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Preface

In 1982, Serge Galam and his colleagues published five papers that opened up a new field of

research, which they coined sociophysics. Sociophysics involves the use of ideas, methods, and

theories from physics to describe social and political systems. It does not rely on metaphors, maps,

or narratives.

After a challenging beginning (see Galam’s testimony paper, Physica A 336, 49-55, 2004),

sociophysics is now a flourishing field of research among physicists, mathematicians, and computer

scientists.

The current applications of sociophysics are diverse, including topics such as the emergence and

dissemination of marginal ideas, polarization, economic and financial applications, the description of

cities, models of crime spread, the modeling of terrorism, and the spread of radicalism, among others.

A few unexpected predictions have been successful.

Yet, a current challenge is that social systems often lack first principles, conservation properties,

and fundamental laws, such as those at the heart of exact sciences.

Beyond the academic interest sociophysics has generated, its societal impact is of great

importance. Currently, policymakers are facing increasing global challenges, for which there is a

critical need to understand, predict, and prepare for the evolution of our societies. Sociophysics is a

vital source of novel insights that can help us tackle these global societal issues, for which new ideas

and investigation methods are lacking.

In keeping with the adventurous spirit of the early days of sociophysics, we have put together

this Special Issue in honor of Serge Galam for his 70th birthday in a new journal entitled Physics, with

18 open access papers available online.

We hope you find these papers insightful and inspiring.

André Martins, Taksu Cheon, Xijin Tang, Bastien Chopard, and Soumyajyoti Biswas

Guest Editors
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Editorial

Foreword to the Special Issue “In Honor of Professor Serge
Galam for His 70th Birthday and Forty Years of Sociophysics”

Serge Galam

CEVIPOF—Centre for Political Research, Sciences Po and CNRS, 1, Place Saint Thomas d’Aquin,
75007 Paris, France; serge.galam@sciencespo.fr

I am deeply moved and honored by this Special Issue of the journal Physics celebrating
my seventieth birthday and forty years of sociophysics [1]. Retrospectively, such an issue
seems amazing, especially when recalling that, over forty years ago, in the late seventies,
the founding paper coining the word sociophysics [2] and co-signed with Yuval Gefen and
Yonathan Shapir, was confiscated by the Chairman of the Physics Department at Tel-Aviv
University. Furthermore, almost all academics at that time supported the confiscation,
deeming our paper a threat to the Department’s reputation [3].

We then brandished academic freedom but, not being tenured, the faculties asserted
that we did not have the academic freedom to mention an affiliation to the department
without the approval of a tenured Professor. Eventually, Alexander Voronel, a newly
emigrated Soviet physicist who had suffered censorship there, endorsed our paper. Thanks
to him, we got our paper back and submitted it to the Journal of Mathematical Sociology,
where it underwent about two years of reviewing before being accepted and published in
1982 [2].

Throughout the subsequent decades, I kept fighting on my own to gain acceptance for
sociophysics within the worldwide community of physicists, first in the US, and then in
France [4–6]. That was a significant challenge, and I only managed to convince a very few
of them, which was already an accomplishment. I believe that most physicists currently
engaged in sociophysics are unaware of, and even unable to, figure out the scale of the
rejection sociophysics faced in the 1980s.

At the same time, I kept developing sociophysics, supporting its feasibility through
the publication of additional papers [7–9], always with long and tedious prior exchanges
with referees of the related journals.

Over time, after a long and arduous journey, sociophysics has become an established
field of physics, with the papers now published in most of the major physics research
journals and physics magazines, as seen with the following non-exhaustive list of journals,
given in alphabetical order: Chaos, Solitons and Fractals [10], Entropy [11], European Physical
Journal Plus [12], European Physics Letters [13], Frontiers in Physics [14], International Journal
of Modern Physics [15], Journal of Statistical Mechanics [16], Journal of Statistical Physics [17],
Review of Modern Physics [18], Scientific Reports [19], Physica A [20], Physics Letters A [21],
Physics Reports [22], Physical Review E [23], Physical Review Letters [24], Physics Today [25],
Physics World [26], and PLoS One [27]. In addition, arXiv [28] has a section titled “Popular
Physics, Physics and Society”, which is devoted, in good part, to sociophysics preprints.

With this Special Issue dedicated to sociophysics, the newly born journal Physics is
joining the trend, thus enriching the numerous recent Special Issues on the topic [29–33].
In this respect, I express my gratitude to the five Guest Editors, Soumyajyoti Biswas from
India, Taksu Cheon from Japan, Bastien Chopard from Switzerland, André Martins from
Brazil and Xijin Tang from China.

The Special Issue is now completed, featuring a total of 17 papers published and
available online in open access. This is a significant achievement and I warmly thank all
the authors who contributed, making this a truly special issue. I also thank the authors
whose submissions were not accepted by the journal.

Physics 2024, 6, 1032–1034. https://doi.org/10.3390/physics6030063 https://www.mdpi.com/journal/physics1
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In this regard, the richness and diversity of this Special Issue demonstrates that, after
forty or so years, sociophysics has gone a tremendous way towards becoming solid and
promising. I believe that we, as a community of researchers, will succeed in discovering
the basic laws governing the social interactions among humans, thus turning sociophysics
into an established hard science to tackle social and political phenomena.

That goal is also desirable given the many social and political issues that today societies
are currently facing, with seemingly no solution at hand, amidst multiple growing and
threatening polarizations.

Given the current level of research associated with in sociophysics, my optimism is
sound. Yet, to build a tool that could intervene, as an active key in changing the fate of
a society, is both exciting and scary. However, that is inherent to all fields of knowledge
and related discoveries. The ethical responsibility of applying sociophysics to real social
community will lie among the future users, policy makers and others. For us, the makers
of sociophysics, one safety measure to prevent its misuse could be to ensure that the results
of our respective works are freely accessible to all.

The next decade should tell us to what extent these hopes, expectations and fears were
justified. See you then!

Conflicts of Interest: The author declares no conflicts of interest.
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Article

Agent Mental Models and Bayesian Rules as a Tool to Create
Opinion Dynamics Models

André C. R. Martins

Interdisciplinary Research Group in Complex Systems Modelling (GRIFE), Escola de Artes, Ciências e
Humanidades (EACH), Universidade de São Paulo, Rua Arlindo Bétio, 1000, São Paulo 03828-000, Brazil;
amartins@usp.br

Abstract: Traditional models of opinion dynamics provide a simplified approach to understanding
human behavior in basic social scenarios. However, when it comes to issues such as polarization and
extremism, a more nuanced understanding of human biases and cognitive tendencies are required.
This paper proposes an approach to modeling opinion dynamics by integrating mental models and
assumptions of individuals agents using Bayesian-inspired methods. By exploring the relationship
between human rationality and Bayesian theory, this paper demonstrates the usefulness of these
methods in describing how opinions evolve. The analysis here builds upon the basic idea in the
Continuous Opinions and Discrete Actions (CODA) model, by applying Bayesian-inspired rules
to account for key human behaviors such as confirmation bias, motivated reasoning, and human
reluctance to change opinions. Through this, This paper updates rules that are compatible with
known human biases. The current work sheds light on the role of human biases in shaping opinion
dynamics. I hope that by making the model more realistic this might lead to more accurate predictions
of real-world scenarios.

Keywords: opinion dynamics; Bayesian methods; cognition; CODA; agent-based models; sociophysics

1. Introduction: The Need for General Methods

Opinion dynamics modeling [1–9] is a fascinating area of research that seeks to under-
stand how opinions spread through society. A plethora of models have been developed
to describe this process, ranging from simple to complex, and covering topics such as the
formation of consensus [10], the emergence of polarization [11–14], the different ways one
can define it [15], and the spread of extreme opinions [16–24]. Extremism can be defined as
the end of a range over a continuous variable [7,25], or as inflexibles who do not change
their minds [26], or using mixed models [8,9,27]. To explore the problem of extremism in
the real world, not only opinions matter [28], and one must also consider actions as part of
what defines an extremist [29,30].

However, despite the wealth of knowledge already gathered, there are still many
aspects of opinion dynamics that require greater attention. Community efforts are necessary
to fill gaps in research and promote progress in the field [31]. Currently, most models are
only comparable to similar implementations, with a lack of translation between different
types. While attempts to propose general frameworks and universal formulas exist [9,32,33],
they are, so far, isolated efforts. To achieve greater understanding, one needs to explore how
different models relate to each other [34] and develop methods to incorporate new effects
and assumptions.

For a deeper understanding of the spread of polarization and extremism, we must
also consider actions, not just opinions. Incorporating decision making and behavioral
aspects is crucial in modeling opinions [35,36], as it allows for a more accurate depiction of
how individuals perceive and react to complex information [37]. One promising avenue of
exploration is the use of Bayesian-inspired models [9].

Physics 2024, 6, 1013–1031. https://doi.org/10.3390/physics6030062 https://www.mdpi.com/journal/physics4
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Bayesian rules to model opinions have been introduced both in the opinion dynam-
ics community, as extensions of the Continuous Opinions and Discrete Actions (CODA)
model [8,9] and similar opinion models [9,21,27,28,34,38–67], by the use of Bayesian belief
networks [68], as well as, independently, in models associated with economical reason-
ing [69–74]. Despite their popularity, there are two aspects of Bayesian-inspired models
for opinion dynamics that have not been properly debated so far. They are how to turn
assumptions on how the agents reason into dynamical model equations and the problem
of the relationship between Bayesianism and rationality.

It is also worth mentioning that Bayesian update rules can even offer deeper insights
into the meaning of extreme opinions, by making it straightforward the need to distinguish
between being quite sure about something (high probability one is right) from the inability
or strong difficulty to change one’s position [28]. More than that, it is possible to demon-
strate that if each agent includes the possibility that when the neighbor agree with its choice
that might be because the agent has influenced the neighbor, one can obtain the dynamics
of other discrete models as a limit case [34]. Extensions of concepts such as contrarians [40]
and inflexibles [27] have been studied and Bayesian updates have been used even to obtain
bounded confidence-like models [38,66].

In this paper, I explore both aspects of the problem. First, I provide a brief explanation on
why the use of Bayesian-inspired rules is both supported by experimental evidence [73,75–78]
and not the same as assuming rationality [79,80]. And, to illustrate how Bayesian rules
can be used in a general problem, I explain how one can create mental models for the
agents. And, one can see how models may include any kind of bias and bounded rationality
effects [81,82], and turn those assumptions into update rules. More exactly, I show how to
introduce agents who distrust opinions opposed either to a certain choice (a direct bias)
or against their current preference. Update rules for both kinds of agents are calculated and
the effects of those biases on how extreme the positions of the agents become are studied.

2. Bayesian Models and Rationality

Bayesian methods are one of the gold standards for rationality and inductive argu-
ments [80]. If one starts with quite simple rules about how induction about plausibilities must
be performed, one can show that plausibilities should be updated using Bayes’ theorem [83,84].
The same theorem can be obtained from other axioms, such as maximization of entropy [85]
or the considerably weaker basis of “dutch books”. However, using those ideas to describe
how people reason has been considered problematic [86]. On the other hand, Bayesian ideas
can be used both in a complicated way, strictly following its rules, or as a soft version, where
its basic ideas are used to represent aspects such as updating subjective opinions [87]. That
poses the question of whether Bayesian rules can be used to describe human reasoning well.
Certainly, one should also ask about the requirements been imposed from human rationality
models. Even the definition of bounded rationality can be challenged, as it assumes there is
someone to judge if any behavior is entirely rational [88]. Indeed, using Bayesian methods
with perfection is impossible as they require infinite abilities [80]. One can only approximate
them by considering a limited set of possibilities, and that is compatible with how human
brains work.

There is quite a good evidence that this study reasons in ways that are similar to
Bayesian methods [73,75–78]. But, if one wants to use them in mathematical and computa-
tional models, one needs to go further than just similarity. Indeed, it is well understood
that humans are not ideally rational nor good enough at statistics. One sometimes fails
at straightforward problems [89,90] and tends to be too confident about human mental
skills [91]. At first, experiments about human cognitive abilities seemed to point to a
remarkable amount of incompetence.

But that is not the whole story. When looking closer, some of human mistakes are
not as serious as they look. While people are not good enough abstract logicians, when
the same problems are presented associated with normal day-to-day circumstances, those
problems are answered correctly [92]. And, there is evidence that many of human mistakes

5
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can be described as the use of reasonable heuristics [93], short-cuts that allow us to arrive
at answers quite fast and with less effort [94,95]. As simplified rules, heuristics fail under
some circumstances. If one goes looking for such cases, one for sure finds the answers.
But they are not a sign of complete incompetence.

That does not explain human overconfidence problem, surely. But it has been also
observed that human reasoning skills might not have evolved to find the best answers,
even if we can use the skills for that purpose. Instead, humans show a tendency to defend
their identity-defining beliefs [96,97]. More than that, human ancestors had solid reasons to
be quite good at fitting inside their groups and, if possible, ascending socially inside them.
Human reasoning and argumentative skills were more valuable from an evolutionary
perspective if they worked towards agreeing or convincing human peers. Group belonging
mattered more than being right about things that affect direct survival [98,99]. Being sure
and defending ideas from people social group become more important than looking for
better but unpopular answers.

And there is one more issue. In many laboratory problems where it has been observed
that humans make mistakes, scientists used questions that never appear in real life [79].
Take the case of the observation of weighting functions, that one seems to alter probability
values that are heard [100]. Using changed values might seem to serve no purpose at
first. However, the scientists who performed those experiments assumed the values they
presented were known with certainty. But there is no such certainty in real life. If someone
tells you there is a 30% chance of rain tomorrow, even if based on highly calibrated models,
you know that is an estimate. As with any estimates, at best, the actual value is close to
30%. A Bayesian assessment of the problem combines the previous estimate of rain with
the information about the forecast to obtain a final opinion. Applying this to the many
experiments that showed people use probability values wrong, one can see that human
behavior is compatible with Bayesian rules. The observed changes match reasonable
assumptions for everyday situations when one hears uncertain estimates [76]. Applying
this is actually wrong in artificial cases, such as the laboratory experiments, where there
is no (or quite little) uncertainty about the probability values. Even human tendency
to change the opinions far less than one should, called conservatism (no relationship to
politics implied in the technical term) [101], can straightforwardly be explained. One just
needs to include in a Bayesian model a tendency to skepticism about the data heard [76].
Human brains might just have heuristics that mimic Bayesian estimates for an uncertain
and unreliable world.

That is, people are not ideal, but human bounded abilities are not those of incom-
petents. One makes reasonable approximations. People are motivated reasoners, more
interested in defending ideas than looking for better answers. Given the right preferences,
these can even be described as rational, despite ethical considerations. Even when it seemed
one is making mistakes, one might have been behaving closer to Bayesian rules than it was
initially assumed. A more complete discussion about these themes, while of high interest,
is beyond the scope of the paper and, for further reading, see Refs. [76,77,79,95,102–104].

3. Update Rules from Agent Mental Models

Humans are not well rational, but can still be described by Bayesian rules. Therefore, it
is reasonable trying to apply Bayesian methods as a way to represent human opinions. Thus,
the next question one must answer is how one can include human biases and cognitive
characteristics in the models. For this, one must consider how the agents think, what the
agents show to others, and what the agents expect to see from their neighbors. That is,
one needs to describe agent mental models. However, first, let us consider how Bayesian
methods work.

3.1. A Brief Introduction to Bayesian Methods

While Bayesian statistics, performed correctly, can become complicated fast enough,
it is based on an elementary, almost trivial basis, Bayes’ theorem. The theorem works as
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follows. There is an issue we want to learn about, and let us represent it by a random
variable X, where each x represents one possible value. Here, x can be a quantity, but it
can also be nothing more than a label. Let us start with a probability distribution, the
initial guess on how likely each possible x is, represented by a probability distribution
f (x), called the prior opinion. Once one observes data D, one must change the opinions
on x. For this, one needs to know, for each possible value x, how likely it is that one
observes D. That is, one needs the likelihood, f (D|x). From that, calculating the posterior
estimate f (x|D) is achieved just by a straightforward multiplication f (x|D) ∝ f (x) f (D|x).
The proportionality constant is calculated by imposing that the final distribution must add
(or integrate) to one. Everything in Bayesian methods is a consequence of that update rule
and considerations on how to use it. The basic idea, already using an opinion dynamics
problem, is represented in Figure 1.

Figure 1. Schematics for the general use of Bayes’ theorem as a tool for creating opinion update equa-
tions, highlighting the role of agent mental models for what others communicate to them (likelihoods).

To illustrate how it works in practice, let us look at the demonstration of the CODA
model rules. In CODA, the agents try to decide between two possible choices, A or B
(sometimes represented as values of spin, +1 or −1). Each agent i has a time t, and
a probability opinion pi(t) that A is better than B (and, 1 − pi(t) that B is better). But,
instead of expressing their probabilistic opinion, they only show their neighbors the option
they consider more likely to be better. They also assume their neighbors have a larger than
50% chance, α, to pick the best option. In general, there can be asymmetric different chances,
α to choose A when A is better and β to choose B when B is better. As a first example, let
us assume the α = β symmetry here. From Bayes’ rule, one obtains the update model for
pi(t + 1) ∝ pi(t)α and, similarly, 1 − pi(t + 1) ∝ (1 − pi(t))(1 − α). As the probabilities
must add to one, one divides by their sum and obtains the update rule:

pi(t + 1) =
pi(t)α

pi(t)α + (1 − pi(t))(1 − α)
. (1)

At this step, one has an update rule and can be used it as it is. In this case, however,
it is trivial to make a change in variables that provides us a significantly more compu-
tationally light rule. The update rule becomes essentially straightforward if let us make
the transformation

ν = ln(
p

1 − p
). (2)
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The denominators cancel and one obtains

ν(t + 1) = ν(t)± C, (3)

where C = ln( α
1−α ) and the sign on the sum depends on whether the neighbor prefers

A (+) or B (−). One can obtain an even more simplified model by renormalizing ν and
making C = 1.

And that is it. Let us start from the initial opinion, use the Bayes theorem, and is
reached an update rule. In this case, the final rule is to add one when a neighbor prefers A
and subtract one when it prefers B, flipping opinions at ν = 0.

3.2. Agent Communication Rules and Their Mental Assumptions

There are two major assumptions in the CODA model. One is how agents commu-
nicate. While they have a probabilistic estimate of which option is better, everyone else
observes only their best estimate. The second assumption is the mental model of the agents.
They think their neighbors are more likely than not to pick the best choice. And, all those
neighbors are assumed to have the same chance, α > 0.5, to be right. Naturally, one
can introduce some agents that think their neighbors are more likely to be wrong, that is,
α < 0.5. These is known as contrarians [40], that is, agents who tend to disagreement [105].

Making the model assumption explicit makes it straightforward to investigate what
happens if agents behave or act differently. For example, one can have a case when agents
look for the best choice between A and B. Still, the agents communicate their probability
estimates that A is the better choice, pi(t). In that case, while one can keep the probability
pi(t) as a measure of the opinion of the agents, those agents no longer state a binary choice
but a continuous specific probability value.

3.2.1. Changing What Is Communicated

Mental models become crucial, including which question the agents are trying to
answer. Agents may still want to determine which is better, A or B, sharing information on
their uncertainty. Or they might see the probability values as an ideal mixture. They might
accept, for example, that the best position is 60% of A and 40% of B. First, let us consider
the case where they just want to pick the best choice.

In that case, pi(t) is still just a value associated with A, while, trivially, 1 − pi(t) gives
us the probability B is better. But one has to evaluate the chance other agents may have
any continuous value for pj(t) if A is better (or if B is). That is, one needs a distribution
probability of probabilities to represent the agent not belonging to agents; unified over the
paper. mental model. In mathematical terms, one needs a model that says, assuming A is
better, how likely is it that neighbor j has an opinion pj if A is better, f (pj|A). Certainly, one
also needs f (pj|B), but in many situations of interest, that can be obtained by symmetry
assumptions. This model was implemented originally by assuming f (pj|A) was a beta
function Be(pj|α, β, A), that is,

f (pj|A) = Be(pj|α, β, A) =
1

B(α, β)
pα−1

j (1 − pj)
β−1,

where B(α, β) is obtained from gamma functions by

B(α, β) =
Γ(α)Γ(β)

Γ(α + β)
.

Here, α and β are the traditional parameters of the beta function. Interestingly, the up-
date rule can once more be defined in terms of the log-odds variable ν = ln( p

1−p ), and that
leads once more to an additive model. However, the term to be added depends on the
probability pj communicated by j, and as the agents become more certain, the size of the
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additive term explodes. Consequently, extreme opinions become remarkably stronger than
the already extreme opinions in the original CODA model [28,53].

3.2.2. Changing the Mental Variables

While in the example in Section 3.2.1 one needs a new likelihood, the beta function
that tells us how likely agents think others provide each answer, that need was caused by a
change in the communication. But it is not only what is communicated that can be changed.
Inner assumptions agents make can also be changed, including the questions they want to
answer. That is, one can have quite different assumptions in their mental model.

Assume that instead of having “wisher” agents looking for the best option between
A and B, each “mixer” agent has an estimate about the best mixture between A and B.
In this case, pi is the percentage of A in the best blend of two options, and, as such, each
value 0 ≤ pi ≤ 1 must have a probability. One needs probability densities f (p) as prior
and posterior opinion distributions. The more straightforward way to implement such
a model is to look for conjugate distributions [106]. Conjugate distributions correspond
to those cases where, for a certain likelihood, the prior and the posterior are represented
by the same function. In that case, update rules can just update the parameters of that
distribution function and not complete distributions. However, this is not the general case
for a random application of the Bayes rule. As one builds more detailed models, finding
conjugate distributions might not be possible for a given mental model.

Luckily, for the more straightforward cases of interest here, conjugate options exist.
Before proceeding to a model, one needs to decide how the agents communicate. Here,
once again, one can have a discrete communication, where each agent just tells others
which option, A or B, should appear in a more significant amount, or communication may
include the average estimate for the proportion p of A, E[p].

In the first case, with discrete communication, one can find a natural conjugate family
by using beta distributions for the opinions and a binomial distribution for the likelihood,
that is, the chance that a neighbor chooses A or B depending on its average estimate.
Surely, other choices of distributions are possible, and they correspond to a similar thought
structure but with different dynamics. Under the binomial–beta option, interestingly,
the dynamics of the preferred choice, given the more straightforward choice of proper
functions for the prior and the likelihood, mimics the original CODA dynamics. However,
while the evolution of the preferred option in the mixture is the same, the probability (or
proportion) values never reach the same extreme values [53].

3.2.3. Other Mental Models Already Explored

Other variations are possible and have been explored. An initial approach to trust
was implemented in a fully connected setting by adding one assumption to the agent
mental model [47]. Instead of assuming that every other agent had a probability α to obtain
the best answer, each agent assumed there were two types of agents. Agent i assumed
there was a probability τij that agent j was a reliable source who picks the best option
with chance α. But other agents may also be untrustworthy (or useless) and pick the best
option with probability μ, so that μ < α, possibly even 0.5 or lower. That is, if A was
the best choice, instead of a chance α neighbor j prefers A, there was a chance given by
ατij + μ(1 − τij). Applying Bayes’ theorem with this new likelihood led to update rules for
pi and τij. Each agent updated both its opinions on whether A or B is better. And it also
changed its estimates about the trustworthiness of the observed agent. The update rule
cannot be simplified by a transformation of variables because no exact way to uncouple the
evolution of the opinion and how much agents trusted their neighbors was found.

A similar idea was used for a Bayesian version for continuous communication and
the “mixer” type of agents. That model [38] led to an evolution of opinions qualitatively
equivalent to what one observes in bounded confidence models [7,25]. That continuous
model was later extended to study the problem of several independent issues when agents
adjusted their trust based not only on the debated subject but also on their neighbor’s
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positions on other matters [66]. Interestingly, that caused opinions to become more clustered
and aligned, similar to the irrational consistency one can observe in humans [107].

Even the agent’s influence on its neighbors can be used for their mental models. That
was introduced as a simplified version by assuming that there were different chances a
and c that a neighbor prefers A in the case a was indeed better, depending on whether
the observing agent selected A or not [34]. That actually weakened the reinforcement
effects of agreement, as the other agent may think A was better not because it was but
because the observer also thought that. In the limit of strong influence, the dynamics of
the voter model [108,109]—or other types of discrete models, such as majority [110,111]
or Sznajd [6] rules, depending on the interaction rules—was recovered. That shows that
Bayesian-inspired models are highly more general than the traditional discrete versions.

3.3. Introducing Other Behavioral Questions

Bayesian rules can help us explain how humans reason [76,79]. And, one just saw a few
examples of introducing extra details in the agent mental models so that new assumptions
can be included. In this Section, I discuss how one can move ahead and model some biases
observed in human behavior by applying those concepts to create an original model for a
specific human tendency.

Let us start by considering a most straightforward one, confirmation bias [112], as that
does not even need new mental models. Confirmation bias is just a human tendency to
look for information from sources who agree with us. As such, it can be better modeled
by introducing rules that reconnect the influence network so that agents are more likely
surrounded by those who agree with them. The co-evolution of the CODA model over a
network that evolved based on the agreement or disagreement of the agents and their phys-
ical location plus thermal noise was studied. Depending on the noise and the strength of
the agreement term in the network rewiring, the tendency to polarization and confirmation
bias was apparent [63].

Motivated reasoning [96], on the other hand, is not only about who one learns from
but how one interprets information depending on whether one agrees with the reasoning or
not. This can be implemented in more than one way. Quite a simple version is an approach
where trust was introduced in the CODA model [47]. In that model, depending on the
initial conditions, as agents became more confident about their estimates, they eventually
distrust those who disagreed with them, even when they met for the first time.

3.3.1. Direct Bias

Surely, there are other possibilities, including more heavy-handed approaches. For ex-
ample, agents might think being untrustworthy is associated with one of the two options.
Instead of a trust matrix signaling how much each agent i trusts each agent j, one can intro-
duce trust based on the possible choices. For two options, A and B, one can assume that
each agent has a prior preference. Each agent believes that untrustworthy people defend
only the side the agent is biased against. That can be represented by a small addition to the
CODA model. Assume agent i prefers A, and it thinks that people only go wrong to defend
B. One way to describe that is to assume that there is a proportion λ of reasonable agents
who behave like CODA. They pick the better alternative with chance α > 0.5. However,
the remaining (1 − λ) agents choose B more often, regardless of whether it is true or not,
with probability β > 0.5. That is, for agents biased towards A, the chance a neighbor
chooses A, represented by CA, if A (or B) is better is given by the equations

P(CA|A) = λα + (1 − λ)(1 − β)

and
P(CA|B) = λ(1 − α) + (1 − λ)(1 − β).

Also,
P(CB|A) = λ(1 − α) + (1 − λ)β
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and
P(CB|B) = λα + (1 − λ)β.

Actually, one can introduce an update rule for both the probability pi that A is better
and λ. However, for this exercise, let us assume there is an initial fixed value for λ.
For example, to illustrate how this bias can change the CODA model, the agents can
suppose that a majority of honest people are given by λ = 0.8. Let us also assume
that honest people obtain the better answer with a chance of α = 0.6, while biased people
provide their wrong estimate of B with a probability of β = 0.9. That makes P(CA|A) = 0.5,
P(CA|B) = 0.34, P(CB|A) = 0.5, and P(CB|B) = 0.66. So, if agent i observes someone
who prefers A, it updates its opinion by pi(t + 1) = pi(t)0.5

pi(t)0.5+(1−pi)0.34 . That is, for the

CODA-transformed variable ν = ln( p
1−p ): νi(t + 1) = νi(t) + ln(0.5/0.34) ≈ νi(t) + 0.386.

On the other hand, if B is observed, the update rule provides (again for an agent biased
towards A), νi(t + 1) = νi(t) + ln(0.5/0.66) ≈ νi(t) − 0.278. That means that steps in
favor of A are larger than those in favor of B for such an agent. While that agent can be
convinced by a majority, the agent moves towards its preference if there is a tie in the
neighbors. Depending on the exact values of the parameters, the ratio between step size
can become larger.

Let us assume a renormalization of the additive term to implement this bias, as
normally performed in CODA applications. Assuming agent i is biased in favor of A (the
equations for the case where i is biased in favor of B are symmetric but are not considered
here), one has for the variable νi(t), as defined in Equation (2), when the neighbor also
prefers A

νi(t + 1) = νi(t) + ln
[

λα + (1 − λ)(1 − β)

λ(1 − α) + (1 − λ)(1 − β)

]
. (4)

When the neighbor prefers B, then:

νi(t + 1) = νi(t) + ln
[

λ(1 − α) + (1 − λ)β

λα + (1 − λ)β

]
. (5)

These equations trivially revert to the standard CODA model in Equation (3) when all
agents are considered honest, that is, when λ = 1. For ease of further manipulations, one
can define the size of the steps in both Equations (4) and (5) as

SA = ln
[

λα + (1 − λ)(1 − β)

λ(1 − α) + (1 − λ)(1 − β)

]
,

SD = ln
[

λ(1 − α) + (1 − λ)β

λα + (1 − λ)β

]
.

The first question one can ask about those steps is how they relate to each other and
the original step size C = ln( α

1−α ). Straghtforward algebraic manipulations show that
SA < C and that SD > −C, as long as α > 0 in both cases. As SD < 0, both step sizes are
smaller. That was to be expected. Introducing a chance the neighbor might not know what
it is talking about should, indeed, decrease the information content of its opinion.

Figure 2 shows how the step sizes change as a function of the estimated proportion
λ of honest agents among those each agent is biased against. In Figure 2, upper, one can
see both the step sizes when the neighbor agrees with the opinion favored by the bias, SA,
and when the neighbor disagrees with it, SD. Notice that when λ tends to 1.0, both steps
become equal. That corresponds to the scenario where everyone is honest; one recovers the
original CODA model with identical steps. The apparent equality when λ tends to zero is
not real and is only a product of visualizing minimal steps. Indeed, Figure 2, lower, shows
that the ratio between the steps, s = SA/SD, increases continuously as λ becomes close
to zero.
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The changes in the step size are indeed not of the same size. If one needs to normalize
the steps, as in CODA, one can choose either SA or SD as the step made equal to 1.0. Let
us initially make, for the implementations, the smaller SD = 1.0. And, as a simplification,
instead of carrying dependencies on λ, α, and β, let us just assume there is a ratio s such that
SA = sSD. That is, it is assumed that disagreement with the bias corresponds to a step size
of 1.0 and agreement with the bias to a step size of s ≥ 1.0, where s = 1.0 corresponds to
the case when there is no bias. Finally, one has elementary update rules one can implement
given by

νi(t + 1) = νi(t) +

{
sign(νj) if neighbor j disagrees with i bias,
s · sign(νj) if neighbor j agrees with i bias.

(6)

Figure 2. Upper: size of the steps for agreement, SA, and disagreement, SD, as a function of the
estimated proportion, λ, of honest agents among those each agent is biased against when it is believed
dishonest agents lie with probability β = 0.9. Lower: ratio s = SA/SD for two values of β. See text
for details.

3.3.2. Conservatism Bias

As a related example, let us introduce the effect called conservatism [101], where
people change their opinions less than they should. That can be quickly introduced using a
mental model where the agent thinks there is a chance the data are reliable and a chance
that the information is only non-informative noise. When that happens, it is only natural
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that the update’s size is considerably smaller. The larger the chance associated with noisy
data, the smaller the update’s size.

Here, there is the same mathematical problem as with the direct bias in Section 3.3.1,
except that now, instead of believing that defenders of a specific side might be lying,
the agents think that defenders of the side who disagree with them might be dishonest.
Suppose an agent changes its opinion from A to B. In that case, the agent changes its
assessment of where there might be dishonesty from B to A. That means one has quite
similar rules as those in Equation (6). However, the bias is always the same as opinion i, so
the rules depend directly on sign(νi). That is, then:

νi(t + 1) = νi(t) +

{
sign(νj) if sign(νj) �= sign(νi),
s · sign(νj) if sign(νj) = sign(νi).

(7)

4. Results

To observe how the system might evolve under each rule, I implemented the models
using the R software (Version 2.7.0) environment [113]. All cases shown here correspond to
an initial neighborhood of agents defined as a square, bi-dimensional lattice with 402 agents,
no periodic conditions, and second-level neighbors. As commented in Section 4.2 below,
in some cases, the network is let to evolve into a polarized case before allowing opinions
to change using this polarized and quenched network. Once that initial network, lattice
or rearranged, is established, agents interact, observing the choice of one neighbor and
updating their own opinion based on that observation, according to the update rules of each
case. There was an average number of 50 interactions per agent. For all simulations, initial
opinions were drawn from a uniform continuous distribution in the range −2.0 ≤ νi ≤ +2.0.
All the results for the distribution of opinions correspond to averages over 20 realizations
of each case.

4.1. Simulating a Direct Bias

Results for the distribution of opinions in the direct bias case, with no initial rewiring,
for three distinct values of the ratio s can be seen in Figure 3. Each curve corresponds to a
different ratio s between the agreement and the disagreement step. Figure 3, upper, shows
how extreme the opinion is measured in the number of disagreement steps (following the
algorithm implementation). Figure 3, lower, shows the renormalized distribution if one
measures opinions in terms of agreement steps.

One can observe in Figure 3, upper, with the distribution measured in disagreement
steps, that as s increases, the opinions spread further away from the central position.
That suggests that the opinions become more extreme. While the peaks associated with
the more extreme opinions become softer (and seem to disappear for s = 2.0), that hap-
pens because the existing extremists become distributed over an extensive range of even
stronger opinions.

A different picture emerges if one looks at a renormalized step size, using the agree-
ment step as unit, SA = 1, instead of the implemented disagreement step. The distribution
of opinions for such a case can be seen in Figure 3, lower. What one observes in this
case is that when one measures the strength of opinions using SA as the measuring unit,
the distributions become more similar. As s increases, one observes an increase in the
number of agents around the weaker opinions and smaller peaks of extremists.

The apparently contradictory conclusions one can arrive at by looking at only one
graphic are another example of the problem with adequately defining what an extremist
is [28]. In this model, there are two different ways to define extremism. One of those
definitions arises if one was to transform back the number of steps into probability values
by inverting the renormalizations and transformations of variables. It is worth noticing
that, as can be seen in the upper graphic in Figure 2, both step sizes, for agreement and
disagreement, become smaller when bias is introduced when compared to the unbiased
case s = 1.0. That leads to the strange conclusion that when agents think others might be
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biased, their final opinion becomes less extreme. That is reasonable as soon as one only
cares about the agents’ confidence in absolute terms. After all, other agents become less
reliable. Their information should convince less.

Figure 3. Distribution of opinions after these opinions are (upper) measured as disagreement steps
and (lower) renormalized to agreement steps. See text for details.

But there is another definition of extremism that is also natural and reasonable. That
definition comes from asking how straightforward (or complicated) it is to change the
choice of a specific agent. This does correspond to the number of steps away from the
central opinion. More precisely, since it is necessary to move to the opposite view to change
one’s choice, using the disagreement step as the unit is the best choice.

That is the case as soon as one was studying results from the conservatism bias,
as presented in Section 4.2.1. Here, however, bias was fixed, corresponding to the initial
choice of the agent. And that means that there is an essential proportion of agents whose
biases do not conform to their opinions. While the proportion of agreement between bias
and final opinion increases with s (observed averages were 57.7% for s = 1, 66.4% for
s = 1.5, and 74.5% for s = 2.0), one a best match between bias and opinion. Even at s = 2.0,
about one in four agents moves towards the opposite choice using agreement steps.

That might seem unrealistic. While there may be a bias toward initial opinions, people
usually defend their current position. What size of step humans use when returning to a
previously held belief is an interesting question, but that is beyond the scope of this paper.
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On the other hand, confirmation bias is described not as an agreement with initial views
but as the tendency to look for sources of information that agree with people current beliefs.

That bias was already studied before, with a network that evolved simultaneously
with the opinion updates [63]. As agents stopped interacting with the agents they disagreed
with, one has a case of traditional confirmation bias. That also means that the results been
analyzed in this Section correspond to a direct bias independent of opinions. Real or not, it
was introduced here as an exercise and as an example that one can model different modes
of thinking using Bayesian tools, regardless of if those tools correspond to reality.

4.2. Rewiring the Network

Naturally, one wants to explore more realistic cases. One achieves this in two steps:
first, by moving closer to a confirmation bias by introducing rewired networks, and second,
by implementing the model of conservatism bias, as defined in Equation (7).

Here, the study follows the rewiring algorithm previously [63] used to study the
simultaneous evolution of networks and opinions to generate an initial, quenched network
before opinion updates start. At each step, the algorithm tries to destroy an existing link
between two agents (1 and 2) and create a new one between two other agents (3 and 4).
The decision of whether to accept that change depends on the Euclidean distance between
agents 1 and 2, d12, and agents 3 and 4, d34, measured by considering a coordinate system
over the square lattice where first neighbor distances correspond to 1. That way, there is a
tendency to preserve the initial square lattice. And, one also uses a term that makes it more
likely to accept the change when the old link was between disagreeing agents and the new
one is between agreeing agents. That is, each rewiring is accepted with probability

P = exp(−ΔH) = exp[−β(d34 − d12 − J(σ3σ4 − σ1σ2))], (8)

where J is the relative importance between physical proximity and opinion agreement and
σs denote the choice of each agent. Notice that if one needs a reasonable chance that distant
agents connect, J should be comparable with the initial side of the square network.

Figure 4 shows a typical case, as an example, of how an initially square lattice is
altered after an average of twenty rewirings per agent: β = 1.0 and J = 20. In Figure 4,
brown and blue colors correspond to the two choices, and darker hues show a stronger
final opinion, obtained after the opinion update phase. As the network did not change
during the opinion update phase, its final shape after implementing the rule defined in
Equation (8) is preserved.

Figure 4. Typical network formed after applying the rewiring algorithm with an average of twenty
rewirings per agent: β = 1.0 and J = 20. Brown and blue colors correspond to the two choices,
and darker hues show a stronger final opinion obtained after the opinion update phase.

Figure 5 shows the distribution of opinions when one uses the direct bias rules after
obtaining a quenched network using the parameters to generate networks similar to
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those in Figure 4. One can see significant differences between the results with no initial
rewiring (Figure 3) and the new ones (Figure 5). With the initial rewiring, one finds
almost no moderates in the final opinions, and the extremist peaks, when one uses the
disagreement step, SD, for normalization, move to even stronger values as s increases.
That dislocation also corresponds to smaller peaks distributed over a more extensive range.
That, however, is an artifact of using SD. When renormalized to SA size steps, One can see
that the three curves for different values of s match almost ideally. That happens because,
with the implemented rewiring, most interactions involve agents who already share the
same opinions.

Figure 5. Distribution of opinions after these opinions are (upper) measured as disagreement steps
and (lower) renormalized to agreement steps.

However, the problem of defining extremism under these circumstances becomes even
more straightforward. One no longer has a case when the agent bias does not agree with
its opinion. Indeed, the observed averages for the proportion of agreement between bias
and opinions were 99.8% for s = 1, 100% for s = 1.5, and 100% for s = 2.0. That means
that to change position, all agents move one disagreement step at a time. While observing
how the curves match when one measures opinions in agreement steps is interesting,
the disagreement step case is more informative. And here, as expected, the more bias one
introduces, the more complicated it becomes for all agents to change their opinions.
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4.2.1. Simulating the Conservatism Bias

The conservatism model defined in Equation (7) was also implemented using the same
parameter values used in the previous cases in Section 4.1. As in this scenario there is no
distinction between opinion and bias, the simulations presented here do not include an
initial rewiring phase to guarantee that most agents are aligned with their own biases.

Figure 6 shows the distribution of opinions as disagreement steps (Figure 6, upper)
and agreement steps (Figure 6, lower). As have been discussed in Section 4.2, in this case,
the measure that tells us how complicated it is for an agent to change its choice is associated
with the disagreement steps. One can see in Figure 6, upper, that, as was observed with
the direct bias case with no initial rewiring (Figure 2), the peaks of extreme opinions move
to more distant values and become less pronounced. That happens because, contrary to
the rewired case when there were few links between disagreeing agents, there is still more
extensive borders where one can find agents whose neighbors have distinct choices. Despite
that, moderate agents, close to zero, become rarer as the conservatism bias increases. While
not as relevant for understanding how extreme opinions are in this model, Figure 6, lower,
renormalized for agreement steps of size one, is still of interest. It shows the same tendency
of preserving the general shape for different values of s observed before (in Figure 5),
except that one can see that when no conservatism is expected (s = 1.0), there are still more
agents in the moderate region.

Figure 6. Distribution of opinions after these opinions opinions are (upper) measured as disagreement
steps and (lower) renormalized to agreement steps.
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5. Conclusions

Approximating the complete but impossible Bayesian rules provides a reasonable
description of human behavior, especially when one accounts for individuals’ imperfect
trust in others and their tendency to reason in a motivated manner. By modeling these
approximations, one can create realistic models of human behavior, as demonstrated in this
paper. This paper analysis focuses on introducing variations to the CODA model where
agents exhibit biases in favor of a particular opinion. Through the current investigation, it
is found that conservatism implementation, where the agents distrust information that goes
against their beliefs, results in more extreme opinions and a greater resistance to change.

Furthermore, this research examines how to obtain update rules from assumptions
about the agents’ mental models, using both previously published cases and the new
examples. Another crucial aspect of using Bayesian-inspired rules is that it allows for a
better understanding of the relationship between distinct models. By exploring which
assumptions lead to the current opinion models, one gets insight into their inter-relatedness
and identify cases when each model might be more applicable. Overall, this study sheds
light on the potential of Bayesian-inspired modeling to offer a more nuanced description of
agent behavior and its impact on opinion dynamics.
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74. Wang, Y.; Gan, L.; Djurić, P.M. Opinion dynamics in multi-agent systems with binary decision exchanges. In 2016 IEEE

International Conference on Acoustics, Speech and Signal Processing (ICASSP); Proceedings; The Institute of Electrical and Electronics
Engineers, Inc.: New York, NY, USA, 2016; pp. 4588–4592. [CrossRef]

75. Knill, D.C.; Pouget, A. The Bayesian brain: The role of uncertainty in neural coding and computation. Trends Neurosci. 2004, 27,
712–719. [CrossRef]

76. Martins, A.C.R. Probabilistic biases as Bayesian inference. Judgm. Decis. Mak. 2006, 1, 108–117. [CrossRef]

20



Physics 2024, 6

77. Tenenbaum, J.B.; Kemp, C.; Shafto, P. Theory-based Bayesian models of inductive reasoning. In Inductive Reasoning: Experimental,
Developmental, and Computational Approaches; Feeney, A., Heit, E., Eds.; Cambridge University Press: Cambridge, UK, 2007;
pp. 167–204. [CrossRef]

78. Tenenbaum, J.B.; Kemp, C.; Griffiths, T.L.; Goodman, N.D. How to grow a mind: Statistics, structure, and abstraction. Science
2011, 331, 1279–1285. [CrossRef]

79. Martins, A.C.R. Arguments, Cognition, and Science: Need and Consequences of Probabilistic Induction in Science; Rowman & Littlefield
Publishers: Lanham, MD, USA, 2020.

80. Martins, A.C.R. Embracing undecidability: Cognitive needs and theory evaluation. arXiv 2020, arXiv:2006.02020. [CrossRef]
81. Simon, H.A. Rational choice and the structure of environments. Psychol. Rev. 1956, 63, 129–138. [CrossRef] [PubMed]
82. Selten, R. What is bounded rationality? In Bounded Rationality: The Adaptive Toolbox; Gigerenzer, G., Selte, R., Eds.; The MIT Press:

Cambridge, MA, USA, 2001; pp. 147–171. [CrossRef]
83. Cox, R.T. The Algebra of Probable Inference; The John Hopkins Press: Baltimore, MD, USA, 1961. Available online: https:

//bayes.wustl.edu/Manual/cox-algebra.pdf (accessed on 15 june 2024).
84. Jaynes, E.T. Probability Theory: The Logic of Science; Cambridge University Press: New York, NY, USA, 2003. [CrossRef]
85. Caticha, A.; Giffin, A. Updating probabilities. AIP Conf. Proc. 2006, 872, 31–42. [CrossRef]
86. Eberhardt, F.; Danks, D. Confirmation in the cognitive sciences: The problematic case of bayesian models. Minds Mach. 2011, 21,

389–410. [CrossRef]
87. Elqayam, S.; Evans, J.S.B.T. Rationality in the new paradigm: Strict versus soft bayesian approaches. Think. Reason. 2013, 19,

453–470. [CrossRef]
88. Chater, N.; Felin, T.; Funder, D.C.; Gigerenzer, G.; Koenderink, J.J.; Krueger, J.I.; Noble, D.; Nordli, S.A.; Oaksford, M.; Schwartz,

B.; Stanovich, K.E.; Todd, P.M. Mind, rationality, and cognition: An interdisciplinary debate. Psychon. Bull. Rev. 2018, 25, 793–826.
[CrossRef]

89. Watson, P.C.; Johnson-Laird, P. Psychology of Reasoning: Structure and Content; Harvard University Press: Cambridge, MA, USA,
1972. Available online: https://archive.org/details/psychologyofreas0000waso (accessed on 15 June 2024).

90. Tversky, A.; Kahneman, D. Extension versus intuituive reasoning: The conjuction fallacy in probability judgement. Psychol. Rev.
1983, 90, 293–315. [CrossRef]

91. Oskamp, S. Overconfidence in case-study judgments. J. Consult. Psychol. 1965, 29, 261–265. [CrossRef] [PubMed]
92. Johnson-Laird, P.N.; Legrenzi, P.; Legrenzi, M.S. Reasoning and a sense of reality. Brit. J. Psychol. 1972, 6, 395–400. [CrossRef]
93. Gigerenzer, G.; Todd, P.M.; the ABC Research Group. Simple Heuristics That Make Us Smart; Oxford University Press, Inc.:

New York, NY, USA, 1999.
94. Tversky, A.; Kahneman, D. Availability: A heuristic for judging frequency and probability. Cogn. Psychol. 1973, 5, 207–232.

[CrossRef]
95. Gigerenzer, G.; Goldstein, D.G. Reasoning the fast and frugal way: Models of bounded rationality. Psychol. Rev. 1996, 103,

650–669. [CrossRef] [PubMed]
96. Kahan, D.M. Ideology, motivated reasoning, and cognitive reflection. Judgm. Decis. Mak. 2013, 8, 407–424. [CrossRef]
97. Kahan, D.M. The expressive rationality of inaccurate perceptions. Behav. Brain Sci. 2017, 40, e6. [CrossRef] [PubMed]
98. Mercier, H.; Sperber, D. Why do humans reason? arguments for an argumentative theory. Behav. Brain Sci. 2011, 34, 57–111.

[CrossRef] [PubMed]
99. Mercier, H.; Sperber, D. The Enigma of Reason; Harvard University Press: Cambridge, MA, USA, 2017. [CrossRef]
100. Kahneman, D.; Tversky, A. Prospect theory: An analysis of decision under risk. Econometrica 1979, 47, 263–291. [CrossRef]
101. Edwards, W. Conservatism in human information processing. In Formal Representation of Human Judgment; Kleinmuntz, B.,

Ed.; John Wiley & Sons, Inc.: New York, NY, USA, 1968; pp. 359–369. Available online: https://pages.ucsd.edu/~mckenzie/
Edwards1968excerpts.pdf (accessed on 15 June 2024).

102. Plous, S. The Psychology of Judgment and Decision Making; McGraw-Hill: New York, NY, USA, 1993.
103. Baron, J. Thinking and Deciding; Cambridge University Press: New York, NY, USA, 2023. [CrossRef]
104. Fitelson, B.; Thomason, N. Bayesians sometimes cannot ignore even very implausible theories (even ones that have not yet been

thought of). Australas. J. Log. 2008, 6, 25–36. [CrossRef]
105. Galam, S. Contrarian deterministic effect: The hung elections scenario. Phys. A Stat. Mech. Appl. 2004, 333, 453–460. [CrossRef]
106. O’Hagan, A. Kendall’s Advanced Theory of Statistics. Volume 2B: Bayesian Inference; Edward Arnold: London, UK, 1994.
107. Jervis, R. Perception and Misperception in International Politics; Princeton University Press: Princeton, NJ, USA, 1976. [CrossRef]
108. Clifford, P.; Sudbury, A. A model for spatial conflict. Biometrika 1973, 60, 581–588. [CrossRef]
109. Holley, R.; Liggett, T.M. Ergodic theorems for weakly interacting systems and the voter model. Ann. Probab. 1975, 3, 643–663.

[CrossRef]
110. Galam, S. Modelling rumors: The no plane pentagon french hoax case. Phys. A Stat. Mech. Appl. 2003, 320, 571–580. [CrossRef]
111. Galam, S. Opinion dynamics, minority spreading and heterogeneous beliefs. In Econophysics and Sociophysics: Trends and

Perspectives; Chakrabarti, B.K., Chakraborti, A., Chatterjee, A., Eds.; WILEY-VCH Verlag GmbH & Co. KGaA: Weinheim,
Germany, 2006; Chapter 13. [CrossRef]

21



Physics 2024, 6

112. Nickerson, R.S. Confirmation bias: A ubiquitous phenomenon in many guises. Rev. Gen. Psychol. 1998, 2, 175–220. [CrossRef]
113. The R Development Core Team. R: A Language and Environment for Statistical Computing. Reference Index. Version 2.7.0; R Foundation

for Statistical Computing: Vienna, Austria, 2008. Available online: https://ringo.ams.stonybrook.edu/images/2/2b/Refman.pdf
(accessed on 15 June 2024).

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

22



Citation: Galam, S. Fake News: “No

Ban, No Spread—With

Sequestration”. Physics 2024, 6,

859–876. https://

doi.org/10.3390/physics6020053

Received: 7 March 2024

Revised: 9 May 2024

Accepted: 14 May 2024

Published: 6 June 2024

Copyright: © 2024 by the author.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

Article

Fake News: “No Ban, No Spread—With Sequestration”

Serge Galam

CEVIPOF—Centre for Political Research, Sciences Po—CNRS, 1, Place Saint Thomas d’Aquin,
75007 Paris, France; serge.galam@sciencespo.fr

Abstract: To curb the spread of fake news, I propose an alternative to the current trend of imple-
menting coercive measures. This approach would preserve freedom of speech while neutralizing the
social impact of fake news. The proposal relies on creating an environment to naturally sequestrate
fake news within quite small networks of people. I illustrate the process using a stylized model of
opinion dynamics. In particular, I explore the effect of a simultaneous activation of prejudice tie
breaking and contrarian behavior, on the spread of fake news. The results show that indeed most
pieces of fake news do not propagate beyond quite small groups of people and thus pose no global
threat. However, some peculiar sets of parameters are found to boost fake news so that it “naturally”
invades an entire community with no resistance, even if initially shared by only a handful of agents.
These findings identify the modifications of the parameters required to reverse the boosting effect into
a sequestration effect by an appropriate reshaping of the social geometry of the opinion dynamics
landscape. Then, all fake news items become “naturally” trapped inside limited networks of people.
No prohibition is required. The next significant challenge is implementing this groundbreaking
scheme within social media.

Keywords: fake news; freedom of speech; sequestration; opinion dynamics; prejudices; contrarians;
tipping points; attractors; sociophysics

1. Introduction

Fake news has emerged as a significant and critical component of today’s information
landscape. It plays a pivotal role in the shaping outcomes of critical debates surrounding
social, political, and societal matters. Fake news exerts a substantial influence on the
formation of public opinion via social media [1,2].

Frequently, fake news is crafted with malicious intent, disseminating false and decep-
tive information while employing emotional manipulation and exploring many prejudices
deeply rooted in our social and political representations. Indeed, the motivation of individ-
ual spreaders has been investigated [3,4].

In addition, instances of foreign-originated fake news were observed during the 2016
US and 2022 French presidential elections, in which they interfered in favor of specific
candidates. However, investigations have not established a quantifiable impact on the
final electoral results, despite evidence pointing to a reinforcement of existing individual
opinions [5].

Presently, fake news has evolved into a pervasive tool for distorting public discourse
on crucial issues faced by modern societies. Consequently, its associated impact has
become a pressing concern for democratic institutions. Policymakers are taking measures
to implement various regulations aimed at curbing the spread of fake news.

A series of regulation measures are thus implemented to control and restrict the use of
social media [6–8], which in practical terms are likely to end in limitations of individual
freedom of speech. In addition, considerable resources and effort are being dedicated to
establishing fact-checking platforms to assess the reliability of information disseminated
online. Yet, fake news continues to thrive within social media platforms.
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Moreover, it is of importance to caution against the relevance of these coercive policies,
because such regulatory bodies can be misused for partisan purposes, as proven in the past.
Indeed, they could also turn counterproductive by preventing the revelation of real facts
hidden by official institutions, providing a framework for dismissing state secrets revealed
by whistleblowers as “fake news”. Famous examples include the “Watergate Scandal” [9],
“Tuskegee Syphilis Study” [10], and “Iran-Contra Affair” [11].

At odd, Elon Musk has launched an opposite controversial governance of his social
media X, advocating for freedom of speech [12,13], which in turn has produced a backslash
from quite a number of people and institutions accusing him of promoting hate speech in
the name of freedom of speech [14].

In this paper, I address the issue of curbing the spread of fake news by exploring
another avenue I denote “No Ban, No Spread—with Sequestration”. The aim is to unveil
a framework to sequestrate fake news posts within quite small networks of agents. My
starting hypothesis is to consider that it may not be the content of fake news per se that
matters, but rather the interaction of that content with the social and psychological geometry
in which fake news emerges and propagates.

While this geometry is given independently of the specific content of a fake news
item, it plays a crucial role in facilitating its spread. Given such a layout, my focus is to
identify the related parameters capable of reversing the shape of the associated social and
psychological geometry to make it block the spread of “fake news” instead of boosting
it. Once done, fake news become “naturally” trapped and sequestrated in quite small
networks of agents.

To test the soundness of my proposal, I consider a stylized social framework within
sociophysics [15–18], to explore the features that control the propagation of fake news
beyond its mere content. Sociophysics is a new active field of physics that tackles social
and political phenomena adopting a physicist-like approach [19,20]. The challenge is not
to substitute social sciences but to create a new hard science by itself [21–35].

Indeed, among the large spectrum of social and political issues covered by socio-
physics [36–55], the study of the dynamics of opinion occupies a central place [56–64]. A
good deal of papers consider binary variables [65–86] and fewer three or more discrete
opinions [87–94]. Currently, the field of sociophysics is attracting growing interest with a
rather large number of published papers [95–108].

Here, I extend the model of opinion dynamics I have been developing for a few
decades (then, the Galam model) deployed in a multi-dimensional space of parameters, by
exploring a novel combination of the heterogeneity of agents with contrarians embedded
among floaters when tie-breaking prejudice is activated [109–115].

The study reveals that the combination of contrarians and tie-breaking prejudice is
instrumental in shaping the geometrical landscape, which either blocks fake news items or
on the contrary unlocks others fostering an overall spreading. It happens that the activation
of a quite small proportion of contrarians associated with a favorable tie-breaking prejudice
opens the path to a massive spread of fake news, even when it started being believed by
only a handful of agents.

The findings could serve as a foundation to design non-restrictive regulations, which
could prevent “naturally” any invasion of social media by fake news. The related lever
is the setting of a geometrical sequestration of fake news within quite small networks of
agents. Then, neither prohibition or restriction is required.

The rest of the paper is organized as follows. Section 2 reviews the Galam model
of opinion dynamics, while Section 3 introduces a new combination of contrarians and
prejudice tie breaking in local group updates of opinion. The mechanisms locking or
unlocking the spread of fake news are unveiled in Section 4. Section 5 identifies new
strategies to sequestrate fake news posts without prohibiting them. The Conclusions
contains a summary of the main results.
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2. The Galam Model of Opinion Dynamics

2.1. Floaters Dynamics and Local Majority

The bare Galam model considers two competing discrete opinions A and B within a
homogeneous population of floaters. Floaters are agents holding an opinion. They advocate
to promote it. However, floaters listen to opposite arguments in favor of the competing
opinion and thus are susceptible to become convinced to shift opinion [111–113].

Given initial proportions p0 and (1 − p0) in favor of A and B, a dynamic is imple-
mented by iterating a three-step procedure to update individual opinions. First, agents
are distributed randomly in quite small groups of size r. Then, a local majority rule is
applied separately to each group where all agents adopt the majority opinion. Third, agents
are reshuffled. The update modifies the proportions p0 and (1 − p0) to new ones p1 and
(1 − p1).

The scheme is then repeated n times with p0 → p1 → p2 → . . . → pn. The associated
update equation is given by

pr,1 =

[
r

∑
l=r̄+1

(
r
l

)
pl

0(1 − p0)
r−l +

1
2

δ
(

r̄ − r
2

)( r
r/2

)
pr/2

0 (1 − p0)
r/2

]
, (1)

where r̄ ≡ I[r/2], with I[x] denoting the integer part of x and δ(x − a) is the Dirac delta
function. Last term of Equation (1) means that for an even value of r at a tie, agents do not
shift opinion.

The full landscape of the dynamics is obtained solving the fixed-point equation
pr,1 = p0. The equation yields one tipping point pt = 1/2 and two attractors pA = 1
and pB = 0, which are all independent of the value of r. The associated dynamics are thus
perfectly balanced with the opinion, which has gathered the majority of individual initial
opinions, becoming larger and larger to reach eventually unanimity provided the number
of updates n is sufficient.

The majority of agents have convinced individually via local discussing groups, agents
holding initially the minority opinion to adopt the initial majority opinion. The dynamics
are democratic with p0 < p1 < p2 < ... < pn when p0 > 1/2 and p0 > p1 > p2 > · · · > pn
when p0 < 1/2.

2.2. Floaters with Tie-Breaking Prejudice

However, the above ideal picture of democratic opinion dynamics breaks down when a
tie breaking is included for evenly sized groups. In this case, at a tie, the group gets trapped
into a collective doubt, with both opinions being equally acceptable. Since rationality
cannot help to decide, everyone selects one of the two opinions at random, like tossing a
coin. Individual choices are made by chance.

But contrary to the above rationale of random choices, the Galam model hypothesizes
that indeed the “coin” is biased. For each agent, the state of doubting puts unconsciously
some prejudice in control of the choice. The decision-making bias is monitored by the
prejudice, which has been activated by the issue at stake. The decision is not made in the
name of prejudice, but in the name of chance. To account for a distribution of different
prejudices among agents, at a tie, opinion A is selected with probability k and opinion B
with probability (1 − k).

Accordingly, for r = 4, Equation (1) reduces to

p4,k = p4
0 + 4p3

0(1 − p0) + 6kp2
0(1 − p0)

2, (2)

which still has the two attractors pA = 1 and pB = 0. But now, the attractors are separated
by a tipping point located at

pt,k =
(6k − 1)−

√
13 − 36k + 36k2

6(2k − 1)
, (3)
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instead of pt = 1/2. For k = 0, 1/2, and 1, Equation (3) yields, respectively, pt,0 =
(1 +

√
13)/6 ≈ 0.77, pt,1/2 = 1/2, and pt,1 = (5 −

√
13)/6 ≈ 0.23. Accordingly, 1/2 ≤

pt,k ≤ 0.77 when 0 ≤ k ≤ 1/2 and 0.23 ≤ pt,k ≤ 1/2 when 1/2 ≤ k ≤ 1. (Note some
misprints in Equation (3) and the following paragraph in Ref. [115]).

With pt ≈ 0.23, instead of 0.50, the case k = 1 illustrates the phenomenon of minority
spreading. With opinion A being favored by the group prejudice, it needs to gather at mini-
mum initial minority support of only 0.23% to convince the initial majority of agents, who
are sharing opinion B, to adopt instead opinion A via local and open-minded discussions.

The previous democratic character of the opinion dynamics has been broken naturally
and unconsciously without notice in favor of the choice in tune with the prejudices of the
group. No coercion has been used. However, the initial support of A must be larger than
0.23. Otherwise, the minority opinion does lose support.

2.3. Floaters and Contrarians

Like floaters, contrarians are agents having an opinion, arguing for it, and listening
to opposite arguments. However, unlike floaters, instead of following the local majority
in a discussing group (fake news is true, fake news is false), they automatically adopt the
opposite opinion (fake news is false, fake news is true) whatever the majority is [114]. They
do it also in case of initial unanimity.

On this basis, while local majority rule favors the strengthening of an initial majority be-
tween two competing opinions, contrarians on the other hand favor a minority stand, which
in turn reduces the gap between the respective proportions of the two competing opinions.

As expected, contrarians prevent the disappearance of the minority opinion even when
many successive updates have been implemented. For instance, for discussing groups of
size 4, update Equation (2) becomes,

p1,x = (1 − 2x)
[

p4
0 + 4p3

0(1 − p0) + 3p2
0(1 − p0)

2
]
+ x, (4)

where k = 1/2 (no tie breaking), x is the proportion of contrarians, and (1 − x) is the
proportion of floaters.

The associated fixed-point equation p1,x = p0 yields pt,x = 1/2 and

pA,x;B,x =
1 − 2x ±

√
1 − 8x + 12x2

2(1 − 2x)
, (5)

provided 0 ≤ x ≤ xc with xc = 1/6 ≈ 0.167.
While the tie-prejudice effect preserves the floater attractors pA = 1 and pB = 0,

shifting the tipping point away from pt = 1/2, contrarians on the other hand preserve the
tipping point pt = 1/2 but shift both attractors, which in turn stabilize a coexistence of a
large majority and a quite small minority with pA,x < 1 and pB,x > 0.

It is worth noticing that at x = xc = 1/6, pA = pB = 1/2. Accordingly, for x > xc, the
dynamics is driven by a single attractor located at 1/2. Any initial condition ends up at a
perfectly balanced support for A and B. Here, I assume that x ≤ 1/2, which is sound given
the definition of a contrarian.

2.4. From Minority Opinion to Fake News

The Galam model deals with competing opinions A and B given some initial propor-
tions p0 and (1 − p0) of respective supports, making by definition one minority and the
other one majority. Applying the model to fake news is performed naturally, noticing a
restriction of the proportions. Denoting A fa piece of fake news implies by nature of the
phenomenon to have A being ultra minority with p0 	 1/2. The competing opinion B then
denotes the dismissing of A for being false and always starts with overwhelming support.

In addition, it is worth stressing that each fake news post activates specific preju-
dices. Given the content, within a social and political context, a fake news item produces
contrarians in different proportions.
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3. Contrarians with Tie Prejudice Breaking

In Section 2, I reviewed some main results obtained from the Galam model of opinion
dynamics. I now investigate for the first time the impact of having contrarians in a commu-
nity of floaters with active tie prejudice breaking. I restrict the study to discussing groups
of size 4. Combining Equations (2) and (4) leads to the update equation

p4,k,x = (1 − 2x)
[

p4
0 + 4p3

0(1 − p0) + 6kp2
0(1 − p0)

2
]
+ x. (6)

Despite of a simplicity of Equation (6), the related fixed-point equation p4,k,x = p0
cannot be solved analytically. A numerical treatment is required to determine the fixed
points pA,k,x, pB,k,x, pt,k,x, with their domains of existence within the full parameter space
0 ≤ k ≤ 1 and 0 ≤ x ≤ 1.

Before starting the investigation, it is worth reminding the effect on the opinion
dynamics of having contrarians among a community of floaters without tie-breaking
prejudice (k = 1/2) as shown in Figure 1 and discussed in Section 2.3. With contrarians
opposing the local majorities, as expected, they prevent reaching unanimity, securing
always a resilient proportion of agents sharing the minority opinion. The more contrarians,
the larger the stable minority with both attractors moving towards the tipping point, which
remains located at 50%.
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Figure 1. Evolution of attractors and tipping points as a function of the proportion x of contrarians
for probability k = 1/2 (no tie breaking). The lower curve represents the attractor pB,0.5,x (in blue),
the upper curve the attractor pA,0.5,x (in green), and the first part of middle line the tipping point
pt,0.5,x = 0.5 (in red). At xc = 0.167, pA,0.5,xc = pB,0.5,xc = pt,0.5,xc = 0.5. For x > xc, the unique
attractor is located at precisely 1/2 (the second part of the red line). The violet and green arrows
show the different directions of opinion dynamics. See text for more details.

Nevertheless, despite being smooth, the shift of attractors brings them to the tipping
point for the small proportion of contrarians xc = ≈ 0.167. Then, for x > xc, the dynamics
are turned upside down, becoming a single 50% attractor dynamic. Beyond xc, contrarians
erase totally any initial difference in the proportions of support for A and B. The whole
related dynamics is and stays symmetric ensuring a democratic balance.

However, as soon as k �= 0, the symmetry between A and B is broken. To identify the
consequences associated with the activation of contrarians, I choose arbitrarily to start from
k = 1 to study the range 0 ≤ k ≤ 1.
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3.1. Fake News in Tune with Active Prejudices

Figure 2 exhibits the dynamics landscape of opinion as a function of x for k = 1. At the
corner (k = 1, x = 0), pA,1,0 = 1, pB,1,0 = 0 and pt,1,0 ≈ 0.23. From there, slightly increasing
the proportion x of contrarians shifts pA,1,0, and pB,1,0 to, respectively, lower and higher
values pA,1,x and pB,1,x, as one would expect and is shown in the Figure 2.
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Figure 2. Evolution of attractors and tipping points as a function of the proportion x of contrarians for
k = 1. The lower curve represents the attractor pB,1,x (in red), the upper curve the attractor pA,1,x (in
green and red), and the middle curve the tipping point pt,1,x (in blue). At xc = 0.055, pA,1,xc = 0.944
and pA,1,0.20 = 0.778, and pA,1,0.30 = 0.649. The red dotted line represents the majority threshold. The
arrows show the different directions of opinion dynamics.

However, the value of the tipping point pt,1,x is seen to decrease, which is not expected.
Indeed, being in a region where p is less than 0.23, a lower value for the tipping point means
that A will keep increasing even when above 50%. That is not expected since contrarians are
expected to decrease any majority as seen with the two attractors pA,1,0 = 1 and pB,1,0 = 0
being shifted to, respectively, lower and high values.

Moreover, contrary to the symmetric case where the three fixed points merge to result
in one unique attractor located at 0.50, here, only the two fixed points pB,1,x and pt,1,x merge
and disappear at a small value xc = 0.055, leaving pA,1,x as the unique attractor driving the
dynamics with pA,1,xc = 0.944. It is noticeable that when x > xc = 0.055, pA,1,x is always
located above 50%.

In addition to being counter-intuitive, the above results show a unexpected and
alarming reality about the spread of fake news. Given a fake news item totally in tune
(k = 1) with the leading prejudice of a community, as soon as the proportion of active
contrarians is larger than a few percent (x > xc = 0.055), a handful of agents sharing
initially the fake news are sufficient to have it spread inexorably and invade large parts of
this community, as seen with pA,1,xc = 0.944.

Although increasing the proportion of contrarians decreases the value pA,1,x towards
equal probability as expected, the fake news can still reach more than the majority of the
community, as seen with pA,1,0.20 = 0.778 and pA,1,0.30 = 0.649 in Figure 2.

In case the prejudices are heterogeneous with respect to the fake news post, the above
phenomenon persists, requiring only a few more active contrarians. But the fake news
post still requires only a handful of initial support agents to spread over and become the
majority, for instance, with k = 0.60, xc = 0.114, and pA,0.60,xc = 0.843, as seen in Figure 3.
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For x = 0.20, pA,0.60,0.20 = 0.648, which indicates that a large minority 1 − pA,0.60,0.20 = 0.352
remain dismissing the piece of fake news. For x = 0.30, pA,0.60,0.30 = 0.537, with the op-
posed minority reaching 1 − pA,0.60,0.30 = 0.463.
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Figure 3. Evolution of attractors and tipping point as a function of the proportion x of contrarians
for k = 0.60. The lower curve represents the attractor pB,0.60,x (in red), the upper curve the attractor
pA,0.60,x (in green and red), and the middle curve the tipping point pt,0.60,x (in blue). At xc = 0.114,
pA,0.60,xc = 0.843, pA,0.60,0.20 = 0.648, and pA,0.60,0.30 = 0.537. The red dotted line represents the
majority threshold. The arrows show the different directions of opinion dynamics.

Figure 4 exhibits both k = 0.53 and k = 0.501 cases, which show how the symmetrical
case k = 0.50 is recovered (see Figure 2). Figure 2, left, has xc = 0.142, pA,0.53,xc = 0.753,
pA,0.53,0.20 = 0.562, and pA,0.53,0.30 = 0.511. Figure 2, right, has xc = 0.164, pA,0.501,xc =
0.589, pA,0.501,0.20 = 0.502, and pA,0.501,0.30 = 0.500.
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Figure 4. Evolution of attractors and tipping points as a function of the proportion x of contrarians
for k = 0.53, xc = 0.142, pA,0.53,xc = 0.753, pA,0.53,0.20 = 0.562, and pA,0.53,0.30 = 0.511 (left) and
k = 0.501, xc = 0.164, pA,0.501,xc = 0.589, pA,0.501,0.20 = 0.502, and pA,0.501,0.30 = 0.500 (right). The
lower curves represent the attractor pB,k,x (in red), the upper curves the attractor pA,k,x (in green
and red), and the middle curves the tipping point pt,k,x (in blue). The red dotted line represents the
majority threshold. The arrows show the different directions of opinion dynamics.

