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Abstract: The interdependency between interest rates, investment demands and inflation rates in a
given economy has a continuous dynamics. We propose a four-dimensional model which describes
these interactions by imposing a control law on the interest rate. By a qualitative analysis based on
tools from dynamical systems theory, we obtain in the new model that the three economic indicators
can be stabilized to three equilibrium states.

Keywords: dynamical systems; bifurcation diagrams; economic models; local dynamics

MSC: 37G10; 34C23; 37N40

1. Introduction

Many economic and financial phenomena are modeled by dynamical systems based
on differential or difference Equations [1-5]. Financial exhibition can be seen as an elective,
flexible and active inquiry field that can be used to modify the functions of any investigation
method, strategy or inquiry center. According to [6], financial demonstration may be
thought as a multi-discipline research strategy that encourages the consideration of a variety
of socio-economic-political concerns which can have a negative impact on society anywhere
and at any time. However, it shall be asserted that financial demonstration has become
an essential technical-theoretical explanatory instrument for future academics, financial
experts, strategy builders and transnational educators. The importance of “stabilizing an
unsteady economy” through adequate macroeconomic stabilization measures implemented
by government and central bank is highlighted. It is vital to understand how business
emergencies arise and how they can be managed in order to be proficient in these tactics. As
a result, studying dynamic nonlinear macroeconomic models could provide new insights
in this area.

Various models and methods for examining economic indicators of an economy can
be found in the literature. Modeling principles in economic environments is presented
in [7]. A book dealing with economic models based on ordinary and partially differential
equations is [8], where the following three topics of financial engineering are covered:
control and stabilization in financial models, state estimation and forecasting and validation
by statistical methods of decision-making tools. A macroeconomic model applied to three
national economies is presented in [9], where approach is based on three main tools: the
state-space modeling from control theory, fractional calculus and orthogonal distance fitting
method. A model for studying the perspective of annual flow of inheritance (in level or as
a share of national income) in a two-sector economy with one pure consumption good and
one capital good was recently presented in [10]. Using tools from dynamical systems theory,
two endogenous behaviors, which can operate independently or together, are obtained. It
is shown that theoretical results provided by the model are consistent with some empirical
data. In a recent paper [11], a deep learning method for matching the production of wind
energy with consumers’ needs is presented. A neural ordinary differential equation is
used to model the wind speed continuously. A mathematical model based on differential
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equations for studying epidemic and economic consequences of COVID-19 is presented
in [12]. The model deals mainly with interactions between the disease transmission, the
pandemic management, and the economic growth. A macroeconomic development model,
known as the Grossman-Helpman model of endogenous product cycles, is presented
in [13], where the stabilization problem is studied by a method based on optimal control.

A three-dimensional (3D) model to study the interactions of three macroeconomic
indicators in a given economy is presented in [14]. This model is based on three ordinary
differential equations and was designed to describe the relationships between three financial
instruments: the interest rate x(t), the investment demand y(t) and the inflation rate z(t).
By studying the local behavior of the model around one of its equilibrium points, conditions
to stabilize the economy around this steady state have been obtained in [14]. The finance
system is an essential component of our economy that consist of interactions between the
institutional units and markets, generally in a complex manner for the purpose of economic
growth in investment and the demand of commercials. When an inflation occurs and a
chaotic phenomenon appears in the finance system, the interest rate must be adjusted and
controlled, regarding our model, it is possible by introducing a control function. The control
of finance system goes to a quick and effective revival of the economy. This method is used
when an economic crisis occurs. In order to find more economically relevant steady states
to which the 3D model could be stabilized, we apply a control function to the model and
study the resulting four-dimensional (4D) system. In addition, we consider in this work
that x(t) is the real interest rate, which is defined as the difference between the nominal
interest rate and the inflation rate, thus, x(#) may take positive or negative values.

A generalization to fractional order version of the 3D model is reported in [15], while
in [16] the generalized model is studied in a new framework with delay. Moreover, Ref. [16]
investigates by numerical simulations the effect of time delay to chaos in the model, while
methods to suppress chaos in the model were presented in [17]. Fractional-order dynamical
models and their bifurcations [18-23] are promising tools for studying economic models.

The paper is organized as follows: after the introduction, Section 2 describes the model
to be studied and presents a local analysis of its behavior, where equilibrium points are
characterized in terms of their type and stability properties. The occurrence of transcritical
and pitchfork bifurcations when the system’s parameters vary is particularly pointed out.
Section 3 provides bifurcation diagrams for several combinations of parameters, revealing
the complex behavior of the system.

2. Local Analysis of the Model
The 3D system studied in [14] is given by

¥=z+x(y—a), y=—-x>—by+1,z=—x—cz, (1)

where ¥ = ’fj—f denotes the usual derivative with respect to time. The system has been
studied in the first octant given by x > 0, y > 0 and z > 0, where x = x(t) is the real
interest rate, y = y(t) the investment demand, z = z(t) the inflation rate, € R the amount
(of money) saved, b > 0 the cost per investment, ¢ > 0 the elasticity of the demand on the
commercial market.

We propose in this work to apply a feedback control function u(t) to the first equation
of (1) in the form

2(#) = z(t) + x(£)(y(t) —a) —u(t), 0]

where u(t) = u(O)ef(J[(”’*d"(t))d[, with m,d € R and d # 0. Then, u satisfies the equation
1t = u(m — dx), which, together with (2), lead to a new four-dimensional (4D) system,
given by

X =F(X,p), 3)

whereX=(x y z u )T,F(X,y) =(fA fo /5 fu )T, respectively,
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fi=z4+x(y—a)—u, fo=—x*—by+1, fs=—x—czand f; = u(m — dx).

The parameter vector is it = (a,b,c,d, m); T stands for the transpose here.
Therefore, the four-dimensional system of differential equations to be studied is

t=z+x(y—a)—u
y=—x>—by+1
Z=-—-x—cz

1= u(m—dx)

The model (3) presents economic relevance whenever its state variables lie in the set
Y={(xyzu)xcRy>0,z>0ucR}

The new differential equation in #(t) leads in general to a different behavior of all
state variables in the 4D model compared to the 3D model. In what follows, a qualitative
analysis of the new model is investigated by well-known tools from the dynamical systems
theory, providing several bifurcation diagrams which describe the local dynamics of the
model around its equilibrium points.

The control introduced in this work by (2) is far from being unique. More other
different control laws can be proposed. They can be designed as equations of type (2) or
other types of constraints applied to one or more of the basis equations of the model. Their
final role is to determine different behaviors of the transformed 3D model, which have
economic relevance and are desirable in an economy.

Remark 1. The hyperplane u = 0 is invariant with respect to the flow of (3). The model (3) with
u = 0and x(t) > 0 was studied in [14].

Our next step is to determine the equilibrium points (x*,y*,z*,u*) of system (3),
which are the solutions of the algebraic system

z+x(y—a)—u=0

-2 —by+1=0
—x—cz=0
u(m—dx) =0

The system (3) has four isolated equilibrium points: P; = (0, %,O, 0) foralla,m € R,
b>0,c>0andd # 0, the pair P = <\/a, ale,—%\/E,o) and P; = (— %, actl l\/E,o)

c ’c

foralla,m € R,b > 0,¢c > 0,d # 0and o = %(c—b—ubc) > 0, respectively, Py =

1-x2 —b—cx3—ab
<x4, bx4,f%,x4#>,where X4 = %, foralla,m € R,b>0,c >0and d # 0.

Remark 2. Since x(t) may be positive or negative in (3), three different equilibrium points
(Py, P5 and Py) with economic relevance arise in the 4D model (3), while in the 3D model (1)
only one equilibrium presented economic relevance and was studied in [14]. Notice that Py coincides
with Py if m = 0, respectively, Py and P5 collide to Py on &« = 0 and b > 0.

In addition, the system has two more non-isolated equilibria for b = 0, that is,
Qy = (1,y,—%,y—a — %) if m = d # 0, respectively, Sy = <—1,y,%,—y+a+ %) if
m=—d#0.

If P is a saddle equilibrium point, denote by (5, 1,) the dimensions of its stable and
unstable manifolds. For b > 0, denote by 1 = % (1 —ab—be).
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Theorem 1. Assume m > 0. Then:

(a) ifa > 0, the equilibrium point Py is a saddle with (ns,n,) = (2,2);

(b) ifa < 0and By <0, the equilibrium point Py is a saddle with (ns,n,) = (3,1);
(c) ifa < O0and By > 0, the equilibrium point Py is a saddle with (ns,ny) = (1,3).

The next result gives us a characterization of the nature of the equilibrium point P; for
the case when the parameter m involved in the differential equation of system (3) describing
the control function u is negative. Moreover, the dimensions of the stable and unstable
manifolds are established, respectively.

Theorem 2. Assume m < 0. Then,

(a) Py is asaddle with (ns,n,) = (3,1) if « > 0, respectively, (ns,n,) = (2,2) ifx < 0and
p1>0;

(b) Py is an attractor whenever x < 0 and 1 < 0;

(c) if0 < ¢ < 1, a Hopf bifurcation occurs at Py on (H) : 1 —ab — bc = 0.

Proof. The eigenvalues associated with the equilibrium point P; are —b, m and )%1 =

1+ /A1, where By = 3(1 —ab—bc) and A = (1_?%5)2 —1.Since A A, = — e=babe
and /\;,"] +A, = 1‘”2’_“, the proofs of the above theorems follow (except the point c) of
the last theorem.

For the case (c), assume f; is the bifurcation parameter. A necessary condition to have
Hopf bifurcation at P; is A; < 0, which is equivalent to —(14¢) < p1 < 1 —c. It follows
that 1 can cross 0 from negative to positive values if and only if 0 < ¢ < 1. At 1 = 0 the

9(Re( A3
obtained eigenvalues +iv/1 — ¢2 are purely complex. Since % =1if A} <0,
p1=0
a Hopf bifurcation occurs on H. The bifurcation is non-degenerate if the first Lyapunov
coefficient /1 (0) is nonzero, in which case a limit cycle (stable or unstable) arises around
the equilibrium P; when B crosses 0. If 1 (0) = 0, the bifurcation becomes degenerate and
more limit cycles may arise around P; when 1 crosses 0. [J

In the following we study how the equilibrium point Py bifurcates from the equilibrium
point P; when the parameter m crosses 0, respectively, how equilibrium points P, and P3
are born from P; when parameter « increases from 0. We will show that the equilibrium
points bifurcate from P; through transcritical, respectively, pitchfork bifurcations.

Theorem 3. Assume b > 0. The system undergoes a transcritical bifurcation at m = 0 if x # 0
and B # 0, respectively, a pitchfork bifurcation at « = 0 if m # 0 and ¢ # £1.
Proof. If m = 0, & # 0 and By # 0, the eigenvalues of P; are —b, 0 and )\2:1, with
Re (Aﬁ) £ 0; if Arin are real, this follows from Ar+'1 Ay, = =% # 0. To prove the trans-
critical bifurcation, we will use Sotomayor’s theorem [23]. Denote by 1o = (a,b,¢,d,0).
The Jacobian matrix Jo = DF(Py, po) of the vector field F, expressed at P; and p = pp, has
an eigenvalue A = 0 with a corresponding eigenvectorv = ( —bc 0 b —ca )T. The
value A = 0is also an eigenvalue for the transpose matrix JJ, which has a corresponding
eigenvectorw = (0 0 0 1 )T; T stands for the transpose here.

It is clear that w” - Fy (P, o) = 0 and wT - [DF, (P, o) - 0] = —ca # 0, where
F, = ngi = ( 00 0 u )T; DF,, is the Jacobian matrix of the vector field F,. It remains
to determine D?F(Py, jio) (v, v), where, by definition D°F = ( d2f; d2f, d?f; d*f )T.
For a real-valued function f : V C R* 5 R, x — f(x), x = (x1,x2,x3,%4), V open, and a

4 2
vector v = (v1,0,03,04), d2 flv,0)= ¥ ;Tijvivj denotes the differential of second order
ij=1
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applied to the pair (v, v). Taking into account the expression of w, one needs to determine
only d?f4(v,v) at (Py, po), which is —2dvyv4 = —2bc?da. Finally, wT - [D*F(Py, o) (v,v)] =
—2bc*da # 0.

For the pitchfork bifurcation at « = 0, we observe first that ¥ := {u =0} is an
invariant manifold of the system (3). Since P 3 € X for all « > 0, the bifurcation takes place
on X and can be studied by restricting the system (3) to £. Translating first P; to the origin
0(0,0,0) by y — y — #, the system (3) restricted to X reads

Y =G(Y,p), 4)
whereY = (x y z )T, GY,m=(s1 £ $ )T, respectively,
g1 =z+x(y—a+1/b), o= —x*> —byand g3 = —x —cz.
P = <7\/&,@7%,% zx) and P} = <f,@f%,fg tx),a €R,b>0,¢c>0and
= %(c — b —abc) > 0, become equilibrium points of the system (4).

The stability of the equilibrium O in the system (4) has been studied in [14]. In addition
to the results from [14], we show that the points Pz’ and PS’ are born from O when « crosses
0 from negative to positive values by a bifurcation of type nondegenerate pitchfork. This
bifurcation was not studied in [14].

Consider « the bifurcation parameter with m # 0 and ¢ # +1. P and P} collide to O

atw = 0. The eigenvalues of O in (4) at« = 0 are 0, —b and % — ¢, with the corresponding
T

o

eigenvector to 0 givenbyo=( —c 0 1)
The system (4) is Z,—equivariant with the symmetry R(Y) = ( —x y -z )T. In-

deed, R(R(Y)) = Yand Ro G(Y, ) = Go R(Y, u). In other words, the system (4) remains

unchanged by applying the transformation (x,y, z) KN (—x,y, —z). Notice that, we can

write R® = X+ @ X~, where X* = {(0,y,0),y € R} and X~ = {(x,0,z2),,z € R}, such

that R(Y) = Yif Y € X* and R(Y) = =Y if Y € X~. With these notations, it follows that

- . T

v € X~ ; when needed, we writeavector ( x y z ) as(x,y,z).

Thus, applying a result from [24] page 284, the system (4) undergoes a pitchfork
bifurcation at « = 0, which can be degenerate or not. To determine which is the case,
we proceed as it follows. Find first the normal form of (4). To this end, consider the
transformation Z = P~ 1Y, where P = ( vy Uy U3 ) is a column matrix containing the
eigenvectors corresponding to the eigenvalues 0, —b and % —cof Oata =0, thatis, v, =
(—c 01 )T,vz =(0 10 )Tandvg =(-10 ¢ )T,andZ: (z1 22 z3 )T.
The system (4) in the new variables zj, zo and z3 reads
2,2

. . . 1 k
21 = k(zz3+c21)zp, 20 = —bzp — ¢ 2cz123 — z%, i3 = ——2z3 — kz12p — ~723, (5)

k

where k = 5221 . Since the eigenvalues of O in (4) at & = 0 are 0, —b and % — ¢ (in this order),

we consider the extended system of dimension 4 formed by @ = 0 and the three equations
from (5). The new system has at « = 0 the eigenvalues 0, 0, —b and % — ¢, thus, applying
the Center Manifold Theorem, there exists a two-dimensional center manifold W¢ of class
C® of the form zy = hy(z1, &) and z3 = h3(z1, ), hp, h3 € C*, which locally (in cubic terms)
can be expressed by

Zp = Z cijzje) and z3 = E dijzyo.
i+j<3 i+j<3
C4
b(c2—1)%’
while the other coefficients are all 0. Therefore, the system (5) on the center manifold W is
of the form

Using the method of undetermined coefficients, we found cpy = ’TCZ, d3y =

21 = B(a)z1 + 0pz3 + ...
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where B(a) is a smooth function of a with f(0) = 0 and oy = b(lcijcz) # 0, thus, the pitchfork
bifurcation is non-degenerate. To find the function p(«), higher order terms are needed in
the expressions of h;(z1, &) and h3(z1, ).

We notice that the coefficient o could be obtained without considering the extended
system, by finding the 1—-dimensional center manifold W, directly in the system (5) and

3
then the restriction of (5) on W,. In this case, W, is given locally by z, = Z iz} and

Z d; z1 Applymg the method of undetermined coefficients, one can show ¢, = %
i=1
and d3 = E ( 5 1)2, while the other coefficients are 0. These lead to z; = LTOZ? + ... The
2_

advantage of using the extended system is that f(«) may also be determined. [

Remark 3. The Sotomayor’s theorem for pitchfork bifurcation gives no answer to the problem
because D>F = (0 0 0 0)".

The local behavior of the system (3) at P, 3. The characteristic polynomial at P, and P3
witha > 0is P(A) = (A — m £d\/a) Q(A), where

Q(A) = A3 4 5342 + 514 + 2ca,

sy = %(c2 +bc—1) and 51 = %(bcz +2ca —b); " + " corresponds to P, and 7 — " to Ps.
Denote by A1, A; and A3 the roots of Q(A), respectively, Afzz =m—d\/axand )\53 =m+d/a.
Since the roots of Q(A) satisfy AjA;A3 < 0, Po3 are saddles or attractors. Denote by
s3 = 5251 — 2ca. By Routh-Hurwitz conditions, A1, A, and Az have negative real parts if
and only if

sp > 0ands3 >0, 6)

which are equivalent to ¢(b +c¢) > 1 and b(1 — bc)(2ac +3) + bc®(b+c) — 2c > 0. We
notice that (6) are satisfied at least for « > 0 sufficiently small and ¢ > 1. The results are
summarized in the next Theorem 4. The attractors P, and P; with orbits converging to
them are illustrated in Figure 1.
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Figure 1. (a) Orbits around the attractors P, and P3 in the system (3) projected in the xyz space.
The parameters are a = 9,b = 0.1, ¢ = 2, m = d = —1. The starting points for P, are (0.2, 9 +

i/2, —0.1, 0.05), while for P5 they are (—0.2, 9+i/2, 0.1, 0.05), for i = 0,1,2,3,4. (b) Orbits around
the attractor Py fora =b=1,c=10,m = 0.1 and d = —0.2.

Theorem 4. Assume « > 0. Then, P, and P are attractors if (6) is satisfied and Afz < 0 for P,
respectively, )\23 < 0 for Ps. In the other cases with Af“ # 0, Py and P are saddles.
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The local behavior of the system (3) at Py. The characteristic polynomial at Py is

S(A) = A+ mzA® 4+ mpA? + A+ myg,

2
wherem3:a+b+cf})+g’iz,m2 b"‘+ +3b my = CHTme+%mo+
23b+m _ a1 —
- and mo = cmT a=1(c—b—abc)and By = 5 (1 —ab—bc).

Remark 4. Denote by o = bc + bm + cm and B3 = b + ¢ + m. Then my and my can be written
in the forms
my = aBy + Ny and my = aBz + Na, (7)

where Ny = mz% + (b —c)% and Np = mﬂi}ﬁs + Al —c)m+ £ (b2 —1).

For ¢ > 0 arbitrary fixed, define the following curves lying in the ba—parametric
plane: A = {(b,a),a =0,b >0}, H = {(b,a),f1 =0,b >0}, S = {(b,a),s, =0,b > 0},
S = {(ba),s3=0,b>0}, L; = {(b,a),Asz —0,b> o}, L, = {(b,a),Afj3 —0,b> o}
and M; = {(b,a),m; =0,b > 0},i = 1,2,3. Notice that b corresponds to the x-axis, while a
to the y-axis, and all curves are included in the region b > 0.

Theorem 5. If mgy < 0, then Py is a saddle. Assume mo > 0. Then,

(a) Py is asaddle or an attractor for alld > 0 and m # 0.

(b) Py is an attractor if and only if mz > 0, kg = mgmy —my > 0and ky = (mzmy — my)my —
m3mgy > 0. In particular, if & < 0, B1 < 0, b(b+c)(a+b) > cand m > 0 sufficiently
small, Py is an attractor, as shown in Figure 1.

Proof. It is clear that P, is a saddle if my < 0, since the product of its eigenvalues is
negative.

(@) Let further be my > 0. Assume first m > 0, thus, m? > ad?. It is clear that n; > 0 if
a <0, thus,
Ey, = )\1)L2(/\3 + )L4) + ApAszAy = —mqp < 0.

Let « > 0. Then, m? > ad? yields my > 2ca + %mo > 0, thus, E; < 0.

Secondly, assume m < 0. Then m? < ad? and & > 0 follow from mg > 0. For an
arbitrary fixed b > 0, denote by (b, ’112) € Ly, (b,ay,) € My, (b,am,) € My and
(b, am;) € M3 four points from the corresponding curves. Then,

Ny N, 2cm?
ST e

amy = _E/ Amy, = _E/ ap, and a;, — am; = N3, ()]

where N3 = (1-32)L +2m? c-bm Notice that apy = 3 —c—b— ’”722 and a;, =

B3 d2ByB3" b

T h dZ More cases need to be considered further.

(al) Assume B, < 0. The curve L, is given by
a= 1112 ’ (9)

withb >0 and c > 0. One can show that mg > 0 is equivalenttoa < ay,. If B = 0,

thenmy = === > 0, thus, E; = —m; < 0.1f B < 0, then, from m; = afy + N;

d2(h+ c)

and a < ay,, one gets m; > dzm which leads to E, < 0.

(a2) Assume By > 0and 0 < ¢ < 1. Then B3 > 0 as well. Since ml\Lz 2”” #0
and mz\M = —N3B3 # 0, it follows that L, "My = @ and M, N M; = @ we
denoted as usual by m|;, = my(b,a) for (b,a) € L. From (8), one get a;, > ap,
and a;,, > a;,,, since N3 > 0if 0 <c < 1.
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(a3)

For b > 0, denote by Mf = {(b,a),m; > 0,mg > 0} and M; = {(b,a),m; <0,
mg > 0}, the two regions from my > 0 corresponding to m; > 0, respec-

tively, m; < 0. Then E; = —m; < 0 on the region Mi*' Notice that Ly C Mf’,
becausem; |L2 = 2;'?2 >0and L, N M; = Q.

If my < 0, which is equivalent to a < a,,,, one can show

my < —N3B3 <0,

whenever 0 < ¢ < 1. It follows that
E3z = )\1(/\2 + A3 +)\4) +A2(/\3 +A4) + AzAg =mp <0,

on My . Therefore, E; < 0 or E3 < 0 on nzg > 0, whenever f, > 0and 0 < ¢ < 1.
Assume 8, > 0 and ¢ > 1, thus, B3 > 0. Since

2cm? b 1
ml‘LZZT #0, my|p, > E<02_1> # 0and m3|L2:b+c—27é0,

it follows that L, N My = @, Lo N My = @ and L, N M3 = @. Notice that a;, —
_ hd2(6271)+2cm2

amz = T > 0.
In the region b > 0, denote by M; = {(b,a),my >0,mp >0} and M; =
{(b,a),my <0,mg>0}. Then E3 = mp < 0 on the region M, . Notice that
Ly C My, becausem,|;, > b(e?2-1)>0and LN M, = @.

Assume further my > 0. If m; > 0, then E; = —myq < 0. It remains the case
mq < 0. We notice that M, may intersect M; in the region mg > 0, since

bm—c* b
5,2 b2
M|y, = 2m 5 +C<c 1),

may be zero. The inequalities 7, > 0 and m; < 0 yield —% <a< —%, thus,
NaB2 > NjB3, which, in turns, leads to
m2  Bab(c?—1)

z < 2¢(c% —bm)’ (10)

Then, —% < a and (10) yield
—bem(b+c) +c?(c — 1) + be +mb
c(c? —bm) !

msz >

which implies m3 > 0, because bc + mb > —mc > 0 follows from B, > 0 and
m < 0. Therefore,

Es=M+A+ A3+ Ay =—m3 <0.

It follows that, E; < 0 or E3 < 0 or E4 < 0 whenever mg > 0,if ¢ > 0,d > 0 and
m # 0, which, in turn, imply that at least one eigenvalue A; has Re(A;) < 0. This
confirms the proof.

(b) The result follows from Routh-Hurwitz conditions for S(A), which are mg > 0, m3 > 0,

mgmy > my and k; > 0. For the particular case, we write the expression k; as a

polynomial in m,

ky (m) = i cim' + apy(b(b+c)(a+b) — c)zbi
i=1
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for some coefficients ¢}, thus, k; > 0. The condition mzm, > m; follows from k; > 0
and mq > 0.
O

Example 1. The equilibrium point Py does not exist in the 3D model. This happens due to the
control function u(t), defined by the two constraints in the new 4D model. When Py is an attractor
and Py € %, the three state variables, namely the real interest rate x = x(t), the investment demand
y = y(t) and the inflation rate z = z(t), can be stabilized at least locally around three fixed values
o, % and — 1 respectively, which are economically relevant if md < 0 and d* > m?. This
scenario does not arise in the 3D model since Py is not a steady state of the model.

3. Bifurcation Diagrams

Denote by R the region
R = {(b,a),b > 0}.

The curve A has a unique branch of the form a = % - % lying in R, for allc > 0

arbitrary fixed, which splits the region R into two parts: # > 0 in the region from R that
contains the origin (0,0), and « < 0 in the other region, as shown in Figures 2-5.

() (b)

Figure 2. Bifurcation diagrams of the system (3) for 0 < ¢ < 1 and (a) 0 < m < cod, respectively,
(b) m > cod > 0, where cg = %\/1 —c2.

(a) (b)

Figure 3. Bifurcation diagrams of the system (3) for m > 0, d > 0 and (a) ¢ > 1, respectively, (b) c = 1.
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(a) (b)

Figure 4. Bifurcation diagrams of the system (3) for m < 0,d > 0and c > 1, (a,b). A region Ré where
P, is an attractor is presented in (b).

Nl

20 25

Figure 5. Bifurcation diagrams of the system (3) for 0 < ¢ < 1,d > 0 and (a) —cpd < m < 0,
respectively, (b) m < —cod < 0.

S, is the vertical line b = % — ¢, thus, s, < 0 on the left of S and s, > 0 on the right of
Sy, for all ¢ > 0 arbitrary fixed. If c = 1,sp = b. If ¢ > 1, the curve Sy lies on b < 0, thus, it
is outside the region of interest. However, the sign of s, is important if ¢ > 1 as well.

If ¢ # 1, the curve S has in R two branches asymptotically to the vertical line b =

(on the left and right of the line) given by s3 = Qb%bca + (c— %)b2 + (C% + cz)b — % =0

ol

Notice that s3 = 52;1 £0if b = % It follows that s3 < 0 in the region from R that contains
(0,0). The sign of s3 changes when (b, a) crosses a branch of S3, as shown in Figures 2-5.
Notice that a branch of the curve S3 may lie on & < 0, especially if ¢ > 1, and this branch is
not taken into account (it is not depicted in Figures 3 and 4) because P, 3 do not exist on
a < 0.

If c =1, thenss = 2(1 —b)(b+ ab — 1), thus, S3 has two branches in R as well: one is
the vertical line b = 1 and the other is the curve A, as shown in Figure 3b. It is clear that
s3 < 0 in the region from R that contains (0,0).

If 0 < ¢ < 1, the curves A, S; and S3 intersect at the same point I; = (by,41), with

b = % —c¢>0anda; = 22-1 If in addition md > 0,then L1 NSy = {Lh}, b = (bp, 12),

c—c3

where by, = by and a, = a1 — #ﬁ”ﬁ), thus, a; < ay. If md <0, then L, NS, = {L}.
Since mgy = cm"'zgizdz"‘, Afz =m —dy/aand )\53 = m + d\/a, by Theorem 5, the curves

Ly: /\5:2 =0and Ly : Af = 0 devide the region R into two disjoint subregions (on the left

10
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and right of L1, and the same for L), as shown in Figures 2-5. On one subregion P; is a
saddle, while on the other P, is a saddle or an attractor.

The following theorem clarifies the intersection of the bifurcation curves L; and S3.
Since Afz has constant sign on & > 0 if md < 0, only the case md > 0 is needed. We assume
further m > 0 and d > 0. The case m < 0 and d < 0 is similar.

Theorem 6. Assume m > 0and d > 0. The following assertions are true.

(1) IfO<c<1landb> 1, theintersection L; NSz on a > 0 has zero points if 0 < m < dcy,
one point if m = dcy, respectively, two points if m > dcg, where cg = % V1—cL

(2) If0<c<1land0<b < %,theneithersz <0ors3<0Oona>0.

(3) Ifc > 1, the intersection Ly N Sz has a single point on &« > 0 and b > 0.

Proof. Since /\P 2 = m —dy/a, the curve L is defined only on « > 0 and is given by

a= % - % -3 d2’ with b > 0. The intersection L1 N S3 satisfies s3 = 0 and /\ = 0, which
lead to an equation in b of the form
1 2m 1 2m
(c—z>b2+<?+ +c2 )b—ﬁzo. (11)
(1) Byw=">b- %, (11) reads pow? + p1w + po = 0, where pg = ¢ — % and p; = 2;’—;2 —

Clz + ¢2. Its roots w1 » satisfy wywy = 1. Thus, wqy > 0 and wy > 0 iff wy +wy > 0
and A > 0 (the discriminant). Since pg < 0, the inequalities lead to p; > 0 and

= (p1 —2po)(p1 + 2po) > 0, thatis, py > 0 and p; +2py > 0. However, p; +2py =
Z(d—zz — ) > 0, where ¢y = z\%\/l —¢2>0,and m > 0, lead to m > dcy. Moreover,

p1+2po > 0 leads to 2;’—212 > 2¢% > Clz — ¢ > 0, which, in turn, leads to p; > 0.

Therefore, w; > O and wz > 0 iff m > dcg. In this case L; N 53 = {I3, 14}, where
I = (bj,a;),a 27 - bdz’ i = 3,4, respectively, by = wy + = Land by = wy +2 L1t
is clear that 13 =Iifm= dco If 0 < m < dcg and p; > 0, then A < 0,thus L1 N 53 is
the empty set.

2 Ifo<b< ——c,thensz<0 Ifbff ¢, thensy =0and s3 = —2ca <Oona >0,
while,53:C;1 <01fb:E.LetE—c<b<Eandlx>0.Thensz>Oand

s3 :ZubC;1 —gsz<1—c2> < 0.

(3) Assume c > 1. Then, the roots bs¢ of (11) satisfy bsbg < 0, thus, b5 > 0 and bs < 0;
notice that the discriminant of Equation (11) is positive. It follows that Ly N S3 = {I5},
where Is = (bs,a5) and a5 = 17175 —-1_ If c = 1, then Ly N S3 = {I5}, where

bd2
mz ‘
Is = (1,70,—2).

The theorem is now proved. [

A similar result can be obtained for the intersection of the curve L, with S3. Since
Af3 = m + d+/u has constant sign on & > 0if md > 0, only the case md < 0 is needed. We
present the result for m < 0 and d > 0, while the remaining case m > 0 and d < 0 can be
treated similarly. A proof of the next theorem can be obtained as above.

Theorem 7. Assume m < 0and d > 0. The following assertions are true.

(1) If0<c<1landb > L, theintersection Ly N Sz on a > 0 has zero points if —dcy < m < 0,
one point if m = —dcy, respectively, two points if m < —dcy < 0.

(2) If0<c<land0<b < %,theneithersz <0ors3<0Oona>0.

(3) Ifc > 1, the intersection Ly N Sz has a single point on o > 0 and b > 0.

11
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Remark 5. Ford > 0and m € R we obtain:
Pa\Ps
(1) Ifm>0andd > 0, then )\53 =m+dya > 0and my = cm/\4d;\4 has the same sign as
)\ZZ onw > 0,and mg > 0ifa < 0. The curves {mg = 0} and Ly coincide.
(2) Ifm <Oandd >0, then AL* = m — d\/& < 0 and mg has the same sign as Af** onwa >0,

and my < 0if & < 0. The curve {mg = 0} coincides to L, in this case.

Remark 6. In the following cases, we will determine the bifurcation diagrams of the system (3)
when m > 0and d > 0, respectively, m < 0 and d > 0. One can proceed similarly in other cases.

Case 1. Assume first 0 < ¢ < 1, m > 0 and d > 0. Notice that AZ3 > 0, whenever Ps
exists, and {my = 0} coincides to L. Based on Theorem 6, two main bifurcation diagrams
arise to describe the system’s dynamics, as shown in Figure 2a,b. The bifurcation curves
in the two diagrams are illustrated in Matlab: Figure 2a uses c = 0.2, m = 1and d = 0.5,
while Figure 2b c = 0.4, m =2.7and d = 1.

Case 2. Assumec > 1,m > 0and d > 0. Then Sy liesonb < 0and s; > 0on b > 0.
By Theorem 6, L1 N S3 = {I5} in the region & > 0 from R. One can show A N S3 = @ on
b > 0and 1 < 0in the region R where & < 0. Asin case 1, /\53 >0onwa > 0and {my =0}
coincides to L;. In particular, if c = 1, then s, = b > 0 and s3 = 2(b — 1)a. Two main
bifurcation diagrams emerge in this case, which are depicted in Figure 3a,b. The curves are
illustrated for ¢ = 2, m = 1 and d = 0.6 in Figure 3a, respectively,c = 1,m = 1and d = 0.6
in Figure 3b.

Case 3. Assume ¢ > 1, m < 0 and d > 0. The curve L, is given by the same
expression as Lq. The curve {my = 0} coincides to L; in this case; Afz < 0 whenever P,
exists. Furthermore, sign(mg) = sign (/\53) ona > 0and my < 0if a < 0, respectively,
B1 < 01in the region R where & < 0. Using Theorem 7, a bifurcation diagram is presented in
Figure 4a. Figure 4b presents a region Ré where Py is an attractor, in a typical case m = —1,
d = 0.5 and ¢ = 2. The strip Ré is quite large, it extends to infinity along the horizontal axis
when b > 0 is large. We denoted by Kj the curve {(b,a),k; = 0}.

Case 4. Assume(0 < c < 1,m <0andd > 0, thus, /\fz < 0if @ > 0. By Theorem 7, two
main bifurcation diagrams arise to describe the system’s dynamics, as shown in Figure 5a,b.
Figure 5a is illustrated for ¢ = 0.2, m = —1 and d = 0.5, while Figure 5b forc = 0.2, m = —3
and d = 0.5.

Remark 7. The type of the equilibria Py, P, 3 and Py as they appear in different regions from the
above bifurcation diagrams presented in Figures 2-5, are described in Table 1.

Table 1. The type of the equilibria P;, P, P3 and Py on different regions from bifurcation diagrams;
s stands for saddle, while a for attractor.

Ry R> R3 R4 Rs Re R7 Rs Ry
P s s s S S a S s S
P, — s s a a — a S -
P — s s s s — a a -
Py a,s a,s s s a,s s s a,s s

The different behavior of P; as an attractor on the region R is presented in Figure 6,
while the two possible states of Py as an attractor or saddle are depicted in Figure 7.

12



Mathematics 2023, 11, 797

6 8 10

Figure 6. The time series of the four variables around the attractor P; in the system (3). The parameters
area=1,b=1,¢c=2,m= —1and d = 1. The starting point of these series is (1,1, 1, 1).

ﬁ A—
05

¥

505
N
>
X -1
u(t)

15 yd

2 \‘\ x()

. \/\

3 i i " i i 3 i i : . ;

0 2 4 6 8 10 0 2 4 6 8 10

Figure 7. (Left). The time series of the four variables when Py is an attractor within the region
Rg. The parameters area = —2,b =5,¢c =2, m = —1,d = 0.5 and P4(—2, —0.6, 1, —1.8). The
starting point of these series is (—1, —0.1, —0.5, —0.8). One may notice that the four series converge
correspondingly to the four coordinates of Py as t increases, thatis, x(t) — —2,y(t) — —0.6,z(t) — 1,
and u(t) — —1.8. (Right). The time series of the four variables when P; is a saddle within the region
Rg. The parameters are s = —3,b = 10,c = 2, m = —1,d = 0.5 and P4(—2, —0.3, 1, —4.4). The
starting point of these series is (—2.1, —0.3, 1, —4.4). One may notice that the four series do not
converge correspondingly to the four coordinates of P4 as t increases.

4. Conclusions

An economic model based on differential equations with four variables, the real
interest rate, the investment demand, the inflation rate and a control function of the system,
has been investigated. The model builds upon a three-dimensional model studied earlier
in [14], to which a new variable and equation related to the real interest rate are added.
A qualitative analysis has been performed and more bifurcation diagrams were obtained
for understanding its local behavior, which undergoes three bifurcations: transcritical,
pitchfork and Hopf. Bifurcation diagrams are used to illustrate how the dynamics of the
4D system alters with the increasing value of the parameters m and c. The occurrence of
Hopf bifurcation means that the system’s equilibrium points can evolve into predictable
economic cycle.

The system (3) proposed in this work has three equilibrium points with economic
relevance, P, P; and Py, while the initial system studied in [14], which corresponds to u = 0
in (3), has only one steady state with economic relevance, the point P;. Thus, the control
function u proposed in this work increases the relevance of the initial model. This could lead

13
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to a better understanding of economical prediction for more complex financial phenomena
and also explain complex and dynamic behaviour of various economic systems. When the
control function is null, we notice that the saving amount variable a is inversely proportional
with the fluctuation of the system, meaning the smaller the saving amount is, the bigger the
fluctuation of the system is, so the saving amount has to keep a balance because a too small
saving amount means chaotic phenomenon and a too large saving amount means a slow
economy. When the control function is different from zero, the Routh-Hurwitz criterion is
used to study the properties of the asymptotic stability of the economic model with control.
This control function can improve the economic vigor and become a necessary condition,
in order to make the economy develop well. Numerical simulations are provided using
Matlab in order to illustrate the effectiveness of the proposed approaches.
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Abstract: In this paper, we establish a random epidemic model with double vaccination and spon-
taneous variation of the virus. Firstly, we prove the global existence and uniqueness of positive
solutions for a stochastic epidemic model. Secondly, we prove the threshold R{j can be used to control
the stochastic dynamics of the model. If Rjj < 0, the disease will be extinct with probability 1; whereas
if R > 0, the disease can almost certainly continue to exist, and there is a unique stable distribution.
Finally, we give some numerical examples to verify our theoretical results. Most of the existing
studies prove the stochastic dynamics of the model by constructing Lyapunov functions. However,
the construction of a Lyapunov function of higher-order models is extremely complex, so this method
is not applicable to all models. In this paper, we use the definition method suitable for more models
to prove the stationary distribution. Most of the stochastic infectious disease models studied now are
second-order or third-order, and cannot accurately describe infectious diseases. In order to solve this
kind of problem, this paper adopts a higher price five-order model.

Keywords: epidemic model; vaccine inoculation; extinction; stationary distribution

MSC: 92-10; 92B05

1. Introduction

Infectious diseases have become the greatest enemy of human health. When an
infectious disease appears and prevails in an area, the primary task is to make every effort to
prevent the spread of the disease. Vaccination is one of the important preventive measures.
Through vaccination, smallpox was eliminated in the world at the end of the 1970s. This
is a great victory for human beings in the fight against infectious diseases, an important
milestone in the history of preventive medicine, and a great achievement of vaccination
for human beings. In mathematical epidemiology, the control and eradication of infectious
diseases are urgent problems, and have greatly attracted the interest of researchers in
many fields. Now scholars have proposed and extensively discussed various types of
optimizing models and their influencing factors, such as vaccination, time delay, impulse,
media reports, etc. [1-4]. However, as a disease progresses, a virus can mutate as it spreads,
allowing the disease to spiral out of control. Cai et al. analyzed the stability of the infectious
disease model of virus mutation of inoculation, but only considered the condition that the
inoculated individual was completely effective against the virus at a certain stage [5,6].
Baba and Bilgen et al. considered the problem of double-inoculation infectious diseases,
which had an adverse effect on the two viruses respectively, but did not consider the
conversion between patients infected with the two viruses [7,8]. Therefore, on the basis of
the research on the problem of virus mutated infectious disease, considering the situation of
two kinds of vaccination for susceptible people, a kind of virus mutated infectious disease
model with double vaccination was proposed.
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Taking into account the important role of vaccination in preventing the occurrence of
infectious diseases, we assume that the first type of vaccinated people are fully immune to
the premutation virus and partially resistant to the post mutation virus, whereas the second
are fully immune to the postmutation virus and partially resistant to the premutation
virus. In addition, the two types of the infected are infectious, and the disease is not fatal
before the virus mutation, whereas it is fatal after the virus mutation. Based on the above
assumptions, a model was established as follows:

S(t) = A= B1S(H) 11 (t) — BaS(t) la(t) — AS(H)
Vi(t) = ¢1S(t) — kil () Vi (t) — aVa(t)
V;(t) = ¢2S(t) — ko1 (1) Va(t) — aVi(t) M
L(t) = B1S(t) 1 (t) + ko Ly () Vo (t) — g 1 (8)
L(t) = BaS() I (¢) + kL (1) Vi (t) + ely () — anlp(t)
(

R(t) = 1111 (t) + 1212 () — aR(t),

where S(t), V1 (t), Va(t), [1 (), I2(t), and R(t), respectively, represent the number at the time
t of the susceptible, those vaccinated to the first and to the second types of vaccines, the
infected before and after virus mutation, and the recovered. A is the input rate of the
population. B; and B, are the infection coefficients, respectively, before and after virus
mutation. a is the natural mortality of the population. ¢; and ¢, are the vaccination rates
of the first and the second vaccines. k1 and k; are the infection rates of the infected with the
first type of people vaccinated after virus mutation, and the second before virus mutation,
respectively. 1 and 7, are the recovery rates of the infected, respectively, before and after
the virus mutation. ¢ is the ratio of the infected before the virus mutation to the infected
after virus mutation in number. ¢ is the mortality rate of the infected after virus mutation.
In addition, A ;= a4+ @1 + @01 :=a+ 1 +&ar:=a+ 7 +e

According to the biological significance of the model, it is assumed that all parameters
are positive, and the dynamic behavior of population R does not affect other populations.
Thus, the following model is considered:

S(t) = A= B1S(H (1) — B2S(H) Ia(t) — AS(H)
Vi(t) = 18(t) — kil (t) Vi (t) — aVi(t)
Va(t) = @2S(t) — ko Iy (£) Vo (t) — aVi(t) )
Li(t) = B1S() () + koI (1) Va(t) — aq [y (t)
L(t) = B2S(H L (1) + ki L () VA (£) + eIy (£) — aa Ly (#).

Model (2) has a basic reproduction number Rj, where

‘31/\ kz(pzA ‘32/\ kl(plA
Ro = R,R)}, Riy =— 4+ = Ry ="~ 4 1.
0 = max{Ry, Ro}, Ry A + amA T E T mA anA

it also has a disease-free equilibrium

N 1A @A
0 1,0 o P1 P2
Ey(So, V1, V5,0,0) = Eo(f/\,T}\ e ,0,0).
Moreover, when R, > 0, model (2) has a boundary equilibrium point

1A A
— , = = ’ = rllr IZ)I
‘3212+/\ (k112+a)(/32[2+/\) a(5212+/\)

E2(S,V1, Vo, I, Ip) = Ea(
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where the disease will disappear before the virus mutation, and after the virus mutation it
will spread; when I} and I] > 0, both before and after the virus mutates, model (2) has an
endemic disease balance point E3(S*, V}, V', I}, I3 ), where

. A
N Bl + Bl + A
Vl* _ (PlA ,
« $2A

Vi = }
27 (koI +a)(B1lf + Bols + A)

On the other hand, environmental change has a key impact on the development of
epidemics [9]. For disease transmission, because of the unpredictability of human contact,
the growth and spread of epidemics are essentially random, so population numbers are
constantly disturbed [10,11]. Therefore, in epidemic dynamics, stochastic differential
equation (SDE) models may be a more appropriate approach to modeling epidemics in
many situations. Many real stochastic epidemic models can be derived based on their
deterministic formulas [9,12-23]. Assuming that the coefficients of model (2) are affected
by random noise that can be represented by Brownian motion, model (2) becomes:

dS(t) = (A — B1SI — B2Slr — AS)dt + oy SdBy (1)
AVi(t) = (¢1S — k1L Vy —aVy)dt + 0o V1dBs (t)
AVa(t) = (25 — kalyVa — aVa)dt + 03VadBs (1) 3)
dly(t) = (B1Shy + ka1 Vo — ay I )dt + o4 1 dBy(t)
dL(t) = (B2Sh + k1o Vi + ely — azL)dt + 051dBs (1),

where 0;(i = 1,2,3,4,5) represents the intensities of the white noises, and B;(t)(i =
1,2,3,4,5) are mutually independent standard Brownian motions. However, the groups
S, V1, Vo, 11, and I, are usually subject to the same random factors such as temperature,
humidity, etc., in reality. As a result, it is more reasonable to assume that the five classes of
random perturbance noises are uncorrelated. If we set B;(t) = B(t)(i = 1,2,3,4,5), then
model (3) becomes:

dS(t) = (A — 1S — PaSk — AS)dt + o1 SdB(t)
Avi(t) = (¢1S — k1L Vi —aVy)dt + 02 V1dB(t)
AVa(t) = (928 — k[ V3 — aV)dt + o3 VadB(t) )
AL () = (B1Sh + kal; Vo — aq [ dt + o4 1 dB(t)
AL (t) = (BoSh + ki LV + el — aa1p)dt + 051,dB(t).

Let (O, F,{Fi}>0,P) be a complete probability space with the filtration {F;}:>¢
satisfying the usual condition (i.e., { F¢ }¢>0 is increasing and right continuous whereas
contains all P-null sets). Throughout this paper, a A b := min{a, b}, a V b := max{a, b} and
Rio = {(u,v,w,x,y) : u,0,w,x,y > 0} are denoted.

First, we prove the global existence and uniqueness of the positive solution of model (4).
Similar to a deterministic model, we introduce a threshold value R}, able to be calculated
from the coefficients. We show that if R < 0, I(t),I(t) = L(t) + L (t) will be extinct
with probability 1, and S(t), Vi (t), Va(t) will weakly converge to their unique invariant
probability measures u7, 5, p3, respectively. If Ry > 0, then coexistence occurs, and all
positive solutions of model (4) are converged to the unique variational probability measure
#* in the total variational norm.

Most of the existing studies use the method of constructing the Lyapunov function to
prove the existence of the stationary distribution of the solution of model (4). However,
this method is not applicable to all models. In this paper, the definition method applicable
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= infite0,n]:S(t) ¢ (2

to more models is used to prove the stationary distribution [24-27]. Moreover, most of the
stochastic infectious disease models studied now are second order or third order. Therefore,
in order to depict infectious diseases more accurately, we have established a fifth-order
model-a double inoculation and random infectious disease model of spontaneous virus
mutation, considering two kinds of vaccination for susceptible people on the basis of the
research on infectious diseases of virus mutation.

The main structure of this paper is as follows: In Section 2 we prove the global existence
and uniqueness of the positive solution of model (4). In Sections 3 and 4, we are devoted to
the proof of extinction and coexistence, respectively. In Section 5, we provide an example to
support our findings. In Section 6, the main results are discussed and summarized briefly.

2. Existence and Uniqueness of the Global Solutions

Theorem 1. For any given value (S(0), V1(0), V2(0),1;(0), I2(0)), there is a unique solution
(S(t), Vi(t), Va(t), L (t), Io(¢)) to model (4) on t > 0 and the solution will remain in Ri’o with
probability 1, i.e., (S(t), V1 (1), Va(t), 1 (1), I(t)) in Ri’o forall t > 0 almost surely.

Proof of Theorem 1. Since the coefficients of model (4) satisfy local Lipschitz and linear
growth conditions, it can be seen from the existence and uniqueness theorem of solutions
of stochastic differential equations that for any (S(0), V1(0), V2(0), ;(0), I(0)) € Rio,
model (4) has a locally unique solution (S(t), Vi (t), Va(t), 1(t), Io(t)). To prove the global
nature of the solution, we only need to prove that 7, = 400, where T, is the explosion time.

Let ko > 0 be a sufficiently large positive number, so that for each t > 0, S(t), Vi (t),
Va(t), [1(t), I(¢) fall in the interval [le]' ko]. For each integer k > ko, define the stop time T,
as follows:

K),0rha(t) £ (-,K)},

k),orVi(t) ¢ (%,k),orvz(t) ¢ (%,k),orll(t) ¢ (1 ©

K K
where infQ@ = co. Obviously, when k — oo, T} increases monotonously.

Let 7o = limy_, 1 o Ty, then Teo < 7. So we just have to prove T, = co. Supposing that
Too 7# 00, then there are constants T > 0 and &1 € (0,1) such that P{te < T} > ¢;. Further,

there is an integer k1 < ko that makes
P{t, <T}>e forall k>k. ®)

Define C° function: V : Ri’o — Ry by V(N(t)) = N(t) —1—InN(t), where
N(t) := S(t) + Vi (t) + Va(t) + L;(t) + L2 (t). Obviously, function V (N(t)) is a non-negative
function. If (S(t), Vi (), Va(t), I (), Lo()) € R°, according to Itd's formula, there is a posi-

1
tive number G := A+a+9; + 72 +0 + 5(012 + 0% + 02 + 0% + 02), so that
1
dVv = Lvdt+ (1 — N)(O’ls + Vi + 03Va + o4y + 051)dB(t),
1 1
w:ufNmmﬂwf%u4n+®m+5ﬁw§+@ﬁ+@ﬁ+ﬁﬁ+é@

_ A 1h | (n+db
=A—aN -7 — (2 +9)h NtTat Nt N

1
+ oygz (O1S* + VP + 3VE + a4 I} + 0313)
1
SAtaty+m+d+ (0] +03+03 + 0§ +03)
=G,

dV < Gdt + (1 — %)(U’]S + Vi + 03V + oy lh + U5lz)dB(t).
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Integrate both sides of the above inequality from 0 to 7y A T at the same time, we get

T NT AT T AT 1
[Fav < [T G+ [T (- (@S + Vi +sVa + oyl + osT)dB(t),
JO JO JO

moreover, then we take the expectation, and obtain
EV(N(%AT)) <V(N(0))+GE(te AT) < V(N(0)) + GT. (6)

Set O = {7 < T} for k > kq and by (5), we have P(€)) > €;. Noting that for every
w € O, there is S(7, w) or V;(1, w) or Va(t, w) or I1 (i, w) or I(T, w), being equal to
either k or %, and hence

V((N(t,w)) > min{k — 1 — lnk,% — 1+ Ink}.
It then follows from (6) that
VN()) +GT > Ellg, (@)V(N())] > eymin{k — 1~ Ink, £ — 1+ Ink},
where 1, is the indicator function of (). Letting k — oo, we obtain the following contradiction:
o0 > V(N(0)) + GT = oo.
So we must have T, = oo a.s. This completes the proof of Theorem 1. [

3. Extinction of Disease

For the infectious disease model, we always care about whether the disease will
disappear. In this section, we first define a threshold value R}, and the stochastic extinction
of the disease when R;; < 0 is then proved in the model (4).

To obtain further properties of the solution, we case on the boundary of the first
equation of model (4):

dS(t) = [A — AS(t)|dt + o1 S(t)dB(t) )

so we have,

%/;?(T)dr _ %’f(t) v % +3 Ot 5(1)dB(x).

For the given initial value u, let S(t) be the solution to model (7). According to the
comparison theorem, Sy v,w,xy < S(t) Vt > 0. By solving the Fokker-Planck equation, the
process S(t) has unique stationary distribution with density f;(x), and by the strong law
of large numbers, we have

Jim © t?(r)dT—/mxf*(x)dx—é 8)
t—oo £ Jo o ! A

For other equations of model (4), we use the same method to obtain:
dVi(t) = [@1S(t) — aV1(t)]dt + 02 V1 (t)dB(t),

we have

1t _ © _ (PlA
fim 2 |, Vl(T)dT*/O xfy (x)dx = 5=, ©)

then similarly B _ B -
de(t) = [(pzs(f) — ﬂVz(t)}dt + 0’3V2(i’)dB(t),
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therefore 1 g A
P 7 _ b * _ P2
lim t/o Vz(T)drf/O xf3 (x)dx = T (10)

t—o0

where f3(x), 5 (x) have the same definition as above.
To proceed, we define the threshold as follows:

A kgt A koA
R; = (B1 +/\/52) oA | ke

al al te—a

where & = a1 A ap.

Theorem 2. If R < O, then for any initial value (S(0), V1(0), V2(0), [ (0), (0)) = (u,v,w, x,y)

IS Ri", limsup,_,, M < R§ a.s., and the distribution of Su,v,w, x,y(t), Vooy (1),

V2, (E) COnverge weakly to the unique invariant probability measures uy, py, p3 with the
densities f{, f5, f5, respectively.

Proof of Theorem 2. Considering a Lyapunov function I(t), defined by I(t) = I1(t) + Ix(¢).
Applying It0s formula to I(t), we have

Ainl(8) = (775 (BrS(OR(0) + Kl (1V2(8) = w113 (1) + BaS () + i (V)

+el(t) —a (b)) — 020 (1) + 021 (t)

o3l (t) + o5 (1)

2
dt + dB(t)

212(0) 0]
<11+ o)) + 2 () + B2y 1) 4 1) — g+ DO g

< [(B1+ B2)S(t) + k1 Vi(t) + kaVa(t) + & — a]dt + (o4 + 05)dB(t),
where & = a1 A ap.

Then integral from 0 to f at both ends of inequality

t t__ t__
InI() — In1(0) < (/31+,52)/0 S(T)dr+k1/0 Vl(r)dr+k2/0 Va(1)dt
' 4 ‘ (11)
+(£—o<)t+(a4—|—05)'/0tdB(T).

It finally follows from (11) by dividing t on the both sides and let t — oo that,

(B1+ B2)A n kg1 A . koo A
A a\ aA

lim sup % InI(t) =

t—co

+e—a=R}<0. (12)

Hence, I(t) converges almost surely to 0 at an exponential rate.
For any e1 > 0, it follows from (12) that there exists tg > 0 such that P(Q,) > 1 —¢;
where
Qe, = {Inl(t) < Rt} = {1(t) < R, vt > 1o}

Case 1. Sy,u,u,xy(t) converges weakly to the unique invariant probability measure u; with
the density f;".

We can choose that f; satisfying f%ﬁaexp{Ré} < ¢1. Let S(t) be the solution of (7).

