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Editorial

Preface to the Special Issue on Probability and Stochastic
Processes with Applications to Communications, Systems
and Networks, 2nd Edition

Alexander Bochkov 1,* and Gurami Tsitsiashvili 2

1 Scientific and Technical Complex Research and Design Institute for Information Technology, Signaling and
Telecommunications in Railway Transportation—JSC NIIAS, 109029 Moscow, Russia

2 Institute for Applied Mathematics, Far Eastern Branch of Russian Academy of Sciences,
690041 Vladivostok, Russia; guram@iam.dvo.ru

* Correspondence: a.bochkov@gmail.com or a.bochkov@vniias.ru

Probability theory and stochastic processes are fundamental mathematical tools that
play a critical role in understanding and modeling randomness and uncertainty in vari-
ous fields, including communications, systems engineering, and network design. These
concepts provide the foundation for analyzing and designing systems that operate in
unpredictable environments, such as wireless communication networks, internet traffic,
and signal processing systems.

The Special Issue is the continuation of the work initiated in [1], representing a reprint
of the second edition of the Special Issue “Probability and Stochastic Processes with Applica-
tions to Communications, Systems and Networks, 2nd Edition”. The authors’ geographical
distribution is shown in Table 1; the 25 authors are from ten different countries. Note that it
is usual for a paper to be written by more than one author and for authors to collaborate
with authors with different or multiple affiliations.

Table 1. Geographic distribution of authors by country.

Country Number of Authors

Republic of Korea 5

India 6

Russia 4

France 2

Italy 1

Iran 1

Saudi Arabia 3

Tunisia 1

Canada 1

Egypt 1

In Contribution 1, the authors explore diversity selection in three-user interference-
aligned (IA) MIMO channels, emphasizing reliability enhancement through diversity order
(DO) analysis. While degrees of freedom (DoF) have traditionally been prioritized for
bandwidth optimization in IA, diversity order has received less attention for improving
error performance. This paper introduces the concept of conditional diversity order and

Mathematics 2025, 13, 922 https://doi.org/10.3390/math13060922
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proposes a beamforming vector selection method that achieves a conditional diversity
order of M2/2, where M is the number of antennas per transceiver. The proposed two-stage
decoding approach integrates zero-forcing for interference suppression with maximum
likelihood (ML) decoding and orthogonalization techniques to recover the desired signal.
The authors demonstrate that their scheme outperforms traditional IA methods in both error
probability and conditional DO, particularly in scenarios with a large number of antennas.
These findings offer valuable insights into optimizing IA for enhanced reliability and lay
the groundwork for future research on advanced decoding and beamforming strategies.

In Contribution 2, a new linear transceiver optimization problem is addressed for
correlated MIMO interference channels in the presence of channel state information (CSI)
errors. This scenario is more realistic and practical compared to previous studies focusing
on uncorrelated MIMO interference channels. The optimization problem is formulated
as minimizing the mean square error (MSE) under general power constraints. Since the
objective function for precoders and receive filters is not jointly convex, the problem is
decomposed into two convex subproblems, which are solved iteratively to obtain linear
precoders and receive filters. The proposed algorithm is guaranteed to converge to a local
minimum. Numerical results show that the algorithm significantly reduces sensitivity to
CSI errors compared to existing robust schemes in correlated MIMO interference channels.

In Contribution 3, the authors extend the k-out-of-n: G reliability system to a multi-
server queueing model with N repair policies. The system consists of n servers with
identically and exponentially distributed service times. Servers fail at an exponential
rate, and repairs follow N distinct policies. Although servers operate independently,
maintenance is only performed if at least k servers are operational. The steady-state model
is analyzed using a matrix-analytic method, and an optimization problem is formulated.
Performance measures are evaluated and the results are presented, providing insights into
the system’s behavior under various repair policies.

In Contribution 4, a two-server queueing system is analyzed, where the arrival and
service processes are interdependent. The system’s evolution is governed by transitions on
the product space of three Markov chains, which describe the arrival and service processes.
Transitions follow a semi-Markov rule, with dwell times exponentially distributed. The
authors derive the stability condition for the system and compute the stationary distribution
at equilibrium. Several performance measures are evaluated, and numerical illustrations
are provided to validate the model’s effectiveness.

In Contribution 5, positive recurrence is established for a single-server queueing
system under generalized service intensity conditions. Unlike previous studies, the authors
do not assume the existence of a service distribution density function but instead use a
lower bound of integral type as a sufficient condition. Positive recurrence ensures the
existence of an invariant distribution and guarantees slow convergence to it in the full
variation metric.

In Contribution 6, weak convergence results are presented for a family of parameter-
dependent Gibbs measures. The authors show that the limiting distribution is centered on
the set of global minima of the limiting Gibbs potential. An explicit calculation of the limit
distribution is provided, and the method is applied as an alternative to Lyapunov function
or direct convergence approaches for stationary probabilities. The theoretical findings are
illustrated with a numerical example, including an application to the repairman problem.

In Contribution 7, the redundancy allocation problem (RAP) is studied under the as-
sumption that component failure times follow an Erlang distribution with a time-dependent
rate parameter. Redundancy choices for each subsystem include none, active, standby, or
mixed. A genetic algorithm is employed to solve the optimal allocation problem. Numerical
examples are analyzed to investigate the impact of time dependence, and a case study from

2
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the literature is examined. The results highlight that the time dependence of the mean
time between failures (MTBF) distribution parameters can significantly influence optimal
redundancy allocation.

In Contribution 8, the authors address the problem of adaptive event filtering for
a class of nonlinear discrete-time systems modeled using interval type-2 fuzzy models.
The system is subject to Markov switching and susceptible to cheating attacks. To reduce
unnecessary signal transmissions over the communication channel, an improved event-
triggering mechanism is proposed. Additionally, an extended dissipativity specification is
introduced to quantify the transient dynamics of filtering errors. Using the linear matrix
inequalities (LMI) approach and leveraging information from upper and lower membership
functions, the authors establish sufficient conditions for the existence of a desired filter. This
ensures the root mean square (RMS) stability and extended dissipativity of the augmented
filtering system. An optimization algorithm based on particle swarm optimization (PSO)
is proposed to compute the filter gains with optimal efficiency. The effectiveness of the
developed scheme is validated through numerical experiments on a single-link robotic arm
and a lower limb system.

In Contribution 9, the authors study the formation of a particle flow that replicates
an image and estimate the distance between the copy and the original using a specialized
probabilistic metric. The ability of a ball flow to cover a surface during ball grinding is
analyzed using stochastic geometry formulas. The recovery of inhomogeneous Poisson
flow characteristics from imprecise observations is examined using the point-coloring
theorem of Poisson flow. The dependence of the Poisson distribution parameter on the peak
load generated by an inhomogeneous input Poisson flow is evaluated in a queueing system
with an infinite number of servers and deterministic service time. The models consist of an
inhomogeneous Poisson flow of points, each labeled with attributes such as mass, area, vol-
ume, observability, and service time. The authors establish an asymptotic step dependence
between the objective functions of the model and the parameters of label splitting. The
results have potential applications in nanotechnology, powder metallurgy, ecology, and
smart city initiatives, and are supported by real-world observations and experiments.

In Contribution 10, the authors explore the Hawkes process, a self-excited point process
with a clustering effect, where the jump rate depends on the entire history of the process.
While the Hawkes process is generally non-Markovian, it can exhibit Markovian properties
under specific conditions, such as when the excitation function is exponential or a sum
of exponentials. The intensity of the Hawkes process is determined by the sum of a base
intensity and terms dependent on the process’s history. In this study, the authors consider a
linear Hawkes model with a randomly determined baseline intensity and investigate large
deviation principles for this new model. The random baseline intensity Hawkes processes
have broad applications in insurance, finance, queueing theory, and statistics.

In Contribution 11, the authors analyze the waiting time distribution for a single-
server queueing system with finite buffer capacity \(N\). Clients arrive according to a
Poisson process, and the server operates under a fast service rule. The service times follow a
general distribution independent of the arrival process. The authors propose an alternative
approach to derive the probability distribution of the queue length at the epoch following
batch departures. Using an embedded Markov chain, Markov renewal theory, and semi-
Markov processes, they obtain the queue length distribution at a random epoch. The
waiting time distribution for a random customer is determined by establishing a functional
relationship between the probability-generating function of the queue length distribution
and the Laplace–Stieltjes transform (LST) of the waiting time distribution. The authors
derive the probability density function of the waiting time and provide numerical results.

3
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In Contribution 12, the authors address a critical issue in power grids arising from
the high energy consumption of mining devices in bitcoin-based financial trading systems
(BFTSs). This poses a significant risk, as cybercriminals may exploit vulnerabilities to
disrupt optimal energy management. The paper introduces a new type of cyber-attack,
termed “miner-misuse”, and proposes an online anomaly detection approach based on
reinforcement learning (RL) to counteract such attacks. Due to incomplete system infor-
mation, the authors implement an Observable Markov Decision Process (OMDP) within
the RL framework to block miner attacks. The proposed method is shown to perform
optimally and accurately when tuning parameters are correctly set during training. A
hybrid mechanism combining optimization and learning ensures both optimal solutions
and fast convergence.

Additionally, the authors propose an Intelligent Priority Selection (IPS) algorithm
integrated with the RL method to enhance the detection of mining attacks. To validate
the approach, they model the energy consumption of mining devices as a function of the
hashing rate in the BFTS. Uncertain fluctuations in energy consumption are addressed using
the Unscented Transform (UT) method, which accurately models uncertain parameters with
high probability. The results demonstrate that the proposed anomaly detection method
outperforms other approaches in detecting real-time miner attacks, as evidenced by the
F-score value and the probability of successful attack detection.

Thus, the collection covers a wide range of advanced topics in communication systems,
queueing theory, stochastic processes, and optimization, with applications ranging from
wireless networks to power grids and nanotechnology. Taken together, all of the papers
emphasize the importance of advanced mathematical and computational tools for solving
complex problems in communication systems, queueing theory, and stochastic processes.
The integration of optimization algorithms, machine learning, and probabilistic models
enables the development of robust and efficient solutions for real-world applications
ranging from improving the reliability of wireless communications to securing power grids
and optimizing industrial processes. This work not only advances theoretical knowledge,
but also provides practical foundations for solving emerging problems in technology and
infrastructure.

Probability theory and stochastic processes are powerful tools for understanding and
managing randomness in communications, systems, and networks. From modeling net-
work traffic to designing robust communication systems, these concepts enable engineers
and researchers to tackle real-world challenges in the presence of uncertainty. As technol-
ogy continues to evolve, the importance of probability and stochastic processes will only
grow, making them essential knowledge for anyone working in these fields.

This Special Issue serves as a starting point for exploring the rich and fascinating
world of probability and stochastic processes. Whether you are a student, researcher, or
practitioner, mastering these concepts will open doors to innovative solutions and deeper
insights into the behavior of complex systems.

Conflicts of Interest: The authors declare no conflicts of interest.
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Article

An Adoptive Miner-Misuse Based Online Anomaly Detection
Approach in the Power System: An Optimum Reinforcement
Learning Method

Abdulaziz Almalaq 1,*, Saleh Albadran 1 and Mohamed A. Mohamed 2,*

1 Department of Electrical Engineering, Engineering College, University of Ha’il, Ha’il 55476, Saudi Arabia
2 Electrical Engineering Department, Faculty of Engineering, Minia University, Minia 61519, Egypt
* Correspondence: a.almalaq@uoh.edu.sa (A.A.); dr.mohamed.abdelaziz@mu.edu.eg (M.A.M.)

Abstract: Over the past few years, the Bitcoin-based financial trading system (BFTS) has created
new challenges for the power system due to the high-risk consumption of mining devices. Briefly,
such a problem would be a compelling incentive for cyber-attackers who intend to inflict significant
infections on a power system. Simply put, an effort to phony up the consumption data of mining
devices results in the furtherance of messing up the optimal energy management within the power
system. Hence, this paper introduces a new cyber-attack named miner-misuse for power systems
equipped by transaction tech. To overwhelm this dispute, this article also addresses an online
coefficient anomaly detection approach with reliance on the reinforcement learning (RL) concept
for the power system. On account of not being sufficiently aware of the system, we fulfilled the
Observable Markov Decision Process (OMDP) idea in the RL mechanism in order to barricade the
miner attack. The proposed method would be enhanced in an optimal and punctual way if the setting
parameters were properly established in the learning procedure. So to speak, a hybrid mechanism of
the optimization approach and learning structure will not only guarantee catching in the best and
most far-sighted solution but also become the high converging time. To this end, this paper proposes
an Intelligent Priority Selection (IPS) algorithm merging with the suggested RL method to become
more punctual and optimum in the way of detecting miner attacks. Additionally, to conjure up the
proposed detection approach’s effectiveness, mathematical modeling of the energy consumption of
the mining devices based on the hashing rate within BFTS is provided. The uncertain fluctuation
related to the needed energy of miners makes energy management unpredictable and needs to be
dealt with. Hence, the unscented transformation (UT) method can obtain a high chance of precisely
modeling the uncertain parameters within the system. All in all, the F-score value and successful
probability of attack inferred from results revealed that the proposed anomaly detection method has
the ability to identify the miner attacks as real-time-short as possible compared to other approaches.

Keywords: reinforcement learning; FDI attack; mining device; power system; UT method;
attack detection

MSC: 49-11

1. Introduction

Nowadays, on account of widely utilizing the smart varied business tools for social
welfare enhancement, there is a need to develop an environmentally friendly financing bed
that can guarantee financial affairs in a risk-free and reliable way. Meanwhile, launching
a financial trading network based on the platform of blockchain technology such as the
Bitcoin systems needs to catch the remarkable energy consumption through the mining
devices. Likewise, such technology being a scale-great load demand is technically known
as another major difficulty for the power systems. This results in the electrical grid facing
optimal energy scheduling for not being aware of the consumed power and seating within

Mathematics 2023, 11, 884. https://doi.org/10.3390/math11040884 https://www.mdpi.com/journal/mathematics6
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the grid configuration. Recently, energy management based on blockchain became an
attention center for researchers. However, the deployment of blockchain tech does not
entrust a straightforward choice owing to the challenging obstacles in the way. Thus,
the current study tried to settle the issue that blockchain technology may be successful
in optimal energy management, whereas blockchain tech was introduced as an energy
consumer for the power system. One aspect of the problem that has yet to be considered is
the cyber-injurious intrusion in the form of making spurious mining devices and false data
injection (FDI) into the defined financial trading platform, aiming to irregularly enlarge the
load demands of the electrical grid [1]. This issue can emerge new inescapable challenges
facing energy management that need to be dealt with. In the literature, various cyber-attack
detection approaches are investigated. Looking over the above-mentioned considerations,
the literature of the relevant works is addressed in the following.

1.1. Cyber-Attack Detection in the Power System

For the last few years, cyber-threats focused on the electrical grid’s performance for
the sake of depending on industrial technologies in every country. Hence, the cyber-
attacks of FDI type are one of the most efficient ways to launch widespread sabotage
in the varied fields of the cyber-physical system, e.g., the control system [2–5], energy
markets [6], electrical grid [7,8], and so forth, in the sense that FDI attacks may bring
irrecoverable injuries involving the electrical grid versus the modest cyber cost involved
by the hackers. Indeed, FDI attacks tend to manipulate sensing and measuring info
with the aim of improperly reading into the monitoring system [9]. Broadly speaking,
most attackers, known as denial of service (DOS) attacks [10–12], aim to mislead the data
estimation process to get into the all-embracing destruction, e.g., the wide-area blackouts in
the power systems. The DOS attacks are able to decline the chance of having access to the
system for meter devices [13–15], whereas, jamming attacks manipulate the process of data
measurement by means of applying noise [16]. On the basis of blockchain tech, it is utilized
in many applications, such as communication structures, smart contracts, the Internet of
Things, electronic voting, and so on. Despite these all applications, blockchain is vulnerable
to various cyber-attacks classified under the following: (1) attacks related to the used
mathematical techniques (stale and orphaned blocks), (2) attacks of peer-to-peer structure
(51% attack, distributed DoS attack), and (3) attacks of the application context [17]. In the
literature, many reports have expressed the increase in data security risks for blockchain
tech. For instance, a hacker in June 2016 could manage to steal USD 50 million from
“The DAO” [18]. As mentioned already, on account of the intricate looping structure of
the electrical network, any subversion or failure in the grid’s vulnerable points lead to
cascading damages over the grid for a short period of time. Keeping these in mind, it seems
that timely anomaly detection is critical once the grid continually suffers cyber-attacks. In
this case, quickly performing the detection method is of crucial significance in assessing
the cyber-attack detection methods. In a more proper way, when a variation occurs in the
sensing data at an unknown hour, the goal is to trace the data variation as soon as possible
with emphasis on lowering the false alarm for the measuring devices that is available over
time. Another matter of great concern that needs urgent attention is that the detection
speed and detection accuracy are in conflict with each other once launching a cyber-attack.
Conversely, it is very significant to find a way to reconcile these two conflicting views.
The reinforcement learning (RL) concept is defined with the aim of controlling stochastic
environments. For this reason, the observable Markov decision process (OMDP) problem
may be solvable by inspiration from the RL concept [19,20]. Indeed, learning the underlying
OMDP problems can be achieved by a model-based RL algorithm [21–25].

1.2. The Mining Devices

Satoshi Nakamoto proposed a Bitcoin-based cash trading system guaranteed by
blockchain tech in 2008 [26]. A blockchain network is defined based on the ledgers main-
tained by the wide nodes in the form of a distributed structure [27]. Blockchain has the
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needed ability to prove transaction security and trust in wide usages, e.g., smart healthcare,
real estate, the logistics industry, and so forth. The consensus algorithm shows that the
proof of work (PoW) is the most widely and commonly used in the blockchain and is able to
check the bilateral trust among nodes within the network [28]. Indeed, the PoW mechanism
brings high security with the help of working the mining devices while consuming lots
of power during the hashing computation. For instance, the literature indicates that the
bitcoin-based financial trading system (BFTS) takes an electrical consumption of about
1–32 TWh per year, whilst the power consumption of Denmark is estimated to be up to
32 TWh. This means that BFTS, notwithstanding providing a safe mutual fiscal bed, can
turn into a serious menace to the electrical grid as a large-scale load demand. Hence, in [29],
the authors tried to indicate a new consensus algorithm called proof of stake (PoS) for
application in blockchain tech. All in all, new investigations are working on and starting to
eliminate this concern.

1.3. Motivation and Contributions

In view of the fact, it is possible that the data monitoring center is overshadowed by
cyber-attacks aimed at making counterfeit data instead of documenting it. Thus, it seems
that the monitoring data need to be checked before being employed by the decision-maker.
As noted, despite that the blockchain technology could guarantee data security for the
power system through distributed data management, it can be vulnerable and can be a
target for cyber attackers thanks to the presence of high-consumption miners. Accordingly,
having a close look at the data detection mechanism to counter it is a must. This paper
aimed at, first, introducing a new attack based on the consensus structure of blockchain and
proposing an adaptive detection mechanism to deal with it. A cyber nascence attack called
miner misuse was introduced here for energy systems utilizing the blockchain security
structure. Indeed, the adversary’s intent of deliberately increasing the miner’s energy
is problematic for the energy systems secured by blockchain tech. So to speak, a cyber
attacker can often lead astray the monitoring operator by way of false data injection related
to the miner energy. This work is possible in making misprision decisions about energy
management. As such, to counter the aforementioned concern, the monitoring data related
to the miners’ energy consumption must be put into a checking way. Meanwhile, this
paper captured a miner data detection method inspired by the reinforcement learning
concept to raise the chance of trustiness for energy systems. Inasmuch as the learning
mechanisms are in essence unable to catch the optimal solution, they need to be vouched
by the optimization approaches. To this end, this paper followed another goal based on
introducing an Intelligent Priority Selection (IPS) optimization algorithm melded with the
learning mechanism. Hence, to differentiate this paper compared to others, Table 1 briefly
indicates the main differences.

Table 1. Categorization of the different approaches.

Block
Chain

Cyber
Attack

RL
Mechanism

Optimization
Method

Uncertainty

[17] � �

[30,31] � � �

[32–34] � �

[35–37] �

Proposed model � � � � �

Therefore, the underlying contributions and characteristics of this paper concerning
previous publications are categorized as follows:
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• Introducing and mathematically modeling a new cyber nascence attack based on the
miner misuse of the blockchain mechanism whose aim is data security within the
smart energy system.

• Evolving an effective and adoptive IPS-RL-based online anomaly detection method
to pinpoint the unknown malicious intrusions in the power system based on BFTSs
called the miner misuse.

• Presenting the UT-based uncertainty approach to conjure up the high-risk energy con-
sumption of the mining devices and check up on their effects on energy management.

The rest of the paper is provided such that the mathematical formulations of the
studied model are described in Section 2. Section 3 expresses the proposed detection
method. The solution process is represented in Section 4. Section 5 explains the UT-based
uncertainty method. The effectiveness of the studied model proposed in this paper is
evaluated and validated in Section 6, and Section 7 provides the conclusion.

2. The Modeling Structure of the Smart Grid Based on BFTS

2.1. The Basic Framework of the Power System

Recently, there is a considerable effort employing smart modern tools in the daily life
of people in a way that social welfare would be on the rise. Developing the Bitcoin-based
financial trading system (BFTS) can be a manifest case of the above considerations. For
all these reasons, there is a tendency toward growing load demands in the power system,
as shown in Figure 1. For instance, BFTSs need to employ mining devices for securing
goals while taking the significantly consumed energy for hashing and blocking information
into the well-known blockchain process. Developing BFTSs along with increasing the
number of mining devices causes unavoidable challenges facing modern power systems
to emerge. Ignoring the energy consumption of the mining device in energy scheduling
management makes it impost the irrefutable limitations such as the high operation cost, line
congestion, uncompromising power generation, and so forth on the power systems [38]. To
realize the effects of the mining devices on energy management, a closer look at the energy
operating framework of the electrical grids is needed. Hence, this section is dedicated
to explaining how to meet the load demands by the generation units with an emphasis
on satisfying the relevant constraints and the objective function followed by the power
system. Keeping this in mind, the fossil fuel-based traditional generation units are operated
by an energy control center aimed at following the relevant objective function with an
emphasis on power limitations as defined by Equations (1)–(13). In this case, the generation
scheduling goal described in (1) indicates that these generation units can catch in/out
permits and the generated power in line with minimizing the operation cost and the
relevant shot-down/start-up costs. Indeed, all generation units would be operated with
an emphasis on the price/generation curve fulfilled by the electricity market, but this
goal is satisfied by looking at the transmission grid limitations. Meanwhile, one of the
significant issues that needs urgent attention concerns the power limitations related to
power generation and ramping. These constraints are modeled by Equations (2)–(5) in the
operating framework. It may be true that the most important factor for holding the grid
power stability is regularly checking the generated/consumed power variation during the
grid operation. Hence, Equation (2) defines balancing the swirling active power among the
resources, the flowing power of lines, and load demands, including the public loads and
the consumed power of the mining devices. Conversely, this elucidation can be accurately
inferred for the reactive power as shown in Equation (3). Equations (4) and (5) are the
limitations of the generated powers. This means that the generation units should adhere to
keep their generated powers to a minimum/maximum level due to the technical conditions.
Of course, each generation unit is allowed to ramp up the output power with the aim of
covering the critical load fluctuations. Thus, we modeled the ramping power limitations of
generation units based on Equations (6) and (7). It is a right assertion that the grid lines are
connected in the form of a looping structure with the goal of coupling the generation units
and loads [38]. With this description, there is a need to model in which line l the power
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of bus n is injected/received to/from. In this regard, Equations (8) and (9) illustrate the
active/reactive power injection based on the bus voltage and the technical properties of
lines. Needless to say, one underlying concern for grid operators is the overloading of lines
once raising the period of peak load. To counter this problem, the restriction of power flow
is observed by constraints in Equations (12) and (13). Finally, to achieve voltage stability
and optimal operation, it is necessary that the bus voltages and angles are restricted up to a
permissible level based on Equations (10) and (11).

 
Figure 1. Illustration of the electrical grid based on the mining devices.
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−QL_max
l ≤ QL

t,l ≤ QL_max
l ∀t ∈ ΩT , ∀l ∈ Ωl (13)

2.2. The Mathematical Definition of the Mining Device

As recently mentioned, supplying the power involved in BFTSs, thanks to the mining
devices, is a significant concern in energy management that needs to be dealt with. Indeed,
mining devices are made up of a set of central processing units (CPUs), all of which have
a duty in line with finding a solution for the targeted hashing puzzle. Broadly speaking,
the needed power in this process is practically referred to as the computing power of
these CPUs for cyclically solving the specified puzzle. For effective realization, this section
aims to mathematically develop the mining device’s behavior. To this end, the CPU’s
energy consumption was calculated based on the frequency and voltage associated with
Equation (14) in the first place.

Pmining = Su2 f (14)

where:

• Pmining: The consumed power.
• S: A constant value related to the computing device.
• u: Voltage.
• f : Frequency.

In (14), the operating frequency is a variable taking into account the cycle number
required for the hashing process per second. Meanwhile, assume the frequency and
power consumption are in a direct way; as a result, Equation (14) with a slight change can
substitute into Equation (15):

Pmining = q f → q = Su2 (15)

By having considered f = hw, the aforementioned formulation is updated as:

Pmining = hqω (16)

Additionally, the share in percentage related to CPU i for a mining device is achieved
by the following:

η =
Pmining

i

∑j∈N Pmining
j

(17)

Looking over the process, each CPU i takes a remarkable chance of solving the tar-
geted puzzle per second. By adopting the Poisson distribution to the mining devices, the
successful likelihood of CPU i can be obtained based on Equation (18):

P(r)
i

= ηe−λβtri (18)

In (18), obtaining a successful CPU in the solution is subject to be altered, with an
emphasis on the number of transactions inserted into the data block and constant ψ. It is
worth pointing out that mining devices are encouraged to catch gains as tax in the form of
public service if rapidly puzzling out compared to others. Nutshell, the final benefit arising
from each mining device based on the power consumption is earned as follows:

bi fBi

(
Pmining

i

)
=

TPmining
i e−λβtri

∑j∈N Pmining
j

− yiP
mining
i (19)

3. The Miner-Misuse-Based Detection Approach

In the previous section, it was expressed how the mining device’s performance is in
line with the energy scheduling for the electrical grids. By having a look at the high-risk
energy consumption related to these mining devices, one obtains a practical realization of
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badly overshadowing energy management if the abnormally growing trend in employing
mining devices is ignored. This concern can be turned into a high chance of imposing
cyber-demolitions within the power system structure. Indeed, an adroit hacker in an
effective effort can misuse this opportunity and can launch a bogus mining device called
miner-misuse as the load demand in the electrical grid. For this reason, it seems that
developing the BFTS-based electrical grid structure relying on a misuse detection approach
to prevent any attack launch is a must. Hence, this section is dedicated to presenting the
proposed RL-based online detection method aimed at meeting the miner-attack alarum.

3.1. The Definition of the Proposed RL Concept-Based Detection Approach

Recently, the learning machine in the field of cyber security illustrates has been utilized
effectively in various industrial applications. Needless to say, learning machine problems
are mainly defined in different forms of the learning concept, i.e., (1) supervised learning,
(2) reinforcement learning (RL), and (3) unsupervised learning. In the literature, the RL
method is introduced as an efficient and reliable security policy due to the learnable agent’s
employment in cooperating with the environment. Indeed, it was proven that the learning
process could be more improvable with the chance of having environmental data. So to
speak, the stepping learnedness concerning the penalty/reward approach makes the agent
more reliable for realizing the environment as well as possible. Thus, as the agent receives
the environmental data, it gives the corresponding retroaction in line with the relevant
goal as well. Afterward, obtaining feedback on the agent’s performance can be the best
and most far-sighted solution for allotting the penalty/reward coefficients. An agent takes
rewards on account of offering acceptable output within the environment. In contrast to
gaining a reward, an agent would be fined due to misstating the fact of the environment.
This work can help the agent recognize the environment where it is put into. To realize how
the RL method works in action, Figure 2 shows briefly the RL approach’s performance [32].

 

Figure 2. The reinforcement learning structure.

As can be seen, the launching of the RL method is defined by two spaces: (1) environ-
ment and (2) agent. Additionally, in order to declare anomalies in the environment, the
RL method is carried out in reliance during the learning phase and the online detection
phase. The learning phase needs to be described in the first place. In this step, the agent
learns which environment observation each appropriate action belongs to. the agent takes a
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reward from the environment as a result of the action selection, which guides the agent on
how to modify its selection process versus the environmental observations. This learning
phase goes toward enabling the agent to pick out the best action under an unknown envi-
ronment based on uncertain states. Generally, in this step, the RL elements’ performance is
respectively served below:

The agent: (1) receives the environmental observation; (2) chooses the equivalent
action; (3) takes a reward for the environment.

The environment: (1) indicates the observation; (2) examinates the relevant action;
(3) releases a reward in line with the agent’s action.

As mentioned, such an RL method is aimed at merely learning the agent by means of
the unknown environmental observations that it needs to delineate in detail. This concept
is inspired by the OMDP idea in which the environment is invisibly defined. Having said
this, the elements made up of an OMDP problem are marked out based on the concealed
states (s), environmental observations (o), the transition probability of the agent from a
state to another one (T), the reward (r), and the agent’s action (a). In such a problem, firstly,
the agent deploys into the unknown environment and receives the relevant observations,
and then it selects a related but not optimal action. By doing so, the environment obtains a
reward related to the agent’s action and the current state at t.

Now, after defining an OPMP problem, there is a need to express how such a problem
can be mapped for the attack detection method. Hence, Figure 3 briefly illustrates the
OMDP-based detection problem framework that is proposed in this paper. In this way,
assume that a hacker could obtain access to data and launch an anomaly in reliance on
the unknown method in the system at t = k. Due to the nameless attack strategy, let us
suggest the environmental conditions in varied states based on ‘prior-attack’, ‘later-attack’,
and ‘terminal’. In each state, the agent can choose one of the ‘continue’ and ‘stop’ actions
with an emphasis on the environmental observation. If the agent has the accurate election
considering the current state, it receives reward = 0 from the environment and moves
toward the ‘terminal’ state, which means the best choice. If so, the agent takes reward = 1
or reward = b concerning the current state due to the evil detection that needs amendment.
Keeping these in mind, the goal followed by the agent in the approach is functioned by
Equation (20):

minRpen = Eκ

[
(ret
∣∣ts < kt) +

∞

∑
t=κ

b|ts > kt

]
(20)

where ts and Rpen indicate the stopping time and the relevant reward emitted by the
environment. It is important to say that the reward is fixed based on the detection time
once an attack is launched on the system at t = k. For future realization, the learning process
is explained in detail. Assume the agent’s state is the ‘prior-attack’ state in the first place.
Meanwhile, if the agent selected the ‘continue’ action, it would take reward = b owing to
the ineptness in describing the anomaly at ts > k. Conversely, reward = 1 will be emitted for
the agent if it badly adopts the ‘stop’ action when it is exposed to the ‘later-attack’ state
at ts > k. Therefore, in the learning phase, for each action-observation pair, it is suggested
to learn a P (o, a) value by using the RL algorithm. All in all, the learning phase trend is
briefly stepped by:

(1) Choose the arbitrary P (ot, at);
(2) Check the stopping time and alarm based on the above explanations;
(3) Collect the measurement Xt;
(4) Obtain the observation signal (ot+1) and choose the action at+1 based on the ε-greedy

policy for which it is determined by the minimal P (ot+1, at+1);
(5) Update the P (ot, at) value based on P (ot, at) = P (ot, at) + α (r + P (ot+1, at+1) − P (ot, at).
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Figure 3. The anomaly detection method.

The previous phase, the agent needs the ability to detect every possible anomaly if it
occurs in the system. In the detection phase, assume the agent observes signal o by relying
on the ‘prior-attack’ state and chooses the ‘continue’ action. In the next step, the agent
repeats steps 3–5 of the learning phase and opts for the best corresponding action (a). Here,
there is a key point that needs an explanation. In step 5 of the learning phase, the updating
process related to the p-value is dependent on the coefficient α, which is effective for being
optimal in the learning phase. Hence, this paper suggests a coefficient Intelligent Priority
Selection (IPS)-based optimization algorithm to obtain the appropriate coefficient α.

3.2. Intelligent Priority Selection Based Optimization Algorithm

The learning methods, especially the RL method, are unable to find the optimal
solution. By keeping this in mind, this part tries to cover a concern of the learning phase
in the RL-based attack detection algorithm with the help of an effective optimization
method. Indeed, one main goal of this paper is to find a hybrid optimum detection method.
In the literature, varied approaches have been proposed to obtain an efficient strategy
for optimization issues through mathematical solving methods and artificial intelligence.
However, the fairly low authenticity and the high time-passing and time-consumption are
significant concerns involved in these methods. Hence, the proposed algorithm aimed to
cover them. In the statistics, computing out of n from set N is shown below:(

N
n

)
=

N!
(n!).(N − n)!

(21)

This results from above show that the problem space for finding an optimal solution
may be so much that it leads to a high time passage. This method guarantees the solution
to be more reliable. To overcome this problem, the proposed IPS approach has the ability
to mitigate the time-consumption as much as possible. This method was inspired by the
smart random permutation concept to find out the best solution based on the candidate’s
answers [39]. Hence, the proposed method follows the following steps:

Step1: Let us assume P is defined as the possible candidate for solving a problem.
Additionally, the initial solutions are randomly chosen and stored in matrix K. The rest of
the solutions (P-K) are saved in matrix W. The probable solution sets result from substituting
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the members of matrix W into matrix K, named KT as indicated in (25). Next, it is necessary
to calculate the best solution of the objective function arising from the outcomes of the
matrix KT indicated as Fbest

W1,K′n
in (26). Equation (27) shows the sorted matrix related to the

objective function calculation. Of course, the optimal solution is achieved when opting for
the best answer among candidates [39].

P = [p1, . . . , pN ] (22)

K = [k1, . . . , kn] (23)

W = [w1, . . . , wm] (24)

KT =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

k/1 = k′1
↑

w1 k2 . . . kn
k/2 = k′2
↑

k1 w1 . . . kn
k/n = k′n

↑
k1 k2 . . . w1

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭
Hw1 . . .

k/1 = k′1
↑

wm k2 . . . kn

.

.

.
k/n = k′n

↑
k1 k2 . . . wm

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

Hwm

↓ ↓
F(Hw1) = Fbest

w1,k′′ 1
F(Hwm) = Fbest

wm,k′′ m

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Hwi = [Hw1 , Hw2 , . . . , Hwm ] ∀i ∈ Ωi

k′′ M = [k′1, k′2, . . . , k′n] ∀M ∈ ΩM

(25)

On the basis of the objective function matrix (27), the relevant elements of the matrix
W are arranged and saved in the matrix W ′

j as illustrated in (28). This process is reiterated

for set K′′
j (29). Finally, the first level of the matrix Fbest_sort is considered the best answer

(see (30)).

Fbest
m =

⎡⎢⎢⎢⎣
Fbest

w1,k′′ 1
.
.

Fbest
wm,k′′ m

⎤⎥⎥⎥⎦ ∀m ∈ Ωm (26)

Fbest_sort =

⎡⎢⎢⎢⎣
Fbest

w′1→k′′ 1
.
.

Fbest
w′m→k′′ m

⎤⎥⎥⎥⎦ (27)

w′j =
[
w′1, . . . , w′m

]∀m ∈ Ωm (28)

k′′j =
[
k′′1 , . . . , k′′m

]∀m ∈ Ωm (29)

F = Fbest
w′1→k′′ 1

(30)

Step2: In this step, the matrix KT is updated by the new matrix KTnew
r . In this way,

updating the Wj matrix is conducted by (31) based on w′j+1 in the next nitration. Then,
the new matrix K1new

j is computed by eliminating the w′j from the matrix Kj (32). Merging
matrixes KTnew

r and w′j is in the next stage based on Equation (33), in which ψr shows the
coming together of the matrices and r is 1 to m− j. Value m is the length of matrix W. For
each element of the matrix ψr, the relevant objective function is calculated, and the best
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answer (F1Best) is obtained. As a result, the corresponding component of the matrix ψr
related to F1Best is inserted in matrix K, as illustrated in (34)–(36).

Wj = w′j+1 ∀j ∈ Ωj (31)

K1new
j =

{
x
∣∣∣x ∈ Kj, x 
= k′′j , x 
= w′j

}
∀j ∈ Ωj (32)

ψr = KTnew
r ∪ w′j ∀j ∈ Ωj, ∀r ∈ Ωr = [1, 2, . . . , m− j] (33)

F1r = f (ψr) (34)

Fj = F1Best ∀j ∈ Ωj (35)

Kj =ψBest ∀j ∈ Ωj (36)

Step3: In this step, the most optimal solution is obtained through the last answer
based on the objective function.

Fbest_total = FBest (37)

The step-by-step structure of the proposed IPS algorithm is shown in Figure 4 [40].

 

Figure 4. The framework of the IPS algorithm.
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4. Stochastic Quantization Approach

Taking a close look at uncertainty effects on energy management can help to make the
energy scheduling more faithful, more controllable, and so forth in the power system. To
this end, this section takes inspiration from the UT approach-based uncertainty concept
for modeling the relevant parameters such as the load demands and the consumed power
of the mining devices in BFTSs. To recapitulate briefly, the UT method was designed as
such that the points randomly generated are turned from the probability density function
into the discreet distribution function [41]. Assume that the uncertain outcome of vector
Q is obtained by the nonlinear function T = f̂ (Q), in which Q comprises the number of
parameters p with mean value z and covariance matrix A. The solving steps of the UT
method for points 2p + 1 are mainly explained as follows:

Step 1: In the first place, all points are calculated based on (38)–(40).

Q0 = z (38)

Qk = z +
(√

p
1−W0 Aaa

)
k

k = 1, 2, . . . , p (39)

Qk+c = z−
(√

p
1−W0 Aaa

)
k

k = 1, 2, . . . , p (40)

where Aaa is defined as the covariance matrix and R = z.
Step 2: Computing the point Weight is achieved by (41):

Wk =
1−W0

2p
k = 1, 2, . . . , 2p (41)

It is true that the sum of the weights should be equal to 1.
Step 3: By inserting these points into the nonlinear function Tk = f̂

(
Qk
)

, the stochastic

outcome is computed by substituting these points into the function f̂
(

Qk
)

.

T =
2p

∑
k=0

WkTk (42)

PTT =
2p

∑
k=1

Wk
(

Tk − T
)(

Tk − T
)R

(43)

5. Simulation Results

Exposing a discussion on widely developing BFTSs in modern social businesses
and their effect on energy management in power systems are the underlying concerns
in this paper. Indeed, the needed energy related to the mining devices to seek a puzzle
in blockchain-based security platforms creates outstanding challenges in the spheres of
generation scheduling and cyber-anomalies for the power systems. To be more precise,
this weak spot can be an Achilles’ heel for the cyber-hackers who put an end to energy
management by faking out the mining devices in the face of energy consumption on the
rise. Hence, this section is dedicated to indicating whether the proposed detection approach
would be useful to cover this concern or not. To this end, we tried to carry out an IEEE
24-bus test system-based electrical grid [42,43] aimed at satisfying the public loads and
needed power in the BFTSs. Next, we considered that an attacker spies out into the system
to create the bogus mining device called miner-misuse for which the load demands would
be spuriously increased. In this way, the proposed cyber-anomaly detection method’s
effectiveness in divulging the miner misuses was evaluated. Finally, regarding the high-risk
energy consumption related to mining devices, we examined the uncertain effects on the
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energy management in the last part. To briefly sum up, the relevant consequences are
defined as follows:

Case I: Evaluating the energy management based on BFTSs;
Case II: Simulating the IPS-RL-based detection approach considering miner-misuses;
Case III: Modeling the uncertainty of mining devices and their effect on energy consumption.

6. Evaluating the Energy Management Based on BFTSs

As said already, BFTSs have the ability to safely trade off fiscal businesses while taking
the great consumed energy insofar as is irrefutable in the generation schedule. For more
realization, in the case study, we assumed the number of mining devices embedded in
the BFTS was 24 devices, which are located in the varied areas of the grid. These devices
provide the needed activity in response to users connected to the BFTS. Indeed, the mining
devices assure the users the guarantee of true financial transactions among themselves by
participating in a hard competitive scheme. Hence, the mining device owners may use
varied computing tools to find the targeted puzzle that is victorious in this scheme. Thereby,
every mining device has different energy consumption across a wide range. In light of this
evidence, we carried out the studied case and illustrated the relevant simulation results
in Figure 5 and Table 2. Figure 5 shows the consumed power for 24 mining devices, all of
which were satisfied by the defined electrical grid in a 24 h horizon. As can be seen, the
mining devices take the varied needed powers in the daytime due to the different activities
in the way of finding the targeted puzzle’s solution. Looking over the figure, it is inferred
that device No.12 overtakes 338.9 kW in hour 22, which is the most consumption compared
to the other devices. It is worth mentioning that the peak-energy consumption related to
these devices is directly dependent on the hardship level of the targeted puzzle and may
be at any time. Generally speaking, such fluctuations in the consumption profile exude
outstanding challenges facing energy management. Hence, the results in Table 2 prove
these elucidations. The total operation cost has an ascending change of almost 56.44% when
considering the mining devices in energy management. This means that the effects of the
presence of the BFTSs on the power system’s performance are irrefutable.

Figure 5. The energy consumption of the mining devices.
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Table 2. Comparative results for the total cost.

Number of Case Total Operation Cost (¢)

Considering the mining devices 1.0793772038 × 1010

Ignoring the mining devices 4.70 × 109

7. Simulating the IPS-RL Based Detection Approach Considering Miner-Misuses

As said already, in such a miner-based electrical grid, due to the high energy consump-
tion of the miners, these devices can be known as a provocative factor for cyber-hackers
who are able to bring to naught the energy scheduling process in power systems. Indeed, in
this type of attack, intruders may carry out many bogus mining devices through deceitful
data infusion into the control center, for which the energy consumption related to the
miners takes an illusory tendency toward the ascending way. This assault is named the
miner misuse in power systems based on BFTSs, and it needs to be dealt with. Hence, this
section is dedicated to presenting how the proposed detection method would be worth-
while for tracking down the miner misuses in power systems based on BFTSs. To this end,
we equipped the electrical grid with a security platform based on the proposed IPS-RL
detection method. Meanwhile, we assume some hidden intrusions aimed at launching
the miner misuse into the system have occurred. The absorbing consequences related to
the proposed detection method’s effectiveness in response to this attack are illustrated in
Figures 6 and 7 and Table 3. In this way, Figure 6 demonstrates the results of monitoring
the real energy consumption of the miner, which is compared to that manner being under
attack. As can be seen, a cyber-hacker tried to launch the miner-attack at t = 80 s and could
spuriously raise the energy consumption to a remarkable range of almost 25%. This means
that the system stayed in the ‘later-attack’ state. In such a case, the IPS-RL platform was
performed based on the defined phase 2 (see Section 3), and the agent unerringly chose
the ‘stop’ action for which it could discover this anomaly at t = 88 s. The time-passing
is calculated by the time delay between the start time and the end or the stopping time,
which is 8 s. This shows that the proposed detection method not only is discrete and alarms
anomalies, but it has the minimum stopping time. Besides that, we checked and evaluated
this approach versus another attack at t = 123 s, as shown in Figure 6. In this situation, it
could also detect the hidden intrusion for a lesser time delay of 5 s better than the other
one. This advancement is obtained because the agent is learned by the prior anomaly and
could provide superior performance. For more realization, Figure 7 indicates the energy
consumption deviations for all attacks launched as well.

Table 3. Comparison among different trials.

%Number of Trials Trials (1000) Trials (1500)

False/Positive %0 %0.09

True/Positive %93.69 %91

False/Negative %3.78 %4.84

True/Negative %2.53 %4.07
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Figure 6. Illustration of the energy consumption under miner misuses.

Figure 7. Illustration of the energy consumption deviations under miner misuses.

Speaking of the proposed detection method’s effectiveness, it seems that the obtained
results are not enough, and more tests and evaluations of this proposed method under
many trials are needed for better decisions in assessing the security platform. To this
end, we separately tested our approach for 1000 trials and 1500 trials here. The relevant
consequences are provided in Table 3. In order to better perceive the performance, we
tried to illustrate the platform’s behavior for the true/false decisions in varied forms of
false/positive, true/positive, false/negative, and true/negative. It can be seen that our
method could accurately make the true/positive arbitration for 93.69% of trials when
launching many malicious attacks on the system. On the other hand, this method unfortu-
nately detected and erroneously stopped the system for 3.78% of trials when the system
was clear, while it was 2.53% to take the true decision in the same condition. The second

20



Mathematics 2023, 11, 884

column of Table 2 indicates the same results for 1500 trials. Here, it is seen that the agent is
successful and useful in the true decision for 91% of 1500 trials, which proves our detection
method’s effectiveness, as mentioned in the previous section. Another key factor that can
make a profound impact on it being optimal and efficient in the RL-based detection method
is setting the main parameters. Figure 8 shows the simulation result of the IPS-RL-based
detection method considering the miner attack for the varied coefficients of α. Comparing
the detection times obtained by the algorithm for α = 0.1, 0.5, 1, and 10, it proves that an
optimal value α can remarkably be effective for mitigating the stopping time in the anomaly
detection method’s performance. As can be seen, the proposed algorithm based on α = 0.1
had a minimum time delay of 8 s, while it was obtained at 13 s for α = 10. This shows
that the IPS optimization algorithm can optimally handle the learning procedure in the RL-
based anomaly detection approach. It is worth saying that various optimization algorithms
were suggested to catch the best solution in the literature. On the whole, we mainly found
two underlying approaches that capture the optimal answer, including (1) mathematical
methods and (2) meta-heuristic methods. On account of involving meta-heuristic methods
in the local optimal solution for some studied cases, the first approach is referred to with an
emphasis on accuracy. Meanwhile, we tried here to provide a mathematical optimization
method named the IPS algorithm. To realize the effectiveness of the proposed algorithm,
we plotted Figures 9 and 10 as the compared results of the convergence process for the
various optimization methods. Our method experienced a shorter convergence process
in comparison to other methods. Besides that, in order to assess the IPS optimization
algorithm in the learning phase, we compared our detection method based on the IPS, PSO,
and Bat optimization algorithms and indicated the F-score coefficient and the converging
process for them. Figures 9–12 show the simulation results. It is important to say that all the
above algorithms start with the same initial population to have an equitable comparison.
According to this figure, the IPS algorithm not only first converged compared to the PSO
and Bat algorithms, but it had a better F-score coefficient (indicating the ability to escape
from the local optima). To validate the proposed method, this paper compared it to other
detection approaches, i.e., the support vector machine (VSM) and reinforcement learning
(RL). To this end, it is necessary that the F-score is calculated for trial numbers through the
assessment of the precision versus and recall curves. Looking over Figure 12, it is inferred
the IPS-RL method can be more sensitive to detecting the attack than the other models.

Figure 8. Illustration of the energy consumption deviations for different α.
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Figure 9. Evaluating the different optimization algorithms for F-score.

 

Figure 10. Convergence process of the IPS algorithm.
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Figure 11. Comparison of algorithms for the convergence algorithm.

Figure 12. Illustration of the compared results for different detection approaches.

8. Modeling the Uncertainty of Mining Devices and Their Effect on the
Energy Consumption

This section is dedicated to taking a close look at the effects of the uncertain energy
consumption related to the mining devices on energy management within the electrical
grid based on BFTSs. As stated already, the mining devices’ behavior in the solving
process of a targeted puzzle based on the blockchain tech causes them to make their
energy consumption different and unstable. Hence, having considered the high energy
consumption of these devices, modeling their uncertainty can remarkably increase the
chance of having an optimal energy scheduling framework in the electrical grid. To clarify
the truth of the matter, we modeled the uncertain parameters inspired by the UT concept
and provided the simulation results in Figures 13 and 14. As can be seen in Figure 13,
the average energy consumption of all mining devices takes a remarkable fluctuation
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of almost 33% for all times when modeling the uncertain parameters fixed into the grid
structure. Additionally these changes can affect the total operation cost, which is on the rise
as indicated in Figure 14. To put it in a nutshell, the energy management in the presence of
the mining devices in the system needs to model the uncertainty for providing an optimal
and accurate evaluation.

Figure 13. The average energy consumption of mining devices under uncertainty/normal conditions.

Figure 14. The total cost under uncertainty/normal conditions.

9. Conclusions

This article took an approach at an IPS-RL-based anomaly detection model to pinpoint
the hidden malicious intrusions aimed to phony up the mining devices’ behavior, which
were named miner misuses within the power systems based on BFTSs. Indeed, in this type
of anomaly, a cyber-hacker would try to make the bogus mining devices to create a spurious
upward trend in the energy consumption, which is gobbled up by these devices to solve
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a targeted puzzle within BFTSs. To prove the truth of the matter, we carried out an IEEE
24-bus test system-based electrical grid in furtherance of bearing out the public loads and
consumed power in the BFTSs. After that, we assumed an intruder could make many bogus
miners through deceitful data infusion into the decision-making center of the electrical
grid for which the energy consumption was spuriously increased. Hence, consequences
emanating from the proposed detection model in response to this anomaly were provided
in the result section. They indicated that the proposed method could precisely pick out the
true/positive detection for 93.69% of 1000 trials when launching malicious anomalies on the
grid, while the agent learned by the proposed method made false decisions only for 3.78%
of trials. This result was 91% and 4.84% for 1500 trials in the same condition. Besides that,
looking over the results, the IPS optimization algorithm could obtain an F-score coefficient
of 92%, which indicates that it is more useful to help in the optimal learning process based
on the RL method compared to the other algorithms. Finally, the results show that energy
management in the grid based on BFTSs would be more accurate and flexible if precisely
modeling the uncertainty of energy consumption in the mining devices.
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Abstract: In this paper, we discuss the waiting-time distribution for a finite-space, single-server
queueing system, in which customers arrive singly following a Poisson process and the server
operates under (a, b)-bulk service rule. The queueing system has a finite-buffer capacity ‘N’ excluding
the batch in service. The service-time distribution of batches follows a general distribution, which
is independent of the arrival process. We first develop an alternative approach of obtaining the
probability distribution for the queue length at a post-departure epoch of a batch and, subsequently,
the probability distribution for the queue length at a random epoch using an embedded Markov
chain, Markov renewal theory and the semi-Markov process. The waiting-time distribution (in
the queue) of a random customer is derived using the functional relation between the probability
generating function (pgf) for the queue-length distribution and the Laplace–Stieltjes transform (LST)
of the queueing-time distribution for a random customer. Using LSTs, we discuss the derivation of the
probability density function of a random customer’s waiting time and its numerical implementations.

Keywords: Poisson input; batch service (a, b)-rule; finite-buffer queue; roots

MSC: 60K25; 68M20; 90B22

1. Introduction

Single-server queueing models have been extensively studied in the literature. How-
ever, many practical situations exist where customers need to be served in batches. Queue-
ing models of this type are called general bulk-service (GBS) queues. Examples of bulk-
service queues can be seen in the unloading and loading of cargoes at a sea port, in
traffic-signal systems, and in a mass transportation system. The GBS rule is stated as
follows. If n (0 ≤ n < a) customers are waiting after the completion of a batch service, then
the server has to wait until the number reaches ‘a′ customers. However, the entire queue is
served if the number of waiting customers in the queue is greater than or equal to a but less
than or equal to b. The first ‘b′ customers will be taken into service if the number present
in the queue is greater than b. This rule has been widely investigated in the literature,
e.g., Chaudhry and Templeton [1] and Dshalalow [2,3]. An excellent survey of various
types of infinite-buffer queues with bulk arrival, bulk service and vacations can be found
in Dshalalow [4]. In general, the analysis of queueing models of this type is difficult, since
their probability generating functions involve unknown probabilities in the numerators.
Neuts [5] discussed the bulk-service queue using the theory of the semi-Markov process
and obtained queue-length distribution. Borthakur [6] studied the bulk-service queue and
derived the stationary probability distribution for the queue length directly as the sum
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of a constant multiplied by geometric terms, where the common ratios are the root of the
associated characteristic equation. Following this, Medhi [7] obtained the waiting-time
density function for M/M(a,b)/1 queue in terms of roots. Later, Easton and Chaudhry [8]
extended these results and discussed the waiting-time distribution for the Ek/M(a,b)/1
queueing system. We can find an elaborate presentation of bulk-service queues in the
books by Chaudhry and Templeton [1] and Medhi [9], where a complete list of references
up to the early 1980s. One may note that it has been reported in the literature that the
analysis of finite-buffer queueing models by solving simultaneous linear equations may
pose some problems for some particular types of queueing models; see the remarks made
by Powell ([10], pp. 64, 141). Chaudhry et al. [11] discussed the computational analysis of
the M/G(a,b)/1 and related non-bulk queues. Brière and Chaudhry [12] analyzed a batch-
service queue with a random service batch size, i.e., M/GY/1 queue. They obtained the
probability distribution for the queue length at different epochs by finding the roots of the
associated characteristic equation. Waiting-time analysis in a finite-buffer M/G/1 queue-
ing model was first investigated by Finch [13] in his pioneering work in this area of research.
However, no analytical results have been reported in the literature on queues to analyze
the waiting-time distribution of a finite-buffer M/G/1-type bulk-service queue. A few
results related to stationary queue-length distributions in a finite-buffer single-server queue
using the roots’ method are addressed in the literature, e.g., see, Chaudhry et al. [14] and
Chaudhry and Goswami [15]. Further, analysis of the finite-buffer bulk-service M/GY/1
queue was performed by Singh [16] and queue-length distributions were obtained. Later,
Chaudhry and Gupta [17] performed the analytic analysis of the finite-buffer bulk-service
M/G(a,b)/1/N queueing model and obtained the queue-length distributions at a post-
departure and arbitrary epochs using the supplementary variable technique. However,
no analytical results have been reported in the literature related to the analysis of the
waiting-time distribution in a finite-buffer M/G/1-type bulk-service queue using roots.

We encounter finite-buffer bulk-service queueing systems in many real-world sce-
narios; see Gold and Tran-Gia [18] for applications related to manufacturing processes.
In telecommunications networks, information units are stored in the system if a server is
busy. If an arrival finds the buffer space full, then the arriving customer is blocked and
considered to be lost. The main interest of the system designer is to provide sufficient
buffer space so that the probability of blocking or loss is small. Thus, the blocking/loss
probabilities are an important measure of concern for a system designer. In cloud comput-
ing, transmissions of user requests are of various types (e.g., data, voice, video, images).
There are many applications which need bulk data to be transferred in the web which are
accessed by a large number of clients at the same time. As per the service level agreement
(SLA) all the requests received by the clients may be processed in bulk. The instances
of the target web application running into virtual machines (VMs) act as service centers
to process the requests in the queue. We figured out the process of client requests in a
single web application with the following features: The inter-arrival times between two
successive client requests may be identified by a Poisson process. When bulk requests
are submitted in the queue, the requests are forwarded to the VM that is currently idle
because of the lack of a sufficient number of requests. The requests are served in batches
with a minimum of a and a maximum of b requests for this VM, where 1 ≤ a ≤ b ≤ N. The
system under consideration contains multiple homogeneous VMs which render service in
order of task request arrivals, i.e., first come, first served (FCFS). For a recent survey of the
system model of bulk service on cloud, the readers are referred to Goswami et al. [19]. In
recent years, considering batch-size-dependent service processes, the finite-buffer capacity
MAP/G(a,b)

r /1/N and infinite-buffer MAP/G(a,b)
r /1 queueing systems have been studied

by Banerjee et al. [20], and Pradhan and Gupta [21], respectively.
This paper carries out the analytic analysis of the finite buffer M/G(a,b)/1/N queue

using the method of the Markov renewal theory, the embedded Markov chain, the semi-
Markov process and the roots. As stated earlier, the service to the queueing system is
provided in batches of minimum size a and maximum size b (1 ≤ a ≤ b). We obtain
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the steady-state, queue-length distribution at post-departure and random epochs. As
stated above, using the functional relationship, we derive the probability density function
for a random customer’s waiting-time distribution (in the queue and in the system). Fi-
nally, to extend the work done by Chaudhry and Gupta [17] for the well-known model
M/G(a,b)/1/N, which deals with the number in the queue, this paper first gives a simple
procedure to get the probability generation function (pgf) of a number in the queue by
using the method of the Markov renewal theory, the embedded Markov chain and the
semi-Markov process. Using the derived pgf, we deal with the probability density function
for the waiting-time distribution (in queue as well as in the system) of a random customer.

2. Brief Description of the M/G(a,b)/1/N Queueing Model and Its
Queue-Length Distributions

In this single-server queueing model, the arrival process of the customers is assumed
to be a Poisson process with an average rate, λ. The queued customers are served in batches
of minimum size, ‘a’, with a maximum threshold size, ‘b’; however, if there are fewer than ‘a’
customers, the server must wait until the queue accumulates ‘a’ customers. The number ‘N’
denotes the buffer capacity of the queueing system, excluding the size of a batch with the
server, and it is assumed that 1 ≤ a ≤ b ≤ N. The service times of batches are independent
identically distributed random variables (i.i.d.r.vs.) denoted by the notation S, where S
has the probability density function (pdf) b(t), cumulative distribution function (DF) B(t),
Laplace–Stieltjes transform (LST) B∗(s) and mean service time E(S) = b1 = −B∗(1)(0),
where G∗(1)(0) is the derivative of G∗(s) evaluated at s = 0. The mean service rate is
μ = 1/b1 or E(S) = 1/μ. The traffic intensity can be obtained as ρ = λb1/b = λ/(μb).
Let us define the conditional probability kj (j ≥ 0), which denotes the probability that j
customers arrive in the queueing system during a service time of a batch. Then,

kj =
∫ ∞

0

e−λv(λv)j

j!
dB(v).

The probability generating function (pgf) of {kj}∞
0 is denoted by K(z). It can be easily seen

that K(z) = B∗(λ − λz); see Keilson and Servi [22] for a detailed derivation. Similarly,
we denote the conditional probability k̂j (j ≥ 0), which represents the probability that j
customers arrive in the queueing system during a stationary elapsed service time of a batch.
This leads to:

k̂j = μ
∫ ∞

0

e−λv(λv)j

j!
(1− B(v))dv.

Similar to the above result, if we define the pgf of {k̂j}∞
0 by K̂(z), then it can be seen that

K̂(z) = μ
1−B∗(λ−λz)

λ−λz . The probability distribution for the queue length at a random epoch
can be obtained through relations among post-departure and random epoch probabilities
using the embedded Markov chain, the Markov renewal theory and the semi-Markov
processes. For this, consider the queue at the batch service completion epochs. Let the suc-
cessive batch service completion epochs be marked in the time-axis as t0, t1, t2, . . . The time
epoch just after a service completion may be denoted by t+n . The state of the system at t+n is
defined as {Nq(t+n ), n ≥ 0}, where Nq(t+n ) is the number of customers (0 ≤ Nq(t+n ) ≤ N)
in the queue after the n-th departure epoch of a batch. Thus, {Nq(t+n ), n ≥ 0} becomes
a Markov chain. This irreducible and aperiodic Markov chain becomes ergodic under
any ρ >=< 1. In this discrete-time Markov chain, Nq(t+n+1) is dependent on the ran-
dom variable Nq(t+n ) and another random variable An+1, which is independent of Nq(t+n ).
This gives:

Nq(t+n+1) = min
{(

Nq(t+n )− b
)+

+ An+1, N
}

, (1)
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where
(

x
)+

= max{0, x} and An+1 is the random number of arrivals during the (n + 1)th

batch service time. When n → ∞, P(An+1 = j) = kj (j ≥ 0). The various elements of the
transition probability matrix (TPM) of this Markov chain are given by:

Pij = P{Nq(t+n+1) = j|Nq(t+n ) = i} =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

kj, 0 ≤ i ≤ b, 0 ≤ j ≤ N − 1,

kc
N , 0 ≤ i ≤ b, j = N,

kj−(i−b), j ≥ i− b, b + 1 ≤ i ≤ N, 0 ≤ j ≤ N − 1,

kc
N−(i−b), j ≥ i− b, b + 1 ≤ i ≤ N, j = N,

0, otherwise,

where kc
j = ∑∞

i=j ki (j ≥ 0). Thus, the limiting probabilities are defined as:

p+(j) = lim
n→∞

P{Nq(t+n ) = j}, 0 ≤ j ≤ N.