3.2. Fake News at Odds with Active Prejudices

Let us look at the reverse situation with a fake news item at odds with the leading
prejudices of the community. The extreme case k = 0 dynamics landscape is shown in
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Figure 5. Comparing Figures 2 and 5 shows that the situation is anti-symmetrical from
k = 1, where being in tune with the leading prejudices fosters drastically the spread of fake
news even when initially shared by only a handful of agents.
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Figure 5. Evolution of attractors and tipping points as a function of the proportion x of contrarians
for k = 0. The lower curve represents the attractor pB,0,x (in blue), the upper curve the attractor
pA,0,x (in red), and the middle curve the tipping point pt,0,x (in green). At xc = 0.055, pB,0,xc = 0.056,
pB,0,0.20 = 0.222, and pB,0,0.30 = 0.351. The red dotted line represents the majority threshold. The
violet and green arrows show the different directions of opinion dynamics.

When the fake news item is at odds with the active prejudices, even if a large majority
of agents have initially believed it is true, the repeated discussions between agents in quite
small groups reduce drastically their proportion. Figure 5 exhibits the dynamics landscape
as a function of x for k = 0. At the corner (k = 0, x = 0), pA,0,0 = 1, pB,0,0 = 0 and
pt,0,0 ≈ 0.77. From there, slightly increasing the proportion of contrarians shifts pA,0,0 and
pB,0,0 to, respectively, lower and higher values, as would be expected.

However, here, contrary to pt,1,x, the value of the tipping point pt,0,x increases with
x, which is expected since a higher value for the tipping point makes it more complicated
for a majority to hold its status with contrarians reducing the gap between the majority
and the minority. However, as just above, even when A turns into the minority, it keeps
losing support.

Now, the two fixed points pA,0,x and pt,0,x instead of pB,1,x and pt,1,x merge and
disappear, but still at the same small value xc = 0.055, leaving pB,0,x to be the unique
attractor driving the dynamics with pB,0,xc = 0.056.

While the results just above were alarming and unexpected, here, the results are
reassuring with respect to the spontaneous curbing of fake news diffusion. Given a fake
news item totally at odds (k = 0) with the leading prejudice of a community, as soon as
the proportion of active contrarians is larger than a few percent (x > xc = 0.055), even
a particularly majority of agents sharing initially the fake news item will eventually shift
opinion, making their proportion to shrink inexorably down to quite low values of believers
as seen with pB,0,xc = 0.056.

Moreover, increasing the proportion of contrarians increases the value pB,0,xc towards
equal probability as expected but keeps it lower than 0.50. Indeed, when the fake news
supporters are the majority, the dynamics turn them down to a minority, as seen with
pB,0,0.20 = 0.222 and pB,0,0.30 = 0.351 in Figure 5.
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In case the prejudices are heterogeneous with respect to the fake news item, the above
phenomenon persists, requiring only a few more active contrarians. The fake news item
still ends up in the minority. For instance with k = 0.40, xc = 0.114, and pB,0.40,xc = 0.157,
as seen in Figure 6. Nevertheless, Figure 6 shows that a large minority remains concerning
the fake news item with pB,0.40,0.20 = 0.352 and pB,0.40,0.30 = 0.463 for, respectively, x = 0.20
and x = 0.30.

0.0 0.1 0.2 0.3 0.4 0.5
x

0.2

0.4

0.6

0.8

1.0
pc

k=0.4

k=0.4

Figure 6. Evolution of attractors and tipping points as a function of the proportion x of contrari-
ans for k = 0.40. The lower curve represents the attractor pB,0.40,x (in blue), the upper curve the
attractor pA,0.40,x (in red), and the middle curve the tipping point pt,0.40,x (in green). At xc = 0.114,
pB,0.40,xc = 0.157, pB,0.40,0.20 = 0.352, and pB,0.40,0.30 = 0.463. The red dotted line represents the
majority threshold. The arrows show the different directions of opinion dynamics.

Figure 7 exhibits both k = 0.47 and k = 0.499 cases, showing how the symmetrical
case k = 0.50 is recovered from a lower value of k (see Figure 2). Figure 7, left, has
xc = 0.142 and pB,0.47,xc = 0.247. For, respectively, x = 0.20 and x = 0.30, pB,0.47,0.20 =
0.438 and pB,0.47,0.30 = 0.489. Figure 7, right, has xc = 0.164 and pB,0.499,xc = 0.411 with
pB,0.499,0.20 = 0.498 and pB,0.499,0.30 = 0.500.
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Figure 7. Evolution of attractors and tipping points as a function of the proportion x of contrarians for
k = 0.47, xc = 0.142, pB,0.47,xc = 0.247, pB,0.47,0.20 = 0.438, and pB,0.47,0.30 = 0.489 (left) and k = 0.499,
xc = 0.164, pB,0.499,xc = 0.411, pB,0.499,0.20 = 0.498, and pB,0.499,0.30 = 0.500 (right). The lower curves
represent the attractor pB,k,x (in blue), the upper curves the attractor pA,k,x (in red), and the middle
curves the tipping point pt,k,x (in green). The red dotted line represents the majority threshold. The
arrows show the different directions of opinion dynamics.
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4. Unlocking or Locking Fake News

The analyses in Section 3 have highlighted the critical impact of a few percent of
contrarians on the dynamics of spreading fake news, once tie breaking by prejudice is
activated. In addition, the direction of the contrarian impact is set by the overlap between
the content of fake news and the leading prejudices prevailing in the social community.

It is useful to reemphasize that the selection of the prejudice being activated by the
fake news is performed unconsciously when a discussing group gets trapped in a local
doubt, determining the fake news validity. Either the fake news item benefits from the
leading activated prejudices with k > 1/2 or it is impeded with k < 1/2. The respective
effects on the dynamics of spreading are drastically different. But in both cases, only a few
percent of contrarians are required to implement the drastic bias of the dynamics, as shown
in Figure 8 and Table 1.
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Figure 8. The values of xc as a function of k. pc denotes the values pB,k,xc for 0 ≤ k ≤ 0.5 and pA,k,xc

for 0.5 ≤ k ≤ 1. The violet and green arrows show the different directions of opinion dynamics. See
text for details.

Table 1. The values of xc as a function of k with the values pB,k,xc for 0 ≤ k ≤ 0.5 and pA,k,xc for
0.5 ≤ k ≤ 1. See text for details.

k 0, 1 0.1, 0.9 0.2, 0.8 0.3, 0.7 0.4, 0.6 0.5
xc 0.055 0.064 0.074 0.09 0.114 0.167

pB,k≤0.5,xc 0.056 0.067 0.0815 0.107 0.157 0.5
pA,k≥0.5,xc 0.944 0.933 0.919 0.893 0.843 0.5

Moreover, the values of xc are identical for k and (1 − k) in the range 0 ≤ k ≤ 1/2.
The associated values of the unique attractor at xc satisfy pB,k≤0.5,xc + pA,k≥0.5,xc = 1, as
seen in Table 1. In addition, it is worth noticing that the values of the unique attractors
at xc stay either very low (0 ≤ k < 0.4) or very high (0.6 < k ≤ 1) beside in the range
0.4 < k < 0.6 where the values, respectively, fall towards 0.5. Three very different regimes
are thus obtained as a function of k:

Regime 1: 0 ≤ k < 0.4. When the activated prejudices are mainly detrimental to fake news,
the unique attractor pB,k,x is always much lower than 1/2, as seen in Table 1. This
means that even if a fake news item is first believed to be true by an overwhelming
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majority of the agents, the subsequent informal discussions among quite small groups
of agents will eventually turn most of them to reject the fake news item as being false.

Regime 2: 0.4 < k < 0.6. When the activated prejudices are almost equally distributed with
respect to fake news, whatever initial conditions, the fake news post ends up being
shared by almost half of the agents. It is less than half when 0.4 < k < 0.5 and more
than half for 0.5 < k < 0.6. In both cases, a substantial part of the community believes
the fake news is true, while another substantial part believes it is false. The society is
polarized with respect to the validity of the piece of fake news.

Regime 3: 0.6 < k ≤ 1. When the activated prejudices are mainly at the benefit of the fake
news item, the unique attractor is pA,k,x is always much larger than 1/2, as seen
in Table 1 and Figure 8. It means that even if fake news is first believed by only a
handful of agents, the informal discussions among them will inexorably increase the
proportion of believers to end up with an overwhelming part of the community. Such
case is most concerned with the fake news item reaching a stable status of being “true”
within the related community.

To grasp the whole landscape of the various types of dynamics, I have aggregated the
cases k = 1, 0.6, 0.501, and k = 0.499, 0.4, 0 shown in Figure 9, upper left and upper right,
respectively. Figure 9, lower, includes both series.
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Figure 9. Attractors and tipping point as a function of x for k = 1, 0.6, 0.501 (upper left), k =

0.499, 0.4, 0 (upper right), and for both series (lower) for the attractors pB,k,x (in blue), pA,k,x (in red),
and the tipping point pt,k,x (in green)—all denoted by pc.
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5. Strategies to Sequestrate Fake News without Prohibiting Them

The series of results obtained here highlight the critical roles played by contrarians and
activated prejudices in shaping the fate of a given piece of fake news. It is worth stressing
that their respective roles are implemented in parallel and without interaction between
them. The findings set the frame to identify new avenues for designing strategies to curb
the prominent spread of fake news and sequestrate it naturally into quite small networks
of agents without the need for prohibition. The key findings are as follows.

(i) A few percent of contrarians are enough to modify drastically the full landscape of the
associated dynamics of spreading or shrinking as exhibited in Figure 9. Contrarians
have always the same impact, which is transforming the tipping-point dynamic into
that of a single attractor. The consequence is that any initial support for any fake
news ends up at this unique attractor whose value is independent of that of the
initial support.

(ii) The location of the unique attractor of the dynamics is either above or below 1/2
depending on the distribution of prejudices activated by the fake news item. It is also
worth emphasizing that the single attractor is located mostly at either considerably low
or considerably high values as a function of the distribution of activated prejudices.

(iii) The heterogeneities of the activated prejudices depend on the sociocultural composi-
tion of each community. Moreover, the prejudices that are activated spontaneously are
selected by the content of the piece of fake news. As a result, some identical fake news
may spread in some communities and shrink in others.

5.1. Most Fake News Do not Spread

While contrarians are instrumental to the drastic reshaping of the geometry of the
dynamics landscape, I notice that they need to reach a proportion ranging between 6% and
20% to turn the tipping-point dynamics into a single attractor dynamics (see Table 1). More
than 10% is a significant figure, which in turn indicates that it is unlikely that much fake
news would generate such proportions of contrarians.

(i) When the contrarians are few in number, even in the case of beneficial (prejudices
k = 1), fake news needs to start with a rather high proportion of individual believers
and also rather hard to reach, as seen in Figure 9. For instance, with x = 0, the initial
proportion must be higher than 23%. However, there are quite rare exceptions, such as
the false claim that Israel bombed a hospital in Gaza in October 2023, which reached
an impressive number of believers around the world in a matter of hours [116].

(ii) When the fake news item is at odds with the prejudices, the challenge becomes out
of reach. In the case k = 0 and x = 0, the initial support must be higher than 77%
(Figure 9). A particularly large figure is impossible to reach in most cases.

(iii) In cases where the fake news item does generate proportions of contrarians about
10%, substantial proportions of initial believers are still necessary for both k < 1/2
and k > 1/2, as seen in Figure 9,

All these observations indicate that most fake news does not spread and thus does not
pose a threat to democratic unbiased public debates.

5.2. Some Rare Fake News Turn Spontaneously Invasive

When the fake news item is able to simultaneously generate more than 15% of con-
trarians and be in tune with most activated prejudices, only a handful of initial believers is
sufficient to launch an invasive dynamics of opinion. Then, the proportion of supporters
grows unseen till reaching eventually a majority of agents despite being initially dismissed
as false by the majority of the community as shown in Figure 9,

It may also happen, although quite rarely, that a fake news post is believed at once as
true by almost everyone [116]. When that happens, if the fake news item is in tune with
the activated prejudices, it stays widely believed through local discussions and settled as
“true” within the population.
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5.3. Novel Strategies to Curb Invasive Fake News

Indeed, the above findings and results indicate that to prevent malicious fake news
from thwarting the outcomes of balanced democratic public debates about central societal
and political issues. The focus could be not on banning the making of fake news but on
either preventing their spread or driving their downsizing.

As long as a fake news item stays confined to a quite small group of agents it does not
pose a threat. Therefore, instead of limiting the freedom of speech with heavy control of
social media, it may be more efficient to address the geometry of the landscape of opinion,
which drives the propagation of fake news. The subsequent goal becomes to identify the
features that keep most fake news confined and then apply them to the ones that do spread
over. Accordingly, I advocate setting the conditions for sequestrating invasive fake news
within quite small networks of agents. In the rare cases where the initial proportion of
believers is quite high, the aim is to reduce the initial support to quite small values and to
keep it there.

Within the extended Galam model of opinion dynamics, two parameters can fulfill
this goal of ”No ban, No spread—with Sequestration”. The first one is k, the spectrum of
prejudices activated spontaneously when groups of discussing agents become trapped at a
tie, with the two choices, true and fake, being equally acceptable. The second one is x, the
proportion of contrarian agents, which is produced by both the content of the fake news
item and the social environment of the agents.

The values of these two parameters determine the geometry of the landscape in which
the fake news dynamics are deployed. When the geometry boosted a fake news propagation,
its reshaping requests to modify these values to set them at quite low values to activate
the sequestration of fake news with no possibility of spreading out. More specifically, the
proportion of contrarians must be reduced, which implies individual changes of attitude.
In addition, tie-breaking cases must be tuned against the fake news item, which requires
modifying the associated prejudices. In the case of an initial high proportion of believers,
turning k from quite high to quite low values triggers a shrinking dynamic.

Once this avenue is selected, the follow-up instrumental question is how to implement
such a reshaping scheme within the real world. That requires elaborating appropriate novel
tools to modify k and x in order to reshape the social geometry of the landscape of the
dynamics of fake news.

However, defining the appropriate corresponding tools is beyond my skills and
expertise. At this stage, I have shown that the scheme of “No Ban, No Spread—with
Sequestration” is feasible within a stylized model of opinion dynamics. To transpose the
related findings to the real world requires an interdisciplinary collaboration with scientists
from computer, psychological, cognitive, and behavioral sciences. I hope this paper will
stimulate in these communities an interest along this point of view.

6. Conclusions

In this paper, I addressed the issue of how to curb the spread of fake news by exploring
a new avenue denoted “No Ban, No Spread—with Sequestration”, which aims both to
preserve full freedom of speech and neutralize the impact of fake news.

To illustrate my proposal, I used the sociophysics Galam model of opinion dynamics
focusing on the impact of having simultaneously contrarians when prejudice tie breaking
is activated. These two parameters are independent of each other. Solving the update
equations has revealed the existence of a critical value for the proportion of contrarians,
above which the dynamics landscape is turned upside down. There, the dynamics shift
abruptly from tipping-point dynamics to single attractor dynamics. Remarkably, the related
contrarian critical value is small with values between 6% and 20%.

In parallel, the associated single attractor is found to be located at either relatively
high or quite low proportions of fake news believers. The selection depends on the fake
news item being in tune or at odds with the main activated prejudices. A high value means
the fake news item does eventually invade the social space, whatever its initial support,
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even with only a handful of agents. On the contrary, a quite low value means the fake ends
up sequestrated into a quite small proportion of believers, even if it starts from an initial
high support.

These results are instrumental in determining the fate of fake news. Unveiling the
social geometry of the opinion landscape has shown that most pieces of fake news never
reach significant proportions of believers and stay confined to quite small numbers of
agents. Therefore, they pose no threat.

There is, however, a subgroup of fake news that simultaneously generates sufficient
contrarians and is in tune with most activated prejudices. Those items of fake news do
spread and invade large parts of a social community, even when initially shared by only a
handful of agents. The phenomenon is counter-intuitive and unexpected, highlighting an
alternative understanding of the “natural” spread of fake news.

At this point, it is worth noticing that while my study is performed using groups
of size 4, the main results are still valid when accounting for a combination of group
sizes, including larger sizes (weaker tie-breaking effect) and pairs of people (stronger tie-
breaking effect) [109]. Moreover, although social media groups may be quite large when
considering a given thread of discussion, most contributors are likely to read only a few
earlier comments, keeping quite small the effective size of the group. For future work,
investigating the effect of networks and the influence of external factors like competence
could be of interest.

The above findings allow envisioning new targeted paths to tackle only those threaten-
ing pieces of invasive fake news by sequestrating them via a modification of the underlying
social geometry to prevent their otherwise propagation towards a majority of believers.
Neither ban nor control of the net is required, allowing both full freedom of speech and the
guarantee of getting the threatening fake news items naturally sequestrated into limited
social networks involving only quite small numbers of agents. However, it is of importance
to stress that allowing the existence of fake news per se does not mean allowing speech of
hate, which is forbidden by law and thus must be prosecuted and condemned.

To conclude, I would like to stress that I am aware that there is a significant gap
between my findings in the context of a stylized model and the implementation of these
findings in the real world of social media. My purpose is to open up a new hypothetical
direction for curbing the spread of fake news, hoping that experts working on the ground
could use the proposal to eventually design new appropriate protocols. In particular, a
discussion within the sociophysics community to tackle the challenge of possible real-life
implementation would be particularly useful.
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Abstract: The bounded confidence model assumes simple continuous opinion dynamics in which
agents ignore opinions which are too far from their own. The two initial variants—Hegselmann–
Krause (HK) and Deffuant–Weisbuch (DW)—of the model have attracted significant attention since
the early 2000s. This paper revisits the version of the HK model applied to a probability distribution,
earlier studied by Jan Lorenz. It shows that the bifurcation diagram depends on the parity of the
size of the discretisation and that adding a small noise to the initial conditions leads to complex
transitions involving several phases.

Keywords: bounded confidence model; agent and distribution models; bifurcation diagram

1. Introduction

The field of sociophysics produces a wide variety of models and invests a lot of
effort into their study. These models are new conceptual objects lying at the boundary
between mathematics, physics and computer science. From the early models of James
Sakoda [1] and Thomas Schelling [2], the aim was to instantiate the complex interactions
between individual and collective dynamics or between psychology and sociology [3],
that physicists tend to call the interactions between micro and macro behaviours. Serge
Galam illustrates this point with his extensive production of models about diverse social
dynamics such as pyramidal vote, minority opinion diffusion, the diffusion of terrorist
activities and the formation of coalitions and uses a variety of tools from physics to study
them (for instance, see a review in Ref. [4]). The models used in the field indeed often
require sustained theoretical efforts to fully formalise the micro–macro dynamics (see for
instance the voter model [5,6] or the Axelrod model of culture [7,8] or the CODA opinion
and action model [9]). This paper presents such an effort to understand the details of the
collective dynamics emerging from specific models that can be related to sociophysics:
bounded confidence models of opinions.

The idea the bounded confidence model, namely of agents that are influenced by others’
opinions only when these are close enough to their own, appeared almost simultaneously
in two variants in the early 2000s. The Hegselmann–Krause (HK) variant [10], inaugurating
the term bounded confidence to designate the model, was motivated by the dynamics of
opinions within groups of experts, and assumes that the agents consider the opinions of all
of the others when revising their own. The Deffuant–Weisbuch (DW) variant [11,12] was
initially aimed at modelling exchanges among farmers and assumes that agents revise their
attitude when discussing with a single randomly chosen other.

Running these models with agents that hold the same confidence bound leads to one
or more separate clusters of opinions, depending on the value of the confidence bound. A
number of papers are devoted to studying these models and their variants [13]. Early papers
study the model in which all agents have the same confidence bound, showing the details
of the bifurcation diagrams when model parameters change. Other researchers investigate
populations with different confidence bounds. Several studies focus on including so-called
extremists agents, whose opinion is at the border of the opinion interval [14–16]. Others
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consider agents with confidences drawn in a given interval [17]. Many papers assess
the effect of different types of networks of interactions [18–20], and in some of them, the
topology changes with rules depending on the opinion dynamics [21,22]. Introducing noise
into these models also significantly modifies their qualitative behaviour [23–25]. Some
reviews are fully or partly devoted to these models and their variations [13,26,27].

This paper focuses on a specific theoretical approach, initially proposed in Ref. [28]
to study the DW variant and then by Jan Lorenz [29] to study the HK variant. The ap-
proach uses a probability distribution of the opinions instead of a discrete set of opinions.
Therefore, it approximates the behaviour of the model starting from a perfectly uniform
initial distribution and an infinity of agents. Reference [28] identifies several features of the
model that were not well apparent when running it in its agent version. The main feature
is the periodicity of the model which is made apparent by changing the commonly used
variables of representation. Another feature is the systematic presence of smaller clusters,
called minor or secondary clusters, in addition to the usual major or primary clusters.

Following Lorenz [29], this paper studies the HK bounded confidence in distribu-
tion. As discussed by Lorenz, the utility of a distribution version of the HK model is not
straightforward as the discretised initial uniform probability distribution is equivalent to
starting with initially equally spaced agents, a case which has been the subject of several
papers [10,30]. Moreover, the discretisation introduces approximation errors, whereas
a computation with rational numbers yields an exact result. However, the distribution
approach is more efficient computationally, making systematic simulation studies easier.
With this approach, Reference [29] shows that, with the HK model, the number of clusters
does not change monotonously when the bound decreases. Indeed, generally, a central
cluster reappears instead of two clusters equally distant from the center. Lorenz notices
long convergence times, indicating metastable states in this case.

This study replicates the approach of Ref. [29] with several differences: first, this study
uses the same axes of representation as in Ref. [28], in order to make more apparent a
possible periodicity. Second, this study uses both odd and even size of discretisation of the
opinion axis. The results indeed show a striking difference in the behaviour of the model
when the parity of the discretisation size changes. Finally, this paper investigates the effect
of adding a small noise to the initial distribution. This leads to complex transitions between
an odd number of clusters and the next, involving different phases.

2. The Models and Their Approximation with Distributions

2.1. The Two Variants of the BC Model

Let us consider the initial models, assuming a total mixing of the agents all sharing
the same confidence bound ε. The two variants of the Bounded Confidence model differ in
the schedule they use for agents to update their opinions. In the HK variant, all the agents
update their opinions simultaneously, considering all of the agents with close enough
opinions (see Algorithm 1). Importantly, the HK variant is deterministic. By contract, in the
DW variant, at each time step, a couple of agents’ opinions (ai, aj) is randomly chosen,
and if the distance between opinions is below the confidence bound ε, then the opinion ai
is updated by its influence on aj (see Algorithm 2). Note that, in the original version [11],
both agents update their opinions. This change is actually not much consequential, as it
does not change the general behaviour of the model. In both cases, we assume that the
opinions are updated until a convergence criterion is reached. Indeed, in both cases the
agents ultimately form clusters that are at more than ε-distance one from another.
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A noticeable difference between the algorithms is that an iteration of the HK model
updates all the opinions while an iteration of the DW model updates only a randomly
chosen couple of opinions.

Algorithm 1: runHK([a1, . . . , an] (initial opinions), ε (confidence bound))

while convergence ([a1, . . . , an]) = FALSE do

for i ← 1 to n do

âi ← average
(
{aj, |ai − aj| < ε}

)
// average of close enough

opinions;
end

for i ← 1 to n do

ai ← âi // all opinions change simultaneously;
end

end

Algorithm 2: runDW([a1, . . . , an] (initial opinions), ε (confidence bound))

while convergence ([a1, . . . , an]) = FALSE do

(ai, aj) ← random(2, [a1, . . . , an]) // random distinct couple;
if |ai − aj| < ε then

ai ← (ai + aj)/2
end

end

2.2. Distribution Version

Let us consider a probability distribution of agents’ opinions of density ρ on the
opinion range [0, 1], or more conveniently [−1, 1]. Theoretically this density is continuously
defined over this range. Computers cannot manipulate such an object and we approximate
the continuous density by a vector of size ng on a discrete subset of the opinion range. We
start with a uniform distribution, hence all the values in the vector ρ0 are equal to 1/ng.

In general, physicists determine the evolution of the distribution over time by writing
a master equation, which expresses the balance between the density flows coming and
leaving at each discrete location of the discrete grid. Here, I use a method (already used
in Ref. [15]) that is equivalent but can be seen as more straightforward. Indeed, it applies
the model directly on the discrete sites, stores all the results in a buffer vector Δ and once
all the sites are completed, it updates distribution ρ by adding Δ to it. Actually, in the end,
Δ includes the results of the master equation at the considered time step. In the case of the
HK model, instead of computing a difference, we directly compute the new distribution ρ̂
and then replace ρ with ρ̂.

As the opinion axis is discretised, the method always produces some errors, particu-
larly when the new opinion value coming from the interaction of opinions is not located
exactly at a discrete value. In particular, with the DW version, the method should transfer
amounts of density from site i on the axis to the theoretical position (i + j)/2. When
an integer k exists, such that i + j = 2k, the whole δ is transferred to site k. However,
if i + j = 2k + 1, then it would be arbitrary to transfer the whole δ to site k or to site k + 1.
Therefore, δ/2 is transferred to each site k and k + 1. Generalised to the HK model, the
method defines the new position a where the amount of density δ should be transferred as
a weighted average that can be located anywhere in a segment [k, k + 1]. Then the method
affects δ to sites k and k + 1 proportionally to the proximity of a to the site. a − k is the
proximity of a to site k + 1 and k + 1 − a is the proximity of a to site k. Lorenz uses the same
approximation in his distribution version of the HK model [29].

Then the investigation process includes, for different values of the confidence bound
ε, running the model approximation until the distribution stabilises and then determining
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the positions and amplitude of the final clusters. With the chosen approximation, the con-
vergence is ensured when there are only either a single or a couple of isolated sites with
non-zero density; isolated meaning that there is no other non-zero site at a distance lower
than nε. Algorithms 3 and 4 display the pseudo code of the method for the two variants of
the BC model.

As noticed in Ref. [28], it is convenient to use an opinion range [−1, 1] to vary 1/ε
instead of ε and a/ε instead of the opinion a because the DW model then shows a periodic
behaviour in the vicinity of a/ε = 0. Taking this into account, and following [28], we also
define ng as an integer close to 2nε/ε (number of discrete values describing the probability
distribution ρt), where t is the number of iterations.

Algorithm 3: distributionRunDW(ε (confidence bound), nε (ε discretisation size))

ng ← round(2ne/ε) // ng opinion range discretisation size;
ρ ← [ 1

ng
, . . . , 1

ng
] // ρ vector of size ng;

while convergence (ρ) = FALSE do
Δ ← [0, . . . , 0] // Δ vector of size ng;
for i ∈ {1, . . . , ng} do

m ← max(1, i − nε) // minimum location interacting with i;
M ← min

(
ng, i + nε

)
// maximum location interacting with i;

for j ← m to M do
if i + j = 2k then

Δ[k] ← Δ[k] + ρ[i]ρ[j]
end
if i + j = 2k + 1 then

Δ[k] ← Δ[k] + ρ[i]ρ[j]/2 ;
Δ[k + 1] ← Δ[k + 1] + ρ[i]ρ[j]/2 ;

end
Δ[i] ← Δ[i]− ρ[i]ρ[j] ;

end

end
ρ ← ρ + Δ

end

Algorithm 4: distributionHK(ε (confidence bound), nε (ε discretisation size))

ng ← round(2ne/ε) // ng opinion range discretisation size;
ρ ← [ 1

ng
, . . . , 1

ng
] // ρ vector of size ng;

while convergence (ρ) = FALSE do
ρ̂ ← [0, . . . , 0] // ρ̂ vector of size ng;
for i ∈ {1, . . . , ng} do

m ← max(1, i − nε) // minimum location interacting with i;
M ← min

(
ng, i + nε

)
// maximum location interacting with i;

a ←
(

∑M
j=m jρ[j]

)
/
(

∑M
j=m ρt[j]

)
// Average weighted by ρt;

k ← int(a) // int (a) integer part of a ;
ρ̂[k] ← ρ̂[k] + (k + 1 − a)ρ[i] ;
ρ̂[k + 1] ← ρ̂[k + 1] + (a − k)ρ[i] ;

end
ρ ← ρ̂

end

In order to evaluate the importance of a cluster, its mass (total distribution in the
cluster) is divided by 2ε. If the result is higher than 0.5, the cluster is major. If it is lower
than 0.01, it is minor. Reference [28] explains the emergence of minor clusters in the DW
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model qualitatively. Their explanation suggests that the HK model should not produce
minor clusters.

2.3. Dealing with Computational Instabilities: Forcing Symmetry and Adding Noise

Lorenz notices [29] cases of computational instabilities in the HK distribution model
for some values of the parameters, which are revealed by asymmetric results. Indeed, as the
initial state and the rules of change are all symmetric, these asymmetries necessarily come
from computational errors.

This study deals with these potential computational instabilities in two ways. Firstly,
the model runs on only half of the distribution and then it copies these results by symmetry
to the other half. In this way, computational instabilities lead to different outcomes that are
always symmetric. Secondly, in order to better understand the behaviour of the model in
these zones of computational instability, I compare the results to the ones obtained when
adding a small amount of noise to the initial distribution. In my tests, the initial mass 1/ng
of each discrete site in the distribution becomes (1 + δ)/ng, where δ is uniformly drawn in
[−0.001, 0.001]. I only apply this noise in the segment [−ε, ε], as the instabilities only occur
in this part of the space.

3. Simulation Results

3.1. DW Model

Figure 1 shows the final clusters of the DW model for opinions in range [−1, 1] and
1/ε ∈ [2, 9]. The colour code of site i is determined by ρ(i)/2ε where ρ(i) is the mass at the
site. For the major clusters, this value varies from 0.5 (green dots) to 1 and higher (red dots).
The smaller values are represented as blue dots, shown by the plus symbols for quite low
ones (lower than 0.01), representing the minor clusters.

Figure 1 replicates the results from Ref. [28] (also replicated by Lorenz [29], but not
using the same axes) with systematic minor clusters and a clear periodicity. I find a dis-
continuity in the presence of the minor clusters that does not appear in Ref. [28], and their
positions are slightly different. These differences are small and could come from a different
convergence criterion (the simulations stop when the absolute value of the change vector is
lower than 10−5).

Figure 1 was obtained with only odd values of ng, the size of the total discretisation.
However, taking even values instead yields exactly the same results. Let us recall these
results in order to contrast them with the ones obtained with the HK model, which are the
focus of this paper.
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Figure 1. Positions of the clusters (a/ε) in the full (upper) and zoomed (lower) a/ε ranges for the
opinion, a, range [−1, 1]. The discretisation of ε is nε = 101. The colors and symbols represent the
values of the total mass of the cluster divided by 2ε as indicated. See text for details.

3.2. HK Model with Odd or Even Discretisation Size

Figure 2 shows the positions and types of clusters obtained with the HK distribution
model, with 1/ε varying from 2 to 13 (with an opinion range of [−1, 1]), with odd (top)
and even (bottom) discretisation sizes ng. In both cases, the discretisation of ε is nε = 1001.
The results look periodic for both odd and even values of ng, but they are quite different.
Moreover, unlike the DW model, in which, periodically, one new central cluster or two new
central clusters are created and remain stable, it looks that the HK model goes through pe-
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riodic complex transitions with instabilities until two new major clusters stabilise, at about
2ε from the centre.

In the case of odd values of ng (Figure 2, upper) in each transition, when 1/ε increases,
two clusters around a minor cluster in the middle appear briefly, replacing a central major
cluster, and then there is a central cluster which is alone again, and finally two clusters
around the central one, at a distance of about ε. This phenomenon was already observed by
Lorenz [29], and highlighted in the title of his paper (“consensus strikes back”). However,
the periodicity was less apparent in Lorenz’s representation. The details of the three first
transitions shown in Figure 3, left, suggest that this periodicity is not perfect. In the first
and the third transitions, there are a few more values of 1/ε leading to a couple of major
clusters around the centre, where the equivalent values lead to a central cluster in the
second transition. Moreover, the slope of the positions of the clusters appearing at the
beginning of the transition looks to be smaller in the second transition than in the first,
and even smaller in the third.

In the case of even values of ng (Figure 2, lower), the transitions include more cases of
convergence towards a couple of clusters around the centre. Moreover, the transitions are
more complicated as can be seen in more details in Figure 3. The central cluster separates
into two clusters which remain for more values of 1/ε than when ng is odd, and then the
positions of these clusters move closer to the central cluster as 1/ε increases. Moreover,
the results then look unstable as there are cases where the central cluster reappears. Again,
the transitions are not exactly the same at each period and the instability of the results may
not be sufficient to explain all the differences. Indeed, there looks to be significantly more
convergences to the central cluster in the third transition.
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Initial conditions without noise
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Figure 2. Positions of the clusters (a/ε) for the opinion range [−1, 1]) for the odd (upper) and bottm
(lower) opinion range discretisation, ng. ε discretisation size, nε = 1001. The colors and symbols
represent the values of the total mass of the cluster divided by 2ε as indicated.
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Initial conditions without noise
Details of the first three transitions for odd and even discretisation size ng
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Figure 3. A closer look at the first three transitions for odd (left) and even (right) opinion discretisa-
tion sizes shown in Figure 2

The difference in behaviour between the odd and even discretization sizes is illustrated
by examples of simulation with odd and even values of ng in Figure 4. The simulations
use a smaller discretisation size, nε = 15 of ε, for 1/ε = 3, which is in the first transition,
in order to make all the sites in the distribution visible, with an odd ng = 91 in Figure 4,
upper, and an even ng = 90 in Figure 4, lower.

In both cases, a central major cluster, two major clusters at positions larger than ±ε
and two minor clusters located just below ±ε appear after a few iterations. Then, the minor
clusters quite slowly attract the two major clusters towards the centre, until the major
clusters arrive at ε from the central cluster.
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Initial conditions without noise
Odd ng = 91, nε = 15, 1/ε = 3.03
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Figure 4. Examples of runs of HK distribution model for 1/ε ≈ 3 and nε = 15 when the total
discretisation, ng, is odd (upper) or even (lower). The two black lines are at ±ε. The colors and
symbols represent the values of the total mass of the cluster divided by 2nε, as indicated.

Then, the process depends on the parity of ng. If ng is odd, the central cluster involves
only one discrete site with a significant mass (with possibly very small residual masses in
the sites just below and above). Then, the two major clusters at ±ε are both attracted by
the central cluster, yielding a single major central cluster. If ng is even, the central cluster is
made of two sites with a significant mass. Each of them is attracted by the closest of the

50



Physics 2024, 6

two clusters situated at ±ε and the final result is two major clusters at the same distance,
smaller than ε, from the centre.

These examples clarify why central clusters are more likely with odd ng and couples
of clusters around the centre are more likely with even ng.

It can be argued that a central cluster including only a one site with a significant
mass is a better representation of the agent model (taking initially regularly spaced agents).
Indeed, starting with two sites with significant masses defining the central cluster, the agent
algorithm would progressively merge them. This justifies Lorenz’s choice to privilege the
odd discretisation size.

However, the situation becomes more complicated than the two simple cases shown in
Figure 4 suggest. Indeed, these cases hide potential instabilities that can take place, which
are more likely when the discretisation size ng is larger. In order obtain a better view of
these instabilities, let us now run the model when adding a small noise to the initial state.

3.3. HK Model with Noise on the Initial Conditions

Figure 5 shows the results of the HK model in distribution when adding a small
noise to the initial distribution, as specified in Section 2.3. In this case, the unstable part
of the transition appears clearly. The odd (Figure 5, upper) and even (Figure 5, lower)
discretisation sizes ng yield rather similar results.

In order to obtain a more precise view of the model’s behaviour at the transition, I run
the model for nε = 500 for 1501 values of 1/ε ∈ [2.25, 3.75], an interval in which the first
transition takes place, and ng takes all of the integer values such that 2250 ≤ ng ≤ 3750.
The values of ng are thus alternatively odd and even. Indeed, in this case, the value the
discretisation size ng is 1000/ε. Figure 6 shows the results, with the cluster positions in
Figure 6, upper, and the convergence times in Figure 6, bottom.

One can identify three main phases in this transition (delimited by dotted lines on
Figure 6):

• From 1/ε ≈ 2.53 to 1/ε ≈ 2.62, for an odd ng, one central cluster is reached after a
few hundred iterations, and for an even ng, two clusters, at distance roughly ±ε from
the centre (slowly increasing with 1/ε), are reached after about 10 iterations.

• From 1/ε ≈ 2.62 to 1/ε ≈ 2.85, two clusters at a distance of roughly ±ε from the
centre (slowly increasing with 1/ε) with one minor cluster at the centre are reached
after a dozen iterations,

• From 1/ε ≈ 2.85 to 1/ε ≈ 3.35, there are two clusters in asymmetric positions and of
different masses. The cluster of smaller mass is located at ±ε and the one of bigger
mass is closer to the centre on the other side, and moves slowly closer to the centre
when 1/ε increases. The convergence is reached after a large number of iterations
(several thousands), except at the beginning and in the second half the phase where
some cases of fast convergence also appear.

Figure 7 shows two examples of simulations in the first phase of the transition, one
for an odd discretisation size ng = 2531 (1/ε = 2.351; Figure 7, top) the other for an
even ng = 2532 (1/ε = 2.352; Figure 7, middle), and one example in the third phase for
ng = 3001 (1/ε = 3.001; Figure 7, bottom).

In Figure 7, top, for ng = 2531, there is a quite small cluster remaining at the centre
(blue plus symbols) which slowly attracts both clusters initially located at a bit less than ε
from the centre until they merge. In Figure 7, middle, for ng = 2532, the initial evolution of
the distribution is quite similar, except that there is no minor cluster at the centre. Therefore,
the two major clusters remain in their positions and the simulation converges in about ten
iterations. In this first phase, the convergence is the same with or without noise.
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Initial conditions adding uniform noise in [−0.001, 0.001]
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Figure 5. Positions of the clusters (a/ε) (opinion range [−1, 1]) for odd (upper) and even (lower)
opinion range discretisation, ng. ε discretisation size nε = 101. The colors and symbols represent the
values of the total mass of the cluster divided by 2nε, as indicated.
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First transition with noise for nε = 500, ng all integers such that 2250 ≤ ng ≤ 3750
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Figure 6. Positions of the clusters (a/ε) (upper) and convergence time (lower) (opinion range [−1, 1]).
Discretisation ng is odd or even. ε discretisation size nε = 500. Upper: the colors and symbols
represent the values of the total mass of the cluster divided by 2ε, as indicated.
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Examples of runs for nε = 500 with noise
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Figure 7. Examples of runs with initial noise, for nε = 500 and ng = 1000/ε for the simulations in
the first phase (top and middle) and in the third phase (bottom) of the transition. The colors and
symbols are as in Figure 1.
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Figure 7, bottom, represents an example of a simulation in the third phase of the
transition. In this case, the noise strongly influences the result. The configuration emerging
after a dozen time steps includes one major central cluster (in green), two minor clusters
located at about ±ε (in blue) and two external major clusters symmetrically located a bit
further (in red). Then, the minor clusters attract the two further major clusters and also
move progressively closer to the centre. As a consequence of the noise, the configuration
is slightly asymmetric. The major external cluster located on the positive side becomes
closer than ε to the central cluster before the other, and at this moment, it merges with the
central cluster and the minor cluster into a major cluster which is closer than ε to the centre.
The other major external cluster merges with the minor cluster on its side and remains
located quite close to −ε. Certainly, depending on the noise, the first major cluster to merge
can also be the one located on the negative side.

This last example explains the shape of the cluster positions in Figure 6, upper, show-
ing two main branches on each side of the centre: the one in red corresponds to the external
cluster that arrives closer to the centre first and merges with the central cluster, the other
in green is the one that arrives after and only merges with the minor cluster on its side,
and remains close to ±ε.

Note that, at the beginning and in the second half of the third phase, there are many
cases where the minor clusters are located slightly further than ε and they directly merge
with the external major clusters, with the whole distribution converging to three clusters in
a dozen iterations. This explains the frequent oscillations in the convergence time, at the
beginning and in the second half of the third phase of the transition (these differences could
also define more specific phases in the transition).

Figure 8 shows the positions of the clusters during the transition from three to five
clusters (for 1/ε ∈ [4.5, 6]), focusing on opinions a such that a/ε ∈ [−2.5, 2.5], where the
transition takes place.

The second transition (between three and five clusters) is similar to first one (between
one and three clusters). Three phases can also be identified as having broadly similar
characteristics. Some differences are noticeable in the third phase though. Indeed, in the
first transition, one underlines that, in the second half of the third phase, the results can
be either an asymmetric configuration of two clusters or a symmetric configuration of
three clusters. By contrast, during the whole third phase of the second transition, only
the asymmetric configuration of two clusters takes place (here we omit to count the two
symmetric clusters that are located further than 2.5ε and that do not appear in Figure 8,
upper). Moreover, a fourth phase can then be identified, in which the results alternate
between a new asymmetric configuration, with one major cluster around ±ε and the other
around ±2ε, and the standard symmetric configuration of three clusters. The limits of the
four phases appear as vertical dotted lines in Figure 8.

An example of a simulation yielding this new configuration is represented on Figure 9.
In this case, there is a single minor cluster that is formed between the central major cluster
and the first cluster located in its negative side. The minor cluster slowly attracts both
major clusters which finally merge. In other simulations, the minor cluster can be formed
between the central cluster and the first cluster on the positive side (located around 2ε).
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Second transition with noise for nε = 500, ng all integers such that 4500 ≤ ng ≤ 6000
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Figure 8. Positions of the clusters (a/ε) (upper) and convergence time (lower) (opinion range [−1, 1]).
The vertical dotted lines delimit the phases of the transition. Upper: the colors and symbols represent
the values of the total mass of the cluster divided by 2ε, as indicated.
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Simulation for nε = 500, ng = 5681 ( 1/ε = 5.681)
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Figure 9. Example of simulation in the fourth phase of the second transition. The colors and symbols
are as in Figure 1.

4. Discussion

Starting from a slightly noisy uniform distribution, the HK model of distribution
shows surprisingly complex transitions from an odd number of clusters to the next, when
the confidence bound, ε, decreases. Indeed, the first transition (from one to three clusters)
includes three different phases. In the first phase, the result depends on the parity of
the discretisation. In the third phase, the result is sensitive to small initial asymmetries,
because of the presence of persisting minor clusters that slowly attract major clusters.

The second transition (from three to five clusters) shows strong similarities with the
first one, but also striking differences. In particular, a fourth phase appears, in which a
single persisting minor cluster appears between the central major and one of its neighbours,
slowly attracting these clusters until they finally merge. Further investigations are necessary
to explain why this fourth phase takes place in the second transition and not in the first one.

We did not investigate the third transition in detail, but strong differences with the two
first transitions are clear. These observations suggest that, unlike the DW model, the HK
model is not perfectly periodic. Indeed, the differences between the transitions look too
systematic to be due to the noise only.

These results suggest that the HK version of the bounded confidence is more different
from the DW version than suggested by the comparison made by Lorenz in 2006 [29].
Indeed, the DW version shows a clear periodicity and no sensitivity to the parity of the
discretisation or to a small amount of initial noise.

However, before making definite conclusions, it is strongly advisable to closely com-
pare the distribution version of the HK model with its agent version. Indeed, a distribution
model is particularly relevant when it averages some randomness in the agent model. This
is the case for the distribution version of the DW model, which averages the randomness
of the pair interactions of the agent version. As the HK model is deterministic, the dis-
tribution version introduces approximations without averaging, hence its relevance is
rather questionable. Moreover, as shown by Rainer Hegselmann [31], when starting from
regularly spaced agents on the opinion axis, it is possible to compute the exact result of
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the HK model for a rational confidence bound ε and to find all the values of ε leading to
different outcomes.

However, the results presented in this paper could promote new investigations into the
agent model and new interpretations of its results. Therefore, the merit of the distribution
version could simply be to provide a different perspective on the HK model, hopefully
leading to a better understanding of its properties.

Overall, although the HK version looks simpler in its principle than the DW version,
as it is deterministic, the collective behaviours that it generates in the case of initially
regularly spaced agents do not look fully understood more than twenty years after its first
publications [10,11] about this model. This looks to us a typical example of the general
endeavour of sociophysics to understand precisely how collective regularities emerge from
individual dynamics.
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Abstract: In this paper, we study the influence of a small group of agents (i.e., a lobby) that is trying
to spread a rumor in a population by using the known model proposed by Serge Galam. In particular,
lobbies are modeled as subgroups of individuals who strategically choose their seating in the social
space in order to protect their opinions and influence others. We consider different social gatherings
and simulate, using finite Markovian chains, opinion dynamics by comparing situations with a
lobby to those without a lobby. Our results show how the lobby can influence opinion dynamics in
terms of the prevailing opinion and the mean time to reach unanimity. The approach that we take
overcomes some of the problems that behavioral economics and psychology have recently struggled
with in terms of replicability. This approach is related to the methodological revolution that is slowly
changing the dominant perspective in psychology.

Keywords: opinion dynamics; sociophysics; Markovian chain physics models; social influence

1. Introduction

Besides the known incident [1] and the more recent case [2] in behavioral economics,
replicability has also been questioned in psychology since at least 2015 [3], and alternative
approaches to analyzing the phenomena studied by these disciplines could help to shed
light on human behavior in groups.

Social influence is a topic that has attracted great interest in both social psychology [4]
and behavioral economics [5]. Social psychology in particular has provided some ground-
breaking experiments in which the effect of groups in changing opinions [6] has been
investigated. Of additional relevance is the research on the influence of minorities using
a simulation approach on lattices [7] and on networks [8,9]; for a discussion of spatial
interactions in agent-based models, see [10]. Another interesting example can be found in
studies on the influence of small groups on majority consent [11]. These studies analyze
the influence of groups at the microscopic level and provide some insights that can be
applied in the analysis of political change [12]. Previous research has focused in particular
on two different aspects: the influence of the majority (i.e., conformity, Ref. [6]) and the
influence of the minority [13]. Studies on conformity show that the most common opinion
in a group is able to exert an enormous influence on individuals and leads them to give
inaccurate answers [6]. By contrast, studies on minority influence have focused on how
people resist group pressure and how individuals are able to change the opinion upheld by
the dominant position [14]. Minority studies have been applied to innovation and social
change [15] and also to the study of influence on dominant positions [12]; for reviews
on the influence of small groups, see [11,16,17]. Further experimental studies have been
conducted in order to shed light on the psychological processes of minority influences [18]
and the strategies of influencing dominant positions [19]. In the field of social epistemology,
both mathematical and computational models of social influence are being developed to
compare the ability to secure consensus in different types of social arrangements [20] and
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how agents may fail to converge to the truth [21]. Another important research branch
is devoted to the topic of strategic influence. In particular (see, e.g., [22,23]), strategic
influence is applied to voting schemes. In this paper, we consider lobbies as groups of
individuals who strategically choose their seats in the social space to protect their opinions
and influence other individuals. Finally, some contributions in the literature on group
decision making and consensus building can be found in Refs. [24,25].

More recently, the spread of conspiracy theories [26] on various topics [27], but also
on science [28,29] and the social processes underlying their spread [30], show how relevant
these phenomena can be to the society. Given the problems of replicability mentioned above,
analytical approaches or replicable simulation models can be highly useful. Therefore, we
introduce minorities in the known model of Serge Galam [31], who analyzed the spread of
hoaxes twenty years ago using sociophysics.

The paper is structured as follows. In Section 2, we discuss some possible approaches
to modeling opinion spreading. In Section 3, we summarize Galam’s model [31] and
illustrate how we extend it by introducing lobbies. The results of our simulation are
analyzed in Section 4. Finally, Section 5 gives the conclusions and suggests further research.

2. Analytical and Computational Approaches to Opinion Spreading

Although experimental studies provided by social psychology offer important con-
tributions in understanding the proximate mechanisms that influence human behavior,
this approach presents some intrinsic limits [13]. One of these limits is that experimental
studies cannot investigate the temporal dimensions and the long-run effects of opinion
dynamics on a population. Therefore, it is crucial to integrate the knowledge of the prox-
imate processes derived from social psychology with methods that can focus on a more
dynamic dimension. In other words, once it is known that a local majority opinion can
influence individuals in small groups, how will this effect spread to the population? One
attempt to fill this gap has been provided by sociophysics [32]. A sociophysics approach
focuses on the dynamic dimension, i.e., the time needed for a minority to reach a consensus
in a population. One of the first attempts to integrate social psychological theories with
the methods of sociophysics was proposed in Ref. [33]. This study provides a different
context to test theories developed in an experimental setting and allows for the validation
of these concepts on a broader scale. In particular, this study focuses on the phenomenon
of polarization in groups, i.e., the tendency of individuals to hold more radical opinions in
the presence of others.

Other approaches that can be integrated with social psychology for the study of
opinion dynamics are mathematical modeling [34–36] and agent-based simulations [37,38].
Recently, the integration of other approaches, such as agent-based modeling, has become
more popular (see, e.g., [39]), because they make it possible to consider several phenomena
in social psychology “as emergent results of dynamically interactive processes taking place
in their contexts” [40]. This is part of the quiet methodological revolution referred to in [41],
as statistics moves from the mechanical application of a series of procedures to the building
and the evaluation of models.

Among other disciplines, sociophysics offers some important insights into the analysis
of social influence on opinion dynamics and consensus [37,42,43]. One of the main interest-
ing models is proposed in [31]. Galam’s model focuses on the analysis of the propagation
or diffusion of hoaxes in public debates. To be more specific, in Galam’s model, individuals
interact together on a specific topic in groups of different dimensions. The model shows
that even if, at the beginning, an opinion represents the minority, after a certain amount of
discussion, this opinion can be diffused to the population. The configuration of different
tables of different sizes where people discuss is called a social space [31,44] for details).
An example of interaction in Galam’s model can be found in Figure 1. Further research
has introduced more complexity in this model [45]. For example, the agents proposed
in Ref. [45] hold always the same opinion and have the ability to influence all the agents
sitting at the table. In this research, we introduce the presence of lobbies in Galam’s model.
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Lobbies are modeled as minorities that are able to influence other opinions with a specific
strategy. As a matter of fact, members of the lobby have the ability to find and seat, when
possible, at a table where they can be the majority and exert their influence more efficiently.

Figure 1. An exemplification of Galam’s model: a one-step opinion dynamics. Left to right: First
stage: individuals (black and gray circles) sharing the two opinions are moving around in order to
sit at the available seats (white circles) of the tables. Gray circle individuals are “in favor of opinion
X ”, while black circle individuals are “against X ”. Second stage: individuals are partitioned into
groups of various sizes (tables). Before the discussion occurs, there are eleven individual in favor
(gray circles) and thirteen against (black circles). Third stage: within each group, the discussion
occurs and consensus has been reached. As a result, there are now twelve individuals in favor, and
twelve individuals against. Last stage: individuals are again moving around with no discussion.

3. Rumors and Lobbies in Galam’s Model

Galam’s model can be considered a dynamic application of the conformity influence in
different social gatherings. In Ref. [31], individuals have the same characteristics (i.e., they
all meet randomly and change their opinion according to the majority) and a consensus can
be reached when a specific minority threshold is reached. Therefore, Galam’s model does
not explain the dynamics in which small organized groups such as lobbies can implement
some strategies to influence others’ behavior. Lobbies can be modeled in different ways
and can have a wide range of strategies, behaviors or interactions. In this paper, we present
a model of a lobby capable of influencing the dynamics of opinions at strategic tables. More
specifically, as in other studies examining seating positions at specific tables [46–48], lobbies
are groups of individuals who always sit at tables where they can influence others. The
influence rule is the same as in Galam’s model [31] but, in the case considered, one has a
small part of the population who strategically sit at the tables where they possibly represent
the majority and then persuade others. To summarize, we consider a Galam-like model
with a lobby, where the lobby is modeled as a subgroup of individuals who are “against
opinion X ”, and coordinate their sitting at the tables of the social space with the aim of
influencing as many agents as possible of the opposite opinion without being overridden.
As a matter of fact, in the case here considered, the lobby members are subject to the table
majority rule too; in other words, they are different from the opinion leaders considered
in [45], who are always able to persuade all agents at their table. The strategic choice of
the lobby depends on the social space configuration. As it is impossible to consider all the
possible social space configurations for any number of individuals, we consider an example
to study opinion dynamics.

In Galam’s model [31], gatherings take place at different times, and each individual
holds one of two possible opinions, e.g., in favor of X , or against X . When the individuals
meet in a specific gathering configuration (a table with 3, 4, . . . n individuals), they change
their opinion according to the majority. Then, they will discuss again randomly in different
social gatherings and change always their opinion according to this rule.
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3.1. The Model without Lobby

We consider a population of N individuals who, at time t, have either opinion X (in
favor) or X (against). At each time t, j denotes the number of individuals with the opinion
X and defines the state of the system; therefore, the set of the possible statesof the system
is J = {0, 1, . . . , N}, where j = 0 indicates a consensus on the opinion X and j = N on the
opinion X . In particular, as in Ref. [44], individuals interact in a social space consisting
of a set of available tables Tr ∈ N = {T1, T2, . . . , TL}, whose size is denoted sr. The sizes
of the tables in N are represented as a vector s = (s1, s2, . . . , sL) ∈ R

L (the case L = N,
i.e., all tables of dimension 1, is trivial and therefore is not considered), where L < N
and ∑Tr∈N sr = N. The number of individuals who hold the same opinion at a given
table of size s is denoted by n(X ) and n

(
X

)
, respectively, so that n(X ) + n

(
X

)
= s. The

distribution of individuals in favor of opinion X across the L tables is represented by the
vector n(X ) = (n1(X ), n2(X ), . . . , nL(X )) and j = ∑L

r=1 nr(X ) is the state of the system.
At each time step t, the dynamics of each individual’s opinion is governed by the

following set of rules:

• individuals are randomly distributed to the available seats;
• individuals change their opinion according to a local or table majority rule, i.e., at

each table, if n(X ) > n
(
X

)
, then all individuals sitting at the table will change to the

opinion X ; vice versa, if n
(
X

)
≥ n(X ), then all the individuals sitting at the table will

change to opinion X .

This approach leads to a stochastic process where the individuals submit to the local
majority with certainty; this is different, for instance, from Ref. [49], where individuals may
also change opinion, with a certain probability that depends on a propensity parameter.

3.2. The Model with Lobby

We assume that an interest group, with the goal of influencing the population’s opinion,
is able to strategically choose seats. Organized interests quite often target opponents and
undecideds [50]. We therefore assume that, within the population of N individuals, there
exists a subset of size N∗ ≤ N—called a lobby—that strategically distributes itself across
the available tables in order to maximize the number of new allies who share its opinion X .
The number of lobbyists seated at a table Tr is denoted as n∗

r . The distribution of lobbyists
across the L tables is represented by the vector n∗ =

(
n∗

1, n∗
2, . . . , n∗

L
)
. Taking into account

the table majority rule defined above in Section 3.1, the dynamics rules are as follows:

• the lobbyists sit at the tables, possibly occupying half of the seats available at each
table (if s is an even number), or �s/2� (if the seats are an odd number) (recall that the
symbol �·� indicates the ceiling function);

• non-lobbyist individuals are randomly distributed across the remaining seats;
• the table majority rule is applied to both lobbyists and non-lobbyists and the opinions

are updated.

3.3. Simulation Model

The opinion dynamics can be modeled as a finite Markov chain [44], i.e., a discrete-
time process in which the future state depends only on the present state and not on the
past states [51]. As a matter of fact, all possible opinion configurations can be considered as
states and the probability of a transition between any couple of states can be computed as
shown in Ref. [44]:

Pj(n(X )) =

(
j

n1(X ),n2(X ),...,nL(X )

)(
N−j

s1−n1(X ),s2−n2(X ),...,sL−nL(X )

)
(

N
s1,s2,...,sL

) , (1)

where
(

b
b1,b2,...,bL

)
is the common notation for multinomial coefficients.
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When considering lobbies, the previous formula can be adapted as follows, conditional
on the lobbyists’ position:

Pj(n(X )|n∗) =

(
j

n1(X ),n2(X ),...,nL(X )

)(
N−N∗−j

s1−n∗
1−n1(X ),s2−n∗

2−n2(X ),...,sL−n∗
L−nL(X )

)
(

N−N∗
s1−n∗ ,s2−n∗ ,...,sL−n∗

) . (2)

In our study, we consider a population with N = 24 individuals as it offers a large
enough number of social spaces; even in this case, the partition number is too large for
a systematic analysis of all the possible spaces since, for N = 24, the partition number is
1575 [52] (sequence A000041). Therefore, we consider the special case in which all the tables
have the same size. In order to be able to assess the role of the lobby, we limit its size to a
maximum of six individuals. The social spaces that we consider, together with the strategic
seating choices of the lobby members, are shown in Figure 2. Similar to that in Galam’s
model, when a table has the same number of contrasting opinions, the bias is in favor of
the individuals who are “against X ”.

(a) S1 (b) S2 (c) S3

(d) S4 (e) S5 (f) S6

Figure 2. Population of twenty-four people seated in different social spaces. Lobby consists of at
most six people (black dots) who are “against X ” seating at prefixed strategic tables for different
social spaces Sh as follows. (a) S1: twelve tables with two seats each; lobby members sit individually
at six tables. (b) S2: eight tables with three seats each; lobby members sit in couples at three tables.
(c) S3: six tables with four seats each; here, too, lobby members sit in couples at three tables. (d)
S4: four tables with six seats each; lobby members sit in groups of three at two tables. (e) S5: four
tables with six seats each; four lobby members sit at one table and are always able to influence, while
the two remaining sit at another table. (f) S6: two tables with twelve seats each; lobby members sit
together at one table.

As is typical with finite Markov chains, the transition probabilities are arranged in a
matrix [53] (p. 374). For each social space Sh (with h = 1, · · · , 6) of Figure 2, we compare
the two scenarios, one with and the other without a lobby. The transition matrices can be
computed using Formulas (1) and (2) as illustrated in the following example.
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Example

We consider N = 24 individuals and the social space S6, which consists of two tables
of the same size s = 12. The choice of the space S6 is due to the fact that the multinomial
coefficients in the transition probabilities defined in Equations (1) and (2) become binomial
coefficients and the notation is simpler. At the end of each time period, the opinions are
homogeneous; therefore, only the states 0, 12 and 24 have positive probabilities. From
Equation (1), one can derive the positive entries of the matrix M6 for the scenario without
a lobby:

pj,0 = 1 with 0 ≤ j ≤ 6,

pj,0 =

[
s/2
∑

k=j−s/2

(
j
k

)(
N−j
s−k

)]
/
(

N
s

)
with 7 ≤ j ≤ 12,

pj,12 = 2

[
j

∑
k=s/2+1

(
j
k

)(
N−j
s−k

)]
/
(

N
s

)
with 7 ≤ j ≤ 12,

pj,12 = 1 with j = 13,

pj,12 = 2

[
N−j
∑

k=s/2

(
j

s/2−k

)(
N−j

k

)]
/
(

N
s

)
with 14 ≤ j ≤ 18,

pj,24 =

[
j

∑
k=s/2+1

(
j
k

)(
N−j
s−k

)]
/
(

N
s

)
with 14 ≤ j ≤ 18,

pj,24 = 1 with 19 ≤ j ≤ 24,

that is,

M6 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=1(

7
k )( 17

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0

2 ∑7
k=7(

7
k )( 17

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=2(

8
k )( 16

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0

2 ∑8
k=7(

8
k )( 16

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=3(

9
k )( 15

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0

2 ∑9
k=7(

9
k )( 15

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=4(

10
k )( 14

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0

2 ∑10
k=7(

10
k )( 14

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=5(

11
k )( 13

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0

2 ∑11
k=7(

11
k )( 13

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=6(

12
k )( 12

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0

2 ∑12
k=7(

12
k )( 12

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0
2 ∑10

k=6(
14

12−k )( 10
k )

( 24
12 )

0 0 0 0 0 0 0 0 0 0 0
∑7

k=7(
14
k )( 10

12−k )
( 24

12 )

0 0 0 0 0 0 0 0 0 0 0 0
2 ∑9

k=6(
15

12−k )( 9
k )

( 24
12 )

0 0 0 0 0 0 0 0 0 0 0
∑8

k=7(
15
k )( 9

12−k )
( 24

12 )

0 0 0 0 0 0 0 0 0 0 0 0
2 ∑8

k=6(
16

12−k )( 8
k )

( 24
12 )

0 0 0 0 0 0 0 0 0 0 0
∑9

k=7(
16
k )( 8

12−k )
( 24

12 )

0 0 0 0 0 0 0 0 0 0 0 0
2 ∑7

k=6(
17

12−k )( 7
k )

( 24
12 )

0 0 0 0 0 0 0 0 0 0 0
∑10

k=7(
17
k )( 7

12−k )
( 24

12 )

0 0 0 0 0 0 0 0 0 0 0 0
2 ∑6

k=6(
18

12−k )( 6
k )

( 24
12 )

0 0 0 0 0 0 0 0 0 0 0
∑11

i=7(
18
k )( 6

12−k )
( 24

12 )
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

From Equation (2), the entries for the matrix M6 with a lobby of size N∗ = 6 are
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pj,0 = 1 with 0 ≤ j ≤ 6,

pj,0 =

[
s/2
∑

k=j−s/2

(
j
k

)(
N−N∗−j

j−s/2

)]
/
(

N−N∗
s−N∗

)
with 7 ≤ j ≤ 12,

pj,12 =

[
j−s/2−1

∑
k=0

(
j
k

)(
N−N∗−j
s−N∗−k

)]
/
(

N−N∗
s−N∗

)
with 7 ≤ j ≤ 12,

pj,12 = 1 with 13 ≤ j ≤ 18,
pj,24 = 1 with 19 ≤ j ≤ 24,

and one has

M6 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=1(

7
k )( 11

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0

∑0
k=0(

7
k )( 11

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=2(

8
k )( 10

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0

∑1
k=0(

8
k )( 10

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=3(

9
k )( 9

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0

∑2
k=0(

9
k )( 9

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=4(

10
k )( 8

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0

∑3
k=0(

10
k )( 8

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=5(

11
k )( 7

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0

∑4
k=0(

11
k )( 7

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0 0

∑6
k=6(

12
k )( 6

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0

∑5
k=0(

12
k )( 6

6−k )
( 18

6 )
0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

Although it is possible to calculate the transition matrices for all social spaces, this
process is not straightforward and is prone to errors. Therefore, we do not formally derive
the transition matrices, but determine them through simulations.

As mentioned above in this Section, for each social space Sh, we compare the two
scenarios, one with and the other without a lobby. For each scenario, 1, 000, 000 simulations
are run to determine the transition matrix.

From the transition matrices, we compute the probabilities of converging to the
absorbing states as illustrated in Ref. [44]; those probabilities are graphically represented,
together with the average time of convergence to the absorbing states, in Figures 3–8.
For each social space Sh (h = 1, . . . , 6), Figures 3–8, left, represent the probabilities of
convergence to the respective absorbing states from any initial states, j = 0, . . . , 24. The
graphs in Figures 3–8, right, represent the mean time, tj, of convergence towards the
absorbing states, starting from any initial state j. Since we are considering discrete states,
the lines connecting the dots are for illustrative purposes only. As expected, when j ≥ N/2,
opinion X is no longer a minority opinion. In Appendix A, we provide the pseudocode for
the computation of the transition matrices Mh without a lobby and the transition matrices
Mh of the population with the lobby (the R code and the libraries to replicate our results
are available from the authors upon request). As j increases to values larger than 18, we
correspondingly reduce the number of the lobby members; for example, when j = 20, the
number of the lobby members are four, and, in the social space S2, they would only sit at
two tables instead of three.
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(a) (b)

Figure 3. Social space S1: twelve tables with two seats each and the members of the lobby sitting
strategically, as shown in Figure 2a. The probability of convergence (a) to the unanimous opinion
X and the absorption time (b) to any unanimous opinion as functions of the initial number of
individuals with opinion X for cases with (red) and without (blue) a lobby.

(a) (b)

Figure 4. Social space S2: eight tables with three seats each and the members of the lobby sitting
strategically, as shown in Figure 2b. The probability of convergence (a) to the unanimous opinion
X and the absorption time (b) to any unanimous opinion as functions of the initial number of
individuals with opinion X for cases with (red) and without (blue) a lobby.

(a) (b)

Figure 5. Social space S3: six tables with four seats each and the members of the lobby sitting
strategically, as shown in Figure 2c. The probability of convergence (a) to the unanimous opinion
X and the absorption time (b) to any unanimous opinion as functions of the initial number of
individuals with opinion X for cases with (red) and without (blue) a lobby.
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(a) (b)

Figure 6. Social space S4: four tables with six seats each and the members of the lobby sitting
strategically, as shown in Figure 2d. The probability of convergence (a) to the unanimous opinion
X and the absorption time (b) to any unanimous opinion as functions of the initial number of
individuals with opinion X for cases with (red) and without (blue) a lobby.

(a) (b)

Figure 7. Social space S5: three tables with eight seats each and the members of the lobby sitting
strategically, as shown in Figure 2e. The probability of convergence (a) to the unanimous opinion
X and the absorption time (b) to any unanimous opinion as functions of the initial number of
individuals with opinion X for cases with (red) and without (blue) a lobby.

(a) (b)

Figure 8. Social space S6: two tables with thwelve seats each and the members of the lobby sitting
strategically, as shown in Figure 2f. The probability of convergence (a) to the unanimous opinion
X and the absorption time (b) to any unanimous opinion as functions of the initial number of
individuals with opinion X for cases with (red) and without (blue) a lobby.

4. Results and Discussion

Formulas (1) and (2) are general and can be written for finite populations and any
social space; moreover, the simulation approach—which is used to avoid the tedious
calculation of all possible cases—can also be used in general.

The results show that, across all the social spaces considered, lobbies are able to
influence populations with increased sample sizes. This is true for all social spaces except
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for the simplest one, where there are no differences in dynamics between the situation with
and that without a lobby. Moreover, if one considers the time of convergence in each of
Figures 3–8, i.e., the time to converge to the opinion held by the lobby (“against opinion
X ”), the lobbies increase rather than significantly decrease the average number of steps to
convergence to an absorbing state, i.e., to a state that cannot be left once entered [51] (p. 35).
This means that even if strategic lobbies are able to influence a larger part of the population,
their presence can shorten the time to change the public opinion on a given issue. From
these two findings, one can conclude that the presence of lobbies can ensure influence on a
larger scale, but at the cost of time. In Figures 3–8, we summarize the dynamics with and
without lobbies for each of the social spaces considered.

In the social space S1, the results for convergence are identical for both models with
and without lobbies; however, the average convergence time decreases when there are
lobby members (Figure 3).

The social space S2 exhibits a new absorbing state that can be deduced from Figure 2b
when the initial state of the population has a lobby with three members. Two of these
members strategically sit at the same table, leaving the other member alone at a different
table. According to the table majority rule, the pair of lobbyists will persuade the third
person at the table in favor of opinion X , while the lone lobby member will be persuaded
in favor of opinion X , thus maintaining the size of the lobby as originally three members;
this is an impasse situation similar to that discussed in Ref. [44]. However, it must be
noted that, in this social space, the impasse can only occur when the lobby is active. In
Figure 4b, the mean time of convergence to this new absorbing state is not reported as it
is not a unanimous state. According to Galam’s definition (see [31] (p. 577) for details), a
killing point is the unstable fixed point, producing the flow and its direction, determined
by the stochastic dynamical system describing the time evolution of the hoax support. In
S2, one can see in Figure 4a that the state j = 12 is the killing point when there is no lobby;
in contrast, in this social space, when the lobby is present, there is no killing point and this
case suggests a bang-bang result [54]. The mean absorption time of unanimity is higher
around the killing point; the process is even slower when generated by the lobby, as shown
in Figure 4b.

The social space S3 (Figure 5) has a killing point at state j = 18, i.e., at the initial state
with eighteen individuals with opinion X against a lobby of six members. As for space S2,
the mean time of absorption to a unanimous opinion increases when the initial number
of individuals in favor of X is near the killing point. In contrast to space S2, however, the
process triggered by lobbyists near the killing point is faster than in the case without a
lobby. Only a further reduction in the size of the lobby leads to a slowdown in the process
of convergence to unanimity. This is because the lobbyists’ strategy favors the preservation
of their opinion over its diffusion in initial states that are smaller than the killing point. That
is, one has a type of echo chamber, defined as “environments in which the opinion, political
leaning, or belief of users about a topic gets reinforced due to repeated interactions with
peers or sources having similar tendencies and attitudes” [55]. Expectedly, these cases of
social influence generate opinion cascades [56] that reduce individual noise at the expense
of group noise [57].

In the social spaces S4, S5, and S6, the average absorption times in the case with a
lobby are uniformly higher than without; that is, the process of absorption is slower overall
regardless of the killing points (see Figures 6–8). In other words, except for the particular
case of the social space S1, the lobby generally makes a hoax X prevalent even in the cases
where it would be impossible; however, this process takes longer on average.