Supposing S(tg) = S(to), then we can obtain P{Sy,v,w,xy () < S(t)} = 1 by the comparison
theorem. In view of the It¢’s formula, for almost all @ € Q, we have
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ogmﬂﬂfmyﬂ:AJﬁi%fgéyh+Z3mMﬂ+&bﬁwﬁ

.t .t * * *
< [ 1) < p [ Rirar= B (R ity <y,
Jtg Jio RS

where 8 = 1V B,. As aresult, for any t > ty we have
P{|InS(t) —InS(t)| < e1} >1—¢e1 < P{|InS(t) —InS(t)| > &1} < &1. (13)

Now let us make an equivalent statement, that is, the distribution of InS(t) is weakly
convergent to v; is equivalent to the distribution of S(t) is weakly convergent to pj. By
the Portmanteau theorem, it is sufficient to prove that for any g(-) : R — R satisfying
g(x) — g(y)] < |x —y|and |g(x)] < 1Vx,y € R, we have

Eg(nSuni0my(1) = 81 = [ gGvi(ax) = [ glumx)ui (d).

Because the diffusion of model (4) is non-degenerate, the distribution of S converges weakly
to uj as t — oo. Therefore

}Eﬁ‘o Eg(InS(t)) =g, (14)
such that
|Eg1(InS(t)) — 31| = |Eg(InS(t)) — Egi(InS(t)) + Eg1(InS(t)) — g1
< E[InS(t) — InS(t)| + E|g1(InS(t)) — 34|
< A{|InS(t) — InS(t)| < e1}P{|InS(t) — InS(t)| < &1} (15)
+{|InS(t) — InS(t)| > e1 }P{|InS(t) — InS(t)| > &1}
< e1P{|InS(t) — InS(t)| < e1} + 2e1 P{|InS(t) — InS(t)| > &1}
Applying (13) and (14) to (15), we can obtain

limsup |[Eg(InS(t)) — ;| < 3e;.
t—o0

Case 2. Viy,u0,xy (t) converges weakly to the unique invariant probability measure 5 with
the density f5.

Similar to Case 1, we can choose fg satisfying f%lexp{Ra} < £1. Then, we can get
0

InVi(t) — InVi(t) = g1 /t:(vgl((i)) B 51((?)

b k « «
< kl/ eRoTdr = — L (eRoto — oRity < ¢y
to RO

)ﬁ+h[bmhgh/3maﬂ

to

As aresult, for any t > fy we have
P{InVi(t) ~InVy(5)] S &1} > 1— ey & P{In V() —~nV5(8) > 1} <e1,  (16)
then we have
Eg(InViwpmwy(t) — 5 = /Rg(x)vf(dx) = /Ooo g(Inx)ps (dx).

Thus N
lim Eg(InV1o()) = Zy a7
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such that

|Eg1(InS(t)) — 1| = |Eg(InS(t)) — Eg1(InS(t)) + Eg1(InS(t)) — g4

< e1P{|InS(t) — InS(t)| < e1} + 21 P{|InS(t) — InS(t)| > e1}. {18

Applying (16) and (17) to (18), we can obtain

lim sup [EG(1nV1u,0,0,%,y (t)) — 5| < 3e1.

t—o00

Case 3. Vay,p,u,x,(t) converges weakly to the unique invariant probability measure y3 with
the density f5.

The proof method is the same as above. Since ¢; is taken arbitrarily, we obtain the
desired conclusion. The proof is completed. [

4. Stationary Distribution

Now we focus on the case Rj > 0. Let P(t, (1, v,w,x,y), -) be the transition proba-
bility of (Su,v,w,x,y (t)/ Vlu,v,w,x,y(t)r VZu,v,w,x,y (t)/ Ilu,v,w,x,y(t)r IZu,v,w,x,y (t)) Because the dif-
fusion of model (4) is degenerate, i.e., Bi(f) = Ba(t) = B3(t) = By(t) = Bs(t) = B(t),
we have to change the model to Stratonovich’s form in order to obtain properties of

P(t, (u,v,w,x,y),-),

dS(t) = (A —c1S(t) — p1S(t) i (t) — B2S(t) La(t))dt + 01 S(t) o dB(t)
dVi(t) = (—caVi(t) + 15(t) — k1 L(£) Vi (t))dt + o Vi (t) o dB(t)
dVa(t) = (—c3Va(t) + @2S(t) — kol (t)Va(t))dt + o3 Va(t) 0 dB(t)
Al (t) = (—caly (t) + B1S(E) 11 () + ko Iy (£) V2 (#) )dt + 0411 () 0 dB(t)
dl(t) = (—csh(t) + B2S() Ia(t) + k1 (1) Vi (t) + el (t))dt + 05D (t) o dB(t),
where 2 2 2 2 2
c1 :/\—l-?l;cz:a-&-?z;cg:ﬂ+73;c4:0¢1+?4;65:“2+75-
Let
A —cqu — Brux — Bouy opu
—Cv + @11 — kyoy 00
Alu,v,w,x,y) = —c3w + @ou — kpwx ,B=|ozw |,
—caX + Brux + kowx oyx
—cs5y + Pouy + kjoy + ex o5y

to proceed, we first recall the notion of Lie bracket. If X(ay, a3, - ,a,) = (X1, X2, -+, Xu)
and Y(ay,az,- -+ ,an) = (Y1,Ya,---,Y,) T are two vector fields on R” then the Lie bracket

[X, Y]is a vector field given by

L 0X;
(X, Yi(ay, a0, an) = Y (Xj5—t(ay, a0, Syan) = Yj (@ ay e an),
j=1 !

wherei =1,2,--- ,n.

Using L(u,v,w,x,y) to represent the Lie algebra generated by A(u,v,w,x,y),
B(u,v,w,x,y) and Lo(u, v, w,x,y) the ideal in L(u, v, w,x,y) generated by B. We have
the following theorem.

Theorem 3. The ideal Lo(1,v,w,x,y) in L(u,v,w,x, é/ generated by B(u, v, w, x,y) satisfies
dimLy(u,v,w,x,y) = 5 at every (u,v,w,x,y) € In other words, the set of vectors
B,[A, B, [B,[A,B]l, B, B, [A B, spans RS at every (u,0,w,%,y) € RY°. As a result, the
transition probability P(t, (u,v,w, x,y), ) has smooth density p(t,u,v,w,x,y,u’, o', w', x',y).
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Proof of Theorem 3. By direct calculation,

o1 A + 04rux + o5Bouy
—o1 11+ a2 11 + os5kqvY
C=[AB]= — 011 + 031U + Oykowy ,
—01B1ux — o3kpwx
—01Bouy — ookivy — oyex + o5ex
—02A + 02 Byux + 02 Bouy
— (01 — 2)?@1u + 02kyvy
D=[BC]= —(01 — 03)%pou + TZkpwx ,
—Ulzﬁlux — ngzwx
—02Bouy — ozkyoy — (04 — 05)%ex

e fu1
e fa1
EZ[C,D}Z €31 ,FZ[D,E}Z f31 ,
ey fau
es1 f51

where elements in matrices E and F are shown in Appendix A.
Consequently,
det(B,C,D,E,F) #0,

which means that B; [A, B; [B, CJ; [C, D]; [D, E] are linearly independent. As a result, B; [A, B;
[B,CJ; [C, D);[D, E] span Rfor all (1, v,w, x,y) € R°. Theorem 3 is proved. [

In view of the Hormander Theorem, the transition probability function P (¢, ug, vo, wo,
X0, Yo, -) has a density k(t,u,v,w, x,y, 19, o, Wo, X0, Yo) and k € CS((O,w),RiO,Ri’O,]Ri’O,
Ri’o, Ri’o). Now we check the kernel k is positive. A fixed point (ug, v, wo, X0, Yo) € Ri’"
and a function ¢, considering the following model of integral equations:

t
M4>(t) = Uy +/O [0’14)”4) +f1(u¢,v¢,w¢,x¢,y¢)]dr
ot
vy(t) = vy + /0 (290 + fo (1, vp, W, Xp, Ygp)]dT
t
W¢(t) = Wy +/O [0'3477,04) +f3(u¢, Vg, Wep, X¢,y¢)]d’f (19)

t
xp(t) = xo + /o [oagpxg + fa(uug, vp, Wp, Xp, Yp)ldT

t
yo(t) =yo+ /0 [o5pyg + f5(1ug, vy, W, xp, Yp)]dT,

where
fi =A—cu— Brux — Bouy;  fo = —cov+ @ru — kyoy;
f3 = —c3w + @au — kywx; fa = —cax + Brux + koywx;
f5 = —csy + Bouy + kyvy + ex.

Let Dy 09,w0,x0,y0:9 b€ the Frechét derivative of the function k. If for some ¢ the deriva-
tive Dy vg,w0,x0,y0;¢ Das rank 5, then k(T,u,v,w,x,y, up, vo, wo, X0, y0) > 0 for u = u4,(T),
v =0y(T), w = wy(T), x = x4(T), and y = yy(T). The derivative Dy,u,wp,xoy0;¢ can be
found by means of the perturbation method for ODEs.

Namely, let

T(t) = f'(ug(t), vg(t), we (t), %9 (t), yo(t)),
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where f is the Jacobian of f = [fy, fo, f3, fa, f5] | and let Q(t, ty), for T >t >ty > 0, be a
matrix function such that

0Q(t, to)

Q(to, t0) = I; Py

=T(H)Q(t to),

and
-
v =[0,00,03,04,05] ',

then Dug,vp,w9, v yoiph = foT Q(T,5)g(s)h(s)ds.

Theorem 4. For any (ug, vy, wo, X0, Yo) € Ri’o and (u,v,w,x,y) € R>°, there exists T > 0
such that k(T, u,v,w, x,y, 1y, vo, Wo, Xo, Yo) > 0.

Proof of Theorem 4. First, we check that the rank of Dug,vg,w0,20,y0;¢ 15 5- Let 1 € (0,T)
and h(t) = 1j7_¢, 1), € (0, T). Since

Ly s = 1) 4 o((s — T)%),

Q(T,s) =Id+T(T)(s—T) + %FZ(T)(S -T2+ %r3(T)(s T+ 53

we obtain

1 1 1 1
Dugoo0,x009h = €1V = SET(T)V + 26 TA(T)v — 6T (T)v + s THT)v + o(e]).

120
Directly calculated
01411 + 04414 + 05415 o1b11 + 02b1p + 03b13 + 0yb1y + 05b15
01a21 + 024 + 05425 01bp1 + 02b22 + 04boy + 05b25
[(T)v= 01431 + 03a33 + 0434 ;T2(T)v = 01b31 + 03033 + 04b3y + 05b35 ;

01041 + 03043 + 04y 01bg1 + 03b43 + 04bgs + O5bys
01851 + 02457 + 04454 + 05455 01b51 + 02bsy + 03bs3 + 04bsy + o5bss
01011 + 02¢12 + 03€13 + 04C14 + 05C15 01d11 + 02d1p + 03d13 + 0ydy + 05d15
01C21 + 02022 + 0323 + 04Co4 + 05C25 01dy1 + 02doy + 03d23 + 0ydoy + 05d>s

I3(T)v = | oyc31 + 02032 + 03033 + 04038 + 0535 |;THT)v = | 09d3y + 0adsy + 03633 + 04dsy + 05d35 |,

01C41 + 02C4n + 03C43 + 04C44 + O5C45 01d41 + 02dygp + 03dy3 + 04dyy + 05dss

01051 + 02052 + 03053 + 04C54 + O5C55 01ds1 + 02dsy + 03ds3 + 0adsy + O5dss

where elements in matrices I'(T),%(T),T3(T), and T#(T) are shown in Appendix B.
Therefore, it follows that v,T(T)v,?(T)v,T3(T)v,T*(T)v are linearly independent

and the derivative Dy,u),wg,x,y0:¢ has rank 5.

Putting
02 (%} 04 %
n=—-——m=-—/13==-—TI41==-—
(%1 (%1 (%1 (%1
and

g = g ()vy(t), Wy = ug (t)wy (), Tgp = ug (t)xp(t), Jy = 11y (H)yp(t),

we have an equivalent model of model (19)

tig(t) = o1 (E)ug(t) + g1 (ug (1), Dp (1), e (£), X (£), Y (1))

Vg (t) = 82(ug(t), Tp(t), Wy (t), Xp (1), T ()

Wy (t) = g3(up(t), Dp(t), Wp(t), Xp(t), Yy (1)) (20)
Xp(t) = galug(t), Dp(t), Wy (1), Xg (1), T (1))

Yp(t) = 85 (ug(t), 0p(t), Wy (1), Ty (1), 7,(t))
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where

211
— ,Blrﬁu’l*” — (‘32}’1 =+ kl)yurlim‘],‘

$3(,T,W,%,Y) = u W[~ (c1r2 + c3)u'2 + Arpu"> ! 4 o2
— ,Bzrzyurz_m — (‘B]I’z + kz)furz_ﬁ];

94(1,3,0,%,Y) = u 3% —c1 + Argu" "t — cqu® + BT — Byrax
= Borayu" " 4 kowus T 2;

1

85(1,0,W,%,7) = u [~ (c1rs + c5)u' + Argu"s 4 Bou"t T — Boy
+ ke ou™ T — (Byry — eu™)xu 3.
For any uq, u1,7g, Wy, X0, Y, 01, W1,%1,Y; > 0 and suppose that ug < wu; and let
p1 = sup{[g1l, (82|, 83l [gal, 185 : o < u < uy,[0—Tp| < &1, [W—Wo| < &1, [x¥ —Xo| <

€1, |]7 - yO' < €1, }
We choose ¢(t) = pp with (%) +1)e; > ug — up. It is easy to check that with this

control, thereis 0 < T < &1/p1 such that

ug (T, ug, Do, Wo, X0, ) = U1, [74 (T, 110, Do, Wo, Xo, Ty) — Do| < €1,
[y (T, 1o, Do, Wo, X0, Yy) — Wo| < €1,  |Xp(T, ug, Do, Wo, X0, Jyy) — Xo| < €1,

W@)(T/ 140,50,@0,70,%) - y()‘ < €7.

If uy > uy,we can construct ¢(t) similarly.

By choosing g to be sufficiently large, for any 7y <7 < 73, Wg <@ < W1, Xy < ¥ <
X1,Yy <y < ¥y, thereis a p3 > 0 such that g1, 82, 83, 84,85 > p3. This property, combined
with (20), implies the existence of a feedback control ¢ and T > 0 satisfying that for any
0 <t < Twehave

By (T, ug, Do, Wo, X0,Yy) = 01, Wy (T, ug, Do, Wo, X0, J) = W1,
Xy (T, 10, Vo, Wo, X0, Y) = X1, Y (T, 10, Do, o, X0, ) = 1,
Uy (t, 10, Do, Wo, Xo, Yy) = to-

This completes the proof. [

We construct a function V : Ri’o — [1, 00) satisfying that

EV(Su,v,w,x,y(t* )r Vlu,v,w,x,y (t* )r V2u/v,w,x,y(t*)r Ilu,v,w,x,y (t* )/ Ilu,v,w,x,y (t* ) )
< V(”f v, w,x, ]/) — K v (”r v, w,x, ]/) + KZl{(u,v,w,x,y)eK}

for some petite set K and some y € (0,1),%7,%, > 0, > 1. If there exists a measure ¥
with ¢(R%°) > 0 and the probability distribution v(-) is concentrated on N so that for any
(u,0,w,x,y) € K,Q € B(Ri’o)

)

K(u,v,w,x,y,Q) := Z P(nt*,u,v,w,x,y,Q)v(n) > ¢(Q),

n=1

then set K is called to be petite with respect to the Markov chain S,y (t*), Viu,0w,,y(t*),
Vau,o,0,2,y (E) Tito,0,0,y (), Tuow,,y (F°), 1 € N We must also prove that Markov chain
Su,v,w,x,y(t*)r Vlu,v,w,x,y (t* )r VZu,v,w,x,y (t* )r Ilu,v,w,x,y (t* )r Ilu,v,w,x,y(t*)r n € Nis irreducible
and aperiodic. The definitions and properties of irreducible sets, aperiodic sets, and small
sets refer to [28] or [29]. The estimation of convergence rate is divided into the following
theorems and propositions.
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%

Theorem 5. Let U(u,v,w,x,y) = (u+0+w+x+y)'" "7 +u~ 2 .There exists positive con-
stants My, My such that

Mz(eMlt — 1)

eMltE(S, Vi, Vo, 1, Ib) < U(u,v,w,x,y) + M,

Proof of Theorem 5. Considering the Lyapunov function U (u,v,w,x,y) = (1 +v+w +

" P
X+ y)”’” +u~ 2. By directly calculating the differential operator LU (u, v, w, x, y) related
to model (4), we obtain

=(1+ )(u+v+w+x+y)p*[Afa( +o4+w+x+y)—mx— (72 +90)y]
p -

'Q

Y(A = Brux — Bouy — Au) + p( POATP) ot wtxty)

P
O1U + 020 + 03w + 04X + 05 2+P(7+P)0_2u T
( ) 3 1
=204 p)u+v+w+x+y)! —(A+p)uto+w+x+y)? !
[(a— p—alz)uz + (a— %022)02 + (a— %Ug)wz +(a+vy— %Uf)xz

2 . @)
+(@a+y+d6— %aé)yz + (2a — p*oyo)uv + (2a — p*oyos)uw

+ (2a+ 71 — prorog)ux + (2a + 2 + 6 — p*o105)uy + (2a — p*or03)vw

+Qa+y—poooy)vx+ (2a+ v+ 6 —proaos)vy+ (2a+ 1 — p o304 )wx
r
+(2a+72+6—prozos)wy + (2a+ 711+ 72 + 6 — prouos)xy] — 7/\” 2
p*
* _p * (24
A PR TR SRR S S
By Young's inequality, we have
e
2x<- P 46 _t 2 a
R T Tara? ' 22)
p* . 4+ 3p* . 4+ 3p*
2y< 6 4+ 4
L TavapY
Choose a number M; satisfying
* * *
0 < M; < min{a — %alz,a— % 2,0 — %0’2 a+y — P 04,a+72+5 %0'52}
From (21) and (22),we obtain
M, = sup  {LU(u,v,w,x,y) + MqyU(u,v,w,x,y)} < co.
u,v,w,x,yeRﬁ
As a result,
LUu+v4+w+x+y) <My—MU@u+v+w+x+y). (23)
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For n € N, define the stopping time 1, = inf{t > 0 : U(S, V1, V3,11, Ir) > n}, then

It0's formula and (23) yield that

E(eM NN U(S(EA 1), Vit A1), Va(t A ), T (8 A ), B (E A7)

A,
< U(u,v,w,x,y)+E / eMELU(S, Vi, Vo, I, L) + MiU(S, Vi, Va, Iy, L) dt
0

Mz(ng (tAn) _ 1)

<
< U(u,v,w,x,y) + v

By letting n — co, we obtain from Fatou’s lemma that

E(eM NN U(S (8 A 1), V(£ A ), Va(E A1), T (E A ), Ta (8 A 7))
I Mz(CMlt — 1)

< U(u,v,w,x,y) i
1

The Theorem 5 is proved. [
Theorem 6. Forany t > 1and A € F we have
E[lnly (£)*14 < ([Inx]? + 3£ 4 2¢4t[Inx] ) P(A);
Ellndy ()14 < ([Iny]? + 2 + 2cst{Iny] )P(A),
where [Inx]— =0V (—Inx).

Proof of Theorem 6. We have

2

t 0-4
“Inly(f) = —InL (0) 7/0 (B1S +kaVa)dt + (a1 + )t — oy (1)

2
o
< —Inx+ (a1 + 74)1‘ = —Inx + cyt,

2 2
where ¢y = a7 + %4;65 =y + %5, thus
[(Inh ()] < [Inx] + cat.

This implies that
InL (5?14 < ([Inx]? 4+ 32 + 2c4t[Inx] g4,
- _Th ,

taking expectation both sides and using the estimate above, we obtain
E[InDy(1)]*14 < ([Inx]* + cjt* + 2cqt[Inx]_)P(A).
Similarly, we have

E[inL(t)]*14 < ([Iny)* + c2t* + 2c5t(Iny]_)P(A),

where ¢5 = ap + %% The Theorem 6 is proved. [
Choose ¢ € (0,1) satisfying
_ ARGt ARGt
3 3
—4§8t(1—81)+45481 < —R?S; —4I§St

(1 —81) +2¢4 < —RS,’

(1 - El) + 2c5 < —RS,

R
(1 — 81) + 4cseq < —

28

X
Ko
5

(24)



Mathematics 2023, 11,1712

Choose H so large that
(B1+k2)H —2c4 > 2+ Ry; (B2 +k1)H —2c5 > 2+ Ry,
(ﬁl +k2)H*2C4 €1 (132+k1)H*2C5 €1
e Y P ey Uy
expd 207 begi el 202 F<3 (25)

RS[(ﬁ1+k2)H—C41}<%1. exp{— Ryl(B2 +k1)H —65]}<%1.

2
4oy 4175

exp{—

Theorem 7. For e1 and H chosen as above, there is M € (0,1) and T* > 1 such that

1(t) < 0;
P{iny + —*~ 2Ryt <Inl(t) <0,
forallu,v,w € [0,H];x,y € (0, M);t € [T*,2T*]} > 1 —¢.
Proof of Theorem 7. Let S,(t), Vi, (t), Vay (t) be the solution with initial value u, v, w to

dS(t) = [A — (B3b61 + A)Sdt + 01 SdB(t);

dVl(i’) = [(Plg — (ﬁ492 + a)Vﬂdt + U’zvldB(t), (26)
dVa(t) = [925 — (Bs65 +a)Vi]dt + 03VadB(t).
Calculated,
P{lim © t§ (D)t = —D Y — 1,V € [0,00);
t—oo t " - B3b1 + A o T
1A _ 1. )
P{tlgl;: t / Vlv dv = /5391 +)\)(,B492 +a)} =Lvoe [O,oo),
P{lim -~ / Vo (T)dT = g2 }=1,Vw € [0,00).
t=eo £ )0 (B301 + A)(BsOs +a)
In view of the strong law of large numbers for martingales, P{lim¢_c0 (t =0} = 1. Hence,
there exists T* > 1, such that
]PJ{‘TlBt(t) > _f, Vt>T*}>1—§
UzB(t) RO
> 0.y > Tl >1 - L. 27
P{ = > 12,\#;1‘},1 3, (27)
a3B(t) Rg .
> 0.y > >1- 1
P{ 2 12,Vt >T>1 3
and 1 A R:
/5 > 0 .wp>TF >1— 2
1P>{t/oso(r)oir_ﬁ391+A oy 2T 21 2,
1/t (PlA RS €1
IP’—/V dt SNy >y > 1, 28
{t Jo 10(T) (5391 +)\)(ﬁ462 +ﬁ) 12k1 = } = 3 ( )
1/t P2/ R}
IP)f/V dr > VST >1-
G g ol 2 e N ) 12k 2T 2

where 8 = B1 A B2. By the uniqueness of solutions to (26), we obtain
P{So(t) < Su(t
P{Vip(t) <V
P{Vay(t) < V.

); ¥t >0} =1;Vu >0;
L(1);VE >0} =1;V0 > 0;
hw(£);VE >0} =1;Vw > 0.
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Similar to (8)—(10), it can be shown that there exists M € (0,6),0 = max{61,6,,03},
P{éu,v,w,x,y < ZT*} < %,Vx,y <M;u,v,w e [O/ H}/ (29)

where &y 00,5y = inf{t >0: 1,1 > 0}.
Observe also that ~
]P{S > Su(t);Vt > gu,v,w,x,y} =1

IP){Vl > Vlv(t);Vt > f:u,v,w,x,y} =1 (30)
IP{VZ > Vzw(t);Vf > éu,v,w,x,y} =1,

which we have from the comparison theorem. From (27)—-(30) we can be show that with
probability greater than 1 — ¢q, for all t € [T*,2T%],

ot ot
Inf > Inl(t) = Inx + By / S(T)dt + ky / Vo(T)dt — cat + 04 B(t)
0 Jo

ﬁlAt Rst (pzAt Rst Rat
> Inx + ———F — — —— — ot —
ST BB AA 12 Bl A M) (Bl ta) 12 Y12
2R3t
> Inx + ——,
3
t t L I(T)
In6 > Inly(t) = lny+ﬁ2/ S(‘r)d*r—&—kl/ Vi(t)dt+¢ dt — cst + 05B(t)
0 0 0 (1)

At Rit PLAL Rt Rt
> Iy 4 P2t Rot _ Rt Ro
=TT Be v A 12 (Bsbi FA)(abata) 12 0 12

2R:t
> Iny + 3

The proof is completed. [

Proposition 1. Assuming Ry > 0. Let M € (0,1), H so large and T* > 1. There exists
M3, My > 0 independent of T*, such that

E[lnL (t)]* < [Inx]* — R§t[Inx]_+ Mst?,
Ellnb(1)]? < [Iny)® = Rytliny]_+ Mat?,

forany x,y € (0,00),0 < u,v,w < H,t € [T*,2T*].
Proof of Proposition 1. First, considering x,y € (0, M],0 < u,v,w < H, we have
P(Ql) >1- 81,P(Qz) > 1-— €1,

where R
O = {Inx + =2

<Inly(t) < O;Vt € [T*,2T*]},
2Rt
Oy = {Iny + TO < Inly(t) < O;Vt € [T*,2T*]}.
In Oy, Q0 we have

2Rj 2R}t

—Inx —

> —Inly(t) > 0; —Iny — > —Inh(t) >0,

thus for any t € [T*,2T%],

2R;t 2Rjt

_73r

0 < [Inh(t)] < [lnx] — ;0 < [Inly(t)]_ < [Iny]
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as a result,

ity (1) < a2 — 2R g 4 4R22t2 ;
s < iny2 = 288 ) 2R
which imply that
Ellay [Iny(0]2) < P(Oy)[inaf? — 250 P inx]_+ 4R22t2p(01),~ o
Ello ()] < P(Qinyl? — 25 piayyiny) + 2B ()
In Qf = O —0y; Q5 = Q — O, we have from Theorem 6 that
E[lge[Ink (1)]?] < P(Q9) [Inx]? — 2¢4tP(QF) [Inx]_ + 3 P(Q); )

E[1og [InD(1)]%] < P(Q5)[Iny)* — 2¢5tP(Q) [Iny]_+ 3 P(Q),
adding (31) and (32) side by side, we obtain

4R,
3

6 4R5® | oo
(1 —e1) + 2¢cq)t[Inx]_+( 9 + )t

Ellny (1)) < [Inx]? + (-
*2
0

Eltnb(0)]? < iy + (- 250.(1— e1) + 2c3)tlimy)_+ (25

+ ),

in view of (24) we deduce

%2

E[in (1)]* < [Inx]* — R§t[Inx]_+ (41;0 + )2

%2
0

EllnL (1) < [Iny]? — Ritliny]_ + (o0 + 2.

Now, for x,y € ([M, ) and 0 < u,v,w < H, we have form Theorem 6 that

E[InL(+)]* < [Inx]* — R§t[Inx]_+ Mst?;
E[inL(t)]* < [Iny]* — Ryt[Iny]_ + Mat>.

2 42
Letting M3, My sufficiently large, such that Mz > @ + CE,M4 > % + C%, then the proof
is completed. [

Proposition 2. Assuming R > 0. There exist Mz, Mg > 0 such that
EllnL(2T*)]? < [Inx]? — @[lnx}i + M;T*,
E[lnL(2T*))* < [Iny]* — @[lny}f + MgT*?,
forx,y € (0,00);u,v,w > H.

Proof of Proposition 2. First, considering x,y < exp{— %} Defined the stopping time

Cupwxy =T Ninf{t >0:5,V;,V, <H}.
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Let
Q3 = {o4B(t) - e
Qy = {o5B(1) - w
05 = {04B(t) = [(B1 + k2)H — eyt < é;Vt € (0,27},

O = {0’5B(t) - [(‘32 +k1)H - C5}t < %S;Vt € [O,ZT*}}

By the exponential martingale inequality,

(151 +k2)H*2C4 €
P(Os) > 1—exp PLERIH =24y e
(Q3) > 1—exp{ 22 } > :
(132+k1)H—2C5 €
z1- il i
P(Qy) > 1—exp{ 202 }>1 23
RE[(B1 4+ k2)H — ¢4 £
P(Qs5) > 1 —exp{——2 y>1- 2
402 2
R} kH —
P(Qg) > 1— exp{— 0[(522 ) 651}21_%
5

Let
Q7 =03N {gu,v,w,x,y =T" }; Qg =04N {Cu,v,w,x,y = T*},

R*

Qg = {—Inl(t) < —Inx + go} N {Cuowxy < T}
R*

Qo = {~Inky(t) < ~Iny + ?0} N {Cuomwxy < T°,

011 = Q= (Q7UQ9); Q1 = QO — (Og U Q).
If x; € Qy,y1 € Qg, we have

2T*
“Inh(2T*) = —Inx — / (B1S + kaVa — c4)dt + 03 B(2T")
0

T* T*
< —Inx — / (‘Bls + ko Vp — C4)dt - / cqdt + U4B(2T*)
0 0
< —Inx — T*[(,Bl + kz)H — 2C4] + (74B(2T*)
* —
< lnx— T*[(B1 +k22)H 2¢4] 1
RyT*
<y N0
< —Inx 5
similarly,
R;T*
—In(2T*) < —Iny — 02 .
Ifx < exp{—RSZT* Ly < exp{—@}, therefore
R{T*
[Inh (2T*)] < —=%— 4+ [Inx] ,

* sk

Inh(2T)] < —ROZT +[iny]..
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Squaring and then multiplying by 1, 1, and then taking expectation both sides, we
yield

R*2T*2
E[Inl; (2T*)|*1q, < [Inx]% P(Q7) — R§T*[Inx]_P(Q7) + —2 YR

*ZT*Z (33)

E[Inly(2T")*1q, < [Iny]2 P(Q7) — RGT*[Iny]_P(Qs) +

If x1 € Qg, then

Cuo,w,xy
11y Bupey) = —Inx — /O (B1S + kaVa — ca)dt + 03B (Eupoey)

< —Inx —[(B1 +ka)H — Cdgu,v,w,x,y + ‘743(5u,v,w,x,y)
R*

< -1 =0

< —hx+ =2,

similarly, y; € ()19, we have

*

R3
_lnz(‘:uvwxy) —lny+—

as a result,
Q4N {gu,v,w,x,y < T} C Q9 Q6N {’;u,v,w,x,y < T*} C Oy,
hence,
P(Qu1) = P(Qu1 N {Gupary < T} + P(Qu N {Guomry = T°})
< P(Q3) +P(05) < ey,
P(n2) = P(le N {Cupiny < T} + P(Qi2 N {Euvmwxy = T°})
P() + P(Qg) < &1.

Lett < T*u',v',w' > 0and —Inx' < flner <0;—Iny flner & < 0. Inview
of Proposition and the strong Markov property, we can estimate the conditional expectation

E[lnll(ZT*)]2|§uvzurj =t =x,8() =u',Vi(¢) =, Va(§) = w'|
< [Inx']* = R§(2T* — t)[Inx']_ + M3(2T* — t)?
< [Inx']? = RET*[Inx']_+4M3T*?

*

R
< (—Inx+ §0)2 — RyT*(—Inx) + 4M3T*?

< (=Inx)? — (RGT* — Ri)( Inx) +4MsT** + i’
4 64
< = 28 ) 4 angyr2 4 B8
Ellnl(2T* )]_|‘a7u,v,w,x,y =th=y /5(6) =u ,V1(§) =17, 2 (8) = wl‘
< [Iny)* - 3Riii[lny]_ +4AM,T* + Iz—zj

As a result,

T *2
Elinty (27") 1o, < (nx2P(0) - 2R (] pa) + a2 1 R
(34)
T R*Z
E[InL(2T") 10, < [Iny2P(Qo) — =4 [Iny] P(Cho) +4MuT* + 0,
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in view of Theorem 6,

EllnL (2T*)1q,, < [Inx]*P(Qu1) + 4c4T*[Inx]_P(Qq1) + 4c4T*2,

(35)
Ellnk(2T*)1q,, < [Iny]*P(Qua) + 4esT* [Iny]_P((h) + 4csT*2,

adding side by side (33)-(35), for some M5, Mg > 0, we have

3R}
4

* sk

R;T
< [Inx]* — 02 + M5T;

E[lnly(2T*)]? < [Inx]® — T*(=0 (1 — &) + 4cseq) + MsT*?

3R}
E[lnl(2T*)]? < [Iny)* — T*(To(l —&1) +4cseq) + MgT*
RAT*
< [lny]? — OT + MeT".
We note that, if x,y > exp{—@}, then

RyT*

’

—Inx < 02 ;—lny +
therefore, it follows from Theorem 6 that

R*
E[lnl; 2T*)]? < (ZO + c4RG +4c3) T

R*
Elln(2T*)]? < (TO + csRy +4c2) T2,

Rj Rj

Let M7 = Ms Vv (TO + R +4cﬁ);Mg = MgV TO +c5R; +4C§, for any u,v,w > H;
x,y € (0,00), we have
R§T*
E[lnly (2T*)]? < [Inx]? — —0—lmx]_+ M;T*?,
%112 2 RST* )

E[lnL(2T*)]” < [Iny]* — T[lny}_ + MsT*".

The proof is completed. [

Theorem 8. Let R > 0, there exists an invariant probability measure 7t* such that
(a) :hm 1| P(t, (u,0,w,%,y),-) — ()| = 0;¥(1,0,w,x,y) € R,
—00
1
(b) tlim n fot h(S, V1, Vo, Iy, I)ds = fRs,o h(u,v,w,x,y)* (du,dv,dw,dx,dy) =1,
—00 +

where || - || is the total variation norm, g* is any positive number and P(t,u,v,w,x,y,-) is the
transition probability of (S(t), V1 (t), Va(t), 1 (1), L(¢)).

Proof of Theorem 8. By virtue of Theorem 7, there are iy, H; > 0 satisfying
EU(S(2T*), Vi (2T*), Vo(2T*), 1 (2T*), L(2T*)) < (1 —h)U(u,v,w,x,y) + H1.  (36)

Let
V = U(u,v,w,xy) + [Inx]* + [Iny)?,
in view of Proposition 1, Proposition 2, and (26), there is a compact set K C Ri’o, hy, Hy >0
satisfying
EV <V —hoV'V + Hyl{(yp0y)ek) ¥ (1,0,w, %,y) € RY°. (37)
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Applying (37) and Theorem 3.6 in [30], we obtain that
n||P(2nT*, (u,v,w,x,y) — 1°)|| = 0;n — oo, (38)

for some invariant probability measure 7t* the Markov chain (S(2nT*), V1 (2nT*), V2(2nT*),
L(2nT*), L(2nT*)). Let x = inf{n € N : (S(2nT*), V1 (2nT*),Vo(2nT*), [1(2nT*),
L(2nT*)) € K}. Itis shown in the proof of Theorem 3.6 in [30] that (37) implies E. < oo.
In view of [31], the Markov process (Su,u,w,xy(t), Viuowxy(t), Vauomwxy(t), Tuowxy(t),
Do,y (t)) has an invariant probability measure ¢.. As a result, ¢. is also an invariant
probability measure of the Markov chain (S(2nT*), V1 (2nT*), Vo(2nT*), L (2nT*), L(2nT*)).
In light of (38), we must have ¢, = ¢*, then, ¢* is an invariant measure of the Markov process
(S(1), Va(t), Va(t), i (t), I (1))

In the proofs, we use the function [Iny]? for the sake of simplicity. In fact, we can
treat [Iny]' 9 for any small g € (0,1) in the same manner. For more details, we can refer
to[24] or [25]. O

5. Numerical Examples

By using the Milstein method mentioned in Higham [32], model (4) can be rewritten
as the following discretization equations:

2
(o
Sii1 = Sk 4 (A — B1Splik — BaSilox — ASk) At + 01 S/ Aték + Tlsk(mgg — At
2
(o
Vikgr = Vi + (@15 — k1 Lk Vil — aVig) At + o Vig/ Atk + Tzvlk(Atgl% —At)
’
[
Var1 = Var + (@2Sk — kaly Vog — aVap) At + 03 Vo / Dtk + fVZk(At(fz% —At)

>
(%
ligpr = D+ (B1Skhik + ko ik Vo — Iy ) At + og I/ Dtk + %Ilk(ﬁt@% —At)

»
0
D1 = Dy + (B2Sklox + ki g Vig + elig — aq Lo ) At + 05 I/ Dtk + flzk(ﬁfgi —At)

where ¢, k = 1,2, -, n are Gaussian random variables. The following figures are drawn
using MATLAB based on some numerical examples.

Example 1. Consider (4) with parameters A = 15, a = 0.2; p; = 0.15; B = 0.15; 71 = 0.5;
Y2 =015 91 =04, ¢ =04,e=080=00Lkl =07 k2=05A=a+¢1+ ¢ =1;
v =a+y1+e=15a=a+y+5=0360 =050 =103 =0.8, 04 = 05,05 = 0.5.
Directing calculations show that Rf, = 40.94 > 0 which satisfy the conditions in Theorem 8, then the
disease is almost surely persistent (see Figures 1-5). Furthermore,the histograms of the probability
density function of S(t),V1(¢),Va(t),I1(t),L(t), for model (4) are shown in Figures 610, where
Figure 11 represents the phase diagram of (V1 (t), I (t)), respectively.

Example 2. Let parameters A = 1, a = 0.5; 1 = 0.15; B, = 0.22; ;3 = 0.35; 1, = 0.25;
@1 = 05 ¢ = 04, e = 054, 0 = 03, kl =02, k2 =015 A =a+ @1+ ¢ =14
vy =a+7v1+e=139 ap =a+y+6 =105 01 = 08, 0p = 0.6, 03 = 0.6, 04 = 0.5;
05 = 0.5. Directing calculations show that R = —0.03 < 0, which satisfy the conditions in
Theorem 2, then the disease is almost certainly extinct (see Figures 12 and 13). In addition, S(t),
Vi (t), Va(t) are weakly convergent to the unique invariant probability measure uy, u3, i3 (see
Figures 14-16).
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Simulator S(t)

Figure 2. Sample path of V1(t).

Figure 4. Sample path of I1(t).
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Simulator 12(t)
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Figure 7. Histogram of the probability density function of V1(t).
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Figure 9. Histogram of the probability density function of I1(t).
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Figure 10. Histogram of the probability density function of 12(t).
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Figure 11. Phase portrait of model (4).
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Figure 12. Sample path of I1(t).
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Simulator 12(t)
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Figure 13. Sample path of 12(t).
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Simulator S(t)

0 50 100 150

Figure 14. Sample path of S(t).

Simulator V1(t)

0 50 100 150

Figure 15. Sample path of V1(t).

Simulator V2(t)

v2(t)

0 50 100 150

Figure 16. Sample path of V2(t).

6. Conclusions and Discussion

The main purpose of this paper is to study the global existence and uniqueness
of the solution of model (4) and the extinction and stationary distribution of the dis-
ease by introducing a threshold Rj. If Rj < 0, the number of infected individuals
I(£)(I(t) = L1(t) + Ix(t)) tends to zero at an exponential rate, whereas the distribution
of susceptible population S(t), vaccinated of the first type V; () and vaccinated of the sec-
ond type Va(t) converge weakly to the boundary distribution. On the other hand, if R§ > 0,
the existence and uniqueness of the invariant probability measure and the convergence of
the total variation norm of the transition probability to the invariant measure are obtained.
In addition, the support of the invariant probability measure is described. Then, we obtain
that the disease can almost certainly continue to exist, and there is an independent stable
distribution. Finally, numerical simulation is carried out to verify our theoretical results.
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In addition, most of the existing literature uses the method of constructing a Lyapunov
function to prove the existence of stationary distribution of the solution of the random
model (4). However, this approach does not work for all models. In this paper, the
stationary distribution is proved using a definition that applies to more models. Most
of the stochastic epidemic models studied so far are second-order or third-order models.
However, as the disease progresses, the virus can mutate as it spreads, allowing the disease
to spiral out of control. Therefore, in order to describe the infectious disease more accurately,
considering the situation of two kinds of vaccinations for susceptible people, a fifth-order
model was established—a class of virus mutation infectious disease model with double
vaccinations. I sincerely hope that in the future we can build more complete models of
infectious diseases to make greater progress.
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Appendix A

e11 = 010481 (04Ax + 0y Ax — 04 1uPx 4 01 B11Px) 4+ 01052 (05AY + 0 Ay — Pou’y) — d205k1 Bouivy
— 0304k By (04 — 03)uwx — (04 — (752),82£ux;

o1 = —01(01 — 02)2 1A + 02 Brprux + 0102 Brruy — 0108k @iy — (71(752,82k1uvy + 2o A
+ 0205 Bokquvy — P P1 A — 0203 B prUx — 0202 Bapr ity + 0202k 1ty — 202Ky + dRoskivty
— 04(01 — 02)*Brrux — o402 kyeux — o5(01 — 02)*Pagruy + 05 (01 — 02) k1 ruy
+ 050y — 05) %k e0x + ag’klsvx;

e31 = —o1(0y

— 0’3)2(p2/\ + Ulafﬁlq)zux — alaszgozux - alofﬁlkzuwx + (71052/52(p2uy + 0’120’3([)2/\

+ oy rkouwx — o pa\ — 0302 B1paux + 0302 ky Pouix — 030k3Wwx — 0302 Bo oy + oao4kEwx

— 04(01 — 03)? Brgoux + o4 (01 — 03)*ko@aux — 05 (01 — 03)*Poouty;

ey = 010'321(24)2143{ + 0’10}%/3%1()62 + aloiﬁlﬁzuxy — 01204[3%ux2 — 0'2(75ﬁ1/52uxy — 20‘13/91Ax

+03(01

— (73)2k2(p2ux - 0’30’4k wx? — 03 a4k2wx —03 szpzux,

es1 = Ulazzkl Qruy + Ulafﬁlﬁzuxy + Ulagﬁzuy + oy (oy — (75) Breux — oy (04 — 05)2ﬁ28ux

— 1712(74[31/32uxy — 01204/51£ux + (712174/328ux — 0205ﬁ%uy2 + 01205/31£ux — (712175[52£ux — ZUf’ﬁsz

—o(01 —

02)*k1pruy — 02 (04 — 05)*kievx + 0202k30y? + R oskievx — oFoskivy?

— (722(75klevx -0 3k @auy + 03(0g — 05)%koewx — (7§U4k28wx + (732(75k28wx;
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fi1 = (=02 A + 02 Brux + 02 Bouy) 20104 fFux (07 — 04) — 2010551y — 0205k Broy
— 0304ky frwx(oy — 03) — 0405 Bpex + 052[3289(] — o0k Bouy[— (o — 02)2<p1u + nglvy]
— 0304k frux(oy — 03)[— (0 — az)zquzu + aszwx} — (Ulzﬁlux + ngzwx)[almlﬁl(A(Ul +04)
+ 11 (01 — 04)) — 030skofrutw(oy — 03) + 052eu (05 — 03)] — [0F Bruy + o3k1vy + (04 — 05)%ex]
(10582 (A (01 + 05) — Pau?) — 0p05k1 ouv] — e11 (031X + 02 Boy) — ex10 Pru — e5102 Boui;

fo1 = [~ (01 — 02)?pru + 02k oy] [102 B1@1x + 0105 B2k vy (01 — 05) — 0202 B1 @1 x
— 04(01 — 02)*rg1x — 0u03kyex + (ki — B2) (0B @1y (0205 — 0105 + (01 — 02)?))]
+ [~ (01 — 02)2 @11 + 02k vy (o105 Bk uy (01 — 05) + 20105k30y (09 — 05) + osk1ex(07 — 20405
+202)] — (02Brux + o2kowx) [0y (01 — 02) 1110y — 01 + ) — 0402keu
+ o5k1€0(02 — 20405 + 202) — (0 Bouty + 02kivy + (04 — 05)%ex)][o105 Bk  uv 0y — 05)
+ 0205K70% (02 — 05) + @ruu(ky — B2) (—0103 + 0203 + 05(01 — 02)?)] + en (01 — 02)* 1
— oZkyy(ea1 + es1);

fa1 = (—02A 4 02 Brux + 02 Bouy) [o102k1ex + 02kapax (03 — 07) + o104 Brkowx (o7 — 0y)
+ 0522y (0105 — 0305 — (01 — 03)%) — 0uP192x(0304 + (01 — 03)?) + 04(01 — 03) k2 2%]
+ [ (y — 03)2(p2u + aszwx} [o1ouBrkoux(oq — 0g) + 2(7304k%wx(¢73 —0y)]
— (07 Brux + 3kowx) [oagau(ky — 1) (—0104 + 0304 + (01 — 03)%) + 1041 kauw(er — 03)
+ 304k3w? (03 — 04)] — [02Bouty + o2kyvy + (04 — 05)2ex] [05Boout (7105 — 0305 — (01 — 03)?)]
+ e11(01 — 03)2 92 — o3ka (€31 % + eqw);

far = (=07 A+ 07 rux + 03 ouy) [0ska@2x (07 — 0103) + 01043 (04 — 01) + 0105B1B2xy (05 — 01)]
+ [ (01 — 03)*paut + 0Fkywx] [~ 0304k3x° (03 + 04)] — (07 Brux + o3kaw) [o3ka a1t (0F — 0103)
+ 20104 B3ux (o4 — 1) + 01051 Bouy (05 — 01) — o304k wx (03 + 04) — 203 B1A]
— [02Bouy + o3koy + (04 — 05)2ex][010581 Bauix (05 — 01)] + 1107 B1x + e3102kox
+ eq1 (0211 + 03kow);

fs1 = (=02 A + 02 Brux + o2uy) [o105k1 @1y + 0104B1 Boux (04 — 01) + 20105851y (05 — 1) — 205 Bo A
— ook 11 (0% — 20107 + 20505k 0y (05 — 02)] 4 [~ (01 — 02)2 @11 + 02kqoy] [oakex(—(0y — 05)?
+ 0205 — 0205) + 0205K3y2 (05 — 09)] + [ (01 — 03)* o + 0Zkowx][o3kpex (04 — 05)?
— 0304 + 0305)] — (Ulzﬁlux + agkzwx) [104B1 Bouty (04 — o) + reu((oy — 05)% — o104 + 0705)
+ ookiev(—(0g — 175)2 + 0204 — 0205) + a3k2£w((040¢75)2 — 0304 + 0305) ]
— [0?Baty 4 02kivy + (04 — 05)2ex][oak1 p1u(30107 — 0F — 05) + 010481 Barix (o4 — 07)
+ 20105 B3uy (05 — 01) + 20205k 0y (05 — 02) — T5k1Paut] 4 ex05k1y + eq1 (04 — 05)?
+ (07 Bau + 03k10) (e11 + es1).
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Appendix B

an
ais
azs
as3
asn
a43
asy
as4
b1

b13

bis =

b

bys =

b33

b3s =

bas
bys
bsy
bsy
11
€13
€15
€22
C24
€31
€33
€35
Cq2

= —c1 — p1x — foy + 1¢p;

2 .
aj; + A14a41 + a15as1;

114043;

ai1a15 + a15ass;
ﬂ%z + a5asy;
a15a21 + a25455;
ﬂ%g + a34a43;
a15A431;

A3343 + 143044;
a15a41;

aasy + asyass;

14451 + (44054 + A54055;

a11b11 + a1bi2 + az1biz + ag1 b1y + asibis;

a33b13 + agzbiy;

ai5b11 + aosbio + assbis;

aspbos;

a14b21 + agabyy + assbos;

a11b31 + az1baz + ag1bas + as1bss;

a33bs3 + ay3bay;
a15b31 + assbss;
aspbys;

42

= —p1u;

—c2 —kiy + o2¢;
$2;

—kow;

B1x;

Bru + kow;

kvy;

—c5 + Bau + kqo,

a15a52;

= 11014 + 014044 + A15054;

aj1az1 + ax1a + azs5as1;
a14a21 + 25054,
a11a31 + a31433 + A34041;

= A14a31 + (33034 + A34044;

a11441 + 31043 + A41044;

14441 + 34043 + 1142;4;

a11a51 + 21052 + A41454 + A51455;
43054,

15051 + Ap5a57 + ads,

asybis;

= a14b11 + az4b13 + agabig + asybis;

a11b1 + axby + ag by + asibys;
ay43boy;

a15b21 + asbao + assbos;

asybss;

a14b31 + a34b33 + a44bsy + asybss;
a11by1 + a31by3 + ag1byy + as1bss;
a33b43 + a43bay;
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Caq = A14b41 + a34b43 + a4qbyg + asybys; C45 = a15by41 + assbys;
cs51 = a11bsy + ax1bsy + az1bs3 + ag1bsy + asibss;  cs2 = asybss;
53 = a33b53 + ag3bsy; 54 = a14bs1 + a34bs3 + agqbsy + asybss;

C55 = (115b51 + (125b52 + tl55b55;
dyy = bf + biobor + bisbsy + bisbar + bisbsy; dia = bibip + biaby + bisbsy;

diz = b11b13 + b13bss + b1abas + bisbss; d1a = b11b1g + b1abog + b13bag + b14bag + bisbsy;
di5 = b11b15 + b1obos + bizbss + bigbys + bisbss;  do1 = b11boy + barbon + bogbay + bosbsy;

do = biobyy + b3, + basbsy; da3 = b13bn1 + bogbys + bosbss;

dog = b14bo1 + baabog + bogbyy + bosbsy; das = bisba1 + babas + bogbys + bosbss;

ds1 = b11b31 + b31b33 + bagbyy + basbsy; dsp = b1b31 + b3sbsp;

d33 = biabay + b3; + basbyz + basbss; dsg = b14b31 + b33bsg + b3gbag + b3sbsy;

dss = bi5b31 + b33bss + b3abas + basbss; dy1 = b11bg1 + b31b43 + ba1bag + basbsy;

dgp = b1oby1 + bysbsy; dyz = b13ba1 + b3zbyz + bygbyg + bysbss;

dag = brabar + basbss + b3y + busbsy; dys = bisbar + b3sbyz + bagbys + bysbas;

ds1 = b11bsy + bo1bsy + ba1bss + byybsy + bsibss;  dsp = biabsy + baobsy + bspbss;

ds3 = b31bs1 + b33bsz + bazbsy + bssbss; dsg = b14bs1 + bagbsy + b3abss + basbsy + bsabss;

dss = bisbs1 + basbsy + basbs + basbss + bs.

References

1. Ruan, W.; Wang, W. Dynamical behavior of an epidemic model with a nonlinear incidence rate. J. Differ. Equ. 2003, 18, 135-163.
[CrossRef]

2. Anderson, R.M.; May, R M. Population biology of infectious diseases: Part I. Nature 1979, 280, 361-367. [CrossRef]

3. Wang, W. Global behavior of an seirs epidemic model with time delays. Appl. Math. Lett. 2002, 15, 423-428. [CrossRef]

4. Meng, X.; Chen, L.; Wu, B. A delay sir epidemic model with pulse vaccination and incubation times. Nonlinear Anal. Real. 2010,
11, 88-98. [CrossRef]

5. Cai, L.; Xiang, J.; Li, X.; Lashari, A.A. A two-strain epidemic model with mutant strain and vaccination. Appl. Math. Comput. 2012,
40, 125-142. [CrossRef]

6.  Maia, M.; Mimmo, L; Li, X.Z. Subthreshold coexistence of strains: The impact of vaccination and mutation. MBE 2007, 4, 287-317.

7. Baba, ILA.; Kaymakmzade, B.; Hincal, E. Two strain epidemic model with two vaccinations. Solitons Fractals 2018, 106, 342-347.
[CrossRef]

8.  Bilgen, K.; Evren, H. Two-strain epidemic model with two vaccinations and two time delayed. Qual. Quant. 2018, 52, 695-709.

9.  Oksendal, B. Stochastic Differential Equations: An Introduction with Applications. J. Am. Stat. Assoc. 2006, 51, 1721-1732.

10.  Allen, L.J.S. TAn introduction to stochastic epidemic models, in: Mathematical Epidemiology. Math. Epideniol. 2008, 10, 81-130.

11. Beddington, ].R.; May, R.M. Harvesting natural populations in a randomly fluctuating environment. Science 1977, 197, 463-465.
[CrossRef] [PubMed]

12.  Liu, W. A SIRS epidemic model incorporating media coverage with random. Abstr. Appl. Anal. 2023, 2013, 764-787. [CrossRef]

13.  Thomas, C.G.; Shelemyahu, Z. Introduction to Stochastic Differential Equations. J. Am. Stat. Assoc. 1989, 84, 1104.

14. Mao, X.R. Stochastic Differential Equations and Their Applications; Horwood: Chichester, UK, 1997.

15.  Beretta, E.; Kolmanovskii, V.; Shaikhet, L. Stability of epidemic model with time delays influenced by stochastic perturbations.
Math. Comput. Simul. 1998, 45, 269-277. [CrossRef]

16. Mao, X.R.; Marion, G.; Renshaw, E. Environmental Brownian noise suppresses explosions in population dynamics. Stoch. Process.
Their Appl. 2002, 97, 95-110. [CrossRef]

17. Yu,].;Jiang, D.; Shi, N. Global stability of two-group SIR model with random perturbation. J. Math. Anal. Appl. 2009, 360, 235-244.
[CrossRef]

18.  Britton, T. Stochastic epidemic models: A survey. Math. Biosci. 2010, 225, 24-35. [CrossRef]

19. Ball, E; Sirl, D.; Trapman, P. Analysis of a stochastic SIR epidemic on a random network incorporating household structure. Math.
Biosci. 2010, 224, 53-73. [CrossRef]

20. Jiang, D.;Ji, C.; Shi, N.; Yu, J. The long time behavior of DI SIR epidemic model with stochastic perturbation. J. Math. Anal. Appl.
2010, 372, 162-180. [CrossRef]

21. Jiang, D.; Yu, ] Ji, C; Shi, N. Asymptotic behavior of global positive solution to a stochastic SIR model. Math. Comput. Model.

2011, 54, 221-232. [CrossRef]

43



Mathematics 2023, 11,1712

22.
23.
24.
25.
26.
27.
28.
29.
30.

31.
32.