Now p+(j) (0 ≤ j ≤ N) can be obtained by solving the system of equations P+ = P+P,
where P+ = [p+(0), p+(1), p+(2), · · · , p+(a− 1), p+(a), · · · , p+(N− 1), p+(N)], P is
a (N + 1)× (N + 1) matrix whose elements are Pij, and after simplification of P+ = P+P,
we get:

p+(j) =
b

∑
i=0

p+(i)kj +
min{j, N−b}

∑
r=1

p+(b + r)kj−r, 0 ≤ j ≤ N − 1, (2)

p+(N) =
b

∑
i=0

p+(i)kc
N +

N−b

∑
r=1

p+(b + r)kc
N−r. (3)

Here, it may be noted that we can find the pgf of {p+(n)}N
0 using (2) and (3). Multiplying

(2) by zj and summing over j from 0 to N − 1 and adding (3) after multiplying with zN , we
get after simplification the following expression:

p+∗(z) =
b

∑
r=0

p+(r)
[
K(z)−

∞

∑
i=N+1

kizi
]
+

1
zb

N

∑
j=b+1

p+(j)zj
[
K(z)−

∞

∑
i=N+1

kizi
]
, (4)

where p+∗(z) = ∑N
n=0 p+(n)zn. Simplification of (4) by replacing ∑N

j=b+1 p+(j)zj =

p+∗(z)−∑b
r=0 p+(r)zr in the right-hand side, we obtain:

p+∗(z) =∑b−1
r=0(z

b − zr)p+(r)K(z)
zb − K(z)

+
∑b−1

r=0(z
r − zb)p+(r)∑∞

i=N+1 kizi − p+∗(z)∑∞
i=N+1 kizi

zb − K(z)
. (5)

One can see that the numerator for the second term of Equation (5) has at least (N + b)
degree in z. Since p+(n) (0 ≤ n ≤ N) is the coefficient of zn in the right-hand side of p+∗(z)
in Equation (5), then one may evaluate p+(n) using the following pgf:

p+∗(z) =∑b−1
r=0(z

b − zr)p+(r)K(z)
zb − K(z)

, (6)

which is identical with the pgf of post-departure epoch probabilities in an infinite-buffer
M/G(a,b)/1/∞ queueing model with the traffic intensity ρ < 1. The pgf of the infinite-
buffer queueing model was mentioned earlier in the literature, e.g., see Equation (2.1)
in [11] and also see Problem 11 in [1] (pp. 226–227)chaudhry1983first, where one may note
that K(z) = B∗(λ− λz).

At this point, we intend to calculate the post-departure epoch probabilities in terms of
the roots of the associated characteristic equation. Since rational LSTs (see Botta et al. [23])
cover a large number of distributions, we take K(z) = B∗(λ − λz) = B∗(s), where
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s = λ− λz as a rational function in ‘s’. If the LST of the service-time distribution has
a non-rational LST, then the LST can be approximated by rational functions using the Padé
approximation technique.

In view of this, we consider those service-time distributions that have rational LST
of the form B∗(s) = P(s)/Q(s), where the degree of the polynomial Q(s) is m and that of
the polynomial P(s) is y (≤ m). Further, we make this assumption, as has been done by
Botta et al. [23], since this assumption covers a large number of practical cases. Substituting
B∗(λ− λz) = P(λ−λz)

Q(λ−λz) ≡
f (z)
g(z) in Equation (6), one can obtain the corresponding expression

as given below,

p+∗(z) =∑b−1
r=0(z

b − zr)p+(r) f (z)
zbg(z)− f (z)

. (7)

Since K(z) = f (z)
g(z) , p+∗(z) in Equation (7) becomes a rational function with the denominator

(zbg(z)− f (z)) which is a polynomial of degree (b + m). This polynomial (zbg(z)− f (z))
has (b + m) zeros in the whole complex plane. This leads to the following characteristic
equation (CE):

zbg(z)− f (z) =0, (8)

which has (b + m) roots, namely, γ1 = 1, γi (i = 2, 3, . . . , b + m).

Remark 1. We could have avoided the derivation of pgf p+∗(z), but since it gives a simpler proce-
dure than what is available in the literature, we have included it here for completeness sake. This pgf
is also used in deriving the waiting-time distribution. When software packages such as MAPLE and
MATHEMATICA could not find (see Neuts [24], Kendall [25] and Kleinrock [26]) a large number
of roots (they do now); Chaudhry responded to this (see Chaudhry [27,28]). In this connection, see
also Chaudhry et al. [29]. Here is just one example. It can be solved in many ways, but we are
giving just one method using the package MAPLE:

> restart : with(RootFinding) :
> f := (x− 1) · (x− 2) · (x− 3)4 · (x− 7)3

f := (x− 1)(x− 2)(x− 3)4(x− 7)3

> f solve( f , x, complex)
1., 2., 3., 3., 3., 3., 7., 7., 7.

The CE (8) has b + m roots. As the queueing model under consideration has a finite
buffer, the following three cases arise depending on ρ:

• Case 1 (ρ < 1) : Using Rouché’s theorem, it can be shown that Equation (8) has b
roots inside and on the unit circle |z| = 1 and the remaining m roots: γi (i = b + 1,
b + 2, . . . , b + m) are in the region |z| > 1.

• Case 2 (ρ = 1) : As in Case 1, among the remaining m roots, one root (say, γb+1) is
equal to one, and the other roots: γi (i = b + 2, b + 3, . . . , b + m) stay in the region
|z| > 1.

• Case 3 (ρ > 1) : As above, among the remaining m roots, one root (say, γb+1) is inside
the interval (0, 1), and the other roots: γi (i = b + 2, b + 3, . . . , b + m) are in the
region |z| > 1.

One may observe that as ρ (> 0) increases, from the remaining m roots of the CE (8),
one positive real root gets closer to the origin from right to left. The above three cases have
been discussed below.

• We first discuss the case when ρ < 1. For this case, when the traffic intensity of
the queueing model under consideration is less than one, i.e., ρ < 1, one can use
Equation (6) to find the post-departure epoch probabilities as described below. The
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unknown probabilities {p+(r)}b−1
r=0 on the right-hand side of the pgf in Equation (7)

can be obtained by using the roots of Equation (8), i.e., γ1 = 1 and γ2, γ3, . . . , γb.
This leads to:

b−1

∑
r=0

(γb
i − γr

i )p+(r) f (γi) =0, i = 2, 3, . . . , b, (9)

and:

p+∗(1) =

[
d
dz [∑

b−1
r=0(z

b − zr)p+(r) f (z)]
]

z=1[
d
dz [z

bg(z)− f (z)]
]

z=1

= 1. (10)

Therefore, for ρ < 1, using the partial fraction p+∗(z) can be written as follows:

p+∗(z) =D
∑b−1

r=0(z
b − zr)p+(r) f (z)

zbg(z)− f (z)
= D

b+m

∑
i=b+1

l̂i
z− γi

, (11)

where D is the normalizing constant and l̂i’s are the constant coefficients of the partial
fraction. Now, extracting the coefficients of zn from the right-hand side of (11), one
can obtain the post-departure epoch probabilities as:

p+(n) =D
b+m

∑
i=b+1

−l̂i
γn+1

i

, n = 0, 1, 2, . . . , N, (12)

where:

l̂i =
∑b−1

r=0(γ
b
i − γr

i )p+(r) f (γi)[
d
dz [z

bg(z)− f (z)]
]

z=γi

, i = b + 1, b + 2, . . . , b + m.

One can obtain the unknown D in Equation (12) using the normalization condition as
stated before and is given by:

D =
(
−

b+m

∑
i=b+1

l̂i
γi

1− γ
−(N+1)
i

1− γ−1
i

)−1
, when ρ < 1. (13)

• For ρ = 1, we assume γb+1 = 1, and in this case, Equations (11) and (12) are valid.
The only exception is that l̂b+1 may be obtained as follows:

l̂b+1 =

[
d2

dz2 [∑
b−1
r=0(z

b − zr)p+(r) f (z)]
]

z=1[
d2

dz2 [zbg(z)− f (z)]
]

z=1

→ 1 ↑,

and:

D =
(
− l̂b+1(N + 1)−

b+m

∑
i=b+2

l̂i
γi

1− γ
−(N+1)
i

1− γ−1
i

)−1
, when ρ = 1. (14)

It is also important to note that the normalization condition (10) does not work when
the traffic intensity ρ = 1 as z = 1 is a repeated root of multiplicity two for the
characteristic Equation (8). Thus, when ρ = 1, one may use Equations (16)–(18), which
express the probabilities {p+(j)}N

j=b in terms of the probabilities {p+(r)}b−1
r=0 and then

one may use the normalization condition as p+∗(1) = ∑N
j=0 p+(j) = 1. Alternatively,

one can use the following normalization condition for ρ = 1:
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p+∗(1) =

[
d2

dz2 [∑
b−1
r=0(z

b − zr)p+(r) f (z)]
]

z=1[
d2

dz2 [zbg(z)− f (z)]
]

z=1

= 1. (15)

• Lastly, we discuss the case when ρ > 1. As p+∗(z) is convergent/analytic inside |z| <
γb+1, the first b roots of the characteristic Equation (8) inside the region |z| < γb+1
should be the zeros of the numerator polynomial on the right-hand side of Equation (7).
The unknown probabilities {p+(r)}b−1

r=0 on the right-hand side of the pgf in Equation
(7) can be obtained by the set of linear Equations (9). This set of homogeneous linear
equations is not sufficient to give non-trivial solution for the unknown probabilities
{p+(r)}b−1

r=0 and thus one must use normalization condition along with the above
system of simultaneous Equations (9) in the following way. Thus, when ρ > 1, one
should use Equations (2) and (3) by expressing the probabilities {p+(j)}N

j=b in terms

of the probabilities {p+(r)}b−1
r=0 as follows:

p+(b) =
p+(0)

k0
−

b−1

∑
i=0

p+(i), (16)

p+(b + j) =
p+(j)−∑b

i=0 p+(i)kj −∑
j−1
r=1 p+(b + r)kj−r

k0
, j = 1, 2, . . . , N − b− 1, (17)

p+(N) =
∑b

i=0 p+(i)kc
N + ∑N−b−1

r=1 p+(b + r)kc
N−r

1− kc
b

, (18)

and then one may use the normalization condition as follows:

N

∑
j=0

p+(j) = 1, (19)

where the probabilities {p+(j)}N
j=b must be expressed in terms of the unknown prob-

abilities {p+(r)}b−1
r=0 using the above Equations (16)–(18). The solution of the above

system of linear Equations (9) and (19) gives the unknown probabilities {p+(r)}b−1
r=0

and from the above expressions (16)–(18) one can get the probabilities {p+(j)}N
j=b in

terms of the known probabilities {p+(r)}b−1
r=0 . It may be noted that the above procedure

of finding post-departure epoch probabilities works when ρ <=> 1. One may remark
here that the above proposed recursive scheme (16)–(18) may sometimes be unstable,
mainly when we are dealing with a very high buffer capacity (N → ∞) and due to the
negative sign involved in the right-hand side of the recursive Equations (16) and (17).
One may note here that it is possible to find post-departure epoch probabilities in
closed form similar to the cases ρ <= 1 after getting the unknown probabilities
{p+(r)}b−1

r=0 by using the above procedure. For this, we multiply both sides of Equation
(7) by the factor (z− γb+1) and obtain the following equation:

p+∗(z)(z− γb+1) =
∑b−1

r=0(z
b − zr)p+(r) f (z)(z− γb+1)

zbg(z)− f (z)
. (20)

Now, the left/right hand side of Equation (20) is convergent/analytic inside and on
the unit circle |z| = 1. Thus, one may write Equation (20) in the following way:

p+∗(z)(z− γb+1) =
∑b−1

r=0 (z
b − zr)p+(r) f (z)(z− γb+1)

zbg(z)− f (z)
= q0 + q1z +

b+m

∑
i=b+2

li
z− γi

, (21)
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where q0, q1, and li’s are the constant coefficients of the partial fraction. Equating the
coefficient of the like powers of z in both sides of Equation (21) after a little algebraic
calculation, we obtain:

p+(0) =− ∑b+m
i=b+2

−li
γi

+ q0

γb+1
, (22)

p+(1) =−
∑b+m

i=b+2
−li
γ2

i
+ q1

γb+1
, (23)

p+(n) =−
∑b+m

i=b+2
−li

γn+1
i
− p+(n− 1)

γb+1
, n = 2, 3, . . . , N − 1, (24)

where:

li =
∑b−1

r=0(γ
b
i − γr

i )p+(r) f (γi)(γi − γb+1)[
d
dz [z

bg(z)− f (z)]
]

z=γi

, i = b + 2, b + 3, . . . , b + m.

Let the coefficient of z0 and z from the Taylors’ series expansion of the right hand side
of Equation (20) be c0 and c1. Now, q0 = c0 − ∑b+m

i=b+2
−li
γi

and q1 = c1 − ∑b+m
i=b+2

−li
γ2

i
.

The last probability p+(N) can be found using the normalization condition (19) and is
given by: p+(N) = 1−∑N−1

j=0 p+(j).

Thus, one can obtain post-departure epoch probabilities successfully for all possible
values of offered load or traffic intensity ρ for this queueing model under consideration.

Remark 2. It may be remarked here that all the probabilities p+(i) (0 ≤ i ≤ N) can also be
computed by solving the system of linear equations p+P = p+ (see [17], p. 98) using the
GTH algorithm or the RG-factorization technique (extensions of the matrix-analytic methods, see
Neuts [30] and Li [31]), where p+ = [p+(0), p+(1), · · · , p+(N)] and P is the transition
probability matrix of the Markov chain at the embedded post-departure epochs of a batch. In that
case, the computational complexities of the GTH algorithm and the RG-factorization technique
can be computed as O((N + 1)4), (see [32]) and O(N3) (see Li et al. [33]), respectively. On the
other hand, in the case of the roots’ method, which is adopted in this paper, the main goal is to
calculate the m + b roots of the associated characteristic Equation (8) with the probability generating
function given by Equation (7). Without a loss of generality, we assume that the degree of the
characteristic Equation (8) is m + b. It should be mentioned here that we can numerically locate
the roots of a polynomial using Newton’s method. The root extraction using Newton’s method
and multiplication of two numbers has equal complexity, see [34]. That is, if we want to calculate
roots of the characteristic equation up to d1 digits accuracy, then the computational complexity of
per root extraction will be at most O(d2

1). The next part is to evaluate b unknowns by solving b
simultaneous linear equations. There are several methods used to solve simultaneous equations, e.g.,
Cramer’s rule, Gaussian elimination, LU decomposition, etc. One of the most efficient methods to
determine the b unknowns is LU decomposition with complexity O(b3). The last part is a partial
fraction decomposition which has computational complexity at most O(m2) (see Xin [35]), where
m is the degree of the denominator polynomial of the corresponding rational function. From our
computational experience, we have seen that when the buffer capacity N becomes large and since
b ≤ N, both the GTH algorithm and the RG-factorization technique take much longer to compute
the post-departure epoch probabilities {p+(r)}N

r=0 than the roots’ method used in this paper. Further,
the roots’ method also gives explicit closed-form analytic results. In Section 5, we have presented a
comparison of computation time for above discussed three methods.
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Lemma 1. The expression for the probability that the server is busy (ρ
′
) is given by:

ρ
′
=

E(S)
T

=
1

μT
, (25)

where T is mean inter-departure time of service batches. An expression for T may be obtained as
follows:

T =E(S) +
a−1

∑
i=0

p+(i) ·
( a− i

λ

)
. (26)

Proof. The server’s state can be either busy or idle at any instant. As T is the mean inter-
departure time of service batches, 1/T corresponds to the departure rate. Since T is the
mean inter-departure time, it can be derived by considering two cases, (1) when the server
is busy and (2) when the server is idle. Thus:

T =E(S)
(

1−
a−1

∑
i=0

p+(i)
)
+

a−1

∑
i=0

p+(i) ·
( a− i

λ
+ E(S)

)
, (27)

which after simplification gives (26). The probability that the server is busy is given by
Equation (25), which is the proportion of time the server is busy divided by the mean
inter-departure time.

Probability Distribution for Queue Length at a Random Epoch

We develop relation between a distribution and the probability that the number of
customers in the queue at the embedded Markov points (post-departure epochs) using
the argument of the Markov renewal theory and the semi-Markov process. In terms of
notations, the random or arbitrary epoch probabilities are defined as follows:

p0(n) = lim
t→∞

P{Nq(t) = n, ξ(t) = 0}, 0 ≤ n ≤ a− 1, (28)

p1(j) = lim
t→∞

P{Nq(t) = j, ξ(t) = 1}, 0 ≤ j ≤ N, (29)

where Nq(t) is the number of customers in the queue at time t and ξ(t) is the server’s state
at time t. If at time epoch t the server is busy, then ξ(t) = 1, and if at time epoch t the
server is idle with i ((0 ≤ i < a) customers waiting for service, then ξ(t) = 0. Therefore,
p1(n) (0 ≤ n ≤ N) denotes the probability of n customers in the queue (excluding the
size of a batch in service) when the server is busy and p0(n) (0 ≤ n ≤ a− 1) denotes the
probability of n customers in the queue when the server is idle, where ‘1’ stands for busy
state of the server; and ‘0’ stands for idle state of the server.

Theorem 1. The random-epoch (or arbitrary-epoch) probabilities {p0(n) (0 ≤ n ≤ a− 1) and
p1(j) (0 ≤ j ≤ N)} and post-departure-epoch probabilities {p+(n) (0 ≤ n ≤ N)} are related by:

p0(n) =p0(n− 1) +
1

λT
p+(n), 0 ≤ n ≤ a− 1, (30)

p1(j) =
1

μT

[ b

∑
i=0

p+(i)k̂j +
min{j, N−b}

∑
r=1

p+(b + r)k̂j−r

]
, 0 ≤ j ≤ N − 1, (31)

p1(N) =
1

μT

[ b

∑
i=0

p+(i)k̂c
N +

N−b

∑
r=1

p+(b + r)k̂c
N−r

]
, (32)

where p0(−1) = 0 and k̂c
j = ∑∞

i=j k̂i (j ≥ 0).
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Proof. Using rate-in, rate-out, we can consider the state {Nq(t) = n, ξ(t) = 0} in the
limiting case of t → ∞. This can change by arrivals or service completions. Thus, we have:

λp0(n) = λp0(n− 1) +
1
T

p+(n), 0 ≤ n ≤ a− 1. (33)

The left-hand side of Equation (33) is the rate of leaving out of the state {n, 0} by an arrival,
while the first term of the right-hand side is the entering rate to the state {n, 0} after an
arrival and the second term is the entering rate to the state {n, 0} after a departure. After a
little simplification of (33), we get (30). Using rate-in, rate-out, we now consider the state
{Nq(t) = n, ξ(t) = 1} in the limiting case when t → ∞. This can change by service comple-
tions. As k̂j is the probability of number of customers that arrive following an embedded
Markov point until stationary elapsed service time, then we have the following result:

μ lim
t→∞

P{Nq(t) = j, ξ(t) = 1} =μp1(j) =
1
T

b

∑
i=0

p+(i)k̂j +
1
T

j

∑
r=1

p+(b + r)k̂j−r,

0 ≤ j ≤ N − 1. (34)

On the left-hand side of (34), we are leaving the state {j, 1} and on the right-hand side of
(34), we are entering into the corresponding state {j, 1}. After simplifying (34), we obtain
(31). An exactly similar argument as used in Equation (31) derives Equation (32).

One may note that the results derived in Equations (30) and (31) are actually the same
as those presented by Chaudhry and Gupta [17]; see Appendix A for this derivation. The
rate-in and rate-out principle used to derive Equations (30) and (31) are much simpler than
the supplementary variable method used in [17]. Moreover, one can check the correctness
of the numerical results obtained by both the methods. Hereafter, let us define the pgf
of {p1(j)}N

0 by Pqb(z) = ∑N
j=0 p1(j)zj, which is the pgf of the random epoch probabilities

{p1(j)}N
0 when the server is busy. Using (31) and (32), one can check that Pqb(1) =

∑N
j=0 p1(j) = 1

μT , which is equal to ρ
′

as derived in Lemma 2. One can check the fact that

Pqb(1) = 1−∑a−1
i=0 p0(i) using Equations (30) and (25) in the following way:

1−
a−1

∑
i=0

p0(i) =
1

μT
, (35)

which is, in fact, true as 1
μT represents ρ

′
which denotes the probability that the server is

busy, i.e.:
N

∑
n=0

p1(n) = 1−
a−1

∑
i=0

p0(i) = ρ
′
.

Moreover, it is interesting to note from Equation (35) that:

1/T = [μ(1−
a−1

∑
i=0

p0(i))] =
[ 1

μ
+

a−1

∑
i=0

p+(i).
( a− i

λ

)]−1
. (36)

Finally, one may note that using the fact that Poisson arrivals see time average (PASTA),
the pre-arrival epoch probabilities are equal to the random epoch probabilities {p0(n) (0 ≤
n ≤ a − 1) and p1(j) (0 ≤ j ≤ N)}. Therefore, the probability of loss or blocking of a
random arrival customer is given by Ploss = p1(N).

3. Waiting-Time (In Queue) Distribution for a Random Customer

Let us denote V(n)
q as the waiting time in the queue of a random customer who belongs

to those customers served in the n-th batch. Further, let Wq(t) = limn→∞ P(V(n)
q ≤ t) and
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in the limiting case as n → ∞, we denote V(n)
q by Vq. Let us define W∗

q (s) =
∫ ∞

0 e−stdWq(t)
with �(s) ≥ 0. Now, following Chaudhry and Templeton [36], one can observe that during
the busy or idle state of the server, the total probability of arrivals during the waiting time
(in queue) of a random customer is equal to the total probability of possible number of
customers waiting in the queue. Thus, considering the random nature of arrivals and
busy/idle state of the server, we obtain:

a−1

∑
i=0

p0(i)zi + Pqb(z) =W∗
q (λ

′ − λ
′
z), (37)

where λ
′
(= λ(1− Ploss)) which is the customer’s actual arrival rate due to finite-buffer

capacity. We note that differentiating (37) with respect to z and setting z = 1, we obtain
Little’s law as follows:

Lq =
a−1

∑
i=0

ip0(i) +
N

∑
n=0

np1(n) = λ
′
E(Vq). (38)

From Equation (37) using s = λ
′ − λ

′
z, after a little algebraic manipulation, we obtain:

W∗
q (s) =

a−1

∑
i=0

p0(i)
(

1− s
λ
′
)i

+
N

∑
j=0

p1(j)
(

1− s
λ
′
)j

. (39)

Now, using Padé approximation of the right-hand side of Equation (39), one may ap-

proximate W∗
q (s) by the rational function P̂(s)

Q̂(s)
. We assume the degree of the numerator

P̂(s) as r0 and that of the denominator Q̂(s) as rd (> r0). One can check the correct-

ness of Padé approximation using the fact that P̂(0)
Q̂(0)

= ∑N
n=0 p1(n) + ∑a−1

i=0 p0(i) = 1 and

− d
ds{ P̂(s)

Q̂(s)
}|s=0 =

∑a−1
i=0 ip0(i)+∑N

n=0 np1(n)
λ
′ =

Lq

λ
′ . Further, one can improve the Padé approxi-

mation using those two criteria. Since W∗
q (s) is convergent or analytic in �(s) ≥ 0, the rd

zeros of the denominator Q̂(s) may be assumed as s1, s2, . . . , srd with �(si) < 0. Using
partial fractions, the right-hand side of Equation (39) may be written in the following form:

W∗
q (s) �

P̂(s)
Q̂(s)

=
rd

∑
j=1

kj

s− sj
. (40)

Now, Equation (40) leads to the following equation:

wq(t) =
rd

∑
j=1

kje
sjt, t > 0, with �(sj) < 0, (41)

where kj =
P̂(sj)[

d
ds [Q̂(s)]

]
s=sj

,

where j = 1, 2, . . . , rd.

Remark 3. Here, we demonstrate how to practically approximate W∗
q (s) by the rational func-

tion using the Padé approximation through a numerical example. For this purpose, we con-
sider PH-type service-time distribution with the representation (βββ, TTT), where βββ = (0.2, 0.8) and

TTT =

(−2 0
0 −4

)
, so that μ = 3.333333. The other parameters are taken as a = 2, b = 5, λ = 10

38



Mathematics 2023, 11, 1142

with ρ = λ
b·μ = 0.6. After computing p0(i)’s and p1(j)’s, the effective arrival rate of customers can

be obtained as λ′ = λ(1− Ploss) = 8.928835. From Equation (39), we get:

W∗
q (s) =0.217096 + 0.234453(1− 0.111997s) + 0.108621(1− 0.111997s)2

+ 0.090139(1− 0.111997s)3 + 0.075175(1− 0.111997s)4 + 0.062991(1− 0.111997s)5

+ 0.045634(1− 0.111997s)6 + 0.031130(1− 0.111997s)7 + 0.018954(1− 0.111997s)8

+ 0.008689(1− 0.111997s)9 + 0.107117(1− 0.111997s)10

We have used the ‘pade’ command in MAPLE 2015 and approximated W∗
q (s) as P̂(s)

Q̂(s)
where:

P̂(s) = 1 + 0.928374s + 0.498682s2 + 0.147040s3 + 0.127709s4

Q̂(s) = 1 + 0.443441s + 0.991992s2 + 0.140031s3 + 0.125392s4 + 0.572475s5.

Moreover, the correctness of the approximation can be checked by using the criteria given after the
Equation (39):

P̂(0)
Q̂(0)

= 1.000000, and − d
ds

{ P̂(s)
Q̂(s)

}
|s=0 = 0.350604 =

Lq

λ′ .

All of the roots of Q̂(s) have real parts less than zero, which makes W∗
q (s) convergent in �(s) > 0.

Then we proceed further after writing P̂(s)
Q̂(s)

in terms of partial fractions.

Remark 4. One may note here that inversion of the LST presented in Equation (39) may be
done using several other methods of inverting the LSTs (or transforms) reported in the literature
(see the excellent reviews on the numerical transform inversion by Abate and Whitt [37] and
Abate et al. [38]). Abate and Whitt [37] use the Fourier-series method to invert the generating
functions and the LSTs numerically. The Fourier-series method involves numerically integrating
a standard inversion integral employing the trapezoidal rule. The greatest difficulty in this case
is approximately calculating the infinite series obtained from the inversion integral. However, the
method described above is free of such an approximation of numerical integration.

Moments: Moments of order k (≥ 1) for Vq can be obtained using (41) as follows:

E[Vk
q ] =

∫ ∞

0
tk · wq(t)dt =

∫ ∞

0
tk ·

rd

∑
j=1

kje
sjtdt, where �(sj) < 0, k ≥ 1, (42)

where �(sj) < 0. Alternatively, one can get the k-th moment of the queueing-time distribu-
tion by differentiating (39) k times with respect to s and then setting s = 0 in the following
way:

E[Vk
q ] =(−1)k

[ dk

dsk

{
W∗

q (s)
}]

s=0
= (−1)k

[ dk

dsk

{ a−1

∑
i=0

p0(i)
(

1− s
λ
′
)i
+

N

∑
j=0

p1(j)
(

1− s
λ
′
)j}]

s=0
, k ≥ 1, (43)

which may work as a check on correctness of the moments obtained via (42).
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Sojourn-time distribution: Sojourn-time distribution of a random customer is its queueing
time, plus its batch service time. Therefore, the LST of sojourn time of random customer
W∗(s) is given by:

W∗(s) =W∗
q (s)× B∗(s). (44)

Using (41), we can invert W∗(s). It gives the pdf w(t) of the sojourn time distribution of a
random customer and is given by:

w(t) =
∫ t

0

rd

∑
j=1

kje
sju · b(t− u)du, t ≥ 0, (45)

where �(sj) < 0. Now, using the probability density function w(t), one can get a moment
of order k for the random variable V (sojourn time in the system for a random customer) as
E[Vk] =

∫ ∞
0 tkw(t)dt which may be described as follows:

E[Vk] =
∫ ∞

0
tk
∫ t

0

rd

∑
j=1

kje
sju · b(t− u)dudt, where �(sj) < 0, k ≥ 1. (46)

The cumulative distribution function (CDF) of the queueing and sojourn times may be
obtained by the following results:

Wq(t) =
∫ t

0
wq(u)du =

∫ t

0

rd

∑
j=1

kje
sjudt, t > 0, where �(sj) < 0, (47)

W(t) =
∫ t

0

∫ v

0

rd

∑
j=1

kje
sju · b(v− u)dudv, t ≥ 0, where �(sj) < 0. (48)

4. Applications of the Queueing Model in the Performance Evaluation of
Blockchain Systems

In a blockchain system, client transactions must wait for servers (e.g., miner, valida-
tor or orderer) to provide service (e.g., mining, validating or ordering) and finally get
confirmed/served. One can find a detailed literature survey and a description of the perfor-
mance evaluation of blockchain systems by Fan et al. [39]. Different consensus processes of
blockchain systems can be modelled as different types of queueing systems. In a queueing
system, the most important part is the quantitative evaluation of its performance measures,
such as what is the expected number of transactions in the system, what is the transaction
throughput of the system, and what is the average waiting time in the queue or in the
system (i.e., sojourn time). In the blockchain called Bitcoin [40], the ledger is maintained
and updated by the mining process. In the mining process, a bunch of nodes, called miners,
compete to solve challenging puzzle-like problems, which consume much computation
power. Transactions issued by users are grouped into a container called a block. The
mining competition winner who first finds the algorithmic puzzle answer specialized for
the block has the right to add the new block to the blockchain and gets incentives accord-
ingly. Kawase and Kasahara [41] first built a modified M/GB/1 queue (see Chaudhry and
templeton [36] for the performance analysis of the M/GB/1 queueing model) with batch
service to model the Bitcoin mining process. Li et al. [42] introduced a new blockchain
queueing model by decomposing the mining process into two exponential service stages:
block generation and blockchain-building processes. The sum of both stages’ times is re-
garded as the transaction confirmation time, which a general service-time distribution may
represent. The distribution of the key performance indicators, such as the the transaction
waiting time, may be defined by the random amount of time a transaction has to wait
before it gets confirmation; see Geissler et al. [43] for details. Geyer et al. [44] modelled the
solo ordering process of Hyperledger Fabric as an M/MB/1 queueing system. To solve
this model, the authors borrowed the results from the waiting time analysis of a general
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bulk service queueing model M/M(a,b)/1 (see Medhi [7]). They considered the batch size
range as either a = b = B or a = 1 and b = B. Following the above discussions, we propose
the queue length and waiting time analysis of a more general bulk-service M/G(a,b)/1/N
queue to analyse the performance of a blockchain queueing system which includes the
possibility that the buffer capacity N → ∞. See the following Figure 1.

Figure 1. M/G(a,b)/1/N blockchain queueing model.

5. Numerical Results

In this section, the validity of the results obtained in the previous sections has been
tested through numerical experiments. Several numerical experiments have been carried
out for different model parameters in this connection. Out of them, a few numerical
examples are presented in this section. The experiments have been carried out using
MAPLE 2015 for Windows 10 (64-bit) OS environment. The results have been presented
in this paper up to six decimal places due to a lack of space. However, upon specific
requests, the authors can provide high-precision numerical calculations exhibited through
MAPLE coding.

Example 1. Here we will examine the case of traffic intensity (ρ) greater than 1. We construct a
PH type distribution as the service-time distribution with the representation (β3β3β3, T3T3T3) to serve that

purpose, where β3β3β3 = (0.2, 0.4, 0.1, 0.3), T3T3T3 =

⎛⎜⎜⎝
−3 1 0 1
1 −5 1 0
0 2 −4 2
1 0 1 −4

⎞⎟⎟⎠ with μ = 1.619870. The

other parameters are chosen as λ = 20, N = 20, a = 3, b = 10 and ρ = 1.234667. Proceeding in a
similar fashion mentioned in the above sections, we get the denominator of Equation (7) as:

80000z14 − 384000z13 + 689800z12 − 549610z11 + 163885z10 + 8000z3 − 29140z2 + 35364z− 14299. (49)

In this case, Equation (8) has eleven roots inside and on the unit disk and three roots out-
side the unit disk; γ1 = 1.00000, γ2 = −0.745122, γ3 = −0.615642 − 0.425348i, γ4 =
−0.615642 + 0.425348i, γ5 = −0.267744− 0.709653i, γ6 = −0.267744 + 0.709653i, γ7 =
0.190352 − 0.754816i, γ8 = 0.190352 + 0.754816i, γ9 = 0.620330 − 0.531710i, γ10 =
0.620330 + 0.531710i, γ11 = 0.967206, γ12 = 1.168465, γ13 = 1.223421 and γ14 = 1.331440.
The values of p+(n) and p1(n) are given in Table 1, from which the loss probability of a random
arrival customer can be obtained as Ploss = p1(20) = 0.313256.

Using the procedure discussed in the paper the CDF of queueing-time distribution Wq(t) for
the model is obtained as follows:

Wq(t) =0.999999− 3.32859e−2.99754t + 2.32864e−2.07443t cos(2.46909t)

− 1.31795e−2.07443t sin(2.46909t), t > 0.
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Moreover, using the method discussed in the paper the CDF of sojourn-time distribution W(t) for
the model is obtained as follows:

W(t) =0.999999 + 0.150422e−6.66337t + 0.0602525e−4.47452t

− 0.0268614e−3.36865t − 4.26332e−1.49347t + 2.33519e−2.99754t

+ 0.744376e−2.07443t cos(2.46909t) + 1.36014e−2.07443t sin(2.46909 ∗ t), t ≥ 0. (50)

Table 1. Computation of post-departure epoch probabilities and random epoch probabilities (when
the server is busy) for Example 1 with the parameters λ = 20, μ = 1.619870, a = 3, b = 10, N = 20
and ρ = 1.234667.

n p+(n) p1(n) n p+(n) p1(n)

0 0.028418 0.023753 11 0.034051 0.051154
1 0.027992 0.024237 12 0.035143 0.048347
2 0.027893 0.024816 13 0.036286 0.045447
3 0.028048 0.025475 14 0.037480 0.042453
4 0.028402 0.026200 15 0.038723 0.039359
5 0.028914 0.026983 16 0.040014 0.036162
6 0.029554 0.027819 17 0.041355 0.032858
7 0.030299 0.028702 18 0.042743 0.029443
8 0.031132 0.029630 19 0.044184 0.025912
9 0.032041 0.030600 20 0.324318 0.313256
10 0.033016 0.053875 - - -

p0(0) = 0.002270, p0(1) = 0.004507, p0(2) = 0.006736.

Example 2. Let us take the service time as Pareto power tail distribution (see Ramsay [45], and
Roughan et al. [46]) having the distribution function B(t) = 1− (1 + t)α−1, where α = 1.5, so
that μ = 0.5. To find the Laplace–Stieltjes transformation of the service-time distribution using
Padé approximation in the following way:

B∗(λ− λz) = lim
N→∞

N

∑
n=0

zn
∫ ∞

0

(λt)n

n!
e−λtb(t)dt = lim

N→∞

N

∑
n=0

zncn, |z| � 1, (51)

where limN→∞ ∑N
n=0 cn = 1 ↑, and B∗(λ− λz) has a probabilistic interpretation. Now the Padé

approximation is applied to the function B∗(λ− λz). After using the Padé approximation of the
function, we get a function B∗(s) by replacing λ− λz = s. For more details, see Avram et al. [47].
Using the above procedure B∗(s) can be obtained as follows:

B∗(s) � 0.00681 + 0.00608s + 0.00088s2

0.00681 + 0.01969s + 0.00552s2 + 0.00059s3 . (52)

Moreover, let us take other parameters as a = 4, b = 11 and λ = 9 so that ρ = λ
b·μ = 1.636364.

Using the method described in the preceding sections, we obtained the CDF of the queueing time
and sojourn time of a random customer in the M/Pareto(4,11)/1/20 queue. Now we take the
characteristic Equation (8) as follows:

0.42684z14 − 1.72726z13 + 2.35122z12 − 1.05762z11 + 0.07113z2 − 0.19698z + 0.13265 = 0 (53)

In this case, Equation (8) has twelve roots inside and on the unit disk and two roots outside
the unit disk; γ1 = 0.99999, γ2 = −0.76442− 0.21674i, γ3 = −0.76442 + 0.21674i, γ4 =
−0.54018− 0.58975i, γ5 = −0.54018 + 0.58975i, γ6 = −0.15091− 0.79690i, γ7 = −0.15091 +
0.79690i, γ8 = 0.30129− 0.77441i, γ9 = 0.30129 + 0.77441i, γ10 = 0.698677− 0.50934i, γ11 =
0.698677 + 0.50934i, γ12 = 0.95335, γ13 = 1.50214− 0.34752i and γ14 = 1.50214 + 0.34752i.
The values of p+(n) and p1(n) are given in the Table 2, from which the loss probability of a random
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arrival customer can be obtained as Ploss = p1(20) = 0.48373. Using the procedure discussed in
the paper the CDF of queueing-time distribution Wq(t) is obtained as follows:

Wq(t) =0.999987− 0.999986e−0.534383tcos(0.375759t)

− 2.25306e−0.534383tsin(0.375759t), t > 0. (54)

Moreover, using the method discussed in the paper the CDF of the sojourn-time distribution W(t)
is obtained as follows:

W(t) =0.99998− 0.01082e−4.51669tcos(3.12265t) + 0.01657e−4.51669tsin(3.12265t)

− 2.54227e−0.38563t + 1.55311e−0.53438tcos(0.37576t)

− 0.66818e−0.534383tsin(0.375759t), t ≥ 0. (55)

Table 2. Computation of post-departure epoch probabilities and arbitrary epoch probabilities (when
the server is busy) for Example 1 with the parameters λ = 9, μ = 0.5, a = 4, b = 11, N = 20 and
ρ = 1.636364.

n p+(n) p1(n) n p+(n) p1(n)

0 0.039995 0.015206 11 0.027209 0.037136
1 0.033106 0.014958 12 0.028567 0.035579
2 0.028170 0.015058 13 0.029995 0.033943
3 0.024985 0.015412 14 0.031490 0.032226
4 0.023199 0.015950 15 0.033052 0.030424
5 0.022451 0.016617 16 0.034684 0.028533
6 0.022435 0.017378 17 0.036392 0.026549
7 0.022917 0.018210 18 0.038180 0.024467
8 0.023728 0.019100 19 0.040052 0.022283
9 0.024757 0.040034 20 0.408697 0.483735
10 0.025931 0.038620 - - -

p0(0) = 0.002180, p0(1) = 0.003985, p0(2) = 0.005521, p0(3) = 0.006884.

Example 3. We consider matrix-exponential (ME) service time with the representation b(x) =

αexT S, where α = (4π2 + 1, 0, 0), T =

⎛⎝ 0 1 0
0 0 1

−4π2 − 1 −4π2 − 3 −3

⎞⎠, and S = (0, 0, 1)t with

μ = 0.952917. One may note that we have picked the service-time distribution from the paper of
Akar [48] where he uses the state space method to analyse waiting-time distribution of ME/ME/1.
The other parameters are taken as λ = 17.152511, N = 20, a = 4, b = 11 so that ρ = 1.636364.
The characteristic Equation (8) is obtained as follows:

5046.416z14 − 16021.87z13 + 17633.11z12 − 6698.132z11 + 40.47841 = 0, (56)

which gives one roots γ1 = 1.000000, eleven roots inside the unit disk, and two roots out side the
unit circle. We write those roots as γ2 = −0.544626− 0.145851i, γ3 = −0.544626 + 0.145851i,
γ4 = −0.404969− 0.405222i,γ5 = −0.404969 + 0.405222i, γ6 = −0.151554− 0.573269i,
γ7 = −0.151554 + 0.573269i, γ8 = 0.170621− 0.606064i, γ9 = 0.170621 + 0.606064i, γ10 =
0.515050 − 0.475234i, γ11 = 0.515050 + 0.475234i, γ12 = 0.903618, γ13 = 1.051120 −
0.371486i, γ14 = 1.051120 + 0.371486i. The value of p+(n) and p1(n) are given in Table 3,
from which the loss probability of a random arrival customer can be obtained as Ploss = p1(20) =
0.425405.
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Table 3. Computation of post-departure epoch probabilities and arbitrary epoch probabilities (when
the server is busy) for Example 3 with the parameters λ = 17.1525, μ = 0.95291, a = 4, b = 11, N = 20
and ρ = 1.636364.

n p+(n) p1(n) n p+(n) p1(n)

0 0.001159 0.010570 11 0.029512 0.044812
1 0.003243 0.012151 12 0.031757 0.043051
2 0.005972 0.013721 13 0.034298 0.041149
3 0.009064 0.015284 14 0.037253 0.039083
4 0.012264 0.016862 15 0.040715 0.036826
5 0.015375 0.018491 16 0.044761 0.034344
6 0.018268 0.020220 17 0.049444 0.031603
7 0.020885 0.022100 18 0.054801 0.028564
8 0.023235 0.024187 19 0.060862 0.025189
9 0.025383 0.047969 20 0.454308 0.425405
10 0.027432 0.046448 - - -

p0(0) = 0.000064, p0(1) = 0.000244, p0(2) = 0.000575, p0(3) = 0.001077.

Using the procedure discussed in the paper the CDF of queueing-time distribution Wq(t) is
obtained as follows:

Wq(t) =0.999999− 0.9999994e−1.185375tcos(0.8279833t)

− 2.372224e−1.185375tsin(0.8279833t), t > 0. (57)

Moreover, using the method discussed in the paper the CDF of the sojourn-time distribution W(t)
is obtained as follows:

W(t) =0.999992− 0.127843e−0.440013tcos(0.30778t)− 3.03358e−0.440013tsin(0.30778t)

− 0.00186616e−tcos(6.28318t) + 0.000838452e−tsin(6.28318t)− 0.870283e−t, t ≥ 0. (58)

We have conducted an experiment to compare the results between Examples 2 and 3. We have plotted
a graph depicting N versus Ploss, see Figure 2. However, here, we have considered a very high arrival
rate (λ = 17.15251) for the matrix-exponential service-time distribution and λ = 9 for Pareto
service-time distribution. In addition, ρ is the same for both the cases and greater then one. Here, we
increase the value of N and as a result the loss probability slowly decreases in matrix-exponential
case, but in the case of the Pareto service-time distribution the loss probability is higher than that of
the matrix-exponential, service-time distribution.

Figure 2. Effect of N on loss probabilities.
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In Figure 3, we have plotted a graph of N versus mean sojourn time, when the distribution
follows matrix-exponential, as well as the Pareto service-time distribution. Moreover, here we
consider the same traffic intensity (ρ = 1.636364) for both the service-time distributions. One can
observe from Figure 3 that the mean sojourn time for the Pareto service-time distribution is higher
than that of the matrix-exponential, service-time distribution and both of them rise linearly upward.

Figure 3. Effect of N on mean sojourn time.

Example 4. Let us take the service time distribution as PH-type having the representation (β1β1β1, T1T1T1),

where β1β1β1 = (0.25, 0.75) and T1T1T1 =

(−1 0
0 −2

)
, so that μ = 1.6. Moreover, let us take other

parameters as a = b = 5, λ = 6 with ρ = λ
b·μ = 0.75. Using the method described in the preceding

sections, we obtained the CDF of the sojourn time of a random customer for the M/PH2/1/20
queue. To present a numerical comparison, we have used the CDF values of the sojourn time obtained
in Example 4 of Yu and Tang [49]. In our example, if we take buffer space high (say, N = 300), our
model behaves almost as an infinite-buffer, single-server queue, as the traffic intensity (ρ = 0.75) is
less than one. From Table 4 and Figure 4, it can be observed that while the buffer size (N) is large,
the values of the sojourn time CDF almost match the results of the infinite-buffer queue as obtained
in [49]. Substituting k = 1 into Equation (46), we get the value of the expectation of the sojourn
time in the system for a random customer, E[V] = 1.626046 when N = 20. If we take N = 300, the
expectation can be obtained as E[V] = 2.153832. We also calculated E[V] = 2.153820 using the
sojourn time CDF obtained from [49]. The denominator (28.0z5− 45.0z6 + 18.0z7− 6.25+ 5.25z)
of Equation (7) when equated to zero gives one root equal to 1, four roots inside the unit disk and
two roots outside the unit circle. γ6 = 1.080640, γ7 = 1.265100. Using these γi’s, p+∗(z) can be
expressed by applying the partial-fraction method, as follows:

p+∗(z) = D
( l̂6

z− γ6
+

l̂7
z− γ7

)
, (59)

where D = 1.000000, l̂6 = −0.066828, l̂7 = −0.045404.
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Table 4. Comparison among the CDF of sojourn times from Example 4 with the parameters λ = 6,
μ = 1.6, a = 5, b = 5, N = 20/300 and ρ = 0.75.

W(t) from W(t) from W(t) from
t Present Paper with N = 20 Present Paper with N = 300 Yu and Tang [49] with N → ∞

2 0.689965 0.618004 0.610358
4 0.975235 0.858918 0.856842
6 0.996731 0.946573 0.945808
8 0.999626 0.979706 0.979418

10 0.999957 0.992289 0.992180
12 0.999994 0.997070 0.997029
14 0.999999 0.998887 0.998871
16 0.999999 0.999577 0.999571

For Table 4, a mathematical expression of W(t) for N = 300 is as follows:

W(t) =(−0.058873e−0.78404t sin(3.74003t)− 0.0000129996e1.79961t − 0.973426e1.51618t

+ 0.194208e−0.78404t cos(3.74003t)− 0.423864e0.356990t + 0.999999e2t

+ 0.203411− 0.000312514et)e−2t, t ≥ 0.

Almost similar expressions have been obtained for all other cases, and hence, those are sometimes not
presented in the paper.

Figure 4. Comparison among the CDF of the sojourn times for different values of N from Example 4
of Yu and Tang [49].

Example 5. In this example, we consider phase-type (PH) service-time distribution with the

representation (β2β2β2, T2T2T2), where β2β2β2 = (0.1, 0.6, 0.3), T2T2T2 =

⎛⎝−2 2 0
3 −5 0
0 0 −4

⎞⎠ with μ = 1. The

other parameters are taken as λ = 10, N = 20, a = 3, b = 10, and ρ = 1. We have from the
denominator of (7) as 250z13 − 1025z12 + 1380z11 − 609z10 + 60z2 − 160z + 104, when equated
to zero gives two roots equal to 1, nine roots inside the unit disk, and two roots outside the unit
circle. γ12 = 1.395684, γ13 = 1.636619. Using these γi’s, p+∗(z) can be expressed by applying
the partial-fraction method, as follows:

p+∗(z) = D

(
l̂11

z− 1
+

l̂12

z− γ12
+

l̂13

z− γ13

)
, (60)
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where the values of D, l̂11, l̂12, and l̂13 can be obtained from Equation (14) and partial fraction
method as:

D = −0.386247, l̂11 = 0.131752, l̂12 = −0.048451, l̂13 = −0.035298.

The obtained results are given in Table 5. From the table, the loss probability of a random arrival
customer can be observed as Ploss = p1(20) = 0.221596. The CDF of queueing-time distribution
Wq(t) for the model is obtained using the approach discussed in the paper as follows:

Wq(t) =0.999998− 1.92626e−2.12386t cos(0.744301t)− 7.89988e−2.12386t sin(0.744301t)

+ 0.926266e−1.1913t cos(2.05986t) + 1.26064e−1.1913t sin(2.05986t), t > 0.

Moreover, using similar methodology conferred in the paper, the CDF of sojourn-time distribution
W(t) for the model is obtained as follows:

W(t) =[−5.0501e1.87614t sin(0.744301t) + 0.861564e2.8087t sin(2.05986t)

+ 1.68092e1.87614t cos(0.744301t)− 0.183397e2.8087t cos(2.05986t)

− 0.0876947e−2.37228t − 1.44189e3.37228t

+ 0.999999e4t − 0.967939]e−4t, t ≥ 0.

Table 5. Computation of post-departure epoch probabilities and random epoch probabilities (when
the server is busy) for Example 5 with the parameters λ = 10, μ = 1, a = 3, b = 10, N = 20 and ρ = 1.

n p+(n) p1(n) n p+(n) p1(n)

0 0.029150 0.045410 11 0.050509 0.044813
1 0.036192 0.046814 12 0.050621 0.039850
2 0.040896 0.047768 13 0.050699 0.034880
3 0.044057 0.048419 14 0.050755 0.029904
4 0.046194 0.048866 15 0.050794 0.024925
5 0.047648 0.049174 16 0.050821 0.019943
6 0.048641 0.049388 17 0.050841 0.014959
7 0.049324 0.049537 18 0.050855 0.009973
8 0.049796 0.049640 19 0.050864 0.004987
9 0.050123 0.049713 20 0.050871 0.221596
10 0.050350 0.049764 - - -

p0(0) = 0.002858, p0(1) = 0.006406, p0(2) = 0.010415.

Putting k = 1 and 2 in Equation (42), we obtain the following:

E[Vq] = 1.315271, E[V2
q ] = 2.318872, and

Var(Vq) = 0.588934.

Similarly, a moment of order n can be obtained for the sojourn time in the system for a random
customer by substituting k = 1 and k = 2 in Equation (46):

E[V] = 2.315271, E[V2] = 7.874414, and

Var(V) = 2.513934.

We have plotted loss probability (Ploss) and mean sojourn time (E[V]) against the buffer size N by
varying it from 10 to 45 in Figure 5, from which it is apparent that as the system capacity rises,
Ploss decreases and the mean sojourn time increases linearly apparently.
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Figure 5. Buffer size (N) versus mean sojourn time (E[V]) and N versus loss probability (Ploss).

Example 6. Medhi [7] deals with the waiting-time distribution for the M/M(a,b)/1 queueing
model under steady-state. In this example, we have analysed this model and compared it with the
results of [7]. Here, the service time is assumed to be exponentially distributed with a mean of 1

μ

and B∗(s) = μ
μ+s . Let us take the parameters as a = 3, b = 6, N = 200, λ = 6.7, and μ = 1.7

with ρ = λ
bμ = 0.656863. Following a similar procedure, as described in the examples mentioned

earlier, we have obtained the following results and compared our results with that of [7] in Table 6.
Moreover, we have calculated the CDF of the waiting time in the queue and compared it with the
results of [7]. Using the procedure discussed in the paper, Wq(t) is obtained as follows:

Wq(t) =0.999999− 0.0177191e−5.20699t − 0.125600e−5.10225t cos(10.5612t)

− 0.257258e−5.10225t sin(10.5612t)− 0.856680e−0.905312t

+ 0.0000107034e−0.335552t, t > 0.

Using [7], Wq(t) is obtained as follows:

Wq(t) =1.000000− 0.856711e−0.90531t − 0.434749e−6.7t + 0.360203e−7.60531t − 1.45641e−6.7tt

+ 1.28304te−7.60531t, t > 0.

The results have been exhibited in Table 7 and Figure 6.

Table 6. Performance measures of different quantities with that of [7].

Quantities Expression Results Obtained from Results Obtained from
the Present Paper Medhi [7]

Expected waiting time E(Vq) 0.974087 0.974087
in the queue

Second order moment of Vq E(V2
q ) 2.093599 2.105153

Expected sojourn time E(V) 1.562322 1.562322
in the system
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Table 7. Comparison between numerical results for CDF of queueing time of a random customer
from Example 1 with the parameters λ = 6.7, μ = 1.7, a = 3, b = 6, N = 200 and ρ = 0.656863.

Wq(t) from Wq(t) from
t the Present Paper Medhi [7]

2 0.859884 0.859882
4 0.977085 0.977084
6 0.996252 0.996252
8 0.999387 0.999387
10 0.999900 0.999900
12 0.999984 0.999984
14 0.999997 0.999997

Figure 6. Comparison of CDF of queueing time obtained from this paper against that of Medhi [7].

Example 7. In reference [49], the sojourn-time distribution for the M/M[a]/1 queueing model
under steady-state was numerically illustrated with the parameters a = b = 4, λ = 3.0, and
μ = 1.0, and ρ = 0.75. Reference [49] p. 1511, obtained the expression for W(t) as follows:

W(t) = 1.0 + 0.237540e−3t + 0.339631te−3t + 0.162036t2e−3t − 1.237543e−0.377695t, t ≥ 0.

Using the procedure discussed in this paper W(t) is obtained as follows:

W(t) =0.999999 + (0.141648e−0.23297t sin(7.12046t) + 0.183803e−6.82028t

+ 0.0214328e−0.23297t cos(7.12046t)− 1.20519e0.622305t

+ 0.0000105754e0.767445t − 0.0000332082)e−t, t ≥ 0.

Using Medhi [7], W(t) is obtained as follows:

W(t) =0.999999− 0.0420232e−3.37770tt2 − 0.882464e−3.37770tt− 1.20518e−0.3777t

− 0.621137e−3.37770 − 0.204900e−t + 0.562490e−3.0tt2

+ 1.31248e−3.0tt + 1.03123e−3.0t, t ≥ 0.
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In this example, we have analysed this model and compared it with [7]’s results. Here, the
service time is assumed to be exponentially distributed with a mean of 1

μ = 1.0 and B∗(s) = 1.0
1.0+s .

Following a similar procedure, as described in the aforementioned examples, we have obtained the
following results taking N = 300 and compared our results with that of [49] in Table 8. Also, we
have compared them with the results of [7]. The results have been exhibited in Table 8. Further,
it can be seen that E(V) = 3.147639 exactly matches with that of [7] while E(V) = 3.147645 is
given in [49].

Table 8. Comparison among the CDF of sojourn times from Example 7 with the parameters λ = 3,
μ = 1.0, a = b = 4, N = 300 and ρ = 0.75.

W(t) from W(t) from W(t) from
t Present Paper with N = 300 Medhi [7] Yu and Tang [49]

2 0.445537 0.415938 0.418568
4 0.733605 0.730294 0.726828
6 0.874932 0.874503 0.871656
8 0.941281 0.941208 0.939701

10 0.972411 0.972401 0.971670
12 0.987037 0.987036 0.986690
14 0.993910 0.993910 0.993746
16 0.997139 0.997139 0.997062
18 0.998656 0.998656 0.998620
20 0.999368 0.999368 0.999351

E(V) = 3.147639 E(V) = 3.147639 E(V) = 3.147645

Computation Time Comparison

Finally, the computation time for determining the queue-length distribution at a
post-departure epoch of a batch in an M/PH(3,10)/1/N queueing system using the roots’
method, the GTH algorithm and the RG-factorization technique (extensions of the matrix-
analytic method) have been compared. The computation time for these three techniques
(which are already discussed in the previous remark) has been presented graphically in
Figure 7. We used MAPLE 2015 in a PC with Intel(R) Core i7 processor @3.40 GHz with
8 GB RAM and the Windows 10 environment for this experiment. The PH representation
is taken the same as used for Example 1. The mean arrival rate (λ) is taken as λ = 20.
The buffer capacity (N) varies from 11 to 25, and for each case, the computation time (in
seconds) has been noted down for computing the stationary queue-length distribution at a
post-departure epoch of a batch. The computation times against each buffer capacity are
presented in Figure 7. Moreover, from Figure 7, it may be observed that the computation
time using the roots’ method is lower than that of the RG-factorization technique. Further,
from Figure 7, one can also see that the computation time for the roots’ method and GTH
algorithm are almost the same in the given range of the buffer capacity. One may observe
that the computation time using the roots’ method and GTH algorithm is almost parallel
to the x-axis in the given range of N, see Figure 7.
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Figure 7. Computation time for different techniques with varying number of servers.

6. Conclusions

In this paper, the finite-buffer, bulk-service queue has been analysed, and the steady-
state probability distributions at random- and post-departure epochs have been obtained.
For this purpose, the roots of the characteristic equation are used. After that, the functional
relation between the pgf of the queue-length distribution and the LST of the queueing-time
distribution have been used to obtain the queueing time distribution when the server is busy.
Moreover, we obtain the probability density functions of the sojourn time and the queueing-
time distributions. The analysis of the stationary probabilities for the batch arrivals and
batch service queues have problems in dealing with waiting-time distributions. Instead of
the Poisson arrival process, one may consider a non-renewal (batch) arrival process (MAP
or BMAP arrival processes) to the same bulk-service queue studied in this paper, and in
such a case, the stationary distributions may be achieved using a solution procedure similar
to the present article. The analysis of stationary probability vectors for the corresponding
batch size dependent bulk-service service queues, such as BMAP/MSP(a,b)

n /1/N (∞) and
BMAP/G(a,b)

n /1/N (∞) are interesting problems and may attract researchers’ attention in
the near future.
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Appendix A

Remark A1. It may be remarked here that the results derived in Equations (30) and (31) are
actually the same as the corresponding expressions for these probabilities derived in Equations (2.18)
and (2.19) presented by Chaudhry and Gupta [17], respectively. This fact can be verified as follows:
Solving n linear equations given by (30) with n unknowns p0(n) (0 ≤ n ≤ a− 1), we obtain:
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p0(n) =
1

λT

n

∑
i=0

p+(i) =
∑n

i=0 p+(i)
ρb + ∑a−1

i=0 (a− i)p+(i)
, (A1)

where λT = ρb + ∑a−1
i=0 (a− i)p+(i) using Equation (26). Equation (A1) is exactly the same as

Equation (2.18) in [17]. Next, consider the following pgf as described before:

K̂(z) �
∞

∑
i=0

k̂izi =μ
1− B∗(λ− λz)

λ− λz
=

μ

λ

(
1−

∞

∑
i=0

kizi
)
(1 + z + z2 + · · · ), (A2)

where K(z) = B∗(λ− λz) � ∑∞
i=0 kizi. Now, comparing the coefficients of the like powers of z in

both sides of Equation (A2), we obtain:

k̂n =
μ

λ
(1−

n

∑
i=0

ki), n ≥ 0. (A3)

Substituting k̂n from Equation (A3) on the right-hand side of Equation (31), using Equation (2)
and after simplification, we get:

p1(n) =
∑

min{b+n,N}
i=n+1 p+(i)

ρb + ∑a−1
i=0 (a− i)p+(i)

, 0 ≤ n ≤ N − 1, (A4)

which is exactly the same expression as given by Equation (2.19) in [17].
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Abstract: The Hawkes process, which is generally defined for the continuous-time setting, can be
described as a self-exciting simple point process with a clustering effect, whose jump rate depends
on its entire history. Due to past events determining future developments of self-exciting point
processes, the Hawkes model is generally not Markovian. In certain special circumstances, it can be
Markovian with a generator of the model if the exciting function is an exponential function or the
sum of exponential functions. In the case of non-Markovian processes, difficulties arise when the
exciting function is not an exponential function or a sum of exponential functions. The intensity of the
Hawkes process is given by the sum of a baseline intensity and other terms that depend on the entire
history of the point process, as compared to a standard Poisson process. It is one of the main methods
used for studying the dynamical properties of general point processes, and is highly important for
credit risk studies. The baseline intensity, which is instrumental in the Hawkes model, is usually
defined for deterministic cases. In this paper, we consider a linear Hawkes model where the baseline
intensity is randomly defined, and investigate the asymptotic results of the large deviations principle
for the newly defined model. The Hawkes processes with randomized baseline intensity, dealt with
in this paper, have wide applications in insurance, finance, queue theory, and statistics.

Keywords: Hawkes process; self-exciting point processes; intensity; baseline intensity; large
deviations principles

MSC: 60G55; 60F05; 60F10

1. Introduction

The Hawkes process is a self-exciting point process with a clustering effect and a
jump rate that depends on its entire history [1]. There are many uses and benefits to
Hawkes processes for modeling simple point processes. The Hawkes process exhibits
self-exciting properties and clustering effects. Compared with a standard Poisson process,
the intensity process for a point process consists of a summation of the baseline intensity
and other terms that depend on the process’s past. Hawkes processes are typically used
in the modeling of high-frequency trading to express temporal phenomena in a stochastic
process that evolves in continuous time. In addition to capturing the self-exciting property
and clustering effects, the Hawkes process is a natural generalization of the Poisson process.
This process is a variable model that is amenable to statistical analysis. As a result, it
has a wide range of applications in criminology [2], finance [3], seismology [4], DNA
modeling [5], neuroscience [6], machine learning, and artificial intelligent [7,8]. A general
description of the Hawkes process is given below.

Let N be a simple point process on R and let F−∞
t := σ(N(C), C ∈ B(R), C ⊂ (−∞, t])

be an increasing family of σ−algebras. Any nonnegative F−∞
t -progressively measurable

process λt having

E
[
N(a, b]|F−∞

a
]
= E

[∫ b

a
λsds|F−∞

a

]
(1)
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a. s. for all intervals (a, b] is called an F−∞
t -intensity of N. We use the notation Nt := N(0, t]

to denote the number of points in the interval (0, t].
Let N be a simple point process containing an F−∞

t -intensity (general Hawkes process)

λt := λ

(∫ t

−∞
h(t− s)N(ds)

)
, (2)

where λ(·) : R+ → R+ is locally integrable and left continuous, h(·) : R+ → R+ and as-
suming ‖h‖L1 =

∫ ∞
0 h(t)dt < ∞. Here,

∫ t
−∞ h(t− s)N(ds) stands for

∫
(−∞,t) h(t− s)N(ds).

