.

Both cases implies c/(Gg) > 5, therefore, Gg is non-planar (see Figures 7 and 8). [

—(m+1)

F F—(m+2)

F—m F—(m+3)

Figure 7. Minimum possible clique for the case m > 2q+4,e =m —27—1and g = 0.
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F—2m

F F—(m+1)

F—m F—(2m+1)
Figure 8. Minimum possible clique for the case m > 2q +4,¢ =m —2g —1and g > 0.

Lemma 5. Let Gg be an S(m, e)-graph, where S = (m,m+1,(q+1)ym+q+2,...,(g+1)m+
m—q—3,(g+1)m+ (m—1)) withm >2q+5,e =m—2q—1and q > 0. Then,

{F,;F—m,l-"—(m+1),F—((q+1)m+q+2)} < 8(8)-

Proof. Since m,m+1,(q+1)m+q+2 € S, therefore, F —m,F — (m+1),F — ((g +1)m +
g+2) ¢ S. From Lemma 2 of [14], it follows that S is pseudo-symmetric and F = 2(q +
1)m — 2. This implies

F—m=(2q+1)m—-2>0.

F—(m+1)=(29+1)m—-3>0.
F=((g+1)m+q+2)=(qg+1)m—(q+4) >0,
since m > 2q + 5. This gives

{F,g,F—m,F— (m+1),F—((g+1)m+q+2)} Cg(S).

O

Theorem 5. Let Gg be an S(m,e)-graph, where S = (m,m+1,(g+1)m+q+2,...,
(g+1)m+m—q—3,(q+1)m+ (m—1)) withm > 2q+5,e =m—2q—1and q > 0.
If m > 6 then Gg is non-planar.

Proof. From Lemma 5, we have

{F. 3 F=m,F = (m+1),F— (g + Um+q+2)} Cg(S).

Then 3£, 2F —m,2F — (m +1),2F — ((9 + 1)m +q + 2) € S. Now consider

3F F
Ff(Tfm)sziés.
F_(%—(m-i-l)):m—i—l—g:Z—qm%S.

3F F
Fo (G = (@+Dm+q+2) = @+ m+q+42-7 =q+3¢5,

since q +3 < m.
F—Q2F—(m+1))=2m+1—-F=m—(F—(m+1)) ¢S.

F—(2F—((g+2)m+qg+2))=(q+2)m+g+2—-F=(1—m)qg+4¢8S.
F—Q2F-((q+2)m+q+3))=(q+2)m+q+3—-F=(1-m)qg+5¢S.

This implies ¢/(Gg) > 5 and therefore Gg is non-planar (see Figure 9). 0O
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F F—(m+1)

L F—((g+1)m+q+2)
Figure 9. Minimum possible clique for the case m > 2q+5,e =m — 27— 1and g > 0.

Lemma 6. Let Gg be an S(m, e)-graph, where S = (m,m +1,qm +2q+3,...,gqm+m —1,
(q+1)m+q+2) withm >2q+4,e =m —2qand q > 1. Then,

{F,;F—m,F— (m+1),F — 2m} C g(5).

Proof. Since m,m+1,2m € S, therefore, F — m,F — (m +1),F —2m ¢ S. From Lemma 4
of [14], it follows that S is pseudo-symmetric and F = 2gm + 2q + 2. This implies

F-m=Q2q—1)m+q+2>0.

F-(m+1)=2g—1)m+q+1>0.
F—-2m=(2q-2)m+g+2>0.

This gives
F
{F,E,Ffm,Ff (m+1),F—2m} C g(S).
O
Theorem 6. Let Gg be an S(m,e)-graph, where S = (m,m + 1,qm + 29 +3,...,
gm+m—1,(q+1)m+q+2) withm >2q+4,e =m—2qand q > 1. Then,
F
{P,E,Ff m,F— (m+1),F—2m} C g(9).

Proof. From Lemma 6, it follows that

{P,;P—m,ﬂ (m+1),F —2m} € g(S).

Note that %,ZF —m,2F —2m,2F — (m+ 1) € S. Now consider

3F F
F—(Tfm):mfiés.
F—(%—Zm):Zm—§:(2—q)m—(q+l)QS,
F—(%—(m—i—l)):m+1—§:(1—Q)M—q¢5r

since m > g + 1.
F—(2F—-3m)=3m—F=m— (F—2m) ¢8S.

F—(2F-(2m+1))=2m+1—-—F=m—(F—(m+1)) ¢8S.
F—(Q2F—(Bm+1))=3m+1-F=3-29)m— (29+1) ¢S,
since m > 2q + 1. This gives ¢/(Gg) > 5 and hence Gg is non-planar (see Figure 10). [
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F—m

F F—(m+1)

£ F—2m
2

Figure 10. Minimum possible clique for the case m > 2q+4,e =m —2gand g > 1.

5. Conclusions

Numerical semigroups have applications in many fields. One of the important ap-
plications of a numerical semigroup is in finding the non-negative solutions of linear
diophantine equations. Following the idea of Binyamin et al. [6], we introduced the concept
of S(m,e) graph. In this work, we discussed the planarity of S(m, e)-graphs in the case
when the numerical semigroup is either symmetric or pseudo-symmetric. To answer the
planarity of any general S(m, e) graph is still an open problem.
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1. Introduction

In algebraic graph theory, Cayley graphs are an important concept relating semigroup
theory and graph theory. One of the appealing subjects in the study of Cayley graphs of
semigroups is considering how to apply the results obtained from the Cayley graphs of
groups to the case of semigroups.

Let S be a semigroup and A a subset of S. The Cayley digraph Cay(S, A) of a semigroup
S relative to A (which is simply called Cayley graph) is defined as the digraph with the
vertex set S, and the arc set E(Cay(S, A)) consisting of those ordered pairs (x,y) such that
y = xaforsomea € A, ie., E(Cay(S,A)) = {(x,xa)|x € S,a € A}.

The motivation for considering Clifford semigroups lies in their unique and intriguing
algebraic properties; Clifford semigroups represent one of the important types of semi-
groups, which are a union of groups. These semigroups serve as a natural bridge between
the worlds of semigroups and groups, providing an avenue to explore the interplay be-
tween these two fundamental algebraic structures. Consequently, it can be inferred that the
Cayley digraphs of Clifford semigroups contain the Cayley digraphs of groups.

Investigating the Cayley digraph can yield valuable insights into network optimiza-
tion and communication protocols. In [1] Heydemann has undertaken a comprehensive
examination of diverse classes of Cayley graphs of groups, which have been subject to
extensive scrutiny as models for interconnection networks. It subsequently presents a
detailed analysis of outcomes and issues pertaining to network routings, with a particular
focus on evaluating the loads of nodes and links during the routing processes. Xiao and
Parhami [2] explored the Cayley digraphs of groups and their coset graphs concerning
subgroups, deriving general results on homomorphisms and broadcasting. Additionally,
practical applications were discussed in well-known interconnection networks such as the
butterfly network, de Bruijn network, cube-connected cycles network, and shuffle-exchange
network. Consequently, these results can be effectively applied to the Cayley digraph of
Clifford semigroups by specifying a certain collection of groups.

Numerous papers have undertaken the study of characterizations concerning the
Cayley graphs of different types of semigroups (see [3—6] and their references). Notably,
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specific conditions delineating the characteristics of Cayley graphs of Clifford semigroups
have been provided in reference [7]. Recently, Ili¢-Georgijevic [8] focused on presenting
conditions that precisely characterize the Cayley graphs of a particular group known as
homogeneous semigroups. It is important to highlight that this class encompasses, among
others, the category of Clifford semigroups.

The independence number is a graph parameter that measures the size of the largest
vertex set in a graph that induces no edge. There have been many research topics on
the independence numbers of graphs and digraphs. The independence number of finite
connected simple graphs was studied by Harant and Schiermeyer [9,10]. They gave lower
bounds of the independence number in terms of the order, size and degrees. In [11],
Lowenstein et al. proved several tight lower bounds of the order and average degree for
the independence number of connected graphs. Some results on the upper and lower
bounds of the independence number of graphs have been obtained by many authors (see
for examples, refs. [12-17]). In their work [18], The authors presented the zero forcing
number for specific classes of graphs and digraphs. It is worth noting that in certain classes
of digraphs, such as cycles or trees, we observed that the zero forcing number is less than
or equal to the independence number. As a result, the zero forcing set demonstrates a
relationship with the independent set.

The independent sets are interesting topics in the study of Cayley digraphs. In [19],
Panma and Nupo studied independent sets and some generalizations of independent
sets such as weakly independent, path independent, and weakly path independent sets
in Cayley digraphs of rectangular groups. They gave lower and upper bounds for the
independence, weak independence, path independence, and weak path independence
numbers by using some algebraic properties of groups.

It is natural to investigate the Cayley digraph of Clifford semigroups and consider how
the results from the group case exist. The purpose of this work is to find the independence,
weak independence, path independence, and weak path independence numbers of Cayley
digraphs of Clifford semigroups by using the properties of groups.

In order to attain these results, our approach initiates with an exploration of the
independent sets of small size within the Cayley digraph of the Clifford semigroup. It is
noteworthy that the independence number of a graph can be expressed as the summation
of the independence numbers of its maximal connected subdigraphs. Building upon this
fundamental fact, we progress to the second step, which involves a dedicated focus on
characterizing a maximal connected subdigraph of the Cayley digraph (Section 3).

Subsequently, we determine the independence number of the Cayley graphs (Section 4)
and the weak independence number of the components (Section 5). In continuation, we
define a partial order on the set of all left cosets in all subgroups of the Clifford semigroup,
effectively representing a path within the component. This facilitates the determination of
the path independence number for any given component (Section 6). Lastly, we delve into
the investigation of the weak path independence number (Section 7).

2. Preliminaries

Some basic definitions and relevant notations are presented in this section. We refer
to [20] for more information on graph theory and [21] for semigroup theory. All sets
mentioned in this paper are assumed to be finite. Because, in this work, all mentioned
graphs are directed graphs, we will refer to a directed path as a path for convenience.

Let D be a digraph with a vertex set V(D) and an arc set E(D). The vertices u and v
in D are said to be:

- independent if (u,v) ¢ E(D) and (v,u) ¢ D;

- weakly independent if (u,v) ¢ E(D) or (v,u) ¢ E(D);

- path independent if there is neither a path from u to v nor from v to u;

- weakly path independent if there are no paths from u to v or no paths from v to u.
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The non-empty subset I of V(D) is called an independent (respectively, weakly indepen-
dent, path independent, weakly path independent) set if any two vertices in I are independent
(respectively, weakly independent, path independent, weakly path independent).

The independence (respectively, weak independence, path independence, weak path indepen-
dence) the number of D is the maximum cardinality among all independent (respectively,
weakly independent, path independent, weakly path independent) sets of D.

Let a(D) (respectively, a (D), ap(D), awp(D)) denote the independence (respectively,
weak independence, path independence, weak path independence) number of D.

The independent (respectively, weakly independent, path independent, weakly path
independent) set of D is called an a—set (respectively a; —set, a p—set, ayp —set) of D if the
cardinality of I is equal to a(D) (respectively, az (D), (D), wp(D)).

The digraph D is said to be connected if the underlying graph, obtained by replacing all
directed edges of D with undirected edges, is connected. It is said to be strongly connected if
there exists a path from u to v and a path from v to u for all u, v € V(D). Itis a well-known
result that for any group G and a non-empty subset A of G, the Cayley digraph Cay((A), A)
is strongly connected where (A) is a subgroup of G generated by A. Let G; = (V1,Eq),
Gy = (V,, Ez) be digraphs. The union G; U G, of Gy and G is the digraph with vertex set
V1 U V5 and arc set E; U Ey. The disjoint union G1\JG; of G and G, is the union of G; and
Gy with V1 NV, = @. In view of [7], we obtain the following helpful lemma.

Lemma 1 ([7]). Let G be a group and @ # A C G. Then Cay(G,A) = U(Vi, E;) where
iel

[=1{1,2,..., 5k} and (Vi, E)) = Cay((A), A) forall i € 1.

Let (Y, <) be a partially ordered set and X is a non-empty subset of Y, we say that an
element c of Y is a lower bound of X if ¢ < y for every y in X. A lower bound element ¢ of X
is called the greatest lower bound (meet) of X if b < c for every lower bound b in X. An upper
bound and the least upper bound (join) are defined dually. The meet (join) of {a, b} will be
denoted by a Ab (a VD).

A partially ordered set Y is called a meet (join) semilattice if x Ay (x Vy) € Y for all
x,y € Y. A partially ordered set Y is called a semilattice if it is a meet semilattice or a join
semilattice. In this work, we suppose that all semilattices are meet semilattices. For join
semilattices, the results are proved dually.

An element ¢ of a semigroup S is idempotent if e = e. An element a of a semigroup S
is completely regular if there exists an element x € S such that a = axa and ax = xa.

A semigroup S is completely regular if all its elements are completely regular. A semi-
group S is a Clifford semigroup if it is completely regular and all its idempotents commute
with all elements of S. It can be readily deduced that if S is a group, then the identity
element e is the only idempotent element in S such that ea = ae for all a € S and every
element a is a completely regular because a = aa~'a and aa~! = a~'a where a~! is an
inverse of a. This then implies that every group is a Clifford semigroup.

Let Y be a semilattice and {(Gg, og)|B € Y} be a family of groups indexed by Y where
GgN Gy =@ forany B # A € Y. Suppose that, for all B > A in Y, there exists a group
homomorphism fg 1 : Gg — G, such that

(1) forall A € Y, fy » = idg, is the identity mapping on G,

(i) feafyp = fyaforall A, B,y € Y withy > B> A,

and the multiplication on S = |J Gg is defined for x € Gz and y € G, by
BeY

xy = fp,parn(X) opan fapan(y)-
It is easy to check that S = |J Gg under that multiplication is a semigroup, and called
BeY
a strong semilattice of groups. We write S = [Y; Gg, fg 1]. For convenience, we will refer to

Fo.pna(x) 0pan fapan(y) as fgpanr (%) fapan (v)-
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In 1995, Howie [21] showed a necessary and sufficient condition for a Clifford semi-
group that S is a Clifford semigroup if and only if S is a strong semilattice of groups.
Thus, every Clifford semigroup can be written in the form [Y; Gg, fg 1] for some semi-
lattice Y, group Gg and structure homomorphism fg 1. Henceforth, whenever we state
that [Y; Gg, fg 1] is a Clifford semigroup, it is to be understood that Gg is a group for ev-
ery B € Y. Consequently, we will use the term strong semilattice of groups instead of
Clifford semigroup.

3. Characterizations of Maximal Connected Subdigraphs in Cay(S, A)

Clearly, the independence number of a graph is a summation of the independence
numbers of all its maximal connected subdigraphs. Thus we begin this work with the
characterization of maximal connected subdigraphs of Cay(S, A).

Hereafter, we let S = [Y; G, fg,1] be a Clifford semigroup, Y’ = {y € Y : G, N A # @}
and Ag = {f, p(ay) :ay € GyN A,y > B} where ® # A C S. For X C S, let us denote by
[X] the subdigraph of Cay(S, A) induced by X.

Since the minimum element of Y exists it follows that in each maximal connected
subdigraph of Cay(S, A), there exists B € Y such that Ay = B forall v € Y. Let

B={peY:BA(A 7) =8} Clearly, AN(CA 7))ACA 1) =AAN(A ) forall
yey’ yey’ ey’ yey’

A €Y. Then we obtain the following lemma.

Lemma2 AA( A 7)€ BforallAcY.
yey'

By Lemma 2, we obtain for each A € Y there exists p € Bsuch that AA (A ) = B.
yeY!

We then define Ys = {A € Y: AA( A 7) =B} forallp € B.
yeYy!

Lemma 3. {Yp : B € B} is a partition of Y.

Proof. Clearly, B € Yp for every B € B. Thus Yp # @ for all p € B. By Lemma 2, we obtain
U Yg =Y. Now, assume that € Y5 N Y. Thenp A( A v) =BanduA( A\ 7) =
BEB yey’ yey’

which implies 8 = B'. Therefore {Yg : B € B} is a partition of Y. [J

Example 1. Let Y = {A1, Ay, ..., Ag} be a semilattice with a partial order that represented by
the Hasse diagram in Figure 1. For I = {1,2,...,6}, we let {G,, : i € I} be a family of groups,
indexed by the semilattice Y where G, = Zy = {0,,,15,,2,,3, } is an additive group of integers
modulo 4, for all i € 1. Let fAi/A/(J?)\,,) = ¥y for every %5, € Gy, X\ € GAj and i > j. Then
S = [Y; Gy, fay ] is a Clifford semigroup.

)\5 /\6 G)\5 G)\e
NS NS
A3 Ay Ga, Ga,
NS NS
Az = Ga,
| |
A Gy,
Y S

Figure 1. The Hasse diagram of the semilattice Y = {A1,A,,...,A¢} and the family of groups
{G), =724:1=1,2,3,4,5,6}.

Ifweput A = {2,,} where2) € G, then we get
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(i) Y' = {A¢} and B = {A1, A2, Ay, A},
(”) Y)\l = {)‘1}’ Y)Lz = {/\21 /\3}/ Y?\4 = {)\4/ )‘5} and Y/\é = {/\6}/
(iii) {Ya,, Yo, Ya,, Yo} is a partition of Y.

Lemma 4. f),(8(Ax)) C fa,(8)(Ay) forally, A €Y, such that n < A.

Proof. Leth € f; ,(g(Ar)). Thenh = f) ,(ga) for some a = ailaéz,..af,';’ € (A)) where
a;€ Ayand t; € Zforall1 <i < m. Foreacha; € Ay, we obtain a; = f,, 1(b,;) for some
byi € ANG,, where A < «; and we then obtain fy ;(f,, 1 (byi)) = fo,y(byi) € Ay for all
1 <i < m. Consider

h= f/\,n(ga) :fA,r]
:fA,r/

ga?a;z Looalmy

) fan (Frur (09) oy a (B12)2 o fon (Bym)'™)

= fan (&) fan Frur (09)) ™ oy (Fran (032))2 - fa g (Frr (b))
= fay 8) friy (051)" frrp i (042)"2 - oy ()"

Hence It = £ (8) fr1,n(041)" from (592)2 - frpy (Bym)™ € fa()(Ay).
Therefore fy ,(§(Ax)) € fa,(8)(Ay). O

P

Let D be a digraph and v € V(D). The set of in-neighbors and the set of out-neighbors
of a vertex v are defined by N~ (v) = {u € V(D) : (u,0) € E(D)} and N*(v) = {u €
V(D) : (v,u) € E(D)}, respectively. In addition, we use N(v) = N~ (v) UNT(v), the set
of neighbors of the vertex v.

From Lemma 1, we observe that the Cayley digraph Cay(G,, Ay) = U (V;, E;) for all
i€l

A€ Ywhere I = {1,2..., %} and (Vi, E)) = [gi(Ap)] = Cay((Ap),4)) foralli € I
where g;(A)) € Go/(A,) and [g;(A,)] is an induced subdigraph of Cay(S, A).

Lemma 5. Let x be a vertex in Cay(S, A) and let p € B. Then N(x) C U f/\’; (g) forall

8€8p(Ap)
/\eYﬂ
xe U frg9)
9€85(Ap) -
AeYﬁ

Proof. Letx € U f{é(g). Then x € G, for some A € Yg where f) 5(x) € gg(Ap).
gegp(Ap)
/\EY/B
Thus we let f) g(x) = gﬁa?a;z ...a where a; € Apand t; € Zforall1 <i <m.Assume

that u € N(x), we shall show thatu € U fy é( <). Consider two cases:
8€8p(Ap)
AEYy
(1) Case u € N (x), which means (x,u) € E(Cay(S, A)). Thus u = xa for some
a € A Since A C S, we assume that 2 € A C G, for some v € Y’. By the
definition of multiplication on S, we obtain u € Gy, Clearly, A Ay € Yg because
A € Yg. Then

Fanyp () = fanq,p(farny (%) franqy (@)
= fa(x¥)fyp(a)

ty

= gp; a2 ... ayy fr,p(a).

44



Mathematics 2023, 11, 3445

Since f, 5(a) € Ag, we obtama . f,},‘g( a) € (Ag).
Hence fanp(u) = gﬁa a2 ...amfwg( a) € g5<A/3> From A Ay € Yﬁ and

fAM,ﬁ(u) IS glg<A5>, we conclude thatu € f/\/\"rﬁ( ) C U fAﬁ(g)
hegﬁ Aﬂ g€ gﬁ
AEYﬁ

(i) Case u € N~ (x), which means (u,x) € E(Cay(S,A)). Thus x = ua for some
a€ ANGyand v € Y. Assume that u € G;. Clearly, # Ay = A because
x € G,. First, we will show that 7 € Yg. From 7 Ay = A, we obtain 1 A
(A =0ADACA v)=ANCA 7)) = B Theny € Yp. From fy p(x) =
7ey yey Yey

Pap(fya () fr(a)) = fy,p(u) f,p(a), we obtain f, (1) = f),5(x)(fy,p(a)) " Since
fr,p(a) € Ag, we conclude that f, 5(a) ! € (Ag).

Therefore f,“g(u) fap(x)(fr,p(a) ! € gg(Apg) which implies

ve U f s c U fMg( 8)-

hEgﬁ Aﬁ) 8€8p Aﬁ)
)\EY,g

Henceue U fy ﬁ( gp), as required. [

85685<A5>
A€Yp

Lemma 6. For each x € S. There exists p € B, A € Yg and gg(Ag) € Gg/(Ap) such that

X e U f)\ﬁ(g)
8€8p(Ap)

Proof. Letx € S. Then x € G, for some A € Y. By Lemma 2, we obtain A Yﬁ for some
B € B. Thus f g(x) is defined in Gz which implies there exists g3(Ap) € Gp/(Ap) and

g’ € gp(Ap) such that f) s(x) = ¢'. Thereforex € U  f ﬁ(g) O
8€8p(Ap)

Theorem 1. Let B € Band gg(Ag) € Gg/(Ap). Then [ U f/\ (9)] is a maximal connected

3€8p{Ap)
/\eyﬁ

subdigraph of Cay(S, A).

Proof. Let B € B, gg(Ag) € Gp/(Ap) and g’ € g;;(A;;) We first show that, for each

xe U fy 5(g/g) there exists a path from x to g’. Now, letx €~ U f; ﬁ(gﬁ) Then

8p€8p(Ap) 8p€8p(Ap)
AEYp AEYy

x € G, for some A € Yg. From A € Yg, it follows that there exists {7y1,72,..., 7t} C Yp
such that A A 91 Ay2 A... Ay = B, and there exists {a1,ay,...,a;} C A wherea; € G, for
all 1 <i <'t,such that x, xa, xa1az,...,xaa;y ... a; is a path from x to xaqa; . . . a;. Consider

xayay .. .ap = (oo ((Faang (0) franm (01))a2) . )a
=(... ((f)\/\'h,(/\/\'y])/\'yz (fA,AA'yl (x)f'yl,/\A"yl (al))f'yz,(/\/\'y])/\'yz (a2))...)at

/\(Z\i ), AA( /\ 71)/\%( : (f/\//\/\'n (x)f'h,?\/\'yl (a1)). ')fn”/)‘/\(z\i %)/\%(‘Zt)
= fap(x)fy, ﬁ(ﬂl)fnﬁ(ﬂz) fpar)
€ fap(x)(Ag).
Since [f, p(x)(A ﬁﬂ Cay((Ag), Ap), it follows that there exists a path from xaya; ... a

tog’. Thus[ U fy ( ¢)] is a connected subdigraph of Cay(S, A). Suppose that there

8€8p{Ap)
/\EY;;
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existsx’ € S\ U f;/é(g) such that ¥’ € N(x) forsomex € | f)"/é(g).Byusing

8<€8p(Ap) 8€8p(Ap)
)\EYﬂ )LEY;,;
Lemma 5 we conclude thatx’ € U f,° é (8), a contradiction. Therefore [ U  f,° ; (9)]
8€8p(Ap) 8€8p(Ap)
/\EY/; ?\EY‘B

is a maximal connected subdigraph of Cay(S, A), as required. [

From Theorem 1, we have investigated the maximal connected subdigraph of Cay(S, A)
and obtained some needed properties. Afterward, we then achieve a characterization for a
maximal connected subdigraph of Cay(S, A).

Theorem 2. A subdigraph C of Cay(S, A) is a maximal connected subdigraph if and only if

c=[ U f;’é(g)]forsomeﬁ € Band gg{Ap) € Gg/(Ag).
P
B

Proof. Let C be a maximal connected subdigraph of Cay(S, A) and x a vertex of C. By
Lemma 6, we obtainx € f;é(g) for some B € B, A € Yg and gg{Ap) € Gg/(Ap),
gegp(Ag)
whichmeansx € U f, é( g). From Lemma 5 and C is connected, we obtain V(C) C
gegp(4p)
Aéyﬁﬁ
U fi é (g)- Since [ U fy é(gﬁ)] is an induced subdigraph and C is maximal
gegp(Ag) gpegp(Ag)

AEYy AEYg
connected, we conclude that C=[ U  f é (gp)l-
gpegp(Ap)
AEYs
Conversely, C = [ U f; é (¢)] is a maximal connected subdigraph by
gegp(Ag)
AEYy
Theorem 1. O

Example 2. From the Clifford semigroup S = [Y; Gy, fa, ;] in an Example 1 and A = {20,101
the Cay(S, A) can be pictured as Figure 2. In addition, we obtain B = {A1,Ap, Ay} and
the following:

(i) Consider Ay € B. We obtain [ | fﬂ’}ll 9l=1 U f;ﬁAl (8)] = [Ga,].
8E€8 (Axy) 8€Gy
EY ),
(i7) Consider A € B.
Weobtain [ U £, 1.(8)] = (
8E(Ay,y)
eV,
[GA3 @] G)\Z]‘
(iii) Consider A4 € B.
Weobtain [ U f,1 ()= U fil, (&)Ul
gE<A,\4>f’7'A4 g ge(AA4>fA6'/\4 §
VIS0V
(U f)\;l,u(g))] = [G/\é U G?\s U GM}'
8E(Ay,)

8

U @)
€(Axy) g

U fion,(8)=
€(Ay,)

U £l U
ge(An,) frsn(8)

We see that, Cay(S, A) is the union of three maximal connected subdigraphs which are [G,,],
[G)\3 @] G)\z} and [G)‘é @] G/\S @] G)hl]'
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Figure 2. Cay(S, A) where Y = {A1,A2,...,A¢}, G), = Zgyand A = {2,,,1),}.

From Theorem 1, we denote by Cg; the maximal connected subdigraph

[ U f)l_é(g)] associate with 8 € B and gg(Ap) € Gg/(Ag). It follows easily that
gegp(Apg)

AeYp
Cyp = Cg; if gk € gp(Ap) and Cay(S, A) = gELJJ% Cg, where Ay is the set of representatives
peB

of all left cosets in Gg/ (Ag).

4. Lower and Upper Bounds of the Independence Numbers

In this section, we introduce bounds of the independence number of Cay(S, A). We
first denote by Ag » the set of all elements of A in which GgAg C Gy, ie., Agy = {aeA:
Gga C G, }. SetYé ={AeY\{B}:AANy=8,3yc Y} Forany B € Band A € Y3, we

define M, , — { {82{AN) € GA/(AN) « fap(sr) € gp(Ap)}, AN # D
3 {galer) € Ga/len) : fap(gr) € gplAp)}, Ay =0Q.
Let us denote by Mgp A the union of all sets in Mg;; A- We here start with the lower
bound of the independence number of Cg,.

Lemma7. Y a([UMgy— U GyAya]) < a(Cgy).
/\EYﬁ VEY)/L

Proof. Let Xgph be an a—set of [J Mgp — U GyAya]. We will show that U Xgpn is
WEYA AEYy
an independent set of Cg,. Let u,v € Agyﬁ Xgga- This gives u € Xgpp and v € Xg) for

some 77, A € Yp. Assume that (1,0) € E(Cy,). Then v = ua for some a € A. We consider
two cases:

(i) Case A = 7, from [U Mg, — U/ GyAy,a] is an induced subdigraph of Cay(S, A)

VIS S
and (u,v) € E(Cy;), we see that (1,v) isanarcin [UMg, — U GyA,,]. Since
17EY;
u,v € Xgyn and Xg) is an independent set of [|J Mg;;/\ — U GyA, 1], we obtain

neY,
u,v are independent, which is a contradiction.
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il Case A ,since u € Xeo,y € Gyand v = ua € X,,)» C G, wehavea € A, ,.
Ui 8l 1 y 1,
Then we obtain v = ua € GyA;» € U G,A; which implies v ¢ Xeor <
17€Y/'\ i’
U Mgﬁ,\ — U/ GyAy,a, a contradiction.
ey,

Thus we conclude that U Xgﬁ/\ is an independent set of Cep- Clearly,
AEYg

Xggn N Xgﬁ;L = Qforally, A € Yg where 17 # A. Therefore | U ng/\| =Y «(U Mgp,;\ —
° AEYp AEYp

U GyAya)) <a(Cg). O
neY,

The following lemma gives an upper bound of a(Cgﬁ) obtained by using the fact that
if D= (V,E)and D' = (V,E’) such that E/ C E, then a(D) < a(D’).

Lemma 8. (Cyy) < /\EZYE a([U Mgﬁ/\]).

Proof. We see that V(Cg,) = V( U [UMeg,]) because
AEYp

ueV(Cy)ewue J f;é(g)
8€8p(Ap)
AeYg
Sue f;é(g) for some ¢ € gg{Ag) and A € Y

< fap(u) =g € gp(Ap)
= u(A,\> S Mgﬁ/\

& u € (Mg

Next, we let (u,0) € E( U [UMg,,]). Clearly, u,v € V(Cg). Since [JMg,,] and
AEYﬁ

Cg, are induced subdigraphs of Cay(S, A), we conclude that (1,v) € E(Cg,). Thus
E( U [UMg,a]) € E(Cqy) and so a(Cqy) < X a([UMg,a]), as required. [
ASY, f ’ v o
B B

From Cg, is a maximal connected subdigraph of Cay(S, A) and Cay(S, A) = U Cg,
geA
ﬁeBﬁ
we can directly conclude that

a(Cay(S,A) = ¥ a(Cyy).
gEArg
BeB

Consequently, a lower(upper) bound of a(Cay(S, A)) can be presented in the form of
the summation of lower(upper) bounds of each DC(Cgﬂ).

Theorem3. ¥ ( ¥ a([UMg — U GyAya)) < a(Cay(S,4)) < T (T a([UMgpl))-
PEB AEYy ”ey/i BEB AeYp

Any two elements a and b of a partially ordered set (P, <) are called comparable
(incomparable) if either a < b or b < a (neither a < bnor b < a). A subset X of P is called a
chain (anti-chain) if any two elements of X are comparable (incomparable).

Here, we establish examples to show that the proposed lower and upper bounds
are sharp.

Proposition 1. Let S = [Y; Gg, f) ;] be a Clifford semigroup in which consists a chain Y with the
maximunt and minimum elements, namely m’ and m, respectively. We put fy , (x) = ey for all
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x € Gy, A > 1 € Y where ey is the identity element of Gy. If A = {ey : A € Y}, then Ce,, is a
maximal connected subdigraph of Cay(S, A) and a(C.,,) = ¥ a([UM,,2— U GyA, A
A€Y, /
m '7€Y/\

Proof. Let A={ey: A €Y} ThenY =Y. FromB={B€Y:BAy=pforally €Y'},
we obtain B = {m}. Thus C,,, is a maximal connected subdigraph of Cay(S, A). Next, we
will show that a(C,,,) = ¥ a([UM,,n— U GyA, a]) =1+ T (|Gy| —1). Consider
AEYm WEYA A>m
I:= U (Gx\{er}) U{e,}, we claim that I is a maximal independent set of C,,,. Let
A

>m
u,v € I where u # v. Thenu € Gy and v € G for some A,y € Y\ {m}. Assume

that (u,v) € E(Ce,). This gives v = ue, for some e, € A. By the assumption, we
obtainv = f; , (u) fyy(eq) = eyey = ey where 57 # m’. Tt contradicts to the fact that e, ¢ I.
Thus [ is an independent set of C,,,. In addition, by V(C,,) \ I = {e) : A # m’} and
(e, ey) € E(Ce,) forall A > 5 € Y, we obtain I is a maximal independent set of C,,,. Thus
(Cep) =1+ L (IG2] = 1).

>m
Now, from the assumption, we have Ay, = {e,} for all A € Y. Thus M, =

{sa{{er}) € Ga/{{ea}) : fap(8r) € em({em})} = Gy forall A € Y. From A,y = {er}
and f; 1 (gy)en = exep = ey forall g, € Gy, 17 € Y}, we obtain J GyA, \ = {ex} where

neY,
A#m'and U GyA,,w =D Since Ay = {ex}, E(Cay(Gy, Ay)) = {(g1,81) : 81 € Ga}.
ey,
Thus, for each A € Y where A # m', the induced subdigraph [UM,,» — U G,A, ] is

17€Y}L
the digraph with vertex set G, \ {¢,} and arc set {(gx, 1) : g2 € Ga} which implies
all vertices in G, \ {e,} are independent. Hence a([UM,,x» — U GyA;a]) = |G| =1

neY,
forall A € Y where A # m’. From |J GyAyw = ©, we obtainthe induced subdi-
ey,
graph [UM,,.w — U GyA, ] is the digraph with vertex set G,y and arc set { (g, gu') :

gmw € Gy} which implies all vertices in G, are independent. Hence a([UM,, v —
U Gyayw]) = |Gyl and so ¥ a([UM,,2 — U GA;0]) = 1+ ¥ (|G| —1).
’7EY1/n/ AEYy Uey//\ A>m
Therefore a(C,,) = Y a([UMe, — U GyAyal), as required. 0

A€V ney.

Example 3. Let Y = {Aq,A,A3,A4} be a chain such that Ay < Ay < A3 < Ay4. For
I ={1,2,3,4}, we let {G,, : i € I} be a family of groups, indexed by Y where G), = Zy =
{0n,, 11,20, 30, } is an additive group of integers modulo 4 for all i € 1. Let fy, 1. (%) = Oy,
for every X, € Gy, (_);\]. € Gy and i > j. Then S = [Y; Gy, fa, ;] is a Clifford semigroup. For
A =1{0,,:i€ I}, Cay(S, A) can be pictured as in Figure 3.

We now determine the independence number of the maximal connected subdigraph C(’M'
From Ay, = {0y}, we obtain 0y, (Ay,) = {0x,}. Since Yy, = {A1, Az, A3, Ay}, we obtain
the following.

(i) Consider Ay € Y),. We obtaina ([ M%M\ U, GpAya)) =a([{0n,, Ta,, 22,30, 3]) =

ne Mg
4.
(i) Consider A3 € Y. We obtain a([U MG,\lA,z\ U/ GWA”,M]) = a([{1x,, 22,30, 1) =
UEY/\S
3.
(iii) Consider Ay € Y. We obtain ([ MOAl)‘Z\ U/ GyAyn,)) = a([{1h,,24,,31,}]) =
WEYAZ
3.
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(iv) Consider Ay € Y. We obtaina([U MOM Aa\ U Ga D) =0.
ey,

Wesee that a(Cp, ) = L a([UMg, » — U GyA ) =4+3+3=10.
1 AEYy 1 ney,

Figure 3. Cay(S, A) where Y = {A1,A2,A3,A4}, Gy, = Zy and A = {0,,,0,,,0,,,0,,}.

Proposition 2. Let S = [Y; Gg, fa ] be a Clifford semigroup in which consists a chain Y with the
maximunt and minimum elements, namely m’ and m, respectively. We put fy , (x) = ey for all
x € Gy, A > 11 € Y where ey is the identity element of G,. For every A € Y, let Gy = (h) for
some hy € Gy such that hy # ey and A = {hy : A € Y}. Then a(C,,,) = ¥ a([UM,,1])-
AEY,,

Proof. Let X, be an a—set of the induced subdigraph [ M,,,1]. We then define a set X;L
by X;\ = X/\h;l if h, € X,, otherwise X;L = X,. Consider X;\ = X,\hxl. Ifh), e X;\' we
then obtain 1y = x/\h,fl for some x, € X,. Thus x; = hyh,, which implies (), x,) €
E([UMe,,1]). It contradicts to the fact that X, is an independent set of [JM,, ] and
x),hy € X,. Hence h), ¢ X;\ forall A € Y;,. Additionally, if (x/\hfl,y)\hil) € E([UM,A]),
we ob’cainy/\h;1 = (x3h~1hy which implies y, = x)h,, a contradiction. Thus X;\ is an

independent set of [J M,,,,] for all A € Y. Now, we claim that J Xi\ is an independent
AEYm

set of Ce,,. Let x/\hxl,xnh,;l € Aéjy X:\ Assume that (x,\hxl,xvhgl) € E(C,,) for some
A, 1 € Yy, where A # 7. Then x,]h;1 = (xAh;l)hy for some y € Y. Because Y is a chain,
7 = 1. By the assumption, we obtain

x’ihv_l = fArﬂ(xAh)Tl)fm(hﬂ)
= fM(xA)fA,q(h)Tl)fv/v(hn)
= eyeyhy = hy.

It is contradicts to the fact that /1, ¢ X;\ forall A € Yj,. Thus U X;L is an independent
AEYnm

set of C,,,. Hence we can conclude that «(C,,,) > | U Xl\| = Y a([UM,,]). By
AEY AEY
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N

using the fact that V( U [UMg,,]) = V(C,,) and E( U [UMg,]) € E(C,,,), we obtain
)\EY‘B ?\EY‘B

a( U [UMgl) = & a([UM,]) = a(Ce,,). Therefore a(Ce,) = L a([UMe,2]),
AEY AEY A€Ym

as required. [

5. Lower and Upper Bounds of the Weak Independence Numbers

In this section, we present the exact value of the weakly independent number of Cg,
that based on the order of Mg, and the independence number of Cay((Ay), A/)L) where
A:\ = Ay \{a€ Ay:al ¢ A,}forall A € Y. We start with some simple bounds for
txw(Cgﬁ ).

Lemma 9. a(Cg,) < aw(Cyy) < [V(Cyy)l-

Proof. From the fact that every independent set is a weakly independent set. We obtain
2(Cgy) < aw(Cg,). For an upper bound, it is obvious that aw(Cg,) < [V(Cg)|. O

By the definition of a Cayley digraphs, we have both (x,,y,) and (y,, x,) are belong
to E(Cay((A,), Ay)) if and only if there exists a,b € A, such that y, = xya and x) = y,b.
Since G, is a group, we obtain b = a~!, from that property we can say that, in other words,
ify, = xjaand a~! ¢ A, then x, and y, are weakly independent. We now construct
an example and then obtain the sharpness of the lower and upper bounds in Lemma 9
as follows;

Proposition 3. Let S = [Y; Gy, f, 4] be a Clifford semigroup in which consists an ordered set
Y = {A}. Then the following conditions hold:

1. ifA= {h)\,hgl}, then ay (Cp,, ) = a(Cy, );

2. if|Gy| > 2and A = {hy} where h) # h;l, then ay(Cp, ) = [V(Cp, )|

Proof.

1. Let A= {hy,hy'}. Itis easy to check thatif (x),,) € E(Cy,,) then (y,x1) € E(Cp, ).
Thus ay (Cp,, ) = a(Cy,)-

2. Let A = {hy}. Let (xj,yx) € E(Cy,). Theny, = x\h). Assume that xy = y h,.
Thus x hy = y, which implies h, = h;l, a contradiction. We conclude that if
(xa,y2) € E(Cy,) then (yy,x3) ¢ E(Cy,) for every x),y, € V(Cy,, ) which implies
V(Cy,) is weakly independent set. Therefore az,(Cy, ) = [V(Cp, )|, as required.

O

Let G be a group and @ # A C G. We next present a result on the weak independence
number of Cay(G, A) as follows.

Lemma 10. Let G be a group and @ # A C G. Then ayy(Cay(G, A)) = ay(Cay(G,A")) =
w(Cay(G,A")) where A" := A\ {a € A:a"' ¢ A}.

Proof. We first show that a,(Cay(G, A)) = &y (Cay(G,A')). Since A" C A, we obtain
E(Cay(G,A")) C E(Cay(G, A)). Thus ay, (Cay(G, A)) < ag(Cay(G,A)).

Conversely, we let X' be a weakly independent set of Cay(G, A') and X,y € X'
We claim that X' is a weakly independent set of Cay(G, A). Assume that (x,y), (y,x) €
E(Cay(G, A)). Then there exista,a~! € A such thaty = xaand x = ya~!. Thusa,a ! € A’
and it follows that (x,y), (y,x) € E(Cay(G, A")), a contradiction, because X' is a weakly
independent set and x,y € X'. Hence X' is a weakly independent set of Cay(G, A) and
then a, (Cay(G, A')) < aw(Cay(G, A)). Therefore ay, (Cay(G, A')) = ay(Cay(G, A)).

Next, we will show that ay,(Cay(G, A")) = a(Cay(G, A")). Clearly, every independent
set is a weakly independent set. Thus a(Cay(G, A")) < aw(Cay(G, A")).
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Conversely, by the definition of A’, we obtain (x,y) € E(Cay(G,A")) if and only if
(y,x) € E(Cay(G, A")). Let X be a weakly independent set of Cay(G, A"). We then obtainx, y
are independent for every x,y € X, which implies X is an independent set of Cay(G, A).
Hence ay, (Cay(G, A < w(Cay(G,A")). Thus ay (Cay(G, A')) = a(Cay(G, A")). O

By the definition of Mg\, we then obtain [U Mg;;)x] = U D, where D; = [g;(A))] =
icl

iel’

Cay({Ax), Ap) foralli € I' where I' = {1,2,..., [Mg|}.
According to the above lemma, we consequently obtain ay,(Cay({Ay), Ayr)) =
ww(Cay((Ar), Ay)) = a(Cay((Ar), A))).
We now present the exact value of the weakly independent number of Cg, in the form
of the summation of [ Mg, [ (Cay({Ay), Ay)) forall A € Y.
Lemma 11. ocw(CgB) = )\g |Mgﬁ,\|ocw(Cay((A,\),A/\)).
B

Proof. Let X be an a, —set of Cg,. We will show that [X| < ¥ [Mga|aw(Cay({Ay), Ay)).
AEY

From [UMgﬁ,\] = U D; where D; = [gi(A)x)] = Cay((A)),A)) for all
iel’
i€l ={12...,|Mgl} we then obtain |X N (UMg;n)| = ) [X N gr(AL)]
8alAr)EMgpn

and [X N gy (Ar)] < [Xy (4, for all g1(Ay) € Mg ) where Xg 14, is an agp—set of
[g1(A))]. Moreover, we conclude that Y [XNgr(Ay)| < Y X, (an -

g/\<AA>EMgﬁA gA(A/\>EMg‘B/\
AEYp AEYp
Since X C U (UMg,,), we obtain [X]| = [XN (U (UMgpn))| = Y XN
AEYy AEYg gA<A,\)eMgﬂ,\
AEYp
Ay < [ Xpanl = X [Mgalaw(Cay((Ar), Ay)). Thus ay(Cgy) = |X]
g)‘<A/\>€Mgﬁ/\ /\EY;;
AEYp

< L |Mg,g)x""w(cay(<A)\>r Ap))-
AEY

Conversely, we know that {U MgﬁA] is a disjoint union of [g)(A,)] forall g(A,) €
Mg, we obtain U Xg,(a,) is a weakly independent set of Cg, where X, 14,y isa
g)L(A,\)EMgﬁ/\
weakly independent set of [g)(A)]. From the fact that if u € G, and v € G, where A # 7,
then u, v are weakly independent, we obtain U Xg, (4,) Is a weakly independent
8a(Ar)EMggn
)\EY‘B
set of Cg;.. Since [g2(A))] = Cay((Ay), Ay) forall gy (A)) € My,), we obtain [Xg 4] =
ay(Cay((Ay), Ay)) for all gr(A,) € Mg and A € Yg. Hence Y | Xg an] =
8a(Ar)EMgpn
AEYg

L [Mggalaw(Cay({Ay), Ay)) and so aq(Cgs) > X |Mgalaw(Cay((Ap), Ay)). O
AEYp AEYp

Example 4. Let Y = {Ay, Ay, A3, Ay} be a semilattice with a partial order that represented by
the Hasse diagram in Figure 4. For I = {1,2,3,4}, we let {G,, : i € I} be a family of groups,
indexed by the semilattice Y where G, = Zy = {0,,,15,,2,,3,, } is an additive group of integers
modulo 4 for all i € 1. Let fAfr/\,‘(f?u) = Xy, for every %, € Gy, Xy € G;\], and i > j. Then
S = [Y; Gy, fay ] is a Clifford semigroup.
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Let A = {2, }. Then we picture Cay(S, A) in Figure 5. From Ay, = {2,,}, then (A,,) =
{04, 25, } which implies Gy, /(Ay,) = {(Ax,), 1r,(Axr,)}. We here consider COAZ and each
A2, Ay € Y), as follows.