Gray, A.; Greenhalgh, D.; Hu, L.; Mao, X.R.; Pan, J. A stochastic differential equation SIS epidemic model. . Appl. Math. 2011, 71,
876-902. [CrossRef]

Cai, Y.; Wang, X.; Wang, W.; Zhao, M. Stochastic dynamics of a SIRS epidemic model with ratio-dependent incidence rate. Abstr.
Appl. Anal. 2013, 2013, 415-425. [CrossRef]

Dieu, N.T.; Nguyen, D.H.; Du, N.H.; Yin, G. Classification of asymptotic behavior in a stochastic SIR model. . Appl. Dyn. Syst.
2016, 15, 1062-1084. [CrossRef]

Du, N.H.; Nhu, N.N. Permanence and extinction for the stochastic SIR epidemic model. J. Differ. Equ. 2020, 269, 9619-9652.
[CrossRef]

Liu, W.B.; Zheng, Q.B. A stochastic SIS epidemic model incorporating media coverage in a two patch setting. Comput. Math. Appl.
2015, 262, 160-168. [CrossRef]

Tan, Y.P; Cai, Y.L.; Wang, X.Q.; Peng, Z.H.; Wang, K; Yao, R.X.; Wang, W.M. Stochastic dynamics of an SIS epidemiological model
with media coverage. Math. Comput. Simul. 2023, 204, 1-27. [CrossRef]

Meyn, D.S.P.; Tweedie, R.L. Markov Chains and Stochastic Stability; Springer: London, UK, 1993.

Nummelin, E. General Irreducible Markov Chains and Non-Negative Operations; Cambridge Press: Cambridge, UK, 1984.

Jarner, S.E,; Roberts, G.O. Polynomial convergence rates of Markov chains. Ann. Appl. Probab. 2002, 12, 224-247. [CrossRef]
Kliemann, W. Recurrence and invariant measures for degenerate diffusions. Ann. Probab. 1987, 15, 690-707. [CrossRef]
Higham, D.J. An algorithmic introduction to numerical simulation of stochastic differential equations. SIAM Rev. 2001, 43,
525-546. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

44



. mathematics

Article

Stability and Bifurcations in a
Nutrient-Phytoplankton-Zooplankton Model with Delayed
Nutrient Recycling with Gamma Distribution

Mihaela Sterpu 1# Carmen Rocsoreanu 2, Raluca Efrem 1 and Sue Ann Campbell 8

Citation: Sterpu, M.; Rocsoreanu, C.;
Efrem, R.; Campbell, S.A. Stability
and Bifurcations in a Nutrient—
Phytoplankton-Zooplankton Model
with Delayed Nutrient Recycling
with Gamma Distribution.
Mathematics 2023, 11, 2911. https://
doi.org/10.3390/math11132911

Academic Editors: Mihaela Neamtu,
Eva Kaslik and Anca Radulescu

Received: 12 June 2023
Revised: 25 June 2023
Accepted: 27 June 2023
Published: 28 June 2023

Copyright: © 2023 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
40/).

Department of Mathematics, University of Craiova, 200585 Craiova, Romania; raluca.efrem@edu.ucv.ro

Department of Statistics and Economic Informatics, University of Craiova, 200585 Craiova, Romania;

carmen.rocsoreanu@edu.ucv.ro

3 Department of Applied Mathematics, University of Waterloo, Waterloo, ON N2L 3G1, Canada;
sacampbell@uwaterloo.ca

*  Correspondence: msterpu@inf.ucv.ro; Tel.: +40-744-150-288

Abstract: Two nutrient-phytoplankton-zooplankton (NZP) models for a closed ecosystem that
incorporates a delay in nutrient recycling, obtained using the gamma distribution function with one
or two degrees of freedom, are analysed. The models are described by systems of ordinary differential
equations of four and five dimensions. The purpose of this study is to investigate how the mean
delay of the distribution and the total nutrients affect the stability of the equilibrium solutions. Local
stability theory and bifurcation theory are used to determine the long-time dynamics of the models.
It is found that both models exhibit comparable qualitative dynamics. There are a maximum of three
equilibrium points in each of the two models, and at most one of them is locally asymptotically
stable. The change of stability from one equilibrium to another takes place through a transcritical
bifurcation. In some hypotheses on the functional response, the nutrient-phytoplankton-zooplankton
equilibrium loses stability via a supercritical Hopf bifurcation, causing the apparition of a stable limit
cycle. The way in which the results are consistent with prior research and how they extend them is
discussed. Finally, various application-related consequences of the results of the theoretical study
are deduced.

Keywords: plankton; nutrient recycling; delay; gamma distribution; closed ecosystem; dynamics;
bifurcation

MSC: 37N25; 35G10; 34D20

1. Introduction

Plankton are floating organisms that provide a food source for other organisms rang-
ing from shellfish to whales. As such, they play a crucial role in aquatic foodwebs [1].
Phytoplankton are organisms, such as algae, which carry out photosynthesis and are an
important means of carbon storage in the ocean [2]. Zooplankton feed on phytoplankton
or other zooplankton and include insect larvae and jellyfish. Due to their fundamental
role in aquatic ecosystems and their influence on the global carbon cycle, it is important to
understand the temporal dynamics of plankton ecosystems.

A variety of different models have been proposed for plankton ecosystems, empha-
sizing different aspects of these complex systems [3-11]. Here, we study a model due
to Kloosterman et al. [12], which focussed on two aspects. The chemical nutrients in
the system are recycled, thus the system is closed—the total amount of nutrient remains
constant. This recycling takes time (e.g., due to decomposition of dead organisms) and thus
the model should include a time delay. Both are important features of plankton ecosystems
that lead to interesting mathematics.
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The model of Kloosterman et al. [12] is called an NPZ model as it is a system with
three compartments, representing the dissolved nutrient (N'), the amount of phytoplankton
(P), and the amount of zooplankton (Z). It is described by the following equations:

W)y = AfSP(t—u)yg(u)du+6[5Z(t—u)y(u)du

+(1=7)8 [ Z(t = w)h(P(t — u))n(u)du — uP(t) F(N(1)) "
O = uP(H)F(N(t)) — §Zh(P(t)) — AP(t) '
U = 9gZ(t)h(P(t) — 5Z(t)

Here, A, jt, 7y, 6 and g are positive parameters representing biological properties while
7 is an appropriate distribution representing the time delay in nutrient recycling.

The function f stands for the phytoplankton nutrient uptake as a function of the
available nutrient and it has the following properties [4]:

F(0) =0, f/(N) >0, f'(N) <0, lim f(N) =1, %)

Similarly, the function / stands for the available phytoplankton and it must satisfy
conditions [13,14]:
1(0) =0, K'(P) >0, Plim h(P) =1. 3)
—00

Kloosterman et al. [12] investigated how this model for a planktonic ecosystem
is affected by the quantity of biomass it contains and by the delay distribution. They
described the existence of the equilibrium points and gave some stability results for a
general distribution function, using methods as in [15]. Other stability results considered
particular cases of the distribution function and relied primarily on numerical work.

In this study, we assume that the delay follows a gamma distribution function, with
either one or two degrees of freedom, as these numbers of freedom degrees correspond
to the biological data. We derive two models, described by systems of ordinary differ-
ential equations (ODEs), and analyse how the local stability and local bifurcation of the
equilibrium points depend on the amount of total nutrients and on the mean delay of the
distribution.

For the numerical simulations we have used a Holling type II functional response
for f,

N
FN) = N+ky'

with ky > 0. For function /1, we used either a Holling Type II functional response

P
P —
h( ) P+kp’
or a Holling Type III response
P2
h(P) = ———,
(P) P2 414

with kp > 0.
Using this delay, we have extended the results obtained in [12].

2. The Models
Consider 5 the gamma distribution of mean 7, with k degrees of freedom:

k
,u"_le*?“, u>0

n(u) = { T"<’§*1> (4)

0, u<0

Starting from system (1) and using the gamma distribution function for the cases
k =1 and k = 2, and some appropriate new variables, we derive two models, described by
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systems of ordinary differential equations (ODEs), without explicit delay. This reduction is
often called the linear chain trick [16-18].

For the case k = 1, we obtain a 4-dimensional system of ODEs, which is then reduced
to a three-dimensional one. This will be called the weak model.

For k = 2, we obtain a five-dimensional system of ODEs that can be reduced to a
four-dimensional system, which will be called the strong model.
2.1. The Weak Model

If k =1, we have (u) = %e*%, for u > 0. Denoting
Q(t) = /[AP(t Cu) £ OZ(—u) + (1 — NGZ(t— wh(P(t —u))]e ¥du,  (5)
0

the equation describing the evolution of the dissolved nutrient N can be written as:

‘%j(t) - %Q(t) — uP(t)f(N(t)).

In addition, using the change of variable t — u = 6, we have:

Q) = — [ AP(©O) +02(0) + (1= )sZ(OR(P(O) e < do
t
= [1AP(©) +62(6) + (1 - MgZ(O)(P(®)))e 7 de.
It follows:
dQ

(1) = AP(t) +6Z(t) + (1 — 7)gZ()h(P(t))
+ [ IAPO) +52(6) + (1~ 7)sZ(O)H(P(6) e~ <—1>d9.

—o0

dt

With the change of variable t — u = 6, we have

4Q

" (1) = AP() +02() + (1~ gZOM(P(1) ~ 1)

Thus, we obtain a 4D model (NPZQ), called “the weak model” in the following,
described by

(6)

Since the conservation law % (N+P+Z+ Q) = 0is fulfilled, we obtain N(¢) + P(t) +
Z(t) + Q(t) = N} = constant. The substitution Q(t) = N+ — N(t) — P(t) — Z(t), leads to
the following reduced 3D system:

N — 1(NE— N(f) = P(t) — Z(t)) — uP(D)f(N(1))

N(
‘”f@ HP(H)f(N()) — §Zh(P(t)) — AP(1), @)
20 = 4gZ(1)h(P(t)) — 6Z(1).

t
Azt
ar
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with the phase space
D1:{(N,P,Z),Nzo,P20,Zzo,N+P+ZSN%}. ®)

2.2. The Strong Model

2 .
= —42 ue~ 7", for u > 0. Denoting
T

If the number of freedom degrees is k = 2, we have (1)
© 2
Qi(t) = /0 APt — ) + Z(t — ) + (1= 7)gZ(t — wh(P(t — u))| Zue™'du, ()
the equation describing the evolution of the dissolved phytoplankton nutrient from (1) reads:
dN 2
a5 () =2 Qi) = uP(H)f(N(H))- (10)

In addition, using the change of variable t — u = 6, we have

Qi) = f%/jMP(G) +0Z(6) + (1—7)gZ(6)h(P(8))](t — 8)e T ~0)dp
= 2[" AP) +62(0) + (1~ 1)gZ(O)M(PO))(E — 0)e~F O,
Denoting by
Qa(t) = '/t_m[AP(@) +6Z(0) + (1 — 7)8Z(0)h(P(8))]e™ *+-dp, an
it follows: 9~ 200,00 - 01(1)), .
dt T
%(t) = AP(t) +0Z(t) + (1 = 7)8Z(t)h(P(t))

[ P©) +020) + (1= mgz@n(pe))e F-0 (-2 )ao

AP(t) +0Z(t) + (1 = 7)gZ(H)h(P(t)) — %Qz(t)

Thus, we obtain the following 5D model (NPZQ1Q5), also called “the strong model”:

NG — 20, (1) — uP(1) F(N(1)),

dl;f{t) = puP(t)f(N(t)) — gZh(P(t)) — AP(t),

20 — ygZ(t)h(P(t)) - 5Z(1), (13)
W0 — 2(0,(t) — Qi (1)),

992 (1) = AP(t) + 6Z(t) + (1 — MSZ(H)h(P(E)) — 2Qa(t).

Obviously, the conservation law
d
F(N+P+Z4+Q1+Q) =0 (14)

is fulfilled, so we can substitute Qy(t) = N2 — N(t) — P(t) — Z(t) — Q1(t), leading to the
following reduced 4D system of ordinary differential equations (ODE):
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AN = 204 () — uP() F(N(t)
”*Lum )f(N(t)) SZh(P
"Z” = SZOM(P() - 6Z(t),

40 2 (N2 - N - P(1) - Z(0) - 200(0)),

)
(1) = AP(1) 15

with the phase space
Dy = {(N,P,Z,Q1) ERYN>0P>0,Z>0,Q1 >0, N+P+Z+Q < N%}. (16)

Also, for consistency, the initial conditions of the ODE model must satisfy

2 [0 2
Qi) == 2 [ [AP(6) +6Z(6) + (1= 1)gZ(O)n(P(6))}0e* a0
2.3. The Model without Delay
In the absence of delay, the model (1) is described by the following equations:

INW — AP(t) +0Z(t) + (1= 7)gZ(H)h(P(t)) — uP(£) F(N(£)
a0 — uP(1)f(N(1)) — §Zh(P(t)) — AP(1) : (17)
PN — ygZ(Dh(P(t)) — 6Z(1)

Using conservation law N9 = N(t) + P(t) + Z(t), this system can be reduced to the
following 2D system:

4P — yPF(NQ — P — Z) — gZh(P) — AP
{ ‘g—z = 18Zh(P) — 52 ' {9
with the phase space
D0={(p,z)eRZ,on,zzo,P+ng%}. 19)

In the following, Nt shall denote the biomass of the model. Thus, when referring to
the model without delay Ny = NY, for the weak model Ny = N%, while for the strong
model Ny = N%‘

3. Equilibrium Solutions

In this section, we determine the stationary solutions of the two reduced systems (7) and (15),
for the NPZ model with delayed gamma distribution, with one or two degrees of freedom.
These solutions correspond to the equilibrium points of the corresponding dynamical systems.

Each of the three systems has at most three equilibrium points in the region of inter-
est, namely:

- A trivial equilibrium E;, with no phytoplankton and no zooplankton;
- Anequilibrium with phytoplankton and no zooplankton, denoted Ej;
- An equilibrium with both phytoplankton and zooplankton, denoted Es.

These equilibria may coexist for certain values of the total nutrients. The same property
is valid for the reduced 2D system (18) for the NPZ model without delay.

3.1. Equilibrium Points for the System without Delay

In [12], it is shown that under the assumptions

A<y, 0 < gY (20)
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system (18) has at most three equilibrium points in Dy, depending on the value of the total
nutrient Nt. Denoting as

v () e (@)

the equilibrium points of system (18) are E; = (0,0), for all N, E; = (P,0), with
P=Np— Nr,, for all Nt > Nr,, and E3 = (P*,Z*), with P* = ht (%), and Z* unique
solution of the equation

A 5P<f(NT P*—7%) H), (22)

for all Ny, with N7 > Nr,.

3.2. Equilibrium Points for the Reduced Weak System (7)

The system (7) possesses at most three equilibria with the first three coordinates
non-negative, solutions of the system

{ L(Ny =N —=P—2Z)—uPf(N) =0
=0

uPf(N) — gZh(P) — Mﬂ’ (23)

Y8§Zh(P) —6Z =0

It follows that the trivial equilibrium is E; = (Nr,0,0).
The equilibrium with only phytoplankton is E; = (N, P,0), with f(N) = #. Taking
into account the properties of f, if the condition

A<y (24)

is satisfied (that is the growth rate of the plankton must be greater than the death rate),
then there exists an unique N, namely N = f -1 (%), satisfying this condition. From the

first equation we obtain
1

P=——(N;y—N). 2
T (M=) @5
while from the conservation law we obtain
O = ATD. (26)

This equilibrium is in the domain of interest Dy if and only if Ny > N. Note that if
Nr = f71(2), then By = Es.

The equilibrium with both phyto- and zooplanktonis E3 = (N*, P*, Z*), with h(P*) = 7%,
from the third equation in (23). If condition

5 < g (27)

is satisfied, then there exists an unique P* > 0 such that h(P*) = %, namely

Pr=pt <i>
8 @9
and N 5
* ﬂ *\ v ”l71 <7>
7 =2 (v = (2 29)
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The condition f(N*) > % must be satisfied in order to have Z* > 0. As f is an

increasing function, it follows that N* > f~1 (%) and using the first equation of system (23)
we have

Nr

N*+P*+ Z* + tuP* f(N*)

! (%) +(1+Ar)ht (%).

To show that there exists an N* such that

Y

NT:N*+P*(1f%/\+y(r+%)f(N*)> (30)

is satisfied, consider the function

F(N) =N+ (1 - % +y(r+ %)f(N))h‘l (%) ~ Nr.

It follows that F ( ! (%)) < 0and I\%im F(N) = co. As F is an increasing function,
—00

there exists an unique value N* such that F(N*) = 0.

Denote, as in [12], N7, (7) = f! (%) + (14 AT)h ™! (%) Remark that N7, (0) = Nr,.
As a consequence, the third equilibrium point (N*, P*, Z*) exists in D; and is uniquely
determined by (30) if the conditions Ny > Nr,(7) and (20) are satisfied. Note that if
Nr = Nr,(7), then E3 = E;. The transitions between the equilibrium points will be
discussed further in Section 5.

Finally, we note that if (Ny, Py, Zp) is an equilibrium of system (7), then (Np, Py, Zo, Qo),
with Qo = TPy f (Np) is an equilibrium point for system solution of system (6) and conversely.

In Figure 1, the coordinates N, P, Z, Q of the three equilibrium points are represented
as functions of the total nutrient Nr, for a fixed T = 5. As function £, a type II functional
response was considered. The values of the parameters used for simulations are 4 = 5.9,
§=7,A=0017, v =076 = 017, ky = 1, kp = 1, as in [12]. For these values
of the parameters, the following values where obtained for thresholds: Ny, = 0.0028,
Nr,(7) = 0.0418.

NTI NI? ’ NTI ND
0.08 0.08
|
0.06 0.06 _——
N P
0.04 0.04
-
0.02 0.02 —
//
0
0 001 002 003 004 005 006 007 008 0 001 002 003 004 005 006 007 008
NT NT
0.10 0.10
NTI NI? NTI NTZ
0.08 0.08
0.06 0.06
z 4
0.04 0.04
0.02 0.02
[ 001 002 003 004 005 006 007 008 0 001 002 003 004 005 006 007 008
NT NT

Figure 1. N, P, Z, Q as functions of N7, for fixed T = 5, for the equilibrium points E; (blue line), E,
(green line), E3 (red line), using a type II response.
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3.3. Equilibria for the Reduced Strong Model (15)

The equilibria of system (15) correspond to the solutions of the system

2Q1 - uPf(N) =0
UPf(N) = Zh(P) — AP =0

Y§Zh(P) —6Z =0 S
Z(Nr=N-P—-Z-20Q;)=0
Substituting
T
Qi = 5uPf(N), (32)

from the first equation into the last equation in (31), the remaining three equations coincide
with system (23). Consequently, we obtain the same expressions for N, P, and Z as for
system (23). Taking into account (32), we obtain the following equilibrium points for
system (15):
(1) The trivial equilibrium E; = (N7, 0,0,0), for all Ny > 0;
(2) The equilibrium with no zooplankton E; = (N, p,0, Ql), with Q1 = %P,

for all Ny, with Ny > Nr,if A < p;
(3) The equilibrium E5 = (N*, P*, Z*, Q%) with QF = T f(N*)h~! (%)

for all Ny, with Nt > Nr,(7),if A < pand § < 7g.

Note that if (Np, Py, Zo, Qo) is an equilibrium of system (15), then (N, P, Zo, Qo, Qo)
is an equilibrium point for system solution of system (13) and conversely.

In Figure 2, there are represented the coordinates N, P, Z, Q1 of the three equilibrium
points as functions of the total nutrient N, for a fixed T = 5. As function £, a type III
functional response was considered. The values of the parameters used for simulations are
u=>59,9=7,A=0017,v=0.7,6 =017, ky =1, kp = 1, as in [12]. For these values of
the parameters, the following values were obtained for stability thresholds: Ny, = 0.0028,
NTz(T) = 0.2085, NT3(T) = 1.0967. Remark that E; = E; at Ny = NTl and E; = Ej at
NT = NTZ(T)-

05 05
0.4 0.4]
—
03 0.3 //
N 02 P 02
0.1 0.1 —
///
0
-0.1 : : : 0.1 , . :
0Np; 0.1 0.2Np, 0.3 0.4 0Ny 0.1 0.2Np, 0.3 0.4
NT NT
05 0s
0.4 0.4
0.3 03
z 02 01 02
0.1 01
0
0.1 0.1 ,
oM 0.1 0.2Np 03 04 0Ny 0.1 0.2 Np, 03 0.4
NT NT

Figure 2. N, P, Z, Q1 as functions of Nr, for fixed T = 5, for the equilibrium points E; (blue line), E»
(green line), E3 (red line), using a type III response.

Comparing the systems with and without delay, we see the following.

The equilibrium point E; is unaffected by the delay.

For the equilibrium point E;, the value of P is reduced by the delay.

For the equilibrium point E3, the values of N and Z are reduced by the delay.

The first transition point is unaffected by the delay, N, = N7, (7), while the second
transition point is increased by the delay, N1, < Nr, (1), if T > 0.
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4. Local Stability

For all three systems (7), (15) and (18), we find that at each value of the total nutrient
at most one of the equilibrium points is locally asymptotically stable. More precisely,
e for Ny < Ny, the only equilibrium point is E;, and it is asymptotically stable,
e for Ny, < Nt < Nr,(7) the equilibrium Ej is asymptotically stable, while E; is unstable,
e and, finally, as Nt > Nr,(7), the equilibrium Ej is asymptotically stable either for
all Nt > Nr,(7) or there exists an Nr,(7) such that E3 is asymptotically stable for
Nr, (1) < Nr < N;(7), and unstable for Nt > Nr,(7), depending on the response
function 1, while the other two equilibria are unstable.

Note that for the system without delay (18), Nr, is equal to Nr,(0). Our results for E;
and E; reproduce the results of [12] for the system with general delay (1), while our results
for E3 improve those of [12].

Note that, for the two-dimensional reduced system without delay (18), the local stabil-
ity of the equilibria on the boundary of the domain can be extended to global stability [12].
Those arguments cannot apply for systems (7) and (15). Results on the global stability could
be obtained using Lyapunov functions, if they can be constructed.

4.1. The System without Delay

In [12], it is shown that the equilibrium E; is globally asymptotically stable on Dy if
Nr < Nr,, the equilibrium E; is globally asymptotically stable on Dy, except for the z axis,
if N7, < Nr < Nr,, while the stability of the equilibrium point E3 depends on the sign of
the quantity T, denoting the trace of the Jacobi matrix Jy at (P*, Z*),

Jo(Np) = %ﬁ—yP*a—gZ*b —yP*a—% .
ygbZ* 0

Here, to simplify the expression, we denoted a = f'(Np — P* — Z*), b = I/ (P*).

They proved that if i’ (P*) > h(P*)/P*, then the equilibrium point Ej is stable for all
Nr > Nr,. This is valid for a type Il zooplankton grazing response function . While if
I’ (P*) < h(P*)/P*, then there exists a unique value Nr, of the total nutrient, such that
the equilibrium point E3 is asymptotically stable for all N7, < Ny < N7, and unstable if
Nr > Nr,. The value Nt, is found as the unique solution of the equation T(Nt) = 0, with

* h(P*) ! * * gl * *
T(Nr) =8Z*| =5~ —W(P") | —uP"f(Nr = P" = Z%). (33)
For Nt = N, the Jacobi matrix Jo has the purely imaginary eigenvalues A »(Nt) = =iy,
with wg > 0, w% = ygbZ* (yP*a + %) Close to NT,, we have ReA; »(Nt) = %T(NT). Con-

sequently,

d 1 d
NRG)\LZ(NT) = ENT(NT) >0, (34)

and thus the transversality condition in the Hopf bifurcation theorem is satisfied. A Hopf
bifurcation takes place for Nt = Nr, if the Lyapunov coefficient L; (NT3) is non-zero.

4.2. The Weak Model Case

We analyse here the stability of the equilibrium points for the system (7) corresponding
to the gamma distribution delay, with one degree of freedom.

Proposition 1. For the equilibrium point Eq of system (7), the following statements hold:

(i) If Ny < Nr,, then Eq is locally asymptotically stable in Dy;
(ii) If Ny > Nr,, then Eq is a (2,1) type saddle point;
(iii) If Ny = Nr,, then Eq is a fold singularity.
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Proof. The Jacobian matrix J; associated to system (7) at E; = (N7, 0,0),

has the eigenvalues

A= _% <0,A) = y(f(NT) - %),Ag =-46<0.

As two eigenvalues are negative, the topological type of E; is determined by the sign
of Al. Thus, the equilibrium point E; is an attractor if A} < 0,ie., f(Nr) < ﬁ As fis an

increasing function, we have A} < 0if Ny < f~ ( ) Nr,. O

Proposition 2. The equilibrium point E, = (N, P,0) of system (7) is locally asymptotically stable
in Dy if and only if
I\/YT1 < Nt < NTZ(T).
In addition,
(i) if Ny = Np, or Nt = Nr,(7) then E; is a fold singularity;
(i) if Nt > Nr,(7) then E is a saddle point of type (2,1);
(iii) if Ny < Nr, then E is not in D;.

,P, 0) , we obtain the Jacobi matrix
SLoppp(®) ~l-a -l
Iz( qu’() 0 ()) )

0 ’ygh(

Proof. For the equilibrium E; = (

and the characteristic equation

(X2 4+ p1X+ pa) (X = 9gh(P) +08) =0

with
1 A
p1o= ;‘H‘Pf(N)/
1+AT) 5.,
p2 — ;’l( p- )Pf/(N)

Thus, one eigenvalue is /\2 'yg( ( ) — 'Tg) and we have /\2 < 0if h( ) 'yig (that

is P < P*, as I is an increasing function). Consequently, A% < 0 iff

Ny < £ (%) (1 AT <%> — Np,(7)

and A3 = 0if Ny = Np, (7).

The other two eigenvalues A2, A3, are solutions of the equation X? + p1 X + p» = 0.
Further, if Ny > Nr,, it follows that p; > 0, p2 > 0, both solutions of this equation have
negative real parts. As a consequence, if N7, < Nt < Nr, (1), all eigenvalues have negative
real parts, hence the equilibrium point E; is an attractor.

Note that if Ny = Nr,, then pp = 0, p; > 0, thus A3 = 0 and Re(A?) < 0. The
equilibrium point E; is a fold singularity both at Ny = N7, and Ny = Nr, (7). O
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For the equilibrium point E3 = (N*, P*, Z*) of system (7), the Jacobi matrix reads

f% — uPa f% — uc 7%
Iz = uPa pe—gZ*tb—A —2 |,
0 Y8Z*b 0
where, to simplify computation, we denoted:
a=f'(N*)>0,b="H(P*)>0,c=f(N*) >0,d=h(P") >0, (35)
Thus, the characteristic polynomial of J3 reads
X3+ X? + arX + a3, (36)
with
1 * *
a = ;—i—)\—cy—l—yP a+7%bg
ay = %(A —Ccp+ uP*a+2Z*bg) + g6Z*b + AuP*a + guP*Z*ab
a3 = %Z*b(d + P*ayp + tiéP*a) 37)

Using the Routh-Hurwitz criterion [19], all the roots of the characteristic polynomial
have negative real parts if and only if the following conditions are satisfied:

(i) a3 >0,(ii) az>0,(iii) ajap—az > 0. (38)

Thus, the equilibrium point E3 is asymptotically stable if all these conditions are
fulfilled. In [12], one result on the stability of E3 with the weak gamma distributed delay
was obtained. For completeness and for comparison with the strong gamma distribution
case, we repeat that result here with proof.

Proposition 3. If
P/ (P*) — h(P*) > 0, (39)

then the equilibrium E3 of system (7) is locally asymptotically stable for all Nt > Nr, (7).

Proof. The equilibrium point Ej is stable if all conditions in (38) are fulfilled. To simplify
computation, denote

P*
A=puP'a>0B=pc—A>0,C= ng; >0,D = g >0,T=A+B(C—1)
Note that, C — 1 = I8 (P*h'(P*) — h(P*)) > 0. With these notations, we can write
a = T+l,
T
1y = BCDy+ ABC+ AM + %T,

As all parameters are positive, it follow that a3 > 0. As T > 0, conditions a; > 0 and
a; > 0 are satisfied. As

1— A 1
ayay —as = AT(BC 4+ A) + BACDy(C — 1) + T”YABC +ZA+ S T(Tr+1) >0, (40)

condition (iii) in (38) is satisfied. Consequently, all eigenvalues have negative real parts,
and Ej3 is an attractor for all Nt > Nr, (7). O
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Proposition 4. If
P*I'(P*) — h(P*) < 0, (41)

the following assertions hold for the equilibrium point E3 of system (7).

(i) For Nt > Nr,(7), close to N, (T), the equilibrium point E3 is an attractor.

(ii) If myap — az > 0, then Ej is locally asymptotically stable.

(iii) If amyap — az = O then Ej is a Hopf singularity.

(iv) If ajay — a3 < O then Ej is a (1,2) saddle point. In addition, for each T there exists a value
Nr, (), given by

NT3 (T) = min{NT, Nt > NTZ(T), ajay; —az = 0},

such that E3(Nr) is locally asymptotically stable for all Nt,(T) < Nt < Nr,(7) and unstable for
Nt > Nr,(7), close to N1, (7).
A

Proof. (i) The coefficient a3 is equal to 0 if and only Z* = 0, which occurs when f(N*) = 4

The discussion following (29) then shows that a3 = 0 at Ny = N, (1), and a3 > 0 for
Nr > NTZ(T)-

For Nt = Nt,(7), the other two coefficients of the characteristic equation associated
to E3 ’

1
a = +uP*a >0,

1
ap ;yP*a + AuP*a >0,
have positive values, and also aja, — a3 = aya3 > 0. As the expressions a1, a,,a1a, — a3 are
continuous functions of Nt, they remain positive for Nt > Nr,(7), in a neighbourhood of
Nr, (7). Hence (i).
(ii) Considering a; as a function of N1, we obtain

1 1
lim al(NT):;-&-/H-%(y—/\)P*>;+/\>O.

Nr—oo

Also,
dﬂ * ol * ! * P*h/(P*) dN*
s =r(ren s ron (G 1) i

Differentiating with respect to Nt in (30), we obtain

_ dN~* Y+ T8 i g
1*,1NT<1+75 P*f/(N*) ),

hence % > 0. As f” < 0and

P*I/ (P*)
h(P*)
decreasing function of N7. Consequently, a; > % + A > 0. The result follows by applying

the Routh-Hurwitz criterion [19].
(iii) The characteristic polynomial (36) has a pair of purely imaginary roots A; , = +wi
if conditions

—1 < 0, it follows that % < 0, thus a; is a

aZ:w2>O, aay —az =0.

As a; > 0,a3 > 0 for all Ny > Nr,(7), if ajap — a3 = 0 then ap > 0. Thus, E3 is a
Hopf singularity.

(iv) As a3 > 0,a3 > 0 for all Ny > Ny, (7), and (a4, — a3) (N1, (7)) > 0, it follows
that Nz, (7) is the minimum value of Nt > Nr,(7) for which condition ajay — a3z > 0 is
not satisfied. O
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For the type Il response function &, we have

2
P/ (P) — h(P) = _(ppik)z <0,¥P > 0.
+ Kkp

In this case, Proposition 4 applies for the stability of the equilibrium point E3. See
Figure 3.
For the type III response function /1, we obtain

(= P22

PK (P) — h(P) = T
P

In this case, if P* < kp (i.e., g% < h(kp)), then P*I'(P*) — h(P*) > 0 and the equilib-
rium point E3 is stable for all Nt > Nr, (7). If h(kp) < g% < 1, then Proposition 4 applies
for the stability of the equilibrium point Es.

4.3. The Strong Model Case
Proposition 5. The following assertions hold for the equilibrium point Eq of system (15).

(i) If Ny < N, then Eq is locally asymptotically stable in D;.
(ii) If Ny > Nry, then Eq is a (3,1) type saddle point.
(iii) If Ny = Nr,, then Eq is a fold singularity.

Proof. For the equilibrium E; = (N7,0,0,0), we obtain the Jacobi matrix

0  —uf(Ny) 0 2

h= 0 yf(NT)f/\ 0 0
1= 0 0 -5 0 |

_2 _2 _2 _4

T T T T

and the characteristic polynomial (X + %)Z(X +6)(X+A—uf(Nr)). Thus, J; has
the eigenvalues

2 A
M=A= -2 < 0,M = 75<0,/\}1:;4<f(NT)7ﬁ>.

As three eigenvalues are negative, the topological type of E; is determined by the sign
of AL. Thus, the equilibrium point E; is an attractor if A} < 0, i.e.,, f(Ny) < % As fisan
increasing function, we obtain /\‘11 <0ifNr < f -1 (%) =Nr. O

Proposition 6. The equilibrium E; = (N, p,o, Ql) of system (15) is locally asymptotically stable
in Dy if and only if
NTl < Nt < NTZ(T)~
In addition,
(i) If Nr = Np, or Ny = Nr,(7), then the equilibrium E; is a fold singularity;
(i) If Ny > Nr,(7), then the equilibrium E; is a saddle point of type (3,1);
(iii) If Ny < Ny, then the equilibrium E; is not in Dj.

Proof. For the equilibrium E; = (N . P,0, Q1 ) , we obtain the Jacobi matrix

—pPfI(N) -2 o 2

L= | #FN) 0 —gh(P) O
2 0 0 qgh(P)—6 0
_2 _2 _2 4

T T T T
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and the characteristic equation

(3 + p1 X2+ paX o+ ps) (X — 9gh(P) +6) =0

with
4
o= —+uPf(N),
_ 4 pE+AT) 500
P2 = T2+ pe Pf'(N),
4u(l+7A) 4 N
Pz = %Pf/(f\’)

Thus, one eigenvalue is A} = vg <h(13) - %) and we have A2 < 0if h(P) < % (that

is P < P*,ashisan increasing function). Consequently, )\Z < 0if

Np < f1 <%> + (1 +Ar)h ! (%) = Np,(7)

and A2 = 0as Nt = Nr, (7). The other three eigenvalues A2, A3, A3 are solutions of the equa-
tion X3 + p1 X2+ p2X + p3 = 0. According to the Routh-Hurwitz criterion, all solutions of
this equation have negative real parts if conditions

p1>0,p3 > 0,p1p2 > p3

are fulfilled. As all parameters y, A, T are positive, if Ny > Nr, the first two conditions
p1 > 0, p3 > 0 are satisfied. A simple computation shows that the third condition is also
satisfied if Ny > Nr,. As a consequence, if Ny, < Nt < Nr,(7) all eigenvalues have
negative real part, hence the equilibrium point E; is an attractor.

Note that if Ny = Nr,, then p3 = 0, p1 > 0, pp > 0, thus A3 = 0 and Re(A%,) < 0. The
equilibrium point E; is a fold singularity both at Nt = N7, and Ny = Nr, (7). O

For the equilibrium E3 = (N *, P*, 7%, Qi‘) of system (15), the Jacobi matrix reads

—nP*f'(N%) —nf(N) 0 :
I = uP*f'(N*)  uf(N*) —gZ*W'(P*)—A  —gh(P*) 0
s 0 YgZ* I (P*) ygh(P*) =6 0
_2 _2 _2 _4
T T T T
and the characteristic polynomial is
X2+ 01 X3 + b X2 4+ b3X + by, (42)
with
_ 4 s g/ * 18 * * 1! (¥ *
b= 2+ P N+ 28 (uf (V) = ) (PP (P) — (")),
b= Sy S (A= SNt g FN") o 27 (P)) + GOZ°H (P°) + ApP™ ' (N) + guP* Z° f (N (P*) (43)

b3

T

4 <g52*h’(P*) + 2P f(N*) + uP* f/(N*) (A — cu +gZ*h’(P*))> + % (A —cp+uP*f'(N*) + gZ*I' (P¥))

+g6Z* W (P*) (A — cpu + uPf'(N*) + gZh' (P*)) — g6ZH' (P*) (A — cuu + gZI' (P¥)),

by = %((H uly +6T)P*f’(N*))? (f(N*) - %)P*h’(P*).
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Using the Routh-Hurwitz criterion [19], all the roots of the characteristic polynomial
have negative real parts if and only if the following conditions are satisfied:

(i) by >0,bp >0,b3 >0,by >0, (ii) bs = biby — b3 >0, (iii) bg = (blbz — b3)b3 — b%b4 > 0. (44)
Thus, the equilibrium point E3 is stable if all these conditions are fulfilled.

Proposition 7. For the equilibrium point E3 of system (15), the following assertions hold.

(i) For Nt > Nr,(7), close to N, (T), the equilibrium point E3 is an attractor.

(ii)  If one of the conditions b; > 0, j = 1,6, in (44) is not satisfied, then Ej is unstable. In
addition, for each T there exists a value Nt,(T), given by

: 6
Nr,(7) = mln{NT|NT > Nrp, (1), Hj:1 bj = 0},
such that Ej is locally asymptotically stable for all Nt,(7) < Nt < Nr, (1).

Proof. The coefficient by is equal to 0 if and only f(N*) = % Thus, we have by = 0 at
Nr = NTZ(T), and by > 0 for Ny > NTZ(T)-

At Nt = Nr, (1), the other three coefficients of the characteristic equation associated
with E3 have the following values:

b1:§+yP*u>O,
4 4
by = — 2P ZP*
n T2+T]4 a+ u~Pac >0,
42* 4 *
b3=;yPac+§yPa>O.

In addition, we have

4 16 16
_ 2 px * *
bs = <;4 p ac+;yP aTer)yP u+$ >0,

bg = bsbs > 0.

As the expressions bj, j= 1, 6, are continuous functions of N, they remain positive for
Nt > Nr,(7), in a neighbourhood of N, (7). Hence (i). Obviously, Nr,(7) is the minimum
value of Ny > Nr, () for which one of the conditions (44) is not satisfied. [J

Remark 1. As for Nt > Nr, (), we have by > 0, none of the eigenvalues A?,i = 1,4, can be 0.
Thus, the topological type of E3 could change only with the appearance of a pair of purely imaginary
eigenvalues. Using the Viete relations, if conditions

bibs > 0, (b1by — b3)bs — biby = 0, (45)
are satisfied, then the equilibrium point E3 is a Hopf singularity. If
by = 0,by > 0,b3 = 0,by > 0,b5 —4by > 0, (46)

then the equilibrium point Ez has two pairs of purely imaginary eigenvalues and it is a double-
Hopf singularity.

Proposition 8. Assume
P*I'(P*) — h(P*) >0, (47)

(i) If (biby — b3)bs — b2by > 0, then the equilibrium E of system (15) is locally asymptotically
stable for all Nt > Nr, (7).
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(ii)  If (b1by — b3)bs — b3by = O, then Es is a Hopf singularity.
(iii) If (b1by — b3)b3 — b%b4 < 0, then Ej is unstable. In addition, for each T, there exists a value
Nr, (), given by

NT3(T) = min{NT{NT > NTZ(T), (b1b2 — b3)b3 — b%b4 = 0},
such that Eg is locally asymptotically stable for all Nt,(T) < Ny < N, (7).

Proof. The equilibrium point Ej is stable if all conditions in (38) are fulfilled. To simplify
computation, denote:

a = f'(N*)>0,b=HK(P*)>0,c=f(N*)>0,d=hn(P*) >0,

N
A = yP*a>O,B:yc—A>O,C:%>O,D:%>O,T:A+B(C—1)

Note that, C — 1 = I8 (P*1'(P*) — h(P*)) > 0. With these notations, we can write:

b1:T+é,
T

4 4
by = BCDy + ABC+ AA+ T+ —,

4 4
by = ABCDvy + ?(BCD'Y + ABC + AX) + pT,
by = %ABC’}/(ADT +A+D)

As all parameters are positive, it follow that by > 0. As T > 0, conditions b; > 0,
by > 0, b3 > 0 are satisfied if the hypothesis (47) is true. As

biby — by = AT(BC + A) + B2CDy(C — 1) + %(

Tt +2)?,
condition byby — b3 > 0 is satisfied if (47).

Consequently, if (b1bp — b3)bs — b%b4 > 0, then all eigenvalues have negative real
parts, thus E3 is an attractor.

If (byby — b3)bs — h%b4 < 0, at least two eigenvalues have negative real parts, thus E3
is unstable. As for Ny = Nr, (1) we have

4 24 16
2 _ (.2
(b1by — b3)bs — byby = <y P*ac+ ;yP*a + §>;4P*u + p 0,
the expression continue to be positive for Nt > Nr, (7), close to N, (7). Obviously, Nr, (7)
is the minimum value of N7 > N, (7) for which (byby — b3)bz — b%b4 =0. O

In Figure 3, there are represented the strata in the (7, Nr) plane that exhibit different
behaviours for the three equilibrium points, obtained in the case of a type II response
h(P) = %kp The curve denoted NT_1 (blue line) separates the strata where E; changes
stability with E,. The equilibrium E; is stable for parameters in the stratum limited by the
curves NT_1 (blue line) and NT_2 (green line). The equilibrium Ej is stable for parameters
in region 3, in the stratum limited by the curves NT_2 (green line) and NT_3 (red line), and
loses stability in region 4. The other two equilibria are unstable in regions 3 and 4.

The values of the parameters used for simulations are 4 = 5.9, ¢ = 7, A = 0.017,
v=0.7,6 =017, kny = 1, kp = 1. The results are consistent with the ones obtained in [12].
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@ ®

Figure 3. Regions in the (7, N7) plane that exhibit different behaviours for the equilibrium Ej, using
the Type II response for: (a) the weak model; (b) the strong model. Region 3 is where the E3 and is
stable, but where Ej, E; are unstable. For parameters on the curve separating regions 3 and 4, E3
is a Hopf singularity, while in region 4, E3 is unstable. A Hopf bifurcation may take place when
parameters cross from region 3 to region 4.

5. Local Bifurcations

In the previous section, we proved that at each value of the total nutrients at most one
of the equilibrium points is locally asymptotically stable. In this section, we show that the
change of stability is realized either through a transcritical bifurcation or a Hopf bifurcation
that may occur at a fold singular point or at a Hopf singularity, respectively.

5.1. Transcritical Bifurcations
Two transcritical bifurcations undergo for both the weak and the strong models, namely:

(i) at Nt = Nr,, the equilibrium points E; and E; collide and interchange stability;
(ii) at Nt = Nr,(7), the equilibrium points E; and Ej3 collide and interchange stability.
We prove these results by using the Sotomayor theorem [20], ([21], p. 338).

5.1.1. Transcritical Bifurcations for the Weak Model

Proposition 9. A transcritical bifurcation takes place at the equilibrium Eq of system (7) as
Nr = Nr,.

Proof. As Ny = Nr, we have E; = E; and the equilibrium E; is a fold singularity. We
consider ¢ = jf(N1) — A as the bifurcation parameter, and the bifurcation value is ¢y = 0.
It follows A = puf(Ny) — ¢, and at ¢ = 0 we have A = juf (N7, ). The normal form on the
centre manifold is determined using Sotomayor theorem [20,21]. In order to carry this out,
consider first two eigenvectors v, w € R*, such that ;o = 0and w'J; = 0. Asfor J, = J; =

1 1 1
1 1y 1
T T T
0 0 0 |, we obtain that w” = (0,1,0) and T = (— (At +1),1,0). Then,
0 0 —0
we compute the quantities A, B, C in Sotomayor theorem, where
1 oD 1 3 2D;
A = w, — (Es, €9 >,B = W00 L (Ep, &),
(v, w>< e ( ) (v, w) i’].%l i axjaxk( )
2 3 02®;
C = — vi—"(E
0, @) i; w;v; ax]-ag( 2,€0),
=

witheg = 0and (x1, x2,x3) = (N, P, Z), and @ is the vector field associated with system (7).
As (v,w) =1 and vector w has only one non-zero component, we need only the second
component of the vector field ®, which can be written as

®,(N, P,Z) = uP()f(N()) ~ §Zh(P()) — (uf (NT) — &) (D).
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We obtain

_ 9P B

A = —7(E,0)=0,

B = 4 , 92D, E, 0) = —2(A Duf (N 0
- .kzlv]vkm( 2,0) = —2(At+ 1)uf'(Nr,) #0,

jk=
and
! azq)Z 82(132

- 2;; Ui ame L2 0) = 2o2gpg, (B2 0) = —2 £0.

Consequently, a transcritical bifurcation takes place as ¢ = 0, i.e., f(Nr) = % O

In a similar way we prove that a transcritical bifurcation takes place when the equilibria
E; and Ej3 coincides, as Ny = N, (7).

Proposition 10. A transcritical bifurcation takes place at the equilibrium Ej of system (7) as
NT = NTZ(T)-

Proof. As Ny = Nr,(t) wehave E; = E3 = (Ng, P, Zg), with Nog = Np,, Py = 55 (Np, (1)

—Nr,), Zy = 0, and the equilibrium is a fold singularity. We consider ¢ = 6 — ygh (15) as the

bifurcation parameter, and the bifurcation value is ¢ = 0. Apply the Sotomayor theorem [21]

as above. Consider two eigenvectors v, w € R*, such that ,v = 0 and w’], = 0. As
—1—uPf'(No) —1-1 —1

T
L = uPof' (No) 0 —% , we obtain that wT = (0,0,1) and o7 =
0 0 0
- _ s _ 1 s ) -
(v1,02,03), with v; = mfvz = —m<%+1+m> # 0,03 = 1. As

(v,w) = 1 and vector w has only one non-zero component, we need only the third
component of the vector field ®, which can be written as

®3(N, P, Z) = vgZh(P(t)) — (e + 1gh(P)) Z.

We obtain
0P
A = T;(Ezfso) =0,
4 2 2
0°d 0°®
B = 'kZ:l vjvkibch;((Ez’g()) = ZUzvgﬁ(Ez,so) = 20y7gh (Py) # 0,
k=
and
92, 92Dy
c=2 ;Ujm(lgz,eo) = 203@(152,80) =-2 7& 0.
=

Consequently, a transcritical bifurcation takes place as ¢ = 0,i.e., Ny = N, (7). O

Remark 2. At the bifurcation, point the two equilibria Ey and Ez have the same eigenvalues,
)\]2 = Af-’,j = 1,3, with Re/\]2 <0, forj=1,2, and )\% = /’\g = 0. As a consequence of the
transcritical bifurcation, the eigenvalues these two eigenvalues change signs when passing through
the bifurcation values, while the real parts of the other three pairs of eigenvalues remain negative close
to the bifurcation value, due to continuity. Thus, the two equilibria exchange stability. Consequently,
close to Nt = Nr, (1), if Nt < Nr,(7) the equilibrium point E; is an attractor and Ej is a saddle
of type (2,1), while if Ny > Nr,(T) the equilibrium point E; is a saddle of type (2,1) and Ez is
an attractor.
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5.1.2. Transcritical Bifurcations for the Strong Model

Proposition 11. A transcritical bifurcation takes place at the equilibrium Eq of system (15) as
Nr = Nr,.

Proof. As Ny = N, we have E; = E; and the equilibrium is a fold singularity. We
consider € = yf(N7) — A as the bifurcation parameter, and the bifurcation value is ¢ = 0. It
follows A = juf(Nr) — ¢, and at ¢ = 0 we have A = jif (N7, ). Consider two eigenvectors

0 -A o0 2
v, w € R* such that ,o =0and wT], = 0. As J, = 8 8 B(S 8 , we obtain
2 2 _2 _4
T T T T

that w” = (0,1,0,0) and o7 = (7()L’L' +1),1,0, /\TT) Then compute the quantities A, B, C
in Sotomayor theorem. As (v, w) =1 and vector w has only one non-zero component, we
need only the second component of the vector field ®, associated with system (15), which
can be written as

(N, P, Z, Q) = pP(H) f(N(t)) = Zh(P(t)) — (uf (Nr) — €) P(£).

We obtain
0D, _
A = X(EZ'O) =0,
4 02
B = -kZ:lvjvkax]‘a;k(EZIO) = 72(”[f(NT1)T+1)Vf,(NT1) ;A O’
jk=

and

92D,
cC=2 ZUJW(ELO) = ZUZW(ELO) =-2 7& 0.

Consequently, a transcritical bifurcation takes place as ¢ = 0, i.e., f(N7) = % O

In a similar way, we prove that a transcritical bifurcation takes place when the equilib-
ria E; and Ej3 of system (15) coincides, as Ny = Nr, (7).

Proposition 12. A transcritical bifurcation takes place at the equilibrium Ey of system (15) as
NT = NTZ(T)-

Proof. As NT = NTZ(T), we have Ez = E3 = (NQ,PQ,ZQ,Q]Q), with NO = NTl’
Py = ﬁ(NTZ(T) —~Nr,), Zy = 0, Qo = %Py, and the equilibrium is a fold singu-
larity. We consider ¢ = 6 — ’ygh(p) as the bifurcation parameter, and the bifurcation
value is ¢ = 0. Apply the Sotomayor theorem [21] as above. Consider two eigenvectors

—uPa —A 0 2

. T
P _9
v, w € R* such that ,v = 0 and wT]z =0.As ], = pra 0 v 0 ,
0 0 0 0
_2 _2 _2 4
T T T T
we obtain that w! = (0,0,1,0) and ol = (v1,02,03,04), with v; = n

e,V
YuPof' (N1, )’

1 i) 5 _ — T J_ J

xert <7 +1+ wl’of’(er)> 700 = Los = e <v <1 * wl’of’(er)>>' As
(v,w) = 1 and vector w has only one non-zero component, we need only the third
component of the vector field ®, which can be written as

®3(N,P,Z,Q1) = v§Zh(P(t)) — (e + vgh(P)) Z.
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We obtain

oD
A = T:(ELEO):O/

924 02ds ,
B = ij::1vjvkaxfok(E2’€O) szvaazaP(Ezfﬁo) 2078h' (Py) # 0,

and

4 2 2
0°P3 0°P3
=2) vj-——(E =2v3——(E =-2#0.
c = “ axjae( 2€0) = 2035755 (Ea €0) 70
Consequently, a transcritical bifurcation takes place as g9 = 0, i.e., Nt = Nr,(7). O

Remark 3. At the bifurcation point the two equilibria Ey and E3 have the same eigenvalues,
AJZ = )»?,j = 1,4, with Re/\]Z <0, forj=1,2,3,and A2 = Ai = 0. As a consequence of the
transcritical bifurcation, the eigenvalues these two eigenvalues change signs when passing through
the bifurcation values, while the real parts of the other three pairs of eigenvalues remain negative close
to the bifurcation value, due to continuity. Thus, the two equilibria exchange stability. Consequently,
close to Nt = Nr, (1), if N7 < Nr,(7) the equilibrium point E; is an attractor and Ej is a saddle
of type (3,1), while if Ny > Nr,(T) the equilibrium point E; is a saddle of type (3,1) and Ez is
an attractor.

5.2. Hopf Bifurcations

A Hopf bifurcation may occur at a Hopf singularity. As we proved in Section 4,
only the equilibrium point E3 is a Hopf non-hyperbolic point, in certain conditions (see
Propositions 4, 7 and 8). At such a singular point, a Hopf bifurcation takes place if the
conditions of the Hopf bifurcation theorem [22] are fulfilled.

5.2.1. Hopf Bifurcations for the Weak Model

As a consequence of Proposition 3, if P*}’(P*) — h(P*) > 0, then the equilibrium point
E3 = (N*,P*,Z") of system (7) is locally asymptotically stable for all Nt > Nr,(T), so
there can be no Hopf bifurcation in this case.

If P*1'(P*) — h(P*) < 0, then equilibrium point E3 is a Hopf sigularity for parameters
in the bifurcation stratum defined by the equation

a1a; —az =0, (48)

with ay,a,,a3 given by (37). Consequently, for each Nt > Nr,(7) such that (48), a Hopf
bifurcation may occur, and a branch of periodic solutions may emerge around E3.

Note that the eigenvalues of the Jacobi matrix associated with E3 are )‘%,2 = +tiw,
)\é = —aq, with w? = a,. Thus, as a; > 0, the centre manifold of Ej is attractive. As a
consequence, if the conditions of the Andronov-Hopf bifurcation theorem [22] are satisfied
and a supercritical Hopf bifurcation takes place (i.e., the first Lyapunov coefficient is
negative), then the stable limit cycle born through this bifurcation on the extended centre
manifold is locally asymptotically stable.

For the type II response function /1, in the hypotheses of Proposition 4, a Hopf bifurca-
tion may take place for each 7, at the bifurcation value Ny = Nr, (T).

The numerical simulations in Figure 4 show the existence of a stable limit cycle for
values of Ny > NT;( 7). The values of the parameters used for simulations are 1 = 5.9,
§=7,A=0017,7v =0.7,06 = 0.17, ky = 1, kp = 1. The results are consistent with the
ones obtained in [12]. For T = 5, the approximate value of Nt for the Hopf bifurcation
is N1, (1) = 1.096. The simulations show time series for an initial point closed to the
equilibrium E3, proving an evolution towards the steady state E3 for Nt = 1.05 < Nr,(5)
and to a limit cycle for Ny = 1.2 > Nr,(5).

64



Mathematics 2023, 11,2911

005

; 3 z o poos
o

U

o0so. 5T 04 015 636 047 6% 035 080
N

?
,

2 # : 2 oz
o]

025 5T G 015 036 047 63 015 050
N

026 035

oz
& ™
13 % EE T 3 E3 = 5 & o 032
1 o

T 0M G 016 017 0% 015 050
N

¢ W EJ ED & o E] ED E3 EJ
t i

@ ®) ©

Figure 4. Simulations for the weak model, using a type Il response 11(P) = kap: (a)T =5, Ny =1.05,
showing an evolution towards E3; (b) T = 5, Ny = 1.2, showing a periodic behavior; (c) projections
of the attractor, for T = 5, Ny = 1.2, t € [400,500]. The stable limit cycle may appear through a
supercritical Hopf bifurcation at N, (7) = 1.096.

For the type III response function , for the values of the parameters considered for
simulations we have g% < h(kp), so there are no Hopf bifurcations at E3, as Ny > NT,(7).

5.2.2. Hopf Bifurcation for the Strong Model
According to Proposition 8, if P*W/(P*) — h(P*) > 0 the equilibrium point
Es = (N*,P*,Z*, Q%) of system (15) is a Hopf singularity if condition

(b1by — b3)bs — b3by =0, (49)

with bj, j= 1,4 given by (43), is satisfied.