It is assumed that N(−∞, 0] = 0, in other words, the history of the Hawkes process is nil.
Typically, h(·) and λ(·) are known as the exciting function and rate function, respectively.
The Hawkes process can either be linear or nonlinear. It is linear only when λ(·) is linear,
otherwise, it is nonlinear. The above-mentioned model is non-Markovian. This is because
the future evolution of this model depends upon its history of events and their occurrences.
It is only in a special case that the above model behaves as Markovian. The Hawkes process
has several applications, such as in criminology [2], finance [3], seismology [4], DNA mod-
eling [5], and neuroscience [6]. Since it has both self-exciting and clustering properties, it is
considered appropriate for certain financial applications. The clustering and self-exciting
properties of the Hawkes processes have been utilized in modeling correlated defaults and
estimating credit derivatives in finance; see Errais et al. [3] and Dassios and Zhao [9].

The linear Hawkes process [1] is much more commonly used than the non-linear one.
Almost all applications of the Hawkes process use the linear model, such as immigration-
birth representation [10], central limit theorems, the law of large numbers, large deviation
principles, and the Bartlett spectrum [1,11–13]. In contrast, the nonlinear Hawkes process
finds less application due to the lack of immigration birth representation and computational
tractability. The nonlinear model was first reported by Brémaud and Massoulié [14]
and has since been studied extensively [15–19], for example, the central limit theorem
in [17], the large deviation principles [16], and applications in financial mathematics [19,20].
Jaisson and Rosenbaum presented limit behavior theorems and scaling limits for the rough
fractional diffusion of the nearly unstable Hawkes model [21,22]. Seol studied the inverse
process of Hawkes processes and reported limit theorems for the arrival time τn, arrival
time [23]. Due to the continuous progress in storage technology, data-driven models
have gained significant attention recently. However, the Hawkes process is defined in
continuous-time settings, whereas events, in reality, are often recorded in discrete time.
More importantly, the data should be collected in fixed intervals to avoid showing aggregate
results. For instance, continuous-time Hawkes processes can model events occurring at
unequal time intervals, whereas equal interval discrete-time Hawkes processes are required
to model events occurring at fixed intervals. Seol proposed a 0–1 discrete case Hawkes
process starting from an empty history and used it to study central limit theorems, laws
of large numbers, and invariance principles [24]. Recently, Wang [25,26] studied the limit
behaviors of a discrete-time Hawkes process with random marks and proved the large and
moderate deviations for a discrete-time Hawkes process with marks.

Seol also investigated moderate deviation principles for Hawkes processes with ran-
dom marks [27], and limit laws for the process of the compensator in Hawkes processes [28].
In addition to large time limits, Gao and Zhu also conducted studies on asymptotic re-
sults [29–32]. Furthermore, several studies related to the extension and modification of
the classical Hawkes process have been reported in the literature. For example, in one
study, the baseline intensity was considered to be inhomogeneous in time [33]. In another
report, a dynamic contagion model was used where the immigrants were assumed to arrive
following the Cox process with shot noise intensity [9]. Next, Wheatley et al. considered
the renewal Hawkes process, which is a generalization of the classical Hawkes process,
where immigrants arrive according to a renewal process instead of a Poisson process [34].
In addition to the studies mentioned above, other variations and extensions of the Hawkes
process have also been reported in the literature [9,35–38]. Recently, Seol introduced the
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inverse Markovian Hawkes process and studied the limit theorems for the same. The
inverse Markovian Hawkes process has the features of several existing models of the
self-exciting process [39]. Seol also reported an extended version of the inverse Markovian
Hawkes model [40] and non-Markovian inverse model [41]. In the present paper, linear
Hawkes processes are employed with randomized baseline intensity, which has important
applications. We also studied the limit theorems for the randomized baseline intensity
of the Hawkes process. It is worth mentioning that Gao and Zhu studied the functional
central limit theorems for the stationary case of the Hawkes process with its application to
infinite-server queues [33]. They also studied large baseline intensity asymptotics. How-
ever, there are two main differences between their paper [33] and the current paper. First,
in the present work, empty history was used, but Gao and Zhu used the stationary version
of the Hawkes process [33]. Second, in the current paper, we studied scalar limit theorems
for fixed t, whereas Gao and Zhu [33] considered functional limit theorems. The present
paper is organized as follows: Section 2 presents some auxiliary results to support our main
results, Section 3 presents our main results, and Section 4 contains the proofs of the main
theorems.

2. Preliminaries

A review of the main problems is given in this section, along with an introduction to
the classical results. Throughout the paper, we will be using a set of assumptions.

Assumption 1. (1) λ(z) = ν + z, for some ν > 0,
(2) ‖h‖L1 < 1 where ‖h‖L1 =

∫ ∞
0 h(t)dt < ∞.

Assumption 1 denotes that λ is a linear and increasing function. This implies that
the Hawkes process represents immigration-birth very well, which is the main tool in the
current paper.

A linear Hawkes process can be represented by an immigration-birth process, which is
used in proving the theorem. The following is a general description of the immigration-birth
representation. An immigrant arrives following a standard homogeneous Poisson process
at a constant intensity ν > 0. Then, based on the Galton–Watson tree, each immigrant
generates a number of children [10]. Let η be the number of an immigrant’s children, and η
has a Poisson distribution with parameter ‖h‖L1 . Conditioned on the number of children
of an immigrant, the time when a child is born has a probability density function of

h(·)
‖h‖L1

. (3)

The immigration-birth representation signifies that Nt denotes the total number of
immigrants and their descendants up to time t.

Some reviews on the results of the Hawkes processes are shown below.

Limit Theorems for Hawkes Processes

The limit theorems of both linear and nonlinear Hawkes processes have been studied
by many researchers.

Linear case model: Since λ(·) is linear, say λ(z) = ν + z for some ν > 0, and ‖h‖L1 < 1,
there is an excellent immigration-birth representation, and the limit theorems can be
represented more explicitly. Daley and Vere-Jones [42] investigated the proof of the law
of large numbers for the linear case of the Hawkes process. Functional central limit
theorems for linear cases of multivariate Hawkes processes with certain assumptions were
studied by Bacry et al. [11]. Bordenave and Torrisi [12] proved that if 0 < ‖h‖L1 < 1 and∫ ∞

0 th(t)dt < ∞, then (Nt
t ∈ ·) satisfies the large deviation principles. Zhu reported the

moderate deviation principle for the linear case in continuous-time Hawkes processes [18],
as well as the limit theorems for linear Hawkes processes with random marks [37].
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Nonlinear case model: Since λ(·) is nonlinear, the usual immigration-birth represen-
tations are no longer relevant. This makes the nonlinear model much harder to study.
Brémaud and Massoulié [14] proved that there are unique stationary versions of nonlin-
ear Hawkes processes, under certain conditions, and nonstationary versions converge to
equilibrium. The central limit theorem obtained by Zhu [15,17] demonstrated the large
deviation for a special case of the nonlinear model when h(·) is exponential or a sum of ex-
ponentials. Zhu [16] proved a process-level large deviation principle for nonlinear Hawkes
processes with general h(·), namely the level-3 large deviation principle and, therefore,
by the contradiction principle, the level-1 large deviation principle for (Nt

t ∈ ·). Before
we proceed, let us review some limit theorem results of the linear Hawkes process from
the literature. Daley and Vere-Jones [42] proved the law of large numbers for the linear
Hawkes process, as follows.

Nt

t
→ ν

1− ‖h‖L1
as t → ∞ (4)

The functional central limit theorem for the linear multivariate case of the Hawkes
process, under certain assumptions, was obtained by Bacry et al. [11]. They proved that

N·t − ·μt√
t

→ σB(·), as t → ∞, (5)

where B(·) is a standard Brownian motion and

μ =
ν

1− ‖h‖L1
and σ2 =

ν

(1− ‖h‖L1)3 (6)

The convergence used in the above theorem is weak convergence on the space D[0, 1],
which consists of càdlàg functions on [0, 1], and is equipped with the Skorokhod topology.
Bordenave and Torrisi [12] proved that if 0 < ‖h‖L1 < 1 and

∫ ∞
0 th(t)dt < ∞, then (Nt

t ∈ ·)
satisfies the large deviation principle with the good rate function I(·), which means that for
any closed set C ⊂ R,

lim sup
t→∞

1
t

logP(Nt/t ∈ C) ≤ − inf
x∈C

I(x),

and for any open set G ⊂ R,

lim inf
t→∞

1
t

logP(Nt/t ∈ G) ≥ − inf
x∈G

I(x), (7)

where

I(x) =

⎧⎪⎨⎪⎩
xθx + ν− νx

ν+‖h‖L1 x if x ∈ (0, ∞)

ν if x = 0
+∞ if x ∈ (−∞, 0).

(8)

where θ = θx is the unique solution in (−∞, ‖h‖L1 − 1− log ‖h‖L1), of

E(eθS) =
x

ν + x‖h‖L1
, x > 0 (9)

where S in the above equation denotes the total number of descendants of an immigrant,
including the immigrant himself.

The rate function described above I(x) can be represented as a more explicit form.
Note that (see [43] for detail), for all θ ∈ (−∞, ‖h‖L1 − 1− log ‖h‖L1), E(eθS) satisfies

E(eθS) = eθe‖h‖L1 (E(eθS)−1), (10)
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which implies that θx = log
(

x
ν+x‖h‖L1

)
− ‖h‖L1

(
x

ν+x‖h‖L1
− 1
)

. Substituting into the for-

mula, we have

I(x) =

⎧⎪⎨⎪⎩
x log

(
x

ν+x‖h‖L1

)
− x + ‖h‖L1 x + ν if x ∈ (0, ∞)

ν if x = 0
+∞ if x ∈ (−∞, 0).

(11)

Zhu [18] proved that if ‖h‖L1 < 1 and supt>0 t3/2h(t) ≤ C < ∞, then for any Borel set
A and time sequence

√
n � c(n)� n, there exists a moderate deviation principle

− inf
x∈A◦

J(x) ≤ lim inf
t→∞

t
c(t)2 logP

(
1

c(t)
(Nt − μt) ∈ A

)

≤ lim sup
t→∞

t
c(t)2 logP

(
1

c(t)
(Nt − μt) ∈ A

)
≤ − inf

x∈Ā
J(x) (12)

where J(x) =
x2(1−‖h‖L1 )

3

2ν .

3. Statement of the Main Results

This section states the main results of this paper. First, the asymptotic results for the
randomized baseline intensity will be presented. The results of the large deviation principle
of the Hawkes process with the randomized baseline intensity are shown below.

A Hawkes process Nt has the following intensity:

λt = ν +
∫ t−

0
h(t− s)dNs, (13)

where h(·) is the exciting function, ν > 0 is the baseline intensity.
We consider a Hawkes process Nt with randomized baseline intensity, i.e., ν follows a

distribution on [νmin, νmax], with 0 < νmin < νmax < ∞ and a probability density function
p(ν) > 0 for every ν ∈ [νmin, νmax]. Conditional on ν, Nt has the process of intensity

λt = ν +
∫ t−

0
h(t− s)dNs. (14)

For constant ν, we know that P(Nt/t ∈ ·) satisfies the large deviation principle with
the function of the rate

I(x; ν) =

⎧⎨⎩x log
(

x
ν+x‖h‖L1

)
− x + x‖h‖L1 + ν if x ∈ [0, ∞)

+∞ otherwise
. (15)

In this paper, we consider a modified model of the Hawkes process with randomized
baseline intensity, and investigate whether P(Nt/t ∈ ·) satisfies a large deviation principle
with a rate function that depends on the randomized baseline intensity, as shown below.

Theorem 1. Considering Assumption 1 is satisfied, P(Nt/t ∈ ·) satisfies the large deviation
principle with rate function:

I(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
I(x; νmax) if x > νmax

1−‖h‖L1
,

0 if x ∈ [ νmin
1−‖h‖L1

, νmax
1−‖h‖L1

],

I(x; νmin) if 0 ≤ x < νmin
1−‖h‖L1

,

(16)

and I(x) = +∞ otherwise.
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4. The Proofs of the Theorems

This section furnishes the proofs of the main theorems. The following lemma plays a
key role in proving the main theorem.

Lemma 1. For any x > νmax
1−‖h‖L1

,

lim
δ→0

lim
t→∞

1
t

logP

(
Nt

t
∈ Bδ(x)

)
= −I(x; νmax). (17)

Proof. For every x > νmax
1−‖h‖L1

,

P(Nt ≥ xt) ≥ P(ν ≥ νmax − ε)P(Nt ≥ xt|ν ≥ νmax − ε)

≥
∫ νmax

νmax−ε
p(ν)dνP(Nt ≥ xt|ν = νmax − ε).

Thus,

lim inf
t→∞

1
t

logP(Nt ≥ xt) ≥ −I(x; νmax − ε). (18)

On the other hand,

P(Nt ≥ tx) ≤ P(Nt ≥ tx|ν = νmax), (19)

and, thus,

lim sup
t→∞

1
t

logP(Nt ≥ xt) ≤ −I(x; νmax). (20)

Since (20) holds for any sufficiently small ε > 0, we conclude that for x > νmax
1−‖h‖L1

,

lim
t→∞

1
t

logP(Nt ≥ xt) = −I(x; νmax). (21)

This implies that for any x > νmax
1−‖h‖L1

,

lim
δ→0

lim
t→∞

1
t

logP

(
Nt

t
∈ Bδ(x)

)
= −I(x; νmax). (22)

This completes the proof of Theorem 1.

Lemma 2. For any x < νmin
1−‖h‖L1

,

lim
δ→0

lim
t→∞

1
t

logP

(
Nt

t
∈ Bδ(x)

)
= −I(x; νmin). (23)

Proof. For every x < νmin
1−‖h‖L1

,

P(Nt ≥ xt) ≤ P(ν ≥ νmin − ε)P(Nt ≥ xt|ν ≥ νmin − ε)

≤
∫ νmin

νmin−ε
p(ν)dνP(Nt ≥ xt|ν = νmin − ε).

Thus,

lim inf
t→∞

1
t

logP(Nt ≥ xt) ≤ −I(x; νmin − ε). (24)

On the other hand,

P(Nt ≥ tx) ≥ P(Nt ≥ tx|ν = νmin), (25)
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and, thus,

lim sup
t→∞

1
t

logP(Nt ≥ xt) ≥ −I(x; νmin). (26)

Since (26) holds for any sufficiently small ε > 0, we conclude that for x < νmin
1−‖h‖L1

,

lim
t→∞

1
t

logP(Nt ≥ xt) = −I(x; νmin). (27)

This implies that for any x < νmin
1−‖h‖L1

,

lim
δ→0

lim
t→∞

1
t

logP

(
Nt

t
∈ Bδ(x)

)
= −I(x; νmin). (28)

This completes the proof of Theorem 2.
Similarly, we can show that for any x < νmin

1−‖h‖L1
,

lim
δ→0

lim
t→∞

1
t

logP

(
Nt

t
∈ Bδ(x)

)
= −I(x; νmin). (29)

This completes the proof of Theorem 2.

Lemma 3. For any x ∈ [ νmin
1−‖h‖L1

, νmax
1−‖h‖L1

], we have

lim
δ→0

lim
t→∞

1
t

logP

(
Nt

t
∈ Bδ(x)

)
= 0. (30)

Proof. Finally, for any x ∈ [ νmin
1−‖h‖L1

, νmax
1−‖h‖L1

], we have for any sufficiently small δ > 0,

P

(
Nt

t
∈ Bδ(x)

)
≥ P

(
Nt

t
∈ Bδ(x)

∣∣∣∣ν ∈ Bδ(1−‖h‖L1 )
(x(1− ‖h‖L1)) ∩ [νmin, νmax]

)
· P
(

ν ∈ Bδ(1−‖h‖L1 )
(x(1− ‖h‖L1)) ∩ [νmin, νmax]

)
.

Conditional on (x− δ)(1− ‖h‖L1) ≤ ν ≤ (x + δ)(1− ‖h‖L1),

lim sup
t→∞

Nt

t
≤ x + δ, (31)

P(·|(x− δ)(1− ‖h‖L1) ≤ ν ≤ (x + δ)(1− ‖h‖L1))-a.s. and

lim inf
t→∞

Nt

t
≥ x− δ, (32)

P(·|(x− δ)(1− ‖h‖L1) ≤ ν ≤ (x + δ)(1− ‖h‖L1))-a.s.
This implies that

lim
δ→0

lim
t→∞

1
t

logP

(
Nt

t
∈ Bδ(x)

)
= 0. (33)

This completes the proof of Theorem 3.

Proof of Theorem 1. Finally, for any K > 0,

lim sup
t→∞

1
t

logP(Nt ≥ K) ≤ −I(K; νmax), (34)

which goes to −∞ as K → ∞.
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Hence, with Lemmas 1–3 and the fact that (34) is satisfied, we conclude that P(Nt/t ∈ ·)
satisfies a large deviation principle with the rate function:

I(x) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
I(x; νmax) if x > νmax

1−‖h‖L1
,

0 if x ∈ [ νmin
1−‖h‖L1

, νmax
1−‖h‖L1

],

I(x; νmin) if 0 ≤ x < νmin
1−‖h‖L1

,

(35)

and I(x) = +∞ otherwise. This completes the proof of Theorem 1.

5. Discussion

Hawkes processes are generally defined for continuous-time settings as self-exciting
simple point processes with a clustering effect, and their jump rate depends on the entire
history of the process. Due to the fact that past events determine the future developments
of self-exciting point processes, the Hawkes model is generally non-Markovian. However,
under special circumstances, it can be Markovian with a generator of the model if the
exciting function is an exponential function or the sum of exponential functions. Difficulties
arise in the case of non-Markovian processes when the exciting function is not an exponen-
tial function or a sum of exponential functions. Many disciplines use point processes to
analyze data, including criminology [2], finance [3], seismology [4], DNA modeling [5],
neuroscience [6], and many others. There are a number of point processes, including the
Poisson method, whose increments have independent timing, but real-life data generally
do not demonstrate independent timing. Despite its importance for applications, many key
theoretical results in the area remain unknown, including self-excitation, clustering, and
contagion. In addition to capturing both the self-exciting property and clustering effect, the
Hawkes process is a natural generalization of the Poisson process. Statistical analysis is pos-
sible for this process since it is variable. The large deviation theory describes the probability
of rare events that depend on a parameter, which is one of the important techniques used
to deal with some probabilistic properties. Moreover, the large deviation result is helpful in
studying the ruin probabilities of a risk process when the claim arrivals follow a Hawkes
process. The intensity process is one of the main methods used for studying the dynamic
properties of general point processes, and is particularly important for credit risk analysis.
The intensity of this point process is given by the sum of a baseline intensity plus other
terms that depend on the entire history of the point process, compared with a standard
Poisson process. The baseline intensity is usually defined for deterministic cases and plays
a crucial role in the Hawkes process. In this paper, we consider a linear Hawkes model
when the baseline intensity is randomly defined. Compared with previous results in the
literature [19], we investigate several asymptotic results to observe financial applications.
In particular, we have proven asymptotic results of the large deviation principle for the
newly defined model, which has wide applications in insurance, finance, queue theory, and
statistics. Therefore, this study has contributed to a better understanding of the large-time
behavior of self-exciting point processes and provided numerous theoretical asymptotic
behaviors of the Hawkes model, such as the large deviation principles for the randomized
baseline intensity model, which was newly introduced in this article. In the future, we plan
to perform additional experiments to verify the reliability of the Hawkes process model
proposed in this article and consider more complex models that can be newly defined by
the intensity processes of Hawkes models.

6. Conclusions

The Hawkes process, introduced by Hawkes [1], is a self-exciting point process, which
means that future arrivals are increased by each arrival for a certain period of time. This
process is an important class of the stochastic process, which found wide application in
diverse areas, such as criminology [2], finance [3], seismology [4], DNA modeling [5],
and neuroscience [6]. Recently, the Hawkes process was applied in machine learning
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and artificial intelligence [7,8]. In general, the model described in the current paper is
non-Markovian. In the non-Markovian model, a self-exciting system with future evolution
is controlled by the timing of past events. On the other hand, the Markovian model is used
in special cases. In other words, the Hawkes process depends on the entire history and
has a long memory. In addition to its self-exciting properties, it has clustering properties,
which makes it appealing to applications in the financial industry. Although several limit
theorems for linear and nonlinear Markovian cases are well known, there has been relatively
little study of non-Markovian and inverse Hawkes processes. In a recent paper, Seol [39]
presented a new inverse Markovian Hawkes process, mentioning the differences between
the general Hawkes process and the inverse Markovian Hawkes process. The Hawkes
process assumes that if there have been many jumps in the past, there will be more jumps
in the future as well. Inverse Hawkes processes, however, predict larger jumps in the
future as more jumps occurred in the past. Hawkes processes exhibit self-excitation that
is dependent on the intensity of the process, whereas inverse Hawkes processes exhibit
self-excitation that is related to the size of the jumps. Therefore, while the Hawkes process
represents self-excitation in terms of frequency, the inverse Hawkes process represents
self-excitation in terms of severity. The extended version of the inverse Markovian Hawkes
process was introduced by Seol [40] and he studied several theoretical results. One of
the best tools used for studying the dynamical properties of a general point process is
the intensity process. In particular, the intensity process is important for studying credit
risk. In the current paper, a more general (but active) model of the Hawkes process with
randomized baseline intensity was considered. The large deviations principle for Hawkes
processes with randomized baseline intensity was obtained in Theorem 1. Our results are
important for various financial applications and add to the existing literature. Additionally,
the findings of this paper have a broader impact on society beyond finance. In this paper,
researchers and the general public can gain a deeper understanding of how complex
systems cluster and self-excite. By using these techniques, we will build on, enhance, and
better understand topical applications of self-exciting point processes. The general public
and academics will be motivated to use them in the future. The newly defined model in this
paper can be extended to other asymptotic results, such as the law of large numbers, central
limit theorems, and moderate deviations in the future. In addition, we will consider the
renewal Hawkes process and dynamic contagion model with several asymptotic theorems
as potential projects.
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Abstract: A model of a particle flow forming a copy of some image and the distance between the
copy and the image are estimated using a special probability metric. The ability of the flow of balls to
cover the surface, when grinding the balls, was investigated using formulas of stochastic geometry.
Reconstruction of characteristics of an inhomogeneous Poisson flow by inaccurate observations is
analysed using the Poisson flow point colouring theorem. The dependence of the Poisson parameter
of the distribution of the number of customers in a queuing system with an infinite number of
servers and a deterministic service time on the peak load created by an inhomogeneous input Poisson
flow is estimated. All these models consist of an inhomogeneous Poisson flow of points and marks
glued to each point of the flow and are characterised by their mass, area, volume, observability (or
non-observability), and service time. The presence of an asymptotic power–law relationship between
model objective functions and parameters of mark crushing is established. These results may be
applied in nanotechnology, powder metallurgy, ecology, and consumer services in the implementation
of the “Smart City” program. The proposed approach is phenomenological in nature and is justified
by the results of real observations and experiments.

Keywords: Poisson point flow; stochastic geometry; safety margin; linear regression estimate; plan
of experiment; prediction algorithms; polynomial
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1. Introduction

The Poisson flow of points is widely used in queuing theory, in reliability theory, in
mathematical biology and ecology, in astronomy, and in many other applied
disciplines [1–5]. In this paper, we consider four systems described by inhomogeneous-
labelled Poisson flows [6,7], to the points of which special types of stamps are attached
(glued). The efficiency indicators of the systems and the parameter, characterising the
grinding of grades, and the corresponding increase in the intensity of the flow are intro-
duced. The dependence of the efficiency indicator on this parameter is investigated, and its
asymptotic behaviour is analysed when the grinding parameter tends to infinity. The fast
convergence of the efficiency indicator to zero is proven, which helps, in particular, to draw
important conclusions about the simulated systems.

In the first model, the mark of each Poisson flow point on a flat rectangle or three-
dimensional parallelepiped is its mass. In this way, a model of the image formed by a
printer/copier or a 3D printer is obtained. The accuracy of reproduction by the real density
of the flow of points of ideal density is investigated when the mass grinding parameter
tends to infinity in a specially selected probabilistic metric [8]. This model is closely related
to the tasks of nanotechnology.

In the second model, the mark of a Poisson flow point on a rectangle can be a
square/circle, the centre of which is glued to this point. The set of stamps forms the
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so-called Boolean random set [2,9–13]. This applied model can characterise a surface
covered with sprayed powder particles. As an indicator of efficiency, the mathematical
expectation of the area of the rectangle part that is not covered with stamps is taken. The
rate of convergence of this efficiency indicator to zero is investigated when the grinding
parameter of powder particles tends to infinity. This model is applicable to the assessment
of the quality of coatings created by the powder metallurgy method.

In the third model, the mark of the Poisson flow point on the plane is its colour red or
white. Points coloured red are considered as observable flow points, and points coloured
white are considered as unobservable [1]. The probability of flow points being coloured
red is an unknown parameter that can be interpreted as interfering/hidden [14–17]. When
analysing the flow of observed points, the interfering parameter is eliminated by the
transition from the number of flow points in a certain area to the ratio of the number of
flow points in a certain area to the number of flow points on the entire plane. Convergence
in the probability of the relative frequency of the number of observed points in a certain
region is established when the mathematical expectation of the number of observed points
on the plane tends to infinity. This model arose when comparing the number of tiger tracks
in different years in conditions when some tracks in the snow were invisible [18,19]. As a
result, data on the accounting of animal tracks in a given year become industrial statistics
and require special methods for their processing.

In the fourth model, the mark of a Poisson flow point on a straight line is a segment
of length a, the left end of which is glued to each flow point. In this case, the points
that are the right ends of the segments characterise the moments of leaving the queuing
system of customers after their service during a deterministic time. This paper considers
the case when the intensity of the input Poisson flow of customers into a system with an
infinite number of devices has a pronounced maximum. The possibility of smoothing this
maximum by reducing the service time is being investigated. This problem arises when
analysing consumer service systems and conveyor production systems [20–23]. The task
of smoothing the peak load was also considered in the papers [24–26] in relation to PC
software testing systems. However, in these papers, the assumption was made about a
special relationship between the intensity of the input flow and the intensity of service.

Such a statement of the question is caused by numerous problems for specialists in the
subject areas when processing and interpreting the data they receive. These include obser-
vations of the long-term operation of copiers, in which the quality of duplicated images
drops sharply. Apparently, this is due to the sintering of copier powder particles during
prolonged heating. The dependence on the particle size was also observed in experiments
to protect ball-bearing rings from collisions with balls by including polymer particles in the
ball-bearing oil. It turned out that with a decrease in the size of these particles, the uptime
of the ball bearing increases markedly. Another task was the observation of geographers for
the detection of animal tracks, depending on meteorological conditions. In particular, the
possibility of detecting a trace is significantly affected by the thickness of the snow cover. In
addition, if such a trace study is carried out over a large area, then the financial conditions
for organising observations also come to the fore. Many data-processing problems arise in
the “Smart City” program. Traffic jams significantly affect the quality of public services.
Therefore, recently, service centres, for example, sports complexes, are switching from
hard copies of user subscriptions to electronic cards. Such maintenance allows users not to
associate the time of their arrival for service with its periodic start.

The study of such phenomena creates an impetus for the development of mathematical
and statistical methods for the analysis of complex systems. Such problems arise from
various practical applications, and the use of mathematical models in solving them turns
out to be a rather complicated procedure. Therefore, it is more convenient to build not
very accurate, but rather easily calculated simulation models, in which the dependence of
performance indicators on model parameters is explicit.

The construction of such models requires the combination of several rather heteroge-
neous mathematical techniques. Here, it is very convenient to model an inhomogeneous
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Poisson flow of points with stamps pasted on them, the parameters of which are weight,
size, etc., characteristics that are related to the intensity of the flow. The construction of
asymptotic relations of the dependence of the efficiency index of such a system on the
parameters of the marks requires the use of inequalities commonly used for probabilistic
metrics when analysing the convergence rate in the limit theorems of probability the-
ory. Formulas of stochastic geometry can also serve as a convenient tool for constructing
such relations, especially in the framework of a Boolean model based on the Poisson flow
construction. Another convenient technique for working with point flows of an inho-
mogeneous Poisson flow is the method of interfering (hidden) parameter. In this case,
we can use well-known methods for analysing statistical samples in the presence of an
interfering parameter. All these circumstances require, when constructing and studying
the systems under consideration, the connection of heterogeneous mathematical elements:
the choice of an inhomogeneous Poisson flow of points, the choice of stamps glued to
the flow points, the choice of the ratio between the intensity of the flow of points and the
characteristic of the brand, the choice of the system efficiency indicator and the choice of
a mathematical method for analysing the dependence of the efficiency indicator on the
parameter of stamps.

The established effects of the convergence of the system efficiency indicator to zero
with the aspiration to infinity of the parameter of grinding marks are new. Methods of
the theory of probability metrics [8], methods of the theory of random sets [2], methods
of the theory of Poisson flows [1], and integral formulas for the parameter of the Poisson
distribution of the number of points of the Poisson flow in a certain segment were used to
study them. A characteristic feature of these models is a special choice of the efficiency in-
dicator, the grinding parameter of the stamps glued to the flow points, and the relationship
between the efficiency indicator and the grinding parameter. The proposed approach is
phenomenological in nature. It is initiated and justified by the results of real observations
and experiments.

2. Proximity of the Poisson Flow of Points to the Intensity Function When Grinding
the Masses of Points

This mathematical model is based on the notion of a Poisson flow of Π points on
r-dimensional Euclidean space Er. The number of points of the Poisson flow in the Lebesgue-
measurable subset A ⊆ Er does not depend on the number of points in any other Lebesgue-
measurable subset B ⊆ Er : A

⋂
B = � and obeys the Poisson distribution with the

parameter Λ(A). Next, we will assume that there exists a piecewise continuous func-
tion λ(x), x ∈ Er such that for any Lebesgue-measurable set A ⊆ Er, the parameter

Λ(A) =
∫

A
λ(x)dx. The function λ(x), x ∈ Er, is called the intensity of the Poisson flow Π.

Consider Poisson point flow Π on r-dimensional rectangle X with a continuous
intensity function λ(x) such that

Λ(X) =
∫

X
λ(x)dx < ∞. (1)

If X′ is a Lebesgue-measurable subset in the rectangle X, then a random number
of points n(X′) of the Poisson flow Π in the set X′ has a Poisson distribution with
the parameter

Λ(X′) =
∫

X′
λ(x)dx. (2)

Now let us denote Πm Poisson flow on the rectangle X with the intensity function
mλ(x). Let us put nm(X′) the number of flow points Πm on the set X′ and define random

variables Nm(X′) =
nm(X′)

m
. Here, the random variable Nm(X′) characterises the total

mass of the flow points Πm in the set X′, assuming that the mass of each point is 1/m.
We introduce the distance ρm between the point flow Πm, in which each point has

a mass 1/m, and the intensity function λ(x). To do this, we denote X as the partition
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of the rectangle X by a finite number n(X ) disjoint and Lebesgue-measurable subsets
X′1, . . . , X′n(X ). Let A be the set of all possible such partitions of X ; then, the distance ρm is
determined by the equality

ρm =

(
sup
X∈A

E
n(X )

∑
i=1

(Λ(X′i)− Nm(X′i))
2

)1/2

. (3)

It follows from the properties of the Poisson flow Πm that random variables Nm(X′i),
i = 1, . . . , n(X ) are independent. This property is based on the following statements.

In probability, statistics and related fields, a Poisson point process is a type of random
mathematical object that consists of points randomly located on a mathematical space with
the essential feature that the points occur independently of one another [2]. Consider a
collection of disjoint and bounded subregions of the underlying space. By definition, the
number of points of a Poisson point process in each bounded subregion will be completely
independent of all the others. This property is known under several names such as
complete randomness, complete independence [27], or independent scattering [4,6], and
it is common to all Poisson point processes. In other words, there is a lack of interaction
between different regions and the points in general [28], which motivates the Poisson
process, being sometimes called a purely or completely random process [27].

Therefore, the equalities are fulfilled Λ(X′i) = ENm(X′i),

E
n(X )

∑
i=1

(Λ(X′i)− Nm(X′i))
2 =

n(X )

∑
i=1

E(Λ(X′i)− Nm(X′i))
2 =

=
n(X )

∑
i=1

VarNm(X′i) =
1

m2

n(X )

∑
i=1

mΛ(X′i) =
Λ(X)

m
,

from which, due to Formula (3), we obtain

ρm =

√
Λ(X)

m
. (4)

Relation (4) shows how, when splitting the mass of points of the Poisson flow Πm into
m of identical parts, the distance between the flow Πm and the function λ(x) tends to zero
at m → ∞.

Remark 1. This ratio can be used to study the quality of work of 2D and 3D printers and copiers de-
pending on the mass of individual flow points, which can be interpreted as the mass of flow particles.

Remark 2. The results obtained in this section have not been previously used in the analysis of
copiers and 2D and 3D printers. They have made it possible to analyse the operation of these
devices during heating and sintering, as well as during the grinding of powder particles used in
these devices.

3. Covering Points of the Poisson Flow on the Plane with Cubes of Variable Size

Suppose there is Poisson point flow Πm with constant intensity mλ, given on the unit
square X, whose one side coincides with the axis of the abscissa. Let a square with a side
of length m−1/3, rotated by a random angle ϕ (between the axis of the abscissa and the
diagonal of the glued square) be glued to each point of the flow Πm. The angle ϕ has a
uniform distribution on the segment [0, π]. Thus, the set of squares glued to X forms a
random set obeying the Boolean model [2].
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Denote Sm as the complement of this random set to the unit square of X. According to
Steiner’s theorem [2], for the mathematical expectation αm of the area of a random set Sm,
the relation is fulfilled

αm = exp(−λm1/3)→ 0, m → ∞. (5)

Formally, we can assume that every square glued to a flow point Πm on the plane is the
side of a cube parallel to the sputtering plane with a volume 1/m. Then, the mathematical
expectation of the total volume of cubes is βm = λ. In the case, when this total volume
βm = λm−γ, 0 ≤ γ < 1/3, it is not difficult to obtain the ratio

αm = exp(−λm1/3−γ)→ 0, m → ∞. (6)

The obtained relations show that, when the cubes are crushed while maintaining or
decreasing their average total volume, the area of the random set Sm decreases to zero.

Remark 3. Along with shredding cubes, the proposed approach can be applied to coating a flat
surface with shredding balls. In this case, instead of squares, circles are considered, which are
projections of balls with a diameter of m−1/3 on the plane. Then, the relations are fulfilled

αm = exp(−πλm1/3/4)→ 0, m → ∞, βm = πλ/6. (7)

Remark 4. Such limiting ratios can be useful in analysing the quality of the coating obtained by
powder metallurgy. Another possible application of these results may be to evaluate the coating of
the ice surface with notches in order to reduce the possibility of people sliding on it.

Remark 5. The results of this section are based on the analysis of powder metallurgy processes.
They show that the grinding of powder particles makes it possible to increase the protective properties
of the particle layer on the metal surface. This one is being investigated analytically. The results
are very difficult to repeat using the equations of gas dynamics and the processes of gluing solid
particles to a metallic surface. The results of this section are the development of well-known results
in the field of stochastic geometry, which continue to develop to date [11].

4. Method of Eliminating the Interfering Parameter in Statistics of Poisson Points Flow

Let the Lebesgue-measurable and disjoint regions be distinguished on the plane
Gk, k = 1, . . . , n. Poisson point flow Π with continuous intensity λ(x) is given, and the
relations are fulfilled

λk =
∫

Gk

λ(x)dx < ∞, k = 1, . . . , r, λ =
r

∑
k=1

λk.

Denote Λk =
λk

λ
and consider the flow Πm with the intensity function mλ(x). Let

each point of the flow Πm be independent of other points and, from its coordinates with
probability p, enter the flow Πm. Then, the flow Πm due to the point colouring theorem of
the Poisson flow [1] is Poisson with intensity pmλ(x). Therefore, the number nk of flow
points Πm in the subdomain Gk has a Poisson distribution with the parameter pmλk, and

the sum n =
r

∑
k=1

nk has a Poisson distribution with the parameter pmλ.

Theorem 1. The convergence in probability of the random variable Nk =
nk
n

to the parameter Λk

is valid when m → ∞.

Proof. Due to the properties of the Poisson distribution, the relations are fulfilled

Enk = Var nk = pmλk, k = 1, . . . , r; En = Var n = pmλ. (8)
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It follows from the equalities (8) that

Var
nk

pmλk
=

1
pmλk

, Var
n

pmλ
=

1
pmλ

.

From Chebyshev’s inequality, we obtain that for any ε, 0 < ε < 1, and for m → ∞

P
(

1− ε ≤ nk

pmλk
≤ 1 + ε

)
≥ 1− 1

pmλkε2
→ 1, k = 1, . . . , r,

(9)

P
(

1− ε ≤ n
pmλ

≤ 1 + ε

)
≥ 1− 1

pmλε2
→ 1.

Using Formulas (8) and (9), it is not difficult for any ε, 0 < ε <
1
2

, to obtain
the inequality

P
(

1− 2ε ≤ Nk
Λk
≤ 1 + 4ε

)
≥ P

(
1− ε

1 + ε
≤ Nk

Λk
≤ 1 + ε

1− ε

)
≥ 1− 1

pmλkε2
− 1

pmλε2
. (10)

From the inequality Λk ≤ 1, and from Formula (10), we obtain the relation

P(−2ε ≤ Nk −Λk ≤ 4ε) ≥ 1− 1
pmλkε2 −

1
pmλε2 → 1, m → ∞. (11)

This proves the statement of Theorem 1.

Therefore, the relation Nk, for m → ∞, is a consistent estimate of the parameter Λk,
free of probability p, playing the role of an interfering parameter in this problem.

Remark 6. Using Inequalities (11), we can assume that p = p(m) = m−δ, 0 ≤ δ < 1, and
establish convergence by probability Nk to Λk at m → ∞.

Remark 7. This problem arises when comparing accounts of the number of animal tracks in the
snow when the interfering parameter takes on different values caused by different meteorological
and economic characteristics in different years.

Remark 8. The results obtained in this section show that the analysis of traces of rare animals re-
quires more careful processing of the results obtained. This becomes especially important when traces
are investigated over a large area and data collection turns into an industrial statistics procedure.

5. Peak Loads in the Queuing System M|D|∞
Consider a queuing system with a nonstationary Poisson input flow of intensity

λ(t), t ≥ 0, with a deterministic service time a and an infinite number of servers. Let the
intensity of Poisson input flow λ(t), 0 ≤ t ≤ T, be a continuously differentiable function,
and at the point t∗, 0 < t∗ < T − a has a single extremum maximum.

Denote n(t) as the number of customers in the queuing system at time t. It is obvious
that the random variable n(t) has a Poisson distribution with the parameter

Λ(t) =
∫ t

max(0,t−a)
λ(u)du. (12)

Designate λ(t∗) = λ∗, Λ∗ = sup
0≤t≤T

Λ(t).

Let us investigate the dependence of the efficiency indicator Λ∗ on the parameters
λ∗, a. First, focus on the analysis of the smoothing of the peak load determined by the
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intensity of the input stream λ(t), with a decrease in the parameter a. It is obvious that the
inequality is true

Λ∗ ≤ aλ∗. (13)

Thus, reducing the parameter a leads to a decrease in the value of Λ∗.
Let us now proceed to a more detailed study of the dependence Λ∗ on the parameter

a. From Formula (12), it follows that the equalities are fulfilled

Λ(t) =
∫ t

0
λ(u)du 0 ≤ t ≤ a, Λ(t) =

∫ t

t−a
λ(u)du, a ≤ t ≤ T. (14)

Now calculate the derivative of twice piecewise continuously differentiable function
Λ(t) for t 
= a :

Λ̇(t) = λ(t), 0 ≤ t < a ≤ T, Λ̇(t) = λ(t)− λ(t− a), a < t ≤ T. (15)

Theorem 2. The function Λ(t) has a single extremum-= maximum t∗ on the segment [0, T] and
a ≤ t∗ ≤ t∗ + a.

Proof. It follows from Formula (15) that the inequalities are satisfied

Λ̇(t) ≥ 0, 0 ≤ t < a; Λ̇(t) ≤ 0, t∗ + a ≤ t ≤ T. (16)

(1) Assume that 0 ≤ t∗ ≤ a, λ(0) ≥ λ(a). From (16), we have that the function Λ(t) is
non-decreasing on [0, a] and non-increasing on [t∗ + a, T]. Calculate now

sup
a<t≤t∗+a

Λ̇(t) = sup
a<t≤t∗+a

(λ(t)− λ(t− a)) ≤ sup
a<t≤t∗+a

λ(t)− inf
a<t≤t∗+a

λ(t− a) =

= λ(a)− inf
0<t≤t∗

λ(t) = λ(a)− λ(0) ≤ 0.

Consequently, the function Λ(t) has single extremum maximum at the point t∗ = a.
(2) Assume that 0 ≤ t∗ ≤ a, λ(0) ≤ λ(a),; then, from (15) and (16), we have that Λ̇(a+ 0) =
λ(a)− λ(0) ≥ 0, Λ̇(t∗ + a) ≤ 0. Now calculate

sup
a≤t≤t∗+a

Λ̈(t) = sup
a<t≤t∗+a

λ̇(t)− inf
a<t≤t∗+a

λ̇(t) ≤ 0. (17)

Hence, we obtain the existence of a single root of the function Λ̇(t) and thus a single
extremum maximum t∗ for the function Λ(t) and the inequality a ≤ t∗ ≤ t∗ + a.
(3) If a ≤ t∗, then from Formulas (15) and (16), we have

Λ̇(t) ≥ 0, 0 ≤ t < a; Λ̇(t) ≥ 0, a < t ≤ t∗; Λ̇(t) ≤ 0, t∗ + a ≤ t ≤ T.

Analogously with (17), we lead to

Λ̇(t∗) ≥ 0, Λ̇(t∗ + a) ≤ 0; sup
t∗≤t≤t∗+a

Λ̈(t) ≤ 0.

Consequently, we obtain the existence of a single extremum maximum t∗ for the function
Λ(t) and the inequality a ≤ t∗ ≤ t∗ ≤ t∗ + a, and thus Theorem 2 is proved.

Let us now proceed to illustrate the results obtained in a numerical example. Suppose
that for some T > a > 0, the function

λ(t) =
exp(−(t− b)2/(2c))√

2πc
, 0 < t < T − a, λ(t) = 0, t ≤ 0 or T − a ≤ t. (18)

Then, for T = 10, b = 5, c = 1, the function Λ(t) looks like this.
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Figure 1 shows how when the parameter a increases, the maximum Λ∗ and the point
t∗ increase.

Figure 1. Graphs of functions λ(t) (dotted line), Λ(t) (solid line).

Remark 9. Such a task arises when modelling sports complexes, cinemas, and production conveyor
systems.

Remark 10. The results obtained in this section arose when comparing the previous one, based on
hard copy subscriptions with periodic access of users to the service system, and the new one, using
electronic cards and allowing users at any time that was convenient for them. The known methods
of calculating queuing systems with variable input flow intensity [29,30] are quite complex, and
their application for the M|D|∞ system seems superfluous.

6. Discussion

As possible extensions of the problems considered in this paper, there may be a transi-
tion from the Poisson flow model of points to more complex and, perhaps, more adequate
models of point flows. The construction of asymptotic relations for the dependence of the
flow intensity on the parameter of stamps is not always convenient. It uses very strict
requirements for a small (large) parameter characterising the stamp glued to the point
(mass, size, probability of detection, time of service of stamps). In the application plan, it
may be sufficient to relax these requirements. Such a weakening may lead to a transition
from the asymptotic analysis of these dependencies to numerical calculations. There may
also be a situation when the presence of a small (large) parameter in the models may not be
completely appropriate to the model under consideration. For example, in nanotechnology
models, the aspiration to zero of the size or mass of particles contradicts physical conditions.
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This circumstance requires greater caution when constructing a mathematical model of the
analysed system and, as a consequence, greater selectivity when choosing a mathematical
research method. The results obtained in this paper are applied to the analysis of new
technical systems. These systems periodically arise in various applied fields and become a
source of new problems at the junction of mathematical modelling and system analysis.

7. Conclusions

A model of the flow of particles forming a copy of some image was considered, and
it is shown how the distance between the image formed by them and the original image
decreases when the particles are crushed. The ability of flow particles to close the surface
protected by them during their grinding was investigated. A model for restoring the
characteristics of an inhomogeneous Poisson flow with inaccurate observation of flow
points and with increasing flow intensity was analysed. The dependence of the Poisson
parameter of the distribution of the customer number in a queuing system with an infinite
number of servers and a deterministic service time on the peak load created by the Poisson
input flow was estimated.

The obtained results indicate the presence of power–law upper bounds for various
efficiency indicators, depending on the parameter characterising the grinding of stamps
glued to the flow points. They were confirmed by observations of the studied systems.
The established effects of the convergence of the system efficiency indicator to zero with
the aspiration to infinity of the parameter of grinding marks were obtained. These results
were established using methods of the theory of probability metrics, methods of the theory
of random sets, methods of the theory of Poisson flows and their colouring points, and
on integral formulas for the parameter of the Poisson distribution of the point numbers
in the Poisson flow on a certain segment. A characteristic feature of these models is a
special choice of the efficiency indicator, the grinding parameter of the stamps glued to
the flow points, and the relationship between the efficiency indicator and the grinding
parameter. The results presented in this paper may be applied in nanotechnology, in
powder metallurgy, in ecology, and in consumer services during the implementation of
the “Smart City” program. The proposed approach is phenomenological in nature and is
justified by the results of real observations and experiments.
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Abstract: This article is concerned with the adaptive-event-triggered filtering problem as it relates to
a class of nonlinear discrete-time systems characterized by interval Type-2 fuzzy models. The system
under investigation is susceptible to Markovian switching and deception attacks. It is proposed to
implement an improved event-triggering mechanism to reduce the unnecessary signal transmissions
on the communication channel and formulate the extended dissipativity specification to quantify the
transient dynamics of filtering errors. By resorting to the linear matrix inequality approach and using
the information on upper and lower membership functions, stochastic analysis establishes sufficient
conditions for the existence of the desired filter, ensuring the mean-squared stability and extended
dissipativity of the augmented filtering system. Further, an optimization-based algorithm (PSO) is
proposed for computing filter gains at an optimal level of performance. The developed scheme was
finally tested through experimental numerical illustrations based on a single-link robot arm and a
lower limbs system.

Keywords: networked IT2 fuzzy systems; Markov jump process; adaptive-event-triggered scheme;
extended dissipative filtering; deception attacks; PSO
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1. Introduction, Notations, and Outline

Throughout this section, we outline the literature review, the notations, and the
study objectives.

1.1. Bibliographic Review

Dynamical systems are frequently subject to random changes because of component
failures, changes in subsystem interconnections, or environmental changes. These processes
motivate researchers to examine and characterize Markovian jump systems (MJSs). A
Markovian jump system is a stochastic hybrid system that has finite modes of operation,
where jumps between modes are controlled by a Markov process. Several recent research
studies have focused on MJSs, resulting in significant publications about fault tolerance,
target tracking, manufacturing, networked control, and multi-agent systems [1–6]. Despite
many successes in this research, most practical systems are highly nonlinear, so linear
MJSs impose marked limitations in real-world applications. In addition to overcoming this
drawback, the T-S fuzzy models have recently been applied to deal with nonlinear complex
systems due to their effective approximation of smoothly nonlinear models [7–11]. In
general, the T-S fuzzy system encompasses Type-1 and Type-2 fuzzy systems. Type-1 models
typically have crisp membership functions, while Type-2 models are used to deal with
parameter uncertainties by incorporating upper and lower membership functions [12–15].
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On the other hand, networked control systems (NCSs) are a type of control system in
which many components of the system are connected via shared communication networks,
such as actuators, controllers, and sensors [16,17]. Under resource-constrained scenarios,
such as information interactions between agents with limited communication resources,
it is difficult for physical systems to obtain energy supplies in a dynamic environment.
Hence, in designing a control strategy, it is important to consider economy and cost, and
the above-mentioned features will inevitably be subject to some constraints. Two types
of techniques are generally applied to address this issue. The first one is the intermittent
control proposed in [18], wherein the control resource is designed to conserve energy in
conjunction with the communication connection condition. The second approach is the
event-triggered control, in which the gain or resource is selected when there is a relatively
large error state between the sensor and the actuator. This technique is also considered
an adequate method of addressing the energy constraints in communications networks.
In recent years, the ETS has received considerable attention with numerous achievements
that relate to ET H∞ control, ET fault detection, ET sliding-mode controller design, ET
consensus control, and ET state estimation systems, as summarized in [19–27] and the
references therein. Since communication networks are open and network resources are
limited, studies on cyber security issues based on communication-saving regulations for
NCSs are extremely important. In particular, deception attacks pose a significant threat to
the normal operation of NCSs since they are continually introducing errors into the correct
data [28–30]. It is generally adopted to evade detection mechanisms for which the error
vectors are small or even offensive in nature, thus trying to destroy the working state of the
system simply by accumulating errors. Due to the wide range of applications for parameter
estimation, target tracking, as well as system monitoring, the filtering problem has attracted
substantial research attention in the past few decades. Furthermore, there is no doubt that the
Kalman filtering method is widely used in many filter design strategies for signal processing,
control, and optimization [31–33]. In many practical cases, however, the Kalman filter does
not always fulfil the requirement that the external noise is caused by white processes
with known statistical properties. For input signals with non-statistical characteristics, the
performance criteria can be used to compensate for the disadvantage of Kalman filtering.
The filtering issue aims at developing filters that satisfy prescribed performance levels
concerning the output error and disturbance input. It is noteworthy that several efficient
filtering strategies have been proposed up to this point, including the H∞ filtering [19,34–36],
passive/dissipative filtering [37–39], and peak-to-peak filtering [40,41]. In this paper, we
were first motivated by the extended dissipativity performance, which has been introduced
to deal with the (Q, R, S)-dissipative and L2 − L∞ filtering problem in a unified framework.
Further, the quoted papers examined the extended dissipative performance, which can be
converted into four different performances using different parameters [10,29,42].

As an attractive approach, the event-triggered method has been recently used to
cope with the filtering problem for different classes of systems, and substantial research
attention with some outstanding results can be found in [36,43,44]. To mention a few, a
singular neural network with time-varying delays and Markovian jump parameters was
investigated in [23] to deal with the event-triggered dissipative filtering problem. An event-
triggered communication mechanism was employed by the authors of [24], for the design
of piecewise fuzzy diagnostic observers for discrete-time TS fuzzy systems. As has been
shown in previous studies, it has been found that the above-mentioned traditional event-
triggered mechanisms can reduce communication resources and improve transmission
effectiveness. However, these mechanisms are designed with constant thresholds that
are not capable of adjusting themselves based on actual transmission conditions. This
leads to the proposal of adaptive-event-triggered mechanisms (AETMs), in which the
triggering threshold is dynamically adjusted during the operation of the system. There
was an investigation in [28] of the design of H∞ filters for discrete-time networked systems
with an adaptive-event-triggered mechanism and hybrid cyber-attacks. In [45], a new
dynamic-event-triggered protocol was developed to address the problem of filtering for
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affine systems presented by the Takagi–Sugeno fuzzy model. In [20], an observer-based
finite-time H∞ controller was designed to accommodate discrete-time-varying systems
with adaptive-event-triggered mechanisms. Reference [35] addressed the problem of
adaptive-event-triggered H∞ filtering for discrete-time-delayed neural networks with
missing measurements that occur randomly. It can be noted that the adaptive law proposed
in [46], which has a lower bound, might result in conservative conclusions. Additionally,
the AETMs proposed by [47,48] each suffer from a singular problem and may degenerate
into traditional periodic-time-triggered mechanisms, which may limit their application
in practice. As a result of the above considerations, the motivation appears to be the
development of a new AETM that is capable of improving the existing ones. Moreover,
our involvement with IT-2 fuzzy systems was motivated by the fact that, unlike Type-1
TS fuzzy systems, they do not share the same membership functions with fuzzy filters or
controllers. By doing so, we can overcome the network delay problem affecting the fuzzy
filter’s membership functions when using the parallel distribution compensation (PDC)
approach with the Type-1 T-S fuzzy systems.

1.2. Objective and Outline

We were inspired by the discussion above to pursue this study, which examines the
event-triggered filter problem for a class of uncertain nonlinear systems that incorporate
Markov jump switching:

(i) As an alternative to existing filtering schemes developed for Type-1 fuzzy systems [34,38,49],
this study proposes a novel filter design for Markovian jump interval Type-2 fuzzy
systems that simultaneously consider an event-triggered communication scheme and
a deception attack.

(ii) This work introduces a novel adaptive-event-triggered communication scheme that im-
proves the use of network resources as opposed to [50–52], which assumed the triggering
parameters are constant. This mechanism was shown to alleviate network bandwidth and
reduce system conservatism effectively by comparing it with other strategies [35,48,53,54].

(iii) As described in [30,55], an improved matrix decoupling approach, which can be
implemented by selecting some constants, provides greater flexibility when designing
filters. This study, in contrast to previous studies, used a meta-heuristic technique
based on PSO to identify the parameters accurately.

We illustrate our scheme with experimental numerical results on a single-link robot
arm and an isokinetic rehabilitation system and verify the effectiveness of the proposed
scheme by conducting a feasibility study. The paper is organized as follows. Section 2
introduces preliminary results in which the model and assumptions are presented, as
well as the problem under study is identified. In Section 3, the main conclusions of the
article are presented and derived. An optimization algorithm is presented in Section 4
for determining filter gains and for obtaining optimal performance levels. To illustrate
the potential applications of the proposed scheme, as well as to validate its effectiveness,
Section 5 presents the computational framework for this work and experimental numerical
illustrations of the proposed methodology on a single-link robot arm and an isokinetic
rehabilitation system. In Section 6, we discuss some of the findings and limitations of our
proposal, as well as suggestions for further investigation.

1.3. Notations

Table 1 presents the abbreviations, acronyms, and notations used in this article.
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Table 1. Abbreviations, acronyms, and notations used in the present document.

Symbol Definition

R set of real numbers
n dimension of the Euclidean space

X ∈ Rn×m n×m real matrix
X > 0 real symmetric positive definite matrix X
‖X‖ norm of the matrix X
X� transpose of the matrix X

sym(X) X + X�
∗ term that is induced by symmetry of a matrix

λmax() the maximal eigenvalue of a matrix
E mathematical expectation

πpq = P(rk+1 = q|r̄k = p) transition probability from states p to q
r number of if–then rules
r̄k discrete-time Markov process

LMI linear matrix inequalities
MJS Markovian jump systems
NCS networked control systems
ET event-triggered
T-S Takagi–Sugeno
IT-2 interval Type-2

2. System Description and Problem Formulation

2.1. Markovian Jump T-S-Fuzzy-Model-Based NCS

Consider a class of nonlinear discrete-time Markovian jump systems, which can be
expressed by the following T-S fuzzy model on a complete probability space (Ω,F ,P).

Ri : If θ1(x(k)) is M1
i and If θ2(x(k)) is M2

i · · · If θs(x(k)) is Ms
i , Then⎧⎪⎨⎪⎩

x(k + 1) = Ai(r̄k)x(k) + Bwi(r̄k)w(k)

y(k) = C2i(r̄k)x(k)

z(k) = C1i(r̄k)x(k) + D1i(r̄k)w(k)

(1)

where θ(k) = [θ1(x(k)), θ2(x(k)), · · · , θs(x(k))] are measurable premise variables of the
system; M ι

i , ι = 1, 2, · · · , s are Type-2 fuzzy sets; i ∈ S � {1, 2, . . . , r} is the number of
rules. Vectors x(k) ∈ Rn, y(k) ∈ R

ny , w(k) ∈ Rm, and z(k) ∈ Rq define, respectively, the
state, the output, the disturbance input, and the measured output. Matrices Ai(r̄k), Bwi(r̄k),
C1i(r̄k) D1i(r̄k), and C2i(r̄k) are known with appropriate dimensions. According to the i-th
rule, the firing strength consists of the interval sets described as

Mi =
[
μ

i
(x(k)) μ̄i(x(k))

]
, (2)

where

μ
i
(x(k)) =

s

∏
ι=1

ωM ι
i (θ(k))

≥ 0, μ̄i(x(k)) =
s

∏
ι=1

ω̄M ι
i (θ(k))

≥ 0

μ̄i(x(k)) ≥ μ
i
(x(k)) ≥ 0, ω̄M ι

i (θ(k))
≥ ωM ι

i (θ(k))
≥ 0 (3)
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As a result, the global fuzzy model can be inferred in the following manner:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

x(k + 1) =
r

∑
i=1

μi(x(k))
(

Ai(r̄k)x(k) + Bwi(r̄k)w(k)
)

y(k) =
r

∑
i=1

μi(x(k))
(

C2i(r̄k)x(k)
)

z(k) =
r

∑
i=1

μi(x(k))
(

C1i(r̄k)x(k) + D1i(r̄k)w(k)
) (4)

The normalized membership function μi(x(k)) satisfies
r
∑

i=1
μi(x(k)) = 1 and is de-

fined as

μi(x(k)) =
αi(x(k))μ

i
(x(k)) + ᾱi(x(k))μ̄i(x(k))

r
∑

i=1
αi(x(k))μ

i
(x(k)) + ᾱi(x(k))μ̄i(x(k))

,

The weighting coefficients αi(x(k)) and ᾱi(x(k) satisfy

0 ≤ αi(x(k)), ᾱi(x(k)) ≤ 1, αi(x(k)) + ᾱi(x(k)) = 1 (5)

and are related to the uncertain parameters of the model. These nonlinear functions may
not be known, but exist and satisfy (5). Stochastic process {r̄k, k ≥ 0} is a Markov chain

taking values in a finite set N = {1, · · · , N} with transition probability Π =
[
πpq

]
defined

as πpq = Pr(r̄(k + 1) = q|r̄k = p) satisfying πpq ≥ 0 and ∑N
q=1 πpq = 1 for all p, q ∈ N.

2.2. Event-Triggered Schemes

This paper assumed the measurement outputs are sent over communication channels
and an event-triggered mechanism is implemented to conserve network resources and
determine whether the latest sampled data packet can be transmitted to the filter system
(see Figure 1). Event-triggered schemes are generally based on an event generator defined
as a logic function that determines whether the sampled data should be transmitted or not.
Accordingly, the event generator function is defined as follows:

U(k, ey(k)) = e�y (k)Θey(k)− σ(k)y�(k)Θy(k) (6)

where ey(k) = y(k)− y(ki) is the output error, y(ki) is the previously transmitted data at
time ki, and σ(k) is the event-triggered threshold. The current data transmitted depend on
the following constraint:

ki+1 = inf{k ∈ N|k > ki, U(k, ey(k)) > 0} (7)

where 0 ≤ k0 ≤ k1 ≤ · · · ki ≤ · · · are the sequence of ET instances. σ(k) in (6) can be
adaptively adjusted based on the following adaptive law defined by Θ > 0 such that

Δσ(k) = σ(k + 1)− σ(k) = −ε0σ2(k)e�y (k)Θey(k) (8)

where ε0 is a positive constant. When ε0 = 0 and 0 < σ(k) < 1, it is clear that σ(k) becomes
a constant.
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Figure 1. The framework of filtering system under deception attacks.

An important feature of networked control systems is network delay, which is caused
by the limited bit rate of communication channels, the waiting period during which the
packets are sent, or the propagation and processing of signals. As a result, τ(k) ∈ [0, τM)
was included in this paper, where τM is a positive integer. Based on the behavior of ZOH,
ȳ(k) holds the value of yki

in the interval [ki + τki
, ki+1 + τki+1

). Thus, we have

ȳ(k) = yki
, k ∈ [ki + τki

, ki+1 + τki+1
) (9)

There are then two cases that need to be discussed:

Case 1

If ki + τM + 1 > ki+1 + τki+1
− 1, we define τ(k) = k− ki, k ∈ [ki + τki

, ki+1 + τki+1
).

It is obvious that τki
≤ τ(k) ≤ (ki+1 − ki) + τki+1

− 1 ≤ 1 + τM.