(7) Consider Ay € Yy,.
Since A = {2,,}, we have A,, = @. Thus we put Ay, = {0,,}.
Then My, 5, = {8,0,) € Gay/(On,) = fayn,(80,) € 00y (An,)}
= {00, (00,), 20, 020} o
o [romA,, = {OM}' weobtamaw(Cay(<A,\4),AM)) = ocw(Cay({OM}, {OA4})) =
1

o Therefore ‘MO)\ZMMW(CW({OM 1 A0, 1) =2
(if) Consider Ay € Y),.
o Wehave My, ), = {80,(Ar,) € Gn/(AN) ¢ a0, (80,) € 0ny (AN} =

{(Ax)}- o
o From (Ay,) = {0,,,2),}, we obtaina, (Cay((Ay,), Ax,)) = 1.
e Therefore \M()Az/\z|ocw(Cay(<AAz),AA2)) =1

Therefore (Co,,) = | My, Ja(Cay({0,}, {01, 1) + My, lau(Cay((Ar,), A,))
= 3. Similarly,
"‘zv(ci,\z) = ‘MT,\Z/\J"‘W(C‘W({OM }A{0x, 1)) + |Mi,\2/\2‘“zv(c‘1y(<AA2>rAAZ)) =3,
xa(Ca, ) = [My, rgla(Cay({01,}, {01, 1)) + [ Mo, , law(Cay((An,), Ax,)) =3,
ao(Cr, ) = [Mg, p, law(Cay ({04, {00 1)) + [Mi, o, law(Cay((An,), Any)) = 3.

A4 Gy
VRN VRN
A3 A Gy, G,
N S NS
M = Gy,
Y S

Figure 4. The Hasse diagram of the semilattice Y = {Ay,A2,A3,A4} and the family of groups
{G), =74:1=1,2,3,4}.

Figure 5. Cay(S, A) where A = {2,, }.

By Lemma 10, we directly obtain the following corollary.

Corollary 1. a(Cgy) = X [Mgga|aw(Cay((Ax), AY)) = L [Mgaala(Cay({Ar), A))).
AEY AEY
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In summary, we now obtain the weak independence number of Cay(S, A), which is
presented in terms of a;, (Cay((Ax), Ay)) forall A € Y.

Theorem 4. ay,(Cay(S,A)) = L (aw(Cgﬁ)) =Y (x |MgﬁA|oczu(Cay((A)l),A,\))).
gEAﬂ gE.A/; )LEYF,
BEB BEB

Example 5. From the Example 4, Cay(S, A) consists of four components, Co,,/ CTAZ’ Co/\l and

CiA . We see that X = {O/\4,T/\4,2/\4,3/\4,0/\2,i/\z,o/\yi/\3,2,\3,3)\3,0)\1,i,\1} is an oy —set Df
1

Cay(S, A). Then ay(Cay(S, A)) = "‘W(CO)\Z) + “W(CL\Z) + txw(COA1 )+ txw(Chl) =12=|X|.

6. The Path Independence Numbers

From the fact that, for every A € Y, Cay((A)), A)) is strongly connected. By this
information, we can conclude that «,(Cay((A,), Ay)) = 1. However, to find the path
independence number of Cg,, we need to consider a path between induced subdigraphs
[82{Ax)] and [k (A;)] of Cay(S, A) where g\ (Ay) € Mg,y and hy(Ay) € Mgy

We here investigate a relation that indicates all paths between [g) (A,)] and [h; (A;)]in
Cgp- Let Cgy i= U Mgpand Yy :={A €Y :AA( A 7)=rnforsomel) €Y'} U{n}.

AEYR Y€l
Define a relation ~ on Cgﬁ by gA(Ar) ~ hy(Ay) if and only if f),(gr) € hy(Ay) and
AeYy.

Lemma 12. (Cgﬁ, ~) is a partially ordered set.

Proof. Let B € B. We shall show that ~ is a partial order on Cg,s'

(i) Since fy 1(ga) € g1(As) and A € Y, we then obtain gy (A,) ~ g1 (Ay).

(if) Let g)(Ax) ~ hy(Ay) and hy(Ay) ~ gr(Ar). Then f,,(gr) € hy(A,) and
fya(hy) € ga(Ax). This gives 7 < A and A < 7. From Y is a semilattice and
A1 € Y, we obtainA = 7. Since hy(A;) = hy(Ay) and f,1(hy) = faa(hy) €
g1 (Ay), it follows that g\ (Ay) = hy (Ay).

(iii) Let gA(Ap) ~ hy(Ay) and hy(Ay) ~ ke(Ag). Then f;,(g2) € hy(A,) and
f,m(hq ki (Ax). From Lemma 4, we obtaian,K(h77<A77)) C ﬁ7,x(h,7)(AK>. Thus
fux(hy fou(hy)(Ax) and so fyx(hy)(Ax) = kk(Ax). Therefore f) (g)) =
fW,K(f/\,n (g/l)) € fv/x(hﬂArz)) C fux(hy)(Ax) = ke(Ax).

From A € Y;; and 57 € Y, there exist two subsets of Y, denoted by I') and T, such

that AAN( A v) =nandyA( A 7v) =x. ThenAA( A7) =« and thus
yel) r€ly yeM\UIy

A€ Y.
Therefore (Cgﬂ, ~) is a partially ordered set. [

g

S
S

o~

Lemma 13. Let x € g\(Ay) and y € hy(Ay) where A # 1. Then there is a path from x to y if
and only if g (Ax) ~ hy(Ay).

Proof. Assume that there exists a path from x to y. Then we let x = v1,v,...,v, = y be
a path from x to y where (v;,v;41) € E(Cay(S, A)) foralli =1,2,...n — 1. It follows that
there exist a1, az,...,4, 1 € Aand v1,792,...,vn_1 € Y such that v;, | = v;a; and a; € Gy,
foralli=1,2,...,n — 1. This gives
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op = (... ((0141)a2) .. .)ap—1
=(...((xa)az) ...)ayn—1
= (.- ((Faanm () fapany (@1))az) .. )an—
= ((f/\/\'y1 (AAY1)AY2 (f/\ AN (x)f"yl AN (a1) )f"/z (AAY1)AY2 (“2)) a1
= f 1/\1 ), /\/\( /\ ) AT 1( .. (f/\,AAvl (x)f’yl,?\/\'h (‘11))' . .)f%—lr)\/\(Z\f'Yi)/\’Ynfl(unil)
= fa, ;7( ), n(“l)fvz 77(”2) f'Yn—l:W(an—l)
€ fay(x){Ay).

Since v, =y € hy(Ay), we obtainf, , (x)(Ay) = hy(A;). From Lemma 4, we obtain
h

fan(@r(Ar)) = fA,n(X(AA>) C fan(x)(Ay) = hy(Ay) which implies £, ,(gx) € hy(Ay)-
Therefore g)(Ax) ~ hy(Ay).
Conversely, suppose that g3 (Ax) ~ Iy (Ay). Then f, ,(g1) € hy(Ay) and A € ¥, ie.,
there exists Ty C Y’ suchthat AA( A ) = 5. Now, we let Ty = {71,72,...,7n} and
er
ay,ay,...a, € A. Then g;‘,g;\ul,g;‘uﬁzz,?. .,gAM1a2 ... ay is a path from g to gxa1az.. .4,
Consequently, we conclude that

gAmay...ay = f (g f (ay,)f (72) - f n (aq,)

MA([\%) T M(/w) zM(/\% w,M([\lvf)

€ fale)lAy.

Since f),(81) € hy(Ay), we obtainf) ,(g1)(Ay) = hy(Ay). From the fact that
[gr(Ax)] and [h;(A;)] are strongly connected, there exist a path from x to g and a path
from g aja;z . ..ay, toy. Therefore there exists a path from x to y, as required. [

By using an anti-symmetric property, we can conclude that if A # 5 and there is a path
from x € g\(A,) toy € hy(Ay), then there is no path from y to x. Now, we are ready to
give the path independence number of Cg,.

Lemma 14. a,(Cyy) = max{|X| : X is an anti-chain in (Cgﬂ, ~)}

Proof. Let X' be an ap—set of Cg, and x,y € X'. Since x € g(A,) and y € h(Ay) for
some g € Gy, h € Gy, we obtainx(A,) # y(Ay) because [x(A,)] is strongly connected.
By Lemma 13, we have x(A)) = y(A,) and y(Ay) = x(A)). Thus X = {g(A)) € Cg; :
x € X'} is an anti-chain in (Cg,,~) and |X'| = |X|. Therefore a,(Cg,) < max{|X] :
X is an anti-chain in (Cgﬁ, ~)}

Conversely, we know that for every path independent set X’ of Cg, there exists
X = {x(A)) € Cg; : x € X} where X is an anti-chain in (Cg,, ~), and |X'| = |X|. Hence
ap(Cq,) > max{|X] : X is an anti-chain in (Cgﬁ,w)}. O

In summary, the path independence number of Cay(S, A) will be obtained in the form
of the summation of max{|X| : X is an anti-chain in (Cgﬁ, ~)} forallg € Agand g € B.

Theorem 5. ay(Cay(S,A))= ¥ (ap(Cgy))= ¥ max{|X|: Xis an anti-chain in (Cgﬁ,w)}.
€A g

E.Aﬁ
BEB BEB

7. The Weak Path Independence Numbers

In this section, a weakly path independent set of Cg,, of Cay(S, A) is investigated. By
the definition of a weakly path independent set and [g(A))] = Cay((A,), A,) is strongly
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connected, we can conclude that ay) ([g(Ax)]) = 1 for every induced subdigraph [g(A,)]
of Cay(S,A) and B € B.

From the fact that, for all g € g\(A,) and h € h;(A;) where A # 1, there is no path
from & to g if there is a path from g to i. We here obtain the weak path independence
number of Cg, and Cay(S, A) as follows.

Lemma 15. ayy(Cq,) = | U Mgl
RN AEYy 3

Proof. Let Mg ) be a set of representatives of all cosets in My, 1. From the fact that there

exists a path either from g to & or from h to g for any different g,h € J M gpr- Thus
AEY

)\gy Mg, is a weakly path independent set of Cg; and hence )y (Cg) > | /\gy Mgl =
B B

U Mgl
‘/\eYﬁ &

Conversely, let X be an ayp—set of Cg,. We know that [¢(A))] is strongly connected
for every g(A)) € U My, Hence [X| < | U Mgl It follows that ayp(Cg,) <
/\EY;; /\EY’;

U Mgl =] U M| and so ayy(Ce,) =| U M,,a|, as required. O
‘/\eYﬁ gﬂ‘ AEYp gﬂ‘ “r gﬁ) ‘AeYﬁ 3k q

Now, the weak path independence number of Cay(S, A) will be obtained in the form
of the summation of aw, (Cg;) = | U Mg, | as follows.
AEYp

Theorem 6. ayp(Cay(S,A)) = ¥ (awp(Cgs)) = L | U Mg,
g€Ap g€Ap A€Yg
BeB BeB

8. Discussion

In this paper, we conducted an in-depth investigation of the independence num-
bers of the Cayley digraph of the Clifford semigroup. The study focused on a maximal
connected subdigraph to analyze its independent sets. Our findings revealed that the
independence number of the entire digraph is influenced by the independence numbers
of its maximal connected subdigraphs, providing valuable insights into the structural
dependencies within the digraph. Although our research aligned with previous studies on
the independence numbers of graphs and digraphs, its unique focus on the Cayley digraph
of the Clifford semigroup contributes to the theoretical understanding of this specific math-
ematical structure. As a stepping stone for future research, our study suggests exploring a
subdigraph of the Cayley digraphs, which is smaller than a component, to further deepen
the understanding of the independence number. In summary, our investigation sheds light
on the independence numbers of the Cayley digraph and opens new avenues for future
explorations and potential applications in diverse domains.

9. Conclusions

In conclusion, we obtained the characteristic of a maximal connected subdigraph in
Cayley digraphs of Clifford semigroups in Section 3. The lower and upper bounds of the in-
dependence and the weak independence numbers of Cayley digraphs of Clifford semigroups
are presented in Sections 4 and 5. Finally, we have achieved the exact values of the path
independence and the weak path independence numbers in Sections 6 and 7, respectively.
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1. Introduction

Throughout this paper, all graphs considered are assumed to be finite, connected and
undirected. Let I' = (VI,ET’) be a graph with vertex set VI and edge set EI'. The size
|VT| is called the order of the graph I'. Define an arc as a pair of ordered adjacent vertices,
let AT be the set of the arcs of I'. Each edge {«, B} corresponds to two arcs («, ) and (B, «).

Let I be a graph. For an integer s > 1, an s-arc in I' is an (s + 1)-tuple (vg, vy, - - - , vs)
of vertices such that {v;,v;,1} € EI',and v; # v;41 for 0 <i <s—1. A permutation of VI
that preserves the adjacency of I' is called an automorphism of I', and all automorphisms
of I form a group which is called the full automorphism group of I, denoted by Aut(I').
Let G be a subgroup of Aut(I"), and denoted by G < Aut(I'). Let G < Aut(I') acting on
vertex set VI, & € VI'. We say that G, as the subgroup of G is a vertex-stabilizer if G is
fixing the vertex a. (Similarly, lete = {a, B} € EI'. We may define the edge-stabilizer and
arc-stabilizer of G, denoted by G, and G,g, respectively). Moreover, the group Aut(I') has a
natural action on EI'. Then, the graph I is said to be G-edge-transitive if EI" # 0 and for
each pair of edges there exists some ¢ € G < Aut(I") mapping one of these two edges to
the other one. So, the graph I is called G-vertex-transitive or G-arc-transitive if G < Aut(I")
is transitive on VI or ATl respectively. A graph I' that is a G-arc-transitive graph for some
G < Aut(TI) is also known as a symmetric graph.

A graph I' is G-edge-primitive if G < Aut(I') acts primitively on ET’, that is, if G pre-
serves no nontrivial partition of the edge set. A G-edge-transitive graph I' is G-edge-primitive
if some edge-stabilizer , the subgroup of its automorphism group which fixes a given edge,
is a maximal subgroup of the automorphism [1]. Additionally, I is called edge-primitive
if it is Aut(I")-edge-primitive. In this paper, the original motivation was the problem of
classifying all edge-primitive graphs of order as a product of two distinct primes. The study
of edge-primitive graphs was initiated by R. M. Weiss. In 1973. Weiss [2] confirmed all
edge-primitive graphs of valency 3. These graphs are the Heawood graph of order 14, the
complete bipartite graph K3,3, the Levi graph and the Biggs-Smith cubic distance-transitive
graph of order 102. Giudici and Li [3] systematically studied the O’'Nan-Scott primitive
types of the automorphism groups of edge-primitive graphs, and the G-edge-primitive
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graphs for G, an almost simple group with socle PSL,(g), are classified. We use soc(G) to
denote the socle of a group G, that is, the subgroup of G generated by all minimal normal
subgroups of G. In case G is finite, the socle is the product of all minimal normal subgroups
of G. A two dimensional projective group is denoted by PSL,(g). Li and Zhang [4] anna-
lyzed edge-primitive s-arc-transitive graphs for s > 4. Guo et al. classified edge-primitive
tetravalent and pentavalent graphs in [5] and [6]. Pan et al. discussed edge-primitive
graphs of prime valency in [7], and edge-primitive Cayley graphs on abelian groups and
dihedral groups in [8]. Lu [9] proved that a finite 2-arc-transitive edge-primitive graph has
an almost simple automorphism group if it is neither a cycle nor a complete bipartite graph.
Recently, Giudici and King [10] classified edge-primitive 3-arc-transitive graphs.

The work of studying edge-primitive graphs of specific orders is also attractive. Pan
et al. studied all edge-primitive graphs of prime power order in [11], and edge-primitive
graphs of order twice as a prime power in [12]. The main work of this paper is to classify
all edge-primitive graphs of order as a product of two distinct primes.

In this paper, the notations used are standard [1]. For a positive integer 1, we usually
use K, and Kj, ,, to denote the complete graph of order n and the complete bipartite graph
of order 2n, respectively. Z, is defined as the cyclic group of order n, and D,, as the
dihedral group of order 2n. As in Atlas [13], sometimes we simply use n to denote a cyclic
group of order n. For the two groups K and H, we use K x H and K : H to denote the
direct product of K and H and the semidirect product of K by H, respectively. The general
linear group GL; (q) consists of all the 7 x n matrices with entries in I¥; that have a non-zero
determinant. The special linear group SL,(q) is the subgroup of all matrices of determinant 1.
The projective general linear group PGL,,(q) and projective special linear group PSL,(q) are the
groups obtained from GL,(g) and SL,(q) on factoring by the scalar matrices contained in
those groups. We use PSU,,(7), PSp,,(9), and PQ,(g) to denote the projective special unitary
group, the projective symplectic group, and the projective special orthogonal group, respectively.
See [3] for details.

The classification of graph theory is closely related to the classification of group
theory. The application of group theory in graph theory is mainly achieved through
the role of groups on graphs. The symmetry of a graph is mainly described by the role
of the automorphism group of the graph on each subgraph of the graph, such as the
transitivity and primitivity of the automorphism group on the vertex set and edge set of
the graph. The edge-primitive graph discussed in this paper is one of them. Specifically,
the construction, characterization, and classification of various edge-primitive graphs with
additional conditions have become some of the main issues discussed in algebraic graph
theory. This paper completes the classification of specific orders in the edge-primitive
graph, that is, edge-primitive graphs of order as a product of two distinct primes are
completely determined.

The main result of this paper is shown as follows. Some of the graphs that appear in
Theorem 1 will be explained in Section 2.

Theorem 1. Let I" be a G-edge-primitive graph of order pq, where G < Autl’, and p > q are odd

primes. Then, one of the following holds:

(1) T isastar.

(2) T, Garelisted in Table 1, where for « € VI and e € EI', Gy and G, is the stabilizer of a and
e, respectively.

Table 1. Edge-primitive graphs of order as a product of two distinct primes.

G G, Gy |vr| Remark
My My 2% Ag 77 G(77,6)
Apg Spo—2 Apg—1 Pq Kpg, pq = 15

PSL,(19) Dy As 57 G(57,6)
PSL;(25) Dyy Ss 65 G(65,10)

59



Mathematics 2023, 11, 3896

The layout of this paper is as follows. We collect some basic properties of edge-
primitive graphs and some examples for edge-primitive graphs in Section 2. The most
important theorem was proved in the last section.

2. Preliminary and Examples

The simplest examples of edge-primitive graphs are the stars Ky ,, the cycles with
prime numbers of vertices, and the complete graphs K;,. Following [3], we call an edge-
primitive graph frivial if it is a star or a cycle. In this paper, non-trivial edge-primitive graphs
are our main research object. We first collect some preliminary results of edge-primitive
graphs for later use.

Lemma 1 ([3], Lemma 3.4). Let I be a non-trivial G-edge-primitive graph for some G < Aut(I").
Then, I is G-arc-transitive.

Arc transitive graphs can be represented using the group theory method of construct-
ing a coset graph. Let G be a finite group, and let H < G. We say that the set [G : H] is
the right coset of H in G if [G : H] = {Hx | x € G}. For an element ¢ € G with ¢> € H,
Hx,Hy € [G : H], we say that Cos(G, H, HgH) is a coset graph of G with respect to H and
g if Hx and Hy are adjacent if and only if yx~! € HgH. The graph I' is connected if and
only if (H,g) = G. Let a be the vertex H of the coset graph. Moreover, the valency of I' is
|H : HN H8|, and the stabilizer of the edge {H, Hg} is (H N HS, g). See [3] for details.

Lete = {«, B} € ET’, denote by G, G, and G,Xﬁ as the vertex-stabilizer, edge-stabilizer,
and arc-stabilizer of G, respectively.

Lemma 2 ([12], Lemma 2.5). Let I" be a graph, 1 # N <G < Autl’, and e = {a,p} € ETI.
Then, the following statements hold.

(1) IfT is G-edge-primitive, then G, = N,.(G/N). In particular, |G| = |N,||G : N|.

(2) If I is G-arc-transitive, then G, = GM;.ZZ.

(3) If I is G-edge-transitive but not G-arc-transitive, then Ge = Gyg.

The valency of a regular graph I' is denoted by val(I') .
Lemma 3. Let I be a nontrivial G-edge-primitive graph and e = {a, B} € EI'. Then |G| > |Ge|.

Proof. It can be easily concluded that I' is non-trivial, val(I') = |G, : Gw\ >3,and I'is
G-arc-transitive, s0 |Ge| = 2+ [Gyp|- [

We define a transitive permutation group G < Sym(Q)) as quasiprimitive if every
minimal normal subgroup of G is transitive on Q). Moreover, we say that the group G is
biquasiprimitive if each of its minimal normal subgroups has at most two orbits, and there is
a minimal normal subgroup with exactly two orbits O on it.

Let I be a G-edge-primitive graph with G < Aut(I'), and let N be a nontrivial normal
subgroup of G. If N is transitive on edges, then I' is either transitive on vertices or I' is
bipartite and N has two orbits on the vertex set. This simple observation leads to the
following assertion.

Lemma 4. Let I be a non-trivial G-edge-primitive graph with G < Aut(I'). Then, G is either
quasiprimitive or biquasiprimitive on VI .

Therefore, we need some relevant information for (quasi)primitive permutation
groups. Let G be a quasiprimitive group. Utilizing the structure and the action of soc(G),
the quasiprimitive permutation group is divided into eight types by O’Nan-Scott-Praeger
theorem, namely HA, HS, HC, AS, SD, CD, PA, and TW. See Praeger [14] for details. As
an application of the O’Nan-Scott-Praeger theorem, it is straightforward to obtain the
following results.
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Lemma 5. Let G be a quasiprimitive permutation group of degree pq, where p > q are odd primes.
Then, G is an almost simple group.

By Theorem 2.1 of [3], Giudici and Li have classified the groups which act edge-
primitively on a complete graph.

Lemma 6 ([8], Lemma 2.4). Let G be an almost simple group with soc(G) = PSL, (k) and n > 3.
Then, the action of G on a complete graph is not edge-primitive.

To construct edge-primitive graphs, the most important results are as follows:

Proposition 1 ([3], Proposition 2.5). Let G be a finite group with a maximal subgroup E. Then,
there exists a G-edge-primitive, arc-transitive graph I" with an edge stabiliser E if and only if E has
a subgroup A and |E : A = 2|. In addition, G have a core-free subgroup H such that A < H # E.
In this case, I = Cos(G, H, HgH) for some g € E\ A.

Example 1. Let I' = Ky, where p > q are odd primes. Then, Autl’ = Sy, contains a subgroup
G = Apg. This subgroup G has a maximal subgroup E = Sp;_», and E has a subgroup A = Ap;»
of index two. The group G also contains a maximal subgroup isomorphic to H = Ap; 1, and H
contains the subgroup A. So, the graph I' is G-vertex-primitive, and by Proposition 1, the graph I'
is also G-edge-primitive.

Example 2. Let T = Mpy,. According to Atlas [13], My has two maximal subgroups H = 24 Aq
and E = My such that H N E = Ag. Define a coset graph

G(77,16) := Cos(T,H, HgH), with ¢ € E\H an involution.

By Proposition 1, G(77,16) is an T-edge-primitive graph, with valency |H : HN E| = 16,
and |G(77,16)| = |T : H| = 77. Based on the calculation of the Magma [15], it can be concluded
that any T-arc-transitive graph with vertex stabilizer 2* . Ag and valency 77 is isomorphic to
G(77,16) and has the automorphism group Mpy.Zy. So, G(77,16) is G-edge-primitive with
Mp < G < M2p.Zs.

Example 3. Let T = PSL,(19). Then, following Proposition 8.4 of [3], T has a subgroup H = As
and a maximal subgroup E = Dy of one conjugate class such that H N E = Dy. Define a coset
graph

G(57,6) := Cos(T,H,HgH), with ¢ € E\H an involution.

By Proposition 1, this graph is T-edge-primitive, with valency |H : HNE| = 6 and
|G(57,6)| = |T : H| = 57. Furthermore, after calculation in Magma [15], it can be con-
cluded that any T-arc-transitive graph with vertex stabilizer As and valency 57 is isomorphic
to G(57,6), and has automorphism group PSLy(19).Zy. So G(57,6) is G-edge-primitive with
PSL,(19) < G < PGL,(19).

Example 4. Let T = PSL,(25). Then, from Proposition 8.4 of [3], T has a subgroup H = Ss and
of a maximal subgroup E = Doy of one conjugate class such that H N E = Dy. Define a coset
graph

G(65,10) := Cos(T,H, HgH), with ¢ € E\H an involution.

By Proposition 1, this graph is T-edge-primitive, with valency |H : HNE| = 10 and
|G(65,10)| = |T : H| = 65. Furthermore, a computation by Magma [15] shows that any T-
arc-transitive graph with vertex stabilizer As and valency 65 is isomorphic to G (65, 10), and has auto-
morphism group PSLy(25).Z;. So, G(65,10) is G-edge-primitive with PSL,(25) < G < PGLy(25).
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3. Proof of Theorem 1

Let I' be a non-trivial G-edge-primitive graph for some G < Aut(I). Further assume
that the order of this graph is pq, where p > g are odd primes. By Lemmas 1 and 4, I' is
G-arc-transitive and G is either quasiprimitive or biquasiprimitive on VI'.

Therefore, we need to consider two types of cases when G is quasiprimitve on VI'. By
Lemma 5, G can only be an almost simple group. Thus, soc(G) = T is non-abelian simple
and transitive on VI, so |T : Ty| = pg. Non-abelian simple groups with a subgroup of
index pg have been classified in [16] (Theorem 1.1) (see also [17] [THEOREM]). The result
can be read off as follows.

Lemma 7. Let T be a non-abelian simple group with a subgroup H of index pq, where p > q are
odd primes. Then, the tuple (T, H) is listed in Table 2, where Py is the stabilizer of the classical

group acting naturally on the 1-subspaces.

Table 2. Non-abelian simple groups with a subgroups of index pg.

Row T H |T:H| Conditions
1 As Lo X L 35 ZzXZz<A4
2 Ay PSLy(7) 3.5
(Agx3):2 5.7
3 Ag 23 : PSL3(2) 35
2%: (53 x S3) 5.7
4 My My : 2 5.11
5 My, 2% Ag 7-11
6 My PSL3(4) : 2 11-23
241 Ay 11-23
7 PSL;(11) Ay 5.11
8 PSL(19) As 3-19
9 PSL,(23) Sy 11-23
10 PSL,(25) Ss 5-13
11 PSL;(29) As 7-29
12 PSL,(59) As 2959
13 PSLy(61) As 31-61
14 PSLs(2) 20 : (S3 x SL3(2)) 5.31
15 P()?; (2) 26 : PSU4(2) 7-17
16 PO (2) 28: PO (2) 17-31
17 Apg Apg—1 Pq pg > 15
18 A,y Sp2 elp p > 11, 2L prime
19 Apt1 Sp-1 pTJri -p 4 215, % prime
20 PSL,(p) Dyt % p % od;d prime
21 PSL, (k) Py = 1 n>3 k= pg
22 PSp,(2%) Py (2* + 1)(2?” +1) g=2"+1,p= 2?" +1
23 PSU3(2%) Py ¥ +1)(227 22 41) g=22+1,p=22" 2" 11
24 PQ;Z,H) (2) Py (2? +1)(22+1 1) q= 22f +1,p= 22’+1‘ -1
25 PO, (2) P %1 —1)(2% +1) g=22"1-1,p=2%+1

Lemma 8. Assume that G is an almost simple quasiprimitive group on VI'. Then, I and G are
listed in Table 1 in Theorem 1.

Proof. Based on the assumption, G = T.o, where 0 < Out(T) and |T : Tx| = pgq. Hence,
the tuple (T, T,) (as (T, H) there) is listed in Table 2. We analyze each candidate in the
following.

Row 1. In this case, T = As, Ty = Zy X Zy, |VI'| = 15and Out(T) = Z,. Hence, G = As or

Aut(As) = S5, and |G,| = 4 or 8, respectively. By Lemma 3, |G.| < 4 or 8. However, by the
Atlas [13], A5 or S5 have no such maximal subgroup G,. So, I' is not edge-primitive in this case.
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Row 2. In this case, T & Ay, if T, = PSL(2,7), |VI'| = 15 and G = T.o, where 0 <
Out(Ay) = Z,. Then, by [1] (p. 308, TABLE B.2), T is of rank 2 on VT, so one non-trivial
suborbit is of lengths 14. Hence, I' is T-arc-transitive of valency 14. Assume val(I') = 14,
then [Ty = lh" = 12 and |T,| = 24, so |G,| = 24|o|. However, by the Atlas [13],
there is no maximum subgroup of order 24|o| in group Ay.0, which is a contradiction. If
T = (A4 x3) : 2, |VI'| = 35, then by Lemma 3, |G| < 72|o|. However, by the Atlas [13],
G = T.o0 has no such maximal subgroup G,, which is a contradiction.

Row 3. Assume that T = Ag, if T, = 23 : PSL3(2), [VI'| = 15 and G = T.o, where
0 < Out(Ag) = Zy. By [1] (p. 308, TABLE B.2), T is of rank 2 on VI, so one non-trivial
suborbit is of lengths 14. Then, I' is T-arc-transitive of valency 14. Assume val(I') = 14,
then |T,p| = HL =96 and |T.| = 192, so |G,| = 192|o|. However, by the Atlas [13], there is
no maximum subgroup of order 192|o| in group Ag.o, which is a contradiction. If T = 2* :
(S3 x S3), |VI'| = 35, and by Lemma 3, |G,| < 576|0|. By the Atlas [13], G, = (A5 x 3) : 2
or S5 x Sz, then |Gaﬁ| = ‘Cz;—f‘ = 360 or 720. However, a computation by Magma [15] shows
that 2¢ : (S5 x S3) has no subgroup with order 360 or 720, a contradiction.

Row 4. Assume that T = My, |VI'| = 55,and Out(M71) = 1. By Lemma 3, | T,| < |Tx| = 144.
By the Atlas [13], T, = S5 or Mg : S3, then |T,g| = ‘T;‘ = 120 or 48. However, according to
the calculation in Magma [15], it can be concluded that T, = My : 2 has no subgroup with
order 120 or 48, which is a contradiction.

Row 5. In this case, T is primitive on VI, |VI'| = 77, and G = T.0, where 0 < Out(Mpp) =
Zy. By [1] (p. 321, TABLE B.2), T is of rank 3 on VT, and it is easy to compute out that
the lengths of its two non-trivial suborbits are 16 and 60. So, I' is T-arc-transitive of
valency 16 and 60. If val(I') = 16, by Example 2, I' = G(77,16). If val(I') = 60, then
|Tap| = ﬁr) = 96,and by Lemma 6, |G, | = |T..0| = |T,p.Z2.0| = 192|o|, hence, |G,| < 384.
However, by the Atlas [13], all maximal subgroups of T and Aut(T) are of order at least
660, which is a contradiction.

Row 6. In this case, T = Mys, if T, = PSL3(4) : 2, |VI'| = 253, and Out(Mp3) = 1,
G = Mp3. By Lemma 3, |G,| < |G| = 40320. By the Atlas [13], we can see that there are
five possibilities for G, 2% 1 Ay, Ag, Mq1, 2% : (3 x As) : 2,23 : 11. Note that only the
case 2* : (3 X As) : 2 contains an index two subgroup 2* : (3 x As), hence |Gg| = 2880.
However, from Magma [15], G, = PSL3(4) : 2 has no subgroup with order 2880, which is a
contradiction. Similarly, for the case T, = 2% : Ay, we also get a contradiction.

Row 7-13. By [3] (Theorem 1.3), since |VI'| = pq, and p > g are odd primes. Now, a
direct computation can determine all the possibilities of I'. If T = PSL,(19), by Example 3,
I' = G(57,6). If T = PSL,(25), by Example 4, I' = G(65,5).

Row 14. In this case, T = PSLs5(2), |VI'| = 155, and G = T.o, where 0 < Out(PSL5(2)) =
Zy. Using the calculations in Magma [15], it can be concluded that T is of rank 3 on
VI, with two non-trivial suborbits of lengths 42 or 112. Hence, val (I') = 42 or 112,
and I is T-arc-transitive. If val (I') = 42, then [T,g| = MT—E*F) = 1536, by Lemma 2,
|Ge| = |Te-0| = |Tup-Z2.0| = 3076|0|. However, by the Atlas [13], there is no maximum
subgroup of order 3076|0| in group PSL5(2).0, which is a contradiction. If val (I') = 112,
then |T,4| = #(r) =576, and |G,| = |T,.0| = |Tup.Zs.0| = 1152o|. By the Atlas [13], there
is no maximum subgroup of order 1152|o| in group PSLs5(2).0, which is a contradiction.

Row 15. If T = PO (2), [VI| = 119, and G = T.o, where 0 < Out(PQg (2)) = Z,.

According to the calculation in Magma [15], it can be concluded that T is of rank 3 on VT,
with two non-trivial suborbits of lengths 54 or 64. Hence, val (I') = 54 or 64, and I is T-arc-
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transitive. If val (I') = 54, then |T,4| = #F} = 30720, and |G,| = |Te.0| = |Typ.Zo.0| =
61440|0|. However, by Atlas [13], there is no maximum subgroup of order 61440|0| in group
PQy (2).0, which is a contradiction. If val (I') = 64, then |T,5| = #(r) = 25920, and
|Ge| = |Teo0| = |Taﬁ.Z2.o| = 51840|0|. However, by the Atlas [13], there is no maximum

subgroup of order 51840|o| in group POy (2).0, which is a contradiction.

Row 16. In this case, T =2 PQ(2), |[VI'| =527, and G = T.o, where 0 < Out(PQf;(2)) =
Zy. From Magma [15], a simple computation can determine that the rank of T on VI’
is 3, with two non-trivial suborbits of lengths 256 or 270. Hence, val (I') = 256 or 270,
and I is T-arc-transitive. If val (I') = 256, then |T,p| = v;—(b‘r) = 174182400, and |G, | =
|Te.0| = |Tap-Zo.0| = 348364800|0|. However, by Atlas [13], G = T.o has no maximal
subgroup with order 348364800|0|, which is a contradiction. Similarly, if val (I') = 270,
then |T,5| = szﬁ = 165150720, |G,| = 330301440|0|. By the Atlas [13], there is no
maximum subgroup of order 330301440|o| in group PQ(2).0, which is a contradiction.

Row 17. In this case, T & A, is 2-transitive on the set of right cosets of A, 1, where
pq > 15,50 = Ky and T, = qu,l. Hence, T,Xﬁ >~ qu—z, and T, & Spq_z is maximal in
T,so I is G-edge-primitive with G = A, and 5.

Row 18-19. Assume that T = Ay, |[VI| = %1 -p,and G = T.o, where 0 < Out(Ap).
According to the calculation in Magma [15], it can be concluded that T is of rank 3 on VT,
with two non-trivial suborbits of lengths 2(p — 2) or W. Hence, val (I') = 2(p — 2)

or W, and I' is T-arc-transitive. If val (I') = 2(p — 2), then |Tpg| = W?%‘F) = (p;3>!,
and |G,| = |Te.0| = |Typ.Z2.0] = (p —3)!|o|, By [18] (Theorem 1.1), there exists no subgroup

G, which is a maximal subgroup of G = T.o, such that G, has a subgroup Gﬂ’ﬁ of index

two. Thus, there is no G-edge-primitive graph arising in this case. If val (I') = W
Similarly, |G| = 4(p — 4)!|o|. By [18] (Theorem 1.1), there is no G-edge-primitive graph.
Assume that T = A, 1, similar to the discussion above, |G| = (p —2)!|o] or (p — 3)!|o],

by [18] (Theorem 1.1), there is no G-edge-primitive graph occurring in this case.

Row 20. Then, T = PSL,(p), Tx = Dp+1. By [3] (Theorem 1.3), no graph I' exists in this
case.

Row 21. Then, T = PSL,, (k) is 2-transitive on VI' = where n > 3, so I is a complete graph,
contradicting Lemma 6.

Row 22. In this case, T & PSp,(22), [VI| = (22 + 1)(22"" + 1), and G = T.o with
0o < Out(PSp4(22i)). From Magma [15], it can be concluded that T is of rank 3 on
VT, with two non-trivial suborbits of lengths 22 + 22" or 232 Hence, val (I') =
22 4 22”1, and 23‘2i, and I is T-arc-transitive. If val (I') = 22 4 22”1, then |Taﬁ| =

P _ [PSpy(2Y)] 2[PSp,(22) Jo| _
val(T) — [VI]-val(T)” 22"+1>(22i+1+1)(22i+22i+1) -
23241(22' _ 1)2|o|. Therefore, by [19] (Tables 8.12-8.15), G = T.o has no maximal sub-
group with order 232 1(22' — 1)2|o|, which is a contradiction. If val (I') = 232", Simi-

2Psp, 22)[lol  _ 2iq1p2i _ gy (o2t _ g
e 224122 —1)(2 1)|o|. By [19] (Tables 8.12-8.15),

T has a maximal subgroup GL(2?).Z, with order 22'+1 (22i —-1)(2
T = PSp, (2%), 50 2% is an even number, again a contradiction.

and |G| = |Te-0| = |Tap.Z2.0], s0 |G| = (

larly, |G,| =

i+1
2" —1). However,
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Row 23. In this case, T = PSU3(2%), [VI| = (2% +1)(2*"" —2? +1),and G = T.0 with
0 < Out(PSU3(2%))). From Magma [15], a simple computation can determine that the

rank of T on VT is 2, with one non-trivial suborbit of lengths 232 Hence, val (I') = 232
and I is T-arc-transitive. If val (I') = 2% 2 then [Tapl = w‘;l‘ %, and |G,| =
|Te.0] = |Tap-Za.0|, 50 |Ge| = —; 21PSUs (22 o = 2(22"" —1)|o|. However, by [19]

(22 41) (2271 02 1) (232" »
(Table 8.5-8.6), G = T.o has no maximal subgroup with order 2(22"" —1)|o|, which is a
contradiction.
Row 24. In this case, T = P02+(2i+1>(2), VI = (22 + 1)(22"+1 —1), and G = T.0 with
o< Out(PQJr 22i11) (2)). According to the calculation in Magma [15], it can be concluded
that T is of rank 3 on VI, with two non-trivial suborbits are of lengths 22" and 2(2% —1)

(221 —1). Hence, val (I') = 22"+1 and 2(22' —1)(2¥ -1 — 1), and T is T-arc-transitive.
PO )@

If val (I) = 22", then | Tys| = 5litls = M(f;;; ,and |G| = |Te.0| = |Tup.Zo.0, s0
2P 1) ]

= 2224192 ) n (221 —1)]o|. However, by [19], G = T.0
]_

‘ E| = —<22i+1)(22i+171>(22i+71)

i i i 2-1 .
has no maximal subgroup with order 2224122 _ 1) T (2% —1)|o], which is a contradic-
=1

.
2P0, | (2ol B

@+ - -1)(22-1-1)

tion. If val(I') = 2(22 — 1)(22~1 — 1). Similarly, |G,| =

i i i 22 .
22442221 _ 1) [T (2% — 1)|o|. However, by [19], G = T.o has no maximal subgroup
1

i i o 22 .
with order 22°+2'(22'-1 — 1) TT (2% — 1)|o|, which is a contradiction.
=1

Row 25. In this last case, T = PQ,(2), |[VI| = (2271 = 1)(2* +1), and G = T.0 with
0 < Out(PQ,;,,; (2 )). After the calculation in Magma [15], it can be concluded that T is of
rank 3 on VI, with two non-trivial suborbits of lengths 2(22'.*1 +1)(22"2—=1)or 222,
Hence, val (I') = 2(22[*1 + 1)(221.’2 —1)and 2212 and I is T-arc-transitive. If val (r)=

i i P [PQ 4 (2)]
2221 41)(22 72 - 1), then [T = St = W and |G,3\ = |T.0| = |TapZoo0l,
2(PQ- (2 i i
s0 |G| = [POyi1 (2l = 2@ 1) H (22] —1)|o|. However,

(@112 +1) (222 141)(222-1) =1

by [19], G = T.o has no maximal subgroup with order 2 @)@ 1) H (22/ —1)]o|,
j=1
2PQy;1 ()llo] -~

. . o g 21+ _2
which is a contradiction. If val (I') = Similarly, |G,| = F @)

2243 2x+3(221 T+1) H (22f — 1)|o]. However, by [19], G = T.0 has no maximal subgroup
=1

i i i 2-2 .
with order 22”~3243(22 -1 1 1) [T (2% — 1) o], which is a contradiction. [J
j=1
Now, we are ready to complete the proof of Theorem 1.

Proof of Theorem 1. Suppose that the I' is a G-edge-primitive with order pg, where
G < Aut(I'), and p > g are odd primes. Let I be a G-edge-primitive graph of order
pq, where G < Aut(I'), and p > g are odd primes. Suppose I’ is not a star. By Lemma 4, G
is quasiprimitive or biquasiprimitive on VT
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Firstly, suppose that G is quasiprimitive on VI, by Lemma 8, and I', G, s are listed in
Table 1 in Theorem 1.

Secondly, suppose that G is biquasiprimitive on VI, then G has biparts A1 and A with
VI = A1 UAy, 50 [Aq] = |Ay| = Bl However, as p > g are odd primes, this is impossible.

This completes the proof of Theorem 1. [

4. Conclusions

Currently, the construction, classification, and characterization of various edge-primitive
graphs with additional conditions have become some of the main issues discussed in al-
gebraic graph theory. In this paper, edge-primitive graphs of order as a product of two
distinct primes are completely determined. This depends on non-abelian simple groups
with a subgroup of index pq being classified, where p > g are odd primes. It is meaningful
for future research to classify edge-primitive graphs of other specific orders or degrees.
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Abstract: This paper investigates the radio labeling of friendship networks (F3x, Fyk, Fsx, and

Fg ). In contrast, a mathematical model is proposed for determining the upper bound of radio
numbers for (F3x, Fyr, Fsi,and Fgi). A computational investigation is presented to demonstrate
that our results are superior to those of the past. In conclusion, the empirical study demonstrates that
the proposed results surpass the previous ones in terms of the upper bound of the radio number and
the run-time.

Keywords: graph coloring; frequency assignment problem; radio labeling of a graph; integer;
programing; span

MSC: 05C78

1. Introduction

Wireless communication includes all techniques and methods of connecting and
communicating between devices using a wireless signal and wireless communication
technologies and gadgets. Wireless communication network services may appear in many
areas, such as satellite communications, internet technology, mobile telephony, military
communications, TV and radio broadcasting, and many others. Rapid development in
wireless communication services led to a depletion of the most important resources and
frequencies in the radio spectrum. Such development affects the economic cost of available
frequencies. The reusing of frequencies may give good economies, but on the other hand,
it may decrease the quality of the communication service. Using the same frequencies
for many wireless communication networks leads to unacceptable interference among
signals. This motivated the frequency assignment problem (FAP). Given a set of transmitters
in a network, the main procedure of FAP is the assignment of frequencies to transmitters,
keeping interference at an acceptable level, and making use of the available frequencies
in an efficient way. Such constraints of interference are related to the use of the same (or
almost the same) frequencies for transmitters within a certain range from each other. The
smaller the distance is among transmitters, the stronger the interference is that occurs.
Therefore, it is suggested that the difference in frequency assignments should be greater.

The graph theory introduces an effective model for this problem. The interference
between transmitters is modeled as a graph, and this graph is called an interference graph
G(V,E). Every vertex from V(G) stands for a unique transmitter. Any two vertices are
adjacent (connected by an edge) if and only if the broadcasting of their corresponding
transmitters may interfere. The frequency channels are labeled by positive integers. Hence,
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the vertex coloring (labeling) problem of the graph G with some constraints on the labeling
is equivalent to FAP [1], where it is shown that the propagation of the signal may lead
to interference in regions with a large distance from each other. As a result, not only
must nearby transmitters be assigned different frequencies but they should be effectively
separated. This results in the modeling of FAP as distance-constrained labeling of the graph
G. For some services, it is adequate that the transmitters should have distinct frequencies;
moreover, the nearby transmitters inquired to use channels with appropriate separation.
In this situation, FAP is equivalent to the radio labeling problem of the graph G (see ref. [2]).
The radio labeling problem of graph G is described as follows. Let G = (V(G), E(G))
be a connected graph. For any u,v € V(G), let d(u,v) denote the distance between two
vertices u,v. That is d(u,v) stands for the length of the shortest path between u, v. The
maximum distance between any two vertices in G is defined as the diameter of G and
denoted as diam(G). Thus, diam(G) = max{d(u,v) : u,v € V(G) }. A radio labeling of G
is a one-to-one mapping L from V(G) to N, where N is the set of natural number, satisfying
the condition

|L(u) — L(v)| > diam(G) +1—d(u,v). Forallu, v € V(G).

The span of a labeling L is the maximum integer (span) that L assigns to a vertex in G.
The main objective of the radio labeling problem is to find the minimum span over all such
labeling L of the graph G. Such minimum span is denoted as r1(G) or the radio number
of G. Saha [3] introduced an algorithm that determines the lower and upper bounds of
the radio number of a graph. Badr and Moussa [4] proposed the development of Saha’s
algorithm and introduced a novel mathematical model for the radio labeling application.
The radio labeling problem has been studied for different families of graphs [5-18]. For
more details about the mathematical models, the reader can refer to [19-30].

As the number of wireless networks and services increase, this leads to many transmis-
sion stations that may be close to each other. Consequently, in most cases, there is at least
one transmission station that will overlap with many other stations. This inhibits the ability
of the receiver to decipher incoming signals. This concept is illustrated in Figure 1, which
shows a typical situation in which the signal of transmission stations A and B overlap in
the vicinity of transmission station C as in Figure 1a, while Figure 1b shows the modeling
of this interference by path graph. Whenever the number of transmission stations increases,
as Figure 2a, every station hopes to increase its coverage area, which leads to more physical
overlapping and hence, more radio frequency interference. This situation can be modeled
by the friendship graph as shown in Figure 2b.