In all the social spaces that we analyzed, except S1, which is trivial, the killing point is
lower in the case without a lobby than in the case with a lobby. This means that with the
lobby, in order for the hoax X not to spread, many more people are needed who do not
believe it. This is not cost-less; we observe an increase in the mean time of absorption to a
unanimous opinion in almost every case. Without lobbying, if the number of individuals in
favor of the opinion X is greater than the number at the killing point, the entire population
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would also be in favor; with lobbying, however, the attractor changes and the population
would end up believing the opinion X but at a slower rate of convergence. This is always the
case, except in the social space S3, as we have already discussed just above. To summarize,
we have seen that the lobby increases the killing point and transforms the opinion dynamics
into a form of bang-bang outcome. In general, however, the lobby increases the mean time
to unanimity, as the strategic seating arrangement is primarily aimed at preserving the
lobbyists’ opinion rather than riskily spreading it. This becomes clearer when analyzing
some particular examples. For example, let us consider the social space S6 and compare
the transition probabilities to the states j = 0, j = 12 and j = 24 with a lobby and without
a lobby. One can see from Figure 9 that for 7 ≤ j ≤ 12, even if the lobby is not present,
a unanimous opinion in favor of the opinion X cannot be reached and, at the same time,
a unanimous opinion against X is more likely without a lobby. In these cases, the lobby
strategy is too conservative and slows down the achievement of its goal. If, on the other
hand, 14 ≤ j ≤ 18, the lobby is effective in avoiding reaching a unanimous opinion in favor
of opinion X .

Figure 9. Transition probabilities to the states j = 0, j = 12 and j = 24 with (dashed lines) or
without (solid lines) lobby in the social space S6 versus the number of individuals who are in favor of
opinion X .

The same reasoning applies to the other social spaces, even if the number of states
with positive probabilities makes the analysis less immediate; see, Figure 10 for the social
space S5 as an example.

Figure 10. Transition probabilities to the states j = 0, j = 12 and j = 24 with (dashed lines) or
without (solid lines) lobby in the social space S5 versus the number of individuals who are in favor of
opinion X .

70



Physics 2024, 6

To avoid the slowing effect of the lobby that occurs in some social spaces, the strategic
behavior of the lobby should add what [58] calls the third dimension in negotiation—that is,
being able to determine the proper sequence of tables to be seated at, depending on the
state; see also [59] for features that help groups in generating knowledge.

Finally, as we have seen in some special cases, such as social space S2, the lobby can
generate some impasses that do not occur without lobbies.

5. Conclusions

In this paper, we addressed the influence of lobbies on opinion dynamics considering
a population of individuals in different social gatherings. In particular, we considered a
lobby that can interact in strategic positions. Extending a known sociophysics model of
opinion spreading [31], we introduced lobbies to understand when and how they can be
effective in different social spaces. In this case, opinion dynamics can also be analyzed as a
Markov chain. Since the calculation of transition probabilities can become tedious, these
were calculated using simulations. The results show that lobbies with the investigated
strategy are able to overturn the majority opinion, even if this requires a certain amount of
time to reach a consensus.

The limitations of the results that we obtained highlight the known impossibility
of a theory of social behavior to be simultaneously general, accurate and simple [60]; in
particular, in order to have a more accurate model of opinion diffusion in a group, agents
should be modeled as heterogeneous entities rather than atoms [32] (p. 29). However,
in view of the “quiet methodological revolution” discussed in Ref. [41], the sociophysics
perspective [32] should be considered as another possible way to overcome the problem of
replicability in psychology, as mentioned in the Introduction.

The model and the analysis of the influence of lobbies can be extended in several
ways. First, we have looked at a particular strategy of a lobby and a particular decision
rule (i.e., the local majority). Future research would need to examine alternative strategies
and decision rules to better understand how opinions can spread in social spaces. Second,
we considered different twenty-four -individual social spaces consisting of separate tables;
these are special types of networks in which each component is a clique. In future research,
we plan to consider more general social networks similar to what was studied in Ref. [61].
In particular, it is interesting to investigate whether the influence of lobbies remains the
same and how the time of convergence to unanimity is affected by their presence.
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Appendix A

The pseudocode to compute the transition matrices Mh without a lobby is reported in
Algorithm A1 and the pseudocode to compute the transition matrices Mh of the population
with the lobby is reported in Algorithm A2, for each social space Sh.

The parameters that we considered for the simulations in Section 3.3 and the results
discussed in Section 4 are the following:

• NumAgents := N = 24;
• LobbySize := N∗ = 6;
• NumberSimulations := 1,000,000.
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Algorithm A1 Compute Transition Frequencies with No Lobby

1: procedure TRANSITION
2: M ← 0
3: for InitialState:=0 to NumAgents do
4: repeat
5: randomly choose InitialState agents
6: set their opinion ‘in favor of X ’
7: set remaining agents opinion to ’against X ’
8: agents take seats
9: agents discuss according to the local majority rule

10: compute new state
11: update M
12: until NumberSimulations

Algorithm A2 Compute Transition Frequencies with Lobby

1: procedure TRANSITIONLOBBY
2: M ← 0
3: for InitialState:=0 to NumAgents do
4: repeat
5: if InitialState < NumAgents − LobbySize then
6: set lobby opinions to ’against X ’
7: randomly choose InitialState − LobbySize agents
8: set their opinion ‘in favor of X ’
9: set remaining agents opinion to ’against X ’

10: else
11: set first NumAgents − InitialState lobby opinions to ’against X ’
12: set remaining lobby opinions to ’in favor of X ’
13: set remaining opinions to ’in favor of X ’
14: lobby agents take seats
15: other agents take seats
16: all agents discuss according to the local majority rule
17: compute new state
18: update M
19: until NumberSimulations

References

1. Dominus, S. When the Revolution Came for Amy Cuddy. The New York Times, 18 October 2017. Available online: https:
//www.nytimes.com/2017/10/18/magazine/when-the-revolution-came-for-amy-cuddy.html (accessed on 5 February 2024).

2. Jack, A.; Hill, A. Harvard Fraud Claims Fuel Doubts over Science of Behaviour. Financial Times, 30 June 2023. Available online:
https://www.ft.com/content/846cc7a5-12ee-4a44-830e-11ad00f224f9 (accessed on 5 February 2024).

3. Aarts, A.A. et al. [Open Science Collaboration]. Estimating the reproducibility of psychological science. Science 2015, 349, aac4716.
[CrossRef] [PubMed]

4. Cialdini, R.B.; Goldstein, N.J. Social influence: Compliance and conformity. Annu. Rev. Psychol. 2004, 55, 591–621. [CrossRef]
[PubMed]

5. Sunstein, C.R. What’s available—Social influences and behavioral economics empirical legal realism: A new social scientific
assessment of law and human behavior. Northwest. Univ. Law Rev. 2002, 97, 1295–1314. Available online: https://chicagounbound.
uchicago.edu/journal_articles/8621/ (accessed on 5 February 2024).

6. Asch, S.E. Studies of independence and conformity: I. A minority of one against a unanimous majority. Psychol. Monogr. Gen.
Appl. 1956, 70, 1–70. [CrossRef]

7. Jung, J.; Bramson, A. A recipe for social change: Indirect minority influence and cognitive rebalancing. In Proceedings of
the Annual Conference of the Computational Social Science Society of the Americas: CSSSA 2016, Santa Fe, NM, USA, 17–20
November 2016. Available online: https://computationalsocialscience.org/wp-content/uploads/2016/11/CSSSA_2016_paper_
5-1.pdf (accessed on 5 February 2024).

72



Physics 2024, 6

8. Jung, J.; Page, S.E.; Miller, J.H.; Bramson, A.; Crano, W.D. The impact of indirect minority influence on diversity of opinion
and the magnitude, speed and frequency of social change. In Proceedings of the 2018 International Conference of The
Computational Social Science Society of the Americas: CSSSA 2018, Santa Fe, NM, USA, 25–28 October 2018. Available
online: https://www.researchgate.net/publication/331073577_The_Impact_of_Indirect_Minority_Influence_on_Diversity_of_
Opinion_and_the_Magnitude_Speed_and_Frequency_of_Social_Change_A_Brief_Report (accessed on 5 February 2024).

9. Jung, J.; Bramson, A.; Crano, W.D.; Page, S.E.; Miller, J.H. Cultural drift, indirect minority influence, network structure, and their
impacts on cultural change and diversity. Am. Psychol. 2021, 76, 1039–1053. [CrossRef] [PubMed]

10. Ausloos, M.; Dawid, H.; Merlone, U. Spatial interactions in agent-based modeling. In Complexity and Geographical Economics:
Topics and Tools; Commendatore, P., Kayam, S., Kubin, I., Eds.; Springer International Publishing Switzerland: Cham, Switzerland,
2015; pp. 353–377. [CrossRef]

11. Wood, W.; Lundgren, S.; Ouellette, J.A.; Busceme, S.; Blackstone, T. Minority influence: A meta-analytic review of social influence
processes. Psychol. Bull. 1994, 115, 323–345. [CrossRef] [PubMed]

12. Paichler, G. Norms and attitude change I: Polarization and styles of behaviour. Eur. J. Soc. Psychol. 1976, 6, 405–427. [CrossRef]
13. Moscovici, S.; Personnaz, B. Studies in social influence. J. Exp. Soc. Psychol. 1980, 16, 270–282. [CrossRef]
14. Moscovici, S.; Lage, E.; Naffrechoux, M. Influence of a consistent minority on the responses of a majority in a color perception

task. Sociometry 1969, 32, 365–380. [CrossRef]
15. Mugny, G.; Papastamou, S. When rigidity does not fail: Individualization and psychologization as resistances to the diffusion of

minority innovations. Eur. J. Soc. Psychol. 1980, 10, 43–61. [CrossRef]
16. Crano, W.D.; Seyranian, V. Majority and minority influence. Soc. Personal. Psychol. Compass 2007, 1, 572–589. [CrossRef]
17. Maass, A.; Clark, R.D. Hidden impact of minorities: Fifteen years of minority influence research. Psychol. Bull. 1984, 95, 428–450.

[CrossRef]
18. Butera, F.; Mugny, G.; Legrenzi, P.; Perez, J.A. Majority and minority influence, task representation and inductive reasoning. Brit.

J. Soc. Psychol. 1996, 35, 123–136. [CrossRef]
19. Mugny, G. Negotiations, image of the other and the process of minority influence. Eur. J. Soc. Psychol. 1975, 5, 209–228. [CrossRef]
20. Zollman, K.J.S. Social network structure and the achievement of consensus. Politics Philos. Econ. 2012, 11, 26–44. [CrossRef]
21. Zollman, K.J.S. The epistemic benefit of transient diversity. Erkenntnis 2010, 72, 17–35. [CrossRef]
22. Gibbard, A. Manipulation of voting schemes: A general result. Econometrica 1973, 41, 587–601. [CrossRef]
23. Gibbard, A. Manipulation of schemes that mix voting with chance. Econometrica 1977, 45, 665–681. [CrossRef]
24. Dong, J.-Y.; Lu, X.-Y.; Li, H.-C.; Wan, S.-P.; Yang, S.-Q. Consistency and consensus enhancing in group decision making with

interval-valued intuitionistic multiplicative preference relations based on bounded confidence. Inform. Sci. 2024, 652, 119727.
[CrossRef]

25. Zou, W.-C.; Wan, S.-P.; Dong, J.-Y. Trust evolution based minimum adjustment consensus framework with dynamic limited
compromise behavior for probabilistic linguistic large scale group decision-making. Inform. Sci. 2024, 652, 119724. [CrossRef]

26. Heft, A.; Buehling, K. Measuring the diffusion of conspiracy theories in digital information ecologies. Convergence 2022,
28, 940–961. [CrossRef]

27. Dentith, M.R.X. The Philosophy of Conspiracy Theories; Palgrave Macmillan: London, UK, 2014; Chapter 3. [CrossRef]
28. Furini, M. Identifying the features of ProVax and NoVax groups from social media conversations. Comput. Hum. Behav. 2021,

120, 106751. [CrossRef]
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Abstract: Social structure may have changed from hierarchical to egalitarian and back along the
evolutionary line of humans. Within the tradition of sociophysics, we construct a mathematical model
of a society of agents subject to competing cognitive and social navigation constraints and predict,
using statistical mechanics methods, that its degree of hierarchy decreases with encephalization
and increases with group size, hence suggesting human societies were driven from hierarchical to
egalitarian structures by the encephalization during the last few million years and back to hierarchical
due to fast demographic changes during the Neolithic. In addition, applied to a different problem,
the theory leads to the following predictions for modern pre-literary humans: (i) an intermediate
hierarchy degree in mild climates. In harsher climates, societies will be (ii) more egalitarian if
organized in small groups (of less than 100 persons) but (iii) more hierarchical if in larger (of more
than 1000 persons) groups. The predicted bifurcation, characteristic of a phase transition, is also seen
in the empirical cross-cultural record (248 cultures in the Ethnographic Atlas).

Keywords: maximum entropy (MaxEnt); sociophysics; agent-based models; phase transition in
societies

1. Introduction

Behavioral phylogenetics makes it plausible that the common ancestor of Homo and
Pan genera had a hierarchical social structure [1–5]. Paleolithic humans with a foraging
lifestyle, however, had a largely egalitarian society, and yet hierarchical structures became
again common in the Neolithic period. Today, nonliterate human societies fill the ethological
spectrum [6] from egalitarian to authoritarian and despotic. This nonmonotonic journey
U-shaped trajectory along the egalitarian–hierarchical spectrum during human evolution
was stressed by Bruce M. Knauft [1]. Several anthropological explanations [1] have been
constructed for Knauft’s U.

A number of recent papers [7–9] have focused on the evolutionary mechanisms that
could resolve the apparent Darwinian paradox of the early-stage viability of hierarchical
social structures. Since leadership positions provide preferential access to resources, it is
not clear why followers would comply in the absence of coercive institutions. One potential
answer is group-level selection [8] aimed at reducing scalar stress while enhancing in-group
cooperation. This stream of study reveals some of the driving forces behind the connection
between group size and the prevalence of hierarchy. Our work is intended to complement
existing evolutionary arguments. In the context of physics, our main emphasis is on
formulating an equation of state for the system, grounded in micromotives, as opposed to
focusing on the processes that govern the temporal evolution of the system’s state.

Our approach to the study of social organization is based on an agent-based model and
uses tools of information theory and statistical mechanics—a practice rooted in the tradition
of sociophysics [10]. Sociophysics typically engages with mathematical tools to elucidate
the interplay between variables in social systems. A path towards the mathematical analysis

Physics 2024, 6, 629–644. https://doi.org/10.3390/physics6020041 https://www.mdpi.com/journal/physics75



Physics 2024, 6

of cross-cultural data is to proceed first by formulating a hypothesis, which might take the
form where two given variables are related, either by virtue of their correlation or by some
causal influence. Regression analysis from the data could then be used in the attempt to
falsify the hypothesis. While an important tool, this method fails to suggest new relations
that might appear from a more theory-based approach to model building. Instead, we
model the society by considering agents that interact through the exchange of information.
In particular, we are interested in the perception of each agent of the social network of its
society, taking into account cognitive constraints and social navigation demands. Then,
from general principles of information theory, we obtain the probability of the agent’s
perceived social network conditioned on the context. By calculating expected values of
network node degrees, we obtain order parameters, which indicate whether the network is
in an egalitarian-symmetric or hierarchical-broken symmetry state. The context depends
on a combination of parameters, which grows with cognitive capacity of the agents and
decreases with group size, modulated by environmental pressure. Since social perceptions
mediate motivations and hence possible behaviors, we can make predictions about the
effect of these variables in the probable forms of social organization and give a scenario for
the Knauft’s U-shape.

We built the model to address the U-shaped curve of egalitarianism. In itself, that is
not surprising. Any experimental result can be explained by a model built explicitly for
that purpose. But the same model permits making predictions about another empirical
situation, dealing with the influence of ecology on the expected hierarchy of modern human
groups. The theory suggests a form of looking at the available ethnographic data [11] and
allows a new interpretation of observed patterns involving social structure, community
size and environment in terms of a competition between cognitive constraints and social
navigation demands, which are related to phase transitions. Furthermore, it allows for
changes beyond the U-behavior to a zig-zag-like, such as that described in Ref. [12].

2. Model and Definitions

The central concept in this article is the cognitive representation of the network of
social interactions by each agent, the inferred or perceived network and not the actual
social network. Each one of the n political agents of a group has a perceived social network,
represented by a graph of n vertices. For every agent i, the network is Si = {si

jk}, where

si
jk = 1, if agent i knows the social relation between agents j and k, independently of whether

the relation is positive, neutral or negative. If agent i has no information about this relation,
the bond is absent, si

jk = 0. This matrix is symmetric by its very design. For further details
we suggest the following references [13–16] for models of the real social network with
cognitive limitations and social interactions [17,18] for an agent-based model of how social
stratification can emerge from efficiency demands of collective information processing.
Reference [19] presents an evolutionary model for the emergence of inequity aversion as an
adaptation selected from a pool of hierarchical groups. In addition, Refs. [7–9] treat other
evolutionary approaches. The joint effect of demography and ecology on the emergence
of hierarchy has been studied in Ref. [20]. Takao Terano and collaborators [15,16] used
agent-based modeling and cognition-limited representations to analyze the emergence of
money in terms of symmetry breaking in a doubly structural network representing a fixed
social network and a dynamical network of exchangeability of commodities. We consider
our paper as one that draws from and complements these earlier investigations.

Holding a particular belief about the network represents a cost to an agent. Our central
hypothesis is that the cost can be represented by a function C0(Si) arising from cognitive
and social constraints. The cost is built by noting that:

(1) The cognitive contribution to the cost increases with the number of memorized social
relations Ni

cog. Then, the simplest form is
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Ni
cog =

1
2

n

∑
j,k

si
jk. (1)

(2) It is preferable to have first-hand information about the nature of associations of
third parties, compared to the cost of relying on indirect information derived from
heuristics such as the ‘friend of a friend is a friend’ and its variations. Two agents j
and k can be connected by a bond or a path of bonds, through intervening agents, so
that their social relation can be estimated. Call li

jk the length of the shortest path of

bonds joining j and k in the perceived network Si. It is natural to assume that this
lack of direct knowledge implies a social cost, which increases with the length of the
shortest path between the agents.

Since Si is the adjacency matrix, Mi(λ) is defined by the integer powers λ of Si (see,
e.g., Ref. [21]):

Mi(λ) = Siλ
, (2)

permit determining the shortest path

li
jk = min λ, such that Mi(λ)jk > 0. (3)

Define L̄i, the mean over all pairs (j, k) (counted only once)

L̄i =
2

N(N − 1) ∑
j,k

li
jk. (4)

Both Ni
cog and L̄i are functions of Si, the variables of the problem.

We define the joint cognitive-social cost of the representation as the sum of the cog-
nitive term and the social cost. The purpose of this exercise is not to uncover a ‘true’
form for the function that describes the cost to an agent. Our focus is on understanding
the fundamental outcomes of the basic competition between costs rather than a precise
identification of a functional form.

To be able to sum such different things, we introduce a parameter α:

C0(Si) = Ni
cog + αL̄i. (5)

The interpretation of the meaning of α comes from the following argument. For fixed
values of Ni

cog and L̄i, as α increases, the relative contribution of the cognitive cost Ni
cog

to the overall cost decreases. It is thus a proxy of the cognitive capacity of an agent. It
can be assumed that α can be associated with the mass ratio between the neocortex and
rest of the brain [22–24] and/or the medial frontal cortex including the anterior cingulate
cortex [25–27]. The cost is infinite if there is no path between two agents in a perceived
social network, so only connected graphs occur.

As this stands, an agent-perceived network is independent of the network of another
agent. We now introduce interactions.

(3) Many different forms of communication lead to social learning [28]. We follow ideas
from opinion dynamics [29] and suppose that, through gossiping, agents share infor-
mation or learn from social partners about coalitions of pairs of other agents, leading
to correlated perceived networks. In the simulations, we introduce the possibility of
an agent m copying from an interlocutor i its link about any other pair (j, k).

Finally, we make a hypothesis that enters in the interpretation of the results but not in
the construction of the model.

(4) We suppose that perceptions about social coalitions engender motivations that direct
behaviors. We call this the Perceptions Motivate Behaviors (PMB) hypothesis. Hence,
there is a correlation between the perceived social network and the real coalitions
emerging. We believe that this particular step of our argument should be amenable
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to experimental verification. It receives support from the finding that in traditional
societies, perceived positions in a social hierarchy are important to determine the
commanded authority [30]. Within the PMB hypothesis, when the perceived social
network is symmetric, social agents are not inclined to accept inequalities. Attempts
to dominate a group, either economically, politically or sexually, would be met with
resistance. However, if the symmetry is broken, social agents would not be so reluctant
to accept a hierarchical political organization, at least under high rates of information
exchange (or gossiping), when the central agent is with high probability the same for
most of the agents.

3. The Probability of a Perceived Social Network

The standard methodology of information theory and statistical mechanics, which
includes Bayesian and entropic methods, leads to the attribution of a probability P({Si}|I)
to a network Si, conditioned on available information I.

Consider IE(C0) the expected value of C0(Si) under P(Si|I)

IE(C0) = ∑
Si

C0(Si)P(Si|I), (6)

then the sum is over all 2n possible configurations of Si. Suppose that either the information
available is that IE(C0) has a specific value C or that it has a significantly constant value
during a relatively long time or alternatively, it is supposed that the value of IE(C0) to be C.
In the last case, as C is varied, different behaviors will be revealed.

The method of inference by maximum entropy introduces a parameter β. This param-
eter (or Lagrange multiplier) sets the range of fluctuations of the cost above its minimum
value. Semantically, it is analogous to a pressure under which the band lives. Large val-
ues above the minimum cost are unlikely for large β but very likely if β is small. This
pressure may arise from the ecology or it might model normative or informational peer
pressure, from the perception of external threats, or as peer pressure arising from moral
standards [31,32]. The name ‘pressure’ describes β in the generalized manner used in
thermodynamics [33], in the sense that it is an entropic intensive parameter conjugated to
the extensive cost in C. In a simple fluid, the temperature is conjugated to the energy, but
here, C is not an energy nor β an inverse temperature.

The procedure calls for the maximization of the information entropy subject to the
known constraints [34]. The entropy can be interpreted as a measure of the ignorance
about Si. Many probability distributions are compatible with the information constraint
in Equation (6). Therefore, we take the one distribution that is most ignorant while still
compatible with the information and the normalization requirement:

P(Si|I) = argmaxP

{
−∑

Si

P(Si) log P(Si) (7)

−β0(∑
Si

P(Si)− 1)− β(∑
Si

P(Si)C0(Si)− C)
}

. (8)

The result is the Boltzmann probability distribution

P(Si|I) = 1
Z

e−βC0(Si), (9)

where β, which controls the scale of fluctuations, is the intensive Lagrange multiplier
conjugated to the extensive C. The information content in the intensive β is equivalent to
that in the extensive C due to Equation (6) since they are conjugated variables. The partition
function Z depends on the number of agents, α and β, Z = Z(n, α, β).

The macroscopic state of the system is characterized by the values of appropriate
order parameters, expected values of functions of interest, which we now define. We probe
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here whether represented agents are considered symmetrically or if distinctions are made.
It is useful to consider the degree di

j of vertex j in a graph Si, the number of agents k with

si
jk = 1:

di
j = ∑

k
si

jk. (10)

In addition, we define the maximum degree and the average degree, respectively,

di
max = maxjdi

j, and di
avg =

1
n

n

∑
j=1

di
j, (11)

for agent i. Natural order parameters are the expectation values IE(dmax) and IE(davg) with
respect to P(Si|I).

We obtain estimates of the order parameters employing simple Metropolis Monte
Carlo (MC) methods. We first considered isolated agents and did a MC simulation of
the Boltzmann distribution (9). Calculations of the minimum distance were performed
using Dijkstra’s algorithm. Qualitatively equivalent results can be obtained by defining a
distance to be infinite if larger than a fixed finite length. Then, we simulate the exchange of
information between the agents, which couples the different perceived networks.

At this point a methodological disclaimer is necessary. Our approach can be described
as an application of maximum entropy inference, akin to the canonical statistical analysis
of physical systems at equilibrium. The appearance of a Boltzmann distribution as a result
of our method should not be interpreted as an excessive reliance on physical analogies.
Rather, it demonstrates the extensive applicability of this inference technique.

4. Results

The expected values IE(dmax) of the maximum degree and IE(davg) of the average
degree, with respect to the probability distribution P(Si|I), are used to construct the order
parameter H that signals hierarchical organization:

H = 2 − 2
IE(davg)

IE(dmax)
. (12)

This is a helpful definition since for large H � 2, the symmetry of the perceived
networks is broken and for small H � 0, representations are symmetric. The factor 2 is
included for convenience when comparing with the empirical record. A central result
from the simulations is that, given β, to a good approximation, H does not depend on α
and n independently but on the value of the combination z = 2α/(n(n − 1)), the specific
cognitive capacity per dyadic relation.

Our results can be described as follows, see Figure 1. For a given value of the pressure
β, around 10, for sufficiently large specific cognitive capacity z (>1.2), H is close to zero.
The typical perceived network of an agent is a fully connected graph (Figure 1, lower, on
the right), meaning that cognitive costs are low enough and every possible pair of social
interactions in the group can be stored. In the full graph, every agent is equal to any other.
The representation of the network of social interactions is symmetric, and there is no agent
that is seen as a central hub. The dynamics of social changes, a stochastic MC dynamics,
is frozen.
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Figure 1. Upper: Monte Carlo estimates of the expected values of the maximum degree, averaged
over the population, and the average degree of the social networks representation as a function of
the specific cognitive capacity per dyadic relation, z, for β = 10. Lower: The order parameter H (12).
Three regimes can be seen: for very large z, H goes to zero (symmetric phase) and almost all agents
are equal. For very small z, H goes to 2, the broken symmetry phase. A particular agent occupies the
central position of the network. An intermediate z transition region shows intermediate values of
H. Error bars indicate the size of fluctuations obtained from the simulations. The insets are typical
realizations of the inferred network of social interactions by an agent at that z position. Bonds are
only drawn if the bond variable is present.

Either a smaller cognitive capacity or a larger size of the local social group, leading to
intermediate z values, changes the above full graph picture (Figure 1, lower, in the center).
Now, H is close to 1. Some bonds have to be absent in order to respect cognitive limits. The
representations are still symmetric in a statistical sense, but fluctuations do occur, and a
few agents will have a higher number of known social relations than others. The degrees
of all vertices are not the same. Now, the dynamics of the perceived social network is not
frozen, and different agents may temporarily occupy a more centralized position. To the
perceiving agent, the members of its group are statistically equal, but its knowledge of their
social connections is not uniform. Unequal roles start to appear in the inferred network,
leading to the possibility of a social organization where there are ‘big men’ [35,36], and their
distinctions might be described as those of first among equals, or rather among statistical
equals in this theory.

For low z, resulting from an even larger number of agents or smaller cognitive capacity,
a new regime for the organization of the inferred network emerges (Figure 1, bottom left),
signaled by a larger value of H ≈ 2. The symmetric role of the agents in the representation
is broken. One of the represented agents has a special position, likely to be connected to
most of the other agents, which in turn are connected almost uniquely to it. The dynamics
again is frozen, and an agent crystallizes in a unique central position in the star topology of
the inferred social network. Still, different agents have been sampled independently, and
the central agents of the perceived networks are with high probability not the same.

Figure 2 shows the phase diagram, obtained by plotting the value of H in the (z, β)
space. Figure 1 was obtained by a horizontal cut of Figure 2 at β−1 = 0.1.
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Figure 2. Hierarchical−egalitarian phase transition: phase diagram in the plane of specific cognitive
capacity per dyadic relation, z, and the inverse ecological pressure, β−1. The color code represents a
measure of the social hierarchy measure or symmetry breaking parameter H. The red region is where
the symmetry is broken (H near 2) and the maximum degree IE(dmax) is much larger than the mean
IE(davg). The blue region is the unbroken symmetry phase, H ≈ 0.

5. Correlation of Networks through Gossip

Gossip, though not a standard technical term in statistical mechanics, is employed here
to denote the interaction between agents that arises through the exchange of information
about interpersonal relationships. The impact of gossip is to create correlations among the
perceived social networks of various agents. The three regimes—full graph, intermediate
and star—remain unaffected.

We now run the simulation for the n agents together. A parameter g (0 < g < 1)
measures the intensity of information exchange through gossip.

Choose an agent i and a pair (j, k), independently of anything else, uniformly at
random. A no gossip dynamic step occurs with probability (1 − g): a MC Metropolis
update is performed on the bond of the pair (j, k). Let C̄0 be the joint cognitive-social cost
with the bond si

jk replaced by s̄i
jk. With probability min(exp(−β(C̄0 −C0)), 1) let the change

of si
jk by s̄i

jk be accepted. Otherwise, si
jk is kept fixed. With probability g, another agent l

is chosen, also independently and uniformly at random and its corresponding edge sl
jk is

copied to s̄i
jk.

The step performed with probability (1− g) simulates the update of the social network
representation by independent observations, learning new relations and forgetting about
previously known relations. The gossip step, done with probability g, simulates the
exchange of information where agent l tells and agent i learns or forgets something about
the relation of agents j and k. Gossip can be introduced by more elaborate schemes, but
this is sufficient for our modeling purposes.

After all i have been considered, a MC step has been completed. The α range 4.5 ≤ α ≤ 90
was divided uniformly into 100 intervals; the β range 0 < β ≤ 20 was divided into
200 intervals. The values of n varied from 7 to 15. We run a MC simulation for each
fixed n and for each pair of α and β. 106–2×106 MC steps were run for thermalization,
and then data about the order parameters were collected for around 4 × 106 MCS. It is
usual in studying phase transitions to look at the large n limit of the population, since
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singularities are only possible in the thermodynamic limit. However, since we are interested
in the finite n case, we search for quantitative changes but not for critical exponents nor
universality classes.

Figure 3 shows how frequent is the most frequent central agent as a function of the level
of gossip g. Let fij = P(c = j|i) be the probability that for the social network representation
of agent i, the central element is j. The spreading of the probability distribution can be
measured by the ratio of the average over the population of its entropy to the maximum
possible value log n:

S̄ =
1

log n

(
1
n

n

∑
i
(−∑

j
fij log fij)

)
. (13)

The results indicate that large correlation occurs when gossip dynamics dominates inde-
pendent dynamics, starting around g ≈ 0.5.

Figure 3. The effect of gossip inside the hierarchical phase. The entropy of the distribution of central
agents (continuous curves) decreases with the increase of gossip, meaning that there is an onset of
order where a particular agent preferentially occupies the centers of the stars. Every agent has a
star network representation with a central agent. The agents share the same central agent with a
probability that grows with g (dashed lines) showing another way of seeing the same ordering.

Figure 4 shows the acceptance rate for changes under the Metropolis dynamics in the
network representations for three different βs. For high pressure, e.g., β = 10, and in the
extreme cases of z, there is almost no tolerance to changes. In the large-z regime, upstarts
that try to be different are not accepted. This is in accordance with the counter dominant
behavior theory [2,5,37]. Perception of equality is hard to change, and this turns inequality
unacceptable according to the PMB hypothesis.

In the low-z regime, the central agent is stable. Perceived network, highly correlated
due to gossip, are very stable at both extremes of the scaling variable. The intermediate
fluid phase decreases with increasing pressure β. Agents are only statistically equal and
large dynamical fluctuations make the duration of the time intervals during which there is
a change in the representational network much smaller than in the extreme egalitarian or
hierarchical phases.
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Figure 4. The probability of acceptance of changes P(acc|zβ) from the Monte Carlo simulations
measures the tolerance to changes in the social network representations. As a function of z, for high
pressure or harsher environments (β = 10), changes that would permit upstarts to be different from
other agents are not tolerated for large z. This is analogous to counter dominance behavior theory [37].
Changes of the central agent of the star topology are unlikely to be accepted for small z. Milder
pressures changes are accepted with high probability. Tolerance to changes is measured by the Monte
Carlo acceptance probability.

6. Knauft’s U-Shape

The broken symmetry phase with the gossip-induced correlations, together with the
PMB hypothesis, allows the possibility of appearance of hierarchical social structures.

Since the relevant scaling between α and n is through z, for either larger band size for
fixed cognitive resources or small enough cognitive resources for a given band size, a fully
symmetric representation of the network of social relations becomes impossible and an
egalitarian organization of the group becomes unlikely.

A stylized scenario for the non-monotonic change along the hierarchy spectrum
(Figure 5) follows from a historical reconstruction of the dynamics of conditions external
to the model. A smaller cognitive capacity (or encephalization) in the evolutionary past
of the agents, and hence a smaller z, is suggestive of hierarchical organization. Along the
human lineage after it separates from that leading to chimpanzees and bonobos, there was
an increase in the cerebral volume and in the neocortex. The reason for this is not under
scrutiny. Whether social navigation, need for cooperative hunting or toolmaking were the
sole or joint driving forces, the increase is factual. As cognitive capacity increases (larger z),
the social representation can become a full graph and motivate an egalitarian organization.

On a faster time scale, a growth of the number of members of bands characterizes
the Neolithic, bringing back the conditions (small z) for the symmetry breaking of the
representation of the social network under fixed cognitive conditions. Again, the reasons
for this growth are totally outside the scope of the present mathematical model, but we can
only speculate that technological advances such as food production and storage might be
involved [2,5,37].

The possibility of a further change of z on a still shorter time scale, restoring a sym-
metric representation of society, can occur if the means for processing more information are
enhanced, even in the absence of cognitive changes through evolution, but rather through
advances such as printing technology or even computer networking. Thus, the model
not only suggests a mechanism for the U-shape trajectory but also to conceive further
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reorganizations of the social network representation and its consequences on social organi-
zation due to external conditions changing the balance between computational or cognitive
resources and the size of the group.

Figure 5. Schematic (inverted-) U-shape trajectory for the specific cognitive capacity,
z(α, n) ∝ 2α/(n(n − 1)), as a function of time (arrows). The higher the value of z, the more symmet-
rical or egalitarian the society will be. This is just a representation of externally caused changes in
the cognitive capacity α(t) and the mean size, n(t), of social groups as a function of time, showing a
rapid increase of α(t) followed by an increase of n(t). The dashed lines are the projections onto the
respective planes. The contours are drawn for constant z values.

7. Social Organization: Theoretical Predictions and the Empirical Record

We could end our presentation with the suggestion that the reason for Kanuft’s U is
the competition of navigational and cognitive costs. However, the model can be called
to deal with a totally different problem. Can a signature of this competition between
cognitive and social navigation constraints be seen today for modern humans? A clear
theoretical prediction about the dependence of social stratification on ecological pressure
β and group size (z = z(n), α fixed) can be compared to data from the ethnographic
record. The prediction is divided into two parts. First, for very mild climates, that is, small
ecological pressure β, intermediate social structures are expected. As climates of increasing
harshness are considered, different social organizations will occur. Second, this difference
depends on group size. Cultures organized in small groups will be more egalitarian, and
those in larger groups more hierarchical.

7.1. Theory: Conditional Probabilities and Order Parameters

The phase diagram in the β–z plane can be thought of as a phase diagram in the β–n
plane if the encephalization, or cognitive capacities, of the agents is fixed (see Figure 6).
To be able to confront with the empirical record, we divided the ranges of β and z into
three regions each: harsh, intermediate and mild climates and ‘small’, ‘medium’ and ‘large’
groups, respectively. The phase diagram is thus divided into nine regions. The regions are
chosen essentially so that all points in the β–z space in the harsh-large region are of the same
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color (blue). The same is done for the region of harsh–small (all red) and for mild–small
and mild–large. The qualitative results are robust to changes in the detailed choices.

Figure 6. Phase diagram in the space of size of band versus ecological pressure, β. The color
represents a measure of the social equality or symmetry H (12). The dark red region (large n) is where
the symmetry is broken and the maximum degree is much larger than the mean. Dark blue (small n)
is the symmetrical or egalitarian representation region. Separating those regions is a more fluid-like
intermediate phase. The white lines show a choice of what is meant by large, intermediate and small
both for β and n. The segmentation into nine regions is forced if the theory is to be compared to the
empirical record.

A useful choice for the two values needed to separate the three regions are β−1
H = 0.15,

separating the harsh from the intermediate region and β−1
M = 0.35 separating the intermedi-

ate form the mild region. For β−1 > β−1
M , climate c is mild. For β−1

H < β−1 < β−1
M , climate c

is intermediate, and for β−1 < β−1
H , c is harsh.

For z = 2α
n(n−1) , the borders are set at z2 = 0.6 and z1 = 1.4 For 2 > z > z1, s = 1 small.

For z2 > z > z1, s = 2 intermediate. For 0 < z < z2, s = 3 large. Then, we consider the
mean order parameter H̄(s, c) for each region:

H̄(s, c) = 2 − 2

∫
β∈c

∫
z∈s Ddzdβ∫

β∈c

∫
z∈s dzdβ

, (14)

where D = IE(davg)/IE(dmax).

7.2. Ethnographical Data

Data were obtained from the Ethnographic Atlas (EA) [11] using the Standard Cross
Cultural code [38].

The relevant variables for our study are s, h and c, which stand for size category,
hierarchy category and climate category. All variables can take integer values 1, 2 or 3.
They are obtained by grouping the EA variables into three groups as shown in Table 1.
There are 248 cultures in Ref. [11] with information on these three variables.
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Table 1. Grouping of the Ethnographic Atlas (EA) variables [11,38] into categories. See text for details.

↓ Category/Value → 1 2 3

s: size (v31 a) small medium large
h: social stratification (v66 a) egalitarian simple structure complex
c: climate (v95 a) harsh intermediate mild

a The name of the variable in the EA.

7.3. Data: Conditional Probabilities and Order Parameters

The categorical values are obtained by grouping the relevant variables of the EA accord-
ing to Tables given in the Supplementary Materials as shown in Table 1, into three categories.

We extract the numbers of cultures N(s, h, c) with a given set of values (s, h, c) and the
marginal numbers N(s, c) of cultures with a given pair of values of (s, c) independently of
h. These are related by N(s, c) = ∑h=1,2,3 N(s, h, c). The conditional probabilities,

P(h|sc) =
N(s, h, c)
N(s, c)

, (15)

of a culture having a given class stratification, given its climate and group size.
Then, we calculate the average hierarchy of the cultures with the same values of n and

c, that is, that belong to the same size and climate categories. We calculate the empirical
average hierarchies conditional on size and climate:

H̄ = IE(h − 1|sc) = ∑
h=1,2,3

(h − 1)P(h|sc), (16)

which satisfies 0 ≤ H̄ ≤ 2.
Fluctuations around the average

σ2
EA = IE((h − h̄)2|nc) = ∑

h=1,2,3
(h − h̄)2P(h|nc), (17)

can be calculated to define error bars (see Supplementary Materials).

7.4. Theory–Data Comparison

The empirical and theoretical predictions’ order parameters are shown in Figure 7,
left, and Figure 7, right, respectively. one can The typical bifurcation of a phase transition
as different values of climate harshness are considered, occur in both the empirical data
and the theoretical results. The qualitative agreement between theory and empirical
record supports that our methodology is capable of suggesting new ways of looking at the
available ethnographic records, which can now come under scrutiny by the community of
quantitative ethnography dealing with cross-cultural studies.

That inequality rises with group size and that there are ecological factors involved
has been previously considered [5,39–42], but not how the rise is modulated by ecological
pressure nor the hypothesis that this is due to the competition of cognitive and social
navigation needs and therefore the influence of climatic pressure on hierarchy can be
reversed by demographics. It is not a coincidence that the transition between egalitarian
and hierarchical regimes can be presented in the same language as phase transitions and
critical phenomena in physical systems.
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Figure 7. The bifurcation signature of the phase transition for Ethnographical Atlas (EA) data [11,38]
(upper right) and theoretical prediction (14) (upper left). For mild climates, the expected hierarchies
change with group size is quite small. For harsh climates, the expected hierarchy is larger for large
groups and smaller for smaller groups. (Lower:) the difference in expected hierarchy ΔH between
large and small groups decreases for milder climates. Harsh climates are tundra (northern areas),
northern coniferous forest, high plateau steppe, desert (including arctic). Mild climates are temperate
forest, temperate grasslands, Mediterranean, oases and certain restricted river valleys.

8. Discussion

Our approach, based on probability, entropic inference and information theory, is a
methodological approach typical in the mathematical-physics modeling of systems that
incorporates conditioning factors, however, they can be used when the conditioning comes
from demographic, ecological, social and cognitive information.

Our main hypothesis is that a social-cognitive cost is relevant to characterize proba-
bilistically the perceived social networks. The introduction of the conjugated parameter
β, with the same informational content of the average cost, is an unavoidable theoretical
consequence. It controls the size of fluctuations above the minimum possible value of
the cost, prompting its interpretation as a generalized pressure. Gossip, a metaphor for
information exchange, correlates the perceived networks. The cognitive capacity and the
size of the group combine into a variable z, the specific cognitive capacity, and the perceived
social state can be described in a space of just two dimensions (z, β). External to the model,
the dynamics of encephalization and band size determine the historical evolution of z,
leading to a scenario for non-monotonic hierarchical change [1]. Further changes in z could
occur, e.g., due to technological advances, which translate into more effective information
processing and better social navigation. In addition, an effective reduction of ecological
pressure, following enhanced productivity, can occur. Then, a more egalitarian perception
of the social networks will follow. The PMB hypothesis predicts that motivations and
behaviors will change, but the theory does not go into the area of predicting how behaviors
change, nor what institutions will emerge in order to permit such behaviors, nor the time
scales of these changes. Our approach to the transition from hierarchical to egalitarian
and back dispenses the issue of whether the hierarchical type of behavior laid dormant
(Lars Rodseth in Ref. [1]) and remained present throughout the Pleistocene or whether the
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resurgence was due to convergent evolution (e.g., Ref. [43]). It can be turned on or off by
the joint effects of cognitive resources, social demands, ecology and demography. These are
similar to ordered–disordered transitions that result from pressure or temperature changes.
The possibility of being solid ice is not dormant in water when it is heated up. At least that
is not an appropriate metaphor, but it has been used in this context in the humanities.

One can speculate that the time spent in the large z egalitarian phase promoted
conditions for the fixation of altruistic genes and the emergence of the ‘do unto others’
ideas since all are equal under the representation networks. One would not expect the
fixation of altruistic behavior, which arises from punishment and collaboration [44–46] in
other than the symmetric phase, but this should be amenable to model construction and
analytic studies.

9. Conclusions

This simple model and the particular function we have used to represent the cognitive-
social cost are far from complete. We do not claim specific numerical validation by con-
frontation with empirical data in any other way than just a qualitative one. More sophisti-
cated forms of coalitions, other than dyadic pairing, should lead to increased richness of the
phase diagram, without disrupting the rough overall picture. We have also avoided consid-
ering gender issues. Rampant sexual inequalities can exist in an egalitarian organization of
males. Nevertheless, if competition between cognitive constraints and social navigation
needs indeed occurs, then phase transitions from egalitarian to hierarchical perception
follow from general arguments. It has been argued [47] that ‘in the history of the human
species, there is no more significant transition than the emergence and institutionalization
of inequality’. We expect that these methods, which unify the theoretical analysis of the
empirical findings behind the scenario for the U-shape dynamics and the conditions that
influence the transformation of perception of social organization, will stimulate the use of
information theory methods in the analysis of empirical research in cross-cultural studies.
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z = 2α/n(n − 1) for β = 6. This shows that the scaling of α with n(n − 1)/2 is a good approxima-
tions that gets better for larger values of n; Figure S2: Conditional Probability distributions P(h|s, c)
obtained from the Ethnographic Atlas data set; Figure S3: The standard deviation of the distribution
of expected hierarchies, or range of values of hierarchy as a function of ecological pressure for small,
medium and large groups. Left: From the Ethnographic Atlas data [38]. Right: Theoretical prediction;
Table S1: The number of data points (ethnographic groups) in the EA relevant for this study; Table S2:
The results for the empirical stratification H̄; Table S3: The results for the theoretical prediction HT ;
Table S4: V31. Mean Size of Local Communities. Table S5: V66. Class Stratification; Table S6: V95.
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Abstract: Changes of mind can become less likely the longer an agent has adopted a given opinion
state. This resilience or inertia to change has been called “aging”. We perform a comparative study of
the effects of aging on the critical behavior of two standard opinion models with pairwise interactions.
One of them is the voter model, which is a two-state model with a dynamic that proceeds via social
contagion; another is the so-called kinetic exchange model, which allows a third (neutral) state,
and its formed opinion depends on the previous opinions of both interacting agents. Furthermore,
in the noisy version of both models, random opinion changes are also allowed, regardless of the
interactions. Due to aging, the probability of changing diminishes with the age, and to take this into
account, we consider algebraic and exponential kernels. We investigate the situation where aging acts
only on pairwise interactions. Analytical predictions for the critical curves of the order parameters
are obtained for the opinion dynamics on a complete graph, in good agreement with agent-based
simulations. For both models considered, the consensus is optimized via an intermediate value of the
parameter that rules the rate of decrease of the aging factor.

Keywords: aging; opinion formation model; voter model; kinetic exchange model; social dynamics

1. Introduction

As is known, the ideas and concepts coming from the statistical and nonlinear physics
have been applied successfully to understand social phenomena [1,2]. The main goal is
to explain “macroscopic” emergent behavior in terms of the “microscopic” individual’s
components in the same way that one derives the laws of macroscopic physical systems,
e.g., the equation of state, from microscopic information such as the forces amongst particles.
One lesson we have learnt from the modern development of statistical physics is that the
emergent behavior, manifested through macroscopic phase transitions, is largely dependent
on some details of the microscopic interactions and that there are some universal features
that only depend on a few ingredients, such as dimensionality, symmetries, etc. It is in this
spirit that the modeling of social systems has relied on the development of very simple
agent-based models that take as starting points some stylized facts about the interactions
amongst agents. Consider, for example, the subject of the evolution of cultures. In a
seminal paper, Robert Axelrod asked: “If people tend to become more alike in their beliefs,
attitudes, and behavior when they interact, why do not all such differences eventually
disappear?” [3]. He then introduced a model whose basic assumption is that interactions
amongst individuals lead to an augmentation in the similarity between them. A detailed
analysis [4] shows that, depending on the initial diversity, there is a phase transition
between an ordered monocultural state and a disordered multicultural state, demonstrating
the apparent paradox of the emergence of global polarization through the mechanism
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of local convergence. It was then established that the dimensionality of the space of
interactions was a relevant variable of the model [5]. Similar ideas appear in other areas.
In the context of opinion formation, for example, one expects, on the one hand, that
social influences reduce differences between individuals via social contagion, but, on the
other, interactions can also produce differentiation via repulsive forces, associated with
anticonformist “contrarian” agents that tend to deviate from the behavior adopted by the
neighbors in the network of connections [6,7]. Another example is Galam’s model for
minority opinion spread [8,9] that, although based on local majority rule, can lead to the
hostile minority views having an advantage.

Other diverse mechanisms can compete with the tendency toward uniformity pro-
moted by social contagion. One is the “noisy” behavior, ruled by a “social temperature”
parameter, associated with imperfect imitations due to random factors or independent
choices, such that random changes of opinion interpreted as idiosyncratic behavior can
occur. Standard models that study the effect of independence include the noisy voter model
and the noisy kinetic exchange model. In the former, agents adopt opinions ±1, copying
the opinion of a random contact. This model has been studied under a variety of different,
but formally equivalent setups [10–17]. In the latter, the states ±1 and 0 can be adopted
via a rule that takes into account the current opinion of both interacting contacts [18,19].
In both cases, the rule of social influence acts with a probability of (1 − a) while otherwise,
with a probability of a, a random change can occur. That is, these models rely on the
assumption that opinion dynamics are mainly governed by mechanisms of imitation or
social contagion that mold opinion formation through the interaction between individuals,
but random factors are always present. In both cases, noise opposes the system’s ability to
reach a self-organized state with a winning opinion. Furthermore, both present a critical
value ac below which order can be achieved, the main difference being that ac → 0 in the
thermodynamic limit, when the number of agents tends to infinity, for the noisy voter,
while ac remains finite in the kinetic exchange model in the same limit.

Another ingredient that has been proven to be relevant in the modeling of social
systems is that of “aging”. The effects of aging have been widely explored in several
areas of research. In the field of computational biology [20–22], aging is understood as
the increase of the mortality of a species as its population becomes older. In chemistry,
aging appears when the properties of a material change over time without the influence of
external forces but due to, for example, thermal degradation [23] or photo-oxidation [24].
In the context of social systems, aging is the concept that the larger resistance an agent offers
to changing its state of opinion, the longer it has been holding the current state. Initially
termed as “inertia” [25], it was shown that the slowing down of the microscopic dynamics
induced via aging actually decreased the time needed to reach the macroscopically ordered
state state of consensus. In this respect, and in alignment with previous studies [25–31], we
consider that aging acts on the mechanism associated with social contagion.

In this paper, we compare the effects of aging on the two above-mentioned paradig-
matic representatives of the class of noisy opinion models, the voter model and the kinetic
exchange model, highlighting the similarities and differences amongst them. To this end,
we consider an all-to-all interaction scheme in which every agent is connected to every other
agent and develop an adiabatic approximation able to provide us with the phase diagram,
including the location of the critical points separating regions of consensus from disordered
regions. Afterward, we compare the location of the critical points for both models.

The rest of the paper is organized as follows: In Section 2, we introduce a general setup
to study models of opinion dynamics under the presence of idiosyncratic, random changes
of opinion, as well as the interaction between the agents modulated by an aging mechanism.
In Section 3, we derive a mean-field-type approach for the noisy voter model under an
adiabatic approximation, leaving the more technical details for Appendix A.1. In Section 3,
we also compare the results of numerical simulations for two different functional forms
for the aging probability, algebraic and exponential, focusing mainly on the magnetization,
measuring the amount of order, or amount of consensus, in the system. In Section 4,
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after briefly reviewing the main results for the noisy kinetic exchange model, we compare
the results for the magnetization and the dependence of the critical value of the noise
intensity as a function of a parameter measuring the rate of decrease of the aging probability,
for the voter and the kinetic exchange model. Finally, in Section 5, we end with some
conclusions and an outlook for future work.

2. Models of Noisy Opinion Dynamics with Aging

In this study, we analyze two models that have been commonly used as prototypical
examples in the study of the dynamics of opinion formation in social systems: the noisy
voter model and the noisy kinetic exchange model. Both models consider a set of N agents
endowed with an internal state variable si, i = 1, · · · , N, representing the possible positions
of agent i concerning a given topic. For the voter model, the internal variable can take
two possible values si ∈ {−1,+1}, representing a position against or in favor of the topic.
The kinetic exchange model introduces a third neutral state such that si ∈ {−1, 0,+1}. This
internal variable evolves due to two different generic mechanisms that act stochastically:
idiosyncratic changes and social influence. The difference between them is that the former
randomly changes the state variable si independently of the states of other agents, while
the latter changes si following a rule that depends on the state variables of another agent sj.
In the voter model, the social rule is that si → S(si, sj) = sj, modeling the mechanism of
imitation. In the kinetic exchange model, the social rule is si → S(si, sj) = sgn[si + sj],
where sgn[s] is the sign function. The rule is such that neutral agents can not modify
the opinion of another agent, and agents with a well-defined opinion (either positive or
negative) can convince a neutral agent or turn to the neutral state an agent with the opposite
opinion. Let us mention that other rules for three-state models have been considered in
the literature before [32–35]. In Ref. [32], it is shown that the inclusion of a third neutral
state which individuals necessarily have to pass through increases the capability to reach
consensus in the extreme values.

Previously, both models here considered have been studied under the influence of
aging in the social mechanism [36,37]. In this paper, we generalize some of the previous
studies and compare the effects that aging induces in both models.

To be precise, let us spell out in detail the rules of evolution for these models. Initially,
we assign a random value to each state variable si and set all internal times τi to zero. Then,

1. At each iteration, an agent i is randomly selected.
2. With probability (1 − a), the social rule is chosen: with probability q(τi), modeling

the persistence or reaction of the individual i to change as a function of its age τi,
a neighbor j is randomly selected and the opinion of agent i is modified according to
the rule si → S(si, sj).

3. Otherwise, with probability a, the idiosyncratic rule is chosen: the state si is replaced
by a randomly selected value among all possible opinion states.

4. Irrespective of the update mechanism actually used by agent i (random change or
pairwise interaction, with aging or not), its age τi is updated in the following way: if
the state si has changed, then age is reset, i.e., τi → 0; otherwise, age is incremented in
one unit, i.e., τi → τi + 1.

We restrict ourselves in this paper to the all-to-all connectivity, where each agent is
linked to every other agent. Hence, the set of neighbors of an agent i is the whole set of
agents (excluding itself). Time is measured in Monte Carlo steps, such that one unit of time
corresponds to N agent selections for updating.

Although other forms are possible, in the present study, we adopt the following two
general functional forms for the probabilities (we use q(τ) ≡ qτ for brevity in the notation),

algebraic decay : qτ =
q∞τ + q0τ∗

τ + τ∗ , (1)

exponential decay : qτ = q∞ + (q0 − q∞)e−τ/τ∗ , (2)
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where q0 and q∞, satisfying 0 ≤ q∞ < q0 ≤ 1, denote, respectively, the initial (τ = 0) and
asymptotic (τ → ∞) values of qτ , and τ∗ is a parameter dictating the rate of decrease of
the aging-probability, i.e., a larger value of τ∗ implies a slower decay. Both forms have
been considered before in the context of the study of the way that the voter model (without
idiosyncratic changes) approaches the asymptotic consensus state [38]. A previous study
of the noisy voter model [29] was limited to the algebraic case with q0 = 1/2, τ∗ = 2.
The aging-less case is recovered, formally taking the limit τ∗ → ∞, implying qτ = q0 for all
values of the age τ. Our theoretical treatment is rather general, but we adopt the values
q0 = 1 and q∞ = 0 in the numerical simulations.

3. Noisy Voter Model with Aging

In this Section, we present the results obtained for the noisy voter model with aging.
We build over the treatment of Ref. [29] but present a more general one, valid for arbitrary
forms of the aging-update probability.

In this model, each agent i is characterized by its binary state variable, si ∈ {−1,+1},
and its age or residence time in state si, τi. We denote with x±τ (t) the fractions of agents in
states ±1 and with age τ, such that x(t) = ∑∞

τ=0 x+τ (t) is the total fraction of agents in state
+1 at time t, and 1 − x(t) = ∑∞

τ=0 x−τ (t) is the total fraction of agents in state −1 at time t.
As detailed in Appendix A.1, it is possible to derive a closed evolution equation for x(t).
The procedure starts by writing down rate equations for the densities x±τ (t). One then
performs an adiabatic approximation that assumes that the evolution of x±τ (t) is attached
to that of x(t) which evolves at a longer time scale. Under this approximation, the equation
for the dynamical evolution of the fraction x(t) of agents in state +1 at time t is

dx
dt

= GV(x),

GV(x) =
a
2
(1 − 2x) + (1 − a)x(1 − x)[ΦV(x)− ΦV(1 − x)],

(3)

where the function ΦV(x) is defined as

ΦV(x) = ∑∞
τ=0 qτ FV

τ (x)
∑∞

τ=0 FV
τ (x)

, (4)

with

FV
0 (x) = 1, FV

τ (x) =
τ−1

∏
k=0

γ2(qk x, a), τ ≥ 1, (5)

and
γn(z, a) =

a
n
+ (1 − a)(1 − z). (6)

The steady state-solutions, xst, are obtained by setting the time derivative of the density
x(t) to equal zero, or GV(xst) = 0, according to Equation (3). Note that, due to its very
nature, the adiabatic approximation does provide the correct values of these steady-state
solutions. This is because the exact calculation of the steady-state solutions requires that
the rates of change of all densities are set to zero. This leads to the condition GV(xst) = 0,
which is also a result of the adiabatic approximation. What the approximate dynamical
Equation (3) provides is the stability of the different steady-state solutions as determined
by the sign of the derivative dGV(x)/dx evaluated at xst.

In the aging-less case, qτ = q0, ∀τ, it is ΦV(x) = q0 and the only fixed point of
Equation (3) is xst = 1/2, which is stable. This indicates that the disordered phase is the
only asymptotic solution. It is quite clear from the structure of Equation (3) that xst = 1/2
is, trivially, also a steady-state solution for the aging situation, for an arbitrary function
ΦV(x). The stability of this trivial solution and the existence of other steady-state solutions
depend solely on the function GV(x).
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For the algebraic functional form of the aging-update probabilities given by Equation (1),
it is possible, as explained in Appendix B, to obtain an analytical form for the function ΦV(x)
in terms of hypergeometric functions. However, even in this case, the non-trivial steady
state values and their stability have to be obtained numerically. For the exponential form
of the aging-update probabilities given by Equation (2), it does not seem to be possible to
express ΦV(x) in terms of other known functions, but we outline in Appendix B.2 a convenient
numerical algorithm for its evaluation.

Both for the algebraic and the exponential forms of the aging-update probabilities,
the numerical analysis concludes that, in the case that q0 = 1, q∞ = 0, the solution xst = 1/2
is stable for a > ac(τ∗) and unstable for a < ac(τ∗) and that a new pair of symmetric stable
solutions xst, 1− xst emerge for a ≤ ac(τ∗). These two solutions share the same stability, as it
can easily be proven that dGV(x)/dx|x=xst

= dGV(x)/dx|x=1−xst
. This change of stability of

the symmetric solution xst = 1/2 is understood as a phase transition between a disordered
phase at a > ac(τ∗) where both opinions ±1 coexist in equal proportion to an ordered,
consensus phase for a < ac(τ∗) where one of the opinions is majoritarian. The existence
of this phase transition is one of the main results presented in Ref. [29] for a particular
form of the aging probability (corresponding to the algebraic case with q0 = 1/2, τ∗ = 2).
The same transition was understood as a mapping of the problem with aging to another one
with suitable nonlinear rates in the social mechanism [36]. We now present a general study
of both the algebraic and exponential dependence of the aging probability and different
values on the parameter τ∗.

In Figure 1, we plot the magnetization, mst = |2xst − 1|, as a function of the noise
intensity, a, both for the algebraic and the exponential functional forms of the aging update
probability and for several values of the parameter τ∗. In the same plot we show the
results of numerical simulations of the stochastic rules for the agent-based model detailed
in Section 2. The simulations agree remarkably well with the analytical results, validating
the adiabatic approximation introduced in the analysis. There are some deviations with
respect to the analytical calculation for values of the probability parameter a which are
close to the critical value ac. This is attributed to the necessary consideration of a finite
number of agents N = 104 in the numerical simulations, while the theoretical treatment
considers the thermodynamic limit N → ∞.
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Figure 1. Noisy voter model with aging. Magnetization, mst = |2xst − 1|, as a function of the noise
intensity, a, for different values of the τ∗ parameter, for the algebraic (left) and exponential (right)
kernels. Solid lines correspond to the theoretical results, while symbols represent the outcomes of
numerical simulations with N = 104 agents, averaged over 5 × 106 Monte Carlo steps (MCS) after
a transient of 5 × 106 MCS. Notice the non-monotonic dependency of the critical point with the
parameter τ∗. See text for details.

For a given value of τ∗, the critical value ac can be found by calculating the point at
which the symmetric solution xst = 1/2 changes from being stable to being unstable, i.e., by
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solving the equation dGV(x)/dx|x=1/2 = 0. A relatively simple calculation shows that this
condition is equivalent to

(1 − ac)
dΦV(x)

dx

∣∣∣∣
x=1/2

= 2ac. (7)

Note that ac also appears in the function ΦV(x). The dependence of the critical value
ac on the parameter τ∗, obtained by numerically solving the previous equation, is shown
in Figure 2. The larger the value of ac, the larger the region in parameter space in which a
consensus-like phase is present. Remarkably, both for the algebraic and the exponential
cases, the critical value tends toward zero for τ∗ → 0 and τ∗ → ∞, indicating that in
those limits, the only asymptotic solution is the disordered one. The limit τ∗ → ∞ leads to
qτ = 1, ∀τ, which corresponds to the standard version (without aging) of the noisy-voter
model. It is known that this model displays a finite-size noise-induced phase transition
between disorder and consensus at a critical value of the parameter ac = 2/N. In the
thermodynamic limit, it is ac → 0, in accordance with our result. The reason for the
disappearance of the consensus in the limit τ∗ → 0 stems from the fact that the social
mechanism is activated with a probability q(τ) that tends toward 0 for all τ, except τ = 0,
for which q(0) = q0 > 0. Hence, the only effective updating mechanism acting at all
times is the set of random updates that necessarily lead to disorder. In between these two
limits, there is an optimal value τ∗

c for which ac is the maximum. For the algebraic case,
it is τ∗

c = 2.01, and the corresponding value of the noise intensity is ac = 0.224, while for
the exponential case, we find that τ∗

c = 3.77 and ac = 0.242. The critical lines ac(τ∗) of
the algebraic and exponential cases cross at the point τ∗

0 = 2.33, such that for τ∗ < τ∗
0 ,

the algebraic aging shows a larger consensus region (larger value of ac) and the opposite
for τ∗ > τ∗

0 .
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Figure 2. Theoretical curves of the critical noise value ac versus the τ∗ parameter in the algebraic
and exponential cases for the noisy voter (V) and kinetic exchange (K) models. The horizontal lines
correspond to the critical value in the aging-less case in the noisy voter (solid line) and in the kinetic
exchange (dashed line) models.

4. Comparison with the Noisy Kinetic Exchange Model with Aging

We now compare the main similarities and differences between the noisy voter model
and the kinetic exchange model, both under the presence of aging.

The kinetic exchange model introduces a third, neutral value of the state variable,
si ∈ {−1, 0,+1}. At variance with the noisy voter model, a macroscopic characterization
uses both densities x±(t) of agents in states ±1 at time t. Via normalization, the density of
the agents in state 0 is given by x0(t) = 1 − x+(t)− x−(t).

96



Physics 2024, 6

Along the lines used for the voter model and developed in more detail in Ref. [37], it
is possible to write down a closed system of equations for the densities x±(t), namely,

dx+

dt
= GK(x+, x−),

dx−

dt
= GK(x−, x+),

GK(z, w) = (1 − a)[z(1 − z − w)ΦK(z + w)− z w ΦK(w)] +
a
3
(1 − 3z).

(8)

where

ΦK(x) ≡ ∑∞
τ=0 qτ FK

τ (x)
∑∞

τ=0 FK
τ (x)

. (9)

FK
0 (x) = 1, FK

τ (x) =
τ−1

∏
k=0

γ3(qk x, a), τ ≥ 1, (10)

where γn(z, a) is given by Equation (6). Although the dynamical system for the kinetic
model, Equation (8), is quite different from that of the voter model, Equation (3), a quite
similar structure is found for the functions ΦV(x) (4) and ΦK(x) (9). As explained in
Appendix B, both functions are expressible in terms of hypergeometric functions for the
algebraic dependence of the aging probabilities and can be computed using a very efficient
numerical algorithm in the case of the exponential dependence.

Let us summarize now the main results of the analysis of the dynamical system
Equation (8). In the aging-less case, ΦK(x) = q0, the dynamical equations always admit
the steady-state solution x+st = x−st = 1/3. This solution becomes unstable for values of the
noise intensity a less than the critical value ac = q0/(3 + q0), where a pair of non-symmetric
solutions x+st �= x−st emerge. The behavior of the magnetization mst = |x+st − x−st | is given by

mst =

⎧⎪⎨⎪⎩
√
(q0 − (3 + q0)a)(3q0 − (1 + 3q0)a)√

3 q0 (1 − a)
, a ≤ ac,

0, a ≥ ac,
(11)

a result already obtained by Nuno Crokidakis [18] in the case that q0 = 1.
When aging is included, the basic structure of the solution remains [37]: there is

always a symmetric phase x+st = x−st steady-state solution which is stable for a > ac(τ∗).
For a < ac(τ∗), this solution becomes unstable and a pair of non-symmetric stable
solutions emerge. It is not possible to give explicit expressions for the solutions x±st for
an arbitrary function ΦK(x), and they have to be determined numerically. The stability
of these solutions is also determined numerically from the sign of the eigenvalues of the
Jacobian matrix ⎛⎜⎜⎜⎝

∂ẋ+

∂x+
∂ẋ−

∂x+

∂ẋ+

∂x−
∂ẋ−

∂x−

⎞⎟⎟⎟⎠
∣∣∣∣∣∣∣∣∣
x±=x±st

(12)

evaluated at the fixed points. Here, the dot over a letter denotes the time derivative.
In Figure 3, we show the results of the magnetization mst as a function of the noise

intensity a for two values of the τ∗ parameter for the noisy voter (mst = |2xst − 1|) and
for the kinetic exchange (mst = |x+st − x−st |) models with aging. In both cases, we find high
agreement between theoretical results and numerical simulations using the stochastic rules
of the processes.
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Figure 3. Comparison of the noisy voter model (V) and the noisy kinetic exchange model (K), both
under the influence of aging. Magnetization mst as a function of the noise intensity a in the algebraic
and in the exponential cases for two values of the τ∗ parameter: τ∗ = 2 (left) and τ∗ = 10 (right).
Results of the mean-field theory are plotted with solid lines, while those of numerical simulations are
displayed with symbols. The simulations have been performed with 104 agents and averaged over
5 × 106 MCS after 5 × 106 thermalization MCS.

As can be seen in Figure 2, for sufficiently small values of τ∗ (strong or moderate
aging, e.g., τ∗ = 2 in Figure 3), the most significant determining factor for the existence
of a given consensus region is not the type of model considered (either voter or kinetic
exchange), but the type of aging kernel. In particular, algebraic aging, which decays most
slowly with τ, is the one that most enhances this effect. On the other hand, for large
values of τ∗ (weak aging, e.g., τ∗ = 10 in Figure 3), the kinetic exchange model gives
rise to considerably larger consensus regions than the voter model, regardless of the type
of aging considered (algebraic or exponential), which is consistent with the feature that
in the aging-less limit (τ∗ → ∞), the kinetic model has a non-null critical point in the
thermodynamic limit, in contrast with the voter model.

The most interesting result for the kinetic model is the non-monotonic behavior of the
magnetization: the critical value ac(τ∗) exceeds the value corresponding to the aging-less
case ac = 1/4, and it then approaches asymptotically to 1/4. As can be seen in Figure 2,
this phenomenon occurs for both profiles of aging. Moreover, as in the noisy voter model
with aging, in the kinetic model there is also a value τ∗

0 such that for τ∗ < τ∗
0 , the algebraic

aging gives rise to a larger consensus region than the exponential aging, while for τ∗ > τ∗
0 ,

the situation is reversed. For the noisy kinetic exchange model, it is τ∗
0 = 5.40.

5. Final Remarks

We have considered two models of opinion formation, namely the noisy versions of
the 2-state voter and 3-state kinetic exchange models, and introduced the effect of aging
through the probability of change qτ acting on the interaction between agents. Moreover,
we considered two different families of kernels for qτ : either algebraically or exponentially
decaying with τ.

A mean-field description has been given for the generic form of q(τ), unifying the
previous results for the two models [29,37] and extending part of them to embrace a wider
family of models with n opinion states. This description relies on obtaining the evolution
equations for the density of the agents in each opinion state s and with the given age τ.
Then, the steady state solutions of this system of (infinite) equations and the analysis of
its stability (via an adiabatic approximation valid when separation of timescales holds)
allowed for the obtaining of the plots of the order parameter mst vs. the noise probability a,
in agreement with agent-based simulations in a complete graph.

We have particularly considered the algebraic form qτ = (q∞τ + q0τ∗)/(τ + τ∗)
and the exponential form qτ = q∞ + (q0 − q∞) exp(−τ/τ∗), with 0 ≤ q∞ < q0 ≤ 1.
In numerical examples, we focused on the case that (q0, q∞) = (1, 0). Our results indicate
that qualitatively similar tendencies emerge for both kernels in both models as follows.
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For sufficiently large τ∗ (weak aging), there is good agreement with the aging-less situation,
as expected. For all values of τ∗, the magnetization, mst, as a function of the noise intensity,
a, displays a continuous transition from order to disorder at a critical value ac. In all the
analyzed cases, we observed an optimal value of τ∗ to obtain a consensus (maximizing this
critical value ac). It is also noteworthy that, while both models produce different results
under weak aging, when aging is strong or moderate, the critical value ac becomes nearly
insensitive to the particular social interaction rule (si, sj) and number of opinion states n.