Case 2

If ki + 1+ τM < ki+1 + τki+1
, we define the intervals [ki + τki

, ki + 1+ τM), [ki +
τM + j, ki + τM + j + 1), (j = 1, 2, · · · ). Due to τki

≤ τM, there exists a positive
integer j∗ such that

ki + τM + j∗ < ki+1 + τki+1
< ki + τM + j∗ + 1

Hence, y(ki) and y(ki + j) with j = 1, 2, · · · , j∗ − 1 satisfy (7), and the time interval
[ki + τki

, ki+1 + τki+1
) can be divided as

[ki + τki
, ki+1 + τki+1

) =
j∗⋃

j=0

Ij (10)

where I0 = [ki + τki
, ki + τM + 1), Ij = [ki + τM + j, ki + τM + j + 1) and Ij∗ =

[ki + τM + j∗, ki+1 + τki+1
). Define

τ(k) =

⎧⎪⎨⎪⎩
k− ki, k ∈ I0

k− ki − j, k ∈ Ij

k− ki − j∗, k ∈ Ij∗

Obviously, we obtain⎧⎪⎨⎪⎩
τki
≤ τ(k) ≤ 1 + τM, k ∈ I0

τki
≤ τM ≤ τ(k) ≤ 1 + τM, k ∈ Ij

τki
≤ τM ≤ τ(k) ≤ 1 + τM, k ∈ Ij∗

79



Mathematics 2023, 11, 2064

Therefore, we have τm ≤ τki
≤ τ(k) ≤ τM + 1, k ∈ [ki + τki

, ki+1 + τki+1
). In the first

case, we define ey(k) = 0; in the second case, ey(k) is defined as

ey(k) =

⎧⎪⎨⎪⎩
0, k ∈ I0

y(ki)− y(ki + j), k ∈ Ij

y(ki)− y(ki + j∗), k ∈ Ij∗

Following the above discussion, the following relationship holds using (9):

ȳ(k) = yki
= y(k− τ(k)) + ey(k), k ∈ [ki + τki

, ki+1 + τki+1
) (11)

Remark 1. It is important to point out that, to mitigate the communication burden and enhance
the utilization of network resources, the adaptive-event-triggered mechanism is widely used in the
analysis and design of networked systems [26,27,30]. Based on the above-mentioned literature, we
adopted the adaptive-event-triggered mechanism (8) to investigate the filtering problem of Markov
IT-2 fuzzy systems subject to cyber-attack.

In addition, according to (8), the event-triggered interval is greater than zero [56], which indicates
that the proposed event-triggered transmission mechanism does not incorporate Zeno’s behavior.

2.3. Deception Attacks

Furthermore, this paper discusses networked T-S fuzzy systems with deception attacks.
The open networked environment leads to the possibility of data being modified through
deception attacks in a random manner, where a stochastic process is adopted to describe
this scenario.

During deception attacks, transmitted data may take the following form:

yζ(k) = ȳ(k) + ζ(k)(−ȳ(k)) + a(ȳ(k)) (12)

Here, ζ(k) represents the Bernoulli random variable that meets the following conditions:

Pr{ζ(k) = 1} = ζ̄, Pr{ζ(k) = 0} = 1− ζ̄

a(ȳ(k)) represents the embedded signal launched by the attacker. It was assumed that
a(ȳ(k)) is a sufficiently smooth continuous nonlinear function satisfying the sector condition:

‖a(ȳ(k))‖ ≤ ‖Gy(k)‖ (13)

where G is a known constant matrix.

2.4. Fuzzy Filter

To estimate the signal zk in Model (4), the following fuzzy filter is defined:

Rj : If ϑ1(x̂(k)) is N 1
j and If ϑ2(x̂(k)) is N 2

j · · · If ϑv(x̂(k)) is N v
j , Then{

x̂(k + 1) = Âj(r̄k)x̂(k) + B̂j(r̄k)yζ(k)
ẑ(k) = Ĉj(r̄k)x̂(k)

where x̂(k) is the filter state, ẑ(k) is the filter output, ϑ(k) = [ϑ1(x̂(k)), ϑ2(x̂(k)), . . . , ϑv(x̂(k))]
are the premise variables, and N ς

j , ς = 1, 2, · · · , v stands for the Type-2 fuzzy sets of the

filter; Âj(r̄k) , B̂j(r̄k) and Ĉj(r̄k) are unknown matrices that should be designed.

Nj =
[
νj(x̂(k)) ν̄j(x̂(k))

]
, (14)
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where

νj(x̂(k)) =
v

∏
ς=1

ωN ς
j (ϑ(k))

≥ 0, ν̄j(x̂(k)) =
v

∏
ς=1

ω̄N ς
j (ϑ(k))

≥ 0

νj(x̂(k)) ≥ ν̄j(x̂(k)) ≥ 0, ω̄N ς
j (ϑ(k))

≥ ωN ς
j (ϑ(k))

≥ 0 (15)

The global fuzzy filter is defined as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩
x̂(k + 1) =

r

∑
j=1

νj(x̂(k))(Âj(r̄k)x̂(k) + B̂j(r̄k)yζ(k))

ẑ(k) =
r

∑
j=1

νj(x̂(k))(Ĉj(r̄k)x̂(k))
(16)

νj(x̂(k)) =
β

j
(x̂(k))νj(x̂(k)) + β̄ j(x̂(k))ν̄j(x̂(k))

r

∑
l=1

(β
l
(x̂(k))νl(x̂(k)) + β̄l(x̂(k))ν̄l(x̂(k)))

, νj(x̂(k)) ≥ 0,
r

∑
j=1

νj(x̂(k)) = 1 (17)

The two nonlinear functions β
j
(x̂(k)) and β̄ j(x̂(k)) satisfy

0 ≤ β
j
(x̂(k)), β̄ j(x̂(k)) ≤ 1, β

j
(x̂(k)) + β̄ j(x̂(k)) = 1 (18)

For simplicity, in the sequel, μi(x(k)) and νj(x̂(k)) are denoted as μi and ν̂j, respec-
tively.

Let ê(k) = z(k)− ẑ(k). Taking (4) and (16) together, we can represent the filtering
error system as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

x̃(k + 1) =
r

∑
i=1

r

∑
j=1

μi ν̂j

(
Ãp

ij x̃(k) + (1− ζ̄)Ãp
dij x̃(k− τ(k)) + (1− ζ̄)B̃p

ejey(k)

+ζ̄B̃p
eja(ȳ(k)) + B̃p

1iw(k) + (ζ(k)− ζ̄)B̃gg(x̃(k))
)

ê(k) =
r

∑
i=1

r

∑
j=1

μi ν̂j

(
C̃p

ij x̃(k) + D̃p
i w(k)

) (19)

where x̃(k) =
[
x�(k), x̂�(k)

]� Ãp
ij =

[
Ap

i 0

0 Âp
j

]
, Ãp

dij =

[
0 0

B̂p
j Cp

2i 0

]
, B̃p

ej =

[
0

B̂p
j

]
,

B̃p
1i =

[
Bp

1i
0

]
, B̃g =

[
0

I

]
, C̃p

ij =
[
Cp

1i −Ĉp
j

]
, D̃p

i = Dp
1i, g(x̃(k)) = B̂p

j (a(ȳ(k))− Cp
2ix(k−

τ(k))− ey(k)).

2.5. Problem Formulation

Based on the above description, the objective of this article is to design the parameters
of Filter (16) such that System (19) is asymptotically mean-squared stable with extended
dissipative performance, i.e.:

1. System (19) is mean-squared stable;
2. Under zero initial conditions, the following criterion holds for w(k) 
= 0:

E

{ K f

∑
k=0

J(k)
}
≥ sup

0≤k≤K f

E
{

ê�(k)Ω4ê(k)
}

(20)
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where J(k) = ê�(k)Ω1ê(k) + 2ê�(k)Ω2w(k) + w�(k)Ω3w(k), and matrices Ω1, Ω2,
Ω3 and Ω4 satisfy the following assumption:

Assumption 1 ([57]). For known real matrices Ω1 = Ω�
1 ≤ 0, Ω2, Ω3 = Ω�

3 ≥ 0, and
Ω4 = Ω�

4 = (Ω+
4 )
�Ω+

4 ≥ 0, it was assumed that:

(i) ‖ Dp
i ‖‖ Ω4 ‖= 0;

(ii) (‖ Ω1 ‖ + ‖ Ω2 ‖) ‖ Ω4 ‖= 0.

Remark 2. From (20), the extended dissipativity criterion includes H∞, strict dissipativity, l2− l∞,
or passivity performances as special cases according to the different values of the matrices:

- If Ω1 = −I, Ω2 = 0, Ω3 = γ2 I, and Ω4 = 0, Inequality (20) reduces to an H∞ performance
requirement.

- If Ω3 = R− γI (γ > 0) and Ω4 = 0, Inequality (20) corresponds to a strict dissipativity.
- If Ω1 = 0, Ω2 = 0, Ω3 = γ2 I, and Ω4 = I, Inequality (20) reduces to an l2 − l∞

performance.
- If ê(k) and w(k) have the same dimension and Ω1 = 0, Ω2 = I, Ω3 = γI, and Ω4 = 0, the

passivity will be obtained.

Next, we present some preliminaries that are crucial for the derivation of our major
conclusions.

Definition 1 ([58]). The filtering error system (19) is said to be stochastically mean-squared stable
if the following condition holds:

E
{ ∞

∑
k=0
‖x̃(k)‖2|(x̃(k0), r̄0)

}
< ∞

for any initial condition (x̃(k0), r̄0).

Lemma 1 ([59]). For given positive integers τm and τM, a positive matrix Z, symmetric matrices,
Y11 and Y22, and matrices Y12, T1, and T2, such that⎡⎣Y11 Y12 T1

∗ Y22 T2
∗ ∗ Z

⎤⎦ ≥ 0 (21)

the following inequality holds:

−
k−τm−1

∑
s=k−τM

η�(s)Zη(s) ≤ ψ�(k)
(

τr(Y11 +
1
3

Y22) + sym
{

T1e12 + T2e123

})
ψ(k)

where τr = τM − τm ≥ 1, η(k) = x(k + 1) − x(k), and ψ(k) = [x�(k − τm) x�(k − τM)
1

τr+1 ∑k−τm−1
s=k−τM

x�(s)]�, e12 = [I − I 0], and e123 = [I I − 2I].

3. Main Results

3.1. Extended Dissipative Analysis

This section concerns the derivation of sufficient conditions in such a way that the filtering
error system (19) is stochastically mean-squared stable with extended dissipativity performance.

Theorem 1. Consider the Markovian jump IT-2 fuzzy system (4) and Filter (16). For given
matrices Θ > 0, Ω1, Ω2, Ω3, and Ω4 satisfying Assumption 1 and positive scalars �s, if matrices
Pp, Qv, v = 1, 2, 3, Zs, X1s, Y1s, Z1s, T1s, T2s, T3s, F p

s , and s = 1, 2 and scalars τ > 0 and σ0 > 1
exist such that the following conditions hold:
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⎡⎣X11 X12 T11
∗ X22 T12
∗ ∗ Z1

⎤⎦ > 0

⎡⎣Y11 Y12 T21
∗ Y22 T22
∗ ∗ Z2

⎤⎦ > 0

⎡⎣Z11 Z12 T13
∗ Z22 T23
∗ ∗ Z2

⎤⎦ > 0 (22)

[
−Pp (C̃p

ij)
�(Ω+

4 )
�

∗ −I

]
< 0 (23)⎧⎪⎪⎨⎪⎪⎩

Φ̃
p
ii < 0

Φ̃
p
ij + �1Φ̃

p
ji < 0

Φ̃
p
ij + �2Φ̃

p
ji < 0, 1 ≤ i < j ≤ r

(24)

then, System (19) is stochastically mean-squared stable and extended dissipative. The remaining
matrices are defined as

Φ̃
p
ij =

⎡⎢⎣Ψ̃
p
ij + Ψ̂p (B̃p

ij)
� − (C̃p

ij)
�Ω2 (C̃p

ij)
�√−Ω1

∗ −sym{(D̃p
i )
�Ω2} −Ω3 (D̃p

i )
�√−Ω1

∗ ∗ −I

⎤⎥⎦

Ψ̃
p
ij =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Ψ̃
p
11ij 0 (1− ζ̄)F p

1 Ãp
dij 0 0 0 0 Ψ̃

p
18ij (1− ζ̄)F p

1 B̃p
ej ζ̄F p

1 B̃p
ej

∗ −Q1 0 0 0 0 0 0 0 0

∗ ∗ Ψ̃
p
33 0 0 0 0 (1− ζ̄)(F p

2 Ãp
dij)

� (Cp
2i)
�Θ 0

∗ ∗ ∗ −Q2 0 0 0 0 0 0

∗ ∗ ∗ ∗ 0 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ Ψ̃
p
88 (1− ζ̄)F p

2 B̃p
ej ζ̄F p

1 B̃p
ej

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ (1− σ0) 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −τI

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
B̃p

ij =
[
(F p

1 B̃p
1i)
� 0 0 0 0 0 0 (F p

2 B̃p
1i)
� 0 0

]
C̃p

ij =
[
C̃p

ij 0 0 0 0 0 0 0 0 0 0
]
, X p =

N

∑
q=1

πpqPq

Ψ̃
p
11ij = sym(F p

1 (Ãp
ij − I)) + (X p − Pp) + Q1 + Q2 + (τr + 1)Q3

Ψ̃
p
33 = −Q3 + (Cp

2i)
�ΘCp

2i + (Cp
2i)
�G�GCp

2i, Ψ̃
p
18ij = −F p

1 + X p + (F p
2 (Ãp

ij − I))�

Ψ̃
p
88 = − sym(F p

2 ) + X p + τmZ1 + τrZ2

Ψ̃p = Π�
1

(
τm(X11 +

1
3

X22) + sym
{

T11e12 + T12e123

})
Π1

+ Π�
2

(
dr(Y11 +

1
3

Y22) + sym
{

T21e12 + T22e123

})
Π2

+ Π�
3

(
dr(Z11 +

1
3

Z22) + sym
{

T31e12 + T32e123

})
Π3

Π1 = col
{

e1 e2 e5

}
, Π2 = col

{
e3 e4 e6

}
, Π3 = col

{
e2 e3 e7

}
ei =

[
0, · · · , 0︸ ︷︷ ︸

l−1

Iλ(l) 0, · · · , 0︸ ︷︷ ︸
11−l

]
∈ R

λ(l)×(16n+ny+m), l = 1, 2, · · · , 11

λ(l) =

⎧⎪⎨⎪⎩
2n l = 1, 2, · · · 8
ny l = 9, 10
m l = 11
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Proof. The stochastic stability is demonstrated for the filtering error system (19) with
w(k) = 0 by considering a Lyapunov functional defined as V(k) = V1(k) +V2(k) +V3(k) +
V4(k):

V1(k) = x̃�(k)P(r̄k)x̃(k) (25)

V2(k) =
k−1

∑
s=k−τm

x̃�(s)Q1 x̃(s) +
k−1

∑
s=k−τM

x̃�(s)Q2 x̃(s) +
−τm

∑
θ=−τM

k−1

∑
s=k+θ

x̃�(s)Q3 x̃(s) (26)

V3(k) =
−1

∑
θ=−τm

k−1

∑
s=k+θ

η�(s)Z1η(s) +
−τm−1

∑
θ=−τM

k−1

∑
s=k+θ

η�(s)Z2η(s) (27)

V4(k) =
1

2ε0
(

1
σ(k)

− σ0)
2 (28)

where η(k) = x̃(k + 1)− x̃(k).
Let ΔV(k) be the forward difference of V(k). Along the trajectories of System (19), we

can demonstrate the following:

E{ΔV1(k)} = E

{
V1(k + 1)− V1(k)|x̃(k), r̄k = p

}
= E

{
x̃�(k + 1)X p x̃(k + 1)

}
− x̃�(k)Pp x̃(k)

= E

{
η�(k)X pη(k)

}
+ x̃�(k)(X p − Pp)x̃(k) + 2x̃�(k)X pη(k)

(29)

E{ΔV2(k)} ≤ ξ�(k)
(

e�1
(
Q1 + Q2 + (τr + 1)Q3

)
e1 − e�2 Q1e2 − e�4 Q2e4 − e�3 Q3e3

)
ξ(k) (30)

E{ΔV3(k)} = η�(k)
(

τmZ1 + τrZ2

)
η(k)−

k−1

∑
s=k−τm

η�(s)Z1η(s)

−
k−τ(k)−1

∑
s=k−τM

η�(s)Z2η(s)−
k−τm−1

∑
s=k−τ(k)

η�(s)Z2η(s)

(31)

E{ΔV4(k)} = − 1
ε0
(

1
σ(k)

− σ0)
Δσ(k)
σ2(k)

= (
1

σ(k)
− σ0)e�y (k)Θey(k) (32)

By Lemma 1, we can derive

−
k−1

∑
s=k−τm

η�(s)Z1η(s) ≤ ξ�(k)Π�
1

(
τm(X11 +

1
3

X22) + sym
{

T11e12 + T12e123

})
Π1ξ(k) (33)

−
k−τ(k)−1

∑
s=k−τM

η�(s)Z2η(s) ≤ ξ�(k)Π�
2

(
dr(Y11 +

1
3

Y22) + sym
{

T21e12 + T22e123

})
Π2ξ(k) (34)

−
k−τm−1

∑
s=k−τ(k)

η�(s)Z2η(s) ≤ ξ�(k)Π�
3

(
dr(Z11 +

1
3

Z22) + sym
{

T31e12 + T32e123

})
Π3ξ(k) (35)

where

ξ(k) = col
{

x̃(k), x̃(k− τm), x̃(k− τ(k)), x̃(k− τM),
1

τm + 1

k−1

∑
s=k−τm

x̃(s),

1
τM − τ(k) + 1

k−τ(k)−1

∑
s=k−τM

x̃(s),
1

τ(k)− τm + 1

k−τm−1

∑
s=k−τ(k)

x̃(s), η(k), ey(k), a(ȳ(k))
}

.

From (19), the following null equation holds:
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E

{
ξ�(k)Fp

r

∑
i=1

r

∑
j=1

μi ν̂j

(
(Ãp

ij − I)x̃(k) + (1− ζ̄)Ãp
dij x̃(k− τ(k)) + (1− ζ̄)B̃p

ejey(k) + ζ̄B̃p
eja(k)

+ (ζ(k)− ζ̄)B̃gg(x̃(k))
))}

=

E

{
ξ�(k)Fp

r

∑
i=1

r

∑
j=1

μi ν̂j

[
(Ãp

ij − I) 0 (1− ζ̄)Ãp
dij 0 0 0 0 −I (1− ζ̄)B̃p

ej ζ̄B̃p
ej

]
ξ(k)

}
= 0

(36)

where Fp =
[
(F p

1 )
� 0 0 0 0 0 0 (F p

2 )
� 0 0

]�.
In view of (6) and considering (32), it can be established that

(
1

σ(k)
− σ0)e�y (k)Θey(k) ≤ y�(ki)Θy(ki)− σ0e�y (k)Θey(k)

≤
[

x̃(k− τ(k))
ey(k)

]�[
(Cp

2i)
�ΘCp

2i (Cp
2i)
�Θ

∗ (1− σ0)Θ

][
x̃(k− τ(k))

ey(k)

] (37)

Moreover, from (13), we have

− τa�(ȳ(k))a(ȳ(k)) + τy�(k)G�Gy(k)

=

[
x̃(k− d(k))

a(ȳ(k))

]�[
τ(C̃p

2i)
�G�GC̃p

2i 0

∗ −τI

][
x̃(k− d(k))

a(ȳ(k))

]
≥ 0

(38)

Combining (29)–(37), one obtains

E{ΔV(k)} ≤
r

∑
i=1

r

∑
j=1

μi ν̂j

(
ξ�(k)Λ̃p

ijξ(k)
)

(39)

where Λ̃
p
ij = Ψp

ij + Ψ̂p.
Assume that the membership functions are subjected to the following asynchronous

constraints as described in [36]:

ν̂j = ρj(k)μj

|μj − ν̂j| ≤ δj
(40)

where ρj , δj (j ∈ S) are some positive constants. In light of the asynchronous constraints
(40), it is evident that

0 < ρ1 ≤ 1− δj

μ
j

≤ 1− δj

μj
≤ ρj(k) ≤ 1 +

δj

μj
≤ 1 +

δj

μ
j

≤ ρ2 (41)

where ρ1 and ρ2 are the lower and upper values of ρj(k). Thus, it is easy to obtain

�1 =
ρ1

ρ2 ≤
min ρi(k)
max ρj(k)

≤ ρi(k)
ρj(k)

≤ max ρi(k)
min ρj(k)

≤ ρ2

ρ1 = �2 (42)

As a result of the relation (40), this yields

r

∑
i=1

r

∑
j=1

μi ν̂jΛ̃
p
ij =

r

∑
i=1

r

∑
j=1

ρj(k)μiμjΛ̃
p
ij =

r

∑
i=1

ρi(k)μ2
i Λ̃

p
ii +

r

∑
i=1

r

∑
j>i

ρj(k)μiμj

{
Λ̃

p
ij +

ρi(k)
ρj(k)

Λ̃
p
ji

}
(43)
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Furthermore, assuming the relationship (43) is valid, there exists ε1 > 0 and ε2 > 0
satisfying ε1 + ε2 = 1 such that

ρi(k)
ρj(k)

= ε1�1 + ε2�2 (44)

Thus, it can be obtained from the previous equation that

Λ̃
p
ij +

ρi(k)
ρj(k)

Λ̃
p
ji =

2

∑
l=1

εl(Λ̃
p
ij + �lΛ̃

p
ji) (45)

Moreover, according to (24), (43), and (45), it can be deduced that Λ̃
p
ij < 0 and

∑r
i=1 ∑r

j=1 μi ν̂jΛ̃
p
ij < 0. Accordingly, (39) provides the following:

E{ΔV(k)} ≤ λξ�(k)ξ(k) (46)

where λ < 0 is the largest eigenvalue of Λ̃
p
ij. Thus, from (46) results

E

{ ∞

∑
0

x̃�(k)x̃(k)
}
≤ E

{ ∞

∑
0

ξ�(k)ξ(k)
}
≤ 1

λ
E
{ ∞

∑
0

ΔV(k)
} ≤ − 1

λ
V(0) < ∞. (47)

According to Definition 1, System (19) is stochastically mean-squared stable.
Now, the following index is suggested to examine the extended dissipativity of (19):

J = E
{ k f

∑
k=0

J(k)
}

(48)

where J(k) = ê�(k)Ω1ê(k) + 2ê�(k)Ω2w(k) + w�(k)Ω3w(k).
According to a similar procedure outlined above, by denoting ψ0(k) = col

{
ξ(k), w(k)

}
,

one can conclude that

E{ΔV(k)} − J(k) = E{ΔV(k)} −ψ�0 (k)
{
([C̃p

ij D̃p
i ])

�Ω1[C̃p
ij D̃p

i ] + e�1 (C̃
p
ij)
�Ω2e11

+ e�11(sym{(D̃p
i )
�Ω2}+ Ω3)e11ψ0(k)

}
≤

r

∑
i=1

r

∑
j=1

μi ν̂jψ0
�(k)

([Λ̃
p
ij (B̃p

ij)
� − (C̃p

ij)
�Ω2

∗ −sym{(D̃p
i )
�Ω2} −Ω3

]

− ([C̃p
ij D̃p

i ])
�Ω1[C̃p

ij D̃p
i ]
)

ψ0(k)

(49)

In light of the above proof, it can be concluded that

r

∑
i=1

r

∑
j=1

μi ν̂jΦ̃
p
ij < 0 (50)

By applying the Schur complement property to Φ̃
p
ij < 0, it is obvious to derive

from (49) that

E{ΔV(k)} − J(k) < 0 (51)

Under Assumption 1, we validated that the condition (20) holds:
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(i) When Ω4 = 0, by summating (51) from 0 to k f , the following condition holds under
zero initial conditions:

E{
k f

∑
k=0

J(k)} > E{V(k f + 1)−V(0)} = E{V(k f + 1)} > 0 (52)

According to Assumption 1 with Ω4 = 0, Condition (20) holds.
(ii) When Ω4 
= 0, it follows from Assumption 1 that: D̃p

i = 0, Ω1 = 0, Ω2 = 0, and
Ω3 > 0. In this case, the following condition holds:

E{
k f−1

∑
k=0

J(k)} > E{V(k f )} > E{x̃�(k f )P
p x̃(k f )} > 0 (53)

From (23), we have

(C̃p
ij)
�Ω4C̃p

ij < Pp (54)

In the case of k = k f , we obtain

E{
k f−1

∑
k=0

J(k)} > E{x̃�(k f )P
p x̃(k f )} > E{ê(k f )

�Ω4ê(k f )} (55)

Due to Ω1 = 0, Ω2 = 0, and Ω3 > 0, we obtain

E
{ k f

∑
k=0

J(k)
}
> sup

0≤k≤k f

E
{

ê(k)�Ω4ê(k)
}

(56)

Hence, we can conclude, according to (20), that the filtering error system (19) is
extended dissipative.

3.2. Filter Design

Theorem 2. System (19) is stochastically stable and extended dissipative for given matrices Θ > 0,
Ω1, Ω2, Ω3, and Ω4 satisfying Assumption 1, positive scalars �s, and tuning parameters as,
bs, s = 1, 2, if the matrices Pp, Qv, v = 1, 2, 3, Zs, X1s, Y1s, Z1s, T1s, T2s, T3s, F p

1s, F p
2s, U p, Âp

j ,

B̂p
j , and Ĉp

j and positive scalar σ0 > 1 exist such that (22), (23), and the following conditions
are satisfied: ⎧⎪⎪⎨⎪⎪⎩

Υ̃
p
ii < 0

Υ̃
p
ij + �1Υ̃

p
ji < 0

Υ̃
p
ij + �2Υ̃

p
ji < 0, 1 ≤ i < j ≤ r, p ∈ N

(57)

where
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Υ̃
p
ij =

⎡⎢⎣Γ̃
p

ij + Ψ̂p (B̃p
ij)
� − (C̃p

ij)
�Ω2 (C̃p

ij)
�√−Ω1

∗ −sym{(D̃p
i )
�Ω2} −Ω3 (D̃p

i )
�√−Ω1

∗ ∗ −I

⎤⎥⎦

Γ̃
p

ij =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Γ̃
p

11ij 0 (1− ζ̄)A
p
d1ij 0 0 0 0 Γ̃

p
18ij (1− ζ̄)B

p
e1j ζ̄B

p
e1j

∗ −Q1 0 0 0 0 0 0 0 0

∗ ∗ Ψ̃
p
33ij 0 0 0 0 ζ̄(A

p
d2ij)

� (Cp
2i)
�Θ 0

∗ ∗ ∗ −Q2 0 0 0 0 0 0

∗ ∗ ∗ ∗ 0 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ 0 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ 0 0 0 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ Ψ̃
p
88 (1− ζ̄)B

p
e2j (1− ζ̄)B

p
e2j

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ (1− σ0)I 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ ∗ −τI

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Γ̃

p
11ij = sym(A

p
1ij) + (X p − Pp) + Q1 + Q2 + (τr + 1)Q3

Γ̃
p

18ij = −F p
1 + X p + (A

p
2ij)

�

F p
s =

[
F p

1s asU p

F p
2s bsU p

]
A

p
sij =

[
F p

1s Ap
i asÂp

j

F p
2s Ap

i bsÂp
j

]
A

p
dsj =

[
asB̂p

j Cp
2i 0

bsB̂p
j Cp

2i 0

]
, Bp

esj =

[
asB̂p

j

bsB̂p
j

]

(58)

Furthermore, the filter gains are given by

Âp
j = (U p)−1Âp

j , B̂p
j = (U p)−1B̂p

j , Ĉp
j = Ĉp

j (59)

Proof. According to Theorem 2, a feasible solution must satisfy the condition Ψ̃
p
88 < 0.

Thus, it is easy to verify that − sym(F p
2 ) < 0 and sym((U p)) < 0. It follows that U p is

nonsingular. Moreover, using the fact that

A
p
sj = F p

s Ap
sj, A

p
dsj = F p

s Ap
dsj, B

p
esj = F p

s Bp
esj , s = 1, 2

it can be verified that (57) is equivalent to (24). Hence, according to Theorem 1, System (19)
is stochastically mean-squared stable and extended dissipative.

4. Optimization-Based Filter Design Algorithm

An important aspect of the filter design lies in the choice of the parameters as and
bs , s = 1, 2. Additionally, the coupling terms asÂp

j , bsÂp
j , asB̂p

j , and bsB̂p
j in Γ̃

p
ij can be

reduced to linear ones if these parameters are determined a priori. Therefore, finding
suitable as and bs is a natural approach to obtaining the optimized gains Âp

j and B̂p
j . To

achieve this, we constructed one of the following optimization problems according to the
performance to be taken into account:

(i) Dissipative/passivity performances:

min γ

subject to (22), (23)− (57);
(60)

(ii) H∞/l2 − l∞ performances:

min γ2

subject to (22), (23)− (57).
(61)
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Through the particle swarm optimization algorithm (PSO) [60], we give the following
solving method for the above optimization problems (60) or (61). In the PSO algorithm, the
parameters are chosen arbitrarily by specifying the number of particles, and the decision
values corresponding to the parameters that need to be evaluated using the position vector
for the lth particle, as described below:

X l =
[
al

1 al
2 bl

1 bl
2
]T

where l denotes the swarm size (count of particles). Each iteration k of the algorithm
updates the velocity for every particle in the swarm, and the positions are determined by
using the following equations:⎧⎨⎩X(l)

k+1 = v(l)
k + c1r1

(
X(l)

pk − X(l)
k

)
+ c2r2

(
X(l)

gk − X(l)
k

)
v(l)

k+1 = X(l)
k + v(l)

k+1

(62)

In these equations, X(l)
k represents the current candidate solution encoded according to

the position of the lth particle during iteration k and X(l)
k+1 represents the updated particle

position. X(l)
k ∈ [XL, XU ] with XL and XU denote the lower and upper bounds of X. v(l)

k+1

and v(l)
k are the respective velocities of the new and old particles. X(l)

pk denotes the best

position, which the lth particle attained in the past. X(l)
gk denotes the best position between

the neighbors of every particle and is also referred to as the “gbest”. Parameters r1 and r2
correspond to two random numbers in the range (0, 1). Parameters c1 and c2 refer to the
coefficients of acceleration, which determine how far a particle will reach during a single
generation. Below is a detailed Algorithm 1 of the proposed approach:

Algorithm 1 Determining the minimum performances and filter gains.

1: (Step 1): This step specifies the PSO population size np, the particle dimension d, and
the maximum number of iterations it.

2: (Step 2): Initialize the particle’s position and velocity.
3: (Step 3): Determine the parameters of X(l) and calculate the fitness value corresponding

to these parameters according to the equations (62).
4: (Step 4): Compare each particle’s fitness value with the best (minimized) value during

its historical search, along with its position, which is stored as X(l)
pk . Furthermore, the

“gbest” particle position corresponding to the minimized fitness value in the population
is saved as X(l)

gk .
5: (Step 5): As a result of (62), update the position of each particle, as well as its velocity.
6: (Step 6): If the number of iterations reaches the maximum number of iterations it, then

proceed to Step 7. Otherwise, go to Step 3.
7: (Step 7): X(l)

pk is defined as the optimal solution desired, and the optimal parameters
are calculated.

5. Numerical Applications

This section of the paper details the computational framework used in the proposed
method and illustrates its usefulness and advantages by employing the nonlinear single-
link robot arm and lower limbs systems.

5.1. Computational Framework and Algorithm

Computational experiments were conducted using the Matlab programming language
and a computer with the following characteristics: (i) (OS) Windows 10 Enterprise for 64 bits;
(ii) (RAM) 8 gigabytes; (iii) (processor) Intel(R) Core(TM) i7-4790T CPU @ 2.70 gigahertz.
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After a rigorous process of designing the filter, the detailed procedure is summarized
in Algorithm 1 for determining the minimum performances and filter gains. This algorithm
was applied using the Yalmip software in conjunction with the mosek optimization toolbox.

5.2. Single-Link Robot Arm System

Consider the single-link robot arm system described in [34] and stated as⎧⎨⎩x1(k + 1) = x2(k)

x2(k + 1) = −m(r̄(k))glTe

J(r̄(k))
sin(x1(k)) + (1− D(r̄(t))Te

J(r̄(t))
)x2(k) +

Te

J(r̄(t))
u(k)

(63)

with x1(k), x2(k), m(r̄(k)), J(r̄(k)), D(r̄(k)), and l being, respectively, the angle position,
angle velocity, masses, moment of inertia, damping, and length of the robot arm, respec-
tively. As in [34], the system can be converted into a Markov switching fuzzy system in the
form of (4) with Ts = 0.1s, and the related transition-probability matrix is defined as:

Π =

⎡⎣ 0.5 0.25 0.25
2/14 9/14 3/14
0.35 0.15 0.5

⎤⎦.

The considered model is described by the following system matrices:

A1
1 =

[
1 0.1

−0.49 0.7

]
, A2

1 =

[
1 0.1

−0.43 0.66

]
, A3

1 =

[
1 0.1

−0.55 0.68

]
,

A1
2 =

[
1 0.1

−0.42 0.7

]
, A2

2 =

[
1 0.1

−0.25v0.66

]
, A3

2 =

[
1 0.1

−0.29 0.68

]
Bp

wi =

[
0

0.1

]
, Cp

2i =
[
1 0

]
, Cp

1i =
[
0 1

]
, Dp

1i = 0, p = 1, 2, 3.

(64)

The membership functions are defined as follows:

h1(x1(k)) =

⎧⎨⎩
sin(x1(k))− β0x1(k)

(1− β0)x1(k)
, x1(k) 
= 0

1 x1(k) = 0

h2(x1(k)) =

⎧⎨⎩
x1(k)− sin(x1(k))
(1− β0)x1(k)

, x1(k) 
= 0

0 x1(k) = 0

with β0 = 10−2/π.
Next, we give the MFs of the filter. Define a nonlinear function as l(x̂1(k)) =

x̂2
1(k). For x̂1(k) ∈ [π − 0.01, π + 0.01], we have l(x̂1(k)) ∈ [lmin(x̂1(k)), lmax(x̂1(k))]

with lmin(x̂1(k)) = 0 and lmax(x̂1(k)) = (π − 0.01)2. The MFs of the filter are given

as ν1(x̂1(k) =
l(x̂1(k))− l̆min(x̂1(k))

l̆max(x̂1(k))− l̆min(x̂1(k))
and ν2(x̂1(k) =

l̆max(x̂1(k))− l(x̂1(k))
l̆max(x̂1(k))− l̆min(x̂1(k))

with

l̆min(x̂1(k)) = lmin(x̂1(k))− 0.1 and l̆max(x̂1(k)) = π2 + 0.1.
For τm = 1, τM = 5, Θ = 3, ζ̄ = 0.8, �1 = 0.15, �2 = 1/0.15, a(k) = tanh(0.6y(k)),

and G = 0.6, Algorithm 1 is performed to design filters satisfying the extended dissipative
performance from four aspects, namely H∞ , l2 − l∞, passive, and dissipative performances.
For the given cases, Table 2 lists the minimum allowable values for as, bs, (s = 1, 2), and γ.
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Table 2. Minimal values for different performances.

Performance Ω1 Ω2 Ω3 Ω4 a∗
1 a∗

2 b∗
1 b∗

2 γ∗

H∞ −1 0 γ2 0 14.3165 −8.4295 14.5129 −9.4800 0.7327

passivity 0 1 γ 0 10.0000 −8.0000 14.5663 −10.0000 0.1201

dissipativity −1 1 γ 0 10.6384 −8.0000 12.7780 −10.0000 0.1238

Then, we were concerned with different cases to conclude our discussion:

Case I: passivity filtering:

⎡⎣Â1
1 Â1

2 B̂1
1 B̂1

2
Â2

1 Â2
2 B̂2

1 B̂2
2

Â3
1 Â3

2 B̂3
1 B̂3

2

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣

0.76238 0.1182 0.77373 0.12784 0.24699 0.25917
−0.85348 0.31808 −0.70568 0.31865 0.076161 0.20964
ine0.62687 0.078345 0.68218 0.059552 0.33982 0.42384
−1.4991 0.26763 −1.3146 0.20334 0.40852 1.2533

ine0.68872 0.085852 0.70391 0.10369 0.28929 0.39769
−1.2972 0.2118 −0.92588 0.17481 0.078596 0.83558

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎣Ĉ1

1 Ĉ1
2

Ĉ2
1 Ĉ2

2
Ĉ3

1 Ĉ3
2

⎤⎦ =

⎡⎣ −0.38676 0.10875 −0.38987 0.10831
ine− 0.57935 0.11218 −0.58156 0.11422
ine− 0.47562 0.087605 −0.49095 0.084071

⎤⎦
(65)

Case II: dissipativity filtering:

⎡⎣Â1
1 Â1

2 B̂1
1 B̂1

2
Â2

1 Â2
2 B̂2

1 B̂2
2

Â3
1 Â3

2 B̂3
1 B̂3

2

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣

0.75035 0.10162 0.76625 0.115 0.26128 0.27117
−0.67407 0.53154 −0.51703 0.53359 0.076572 0.19088
ine0.56972 0.052941 0.63612 0.027462 0.34737 0.47697
−1.3854 0.46117 −1.216 0.38875 0.45019 1.3471

ine0.60712 0.041119 0.61428 0.053424 0.30315 0.52321
−1.4628 0.3626 −1.1198 0.28418 0.19734 1.4148

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎣Ĉ1

1 Ĉ1
2

Ĉ2
1 Ĉ2

2
Ĉ3

1 Ĉ3
2

⎤⎦ =

⎡⎣ −0.32311 0.15403 −0.32593 0.15345
ine− 0.61589 0.16114 −0.61878 0.16324
ine− 0.4861 0.088156 −0.50649 0.085026

⎤⎦
(66)

Case III: H∞ filtering:

⎡⎣Â1
1 Â1

2 B̂1
1 B̂1

2
Â2

1 Â2
2 B̂2

1 B̂2
2

Â3
1 Â3

2 B̂3
1 B̂3

2

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣

0.8641 0.074582 0.88691 0.092459 0.15007 0.15425
−0.44428 0.7861 −0.30547 0.78572 −0.038087 −0.02165
ine0.64921 −0.017533 0.83116 0.06009 0.2362 0.31973
−0.45812 0.74357 −0.091925 0.70545 0.017246 0.1741
ine0.33701 −0.15945 0.24163 −0.10596 0.1781 1.7443
−1.0908 0.47433 −1.3547 0.57936 −0.42549 2.786

⎤⎥⎥⎥⎥⎥⎥⎦
⎡⎣Ĉ1

1 Ĉ1
2

Ĉ2
1 Ĉ2

2
Ĉ3

1 Ĉ3
2

⎤⎦ =

⎡⎣ 0.00036846 0.63323 0.014015 0.63422
ine− 0.070462 0.57629 5.1593.10−6 0.47536
ine− 0.16548 0.51958 0.042926 0.52235

⎤⎦
(67)

Case IV: H∞ filtering in [34]: In this case, we used the filter proposed in [34] with a con-
stant threshold σ = 0.5.

For the first three cases, the gains were calculated by employing the minimal values
recorded in Table 2.
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5.2.1. Results and Graphical Plots

Given the initial conditions x(0) = x̂(0) =
[
0 0

]T , the numerical simulations were
performed for w(k) = 8sin2(k)e−0.3k. For different cases, the simulation results are depicted
in Figures 2–5, where the switching signal r̄(k) and Bernoulli distribution are, respectively,
depicted in Figure 6a,b.
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Figure 2. z(k) and its estimation ẑ(k) (a) and the release instants and release interval (b), for Case I.
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Figure 3. z(k) and its estimation ẑ(k) (a) and the release instants and release interval (b), for Case II.
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Figure 4. z(k) and its estimation ẑ(k) (a) and the release instants and release interval (b), for Case III.
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Figure 5. z(k) and its estimation z f (k) (a) and the release instants and release interval (b), for Case IV.
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Figure 6. A possible sequence of the system mode (a) and the states of measurements (b).

5.2.2. Comparative Explanations

Figures 2a–5a display the output z(k) and its estimation ẑ(k). Figures 2b–5b show the
event-triggered release instants and the intervals. According to the time-triggered schemes,
the percentages of transmitted data for different cases are shown in Table 3. Moreover,
the table provides an overview of the comparison using a quantitative analysis, where the
deviations of the state error ê(k) are investigated by computing the integral squared error
(ISE) and the integral absolute error (IAE) for different filters. In light of our results, we can
substantiate that our method effectively mitigates the waste of computational resources
and communication channels, with the smallest total deviation of ê(k). To evaluate the
merit of the proposed approach, the adaptive ET scheme proposed by [48] was applied
to the system, as shown in Figure 7b. Using the AET mechanism described in [48], the
adaptive variable showed clearly a negative value, which is inaccurate.
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Figure 7. Adaptive variable using the proposed method (a) and the AET mechanism in [48] (b).
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Table 3. Data transmission rate, ISE, and IAE for different cases.

Filter Gains (65) (66) (67) [34]

Data transmission rate 14.172 13.573 12.575 18.563

ISE 1.5152 1.4895 0.94308 8.7833

IAE 2.9001 2.8546 2.4904 5.8065

5.3. A Lower Limbs Rehabilitation System

As shown in Figure 8, this example uses an isokinetic rehabilitation system for the
lower limbs, which can assist the handicapped in Hail is described by the following
differential nonlinear equation [61]:

Γm = Jm θ̈ + fmθ − km
θ̇

|θ̇| θ̇
2 − Fl − a cos(θ)− b sin(θ) (68)

Γm, Jm, and fm, respectively, represent the controlled variables that determine the torque,
inertia, and viscous friction. Moreover, the variables θ̈, θ̇, and θ correspond to the an-
gular position, velocity, and acceleration of the mobile part. The torque delivered by
the patient is described by F times l; the potential energy of the system is described by
a cos(θ); the centrifugal force coefficient is described by b sin(θ), while the centrifugal
force coefficient needs to be added or subtracted according to the velocity sign. Define
x(t) = [x1(t), x2(t)] = [θ̇, θ], u(t) = Γm, and w(t) = F. A discrete-time model of Sys-
tem (68) can be obtained by applying Euler’s discretization:⎧⎨⎩x1(k + 1) = (1 + Tsg(km, x1(k)))x1(k) + Ts f (x2(k))x2(k) +

Ts

Jm
u(k) +

Tsl
Jm

w(k)

x2(k + 1) = x2(k) + Ts(k)
(69)

with g(km, x1(k)) =
km|x1(k)| − fm

Jm
and f (x2(k)) =

a cos(x2(k))− b sin(x2(k))
Jmx2(k)

.

Figure 8. Lower limbs rehabilitation system.

A list of the parameters of the system can be found in Table 4. As a further considera-
tion, it was assumed that parameter Jm has two different modes, listed in the table. Given
the uncertainty associated with the parameter km, it is evident that the IT-2 fuzzy system
should be adopted to model a nonlinear system (68). Assume that x1(k) ∈ [−2π, 2π]
and x2(k) ∈ [π/180, 2π/3]; we can obtain gmax = −3.0651 and gmin = 11.806, and
g(x1(k)) ∈ [ḡmax, ḡmin] = [−4, 12].

By adopting the sector nonlinearity method, the membership functions of the corre-
sponding IT-2 fuzzy model are defined as

μ1(x1(k)) = m1(x1(k))h1(x2(k)), μ2(x1(k)) = m2(x1(k))h2(x2(k)),

μ3(x1(k)) = m1(x1(k))h1(x2(k)), μ4(x1(k)) = m2(x1(k))h2(x2(k))
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with mi(x1(k)) = mi(x1(k)) sin2(x1(k)) + m̄i(x1(k)) cos2(x1(k)), m1(x1(k)) =
ḡmax − g(80, x1(k))

ḡmax − ḡmin
, m̄1(x1(k)) =

gmax − g(70, x1(k))
ḡmax − ḡmin

, m2(x1(k)) = 1 − m̄1(x1(k)),

m̄2(x1(k)) = 1−m1(x1(k)), h1(x2(k)) =
187.35− f (x2(k))

187.75
, and h2(x2(k)) = 1− h1(x2(k)).

Thus, the dynamical model of (68) can be described by the Markov switching fuzzy
system in the form of (4) with Ts = 0.025 s, and the transition probability rate matrix and
the system matrices are defined as:

A1
1 =

[−0.2557 −6.1348
0.0250 1.0000

]
, A1

2 =

[−0.2561 −1.3733
0.0250 1.0000

]
, A1

3 =

[
0.0706 −6.0071
0.0250 1.0000

]
,

A1
4 =

[
0.0706 −1.4156
0.0250 1.0000

]
, A2

1 =

[−0.2488 −6.0116
0.0250 1.0000

]
, A2

2 =

[−0.2487 −1.4191
0.0250 1.00001

]
,

A2
3 =

[
0.0649 −5.8815
0.0250 1.0000

]
, A2

4 =

[
0.0644 −1.4777
0.0250 1.0000

]
, B1

i =

[
0.00037

0

]
, B2

i =

[
0.000355

0

]
,

Π =

[
0.7 0.3
0.2 0.8

]
(70)

For τm = 2, τM = 6, Θ = 5, ζ̄ = 0.85, �1 = 0.15, and �2 = 1/0.15, Algorithm 1
was performed, and the optimal values of the l2 − l∞ performance were obtained as:
a∗1 = 2.0581, a∗2 = 2.5176, b∗1 − 0.1309 b∗2 = −0.1744, and γ∗ = 7.223−4. The filter matrices
are designed as[

Â1
1 Â1

2 Â1
3 Â1

4
Â2

1 Â2
2 Â2

3 Â2
4

]
=⎡⎢⎢⎣

0.073469 −3.4221 0.083413 −0.6332 0.20643 −3.2698 0.21936 −0.73011
0.01021 0.926 0.0076208 0.97167 0.011397 0.92152 0.012629 0.97586

ine− 0.060213 −2.8422 −0.092627 −0.75619 0.17697 −2.6329 0.19582 −0.79572
0.013459 0.93971 0.010413 0.96712 0.014624 0.93769 0.018435 0.97071

⎤⎥⎥⎦
[

B̂1
1 B̂1

2 B̂1
3 B̂1

4
B̂2

1 B̂2
2 B̂2

3 B̂2
4

]
=⎡⎢⎢⎣

−9.5398 9.3138 −8.6087 6.7673
−0.0038308 0.32511 −0.042507 0.38779
ine− 7.5654 6.6368 −6.6323 5.2521

0.041711 0.28217 0.019727 0.29285

⎤⎥⎥⎦
[

Ĉ1
1 Ĉ1

2 Ĉ1
3 Ĉ1

4
Ĉ2

1 Ĉ2
2 Ĉ2

3 Ĉ2
4

]
=[

0.029365 0.015436 0.029365 0.015436 0.029365 0.015436 0.029365 0.015436
ine0.044923 0.026018 0.044923 0.026018 0.044923 0.026018 0.044923 0.026018

]

(71)

According to the above parameters, the simulation results are presented in Figures 9–11,
where Figure 11b illustrates, respectively, the random variables r̄(k) and ζ(k). As an
intuitive method for evaluating the communication performance of the designed filter,
Figures 9a–11a record the trajectories of the system’s and filter’s outputs, the triggering
instants and intervals of each system state component, as well as the dynamic threshold
parameters for the different trigger mechanisms suggested in [35,48,53,54]. As can be seen
in these figures, the implemented filter for different ETMs can guarantee the convergence
of the system’s states despite uncertainties, external disturbances, and cyber-attacks. Based
on Table 5, it appears that the application of the AETM in this article may further optimize
communication resources and reduce bandwidth usage because the number of data packets
transmitted with an acceptable IAE was significantly less than the number of data packets
transmitted using the ETMs in [35,48,53,54,62].
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Table 4. Markov mode parameters of the system.

Parameter Physical Meaning Value Mode 1 Mode 2 Unit

a Gravitational coefficient 110 - - (N)
b Gravitational coefficient 31 - - (N)
l Arm’s length 0.5 - - (m)
fm Viscous friction 103.6 - - (N(rad/s)−1)
km Coriolis coefficient [70, 80] - - (Nm(rad/s)−1)
Jm inertia - 33.8 35.2 (kg m−2)
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Figure 9. Simulation results based on the proposed AETM (a) and simulation results based on the
AETM in [35] (b).
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Figure 10. Simulation results based on the AETM in [48] (a) and simulation results based on the
AETM in [53] (b).
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Figure 11. Simulation results based on the AETM in [54] (a) and a possible sequence of the system
mode and the states of measurements (b).
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Table 5. Number and rate of transmitted data packets and IAE for different event-triggered mechanisms.

Event-Triggered Mechanism Packets Transmitted Data Transmission Rate (%) IAE (%)

Proposed 12 2.99 1.69
[35] 20 4.98 1.74
[48] 14 3.49 1.67
[53] 19 4.74 1.81
[54] 26 6.48 1.67

5.4. Comparative Explanations

The dynamic- and adaptive-event-triggered filtering problem for nonlinear networks
has recently been the subject of numerous studies in the literature, so several methods are
comparable to what we presented here. There are, however, some differences from our
approaches as follows:

• To handle nonlinear network systems, a H∞ linear filter was designed in [26] using
Type-1 fuzzy models, which may lead to conservative results. As an alternative, we
took a more general approach based on a Markovian jump Type-2 fuzzy model to
design an IT2 fuzzy filter with extended dissipativity performance.

• Different from [49,62], the filter design method described in [26] was based on an
improved matrix decoupling approach that uses appropriate selected scalars. The
selection of these parameters can be achieved either by a numerical analysis or by
using meta-heuristic techniques, such as the PSO method addressed in this study.

6. Conclusions, Limitations, and Future Work

Some conclusions, possibilities for future developments, and limitations of the filtering
strategy are presented in this section.

6.1. Concluding Remarks

For a class of nonlinear discrete-time systems described by Markov jumping IT-2 fuzzy
models, a novel adaptive-event-triggered extended dissipativity-based filtering problem
was developed. This study successfully addressed the hypothesis of perturbations and
the random occurrence of cyber-attacks. As a means of reducing the unnecessary use
of limited communication resources, a new event-triggered scheme with an adaptive
triggering scheme was used to determine whether or not the current measurements needed
to be transmitted. Furthermore, delay-dependent conditions were developed for the
filter design in order to ensure that the error system would be stochastically stable with
extended dissipativity performance. Using the upper and lower membership functions,
less conservative results were obtained. Furthermore, an optimization-based algorithm
(PSO) was used for the determination of the filter gains and to achieve the best-possible
performance. Finally, this paper concluded with two examples that illustrated how effective
the method proposed here can be.

6.2. Limitations

Despite the power and performance of the synthesized technique, the latter imposes
that the Markov chain transition probability is known as a delicate task in practice. Equally
important, the synchronization between modes of the filter and model is a task that may be
difficult to achieve in practice.

6.3. Future Work

Further research that may be focused on in the context of the present study is related
to the state estimation of singular systems based on the dynamic-event-triggered communi-
cation protocol [56,63]. Moreover, the determination of partial and time-varying transition
probabilities in our framework is an open problem to be addressed in the future.
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Abstract: The Redundancy Allocation Problem (RAP) is well-known in the field of reliability opti-
mization. In this paper, RAP is investigated assuming that the distribution of the time to failure of
the components has the form of an Erlang distribution with a time-dependent rate parameter and
considering that the choice of redundancy for each subsystem can be none, active, standby or mixed.
A genetic algorithm is used to solve the problem of optimal allocation. To analyze the effect of the
time dependence, some numerical examples are worked out. Then, a case study of RAP from the
literature is analyzed. The obtained results show that time dependence of the failure time distribution
parameters can lead to significant differences in the optimal redundancy allocation.
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1. Introduction

The reliability of a system can be improved at design by allocating redundant com-
ponents to the subsystems. In a redundant system, when a working component fails,
the failed component function is taken over by a redundant one which can provide the
same function. The problem to do this optimally is called Redundancy Allocation Problem
(RAP), which amounts to optimally selecting the redundant components to be allocated to
the subsystems. The choice of the redundancy allocation strategy is driven by objectives,
and/or subject to constraints, such as reliability, cost, volume and weight, depending on
the system application. Then, RAP can be defined as the problem of selecting the number
and type of the redundant components to allocate to the system, so to optimize a specific
objective, such as system reliability, under given constraints, such as total system cost
and weight.

The two redundancy strategies commonly considered in RAPs are “active” and
“standby”, although one called “mixed” has been introduced relatively recently [1]. In the
active redundancy strategy, all components start to work at time zero and a redundant
component might be found already failed before it is called to operation. In the standby
redundancy strategy, one component is active and the others (at least one component)
are standby. The standby redundancy strategy comes in the three types: cold, warm and
hot [2]. In cold-standby, redundant components do not fail before they are used. In warm-
standby, redundant components are subject to failure even when they are dormant, but at
a rate lower than that of the main component which is working. Finally, in hot-standby,
redundant components are subject to failure even while dormant, at a rate equal to that
of the main components. Without loss of generality of the analysis, among the standby
strategies, the present paper considers the cold-standby redundancy strategy, only for
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simplicity of illustration. In the mixed redundancy strategy, more than one component can
be active while some others (one or more) are standby. The mixed redundancy strategy
tries to combine the advantages of both active and standby strategies. Indeed, it is a general
form of the active and standby strategies. The mixed redundancy strategy can be used in
most practical cases, but the active and standby redundancy strategies are also used in
certain cases, due to their simple forms. In the standby and mixed redundancy strategies, a
switching system has to be used to activate a standby redundant component.

Some researchers considered RAP with the same redundancy strategy for all subsys-
tems in the system [3–34]. Following Coit [35], some researchers have turned to consider the
redundancy strategy for each subsystem, either active or standby, as a decision variable that
can be optimally determined by an optimization model [36–43]. The mixed redundancy
strategy has also been considered as an alternative for the subsystems [44–52].

Other aspects come realistically into play in a RAP; these include the objective function,
the states of the components and that of the entire system, the type of the components to be
allocated to each subsystem, the reparability of the components, and so on. For example,
RAPs may be considered with a single objective function, e.g., aiming to maximizing
system reliability [1,3–11,27,28,30,31,35–37,39–41,44,46–48,53–55], minimizing total system
cost [12–15] or maximizing/minimizing other parameters [16,29]. Alternatively, RAPs may
consider multi-objective functions [18–25,32,34,38,42,45,50,56–59].

Regarding the components, they might be represented as binary or multi-state. In
the binary state representation, the components can only be totally healthy or completely
failed [1,3–13,17–23,25–35,40,41,43–48,53,55]; in the multi-state, the components might have
other states, intermediate between these two [14–16,24,60–65]. The type of the components in the
subsystems can be characterized from different viewpoints. For instance, allocation of either iden-
tical [1,3–7,12,18–20,35,36,40,45,46,53,54] or non-identical components to each subsystem might
be allowed [8–11,13–17,21,22,25,27,28,33,37,41,44,48,49,62]. Moreover, the components character-
istics, including their cost, weight and performance function, might be deterministic or uncertain
functions [66]. From another aspect, the components can be repairable [14,15,20,24,26,30,56]
or non-repairable [1,3–7,9,11,13,16–19,21,22,27–29,31,35–37,40,41,43–48,53–55]. In this regard, a
comprehensive categorization of reliability optimization problems is provided in [67].

This paper considers the RAP for a system with identical binary components in each
subsystem. The redundancy strategy for each subsystem is taken as the decision variable
that can be active, standby or mixed, and the objective function requires system reliability
to be maximized. Also, the distribution of the time to failure of the components is assumed
to have the form of an Erlang distribution, whose rate parameter (λ(t)) is not constant in
time. To the best of our knowledge, no RAP with these novel realistic properties has ever
been investigated in the literature.

The failure of the components allocated to a system may be due to degradation or
due to occurrence of some shocks. In the case where component failure is due to shock
occurrence, the Erlang distribution can be considered suitable for modeling the stochastic
time to failure of the components. If the distribution of the time to failure of a component is
considered as an Erlang distribution with a shape parameter of k, it means that the failure
of the component is due to the occurrence of some shocks, so that the component will fail
as soon as the kth shock occurs. So, the problem is of practical interest, for example for
electronic components which often fail due to some shocks. In the Erlang distribution, the
rate parameter indicates the rate of occurrence of the shocks. The rate parameter is usually
assumed to be constant, to describe the failure of components subject to shocks occurring
at a constant rate. But the occurrence rate of the shocks may not be constant in time and,
for this reason, in this paper the rate parameter is considered time-dependent, λ(t).

The main contribution of this paper is to propose a model in which the rate parameter
of the time to failure distribution of the components is time-dependent and the redundancy
allocation strategy for the subsystems can be mixed or other redundancy strategies.

The rest of the paper is structured as follows. In Section 2, the mathematical formula-
tion of the RAP is described in detail. A solution method based on a genetic algorithm is
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proposed in Section 3. A numerical example is elaborated in Section 4 with and without
time dependence, to demonstrate the effect of the time dependence of the rate parameter.
Then, a case study taken from literature is considered. Finally, the conclusions and the
suggestions for future work are given in Section 5.

2. Materials and Methods

2.1. Problem Formulation

A single-objective RAP is considered, in which the distribution of the time to failure of
any component has the form of an Erlang distribution. The main specificities are the time-
dependent parameter λ(t) in the time to failure distribution function and the redundancy
strategy of any subsystem that can select among active, standby, mixed or no redundancy
strategies. Figure 1 depicts the structure of a system composed of a series of five subsystems.

Figure 1. Structure of a system of redundant subsystems.

A number of redundant components can be allocated to each subsystem, each of which
may be active or standby. In Figure 1, the active components are shown in green and the
standby ones are shown in grey. The purpose of allocating the redundant components is
to increase the reliability of the subsystems and consequently to increase the reliability of
the system. But, the existence of some physical and/or economical restrictions makes it
impossible to allocate any desired number of components to the subsystems. Therefore,
the goal is to determine the best choices including determining the type and number of
active and standby components allocated to each subsystem so that the reliability of the
system is maximized, under given constraints.

The number of active and standby components allocated to each subsystem determines
the redundancy strategy. If no redundant component is allocated to a subsystem, the
subsystem has no redundancy strategy. The redundancy strategy of a subsystem is active
if all of the components allocated to the subsystem are active. If one of the components
allocated to a subsystem is active and the rest are standby, the redundancy strategy is
standby, and if more than one allocated component is active and one or more components
are standby, the redundancy strategy is mixed. Since the number of active and standby
components allocated to each subsystem is a decision variable, the redundancy strategy is
also a decision variable that is determined during the optimization process.

In Figure 1, the redundancy strategy for each subsystem can be determined according
to the number of active and standby components allocated to the subsystem. Accordingly,
the redundancy strategy for subsystems 1 and 4 is standby, that for subsystems 2 and 5 is
mixed, and the one for subsystem 3 is active. Before addressing the mathematical model,
the assumptions considered and the notations used are presented below.
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2.1.1. Notation

i index for subsystems (i = 1, 2, . . . , s )

s number of subsystems

nA,i number of active components allocated to subsystem i

nS,i number of standby components allocated to subsystem i

nA, nS vectors of [nA,i] and [nS,i], (nA = [nA,1, nA,2, . . . , nA,s], nS = [nS,1, nS,2, . . . , nS,s] )

ni number of components allocated to subsystem i,
(
ni = nA,i + nS,i )

nmax,i maximum value allowed for ni

ARSi
redundancy strategy assigned for subsystem i,
(ARSi ∈ {NR, Active, Standby, Mixed})

ri(t) reliability at time t of the component (all identical) allocated to subsystem i

Rsys(t; nA, nS) system reliability at time t due to the vectors nA and nS

Ri,ARSi (t) reliability of subsystem i at time t with redundancy strategyARSi

ki
shape parameter of the Erlang distribution for the component allocated to
subsystem i

λi(t)
rate parameter of the Erlang distribution for the component allocated to
subsystem i

ci, wi cost and weight of the component allocated to subsystem i

cswitch,i, wswitch,i cost and weight of the switching system used in subsystem i (if present)

W, C maximum allowed amount for the system weight and cost

ρi(t) switching system reliability at time t for subsystem i (if present)

f (j)
i (t)

pdf of the jth failure time of standby components allocated to subsystem i at
time t

f Max,nA,i
i (t)

pdf of time to failure of the last active component allocated to subsystem i at
time t

fi(t) pdf of the time to failure of the component allocated to subsystem i at time t

Fi(t) cdf of the time to failure of the component allocated to subsystem i at time t

λa−b average rate of occurrence of events between times a and b (λa−b =
b∫
a

λ(t)dt)

N(t) number of events occurred until time t.

2.1.2. Assumptions

As previously mentioned, the objective is to maximize the reliability of a system under
a given number of constraints. The following assumptions are made:

• The components and the entire system are binary, i.e., they can be either totally healthy
or completely failed.