‘o—o—o

A C B

@ ()

Figure 1. Path graph for modeling frequency interference of stations A, B and C. (a) Physical frequency
interference. (b) Path interference graph.

The objective of the present paper is to study the radio labeling of friendship networks
(F34, Fyx, Fsx,and Fgy). On the other hand, a mathematical model is proposed to find
the upper bound of F3x, Fyr, Fsx,and Fg. A computational study is presented to prove
the efficiency of our results compared to the previous results. Finally, the empirical study
shows that the proposed results outperform the previous results according to the upper
bound of the radio number and the running time.
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(@ (b)

Figure 2. Friendship graph for modeling frequency interference of stations A, B, C, D, E, F
and G. (a) Many transmitting stations and more Physical frequency interference. (b) Friendship
interference graph.

The rest of this paper is organized as follows. Section 2 presents the upper bounds
for the radio number of the above-mentioned friendship graphs. The integer linear pro-
gramming model of radio labeling of such friendship graphs is presented in Section 3. In
Section 4, we present an experimental study for comparing results obtained in Sections 2
and 3, and algorithms that solved the same problem from [3,4]. The conclusion of this
paper and future work are presented in Section 5.

2. Radio Number of Friendship Graph
In this section, we seek to find the upper bound of r11(G) where G is a friendship graph.

Definition 1. For the given positive integers k, m, a friendship graph, denoted as F,, i, is represented
as k cycles (blocks), each of length m, and all have one common vertex. For an illustration, F5 . is
shown in Figure 3.

Xk+2 x2

X2k+1

Xr+1

Xy Xi+a

Figure 3. F3 ;. with labeling of vertices.

Definition 2. The order of the graph G is the cardinality of its vertex set V(G).

Theorem 1. The radio number of the friendship graph Fs ;. is its order.

Proof. Following Definition 1 for F;x, we find that diam(F;x) = 2, |V (Fsy)| = 2k + 1, and
d(x,-, x]-) > 1 for any x;, xj € V(F5x) and i # j. Since any radio labeling L is one-to-one, it

follows that
rm(Fyx) > |V(Esp)| €]
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Define the map L with codomain {0,2,3, - - - ,2k + 1} as follows:

L(x1) =0;
L(x))=12<i<2k+1

Now, we claim to prove that ‘L(xi) — L(xj) ‘ > diam(Fy) +1—d(x;, xj), that is
!L(xi) - L(x])‘ >3- d(xl-, X]) for all x;, X;j € V(F3,k) and i # ]

Casel.Let2 <i<k+1land2 <j<k+1. Then, |L(xi)fL(x]-)| =li—j|>1
Since d(x;, xj) = 2, L(x;) — L(xj)| > 3—d(x,, ]
Case2. Leti=1,j€{2,3,--, . L(x;) ( )| =
Since d (x;, xj) = 1.C0nsequently, L(x )fL( ]) 3 d Xi, Xj).
Case3. Leti,j € {k+2,k+3,-- —L(x )| > 1. Since, d(x;, xj) = 2.
Therefore, |L(x;) — L(x;)| >3 — d(xl,x])
Case 4. Leti € {2,3,--- ,k+1},j j L(x)) —L(xj)| = [k+i—i] =k > 2.
Since d(x;, xj) = L(x;) = L(xj)| >3 —d(x;,xj).
Case5. Leti € {2,3,--- ,k+1},je{k+2,k+3,---,2k+1}, foreveryj# k+1,
|L(x,<) - L(x]-)| =l|i—j| > k—1wherek > 2. Moreover,d(x,-,x]-) =2.

Hence, |L(x;) — L(xj)| >3- d(xi,xj),

Thus, L is a radio labeling of F; s and

[0—jl=j>2

rn(Fyp) <2k +1 (2)
From Formulas (1) and (2), rn(F3 ;) = 2k+1. O
For more illustrations, Figure 3 shows F; ; with labeling of vertices.

Theorem 2. Let k > 2 and G = F . be a friendship graph with blocks each of length 4 and
|V (Fyp )| =3k +1then rn(Fy ) < 7k + 1.

Proof . Define the map L as follows:

0, i=j=0
) 3+i-1, j=01<i<k
L("f“’) k+1+43,  j=11<i<k

4k +1+ 3, j=21<i<k
Since diam (Fyj) = 4, we claim to prove that |L(x,) — L(xy)| > 5 —d(xy, x,) forall x,, x, €
V(Fyy) and u # v.
Case 1. Letj = 0,1 < i < k, then ‘L(xo) L (%)

d(xo, xik+i> = 2. Consequently, [L(xg) — L(xij)
Case 2. Letj € {1,2}, 1 <i < k,then

=10—(3+4+i—1)| = 2+i. Since
>5— d<xo, xjk+i>-

o) L(sp)|-

k+1+3i, j=1
4k +1+3i, j=2

Since d(xo, x]‘k+1‘> =1. Consequently, L(XO) —L (xjk+i> >5— d(XO, x]‘k+1‘) .

Case3.Letje {1,2},1<t<kand1<i<k

A o) = {é oy
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Consequently,
2i+k—1, j=landi=t
) 2i+4k—1, j=2andi=t
‘L(xz)—L<x]k+t>’* 3i—t+k—1 j=1landi#t
3i—t4+4k—1 j=2andi#t

4, i=t
oyt = {21
Hence, ’L(xi) — L(xjk+,) ‘ >5— d(xi, xjk+,).
Case 4. Let j, m be elements of {1,2},1 <t <kand1 <i<k.
Then, d (xjk+i, xmk+t> = 2. Moreover,

Therefore,

_ 3k, jAEmandi=t
’L(x]k+l) L( x”‘k“)‘ N {3(1' —t), j=mandi#t
Then, L(xjk+i> - L(xmk+t)‘ >5— d(xjk+i/ xmk+t>~
Case 5. Letj=0,1<i< t<k, then d(x]-k+,-, x]-kH) =4and
‘L(xjh_i) - L(x]-k+t)‘ =|34+i—1—(B3+t—1)| =t—i> 1 Therefore,

‘L<xjk+i> - L(xjk+t> ’ =25— d<x/’k+i/ xjk+t>~
From the above cases, the radio condition holds and L is a radio labeling of F; j and

rm(Fy () <7k+1. O

The graph F; ; with labeling of vertices is presented in Figure 4.

X1

X3

Figure 4. F; ; with labeling of vertices.
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Theorem 3. Let k > 2 and G = F5 i be a friendship graph with blocks each of length 5 and
|V(Fsx )| =4k +1 then, rn(Fs ;) < 8k+1.

Proof. Define the map L as follows:
Let k be an odd number, and then

0, i=j=0
34i-1, j=01<i<k

L(xjsi) = k+20i+1), j=11<i<k
Bk+2(i+1), j=21<i<k

Sk+3i+1, j=31<i<k

while
0, i=j=0
3+i—-1, j=01<i<k
k+2(i+1), j=1,1<i<k
L(xjk+i) ={ 3k+4, j=2i=
3k+3+2 j=2,2<i<k
5k+5 j=3i=1

Sk+1+43i j=32<i<k

whenever k is an even number.
Since diam(Fs5y) = 4, we claim to prove that |L(x,) — L(xp)| > 5 — d(xy, x,) for all
Xu, %o € V(Fs5y) and u # v.

Case1. Letj = 0,1 <i <k and then, ‘L(xo) —L(xjk+i) —0-@+i-1)] =2+i.
Since d(XQ, xjk+,') = 2. Then, L(xg) — L(xjk+i) >5— d(xg, xjk+i) .
Case2. Letj=1,1< i<k and then ‘L(xo) - L(x]-H,-) = 0— (k+2i+2)| = k+2i+
L(XO) — L<xjk+i) > 5— d(XQ, x]‘k+i) .
L(x0) — L(x]-H,-) =0— (3k+2i+2)| =3k+2i+2>
3. Moreover, d(xo, xij) € {1,2}. Consequently, |L(xg) — L(xijri) >5— d(xo, xjk+i).
Case 4. Letj =3, 1 <i <k, and then
‘L(xo) - L(xjHi) = |0— (5k+3i+1)| =5k+3i+1 > 3. Since, d(xo, x]-k+,-) € {1,2},
then, |L(xo) — L(xijri) >5— d(xo, xjk+i).
Case 5. Letj =0, 1 <i <t <k and then ’L(xjk+i) —L(xjk+,)‘ = |L(x;) — L(x¢)| =
t—i>1.
Since d<xjk+i/ xjk+t> =4, then ‘L<xjk+i> —L (xjk+t> ‘ >5— d<xjk+i/ xjk+t>-

Similarly, we can prove that the radio condition holds for every pair of vertices from
V(Fs, ), and L is a radio labeling of Fs j that proved rn(Fs5 ;) < 8k+1. O

2 > 3. Since d(xo, x]-k+,-> € {1,2}. Consequently,

Case 3. Letj=2,1<i<kthen,

For more illustrations, Fs ; with labeling of vertices is presented in Figure 5.
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X2k+1 X1

Xie+1

x; ¢

Xpsz €

i X3k

Figure 5. F5 ; with labeling of vertices.

Theorem 4. Let k > 2, Fy i be a friendship graph with blocks each of length 6 and |V (Fgy )| =
5k +1 and then rn(Fg i) < 17k + 1.

Proof. Define the map L as follows:

0, i=j=0
4+i-1, j=01<i<k
k+e6, j=Li=1

L(x. .)_ k+10+3(i-2) j=12<i<k
Jhi 4k 44+ 3i j=21<i<k
7k +7 j=3i=1
7k+11+5(i—-2) j=32<i<k
12k+5i+1  j=32<i<k

Since diam(Fg ;) = 6. From the above definition of the labeling function L and
Figure 6, one can prove that the radio condition |L(x,) — L(xy)| > 7 — d(xy, x,) holds for
all x,, x, € V(Fg, i) and u # v. Moreover, rn(Fg ) <17k+1. O

X2k+1 Xie+1 Xsk X2k

|

X2

Figure 6. F; | with labeling of vertices.
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A friendship F; , with labeling of its vertices is shown in Figure 6.

3. Integer Linear Programming Model

A new mathematical formulation for the radio labeling problem is proposed for
F3 &, Fix F5 k, and Fy . We next describe the problem of finding the radio labeling
problem for a graph in terms of an integer programming problem [4]. Let G be a connected
graph of order n with V(G) = {uy,u, --- ,u, } and let D = [d;j] be the distance matrix of
G, that is, dij =d (ui, u j) for 1 <i, j < n. We suppose that v; are the labels of the vertices u;
such that 1 < i < n. Now, we can introduce the mathematical model for the radio labeling
problem as an integer programming model. We define the function F by

minF =vy+vy+ -+ 0y,
subject to
|v,-fv]-| zdiaerlfd(u,-,uj) forl<i<n—12<j<nandi<j

where v1,vp,- -+, v, € {0,1}
The radio number of the graph G = maxi<j<,{v;}.

4. Computational Study

We carried out a computational study to measure the efficiency of the proposed upper
bounds by Theorems 1-4 compared to the results of the algorithms introduced in [34].
Moreover, the comparison between the results of those Theorems and the mathemati-
cal model introduced in Section 3 is also presented. All of these are compatible with
a PC with a Core i7 CPU@2.8 GHz, 8 GB of RAM, and a 64-bit operating system. The
computational studies were carried out using MATLAB R2016a and the MS Windows 7
Professional system.

According to the upper bound of the radio number of F3, Table 1 and Figure 7 show
that the proposed results in Theorem 1 outperform the proposed results in [3] for k when it
is odd. When k is even, the same results occur. On the other hand, the proposed results in
Theorem 1 outperform the proposed results in [4] for every k.

Table 1. A comparison among our results, [3], and integer programming results [4] for F3 ;.

Saha [3] ILPM [4] Theorem 1
k " rm(Fz ) CPU Time rm(Fz ) CPU Time rn(Fs)
1 3 4 0.024824 4 0.07009 3
2 5 5 0.026428 7 0.056758 5
3 7 8 0.028891 10 0.060813 7
4 9 9 0.035933 13 0.066483 9
5 11 12 0.035994 16 0.067994 11
6 13 13 0.03913 19 0.07225 13
7 15 16 0.03958 22 0.073795 15
8 17 17 0.041326 25 0.078172 17
9 19 20 0.044408 28 0.078172 19
10 21 21 0.045015 31 0.080299 21
11 23 24 0.047039 34 0.088287 23
12 25 25 0.047221 37 0.102373 25
13 27 28 0.048065 40 0.160287 27
14 29 29 0.04859 43 0.182859 29
15 31 32 0.092601 46 0.272814 31
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Number of Blocks

Figure 7. A comparison among our results, the Saha algorithm, Saha, L., et al., 2012 [3]; and integer
programming according to the upper bound of the radio number of F; ; from Badr, et al., 2020 [4].

According to the running time, Table 1 and Figure 8 show that the proposed results
in Theorem 1 take the constant time complexity O(1), while the proposed results in [3]
take O(1%). On the other hand, the proposed results in Theorem 1 take less time than the
proposed results in [4].

0.3
/ ——Saha [3]

0.25

02 / ——ILPM[4]
0.15 / = Theorem 1
/
0.05 /

0 L e e B e e s e e e
12 3 4 5 6 7 8 9 10 11 12 13 14 15

Number of Blocks

CPU Time

Figure 8. A CPU time comparison among our results, the Saha algorithm, Saha, L., et al., 2012 [3];
and integer programming of F3 ; from Badr, et al., 2020 [4].

According to the upper bound of the radio number of Fy , Table 2 and Figure 9 show
that the proposed results in Theorem 2 outperform the proposed results in [3] for k = 1, 2.

Table 2. A comparison among our results, [3], and integer programming results [4] for Fy.

Saha [3] ILPM [4] Theorem 2
k " rn(Fy) CPU Time 1 (Fy) CPU Time 1 (Fy)
1 4 10 0.025561 11 0.051869 8
2 7 16 0.027393 17 0.053149 15
3 10 22 0.02758 23 0.055986 22
4 13 29 0.028133 30 0.056235 29
5 16 36 0.030245 37 0.067974 36
6 19 43 0.030387 44 0.067994 43
7 22 50 0.031081 51 0.06921 50
8 25 57 0.031635 58 0.071135 57
9 28 64 0.031749 65 0.07225 64
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Table 2. Cont.

Saha [3] ILPM [4] Theorem 2
k " 1 (Fy) CPU Time 1 (Fy) CPU Time rn(Fy )
10 31 71 0.035689 72 0.073031 71
11 34 78 0.038289 79 0.106774 78
12 37 85 0.043385 86 0.107721 85
13 40 92 0.043505 93 0.160287 92
14 43 99 0.044422 100 0.182859 99
15 46 106 0.054716 107 0.200691 106
120
100 ~

80 / Saha [3]
60 / ——ILPM [4]
40 / e Theorem 2
20 /

0 — T — 71— T
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
Number of Blocks

Upper bound of radio numbers

Figure 9. A comparison among our results, the Saha algorithm, Saha, L., et al., 2012 [3]; and integer
programming according to the upper bound of the radio number of F; ; from Badr, et al., 2020 [4].

For k =3, 4,...,15, the same results occur. On the other hand, the proposed results in
Theorem 2 outperform the proposed results in [4] for every k.

According to the running time, Table 2 and Figure 10 show that the proposed results
in Theorem 2 take the constant time complexity O(1) while the proposed results in [3]
take O(1%). On the other hand, the proposed results in Theorem 2 take less time than the
proposed results in [4]
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0.05 —
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Figure 10. A CPU time comparison among our results, the Saha algorithm, Saha, L., et al., 2012 [3];
and integer programming of Fy ; from Badr, et al., 2020 [4].
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According to the upper bound of the radio number of Fs, Table 3 and Figure 11 show
that the proposed results in Theorem 3 outperform the proposed results in [3] for k = 1.

Table 3. A comparison among our results, [3], and integer programming results [4] for Fs .

Saha [3] ILPM [4] Theorem 3

k " rn(Fs) CPU Time rn(Fsy) CPU Time n(Fs)
1 5 12 0.013394 14 0.033658 9

2 9 17 0.013676 24 0.038117 17

3 13 25 0.021828 35 0.048892 25

4 17 33 0.045767 46 0.050592 33

5 21 41 0.159417 57 0.053916 41

6 25 49 0.170631 68 0.057428 49

7 29 57 0.212698 79 0.064091 57

8 33 65 0.248107 90 0.124051 65

9 37 73 0.253468 101 0.133257 73
10 41 81 0.285491 112 0.162882 81
11 45 89 0.286759 123 0.221091 89
12 49 97 0.450209 134 0.23193 97
13 53 105 0.454764 145 0.23485 105
14 57 113 0.604194 156 0.312935 113
15 61 121 0.621928 167 0.317238 121
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120 / -
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40 === Theorem 3
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12 3 4 5 6 7 8 9 10 11 12 13 14 15

Number of Blocks

Upper bound of radio numbers

Figure 11. A comparison among our results, the Saha algorithm, Saha, L., et al., 2012 [3]; and integer
programming according to the upper bound of the radio number of Fs5; from Badr, et al., 2020 [4].

Fork =2, 3,4, - - ,15, the same results occur. On the other hand, the proposed results
in Theorem 3 outperform the proposed results in [4] for every k.

According to the running time, Table 3 and Figure 12 show that the proposed results
in Theorem 3 take the constant time complexity O(1), while the proposed results in [3]
take O(n%). On the other hand, the proposed results in Theorem 3 take less time than the
proposed results in [4].
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Figure 12. A CPU time comparison among our results, the Saha algorithm, Saha, L., et al., 2012 [3];
and integer programing of F5; from Badr, et al., 2020 [4].

According to the upper bound of the radio number of F s, Table 4 and Figure 13 show
that the proposed results in Theorem 4 outperform the proposed results in [3] for k = 1.
Fork =2, 3,4,---,15, the same results occur. On the other hand, the proposed results in
Theorem 4 outperform the proposed results in [4] for every k.

Table 4. A comparison among our results, [3], and integer programming results [4] for Fg .

Saha [3] ILPM [4] Theorem 4

k " n(Fe ) CPU Time rn(Fg ) CPU Time rn(Fe )
1 6 22 0.026524 24 0.033143 18

2 11 36 0.029344 44 0.038123 35

3 16 52 0.030768 62 0.040921 52

4 21 69 0.049229 80 0.042084 69

5 26 86 0.092921 98 0.045056 86

6 31 103 0.094403 117 0.046653 103

7 36 120 0.129486 136 0.046656 120

8 41 137 0.258403 155 0.047893 137

9 46 154 0.281746 174 0.04914 154
10 51 171 0.314351 193 0.05036 171
11 56 188 0.417131 212 0.060892 188
12 61 205 0.488938 231 0.06789 205
13 66 222 0.59044 250 0.075292 222
14 71 239 0.703049 269 0.08014 239
15 76 256 1.08618 288 0.09014 256

According to the running time, Table 4 and Figure 14 show that the proposed results
in Theorem 4 take the constant time complexity O(1), while the proposed results in [3]
take O(1%). On the other hand, the proposed results in Theorem 4 take less time than the
proposed results in [4].
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Figure 13. A comparison among our results, the Saha algorithm, Saha, L., et al., 2012 [3]; and integer
programming according to the upper bound of the radio number of Fg from Badr, et al., 2020 [4].
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Figure 14. A CPU time comparison among our results, the Saha algorithm, Saha, L., et al., 2012 [3];
and integer programming of Fy ; from Badr, et al., 2020 [4].

5. Conclusions

In this paper, the radio labeling of friendship networks (F3, Fax, Fsx, and Fg)
are studied. Additionally, a mathematical model is proposed to find the upper bound of
(F34, Fap, Fsi,and Fgp). A computational study is presented to prove the efficiency
of our results compared to the previous results. Finally, the empirical study shows that
the proposed results overcome the previous results according to the upper bound of the
radio number and the running time. In future work, we will find an upper bound of
the radio number of general friendship networks F, ;. Moreover, new algorithms and
development of known algorithms will be proposed to find the radio numbers of the
different radio networks.
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1. Introduction

A commutative residuated lattice is defined as an algebra (L, A, V, -, —, ¢) of type (2,2,2,2,0)
satisfying the following conditions:(RL1) (L, A, V) is a lattice; (RL2) (L, e) is a commuta-
tive monoid with identity ¢; and (RL3) (Vx,y,z € L) x-y < z <=y < x — z, where < is
the lattice ordering.

Sometimes, commutative residuated lattices are also called commutative residuated
lattice-ordered monoids and abbreviated by CRLs. It is well known that (RL3) holds if and
only if < is compatible with - and foralla,b € L, {p € L : a- p < b} contains a greatest
element (denoted by a — b).

A CRL Lis called idempotent if for alla € L, a - a = a; is called integral if for alla € L,
a < e;is called totally ordered if for all a,b € L, a < b or a > b; is called semilinear when it
is a subdirect product of totally ordered CRLs; and is called conic if foralla € L,a < e or
a > e (see [1-4]). A semilinear idempotent CRL is said to be an odd Sugihara monoid if for
alla € L, (a — e) — e = a. An integral idempotent CRL is said to be a Brouwerian algebra
ifforalla,b € L,a-b=aAb. Asin [4],a CRL L is called semiconic when it is a subdirect
product of conic CRLs.

Ward and Dilworth were the first to study a class of algebra as a generalization of
ideal lattices of rings in [5], which we call commutative residuated lattices. CRLs play an
important role in the study of algebraic logic, as they provide an algebraic semantics for
substructural logics (see [6]). The multitude of different types of CRLs makes the investiga-
tion rather complicated, and at the present moment, large classes of CRLs lack a structural
description. The study of constructions is very important in enhancing our understanding
of CRLs and, as a result, of substructural logics. Hart, Rafter and Tsinakis were the first to
study the structure theory of CRLs in [7]. In [8], the authors extend the main results of [7] to
the non-commutative case. More recently, there has been substantial research regarding the
structure of some specific classes of CRLs, see, for example, [9-12]. Idempotent CRLs form
an important tool both in algebra and logic (see [6]). Among them, semiconic ones make
a valuable contribution because they include several important algebraic counterparts of
substructural logics (see [13]). Recently, algebra properties for semiconic CRLs have been
given by many authors (see [1,2,4,6,14-19]). In [20], the authors obtain a structure theorem
for semilinear idempotent CRLs. In this paper, we will study the construction of semiconic
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idempotent CRLs. From the semigroup algebraic perspective, idempotent CRLs are indeed
ordered semigroups (for ordered semigroups, see [21]). The natural partial order plays
an important role in the investigation of semigroups (see [22,23]). We will make use of the
natural partial order to obtain some important properties and then establish a structure
theorem of semiconic idempotent CRLs, which generalizes the main result of [20].

We proceed as follows: in Section 2, we present some definitions and facts used in the
sequel. In Section 3, we obtain some properties of semiconic idempotent CRLs. In Section 4,
we give a structure theorem for semiconic idempotent CRLs, which generalizes the main
result of [20]. In Section 5, we prove that the variety of strongly semiconic idempotent
CRLs has the amalgamation property, which generalizes the main result of [10].

2. Preliminaries

In this section, we will list some facts about CRLs.

A monoid (M, -, e) is said to be a po-monoid when it is also a poset (M, <), and in which
< is compatible with - in the sense that (Va,b,c e M)a < b= c-a<c-ba-c<b-c.
A po-monoid (M, -, e, <) is said to be a lattice-ordered monoid when (M, <) is a lattice.
A lattice-ordered monoid (M, -, e, <) is said to be idempotent if foralla € M, a-a = a; is
said to be commutative when the monoid reduct (M, -, ¢e) is a commutative monoid; and
is said to be conic, if for alla € M, a < e or a > e. For convenience, we simply write
a-basabfora,b e M. The reader is referred to reference [21] for detailed information on
lattice-ordered monoids.

We need the following results.

Lemma 1 ([19]). Let (M, -, e, <) be an idempotent lattice-ordered monoid with identity e, and
a,b e M.

(1) aNb<ab<aVb.

(2) Ifa,b>e, thenab=aVb.

(3) Ifa,b<e, thenab=aANb.

(4) Ifa <e<ab,thenab=Db.

(5) Ifab <e<a,thenab="b.

Let (L,A,V,-,—,¢) be a CRL and < shall always denote the lattice order of L in
this paper.

Lemma 2 ([6,24]). Let (L,A,V,+,—,e) bea CRL and a,b,c € L.
(1) a(bVc)=abVac.

(2) a—(bAc)=(a—b)N(a—c).

(3) (bVvce)—a=(b—a)A(c— a).

4 bb—a)<a

(5) e<a—a

6) ((a—b)—b)—=b=a—0b.

(7) a— (b—c)=(ab) —>c.

From now on, we denote @ — e and (a2 — ¢) — e by a* and a**, respectively. Next,
we shall present some known facts on conic idempotent CRLs used in later proofs. More
details on semiconic residuated lattices can be found in [2,4,25].

Lemma 3 ([4]). Let L be a conic idempotent CRL, and a,b € L.

(1) Ifaand b are incomparable, then a* = b*.

(2)  The elements a and b* are comparable.

(3) adbifandonlyifa —b<e.

(4) Ifa<e(a>e) thena* =a—a>e(a* <e).
(5) {a*:a€L}isachainin (L, A, V).
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3. Some Properties

To begin with, we obtain some properties of conic idempotent commutative lattice-
ordered monoids.

Now let (L, -, e, <) be a conic idempotent commutative lattice-ordered monoid. Since
the monoid reduct of L is an idempotent commutative monoid, we define the natural partial
order on L as follows: fora,b € L,

a < bif and only if ab = a.

Itis clear that (L, <,) is a semilattice. For a,b € L, a || b [resp. a ||, b] means that a and
b are incomparable under < [resp. <;], and a < b [resp. a <, b] means thata < b [resp.
a <, b]l. Foranyc e L,a <c <blresp. a <, ¢ <, b] implies eithera = cor b = c. Let
aNpgb=max{ceL:c<,ab}landaV,b=min{c € L:a,b <, c}ifitexistsin (L, <;).

Proposition 1. Let (L, -, e, <) be a conic idempotent commutative lattice-ordered monoid. The fol-
lowing statements are true for a,b € L:

(1) Ifa,b<e thena <, bifandonlyifa <b.
(2) Ifa,b>e, thena <, bifandonlyifa > b.
(3) al bifandonlyifa ||, b.

(4) Ifa|banda <e thenaN,b=aAb.
(5) Ifa|banda>e thenaNyb=aVb.

Proof. (1) Leta, b € Lbesuch thata, b < e. Then, by Lemma 1(3),a <, b <= ab = 1 <
aANb=a<=a<b.

(2) This is similar to (1).

(3) If a || b, then since L is conic, a,b < eora,b >e. Ifa,b < e, thenby (1), a }f, bis
impossible. Thus, a ||, b. Similarly, if a,b > ¢, then a ||, b. Conversely, leta,b € L such
thata ||, b. Suppose thata < e <borb < e < a. Then, since L is conic, by Lemma 1(4,5),
ab = a or ab = b, which implies thata <, b or b <;; g, a contradiction. Hence, a,b < e or
e <a,b. Thus, by (1) and (2), 4 || b.

(4) Leta,b € Lsuchthata || band a < e. Then, by Lemma 1(3), a Ab = ab. Letc € L
such that ¢ <, aand ¢ <, b. Then, ca = cand ¢b = ¢, so cab = c¢b = c. Thus, ¢ <, ab. Since
ab <,aand ab <, b,aANb=ab=aA,b.

(5) Leta, b € Lsuch thata || band a > e. Then, by Lemma 1(2),ab =aV b > a,b > e.
Soby (2),aVb <,aandaVb <, b. Letc € Lsuchthatc <, aand c <, b. Then, ca = ¢
and cb = ¢, so cab = cb = ¢. Thus, ¢ <,, ab = a \V b. Therefore,a A\, b =aVb. O

Secondly, we obtain some properties of conic idempotent CRLs.

Proposition 2. Let L be a conic idempotent CRL. The following statements are true for a,b € L:

(1) Ifa<e thena <, a*and a* }f, b.

(2) Ifa<eanda <, b <,a* thenb <e.

(3) Ifa>e, thena* <, aanda* }f, b.

(4) Ifa>eanda” <, b <, a, thenb>e.

(5) Ifa|banda<e thenaVy,b=aVband (a \Nb)* =a*.

Proof. (1) Leta,b € Lsuch thata < e. Then,ae = a < ¢,andsoa <e <a — e = a*.
Since a(a — e) < e by Lemma 2(4), a(a — ¢) = a by Lemma 1(5), which implies that
a <n a — e = a*.Since by Lemma 3(2), a* }f b, by Proposition 1(3), a* }t, b.

(2) Leta € Lsuchthata < eanda <, b <, a* =a — e. Then, ab = a < ¢, and so
b <a— e =a". Suppose that b > e. Then, since by Lemma 3(4), a* > ¢, by Proposition 1(2),
a* <, b, contrary to b <, a*. Thus, b < e.

(3) This is similar to (1).

(4) This is similar to (2).
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(5) Leta,b € Lsuch thata,b < eanda || b. Sincea,b <aVb<eby(1),a<,aVb
and b <, aVb.Letd € Lsuchthata <, dand b <, d. Then, ad = a and bd = b, so
d(aVb) =daVvdb = aVbbyLemma 2(1). Thus, a Vb <, d. Therefore, aV,b = aVb.
Becausea ANb<a <ea*=a—e<(aAb) —e= (aAb)" by Lemma 2(3). Suppose that
a* < (aAb)*.Then,a Ab<a<a* < (aNb)*,soby (2),a* <e. Butsincea < e, a* > eby
Lemma 3(4), a contradiction. Thus, a* = (a Ab)*. O

Proposition 3 ([2]). Let L be a conic idempotent CRL, and let a,b € L such thata <e.Ifb <a
orall b, thena—b="bora—b| a

Let (L, <) be ajoin-semilattice, and let L}, = LU {L} suchthat L <aforallac L. L
is said to be an upper pre-lattice when L is not a lattice and (L, <) is a lattice. Let L be a
lattice and C C L. Cis said to be an upper pre-sublattice of L if C is an upper pre-lattice and
there exists a4 € L such that (CU {a}, <) is a sublattice of L. Similarly, we can define the
lower pre-lattice and lower pre-sublattice.

Let L be a conic idempotent CRL. We define the following sets: Lt = {a € L:a > ¢},
L-={bel:b<e},L*={jel:(qaecl)j=a"},L* ={jelL*:j<e}
and L*" = {je L* :j>e} ={jeL*: (Jiel)j=i} Foreveryj e L* let
Lij={ceL:c™ =j}. By Lemma3(4), L; C L* forallj € L**. Since a* <, a™ <, a <, e
for all 2 > e by Proposition 2(1,3) and Lemma 3(4), a** > e by Proposition 2(4). It follows
that L; C L™ foralli € L*~. Because L*~ C L* and (L%, <) is a chain by Lemma 3(5),
(L*~, <) is a chain. It is clear that L* = L*~ U L*T.

We have the following result, which generalizes ([15] Theorem 3.2).

Theorem 1. Let L be a conic idempotent CRL.

(1) Ifa €L, thena € L* ifand only if a** = a.

(2) Ifi,l € L*, theni = lifand only if i* = I*. In addition, i <, i* foralli € L*~ \ {e}.

(3) Ifj,s € L* such that j # s, then LN Ls = @.

(4) Ifi € L*~, then L; is a sublattice of (L, A, V) and (L;, A, V, -, —1,1) is a Brouwerian algebra,
where —i is given by x =i y = (x — y) Aiforall x,y € L;.

(5) Ifj=i* € L**, then L; has a greatest element j and is either a sublattice of L or an upper
pre-sublattice of L.

(6) Ifil € L* suchthati#1,a € Li,be€ Ljandc € Lix,d € Ljx theni <l <= a < b <=
c>d.

(7). Ifi€ L™ and j =i* such that L; is an upper pre-sublattice of L, then there exists | € L™~
such thati < 1in L*~ and (L; U{I*}, <) is a sublattice of L with a least element I*.

(8)  If L satisfies that (x Ay)* = x* V y* , then L; is a sublattice of L for all i € L**.

(9) Ifiel*,lel* andaeL;,be€L,theni<,l<a<,b.

(10) L is finitely subdirectly irreducible if and only if L, is a finitely subdirectly irreducible
Brouwerian algebra.

(11) L* is a totally ordered odd Sugihara monoid and subalgebra of L, that we call its skeleton.

Proof. (1) We only need to verify the necessity because the sufficiency is clear. Suppose that
a € L*. Then, there exists ¢ € L such that c* = a. Thus, by Lemma 2(6), a = ¢* = ¢*** = a**.

(2) We only need to prove the sufficiency because the necessity is obvious. Suppose
that i* = [*. Since i,/ € L*~ by assumption, i = i** = [** = [ by (1). Leti € L*~ \ {e}.
Then, by Proposition 2(1), i <, i*. Leta € L such thati <, a <, i*. Suppose that
i <pa<yi*. Ifa> e, then by Proposition 2(2), a < e, a contradiction. If a < ¢, then since
i=1" <y a<,i* a> ebyProposition 2(4), a contradiction. Consequently, i <, i*.

(3) Tt is obvious.

(4) Leti € L*~ and let x,y € L;. Then, x** = y** = i, which, together with (x V
y)* = x*Ay* € {x*,y*} by Lemmas 2(3) and 3(5), derives that (x V y)** = i, whence
xVy e L. Ifx <yory < x, then (xy)* = (x Ay)" = x" or (xy)* = (xAy)" =y*,
and so (xy)** = (x Ay)*™ = i, which implies that xy = x Ay € L;. If x || y, then by
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Proposition 2(5), (xy)* = (x Ay)* = x*, and so (xy)** = (x Ay)** = i, which implies
that xy = x Ay € L;. Thus, L; is a sublattice of (L, A, V). By (1),i € L;. Letc € L;. Then,
c<(c—e) = e=c"—e=c" =i Thus,iis the greatest element of L;, and so (L;, -, i, <)
is an integral idempotent commutative lattice-ordered monoid with an identity i. We can
claim that max{z € L; : xz <y} = (x — y) Aiforall x,y € L;. To prove this, we consider
the following cases:

o Ifx<ytheni<e<x— ybyLemma3@3)andsomax{z € L;:xz<y}=i=(x —

y) A
e Ifx > yorx | y then by Proposition3, x - y = yorx — y || x. So (x —

Y =y =ior(x - y)* = x* = iby Lemma 3(1). Thus, x — y € L;, whence

max{ze€ Li:xz<yl=x—-y=(x—=y)Ai
We define x —li y = (x — y) Aiforall x,y € L;. Thus, (L;,A,V,-,—1i,i) is a Brouwe-
rian algebra.

(5) Let j = i* € L**. By similar arguments as in the proof of (4), j is the greatest
elementof Ljand bV ¢ € L; forallb,c € Lj, so L; is a join-semilattice with a greatest element
j. Suppose that L; is not a sublattice of L. Then, there exists b, b’ € L; such that b || b’ and
d=bAb ¢ Lj. Hence,e <d < band d** < b** = jby Lemma 2(3). Let ¢ € L;. Suppose
that ¢ || d. Then, d** = ¢** = j by Lemma 3(1), which is contrary to d** < j. Assume that
¢ < d. Then, d** > ¢** = b** = j by Lemma 2(3), which is contrary to d** < j. Thus, for all
c € Ljd<c. Similarly, if g, g’ € L such that g A g’ & L;, then forallc € L, gAg < c. Tt
follows that d = g A g’ Therefore, (Lj U {d}, <) is a sublattice of L. Consequently, L;isan
upper pre-sublattice.

(6) Leti,l € L*~ suchthati # landleta € L;, b € L. Ifi <[, thenby (4),a <i <
and b < I. Suppose that b < i. Then, b** < i** =i < j, which is contrary to b** = j.
Thus, i < b by Lemma 3(2), whence a < b. Conversely, ifa < b, thena <ianda <b <.
Suppose that I < i. Then, a** < I"* = | < i, which is contrary to a** = i. Thus, i < I.
Similarly, i < | <= ¢ > d.

(7) Leti € L*~ and j = i* such that Lj is an upper pre-sublattice of L. Then, there
exists b, b’ € L;j such that b || VVandd = bAV ¢ L;. Let! = d*. Then, d € L;-. Since
d <b,i <Iby (6). Letk € L*~ such thati < k < I. Suppose thati < k < I. Then, by (6)
d <k* <bb, contrarytod = bAb. Thus,i < lin L*. We have dl = dd* = d(d — ¢) <
e=—d < d* — e=d"* = [*. We claim that [* = d. Otherwise, if d < I*, then since i < [,
j=1i*>1*by (6) and so I* < b,b. It follows that I* < b A D = d. Itis a contradiction.
Thus, I* = d** = d = a Ab. Consequently, (L; U {I*}, <) is a sublattice of L with a least
element [*.

(8) Leti € L*" and a,b € L;. Then, (a Ab)** = (a* vV b*)* = a** Ab*™ = i, and so
aAb e L;. It follows that L; is a sublattice of L.

(9)Sincea € Liandb € Lj,a <i<e<b<Iby(4—5)andi* #e. Then,a <, i
and | <, b by Proposition 1(1-2). Suppose thati <, I. Then, a <, b. Conversely, assume
that a <, b. We claim that a* # e. Otherwise if a* = ¢, thena <, b = ab=a < e —
b <a— e=a" = e whichis contrary to b > e. Consequently, a* > ¢ by Lemma 3(4).
By Proposition 2(1,3), a <, i = a** <, a* and b* <, | = b** <, b. Suppose that ] <, i. If
a<pl thena <, 1 <,i=a"" <, a*, and so by Proposition 2(2), [ < e, which is contrary to
I>e Ifl <y a,thenb” <, I =b** <, a <, b, and so by Proposition 2(4), a > e, which is
contrary to a < e. Consequently, i < I.

(10) Suppose that L is finitely subdirectly irreducible, then e is join-irreducible in
L. Since L, is a sublattice of L, ¢ is join-irreducible in L., which implies that L, is finitely
subdirectly irreducible. Conversely, L. is finitely subdirectly irreducible. Then, ¢ is join-
irreducible in L. By (6), we have thatb < a foralla € Lo and b € L; such thati € L*~ \ {e},
which implies that e is join-irreducible in L. Thus, L is finitely subdirectly irreducible.

(11) By Lemma 3(5), (L*, <) is a totally ordered set, which implies that L* is a sublattice
of L. Let a*,b* € L*. If a*,b* < ¢, then a*b* = a* ANb* € L*. If a*,b* > ¢, then a*b* =
a*Vb* e L*. Ifa* <eb* >cora* > e b* <e, thenby Lemma 1(4,5), a*b* € {a*,b*} C L*.
Thus, L* is closed with respect to multiplication. By Lemma 2(7), we have a* — b* =
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a* — (b — e) = (a*b) — e € L*. Consequently, L* is a subalgebra of L. By Lemma 2(6),
(a* —-e) »e=((a—e) »>e) - e=a—e=a" Itfollows that L* is a totally ordered
odd Sugihara monoid. O

Theorem 2. Let L, K be conic idempotent CRLs and f : L — K be a homomorphism between

conic idempotent CRLs.

(1) f(L*) S K*and f(L;) C Ky foralli € L*.

(2) Ifi € L* such that L; is an upper pre-sublattice of L and f(i) # e, then K ; is an upper
pre-sublattice of K and there exists j € L* such that j < iin L* and f(j) < f(i) in K*.

Proof. (1) Leta € L*. Then, there exists b € L such thata = b*. Since f is a homomorphism,
f(a) = f(b*) = f(b)* € K*, which implies that f(L*) C K*. Leti € L* and a € L;. Then,
a™ =1i,and so f(a)" = f(a**) = f(i), which implies that f(a) € K¢;. It follows that
f(Li) < Ky

(2) Since L; is an upper pre-sublattice of L, i > e by Theorem 1(4), and there exists
a,b € Lisuchthata Ab ¢ L;. Let j = a A b. By the proof of Theorem 1(7),e <aAb=j <i
in L*,and so j < iin L. Hence, i* < j* by Theorem 1(6). It follows that i <, j and i* < j*
by Theorem 1(2). We claim that i <, j*. Otherwise, if j* <, i, then i* <, j* <, i, and
so by Proposition 2(4), j* > e, which is contrary to j* = (a Ab)* < e. Thus, i <, j*.
We have f(a), f(b) € Kgy and f(a) A f(b) = f(aAb) = f(j) € Kg(;) by (1). Suppose
that £(j) = £(i). Then, f(j) = £(i) = f(if") = FDFG") = F(FG)" = F()7, and so
by Proposition 2(1,3), f(i) = f(j) = e, which is contrary to f(i) # e. Consequently,
f(j) # f(i). It follows that K, is an upper pre-sublattice of K and by the proof of
Theorem 1(7), f(j) = f(a Ab) = f(a) A f(b) < f(i)inK*. O

4. The Construction Theorem

In this section, we shall show how to construct a conic idempotent CRL and then prove
that any conic idempotent CRL is isomorphic to some conic idempotent CRL constructed
in this way.

To start with, we introduce some new concepts.

Definition 1. Let (I, <) be a chain with a greatest element e. Let I™ = {i* :i € I\ {e}} such
that INTY = @ and i™ # It for every pair i,] € I\ {e} such thati # 1. Let ] = TUIT.
Let A = {(Aj,<4;) : j € J} bea family of pairwise disjoint nonempty posets indexed by
J. (I I, ]; A) is called a chain expansion system (abbreviated by CE-system) if the following
conditions hold:

(CE1) Ifi € I, then (A;, < 4,) is a Brouwerian algebra with a greatest element i.

(CE2) Ifi* € I, then (Aj+,<a., ) is either a lattice with a greatest element i or an upper
pre-lattice with a greatest element i*.

(CE3) Ifi* € I'" such that (A;+, <a,, ) is an upper pre-lattice, then there exists j € I such that
i<jinl.
Given a CE-system (I, I, J; A),put L= U Aj. Define a binary relation < on the set L
e
as follows. Leta € Aj, b € Ag. a < bin L if one of the following conditions is satisfied:
(P1) j=kecJanda <4, b.
(P2) jkelandj <k
(P3) j=if €I",k=ij eITandi, <ijinl
(P4) jelandke I,

Lemma 4. (L, <) is a lattice.

87



Mathematics 2024, 12,179

Proof. Firstly, we prove that (L, <) is a poset. Obviously, < is reflexive. Next, we prove
that < is antisymmetric. To see this, leta € A;, b € Apsuch thata < band b < a. We
consider four cases:

If j=ke ], thenby (P1),a <a; band b <4, a. Since (4;, §A].) is a poset, a = b.
Suppose j # kand j, k € I. Then, sincea < band b <4, < kand k < j, a contradic-
tion. Thus, j # k and j, k € I is impossible.

By similar arguments as in the previous case, j # k, and j,k € I is impossible.
Similarly, either j € Lk € [T ork € I,j € I'" is impossible.

Next, we prove that < is transitive. Leta € A]-,b € Ay, and ¢ € A; be such thata <b

and b < c. We consider four cases:

j=k=s¢c]. Then, by (P1),a SA]. band b SA/‘ ¢. Since (A]-,SA].) is a poset, a SA/ c.
Thus, by (P1),a < c.

j=k#s.Ifksclandk <s, thenj<s,andsoby (P2),a <c. Ifk = z'1+,s = 1'2+ eIt
such thatip < ijinI, thenj= i1+, andsoby (P3),a <c.Ifk€lands € I, thenj€ I,
and so by (P4),a <c.

j # k = s. Then, by similar arguments as in the prior case, a < c.

j#kandk # s. If j,k,s € I, thenj < kand k < s, and so j < s, which implies
thata < cby (P2). Ifj € Iand s € I, thenby (P4),a < c. If j,k,s € I such that
j= i1+,k = i;,s = i3+, then iz < ip and i < i1 in I by (P3). Since (I, <) is a chain,
i3 < ip,and so by (P3),a < c.

We conclude a < ¢, whence < is transitive.

Finally, we will prove that foralla,b € L,aVband a Abexistin L. Leta € A]-, b e Ay

We consider three cases:

O

Ifa<b,thenaVb=bandaAb=ain L.

Ifb<a,thenaVb=aandaAb="Dbin L.

If a || b, then by the definition of <, j = k. If j,k € I, then since (A]-,SA/.) is a
Brouwerian algebra, a V47 b exists in A j- Letc € Assuch thata, b < c. If s = j, then by
(P1),a <ajc and b <a; 6 and so a VA4 b <ac Thus, by (P1), a vAib < Ifs #J,
then since a < ¢, eithers € Jand j <sors € I, which together with a vAib e A]-,
derives that a V4 b < c. It follows thataVb=a vA bin L. Similarly,a Ab=a A b
inL. Ifj=k=1i" €I",then (A, SA#) is either a lattice or a pre-lattice by (CE2).
If (A, < A, . ) is a lattice or an upper pre-lattice and a A+ b exists, then by similar
arguments as in the prior case, a Vb = a vAit banda Ab = a A%+ bin L. If (A, SA# )
is an upper pre-lattice and a A%+ b does not exist, then by similar arguments in the
prior case, aVb = a vAi+ bin L. By (CE3), there exists t € I such thati < tin I.
We claim that tT = a A b in L. Because t" is the greatest element of (A, < A, L) by
(CE2),tT < a,bby (P3). Let c € A; such that c < a,b. Since (A;+, §A1+) is an upper
pre-lattice and @ A%+ b does not exist, ¢ ¢ A;+, and so by (P3 — 4), either s € I or
there exists I € I such thats = [T and i < [ in I, which implies that either s € I or
s = I such that t < I. It follows that ¢ < t* by (P3 —4). Thus,a Ab =t in L.