An interesting continuation would be to go beyond all-to-all interactions and to study
aging effects on the opinion dynamics in random networks. Moreover, other forms of the
aging kernel might also bring new features.
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Appendix A. Rate Equations

In the general case of n possible state values s, the rate equations for the density xs
τ of

the agents in state s and age τ are

dxs
τ

dt
= Ωss(τ − 1)− ∑

s′
Ωss′(τ), τ ≥ 1, (A1)

where Ωss′(τ) is the transition rate from state s to state s′. The first term accounts for
those updates that did not result in a change of state and hence increase their internal time
from τ − 1 to τ, while the second accounts for those that resulted in a change of state and
therefore resulted in a change τ → 0 of the internal time. For τ = 0, the rate equation
includes all those changes that result in a reset of the internal time,

dxs
0

dt
=

∞

∑
τ=0

∑
s′ �=s

Ωs′s(τ)− ∑
s′

Ωss′(0). (A2)

Adding Equations (A1) and (A2) over all values of τ, one obtains the rate equations for
the density of agents in each state s as xs = ∑∞

τ=0 xs
τ. We now derive the rate expressions for

the noisy voter. A similar treatment for the kinetic exchange model can be found in Ref. [37].

Appendix A.1. Noisy Voter Model with Aging

The state can take two possible values s ∈ {−1,+1}. For the all-to-all connectivity
adopted in this paper, the set of transition rates Ωss′ comprises

Ω−−(τ) = x−τ
( a

2
+ (1 − a)(1 − x+qτ)

)
,

Ω−+(τ) = x−τ
( a

2
+ (1 − a)x+qτ

)
,

Ω+−(τ) = x+τ
( a

2
+ (1 − a)x−qτ

)
,

Ω++(τ) = x+τ
( a

2
+ (1 − a)(1 − x−qτ)

)
.

(A3)
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In this paper, we have used the notation x for x+ and 1 − x for x−. We show now the
derivation of the expression for the first of these rates, Ω−−(τ): The probability that an
agent with internal time τ and state value s = −1 remains −1 first requires the selection
of an agent in that state (probability x−τ ); then, if the social rule is chosen (probability
1 − a), the copying mechanism activates with a probability of qτ and the selected neighbor
must be in the state −1 (probability x−), but if the copying mechanism is not activated
(probability 1 − qτ), the state remains −1. If, on the other hand, the idiosyncratic rule is
activated (probability a) and the new state is chosen to equal −1 with a probability of 1/2,
this leads to

Ω−−(τ) = x−τ

(
(1 − a)(x−qτ + (1 − qτ)) + a

1
2

)
, (A4)

which, after the replacement of x− = 1 − x+, leads to the first of Equation (A3). Other
transition rates in these equations are obtained similarly.

From these rates and Equations (A1) and (A2), one can derive the rate equations for
xs

τ as

dx−τ
dt

= Ω−−(τ − 1)− x−τ ,

dx+τ
dt

= Ω++(τ − 1)− x+τ ,
(A5)

for τ ≥ 1, and

dx−0
dt

=
a
2

x+ + (1 − a)x−y+ − x−0 ,

dx+0
dt

=
a
2

x− + (1 − a)x+y− − x+0 ,

(A6)

for τ = 0, where we have defined

ys ≡
∞

∑
τ=0

qτxs
τ . (A7)

To obtain a closed equation for the time evolution of the densities xs, we use an
adiabatic approximation whereby we assume that the time derivative Equation (A5) of the
age-dependent density xs

τ can be set to zero, allowing for the expression of x±τ in terms of
x±τ−1. The solution of this recursive relation is

x−τ = x−0 Fτ(x+),

x+τ = x+0 Fτ(x−),
(A8)

with

F0(x) = 1, Fτ(x) ≡
τ−1

∏
k=0

γ2(qk x, a), τ ≥ 1, (A9)

and the function γ2 is defined in Equation (6). Adding Equation (A8) over all τ ≥ 0,
we obtain

x− = x−0
∞

∑
τ=0

Fτ(x+),

x+ = x+0
∞

∑
τ=0

Fτ(x−),
(A10)

which, substituted in Equation (A8), leads to
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x−τ = x−
Fτ(x+)

∑τ Fτ(x+)
,

x+τ = x+
Fτ(x−)

∑τ Fτ(x−)
,

(A11)

which are now expressed in terms of the global variables x±.
Adding Equations (A5) and (A6) over all values of τ, we obtain the corresponding

equations for the density xs of each state s.

dx−

dt
=

a
2
(x+ − x−) + (1 − a)(x−y+ − x+y−),

dx+

dt
=

a
2
(x− − x+) + (1 − a)(x+y− − x−y+).

(A12)

Moreover, note that one of the two equations can be eliminated, since x+ + x− = 1.
Then, in order to obtain a closed evolution equation for the global variable x+, one needs
to express the variables ys appearing in Equation (A12) in terms of x+. This can be done by
using Equation (A11) into Equation (A7), yielding

y− = (1 − x+)Φ(x+), y+ = x+Φ(1 − x+), (A13)

where we have introduced the function

Φ(x) ≡ ∑∞
τ=0 qτ Fτ(x)

∑∞
τ=0 Fτ(x)

. (A14)

Let us note here, for consistency, that in the aging-less case, qτ = 1, it is Φ(x) = 1 and,
hence, ys = xs, for s = −1,+1.

The replacement of Equation (A13) in Equation (A12) leads to the rate equation for
x ≡ x+, Equation (3). Note that the function Φ(x) depends on the aging profile qτ both
through the explicit dependence on Equation (A14) and in the expression of the Fτ(x) of
Equation (A9). As shown in Appendix B, the function Φ(x) can be related to hypergeomet-
ric functions in the case of an algebraic dependence on the aging probability.

Appendix B. Calculation of Sums Involving Fτ(x)

Appendix B.1. Algebraic Aging

In the case of a rational function of the age of the general form

qτ =
q∞τ + q0τ∗

τ + τ∗ , (A15)

where τ∗ > 0 and 0 ≤ q∞ < q0, the function Fτ(x) defined is given by

Fτ(x) ≡
τ−1

∏
k=0

γn(qk x, a) = γn(q∞x, a)τ (τ
∗ξn(x, a))τ

(τ∗)τ
, τ ≥ 1, (A16)

where

ξn(x, a) ≡ γn(q0x, a)
γn(q∞x, a)

, (A17)

with the function γn(z, a) defined in Equation (6), and (z)τ ≡ Γ(z + τ)/Γ(z) is the
Pochhammer symbol and Γ is the gamma function.

In order to compute the function Φ(x) = ∑∞
τ=0 qτ Fτ(x)

∑∞
τ=0 Fτ(x)

, one needs the following sums:
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∞

∑
τ=0

Fτ(x) = 2F1(1, τ∗ξn(x, a); τ∗; γn(q∞x, a)), (A18)

∞

∑
τ=0

qτ Fτ(x) =q0 2F1(1, τ∗ξn(x, a); 1 + τ∗; γn(q∞x, a))+

q∞

1 + τ∗ γn(q0x, a) 2F1(2, 1 + τ∗ξn(x, a); 2 + τ∗; γn(q∞x, a)). (A19)

In this paper, we cover the algebraic case corresponding to q0 = 1 and q∞ = 0.

Appendix B.2. Exponential Aging

In the definition of Fτ(x), Equation (A16), where γn(z, a) is given by Equation (6),
the substitution of qτ = e−τ/τ∗ yields

Fτ(x) =
(

1 − n − 1
n

a︸ ︷︷ ︸
α

)τ(
nx

1 − a
n − (n − 1)a︸ ︷︷ ︸

b

; e−1/τ∗
)

τ

, (A20)

where (r; s)0 = 1 and (r; s)k = ∏k−1
i=0 (1 − rsi) for k ≥ 1 is the q-Pochhammer symbol, and

where α ∈ (1/n, 1) and b ∈ (0, 1). Therefore, the function Φ(x) is given by

Φ(x) = ∑∞
τ=0 qτ Fτ(x)

∑∞
τ=0 Fτ(x)

. (A21)

A way to compute numerically the infinite series in the numerator and denominator
of Equation (A21) is to cut them off by finite sums up to an upper index τ = M. However,
the convergence seems to be slow, and large values of M are needed for a precise calculation,
especially for small values of τ∗ or a. To overcome this difficulty, an efficient procedure has
been described in Ref. [37]. It starts by introducing the function

φ(z, b, s) =
∞

∑
τ=0

(b; s)τ zτ , (A22)

from which Equation (A21) reads

Φ(x) =
φ(αs, b, s)
φ(α, b, s)

, s = e−1/τ∗ ∈ (0, 1). (A23)

Then, we use the iteration relation that follows from its definition, Equation (A22), namely,

φ(α, bsk, s) = 1 + α(1 − bsk) φ(α, bsk+1, s), k = L, L − 1, . . . , 0 (A24)

with the initial condition
φ(α, bsL+1, s) =

1
1 − α

, (A25)

that results from the approximation bsL+1 ≈ 0 and the use of (0; s)k = 1 in the definition (A22).
We have taken L such that bsL+1 < ε = 10−12, or L ∼ log(ε/b)/ log s = τ∗ log(b/ε),
although other smaller values of ε produced the same results.
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Abstract: In this study, we propose how to use objective arguments grounded in statistical mechanics
concepts in order to obtain a single number, obtained after aggregation, which would allow for the
ranking of “agents”, “opinions”, etc., all defined in a very broad sense. We aim toward any process
which should a priori demand or lead to some consensus in order to attain the presumably best
choice among many possibilities. In order to specify the framework, we discuss previous attempts,
recalling trivial means of scores—weighted or not—Condorcet paradox, TOPSIS (Technique for Order
Preference by Similarity to Ideal Solution), etc. We demonstrate, through geometrical arguments on a
toy example and with four criteria, that the pre-selected order of criteria in previous attempts makes
a difference in the final result. However, it might be unjustified. Thus, we base our “best choice
theory” on the linear response theory in statistical physics: we indicate that one should be calculating
correlations functions between all possible choice evaluations, thereby avoiding an arbitrarily ordered
set of criteria. We justify the point through an example with six possible criteria. Applications in many
fields are suggested. Furthermore, two toy models, serving as practical examples and illustrative
arguments are discussed.

Keywords: best objective choice; complex systems; linear response theory; opinion formation;
selection by ranking; sociophysics

1. Introduction

Nowadays, statistical physics has found wide open research topics outside of its
classical aims in economics and sociology nowadays [1–5]. Thus, consider the interplay
between sociology and physics: sociophysics.

Forget Hobbes, Quetelet, Comte, Verhulst, and others there should be no need to point
out, as an introduction or justification for this paper, that Galam is a pioneer of modern
sociophysics [6,7] (see also the relevant papers [8–15] of interest for consideration in this
paper).

One of Galam’s goals was to set a framework, provide techniques, and search for
conclusions on the dynamics of opinion formation in various societies. Galam’s studies
lead to the finding of the conditions for consensus (kind of an equilibrium), chaotic states,
and intermediary complex phases in multi dimension diagrams. However, it is not quite
apparent that his findings pertain to what people would refer to or call “the best choice”.
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But, what is the best choice? It should be admitted that what one would call the best choice is
a highly relative and subjective state or concept. The answer contains ingredients from both
personal (“selfish”) and global (“self-effacing”) points of view. Moreover, the dependence
on exogenous and endogenous conditions is quite significant, but such considerations
are left for political discussions elsewhere. We consider that the final states in Galam’s
studies or models, and subsequent studies by many, result from a too heavily weighted
stochastic set of constraints or hypotheses. Opinion dynamics surely result from individual
“votes” (meaning choices) due to herding or because of contrarians [9,12,16]. Nevertheless,
do the dynamics imply a good choice? Or worse, is the choice (meaning vote) the best
choice? That seems to be a crucial point, not only at election times in democracies, but
also in choices like (we limited the references to a few papers) in the media [17], including
music genrefication networks [18]; in economics [19], including regional studies [20] and
drawdown market price sizes at speculative times [21], in academia, including scholarly
journal rankings [22], research networks clustering [23], world universities ranking [24,25]
or samba schools ranking [26,27]; and in sport [28–31].

More explicitly, in the academic domain, what is the best choice when hiring or
promoting a colleague, when appointing a vice-chancellor, or when selecting teams for
research grants? In the sport domain, the ranking of football teams or of cyclist racing
teams is obtained through apparently objective numbers, but the rules can often (or even
always) be debated and challenged [32,33]. The same remark holds for the Nobel Prize, the
Pulitzer Prize, the Goncourt Prize, the Oscar or Cesar Awards which are given through
highly subjective, not objective, criteria; not discounting facing a choice between roads
going from X to Y, for going on holidays or to a restaurant, etc.? What is the best equipment
or car or cell phone to buy? What is the best food, from a health point of view? All these
questions mix subjective and objective criteria.

This boils down to the fundamental and practical question: what are the criteria
needed for reaching the best choice? In other words, how should one conclusively rank a
set of “things”, “people” or “teams” in a constrained set of criteria?

This leads us to remember that the “final choice” leads to a somewhat paradoxical situa-
tion, the Condorcet paradox [34–36], for example. Recall that the Condorcet method [34–36]
is a voting system that will always select the candidate that voters prefer over each other
candidate, when comparing between them one at a time. Further considerations on com-
paring preferred choices lead to Arrow’s incompatibility theorem [37]. Moreover, the order
of criteria might lead to ambiguities [38].

The discussion, and the subsequent answers, should pertain to a comparison of the
evaluation methods according to criteria [39,40]. Most of these are based on previous
achievements, even though their forecasting value, not mentioning consistency for future
achievements or impact, are far from certain.

This drastically annoying deduction seems to stem from the plethora of “parameters”,
i.e., possible criteria. Practically, one turns toward aggregation processes [41–43], going
from multi dimensions toward a single number. This makes life complicated enough when
one turns toward the modelling. Thus, one wishes to have some indubitable argument;
often, that means having rigorous mathematical theorems. However, this is often hard to
implement, in particular for laymen (or lay women, or lay others). Therefore, mathematical
arguments might be by-passed through physics concepts which allow metaphors and
analogies, like in modern statistical mechanics or like in Galam’s view of social thought
dynamics, for example, on networks.

Therefore, after outlining elements for discussion from information theory, arguments
from geometry, and surely arguments on complex systems and sociophysics, we propose a
powerful argument grounded in linear response theory (LRT): in LRT, the coefficients (mag-
netic susceptibility, transport coefficients, etc.), measured in the laboratory and estimated
theoretically, are discussed and defined through the correlations between the (fluctuations
of the) dependent variables. Thus, we suggest calculating all correlation functions implying
the relevant variables in the sociophysics research topics of interest, in particular when
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searching for opinion formation, as due to Galam. This idea seems to be missing in earlier
considerations. We claim that this idea is leading to a more objective hierarchy of values in
opinion formation choice, i.e., topics.

Within this set of considerations, a study framework can be conceived together with
applications, thereby leading to the following structural content of this study.

Section 2 contains a brief review of “old” and “modern” techniques for selecting
and ranking agents or events, like the rank-size “laws”. We discuss such attempts, re-
calling trivial “means of scores”, be they weighted or not, the Condorcet paradox, etc.
We recall preference aggregation techniques, like the maximum likelihood rule (MLR)
(Section 2.1), and the Technique for Order Preference by Similarity to Ideal Solution (TOP-
SIS) (Section 2.2).

However, the aggregation problems have two different aspects: rank aggregation or
score aggregation. These are briefly distinguished in Section 2.3.

In particular, in Section 2.4, we start from geometrical aspects for ranking scores, or
measures, and for later aggregating multi-valued measures. Furthermore, we demonstrate
through such geometrical arguments that the order of criteria might make a difference
on the final result, but this might be unjustified. It is easily observed that, if only three
criteria are used, the procedure leads to an undebatable result. We show on a set of four
criteria for a toy model that the order is drastically relevant and influences the outcome
after aggregation.

We base our best choice theory in Section 3, upon the linear response theory. We
indicate that one should be calculating correlations functions between all possible choice
evaluations. Appendix A recalls the fundamentals of a linear response theory in statistical
physics.

We conclude with some emphasis, if it is needed, on the finding that the best ranking is
obtained from a method based on rigorous arguments for obtaining a final score and rank-
ing. We are aware that subjective arguments often influence the final decision. We suggest
applications in a few domains in Section 4. Two examples can be found in Appendix B.

2. Modern Ideas and Methods

In this Section, we consider ideas and methods for the ranking and selecting of the best
outcome due to inequalities between events and agents, also called “variables”, thereby
assuming that a hierarchy takes places and leads to the best choice [44].

Before recalling modern ideas, let us remind the reader that the selection process
leads to some so-called rank-size (RS) displays or tables. Indeed, RS analysis is the basic
way of measuring disorder in a population: the largest “size” gets the first rank, and a
hierarchy, from which an ordering through inequality is deduced [44]. This is a hierarchical
description. In fine, this leads to considering whether empirical laws follow patterns,
thereby suggesting models.

The RS law derives from the analytical form presented by the variables, often ranked
in descending order as a function of the (discrete) index i, giving a “rank” to each of the gi,
i = 1, . . . , N variables. The cumulative law ∑i gi leads to the cumulative concentration
distribution curve (CCDC). The sum ∑N

i gi over all the i elements can serve as a normali-
sation value. One immediately obtains the “normalised” CCDC . When the normalised
CCDC goes over the 80% threshold, this defines the Pareto rank, rP. The Pareto principle
expects this rank rP to be equal to N/5. Thus, the RS method is convenient, and better
suitable for large populations, i.e., when the size or/and rank ranges can be large. This is
rarely the case when only a few selection criteria are implied.

For completeness, nevertheless, let us mention that Marfels [45] distinguishes several
types of concentration ratios according to weighting schemes and their structure, which
can be discrete or cumulative [46]. Beside such ratios, inequality aspects are often discussed
in order to touch upon socio-economic concerns [47].

Furthermore, one can recall that, when the goal is to find a compromise between the
various rankings, the statistical median is thought to be the most appropriate solution [48,49].
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However, in situations when decision making should be a way of compromising between
conflicting decisions, the use of MLR, discussed in the following Section 2.1, is justified.

2.1. Maximum Likelihood Rule

Recall that a choice demands some ranking. This is usually done by combining
ordered preference lists into a single consensus value, as in a reviewing procedure [49,50].
We outline the MLR, which is based directly on rankings and not on the scores.

In brief, methods of preference aggregation, such as the MLR, are based on the concept
of pairwise preference notions [51], which are much used in economics and in opinion
formation, alongside the simple majority voting rule, without a discussion of the scores.
It is also known as the Kemeny [52] rule (or the Kemeny–Young method [48]). In order
to go beyond the limit of the method, one introduces a variant, taking into account the
behavioural argument of “blindness to small changes” (BSC) [53].

Mathematically, an MLR ordering is defined as one that minimises the total number
of discrepancies among all the reviewers in their pairwise preferences between all options.
It can be viewed as a voting scheme that determines not just a single chosen winner, but
an entire ordered list. Therefore, the MLR ordering generally satisfies the most possible
reviewers regarding their stated rankings of options. The ordering does not use whatever
information about how much higher a candidate is ranked over another, but only a relative
ordering (it is worth pointing out that MLR is a Condorcet method).

Practically, one can say that the method counts the pairwise preferences and applies the
majority rule over each of them.

Examples abound on applying this rule and finding “solutions” [54]. One short
illustration is given in Appendix B.

The second step of the method is counting the number of times where one candidate
is ranked over another. In doing so, the MLR emphasises that the first-ranked choice is
preferable compared to all other options in individual pairwise comparison. Similarly,
the MLR second ranked choice would be be preferred to all other options (except the first
ranked), and so on.

In order to complete this Section, we may consider that the MLR implies that can-
didates with the same score are considered to belong to the same “indifference set”. If
this occurs, one decides to list the “candidates” (specifying the “agents” or “events”) one
after the other, e.g., in alphabetical order, in such a set. One may consider other ways to
manage equal scoring, but there is no need to foresee any special treatment here to take
care of ex aequo positions in the ranking. Nevertheless, in most evaluation procedures,
a linear order is requested for the final ranking; the most unwanted point is when two
“agents” are ex aequo on the first rank. In general, in order to achieve such a goal, or
resolve such a dilemma, extra information is a posteriori added for discriminating equally
scored candidates. This might be unjustified but this “solution” is left for more suitable
considerations and is beyond outside of the scope of the present study.

2.2. Technique for Order Preference by Similarity to Ideal Solution

The TOPSIS, was originally developed by Hwang and Yoon [55], with further perti-
nent developments, e.g., in Refs. [56–60], is a method of compensatory aggregation that
compares a set of alternatives by identifying weights for each criterion, normalising scores
for each criterion and calculating the geometric distance between each alternative and the
ideal alternative, which is the best score in each criterion.

TOPSIS works attractively in various areas; see, e.g, [61].

2.3. Score Rather than Rank Aggregation

However, some fundamental emphases between processes in the preferential ordering
problems must be made through distinguishing rank aggregation from score aggregation.
Often, the ranks are not known, but are deduced from scores. However, as pointed out,
one does not always know how the scores are obtained (recall the number of stars in the
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Michelin guide or the Gault and Millau scores for restaurants, or the ranking order on Trip
Advisor). In such cases, scores are incompatible and sometimes incomprehensible; ranking
only makes some sense, allowing for ex aequos.

However, if scores are known from a reliable set of measures and for a given set
of criteria, some objective construction can follow, leading to some meaningful score
aggregation. A scoring function can be defined as f (Xj)(si), with s1, s2, s3, . . . , sm, being the
scores on each i-th criterion, for a given “agent” Xj, with j = 1, . . . , n.

The aggregation results, from the set of n “events”, “agents” and the m scoring criteria,
sorted, for example, in decreasing order, lead to finding the top-k “candidates” according
to the scoring function, imposing f ([si]) < f ([s′i]). The objective is straightforward: to
compute the top-k “agents” with the minimum cost. While the target is apparent, the
methods can be quite different, depending on the choice of f . The very first problem stems
from the sorting out algorithm. Let us point to the Fagin algorithm [62], to the medrank
algorithm [63] and to the threshold algorithm [64]. For some completeness, another method
is the Borda count [65]: for each ranking, one assigns a score D equal to the number of
objects it defeats. The total weight of D is the number of points it accumulates from all
rankings.

However, these rank or score ranking methods can be challenged because they are
missing a key ingredient, i.e., the selection order of the criteria.

2.4. On the Sequence of Criteria: A Geometrical Perspective

In brief, many (if not all) earlier studies ignore a crucial factor: the sequence of criteria.
It can be pointed out and straightforwardly illustrated that the ascertainment of criteria has
an effect on ranking values; this is common knowledge to anyone having participated in
surveys [66,67] and/or selection processes.

Suppose that there are three criteria giving a numerical value (a, b and c, respectively)
for the agent or event. One can define a coordinate system with three axes stemming from
some origin O in equivalent directions (such that the angle between each axis is, therefore,
2π/3) and plot the values on each “criterion axis”. Next, one way to aggregate the three
values is to consider them as three sides of a triangle, and calculate the triangle area, which
becomes the “score”.

In this case, one may recall that it would be necessary, in order to find the area of a
triangle with three sides, that one uses the Heron’s formula: indeed, the area S of a triangle
with three known sides, a, b and c, is calculated from

S =
√

s(s − a)(s − b)(s − c) , (1)

where s is the semi-perimeter of the triangle, i.e., s = (a + b + c)/2.
On the other hand, knowing two sides b and c around an angle A, the formula to

calculate the area of a triangle is given by (1/2) b c · sin A. Obviously,

S = b c/2 if A = π/2, (2)

while
S = (

√
3/4) b c if A = 2π/3 (or π/3). (3)

In the latter case, this means that whatever the order of criteria, the total area, i.e., the
sum of the three triangles areas, is invariant and equal to S = (

√
3/4) (b c + a b + a c).

However, the matter is different when there are more than three criteria or sustaining
axes. Consider the case of four criteria. Let the axes form a coordinate system with four axes
in symmetric directions. The permutation of axes leads to six different polygons. A toy
example, with a = 1, b = 2, c = 3 and d = 4, can be seen in Figure 1. The four inner
triangles in each polygon are rectangular triangles for which each area is easily obtained
(the total area is given in Figure 1 in arbitrary units); it can be well noticed that, according
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to symmetry, only three different areas are relevant. Therefore, this leads to three different
sizes if the area is considered to be the aggregated number for ranking the agents or events.

Figure 1. Demonstration that, starting from four criteria, the shape of the polygon based on the
variable values leads to different areas. The toy side length values are a = 1, b = 2, c = 3 and d = 4
in arbitrary units), leading to six possible polygons, but three different sizes as indicated. See text for
details.

When the number of criteria increases, from which many more polygons can be drawn,
the area of such polygons can always be decomposed into a number of triangles, for which
each area can be calculated using Equation (1), remembering that, using the length of
two sides (a and b) of the known angle (C) between them, in any triangle, one can easily
calculate the third side length of the triangle through the Al-Kashi formula, i.e.,

c2 = a2 + b2 − 2 a b · cos A . (4)

3. The Problem and Its Solution

Thus, the way to proceed is as follows. First, take a survey with as many possible
criteria that are needed for a population, whatever its size. One may suppose, without loss
of generality, that the choice is based on Likert scales, whatever the useful range [0, 5], [0, 7],
. . . , [0, 20].

Notice that it could be of interest to consider the mean and standard deviation of the
data distribution on each axis, such that one can obtain a possible “universal comparison”
of final rankings and hierarchies. If the statistical characteristics make sense, the measured
values could be normalised or, at least, constrained to vary in an identical range. One could
assume that all the values involved in the decision process belong to [0, 1]. The value 0 is
achieved in the worst case for the considered parameter (bad realisation) and, accordingly, 1
is taken in the “best choice” case. Nevertheless, such a scaling is not a fundamental request.
Although of interest, this normalisation aspect is not discussed further here and is left for
further investigation.

Then, one reports the values on equidistant axes. These are disposed in a regular
star-shaped network with a central node, a common starting point and identical angles
between consecutive axes; the angle value actually depends on the number of axes (criteria).
The non-common nodes of the consecutive segments are connected. The resulting polygon
has a number of sides identical to the number of evaluation parameters; the polygon is not
necessarily regular and can be considered as being made of triangles. If N is the number
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of axes, the largest possible number of different polygons is (N − 1)!/2. The number of
different triangles is N!.

In this paper, let us focus on hexagons, since evaluation processes are quite often
associated with six different parameters.

In Figure 2, we present an example for two hexagons out of sixty possible cases; let
a, b, c, d, e, f (e.g., ∈ [0, 1]) be the values of the six parameters. The surface of the resulting
hexagon S can be straightforwardly computed. The evaluation score coincides with the
value of S , so that a high S means a high score. However, notice that S belongs to the range
associated to the limiting cases a = b = c = d = e = f = 0 (worst result of the evaluation
process, with S = 0) and a = b = c = d = e = f = 1 (best result of the evaluation exercise,
with S = 3

√
3/2).

a

b

c

d

ef

a

b
d

ec

f

Figure 2. A toy case of six criteria for evaluation is presented with the parameter values a, b, c, d, e,
and f with swapped axes c and f (left versus right). Notice that a different disposition in the relative
order of the axes leads to a different area for the hexagon. See text for more details.

Certainly, the surface of the hexagons shown in Figure 2 depends on how the segments
are disposed: the values of the six measures are always a, b, c, d, e and f , but the placement
of c and f have been reverted in both displays.

Let S1 and S2 be the surface of the hexagons in Figure 2, left, and Figure 2, right,
respectively. One has

S1 =
sin (π/3)

2
(ab + bc + cd + de + e f + f a) =

√
3

4
[(ab + bc + cd + de + e f + f a)],

S2 =
sin (π/3)

2
(ab + b f + f d + de + ec + ca) =

√
3

4
[ab + b f + f d + de + ec + ca];

In the case b + d − e − a �= 0, one has that S1 = S2, if and only if c = f .
Such a remark leads to the questionability of the evaluation exercise through polygons.

Indeed, the resulting polygons, differently shaped according to the disposition of the axes,
have different surfaces. This means that the evaluation is strongly dependent on how
selection parameters are included in the graphical representation of the problem, as we
again stress.

To overcome such an inconsistency, and in order to obtain a more indubitable scoring,
we propose taking the average S̄(a, b, c, d, e, f ) of all the possible polygon surfaces, thus
over all the possible dispositions of the axes, here corresponding to six evaluation criteria:

S̄(a, b, c, d, e, f ) =
sin (π/3)

5! ∑
H(a,b,c,d,e, f )

(x1x2 + x2x3 + x3x4 + x4x5 + x5x6 + x6x1), (5)

where
H(a, b, c, d, e, f ) ≡ (x1, . . . , x6) ∈ {a, b, c, d, e, f } (6)

with xi �= xj for each i �= j.
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By construction, 0 ≤ S̄(a, b, c, d, e, f ) ≤ 3
√

3/2. Such a mean surface measure achieves
the intended job effectively, i.e., providing a consistent score of the evaluated object whose
six parameters (criteria) take values a, b, c, d, e, f .

This is consistent with the measure concept, resulting in calculating the correlation
between fluctuations in statistical physics, as can be found in linear response theory: see
Appendix A. Examples of applications are given in Appendix B.

4. Conclusions

To summarize, the present study is devoted to resolve the contradictory situation
when searching for an objective ranking procedure and subsequently observing some
hierarchy through a set of criteria for a given population. This sort of scientometric practice
is tied to considerations found in geometry and statistical physics, complementing aspects
of research on opinion dynamics found in Galam’s numerous studies.

Observe the technical and somewhat philosophical frames in the present ranking
study. Decisions often concern rather small sub-systems, like the funding of a project, the
evaluation of a research group, or that of an individual at his or her hiring or promotion.
Statistical laws cannot be immediately applied for such cases in which, due to the (very
finite) size of the system, fluctuations which are not necessarily due to stochastic causes
play a crucial role. Indeed, recall that scientific work is part of a social system; its actors are
human beings. Moreover, statistics are like snapshots and do not often allow for predicting
the future sufficiently well. In practice, indeed, any newly introduced criterion or “measure”
will be met by the capacity of humans to interact and make decisions.

Without going back to the Bible and raising the question about who is the just and
who will be saved (certainly, according to a single judge), one may, within modern scientific
reasoning on choice, admit that when several partners and judges are implied, the resulting
choice (solution) ends up into a difficulty pointed out by Arrow [37]. He considered
the preference aggregation problem, that is the problem of passing from a set of known
individual preferences to a pattern of social decision making. Arrow’s today oft-quoted
theorem, while being variously worded, has nevertheless shown that the difficulties met in
the building process of preference aggregation are highly general. The theorem implies
that no rank order voting system can convert the ranked preferences of individuals into a
community-wide (complete and transitive) ranking, besides also meeting a specific set of
natural criteria.

Why indeed is it impossible to reach a choice? Commonly, one constructs several
filters and a priori decides on the order of their applications, like in the case of a decision
tree (DT). That leads to a discussion on ranking the filters rather than the candidates.

Indeed, in the DT scheme, due to the order of filtering criteria, the final choice is
significantly biased. The order of filters is often adapted a priori in order to select the final
choice, e.g., maintaining a candidate, or candidates, in competition with others during the
selection process, for hypocritical, political or other reasons.

In opinionology, the selection process consists in projecting from a multidimensional
space onto various planes, and finally finding the intersection of the distribution. Recall that
in physics, it is like projecting on various “external field axes” or making a scalar product.
There might not be any “solution”. This may further mean that the set (of “candidates”,
“events”, etc.) to be ordered is either not to be ranked or that the filters are not appropriate.

Thus, we propose, starting from Galam’s and others’ considerations on the dynamics
of choices, a procedure for obtaining the “best choice” through an objective statistical
physics method.

We would like make a remark at this stage. One may say that our method is not better
or worse than another, but is merely another type of classification; for example, it will
not be applied by the Hollywood Academy to award Oscar Prizes. Let us notice that we
are not using the word “better”. We emphasise that our method is more rigorous, contains
less arbitrariness and is based (through an analogy) on major statistical physics concepts.
Certainly, we might regret that our method might not be applied in Los Angeles. Actually,
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we admit that we are not aware of all the criteria used by the Academy in order to award
Oscars. The same holds true in other branches of opinion formation. In a decision process,
the final ranking might be due to hidden or specifically weighted criteria; idem for the
final choice. Our method does not apply outside the objective world. We do not consider
subjective criteria.

Surely, the situation might not be closed, since the choice of criteria is left for many
discussions between agents, be they surveyees, surveyors or other stakeholders.

Nevertheless, our argument, after outlining elements of reflexion from information
theory, geometry and surely complex systems, as found in sociophysics considerations,
proposes a strong argument for calculating choice values. It is grounded in linear response
theory. In the latter, as it is recalled in Appendix A, the coefficients, that are measured
in laboratories and estimated theoretically, are defined through the correlations between
the dependent variables; thus, we suggest carrying out the same in sociophysics, i.e.,
calculating all correlation functions implying the relevant variables, thereby avoiding an
arbitrarily ordered set of criteria. In particular, this could be useful and meaningful in the
modelling of the opinion formation processes due to Galam. This methodology is missing
in previous sociophysics studies. Thus, on a LRT basis, which is rather easily implemented,
this should lead to a more objective hierarchy of values ahead of selection processes.
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Appendix A. Linear Response Theory

The LRT was independently invented by Green [68,69] and by Kubo [70]: it describes
the coefficients relating the effect of a perturbation on a thermodynamic system in equi-
librium. The LRT has given a general proof of the fluctuation–dissipation theorem, which
states that the linear response of a given system to an external perturbation is expressed
in terms of the correlations between the fluctuations of the relevant (with respect to the
perturbation) variables characterizing the system in thermal equilibrium [71].

Kubo [70] considered the application of a magnetic field to an equilibrium system and
demonstrated that the magnetic susceptibility can be defined through the average of the
correlations between the magnetic moment density fluctuations. The LRT also well applies
to the description of the electrical conductivity or the thermal conductivity [72,73], even if
the system is characterised as being in a non-equilibrium state.

Consider a perturbation B(t), e.g., a magnetic field, and search for the response M(t)
of the system, i.e., the magnetisation. Usually, one demands to obtain M(t) = χB(t).

By analogy, in opinion formation and related rankings, one may consider that the
“response” is going to be the final score. This is extracted through the correlations between
the fluctuations of the values attributed to “candidates” (in a wide sense, usually called
“agents’; however, they might not be humans) through the various criteria. The feature that
criteria are introduced for later agent ranking is considered to induce “perturbations” in
the original system. The external field is the exogenous decision of introducing criteria.
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Subsequently, one may consider that the external (field) perturbation is applied at
some time t0 to some (for example) agents in a given population; the “population system”
is thus moved away from its equilibrium and is characterised through a non-equilibrium
ensemble average. Thus, this leads to the measured score of each agent as a result of
interactions in response to the opinion field perturbation, as can be seen in most of Galam’s
models.

In practice, considering a weak interaction with some external field, one can obtain
the resulting score by performing an expansion in powers of the perturbation [68–73]. The
leading term in this expansion is independent of the field, but the next term describes the
deviation from the equilibrium behaviour in terms of a linear dependence on the external
perturbation through the correlations between the system fluctuations. The average score
is the linear response function, i.e., the quantity that contains the (microscopic) information
on the system and how it responds to the perturbing field.

Appendix B. Two Examples

Among the many possible examples among the various research fields outlined in
Sections 1 and 4, we have selected two examples which are likely of interest to many readers
and researchers in physics, particularly in sociophysics. The first example concerns the
promotion of researchers. The second example pertains to the evaluation of football (soccer)
players. The former stresses how to reach a final ranking from ranks obtained through
various filters. Three methods, outlined in the main text, are compared. The latter example
stresses that a meaningful ranking can be obtained from a final aggregation number based
on measured values and analysed through correlations proposed in the main text.

Appendix B.1. Example 1: Researcher Promotion

Consider, as an illustration, that five researchers (A, B, C, D, E) are applying for a
promotion. The relevant selection committee has decided to base its ranking of the value of
the candidates on four criteria related to the impact factor (IF) of the journal where a paper
has been published; from a practical point of view, let us note that the five candidates were
required to submit their best ten papers , where the "best" being estimated due to the IF.

The committee calculates

- the IF mean of the best five papers: B5;
- the IF mean of the worst five papers: W5;
- the IF mean on the oldest five papers: F5;
- the IF mean on the five most recent papers: L5.

The timing of the publication is considered irrelevant at this stage. The resulting mean
values and the corresponding candidate rank are given in Table A1 for each criterion.

Table A1. Profile of five candidates having published ten papers, listed in chronological order, with
the candidate evaluation through various criteria, proposed by examiners. The best score value is
underlined for each criterion. See text for details.

Candidate B5 Rank W5 Rank F5 Rank L5 Rank

A 7.80 1 3.20 2 7.80 1 3.20 4
B 7.00 4 2.20 3 2.20 4 7.00 2
C 7.60 2 3.60 1 7.60 2 3.60 3
D 6.40 5 1.00 5 5.60 3 1.80 5
E 7.60 2 2.20 3 2.20 4 7.60 1

Let the committee admit that (a) the ranks are more relevant than the scores and (b)
the ranking of candidates is in descending order of the criteria scores. Then:

(i) It can immediately be seen that candidate A has the highest B5 (=7.8) and F5 (=7.8);
author E has the maximum score on the last five (L5) (=7.60), but author B does not
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reach any highest score, among these competitors or under any criterion. Let us also
remark that, in this toy example, due to the nature of the evaluation, candidate D
lays at the bottom on each ranking, no matter the specific criteria that are used. A
complication arises in the need to rank the four others, since each of them is a winner
for at least one committee member (or criterion): A and C even gain twice, but on
different criteria certainly; B and E are twice ex aequos, but not near the top places.
Thus, we have shown that different criteria lead to different rankings, but more so that
the toy model implies that there is no obvious final choice as was, indeed, codified
by Arrow’s theorem. Moreover, there is no indubitable hierarchy along this simple
aggregation process.

(ii) Next, consider the MLR method (Section 2.1) based on rankings, not on the scores, as
given in Table A1. Recall that a MLR ordering is defined as one that minimises the
total number of discrepancies among all the criteria in a pairwise preference scheme.
The MLR ordering does not use any information about how much higher a candidate
is ranked over another, but only a relative ordering. Practically, the method counts the
pairwise preferences. The second step of the method consists in counting the number
of times in which one candidate is ranked over another (from Table A1). In so doing,
the MLR emphasises that the first-ranked choice wins against all other options in
individual pairwise comparisons. Similarly, the MLR second-ranked choice would
win against all other options (except the first-ranked), and so on. The present case
outcome is reported in Table A2.

Table A2. Maximum likelihood rule (MLR) application: table reporting how many times, according
to Table A1, the candidate in a row is ranked before the candidate in a column ex aequos. The
parentheses indicate ex aequos, while the duplicated parentheses indicate two ex aequos.

Candidate A B C D E

A − 3 2 4 3
B 1 − 1 3 ((0))
C 2 3 − 4 (2)
D 0 1 0 − 1
E 1 ((2)) (1) 3 −

It can be observed from Table A2 that D has the lowest number of potential preferences
for promotion, and hence is properly ranked as last. It can be remarked that the
coalition of criteria formed only by B5 and L5 can be a decisive in the ranking of E
before B. However, the rank relations between A and C are not so neat. Therefore, the
selection committee would be faced, again, with the application of Arrow’s theorem.

(iii) Finally, let us consider the newly proposed method. It boils down to calculating the
surfaces of rectangular triangles and their subsequent averaging, i.e., here, for three
types of polygons with four sides. Using Equation (2), one obtains the results displayed
in Table A3. It looks that this ranking is justified. Thereafter, one may conclude that
the proposed method is more justified and advantageous than classical ones.

Table A3. Ranking of five candidates according to the method proposed in this paper. The “Area”
denotes the surface of each relevant 4-sided polygon, the “Total” denotes the sum of the area of such
polygons, and the “Average” denotes the average area.

Candidate Area (×2) Total Average Rank

A 12 15 15 42 14 1
B 40 42 42 124 41.33 4
C 16 15 15 46 15.33 2
D 80 80 80 240 80 5
E 24 25 21 70 23.33 3
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Appendix B.2. Example 2: Football (Soccer) Players

While writing this paper, we came across a related application we consider below. It
concerns football players, ranking them on their “market value”, “potential”, salaries, age
and many statistical “criteria” see [74] or, for teams, see [75]. Another example of “player
value” can be found, for example in Ref. [76], where eight criteria are displayed. Notice
that two axes—“yellow cards” and “red cards”—might both have a 0 value, reducing the
display to a hexagonal pattern. Radar picture comparisons can be created [77].

In particular, e-players can form their own team, based on real players, considering
six criteria, displayed on a regular hexagon and thereafter transformed into a colourful
pattern, see, e.g., [78].

The six skill measures, obtained through several sub-criteria, are given in Table to the
Table which those belong and abetter clarifyin there. Please consider Table A4.

Table A4. The six skill variables considered for measuring the “value” of a football player Eden
Hazard, with their respective measure according to Ref. [78]. The data in the matrix corresponds to
the area (divided by [sin (π/3)]/2, see Equation (3)) of the fifteen possible triangles to be arranged in
sixty different hexagons. Here, SHO stands for “shooting” and determines finishing skill and shot
power, including penalty success; PAS stands for "passing" and denotes ability to successfully pass
the ball with vision; DRI stands for “dribbling” and denotes ball control, agility and balance; DEF
stands for “defending” and notes tackling and interceptions; PHY stands for “physicality” and notes
strength, stamina and aggressiveness; PAC stands for “pace” and notes the speed and acceleration of
the player.

Measure Skill SHO PAS DRI DEF PHY PAC

77 SHO - 6237 6545 2695 4774 6083
81 PAS 6237 - 6885 2835 5022 6399
85 DRI 6545 6885 - 2975 5270 6715
35 DEF 2695 2835 2975 - 2170 2765
62 PHY 4774 5022 5270 2170 - 4898
79 PAC 6083 6399 6715 2765 4898 -

Notice that it is not quite obvious how the “overall score” is obtained. Since only one
hexagon is shown, it is certainly one for which the axes are a priori chosen, which does not
conform to our recommendations about a tentative ranking (of football players) upon some
unique value resulting from some aggregation process.

Thereafter, in order to avoid extra decimals, we measure the area of triangles and
corresponding hexagons in

√
3/4 units; see Equation (3).

Consider one case in order to describe how the resulting aggregation player value is
obtained, ahead of some selection process [78] according to which the “best overall” value of
82 of the player is obtained. However, the average of this playes skill values equals 69.83, as
can be obtained from the values given in the Measure of Table A4. Furtrhermore, Table A4
reports the data corresponding to the area (divided by [sin (π/3)]/2, see Equation (3))
of the fifteen possible triangles. For space saving, not all sixty relevant hexagons can be
displayed, nor the entire list of their areas. For completeness, the statistical characteristics of
the polygon areas’ distribution are given in Table A5. The first line reports the characteristics
for the distribution of triangle areas on the diagram displayed in Ref. [78]; this corresponds
to at least six-axes diagram. The second line details the distribution of the 60-hexagon
areas considered according to the present method. It is remarkable that the LRT result
shows a considerably narrower distribution, thus more convincing statistics. The sign of
the skewness is also in favour of the LRT method.

116



Physics 2024, 6

Table A5. Main statistical characteristics of the distributions of six-triangle areas forming the single
hexagon [78] and of the areas each of sixty possible hexagons [78] along the six skill axes, following
the linear response theory (LRT) method. See text for details. Here, “Min”, “Max” and “Std Dev”
stand for the minimum, maximum and standard deviation of the distributions, respectively.

Source Size Min Max Total Area Mean Std Dev Skewness Kurtosis

[78] 6 2170 6885 29,248 4874.7 1912.2 −0.4457 −1.4123
LRT 60 28,298 29,600 1,734,432 28,907 437.04 0.3076 −1.5345

Not considering here a comparison with other players, we should point out that such
a comparison demands a final aggregation score. In order to have a universal rule, we
suggest that the best approach is to measure the “player hexagon area(s)” with respect to
the perfect player, i.e., the largest regular hexagon. For the case of Ref. [78] and the LRT
case, one obtains 0.4875 and 0.4818, respectively.

As a conclusion of this Appendix, let us notice that we have first debated how to reach
a hierarchical selection through three methods using numerical examples. This illustration
is based on a toy case in which set of five candidates are applying for a promotion through
a four-criteria selection process. Next, we presented the entire scheme, resulting into the
aggregation score for a given individual examined through six values or criteria, according
to two methods.

We have stressed the objective advantages of the LRT based method in both examples.
Therefore, one may conclude from both toy cases here that the usability and the advan-

tage of the LRT methodology both are well supporting considerations in the sociophysics
interdisciplinary field when searching for objective ranking, leading to justified choice. Let
us emphasise that the main justification is the use of correlation functions, as in the LRT,
i.e., a pertinent statistical physics theory basis.
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Abstract: This study belongs to an emerging area of research seeking ways to depolarize societies
in the short run (around events such as elections) as well as in a sustainable fashion. We approach
the depolarization process with a model of three homophilic groups (US Democrats, Republicans,
and Independents interacting in the context of upcoming federal elections). We expand a previous
polarization model, which assumed that each individual interacts with all other individuals in
its group with mean-field interactions. We add a depolarization field, which is analogous to the
Blume–Capel model’s crystal field. There are currently numerous depolarization efforts around the
world, some of which act in ways similar to this depolarization field. We find that for low values
of the depolarization field, the system continues to be polarized. When the depolarization field is
increased, the polarization decreases.

Keywords: political polarization; depolarization; anticipatory scenarios; agent-based models; opinion
dynamics; statistical physics approaches for social dynamics

1. Introduction

For at least the past three decades, scholars have observed, defined [1], measured [2],
and modeled social polarization, its drivers, its effects [3,4], and its trends around the
world [5–8] (The references included here are illustrative of the numerous articles address-
ing the increasing polarization around the world.) Increasing polarization tendencies have
been documented for the short run [9,10] and predicted in the long run [11] unless some
event or intervention changes its course (for example, after long months of a deep split in
the Israeli polity, accompanied by numerous weekly demonstrations, the sudden violent
events of October 2023 played the role of a focusing event: differences were mostly set
aside, and the entire society concentrated on mutual help and a unified response).

The problems generated by severe societal polarization are felt in many places and in
many ways—and in particular, in a diminished ability to solve serious societal problems
demanding consensus. Besides the numerous real consequences to which they can lead,
decisions resulting from such fraught processes tend to be non-robust, further accentuating
political divisions and acrimony, and causing the public to lose trust in the democratic
process and possibly disengage.

For example, the two political parties in the US Congress—Democrats and
Republicans—are deeply polarized. As a direct result, both the Senate and the House
of Representatives have great difficulties in making necessary joint decisions about
important policies, such as budget allocations. Each has extremely slim majorities: in the
Senate, there are forty nine Republicans to forty eight Democrats and three Independents
(caucusing with Democrats who in effect hold the majority); and in the House, there
are 221 Republicans to 212 Democrats [12]. The resulting decision dynamics mostly
lead to impasse. Many issues up for vote are very contentious, including, for example,
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nominations for necessary government positions, which remain unoccupied for extended
time periods [13]. Most proposals are decided on party line, meaning that they pass by
the slimmest of majorities, at one or two vote differences. As a result, some senators and
representatives acquire more power than warranted by their constituencies or seniority,
because their votes are commodities sought by both parties. They can exact favors for their
states or districts, angering the public [14]. Yearly budget decisions are delayed to the last
legal minute under threat of government closure [14]. The consequences of failure to vote
for the budget can be far-ranging, extending beyond the US border. For example, in Fall
2023, the House of Representatives approved a bi-partisan 45-day stopgap spending bill
to prevent government closure, which did not contain continued financial support for
Ukraine. Moreover, despite relatively broad consensus on financially assisting Israel in its
war which broke out on 7 October 2023, this aid could not be extended because the House
of Representatives had first to vote for a Speaker—a party-line decision.

Polarization is especially notable and acute preceding elections in democratic countries,
such as the United States [11,15]. For example, the latest yearly Gallup polls conducted over
the past 20 years regarding 24 issues central to past and current debates found increasing
gaps between Democrat and Republican views (some deeper than others) for all issues,
amounting to severe political polarization [15]. These findings are consistent and buttressed
by those of Refs. [10,16].

Several factors have been viewed as causes, symptoms, and/or drivers for the ob-
served increasing polarization among Americans. They include the widespread loss of
mutual trust [17] and loss of trust in government, media, and science [18,19]. Media and
science have aligned themselves with politics [20], further diminishing public trust. Lack
of trust may be behind the seemingly distinct, nonoverlapping, and contradictory sets of
data, facts, news, and opinions held by members of the two groups. Using an agent-based
model (quite different than the model we propose), in Ref. [21], the authors have studied
the role of communication in polarization.

Acute homophily [22] also contributes to polarization. It impels individuals to com-
municate almost exclusively with members of their own group who share their point of
view, reinforcing the information disjunction. For example, people tend to evaluate infor-
mation by the party affiliation of the source, more or rather than by its content, arguments,
and evidence [23,24]. This way of evaluating information quality leads to the wholesale
rejection of any statements coming from the opposing group. It also leads to the partition
of society into groups whose members have non-intersecting perceptions of reality. In turn,
this prevents the groups from solving problems, which necessitates finding agreement
regarding specific policies and laws even while continuing to disagree on values. In Ref. [3],
the authors examined several causes of polarization and proposed an additional category:
bad-faith actors [4] fueling and reinforcing differences for their own purposes.

At times, such as currently in the US, a perfect storm is generated by deep value
differences among opposing groups, combined with homophily (little or no direct inter-
group communication) in the context of short political cycles which exacerbate both the
differences and the homophily. In the face of the societal damage driven by polarization,
scholars have been turning their attention to various theoretical and practical depolarization
approaches, exploring tools at various scales, from local to country-wide [25–29]. Although
research on depolarization is not recent (e.g., [30,31]), in Ref. [5], it is observed that, with
a few exceptions [32–34], there are no corresponding definitions, measures, and models
for depolarization.

As polarization reaches pernicious levels in some places including the US [24], efforts
to counter it are emerging in research [3,5,35,36], media [17], and communities (see [35]
for several examples of depolarizing initiatives at the community and organization levels).
In the latter, one depolarizing strategy entails actively breaking homophily [37,38] to help
individuals realize that even when they have very different values, they may share some
interests that can be satisfied through joint decisions. In this paper, we contribute to these
efforts by using sociophysics modeling to explore depolarization possibilities in the case of

121



Physics 2024, 6

the US ahead of the 2024 elections. We ask what, if any, types of events or actions might
work to counter the observed acute polarization trend, and how durable their effects can be.

Sociophysics methods [39] including statistical mechanics are particularly suitable
to the study of polarization and depolarization because they are parsimonious ways to
handle the complexity of social systems phenomena without requiring the use of extensive
databases. For several examples of this approach, and how sociophysics can be applied
specifically to the study of polarization, e.g., [11,40–42]. Together with agent-based mod-
els [43,44], sociophysics tools help construct anticipatory scenarios of polarization under
different assumptions [45], circumventing some of the serious challenges to prediction
posed by complexity [46].

Recently, we have proposed [11,42] a statistical mechanics model for exploring the
dynamics of polarization in the US political system, between Democrat- and Republican-
affiliated groups in the population, with consideration of a third group, Independents. The
latter is now relatively large (representing a historic highest percent at about 41% of the
American voter population [47] and therefore critical in determining election outcomes:
neither of the two formal parties can win without attracting a considerable number of
Independent voters. The model’s results are qualitatively similar to poll outcomes in time,
e.g., [16]. Using this model, we generated and explored [11,42] scenarios of whether leader-
ship, also discussed by Ref. [35], and/or external events—for example, a massive natural
disaster or a serious external threat, labeled a “focusing event”—might bring the groups
closer to each other at least for some time. It was found [11,42] that although leadership and
focusing events can help reduce polarization, their impact is rather temporary, consistent
with conclusions in Ref. [5], who found in numerous case studies around the world that
polarization reductions rarely last beyond about 10 years.

The voting public in the US is currently split down the middle between the two major
parties and has been for at least the last 8 years [48], impairing the ability of governments at
all levels to make necessary decisions on key topics such as the economy, the environment,
energy, health care, immigration, and foreign relations, including financial assistance
to other countries and global organizations. We ask here how we can overcome the
current impasse resulting from the confluence of deep value differences, short political
cycles that exacerbate them, novel technology effects, and homophily, which impedes
direct communication across party lines. Perhaps the answers lie in the confluence of a
multiplicity of conditions, which together push extremes toward each other (not necessarily
to the middle).

We propose to use sociophysics modeling again to examine several conditions that
together might depolarize the public effectively (especially important ahead of the 2024
national elections) by nudging opinion extremes toward each other to overcome homophily
and enable idea exchanges in the short run, and even for longer durations. To this end,
we expand the three-group polarization model of Refs. [11,42] by adding to it a depolar-
ization field D similar to the Blume–Capel [49–51] crystal field. By design, increasing the
value of D reduces the polarization of the system, as assessed by a measure proposed in
Ref. [11]. We find that the depolarization field D has an additional, desirable effect: for
each group, the distribution of individuals’ stances, ranging from extreme left/liberal to
extreme right/conservative, is a Gaussian normal distribution. This is consistent with
empirical distributions captured through polling, such as by the Pew Research Center [16]
for example. The challenge remains to identify actions that together have an effect similar
to the D field. A three-state model with agents belonging to a single group was considered
in Ref. [52]. By contrast, our model considers three groups (two homophilic) and the stance
of each individual is a continuous variable.

The balance of this article begins with the description of our model in Section 2,
followed by numerical results in Section 3. We offer our final remarks and plans for future
work in Section 4.
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2. Method: A Dynamic Mean-Field Model

We approach the study of depolarization in the context of US political contests. They
are waged among three major US political groups historically providing candidates for
president, congress, as well as state and local positions: Democrats and Republicans (which
are currently highly polarized [48]), and Independents. The latter tend to lean toward, and
reinforce, the number of Democrat or Republican voters in specific elections. Especially
now, when they constitute a relatively large group of voters compared to the other two [47],
Independents are viewed as a deciding factor in elections. For this reason, both Democrats
and Republicans attempt to attract them to their respective positions.

Our three-group model represents the interactions in time of voters affiliated with the
two parties—Democrats and Republicans—and with the nonaffiliated Independents. The
model allows the testing of various interventions, which might contribute to depolarization
by bringing extreme positions closer to the center.

We assume that in each of the three political groups, each individual has preferences
with respect to several key political issues [11,34]. These individual preferences range
between extremely left-leaning and extremely right-leaning, but more or less aligned with
the positions taken by their respective parties. Democratic party- and Republican party-
affiliated individuals actively interact with each other mostly within their own group,
enhancing internal cohesion. Nevertheless, they also keep an eye on the stances of the
members of the other groups.

Within any of the Democrat and Republican groups, everyone interacts with everyone,
on a complete Erdös–Renyi network. The Independents, not being formally organized
into a bloc or identifiable, interact with other Independents in a much weaker fashion or
not at all. In what follows, we label Democrats as group 1, Republicans as group 2, and
Independents as group 3.

In each group, each individual has a stance s that reflects their preferences regarding
single issues under current political debate—economics, health care, defense, immigration,
climate change—or a package of such issues. The stance s varies between −1 and +1, where
−1 corresponds to the Democrats’ extreme progressive/left position, +1 corresponds to the
republicans’ extreme conservative/right position, and 0 corresponds to the middle-of-the-
road position.

The Democrats and the Republicans are homophilic, meaning that individuals in a
given group prefer to communicate with other individuals from the same group through
intra-group couplings J, and little or not at all with anyone from the other group. Thus, the
magnitude of the couplings J quantifies the cohesiveness of each group. The other groups’
mean stances influence the stances of individuals in the group under consideration through
inter-group couplings K. The groups’ leaderships act on individuals’ stances through the
fields H and D. The temperature T represents the effects of the context on the individual
stances. For example, at the moment, different states of the economy or politics might
impinge on the degree of polarization and on the extent to which leaders or other factors
can reduce it.

We use the Boltzmann probability weight to compute the probability distributions
for individual stances in each group. The underlying assumption in this study is that
statistical physics models describe social systems at a scale that includes a large number of
individuals. The Boltzmann distribution function maximizes entropy (disorder) for a given
energy function. Quantitative properties of large-scale phenomena exhibit regularities that
are not sensitive to short-scale details.

We compute the average stance of each group using this Boltzmann probability distri-
bution exp(−E/T), where E is the energy. The negative energy associated with an individual
in group 1 is:

−E1 = (J1s1 + K12s2 + K13s3 + H1)s − D1s2 ,

where s denotes the stance of that individual and s1, s2, and s3 denote the mean stances of
groups 1, 2, and 3, respectively. The fields H1 and D1 represent the action of the leaders
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on individuals of group 1. For H1 > 0, the mean stance is pushed towards positive values,
while for H1 < 0, the mean stance is pushed to negative values.

When positive, the field D1 favors depolarization through D1s2, whose effect is to push
stances s toward the center: s ~ 0; while when D1 is negative, it favors polarization: |s| ~ 1.
The crystal field D1, which in our context controls depolarization, was used in Refs. [49–51]
to study the thermodynamics of UO2 and He3–He4 mixtures. In our implementation, the
stance s is a continuous variable, whereas in the original model [49–51], the spin s = −1, 0,
1. For D >> 0, the mean stance approaches zero after a few time iterations, while for D << 0,
the mean stance |s| approaches unity after a few time iterations.

To write the mean-field theory for our model, we introduce the Langevin–Blume–
Capel function:

LBC(h, d) =

∫ 1
−1 sehs−ds2

ds∫ 1
−1 ehs−ds2 ds

, (1)

where h and d stand for H/T and D/T, respectively.
We employ a numerical adaptative integration with a tolerance of 0.001 to evaluate

this function. The average stance s at time t + 1 is assumed to be determined by preferences
of the group at an earlier time t. This lag represents the time it takes to change individuals’
stances. The time t is expressed in units of the lag time. Thus, for each of the three
groups, respectively:

s1,t+1 = LBC(h1 + j1s1,t + k12s2,t + k13s3,t, d1),
s2,t+1 = LBC(h2 + j2s2,t + k21s1,t + k23s3,t, d2),
s3,t+1 = LBC(h3 + j3s3,t + k31s1,t + k32s3,t, d3),

(2)

where h1 stands for H1/T, k12 stands for K12/T, d1 stands for D1/T, etc. The inter-group
interaction parameters K12 and K21 are not necessarily equal, as members of one group may
feel cooperative toward another group, who might not reciprocate. The model includes
fifteen parameters: three js, six ks, three hs, and three ds.

We use here the polarization measure defined in Ref. [11] as the distance at any point
in time between the mean stances of groups 1 and 2:

P = (s2 − s1)/2, (3)

This definition is consistent with Pew polls, e.g., [10,16] reporting distributions of stances
among Republicans and Democrats.

It is defined so that −1 ≤ P ≤ 1. The unpolarized case P = 0 corresponds to equal
stances s1 = s2. Polarization is extreme when P = 1, corresponding to the Republicans’ stance
s2 = 1 (most conservative/right) and the Democrats’ stance s1 = −1 (most progressive/left)
or when P = −1, corresponding to the Republicans’ stance s2 = −1 and the Democrats’
stance s1 = 1.

The distribution of individuals of group 1 among the stances s at time t is:

ρ1(s, t) = e(j1s1t+k12s2t+k13s3t+h1)s−d1s2∫ 1
−1 e(j1s1t+k12s2t+k13s3t+h1)s−d1s2

ds
,

ρ2(s, t) = e(j2s2t+k21s1t+k23s3t+h2)s−d2s2∫ 1
−1 e(j2s2t+k21s1t+k23s3t+h2)s−d2s2

ds
,

ρ3(s, t) = e(j3s3t+k32s2t+k31s1t+h3)s−d3s2∫ 1
−1 e(j3s3t+k32s2t+k31s1t+h3)s−d3s2

ds
.

(4)

ρ1(s, t)ds gives the fraction of all individuals in group 1 who have a stance in the
interval (s, s + ds) at time t. Similarly, ρ2 and ρ3 are the distribution functions for groups 2
and 3, respectively.
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3. Numerical Results and Discussion

To assess the influence of the depolarization field D on the three groups’ stances,
we generate four scenarios for which we use the same J and K values (these values were
selected based on a qualitative analysis to replicate 2017 poll results [10,16] on Democrats’
and Republicans’ increasingly polarized stances) as in our previous article [11]. The field
values are consistent with following assumptions. Individuals in group 1 are more cohesive
than individuals in group 2: j1 > j2. Individuals in group 3 have no cohesion j3 = 0. They
exert no influence on the other two groups: k13 = k23 = 0. Individuals in group 3 are
contrarian to group 1, which is in power: k31 < 0. They are not influenced by group 2
individuals: k32 = 0. Thus, all results that follow are obtained: j1 = 5, j2 = 3, j3 = 0, k12 = −4,
k21 =−5, k31 = −3, k13 = 0, k23 = 0, k32 = 0, h1 = 0, h2 = 0, and h3 = 0. We also fix d3 = 5 for all
cases discussed below.

In the scenario shown in Figure 1a, we set d1 = d2 = 0, meaning no depolarization
action (this was the case for all scenarios we studied in Ref. [11], where d3 was also 0). As a
result, the system polarizes over time. Starting at t = 0 with s1 and s2 quite close to 0, in
time the distance between the Democrats’ and Republicans’ mean stances increases. This
can also be seen in Figure 1b, where the polarization measure increases from 0 to about 0.8.
In Figure 1c (where t = 5), we show the stance distributions for the three groups. Since the
value of d3 is positive, the distribution of stances for group 3 (Independents) is Gaussian. In
contrast, the Democrats’ and the Republicans’ distributions ρ(s, t) depend monotonically
on the stance since d2 = d2 = 0.

Figure 1. (a) Mean group stances versus time, (b) polarization time, and (c) stance distributions for
groups 1 (blue line), 2 (red), and 3 (green) at t = 5 with the parameters j1 = 5, j2 = 3, j3 = 0, k12 = −4,
k21 = −5, k31 = −3, k13 = 0, k23 = 0, k32 = 0, d1 = 0, d2 = 0, d3 = 5, h1 = 0, h2 = 0, and h3 = 0. See text
for details.

In the scenario of Figure 2a, we set the intervention d1 = d2 = 3. Consequently, the
system polarization diminishes over time. Starting at t = 0 with s1 = −1 and s2 = 1, over
time the distance between the mean stances diminishes. Figure 2b also reflects this effect:
polarization P decreases from 1 to about 0.6. In Figure 2c, for t = 5, we show that since the d
values are all positive, the distributions for the three groups are all Gaussian.

Figure 2. (a) Mean group stances versus time, (b) polarization versus time, and (c) stance distributions
for groups 1 (blue line), 2 (red), and 3 (green) at t = 5 with the parameters j1 = 5, j2 = 3, j3 = 0, k12 = −4,
k21 = −5, k31 = −3, k13 = 0, k23 = 0, k32 = 0, d1 = 3, d2 = 3, d3 = 5, h1 = 0, h2 = 0, and h3 = 0. See text
for details.
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In the scenario of Figure 3a, we further increase the depolarization fields d1 = d2 = 5.
The system depolarizes over time. Starting at t = 0 with s1 = −1 and s2 = 1, over time the
distance between the mean stances diminishes. This is also shown in Figure 3b, where
the polarization decreases from 1 at t = 0 to about 0 at t = 20. In Figure 3c, we show the
stance distributions for the three groups. Since the ds are positive, the distributions are
all Gaussian.

Figure 3. (a) Mean group stances versus time, (b) polarization versus time, and (c) stances distribu-
tions for groups 1 (blue line), 2 (red), and 3 (green) at t = 5 with the parameters j1 = 5, j2 = 3, j3 = 0,
k12 = −4, k21 = −5, k31 = −3, k13 = 0, k23 = 0, k32 = 0, d1 = 5, d2 = 5, d3 = 5, h1 = 0, h2 = 0, and h3 = 0.
See text for details.

Finally, we consider a fourth scenario, which in Ref. [11] exhibited time oscillations
of the three stances: j1 = 5, j2 = 3, j3 = 0, k12 = 4, k21 = −5, k31 = −3, k13 = 0, k23 = 0, k32 = 0,
h1 = 0, h2 = 0, and h3 = 0. Again, we add depolarization fields: d1 = d2 = 3 and d3 = 5. Now
in Figure 4a, the three groups’ stances exhibit damped oscillations over time. The system
depolarizes in time and the polarization P also exhibits damped oscillations (Figure 4b).
The distributions of stances for the three groups, shown in Figure 4c (t = 5), are Gaussian
because the depolarization field values are positive for each group.

Figure 4. (a) Mean group stances versus time, (b) polarization versus time, and (c) stances distribu-
tions for groups 1 (blue line), 2 (red), and 3 (green) at t = 5 with the parameters j1 = 5, j2 = 3, j3 = 0,
k12 = 4, k21 = −5, k31 = −3, k13 = 0, k23 = 0, k32 = 0, d1 = 3, d2 = 3, d3 = 5, h1 = 0, h2 = 0, and h3 = 0.

The increase in value of the depolarization fields of groups 1 and 2 reduces polarization
over time. In the oscillatory case, which occurs when k12 and k21 have different signs, the
depolarization field dampens those oscillations.

We have shown through these scenarios that when a positive depolarization field is
added to the three-group system, the distribution of stances becomes Gaussian. It means
that it is maximized at a stance within the interval (−1, 1), signifying a non-extreme stance.
When the groups’ stances are non-extreme, there exists the possibility of breaking out of
the extreme polarization.

4. Concluding Remarks

Using the case of the US political system where three polarized groups—Democrats,
Republicans, and Independents—interact, we explored scenarios of depolarization under
the effect of intervention. We found that when a depolarization field D is added, the
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polarization decreases over time. If the D field is sufficiently strong, the polarization
decreases to zero.

In practice, the field D can result from the actions of the groups’ leaderships and/or
from events that can refocus all groups on concerted actions in the face of some external
threats. Examples of both have occurred in the past in the United States, such as during
World War II, the Vietnam War, after the 9/11 attack on the World Trade Center in New
York City, and elsewhere. The field D can also be the result of numerous local grassroots
initiatives (also proposed in Ref. [17] as an antidote to polarization) currently occurring in
the United States. They may add up to country-wide depolarization. Several examples can
be found in Ref. [36]. These initiatives are akin to massively parallel intervention—a multi-
plicity of independent, locally driven actions—proposed in Refs. [3,53]—which together,
when reaching a critical mass, can have a depolarizing effect among the political groups, at
least in the short run. Sustaining depolarization in the longer run remains a challenge. As
Ref. [5] observed in cases around the world, in general, repolarization tends to resume after
about 10 years. Since in our model, the extent of depolarization depended on the strength
of the intervention, we plan to explore further what factors might extend the duration of
depolarized states.

This model includes, besides the single site field D, a field H. While D promotes
compromise stance s ~ 0, the H field fosters extreme positions: |s| ~ 1. This could be
the result of social influencers and/or media activities. We plan to further explore the
group dynamics in the 15-dimensional parameter space, including the role of the H field.
For example, we intend to elucidate the influence of the D field on the chaotic dynamics
that we observed in the three-group model with competing K interactions. We also plan
to study the model with intra-group short-range interactions by means of Monte-Carlo
simulations. We will extend our study to account for different levels of randomness by
varying the temperature.
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Abstract: Ant colony optimization (ACO) is a stochastic optimization algorithm inspired by the
foraging behavior of ants. We investigate a simplified computational model of ACO, wherein ants
sequentially engage in binary decision-making tasks, leaving pheromone trails contingent upon their
choices. The quantity of pheromone left is the number of correct answers. We scrutinize the impact of
a salient parameter in the ACO algorithm, specifically, the exponent α, which governs the pheromone
levels in the stochastic choice function. In the absence of pheromone evaporation, the system is
accurately modeled as a multivariate nonlinear Pólya urn, undergoing phase transition as α varies.
The probability of selecting the correct answer for each question asymptotically approaches the stable
fixed point of the nonlinear Pólya urn. The system exhibits dual stable fixed points for α ≥ αc and
a singular stable fixed point for α < αc where αc is the critical value. When pheromone evaporates
over a time scale τ, the phase transition does not occur and leads to a bimodal stationary distribution
of probabilities for α ≥ αc and a monomodal distribution for α < αc.

Keywords: ant colony optimization; Pólya urn process; phase transition

1. Introduction

Sociophysics emerged in the 1970s and has evolved into a captivating research field
within statistical physics [1,2]. In particular, herding behavior, or the inclination to follow
the majority, has captured the attention of many researchers due to its pivotal role in
understanding social phenomena [3–7]. Various probabilistic models have been proposed to
describe herding behavior, with one notable example being the ant recruitment model [8,9].
This model explains the intermittent oscillation observed in ants when they are presented
with two identical food sources [10,11]. When ants choose a food source from among two
food sources, the ant recruitment model incorporates a straightforward herding mechanism
in which a randomly selected ant chooses one of the two based on the number of ants that
have already made the same choice. Scouts play a crucial role by exploring the terrain to
locate food sources [12,13]. When a scout discovers food, it returns to the nest, leaving
a pheromone trail in its wake. Other ants are drawn to these pheromone marks and
consequently become recruited to forage at the food source.