If P*1' (P*) — h(P*) < 0, the equilibrium point Ej3 is a Hopf singularity for parameters
in the bifurcation stratum defined by the conditions (45). Consequently, for each Nt > N, (7)
such that (45), a Hopf bifurcation may occur.

For the type Il response function /, Proposition 8 does not apply. For the considered
values of the parameters, y =5.9,¢ =7,A =0.017,v=0.7,6 =017, ky =1, kp = 1, we
have found that, for (7, Nr) on the curve defined by (49) in the (7, N7) parameter plane,
the equilibrium P* is a Hopf singularity. This curve separates regions 3 and 4 in Figure 3b,
and a Hopf bifurcation may take place when the parameters cross this curve.

For T = 5, the approximate value of Ny for the Hopf bifurcation is N, (7) = 0.955.
The simulations in Figure 5, show the projections of parts of the trajectories for an initial
point near the equilibrium E3, proving an evolution towards a stable limit cycle, for (a)
Nr = 1.05 > Nr,(5), (b) Ny = 1.096 > Nr,(5) and (¢) Ny = 1.2 > Nr,(5).

The trajectories in Figures 4 and 5 were obtained using the DEtools package in MAPLE
18, applying the fourth-order Runge-Kutta method, with a stepsize 0.01.

Remark 4. As the parameters vary away from the Hopf bifurcation curve, the limit cycle born
through the Hopf bifurcation may disappear, may double the period, etc. Since the dimensions
of both the weak and the strong models are greater than three, strange attractors may also exist.
Nevertheless, as the domains for each of the two models are bounded, the w-limit set for each model
is also bounded, and so are their attractors.
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N N 73 ~

Figure 5. Simulations for the strong model, using a type II response h(P) = %kp Projections of the

attractor for T = 5 and (a) Ny = 1.05; (b) Ny = 1.096; (c) Ny = 1.2; t € [700,800]. The stable limit
cycle may appear through a supercritical Hopf bifurcation at N, (7) = 0.955.

6. Discussion

In this study, we have analysed two NPZ models for a closed ecosystem with three
compartments, dissolved nutrient, phytoplankton and zooplankton, incorporating a delay
in nutrient recycling. The models were obtained starting from a NPZ model introduced
in [12], by using the gamma distribution function with one or two degrees of freedom. The
aim of the paper was to study how the stability and bifurcation of the equilibrium solutions
depend on the total amount of nutrient and the delay.

We have shown that each of the two models have at most three equilibrium points in
the region of interest, and that at most one of the equilibrium points is locally asymptotically
stable at each value of the total nutrients. More precisely,

(1) For Nr < Nr,, there is only one equilibrium point with no phytoplankton and no
zooplankton (E7 ), which is asymptotically stable;

(2) For N1, < Nt < Nr,(7) the equilibrium E;with phytoplankton and no zooplankton
is asymptotically stable, while E; is unstable;

(3) As Nt > Nr,(7), the first two equilibria are unstable, while the equilibrium E3 with
both phytoplankton and zooplankton is asymptotically stable either for all Nt > Nr, (T) or
there exists an Nr, () such that E3 is stable for Nr, (1) < Nt < N,(7), and unstable
for Nt > Nr,(7), close to N,(7), depending on the response function /.

Further, we have proven that the changes of stability at N7, and N, (T) occur through
transcritical bifurcations. Finally, we have shown that the change of stability at Nr, is
a Hopf singularity and the associated bifurcation will lead to stable limit cycles if it is
supercritical. Numerical simulations show the existence of stable limit cycles for each delay
T, close to the bifurcation value Ny = Nr, (7).

Thus, for each of the two considered models, the w-limit sets contains at most one
equilibrium point. In specific hypotheses on the response function #, the w-limit sets may
contain a limit cycle for certain values of the parameters Nt and 7. However, as the dimen-
sion of both models is greater than 2, the w-limit sets may also contain strange attractors.

Our results on the existence of equilibria are consistent with those of [12] for the
system with a general distribution (1), who showed the equilibrium values of N, P, Z are
only affected by the mean delay and not the form of the distribution. The stability result
(1) above reproduces that of [12] for the general distribution case. The stability result (2) is
stronger than that of [12] for a general distribution, and thus is likely a consequence of our
choice of distributions. In fact, [12] showed that if the system has a discrete delay (Dirac
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distribution), then the equilibrium E; may undergo a Hopf bifurcation; however, we show
that it is not possible for the distributions we consider. Our results extend those of [12]
by proving the stability result (3) for the two systems studied and by proving the types
of bifurcations that occur as the stability of the equilibrium points changes. Further, we
showed the possibility of a codimension-two double Hopf bifurcation in the system with
the two-degrees of freedom gamma distribution.

To conclude, we discuss the implications of our work for application. The general
trend of bifurcations of the equilibrium points as the total amount of nutrients is increased
is as follows: first, the phytoplankton only equilibrium point, E;, appears and then the
coexistence equilibrium point, E3. This is is biologically plausible: as more nutrients are
available, the system can support more organisms. Our work highlights the fact that a
delay in the recycling can be stabilizing: the amount of nutrients needed for the transcritical
bifurcation leading to the emergence of E3 to occur increases with the size of the mean delay.
We also showed, for a given amount of total nutrients, the delay decreases the equilibrium
size of at least one of N, P, Z. This is because some of the nutrients are stored in the other
compartments of the system, which represent the nutrients that are being recycled. Both
these results were identical for the weak and strong models. Where these models differ
was in the effect of the delay on the Hopf bifurcation of the E3 equilibrium point. For
both models, as the delay is increased we observe the same qualitative effect: the Hopf
bifurcation value Nt3 increases, then decreases, then increases. However, the variation is
larger for the strong model than for the weak model. Thus, the N3 for the weak model
is less than that for the strong model for small enough delay, with the reverse for large
enough delay.
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Abstract: The primary goal of this work is to solve the problem of drug diffusion through a thin
membrane using a differential quadrature approach with drastically different shape functions, such
as Lagrange interpolation and discrete singular convolution (the delta Lagrange kernel and the
regularized Shannon kernel). A nonlinear partial differential equation with two time- and space-
dependent variables governs the system. To reduce the two independent variables by one, the partial
differential equation is transformed into an ordinary differential equation using a one-parameter
group transformation. With the aid of the iterative technique, the differential quadrature methods
change this equation into an algebraic equation. Then, using a MATLAB program, a code is created
that solves this equation for each shape function. To ensure the validity, efficiency, and accuracy of
the developed techniques, the computed results are compared to previous numerical and analytical
solutions. In addition, the Loo error is applied. As a consequence of the numerical outcomes, the
differential quadrature method, which is primarily based on a discrete singular convolution shape
function, is an effective numerical method that can be used to solve the problem of drug diffusion
through a thin membrane, guaranteeing a higher accuracy, faster convergence, and greater reliability
than other techniques.

Keywords: group theoretic method; drug diffusion; differential quadrature technique; discrete
singular convolution; thin membrane; Lagrange interpolation polynomial

MSC: 34A25

1. Introduction

Diffusion through membranes represents a fascinating form of diffusion research
that is crucial in the pharmaceutical industry [1-4]. To study the procedure, multiple
experiments can be carried out. Testing a drug’s non-stationary diffusion across a donor
cell through a thin membrane to a recipient cell is one experiment that clearly shows this
behavior [2,3]. The problem of drug diffusion through a thin membrane was examined
in 2002 utilizing the group theoretical technique, which is considered a special case of the
Lie method and yielded limited results. This method was used to determine the drug
concentration in the membrane and that in the cells of the donor and receiver [4]. Spoelstra
and Van Wyk [5] modeled the process as a pair of cells of identical volume divided by
a thin membrane called cells of the donor and the receiver. A high drug concentration
dissolves in a saltwater solution in the cell of a donor, while the receiver’s cell possesses
only a solution of saline. Since both cells are subjected to continual stirring, the drug does
not initially diffuse through the membrane. The concentration of the drug starts to rise in
the receiver cell and across the membrane. The authors used the finite difference technique
to solve the problem numerically, evaluating the results of the model’s parameters and
determining the concentration in receiving and donor cells. It was demonstrated that
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diffusion through membranes can be modeled using specific boundary conditions across
them at various scales, from macroscopic to microscopic [6]. In this case, the membranes are
considered thin in relation to the overall size of the system. The membrane is introduced as
a transmission boundary condition on a macroscopic scale, allowing effective modeling of
systems involving multiple scales. A numerical lattice Boltzmann scheme with a partial
bounce-back condition at the membrane was proposed and analyzed on a microscopic
scale [7]. This microscopic approach was shown to provide an accurate approximation
of the transmission boundary condition. Moreover, a formula for the permeability of
a thin membrane as a function of a microscopic transmission parameter was derived
from the analysis of the macroscopic scheme. In a microscopic model, the mean waiting
time for a particle to pass through the membrane is proportional to the membrane’s
permeability [8-10].

The macroscopic transmission conditions were discretized by Aho et al. [11] in order
to derive an expression for the mass flux between two discretization points separated by a
membrane. The expressions used to solve the diffusion equation were obtained from the
finite difference and finite volume methods. The authors proposed a microscopic imple-
mentation of the lattice Boltzmann method [12,13], in which the membrane is treated as a
partial bounce-back condition between two lattice nodes. They performed a multiple-scale
analysis after presenting the discrete scheme and derived an explicit expression for the
mass flux at the membrane. Several papers in the literature have presented mathemati-
cal models that use the group transformation technique, such as Hansen [14], Gaggioli
et al. [15], Boutros et al. [16], and Abd-el-Malek et al. [17], to calculate the diffusion of a
drug through a membrane along with that in both donor and receiver cells. Abd-el-Malek
et al. [18] recently used the Lie group method to investigate drug diffusion through a bio-
logical membrane that typically partially absorbed the drug. The mathematical scheme was
defined by a nonlinear partial differential formula which included the process of diffusion
along the initial and boundary conditions and afterwards was converted into an ordinary
differential equation with its associated conditions by reducing the number of independent
variables by one. Fourth- and fifth-order Runge-Kutta methods were used to solve the
obtained nonlinear ordinary differential equation.

Finite difference, finite element, finite volume, meshless, and least squares methods
have been used to solve such problems. The main disadvantage of these methods is the
requirement of a high number of grid points, such that a long performance time is required
to obtain the required accuracy. Recently, a differential quadrature method (DQM) has
become the most popular method for deriving numerical solutions to boundary value
problems. It was developed by Richard Bellman and his associates in the early 1970s [19,20].
The key idea of the DQ application lies in the calculation of the weighting coefficients for
the first-order derivative based on the Lagrange polynomial function. This method leads
to accurate solutions with fewer grid points compared with finite difference and finite
element methods. The convergence and stability of this method depend on the choice of the
shape function. Lagrange interpolation polynomials, the cardinal sine function, the delta
Lagrange kernel (DLK), and the regularized Shannon kernel (RSK) are some examples of
such functions which have led to the development of the polynomial-based differential
quadrature method (PDQM) [21], the sinc differential quadrature method (SDQM) [22],
and the discrete singular convolution differential quadrature method (DSCDQM), respec-
tively [23]. Thus, the DQ method has emerged as a powerful numerical discretization tool
for solving a variety of problems in the engineering and physical sciences [24-30]. Bellman
et al. [19] suggested that the nth-order derivative of the function with respect to a grid
point can be approximated as a linear summation of the values of the function for all of the
sample points in the domain.

In our model, we use a differential quadrature method (DQM) with drastically differ-
ent shape functions to solve the problem of drug diffusion through a thin membrane. These
shape functions are the Lagrange interpolation function [21,31], the Delta Lagrange kernel,
and the Regularized Shannon kernel [32-35], and they have been successfully applied to the
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problem of drug diffusion through a thin membrane. Furthermore, the partial differential
equation is transformed into an ordinary differential equation (ODE) using a one-parameter
group transformation [4] to reduce the two independent variables by one. To ensure the
validity, efficiency, and accuracy of the developed techniques, the computed results are
compared to previous numerical and analytical solutions [4,18]. The novelty of this method
is to provide a parametric analysis in two cases to explain how time and the membrane
section affect the drug concentration and diffusion coefficient for the first time.

2. Formulation of the Problem

Fick’s-law-based diffusion mathematical models do not apply to human skin, hair-free
rodent skin membranes, or multiple synthetic membranes [5]. Fick’s laws of diffusion
describe diffusion and were derived by Adolf Fick in 1855. They can be used to calculate
the diffusion coefficient. Fick’s first law can be used to derive his second law, which in turn
is identical to the diffusion equation. Assuming that the rate at which absorption occurs at
any place via the membrane corresponds to the drug concentration at that place and that
no diffusion occurs through the membrane’s edges, the concentration gradient through the
membrane is viewed as a function of time and x direction, and the velocity of diffusion
in the membrane for each unit area is related to the concentration gradient through the
membrane. Consider a unit thickness membrane, wgere “q” is the coefficient that calculates
the rate of absorption of the drug in the membrane if “Q” is the partition coefficient. The
governing equation of the diffusion process is [4]:

aC(x,t) 9
FTa &{P(X’t) x

where C(x,t) is the drug’s concentration at an instant of time (t) and at an x-distance from a
single side of the membrane. The function utilized to compute the diffusion coefficient is
denoted by P(xt).

Based on the boundary condition (Equations (2) and (3)) and initial conditions

(Equation (4)):
C(0,t) = F(t)
{ iy 10 ®

oQ
EECET

2
M},q{@},o<x<1,o<t @

F( G(t) = YQ[R(1)]? 3)

C(x,0) =0 at0<x<1 (4)

where «, 3, and 'y are constants. In addition, D(t) and R(t) are the concentrations of drug
in the donor and the receiver cells, respectively.

3. Method of Solution

We use a differential quadrature approach with totally different shape functions to
solve a nonlinear partial differential equation with two dependent variables, C(x,t) and
P(x,t), in both space and time. To begin, we solve the partial differential Equation (1)
using a one-parameter group transformation. In this transformation, the two independent
variables are minimized by one, and this equation is transformed into an ODE shown in
the following;:

Assuming the identity function, i.e., { = x, according to a similar analysis, the depen-
dent variables “C” and “P” are

Clxt) = p(HU(Q) ®)
P(x,t) = w(t)T(Z) 6)
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Thus, using Equations (5) and (6), this is accomplished by substituting “C” and “P”
and their partial derivatives as follows:

d
i - u
% =pdf
2°C d*u @
o =V
%=kt
Then, by substituting Equation (7) into (1):
dp() _ 2 duQ)] _ [b®U©)]?
v - 2 wreen Y] - o[2 ®
By simplifying Equation (8)
02U 19T70U 1 o P ’
oz {TETCLTC_ {TMX]U“*LW}U -0 )

To reduce Equation (9) to an expression with one independent invariant ((), the
coefficients must be constants or functions of (¢) only. Thus,
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3.1. Case 1
Assume T() = exp(—(), (t) = p t, and w(t) = 1, where y is a constant, Hence,
E1 = —1,E; = exp({), and E3 = p exp({). So, Equation (9) can be written as:
?U  aU

TCZ FIan exp(Q)U — quXP(C)UZ =0 an

with the following boundary conditions:

U(0) = aQ
(12)
U(1)=Q
In addition,
P(x t) = 222
D(t) = 1 + B, (13)

3.2. Case 2

Assume T({) = exp(—¢?), ¢(t) = p t,and w(t) = }, where y is a constant. Hence,
Ey = —2,Ey = exp({?), and E3 = p exp(?). Thus, Equation (9) can be written as:

S5 2057 —exp()U - quexp(A)U* = 0 (14)
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with the following boundary conditions:

U0) = aQ
(15)
U1 =Q
In addition,
exp(—x?)
P(x,t) = —/———= (16)

t

Now, for the previous cases, the differential quadrature method (DQM) with various
shaped functions is employed to solve nonlinear partial differential equations as follows:

e  Shape Function 1: Lagrange Interpolation Polynomial (PDQM);

The functional values associated with any unknown such “U” at a specific number of
grid points “N” can be defined by this shape function as [21,31,36]:

I (G- )
N i — Gk
U@) =, = U(g), (i=1:N) (17)
FHG—-g) T (G-
j=Lj7k

As a result, the following are the various derivatives of “U”:

U o a(n) :
=g = LM V@) (=1:N) s
where ERI(;’) denotes the weighting coefficients for the nth derivative of “U”.

As a result, we need the weighting coefficients for the first and second derivatives (D%l{jl)

and mg]g)) to solve these cases, which can be discovered by differentiating Equation (17):

N
1 (Gi—ad)
o Il G 17
1) _ K#i] @) _ [pM] [0
e L U
i

e  Shape Function 2: Discrete Singular Convolution (DSCDQM)
The singular convolution is presented as [34,37-39]:

(o)

B0 = (Wsm) (O = [ W(E=s)n(9)ds (20)

—o00

where W({ — s) denotes a singular kernel and () is a function space element for testing.
This shape function is determined by the kernel type. However, because this shape

function has many kernels, we will use two of them to describe the functional values of “U”

and its derivatives at a given number of grid points “N” as follows:

Kernel (1): Delta Lagrange Kernel (DLK):

The DSC typically uses a weighted linear sum of the function values at 2M+1 points
in the direction of the space variable to approximate the derivative of a certain function
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with regard to a space variable at a discrete point [31,32,40]. The DLK can be applied as a
shape function to approximate unknown “U” and its derivatives as the following:

M
M 1 IT (G-
u@) =Y, Ak — xU(g), (i=-N:N),M>1  (21)
j=—M \G T 5 L
ol (G-

As a result, the following are the various derivatives of “U”:

o"U

. 2%%&,) (i=-N:N) 22)

As aresult, we need the weighting coefficients for the first and second derivatives (57’15].1)

and 931(]2)) to solve these cases, which can be discovered by differentiating Equation (21):

M
1 &) 4
@-g) kEM c, oy i 7]
) K
9 (1) ’
— ZM 3% i=j
i
j#i " (23)
W@ _ R
@ 2 % " (Ci]Cj)>1;é]
B=y % R (i
=-M, ]
i

Kernel (2): Regularized Shannon kernel (RSK) [41]:

To make comparisons and demonstrations, the regularized Shannon kernel is used
to discuss this problem. In DSCDQM-RSK, it is presumed that the unknown “U” with
its derivatives is the estimated weighted linear sum of the nodal values. As a result, the
regularized Shannon kernel is discretized by [41]:

M s (¢ c])}
UG) = ZM< b exp(5 )>U<c)

== A

(24
where (i=—-N:N),o0=(TxA) >0

where A, T,and o are the step size, the computational parameter, and the factor regularized
Shannon respectively. The truncation error is very tiny due to the use of the Gaussian
regularizer; thus, the above version provided by Equation (24) is feasible and has basically
compact numerical interpolation support.

As a result, the following are the various derivatives of “U”:

o"U

N
T = LRV =-N:N) @5)
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As aresult, we need the weighting coefficients for the first and second derivatives (9{5;)

and 57’1512)) to solve these cases, which can be discovered by differentiating Equation (24):

—1) i—j)? ..

w0 _ | wp e AR i £

ij 0 i=j (26)
2(—1)i 71 1 i—i N2\ ..

o | Colr s e (—a(3)) 14

! 1 i=1i
o2~ 3A )

This discussion has revealed that the kernel type, regular grid points (N), and band-
width (2M+1) play a significant role in achieving convergence and accuracy solutions.

The linear ODE is then obtained using the iterative quadrature method, which is a
numerical method used to solve initial value problems (IVPs) for ordinary differential
equations (ODEs). This method involves the use of numerical quadrature formulas to
approximate a solution of the ODE, and then iteratively improving the approximation until
the desired level of accuracy is achieved.

1. Firstly, solving Equations (11) and (13) as a linear system;
Case 1:

o

Il
—

Oy _ 3 ) 3 3
R0 — le R U - exp(C).Zl: §;Uj — qu exp(&)Zi §;Uj =0 (27)
= i= i=

) )

Case 2:
N

N N N
R0 —20) RVU —exp () 185U —quexp(@) 80 =0 (29)
j=1 =1 =1 =1

2. Then, we solve the following iterative system until the required convergence is
reached [31,40];

‘ULS]+1 1
S
wheres =0,1,2,...
Case 1:
NG N () N
;1 Ry Usy1j— ;1 Ry Usi1j— ‘3><P(C)§1 8ijUs11,; — qreexp() x
= = 1= N (29)
{21 5ijUs,jUs+1,j:| =0
i=
Case 2:
N N N
21 %gjz)UsH,j — ZC-Z’l §Ri(jl>Us+1,]~ —exp (Cz) Zl 8iUsy1j — qut exp (%) x
j= j= j=
(30)

N
21 5ijUs,jUs+1,j} =0
i=

So, the key to DQM accuracy is finding the weighting coefficients, which are based on
the appropriate selection of a shape function.
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4. Numerical Results

In this section, the DOQM is examined with totally different shape functions
(PDQM [21,31,36], DSCDQM-DLK, and DSCDQM-RSK [34,37-39]) to solve the problem of
drug diffusion through a thin membrane. These techniques are introduced after applying
a one-parameter group transformation to Equation (1), classified as a partial differential
equation with two independent variables, which was reduced by one and transformed into
an ordinary differential equation. We accomplished our computations by designing the
MATLAB code for each approach. The most important aim of our article is to know the
validity, efficiency, and accuracy of the developed techniques by comparing the computed
results with earlier numerical and analytical solutions [4,18]. To examine the convergence
and accuracy of the developed methods, we compute error as the following:

Le Error = 12&;)}(\] ‘Cnumgyicgl(xi/ tl) - Cexacf(xi/ tl)l (31)

where Lo Error expresses the maximum error norm. max is the maximum value of the
absolute difference between the numerical and exact drug concentration results in the
interval [1, N].

Now, we begin to demonstrate the obtained results in order to determine the stability,
convergence, and validity of DQM based on three different types of shape functions in the
following.

Table 1 explains the effect of using uniform and non-uniform grid points (N) on

calculating C(x,t) via PDQM for both cases at different times (t), with x = 0.5, 4 = %,
« =2, Q =81.95, and g = 1.16. For uniform grid points, the results match with previous
studies [4,18] at N > 9 and execution time 0.25 s, and at N > 7 and execution time
0.013 s for non-uniform grid points. Thus, using non-uniform grid points is the best way
to avoid Runge’s phenomenon. A non-uniform distribution (Gauss—Chebyshev-Lobatto

discretization) is used as the following:

i_ln) ,(i=1,2,...N) (32)

1
Xj = = 17(:os(N_1

2

Table 1. Computation of C(x,t) via PDQM for cases (1 and 2) at grid points (N) and time (t) for
x=05pu=19" x=2 0=8195 andgq = 1.16.

Uniform C(X, 25) C(x, 50) Non-Uniform C(x, 25) C(x, 50)

N) Case 1 Case 2 Case 1 Case 2 N) Case 1 Case 2 Case 1 Case 2

4 0.00235 0.00241 0.00325 0.00344 4 0.00167 0.00175 0.00259 0.00262

5 0.00201 0.00206 0.00211 0.00235 5 0.00087 0.00088 0.00237 0.00239

6 0.00138 0.00139 0.00198 0.00200 6 0.00071 0.00072 0.00140 0.00145

7 0.00099 0.00105 0.00145 0.00148 7 0.00069 0.00071 0.00138 0.00142

8 0.00072 0.00075 0.00140 0.00141 8 0.00069 0.00071 0.00138 0.00142

9 0.00069 0.00071 0.00138 0.00142 9 0.00069 0.00071 0.00138 0.00142

10 0.00069 0.00071 0.00138 0.00142 10 0.00069 0.00071 0.00138 0.00142

11 0.00069 0.00071 0.00138 0.00142 11 0.00069 0.00071 0.00138 0.00142
Pre“‘[’zsl SS]t“d‘es 0.00069  0.00071  0.00138  0.00142 0.00069  0.00071  0.00138  0.00142

Execution time 0.25 (second)—uniform N > 9 0.013 (second)—non-uniform N > 7

Table 2 compares the PDQM to previous studies [4,18] in terms of calculating the
U(x), C(x,t), and Le error norms in [0, 1] for both cases at distances (x) for a non-uniform
grid (N =7),t =20 min, y = 104—4’, x =2, Q=8195 and g = 1.16. It is noticed that the
Leo error reaches 10~7, which ensures the validity of the PDQM at t = 20 min and different
distances (x). In addition, the results match with previous works [4,18] in both cases with
an error of about 10~¢ and an execution time of 0.013 s for computing U(x) and C(x,t). All
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of this proves that the PDQM is an efficient and effective method for solving the problem
of drug diffusion through membranes.

Table 2. Computation of U(x), C(x,t), and Le error norms in [0, 1] via the PDQM for cases (1 and 2)
at distances (x) for a non-uniform grid (N =7),t = 20 min, yt = %,a =2,Q =28195and g = 1.16.

PDQM Previous Studies [4,18]
x U(x) C(x,20) C(x,20) Leo
Case 1 Case 2 Case 1 Case 2 Case 1 Case 2
0 163.9000 163.9000 0.0008195 0.0008195 0.000820 0.000820 5.0 x 10797
0.1 151.9837 151.5689 0.0007599 0.0007584 0.000760 0.000758 1.0 x 10797
0.2 140.5881 140.5502 0.00070294 0.0007028 0.000703 0.000703 1.0 x 1097
0.3 129.8072 130.5885 0.000649 0.0006529 0.000650 0.000653 1.0 x 1079
0.4 119.7429 121.4970 0.0005987 0.0006075 0.000600 0.000608 1.3 x 10706
0.5 110.5066 113.1459 0.0005525 0.0005657 0.000553 0.000566 5.0 x 10797
0.6 102.2230 105.4577 0.00051112 0.000528 0.000512 0.000528 8.8 x 10797
0.7 95.0357 98.4086 0.00047518 0.000492 0.000476 0.000492 82 x 10
0.8 89.11420 92.0381 0.00044447 0.0004602 0.000446 0.000461 1.5 x 1079
0.9 84.66554 86.47 0.00042333 0.0004325 0.000424 0.000433 6.7 x 10797
1 81.9500 81.9500 0.00040975 0.00040975 0.000410 0.000410 25 x 1077
CPU (second) 0.013 (second)

Table 3 investigates the effect of some values on the accuracy of DSCDQM-RSK and
DSCDQM-DLK, such as the band width (2M+1), the regularized Shannon factor (o), the
computational parameter (7), and step size (A). Table 3 explains that DSCDQM-RSK is more
accurate than DSCDQM-DLK in computing the concentration C(x,t) at t = 20 min compared
with earlier solutions [4,18]. In addition, the bandwidth 2M+1 =5) and [ = 1.45A] are the
most suitable choices for numerical results, which achieve more efficient results. It is noticed
that the Lo error reaches 10~7 and 10~8, which ensures the validity of DSCDQM-DLK and
DSCDQM-RSK at t = 20 min and different distances (x), respectively. In addition, the results
match with the previous literature [4,18] in both cases, with an error of about 1078 and an
execution time of 0.0108 s for computing C(x,t). All of this proves that DSCDQM-RSK is
an efficient and effective method for analyzing drug diffusion through a thin membrane
compared with previous methods, the PDQM, and DSCDQM-DLK.

The relative difference between two cases can be computed as follows:

RD.% = Ugea Ul 100%
C(%H) caser =C0) cager 100% (33)
(%D X °

case2

Thus, Table 4 shows the computation of C(x,t) and R.D.% via DSCDQM-DLK and
DSCDQM-RSK with band widths of [2M + 1 = 5] and [ = 1.45 A] for both cases at dis-
tances (x) for t = 100 min, y = 104—76, « =2, Q = 8195 and g = 1.16. The results
demonstrated that the DSCDQM-RSK technique is the best; thus, it is used with a band
width of [2M+1 = 5] and ¢[= 1.45A] to present a parametric study for a drug diffusion
problem through a thin membrane.
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Table 3. Computation of C(x,t) and Le error norms in [0, 1] via DSCDQM (DLK and RSK) with

10~

6

different band widths [2M + 1] for case (1) at distances (x) for t = 20 min, p = 45—, & = 2,
Q =81.95, and q = 1.16.
C(x,20) L
x 2M +1 DSCDQM-DLK DSCDQM-RSK Previous Studies
c=120 0c=135A o0=145A o =15A [4,18] DLK RSK
3 0.000813 0.000787 0.000763 0.000752 0.000726
) 4 0.0007072 0.000729 0.000718 0.000711 0.000701 . . i
0. 5 0.0007031 0.000718 0.000709 0.000703 0.000698 0.000703 1x10 1x10
6 0.0007031 0.000718 0.000709 0.000703 0.000698
3 0.0006274 0.000641 0.000635 0.000622 0.000629
4 0.0006050 0.000631 0.000618 0.000608 0.000613 . i
04 5 0.0005999 0.000617 0.000608 0.000600 0.000595 0.000600 1x10 1x10
6 0.0005999 0.000617 0.000608 0.000600 0.000595
3 0.0005333 0.000541 0.000532 0.000528 0.000525
4 0.0005222 0.000537 0.000522 0.000517 0.000516 " ~ s
0.6 5 0.0005114 0.000530 0.000518 0.000512 0.000507 0.0005 6x10 1x10
6 0.0005114 0.000530 0.000518 0.000512 0.000507
3 0.0004529 0.000499 0.000472 0.000458 0.000449
4 0.0004480 0.000480 0.000459 0.000450 0.000445
08 5 0.0004457 0.000471 0.000452 0.000446 0.000441 0.000446 3x107  1x10°8
6 0.0004457 0.000471 0.000452 0.000446 0.000441
CPU (second) 0.0115 (seconds) 0.0108 (seconds)
Table 4. Computation of C(x,t) and R.D.% via DSCDQM-DLK and DSCDQM-RSK with a band
width of [2M+1 = 5] and [0 = 1.45A] for cases (1 and 2) at distances (x) for t = 100 min, y = y,
« =2,Q =81.95,and q = 1.16.
DSCDQM-DLK DSCDQM-RSK Previous Studies [4,18]
x C(x,100) C(x,100) C(x,100)
R.D.% R.D.% R.D.%
Case 1 Case 2 Case 1 Case 2 Case 1 Case 2
0 0.004099 0.004099 0 0.00410 0.00410 0 0.00410 0.00410 0
0.1 0.003801 0.00379 —0.29 0.00380 0.00379 —0.26 0.00380 0.00379 —0.26
0.2 0.003516 0.003515 0 0.00352 0.00352 0 0.00352 0.00352 0
0.3 0.003246 0.003266 0.61 0.00325 0.00327 0.61 0.00325 0.00327 0.61
0.4 0.002994 0.003038 1.44 0.00300 0.00304 1.315 0.00300 0.00304 1.315
0.5 0.002763 0.002829 2.33 0.00276 0.00283 2.33 0.00276 0.00283 2.33
0.6 0.002556 0.002637 3.07 0.00256 0.00264 3.03 0.00256 0.00264 3.03
0.7 0.002376 0.002461 3.45 0.00238 0.00246 3.25 0.00238 0.00246 3.25
0.8 0.002228 0.002302 3.21 0.00223 0.00230 3.18 0.00223 0.00230 3.18
0.9 0.002117 0.002162 2.08 0.00212 0.00216 2.08 0.00212 0.00216 2.08
1 0.002049 0.002049 0 0.00205 0.00205 0 0.00205 0.00205 0

Table 5 shows the results of C(x,t) for two cases at different distances (x) and times (t)

using DSCDQM-RSK. The computed results demonstrated that C(x,t) reduces by a small
amount with distance and increases with time. Tables 4 and 5 explain the tiny relative
differences in C(x,t) for the two cases; therefore, the influence of the coefficient of diffusion

in Equation (1) is negligible.
Figure 1 U(x) is inversely proportional to specific sections of membrane (x), and the

obtained results with the proposed schemes match with previous studies [4,18], which
proves the validity, efficiency, and accuracy of the developed techniques.

At different times, Figures 2 and 3 show the variance of concentration with different

sections of membrane (x) using DSCDQM-RSK for two cases. These figures demonstrate
that the value of concentration increases with increasing time, but decreases with increasing
membrane section (x).
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Table 5. Computation of C(x, t) and R.D.% via DSCDQM-RSK with [2M+1 = 5] and [¢ = 1.45A] for
cases (1 and 2) at distances (x) and time (t) for y = %, x =2,Q =81.95and q = 1.16.

C(x,25) C(x,50) C(x,75)
x
Case 1 Case 2 R.D.% Case 1 Case 2 R.D.% Case 1 Case 2 R.D.%
0 0.00102 0.00102 0 0.00205 0.00205 0 0.00307 0.00307 0
0.1 0.00095 0.00095 0 0.0019 0.0019 0 0.00285 0.00284 —0.35
0.2 0.00088 0.00088 0 0.00176 0.00176 0 0.002637 0.00264 0.11
0.3 0.00081 0.00082 1.22 0.001623 0.00163 043 0.002435 0.00245 0.61
04 0.00075 0.00076 1.32 0.00150 0.00152 1.32 0.002246 0.00228 1.49
0.5 0.00069 0.00071 2.82 0.00138 0.00142 2.82 0.002073 0.00212 2.22
0.6 0.00064 0.00066 3.03 0.00128 0.00132 3.03 0.001918 0.00198 3.13
0.7 0.00059 0.00062 4.84 0.00119 0.00123 3.25 0.001783 0.00185 3.62
0.8 0.00056 0.00058 3.45 0.00111 0.00115 3.48 0.001672 0.00173 3.35
0.9 0.00053 0.00054 1.85 0.00106 0.00108 1.85 0.001588 0.00162 1.98
1 0.00051 0.00051 0 0.00102 0.00102 0 0.001537 0.001537 0
180 (@) 180 (b)
—a— DSCM.RSK —=— DSCM-RSK
- - DSCM-DLK — e~ DSCM-DLK
160 . 4. PDQM 160 - 4. PDQM
—V - Previous —v - Previous
140 | 140 [
;5: 120 |- § 120 |-
100 | 100 |
80 | o |
0.0 °:1 °T2 03 0:4 075 0:"' 077 013 019 10 0.0 0:1 ofz ofa of4 0:5 ofe 0:7 ofa ofe 1.0
X X
Case (1) Case (2)
Figure 1. Variance of U(x) with specific sections of membrane (x) via different methods for two
.2
cases (a) P(x,t) = “2=) and (b) P(x,t) = M where t = 100 min,2M + 1 = 5,0 = 1.45A,
p=19"0=8195and g = 1.16.
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Figure 2. Variance of concentration C(x, t) with specific sections of membrane (x) via DSCDQM-

(.2
RSK for two cases (a) P(x,t) = w and (b) P(x,t) = “p(fx) at different times (t), where

2M+1=5,0=145), p=19",0=8195 andg= 116
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Figure 3. Variance of concentration C(x,t) with time (t) via DSCDQM-RSK for two cases
2

(a) P(x,t) = w and (b) P(x,t) = M at different specific sections of membrane (x),

where 2M +1 =5,0 = 1.45A, u = %, Q =81.95, and g = 1.16.

Figure 4 shows that the value of R.D.% grows gradually toward x, reaching its highest
value at x = 0.7, before decreasing to zero at x = 1.

4.0
[ |—=—t=50 min.
331 |- e t=100 min.
sol I A- t=150 min.
| |—v=1t=200 min.
25 = <4 - t=250 min.

2.0

1.5

1.0

0.5

Relative Difference (R.D.%)

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
X
Figure 4. Variance of relative difference (R.D.%) with specific sections of membrane (x) via DSCDQM-

RSK for two cases at different times (t), where 2M +1 =5, 0 = 1.45A, u = %, Q = 81.95, and
q=1.16.

Figure 5 depicts the variation in donor D(t) and recipient R(t) cell concentrations over
time (t). The concentration in the donor cell D(t) decreases with time, while that in the
recipient cell R(t) rises, which is consistent with the theoretical model.
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Figure 5. Variance of the donor D(t) and receiver R(t) cells concentrations with time (t) via DSCDQM-
RSK, where 2M + 1 = 5,0 = 1.45A, § = 40,000, 1 = 24, and = 1011/32,

5. Conclusions

Here, efficient numerical approaches are applied to solve the problem of drug diffusion
through a thin membrane. The proposed technique is based on various shape functions
such as Lagrange interpolation polynomials, delta Lagrange, and regularized Shannon
kernels for the differential quadrature method (DQM). A nonlinear partial differential
equation with two time- and space-dependent variables governs this problem. To decrease
the two independent variables by one, a one-parameter group transformation is used
and the partial differential equation is converted into an ordinary differential equation.
Then, with the aid of the iterative technique, differential quadrature methods change this
equation into an algebraic equation. Then, using a MATLAB program, a code that solves
this equation for each shape function is created. To ensure the validity, efficiency, and
accuracy of the developed techniques, the computed results are compared to previous
numerical and analytical solutions.

We solved the problem using the techniques presented, and the numerical confirma-
tion verified the previously established solutions [4,18]. We also confirmed the convergence
of the offered techniques by computing Loo error norms. As a result, our methods pro-
duce much more accurate, stable, and efficient results. A comparison between PDQM,
DSCDQM-DLK, DSCDQM-RSK, and previous methods [4,18] in both cases at t = 100 min
is presented. The results demonstrated that the DSCDQM-RSK technique is the best;
thus, it is used to present a parametric study for a drug diffusion problem through a thin
membrane. The best values for the parameters controlling our methods are a band width
of [2M+1 = 5] and [0 = 1.45A], which are obtained with errors of 10~7 and 1078 and an exe-
cution time = 0.0108 s. The novelty of this method is that it provides a parametric analysis
in two cases to explain how the time and membrane section affect the drug concentration
and diffusion coefficient for the first time as follows:

o  The computed results demonstrated that the concentration reduces slightly with
distance and increases with time.

e The tiny relative differences in concentration for the two cases prove that the influence
of the coefficient of diffusion is negligible.

e The value of R.D.% grows gradually toward x, reaching its highest value at x = 0.7,
before decreasing to zero at x = 1.

81



Mathematics 2023, 11, 2998

e The concentration in the donor cell D(t) decreases with time, while that in the recipient
cell R(t) rises, which is consistent with the theoretical model.

Furthermore, it is demonstrated that the proposed techniques have a one-of-a-kind
ability to solve such problems with initial and boundary conditions. As a result, we
anticipate applying these techniques to other nonlinear partial differential problems in a
variety of applied sciences.
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Abstract: We introduce a new model that captures the cellular evolution of patients with chronic lym-
phocytic leukemia who are receiving chemotherapy. As chemotherapy can induce allergic reactions
and tumor lysis syndrome, we took into account the process of desensitization and the number of
dead leukemic cells in the body. The mathematical model uses delayed-differential equations. Quali-
tative properties of the solutions are proved, including partial stability with respect to some variables
and to the invariant set of positive initial data. Numerical simulations are also used to complete the
description of the interplay between the immune system’s function, the chemotherapeutic activity
and the allergic reactions caused by the therapy.

Keywords: delayed-differential equations; chronic lymphocytic leukemia; drug-induced allergies;
desensitization

MSC: 92-10; 34K20; 34K21; 34K60

1. Introduction

Scientists from all across the world have been studying cancer for a long time. Mathe-
matical models which capture the cell dynamics in different types of cancer are essential
in offering a better understanding of the process. This contributes deeply to the develop-
ment of new treatment methods or to the improvement of the existing tactics. Any new
perspective can be a stepping stone in the process of curing the disease or, at the very least,
in improving the patient’s quality of life (see [1,2]).

Chronic lymphocytic leukemia (CLL) is a type of leukemia distinguished by uncon-
trolled proliferation and accumulation of dysfunctional mature B lymphocytes (a group of
white blood cells which are supposed to help fight infection).

Recent research studies have shown great promise in refining the administration
method of treatment for CLL patients. Although drug administration is necessary in most
cases, there some setbacks may appear. The most common problems that can arise are drug
toxicity, tumor lysis syndrome (TLS) and drug-induced allergies. Part of the studies which
capture these problems represent the basis of our model.

The treatments used in CLL increase the risk for tumor lysis syndrome (TLS). TLS is
a condition in which the kidneys are not able to remove the contents of dead cancer cells
fast enough. This can happen if a large number of cancer cells break down within a short
period of time.

According to [3], many patients with CLL reported cases of TLS, some of them fatal.
Furthermore, in [4], venetoclax-based therapy was shown to be related to TLS. Thus,
the need for preventing and monitoring TLS is evident.
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The authors of [5] examined the cytotoxicity of three chemotherapy drugs, chlorambu-
cil (Chl), melphalan (Mel) and cytarabine (Cyt), against surrogate leukemic cells in vitro.
Using the results, they developed a dynamic model that integrates both cancer cell growth
and death rates in proportion to drug concentration.

Besides the toxicity-related problems, some patients also suffer from drug-induced
allergic reactions. In both [6,7], there are documented cases of hypersensitivity to chloram-
bucil (which is often used in CLL treatments).

Allergies are an overly exaggerated response of the immune system after coming in
contact with an allergen. A brief recount of the most important cells and molecules that are
responsible for the appearance and the disappearance of allergic reactions is offered.

Allergic reactions are a result of an abundance of IgE (immunoglobulin E) antibodies.

White blood cells (lymphocytes) play an important part in our body’s immune re-
sponse. Lymphocytes consist of myeloid cells (dendritic cells, macrophages etc.) and
lymphoid cells (mainly T cells and B cells). Antigen presenting cells (APCs) are immune
cells which help activate T cells. The immune system is regulated by cytokines, which are
small proteins. These can boost or restrict the production of immune cells.

Among the different types of T cells, we will be focusing on T helper cells and regula-
tory T cells. All T cells are producers of cytokines which can inhibit the production of other
T cells. For example, type 1 T helper cells (Th1) and type 2 T helper cells (Th2) inhibit each
other, while regulatory T cells (Treg cells) suppress both Th1 and Th2 cells. We know [8]
that Th2 cells stimulate IgE production. An immunological imbalance between Th1 and
Th2 cells towards Th2 cells is often associated with allergies.

Allergen immunotherapy, also known as desensitization, is a process in which the
subject is repeatedly exposed to small doses (often incrementally larger) of the allergen. This
basically makes the immune system less sensitive to the allergen—it becomes acclimated.
Desensitization can be used for drug-induced allergies as well. It is very useful because the
patient can receive the first-line treatment for their disease. At a cellular level, a positive
result of desensitization may represent a balance shift between Th1 and Th2 cells [9].

The mathematical model we propose describes the immune response and evolution
of leukemic cells in case of CLL. The treatment is considered to be chlorambucil. Since,
as already mentioned above, there have been reports of allergic reactions to this drug, we
will consider variations in the desensitization dose of chemotherapy. Our mathematical
model will incorporate the risk of TLS by considering the concentration of dead cancer cells
in the system at any given time. Our new model may help determine the optimal drug
concentration without any allergic reactions or risk of TLS.

In order to capture the flow of the allergen better, we considered two body com-
partments: the central compartment and the peripheral compartment (following [10]).
The drug—the allergen in our case—is injected in the bloodstream, which is part of the
central compartment, and it spreads throughout the compartments.

2. The Mathematical Model

The model contains a set of eleven nonlinear delay-differential equations for which
the state variables are:

1.  the concentration of Th1 cells—Ty;

2. the concentration of Th2 cells—T5;

3. the concentration of Tig cells—T;;

4. the concentration of naive T helper cells—N;;
5. the concentration of naive APC cells—A;;

6.  the concentration of mature APC cells—A5;
7. the flow of the chemotherapeutic drug—D;
8.  the concentration of induced cytokines during chemotherapy—C;
9.  the concentration of living leukemic cells—L;
10. the concentration of dead leukemic cells—L;;
11.  the concentration of effector T cells—I.
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In the construction of the model, we considered three time delays which are biological
relevant:
e T is the propagation time of allergen from the central compartment to the peripheral
compartment [11]:

arctg( %)to
27 ’
where ty is the infusion time interval and K, is a pharmacokinetic parameter related
to the transition between the central and peripheral compartment;

e T, is the cytokines production time (by APCs and T cells);

® T3 is the duration of a cell cycle for the division of leukemic cells.

T =

In what follows, we will describe each equation of the model.

The first four equations, which were deduced in [9], but with the consideration of
a delay for the action of APCs (as suggested in [10]), describe the CD4+ cells implied in
allergic reactions during desensitization for treatment with chlorambucil.

T n
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Equation (1) represents the variation in the concentration of naive T cells, which are pro-
duced at a constant rate «. The second term represents the degradation of naive cells. The last
three terms stands for the differentiation of naive cells into Th1, Th2 and Ty, respectively.

The next three equations are similar in design.

Equation (2) represents the variation in Th1 concentration, which is proportional to
the concentration of naive cells and the concentration of presented allergen.The first term
represents the degradation of Th1 cells. The second term represents the differentiation of
naive cells into Th1, diminished due to suppression by Tyee and Th2 cells.

Equation (3) represents the variation in Th2 concentration, which is proportional to the
concentration of naive cells, the concentration of presented allergen and the concentration of
their respective cytokines. The first term represents the degradation of Th2 cells. The second
term represents the differentiation of naive cells into Th2 divided by the suppression of
Treg and Th cells.

Equation (4) represents the variation in Ty, concentration, which is proportional
to the concentration of naive cells, the concentration of the presented allergen and the
concentration of their respective cytokines. The first term represents the degradation of
Treq cells and the second term represents the differentiation of naive cells into Tyeg. The last
term stands for the inhibition of Tyee by the induced cytokines during chemotherapy with
inhibition rate ;.

The parameter v determines how many differentiated T cells arise from a single
naive cell. ¢ and x account for differences in autocrine action between the three subsets.
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The suppression strength of Th1, Th2 and Ty is controlled by the parameters p1, pi2, and piy,
in that order.

In the fifth and the sixth equations, we consider an activation process for APCs after
contact with an allergen, with A; being the concentration of naive APC cells and A; the
concentration of the mature ones.

Ay =a—BoDA; — 11144 )
Ay = BoD Ay — 1124, — o As T, (6)

In Equation (5) the first term accounts for the supply rate of naive APCs and the
second term represent the APC activation by the antigen during chemotherapy. The third
term represents the death rate of nature APCs and the last term represent the reversed
activation of mature APCs by regulatory T cells with a rate pg.

In Equation (6) the first term accounts for the supply rate of mature APCs due to
maturation of the naive ones, the second term represents the death rate of mature APCs
and the last term represents the reversed activation of mature APCs by regulatory T cells
with a rate pyg.

The seventh equation represents the flow of the chemotherapeutic drug, denoted by D.

- HUD LD
D=A—-9pD—-"—— 7
D 21D 7)
Equation (7) represents the variation in the dose of chemotherapy, eventually leading
to desensitization. The first term is the supply rate of the drug, the second one refers to the

n
washout rate of the chemotherapeutic drug, 7p = T where ¢ 1 is the drug elimination
1

half-life (about 1.5 h for Chl). The last term illustrates the log-kill hypothesis, where pup is
the rate of the clearance of drug due to the interaction with cancer cells (see [5]).

The eighth equation represents the concentration of induced cytokines during
chemotherapy.

C=—7C+k[Alt-—n)+Nt—n)+Ti(t—0)+ T(t—)+ T(t—1w)] ®)

For Equation (8), we follow [12] and consider the mature APCs and the mature T cells
as the sources of production. The first term accounts for the clearing rate of these cytokines,
the second term represents the production of cytokines by mature APCs, naive T cells, Th1
cells, Th2 cells and T reg cells. The concentration of cytokines is denoted by C for simplicity.

Equations (9) and (10) show the dynamics of living (L) and dead leukemic cells (L;).

. _ “MLLD
L=—vyL— /S(L)L + 2e ’”‘[313(14-,3)L-(3 —cIL — i1 D 9)
. ]lLLD
L; =L —dL — 1
d =L At D (10)

Equation (9) describes the dynamics of living leukemic cells, where we include in the
same equation the stem and mature cells. The first term corresponds to the cell death due
to apoptosis or necrosis with a rate ;. The cells go through division at a rate (L) and,
as a result, the number doubles after a delay time 13, corresponding to the cell cycle of
leukemic cells. The total number is corrected by e~ 7%, which represents the loss during
the cell cycle.

The function S is (see [13]):

92
B(x) = ﬁLm~
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The term —c; IL represents the death of tumor cells due to the action of the immune
system. The last term represent the log-kill hypothesis, where y is the death rate resulting
from the action of the drug on the cancer cells.

Equation (10) describes the dynamic of dead leukemic cells. The first term is the death
of leukemic cells with a rate coefficient of yr due to apoptosis or necrosis. The negative
term corresponds to the dissolution of dead cells at a rate of d. The last term represents the
log-kill hypothesis, with 1 being the death rate resulting from the action of the drug on
the cancer cells.

The eleventh equation represents the concentration of effector T cells of the immune
system.

pLI  4ID

f=s—ml+ L=
° m+'y+L c+D

— oLl (11)

Equation (11) represents the dynamics of the immune cell population when it is
activated by the leukemic population at a rate p, with y being the half-saturation constant
Tl

+T
death rate of immune cells given by m.  represents the mortality rate of immune cells due
to the chemotherapeutic drug. Since some immune cells are inactivated by tumor cells
(see [14]), the last term was introduced to account for this.

A list of all the parameters, with a short description and relevant values, can be found
in Table Al.

of the Michaelis—-Menten functional response given by

(see [14]). There is a natural

3. Introducing New Notations for State Variables
In order to facilitate the study of the DDE system, we introduce the following notations:

e x; = concentration of naive T cells(N ).

e x; = concentration of Th1 cells;

e x3 = concentration of Th2 cells;

e x4 =concentration of Treg cells;

o X5 = concentration of naive APCs;

. Xx¢ = concentration of mature APCs;

®  x7 = amount of chlorambucil injected during desensitization;
®  xg = concentration of cytokines induced during chemotherapy;
® X9 = population of living leukemic cells;

*  xj9 = population of dead leukemic cells;

®  xy; = concentration of effector T cells of the immune system.

We also consider the following notation for the delayed variables: x(t — T) = xz.
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The system becomes:

¥ =a— B1x1 — X1 X67y X3 — KX1 X6 X4

X1X 2
1461 1+ 12X3

. X1X67; X2
Xp = —Boxy + 0
P22t A ) (1 + o)
; x1X67, %3 (1 + p2x3)
X3 = —p3x3 + ¢v
P 0 A ) (1 + poz + izs)
. XgXq
Xy = —Paxy +K VS, X1 X6, X4 — }771 + x5
X5 = a— Box7X5 — Y11%5
. 12)
X6 = Pox7X5 — Y12X6 — HoX6X4
. HDX9X7
—A— _ £D977
X7 TDX7 = s
Xg = —72X8 + k1[Xer, + X1g, + Xor, + X317, + Xdo,]
. _ LX9X7
Xg = —YLX9 — B(x9) X9 + 2¢~ L™ B(X9q; ) Xgr; — C1X9X11 — h
. HLX9X7
- —d PLA97
X10 = YLX9 — dX10 + P x7(5
. PX9X11 X11X7
X1 =8 — mxy + ———— — —""% — rX9X
11 11 r+x ot 2X9X11
4. Equilibria and Stability Analysis
The following biologically relevant equilibrium points will be studied:
e E;=(x,0,0,0,x%, x5, x7,x5,0,0,x7,),
withxf = = 0 e B0 AL KX e
B1 711 + Box; T12 D T2
s(c+x3)

me + x5 (m+9) '

o B =(x{,x3,0,0,x5,xf,x5,x5,0,0,x7,),

: *70‘_:81"({ £ __ a *7‘3().7(;3(; * __ A *7kl(xz+xiﬁ+x;)
Wlthxz* For X5 — 7 Xg = /x7*7/x877and
X7 xg 11 + Box; T12 D 72

. s(c+x3)

X =— .
B me + x5 (m + 0)
When we substitute x; and then xg, in the second equation of system (12), we get
o+ = P2r2ypm
! vBoAa
The linearized system around an equilibrium point is written as:
% = Ax + Bxg + Cxg, + Dxg, (13)

with f = (&1, ,%11), x = (x1,- -+, x11), X5, = (X17, -+, X115) and i = 1,2,3

A:g,:af, :Ble:af
ox |, 0xq |, 0xq, |, Oxr,

, i=1,2 (14)
E;
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The characteristic equation corresponding to (13) is :

det (Mg —A—Be M _Ce M De‘/\73> -0 15)

To study the stability of an equilibrium point, we use this characteristic equation. It is
known that if all the roots of the characteristic equation have negative real parts, then the
equilibrium point is uniformly asymptotically stable. If there exists at least one root with a
positive real part then the equilibrium point is unstable.

A complete list of the matrix elements can be found in Appendix A.

4.1. Stability Analysis of Eq
For E; the characteristic equation becomes:
di(A) = det(ALj; — A— Be 1 — Ce A% — De =A%) =
= (a11 — A) (a2 — A)(a33 — A)(aaa — A)(as5 — A)(a66 — A)(a77 — A)- (16)
(ags — A)(agg + dgge ™ — A) (41010 — A) (41111 — A) =0

E; is asymptotically stable if all the roots of the characteristic equation have negative
real parts. We first verify if a1, a2y, a33, a4, ass, aes, a77, asg, aio10 and ajq,11 are negative
and notice that this happens if:

—B2 +vxjx; <0

—B3+Pus. xjx; <0

17)
—B4+ K VS XpX] — 17]_::%; <0.
Next, we study the roots of the equation
A —agg — dgge B =0 (18)

According to [15], necessary and sufficient conditions for Equation (16) to have roots
with negative real part are given in the following theorem.

Theorem 1 ([15]). The equilibrium point Eq is stable if and only if the following conditions are met:
9913 < 1
a99T3 < —d99T3 < (62 + 11%91'3?)%,
where , since agg # 0, 0 is the unique root of 6 = agyTs tan(6).

We performed numerical computations using parameter values taken from relevant
literature (see Table A1) and noticed that ay, = 1.4045 and a33 = 0.0702. Seeing as these
real roots of the characteristic equation are positive, we conclude that the equilibrium point
E; is not stable.