We define a multiplication o on L in the following ways: fora € A;, b € Ay,

anb ifjkel,
avb ifjkelt,
a ifj=itelt,keli<korjeLk=I1teI",j<l,
b ifj=it el keli>korje Lk=I1T€I",j>1

aob=

Lemma 5. (L, A,V,o0,e) is a conic lattice-ordered idempotent commutative monoid with identity

e.
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Proof. Itisclearthataoa =aandaob =>boafora,b € L.

Leta € A;. If j € I, then since e is the greatest of I, j < ¢, which together with e is
the greatest element of A, by (CE1), derives thata < eandaoce =a.If j=i" € I, then
i<esoa>eandaoe = a Now, we will show that o satisfies the associative law. Let
ae Aj, b € Ay, c € As. We consider the following cases:

o Ifjksel then(aob)oc= (aAb)oc=aAbAcandao(boc) =ao(bAc) =
aANbAc,whenceao (boc)=(aob)oc.
e Ifjkelands=i" €T, then

(“Ob)°C=(a/\b)oc:{ anb ifjak <i,

c ifi <jnk
and
aob=aAb if k <1,
ao(boc) = {aocaa/\b ifj <i<k,
c ifi <jnk;
anb if jAk <,
{c ifi < jAK.

It follows thatao (boc) = (aob)oc.
e IfjelLk=it,s=I" €I, then

(aob)oc = boc=bVve ifi<j,
aoc=c ifl <j<i
B a ifj <inl,

N {va ifj>inl

{aoca ifj <iAl,

and
a  ifj<iAl

“Owoc):“°(hvcyz{ bve ifj>iAl.

However,ao (boc) = (aob)oc.
e Ifjksel’, then(aob)oc= (aVb)oc=aVbVcandao(boc)=ao(bVc) =
aVbVe whenceao (boc)=(aob)oc.

Finally, we show that < is compatible with o. Leta,b € L be such thata < b. We need
only to prove thataoc < boc for every ¢ € L. Suppose thata € Aj,b € A, c € A;. We
need to consider the following cases:

(1) If j,k,s € I, then by the definition of o,aoc=aAcandboc=bAc.Sincea <,
aoc<boc.

(2)Ifj,k € Iands =it € I'", thena < b < cand j < k. The following subcases need
be considered:

e Ifi < j,theni < k, and so by the definition of 0, a0c = c and boc = ¢, whence
aoc<boc.

e If j < i, then by the definition of o, aoc = aand boc € {b,c}. It follows that
aoc<boc.

(3)Ifj,s € Iand k € It, then by the definition of o, a0c = aAc < ¢ < b and
boce {b,c},whenceaoc<boc.

(4)Ifj € Iand k,s € I, thena < b < bV ¢, so by the definition of o, a0 ¢ € {a,c}
andboc=0bVc¢, whenceaoc<boc.

(5)Ifj=it,k=1" € IT and s € I, then since a < b, ] <iin I by (P3). The following
subcases need be considered:

o If s < I, then by the definition of o,a0c = cand boc = ¢, whenceaoc < boc.
e Ifs > [, then by the definition of o, aoc € {a,c} and boc = b. It follows that
aoc<boc.
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(6) If j,k,s € I, then by the definition of o,a0c =aVcand boc = bV ¢, whence
aoc<boc. O

We may define a binary operation — on L in the following way: for a,b € L such that
ac A/', be Ay,

it ifjkclanda<b orje k=it e I*andj<i,

b ifjjkelandj>k orje k=it €ltandj>i,
a—b={ a—=%b ifj=ke Isuchthata|bora>b,

b ifjjkeltanda<b,orj=it €It kelandi >k,

i ifj=it,kelTanda<b, orj=it €I",kelandi <k

We denote by J ® A the above (L, A, V, 0, —,¢€).
Theorem 3. L = J® A is a conic idempotent CRL.

Proof. We need only to prove that foralla,b € L,a — b = max{c : aoc < b}. Suppose
thata € Aj,b € Ar. We need to consider the following cases:

Caseljkclanda <b,orjec k= iterlt and j < i. We need only to check the
following subcases:

(1) If j,k € I and a < b, then by the definition of 0,a0 (a — b) =aojt =a <. Let
c€ A; C Lsuchthataoc <b.Ifs € I, thenby (P4),c <jt =a — b Ifs=1" €I,
then b < ¢ by (P4), and by the definition of o, a o ¢ € {a, ¢}, which, together withaoc < b,
derives thata o ¢ = a. Thus, j < I, whencec < j* =a — b.

(2)Ifj € Lk=i" € I and j < i, then by the definition of o and (P4), a0 (a — b) =
aojT =a<b. Letce A; C Lsuchthataoc < b.Ifs € I, thenby (P4),c <j" =a — b.
If s = I € I, then by the definition of o, ao ¢ € {a,c}. Assume thata o c = c. Then, by
the definition of o,/ < j <i,s0b < ¢ = aocby (P3), which is contrary to a o ¢ < b. Thus,
aoc = a, which implies that j < I, and so ¢ < j© by (P1) and (P3).

Case2j,k€landj >k orj€ [,k=i" € I" andj > i. We need only to check the
following subcases:

(1)Ifj,k € Iand j > k, thena > bby (P2), and so by the definition of o, a0 (¢ — b) =
aob=aANb=>b.Letc € A; C Lsuchthataoc <b.Suppose thats € I'. Then, ¢ > bby
(P4), and by the definition of o, 2 o ¢ € {a,c}, which implies that 2 o ¢ > b, a contradiction.
Suppose that s € I such thats > j. Then,aoc = aAc € Aj, which implies thataoc > b,
a contradiction. Thus, s € [ and s < j, whencec =aAc=ao0c<b=a —b.

(2)Ifje k=it € IT andj > i, then by the definition of o,a0 (¢ — b) =aob =b.
Letc € A; C Lsuchthataoc <b.Ifs € I,thenc <b=a — bby (P4). Ifs =1T € I
such that! > j, then! > i,andsoc <b=a — bby (P3). If s = I € I such that! < j,
then by the definition of o,c =aoc<b=a —b.

Case 3j =k € I such thata || bora > b. Then, by the definition of o and (CE1),
ao(a—b)=ao(a—=b)=an(a—=20b)=anr®(a—=%0b) <4, b, which implies that
ao(a—Db) <b. Letc € A; C Lsuchthataoc < b. Suppose thats € I'" ors € I such
that s > j. Then, ¢ > b by (P2,4), and by the definition of o, a0 ¢ € {a,c}, which implies
thataoc £ b, a contradiction. If s € I such thats < j, thenc < a Y b=a—b by (P2).
If s € I such thats = j, then by the definition of o, a ANMic=aAc=aoc < b, which
implies that a A ¢ §A/. b,soc <a;a — 4 bby (CE1). Thus,c <a —4b=a—0b.

Casedj kel anda<b,orj=it € I" k€ landi> k Weneed only to check the
following subcases:

(1)Ifj,k € I'" and a < b, then by the definition of 0, a0 (a — b) =aob=aVb=0b.
Letc € A; C Lsuchthataoc < b. Ifs € I, then by (P4),c < b. If s € I, then by the
definitionof o,c <aVc=aoc<b=a—b.

(2)Ifj=it € Itk € I and i > k, then by the definition of 0, a0 (2 — b) =aob =1b.
Letc € A; C Lsuch thataoc < b. Suppose thats € I *. Then, by the definition of o,
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aoc=aVc>b,acontradiction. If s € I, then by the definition of o, a o ¢ € {a,c}, which
together with a > b, derives thatc =aoc <b=a — b.

Case5j=i",ke€ITanda £ borj=i" € I",k € Iandi < k. We need only to
check the following subcases:

(1)Ifj =i,k € IT and a £ b, then by the definition of o and (P4), ao (a —
b) =aoci=1i<b. Letc € A; C Lsuchthataoc < b. Suppose thats € I". Then,
aoc=aVc£b,acontradiction. If s € I, then by the definition of o, a o ¢ € {a,c}, which
together with a %_ b, derives thatc = aoc < b.

(2)Ifj=1i" € I,k € I and i < k, then by the definition of o and (P2), a0 (a —
b) =aoi=1i<b. Letc € A; C Lsuchthataoc < b. Suppose thats € I't. Then, by
the definition of o, a0c = aV ¢ > b, a contradiction. If s € I, then by the definition of
o,aoc € {a,c}, which together with a > b, derives that a o ¢ = c. Thus, s < i, whence
c<i O

Next we shall prove that any conic idempotent CRL is isomorphic to some J & A.
Suppose that L = (L, A,V, -, —,e) is a conic idempotent CRL. Let L* = {j € L : (3a €
Lj=a},1={iel*:i<et=L and* = {i*:i € I\{e}} = L*". Let
Y = {(Lj,<) : j € L*}. By Proposition 2, for alli € I\ {e}, i* > ¢, 50" NI = @.
If i,] € I such thati # I, then there exists a,b € L such that a* = i and b* = [, so
=" =g =i#1=0"=0"* =1 Thus,i* #I".

Lemma 6. (I,I*,L*;Y) is a CE-system.
Proof. By Theorem 1(1-5,7), (I, I*,L*;Y) is a CE-system. [
Theorem 4. Lisequalto L* Q).

Proof. For convenience, we denote by <; the imposed ordering on L* & ). We need only

to prove that foralla,b € L, <=<janda-b=aob.

We now prove <=<;. Leta,b € L. Assume thata < b. We need to consider
three cases:
(1)Ifa <eb <e, thena™,b** € I by Lemma 3(4), and by Theorem 1(6), a** < b**,

which, together with a € Ly and b € Ly, derives thata <; b by (P1 —2).

(2) Ifa > e,b > e, then a*, b* € I, which, together with a € L+~ and b € Ly, derives

that a* > b* by Theorem 1(6). Thus, by (P3),a <; b.

(3)Ifa < eand b > ¢, then by Lemma 3(4), a** < e and b** > ¢, s0 4™ € [ and

b** € I*, whence by (P4),a <; b.

Thus, <C<j .

Suppose that a <; b. We need to consider four cases:

(1) Ifa** = b** € I, thena < bby (P1).

(2) If a*™*,b** € I such that a** < b**, then by Theorem 1(6), a < b.

(3) If a**,b** € I* such that a* > b*, then by Theorem 1(6), a < b.

(4) Ifa™ € I and b** € I*, then by Lemma 3(4),a < eand b > ¢,s0a < b.

Thus, <1 C<, whence <1=<

It remains to be verified thata-b =aobforalla,b € L. For this, we need to consider
three cases:

(1) Ifa < eb < e, then by Lemma 1(3), a- b = a A b. On the other hand, by the
definition of o and <=<;,a0b =aAb,whencea-b=aob.

(2)Ifa > e,b > e, then by similar arguments asin (1),a-b =aob.

(3)a>eandb <e.

e Ifb <a* thena*,b™ € I by Lemma 3(4) and b** < a*** = a* by Lemma 2(3), which
together witha € L;+)- and b € Ly derives a o b = b by the definition of o. On the
otherhand,a-b =a-a*-b = a*-b = b by Proposition 2(3). Hence,a-b=b=aob.

e Ifb > a* thena*, b** € I by Lemma 3(4), and b™* > b > a*** = a* by Theorem 1(4),
which, together with a € L(a*)* and b € Ly, derives aob = a by the definition
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of o. Suppose that a-b = b. Then, a* <, b <, a, so by Proposition 2(4), b > e,
a contradiction. Thus, a - b = a by Lemma 1(4,5). Hence,a-b =a =aob.
O

By Theorem 4, we have the following result, which generalizes ([20] Theorem 20).

Theorem 5. Let L = (L, A,V,-,—,e) be a CRL. The following conditions are equivalent:

(I) L is a subdirectly irreducible idempotent semiconic CRL.
(I1) There exists a CE-system (1,17, J; A) such that

(1) A, is a nontrivial subdirectly irreducible Brouwerian algebra or A, = {e}, and there
existsi € I such thati < ein I;

QLA

Proof. Let L be a subdirectly irreducible semiconic idempotent CRL. Then, since semi-
conic idempotent CRL is the variety generated by conic idempotent CRLs, L is conic.
By Theorem 4, L = L* ® ), where (I, I*,L*; V) is a CE-system. Because L is a subdirectly
irreducible CRL, the set {# € L : a < e} has a greatest element. Leti = max{a € L : a < e}.
Ifi € L, theni = max{a € L, : a < e}, so by Theorem 1(4), L. is a nontrivial subdirectly
irreducible Brouwerian algebra. If i ¢ L., then since L, C L, L, = {e} and i < ¢, so
i** < e, which implies that i** < i. On the other hand, by Proposition 2(1), ii* =i < ¢, so
i <i* = e =i Thus,i =i"*, whence i € I by Theorem 1(1).

Conversely, let (I, I, J; A) be a CE-system such that (1) and (2). Then, by Theorem 3,
Lis a conic idempotent CRL. If A, is a nontrivial subdirectly irreducible Brouwerian algebra,
thenmax{a € A, : a < e} exists, and somax{a € A, : a < e} = max{a € L : a < e}, which
implies that L is a subdirectly irreducible semiconic idempotent CRL. If A, = {e} and there
exists i € I such thati < e, then by (P1,2), max{a € L : a < ¢} = i, which implies that L is
a subdirectly irreducible semiconic idempotent CRL. [

5. The Amalgamation Property

In this section, we will use the structure theorem of conic idempotent CRLs to give
some new result about the amalgamation property of the variety of semiconic idempotent
CRLs, which generalizes the main results of [10].

Let K be a class of algebras. A span is a pair of embeddings (i1 : A < B,i : A — C)
between algebras A,B,C € K. The class K is said to have the amalgamation property if
for every span of K, there exists an amalgam D € K and embeddings j; : B < D and
jz : C— Dsuch thatj1 oi] = jz o ip.

Example 1. Let A = {ay,a1,e,a_1,a_3}. We define an order relation <, on A by a_p <u
a_1 <p e <pa; <y ap, see Figure 1a. We can define a multiplication operation on A by the
following: foralli,j € {1,2,—1, -2},

)

i ifljl<lil,
a,-a]» = Ll]‘ﬂ,‘ = aj; lfl = j,
a; lfl = *]' <0;
and ae = ea = a foralla € A. Let B = {x_3,x_1,¢,x1,Y2,22, X2 }. We define an order relation

<pon Bbyx_, <p x_1 <p e <p X1 <p Y2,220 <p Xp, see Figure 1b. We can define a
multiplication operation on B by forall i,j € {1,2, -1, -2} and b € {y, z},
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xi i ljl < lil,
Xixj =xjx; = x; ifi =],
x; ifi=—j<0;
by ifli| <2,
- (2 123
1 - &

Yazp = zoYs = Xpand ce = ec = cforallc € B. Let C = {m_3,m_p,m_q,e,my, my, n3, ks, mz}.
We define an order relation <c on C by m_3 <c m_p <c m_1 <c e <c my <c my <c
n3, k3 <c msa, see Figure 1c. We can define a multiplication operation on C by for all i,j €
{1,2,3,-1,-2,-3} and b € {n,k},

miif |jl < i,
mim]- = m]-mi = m; zfz = ]'/
m; Zfl = *]' <0;
o 7 b3 lf|l‘ <3,
mis =t = { 2 L3

nzks = kang = mz and ce = ec = c for all c € C. We define a division operation on P by
a—b=max{p € P|ap < b} foralla,b € P, where P € {A,B,C}. It is easy to see that
A, B and C are subdirectly irreducible semiconic idempotent CRLs. We define two maps as follows.
¢p1:A— Bie— eanda; — x;fori € {-2,-1,1,2}. ¢ : A — Cre > e, a; — m;
fori € {=1,1};ap v~ mg and a_y — m_s. It is clear that ¢ and @, are embeddings of A into
B, C, respectively. We claim that there are no amalgams in K where K is the class of all conic
idempotent CRLs. Suppose that there exists an amalgam D € K and embeddings 1 : B — D
and P : C — D such that 1¢1 = Po@a. Then, P1(x1) = P1¢1(a1) = Paga(ar) = Pa(mq)
and 1 (x2) = P191(a2) = Po@2(az) = Pa(m3). Hence, by Theorem 2, py(mq) = 1(x1) <
P1(x2) = Pa(ms) in D*. But p(mq) < Po(my) < o(m3) in D*. It is a contradiction. We
conclude that the span (¢1 : A — B, @3 : A — C) has no amalgam in K.

ap ms
X2 n3 ks
ay
Y2 2 ny
e X1 mq
e e
-1 X_1 m_q
a_p X_2 m_p
m-3
@) (A, <a) (b) (B, <p) () (C,=c)

Figure 1. We define an order relation <p on Aby a_p <4 a_1 <p e <a a; <4 ap,in (a), an order
relation <pon Bby x_» <p x_1 <p e <p X1 <p Y2,22 <p X2, in (b) and order relation < on C by
m_g <cm_p <cm_1<ce<cmy <cmy <cns ks <cmsin (c).

An immediate consequence of Example 1 is the following.

Proposition 4. The class of all conic idempotent CRLs and the class of subdirectly irreducible
semiconic idempotent CRLs do not have the amalgamation property.

Proof. By Example 1, there exists a span of (subdirectly irreducible) conic idempotent CRLs
such that it has no amalgam in the class of all (subdirectly irreducible) conic idempotent
CRLs. It follows that the class of all conic idempotent CRLs and the class of subdirectly
irreducible semiconic idempotent CRLs do not have the amalgamation property. [

We introduce the following concept.

93



Mathematics 2024, 12,179

Definition 2. The variety of strongly semiconic idempotent CRLs consists of the semiconic idem-
potent CRLs that satisfy (x Ay)* = x* V y*.

A consequence of Theorem 1 is the following.

Proposition 5. A conic idempotent CRL L is a strongly semiconic idempotent CRL if and only if
L; is a lattice for all i € L*.

Proof. Let L be a conicidempotent CRL. Suppose that L is a strongly semiconic idempotent
CRL. Then, L satisfies (x Ay)* = x* VV y*. Hence, by Theorem 1(4,8), L; is a sublattice of
CRL for all i € L*, and so L; is a lattice for all i € L*. Conversely, suppose that L;
is a lattice for all i € L*. Leta,b € L. If a < b, then by Lemma 2(3), b* < a*, so
(aANb)* = a* = a*Vb*. Similarly, if b < a, then (a Ab)* = a*Vb*. Ifa || b, then
by Lemma 3(1), a* = b*, so a** = b**. Hence, there exists i € L* such thata,b € L;.
Since L; is a lattice, by Theorem 1(4,5), L; is a sublattice of L. Hence, a Ab € L;. Thus,
(anb)* = (aANb)™ =i* =i*"Vi* =a™* V™ = g* v b*. Consequently, L satisfies
(x Ay)* = x* Vy*. It follows that L is a strongly semiconic idempotent CRL. [

Let L be a CRL. A lattice filter F of L is called normal if it contains e and it is closed
under multiplication. A normal filter F of L is said to be prime if it is prime in the usual
lattice theoretic sense; that is, whenever x Vy € F, thenx € Fory € F. Let F and © be
a normal filter and a congruence of L respectively. It is well known that @f = {(x,y) €
L2 | (x = y)A(y — x) € F}is a congruence of L and the upper set Fg =1 [e]e of the
equivalence class [¢]g is a normal filter. Moreover, we have the following.

Lemma 7 ([8]). The lattice N'F (L) of normal filters of a CRL L is isomorphic to its congruence
lattice Con(L). The isomorphism is given by the mutually inverse maps F — ©p and © —7 [e]e.

Lemma 8 ([8]). Let L bea CRL, and let F be a normal filter of L. Then, [e]o, = {x | x A (x —
e)NecF}={x|JacF ,a<x<a—e}

In what follows, if F is a normal filter of L, L/F shall always denote the quotient
algebra L/Op. Given an element x € L, we write [x] or [x] if there is no confusion for the
equivalence class of x in L/F.

Lemma 9. Let L be a semiconic CRL, and let F be a normal filter of L. Then, the following
statements are equivalent:

(1) Fis prime.
(2) Foralla,b € L™, whenevera\/ b € F, thena € Forb € F.
(3) L/F is afinitely subdirectly irreducible conic CRL.

Proof. (1) = (2) By specialization.

(2) = (3) Suppose that (2) holds, and let 2 € L. Since L is semiconic, (a Ae) V
(a — eNe) = e € F. It follows that eitheraAe € Fora — eAe € F. IfaNe € F,
then by Lemma 8, [aAe] = [¢] = [a]Ae] = [e] = [a] > [¢]. Ifa — eAe € F,
then [a — eNe| = [e] = [a] = [e]Ae] = [e] = [a] — [e] > [e] = [a] < [e].
Thus, L/F is a conic CRL. Let 4,b € L such that [a] V [b] = [e]. Then, since L is conic,
([a] v [b]) A [e] = [e] = ([a] Afel) V ([l Ale]) = [e] = [(ane)V (bAe)] = [e], which
implies that (1 Ae) V (bAe) € F. Hence,aNe € ForbAe € F, which derives that
[ane] = [e] or [bAe] = [e]. Since [aVb] = [e],[a] < [e] and [b] < [e]. It follows that
[a] = [a] Ne] = [aNe] = [e] or [b] = [b] A [e] = [bAe] = [e]. Consequently, L/F is a finitely
subdirectly irreducible conic CRL.

(3) = (1) Assume that (3) holds, and let a,b € L such thata Vb € F. Then, (aV
b)ANe=(ane)V (bAe) € F.Itfollowsthat [(aAe)V (bAe)] =[e] = [aNe]V[bAe] =
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() = [ane] =le]or[bAe] =[] = aNec ForbAec€ F=a¢c Forb € F. Thus, F
is prime. []

Lemma 10 ([8]). Let L be a residuated lattice and {a; | 1 < i <n}, {bj |1 <j<m} C L™
be finite subsets of the negative cone of L with the property that a; vV bj = e for any i and j. Then,
(ITiLq ai) v (H;nzl bj) =e.

Lemma 11 ([26]). Let U be a subclass of variety V satisfying the following conditions:

(i)  Every subdirectly irreducible member of V is in U.
(ii) U is closed under isomorphisms and subalgebras.

(iii) For any algebra B € V and subalgebra A of B, if ® € Con(A) and A/© € U, then there
exists ® € Con(B) such that ®( A2 = @ and B/® € U.

(iV) Every span in U has an amalgam in V.

Then, V has the amalgamation property.

We have the following result, which generalizes [26] (Theorem 49) in the commuta-
tive case.

Theorem 6. Let V be a variety of semiconic CRLs, and suppose that the class of finitely subdirectly
irreducible conic CRLs in V has the amalgamation property. Then, V has the amalgamation property.

Proof. It is well known that every subdirectly irreducible semiconic CRL is a finitely
subdirectly irreducible conic CRL. It is clear that the class of finitely subdirectly irreducible
conic CRLs is closed under isomorphisms and subalgebras. By Lemma 11, we need only
to prove that for any B € V, any subalgebra A of B, and P € N/ (A) such that A/Pis a
finitely subdirectly irreducible conic CRL, there is Q € N F(B) such that QN A = P and
B/Q is a finitely subdirectly irreducible conic CRL. Since V has the congruence extension
property, there is a normal filter F of B such that P = F N A. Let X denote the poset
under set-inclusion of all set-inclusions of all normal filters of B whose intersection with A
is P. Since F € X, X # @. By Zorn’s lemma, we have element Q. Next, we shall show that
Q is a prime normal filter of B. Suppose otherwise, and let x,y € B~ be such thatxVy € Q
butx ¢ Qand y ¢ Q. Let Qx and Qy be the normal filters of B generated by Q U {x} and
QU {y}, respectively. Then, by the maximality of Q, P is a proper subset of the normal
filters Qx N A and Q, N A of A, and so there exist elements c,d € A\ P, g, € Q™ and
n,m € Z* such that gx" < ¢ < e, and ry™ < d < e. Hence, by Lemma 8, [g]o = [r]o = [¢]o
and xVy € QNB~ = [xVy]g = [e]o- Thus, by Lemma 10, [e]g = [x"]q V [y"]g =
[glolx"lo V [rloly™]o = [9x"lo V [ry™]g = [gx" Vry™lg < [ Vd]g < [e]q. It follows that
[cvd]g = [e]g. Since P = QN A, themap ¢ : A/P — B/Q is an embedding, which
together with ¢ Vd € A derives that [c]p V [d]p = [c V d]p = [e]p. Because A /P is a finitely
subdirectly irreducible conic CRL, [c]p = [e]p or [d]p = [e]p. Then, by Lemma 8, c € P,
ord € P. Butc,d ¢ P, whichis a contradiction. Thus, Q is a prime normal filter of B, and by
Lemma 9, B/Q is a finitely subdirectly irreducible conic CRL. The proof of the theorem is
complete. [

Lemma 12 ([10]). The class of totally ordered Sugihara monoids has the amalgamation property.
The following result is essentially due to Maksimova (see [27] Chapter 6).

Lemma 13. (Maksimova) The variety of all Brouwerian algebras has the amalgamation property
and the class of finitely subdirectly irreducible Brouwerian algebras has the amalgamation property.

Theorem 7. The class of finitely subdirectly irreducible strongly conic idempotent CRLs has the
amalgamation property.
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x/\By

Proof. Let (i1 : A < B, i : A < C) be a span of finitely subdirectly irreducible strongly
conic idempotent CRLs, assuming, without loss of generality, that iy and i, are inclusion
maps and that BN C = A. Then, using Theorem 1(11), we also have inclusions between
their skeletons A* < B* and A* — C*. Since by Theorem 1(11), these skeletons are totally
ordered odd Sugihara monoids, Lemma 12 yields an amalgam ] for this span that is also a
totally ordered odd Sugihara monoid. Moreover, we may assume that ] = B* U C*. Let
Jo={je]lj<eland ]t = {je]|j>e}

Consider i € A*. Recalling that A; = {x € A | x™ =i}, clearly A; C B; = {x €
Bl x* =i}land A; C C; = {x € C | x™ =i}. If i = ¢, then by Theorem 1(10), A., B,
and C, are finitely subdirectly irreducible Brouwerian algebras, and by Theorem 2, A, is a
subalgebra of B, and C,.. Hence, by Lemma 13, there exists a finitely subdirectly irreducible
Brouwerian algebra D, as an amalgam with D, = B, U C,. If i < ¢, then by Lemma 13,
there exists a Brouwerian algebra D; as an amalgam with D; = B; UC;. If i > e, then
by Proposition 5, each of B; and C; is a lattice. It is well known that the class of lattices
has the amalgamation property. It follows that there exists a lattice D; as an amalgam
with D; = B; UC;. Since i is the greatest element of A;, B; and C;, it is also the greatest
element of D;. Now, forall j € B*\ A* and k € C*\ A%, let D; = B; and Dy = C. Let
X ={(Dj, <p,) | j € J}. By construction, (J~,J*,J; X) is a CE-system. Thus, D = J® X
is a conic idempotent CRL. Since D, is a finitely subdirectly irreducible Brouwerian algebra,
D = J® & is a finitely subdirectly irreducible conic idempotent CRL. By Proposition 5,
D =J® & is a strongly finitely subdirectly irreducible conic idempotent CRL. To show
that D is an amalgam of the original span, it suffices to check that B and C are subalgebras
of D. Consider x,y € Bwith x € B;,y € Bj. Then,i,j € J.Ifi <jin B* C ], thenx <p y
and x <p y,s0xVPy =y =xVByand x APy =x = xABy. Ifi = j € B C J¥,
then since Dj is a lattice and B; is a sublattice of D;, x VP y = x VPiy = x VBiy = x VB y
and x \Py = xAPiy = xABiy =xABy € B.Ifi =j € B~ C ], thensince D; is a
Brouwerian algebra and B; is a subalgebra of D;, x VP y = x VPiy = x VBiy = x VB yy and
x AD Y =X ADi y=x ABi y=x AB y. Thus, B is a sublattice of D. By the definition of D,
we have

ifi,je B*-CJ,
ifi,j e B C J¥,
ifie B*T CJt,jeB* CJ ,i*<p-jori€eB* CJ ,je Bt CJti<pj*,
ifie Bt CJT,je B CJ,i* >g jorie B*~ CJ,je B CJT,i>p j*

and

xAPy ifije ],

xVPy ifijeJT,

x ific]t,je] it <jjorie] ,je]ti< ",
y ifie]t,je] ,i*>jjorie ] ,je]t,i> "

xoPy=

Thus, xoPy = x08y.

By similar arguments, we have x =P y = x =8 y.
The proof that C is a subalgebra of D is symmetrical. [

Since every variety of commutative residuated lattices has the congruence extension
property, by Theorem 6, we have the following result, which generalizes [10] (Theorem 5.6).

Theorem 8. The variety of strongly semiconic idempotent CRLs has the amalgamation property.
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Abstract: A graph is symmetric if its automorphism group is transitive on the arcs of the graph.
Guo et al. determined all of the connected seven-valent symmetric graphs of order 8p for each prime
p. We shall generalize this result by determining all of the connected seven-valent symmetric graphs
of order 8pq with p and g to be distinct primes. As a result, we show that for each such graph of T, it
is isomorphic to one of seven graphs.
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1. Introduction

We assume that the graphs in this paper are finite, simple, connected and undirected.
For undefined terminologies of groups and graphs, we refer the reader to [1,2].

Let I' be a graph. We denote VT, ET’, AT and AutI as a vertex set, edge set, arc set
and full automorphism group of the graph T, respectively. We define that the graph T’
is vertex-transitive if Autl is transitive on the vertex set VI of I, and I’ is an arc-transitive
graph if Autl is transitive on the arc set AT of I'. An arc-transitive graph is also called a
symmetric graph.

Let G be a group, and let S be a subset of G such that S = S~1 := {s7!|s € S} . The Cay-
ley graph Cay(G, S) is defined to have a vertex set G and edge set {{g,sg}||g € G,s € S}.
Now, we denote the following Cayley graphs of dihedral groups by CD;,.

Set CD’EW = Cay(G, {b,ab,a"*p, ... ,ak5+k4+”'+k“b}), where G = (a,b|a? = b*> =1,
a’ = a~1) = Dy, and ks a solution of the equation x® + x> + - - - + x + 1 = 0(mod pq).

There are many graph parameters to characterize the reliability and vulnerability of
an interconnection network, such as spectral characterization, main eigenvalues, distance
characteristic polynomials, and arc-transitivity. Among these parameters, the spectral
characterizations, main eigenvalues, and distance characteristic polynomials are the better
ones to measure the stability of a network; see [3-7], for example. For arc-transitivity,
see [8], as an example. In this paper, we study the arc-transitivity of graphs.

Let p and g be distinct primes. By [9-11], symmetric graphs of orders p, 2p, and 3p
have been classified. Furthermore, Praeger et al. determined symmetric graphs of order pq
in [12,13].

Recently, the classification of symmetric graphs with certain valency and with a
restricted order has attracted much attention. For example, all cubic symmetric graphs
of an order up to 768 have been determined by Conder and Dobcsa 11 yi [14]. Tetravalent
s-transitive graphs of order 6p, 6p?, 8p, 8p?, 10p or 10p? were classified in [15-17]. More
recently, a large number of papers on seven-valent symmetric graphs have been published.
The classification of seven-valent symmetric graphs of order 8p, 12p, 16p, 24p or 2pq
were presented in [18-22]. We shall generalize these results by determining all connected
seven-valent symmetric graphs of the order 8pg.

In this paper, the main result we obtain is the following theorem.
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Theorem 1. Let p < q be primes and let T be a seven-valent symmetric graph of the order 8pq.
Then, T is isomorphic to one of the graphs in Table 1.

Table 1. seven-valent symmetric graphs of order 8pg.

r Autl (p.q)
Cag PGL(2,7) x Dg 2,3)
Ciiz (Z3xD14):Fp 2,7)
Ci20 S7 (3,5
C'%12 PGL(2,13) xZ, (3,13),i =1,2,3,4
Cn (PSL(2,13) xZy):Z; (3,13)
Co, PSL(2,13):Dg (3,13)
C2329) (Z3 x Dyy):Z7 2,7q-1)

Some of the properties in Table 1 are obtained with the help of the Magma system [23].
The method of proving Theorem 1 is to reduce the automorphism groups of the graphs
to some nonabelian simple groups. To make this method effective, we need to know the
classification result of stabilizers of symmetric graphs. If the valency is a prime p, the
method may still work. However, we need information about the stabilizers of prime-
valent symmetric graphs and a more detailed discussion. Additionally, the term symmetric
graph that is used in this paper has been also used for a different type of symmetry in
other research works; see [24], for example. It studied the symmetry of graphs through
characteristic polynomials, which is more interesting and detailed.

2. Preliminary Results

In this section, we will provide some necessary preliminary results to be used in
later discussions.

For a graph I and its full automorphism group AutT, let G be a vertex-transitive
subgroup of Autl’ and let N be an intransitive normal subgroup of G on VI. We use Vy
to denote the set of N-orbits in VI'. The normal quotient graph T'y is a graph that satisfies
the vertex set of Viy and two N-orbits B, and C € V) are adjacent in I'y if and only if some
vertex of B is adjacent in T to some vertex of C. The following Lemma ([25] Theorem 9)
provides a basic method for studying our seven-valent symmetric graphs.

Lemma 1. Let T be an G-arc-transitive graph of the prime valency p, where p > 2 and G < AutT,
and let N be a normal subgroup of G and have at least three orbits on VI. Then, the following
statements hold.

(i) N is semi-regular on VI and G/N < Autl'y, and I is a normal cover of I'n;

(i) T is (G,s)-transitive if and only if Ty is (G/ N, s)-transitive, where 1 <s < 5o0rs =7.

By ([26] Theorem 3.4) and ([27] Theorem 1.1), we have the following lemma, which
describes the vertex stabilizers of symmetric seven-valent graphs.

Lemma 2. Let I be a seven-valent (G, s)-transitive graph, where G < Autl’ and s > 1 are integers.
Let « € VT. Then, s < 3 and one of the following holds, where F14, F»1 and Fyp denote the Frobenius
group of order 14, 21 and 42, respectively.

(i) If Gy is soluble, then |G| | 2% - 3% - 7. Further, the couple (s, Gy ) lie in the following table.

s 1 2 3
Gy Z7,F14,F21,F14 X Zp, Fo1 X Zz  Fyp,Fap X L, Fap X L3 Fap X Zsg

(i) If Gy is insoluble, then |G| | 22 - 3%-52 - 7. Further, the couple (s, Gy) lie in the following table.
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s 2 3
PSL(3,2) x Sg, Ay x Ag,

. T S7 x So, (A7 X Ag) : 7,
A S ’ 7§ : (SL(2,2) x SL(3,2)), [22] :
777 (SL(2,2) x SL(3,2))
Gal 23.3.7,20.3.7,27.3.7, 20.32.726.34.52.728.3+.52.7
* 23.32.5.7,24.32.5.7 27.3%.52.7,210.32.7 224 .32 .7

To construct seven-valent symmetric graphs, we need to introduce the Sabidussi coset
graph. Let G be a finite group, and H is a core-free subgroup of G. Suppose D is a union of
some double cosets of H in G, such that D! = D. The Sabidussi coset graph Cos(G, H, D)
of G with respect to H and D is defined to have a vertex set VI' = [G : H] (the set of right
cosets of H in G), and the edge set ET = {{Hg, Hdg}|g € G,d € D} [28,29].

Proposition 1 ([30] Proposition 2.9). Let I' be a graph and let G be a vertex-transitive subgroup

of Aut(T'). Then, T is isomorphic to a Sabidussi coset graph Cos(G, H, D), where H = G is the

stabilizer of x € VI in G and D consists of all elements of G with a map of a to one of its neighbors.

Further,

(i) T is connected if and only if D generates the group G;

(ii) T is G-arc-transitive if and only if D is a single double coset. In particular, if ¢ € G
interchanges a and one of its neighbors, then g% € H and D = HgH;

(iii)  The valency of the graph T is equal to |D|/|H| = |H : H N HS|.

In the following lemmas, we provide classification information of seven-valent sym-
metric graphs of order 8p and 2pgq, where p and g are two distinct primes. By [19], we
obtain the classification of seven-valent symmetric graphs of order 8p.

Lemma 3. Let I be a seven-valent symmetric graph of order 8p. Then I =2 Kgg — 8K3 or Coa.
By [22], we can describe seven-valent symmetric graphs of order 2pg.

Lemma 4. Let 3 < p < q be primes and let T be a seven-valent symmetric graph of order 2pq.
Then, the following statements hold:

(i) T'= CD’Z‘M, where k is a solution of the equation x® + x° + - - - 4+ x +1 = 0(mod pq), and
Autl’ = Dy, - Zs, where p | qg—1
(ii) T lies in Table 2.

Table 2. Seven-valent symmetric graphs of order 2pq.

r Autl (p.9)
Clg PGL(2,13) (3,13)
C PSL(2,13) (3,13)
Cs10 PSL(5,2).Z; (5,31)
C30 Sg (3,5

Next, we need some information about nonabelian simple groups. The first one has
information about maximal subgroups of PSL(2, ) and PGL(2, t), where t is an odd prime;
refer to ([31] Section 239) and ([32] Theorem 2) .

Lemma 5. Let G = PSL(2,t) or PGL(2,t), where t > 5 is a prime, and let M be a maximal
subgroup of G.

(i) IfG = PSL(Z,t), then M € {Dt,l,DhLl,Zz : Z(t—l)/Z’ A4, S4/A5};

(ii) IfG = PGL(Z, t), then M € {DZ(tfl)/DZ(H»l)rZZ 271,54, PSL(Z, f)}
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The next proposition is about nonabelian simple groups of order that are divisible by
at most seven primes. By [2] (pp. 134-136), we have the following proposition.

Proposition 2. Let T be a nonabelian simple group, such that 28pq | |T| and |T| | 2% -3%.52.7
-p-q, where5 < p < qare primes. Then, T is one of the groups in Table 3.

Table 3. Simple group T with order dividing 2% -3*-5%-7-p - g.

T |T| (pg) T |T| (p.9)

My 27.32.5.7-11 (5,11)  PSL(3,8) 2°.3%2.7%2.73 (7,73)
My 27.32.5.7-11-23  (11,23) PSL(3, 16) 212.32.52.7.13-17  (13,17)
Moy 210.33.5.7.11.23 (11,23) PSL(2,5°%) 22.32.53.7.31 (5,31)
Th 2%.3.5.7.11-19  (11,19) PSL(272) 24.3.52.72 (5,7)

HS 29.32.5%.7.11 (5,11)  PSL(4,4 212.34.52.7.17.17  (5,17)
App 27.34.52.7.11 (5,11)  PSL(5, ) 210.32.5.7.31 (5,31)
Sz(8) 20.5.7.13 (5,13)  PSL(6,2) 215.3%.5.72.31 (7,31)
PSp(4,8) 212.3*.5.72.13 (7,13)  3D4(2) 212.34.72.13 (7,13)
PSL(2,20) 20.32.5.7.13 (5,13)  2D4(2) 212.34.5.7.17 (5,17)
PSL(2,2°) 2°-3%.7-19-73 (19,73)  Ga(4) 212.33.52.7.13 (5,13)

PSL(Z,L]) '7(‘7*1%(’1*1)

Proof. Suppose T is a sporadic simple group, by [2] (pp.135-136), T = Moy, Moz, My, J1,
or HS. Suppose T = A, is an alternating group. Then, T = A1 is the limitation of |T|.

Let X be one type of the Lie group, and let f = / bea prime power. Now, suppose
that T = X(t) is a simple group of the Lie type, as T contains at most four 3-factors, three
5-factors, and two 7-factors [2] (p.135), and T = PSL(2,q), PSL(2,5%) or PSL(2,7?).

Similarly, if r = 2, then T = Sz(8), PSp(4,8), PSL(2,2°), PSL(2,2%), PSL(3,8), PSL(3, 16),
PSL(4,4), PSL(5,2), PSL(6,2), 3D4(2), 2D4(2) or G4(2). O

3. The Proof of Theorem 1

We will prove Theorem 1 through a series of lemmas in this section. To prove
Theorem 1, we need information on seven-valent symmetric graphs of order 4pq. Therefore,
we first prove the following lemma.

Lemma 6. Let p < g be primes and let I" be a seven-valent symmetric graph of order 4pq. Then,
T = Cyy, Cop, Sgﬁ% or Cg]156, wherei=1,2,3,4,5and j =1,2,3,4.

Proof. Let I be a seven-valent symmetric graph of the order 4pq, where p < q are primes.
Let A = Autl. In Lemma 2, |A| | 226.3%.5% .7 p-qis |A,| | 22*-3%-5% -7, wherea € VT.
If p = 2, then T has the order 8¢; in Lemma 3, we have g = 3and T = Cyy. If p = 3,
then I has the order 124, and in [18,33], we have g = 5 or 13 and T' = Cy, 89356 or Cgllsé,
wherei = 1,2,3,4,5and j = 1,2,3,4. Therefore, we only need to prove that there is no
seven-valent symmetric graph of order 4pq for 5 < p < g, and the Lemma 6 is proved.

Now, we assume 5 < p < ¢q. By ([33] Theorem 1.1), we have A = PSL(2,r) x Zp,
PGL(2,7) X Zp, PSL(2,r) or PGL(2, r), where r = 1(mod 7) isa prime. If A = PSL(2,r) x Z,
or PGL(2,7) x Zj, then A has a normal subgroup N = Z,. It follows that I'y is a seven-
valent symmetric graph of order 2pg and A/N < Autl'y. Since A/N is isomorphic to
PSL(2,r) or PGL(2,r) for 5 < p < g, there exists no such graph in Lemma 4. Hence, A is
not isomorphic to PSL(2, r) x Zy or PGL(2, 1) X Z,.

If A =~ PSL(2,r) or PGL(2,r), then A has a normal subgroup N = PSL(2,r). Assume
that N has f orbits on the vertex set of I', t > 3. Then, N is semi-regular on VI in Lemma 1
and thus |N| divides 4pq, contradicting with N = PSL(2,r) and 5 < p < q. Hence, N, # 1,
N has, at most, two orbits on VI and 2pq | N : Ng|. Note that I is connected, N < A,

and N, # 1. Then, we have 1 # Ng(“) g AE('X). This implies that 7 } |Ny|; thus, we have
that 14pq | [N|. And, [N| | 226.3%.5%-7-p-qis |N| | |A]. Since |A : N| < 2, we have
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|Ay i Ny| < 2. If A, is insoluble, then N, is also insoluble as |A, : Ny| < 2. In Lemma 5,
Ny = A5 (the alternating group on {1, 2, 3, 4, 5}), which contradicts with 7 | |Ny|. Therefore,
Ay is soluble. It follows that | Ag| | 252 in Lemma 2; thus, |N,| divides 252. This implies
that [N| | 1008 p - g.
We claim that r = g, since |VT| = |A|/|A,| = 4pq and |A,]| | 252. Then, we have
rr=1)(r+1) rr—-1)(F+1)

4pg = or . Since r = +1(mod 7) is a prime and |A,4| | 252,
2| Aq] | Ad]
-1 1 -1 1
we have v = p or g. Assume thatr = p. Then, 49 = (r=D(r+1) or (r=1)r+ ) This
2| Aq| | Ad]

implies that ¢ = r 4+ 1 as g > p, which is impossible because r + 1 is not a prime. Thus,
r =gqand |N| = w Note that (%,D) = 1. Assume that p | %
Then, g +1 ‘ 1008. And then, we have g = 7,11, 13,17, 23, 41, 47,71, 83, 167, 251 or 503.
Assume that p ! % Then, g -1 | 1008. And then, we have g =7, 13,17, 19, 29, 37, 43,
52.7-p-gand5 < p < q.

Therefore, N is one of the groups in the following table:

N Order N Order

PSL(2,29) 22.3.5.7.29 PSL(2,41) 2%.3.5.7-41
PSL(2,43) 22.3.7-11-43 PSL(2, 71) 23.32.5.7.71
PSL(2,83) 22.3.7-41-83 PSL(2,113) 24.3.7.19-113
PSL(2,167) 23.3.7-83-167 PSL(2,251) 22.32.5%.7.251
PSL(2,337) 24.3.7.13%.337 PSL(2,503) 23.32.7.251-503
PSL(2,1009) 24.32.5.7.101 - 1009

Assume that g = 29, 71, 113, 251 or 1009. Note that |N : N,| = 2pg or 4pq. N has no
subgroup of index 2pg or 4pq in Lemma 5, which is a contradiction.

Assume that q = 337. Then, N = PSL(2,337), contradicting with |N| | 226.3%.52.7
p-q

Assume that ¢ = 41. Then, N = PSL(2,41) and (p,q) = (5,41). Since N has no
subgroup of index 2pq in Lemma 5, we have that N is transitive on VI, and thus [N, | = 42.
Hence, N, = Fy in Lemma 2. In Proposition 1, I' = Cos(N, Ny, NogNy), where g is a
2-element in N such that ¢> € N, and (N, g) = N. In Magma [23], there isno such ¢ € N,
which is a contradiction.