Ant colony optimization (ACO) is a model-based meta-heuristic inspired by the
foraging behavior of ants in their search for the shortest path to food sources [14–18]. While
ants may not be highly intelligent individually, they collectively find the shortest path by
following pheromone trails left by their fellow ants. The optimal path is determined by the
route on which the maximum number of ants travel. Consider a classic problem known as
the traveling salesman problem (TSP), which involves finding the shortest possible route
that visits each city represented as vertices in a given graph exactly once and returning
to the origin city [19]. In ACO, ants make decisions about their next city to visit based
on a concept called “pheromone”. Pheromone represents the preference for a particular

Physics 2024, 6, 123–137. https://doi.org/10.3390/physics6010009 https://www.mdpi.com/journal/physics130
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choice and is collaboratively learned by the ants during their search process [15]. In the
context of the TSP defined on a graph, pheromone values are typically associated with
edges between cities, reflecting the preference for traveling from one city to another along
the corresponding edges. These pheromone values are learned through a reinforcement
strategy, where each ant reinforces its chosen paths based on the quality of the solution
constructed. This quality is often determined using the inverse of the total length of the
route. ACO has found successful applications in various industrial and academic constraint
optimization problems and has become one of the most popular methods [20–23].

ACO has seen significant improvements, and modern ACO algorithms deviate sub-
stantially from the original ACO [24]. The fundamental modification lies in controlling the
diversity of solutions and achieving convergence [25,26]. In this context, “convergence”
refers to the tendency of ants to cluster around similar solutions in the neighborhood and
ultimately converge toward the same solution. Early convergence to a small region of
the search space leaves large enough sections of the search space unexplored and fails
to find suitable solutions. On the other hand, quite slow convergence means that the
computational cost required to reach acceptable solutions is high, rendering the search
inefficient. Diversity control aims to prevent complete convergence by slowing down the
search process.

Many algorithms have been proposed for controlling the diversity of the ACO al-
gorithm. One of the diversity control mechanisms involves modifying the probabilistic
decision function [24,27]. Bernd Meyer studied the influence of α, the exponent on the
pheromone level in the selection function, and suggested that α qualitatively determines
diversity and convergence behavior. Additionally, Meyer introduced a dynamic α that
changes throughout the search process to enhance search efficiency, a technique known as
α-“annealing”. Meyer also emphasized the significance of noise in ACO using stochastic
differential equations in both static and dynamic environments [24,28–30]. Ants respond
to a two-choice question, and the noisy communication among ants prevents them from
selecting suboptimal choice. In this paper, we study a simple model of ACO in which ants se-
quentially answer a series of two-choice quizzes. We investigate the phase transition and the
qualitative change of the convergence behavior by varying α. We start from the discrete time
formulation of the problem. Our approach can be straightforwardly generalized to ACO for
many-body problems, allowing us to derive the model parameters of the continuous time
approach concretely. Additionally, there are various possibilities for the continuous time
limit, apart from Wiener noise [31]. In Section 2, we introduce a model and derive stochastic
differential equations (SDEs) using diffusion approximation. In Section 3, we investigate the
time evolution and examine the effect of α on the convergence properties of the solutions.
Section 4 provides a summary of the results. Appendix A explains the estimation of the
initial conditions for the SDEs.

2. Method and Definitions

There are N two-choice questions, each of which is answered by quite a large number
of ants sequentially [32]. These questions are labeled by n = 1, . . . , N. The answer provided
by the tth ant is denoted as X(n, t) ∈ {0, 1}, where X(n, t) = 1 indicates a correct answer,
and X(n, t) = 0 indicates an incorrect answer. In ACO, multiple ants typically search for
the optimal solution simultaneously in each iteration. However, in our model, only one
ant conducts the search. Each ant receives 1 point for a correct answer. After ant t has
answered all N questions, the total points (TPs) earned by the ant can be calculated using
the following equation:

TP(t) =
N

∑
n=1

X(n, t).

Ant t deposits pheromones on their answer X(n, t) ∈ {0, 1}. The amount of the
pheromones is TP(t). We assume that the pheromones evaporate and decrease by e−1/τ

per unit time, where τ represents the time scale of the pheromone evaporation.
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Ant t + 1 observes the total values of the pheromones associated with question m for
each choice X(m, t + 1) = {0, 1}. We denote the total value of pheromones that remains on
all the questions after ant t has answered,

S(t) ≡
t

∑
s=1

TP(s)e−(t−s)/τ =
t

∑
s=1

N

∑
n=1

X(n, s)e−(t−s)/τ . (1)

Then, the remaining pheromone on X(m, s) = 1, 1 ≤ s ≤ t is

S(m, t) ≡
t

∑
s=1

TP(s)X(m, s)e−(t−s)/τ =
t

∑
s=1

N

∑
n=1

X(n, s)X(m, s)e−(t−s)/τ . (2)

The remaining pheromone on X(m, s) = 0, 1 ≤ s ≤ t is given by S(t)− S(m, t).
Ants are not highly intelligent, and the probability of them making the correct choice

in the two-choice questions by themselves is 1/2. The information provided by TPs gives
them an indirect clue about the correct choice. If TP(s) > N/2, the posterior probability
for X(m, s) = 1 is larger than 1/2. Similarly, if S(m, t) is greater than S(t)/2, the posterior
probability for X(m, t + 1) = 1 is greater than 1/2. In ACO, a decision function with a
positive parameters α and K is introduced that uses the values of the pheromones as follows:

P(X(m, t + 1) = 1) =
(S(m, t) + K)α

(S(m, t) + K)α + (S(t)− S(m, t) + K)α
.

Here, the exponent α determines the response of the choice to the values of the pheromones.
As K is positive, one can avoid S(m, t) = 0 and S(m, t) = S(t) becoming the absorbing
states of the process. However, instead of K, we adopt the following form for the choice
function:

P(X(m, t + 1) = 1) = (1 − ε)
Sα(m, t)

Sα(m, t) + (S(t)− S(m, t))α
+

1
2

ε. (3)

Here, ε > 0 is a small positive constant to avoid the absorbing states S(m, t) = 0 and
S(m, t) = S(t) of the stochastic process [8].

We denote the ratio of the remaining pheromones on the correct choices as Z(m, t),

Z(m, t) ≡ S(m, t)
S(t)

.

We divide both the denominator and numerator of Equation (3) by Sα(t), and the
probability of the correct choice X(m, t + 1) = 1 is expressed as

P(X(m, t + 1) = 1) = (1 − ε)

(
Zα(m, t)

Zα(m, t) + (1 − Z(m, t))α

)
+

1
2

ε = f (Z(m, t)).

Here, f (z) is defined as

f (z) ≡ (1 − ε)

(
zα

zα + (1 − z)α

)
+

1
2

ε. (4)

We note that f (1/2) = 1/2 and f (1 − x) = 1 − f (x). The slope of f (x) at x = 1/2 is
(1− ε)α. We also introduce the discount factor D(t) and the ratio of correct answers Z(t) as

D(t) =
N

∑
n=1

t

∑
s=1

e−(t−s)/τ = N

(
1 − e−t/τ

1 − e−1/τ

)
,

Z(t) =
S(t)
D(t)

.
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Stochastic Differential Equations

First, let us derive the recursive relation for S(t) and D(t). According to the definition,
D(t + 1) and S(t + 1) obey the next recursive relations

D(t + 1) = N + D(t)e−1/τ ,

S(t + 1) =
N

∑
i=1

X(i, t + 1) + S(t)e−1/τ .

If τ is finite, for t � τ � 1, we have D(t) � Nτ. In the limit τ → ∞, the pheromone
does not evaporate, and one has D(t) = Nt.

For N � 1, we can replace the sum of X(i, s), i = 1, . . . , N, by the sum of the expected
values using the law of large numbers; then:

S(t + 1) �
N

∑
i=1

f (Z(i, t)) + S(t)e−1/τ .

Let us denote the average of { f (Z(i, t))} as

f (Z(i, t)) ≡ 1
N

N

∑
i=1

f (Z(i, t)).

Then,
S(t + 1) � S(t)e−1/τ + N f (Z(i, t)).

The recursive relation for Z(t) is

Z(t + 1) � S(t + 1)
D(t + 1)

=
D(t + 1)− N

D(t + 1)
Z(t) +

N
D(t + 1)

f (Z(i, t).

ΔZ(t) ≡ Z(t + 1)− Z(t) is given as

ΔZ(t) � N
D(t + 1)

( f (Z(i, t))− Z(t)).

In the continuous time limit dt = 1 → 0, one obtains:

d
dt

Z(t) =
N

D(t + 1)
( f (Z(i, t))− Z(t)). (5)

One sees that Z(t) converges to f (Z(i, t)). When the pheromones evaporate and
τ < ∞, D(t) � Nτ, and the prefactor of the differential equation is 1/τ. If one assumes
that the dynamics of Z(i, t) are faster than those of Z(t) (adiabatic approximation), the time
scale of the convergence is given by τ as f (Z(i, t))− Z(t) ∝ e−t/τ . When the pheromone
does not evaporate and τ → ∞, D(t) � Nt. The prefactor of the differential equation is 1/t,
and f (Z(i, t))− Z(t) ∝ t−1. The convergence becomes quite slow.

Next, let us study the dynamics of Z(m, t). The recursive relation for S(m, t) is

S(m, t + 1) = S(m, t)e−1/τ + X(m, t + 1)(
N

∑
i=1 �=m

X(i, t + 1) + 1).

Z(m, t + 1) is then estimated as
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Z(m, t + 1) =
S(m, t + 1)

S(t + 1)
=

S(t)e−1/τ

S(t + 1)
Z(m, t) +

∑i �=m X(i, t + 1) + 1
S(t + 1)

X(m, t + 1)

� S(t + 1)− N f (Z(i, t))
S(t + 1)

Z(m, t) +
N f (Z(i, t)) + (1 − f (Z(m, t))

S(t + 1)
X(m, t + 1).

Using S(t + 1) = D(t + 1)Z(t + 1), one obtains:

ΔZ(m, t) =
N f (Z(i, t))

D(t + 1)Z(t + 1)

[(
1 +

1 − f (Z(m, t))
N f (Z(i, t))

)
X(m, t + 1)− Z(m, t)

]
.

We denote the history of Z(s), {Z(i, s)}, s = 1, . . . , t, as Ht, and the conditional
expected value of ΔZ(m, t) is estimated as

E(ΔZ(m, t)|Ht) =
N f (Z(i, t))

D(t + 1)Z(t + 1)

[(
1 +

1 − f (Z(m, t))
N f (Z(i, t))

)
f (Z(m, t))− Z(m, t)

]
. (6)

Likewise, the conditional variance of ΔZ(m, t) can be approximated as

V(ΔZ(m, t)|Ht) �
(

N f (Z(i, t)
D(t + 1)Z(t + 1)

)2

f (Z(m, t))[1 − f (Z(m, t))].

Here, we neglect the subleading terms in
(

1 + 1− f (Z(m,t))
N f (Z(i,t))

)2
. We read the drift and diffu-

sion term from the results and the SDEs are

dZ(m, t) = E(ΔZ(m, t)|Ht)dt +
√

V(ΔZ(m, t)|Ht)dW(t), m = 1, · · · , N. (7)

Here, W(t) is the Wiener process. Equations (5) and (7) describe the dynamics of the system.
The system can be described as a multivariate Pólya urn process.

We note that 1− f (Z(m,t))
N f (Z(i,t))

in Equation (6) breaks the Z2 symmetry of the system. If one

neglects the term, E(ΔZ(m, t)|Ht) is proportional to f (Z(m, t))− Z(m, t). As f (1 − x) =
1 − f (x), f (1 − x)− (1 − x) = −( f (x)− x) holds. Z(m, t) and 1 − Z(m, t) obey the same
dynamics, and we call the symmetry Z2 symmetry. The term is always positive and drives
Z(m, t) in the positive direction. As the term is proportional to 1/N, the strength of the
Z2-symmetry-breaking field becomes smaller as N becomes larger.

3. Results

We analyze the SDEs given in Equation (7) and investigate the convergence properties
of Z(m, t). As the convergence behavior relies on the initial value of Z(m, t = t0) in
the context of the nonlinear Pólya urn model, we commence by examining the initial
distribution of Z(m, t).
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3.1. Initial Distribution of {Z(m, t)}
We assume that ants adopt α = 0 and do not respond to the values of the pheromones

for t = 1, · · · , t0. The ants answer the questions independently, and P(X(i, t) = 1) = 1/2.
We estimate Z(t) and Z(m, t) for τ < t ≤ t0 as follows:

Z(t) ∼ N
(

1
2

,
Dh(t)

4D2(t)

)
,

Z(m, t) ∼ N
(

1
2
+

1
2N

,
NDh(t)
4D2(t)

)
, (8)

Dh(t) ≡ N
t

∑
s=1

e−2(t−s)/τ = N · 1 − e−2t/τ

1 − e−2/τ
,

where N(a, b) denotes the normal distribution with the mean a and the variance b. The
details of the calculations are given in Appendix A. If τ is finite, one has Dh(t) � Nτ/2 for
t � τ � 1. In the limit τ → ∞, the pheromone does not evaporate and then Dh(t) = Nt.

The essential differences between Z(t) and Z(m, t) include a shift in the expected
value by 1/2N and the presence of a factor of N in the numerator of the variance of Z(m, t).
The shift of 1/2N arises from the finding that X(m, s) in S(m, t) is 1, which is larger than
E[X(i, s)] = 1/2 for i �= m. The value of the pheromone contains information about the
correct choice, leading to E[S(m, t)] > 1

2 E[S(t)]. However, in the “cheating” process, the
variables X(i, s), are combined by X(m, s), as in Equation (2), resulting in a larger variance
for S(m, t). The factor of N in the numerator of the variance of Z(m, t) is a consequence of
this combination process.

From the distribution of Z(m, t0), one can determine the values of τ or t0 that guarantee
that Z(m, t0) is greater than 0.5 for the limits t � τ � 1 and τ → ∞, respectively. With a
confidence level of 1%, τ and t0 should satisfy the following conditions:

t � τ � 1 :
1

2N
≥ 2.58

2
√

2τ
→ τ ≥ 3.33N2,

τ → ∞ :
1

2N
≥ 2.58

2
√

t0
→ t0 ≥ 6.66N2.

3.2. Case with τ → ∞

We take the limit τ → ∞ in Equations (5) and (7). We replace D(t + 1) and Dh(t + 1)
with N(t + 1) and N(t + 1), respectively. This results in the following equations:

dZ(m, t) =
f (Z(i, t))

(t + 1)Z(t + 1)

[(
1 +

1 − f (Z(m, t))
N f (Z(i, t))

)
f (Z(m, t))− Z(m, t)

]
dt

+

(
f (Z(i, t))

(t + 1)Z(t + 1)

)√
f (Z(m, t)[1 − f (Z(m, t))]dW(t), m = 1, · · · , N,

d
dt

Z(t) =
1

(t + 1)
( f (Z(i, t))− Z(t)).

The initial conditions of Z(t) and Z(m, t) at t = t0 are as follows:

Z(t0) ∼ N
(

1
2

,
1

4Nt0

)
,

Z(m, t0) ∼ N
(

1
2
+

1
2N

,
1

4t0

)
.

In the adiabatic approximation, where the time development of Z(m, t) is much faster
than that of Z(t), the structure of the SDE for each Z(m, t), where m = 1, · · · , N, is the
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same as that of a nonlinear P’olya urn [33,34]. The probability for Z(m, t) to converge to a
stable solution of the following equation is positive [35],(

1 +
1 − f (z)

N f (Z(i, t))

)
f (z) = z. (9)

Here, a stable (unstable) solution of Equation (9) means that the curve of the left-hand-side
of the equation crosses the diagonal curve y = z in in the downward (upward) direction [35].
We denote the stable and unstable solutions as zs and zu, respectively.

In the limit N → ∞, the positive driving force 1− f (z)
N f (Z(i,t))

in Equation (9) disappears.

The system becomes Z2-symmetric, and z = 1/2 is a the solution of f (1/2) = 1/2. If N
is finite, the positive driving force breaks the Z2 symmetry. We plot (1 + b(1 − f (z)) f (z)
in Figure 1. b > 0 corresponds to 1/N f (Z(i, t)) and b ∈ [0.01, 0.02] for N = 100 and
f (Z(i, t) ∈ [1/2, 1] ; b = 0 and b = 0.2 are used in Figure 1, left and right, respectively,
along with ε = 0.1.

Figure 1. f (z) (4) (left) and (1 + b(1 − f (z)) f (z) (right) versus z for b, α, and ε, as indicated. To
visualize the fixed point of f (z), the z-function is also shown.

In the Z2-symmetric case (b = 0), the stability of the solution z = 1/2 depends on the
slope of f (z) at z = 1/2. As f ′(1/2) = (1 − ε)α, where the prime denotes z-derivative,
the critical value of α is αc = 1/(1 − ε). If α < (>)αc, z = 1/2 is (un)stable. If α = αc, the
curve of f (z) is tangential to the diagonal. Z(m, t) converges to 1/2 for α ≤ αc, as z = 1/2
is the unique stable solution zs. For α > αc, there appears two stable solutions zs1, zs2: zs1 is
within (0, 0.5), and zs2 is within (0.5, 1.0). z = 0.5 becomes the unstable solution zu.

The dotted lines in Figure 2 show the solutions versus α for the Z2-symmetric case. For
α < αc, z = 1/2 (black dotted line) is the stable solution. For α > αc, z = 1/2 (gray dotted
line) becomes unstable (zu = 1/2) and two stable solutions zs1, zs2 depart from z = 1/2
continuously with α > αc. The stable solution to which Z(m, t) converges depends on the
initial value of Z(m, t0). In general, if Z(m, t0) is greater (smaller) than 1/2, the probability
of the convergence to 1 is greater (smaller) than 1/2. zu determines the “attractive domains”
for the stable solutions zs1, zs2. The susceptibility of the expected value of Z(m, t) to the
initial value Z(m, t0) is the order parameter of the nonlinear Pólya urn [33,34]. As the
order parameter is proportional to the difference in the two stable states zs1, zs2, the order
parameter is a continuous function of α, and the phase transition is continuous.
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Figure 2. The stable, zs, and unstable, zu, solutions for b and ε parameters, as indicated. See text
for details.

In the Z2-asymmetric case (b �= 0), for α < αc, there is a stable solution, zs, in the
z-range (0.5, 1). zs increases with α; at some critical value, αc, of α, the curve f (z)(1 + b(1 −
f (z)) becomes tangential to the diagonal at some zt. zt is known as a touchpoint and to
be stable [36]. As α continues to increase beyond αc, two significant changes occur: a new
stable solution, zs1, emerges from the touchpoint zt, while an unstable solution, zu, also
becomes apparent.

When α < αc, only one stable solution, zs, exists within the range 1/2 < zs < 1.
Conversely, for α > αc, the specific stable solution to which Z(m, t) converges depends on
the initial values of Z(m, t0). At α = αc, both the stable fixed point zs and the touchpoint zt
remain stable. The solution to which Z(m, t) converges is determined by the initial values
of Z(m, t0) in this case as well. For α > αc, the situation mirrors that of α = αc. Once α ≥ αc,
the order parameter becomes positive, and the phase transition becomes discontinuous.

Figure 3 shows the results of the numerical studies in the limit τ → ∞. We sampled
a trajectory of Z(m, t) and Z(t) for 1 ≤ t ≤ 109 with N = 102 and ε = 0.01. Figure 3
presents the distribution of Z(m, t0) for two different values of t0, namely, t0 ∈ 103, 106.
The mean value of Z(m, t0) is approximately 1/2 + 1/2N, which aligns with the theoretical
predictions. The variance of Z(m, t0) is given by 1/4t0, so the variance for t0 = 103 is about
103 times larger than that for t0 = 106. Consequently, if t0 = 103 is chosen, a significant
proportion of m ∈ 1, · · · , N has Z(m, t0) < zu � 0.5, resulting in a high probability that
Z(m, t) converges to z′s < 1/2 for α = 2.0. In such cases, Z(t) cannot reach 1 due to the
convergence of Z(m, t) to z′s. On the other hand, if t0 = 105 is set, the ratio of m ∈ 1, · · · , N
with Z(m, t0) < zu � 0.5 is zero, ensuring that Z(m, t) always converges to zs > 1/2. As
a result, Z(t) monotonically increases toward 1 for α = 2.0. For α = 1.0 < αc, where only
one stable state, zs � 1, exists, Z(m, t) consistently converges to zs.

One can see that Z(t) monotonically approaches zs with time for both t0 = 103 and
t0 = 105 cases within the range t ≤ 109. In the case of α = 0.5, where zs � 0.5, Z(t)
experiences relatively little change.
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Figure 3. Left: the initial distribution of Z(m, t0) for the limit τ → ∞. α = 0, ε = 0.01 and N = 102

are used. Right: Z(t) versus t for different α and t0 as indicated. Gray areas show the standard
deviation of Z(t) which is quite large for α = 2.0, t0 = 103 and smaller or compatible with the line
widths for other cases. See text for details.

3.3. Case with τ < ∞

In the case where τ is finite, let us make the assumption that t � τ � 1 and replace
D(t + 1) with Nτ in Equations (5) and (7). This leads to the following equations:

dZ(m, t) =
f (Z(i, t))
τZ(t + 1)

[(
1 +

1 − f (Z(m, t))
N f (Z(i, t))

)
f (Z(m, t))− Z(m, t)

]
dt

+
f (Z(i, t))
τZ(t + 1)

√
f (Z(m, t))(1 − f (Z(m, t))dW(t), m = 1, . . . , N, (10)

d
dt

Z(t) =
1
τ
( f (Z(i, t))− Z(t)).

The initial conditions for Z(t0) and Z(m, t0) at t0 � τ are as follows:

Z(t0) ∼ N
(

1
2

,
1

8Nτ

)
,

Z(m, t0) ∼ N
(

1
2
+

1
2N

,
1

8τ

)
. (11)

The dynamics of Z(m, t), m = 1, . . . , N, are coupled through Z(t) and f (Z(i, t)). To
simplify and analyze this coupled system, we focus on the stationary state of Z(m, t) in the
limit t → ∞.

Z(m, t) are expected to fluctuate around the stable fixed points of f (z) in the stationary
state. As was observed in Section 3.2 for the case of τ → ∞, for α < αc, there is only one
stable fixed point, and for α ≥ αc, two stable fixed points exist, one of which is near one.
The stationary distribution is unimodal for α < αc and bimodal for α ≥ αc. Let us denote
the stationary distribution and the mean value of Z(m, t) as Pst(z) and μst, respectively. As
f (Z(m, t)) is the probability for X(m, t + 1) = 1, one can assume f (Z(i, t) = Z(t) = μst in
the stationary state. The SDEs in Equation (10) can be simplified as follows when replacing
f (Z(i, t)) and Z(t) with μst:
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dZ(m, t) =
1
τ

[(
1 +

1 − f (Z(m, t))
Nμst

)
f (Z(m, 1))− Z(m, t)

]
dt

+
1
τ

√
f (Z(m, t))(1 − f (Z(m, t))dW(t)

= A(Z(m, t))dt + B(Z(m, t))dW(t),

A(z) =
1
τ

[(
1 +

1 − f (z)
Nμst

)
f (z)− z

]
,

B(z) =
1
τ

√
f (z)(1 − f (z) . (12)

The stationary state with reflecting boundary conditions is determined by a potential
solution [37], which can be expressed as:

Pst(z) ∝
1

B2(z)
exp

(∫ z

1/2

2A(y)
B2(y)

dy
)

,

2A(y)
B2(y)

= 2τ
f (y)− y

f (y)(1 − f (y))
+

2τ

Nμst
. (13)

The second term, 2τ/Nμst, arises from the Z2 symmetry-breaking field and causes a shift
in the stationary distribution in the positive direction.

Figure 4 shows Pst(z) (13) for ε = 0.01 and N = 102; μst is chosen so that the mean
value of Pst(z) coincides with

μst =
∫ 1

0
Pst(z)zdz.

The pair of the parameters (α, μst) are (0.0, 0.50), (0.5, 0.51), (0.9, 0.54), (0.99, 0.67),
(1/0.99, 0.74), and (2.0, 0.54). As α increases, the peak position shifts in the positive z-
direction, which can be expected by the dependence of the stable solution zs on α in
Figure 2. If α = 1/(1 − ε), the peak appears at z = 1, since there is only one stable fixed
point near z = 1 in Figure 1. When α = 2, there are two stable fixed point, and the stationary
distribution is bimodal.

Figure 4. The stationary distribution, Pst (13), for N = 102 and ε and α parameters as indicated. See
text for details.
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In order to derive the dependence of μst and the variance of Pst(z) on α, let us assume
that Z(m, t) fluctuates around μst � 1

2 for α < αc. We linearize f (z) in the vicinity of
z = 1/2 as

f (z) =
1
2
+ (1 − ε)α

(
z − 1

2

)
.

Let us also approximate B2(z) as μst(1 − μst) = 1/4, then Pst(z) becomes

Pst(z) ∝ exp

⎧⎪⎨⎪⎩−

[
z −

(
1
2 + 1

2N(1−(1−ε)α)

)]2

2
8τ(1−(1−ε)α)

⎫⎪⎬⎪⎭.

In the case with α = 0, the ants do not observe the information of the pheromones
and decide by themselves. The expected value and the variance are consistent with the
results (11) for the initial state. The expected value and the variance increase with α for
0 ≤ α < 1/(1 − ε).

The shape of the stationary distribution changes from the monomodal shape for
α < αc to the bimodal shape for α ≥ αc. Figure 5 shows the stationary distribution Pst(z) of
Z(m, t) = z for α ∈ {0, 0.5, 0.9, 0.99, 1/0.99, 2.0}, ε = 0.01, τ = 100 and N = 102. We also
plot Pst(z) in Equation (13) with solid-line curves. Except the α = 2.0 case, the numerical
results agree with the theoretical ones. As α increases from 0 to 1/0.99, the mean value and
the variance of Z(m, t) increases. For α = 1/0.99, the distribution of Z(m, t) has a peak at
z = 1. The distribution becomes bimodal and has two peaks near z = 0 and z = 1 for α = 2.
For α = 2.0, Pst(z) becomes bimodal and the equilibration time to reach the stationary state
becomes quite long. We beleive the latter is the reason for the discrepancy between the
numerical and theoretical results.

Figure 5. Cont.
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Figure 5. The distributions Pst(z) of Z(m, t = 105) = z for τ = 102, t0 = 105 and ε = 0.01 and initial
state α values as indicated.

4. Discussion

In the presented paper, we studied a simple model for ACO and the convergence
properties of the solutions. Ants answer many two-choice questions in sequence and
deposit pheromone as they choose. As the amount of the pheromones is the number
of correct answers, the following ants can receive information or hints about the correct
choices. We showed that the model reduces to a multivariate nonlinear Pólya urn process
and the pheromones break the Z2 symmetry of the process. By varying the exponent α of
the decision function of the ants, there occurs a phase transition about the convergence of
the probability of choosing the correct answer for each question in the limit τ → ∞. For
τ < ∞, the change in the stationary distribution between the monomodal and the bimodal
shape occurs as we vary α.

Previous studies adopted values of α = 1 or smaller in solving actual optimization
problems, like the TSP [24]. In α-annealing, α increases gradually, as shown in Ref. [24].
In our study, we showed that the duration of the period α = 0 should be long enough
to ensure that the initial value of Z(m, t) is in the attractive domain of the suitable stable
state (Z(m, t) > zu) in the case when τ = ∞. Subsequently, with α ≥ 1 in effect, Z(t)
converges to a value close to 1. In the case of τ < ∞, the timescale for pheromone
evaporation, represented by τ, shown to be sufficiently long to maintain the same initial
conditions. However, Z(m, t) does not converge to a specific value; instead, it follows a
stationary distribution that exhibits both bimodal and monomodal shapes depending on
the value of α. To achieve a distribution of Z(t) with a prominent peak near z = 1, the
α-annealing process is an effective strategy. Both the stable solution zs and the distribution
of Z(m, t) suggest that after a lengthy enough period with α = 0, it is advantageous to
gradually increase α from 1. However, the efficiency of the annealing process depends
on the specific problem being addressed. Future studies are considered to clarify on an
efficient α-annealing schedule.
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Appendix A. Initial Conditions of Z(t) and Z(m, t)

Let us assume X(i, s) are independent and identically distributed Bernoulli random
variable with P(X(i, s) = 1) = 1/2 for i = 1, · · · , N and s ≤ t0. As soon as E(X(i, s)) = 1/2
and V(X(i, s)) = 1/4, one finds:

E[S(t)] =
N

∑
i=1

t

∑
s=1

E[X(i, s)]e−(t−s)τ =
1
2

D(t),

V(S(t)) =
N

∑
i=1

t

∑
s=1

V(X(i, s)e−(t−s)/τ) =
1
4

N
t

∑
s=1

e−2(t−s)/τ =
1
4

Dh(t).

Here, we define Dh(t) as

Dh(t) = N
t

∑
s=1

e−2(t−s)/τ .

Applying the central limit theorem, we conclude that Z(t) = S(t)/D(t) behaves like a
normal distribution, with its probability density function given by

Z(t) ∼ N
(

1
2

,
Dh(t)

4D2(t)

)
. (A1)

S(m, t) in Equation (2) is rewritten as

S(m, t) =
t

∑
s=1

X(m, s)(1 + ∑
i �=m

X(i, s))e−(t−s)/τ .

Then, the conditional and unconditional expected values of S(m, t) read

E[S(m, t)|{X(m, s)}s=1,··· ,t] =
t

∑
s=1

X(m, s)(
1
2
(N + 1))e−(t−s)/τ

E[S(m, t)] = E[E[S(m, t)|{X(m, s)}s=1,··· ,t]] =

(
1
4
+

1
4N

)
D(t).

The conditional variance of S(m, t) reads

V(S(m, t)|{X(m, s)}s=1,··· ,t) =
t

∑
s=1

X(m, s)
1
4
(N − 1)e−2(t−s)/τ .

The unconditional variance reads

V(S(m, t)) = E[V(S(m, t)|{X(m, s)}s=1,··· ,t)] + V(E[S(m, t)|{X(m, s)}s=1,··· ,t])

=

(
1
16

N +
1
4
− 1

16N

)
Dh(t) �

1
16

N · Dh(t).

We estimate the variance of Z(m, t) = S(m, t)/S(t) by neglecting the fluctuation of S(t) as

V(Z(m, t)) � V(S(m, t))
(E[S(t)])2 =

NDh(t)
4D2(t)

.

From the central limit theorem, Z(m, t) = S(m, t)/S(t) behaves as

Z(m, t) ∼ N
(

1
2
+

1
2N

,
NDh(t)
4D2(t)

)
. (A2)
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Abstract: The index of success of the researchers is now mostly measured using the Hirsch index
(h). Our recent precise demonstration, that statistically h ∼

√
Nc ∼

√
Np, where Np and Nc denote,

respectively, the total number of publications and total citations for the researcher, suggests that aver-
age number of citations per paper (Nc/Np), and hence h, are statistical numbers (Dunbar numbers)
depending on the community or network to which the researcher belongs. We show here, extending
our earlier observations, that the indications of success are not reflected by the total citations Nc,
rather by the inequalities among citations from publications to publications. Specifically, we show
that for highly successful authors, the yearly variations in the Gini index (g, giving the average
inequality of citations for the publications) and the Kolkata index (k, giving the fraction of total
citations received by the top (1 − k) fraction of publications; k = 0.80 corresponds to Pareto’s 80/20
law) approach each other to g = k � 0.82, signaling a precursor for the arrival of (or departure from)
the self-organized critical (SOC) state of his/her publication statistics. Analyzing the citation statistics
(from Google Scholar) of thirty successful scientists throughout their recorded publication history,
we find that the g and k for the highly successful among them (mostly Nobel laureates, highest rank
Stanford cite-scorers, and a few others) reach and hover just above (and then) below that g = k � 0.82
mark, while for others they remain below that mark. We also find that all the lower (than the SOC
mark 0.82) values of k and g fit a linear relationship, k = 1/2 + cg, with c = 0.39, as suggested by an
approximate Landau-type expansion of the Lorenz function, and this also indicates k = g � 0.82 for
the (extrapolated) SOC precursor mark.

Keywords: Lorenz function; Landau-like expansion; citation analysis; Gini index; Kolkata index;
Hirsch index; Stanford cite score; Dunbar number; self-organized criticality

1. Introduction

Inspiring research in sociophysics (see, e.g., [1–6]) has, in years, led to intense re-
search activities in several statistical and statistical physical models and analysis of socio-
dynamical problems. For example, the social opinion formation models of Galam (see
e.g., [7,8]), of Biswas-Chatterjee-Sen (see e.g., [9,10]), of Minority Games (see e.g., [11]),
of Kolkata Paise Restaurant games (see, e.g., [12,13]), and others. In view of the auto-
matically encoded wide range of the citation data of the publications by scientists and
their straightforward availability on the internet, we have studied the inequality statis-
tics from Google Scholar data. The presence of ubiquitous inequalities allowed recently
the studies of various scaling, etc., properties in their statistics (see e.g., [14,15]) of the
Hirsch index [16], or the universal (or limiting) self-organized critical (SOC) behavior (see
e.g., [17–19]) and their citation inequality like the century-old Gini (g) [20] and the recently
introduced Kolkata (k) [21,22] indices. It may be noted at this stage that while g values
measure the overall inequality in the distributions and k gives the fraction of “mass” or of
total citations coming from the (1 − k) fraction of avalanches or publications, these stud-
ies [17–19] indicated that the inequalities in the avalanche size distributions, measured by
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g and k, just prior to the arrival of the SOC point in several standard physical models (like
the sand-pile models of Bak–Tang–Wiesenfeld (BTW) [23], Manna [24], and others), and in
social contexts of citations from publications [18,19] becomes equal: g = k = 0.84 ± 0.04. It
may also be noted that k = 0.80 corresponds to Pareto’s 80/20 law (see e.g., [21,22]). This
Pareto principle asserts that 20% of the causes are responsible for 80% of the outcomes.
In other words, the principle suggests that a small fraction of the factors contribute in
causing a large fraction of major events, from economics to quality management and even
in personal development. In business, it is often used to identify the most important areas
for improvement. It may be mentioned here that our earlier studies of inequality indices
g and k [17–22] corresponded to the cumulative dynamics (as the sand-pile dynamics
progress and cluster distributions grow or the publications by the authors or from the
institutions progress over time and the citation size distributions grow since the start of
the dynamics) as the system approaches the respective SOC states. Our study here is for
the same inequality indices, but for small time intervals along growth dynamical paths of
individual researchers.

We study here the inequality dynamics measured by the g and k indices of several
successful researchers (mostly winners of international prizes, medals, or awards like
Nobel, Fields, Boltzmann, Breakthrough, highest level Stanford c-score achievers, etc.),
some distinguished sociophysics researchers, along with those of a few high level (but not
so high Stanford c-score, though within “top 2%”) researchers, for data up to 2022, since
their recorded first publication year. We collected the citation data of the publications (from
online free Google Scholar, if an individual Google Scholar page exists). We calculate the g
and k indices for each year, starting their first publication, by taking the citation statistics
today (collected and analyzed in July–August 2023). We extracted the values for g and k for
all the recorded publications of the scientist in each overlapping five-year window (since
the first publication), where the windows continuously shift by one year till the year 2022
(corresponding to the last central year 2020 of the researcher) in the following figures for
each researcher. The choice of five-year window size is found to give optimal stability in
statistics (a smaller three-year window size did not give stability to the citation statistics for
quite a few of the scientists.)

We find that the majority of the chosen scientists crossed the g = k � 0.82 mark (which
we interpret here as the precursor level of the SOC point [17]) early in their life and often
they hover just above or below but around that level of inequality mark. Some others just
touched the precursor mark (g = k) once or even multiple times and a few remained below
that mark. For other known researchers considered here, the g = k mark occurs marginally
but does not cross ever. It is to be noted that this mark of reaching the SOC state (beyond
the g = k � 0.82) level of inequality is for yearly statistics (within a 5-year window which
slides yearly) and not for the overall success measuring indices (in their cumulative citation
statistics) studied earlier for the citation statistics of some distinguished researchers (see
e.g., [14]), where the SOC mark is observed to be a little higher (g = k � 0.86).

As mentioned earlier, the Hirsch index (h) [16], which gives the highest number of
publications by a researcher, each of which has received equal or more than that number of
citations, does not seem give a most suitable measure [15,25] of the success of individual
researchers. It has now been well demonstrated [15] (using the kinetic theoretical exchange
model ideas), analyzing the Scopus citation data for the top 120,000 (within the “top
2%”) Stanford cites score achievers that statistically h ∼

√
Nc ∼

√
Np, where Nc and Np

denote, respectively, the total number of citations and total number of publications by
the researcher. This suggests convincingly that the average number of citations per paper
(Nc/Np), and hence h, are statistical numbers (given by the effective Dunbar number [26,27])
depending on the community or network in which the researcher belongs [15,18]. We
show here, extending our earlier observations (see, e.g., [14,18]), that the indications of
success are not reflected by the total citations Nc, or for that matter by the Hirsch index
h, rather than by the inequalities among the citations from publication to publication.
Specifically, we show that for highly successful authors, the yearly variations (given by
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the statistics with overlapping 5-year windows) in the g index (given by the average
inequality of the citations for the publications, 0 ≤ g ≤ 1) and the k index (giving the
fraction of total citations received by the top (1 − k) fraction of publications, 0.5 ≤ k ≤ 1).
In particular, achieving g = k � 0.82 signals a precursor to the SOC state in the publication
statistics. Analyzing the citation statistics (from the open-access Google Scholar) of thirty
successful scientists throughout their recorded publication history, starting from their first
recorded publication that the very successful among them (mostly Nobel laureates, higher-
ranking Stanford c-scorers, and a few others) reach and hover just above and below that
g = k � 0.82 mark, characteristic of the SOC state (k = 0.82 means 82% of citations come
from 18% of publications). Others remain below the (SOC) level of extreme inequality in
publication statistics.

2. Socio-Statistical Inequality and Its Measures

In 1905, American economist Lorenz [2,3] developed the Lorenz curve, a graphical
representation of the distribution of wealth in a society. To construct this curve (illustrated
by the red curve in Figure 1), one organizes the society’s population in ascending order of
their wealth and then plots the cumulative fraction of wealth, denoted as L(p), held by the
poorest p fraction of individuals. One can similarly plot the cumulative fraction of citations
against the fraction of papers that attracted those many citations. As indicated in Figure 1,
the Gini index is calculated from the area between the equality line and the Lorenz curve,
divided by the area (1/2) below the equality line for normalization. As such, g = 0 signifies
perfect equality and g = 1 corresponds to extreme inequality. The index k is given by the
fixed point of the complementary Lorentz function Lc(p) ≡ 1 − L(p). As such, k gives the
fraction of citations attracted by the top cited k fraction of papers and k = 0.5 means perfect
equality, while extreme inequality corresponds to k = 1.

Figure 1. The Lorenz curve, represented by L(p) (in red), denotes the cumulative proportion of
total citations possessed by a fraction p of papers, when organized in ascending order of citation
counts. Conversely, the black dotted line indicates perfect equality, where each paper receives
an equal number of citations. The Gini index (g) is computed from the area (S) between the Lorenz
curve and the equality line (the shaded region), normalized by the total area under the equality line
(S + S′ = 1/2). The Kolkata index (k) is obtained by locating the fixed point of the complementary
Lorenz function (Lc; shown in green), defined as Lc(p) ≡ 1 − L(p): Lc(k) = k. By geometry,
the value of k gives the proportion of total citations owned or possessed by (1 − k) fraction of the top
cited papers.
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Landau-Like Expansion of L(p) and g, k Approximate Relation

A minimal expansion [28] of the Lorenz function L(p), employing a Landau-like
expansion of free energy, suggests L(p) = Ap + Bp2, A > 0, B > 0, A + B = 1. This gives
L(0) = 0 and L(1) = 1 (with B = 0, the Lorenz function can represent only the equality line
in Figure 1).

One can then calculate g = 1 − 2
∫ 1

0 L(p)dp, giving A = 1 − 3g and B = 3g. Since
L(k) = 1 − k = Ak + Bk2, one can obtain a quadratic equation involving g and k. An ap-
proximate solution of it, in the g → 0 limit gives

k = 1/2 + C × g, (1)

where C = 3/8 [28] suggesting that g = k will occur at the Pareto value k = 0.80. We
see here a little deviation in the value of the constant C in the relation (1), for all the
reported observations.

3. Inequality Data Analysis from Google Scholar

We collect the citation data for all the recorded publications in each year since the
first entry in the record for thirty successful researchers having individual Google Scholar
page and having minimum and maximum number of total publications Np = 127 and 2954,
minimum and maximum number of total citations Nc = 5769 and 463,382, minimum and
maximum values of h = 22 and 328, respectively, for all those selected researchers. We
considered three Nobel prize winners in each of the science subjects: physics (H. Amano,
B. Josephson, A. B. McDonald), chemistry (R. Henderson, J. Frank, J.-P. Sauvage), physiol-
ogy and medicine (M. Houghton, G. L. Semanza, S. Yamanka), and economics (A. Baner-
jee, W. Nordhaus, J. Stiglitz). Two Fields medalists (mathematics; S. Smalle, E. Witten),
two Boltzmann award winners (statistical physics; D. Dhar, H. E. Stanley), two Break-
through prize winners (physics; C. Kane, A. Sen), three of the top-most cite-scorers in
the Stanford Scopus c-score list (M. Graetzel, R. C. Kessler, and Z. L. Wang; considered
for h-index statistics in Ref. [15]), and six known contributors in econophysics and so-
ciophysics: W. Brian Arthur (known for “El Farol Bar Problem” of minority choice, see,
e.g., [11]), B. K. Chakrabarti (one of the “fathers of econophysics” [29,30]), R. I. M. Dunbar
(known for Dunbar’s number of social connectivity, see, e.g., [31]), S. Galam (considered
a pioneer of sociophysics), R. Mantegna (one of the “fathers of econophysics” [29,30]), V.
M. Yakovenko (pioneer of kinetic exchange models of income/wealth distributions; see,
e.g., [32]). We considered three of the highest-ranked Stanford cite-scorers for 2022 (M.
Graetzel, R. C. Kessler, and Z. L. Wang [33]), and, for comparison, we also considered three
lower-rank holders of the same “top 2% Stanford cite-scores” (I. Fofana, U. Sennur, and N.
Tomoyuki [33]).

For studying the growth of inequality in the citation statistics of each of these re-
searchers, we select a 5-year window, starting earliest publication, and note the present-day
citations of each of these publications. We then construct the Lorenz function (see Figure 1)
and extract the g and k indices as described in Section 4. We associate the g and k values
with the middle year of the respective 5-year window and shift the window by one year
and get the values of the inequality indices for each of the successive years up to 2020
(considering data up to 2022). These are shown in the following Figures 2–6.

One can see from Figures 2–6, for all the above-mentioned thirty scientists that for
many of them (mostly Nobel prize winners and highest rank c-scorers), the g-index value
goes over the k-index value in one (or multiple years) by crossing the k = g � 0.82 line
(see the corresponding insets). These crossings of the indices (at values above 0.80 value)
preciously indicates large inequalities and entry into the SOC state [17] of the citation
statistics of these scientists (see Table 1 for consolidated results of g and k ).
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Figure 2. Yearly variations of the citation inequality indices, Gini (g) and Kolkata (k), for three Nobel
prize winners in physics and three in chemistry. The indices are calculated using the present citation
data for the publications within a 5-year window, starting from first recorded one in Google Scholar,
and the window sliding by one year. The corresponding year shown is mid mid-year of the window
until 2022 (shown for year 2020 for the last 5-year window). The g value crossing above (and coming
down) the k value marks the precursor of onset (leaving) the SOC state with time. The inset shows
k versus g (in red) over the entire career of the scientist. It fits well with the linear (Landau-like)
relationship, k = 1/2 + 0.39g, suggesting a crossing SOC precursor point at k = g = 0.82 ± 0.02.
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Figure 3. Yearly variations of the citation inequality indices, Gini (g) and Kolkata (k), for three Nobel
prize winners in physiology-medicine and three in economics. The indices are calculated using the
present citation data for the publications within a 5-year window, starting from the first recorded one
in Google Scholar, and the window sliding by one year. The corresponding year shown is mid-year
of the window until 2022 (shown for the year 2020 for the last 5-year window). The g value crossing
above (and coming down) the k value marks the precursor of onset (leaving) the SOC state with
time. The inset shows k versus g (in red) over the entire career of the scientist. It fits well with the
linear (Landau-like) relationship, k = 1/2 + 0.39g, suggesting a crossing SOC precursor point at
k = g = 0.82 ± 0.02.
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Figure 4. Yearly variations of the citation inequality indices, Gini (g) and Kolkata (k), for two winners
each of Fields medal (mathematics), Boltzmann prize (statistical physics) and Breakthrough prize
(physics). The indices are calculated using the present citation data for the publications within a
5-year window, starting from first recorded one in Google Scholar, and the window sliding by one
year. The corresponding year shown is mid year of the window until 2022 (shown for year 2020
for the last 5-year window). The g value crossing above (and coming down) the k value marks the
precursor of onset (leaving) the SOC state with time. The inset shows k versus g (in red) over the
entire career of the scientist. It fits well with the linear (Landau-like) relationship, k = 1/2 + 0.39g,
suggesting a crossing SOC precursor point at k = g = 0.82 ± 0.02.
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Figure 5. Yearly variations of the citation inequality indices, Gini (g) and Kolkata (k), for six
distinguished researchers in econophysics and sociophysics. The indices are calculated using the
present citation data for the publications within a 5-year window, starting from the first recorded one
in Google Scholar, and the window sliding by one year. The corresponding year shown is mid-year
of the window until 2022 (shown for year 2020 for the last 5-year window). The g value crossing
above (and coming down) the k value marks the precursor of onset (leaving) the SOC state with
time. The inset shows k versus g (in red) over the entire career of the scientist. It fits well with the
linear (Landau-like) relationship, k = 1/2 + 0.39g, suggesting a crossing SOC precursor point at
k = g = 0.82 ± 0.02.

Although the study of the time variations of the g and k indices (as shown in Figures 2–6)
and checking if g value ever goes over the k value by crossing the k versus g line (as shown
in the insets) is indispensable for detecting if the SOC state has arrived or not, one can also
have a straightforward (but only approximate) indication of the SOC state by looking at
the ratio R of the citation number nmax

C of the highest cited paper and the effective Dunbar
number D given by the average citation Nc/Np of the researcher. In Table 2, we compare
these R = nmax

C /D values (where D = Nc/Np) and see how its higher values compare with
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the observation of SOC (when k versus g line is crossed affirmatively). We find, for R ≥ 40,
more than 94% of cases correspond to the SOC level.

Figure 6. Yearly variations of the citation inequality indices, Gini (g) and Kolkata (k), for three top-
most Stanford cite-scores and three lower rank entries from the “top 2% Stanford cite-scores” [15,33].
The indices are calculated using the present citation data for the publications within a 5-year window,
starting from first recorded one in Google Scholar, and the window sliding by one year. The corre-
sponding year shown is mid mid-year of the window until 2022 (shown for year 2020 for the last
5-year window). The g value crossing above (and coming down) the k value marks the precursor of
onset (leaving) the SOC state with time. The inset shows k versus g (in red) over the entire career
of the scientist. It fits well with the linear (Landau-like) relationship, k = 1/2 + 0.39g, suggesting a
crossing SOC precursor point at k = g = 0.82 ± 0.02.
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Table 1. Consolidated inequality index (g, k) results for the citation statistics (from Figures 2–6) of the
thirty chosen scientists (including twelve Nobel prize winners, two Fields medalists, two Boltzmann
award winners, two Breakthrough prize winners, six distinguished sociophysics and econophysics
researchers, three from the top and three from the bottom of the “top 2% Stanford cite-score scientists”
(2022 list). NP(P) stands for Nobel Prize in physics, NP(C) stands for Nobel Prize in chemistry, NP(M)
stands for Nobel Prize in physiology or medicine and NP(E) stands for Nobel Prize in economics, FM
stands for Fields Medal in mathematics, BA stands for Boltzmann Award in statistical physics, BP(P)
stands for Breakthrough Prize in physics, FEP stands for “fathers of econoophysics” [29,30], EFBP
stands for “El Farol Bar problem” (see, e.g., [11]), DN stands for “Dunbar Number” (see, e.g., [31]),
FSP stands for “father of sociophysics”, PKEM stands for pioneer in kinetic exchange modeling of
Wealth distribution [32], SCS-x stands for Stanford Cite Score rank (‘x’ denoting the rank) among the
“top 2%” scientists in 2022 [33], and “yearly-av.” stands for yearly-averaged publication in 5-year
window; see text for more details.

Inequality Indices: Hirsch (h), Gini (g), Kolkata (k) g = k Line

Researcher
Name

Award/Prize/
Known for

Np Nc h g
(overall)

k
(overall)

g
(yearly-av.)

k
(yearly-av.)

Crossed
Near 0.82?

H Amano NP(P) 2161 57,281 106 0.84 0.83 0.72 ± 0.13 0.78 ± 0.06 Yes

B Josephson NP(P) 127 11,685 22 0.94 0.92 0.71 ± 0.13 0.79 ± 0.06 No

AB McDonald NP(P) 437 25,111 53 0.91 0.88 0.80 ± 0.06 0.83 ± 0.04 Yes

J Frank NP(C) 686 50,518 116 0.77 0.80 0.72 ± 0.07 0.78 ± 0.04 No

R Henderson NP(C) 267 31,822 65 0.85 0.84 0.78 ± 0.06 0.81 ± 0.04 Yes

JP Sauvage NP(C) 655 61,572 114 0.70 0.76 0.70 ± 0.07 0.77 ± 0.04 Marginally

M Houghton NP(M) 529 59,029 102 0.85 0.84 0.73 ± 0.11 0.78 ± 0.05 Yes

GL Semenza NP(M) 682 192,246 196 0.80 0.81 0.73 ± 0.08 0.78 ± 0.04 Yes

S Yamanaka NP(M) 345 124,106 125 0.85 0.84 0.71 ± 0.11 0.78 ± 0.06 Yes

A Banerjee NP(E) 524 79,076 106 0.86 0.86 0.84 ± 0.05 0.85 ± 0.04 Yes

W Nordhaus NP(E) 647 101,219 124 0.87 0.86 0.82 ± 0.06 0.83 ± 0.03 Yes

J Stiglitz NP(E) 2408 364,237 235 0.89 0.87 0.85 ± 0.05 0.85 ± 0.03 Yes

D Dhar BA 209 8299 44 0.76 0.80 0.65 ± 0.07 0.75 ± 0.03 No

HE Stanley BA, FEP 2070 225,169 204 0.83 0.83 0.78 ± 0.08 0.81 ± 0.05 Yes

S Smale FM 346 48,084 85 0.87 0.85 0.79 ± 0.11 0.83 ± 0.06 Yes

E Witten FM, BP(P) 620 242,911 206 0.79 0.81 0.73 ± 0.05 0.78 ± 0.02 Marginally

C Kane BP(P) 189 80,714 75 0.88 0.87 0.77 ± 0.07 0.81 ± 0.05 Yes

A Sen BP(P) 401 37,065 103 0.69 0.76 0.60 ± 0.12 0.72 ± 0.06 No

WB Arthur EFBP 196 52,545 56 0.91 0.89 0.82 ± 0.09 0.84 ± 0.06 Yes

BK Chakrabarti FEP 390 12,596 47 0.81 0.82 0.72 ± 0.11 0.78 ± 0.06 Marginally

RIM Dunbar DN 857 85,486 141 0.79 0.81 0.73 ± 0.10 0.79 ± 0.05 Yes

S Galam FSP 252 8828 42 0.81 0.83 0.75 ± 0.08 0.80 ± 0.04 Yes

RN Mantegna FEP 259 28,561 68 0.84 0.84 0.72 ± 0.11 0.78 ± 0.05 Yes

VM Yakovenko PKEM 171 9076 44 0.73 0.78 0.65 ± 0.07 0.75 ± 0.04 No

M Graetzel SCS-1 2282 463,382 295 0.82 0.82 0.78 ± 0.07 0.81 ± 0.04 Yes

RC Kessler SCS-4 1829 523,835 328 0.83 0.83 0.77 ± 0.04 0.80 ± 0.02 Yes

ZL Wang SCS-3 2954 394,080 299 0.71 0.77 0.69 ± 0.10 0.76 ± 0.05 Yes

I Fofana SCS-119997 353 5759 39 0.73 0.78 0.68 ± 0.03 0.76 ± 0.02 No

N Tomoyuki SCS-119993 304 9073 51 0.75 0.79 0.64 ± 0.09 0.74 ± 0.04 No

U Sennur SCS-119994 455 18,987 63 0.73 0.78 0.68 ± 0.05 0.76 ± 0.03 No
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Table 2. An approximate indicator, R = nmax
C /D, where the effective Dunbar number D = Nc/Np

(Nc denotes the total number of citations for Np papers by the researcher) and nmax
C denotes the

citation of the most-cited paper by the researcher, to check if the researcher has achieved the SOC
level or not. We find, for R ≥ 40, the corresponding researchers certainly belong to the SOC level
(94% success rate).

Researcher

Name

Award/

Known for
Np Nc nmax

C h D = NC/NP R = nmax
C /D

SOC Level

Achieved (Table 1)
Comments

H Amano NP(P) 2161 57,281 3154 106 27 119 Yes

Out of the
eighteen
researchers
with R ≥ 40,
one failed
in achieving
the SOC level
(crossing the
k = g � 0.82
line in
Figures 2–6;
see Table 1).
R ≥ 40
therefore
indicates
SOC level
for the
researcher
with more
than 94%
success rate.

B Josephson NP(P) 127 11,685 6554 22 92 71 No

AB McDonald NP(P) 437 25,111 5375 53 57 94 Yes

J Frank NP(C) 686 50,518 2299 116 74 31 No

R Henderson NP(C) 267 31,822 3681 65 119 31 Yes

JP Sauvage NP(C) 655 61,572 1805 114 94 19 Marginally
M Houghton NP(M) 529 59,029 9952 102 112 89 Yes

GL Semenza NP(M) 682 192,246 12,229 196 282 43 Yes

S Yamanaka NP(M) 345 124,106 30,735 125 360 85 Yes

A Banerjee NP(E) 524 79,076 9254 106 151 61 Yes

W Nordhaus NP(E) 647 101,219 19,605 124 156 125 Yes

J Stiglitz NP(E) 2408 364,237 23,844 235 151 158 Yes

D Dhar BA 209 8299 1182 44 40 30 No

HE Stanley BA, FEP 2070 225,169 14,348 204 109 132 Yes

S Smale FM 346 48,084 7912 85 139 57 Yes

E Witten FM, BP(P) 620 242,911 14,380 206 392 37 Marginally

C Kane BP(P) 189 80,714 19,504 75 427 46 Yes

A Sen BP(P) 401 37,065 1443 103 92 16 No

WB Arthur EFBP 196 52,545 15,227 56 268 57 Yes

BK Chakrabarti FEP 390 12,596 730 47 32 23 Marginally

RIM Dunbar DN 857 85,486 5312 141 100 53 Yes

S Galam FSP 252 8828 653 42 35 19 Yes

RN Mantegna FEP 259 28,561 5796 68 110 53 Yes

VM Yakovenko PKEM 171 9076 920 44 53 17 No

M Graetzel SCS-1 2282 463,382 35,789 295 203 176 Yes

RC Kessler SCS-4 1829 523,835 35,079 328 286 122 Yes

ZL Wang SCS-3 2954 394,080 8120 299 133 61 Yes

I Fofana SCS-119997 353 5759 333 39 16 20 No

N Tomoyuki SCS-119993 304 9073 467 51 30 16 No

U Sennur SCS-119994 455 18,987 1198 63 42 29 No

4. Summary and Discussion

Our earlier analysis [15] of the Scopus citation data for the 120,000 top Stanford
cite-score scientists showed that the Hirsch index h ∼

√
Nc ∼

√
Np , where Nc and Np

denote, respectively, the total number of citations and the total number of publications
by the researcher. This, in turn, says that the average number of citations per paper
(Nc/Np), and hence h, are statistical numbers (determined by the effective Dunbar num-
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ber [26,31]) of the community or network (coauthors and followers) in which the researcher
belongs [15,18]. Indeed, the anticipated increase in research impacts through collaboration
(by increasing the number of coauthors) has been studied in Ref. [34], by looking at the
average value of the community Dunbar number or Nc/Np. Also, a detailed study from
Google Scholar data on the relation between the Hirsch index of individual scientists with
their average number of co-authors per paper has been reported in Ref. [35]. Our study here
shows that the Hirsch index can not be a suitable measure of success for the researchers
(even in Table 1; the highest h = 328 does not correspond to a Nobel Prize winner, while
the least one with h = 22 do).

In an earlier study [18], we proposed that the citation inequality indices Gini (0 ≤ g ≤ 1)
and Kolkata (0.5 ≤ k ≤ 1) to give better measures of success of the scientist (not Nc or h)
and g and k both expected to approach equality at g = k � 0.86 for successful researchers.
It may be mentioned here that we used the entire citation data (over all the years) to get
the Lorenz curve and the overall values of g and k of the researcher, and this gave a little
higher value of g = k � 0.86 point. Indeed, our numerical study [17] of the overall or
cumulative inequality statistics of the avalanches or cluster sizes in some mostly studied
and mstly established SOC models also suggested the arrival of the equality point of the
avalanche size inequality indices (g = k � 0.86) just appears as a precursor of the SOC
point of the respective sand-pile or SOC models. In other words, as mentioned already,
the SOC points in sandpile models (like BTW [23], Manna [24], and other models) of physics
signifies a critical state where sand grain avalanches of all sizes occur following a power
law distribution. As shown in Ref. [17], even in these physics SOC models, the inequality
statistics (Gini and Kolkata indices) corresponding to the avalanche size statistics reach
similar values for the inequality indices of the unequal citations (considered here equivalent
to the sand mass avalanches in sand piles).

We analyzed the citation data for all the recorded publications in each year since
the first entry in the record for the chosen thirtky successful scientists, each having an
individual Google Scholar page. They have the minimum and maximum number of total
publications Np = 127 and 2954, and minimum and maximum number of total citations,
Nc = 5769 and 463,382, respectively. For studying the growth of inequality in the citation
statistics of each of these scientists, we select 5-year windows, where the central year of each
window moves every year. We construct the Lorenz functions for each of these windows
(see Figure 1) and extract the yearly values (corresponding to the central year of the
window) of g and k indices. We have plotted these yearly g and k values for all the working
years, starting the recorded first year and for the third year from there and continued
for successive years up to 2022 (by considering data up to 2022) for each of these chosen
thirty scientists. These are then shown in Figures 2–6. The insets in each Figure show the
corresponding plot of k versus g (disregarding the yearly sequence). These plots in all thirty
cases of the researchers show quite a good linear fit to k = 0.5 + 0.39g (cf. Equation (1)),
as obtained approximately using a (Landau-like) minimal polynomial expansion of the
Lorenz function (see Section 2). The insets also show the actual or extrapolated (precursor
of sand-pile SOC) point at k = g = 0.82 ± 0.02. As we can see from Figures 2–6, for ten
of the twelve Nobel prize winners, several of the other international prize winners are
considered here, known sociophysicists, econophysicists, and all three of the highest rank
Stanford cite-scorers, the crossing(s) of k versus g (often at multiple years), do take place
convincingly. The same is also true (often marginally), for several others. The three lower
rank (yet from the “top 2%”) Stanford cite-scorers did not come up to g = k point. There are
certainly a few notable anomalies in this analysis of the data set; e.g., B. Josephson, J. Frank
(both Nobel laureates), D. Dhar (Boltzmann award winner), and A. Sen (Breakthrough
prize winner) do not fit this picture of indeed reaching the SOC point. These anomalies
may indicate some shortcomings of this kind of analysis. On the other hand, noting that
out of twenty seven of the researchers have chosen here (neglecting the three lower rank,
though from the “top 2%” Stanford cite-scorers), the visible evidence of SOC are seen
for nineteen (neglecting the “no” and “marginal” entries in the last column of Table 1 for
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these twenty seven researchers), indicating a success rate more than 70% for identifying
the outstanding researchers. In Table 2, we give quite a simple (though approximate)
indicator R = nmax

C /D (where nmax
C denotes the maximum citation of any paper and D

the effective Dunbar number of the researcher) to check if the researcher has achieved the
SOC level or not. We see that the SOC level is achieved for R ≥ 40, with a more than 94%
coincidence rate.

In summary, as the Hirsch index h of a prolific researcher grows with the total citations
Nc as h = 0.5

√
Nc [15] and Nc grows linearly with the total number Np of publications by

the researcher, Nc = DNp (see [15,18]), where the effective Dunbar number D (∼75 [15])
of the network community in which the scientist belongs, h and Nc can only give some
average measures of success. In fact, most appreciated members of the community can in
principle have uniformly high citations of order D for each of their publications and hence
h ≥ D � 75. Though such uniformly appreciated or cited scientists will have significantly
low values of Gini and Kolkata indices, g � 0 and k � 0.5. Our study here shows,
notwithstanding some anomalies, most successful researchers have large fluctuations in
the citations of one or more of their publications (presumably due to uneven but accurate
appreciations from the usual Dunbar network or community and also possibly from outside
the usual Dunbar community), which do not increase directly the D or h values, but lead to
larger values of their inequality indices g and k, which may then hover around the SOC
level value g = k � 0.82, a little above the Pareto value (k = 0.80).
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Abstract: We study a graph-based generalization of the Galam opinion formation model. Consider
a simple connected graph which represents a social network. Each node in the graph is colored
either blue or white, which indicates a positive or negative opinion on a new product or a topic.
In each discrete-time round, all nodes are assigned randomly to groups of different sizes, where the
node(s) in each group form a clique in the underlying graph. All the nodes simultaneously update
their color to the majority color in their group. If there is a tie, each node in the group chooses
one of the two colors uniformly at random. Investigating the convergence time of the model, our
experiments show that the convergence time is a logarithm function of the number of nodes for a
complete graph and a quadratic function for a cycle graph. We also study the various strategies
for selecting a set of seed nodes to maximize the final cascade of one of the two colors, motivated
by viral marketing. We consider the algorithms where the seed nodes are selected based on the
graph structure (nodes’ centrality measures such as degree, betweenness, and closeness) and the
individual’s characteristics (activeness and stubbornness). We provide a comparison of such strategies
by conducting experiments on different real-world and synthetic networks.

Keywords: sociophysics; Galam model; graph theory; Markov chain; social networks; convergence
time; opinion formation; influential nodes; viral marketing

1. Introduction

Humans’ decisions and opinions can be influenced by others. When forming an
opinion or making a decision on a subject such as a new product or a political election,
people usually seek advice from their families, friends, and other people with whom they
often keep in contact with. In addition, people also consider the opinions of the figures that
they value or respect; for instance, figures in specific fields or celebrities that people look
up to. Therefore, people often keep updating their decisions and opinions by interacting
with their connections.

Furthermore, the prevalence of online social media and social networking platforms, such
as Facebook, Instagram, and WeChat, contribute to the increasing pace of opinion formation.
These online platforms provide people with a convenient and fast way to communicate with
friends, obtain information, and express opinions. Consequently, they significantly accelerate
the information spreading and opinion formation and exchange process.

In recent decades, there has been a growing demand for a deeper understanding of
how opinions form and how information spreads in social networks. A variety of opinion
diffusion models, which aim to simulate the process of information spreading in a society,
have thus been developed and studied within sociophysics using tools and concepts from
statistical physics [1]. More recently, the topic has been enriched by contributions from
theoretical computer science [2,3].

The studied models typically involve a graph G and an initial coloring of its nodes,
with each node being either blue or white. The graph represents a social network, in which
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each node corresponds to an individual. The edges of the graph represent relationships be-
tween individuals, such as personal contacts, friendships, or followers. The color assigned
to each node, say white or blue, represents the individual’s positive or negative opinion on
a subject. Following the initialization, a group of nodes in the graph update their colors
based on a predefined rule in each round.

The majority model is an instance of the aforementioned basic model [4,5] and it has
become popular within the community of social networks. In this model, all nodes in
the graph G simultaneously update their color to the most frequent color among their
neighbors. If there is a tie, a node does not change its current color. It should be noted
that the number of neighbors of each node can be quite large, which makes the model
somewhat unrealistic. For example, it is almost impossible for a person who has 50 friends
to discuss a topic with all the friends at the same time.

Another established model is the Galam model [6], which describes the dynamics
of the spreading of the minority opinion in a social debate. In this model, all individuals
(nodes) are randomly assigned to groups of different sizes, based on the geometry of social
life of people, with the discussing groups composed of small sizes from 1 person up to 5 or
6 people. Only the people in the same group can discuss the topic and update their opinion
based on the local majority opinion in the group. Therefore, the Galam model is more
realistic. In the general majority-based model, the nodes with a higher degree can influence
more nodes in each round. But, in the Galam model, the node can only influence other
nodes in the same group. Moreover, at a tie, the Galam model introduces the possibility of
a tie breaking determined using the unconscious prejudices of the agents [7].

In the classic Galam model, each individual has the same probability of grouping with
any other individual. However, it is unusual that two people get together and discuss
on some topics if they do not have any relationships. To add another layer of realism to
the model, we leverage the underlying graph structure of a social network to introduce a
generalization of the Galam model in the present paper. In the Graph-based Galam model
(GGM), only the nodes that form a clique in the graph can be assigned to a group.

In the present paper, we focus on two problems: (1) How long does it take for the
GGM to converge? This is arguably the most well-studied question for different dynamic
systems. In our model, the answer highly depends on the underlying graph structure.
(2) What is the subset of nodes which maximizes the final expected number of blue nodes,
if initially blue, for a given fixed budget? This is also another popular question investigated
for various models, motivated from viral marketing. For example, when a company plans
to launch a new product on to the market, it is often intended to persuade a specific group
of people into using the product to maximize the final cascade of the adoptions of the
product. Another example is when a political party aims to convince a subset of individuals
to adopt a positive opinion about a topic with the aim of a large further adoption of the
positive opinion. The main problem here is to find a subset of nodes (individuals) of a given
size whose adoption of the desired product/opinion results in its maximum adoption at
the end.

We study the convergence time of GGM on different synthetic and real-world graph
data. Experiments conducted on cycle and complete graphs show that the convergence
times of GGM on cycle and complete graphs are in O(n2) and O(log n), respectively,
where n denotes the number of nodes. We also investigate how adding new edges can
influence the convergence time of the process and observe that it essentially depends on the
manner that the edges are added. Particularly, if the added edges increase the expansion
(connectivity) of the graph, the convergence time usually decreases.

Furthermore, the experiments on complete graphs and real-world social networks
indicate that the initial blue nodes must be more than half to ensure that the blue nodes
“dominate” at the end, if one selects the initial blue nodes randomly. If the initial blue nodes
are selected based on some smarter strategies such as centrality-based measures (such as
degree, betweenness, and closeness), then a much smaller fraction of initial blue nodes is
required for the blue color to be the winning color at the end.
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Inspired by some prior work [8,9], we also study the setup where the nodes have
different levels of activeness and stubbornness; that is, some nodes are more probable
to participate in the gatherings and some nodes are less inclined to follow the majority
opinion. We then introduce some strategies for choosing initial seed nodes, which take
these parameters into account, in addition to the graph structural properties.

The paper is organized as follows. We first give some basic definitions and an overview
of some prior work in the rest of this Section. Our findings, which address questions (1)
and (2), are presented in Sections 2 and 3, respectively.

1.1. Preliminaries
1.1.1. Graph Definitions

• Graph
Let G = (V, E) be a simple connected undirected graph. Let n := |V| and m := |E|
represent the number of nodes and the number of edges, respectively. For a given node,
v ∈ V, N(v) := {u ∈ V : {u, v} ∈ E} represents the neighborhood of v. Furthermore,
let d(v) := |N(v)| represent the degree of node v.

• Expander Graph
An expander graph is expected a graph with good connectivity. There are three
parameters often being used to measure the expansion of a graph: vertex expansion,
edge expansion, and spectral expansion. A graph will be called here an expander
graph if it has strong expansion properties.

(1) Vertex Expansion. Let S ⊆ V be a subset of nodes, and S := V\S. Let
∂Sout := {v ∈ S|∃u ∈ N(v), such that u ∈ S}, which is the outer boundary
of set S. The vertex expansion is defined as hout(G) := min0<|S|< n

2
|∂Sout|/|S|.

For nodes in any “small” subset S (with a size less than n/2) of V, the greater
the hout(G) is, the larger the number of their neighbors outside S is, and the
better connected the graph G is. Therefore, a graph G with a greater hout(G) has
stronger expansion properties

(2) Edge Expansion. Let S ⊆ V be a subset of nodes, and S := V\S. Let
∂S := {{u, v} ∈ E|u ∈ S, v ∈ S}, which is the boundary of set S. The edge
expansion is defined as h(G) := min0<|S|< n

2
|∂S|/|S|. For the number of edges

from the nodes inside any “small” subset (with a size less than n/2) of V to the
nodes outside this subset, the greater the h(G) is, the larger the number of edges
is, and the better connected the graph G is. Therefore, a graph G with a greater
h(G) has stronger expansion properties

(3) Spectral Expansion. Let A be the adjacency matrix of the graph G. Since A is
symmetric and real, it has n real-valued eigenvalues. Let λ(G) represent the
second-largest absolute eigenvalue of A. A graph G with a smaller value of λ(G)
has stronger expansion properties.