• Components failures are independent events that individually cause no damage to
the system.

• The redundancy strategy for each subsystem is a decision variable that can be selected
to be active, standby, mixed or none.

• The distribution of the time to failure of the components has the form of an Erlang
distribution with a time-dependent parameter λ(t).

• The components are non-repairable and there is no preventive maintenance.
• The components of each subsystem are identical, i.e., mixing of component types is

not allowed.
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2.1.3. Mathematical Model

The mathematical model for the considered problem can be formulated as follows:

max Rsys(t; nA, nS) (1)

s.t.
s

∑
i=1

ci.ni + ∑
i ∈ Standby

or Mixed

cswitch,i ≤ C (2)

s

∑
i=1

wi.ni + ∑
i ∈ Standby

or Mixed

wswitch,i ≤ W (3)

1 ≤ ni ≤ nmax,i (4)

Equation (1) expresses the objective of maximizing the system reliability by determin-
ing the type and the number of active and standby components allocated to each subsystem
of the system. Constraints (2) and (3) express the maximum cost and weight for the entire
system, respectively, whereas constraint set (4) considers the maximum number of compo-
nents that can be allocated to each subsystem. The reliability of a system composed of a
series of subsystems can be calculated as in Equation (5):

Rsys(t; nA, nS) = ∏
i∈NR

Ri,NR(t) ∏
i∈Active

Ri,Active(t) ∏
i∈Standby

Ri,Standby(t) ∏
i∈Mixed

Ri,Mixed(t) (5)

where NR represents subsystems with no redundancy strategy, whereas Active, Standby and
Mixed represent those with active, standby and mixed redundancy strategies, respectively.
As previously mentioned, the redundancy strategy for each subsystem is determined
according to the number of active and standby components allocated. Therefore, the
number of active and standby components allocated to each subsystem determines in which
part of Equation (5) the reliability calculation of the subsystem should be placed. After
determining the redundancy strategy for each subsystem, the reliability of the subsystems
at time t is calculated with one of the following equations:

Ri,NR(t) = ri(t) (6)

Ri,Active(t) = 1− (1− ri(t))
ni (7)

Ri,Standby(t) = ri(t) +
ni−1

∑
j=1

t∫
0

(
ρi(u) f (j)

i (u)ri(t− u)
)

du (8)

Ri,Mixed(t) = 1− (1− ri(t))
nA,i +

t∫
0

(
ρi(u) f Max,nA,i

i (u)ri(t− u)
)

du

+
nS,i−1

∑
j=1

t∫
0

t∫
v

(
f Max,nA,i
i (v)ρi(u) f (j)

i (u− v)ri(t− u)
)

dudv
(9)

In these equations, ri(t) is the reliability of the components used in subsystem i at time
t, ni is the number of components allocated to subsystem i, ρi(t) is the reliability of the
switching system at time t, f (j)

i (t) is the pdf of the time to failure of the jth component in
subsystem i in standby and mixed redundancy strategies, whereas nA,i and nS,i represent
the numbers of active and standby components assigned to subsystem i, respectively, in

105



Mathematics 2023, 11, 3534

the case a mixed redundancy strategy is used (in this case nis = nA,i + nS,i), and f Max,nAi
i (t)

is the pdf of the time to failure of the last active component in subsystem i in the mixed
redundancy strategy.

In Equation (6), the reliability of subsystem i with no redundancy strategy is equal to
the reliability of the only component allocated. In Equation (7), the reliability of subsystem
i at time t with an active redundancy strategy is equal to the probability that at least one of
the allocated components can remain healthy until time t. In Equation (8), the reliability
of subsystem i at time t with standby redundancy strategy consists of two parts. The first
part is the reliability of the active component allocated and the second one is equal to the
sum of the probabilities that the jth standby component fails at time u (a time before t) and
the next standby component is activated by the switching system at this time and can be
healthy until time t. In Equation (9), the reliability of subsystem i at time t with a mixed
redundancy strategy consist of three parts. The first part is equal to the probability that at
least one of the active components remains healthy until time t. The second part is equal
to the probability that the last active component fails at time u (a time before t) and the
first standby component is activated by the switching system at this time and can remain
healthy until time t. The third part is equal to the sum of the probabilities that the last
active component fails at time v (a time before t) and, then, the standby components will be
activated one by one after the failure of the previous one, until the jth standby component
fails at time u (a time between v and t), and the next standby component is activated by the
switching system at this time and can remain healthy until time t.

In Equation (9), f Max,nA,i
i (t) can be calculated using Equation (10):

f Max,nA,i
i (t) = nAi(Fi(t))

nA,i−1 fi(t) (10)

For example, if nA,i = 3, f Max,nA,i
i (t) can be calculated as in Equation (11):

f Max,3
i (t) = fi(t)Fi(t)Fi(t) + Fi(t) fi(t)Fi(t) + Fi(t)Fi(t) fi(t) = 3(Fi(t))

3−1 fi(t) (11)

If the time to failure of a component in subsystem i follows an Erlang distribution,
then its reliability at time t is given by Equation (12):

ri(t) =
∞∫

t

fi(t)dt =
ki−1

∑
j=0

e−λi t(λit)
j

j!
(12)

When the time to failure of a generic component follows an Erlang distribution with
shape parameter k, this component is, then, exposed to shocks that follow a Poisson
distribution, and fails at the occurrence of the kth shock. The reliability of the component at
time t is, therefore, the probability that less than k shocks occur until time t.

Considering that the times to failure of the components follow Erlang distribution,
the reliability of subsystem i with no redundancy strategy and with an active redundancy
strategy is obtained as Equations (13) and (14), respectively:

Ri,NR(t) =
ki−1

∑
j=0

e−λi t(λit)
j

j!
(13)

Ri,Active(t) = 1−
(

1−
ki−1

∑
j=0

e−λi t(λit)
j

j!

)ni

(14)
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If the redundancy strategy of subsystem i is standby, considering that ρi(t) is a non-
increasing function, we have:

Ri,Standby(t) ≥ ri(t) +
ni−1
∑

j=1
ρi(t)

t∫
0

(
f (j)
i (u)ri(t− u)

)
du

=
ki−1
∑

j=0

e−λi t(λi t)
j

j! + ρi(t)
niki−1

∑
j=ki

e−λi t(λi t)
j

j!

(15)

The reliability formulation for a subsystem with a mixed redundancy strategy is
slightly more complicated than the others. In Equation (9), we can rewrite ri(t) and Fi(t)
as in Equation (12). Also, we know that for a component with Erlang time to failure
distribution of shape parameter ki, fi(t)dt is the probability that ki − 1 shocks occur before
time t and the kith shock occurs at time t. So, we can write fi(t)dt so as to explicitly represent
that ki − 1 shocks occur before time t and one shock occurs between time t and t + dt:

fi(t)dt =
e−λi t(λit)

ki−1

(ki − 1)!
.
e−λidt(λidt)1

1!
(16)

For f (j)
i (t), the pdf of the time to failure of the jth component in subsystem i, we have:

f (j)
i (t)dt =

e−λi t(λit)
j.ki−1

(j.ki − 1)!
.
e−λidt(λidt)1

1!
(17)

This means that f (j)
i (t)dt is the probability that j.ki − 1 shocks occur before time t and

one shock occurs between time t and t + dt. So, if the redundancy strategy of subsystem i is
mixed, the reliability of subsystem i, whose components times to failure follow an Erlang
distribution, can be calculated as in Equation (18):

Ri,Mixed(t) = 1−
(

1−
ki−1
∑

j=0

e−λi t(λi t)
j

j!

)nA,i

+
t∫

0

⎛⎝ρi(u)nA,i

(
1−

ki−1
∑

j=0

e−λi u(λiu)
j

j!

)nA,i−1
e−λi u(λiu)

ki−1

(ki−1)! . e−λi du(λi)
1

1!

ki−1
∑

j=0

e−λi (t−u)(λi(t−u))j

j!

⎞⎠du

+
nS,i−1

∑
j=1

t∫
0

t∫
v

⎛⎝ρi(u)nA,i

(
1−

ki−1
∑

j=0

e−λi v(λi v)
j

j!

)nA,i−1
e−λi v(λi v)

ki−1

(ki−1)! . e−λi dv(λi)
1

1! . e−λi (u−v)(λi(u−v))j.ki−1

(j.ki−1)! . e−λi du(λi)
1

1!

ki−1
∑

j=0

e−λi (t−u)(λi(t−u))j

j!

⎞⎠dvdu

(18)

In this paper, it is assumed that the rate parameter is not constant, but a function of
time, i.e., we have λ(t) instead of λ. So, the components will be exposed to shocks with a
variable rate over time. For a nonhomogeneous Poisson process with rate λ(t), we have:

P{N(b)− N(a) = j} = e−λa−b(λa−b)
j

j!
(19)

where

λa−b =

b∫
a

λ(t)dt (20)

and N(t) is the number of events occurring prior to time t. Therefore, the reliability at
time t for a component exposed to the shocks that follow a nonhomogeneous Poisson
distribution, i.e., the probability that less than k shocks occur until time t, can be calculated
as in Equation (21):

r(t) = P{N(t)− N(0) < k} =
k−1

∑
j=0

e−λ0−t(λ0−t)
j

j!
(21)
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Now, if the rate parameter is time-dependent (λ(t)), by replacing λit by λi,0−t in
Equations (13)–(15) and (18), the reliability of the subsystems with no redundancy strategy,
and of those with active, standby and mixed redundancy strategies can be written as
Equations (22)–(25), respectively:

Ri,NR(t) =
ki−1

∑
j=0

e−λi,0−t(λi,0−t)
j

j!
(22)

Ri,Active(t) = 1−
(

1−
ki−1

∑
j=0

e−λi,0−t(λi,0−t)
j

j!

)ni

(23)

Ri,Standby(t) =
ki−1

∑
j=0

e−λi,0−t(λi,0−t)
j

j!
+ ρi(t)

niki−1

∑
j=ki

e−λi,0−t(λi,0−t)
j

j!
(24)

Ri,Mixed (t) = 1−
⎛⎝1−

ki−1
∑

j=0

e
−λi,0−t (λi,0−t )

j

j!

⎞⎠nA,i

+
t∫

0

⎛⎜⎝ρi (u)nA,i

⎛⎝1−
ki−1

∑
j=0

e
−λi,0−u (λi,0−u )

j

j!

⎞⎠nA,i−1
e
−λi,0−u (λi,0−u )

ki−1

(ki−1)! .
e
−λi,u−u+du (λi (u))

1

1!

ki−1
∑

j=0

e
−λi,u−t (λi,u−t )

j

j!

⎞⎟⎠du

+

nS,i−1
∑

j=1

t∫
0

t∫
v

⎛⎜⎝ρi (u)nA,i

⎛⎝1−
ki−1

∑
j=0

e
−λi,0−v (λi,0−v )

j

j!

⎞⎠nA,i−1
e
−λi,0−v (λi,0−v )

ki−1

(ki−1)! .
e
−λi,v−v+dv (λi (v))

1

1! .
e
−λi,v−u (λi,v−u )

j.ki−1

(j.ki−1)! .
e
−λi,u−u+du (λi (u))

1

1!

ki−1
∑

j=0

e
−λi,u−t (λi,u−t )

j

j!

⎞⎟⎠dvdu

(25)

2.2. RAP Solution Method

RAP is a problem of NP-hard class [68], and a meta-heuristic algorithm is here devel-
oped to search for the optimal solution. The genetic algorithm (GA) is a well-known
meta-heuristic method for solving combinatorial optimization problems [69] and, in-
deed, it has been successfully employed for solving optimization problems in various
fields [1,4–6,8,24,30,38,41–47,56]. In the following, the deployment of the algorithm for the
solution of the proposed RAP is briefly described.

2.2.1. Solution Encoding (Chromosome)

Solution encoding in the GA used is a 3 × s matrix, in which s represents the number
of the subsystems in the system. For each subsystem, the first row is the type of selected
component and the second and third rows give the numbers of allocated active and standby
components, respectively. There is no need to add a row for the redundancy strategy, as it
may be determined using the second and third rows: if the number of standby components
is equal to zero, then the redundancy strategy is active (or no redundancy strategy, in case
the number of active components is equal to one); if the number of active components
is equal to one and there are some standby components, then the redundancy strategy
is standby; finally, if the number of active components is larger than one and there are
also some standby components, then the redundancy strategy is mixed. Figure 2 shows
an example for the solution encoding with s = 6 subsystems. In the Figure, the active
components are shown in green and the standby ones are shown in grey. As it can be
seen in the Figure, the redundancy strategy for subsystems 1 and 4 is standby, that for
subsystems 2 and 6 is mixed, and that for subsystems 3 and 5 is active. Figure 3 represents
the structure of the system.

component type 

number of active components 

number of standby components 
 

Figure 2. Chromosome representation.
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Figure 3. Structure of the system corresponding to the solution in Figure 2.

2.2.2. Initial Population

The initial population is composed of the nPop solution matrix, whose entries are
generated randomly. The solution matrices should be generated in such a way that in each
column (subsystem), the first element is an integer number between 1 and the number
of components types available for the subsystem, and the second and third elements are
integer numbers so that their summation is less than or equal to the maximum number of
components allowed for the subsystem.

2.2.3. Fitness Function

The fitness function is defined as the system reliability minus the penalty for con-
straints violation. Indeed, if a solution goes beyond the constraints, a large enough amount
of penalty is deducted from the fitness function to guarantee that the final optimal solu-
tion is feasible. The amount of the penalty is equal to the product of the total amount of
violations of the constraints and a fixed number. This penalty also allows the algorithm to
search in the infeasible space for maintaining appropriate diversity in the search.

2.2.4. Selection

At each iteration, new offspring are generated by implementation of the crossover and
mutation operators. The roulette wheel selection method is used to select the parents [8,40].
In the roulette wheel selection method, selection of the parents occurs based on their
fitness function value: in other words, a solution is selected with probability proportional
to its fitness function. After the selection process, the crossover and mutation operators
are performed.

2.2.5. Crossover Operator

The crossover operator activates at a prespecified rate, rc. To explore a large variety of
solutions, use has been made of different types of single-point, double-point, uniform and
max–min crossover operators [1,4,44], each with a predetermined probability.

2.2.6. Mutation Operator

The mutation operator is implemented at a prespecified rate, rm. The main purpose
of using this operator is to not get caught in the local optimal solutions. In this paper,
use has been made of the random and max–min mutations [1,4,44], each with a predeter-
mined probability.

To create the next generation, the offspring generated by implementation of the
crossover and mutation operators are combined with the current population and the nPop
best ones are selected. These best solutions, then, form the next-generation population.

2.2.7. Stopping Criteria

The GA is terminated after a prespecified number of iterations, MaxIt.

3. Results

As a numerical example, the new optimization model proposed in this paper is applied
to three simple systems composed of series subsystems, for each of which some component
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choices are available for selection. The first system consists of 6 subsystems and the
second one consists of 15 subsystems. The objective is to maximize system reliability at
a mission time t = 100 (in arbitrary units). The third example is a case study introduced
in [6]. The system is a pharmaceutical plant containing 10 series subsystems as follows:

1. Weighting machine, 2. Sifter machine, 3. Mass machine,
4. Granulator, 5. Fluid bed dryer, 6. Octagonal blender,
7. Rotary compression machine, 8. Coating machine, 9. Air compressor,
10. Strip packing machine.

In this work, we extend this case study so that the rate parameters for the time to
failure of the components are time-dependent. The mission time is equal to t = 1000.

The rate parameter of the Erlang distribution is assumed to be in the form of a bathtub
curve [70–74], as shown in Figure 4. As can be seen, the rate parameter first decreases over
time, representing infant mortality, i.e., the process for which defective items fail early and
the occurrence rate of the shocks decreases over time as the defective items are weeded out
of the population. Then, the rate parameter remains constant for a period of time, as fully
random shocks are the cause of failure, independent of time. Finally, the rate parameter
increases, due to the aging process, for which the components are more likely to fail as time
goes on.

Figure 4. Rate parameter (bathtub curve).

We consider the mathematical form of the rate parameter as in Equation (26) to describe
all three parts, decreasing, constant and increasing:

λ(t) = cλ0(λ0t)α−1 (26)

In the above equation, c is a positive constant parameter. Different values of the
parameter α allow representing the different parts of the rate parameter: a value of α < 1
indicates a rate parameter decreasing over time; α = 1 indicates a constant rate parameter
over time; α > 1 indicates a rate parameter increasing over time. Then, the rate parameter
for the components in Figure 4 can be expressed by Equation (27), in which α1 is a value
less than one and α2 is a value larger than one:

λ(t) =

⎧⎪⎨⎪⎩
c1λ0(λ0t)α1−1 ; 0 ≤ t ≤ t1

λ0 ; t1 ≤ t ≤ t2

c2λ0(λ0t)α2−1 ; t ≥ t2

(27)
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In this equation, the values of c1 and c2 should be determined so that the rate function
is continuous at points t1 and t2. For this purpose, their values should be considered as
given in Equation (28):

λ(t) =

⎧⎪⎪⎨⎪⎪⎩
(λ0t1)

1−α1 λ0(λ0t)α1−1 = λ0(
t
t1
)

α1−1 ; 0 ≤ t ≤ t1

λ0 ; t1 ≤ t ≤ t2

(λ0t2)
1−α2 λ0(λ0t)α2−1 = λ0(

t
t2
)

α2−1 ; t ≥ t2

(28)

According to Equation (28), λ0−t can be calculated as Equation (29) to be used in
Equations (22)–(25).

λ0−t =

t∫
0

λ(t)dt =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

t∫
0

λ0(
u
t1
)α1−1du = λ0t1

α1
( t

t1
)

α1 ; 0 ≤ t ≤ t1

t1∫
0

λ0(
u
t1
)α1−1du +

t∫
t1

λ0du = λ0t1
α1

+ λ0(t− t1) ; t1 ≤ t ≤ t2

t1∫
0

λ0(
u
t1
)α1−1du +

t2∫
t1

λ0du +
t∫

t2

λ0(
u
t2
)α2−1du = λ0t1

α1
+ λ0(t2 − t1) +

λ0t2
α2

(
( t

t2
)

α2 − 1
)

; t ≥ t2

(29)

The parameters α1, α2, t1 and t2 must be determined for each component type allo-
cated in each subsystem. The components characteristics, including cost, weight and rate
parameters, for the numerical examples are presented in Tables A1–A3 in Appendix A.
The values of C, W, reliability of the switching system at mission time and the maximum
number of components that can be allocated to each subsystem are provided in Table A4
(in Appendix A) for the examples considered.

In order to tune the parameters of the GA, the Taguchi method has been used. For
this purpose, three levels have been considered for population size, crossover rate and
mutation rate.

The results obtained by the implementation of the Taguchi method are shown in
Figure 5. The considered levels, as well as the best values obtained by this method for
population size, crossover rate and mutation rate are shown in Table 1. The number of
iterations is set to be MaxIt = 100 for all the examples.

Table 1. The results obtained by the implementation of Taguchi method.

Level nPop rc rm

1 100 0.2 0.2
2 200 0.3 0.3
3 300 0.4 0.4

Best level
Example 1 200 0.4 0.2
Example 2 300 0.3 0.3
Example 3 200 0.4 0.3

As the GA is a stochastic algorithm, 20 trials of the algorithm are performed for
each example and the best solution found amongst them is selected as the optimal solu-
tion. The trend of the algorithm towards the optimal solution in the 20 trials is shown
in Figures A1–A3 in Appendix A. In order to show the robustness of the algorithm, the
values of the minimum, maximum, average, standard deviation and coefficient of variation
values of the reliability, weight and cost of the system in the optimal solutions obtained by
different trials are reported in Table 2. The values of the reliability, weight and cost of the
system in the optimal solutions obtained by different trials are reported in Tables A5–A7 in
Appendix A.
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(a) 

 
(b) 

 
(c) 

Figure 5. The results obtained by the implementation of Taguchi method: (a) first example; (b) second
example; (c) third example.
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Table 2. The results obtained by different trials.

System Characteristics

First Example Reliability Cost Weight

Minimum 0.9284 37 65
Maximum 0.9702 50 70

First example Average 0.9571 45.15 68.4
Standard deviation 0.0131 3.7852 1.4283

Coefficient of variation 0.0137 0.0838 0.0209

Minimum 0.9337 200 265
Maximum 0.9707 306 393

Second example Average 0.9522 255.8 334.7
Standard deviation 0.0102 26.5643 36.5392

Coefficient of variation 0.0107 0.1038 0.1092

Minimum 0.9846 424 509
Maximum 0.9896 478 519

Third example Average 0.9882 457.95 515.3
Standard deviation 0.0014 13.1813 3.2879

Coefficient of variation 0.0015 0.0288 0.0064

To the best of our knowledge, there is no benchmark problem to compare with the RAP
presented in this paper. So, to show the effect of time dependence of the rate parameter,
the above-mentioned examples have also been considered with a constant rate parameter
(i.e., useful lifetime), of the same value for all components. The best solutions obtained
for the examples by considering a constant rate parameter (λ) and by considering a time-
dependent rate parameter (λ(t)) (i.e., also initial early failure and final wear-out parts of the
lifetime) are given in Tables 3–5.

Table 3. Optimal solution with time dependence and without time dependence; first example.

Subsystem
With Time Dependence Without Time Dependence

zi nAi nSi Red. Strategy Reliability zi nAi nSi Red. Strategy Reliability

1 3 2 3 Mixed 0.9938 2 2 1 Mixed 0.9994
2 1 1 1 Standby 0.9977 1 1 1 Standby 0.9987
3 4 2 0 Active 0.9939 4 1 1 Standby 0.9986
4 2 1 1 Standby 0.9909 4 2 1 Mixed 0.9981
5 1 2 2 Mixed 0.9959 1 1 2 Standby 0.9953
6 1 1 1 Standby 0.9977 1 1 1 Standby 0.9980

System reliability
System cost
System weight

0.9702
45
70

0.9877
37
70

Table 4. Optimal solution with time dependence and without time dependence; second example.

Subsystem
With Time Dependence Without Time Dependence

zi nAi nSi Red. Strategy Reliability zi nAi nSi Red. Strategy Reliability

1 1 3 1 Mixed 0.99997 7 5 1 Mixed 0.99788
2 2 2 1 Mixed 0.99835 9 4 2 Mixed 0.99938
3 3 2 2 Mixed 0.99999 3 1 1 Standby 0.99977
4 9 3 3 Mixed 0.99912 6 2 3 Mixed 0.99995
5 9 2 3 Mixed 0.99428 3 2 2 Mixed 0.99876
6 8 2 2 Mixed 0.99916 1 3 2 Mixed 0.99888
7 10 3 2 Mixed 0.99968 4 3 3 Mixed 0.99755
8 5 2 3 Mixed 0.99717 3 3 4 Mixed 0.99764
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Table 4. Cont.

Subsystem
With Time Dependence Without Time Dependence

zi nAi nSi Red. Strategy Reliability zi nAi nSi Red. Strategy Reliability

9 8 2 3 Mixed 0.99796 7 4 1 Mixed 0.99554
10 6 3 3 Mixed 0.99567 5 3 3 Mixed 0.99686
11 1 2 3 Mixed 0.99761 1 2 2 Mixed 0.99853
12 1 1 3 Standby 0.99979 10 3 2 Mixed 0.99915
13 2 2 3 Mixed 0.99877 2 2 3 Mixed 0.99921
14 9 2 3 Mixed 0.99365 8 3 3 Mixed 0.99493
15 5 2 3 Mixed 0.99914 5 2 3 Mixed 0.99921

System reliability
System cost
System weight

0.9707
272
282

0.9736
254
335

Table 5. Optimal solution with time dependence and without time dependence; third example.

Subsystem
With Time Dependence Without Time Dependence

zi nAi nSi Red. Strategy Reliability zi nAi nSi Red. Strategy Reliability

1 3 2 1 Mixed 0.99956 3 2 1 Mixed 0.99980
2 1 2 1 Mixed 0.99928 4 2 1 Mixed 0.99999
3 2 2 1 Mixed 0.99950 2 2 1 Mixed 0.99966
4 3 2 1 Mixed 0.99957 4 1 1 Standby 0.99976
5 1 1 1 Standby 0.99740 1 2 1 Mixed 0.99987
6 3 2 1 Mixed 0.99918 3 2 1 Mixed 0.99982
7 2 2 1 Mixed 0.99923 3 2 0 Active 0.99999
8 3 2 1 Mixed 0.99924 1 2 1 Mixed 0.99998
9 2 1 1 Mixed 0.99755 4 2 1 Mixed 0.99999
10 1 2 1 Mixed 0.99908 1 1 1 Standby 0.99981

System reliability
System cost
System weight

0.9896
454
514

0.9987
480
517

4. Discussion

In this paper, a formulation for RAP is proposed in which the redundancy strategy
for each subsystem is taken as the decision variable and the distribution of the time to
failure of the components is assumed to have the form of an Erlang distribution, whose
rate parameter (λ(t)) is not constant in time. Then, the genetic algorithm is proposed to
search for the optimal solution.

As a numerical example, the proposed model was applied to three simple systems
composed of series subsystems. As the GA is a stochastic algorithm, 20 trials of the
algorithm were performed for each example. The trend of the algorithm towards the
optimal solution was shown in Figures A1–A3. Due to the random nature of the GA, the
trend of the algorithm towards the optimal solution varies in different trials. But, it can be
seen that the differences are small, which shows the robustness of the algorithm in finding
the optimal solution. It can also be seen that, in all three numerical examples, the different
trials have converged to a similar solution, with only a slight difference, which shows the
convergence of the algorithm to a same optimal solution.

Also, the results obtained by different trials including the values of the minimum,
maximum, average, standard deviation and coefficient of variation of the reliability, the
weight and cost of the system in the optimal solutions were reported in Table 2. As can
be seen, the values of the coefficient of variation of the reliability, cost and weight of the
system are small. This shows that the optimal solutions obtained by different trials are
only slightly different from each other, which confirms the robustness of the algorithm in
finding the optimal solution and its convergence to the optimal solution.
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Since we did not find any benchmark problem to compare with the RAP presented
in this paper, to show the effect of time dependence of the rate parameter, the examined
examples have also been considered with a constant rate parameter, of the same value for
all components. By comparing the best solution obtained for the problems with a constant
rate parameter and with a time-dependent rate parameter (given in Tables 3–5), it can be
seen that the structure of the obtained solutions, the type of components allocated to the
subsystems and the redundancy strategy of the subsystems may be different.

For example, in the first numerical example, the type of the component allocated to
the first subsystem is different in the cases of time-dependent rate parameter and constant
rate parameter. In the case with time dependence, component type 3 is allocated to this
subsystem, and in the case without time dependence, component type 2 is allocated to
this subsystem. In this subsystem, the number of standby components is also different.
In the case with time dependence, three standby components are allocated, and in the
case without time dependence, one standby component is allocated to this subsystem.
As another example, in the first numerical example, the redundancy strategy of the third
subsystem is different in the two considered cases. In the case with time dependence,
the redundancy strategy is active and, therefore, no switching system is required, but in
the case without time dependence, the redundancy strategy is standby and, therefore, a
switching system is required. These differences can also be seen in other cases.

In general, it can be seen that the structure of the optimal solution is different in the
two cases. In other words, the optimal solution obtained in the case with time dependence
is not optimal in the case without time dependence and vice versa. This issue is important
in considering assumptions in designing a system. Because, if the rate parameter is variable
over time, by considering it as constant, the real optimal solution cannot be found and,
therefore, the system designed based on the considered assumptions is no longer optimal
and its reliability in practice will be lower than what is theoretically expected. Therefore, to
reach a real optimal solution, correct assumptions should be made.

In addition to the difference in the structure of the subsystems, there are also differ-
ences in the values of reliability, weight and cost in the obtained optimal solutions at the
system level. For the cases studied, the obtained results show that, when the rate param-
eters are considered as time-dependent, the system reliability is lower. This is expected,
because when the time-dependent rate parameters are considered for the components, the
failure rates in the early and wear-out parts of the lifetime are higher than the failure rates
in the useful part of the lifetime. Therefore, the probability of failure of the components
is larger and, as a result, the reliability of the system is smaller than with constant failure
rates. This decrease in reliability of the system in the case with time dependence is even
accompanied by an increase in the cost of the system in some cases. For example, in the
first numerical example, in the case with time dependence, the system reliability is 0.9702
and the system cost is 45, but in the case without time dependence, the system reliability is
0.9877 and the system cost is 37. This means that if the rate parameter is time-dependent,
the system cost is higher than the case of a constant rate parameter but the system reliability
is lower.

All of these confirm that it is important to consider the actual time-dependence of the
rate parameter according to reality.

5. Conclusions

A redundancy allocation problem with multiple redundancy types has been investi-
gated, in which the distribution of time to failure of the components has the form of an
Erlang distribution with time-dependent parameter λ(t). The mathematical model has been
formulated and a genetic algorithm has been developed to find the optimal solution.

To demonstrate the effect of time dependence of the time to failure distribution,
numerical examples have been worked out with and without time dependence of the rate
parameter. In the cases studied, it has been shown that taking the time dependence of the
parameter λ(t) into account changes the reliability of the components and as a result, both
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the optimal redundancy structure of the subsystems of the system and the values of its
reliability, cost and weight are different from those of the case with constant rate parameter.

In this paper, only identical components have been assumed to be allocated to each
subsystem. However, mixing non-identical components might lead to improved system
reliability; so, it is suggested that future studies examine the effect of mixing non-identical
components. Another aspect to consider is the uncertainty in the characteristics and the time
to failure distribution parameters of the components. Considering multi-state, repairable
components, other pdfs for the times to failure of the components and/or preventive
maintenance is another interesting area for future investigation.

Since the model presented in each research needs to be compared with the previous
ones, it can be useful to define benchmark problems that can show the impact of the
assumptions of each model well and be used in future research. Therefore, the definition of
suitable benchmark problems to be used in the research in this field can also be a suggestion
for future research.
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Appendix A

Figure A1. Trend of GA towards the optimal solution in 20 different trials; first example.
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Table A4. Values of C, W, nmax,i and ρi(t) for the examples.

C W nmax,i ρi (t)

First example 50 70 6 0.99
Second example 310 400 6 0.99
Third example 480 519 6 0.99

Figure A2. Trend of GA towards the optimal solution in 20 different trials; second example.

Figure A3. Trend of GA towards the optimal solution in 20 different trials; third example.
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Table A5. Details of the optimal solutions obtained by different trials; first example.

System Characteristics

Iteration Number Reliability Cost Weight

1 0.9612 45 68
2 0.9541 37 70
3 0.9284 45 70
4 0.9578 39 68
5 0.9692 48 69
6 0.9702 45 70
7 0.9619 49 66
8 0.9662 46 68
9 0.9695 45 70
10 0.9652 50 70
11 0.9673 49 68
12 0.9669 49 68
13 0.9376 39 68
14 0.9689 48 69
15 0.934 47 66
16 0.9624 38 68
17 0.9549 47 65
18 0.9577 45 70
19 0.9315 46 69
20 0.9562 46 68

Table A6. Details of the optimal solutions obtained by different trials; second example.

System Characteristics

Iteration Number Reliability Cost Weight

1 0.9626 200 265
2 0.9506 306 367
3 0.9614 259 302
4 0.9557 251 380
5 0.9425 259 352
6 0.9584 250 337
7 0.9397 271 372
8 0.9574 303 319
9 0.9584 249 339
10 0.9351 242 325
11 0.9337 235 311
12 0.9384 237 298
13 0.9565 219 393
14 0.9643 248 333
15 0.9488 236 285
16 0.9707 272 282
17 0.946 240 323
18 0.9524 277 384
19 0.9493 302 384
20 0.9628 260 343
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Table A7. Details of the optimal solutions obtained by different trials; third example.

System Characteristics

Iteration Number Reliability Cost Weight

1 0.9866 458 519
2 0.9865 448 518
3 0.9881 466 517
4 0.9846 478 518
5 0.9896 454 514
6 0.9894 453 516
7 0.9889 469 513
8 0.9881 469 519
9 0.9886 464 509
10 0.9894 453 516
11 0.9889 469 513
12 0.9869 471 512
13 0.9864 429 518
14 0.9896 454 514
15 0.9868 451 519
16 0.9891 468 510
17 0.9869 424 509
18 0.9896 467 517
19 0.9896 461 519
20 0.9894 453 516
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Abstract: In this paper, we obtain weak convergence results for a family of Gibbs measures depending
on the parameter θ > 0 in the following form dPθ(x) = Zθ exp(−Hθ(x)/θ)dQ(x), where we show
that the limit distribution is concentrated in the set of the global minima of the limit Gibbs potential.
We also give an explicit calculus for the limit distribution. Here, we use the above as an alternative to
Lyapunov’s function or to direct methods for stationary probability convergence and apply it to the
repairman problem. Finally, we illustrate this method with a numerical example.
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1. Introduction

In this paper, we study the weak convergence of a family of Gibbs probability mea-
sures via Laplace’s method ([1–4]). This method is interpreted as a weak convergence
of probability measures, which was used by Hwang [5]. Yu. Kaniovski and G. Pflug [6]
investigated Laplace’s method to study the limit stationary distribution of the birth and
death process.

In this paper, we suppose that the Gibbs potential Hθ depends on a parameter θ, and
Q is a probability measure on the Euclidean space Rr, such that it dominates Pθ for any θ.
To show the tightness of the family

dPθ

dQ
(x) = Zθ exp(−Hθ(x)/θ), θ > 0, (1)

we give some additional conditions for the probability measure Q and for the limit Gibbs
potential H of Hθ when θ → 0. Under these conditions, the limit distribution P of Pθ , as
θ → 0, is concentrated on the set of the global minima of the limit Gibbs potential, so we
give an explicit calculus for the limit probability P. We use these results to prove that the
stationary probability of the repairman problem converges to some probability measure as
its state space goes to infinity.

The repairman problem was introduced very early in queuing theory, and in the 1960s,
important results concerning stochastic approximations, in particular diffusion approxi-
mation, were given by Iglehart [7], and later on, more detailed results on averaging and
diffusion approximation were given by Korolyuk [8], see also [4,9,10]. The repairman prob-
lem is as follows. Consider n identical devices working independently and simultaneously
with lifetimes exponentially distributed with parameter λ > 0. It is also supposed that we
have the possibility of repairing r ≤ n failed devices at one time, where the service times
are independent and exponentially distributed with mean value 1/μ. Suppose that we
have a stock of m separate devices of the same type assumed as not broken while waiting
for replacements. As soon as a device breaks down, we replace it with another identical
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one [7,8,11]. This is a special case of the birth and death process, but with interesting
features, see, e.g., [4,8,12,13].

The aim of this paper is to generalize the Hwang theorem [5] and apply it to ob-
tain the weak convergence of the stationary distribution of the repairman problem. The
method used here is that proposed by Kaniovski and Pflug in [6], where the stationary
distribution is written in Gibbs form, and then we apply the weak convergence of the last
stationary distribution.

Hence, we propose an alternative to Lyapunov’s function ([14]) or to direct methods ([11])
for stationary probability convergence in a series scheme (i.e., a functional setting). For
weak convergence, see, e.g., [1–3,15].

Section 2 presents the problem setting and notation. Section 3 presents the tightness
of the family of probability measures {Pθ , θ > 0}, the limit probability concentration on
the set of global minima of the limit Gibbs potential, and the main results and an explicit
calculus of the limit distribution. Section 4 presents an application, where we study the
stationary distribution of the repairman problem with limited service and spare devices [8],
which has a Gibbs representation, using the results of Sections 3. It is proven that the
limit stationary distribution is concentrated and uniformly distributed on the set of global
minima of the limit Gibbs potential. Finally, in Section 5, we present some conclusions
and perspectives.

2. Problem Statement and Existence of the Limit Probability

Let Q be a fixed probability measure on (Rr, Br), where r ∈ N∗ = N\{0}, and Br is
the Borel σ–algebra of the Euclidean space Rr, with the scalar product denoted by 〈 · , ·〉
and the induced Euclidean norm denoted by ‖·‖ . Let (Hθ(·))θ>0 be a family of real-valued
functions defined on Rr, and H(·) be a real-valued continuous function defined on Rr with
a finite global minimum denoted by

H∗ := min
y∈Rr

H(y).

Define the set of points where the global minimum of H(·) is reached as

N = {x | H(x) = H∗},

and denote the neighborhood of the set N by

Nδ := {x | H(x)− H∗ < δ}, for all δ > 0.

In what follows, we suppose that for any δ > 0, we have

Q{x |H(x)− H∗ < δ} > 0, (2)

and H is continuous on some neighborhood of its global minimum.
The space of integrable and bounded functions is equipped with the uniform norm

‖Hθ − H‖∞ := sup
x
|Hθ(x)− H(x)|.

Laplace’s method is used here to define a probability measure P on the set of the
global minima of the limit Gibbs potential as weak convergence of the family (Pθ , θ > 0),
defined as

dPθ

dQ
(x) = Zθ exp

(
−Hθ(x)

θ

)
, θ > 0,

where

Zθ =

[∫
exp
(
−Hθ(x)

θ

)
dQ(x)

]−1

,
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as θ → 0. If Pθ converges weakly to P, then P is the searched probability measure. We
investigate this method with some additional conditions to show that the limit probability
P exists and is explicitly defined on the set of global minima of the limit Gibbs potential.

Subsequently, when the integration domain is not indicated, it is supposed to be the
whole space Rr.

Let us suppose here that Hθ converges uniformly to H, i.e.,

lim
θ→0
‖Hθ − H‖∞ = 0. (3)

We have the following result, similar to Proposition 1 in [5], but here in a more general
setting where the Gibbs potential depends on a parameter.

Proposition 1. If Pθ is tight, then H has a global finite minimum.

Proof. We provide the proof by contradiction. We suppose that the minimum of H ex-
ists and it is equal to 0 (H∗ = 0), and that Pθ is not tight, i.e., there exists ε0 > 0, and{

Pθk , k = 0, 1, 2, . . .
}

, θk → 0 as k → ∞, such that for any compact set K in Rr,

Pθk (K
c) > ε0, for all k ≥ 0. (4)

Since H is continuous on a neighborhood of its global minimum, then there exists
δ0 > 0 such that for all δ ∈ (0, δ0), K = [H ≤ δ] := {x| H(x) ≤ δ} is a compact set. Hence,

Pθk (K
c) = Pθk [H > δ]

= Zθk

∫
[H>δ]

exp
(
−Hθk (x)

θk

)
dQ(x)

< Zθk exp
(
− δ

θk

) ∫
[H>δ]

exp
(
−Hθk (x)− H(x)

θk

)
dQ(x).

The uniform convergence (3) implies that for δ > 0, there exists k0 such that for all
k ≥ k0

− δ

2
< Hθk (·)− H(·) < δ

2
.

Then, we obtain the following inequality

Pθk [H > δ] < Zθk exp
(
− δ

θk

)
exp
(

δ

2θk

)
< exp

(
− δ

2θk

)[∫
N

δ
3

exp
(−Hθk (x)/θk

)
dQ(x)

]−1

< exp
(
− δ

2θk

)[∫
N

δ
3

exp
(
−Hθk (x)− H(x)

θk

)
exp
(
−H(x)

θk

)
dQ(x)

]−1

< exp
(
− δ

2θk

)[
exp
(
− δ

3θk

) ∫
N

δ
3

exp
(
−Hθk (x)− H(x)

θk

)
dQ(x)

]−1

.

Again, assumption (3) implies that, for δ > 0, there exists k1 such that, for all k ≥ k1,

− δ

8
< Hθk (·)− H(·) < δ

8
,

Finally, we obtain

Pθk [H > δ] <
exp
(
− δ

24θk

)
Q
(

N
δ
3

) ,
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By assumption (2), we have

Q
(

N
δ
3

)
> 0.

Therefore, Pθk (K
c) = Pθk [H > δ] converges to 0 as k → +∞. Hence, a contradiction

arises with hypothesis (4).

Remark 1. It is worth noting here that we cannot conclude from the above first inequality that
Zθk exp

(
− δ

2θk

)
goes to zero, since Zθk can go to infinity, as θk goes to zero.

In the following, we suppose that the minimum H∗ of the limit Gibbs potential H
exists and is finite.

Proposition 2. For all ε > 0, the following convergences hold

Pθ [|Hθ − H∗| > ε]→ 0, and Pθ [H − H∗ > ε]→ 0, as θ → 0 (5)

exponentially fast in 1/θ.

To prove Proposition 2, we need the following lemma:

Lemma 1. For all ε > 0, there exists θ0 such that for all θ < θ0{
x |H(x)− H∗ < ε

2

}
⊂ {x | |Hθ(x)− H∗| < ε}.

Proof of Lemma 1. Let x ∈ {x |H(x)− H∗ < ε
2
}

, then

|Hθ(x)− H∗| ≤ |Hθ(x)− H(x)|+ H(x)− H∗,

By the uniform convergence (3), there exists θ0 such that for all θ ≤ θ0, we have

‖Hθ − H‖∞ <
ε

2
,

Hence,

|Hθ(x)− H∗| < ε,

i.e., {
x |H(x)− H∗ < ε

2

}
⊂ {x | |Hθ(x)− H∗| < ε}.

Proof of Proposition 2. Owing to Lemma 1, there exists θ0 such that for all θ < θ0,

Pθ [|Hθ − H∗| > ε] ≤ Pθ [H − H∗ > ε/2]

≤ Zθ

∫
[H−H∗>ε/2]

exp
(
−Hθ(x)

θ

)
dQ(x)

≤ Zθ exp
(
−H∗

θ

) ∫
[H−H∗>ε/2]

exp
(
−Hθ(x)− H(x)

θ

)
× exp

(
−H(x)− H∗

θ

)
dQ(x),

By (3), there exists θ0 such that for all θ < θ0, we have

|Hθ(·)− H(·)| < ε

4
,
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Hence,

Pθ [H − H∗ > ε/2] ≤ Zθ exp
(
−H∗

θ

)
exp
(−ε

2θ

)
exp
( ε

4θ

)
≤ exp

(−ε

4θ

)[∫
[|Hθ−H∗|< ε

8 ]
exp
(
−Hθ(x)− H∗

θ

)
dQ(x)

]−1

≤ exp
(−ε

4θ

)
exp
( ε

8θ

)
≤ exp

(−ε

8θ

)
.

The above inequality concludes the proof.

Remark 2. Proposition 2 means that the limit probability P is concentrated on the set of global
minima of the limit Gibbs potential H(·).
3. Characterization of the Limit Probability

The uniform convergence in (3) implies that for any x, y ∈ Rr

Hθ(x)− Hθ(y) = H(x)− H(y) + Δθ(x, y),

with lim
θ→0

Δθ(x, y) = 0.

In this section, we suppose that

(A1) For all x, y ∈ N, lim
δ→0

lim
‖x−y‖<δ

Δθ(x, y) = 0.

(A2) For all x, y ∈ N,
Δθ(x, y)

θ
is bounded as θ → 0.

3.1. Case When Q(N) > 0

Theorem 1. If assumptions (A1) and (A2) are verified, then the limit probability P of Pθ as θ → 0
is concentrated on the set N and its density with respect to Q is

f (x) =

⎧⎪⎪⎨⎪⎪⎩
[∫

N
exp(−Δ(x, y))Q(dy)

]−1
, if x ∈ N,

0, otherwise,

where Δ(x, y) := limθ→0
Δθ(x, y)

θ .

Proof. To prove Theorem 1, we must prove that the density

fθ(x) = Zθ exp
(
−Hθ(x)

θ

)
,

converged to f (x).

For x ∈ N, we have

fθ(x) =
exp
(
−Hθ(x)

θ

)
∫

exp
(
−Hθ(y)

θ

)
Q(dy)

=
1∫

exp
(
−Hθ(y)− Hθ(x)

θ

)
Q(dy)

. (6)
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The denominator in (6) can be written as follows:∫
exp
(
−Hθ(y)− Hθ(x)

θ

)
Q(dy) =

∫
exp
(
−H(y)− H(x) + Δθ(y, x)

θ

)
Q(dy)

=
∫

N
exp
(
−Δθ(y, x)

θ

)
Q(dy)

+
∫

Nc
exp
(
−H(y)− H(x)

θ

)
×

exp
(
−Δθ(y, x)

θ

)
Q(dy).

Since Δθ(x, y)
θ

→ Δ(x, y) as θ → 0, then, by the dominated convergence theorem,
we obtain ∫

N
exp
(
−Δθ(y, x)

θ

)
Q(dy)→

∫
N

exp(−Δ(y, x))Q(dy),

and ∫
Nc

exp
(
−H(y)− H(x)

θ

)
exp
(
−Δθ(y, x)

θ

)
Q(dy)→ 0,

as θ → 0.
We can prove in the same way that for x /∈ N, f (x) = 0.

Corollary 1. If Δ(·, ·) = 0, then the probability P is the uniform distribution on the set N, with
density 1/Q(N).

Example 1. Let Q(dx) =
dx
4

11{|x|≤2} be a probability measure on R and

Hθ(x) =

⎧⎨⎩
x2 − θx, 1 < |x| < 2,
1− θx, |x| ≤ 1,
0, otherwise.

We observe that Hθ converges uniformly to the function

H(x) =

⎧⎨⎩
x2, 1 < |x| < 2,
1, |x| ≤ 1,
0, otherwise.

The global minimum for H(·) is 1, and the set of its global minimum is

N = {x ∈ R | |x| ≤ 1} = [−1; 1].

The Gibbs potential H is continuous on some neighborhood of the set of its global minima N
and for all x, y ∈ N

Δ(x, y) = −(x− y),

Then,

f (x) =
(∫ ∞

−∞
ex−y11{|y|≤1}

dy
4

)−1
11{|x|≤1} =

4 e−x

e− e−1 11{|x|≤1}.

3.2. Case When Q(N) = 0

In the sequel, we denote by O(θ), Δ(θ, δ) all quantities tending to 0 as θ → 0 or δ → 0,
even if they are not equal, and by o(θ), all quantities such that o(θ)/θ → 0 as θ → 0.
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In what follows, we suppose that N =
{

x1, x2, . . . , xn, . . .
}

and there exists a continu-
ous positive real function ψi(·) in the neighborhood of 0, with ψi(0) = 0, such that in the
neighborhood of xi,

H(x) = H∗ + ψi(x− xi).

The measure Q is also supposed to be absolutely continuous with respect to the
Lebesgue measure, with continuous density f . We also define

Pi,θ
δ = Pθ

(
Vδ

i

)
,

where Vδ
i =

{
x ∈ Rr | ∥∥x− xi

∥∥ < δ
}

, and Vδ = {x ∈ Rr | ‖x‖ < δ}.

Theorem 2. Let assumptions (A1) and (A2) hold, and for all i ∈ N∗, there exists αi > 0 such that

lim
δ→0

sup
‖x‖<δ

∣∣∣∣∣ψi(x)

‖x‖2 − αi

∣∣∣∣∣ = 0,

Then, in the case of f (xi) 
= 0, we obtain

lim
θ→0

lim
δ→0

θ log

(
Pi,θ

δ α1/2
i

Zθ exp(−H∗/θ) f (xi)πr/2θ1/2

)
= 0,

and, in the case of f (xi) = 0, we obtain

P
{

xi
}
= 0.

Proof. Let Vδ
i , i ∈ N∗ be open neighborhoods of xi, i ∈ N∗, with a radius less than δ > 0.

We have

Pi,θ
δ = Pθ

(
Vδ

i

)
= Zθ

∫
Vδ

i

exp
(
−Hθ(x)

θ

)
f (x)dx

= Zθ Ai(θ, δ),

where

Ai(θ, δ) =
∫

Vδ
i

exp
(
−Hθ(x)

θ

)
f (x)dx

= exp
(
−H∗

θ

) ∫
Vδ

i

exp
(
−Hθ(x)− H∗

θ

)
f (x)dx

= exp
(
−H∗

θ

) ∫
Vδ

i

exp
(
−Hθ(x)− H(x)

θ

)
×

exp
(
−H(x)− H∗

θ

)
f (x)dx

= exp
(
−H∗

θ

)
exp
(
−Hθ(xi)− H(xi)

θ

)
×

∫
Vδ

i

exp

(
−Δθ

(
x, xi)
θ

)
exp
(
−H(x)− H∗

θ

)
f (x)dx.
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According to assumption (A1), the following estimation holds

1−O(δ) ≤ exp

(
−Δθ

(
x, xi)
θ

)
≤ 1 + O(δ).

It follows that

(1−O(δ))Bi(θ, δ) ≤ Ai(θ, δ) ≤ (1 + O(δ))Bi(θ, δ),

where

Bi(θ, δ) = exp
(−H∗

θ

)
exp
(
−Hθ(xi)− H(xi)

θ

) ∫
Vδ

i

exp
(
−H(x)− H∗

θ

)
f (x)dx.

Define also

Di(θ, δ) =
∫

Vδ
i

exp
(
−H(x)− H∗

θ

)
f (x)dx

=
∫

Vδ
i

exp
(
−ψi(x− xi)

θ

)
f (x)dx.

Now, setting y = x− xi, i ∈ N∗, we obtain

Di(θ, δ) =
∫

Vδ
exp
(
−ψi(y)

θ

)
f (y + xi)dy

=
∫

Vδ
exp

(
−αi ‖y‖2 + o(‖y‖2)

θ

)
f (y + xi)dy

and (
1− o(δ2)/θ

)
Fi(θ, δ) ≤ Di(θ, δ) ≤

(
1 + o(δ2)/θ

)
Fi(θ, δ),

where

Fi(θ, δ) =
∫

Vδ
exp

(
−αi ‖y‖2

θ

)
f (y + xi)dy.
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We have

Fi(θ, δ) =
∫

Vδ
exp
(
−‖y‖2

)
f (

√
θ

αi
y + xi)

√
θ

αi
dy

=
∫

V
δ√
θ

exp
(
−‖y‖2

)(
f (xi) + Δ(θ, y)

)√ θ

αi
dy

=

√
θ

αi
f (xi)

∫
V

δ√
θ

exp
(
−‖y‖2dy

)
+

√
θ

αi

∫
V

δ√
θ

exp
(
−‖y‖2

)
Δ(θ, y)dy

=

√
θ

αi
f (xi)

∫
V

δ√
θ

exp
(
−‖y‖2

)
dy + Δ(θ, δ)

=

√
θ

αi
f (xi)

∫
exp
(
−‖y‖2

)
dy(1−O(θ)) + Δ(θ, δ)

=

√
θ

αi
f (xi)

(∫ +∞

−∞
exp
(
−u2

)
du
)r

(1−O(θ)) + Δ(θ, δ)

=

√
θ

αi
f (xi)πr/2(1−O(θ)) + Δ(θ, δ).

If f (xi) = 0, then

lim
δ→0

lim
θ→0

Pi,θ
δ = 0,

and if f (xi) 
= 0, then

lim
δ→0

lim
θ→0

θ log

(
Pi,θ

δ α1/2
i

Zθ exp(−H∗/θ) f (xi)πr/2θ1/2

)
= 0.

Corollary 2. Under the assumption of Theorem 2, if for all xi ∈ N, we have

Hθ

(
xi
)
− H∗ = aiθ + o(θ), (7)

where ai ∈ R, and if there exists xk ∈ N such that f (xk) 
= 0, then

P
{

xi
}
=

f (xi)α−1/2
i exp(−ai)

∑+∞
k=1 f (xk)α−1/2

k exp(−ak)
.

Proof. According to the proof of Theorem 2, we obtain

Pθ

(
Vδ

i

)
� πr/2Zθ

√
θ

αi
f (xi) exp

(−H∗

θ

)
exp
(
−Hθ(xi)− H(xi)

θ

)
, (8)

and by (7),

exp
(
−Hθ(xi)− H(xi)

θ

)
� exp(−ai).

Then, we obtain that

πr/2Zθ

√
θ exp

(−H∗

θ

)
∑
k≥1

f (xk)α−1/2
k exp(−ak) � 1,
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Hence,

Z−1
θ � πr/2

√
θ exp

(−H∗

θ

)
∑
k≥1

f (xk)α−1/2
k exp(−ak). (9)

Finally, (8) and (9) give

P
{

xi
}
=

f (xi)α−1/2
i exp(−ai)

∑+∞
k=1 f (xk)α−1/2

k exp(−ak)
.

Now, suppose that the function H ∈ C2(Rr), with Hessian matrix

A(x) =

(
∂2H

∂xi∂xj
(x)

)
1≤i, j≤r

,

is invertible for all x ∈ N, then we have the following result.

Corollary 3. If H ∈ C2(Rr) and

sup
x∈N
|Hθ(x)− H∗| = o(θ),

and there exists k ∈ N such that f (xk) 
= 0, then

P
{

xi
}
=

f (xi)
∣∣det

(
A
(
xi))∣∣−1/2

∑+∞
k=1 f (xk)

∣∣det
(

A
(
xk
))∣∣−1/2 .

Proof. To prove Corollary 3, it is sufficient to put in Corollary 2,

ai = 0, and αi =
∣∣∣det

(
A
(

xi
))∣∣∣,

for all xi belonging to N.

Remark 3. Equation (9) implies that

∑
k≥1

f (xk)α−1/2
k < +∞.

4. The Repairman Problem

Let us apply the previous results to obtain the limit distribution of the stationary one
in the repairman problem [7,8] in the averaging scheme. This is an alternative method to
Lyapunov’s function method in the diffusion approximation scheme to prove convergence
of stationary probabilities [11].

This system can be described by a Markov birth and death process xn(t), t > 0,
representing the number of failed components at time t, with state space [7,8,11]

En = {0, 1, . . . , m + n},

and jump intensities given by

λi =

⎧⎨⎩
nλ, 0 ≤ i ≤ m

(m + n− i)λ, m ≤ i ≤ m + n,
μi =

⎧⎨⎩
iμ, 0 ≤ i ≤ r

rμ, r ≤ i ≤ m + n.

In what follows, suppose that m =: m0n and r = r0n, where m0 and r0 are constants.
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Now, consider a Markov process νn(t) with state space En = {vi = i/n | 0 ≤ i ≤ n + m}
and intensity functions given by

λ(vi) =

⎧⎨⎩
λ, 0 ≤ vi ≤ m0

(m0 + 1− vi)λ, m0 ≤ vi ≤ m0 + 1
μ(vi) =

⎧⎨⎩
viμ, 0 ≤ vi ≤ r0

r0μ, r0 ≤ v ≤ m0 + 1

where vi = i/n.

Then, we have
xn(t) = nνn(nt).

Consider now the normalized process defined by

ξn(t) := νn(nt) = xn(t)/n,

with the velocity of jumps defined by

C(v) := λ(v)− μ(v).

This function enables us to classify the repairman problem depending on the position
of the equilibrium point p defined by

C(p) = 0. (10)

Under the condition r0 = λ/μ < m0, the interval V∗ = [r0, m0] is an equilibrium set
of a repairable system. Our main objective is to describe the stationary distribution of this
repairable system on the equilibrium set V∗.

4.1. Gibbs Potential for the Stationary Distribution

The stationary distribution ρn of the process xn(t), t ≥ 0, may be written as follows:

ρn(k) = ρn
0

k

∏
i=1

[λ(vi−1)/μ(vi)], 1 ≤ k ≤ m + n, (11)

where

ρn
0 =

[
1 +

N

∑
k=1

k

∏
i=1

[λ(vi−1)/μ(vi)]

]−1

. (12)

By using the Gibbs potential, the stationary distribution (11) is represented as follows
(see [6]):

ρn(vk) = ρn
0 exp[−NHn(vk)], 1 ≤ k ≤ r,

with N = m + n and where Hn is the Gibbs potential determined by the following relation

Hn(vk) = − a
n

k

∑
i=1

ln[F(vi)],

where a = n/N = (m0 + 1)−1 and F(v) := λ(v)/μ(v) is the kernel of the Gibbs poten-
tial Hn.

Then, the limit Gibbs potential is represented as

H(v) = −a
∫ v

0
ln[F(u)]du, 0 ≤ v ≤ 1 + m0. (13)
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Therefore, in what follows and in the case when r0 = λ/μ, we will use the Gibbs poten-
tial for a stationary distribution with the kernel represented on the interval
(0 , 1 + m0] by

F(v) =

⎧⎨⎩
r0/v, 0 < vs. ≥ r0
1, r0 ≤ vs. ≤ m0
1 + m0 − v, m0 ≤ vs. ≤ 1 + m0.

(14)

Alternatively, in explicit form on the left interval [0, r0]

H(v) = av[ln(v/r0)− 1],

and on the right interval [m0, 1 + m0]

H(v) = a(m0 + 1− v) ln(m0 + 1− v)− a(m0 + r0 − v), m0 ≤ v ≤ m0 + 1.

Owing to (10), on the interval, V∗ = [r0, m0]

H(v) = H(r0) = −ar0 = −r0/(1 + m0),

It is easy to verify that the set V∗ is an equilibrium set for the limit Gibbs potential (13)

H∗ = min
0≤v≤1+m0

H(v) = H(r0) = −ar0.

4.2. Limit Stationary Distribution

The stationary distribution of a repairable system induces a stationary distributed
random variable x∗n, with

P{x∗n = k} = ρn
k , 0 ≤ k ≤ N.

In this example, Q is the probability measure and Q(dx) = p−11[r0,m0]
(x)dx on [r0, m0],

where p = m0 − r0.
We can show that

|Δn(x, y)| ≤ C
n2 ,

which means that

lim
n→+∞

nΔn(x, y) = 0.

Then, the random variable x∗n converges weakly to some random variable uniformly
distributed on the equilibrium set V∗ with density f (x) = (m0 − r0)

−11[r0,m0]
(x).

Finally, we give the following numerical example (see Figure 1), which clearly shows
that the limit stationary distribution is uniformly distributed on the equilibrium set V∗.
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Figure 1. Convergence of the stationary distribution density for the repairman problem (with λ = 0.5,
μ = 1, r0 = λ/μ = 0.5 and m0 = 0.75).

5. Concluding Remarks

We have presented the use of Gibbs distributions as a way to prove the convergence
of the stationary distribution of the repairman problem in the averaging series scheme.
The key contributions of this work are the weak convergence Gibbs distribution when the
potential depends on a parameter θ and the transformation of the repairman stationary
probabilities to Gibbs distributions. It will be of interest, on the one hand, to try to establish
the same kind of results in a diffusion approximation scheme. Beyond the repairman
problem, it would be of interest to apply this method to other similar problems. This
problem must be rescaled in time when the finite state space becomes infinite. On the
other hand, other work of interest can be performed in the direction of large deviations to
provide a rate of convergence to the stationary distribution, see, e.g., [16].
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Abstract: Positive recurrence for a single-server queueing system is established under generalized
service intensity conditions, without the assumption of the existence of a service density distribution
function, but with a certain integral type lower bound as a sufficient condition. Positive recurrence
implies the existence of the invariant distribution and a guaranteed slow convergence to it in the total
variation metric.
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1. Introduction

The goal of this paper is to establish the positive recurrence of the model Mn/G/1/∞
under certain assumptions. Intensity of service is assumed only partially at zero (as a lower
left derivative value at zero of the “integrated intensity”); in addition, an integral type
condition on the “integrated intensity” over intervals of some length is assumed.

By positive recurrence we mean the property of finite expectation of the time τ0 to
hit the regeneration state starting from any initial state with an estimate of such expected
value (see (2) in what follows for the definition of τ0), and not just a finite expectation
of a regeneration period. For this aim, a new approach is suggested. For other more
standard ways to establish positive recurrence for regenerative models, see [1,2], and also
the references therein. While it may require conditions that may look too restrictive, the
hidden main goal is to develop this new method. It looks likely that it may help establish
better rates of convergence toward stationarity in the model under investigation. We also
hope that it may help to make some progress in more involved queueing models such as
Erlang–Sevastyanov, with an infinite number of servers. To the best of our knowledge,
moment conditions on the service time under which positive recurrence is established in
([1], Chapter 2) and ([2], Chapter 5) are not applicable to infinite server Erlang–Sevastyanov-
like systems; at least, the author is not aware of any progress in this direction so far. There
is some well-known advice from Leonard Euler: if you see several possible paths toward
the goal, then, in mathematics, you have to try all of them, not just one; some of them, or
even all of them may turn out to be useful in some other adjacent areas or problems. Even
though our conditions for positive recurrence are stronger than necessary for applications
of other approaches, they may be more useful in some other particular situations. This was
the main motivation for this work.

For the recent history of the topic see [3–11]. One of the reasons—although not the
only one—why various versions of this system are so popular is because of their intrinsic
links to important topics of mathematical insurance theory, see [5].