Finally, assume that ¢ = 43. Then, N = PSL(2,43) and (p,q) = (11,43). If N has
two orbits on VT, then A = PGL(2,43) and A, = Fi in Lemma 2. This is impossible, as
PGL(2,41) has no subgroup isomorphic to Fy,. Therefore, N is transitive on VI and in
Lemma 2, Ny = F>;. In Lemma 5, PSL(2, 41) has no subgroup isomorphic to F,;, which is a
contradiction. Similarly, g # 83, 167 or 503. This completes the proof. [J

Now, let I' be a seven-valent symmetric graph of the order 8pg, where p < g are
primes. Let A := Autl. Take x € VI. In Lemma 2, |A,| | 22*-3%.5%.7, and hence
|A| | 2%7.3%.52.7-p-q.

If p = 2, then T has the order 16q; by [20], we have g = 3,7 or 7 | g—1,and I'is
isomorphic to C4s, C112 0r C(3 o) If p = 3, then I has the order 244; in [21], we have g = 5
or 13, and I' is isomorphic to Ciog, Célz withi =1,2,3,4, Cglz or Cgu. Therefore, we only
need to prove that there is no seven-valent symmetric graph of the order 8pg for5 < p < g,
and the Theorem 1 is proved. For the remainder of this paper, welet5 < p < g.

In the next lemma, we deal with the case where there is a soluble minimal normal
subgroup of A.

Lemma 7. Assume that A has a soluble minimal normal subgroup. Then, there exists no seven-
valent symmetric graph of order 8pq for 5 < p < q.
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Proof. Assuming N is a soluble minimal normal subgroup of the full automorphism group
A. Then, N is an elementary abelian group. Since |VT| = 8pg, we have N = Z,, 72, Z3, Zyp
or Zg. It is easy to prove that N has more than two orbits on VT; if not, we have 4pq | IN|,
a contradiction. Therefore, in Lemma 1, |N;| = 1, and the quotient graph I'y of I relative
to N is a seven-valent symmetric graph, with A/N as an arc-transitive subgroup of the
automorphism of I'y.

If N = Z3, then Ty is a seven-valent symmetric graph of the order pq (pq is an odd
number), which is a contradiction, as symmetric graphs of the odd order odd valent do not
exist. If N = Z,, then T'y is a seven-valent symmetric graph of the order 4pq. In Lemma 6,
we note that 5 < p < q, I'y does not exist, which is a contradiction. If N = Zj,, then T'y is a
seven-valent symmetric graph of the order 87. I'y does not exist in Lemma 3, which is a
contradiction. Similarly, we obtain that N 2 Z.

If N = Z%, then I'y is a seven-valent symmetric graph of the order 2pg. In Lemma 4,
I'y = Cap0r CD’EW, where k is a solution of the equation x® +x% + - - - + x +1 = 0(mod pq)
andp | g—1.

Let I'y = C3y9. Then, A/N < AutCs9 = PSL(5,2).Z,. Furthermore, A/N is arc-
transitive on VI'y. By Magma [23], AutI'y has a minimal arc-transitive subgroup, which is
isomorphic to PSL(5,2). Thus, PSL(5,2) < A/N < PSL(5,2).Z;. Since the Schur Multiplier
of PSL(5,2) is trivial, A = Z3 x PSL(5,2) or (Z3 x PSL(5,2)).Z,. For the former case, in
Proposition 1, I' = Cos(A, Ay, AugAs), where g is a 2-element in A such that g2 € A, and
(Aa,§) = A. By Magma [23], there is no such g € A, which is a contradiction. For the latter
case, A/N has a normal subgroup, M = PSL(5,2). It is obvious that M has at most two
orbits on VI'. Since M has no subgroup of order 16128, M is transitive on VI, implying that
|M,| = 8064; this is impossible in Lemma 2.

LetT'y = CDSW, where k is a solution of the equation x® + x> + - - - + x + 1 = 0(mod pg).
Note that A/N is an arc-transitive subgroup of Aut(I'y) = Day; : Z7. Hence, 2pq -
7| IA/NI. This implies that A/N = Dy, : Z7. Let H be a normal subgroup of the order
pq of Dapg and Q be a Sylow g-subgroup of H. Then, in the Sylow Theorem, Q char H
and thus Q < Dy, is H < D,p,. Note that Q is also a Sylow g-subgroup of D, Then,
Q char Dapg and thus Q < A/N is Dopg < A/N. Then, 5 < p < gand p | g — 1. Then,
g > 11. Hence, Q is also a Sylow g-subgroup of A/N. Let Q = G/N. Then, G/N = Z; and
|G| = 22. g. In the Sylow Theorem, the Sylow g-subgroup of G is normal, at say L. Then,
L =7, and thus G = Z% X Zg =N x L. Hence, LI Ais G A. Then, the normal quotient
graph I'; of I relative to L is a seven-valent symmetric graph of order 8p. In Lemma 3,
there exists no graph for this case, which is a contradiction.

Thus, we complete the proof of Lemma 7. [

Now we move on to the case where there is no soluble minimal normal subgroup of
A. Then, we have the following lemma.

Lemma 8. Assume that A has no soluble minimal normal subgroup. Then, there exists no seven-
valent symmetric graph of order 8pq for 5 < p < q.

Proof. Let N be an insoluble minimal normal subgroup of A, and let C = C4(N) be the
centralizer of N in A. Then, N is isomorphic to T, where d > 1 and T are non-abelian
simple groups. Assume that N has t orbits on the vertex set of I'. If t > 3, then N, = 1 by
Lemma 1 and thus [N| = |T|? | 8pg, since N is insoluble. Then, [N| = 4pq or 8pq. Thus, N
has two orbits or an orbit on VT, which is a contradiction. Hence, N has at most two orbits
on VT, and it follows that 4pq | |N/.

If Ny = 1, then |N| = 4pq or 8pq, since q | [N| and 4> { [N|. Then, N = T. Note that
5 < p < q [34]; no such simple group exists, and this is a contradiction. Hence, N, # 1.
Since T is connected to N < A and N, # 1, we have 1 # N;('X) d AE(‘”. It follows that 7
divides |Ny|. Then, we have that 28pg | |N/|.

103



Mathematics 2024, 12, 787

Now, we claim that d = 1. Otherwise, d > 2, and thus 72 | IN|. We haved = 2
as [N| | 2¥.3*.52.7-p-q. Sop =7o0rq =7 If p =7 thenqg > 7 and ¢° | [T?,
which contradicts with [N| | 227 -3%.52.7-p.q. If g = 7, then p = 5. This implies that
|T| | 2!3-32.5.7. Note that 35 | |T|. By checking the nonabelian simple group of an order
less than 21332 .57, we have that T = Ay, Ag or PSL(3,4),and N = A2, Ag? or PSL(3,4)2
as d = 2. On the other side of the coin, C< A, CN N = 1and thus (C, N) = C x N. Because
|Cx N||2%7.3*.52.7-p-gand [N| = |T|*> = 26-3%.52. 72 or2!2.3*.52. 72, Cis a
{2, p}-group, and hence soluble, where p = 5. So, C = 1 as A contains no soluble minimal
normal subgroup. This implies A = A/C < Aut(N) = Aut(T)wrZy. By Magma [23], no
such graph exists, which is a contradiction. Therefore, we haved =1,and N =T <JAisa
nonabelian simple group.

We next prove that C = 1. If C # 1, then C is insoluble, as C < A and A contain
no soluble minimal normal subgroup. In the same argument as for the case N, we have
7 divides |C,|. Because (C,N) = C x N and C, N < A, we have C, x N, < A,. Note
that 7 divides | N, |; this concludes that 72 | |A,|, which is a contradiction with Lemma 2.
Therefore, we have C = 1, and thus A < Aut(T) is almost simple. It follows that T = soc(A)
is a nonabelian simple group and satisfies the following condition.

Condition(*): |T| lies in Table 3 such that 28pq | |T| and |T| | 2% -3%-5%.7 . p-q.

Assume first that T = My, Mas, J1, A1y, PSL(2,27), PSL(3,16), PSL(2,5°%), PSL(2,72),
PSL(4,4), PSL(6,2), PSp(4,8), HS, 2D4(2), 3D4(2), or G(4). Note that |T : T,| = 4pq or
8pq. T has no subgroup of index 4pq or 8pq by Atlas [35], which is a contradiction.

Assume that T = My,. Since T has no subgroup of index 4pg, we show that T is
transitive on VT, and thus |Ta| = 120,960. In Proposition 1, I' = Cos(T, Ty, TogTy), where g
is a 2-element in T such that g € Ty and (Ty, g) = T. In Magma [23], thereisnosuch g € T,
which is a contradiction. Similarly, T is not isomorphic to Sz(8), PSL(2,2°) or PSL(5,2).

Assume that T = PSL(3,8). If T has two orbits on VT, then I is bipartite and
|Ty| = 27 - 3% - 7. Recall that A is almost simple. Thus, A < Aut(T). Since Aut(T) = PSL(3,8).
7, we have A = PSL(3,8).Z,, PSL(3,8).Z3 or PSL(3,8).Z, and thus |A,| = 27-3%.7,
26.33.70r27-3%.7, which is impossible according to Lemma 2. Thus, T is transitive on
VT. In Proposition 1, I' = Cos(T, Ty, TogTx), where g is a 2-element in T such that g2 e Ty
and (T, g) = T. By Magma [23], there is no such ¢ € T, which is a contradiction.

Finally, assume that T = PSL(2,q). Then, T < A < Aut(T) = PGL(2,9) (PGL(2,9) =
PSL(2,9).Z;) and |A : T| < 2. If A, is insoluble, then Ty is also insoluble as |A, : Tx| < 2.
Ty = As in Lemma 5, contradicting with 7, divides |T,|. Therefore, A, is soluble, and
| Ay | divides by 252 in Lemma 2, and so |T,| divides 252. This implies that |T| | 2016 - p - 4.

Note that | T| = ‘7(‘7_1%(“1) and(q;“l,q;l) —1.Ip | %,thenq—&—l | 2016. Tt

follows that g = 7, 11, 13, 17, 23, 31, 41, 47, 71, 83, 167, 223, 251 or 503. If p | %, then
qg—1 | 2016. It follows that g = 7, 13,17, 19, 29, 37, 43, 73, 97, 113, 127, 337, 673, 1009 or

2017. Note that T meets the condition (*) and 5 < p < g. Therefore, T is one of the groups
in the following table:

T Order T Order

PSL(2,29) 22.3.5.7-29 PSL(2,41) 23.3.5.7-41
PSL(2,43) 22.3.7-11-43 PSL(2,71) 23.32.5.7.71
PSL(2,83) 22.3.7-41-83 PSL(2,97) 25.3.72.97
PSL(2,113) 24.3.7.19-113 PSL(2,167) 23.3.7-83-167
PSL(2,223) 25.3.7.37.223 PSL(2,251) 22.32.5%.7.251
PSL(2,337) 24.3.7.13%.337 PSL(2,503) 23.32.7.251-503
PSL(2,673) 25.3.7.337-673 PSL(2,1009) 24.32.5.7.101-1009
PSL(2,2017) 25.32.7.1009 - 2017

Assume that g = 29, 71, 97, 113, 223, 251, 337 or 1009. Note that |T : T,| = 4pq or 8pq.
T has no subgroup of index 4pq or 8pq in Lemma 5, which is a contradiction.
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Assume that g = 337. Then, T = PSL(2,337), which contradicts with |T| | 2% -3%.5% -
7-p-q.

Assume that g = 43. Then, T = PSL(2,43) and (p,q) = (11,43), since T has no
subgroup of index 8pg. Then, T is not transitive to VI'. If T has two orbits on VT, then
|T.| = 21. As A is almost simple, A = PGL(2,43), and Ay = F» in Lemma 2. In
Proposition 1, T = Cos(A, Ay, AxgAs), where g is a 2-element in A such that gz € Ay and
(Aa, §) = A. In Magma [23], there is no such g € A, which is a contradiction.

Finally, assume that g = 41. Then, T = PSL(2,41) and (p,q) = (5,11). If T has two
orbits on VT, then |T,| = 42. As A is almost simple, A = PGL(2,41), and A, = Fy in
Lemma 2. This is impossible, as PGL(2,41) has no subgroup isomorphic to Fy,. Therefore,
T is transitive to VI and in Lemma 2, T, = F,;. In Lemma 5, PSL(2,41) has no subgroup
isomorphic to F,1, which is a contradiction. Similarly, g # 167, 503, 673 or 2017.

Thus, we complete the proof of Lemma 8. [

By combining Lemma 6, 7 and 8, we have completed the proof of Theorem 1.

4. Conclusions

Through the classification of seven-valent symmetric graphs of the order 8pg, we
obtain many highly symmetric graphs in Table 1. These graphs can be applied to the design
of the interconnection network. With induction, we may further classify seven-valent
symmetric graphs of the order 8n, where 7 is an odd square-free integer. We can even
classify p-valent symmetric graphs of the order 2Kn, where k is a positive integer and 7 is
an odd square-free integer.

Author Contributions: Formal analysis, ].Y. and Y.Z.; Writing—original draft, Y.J.; Writing—review
& editing, B.L. All authors have read and agreed to the published version of the manuscript.

Funding: This work was partially supported by the National Natural Science Foundation of China
(12061089, 11861076, 11701503, 11761079), and the Natural Science Foundation of Yunnan Province
(202201AT070022, 2019FB139).

Data Availability Statement: The data will be made available by the authors on request.

Conflicts of Interest: The authors declare no potential conflicts of interest.

Nomenclature

GH,... Groups

a,b,... Elements of groups

ab b~1ab

Dy Dihedral group of order n

Sp, An Symmetric, alternating groups of degree n
Z Sets of integers

Zn Z/nZ

My, Ma3, Moy Mathieu groups

ASL(n,R) Af fine group over R

Sz(2") Suzuki group

SL(n,R) Linear groups over R

It Janko group

HS Higman, Sims group

PSp(4,8) Symplectic group

2Dy(2) Orthogonal group

3Dy(2) Triality twisted group

Ga(4) Chevalley group

PGL(n,R),PSL(n,R)  Projective general linear and projective special linear groups
r Graph

VI, ET, AT

Vertex set, edge set, arc set of T’
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I'n

«

Aut(T), Aut(T'y)
Cn

Quotient graph

Element of graph

Automorphism group of T and Ty
Symmetric graph of order n

Gu Stabilizer of win G
G x H,G" Direct product, direct power
GuwrH Wreath product
G.H An extension of G by H
|G| Cardinality of the group G
G/N Quotient group
Fy Frobenius group of order n
H=G H is isomorphic with G
(Na, 8) Group generated by Ny and g
GJA G is a normal subgroup of A
Aut(T) Automorphism group of T
soc(A) Socleof G
Ca(N) Centralizer of Nin G
|A:N]| Index of the subgroup N in A
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Abstract: This paper introduces equitable graphs of Type I associated with finite groups. We inves-
tigate the connectedness and some graph-theoretic properties of these graphs for various groups.
Furthermore, we establish the novel concepts of the equitable square-free number and the equitable
group. Our study includes an analysis of the equitable graphs for specific equitable groups. Addi-
tionally, we determine the first, second and forgotten Zagreb topological indices for the equitable
graphs of Type I constructed from certain groups. Finally, we derive the adjacency matrix for this
graph type built from cyclic p-groups.

Keywords: equitable graph; equitable group; topological indices
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1. Introduction

The connection between graphs and groups is an interesting field of research and has
wide applications. Research on this subject leads to the investigation of the relationship
between the group and the associated graph and explores theoretical properties from one
to the other. The graph associated with a group can provide valuable information and offer
a combinatorial approach to studying groups. This can give group theorists more tools to
work with. Additionally, comparing groups with similar graph-theoretic properties can
help classify these groups. The literature is rich with studies on this topic. This concept
has been known since 1878, when Cayley graphs were presented [1]. Subsequently, several
graphs have been constructed from groups, such as the commuting graph, which was
introduced by Brauer and Fowler in 1955 [2]. Then, the prime graphs were defined by
Gruenberg and Kegel in 1975 [3]. Later, in 2009, Chackrabarty, Gosh and Sen presented the
power graph [4,5]. Many graphs have been introduced in the literature: for instance, the
order-divisor graph, intersection graph and cyclic graph. All of these graphs have been
thoroughly studied, including their characteristics and their relations with groups. For
more details, we refer the reader to [6-11].

In light of the increasing significance of graphs linked to groups and their role in
classifying both groups and graphs, as well as the importance of element orders in a finite
group, we are inspired to introduce a new type of graph based on the distinctions between
element orders within the group. Through this research, we study a graph associated with
a finite group called the equitable graph Type I and denoted by £;(G). The vertex set of
this graph is a finite group G, and two distinct vertices x and y are adjacent if and only if
lo(x) — o(y)| < min{o(x), 0(y)}.

In our research, we extensively studied important algebraic groups in order to create
general formulaic representations of the resulting graphs. These representations were thor-
oughly analyzed to understand their theoretical properties and topological characteristics.
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Moreover, our exploration of this innovative conceptual definition allowed us to establish
new specialized terminology: specifically, the concepts of the equitable square-free number
and the equitable group. These new concepts serve as valuable classifications within the
respective domains of number theory and graph theory.

In this paper, G denotes a finite group, and ¢ is the identity of G. For any element of
G, say g, 0(g) is the order of g, and the number of elements of order m in a cyclic group is
equal to ¢(m), where ¢ is the Euler’s phi function. For a real number x, the greatest integer
< x [or the least integer > x], called the floor [or ceiling] function and denoted by | x| [or
[x]], respectively.

Let I' denote a graph with vertex set V and edge set E. Then, m(I'(V)) denotes the
size of the graph, and the number of edges incident to a single vertex v € V is called
the degree of v, d(v); the maximum and minimum degrees of the graph are denoted by
A(T(V)) and 6(I'(V)), respectively. The graph I'(V) is said to be connected if and only if
there is a path between any two distinct vertices of V, while the graph is complete if and
only if any two vertices are adjacent, and K, denotes the complete graph on m vertices.
The complete subgraph of I'(V) is called a clique, and the clique number, w(I'(V)), is the
cardinality of the maximum clique. The diameter, diam(I'(V)), is defined as the maximum
distance between two vertices, and the radius, (I'(V)), is the minimum eccentricity of the
graph, where the eccentricity of any vertex v is defined as e(v) = max{d(v,u) : u € V}.
The length of the shortest cycle in I'(V) is called the girth of the graph, and it is denoted
by gr(T'(V)). A set S of vertices is said to be a dominating set if every vertex v belong to
V'\ S is adjacent to at least one vertex in S, and the cardinality of the minimum dominating
set, v — set, is called the domination number, y(I'(V)). The minimum number of colors
needed to label the vertices such that no two adjacent vertices have the same color is called
the chromatic number of the graph, x(I'(V)). The adjacency matrix is an (n x n) matrix,
where |V| = n, and is denoted by A(T'(V')). Almost all of the definitions and notations can
be found in [12-14] for group theory and graph theory.

Through this work, we deal with finite groups and simple graphs. We consider the
vertex set as the elements of the group and introduce the first type of equitable graph,
&1(G). In this paper, we study the connectedness of the equitable graph Type I for some
groups and investigate some of their theoretical properties in Section 2. In Section 3, we
introduce the concepts of the equitable square-free number and the equitable group. Then,
the graph of this group is studied. Next, we determine the first, second and forgotten
Zagreb indices for the equitable graph Type I of some groups in Section 4. Finally, in
Section 5, we obtain the adjacency matrix for £, (G), where G is a cyclic p-group, and many
examples are included. In this work, since the vertices are the elements of the group G,
we use the words “elements” and “vertices” interchangeably. Also, for simplicity, we use
4(&y), for example, rather than 6(&;(G)).

2. Equitable Graph Type I

The definition of the first type of an equitable graph from any finite group is introduced
in this section. Later, we explore some theoretical properties of this graph from certain
groups.

Definition 1. Let G be a finite group. The equitable graph of Type I of G, denoted by £1(G), is a
graph with vertex set G in which any two distinct elements of G, x and y are adjacent if and only if

lo(x) —o(y) | <min{o(x),0(y)}.
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Example 1. Consider the special linear group G = SL(2,3) that is the group of 2 x 2 matrices
with determinant 1 over the field of three elements. Then, the list of the elements is as follows:

w=(o 1 )m=(5 2 )m=(o 1)m=(5 o)

w=(y 4 )u=(y 2 )w=(o 1)u=(1 o)

~—
S
s
a1
|
~~
SN
NN
~—
<
<
sy
o
Il
/N
Ju—
N
~
N

(2 D )mem (]

o= (2 Qew=( 8 2 )ow= (9 2w (2 1),
1 2
1 1

= (1 1w (2 o= (2

where v has order 1, vy has order 2, v to vy have order 3, v11 to v1g have order 6, and v1g to vy
have order 4. Then & (G) is depicted in Figure 1.

N
N

_ = = N
N =N O
~—
Q
N
w
|
/
N = = O
NN ODN

Figure 1. The equitable graph Type I of the group SL(2,3).

o (&(G)) =1,A(4(G)) =22
. x(&(G))) = w(&(G)) =22.
3

o gr(&(G)) =3.
e y(&(6) =2
e diam(&1(G)) =3.
o m(&(G)) = 246.

Lemma 1. gr(&1(G)) = 3 for any finite group G with order greater than 3.

Proof. Let G be a finite group of order n. Then, the result is clear for n = 1 or 2, and the
only group of order 3 is a cyclic group in which the identity is isolated. Now, assume that
n = 4; then there are only two possible cases for the group G. Either G is cyclic or G is
isomorphic to the Klein four group Vy = {(a,b : a> = b*> = ¢,ab = ba). In the first case, the
element of order two is adjacent to the two elements of order four in £;(G), forming a cycle
with three edges. In the latter case, the graph is complete.

Now, if n > 4, it is clear that there exist at least three elements sharing the same order.
Hence, £1(G) contains K3 as a subgraph. [

The following lemma has been utilized in numerous proofs throughout this research;
therefore, it is prudent to mention it here.
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Lemma 2. Let i be a positive integer. Then

1.

2.

21'72_;'_ 21'71 + 2i — (7)27’72‘

21’72_'_ 21’71 — (3)21‘72.

Theorem 1. Let G be a cyclic group of order 2; k > 1 is a positive integer. Then &(G) is
connected.

Proof. As G is a cyclic group, the orders of the elements are the divisors of |G|. Now, as is
well known, | 2f — pitl |= 2iforall0 < i < k — 1. Therefore, each element of order 2 is
adjacent to all elements of order 2i+1 (as vertices) for all 0 < i < k — 1. Thus, we conclude
that there is a path between any two vertices, and the graph &£;(G) can be shown as in
Figure 2 such that each circle forms a complete subgraph.

o(v)=2k

Figure 2. The equitable graph Type I of cyclic groups of order 2¥.
O

Theorem 2. Let G be a cyclic group of order 2¥; k > 1 and is a positive integer. Then & (G) has
the following properties:

1.

2

3.
4.
5

5(&1) =1, and A(&)) = (7)2%3 — 1 unless k = 2, in which case A(E1) = 3.
w(&) = (3)2%
diam(&;) = k.
&1(G) is a weakly perfect graph.
k+1
ren ===
k = 0(mod2);

k
ré) =4 ¢
%;1, otherwise.

k=1 X
m(&) =1+ Y 2712 —1).
i=1

Proof. Let G be a cyclic group of order 2k, where k > 1 is a positive integer.

1.

In this case, the minimum degree and the maximum degree for k = 2 are obvious.
Now, for k > 2, each element of order 2/ is adjacent to each element of order 2i-1
and 2! forall 1 < i < k — 1, and since the number of elements of order 2™ is
$(2™) = 2"l as G is cyclic, for all 1 < m < k, we obtain the result.

According to the fact that p(2) = 1 < $(22) < ... < ¢(2¥) and from the adjacency
criteria, the result can be obtained using Lemma 2.

This follows from Theorem 1 and the adjacency method of the vertices.

Since for any graph T, obviously x(T') > w(T'), we obtain that x(&;) > 3(25~2). Then,
according to the adjacency order, we can reuse these colors, and hence, x(&;) <
3(2K=2). Therefore, the equality holds.

Through the adjacency method and by Figure 2, we deduce that for each of three
consecutive cliques, one vertex of the middle one can be in a dominating set. So

the cardinality of v — set > HTl, and thus, from the definition of the domination

k
number and the number of sequential cliques, we can obtain y(&;) < %3
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. . . . k
6.  From Figure 2, we obtain that the eccentricity of the vertices ranges between k and 3

(or [g-‘) if k is even (or odd). Therefore, r(&1) = [g“ .

7. This follows from the adjacency method and the fact that the elements of the same
order form a complete subgraph. Hence,

k i iy _ . .
me) =1+ 3 [FEER=T g0 g2

O

Let n be a positive integer. Then the dihedral group of order 21 is defined as follows
Doy = (a,b:a" =b* =e,ab=ba™").

Example 2. Consider the dihedral group of order 8, Dg. Then this group has one element of order
1, five elements of order 2, and two elements of order 4. Therefore, the equitable graph of Dg is
shown as in Figure 3, where vy denote the identity, v, = a2, vz =b, vy = ab, v5 = a2b, Vg = a3bh,

vy = a,and vg = a°.

Figure 3. The equitable graph Type I of Dg.

Through the next two results, we explore the theoretical properties of the equitable
graph of this group for special cases of .

Theorem 3. Consider the dihedral group G = Dy, n = 2K k > 1. Then
1. &(G) is connected.
k+1

2. diam(&,(G)) =k, and v(&(G)) = [T]
3. x(&1(G) = w(€r(G)) = 2t +3.

Proof. Let G = Dy,; n = 2%, k > 1. Then

1. The connectedness of this graph is satisfied since the order of the elements of D, in
this case are clearly 2/ for each 1 < i < k, which is the same as the cyclic group of
order 2%,

2. From the previous point, we obtain that the equitable graph Type I of this group and
any cyclic group of order 2¥ share the same dianeter and domination number. Then by
Theorem 2 we obtain the result.

3. The number of elements of order 2 in D,, is equal to n + 1, and for the remaining
divisors of 7, there are ¢(2") elements for all 1 < m < k. Hence, clearly, the maximum
clique consists of the elements of order 2 in addition to the elements of order 22 by the
connectedness. Therefore, we obtain the outcome.

O

Proposition 1. Let G be the dihedral group Da,; n = 25, k > 1. Then
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5 k=2or3;
1. 6(&(G)=<¢ 11, k=4

13, k>5.
2kre6, k>3
2 @) ={ 7" 2]

Proof. Let G be the dihedral group Dy,; n = 2%, k > 1. Then

1. From the adjacency method and according to the number of elements in each order in
G, we attain the solution for k = 2, 3 or 4. Now, for all k > 5, we have that the degree
of any element of order 23 is 13, which is the minimum among all others, and hence,
we are done.

2. For the first case, since the elements of order 22 are adjacent to all elements of order 2,
which include the maximum number of the elements, we obtain that

AE(G)) =2F+1+¢(2%) —1+¢(2%) =2F +6.

Now, when k = 2, let v(;) denote a vertex of order j. Then d(v(;)) = 5, d(v(y)) =7,
and d (Z)(zz)) = 6. Hence, we can conclude the result.
|

Theorem 4. Let G be a cyclic group of order p¥, where p > 2 is a prime number and k > 1. Then
&1(G) is disconnected.

Proof. Let G be a cyclic group of order p¥, where p > 2 is a prime number and k > 1. Then
the graph & (G) is as shown in Figure 4.

= _)2
o(v)=p o(v)=p’ owy=p*

Figure 4. The equitable graph Type I of cyclic groups of order pF.

Thus, for any 1 < i < k, we have [p' — p'~![ > min{p', p'~'}. Hence, all elements
of order p' cannot be adjacent to any element of a different order. Therefore, the graph
consists of disconnected cliques. [

Theorem 5. Consider the cyclic group G of order p*; p > 2 is a prime number, and k > 1. Then
&1(G) has the following properties

1. 8(&)=0,A(&)=pF—pFT1 -1

2. Therearek + 1 components.
3. ’}/(51) =k+1.
4 w(&)=pp-1).
5. x(@&)=pp-1)
k(i _ pi—1[pyi _ pi—1 _
6. me) =y WP oyt o1

i=1 2

Proof. Let G be a cyclic group of order p; p > 2 is a prime number, and k > 1. Then

1. The result s clear for the minimum degree. Now, for the maximum degree, the result
follows as each element of the same order forms a complete subgraph and since
P(p) < ¢(p?) < ... < ¢(p¥). Thus, A(E;) is equal to the degree of any element of
order p*.

2. Since the elements of the same order form a clique and by Theorem 4, we obtain that
the number of the components is the number of the divisors of |G|.
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3. According to Theorem 4 and the method of the adjacency, one vertex from each clique
can be in the dominating set that includes the identity. Thus, the cardinality of the
dominating set is at most k 4- 1. Therefore, the dominating set, say S, contains the
identity and one vertex of order pi forall1 <i <k, and hence, |S| = k+ 1.

4. The result is direct as the number of vertices in each clique equals ¢(p') for all
1<i<k

5. By the previous point, we obtain that at least p*~(p — 1) colors are needed to label
the vertices. Since the components are disjoint, these colors can be reused. Hence,
x(&) = w(&).

6.  The result can be obtained through the adjacency method and from the fact that all of
the elements of order p' form a complete subgraph forall 1 < i < k.

O

Theorem 6. Let G be a cyclic group of order 2k.q; q > 2 is a prime number, and k > 1, such that
12! — g| < min{2',q} for some 1 < i < k. Then & (G) is connected.

Proof. It is known that the divisors of n consist of 1, 2, 22, ..., 2k, q, 2q, 22q,

L2k g. Then by Theorem 1, we obtain that the vertices of orders 1,2, .. ., 2k are connected.
Consequently, [2/g —2/~1g| = 2/~1q = min{2/g,2/~1¢} forall 1 < j < k, and this is achieved
by the connectedness of the vertices of orders q, 2q, .. ., 2¢q. Therefore, by the condition
|2/ — g| < min{2!,q} for some 1 < i < k, the connectedness of this graph holds. [J

Proposition 2. Let G be a cyclic group of order 2%q; q > 2 is a prime number, and k > 1. Then
&1(G) has the following properties

1. 4&)=1

2. x(&) = w(&) = ¢(n) +¢(3).

N A(gl){qxn)i:( ) o)+ () =1, if =3

(3
P oD+ -1 ifg>3

NIE N=

Proof. Let G be a cyclic group of order 2¢g; g > 2 is a prime number, and k > 1. Then
for the first point, the proof is followed, since deg(e) = 1, which is the minimum among
all vertices. For (2), as the orders n and 7 involve the largest number of elements, and
since [25q — 2k-1g] < min{2q, 2514}, |2¥g — 2F| > min{2%q, 2k}, and |2Fq — 2F~2%g| >
min{2q, 2524}, we obtain that the vertices of orders n and 4 form the maximum clique. It
is clear that x(&1) > w(&7). But from the relations above, we deduce that the colors of the
vertices of order n can be reused. Thus, x(&1) < w(&7).

The maximum degree of this graph is the degree of a vertex of order 7; this follows
from the previous points and according to the adjacency method. Now, if 4 > 3, we
have |2 — g| > min{2,q}. Consequently, [2F —25~1g| > min{2k,2¢~14}. Hence, by the
arrangement of the order as in Theorem 6, we obtain the result. Otherwise, if 4 = 3, since
|3 — 2| < min{3,2}, we obtain that [2¢-13 — 2F| < min{2F-13,2k}. Also, as |3 — 1| >
min{3,1}, then |26-13 — 25=1| > min{2%~13,25~ 1} Then

A(&) = 9(2°3) + ¢(2"713) + 9(2°) + 9(27?3) — 1. (1)
O

Theorem 7. Let G be a cyclic group of order 2Xq; q > 2 is a prime number, and k > 1. Then & (G)
has the following properties:

1. If&(G) is connected, then

. {7(51) =51 +2, if 9=3
[t +2<9(&) < T3] if g>3,

114



Mathematics 2024, 12, 2126

(b)  diam(&) = (t—1) — (k—i).
where i is a positive integer such that 21 < q < 21*1 and t denotes the number of divisors of

n, which in this case is equal to 2(k + 1).
2. If&(G) is disconnected, then y(&;) = 2[ K417,

Proof. Let G be a cyclic group of order 2¥.g; g > 2 is a prime number, and k > 1. Then
consider the connected case of the graph, and let 4 = 3; then the divisors of n will be in the
following order:

1,2,3,22,2.3,23,223 2% 233 ... ok ok—13 ok3

Let v;) denote a single vertex corresponding to an element of order j. Now, as the
vertex that is associated with the element of order 2, say v,), is adjacent to the identity
and all vertices that are associated with elements of order 3 and 4, thus v(2) belongs to the
dominating set S. For the remaining t — 4 divisors, we have the following relation:

It is clear that any vertex associated with an element of order 2/, say (51, is adjacent
to all symmetrical vertices and all V(ai-1) and V(git1) forall 2 <i <k — 1. This implies that
any vertex v(,i3) is adjacent to all vertices of orders 2713 and 2/-13.

Also, since |2 — 3| < min{2,3}, we have [2/ — 2/713| < min{2/,2/"13}. And as
|22 — 3] < min{22,3}, we obtain |2/ —2/723| < min{2/,2/"23} forall 2 < i < k—2.
Therefore, v,i3) is adjacent to all symmetrical vertices and all vertices 0(5i-13), V(i+13), Uit 1)
and v(yis2). Also, each vertex v ,i is adjacent to all symmetrical vertices and all vertices
(2i-1), V(pit1), V(gi-23) and v(pi-13y. Thus, according to the order of elements mentioned at
the beginning of the proof, we find that the dominating set contains V(223), V(26), V(273)
V(a1 - -+ U(gk-1) OF Uphy; SO for every five consecutive divisors, one vertex can be in S,

and so v(&1) > | 5] + 1. But since [253 — 2F| > min{2*3,2*}, one vertex of () OF V(1)
must be in S. Hence, we conclude the result. On the other hand, concerning the case of
g >3,]2 —¢g| > min{2, g}, where the minimum value for this occurs at q = 3, so the graph
in this case is more interconnected based on the relationships mentioned previously. So
v(&) > \_%J + 2. But the equality is possible given that numerous examples achieve it.

For instance, if n = 25, then, according to the order of the divisors, which is as follows:

1,2,22,5,23,2(5),2%,22(5),23(5),2%(5),

we obtain that the minimum dominating set contains the vertices ), v(3(5)) and v(545)),
where v(j) denotes a single vertex associated with an element of order j. Hence, v(&1) =
3 = [1%4]| +2, and this yields the desired result. Also, it is clear that (&) cannot be more
than [£], whereas the occurrence of the maximum probability arises when for every set of
three consecutive divisors (orders), a singular vertex having an order equal to the middle
divisor is included in the dominating set.

The diameter of £1(G) in this case is clearly equal to the distance between the identity
and an element of order 2¥4 (as each divisor of n corresponds to a clique in & (G)). Thus, if
q> 2k then diam(&;) = t — 1. Otherwise, if 2 < q< 2i+1 for some 1 < i < k — 1, then

2i+l < 2(] < 2i+2
2i+2 < 22q < 2i+3

k-1 < 2(k71)7iq < ok

Then, the path, say P, that joined the identity with V(2kg) will be as follows: v(1) — v(3) —
T O T 0@ T T Uk T Dakeiyg e T Ukg) T Uky)-

Now, as has been shown, all the vertices corresponding to the elements of orders
q,2q,..., and 2<k*1)*’q have been excluded from P. This reduces the length by about
(k—1) —i+1 = k — i. Therefore, the result is obtained.
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Finally, when the graph &;(G) is disconnected, meaning |25 — g| > min{2¥,4} and
q > 2k, there are two components by Theorem 6, and each component consists of k 4 1
cliques that are joined successively as in Theorem 1. Therefore, in this case, the domination
number is twice the value of the domination number in Theorem 2. [

Theorem 8. Let S, and Ay be the symmetric and alternating groups, respectively, on a set of n
elements. Then

1. & (Sn), where n > 2, is connected.
2. &(Ay) is connected for all n > 3.

Proof. The proof is straightforward due to the nature of the orders of the elements in these
groups. [

The following theorems have been referenced for their applications in verifying the
Eulerian and planar properties of this graph.

Theorem 9 ([14] (Theorem 6.2.2)). For nontrivial connected graph T, the following statements
are equivalent:

1. Tis Eulerian.
2. The degree of each vertex of T is an even positive integer.
3. T is an edge-disjoint union of cycles.

Theorem 10 ([14] (Theorem 8.4.1)). Ks is nonplanar.

Theorem 11. Let G be a cyclic group of order n; n is a positive integer. Then

1. &1(G) is not Eulerian for all n > 3.
2. &1(G) is not Hamiltonian for all n > 2.

Proof. Let G be a cyclic group of order 1; n is a positive integer. Then the proof of the first
point follows from Theorem 9 since whenever the graph & (G) is connected, the degree
of the identity vertex is equal to one, which is an odd integer. Now, for the second point,
according to the definition of the graph and since there is exactly one element of order 2 in
this group, there is only one edge that is incident to the identity. Hence, it is impossible to
have any Hamiltonian cycle in & (G). O

Theorem 12. Let G be a cyclic group of order n; n is a positive integer. Then &1 (G) is planar for
all n < 6 and nonplanar otherwise.

Proof. Let G be a cyclic group of order n; n is a positive integer. Then for each n > 6, the
graph &;(G) contains an induced subgraph Ks, and this implies the nonplanarity of the
graph. On the other hand, the proof is obvious for n = 1,2,3 and 4. Also, if n = 5, then
&1(G) consists of an isolated vertex, which is the identity, and the complete graph k4, and
hence, it is planar. Finally, the planarity of the graph when 1 = 6 is shown in Figure 5.

Figure 5. The plane embedding of a cyclic group of order 6.
O
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1r pPi, P2,

3. Equitable Square-Free Number

This section endeavors to establish the conceptual frameworks of the equitable square-
free number and the equitable group. Furthermore, it encompasses a comprehensive study
of the connectedness properties inherent to the equitable graph Type I associated with such
a group, and we analyze its characteristics in detail.

Definition 2. Let p; < py < --- < py be distinct prime numbers. The square-free number
n = Hi‘:l pi is called an equitable square-free number if and only if pi 1 — p; < p; for all
i=12--- k-1

Theorem 13. Let n be an equitable square-free number and consider the cyclic group G of order n.
Then

1. For py =2, &(G) is connected.
2. Forpy > 2, & (G) is disconnected.

Proof. Let G be a cyclic group of order n, where 7 is an equitable square-free number. Then
the divisors of n will be arranged, in general, as follows:

s Pk, P1P2, P1P3, -, P1Pk, P2P3, - - " s Pk—1Pk, P1P2P3, P1P2P4, =" ’

Pk—2Pk—1Pk» P1P2P3P4, -~ s P1P2---Pk=1, """, P2P3--- Pk, P1P2--- Pk =1

Since the order of the elements is the divisor of 1, we first need to prove that any vertices
that have an order equal to the product of the same number of primes form a component;
that is, any two vertices of orders with the same number of primes have a path between
them. This is clear for order 1 since there is only one vertex that has this order, which is the
identity. Also, the vertices with order n clearly form a component.

Now we will prove this for the remaining divisors by using the mathematical induction
on the number of primes in the prime factorization of the divisors, say m. The proof is clear
form =1,n = p;; 1 <i < k according to the choice of 7.

The base case of m = 2:

Letd; = p;pjand dy = p;ps be any two divisors such that j < i,t < s,and j < t. By

the definition of 11, we have

|pis1 — pil < min{p;yq, pi};foralli=1,2,...,k—1.

Then

Ipipis1 — pjpil < min{p;pi1, pipi} @3]
So if t = j, then this forms a path between the vertices of order dy and d5. If j < t, then we
have the following;:
By inequality (2), we can find a path from the vertices of order p;p; to the vertices of order
p;pk- Hence, from the ordering of the divisors, we obtain that:

Pj+1Pj+2 — PiPk = Pj+1Pj+2 — PjPj+2 + PiPj+2 — PjPk 3)
< Pjpj+2 + PiPj+2 — PiPk “4)
= pj(2pjy2—p) < ik ()
Then
[pj1pjv2 — pjpkl < min{pji1pji2, pipkt (6)

This forms an edge between the vertices of these orders. Then by using the same fact
as in inequality (2), we obtain that there is a path from the vertices of order p;p; to the
vertices of order p;1p;. Continuing the process in the inequalities (2) and (6), we can find
a path between vertices of orders d; and d,. Therefore, for all & € Sy such that o # e and
a(j) < a(i), there is a path from any vertex of order p;p; to any vertex of order p,(j)Pa(i),
wherel <j<i<k
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The inductive hypothesis: Assume that this is true for all m < k — 1. That is, for all & € Sy
such that & # 1 and a(iy) < a(ip) < --- < a(iy), there is a path between any two vertices
of orders [, p;; and [T}, Pa(is)-
The inductive proof: Let m = k—1, and d; = ]_[];;11 pi, and d; = ]_[if;% pj, are any two
divisors such that p;, < p;,,, and p;; < p;, foralll < t,5 < k—2. By the inductive
hypothesis, we have that there is a path between the vertices of orders d'; = ]—[’;;12 i,
and d'; = H’S‘;f pj,- Now if p; | = p;_,, we are done. So without loss of generality, let
Pi_y < Pj_,- Then, similarly to the base case, we can find a path between the vertices
of orders d; = d';p; , and d; = d';p;_,. Hence, for all & € S such that « # e and
a(iy) < a(ip) < -+ < a(ix_1), there is a path from the vertices of order ]—[}[;11 pi, to the
vertices of order H’t‘;ll Pa(iy)-

Now, assume that p; = 2. Then by the first part, we need to check the connectedness
between the components, and this is clear from the fact that for any integer m,

|2m — m| = m = min{2m, m}.

Thus, for any divisor d = p;, pj, ... pi, where2 <t <k—Tland 2 < p; <p;, <+ < pj,
we have

[2d —d| = d < min{2d,d} 7)
Therefore, there is a path from any element of order []{.; pj, to any element of order
]_[;.’1;11 Pis where 1 < m < k — 1. Therefore, there is a path between any two vertices in
&1(G). Otherwise, if p; > 2, since |p; — 1| > min{p;, 1} foralli =1, 2, ..., k, we have
that for any divisor d of |G|,

|d — 1| > min{d, 1} 8)

Then, there is no edge between the identity and any other vertex in the graph. Hence, the
identity is an isolated vertex. [

For the disconnected case delineated in Theorem 13, the subsequent theorem examines
the cardinality of its constituent components.

Theorem 14. Let G be a cyclic group of order n = [T5_, p;, where n is an equitable square-free
number, and consider that py > 2. Then

1. &(G) has 3 or 4 components for k = 2 or 3, respectively.
2. Fork > 3, we have

o If|pip2 — pt| < min{p1p2, pt} for some 3 < t < k. Then & (G) has 3 components.
e If|pip2 — pil > min{p1pa, pi} forall 3 < i <k, then the number of the components
in & (G) will be as follows:

{5 |p1p2ps — pepi| < {p1paps, pipi} forsomel <t <1 <k;
k+1, |pip2ps — pivjl > {p1p2ps, pip;} forall1 <i<j<k.

Proof. Let G be a cyclic group of order n = H;‘:l pi , where n is an equitable square-free
number. Now as p1 > 2, we have |p; — 1| > min{p;, 1}. Then

k=1 k=1 k=1
ln—=T1pil > 1P =min{n, [[p} )
r=1 r=1 r=1

Thus, there is no edge between the elements of order ]_[’r‘;} pi, and the elements of order
equal to n. These two components are depicted in Figure 6.
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ow)=TI{Z1 pj, o(v)=n
Figure 6. The disconnecting of the last components in £ (G).

In the figure, the dotted line circle represents a connected (not complete) subgraph,
and o(v) denotes the order of the element v in the group G. Hence, when k = 2, & (G)
obviously has three components, as is shown in Figure 7.

Figure 7. The equitable graph Type I of G with k = 2.

Let k = 3. Then according to the choice of the prime numbers, we have |pps — p3| >
min{pipz, p3}. So there is no edge between any element of order p; and any element of
order p;ps. Thus, the graph has 4 components, as shown in Figure 8.

o

ow)=p; ;

o(v)=pipy ;

i=123 1<i<j<3

Figure 8. The equitable graph Type I of G with k = 3.

Now let k > 3 and assume that |p;p2 — pt| < min{p;py, p:} for some 3 < t < k. This
implies that there is a path between any two elements of order p; and p,ps forall1 <i <k
and 1 <r < s <k, respectively. Also, by this assumption, we obtain that

[p1p2- Pro1Prst - Pk — P3- - ProaPiPist -« prl Smin{pipa .. prapria - pop3 - proapiprsr---prp - (10)

Hence, there is a path between all elements of order le(;ll pi, and H’S‘;% pj,- Also, by
choosing any 2 < i < k such that i # t, we obtain that

|p1papi — pepi| < min{p1papi, prpi} (11)

And this forms a path between the elements of order [T°_; p;, and [T, pj,- Continuing
this process, we obtain that there is a path between any two elements of order [T/_; p;,
and H;”;ll pj, forall 3 < m < k — 2. Therefore, there is a path between any two elements
of order [T p;, and ngl Pjos where 1 < m, t < k — 1, and hence, these vertices form a
component. Thus, the graph in this case is expressed as in Figure 9.
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o \9® ® /' [ X )N o [o)
<
~ -

ow)=ITL, Pq, 5

1<m<k-1

o(v)=n

Figure 9. £1(G) with 3 components, where k > 3.