1.1.2. Model

• Majority Model and Random Majority Model
Consider a graph G that represents a social network. Each node in the graph is either
blue or white at the initial state, which represents a person holding a positive or nega-
tive opinion about a product or a topic. In each round, all the nodes simultaneously
update their color to the most frequent color among their neighbors. If there is a tie,
the node keeps its color. This is known as the Majority Model. The Random Majority
Model is the same as the Majority Model, except for the tie-breaking rule. In the
Random Majority Model, a node chooses blue or white with an equal probability of
0.5 in case of a tie.

• Galam Model
Consider a population of n individuals (nodes) who can hold a positive or negative
opinion on a subject (i.e., are blue or white). Furthermore, consider a set of rooms of
various sizes, such that the summation of the size of the rooms is equal to n. In each
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round, all individuals are randomly assigned to these rooms. Then, all individuals
simultaneously update their opinion to the most frequent opinion in the room. If there
is a tie, then a tie-breaking rule is applied to handle the situation. In the original
description of the model, individuals choose negative in case of a tie [6]. However,
other variants are considered, for example, random tie-breaking rules [7].

• Graph-based Galam Model
In the present paper, we introduce a graph-based generalization of the Galam model,
GGM. A graph G = (V, E) is used to represent the society to be considered. The nodes
and edges in the graph represents the individuals and the relationship between them,
respectively. We define a coloring function C: V → {w, b}, where w and b represent
white and blue, respectively, which correspond to negative and positive.
There are two steps in each round of this model: (1) randomly assign all nodes into
groups with different sizes; and (2) update the color of each node following the local
majority-based rule in the group.

(1) Group Allocation. All the cliques of size 1 to R in the graph are collected and
stored in a list. In our setup, we use R = 3, but the model is well defined for
larger values of R. Each time, one clique in the list is randomly picked with an
equal likelihood. For each node in the clique that is picked, the remaining cliques
that contain the node is removed from the clique list. This continues until the
nodes are partitioned into cliques of size 1, 2, and 3 (the clique list is empty).

(2) Color Updating. All the nodes simultaneously update their color to the most
frequent color in their group. If there is a tie, a binary random number (0 or 1) is
generated with equal probability. The nodes becomes blue if the random number
is 1 and white otherwise.

An example is given in Figure 1. The graph on the left-hand side is the initial state. The
list of all cliques of this graph is {{1}, {2}, {3}, {4}, {5}, {6}, {1, 2}, {1, 3}, {1, 5}, {2, 5}, {3, 4},
{4, 5}, {4, 6}, {5, 6}, {1, 2, 5}, and {4, 5, 6}}. One possible outcome of group allocation is
{{1, 2}, {3}, and {4, 5, 6}}. In this case, node 1 and node 2 have the same color and keep
their color. Node 3 is in a group of itself and it also keeps the color. Nodes 4, 5, and 6
are in the same group, and the major color in this group is blue. Hence, node 4 updates
its color from white to blue. The state of the graph after this round is illustrated in the
graph in Figure 1, right.

Figure 1. An example of one round of the Graph-based Galam model: the initial state of the graph
(left) and the updated graph after one round (right).

1.2. Prior Studies

• Models
Numerous models that simulate the spreading of information and the formation of
opinions have been introduced and studied, such as the Independent Cascade (IC)
model [10], the Linear Threshold (LT) model [10,11], and majority-based models [12–15].
The Galam model is one of the most studied models in the area of sociophysics.
The model was originally designed to explain how an initial minority can finally
win the debate [6]. This model has become an established model in sociophysics
and various variants of this model have been investigated. Some of these variants
involve considering three different opinions [16], changing the biased tie-breaking
rule to a random one [7], adding inflexible individuals [8], and introducing the level
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of activeness [9]. The model studied in this paper falls under the umbrella of this line
of models.

• Convergence time
Svatopluk Poljak and Daniel Turzík proved that the convergence time of the majority
model is upper bounded by a linear function of the number of edges; that is, O(m) [17].
Furthermore, some stronger bounds have been proven for some special types of
graphs; see [18]. Studies on convergence property have also been conducted for other
majority-based models [19,20]. For the random majority model on a cycle graph, the
convergence time is proven to be in O(n2) [18]. For the classic Galam model, Bernd
Gärtner and one of the authors of this paper proved that the convergence time is in
O(log log n) when all groups in the model have a size greater or equal to 3 [21].

• Influential nodes
The research about viral marketing in social networks has become popular in recent
decades. A small set of seed individuals who hold a positive (blue) opinion on some sub-
ject needs to be selected to maximize the final number of individuals holding a positive
opinion in the social network. Such a problem about how to select seed individuals is
typically known as influence maximization (IM). David Kempe, Jon Kleinberg and Éva
Tardos provided a foundation for this problem in their seminal paper in 2003 [10]. After
that, there has been extensive study on the IM problem [11,22–24].
The above IM problem can be modeled as a discrete optimization problem and it is
usually proven to be computationally hard to solve for various models; more precisely,
it is known to be non-deterministic polynomial-time hard (NP-hard); see [10,24].
Therefore, several approximation, randomized, and heuristic algorithms, such as
centrality-based algorithms [25,26] (which choose nodes with the highest degree,
betweenness, closeness, or pagerank) and greedy approaches [27–29], have been
proposed. In recent years, machine learning techniques have become popular, which
leads to the development of some machine learning-based algorithms for the IM
problem [30–32].

1.3. Experimental Setup

All graph data for the experiments are from Stanford Network Analysis Project
(SNAP) [33]. Experiments were conducted on Facebook (FB) and Twitch Spain (T-ES)’s
social networks. Some basic properties of these graphs are listed in Table 1. Furthermore,
several experiments focus on cycle graphs and complete graphs to examine the relationship
between the number of nodes and the convergence time.

Table 1. Basic properties of the two examined social networks. Here, n, m and “AvgDegree” denote
the number of nodes, the number of edges and the average degree, respectively.

Social Network Name n m Avg. Degree

Facebook 4039 88,234 43.69
Twitch Spain 4638 59,382 25.55

Since our model is a random process, all experiments were executed 20 times, un-
less otherwise specified, and the average output was considered. All experiments were
conducted on an Apple M1 Pro chip, with 32 GB RAM and MacOS Ventura (Apple Inc.,
Cupertino, CA, USA).

2. Convergence Time

Some experiments were conducted to study the convergence time of the GGM in cycle
graphs, complete graphs, and some other types of special graphs in this Section. Before
discussing the outcomes of these experiments, we show that the GGM always converges
on a connected graph.
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Convergence to an Absorbing State. For a connected graph G with n nodes, the model
on such a graph can be regarded as a Markov chain. Since there are 2n possible colorings in
the model, this Markov chain has 2n states. If the probability of transition from state s to s′

is non-zero, then there is a directed edge from s to s′. A state is called an absorbing state
if there is no edge going out, and a Markov chain is called an absorbing Markov chain if
every state in the Markov chain can reach an absorbing state.

In GGM, the two states where all nodes have the same color (blue or white) are two
absorbing states. Since each node in the graph keeps its color in such two states, there is no
outgoing edge from the two states. Except these two states, any other state has at least two
edges going out from it and there is a path from the state to the absorbing states. Consider
a state that there are i blue nodes (i �= 0 and i �= n, i.e., there are not n blue nodes or n
white nodes). Since the graph is connected, there must be at least two adjacent nodes with
different colors. In the coming round, there is a non-zero probability that these two nodes
are assigned to the same group and all other nodes are assigned to other groups of size
one. Then, these two nodes become both blue or white and all other nodes keep their color
at the end of this round. Therefore, the state that has i blue nodes must have at least two
outgoing edges: one edge goes to a state that has (i + 1) blue nodes and the other one goes
to a state that has (i − 1) blue nodes. As the process keeps going, the state of i blue nodes
finally reach the state that all the nodes are blue (or white). Hence, the GGM on a connected
graph is an absorbing Markov chain with two absorbing states where all nodes are blue or
white. Furthermore, the process eventually converges to one of the absorbing states.

2.1. Cycle Graph

As mentioned in Section 1.2, prior studies have shown that the convergence time of
the random majority model on a cycle graph with n nodes is in O(n2). Since one can think
of the GGM somewhat as a room-based random majority-based model, let us speculate
that the convergence time of the model in a cycle graph with n nodes is also of order O(n2)
for GGM.

The experiments were conducted on 10 cycle graphs with the number of nodes selected
from 100 to 1000 every 100. The number of initial blue nodes and how to set these blue
nodes should be determined to maximize the convergence time. One can expect that it
would take more time for the GGM to converge when the number of blue and white nodes
are equal. If blue nodes are more (or less) than white nodes, the process tends to converge
to a state of all nodes being blue (or white) more quickly. Therefore, the initial number of
blue nodes were set to be half of the total nodes. In addition, the blue nodes were selected in
two ways. The first way is that all the blue nodes are next to each other to form a path. The
other way is that all blue nodes and white nodes are alternating in the cycle. An example of
these two types of initial state can be seen in Figure 2. For the graph in Figure 2a, only four
nodes have a non-zero probability to change their color in the coming round. However,
all the nodes in the graph shown in Figure 2b have a non-zero probability to change their
color. All the other configurations of initial blue nodes are expected to place between these
two special cases, with regard to convergence time.

(a) (b)

Figure 2. An example of the initial state of a cycle: (a) all blue nodes are next to each other; (b) white
and blue nodes are alternating in the cycle.
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Figure 3 shows the outcome of the experiments. Cycle graph (1) and cycle graph (2)
correspond to the two ways of initializing. The experiment result indicates that the con-
vergence time of the GGM on cycle graphs is of order O(n2). When half of the nodes
are blue, the two different ways of setting these blue nodes have little impact on the
convergence time.

Figure 3. Convergence time in cycle graph.

2.2. Complete Graph

Prior study [21] has shown that the convergence time of the original Galam model
with all groups of a size greater or equal to 3 is of order O(log log n). In the original
Galam model, any two individuals in the social network can be assigned in the same group,
which means that there exists a relationship between them. If a graph is used to represent
the social network, there must be an edge between any two nodes in this graph. Then,
the original Galam model can be regarded as a complete graph. Therefore, one might
speculate that the convergence time of the GGM on complete graphs with n nodes is of
order O(log log n).

The experiment was conducted on 10 complete graphs with the number of nodes
selected in the set {50, 100, 200, 500, 1000, 2000, 3000, 4000, 5000, and 10,000}. At the initial
state, half of the nodes were blue, since as expected, this would result in the largest conver-
gence time. Since each node in a complete graph is connected to all other nodes and there
is no structural difference between the nodes, the blue nodes were just randomly selected.

The outcome of the experiment is depicted in Figure 4a. It should be noted that the
convergence time of the GGM on complete graphs is of order O(log n), but not O(log log n).
The main reason for the difference is more expected to be the tie-breaking rule and the
number of groups of even size. In the original Galam model, all the people in the group
hold a negative (white) opinion if there is a tie. It is a biased tie-breaking rule, which can
lead to fast convergence if there are more groups with a size of an even number. In addition,
the convergence time O(log log n) has been proved when all groups have a size of equal to
or greater than 3. However, the group size in the GGM in the present paper is less than or
equal to 3, which might slow down the diffusion of opinions.
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(a) (b)

Figure 4. Convergence time in complete graph with (a) random tie-breaking rule and (b) biased
tie-breaking rule.

We conducted another experiment on those 10 complete graphs with the biased tie-
breaking rule. The maximum size of a group was increased from 3 to 4. Figure 4b shows
the result of this experiment. There are two insets in Figure 4b, which illustrate the plots of
the convergence time, T, against log n and log(log n). The insets show that the convergence
time is a linear function of both the logarithm and double logarithm of n. The reason is that
log(log n) is a linear function of log n when n is not big enough. Thus, experiments should
be executed for n that is large enough to determine the order of the convergence time.
However, we cannot run the experiments for so large n due to the limitation of computing
power. In such a case, we plot the curves of the convergence time T against the number
of nodes n, T = log(log n) and T = log n in Figure 4b to make a direct comparison. It can
be observed that the curve of T against n is much closer to the curve of T = log(log n).
It indicates that the convergence time of the GGM on a complete graph looks to be rather
of order O(log log n) if the biased tie-breaking rule is followed and the maximum group
size is increased and is an even number.

2.3. Some Other Special Graphs

The outcomes of the experiments on the cycle and complete graphs from the pre-
vious sections show that the GGM converges much faster on a complete graph than on
a cycle graph if they have the same n. For an n-node graph, the complete graph has
(n

2) = n(n − 1)/2 edges, but a cycle graph only has n edges. One may expact that adding
more edges to a graph can increase the convergence rate.

An experiment was executed on two-cycle graphs (Figure 5a) and random cycle
graphs (Figure 5b). A two-cycle graph can be generated by taking a cycle graph and adding
an edge between every two nodes with a distance of 2. To build a random cycle graph,
two randomly selected extra edges should be added to each node in a cycle graph.

(a) (b) (c) (d)

Figure 5. (a) Two-cycle, (b) random cycle, (c) two-cycle-connected and (d) two-complete-connected graphs.
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Figure 6a,b depicts the convergence time of the GGM on two-cycle graphs and random
cycle graphs, respectively. It can be observed that the process converges faster on two-cycle
graphs than on a cycle graph, but the convergence time is still of order O(n2). However,
the convergence time is of order O(n) on the random cycle graph. With the same n and m
(number of edges), a two-cycle graph converges much slower than a random cycle graph.
Therefore, the increase in the convergence speed is not merely the result of adding extra
edges, but rather how to add these edges.

It should also be noted that adding extra edges improperly can even slow down the
convergence of the process. Figure 5c,d illustrates the two-cycle-connected (TCC) graph
and the two-complete-connected (TKC) graph, respectively. These types of graphs can
be built by connecting two cycle or complete graphs of the same size with one edge. It is
obvious that the number of edges in a TKC graph is greater than that in a TCC graph if they
have the same n. We run experiments on these two types of graphs. The outcome shows
that the convergence time of the GGM on a TCC graph is O(n2) (Figure 6c). However, the
TKC graph has a convergence time of O(2n/2) (Figure 6d) even though it has more edges
than a TCC graph with the same n. It takes much longer for a TKC graph to converge (i.e.,
more than 200,000 rounds for only 30 nodes).

(a) (b)

(c) (d)

Figure 6. Convergence time in (a) two-cycle, (b) random cycle, (c) two-cycle-connected, and (d) two-
complete-connected graphs.

Considering the expansion property of TCC and TKC graphs, both of them have an
edge expansion of 2/n and a node expansion of 2/n. It means these two types of graphs
have a poor connectivity (removing only one edge or one node can make them become
disconnected). The spectral expansion of a TCC graph with 50 nodes is only 2.236 and
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it is much smaller than the spectral expansion of a 50-node TKC graph, which is 23.962.
Therefore, the TCC graph has better expansion properties than the TKC graph.

Furthermore, in the case of a two-cycle and random cycle graph, while they have the
same number of nodes and edges, the random cycle graph has much stronger expansion
properties since the randomly added edges significantly improve the connectivity of the
graph. Strong expansion and connectivity properties can increase the flow of information
in the network. Consequently, the process is much faster on a random cycle graph than on
a two-cycle graph, as observed in our experiments.

From the results of these experiments, it can be observed that the expansion property
has an impact on the convergence time. For instance, a complete graph or random cycle
graph is a good expander and the process in such a graph converges fast. One can expect
that the convergence time of the GGM on a graph with strong expansion properties to
be less.

3. Influential Nodes

As discussed in Section 2, the original Galam model can be modeled by a complete
graph. Since there is no difference between each node in a complete graph, only the
number of initial blue nodes influences the total number of blue nodes at the end. Thus,
the initial blue nodes are randomly selected. Experiments were conducted for the GGM on
a 1000-node complete graph with different initial ratios of blue nodes selected in the set
{0.1, 0.2, 0.3, 0.4, 0.45, 0.5, 0.55, 0.6, 0.7, 0.8, and 0.9}. Experiments were executed 1000 times
for each initial ratio of blue nodes. When the process converges to an absorbing state, the
average final ratio of blue nodes is checked. Figure 7 shows that the GGM converges to the
absorbing state that all nodes are blue (white) eventually if the initial ratio of blue nodes
is just over (under) half. This looks to be true in any graph, which possesses some level
symmetry (such as vertex-transitive graphs).

Figure 7. Randomly select initial blue nodes on a 1000-node complete graph.

However, most real-world social networks cannot be modeled as a complete graph.
For instance, some individuals may have more connections to a social network than others.
Such individuals are modeled as nodes with a higher degree. Selecting these nodes as
initial blue nodes may lead to different results compared to selecting nodes with a lower
degree. Therefore, a strategy should be developed to smartly choose the initial blue nodes
rather than just randomly choosing them. One of the most often used approach is to use
different centrality based measures.
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3.1. Centrality-Based Influential Nodes

The centrality of a node can be used to identify the “importance” of the node [34].
There are many definitions of centrality, and the degree, betweenness, and closeness
centrality are considered in the present paper.

Degree. As defined in Section 1.1.1, it is the number of neighbors of a node:

d(v) := |N(v)|.
Betweenness. If a node lies on as many shortest paths between other nodes in a graph,

it is more probable that this node is placed in the center of the graph. Based on this idea,
the betweenness centrality is defined as

b(v) := ∑
s �=v �=t

σst(v)
σst

.

where σst is the total number of shortest paths from node s to node t, and σst(v) is the
number of those paths passing through the node v.

Closeness. If the total distance between a node and all other nodes is short, then the
node is close to all other nodes. The closer a node to all other nodes, the more central the
node is. The closeness centrality comes from this idea and it is defined as

c(v) :=
n − 1

∑u d(u, v)
.

where d(u, v) is the distance (shortest path) between node u and node v.
To compare the difference between randomly selecting initial blue nodes and choosing

initial blue nodes based on centrality, we created three lists for the graph on which our
model ran. Each list stores all the nodes of the graph. Then, these lists were sorted
in descending order of the degree, betweenness, and closeness centrality of the nodes,
respectively. When setting the initial blue nodes, we choose the first �αn� (α is the ratio
initial of blue nodes) nodes in the list as blue nodes.

We ran our model on the T-ES and FB social networks. Four experiments were
designed on each social network. One experiment is for randomly selecting the initial blue
nodes and the other three are for selecting the initial blue nodes according to the three types
of centrality. It should be mentioned that there is often a time limit for a product to take over
a market in the real world. We assumed that each person takes part in three discussions
every day on average, and the time limit is 100 days. Therefore, we ran the GGM 300 rounds
in each experiment instead of waiting for it to converge. Note that running the process
until the final convergence can also be quite expensive computationally for these networks.

Figure 8 shows the outcomes of these experiments. When the initial blue nodes
are randomly selected, the outcomes of the experiments on these two real-world social
networks are quite similar to that on the complete graph, where 0.5 is a transition point.
The final ratio is more than 0.9 (less than 0.1) and tends to be 1 (0) when the initial ratio is
greater (less) than 0.5. On the other hand, if the initial blue nodes are selected according to
the centrality-based measures, then even a smaller fraction of initial blue nodes can result
in a final blue ratio that is greater than 0.5.

For the T-ES social network, there is not much difference between choosing the initial
blue nodes based on degree, betweenness, and closeness centrality. When the initial ratio
is equal to or greater than 0.4, the final ratio is close to 1. For the FB social network, the
difference between degree-based and betweenness-based strategies is not big. However,
the initial and final ratios of blue nodes are almost the same when the initial blue nodes
are selected according to their closeness. In fact, the number of blue nodes just oscillated
around the initial number during the experiment. This may be attributed to the structure
of FB’s social network.
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(a) (b)

Figure 8. Centrality-based influential nodes selection on (a) Twitch Spain’s and (b) Facebook’s
social networks.

3.2. Personality-Based Influential Nodes

In addition to considering how “central” individuals in a social network are, one
also needs to take into account their personality when picking up the initial blue nodes.
For instance, some people are more active and they spend more time on social communi-
cation. These people are more expectedly to influence their connections than those who
communicate little with others. In addition, some individuals are inflexible and they firmly
stick to their vision. To maximize the final ratio of blue nodes, it might be a reasonable way
to choose the initial blue nodes that are more active and inflexible.

In Refs. [8,9], the “inflexible agent” and “activeness” have been introduced. In the
present paper, we re-introduce these two parameters, called “activeness” and “stubborn-
ness”, for each node in a graph and define them in a slightly different way (which we
believe is more self-explaining). Each node is assigned a value between 0 and 1 for its
activeness and a value between 0 and 1 for its stubbornness. In our experiments, two
random numbers were generated from the uniform distribution (0, 1) independently and
they were set as activeness and stubbornness, respectively. For a node, the greater the
activeness (stubbornness) is, the more active (inflexible) is the node. More precisely, a
node v with activeness act(v) decides to participate in the opinion exchange process with
probability act(v). Furthermore, for stubbornness stub(v), it decides not to follow the
majority updating rule and keep its opinion unchanged.

The GGM needs to be modified after these two parameters are introduced. Before each
round of the model, a random number following uniform distribution (0, 1) to be generated
for each node in the graph. If the random number is greater than the activeness of a node,
then the node to be removed from the graph in this round. When each node is updating
their colors, a random number following uniform distribution (0, 1) is generated for each
group. If the stubbornness of a node in the group is greater than the random number, this
node keeps its color, even though its color is not the majority in the group.

Before experiments on the modified model were executed, three lists of all nodes were
created. These three lists are sorted in descending order of the degree, activeness, and
stubbornness, respectively. The first �αn� was selected as the initial blue nodes.

The results are illustrated in Figure 9. It can be observed that selecting the initial
blue nodes according to the stubbornness of nodes always maximizes the final ratio of
blue nodes in T-ES social networks. In FB social network, the stubbornness-based strategy
maximizes the final ratio of blue nodes when the initial ratio is greater than or equal to 0.4.
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(a) (b)

Figure 9. Personality-based influential node selection on (a) Twitch Spain’s and (b) Facebook’s
social networks.

The results indicate that the stubbornness is the dominant parameter in this model.
But, what about selecting the initial nodes based on a rank that combines the centrality and
personality of a node? A new parameter called combined rank is introduced, considering
d(v), act(v), and stub(v). As stubbornness has more of an impact on the final ratio of blue
nodes than the other two factors, more weight are added to the stub(b) in the combined
rank. Thus, the combined rank r(v) is defined as

r(v) =
√

d(v) ·
√

act(v) · (stub(v))3.

We ran another experiment in which the initial blue nodes were picked up based on
the combined rank. The outcomes are the purple line in Figure 9a,b. It can be observed that
only 20% of the initial blue nodes will result in about 70% of blue nodes at the end in the
T-ES social network. For FB social network, 30% of the initial blue nodes result in about
60% of blue nodes.

4. Conclusions

In the current paper, we generalized the classic Galam opinion formation model by
using a graph structure to represent a social network. Conducting several experiments on
some special types of graphs, we showed that the convergence time of the GGM on the
cycle and complete graphs are in O(n2) and O(log n), respectively, and it is probable that
the expansion of a graph can influence the convergence time of this model. The model on a
graph with strong expansion properties (e.g., any “small” subset of vertices of the graph
has a great amount of connections with the complement of the subset, or the second-largest
eigenvalue of the adjacency matrix of the graph is small) is expected to converge faster.
Finding an explicit relationship between the expansion of a graph and the convergence
time of GGM could be an interesting problem to tackle in the future.

Furthermore, experiments on real-world social networks indicate that selecting the
initial blue nodes based on their centrality properties and personalities can lead to more
final blue nodes compared with choosing the initial blue nodes randomly. It should be
noted that the number of blue nodes just oscillated around the initial number when we
select the initial blue nodes according to the closeness centrality on FB’s social network.
What types of graph structure can lead to such an outcome? Why does the structure not
affect the outcomes of degree-based and betweenness-based strategies? This is left for
future studies. In addition, selecting the initial blue nodes after considering all factors
(using combined rank) can obtain even better results. A further study of such hybrid
strategies can be a potential avenue for future research.
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Abstract: The study of opinion formation and dynamics is one of the core topics in sociophysics. In
this paper, the results of computer simulation of opinion dynamics based on social impact theory
are presented. The simulations are based on Latané theory in its computerised version proposed
by Nowak, Szamrej and Latané. The active parameters of the model describe the volatility of the
actors (social temperature T) and the effective range of interaction (governed by an exponent α in a
scaling function of distance between actors). Initially, every actor i has his/her own opinion. Our
results indicate that ultimately at least 90% of the initial opinions available are removed from the
society. For a low social temperature and a long range of interaction, only one opinion survives. Also,
a rough sketch of the system phase diagram is presented. It indicates a set of (α, T) leading either to
(1) the dominance of the unanimity of the opinions or (2) mixtures of unanimity and polarisation, or
(3) taking random opinions by actors, or (4) a mixture of the final fates of the systems. The drastic
reduction of finally observed opinions vs. their initial variety may be generic for many sociophysical
models of opinions formation but masked by assuming an initially small pool of available opinions
(in the worst case, in models with only binary opinions).

Keywords: sociophysics; social impact; opinion dynamics; social temperature; clustering and
polarisation

1. Introduction

The studies of opinion formation and dynamics are one of the core topics in socio-
physics [1–6]. For example, Galam models of opinion dynamics [7–20] are based on the
reaction–diffusion model: the dynamics operates via local update rules and reshuffling.
In these models, three kinds of actors correspond to floaters, contrarians, and inflexibles.
The models assume two or three opinions available in the society [21]. Among other
discrete models of opinion formation, one should mention the majority rule [8,10,22,23],
voter [24–27], and Sznajd [28–32] models. In these models, usually only binary opinions
are considered, which naturally causes society polarisation. However, modifications that
allow for multiple opinions were also studied [33–45].

The Nowak–Szamrej–Latané model [46] is based on the Latané social impact
theory [47–49]. Latané himself defined his theory as a “bulb theory” of social impact.
According to this physical analogy, every actor plays simultaneously the role of an isotropic
single wavelength light emitter and a multi-wavelength light detector. We assume that
every actor can emit and detect easily distinguished K various light colours. Every dis-
crete time step t actor i switches the emitted wave length (colour) λi(t) to that perceptible
illuminance is detected in his/her position as the strongest. The decision of which colour
λi(t + 1) will be emitted by actor i depends on (i) the number of each colour sources, (ii) the
distance from this point to every other source of light, (iii) and intensities (illuminance flux,
“bulb” power) of each light source.

Physics 2023, 5, 1031–1047. https://doi.org/10.3390/physics5040067 https://www.mdpi.com/journal/physics174
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The earlier attempts to employ this model for sociophysical studies included: observ-
ing the influence of the strong leader on opinion formation [50]; studying the noise-induced
order/disorder phase transition [35,51]; searching for self-organised criticality in opinion
systems [36]; observing the disappearance of some opinions [37] (see Ref. [52] for review).

In this paper, with a computer simulation based on the Nowak–Szamrej–Latané
model [46], we check how the initial diversity of opinions influences the possibility of
reaching a unanimity of opinions. Namely, we build a phase diagram in the social temper-
ature and the effective range of the interaction space based on the number of surviving
opinions; numbers of clusters of opinions; and the probability distribution of the size of
the largest cluster. Unlike previous works—where the number of available opinions was
usually small (two [50,51], up to three [36], or up to five [35,37])—we proposed as a starting
point a situation in which each actor has their own opinion.

2. Model Formalisation

Every actor i at time t has an opinion λi(t). The social impact Ii,k(t) exerted in time t
on an actor i by all actors who share opinions Λk is calculated as

Ii,k(t) =
L2

∑
j=1

4sj

g(di,j)
· δ(Λk, λj(t)) · δ(λj(t), λi(t)) (1)

or

Ii,k(t) =
L2

∑
j=1

4pj

g(di,j)
· δ(Λk, λj(t)) · [1 − δ(λj(t), λi(t))], (2)

where sj is j-th actor supportiveness, pj is j-th actor persuasiveness, di,j stands for Euclidean
distance between actors i and j, g(·) is an arbitrary distance scaling function, and Kronecker
delta δ(x, y) = 0 when x �= y and δ(x, y) = 1 when x = y. The sum in Equations (1) and (2)
reflects the increase in impact Ii,k by increasing the number of “bulbs” (point (i) of the
model description in Section 1), the decrease in impact with the distance between “bulbs”
(fraction denominator, point (ii) of the model description in Section 1), and the fraction
nominator corresponds to the intensities of “bulbs” (point (iii) of the model description in
Section 1). The terms with Kronecker’s delta are equal to either zero or to one:

• Equation (1) applies to the calculation of the impact of actors currently sharing the
opinion of actor i;

• while Equation (2) allows the calculation of the impact of all other opinions.

The parameters supportiveness si and persuasiveness pi describe i-th actor intensity
of interaction with actors sharing their opinions or with believers in opposite opinions,
respectively. We decided to use ∀i : pi = si = 1/2 (as in Ref. [35]) because whether it is
easier to stick to our opinion or change it depends on numerous factors, such as the social
context, emotions, beliefs, authorities, and persuasion strategies. People’s decisions on
this matter can vary widely and depend on individual circumstances and preferences. On
the one hand, there are theories that explain the tendency to change opinions, such as:
social influence theory and conformity [53]; motivation and belief theory [54]; authority
influence theory [55] or persuasion theory [56]. On the other hand, there are theories
that point to an advantage in trying to keep our opinions, such as cognitive consistency
theory [57] or cognitive dissonance theory [58]. Furthermore, keeping the supportiveness
and persuasiveness equal for each actor makes the initial variety of opinions (next to social
temperature and range of interactions) the dominant factor in the results of our studies.
With such assumption, the social impact (1) and (2) may be reduced to

Ii,k(t) =
L2

∑
j=1

2 · δ(Λk, λj(t))
g(di,j)

. (3)

175



Physics 2023, 5

To ensure a lower impact on the opinions of actors from a more distant neighbour, the
distance scaling function g(·) must be an increasing function of its argument. Here, we
assume that

g(x) = 1 + xα, (4)

where the exponent α is a model control parameter while the first addition component
ensures finite self-supportiveness Ii,i. The parameter α qualitatively describes the effective
range of interaction between the actors. Its quantitative meaning was delivered recently in
Ref. [37] where it was shown that for α = 2, about 25% of the impact comes from only nine
nearest neighbours. This ratio increases to approximately 59%, 80% and 96% for α = 3, 4
and 6, respectively. Calculating the relative impact exerted by 25 nearest neighbours gives
about 39%, 76%, 92%, and 99% of the total social impact for α = 2, 3, 4, and 6, respectively
(see Ref. [37], Figure 2, Table 1). In Ref. [37], it is concluded that “the parameter α says how
influential the nearest neighbours are with respect to the entire population: the larger α,
the more influential the nearest neighbours are”.

The example of calculating the social impact of nine actors and three colours is avail-
able as supporting information in Ref. [36].

In the deterministic version of the algorithm [37], the actor’s opinion λi(t + 1) = Λk,
when Ii,k(t) has the maximum value among all impacts Ii,j(t) for j = 1, · · · , K (3). Follow-
ing our previous studies [35–37], we employ the actors with “free will” by allowing them
to avoid taking the opinions that believers exert the greatest impact on them. This scenario
is realised in a probabilistic way by introducing a parameter T often termed “information
noise” or “social temperature”. Quoting Ref. [59]: “Using the statistical mechanical founda-
tion, [· · · ] the most probable collective behaviour depends on a group’s social temperature,
a measure of the group’s decision-making volatility. The extreme of zero temperature leads
to stable, unchanging collective behaviour with pockets of minority and majority opinions.
As group temperatures increase, the model’s collective behaviour tends toward a uniform
decision without clustering of minority opinions. When the social temperature exceeds a
certain limit, the group will have a well defined average opinion, but individuals are no
longer stable and vacillate in a nearly random manner between different possible opinions”.
Quoting Ref. [60] by the same authors: “Individuals are influenced by the group’s temper-
ature. When a group’s social temperature is high, very little provocation is necessary to
induce an individual to change opinion. At low group temperatures, individuals appear
more phlegmatic or stubborn, and much greater provocation is required to induce a change
in opinion. High social temperatures amplify the slightest excuse for change, whereas
low temperatures diminish the arguments for change. Note that each individual’s opinion
strength is unaltered, but as the group’s temperature changes, so does an individual’s
decision making abilities.”

In our recent studies [36,37], we observed the exact same effects on the system evo-
lution as described above, when social temperature T is introduced as a parameter in
probabilities in time t of taking in the next time step opinion Λk by actor i based on
Boltzmann-like factors,

pi,k(t) =

⎧⎨⎩0 ⇐⇒ Ii,k = 0,

exp
( Ii,k(t)

T

)
⇐⇒ Ii,k > 0,

(5)

which yet requires proper normalisation,

Pi,k(t) =
pi,k(t)

∑K
j=1 pi,j(t)

. (6)
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In contrast to our earlier attempt, due to a huge number of available opinions in the
system, we reset to zero probability pi,k(t) when the impact from opinion Λk holders is
zero, i.e., when believers of this opinion vanished.

Initially, every actor i has his/her opinion λi(t = 0) = Λi = i among the K = L2

opinions available in the system (see the Listing A1 in Appendix B). The time evolution
for L2 = 212 actors who decorate the nodes of the square network takes τ = 105 time
steps. The single step is completed when all L2 actors attempt to change their opinions.
The results are averaged over R = 102 independent simulations. The averaging procedure
is marked by a 〈· · · 〉. The open boundary conditions are assumed.

To learn more about the spatial distribution of opinions, we detect, count, and measure
the sizes of clusters of agents sharing the same opinion. To this end, we apply the Hoshen–
Kopelman algorithm [61] (see also [62] (pp. 59–60), [63,64]) allowing the labelling of every
actor in such a way that actors who share the same opinions in various clusters are labelled
with various labels and actors belonging to a given cluster are labelled with the same label.
The number of clusters and the size of the largest cluster at time t = τ are indicated as nc
and Smax, respectively.

3. Results

In this Section, we present the results of computer simulation—based on a computer
programme written in Fortran—for τ = 105 and R = 100. Typically, simulation for this set
of parameters τ and R and a single pair of (α, T) takes around 3 days of Central Processing
Unit (CPU) time on the Dell Precision Rack 7920 Workstation with a 3.20 GHz CPU clock.

In Figure 1, the results of simulations concerning the average final (at t = τ): number
of opinions, 〈no〉 (Figure 1a), number of clusters 〈nc〉 (Figure 1b), and their largest size,
〈Smax〉 (Figure 1c), are presented. The values of 〈no〉 and 〈nc〉 are normalised to the number
K of opinions available in the system while 〈Smax〉 is normalised to the system size L2.
Thus, these numbers are presented as percentages.

In Figure 2, examples of probability distribution function, F, for the size of the largest
clusters 〈Smax〉 are presented. Figure 2a shows the initial distribution (i.e., at t = 0,
when no = K) of the largest cluster size, while Figure 2b–j show examples of the typical
distribution obtained at the end of simulations, i.e., at t = τ. In Figure 2b,c,h,i, the
probability distribution of the largest cluster size for the “corners” of the parameter system
plane (α, T)—see Figure 1—are presented. Furthermore, in Figure 2j, we present the
function F for the limiting case T → ∞, α → ∞.

In the system of opinions studied, independently of the control parameters of the
model, at least about 90% initially available opinions are removed from the system. For
low social temperature (small T) and effectively long range of interactions (small α), only a
single opinion (when consensus on common opinion in society occurs) or two opinions
survive (when system polarisation takes place). For high social temperature (large T) and
effectively short range of interactions (large α), no clustering of opinions is observed (with
their number reduced as mentioned above). Unlike many binary models, these effects are
not embedded in the model rules themselves. With computer simulations of the opinion
dynamics model, we have shown that successive disappearing of opinions are naturally
associated with social impact theory, and the initial diversity of opinion vanishes in several
time steps of system evolution. As mentioned in Section 2, the disappearing of any opinion
in a given simulation is irreversible—this is not different from the sociological equivalent
of Muller’s ratchet [65] observed also in Eigen’s quasi-species [66].
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(c) 〈Smax〉/L2 [%]
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Figure 1. Ultimate (at time t = 105 steps) averaged (over R = 102 simulations) numbers (a) of
observed opinions, 〈no〉, (b) clusters of opinions, 〈nc〉, and (c) the largest cluster size, 〈Smax〉. The
data are normalised to the initial available number of opinions, K (a,b), and the system size, L2 (c).
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(a) initial probability distribution (at t = 0 when no = L2)
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(f) T = 1.5, α = 3
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(h) T = 2.5, α = 2
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(i) T = 2.5, α = 6
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(j) T → ∞, α → ∞
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Figure 2. Examples of probability distribution function, F, of the size of the largest clusters 〈Smax〉
for (a) initial configuration (at t = 0, no = L2), (b) T = 0.5, α = 2 (the lowest left corner of Figure 3),
(c) T = 0.5, α = 6 (the lowest right corner of Figure 3), (d) T = 1, α = 5, (e) T = 1.25, α = 4,
(f) T = 1.5, α = 3, (g) T = 2, α = 2, (h) T = 2.5, α = 2 (the highest left corner of Figure 3), (i) T = 2.5,
α = 6 (the highest right corner of Figure 3), (j) T → ∞, α → ∞.

In Appendix A, we show six examples of the time evolution of the number no of
opinions observed in the system. The presented results are for T = 0.5, α = 2 (Figure A1a),
T = 2.5, α = 6 (Figure A1b), T = 0.5, α = 2 (Figure A1c), and T = 2.5, α = 6 (Figure A1d).
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Figure 3. Model phase diagram on (α, T) plain. The numbers correspond to the list enumerator given
in Section 4.

4. Discussion

In a single simulation, the number no(t) is always a monotonically nonincreasing
function of time (see Figure A1). The assumed simulation time τ = 105 seems to be long
enough to ensure reaching a plateau in the time evolution of no. Please note that vanishing
during evolution any of the initially available opinion Λv, i.e., when at time tv none of
the actors share this opinion Λv, then for any t ≥ tv, this opinion Λv will not be restored.
Here, we deal with the sociological equivalent of the famous Muller’s ratchet [65] known
in evolutionary genetics.

Changes in the number of observed opinions (surviving temporal evolution) 〈no〉
(Figure 1a) are accompanied by changes in the number of clusters 〈nc〉 (Figure 1b) and
their largest size 〈Smax〉 (Figure 1c). These numbers bring complementary quantitative
information on the system: for instance, for α = 2 and T = 0.5, one simultaneously has
〈no〉 = 1, 〈nc〉 = 1 and 〈Smax〉 = L2—which are straightforward signatures of unanimity of
opinion.

The analyses of the averages 〈no〉, 〈nc〉, and 〈Smax〉 presented in Figure 1 together with
the analyses of the probability distribution function P(Smax) shown in Figure 2 allow the
identification of four possible phases observed in the system. These phases correspond to:

1. reaching unanimity of opinions (〈no〉 = 1, 〈nc〉 = 1, 〈Smax〉/L2 = 1, probability
distribution function of the largest cluster size as in Figure 2d,g);

2. reaching unanimity of opinions or society polarisation (probability distribution func-
tion of the largest cluster size as in Figure 2b,c);

3. taking random opinions by actors (probability distribution function of the largest
cluster size as in Figure 2h,i);

4. mixture of the phases mentioned above (probability distribution function of the largest
cluster size as in Figure 2e,f).

These four scenarios, observed after system time evolution up to τ = 105 time steps,
can be mapped into (α, T) space to create the phase diagram of the computerised model of
the Nowak–Szamrej–Latané social impact theory [46]. This diagram is presented in Figure 3
and the numbers there correspond to the list enumerator given above.

Looking for sociological theories that would explain the disappearance of some of
the available opinions, one can refer to Nan Lin’s hypothesis on the theory of social
capital [67,68]. According to Lin’s concept, opinions may be treated as a resource in a
social network. The process by which resources in social networks become meaningful
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and valuable for members of these networks can be considered in relation to several
principles ([67], pp. 30–33):

• The first principle has to do with consensus or influence developed or exercised within
a group. Consent as to whether a resource is valuable or not can be achieved as a
result of persuasion (communication and interaction without sanctions or penalties
lead to the formation of an internal conviction in individuals as to the value of a
given resource), request (appeals or lobbying result in recognising a given resource
as valuable even when the individual does not understand its meaning but wants to
remain a member of the group or identify with it), or coercion (an alternative to not
recognising the value of a given resource is the threat of sanctions or penalties).

• The second mechanism that allows one to assign value to resources boils down to
taking actions by all actors aimed at promoting their own interests by protecting or
acquiring valuable resources. For example, it is in the community’s well-understood
interest to give a higher status to those who, in the opinion of its members (between
whom consensus is reached), have valuable resources (knowledge, physical strength,
knowledge of members of other communities, etc.). In this sense, the self-interest
of individual members of the community becomes convergent with the collective
interest (development, security, and cooperation). The devaluation of a given asset
requires more than individual effort—it requires the consent of others who make
similar demands.

• The third principle regarding valuable resources assumes that their maintenance and
acquisition are the two basic motives of individuals’ actions, although the former is
more important than the latter. Only when the group’s resources are secured can its
members make an effort to acquire additional resources.

In the case of social resources, two types of mechanisms can be distinguished: network
resources to which an individual has access by virtue of membership in that network and
contact resources that an individual actually uses in the course of action. The first of them
represents constantly available resources due to the durability of social relations in the
network, the second represents resources that can be mobilised in order to achieve specific
benefits. The nature of the resources contained in the social network to which an individual
has access is determined by several factors. First, the range of resources in the network is
important, that is, the “distance” between the most valuable and least valuable resource.
Second, the most valuable resource available to an individual within the entire hierarchy of
resources contained in the network is of importance. Third, the diversity or heterogeneity
of resources in a social network plays an important role, and fourth, the composition of
resources shaped by those of them that are average or the most typical composition is
also significant [67] (p. 37), [68]. In the field of social sciences, Lin’s theory is one of the
most coherent and well-established theories of social capital. It deals with the exchange
of resources in social networks. Like most sociological theories, it does not attempt to
indicate how exchange occurs (in quantitative terms), but rather why it occurs. Therefore,
it creates a context for understanding the complexity of interpersonal relationships in their
social dimension.

The existence of these two mechanisms was confirmed by Luca Valori and coleeagues
research [69], which used a large and detailed data set [69]. They have characterised the
empirical properties of the large-scale distribution of individuals in multidimensional
cultural space. By using simple models, they showed that ultrametricity has profound and
nontrivial consequences on short- and long-term cultural dynamics. In the short term, they
found the existence of a symmetry-breaking phase transition where collective behaviour
arises out of purely local interactions. However, in the long term, the same ultrametric
property suppresses cultural convergence by restricting it within disjoint domains, implying
a strong sensitivity to the initial conditions. Thus, the apparent paradox of the coexistence
of short-term collective social behaviour and long-term cultural diversity might have, as a
simple and parsimonious explanation, the empirically observed hierarchical distribution of
individuals in cultural space.
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The character of actors’ connections in social networks determines the availability of
social resources and their size. If one treats information or opinion as a social network
resource, then some members of the social network (opinion leaders) play a greater role in
its propagation [70] than the sender of the message itself. In the first model (two-step flow),
the key role is played by opinion leaders who mediate between the sender (mass media)
and the rest of society. In this model, unlike the one-step or “hypodermic” model [71],
individuals are not treated as atomised recipients of media influence.

Depending on whether the actors in social networks are similar or different from
each other, the links between them can be bonding or bridging [72]. Ronald Burt [73,74]
characterised two mechanisms of social contagion in the diffusion of innovation (opin-
ions) in social networks depending on their structure: cohesion-induced contagion and
equivalence-induced contagion. Cohesion-induced contagion occurs in cohesive networks
between actors that maintain frequent and emphatic relationships. It is based on socialising
communication. However, equivalence-induced contagion occurs in bridging networks
as a result of competition between two actors who have similar relationships with other
people. This applies to the competition of people who just use each other to evaluate
their relative adequacy. Quoting Ref. [73] (p. 1291): “The more similar ego’s and alter’s
relations with other persons are—that is, the more that alter could substitute for ego in
ego’s role relations, and so the more intense that ego’s feelings of competition with alter
are—the more likely it is that ego will quickly adopt any innovation perceived to make
alter more attractive as the object or source of relations.” Ultimately, a large number of
bridges connecting diverse groups is essential for reducing opinion fractionalisation within
societies [75]. A large number of bridges also has the effect of reducing distances between
unconnected citizens [76].

5. Conclusions

In this paper, the Latané social impact theory is employed to build a model of opinion
formation. With computer simulation, we investigate how the initial variety of opinions
assigned to actors in such a way that initially every actor has his/her own opinion influences
the final opinions number and their spatial distribution. The latter may be, to some extent,
automatically checked (without direct analysis of snapshots from simulations) by means of
techniques known from studies of site percolation phenomena.

As was pointed out in Refs. [36,37], a small noise dose (not too high a social temper-
ature T) helps to reach consensus (not necessarily observed for the deterministic version
of this model, i.e., for T = 0, cf. Figure 3 in Ref. [37] and Figure 7 in Ref. [36], where,
however, the number of available opinions was restricted to several, namely K = 3 [36] and
K = 5 [37]). This is well seen in Figure 1 and also in Figure 3 for T = 1 and α ≤ 5.

Independently of the model control parameters, at least 90% of the initially available
opinions are removed from the system. In some cases, only two opinions (when society
polarisation occurs) or even a single opinion (when consensuses on a common opinion takes
place) survive. As explained by Lin [68], there are various mechanisms that connect the
individual to the group around shared resources [67,68]. The group provides the individual
with a more effective way of pursuing their interests than if the individual were to act
individually. In order to remain a member of the group, one must agree to a consensus on
the value of the resources held by the group. This consensus also applies to opinions. In
Burt’s theory [73,74], opinion reduction is caused by the action of opinion leaders. Opinion
leaders are the people whose conversations trigger contagion across the social boundaries
between status groups. As a consequence of such actions, groups can become more similar
in terms of opinions.

Finally, it would be interesting to investigate if the observed vanishing of opinions
is generic, i.e., if it may also be observed in other discrete models of opinion formation.
Further studies of the model may also include investigating the influence of the network
topology on obtained results: the studies may either deal with regular lattices—triangular
(six neighbours) or honeycomb (three neighbours)—or complex networks (including small
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world networks). The latter requires, however, a redefinition of the distance, di,j, from its
Euclidean definition to the shortest paths between actors.
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Appendix A. Examples of Time Evolution of the Observed Number of Opinions

In Figure A1 the time evolution of the observed number of opinions no(t) for T = 0.5,
α = 2 (Figure A1a), T = 0.5, α = 6 (Figure A1b), T = 2.5, α = 2 (Figure A1c) and T = 2.5,
α = 6 (Figure A1d).
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Figure A1. Cont.
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(c) T = 2.5, α = 2
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(d) T = 2.5, α = 6
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Figure A1. Time evolution of the observed number of opinions no(t) for (a) T = 0.5, α = 2, (b) T = 0.5,
α = 6, (c) T = 2.5, α = 2 and (d) T = 2.5, α = 6.

Appendix B. Examples of Spatial Opinion Distribution

An initial state of the system for L = 21 and K = L2 is presented in Listing A1. In
Listings A2–A7, examples of the final state of the system evolution for L = 21 after τ = 105

time steps are presented. The numbers represent opinions. The examples are associated
with four phases identified and presented in Figure 3. In Listing A2, the case of unanimity
of opinions is presented. In Listings A3–A5, three variants of society polarization (with
no = 2 and nc = 2) are presented. In Listings A6 (with no = 30, nc = 399) and A7 (with
no = 32, nc = 415), snapshots of the (still dynamical) state of the system are presented.

Listing A1. An initial state of the system for L = 21 and K = L2. The numbers represent opinions.
Every agent starts with his/her own opinion, which is different from the opinions of any other actor.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21
22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 38 39 40 41 42
43 44 45 46 47 48 49 50 51 52 53 54 55 56 57 58 59 60 61 62 63
64 65 66 67 68 69 70 71 72 73 74 75 76 77 78 79 80 81 82 83 84
85 86 87 88 89 90 91 92 93 94 95 96 97 98 99 100 101 102 103 104 105

106 107 108 109 110 111 112 113 114 115 116 117 118 119 120 121 122 123 124 125 126
127 128 129 130 131 132 133 134 135 136 137 138 139 140 141 142 143 144 145 146 147
148 149 150 151 152 153 154 155 156 157 158 159 160 161 162 163 164 165 166 167 168
169 170 171 172 173 174 175 176 177 178 179 180 181 182 183 184 185 186 187 188 189
190 191 192 193 194 195 196 197 198 199 200 201 202 203 204 205 206 207 208 209 210
211 212 213 214 215 216 217 218 219 220 221 222 223 224 225 226 227 228 229 230 231
232 233 234 235 236 237 238 239 240 241 242 243 244 245 246 247 248 249 250 251 252
253 254 255 256 257 258 259 260 261 262 263 264 265 266 267 268 269 270 271 272 273
274 275 276 277 278 279 280 281 282 283 284 285 286 287 288 289 290 291 292 293 294
295 296 297 298 299 300 301 302 303 304 305 306 307 308 309 310 311 312 313 314 315
316 317 318 319 320 321 322 323 324 325 326 327 328 329 330 331 332 333 334 335 336
337 338 339 340 341 342 343 344 345 346 347 348 349 350 351 352 353 354 355 356 357
358 359 360 361 362 363 364 365 366 367 368 369 370 371 372 373 374 375 376 377 378
379 380 381 382 383 384 385 386 387 388 389 390 391 392 393 394 395 396 397 398 399
400 401 402 403 404 405 406 407 408 409 410 411 412 413 414 415 416 417 418 419 420
421 422 423 424 425 426 427 428 429 430 431 432 433 434 435 436 437 438 439 440 441
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Listing A2. α = 2, T = 0.5, no = 1, nc = 1, Smax/L2 = 100%.

# irun= 10
# t= 100001 , lambda:
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284 284
# histogram of cluster sizes:
# 441 1
### Smax= 441
### nc= 1
### no= 1

Listing A3. α = 6, T = 0.5, no = 2, nc = 2, Smax/L2 ≈ 52%.

# irun= 2
# t= 100001 , lambda:
50 50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387
50 50 50 50 50 50 50 50 50 50 387 387 387 387 387 387 387 387 387 387 387

# histogram of cluster sizes:
# 212 1
# 229 1
### Smax= 229
### nc= 2
### no= 2
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Listing A4. α = 6, T = 0.5, no = 2, nc = 2, Smax/L2 ≈ 52%.

# irun= 23
# t= 100001 , lambda:
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40
40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40 40

120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120 120
# histogram of cluster sizes:
# 210 1
# 231 1
### Smax= 231
### nc= 2
### no= 2

Listing A5. α = 4, T = 0.5, no = 2, nc = 2, Smax/L2 ≈ 67%.

# irun= 92
# it= 100001 , lambda:
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2
96 96 96 96 96 96 96 96 96 96 96 96 96 96 2 2 2 2 2 2 2

# histogram of cluster sizes:
# 147 1
# 294 1
### Smax= 294
### nc= 2
### no= 2
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Listing A6. α = 3, T = 1.5, no = 30, nc = 399, Smax = 4.

# irun= 23
# t= 100001 , lambda:
245 40 126 419 51 440 90 245 142 22 274 103 441 245 419 274 22 187 406 147 91
245 194 187 441 40 142 280 22 419 280 406 142 316 40 441 126 194 187 194 51 334
441 316 22 90 97 147 40 280 169 103 43 245 91 280 194 194 194 43 90 316 187
147 90 90 43 126 226 142 194 40 419 440 91 173 185 185 419 419 406 211 327 43
40 97 90 419 419 51 274 334 97 245 91 147 147 43 274 173 185 194 334 126 334

316 22 173 327 316 419 440 194 51 187 419 327 43 419 406 245 90 40 280 280 194
245 22 187 226 194 327 187 441 90 97 280 440 334 334 173 40 327 226 185 316 90
173 173 316 173 235 406 316 406 185 22 142 147 97 406 327 22 327 22 334 245 22
43 327 327 43 126 43 173 147 91 406 274 40 441 103 22 126 245 316 43 419 440

280 441 40 173 440 90 440 316 327 406 97 406 185 294 406 294 90 316 173 406 280
406 441 280 440 40 91 40 187 294 235 316 51 22 51 22 142 419 22 22 142 103
51 22 294 51 126 294 187 440 226 187 169 280 406 441 327 316 185 22 406 40 43

211 294 334 97 22 294 173 40 91 51 235 51 441 316 142 245 274 211 147 235 43
40 97 40 226 327 327 294 274 226 334 43 294 327 235 40 40 22 142 194 51 169

440 22 22 334 211 440 40 334 245 126 147 316 187 91 280 280 316 441 211 245 441
173 142 294 142 103 91 126 245 173 51 280 211 187 173 441 40 274 97 440 51 103
226 406 194 185 51 51 274 173 147 419 40 185 103 211 194 406 334 211 274 274 441
43 40 294 185 327 90 327 334 419 316 245 103 419 211 185 40 226 280 235 280 103

142 294 194 280 142 142 274 334 43 51 187 185 334 327 406 126 103 226 142 419 441
187 294 334 441 441 211 97 211 226 334 294 173 147 235 406 43 103 406 142 51 103
194 51 169 327 327 126 245 90 97 22 142 169 441 185 185 142 440 185 245 142 194
# histogram of cluster sizes:
# 1 361
# 2 35
# 3 2
# 4 1
### Smax= 4
### nc= 399
### no= 30

Listing A7. α = 6, T = 2.5, no = 32, nc = 415, Smax = 3.

# irun= 10
# t= 100001 , lambda:
121 191 91 372 52 120 421 191 424 238 421 361 327 128 330 330 198 294 238 193 286
343 421 52 424 233 193 424 273 330 233 198 421 330 327 286 304 416 286 360 294 416
361 134 276 204 204 330 284 361 198 198 343 327 330 258 273 330 273 120 343 191 9
128 204 204 233 286 360 154 238 193 317 327 121 120 424 284 197 361 120 421 121 284
330 343 294 330 191 121 372 9 361 284 421 198 233 360 191 330 330 204 121 154 317
317 304 258 258 134 273 421 233 424 361 286 286 52 273 238 304 360 424 193 317 238
317 233 360 121 91 204 91 284 284 121 284 276 154 154 273 9 327 128 120 360 421
120 416 286 233 330 198 372 284 273 121 52 294 258 372 193 191 372 360 258 330 238
360 294 121 91 233 286 361 276 52 121 317 154 286 286 134 9 121 193 361 198 273
198 360 198 121 421 276 120 233 424 416 193 424 330 330 343 424 198 372 284 304 198
191 286 416 330 361 258 52 128 121 421 424 121 134 233 284 421 91 52 304 372 304
258 9 193 360 258 327 276 204 286 154 273 198 197 204 154 134 317 424 193 284 128
317 421 154 372 330 193 52 238 304 294 191 361 198 360 204 273 198 424 191 276 191
372 258 9 424 154 204 91 317 52 128 372 284 361 343 154 343 327 286 360 424 197
191 91 197 276 121 197 294 193 9 154 304 9 304 330 317 233 191 204 154 327 233
284 421 330 154 317 416 294 330 361 343 9 372 204 421 421 360 424 360 421 416 343
198 134 128 372 317 304 9 343 154 154 52 128 421 343 421 233 286 424 121 327 258
421 52 121 191 52 360 284 421 204 360 191 360 154 258 360 276 294 421 134 360 238
120 198 294 304 294 294 128 286 317 361 294 421 361 286 52 424 330 317 294 424 286
304 134 204 191 360 276 128 154 121 372 416 204 330 317 198 154 233 121 284 120 134
128 191 91 361 52 9 120 193 276 286 197 360 421 286 198 120 421 134 416 361 286
# histogram of cluster sizes:
# 1 392
# 2 20
# 3 3
### Smax= 3
### nc= 415
### no= 32
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Abstract: The focus of this paper is on analyzing the role and the choice of parameters in sociophysics
diffusion models by leveraging the potentialities of sociophysics from a mathematical programming
perspective. We first present a generalised version of Galam’s opinion diffusion model. For a given
selection of the coefficients in our model, this proposal yields the original Galam’s model. The
generalised model suggests guidelines for possible alternative selection of its parameters that allow it
to foster diffusion. Examples of the parameters selection process as steered by numerical optimisation,
taking into account various objectives, are provided.
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1. Introduction

Opinion diffusion is a fundamental aspect of human interaction, playing a pivotal role
in the spread of innovations, and the emergence of consensus. Understanding how opinions
spread and evolve within social networks is crucial for comprehending the emergence of
collective behavior, the formation of public opinion, and the polarisation of societies.

Social sciences provide plenty of applications, where the importance of diffusion dy-
namics is studied and witnessed, such as marketing (see, e.g., [1–3]), agent-based modelling
(see, e.g., [4]), and sociophysics, where the papers of Serge Galam serve as a guide for
researchers (see, e.g., [5]).

Galam’s opinion diffusion model (see [6]) provides a framework for investigating
and understanding the dynamics of opinion formation in social systems. Galam’s model
sheds light on the mechanisms that drive opinion dynamics. In particular, Galam’s model
describes the formation of collective opinion convergence processes using concepts from
statistical physics. To analyse them, along with several generalisations of the model,
the authors of the current paper have proposed the alternatives in Ref. [7] (showing some
drawbacks when applying Galam’s model with a relatively small number of agents), and in
Ref. [8] (where a novel subset of agents, namely the opinion leaders, are introduced, to duly
represent a possible communication bias). Furthermore, additional literature covering a
number of keynote issues can be found in Refs. [5,9,10] and the references therein.

The standard Galam’s model in Ref. [6] assumes that individuals in a group influence
and are influenced by their peers. After several iterations within repeated group discussions,
each agent may consequently influence the opinion diffusion. Galam’s stylised model
simplifies the complexity of opinions by considering a binary state, where individuals
can adopt either of two possible opinions, thus allowing a straightforward mathematical
analysis of the diffusion process.

We suggest a generalisation of Galam’s model and then offer evidence in an optimi-
sation framework that some of the diffusion parameters can be successfully adjusted in
order to steer the diffusion process. Combining Galam’s model with specific Linear Pro-
gramming (LP) formulations, we take into account both theoretical and numerical results
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concerning the role of the model’s parameters in order to better control the dynamics of
the diffusion. Namely, we aim at maximising the probability that an opinion can spread
among agents.

This paper is organised as follows. The essential characteristics of Galam’s model [6]
are recapped in Section 2. Then, in Section 3, we present and discuss a generalisation
of Galam’s model. The optimisation of the parameters of the new model via linear pro-
gramming allows one to speed up opinion diffusion at a fixed step of the process: the
optimisation problem is discussed in Section 4, while Section 5 provides numerical ex-
amples of its resolution. Section 6 discusses a dynamic programming extension of the
optimisation problem that optimises the values of the parameters along the whole diffusion
process, till convergence. Section 7 contains final remarks and concludes the paper.

2. Recap of Galam’s Model

This section reviews the foundational elements of Galam’s model [6]. Think of a
group of N people (agents), each of whom may hold one of two opposing views (let
us say, ‘+’ or ‘−’), regarding a specific issue. These agents meet, for several repeated
rounds within subgroups of smaller cardinality, to converse and possibly change one
anothers’ minds.

Each agent at round (time) t has a probability ak of being a member of a subgroup of
size k, and L is the maximum allowed size of groups. In the original formulation of Galam’s
model, the values a1, . . . , aL are exogenous parameters such that

L

∑
k=1

ak = 1, ak ≥ 0, k = 1, . . . , L.

Joining a group discussion at time t, any agent may, at the beginning of the subsequent
time t + 1, modify their position (e.g., ‘+’ becomes ‘−’ or vice versa) in accordance with
a unique law: the majority rule. Indeed, all agents in a subgroup take the position of the
majority in that group in the end of time t. The rule for reversing opinion is slightly biased
in favour of the negative opinion ‘−’, since tie breaks are in favour of ‘−’. This may lead to
a substantial bias in the case where the subgroup has an even number of members.

Calling P+(t) the probability that an agent opinion is ‘+’ at time t, the probability of
opinion ‘−’ is then P−(t) = 1 − P+(t). The probability P+(t + 1) is estimated in Ref. [6] as

P+(t + 1) =
L

∑
k=1

ak

k

∑
j=� k

2+1�
Ck

j P+(t)j{1 − P+(t)}k−j, (1)

where �z� is the largest integer less or equal to z, and Ck
j is the binomial coefficient, (k

j).
Let N+(t) (N−(t) = N − N+(t)) be the number of agents who at time step t have

opinion ‘+’ (‘−’). Observe that for small values of N, setting P+(0) = N+(0)/N, where
N+(0) is the number of agents thinking ‘+’ at time t = 0, for any t ≥ 1 the quantity P+(t)
may possibly differ from the ‘actual’ frequency of ‘+’, i.e., N+(t)/N (see [7]). Nevertheless,
the estimated probability P+(t + 1) always lies in the interval [0, 1] being

k

∑
j=� k

2+1�
Ck

j P+(t)j{1 − P+(t)}k−j <
k

∑
j=0

Ck
j P+(t)j{1 − P+(t)}k−j = 1.

A relevant role in the model is taken by the value P̂+ such that

when P+(0) > P̂+ then lim
t→∞

P+(t) = 1,

when P+(0) < P̂+ then lim
t→∞

P+(t) = 0,

when P+(0) = P̂+ then P+(t) = P+(0), ∀ t > 0.
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P̂+ constitutes the threshold value such that when N+(0)/N is greater than P̂+, then
all agents will eventually have opinion ‘+’. Conversely, when t → ∞ all the agents will
definitely think ‘−’ if N+(0)/N < P̂+. The value P̂+ is the fixed point of Equation (1)
and is called the killing point or tipping point of the model. In Figure 1, one can observe
the dynamics described by relation (1), when the largest cardinality L of the subgroups
takes integer values in the interval [3, 20] and ak = 1/L, for any k: for each of the 18
curves, the killing point is identified by the intersection with the bisector line other than the
extreme points (0, 0) and (1, 1). Observe that for small values of L no killing point appears
(or equivalently, it coincides with the extreme point (1, 1)). Figure 2 shows a zoomed in
perspective of Figure 1.

Figure 1. Dynamic curves described by relation (1), when the largest cardinality L of the subgroups
takes integer values in the interval [3, 20] and ak = 1/L, for any k.

Figure 2. Dynamic curves described by relation (1), when the largest cardinality L of the subgroups
takes integer values in the interval [3, 20] and ak = 1/L, for any k: magnification of the area of
intersections among curves.

3. Capturing Additional Dynamics Using a Generalised Galam’s Model

According to model (1), a strict majority of members with positive opinion is a neces-
sary and sufficient condition to have opinion ‘+’ for all the subgroup members.
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Since the ultimate choice in a group is frequently the product of a discussion, rather
than a simple tally of the two opposing viewpoints in the group, a rule that is so rigorous
yet so straightforward could not correctly reflect the actual opinion dynamics in practice.
As an illustration, think about the propagation of political opinions. The probability that
everyone in the group would share the same view (e.g., +) at the close of a conversation
may rise smoothly with the number of members who had that opinion prior to the meeting.
As a second application, the reader may consider the audience of social networks, where
the dynamics of information spreading was widely investigated in the dedicated literature
(see, e.g., [11]).

Accordingly, we suggest to generalise Galam’s model (1) taking into account a softer
dynamics of opinion change, i.e., without using rigid majority as a necessary and sufficient
condition to shift the entire group to the same view. In particular, we assume that after
the conversations, all agents in a group will have opinion ‘+’ with a probability αk

j that
is dependent on the size k of the group and the number j of agents that had opinion ‘+’
before the discussion. We use the following definition to model the relationship between
the probabilities of having an opinion ‘+’ before (i.e., P+(t)) and after (i.e., P+(t + 1))
discussion (see [12] for a preliminary version of the model):

P+(t + 1) =
L

∑
k=1

ak

k

∑
j=0

αk
j Ck

j P+(t)j{1 − P+(t)}k−j. (2)

Model (2) generalises model (1), since it is possible to select indeed the probabilities
{αk

j } that exactly replicate model (1) (see also Figure 3):

αk
j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0 if j <

⌊ k
2
+ 1

⌋
,

1 if j ≥
⌊ k

2
+ 1

⌋
.

(3)

Figure 3. For a given 1 ≤ k ≤ L, the model (3) considers the above step-shaped choice for the
coefficients {αk

j }. In particular, if j < �k/2 + 1� then αk
j = 0, otherwise αk

j = 1, so that this choice
corresponds exactly to obtain the original Galam’s model (1).

As mentioned, probabilities {αk
j } should reasonably increase with the number j of

‘+’ in a subgroup, and decrease with respect to the size of the group k. In this regard, it is
reasonable to expect for the probability αk

j to become negligible when the number j of ‘+’ in
a subgroup is relatively small (i.e., much lower than the strict majority), and to become close
to 1 as the number of ‘+’ noticeably increases (i.e., higher than strict majority). In general,
the probability that all agents in the subgroup will adopt the opinion ‘+’ is conceivably
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a function rising from zero to one as j increases. If one assumes that this function of j is
linear, one may precisely define the probabilities αk

j as (see Figure 4)

αk
j =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 , if j <
⌊ k

2
+ 1

⌋
+ zk

j − h,

1
2
+

[
j −

(⌊
k
2 + 1

⌋
+ zk

j

)]
2h

, if
⌊ k

2
+ 1

⌋
+ zk

j − h ≤ j <
⌊ k

2
+ 1

⌋
+ zk

j + h,

1 , if j ≥
⌊ k

2
+ 1

⌋
+ zk

j + h.

(4)

Figure 4. For a given 1 ≤ k ≤ L, the model (4) considers the above piecewise-linear choice for the
coefficients {αk

j }, where zk
j represents a shift with respect to the abscissa �k/2 + 1�, and 1/(2h) is the

slope of the ramp.

When zk
j = h = 0, the probabilities defined in Equation (4) are exactly the same as in

Equation (3). The value of zk
j in (4) represents a shift (either positive or negative) from the

value �k/2 + 1�, while the slope of the ramp in Figure 4 is 1/(2h).
To better grasp the geometric insight behind the choice of the parameters in (4), let

us consider the simple numerical example reported in Ref. [6], where L = 4, a1 = 0,
and a2 = a3 = a4 = 1/3 (and h = zk

j = 0 for all j and k). As reported in Ref. [6], the
killing point (KP) lies in between 0.84 and 0.87 (see Figure 5). Then, in Figure 6, there is
also the model (2) with the choice (4), after setting h = zk

j = 0.5 for any j and k. One can
immediately infer that the dynamics of Galam’s model [6] is definitely spoiled when the
choice for the coefficients {αk

j } in Equation (3) is replaced by Equation (4). Equivalently,
even in case P+(t) = 1 (complete consensus among agents to think +) then the choice (4)
imposes a regression towards the stable point given by the origin.

Hence, the presence of a killing point for Galam’s model seems to be strictly related to
the expression (1), and introducing the coefficients {αk

j } definitely also spoils the killing
point. Moreover, one observes that, in case the majority rule is not explicitly applied in
Equation (1), then the dynamics of the model is strongly altered.

Nevertheless, the model (2) retains a number of properties and can suggest fruitful
results, following both of the next guidelines:

• it provides clues on the perspective for studying the process of diffusion of informa-
tion;

• it may suggest proper ways to control information spreading among agents.
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Figure 5. The numerical example from Ref. [6], with L = 4, a1 = 0, a2 = a3 = a4 = 1/3 and
probabilities (3).

Figure 6. The numerical example from Ref. [6], with L = 4, a1 = 0, a2 = a3 = a4 = 1/3 but
probabilities (4).