4.2. Stability Analysis of E;

From the block-diagonal structure of the matrix, the characteristic equation corre-
sponding to Ej is:

dy(A) = det (/\111 —A—Be M —Ce M2 — De*/\@) =

= [(A —a11)(A — ax) — appax](azs — A)(azs — A)(ass — A)(age — A)-
“(az7 — A)(ass — A)(ago + doge ™™ — A)(a10,00 — A) (a11,11 — A) =0
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Equilibrium point E; is asymptotically stable if all the roots of the characteristic
equation have negative real parts. Using the parameter values found in Table A1, we
noticed that solutions of equation

(A —a11)(A —ax) —apan =0

are 0.0150 + 0.0288i and 0.0150 — 0.0288i. These roots have positive real parts. Thus, we
conclude that the equilibrium point E; is not stable.

5. Partial Stability

There are some cases in which, from a biological point of view, we are only interested
in the partial stability of the equilibrium points. Basically, we just need some of the variables
to have a stable behavior. The study of partial stability usually needs the proof of some
properties of the solutions, like boundedness of some components and global existence,
that, in the case of usual stability are deduced from the existence of Lyapunov functions.

Positivity, Boundedness and Global Existence

Define T = max{7t;, T2, 73} and let PC([—7,0], R!!) denote the space of piecewise
continuous functions defined on [—, 0] with values in R". The norm in PC([—,0], R!)
will be defined by

o[l = sup{llp(t)|2|t € [T, 0]},

with || - || the euclidean norm in R”. For (12) consider the initial data:
x(s) = ¢(s),s € [-7,0]. (19)

Proposition 1. If the initial data ¢ € PC([—7,0],R") satisfies ¢j(s) >0V s € [~7,0],j =
1,11 then the solution of the Cauchy problem (12)+(19) will satisfy x;(t) > 0,j = 1,11 for all t in
the domain of existence.

Proof. Since x;(0) > 0V j = 1,11, there exists to > 0, so that x;(t) >0Vt € [0,f), V=
1,11. It follows that x (£) > 0V t € [T, t),1 > k.

If x1(t1) = 0, one has x{ (t;) = & > 0, so xq will increase for t > t; and, consequently,
x1(t) > 0V t in the domain of existence, let it be [—, T).

The same reasoning applies to x5, x7 and x11.

Thenif x4(tg) = 0 for some tg > to, it follows that x; (tg) > Oand x¢(t) >0Vt € [0, T).
If xg(t) >0, Vt € [—T,t9),tg > tgand x9(tg) = 0 = x4(tg) = 2e~ LB B(x9(tg — T3)x9(tg —
73) >0=x9(t) >0V T >t>t

Once again, if xlo(tlo) = 0 for some t1yp > tg = x&o(tlo) >0= xlo(t) >0VT>t>t

In the same vein, we see thatif xg(fg) =0 = x{(fg) > 0= xg(t) >0Vt € [to, T), =
14+ xg(t) >0V te[0,T).

Then, since

X4(t) — X4(0)67 fot[ﬁ4+kvx1(s)x6(sf'[1)717,%]%

onehas x4(t) >0Vt e [0,T).
Remark that we have
1+ }lng,(t) >0,1+ }llJCQ(t) + ]12X3(i’) >0Vte [0, tz) C [O,TT),tz > to.

Then

xq1(s)xy (s—77) [1+ppx3(s)] ]

t
x3(t) = x3(0)gfo[_’63+[1+l1r1‘4(<)][1+l'1’fz(f)ﬂlzxs(f)] ds >0Vte|0t).

Since x3(fp) = 0 is clearly impossible, we conclude that x3(f) >0V t € [0, T).
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Similarly,

t x1(s)xg(s—11)
— fal—Bato el ) g
x2(t) = x2(0)e =Pt g e 42

we conclude that x,(t) >0V +€ [0, T). O

From now on, the initial data for (12) will be supposed positive.

Proposition 2. Assume that:
G <L 4L <7 (20)

Then, x1, X5, X¢, X7, X9 and x1q are bounded on the whole interval of existence.

Proof. From (12), it follows that

X (t) = a = Brxi(t) —x1(H)pa(t)

with pq () > 0 for positive initial data. Then
xi(t) = x1(0)87ﬂ1t7ﬁ; Ps)s 4y (/t ePrseho pl(r)d’ds) ePite= o pi(s)ds
0
and we have the following estimation for the second term

« (/t eP1selo Pl(r)dfds> o~ PButp— Jo p1(s)ds <
0

. . _ Bt
< a(/ Lol m(r)drds)e*ﬂﬂe— s — =P
Jo hr i

It follows that |x1(f)| < M; for some positive M;.
For x7(t) we have that

3908) 14

— f(][ [=7p—HD aigr s(s)
x7(t) = x7(0)e 7T 4

t ot xg(r) A
+A/ =)™ DT gs <y (0) + - My Y t>0
0 D

(for positive initial data, x9(t) and x7(t) are positive, according to Proposition 1).
For x5, remark that

x5(t) = x5(0)e 11t ~Fo Jyxr(s)ds 1 g (/t eMisefo fo x7<’)d’ds> e~ mte=hoJy xa(s)ds <
0

< x5(0) +a </t e’msds) B0 Jo x7(r)dr p—yint p—Bo Jy xa(s)ds _ x5(0) + i(l —e ity <
0 e

a
< x5(0) + — = Ms.
11

With similar arguments one obtains that x4 is bounded:

x6(t) = x6(0)e 712! Ho Jo xa(s)ds + Bo (/t x7(s)x35(s)er125eHo I X4(7)d7ds) =2t p=Ho Jo xa(s)ds
0
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Then
%6(t) < x6(0) + BoMyMs (fo emsd5> o0 Jo Xs(8)ds =zt =0 Jy xa(s)ds <
< x6(0) + @Mﬂ\/ls = Ms
Y12

()

Passing to x9 denote for convenience h(t) = v + Blxg(t)] + c1x11(¢) + pr PR

L+ hi(t) and C; = 2Be” 1%, C) = 271, For t € [0, 73] we have

x9(t) = x9(0)e o M) <C{ /Ot 9s(5)Blps(s)]eho hmd’ds) e~ Joho)ds <
< ||<PH16’W+C1|\¢||T</ elo "’ds) — Jin(s)ds _

= ol 1+ o [ emelimosas ) emie- o] <

< ||€"H7{1+C1(/ enseliin( d’ds)e Tte= Jym(s) S} <

c - c
< llplle[1+Sa—em)] < liglle(1+S) <2llgll-
if (20) is used. For t € [13,2713], repeating the previous estimations, one has
_ L
(1) < llgllee™ + D2liglle < lgllre (1+4EL ) < 2llgl

so the argumentation can be extended to the whole axis and the results show that |xy(¢)| < Mo.
For x1¢(t) we have:

t
0(t) =m0 (@)e ¥ e [ ira(s)

It follows that

(o],

a-+x7(s)

ot
fra0(8)] < |xm<o>\e*‘“ e [ ()Mo <
< llollc+ d M8(7L+HL) My Vt>0
O
Proposition 3. The solution of system (12) exists on [—T, 00).
Proof. The Proposition will follow from a slight generalization of Theorem 1.2. in [16],
remarking that the condition of the theorem needs to hold only for the solutions of (12).

So we must show that, with ¢ = (¢1,..., ¢11), a solution of (12) and f = (f1,..., f11), the
right-hand side of (12),

@) < hlllgll), [ fzdr =¥ r0 > 0.

We will show that there exist constants Ky, K5 so that
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Ifi(¢)| < K1+ Ka||¢llr,j = 1,11 and the Proposition will result.
Ifi(@)] < laf + Brlg1(t)| + MiMg|@2(t)] + pM1 Ms| p3(t)| + x M1 Me| pa(t)| <
< la| + (B1 + MiMg + M1 Me + xM1 M) |||«
If2(@)] < (B2 +vM1Ms) || 9]|«
If3(@)] < (B3 + ¢ vs. M1Ms)||9]|
[fa(@)| < (Bs+xvs. MiMg +111) [l |«
Ifs(@)| < a+v11Ms + MsM7po,
fe(@)| < MsMz7Bo + 112Me + poMs||¢|| <,
If7(@)] < A+ LMz + pupMs|fs(@)] < k1 (My + Ms) + (72 + 3k1) [ 9l|«
[fo(@)| < Mo(Br + 1) + c1Mol|g]|r,
[fo(@)] < (v 4 mup) Mg +dMy,

If11(@)] < s+ (m+p+0+caMy)l[gll
|

5.1. Partial Stability of Eq

In this section, we will find delay-independent partial stability conditions for the
equilibrium point E;. The necessary mathematical framework and relevant results can be
found in [17-19]. Recall that E; = (x7,0,0,0, x5, x{, x5, x§,0,0,x7;) .

Proposition 4. When, besides (20), the following conditions are fulfilled
kvs. x7xg < Ba, Boxy + Boxs <2712, Poxs <D (21)

Eq is partially stable with respect to variables x4, X5, X6, X7, X9 and with respect to the invariant
manifold of solutions with positive components.

Proof. We perform a translation of the equilibrium E; to zero by y; = x; — x}, for i = 1,11.
We are interested only in Equations (4)-(7) and (9).

1 = B 05 (0 1) (v 57 ) — o

Ys = — (711 + Box7)ys — Boy7ys — Boy7xs

Yo = Boys(y7 +x7) + Boxsy7 — 112y6 — po(Ye + Xg)Va 2)

Yo = —yoyr — uz;yf(yiij?)

Yo = —vrY9 — B(Yo)yo +2¢~ "B B(Yory Yoy — C1Yo(y11 + X11) — w
a+y7+x;
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By the previous result on some components of the solution being bounded, the right-
hand sides of system (22) are bounded for bounded (ya4, Y5, Y6, Y7, ¥9)-
Consider the candidate Lyapunov function

y4

V(y41y51y6/y7/y9) =15 > +0(2y5

2 ot
+1x4y7 —|—4x5b+b1 / yg(s)ds
2 Jt—13

Tt 2 2

2
with ay, ap, a3, a4, 5, b1 € (0, c0) subject to further constraints. Remark that one has

m||(ya, 5, v, y7,9)| |2 < V(ya,y5,¥6,y7,y9) < M|yl y = (y1,---, yn)
for some M > 0. The derivative along (22) of V is given by

av
Tf = Myads+a2ysys + aoyele + asyzyy + asyolie + by yg(S)

t—13

av . vi(ys +x5)
i —a1ay] + a1k 05 1Y3Yer, + arkoy1ying + arkoxiyiyer + arkoxiyixg — Wrm

—aBoydyy — aa(v11 + Boxy)y3 — aaoysyr ¥ + asBoyeysyy + asoyeysxy + a3BoXay7ye—

2 X
Yoy7 Yoly7xy
—063712% - “3H0y4y§ - asﬂoywexg - ﬂt4’YDy% - ”‘4P‘Da Yyt - “‘WDa Syt -
2 *
¥s5(y7 +x7)

—asyLYS — asB(Y9)y3 + 2a5e” % B(Yor, )Yoyor, — as5c1y3 (i1 + X5y) — aspi PERm:

+b1ys — b3,
If we use the inequality

2 2
Y
< —
W5+t
remark that (x) < B V x > 0and neglect some negative terms we get

av .
m < yi(—a By + wik vs. x;xg)+y5[ az (11 + Boxt) + 3/320 7}4_

wa3Boxs  azBoxi w3 Boxt
‘W%(‘“S%z-i- /32 7+ /32 5)-( /32 5_“47D>y%+

+y5(—asyL — ascixy; +aspre” T 4 by) + yg. (asBre” B —by)+

a1k vs. y1y3Yen, + arkoyiyixg + akoxiyiyer, + asBoyeysyz

If, besides the conditions (21), we choose ay, a3, a5, by so that

a3Pox] < 20z(v11 + Poxy),  asPoxs < agyp, (23)
—asyL —asc1xyy +asfre B+ <0, asPre P —by <0

av
then the quadratic terms in ar give a negative definite quadratic form. Remark that while
the first two conditions in (21) involve the specific parameters of the system, the third one
in (22), as well as (23), can be achieved by appropriately choosing a, a3, a5b1. Introduce
z = (Y4, Y5, Y6, Y7, Y9, Y91, )- Using the boundedness of y1, 5, Y6, y7, 9 , it follows that:
av

i < —wlllzll?) +Glz)
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where G(z¢) = a1k vs. y1y3er, + a1koy1y3x; + arkoxiy3yer, + asBoyeysyz, w is strictly
positively defined and |G(z;)] < M||y:||2. Then the derivative of V along the shifted
system (12) is strictly negatively defined for positive initial data with the norm small
enough and uniform asymptotic partial stability is proved (see also [17-22]). O

5.2. Partial Stability of Ep

In this section, we will derive delay-independent partial stability conditions for the
equilibrium E, = (x7,x3,0,0, x3,x¢,x3,x3,0,0, xj,) of system (12).

Proposition 5. Under condition (20) and assuming that
kvs. xixg < s, Pox7 + Poxs <2712 (24)

E, is partially stable with respect to variables x1, x4, X5, X¢, X7, X9 and with respect to the
invariant manifold of solutions with positive components.

Proof. As before, we start by performing a translation of the equilibrium E, to zero by
yi = x; —xj,for i =1,...,11. We are interested only in Equations (1), (4)=(7) and (9).

1 +x)We +2)v2 yilye + 365 X{Very X5
1+ poy3 14 p2ys 1+ p2y3

1=—Ppiy1 — — ¢y +x7) (Yer, +%5))Y3

—x(y1 +x7) (Yer, + X5)ya

. * * + xg
Ya = —Paya +x vs. (y1 +x7) (Yer, +x5)ya — ’7rM

14ys +x3
Y5 = — (711 + Pox3)ys — Boyzys — Poyrx; (25)
= Boys(y7 +x7) + Boxsy7 — 112¥6 — Ho (Y6 + X¢)Ya
o koys(yr +1x7)
Y7 = =¥z a+y7+ x5
) _ oy Hiyelyr +x7)
Yo = =719 — B(y9)yo + 2671 B(yory )yor; — cryo(y11 +x7y) — W

Consider the candidate Lyapunov function

2

+a5y27 +a = +b1 / ya(s)ds

y1 y4

V(y1, Ya, Y5, Y6, Y7, Y9) = Ry tagl +a4 >

with a1, ap, a3, g, a5, 06, b1 € (0, 00) subject to further constraints. Remark that one has

m||(y1, ¥4, Y5, Y6, ¥7,¥9) |12 < V(y1, Y4, Y5, Y6, Y7, y9) < Mly|12,y = (y1,...,y11)
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for some m, M > 0. The derivative along (25) of V is given by

av . . . . . . 2 2
aF = v+ aysys + asysys + aayss + asyzyz + oo + biys — by,

v _ gy (1 +27) Wor +20)y2 i (Yor +%4)%3
dt 1 1+ Hoy3 1+ Hay3
7“1y1xfy671 X; _ * *

1ty Poayr (y1 +x7) (Yer, +x5)y3

—arky1 (y1+x7) (Yor, + X§)Ya — a2Bayi + aok vs. y1y3yer, + aakoyiyixg + akoxiyiver

vilys +x5)

_ 2 *\ 2 _ *
T+ysx3) a3y (y11 + Boxy) — azBoyzys — a3 Boysy7Xs+

taskoxjyix; — aony

+asPoyeysy7 + aaPoyeysxs + aPoXiyzye — Kav12y2 — apoyelYa(Ye + X)) — &s5YDYE—

poYy7ys(y7 + x3) - .
- W — a6 7LYS — %6B(Y9) Y5 + 206" T B(Yor, )YoYor, — aC1yd(yi1 + Xjy) —
sy + )

b Z_b 2
“6”La+y7+x; +01y5 — b1y,

Similarly as above, neglecting some negative terms and using

2 2
X Y
< B a—
W= 5ty
one obtains
av o ayBoxy "
T S —a1Bryi + vi(— a2 + aok vs. X7x7) + 3 (% — a3y — “3ﬁ0x7> +

oy gx* % OX* oy OX*
g <+% + % - 044712) (% - 065’YD>V%+

+y5(—aevL — aec1xyy +agBre” T +by) + 5. (wBre” LS — by)+

+wask vs. ylyﬁyﬁl + azkvylyﬁxg + txzkvxfyﬁyérl + a4 BoYeYsy7-

As in the case of Ej, besides (24) we impose the conditions
agPox; < 203(711 + Pox7),  ayPoxs < asyp, (26)

—agyL — 06C1Xx71 + apBre” B + by <0, agfre” B —by <0

then the quadratic terms in ‘fi—‘f give a negative definite quadratic form. Again, the first two
conditions involve the specific parameters of the system, but the third one can be achieved
by appropriately choosing a3, 4. Introduce z = (1, Y4, Y5, ¥, y7). Using also that y1, ys, y7
and yg are bounded, it follows that

av

a7 < oz +Gz)
where w is strictly positively defined and |G(z¢)| < M]||z¢||3. Then, the derivative of V
along the shifted system 12 is strictly negatively defined for small ||z¢||; and uniform
partial stability is proved (see also [17-22]). [
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x,(8) of Allergies-CLL model

6. Numerical Simulations
6.1. Numerical Simulations for Eq

E; is an equilibrium point showing a successful chemoimmunotherapy without detec-
tion of allergic reactions, because the Th1 cell population dominates the Th2 cell population,
as shown in Figure 1. When the stability for E; holds we will have successful therapy, and
this shows that small quantities of allergens do not harm.

X,(tlof Allergies-CLL model X,{t) of Allergies-CLL model X,)of Allergies-CLL model
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Figure 1. For a small disturbance in initial conditions near Ej, the system exhibits partial stability,
where E; = (3.3333, 0, 0, 0, 3.4164, 0.0334, 0.7813, 8.4167, 0, 0, 41.3223).

6.2. Numerical Simulations for Eo

According to the simulations shown in Figure 2 starting with a desensitization dose
of chemotherapy we will have successful chemoimmunotherapy without the detection of
allergies even if we start with small values of Th1 cells, because the Th1 cell population
will dominate the Th2 cell population.
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Figure 2. Simulation of a small disturbance in initial conditions near E;. The equilibrium exhibits par-
tial stability. E» = (3.1172 x 1074, 9.6145 x 103, 0, 0, 3.4164, 0.0334, 0.7813, 2.4036 x 10* , 0, 0, 41.3223).

7. Conclusions

Our paper presents a new model for cellular evolution in the case of chronic lympho-
cytic leukemia (CLL). We assumed that the treatment is with chlorambucil. As this drug has
been proven to cause allergic reactions, we included the effects of desensitization. We also
included an equation which captures the number of dead leukemic cells present in the body
at any given time. We included this in order to monitor the risk of tumor lysis syndrome
(TLS), which is caused by an abundance of leukemic cells dying in a short period of time.

The mathematical model which illustrates the complex interplay between the im-
mune system, the presence of the leukemic cells and the effects of the treatment, consists
of 11 delayed-differential equations, the dynamics of which are thoroughly described
in the paper.

We have established qualitative properties of the solutions, including partial stability
with respect to certain variables and the invariant set of positive initial data. By proving
these properties, we have gained insights into the behavior of the system and its response
to chemotherapy and allergic reactions.

Furthermore, numerical simulations have been conducted to complement the the-
oretical analysis. The simulations explore the interplay between the immune system’s
function, the involvement of chemotherapy in cancer treatment, and the occurrence of
allergic reactions due to the therapy. Numerical results obtained from the simulations
have been presented.

Based on the provided information, it appears that the theoretical analysis shows that
both equilibrium points E; and E; are not stable. The numerical computations align with
this finding, confirming that both E; and E; are indeed not stable, contrary to the initial
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expectations. The numerical simulations further validate the theoretical results, reinforcing
the conclusion that neither E; nor E; exhibit stability.

Theoretical results on partial stability have been derived under certain conditions.
Specifically, we have shown that E; is partially stable with respect to variables x4, x5, x¢,
x7 and x9, as well as with respect to the invariant manifold of solutions with positive
components. Similarly, E, is partially stable with respect to variables xq, x4, x5, X6, X7
and x9, and with respect to the invariant manifold of solutions with positive components.

Additionally, the numerical simulations of equilibrium points E; and E; reinforce the
theoretical findings on partial stability. The simulations demonstrate that both E; and E;
exhibit partial stability with respect to the same variables that were studied and stated in
the theoretical analysis. This consistency between the theoretical and numerical results
further supports the validity of the partial stability conclusions for E; and Ej.

Furthermore, the numerical simulations of equilibrium points E; and E, provide
valuable biological insights into the behavior of the system. The simulations shed light on
the dynamics of chemoimmunotherapy and the occurrence of allergic reactions in patients
with chronic lymphocytic leukemia (CLL).

The simulation results for E; reveal a scenario of successful chemoimmunotherapy
without the detection of allergic reactions. This is attributed to the dominance of the Th1
cell population over the Th2 cell population, as observed in the simulation results. Even
when starting with small quantities of allergens, the simulations demonstrate that the
therapy remains effective, indicating that small amounts of allergens do not cause harm.

In the case of E,, the simulations show a different outcome. Starting with a desensiti-
zation dose of chemotherapy, the simulations illustrate successful chemoimmunotherapy
without the detection of allergies. Importantly, even with initially low levels of Th1 cells,
the dominance of the Th1 cell population over the Th2 cell population is achieved, con-
tributing to the positive treatment outcome.

These biological interpretations of the simulation results highlight the intricate inter-
play between the immune system, chemotherapy and allergic reactions. The simulations
provide evidence that appropriate therapeutic strategies, such as desensitization dosing
and the regulation of immune cell populations, can lead to successful treatment outcomes
in CLL patients undergoing chemoimmunotherapy.

Overall, this study provides valuable insights into the dynamics of CLL patients under-
going chemotherapy and the impact of desensitization for chemotherapy-induced allergies.
The combination of theoretical analysis and numerical simulations enhances our understand-
ing of the system, and can potentially guide future clinical decision-making processes.
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Appendix A. Linearization Matrices

The matrices used for the linearization of the system are calculated below. The calcu-
lations are around a general equilibrium point. The values of the state variables must be
replaced by the values corresponding to the equilibrium point under study.

_of
A=3

. a; = —/31 — X, — (PX6X3 — KXgXg

2
61 + H2x3
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y3 = —UH2X6X1X2
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The elements which are not calculated explicitly are zero.

Appendix B. Parameters

of

oxy
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0xr,

of

" Oxg

Table A1. List of the system parameters and their values.

The production rate of naive CD4+ cells. [23] w 0.1

The strength of suppression rate of Th1 by Th2 [9] 2 0.1

The strength of suppression of Th2 by Th1 [9] " 0.2
The strength of suppression rate by Treg [9] nr 0.25
The differences in the autocrine action of the three subsets [9] ¢ 0.05
The differences in the autocrine action of the three subsets [9] K 0.1
The death rate of immature APCs [23] T 0.08

The death rate of mature APCs [23] Y12 0.8

The death rate of naive T cells [23] B1 0.03

The death rate of T; cells [24] B2 107311 = 0.0416 x 1072 day !
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Table A1. Cont.

The death rate of T cells [24] B3 1073h~1 = 0.0416 x 1072 day !
The death rate of Ty cells [24] B 107217 = 0.0416 x 1073 day !
The proliferation rate of stimulated T cells [9] v 4
Natural decay of induced cytokine during chemotherapy [25] Ya 0.4152
Inhibition rate of Treg cells by the induced cytokines [26] 1y 04
First time delay [10] T 0.0794
Second time delay [25] T 0.25
Third time delay [27] k&) 2.8
The production of induced cytokines by other cells [11] ki 1
The supply rate of naive APCs[23] a 0.3
Rate of APC activation by the antigen [28] Bo 0.01
Rate of APC inhibition by regulatory T cells [28] Ho 1072
Chemical deactivation rate of drug [5] D 0.462h~! =0.0192 day~*
Supply rate of drug [29] A 0.06g/L day’l
Deactivation rate of drug due to killing of tumor cells [5] iD 0.18 h~! = 0.00748 day "
Drug dose that produce 50 % maximum effect [5] a 2 x 10° mL = 2 in microliter
Tumor cells growth rate [5] r 0.07 h~1 =0.002912 day’1
Maximal tumor cell population [5] K 4 % 10° cell/mL = 0.57 cells/ microliter
Death rate of leukemic cells estimated from [13] YL 2 day’1
Death rate resulting from the action of drug of cancer cells estimated from [5] ur, 0.74 day~!
Rate of dissolution of dead tumor cells [5] d 0.017 h~! = 0.000707 day !
Initial number of immune cells [14] s 7x10° cells drali,i;;OTi’?éE cells day~" in
Natural death rate of immune cells [14] m 1073 day~!
Rate of immune cell population activated by the tumor [14] 0 10712 day~!
Rate of immune cell population activated by the tumor [14] r 107 cells = 0.0000142 cells in microliter
The mortality rate of immune cells due to the chemotherapeutic drug [14] ) 10* day~! =0.00142 cells in microliter
Half-saturation parameter [14] c 5kg=7.14 x 107 in microliter
Rate of elimination of tumor cells by immune cells [14] c] 5x 1011 cells day’1
Rate of immune cells which directly eliminate tumor cells [14] 3 1013 cells day !
Component of the rate of self-renewal [13] BL 1.77 day !
Component of the rate of self-renewal [13] 0 0.5 x 10° cells = 0.071 cells in microliter
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Abstract: Forest pests and diseases have been seriously threatening ecological security. Effective
prevention and control of such threats can extend the growth cycle of forest trees and increase the
amount of forest carbon sink, which makes a contribution to achieving China’s goal of “emission
peak and carbon neutrality”. In this paper, based on the insect-vector populations (this refers to
Monochamus alternatus, which is the main vector in Asia) in pine wilt disease, we establish a two-
dimensional delay differential equation model to investigate disease control and the impact of time
delay on the effectiveness of it. Then, we analyze the existence and stability of the equilibrium of
the system and the existence of Hopf bifurcation, derive the normal form of Hopf bifurcation by
using a multiple time scales method, and conduct numerical simulations with realistic parameters to
verify the correctness of the theoretical analysis. Eventually, according to theoretical analysis and
numerical simulations, some specific suggestions are put forward for prevention and control of pine
wilt disease.

Keywords: pine wilt disease; time delay; stability; normal form of Hopf bifurcation
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1. Introduction

The world has long been confronted with hazads of climate change caused by global
warming. China is taking pragmatic actions facing the challenges brought by climate
change. At the general debate of the 75th Session of the United Nations General Assembly
on 22 September 2020, President Xi Jinping announced that China would scale up its NDCs
(Nationally Determined Contributions) by adopting more vigorous policies and measures,
strive to peak CO; emissions before 2030, and achieve carbon neutrality before 2060.

Forests” annual carbon sequestration accounts for about 2/3rd of the whole terrestrial
system, which is the main body of the terrestrial ecosystem. According to the China
Forest Resources Report, by 2018, China’s forest coverage rate was 22.96%, forest area was
220 million hm?, forest stock volume was 17.56 billion m?, and total carbon storage was
91.86 billion tons. From 1990 to 2020, China’s forest carbon sink capacity witnessed an
escalation from 185.5 GtCO, to 321.4 GtCO,. A vigorous increase of forest carbon sink has
become a top priority to achieve the carbon peaking and carbon neutrality goals. Effective
control of forest pests and diseases can prolong the growth cycle of trees and increase the
forest carbon sink, which is of great significance for the realization of China’s “30-60” goal.

Pine wilt disease (PWD) is a devastating forest disease caused by pine wood nematode
(PWN). The PWD is a multipartite system involving intimate relationships between the
pathogen, PWN, Bursaphelenchus xylophilus (Steiner & Buhrer) Nickle, its vectors, and
symbiotic microorganisms [1]. It is mainly transmitted by Monochamus alternatus (M.
alternatus) in Asia [1], which spreads rapidly and kills trees quickly. Through consulting
relevant data, PWN is thought to have originated in North America [2], then gradually
invaded other countries, such as Japan [3], Korea [4], China [5], Mexico [6], and Spain [7].
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How to effectively control the occurrence and spread of PWD has become the focus and
frontier topic of researchers. Ecologists have made remarkable progress in many aspects.
Kim et al. [8] used recombinant BxPrx as an antigen to generate a novel antibody that
can be used to quickly and accurately determine PWD. Ding et al. [9] improved the
genome sequence of PWN and explained the interaction between PWD and pine trees.
Palomares-Rius et al. [10] determined a gene set affected by genomic variation finding that
the level of genomic diversity of PWN was related to its phenotypic variability, including
variations in pathogenicity and ecological traits. Presently, global strategies for PWD
prevention and control encompass chemical control, physical control, biological control and
biomimetic technology, with avermectin (AVM) as a predominant insecticidal agent [11].
Lee et al. [12] conducted comparative analyses on 16 avermectin benzoate formulations
against PWD to support disease control. Alvarez et al. [13] engineered diverse trap designs
assessing their efficacy in maximizing the attraction and retention of live insects through
field experiments and comparative modeling. Mannaa et al. [14] found that treatment with
resistance-induced chemical inducers MeSA and ASM significantly reduced the severity of
PWD, providing new ideas for its prevention and treatment.

While ecologists have largely concentrated on the biological structure, distribution
and control factors of PWN, attention to the dynamic characteristics of PWD transmission
system remains scant. In recent years, mathematicians have established various models
to predict the occurrence trend of PWD. Shi and Song [15] investigated the dynamical
behavior of PWD by incorporating a standard incidence rate and the threshold value of the
relative basic reproductive number Ry which determined the spread of infection has been
worked out. Ozair [16] discussed the global stability of PWD by considering the nonlinear
incidence rate with the horizontal transmission in the model. Khan et al. [17] introduced
a mathematical model that described the dynamics of PWD by presenting the stability
analysis of the disease-free and endemic equilibria base on basic reproduction number
Rp, and an optimal control strategy was formulated by adding control variables related
to time to the model. Subsequent work by Khan et al. [18] continued this line of inquiry
by exploring the effect of asymptomatic carriers of PWD and further elaborating on the
optimal control strategies in 2020.

As we know from the literature, most of the literature studied the occurrence of PWD
in its natural state or the effects of prevention and control on PWD infectivity, with limited
examination of time-delay in the control process. Therefore, it is feasible to propose a
model that can comprehensively show intensity and time-delay of disease control. Based
on the infectious disease model, we divide M. alternatus into susceptible M. alternatus (not
carrying PWN) and infected M. alternatus (carrying PWN). After the outbreak of PWD in a
forest area, we usually take measures to protect pine trees and kill M. alternatus. However,
given the extensive adaptability of PWN and the rapid spread of PWD, there is a certain
time delay of the control to take effect (that is, the infection rate of M. alternatus begins
to decline). We use delay differential equations to describe the dynamic changes in the
insect-vector populations system more truly and accurately. Delay differential equations
are used to describe the development systems that depend on both the current state and
the past state and have been widely used in many fields. In the study of the bifurcation
phenomenon, it is very important to derive the bifurcation normal form of differential
equations. Nayfeh [19] proposed the method of multiple time scales (MTS) to solve the
problem of nonlinear vibration and gave the calculation process of Hopf bifurcation normal
form of delay differential equations by MTS in 2008 [20]. Later, many scholars studied
the stability and bifurcation theory of various differential equations [21-23]. Based on this
background, we establish a two-dimensional differential equation model with time delay
to discuss the stability and bifurcation phenomenon of PWD infection-control system to
predict the occurrence of PWD, and provide theoretical support for the prevention and
control of PWD.

The rest of the content is arranged as follows. In Section 2, we first build a differential
equation model with time delay based on the epidemic model among the medium insects.
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In Section 3, we analyze the existence and stability of equilibrium and the existence of Hopf
bifurcation for the model with time delay. In Section 4, we derive the normal form of the
Hopf bifurcation by using MTS and analyze the stability of the periodic solution of the
Hopf bifurcation. In Section 5, we discuss and analyze the unknown parameters in the
model and then present numerical simulations to verify the correctness of the theoretical
analysis. Finally, the conclusion is drawn in Section 6.

2. Mathematical Modeling

After the outbreak of PWD in an area, we take control measures (such as nematicide
injection and vaccination) to protect pine trees. The transmission of PWN is not reliant upon
direct contact between M. alternatus, but hinges on the process of infected M. alternatus
transmitting PWN to healthy pine trees during feeding and oviposition. Newly formed
adult M. alternatus remain within the pupation chamber prior to emergence, where they
become infected by PWN from deceased host tree wood, then they carry PWN to continue
to infect other healthy pine trees after emergence. Upon implementation of nematicide
injection or vaccination, the quantity of PWN in pine trees diminishes, leading to a concomi-
tant decline in infection rate. Therefore, taking control measures on trees can effectively
reduce the infection rate of M. alternatus. Moreover, measures such as insecticidal spraying
insecticides can kill M. alternatus, which also reduces the rate of infection. However, the
transmission speed of PWN is very fast when the forest is in the outbreak period of PWD,
so in the early stage of control, the transmission efficiency of PWN may be higher than that
of control. Consequently, there is a time delay between taking control measures and the
beginning of the decline in the infection rate of M. alternatus, so there is a certain time delay
in the effective of prevention and control. Since not every time infected M. alternatus can
“feed” PWN, we introduce an infection coefficient. We suppose that the infection coefficient
of PWD is reduced to B after adopting control measures. Other influencing factors in the
infection-control system are analyzed below.

It is assumed that M. alternatus are divided into susceptible M. alternatus S(t) which
did not carry PWN and infected M. alternatus I(t) which did carry PWN at a certain
time in a PWD epidemic area. For the input of M. alternatus, the born M. alternatus and
the dead M. alternatus are mainly considered. Because the resources are limited, it is
more realistic for us to use the logistic function to describe the growth rate of the M.
alternatus. We assume the natural mortality of susceptible and infected M. alternatus as d;,
dy, respectively. In the process of the spread of PWD, prevention and control can increase
the mortality rate of M. alternatus, thereby inhibiting the spread of the disease. With the
progress of control, the mortality rate of M. alternatus will tend to be saturated. Therefore,
the number of M. alternatus killed by artificial control grows following nonlinear logistic
growth, and the mortality rate of M. alternatus is related to the intensity of control, with the
increase of control efforts, the mortality rate also increases nonlinearly, so we use ki« to
describe its linear part and kya to describe its nonlinear part, where ki« represents control
measures efficiency of PWD. Adding the nonlinear part better reflects the saturation effect
of artificial prevention and control, which is more consistent with reality. To better study
the impact of prevention and control on PWD infection-control system, we present the
variable relationships shown in Figure 1.

According to Figure 1, we can construct the following delayed differential equation
model:

ds B(1- &)S(t) —d1S(t) — BS(H)I(t — 1) — kyaS(t) + ko S2 (1),
dt K "
% — BS(D)I(t = T) — dal(t) — Kyl () + ko2 (t),

where S(t) and I(t) are the variables; B, dy, d, k1, ka, B, « and K are the positive constants;
and T is the time delay of disease control to take effect. The specific descriptions are given
in Table 1.
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R0 as()(k~kS(1) d,1(0) al(t)(k ~ kI (1))
v v
Figure 1. Variable relation of the infection-control system.

Table 1. Descriptions of parameters in the model (1).

Symbol Description Unit

S Amount of susceptible M. alternatus 10* head
I Amount of infected M. alternatus 10* head
B Natural birth rate of M. alternatus % (year)
dy Natural mortality of susceptible M. alternatus % (year)
dy Natural mortality of infected M. alternatus % (year)
k1 Linear coefficient related to mortality caused by control -

ko Nonlinear coefficient related to mortality caused by control -

B Infection coefficient -

% Intensity of prevention and control against M. alternatus Y%

K Environmental capacity -

T Time delay of disease control to take effect year

t Time year

For convenience, we denote that n; = B — dy — kya, ny = kot — £, 13 = dy + kya; then,
model (1) becomes:

98— (1) +ms2(0) — S~ ),
2
= BS()1(— 1) — msl(1) + kan2(0).

Due to the wide distribution and strong concealment of M. alternatus, we believe
that the number of births of susceptible M. alternatus is always greater than the number
of deaths, that is, n; > 0, which is also consistent with the data we found in the later
parameter analysis. Moreover, we believe that the intensity of prevention and control
against M. alternatus will be change within 0~1, that is, the maximum value of « is 100%.

Then, we prove that the solution of system (2) is nonnegative under positive initial
conditions.

The initial condition of system (2) is ¢ = (¢s(6), ¢;(8)) € C([—7,0],R3,),0 € [-7,0],
where ¢5(6) > 0, ¢;(6) > 0, C([—7,0], R%,) is a continuous function mapping from [—, 0]
to R2 ; in Banach space, for system (2), R%; = {(S(t), I(t))|S(t) > 0,1(t) > 0}.

Theorem 1. If 5(8) > 0, ¢1(0) > 0, 6 € [—7,0], then the solution of system (2) S(t), I(t) is
nonnegative for t > 0.

Proof. Assume that the system (2) in the nonnegative initial function ¢s(8) > 0,6 € [—7,0],
the solution S(t) is not nonnegative when t > 0, then there must be the first time #; > 0,
such that S(t1) = 0, S'(#1) < 0. According to the first equation of system (2), we can obtain
S'(t1) = 0, contradicting with S’(#;) < 0 at this time.
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Similarly, assuming that the solution of system (2) I(t) is not nonnegative when t > 0
in the case of nonnegative initial function ¢;(6) > 0, 6 € [—T,0], then there must be a first
time f, > 0, such that I(t;) = 0, I(t — T) > 0, I'(t2) < 0, according to the second equation
of system (2): I'(t;) = BSI(t, — T), note the parameter > 0, so I'(f;) > 0, contradicting
with I'(t;) < 0 at this time.

In summary, when t > 0, the solutions S(¢) and I(t) of system (2) are still nonnegative
for nonnegative initial functions. [

3. Stability Analysis of Equilibrium and Existence of Hopf Bifurcation

In this section, we will discuss the stability of equilibria and the existence of Hopf
bifurcation for system (2).

3.1. Existence of Equilibrium Point

Firstly, we give the following assumptions:

(Hl) np <0,
(dz + kla)(ﬁz —+ kzﬂﬂ’lz) — kzlx(nlﬁ —+ 1’12713) <0
5 ,
(HZ) ﬁ(,B + kzD{I’lz)
7’11[3 + nynz
ﬁz + koany

System (2) always has a zero equilibrium E; = (S, 1)) = (0,0) and a boundary
equilibrium E, = (5@, 1)) = (0, ,(”2—3“), since n13 > 0, ko > 0. When (H1) holds, system (2)
has a disease-free equilibrium:

Es=(s®),10)) = (—%,0).
2

When (H2) holds, system (2) has a positive equilibrium:

dy + ko — kzlxl(4) 1’l1ﬁ + npns
ﬁ ! /52 + koany

Es = (SW, 1) = ( ).
Based on the practical significance, we pay more attention to the existence and stability
of disease-free equilibrium E3 and positive equilibrium E,4.

Remark 1. If ny = koo — % < 0, that is kpoe < % When ky, «, B are fixed, the smaller K is, the
greater possibility of the assumption (H1) is established. Therefore, when the natural conditions
of a forest area are better, that is, the environmental carrying capacity of M. alternatus is large,
the assumption (H1) may not hold, and thus, the disease-free equilibrium Es may not exist. This
indicates that when the forest conditions are suitable for the survival of M. alternatus, the infected
M. alternatus cannot be completely eliminated, which is consistent with the actual situation.

Next, we will discuss the existence and stability of equilibrium Ej, Ej4.

3.2. Stability and Existence of Hopf Bifurcation for E3

When (H1) holds, system (2) has a disease-free equilibrium Ez. Transferring the
equilibrium Ej3 to the origin and linearizing the surrounding system (2), we obtain the
characteristic equation of the linearized system as follows:

(A+ny) (/\ + 15+ %(“) =0. 3)
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When 7 = 0, Equation (3) becomes:

(A+n1)<A+ﬁ”%2”2”3> —0. @)

Then, We give the following hypothesis:

(H3) pnq + nanz < 0.
Equation (4) has two characteristic roots Ay = —ny, Ay = —M. Since 1, < 0,
when (H3) holds, A; < 0and A, < 0, then Ej is locally asymptotically stable; when
By +nonz = 0, Ay = 0, the equilibrium E3 undergoes a fixed point bifurcation; when
By +nyng >0, A1 < 0but Ay > 0, and thus, the equilibrium Ej is unstable at this time.
When T > 0, we try to discuss the existence of Hopf bifurcation. We assume that
A =iw(w > 0) is a pure imaginary root of Equation (3). Substituting it into Equation (3)
and separating the real and imaginary parts, we obtain:

2
w? —mnz = Py cos(wTt) + fmw sin(wT),
n2 ]
Bn? Bryw ©
(11 +nm3)w = —Lsin(wT) — P cos(wT).
n2 ]
Equation (5) derives the following results:
3 3
sin(wTt) = —nz(ﬁnlw + i) £ X,

Bt + o
—np (Bn3ng + Prynzw?) .

cos(wt) = =Y.
(wo) B2t + prniw? 0

(6)

Adding the square of the two equations in Equation (5), letting w? = z, we obtain:

20, .29 @09 20,22 2.2
niny +nyns — p ", ni(n3n3 — B*n3)

2

h(z) = Z2
(2) + 2 7

@)

When (H3) holds, g?n? < n3n2, Equation (7) has no positive root, the equilibrium
E3 is locally asymptotically stable for any T > 0; when pny + nynz = 0, ,an% = n%n%,
Equation (7) also only has a zero root and no pair of pure imaginary roots, and thus, the
equilibrium Ej still undergoes a fixed point bifurcation; when Bnq 4 nanz > 0, /5271% > n%n%,
Equation (7) always has one positive root zg. From Equation (6), we can solve the critical
value of time delay:

arccos Yq + 2jrt
L0 = wo
0 27t — arccos Yy + 2j7
wo

, X0 >0,
(8)

rXO S 0/] = 01112/' Tty

where X and Y are given in Equation (6).

Lemma 1. If (H1) holds and pny + nynz > 0, when T = ’L'éﬁ (j=0,1,2,---), then Equation (3)
has a pair of pure imaginary roots %iwy, and all the other roots of Equation (3) have nonzero

real parts.

Let A = A(7) be the root of Equation (3), satisfying )\(Téj)) =iwp(j = 0,1,2,--).
Then, we will calculate transversality condition.
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Lemma 2. If (H1) holds and Bny + nanz > 0, Equation (7) has one positive root zg and zg = w3,
W' (zo) > 0, where h'(z) is the derivative of h(z) with respect to z. Then, we have the following

transversality condition:
day ™!
Re <E>

Therefore, when (H1) holds and Bn; + nang > 0, system (2) undergoes a Hopf bifur-
cation near equilibrium Ej.

n3h' (z0)

=22 2
e BPE(nf + 20)
0

Theorem 2. If the parameters of system (2) meet (H1), then:

(1) When (H3) holds, the equilibrium Ej is locally asymptotically stable for any T > 0.

(2)  When (H3) does not hold, if pny + npnz = 0, the equilibrium E3 undergoes a fixed point
bifurcation for any T > 0; if fnq + napng > 0, it is unstable for any T > 0 and system (2)
undergoes a Hopf bifurcation near equilibrium E3 when T = Téj ),

3.3. Stability and Existence of Hopf Bifurcation for E4

Next, we analyze the stability of system (2) for Ey = (S®, I®). Similarly, transferring
the equilibrium Ej to the origin and linearizing the system (2) around it, we obtain the
characteristic equation of the linearized system as follows:

A%+ (111 — ‘BS(4)e’M>/\ +ay +aze M =0. )

where
a| = nz — 2k21XI<4) — n25(4>,
ap = 2112](2065(4)[(4) - n2n35(4),
a3 n25(5(4))2 + '325(4)[(4),

When 7 = 0, Equation (9) becomes:
224 (a1—55<4>>A+a2+a3:0. (10)

We consider the following assumption obtained by Vieta theorem:

(4) _
(&) { BsW —a; <0,
ap +az > 0.

Under the assumption (H4), all the roots of Equation (10) have negative real parts,
and the equilibrium E4 = (§®), I4)) is locally asymptotically stable when T = 0.

When 7 > 0, we will discuss the existence of Hopf bifurcation. We assume that
A =iw(w > 0) is a pure imaginary root of Equation (9). Substituting it into Equation (9)
and separating the real and imaginary parts, we obtain:

mw = azsin(wt) + BS®w cos(wt), an
w? — ay = a3 cos(wt) — BSWwsin(wT).
Equation (11) derives the following results:
(4) — BS(4) 3
sin(wt) = a1a3w42r/55 120 — pSTW” p Xy,
a3+ p2(SW)2w? (12)
2 _ (4), .2
cos(wT) = azw” — axaz + BSYaw” 4 .

a% + /32(5(4) )sz
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Adding the square of the two equations in Equation (11), letting w? = z, we obtain:
(z) =22+ A1z + A, =0, 13)

where A; = a% —2ay — /32(5<4))2 and Ay = a5 — a%. Then, if Ay > 0 and A, > 0 hold,
Equation (13) has no positive root; if A, < 0 holds, Equation (13) has one positive root z;;
if Ay < 0and Ay > 0 hold, Equation (13) has two positive roots zj,z3. We hypothesize
that Equation (13) has positive roots z,(n = 1,2,3), then w, = /z,(n = 1,2,3). From
Equation (12), we can solve the critical value of time delay:

arccos Y7 + 2]7r’ X, >0,
(7) Wn

= (14)

A A A Xy <0n=1,2,3,=012, -,
n

where X; and Y; are given in Equation (12).

Lemma 3. When (H2) and (H4) hold, if Ay < 00or A; < 0, Ay > 0, where Ay and A, are given
in Equation (13), when T = T,S]) (n=1,2,3,j=0,1,2,-- ), then Equation (9) has a pair of pure
imaginary roots £iw,, and all the other roots of Equation (9) have nonzero real parts.

Let A = A(7) be the root of Equation (9), satisfying /\(T,Sj )) = iwy(n =1,2,3). Then,
we will calculate transversality condition.

Lemma 4. When (H2) and (H4) hold, if Ay < 0or A1 < 0, Ay > 0, where Ay, Aj are given
in Equation (13), and z, = w32, 1'(z,) # 0(n = 1,2,3), where I'(z) is the derivative of 1(z) with
respect to z. Then, we have the following transversality condition:

day I'(z)
Re <E>
T=T,

L) R—)
o BHSW)2z, 4 a3 .

Theorem 3. When (H2) holds, system (2) has a positive equilibrium Ey. When (H4) holds as well:

(1) If Ay > 0, Ay > 0 hold, Equation (13) has no positive root, the equilibrium Ey is locally
asymptotically stable for any T > 0;

(2)  If Ay < 0 holds, Equation (13) has one positive roots zi, then when T € [0, Tl(o))/ the
equilibrium Ey is locally asymptotically stable, and unstable when T > T1(0>, and it undergoes

a Hopf bifurcation when T = Tl(j),j =0,12,---;

(3) If Ay <0, Ay > 0 hold, system (2) undergoes a Hopf bifurcation near the equilibrium Ey4
when T = T,E]),}’l =2,3,j=0,1,2,---. Then, 3m € N makes 0 < T3(0> < T2(0> < 73(1) <

Tz(l) < e < 1'2("171) < 1'3("1) < 1'3('"“). When T € [O,Téo)) UZQ (Télil),rél)) the

equilibrium Ey4 of the system (2) is locally asymptotically stable, and when
TE mL]l (T(l) TU)) U(T<m> +00) the equilibrium Ey is unstable
o VB2 3 ’ q 4 -

4. Normal Form of Hopf Bifurcation

In Section 3, we have shown that when Bn; + nyn3 < 0, the equilibrium Ejz is locally
asymptotically stable for any T > 0; when Bny + nyng > 0, the bifurcating periodic solution
near the equilibrium Ej is unstable by Theorem 2. Thus, we only care about the stability of
bifurcating periodic solution near the positive equilibrium E4. In order to be more realistic,
we focus on the delay between taking control measures and the beginning of control to
take effect. Therefore, we consider the time-delay T as a bifurcation parameter and denote

the critical value T = 7. = T,Sj ), where T(j) is given in Equation (14). When 7 = T,@,
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Equation (13) has a pair of pure imaginary roots A = £iw. Therefore, system (2) undergoes
a Hopf bifurcation near equilibrium E4. In this section, we derive the normal form of Hopf
bifurcation for the system (2) by using the multiple time scales method.

In order to normalize the delay, we first re-scale the time t by using t — t/7, then

translate the equilibrium E; = (S®), 1)) = (d2+k1“;k2“1(4) 1 pany

! B2tkoany
system (2) is transformed into:

) to the origin, so

% = 7[(ny + 2128 — BIW)S(t) + nyS2(t) — B(S(t) + SW)I(t—1)],
(15)
% = 2[(2kaal® — 13) () + kaa2(t) + BIDS(E) + B(S(E) + SU)I(t —1))-

Equation (15) can also be written as:

Z(t) = TN1Z(t) + TNR Z(t — 1) + TF(Z(1), Z(t — 1)), (16)
where
Z(t) = (S(t), 1(1))", z(t = 1) = (S(t = 1), I(t—1))",
and
(g + 288 — 14 0 (0 —BS®
= < 1 21(4) 2kpa]® —n3>'N2 - (0 Bs™ >

n28%(t) — BS(H)I(t —1)
koaI?(t) + BS(H)I(t—1) )
Let & be eigenvector corresponding to eigenvalue A = iwT of linearized system of

Equation (16), and h* be the eigenvector corresponding to eigenvalue A = —iwT of adjoint
matrix of linearized system of Equation (16), satisfying:

F(Z(t), Z(t—1)) = (

W0 =7 h=1. 17)
By calculating, we have:

n25<4> —iw ’

- T_
h=(h1,h2)" = (Lm) , s
; T
* T iw —nz + 2k20([<4> + /35(4)e1‘”
h* = d(hZI/hZZ) - d( ‘55(4>ei“"’ /1 ’
where d = (h11hy1 + Ehzz)_l-
We suppose the solution of Equation (16) is as follows:
T
Z(t) = Z(To, Ty, To, -+ ) = ), € Z(To, 1, Ta -+ ), (19)
k=1

where
Z(TO, Tlr TZr o ) = (S(TOr Tlr TZ! o )I I(TOr Tl/ TZI e ))TI
Zi(To, Ty, Ta, -+ ) = (Sk(To, T, Ta, - - ), It (To, Ty, Ta, - - ).
The derivative with respect to f is transformed:

d 9 9  ,9 B >
E_BTO+88T1+EBT2+ =Dy+eDy+€eDy+---, (20)
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where D; is differential operator, and:

D; = 0,1,2---).

a—Ti(i =
Note that:
Zi= (S, )" = Z,'(i,et,szt, . )
Zn = (i) = Zi(t-1 ettt )i =12,
Then, we obtain:
Z(t) = eDoZy + D171 + Dy 7y + 2Dy Zs + D17 + Do Zs + - - - . 1)
Using a Taylor series expansion of Z(t — 1), we obtain: that
Z(t—1) = eZy + € (Zo — D1Z11) + €(Zsy — D1Zp1 — DaZyy) + -+ -, )

where Zil = Z,‘(Tg - 1, Tl,Tz, e ),i = 1,2,3, cee

As we stated, T is the bifurcation parameter, and 7 = 1. + ey, where 7. = T<J )
(j=0,1,2,--+)is the Hopf bifurcation critical value, y is perturbation parameter, and e
is dimensionless scale parameter. Substituting Equations (19)—(22) into Equation (16) and
balancing the coefficients before € on both sides of the equation, the following expression is
obtained:

{D051 = T[(m +2m8W — BI)s; — BsW ), -

Doll = TC[(ZktiI(4) — 7’13)11 + ﬁ5(4)111].
Thus, Equation (23) has the following solution form:
Z(Ty, To, T3, ) = G(Tq, Tp, T3, - - - )"0l + G(Ty, Tp, T3, - - Je WTToh,  (24)

The expression of the coefficient before €2 is as follows:

DoSy — te[(n1 + 218 — 1)) s, — s 1]

= — D151 + T[S} — BS1 Ty + BSW D1 Iy + (1 + 28 — BIY)S; — pSW 1],
Dol — [ (2kpaI™® — n3) I, + IS, 4+ BSH Iy

=— D1l + Telkoal} + +BS1 111 — BSW D1 Iy + p[(2koal® — n3) Iy + BSW 1]

(25)

Substituting Equation (24) into the right-hand side of Equation (25), and the coefficient
vector of %10 is denoted by ;. According to the solvability condition (i*,m;) = 0, the
expression of % is obtained as follows:

G
5T, = MG, (26)

Tiag [ (142028 — BI™) Y gy — BS e 0T iy |+ T [ (2kase—113) hyp+ S HeWTe gy |
Tig1 (h —pSW w9y ) +hig (Hap+BS ™ ree 1w hyy )
Since y is a disturbance parameter, we only consider its effect on the linear part.

Therefore, we ignore the part containing y in the higher order. We suppose the solutions of
Equation (25) are given as follows:

where M =

27)

Sy = i]oGG_ + WleZinCTO GZ + ﬁle—Ziwrng C;z,
L= COGG + éleZincT0G2 + {jle—Ziw'(CToézr

where
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N
=
oS S
N~
Il
=

13 — 2koal®) — BS™) BS® X0
pI® BIW —ny — 21,8 ) \ y )7

. . (28)
m 2iw — 2kpaI™®) 4 g — pSHe 2w BSHelwt X1
=W (4) , 4) 7(4) i ’
& BI 2iw — my — 2 SWHelw )\ o)
where h11, h12, hp1, hpo are given in Equation (18) and
xXo = 2nahy1hyy — Phighy €™ — Bhyhppe 9T,
Yo = 2koahiohiy + Bliohi €™ + Bhyghipe %,
X1 = mhf; — Phirhipe %, y1 = koahf, + Phirhipe %,
-1
Vo= [(B1® — 1 —2n25@) (n3 — 2kl ) — @) — g5 1]
) ) |
v, = [(2@ g — 2n25<4>1<4)e1w7f) <2iw — DkoaI™® 1y — 55(4)e’2“””> - /325<4)1<4>elwfc] .
The expression of the coefficient before & is:
D053 — Tc[(l’ll —+ 21’125(4) — /31(4))53 — ‘353 — /85(4>131]
= — D152 — DaS1 + [2m251S2 — B(S1 k1 + Saly = U Dy Iy — SHD 1))
+}l[(711 + 2?125(4) — ﬁ1(4))52 + les% — /351111 — ﬁS(4)(121 — Dllll)]r (29)

Dols — T.[(2kpaI™® — 13) I3 + IS5 + BS3 + pSH I31]
= — Dy, — DIy + 2kl I + B(S1Ioy 4 Spl11 — SW DIy — SW Dy 1))
+u[(2koad™® — 13) I + ko2 + BID Sy + BS1 111 + BSW (Ipy — D1y ).