On the other hand, if |p1p2 — p;| > min{p1py, p;} for all 3 < i < k. By the increasing
of the primes, we have that p;p, < p;p; foralll1 <i<k—1,2<j<kandi <j. Then

lpip; — prl > min{p;p;, p, };V1 <1 <kand1 <i<j<k (12)

Therefore, there is no path between any two elements of order p, and p;p;. Hence, the two
components C; and C; are disjoint, where C;, denotes the components that consist of all

elements of order ;”:1 pi; for all 1 < m < k. Consequently, we have

k—1 k—2 k—1 k—2
\TIpi —T1pil>min{[Tpi [ Tri} (13)
r=1 s=1 r=1 s=1

Thus, the disjoint components are depicted in Figure 10.

Ve ’ R p ~ ’ N
(@ @ -verrarans o) [ 00 e o, and [ @@ sexessess o) '@ @-uirene: 0!
N N - 4 A ’
v 7z h, i
. v TR - \\_ o . o
& G Cr2 C-1

Figure 10. The disconnected components in £1(G) with 5 components.

Now consider the case |p1paps — prp1] < min{pipaps, pipi} for some 1 < t <
I < k. Hence, there is a path from any element of order p;p; to any element of order
I_; pi,- Then, by choosing any ¢ ¢ {1,2,3,t,1}, we obtain that |p;pap3pc — prpipe| <
min{ p1 p2pape, pepipe - Thus, this forms a path from any element of order [>_; p;, to any
element of order H;L:l Pjs- Sustaining this procedure, we obtain that

m—1

m m—1 m
T1ri— T1pil <min{][p; [ pihiva<m<k-2 (14)
r=1 s=1 r=1 s=1

Therefore, there is a path between any two elements of these orders, and hence, it forms a
component such as that shown in Figure 11.

e s
2}

e — °o
~ -7

o=z, Pa, 5

2<m<k-2

Figure 11. The middle component in &1 (G) with 5 components.
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Otherwise, if [p1paps — pipj| > min{p1paps, pip;} forall 1 <i < j <k, then
pipaps > pipjforall 1 <i < j <k. Also, since p1paps < pipjpr foralll <i <j<r <k,

we obtain that
3 2 3 2
[TTpi, —T1pil >min{] T pi, — ;i (15)
r=1 s=1 r=1 s=1
Hence, there is no path between these components, as presented in Figure 12.

—————————

P - p ~ - .y
o (00 .) (e e @ =i o { @ @ seesvcrnnnanaa o’
N N
S . 5 - —’,/
(&1 C, Cy

Figure 12. The disconnection of the first four components in & (G) with k + 1 components.

From inequality (15), we obtain

k=2 k=3
s

k=2 k=3
[TTpi = ITpil >min{[Tpi, [Tpi} (16)
r=1 s=1 r=1 =1
Hence, these components are disjoint, as described in Figure 13.

_______________

e ’ > ’ N
[(C O 0! ! ©0 o, (00 .iuuun .I‘ @ @iy °
\s_ _,f’ \\ ______ ’/ . ”
Ci-3 Cr—2 Cr-1 C

Figure 13. The disconnection of the last four components in & (G) with k 4+ 1 components.

Then, by the mathematical induction on the number of primes in the prime factoriza-
tion of the divisors, say m, we will prove that the component containing elements of order
IT/Z; pi, and the component consisting of elements of order H;”;ll pi, forall4 <m < k-3
are separated.

The base case, m = 4: First, claim p1papaps > pr—2pPk—1Pk- Then

p1p2paps > pipjpr; foralll <i<j<r <k

Now since pi1pa > p; forall 1 < i < kand pypaps > pipj foralll <i < j <k, then

P1P2P3 > Pk—1Pk-
Moreover, as py is greater than every prime on the left side of the inequality and pj;_,

is smaller than every prime on the other side, according to the choice of the primes, we
obtain that

p1P2pP3pP4 > Prk—2Pk—1Pk

Thus, by the increasing these numbers, we have

pipapsps > pipjpr foralll < i < j < r < k. From inequality (15) and for any
te€{1,2,...,k}, such that p; > p;, and p; > p;, forallr = 1,2,3 and s = 1,2, respectively,
then

3 2 3 2
\TTpipe =T 1pipel > min{] [ pi,pse, [ T pjpe} (17)
r=1 s=1 r=1 s=1
Furthermore, p1pap3 — pr—1px > min{p1paps, px—1Px} = Pk—1Pk

P1P2P3Pa — P4Pk—1Pk > PaPk—1Pk (18)
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and
P1P2P3Pk—2 — Pk—2Pk—1Pk > Pk—2Pk—1Pk (19)
Then
P1P2P3Pk—2 — PaPk—1Pk > PaPk—1Pk (20)

Then, adding the inequalities (18) and (19) gives
[P1P2P3ps — Pr—2Pk-1Pk] + [P1P2P3Pk—2 — PaPr—1PK] > Pr—2Pk—1Pk + Papr—1pk  (21)

Also, inequality (20) implies that

P1P2P3P4 — Pk—2Pk—1Pk > Pk—2Pk—1Pk
Then,
4 3 4 3
[TTpi, = ITpil > min{] Tp;, [Tr;} (22)
r=1 s=1 r=1 s=1
Thus, there is no path from any element of order H§:1 pj, to any element of order H%:l pi,-
The inductive hypothesis: Assume that this is true for all m < k — 3, that is
m m—1 m m—1
[TTpi = IT il >min{[ Tpi, [Tr} (23)
r=1 s=1 r=1 s=1

Then the resulting components are depicted in Figure 14.

———————————————————————

Figure 14. The disconnection of the middle components in £;(G) with k + 1 components.

The inductive proof: Claim that | ]_[}r‘;f pi, — H}S‘;f pj| > min{le‘;3 p,‘y,]_[]sc:l1 i}
Now from the inductive hypothesis, we have for all k —4 < s < k and p; > Pi; for all
1<j<k

k=5

k=5
lp1p2.- . Pr—aps — 1—{ pi;ps| > min{p1py ... pr_sps, ]1 pips} (24)
j= j=

Then, similarly to the base case, we obtain

pPip2---Pr—3 > P5pP6 - - - Pr,and
lp1p2-- Pk—3 — p5...pxl > min{pipa... pr_3,p5. .. px}

Then
k—4

k—4
lpip2- s — [ 1 pi;| > min{pip; ... pes ] pi;} (25)
=1 i=1

And hence, p1p2 ... px_3 > H}‘;{l Pij-
Thus, the increase of the primes implies that

k=3 k—4 k=3 k—4
[TTp, —11pil>min{] Ipi [ Ir:} (26)
r=1 s=1 r=1 s=1
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Therefore, there is no path between any two elements of orders Hif;i?’ pi, and I—[]S‘;i1 Pjs-
Hence, there is no path between any element of order [T p;, and any element of order
H;”:_ll pj for all 4 < m < k — 4, and this complete the proof. [

Definition 3. Let G be a finite group. Then G is said to be an equitable group if the order of G is
an equitable square-free number.

Example 3. The symmetric group Sz, the dihedral group D3g and the cyclic group of order 1729
are examples of equitable groups.

Corollary 1. Let G be a cyclic equitable group of order n = Hi-‘:l pi, where p; are distinct primes
forall 1 < i < k. Then the only cases in which & (G) is connected to k = 2, 3 or 4 are
n = 6, 30 or 210, respectively.

Proposition 3. Let G be a cyclic equitable group of order n = ]_[i.‘:1 pi, where k > 2 is a positive
integer and p; are distinct primes for all 1 < i < k. Consider the disconnected graph £1(G). Then
&1(G) has the following properties:
1. (&) =0,
x(&) = w(&) = ¢(n),
Al&r) = ¢(n) =1,
k
2k-2< (&) <[5 +2

W

Proof. Let G be a cyclic equitable group of order n = ]—ﬂ.‘:l pi, where k > 2 is a positive
integer and p; are distinct primes, and consider the disconnected graph &£ (G). Then, the
identity is isolated, and hence, we obtain the result of the minimum degree. Also, since
all the vertices that are associated with the elements of order # in G, which occupies the
largest number of vertices, form a disjoint clique by Theorem 14, we obtain (2) and (3).

To prove (4), let C;; denote a component that consists of vertices that correspond to
the elements of order d,,, = H}":l Pijs where 1 < m < k in the group. Then we have k + 1
components, including the identity. From Theorem 14, we obtain that the identity and
one vertex from Cy belong to the dominating set, say S. The two components C; and Cy_1
consist of k = (]1‘) = (x K 1) connected cliques. Hence, taking into view the number of cliques
in these components and the difference between the divisors, at least one vertex of each of
them can be in S. Each one of the remaining (k — 3) components consists of (]]‘) connected
cliques, which is greater than k for all 2 < j < k — 2. So again, based on a similar reason, at
least two vertices of each component belong to S. Thus, the dominating set S consists of at
least 4 + 2(k — 3) = 2k — 2 components. The highest value that S can attain is [ZI(T*ZW +2
since each divisor of n corresponds to a clique in this graph and, in our case, n has 2k
divisors. As previously explained, the identity and one vertex of Cy are included in the
dominating set. Therefore, 2k 2 cliques remain, in which, for each three consecutive
cliques, one vertex can be in S, which has an order equal to the middle ones. [

Proposition 4. Let G be a cyclic equitable group of order n = HLI pi, where k > 2 is a positive
integer and p; are distinct primes. Consider the connected graph & (G). Then £1(G) has the
following properties:

1. (&) =1

2. A&) =¢(n) +9(5) +¢(5) - 1.

3. x(&) = w(&) = ¢(n) +¢(3)-

4. y(&1) > k+1unless k = 2,3 or 4, in which case, y(&;) = k.

5

diam(&;) > 2y(&1) unless k = 2,3 or 4, in which case, diam(&;) = 3,6 or 10, respectively.

Proof. Let G be a cyclic equitable group of order n = H{-‘Zl pi, where k > 2 is a positive
integer and p; are distinct primes, and consider the connected graph &£;(G). Then the
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number of vertices that are associated with the elements of order 2 in G is ¢(2) = 1, for
which the identity is uniquely adjacent to it, and this yields the result of (1). Now, the

two following differences [n — 5| < mm{n, £} and |§ — %] < min{%,%} lead to any
vertex associated with an element of order 4 being adjacent to all symmetrical vertices and
all vertices that are associated with elements of order 1 and %. Moreover, as |5 — £| >

min{%, £} and [n — £| > min{n, §}, taking into consideration the number of elements in
each order, this gives (2) and (3), respectively.

The diameter and the domination number of the graph when k = 2, 3 0r 4 is obtained
obviously. On the other hand, let k be greater than four. Then the first four primes are always
2, 3, 5 and 7, which means that the divisors of n beginas 1, 2, 3, 5, 6, 7, 10, ..., %, n. Let
(i) denote a single vertex associated with an element of order i in G for all 1 < i < n. Then
we have 0(2), 0(10) V(42) V(%) OF V() and one vertex from the component Cy_, where C;, is
defined as in Proposition 3 are always belonging to S. Now for the residue components (C3
to Cx_»), at least k — 4 vertices from these components can be included in the dominating
set regarding the connectedness of the graph and the difference between the divisors. Thus,
0% (61) >k+1.

Moreover, the diameter of the graph is clearly the shortest path from the identity to
(), which, in this case, usually starts as v(1) = v(3) = v(3) = U(6) = V(10) = --- = V().

So we obtain that each vertex in S gives at least two edges in this path in addition to
the edge between v(3) and vg). Hence, we conclude the result. O

4. Zagreb Indices of the Equitable Graph

Topological indices are crucial for analyzing the physico-chemical characteristics of
chemical compounds. They include degree-based and distance-based molecular structures
and hybrid formulations. These indices are leading tools for identifying physical properties,
chemical reactivity and biological activities of compounds. For any graph I' with vertex set
V and edge set E, the first and second Zagreb indices are defined as M; (T') = Z (d (u))2

ueV
and Mp(T) = Z d(u ). The forgotten index is similar to the first Zagreb index, which
uveE

is defined as F(T') = Z (d (u))3. For more details, see [15,16]. Through this section, we

ueV
determine these three indices for the equitable graph Type I from some specific cyclic
groups.

Theorem 15. Let G be a cyclic group of order 2¥; k > 1 s a positive integer. Then the first, second
and forgotten Zagreb indices of £1(G) will be as fDllO‘wS'

1. Mi(&(G)) = 10+ 251((3)2k2 — Zz’ (7)21 — 1),

=1 (s
2 My&(G) =3+ ;22”1[d(02,)d(02,-+1)] + ;[%}[d(vzf)ﬁ
wheres; = ¢(21) 1 =21 R

3. F(&(G)) = 28+2F1((3)2k2—1)° + Zzl (721 — 1)’

Proof. Let G be a cyclic group of order 2¥; k > 1 is a positive integer. Then as ¢(2/) = 21
and for any vertex v that associates with an element of order 2.2 < i< k—1,wehave
d(v) = ¢p(271) +¢(2)) —1+¢(2), and if i = 1 or k,d(v) = 3or [p(2" 1) +p(28)),
respectively. Then, computing M; (&) = Z d%(v), we obtain

veV(E

Mﬂﬂ@)=1+9+wﬂm+w?rw+wa+¢2H¢?+¢@%%+

$(2H1? +

S ¢ [P(22) + (25 — 1+ 9292 + p(29)[p(2F ) + (2F) — 1]
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Hence, substituting the value of ¢(2) and using Lemma 2, we obtain the result.
Now for the second Zagreb index, let v, denote the vertex corresponding to an
element of order 2/; then

Mp(&1(G) =} d(u)d(v)

uveE(&y)
$(2%)-1
(1)(3) + 2[d(v(2))d(v2))] + ( Zl DA + (22)(2°)[d(023))d(04))]
=

p(2)-1
+ ( );1 D)) + .. + (2@ Aoy )d (0] +
¢<2k>]—1
( ])[d(v(zk))]z

j=1

n
Setting s; = ¢(2i) — 1, using the fact that Z] — w
i=1

correspond to elements of the same order have the same degree, we obtain what is required.
For the forgotten index, we have the following:

, and since all the vertices that

F(&(G) = 1+ 27 + ¢(2)[1+(2%) =1+ ¢(2%)P + ¢(2%)[9(2?) +¢(2%) — 1+

PP+ ..

+ P2 D[P + (25 =14+ 929 + p(25)[p(2F1) + p(2F) — 13,

Then, similarly to the first index, we obtain the desired outcome. [

Example 4. Let G be a cyclic group of order 2¥; k > 1. Table 1 shows the value of the topological
indices of £1(G).

Table 1. The topological indices of a cyclic group G of order 2 for some k > 1.

|G| =22 |G| =23 |G| = 2% |G| =2° |G| = 2°

M;(&1(G)) 18 182 1726 15,054 125,678
My(&1(G)) 19 465 9677 176,325 300,5621
F(&(G)) 44 960 19,896 361,384 6,151,048

Theorem 16. Let G be a cyclic group of order p*; p > 2 is a prime number, and k > 1 is a positive

integer. Then the first, second and forgotten Zagreb indices of £1(G) will be as follows:

L Mi(&(G) = (' —p Nl —p T -1
si(si+1) 1o

= [ 5 (si) ]

where s; = (])(p’;— 1,1<i<k

N agles

i=

M»

2. My(&(G)) =

3. F(&(G) = Y (p—p N —p" -1

1

[ ygle

Proof. Let G be a cyclic group of order p¥; p > 2 is a prime number, and k > 1 is a positive
integer. Then the result for the first Zagreb and the forgotten indices follows from the fact
that each clique in this graph has ¢(p’) vertices, where p' is the order of the group elements
that correspond to these vertices for all 1 <7 < k, and hence, the degree of any vertex v in
such a clique is ¢(p’) — 1.

Now for the second Zagreb index, since each vertex is adjacent only to the vertices
that associate with elements of the same order, consider the clique, say Q, of vertices that
correspond to elements of order p’ forsome 1 < i < k. Letvy, va, ..., v;, wheret = ¢(p).
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Then d(u)
obtain

d(vy)d(vp) + d(vy)d(vs) + ...+ d(v1)d(ve)
+d(02)d(1]3) +d(2}2)d(v4) + ...+ d(vz)d(vt)

d(v), forall u # vin Q, and by computing y d(u).d(v), uv € E(&), we

'+d(vt,2)d<v,_1> T d(or2)d(or) + (o 1)d(or)
— do)[(¢(p) — D(@d(e)] + d@)[(P(F) —2)[d(02))] + ... + d(or—2)2(d(0r-2))]
+d(vt D[1(d (i 1))]

- =

Y jla(op?
j=1

] (t—1)2

Therefore, by generalizing this sum to all 1 <i <k, we obtain the result. [

Example 5. Let G be a cyclic group of order p*; k > 1 and p > 2. Table 2 shows the value of the
topological indices of & (G).

Table 2. The topological indices of a cyclic group G of order p; p > 2 for some k > 1.

|G| = 3% |G| =33 |G| = 5% |G| =5° |G| =7* |G| =78

M;(&((G)) 152 157,040 7256 987,356 70,752 1,307,720
M (&(G)) 376 4,064,272 68,644 48,583,504 1,447,716 71,230,240
F(&(G)) 752 8,128,544 137,288 97,167,188  2,895432 142,460,480

Theorem 17. Let G be a cyclic group of order 2%q; q > 2 a prime number, and k > 1. Then the
first Zagreb index is given by the following formula:

o If20 < g <2 for some 1 < t < k, we have

Mi(&1(G)) = 1o+t§zf[(7)zf*1 — 1P+ 272 g - 22+ (g - D[(3)2 1+
i=1
k—t—1

29 -3+ kil 27727+ (327 (g - 1) — 1P + Z 27N g - D[(7)27 (-
1) + (3)2l+lf i — 1] + 2k1](3)282 4 (3)2F 2 (g — 1) - 1} 42kt (g — )2k 14
(7229 1) = 1> + kf 27N g - D[(7)27 (g - 1) = 1P+ 2 (g - 1[(3)2 (g
1) B 1]2. i=k—t+1
e Ifqg > 2% and |q —2%| < min{q,2*}, we have
M;(&(G)) = 10+ 222"[(7)2"’1 1P+ 25M3)2 P g 2P+ (g - D2 29

+22’ D27 g - 1) 1P+ 25 (g - DIE)2 (g - 1) - 1%

o Ifqg > 2% and |q — 25| > min{g,2*}, we have
k=2 .
Mi(&(G)) = 10+ Y 2[(7)27 ! =17+ 2°1(3)2 2 — 12 + (g - 1)[29 - 3]+
i=1

221 D27 (g - 1) 1P+ 2 (g - DIE)2 (g - 1) - 1%

Proof. Let G be a cyclic group of order 2fg; g > 2 a prime number, and k > 1. Then
consider the arrangement of the divisors according to the position of the prime number 4.
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Assume the first case; then the divisors will be as follows:
1,2,2%, ..., 2, q, 2141, 2q, 2142, 22q, . Dk, okt kg
For the later cases, the divisors will be as mentioned in the proof of Theorem 6. Hence,

applying identical procedures as outlined in Theorem 15 and using Lemma 2, we achieve
the desired outcome. O

Theorem 18. Let G be a cyclic group of order 2%q; q > 2 is a prime number, and k > 1. Then the
second Zagreb index is given by the following formula:

o If20 < g <2 forsome1 >t < k, then

& ict Sz+1 2
My(&1(G)) = 3 + ) 2% M d(vpp))d(vie1))] + Z d(v )]
i=1 i=22

+ DPZ’ 62 0) (00 o)+ 122520~ V(o0 1)

i=t

+ _7;“22’473(‘1 = Dd(vgi-i-15))d(0))]-

e Ifqg>2 and|q—2F| < min{gq,2}, then
MAEI(G) = 3+ T 2 (e o] + T [ D
i=1 i=22

261(g — 1)[d(vgye) 1+2¢2’ )2 ) [0 (01

o Ifq > 2% and |q — 25| > min{q,2¥}, then

k=1 %q o
My(E(G)) = 3+ ¥ 2 (o d(oge)] + Y 2 ) aog)P

i=1 j=02

k-1 .
+ ;)¢(2’q)¢(2’”q)[d(v(ziq>)d(v(zf+lq>)]'

where s; = ¢(i) — 1 and d(v;)) denote the degree of a vertex that is associated with an
element of order j.

Proof. Let G be a cyclic group of order 2¢g; g > 2 a prime number, and k > 1. Then
applying the same procedure as in Theorems 15 and 17, we obtain the result. [

Theorem 19. Let G be a cyclic group of order 2%q; q > 2 is a prime number, and k > 1. Then the
forgotten index is given by the following formula:

o If2! < g < 2" for some 1 > t < k, we have

F(&(G)) = 28+ E 2[(7)2 — 1P 42 (7)2 2 4 g — 2 + (g — D)[(3)2 1+

i=1
k—t—1

29 -3 + ki 277272+ (327 g - ) - 1P+ L 27 (g - DI(7)2 (g~

1) +

1) —1).

i=t+1 i=1

(3)2Ft-1 — 1] +2’<-1[( )2’<-2+(3)2k 2(g—1) — 1P 42 (g — 1)1+
(7)2k t— 2(

1)-1p + Z 27 g - D[(7)272(q — 1) = 1P+ 21 (g - D[(3)2 (g~
=k—t+1

o Ifg > 2% and |q — 2F| < min{g,2¥}, we have
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F(£(G)) = 28 +k§2f[(7)2"*1 —1P 232 2 g 2P + (g - 1)[25 29—

i=1

3P+ kizf(q ~ D727 (g - 1) 1P+ 2 (g - DI3)2 (g - 1) — 1.
i=1

o Ifg > 2% and |q — 2%| > min{g,2¥}, we have

F(&(G)) = 28+ ](72221'[(7)2"*1 — 1P +251(3)2F2 — 13 + (g — 1)[29 — 3]°+
i=1
k-2

L2672 a1 1P +2 - D[22 -1 1)

Proof. Let G be a cyclic group of order 25¢; g > 2 is a prime number, and k > 1. Then the
proof is similar to Theorems 15 and 17. [

5. The Adjacency Matrix A(&1(G))

In graph theory, the adjacency matrix of a simple graph T is a symmetric matrix
A(T) = (ajj) of size n x n, where n represents the number of vertices in the graph. The
matrix is defined such that a;; = 1 if the vertices v; and v; are adjacent and 0 otherwise.

This section deals with obtaining the adjacency matrix of the equitable graph of Type I
that arises from cyclic p groups.

Proposition 5. Let G be a cyclic group of order 25 k > 2 (or p*; k > 1, and p > 2 is a prime
number). Then the adjacency matrix of the equitable graph Type I of G will be as follows:

0
oo
] I J
agey = | e ]
| R LR
| T B

Proof. Let G be a cyclic group of order 1 and assume that n = 2¥; k > 2. Then according
to the adjacency method, let ] be a 3 x 3 matrix for which each entry equals one, and [* is
similar to | except that it has zeros in the main diagonal. In A(&;(G)), the first row consists
of zeros except for in the (2~ 1)th position. The middle row, (2¢-1), has one only in the
positions (25=1, 0), (21, 2k-2) and (281, 2%-23). Now for each (4m)th row, where
m > 1, if m is odd, then there are zeros in the positions (4m , i), wherei = 0, 4m, 2k=1
and all odd numbers. On the other hand, if m is even such that 4m # 2k=1 this row has
ones in the positions (4m, 4i) for alli > 1 and i # m. The corresponding rows and columns
are symmetric.

Now suppose that n = pk, where p > 2, and k > 1. Then by the definition of the
graph, in this case, ] and J* are (p — 1 x p — 1) matrices, and they are as defined as before.
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The first row (column) is zeros, and the remaining rows (columns) in A(&;(G)) have the
following explanations

First, if p = 3, the (3m)th rows, where m > 1and 3m # 31 or (2)3*~1, have ones in
the positions (3m , 3i), where i > 1, except for the case when i = 32 or (2)3*~20ri = m.
For the (3¥~1)ti and ((2)3¥1)th rows (columns), they have one at a unique position where
the row and the column intersect mutually. Now if p > 3, then the (pr)th rows, where
r > 1, consist of ones only in the positions (pr, pi) foralli > landi #r. O

Example 6. Let G = Zg. Then

A(&(G)) =

O O ORO O oo
i =l ==
e e e = N
i k=l E=R e )
O = OO0 = Ol
==l =)
=R e e e k=)
(=R E=] N R

Example 7. Let G be a cyclic group of order 25; k = 2. Then

A(&(G)) =

[ e Ne)
= =0 O
_—O = =
O == O

Example 8. Let G = Zg. Then

A(&(G)) =

O OO OO OO
e =l e k= =l =]
== OR molo =Rlo
o olrloololo oo
e == =i k=]
_molo =lol- =mlo
O OO O OO oo
— ool mlol- ko
QO = Of= = O = = O

6. Conclusions

In this research, we introduced the equitable graphs Type I on groups. We studied
the connectedness of these graphs for some groups and explored some of their theoretical
properties. Additionally, the equitable square-free number and the equitable group were
established. Furthermore, the connectedness and characteristics of the graph of cyclic
equitable groups were investigated. The first, second and forgotten Zagreb indices were
determined for the equitable graph Type I of specific groups. Finally, the adjacency matrix
for the equitable graph Type I of cyclic p-groups was obtained. The newly introduced graph
has significant potential for further investigation into its properties. Promising avenues
for future research include analyzing equitable graph Type I, examining its perfectness,
computing spectral properties, and elucidating connections with other well-known graph
classes associated with finite groups. Addressing these open problems can provide valuable
insights into theoretical and practical aspects, advancing our understanding of finite group
theory and its interplay with graph theory.
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Abstract: The primary motivation for this work is to develop the concept of Marshall’s quotient
applicable to non-commutative multi-rings endowed with involution, expanding upon the main ideas
of the classical case—commutative and without involution—presented in Marshall’s seminal paper.
We define two multiplicative properties to address the involutive case and characterize their Marshall
quotient. Moreover, this article presents various cases demonstrating that the “multi” version of
rings with involution offers many examples, applications, and relatives in (multi)algebraic structures.
Therefore, we established the first steps toward the development of an expansion of real algebra and
real algebraic geometry to a non-commutative and involutive setting.
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1. Introduction

Multialgebraic structures are “algebraic-like” structures endowed with multiple val-
ued operations: an n-ary multi-operation on set A is just a function A” — P(A) \ {@}. The
definition and study of the concept of multi-group (Definition 1) began in the 1930s by
Marty; in the 1950s, the commutative hyperrings were introduced by Krasner (Definition 2).
Since then, research on these multi-structures and their broad range of applications has
been developed. The concepts of (commutative) multi-ring and superring (Definition 2), are
much more recent developments, as discussed in [1,2]. To access advances and results in the
theory of multi-ring and hyperring (commutative), we recommend the following: [2-9].

Many instances of multialgebraic structures codify the nature of mathematical objects
through operations. Here, we recall some basic examples and provide additional ones,
focusing on the non-commutative case.

Moreover, the exploration of this subject remains substantially open compared to
the classical case. The natural progression of the subject has led to the development of
polynomials [2], linear algebra [10], and orderings [11].

The main purpose of the present work is to outline the fundamental steps necessary
to expand Marshall’s seminal paper [1] to the context of non-commutative multi-rings
with involution. Specifically, we present and analyze the expansion of the notion of the
“Marshall’s quotient” (see [12]), a crucial construction in abstract concepts of real algebra
and real algebraic geometry. This includes applications in the space of signs [13], abstract
real spectra [14], real semigroups [15], and real reduced multi-rings [1].

Building on this foundation, future work will focus on developing a real spectrum
for non-commutative rings with involution, as a preparation for establishing an abstract
theory of Hermitian forms ([16]).

Within this context, we introduce the concept of the Marshall quotient for involutive
(non-commutative) multi-rings and discuss some applications to quaternion algebras over
formally real fields. The main technical results are presented in Theorems 3-5. To illustrate
an application, in Section 5, we provide the following:

Mathematics 2024, 12, 2931. https://doi.org/10.3390/math12182931 131

https:/ /www.mdpi.com/journal /mathematics



Mathematics 2024, 12, 2931

Theorem 1 (7). Let R be a commutative ring and A be an R-algebra with involution o. We denote
Orth(A):={ac A:ac(a) =c(a)a =1}.
IfOrth(A) C Z(A), then A/ Orth(A) is a (non-commutative) hyperring.

Outline

In Section 2, we provide a brief introduction to multi/super-structures relevant to
this work. We offer a non-standard example that extends Krasner’s hyperfield and the
signal hyperfield in Example 2. In Section 3, we introduce the basic objects of the theory
of (non-commutative) multi-rings with involution and invite the reader to compare this
theory with the classical one. Additionally, we cover various constructions and examples,
including multi-groups, products, and matrices.

In Section 4, we define Marshall’s quotient on involutive multialgebras and analyze the
conditions for their existence using a “coherent” approach. Theorem 3 presents two types
of quotients characterized by certain multiplicative subsets. Although many relations can
be considered when forming classes in the quotient, we focus on four different possibilities
and show how they are similar (Lemma 4). Moreover, in developing particular examples,
we verify the independence of the conditions in Theorem 3. Additionally, the available
quotient provides a “concrete” framework that encodes several types. In Section 5, we
explore some applications and present examples of quotients that generate well-known
multi-structures. Finally, in Section 6, we present our final remarks and conclusions.

2. Multi-Structures

In this section, we provide a brief overview of multi-structures and establish the
necessary notations for the reader.

Multialgebraic structures are “algebraic-like” structures endowed with multi-valued
operations. An n-ary multi-operation on set A is defined as a function f : A" — P(A)\ {@},
where P(A) is the power set of A. Alternatively, the same concept can be described by an n +
l-ary relation R rC A™1 which satisfies the following condition: for all xq, x1,- -+ ,x,—1 €
A, there exists x, € A, such that Ry(xo, %1, , X1, Xn)-

Definition 1 (Adapted from Definition 1.1 in [1]). A multi-group concept is a first-order
structure (G, -, +,1), where G is a non-empty set, r : G — G is a function, 1 is an element of G,
- C G x G x G is a ternary relation (which will play the role of a binary multi-operation, and we
denoted € a- b for (a,b,d) € -), such that for all a,b,c,d € G, we have the following:

Mi- Ifcca-b,thenacc-(r(b))andb € (r(a)) - c. Wewrite a - b~ to simplify a - (r(b)).

M2- beca-liffa=0D.

M3 - If there exists x, such that x € a-band t € x - c), then there exists y, such that y € b - ¢
and t € a-y. Equivalently, if 3x(x €a-bAt € x-c), then3Iy(y €b-cAt€a-y).

The structure (G, -, r,1) is said to be commutative (or abelian) if it satisfies the following condi-
tion for all a,b,c € G:

M4- cca-biffccb-a.

The structure (G,-,1) is a commutative multimonoid (with unity) if it satisfy M3, M4, and
conditiona € 1-aforalla € G.

Definition 2 (Definition 5 in [2]). A (commutative) superring is a tuple (R, +,-,—,0,1),

satisfying the following:

1. (R,+,—,0) is a commutative multi-group and (R, -, 1) is a (commutative) multimonoid;

2. (Nullelement)a-0=0and0-a =0 foralla € R;

3. (Weak distributive) If x € b+c,thena-x € a-b+a-candx-a € b-a+c-a. Equivalently,
(b+c)-aCb-a+c-aanda-(b+c)Ca-b+a-c.
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4. The rule of signals holds: —(ab) = (—a)b = a(—0), forall a,b € R.
Note thatifa € R, then0=0-a€ (1+(-1))-aC1-a+(-1)-a,thus (-1)-a = —a.

R is said to be a multi-ring if (R, -,1) forms a monoid. A hyperring R is a multi-ring such
that if for a,b,c € R, a(b+c) = ab+ ac and (b + c)a = ba + ca. A multi-ring (respectively,
a hyperring) R is said to be a multi-domain (hyperdomain) if it contains no zero divisors. A
commutative multi-ring R will be a multifield if every non-zero element of R has a multiplica-
tive inverse.

Ifa =0, thena(b+c) = ab+ac and (b + c)a = ba + ca. Observe that hyperfields
and multifields coincide. Indeed, by definition, every hyperfield is a multifield, and, for a
given multifield, F, if a # 0, then we have the following:

a~Y(ab + ac) C b+ cimplies aa ! (ab + ac) C a(b +¢),
whenever b, ¢ € F. Therefore, a(b+ ¢) = ab + ac.

Definition 3. Let A and B be superrings. A map f : A — B is a morphism if for all a,b,c € A:
1. f(1) =1land f(0) = 0;

2. f(=a) = —fla),

3. flab) = f(a)f(b);

4. ifcea+bthen f(c) € f(a)+ f(b).

A morphism f is a full morphism if forall a,b € A,

fla+b) = f(a) + f(b) and f(a-b) = f(a) - f(b).

In this text, we provide some examples and treat (non-commutative) multi-rings.
For more details, we recommend the reader to check [2-9] for advances and results in
multi-ring/hyperring (commutative) theory.

Example 1.

1. Suppose that (G,-,1) is a group. Defining a b = {a-b}, and r(g) = g, we have
that (G, x,1,1) is a multi-group. In this way, every ring, domain, and field is a multi-ring,
multi-domain, and hyperfield, respectively.

2. Let K = {0, 1} with the usual product, and the sum defined by relations x +0 =0+ x = x,
x € K, and 141 = {0,1}. This is a hyperfield referred to as Krasner’s hyperfield [17].

3. Qp ={-1,0,1} is the “signal” hyperfield with the usual product (in Z) and the multi-
valued sum defined by relations

0+x=x+0=ux, forevery x € Qy

141=1,(-1)+(-1) = -1

1+ (=1) = (=1)+1={-1,0,1}

4. For every multi-ring R, we define the opposite multi-ring R°P, which has the same structure

unless (R°F,-°P,1°P) is the opposite monoid of (R, -, 1), i.e., -°P is the reverse multiplication.
The null element and the weak distributive properties are satisfied on both sides in R°F because
they are met on the opposite sides in R.
The following example codifies the structure of ranks of square matrices:

Example 2 (Superrings of signed ranks). Consider n € N and

KF=1{0,1,2,.,n—1,n_,n;}.
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This set is endowed with a superring structure, which includes the addition & and multiplication ©
operations, defined by the following:

(n=01) Kif =Ko = {0}, K{ = Qyand Ky = {0,1} =K.
(K1) 0 is the identity with respect to the addition ©;

lm—m'|,m+m';mm € {1,..n—1},m+m' <n;
[lm—m'|,m+m'|U{ns};mm €{1,.,n—1},m+m' >n;
2. m&ny=[n—mn—11U{ni} wheneverm <n—1;
3. (misevem)ny ®ny =n_&n_ =Ky ;

ny@n_ =K\ {0}.
4 (nisodd)ny ©n. =n_on_ =K\ {0};

ny ®n_ = K-

K2 1. meom = {

(KB) n is the identity with respect to the multiplication ® and n_ On_ =ny;
(K4) Form,m' <n,

- [m+m' —n,min(m,m")], whenever m +m’ > n;
[0, min(m,m")], otherwise.

We denote the superrings of ranks by K, = {0,1,2,...,n — 1,n}, whose axioms are identical,
except forng =n_ =n.

Example 3 (Kaleidoscope, Example 2.7 in [12]). Let n € N and define
Xn = {—n, weey 0, ,T‘l} g 7.

We define the n-kaleidoscope multi-ring by (X, +,-,—,0,1), where — : X,, — X, is the
restriction of the opposite map in Z, + : X, X X, — P(X,) \ {D} is given by the following rules:
{a}, if b+ —aand |b] < |a]
a+b=<{b}, if b# —aandla| <|b] ,
{—a,..,0,..,a} ifb=—a

and - : Xy X Xy — Xy, is given by the following rules:

b= sgn(ab) max{|al|, |b|} ifa,b # 0
B 0ifa=00rb=0

With the above rules we have that (X, +,-,—,0,1) is a multi-ring, which is not a hyperring for
n > 2 because

n(l—1)=0b-{-1,0,1} = {-n,0,n}
and n —n = X,,. Note that Xo = {0} and X3 = {-1,0,1} = Q.

Example 4 (Triangle hyperfield [18]). Let R be the set of non-negative real numbers endowed
with the following (multi)operations:

avb={ceRy||la—b| <c<|a+bl}, forallabec Ry,
a-b=ab, theusual multiplication in R,

—a =a.

Moreover, this is a hyperfield that does not satisfy the double distributive property (see 5.1 in [18]
for more details).
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Example 5.

1. The prime ideals of a commutative ring (its Zariski spectrum) are classified by equivalence
classes of morphisms into algebraically closed fields; however, they can be uniformly classified
by a multi-ring morphism into the Krasner hyperfield K = {0,1}.

2. The orderings of a commutative ring (its real spectrum) are classified by classes of equivalence
of ring homomorphisms into real closed fields. However, they can be uniformly classified by
a multi-ring morphism into the signal hyperfield Q; = {—1,0,1}.

3. The Krull valuation on a commutative ring with a group of values (G, +, —,0, <) is just a
morphism into the hyperfield To = G U {co}.

3. Multialgebras with Involution

In this section, we introduce the key concept of this work: multialgebras with involution.
For a multi-ring A, we denote

Z(A):={aec A:forallbe A, ab = ba},

the center of A. Of course, if A is commutative, Z(A) = A. The classical theory of central
algebras with involution suggests the development of this subject in a very similar way.

Definition 4.

1. Let R be a commutative multi-ring, A be a (non-necessarily commutative) multi-ring, and
j : R — A a homomorphism of multi-rings, such that j[R] C Z(A), then (A,j) is an
R-multialgebra.

2. A morphism of R-multialgebras f : (A,j) — (A’, ') is a morphism of multi-rings f : A —
A’ such that foj =7’

3. Aninvolution o over the R-multialgebra (A, j) is an (anti)isomorphism of R-multialgebras
o (Aj) — (A°,j°F) where A% is the opposite multi-ring, j°P : R? — A% isa
homomorphism, and 0°P = o=, Thus, for all a,b € A, o(ab) = o (b)c(a).

4. Amultialgebra with involution is just a (R, T)-multialgebra endowed with an involution,
where (R, T) is a multi-ring with involution. A morphism of R-multialgebras with
involution is a morphism of R-multialgebras f : (A,j,0) — (A', ], o) satisfying foo =
o' of.

5. For each commutative multi-ring with involution (R, T), there exists the category of (R, T)-
multialgebras with involution, whose objects are (R, T)-multialgebras with involution
and morphisms are morphisms of R-multialgebras with involution.

Whenever the involution 7 is clear, we will omit it and write only R. Note that
item 1 implies that (R, T) is an initial object in R. Item 2 ensures that every morphism
fi(Aj,0) — (A,j,0') is represented by a commutative triangle.

(R,7) — (4,0)
Y ©)

(A, 0)
We call (A, o) a subalgebra of (A’,¢’) if the diagram (0) is satisfied by the restricted
identity morphism f = ids/|4. Anideal ] C A is a o-invariant (¢(J) € J) non-empty
subset satisfying | - A C Jand x +y C [ for all x,y € . Once | is g-invariant and ¢ is an
isomorphism, A- ] = o (c(J) - 0(A)) C o(]) C J and, thus, ] is a two-sided ideal. A proper

ideal is an ideal | # A. We call | a prime ideal if | is an ideal such that ab € ] impliesa € |
or b € ] for any pair a,b € A. The smallest ideal generated by aj, ..., a; € A is

135



Mathematics 2024, 12, 2931

k
J(ay, ..., ar) = ZAaiA + Ao (a;)A.
i—1

We define the quotient A/] as usual (see, for instance, [2,12,19], or [20]). We have
many standard and effusive constructions that raise various examples in category R.

Let I be a non-empty set. For a given family (A;, j;, 0;);c; of R-multialgebras with
involution, the direct product [T A; = (Tic;(A;, 71;), ], 0) is an R-multialgebra with invo-
lution such that 7r;, : [TA; — A;, are projection morphisms for each iy € I. Indeed,
o(a))ier = (0i(a;))ier is an involution over [T 4;, and j(r) = (ji(r))icr € Z(ITA;) is a
well-defined map satisfying the necessary conditions above.

Matrices over a given commutative multi-ring are natural constructions. We denote
by M, (A) the set of square matrices of order n with coefficients in (A, j, o) and set the sum
and product of matrices as follows:

For all matrices C = (¢ij)uxn, B = (bjj)uxn € Mu(A), we define the function 7 :
My (A) — Mu(A) by 7(B) = (¢(bji))uxn and (multi)operations, as follows:

C+B:= {(d,]) : d,] €cij+ b,/ for all Z,]} +Q
n
CB:= {(dU) : d’] S Z Cikbkj = Cilblj + CiZij ~+ .. + Cinbyy for all l,]} +Q
k=1
AC := (Acjj)nxn, forall A € R.

Since ¢ is an involution and A is a commutative multi-ring, it follows that ¢ is also an
involution. Finally, let f : (A,0) — (M, (A),7) be the diagonal morphism defined by

f(a) = diag(a, a,...,a) € My(A),

which associates each a € A with a diagonal matrix in M,;(A) and j := f o j is the injective
morphism such that j(R) C Z(M,(A)). We will avoid the verification that (M,,(A),},7) is
an R-multialgebra with involution, but the reader can check Section 2 of [10], Theorem 2.3,
and Lemma 2.5. However, we provide an example to illustrate this construction.

Example 6. Consider the 2-kaleidoscope multi-ring (Xa, +,-, —,0,1) as defined in 3 and () the
matrix transposition. Then, (M(X2), ()!) is an Xo-multialgebra with involution.

-1 0

1 2
LetA—{ 11

} and B = { 0 1} matrices over X,. Thus,

C[1042-(=1)  1-142-1) 1 1] [0 -1
AB_L1.0+0~(71) 71.1+0~1}'A "2 o) 1)

Therefore, (AB)! = B'A! = {;2 _01}

Example 7. (Adapted from [21]) Let G® = G U {0} be a group with 0 and define + the multi-
operation satisfying the following:
x+0=0+x=x,Vx € GO;
x+x=0G"\ {x},vx e G’
x+y={xy}, vy € Gluwithx #y.

We can define an involution o over this structure by setting o(x) = x ! forall x € Gand ¢(0) = 0.
In fact, o is additive and it is easy to verify that (GO, 0,1, +,-,0) is a multi-ring with involution.
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4. Marshall’s Quotient of Multialgebras with Involution

The notion of Marshall’s quotient of a commutative (hyper)ring (resp., multi-ring) by
a multiplicative subset always produces a commutative hyperring (resp., a commutative
multi-ring), and is the main construction used in the abstract approaches of quadratic
forms theory ([1,12]). In this section, we introduce the main technical tool, in the gen-
eral setting of a (non-commutative) multi-ring with involution, developed in the present
work—Marshall’s quotient—which will enable us to construct a variety of interesting
multialgebras with involution, derived from standard algebraic structures.

Throughout this section, we fix an R-multialgebra with involution (4, j, ¢). We are
interested in Marshall-coherent subsets satisfying at least one of the conditions in Theorem 3,
i.e., normality or convexity. These conditions interact in many ways with the relations
below (6) compared to the commutative case. First of all, we explore basic properties due
to definitions.

Definition 5. A subset (without zero divisors) S C A is called a Marshall-coherent subset
whenever

e Sisamultiplicative submonoid of (A, -, 1)
e 0[S] C S (or, equivalently o[S] = S)

We call S standard if so(s) € Z(A)*, forall s € S. We note that S is convex if xSo(x) C S for
all x € Ag in the subset of nonzero divisors of A. If xo(x) € S for all x € Ag, we note that S is
1-convex.

Immediately, convexity implies 1-convexity. One can check Lemma 5 and Proposition 1
for a reciprocal result. From now on, we fix a Marshall-coherent subset S C A.

The expansion of the theory to this non-commutative and involutive setting, inevitably,
leads us to a multitude of definitions that are collapsed to a single one in the traditional
commutative setting and where the involution is trivial. Therefore, we present the following:

Definition 6. Let a,b € A and sy,s5,t1,t2 € S. We define the following:
1. a~qbiffa=sbsyand b = tiaty;

2. ar~pbiffsiasy = t1bty;

3. a~gbiffasy = t1band spa = bty;

4. a~gbiffthereiss € S such that aso(b) € S.

Despite the diversity of these relations, they are interconnected and, under certain
natural conditions, they may coincide. Of course, a ~1 b implies a ~, b. Further, ~4 is
an equivalence relation when S is 1-convex. Indeed, this relation concurs with ~3 (see
Lemma 4). We start our exploration of these relations and the associated properties of
Marshall-coherent subsets.