In this paper, we return to the less involved single-server system, Mn/GI/1/∞, where
the intensity of arrivals may only depend on the number of customers in the system, with
the goal of reviewing conditions of its positive recurrence. An importance of this property
may be highlighted, for example, by the publications [3,12] where the investigation of the
model assumes that it is in the “steady state”, which is a synonym for stationarity. As is
well-known, positive recurrence along with some mild mixing or coupling properties

Mathematics 2023, 11, 4514. https://doi.org/10.3390/math11214514 https://www.mdpi.com/journal/mathematics142



Mathematics 2023, 11, 4514

guarantees the existence of a stationary regime of the system. One particular aspect of this
issue is how to achieve bounds without assuming the existence of intensity of service in
the M/GI/1 model and, more generally, in Erlang–Sevastyanov-type systems. Certain
results in this direction were recently established in [13] for a slightly different model. Still,
in [13] it is essential that the absolute continuous part of the distribution function F (in our
notation) is non-degenerate; in the present paper, this is not required and the approach
is different.

Please note that in such a model certain close results may be obtained by the methods of
regenerative processes if it is assumed that the same distribution function F (see below) has
enough moments. However, our conditions and methods are different. The main (moderate)
hope of the author is that this approach may also be useful in studying ergodic properties
of Erlang–Sevastyanov-type models, as happened with the earlier results and approaches
based on the intensity of service as in [11], successfully applied in [14]. The present paper is
an initial attempt in the program of developing tools that could help approach the problem
outlined recently in [15].

The paper consists of the introduction in Section 1, the setting and the main result
in Section 2, two simple auxiliary lemmata in Section 3, the proof of the main result in
Section 4, and two simple examples in Section 5 for the comparison of sufficient conditions
of Theorem 1 with conditions in terms of the intensity of service in the case when the latter
does exist.

2. The Setting and Main Results

2.1. Definition of the Process

The model is as follows. There is one server with an incoming flow of customers or
jobs; this flow is Poissonian with intensity λn where n is the number of customers in the
system. If the server is idle, it immediately starts the service of the customer who arrives,
unless the queue of waiting customers is not empty; in the latter case, it starts the service of
one of them. If the server is busy, then the newly arrived customer goes to the queue where
it waits until the server completes the earlier job(s). The buffer for the queue is unlimited
(denumerable). The discipline of how the server chooses the next customer from the
queue for serving is FIFO (“first in–first out”). All services are independent with the same
distribution function F, and they are independent of the arrivals. A serve is a synonym of a

completed job. It is assumed that the mean value
∫ ∞

0
xdF(x) =

∫ ∞

0
(1− F(x)dx) =: μ−1 is

finite. It is assumed that
Λ := sup

n
λn < ∞. (1)

Also, it is assumed that
λn > 0, ∀ n ≥ 0.

This will not be used except in one not-so-important remark. Therefore, we do not
number this equation.

The following state space is convenient for the description of the stochastic process
which describes the model. It will be convenient to identify the zero state {0} with a zero
couple {0, 0}. Then the state space of the process is a union,

X = {(0, 0)} ∪
∞⋃

n=1

{(n, x) : x ≥ 0},

and the process itself is described at all times by a two-dimensional vector Xt = (nt, xt),
with t ≥ 0, where nt = 0, 1, . . . stands for the number of the customers in the system
including both in the server and in the queue; after the identification of {0} with {0, 0}
mentioned above, xt = 0 in the case of nt = 0 by definition; the second component xt
stands for the elapsed time of the current service. It is assumed that the initial value X0 is
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any pair of non-negative values, X0 = (n, x), and the process evolves in time according to
the provided description. By the construction, it is a Markov process in the state space X .

We are interested in estimating the expectation of the stopping time

τ0 := inf(t ≥ 0 : Xt = (0, 0)), (2)

where the process Xt starts from any initial state X0 = (n0, x0).
On some occasions, it will be convenient to write nt = n(Xt) for the first component of

Xt and xt = x(Xt) for the second one. For any X = (n, x) where F(x) < 1, the “integrated
intensity” of service

dH(x) = (1− F(x))−1dF(x)

is defined by a Stiltjes integral

H(x) =
∫ x

0
(1− F(s))−1dF(s).

The integral
∫ x

0
(1− F(s))−1dF(s) is assumed to be finite for any x ≥ 0, and for the

additional small part of the assumption see the next subsection. The intuitive meaning
of the differential dH(xt) is the infinitesimal conditional probability of a job completion
on the interval (t, t + dt] under the condition that this job was not fulfilled by time t. If
dH(xt) = μ(xt)dt, then μ(xt) is called intensity of service at xt; however, we do not assume
that dH(·) has to be absolutely continuous with respect to the Lebesgue measure. For
simplicity of setting and proofs, in order to avoid possible singularities it is assumed that

F(0+) = 0, & F(x) < 1, ∀ x ≥ 0,

and (3)

F̃(1) := inf
x≤1

(F(x + 1)− F(x)) > 0.

2.2. Some Notation

1. The notation PX = Pn,x for the probability and EX = En,x for the expectation will
be used. Both correspond to the initial value X = (n, x) of the Markov process
under consideration. We highlight that this is a standard notation from the theory of
homogeneous Markov processes.

2. For a possibly discontinuous distribution function F, or for its integrated intensity H,

integrals written like
∫ t′

t . . . dF(s) will be understood as integrals

∫ t′

t
. . . dF(s) :=

∫
(t,t′ ]

. . . dF(s),

and likewise with dH(s).
3. The following convention will be used, dH(x) = 0 if (n, x) = (0, 0).

2.3. Main Result for Mn/GI/1/∞

Recall that it is assumed that

H(t) < ∞, ∀ t ≥ 0. (4)

Let us also assume that there exists a constant r such that

r > 2(1 + Λ) (5)

(so that 1/2 > (1 + Λ)/r) where Λ was defined in (1), and such that
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∀ 0 ≤ t ≤ 1,
∫ t

0
(1 + s)dH(s) ≥ rt, (6)

and, moreover,

inf
x≥1

∫ x+Δ

x
(1 + s)dH(s) ≥ rΔ, ∀ 1

2
≤ Δ ≤ 1. (7)

Let us highlight that the latter inequality is not supposed to hold for small values of Δ

approaching zero, but only for Δ ∈ [1/2, 1]. The increase of the integral
∫ x+Δ

x
(1 + s)dH(s)

for a fixed x as Δ ↑ 1 may be achieved due to a positive intensity H′ > 0 if this derivative
exists, and due to jumps of H, and also due to the increase of this function on sets of the
Lebesgue measure zero like for the Cantor function.

Note that the process Xt may have no explosion on any bounded interval of time with
probability one since the arrival intensities are bounded. In what follows
‖μ1 − μ2‖TV = 2 supA(μ1(A) − μ2(A)) is the distance in total variation between two
probability measures; here the supremum is taken over all Borel measurable sets A ∈ X .

Theorem 1. Let assumptions (1)–(7) be satisfied. Then there exists C > 0 such that

En,xτ0 ≤ C(n + x + 1). (8)

Also, there exists a unique stationary measure μ, and, moreover, there exists C > 0 such that for
any t ≥ 0,

‖μn,x
t − μ‖TV ≤ C

(1 + n + x)
(1 + t)

, (9)

where μn,x
t is a marginal distribution of the process (Xt, t ≥ 0) with the initial data X = (n, x),

and constant C is the same as in (8).

Remark 1. We highlight that the initial value of the second component here is arbitrary. Also,
please note that this theorem is not a pure existence-type result because the constant C may be
evaluated, as can be seen from the proof.

3. Lemmata

Lemma 1. Under assumption (3), for any T > 0 and for any m ≤ n,

Pn,0(no less than m jobs completed on [0, T]) ≤ F(T)m,

& (10)

Pn,x(no less than m jobs completed on [0, T]) ≤ F(T)m−1.

Proof. The probability of no less than m completed jobs over time T for m ≤ n is given by
the repeated integral

Pn,x(no less than m jobs completed over time T)

=
∫ T

0
dF(x + t1)

∫ T−t1

0
dF(t2) . . .

∫ T−t1−...−tm−2

0
dF(tm−1)

∫ T−t1−...−tm−1

0
dF(tm)

≤ (F(x + T)− F(x))F(T)m−1.

Hence, we obtain both inequalities in (10), as required. Please note that assumption (3)
implies that supx≥0(F(x + T)− F(x)) < 1 for any T > 0, otherwise the distribution dF
would be concentrated on a finite interval, which would contradict the assumption.
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Recall the notation Λ = supn λn and assumption (1).

Lemma 2. Under assumption (3), for any n

inf
x≤1

Pn,x(τ0 ≤ n) ≥ pn exp(−nΛ) > 0, with p = F̃(1). (11)

Proof. First, for any n = 0, 1, . . ., and any x,

Pn,x(there are no arrivals on [0, n]) ≥ exp(−nΛ).

Second, with probability no less than p = infx≤1(F(x + 1) − F(x) there is at least one
completed job on [0, 1]. The value p is positive according to assumption (3). After each
jump down on [0, 1] — which is a stopping time — this argument may be repeated by
induction n times. Note that since (n, x) is the initial value of the process, the server may
not become idle until n jobs are completed. So, this gives the lower bound

inf
x≤1

Pn,x(at least n jobs completed on [0, n]) ≥ pn.

By the multiplication of the two values exp(−nΛ) and pn, due to the independence of the
services and arrivals, the proof is completed.

4. Proof of Theorem 1

0. The proof will be split into several steps. We shall consider the embedded Markov
chain, namely, the process Xt at times t = 0, 1, . . ., and it will be shown that this process hits
some suitable compact around “zero state” (0, 0) in time which admits a finite expectation.
From this property, the main result will follow. The reader is warned that after this first hit
the definition of the embedded Markov chain will change, as further times may become
random and possibly non-integer, see step 4 of this proof.

The main goal is to establish the bound (8), from which the estimate (9) follows as a
corollary.
1. Let us choose ε > 0 so that

ε <
1
2
− (1 + Λ)

r
(12)

(see condition (5)). NB: We highlight that this value ε will be fixed for what follows and
will not tend to zero.

Once ε is chosen, let

M = Mε :=
⌈ | ln ε|
| ln F̃(1)|

⌉
, (13)

(see (3) for the definition of F̃(1)) and let us choose x(ε) ≥ 2 such that

sup
x≥x(ε)

(F(x + 1)− F(x)) ≤ ε. (14)

Since F(x) ↑ 1 as x ↑ ∞, this is possible for any ε > 0. Let us introduce an auxiliary
stopping time

τ = τε := inf(t = 0, 1, . . . : nt ≤ Mε & xt ≤ x(ε)) (inf ∅ = ∞). (15)

Denote

Kε = ((n, x) : n ≤ Mε & x ≤ x(ε)) & L(n, x) = n + x + 1.

Function L will serve as a Lyapunov function outside the compact set Kε.
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First of all, we are going to estimate the first moment of τ, namely, to prove that there
exists C > 0 such that

En,xτ ≤ CL(X), X = (n, x). (16)

Recall that
τ0 := inf(t ≥ 0 : Xt = (0, 0)),

and highlight that the definition of τ = τε is quite different from that of τ0.
Let X0 = X. Applying the rules of stochastic calculus, we have for Xt = (nt, xt) 
= (0, 0),

dL(Xt) = λnt ((nt + 2 + xt) − (nt + 1 + xt)) dt

+ 1(nt > 0)((nt + 1 + xt + dt) − (nt + 1 + xt))

+ 1(nt > 0)(nt − (nt + 1 + xt))dH(xt) + dMt, (17)

where Mt is a martingale (see, e.g., [16]). Indeed, let us comment on (17). Denote

dJ1(t) := λnt dt ((nt + 2 + xt) − (nt + 1 + xt)) = λnt dt,

dJ2(t) := 1(nt > 0)((nt + 1 + xt + dt) − (nt + 1 + xt)) = 1(nt > 0)dt,

dJ3(t) := 1(nt > 0)((nt + 1 + xt) − nt) dH(xt) = 1(nt > 0)(1 + xt)dH(xt),

and let Ji(0) = 0, 1 ≤ i ≤ 3. At any non-random time t ≥ 0, on the infinitesimal interval
(t, t+ dt] there might occur the following events with corresponding probabilities, assuming
that nt > 0:

p1(t, dt) := P(one arrival and no completed jobs on (t, t + dt]|Ft)

=
1− F(xt + dt)

1− F(xt)︸ ︷︷ ︸
=1−dH(xt)

λnt dt;

p2(t, dt) := P(one completed job and no arrivals on (t, t + dt]|Ft)

=
F(xt + dt)− F(xt)

1− F(xt)︸ ︷︷ ︸
=dH(xt)

(1− λnt dt) = dH(xt);

p3(t, dt) := P(no arrivals and no completed jobs on (t, t + dt]|Ft) = 1− λnt dt− dH(xt);

p4(t, dt) := P(more than one arrival on (t, t + dt]|Ft) = o(dt) = 0;

p5(t, dt) := P(more than one completed job on (t, t + dt]|Ft) = (dH(xt))(dH(0)) = 0;

p6(t, dt) := P(at least one arrival and at least one completed job on (t, t + dt]|Ft)

= dH(xt)λnt dt = 0.
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Notice that we write dH(xt)λnt dt = 0 because when we integrate over a finite interval
of time, the integral

∫
. . . dH(xt) is finite anyway, while the multiplier dt is, in any case,

o(1). By a similar reason we claim (dH(xt))(dH(0)) = 0 since the assumption F(0+) = 0
means that, in any case, dH(0) = o(1).

So, by the full expectation formula we have for nt > 0,

E(L(Xt+dt)|Ft)

= L(nt + 1, xt + dt)p1(t, dt) + L(nt − 1, 0)p2(t, dt) + L(nt, xt + dt)p3(t, dt)

= L(Xt) + (L(nt + 1, xt)− L(nt, xt))λnt dt

+ 1(nt > 0)(L(nt − 1, 0)− L(nt, xt))dH(xt) + 1(nt > 0)dt

= L(Xt) + λnt dt− 1(nt > 0)(1 + xt)dH(xt) + 1(nt > 0)dt.

Integrating from t1 to t with t > t1, we obtain,

E(L(Xt)−
∫ t

t1

(λns + 1(ns > 0))ds +
∫ t

t1

(1 + xs)dH(xs)|Ft1) = L(Xt1). (18)

Denote

Mt := L(Xt)−
∫ t

t1

(λns + 1(ns > 0))ds +
∫ t

t1

(1 + xs)dH(xs),

and

It1,t :=
∫ t

t1

(λns + 1(ns > 0))ds−
∫ t

t1

(1 + xs)dH(xs), t1 < t.

Notice that the assumption (1) straightforwardly implies that EMt < ∞ for any t ≥ 0.
Hence, we have for any t1 < t,

E(Mt|Ft1) = E
(

L(Xt)− It1,t − I0,t1 |Ft1

)
= L(Xt1)− I0,t1 = Mt1 , a.s.

So, as promised, Mt is a martingale. This justifies (17), as required.
The following bound will be established:

En,x(J1(1) + J2(1)− J3(1)) ≤ −C, (19)

with some C > 0, if (n, x) 
∈ Kε.
First, we have,

J1(1) + J2(1) ≤
∫ 1

0
(1 + λnt)dt ≤ 1 + Λ. (20)

To evaluate J3 let us introduce a sequence of stopping times. Let

γ = γn,x := inf(0 ≤ t ≤ 1 : xt = 0) (inf(∅) = 1).

To evaluate J3, using the identity 1(t < γ)1(nt > 0) = 1(t < γ) which holds provided
that n > 0, let us estimate,

En,x J3
n,x(1) = En,x

∫ 1

0
1(nt > 0)(1 + xt)dH(xt)
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= En,x

∫ γ

0

=1︷ ︸︸ ︷
1(nt > 0)(1 + xt)dH(xt) + En,x

∫ 1

γ
1(nt > 0)(1 + xt)dH(xt)

= En,x

∫ γ

0
(1 + x + t)dH(x + t) + En,x1( inf

0≤t≤1
nt > 0)

∫ 1

γ
(1 + xt)dH(xt)

+ En,x1( inf
0≤t≤1

nt = 0)
∫ 1

γ
1(nt > 0)(1 + xt)dH(xt)︸ ︷︷ ︸
≥0

≥ En,x

∫ γ

0
(1 + x + t)dH(x + t)

+ En,x1( inf
0≤t≤1

nt > 0)
∫ 1

γ
(1 + xt)dH(xt) =: F1 + F2. (21)

Let us estimate the term F1. We have (recall that γ ≤ 1 by definition),

F1 = En,x

∫ γ

0
(1 + x + t)dH(x + t)

(22)

≥ En,x1(γ ≥ 1/2)
∫ γ

0
(1 + x + t)dH(x + t)︸ ︷︷ ︸

≥rγ

≥ rEn,x1(γ ≥ 1/2)γ.

Here the complementary part of the integral En,x1(γ < 1/2)
∫ γ

0 (1+ x+ t)dH(x+ t) ≥ 0
was just dropped.

Further, it will be shown that (see (21))

F2 ≥ rEn,x(1− γ)1( inf
0≤t≤1

nt > 0). (23)

For this aim, let us introduce by induction the sequence of stopping times,

γ1 = γ, γn+1 := inf(γn < t ≤ 1 : xγn = 0), n ≥ 1 (inf(∅) = 1).

Please note that the component xt might only have a finite number of jumps down on
any finite interval. The times of jumps on the interval [0, 1] are exactly the times γn < 1,
and possibly the last jump down on this interval may or may not occur at t = 1. In any
case, clearly,

lim
n→∞

γn = 1.

So, we have,

∫ 1

γ
(1 + xt)dH(xt) =

∞

∑
n=1

∫ γn+1

γn
(1 + xt)dH(xt),

where for each outcome this series is almost surely a finite sum. On each interval [γn, γn+1]
we may write down

∫ γn+1

γn
(1 + xt)dH(xt) =

∫ γn+1−γn

0
(1 + xγn + s)dH(xγn + s)

149



Mathematics 2023, 11, 4514

=
∫ γn+1−γn

0
1(nxγn+s > 0)(1 + xγn + s)dH(xγn + s)

=
∫ γn+1−γn

0
1(ns > 0)(1 + s)dH(s) ≥ r(γn+1 − γn)1( inf

0≤t≤1
nt > 0).

This is by virtue of assumption (6) and because at each stopping time γn which is
less than 1 we have xγn = 0. If γn ≥ 1, then both sides in the latter inequality equal zero,
so that the inequality still holds true. Therefore, taking a sum over n, we obtain (23), just
without 1(inf0≤t≤1 nt > 0) on the left-hand side. This multiplier 1(inf0≤t≤1 nt > 0) in the
right-hand side guarantees that its presence in the left-hand side of (23) still leads to a valid
inequality, which means that the bound (23) is justified.

It follows from (22) and (23) that

J3 = F1 + F2 ≥ rEn,x1(γ ≥ 1/2)γ + rEn,x(1− γ)1( inf
0≤t≤1

nt > 0)

= rEn,x1(γ ≥ 1/2)γ + rEn,x(1− γ)− rEn,x(1− γ)1( inf
0≤t≤1

nt = 0)

≥ r− rEn,x1(γ < 1/2)γ− rEn,x1( inf
0≤t≤1

nt = 0) ≥ r
2
− rPn,x( inf

0≤t≤1
nt = 0).

Due to Lemma 1, if n > M then (see (13))

En,x1( inf
0≤t≤1

nt =0)=Pn,x(at least n−1 jobs completed on [0, 1])≤F(1)n−1≤ ε.

(NB: In fact, at least n jobs should be completed, the first one on [x, x + 1]; however, we
prefer to have a bound independent of x. In any case, this does not change the scheme of
the proof.) Likewise, if x > x(ε), then

En,x1( inf
0≤t≤1

nt = 0) ≤ Pn,x(at least 1 completed job on [0, 1])

≤ F(x + 1)− F(x) ≤ ε,

due to the choice of x(ε), see (14).
Recall that ε was chosen so that rε < (r/2)− (1 + Λ), see (12). Hence,

J3 ≥ r
2
− rε.

Denote
(0 <) Δ :=

r
2
− ε− 1−Λ.

Thus, for any (n, x) 
∈ Kε we obtain,

En,x(J3
n,x(1)− J1(1)− J2(1)) ≥ Δ. (24)

The bound (19) follows with a constant C which may be evaluated via r, Λ, ε.
2. So, with the choice of M = Mε and x(ε) according to (13) and (14), respectively, we
may write,

1((n, x) 
∈ Kε)En,xL(X1) ≤ 1((n, x) 
∈ Kε)(L(X0)− Δ).
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The event ((n, x) 
∈ Kε) may be equivalently expressed as (τ > 0). Hence, the latter
inequality may also be rewritten in the form suitable for the induction:

1(0 < τ)En,xL(X1) ≤ 1(0 < τ)(L(X0)− Δ).

Similarly, ((n1, x1) 
∈ Kε) may be equivalently expressed as (τ > 1). Therefore, we
obtain

1(1 < τ)En1,x1 L(X2) ≤ 1(1 < τ)(L(X1)− Δ).

Hence, by taking the expectations we obtain

En,x1(1 < τ)En1,x1 L(X2) ≤ En,x1(1 < τ)(L(X1)− Δ).

Similarly, by induction (in what follows the notation nk = nt|t=k is used),

En,x1(k− 1 < τ)Enk−1,xk−1 L(Xk) ≤ En,x1(k− 1 < τ)(L(Xk−1)− Δ), k ≥ 1.

Due to the elementary bound 1(k− 1 < τ) ≥ 1(k < τ), this implies,

Δ En,x1(k− 1 < τ) ≤ En,x1(k− 1 < τ)L(Xk−1)− En,x1(k < τ)L(Xk).

Summing up and dropping the negative term on the right-hand side, we obtain

Δ
N

∑
k=1

En,x1(k− 1 < τ) ≤ 1((n, x) 
∈ Kε)L(X0),

for any N > 0. So, by the monotone convergence theorem,

Δ 1((n, x) 
∈ Kε)
∞

∑
k=1

En,x1(k− 1 < τ) ≤ 1((n, x) 
∈ Kε)L(X0). (25)

By virtue of the well-known relation

∞

∑
k=1

En,x1(k− 1 < τ) = En,x

∞

∑
k=1

1(k ≤ τ) = En,x

τ

∑
k=1

1 = En,xτ,

for the expectation of τ the bound (25) implies the following inequality with X0 = (n, x),

1((n, x) 
∈ Kε)En,xτ ≤ Δ−11((n, x) 
∈ Kε)L(X0). (26)

In particular, this bound signifies that

Pn,x(τ < ∞) = 1.

3. Now, once the bound for the expected value of τ is established, we are ready to explain
the details of how to obtain a bound for En,xτ0. The rest of the proof is devoted to this
implication, with the last sentences related to the corollary about the invariant measure
and convergence to it.

At τ, the process Xk attains the set (X : X ∈ Kε), while X0 
∈ Kε; hence, both

nτ ≤ M & xτ ≤ x(ε).

By definition, the random variable τ is the first integer k where simultaneously

nk ≤ M & xk ≤ x(ε).
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Therefore, at k − 1 we have either nk > M, or xk > x(ε), or both. If there are no
completed jobs on (k − 1, k], then nt may only increase, or, at least, stay equal on this
interval, while xt certainly increases. Therefore, τ = k may only be achieved by at least one
completed job; it would mean a jump down by one of the n-component and simultaneously
a jump down to zero of the x-component. Then at k we obtain xk ≤ 1, which certainly
makes it less than x(ε), regardless of whether or not there were other arrivals or completed
jobs on (k− 1, k] (recall that in addition to inequality (14) we assumed that x(ε) ≥ 2).

Now, given n ≤ M and x ≤ x(ε), by virtue of lemma 2, for any T > 0 we have with
any x ≤ 1,

Pn,x(no arrivals on [0, T], n(XT) = 0) ≥ p(T) > 0, (27)

where
p(T) := pT exp(−TΛ) = F̃(1)T exp(−TΛ).

Here T is any positive integer and recall that

F̃(1) = inf
x≤1

(F(x + 1)− F(x)).

Note that, of course, for non-integer values of T > 0 there is a likewise bound, but
it looks a bit more involved, and using integer T values suffices for the proof. Recall that
it was assumed in (3) that F̃(1) > 0, and it follows from the first line of (3) that F̃(1) < 1.
Inequality (27) implies that

inf
x≤1

Pnτ ,xτ (no arrivals on [0, T], n(XT) = 0) ≥ p(T) > 0. (28)

NB:Here the standard notations for homogeneous Markov processes are used, which means that XT
after stopping time τ is, actually, the value Xτ+T.

Please note that for any T > 0 the event (n(Xτ+T) = 0) implies that

τ0 ≤ τ + T.

Hence, we conclude,

Pnτ ,xτ (no arrivals on [0, T], τ0 ≤ T) ≥ p(T) > 0. (29)

and, therefore, for any x,

Pn,x(no arrivals on [τ, τ + T], τ0 ≤ τ + T) ≥ p(T) > 0. (30)

4. Consider now the process X started at time τ from state (nτ , xτ) with xτ ≤ 1 and
nτ ≤ M.

Let T := �x(ε)� and let us stop the process either at τ + T, or at

χ := inf(t ≥ τ : nt ≥ M + 1, or xt ≥ x(ε) + 1),

whichever happens earlier. In other words, consider the stopping time

χ1 := χ ∧ (τ + T).

The event (χ1 = τ + T) implies that the process L(Xt) does not exceed the level
M + 2 + T on the interval [τ, τ + T]. On the other hand, according to the arguments of step
3 – namely, due to (29) and (30) – we have,

Pnτ ,xτ (τ0 ≤ χ1) ≥ p(T) > 0. (31)

Let
χ0 := 0, τ1 := τ,
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and further, let us define two sequences of stopping times by induction,

χk+1 := inf(t ≥ τk+1 : nt ≥ M + 1, or xt ≥ x(ε) + 1) ∧ (τk+1 + T),

τk+1 := inf(χk + i, i ≥ 0 : nχk+i ≤ M, & xχk+i ≤ x(ε)), k ≥ 0.

Both sequences of stopping times are monotonically increasing. Note that all integers
like χk and τk here in the expressions stand for upper indices, not for power functions.
Let us highlight that the stopping time τk+1 equals χk plus some integer, but χk may or
may be not an integer itself. All these stopping times are finite with probability one, and,
moreover, due to (31) and because of the strong Markov property we have almost surely,

1(τ0 > τk)PX
τk (τ0 ≤ χk+1) ≥ 1(τ0 > τk)p(T).

Also, almost surely
lim
k→∞

τk ≥ τ0, (32)

on the event where τ0 < ∞. Indeed, suppose the opposite, that is,

lim
k→∞

τk < τ0 < ∞. (33)

Then on a finite interval of time [0, τ0] the process nt either crosses the interval
[M, M + 1] and back an infinite number of times, or the process xt an infinite number
of times crosses the interval [x(ε), x(ε) + 1] and back; in any case, it would mean an infinite
number of arrivals to [0, τ0]. Since Λ < ∞, the first option is clearly not possible. If the
second option occurred, it would mean that there were an infinite number of completed
jobs on [0, τ0]; this is not possible for various reasons, for example, because this would also
require an infinite number of arrivals on the same interval, and this possibility we have
already excluded. Thus, the assumption (33) may only happen with probability zero, and
so, (32) with τ0 < ∞ holds true with probability one.

Using the strong Markov property at time χi (see [17], Section 4), we obtain by induction,

PX0(τ0 > χk) ≤ (1− p(T))k, k ≥ 1. (34)

5. Denote
dk := χk − τk, δk := τk+1 − χk.

Also by induction, it follows from (26) and from the elementary bound by definition

dk ≤ T,

that there exists a constant C such that

EX0((χ
k+1 − χk)︸ ︷︷ ︸
=:δk+dk

|Xχk ) ≤ C, ∀ k ≥ 1. (35)

Using the representation

χk+1 =

=χ1︷ ︸︸ ︷
τ1 + d1 +

k+1

∑
i=2

(δi−1 + di),

and due to (32), we estimate,

EX0 τ0 =
∞

∑
k=0

EX0 τ01(χk < τ0 ≤ χk+1) ≤
∞

∑
k=0

EX0 χk+11(χk < τ0)1(χk+1 ≥ τ0)
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(36)

=
∞

∑
k=0

EX0

(
τ1 + d1 +

k+1

∑
i=2

(δi−1 + di)

)
1(χk < τ0)1(χk+1 ≥ τ0).

Now we are going to estimate this sum by some geometric type series in combination
with bounds (34) and (35). A small issue is that we are not able to use Hölder’s, or Cauchy–
Buniakowskii–Schwarz inequality here because we only possess a first moment bound for
τk, while higher moments are not available. This minor obstacle is resolved in the next
step of the proof by the following arguments using conditional expectation with respect to
suitable sigma-algebras.
6. We have,

EX0

⎛⎝τ1 + d1 +
k+1

∑
i=2

(δi−1 + di︸︷︷︸
≤T

)

⎞⎠1(χk < τ0)1(χk+1 ≥ τ0)

= EX0

⎛⎝τ1 + d1 +
k

∑
i=1

(δi−1 + di︸︷︷︸
≤T

)

⎞⎠ k

∏
j=1

1(χj < τ0)

+ EX0(δ
k + dk+1︸︷︷︸

≤T

)
k

∏
j=1

1(χj < τ0).

Let us investigate the last term. Since each random variable 1(χj ≤ τ0) is Fχk -
measurable for any j ≤ k, and because, due to the strong Markov property and the
bound (34),

EX0

k

∏
j=1

1(χj < τ0) = EX01(χk < τ0) ≤ (1− p(T))k.

(It was used that χk < τ0 implies χj < τ0 for all j < k as well.) Moreover, by virtue of the
inequality (16) and since by definition all dk ≤ T, we have for k ≥ 1,

EX0(δ
k + dk+1)

k

∏
j=1

1(χj < τ0) = EX0EX0

(
(δk + dk+1)

k

∏
j=1

1(χj < τ0)|Fχk

)

= EX0

k

∏
j=1

1(χj < τ0)

≤C︷ ︸︸ ︷
E
(
(δk + dk+1)|Fχk

)
≤ C(1− p(T))k

with some finite constant C.
Let us inspect the previous term. Using that δk−1 and all random variables 1(χj < τ0)

are Fτk -measurable for any j ≤ k− 1, we obtain by induction,

EX0

⎛⎝(δk−1 + dk︸︷︷︸
≤T

)

⎞⎠ k

∏
j=1

1(χj < τ0) ≤ TEX0

k

∏
j=1

1(χj < τ0) + EX0 δk−1
k

∏
j=1

1(χj < τ0)

≤ T(1− p(T))k + EX0EX0

(
δk−1

k

∏
j=1

1(χj < τ0)|Fτk

)
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= T(1− p(T))k + EX0 δk−1
k−1

∏
j=1

1(χj < τ0)EX0

(
1(χk < τ0)|Fτk

)
︸ ︷︷ ︸

≤1−p(T)

≤ T(1− p(T))k + (1− p(M))EX0EX0

(
δk−1

k−1

∏
j=1

1(χj < τ0)|Fχk−1

)

= T(1− p(T))k + (1− p(M))EX0

k−1

∏
j=1

1(χj < τ0)EX0

(
δk−1|Fχk−1

)
︸ ︷︷ ︸

≤C

≤ T(1− p(T))k + C(1− p(T))k = C(1− p(T))k. (37)

Also by induction, we find that a similar upper bound with the multiplier (1− p(T))k

holds for each term in the sum in the right-hand side of (36), for 2 ≤ i < k, and k ≥ 3.

Indeed, using the identity 1(χk < τ0) =
k

∏
j=1

1(χj < τ0) we have for 2 ≤ i < k,

EX0

⎛⎝(δi−1 + di︸︷︷︸
≤T

)

⎞⎠(k−1

∏
j=1

1(χj < τ0)

)
1(χk < τ0)

= EX0EX0

⎛⎝1(χk < τ0)(δ
i−1 + di︸︷︷︸

≤T

)
k−1

∏
j=1

1(χj < τ0)|Fτk

⎞⎠

≤ EX0(δ
i−1 + T)

k−1

∏
j=1

1(χj < τ0) EX0

(
1(χk < τ0)|Fτk

)
︸ ︷︷ ︸

≤1−p(T)

≤ (1− p(T))EX0(δ
i−1 + T)

k−1

∏
j=1

1(χj < τ0).

Here we used that the random variable (δi−1 + di)∏k−1
j=1 1(χj < τ0) is Fτk -measurable.

Further, by virtue of the bound (34)

(1− p(T))EX0(δ
i−1 + T)

k−1

∏
j=1

1(χj < τ0)

= (1− p(T))EX0EX0

(
(δi−1 + T)

k−1

∏
j=1

1(χj < τ0)|Fτi

)
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= (1− p(T))EX0(δ
i−1 + T)

i−1

∏
j=1

1(χj < τ0)EX0

(
k−1

∏
j=i

1(χj < τ0)|Fτi

)
︸ ︷︷ ︸

≤(1−p(T))k−i

≤ (1− p(T))k−i+1EX0(δ
i−1 + T)

i−1

∏
j=1

1(χj < τ0)

≤ (1− p(T))k−i+1C(1− p(T))i−1 = C(1− p(T))k. (38)

We used the bound (37) with dk replaced by its upper bound T (as in the calculus
leading to (37)) and with k replaced by i.

The first term is estimated similarly with the only change that instead of the constant
C we obtain a multiplier C(x + n + 1) which is a function of the initial data X0 = (n, x) and
which makes the resulting bound non-uniform with respect to the initial data:

(1− p(T))En,x(τ
1 + d1)

k−1

∏
j=1

1(χj < τ0) ≤ C(n + x + 1)(1− p(T))k. (39)

Overall, collecting the bounds (37)–(39), we obtain,

EX0

⎛⎝τ1 + d1 +
k+1

∑
i=2

(δi−1 + di︸︷︷︸
≤T

)

⎞⎠1(χk < τ0)1(χk+1 ≥ τ0) ≤ kCL(X0)(1− p(T))k.

Therefore, it follows that

EX0 τ0 ≤ CL(X0) +
∞

∑
k=1

kC(1− p(T))k = CL(X0) +
C(1− p(T))

p(T)2 ≤ CL(X0),

with some new constant C, as required.
Existence of the invariant measure for the model and the inequality (9) follows straight-

forwardly from the established positive recurrence (8) and in a usual way from the coupling
technique, or by means of other well-known tools. Theorem 1 is proved. �

5. Two Examples

Let us provide two examples for a comparison to “local” conditions in terms of the
intensity of service if the latter exists.

Example 1. Assume that there exists the derivative function F′(s) and that the hazard function
h = H′ is no less than a constant,

h(s) = H′(s) = F′(s)
1− F(s)

≥ μ, s ≥ 0. (40)

The upper bound for J1
n,x + J2

n,x is the same as in the proof of the theorem:

J1
n,x + J2

n,x ≤ 1 + Λ.

To estimate J3
n,x, in the case of either initial value n, or initial second component x, or both are large

enough, by Lemma 1 we have similarly to (21) and (22) with μ in place of r,

J3
n,x(1) := En,x

∫ 1

0
1(nt > 0)(1 + xt)dH(xt)
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= En,x

∫ 1∧γ

0

=1︷ ︸︸ ︷
1(nt > 0)(1 + xt)μdt + En,x

∫ 1

1∧γ
1(nt > 0)(1 + xt)μdt

= En,x

∫ 1∧γ

0
(1 + x + t)μdt + En,x1( inf

0≤t≤1
nt > 0)

∫ 1

1∧γ
(1 + xt)μdt︸ ︷︷ ︸
≥μ(1−1∧γ)

+ En,x1( inf
0≤t≤1

nt = 0)
∫ 1

1∧γ
1(nt > 0)(1 + xt)μdt︸ ︷︷ ︸

≥0

≥ En,x

∫ 1∧γ

0
(1 + x + t)︸ ︷︷ ︸

≥1

μdt + En,x1( inf
0≤t≤1

nt > 0)μ(1− 1∧ γ).

Therefore, we obtain

J3
n,x(1) ≥ μEn,x(1∧ γ) + μEn,x1( inf

0≤t≤1
nt > 0)(1− 1∧ γ)

= μEn,x(1∧ γ) + μEn,x(1− 1∧ γ)− μEn,x1( inf
0≤t≤1

nt = 0)(1− 1∧ γ)

≥ μ− μEn,x1( inf
0≤t≤1

nt = 0) ≥ μ− με,

where the latter inequality is due to the Lemma 1 and to the choice of the values of M and x(ε),
see (13) and (14).

Therefore, the condition μ > 1+ Λ suffices for the claims of the theorem (assuming all its other
conditions are met). This should be compared with the assumption (5). The multiplier 2 in (5) may
be regarded as a price for non-local, integral-type conditions, see (6) and (7). Please note, however,
that assumption (40) looks clearly stronger than necessary for the bound obtained.

Example 2. Assume that there exists the derivative function F′(s) and that the hazard function
h = H′ satisfies the condition (compare to [14])

(1 + s)h(s) ≥ μ, s ≥ 0, (41)

with a constant μ.
Here the upper bound for J1

n,x + J2
n,x is the same as in the proof of the theorem and as in the

previous example:
J1
n,x + J2

n,x ≤ 1 + Λ.

To estimate J3
n,x, in the case if either the initial value n, or the initial second component x (or

both) is large enough, we have by Lemma 1, similarly to (21) and to the previous example,

J3
n,x(1) := En,x

∫ 1

0
1(nt > 0)(1 + xt)dH(xt)

= En,x

∫ 1∧γ

0

=1︷ ︸︸ ︷
1(nt > 0) μdt + En,x

∫ 1

1∧γ
1(nt > 0)μdt
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= En,x

∫ 1∧γ

0
μdt + En,x1( inf

0≤t≤1
nt > 0)

∫ 1

1∧γ
μdt︸ ︷︷ ︸

=μ(1−1∧γ)

+ En,x1( inf
0≤t≤1

nt = 0)
∫ 1

1∧γ
1(nt > 0)μdt︸ ︷︷ ︸

≥0

≥ μEn,x(1∧ γ) + μEn,x1( inf
0≤t≤1

nt > 0)(1− 1∧ γ)

= μEn,x(1∧ γ) + μEn,x(1− 1∧ γ)− μEn,x1( inf
0≤t≤1

nt = 0)(1− 1∧ γ)

≥ μ− μEn,x1( inf
0≤t≤1

nt = 0) ≥ μ− με,

again due to the definition of M and x(ε), see (13) and (14). Hence, here the same condition
μ > 1 + Λ as in the previous example suffices for the claims of the theorem (assuming all other
conditions of the theorem are met). Condition (41) is clearly more relaxed than (40), but both assume
the existence of the intensity of service, which is not required in Theorem 1.

6. Discussion

The result may serve as a sufficient condition for the “steady-state” property of the
model Mn/GI/1 used as a background in [3,12]. It is plausible that the method used in
this paper admits extensions to more general models. As it was said in the introduction,
there is some moderate hope that it may also be applied to Erlang–Sevastyanov’s type
systems, which could potentially allow finding sufficient conditions for convergence rates
in such systems without assuming the existence of intensity of service, thus, generalizing
the results from [14].
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Abstract: In this paper, we analyse a queueing system with two servers where the arrival and service
processes are interdependent. The evolution of these processes is governed by transitions on the
product space of three Markov chains, which are descriptors of the arrival and service processes. The
transitions in this Markov chain follow a semi-Markov rule and the exponential distribution governs
the sojourn times in the states. The stability condition of the system is derived and the stationary
distribution is calculated for the system in equilibrium. Several important performance measures are
provided, and numerical illustrations of the model are presented.

Keywords: interdependent; Markov chain; semi-Markov process; sojourn time; heterogeneous
servers

MSC: 60K25

1. Introduction

Queueing theory is a branch of applied mathematics that studies waiting lines or
queues. It finds widespread applications in various fields, including telecommunications,
computer networks, manufacturing systems, and service industries. Two server queueing
models are particularly significant, as they offer insights into scenarios where multiple
servers handle arriving customers or tasks. While traditional queueing models assume
independent arrival and service processes, in many practical situations these processes are
interconnected in a way that can significantly impact system performance and behaviour.
The study of queues with interdependent arrival and service processes helps in understand-
ing how these mutual influences shape queue dynamics, waiting times, resource utilisation,
and overall system efficiency.

1.1. Literature Review of Queues with Interdependence in Arrival and Service Processes

Mitchell et al. [1] investigated an M/M/1 queue in which the arrival and service
processes are linked through correlated random variables, conforming to a bivariate ex-
ponential distribution. This approach sheds light on how correlations between customer
service times and the time between their arrival impact the system. Courtois et al. [2]
generalized the M/G/1 queuing process by assuming both the arrival and service rates to
be essentially arbitrary functions of the number of customers currently using the system.
In addition, they assumed that the amount of service demanded by a customer is condi-
tioned by the queue length at the moment service is begun for that customer. Sengupta [3]
investigated a single-server semi-Markovian queue with a first-come-first-served policy in
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which both the arrival and service processes follow a semi-Markov process. Boxma et al. [4]
considered a storage model with a dual interpretation: as a distinctive queueing model fea-
turing interdependence between service requests and subsequent inter-arrival times, and
as a fluid production/inventory model operating within a two-state random environment.

Muller et al. [5] studied a queueing system characterised by partial correlation, focus-
ing on the interplay between the quantity of work (service time) introduced by a customer
and the subsequent inter-arrival time, which the authors assumed to be interdependent.
The focus of the study revolved around a distinctive single-server multi-station alternating
queue configuration in which the interplay between preparation and service times involves
intricate auto- and cross-correlation patterns. Their investigation was carried out across
two distinct scenarios. Vlasiou et al. [6] addressed a configuration involving a single-server
multi-station alternating queue characterised by interrelated preparation and service times
and exhibiting both auto- and cross-correlations. Adan et al. [7] presented a comprehensive
investigation into a single-server queue system in which both the inter-arrival times and the
service times depend on a common discrete time Markov chain. This model represents an
extension of the well-known MAP/G/1 queue, incorporating interdependencies between
inter-arrival and service times. Iyer et al. [8] analysed queueing models characterised by
joint density of the inter-arrival and service times. These models involve a mixture of joint
densities, and find natural applications in scenarios involving a single server catering to
multiclass populations through a shared queue. Additionally, this approach can help to
model interdependencies between inter-arrival and service times in the context of queue
control models. Buchholz et al. [9] focused on a queueing system in which the inter-arrival
times exhibit correlation and the service times are correlated with the inter-arrival times.
They established a compelling connection between this correlated queueing model and the
MMAP[K]/PH[K]/1 queue, a well-studied structure to which matrix geometric algorithms
are readily applicable. Kim et al. [10] analysed the wait time distribution in an M/M/1
queue in which the inter-arrival time between the n-th and (n + 1)-th customers along
with the service time of the n-th customer are modelled as correlated random variables
characterised by Downton’s bivariate exponential distribution. Krishnamoorthy et al. [11]
examined a queueing system with finite Markov-dependent arrival and service batch sizes,
and additionally considered correlated successive inter-arrival and service time durations.
Dai et al. [12] investigated a unique category of correlated queue in which the service
duration of an arriving customer hinges upon the inter-arrival time separating them from
the previous customer.

Moiseev et al. [13] examined a two-stage queuing system with infinite servers in
which customers arrive according to a Markovian Arrival Process (MAP). In this system,
the service times at the first stage and the probability of transitioning to the second stage
depend on the type of request, which is determined by the state of the underlying Markov
chain of MAP when the request arrives. The authors’ analysis of this model utilized the
multi-dimensional dynamic screening method.

1.2. Literature Review of Queues with Multiservers

The literature abounds with extensive research concerning queueing models that
involve multiple servers and operate under the assumption of independent arrival and
service processes. Kleinrock [14] laid the foundation for analysing queueing systems
with multiple servers. The earliest works focused on fundamental models characterised
by independent customer arrivals and exponential service durations. These pioneering
studies offered essential insights into the behaviour of queueing systems, particularly in
the context of systems featuring multiple servers. These foundational investigations laid
the groundwork for subsequent advancements in the field. Cohen [15] played a crucial
role in advancing this trajectory by expanding the analytical framework to accommodate
batch arrivals and service times. This extension was a pivotal step, contributing to a more
comprehensive understanding of the dynamics of queueing systems with multiple servers.
Neuts et al. [16] addressed a notable challenge by highlighting the analytical complexity of
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queueing systems involving more than two heterogeneous servers. They aptly observed
that in such scenarios the steady-state behaviour of the system can only be explored through
algorithmic approaches. Building upon this observation, Krishna Kumar et al. [17] studied
an M/M/2 queueing system characterised by heterogeneous servers.

There are a number of recent papers dealing with two-server queueing systems,
including [18–28], to which interested readers may refer.

A semi-Markov process is both a Markov renewal process and a generalization of
the Markov process. Unlike Markov renewal processes, which focus on the number of
visits to each state, a semi-Markov process considers random variables describing the time
spent in each state before transitioning. In discrete-time Markov processes, transitions
occur after fixed unit time intervals; in continuous-time Markov processes, transitions
follow exponential distributions for the time spent in each state. A semi-Markov process
resembles a Markov process in terms of state-to-state transitions; however, it is set apart by
the time spent in each state before moving to the next state being a random variable with
parameter(s) that depend on both the state it is currently in and the one to be visited next.

In a semi-Markov process, changes of the occupied states take place according to a
Markov chain rule; nevertheless, a random amount of time between changes is required.
Suppose that a process can be in any one of N states 1, 2, 3 . . . , N and that each time it enters
state i, i = 1, 2, 3, . . . , N it remains there for a random amount of time before transitioning
to state j with probability Pij. The state j that is to be visited next is chosen at the time
that state i is visited. The sojourn time in i depends on both i and j. Let the time until the
transition from i to j have a distribution Fij, and let Z(t) denote the state at time t; then,
{Z(t) : t ≥ 0} is called a semi-Markov processes.

To define a semi-Markov process, it is necessary to have a finite state space Markov
chain (MC). This MC can be one-dimensional or higher, and must be finite. Associated
with the MC is its initial probability vector (IPV) and one-step transition probability matrix
(TPM). The semi-Markov process evolves as follows. First, choose an initial state j according
to the IPV. A particle occupies this state. At this moment, the next state (say, k) to be visited
by the particle is chosen; this is sampled using the one-step TPM. The sojourn time of
the particle in j is distributed based on the mean time in j as μjk. At the end of this time,
the particle transits to k; at this epoch, the next state (say, m) to be visited is chosen using
the one-step TPM. In k, the sojourn time has a mean value μkm. This process continues;
the continuous time process is referred to as a semi-Markov process. The sojourn time
distribution Fij can be exponential or any general distribution (with the non-negative part
of the real line as support). In this paper, the sojourn time distribution is taken as the
exponential distribution.

We consider a two-server queueing system in which the arrival and service processes
are interdependent. Numerous studies in the existing literature have investigated the
interdependence among random variables and processes through various analytical meth-
ods. In this paper, we analyse the interdependence among arrival and service processes
using a semi-Markov approach. This is a new approach first introduced by Achyutha
Krishnamoorthy in 2021 (see [29,30]). The procedure is as follows. Suppose that n processes
evolve in an interdependent fashion, as explained below. Assume that these n processes
are generated through transitions in the states of n finite state space-distinct Markov chains.
They may or may not have absorbing states. Considering the product space of these
Markov chains, a Markov chain is imposed on this product space. This chain has an initial
probability vector and a one-step transition probability matrix. The combined process
evolves through transitions in the elements of the product space. We may assume that
these transitions are governed by a semi-Markov rule, with the exception of the sojourn
time in each stage|state (n-tuples) being exponentially distributed based on a parameter
with dependence on the current state and the one to be visited next (as governed by the
one-step transition probability matrix on the product space Markov chain).

In [31], the authors examined two distinct queueing models. Model I used a single-
server working vacation queueing system in which the arrival and service processes
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were interdependent. The evolution of the arrival and service processes occurs through
transitions within the product space of two separate Markov chains of orders m and n,
respectively. The transitions in the product spaces of these Markov chains are governed by a
semi-Markov rule, with sojourn times in the states governed by an exponential distribution
with parameters depending on the state it is in and the state to be visited next, which
are determined according to the Markov chain rule. During working vacation periods,
service is delivered at a reduced rate. The duration of these vacation intervals follows
an exponential distribution with the parameter η. In contrast, the second model is based
on independent arrival and service processes following phase-type distributions with
representations (ααα, T) of order m and (βββ, S) of order n, respectively. The service time during
normal operation is the phase-type distribution indicated above, whereas that during
working vacation is a phase-type distribution with representation (βββ, θS), 0 < θ < 1.

In the present paper, we analyse a queueing system with two servers having inter-
dependent arrival and service processes. The evolution of these processes is governed by
transitions in the product space of three Markov chains. The transitions in this Markov
chain follow a semi-Markov rule and the exponential distribution governs the sojourn
times in the states.

1.3. Motivation

In queueing theory literature, many papers have been developed to analyse arrival
and service processes which are mutually independent with the exception that service
can be rendered only when the server and at least one customer to receive the service are
available. A few papers have considered successive inter-arrival times and/or successive
service times to be correlated, for example, Markovian or batch Markovian arrival/ service
processes. Even fewer papers have considered the interdependence of arrival and service
processes. For example, the inter-arrival times An between the n− 1 and n-th customers and
the service time Sn of the n-th customer were correlated for n = 1, 2, . . . . by Sengupta [3,32].
Van Houdt [33] subsequently filled certain gaps in the work of Sengupta [3]. In all these
papers, the authors made specific distributional assumptions with respect to the arrival
and service times. Thus, the question arises as to whether it is necessary to specify the
distributions of the inter-arrival and service times of customers. It is this question that led
us to design the presented approach to multi-server queues.

Thus, in this paper we make no assumptions about the inter-arrival and service time
distribution. More importantly, no such assumption can be meaningfully made in the
context of modelling this interdependence. There are at most three papers [29–31] that
have appeared in the stochastic modelling literature employing this new approach, and
no cases involving more than one server have been considered under this framework in
the extant literature. Thus, the methodology presented here is quite novel. This procedure
can be extended to queues of a finite number with more than two servers. The dimension
increases by one as the number of servers increases.

Markov chains provide the simplest dependence among a sequence of random vari-
ables. In the present modelling, we assume that arrival and service rendered by the two
servers evolve within the product space of three Markov chains: one each for arrival, service
by server 1, and service by server 2. Thus, our approach is completely new, especially in
service systems with multiple servers.

1.4. Practical Applications

In the correlated inter-arrival time and service time, we can use the following example:
with An being the sequence of independent and identically distributed inter-arrival times
and Sn the sequence of service times of successive customers, the stress is on the correlation,
that is, whether the correlation is positive, negative, or zero. A negative correlation indicates
that if the inter-arrival time An is large, the corresponding service time Sn turns out to be
comparatively small, and vice versa. In the positive correlation case, this indicates a “direct
proportion” between the two. In our model of interdependence, quick transitions in the
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arrival phases indicate faster arrival. Accordingly, the servers can accelerate their service
speed or, equivalently, their service rate. In the correlated arrival and service processes
indicated above, the n-th customer to arrive receives service at a future time after arrival, as
the server can be busy at the customer’s arrival epoch. While the situation in our model is
the same, the reflection of the interdependence of arrival and service is seen simultaneously.
This helps to accelerate or decelerate the rate of service provided by the servers. These
kinds of adjustments can be seen in the production process; if customers arrive at a fast
rate, the production needs to be adjusted to ensure that the queue size does not blow up.

In large airports, when non-domestic flights flights land the passengers are required to
proceed to the immigration section. A queue of such passengers is formed; at the head of
the queue, the person who manages the distribution of passengers directs them to different
immigration counters depending on the slots available at each counter. The processing
of each passenger passes through distinct stages in a forward direction. With only slight
modifications, the model discussed in the paper can be implemented to clear long queues
of passengers efficiently.

Another practical application of a two-server queueing model with interdependent
arrival and service processes can be found in scenarios involving distributed data process-
ing or computing. In such scenarios, data packets or tasks arrive at a network of servers,
and the rate of arrival and processing time can be influenced by the current state of the
servers in the network. The arrival rate of data packets may be influenced by the current
number of idle or busy servers. For example, if both servers are idle, the arrival rate may
increase, as more data processing capacity is available. Conversely, if both servers are busy,
the arrival rate might decrease as new data packets wait to be processed. In such a scenario,
the service rate for each server can depend on its current workload.

The salient features of the model discussed in this paper are as follows:

• We introduce a new approach to analysing two-server queueing systems with interde-
pendent arrival and service processes.

• The presented analysis does not involve the Kronecker product/sum, unlike the queue-
ing models with independent arrival and service processes analysed using matrix
geometric methods.

Notations and abbreviations used in this paper:

• CTMC: continuous-time Markov chain.
• LIQBD: level-independent quasi-birth and death.
• eee: column vector of 1s of appropriate order.
• QBD: quasi-birth and death.

The remainder of the paper is organized as follows: in Section 2, the model is math-
ematically formulated; in Section 3, we perform a steady-state analysis of the studied
queuing model after establishing the stability conditions of the system; in Section 4, perfor-
mance measures are computed and presented; finally, numerical illustrations of the two
models are discussed in Section 5.

2. Model Description and Mathematical Formulation

Consider a queueing system with two heterogeneous servers S1 and S2 in which the
arrival and service processes are interdependent. When a customer arrives with both
servers idle, server S1 provides service. When both servers are occupied, an arriving
customer joins an infinite capacity queue. When the system becomes empty, both servers
remain idle. The arrival process passes through several stages, including back and forth. An
arriving customer who finds a free server enters for service immediately. The service process
provided by server S1 has n1 stages, while that provided by server S2 has n2 stages. These
proceed in the forward direction. The arrival process has m stages. Three Markov chains
govern the arrival and service processes. Service provided by S1 is governed by the Markov
chain X = {Xn} and service provided by S2 is governed by the Markov chain Y = {Yn}.
The state space of the Markov chain {Xn} is {1, 2, 3, . . . , n1, n1 + 1}, while that of the
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Markov chain {Yn} is {1, 2, 3, . . . , n2, n2 + 1}. The arrival process is governed by a Markov
chain Z = {Zn} with state space {1, 2, 3, . . . , m, m + 1}. We can consider the Markov
chain on the product space S = X × Y × Z with state space {{1, 2, 3, . . . , n1, n1 + 1}×
{1, 2, 3, . . . , n2, n2 + 1} × {1, 2, 3, . . . , m, m + 1}}.

The absorbing states of this Markov chain are {(i, j, m + 1) : 1 ≤ i ≤ n1; 1 ≤ j ≤ n2}⋃
{(i, n2 + 1, k) : 1 ≤ i ≤ n1; 1 ≤ k ≤ m}⋃{(n1 + 1, j, k) : 1 ≤ j ≤ n2; 1 ≤ k ≤ m}⋃{(n1 +
1, n2 + 1, k) : 1 ≤ k ≤ m}⋃{(n1 + 1, j, m + 1) : 1 ≤ j ≤ n2}⋃{(i, n2 + 1, m + 1) : 1 ≤ i ≤ n1}⋃{(n1 + 1, n2 + 1, m+ 1)}. Changes in the first coordinate due to transitions indicate service
phase changes provided by server S1, those in the second coordinate indicate service phase
changes provided by server S2, and those in the third coordinate indicate arrival phase
changes. The transitions are interdependent in the sense that the sojourn time in any state
(i, j, k) depends on this state as well as the one (say, (i

′
, j
′
, k
′
)) to be visited next. This sojourn

time is assumed to be exponentially distributed with parameter δ(i,j,k)(i′ ,j′ ,k′ ). Because the
transitions are interdependent, within a short interval it is possible for none, one, two, or
even all coordinates to change with positive probability when a transition occurs. The state
space indicated above is for this general case; however, we assume here that at most one
change takes place with positive probability. This assumption leads to an infinitesimal
generator which is highly sparse. Let the initial probability vector of the arrival process
be ααα = (ααα, αm+1), where ααα = (α1, α2, α3, . . . αm). We can further simplify the assumption
that the service processes for both servers start from stage 1 and move in the forward
direction only, that is, the service processes are in the order 1 → 2 → 3 → 4 . . . n1 → n1 + 1
and 1 → 2 → 3 → 4 . . . n2 → n2 + 1, respectively. The initial probability vectors of the
service processes of both the servers are (1, 0, 0, . . .) n1 + 1 and n2 + 1 component vectors,
respectively. Further, to ensure that arrivals do not occur too quickly, we assume that
αm+1 = 0.

2.1. The QBD Process

The model described in Section 2 can be studied as a Level-Independent Quasi-Birth–
Death (LIQBD) process (see Latouche et al. [34]). First, we define the following notations.
At time t, let:

N(t) be the number of customers in the system.
S1(t) be the the phase of the service provided by server S1.
S2(t) be the phase of the service provided by server S2.
A(t) be the phase of arrival.

Here, {(N(t), S1(t), S2(t), A(t)) : t ≥ 0} is an LIQBD process with state space
Ω̃= {{(0, ∗, ∗, k) : 1 ≤ k ≤ m}⋃{(1, i, ∗, k) : 1 ≤ i ≤ n1; 1 ≤ k ≤ m}⋃{(1, ∗, j, k) : 1 ≤

j ≤ n2; 1 ≤ k ≤ m}⋃{(q, i, j, k) : 1 ≤ i ≤ n1; 1 ≤ j ≤ n2; 1 ≤ k ≤ m; q ≥ 2}}. In the absence
of customers, no service can be provided; this is indicated by the * in the position of the
service coordinates (the third and fourth coordinates of the 4-tuple). If only one customer is
in the system, either S1 or S2 is idle, when S2 is idle it is represented by (1, i, ∗, k) and when
S1 is idle it is represented by (1, ∗, j, k), where 1 ≤ i ≤ n1; 1 ≤ j ≤ n2; 1 ≤ k ≤ m.

2.2. Transitions

The transitions are described in Table 1.
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Table 1. Transition rates.

From To Rate Remarks

(0, ∗, ∗, k) (0, ∗, ∗, k
′
) δ(∗,∗,k)(∗,∗,k′ ) 1 ≤ k, k

′ ≤ m, arrival phase change

(0, ∗, ∗, k) (1, 1, ∗, k
′
) αk′ δ(∗,∗,k)(1,∗,m+1) 1 ≤ k, k

′ ≤ m arrival occurs

(1, i, ∗, k) (1, i, ∗, k
′
) δ(i,∗,k)(i,∗,k′ ) 1 ≤ k, k

′ ≤ m; 1 ≤ i ≤ n1 arrival phase change

(1, n1, ∗, k) (0, ∗, ∗, k) δ(n1,∗,k)(n1+1,∗,k) 1 ≤ k ≤ m service completion at S1

(1, i, ∗, k) (1, i + 1, ∗, k) δ(i,∗,k)(i+1,∗,k) 1 ≤ k ≤ m; 1 ≤ i ≤ n1 − 1 service phase change at S1

(1, i, ∗, k) (2, i, 1, k
′
) δ(i,∗,k)(i,1,m+1)αk′ 1 ≤ k, k

′ ≤ m, 1 ≤ i ≤ n1 arrival occurs

(1, ∗, j, k) (2, 1, j, k
′
) δ(∗,j,k)(1,j,m+1)αk′ 1 ≤ k, k

′ ≤ m, 1 ≤ j ≤ n2 arrival occurs

(1, ∗, j, k) (1, ∗, j + 1, k) δ(∗,j,k)(∗,j+1,k) 1 ≤ j ≤ n1 − 1; 1 ≤ k ≤ m; service phase change at S2

(1, ∗, j, k) (1, ∗, j, k
′
) δ(∗,j,k)(∗,j,k′ ) 1 ≤ j ≤ n2; 1 ≤ k, k

′ ≤ m arrival phase change

(1, ∗, n2, k) (0, ∗, ∗, k) δ(∗,n2,k)(∗,n2+1,k) 1 ≤ k ≤ m service completion at S2

(2, n1, j, k) (1, ∗, j, k) δ(n1,j,k)(n1+1,j,k) 1 ≤ j ≤ n2; 1 ≤ k ≤ m service completion at S1

(2, i, n2, k) (1, i, ∗, k) δ(i,n2,k)(i,n2+1,k) 1 ≤ i ≤ n1; 1 ≤ k ≤ m service completion at S2

(q, i, j, k) (q + 1, i, j, k
′
) αk′ δ(i,j,k)(i,j,m+1) 1 ≤ k, k

′ ≤ m; 1 ≤ i ≤ n1; 1 ≤ j ≤ n2; q ≥ 2 arrival occurs

(q, i, j, k) (q, i, j, k
′
) δ(i,j,k)(i,j,k′ ) 1 ≤ k, k

′ ≤ m; 1 ≤ i ≤ n1, 1 ≤ j ≤ n2; q ≥ 2 arrival phase change

(q, i, j, k) (q, i + 1, j, k) δ(i,j,k)(i+1,j,k) 1 ≤ k ≤ m; 1 ≤ i ≤ n1 − 1; 1 ≤ j ≤ n2; q ≥ 2 service phase change at S1

(q, i, j, k) (q, i, j + 1, k) δ(i,j,k)(i,j+1,k) 1 ≤ k ≤ m; 1 ≤ i ≤ n1; 1 ≤ j ≤ n2 − 1; q ≥ 2 service phase change at S2

(q, n1, j, k) (q− 1, 1, j, k) δ(n1,j,k)(n1+1,j,k) 1 ≤ k ≤ m; 1 ≤ j ≤ n2; q ≥ 3 service completion at S1

(q, i, n2, k) (q− 1, i, 1, k) δ(i,n2,k)(i,n2+1,k) 1 ≤ k ≤ m; 1 ≤ i ≤ n1; q ≥ 3 service completion at S2

The infinitesimal generator of the CTMC is

Q∗ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

B1 B0
B2 C1 C0

C2 A1 A0
A2 A1 A0

A2 A1 A0
. . . . . . . . .