Next, substituting solution (24) and (27) into Equation (29), and with the coefficient
vector of e“%To noted as my, by solvability condition, we have (h*,my) = 0. Note that u
is a disturbance parameter, and #2 has little influence for small unfolding parameter, and
thus, we can ignore the yZG, then the expression of gTGzcan be obtained as follows:

G . o~
o1, = HG'G, (30)

T
Q — 2tenanohn Ty
H=P I _ |,
Q +2tkra (§Oh12 + élhlz) —hx

pP= [@(2%(4)7&_“’“}112 - hn) - @(2}35(4)Tce_m“h12 + hu)] 71/

Q=P <§0h11 + Ehyre 9% 4 pohype T 4 Ulfuein”),

where

where 111, 12, hp1, hyo are given in Equation (18), and &y, 170, G1, 171 are given in Equation (28).
Let G — G/¢, then, the deduced third-order normal form of Hopf bifurcation of

system (2) is:
G = uMG + HGG, (31)

where M is given in (26) and H is given in (30).
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Substituting G = re'? into Equation (31), the following normal form of Hopf bifurca-
tion in polar coordinates is obtained:

0 = Im(M)p + Im(H)r2. 62

{f = Re(M)ur + Re(H)r,
According to the normal form of Hopf bifurcation in polar coordinates, we only need
to consider the first equation in system (32). Thus, the following theorem holds:

Theorem 4. For the system (32), when Rﬁéf\ﬁ))"

V= R;éf\;%” , and system (2) has periodic solution.

(1) IfRe(M)p < 0, then the periodic solution reduced on the center manifold is unstable.
(2)  IfRe(M)u > 0, then the periodic solution reduced on the center manifold is stable.

< 0, there is a semitrivial fixed point r =

5. Numerical Simulations

In this part, we first analyze the reasonable values of the parameters based on the
existing practical research and then we give numerical simulation based on the selected
parameters by using Matlab software (R2021a). Finally, we draw some conclusions accord-
ing to the simulation results, providing practical guidance for the prevention and control
of PWD.

5.1. Determination of Parameter Values
5.1.1. Parameter Analysis of Mortality d1, d

Firstly, Ref. [24] provides us with the relationship between the longevity of M. alterna-
tus and the number of PWN carried, as shown in Table 2.

Table 2. Longevity and the number of PWN carried of M. alternatus.

No. Quantity of PWN Carried/Pieces Longevity of M. alternatus/d
1 131 30
2 425 42
3 4904 39
4 3031 39
5 3633 39
6 206 30
7 13,232 30
8 8324 45
9 2339 45
10 1209 42
11 1860 45
12 884 42
13 1084 42
14 3440 36
15 36 39
16 209 33
17 1759 30
18 30,754 33

Based on the data in Table 2, we remove the maximum and minimum values of the
PWN number carried by M. alternatus, and then plot the original curve and curve after
quadratic fitting by interpolation, as shown in Figure 2.

It can be seen from Figure 2 that PWN has a certain weak negative effect on the
longevity of M. alternatus. Despite this, findings from the experiments conducted by
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Jikumaru et al. [25] reveal that the quantity of nematodes carried by M. alternatus seldom
exceeds 10,000 per individual. Consequently, the effect on the lifespan of M. alternatus
attributable to the carriage of nematodes is not considered within this analysis. Therefore,
for the mortality of M. alternatus, we use data from Ref. [17], which holds that the mortalities
of susceptible and infected M. alternatus are both 0.01, so we set d; = dp = 0.01.

45 —————11

: : . ———T—————
—original curve
fitted curve
* actual value

N
o
T

w
o
T

ongevity of M. alternatus/d
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Figure 2. Relationship curve between longevity of M. alternatus and amount of PWN carried.

5.1.2. Parameter Analysis of Birth Rate B

The female of M. alternatus has strong fecundity, with more than 100 eggs per fe-
male [26]. In southern China, the larval stage of M. alternatus lasts about 240-330 days.
Most larvae overwinter from October to March and begin to hatch in mid-May, and its
hatching rate is as high as 90% [27]. We define the birth rate of M. alternatus (unit time:
year) as follows: B = %, N = C 4+ N7 — N, where C denotes the number of new born M.
alternatus (head/year), N denotes the average number of M. alternatus (head/year), N;
denotes the initial number of M. alternatus (head/year), and N, denotes the number of dead
M. alternatus (head/year). For a certain forest, regardless of the entry of alien M. alternatus,
it is considered that the initial M. alternatus are formed by the hatching of larvae in the
previous year. It can be seen that M. alternatus have strong fecundity and low mortality
by above analysis and the given mortality rate, and thus C > N; — Ny, thatis N ~ C.
Therefore, the formula of the birth rate can be approximated as B = %, from which we
believe that B ~ 1.

5.1.3. Parameter Analysis of Infection Coefficient g

The transmission of PWN by M. alternatus occurs through various activities, such
as oviposition and feeding on pine trees, so the infection coefficient f was related to the
number of infected trees in the epidemic area, the frequency with which M. alternatus carry
PWN upon emergence from dead trees, and the rate at which M. alternatus transmit PWN
through oviposition and feeding and so on. Acquiring precise values for the aforementioned
rates proves challenging, yet Ref. [28] provided approximate statistical probabilities,
specifically 0.00305 and 0.00166, respectively. For the number of infected trees in the
epidemic area, although we can take control measures to reduce this value, completely
removing diseased trees is a challenging task, and it may require cutting or burning of
all the trees immediately after PWD occurs. However, it is unrealistic for most epidemic
areas as we cannot guarantee that there are no remnants of diseased trees. According
to the data released by the National Forestry and Grassland Administration of China
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(http:/ /www.forestry.gov.cn/search /364152 (accessed on 10 August 2023)), more than
6 million pine trees died in Chongqing, China in 2022. We assume that the burning and
crushing rate of above dead trees can reach 96%, then we can get 8 = 6 x 10° x (1 —0.96) x
0.00305 x 0.00166 == 1.2.

5.1.4. Analysis of Other Parameters

We use kja to represent the control measures efficiency against PWD. Evidently, as
the control intensity increases, the efficiency of these measures does not simply increase
linearly, yet exhibits an overall positive impact across the forested region. In order to
more accurately portray the nuanced characteristics of this, we choose quadratic growth of
control efficiency for system (1) expressed as k1 = «.

According to the analysis of the model in Section 1, a changes within 0~1. When
« = 0, it means that there is no prevention and control; when a = 1, it means that the
theoretically infected beetles are completely eliminated, and obviously, this is not possible
in reality. Moreover, considering the average level of disease-affected areas, the control
measures efficiency is mainly maintained at 30~50%, and thus, we set « € [0, 0.85], which
is more reasonable. When a = 0.85, the effective control rate of PWD was about 70% which
is slightly higher; when a = 0.65, the effective control rate of PWD was about 40%, which
is more consistent with the reality.

In this system, the environmental carrying capacity is affected by disease control, and
it decreases as the control intensity increases. Moreover, in order to reflect the difference of
the initial environment and highlight the impacts of the control intensity on the system to
be consistent with the actual situation, we set K = 10(1 — &) or K = 50(1 — «).

koo shows that the mortality rate of M. alternatus follows logistic growth, leading to a
saturation in the eradication of M. alternatus. The saturation rate is tied to control intensity,
in that an increase in control intensity results in an accelerated rate of saturation. In reality,
however, this change is relatively slow, so we set k, = 0.1.

Based on the above analysis, we take three groups of parameters as follows:

groupl: B=1,dy =dy =001, = 12,4 = 0.85,K = 10(1 —a) = 1.5,k; = a = 0.85,
ko = 0.1,

groupIl: B=1,d; =dy = 0.01,f = 12,a = 0.65,K = 10(1 — &) = 3.5,k; = & = 0.65,
kz =0.1,

groupTl: B=1,dy =dy = 0.01,f = 1.2,a = 0.65,K = 50(1 — &) = 17.5,k; = a = 0.65,
ky = 0.1.

5.2. Simulation Results
5.2.1. Simulation Results under Group I

According to the analysis in Section 5.1, we choose the first group of parameters:
B=1,d =dy=001,=12,04 =0.85K=1.5k; =0.85k, =0.1.

Itis easy to calculate that (H;) np = —0.5817 < 0 and (Hs) Bny + nanz = —0.1051 < 0
hold, and E4 = (0.61577,—0.07556), so there is only one disease-free equilibrium
E3 = (5©),10)) = (0.45989,0) of the system (2). The equilibrium Ej is locally asymp-
totically stable for any T > 0 by Theorem 2. We choose T = 0 for the initial values [0.48,0.1]
and T = 1 for the initial function ¢(8) = [0.48,0.1]",8 € [—T,0] for the simulations. Clearly,
the equilibrium Ej is locally asymptotically stable, as shown in Figure 3.

When T = 0, as we can see in Figure 3a, the number of infected M. alternatus will
decrease rapidly in five years, and eventually, the infection would disappear completely.
This case shows that when there is no time delay of the control to take effect, PWD will
disappear. When T = 1, the solution is shown in Figure 3b. In this case, there is a time delay
of the control to take effect and compared with T = 0, it takes a bit longer for equilibrium
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E3 to be stable. However, eventually, there will be no infected M. alternatus, and PWD will
still disappear in this case.

() ™0 ) =1

tyear tyear

0 10 20 30 40 50 0 10 20 30 40 50
Uyear Uyear

Figure 3. Equilibrium Ej3 of system (2) is locally asymptotically stable.

Remark 2. According to the above parameter analysis, we find that when « is large, the positive
equilibrium Ey4 does not exist, and for any T > 0, the equilibrium Ej of the system (2) is locally
asymptotically stable, so PWD is completely eliminated, which verifies our theoretical analysis.
Howeuver, the shorter the time delay is, the faster the equilibrium will stabilize. This suggests that
with strong disease control efforts, the disease will eventually disappear regardless of the time delay
in the effective of control. However, given the difficulty and cost of disease control, greater control
intensity means greater difficulty and investment in the control process, and thus, there is the
possibility of a lack of practice in some areas. Therefore, we mainly analyze the stability of the system
when « < 65% for the general situation, and in this way, the control measures efficiency kiu is
about 40% or less, which is more consistent with the reality.

5.2.2. Simulation Results under Group II

We choose the second group of parameters given in Section 5.1:
B=1,d, =dy=001,8=12a=0.65K =35k =0.65k =01,

where we find that (H;) ny = —0.2207 < 0 and (H3) pny + nanz = 0.5855 > 0, so (H1)
holds and (H3) does not hold, while system (2) always has a disease-free equilibrium
E3 = (2.5712,0), but it is unstable for any 7 > 0 by Theorem 2. (H2) holds still under these
condition, and thus, system (2) always has a positive equilibrium E4 = (0.33817,0.41072).
When 7 = 0, (Hy) holds. As shown in Figure 4, the equilibrium Ej is always locally
asymptotically stable.

When 7 > 0, calculated by Equations (13) and (14), Ay = —0.0280 < 0,7\ = 0.3024.
When 7 € [0,0.3024), due to Theorem 3, E; is locally asymptotically stable and when
T € (0.3024, +00), E4 is unstable; and system (2) undergoes a Hopf bifurcation near E4
when T = 0.3024. It can be calculated from Equations (26)—~(30) that Re(M) > 0, Re(H) < 0,
and thus, system (2) displays stable and forward Hopf bifurcation periodic solution near
equilibrium E4 by Theorem 3. We choose T = 0.05 € [0,0.3024), which is about 20 days,
and the positive equilibrium Ej4 of system (2) is locally asymptotically stable as shown in
Figure 5. Then, we choose T = 0.30245 > 0.3024, which is about 110 days, and a stable
and forward Hopf bifurcation periodic solution appears near the positive equilibrium E4 of
system (2), as shown in Figure 6. The numerical simulation results are consistent with the
theoretical analysis.
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Figure 4. Equilibrium E, of system (2) for T = 0 is locally asymptotically stable.
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Figure 5. Equilibrium E, of system (2) for T = 0.05 is locally asymptotically stable.
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Figure 6. System (2) for T = 0.30245 occurs stable and forward Hopf bifurcation periodic solution
near equilibrium Ej.
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Remark 3. According to Figure 5, it can be seen that when the infection rate of M. alternatus
begins to decline after about 20 days (that is, the control begins to take effect in about 20 days), when
system (2) will reach a stable state, and thus, the spread of PWD is controllable at this moment,
and the number of susceptible and infected M. alternatus will tend to be a fixed value; when the
infection rate of M. alternatus begins to decline at around 110 days (that is, the control begins to
take effect in about 110 days), system (2) displays a stable Hopf bifurcation periodic solution, and
the disease will have a periodic outbreak. At this time, it is difficult for us to cure the disease, and we
need to invest in higher costs to control its spread. According to Figure 6, we find that the period of
disease outbreak is about 14 years, and therefore, prevention can be implemented proactively based
on outbreak patterns, strengthening the intensity of monitoring for forest areas before the outbreak
of PWD, and taking measures such as trunk injection of nematicides or spraying nematicides and
insecticides in advance.

Moreover, when & < 65% and B = 1,d; = 0.01,d, = 0.01, = 1.2, K = 10(1 — «),
k1 = «, kp = 0.1, it is found that ny < 0, fry + nonz > 0 in our calculations, and thus,
the system has two equilibrium Ej3, E4 and the disease-free equilibrium Ej is unstable by
Theorem 2. We draw the dynamic change curve of equilibrium E; = (5, 1) under
different control intensities, as shown in Figure 7. It is easy to find that with the increase
of a, S increases and I*) decreases, which means the bigger the intensity of control, the
smaller the number of infected M. alternatus that eventually reach stability. When the value
of « is more than about 84%, infected M. alternatus will disappear, which corresponds with
the previous analysis.

0.9 T T T T T T T T

@@

0 1 . 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

«

Figure 7. Dynamic curve of the equilibrium E4 with the intensity of artificial control a.

Remark 4. According to Figure 7, we find that the number of infected M. alternatus decreases as
the control intensity increases. Therefore, it is necessary to increase the value of « on the premise of
considering the cost. Considering some real situations in epidemic areas, eliminating all potentially
diseased trees immediately at the beginning of the outbreak is the best way to control PWD [29].
However, this is not a method to control or treat PWD before PWN infection. In addition to
removing trees, we should also take control measures against M. alternatus. Traditional chemical
control is effective, but there are some defects, siuch as short duration and the destruction of ecological
balance. In recent years, physical control, biological control, biomimetic technology, and other
control methods have developed rapidly. Physical and biological control are environmentally friendly
and have a long duration, but the effect is slow; using attractants to trap M. alternatus is part of
biomimetic technology, which is easy to operate and has a low cost compared with other control
methods. However, most attractants need to be improved in terms of trapping specificity, which
is worthy of further exploration by scholars. Based on the above analysis, on the premise of all
potentially diseased trees being removed as soon as possible, we recommend using chemical control
in the early stage of disease control to quickly improve the value of « to control the number of infected
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M. alternatus; in the middle and late stages of control, we can prolong the duration combined with
other control methods, which can further improve the value of « and has a preventive effect on PWD.

Then, we will compare the convergence speed of S,I. When 7 = 0, we choose
a« =045, 0 = 0.55, « = 0.65, « = 0.75 for comparison based on B = 1, d; = 0.01, d» = 0.01,
B=12K=1001-a), k5 =« ky = 0.1. When a = 045, BS® —a; = 0.0078 > 0,
ap +az = 0.1403 > 0, (H4) does not hold, so E4 is unstable now by Theorem 3; when
a = 055, S —a; = —0.0097 < 0, ay + a3 = 0.1821 > 0, (H4) holds this moment, so
E4 is locally asymptotically stable by Theorem 3. As we can see in Figure 8, we find that
« = 0.45, S, I do not converge, which is consistent with theoretical analysis, when a = 0.55,
S, I converge, but the convergence rate is very slow. Moreover, the convergence speed
of S, I increases as « increases from 0.55 to 0.75. When T > 0, we still choose group II to
compare the convergence speed of S, I for different time delays 7, as shown in Figure 9. It
can be obtained that as the time delay T increases from 0.05 to 0.15, the time required for
the system (2) to reach stability increases accordingly.

T T T T T
—a=045
—a=0.55|]
—a=0.65
—a=0.75
N ) ]
1 1 1 1 1
300 400 500 600 700 800
t/year
4 T T T T T T T
—a=045
3 —a=0.55H
—a=0.65
—7 —a=0.75 |
1 w \$ i
l”\‘l\l‘\l\l\ A O Y L 2 A} X A Y X ¥ X — . % ;\; A
0 1 ) . AN 1 1
0 100 200 300 400 500 600 700 800
t/year

Figure 8. Comparison of convergence speed of S and I for T = 0 under different «.

7=0.05 7=0.1 7=0.15
0.6 0.6 0.6
© 0.4 ©n 0.4 © 0.4
0.2 0.2 0.2
0 200 400 600 800 0 200 400 600 800 0 200 400 600 800
t/year t/year t/year
7=0.05 7=0.1 7=0.15
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Figure 9. Comparison of convergence speed of S and I for « = 0.65 under different 7.

Remark 5. According to Figure 8, when « > 0.55, the system will eventually reach a stable state
without time delay. Moreover, with the increase of «, the time needed for the system to reach stability
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decreases correspondingly, so the difficulty of control and investment cost decrease correspondingly.
In addition, when a > 0.55, it will take a lengthy time although the system finally tends to be stable.
During this period, the disease is still unstable and causes damage to the forest. Therefore, in this
case, the control measures should get timely adjustment to improve the intensity of control, so as to
improve control efficiency to shorten this time. Combining with Figure 7, we can also illustrate the
necessity of increasing the value of x. It can be observed from Figure 9 that when the time delay
exists, the control will take effect later, and the time required for the system to reach stability will be
longer; thus, the loss will be greater. However, T = 0 means that there is no time delay of the control
to take effect. When we take measures to protect trees such as nematicide injection, considering
the limitation of detection technology, nematicide injection may not be carried out in time. This
will cause a huge hidden danger for the spread of PWN. Therefore, the ideal situation of T = 0 is
difficult to achieve in practice. However, we can shorten this delay in other ways. For example,
we can reduce the time delay of control to take effect by expanding the range of trees injected with
nematicide, increasing the number of injections and giving them before the emergence of larvae.

5.2.3. Simulation Results under Group IIL

We choose the third group of parameters given in Section 5.1:
B=1,dy =d;=001,=12a =0.65K =175k = 0.65,k, = 0.1,

under the condition of this group of parameters, 1, = 0.0079 > 0, so the disease-free
equilibrium E3 does not exist at this time. When 7 = 0, S @ — a1 =0.0335>0,a; +a3 =
0.2291 > 0, (H4) does not hold, so Ej is unstable now by Theorem 3, as shown in Figure 10.
That is, the equilibrium Ej is unstable when the environment of PWD epidemic area is
suitable for the growth of M. alternatus. Moreover, it can be seen from Figure 10 that a large-
scale outbreak occurs about every 50 years. We should try our best to avoid this situation, so
it is important to reduce the environmental capacity of M. alternatus. Releasing competitive
or predatory natural enemies of M. alternatus can help achieve this to some extent. Although
biological control is slow to take effect, it can greatly shorten the environmental carrying
capacity of M. alternatus and, as an auxiliary measure, it is beneficial to control the spread
of PWD when it breaks out.

1 1 1 1 1 1 1 1 1

0 50 100 150 200 250 300 350 400 450 500
t/year

6 T T T T T T T T T

L L L ! I I L L I
0 50 100 150 200 250 300 350 400 450 500
t/year

Figure 10. Equilibrium E4 of system (2) for T = 0 is unstable.

6. Conclusions

This paper focuses on the dynamics of the insect-vector populations based on SI epi-
demic model. By dividing M. alternatus into susceptible and infected, we have constructed
a two-dimensional delay differential equation model considering the control intensity and
the time delay for control to take effect. After that, we have analyzed the existence and
stability of the equilibrium and the existence of Hopf bifurcation, and derived the normal
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form of Hopf bifurcation by using a multiple time scales method. Finally, by selecting
scientific parameters for numerical simulation, the results of our theoretical analysis have
been verified. Numerical analysis shows that when the intensity of control is large (obvi-
ously, if the intensity of control is large, then the environmental carrying capacity of M.
alternatus will decrease accordingly), the disease-free equilibrium Ej3 is always stable; when
the intensity of control is 55%~75%, the disease-free equilibrium Ej is unstable for any
T > 0, and oppositely, the positive equilibrium E4 is stable before the critical time delay Tl(o),
and the system will occur stable Hopf bifurcation periodic solution near equilibrium Ey. If
the environmental carrying capacity of M. alternatus is large, the disease-free equilibrium
E3 does not exist and the positive equilibrium E4 cannot reach stability, which provides a
theoretical support for the prevention and control of PWD. However, in fact, there are many
difficulties in the disease control. For example, the effect of control is affected by many
factors, so it is unrealistic for the intensity of disease control « to remain constant. In the
process of modeling, we assume that the parameters are constant; in reality, the parameters
are changing over time. However, in general, the stability of our model is consistent with
the reality. Based on the stability analysis, more effective measures can be taken to reduce
the damage caused by PWD.

In addition, our numerical analysis also shows that the number of infected M. alternatus
decreases with the control intensity increasing, and the time for the system to reach stability
increases with the time delay increasing. Therefore, it is important to increase the control
intensity and shorten the time delay of control to take effect. Here, we suggest that in the
process of prevention and control, we can choose combined measures to increase control
intensity. Meanwhile, we suggest strengthening the monitoring of trees to take measures
on trees as soon as possible to shorten the time delay. Moreover, when the the system
eventually fails to reach stability, the disease outbreak shows apparent periodicity. In
this way, we can better prevent the outbreak of PWD according to some rules, which can
prolong the growth cycle of trees and reduce the loss of forest resources, and thus, improve
the carbon sink capacity of forests and accelerate the realization of the goal of “emission
peak and carbon neutrality”, so as to build a modernized country in which humanity and
nature coexist in harmony.
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Abstract: The main goal of this article is to obtain the existence of solutions for a nonlinear system
of a coupled Petrovsky—Petrovsky system in the presence of infinite memories under minimal
assumptions on the functions g1, ¢> and ¢1, ¢>. Here, g1, ¢ are relaxation functions and ¢, ¢
represent the sources. Also, a general decay rate for the associated energy is established. Our work
is partly motivated by recent results, with a necessary modification imposed by the nature of our
problem. In this work, we limit our results to studying the system in a bounded domain. The case of
the entire domain R" requires separate consideration. Of course, obtaining such a result will require
not only serious technical work but also the use of new techniques and methods. In particular, one
of the most significant points in achieving this goal is the use of the perturbed Lyapunov functionals
combined with the multiplier method. To the best of our knowledge, there is no result addressing
the linked Petrovsky—Petrovsky system in the presence of infinite memory, and we have overcome
this lacune.

Keywords: Lyapunov functions; energy decay; infinite memories; source terms; partial differential
equation

MSC: 35L05; 35L15; 35L70; 93D15

1. Introduction

From a mathematical point of view, partial differential equations (in short, PDEs) are
a very powerful instrument to describe real phenomena (e.g., explosion, boundedness,
and stability) arising from biology, plasma physics, epidemiology, etc. In this context, we
mention, for instance, refs. [1-3].

This study is concerned with the following viscoelastic system:

[ue| g — D2u+ [5° g1(s)A2u(x, t — s)ds + @1 (1,0) =0, in Qco,
oo — D20+ [7 g2(s)A20(x, t —s)ds + @o(1,0) =0,  in Qoo
u(x, t) =v(x,t) =0 on e, )
u(x, —t) = up(x, t), v(x, —t) = vo(x,t), in Qco,
ur(x,t =0) = uy(x), ve(x, t =0) = vy(x), xeQ,
u(x,t =0) = up(x), v(x,t =0) = vo(x), xeqQ,
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where Qe = Q X (0,00); ['e = 9Q) X (0,00); Q) is a regular and bounded domain in
R"(n > 1), with a smooth boundary 9 of class C%; and ! is a real number such that

0<t< ,,32, ifn >3,
¢ >0, ifn e {1,2}.

The functions u and v denote the transverse displacements of equations, and ¢1, ¢, are
source terms that define how the two equations interact with one another. The softening
functions g1 and g» represent the viscoelastic materials that have the property of keeping
past memories. The initial data (ug, 1), (v, v1) belong to a suitable space. The inter-
action of two scalar fields is described in the theory of viscoelasticity by this problem
(see [4-8]). For the single viscoelastic wave equation, there are many results concerning
global well-posedness and stability; see, for example, [9-13]. To get us started, consider the
wave equation presented; the authors of [14] investigated the conventional version of the
following coupled system of quasilinear viscoelastic equations:

[Pty + ftgl(t —8)Ayu(s)ds + @1(x, 1) = Axut + y1 Dy,
[vs|Pvr + [y &2(t — s)Axv(s)ds + @2 (x, 1) = Axv + Y2 Axvp.

Here, Q) is a bounded domain in R”, with a smooth boundary 9Q), ; > 0,i = 1,2 are
constants, and p is a real number, such that

0<p< (nzf”z) ifn>3
p>0, ifn e {1,2},
and the initial data are given by the functions u, vg, 1, and v;. The relaxation functions g;
and g, are continuous, and the nonlinear terms are represented by ¢; (1, v), ¢2(u, v). The
authors used the perturbed energy approach to demonstrate the energy decay finding.
Many authors thought about the very initial boundary value problem in the following
coupled system:
U + fo: 1(t = s)Axu(s)ds + hy(ue) = @1(x, u) + Ay, )
vi + [y g2(t — ) Ayv(s)ds + ha(vs) = @a(x,u) + Ayv.

If the viscoelastic terms g; = 0,7 = 1,2 are not included in (2), several results concerning
the local and global existence in the presence of a weak solution were found by Rammaha
and Sakuntasathien [15]. Using the same method as in [16], the authors demonstrated that
any weak solution with negative starting energy will blow up in finite time. In case of the
presence of the memory, thatis, g; # 0,i = 1,2, there are various results concerning the
asymptotic behavior and blow up of viscoelastic system solutions. For example, Liang
and Gao [17] investigated the problem (2), with hy(us) = —Ayuy, ha(ve) = —Ayuy. The
authors showed that the decay rate of the energy functions is exponential under appropriate
conditions on the functions g;,i = 1,2, ¢;,i = 1,2, and for a specific initial data in the stable
set. On the other hand, there are solutions with positive initial energy that blow up in finite
time given certain specific initial data in the unstable set. Moreover, hy (u;) = |us|™ 1u;
and hp(vt) = |v¢|""'v;. Han and Wang [18] provided numerous results concerning local
existence, global existence, and finite temporal blow-up (the initial energy E(0) < 0).
The generic version of the weakly damped viscoelastic wave equations is written as

g + fot 1(t —s)Axu(s)ds + hy(ue) = @1(x, u) + Ay,
v + fot 22(t = s)Axv(s)ds + ha(ve) = @a(x, u) + Ayv.
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When the memory is infinite, the more general form of the wave equation can be given by

Uy — /Ooo u(s)Axu(t —s)ds + g(uy) = f + abyu.

There have been so many results concerning the wave equation with respect to global well-
posedness and stability up until now; see, for instance, [19]. For the coupled wave equations
with infinite memories, Messaoudi and Al-Gharabli [20] considered the following system:

{ up + fo §(5)Axu(t —s) + Aug|" Ly = @1 (u,0) + Ayu,
Vi + fow h(s)Ayo(t —s) + ulvr|Yor = @2(u,v) + Ayo.

For coupled Petrovsky—Petrovsky equations, here we mention the work in [21] where the
author considered the following coupled system:

up + N2u +auy + g1 (ur) =0,
vit + A2v +avy + g2 (vr) =0,

with Q being a bounded domain in R” with a smooth boundary 9Q of class C*, and
a:Q =R, (g) ief12}) R — R are some given functions. Under suitable assumptions,
he proved that this system is well-posed by using the nonlinear semi-groups theory, and
dissipative by exploiting the multiplier method.

Motivated by prior research, the current study investigates the effect of infinite memory
and source terms on the solutions to (1). Under suitable assumptions, we establish the
decay properties of the solutions of (1). It is noted that our system is different from the
one in Bahlil and Feng [1], making the methods used in our work different from theirs.
In this research, we are able, essentially and mainly, to link the rate of decrease to the
energy functional associated with the solution directly to that of the functions g3, g» with
an improvement in the conditions taken on these relaxation functions. We found that the
two functions g1, g7 are responsible for the decay rate of the energy functional and then
that of the existed solution. On the other hand, the functions ¢;, ¢, obstruct the solution if
they can overcome and dominate it.

This paper is structured as follows. In the next section, we provide some preliminaries
and useful lemmas used to obtain our results. In the Section 3, we derive the decay
properties and separately report the general results obtained for the most important case.
The decaying results are obtained without the assumptions (A1) in Section 4. Finally, in
the Section 5 we give some examples on the relaxation functions to illustrate the energy
decay rate given by Theorem 2.

2. Assumptions and Supporting Results

This part contains some material required for the statement and proof of our result.
Set
HL(Q) = {u € HY(Q) 1 up = o}.

Let A be the first eigenvalue of the spectral Dirichlet problem

A2u = \u, in Q,
U= — = in 0Q),

%
[Viull, < ﬁHAqur

We will employ embedding Hé(Q) — L1(Q), for n > g >2,if0<mnand2 < g, if

n-2 =

n=12and L"(Q) < L1(Q), for g < r. Then, for some ¢; > 0,

Ivllg < eslIVavllz, lvllg < csllvlly,  forv e Hy(Q).
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We will need the following assumptions:
(A1) The relaxation functions (g;);c {12} are differentiable functions such that,

gi(s) >0, fors > 0andi € {1,2},
1—Awg@ms:h>o, fori € {1,2},
and there are two differentiable positive nonincreasing functions (;);e 1,2}, such that
gi(s) < —Ci(s)gi(s), fors>0andie€ {1,2},

and
gi(s) <0, fors>0andice€ {1,2}.

Our assumptions about the functions g;,i = 1,2 are currently the most general. These
assumptions are natural for systems arising in the study of time-PDEs.

(Az) Fori € {1,2}, the functions ¢; : R> — R are C!, such that

_ -1 [ FINY
{ o) ooy, TR foral (n,0) < R,

with a,b > 0, and a function ® exists, such that
u1 (1, v) + vea(u,v) = (p+ 1)®@(u,v), forall (u,v) € R?,

where

1 p+1

®(u,v) = ————(alu+ v|P1 +2bjuv| T ), @1(u,v) =

(u,v) W+U(‘ | [uv[27),  g1(

W
ou WU =0
(Az) Two constants ¢y, ¢; > 0 exist, such that

co(|ulPT 4+ [o]PTY) < D(u,v) < oy (JulPFh + |v|PTh), forall (u,v) € R?,

and

%(u,v)‘ + ‘%(u,v)

< p-l pt j < 4
30 50 < C(lulP=* +v|P7"), forie {1,2} where 1<p<6

(Ag)
p>3, ifn=1,2,
p=3, ifn=3.

3. Main Result for System

To demonstrate our solution for the problem (1), we follow the approach of
Dafermos [22] by taking into account a new auxiliary variable, the relative history of
u and v, as follows:

m=n(xs) = u(x, t) —u(x,t —s) in Qe x (0,00),

i =n*(x,8) = v(x,t) —v(x,t—s) in Qe x (0,00),
and the weighted L2-spaces
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<
I

12 (R, H(02))  H(0)
_ {gi LRY > HY(Q) N HR(Q) : /Ooog,-(s)HAxQ(s)H%ds < oo}, fori € {1,2},

which are a Hilbert spaces endowed with inner products and norms

Gt = [ 9O [ BEE0G)ds, forie (1,2),

and

113, = /O 8i(s)l1Axgi(s)|I3ds, fori € {1,2}.
Our analysis is given in phase space
H = H}(Q) N H*(Q) x H3(Q) N H*(Q) x H3(Q) x H3(Q) x My x M,.

Therefore, problem (1) is equivalent to

[ | Cutge — A2 0 — Aty — I 81(s)A2  (x,5)ds + @1 (1,v) =0 in Qe
|vt| Ui — L AZU — Aoy — Jo & s)A2 2 (x,8)ds + @p(u,v) =0 in Oco,
it (x t) +ndt(x,8) = ur(x, 1) in Qe x (0,00),
W%t(x,t) + 1752t(x,s) = v(x, 1) in Qe x (0,00),
7'9(x,s) = n10(x,5) in Qeo, 3
7% (x,s) = 1120(x,5) in O,
u(x,t) = v(x,t) =gt (x,t =0) = y*(x,t =0) =0 on Tw,
u(x, —t) = up(x,t), v(x, —t) = vo(x,t), in Qe,
up(x,t =0) = uy(x),ve(x, t =0) = v1(x), xeq,
u(x, t =0) = up(x),v(x,t =0) = vy(x), x € Q.

We define the energy function associated with the problem (3) by

1 1 1
B0 ¢ = gl I3+ g o2 + 5 V(BB + 1 Vxwn () 3+
‘WAMUW%+ENAWUW2+/ 109 |’ (5) 35
+ [ @ lanPo) s + [ (), v(tix.

The following result can be proven by the Faedo-Galerkin procedure.

Theorem 1. Suppose that (Aq)—-(A4) holds, and assume that (ug, vo, 11, V1,110, 20) € H. Then,
a unique weak solution exists

(w,v,u,v,m%, %) € C([0,00) : H),
of (3) satisfying
u,0 € L2([0,00) : HY(Q) N H3(Q)), 5 € L®([0,00): M,), forie {1,2},
ug, vp € L®([0,00) : H3(QQ)).

Proof. To generate an approximation solution, we employ the conventional Faedo-Galerkin
approach. Let {w; }}";1 be the eigenfunctions of the operator A = —Ay with the zero Dirich-

let boundary condition and D(A) = H*(Q) N H2(Q). It is known that {wj};?‘;l forms
an orthonormal basis for L2(Q), H3(Q) and H*(Q) N H3(Q)). We consider two smooth
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orthonormal bases {é‘]l (x, 5)};11 and {g]?(x, s)}]f“’:1 for Mj and My, respectively. For any
integer n € N, we consider the finite-dimensional subspaces

W, = Span{wy,...,wy} C Vo, Qin=Span{&,...,&} c My,
Qon = Span{¢?,..., 2} € M,.

We will find an approximate solution in the following form:

w"() = YU an(Dewj(x) , 1M(s) = L) buy (0} (x,9),

o' (1) = Yy du(Dewj(x) L 12(s) = L) g (D2 (x,5),

satisfying the approximate problem:

(el uf, i)+ (A", Axwj)a + (Vaulh, Vewj)o — </0 81(5) A" (s)ds, Axw,~>
o

1 (", 0"), wj)a =0,

(lorl'of wida  +  Lo(+A:0", Axwj)q + (Vxufy, Vawj)o — </0 gz(S)Axﬂz’"(S)deAij>
o

+<(P2(unrvn)/w/'>ﬂ =0,

<at771’"r§}>/\/11 - 7<as;71/",§}>M1 - <u?(t)’€}>/\/l1'

<at772"1f§]2>/\/12 - 7<as;72/",§]2>M2 N <v{’(t),§]2>M2.
O

Lemma 1. The energy function satisfies the following inequality:
1 1
E() <5 [ A @) s + 5 [ ga(s)1Aa(s) s

Proof. Multiply the first equation in (3) by u;(t) and the second one by v;(#); then, integrate
the result over () to obtain

d 1 1
| O+ 5 0O + 3T B+

1
IV (B3 + Gl Axu(B)]13 + L[| Axv(t) |I§} +

o0 4
ifdrf(u(t‘),v(t))dx—fgl(s)fAxrll(S)Axut(t)dxds— @
dt ¢ 0 0

782(5) J D (s)Axvr()dxds = 0.
0 O

Since ) )
tz(x,s) +115 (%), , for (x,5,t) € Qx RT xRY,
i (x,s) +75(x,9)
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we have
/0 81 S)/ Axnt(3) Dyup(t)dxds
- / s)/ A (s)Axrf (t)dxds
+/ /Axl’] s)Axrys(t)dxds
= % ||Ax17 ds — =
and

© 1 fe d
| 8206) [ A ©)acvn(t)dxds = 5 [ ga(s) T 1Au 5) s -

By substituting (5) and (6) into (4), we obtain

d
[Hzn Ol a3+ 2T (BIE +

+ EIIAxu( )3+ *HAxv( )Ilz

100
2|

2
s) szs, (5)

26 s

1
V0913

1 @)
+ J@ult) )+ 7 T 6) Ve <) s — 5 ' ) s
Q 0
1d .«
5 o Sa@IV (6 s 5 (o) s =0
Integrating (7) over (0, t) yields
Tt ey g, 02 TN a2,
-5 ./o ‘/o ‘ 81 (S)szs - 5/0 '/0 ‘ 8 (s)szs = E(0).
O
Lemma 2. Under the assumptions of Theorem 1, the functional ¢(t) defined by
o(t) = “%/Q\ut\f'utuder/Q|vt|[mvdx+/Qquthuder/Qvathvdx,
satisfies, for some positive constants ¢’,c”, ¢y, ¢ and for any t > 0,
1 042 042 2 2
¢'(t) < £+1Hut( Wiz + €+1Hvt(t)”(iz*C/HAx”(t)Hz*C”HAxv(t)Hz
ter [Tl O3 +cx [ gas) 8 (s) s +
Vsl + IVt = (p+1) [ @ 0)d ®)

Proof. Differentiating ¢(t) with respect to t and using (3) gives

PO = Tl ol [ uo(nsder [Taeal

+/ <12A2U+/ 2(s)A25%(s )dsf(pz(u,v)>dx

+H[Vxur|3 + [[Vxvell3-
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By using Young and Holder’s inequality, we can obtain for any 6 > 0,

/ xu/ gi(s s)dsdx

IN

1-1

IN

8| et +

o l
— [ [ ga(s)aps)asir < ool + 122 [ gas)aers) s

It follows from the assumptions on ¢; and ¢, that

— '/;)(qol(u, v)u+ @a(u,0)v)dx = —(p+1) /Q P (u,v)dx.

By summing up (9)—(11), we obtain that for any § > 0,

1 )
F0 < g luOIB+ IOl - O - 9l - 2 - 8)|Aw(0)1B
ver [ gio)lam! (s)H%ds+cz || 52807 s) s
Vs34 [ Vxwrl = (p+1) [ @ 0)d.

Now, by taking é > 0 so small so that

by

I
Lh—36>= I, — 6
1 >2, 2 >2

we can obtain (8) from (12), and hence the proof is completed. [

1 o0 2
sl + 45 [ ([ st cyas) ax

ot [ )18 o) s,

©)

(10)

(1

(12)

Lemma 3. Under the assumptions of Theorem 1, some positive constants cs, d1 exist such that,

along the solution of system (3), the function y; (t) defined by

i) = [ (3000~ gl ) [~ sa(o! s,

satisfies

5 200 +2 20+1
vi() S<A( ko) +51>||Axu||%+

+(1-1) ( 1 +1+451A1> | g1(s)Axnt(s)ds

L oe (+2)p o 2, 3(1-4) 2, 3 -h), o
/\71< ﬁ+1 (0)) ||Axv||2+THAMHZ+T||ut||ﬁ2

2
O T o) e 9 s
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IN

IN

IN

Proof. From (3), we obtain
i = [ (nstu= ["aead 6 om0 ) (s (s )ds

_ /Q(Axut(t) — %M\MMMJ /Ooo gl(s)rytl (s)dsdx

- /Q Agu(f) /:o 21(5) e (s)dscdx + /Q (/Om gl(S)AXﬂl(s)d5>2dx

= =1
+/O(p1(u,v)/0 gl(s)171(:~;)dsdx—&—/QVXut/0 91(s) Vgt (s)dsdx

=l =l
+/(]|ut|[llfA g1(s)yt (s)dsdx .

=I5

By using Young and Holder’s inequality, we conclude that for any é; > 0,

B(1-0)
L < &l A+ 1T”’?l H,le'

L < (1 =0)n" A,

and

2 1 /°° 1 g
51/Q|(p1(u,v)| dx+451 o\ s g1(8)y (s)ds | dx

1—1)c2 [
Co (|| Vut])? + || Vo]?)2 43 + %/0 21(5) | Varp ()| ds

2(6+2) 2 2 2y, (I=f)cd = 17y (2
ca (B2 E0) (Va4 195007 + LS [T a0t ol
o ~(2(0+2) 2 2 2, (1=l 1012
Se(P2E) sl +alald + TS0 [ a6 a0 6P

where we used the fact
/Q 1 (1, 0) Pdx < C(||Vxue||* + || V0l |?) 7+
Noting that
[Ca@nds = = [“aienleds+ [ g
= /0 g1 ()t (s)ds + (1 — 1)) uy,

I4 can be estimated as follows:
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I, = (l—ll)HqufH%—i-/qut/ g1(s)y (s)dsdx

< A g ([ —s) ([T -gi6va o )i
< M=hyg - fl_( li I 6190 s
< ez - O [ @ I ol (19)

by using (18), we obtain

Is = (]*ll)HutHfi§+/ [144]° u[/o )17 (s)dsdx

< W (7 o) ([ -sion e s
< Mn 13- 8O [ 46192 ) B
2
< 0z - B0 g a0l 0

Inserting (15), (16), (17), (19), and (20) into (14), we obtain (13). This completes the
proof. [

We have the following lemma using the same argument as Lemma 3.

Lemma 4. According to the assumptions of Theorem 1, the functional y; defined by

Palt) = /Q(Axvta) - fﬂw%f) I salepps)asis,

satisfies, along the solution of system (3) for some positive constant c, 61,

20+1
Ph(t) < 5I[A1( (£€j12)5(0)> +1

2 2

15 5 0 2
1, +1+ 451)\1} /0 2(s)Axn”(s)ds

bie(20+2) p N e 30 =h) e 3=k,
+35( & ) Iael+ 22 pawg + 20 W o013

[ Axv]2

+ (1-h)

2
80 [T Belavel
In the sequel, we shall define the functional £(t) by

L(t) = E(t) + e1¢p(t) + e2(9a () + a(t)),

where £1 and ¢, are positive constants that will be determined later.
Lemma 5. For small enough €1 > 0 and e, > 0,we can obtain for any t > 0,

YE() < £(1) < SE(0). @1)

N
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Proof. It is not difficult to see that a positive constant € > 0 exists, such that

€1 t+¢€
£ ~E®] < D52l 3+ ol £33+ IVaaul + | Vsrl)
eall Al + eallAxvl?+ Cea [ gu(s)l1Asn" (5) s
+Cea [ gal)|Av?(s) s o1 | @(u,v)ax
< €E(t).

This implies that

(1-¢)E(t) < L(t) <

Noting that ¢ > 0 is small enough if e > 0 and € > 0 are small. Hence, we can obtain (21)

if we choose small enough €1 > 0 and &5 > 0.
This completes the proof. [

(1+e)E(t).

Lemma 6. Two positive constants, ko and kq, exist such that for any t > 0,

£0) < kW +  [Ta©Iat Ol + [~ e a2 oBE). e

Proof. It follows from Lemmata 1-4, that for any ¢ > 0,

3(1-1,
ORI

j}]AmZ
}}mvﬁ
|-
|-

|| [Tl ) Bds

SV YN

+1
41

||Axthz

I 2(5) 182 (5) 3

)

20 < -(a -2 el -
e
— :£1C” 82{2;5‘1;( ((;j]z
- :81 1 —61c§%< ((;J:rlz
— :81 1 —5lf§%< ((;lez
+ :81 _( 45111)11 T 451/\
+ :s1<(1 4511 L 4512)\
12 AM(1—4)

First, we take ¢; satisfying

R M} /0oo Q2(s)3ds — (p+ 1)ex /Qd)(u,v)dx.

1
(51 < 1
042) (2(6+2 +1
c geﬂg ( (<e+1))E(O))
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Now, choose small enough ¢ > 0 so that

(+2/2(0+42 s 3(1—1

€ {1—(51&“1( ((€+1))E(O)) —£2¥>0,
(+2(2(0+2) e 3(1—1)
_s2tt? _ o —h)

€1 |:1 51Cs€+1<(€+1) E(O)) € 1 >0,
&1 — wsz >0, & — 3(1212)52 > 0.

In light of the above estimates, we can obtain (22). The proof is completed. O

Theorem 2. Assue that (A1)—(Ag) hold. Let (ug, vo, u1,v1,57'°, 42°) € H. Then, two constants
i € (0,1) and 61 > 0 exist such that for any &y € (0, ],

t t oo
E(t) < 6 (1 n / H=% (s)> exp (—(50/ g(s)ds> o / h(s)ds, 3)
0 0 t
where {(t) = min{{1(¢), {2 (t) } and h(t) = max{g1(t), g2(£)}.
In order to prove this theorem, the following lemma from [20] is needed.

Lemma 7 ([20]). Under the assumptions of Theorem 2, two constants B > 0 and o > 0 exist
such that for any t > 0,

UL +FiE () < ko ZOE®D) +Fai(t) [ ()
where Z(1) = min{Za(0), a(t)} and h(t) = max{ (1), 82(1)}
Proof of Theorem 2. Define the functional £ (t) by
£(t) = L0 + E(D). @)

It is not difficult to verify that £(t) ~ E(t). Let

Using (24) and the fact that {(t) > 0 and {'(t) < O a.e. t > 0, we deduce that for some
Y0 >0,
E't) < —yol(H)E(t) + BaR(t), ae. t>0.

In addition, the following inequality holds for any &y € (0, o],
ENt) < =6C(HE(t) + B2R(t),  ae.t>0. (25)

Integrating (25) over [0, T] leads to
~80 J) ¢(s)d T o0 JT (s)a
E(T) < el £6) 5(5(0) + B2 / %0 Jo £6) 5R(t)dt>,
Jo
which, together with the fact £(t) ~ E(t), yields

E(T) < e~ Jo £s)ds (8(0) + B / " o le’J(S)dSR(t)dt). 26)
B1 0
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It follows that

A I COBR(dt = %A%Aﬁ@ﬂﬁ%&ma@ﬂﬂ

_ X i [ "
= (50(6“ /Th(s)ds /Oh(s)ds
/0 ¢ Jo S p (1)), 27)

+

Inserting (27) into (26) gives

1 B2 [ o fic(s)as 5o [T ¢(s)ds , B2
E(T) < 5 (5(0)+ % / h(t)d ) 13150/ h(s)ds.  (28)

By using (A;), we infer that for any t > 0,

B (B (g1(6) + 2(1)))

($1(8) + gh(1)elo CO% 4 (g1(8) + ga(1)Z (el €)%
[~81(Hg1(t) — La()ga(1)]eh ¥ 1 (1) (g1 (1) + g (1))l 4%
[(¢(t) = Ca()g(t) + (C(t) — Cz(t))gz(t)]efo s)ds < 0, (29)

It follows from (29) that

IAN I

IN

eh €I (£) < a8 (g, (1) + ga(1)) < g1(0) + 82(0) < 2h(0),

and .
ofo s)ds ) —d
/0 & h(t )dt§(2h(0))"/0 K% (1)t

Therefore, (23) follows from (28) and (29), and thus demonstrating Theorem 2. [

Remark 1. Ifeq € (0,1) exists, for which

“+0co
/0 (h(s))"%0ds < +oo, (30)
then we can choose 0 < &y < 71, y1 = min{eg, o}, such that f h(s))'~%ds < 40, and,
consequently, (23) takes the form
t co
E(t) <5, (exp(féo/o C(s)ds) +/ h(s)ds), by > 0. (31)
t

4. Kernels with Exponential Decay

In this section, we investigate the cases of exponentially decaying kernels, and the
results will be obtained without (A1).

Theorem 3. Assume that (Ay)—(Ag) hold true. Let (ug, vy, u1,v1,17,5%0) € H, such that
gi(t) < —gigi(t), fort>0,ie{1,2}.
Then, there are two constants y > 0 and 61 > 0; we have

E(t) < d1e M. (32)
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Proof. We multiply (23) by ¢ = min{¢3, &>} and use Lemma 1 to obtain

e < ~koee®) + ki ( [Talamt @+ [T aElsrelRE). 6

Now, using the fact that

ky (/00081(5)||Ax171(s)||2ds+/Omgz(s)HAxi72(s)||2ds> < 7%1 /Ooo g1(5)1(s) | %ds
A CRCIRE
< —cE'(h). (34)

implies that
EL (1) < —koCE(t) — cE'(t).

The functional ® = ZL(t) + cE(t) satisfies @ ~ E; we easily obtain
E(t) < e,
O

Remark 2. It is worth mentioning here that our stability result was obtained without imposing the
condition (Ay), which was imposed in [20].

5. Examples

We illustrate the energy decay rate given by Theorem 2 throughout the following
examples, which are introduced in [9].

Example 1. Let g;(t) = ae %0+, with b; > 0and a; > 0, for i € {1,2} small enough
so that (A1), with (§i)icq12y = (bi)icq1,2), holds. In this case, {(t) = min{by, by} = by and
h(t) = Age (40 where Ag = max{ay,ap}. Then, (30) is satisfied and, consequently, (31)

gives, for two positive constants c1, ca,

E(t) < cre~ (4D, forallt € RY.

aj

(1)
(A1) with (8i)icp12y = (%)ie{l,z} holds. In this case, {(t) = 1b—+°t and h(t) = ufﬁ, where

Ag = max{ay,ay} and by = min{by, by }. Then, (30) is satisfied, and, hence, (31) yields

Example 2. Let g;(t) = with b; > 1 and a; > 0, for i € {1,2} small enough so that

E(t) < cie~ @™+ — ¢/ (14672, forallt € R,

where {(t) = min{{y(£), Ca()},  h(t) = max{gi(t), &2(t)}.

6. Concluding Remarks

The main purpose of this paper was to establish the solution of nonlinear systems in
coupling Petrovsky—Petrovsky systems with infinite memory under minimum assumptions
on the functions g1, g» and ¢, ¢». Moreover, the general decay rate of the relevant energy
is also established. The results are limited on the bounded domain Q) of R". To conclude,
we should mention that the original contributions in the present paper are:

1.  We used classical methods to solve a non-trivial problem with useful new results to
rival state-of-the-art work in Thorems 1-3.

2. Itis shown that we are able to link the rate of decrease to the energy functional associ-
ated with the solution directly to that of the functions g1, g», with an improvement in
the conditions taken on these relaxation functions in (23).
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3. We found that the two functions g1, &> are responsible for the decay rate of the energy
functional and then that of the existed solution. On the other hand, the functions
@1, ¢ obstruct the solution if they can overcome and dominate [23].

4. We give more cases to the kernel functions to discuss their impact on the decay rate.
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Abstract: The basic reproduction number Ry is a concept which originated in population dynamics,
mathematical epidemiology, and ecology and is closely related to the mean number of children
in branching processes (reflecting the fact that the phenomena of interest are well approximated
via branching processes, at their inception). Despite the very extensive literature around R for
deterministic epidemic models, we believe there are still aspects which are not fully understood.
Foremost is the fact that R is not a function of the original ODE model, unless we also include in it
a certain (F, V) gradient decomposition, which is not unique. This is related to the specification of
the “infected compartments”, which is also not unique. A second interesting question is whether
the extinction probabilities of the natural continuous time Markovian chain approximation of an
ODE model around boundary points (disease-free equilibrium and invasion points) are also related
to the (F, V) gradient decomposition. We offer below several new contributions to the literature:
(1) A universal algorithmic definition of a (F, V) gradient decomposition (and hence of the resulting
Rop)- (2) A fixed point equation for the extinction probabilities of a stochastic model associated to a
deterministic ODE model, which may be expressed in terms of the (F, V) decomposition. Last but
not least, we offer Mathematica scripts and implement them for a large variety of examples, which
illustrate that our recipe offers always reasonable results, but that sometimes other reasonable (F, V)
decompositions are available as well.

Keywords: deterministic epidemic model; disease-free equilibrium; stability threshold; basic repro-
duction number; (F, V) gradient decomposition; next-generation matrix; Jacobian approach; CTMC
stochastic model associated to a deterministic epidemic model; probability of extinction; rational
univariate representation

MSC: 34D20; 65L07; 37N30

1. Introduction

Motivation. Mathematical epidemiology had started by proposing simple models
for specific epidemics and computing explicitly certain important characteristics like the
basic reproduction number and the final size; for example, the SIR model was introduced,
among other concepts, in the celebrated “A contribution to the mathematical theory of
epidemics” [1]. The most fundamental, and actually the only general result of the field due
to Diekmann, Heesterbeek, Van den Driesche and Watmough, expresses the disease-free
equilibrium stability domain in terms of Ry, which is defined as the Perron-Frobenius eigen-
value of a certain (F, V) gradient decomposition (this is presented in detail in Section 2.2).
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But, since the (F, V) decomposition is not unique, it seems to us that the question of what
Ry is still deserves further discussion.

On the other hand, one may note that nowadays, mathematical epidemiologists
typically either restrict themselves to low-dimensional models, resolved symbolically, even
by hand, or consider very complicated models which are resolved only numerically, for
particular values gleaned from the medical literature. Missing from here are moderately
complex models, which may be solved partly symbolically for any values of the parameters,
but in a way where the use of computer algebra systems (CAS) is either indispensable or
greatly facilitating. Even in the case of papers belonging to this level—see, for example [2],
that the role of the CAS is deemphasized. Our paper is also an attempt to cast the CAS as
one of the main heroes of our story.

Our main result . We provide below, for the first time, a universal recipe for choosing
anatural (F, V) gradient decomposition, which only requires specifying the disease com-
partments (a subset of those which are zero for the boundary point under consideration)
(informally, these are not far conceptually from the so-called fast components of singu-
lar perturbation theory). This decomposition is useful both for determining Ry and for
computing the extinction probabilities of an associated stochastic model. We identify also
examples in which the (F, V) decomposition is not unique and in which choosing another
decomposition with F of a lower rank may be beneficial for simplifying the Ry formula.