At least a couple of intriguing issues in applications can steer the choice of the coeffi-
cients {αk

j }, ranging from small–medium- to large-scale (number of agents) applications:

• One Period Analysis. One may assess values for {αk
j } so that, considering at time t the

probability P+(t), one miximizes the probability P+(t + 1) at time t + 1. In this regard,
the values {αk

j } represent costs for steering the information among agents and fostering

the positive opinion: the larger {αk
j } (i.e., higher costs) the larger the probability to

convey a group to opinion ‘+’. Certainly, the combination of the proper values for
each of the coefficients {αk

j } is strongly related to the value P+(t), the probabilities

{ak}, and the binomial coefficients Ck
j ;

• Multi-Period Analysis. Similarly to the previous item, one may decide to select {αk
j }

such that, considering again at time t the probability P+(t), one miximizes the probabil-
ity P+(T) at time T > t, and compute the entire sequence
P+(t + 1), P+(t + 2), . . . , P+(T) of intermediate probabilities.
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The last two scenarios can be declined in a variety of contexts, including production
and marketing, where consumers play the role of agents and the aforementioned per-
spectives may be the answer to the question: what is (if any) the necessary extra effort
in terms of advertising campaign, in order to promote a certain spread of the products
or customers’ expectations on items? In this regard, the quantities {αk

j } summarise the
resulting effort, while from a mathematical programming perspective they represent un-
knowns to be assessed. This also suggests that a number of additional questions may arise
adopting the model (2), mapping relevant practical instances where a tentative forecast
is sought in order to plan the use of (possibly scarce) resources to control the process of
diffusion of the information. For the sake of brevity, we itemise below some proposals that
are representative but not exhaustive:

• Feasibility Problem. Given the value of P+(t) and the target value P̄, one may deter-
mine a set of values for the coefficients {αk

j } such that, starting at t from P+(t), at time
T > t, P+(T) ≥ P̄;

• Focus Group Problem. Given the value of P+(t) and the target value P̄ and the time
T > t, one may be interested to determine a set of values for the coefficients {αk

j }
such that α

(k)
m ≤ αk

j ≤ α
(k)
M , where αm, αM are possible bounds, and P+(T) ≥ P̄. This

scenario models a specific interest on those subgroups of cardinality k.

4. Single Period Maximisation of Diffusion

As from the analysis in Section 3, one of the possible proposals to couple the dynamics
described through the model (2) with a single period optimisation framework, is given by
the following LP scheme:

max
α

L

∑
k=1

ak

k

∑
j=0

αk
j Ck

j P+(t)j{1 − P+(t)}k−j, (5)

αk
j ≤ αk

j+1 j = 0, 1, . . . , k − 1; k = 1, . . . , L, (6)

αk
j ≥ αk+1

j j = 0, 1, . . . , k; k = 1, . . . , L − 1, (7)

L

∑
k=1

k

∑
j=0

αk
j ≤ b(t), (8)

0 ≤ αk
j ≤ 1 j = 0, 1, . . . , k; k = 1, . . . , L. (9)

The last optimisation problem assumes that the value P+(t) is given, so that both the
objective function and the constraints are linear in the set {αk

j }. Though the meaning asso-
ciated with the objective function is relatively clear, for the constraints some clarifications
seem necessary:

• the constraints in Equation (6) state that for a given dimension k of a subset, larger
values of the number of agents thinking ‘+’ imply a larger probability αk

j ;

• similarly, in the constraints in Equation (7), when the number of agents thinking ‘+’
remains constant, the larger the set cardinality (i.e., k), the smaller the probability αk

j ;

• the constraint in Equation (8) expresses the overall cost (i.e., it is a budget constraint)
allowed to assess the probabilities {αk

j }, at time t;

• since the quantities {αk
j } need to represent probabilities, they are required to fulfill

also the constraint (9).
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In order to avoid either infeasible or straightforward solutions for the optimisation
Problems (5)–(9), the following lemmas gives some indications on the choice of the parame-
ter b(t), for any t (for a proof, see [12]).

Lemma 1. Let one be given the linear Programs (5)–(9) with the choice (1 ≤ k ≤ L and 0 ≤ j ≤ k)

αk
j =

⎧⎪⎪⎨⎪⎪⎩
0, f or any j <

⌊
k
2 + 1

⌋
,

1, f or any j ≥
⌊

k
2 + 1

⌋
.

(10)

Then, relations (10) satisfy the constraints (6), (7) and (9). Moreover, if Equation (10) also
satisfies Equation (8), then the value of the objective function in Equation (5) coincides with
P+(t + 1) in Equation (1).

Note that Lemma 1 gives a straightforward idea of the fact that the solution of the linear
Programs (5)–(9) is substantially nothing else but a generalisation of Equation (1). Further-
more, the next result will give a precise indication on the possible values for the budget
b(t) in Equation (8).

Lemma 2. Let one be given the optimisation problems (5)–(9) and let {αk
j } be assigned as in

Equation (10), for any 1 ≤ k ≤ L and 0 ≤ j ≤ k. Then,

L

∑
k=1

k

∑
j=0

αk
j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(
L
2

)2
+

L
2

, when L is even,

(
L − 1

2

)2
+ L, when L is odd.

(11)

Note that the right sides of Equation (11) explicitly give some hints for the selection of
the parameter b(t) in Equation (8), both whether in case L it is even or it is odd.

Regarding some technicalities associated with the solution of the optimisation
problems (5)–(9), one observes that it is a continuously differentiable problem, where
all the functions are linear. Hence, it is a convex problem, so that the set of all its solutions
(possibly an empty set or a singleton) is a convex set. This implies that for any given pair
of its solutions, all the points in the segment joining them will be solutions, too. Moreover,
being a linear program, all its (possible) solutions will lie on vertices of the feasible set,
and not in the interior of the feasible set. As is known, this makes its solution relatively
simple (throughout any solver based on the simplex method) and achievable in polynomial
time. Hence, large-scale instances are well tractable and allow for a scalable solution in
a number of applications with a great number of agents (e.g., problems involving social
media or large social groups).

We complete this section highlighting that one further generalisation of the linear pro-
grams (5)–(9) suggests to disaggregate the budget constraint and to replace the inequality (8)
by the set of constraints,

k

∑
j=0

αk
j ≤ bk(t), k = 1, . . . , L.

Observe that the value bk(t), for any k, represents a budget devoted to possibly affect
the solution after working uniquely on the subsets of cardinality k. This increases the
flexibility of the model without compromising its overall complexity (being the resulting
model yet a linear program).
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5. Preliminary Numerical Experience

This Section is devoted to provide a numerical experience where the potentialities
of the formulations (5)–(9) are exploited. In this regard, the investigation here is limited
to a couple of meaningful instances. The first one is a small-scale (number of unknowns)
problem, while the second one attempts to scale the first’s by 100.

5.1. Small-Scale Instance

Regarding the value of the coefficients in (5)–(9), we consider for the small-scale
instance the following setting:⎧⎨⎩

L = 10,
{ak} = {0.1, 0, 0.15, 0, 0.3, 0, 0.3, 0, 0.15, 0},
P+(t) = 0.65.

The above choice corresponds to possibly allow only subgroups of dimensions 1,
3, 5, 7, and 9, with probabilities that include null values and possibly repeated values.
Furthermore, we set the initial percentage of the population thinking ‘+’ to P+(t) = 65%.
Finally, in order to avoid an empty feasible set in Equations (5)–(9) we also selected,
respectively, the values b(t) = 5 and b(t) = 10, based on Lemma 2. The outcomes of our
numerical experience are obtained using the solver CPLEX 20.1.0.0 available on the NEOS
Server platform [13]. Let us remark that CPLEX is definitely among the best and faster
solvers for LP, along with the alternative solver BARON. Our numerical experience on the
above two instances is summarised as follows:

• b(t) = 5: the problems (5)–(9) is coded using AMPL (A Mathematical Programming
Language; see [14,15]). The presolve tool in CPLEX eliminated 65 constraints from
the formulation, so that the simplified problem was reduced to 65 variables and 110
linear inequality constraints. Regarding the final solution, CPLEX performed 13 dual
simplex iterations (i.e., iterations of a method for LP which represents the counterpart
of the simplex method, after exploiting the duality theory), with an overall time for
the solution not larger than a couple of seconds. Finally, the value of P+(t + 1) found
by the solver is

P+(t + 1) = 0.245428625

with the set of variables (αk
j )

∗ given by

k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
j = 0 0 0 0 0 0 0 0 0 0 0
j = 1 1 0 0 0 0 0 0 0 0 0
j = 2 . 0 0 0 0 0 0 0 0 0
j = 3 . . 2/3 2/3 2/3 0 0 0 0 0
j = 4 . . . 2/3 2/3 0 0 0 0 0
j = 5 . . . . 2/3 0 0 0 0 0
j = 6 . . . . . 0 0 0 0 0
j = 7 . . . . . . 0 0 0 0
j = 8 . . . . . . . 0 0 0
j = 9 . . . . . . . . 0 0
j = 10 . . . . . . . . . 0

• b(t) = 10: again the problem (5)–(9) is coded using AMPL and the presolve tool in
CPLEX eliminated 65 constraints from the formulation, so that again the simplified
problem was reduced to 65 variables and 110 linear inequality constraints. CPLEX
performed 18 dual simplex iterations with an overall time for computation similar to
the case where it is b(t) = 5. Finally, the value of P+(t + 1) found by the solver is
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P+(t + 1) = 0.4392275888

with the set of variables (αk
j )

∗ given by the matrix,

k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10
j = 0 1 0 0 0 0 0 0 0 0 0
j = 1 1 0 0 0 0 0 0 0 0 0
j = 2 . 0 0 0 0 0 0 0 0 0
j = 3 . . 1 1 1 0 0 0 0 0
j = 4 . . . 1 1 0.285714 0.285714 0 0 0
j = 5 . . . . 1 0.285714 0.285714 0 0 0
j = 6 . . . . . 0.285714 0.285714 0 0 0
j = 7 . . . . . . 0.285714 0 0 0
j = 8 . . . . . . . 0 0 0
j = 9 . . . . . . . . 0 0
j = 10 . . . . . . . . . 0

Note that while allowing a larger value of the budget (for example, b(t) = 10),
the solver is able to select a larger number of nonzero unknowns, so that the final
value of P+(t + 1) is almost doubled with respect to the case b(t) = 5. In actual
applications, this implies that, in order to obtain almost twice the effect of the previous
case, on this instance twice the value of the budget must be allowed.

5.2. Large-Scale Instance

Here, we focus on the same instance of Section 5.1, where conversely, a larger number
of unknowns is considered. The novel setting of the parameters for the solver are given
as follows: ⎧⎨⎩

L = 1000
ak = 1/L, k = 1, . . . , L,
P+(t) = 0.65.

The above choice corresponds to possibly allow all the subgroups with the same
probability, and again the initial percentage of the population thinking ‘+’ is equal to
P+(t) = 65%. Similarly to the small-scale instance, we consider two values for the budget,
b(t) = 50 and b(t) = 100. The computation is again performed adopting the solver
CPLEX 20.1.0.0 on the NEOS Server [13]. The outcomes of the resulting two instances are
summarised as follows:

• b(t) = 50: the problems (5)–(9) is coded using AMPL and the presolve tool in CPLEX
eliminated 501,500 constraints from the formulation. The overall simplified prob-
lem contained 501,500 variables and 1,001,000 linear inequality constraints. CPLEX
performed 192 dual simplex iterations with a time of computation smaller than 20 s,
showing that the linear model can well scale the time of computation. The final value
of P+(t + 1) found by the solver is

P+(t + 1) = 0.01061571566

with the set of variables (αk
j )

∗ given by
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k = 1 k = 2 k = 3 k = 4 k = 5 k = 6 k = 7 k = 8 k = 9 k = 10 k = 11 k = 12 k ≥ 13
j = 0 1 0 0 0 0 0 0 0 0 0 0 0 0
j = 1 1 1 1 0 0 0 0 0 0 0 0 0 0
j = 2 . 1 1 1 1 0 0 0 0 0 0 0 0
j = 3 . . 1 1 1 1 1 0 0 0 0 0 0
j = 4 . . . 1 1 1 1 1 0 0 0 0 0
j = 5 . . . . 1 1 1 1 1 1 0 0 0
j = 6 . . . . . 1 1 1 1 1 1 0 0
j = 7 . . . . . . 1 1 1 1 1 0.8333 0
j = 8 . . . . . . . 1 1 1 1 0.8333 0
j = 9 . . . . . . . . 1 1 1 0.8333 0
j = 10 . . . . . . . . . 1 1 0.8333 0
j = 11 . . . . . . . . . . 1 0.8333 0
j = 12 . . . . . . . . . . . 0.8333 0
j = 13 . . . . . . . . . . . . 0
j = 14 . . . . . . . . . . . . 0
j > 14 . . . . . . . . . . . . 0

• b(t) = 200: the outcomes are quite similar to the case where b(t) = 50, with 501,500 in-
dicating the overall number of variables and 1,001,000 the linear inequality constraints.
CPLEX performed 30,854 simplex iterations with a time of computation smaller than
20 s, showing again that the linear model can well scale the time of computation.
The final value of P+(t + 1) found by the solver was now

P+(t + 1) = 0.0242061448

and we do not report the value of the unknowns for the sake of simplicity.

Observe that in both the last two examples, given that subgroups are allowed to be
quite large, despite relatively high budget values, the levels reached by the probabilities
P+(t + 1) are quite low.

As a general achievement, we can immediately describe the pattern of the nonzero
unknowns which was respected in all four numerical tests reported above. In particular, we
can prove that the solution of the formulations (5)–(9) only fills the principal submatrix of
unknowns of order h × h, depending h on the value of the budget parameter along with the
number of possible subgroups L. Finally, this also allows one to straightforwardly assess a
number of null unknowns and possibly reduce the complexity of the overall formulation.

6. A Multi-Period Model

This Section considers a multi-period reformulation of the LP (5)–(9), in order to further
generalise the model (2). In particular, in place of the single-period model (5)–(9), where
at time step t the quantity P+(t + 1) is maximised starting from P+(t), we can consider a
multi-period approach with the ultimate goal of maximising P+(T + 1), where T is the time
horizon. The latter approach is summarised in the following Nonlinear Program (NLP):
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max
α

P+(T + 1), (12)

P+(t + 1) =
L

∑
k=1

ak

k

∑
j=0

αk
j (t)C

k
j P+(t)j(1 − P+(t))k−j, t = 1, . . . , T, (13)

αk
j (t) ≤ αk

j+1(t) t = 1, . . . , T; j = 0, 1, . . . , k − 1; k = 1, . . . , L, (14)

αk
j (t) ≥ αk+1

j (t) t = 1, . . . , T; j = 0, 1, . . . , k; k = 1, . . . , L − 1, (15)

L

∑
k=1

αk
j (t) ≤ bj(t) t = 1, . . . , T; j = 0, 1, . . . , k, (16)

0 ≤ αk
j (t) ≤ 1 t = 1, . . . , T; j = 0, 1, . . . , k; k = 1, . . . , L. (17)

The above NLP includes the unknowns

αk
j (t), t = 1, . . . , T; j = 0, 1, . . . , k; k = 1, . . . , L,

which represent a larger number of variables with respect to Equations (5)–(9). This implies
that the larger the time horizon T, the larger the number of unknowns of the resulting
problem formulation. Moreover, as already remarked, Equations (12)–(17) represents an
NLP, which in general increases the difficulty of its solution. In particular, the nonlinearities
in Equation (13) might yield a nonconcave overall maximisation problem, which implies
that a certain number of local maxima (which are not global) might arise. In addition,
unlike Equations (5)–(9), the feasible set of Equations (12)–(17) is no longer a polyhedron,
so that the final solutions are not necessarily located on the boundary of the feasible set.
As a consequence, the choice of the starting value P+(1) in Equation (13) becomes a key
factor for at least a couple of reasons:

• the sequence {P+(t)} strongly depends on P+(1), in a similar fashion of the single-
period formulation (5)–(9);

• the choice of {P+(t)} strongly affects the local maximum provided by the solver
adopted for Equations (12)–(17).

Regarding the constraints in Equation (13), observe that the constraints just state a
recursion for the function in Equation (2), at each time step. Moreover, the constraints in
Equations (14), (15), and (17) have a similar meaning of the constraints in Equations (6), (7),
and (9), for the single-period formulation. Finally, the budget constraints in Equation (16)
have a possible double formulation, due to the multi-period scheme.

Proposition 1. Let the sequence {αk
j (t)} be a global solution of Equations (5)–(9), for any t =

1, . . . , T. Then, {αk
j (t)}t=1,...,T is a global solution of Equations (12)–(17).

Proof. Observe that from relation (2), one has the following equalities:

P+(t + 1)− P+(t) =

T+1

∑
t=2

[
L

∑
k=1

ak

k

∑
j=0

αk
j (t)C

k
j P+(t)j(1 − P+(t))k−j −

L

∑
k=1

ak

k

∑
j=0

αk
j (t − 1)Ck

j P+(t − 1)j(1 − P+(t − 1))k−j

]
=

T+1

∑
t=2

ΔP+(t).
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Thus, considering that P+(1) ∈ � is a constant value, the maximisation in Equation (12)
is equivalent to the maximisation,

max
T+1

∑
t=2

ΔP+(t). (18)

Moreover, observe that if P+(t) is given, ΔP+(t + 1) depends only on the unknowns,

αk
j (t), j = 0, . . . , k; k = 1, . . . , L,

and the maximisation in Equation (5) is equivalent to

max
α

ΔP+(t + 1).

Now, suppose the sequence {αk
j (t)}j=0,...,k; k=1,...,L is a solution of Equations (5)–(9);

then, it also satisfies Equation (13) for t, as well as Equation (14)–(17). Thus, if the sequences,{
αk

j (t)
}

j=0,...,k; k=1,...,L
t = 1, . . . , T (19)

solve the problem (5)–(9), for t = 1, . . . , T, then by Equation (18), the values in Equation (19)
are a feasible point of Equations (12)–(17), satisfying also Equation (18), i.e., Equation (19)
is a solution of Equations (12)–(17).

Lemma 3. Let
{

αk
j (t)

}
be a global solution of Equations (5)–(9), for any t ∈ {1, 2, . . . , T}, where

the inequality (8) is replaced by the nonlinear inequality,

φt

[
L

∑
k=1

αk
j (t)

]
≤ bj(t), φt : �

(L+1)(L+2)
2 −1 → �.

Then,
{

αk
j (t)

}
t=1,...,T

is also a global solution of Equations (12)–(17), with Equation (16)

replaced by

φt

[
L

∑
k=1

αk
j (t)

]
≤ bj(t), t = 1, . . . , T; j = 0, . . . , k. (20)

Proof. The proof trivially follows the guidelines of the proof for Proposition 1.

Lemma 4. Let
{

αk
j (t)

}
be a global solution of Equations (5)–(9), for any t ∈ {1, 2, . . . , T}, where

the inequality (8) is replaced by the nonlinear inequality,

Φ

[
L

∑
k=1

αk
j (t)

]
≤ bj(t), Φ : �

(L+1)(L+2)
2 −1 → �,

and Φ is any convex function. Then,
{

αk
j (t)

}
t=1,...,T

is also a feasible solution of Equations (12)–(17),

with Equation (16) replaced by

Φ

[
T

∑
t=1

λt

L

∑
k=1

αk
j (t)

]
≤ bj(t), j = 0, . . . , k; 0 ≤ λt ≤ 1;

T

∑
t=1

λt = 1, (21)

being bj ≥ ∑T
t=1 λtbj(t).
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Proof. The convexity of Φ and the hypotheses imply

Φ

[
T

∑
t=1

λt

L

∑
k=1

αk
j (t)

]
≤

T

∑
t=1

λtΦ

[
L

∑
k=1

αk
j (t)

]
≤

T

∑
t=1

λtbj(t) ≤ bj,

so that
{

αk
j (t)

}
t=1,...,T

also satisfy Equation (21). The rest of the proof follows the guidelines

of the proof for Proposition 1.

Remark 1. Note that from Lemma 4, if the sequences
{

αk
j (t)

}
, t = 1, . . . , T, are global solutions

of Equations (5)–(9) for t = 1, . . . , T, then the sequence
{

αk
j (t)

}
t=1,...,T

is a feasible solution but

possibly not a global solution of Equations (12)–(17), with Equation (16) replaced by

Φ

[
T

∑
t=1

λt

L

∑
k=1

αk
j (t)

]
≤ bj(t), j = 0, . . . , k; 0 ≤ λt ≤ 1;

T

∑
t=1

λt = 1,

and bj ≥ ∑T
t=1 λtbj(t).

A Numerical Example

We provide here a preliminary numerical example, where the solution of the formula-
tion (12)–(17) is considered, and the budget constraints (16) are replaced by the unique one
(which aggregates possible different budgets at the epoches 1, . . . , T):

L

∑
k=1

k

∑
j=0

T

∑
t=1

αk
j (t) ≤ budget.

Since the multi-period formulation is indeed nonlinear and possibly nonconvex, we
preferred to preliminarily investigate its solutions through a renowned nonlinear (NLP)
solver from the literature. In particular, we adopted Knitro 13.2.0 from the NEOS Server [13].
Nevertheless, we are aware that since the problem might be nonconvex (unless the last
property is explicitly proved to hold for Equations (12)–(17)), the choice of the starting
point by the NLP solver may be crucial, to both outreach an accurate final solution and to
reduce the overall computational burden. The parameters of the two instances considered
are summarised as follows (respectively):⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

L = 10
ak = 1/L, k = 1, . . . , L,
P+(t) = 0.65,
T = 6,
budget = 20,

and ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
L = 10,
ak = 1/L, k = 1, . . . , L,
P+(t) = 0.65,
T = 6,
budget = 100.

In what follows, we briefly show that, due to the smaller budget (i.e., 20 < 100) in
the first scenario, it yields worse results (i.e., a smaller value of P+(T)) with respect to the
second scenario. Indeed, adopting the first set of parameters for our multi-period formula-
tion, Knitro presolver was able to eliminate 403 constraints and 1 variable, so that the final
formulation included 395 variables and 660 constraints. Moreover, for the probabilities
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{P+(t)}, we obtain the following nonmonotone sequence (due to the nonlinearity of the
multi-period model)

P+(1) = 0.65,
P+(2) = 9.21406 × 10−5,
P+(3) = 1.51607 × 10−5,
P+(4) = 2.37203 × 10−5,
P+(5) = 2.06585 × 10−5,
P+(6) = 0.499547.

Conversely, adopting the second set of parameters for our multi-period formulation,
Knitro presolver was again able to eliminate 403 constraints and 1 variable, yielding for the
probabilities the values

P+(1) = 0.65,
P+(2) = 0.140855,
P+(3) = 0.0613564,
P+(4) = 0.0521609,
P+(5) = 0.0573217,
P+(6) = 1.

Again, one observes a nonmonotone behaviour for the sequence {P+(t)}, due to
nonlinearities of the multi-period model. For the sake of completeness let us remark that
the solution of the last two nonlinear instances by Knitro required no more than 10 s each.

7. Conclusions

In this paper, we studied the problem of possibly enhancing standard dynamics from
sociophysics (namely the model (1)), using a mathematical programming perspective.
We were interested about following a couple of lines of research. First, we coupled the
model (1) with an LP scheme in order to possibly control the probability P+(t + 1) for a
given probability P+(t), after leveraging the unknowns αk

j in Equation (2). The final value of
these variables gives a measure of the effort which is required to steer the diffusion process
of the opinion ‘+’ for the subgroups of cardinality k. The dynamics are strongly based
on the idea of possibly maximising P+(t + 1). A numerical experience is also reported
in this regard, showing that the computational effort for solving LPs associated with this
first proposal is definitely modest, even in the case where the solution of large instances
is sought.

As a second task, we also extended the (one period) LP formulations to a more general
multi-period formulation, and in this case it was necessary to compute the sequence
{P+(t + 1), P+(t + 2), . . . , P+(T)} for a given value of P+(t) and for a given time horizon,
T. Some theoretical properties showing a connection between the solutions of both our
proposals have been given, though much work yet is required, including a broad numerical
experience also in the multi-period case.
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Abstract: We study the Galam’s majority-rule model in the presence of an independent behavior
that can be driven intrinsically or can be mediated by information regarding the collective opinion
of the whole population. We first apply the mean-field approach where we obtained an explicit
time-dependent solution for the order parameter of the model. We complement our results with
Monte Carlo simulations where our findings indicate that independent opinion leads to order–
disorder continuous nonequilibrium phase transitions. Finite-size scaling analysis show that the
model belongs to the mean-field Ising model universality class. Moreover, results from an approach
with the Kramers–Moyal coefficients provide insights about the social volatility.

Keywords: social dynamics; Galam model; collective phenomena in social systems; nonequilibrium
phase transitions; order-disorder Monte Carlo simulation

1. Introduction

Opinion dynamics is one of the most attractive topics in sociophysics. This recent
research area uses tools and concepts of statistical physics to describe some aspects of
social and political behavior [1–4]. From the theoretical point of view, opinion models are
interesting to physicists because they can present order–disorder transitions, hysteresis,
scaling, and universality, among other typical features of physical systems, which have
attracted much of attention [5–14]. Concerning sociologists, these methods are useful to
improve forecasting by means of controlled toy models that can be run multiple times
and help fine-tune field studies as well [15]. In addition to the interesting properties of
opinion dynamics models, per se, such dynamics have also been applied in various fields
such as finance and business [16], and epidemic dynamics with the presence of conflicting
opinions [17–23], among others [3].

Among the most studied models, one can highlight the voter model [24,25], the
Sznajd model [26], the Deffuant model [27], the kinetic exchange opinion models [28], and
the majority rule model [1,29–31]. All the mentioned models are built based on distinct
microscopic rules that control the dynamics of interactions among agents. The Sznajd
model considers a two-state (up/down spins) outflow dynamics, where a group of agents
sharing a common opinion influence the group’s neighbors to follow the group’s opinion.
The model presents a phase transition between the positive and the negative consensus:
initial densities of spins up smaller than 1/2 lead eventually to all spins down, and densities
greater than 1/2 to all spins up, i.e., consensus absorbing states where the system cannot
escape [26]. On the other hand, the Deffuant model considers the opinions as continuous
variables, and the interactions depend on the "distance" among pairs of opinions, which
defines the concept of bounded confidence. Depending on the value of such bounded
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confidence, the population can evolve to consensus (all equal opinions) or to polarization
(population divided into two distinct opinions). No phase transition is observed [27]. The
majority rule model considers groups of g agents that interact through a quite simple rule:
all agents in the group follow the local majority. In case of even values of g, a probability
k defines which opinion will win the debate inside the group. The results of the model,
regarding consensus and phase transitions, are similar to those observed in the Sznajd
model [29]. Some applications of the majority rule model are mentioned in the following.
Finally, the kinetic exchange opinion models are based on dynamics of wealth exchange.
Interactions are pairwise and consider continuous opinions originally, or discrete three-
state opinions (+1,−1 or 0 states) [28]. Both formulations lead the population to undergo
order–disorder phase transitions, similar to what occurs in spin models. Absorbing states,
where all agents are in the neutral state (all opinions 0 in the population), are observed.
One can find that such absorbing states are distinct from the ones observed in the previous
models, where all agents share opinion +1 or −1. Such kinds of consensus states are
observed in kinetic exchange opinion models only in particular situations [28].

We are especially interested in the majority rule model, proposed by Serge Galam [1].
In this model, random groups of agents are chosen, and after the interaction of such agents,
all of them assume the initial majority opinion. The model was studied elsewhere [32–39],
and it was applied to a series of practical problems, like antivax movement [40], USA [41]
and French [42] presidential elections, and terrorism [43], among many others.

Independence in opinion making and the failure of group influence was considered in
several opinion dynamics models [44–52]. A recent extension of Galam’s model in Ref. [32]
considered the impact of independence in social dynamics. In that case, with probability
q, an individual acts independently of the majority opinion of their group and chooses at
random one of the two possible opinions. The introduction of that condition, quantified by
the parameter, paves the way to the occurrence of an order–disorder nonequilibrium phase
transition that does not occur in the original majority-rule model [1].

In the present study, we move farther afield than the independence mechanism con-
sidered in Ref. [32], and we take into account the overall global opinion of the population
when an agent decides to act independently of the group’s opinion. With this, one can
find a more detailed picture of the process of independence, since agents can now take
global opinion into account when they ignore in-group majority. This change manages to
incorporate the concept of “impersonal influence” [53] established within political science,
the goal of which is to quantify the influence of the anonymous mass of individuals outside
one’s small world composed of family, (close) friends, and acquaintances. That impersonal
influence encompasses polls, reader’s comments on news on digital media, and the indi-
vidual’s general perception by consulting social networks that can have an effect on their
decision-making process.

The strength of the information-mediated independence can be controlled by a new pa-
rameter, g, that gauges the impact of the global population opinion, which is the macrostate,
on the individuals. This impact can be of a contrarian nature, for negative values of g,
where agents tend to take the opposite opinion to the population or it can be positive and
reinforce the predominant opinion, thus helping the building of consensus.

In this paper, we move along the lines of canonical considerations over complex
systems for which microscopic and macroscopic features influence one another. We develop
an analytical framework in order to understand the results from numerical simulations. All
results suggest the occurrence of order–disorder transitions, and the estimates of the critical
exponents indicate that the model is in the mean-field Ising model universality class.

2. Model and Methods

Herein, we analyze a majority-rule model with independence; however, differently
to Ref. [32] we assume a density-dependent probability, ft, where t denotes the time, for
changing the current opinion independently of the interacting group.
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2.1. Model

Let us consider a population of N individuals, i = 1, ..., N, with opinions A or B, with
respect to a given issue, that map into a stochastic variable, oi, such that oi(A, t) = +1 and
oi(B, t) = −1. Macroscopically, we compute the density of agents with opinion A,

ηA(t) ≡ 1
N

N

∑
i=1

δoi(t),+1, (1)

with δa,b the Kronecker delta, and the density of agents with opinion B,

ηB(t) ≡ 1
N

N

∑
i=1

δoi(t),−1 = 1 − ηA(t). (2)

The mean opinion, from which we establish the macroscopic state of the system, reads:

m(t) ≡ 1
N

N

∑
i=1

oi(t) = ηA(t)− ηB(t). (3)

The dynamics of each individual is governed at each time step, t, by the following set
of rules:

• an individual with opinion A can change to opinion B through two mechanisms:

– with probability q, the individuals act independently of their group. In that case,
the individuals change their opinion with probability f AB(t) = f (1 − g m(t));

– otherwise, if the individuals do not act on their own, then there is a proba-
bility 1 − q that they change their opinion according to a local majority-rule,
A + 2B → 3B.

• on the other hand, an individual with opinion B can flip to opinion A through
two mechanisms:

– with probability q, the individuals decide to whether act independently of their
group or not. In that case, the agent will change their opinion with probability
f BA(t) = f (1 + g m(t));

– otherwise, if the the individuals do not act on their own, then there is a probability
1− q that those individuals change their opinion according to a local majority-rule,
B + 2A → 3A.

The rules listed above are translated into the transition matrix,

W(t) ≡
[

w1 w2
w3 w4

]
=

[
q f AB(t) 1 − q

1 − q q f BA(t)

]
. (4)

Note that the definitions f (t)AB = f (1 − g m(t)) and f (t)BA = f (1 + g m(t)) imply
that

ηA(t) > ηB(t) ⇒ m(t) > 0 ⇒ f (t)BA > f (t)AB,

as expected.
Let us have a closer look at the parameters involved in the model: the parameter q is

related to the backbone of our approach establishing the relative weight of the local peer-
pressure, p = 1 − q, leading to a decision-making process wherein the individual either
submits to the local majority (a conformist behavior) or the decision-making dynamics
is carried out on its own. The probability f XY(t)—related to the latter case—is naturally
shaped by the assessment of the state of affairs provided by the global state, m(t), so that a
standard propensity to change opinion through reflection, f , is either boosted or mitigated.
Epistemologically, the shaping of the probability is equivalent to the process of risk taking
versus risk aversion, described within prospect theory [54]. Herein, we assume a linearized
form f XY(m(t)) = f + υ m(t) +O(m(t)2), so that, depending on the sign of υ, one has
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either a follower or a contrarian impact. If g = 0, then f XY(t) = f and one recovers the
results of Ref. [32].

2.2. Simulation Details

Our Monte Carlo simulations are structured within an agent-based framework, as
individuals constitute the underlying object of study in social theories [55]. In the algorithm
here, we consider a computational array of size N to store the opinion of each agent. In each
time t, a Monte Carlo step (MCS) that represents a complete iteration through all agents is
applied. During each interaction, the simulation chooses a group of 3 agents at random,
considering their current opinion and applying specific rules. These rules are summarized
in Table 1 and define how an agent’s opinion may change based on various conditions
and probabilities. After each MCS, we implement a simultaneous-parallel updating. This
means that the updated opinions are applied to all agents at the same time, ensuring that
the changes in opinions are synchronized across the entire population.

Table 1. Agent-based rules of the model.

Three-Agent Interaction Transition Probability

Each agent with opinion A can flip to opinion B through two mechanisms:
1. A → B p(1)A→B = q f AB(t)
2. A + 2B → 3B p(2)A→B = (1 − q) ηB(t)2

Each agent with opinion B can flip to opinion A through two mechanisms:
1. B → A p(3)B→A = q f BA(t)
2. B + 2A → 3A p(4)B→A = (1 − q) ηA(t)2

3. Results and Discussion
3.1. Analytical Results

Using the mean-field approach, one can obtain a set of ordinary differential equations
that describes the time evolution of the competing opinions in a population. To derive the
rate of change of opinions A and B at time t, one needs to consider that each opinion is influ-
enced by the intrinsic independent behavior (controlled by the parameter f ), information-
driven independence (modulated by the parameter g), and local interactions. Thus, based
on the rules summarized in Table 1, one obtains the following mean-field equations:

dηA(t)
dt

= q f BA(t) ηB(t) + (1 − q) ηA(t)2 ηB(t)− q f AB(t) ηA(t)− (1 − q) ηA(t) ηB(t)2, (5)

dηB(t)
dt

= q f AB(t) ηA(t) + (1 − q) ηB(t)2 ηA(t)− q f BA(t) ηB(t)− (1 − q) ηB(t) ηA(t)2, (6)

f AB(t) = f (1 − g m(t)), (7)

f BA(t) = f (1 + g m(t)). (8)

From Equations (1)–(3), namely, that

ηA(t) =
1
2
(1 + m(t)), ηB(t) =

1
2
(1 − m(t)), ηA(t) ηB(t) =

1
4
(1 − m(t))2, (9)

the set of differential equations yields the ordinary differential equation for the global state,
m(t):

dm(t)
dt

= −2 q f (1 − g)m(t) + (1 − q)m(t)
1 − m(t)2

2
. (10)

In other words, starting from a given initial condition, m(0) = m0, the macroscopic
state evolves and eventually reaches a stationary state, dm/dt = 0; that state is lower-
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bounded by the maximal state of disagreement than m = 0, whereas when the population
presents unanimity, |m| = 1. Thus, we expect that for certain conditions dictated by the
parameters of the problem, the system can evade the final stationary state of disagreement
and end up in a situation for which |m| �= 0, i.e., a majority of individuals favoring opinion
A(B). Physically, m(t) is thus defined as an order parameter. That turns out clearer when
we consider that the population adjust is macrostate m aiming at minimizing its so-called
Hamiltonian function, H.

That is best understood when one recasts the previous equation into

dm(t)
dt

= −∂H
∂m

= r m(t) + u m(t)3, (11)

where
r =

1
2
{q[4 f (1 − g) + 1]− 1}, u =

1
2
(q − 1). (12)

Therefore, the analytical form of H,

H(m) = −1
2

r m2 − 1
4

u m4, (13)

dictates not only the dynamics of the parameter m, but its stable outcome. First, since q ≤ 1
and u < 0, the stability of the process is assured, as the fourth-order term is positive. In
the limit q → 1, the agents act independently from the local group, and totally rely on
their assessment of the position of the whole population, and one has: limq→1 u = 0− and
limq→1 r > 0, which leads to nontrivial minima of H at mc �= 0. By u < 0, the emergence of

those m �= 0 minima are related to the change of convexity of H at m = 0 from d2H
dm2 |m=0 > 0

to a concave profile d2H
dm2 |m=0 < 0. The fulfillment of the concave condition implies

|m| = mc =

√
− r

u
=

√
1 − 4 f q(1 − g)

1 − q
, |m| ≤ 1, (14)

the graphical representation of which can be seen in Figure 1. Using relations (12) one finds:

m ∼ (qc − q)β, (15)

where β = 1/2 and

qc =
1

1 + 4 f (1 − g)
(16)

defines the critical peer-pressure relative weight, pc ≡ 1 − qc. Let us note that the instances
with g < 0 imply a smaller value of qc and, then a larger pc in what we assume as a
freethinker-prone behavior; on the other hand, when g > 0 we regard it as a conformist-
prone case.

Equation (15) with β = 1/2 suggests a phase transition in the same universality class
of the mean-field Ising model. We discuss this point in more detail in Section 3.3, where we
exhibit the results of Monte Carlo simulations of the model.

Equation (16) corresponds to the limit t → ∞ of the solution to Equation (17):

m(t) =

[
exp(−2rt)

(
1

m2
0
+

u
r

)
− u

r

]−1/2

= mc

[
exp(−2rt)

(
m2

c

m2
0
− 1

)
+ 1

]−1/2

, (17)

where m0 is the initial condition of the system.
One can further explore the dynamical behavior of the system, especially when the

parameters are set at their critical values and one lets the system evolve. In that case,
two situations deserve a particular attention: (i) when the initial state corresponds to an
unanimity, m0 = 1, the factor given by exp(−2rt)

(
m2

c /m2
0 − 1

)
in Equation (17) can be

211



Physics 2023, 5

seen as perturbation, (ii) whereas for the same factor, this factor dominates Equation (17)
when the initial condition is that of full disagreement (m0 → 0). These two possibilities
result in two quite different behaviors of m(t) in the short-term.
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Figure 1. Graphical representations of Equation (14) for the stationary state solution, |m|, in the plane
f versus q for typical values of g. As negative values of g imply a contrarian effect and positive a
follower, the ordered region increases with an increase of g. Note that for g = 1.0, |m| = 1 for all
values of f and q, as predicted by Equation (14).

3.2. Probabilistic Approach

The previous deterministic approach can be further seasoned when fluctuations are
taken into account. Recalling that, for a population of N individuals the macroscopic
state m, changes by μ = ±2/N every time the individuals switch their opinion with each
opinion fraction varying by 1/N, one finds:

ηA(t + 1)− ηA(t) =
1
N

p†(t)− 1
N

p(t), (18)

as soon as the focus is on the time evolution of the fraction of individuals with opinion A
at time t + 1, with

p†(m, t) = w1 ηA + w2 ηA η2
B, (19)

corresponding to the probability that the number of people with opinion A increases by
one individual, and

p(m, t) = w3 ηB η2
A + w4 ηB, (20)

giving the probability that the number of people with opinion A diminishes by one indi-
vidual. The quantities (19) and (20) are identified as the operators of, respectively, creation
and destruction in the probability space [56].

Taking into consideration that p† and p correspond to an increment and a reduction
of the macroscopic state by μ = 2/N, respectively, one can establish the following master
equation for the evolution of m for a time step, ε = 1/N:

η(m, t + ε) = p†(m − μ, t) η(m − μ, t) + p(m + μ, t) η(m + μ, t) + p̄(m, t)η(m, t), (21)

with p̄ ≡ 1 − p† − p quantifying the maintenance of the macroscopic state. Formally,
Equation (21) fits within the (normalized) one-step class of stochastic processes and, thus,

η(m, t) = exp[LKM(m, t)]η(m0, 0) with η(m, 0) = δ(m − m0), (22)
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where, bearing in mind that a normalized quantity is computed and not just NA − NB, the
Kramers–Moyal operator reads:

LKM(m, t) =
∞

∑
n=1

(−μ)−n

n!
∂n

∂mn

[
pm,t + (−1)n p†

m,t

]
. (23)

In considering μ → 0 so that the variance of mt is kept fixed and equal to σ2
m(t), we

neglect the terms of order n > 2, and the formal solution obtains the form of a Fokker–
Planck equation:

∂η(m, t)
∂t

= −μ−1 ∂

∂m
[D1(m, t) η(m, t)] +

μ−2

2
∂2

∂m2 [D2(m, t) η(m, t)]. (24)

Therefrom we identify the Kramers–Moyal coefficients,

D1(m, t) ∝ p(m, t)− p†(m, t), (25)

that defines the shape of the effective potential wherein the macroscopic dynamics of the
order parameter evolves in time; on the other hand,

D2(m, t) ∝ p(m, t) + p†(m, t) (26)

characterizes the magnitude of the fluctuations, which in the present social system we
associate with the concept of social volatility [57].

Plugging the previous relations (19)/(20) for the probability creation/annihilation
operators into Equations (25) and (26), one finally obtains:

D1(m, t) ∝ r m(t) + u m(t)3, (27)

as given by the effective-Hamiltonian, Equation (11) Landau approach. The second-order
coefficient,

D2(m, t) ∝ 1 + q (4 f − 1)− [1 + q(4 f g − 1)]m(t)2, (28)

indicates a macroscopic feature of this model that is worth noting: the magnitude of the
fluctuations—i.e., the social volatility—exhibited by the system depends on its state in such
a form that as m increases and approaches m = 1 (unanimity), the volatility decreases. On
the contrary, when the group shows strong disagreement, m ≈ 0, the fluctuations approach
the sate of maximal volatility. Such a behavior contrasts with what is measured in quanti-
tative finance where the realized volatility is directly proportional to price variations [58].
If one considers that, within a physical context, D2 is related to the (local) temperature of a
physical system, one can assert that our model is able to capture the cooling down and the
heating up of a social system as the system approaches or departs from consensus.

Alternatively, the fluctuations given by D2(m, t) can be understood from another
perspective: given that p† and p, respectively, correspond to an increment and a reduction
of the macroscopic state by μ = 2/N, one can then interpret D1 as the imbalance between
the likelihood of increment and reduction of p(m), whereas D2 to be related to the average
over increment and reduction, which is nonvanishing. Thisis related to the microscopic
change of opinion that each individual can make and which corresponds to a source of the
macroscopic fluctuations that end up being expressed by the social volatility. Complemen-
tarily, those fluctuations yield an entropy production that can be associated with the total
information output due to the microscopic interaction between agents. Therefore, around a
consensus, one measures a less volatile state as that state is less entropic and vice versa.

3.3. Monte Carlo Simulation and Finite-Size Scaling

Figure 2a shows a comparison between the analytical solution, as elucidated in
Section 3.1, and the Monte Carlo simulation for the Galam model with information-mediated
independence. We plot the stationary values of the macrostate obtained from simulations
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for a population size N = 104 and from Equation (14) for typical values of g and fixed
f = 0.5. One can see a good agreement between the results obtained by both methods
of calculations. One as well observes the order–disorder phase transitions, which mark
a collective change in the population behavior. These transitions indicate a macroscopic
change from the so-called ordered state, characterized by the presence of a well-defined
majority (|m| > 0), to the disordered-state, characterized by the absence of a clear majority
(|m| ∼ 0). When q = 0, the result of the original Galam model, i.e., a consensus in the
population (all agents sharing opinion A or B) is recovered.
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Figure 2. The model Monte Carlo results for f = 0.5 averaged over 100 simulations. (a) Stationary
order parameter, m (collective opinion), as a function of q. The symbols represent the simulations for
N = 104 and typical values of g, and the lines show the analytical results obtained from Equation (14).
The results at fixed g = 0.2 and distinct population sizes N for, and the corresponding finite-
size scaling analysis for (b) the Binder cumulant, U (30), (c) the order parameter, m, and (d) the
susceptibility, χ (29) are also shown. The following critical probability, qc ≈ 0.385 and the critical
exponents, β ≈ 0.50, γ ≈ 1.00, and ν ≈ 2.00, are obtained; see text for details.

In order to verify the universality class of the model, we performed numerical simu-
lations for distinct population sizes and applied a so-called scaling analysis. In addition
to the order parameter, m we also computed the fluctuations χ of the order parameter (or
“susceptibility”), defined as

χ ≡ N (〈m2〉 − 〈m〉2) (29)

and the Binder cumulant U, defined as [59]

U ≡ 1 − 〈m4〉
3 〈m2〉2 . (30)

The brackets here denote the averaging over distinct realizations of the dynamics.
As an example, we exhibit in Figure 2 the finite-size scaling (FSS) analysis of the order

parameter, the susceptibility, and the Binder cumulant for four lattice sizes, for f = 0.5 and
g = 0.2. We obtain the critical value, qc, by the crossing of the Binder cumulant curves, as
seen in Figure 2b, to be qc ≈ 0.385, in quite a good agreement with the analytical result
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of Equation (16), qc ≈ 0.3846. The critical exponents, β, γ, and ν, are found by the best
collapse of data. The FSS analysis was based on the standard relations,

m(q, N) ∼ N−β/ν , (31)

χ(q, N) ∼ Nγ/ν , (32)

U(q, N) ∼ constant , (33)

qc(N)− qc ∼ N−1/ν (34)

Considering Equations (31)–(34), the values of the critical exponents, β ≈ 0.5, γ ≈ 1.0, and
ν ≈ 2.0, are obtained. The data collapses are exhibited in Figure 2b–d. We have also verified
that for other values of f and g, the same exponents are obtained. The results suggest that
the model belongs to the mean-field Ising model universality class, and it is also in the
same universality class of the Sznajd model and kinetic exchange opinion models in the
presence of independence [44,47,50,60].

The above results, namely, Equation (34), bridge with the dynamical analysis as
Equation (17) sets up a relaxation timescale, τ, of the macroscopic parameter that is in-
versely proportional to r. Comparing the exponential factor in Equation (17) with the
typical term related to the relaxation, et/τ , one obtains the relaxation time, τ = −1/(2r).
Then, plugging Equation (16) into the definition of r, one finds: r = (q − qc)/(2qc), and,
finally,

τ ∼ (qc − q)−1. (35)

Explicitly, at criticality, one considers a relaxation timescale of the order parameter, m(t),
that diverges with the same scale-invariant functional form as the correlation length. Since
the propagator given by the Fokker–Planck Equation (24) rules all relaxation quantities of
m(t), the same slowing down near the transition is found for the self-correlation function
of m(t), 〈m(t′)m(t)〉 ∼ exp[−|t′ − t|/τ].

4. Conclusions

In this paper, we studied an extension of the Galam’s majority-rule model. For this
purpose, we introduced the mechanism of independence, considering that individuals can
act independently of their interaction groups with a given probability q that is comple-
mentary to the peer-pressure weight, p = 1 − q. In addition, the individuals inspect the
global population opinion and such opinion affects their independent probability. When
an individual does not act independently of the group, the individual follows the local
majority opinion, as in the original Galam model.

We observed that the independence mechanism leads the population to undergo a
critical change of behavior at q = qc in which a minimal consensus m �= 0—where m is
the order parameter of the model—optimizes the overall state of the population better
than the case of complete disagreement. Within that phase transition context, we derived
an expression for order parameter, m(t). From its stationary solution, we obtained the
critical behavior, m ∼ (qc − q)β with β = 1/2. We found that as one approached the
critical transition, the relaxation of the overall state is ever slower with its typical timescale,
τ ∼ (qc − q)−1. The other canonical critical exponents, γ and ν, were obtained through
Monte Carlo simulations. From the set of critical exponents, we verified that the model is in
the ubiquitous universality class of the mean-field Ising model. This result is expected since,
as opinions are mapped into random variables, oi = ±1, the phase transition corresponds
to a group Z2 symmetry breaking of which the Ising model is the quintessential case.

Let us mention that, while our model is not defined by a physical Hamiltonian, the
identification with the Ising universality class arises from a series of results coming from
three methods: mean-field approach, Monte Carlo simulations, and finite-size scaling
analysis.

From the microscopic dynamics, we derived the probabilistic evolution of m. The
results obtained allowed us to confirm the critical behavior of m from the first Kramers–
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Moyal coefficient, and from the second, the nature of the fluctuations that can be coined
as social volatility. In respect of the latter, we learned that the magnitude of the volatility
depends on the state of the population in a inverse proportion relation way, such that,
in this case, herding in opinion tends to induce less agitation in the population. Further
insights into this subject matter to be discussed in our future studies.
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Abstract: The critical properties of a discrete version of opinion dynamics systems, based on the
Biswas–Chatterjee–Sen model defined on Solomon networks with both nearest and random neighbors,
are investigated through extensive computer simulations. By employing Monte Carlo algorithms
on SNs of different sizes, the magnetic-like variables of the model are computed as a function of the
noise parameter. Using the finite-size scaling hypothesis, it is observed that the model undergoes
a second-order phase transition. The critical transition noise and the respective ratios of the usual
critical exponents are computed in the limit of infinite-size networks. The results strongly indicate
that the discrete Biswas–Chatterjee–Sen model is in a different universality class from the other
lattices and networks, but in the same universality class as the Ising and majority-vote models on the
same Solomon networks.

Keywords: Biswas–Chatterjee–Sen model; Solomon networks; finite-size scaling; universality class

1. Introduction

Although a great deal of attention has been given to sociophysics in the last forty years,
it is over the past two decades that the interest in this area has been indeed enhanced, mainly
due to the dynamics properties that are present in social systems or networks (see, e.g.,
Refs. [1–9]). The early models in this new scenario have been proposed by Stauffer [6] and
Galam [9] using local majority rule arguments, which are also called dynamics of opinions.

There are also other models that are useful for simulating the behavior of people in a
community where each person can either be influenced by the neighbors or be a means to
influence these neighbors. Just to cite a few among the great variety of dynamical systems,
which are be of particular interest to the present study, let us mention the Ising model
(IM), originally proposed to treat the thermal properties of magnetic systems [10–12], the
majority-vote model (MVM) [13], and the Biswas, Chatterjee, and Sen (BChS) model [5].

The IM, MVM, and BChS model have been treated by using Monte Carlo simulations
on different lattices and networks. It has been noticed that the existence of a transition–
whether of first or second order–and, in the latter case, the corresponding critical exponents,
strongly depend on the type of the network. Magnetic models of the Ising kind have been
reviewed in Ref. [14] and, more recently, the universality class of the BChS model, in
comparison with the MVM, has been treated in Ref. [15]. In Ref. [15], besides regular lat-
tices, topologies like Apollonian networks, regular and directed Barabási-Albert networks,
regular and directed Erdös-Rènyi random graphs, among others, have been considered. In
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particular, a more recent review on the BChS model [16] has more details of what has been
determined so far in this dynamical system.

From the results collected in the literature, mainly regarding the dynamics of the above
models, it has been noticed that: (i) one cannot say, using just basic arguments, whether a
known dynamical model, on a given network, could or could not undergo a specific phase
transition and (ii) in the case the system does present a second-order phase transition, what
should its universality class be.

Thus, it is worth investigating what kind of dynamic behavior the discrete BChS model
presents when defined on Solomon networks (SNs). In addition, since the BChS model on
SNs, to our best knowledge, has not been treated so far in the literature, it is also beneficial
to compare its new behavior with the previous results obtained using different networks
(and also to compare it with the IM and MVM). Actually, one can further implement Table
3 of Ref. [15]. It should be stressed that the novelty of the SNs over other networks is that
the SNs have a more realistic approach to the behavior of a community of people as soon as
SNs take into account the influence of different types of neighbors one faces, for example,
at home and at work. This is indeed a new ingredient that has not been included in the
lattices, networks, and random graphs studied so far.

Thus, in the present study, the BChS dynamical system on SNs is studied through
the Monte Carlo simulations allied with the finite-size-scaling techniques. The paper is
organized as follows. In Section 2, we briefly present the SNs and the BChS model in its
discrete version, together with the magnetic-like variables considered here, such as the
magnetization, susceptibility and the reduced fourth-order Binder cumulant. Section 2 also
provides with the main ingredients of the Monte Carlo simulations employed to compute
the evolution of the physical variables, which allow understanding the transition type. The
results obtained are presented in Section 3. Section 4 addresses the conclusions and gives
some remarks.

2. Solomon Networks, Biswas–Chatterjee–Sen Model and Monte Carlo
Simulation Details

2.1. Solomon Networks

As mentioned in Section 1, the behavior of people in a community is such that each
person can be influenced by the neighbors and can, at the same time, influence the neighbors.
However, in reality, the neighbors at home differ from the neighbors at the workplace except,
certainly, when everybody works at home. This more general situation can be modeled by
using two different lattices, one representing the home lattice and the other the workplace
lattice. From this general point of view, one can consider linear chains of length L and
N = L sites in one dimension (1D), and square lattices with N = L2 sites in 2D (can be
naturally extended to higher dimensions). If one labels by a site i (1 ≤ i ≤ N) the sites
in the workplace lattice, the home lattice to be labeled P(i), to recognize P(i) is a random
permutation of the order established in the workplace lattice. Thus, each person occupies
two entirely different sites, i and P(i), in the workplace lattice and home lattice, respectively.
A sketch of a part of a Solomon network in two-dimensions is shown in Figure 1. From
Figure 1, one can see that the neighborhood of a site on one lattice is different from the
neighborhood of the corresponding permuted site on the other lattice. The one-dimensional
case can be straightforwardly obtained from Figure 1.

Such a network composed of two chains or two square lattices has been suggested in
Refs. [17,18]. These types of networks are called Solomon networks [19], mainly because
each person is equally shared by two lattices, just as in the King Solomon’s biblical story.
These SNs are also close to small-world networks [20,21]. In this way, within each lattice
we have the proper type of interaction defined by the corresponding model (e.g., IM, MVM,
BChS and others). As a result, the net interaction of the variables defined at site i is a sum
of the corresponding interactions of the site i with its neighboring sites on the workplace
lattice, added to the interactions with the neighbor sites of P(i) on the home lattice.
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i

P(i)

workplace

home

Figure 1. Sketch of a part of Solomon network (SN) in two dimensions. The upper layer represents
the workplace lattice, and the corresponding sites, labeled by i, are given by the full circles. The
bottom layer represents the home lattice, with the corresponding sites labeled by the permutation
P(i) and given by the full squares. The thick (straight) lines represent nearest-neighbor interactions
on each layer. The curved lines specify the resulting random permutation in the home lattice of the
order established in the workplace lattice.

It is worth mentioning here that extensions can be made on the networks as well as
on specific interactions on each lattice. For example, one may introduce some correlation
between residence and workplace lattices, making P(i) not completely random, reflecting
the situation when people select workplaces closer to their homes. More generally, instead
of just representing the workplace and home, the lattices can represent any two types
of groups of people, or even of more than two groups. Different topologies for the two
groups could also be considered. Although all these generalizations indeed warrant further
investigations, in what follows, we consider only random permutations P(i) in order not
to have additional theoretical parameter.

2.2. Biswas–Chatterjee–Sen Model

The BChS model has already been treated on different regular lattices and
networks [5,22–24]. Below, we list just the main ingredients of the model on SNs.

Each site i of SNs (having N sites) has an individual. These individuals have opinion
variables defined by σi(t), at a given simulation time step t, that can take only three different
values, e.g., −1, 0, or +1 . The individual opinions σi(t) are then updated at the following
simulation time t + 1 according to the BChS rules, as follows. (i) First, one initial state is
constructed by randomly choosing one of the three opinion values −1, 0, or +1 for each
site i of the SNs. (ii) Second, a random site i is selected in order to be updated. (iii) Next, a
site j (which has a bond to the previously chosen site i) is selected at random and an affinity,
μij, is ascribed to this ij bond. Note that j, the corresponding site sharing the bond with site
i, can be located either on the workplace lattice or home lattice. This affinity parameter, μij,
is viewed as another discrete variable taking a positive value +1, with a probability q to
be turned negative to −1. In this way, as has been shown in earlier studies [5,22–24], the
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probability q acts, in the end, as an external noise, modeling local discordances. (iv) The
opinion variables are now updated as

σi(t + 1) = σi(t) + μijσj(t) , (1)

σj(t + 1) = σj(t) + μijσi(t) , (2)

where σi(t + 1) and σj(t + 1) are the updated opinion states of the two sites i and j, re-
spectively, at the simulation time t + 1. Note that in these SNs, one sometimes updates
sites that are not necessarily neighbors and can even be far apart. (v) Finally, when the
opinion state σi(t + 1) of any site happens to be out of the interval [−1,+1], this site to
be automatically equal to either +1 or −1 depending on the case of σi(t + 1) > +1 or
σi(t + 1) < −1, respectively.

2.3. Magnetic-like Variables of Interest

Averaging the opinion variables σi(t) over all individuals constitutes an order param-
eter M, given by

M =

∣∣∣∣∣ N

∑
i=1

σi(t)

∣∣∣∣∣/N, (3)

where t is chosen to be large enough for the system having reached the stationary state.
It has been shown that the system undergoes a phase transition, which is driven by
the random configurations, in contrast to the the usual magnetic transitions driven by
temperature. This means that for q < qc, where q denotes the noise probability and qc is
its critical value, M �= 0 and an ordered phase is present, while for q > qc, M = 0 and the
system is in a disordered phase instead. q = qc indicates a second-order phase transition,
in which both ordered and disordered phases become identical and highly correlated ( For
more details, see [12,13,19,25]).

To fully characterize this phase transition, besides the above order parameter, one
can also analyse its magnetic-like quantities, such as the order parameter fluctuation or
susceptibility, χ(q), and the reduced fourth-order Binder cumulant, U4(q), which are given,
respectively, by

M(q) =

[
〈M〉t

]
c
, (4)

χ(q) = N
[
〈M2〉t − 〈M〉2

t

]
c
, (5)

U4(q) = 1 −
[ 〈M4〉t

3〈M2〉2
t

]
c
. (6)

The expressions (4), (5) and (6), where the brackets 〈· · · 〉t stand for time averages
computed after the system has reached the stationary state, and [· · · ]c represents averages
over different initial configurations, to be used in Monte Carlo simulations.

2.4. Monte Carlo Simulation Details

The quantities (4)–(6) were computed as a function of q by using extensive Monte
Carlo simulations on SNs of finite sizes ranging from N = 1000, 5000, 10,000, 30,000,
50,000, 70,000, up to 100,000 for linear chains (1D) and L = 16, 32, 64, 128, 256, up to
512 for square lattices (2D) where in the latter case N = L2. The initial 105 Monte Carlo
steps (MCSs) were discarded where, as described above in this Section, one MCS consists
of randomly choosing N sites of the workplace network. The number of MCSs was found
to be large enough for the systems to reach their stationary state. Next, the following
2 × 105 MCSs were taken to compute the corresponding time averages. On the other hand,
the configurational averages have been obtained by considering 103 (for the larger lattices)
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to 104 (for the smaller lattices), different initial configurations for each set of network size
N and parameter q.

Close to the critical region, where q ∼ qc, and for large networks size N, one can
assume the following finite-size scaling (FSS) relations for the quantities defined in (4)–(6)
(see Ref. [25]),

M(q) = N−β/ν fM(N1/ν(q − qc)), (7)

χ(q) = Nγ/ν fχ(N1/ν(q − qc)), (8)

U4(q) = fU4(N1/ν(q − qc)), (9)

qc(N) = qc + bN−1/ν, (10)

where β, ν, and γ are the critical exponents of the order parameter, the fluctuation of the
order parameter (susceptibility, χ)) and the correlation length, respectively. The functions,
fk(x), with x = N1/ν(q − qc) and k = {M, χ, U4}, are the corresponding scaling functions,
and b is a non-universal constant. The value qc is the corresponding critical noise for an
infinite-size network. Equation (10) is the scaling behavior of the pseudo-critical noise
parameter as a function of the network size N, and qc(N) is estimated here as the q-value
at the peak of the susceptibility.

In Section 3, the scaling laws (7)–(10) are used based on the computed values of the
proper variables from the Monte Carlo simulations in order to obtain a description of the
critical behavior of the model. It should be stressed here that, while for 1D networks, N is
just the number of sites, for 2D networks, N is convenient to replaced with the linear size L.

The scaling equations (7)–(10) are obtained assuming a second-order phase transition,
while, however, stay the same in the case of the first-order phase transition, but with the
lattice dimension replacing the exponents ratios.

3. Results and Discussion

The dependence of the reduced Binder cumulant, U4, on the noise parameter, q, for
several finite size lattices, is shown in Figure 2a, for the (1D) case and in Figure 2b, for the
(2D) case. From Figure 2, one can see that the system indeed undergoes the second-order
phase transition as soon as Equation (9) does not depend on the size of the network and U4
functions cross at the same point for different values of N apart from some finite-size effects,
resulting in qc = 0.215(2) for (1D) and qc = 0.216(2) for 2D. Interestingly, the critical noise,
is almost the same, within the error bars, for both types of lattices. This observation is in
contrast with what one obtains by studying the IM and the MVM on the same networks.
For the IM, one finds: Tc = 2.995(3) on (1D) [26] and Tc = 6.985(4) on 2D [27], where Tc is
the usual critical temperature (here, the number in the parentheses is the statistical error
to the last digit). For the MVM, one finds: Tc = 1.165(4) on (1D) [26] and Tc = 1.915(5)
on 2D [27], where Tc is now the critical social temperature [27]. The above results are also
shown in Table 1.

Equations (7), (8), and (10) can now be exploited to compute the ratios of the critical
exponents using the critical noise, qc, obtained. By computing M(qc), χ(qc), and the
difference, qc(N)− qc, at qc for different values of N, while plotting the values in log scales
as a function of N, a straight line is expected. What distinguishes a second-order phase
transition from a first-order phase transition is the value of the exponents being different
from the dimension of a lattice. The pseudo-transition noise, qc(N), is obtained from the
maximum value of the susceptibility and is discussed in more details just below. The
desired critical exponents ratios are thus straigtforwardly given by the slope obtained from
a linear fit to the data. Typical plots of the above quantities are shown in Figure 3 as a
function of the sizes N in (1D) (Figure 3a–c) and L in 2D (Figure 3d,e) on SNs. From the
alignment of the data in Figure 3, one obtains an additional evidence that corroborates the
transition as indeed to be in the second order case. The critical exponent ratios obtained are
indicated in Figure 3 and listed in Table 2.
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Figure 2. Reduced Binder cumulant, U4, plotted as function of the noise probability, q, for one
dimension (1D) (a), and 2D (b) for different values of the sizes, N (1D) and L (2D), as indicated. The
crossings occur at qc = 0.215(2) (1D) and 0.216(5) (2D), where the numbers in the parentheses show
the statistical errors in the last digit..

Table 1. Critical points (critical value, qc, of the noise probability, q) of the IM (thermodynamical
critical temperature), MVM (critical social temperature) and (BChS) model (critical noise) in (1D) and
2D SNs. The number in the parentheses shows the statistical error in the last digit.

IM MVM BChS

1D 2D 1D 2D 1D 2D

2.995(3) 6.985(4) 1.165(4) 1.915(5) 0.215(2) 0.216(2)

Table 2. Critical exponents ratios, 1/ν, β/ν, γ/ν of the BChS model on SNs. The results obtained
for the IM and the MVM on the same networks from Refs. [26,27] are included for comparison.
The exponents ratio, γ/ν(qmax

c ), represents the results from the maximum of the susceptibility (see
Figure 4d,e). See text for details. The number in the parentheses shows the statistical error in the
last digit.

Model 1/ν β/ν γ/ν(qc) γ/ν(qmax
c )

Linear Chain (1D)

IM [26] 0.52(3) 0.237(4) 0.512(4) 0.515(2)
MVM [26] 0.55(5) 0.223(8) 0.534(3) 0.512(3)
BChS 0.52(5) 0.238(7) 0.511(5) 0.524(6)

Square Lattice (2D)

IM [27] 0.91(3) 0.52(3) 0.97(4) 0.99(3)
MVM [27] 0.91(2) 0.50(2) 1.00(2) 0.99(2)
BChS 0.92(4) 0.53(4) 1.02(4) 1.06(7)
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Figure 3. Log-log plot of the order parameter, M(qc) (a,d), the susceptibility, χ(qc) (b,e), and the
magnitude of the displacement, qc(N)− qc (c,f), as a function of N (1D) and L (2D), on SNs. All
quantities are computed at the extrapolated critical noise parameter, qc, for the corresponding
dimension. The ratios of the critical exponents, β, γ and ν, are shown being obtained from the slopes
of the linear fits (red lines) to the data.

So far, Equations (7)–(9) have been used only to obtain the critical noise and the critical
exponents. However, the equatons can be further exploited to obtain the corresponding
universal scaling functions, fk(x), by analyzing the Monte Carlo data in a still wide-
enough range of q. This means that when the scaled-order parameter, MNβ/ν, the scaled
susceptibility, χN−γ/ν, and the reduced Binder cumulant, U4, are plotted as a function of the
scaled noise probability displacement, (q − qc)N1/ν, the data collapse to a corresponding
universal scaling function each. Figure 4 shows that indeed the collapse is observed for the
listed scaling quantities in (1D), see Figure 4a–c, and in 2D, see Figure 4d,e, (recall that for
the 2D case, N is replaced by L). The collapse shown in Figure 4 indicates the transition is
indeed of a second order. Moreover, the computed critical exponents seem to be accurate,
based on the present simulations.

Interestingly, the susceptibility, χ(q), presents a pronounced peak for q close to the
noise transition value qc, as is depicted in Figure 4b for (1D) and Figure 4e for 2D. This
means that one has, at qmax

c , a peak with value χ(qmax
c ) for any of the network sizes, N or

L. Thus, qmax
c is assumed to be the pseudo-critical noise used in Figure 3c,f, and χ(qmax

c )
can also be used in Equation (8) to obtain another estimate of the critical exponents ratio,
γ/ν. Comparing the results in the fourth and fifth columns of Table 2, one can see that
the collapse estimate of γ/ν is well comparable with the critical exponents finding (fourth
column in Table 2).
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Figure 4. Collapse of the data for the BChS model on SNs of the scaled-order parameter, MNβ/ν

(a,d), the scaled susceptibility, χN−γ/ν (b,e), and the scaled reduced Binder cumulant, U4 (c,f) as
functions of the scaled displacements, (q − qc)N1/ν, in (1D) (a–c) and (q − qc)L1/ν in 2D (d–f) for
different values of the network sizes, N and L, as indicated.

4. Concluding Remarks

In this paper, the discrete version of the BChS model, defined on one- and two-
dimensional SNs, has been studied through extensive Monte Carlo simulations. The
variables of the model, coming from the order parameter, have been computed for several
values of the local consensus controlling parameter and different network sizes in both
dimensions. The finite-size-scaling approach indicates that the system undergoes a second-
order phase transition, as soon as the critical exponents and critical ratios certainly differ
from the dimension of the network (which would imply a first-order transition instead).
However, contrary to the findings in IM and MVM on the same networks, the critical noise
values are found to be the same, within the statistical error, for both dimensions.

The independence of the critical point on spatial dimension is quite striking. Certainly,
longer simulations would allow to positively detect the obtained equality with smaller
statistical errors. Let us note that the critical noise in 2D is slightly larger than in (1D). We
consider the simulations in 3D Solomon lattices to better clarify on this intriguing finding.

The BChS model in regular 1D lattices, like the IM, does not have a finite critical
point. This is an expected result in classical models with short-range interactions. However,
in SNs, these models can sustain an order for finite noise or finite temperatures. This
transition could be associated with the fact that despite being in one dimension, due to
the permutation of the sites in one of the lattices, the interactions turn out to be longer
ranged, in a way that can induce a finite noise or finite temperature phase transition (recall
that the 1D IM, where all spins interact with each other, has a phase transition with mean-

226



Physics 2023, 5

field critical exponents). From Figure 1, one can realize that the SNs present the effective
dimensionality which is higher than the corresponding embedding dimensionality.

The computed critical exponents of the BChS model on SNs are different from those
obtained on regular 2D and 3D lattices [28], and are also different from those on other
networks and random graphs [15]. As discussed in Section 1, this looks a general trend in
these topologies, because even the existence of a phase transition is not straight enough to
predict using just physical grounds. Nevertheless, the results conveyed in Table 2 strongly
suggest that the BChS model, the IM and MVM fall all in the same universality class when
defined on the SNs. The longer-ranged interactions may be a reason that all three models
belong the same universality class. Recall that the mean-field approximation is obtained
when long-range interactions are present and the exponents are independent of the model
type. In addition, this may be the universality class of other similar systems in sociophysics.
For completeness, we extend Table 3 of Ref. [15] by including the new universality class of
the BChS model on SNs; see Table 3.

Table 3. Extension of Table 3 of Ref. [15] by including the universality class of the BChS model, IM
and MVM on SNs, as obtained in the present study. The “proper class” indicates that the exponents
are different from any known model. z represents the connectivity of the network or random graph.

Discrete Biswas–Chatterjee–Sen Model

Lattice or Network Universality Class Ref.

Fully connected Mean field [5]
Regular dimension-D d-Dimensional IM [28]

Apollonian proper class [22]

Barabási-Albert Proper class [15]z-dependent exponents

Directed Barabási-Albert MVM [23]z-dependent exponents

Erdös-Rènyi Proper class [24]z-dependent exponents

Directed Erdös-Rènyi Proper class [24]z-dependent exponents

Small world z → ∞ either of [24]Erdös-Rènyi graphs

Solomon Proper class This paperincluding IM and MVM

Continuum Biswas–Chatterjee–Sen model

Fully connected Mean field [5]
Regular dimension-D d-Dimensional IM [28]
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Abstract: Social physics (or sociophysics) offers new research perspectives for addressing social issues
in various domains. In this study, we explore the decision-making process of doctoral graduates
during their transition from graduation to employment, drawing on the ideas of sociophysics. We
divide the process into two decision steps and propose a generative model based on appropriate
assumptions. This model effectively reproduces empirical data, allowing us to derive essential
parameters that influence the decision-making process from empirical observations. Through a
comparison of the best-fit parameters, we discover that doctoral graduates in business disciplines
tend to exhibit more concentrated employment choices, while those in computer science and history
disciplines demonstrate a greater diversity of options. Furthermore, we observe that universities
consider factors beyond rankings when selecting doctoral graduates.