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Here, B1 is a square matrix of order m which contains the transition rates within level
0, B0 is a matrix of order m× (n1 + n2)m which contains transition rates from level 0 to
level 1, B2 is a matrix of order (n1 + n2)m×m which contains transition rates from level 1 to
level 0, C1 is a square matrix of order (n1 + n2)m which contains the transition rates within
the level 1, C0 is a matrix of order (n1 + n2)m× n1n2m which contains transition rates from
level 1 to level 2, C2 is a matrix of order n1n2m× (n1 + n2)m which contains transition rates
from level 2 to level 1, A0 represents transition rates from level n to level n + 1 for n ≥ 2,
A1 represents transition rates within the level n for n ≥ 2, and A2 represents transition
rates from the level n to level n− 1 for n ≥ 3. All of these are square matrices of order
n1n2m.

The matrix B1 is provided by

166



Mathematics 2023, 11, 4692

⎡⎢⎢⎢⎢⎢⎢⎢⎣

b1 δ(∗,∗,1)(∗,∗,2) δ(∗,∗,1)(∗,∗,3) . . . . . . δ(∗,∗,1)(∗,∗,m)

δ(∗,∗,2)(∗,∗,1) b2 δ(∗,∗,2)(∗,∗,3) . . . . . . δ(∗,∗,2)(∗,∗,m)

δ(∗,∗,3)(∗,∗,1) δ(∗,∗,3)(∗,∗,2) b3 . . . . . . δ(∗,∗,3)(∗,∗,m)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
δ(∗,∗,m)(∗,∗,1) δ(∗,∗,m)(∗,∗,2) δ(∗,∗,m)(∗,∗,3) . . . . . . bm

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

which is a square matrix of order m where bi= −[
m
∑

j=1,j 
=i
δ(∗,∗,i)(∗,∗,j) + δ(∗,∗,i)(1,∗,m+1)]; 1 ≤

i ≤ m.
We define the matrix F as⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

α1δ(∗,∗,1)(1,∗,m+1) α2δ(∗,∗,1)(1,∗,m+1) α3δ(∗,∗,,1)(1,∗,m+1) . . . . . . αmδ(∗,∗,1)(1,∗,m+1)
α1δ(∗,∗,2)(1,∗,m+1) α2δ(∗,∗,2)(1,∗,m+1) α3δ(∗,∗,2)(1,∗,m+) . . . . . . αmδ(∗,∗,2)(1,∗,m+1)
α1δ(∗,∗,3)(1,∗,m+1) α2δ(∗,∗,3)(1,∗,m+1) α3δ(∗,∗,3)(1,∗,m+1) . . . . . . αmδ(∗,∗,3)(1,∗,m+1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
α1δ(∗,∗,m)(1,∗,m+1) α2δ(∗,∗,m)(1,∗,m+1) α3δ(∗,∗,m)(1,∗,m+1) . . . . . . αmδ(∗,∗,m)(1,∗,m+1)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

which is a square matrix of order m.
Then, B0 can be expressed as

[
F 000 000 . . . . . . 000

]
.

We write D1 as⎡⎢⎢⎢⎢⎢⎢⎣

δ(n1,∗,1)(n1+1,∗,1)
δ(n1,∗,2)(n1+1,∗,2)

δ(n1,∗,3)(n1+1,∗,3)
. . .

δ(n1,∗,m)(n1+1,∗,m)

⎤⎥⎥⎥⎥⎥⎥⎦,

which is a square matrix of order m.
We define the matrix D2 as⎡⎢⎢⎢⎢⎢⎢⎣

δ(∗,n2,1)(∗,n2+1,1)
δ(∗,n2,2)(∗,n2+1,2)

δ(∗,n2,3)(∗,n2+1,3)
. . .

δ(∗,n2,m)(∗,n2+1,m)

⎤⎥⎥⎥⎥⎥⎥⎦,

which is a square matrix of order m.

Then, B2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

000
000
...

D1
000
000
...

D2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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We define

Ei

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ei1 δ(i,∗,1)(i,∗,2) δ(i,∗,1)(i,∗,3) . . . δ(i,∗,1)(i,∗,m)

δ(i,∗,2)(i,∗,1) ei2 δ(i,∗,2)(i,∗,3) . . . δ(i,∗,2)(i,∗,m)

δ(i,∗,3)(i,∗,1) δ(i,∗,3)(i,∗,2) ei3 . . . δ(i,∗,3)(i,∗,m)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
δ(i,∗,m)(i,∗,1) δ(i,∗,m)(i,∗,2) δ(i,∗,m)(i,∗,3) . . . eim

⎤⎥⎥⎥⎥⎥⎥⎥⎦
which as a square matrix of order m, where

eiq = −[
m

∑
k=1,q 
=k

δ(i,∗,q)(i,∗,k) + δ(i,∗,q)(i,1,m+1) + δ(i,∗,q)(i+1,∗,q)]; 1 ≤ i ≤ n1, 1 ≤ q ≤ m;

Gi =

⎡⎢⎢⎢⎢⎢⎢⎣
δ(i,∗,1)(i+1,∗,1)

δ(i,∗,2)(i+1,∗,2)
δ(i,∗,3)(i+1,∗,3)

. . .
δ(i,∗,m)(i+1,∗,m)

⎤⎥⎥⎥⎥⎥⎥⎦
as a square matrix of order m with 1 ≤ i ≤ n1 − 1;

Hj =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

hj1 δ(∗,j,1)(∗,j,2) δ(∗,j,1)(∗,j,3) . . . δ(∗,j,1)(∗,j,m)

δ(∗,j,2)(∗,j,1) hj2 δ(∗,j,2)(∗,j,3) . . . δ(∗,j,2)(∗,j,m)

δ(∗,j,3)(∗,j,1) δ(∗,j,3)(∗,j,2) hj3 . . . δ(∗,j,3)(∗,j,m)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
δ(∗,j,m)(∗,j,1) δ(∗,j,m)(∗,j,2) δ(∗,j,m)(∗,j,3) . . . hjm

⎤⎥⎥⎥⎥⎥⎥⎥⎦
as a square matrix of order m, where

hjp = −[
m

∑
p=1,p 
=k

δ(∗,j,p)(∗,j,k) + δ(∗,j,p)(∗,j,m+1) + δ(∗,j,p)(∗,j+1,p)]; 1 ≤ j ≤ n2, 1 ≤ k ≤ m,

and

Jj =

⎡⎢⎢⎢⎢⎢⎢⎣
δ(∗,i,1)(∗,i+1,1)

δ(∗,i,2)(∗,i+1,2)
δ(∗,i,3)(∗,i+1,3)

. . .
δ(∗,i,m)(∗,i+1,m)

⎤⎥⎥⎥⎥⎥⎥⎦
as a square matrix of order m with 1 ≤ j ≤ n2 − 1.

Using these, we can write
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C1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

E1 G1
E2 G2

. . . . . .
En1−1 Gn1−1

En1 000 000
000 H1 J1

H2 J2
. . . . . .

Hn2−1 Jn2−1
Hn2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

Let

Ki =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

α1δ(i,∗,1)(i,1,m+1) α2δ(i,∗,1)(i,1,,m+1) α3δ(i,∗,1)(i,1,m+1) . . . . . . αmδ(i,∗,1)(i,1,m+1)
α1δ(i,∗,2)(i,1,m+1) α2δ(i,∗,2)(i,1,,m+1) α3δ(i,∗,2)(i,1,m+1) . . . . . . αmδ(i,∗,2)(i,1,m+1)
α1δ(i,∗,3)(i,1,m+1) α2δ(i,∗,3)(i,1,,m+1) α3δ(i,∗,3)(i,1,m+1) . . . . . . αmδ(i,∗,3)(i,1,m+1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
α1δ(i,∗,m)(i,1,m+1) α2δ(i,∗,m)(i,1,m+1) α3δ(i,∗,m)(i,1,m+1) . . . . . . αmδ(i,∗,m)(i,1,m+1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
where i varies from 1 to n1. Ki is a square matrix of order m.

Let

Lj =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

α1δ(∗,j,1)(1,j,m+1) α2δ(∗,j,1)(1,j,m+1) α3δ(∗,j,1)(1,j,m+1) . . . . . . αmδ(∗,j,1)(1,j,m+1)
α1δ(∗,j,2)(i,j,m+1) α2δ(∗,j,2)(1,j,,m+1) α3δ(∗,j,2)(1,j,m+1) . . . . . . αmδ(∗,j,2)(1,j,m+1)
α1δ(∗,j,3)(∗,j,m+1) α2δ(∗,j,3)(∗,j,m+1) α3δ(∗,j,3)(1,j,m+1) . . . . . . αmδ(∗,j,3)(1,j,m+1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
α1δ(∗,j,m)(1,j,m+1) α2δ(∗,j,m)(1,j,m+1) α3δ(∗,j,m)(1,j,m+1) . . . . . . αmδ(∗,j,m)(1,j,m+1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
where j varies from 1 to n2. Lj is a square matrix of order m.

Ki =
[

Ki 000 000 . . . . . . 000
]

is a matrix of order m× n2m.

L =

⎡⎢⎢⎢⎢⎢⎢⎣

L1 000 000 . . . . . . 000
000 L2 000 . . . . . . 000
000 000 L3 . . . . . . 000

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
000 000 000 . . . . . . Ln2

⎤⎥⎥⎥⎥⎥⎥⎦ is a square matrix of order n2m.

With these notations, C0 takes the form

C0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

K1 000 000 . . . . . . 000
000 K2 000 . . . . . . 000
000 000 K3 . . . . . . 000

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
000 000 000 . . . . . . Kn1

L 000 000 . . . . . . 000

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
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Let

Mi =

⎡⎢⎢⎢⎢⎢⎢⎣
δ(i,n2,1)(i,n2+1,1)

δ(i,n2,2)(i,n2+1,2)
δ(i,n2,3)(i,n2+1,3)

. . .
δ(i,n2,m)(i,n2+1,m)

⎤⎥⎥⎥⎥⎥⎥⎦

be a square matrix of order m for 1 ≤ i ≤ n1. Furthermore, let Pi =

⎡⎢⎢⎢⎣
000
000
...

Mi

⎤⎥⎥⎥⎦ be a matrix of

order n2m×m with 1 ≤ i ≤ n1.
We define

Qj =

⎡⎢⎢⎢⎢⎢⎢⎣
δ(n1,j,1)(n1+1,j,1)

δ(n1,j,2)(n1+1,j,2)
δ(n1,j,3)(n1+1,j,3)

. . .
δ(n1,j,m)(n1+1,j,m)

⎤⎥⎥⎥⎥⎥⎥⎦
as a square matrix of order m for 1 ≤ j ≤ n2.

V =

⎡⎢⎢⎢⎢⎢⎢⎣

Q1 000 000 . . . . . . 000
000 Q2 000 . . . . . . 000
000 000 Q3 . . . . . . 000

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
000 000 000 . . . . . . Qn2

⎤⎥⎥⎥⎥⎥⎥⎦ is a square matrix of order n2m.

Then,

C2 =

⎡⎢⎢⎢⎢⎢⎢⎣

P1 000 000 000 000 . . . . . . 000 000
000 P2 000 000 000 . . . . . . 000 000
000 000 P3 000 000 . . . . . . 000 000

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
000 000 000 000 000 . . . . . . Pn1 V

⎤⎥⎥⎥⎥⎥⎥⎦.

We define

Sij =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Sij1 δ(i,j,1)(i,j,2) δ(i,j,1)(i,j,3) . . . . . . δ(i,j,1)(i,j,m)

δ(i,j,2)(i,j,1) Sij2 δ(i,j,2)(i,j,,3) . . . . . . δ(i,j,2)(i,j,,m)

δ(i,j,3)(i,j,1) δ(i,j,3)(i,j,2) Sij3 . . . . . . δ(i,j,3)(i,j,m)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
δ(i,j,m)(i,j,1) δ(i,j,,m)(i,j,2) δ(i,j,m)(i,j,3) . . . . . . Sijm

⎤⎥⎥⎥⎥⎥⎥⎥⎦
as a square matrix of order m with 1 ≤ j ≤ n2.

In the above, Sijh = −[ m+1
∑

k=1,h 
=k
δ(i,j,h)(i,j,k) + δ(i,j,h)(i,j+1,h) + δ(i,j,h)(i+1,j,h)] for 1 ≤ h ≤ m

with 1 ≤ j ≤ n2.
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Take

Tij =

⎡⎢⎢⎢⎢⎢⎢⎣
δ(i,j,1)(i,j+1,1)

δ(i,j,2)(i,j+1,2)
δ(i,j,3)(i,j+1,3)

. . .
δ(i,j,m)(i,j+1,m)

⎤⎥⎥⎥⎥⎥⎥⎦,

which is a square matrix of order m with 1 ≤ j ≤ n2 − 1.

Let Ni =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Si1 Ti1
Si2 Ti2

Si3 Ti3
. . . . . .

Si(n2−1 Ti(n2−1)
Sin2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
be a square matrix of

order mn2 with 1 ≤ i ≤ n1.

Let Uij =

⎡⎢⎢⎢⎢⎢⎢⎣
δ(i,j,1)(i+1,j,1)

δ(i,j,2)(i+1,j,2)
δ(i,j,3)(i+1,j,3)

. . .
δ(i,j,m)(i+1,j,m)

⎤⎥⎥⎥⎥⎥⎥⎦ be a

square matrix of order m for 1 ≤ j ≤ n2.

Let Wi =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Ui1
Ui2

Ui3
. . . . . .

Ui(n2−1)
Uin2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
be a square matrix of order

mn2 with 1 ≤ i ≤ n1 − 1.
Using the above notations, A1 can be written as

A1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

N1 W1
N2 W2

N3 W3
. . . . . .

Nn1−1 Wn1−1
Nn1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Let Di =
[

Pi 000 000 . . . . . . 000
]

be a square matrix of order n2m for 1 ≤ i ≤ n1.
Using these, A2 can be expressed as

A2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

D1
D2

D3
. . .

Dn1−1
V Dn1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

We define Fij as follows:
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Fij =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

α1δ(i,j,1)(i,j,m+1) α2δ(i,j,1)(i,j,m+1) α3δ(i,j,1)(i,j,m+1) . . . . . . αmδ(i,j,1)(i,j,m+1)
α1δ(i,j,2)(i,j,m+1) α2δ(i,j,2)(i,j,m+1) α3δ(i,j,2)(i,j,m+1) . . . . . . αmδ(i,j,2)(i,j,m+1)
α1δ(i,j,3)(i,j,m+1) α2δ(i,j,3)(i,j,m+1) α3δ(i,j,3)(i,j,m+1) . . . . . . αmδ(i,j,3)(i,j,m+1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
α1δ(i,j,m)(i,j,m+1) α2δ(i,j,m)(i,j,m+1) α3δ(i,j,m)(i,j,m+1) . . . . . . αmδ(i,j,m)(i,j,m+1)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
where j varies from 1 to n2. Fij is a square matrix of order m.

Then, we can write

Gi =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Fi1
Fi2

Fi3
. . . . . .

Fin2−1
Fin2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
,

which is a square matrix of order mn2 with 1 ≤ i ≤ n1.
These help us to represent A0 as follows:

A0 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

G1
G2

G3
. . .

Gn1−1
Gn1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Next, we proceed to compute the stability condition of the system and obtain the
system state probability vectors. From each of these vectors, the system occupying a
specific state can be computed.

3. Steady State Analysis

In this section, we perform steady-state analysis of the queueing model by initially
determining the stability condition of the system.

3.1. Stability Condition

The infinitesimal generator A = A0 +A1 +A2 is

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

G1 +N1 +D1 U1
G2 +N2 +D2 U2

G3 +N3 +D3 U3

. . .
. . .

Gn1−1 +Nn1−1 +Dn1−1 Un1 − 1
V Gn1 +Nn1 +Dn1 ,

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
which is a square matrix of order n1n2m

Let πππ = (πππ1, πππ2, πππ3, . . . . . . , πππn1) denote the steady-state probability vector of the
generator matrix A.

Here, πππ is of dimension 1× n1n2m and πππr is of dimension 1× n2m for r = 1, 2, . . . n1.
The steady state probability vector πππ satisfies the equations

πππA = 0, πππe = 1. (1)
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Using Equation (1), we obtain

πππ1[G1 +N1 +D1] +πππn1 V = 000 (2)

πππ1U1 +πππ2[G2 +N2 +D2] = 000 (3)

πππ2U2 +πππ3[G3 +N3 +D3] = 000 (4)

πππn1−1Un1−1 +πππn1 [Gn1 +Nn1 +Dn1 ] = 000 (5)

πππ1 × e +πππ2 × e + . . . . +πππn1 × e = 1. (6)

By solving the above system equations, we can find πππ1, πππ2, πππ3, . . . . . . πππn1 .
The LIQBD description of the model indicates that the queueing system is stable if
and only if the left drift exceeds the right drift (see Theorem 3.1.1 of Neuts [35]), that

is,
πππA0e < πππA2e, (7)

πππA0e = πππ1G1e +πππ2G2e +πππ3G3e + . . . +πππn1Gn1e =
n1

∑
i=1

πππiGie, (8)

πππA2e = πππ1D1e +πππ2D2e +πππ3D3e + . . . +πππn1Dn1 e +πππn1 Ve =
n1

∑
i=1

πππiDie +πππn1 Ve. (9)

Theorem 1. The given system is stable if and only if

n1

∑
i=1

πππiGie <
n1

∑
i=1

πππiDie +πππn1 Ve. (10)

3.2. The Steady State Probability Vector of Q∗

Let xxx be the steady state probability vector of Q∗: xxx = (xxx0, xxx1, xxx2 . . .), where xxx0 is of
dimension 1× m, xxx1 is of dimension 1× (n1 + n2)m, and xxx2, xxx3, . . . xxxn1 are of dimension
1× n1n2m.

Under the stability condition, we have xixixi = xxx2Ri−2, i ≥ 3, where the matrix R is the
minimal nonnegative solution to the matrix quadratic equation

R2A2 + RA1 +A0 = 0

and the vectors xxx0, xxx1 and xxx2 are obtained by solving the equations

xxx0B1 + xxx1B2 = 0 (11)

xxx0B0 + xxx1C1 + x2x2x2C2 = 0 (12)

xxx1C0 + xxx2(A1 + RA2) = 0 (13)

subject to the normalizing condition

xxx0eee + xxx1eee + xxx2(I − R)−1eee = 1. (14)

Having obtained the system state probability vectors, we can now make use of them
to compute important performance measures.

4. Performance Measures

Formulae for key performance measures are derived.

• The probability that both of the servers are idle: pidle = xxx0e.
• The probability that only Server 1 (S1) is idle:

p1idle =
n2

∑
j=1

m

∑
k=1

xxx1∗jk
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• The probability that only Server 2 (S2) is idle:

p2idle =
n1

∑
i=1

m

∑
k=1

xxx1i∗k

• The probability that Server 1 is busy:

P1busy =
∞

∑
q=2

n1

∑
i=1

n2

∑
j=1

m

∑
k=1

xxxqijk +
n1

∑
i=1

m

∑
k=1

xxx1i∗k

• The probability that Server 2 is busy:

P2busy =
∞

∑
q=2

n1

∑
i=1

n2

∑
j=1

m

∑
k=1

xxxqijk +
n2

∑
j=1

m

∑
k=1

xxx1∗jk

• The probability that both the servers are busy:

Pbusy =
∞

∑
q=2

n1

∑
i=1

n2

∑
j=1

m

∑
k=1

xxxqijk

• The probability of q customers being in the system: Pq = xxxqe.
• The expected number of customers in the system:

ECS =
∞

∑
q=1

qxxxqe

• The expected number of customers in the queue:

ECQ =
∞

∑
q=2

(q− 2)xxxqe

5. Numerical Illustration

In this section, we provide four numerical illustrations of our model.
We take n1 = 2, n2 = 3, and m = 2. The state space of the arrival process is 1, 2, 3,

where the transient states are 1,2 and the absorbing state is 3. The state space of the service
process provided by server 1 (S1) is {1, 2, 3}, where the transient states are 1,2 and the
absorbing state is 3. The state space of the service process provided by server 2 (S2) is
{1, 2, 3, 4}, where the transient states are 1,2,3 and the absorbing state is 4. Then, the
state space of the Markov chain X = {(i, j, k) : 1 ≤ i ≤ 3; 1 ≤ j ≤ 4; 1 ≤ k ≤ 3}. The
absorbing states of X are: {{(i, j, 3) : 1 ≤ i ≤ 3; 1 ≤ j ≤ 4}⋃{(i, 4, k) : 1 ≤ i ≤ 3; 1 ≤
k ≤ 3}⋃{(3, j, k) : 1 ≤ j ≤ 4; 1 ≤ k ≤ 3}}⋃{(3, 4, k) : 1 ≤ k ≤ 3}⋃{(3, j, 3) : 1 ≤ j ≤
4}⋃{(i, 4, 3) : 1 ≤ i ≤ 3}⋃{(3, 4, 3)}.

We assume that at most one coordinate change in a transition has a positive probability.
In the absence of customers, no service can be provided, as indicated by a * symbol in the
position of the service coordinates. Here, ααα = (0.7, 0.3), αm+1 = 0. The case of more than
one coordinate change in a single transition (only up to three being possible in the present
case, as we have the service stages provided by each server as first two coordinates and the
changes in the arrival phases as the last coordinate) can be considered in a similar fashion.
Consequently, we obtain a much less sparse transition rate matrix.

5.1. Illustration 1

The transition rates are taken as shown in Tables 2 and 3.
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Table 2. Transition rates.

(2
,1

,1
)

(2
,1

,2
)

( 2
,2

,1
)

( 2
,2

,2
)

( 2
,3

,1
)

( 2
,3

,2
)

( 2
,1

,3
)

( 2
,2

,3
)

( 2
,3

,3
)

(2
,4

,1
)

( 2
,4

,2
)

(3
,1

,1
)

( 3
,1

,2
)

( 3
,2

,1
)

( 3
,2

,2
)

( 3
,3

,1
)

( 3
,3

,2
)

(1, 1, 1) 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 1, 2) 0 3.1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 2, 1) 0 0 3.1 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 2, 2) 0 0 0 2.3 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 3, 1) 0 0 0 0 2.8 0 0 0 0 0 0 0 0 0 0 0 0

(1, 3, 2) 0 0 0 0 0 2.3 0 0 0 0 0 0 0 0 0 0 0

(2, 1, 1) −10.7 3.1 2.8 0 0 0 1.7 0 0 0 0 3.1 0 0 0 0 0

(2, 1, 2) 2.6 −12.3 0 3.1 0 0 3.1 0 0 0 0 0 3.5 0 0 0 0

(2, 2, 1) 0 0 −13.1 2.4 3.8 0 0 3.2 0 0 0 0 0 3.7 0 0 0

(2, 2, 2) 0 0 2.7 −11.1 0 2.2 0 3.1 0 0 0 0 0 0 3.1 0 0

(2, 3, 1) 0 0 0 0 −9.5 1.1 0 0 2.6 3 0 0 0 0 0 2.8 0

(2, 3, 2) 0 0 0 0 1.9 −12.1 0 0 2.5 0 4.2 0 0 0 0 0 3.5

Using the transition rates shown in Tables 2 and 3, we obtain the values of the perfor-
mance measures as follows.

Pidle = 0.0134

P1idle = 0.0420

P2idle = 0.0365

P1busy = 0.9445

P2busy = 0.9501

Pbusy = 0.9081

ECS = 10.7079

ECQ = 8.8133

5.2. Illustration 2

The transition rates are taken as shown in Tables 4 and 5.
Using the transition rates shown in Tables 4 and 5, we obtain the values of the perfor-

mance measures are as follows.

Pidle = 0.0040

P1idle = 0.0122

P2idle = 0.0113

P1busy = 0.9838

P2busy = 0.9847

Pbusy = 0.9725

ECS = 40.4592

ECQ = 38.4907

5.3. Illustration 3

The transition Rates are taken as shown in Tables 6 and 7.
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Table 4. Transition rates.

(2
,1

,1
)

( 2
,1

,2
)

( 2
,2

,1
)

( 2
,2

,2
)

( 2
,3

,1
)

( 2
,3

,2
)

( 2
,1

,3
)

( 2
,2

,3
)

( 2
,3

,3
)

( 2
,4

,1
)

( 2
,4

,2
)

( 3
,1

,1
)

( 3
,1

,2
)

( 3
,2

,1
)

( 3
,2

,2
)

( 3
,3

,1
)

( 3
,3

,2
)

(1, 1, 1) 3.2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 1, 2) 0 3.2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 2, 1) 0 0 3.3 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 2, 2) 0 0 0 2.5 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 3, 1) 0 0 0 0 2.7 0 0 0 0 0 0 0 0 0 0 0 0

(1, 3, 2) 0 0 0 0 0 2.6 0 0 0 0 0 0 0 0 0 0 0

(2, 1, 1) −11.1 3.5 2.6 0 0 0 1.8 0 0 0 0 3.2 0 0 0 0 0

(2, 1, 2) 2.4 −11.9 0 3.3 0 0 3 0 0 0 0 0 3.2 0 0 0 0

(2, 2, 1) 0 0 −13.2 2.6 3.2 0 0 3.5 0 0 0 0 0 3.9 0 0 0

(2, 2, 2) 0 0 2.5 −12.8 0 3.4 0 3.5 0 0 0 0 0 0 3.4 0 0

(2, 3, 1) 0 0 0 0 −9.3 1 0 0 2.9 3.1 0 0 0 0 0 2.3 0

(2, 3, 2) 0 0 0 0 1.5 −12.3 0 0 2.2 0 4.9 0 0 0 0 0 3.7

Using the transition rates shown in Tables 6 and 7, we obtain the values of the perfor-
mance measures as follows.

Pidle = 0.0023

P1idle = 0.0064

P2idle = 0.0059

P1busy = 0.9913

P2busy = 0.9918

Pbusy = 0.9854

ECS = 78.0583

ECQ = 76.0752

5.4. Illustration 4

The transition rates are taken as shown in Tables 8 and 9.
Using the transition rates shown in Tables 8 and 9, we obtain the values of the perfor-

mance measures as follows.

Pidle = 0.0020

P1idle = 0.0055

P2idle = 0.0051

P1busy = 0.9925

P2busy = 0.9929

Pbusy = 0.9874

ECS = 89.0997

ECQ = 87.1143

From the above numerical illustrations, it can be concluded that when the transition
rates increase, the values of ECS, ECQ, P1busy, P2busy, and Pbusy increase, while the values
of Pidle, P1idle, and P2idle decrease as the transition rates increases.
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Table 6. Transition rates.

(2
,1

,1
)

( 2
,1

,2
)

( 2
,2

,1
)

( 2
,2

,2
)

( 2
,3

,1
)

( 2
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,2
)

( 2
,1

,3
)

( 2
,2

,3
)

( 2
,3

,3
)

( 2
,4

,1
)

( 2
,4

,2
)

( 3
,1

,1
)

( 3
,1

,2
)

( 3
,2

,1
)

( 3
,2

,2
)

( 3
,3

,1
)

( 3
,3

,2
)

(1, 1, 1) 3.2 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 1, 2) 0 3.7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 2, 1) 0 0 3.5 0 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 2, 2) 0 0 0 2.7 0 0 0 0 0 0 0 0 0 0 0 0 0

(1, 3, 1) 0 0 0 0 2.9 0 0 0 0 0 0 0 0 0 0 0 0

(1, 3, 2) 0 0 0 0 0 2.9 0 0 0 0 0 0 0 0 0 0 0

(2, 1, 1) −12.2 3.8 2.9 0 0 0 2.1 0 0 0 0 3.4 0 0 0 0 0

(2, 1, 2) 2.7 −12.8 0 3.3 0 0 3.2 0 0 0 0 0 3.6 0 0 0 0

(2, 2, 1) 0 0 −15.4 2.9 3.8 0 0 3.8 0 0 0 0 0 4.9 0 0 0

(2, 2, 2) 0 0 2.8 −12.6 0 3 0 3.6 0 0 0 0 0 0 3.2 0 0

(2, 3, 1) 0 0 0 0 −11.2 1.3 0 0 3.1 3.9 0 0 0 0 0 2.9 0

(2, 3, 2) 0 0 0 0 2 −13.9 0 0 2.6 0 5.4 0 0 0 0 0 3.9
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Table 8. Transition rates.
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6. Conclusions

In this paper, we have analysed a queuing system in which the arrival process and
services handled by two servers are interdependent. The evolution of these processes is
governed by transitions occurring in the product space of three Markov chains according
to a semi-Markov rule, with sojourn times in states following the exponential distribu-
tion. Using the matrix geometric method, we have analysed the model and computed
various performance measures. Additionally, we have included numerical illustrations of
the model.

We propose extending the model presented here to a more general case. In this paper,
we have assumed that upon the arrival of a customer in the system, the starting phase of
the next arrival is chosen according to the initial probability vector. It is possible to extend
this to the case in which the next arrival phase is the phase in which transition occurs
consequent to the arrival of the customer.

In this paper, we have discussed service by both servers in stages while moving in
the forward direction. This could be extended to the case in which the service processes
are in stages and can make several forward and backward jumps. In addition, it would
interesting to study how the system evolves with a larger number of servers. In future work,
we propose analysing a PH/two-server interdependent service model and an MAP/two-
server interdependent service model and comparing them numerically.
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Abstract: This paper extends the k-out-of-n:G reliability system to a multi-server queue. We study a
multi-server reliability-queuing model with the N-policy of repair. The queuing system considered
here has n servers, each of which has identically and exponentially distributed service times with
parameter μ. Servers are subject to breakdown at an exponential rate γ. The repair process follows
the N-policy of repair. Although these servers work independently of each other, service can be
provided only when k functional servers are available in the system. We study the model in the
steady state, using the matrix analytic method. We evaluate some associated performance measures
and provide graphical/numerical illustrations. We consider an optimization problem, and the results
of the study are presented.

Keywords: reliability; k-out of n system; N-policy; HAP system; breakdown

MSC: 60K25; 60K10; 60K20; 90B22; 90B25

1. Introduction

This paper extends the reliability system k-out-of-n:G to a multi-server queue (n par-
allel server, with server failure and N-policy of repair). As in the k-out-of-n:G system, at
least k servers should be operational in order for the whole system to work (system can
provide service). At the moment that the number of operational servers is reduced to k− 1,
the service is disrupted. As a result, the system can start operation only after one working
server is added to the system. This model can be applied directly to the high-altitude
platform (HAP) system used for smooth telecommunication when all other facilities fail,
due to natural calamities. The system collapses when the number of operational servers is
reduced to k− 1, irrespective of the number of customers in the system. As with parallel
(at least one operational component should be UP for the system to function)/serial (all
components should be operational for the system to be functional) systems in the reliability
context, we encounter a similar situation in the queuing model discussed in this paper.
Thus, this paper extends the k-out-of-n reliability system to the queuing system and simul-
taneously to the classical multi-server queuing system. In the proposed queuing model,
an element of dependency on the number of operational servers arises. Thus, it differs
from the classical multi-server queuing models in that at least k (k = 1, for the classical
multi-server system with server failures and their repair) servers should be operational to
provide a service. This phenomenon can be interpreted as the system becoming overloaded
when the number of operational servers reduces to k− 1.

The mathematical foundation of reliability was laid by the pioneering work of Barlow
and Proschan (1965) [1]. The element of interest is the reliability of the machine in a given
interval of time or failure-free operation up to time t. Naturally, one investigates the
distribution of the number of failed components at any random time when the machine is
in operation. The k-out-of-n system is classified as COLD, WARM or HOT, depending on
whether the operational components are also subject to deterioration when the system is
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down. In the COLD system, no operational components fail when the system is DOWN
(not operational); for the WARM system, the operational components fail at a reduced rate
when the system is DOWN compared to that when it is UP (operational); and in the case
of a HOT system, the failure rate of components is the same, irrespective of whether the
system is UP or DOWN. As such, for k-out-of-n systems, the notion of “providing service”
was not in vogue until Krishnamoorthy, Sathian and Viswanath (2016) [2] introduced
it. They considered separately two distinct cases of providing service. In one of them,
the system serves (repairs) failed machines in an organization. The k-out-of-n system is
considered as a single server subject to failure. Therefore, at most, one failed machine
undergoes repair by the server at a time. The repair of failed components is according to
some specific policy. In this case, the system state remains finite because it is assumed that
there are only a limited number of machines in the organization. In the second model, the
authors assumed that when the server (the k-out-of-n system) is idle, it provides a service
to external customers. However, priority is given to the repair of internal customers (for
example, failed machines in the organization). For these two cases, the authors investigated
continuous-time server reliability.

The N-policy was introduced by Yadin and Naor in [3]. The N-policy of repair was
introduced by Krishnamoorthy et al. (2002) [4] and is as follows: when the number of oper-
ational components comes down to level N(k ≤ N ≤ n), a repair facility starts repairing
failed units, one at a time. This repair process continues until all failed components are
brought back to an operational state. It is assumed that the components repaired are as
good as new. This assumption is essential for mathematical tractability. There is another
means of keeping the system reliability high—placing an order for n− k + 1 components
when the number of operational components goes down to N. It takes a certain amount
of time, deterministic or random, for the order to materialize. Sometimes, this may take
place only after the system becomes non-operational. The higher the N value, the higher
the probability of the system remaining UP until the order materialization. We can further
improve the system reliability by combining the N-policy of repair and the order placement
for new components. The order can be placed above the level at which the number of
operating components drops to N or we can place the order at this level or even below this
level. This policy can be further modified for the cancellation of a placed order if the num-
ber of operational components reaches the maximum n through the repair process before
the materialization of the order placed. Thus, various extensions are possible. N-policy
queuing systems with server breakdowns (both working and non-working breakdowns)
are studied extensively in the queuing literature (for example, [5–7]).

Other than the N-policy of repair, for policies such as D (the accumulated work load
reaching or crossing the level D (D is a continuous random variable)) and T, the time until
the repair facility is activated after the system completely returns to a fully functional state
(all components are in an operational state due to repair), are used. Additional solutions
are different combinations of these policies. In the queuing literature, the N-policy of repair
is the best- and the T-policy is the worst-performing. Similarly, comparisons among the
combinations of policies can also be performed.

Highlights of This Work

• The present work is the first to consider the k-out-of-n system as a multi-server queue.
• Unlike the classical multi-server queue, in the present work, at least k servers should

be operational to provide a service. The multi-server case can be deduced from the
present work by assuming that k = 1.

• Two birth and death processes encountered in the analysis are (i) the customer’s
arrival and service processes and (ii) the accumulation of servers that break while
providing a service; until this number reaches n− N (pure death process), the repair
process starts from this point of time and, with this, we have a birth and death process.
Note that we assume all random variables (inter-arrival times, service time, repair
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time of failed servers) involved to be exponentially distributed. The combined process
turns out to be a birth and death process.

• The system under consideration reduces to the classical M/M/∞ queue if we assume
that the servers (system components) do not fail and that k = 1. Then, we take the
limit as n → ∞.

The remaining part of this paper is as follows. In Section 2, the description of the prob-
lem is given. In Section 3, the mathematical modeling of the problem and its analysis are
presented. The stability condition is derived in Section 4 and the steady state probabilities
found. Section 5 outlines certain distributions and performance measures of the system’s
behavior. Numerical and graphical illustrations providing insights into the working of
the system are included in Section 6. An optimization problem is considered in Section 7.
Concluding remarks are provided in Section 8.

2. Model Description

The model considered here is one that extends the k-out-of-n:G reliability system to
a multi-server queue, especially to a multi-server queue with n servers/units working
in parallel.

We consider a multi-server queueing system where customers arrive according to a
Poisson process with parameter λ. The service facility consists of n servers/units, each
of which can provide service to individual customers. We are considering a k-out-of-n:G
system All the n parallel servers have identically and exponentially distributed service
times with parameter μ. Although these servers work independently, service will take
place only if at least k servers are operational or in working condition. These servers are
susceptible to breakdown. Breakdown occurs at exponentially distributed time intervals
with rate γ. Repair will take place according to the N-policy of repair as described in the
previous section. When the number of operational components comes down to the level
N(k ≤ N < n), a repair facility starts repairing failed units one at a time. The repair process
continues until all failed components are restored to an operational state. It is assumed
that the time taken to repair each unit is exponentially distributed with parameter δ. The
system considered here is COLD, i.e., when the system fails due to the lack of at least k
operational units, the units that are operational do not deteriorate until the system restarts
again, with the failed units replaced with new ones. If we are considering a k-out-of-n : F
COLD system, system failure occurs when any k of the n units fail. Here, the model under
consideration is a k-out-of-n:G COLD system.

We formulate the problem mathematically as follows.

3. Mathematical Formulation

Define, for t ≥ 0,
N1(t) : the number of customers in the system at time t;
N2(t) : the number of operational units in the system at time t;
R(t) : the status of the server that repairs the failed components at time t.

R(t) =

{
0 i f the repair is OFF
1 i f the repair is ON

Then, {(N1(t), N2(t), R(t))|t ≥ 0} is a regular irreducible CTMC on state space
Ω = {(n1, n2, 1) : n1 ≥ 0; k− 1 ≤ n2 ≤ n− 1}⋃{(n1, n2, 0) : n1 ≥ 0; N + 1 ≤ n2 ≤ n}.
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The generator matrix for this process when the states are arranged lexicographically is of
the form

Q =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0
1 A0

A1
2 A1

1 A0
A2

2 A2
1 A0

. . . . . .
An−1

2 An−1
1 A0
A2 A1 A0

. . . . . . . . .

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Ai

1 contains transitions within level i for 0 ≤ i ≤ n− 1. Ai
2 (which are diagonal matrices)

contain transitions from level i to i− 1 for 1 ≤ i ≤ n− 1. A2 (diagonal matrix) contains
transitions from i to i− 1 and A1 within level i. A0 (diagonal matrix) contains transitions
from i to i + 1, ∀i. All the matrices are square matrices of dimension d = 2n− (N + k) + 1.

A0 =

[
0

λId−1

]

A(n1+1,n2,n3)
0(n1,n2,n3)

= λ

For 1 ≤ i ≤ k,

Ai
2 =

[
0

iμId−1

]
Ai

2
(n1−1,n2,n3)
(n1,n2,n3)

= n1μ

For k + 1 ≤ i ≤ N,

Ai
2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0
kμ

(k + 1)μ
. . .

(i− 1)μ
iμI

⎤⎥⎥⎥⎥⎥⎥⎥⎦
I is an identity matrix of order d− (i− k + 1).

Ai
2
(n1−1,n2,n3)
(n1,n2,n3)

=

{
n2μ i f k ≤ n2 ≤ i− 1
iμ i f i ≤ n2 ≤ n

For N + 1 ≤ i ≤ n− 1,

Ai
2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
kμ

(k + 1)μ
. . .

Nμ
I2 ⊗ (N + 1)μ

. . .
I2 ⊗ (i− 1)μ

iμI

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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Ai
2
(n1−1,n2,n3)
(n1,n2,n3)

=

{
n2μ i f k ≤ n2 ≤ i− 1
iμ i f i ≤ n2 ≤ n

A2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0
kμ

(k + 1)μ
. . .

Nμ
I2 ⊗ (N + 1)μ

. . .
I2 ⊗ (n− 1)μ

nμ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
A2

(n1−1,n2,n3)
(n1,n2,n3)

= n2μ

To easily represent matrix Ai
1, the states {(n1, n2, 1) : k− 1 ≤ n2 ≤ N} of order N − k + 2

are grouped together and given subscript 1, the states {(n1, n2, r) : N + 1 ≤ n2 ≤ n− 1,
r = 0, 1} of order 2(n− 1− N) are grouped together and given subscript 2, and the state
{(n1, n2, 0) : n2 = n} is given subscript 3.

A0
1 = L

Ai
1 = L− Ai

2

L =

⎡⎣ L11 L12 0

L21 L22 L23
0 L32 L33

⎤⎦
L11 = γE− + δE+ − δIN−k+2 − (λ + γ)

[
0

IN−k+1

]
where E− and E+ (refer to page 19) are square matrices of dimension N − k + 2.

L12 = EN−k+21 ⊗ [0 δ]

L21 = E′N−k+21 ⊗ [γ γ]′

EN−k+21 is a matrix (refer to page 19) of order (N − k + 2)× (n− 1)− N.

L22 = E+ ⊗
[

0 0
0 δ

]
+ E− ⊗

[
γ 0
0 γ

]
− In−1−N ⊗

[
0 0
0 δ

]
− (λ + γ)I2(n−1−N)

where E− and E+ (refer to page 19) are square matrices of dimension (n− 1)− N.

L23 = en−1−N ⊗ [0 δ]′

L32 = e′n−1−N ⊗ [γ 0],

en−1−N is a column vector with 1 in the (n− 1− N) position.

L33 = −(λ + γ)

A1 = L− A2.
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The transitions in A0
1 = L excluding diagonal entries are given as

A0
1
(n1,m2,m3)
(n1,n2,n3)

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
δ i f n3 = 1, m3 = 1, m2 = n2 + 1, k− 1 ≤ n2 ≤ n− 2
δ i f n3 = 1, m3 = 0, n2 ≤ n− 1, m2 = n
γ i f n3 = m3, m2 = n2 − 1, n2 
= N + 1
γ i f n3 = 0, m3 = 1, m2 = N, n2 = N + 1

The transitions from one state to another are given below:

• Transitions due to the arrival of a customer to the system:
(n1, n2, r)→ (n1 + 1, n2, r) with rate λ when n2 
= k− 1.

• Transitions due to the service completion of a customer:
(n1, n2, r)→ (n1 − 1, n2, r) with rate
n1μ when 1 ≤ n1 ≤ k;
n2μ when k + 1 ≤ n1 ≤ n, n2 ≤ n1;
n1μ when k + 1 ≤ n1 ≤ n, n2 > n1;

• Transitions due to the breakdown of an operational unit in the k-out-of-N system:
(n1, n2, r)→ (n1, n2 − 1, r) with rate γ when n2 ≥ k, n2 
= N + 1, r = 0, 1.
(n1, N + 1, 0)→ (n1, N, 1) with rate γ.

• Transitions due to the repair of an operational unit in the k-out-of-N system:
(n1, n2, 1)→ (n1, n2 + 1, 1) with rate δ when k− 1 ≤ n2 ≤ n− 1.
(n1, n− 1, 1)→ (n1, n, 0) with rate δ.

4. Stability Analysis

4.1. Stability Condition

Let A = A2 + A1 + A0.

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−δ δ
γ −γ− δ δ

γ −γ− δ δ
. . . . . .

γ −γ− δ δ
γ −γ− δ B1

B2 B3 B4
B5 B3 B4

. . . . . . . . .
B5 B3 B4

B5 B3 B6
B7 −γ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where

B1 =
[

0 δ
]
, B2 =

[
γ
γ

]
, B3 =

[ −γ 0
0 −γ− δ

]
, B4 =

[
0 0
0 δ

]
,

B5 =

[
γ 0
0 γ

]
, B6 =

[
0
δ

]
, B7 =

[
γ 0

]
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Let π = (πk−1, πk, πk+1...πN−1, πN , πN+1, ...πn−1, πn) be the steady-state probability vec-
tor of the infinitesimal generator matrix A.
In other words,

πA = 0; πe = 1. (1)

Define
Un−1 =

1
γ

B6

Ui =

⎧⎨⎩
(B3 + B7Un−1)

−1(−B4) f or i = n− 2
(B3 + B5Ui+1)

−1(−B4) f or N − 1 ≤ i ≤ n− 3
(B3 + B5UN+1)

−1(−B1) f or i = N

For k ≤ i ≤ N,

πi = (
δ

γ
)i−(k−1)πk−1

For N + 1 ≤ i ≤ n− 1,
πi = πi−1Ui−1

πn = πn−1Un−1

From the normalizing condition πe = 1, we have

πk−1[
k

∑
i=0

(
δ

γ
)i + (

δ

γ
)k

n−1

∑
l=N

l

∏
j=N

Uje] = 1. (2)

The infinitesimal generator of this Markov chain indicates that it is a level-independent
quasi-birth–death process. Thus, this queuing system is stable if and only if πA0e < πA2e;
see Neuts [8]. The stability condition is given as follows:

Theorem 1. The given system is stable if and only if

λ <
N−k

∑
i=0

(k + i)μ(
δ

γ
)i+1πk−1 +

n

∑
l=N+1

lμ
l

∏
j=N

Uje(
δ

γ
)kπk−1 (3)

4.2. Steady-State Probability Vector

Assuming the stability of the system, we proceed to find the steady-state probability
of the system states.

Let x be the steady-state probability vector of Q, i.e., x satisfies xQ = 0 and xe = 1.
We partition this vector as

x = (x0, x1, x2 . . .),

where xi = x(i,n2,r) are of dimension d = 2n− (N + k) + 1.

xn+i = xnRi, i ≥ 1

where the matrix R is the minimal non-negative solution to the matrix quadratic equation

R2 A2 + RA1 + A0 = 0

and the vectors x0, x1, · · · , xn . . . are obtained by solving the equations

x0 A0
1 + x1 A1

2 = 0 (4)

xi−1 A0 + xi Ai
1 + x2 Ai

2 = 0, for i ≤ i ≤ n− 2 (5)

xn−2 A0 + xn−1 An−1
1 + xn A2 = 0 (6)

xn−1 A0 + xn(A1 + RA2) = 0 (7)
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subject to the normalizing condition

n−1

∑
i=0

xie + xn(I − R)−1e = 1 (8)

4.3. Special Case

If we consider a system in which k = 1 and assume that the servers do not break
down, the above queuing model reduces to the classical M/M/n queuing system. In this
case, {N1(t); t ≥ 0} forms a CTMC on state space {0, 1, 2, 3, ...} The infinitesimal generator
matrix reduces to the form

Q′ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−λ λ
μ −(λ + μ) λ

2μ −(λ + 2μ) λ
. . . . . . . . .

nμ −(λ + nμ) λ
. . . . . . . . .

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
The above system is stable if and only if λ < nμ. For further details, refer to [9].

5. System Characteristics

5.1. Distribution of Server Idle Times

Some servers are not operational when the number of customers in the system is less
than the number of working servers. Here, we compute the distribution of server idle times.

Consider the Markov Chain {(N1(t), N2(t), R(t))|t ≥ 0} on state space,
Ω1 = {(n1, n2, 1) : 0 ≤ n1 ≤ n − 1; n1 < n2 : k − 1 ≤ n2 ≤ n − 1}⋃{(n1, n2, 0) :
0 ≤ n1 ≤ n− 1; n1 < n2 : N + 1 ≤ n2 ≤ n}⋃{∗}. Here, {∗} denotes the absorbing state
indicating that all servers are busy. The time to absorption of this CTMC to {∗} is the time
for which the n2 − n1 operational units are idle. The infinitesimal generator matrix of this
Markov chain is of the form

Q1 =

[
T1 T0

1
0 0

]

Q1 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A0
1 A0

A1
2 A1

1 A0
. . . . . .

Ak−2
2 Ak−2

1 A0

Ck−1
2 Ck−1

1 Ck−1
0

. . . . . . . . .
Cn−2

2 Cn−2
1 Cn−2

0
Cn−1

2 Cn−1
1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
For k− 1 ≤ i ≤ N − 1,

Ci
2 =

[
0 iμI2n−i−1−N

]
Ci

0 =

[
0

λI2n−i−2−N

]
For N ≤ i ≤ n− 2,

Ci
2 =

[
0 iμI2(n−i)−1

]
Ci

0 =

[
0

λI2(n−i)−3

]
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Cn−1
2 =

[
0 0 (n− 1)μ

]
Cn−1

1 =
[ −(n− 1)μ

]
The matrices Ci

1; k− 1 ≤ i ≤ N − 1 are square matrices of order 2n− (i + 1 + N) obtained
by deleting i− 1 rows and columns from Ai

1 : k− 1 ≤ i ≤ N − 1. Ci
1; N ≤ i ≤ n− 1 are

square matrices of order 2n− 2− i; N ≤ i ≤ n− 1 obtained by deleting N − 1 + (i− N)
rows and columns from Ai

1; N ≤ i ≤ n− 1.
The matrix T0

1 is a column matrix [0, ..0, Tk−1
1 , ..TN−1

1 , TN
1 , ..Tn−1

1 ]. Ti
1; k− 1 ≤ i ≤ N− 1

is a column matrix with the first entry λ + γ. Ti
1; N ≤ i ≤ n− 2 is a column matrix with the

first two entries λ + γ. Tn−1
1 = [λ + γ]

Theorem 2. Let U be the random variable designating the server idle time. Then, P(U > t) =
α.eQ1te. This distribution is also of the PH type with representation PH(α,Q1), where α =
1
d (x(0,k−1,1), ..., x(0,N,1)...x(0,n,0)..., x(k−1,k,1)..x(k−1,n,0), ...x(n−2,n−1,0), .., x(n−2,n,0), x(n−1,n,0)),
and d is the normalizing constant.

5.2. Distribution of First Passage Time from an Inoperative State to n-Operational Server State

Under the assumption that a sufficiently large number of customers are present in the
system, we compute the distribution of time taken for the system to pass from a state in
which there are k− 1 operational servers to a state in which there are n operational servers.

Consider the Markov chain {(N2(t), 1)|t ≥ 0} on state space Ω2 = {(n2, 1) : k− 1 ≤
n2 ≤ n− 1}⋃{∗}. Here, {∗} denotes the absorbing state indicating that all servers are
working. The time to absorption of this CTMC to {∗} is the first passage time from state
(k− 1, 1) to the state {∗}. The infinitesimal generator matrix of this Markov chain, when
the states are arranged in ascending order of n2, is of the form

Q2 =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−δ δ 0
γ −(δ + γ) δ 0

. . . . . . . . .
γ −(δ + γ) δ

γ −(δ + γ) δ

0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
Theorem 3. Let V be the random variable denoting the first passage time from an inoperative state
to an n-operational server state, under the assumption of a large number of customers in the system.
Then, V has a PH distribution with representation PH(β,Q2), where β = (1, 0, ..., 0).

5.3. Distribution of First Passage Time from an n-Operational Server State to an Inoperative State

Here, we also compute the distribution of time taken for the system to pass from a
state in which there are n operational servers to a state in which there are k− 1 operational
servers, under the assumption that a sufficiently large number of customers are present in
the system.

Consider the Markov chain {(N2(t), r)|t ≥ 0} on state space Ω3 = {(n2, 1) : k ≤ n2 ≤
n− 1}⋃{(n2, 0) : N + 1 ≤ n2 ≤ n}⋃{∗}. Here, {∗} denotes the absorbing state indicating
that only k− 1 servers are working/operational. The time to absorption of this CTMC to
{∗} is the first passage time from state (n, 0) to the state {∗}. When the states are arranged in
decreasing order of n2, the infinitesimal generator matrix of this Markov chain is of the form

Q3 =

[
S1 S0

1
0 0

]
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where

S1 =

⎡⎣ S11 S12 0

S21 S22 S23
0 S32 S33

⎤⎦
S11 = −γ

S12 = γ

S21 = e1 ⊗ [0, δ]′,

is e1 is a column matrix of order n− 1− N.

S22 = I(n−1−N) ⊗
[ −γ

−(γ + δ)

]
+ E− ⊗

[
0 0
0 δ

]
+ E+ ⊗

[
γ 0
0 γ

]
where E− and E+ are square matrices (refer to page 19) of dimension n− 1− N.

S23 = E(n−1)−N1 ⊗ [γ γ]′

E(n−1)−N1 is a matrix (refer to page 19) of order (n− 1)− N × (N − k).

S32 = E1(n−1)−N ⊗ [0 δ]

E1(n−1)−N is a matrix of order (N − k)× (n− 1)− N.

S33 = −(λ + γ)IN−k + δE− + γE+

where E− and E+ are square matrices (refer to page 19) of dimension N − k.

S0
1 = γe2n−(N+k)

Theorem 4. Let W be the random variable denoting the first passage time from the n-operational
server state to an inoperative state, under the assumption of a large number of customers in the
system. Then, W has a PH distribution with representation PH(χ, Q3), where χ = (1, 0, ..., 0).

5.4. Distribution of Number of Times That the System Becomes Inoperative before Reaching the n
Server State

Under the assumption of a large number of customers in the system, we compute
the distribution of the number of times that the system hits the k− 1 server state before
reaching the n server state. Let Δ denote the absorbing state indicating the number of
working servers hitting n. Then, (M(t), N2(t)), (where M(t) is the number of times that the
system hits the k− 1 server state before reaching the n server state) is the Markov chain on
state space Ω4 = {Δ}⋃{(m, n2) : m ≥ 0, k− 1 ≤ n2 ≤ n− 1}. The infinitesimal generator
is of the form

Q4 =

⎡⎢⎢⎢⎢⎢⎣
0 0 0 0 0 ...

δen−k M0 M1 0 0 ...
δen−k 0 M0 M1 0 ...
δen−k 0 0 M0 M1

...
. . . . . .

⎤⎥⎥⎥⎥⎥⎦
where

M0 =

[ −δ δe′n−k
0 γE− + δE+ − (γ + δ)In−k

]
M1 = γE21

E21 is a matrix of order n− k− 1 with 1 in the (2, 1) position and E−, E+ are matrices (refer
to page 19) of order n− k.
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Let ym denote the probability that the system hits the k− 1 server state m times before
reaching the n server state.

y0 = −δψM−1
0 e

ym = (−1)mδψ(M1M−1
0 )m M−1

0 e

where ψ is the initial probability vector ψ = 1
d1
(πk−1, ..πN , ...π(N+1,1)...π(n−1,1)), and d1 is

the normalizing constant.

Theorem 5. The expected number of times that the system hits the k− 1 server state before reaching
the n server state is ∑ mym.

5.5. Other Performance Measures

• Fraction of time for which the system is under repair:

FRepair = ∑∞
n1=0 ∑n−1

n2=k−1 x(n1,n2,1)

• Fraction of time for which the servers are idle:

FIdle = ∑∞
n1=0 x(n1,k−1,1) + ∑∞

n1=0,n1≤n2 ∑n
n2=k−1 ∑r=0,1 x(n1,n2,r)

• System reliability, i.e., the probability that at least k servers are operational:

S = ∑∞
n1=0 ∑n

n2≥k ∑r=0,1 x(n1,n2,r) = 1−∑∞
n1=0 x(n1,k−1,1)

• Average number of customers in the system:

ESystem = ∑∞
n1=0 n1xn1

• Average number of failed servers in the system:

EFS = ∑n−1
n2=k−1(n− n2)∑∞

n1=0 ∑r=0,1 x(n1,n2,r)

• Average number of servers that are idle:

EIS = ∑∞
n1=0(k− 1)x(n1,k−1,1) + ∑∞

n1=0,n1≤n2 ∑n
n2=k−1 ∑r=0,1(n2 − n1)x(n1,n2,r)

6. Numerical Illustrations

In this section, we give some numerical examples that show the effect of the level N of
the N-policy and the repair rate δ on certain performance measures. For this, we consider a
5-out-of-20 : G system.

6.1. Effect of Level N on the Performance of the System

In this numerical example, the following parameters are kept fixed with values as
given below:

λ = 10; μ = 4; γ = 2; δ = 1

From Table 1 and Figures 1–4, the following conclusions can be made:

• The fraction of time for which the servers are under repair is the minimum for a value
N = 7. To minimize FRepair, we need to initiate the repair process when the number of
non-operational servers is 13.
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• The fraction of time for which the servers are idle can be minimized if we choose
N = 8. It plays a crucial role in enhancing the cost-effectiveness of the model.

• The system reliability is maximum when N = 7. We can achieve a more reliable
system if we take into consideration the results in Figure 3.

• The expected number of customers found waiting in the system is the minimum if we
choose N = 8. The value of the expected number of customers is low as the servers
are working in parallel.

Figure 1. Effect of parameter N on the fraction of time for which the servers are under repair.

Figure 2. Effect of the level N on the fraction of time for which the servers are idle.

Table 1. Effect of N on FRepair,FIdle, S and Erepair.

N FRepair FIdle S ESystem

6 0.0507 0.0332 0.9691 0.0651
7 0.0499 0.0265 0.9726 0.0530
8 0.0528 0.0246 0.9722 0.0505
9 0.0562 0.0245 0.9708 0.0510
10 0.0588 0.0250 0.9696 0.0523
11 0.0608 0.0255 0.9685 0.0537
12 0.0626 0.0261 0.9676 0.0551
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Table 1. Cont.

N FRepair FIdle S ESystem

13 0.0642 0.0268 0.9667 0.0564
14 0.0658 0.0274 0.9658 0.0578
15 0.0676 0.0281 0.9649 0.0594
16 0.0700 0.0291 0.9636 0.0615
17 0.0753 0.0314 0.9608 0.0662
18 0.0909 0.0379 0.9527 0.0799

6 8 10 12 14 16 18

N

0.95

0.955

0.96

0.965

0.97

0.975

S

Effect of N on S

Figure 3. Effect of the level N on the reliability of the system.

Figure 4. Effect of the level N on ESystem.
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The above example illustrates that the analysis can guide us in properly managing the
repair policy with specific objectives.

6.2. Effect of the Repair Rate δ on the Performance of the System

In this section, we study the effect of the repair rate δ on the performance of the system.
In this example, the following parameters are kept fixed with values as given below:

λ = 35; μ = 26; γ = 3; N = 6

From Table 2 and Figures 5–8, the following conclusions can be made:

• The fraction of time for which the servers are under repair is the minimum for a
value δ = 4. We can decide to what extent we need to enhance the repair facilities or
resources based on the data in Figure 5.

• The fraction of time for which the servers are idle is maximum for δ = 2. The data
in Figure 6 play a crucial role in specifically designing the facilities so that the idle
time of the servers can be effectively utilized and the entire system can be managed
accordingly.

• The system reliability increases with increasing values of δ as expected. The rate at
which this increase occurs helps us to decide on the optimum value to be considered
when compared to the resources or efforts involved in enhancing the repair facilities;
see Figure 7.

• The expected number of customers found waiting in the system is maximum for δ = 2.
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Figure 5. Effect of the repair rate δ on the fraction of time for which the servers are under repair.
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Figure 6. Effect of the repair rate δ on the fraction of time for which the servers are idle.
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Figure 7. Effect of the repair rate δ on the reliability of the system.
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Figure 8. Effect of δ on ESystem.

Table 2. Effect of repair rate δ on FRepair, FIdle, S and Erepair.

δ FRepair FIdle S ESystem

1 0.0507 0.0332 0.9691 0.0651
2 0.0418 0.0469 0.9850 0.0775
3 0.0272 0.0418 0.9950 0.0624
4 0.0232 0.0383 0.9979 0.0544
5 0.0223 0.0364 0.9989 0.0504
6 0.0222 0.0352 0.9993 0.0481
7 0.0225 0.0345 0.9995 0.0466
8 0.0228 0.0340 0.9997 0.0456
9 0.0232 0.0336 0.9998 0.0448
10 0.0235 0.0333 0.9998 0.0442
11 0.0237 0.0331 0.9999 0.0438
12 0.0240 0.0329 0.9999 0.0434

7. Cost Analysis and Optimization Problem

Cost analysis plays an important role in decision making or in formulating policies
related to the working of any system that we encounter in everyday life. In this section,
we propose a cost function related to the system under consideration. We consider an
optimization problem to find the value of the level N of the N-policy of the repair. With
the help of numerical examples as well as graphical illustrations, we show that an optimal
value N exists so that the total expected cost is the minimum. We also study the effect of
the repair rate δ on the the total expected cost.