First restriction (among others to follow). In this paper, we will restrict to math-
ematical epidemiology models for which there exist at least two possible special fixed
states. The first, the disease-free equilibrium (DFE), corresponds to the elimination of all
possible compartments involving sickness and will be assumed to be unique. Typically,
this point is locally stable only for certain values of the parameters. Outside of this domain,
it is typically replaced by another fixed point, which will be called “endemic” if all its
components are positive, and “resident boundary point” otherwise.

Importantly, the stability of the DFE may be related to the historically famous ba-
sic reproduction number and net reproduction rate—see (1). These pillar concepts in
population dynamics, mathematical epidemiology, virology, ecology, etc., were already
introduced by the father of mathematical demography Lotka—see [3,4]—and also the
introduction of the book [5], and in [6], the authors described the stability of the solution of
differential systems.

A bit of history of the net reproduction rate R, and its evolution into the mathe-
matical concept of basic reproduction number/stability threshold Ry. Loosely speaking,
in the case of only one infectious class, the net reproduction rate R describes the expected
number of secondary cases which one infected case would produce in a homogeneous,
completely susceptible population during the lifetime of the infection. This description is
especially relevant at the start of an epidemic, when the dynamics is well approximated by
that of a branching process (a fact which goes back to Bartlett and Kendall—see for exam-
ple [7,8]). The main characteristic of a branching process is the “fertility”, i.e., the expected
number of descendants one individual produces in the next generation. As a consequence,
in epidemiology, the branching result insuring extinction when the fertility is less than one
translates into local stability results of the disease-free equilibrium involving RR.

The reproduction number R intervened already, in a particular case, in the foundational
paper “A contribution to the mathematical theory of epidemics” [1], which showed that:

1.  The condition
Ro <1, where Ro =s4rR, 1)

implies local stability of the DFE. Here R is the net reproduction rate (number of
secondary infections produced by one infectious individual), and s4y, is the fraction
of susceptibles at the DFE.
2. The condition
Rp>1

implies instability of the DFE.
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With more infectious classes, one deals, at the inception of an epidemic, with approxi-
mate multi-class branching processes, whose stability is determined via a “next-generation
matrix 7 (NGM)—see Section 2.2.

The “Jacobian approach” for computing Ry. For big size problems, this approach is
doomed to fail symbolically, since it is equivalent to the Routh—-Hurwitz conditions (RH),
which rarely succeed symbolically beyond dimension 4 (also, RH is irrelevant numerically,
since the eigenvalues themselves are just as easy to compute). Therefore, we studied below
a variant, the “Jacobian factorization approach”, which focuses on an approximation, which
we show to yield always upper or lower bounds of the NGM Ry, depending on whether
Rp <1 or not—see Theorem 1. Several questions around this bound are scattered below in
Sections 6.3, 8.1, and 8.2.

Note, as mentioned in [9], that an example where the Jacobian method does not yield
Ry is offered in [10] (Exe 5.43) and that of [11] suggesting that when threshold parameters
determined from the Jacobian do not have the biological interpretation of the dominant
eigenvalue of the next-generation matrix, then they should not be called basic reproductive
ratios nor denoted as Ry (we follow their suggestion and use the notation R; in this case).

The dilemma of the several different methods for computing R has been discussed
in many papers, see for example [9,12]. But, this is a direct consequence of the non-
uniqueness of the (F, V) decomposition.

Deterministic or stochastic models? Most of the mathematical epidemiology papers
belong exclusively to one of these two paradigms. However, any deterministic model
may also be viewed as a stochastic continuous time Markov field (CTMC) evolving on
the integers. One interesting CTMC, which seems not to have been discussed before, is
presented in Section 2.4.

Contents. Our paper is structured as follows. Section 2 recalls the definition of the
DEFE and provides our algorithmic definition of the (F,V) decomposition, in the form of a
Mathematica script, as well as a discussion—see Remark 6—of why other decompositions
might turn out useful. This section also provides a new Equation (8) for computing
extinction probabilities for associated continuous time Markov chain models in terms of
the (F, V) decomposition, showing that the Jacobian factorization approach yields upper
bounds and lower bounds for NGM Ry'’s in Appendix A.

We turn then to a series of examples, chosen to help investigate what may be the major
open problem in the field nowadays, which, in our opinion, relates on one hand to Ry,
and on the other hand, to the extinction probabilities—see below—and duration of minor
epidemics [13-17], which is not further touched on here.

Let us now briefly explain why so many examples were included in the paper.

Section 4 is dedicated to a host-only model, with a single susceptible class and an F
matrix of rank one, where the formula of Ry may be “guessed by inspection” of the flow
chart. These kinds of examples have kept alive the hope of “interpretable R formulas”,
as illustrated in other recent papers—see for example [18,19]. But in fact, as far as we
know, no interpretable Ry formula has emerged outside the rank one case, which is already
fully studied in [20]. The papers [18,19] start by presenting simple rank one cases, then
proposing algorithms for more complex cases based on the graph structure of the flow
chart, which, in our opinion, are not sufficiently detailed or documented. While it may
well be that tools like Petri nets, as proposed in the second paper, will one day succeed
for resolving flow charts with certain structures, this does not seem to have happened yet.
Also, for models with a next-generation matrix of high rank, the lack of simple formulas for
Rp and of “simple biological interpretations” is naturally to be expected; simple formulas
for the spectral radius can only be a consequence of a simple graph structure which has not
been pinpointed yet.

Sections 5.1 and 7.1 offer two examples in which several R formulas were offered
in the literature, but we are at a loss of how to choose among them. In the first case
(a virus—tumor model), the recipe Ry is simpler than its competitor, but in the second case
(a vector-host model), it is more complicated.
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Section 6.2 shows that the boundary equilibria and the (invasion) reproduction num-
bers may be easily computed with our scripts; to illustrate this, we use a two-strain
host-only model from [21] (Ch.8), where our recipe NGM yields the same answer as that
given by the Jacobian factorization.

Section 6.3 offers another two-strain host-only example, this time including also
vaccination, in which our recipe NGM yields again the same answer as that given by the
Jacobian factorization.

Section 7.2 offers an example from the textbook of [21] in which the square relation
stops holding.

Sections 8.1 and 8.2 offer yet more examples, this time in the two-strain vector—host
context, in which our recipe NGM yields an R formula which is precisely the square root
of that given by the Jacobian approach. Note that here, the first of the three elegant relations
concerning the invasion numbers from Section 6.3—see Remark 22—holds, but the other
two seem to break down.

The last subsection provides, for the invasion numbers, a second example where
another choice of Ry may be more reasonable, on the grounds of leading to a simpler answer
(but the admissibility requirement forces then extra assumptions on the parameters).

2. A Bird’s Eye View of Mathematical Epidemiology: The Disease-Free Equilibrium,
the Next-Generation Matrix, and an Algorithmic Definition of a Stability Threshold
Associated to the Basic Reproduction Number Ry

2.1. The Disease-Free Equilibrium (DFE)

The DFE may be defined as a “maximal boundary state” and may be found by identi-
fying a maximal sub-system of the ODE epidemic model which factors

i’ = Mi, 2

where the prime denotes the derivative with respect to time, and M is a matrix that may
depend on i, but also may not explode in the domain of interest, which we will take for the
sake of simplicity to be R} .

Remark 1. One fixed point of this system is i = 0. This motivates us to call the components i
disease or infectious states. The set of all its indices will be denoted by Z. Note that specifying ‘T
induces a partition of both the coordinates and the equations of our original system into infection
(eliminable) and “non-infection” (the others) components.

The eventual other fixed points may be found by solving M = 0 together with the other
non-infection equations under the condition i = 0.

In this paper, we will assume the uniqueness of the DFE, at least after excluding
biologically irrelevant fixed points, like an unreachable origin.

We end this section with the very elementary script that implements this. Note that
any ODE model “mod” (like SIR, etc...) is a pair mod = (dyn,X) consisting of a vector field
“dyn” and a list of variables “X”, and that to find any boundary fixed point, it suffices to
know the set of indices “inf” where it is 0, so that we solve the system “dyn==0" under the
condition “X[[inf]]->0". But, since sometimes only numeric solutions are possible, our DFE
Mathematica script below also has an optional numerical condition parameter “cn”, which
is taken by default as the empty set.

DFE[mod_,inf_,cn_:{}]:=Module[{dyn,X},
dyn=mod [[1]]/.cn;X=mod[[2]];
Solve [Thread [dyn==0]/.Thread [X[[inf]]->0],X]];

For the non-Mathematica users, only the Solve command is relevant, with the others
being just Mathematica implementation details.
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2.2. (F, V) Gradient Decompositions, the Next-Generation Matrix, Ry, and a Simple Recipe for
Computing Them

From now on, the infection Equation (2) will be rewritten as
i =F-V=(F-V)i. 3)

Of course, such a decomposition is not unique, but we will also ask, following [7,22,23],
that F, the gradient of F, is a matrix with non-negative elements, and —V, the gradient
of —V, is a Markovian generating matrix (i.e., a matrix with non-negative off-diagonal
elements and non-positive row sums). Conceptually, F models input to the disease com-
partments from outside (“new infections”), and —V models transfer between the disease
compartments. Still, a priori, the decomposition (3) is not unique.

Example 1. Let us illustrate this via an SIR example with superinfection parameter ¢, in which
the classes S and R play symmetric roles inspired by the works of [24-26]

S() = A= s(O)B() (1+E(1) + ] + i (t) + 7or(1)
() =i(O[[Bss(t) + Brr(D) 1+ E()] = dii(t), dy = iy + s+ As + Ar 46
A= r(B)[B() 1+ G(6)) + ] + (1) + 7s5(0)

When ¢ = 0, this reduces to the symmetric SIR model introduced for mathematical purposes
by [25,26], in which births may also directly enter the R class, with parameter Ay, and may also
infect, with parameter B,. Furthermore, there are linear flows from i to both s and r, where the former
does not make epidemiologic sense.

Here, the only infection equation, the second, is already written in a decomposed form

F =V, V =d,i(t),and F = [[ﬁss(t) + Br(8)](1+ Ci(t))] + Ci(t)[Bss(t) + Brr(t)].
Note that for the application of the next-generation matrix method, we must finally plug i = 0;
therefore, the second term in F, due to “superinfection”, is irrelevant for this purpose.

=
= =
RN
([

Remark 2. The possible non-uniqueness of the decomposition brings us to a delicate point in
mathematical epidemiology. Anticipating a bit, since Ry is the Perron—Frobenius eigenvalue of
FV—1, strictly speaking, Ry is not determined just by an ODE epidemical model, but also by the
(F, V) gradient decomposition. If we want an ODE epidemical model to uniquely determine an Ro,
we must include, in the definition of the ODE epidemical model, the (F, V') gradient decomposition
we also adopt.

Remark 3. For us, an ODE epidemic model is an ODE dynamical model in which a certain subset
of equations, usually called “disease/infection” equations, referred from now on as a zeroable set,
admits at least one admissible decomposition (3), with (F, V) satisfying the conditions (A1-A5)
of [23].

Remark 4. Note that (3) is the most common model used in population dynamics. This makes it
natural to informally define ODE epidemic models as population dynamics models (3), with extra
equations modeling interactions with the non-disease compartments, which admits at least one
admissible decomposition.

Remark 5. The definition of ODE epidemic models above is imprecise, since it does not list all the
requirements we must put on an ODE model. Some reasonable restrictions are

1. Essentially non-negative processes have a non-empty set of disease classes, so we deal with an
epidemic (note, however, that we define disease classes in the sense of classes which satisfy (2),
which excludes, for example, importation models).

2. Processes with a unique DFE, at least after excluding biologically irrelevant fixed points, like
an unreachable origin.

3. The local stability domain of the DFE is non-empty and not the full set.

146



Mathematics 2024, 12, 27

4. The dynamical system has polynomial coefficients to be able to take advantage of the remarkable
symbolic computation tools available for this class.

We make these assumptions because they are satisfied by most mathematical models which
have already been used for modeling real-life biological phenomena. However, these assumptions
might not be enough and further ones might be necessary for obtaining the currently missing precise
definition of “real life ODE mathematical epidemiology models”.

Remark 6. Admissible decompositions need not be unique. A priori, one may “move terms from F
to V”, to lower its rank and simplify the formula for Ry, and also “move off-diagonal terms from V
to F”, which enlarges the domain of parameters which ensure that V1 has positive terms. There
is a tradeoff between these two possible moves, since the simplicity of Ry comes at the cost of extra
assumptions on the parameters. Our universal decomposition seems to strike a balance between the
two directions.

Remark 7. It was emphasized from the outstart—see for example [12,27-29]—that an ODE
mathematical epidemiology model might have several “admissible decompositions”, which might
yield distinct next-generation matrices and distinct Ry’s.

For any admissible decomposition, Diekmann, Heesterbeek, Van den Driesche, and
Watmough established the following celebrated DFE stability theorem:

Proposition 1. For any admissible decomposition (F, V'), let
Ro = p(FV™)

denote the Perron—Frobenius eigenvalue of the next-generation matrix. Then, the DFE is unstable
on Ry > 1, and locally stable on Ry < 1[7,10,22,23].

For a recent historical overview of R, next-generation matrices, and their calculation
in many examples, we refer the reader to the delightful paper [30].

Unfortunately, the standard definition of a next-generation matrix (and hence of Ry)
involves concepts like “new infections”, which were defined in the original papers based
on epidemiological considerations and therefore require the intervention of a human expert.
This had created the impression that this method cannot be encapsulated into a computer
program. However, we offer and implement below a simple algorithmic definition, based
only on the structure of the system and of the “infectious/disease equations”.

Our proposal is to use a special F-V decomposition, with F constructed as the positive
part of all the interactions in the disease equations which involve both disease compart-
ments and input/susceptible ones. The latter are defined as the complement of the disease
compartments, after the possible removal of output compartments, which may be spec-
ified as deterministic functions of the other compartments (i.e., may be computed, once
the other compartments are known). Note now that the concept of the “positive part
of the interactions” may be hard to pinpoint mathematically, but useful enough to have
been implemented in CAS’s (Mathematica, Maple, Sage, etc.); this made us adopt the
following definition:

Remark 8. For a given zeroable set, an admissible (F,V) gradient decomposition (3) is one
where F, the gradient of F, does not contain, in its expanded form, syntactic minuses in its CAS
representation, and also where V, the gradient of V, is such that —V is a “sub-generating matrix”
under the assumption of non-negativity of all the model parameters.

The problem of whether the R of the decomposition provided satisfies, under certain

conditions, the stability theorem of Van den Driessche and Watmough is still open; therefore,
it should be viewed for now just as a recipe that works well in simple cases.
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After lots of experimenting, we have found only few cases—see for example Section 8.2,
where the recipe NGM has a serious competitor; it is for computing the invasion repro-
duction number for a two-strain vector-host model, with altered infectivity for co-infected
vectors, and with ADE (antibody-dependent enhancement).

2.3. An Algorithmic F — V Decomposition

We complement now the famous F — V “equations decomposition” and the next-
generation matrix method of [7,22,23] using a algorithmic F — V decomposition.

1. The user supplies the model “mod” (a pair containing the RHS of the dynamical
system and its variables) and the indices “inf” of the disease (or infectious) variables;
the indices of the other compartments are denoted by “infc”.

2. Subsequently, the Jacobian of the infectious equations M with respect to the corre-
sponding variables is computed.

3.  Define the interaction terms as terms in M which contain variables s € infc, and
which, if positive, must end up in F. Their complement, denoted by V1, will form
partof V.

4. Asafirst guess for F, F1is constructed as the complement of V1. It contains all the
interaction terms (which involve both disease and susceptible compartments).

5. Fis obtained by retaining only the positive part of the matrix F1, i.e., the terms which
do not contain syntactic minuses (we use the simplest algebraic representation of the
equations and do not study the effect which algebraic manipulations introducing
minuses might have). Finally, V1 is increased to V, which is the complement of F.

6.  The script outputs {M, V1,F1,F,V,K}.

NGM[mod_,inf_] :=Module[{dyn,X,infc,M,V,F,F1,V1,K},
dyn=mod [[1]] ;X=mod [[2]];
infc=Complement [Range [Length[X]],inf];

M=Grad [dyn[[inf]],X[[inf]]]

(*The jacobian of the infectious equationsx);

Vi=-M/.Thread [X[[infc]]->0]

(%V1 is a first guess for V, retains all gradient terms which
disappear when the non infectious components are nullx);

F1=M+V1

(*F1 is a first guess for F, containing all other gradient terms*);
F=Replace[F1, _. _?Negative -> 0, {2}];

(*all terms in F1 containing minuses are set to 0%);

V=F-M;

K=(F . Inverse[V])/.Thread[X[[inf]]->0]//FullSimplify;
{M,V1,F1,F,V,K}]

Note that our NGM script requires a minimal input from the user, which is just the
specification of the disease compartments; there is no need to specify “new infections”.

The results of this decomposition seem to yield correct results in all the examples from
the literature we checked. We would like to add that for dynamical systems satisfying the
four conditions in Remark 5, this decomposition yields “admissible gradient decomposi-
tions” in the sense that V! will contain only non-negative terms, and that it is furthermore
obtainable from an equations” decomposition, which is admissible in the sense of [23] and
therefore yields the correct stability domain.

Remark 9. Note that the “Replace” command in the script uses the powerful Mathematica capa-
bility of applying a “rule” to parts of an “expression”, specified by “levelspec”, and that it was
furnished to us by the user Michael E2 in

https://mathematica.stackexchange.com/questions/286500/
how-to-set-to-0-all-terms-in-a-matrix-which-contain-a-minus
/2874067noredirect=1#comment715559_287406

148



Mathematics 2024, 12, 27

Finally, let us discuss an alternative possible implementation. We could just provide
NGM with the right-hand side of the differential equations, compute the steady states,
specify one of them, and then define the infected classes as the components with zeros.

However, this would be impractical, since for the majority of the models with explicit
DFE, the other fixed points are either not explicit or require very long execution times. It is
therefore much simpler to have the user help the Al by providing it with Z, which leads
immediately to the matrix M. Essentially, we jump directly to the factorization (2) of the
infected equations, postponing the solving of the non-infection variables to later.

2.4. A Multi-Dimensional Birth-and-Death CTMC Process Associated to a (F, V') Decomposition,
Its Branching Process Approximation, and the Bacaer Equation for the Probability of Extinction

The works of Kendall and Bartlett suggest that ODE epidemic models may be associ-
ated to corresponding birth-and-death CTMC processes and then approximated further via
branching process.

Citing [31] :“It has been noted by Bartlett (1955), p. 129, that for an epidemic in a large
population, the number of susceptibles may;, at least in the early stages of an outbreak, be
regarded as approximately constant at its initial value and that this approximation will
continue to hold throughout the course of an epidemic, provided that the final epidemic
size is small relative to the total susceptible population. Thus the general epidemic process
may be approximated by a simple birth-and-death process”.

To make this more precise, a (F, V) decomposition (3) determines a naturally as-
sociated multi-dimensional birth-and-death CTMC process by fixing the values of the
non-disease variables, so that the matrices (F, V) depend only on i, and interpreting the
transition rates between compartments as rates of BD transitions.If the CTMC has rates
which are linear in the disease variables, one may associate it to a branching process and
take advantage of the well-known equation for extinction probabilities. This procedure
has been detailed in previous works like [13-17] and used to approximate extinction and
invasion probabilities, as well as the duration of minor epidemics. If the CTMC has rates
which are super linear in the disease variables, a further approximation of ignoring the
higher power terms in 7 is necessary. At the end, this results in assuming that the matrices
(F, V) are constant (they do not depend on 7).

Let us illustrate this philosophy on the famous SIR example. However, in line with
our interest in this paper and also getting a bit ahead of ourselves, we will only look at
a “disease process” of the infected, with the other components fixed. The state space of
the process will thus be N. We note this is similar in spirit with the “slow-fast/singular
perturbation” technique of considering only variables whose lifetime is short and fixing
the other variables whose lifetime is longer, which in fact is the idea behind the famous
next-generation matrix approach.

Example 2. The “SIR” disease process (i.e., defined on the disease compartments) is i’ = (Bs — y)i.
The natural SIR/linear CT birth-and-death disease stochastic process (DSP) is a Markov process
X € Nwith a generating operator on the set of functions f : N— > N defined by

Gf(i) = psi(f(i+1) = f())) +i(f(i = 1) = £(7)) = Af(i), )
and corresponding to a semi-infinite generator matrix
B B0 0
v B-v B 0
A=1|o0 vy =B B | ®)
f RPN B
0 0 e By
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Bsx(T(x+1) = T(x)) +yx(T(x —1) = T(x)) +1=0,T(0) =0, T(K) =0,K— > 00, when Ry <1
Bsx(T(x+1) — T(x)) +9x(T(x — 1) = T(x)) +¢* = 0,T(0) =0, T(K) = 0,K— > 0o, when Ry > 1"

Remark 10. We recall, for the benefit of readers who have not been exposed to the (immense)
literature on Markov processes, that the behavior of expectations of this class of stochastic processes
always involves one deterministic operator A, the generator of the Markovian semigroup, which
acts on a space of “appropriate functions” on the state space (4) and where “appropriate” may be
skipped in simple cases like ours (5). The essential thing to note here is that our Markov generator
operator A is completely defined by the rates, just like its “mean-field” deterministic ODE. Thus,
from the practical point of view of estimating rates, we have added nothing to the parameters of the
ODE model (as would be the case with other stochastic processes involving Brownian motion, etc.).
We have only modified the state space and the operator; however, this way, phenomena which are
invisible in the continuous mean-field limit become relevant.

Finally, for readers puzzled by the question of where the randomness hidden in the deterministic
operator (4) is , we mention that this arrives via two Poisson processes describing the times when
the process jumps up and down, respectively, and we refer to the literature for more details.

This process converges to o (i.e., is non-recurrent) or to a stationary distribution if Ry := £
is strictly bigger than 1, or strictly smaller than 1, respectively. The probability of “extinc-
tion/absorbtion into 0”, when starting the process with j infected, are

1 Ry <1

p() =4, q {gsRlo Ro> 1

(6)

This result may be found for example in the textbook [32] (it is, up to technical difficulties
caused by the non-compact state space, the simplest illustration of the fact that solutions of “Dirichlet
problems” of the form p(j) = Ex,—;[g(Xr)], where T is the exit time from a domain S, must solve
Gp = 0and p = g on the boundary of S).

The expected time to extinction when starting the process, with j infected and when Ry < 1may
be found wusing the fact that solutions of “Poisson problems” of the form
T(j) = Ex,—il s h(X(s)ds], must solve

GT+h=0
T = 0 on the boundary of S

Another interesting quantity is the expected time to extinction when Ro > 1, in the case that
extinction occurs. This “Dirichlet-Poisson problem” may be written as

T
T() = Exyils(Xe) [ h(X(s)ds],
where h = 1, and g is the indicator of extinction occurring. Such expectations must solve

GT+hp=0
T = 0 on the boundary of S

where p is the solution of the Dirichlet problem with boundary value g.
For SIR, we must solve, respectively,

@)

These two equations may be solved explicitly. The limits are quite challenging even with
Mathematica, as shown in Appendix A.1. We are able to recover and generalize the results of [33]
(see also ([16] eq(10))) when j > 1 for the first problem, but not for the second one).

The Bacaer equation. One missing aspect in the previous works, however, char-

acterizes the extinction probabilities via one final equation, without going through the
discretization procedure employed in [13-17], solving each example individually. Interest-

150



Mathematics 2024, 12, 27

ingly, such an equation in terms of (F, V) decompositions was provided by Griffiths in [31],
except that this paper considers only BD’s with no transfers.

We review now the work of [34] (who were motivated by analyzing the case of pe-
riodic steady solutions), but on the way also spelled out the simple Equation (8) below.
To each fixed value for the disease variables, one may associate to a (F, V') decomposition
i’ = (F — V)i a “multi-dimensional birth and death process” (BD), with birth rates given
by F, and with transfer and death rates given by —V. (i’ = (F — V)i are precisely
the mean-field equation for the multi-dimensional birth-and-death process; this is pre-
cisely ([31] eq(6)), under the extra condition that we assume that the immigration vector
into the disease compartments is 0. In fact, the —V matrix by itself generates an absorbing
CTMC (and the F matrix models’ rough inputs to be fed into this absorbing CTMC). This
observation explains that an ODE mathematical epidemiology model has associated it to
both a birth-and-death process, as well as a “death and transfer only” absorption CTMC—
see Remark 24 for an example. Furthermore, if (F, V) are independent of i, we are dealing
with a branching process (approximation).

A useful fact to recall is that the probabilities of extinction of a multi-variate discrete
time-branching process are of the form

Py = q]f quz...,

where g = (g;,j = 1,...,]), ] is the number of disease compartments, andg; satisfies the
“Bacaer equation”

B (1= ) Vi

(4 oF)xq+(1—q)oV —qxf=0&q= ,
ff_zllleqkl:kf

®)
where * denotes the coordinate-wise product, the dot product is denoted by o, and f; = Y1 Iy, ;.
This equation is new, but it may be inferred from ([31] eq(9)) and refs. ([34] eq(11)) and ([35]
eq(5.3)) (after some changes in the variables).

For the SIR process for example, (8) becomes

(q=1D)psqg+(1—q)y=(q3-1)(Bsqg—7) =0,

with the two roots g = 1 and g = % = Rio, recovering Whittle’s result (the two roots yield
the correct result when Ry is strictly smaller than 1 and strictly bigger than 1, respectively).

We will check below that (8) also recovers other explicit particular cases offered in the
literature, like SEIR [13], ([14] (Section 4)), SIV [36], etc.

2.5. The Jacobian Factorization Bound

Note first the following elementary fact:
Lemma 1. A sufficient (but not necessary) condition for a polynomial with real coefficients and
a positive leading term fo admit a positive root is that cy < 0, where cq is the constant term of

the polynomial.

For polynomials of degree 1, this condition is also necessary. This converse result may
be strengthened to “Descartes type polynomials”.

Definition 1. We will say that a parametric polynomial with real coefficients, whose constant
coefficient may change signs, but whose all other coefficients are “sign definite” and of the same sign

(which w.l.o.g. could be supposed as +), is of Descartes type.

As an immediate consequence of Descartes’s rule of signs, it follows that
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Lemma 2. A sufficient and necessary condition for a Descartes polynomial with a positive
leading term to admit a positive root is that ¢y < 0, where cy is the constant term of the
polynomial.

Remark 11. Note the immense simplification with respect to the Routh-Hurwitz conditions, when
we need to establish the existence of a positive root for a Descartes type polynomial .

We believe that “the mystery of the success of the Jacobian factorization approach” comes from
the fact that “simple epidemic models” often feature Descartes type polynomials. However, this
leaves us with many further questions, like when does this happen and what to do when it does not.

The Jacobian factorization approach consists in:

1. Putting all the rational factors of the characteristic polynomial of the Jacobian in a
form normalized to have positive leading term, assuming they are sign definite (if
this is not the case, this approach does not work but may be generalized).

Removing all linear factors with eigenvalues which are negative.
For all remaining factors F; for which cé’) < 0 may hold for certain parameter values,
rewrite this inequality into the form
(@) (i) () ._ =
=cp—c-=c4(1-R})<0& Ry :=—>1,
cy =Cy—cC o+ ( i ) J o
where c, c_ are the positive and negative parts of the expanded form of céi).
4.  Define the “Jacobian factorization Ry”

Theorem 1. (A) In the instability domain, Rj is a lower bound for infr sgmissiple RE-
(B) In the stability domain, R; is an upper bound for supp ,1,.icsivie RE-

Proof. (A) Fix any admissible F and let R be its associated NGM Ry. Then
Ry >14 3i: R > 16 3i:c)) <0=> DFEinstability < Rp > 1.

Thus
Ry >1= Rp >1& R; <R, (10)

and the result follows.
(B) Similar proof.
Conjecture: We conjecture that if all the factors F; are Descartes polynomials, then
Rj = Rp for any admissible decomposition (F, V) will denote the resulting object by Ry.
Open question 1: Under what conditions do our NGM Rg and our Jacobian R coincide?
The implementation of the Jacobian factorization approach is provided in Appendix A. [

2.6. The “Rational Univariate Representation” (RUR) and the Reduced Order
Quasi-Stationary Approximation

Hundreds of mathematical epidemiology papers have already employed the idea of
reducing the fixed point system to one scalar equation in one of the disease variables via
rational substitutions for the other variables. We note that this is a particular case of the so-
called “rational univariate representation” (RUR), but for Mathematica users, this is irrelevant,
since RUR is not implemented currently and we had to write our own script, included below,
in which the user chooses a variable in a system that they want to restrict to.

The current code for this reduction to one equation algorithm is

RUR[mod_, ind_, cn_ : {}] := Module[{dyn, X, par, eq, elim},
dyn = mod[[1]]; X = mod[[2]]; par = mod[[3]];
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elim = Complement [Range [Length[X]],ind];

eq = Thread[dyn == 0];

ratsub = Solve[Dropleq, ind], X[[elim]]][[1]];

pol =

Collect [GroebnerBasis [Numerator [Together[dyn /. cnl],
Join[par, X[[ind]1], X[[elim]1l, X[[indl11;
{ratsub, pol}
]

Remark 12. The command which does the essential work is ”GroebnerBasis”. When "ind” is a set
with just one component, this reduces the system to a polynomial in this variable. Alternatively,
this could be achieved by plugging the results of “ratsub” into the system.

The script above works directly for models with demographics but must be modified for “conser-
vation systems”, where the fixed points are only determined by adding the total mass conservation
equation to the fixed point equations.

This script may also be used for order reduction, both in the spirit of the ( quasi-steady-
state assumption) QSSA method in biochemistry and of the recent epidemiology paper [37].
We illustrate this for the simplest SIR example.

Example 3. For the SIR process (S(t),I(t),R(t),t > 0) with linear birth rates bs, by for the

susceptible and the recovered, the system for the fractions s(t) = %, i(t) = %, r(t) = %t),

N=S+1+Ris:

S'(t) = bs — Bs(t)i(t) +vor(t) —dss(t), ds=17s+u
() = Bs(b)i(t) — dji(t), di =i+ p+6. 11)
v(t) = by + i (t) +vss(t) — dpr(t), dr="7r+p

oo (b tbs(ute) o br(pts)+bss
The DFF is: ( p(uFr+7s) fO’ Hptrr+7s) ) ) ) )
The rational substitution with respect to i obtained via RUR is:

<S 'Yr(b7+b5+i7i)+ﬂb5 ; br(ﬁi""ﬂ""'}’s)+b575+i7i(ﬁi+.u+'ﬁ)>
Bi(p+ ) +pu(p+ 9 +s) Bi(p +vr) + u(p +vr +s)

Note that this reduces to the DFE when i = 0.
The reduced approximate model obtained via RUR is:

i' = ilag — ayil, ay = B(uyi + (6 + w) ( + 1)),
ag = B(byyr +bs(u+ 7)) — (e + 7 +95) (0 + i + 1)

= 17+ 99) @+ 7+ 1) (sapeR = 1) = 0+ 77 +75) (0 + 7+ ) (Ro = 1).

This has an explicit (rather formidable) analytic solution, provided in the Mathematica file.

One may notice that for the chosen numerical illustration, the plots of i and its approximation
converge towards the same value but differ sharply for the chosen numeric values as far as shape is
concerned; see Figure 1.

We mention finally the possibility to develop yet another possible algorithm for
computing a “bifurcation Rj”, suggested by the example above, which is based on the
known fact that this parameter is expected to produce bifurcations at Ry = 1.

The steps are:

1. Factor out the variable in the scalar polynomial of the reduced model (always possible
if this is a disease variable).
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2. Write the free coefficient of the divided polynomial as F(Rg) = G(Rp)(Ro — 1), where
F(R) is rational (always possible due to the known bifurcation at Ry = 1).

3. Identify a factor which is linear in susceptible variables like s;y,, etc., and write it as a
difference of positive and negative terms. Upon normalizing one of them to one, the
other will be Ry, or 1/Ry.

0.09-

0.08 —— Full model

— 220,092
a

—— Approximation of SIR

L L L L L
t
20 40 60 80 100

Figure 1. Illustration of the asymptotic convergence of i(t) towards the endemic value %’ = 0.092,
both for the full SIR model and its approximation.

3. Rp and Extinction Probabilities for the SEIR Epidemic Model
The SEIR process (S(t), E(t), I(t), R(t),t > 0) adds to the SIR model the class E(exposed).
. S E(H) . I R
The model for the fractions s(f) = %, e(t) = %, i(t) = %, r(t) = %,
N=S+E+I+Ris:

Sl

(£) = bs — Bs(1)i(t) +yrr(t) —dss(t), ds=s+u
/(1) = Bs(1)i(t) — vee(t) — dee(t), de=7yetp
i'(t) = vee(t) — dii(t), di=vi+p+é

r(t by + vii(t) 4 yss(t) — dpr(t), dr =+

This is both a textbook model and one for which answers to many open questions (con-
cerning, for example, the emergence of chaos under stochastic and periodic perturbations)
are still awaited—see for example [38-40].

The DFE of (14) is (b;l 7{;&5?&’ ) ,0,0, b’}fg;f&;ﬁgﬁ‘ ). The decomposition matrices and

basic reproduction number are:

0 Bs Ye+ 1 0 ) Bsye
F= V= Ry = .
(0 0> < ~Ye S+7Yitp T (et m) @+ v+ )

The associated disease stochastic process X = (¢,i) € N? has a generating operator

G = Bsi(f(x+er) = f(x) +vee(f(x + tr) = f(x)) +dee(f(x +e3) = f(x)) + dii(f(x +e2) — f(x)),

where x = (¢,i),e1 = (1,0) = —e3, tr = (—=1,1),eo = (0, —1).
The extinction probabilities obtained by solving (8) are

g=149.=1 when Ry < 1
Qi:%OIQe:£+@ﬁO when Rg > 1

This checks with the particular case in [13], where s;7, = 1.
Remark 13. It is not clear intuitively why separating the transition rates into those of F (which

increase the norm of x) and those of V (which do not increase the norm of x) should matter for
determining the extinction probabilities, as happens in (8). This seems to be an interesting question.
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4. Rank One Host-Only Models with Pathogen and Ry Readable from the Flow-Chart
Th; SEIARW Model with “Catalyzing Pathogen” of [18] Has Rank One Next-Generation Matrix
and Ry =

Ref. [18] attempted to offer a “definition-based method” for “computing R of dy-
namic models of single host species, which is mutually coherent with the next-generation
method (NGM)” (and somewhat unclear for “computing R for a population with multi-
group models”). Unfortunately, these authors do not seem aware of the fact that all the
single host species they examined have a next-generation matrix of rank one, and that
in this case, there exists a simple general formula [20,41,42], which is also related to the
definition-based method of [43].

We review now the SEIAR model (susceptibles, exposed, infected, asymptomatic, and
recovered), to which [18] add also a pathogen compartment W, resulting in the SETARW
model. See also Figure 2.

¢ =s(aBa+iB;i +whw) —ede, de=c;+e,+p
i" = ee; — id;, di=vi+u+o,
a' = ee; — ady, do = Ya+ 1, (12)
w = ae, +ie; — wdy

!

= aya + il — pr
s =A—s(aBa+if; + wPhw + 1).

In matrix form, the disease equations are:

¢ —de sBi SBa SPw O e
i’ e; _di 0 0 0 i
adl|l=1 e 0 —-d, O 0 a
W' 0 €; e —dp O w

r

ﬂ\

0O % Y% 0 —u

In the absence of a pathogen, SEIAR is a rank one “generalized stage-structured infectious

0 sBi sPa d 0 0
disease model” as revealed byits F=| 0 0 0 and by its V = ( —e d; 0 )
0 0 0 —e, 0 d,
matrix, which is triangular (compare to ([14] (Section 3))).
The Ry has a very intuitive and easily explainable form:
s
2k {ﬁ, + st ] 13)

(compare to ([14] (Section 3)) to see the general pattern for more stages).
Remark 14. Note that this result may be obtained with T = {e,i,a,r} and also with Z = {e,i,a},
which raises the question of defining the concept of a minimal or “sufficient disease” set in such a

way that it allows for deriving both Ry and the extinction probabilities.

After the addition of the catalyzing pathogen, the SEIARW is still a rank one “general-
ized stage-structured infectious disease model”, but the R is less intuitive

Sdfe ﬁw
ﬁz Jfﬁu dw( d +€ada):| (14)

still, it may be read out of the flow chart “almost by inspection” (see also [18] for an
algorithm computing this).
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Figure 2. Flow chart corresponding to the SETARW model (14).

AN—= S
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Despite the fact that the characteristic polynomial is not of the Descartes type, all our
three Ry recipes yield the above result. We provide now details for the NGM method. After
removing the compartment r (since it does not appear in the other equations), the calls
“inf=Range[4];DFE[SEIARW,inf]; NGM[SEIARW,inf]” of our scripts yield that the DFE is

{S% %,eﬁo,iao,aﬁo,wﬁo}

and
0 ,Bi ,Bu ,Bw 1 de 0 0 0
oo 0o o | _ |o ‘ | e 4 0 o0
F=sl g 0 o o |=5[o|@ A B B)V=1 _" 4 4 o | (15
00 0 0 0 0 —€ —e do

Here the dominant eigenvalue of K = FV~, that of the transpose

Bidweida+PBacadwdi+Pw (eié‘,’du+€,¢€nd,) Bidw+e€iPuw Badw~+€aPuw &

ded[dadw dwdi dwda dw

K= 0 0 0 0
0 0 0 0

0 0 0 0

the rank 1 formula of [20,41,42]

(1,0,0,0).(V*)~.(0, i, Ba, Bw)",
as well as the Jacobian factorization confirm all the results (16) of [18].

5. Target-Infection-Virus Models
5.1. Two Admissible (F, V') Decompositions and Ry’s for the Three Dimensional Model of [44]
The three dimensional model of ([44] eq(1)) is:

x — Bxv — Bxyxy,  A(x) = px(xXape — x)
ﬁxv + By Xy Hyy (16)
0 10 + Broxv + Byoyv — buyy |
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where we represented already the infectious equations as a difference of “new (positive)
infection” terms and “transfers”. The DFE is x = x47,,y = 0,0 = 0.

This reduces to the case with zero delays in ([45] eq(5.1)), when the rate of viruses
moving into a healthy cell By, and the rate of viruses moving into an infected cell B, are
both 0, and to the case in [46], when By, = 0 = By (the latter is the cell-to-cell infection
rate) and By, = B.

The gradient of the infectious equations is

_( *Bxy—Hy px )
M ( by —vByo  —Ho — XPxo —YPyo ) 17)

Calling our NGM script with “inf = {2,3}” yields [44]’s result: namely,

Bry B ) < —Hy 0 )
F = ’ 7V = ’
dee< 0 0 bﬂy —Uo — xdfeﬁxv

the next-generation matrix (NGM) of the infectious coordinates at the DFE

Bbx + Xy Bx
K= Ho+XBxo Hy Hot¥Be |,
0 0

and that the DFE is Lyapunov-Malkin stable when R defined in

Xdfe Xdfe Hy
Ry = +pp—m—+—, ===, 18
0 Xc Ho + xdfeﬁxv e ﬁxy (18)

is smaller than 1 and unstable when Ry > 1.
The Jacobian factorization provides the same formula, despite the fact that the charac-
teristic polynomial is of the Descartes type only conditionally, when By, > Byy.

Bxv + Bxyxy
betapyy
an earlier version of [44] at https://people.clas.ufl.edu/pilyugin/files/cosner60-dcdsB.pdf (accessed

on 1 November 2023):
Xife Bxafe
Fo ( xBxy Px ), V= < Hy 0 >,K _ Yo JotProtage (19)
buy 0 0 pot BroXafe b 0
This second decomposition yields a different Ry:

Xdfe 4Bbx2
Ro = 1+4/14+ ———— . 20
07 2x ( \/ Xage(XafeBxo + to) 0

Furthermore, this early version also shows that the two decompositions have the same stability
domain for the DFE, which may be reexpressed as

Remark 15. Interestingly, another admissible decomposition F = < , appears in

Xdfe

X4
Rop = Kyi1+KipKo 1 = < fe
c

— <1
Mo + ﬁxvxdfe

+bB 1)

We note that this equivalence also follows by applying the first criterion in [47] (when the character-
istic polynomial, given here by A" — ag A" =1 — ap A" =1 — . has all coefficients as non-negative, then
Y. a; may be used as the threshold parameter instead of Ro), withn = 3,a7 = Ky 1,02 = K1 2Kz,
asz = 0.

Remark 16. Note the second decomposition has one more non-zero term in F, which does not
appear in ours, since we view it as a transfer and not as an interaction. We see here an excellent
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example of non-uniqueness, where one must choose between an answer with F of a lower rank and a
simpler Ry formula, but which is valid only under certain conditions (that the non-diagonal term
buy in V is small enough), and an answer with a simpler V, which requires less assumptions on the
parameters but yields a more complicated Ry.

Remark 17. The domain of stability, in terms of the parameters. As an aside, it is easy to
show that (23) is equivalent to

Mo +,vaxdfe< xdfe)
Xife < Xe,b<by:= —7r——""1———, 22
dfe < Xc 0 Brare . (22)

where by is the solution of equation Ro(b) = 1. Thus, the stability of the DFE is equivalent to both
xgf. and the “burst parameter” b being small enough.

We offer now a third gradient decomposition, which turns out to be inadmissible

sometimes, but it again yields our recipe’s Ry. Taking F = ( Xaf ey 8 ) yields

by
1 Bxage
V=F-M= ( ]z)y 7ﬁxdfe )/ vl = Hy I‘-}/(Hv‘*’i"dﬁﬁxv)
Ho + xdfgﬁxv 0 [Ty
Note that V' is a sub-generating matrix only if x5, < %V
deeﬁx}/ ﬁxzzlfeﬁxy
However K = My pobytxagBroly | vields the correct
b Bbxare
HotXdfePro
bx x
Ry = max| 0, & dfe + dfe'Bxy .
Ho + XafePro Hy

In the current example, the RUR algorithm works as well. The difference of the two
positive terms is

Bbxafetty + XagePy(Ho + XagePxo) — Hy(Ho + XafePxo) = ty(Ho + XafePxo) (Ro — 1),

for both choices y and v as scalar variables, and the appropriate cosmetics recover the
recipe NGM Ry.

This example illustrates the fact that sometimes several admissible and even conditionally
non-admissible decompositions, as well as other approaches, may lead to the same R.

5.2. Two Distinct Approximate Extinction Probabilities, One for Each Admissible (F, V)
Decomposition for the Model of [44]

The extinction probabilities of the stochastic model are of course unique. We may use
the result of Bacaer’s formula as approximations. In this interesting example, we find out
that both (F, V) decompositions yield reasonable results. This suggests that we have not
one, but two deterministic epidemiologic approximations for a single stochastic model.
This strengthens our point of view that a deterministic epidemiologic model must include
a specification of the (F, V) decomposition.

The respective results we obtained are:

1. For the first decomposition, the extinction probabilities obtained by solving (8) are

gy =1,4: = 1,when Rg <1,
(B (3 (B+Bx0)) +Bity ) = 4BBry iy (x(B=bB-+B) + 1) ) +x (1 By + ity ) 32 (B+Bv) By
Iy = %Py
(v xB) (2 (B BB ) )4ty V2 8Bty (BB Pr) 1) 3By 2 (B4 ) (=) Py
2%bx% 1, .

,when Ry > 1
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2. For the second decomposition, the extinction probabilities obtained by solving (8) are:

gy =1, =1,when Ry <1,
y = i\/xz((ﬁ(bJrl)}’y*ﬁ&v(}’\'*x(ﬂ*ﬁxv)))2*4/35»'}‘)/(l‘erX(ﬁ*ﬁxw’)))+5(b+1)xl‘y*+x1“'5><)'+xz(ﬁ*ﬁw)ﬁw
v 2Bx2Bxy
 rerxp) (252 ((BO+ Dy Py (e +x(B+Bx)) 248y iy (v +x(B+Bx)) ) +B(b+ 1)ty st Py +3% (B+Bxr) (= ) )
- 2Bbxpty (v +x(B+Bxv)) .

,when Ry > 1,

In a numeric instance, we found the two results reasonably close to each other.

6. Multi-Strain Host-Only Models

Multi-strain diseases are diseases that consist of several strains, or serotypes. One
interesting thing about multi-strain models is that, besides the DFE, we have new boundary
points which are relevant epidemiologically, in which one subset of strains A is present
(“resident”). We have then a natural coexistence of several “R thresholds”:

1. R, is the bifurcation threshold at which the DFE stops being stable, when the only

compartments present are those of A.

2. R is the bifurcation threshold at which the boundary point E 4 starts existing (in the
presence of the A® compartments).
3. Ryc 4 is the bifurcation threshold at which the boundary point E 4 stops being stable,

i.e.,, when the A° compartments invade the A compartments.

Note that for two strains already, we have at least two new thresholds, Rp;, R1», which,
together with Ry and the thresholds Rj, R; of the individual strains, divide the line into
six regions with different stability properties. Studying the relations between the various
thresholds in the parameter space is quite a challenging topic. However, their calculation is
a priori of the same level of difficulty as for the DFE.

6.1. The Two-Strain SIS Tuberculosis Model of ([22] (Section 4.4))

The model presented here is a limiting case of that presented in the next section, ob-
tained when the transition rates <1, 7, converge to 0. It also generalizes the two-strain SIS
tuberculosis model of ([22] (Section 4.4)) by allowing for cross infections in both directions

iy = i1(i2(va —v1) + B1s — 01 —b) = i1 (i2(v2a —v1) + B1s — dq),
iy = ip(i1(v1 — v2) + Bas — 02 — b) = ia (i1 (v — 12) + B2s — d2),
s' = b —s(Briy + Baia + b) + 101 + ip0n,

where we put d; = 0y — b,d, = 03 — b in the first two equations to simplify their notation
(the last equation may be removed, since s = 1 — iy — ).

Noting that the first two equations’ factor yields the following three boundary steady
states, where x = (i1, 2, s):

Xg = (0,0,1),
xi = (1-R;LO R,
x = (01-R;1 Ry ),

where we put

_ B _ B
Ra= b+¢71’R27 b+oy

The disease-free steady state x( exists for all parameter values, while the original strain-
only steady state x; is physically relevant if and only if Ry > 1, and the emerging strain-only
steady state x; is physically relevant if and only if Ro > 1.
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There may also be a fourth non-negative coexistence equilibrium (COE), given by

_ Prda—Podi—(vi—v2)(Bo—d>)

h= J ((El*vzl(ﬁl)*%Y;l*VzL |
i M(pa—VitVp)—p1ldp—V1 112
2= T ) (B Batviva) ’ 23)

Sil—il—iz

Note that this depends only on v; — v, which shows that the case 1; = 0 considered
in ([22] (Section 4.4)) is not that restrictive (However, the appearance of v; — v, in the
denominator suggests limiting the diffusion phenomena, which may be worth studying in
their own right.) In this case, the COE point simplifies to:

. dy(di(R1—Rp)+v(Ro—1))

S i B
c o di(da(Rp—Rq)+v(1-Ry
2= TR+ &R 1) ’ 24)

Sil—il—iz

which is positive if R, > 1 and the following conditions hold

R1 > 7th;jz, 0<v< 7‘11(%:121), or, 25)
Ry < B8, (0<dy <v(l- ) ordy > v(1— 7b),v < AR,

v+dy

We give now some details of the NGM implementation for the three boundary points.

Recall that the idea is to project the ODE at each boundary point on the 0 coordinates (or

some subset), while fixing the other coordinates. We must therefore compute new (F,V)
pairs at each boundary point, since the respective zero coordinates are different.

1. At the DFE, the zero coordinates are {i1,i2}, and so Z = {1,2}.
Our script yields the expected result

BaSare PiSage
o +b' o+ b

R():Max{ :| :Mﬂx[Rl,Rzl,Ri:Sdngj:Ri,izl,z.

2. Atxp,Z={1},and

o R (1n =) (1-R;")
127?24— b+0’1 ’

When v = 0,1, = v, we recover the result ([22] (18)) R1, = % + bi'al (1 — R;l)

This implies that the stability holds if R, > 1 and R4 are not too big, more precisely:

(1-Ra)

v
Rp<le R <Ry+ b+op (26)

For a sanity check, we will derive the stability condition of the point x, also by the
direct Jacobian approach. The Jacobian at x; is

*/Sz(bﬂ/l*V2+t71)+ﬁ;3(b+ffz)+(1/1*vz)(b+<72) 0 0

>

_ (Vlfvz)(gz;ﬁzﬂfz) 0 —-b+pBa—0m
o — ﬂl(ﬁ‘;@) —b o — ,52

In the case of [22], the eigenvalues are

{_b’_((RZ - 1)(b+(72)), (b+Ul)(R1 *Rz) +1/(R2 _ 1) }

R
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1.0

0.5

The second eigenvalue is negative if R, > 1, and the third eigenvalue is negative when
v

(R17R2)+b+(71

(Rp —1) <0< Ryp < 1see (30).

3. Ananalog result holds via symmetry at x;, where Z = {2}, and

1=n)(Ri-1)  Ra

R = 2Ry Ri

We illustrate now in Figure 3 via an i bifurcation diagram that, as natural, when f;
is small enough, the x; fixed point is stable enough to be replaced as an attractor, first by
the COE, and finally by the x; fixed point, when 1 increases. Figure 4 illustrate time and
phase plots at the critical point 81, = 2.

— X, stable

..... Xp unstable
-------- COE negative
—— COE stable

..... COE unstable

=0.5

........ X1 negative
..... X1 unstable
—— X4 stable

Figure 3. i; bifurcation diagram when By variesand v} = 0,1, =v=3=p =3 b= =n =1,
Ry = ‘32—1, R, = %, so that x; is always positive. Since Ry > Ry > 1, the DFE is never stable. Observe
the following three regimes: (a) until 1, = 1.5 is defined by equality in Ry, := V(‘EE]) + % <1

, =

& B < %ﬁjm + v, where the only stable solution is x,. (b) At 1, = 1.5, xo becomes unstable

and the coexistence solution becomes non-negative and stable, until B; is defined by Ry = % -

V(Ea D_o1e Ba1 = % = 2.4. This is also the first intersection point of the COE and x.

For a numerical check, at 1. = 2, defined by R = 1 & By, = b + 07, where the x7 solution emerges
and is initially unstable, the eigenvalues for the COE are (—1, —0.333333 4 0.235702 Im). (c) After
B1 = B21 © Ry < 1, the x; solution becomes stable and the COE loses its stability (the latter was
checked numerically). Note that at By, = 3 & R = Ry < B1 = v, there is no stability change: the
COE and x7 continue to be unstable and stable, respectively.
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Phase portrait

(a) Time plot corresponding to the o 1 2 3 4 5
dynamics
(b) Phase plot at 1. = 2
Figure 4. Time and phase plot at the point B;, = 2 illustrating convergence towards COE =
(i — 0.0833333, iy — 0.166667,s — 0.75). (a) (i1,ip,5)-time plot at the point 1. = 2 reveals con-
vergence towards the COE. (b) (i1, iy) —stream plot.

6.2. The Minimal Disease Set of the Multi-Strain Host-Only Dengue Model with
Antibody-Dependent Enhancement (ADE) [48]

The ADE (antibody-dependent enhancement) effect, believed to occur for dengue
and Zika, means that infection with a single serotype is asymptomatic, but infection
with a second serotype may lead to serious illness accompanied by greater infectivity.
It was first studied mathematically by [49,50], who showed that for sufficiently small
ADE, the numbers of infectives of each serotype synchronize, with outbreaks occurring
in phase, but when the ADE increases past a threshold, the system becomes chaotic, and
infectives of each serotype desynchronize (however, certain groupings of the primary
and secondary infectives remain synchronized even in the chaotic regime). Subsequently,
Ref. [51] examined the effects of single-strain vaccine campaigns on the dynamics of an
epidemic multi-strain dengue model. We cite now the eloquent dengue description given
by these authors:

“What makes modeling the dengue virus so interesting is that it has developed a
sophisticated spreading process. Dengue is known to exhibit as many as four coexisting
serotypes (strains) in a region. Once a person is infected and recovered from one serotype,
they confer life-long immunity from that serotype. However, the antibodies that the body
develops for the first serotype will not counteract a second infection by a different serotype.
In fact, due to the nature of the disease, the antibodies developed from the first infection
form complexes with the second serotype so that the virus can enter more cells, increasing
viral production. The increased transmission rate in subsequent infections is known as
antibody-dependent enhancement (ADE). ADE is an alarming evolutionary development
in multistrain viruses with respect to vaccines. An optimal vaccination would need to cover
all strains of the disease at once, or the vaccinations could increase transmission of the
strains not covered. This is particularly dangerous for people who have dengue because
the infections are more severe in individuals who already have dengue antibodies”.

A multi-strain model which adds further compartments allowing for temporary cross-
immunity has been developed in the works of Aguiar, Stollenwerk, and Kooi [48,52-55].

In this section, we consider a ten-compartmentasymmetric version of the model of [48],
whose variables, denoted by capital letters, represent

1. S as individuals susceptible to both strains;

2. I, fori,j = 1,2, as individuals infected with strain i and with temporary cross-
immunity to strain j # i;

3. R; asindividuals who have recovered from strain 7, but are not yet susceptible to the
other strain j;

4. §; asindividuals who have recovered from strain i, and have become susceptible to
the other strain j;

5. Y; = I as individuals previously infected with strain i and are now immune to it, but
became reinfected with strain j,7,j = 1,2,i # j;
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6. R, omitted in (31) since they do not feed back to the other components, as the recovered
individuals immune to all the strains.