Keywords: sociophysics; faculty hiring network; decision-making behavior; generative model

1. Introduction

The exploration of the laws governing social dynamics is a complex and diverse
long-term process for humanity, involving numerous disciplines and fields. Contributions
to the study of social dynamics have been made by various disciplines, including eco-
nomics, political science, sociology, psychology, physics, and other disciplines. Despite
many disciplines attempting to understand the dynamics of social systems, progress in
understanding society has been slow for a considerable period. The main reason for this
is the presence of human factors within social systems. The decision-making behavior of
individuals and their interactions with others contribute to the complexity of social systems.
In situations where traditional data are difficult to obtain, many analyses remain qualitative
in nature [1,2].

There is a new idea utilizing statistical physics that considers individuals as entities and
accounts for human behavior to understand the underlying mechanisms of human social
behavior [3,4]. Human activities are a simple extension of the “natural order”, and applying
natural laws can uncover the intrinsic rules followed by human activities. Building upon
the groundbreaking contributions of scientists such as Auguste Comte, George Kingsley
Zipf, and John Quincy Stewart, Serge Galam introduced the concept of “sociophysics” [5].
Galam proposed a theoretical framework called “social models” to explain the formation
and evolution of social phenomena and collective behavior [6]. He used physics to study
hierarchical systems, voting in group decisions, stability and fragmentation of alliances
between nations, minority opinion propagation, and rumor phenomena. Over the past
few years, sociophysics has evolved into a multidisciplinary field. It provides a relatively
objective and normative epistemological path and principles in studying social science
issues such as political science, economics, and communication, revealing the structure
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and behavioral patterns of social systems at various scales (from individuals to the societal
level) and capturing the regularities of long-term societal evolution [7,8].

The complexity of social systems arises from the decision-making behaviors of indi-
viduals and the interactions among people. Understanding the underlying mechanisms
of human decision-making behavior becomes a powerful tool for expanding thinking
and guiding practice. We focus on the social issue of employment decisions for doctoral
graduates. Scientific discovery requires the capacity to seek, nurture, and combine internal
and external sources of knowledge. Universities, in particular, serve as vital “containers”
for the advancement and integration of this knowledge [9], the employment of doctoral
graduates as faculty members is a crucial aspect of this continuous cycle. Faculty hiring
decisions determine the composition of the academic workforce and directly impact educa-
tional outcomes, career trajectories, and the development and dissemination of ideas [10].
Based on principles from sociophysics, we propose a generative model to simulate the
decision-making process of doctoral graduates’ employment in higher education insti-
tutions. We investigate this decision-making process by dividing it into two stages: the
application process, where graduates submit resumes to universities, and the recruitment
process, where universities consider and hire applicants. Since individual behaviors are
mostly determined by their local contexts and internal psychology [11], we analyze the
model’s parameters to understand the psychological characteristics of doctoral graduates’
job-seeking and universities’ recruitment processes. The remaining sections of this paper
are organized as follows. In Section 2, we first introduce the data source and distribution
characteristics, followed by the construction of the generative model. In Section 3, we
estimate and compare the parameters of the generative model. Finally, we summarize and
discuss the paper in Section 4.

2. Materials and Methods

2.1. Data Sources

In this paper, we use the university faculty hiring data [12] of PhD graduates collected
in Ref. [13] covering the three disciplines of computer science, business, and history. The
relevant data information of various disciplines is shown in Table 1, including hundreds
of universities in each discipline and the flow of tenure or tenure-track faculty between
them, as well as the number of universities ranked in U.S. News & World Report and
USA National Research Council (NRC) for each discipline. In detail, each tenure-track
faculty was composed of a pair of graduating colleges and in-service colleges in the U.S.
universities or institutions.

Table 1. Data summary for computer science, business, history and organization rankings [12].

Computer
Science

Business History

No. of institutions 205 112 144
No. of regular faculty 5032 9336 4556
Mean size of faculty 25 83 32
No. of ranking university by U.S. News &
World Report

153 111 143

No. of ranking university by USA National
Research Council (NRC)

103 - 122

2.2. Empirical Evidence of Asymmetric Distribution Jump

To obtain a distribution of ranking differences, one first needs a university ranking.
Unfortunately, a universally recognized objective and fair ranking does not currently
exist. In the present study, we use rankings from some authoritative organizations for the
following reasons: Authoritative organizations invest a significant amount of funds and
resources in ranking processes to ensure the accuracy and objectivity of the results [14]. The
rankings generated by these organizations are widely trusted and used by students and
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individuals in the education field. Students often rely on these rankings to make decisions
regarding their choice of universities, highlighting the influential role that authoritative
rankings play in the decision-making process [15]. In this study, we adopted the rankings
provided by the U.S. News & World Report and NRC as the reference rankings. In addition,
these two organizations’ rankings are considered relatively objective, and the Pearson
correlation coefficient between the two rankings exceeds 0.8.

Based on the collected authoritative rankings, we analyze the distribution characteris-
tics of ranking differences in the empirical data. u represents the authoritative ranking of the
university where the doctoral graduate obtained their doctoral degree, and v represents the
authoritative ranking of the university where the doctoral graduate is employed. r = v − u
indicates the difference in rankings between the university where the doctoral graduate is
employed and the university from which they obtained their doctoral degree. It is worth
noting that smaller values of u and v correspond to higher rankings, indicating that the
university is better, while larger values correspond to lower rankings, indicating that the
university is worse. The function p(r) represents the probability of a rank difference of r.

As shown in Figure 1a–e, the distribution of ranking differences exhibits consistent
patterns across different disciplines and authoritative rankings. The ranking differences
are concentrated around 0, indicating that doctoral graduates tend to choose institutions
for employment that are close in ranking to their own university. This trend is further
highlighted by all the data exhibiting a prominent peak at r = 0, with 60% of doctoral
graduates in the history field, 77% in the business field, and 44% in the computer science
field being attributed to them remaining at their alma mater (the university they graduated
from) for employment. The distribution also displays asymmetry, with lower frequencies
on the left side and higher frequencies on the right side. Positive ranking differences on the
right side indicate that doctoral graduates from higher-ranked universities tend to work in
lower-ranked universities, while negative ranking differences on the left side represent the
opposite situation.

Figure 1f reveals that over 60% of graduates go to universities that are lower in ranking
than their alma mater (r > 0), while only a small number of graduates are able to secure
employment in universities that are higher in ranking (r < 0). This empirical evidence is not
an isolated finding; similar characteristics have been observed in Ref. [10] across the entire
academic community and in eight different domains. The Minimum Violation Rankings
(MVR) model developed in Ref. [13] is based on the core assumption that doctoral graduates
tend to move more easily from higher-ranked universities to lower-ranked universities,
while the reverse movement is less likely. The model introduces the concept of “reverse
arcs”, which are instances where doctoral graduates move from lower-ranked universities
to higher-ranked universities for employment, contrary to the general trend. The goal of
the MVR model is to minimize the number of these “reverse arcs” in a stable doctoral
graduate transition-to-employment network, thereby providing rankings of university
prestige that align with the observed data. We utilize this characteristic as the basis for our
subsequent modeling.

2.3. Generative Model Based on the Process of Doctoral Employment

We decompose the faculty recruitment process into two consecutive processes: grad-
uates selecting their employer and schools selecting candidates. By setting the selection
probabilities for these two processes, we obtain the final joint probability density distribu-
tion and generate flow data accordingly.

2.3.1. Two Decision-Making Processes in the Graduation-Employment Process

By observing the distribution of empirical data, one can see that the ranking dif-
ferences of doctoral graduates’ employment institutions exhibit asymmetric distribution
characteristics. Upon closer analysis, we determined that the mobility of doctoral graduates
is not solely determined by one party, but rather the result of a mutual decision-making
process involving both parties. As shown in Figure 2, a transition from u to v indicates the
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following: First, a doctoral graduate who graduated from university u has applied for a job
to university v, and subsequently, university v has approved the student’s job application.

Figure 1. Asymmetry in ranking differences among disciplines in authoritative rankings. r = v − u
indicates the difference in rankings between the university where the doctoral graduate is employed
and the university from which they obtained their doctoral degree. (a–c) The distribution of ranking
differences between doctoral graduates’ working institutions and their alma maters in the fields of
history, computer, and business, respectively, based on the authoritative ranking by U.S. News &
World Report. (d,e) The distribution of ranking differences in the fields of history and computer
science, respectively, based on the authoritative ranking by the USA National Research Council
(NRC). (f) The proportion of hierarchy transitions in real data across different disciplines under
various authoritative rankings. The data is obtained from Ref. [12].
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Figure 2. The process of a PhD graduate flowing from u to v can be divided into two subprocesses.

When doctoral graduates choose their place of employment, they pay attention to the
differences between their alma mater and the prospective employer university. Due to the
broad impact of prestige, better universities have access to more resources, are more likely
to gain recognition in the academic community, and often have higher paper acceptance
rates [10]. As a result, doctoral graduates tend to prefer employment opportunities at these
higher-ranked universities, that is, universities with smaller values of v.

However, doctoral graduates do not rashly apply to top-tier universities considering
the costs involved in the application process. When deciding which university to apply
to, the graduates speculate on the response they might receive. The graduates are aware
that universities generally prefer candidates from higher-ranked institutions. If there is a
significant disparity between their alma mater and the target university, there is a higher
likelihood of rejection. In light of this, graduates tend to take a conservative approach and
apply to universities similar in ranking to their own. The graduates are unwilling to apply
to lower-ranked institutions, while they recognize the difficulty of securing a position at
higher-ranked institutions. Here, we assume that the ranking difference, r, between the
graduate’s employment institution and their alma mater follows a normal distribution,
N(0, σ2), with a probability density given by

p1(r) ∝
1√
2πσ

e−
r2

2σ2 . (1)

To facilitate our analysis, we set the selection standard deviation for all students
as σ. Notably, as the selection standard deviation increases, the perceived differences
between universities diminish in the eyes of doctoral graduates, and their preferences for
specific universities become less pronounced. Conversely, when σ is relatively small, PhD
graduates exhibit clear preferences and tend to select universities with rankings similar to
their alma mater.

From the perspective of universities, it is indeed true that employers believe that
universities with higher prestige have access to better resources to nurture their students.
Moreover, doctoral graduates from more prestigious universities are perceived to possess
a higher quality. Therefore, universities naturally tend to prioritize applications from
students coming from more prestigious institutions. This preference for prestigious uni-
versities reinforces their central role in disseminating ideas, shaping academic norms,
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and influencing broader culture [10]. Therefore, we assume that the selection of doctoral
graduates by universities follows an “S”-shaped function, which can be specified as

p2(r) ∝
1

1 + e−
r+Δ

T
. (2)

Similarly, r represents the rank difference between the university with recruitment
needs and the graduate’s graduation university. Δ is an adjustable displacement parameter,
and T represents the degree of irrationality. Δ and T are used to adjust the degree of
influence of the rank difference on the probability of selection. When r + Δ > 0, the
university considers the student to be from a better university and is more willing to
offer to them, resulting in a higher selection probability. Conversely, when r + Δ < 0, the
university perceives the student to be from a lower-ranked university, leading to a lower
selection probability. As soon as T represents the degree of irrationality, a smaller value
of T indicates greater rationality of the universities. In this case, universities are almost
unwilling to select students from lower-ranked universities. Conversely, a larger value
of T suggests lower rationality of the universities. Although universities still tend to hire
doctoral graduates from higher-ranked universities, they also consider exceptional doctoral
graduates from slightly lower-ranked universities.

2.3.2. Simulation Process of the Generative Model

We decompose the faculty recruitment process into two consecutive processes: student
selection of schools for job applications and school selection of whether to give an offer to
the student. After both students and universities have gained knowledge of their own and
other institutions and have transformed this knowledge into selection probabilities, we
generate flow data through a generative mechanism. As shown in Figure 3, the specific
generation process is as follows:

(1) We assume there are M schools ranked from 1 to M based on their prestige, with lower
ranking values indicating better schools. We generate N graduates for each school.

(2) We randomly select a student who chooses a school to submit their resume using a
roulette wheel selection method based on the probability p1(r), where the standard
deviation is a tunable parameter.

(3) After receiving the student’s resume, the school decides whether to give an offer to
the student based on the probability p2(r).

(4) If the university extends an offer, we record the ranking of the student’s alma mater
u and the ranking of the university that extended the offer v. We repeat steps (2) and
(3) until all students have made their choices.

The simulated data obtained from the generative model are presented in Section 3.

2.3.3. Theoretical Analysis of the Model

The two decision-making behaviors in the above simulation process come from dif-
ferent entities, assuming that these two decision processes are independent of each other.
When there are large values of M and N, one can use mean-field analysis to obtain an
expected value of the simulation result, denoted as p(r):

p(r) =
p1(r) · p2(r)

∑r p1(r) · p2(r)
=

1√
2πσ

e−
r2

2σ2 · 1

1+e−
r+Δ

T

∑r

(
1√
2πσ

e−
r2

2σ2 · 1

1+e−
r+Δ

T

) . (3)

When Δ = 0, based on Equation (3) one can see see that as r approaches zero, the
joint probability, p(r), increases, indicating that doctoral graduates are more likely to enter
schools with rankings similar to their alma mater. Conversely, as r deviates from zero,
p(r) decreases, suggesting that the probability of doctoral graduates entering schools with
a large ranking difference from their alma mater decreases. The distribution of p(r) is
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asymmetric and exhibits a characteristic of being high in the middle and low on both sides.
The specific impact of the parameters on p(r) are discussed in Section 3.

Figure 3. Flowchart of the generation model.

3. Results

3.1. Impact of Parameters on the Generative Model

In this Section, we discuss the effects of three parameters in the model by examining
the changes in the joint probability distribution. For the purpose of comparison, p1(r),
p2(r), and p(r) are plotted together to observe the relationship between the probabilities of
individual decisions and the overall process, as shown in Figure 4.

Here, σ represents the concentration level in student choices. When σ is small, students
tend to prefer schools with rankings close to their own alma mater. When σ is large, students
tend to consider rankings more extensively when selecting the schools to which they want
to apply. In Figure 4b, schools dominate the entire recruitment process.
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The parameter Δ represents the tolerance level of schools when making offers, which
describes the degree to which schools are willing to give offers to doctoral graduates from
lower-ranked institutions when selecting students. Smaller values of Δ result in a right-
skewed probability density of school choices, leading to a right-skewed joint probability
density. As shown in Figure 4c, most students end up in schools with lower rankings than
that of their own alma mater. Conversely, when Δ is large, schools have a higher tolerance
for doctoral graduates from lower-ranked institutions, as depicted in Figure 4d, and almost
give offers to all students. In this case, students become the dominant factor in the entire
recruitment process.

Figure 4. The impact of parameters σ (a,b), Δ (c,d), and T (e,f) on p1(r), p2(r), and p(r). See text
for details.

The parameter T reflects the degree of importance that universities place on school
rankings when making job offers to applicants. As illustrated in Figure 4e, when the
irrationality level, T, is small, this indicates a higher level of rationality, with schools
attaching more importance to rankings and rarely giving offer to students from lower-
ranked institutions. Once the rank difference becomes negative, the selection probability
experiences a sharp decline, and schools tend to choose students from higher-ranked
alma maters. On the other hand, when the irrationality level T is large, as shown in
Figure 4f, schools prioritize other factors beyond rankings, such as students’ comprehensive
qualities and actual abilities. Importantly, the term “irrationality” here does not imply
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that schools’ decisions are irrational. Rather, it suggests that schools are more likely to
consider nonranking factors when making decisions, such as students’ overall qualities
and practical abilities.

3.2. Parameter Estimation for Empirical Data

We identify the optimal fit parameters for p(r) by adjusting the parameters to minimize
the Kolmogorov–Smirnov (KS) statistic between the actual ranking difference distribution
and p(r). Then, we use these best-fitting parameters to generate simulation data by using
the generative model.

Figure 5 illustrates the actual ranking difference distribution, the joint probability
distribution, and the distribution of ranking differences in the simulation data. The blue
solid line represents the joint probability density distribution curve, while the red circle
represents simulation data generated based on the joint probability density. The joint
probability density curve captures the similar distribution characteristics of the actual data
rank differences: high probability in the middle and low probability on both sides, with a
faster decrease in probability on the left and a slower decrease on the right.

Table 2 displays the optimal fit parameters for the three domains across various ranking
authorities. By comparing the best-fit parameters obtained from two authoritative rankings
in each domain, we observe a consistent pattern. These parameters can to some extent reflect
the decision-making process of students in job seeking and schools in offering admissions.

As shown in Table 2, from the perspective of students, the standard deviation, σ, of
the selection distribution is relatively consistent for computer science and history majors,
and they are noticeably larger compared to that for business. This indicates that doctoral
graduates in the field of business tend to have more concentrated employment choices.
In other words, doctoral graduates in the business field prefer to choose universities with
smaller ranking differences from their alma mater, while the choices of doctoral graduates
in computer science and history are more diverse.

From the perspective of universities, the offset values, Δ, in all three fields are positive.
A positive Δ indicates that universities have a certain level of tolerance for graduates from
slightly lower-ranked institutions. This means that universities consider the actual abilities
of doctoral graduates when selecting them, rather than solely focusing on the ranking of
their alma mater. The appropriate value of T also suggests that universities consider factors
other than just rankings.

Table 2. The best-fit parameters of a generative model. See text for details.

Authoritative Ranking Parameter
Computer

Science
Business History

U.S. News & World Report
σ 71 45 69
Δ 12 12 4
T 35 51 31

NRC
σ 58 - 65
Δ 18 - 8
T 13 - 41
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Figure 5. Comparison between the generative model and real data: (a–c) the fields of history,
computer, and business, when ranked by U.S. News & World Report; (d,e) the fields of history and
computer, when ranked by NRC; and (f) the proportion of hierarchy transitions of the simulation
data across the various disciplines under different authoritative rankings.

4. Discussion

This study is an attempt to analyze the decision-making process of doctoral gradu-
ates in job searching based on the perspective of sociophysics. The process of graduates
transitioning from graduation to employment is divided into two steps, and a generative
model is proposed based on appropriate assumptions. This model effectively reproduces
empirical data and allows for the estimation of important parameters that influence the
decision-making process from the empirical data. Among these parameters, σ is related
to the diversity of students’ resume submissions, Δ reflects the tolerance of universities
toward the ranking of graduates’ alma mater, and T represents the degree of irrationality
in university decision-making. By comparing the best-fitting parameters, we found that
doctoral graduates in business fields have more concentrated employment choices, while
graduates in computer science and history fields have broader preferences. Furthermore,
universities consider factors beyond rankings when selecting doctoral graduates.

Understanding the mechanisms behind human decision-making can broaden our
thinking and can guide practical applications. This research provides an initial exploration
by proposing a generative model, aiming to inspire further research on decision-making
problems in other social systems. Furthermore, with the extended application of this model,
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it is possible for us to directly obtain the public perception of the excellence levels of various
universities from graduation-to-employment data, even in the absence of authoritative
ranking information. This approach can also be applied to other domains, such as national
residency rates or corporate competitiveness.

The analysis presented here, included faculty members from different ranks, which
indeed may have some influence on our conclusions. However, we strongly believe that the
choice of doctoral institution reflects graduates’ academic achievements and capabilities,
playing a significant role in determining their subsequent employment destinations. This
belief is further validated by the study in Ref. [13], where the MVR model predicts
university rankings and demonstrates a strong correlation with authoritative rankings,
highlighting the significance of doctoral graduates’ backgrounds in shaping their career
paths. Further detailed discussions on this topic remain open for researchers to explore.
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under Time-Fluctuating Influences
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Abstract: We study the effect of time-fluctuating social influences on the formation of polarization
and consensus in a three-party community consisting of two types of voters (“leftists” and “rightists”)
holding extreme opinions, and moderate agents acting as “centrists”. The former are incompatible
and do not interact, while centrists hold an intermediate opinion and can interact with extreme
voters. When a centrist and a leftist/rightist interact, they can become either both centrists or both
leftists/rightists. The population eventually either reaches consensus with one of the three opinions,
or a polarization state consisting of a frozen mixture of leftists and rightists. As a main novelty, here
agents interact subject to time-fluctuating external influences favouring in turn the spread of leftist
and rightist opinions, or the rise of centrism. The fate of the population is determined under various
scenarios, and it is shown how the rate of change of external influences can drastically affect the
polarization and consensus probabilities, as well as the mean time to reach the final state.

Keywords: sociophysics; voter models; stochastic processes; polarization; consensus; mean exit time;
fluctuations; noise

1. Introduction

The relevance of parsimonious individual-based models to describe social phenomena
at micro and macro levels has a long history [1–3]. In the last few decades, “sociophysics”
has grown as a research field that aims at studying collective social behaviour, such as
the spread of opinions or the dynamics of cultural diversity, using models and methods
from statistical physics [3–14]. Typical questions in sociophysics concern the conditions
under which consensus, or long-term opinion diversity, emerges in a population of agents
(“voters”) whose states (“opinions”) change as they interact.

The voter model (VM) [15], closely related to the Ising model [16], has been commonly
used to describe how consensus ensues from the interactions between neighbouring voters.
In fact, while the classical two-state VM is arguably the simplest and most popular model
of opinion dynamics, it rests on a number of oversimplifying assumptions: voters are
endowed with only two possible states, they are blind to any external stimuli, have zero
self-confidence and are all identical. In reality, members of social communities respond
differently to stimuli, as they can interact in groups [1,17–19], and are usually characterised
by multiple attributes [20–24]. In light of this, many generalizations of the VM have been
proposed: for instance, “zealotry” was introduced in various forms to endow voters with
different levels of self-confidence [25–36], while group-size influence is notably captured
in the nonlinear q-voter model [37] and its variants [38–46]. It has also been noted that in
many cases only some of the attributes characterising agents are actually compatible for
social interactions [20,24,47–51]. It was thus suggested that agents whose opinions are too
different would not interact, while voters holding close opinions can interact and attain a
global consensus. This motivated the study of multi-state VMs, such as the constrained
three-state voter model (3CVM) of Refs. [52–54], which is a discrete version of the bounded-
compromise model [47–51]. In the 3CVM, incompatible “leftist” and “rightist” voters can
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only interact with “centrists”, and the final outcome is either consensus with one of the
three parties, or a polarized state consisting of mixture of leftists and rightists. In the latter
case, the population is stuck in a frozen state of “polarization” in which leftists and rightists
hold uncompromising opinions.

In addition to interactions among agents, external stimuli or influences, especially
social media and news sources, play an increasingly important role in shaping the social
environment that in turn affects the collective social behaviour [1,55–61]. Yet, with some
recent remarkable exceptions [62–65], the role of social influences is still rarely modelled in
sociophysics. Actually, sources of news play both a crucial, yet complex and multifaceted,
role in influencing public social behaviour. They are typically characterised by opposing
viewpoints, or agenda, that often change over time and can in turn favour consensus
or polarization. It is also worth noting that voter-like models subject to a time-periodic
external field have recently been studied in the context of economic networks [66,67].

How do the opinions of a social community evolve in a volatile and time-fluctuating
environment? Inspired by this question, here, we introduce a generalization of the con-
strained three-state voter model [52–54] in the presence of binary time-fluctuating external
influences. In the same vein as in population dynamics [68–81], for the sake of simplicity,
we assume that the media influences endlessly switch from favouring the spread of po-
larization to promoting centrism, and vice versa. The goal of this work is to determine
the fate of the population under various scenarios, and in particular to study how the
time variation of the external influences affects the probability to reach polarization or a
consensus, as well as the mean time for the population to settle in its final state.

The plan of the paper is as follows: The general formulation of the model is introduced
in the next Section. Section 3 is dedicated to a thorough study of the polarization and
consensus probabilities. Section 4 focuses on the study of the mean exit time. Section 5 is
dedicated to a discussion of the results and to the conclusions. Technical details, includ-
ing useful results in the absence of external influences, and possible generalizations and
applications are discussed in three Appendices.

2. Three-State Constrained Voter Model under Binary Time-Fluctuating Influences

We consider a well-mixed population of N individuals consisting of NR “rightists”,
or R-voters, NL “leftists”, or L-voters, and NC “centrists”, or C-voters, with N = NL +
NR + NC. In the voter model language [7–9,13,15], R and L represent extreme opinions,
while C-voters hold an intermediate opinion. In the three-state constrained voter model
(3CVM) [53,54], an agent selected at random tries to interact with one of its neighbours,
that is any other randomly picked voter, at each microscopic update attempt. When the two
agents hold the same opinion or if it is a pair of leftist–rightist (LR or RL), nothing happens.
However, if the pair is a centrist C and an L or an R voter (LC, CL, RC or CR), the initial
agent adopts the opinion of the neighbour with a probability that depends on the external
influences whose effect is encoded into the random variable ξ(t) that fluctuates with the
time t; see below in this Section and Figure 1. Hence, while the interactions between L
and R voters and centrists C now change in time with ξ, L and R remain incompatible
and the system’s final state is, as in the static 3CVM, either a consensus state or a state of
polarization consisting of a frozen mixture of leftists and rightists [53,54]; see below in this
Section.

The main novel ingredient of this study is the modelling of time-fluctuating social
influences by means of the coloured dichotomous (telegraph) noise ξ(t) ∈ {−1, 1} [72–74];
see Figure 1. The process ξ(t) simply encodes all the complex effects of social environment
and external influences in the endless random switching between two states: here, ξ = 1
corresponds to external influences favouring L and R opinions (spread of polarization),
whereas ξ = −1 favours centrism C (compromise between L and R). Here, the dichotomous
noise ξ is always at stationarity, and switches from ±1 to ∓1 according to

ξ −→ −ξ, (1)
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with a rate (1 − δξ)ν, where ν is the average switching rate [77], and 1 < δ < −1 denotes
the switching asymmetry. Accordingly, the average time spent in state ξ = ±1 before
switching to −ξ is 1/(1 ∓ δ)ν (symmetric switching occurs when δ = 0), see Figure 1a–c.
At stationarity, ξ = ±1 with probability (1 ± δ)/2 [72–74], and its (ensemble-)average is

〈ξ(t)〉 = δ, (2)

while its autocorrelation is 〈ξ(t)ξ(t′)〉 − 〈ξ(t)〉〈ξ(t′)〉 = (1 − δ2)e−2ν|t−t′ |.

Figure 1. Illustration of the 3CVM under binary social switching ξ → −ξ at rate (1 − δξ)ν (where ν

is the average switching rate and δ the switching asymmetry). (a) ξ(t) versus time t when δ > 0:
most time is spent in social state ξ = 1 favouring polarization. (b) ξ(t) versus t when δ < 0: most
time is spent in social state ξ = −1 favouring centrism. (c) ξ(t) versus t when δ = 0: switching is
symmetric and the same average time is spent in ξ = ±1. (d) When ξ = 1 there is a bias favouring
the spread of L (leftists) and R (rightists): LC → LL and RC → RR are the reactions with the highest
rate, (1 + b)/2 (where b denotes the social influences bias). The social environment ξ = −1 favours
the spread of centrism: the reactions LC → CC and RC → CC have the highest rate, (1 + b)/2, under
ξ = −1. See text for details. In (a)–(c), initially ξ(0) = 1.

The 3CVM switching dynamics is therefore defined by the four reactions: LC → LL
and RC → RR, corresponding to the spread of extreme opinions at rate (1 + bξ)/2, and
LC → CC and RC → CC, with centrists replacing L and R voters at rate (1 − bξ)/2. Here,
0 < b < 1 denotes the social influences bias favouring polarization when ξ = 1 and
centrism in the social environment ξ = −1. The 3CVM switching dynamics can thus be
schematically described by the following reactions occurring at each time increment:
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Figure 2. Illustration of the 3CVM dynamics in the simplex �+ r + c = (NL + NR + NC)/N = 1.
Circles show the consensus (absorbing) states all-L (1, 0, 0), all-R (0, 1, 0), and all-C (0, 0, 1), and
the initial condition is (x, y, z). The thick line indicates polarization state (pol-LR) consisting of a
frozen mixture of L and R voters made up of a fraction � = NL/N of L-voters coexisting with an
incompatible fraction 1 − � of R-voters. Dashed lines are typical trajectories: the dynamics ceases
when the line pol-LR is reached (polarization with probability PLR), or when there is consensus by
reaching one of absorbing states all-L, all-R or all-C (with respective probabilities PL, PR and PC).
Once a trajectory reaches the line � = 0 or r = 0, the evolution is restricted on � = 0, r = 0 until there
is a consensus. As ξ(t) varies, the dynamics favours in turn the spread of L and R (ξ = 1) or that of C
(ξ = −1). See text for details.

LC −→ LL rate :
1 + bξ

2
, LC −→ CC rate :

1 − bξ

2
,

RC −→ RR rate :
1 + bξ

2
, RC −→ CC rate :

1 − bξ

2
,

where ξ and the rates endlessly fluctuates according to Equation (1). The dynamics of the
switching 3CVM is therefore the Markov chain defined by the transition rates (A1) and
master Equations (A2) and (A3) [82]; see Appendix A.1. The 3CVM switching dynamics
is characterised by three consensus/absorbing states NR = NC = 0 (all-L), NL = NC = 0
(all-R), NL = NR = 0, NC > 0 (all-C), and by the polarization state (pol-LR) where
NL + NR = N, NC = 0; see Figure 2. As in the absence of external influences, the final state
of the population is therefore guaranteed to be either one of the consensus/absorbing states
or pol-LR [53,54].

It is worth noting that the approach considered here bears some similarities with the
two-party model of Refs. [62,63]. However, there are also important differences: first, in the
3CVM, the polarization state corresponds to a frozen mixture (while it is an active state
in Refs. [62,63]). Moreover, external influences are here assumed to fluctuate endlessly in
time, rather than by establishing a certain number of connections with voters. It is also
interesting to notice that the effect of an exogenous time-varying influence has recently
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been studied in the context of economic networks [66,67]. The ensuing dynamics derived
also from an Ising-like (voter-like) model subject to a time-dependent external field [66,67]
has been shown to lead to rich dynamics characterized by hysteresis [83], which is not
a phenomemon exhibited by the 3CVM switching dynamics. This stems from the fact
that Equation (A4) differ from those governing the mean-field dynamics in Refs. [66,67]
for not having any non-noisy linear terms, and for the exogenous time dependence being
stochastic (via the multiplicative dichotomous noise ξ(t)) rather than periodic.

3. Final State: Polarization and Consensus Probabilities

In its final state, the population is either in the polarized state pol-LR, or in one of its
three absorbing/consensus states (all-L, all-R or all-C); see Figure 2. Here, PLR denotes
the probability to end up in the polarized final state pol-LR. The probabilities to reach the
absorbing/consensus states all-C, all-L, and all-R are, respectively, denoted by PC, PL and
PR. The density of voters of each type is � ≡ NL/N, r ≡ NR/N and c ≡ NC/N = 1− �− r,
and initially the population consists of densities x, y, z = 1 − x − y of L, R and C voters,
respectively.

In the absence of environmental switching, the probabilities of ending in any of the
absorbing/consensus or polarization states were found to depend non-trivially on the
parameter s ≡ Nb and (x, y, z) [53,54]; see Appendix B. Here, we are interested in finding
how PLR, PC, PL and PR, as well as the final densities (�, r, c) depend on ν under various
scenarios. We consider the same initial density of L and R voters, i.e., 0 < x = y =
(1 − z)/2 < 1/2, which suffices for the purposes of this study and simplifies the analysis.
(Only in Appendix C, an example with x �= y is briefly considered.) By symmetry, x = y
implies PL(ν) = PR(ν), i.e., the probability of L and R consensus is the same. When it
occurs, polarization consists of a fraction 1/2 of L and R voters; see Figure 2. We thus
have: PLR + PC + PL + PR = PLR + PC + 2PL = 1, and therefore focus on studying PLR and
PC as functions of ν for different values of δ and z, treated as parameters, from which we
obtain also the final densities: (�, r, c) = (�, �, 1 − 2�) = ((1 − PC)/2, (1 − PC)/2, PC); see
Appendix A.2.

3.1. Final State in the Regimes ν → 0 and ν → ∞

The polarization and consensus probabilities can be computed analytically in the
regimes ν → 0 and ν → ∞. For this, we take advantage of the results obtained in the absence
of external influences for the polarization probability PLR, and the probabilities of C, L and
R consensus, respectively, denoted here by PC, PL and PR. In the absence of external
influences, these quantities have been obtained in Refs. [53,54] and are summarized in
Appendix B.1.

3.1.1. Polarization and Consensus Probabilities in the Regime ν → 0

When ν → 0, we can assume that there are no switches before attaining polarization
or consensus. In this case, ξ is a quenched random variable, and the kinetics is the superpo-
sition, with probability (1 ± δ)/2, of the 3CVM dynamics in the stationary environment
ξ = ±1. As a result, the polarization probability when ν → 0, P0

LR, is the superposition of
PLR(±s, z), obtained in a static external state ξ = ±1, with probability (1 ± δ)/2:

P0
LR =

(
1 + δ

2

)
PLR(s, z) +

(
1 − δ

2

)
PLR(−s, z), (3)

which is readily obtained from Equation (A5) or (A7). Similarly, the consensus probabilities
when ν → 0, are obtained from (A5), with Equations (A6) and (A8), and PL(s, z) =
(1 −PLR(s, z)−PC(s, z))/2:

P0
C,L =

(
1 + δ

2

)
PC,L(s, z) +

(
1 − δ

2

)
PC,L(−s, z). (4)
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With Equations (A9) and (4), we obtain the final density �0 = r0 of L and R voters
when ν → 0:

�0 = r0 =
1 − P0

C
2

. (5)

3.1.2. Polarization and Consensus Probabilities in the Regime ν → ∞

When ν → ∞, so many switches occur before polarization or consensus that ξ self-
averages [71,72,75–78]. In this case, ξ is an annealed random variable that can be replaced
by its average: ξ → 〈ξ〉 = δ. The switching dynamics of the 3CVM with ν → ∞ is thus the
same as in Ref. [54], with s → s〈ξ〉 = sδ. In the limit ν → ∞, the polarization probability,
P∞

LR, is therefore obtained from Equation (A5) or (A7) according to

P∞
LR = PLR(sδ, z). (6)

Similarly, the consensus probabilities under high ν, P∞
C,L, are obtained from Equa-

tions (A6) and (A7):

P∞
C,L = PC,L(sδ, z). (7)

With Equations (A9) and (7), the final density �∞ = r∞ of L and R voters in the regime
ν → ∞:

�∞ = r∞ =
1 − P∞

C
2

. (8)

Since PLR ≈ 1 when s ≡ Nb � 1 and PC ≈ 1 when s < 0 and |s| � 1 [54] (see
Appendix B.1), the focus here is on the regime where the small influences bias affects a
large but finite number of voters, i.e., b 	 1 and s � 1, with sδ = O(1). This allows us to
highlight the effect of the external influences.

3.2. Polarization and Consensus Probabilities When δ > 0

When δ > 0, most of the time is spent in the external state ξ = 1, where influences
favour polarization (pol-LR); see Figures 1 and 2.

In fact, as shown in Figure 3a, when z is not too close to 1, PLR > PC for all values
of ν. In this case, PLR increases with ν over a large range of values (for ν � b), with
PLR ≈ P0

LR ≈ (1 + δ)/2 when ν 	 b and PLR ≈ P∞
LR when ν � b, whereas PC is a

decreasing function of ν, with PC ≈ P0
C ≈ (1 − δ)/2 when ν 	 b and PC ≈ P∞

C 	 1 when
ν � b; see Figure 3a. The fact that PLR and PC vary little with ν, and are quite close to P0,∞

LR
and P0,∞

C , indicates that the analytical predictions for P0,∞
LR and P0,∞

C not only apply to the
limits ν → 0, ∞, but are also valid approximations of PLR(ν) and PC(ν) in the regimes of
low and high switching rate (see also Section 4 below). We can also notice in Figure 3a,
that PLR exhibits a weak non-monotonic behaviour, with a “dip” for ν ∼ b. In this setting,
the final fraction of L and R voters, given by � = r = (1 − PC)/2 (see Appendix A.2), is
an increasing function of ν, while the final density of centrists, c = 1 − 2� = PC, decreases
with ν; see inset in Figure 3a.

When there is a small initial fraction of L and R voters, with z close to 1, centrism can
prevail over a large range of values of ν: PC > PLR for ν � b, see Figure 3b. The probability
PLR thus decreases with ν, while PC can have a non-monotonic behaviour as in Figure 3b
where it exhibits a “bump” for ν ∼ b. In this case, centrists hold the majority opinion over
an intermediate range of ν: PC > PLR + PL + PR = 1 − PC, i.e., PC > 1/2 when ν = O(b);
see inset in Figure 3b.

245



Physics 2023, 5

Figure 3. PLR (circles), PC (squares), and PL = PR (stars), versus ν for δ = 0.2 and different initial
conditions. Here and in the other figures, symbols are from simulations (averaged over 105 samples).
Thick dashed lines are eyeguides showing P∞

LR (red) and P∞
C (blue), and thick dotted lines are

eyeguides showing P0
LR (red) and P0

C (blue), given by Equations (4), (3), (6) and (7). (a) Initial
condition: x = y = 0.25 and z = 0.5. Inset: final densities � = r (L/R-voters, stars) and c (centrists,
squares) versus ν. The dashed lines show �∞ = r∞ (red) and c∞ = 1 − 2�∞ (blue) from Equation (8),
and the dotted lines show �0 (red) and c0 = 1 − 2�0 (blue) from Equation (5). (b) Initial condition:
x = y = 0.06 and z = 0.88. Inset: PC (squares) and 1 − PC (diamonds) versus ν: centrism is the
majority opinion in the range of intermediate switching rate, ν ∼ b = 0.1, where PC(ν) > 1/2. The
dashed lines show 1 − P∞

C (red) and P∞
C (blue), and the dotted lines show 1 − P0

C (red) and P0
C (blue).

In all panels and insets: (N, b, s) = (200, 0.1, 20). See text for more details.
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In Figure 3, the predictions (3), (4), (6) and (7) for P0
LR/C and P∞

LR/C are in good
agreement with simulation data when ν 	 b and ν � b, respectively. The results reported
in Figure 3 show that when δ > 0 the main effects of the switching external influences is to
tame the bias favouring polarization. PLR and PC can thus increase or decrease with ν, and
even have a local extremum at a nontrivial switching rate. We explain this by solving, at
fixed δ, P∞

LR = P0
LR and P∞

C = P0
C for zLR and zC with Equations (3), (4), (6) and (7):

PLR(sδ, zLR) =

(
1 + δ

2

)
PLR(s, zLR) +

(
1 − δ

2

)
PLR(−s, zLR),

PC(sδ, zC) =

(
1 + δ

2

)
PC(s, zC) +

(
1 − δ

2

)
PC(−s, zC). (9)

Using (A5) and (A6), these equations are solved for zLR and zC. When z < zLR,
P∞

LR > P0
LR while P∞

LR < P0
LR when z > zLR. Similarly, P∞

C > P0
C when z > zC and P∞

C < P0
C

for z < zC. In the examples of Figure 3, zLR ≈ 0.708 and zC ≈ 0.887, and therefore z < zLR,C
in Figure 3a and zLR < z < zC in Figure 3b, which agrees with P∞

LR > P0
LR and P∞

C < P0
C

reported in Figure 3a, and with P∞
LR,C < P0

LR,C in Figure 3b.
The extrema of PLR and PC in Figure 3 at ν ∼ b can be explained heuristically (and

similarly for those in Figure 4, while there are no extrema in Figure 5; see below). In fact,
when ν → 0, the population remains in the initial external state ξ(0) until polarization or
consensus occurs. When s � 1 and ν 	 1, polarization occurs with a probability close to 1
if ξ(0) = 1 and close to 0 otherwise, and we have PLR(ν 	 b) ≈ (1 + δ)/2. We argue that
PLR(ν) decreases with ν when this rate is raised from ν → 0 to ν � b 	 1. For the sake of
argument, we focus on the switching rate ν∗ for which there is one external switch before
reaching the final state. As discussed in Section 4.2 below, we have ν∗ � b (see the inset in
Figure 6b), with ξ(t > 1/ν∗) = −ξ(0), and the population settles in its final state after a
time T ∼ (ln N)/b. Hence, if ξ(0) = 1, the final state is polarization if pol-LR is reached in
a time t � 1/ν∗, when still ξ(t) = 1. This occurs approximately with a probability 1/(Tν∗).
On the other hand, if ξ(0) = −1, the final state is polarization if pol-LR is reached after
the external switch, when ξ(t) = 1, i.e., for t � 1/ν∗, and this occurs with an approximate
probability 1 − 1/(Tν∗). Hence, we estimate

PLR(ν∗) ≈
(

1 + δ

2

)
1

Tν∗
+

(
1 − δ

2

)(
1 − 1

Tν∗

)
=

1
2
+ δ

(
1

Tν∗
− 1

2

)
< P0

LR,

which explains that PLR(ν) decreases with ν when ν � b. When ν is increased further
above b, PLR(ν) increases with ν and approaches P∞

LR > P0
LR. This explains qualitatively the

non-monotonic behaviour of PLR(ν) in Figure 3a, with a dip at ν∗ ≈ 0.02, and PLR(ν∗) ≈
0.565 < P0

LR ≈ 0.6 < P∞
L ≈ 0.876, while the rough estimate, with T ≈ 63 (see Figure 6a),

gives PLR(ν∗) ≈ 0.56. Similarly, in Figure 3b, P∞
C ≈ P0

C < PC(ν∗), which results in a “bump”
in PC(ν) at some ν∗ � b.

3.3. Polarization and Consensus Probabilities When δ < 0

When δ < 0, most time is spent in the external state ξ = −1, where influences favour
centrist consensus. Hence, when s = Nb � 1 and z is not too close to 0, centrism prevails
over the other opinions: PC > PLR � PL,R for all values of ν; see Figure 4a. In this case, we
find: PC ≈ P0

C ≈ (1 + |δ|)/2 > PLR ≈ P0
LR ≈ (1 − |δ|)/2 when ν 	 1, while PC ≈ P∞

C ≈ 1
and PLR ≈ PL,R ≈ P∞

LR ≈ 0 when ν � 1. In Figure 4a, PC increases with ν from (1 + |δ|)/2
to 1, while, PLR decreases from (1 − |δ|)/2 to 0 as ν is raised. This results in a final state
consisting of a majority of C voters, whose final density c increases from (1 + |δ|)/2 to
1, and a minority of L and R voters, whose final density � = r decreases with ν from
(1− |δ|)/4 to 0; see the inset in Figure 4a. However, while all-C is the most likely final state,
there is a finite probability of polarization at low and intermediate switching rate.
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Figure 4. PLR (circles), PC (squares), and PL = PR (stars) versus ν for δ = −0.2, and different initial
conditions. Symbols are results from simulations (averaged over 105 samples). Thick dashed and
dotted lines are as in Figure 3. (a) Initial condition: x = y = 0.25 and z = 0.5. Inset: final densities
� = r (L/R-voters, stars) and c (centrists, squares) versus ν. (b) Initial condition: x = y = 0.47
and z = 0.06. Inset: PC (squares) and 1 − PC (diamonds) versus ν: centrists hold the majority
opinion in the range of low switching rate (ν 	 b) where PC(ν) > 1/2. In all panels and insets:
(N, b, s, δ) = (200, 0.1, 20,−0.2). See text for more details.

When s � 1 and the initial population consists mainly of L and R voters (z 	 1),
polarization is the most likely final state, with PLR > PC > PL,R for ν � b; see Figure 4b.
Centrists thus generally hold the minority opinion when ν � b, while C is the majority
opinion (PC > 1/2) only under low switching rate; see inset in Figure 4b. In the limiting
regimes ν 	 b and ν � b, PLR and PC, respectively, approach the values of P0,∞

LR , P0,∞
C . Here,

again Equation (9) can be used to determine the initial density zLR, such that P∞
LR > P0

LR
if z < zLR and P∞

LR ≤ P0
LR otherwise, and zC such that P∞

C > P0
C if z > zC and P∞

C ≤ P0
C
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otherwise. In the example of Figure 4, zLR ≈ zC ≈ 0.112. As for δ > 0, in the regime of
intermediate switching, as for δ > 0, PLR and PL,R can exhibit bumps and PC a dip, see
Figure 4b where PLR, PL,R and PC have modest extrema around ν ∼ b.

Figure 5. PLR (circles) PC (squares), PL = PR (stars) versus ν for δ = 0, and different initial conditions
under symmetric switching. Symbols are results from simulations (averaged over 105 samples).
Thick dashed and dotted lines are as in Figure 3. (a) Initial condition: x = y = 0.25 and z = 0.5.
Inset: final densities � = r (L/R-voters, stars) and c (centrists, squares) versus ν. In the special case
s � 1, δ = 0, z = 2x = 2y, PC(ν) = c ≈ 0.5. (b) Initial condition: x = y = 0.4 and z = 0.2. Inset: PC

(squares) and 1 − PC (diamonds) versus ν: under δ = 0, centrists hold the minority opinion when
z < 1/2. In all panels and insets: (N, b, s, δ) = (200, 0.1, 20, 0). See text for more details.

3.4. Polarization and Consensus Probabilities under Symmetric Switching (δ = 0)

When δ = 0, social switching is symmetric, and the same average amount of time
is spent in ξ = ±1. External influences thus favour centrism (ξ = −1) and polarization
(ξ = 1) in turn (see Figure 1c) and all realizations start in either of the external states ξ = ±1
with the same probability 1/2.
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Figure 6. Scaled mean exit time (MET) versus ν: T(ν)/N for different N, δ and z. Symbols are from
simulations (averaged over 105 samples). Dotted and dashed lines show T0/N and T∞/N from
Equations (10) and (11), respectively. (a) (N, b, s, δ) = (200, 0.1, 20, 0.2), with z = 0.5 (black circles)
and z = 0.88 (blue stars). Inset: T(ν)/N for (N, b, s, δ, z) = (500, 0.08, 40, 0.1, 0.5) (red triangles)
and (N, b, s, δ, z) = (200, 0.1, 20, 0.2, 0.5) (black circles). MET scales as T(ν)/N ∼ (ln N)/(Nb) when
ν 	 b and T(ν)/N = O(1) when ν � b. (b) N = 200, b = 0.1, s = 20, with (δ, z) = (0.2, 0.5)
(black circles), (δ, z) = (−0.2, 0.5) (black crosses), (δ, z) = (0.2, 0.88) (blue stars), and (δ, z) = (0, 0.5)
(red pluses). Inset: average number of switches before reaching the final state versus ν for the same
parameters. Dashed line is an eyeguide of the slope 2Nν. See text for details.

In the regime where ν 	 b, the final state is reached with a probability close to 1/2
from either external state ξ = ±1. When ξ = 1, polarization is almost certain, whereas there
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is centrist consensus with probability 1 when ξ = −1. Hence, PLR ≈ PC ≈ P0
LR = P0

C = 1/2
and PL = PR ≈ 0 when ν 	 b. Under low switching rate, ν < b, a small number switches
can occur prior reaching the final state, but switching being symmetric, the net effect mostly
cancels out and PLR = PC ≈ P0

LR = P0
C = 1/2 when s � 1, as in Figure 5a,b.

When ν � b, there are many switches before reaching the final state (see Section 4.2
below). This results in the self-averaging of ξ, yielding ξ → 〈ξ〉 = 0. Hence, when ν � b
polarization and centrist consensus occur with probabilities:

PLR ≈ P∞
LR = 1 − 1 − (1 − z)2√

1 + (1 − z)2
and PC ≈ P∞

C = z,

where we have used Equations (6) and (7) with (A7).
We can determine when these probabilities increase with ν by solving Equation (9).

When s � 1, we find zLR = (4 −
√

18 − 2
√

22)/4 ≈ 0.3621 and zC = 1/2. When s � 1
PLR and PC hence increase with ν when z < zLR and z > 1/2, respectively; see Figure 5.
In the case z < 1/2, PC is a decreasing function of ν and C is generally the minority
opinion (PC < 1/2); see the inset in Figure 5b. As shown in Figure 5a, when z = 1/2 then
P∞

C = P0
C = 1/2, and we find that the probability of centrist consensus remains essentially

constant: PC(ν) ≈ 1/2. When s � 1, δ = 0 and z = 2x = 2y = 1/2, the final densities of
voters are c = PC ≈ 1/2 and � = r = (1 − PC)/2 ≈ 1/4; see the inset in Figure 5a.

4. Mean Exit Time

The mean exit time (MET), here denoted by T(ν), is the average time to reach one
of three absorbing/consensus states (all-L, all-R, all-C) or the polarization line (pol-LR).
The MET hence complements the information provided by the polarization and consensus
probabilities, and is therefore of great interest. Here, we study how the MET varies with ν
for different given values of δ and z.

4.1. Mean Exit Time in the Regimes ν → 0 and ν → ∞

The MET is obtained analytically in the regimes ν → 0 and ν → ∞ in terms of T (s, z),
its counterpart in the absence of external influences, as discussed in Appendix B.2.

4.1.1. MET in the Regime ν → 0

When ν → 0, there are no switches before reaching the final state. The MET, T0, can
thus be obtained by averaging T (s, z) over the stationary distribution of ξ. Since ξ = ±1
with probability (1 ± δ)/2, in this regime the MET reads:

T0(s, δ, z) =
(

1 + δ

2

)
T (s, z) +

(
1 − δ

2

)
T (−s, z). (10)

T0(s, δ, z) and its scaling are thus readily obtained from Equations (A10) and (A11). From
the symmetry T (−s, z) = T (s, 1 − z), we have T0(s, δ, 1/2) = T0(s,−δ, 1/2) = T (s, 1/2)
for z = 1/2 (the unwieldy expression of T (s, 1/2) is given in Ref. [54]). From Figure 6, we
find that the predictions of Equation (10) are in good agreement with simulation results
when ν 	 1 in all scenarios (δ > 0, δ < 0 and δ = 0).

4.1.2. MET in the Regime ν → ∞

When ν → ∞, many external influences switches occur before the population reaches
its final state. This leads to the self-averaging of ξ, which can therefore be replaced by its
average: ξ → 〈ξ〉 = δ. Hence, under high switching rate, the influences bias is rescaled
according to b → bδ, yielding s → sδ, at fixed N. When ν → ∞ the MET, T∞, therefore
satisfies Equation (A10) with s substituted by sδ, and thus

T∞(s, δ, z) = T (sδ, z). (11)
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In this regime, the MET follows readily from the solution of (A10), and its scaling is obtained
from Equation (A11). Using the symmetry of T , we have T∞(s, δ, z) = T∞(s,−δ, 1 − z),
which boils down to T∞(s, δ, 1/2) = T∞(s,−δ, 1/2) when z = 1/2. Furthermore, when δ →
0, we obtain T∞(s, 0, z) = T (0, z) = −2N[z ln z + (1 − z) ln(1 − z)], which is independent
of the influences bias b. In Figure 6, the predictions of Equation (11) are in close to perfect
agreement with the simulation results for ν � 1 in all scenarios (δ > 0, δ < 0 and δ = 0).

4.2. Mean Exit Time as Function of the Switching Rate

We now consider the dependence of the MET under arbitrary ν.
When the switching rate is low, ν 	 b, it is unlikely that there are any switches before

reaching the final states, and thus T(ν) ≈ T0(s, δ, z); see Equation (10). When b 	 1,
1 	 s 	 N, and z is not too close to 0 and 1, then T(ν) ∼ (ln N)/b (see Equation (A11)),
and the average number of switches in this regime prior to reaching the final state is
νT(ν) ∼ (ln N)ν/b; see Figure 6a,b. Hence, when ν ∼ b there are on average O(ln N)
switches before reaching the final state.

Under high ν, the system experiences a large number of switches causing the self-
average of ξ (with ξ(t) → δ). In this regime, T(ν) ≈ T∞(s, δ, z); see Equation (11), with
T(ν) ∼ N. In this case, the average number of switches before reaching the final state is
νT(ν) ∼ νN.

We can therefore revisit and characterise the three switching regimes:
(i) when ν 	 b, the system is in the regime of “low switching rate” and the final state can
possibly be reached without experiencing any switches;
(ii) when ν ∼ b, the population is in a regime of “intermediate switching rate”, where there
are typically O(ln N) switches before reaching the final state;
(iii) when ν � b, the system is in the regime of “high switching rate”, where the external
noise self-averages, and the number of switches before reaching the final state is O(νN)
and hence grows linearly with νN, where νN � Nb = s � 1; see inset in Figure 6b.

When the switching rate is raised across the above regimes, from ν ≈ 0 to ν � 1,
the MET changes its scaling behaviour. In regime (i), the MET scales as T ∼ (ln N)/b
and therefore T/N 	 1 when s � 1, while in regime (iii) the MET scales as T ∼ N, and
therefore T/N = f (z) is a scaling function of the initial fraction z. In the intermediate
regime (ii), when ν ∼ b, the MET increases steeply with ν and interpolates between
T(ν)/N 	 1 and T(ν)/N ≈ f (z) as ν sweeps from regimes (ii) into (iii). This picture is
confirmed by the results shown in Figure 6a,b.

Figure 6a,b, illustrates that the initial fraction z has only a marginal effect on the MET
in the limiting regimes ν 	 b and ν � b, which is well captured by Equations (10) and (11).
Figure 6b shows that, as predicted by Equation (11), the MET at fixed N, b, z is maximum
when δ = 0, with T/N ≈ T∞/N = −2[z ln z + (1 − z) ln(1 − z)]; see Appendix B.2.
The inset in Figure 6a illustrates that the MET scales linearly with N in the regime (iii),
while N has a marginal effect on T(ν) in the regimes (i) and (ii): When ν � b, we find
T(ν)/N = O(1) as in Ref. [54]. When ν 	 b, we find that T(ν)/N decreases with N in
agreement with T(ν)/N ∼ (ln N)/(Nb). The inset of Figure 6b confirms that when ν � b,
the average number of switches exhibits the same linear scaling with νN for different
parameter sets.

Here, time-varying external influences are therefore responsible for a drastic change
in the MET scaling: the MET scales as (ln N)/b under low switching rate, while it grows
and scales linearly with N under high switching rate. When s = Nb � 1, reaching the final
state thus takes much longer under ν � 1 than ν 	 1.

5. Conclusions

Motivated by the evolution of opinions in a volatile social environment shaped by
time-fluctuating external influences, arising, e.g., from news or social media, we have intro-
duced a constrained three-state voter model subject to randomly binary time-fluctuating
(switching) external influences. The voters of this population can hold either incompatible
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leftist or rightist opinions, or behave as centrists. The changing external influences (social
environment) is modelled by a dichotomous random process that favours in turn the rise
of polarization or the spread of centrism. The fate of this population is either to reach a
consensus with leftists, rightists, or centrists, or to achieve polarization, which consists
of a frozen state comprised of only non-interacting leftists and rightists. By combining
analytical and computational means, we have investigated the effect of the time-fluctuating
external influences on the population’s final state under various scenarios. In particular,
we have studied how the rate of switching, as well as the switching asymmetry and initial
population composition, affect the fate of this population.

Focusing on the interesting case of a small influences bias affecting a finite, yet large,
number of voters, we have shown that the consensus and polarization probabilities can
vary greatly with the rate of change of the external influences: these probabilities can
either increase or decrease with the rate of external variations, and can also exhibit extrema.
Remarkably, when there is a large initial majority of voters holding the opinions opposed by
the external influences, the majority can resist the influences: the opinions supported by the
majority of agents and opposed by the influences are the most likely to prevail over a range
of parameters characterising the external variations. When this occurs, the population
settles in a final state in which a majority of voters holds the opinions opposed by the
external influences, see Figures 3b and 4b. The study has also shown that time-switching
influences are responsible for a drastic change in the scaling of the mean time to reach final
state: the mean exit time is generally much bigger under high switching rate, when it scales
linearly with population size, than under low switching rate.

The goal of this paper is to study how time-varying external influences may affect
the social dynamics of an idealized population. It can be anticipated that the model
analysed here is too simple to realistically capture the various complex effects of social and
news media, and other time-varying external stimuli, on opinion dynamics. It is however
natural to ask how this model can be generalized to become more realistic, and which
kind of practical information it could then possibly provide. These points are addressed
in Appendix C, where a potential application is briefly discussed. In fact, while the direct
applications of the current model are admittedly limited, it is expected to still be useful
since it sheds light on nontrivial effects that exogenous time-fluctuating influences can have
on opinion dynamics. Hence, this work can be envisaged as a step towards more realistic
modelling approaches to this challenging interdisciplinary problem.

Funding: This research received no external funding.

Data Availability Statement: Data used to generate Figures 3–6 are electronically available at the
Research Data Leeds Repository [84].

Conflicts of Interest: The author declares no conflict of interest.

Appendix A. Master Equation and Mean-Field Limit When N → ∞

In this Appendix, we discuss the master equation (ME) governing the model’s dynam-
ics, and then its description in the mean-field limit when N → ∞.

Appendix A.1. Master Equation

The 3CVM switching dynamics in a finite population is a Markov chain defined by
the transition rates:

W±
L (NL, NR, ξ) =

(1 ± bξ)

2
NL(N − NR − NL)

N(N − 1)
, W±

R (NL, NR, ξ) =
(1 ± bξ)

2
NR(N − NR − NL)

N(N − 1)
, (A1)

such that NL
W±

L−→ NL ± 1 and NR
W±

R−→ NR ± 1. The associated ME gives the probability
P(NL, NR, ξ, t) to have NL, NR and NC = N − NL − NR voters in the population in the
external state ξ = ±1 at time t [82], and here reads:
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∂P(NL, NR, ξ = 1, t)
∂t

=
(
E
−
L − 1

)[
W+

L P(NL, NR, 1, t)
]
+

(
E
−
R − 1

)[
W+

R P(NL, NR, 1, t)
]

+
(
E
+
L − 1

)[
W−

L P(NL, NR, 1, t)
]
+

(
E
+
R − 1

)[
W−

R P(NL, NR, 1, t)
]

+ ν[(1 + δ)P(NL, NR,−1, t)− (1 − δ)P(NL, NR, 1, t)], (A2)

∂P(NL, NR, ξ = −1, t)
∂t

=
(
E
−
L − 1

)[
W+

L P(NL, NR,−1, t)
]
+

(
E
−
R − 1

)[
W+

R P(NL, NR,−1, t)
]

+
(
E
+
L − 1

)[
W−

L P(NL, NR,−1, t)
]
+

(
E
+
R − 1

)[
W−

R P(NL, NR,−1, t)
]

+ ν[(1 − δ)P(NL, NR, 1, t)− (1 + δ)P(NL, NR,−1, t)], (A3)

whereE±
L andE

±
R are shift operators such thatE±

L/R f (NL/R, NR/L, t) = f (NL/R ± 1, NR/L, t),
and P(NL, NR, ξ, t) = 0 whenever NL or NR are outside [0, N]. P(NL, NR, 1, t) and
P(NL, NR,−1, t) are coupled, and the last lines on the right-hand-side of (A2) and (A3)
account for the random external switching. We notice that W±

L/R = 0 when NL = 0, NR = 0
and NL + NR = N, corresponding to the three absorbing states all-R (NL = NC = 0),
all-L (NR = NC = 0), all-C (NL = NR = 0, NC > 0), and to the polarization state pol-LR
(NL + NR = N, NC = 0); see Figure 2. The multivariate ME (A2) and (A3) can be simulated
exactly by standard methods, such as the Gillespie algorithm [85].

Appendix A.2. Mean-Field Limit When N → ∞

In the mean-field limit where N → ∞ and demographic can be ignored, the equation
of motion of the densities are [54,82]:

d
dt
� = W+

L − W−
L = bξ �(1 − �− r),

d
dt

r = W+
R − W−

R = bξ r(1 − �− r), (A4)

where c ≡ NC/N = 1 − � − r is used, and the time dependence is omitted. Here, the
mean-field limit means that the dynamics is aptly described by Equation (A4) where ξ(t) ∈
{−1, 1} is a randomly switching multiplicative noise, see Equation (1). Equation (A4) are
thus two coupled stochastic differential equations that have three absorbing steady states:
(�, r, c) = {(1, 0, 0), (0, 1, 0), (0, 0, 1)} associated respectively with the consensus states
all-L, all-R and all-C. Equations (A4) also admit the line of steady states (�, 1 − �, 0), with
0 < � < 1, associated with state of polarization pol-LR; see Figure 2. Equations (A4)
conserve the ratio �/r = x/y, which implies that the final densities satisfy �(ν) = r(ν) and
c(ν) = 1 − 2�(ν) when x = y.

It is useful to relate this result with the final densities in a finite population, in the case
where x = y. When N < ∞, the final densities of R and L voters are �(ν) = r(ν) = PL(ν) +
PLR(ν)/2 = PR(ν) + PLR(ν)/2 (as in the absence of external influences [53,54]). The first
term comes from the probability of ending in L or R consensus (with PL = PR). The second
term arises from the fact that, when x = y, the polarization state consists of half L and R
voters. Since PL + PR + PLR = 1 − PC and PL = PR, we find �(ν) = r(ν) = [1 − PC(ν)]/2,
and the final density of C voters is: c(ν) = 1 − 2�(ν) = PC(ν).

When N → ∞, Equations (A4) hold and predict that the densities approach polariza-
tion when ξ = 1 and centrist consensus when ξ = −1 on a timescale t ∼ 1/b. Hence, when
N → ∞, the probability of L and R consensus vanish, PL = PR → 0, and the final densities
thus satisfy �(ν) = r(ν) → PLR(ν)/2 and c(ν) = 1 − 2�(ν) → 1 − PLR(ν).

Appendix B. Polarization, Consensus Probabilities, and Mean Exit Time in the

Absence of Time-Varying Influences

In this Appendix, we reproduce the results obtained in Refs. [53,54] for the polarization
and consensus probabilities in the absence of external influences, and used in Sections 3.1
and 4.1.
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Appendix B.1. Polarization and Consensus Probabilities in the Absence of Time-Varying Influences

In the realm of the diffusion theory [68,69,82], when N � 1, s ≡ Nb �= 0 and
x = y = (1 − z)/2, the polarization probability, here, denoted by PLR is [54]:

PLR(s, z) =
esz√1 − z

2

∞

∑
k=0

(−1)k(4k + 3)
(2k + 1)(k + 1)

(2k + 1)!!
(2k)!!

I2k+3/2(s(1 − z))
Ik+3/2(s)

, (A5)

where Ik(·) denotes the modified Bessel function of first kind and order k, and we used
the property P1

2k+1(0) = (−1)k(2k + 1)!!/(2k)!! of the associated Legendre polynomials,
Pm

l (x) (with the convention 0!! = 1). When s < 0 and |s|(1 − z) � 1, Equation (A5) can be
approximated by PLR ≈ (e2|s|(1−z) − 1)/(e2|s| − 1); see Ref. [54]. This simplified expression
is particularly useful to approximate P∞

LR when δ < 0; see Equation (6).
In the realm of the diffusion theory, when N � 1, s ≡ Nb �= 0, the C-consensus

probability, here denoted by PC, is [54]:

PC(s, z) =
e−2s(1−z) − e−2s

1 − e−2s . (A6)

When z �= 0, 1, one has: lims→∞ PLR(s, z) = 1 and lims→−∞ PC(s, z) = 1. In the
considered examples, when s � 1 and z is not too close to 0 or 1, polarization and centrist
consensus are almost certain, i.e., PLR(s, z) ≈ 1 if s > 0 and PC(s, z) ≈ 1 when s < 0 [54].

When b = s = 0, and x = y = (1 − z)/2, the probabilities PLR and PC become [53]:

PLR(0, z) = 1 − 1 − (1 − z)2√
1 + (1 − z)2

, PC(0, z) = z. (A7)

When x = y = (1 − z)/2, the probability PR = PL to end up in an L or R consensus is
thus

PR(s, z) = PL(s, z) =
1 −PLR(s, z)−PC(s, z)

2
, (A8)

while there is the same average final fraction � and r of voters of type L and R, given by

r = � =
PLR(s, z)

2
+ PR(s, z) =

1 −PC(s, z)
2

. (A9)

Expressions (A8) and (A9) hold both when s �= 0 with Equations (A5) and (A6), and
when s = 0 with Equations (A7).

Appendix B.2. Mean Exit Time in the Absence of Time-Varying Influences

In Refs. [53,54], the (unconditional) mean exit time of the 3CVM in the absence of
time-varying influences, here denoted by T , was shown to satisfy

z(1 − z)
2N

[
−2s

dT (s, z)
dz

+
d2T (s, z)

dz2

]
= −1, (A10)

with T (s, 0) = T (s, 1) = 0. (Note a typo in Equation (11) of Ref. [54] where a factor 1/2 is
missing; compare to Equation (A10).)

The symmetry of Equation (A10) under (s, z) → (−s, 1 − z) implies T (−s, z) =
T (s, 1 − z) [54]. When s = Nb �= 0 and |b| 	 1, with z not too close to 0 and 1, the MET
scaling is [54,69,86]:

T (s, z) ∼
{

N ln N/|s| when 1 	 |s| 	 N
N when |b| 	 1 and |s| = O(1),

(A11)

255



Physics 2023, 5

yielding T (s, z) = O(ln N/b) when |b| 	 1 and 1 	 |s| 	 N. When b = s = 0, the MET
T (0, z) takes the closed form T (0, z) = −2N[z ln z + (1 − z) ln(1 − z)] [53], and in this
case, it scales linearly with the population size: T (0, z) ∼ N.

Appendix C. Possible Generalizations and Applications of the Model

This Appendix is dedicated to a brief discussion of some possible generalizations and
applications of the 3CVM with switching dynamics.

It is often hard to map complex real social systems onto idealized theoretical models:
these commonly suffer from a number of limitations that make their use for the practical
characterization of social behaviour difficult. The 3CVM with switching dynamics is no
exception, and among its limitations, we can list the following: (i) it is doomed to end up
in either consensus or L/R-polarization, but never admits the long-lived coexistence of
the three opinions; (ii) the present model formulation assumes that all agents interact with
all others on a complete graph (rather than on a complex dynamic network); (iii) as most
classical voter models, all agents are identical in the 3CVM (there are no “zealots”); (iv)
interactions are pairwise (no group pressure); (v) in many applications, there are more than
three possible opinions/parties.

Since the 3CVM can be generalized to overcome the limitations (i)–(v) at the expense
of its mathematical tractability, it is useful to discuss a possible application. The main chal-
lenge for this is to find data against which to calibrate the parameters ν and δ characterising
the external time-varying influences. In this context, the formulation of the 3CVM suggests
to test its use to describe the distribution of opinions in the readership of a newspaper such
as The Guardian in the UK whose political backing of the Labour, Liberal (Lib Dem) and
Conservative parties has changed on various occasions in the last 78 years.

We have used the dataset [87] referring to the 18 general elections held in the UK
between 1945 and 2010 to try and estimate the parameters ν and δ for a population corre-
sponding to a random sample of the readership of The Guardian (whose circulation between
1945 and 2021 has varied between 105 and 3 × 105). If we use the average time between
each general election as unit of time, and notice that The Guardian’s political orientation
changed 8 times between 1945 and 2010, in 1950, 1951, 1955, 1959, 1974, 1979, 2005, 2010.
The average switching rate can thus be estimated as ν ≈ 8/18. By treating the backing of the
Labour or Conservative party as being in the influences state ξ = 1, and representing the
backing of the Lib Dem party by ξ = −1, we can estimate that on average 〈ξ〉 = δ ≈ 6/18.
Note that here the change from backing jointly two parties (e.g., Labour and Lib Dem) to
supporting only one of those parties (e.g., Liberal Party) is considered as a “switch” (and
the joint Labour/Liberal and Conservative/Liberal support is treated as an influence state
ξ = (1 − 1)/2 = 0). The parameter b could in principle be estimated from the approach to
the “final state” occurring on a timescale ∼ 1/b, see Equation (A4). In this context, it is a
difficult task to assess on what timescale consensus or polarization may occur, if ever. Here,
for the sake of argument, we set b = 0.01. With (b, ν, δ) = (0.01, 0.44, 0.33) and assuming
an initial population consisting of 60% and 10% of labour and conservative supporters,
respectively, and 30% of Lib Dem backers, the model predicts a final state consisting of
70% and 12% of Labour and Conservative supporters, respectively, and 18% of Lib Dem
backers in a random sample of size N = 200. For a larger sample of size N = 1000 and
the same above parameters, the model predicts a final state comprised of 85% and 14%
of Labour and Conservative supporters, and only a small fraction of 1% backing the Lib
Dem party. These figures, suggesting the slow evolution towards quasi polarization of
The Guardian’s readership as N increases, with a raise of support for the Labour party, do
not seem absurd but are not realistic as they underestimate the Lib Dem vote. Moreover,
the 3CVM ignores entirely the existence of a small but non-negligible fraction of voters
backing other parties (such as the Green party). A more realistic model would take into
account more than three parties, and mechanisms ensuring the maintenance of long-lived
coexistence of all opinions.
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