Lemma 1. For ~ = ~q, as defined above, ~ is an equivalence relation and satisfies the following:

1. Foralla € Aandalls € S, 0(s)as ~ a, sac(s) ~ a, and abs ~ ab, sab ~ ab.
2. Foralla,b e Aifa~ btheno(a) ~ o(b).

Proof. Of course ~ is reflexive (since S has 1) and symmetric. Now, leta ~ band b ~ ¢,
witha = 51b52/ b= tyaty and b = rcry, ¢ = ZU]bZUz, S1,82,t1,tp,71,12, W1, wp € S. Then

a = s1bsy = sq(ricra)sy = (s171)c(r282)

and
¢ = wibwy = wy(t1aty)wy = (wity)a(taws).
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Since S is multiplicative, we have syrq, 252, w1y, tpwy € S, which implies a ~ c. Hence,
~ = ~1 is an equivalence relation. Items 1 and 2 are straightforward once S is multiplicative
and o-invariant. [

Lemma 2. If S is standard, then ~ = ~» is an equivalence relation and satisfies the following:

1. Foralla € Aandalls € S, o(s)as ~ a, sac(s) ~ a, and abs ~ ab, sab ~ ab.
2. Foralla,b e Aifa~ btheno(a) ~ o(b).

Proof. Reflexivity and symmetry follow immediately. Note that so'(s) € Z(A) enable us to
rewrite the definition of ~ = ~; as follows:

a ~y biff sjasy = t1bty iff 0(s1)s1as00(ta) = o (s1)t1btpo(ty) iff as) = t)b,

fors),t; €8S.

Consider a ~ b and b ~ ¢, which means that there exist s, t1,52,t, € S. such that
as; = t1b and bsy = tpc. Scaling the previous equation on the right by s, and the latter,
on the left by t;, we conclude that a(s1sp) = (t1t2)c. Thus, ~ is transitive; that is, an
equivalence relation.

For Item 1, observe that w(c(s)as)w’ = (wo(s))a(sw’), and w(abs)w’ = w(ab)sw' for
alls,w,w’ € S. Item 2 follows by applying ¢ to both sides of as = bt. O

Back to Example 7, we observe that normal and convex (Marshall-coherent) subgroups
coincide in this type of structure. In general, this is not the case, nor is their relationship
with the relations above equal. Now, we treat these two cases.

Lemma 3. Suppose that x - S = S - x for each x € A. Let a,a’ € A, and the following statements
are equivalent:

1. 3s,t,s',t' € Ssuchthat sat = s'a’t’
2. Ju,u’ € Ssuchthat ua = u'a’
3. Fu,0 € Ssuch that av = a'v’

That is, a ~o a’ if, and only if, a ~3 a’. Furthermore, ~s=n~p=nr3 is an equivalence relation.

Proof. (1) <= (2) <= (3) follows immediately from the hypothesis. Thus, ~;=~; for
each pair (7,§), i,j € {2,3}. For simplicity, denote ~g=n~;, for each i € {2,3}.

The relation ~g is an equivalence relation: suppose that ua = u'a’ and r'a’
u,u',7',r" € S. Observe the following:

= r"a" for

ua=u'a = rua=7+"('a") . r'ua=7(a'v), forsomev’ €S.
Also

(Fuya= (Fa')o' = (r"a")W = F'u=0,9" €85, such that (Fu)a =1v"d".
It follows that a ~g a/,a’ ~g a” implies a ~g a”’. We already prove that ~yg is transitive.
Reflexivity and symmetry follow from 1 € S and the equivalence of the statements 1, 2,
and 3. [

Lemma 3 is a powerful tool to deal with multiplication. It improves efficiency when
managing equations, but mainly, it is a sufficient condition for the Marshall’s quotient (8)
being a multi-ring instead of a superring (Theorem 3).

We observe that, for a given Marshall’s coherent subset S, convexity is the reflexivity
property of ~4 by definition. Indeed, there is a suitable relationship between the upward-
selected set of relations and Marshall’s coherent convex subsets.
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Lemma 4. Suppose that S is convex. Let a,a’ € A, and the following statements are equivalent:
1. an~pa;
2. a~za;
3. an~yd.
Furthermore, ~g=nrwp=nr3=nvy is an equivalence relation. Additionally, for every 1-convex S/,
~oy=ro3Cro

4=~3C~.

Proof. 1 = 2:There are sy, sy, 11,2 € S such that we have the following:

siasy = ha'ty = sjasy(o(a)a) = t1a’ t(c(a)a) (S is Marshall convex)
———— ~———
es es 1
s (do(@))szsa=(d o(d))ta'th = sa=d't.
N— ——

€S €5

2 = 3:Suppose thata ~3 a’. Then, there exist s1,t; € S, satisfying the following:
as; = ta' = asjo(a’) = tia'c(a’) € S. (2)
3 = 1:Finally,ifa ~y a’, then 3s,t; € S such that we have the following:

aso(a') =t = aso(a)a’ =ta . 1-asy="ta -1.
€S

To prove the final assertion, consider a ~g b = a ~4 b, foralla,b € A. Sincel € S
and S is convex, ac(a) € S foralla € A. Moreover, as long as S is o-invariant, aso(b) € S
if, and only if, bo(s)o(a) € S. It turns out that a4 ~g b if, and only if, b ~g a. Thus, ~g is
reflexive and symmetric.

Finally, we prove the transitivity property. Put a ~g b and b ~g c. Thus, by definition,
it follows that

b)=s 1 .
3r,s,s',s” €°S; aso(b) = s 12 aso(b)bro(c) =s's” € S.
bro(c) =s" 2 ~——
€s

Remember that S is closed under multiplication and 1-convex. We have previously demon-
strated that transitivity holds; thus, we conclude that ~ is an equivalence relation. The
final assertion follows straightforwardly. [

The following lemma summarizes and proves many results concerning the properties
of Marshall-coherent subsets and the above relations.

Lemma 5. Let S be a Marshall-coherent set in (A, o). The following statements hold:

1. Ify-S=S-yforally € AandS is 1-convex, then S is convex;

2. IfSis convex and xo(x) € Z(A)* for all non-zero divisors x € A, then x-S =S -x (Sis
normal);

3. IfSC A*, and S is 1-convex, then Ag = A denotes the set of non-zero divisors, i.e., every
non-zero divisor has an inverse in A;

4. IfSisstandard, then S C A*;

5. IfSisstandard then a ~q a’ if, and only if, a ~y a’ if, and only if, a ~3 a’;

Proof. 1. Let x € A be a non-zero divisor and s € S. Thus, c(x)sx = z for some
z € A. Commuting s with x, it follows that o(x)xs’ = y for a suitable s’ € S. Hence,
1-convexity and the closure of multiplication implies y € S. Therefore, & (x)Sx C S.

2.  Letx € A* be anon-zero divisor. For any s; € S, o(x)s;x = s, for some s,. Therefore
(xo(x))syx = xs5, which implies s;x = xsp(xo(x))~!. Since xo(x) € S* has an

139



Mathematics 2024, 12, 2931

inverse in S, s1x = Jcs’1 for a suitable choice of sﬁ. Hence, S - x C x-S. The reverse
inclusive follows from symmetry.

3. By definition, A* C Ay. For the inverse inclusion, note that Ay is a Marshall-coherent
setand, lety € Agand 1 € S. Thus, o(y)y =s' # 0.

/-1 1

oly)y=s = ' lo(y)y =1,y ' =5 'o(y)is aleft inverse for y. 4)

The same argument shows that i has the right inverse y;!. Note that yyl_l =31 €S.
Thus, yyfly = s1y and implies iy = s1y for some s; € S. Scaling by ;! on both right
sides of the equation, we obtain 1 = s;. Hence, y~! = yf] =y L

4. By hypothesis, so(s) € Z(A)*(NS). Hence, Ix € A such that (xo(s))s = 1. Direct
calculations confirm that this serves as a unique inverse on both sides.

5. The statement can be straightforwardly proven by scaling and division.

O

Item 1 of Lemma 5 provides a sufficient condition for a normal subset to be a convex
subset. On the other hand, Item 2 specifies a reciprocal condition; that is, each element,
x € Ap, has a norm lying in the center. In the classical theory of rings with involution (see,
for instance, [16]), involution with traces x + ¢(x) and norms xc (x) lying in the center are
called standard. This justifies the notation above. As we see in Section 5, standard subsets
are typical examples.

For each ~ € {~1q, ~p, ~3,~4}, we denote an element in A/ ~ (whenever it exists) by
[a]. We have well-defined rules, as follows:

[a] 4+ [b] :={[c] : ¢
[a][b] := {[c] : ¢ = rasbt for some r,s,t € S}.

s1asy + t1 bty for some sy, 5y, b1,y € S} and,

Observe that the involutory structure can be defined in the very same way for superrings.

Definition 7. A superring with involution (A, o) is a superring that satisfies the (mutatis
mutandis) axioms for multialgebras with involution.

Theorem 2. The structure (A/ ~n,+,-,[0],[1]) is a superring with involution provided by
o([a]) := [o(a)]. If S is standard, then (A/ ~1,+,-,[0],[1]) is a superring with involution
o(la]) := [o(a)].

Proof. We proceed with a very similar argument to the one used in Theorem 6. [

We define existing quotients for general Marshall-coherent subsets. In the sequel, we
deal with normality and convexity.

Definition 8. We define the superring (A/ ~,+,-,[0], [1]) as the Marshall’s quotient of A by
S, and denote it by A/ S := A/ ~.

Whenever ~ is chosen, we indicate the Marshall subset S by adding it to the index,
ie., writing ~g.

Theorem 3 has a central result in this section. Since the reverse image of the canonical
morphism j : R — A (see Definition 4) lifts Marshall-coherent subsets of A to R, the
quotient is a multialgebra (with involution) likewise. The associated Marshall-coherent
subset is S; = j7![S] C R, where S C A is Marshall-coherent in A and [S] = [1] is the
algebraic class of S under ~g.

Theorem 3. Let S C A be a Marshall-coherent subset of a multi-ring A satisfying one of the
additional conditions below:

1. (Normal) xS = Sx, forall x € A.
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2. (Convex) Forall x € A, a nonzero divisor in A, xSo(x) C S.

If (A,0) is an (R, T)-multialgebra with involution, the set S; := j~[S] C R is a mul-
tiplicative submonoid of (R,-,1). Moreover, js : R/ ~s— A/ g, [r] = [j(r)] defines an
R/ ~5j—mttltialgebru structure over A/ ~g, and og : A/ ~g— A/ ~g,[a] — [o(a)] is an
involution over the R/ ~g -multialgebra (A/ ~s,js). Inboth cases, A/ ~g is a multi-ring.

Proof. Once j : (R, ) — (A,0) is a homomorphism, if s1rsy = t17't; in R, then j([r]) =
[i(r)] = [j(+")] = j([r'])- Tt is easy to check that S; is a multiplicative submonoid of R and,
due to S being Marshall-coherent, o'(j(r)) = j(t(r)) € S forallr € S;. Thus, (r) € §;
whenever r € S - We conclude that S i is Marshall-coherent and, by Theorem 2, R/ ~ 5; is a
superring endowed with an involution 7([r]) := [t(r)].

For any two elements [c], [d] € [a] - [b] € R/ ~s,, s1c = tab and ds; = abt, for some
s1,t1,80,00 €S i because R is commutative. Scaling these equations, we write syct, = t1ds,,
ie., [a] - [b] = {[ab]}. Hence, R/ ~g, is a multi-ring with involution.

Now;, consider the following diagram:

0 R—

A—tA) g 0 5)

—
—

P
o ~ 7 s

—

R/ ~s,

(1) If xS = Sx, then ~ = ~j can be read as a ~ b if, and only if, as = tb for some
s,t € S. Previous constructions (see Theorem 2) and demonstrations show that (A/ ~g)
is a superring. Let [c] and [¢/] be elements in [a] - [b]; thus, ¢ = abs and ¢’ = s’ab for some
s,s’ € S. Scaling equations and comparing gives us s'c = ¢’s = s’abs, which means that
¢ ~ c’. Therefore, [a] - [b] = {[ab]} and A/ ~ is a multi-ring.

By the universal property of the quotient R/ ~g;, js is unique. Since all arrows are
homomorphisms, (A/ ~g,js)is R/ ~ 5; -multialgebra. Furthermore, S is o-invariant, which
means ¢(aS) = o(a)S. Consequently, the induced anti-homomorphism og : A/ ~g—
A/ ~gsuch that ([a]) = [o(a)] is well-defined and an involution over A/ ~s.

(2) Let ~ = ~j. In this case, Lemma 4 and the preceding case show that A/ ~isa
multi-ring. The proof is the same as before since Theorem 2 still holds. [

The above theorem provides us with two kinds of quotients lying in the class of
multi-rings. One can wonder if the quotient can provide some information about the
Marshall-coherent subset.

Proposition 1. Let A/ ~g be a multi-ring, and S be a Marshall-coherent subset, such that 1 € S
and ~=nrvy. Then, [1] is 1-convex if, and only if, [1] is convex.

Proof. (Sketch:) Note that [S] = [1] is Marshall-coherent. The converse is immediate. To
prove the reciprocal statement, use [x] - [s] - [0(x)] = [xso(x)] = [1] (since the quotient is a
multi-ring, - is a usual operation) for all s € [1]. We obtain xso(x) € [1] and, therefore [1]
is convex. [

According to the above results, some immediate examples follow below.
Example 8. For a given (A,0), a (R,¢')-multialgebra with involution, the following sets are
Marshall-coherent:

(a)  The set of all non-zero divisors Ao;
(b)  The set of all invertible elements A*;
(c)  The set of all symmetric elements (in Ag) Sym(A,0) = {a € Apla=oc(a)};
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(d) Ifxo(x) € Z(A) forall x € A, then Ayo(Ag) = {ac(a)| a € Ay} is Marshall-coherent
and convex.

In the next section, we will provide more examples minutely. For now, we treat
another kind of operation in the quotient. For a,a’ € A, leta ~g a’ if, and only if, there
exists, t,s',#' € S such that sat = s'a’t'. This can be replaced in terms of the equivalent
statements in 3 or 4, whether x-S = S - x or S is convex, respectively. Hence, ~g is an
equivalence relation. Moreover, each [4] is invariant under S action, [a] = [sa] for alls € S.

In A/ ~g define [a] + [b] := {[c] : Tr,s;,t; € S, rocry € spasy + tobt1}, —[a] = [—a]
and [a] - [b] := [ab].

Theorem 4. Suppose that x - S = S - x. Then, we have the following:

1. A/ ~gisa (non-commutative) multi-ring.

2. If Aisahyperring, then A/ ~g is a hyperring. In particular, if A is a ring, then A/ ~gisa
hyperring.

3. It holds the universal property of Marshall’s quotient for homomorphisms f : A — M and
anti-homomorphisms (= homomorphism f : A — M°P) such that f[S] = {1}.

Proof. To demonstrate 1, we note that +, -, and — are well-defined as multi-group opera-
tions, and 0 = [0] = {0} is the null element because A is a multi-ring.

Suppose that [c] € [a] + [b]. Thus, there exists 7, s,t € S, satisfying rc € sa + tb in A.
Therefore, sa € rc + t(—b) (in A). Similarly, tb € s(—a) + rc. Consequently, [a] € [c] — [b]
and [b] € —[a] + [c].

Let [b] € [a] 4 [0]. By definition, there exists r € S such that rb € sa + t0 for some
s, t € S. However, it implies [a] = [b]. The reciprocal is obvious.

If [x] € [a] 4 [b] and [t] € [x] + [c], then vt € wx + zc and r'wx € s'a + p'b for
r,s',p',0,w,z € S. Afterward,

ot € wx+zc = r'vt € rwx +71'zc
I wx(rwx € s'a+ p'bAr'vt € rwx+7'zc) = Fy(y € p'b+1'zc Aot € s'a+y)

The last implication means 3[y|([y] € [b] + [c] A [#] € [a] + [y]). Once A is a multi-ring,
[c] € [a] + [b] if, and only if, [c] € [b] + [a] follows.

We already proved that (A/ ~g,+,—,0) is a multi-group. Note that there exists
1=[1] =S € A/ ~gsuch that [a] - [1] = [a] for all [a] € A/ ~g. Thus, (A/ ~g,-,1)is
a monoid. Moreover, [a] -0 = 0. Finally, let [c] € [a] + [b] and pd € [d] € A/ ~g. By
definition, exists 7,5, t € S such thatrc € sa + tb. Since A is a multi-ring, rcpd € sapd + tbpd.
Using the ‘normality property” of S, we rewrite it as follows:

r'cd € s'ad +t'bd . [c][d] € [a][d] + [b][d].

Similarly, [d][c] € [d][a] 4 [d][b] holds. It follows that A/ ~g is a multi-ring. For the second
assertion, suppose that A is a hyperring. Let [e] € [a][d] + [b][d]. Thus,

Js,r,t €8S, se € rad 4+ thd = se € (ra+tb)d (A is hyperring)
= [e] € ([a] + [b])[d] (by definition of +).

Therefore, [a][d] + [b][d] = ([a] + [b])[d]. By symmetry, [d][a] + [d][b] = [d]([a] + [b])
also follows.

To demonstrate the third statement, consider f : A — M a homomorphism such
that f([S]) = 1. Leta € Aands € S. Thus, f(sa) = f(s)f(a) = f(a). Define the
homomorphism f : A/ ~s— M with f([a]) = f(a). Hence, f is well-defined, and f =
f o, with p(a) = [a] the canonical projection. It is immediate that another homomorphism
g: A/ ~s—> M satisfying f = g o ¢ must coincide with f. [
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Remark 1. Theorem 4 is valid if S is convex. Since both conditions normality and convexity imply
~p=nv3, we are capable of proving that the distributive laws hold and the entire rest of the proof
follows as above.

The next theorem distinguishes Marshall-coherent subsets that lie in the center Z(A)
from an ordinary one.

Theorem 5. Let A be a multialgebra with involution and S C A be a Marshall-coherent subset such
that S C Z(A) (thus, in particular, xS = Sx, for all x € A). Then, A/ S is a (non-commutative)
hyperring with induced involution.

Proof. From previous considerations and Theorem 2, we prove that A/;,S is a multi-ring
instead of a superring, and the hyperring property still holds.

In fact, if [c] € [a][b], then cr = asbt for some r,s,t € S C Z(A), which means
cr = (ab)(st) and ¢ ~ ab. Then, [a][b] = {[ab]}, proving that A/,,S is a multi-ring.

Now, let [y] € [c][a] + [c][b]. Then, [y] = [d1] + [d2] for some [dq] € [c][a], [d2] € [c][b],
providing the following equations:

r1d181 + r2dasy,

¥
d1 = tcvjawq and

d2 = trcvpawsy
for some rq,12,51,52, t1,t2, 01,02, w1, wp € S. Then, we have the following:

y = ridisy + radass
= ri[hicorawy sy + ra[tacvabwy]sy
= c(rtyor)a(wist) + c(r2t202)b(w2s2)
= c[(r1ty01)a(wis1) + (ratav2)b(wsss)]

implying that [y] € [c]([a] + [b]). The same reasoning provides [ac| + [bc] C ([a] +
[bD[e]. O

5. Applications

This section focuses on results surrounding particular examples. We verify some
quotients associated with typical multi-structures, a few of them presented in Section 2.
Throughout the subsections below, we deal with technical results and interpret elements in
the Marshall quotient as classes of isometric elements.

5.1. Orthogonal

Let R be a commutative ring and A be an R-algebra with involution ¢. We denote the
following;:
Orth(A) :=={ac A:ac(a) =c(a)a =1}.

Once we prove that Orth(A) is a Marshall-coherent subset, then, by definition, the
standard property also holds, as follows:

Lemma 6. The set Orth(A) is non-empty and if a,b € Orth(A) then o(a),ab € Orth(A).
Proof. The set Orth(A) is non-empty because 1 € Orth(A). For the rest, note that
o(a)o(o(a)) = o(a)a and (ab)o(ab) = ablo(b)o(a)] for all a,b € A. If a,b € Orth(A),

these imply o(a)a = ac(a) = 1 and

(ab)o(ab) = ablo(b)o(a)] = albo(b)]o(a) = ac(a) = 1.
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Now leta, b € A. We define
a ~ bif, and only if, as = tb for some b, t € Orth(A).

Note that a ~ b if, and only if, a = sbt for some s, t € Orth(A), because S= Orth(A) is a
Marshall-coherent standard subset.

Theorem 6. The structure (A/ ~,+,-,[0], [1]) is a superring with involution o ([a]) := [o(a)].

Proof. Note that a ~ 0 if, and only if, 2 = 0. Moreover, from the very definitions of the
sum and the product, we have forall a,b € A,

[a] +[0] = [0] + [a] = {[al}, [a][1] = [1][a] = {[a]},
[a] + [b] = [b] + [a],
o([a][b]) = [o(b)][o(a)],

(0] €la] +[b] = [b] = —[a].

Now, leta,b,c € Aand [e] € ([a] + [b]) + [c]. As a result, [e] also belongs to [x] + [c] for
some [x] € [a] + [b]. Consequently, we can express e as s1x5p + t1ctp and x as v1av, + wibw,,
where 51,5, 11, t2, 01, 02, w1, wy € Orth(A). Then, we have the following:

e = S1xSy + ticty
= $1(v1avy + w1bwy)sy + ticty
= (5101)a(0252) + (s101)b(w2s2) + ticty
= (s101)a(va2s2) + [(s1w1)b(was7) + t1cty]
Let y = (sywy)b(wasy) + ticty. Then, [e] € [a] + [y] with [y] € [b] + [¢], implying that
le] € [a] + ([b] + [c]). The same reasoning provides [a]([b][c]) = ([a][b])][c].

Finally, let [x] € [c]([a] + [b]). Therefore, [x] € [c][d] for some [d] € [a] + [b]. These
provide equations x = rcsdt and d = syasy + t1bty. Thus, we have the following:

X = resdt

= res[s1asy + t1bty)t

= rcssyasyt + resty byt
re(ssy)a(sat) + re(sty)b(tat)

with 7,551,521, 511, t2t € Orth(A), concluding that [x] € [c][a] + [c][b]. Similarly, we con-
clude that ([a] + [b])[c] C [a][c] + [b][c]. O

Observe that S is not necessarily convex, and neither satisfies xS = Sx (see Theorem 2).
Thus, A/ ~ may not be a multi-ring.

Definition 9. We define the superring (A/ ~,+,-,[0],[1]) as the orthogonal fragment of A,
and denote by A/, Orth(A) := A/ ~.

Theorem 7. If Orth(A) C Z(A), then A/,,Orth(A) is a (non-commutative) hyperring.
Proof. This is a particular case of Theorem 5. [J

Theorem 8. Let F be a field and A = My (F). Then A/, Orth(A) consists of rotation 2 x 2
matrices over F.
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Proof. Note that a € Orth(A) if, and only if, aa’ = idy, with o(a) = a’ the transpose
matrix of @ = (a;j)2x2. Applying the definition of matrix product, we have to solve the
following system:

2 2 _
ap +ap =1
2 2 _
ay +az, =1
a11421 + arpa2 =0

det(a)? =1
We conclude the following:
Orth(A) = {( vy )\x2+y2:1, x,yeF}U{( ; J )\x2+y2:1, x,yeF}. ©6)

y X
O

If F = R, in (6), the second subset (with the positive determinant equal to 1) is the set
of orthonormal matrices or the set of linear transformations in R? that are rotations by some
angle 0 € [0,27) with x = cos(0) and y = sin(6). Moreover, consider the inner product

2
(a,b) = Z a;jbyj, fora,b € A.
ij=1

One may verify that the actions of elements in Orth(A) function as a set of isometries.
By solving a system of equations very similar to the one discussed above, it is possible to
demonstrate that these actions form a subset of isometries. The associated matrix, denoted
as T = (t,-]-), has a determinant different from =+ (17 — t12). Thus, this quotient describes
the behavior concerning certain kinds of isometry classes considering the underlined
inner product.

5.2. Quaternions over Real Closed Fields

Now, we explore the diversity of quotients in quaternions. Although this includes a
lot of calculations, it provides quick verification of independence regarding normal and
convex quotients.

Example 9. Let R be a real closed field and
H=R{x,y}/(x*+1,y> +1,xy +yx)

the corresponding quaternion algebra (1,1)g; it is an R-division algebra of dimension 4. Put
S =R~ -1 C H. Note that S satisfies the second condition of the Theorem 3 (it is a convex set) in
the previous section and S = {c(a) -a:a € H\ {0}}.

Then, H/ S = S is a monoid. And, in this quotient, x - o(x) -x =%, as x - o(x) = 1.

We observe that, in this case, S is also standard, “normal”, and 1-convex (see Lemma 5).

Example 10. Let H be the quaternions real algebra endowed with the standard involution o (a) = a,
foralla € H. Set S = R\ {0} and define a ~ biffa = o(x)by for some x,y € S. Thus, [0] = {0},
and for a nonzero element a, [a] is the line determined by the origin and the quaternion a(without
{0}), i.e., H/;uS = RPS.

Once S C Z(H) (S has the first “normality” property of the Theorem 3), it is easy
to check that S = [1] = [—1], and [£a] = Sa, and for 4, a pure quaternion as well. If
a = ap+ ayi+axj + ask and b = by + byi + byj + bsk are quaternion numbers, then we have
the following:

[a] + [b] = |J[xo0 + x1i + x2j + x3k], (7)
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forx; € R, x; € S, or x; = 0, depending on a;, b; # 0, or a; # 0 and b; = 0 (and vice-versa),
or both a; = b; = 0, respectively, for each i € {0,1,2,3}. Hence, [a] + [b] is the plane
determined by [4] and [b], containing (or not containing) the origin.

Example 11. Consider the orthogonal fragment Orth(H). Let S = S® C H, representing the
sphere of radius with 1 centered at the origin.

Clearly, 1 € S, and S is a multiplicative set, satisfying x~1 € S whenever x € S. Once
|x| = xo(x), it is immediate that S is o-invariant. It remains to verify that the sphere
qualifies as “a normal set” in H (item 1 of Theorem 3) and, thus, the quotient is a multi-ring.
In fact, leta € Hand x € S; given the norm is multiplicative, we have the following:

lax| = |a| = ac(a)xo(x) = o(a)a = ac(a)x = o(x) lo(a)a ®

= o(a)ax = o(x)!

o(a)a = ax = (o(a)
Yet, we have the following; |o(a) o) o a)| = lo(a) ! lo() e (a)] = lo(a) ! lo(a)| =
1; therefore,

y=oc(a) 'o(x) lo(a) €S8.

We conclude that ax = ya for some y € S,i.e.,aS C Sa. The reverse inclusion is followed by
symmetry. Moreover, in a general division algebra with standard involution, this property
holds since S = Orth(H).

Leta ~ biff a = o(x)by, with x,y € S. Hence, a ~ b iff [a| = |b|. Itis obvious that
[0] = {0} and [1] = S® = S. The elements [a] are spheres centered at the origin with
radius \/m. In fact, \/m =a- f/(%, with x = 28 ¢ g. Therefore, \/W ~a. Fora € [b],

|a]
[a] + [b] forms a filled sphere with radius 21/[a]. If |a| > |b|, both triangular inequalities
|a+0b| < |a] + |b| and ||a| — |b|| < |a — b| indicate that [a] + [b] is the "hollow” surface
defined by two spheres with coincident centers at the origin and radii \/[a[ + 1/]b| and
\/m — \/m . Moreover, H/,,S = R, as a multimonoid with multi-addition, satisfies
the following;:

[a—b,a+blifa>b;

o] + (6] = {[ba,a+b] ifb>a.

Thus, this is the triangle hyperfield Example 4. In the last example, S does not
satisfy the convexity property. At the same time, Example 9 shows Marshall-coherent sets
satisfying many properties simultaneously. These examples illustrate that the definitions
provided in the previous section encapsulate elements of different types of structures and
demonstrate the independence between the statements outlined in Theorem 3.

6. Conclusions

We have extended the concept of the (commutative) multi-ring, as presented in Mar-
shall’s seminal paper [1], to the setting of (non-commutative) and involutive multi-rings
(Definition 4). Additionally, we have expanded the concept of Marshall’s coherent subset
to this new setting (Definition 5) and introduced and studied several equivalence relations
related to this notion (Definition 6; Lemmas 4 and 5). Furthermore, we have broadened
the concept of Marshall’s quotient (Definition 8; Theorems 2 and 3) to accommodate this
framework, which serves as a key technical tool for constructing many interesting examples
of multialgebras with involution. These examples are derived from standard algebraic
structures such as orthogonal groups and quaternion algebras, as thoroughly developed
in Section 5.

Thus, we have established the groundwork for extending real algebra and real algebraic
geometry into the non-commutative and involutive settings, broadening the abstract method-
ologies utilized in the space of signs [13], abstract real spectra [14], real semigroups [15], and
real reduced multi-rings [1]. Notably, the theory presented here lends itself to model-theoretic
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methods since every n-multi-operation corresponds to a 1 + 1-relation, satisfying an V3 axiom.
This is an area we intend to explore in future work. Moreover, the continued development of
the theory on non-commutative multialgebras with involution should lay a robust foundation
for establishing an abstract theory of Hermitian forms ([16]), similar to how the theory of
special groups ([22]) serves as an abstract theory of quadratic forms.
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Abstract: The HX-groups represent a generalization of the group notion. The Chinese mathematicians
Mi Honghai and Li Honxing analyzed this theory. Starting with a group (G, -), they constructed
another group (G, *) C P*(G), where P*(G) is the set of non-empty subsets of G. The hypercom-
position “x” is thus defined for any A, B from G, A* B = {a-bla € A,b € B}. In this article, we
consider a particular group, G, to be the dihedral group D,;, n is a natural number, greater than 3, and
we analyze the HX-groups with the dihedral group D, as a support. The HX- groups were studied
algebraically, but the novelty of this article is that it is a computer analysis of the HX-groups by
creating a program in C++. This code aims to improve the calculation time regarding the composition
of the HX-groups. In the first part of the paper, we present some results from the hypergroup theory
and HX-groups. We create another hyperstructure formed by reuniting all the HX-groups associated
with a dihedral group D, as a support for a natural fixed number 7. In the second part, we present
the C++ code created in the Microsoft Visual Studio program, and we provide concrete examples of
the program'’s application. We created this program because the code aims to improve the calculation
time regarding the composition of HX-groups.

Keywords: HX-group; C++ code; group; hypergroup; dihedral group

MSC: 20N20

1. Introduction

Hypergroup theory represents a generalization of classical algebraic structures. F. Marty
noticed that the quotient group’s elements are sets, and he introduced the concept of a
hypergroup in 1934 [1]. Over time, the theory of hypergroups has developed greatly
from a theoretical point of view. It has applications in numerous fields, such as geom-
etry, topology, cryptography, code theory, graphs, hypergraphs, automata theory, fuzzy
degree, probability, etc. [2-8]. Starting with a non-empty set H and the hyperoperation
“0”:H x H — P*(H), where P*(H) represents the collection of all non-empty subsets of H,
we obtained a semihypergroup if and only if the hyperoperation satisfies the associativity
relation, ie., (10b)oc=ao(boc), foranya, b, c € H3. Also, (H,0)isa quasihypergroup if
and only if the hyperoperation satisfies the reproducibility relation,i.e., Hoa =aoH = H,
for any a € H. We say that (H, o) is a hypergroup if and only if “o” satisfies the associa-
tivity and reproducibility relation. In hypergroup theory, we can compute two sets in the
following way: for any A, B sets from H, AoB=AoB=U{aob/ac A, b € B}.In1985,
three Chinese mathematicians, HongXing Li, QinZhi Duan, and PeizHuang, used the term
“hypergroup” [9]. Later, Li renamed the concept with the term HX-groups [10]. Zhenliang
studied the properties of HX-groups [11], and, recently, the interest in this concept has
increased. Corsini studied the hypergroups associated with Z/nZ, the Chinese hyper-
groupoid of an HX-group, and found conditions such that the Chinese hypergroupoid
becomes a hypergroup; see [12-14]. Cristea established a link between HX-groups and
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hypergroups [15]. Sonea determined the HX-groups with dihedral group D, as a sup-
port [16], created a new commutative hyperstructure that considered the union of all the
HX-groups [17], and studied the NeutroHX-groups [18]. Also, Mousavi, Jafarpour, and
Cristea studied the HX-Polygroups [19]. This article is divided into three sections. The first
section refers to the introductory notions from the theory of HX-groups and the theory of
hypergroups. Also, a new hyperstructure G, formed by the union of all the HX-groups
associated with the dihedral group D,, for a fixed natural number 7 is presented [17]. Until
now, HX-groups have been analyzed only from an algebraic point of view. In the second
part of the article, a computational approach to HX-groups is presented using code in the
C++ programming language. This code facilitates the calculation time regarding the com-
position of HX-groups, and the third section refers to the connection between HX-groups
and graph theory.

2. The Construction of the Hyperstructure G,

In this section, we will present the construction of the hyperstructure G,. We consider
a new hyperstructure formed by the union of all HX-groups with the dihedral group D, as
support for a fixed natural number n > 3 [17]. In what follows, we recall the basic notions
of HX-groups.

Definition 1 ([10]). Let (G, -) be a group and G C P*(G), where P*(G) is the set of non-empty
subsets of G. An HX-group is a non-empty subset H of P*(G), which is a group with respect to
the operation “x” defined by
VA BeG AxB={a-b|lac A be B} 1)
We say that G has group G as support.

The HX-groups with the dihedral group D, as support denoted by QZ} are deter-
mined [16].

Theorem 1 ([16]). For n = p1q1, p1,q1 € N*, the (QZ}, ) is an HX-group associated with the
dihedral group Dy, with elements
A; = {pf,pnt g2t plp=Datiy
Aq1+i = {pigl pq1+ig, p2‘71+i0-, . ,p(P1—1)41+i0-};

wherei € {0,1,...,q1 —1}.
Proposition 1. The < p7 > is a normal subgroup in Dy, where n = pq, p, q are natural numbers.

Proof. In what follows, we will recall the definition of a normal subgroup, which we will
apply [20] in the demonstration. Let (G, -) be a group and H a subgroup of G. For any x in
G, H is a normal subgroup in G if and only if xH = Hx. In this case,

H=<pl>= {e,p",qz‘?,...,q@_l)‘f}.

Therefore, the elements in H are of the form pkq ,ke{0,1,...,p—1}. We have to show
that xp"x~1 € H forany x € D, and k € {0,1,...,p —1}. Forx = p!, t € {0,1,...,n — 1},
we obtain

xhx— ! = ptpkq(pt)_l _ pt+kq+n—t _ pn+kq _ pnpkq _ epkq _ pkq € H.
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For x = plo,

-1
pto.pkq(pto.) =pf0'pkqpt(7=pt0'pkq+t0'
pto_apn—(kq-%—t) _ ptepn—(kq+t) _ pt+n—(kq+t)

ok = p(p—k)q c H.

xhx

In conclusion, < p7 > is a normal subgroup in the dihedral group D;,. O

Proposition 2. The HX-group obtained previously represents the quotien group Gj) = <‘3,;’> for
n=pq.
Proof. We proved before that < p7 > is a normal subgroup in Dy, so

Dy
< p7>

={x<p?>/x¢e Dy}

Forx = p!, t € {0,1,...,n — 1}, we obtain
ot <ot >=p'{epl, g%, g "Iy = {o!, o9, p I} = A,
where A; is defined by Theorem 1.
For x = plo, t € {0,1,...,n — 1}, we have

plo < p1>=p'o{epl g, 41 = {plo,plopt, plog™, .. ploq DT}

= {PtU, ptpn*lialptpnfhig, N ~,Ptpn7(p71)qa}
= {pta, pt+(l7*1)f/a, pf+(p72)q0., - .,thqu.}
= {o'o, pto,... ot P DG, ot Vagy — A,

where Ag4, is defined by Theorem 1. Therefore, we can conclude that <’3q”> = GZ. O

After that, we took into consideration the union of all HX-groups associated with a
dihedral group Dj, as support, and we obtained a new hyperstructure defined in [17].

Gy = {QZH HX — groups for any p1, g1 € N* such thatn = p1q1}

is the set of all HX-groups. We define the hyperoperation “o”: G, x G, — P*(G,); thus,

U U CS/[ ’
0<s<2p1—1 \0<t<2pr—1

Cu = XD 4P XD € G, VP € G
no= piq1 = p2q2, P1,91, P2, 92 € N*.

qn q2
glﬂl °© ng

We analyzed the hyperstructure (G4, 0) and obtained some results; see [17].
Proposition 3. The hyperstructure (Gy, 0) is a commutative structure where
Gy = {QZH HX — groups, for any p1, q1 € N* such that 4 = pyqq }
Remark 1. The elements of the hyperstructure (Gy, o) satisfy the following equality
nooh — g gh — gtoMina}
Gp10Gpy = Gpy ©Gpy = gGCD{pi,pzz}’ &)

forany p1, q1, G2, p2 € N* such that 4 = p1g1 = p2qa-
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LCM{q1, g2 } represents the least common multiple of numbers g1, g2, and GCD {p1, p2 }
represent the greatest common divisors of p1, pa.

Proposition 4. The hyperstructure (Ga, o) is a semihypergroup, but not a quasihypergroup.

Now, we present the connection between the number of cyclic subgroups and the
cardinality of G,,.

Remark 2. The cyclic subgroups of the dihedral group Dy are < o >, < po >,...,< 0" 1o >,
and < p? >, where d is a divisor of n. So, the number of all cyclic subgroups is n + (1), where
“k

T(n) = (a1 + 1) (ap + 1) ... (e + 1), n = pips? ... pi.

Proposition 5. The cardinality of the hyperstructure G, is equal to the number of normal subgroups
of a dihedral group D,,.

Proof. According to Proposition 1 and Remark 2, we can state that the normal subgroups
of the dihedral group D, are < p? >, where d is a divisor of 7. Also, the construction of the
hyperstructure G, implies that the |G,| = T(n), where T(n) = (a1 +1) (a2 +1) ... (ap + 1),

n = pi'p3? ... p*. The conclusion is immediate. [J

Example 1. We determine the composition between the HX-groups G and G2, where

{{e.0?}. {p. 0%}, {0, 0?0}, {po, 0’0} };
{{e,0,0% 0%}, {0, p0, %0, 0% }}.

g3
i

Therefore,
Gi % G3 = {Co0,Co1,Co2,Co3,C10,C11,C12, C13},

and the sets Xgl,Yﬁz, where s€ {0,1}, t € {0,1,2,3}, q1 =4, q2 =2, are

Xg = {ep 0’} Xt ={0,p00,0%0, 0%},
G {e,0?}, YT = {p.0°}, Y3 ={0,0°0}, Y5 = {po, p’c}.

In the following, we calculate the elements C;j, i € {0,1}, j € {0,1,2,3}.

Cop = XaxYZ=1{e,p,0%0°}*{e,0*} =¢-eUe-p*Up-eU
Up-p>Up?-eUp?-p*Up®-eup’-p’
= {ep0 0’} = X5
Con = XgxY={ep 0} +{op’} =
= e-pUe-p’Up-pUp-p°U
Up*-pup®-p’Up-pup’-p’.
= {ep’ 0’} =X}

Coz = XoxY5 ={ep, %0’} {o,p%0} =
= {o,p0,0%0,0%0} = X}.
Coz = Xp*Y5 ={ep, %0} {0, 0’0} = X].

Similarly, we obtain
Cro=X{*Yg=X{, C1p = X{* YT = X{, C1p = X{ Y] = Xj, C13 = X{ Y] = X;.

So, we have

gfogﬁ :gil
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Remark 3. The calculation time for composing two HX-groups can be quite high. This represents
the starting point of the idea of creating code in the C + + programming language because we can
improve the calculation time and analyze higher-order HX-groups.

3. Materials and Methods
Implementing C + + Code into Microsoft Visual Studio 2022

This section will present the code in the C 4 4 programming language, created in
Microsoft Visual Studio 2022. The code describes the HX-groups associated with the dihedral
group D, and their composition. Creating such a program was needed to improve the
calculation time for composing the HX-groups. The composition problem can become
quite complex, as observed in the works [17,18]. The input data will be n (the order of the
dihedral group D,), and the divisors p1, g1, p2, 42 so that n = p1q; = p2q2. In the program,
we identify the HX-group g;’,i with G(p1,q1); the elements of gZi formed a matrix and are
noted with a[i][], and similarly the elements of G2 are noted through b[i][j]. We identify
the elements of the dihedral group with natural numbers. So, we consider the function
f:(Dn,-) = (N, +) as follows:

(o) = & o)
flo'e) = n+k,

where k € {0,1,...,n — 1}. For a fixed natural number 1, we consider the restriction
of function f, so f : (Dy,-) — ({0,1,...,2n — 1}, +). In these conditions, we can state
the following:

Proposition 6. For a fixed natural number n, the function f : (Dy,-) — ({0,1,...,2n —1},+)

f(e) = & @
flpko) n+k,

is a bijective function.

Proof. The injectivity results immediately because, for any x,y € D, such that f(x) = f(y), it
implies x = y. The elements from D,, have the form p* or p¥c. Aswe cansee, f(o*) # f(o*0)
for any k € {0,1,...,n — 1}. So, to have the equality f(x) = f(y) means that x = o,
y=p"kpec{01,...,n—1},orx= pka, y = pPo. In both cases, it results that p = k; this
means that x = y. To study the surjectivity, we have to prove that, for any element k from
{0,1,...,2n — 1}, there is x € D, such that f(x) = k. Fork € {0,1,...,n — 1}, we consider
x = o, and, for k > 1, we consider x = p*~"¢. In conclusion, f is a bijective function. [

To determine the composition of groups G} o G2, where n = p1q1 = paq2, we have
four cases. We denote by @ the composition law created in the program mentioned above,
and we provide the composition rules in each case.

Case 1. We compute the elements that have the form pf with p?, for any k,
p €{0,1,...,n — 1} in the following way

k@ p=f(o") o f(p") = k+ p(modn) ®)
Case 2. We compute the elements that have the form ¥ with pPc

k k
k@(n+p)=f(p")0f(p”ff)={ r;ii,:p' k:;f;: ©)
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Case 3. The composition of the elements that has the form p”o with p* is

— f(oP K_ [ 2n+p—k p<k
(s p)ak= oo sy = { 2Pl PSS

Case 4. The composition of the elements that has the form p?¢ with p¥c is

(1490 (n+8) = f(@Po) o fiphe) = { Pk PR

In the following, we present the code in the C + + programming language.

#include <iostream >

#include<stdio .h>

#include<algorithm>

using namespace std;

int main()

{

int n, i, j, pl, q1, p2, 92, k, 1, s, t, a[100][100],
b[100][100],c[200],p,d,e,aux,v[200][200],x, m;

cout << "n=";

cin >> n; cout << "pl=";

cin >> pl;cout << "ql=";

cin >> ql;

if (n == pl * ql)

{

cout << "The HX Group G(" << pl << ", " << ql << ")" << endl;
for (i = 0; i <2 % pl; i++)

{

for (j =0, j < ql; j++)

{

if (i < pl)
ali][j] =i +j = pl;
else
ali][j] =i +n - pl +j = pl;
cout << al[i][j] << " ",

}
cout << endl;
}
}

cout << endl;

cout << "p2="; cin >> p2;
cout << "g2="; cin >> q2;
if (n == p2 % q2)
{
cout << "The HX Group G (" << p2 << ", " << @2 << ")" << endl;
d =2 x p2;
for (i = 0; 1 <2 » p2; i++)
{
for (j = 0; j < q2; j++)
{
if (i < p2)
blil[j] =i + j * p2;
else
bl[i]l[j] =1 +n - p2 + j * p2;
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cout << b[i][j] << " ",
}

cout << endl;

}

cout << endl;

}

if ((n == pl * ql)&&(n == p2 * q2))
{
cout << "Composition between the HX group G(" << pl<<
", " << ql << ") and HX group G(" << p2 << ", " << q2 <<
") is " << endl;

m = pl + p2;

for (p = 0; p < pl * p2; p++)
{

for (j =0, j < ql; j++)

{

for (t = 0; t < q2; t++)

{

clpl = (alp / p21[jl + blp % p21[t]) % n;
cout << c[p] << " ";

}

}

cout << endl;

}

cout << endl;

cout << endl;

for (p = pl = p2; p <2 % pl % p2; p++)

{

for (j = 0; j < ql; j++)

{

for (t = 0; t < q2; t++)

{

clpl = (a[p / p21[jl + blp % p2][t]) % n + n;
cout << c[p] << " ";

}

}

cout << endl;

}

cout << endl;

for (p =2 = pl = p2; p <3 % pl = p2; p++)
{

for (j =0, j < ql; j++)

{

for (t
{

clpl = ((a[pl + p % pl]l[jl - blp % p21[t]) % n) + n;
cout << c[p] << " ";

}

}

0; t < q2; t++)
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cout << endl;

}

cout << endl;

for (p =3 = pl = p2; p <4 x pl = p2; p++)

{

for (j = 0; j < ql; j++)

{

for (t = 0; t < q2; t++)

{

clpl = ((alpl + p % pl][j] — b[p2 + p % p2][t]) + n) % n;
cout << c[p] << " ";

}

}

cout << endl;

}

cout << endl;

cout << " Composition between the HX group G(" <<

p2 << ", " << q2 <<") and HX group G(" << pl << ", "

"

<< ql << ") is << endl;

e =2 x pl;

for (p = 0; p < pl * p2; p++)
for (j = 0; j < q2; j++)

for (t = 0; t < ql; t++)

clpl = (blp / p11[j] + alp % plllt]) % n;
cout << c[p] << " ";

}

}

cout << endl;

}

cout << endl;

for (p
ior (j =0, j <q2; j++)

ior (t = 0; t <ql; t++)

i[p] = (blp / plllj] + alp % pll[t]) % n + n;
cout << c[p] << " ";

|

cout << endl;

}

cout << endl;

pl = p2; p < 2 * pl * p2; p++)

for (p =2 = pl = p2; p <3 % pl = p2; p++)
{
for (j = 0, j < q2; j++)
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{

for (t = 0; t < ql; t++)

{

clpl = (blp / elljl - alp % pl]l[t]) % n + n;
cout << c[p] << " "

}

}

cout << endl;

}

cout << endl;

for (p =3 = pl = p2; p <4 x pl = p2; p++)

{

for (j = 0; j < q2; j++)

{

for (t = 0; t < ql; t++)

{

clpl = ((b[p2 + p % p2][j] - alpl + p % plllt]) + n) % n;
cout << c[p] << " ";

}

}

cout << endl;
}
cout << endl;
}
}

4. Results
4.1. The Results Are Provided by the C + + Code Implemented for N = 4

The following will present the results obtained using the C++ code realized in Mi-
crosoft Visual Studio 2022. To better understand the above program, we will explain how it
works. For n = 4, we have the hyperstructure

g ={3,9t,6i}

Moreover, we apply the program presented in the previous section in each situation.