To determine the optimal level of N at which the repair facility can start working and
to determine the effectiveness of enhancing the repair rate, we proceed as follows. For the
cost analysis, we define the following costs.

• C1: Establishment cost or setup cost.
• C2: Holding cost per customer per unit time.
• C3: Unit time cost to run the repair mechanism.
• C4: Unit time cost incurred due to the idleness of the servers.
• C5: unit time revenue received from the busy servers.
• C6: Unit time revenue received when at least k servers are operational.
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The expected total cost is

TC = C1 + C2 ∗ ESystem + C3 ∗ FRepair + C4 ∗ FIdle − C5 ∗ (1− FIdle)− C6 ∗ S

We fix the following values:

C1 = 1000, C2 = 75, C3 = 100, C4 = 200, C5 = 500, C6 = 160

The values of other parameters are the same as in Section 6.

• From Table 3 and Figure 9, we see that the optimal value of the level N is N = 8,
for which the total expected cost is the minimum. Thus, it is optimal to wait until
12 servers are non-operational before starting the repair.

• From Table 3 and Figure 10, it can be seen that the expected total cost is the maximum
when the repair rate is δ = 2. This means that if we spend more to increase the rate
at which the repair is performed from 1 to 2 or more, it will not be reflected in the
total expected cost. Thus, a decision regarding the facilities to be arranged to ensure
a specific repair rate can be made using this cost analysis. In this specific numerical
example, it is enough to ensure a repair rate of at most δ = 1.

• By analyzing the problem numerically, we can decide on the optimal values of the
level N of the N−policy and also the optimal repair rate δ to be maintained.

Table 3. Effect of N and δ on expected total cost.

N TC δ TC

6 528.2877 1 528.2877
7 523.1107 2 540.4254
8 521.8479 3 535.9006
9 521.9576 4 532.8554
10 522.4002 5 531.2721
11 522.9301 6 530.3771
12 523.4913 7 529.8193
13 524.0646 8 529.4412
14 524.6497 9 529.1666
15 525.2904 10 528.9562
16 526.1948 11 528.7882
17 528.1975 12 528.6496
18 534.0302
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Figure 9. Effect of the changes in level N on the expected total cost.
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Figure 10. Effect of the repair rate δ on the expected total cost.

8. Conclusions

This paper studies a multi-server queuing system with the N-policy of repair, by
viewing it as a k-out-of-n:G system. The steady-state distributions of various system states
are computed. The distribution of server idle times is analyzed. Under the assumption of a
sufficiently large number of customers in the system, the distribution of the first passage
times from an inoperative state to an n server state and vice versa has been found. The
assumption of a sufficiently large number of customers in the system is made to avoid
complications that may arise due to future arrivals. Other system performance measures
such as system reliability, the expected number of failed servers, etc., are computed.

The effect of an increase in the level N and the repair rate δ on various performance
measures, when other parameters are kept fixed, is studied numerically and graphically.
An increase in the repair rate significantly increases the system reliability and decreases the
expected number of customers in the system. It reduces the idleness of servers and reduces
the fraction of time for which the servers are under repair. On the other hand, an increase
in N increases the fraction of time for which the servers are under repair. However, as N
increases, the idleness of servers and the expected number in the system first decrease and
then increase, while the system reliability first increases and then decreases. The optimal
value of N depends on the parameters of the system. The examples illustrate how an
optimal policy could be derived for a multi-server queuing system, keeping in mind certain
specific objectives. A cost function has been constructed and the results of the cost analysis
are presented.

There can be several extensions to the problem considered in this paper. An extension
of the present work to one in which consecutive k-out-of-n systems provide a service to
customers, either linearly or in a circular fashion, is proposed for future research. A similar
study of the k-out-of-n : F system is underway. Moreover, the k-out-of-n system could be
analyzed under both HOT and WARM conditions.
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Notations and Abbreviations

The following abbreviations are used in this manuscript:

CTMC Continuous-time Markov chain
QBD process Quasi-birth–death process
e All one vector with appropriate dimension
In Identity matrix of order n× n

E− Square matrix of appropriate size with all zero entries except the entries
(E−)(j,j−1), which are equal to 1

E+ Square matrix of appropriate size with all zero entries except the entries
(E+)(j,j+1), which are equal to 1

Eij
Matrix of appropriate size with all zero entries except the entry (i, j), which is
equal to 1

ei
Column vector of appropriate dimension with all zero entries except the entry i,
which is equal to 1

A′ Transpose of matrix A
0 Matrix whose entries are 0, of appropriate size

A⊗ B
Kronecker product; if A = [aij] is a matrix of order m× n and if B is a matrix of
order p× q, then A⊗ B = [aijB] will denote a matrix of order mp× nq
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Abstract: In this paper, we consider a new design problem of optimizing a linear transceiver for
correlated multiple-input multiple-output (MIMO) interference channels in the presence of channel
state information (CSI) errors, which is a more realistic and practical scenario than those considered
in the previous studies on uncorrelated MIMO interference channels. By taking CSI errors into
account, the optimization problem is initially formulated to minimize the average mean square error
(MSE) under the general power constraints. Since the objective function is not jointly convex in
precoders and receive filters, we split the original problem into two convex subproblems, and then
linear precoders and receive filters are obtained by solving two subproblems iteratively. It is shown
that the proposed algorithm is guaranteed to converge to a local minimum. The numerical results
show that the proposed algorithm can significantly reduce the sensitivity to CSI errors compared
with the existing robust schemes in the correlated MIMO interference channel.

Keywords: interference channel; MIMO; stochastic robustness; MSE minimization; CSI errors; general
power constraints

MSC: 94A05

1. Introduction

Inter-cell interference management is an important issue in upcoming wireless com-
munications standards such as 3GPP LTE-Advanced and IEEE 802.16m due to universal
frequency reuse [1,2]. One promising way to mitigate the inter-cell interference is through
cooperation among base stations, e.g., coordinated multi-point transmission (CoMP) in
3GPP LTE-advanced as well as in 4G/5G/6G. In this paper, we consider a multi-cell sce-
nario where base stations and mobile users are equipped with multiple antennas and
model it as a multiple-input multiple-output (MIMO) interference channel. An interference
channel is a network that models simultaneously communicating transmitter–receiver pairs
using the same resources such as time and frequency [3]. In interference channels, much
attention has been focused on information-theoretic studies such as interference alignment
(IA), because the exact capacity characterization of the interference channels still remains
unknown except for some special cases [3].

Recently, linear transceiver designs for the MIMO interference channel have been stud-
ied in [4–7] (as well as for MIMO multiuser systems in [8] and reconfigurable intelligent
surface (RIS)-assisted MIMO systems in [9]) based on various criteria with the assumption
of the perfect knowledge of the channel state information (CSI) at each node. To combat the
assumption of perfect CSI, mean square error (MSE)-based robust transceiver design algo-
rithms were developed in [7] while taking CSI errors into account. The results in [4–7] have
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been developed under the implicit assumption of independent and identically distributed
(i.i.d.) or spatially uncorrelated channel elements.

1.1. Motivations

In real environments, however, the channel elements are not only erroneous due
to inaccurate channel estimation or quantization of estimated CSI [10,11], but are also
correlated due to little scattering and insufficient antenna spacing, e.g., the 3GPP spatial
channel model (SCM). In this case, the performance of the works [4–6] is severely sensitive
to both CSI errors and channel correlation. In addition, the existing results in [7] cannot
be applicable to correlated MIMO interference channels, since they cannot appropriately
deal with interference leakage through the correlated channels and their corresponding
CSI errors. Although joint robust transceiver design methods with imperfect CSI were de-
veloped in [12,13] for single-user point-to-point correlated MIMO channels, these methods
also cannot be directly extended to the correlated MIMO interference channels due to the
interference issue.

Accordingly, in [14–22], effective robust transceiver designs have been developed for
the MIMO interference channel with imperfect CSI. Despite these advantages in designs,
the techniques in [14–22] have limitations or face technical obstacles in the following as-
pects. In [14–19], the CSI errors were assumed to be spatially uncorrelated. Also, in [20],
the CSI errors were assumed to be correlated only at the transmitter sides, not at both the
transmitter and receiver sides. In [21], the CSI errors were assumed to be deterministic
(rather than random), which however may not adequately capture the stochastic nature
of the uncertainty. In [22], a robust transceiver design scheme considering the (full) spa-
tial correlation at both the transmitter and receiver sides was developed for the MIMO
interference channel. However, [22] considered only the total power constraints at the
transmitters, which clearly neglects the per-antenna power constraints, and thus hinders
the practical applicability in distributed MIMO scenarios where multiple single-antenna
devices collaborate to form a virtual antenna array under their strict individual power
constraints (although the total power constraints and per-antenna power constraints have
been investigated separately in the literature, such as in [23], these constraints have not
been dealt with in an integrated or mixed manner as in our work).

1.2. Contributions

The main purpose of this study is to develop a novel robust transceiver design by
considering a more realistic and practical scenario than the previous studies. The main
contributions of this paper are as follows:
• We propose to design a new linear transceiver to minimize the average sum-MSE

for the correlated MIMO interference channel under the CSI errors considering the
general power constraints that include the total power constraints and per-antenna
power constraints (as well as their mixtures) as special cases. Our design approach is
based on the existing stochastic robust technique [12].

• Since the optimization problem is not jointly convex in precoders and receive filters, it
is difficult to find the jointly optimal solution. In order to resolve this difficulty, we
leverage the alternating optimization method. More specifically, we propose to divide
the original problem into two subproblems that are convex in precoders and receive
filters, respectively. Then, precoders and receive filters can be obtained by solving two
subproblems iteratively.

• We present extensive numerical results, which demonstrate the superior performance
and effectiveness of the proposed scheme compared to the conventional schemes.

1.3. Organization

The remainder of this paper is organized as follows. Section 2 describes the system
model. Section 3 presents the problem formulation and linear transceiver design design.
Section 4 presents the numerical results and Section 5 concludes this paper.
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1.4. Notations

(·)T, (·)H, and (·)1/2 denote the transpose, conjugate transpose, and matrix square
root, respectively. vec(·) is the vectorization operator and Tr(·) is the trace of a matrix.
Also, ⊗ and vec(·) represent the Kronecker product and vectorization operator, respectively.
Ex(·) denotes the expectation of a random variable x. A circular symmetric Gaussian
random vector z with mean z̄ and covariance matrix Cz is denoted as z ∼ CN(z̄, Cz).

2. System Model

We consider the K-user MIMO interference channel as shown in Figure 1, in which
there are K transmitter–receiver pairs and K transmitters that simultaneously transmit
independent data streams to their intended receivers. The kth transmitter and receiver are
equipped with Mk antennas and Nk antennas, respectively. The transmit signal vector at
the kth transmitter is denoted as xk = Fksk, where Fk ∈ CMk×dk is the precoding matrix at
the kth transmitter and sk ∈ Cdk×1 is the symbol vector transmitted by the kth transmitter,
which satisfies E[sksHk ] = Idk

and E[sksHj ] = 0dk×dj
, ∀j 
= k.

Also, dk ≤ min(Mk, Nk) denotes the number of transmitted data streams at the kth
transmitter. The received signal at the kth receiver is given by the following:

yk = HkkFksk +
K

∑
j=1,j 
=k

HkjFjsj + wk, k = 1, · · · , K (1)

where Hkj ∈ C
Nk×Mj denotes the channel matrix between the j-th transmitter and kth

receiver, and it is assumed to be frequency-flat. wk ∈ CNk×1 is the additive Gaussian noise
at the k-th receiver whose elements are i.i.d. CN

(
0, σ2

k
)
. In this paper, we assume that

the elements of the channel matrices {Hkj}K
k,j=1 are correlated and adopt the Kronecker

channel model, which is widely used in MIMO systems due to its simplicity and analytical
tractability [24] (p. 90). Using this model, the channel matrices can be expressed as follows:

Hkj = R1/2
k H

(w)
kj T1/2

j , ∀k, j (2)

where H
(w)
kj ∈ C

Nk×Mj is the spatially white channel matrix whose elements are i.i.d.

CN(0, 1). Tj ∈ C
Mj×Mj and Rk ∈ CNk×Nk represent the transmit correlation at the jth

transmitter and receive correlation at the kth receiver, respectively. Although the channel
matrices can vary block to block due to mobile location, the correlation matrices can be
assumed to be constant over a large number of blocks since the scattering environments
change slowly. For this reason, they can be estimated reliably at each receiver and fed back
to the transmitters through reliable feedback links [25]. Hence, we reasonably assume that
the channel correlation matrices are constant and available at each node, and that the CSI
errors are mainly due to the imperfect channel estimation.

We define the CSI error for each link of the interference channel as follows:

Δkj = Hkj − Ĥkj, ∀k, j (3)

where Ĥkj is an estimate of Hkj. For the Kronecker channel model, the CSI error can

be modeled as vec
(

Δkj

)
∼ CN

(
0Mj Nk×1, σ2

e,kj
(
Σj ⊗Ψk

))
[13,26], and it is said to have a

matrix variate complex Gaussian distribution, which can be written as follows [27]:

Δkj ∼ CNNk ,Mj

(
0Nk×Mj , σ2

e,kj
(
Σj ⊗Ψk

))
(4)

where σ2
e,kj is the channel estimation error variance, and Σj ∈ C

Mj×Mj and Ψk ∈ CNk×Nk

represent the column and row covariance of Δkj, respectively. It is assumed that the CSI
error is independent of the transmitted symbol and noise. If the minimum MSE (MMSE)
channel estimator is used to estimate the spatially white channel H

(w)
kj , the matrices Σj
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and Ψk can be represented by Σj = Tj and Ψk = Rk, respectively, and σ2
e,kj is given by

σ2
e,kj = 1− σ2

ĥ,kj
, where σ2

ĥ,kj
denotes the variance of each element of Ĥ

(w)
kj [26]. On the

other hand, if the correlated channel Hkj is estimated using the MMSE channel estimator,

Σj and Ψk are given by Σj = Tj and Ψk =
(

INk + σ2
e,kjR

−1
k

)−1
, and σ2

e,kj is given by

σ2
e,kj = σ2

k Tr
(
Tj
)
/p(tr)j , where p(tr)j is the training signal power at the jth transmitter [13].

Figure 1. K-user MIMO interference channel.

3. Problem Formulation and Linear Transceiver Design

3.1. General Power Constraints

We impose the general power constraints at each transmitter, which are described by

E

[∥∥∥Q1/2
l,k xk

∥∥∥2
]

= Tr
(

FH
k Ql,kFk

)
≤ pl,k, l = 1, · · · , Lk, (5)

where Ql,k’s and pl,k’s are weighting matrices and power budgets, respectively. Also,
Lk denotes the number of constraints, which determines the type of power constraint
together with the weighting matrices Ql,k’s. The general power constraints in (5) include
the total power constraint, per-antenna power constraints, and a mixture between total
and per-antenna power constraints as special cases via a proper selection of Ql,k’s [28,29].
For example, when Lk = 1 and Q1,k = IMk , it corresponds to the total power constraint

with Tr
(

FH
k Fk

)
≤ p1,k, where p1,k corresponds to the total power budget. On the other

hand, when Lk = Mk and Ql,k = ele
T
l , l = 1, · · · , Mk, where el = [0, · · · , 0, 1, 0, · · · , 0]T

denotes the lth unit vector (i.e., all zeros except for the lth entry being unity), the general
power constraints reduce to the per-antenna power constraints as Tr

(
[FkFH

k ]l,l
) ≤ pl,k,

l = 1, · · · , Mk, with pl,k corresponding to the power budget of the lth transmit antenna of
the kth transmitter.

3.2. Problem Formulation

For given CSI errors with known distributions, one of the most popular approaches to
design the transceiver is to optimize the average performance of the system. This approach
is known as the stochastic robust technique [12,13]. By exploiting this technique, in this
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section, we will design a set of precoders and receive filters to minimize the average sum-
MSE, i.e., the total discrepancy between the transmit signals and their estimates, over CSI
errors under the general power constraints in (5). We select the sum-MSE minimization
as an optimization criterion for the following reasons. First, an MSE-based design can
improve the performance of the system in all SNR regions unlike the zero-forcing and
matched filtering. Second, in the case of a transmission of control signals, it is better to
minimize the total MSE for improvement of the transmission reliability. Finally, it is known
that the solution of the weighted sum-MSE minimization problem maximizes the sum-rate
if weight matrices are properly chosen [30].

Let ŝk = GH
k yk represent the estimate of sk when a linear receive filter Gk ∈ CNk×dk is

used. In order to derive an expression of the average sum-MSE over CSI errors, denoted by

J = E{Δkj}K
k,j=1

{
K

∑
k=1

Esk ,wk

[
‖sk − ŝk‖2

]}
, (6)

we state the following lemma.

Lemma 1 ([27]). Let X ∈ Cm×n be a random matrix and X ∼ CNm,n(X̄, A⊗ B); then,

E

[
XHMX

]
= X̄HMX̄ + Tr(BM)AT

E

[
XMXH

]
= X̄MX̄H + Tr

(
MAT

)
B

where M ∈ Cm×m is a deterministic matrix, and A ∈ Cn×n and B ∈ Cm×m are positive semi-
definite matrices.

Using Lemma 1, the average sum-MSE is expressed as follows:

J
(
{Fk}K

k=1, {Gk}K
k=1

)
= E{Δkj}K

k,j=1

[
K

∑
k=1

Esk ,wk

[
‖sk − ŝk‖2

]]

=
K

∑
k=1

Tr

[
GH

k

(
K

∑
j=1

ĤkjFjF
H
j ĤH

kj + σ2
e,kjTr(FH

j ΣT
j Fj)Ψk

)
Gk + σ2

k GH
k Gk + Idk

]

− 2Re
[
Tr(GH

k ĤkkFk)
]
. (7)

Our goal is to design a set of precoders and receive filters that minimize the average sum-
MSE under the general power constraints at each transmitter. The optimization problem
can be formulated as follows:

minimize
{Fk}K

k=1,{Gk}K
k=1

J
(
{Fk}K

k=1, {Gk}K
k=1

)
subject to Tr

(
FH

k Ql,kFk

)
≤ pl,k, ∀l, k. (8)

Since the optimization problem in (8) is not jointly convex in {Fk}K
k=1 and {Gk}K

k=1, it is
difficult to find {Fk}K

k=1 and {Gk}K
k=1 jointly. However, it is convex in {Fk}K

k=1 for a given
{Gk}K

k=1, and in {Gk}K
k=1 for a given {Fk}K

k=1 (in general, combining two convex problems
does not necessarily guarantee that the resulting problem will remain convex. In our case,
although the problem in (8) is convex in either {Fk}K

k=1 or {Gk}K
k=1, it is not jointly convex

over both {Fk}K
k=1 and {Gk}K

k=1 due to the coupling between {Fk}K
k=1 and {Gk}K

k=1).
Based on this observation, we divide the original problem (8) into two convex sub-

problems that can be solved iteratively via the alternating minimization method [5].
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3.3. Receive Filter Design

For a given {Fk}K
k=1, the optimization problem in (8) becomes an unconstrained convex

optimization problem with respect to {Gk}K
k=1, and hence the optimal receive filters can be

obtained by the optimality conditions, which are given by ∂J
∂G∗k

= 0, ∀k. From the optimality

conditions, the optimal receive filters for a given {Fk}K
k=1 can be found in the form of the

well-known Wiener filter as follows:

Gk =
(

Γk + σ2
k INk

)−1
ĤkkFk, ∀k (9)

where Γk = ∑K
j=1 ĤkjFjF

H
j ĤH

kj + ∑K
j=1 σ2

e,kjTr
(

FH
j ΣT

j Fj

)
Ψk.

3.4. Precoder Design

When {Gk}K
k=1 are given, the optimization problem in (8) is a constrained convex

optimization problem with respect to {Fk}K
k=1, because the objective function is a quadratic

function and the general power constraints are convex with respect to {Fk}K
k=1. To be

specific, with some mathematical manipulations, the average sum-MSE in (7) can be
rewritten in terms of {Fk}K

k=1 as follows:

J =
K

∑
k=1

[
vec(Fk)

HAkvec(Fk)− 2Re
{

bH
k vec(Fk)

}]
+ const (10)

where:

Ak =
K

∑
j=1

Idj
⊗
(

ĤH
kjGjG

H
j Ĥkj + σ2

e,jkTr(GH
j ΨT

j Gj)Σ
T
k

)
, (11)

bk = vec(GH
j Ĥkj). (12)

Similarly, the general power constraints in (5) can be equivalently written as follows:

vec(Fk)
HCl,kvec(Fk) ≤ pl,k, ∀l, k (13)

where:

Cl,k = Idk
⊗Ql,k. (14)

Using the above results and introducing the slack variables {tk}K
k=1 (corresponding to the

upper bound of the objective value), the precoder design problem can be recast into the
following second-order cone programming (SOCP):

minimize
{Fk}K

k=1,{tk}K
k=1

K

∑
k=1

tk

subject to
∥∥∥A1/2

k vec(Fk)
∥∥∥ ≤ √tk + 2Re

{
bH

k vec(Fk)
}

, ∀k,∥∥∥C1/2
l,k vec(Fk)

∥∥∥ ≤ √pl,k, ∀l, k. (15)

Since the above SOCP problem is convex, it can be solved efficiently via convex optimization
techniques such as the interior point method [31].

For a special case when only the total power constraints are imposed (i.e., Tr
(

FH
k Fk

)
≤

p1,k, ∀k), the optimal precoders can be found in a closed form to satisfy the Karush–Khun–

209



Mathematics 2024, 12, 801

Tucker (KKT) conditions [31]. Specifically, from the KKT conditions, the optimal precoders
for a given {Gk}K

k=1 are expressed as follows:

Fk =
(
Φk + λkIMk

)−1
ĤH

kkGk, ∀k (16)

where Φk = ∑K
j=1 ĤH

jkGjG
H
j Ĥjk + ∑K

j=1 σ2
e,jkTr

(
GH

j ΨjGj

)
ΣT

k . This coincides with the
existing result in [22] (Equation (6)). Note, that λk ≥ 0 denotes the Lagrangian multiplier
associated with the total power constraint at the kth transmitter, which is chosen to satisfy
Tr
(

FH
k Fk

)
≤ p1,k. Since the total transmit power Tr

(
FH

k Fk

)
is a monotonically decreasing

function of λk, the optimal value of λk can be found through a one-dimensional (1-D) search
such as the bisection method [7].

3.5. Proposed Algorithm

In this subsection, based on the results (9) and (16) obtained in the previous subsections,
we propose a robust transceiver design algorithm. The proposed algorithm is shown in
Algorithm 1 and summarized as follows. First, the algorithm is initialized by an appropriate
set of precoders that satisfies the power constraints. Then, {Gk}K

k=1 and {Fk}K
k=1 are

iteratively updated based on (9) and (16), respectively, until the stopping criterion is met.
It is clear that the updated linear receive filters {Gk(t + 1)} yield the minimum aver-

age sum-MSE for a given {Fk(t)}, and hence J({Fk(t)}, {Gk(t + 1)})≤ J({Fk(t)}, {Gk(t)}).
Also, since {Fk(t + 1)}minimizes the average sum-MSE for a given {Gk(t + 1)}, we have
J({Fk(t + 1)}, {Gk(t + 1)}) ≤ J({Fk(t)}, {Gk(t + 1)}). That is, the proposed algorithm
monotonically decreases the average sum-MSE that is lower-bounded by zero. Thus, ac-
cording to the monotonic convergence theorem [32], the proposed algorithm is guaranteed
to converge to a local optimum. If initial points are properly selected, the proposed algo-
rithm may converge to the global optimum. Several methods for choosing appropriate
initial points were given in [7].

Algorithm 1 Proposed Robust Transceiver Design for MIMO Interference Channel with
Generalized Power Constraints

1: Set the iteration number n = 0. Initialize Fj(0), ∀j.
2: Set n ← n + 1. Update Gk(n), ∀k, as in (9).
3: Update Fj(n), ∀j by solving the SOCP problem (15).
4: Repeat Steps 2 and 3 until the algorithm converges or works for a predetermined number

of iterations.

4. Results and Discussion

4.1. Simulation Setup

In the simulations, we considered a three-user MIMO interference channel with
M1 = M2 = M3 = 4, N1 = N2 = N3 = 4, and d1 = d2 = d3 = 2. Also, the QPSK
modulation was used for each data stream. The exponential model was used for both the
transmit and receive correlation matrices, and their entries were given by [Tk]m,n = ρ

|m−n|
T ,

∀m, n ∈ {1, · · · , Mk} and [Rk]m,n = ρ
|m−n|
R , ∀m, n ∈ {1, · · · , Nk}, where |ρT | ≤ 1 and

|ρR| ≤ 1 are the correlation coefficients at the transmitter and receiver, respectively [33].
Each transmitter has the same power constraint (p1 = p2 = p3) and the noise variance at
each receiver is the same (σ2

1 = σ2
2 = σ2

3 ). We define the SNR as ∑3
k=1(pk/σ2

k ). We use the
erroneous CSI model considered in [26]. In this case, Σk = Tk, Ψk = Rk, ∀k, and the
channel estimate of each link can be expressed as Ĥkj = R1/2

k Ĥ
(w)
kj T1/2

j , ∀k, j. Also, we set
Lk = 1 and Q1 = IMk , ∀k.

4.2. Performance Comparisons

The BER performance of the proposed algorithm is compared with the following
conventional schemes: a perfect CSI case, a nonrobust scheme, the robust scheme in [7]
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(denoted by Baseline scheme I), which corresponds to Tk = IMk and the Rk = INk case in
the proposed algorithm, the robust scheme in [20] (denoted by Baseline scheme II), and a con-
ventional robust least squares technique taking the channel perturbation into account [34].
The results were averaged over 10,000 independent trials. Figure 2 shows the average
BER performance for the weekly correlated MIMO interference channel (ρT = ρR = 0.2)
when σ2

e,kj = 0.05 and σ2
e,kj = 0.01, ∀k, j. The average BER performance for the strongly

correlated MIMO interference channel (ρT = ρR = 0.8) is shown in Figure 3 for when
σ2

e,kj = 0.05 and σ2
e,kj = 0.01, ∀k, j. From these figures, we can see that the proposed

algorithm provided better BER performance and significantly reduced the sensitivity to CSI
errors compared with the conventional robust schemes in the correlated MIMO interference
channel. When σ2

kj = 0.01, the proposed scheme degraded by roughly 1–3 dB compared to
the perfect CSI case.

The convergence behavior of the proposed algorithm is depicted in Figure 4 for
SNR = 5 dB and 15 dB with two different initialization methods. One is the singular
matrices initialization method and the other is the random initialization method [7]. In
both cases, we used the values σ2

e,kj = 0.01 and σ2
e,kj = 0.05, ∀k, j. From the figure, we can

observe that the proposed algorithm converged within a few iterations.
As shown in Figures 5 and 6, we set σ2

e,kj = 0.05 and σ2
e,kj = 0.01, ∀k, j, respectively,

and compared the average BER performance of the proposed and conventional schemes.
From Figures 5 and 6, it can be observed that the proposed scheme still significantly out-
performed the other schemes.

In Figure 7, the total achievable rate of the proposed scheme is compared with that of
the distributed interference alignment (IA) scheme in [4] and those of the robust schemes
in [7,20] when σ2

e,kj = 0.01, ∀k, j. From the figure, we can observe that the proposed scheme
yielded a higher total achievable rate than the schemes in [4,7,20], and it achieved almost the
same degrees of freedom as those of the IA scheme roughly for the 0 dB to 20 dB SNR range.
As the SNR increased beyond 20 dB, the performance of the proposed scheme degraded,
but it still outperformed the nonrobust IA scheme and the robust schemes in [7,20] in terms
of the total achievable rate.
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Figure 2. The average BER performance for the weakly correlated channel (ρT = ρR = 0.2).
(a) σ2

e,kj = 0.05, ∀k, j. (b) σ2
e,kj = 0.01, ∀k, j.
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Figure 3. The average BER performance for the strongly correlated channel (ρT = ρR = 0.8).
(a) σ2

e,kj = 0.05, ∀k, j. (b) σ2
e,kj = 0.01, ∀k, j.
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Figure 5. Average BER performance comparison when σ2
e,kj = 0.05, ∀k, j.
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4.3. Complexity Analysis

In each iteration of Algorithm 1, the update of the receive filters {Gk}K
k=1 requires a

computational complexity ofO(∑K
k=1 N3

k ) and the update of the precoders {Fk}K
k=1 requires

a computational complexity of O((∑K
k=1 Mkdk + Lk)

3.5). Thus, the overall complexity of

the proposed scheme is estimated as O
(

Niter

(
∑K

k=1 N3
k +
(

∑K
k=1 Mkdk + Lk

)3.5
))

, where

Niter denotes the number of iterations. Similarly, the computational complexity of the
nonrobust scheme or the robust scheme in [4] is estimated as O

(
Niter ∑K

k=1(M3
k + N3

k )
)

.

4.4. Discussion

Overall, from the numerical results along with the analysis on the computational com-
plexities, it can be concluded that the proposed scheme yields a comparable performance to IA
with perfect CSI and considerably surpasses the other schemes in terms of the BER and data
rate at the cost of slightly higher computational complexity than the other schemes, thereby
rendering it highly useful in practice. The conventional schemes suffer from poor sensitivities
to the correlated CSI errors, and thus they should be of limited applicability in practice.

5. Conclusions

In this paper, we have investigated the robust transceiver design for the correlated
MIMO interference channel in the presence of CSI errors, considering the general transmit
power constraints. We have proposed an alternating optimization-based iterative algorithm
minimizing the average sum-MSE with respect to the CSI errors, and it has been shown
that the proposed algorithm is guaranteed to converge to a local optimum. Through the
simulation results, the proposed algorithm has been demonstrated to better cope with
the CSI errors compared to the conventional robust schemes in the correlated MIMO
interference channel.

As an interesting and important focus of future research, it is deserved to study the
robust transceiver design in a more general scenario, e.g., in multi-cell or multi-group
multicast scenarios.
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Abbreviations

List of mathematical symbols used in this paper:

Symbol Definition

K Number of transmitter–receiver pairs
Mk Number of antennas at the kth transmitter
Nk Number of antennas at the kth receiver
xk Transmit signal of the kth transmitter
Fk Precoding matrix of the kth transmitter
sk Transmit symbol (or data) of the kth transmitter
dk Number of data streams of the kth transmitter
yk Received signal at the kth receiver
wk Received noise at the kth receiver
Hkj MIMO channel matrix between the jth transmitter and the kth receiver
Tk Transmit correlation matrix at the kth transmitter
Rk Receive correlation matrix at the kth transmitter
Ĥkj Estimate of Hkj
Δkj Error between Hkj and Ĥkj
Σj Column covariance matrix of Δkj
Ψk Row covariance matrix of Δkj
Ql,k Weighting matrix for the lth power constraint at the kth transmitter
pl,k Power budget for the lth power constraint at the kth transmitter
Gk Receiver filter at the kth receiver
ŝk Estimate of sk at the kth receiver
J(·) Average sum-MSE
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Abstract: This paper explores selection diversity in the context of MIMO 3-user interference channels
with interference alignment (IA), focusing on enhancing reliability through diversity order (DO)
analysis. While degrees of freedom (DoF) have traditionally been emphasized for throughput
optimization in IA, limited research has addressed diversity order to improve error performance.
In this work, we define a conditional DO and propose a beamforming vector selection method
that achieves a conditional DO of M2/2, where M is the number of antennas per transceiver. The
proposed scheme employs a two-stage decoding approach, combining zero-forcing for interference
cancellation with maximum likelihood (ML) decoding for desired signal recovery, which is augmented
by orthogonalization techniques. Simulations demonstrate the superiority of the proposed scheme in
both error probability and conditional DO values compared to conventional IA methods, particularly
in scenarios with higher antenna counts. These results provide insights into optimizing IA for
enhanced reliability and form the foundation for future exploration of advanced decoding and
beamforming strategies.

Keywords: degrees of freedom (DoF); diversity order (DO); interference alignment (IA); MIMO
interference channel; selection of beamforming vector; selection diversity

MSC: 94A05; 94A13; 94A14

1. Introduction

Interference alignment (IA) remains a crucial technique in modern wireless commu-
nications, particularly as the demand for high data rates and spectrum efficiency grows.
IA has emerged as a vital strategy in 5G-and-beyond networks, enabling more efficient
interference management and allowing for higher throughput in interference-limited en-
vironments. IA optimizes the degrees of freedom (DoF) by aligning interference within
lower-dimensional subspaces, particularly in dense multi-user networks like small cell
deployments, where interference poses significant challenges [1].

IA has also demonstrated its effectiveness in cognitive radio networks (CRNs), where
it is used to improve spectrum efficiency and manage the interference between primary
and secondary users. Secondary users can align their interference in such a way that it min-
imizes the impact on primary users while maximizing their own throughput, significantly
enhancing spectral efficiency in dynamic spectrum-sharing environments [2]. Furthermore,
with the integration of massive multiple-input multiple-output (Massive MIMO) systems,
IA can leverage spatial diversity to align interference across multiple users, further boosting
spectral efficiency in dense networks [1].

The development of IA has focused heavily on optimizing the DoF, especially in
scenarios like the K-user interference channel and the M× N X channel, where IA schemes
can asymptotically achieve the maximum DoF [3,4]. While DoF are a crucial measure for
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spectral efficiency, the reliability of the communication system, often quantified by the
diversity order (DO) introduced in [5], is also important. Research on the DO of IA has been
limited, with most efforts focusing on maximizing throughput rather than improving error
performance. An algorithm that applies the K-user interference alignment technique using
time division has also been introduced as part of this effort, allowing the desired degrees of
freedom (DoF) to be achieved with fewer antennas and low computation complexity [6].

Additionally, there have been studies exploring the use of relays to assist in IA. Relays
can help to more flexibly adjust interference and enhance IA performance, particularly in
scenarios with limited channel state information. For example, research on quasi-static
X channels has shown that relays can significantly improve the IA’s effectiveness in such
environments [7], and in the opposite directional interference alignment scenario, it was
proven that interference signals are aligned using relays to enhance system performance [8].

Moreover, opportunistic interference alignment (OIA) has emerged as a promising
approach in scenarios where perfect channel state information (CSI) is not available at all
nodes. OIA leverages multi-user diversity by opportunistically selecting users who can
align interference effectively, thus further improving spectral efficiency without the need
for full CSI at all transmitters [9–11].

Although beamforming selection schemes based on maximizing the sum rate have
been proposed [12], they may not be optimal for minimizing the error rate. In peer-to-peer
(P2P) multi-input and multi-output (MIMO) communication systems, various selection
schemes, such as transmit antenna selection or equivalent path selection, are based on the
signal-to-noise ratio (SNR) at the receiver. These selection methods, however, often assume
a zero-forcing linear receiver, which can degrade error performance. In contrast, maximum
likelihood (ML) decoding offers better error performance, although at the cost of increased
computational complexity [13].

Recent advancements in interference alignment (IA) techniques have increasingly
leveraged machine learning, particularly reinforcement learning and deep learning. These
approaches have demonstrated significant potential in improving IA performance, es-
pecially in dynamic and complex wireless environments. Reinforcement learning (RL)
has been employed to optimize IA in various scenarios by adapting to dynamic channel
conditions and resource management challenges.

A deep Q-network (DQN)-based approach was proposed to optimize user selection
policies in cache-enabled IA networks, where the wireless environment was modeled as a
finite-state Markov channel, achieving an improved sum rate and energy efficiency [14].
A deep deterministic policy gradient (DDPG) algorithm was developed for jointly op-
timizing IA and power control in dense networks. This method effectively managed
computational complexity and enhanced spectral efficiency [15]. Additionally, a deep RL
framework for edge caching and user selection in heterogeneous networks was introduced,
where edge caches were dynamically updated to optimize spectral and energy efficiency in
opportunistic IA scenarios [16].

Pure deep learning (DL) techniques have been focused on simplifying IA by using
neural networks to model and predict IA strategies. An autoencoder-based transmission
strategy was utilized for distributed IA, enabling effective alignment with only local
channel state information [17]. Deep learning was applied to enhance IA for discrete
constellations, where encoder and decoder functions were designed to maximize the
sum rate in interference channels [18]. A neural network framework was developed to
predict optimal precoding matrices for IA in MIMO systems, demonstrating improved IA
performance [19]. Finally, a hybrid approach was proposed, combining traditional signal
processing with deep learning for IA and channel estimation in 6G heterogeneous network
environments [20].

Machine learning-based algorithms can address problems that are difficult to model
mathematically; however, they require learning the optimal weights under varying channel
conditions and often involve high relative complexity, making their practical application
in real communication environments challenging. Therefore, this paper aims to explore

219



Mathematics 2024, 12, 3877

scenarios where both the transmitter and receiver use M identical antennas, focusing on
mathematical beamforming and interference alignment.

Previous works without using machine learning technology have attempted to address
this gap by incorporating space–time block codes (STBCs) into IA schemes to enhance the
error performance, particularly for systems like the 2× 2 X channel. In such systems, each
transmitter uses only the CSI of its connected links, allowing for improved error perfor-
mance through the use of STBCs [21,22]. Under this assumption, global CSI is assumed to
be available at both the transmitter and receiver, making beamforming-based approaches
for selecting matrices a more effective method from the perspective of throughput [23].

The key contributions of this paper can be summarized as follows:

1. Analysis of Diversity Order and Error Performance with and without Selection:
This study compares scenarios with and without selection, clearly analyzing the
performance improvement achievable through selection from the viewpoints of di-
versity order. Research on systematically deriving the diversity order for interference
alignment (IA) with multiple antennas has been limited. This paper quantitatively
analyzes and verifies that selection diversity, when using M antennas, can enhance
the performance of IA from the perspective of error probability. Without selection,
the conditional DO is limited to M/2, while selection improves it to M2/2, resulting
in significant error probability reduction at high SNR levels.

2. Improvement of Conditional Diversity Order (DO) through Beamforming Selection:
This paper proposes a novel beamforming vector selection method in the interference
alignment (IA) environment, achieving a conditional DO of M2/2. This ensures higher
reliability and improved error performance compared to existing methods [23].

3. Proposed Two-Stage Decoding Approach:
The proposed decoding procedure removes interference signals using zero-forcing
and then recovers the desired signal with maximum likelihood (ML) decoding. This
significantly reduces error probability compared to conventional zero-forcing-based
decoding methods.

4. Utilization of Orthogonalization Techniques:
The paper optimizes the design of beamforming matrices using QR factorization
and singular-value decomposition (SVD)-based orthogonalization techniques. In par-
ticular, the SVD-based approach demonstrates better Symbol Error Rate (SER) per-
formance compared to QR factorization, improving signal quality in multi-antenna
environments.

2. Characteristic Function of Multivariate Rayleigh Random Variables

Usually, the characteristic function of multivariate Rayleigh random variables is used
for analysis of the error probability. Therefore, in this section, we introduce the results
from [24].

Consider L× 1 complex Gaussian random vector x given by

x = xc + jxs

=

⎡⎢⎣xc1
...

xcL

⎤⎥⎦+ j

⎡⎢⎣ xs1
...

XsL

⎤⎥⎦ (1)

with covariance matrix Kcc and Kss and cross-covariance matrix Kcs such that E[xci xsi ] =
(Kcs)ii = 0.
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Let γi = |xci + jxsi |2 and γ = (γi, · · · , γL)
T . Then, the characteristic function Ψγ(jω)

of γ is given as [24]

Ψγ(jω) = E[exp(jωγ)]

= (det(IL − 2j diag(ω)Kss))
− 1

2

×
(

det
(

IL − 2j diag(ω)Kcc

+ 4 diag(ω)Kcs[IL − 2j diag(ω)Kss]
−1

× diag(ω)KT
cs

))− 1
2

. (2)

If X is a circularly symmetric complex Gaussian random vector, that is

Kcc = Kss, KT
cs = −Kcs,

(2) is simplified as

Ψγ(jω) = det(IL − 2j diag(ω)[Kcc + jKcs])

× det(IL − 2j diag(ω)[Kcc − jKcs])

× det(IL − j diag(ω)K)−
1
2

× det(IL − j diag(ω)K†)−
1
2 . (3)

where K is the covariance matrix of x.
In general, for analysis on the error performance, (2) and (3) are important formulas,

because the error probability is given as a Q function, which is upper-bounded by the
exponential function. Let ω = j(ρ, ρ, · · · , ρ)T , and then (2) is given as

Ψγ(−ρ) = (det(IL + 2ρKss))
− 1

2

×
(

det([IL + 2ρKcc] + 4ρ2Kcs[IL + 2ρKss]
−1KT

cs)
)− 1

2

and (3) is also given as

Ψγ(−ρ) = det(IL + ρK)−
1
2 × det(IL + ρK†)−

1
2

In a high SNR region, where ρ → ∞, we have

Ψγ(−ρ) ≈ (2ρ)−
rank(Kss)+rank(Kcc+KcsK−1

ss KT
cs)

2

×∏ λKss ∏ λ
Kcc+KcsK−1

ss KT
cs

.

where λ∗ denotes the eigenvalues of the matrix. If there is no deterministic relation among
the element of X, K is a full-rank matrix.

For (3), we have

Ψγ(−ρ) = ρ−rank(K)|∏ λK|2. (4)

From this result, the following lemma can be obtained.

Lemma 1. Consider that the received SNR is expressed as γ = ρ|x|2, where x is a circularly
symmetric Gaussian random vector. The DO of the decoder is the number of the random variables
with non-deterministic relation in x.
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3. Selection of Beamforming Matrices for 3-User MIMO Interference Channel

3.1. System Model and Interference Alignment for 3-User MIMO Interference Channel

In this subsection, the system model for 3-user MIMO interference channel and IA
is explained [3]. And then, the proposed scheme, the selection scheme of beamforming
matrices for IA, is introduced. Here is a system model for the 3-user interference channel
with M antennas.

• For even M, we have

Ye,k =
√

ρ
3

∑
i=1

HkiVidk + nk

where Hki and Vi denote an M×M channel matrix between transmitter i and receiver
k and M× M

2 beamforming matrix of transmitter i, respectively. dk is an M
2 × 1 data

stream vector, and ρ is the parameter linearly proportional to the average transmit SNR.
It is assumed that all channel coefficients are independent and identically distributed
with the Rayleigh distribution.

• For odd M, we have

Yo,k =
√

ρ
3

∑
i=1

Ho,kiVidk + nk

where Ho,ki is given as

Ho,ki =

[
Hki 0

0 Hki

]
and Vi denotes a 2M × M beamforming matrix, respectively. dk is an M × 1 data
stream vector.

We can generate the beamforming matrices for IA as follows. From the result in [3],
the beamforming matrices for IA are obtained by the following relation:

span(H12V2) = span(H13V3)

H21V1 = H23V3

H31V1 = H32V2. (5)

It is rewritten as

span(V1) = span(H−1
31 H32H−1

12 H13H−1
23 H21V1)

V2 = H−1
32 H31V1

V3 = H−1
23 H21V1. (6)

Therefore, V1 consists of the eigenvectors of

H−1
31 H32H−1

12 H13H−1
23 H21(= A) (7)

and V2 and V3 can be obtained from (6).

• For even M, we have

V1 =
[
b1b2 · · · b M

2

]
(8)

where bi is an eigenvector of A.
• For odd M, we have

V1 =

[
b1 0 b3 0 · · · 0 bM
0 b2 0 b4 · · · bM−1 0

]
. (9)

In this way, at each receiver, interference signal vectors are aligned as described in
Figure 1. In Figure 1, the desired signal of transmitter 1 is represented in red, the desired
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signal of transmitter 2 is in green, and the desired signal of transmitter 3 is in black. Each
receiver 1, 2, and 3 must receive the corresponding transmitter’s signal without interference.
On the right side of Figure 1, it can be observed that the desired and undesired signals
at each receiver are linearly independent and aligned. This represents the core result of
interference alignment (IA).

Figure 1. IA for 3-user interference channel.

In fact, for odd M, all eigenvectors of A should be used as in (9), and thus, the selection
of beamforming matrices is complicated, and the IA should be modified for selection.
Therefore, for simplicity, we consider the case that M is even in this paper.

3.2. Orthogonalization of Beamforming Matrices

In general, the orthogonalization of transmit signals can achieve the improvement in
performance. Equation (6) guarantees the perfect IA but does not guarantee the orthogo-
nalization between beamforming vectors at each transmitter. Therefore, we should modify
the design of the beamforming matrices.

In [12], the QR factorization is used for the orthogonalization of beamforming ma-
trices, which is identical to the Gram–Schmidt orthogonalization. In the Gram–Schmidt
orthogonalization, there exists a critical drawback. Let us orthogonalize two beamforming
matrices by using the Gram–Schmidt orthogonalization as follows:

Beamforming matrix 1:(b1b2) = (b1b2
′)

Beamforming matrix 2:(b1b3) = (b1b3
′) (10)

In (10), it can be seen that b1 is the beamforming vector for the beamforming matrix
1 and 2. If the data symbol is (x,0), (b1b2)(x, 0)T = (b1b3)(x, 0)T = xb1. If the error
rate becomes high for beamforming matrix 1 for (x, 0), the error rate also becomes high
for beamforming matrix 2. In this case, we cannot use the advantage of the selection
of beamforming vectors. In [12], this case does not occur almost surely, because it is
focused on the sum rate where the Gaussian source is assumed. However, the practical
communication system uses the quadrature amplitude modulation (QAM) or phase shift
keying modulation (PSK). Therefore, the weakness of this scheme can be exposed in the
practical communication system.

In this paper, instead of Gram–Schmidt orthogonalization, we use SVD for the orthog-
onalization of beamforming matrices as follows:

span(Vi) = span(UiΣV†) = span(Ui(
M
2
))
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where Ui, Σ, and V† can be obtained by SVD, and Ui(
M
2 ) is the submatrix consisting of the

first M/2 columns of Ui. In this way, the problem of Gram–Schmidt orthogonalization is
overcome, and therefore, we can use Ui(

M
2 ) as a beamforming matrix for the transmitter i

in order to improve the performance.

3.3. Two-Stage Decoding and Selection of Beamforming Matrices

In [3], each transmitter can send M/2 data streams, and each receiver can detect
them without interference. In general, each receiver decodes the desired signal by only
zero-forcing because of its complexity. However, zero-forcing can make error performance
worse. Therefore, in this paper, we consider two cascaded decoding procedures which
consist of zero-forcing for the interference signal and ML decoding for the desired signal.
However, in the case of ML decoding, the decoding complexity increases with Md

QAM as
the degrees of freedom and the number of QAM symbols (MQAM) increase. In contrast,
zero-forcing has a complexity proportional to MQAM, resulting in higher complexity for ML
decoding. This decoding procedure is described in Figure 2. In an MIMO communication
system, given a channel matrix H, the pairwise error probability (PEP) is given as

PPEP = Pr(x → x̂|H) = Q(|H(x− x̂)|). (11)

Considering M-QAM, the symbol error probability (SER) can be obtained approxi-
mately by the union bound of the PEP, thus lowering the PEP is related to lowering the SER
directly. If the error probability of all pair-wise error patterns can be reduced, for M-QAM,
the SER can be reduced. Therefore, we can select the eigenvectors for V1 as follows:

Figure 2. Two-stage decoding procedure at each receiver in MIMO interference channel.

V1,sel = arg max
V1∈eig(A)

min
(
|R†

1H11V1d̃1|,

|R†
2H22V2d̃2|, |R†

3H33V3d̃3|
)

. (12)

where d̃i = xi − x̂i, which can be various vectors, because there are various pair-wise error
pattens for M-QAM.

Definition 1. In general, the DO is defined as DO = limSNR→∞
log PPEP(SNR)

log SNR . In this paper, we
define the contional DO for simplicity as follows:

DO|A = lim
SNR→∞

log PPEP|A(SNR)
log SNR

. (13)

where A is defined in (6). The contional DO does not describe the error performance in the fading
environment directly like the DO. However, it can make the analysis for the selection of beamforming
vectors for the interference channel as that of that for the P2P MIMO channel, and we can expect
that as the contitional DO become higher, the error performance become better.
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4. Diversity Analysis

In this section, the conditional DO of the proposed scheme is derived. In fact, it is
too complicated to derive the exact DO, and thus, we analyze the contional DO of the
proposed scheme. First, we derive the DO of the case without the selection of beamforming
matrices and then analyze the conditional DO of the two-stage decoding with the selection
of beamforming matrices.

4.1. Diversity Analysis for the Case Without Selection

In this subsection, we analyze the DO of IA without selection.

EH11,H22,H33 Pr(x → x̂|A, H11, H22, H33)

=
1
3

EH11,H22,H33|A
(

Pr(x → x̂|A, H11) + Pr(x → x̂|A, H22) + Pr(x → x̂|A, H33)
)

=
3

∑
i=1

EHii Q
(√

ρ
∣∣∣R†

i HiiVid̃i

∣∣∣2)

≤
3

∑
i=1

EHii exp
(
−ρ

2

∣∣∣R†
i HiiVid̃i

∣∣∣2). (14)

We have

|R†
i HiiVid̃i|2 =

M
2

∑
k=1
|r†

k Hii

M
2

∑
l=1

vi,l d̃l |2 (15)

where d̃l is the lth element of d̃i.
Ri and Vi consist of orthonormal columns, and thus, each r†

k Hii ∑l=1 ukd̃l is a complex
Gaussian random variable and independent from the others. E

{|r†
k Hii ∑l=1 vi,kd̃l |2

} ≥
E
{|r†

k Hiivl′ d̃l′ |2
}
= |d̃l′ |2 
= 0. Therefore,

∑
i=1,2,3

EHii exp(−ρ

2
|R†

i HiiVid̃|2)

= 3EHii

M
2

∏
k=1

exp(−ρ

2
|r†

k Hii ∑
l=1

vi,l d̃l |2)

≤ 3

M
2

∏
k=1

(
1 +

ρ|d̃′l |2
2

)−1

(16)

each EHii Q(
√

ρ|R†
i HiiVid̃|2) has a DO of M/2 regardless of A, which means that the

conditional DO is also M/2. Finally, without selection, IA and two-stage decoding can
achieve a DO of M/2.

4.2. Diversity Analysis for the Case with Selection

The DO depends on the beamforming vector corresponding to the worst SNR; there-
fore, the analysis for the worst case is enough for diversity analysis. In fact, there are
( M

M/2) choices for the selection of beamforming matrices. Let each set containing M/2

225



Mathematics 2024, 12, 3877

beamforming vectors be Sk and S be a set consisting of Sk. Thus, |S| = ( M
M/2), and we let L

be |S|. From the selection criterion, the following PEP analysis is possible for a given A.

EH11,H22,H33|APr(x → x̂|A, H11, H22, H33)

=
1
3

EH11,H22,H33|A
(

Pr(x → x̂|A, H11) + Pr(x → x̂|A, H22) + Pr(x → x̂|A, H33)
)

=
1
3

3

∑
i=1

EHii |AQ
(√

ρ
∣∣∣R†

i,selHiiVi,seld̃
∣∣∣2)

≤ EH11,H22,H33|AQ
(√

ρ max
k∈{1,...,L}

min
ik∈{1,2,3}

∣∣∣R†
ik ,kHikik Vik ,kd̃

∣∣∣2)
≤ EH11,H22,H33|A exp

(
−ρ

2
max

k∈{1,...,L}
min

ik∈{1,2,3}

∣∣∣R†
ik ,kHikik Vik ,kd̃

∣∣∣2)

≤ EH11,H22,H33|A exp

(
− ρ

2L

L

∑
k=1

min
ik∈{1,2,3}

∣∣∣R†
ik ,kHikik Vik ,kd̃

∣∣∣2)

≤ EH11,H22,H33|A max
{i1,...,iL}∈{1,2,3}L

exp

(
− ρ

2L

L

∑
k=1

∣∣∣R†
ik ,kHikik Vik ,kd̃

∣∣∣2)

≤ EH11,H22,H33|A ∑
{i1,...,iL}∈{1,2,3}L

exp

(
− ρ

2L

L

∑
k=1

∣∣∣R†
ik ,kHikik Vik ,kd̃

∣∣∣2) (17)

When M = 4, we have six choices for beamforming matrices. From (17),

EH11,H22,H33|APr(x → x̂|A, H11, H22, H33)

≤ EH11,H22,H33|A ∑
{i1,...,i6}∈{1,2,3}6,d̃

exp

(
−ρ

6

6

∑
k=1
|R†

ik ,kHikik Vik ,kd̃|2
)

(18)

From Equation (18), we are able to independently analyze the diversity order for
each transmitter–receiver pair. In other words, if we analyze the diversity order for one
transmitter–receiver pair, the result will be the same for all pairs. Therefore, we will analyze
the diversity order for the first pair ik = 1.

Let d̃ = (d1, d2), V1,1 = [u1,1u1,2] and R1,1 = [r1,11, r1,12] be the zero-forcing matrix for
V1,1. Then,

|R†
1,1H11V1,1d̃|2 = | r†

1,11H11

2

∑
i=1

u1,idi︸ ︷︷ ︸
h̃1

|2 + | r†
1,12H11

2

∑
i=1

u1,idi︸ ︷︷ ︸
h̃2

|2 (19)

Similarly, define the other V1,ks and R1,k; then,

|R†
1,kH11V1,kd̃|2 = | r†

1,k1H11

2

∑
i=1

uk,idi︸ ︷︷ ︸
h̃2k+1

|2 + | r†
1,k2H11

2

∑
i=1

uk,idi︸ ︷︷ ︸
h̃2k+2

|2 (20)

From (5), it can be seen that ∑2
i=1 u1,idi, ∑2

i=1 u2,idi, ∑2
i=1 u3,idi, and ∑2

i=1 u4,idi are
randomly generated from span(b1 b2), span(b1 b3), span(b1 b4), and span(b2 b3), respec-
tively. Since the ∑2

i=1 uk,idis are 4× 1 vectors, we can obtain only four linearly independent
vectors among the ∑2

i=1 uk,idis. Similar to this, we can also obtain the linearly independent
vector among r1,lm

For non-zero vectors r1,lm and r1,l′m′ , even though r1,lm = r1,l′m′ , if ∑2
i=1 u1,idi and

∑2
i′=1 u1,i′d′i are linearly independent, r1,lmH11 ∑2

i′=1 u1,i′di′ and r1,l′m′H11 ∑2
i=1 u1,idi cannot
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have a deterministic relation. Therefore, at least eight h̃′is does not have non-deterministic
relations. From Lemma 1, the eighth conditional DO is guaranteed by the proposed scheme.

Theorem 1. When M is an even number, IA with the selection criterion in (12) and the decoding
scheme with zero-forcing and multi-symbol decoding can achieve the M2/2 conditional DO at least.

Proof. When each node has M antennas, the M/2 DoFs are achieved and thus in (17).
Therefore, we can obtain the following relation like (19) and (20):

|R∗1,1H11V1,1d|2 = |r∗11H11

M/2

∑
i=1

u1,idi|2 + |r∗12H11

M/2

∑
i=1

u1,idi|2 + · · ·+ |r∗1 M
2

H11

M/2

∑
i=1

u1,idi|2

|R∗1,LH11V1,Ld|2 = |r∗L1H11

M/2

∑
i=1

uL,idi|2 + |r∗L2H11

M/2

∑
i=1

uL,idi|2 + · · ·+ |r∗L M
2

H11

M/2

∑
i=1

uL,idi|2 (21)

where L = (M
M
2
). Similar to the four-antenna case, we can obtain M linearly independent

vectors among the ∑M/2
i=1 uk,idis and M linearly independent zero-forcing vectors. In (21),

since each equation has M/2 terms, we have M2/2 terms, which do not have the deter-
ministic relation. Therefore, from lemma 1, the proposed scheme can achieve the M2/2
conditional DO.

4.3. Expected Diversity Order

In the previous subsection, we only achieved the conditional DO M2/2, which is not
the DO. From (18) and Theorem 1, it can be seen that the average PEP is bounded as

PEP ≤ EAc · ρ−M2
2 = Ecc · ρ−M2

2 (22)

In fact, c is a variable related to the A, and it belongs to (0, ∞). In order to achieve the
DO M2/2, a requirement should be added to the selection criterion, which is the minimum
value of |R†

i,selHiiVi,seld̃|. If the selected beamforming vector and the corresponding zero-
forcing vector cannot satisfy this value, the data are not transferred through them. In [25],
this requirement can be satisfied numerically. Therefore, we can achieve the M2/2 DO.

5. Simulation Results

In this section, the simulation results for the proposed scheme are presented and
analyzed in detail. Each transmitter used BPSK modulation, and it was assumed that
all channel coefficients followed identical distributions. Each channel coefficient was
generated from a complex Gaussian distribution, with the mean and variance of the real
and imaginary parts set to 0 and 1

2 , respectively. The error probabilities ranged from 10−1

to 10−7, covering both low and high signal-to-noise ratio (SNR) regimes.
Figure 3 compares the symbol error probability (SER) performance of various schemes

for M = 2 and M = 4. For M = 2, the two-stage decoding scheme behaved identically
to zero-forcing decoding, as orthogonalization of beamforming matrices is not required
when transmitting a single desired symbol. However, for M = 4, the two schemes diverged
significantly. The consequently arrived at the following observations:

• Observation 1: Impact of diversity order
It can be observed that there was a significant difference in SER performance between
cases with and without selection. In particular, when selection was not applied,
the beamforming vector was not chosen as an optimal vector from the perspective of
error probability. Interestingly, for M = 4, the SER was observed to increase compared
to M = 2. As the DoF increased in the MIMO interference channel, the number of
transmission streams grew. This deteriorated the condition number of the system’s
transmit–receive matrix, since the power needed to be divided among each stream.
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A poor condition number amplified small noise significantly during the zero-forcing
process, leading to a higher probability of errors.
It can be observed that a significant reduction in error probability was achieved in the
case of M = 4 compared to M = 2. This is because the diversity order is 2 for M = 2,
whereas it is 8 for M = 4, indicating that the difference in diversity order leads to a
larger decrease in error probability. As the number of antennas increased, the number
of eigenvector options for selection also grew, which aligns with the analysis presented
in the previous section.

• Observation 2: Impact of orthogonalization
Even in scenarios where selection was not applied and only two-stage decoding
was used, the effect of orthogonalizing the beamforming matrix was clearly evident.
Without orthogonalization, the SER for M = 4 in the absence of selection was approxi-
mately 3.0× 10−3 for an SNR of 12 db, whereas with orthogonalization, it improved
to around 1.2× 10−3. For M = 4, the benefits of using QR factorization versus SVD
for selection could also be observed from the perspective of the SER. Ultimately,
it can be concluded that optimizing the beamforming matrix using an appropriate
orthogonalization technique is essential.

• Observation 3: Two-stage decoding performance
In this paper, it was shown that through two-stage decoding, interference was first
eliminated, allowing each transmitter–receiver pair to form an independent MIMO
channel. While using zero-forcing in an independent MIMO channel did not provide
any diversity order, performing ML decoding, as proven in Section 4, offered an addi-
tional diversity order, leading to further performance gains from an error probability
perspective. Simulations also confirmed that when M = 4, the performance gap
between zero-forcing decoding without selection and two-stage ML decoding became
increasingly pronounced as the SNR increased.

Figure 3. SER performance comparison across decoding and beamforming techniques.

In conclusion, the simulation results presented in this section clearly demonstrate the
advantages of selection and the two-stage decoding scheme in various scenarios. By lever-
aging diversity order and optimizing beamforming through orthogonalization, significant
improvements in error probability were achieved compared to conventional zero-forcing
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approaches. These results emphasize the importance of proper selection and orthogonaliza-
tion techniques, particularly as the number of antennas increases. These findings validate
the theoretical analyses presented earlier in this paper and lay the groundwork for further
exploration of advanced decoding schemes.

6. Conclusions

In this paper, a selection method of beamforming matrices for IA was proposed and
its DO was analyzed for a three-user interference channel, where each node had even M
antennas. For the error performance enhancement, two-stage decoding was considered,
which consisted of the zero-forcing for mitigation of interference signals and the ML
decoding for the desired signals, and the orthogonalization of beamforming matrices was
also used.

First, by using the two-stage decoding without selection of beamforming matrices,
it was confirmed that a DO of M/2 could be achieved, and then by using the selection
scheme of beamforming matrices and two-stage decoding, it was proved that an M2/2
conditional DO could be guaranteed. Also, the M2/2 DO could be achieved by using an
additional requirement. Through the simulation, it was also shown that the performance of
the proposed scheme was superior to that of the conventional IA and the M2/2 is achieved.

As a further work, we analyzed the DO for odd M values. In addition, the proposed
scheme can be easily extended to the other wireless communication environment where IA
can be used. Therefore, the analysis on the selection diversity for the other channel models
is considered to be a good further work.
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