First situation: We consider p; =2, 1 =2, po = 1, q2 = 4, respectively. In [16], we
presented the composition of HX-groups G5 and G;. In the presented cod, these HX-groups
are equivalent to the following HX-groups

G3 = {{0,2}, {1,3}, {4,6}, {5,7}}, where

0,20 = {f6° feA}, 1.3} = {£e"), f))}.
{46} = {f(U)r f<P217> }/{517} = {f(PU), f(p3<7> };
Gt = {{0,1,2,3},{4,5,6,7}}, where

01230 = {Fe") f6), Fle)), f(6>)},
#5670 = {f©), f(po), f(p%0), f(p%0)}.

(1) We compute the elements from case 1, where

k@ p=f(o") f(p") = (k+ p)(mod n)
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3
{0,2} ¢ {0,1,2,3} U fe" ol Uf" ] =
ke{0,2} p=0
0p0U0B1IUD0R2U043U2E0U2BTIU24H2U283
{0,1,2,3,2,3,0,1} = {0,1,2,3},

3
( U f(Pk)> ° (Uf(P”)) =
ke{1,3} p=0

= 100U1®1U1®2U1®3U300U3®1U3®2U303
= {1,2,3,0,3,0,1,2} = {0,1,2,3}.

{1,3}®{0,1,2,3}

(2) We applied the formulas from case (2), where

+ktp,  kt+p<
ko ) = fho vy = { TR RS

3
( U f(Pk)) o (Uf(P’”@) =
ke{0,2} p=0

0p4U0R5U0R6U0D7U204U2B5U206U207
= {4,56,7,6,6,4,5} = {4,5,6,7}.

{0,2} & {4,5,6,7}

We explain the second rule in this situation:

0d4 = 440+0=4: (k=0,p=0k+p<4),
005 = 44+40+1=5:(k=0,p=1,k+p<4),
006 = 44+40+2=6:(k=0,p=2k+p<4),
0067 = 440+43=7:(k=0,p=3k+p<4),
204 = 442+40=6:(k=2,p=0k+p<4),
205 = 44+24+1=6:(k=2,p=1k+p<4),
206 = 242=4:(k=2,p=2k+p>4),

207 = 243=5:(k=2,p=3,k+p>4).

3
( U f(Pk)> ° (Uf(P’”U)) =
ke{1,3} p=0

104U105U106UIG7U3®4U3D5U30R6U3D7
{5,6,7,4,7,4,5 6} ={4,56,7}.

Similarly, we calculate

{1,3}® {4,5,6,7}

(3) We applied the formulas from case (3), where

_ p o | 2n+p—k, p <k
(P ok=g@roof@) = { P PSS

3
{4,6} ©{0,1,2,3} U flePo) | o <Uf(pk)> -
pe{0,2} k=0
400U401U402U403U600U6M1IU6DG2U6D3
{4,7,6,5,6,5,4,3} = {4,5,6,7},

157



Mathematics 2024, 12, 3492

where

4860 = 440-0=4:(p=0,k=0, p>k),

481 = 2%440-1=7:(p=0,k=1, p<k),
402 2%4+40-2=6:(p=0,k=2, p<k),
4®3 = 2%4+40-3=5: (p=0,k=3,p<k),

600 = 442-0=6:(p=2,k=0, p>k),
601 = 442-1=5:(p=2,k=1,p>k),
602 = 4+42-2=4:(p=2,k=2,p>k),

6@3 = 2x4+2-3=7: (p=2,k=3, p<k).

Analogously, we have

{57} % {0,1,2,3}

3
( U f(P’”U)) 0 <Uf(Pk)> =
pe{1,3} k=0

= 500U501U502U503U700U7®1U7®2U7S3
= {54,7,6,7,6,5,4} = {4,5,6,7}.

(4) The fourth case refers to computing the elements that are greater than n. We have
the relation

p—k p=k

m+pmmn+mzf@%ﬁvm%%:{p+n,h p<k’

3
{46} {4,567} = ( U f(P”fT))O(Uf(PkU))

pe{0,2} k=0
404U405U46066U407U6604U6HB5U66BE6U687
{0,3,2,1,2,1,0,3} = {0,1,2,3}

because

404 = 0-0=0:(p=0,k=0,p>k);

445 = 04+4-1=3:(p=0,k=1,p<k);
406 = 04+4-2=2:(p=0,k=2,p<Kk);
407 = 044-3=1:(p=0,k=3, p<k);
664 = 2-0=2:(p=2,k=0,p>k);

665 = 2-1=1:(p=2,k=1,p>k)
666 = 2-2=0:(p=2 k=2, p>k);
667 = 2+44-3=3:(p=2 k=3, p<k).

Therefore, G2 0 G} = {{0,1,2,3}, {4,5,6,7}} = G}.
The composition Gj o G is analyzed analogously and will be described in Table 1:

Table 1. The composition between HX-groups G; and G3.

Giogs {0,2} {1,3} {4,6} {57}

{0,1,2,3} {0,1,2,3} {0,1,2,3} {4,5,6,7} {4,5,6,7}
{4,5,6,7} {4,5,6,7} {4,5,6,7} {0,1,2,3} {0,1,2,3}
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We have g;‘ o g§ ={{0,1,2,3}, {4,5,6,7}} = g;*. In conclusion,
G2 oGl = 610G = .

Second situation: We consider p; = 2, g1 = 2, and p» = 4, q» = 1 so that the
composition g§ oG i is illustrated in the following table according to the rules presented
above for each case.

We can state that G3 o G} = {{0,2}, {1,3},{4,6}, {5,7}} = G2, and, proceeding

similarly, we obtain G} o G5 = {{0,2}, {1,3},{4,6}, {5,7}} = G2.
Th%lrd situation: 'We Rave to compute G} o Gf and Q% oGl Where

i ={{0}, {1}, {2}, {3}, {4}, {5}, {6}, {7}}-

4.2. A Graph Representation of the HX-Groups with Dihedral Group Dy, as Support

Graph theory is applied in many fields, such as computer science, physics, biol-
ogy [4,21,22], and social and information systems. A graph represents connected points
along with their connections. Lines or curves can represent these connections. The points
are called nodes or vertices; the lines between points are edges. The sets of nodes are
denoted by V, and the sets of edges are denoted by E; therefore, a graph is represented by
G = (V,E). In this section, we construct the graph associated with the hyperstructures
(G4, 0) and (Gg, o). The vertices represent the elements of the set G,, and we say that x,y
formed an edge if and only if

[xyl=xoyn{xy} #. ©9)

So, let G4 = (Vi, E4) be the graph associated with the hyperstructures (G4, o), where
Vy = {Q%, g%, g i }. In relation (2), we established the connection between the composition
of two HX-groups. So, according to them, we can draw the following graphs Gy, and,
similarly, we obtained the graph Gs. For graph G4, the node i is represented by the HX-

4
group G;', where i is a divisior of 4, and, for the graph Gg, the node j is represented by
6

the HX-group ¢ ].7 , where j is a divisior of 6. In graph theory, it is important to determine
the degree of a vertex. The degree of a vertex v is denoted by deg(v) and represents
the number of edges that are incident to the vertex. In our situation, we can say that
deg(1) = deg(2) = deg(4) = 2 for G4, and deg(1) = 3, deg(2) = 2, deg(3) = 2, and
deg(6) = 3 for Gg.

5. Discussion

The main objective of the study was to analyze the HX-groups associated with the
dihedral group D, through the IT theory. A code in the C++ programming language,
created in the Microsoft Visual Studio 2022 program, was presented in detail. This code
represents a novelty in the field of HX-groups. In the first part of the paper, we discussed
the HX-groups associated with the dihedral group from an algebraic point of view. In the
second part of the work, the innovative part of the article was revealed. In Proposition 6, we
established a connection between the elements of the dihedral group and natural numbers
to implement the HX-groups in the C + + code programming language. The compositions
between g; and 922 and g% and Q}, respectively, are described in Tables 1 and 2. This code
is necessary to improve the calculation time for the composition of two HX-groups. In
Figures 1 and 2, we can notice how the program works for n = 4. Finally, a connection
between the HX-groups G4, G and graph theory was presented in Figure 3.
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Microsoft Visual Studio Debug Console

up G(1, 4) and

Figure 1. The groups G}, G, and G{ o G}.

BH Microsoft Visual Studio Debug Console

Figure 2. The composition g; o gf .

OJNOZRO
G—v &
Figure 3. Graph G4 and graph Gg.

Table 2. Composition of HX-groups G2 and gi.

Giog: {0} {1} {2} {3} {4} {5} {6} {7}

02y {02} {13} {02} {13} {46} {57} {46} {57)
1,3y {13} {02} {13} {02} {57} {46} {57} {46}
{4,6} {4,6} {5,7} {4,6} {5,7} {0,2} {1,3} {0,2} {1,3}
570 {57} {46} {57} {46} {13} {02} {57} {02}

Author Contributions: Conceptualization, A.P.S. and C.C.; Methodology, A.P.S. and C.C.; Code
created in Microsoft Visual Studio 2022 program, A.P.S. and C.C.; Writing—original draft, A.P.S. All
authors have read and agreed to the published version of the manuscript.
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Abstract: Feynman diagrams represent one of the most powerful and fascinating tools developed in
theoretical physics in the last century. Introduced within the framework of quantum electrodynamics
as a suitable method for computing the amplitude of a physical process, they rapidly became a
fundamental mathematical object in quantum field theory. However, their abstract nature seems to
suggest a wider usage, which actually exceeds the physical context. Indeed, as mathematical objects,
they could simply be considered graphs that depict not only physical quantities but also biological or
economic entities. We survey the analytical and algebraic properties of such diagrams to understand
their utility in several areas of science, eventually providing some examples of recent applications.

Keywords: Feynman diagrams; quantum field theory; graph theory; combinatorics; RNA folding;
quantum finance; mathematical physics
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1. Introduction

In the late 1940s, Richard Feynman published a renowned paper [1], in which he
proposed a pictorial formulation of the quantum field theory (QFT) by introducing the
so-called Feynman diagrams for describing particle interaction as field propagation (see
Figure 1). His original attempt was to simplify the tricky computations coming from quan-
tum electrodynamics theory (QED), namely the quantum description of electromagnetic
phenomena. As highlighted by David Kaiser [2], the contribution to quantum physics was
enormous and, at least, twofold. On the one hand, Feynman diagrams provide a powerful
tool to simplify the critical calculations emerging from the perturbative approach in QFT.
From this point of view, the diagrams become a topological way to treat enumeration and
combinatorical issues. On the other hand, the pedagogical influence that this diagrams had
in the second half of the 20th century cannot be overlooked.

Figure 1. Standard representation of a second-order Feynman diagram in QED. The usual interpre-
tation is the following: fix a time direction; consider the external lines physical particles and the
internal lines virtual particles.

The usage of analogous instruments has, not so surprisingly, spread in many other
physical field theories. For instance, their application in quantum chromodynamics
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(QCD) [3-5], or even in quantum gravity (QG) [6,7], effective field theory (EFT) [8], and con-
densed matter physics [9], is quite common nowadays.

There also exists a third philosophical interpretation that considers Feynman diagrams
not only merely computational tools, but something that actually provides an in-depth
depiction of physical processes [10-12]. However, most quantum field theorists actually
lean in favour of Feynman diagrams as merely book-keeping devices (namely, they are
conveniently employed for calculations) [13-15]. In some sense, this work actually shows
that, at least as powerful organizational tools, Feynman-type diagrams can be used in
different domains not directly linked with quantum phenomena. Indeed, inspired by
this intriguing formulation of fundamental physics, namely the graphical description,
with its intrinsic topological and algebraic nature, the diagrams began to be used in
different domains, such as mathematical biology and economic science. In this manuscript,
we survey different applications of Feynman-type diagrams in order to aim at a broad
audience, in the hope that these techniques can provide an inspiring starting point for
future developments in many scientific areas. We remark that this work fits into the context
of a renewed interest in Feynman diagrams, as evidenced by the recent experimentation
of their use in a high school setting [16] or the more technical reformulation in categorical
semantics [17].

This paper is organized as follows: In Section 2, we briefly introduce the diagrams,
stressing their mathematical significance. Section 3 is devoted to the first application of
these kinds of graphs in a biological context. A completely different example is given in
Section 4, where we review the usage of diagrams in the field of the so-called quantum
economy. Finally, in Section 5, we conclude by taking stock of the overview by proposing
some other fascinating applications of these particular mathematical tools.

2. From Matrix Integrals to Diagrams

In this section, we propose a brief summary of how diagrams can be generated from a
classical mathematical apparatus. There are many authors who discuss the construction
of Feynman diagrams and the contextual Feynman rules in QFT [3,5]. In this section, we
plan to point out the most important steps in the creation of such graphs, in terms of
mathematical operators. Naturally, once you have fixed the graphical apparatus, one can
skip the evaluation of the generating functional and the associated Green functions for
obtaining amplitudes, as presented in this section. Indeed, the Feynman rules allow us to
easily compute the amplitude just by using a list of several formal steps. However, for our
purpose, it is important to explain the mathematical formulation behind the diagrams,
in order to understand how the same techniques can be used in different scientific domains.
Now, we are going to work in a finite-dimensional setting to provide a better explanation
of the various passes. Analogous arguments can be found, for instance, in [3,5,18-21].

As is often the case in mathematics, we start by considering an integral, that is,

" ] n
Zy = / dxexp<f§xTAx> = (2n)7(detA)’% , 1)
JR®
where x = (x1,...,%,) € R” and A € M,, is a symmetric matrix. After some straightfor-

ward computation, it is also possible to prove that, given a generic vector b € R”, we can
write the following integral:

Zy = /]R dxexp(—%xTAx +bTx> , 2

as
Zy=2o exp(%bTAflb) 3)
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We can now fix a set of k indices as iy,...,i in {1,2,...,1n}, so that we can define the
so-called k-point function as follows:

1 1
(Xiy oo X)) = Zfo/w clxexp(E,(TAx)>xil X @)

This kind of function plays a central role in the development of the theory. Indeed, it is
possible to compute Equation (4) by differentiating Z,:

Zp 0 1 7 T

b, 7877,4 - dxexp(ix Ax+Db ' x
—/ dx-> exp IxT Ax + bT ®)
= e xabiexp 7% Ax X

1
= /JR” dxexp(ExTAx—&-bTx)xi.

Thus, we immediately obtain the following expression for the one-point function:

197,
<xl> - ?0 8b, bzor (6)
and then the generic formulation for the k-points function:
1/ 0 d 9 9 1
(x-,...,x-):—( zb> = exp<7bTA’1b> @)
n W Zo\ob,  ob;, p—o Oby b 2 b0

Thanks to these computational steps, we have actually translated the original problem into
another one: now, we simply need to compute the derivatives of the exponential function in
Equation (3). To reduce this intricate operation to a combinatoric affair, we make use of the
well-known Wick’s theorem (which is stated and proved in every book concerning QFT; see,
for instance, [5]). In our framework, this theorem immediately leads to a combinatorical
expression of the form

) ) 1. 7
5 -~Wexp<§b Ab)

i i

= Y Al AT )

iy iy i,y
b=0  all pairings 12 k=17

With “all parings”, here we denote all possible pairings of the indices iy, ..., . Now, it
seems to be clear that the sum of Equation (8) can be split in different contributions by
using the N-order series expansion of the exponential function as follows:

" N
o) E) () e

In particular, if we use a lighter notation for the derivative, namely

i = aj ; (10)

by fixing N = 1, we immediately obtain the following from Equation (9):

L& i -
0201 <2 Z Ai,jlblb]) =4 % = (x1,x2),
i,j=1 (1)

1 & i _
d10q <2 Z Ai,jlblb]) = Al,ll = <x1,X1>,
Q=1
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Let us remark that the paring (91, 9;) is equivalent to the paring (9, 01), because of the
symmetry of the matrix AL Similarly, for N = 2, expressions involve other combinations
of indices, for instance,

2
1\ /1)? 1, 1,
34333231(j> (E) ( Z Al]lb bj) = A3 AT + AJIAT + A AT, (12)
! =

= (x1,X2, X3, X4)

2
1) (1)?
04030101 (E) (§> ( Z Azjlb b]> =2-A] 1A13—|—A 1A17,11 (13)

ij=1

= (X1, X1, X3, X4).

Thus, Wick’s theorem provides a practical way to compute n-points functions as we show
in the latter formulas for the two-points and four-points functions (the generalization is
quite obvious). Now, the combinatorial computations arising from Wick’s argument can
actually be graphically represented. In particular, let us consider the right-hand side of
Equations (12) and (13). They can be depicted as graphs, where the indices of the points x;
in the m-point function become the vertices and and each term A; - iy ! becomes an edge from
vertex x; to vertex x;. Practically speaking, it turns out that it is possible to visualize such
an expression by means of graphs, as we propose in Figures 2 and 3.

X1 X3 X1 X3 X1 X3
-
X2 X4
-
X2 X4 X2 X4

Figure 2. The three graphs representing the 4-points function (x1, X2, x3, x4), which is explicitly given
by Equation (12).

X1 X3 X1 X3

X4 X4

Figure 3. The two graphs representing the 4-points function (x1,x1,x3,x4). The first graph is
multiplied by the same factor, 2, appearing even in the explicit formula of Equation (13).

Remark 1. The previous paragraphs have explored in depth the link between the mathematical
framework and the graphical structures. As mentioned above, the construction of these diagrams
can be formulated in a pure formal context by the list of Feynman rules. The latter formulation
really provides an easier way to construct the diagrams. However, as we are going to see in the next
sections, the mathematical background represents one of the cores of this work, which one needs
in order to have a better understanding of the translation of these techniques in other studies.

Physically speaking, the structure of Feynman diagrams arises directly from the

integrals (namely the generating function) due to the path integral approach to QFT [5].
In fact, in the quantum field theory realm the studied integrals assume (by adapting the
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previous notations) the following form, which involves some potential function U(x) and
the reduced Planck constant h:

Zy = /dxexp<7%xTAx+hU(x)>. (14)

Equation (14) is trivially linked with the above discussion (we remark that the construction
in QFT is actually more complicated, as it involves infinite quantities. However, for the
purpose of this illustrative section, the most important thing is to capture the spirit of the
mathematical formulation linked to Feynman diagrams). Now, as one can deduce from
the proposed construction, it is possible to fix some formal rules in order to connect this
abstract mathematical formulation to the corresponding physical significance. This proce-
dure imposes the classical QED interpretation first provided by Feynman (and formally
developed by Dyson [22]), in which objects as virtual particles are introduced in order to
explain the physical phenomena underlying the diagrams (the ontological nature of virtual
particles is still an open debate in the philosophical community [23,24]). However, for the
purpose of this work, we just consider the mathematical formulation of such diagrams
and how their generality can be translated to other scientific domains. Indeed, in this
section, we show how it is possible to construct a graph theory starting from a specific class
of integrals.

In the next two sections, we apply this impressive trick coming from QFT to develop
a graph theory for approaching the problem of RNA folding and for modelling the bond
prices in quantum finance.

Remark 2. It is important to underline that the application of diagrams in the biological and
economical contexts actually comes from two different perspectives. In fact, in the first case,
the analogy inspiring the construction comes, as we are going to see, directly from the similarity
between the pictures in the QFT and RNA framework. Instead, in the second case, the analogy
is mediated by the path integral formulation. It is now quite clear that the formal mathematical
construction can be based directly on the path integral formulation instead of its diagrammatic
version. However, we consider the choice of Feynman-type diagrams for developing and studying the
most suitable theories in order to disseminate such an approach to different scientific communities.
For the role of the analogy in the mathematical reasoning and discovery, we refer interested readers
to [25,26].

3. RNA Folding Problem

In the previous section, we formally show the connection between matrices and
diagrams. This deep link can be exploited to study many kinds of problems once one has
reformulated the link in terms of matrix field theory. In this spirit, in 2002 Orland and
Zee [27] proposed a method for predicting the tertiary structure of RNA based on such
a matrix theory. Indeed, the usage of diagrams to describe secondary and tertiary RNA
structures is actually a common practice, as testified by a large number of representations,
which one can find in the literature [27-35].

We briefly recall that RNA is usually defined as a single-filament polymer, made
of ribonucleosides with four main nucleobases: adenine (A), cytosine (C), guanine (G),
and uracil (U). Despite being single-filament, RNA bases can form bonds (similarly to
DNA) with bases from other molecules, or even within the same molecule, thus creating
more complicated 2D and 3D structures. In standard Watson—Crick base-pairings, A binds
U with two hydrogen bonds, and G binds C with three hydrogen bonds. Moreover, RNA
structural motifs are made up of two components: the first one consists of free bases, like in
bulges, loops, or junctions, and the second one is made up of stems of paired bases. While
the secondary structure could be assimilated to RNA'’s planar conformation (i.e., planar
graphs), the tertiary structure is its 3D conformation, which determines its specific function
(see [36]). The main role in the passage between 2D and 3D models is played by the
so-called pseudoknots. Roughly speaking, a pseudoknot is composed of at least two helices
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with both internal bonds and free bases interacting across the two motifs and separated by
an additional stretch of free bases (see [37]). In the next paragraphs, we explore in-depth
the contribution of pseudoknots in this framework and their graph representation.

Returning to the main topic, Orland and Zee noticed a profound analogy between the
model obtained by stretching the manipulation of RNA secondary structures (see Figure 4)
and the classical Feynman diagrams defined above.

Figure 4. Classical diagram of a kissing hairpin pseudoknot.

It turns out that such an approach is strictly related to the topology of such diagrams,
as it was already proved by t'Hooft [38]. Thanks to this topological perspective, we can
introduce the fundamental notion of genus, which can be used to topologically classify RNA
structures [30,32,33,39]. It is important to underline that the formal construction, which we
are going to explain in the following, is none other than a particular case of a the so-called
maps enumeration problem belonging to the theory of dessin d’enfant, whose contemporary
formulation in terms of graph embedding into manifolds is due to Grothendieck [40]. Read-
ers interested in the latter topic may also consult the manuscript published by Zvonkin [41].
The matrix formalism introduced in [27] and then developed in [32] is based on the stan-
dard energy models for RNA studied in recent years. These energetic models are based on
the following partition function:

. L
Z= / [T ref ()20 (x), (15)
k=1

where 1y is the 3D position vector k-th base, L is the length of the sequence, and f(r) is a
function, which takes into account the properties of the RNA chain. A fundamental role
is played by the function Z; (r), which provides the description of base interactions; it is
given by

Zp=1+Y Vi(rij) + Y Vii(xij)Via(r) +-- -, (16)

(i) (i,jkd)

where (i, j) denotes the pair relation j > i, (i, j, k,I) the quadruplets relation/ > k > j > i,
and so on. In this formalism, the function Vj;(r) represents the Boltzmann factor with
energy €;; that relates the i-th and the j-th bases at the distance induced by the vector r;;:

Vij(rij) = exp(—Beijsij(rij)), (17)

where B = 1/kgT is the usual symbol for the inverse temperature multiplied to the
Boltzmann constant, and s;;(r;;) is the space-dependent part of the interaction. And,
precisely in this context, Orland and Zee noticed the analogy with QCD that induced them
to rewrite the above problem in terms of integrals over the space of N x N dimensional
Hermitian matrices:

Zy(a,N) = ﬁ/dNXN(/Jexp(f%) Tr ¢? x %Tr(HJrgb)”, (18)

where ¢ is a Hermitian matrix, Tr(+) represents the trace operator, and A(N) is a computable
normalization factor.
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These latter integrals can be represented by means of diagrams inspired by the Feyn-
man diagrams that we introduced in the previous section. Let us consider for the sake of
simplicity the one-dimensional case (R), with n = 2. By basic computations, we obtain
Zy(a) =1+ a, namely, if one depicts a circle with two points, the addendum 1 is the no-
chord diagram, and the term 4 is the diagram with chords joining the two points. Now, it is
also possible to represent Zy(a) = 1+ 6a + 3a%, where, in addition to the no-chord diagram,
there are also six one-chord diagrams (all the possible combinations) that provide the term
6a. Finally, 342 are intuitively the three possible combinations of two-chord diagrams (see
Figure 5 for some examples).

c d

Figure 5. Four examples of diagrams representing terms of the integral Z4(a) = 1+ 6a + 3a2. We rep-
resent here the no-chord diagram (a), that is, the addendum 1, a one-chord diagram (b) contributing
to the first-order term 64, and two of the three second-order two-diagrams in 3a%: one planar (c) and
one non-planar (d).

Remark 3. As we are going to explain in the next paragraphs, the power of this approach becomes
relevant for large N and large —N expansion. In particular, one can notice that the computation of
Z5(a,N) = 1+ adoes not depend on N instead, by computing Z4(a, N) = 1+ 6a + 24> +a?/N?,
one explicitly obtains the dependence on N. We remark that, in this example, the term involving
1/N? actually represents the non-planar diagram.

Once the matrix framework is recovered, it is possible to evaluate such integrals in
terms of diagrams, by using the already mentioned Wick’s theorem. Moreover, thanks to
this graphical approach we can also describe pseudoknots in terms of topological quantities,
namely the genus. Figure 4 depicts the standard way to represent a well-known pseudoknot,
called kissing hairpin [42]. This picture can be used to derive (by stretching the backbone)
two other useful graphs, namely the stretching (or arc) diagram (Figure 6a) and the circle (or
disk) diagram (Figure 6b).

(a) (b)
Figure 6. Stretching (or arc) diagram of a kissing hairpin pseudoknot (a). Circle diagram of kissing
hairpin pseudoknot (b).

Now, in terms of crossing diagrams, pseudoknots can be computed by using the genus
of a surface. Topologically speaking, the genus of a surface is the number of holes or handles
of a (orientable) surface. In this framework, the genus of a diagram can be defined as the
genus of the surface with the lowest genus, in which our diagram can be drawn with no
intersections. In particular, if we consider the case of the kissing hairpin, we obtain the
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representation in Figure 7, in which the diagram appears embedded in a surface with genus
¢ = 1, namely a torus.

Figure 7. Kissing hairpin pseudoknot embedded on a torus. Notice that the circle diagram can be
actually drawn without any crossings. This corresponds to the topological genus of the torus, namely
g =1 (adapted from [43]).

It is clear now how the topology allows us to classify pseudoknots, which have a
central role in the theory. We remark, indeed, that the genus g is included explicitly in
the original formulation of the theory [27,32,43], in which the authors consider power
series of Equation (18) with respect to terms of the form N~28 (where N is the dimension
of the matrix), so that Equation (16) can be rewritten by also including the topological
contribution due to pseudoknots (we can assume that the chains are infinitely flexible, so
that all spatial degrees of freedom are gotten rid of when simplifying the notation):

1
ZUN) =1+ ) Vi+ ), ViVat+ 5z L ViVt (19)
(i) (B,j.k 1) (B,j.k 1)

Remark 4. We point out that Equation (19) explicitly provides the link between secondary and
pseudoknot structures from a topological perspective. In particular, the topological considerations
that lead to Equation (19) are based on the N expansion used in the already mentioned matrix
field theories. Indeed, this approach predicts that non-planar Feynman diagrams have amplitudes
proportional to the negative power of N, and then we can get rid of them when N is large. The same
technique has been applied to the problem of RNA folding, leading to the same sort of cancellation of
non-planar configurations [27].

The standard way to compute the genus of a diagram is the well-known Euler charac-
teristic that, in the case of diagrams, is provided by the celebrated formula y = V — E 4 F,
where V, E, and F are the numbers of vertices, edges, and faces, respectively. We remark
that, in this view, a vertex is a nucleotide, an edge is any line connecting two nucleotides,
and a face is a part of the surface within a closed loop of edges. In the case of n arcs, one
trivially obtains E = V + n. There is also a famous theorem due to Euler stating that any
polyhedron homeomorphic to a sphere with a boundary has an Euler characteristic y = 1.
As a corollary, all RNA secondary structures with no pseudoknots can be represented
by disk diagrams with x = 1. Let us suppose that the RNA secondary structure admits
pseudoknots; as in the case of kissing hairpin, the computation of the Euler characteristic
leads to the value x = —1. The geometrical significance of such a value is strictly related to
the number of holes on a surface. In particular, we recall that for any orientable surface,
we have y = 2 — 2g — p, where p is the number of punctures. In conclusion, the kissing
hairpin pseudoknot induces a genus ¢ = 1, and can be drawn without crossing on a surface
with one hole, that is exactly a torus (Figure 7).

Now, we want to stress two more properties about pseudoknots that turn out to be
very important for computational reasons. The genus of a diagram is an additive quantity,
and so it is possible to provide two notions to characterize the intrinsic complexity of a
pseudoknot, namely the concepts of irreducibility and nested pseudoknots [42]. A diagram
is said to be irreducible if it cannot be split into two disconnected parts by cutting a single
line, as in Figure 8b. In parallel, a diagram is said to be nested in another one if it can be
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removed by cutting two lines and keeping the rest of the diagram connected in a single
component, as in Figure 8d. These two definitions can be combined as follows: if a diagram
is both irreducible and non-nested, it is called a primitive diagram. Other interesting details
about genuses and pseudoknots can be found in [32,33,39,42,44].

LN AN

LN AN

a b

L
- ()

c d

Figure 8. Four example of pseudoknots (reproduced from [42]). A reducible (a) and an irreducible
(b) pseudoknot. (a) can be split in two disconnected pieces with a single cut. A nested (c) and a
non-nested (d) pseudoknot. Two disconnected components can be obtained in (c) by making two cuts.

Remark 5. This section is devoted to the explanation of how the matrix theory can be applied in
the context of RNA folding prediction problems and the way to connect pseudoknots with genuses
by using graphs and their embedding into manifolds. The interests for this method assume a
greater significance when such an approach is used to developed specific software for modelling and
predicting RNA structures. In particular, we want to mention McGenus [45] and its precursor
TT2NE [46]. Indeed, the notion of pseudoknots and the graphical apparatus outlined above allow us
to consider, in producing a suitable predictive software, having both the perspectives: the global one
(provided by genuses and pseudoknots) and the local one (provided by the energy function due to the
coupling rules of the biological theory). A useful overview about these topics and the most recent
applications of McGenus is eventually proposed in [47].

For the sake of completeness, finally, we want to mention some other recent works
that describe a topological approach based on graphs to RNA folding problems. A similar
outlook to the one described above is given in [28], where the authors studied a Hermitian
matrix model with a given potential that enumerates the number of chord diagrams by
using the formalism of the topological recursion, and in [29], where the authors provided a
classification and an enumeration of RNA structures by genus. Moreover, two interesting
generalizations of the concept of genuses were introduced [31,35]. The first one is the genus
trace, a function ¢(7) : N — N providing the genus of a segment of the chain between the
first and the i-th residue. The second one is the fingerprint matrix, which gives a useful
mathematical visualization of all the genuses computed between two elements of a chain;
namely, if one fixes the notation G = (g;;) for the matrix, the generic element g;; represents
the genus of the sub-chain between the i-th and the j-th residue. Another computational
approach based on pseudoknot prediction is given in [34], where the authors proposed a
quantitative analysis of the topological constraints on RNA three-dimensional conforma-
tional space, with specific attention to the distribution of helix orientations, for pseudoknots
and loop-loop kissing structures. The results showed a strong topological coupling between
helices and loops in RNA tertiary motifs.

4. Quantum Finance Experience

In this fourth section, we describe a completely different application of Feynman-type
diagrams in the interdisciplinary field of econophysics [48-50]. In general, this field of study
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exploit methods and approaches developed in the domain of physics to solve economical
and financial problems.

In the following paragraphs, we focus on an intriguing topic, which is based on
quantum theories, and therefore it is called quantum econophysics. Although there are several
doubts about the ontological foundation of the analogy between quantum mechanics and
finance [51], it is still interesting to describe the framework proposed by several authors in
the last two decades based on the path integral formulation, which can even be reformulated
with the graphical techniques introduced by Feynman and discussed in Section 2. The
first attempt to merge quantum and economic theory dates back to the end of the 1970s
with the first works of Qadir [52] and Samuelson [53]. Specifically, the first one proposed,
under suitable assumptions, the use of quantum formalism to model micro-economics (in
analogy with micro-physics). A renewed interest in these ideas started to emerge between
the end of the 1990s and the beginning of the 2000s, thanks to researchers coming from the
social sciences such as Shubik [54] and Haven [55].

However, at the same time, the two most important approaches to quantum econophysics
came onto the stage, that is, the works of Ilinski [56] and Baaquie [57]. In the following years,
Baaquie has considerably developed his own approach with several manuscripts [58-62]
and books [63,64], which represent the core of this section. Interested readers can find
further materials on quantum methods for economics and finance in [65-69]. In the following
paragraphs, we explore the formalism developed by Baaquie [57,59,70] for modelling
European options on coupon bonds.

Remark 6. European options represent the most used path-independent options. An option is
said to be path-independent if the payoff function is independent of how the security arrives at its
final price. On the contrary, path-dependent options (such as American or Asian options) are
ones in which payoff functions depend on the whole path that the security takes before the option
expires. For further details, see [57,71]. Moreover, we recall that a bond is a primary negotiable
financial instrument that at the pre-established maturity gives its owner the right to repayment
of the capital lent to the issuer plus a fixed or variable interest rate, the coupon (basically, it is a
special type of investment). A derivative financial instrument is instead the option, which gives to
the owner the possibility to buy or sell the underlying bond at a certain price on or before the option
expiry date.

The formalism introduced by Baaquie is inspired by QFT and it naturally leads to
Feynman representation of a perturbative series, which, in this case, models a financial
instrument, namely the forward interest rate (the forward interest rate is just the future yield
on a coupon bond). More formally [70], we can denote by f(x,t) the function representing
the forward interest rates for a fixed time ¢ and a loan at some future times x > t. With this
notation, it is possible to define the forward price of a bond (maturing at time T;) in terms
of the interest rate:

T;
F :exp(—/ dxf(to,x)>, > t, (20)
r*

where t* is the future time (with respect to the initial time ty) for which a zero coupon
bond is going to be issued. The development of a rigorous mathematical formulation of the
forward interest rates starts from the following equation that describes the time evolution
of such rates f(t, x):

%f(t,x) =uwa(t,x)+o(tx)- At x), (21)

where A(t, x) denotes the two-dimensional quantum field (a stochastic random field)
associated with the forward interest rates, a(f, x) is the drift fixed by a choice of numeraire,
and o(t, x) is the volatility given by the market itself. In this context, one can consider
f(t,x) and A(t, x) as two-dimensional quantum fields [70]. In this framework, it is possible
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to express the quantum field theory of the forward interest rates thanks to the following
generating function [57]:

Z(h) = % / DAerfo dt [y dzh(t,z).A(t,z), 22)
where the stiff action S and the partition function Z are, respectively,
o 0
5= S(A):/ dt/ dxL and z:/DAeS. (23)
0 t

Here, £ denotes a suitable Lagrangian describing the evolution of instantaneous forward
rates depending on the three parameters, as explained in [57].

Now, following the argument in [59], in the case of (European) options for coupon
bonds, the price of the call option has a partition function of the form

Z(n) = %/DAeSei”V, (24)

where Z was already defined in Equation (23), and V is the so-called notional principal
amount. Mathematically speaking, the price at time t of a Treasury Bond maturing at some
future time T > f can be defined by using the forward interest rates f(t, x) as

B(t,T) = exp<f./tdef(t,x)>.

As explained in [59], it is also possible to rewrite the price of the coupon bond in terms of a
zero coupon bond B(t*, T) and the interest rate F;, defined in Equation (20) as

N N N N
Y kB(t,Ty) = Y kiF+ Y ki(B(t*,T)—F)=F+V, withV =Y k(B(t", T) - F).
i=1 i=1 i=1 i=1

Here, k; denotes (fixed) dividends payed at time T;, fori = 1,..., N. Moreover, in these
settings, one can prove (see [70]) that V is actually a small perturbation of F.

As highlighted by Baaquie [57], the volatility of the forward interest rates is actually a
little quantity, namely it is approximately 102 /year. Thus, the volatility function o (x, t)
can be used as a perturbation, that is, an expansion parameter, and the approximation of the
partition function can be systematically improved by expanding to higher orders. In other
words, the goal now becomes the construction of an analytical expression that yields the
price of the coupon bond option in terms of the power series (in ¢) of the partition function
Z(1n) given in Equation (24). The analogy with QFT is exploited to develop the rigorous
perturbation expansion for the partition function, whose terms can be computed in terms
of Feynman diagrams. In particular, we have the following cumulant expansion:

Z(n) = eXp(iwl — (1/2)p?ay = i(1/3))as + (1/4)az + - - ) (25)
where the parameters a; are computed thanks to the Feynman diagram representations.
There is now a technical-financial hypothesis to add on our argument, namely the put—call
parity constraint. Roughly speaking, put—call parity is a relationship between the price of a
call option and a put option, which mathematically leads to the following conditions:

Z(0) =1 and 0;Z(n)|y=0 =0.

This imposes a1 = 0, and it leads to the simplified version of Equation (25):

Z() = exp(~(1/2)1%a2 — i(1/3)°as + (1/4)p*as + - ). (26)
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It is possible to expand the partition function even in a power series in 77. Such an expansion
yields to

1 ; 1 1 1
Z(n) = - / DAe" <1 iV 2 (i)2V2 4 5 ()P Ve (i) Ve - ) 27)

By comparing Equations (26) and (27), it is possible to find the relation between the co-
efficients ap, a3, a4 and V (see also Remarks 7 and 8). Remarkably, one can see that the
martingale condition implies that a; = 0, so that put—call parity is satisfied. Moreover,
these coefficients can be described more specifically by introducing a suitable correlation
function Gj; (a real symmetric matrix) for expressing the correlation in the fluctuations of
the forward bond prices F; and F;. If we denote the magnitude of the matrix elements G;;
as G and use the relation G ~ ¢, we can rewrite partition function as

Z(n) ~ exp<762§2 — C3C3(7 — C4C4(72 + .- ) , with =07, (28)

where the coefficients c; are O(1). Here, the quadratic term in the exponential for Z fixes
the magnitude of the perturbations as O(1). As a consequence, the remaining terms are of
order ¢, 0%, and so on. This argument allows us to compute the partition function to any
order of accuracy with respect to the parameter G (or, equivalently, o).

Remark 7. In the previous paragraphs, we described the construction of the series expansion of the
partition function Z(n). It is now clear that the next step involves the computation of the following
coefficients emerging from the comparisons of Equations (26) and (27), namely the following (we
recall that the coefficient a; = (V') has to be 0 because of the put—call parity condition):

a, =(V?); (29)
a3 =(V3); (30)
ay =(V*) — 342, (31)

The analytic computation of these values is given in full in Appendix of [59].

Once we fix this formalism, it appears quite natural to connect the perturbative
expansion of the partition function Z with the Feynman diagrams. Specifically, the forward
bond propagator G;; that denotes the correlation between the forward bond price F; and F;
can be depicted with a wavy line as in Figure 9.

Figure 9. The wavy line is the correlator G;; between the two forward bond prices, F; and F;,
represented by the small circles. Adapted from [59].

This graph formalism can be used to compute the coefficients ay, a3, and a4 of Equation (27)
as represented in Figure 10.
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Figure 10. Diagrams representing the evaluation of parameters a; (a), a3 (b), and a4 (c). Adapted
from [59].

We remark that all the diagrams contributing in the series of the partition function Z
are connected, namely none of the forward bond prices are decoupled from the forward
bond propagator G;;. However, it is also possible to produce disconnected Feynman
diagrams (that do not contribute to any of the coefficients), as one can see in Figure 11.

o O O O O

o O o O o O o O

a b

Figure 11. Disconnected diagrams of the second (a) and third (b) order. As one can notice, the forward
bond prices, namely the dots on the top line, have no link with the other forward bond prices. Adapted
from [59].

The application of Feynman pictorialism in modelling financial objects represents an
intriguing possibility for using such a formalism in a practical framework. In particular, it is
interesting to underline that such a theoretical construction has a corresponding empirical
study, which can be found in [62]. Apart from the interpretive aspects that surely represent
a non trivial issue, the visualization of the terms arising from the series expansion (28)
by means of Feynman-type diagrams provides a powerful tool, in order to compute the
price of the option for a coupon bond in the framework of quantum finance. However,
the works mentioned above can be considered the first technical step in a wider study in
this fascinating field.
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Remark 8. The computations of Remark 7 are summarized by the graphs represented in Figure 10.
In particular, by some intricate calculations (see Appendix of [59]), it is possible to obtain the
following expression for the coefficient ay depending on the propagator G;j:

N
o =) Jilj(exp(Gy) —1), (32)

ij=1

where J; = kiF; and ]; = k;F;, with ki, k; € R. Thus, by expanding the exponential functions,
we obtain
- L) 3
a = _Zl Jilj <sz + EGU) +0(Gy), (33)
i,j=
which is equivalent to the Feynman-type representation in Figure 10a. Analogous expressions

can be found also for coefficients az and ay, which are equivalent to the graphs in Figure 10b and
Figure 10c, respectively.

5. Conclusions

In this work, we have presented two different applications of the Feynman diagram-
matic formalism belonging to two completely different domains. On the one hand, RNA
secondary and tertiary structures can be modelled intuitively in terms of graphs by involv-
ing the matrix theory as theoretical support. On the other hand, the field of econophysics,
based on the path integral formulation of the theory, finds a strong ally for studying
nonlocal and nonlinear problems.

The abstract nature of the mathematics behind Feynman diagrams suggest the wider
use of these tools, which actually transcends the original physical domain. Indeed, we
remark that the mathematical significance of Feynman diagrams is well studied in terms of
algebraic lattice structures in the framework of Hopf algebras [72,73] and tensor models [74].

In this concluding section, we want to propose a few more attempts to use Feynman
diagrams in unusual scientific areas of study. One of the most natural applications of
Feynman diagrams has arisen in geophysics for modelling different scenarios involving
wave propagation. In this field, we indicate, by way of example, two interesting works.
The first one regards wave propagation in a laterally heterogeneous medium [75]. Here,
the authors used diagrams to find a solution for random media elastic wave problems
involving Dyson’s equation and the Bethe—Salpeter equation. The second study exploits the
closer link between the perturbation graphs and collision diagrams for modelling scattering
processes in oceanic wave guides involving surface and internal gravity waves [76].

Other stimulating employments of Feynman-type graphs come from the field of chem-
istry, where this kind of representation is used to derive a more accurate reaction—diffusion
equation starting from a path integral formulation [77], or even for the so-called 2D-Raman-
THz spectroscopy of liquid water [78].

A fascinating arrangement of Feynman diagrams is given in information theory for
distributed quantities, which actually provides a Bayesian statistical field theory named
information field theory. In this framework, interacting information field theories can be
diagrammatically expanded in terms of Feynman diagrams [79,80].

Finally, we mention three different applications in the medical area. In the first case,
the authors proposed a method for studying some neuronal function signal propagations
based on the cable equation [81]. The benefit of this approach is the possibility of working
with Green’s function, corresponding to the propagator of the system that may be han-
dled with techniques employed in the many body systems theory and then represented
by Feynman diagrams. The second case aimed to investigate brain function by using
electroencephalogram (EEG) combined with a set of Feynman rules inspired by quantum
particle interactions [82]. In particular, the author introduces the brain state matrix, which is
composed of several EEG indicators, for predicting several brain reactions that are analyzed
as sensory-evoked and event-related potentials. The last medical example regards cardiac
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arrhythmia. In [83], the authors introduced three quasiparticles (heads, tails, and pivots) in
order to capture the rich dynamics in excitable systems (which are a large class of chemical
and biological systems). Specifically, they used Feynman-like diagrams to represent the
dynamical creation, annihilation, and recombination of the identified quasiparticles.

As we have seen in this paper, the usage of Feynman diagrams, as powerful computa-
tional tools, seems to go beyond the original physical setting. The graphical approach that
many satisfactions gave to QED has an intrinsic capacity to reproduce complicated abstract
concepts (such as matrix integrals) in a more suitable and intuitive way. We hope that such
a work could be good inspiration for researchers coming from different scientific areas who
want to look at things from a different and fascinating angle.
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