After denoting by small letters the corresponding proportions, we arrive at:

s' = —s(Brir + Poiz + p + Pry1¢1 + Payagpo),

i = Bis(iy +yar) —in(11 + 1),

= y1ir —r1(61 + ),

81 = 6111 — s1(Bata(ia + y2p2) + 1),

Yy = Bamosi(iz + yog2) — 2 (72 + 1), 27)
iy = Bas(iz +yapa) —ia(v2 + 1),

rh = Yaip — 1262 + 1),

sh = 01y — so(Brevy (i1 + yagpr) + i),

vy = Brasz(in +y191) — ya(m + p)-

In addition to the DFE where s = 1 and all the other compartments are 0, this system

also has two other boundary points. With R; = %, these are:
1

1. onewithi; =1 =s; =y; =y =0, given by

u 1y a7 1)
Et=(+-(TR-1),——-(R1-1),——(R1—-1),0,0,0,0,0, — |,
v= (R g (R e (R R

2. and onewithi; =71 =s; = y1 = yp =0, given by

H 12 @272 1)
E>=10,0,0,0,—(Rr—1),——(Rr—1), ———————(Rp—1),0, — |.
? < /32( ? )ﬁz(“2+ﬂ)( 2 )ﬁz(ﬂézﬂi)( 2= 1) R

Thus, R;,i = 1,2 are the bifurcation values at which these two boundary points appear.

The maximal disease set contains I;, R;, S;, Y, i = 1,2. The DFE may be determined
already using the disease set I;, Y;,i = 1,2, which has the advantage of possessing a simple
characteristic polynomial with two factors Ry (X), Rp(X), which yields:

Ry = max[Ry (X), Ra(X)], Ry (x) = 22002192 43) ) Prltisadr £5)

’

T2+ M Tt H
Also, our scripts find that
Rji =sqfe Rj,j #i,i=1,2. (28)
Finally, applying the NGM script to E;, i = 1,2 yields the elegant relation
Ro = sqfe max[R1, Ry] = max[Rop, Rp]. (29)

Remark 18. Note the notations R1(X), Ry(X), suggesting that we want to view these as polyno-
mials in the variables of the model, rather than as values evaluated at one of the fixed points.

We end this section by drawing the attention to the object which allowed for computing
the key polynomials Ry (X), Rz(X).

Definition 2. (A) A minimal disease set T is a minimal set which still allows the computation of
the DFE, after being set to 0.

(B) The model factors are the factors which may admit positive roots in the characteristic
polynomial of the Jacobian with all variables in T set to 0.
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Remark 19. Assume w.l.o.g. Ry < Ry. Two situations may arise:

SdfeRl <R < SdfeRZ <R,
SdfeRl < SdfeRZ < R1 < Ry,

and in each of them, 1 may lie in any of the partition intervals. This gives raise to six disjoint cases:

Ri<Ry <1 the DFE is the only boundary equilibrium
sdngl < sdfeRz <1<RiI <Ry both Eq, E; exist and are unstable
safeR1 <1 < min[Ry,s45,Ra] < Ra  Ey unstable, E; stable

sifeR1 < R1 <1 <54, Ra < Ra only E, exists and is stable (30)
safemax[Ry,s4r.R2] <1< R only E, exists and is unstable
1 <sgreR1 <sqfeRo competition between the two stable dominants

strains Eq, E».

All these cases have been investigated in detail; for a more general model, see [56], which
reviewed in the next section. Thus, it turns out that the results are fully determined by the
model factors.

Before proceeding, let us give a name to the very interesting structure we have started
to investigate.

Definition 3. A Descartes multi-strain model of order M is an epidemic model for which the
characteristic polynomial of the Jacobian factors are completely over the rationals as a product of
terms, where precisely M of which are “Descartes polynomials”. For such models, the Jacobian
factorization threshold is defined as

Rj(X) =  max Ry (X).

One may check that
Lemma 3. For Descartes multi-strain models of order K, the local stability set is a subset of
Rj(X) <1.

Remark 20. The example of this section is a Descartes two-strain model (since the characteristic
polynomial has only linear factors, precisely two of which have constant coefficients which may
change signs).

6.3. Effects of Single-Strain Vaccination on the Dynamics of a Multi-Strain Host-Only Dengue
Model with ADE

In this section, we will show that the mysterious Formula (34) continues to hold under
the considerably more complicated two-strains model of [56], with vaccination applied to
one strain only. The model studied in [56] is depicted in Figure 5.

164



Mathematics 2024, 12, 27

\I*_'C__“ L Y
Y, 2 6, R‘z o B 1 !

Figure 5. Schematic representation of the infection status due to the concomitant transmission of
viruses 1 and 2, considering that the population is vaccinated against virus 1.

This model involves twelve compartments, two of which capture the vaccination
against strain 1.

1. S = Spareindividuals susceptible to both strains;

2. I, fori,j =1,2 are individuals infected with strain i, with temporary cross-immunity
to strain j # i;

3. C; (R;in the original model of [52]) are individuals recovered from strain i, and hence,
are permanently immune to it, with temporary cross-immunity to strain j # i;

4. R; (S; in the original model of [52]) are unvaccinated individuals who have recovered
from strain i, but have now become susceptible to the other strain j;

5. Y; (I in the original model of [52]) are individuals previously infected with strain i

and are immune to it, but have become reinfected with strain j,i,j = 1,2,i # j;

R = Ry; are individuals immune to all the strains;

7. Finally, there are individuals V who are vaccinated against strain 1 and are still
susceptible to strain 2, and individuals R,; = S, = Z who have been vaccinated
against strain 1 and have subsequently become infected by strain 2.

Denoteby N(t) = S(t) + V() + L (£) + Lo (t) + C1 () + Ca(£) + Ry (£) + Ro(£) + Yy (£) +

Ya(t) + So(t) + Ryz(t) the total population, put J; = I; +Y;, i = 1,2, and assume that the

two forces of infection acting on S are:

B

J;
Fi = ﬁiﬁlr
and that the forces of infection acting on Y; = S;,i = 1,2 are:
h J2 J2
a1p1 N,tlzﬁzN,txvﬁzN,
where &y, a7, a0, denote the decreases or increases in the susceptibility to secondary infec-
tions («; > 1 implying an ADE effect).

The following equations, with appropriate initial conditions, represent the disease
dynamics model:
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das S S
e (1=8Opu— Piligy — Balagy — S
dr S
aTtI = Iglhﬁ —(m+mh
dC
7; =mh— (01 +p1)C
dRq _ B & B
T 02C1 — a2B2)2 N HRq
day: R S
‘T:' = lxzﬁzfzwl + txvﬁzfzﬁv —(r2+u)Ys
i, . S
T 52]2N —(r2+uh (31)
dC.
‘th =72l — (62 + 1)C2
dR R
T: =6C — alﬁlhﬁz —uRy
dY; R
7; = alﬁlhﬁz —(m+pm
av
m =¢pu— (0 +p)V
ds S
7: =6,V — avﬁZ]Zﬁv - ﬂsv
dR
712 =71Y1+72Y2 — 4Ry

Table 1 summarizes the parameters and compartments of the model.

Table 1. Parameters and compartments of the model.

Parameter Description (fori,j = 1,2)

u Birth rate

u Per capita death rate

Bi Transmission rate of virus i

Yi Per capita recovery rate of infected people with virus i

0; Per capita loss rate of cross-immunity to virus i after previous infection with virus j
6y Per capita loss rate of cross-immunity to virus 2 obtained via vaccination

o; ADE factor that can alter the susceptibility of unvaccinated individuals to the virus i
oy ADE factor that can alter the susceptibility of vaccinated individuals to virus 2

¢ Per capita vaccination rate

Compartments Description

S Susceptible individuals to both viruses

\%4 Vaccinated individuals against the virus 1

I; Individuals with primary infection by the virus i

C; Individuals recovered from infection with virus i and have cross-immunity to virus j
R; Unvaccinated individuals immune to virus i and susceptible to virus j

Z=S5, Individuals vaccinated for virus 1, and susceptible to virus 2

Y, Individuals infected by virus 1 and recovered and hence, immune to virus 2

Y, Individuals infected by virus 2 and immune to virus 1 either due to recovery or vaccination
Ry Individuals immune to both virus

This system does not have negative cross effects; therefore, it leaves the non-negative
quadrant invariant [57]. It follows from the equations that

AN(E) _
3 u(1—=N(t)).
Therefore,
lim N(t) = 1.
t—+o00
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Assuming N(0) = 1 implies that N(f) = 1, for + > 0. Using this, we may assume
w.lLo.g. that N = 1, working with the proportions, is to be denoted by the corresponding
lowercase letters.

The only non-zero compartments in the DFE, to be denoted by E, are easily found
to be

0, U

=1 , =C—-0, = ;
S0 ¢ 20 §y+9v 0o §H+9v
in fact, the last value holds at any fixed point. As known from [56], there are also two
endemic points on the boundary, whose rather complicated formulas will be given later.

Remark 21. From a modeling point of view, this system has crucial parameters like o, (note that
&y = 0 means perfect vaccination, and a, = 1, which means that infection by the second strain is
equally likely for vaccinated people).

Due to conservation, the system evolves in a compact domain, and so we may eliminate
one compartment, for example, V, from the analysis. Finally, the last compartment does
not send input to the others and therefore may also be disregarded in the analysis.

6.3.1. The Jacobian Rj(X) is the Max of Two Polynomials, Obtained Using a Minimal
Disease Set

We may tackle this example via the Jacobian factorization approach, choosing the
minimal disease set Z = (i1, 13,11, Y2), just like in the previous section. Again, the charac-
teristic polynomial of the Jacobian with the variables in 7 are set to 0 factors completely as
a product of the linear terms

(1) (y1 4+ ) (v2+ g+ u) (01 + p 4 1) (02 + p + u) (1 + 1+ 6) X

(71 +p—ar1Brra — Brs +u)(v2 + p — axfory — Pas — Bozay +u),

only two of which (the seventh and eighth factors) may yield positive eigenvalues. Both
are of the Descartes type, and instability may occur if

[131(“10 +5) Ba(agry +zay +5)

Ry(X) := max|Ry(X), Ry(X)| = max ,
J(X) := max(R (X), Ry(X)| o o

|>1. (32

At the DFE, r; = r, = 0, and this yields

Rj:=Rj(Eg) =Ry = max[sod—i,sol’% +zo%},

A di=y1+pd=v2+p  (33)

This expression reveals a pattern similar to (16), with the difference that the existence of
two strains are reflected in the max and that the second strain is alimented by two classes
of susceptibles, one of which is the people vaccinated against the first strain.

In addition to the disease-free equilibrium, there might exist two more equilibriums
on the boundary: the endemic equilibrium where there are only infections by strain 1, Ey,
and the endemic equilibrium where there are only infections by strain 2, E,; this will be
reviewed in the next section.

6.3.2. The Endemic Boundary Equilibrium E; Exist If R;(Ey) > 1

At the equilibrium Ej, the values of I, Cy, Ry, Y1, Y and Ry, are zero. The coordinates
are easily found using the “Solve” command. Those of V, Z are the same as at the DFE, and
the others are:

nte . M{l—‘f } u mo. 6
s1=1——% =L 1| =L (R1=1), g = ——i1, 11 = —c 34
1 B Lo ,31( 1—1), a 1T oA (34)
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where

B
Ri=(1 C)% Ta R1(Eo) (35)
(the endemic equilibrium E; exists if and only if R > 1).

At the equilibrium Ej, the values of Iy, C, Ry and Y7 are zero, and that of V is the same
as at the DFE.

The solutions of the E; system involve all complicated square roots. In such a case, it
is more convenient to replace the “Solve” command by our RUR algorithm, which requires
the user to input a variable to reduce 2. The normal choice is 7> (which transitions to
positive at the bifurcation value), but here we will use s, to check the results of [56], who
find, using as a reduction scalar x = B,jp, that

=1k (-8 = (1= ¢)xyap
X+’ (x+pu)(r2+p)’ (x+p) (v2 +p) (01 + )
_ (1 - 5)357291 . oz = Uov]/l , (36)
(x+ ) (r2+p) (61 +p) (00 + p) (aox + 1)
_ vy Xy
P o+ @+ (2t )’
and that x is the solution of the quadratic equation
a =,
2 _ _ B2(1-¢) Batby
ax* +bx+c=0, (b —yrxv[lf ?y2+y]+y[1*%]'
c =12 (1-Ry)
The equilibrium E; exists if R, > 1, where
,32 |: Kyl } ,32
= 1—¢+ = So + ayzo] = Ra(Ep). 37
2= g §9v+y 72+;4[0 0] = Ra(Eo) (37)

If R, < 1, the fractions in the expression of b must be smaller than one or equal to one,
and it is not possible for both to be one. Therefore, b > 0. We also have ¢ > 0. Since that
a > 0, Equation (42) does not have roots with positive real parts. This implies that there is
no endemic equilibrium like E;. Thus, in this case, ¢ < 0. Since the coefficient a is positive,
Equation (42) has two real roots and only one of them is positive. To resume, if R, > 1,
there is a unique endemic equilibrium where there are infections only by strain 2.

6.3.3. The Recipe next-generation matrix Ry and the Jacobian Factorization One Coincide

This section shows that the polynomials Ry (X), Ry(X) in this example may also be
obtained via the next-generation matrix approach as eigenvalues of the K matrix via a
judicious choice of infectious classes.

One may choose, as the infectious subset, the nine compartments that are 0 in the limit,
but a luckier choice here is the smaller subset Z = {I3, I, Y», Y1 }, which precisely has, as
eigenvalues, the expressions R (X), Ra(X) in (37).

The decomposition matrices are

mAp 0 0 0 Bis 0 0 Bis
0 Y2 + n 0 0 0 525 ﬁzS 0
0 0 m+n o0 | 0 Bozwy Polre O sBo + B0,
0 0 0 7yt 0o 0 0 0
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where By, B, are:

B1 0 0 B 0 0 0 0
B | O B2 B2 O p_|0 0 0 0
0 o0 0 o0 |”7° 0 oty Pory O
0 0 0 0 0 0 0 0

The explicit non-zero eigenvalues of the next-generation matrix (sBy +zB,)V ! are

( B1s /32(2“11"'5)) (38)
n+u e )

confirming the result of the Jacobian method.
Let us note finally that (37), as well as the result of this section, imply the relation

Ry = max[Rq, Ra], (39)

where R;,i = 1,2 denote the bifurcation parameters at which the boundary points E; start
to exist.

Remark 22. Interestingly, Ry = max[R1, R, is the max of two quantities which satisfy that
Ri > 1,i = 1,2 are precisely the domains where endemic points E; containing exactly one of the
strains appear—see (44). This formula, natural in cases where the next-generation matrix has a
block structure, seems to be a general feature of multi-strain models, even when the block structure
is not apparent.

In the case of this section, there seems to be a more specific structure: the Jacobian factorization
approach allows for introducing two “Descartes type” (see Definition 1) factors R;(X),i = 1,2 of
the characteristic polynomial, which are that

1. The existence conditions for E; may be expressed as R; := R;(DFE) > 1—see (40), (42),
and (46).

2. The invasion reproduction numbers may be obtained simply by substituting the coordinates of
the dominance boundary equilibria into the corresponding factor. More precisely, the invasion
number of the fixed point E; for strain i is given by R;; = R;(E;).

Open question 2: Does the relation Ry = maxX Ry hold for all Descartes multi-strain
models of order K? (recall Definition 3 and Lemma 3).
6.3.4. The Invasion Reproduction Number of E; is Given by R;(E;)

The invasion reproduction numbers (see for example [58]) may, just as the basic
reproduction number, be calculated using the next-generation matrix.
Our script yields quickly that

Rii=Ri(E;),i=1,2,j #1i. (40)
Open question 3: Do the formulas connecting (44) and (45) to the Jacobian factorization

Ri = Ri(EO)rRO = max[Rl,Rz],
Rji = R;(E;), where R; denote polynomials obtained via (41)
the Jacobian factorization approach,

hold for some general class of epidemic models?
(C) For “two strain epidemic models”, what conditions must be satisfied to ensure the
inequalities R]-,- < Rj,i =1,2,j#i?
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To resolve these questions, it might be useful to study the three and four strain
generalizations of this problem and to investigate “non-simple” multi-strain models (in
which the characteristic polynomial contains non-Descartes type polynomials).

7. Vector-Host Models
7.1. The Jacobian Ry is the Square of the Recipe NGM R for the Dengue Vector—Host Model
without Demography of [30]

Ref. ([30] eq(28)) considers a “no demography/conservation” model with six compart-
ments, three of which represent hosts, while the rest represent the vector. Note that such
models with no demography do not have a finite set of fixed points. The DFE is not unique,
it coincides with the initial conditions. However, our algorithm works just fine. The model,
after removing two “R” classes which do not affect the rest, is:

1 _ _ PabS
S =5
g/ — _PnhS

2 N,

42
LY _(—m Lzﬁ;f "\ (L @)
I Llﬁ;zs 2 1) \k

The call “inf = {1,2}; NGM[Brouwer22,inf]” of our script yields that the decomposi-

tion matrices are s
_ 0 ﬁ%l _(m 0
—\ BuS 0 V= 0 7 )
N,

0 ﬁzl]\sll
K= ( B1252 “r201 )’

[5152B12821
Rp = | —=—==. 43
F N1N27v172 43)

After using the fact that the DFE is determined by the initial conditions S; = Ny, and
Sy = N, we obtain the basic reproduction number

R — [ B12B21 (44)
Y172
of ([30] eq(40)).

Here the characteristic polynomial is of the Descartes type and the Jacobian method,
as well as the RUR method, yielding for both the square of the (modified) formula (48)

_ P12Pa
Ry =5

and

Remark 23. Note that ([30] eq(35)) offers yet another admissible decomposition, based on a different
biological interpretation, with Rp = R}, and raises the question of which of the answers is more
relevant for a given epidemic. Deciding this from the ODE model only seems impossible.

7.2. The Two Groups Model in ([21] eq(5.8)) Does not Obey a Square Relation
The two groups model in ([21] eq(5.8)) defined by

S = —ButSt _ Pupi 4 Ay gy,
Sy = —bups _ Pzp% 4 ), s,

0\ _ (=== o+ B B I
I L}\ZIZSZ Lzﬁfz —YT2—p2—06 )\
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is not a vector-host model anymore, due to the addition of the “intra-group contact infection
rates” B11, B22-

The DFE is {0, 0, 2—1, % }, and the Ry is quite complicated:

V/ (B22N1S3 (71+01 1) +B11N2S1 (12 +62+12) )2 +4(Br2B21 — P11 B22) N NaS1 Sp (11 +01 +11) (12 + 02 F1i2)
2N Np (y1+01+p1) (Y2 +02+12)
+ Ba271N1 52+ P1172N2S1+B2ad1 N1 S+ 1192 NaS1 +Boapt1 N1 S+ Pra i NaSa -
2N1 N2 (71+01+p1) (Y2 +02+112)

The Jacobian factorization method yields a different answer for a characteristic poly-
nomial which is not of the Descartes type, precisely because of the addition of 511, B22.

B22N1S2 (71 + 91 + p1) + B1172N2S1 + B1162N2S1 + BripaNa St + ﬁ12ﬁ215152
NiNo (1 4 01 + 1) (v2 + 02 + p2) + B11B225152

Ry =

8. Multi-Strain Vector-Host Models
8.1. A Two-Strain Vector-Host Model of Feng and Velasco-Herndndez [59], Where the Square
Relation Holds for the Basic Reproduction Number

Ref. [59] considered a human population settled in a region where a mosquito popula-
tion of the genus Aedes is present and is a carrier of two strains of the dengue virus. Let
Vi, 1;,Y;,i = 1,2 denote the infected mosquitoes, individuals infected by one strain, and
individuals having suffered a secondary infection, respectively, let N = S+ R+Y2 | [; +Y;
denote the total human population, and let By = f}r‘;} (I\)I' B, = Efr‘;fh(l\; denote the rates of
infections in human hosts produced by the two strains. The model is defined as follows:

S'(t) = h — S(t)(By + Ba) — uS(t),
I} (t) = B1S(t) — o2 BoIy (t) — puli (1),

I)(t) = ByS(t) — 1 BiIx(t) — puly(t),

Y{(t) = 1 B1La(t) — (e1 + e + 1) Y1 (1),

Y;(t) = 02Ba Ly () — (e2 4+ p + 1) Ya(t),

R(t) = r(Y1(t) + Ya(t)) — pR(t),

Vi(t) = o RO Mi(8) — sV (1),

Vi(t) = az%ﬂ”w ) — oVa(t)

M'(t) = g = M(D) (m “EEHT + oo BERRY ) — oM (1),

The DFE is given by Ey = (h/u,0,0,0,0,0,0,0,49/5). For the infectious set
L, I, Y1,Y,, V4, Va, the F and V matrices used in the next-generation approach are given by

0 0 0 0 ﬁlsdfe 0
0 0 0 0 0 leSdfg
r— 0 0 0 0 0 0
0 0 0 0 0 0 ’
lledfe 0 ‘XlMdfe 0 0 0
0 IXZMdfe 0 leMdﬂ; 0 0
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) 0 0 00
0 u 0 0 00
V= 0 0 eg+r+upu 0 0 0
100 0 ep+r+pu 0 0
0 0 0 0 0 0
0 0 0 0 0 ¢
with Myse = q/4. Then,
0 0 0 0 [frae
0 0 0 0 0 frare
o 0 0 0 0 0o 0
Fv— = 0 0 0 0 0 0
a1 Mg, a1 Mg,
Iz [3 e +p+g 18[ 0 0
@My 22 Mae
0 [z 0 er+p+g 0 0

We obtain a basic reproduction number, which is a max

R = max(x/Rl, \/R2>,R,- = somgiPi (45)

ou

just like (44), but also contains the extra square roots typical of vector-host models.
Furthermore, it may be checked that this is precisely the square root of the answer
given by the Jacobian factorization method, which decomposes the characteristic poly-
nomial of the Jacobian as the product of five linear factors with negative roots and two
quadratic Descartes type polynomials.
There also two boundary (dominance) equilibria where only one strain survives. The
non-zero coordinates at the first one, E;, are given by

Ri—1 Ri—1 wysg+ 0

i =0——F——~— piyy=p———,S=p————,
b mopr/(u) +1 ron ysoa1(5)+1 Ilalﬁlmoﬂxly

with similar formulas holding for the other boundary point E;, using symmetry. Thus,
these points become positive precisely when the corresponding factor of the DFE becomes
bigger than 1, causing instability.

Since we had trouble with computing the invasion reproduction numbers, we switched
to the “simplified model” of [59], in which M is eliminated by noting that the equation for
the total vector population T = M + V; + V5 is T' = g — T, and also by assuming that
To = lim¢ 0 T(t) = q/6, M can be removed from the system by substituting

M=q/(5*V1*V2. (46)

As a first consequence of using (54), the Ry becomes equal to R;.

However, the recipe Rp at E; for the natural choice of “inf” is very complicated,
and [59] provides here a laborious local stability analysis, with a complicated result, via the
third-order Routh-Hurwitz conditions.

We note finally that the characteristic polynomial for jac(E;) has two factors of
degree 3, one of which is the Descartes type, and one which is not. The Descartes type
factor yields a polynomial R; (X). Putting this together with its symmetric R (X) allows us
to finally define

ajBjqs/ o
(Bjoj + 1) (ajij +0) + Bjojajs

Rj(X) = maxj[Ry(X), Ra(X)] = max;]
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Invasion Numbers of [59]

The two-strain vector-host model in [59] admits two boundary equilibria beside the
DFE in which

51,55, 17, I3, V', V5 are the invasion infection classes. In this case, we consider the
subset iny = (I, Y, Y2, V2) corresponding to the invasion infection class of Ej, then

0 0 0 b,S
F— b10’11)1 0 0 0
B 0 0 0 bzi]O’z
o(f-v) 0 ai-n) 0
b] (o] V] + M 0 0 0
v 0 e +pu+e 0 0
= 0 0 e+ u+e 0 ’
ﬂz(%—vl)—ﬂz(%—V]—Vz) 0 ﬂz(%—Vl)—ﬂz(%—Vl—Vz) ﬂ2(12+Y2)+5
0 0 0 ks
byoy V;
hlglg‘}lill 0 0 0
K= o o o  hho
”2(%‘7‘/1) 0 ”2(%7‘/1) 0
by Vi+u e tptg
then the IRN of strain 1 at E; is
o _ ViV VST D
1= .
die+u+é
Similarly, we chose the other subset iny = (I, Y7, Y>, V;) corresponding to the invasion
infection class at E, where we obtain
0 0 0 bS
P 0 0 0 b1l
- sz’sz 0 0 0 ’
a(f-Va) am(f-V2) 0 0
baoo Vo + 0 0 0
V= 0 ep+pu+¢ 0 0
= 0 0 o+t i 0 ’
a(d-V)-—a(l-vi-n) a(l-n)-a(l-v-7) 0 ar(h+Y1)+6
0 0 0 s
b 1(;171
K b OV 0 0
= o
hzéz‘gziﬂ 0 0 0
”1(%7‘/2) ”1(%7‘/2) 0 0

by Vot e +Hpu+g

then the maximum eigenvalue of K yields the IRN at E; which is

_ VD1 q = 60/ 1oy (b Vo + 1) + 1S + S+ §)
Sy/e1 + 1+ &\/broo Vo + i

8.2. The dengue—Zika Model with Coinfection and ADE [2]

The model studied in this paper continues previous papers like Isea and Lonngren
2016 [60] and Okuneye et al. 2017 [61], most notably by taking into account the possibility of
coinfection and of direct transmission of Zika via sex (which entails two forces of infection
for Zika transmissions in their flowchart, hence leading to an asymmetry in the results).

Ry
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Introduce the following forces of infection:

Foa = BnaToa, Toa = Tva + Iocva, dengue vector force
Foz = Bz Toz, Toz = Lz + Ipcv, zika vector force
Fi. = BozThz Ty, = L + I + ok, zika human force (47)

Fua = BoaTha, Tha = 1y + Ic + J4k4,  dengue human force
Fs = BsTh. zika human-to-human force.

Note that v, v, and ky, k, are, respectively, the parameters of altered infectivity for co-
infected vectors and of ADE, and note that even when v; = v, = 1, the co-infection model
is more accurate than previous works like [59], since it takes into account the existence of
doubly infected vectors I, which influence both chains of infection.

We will consider the model :

S;z = (Nh - Sh)ﬂ - sh(de + Foz + FS)/

Iy = SyFog — pla(Foz + Fs) = La(va + 1),

I, = Sy(Foz + Fs) — pLFyy — L(va + 1),

IL = p[lg(Foz + Fs) + LFyq — Ie(va +9c)] — ple,
R} = Ipva — Ra(Foz + Fs + 1),

R = L7y — Rz(Foa + 1),

Jh = 0v2le + Re(Fog — 14 — 1), (48)
]é =pYale + Ry(Foz + Fs — vz — 1),

R' = Jgva+J=7= — UR,

Sy = (No — So) o — So(Fua + Tiz),

I;d = FuaSo — thszd - Iz;dﬂv/

Ir/)z = F;S0 — pFualoz — Lozpo,

Lo = p(Fpzlog + Fraloz) — Locpio,

which generalizes a bit [2] by introducing the parameter p, whose purpose is to allow for
simplifying the model to remove the I, I classes, by setting p = 0.

Note that humans are born fully susceptible to dengue and Zika at a rate of uNj,
where p is the natural birth/death rate for humans and Nj, is the total human population.
Susceptible individuals can become infected with dengue from either a dengue-infected
(I4) or coinfected female mosquito (I¢). The mosquito-to-human dengue infection rate
is given by Bj4. This rate is modified by a factor of v; to indicate the altered infectivity
of coinfected mosquitoes. Once infected with dengue, humans can recover or become
co-infected with Zika (by a Zika-infected (I,,) or a coinfected female mosquito (I), or
via sexual transmission from a Zika-infected (I;) or coinfected (I;) human) and transition
into the Rd or Ic class, respectively. In a similar manner, fully susceptible humans become
infected with Zika from a mosquito in the I, or I, compartment.

The DFE has only non-zero components S, = Ny, S;, = Nj,. Choosing, as the infectious
set, all the compartments except Sy, Sj, yields

i 4+ 4/ 2+4N!7/Shz.Brrz(V+'YZ)
BuaNobua_ P i ke | :=max[Ry,R:],  (49)

Nypo(va+p)’ 2(p+2)

Ry = max|

confirming ([2] (Section 4)) and also the multi-strain structure we already met in (44)
and (53). Furthermore, one may show that R; > 1, R, > 1 are necessary and sufficient
conditions for the existence of the dengue-only and Zika-only fixed points—see subse-
quent sections.
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We end this section by reporting on the Jacobian factorizations at Ey, when choosing
as the infectious set

I= {Id/ L Ie, Jas )z Togs Loz, Ivc}~

Now the characteristic polynomial has two second-order factors:
— ﬁhdslfﬁzd(dez+Sh)
Niitto(va+1)
which generalizes R, in the sense that Ry(Ey) = Rﬁ; this raises the question of
whether this is related to the Zika IRN.
2. One not of the Descartes type, which raises the question of how to exploit non-
Descartes type second-order factors.

1. One of the Descartes type which yields the polynomial Ry(X) =

’

8.2.1. The Dengue-Only Resident Fixed Point E;

Even though the coordinates of the dengue-only resident fixed point E; are pretty sim-
ple, obtaining them is not. We have an a priori choice of zeroable set iny = {I;,Rz, |-, o }
which turns out to lead to about 2.5 h for “Solve” (due to the existence of four extra fixed
points which are non-positive for the numeric values of [2]. After performing the com-
putation, it turns out that the full zeroable set is iny = {I;, I, Rz, J4, J2, R, Loz, Inc }. The
remaining set of equations:

—yaly — uly + dshﬁhd -0
. 'SYdId — HRy4 =0
d[\z}fvd — lodlo =0

#(N, = Sp,) — Idshﬁhd -0

Nu
Idsv,gzd + Nv]iv S‘U]/[v =0

may be easily solved. In addition to the DFE, it has one extra fixed point:

Ry = Yl g MoNaNo  _ po(va+ 1) (N + BralNo)
p' HoNp + Boala  Bralto(va + 1) + HPod]
S, = N;?(P’U(’Yd +u) + pBoa) I = I‘N%Vv ( NoPnaPod 1)
Bod (N}, + BraNo) * Boa (Ny + BraNo) \ Nypo(va + 1) ’
s 1iNoBos
Ly = Igvdld T = d vﬁvi Iz =0, I, = 0.

#oNy — LaPog + Nupo'

The bifurcation value for E; is thus

NoBndBod 2
Nipto(va+ 1) @

confirming ([2] Lemma 1).

The Jacobian factorizations when choosing, as the infectious set, the complement of
Ii, R4, Ig, Sv, Sp, has a characteristic polynomial with one non-Descartes type, third-
order factor.

8.2.2. The Zika Only Resident Fixed Point E,

Using the full zeroable set given in [2] iny = {1y, I, Ry, J4, J2 R, Ly, Inc }, yields the set
of equations:

Sh (IShZqu + Izﬁs> —Ly,—ul, =0

Ly — R =0
IZ Pz
SNf vzHo =
2 Loz IzBs
P‘(Nh_sh)—sh(ﬁ]}{h +5) =0
Iz U,Buz + vav Sv}/‘v -0
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The Zika-only resident fixed point E; satisfies

Y21z PlthNv So Iz,szNv
R, = ,Sop=—7—7——, 15 = I = Iy =0,I,c =0,
z 7 v Pth +,8sz2 dv ,sz Z.quh ﬂth+ﬁszz vz e
UNE(Njpto + L Boz) _ N2 (po(va + 1) + 1Boa)

Sh

" LPBoz(uNy + BraNo + Lps) + Nipto (uNj, + Ls) Boa(#Np + BraNo)

where I is a positive root of the quadratic equation alI? 4 bl + ¢ = 0, with coefficients:

¢ = uNp(Nppto (4 — Bs + 712) = PuzNoPoz),
b = NyBspo(pt +vz) + uNpBoz (4 — Bs + 1z) + BrzNoPoz (t + 72),
a = BsPoz(p +72)

Assume first that S is small enough so that b > 0; then, this equation has a unique
positive root if ¢ < 0, which may be written also as

NpPstto + BrzNoPoz 1 (50)
Nupto (4 +z)
It is shown in ([2] Theorem 1) that this is equivalent to R, > 1 (both conditions determine
the correct stability domain and both reduce when Bs = 0 to the same answer %)
The model of [2] contains several interesting particular cases, to which we turn next.

8.2.3. The Dengue Invasion Reproduction Number (IRN) and Two Possible
(F, V) Decompositions

The dengue fixed point has non-zero values Sy, Sy, I3, Ry, I;,. Computing the IRN’s
requires specifying the “invasion infection classes”. Ref. [2] works with a subset of

i”Z’ = {Id/ I, Rd/ ]dr ]2r Idz;/ Ieo, Rc}/
given by iny = {1y, I, J4, Lip, I}

The resulting recipe V matrix is diagonal, and the recipe F matrix, after denoting
proportions by minuscule letters, is:

0 0 0 SnBnd  VasnPna
0(Brzizo +izBs) O 0 OBraiz  PVaBndiz
F= 0 0 0 Bratz  VaPnarz (51)
SoBod soBod kasoPod 0 0
Iz0Bod izoPod  KiizoPod  izPoz 0
and the spectral radius of the resulting recipe K matrix satisfies a polynomial equation of
degree 4.
Now ([2] Section 5.1) move two of the F terms in the V matrix, yielding
0 0 0 SnPnd  VasnPna
0 0 0 PBraiz  PVaPndiz
F= 0 0 0 Bratz  VaPha'z , (52)
50Bod  SoPod  KasoPod 0 0
izv,Bvd izvﬁvd kdizvﬁvd 0 0

with the —V matrix being:
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—Yd — ¥ — P(Bhzizo +i2Bs)  (Brzizo + 12PBs) 0 0 0
0 —p(Yatr) =K P2 0 0
0 0 —Yi— U 0 0 . (53)
0 0 0 _izﬁvz — Mo iz,sz
0 0 0 0 — Uy

They thus reduce the rank of K to 2 and obtain a simpler Rg. On the other hand, their
decomposition is admissible only under extra conditions of the parameters which ensure
the non-positivity of the row sums of —V, which they omit to mention.

Remark 24. The associated CTMC is the union of two disjoint generalized Erlangs, on the host
and vector, respectively. These are employed in the probabilistic/epidemic interpretations in [2].

The probabilistic/epidemic significance of F is better understood after decomposing this matrix
as a sum of matrices of rank 1 as follows:

Brasn 0
0Bhatz 0
F=|Bpikar=[(0 0 0 1 v)+| 0 |(1 1 1 0 0). (54)
0 ﬁvdsv
0 :Bvdizv

The column vector are total infectivity rates for the resident compartments, the row vectors
are distribution vectors, and this decomposition yields immediately both the Diekmann kernel and
Ro—see [41,42].

9. Conclusions

The possible non-uniqueness of the NGM matrix has not been sulfficiently studied in
the literature. Sometimes, like in the example of the last section, one simplifying choice is
justified a posteriori on the grounds of some interpretability of the results, ignoring the fact
that other choices might lead to even simpler answers, and there is the fact that a priori,
there is no reason to expect simple answers.

To this classic dilemma, we answer by showing, via numerous examples, that the
first “recipe NGM” to come to mind leads quickly to most of the results found in the
literature. The question of whether our recipe may always be associated to admissible
equation decompositions remains open.

We have also examined a variant of the Jacobian approach, a “factorization Jacobian
approach”, which draws the attention to certain polynomials with interesting properties (46)
and raises interesting questions—see especially Open Question 3. Notably, the relation (44)
holds in all the three “multi-strain” examples we examined and raises the additional
question of how to define multi-strain models in terms of the dynamical system, to ensure
that this always holds for this class.
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Appendix A. The Implementation of the Jacobian Factorization Approach

First, we use a utility which, for a given model, infectious set, and dummy variable
(taken always as u, to avoid confusions) outputs the Jacobian at the DFE, the trace and
determinant (for other purposes), the characteristic polynomial in #, the NGM matrix,
and Rp.

JRO[mod_,inf_,u_,cn_:{}]:=
Module [{dyn,X,par,cinf,cp,cX,jac,tr,det,chp,ngm,K,RO0},
dyn=mod [[1]] ;X=mod [[2]] ; par=mod [[3]];
Print[¢¢ dyn=’’,dyn//FullSimplify//MatrixForm,X,par];
cinf=Thread[X[[inf]]->0];
cp=Thread [par>0] ; cX=Thread [X>0] ;
cdfe=Join[DFE[mod,inf],cinf];
jac=Grad[dyn,X]/.cinf/.cn;
tr=Tr[jac];
det=Det [jac];
chp=CharacteristicPolynomial[jac,u];
ngm=NGM [mod , inf] ;
K=ngm[[6]];
Print[¢ ‘K="’ ,K//MatrixForm] ;
RO=Assuming[Join[cp,cX],Max[Eigenvalues[K]]];
{chp,R0,K, jac,tr,det}];

Most of the work is performed after calling this utility by another one, JR02. This
splitting of JRO in two parts is necessary since the detection of the non-sign definite factors,
which must be analyzed, is easier to perform by eye than by using a program. The JR02
script is:

JRO2[pol_,u_]:=Module[{co,col,cop,con,R_J},co=CoefficientList[pol,ul;
Print[¢‘the factor ’’,pol,’’ has degree ’’,Length[co]l-1];
col=Expand[co[[1]]1* co[[Lengthl[colll]l;
Print[¢‘its leading * constant coefficient product is ’’,col];
cop=Replace[col, _. _7?Negative -> 0, {1}](xlevel 1 here 7%);
con=cop-col;
Print[“‘R_J is’’];
R_J=con/cop//FullSimplify;

{R_J,co}

]

For a specific “mod”, both Ry’s may be obtained by typing:

jr = JRO[mod, inf, ul;
chp = jr[[1]1] // Factor
Print[¢‘factor is ’’, pol = chp[[5]1]]
pc = JRO2[pol,
u] ; (*the script JRO2 determines R_J, using the index,
for example 5, determined by \eye inspection in the previous commandx)
Print[“‘R_J is ’’, R_J = pc[[1]] // FullSimplify]
Print[‘‘R_N is ’’, R_N = jr[[2]] // FullSimplify]

Appendix A.1. Proof of [33]’s Result via Mathematica

1. The solution of the first recurrence equation in (7) for the expected time to extinction
of a linear birth-and-death process with arrival rate A and death rate gA (relevant
when Ry < 1) via Mathematica is:

q(Fx (1=¢)) + (a8 =1) +1og (12 ) (4 =) ) = (#-1) @ (L1K+1) )+ (g* 1)@ (L141)
A(g—1)g(q%-1) ’

178



Mathematics 2024, 12, 27

where H denotes the Harmonic function.

Since Mathematica cannot compute the limit when K converges to infinity directly,
we break the limit into its three parts and end up with the following generalization:
Making now j = 1 yields [33]’s result, which is

log(q) —log(q —1)
A

2. When R( > 1, we cannot obtain the limit for general j. When j = 1, similarly with the
previous case, the limit is divided into four parts:

_QJ—L" " 4(7 7W71)) )7ZK(HK+108(1*{I))

a; = Limit 4 A (1) ,K — oo, Assumptions — {A > 0,0 < g < 1}],

9((Hx=1)g%+1og(1—q)— 802

ap = Limit 1 >,K — 00, Assumptions — {A > 0,0 < g < 1}},

A(q-1)(q5-1)
Y| qqkd>(q,1,K+1) .
a3 = Limit | 7}1(471)(%71),1( — oo, Assumptions — {A > 0,0 < g < 1}],
oy | 0065 (@@(g1K41))) ’
ay = Limit _W’K — 00, Assumptions — {A > 0,0 < g < 1}]
Here Mathematica yields that a; = 0, a, = —w, the second being precisely

Whittle’s result, but we were unable to confirm with Mathematica that a3 = a4 = 0.
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Abstract: The susceptible-infected-recovered/removed—-vaccinated (SIRV) epidemic model is an
important generalization of the SIR epidemic model, as it accounts quantitatively for the effects
of vaccination campaigns on the temporal evolution of epidemic outbreaks. Additional to the
time-dependent infection (a(t)) and recovery (u(t)) rates, regulating the transitions between the
compartments S — I and I — R, respectively, the time-dependent vaccination rate v(t) accounts for
the transition between the compartments S — V of susceptible to vaccinated fractions. An accurate
analytical approximation is derived for arbitrary and different temporal dependencies of the rates,
which is valid for all times after the start of the epidemics for which the cumulative fraction of
new infections J(f) < 1. As vaccination campaigns automatically reduce the rate of new infections
by transferring persons from susceptible to vaccinated, the limit J(f) < 1 is even better fulfilled
than in the SIR-epidemic model. The comparison of the analytical approximation for the temporal
dependence of the rate of new infections f(t) = a(t)S(t)I(t), the corresponding cumulative fraction
J(t), and V(t), respectively, with the exact numerical solution of the SIRV-equations for different
illustrative examples proves the accuracy of our approach. The considered illustrative examples
include the cases of stationary ratios with a delayed start of vaccinations, and an oscillating ratio
of recovery to infection rate with a delayed vaccination at constant rate. The proposed analytical
approximation is self-regulating as the final analytical expression for the cumulative fraction [« after
infinite time allows us to check the validity of the original assumption J(f) < Joo < 1.

Keywords: nonlinear differential equations; analytic solution; vaccination; pandemic spreading;
infinite sums

MSC: 34A34; 34A45

1. Introduction

Vaccination campaigns on a considered population, subject to pandemic and epidemic
outbursts, have a profound influence on the temporal evolution of the rate of infected
persons. The necessity to calculate quantitatively this influence has prompted the de-
velopment of the susceptible-infected—recovered /removed—vaccinated (SIRV) epidemic
model [1-22]. The compartmental SIRV model generalizes the simpler susceptible—infected—
recovered /removed (SIR) epidemic model [23-26]. Three time-dependent rates, namely the
infection (a(t)), recovery (p(t)) and vaccination (v(t)) rates, regulate the transitions between
the compartments S — I, I — Rand S — V, respectively. The ratios k(t) = p(t)/a(t) of
the recovery to infection rate and b(t) = v(t)/a(t) of the vaccination to infection rate are
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the important key parameters of the SIRV pandemic model. Existing analytical solutions
to the SIRV equations available in the literature [1,2] have adopted originally stationary
values of the ratios k() = ko and b(t) = by, allowing for arbitrary time-dependent infection
rates a(t) so that the recovery and vaccination rates have the same time dependence as the
infection rate.

Here, we apply the recently developed analytical approach towards the solution of
the compartmental SIR model [27] to the SIRV-epidemic model. For all times after the
start of the epidemic, for which the cumulative fraction of infected persons J(t) <« 1is
much less then unity, an accurate analytical approximate solution of the SIRV equations
is possible for general and arbitrary time dependencies of the infection (a(t)), recovery
(u(t)) and vaccination (v(t)) rates. As vaccination campaigns automatically reduce the
rate of new infections by transferring susceptible persons directly to vaccinated persons,
who then no longer can get infected, the limit ] < 1 is even better fulfilled than in the
SIR-epidemic model.

A number of numerical studies to quantify the effect of vaccination campaigns are
available in the literature [28-32] using generalized SIRV-model equations with additional
compartments. In these works, the time dependence of individual compartment quantities
such as I(t) and R(t) have been derived, but these quantities are not regularly observed
and monitored during pandemic waves. Of higher interest, especially from the medical and
public health care points of view, are the rate of new infections f() and its corresponding
cumulative number J(t), defined by

0 =aws@re, 6 =1+ [ a1, )

respectively, after the start of the pandemic outburst at time ¢y, as the hospitalization and
death rates are directly proportional to f(t). Forecasts of the hospitalization and death
rates are essential in order to prepare a community for an upcoming pandemic outburst
by introducing non-pharmaceutical interventions and/or vaccination campaigns at an
optimized time.

The organization of the manuscript is as follows. In Section 2, we introduce the
starting SIRV-model equations both in terms of the real time f and the reduced time
T = ft; déa(g). It is beneficial for the analysis to express the SIRV-equations in a form
directly involving the observable quantities, such as rate of new infections j(7) = S(7)I(7),
the cumulative fraction of infections J(t) = J(0) + [ dxj(x) = n+ [/ dxj(x) = 1—
S(t) — V(1) = R(71) + I(7), and the cumulative fraction of vaccinated persons V(7).
As shown in Section 3 the SIRV-equations in this form allow an approximate analytical
solution in the limit of small cumulative fractions | < 1. The approximate solution can be
written both as function of the real and the reduced time. In Section 4, the approximate
solutions are compared with the earlier obtained analytical results for the special case of
stationary ratios between the recovery to infection rate and the vaccination to infection rate,
respectively. In Sections 5 and 6, we investigate two applications which were inaccessible
to analytical treatment before. The considered applications include the cases of stationary
ratios with a delayed start of vaccinations (Section 5), and an oscillating ratio of recovery to
infection rate with a delayed vaccination at constant rate (Section 6). Here, the analytical
approximations are compared with the exact numerical solution of the SIRV-equations for
these two applications in order to test the accuracy of the analytical approach. A summary
and conclusion (Section 7) completes the manuscript.

2. SIRV Model
The original SIRV-equations read [1]:
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ds

= —amsI- oS, @

% — a(B)SI— (bl 3

&= oL @

= s, ®)
obeying the sum constraint

S+ I +RMH+V() =1 (6)

at all times t > f after the start of the wave at time f( with the initial conditions
I(tg) =#n, S(to) =1—1, R(tg) =0, V(t) =0, @)

where 7 is positive and usually very small, # < 1. We refer to this case as the semi-time
case [25].

Recently, it has been demonstrated [33] that the SIRV Equations (2)—(5) can be ex-
pressed as

'jTV
MO = v S v
- j(x)
10 = =V -y i
and
k(t) =1- V(1) - J(7) - d%l“ {% "
in terms of the reduced time .
T:/to dga(), an
and the ratios (T(t)) (z(t)
T _o(t

The great advantage of the SIRV equations written in the form (8)—(10) is the di-
rect involvement of observable and monitored quantities, such as the rate of new infec-
tions j(1) = S(1)I(7), the cumulative fraction of new infections J(t) = J(t) = J(0) +
Jo dxj(x) =5+ [y dxj(x) =1—S(t) — V(1) = R(t) + I(7), and the cumulative fraction
of vaccinated persons V(t) = V(7). This has enabled the determination [33] of the time
variation of the ratios k(t) and b(t) from past COVID-19 mutant waves. For completeness,
we note the SIRV Equations (2)—(6) in terms of the reduced time (11)

B = sionws, (13)
;ii — STk, (14)
= ko, (15)
= bos, (16)

1 = S(0)+I(t) +R(x) + V(7). 17)
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In the following, we will derive approximate analytical solutions of the four nonlinear
differential Equations (13)—(16) in the limit of small J(7) < 1 and prove its accuracy
by comparing with the exact numerical solutions of these equations for a number of
illustrative examples of the reduced time dependence of the ratios k(7) and b(7). As will
be demonstrated, the proposed analytical approximation is self-regulating as the final
analytical expression for the cumulative fraction Joo = lim; o J(#) after infinite time allows
us to check the validity of the original assumption J(#) = J(7) < Joo < 1.

3. Approximate Analytical Solutions

J(t) = J(t) denotes the cumulative fraction of new infections. In the semi-time case
considered here, this fraction starts with very small values J(ty) = 1 ~ O(107°) at the
start for all pandemic outbreaks and approaches | after infinite time. In Table 1 we have
collected the monitored values for the COVID-19 outbreaks in different countries. As can
be seen, these are smaller than 0.62 and, in many countries, smaller than 0.1. Especially for
the countries with values J < 0.2, the assumption | < 1 is well justified.

Table 1. Reported data as of 12 Jan 2024 for final values Jo and D, for several countries with more
than P = 107 inhabitants. Here, P denotes the total population size, PJo and PDs, the reported total
number of infections and fatalities, and Jo and D, the population fractions at the declared end of the
pandemics. The table is sorted by ascending J«. The data were collected from the following github
repository: https://pomber.github.io/covid19/timeseries.json (accessed on 20 December 2023).

Country P/10°  PJ/10° Jeo PDy/108 Deo

France 64.88 39.867 0.6145 0.166 0.0026
Korea South 51.63 30.616 0.5930 0.034 0.0007
Portugal 10.33 5.570 0.5395 0.026 0.0025
Greece 10.75 5.548 0.5163 0.035 0.0032
Netherlands 17.02 8.713 0.5120 0.024 0.0014
Australia 24.13 11.399 0.4725 0.020 0.0008
Germany 84.08 38.249 0.4549 0.169 0.0020
Czechia 10.56 4618 0.4373 0.042 0.0040
Italy 60.60 25.604 0.4225 0.188 0.0031
Belgium 11.35 4.739 0.4176 0.034 0.0030
United Kingdom 65.64 24.659 0.3757 0.221 0.0034
United States 32313  103.803 0.3212 1.124 0.0035
Spain 46.44 13.770 0.2965 0.119 0.0026
Chile 17.91 5.192 0.2899 0.064 0.0036
Japan 126.99 33.320 0.2624 0.073 0.0006
Argentina 43.85 10.045 0.2291 0.130 0.0030
Turkey 79.51 17.043 0.2143 0.101 0.0013
Brazil 207.65 37.076 0.1785 0.699 0.0034
Romania 19.71 3.346 0.1698 0.068 0.0034
Poland 37.95 6.445 0.1698 0.119 0.0031
Malaysia 31.18 5.045 0.1618 0.037 0.0012
Russia 144.34 22.076 0.1529 0.388 0.0027
Peru 31.77 4.488 0.1412 0.220 0.0069
Colombia 48.65 6.359 0.1307 0.142 0.0029
Canada 36.28 4.617 0.1272 0.052 0.0014
Ukraine 45.01 5.712 0.1269 0.119 0.0027
Vietnam 92.70 11.527 0.1243 0.043 0.0005
Bolivia 10.89 1.194 0.1097 0.022 0.0021
Cuba 11.48 1.113 0.0970 0.009 0.0007
Iran 80.27 7.572 0.0943 0.145 0.0018
Guatemala 16.58 1.238 0.0747 0.020 0.0012
South Africa 55.91 4.067 0.0727 0.103 0.0018
Thailand 68.86 4.728 0.0687 0.034 0.0005
Traq 37.20 2.466 0.0663 0.025 0.0007
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Table 1. Cont.

Country P/10°  PJ/10° Joo PD/10° Do

Ecuador 16.38 1.057 0.0645 0.036 0.0022
Dominican Republic 10.65 0.661 0.0621 0.004 0.0004
Mexico 127.54 7.483 0.0587 0.333 0.0026
Philippines 103.32 4.077 0.0395 0.066 0.0006
Morocco 35.27 1.272 0.0361 0.016 0.0005
India 1420.00  44.691 0.0315 0.531 0.0004
Indonesia 261.12 6.738 0.0258 0.161 0.0006
Saudi Arabia 3228 0.830 0.0257 0.010 0.0003
Venezuela 31.57 0.552 0.0175 0.006 0.0002
Algeria 40.61 0.271 0.0067 0.007 0.0002
Senegal 15.41 0.089 0.0058 0.002 0.0001
Egypt 95.69 0.516 0.0054 0.025 0.0003
China 1410.00 4.904 0.0035 0.101 0.0001

3.1. Solution in the Limit of Small | < 1

Initially at reduced time T = 0, the cumulative number of new infections is extremely
small. In the limit J(7) < Joo < 1, where Joo = J(T = o), and also at later times, we use
the approximations 1 — J(7) =~ 1 — o to obtain for Equation (8)

av
~ ar L R R |
b(t) =~ T jm—V(r) _dr In1—Joo — V(7)] . (18)

With the initial condition V' (0) = 0 for arbitrary but given dependencies b(7), Equa-
tion (18) immediately integrates to

V(T) 2 (1 Joo)[1 — ¢~ Jo dx0(@)], (19)

which approaches Vo = V(e0) = 1 — ] after infinite time. Likewise, in the same limit
] < Joo < 1, Equation (10) becomes

[

k) = 1o V(r) - o h{L}

At |1—Jo —V(7)
. ; o dxb(x)
= (1- Jo)e Jodxtt) _ % In {J(T)fj_]} (20)

where we inserted Equation (19). With the initial condition j(0) = (1 — ) Equation (20)
integrates to

o) = = pexp [ dx [(1= Jo)e 8400 — k(x) ~b()]- @)

Because of the adopted smallness o < 1, we simplify the approximative solution (21)
in the following as

i(T) = (1= ) exp /0 dx [~ 40 — k(x) ~ b(x)]. 22)

but we keep the J in the solution (19) in order not to violate the restriction J(7) + V(1) <
Joo + Vo < 1. In terms of the real time the approximative solutions, (19) and (22) read

V() ~ (1 Jo)[1 - 0@ @3)
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and

, 't .
10 = aleyp1 = pyesp) [ aela@e o4 )~ o), 24)
respectively.

3.2. Comparison with the SIR Model Limit

The SIR model corresponds to the limit of no vaccinations v = b = 0, corresponding
to V = 0. In this limit, the solutions (22) and (24) reduce to

Jsir(T) 2 (1 = )l [k (25)

and .
Joir(£) ~ a(t)y(1— ,7)8][0 dé[ﬂ(é)*ll(é‘]/ (26)
respectively, in perfect agreement with the earlier derived Equations (12) and (15) of ref. [27].

3.3. Properties of the Approximate Solution (22)

The approximate solution (22) is predominantly determined by the reduced time
variation of the ratios k(7) and b(7). For the first and second time derivatives of the
solution (22) we obtain

% = n(l-n) [e* jgdyb(y)fk(r)*h(r)] exp/ofdx [e* jgdyb(y),k(x),b(x)}, 27)
2; ; )
% = 77(1*17) ([67 jo d;'/b(.‘/)fk(T)*b(T)]z — % _ % _ b(T)€7 jﬂ dyh(y)) %
[ KO ()
exp ,/0 dx [e k(x) b(x)], 28)

Consequently, extrema of the rate of new infections occur at reduced times 7¢ deter-

mined by
k(tg) +b(tg) =€~ INEZO) (29)

As the right-hand side of this Equation is smaller than or equal to unity, no extrema of
infections occur for a sum of variations

k(t)+b(t) >1 (30)

greater than unity at all times. As both rates are semi-positive the condition (30) for no
extrema in the rate of new infections is fulfilled if either the vaccination rate v(t) > a(t)
is greater than the infection rate and/or the recovery rate yi(t) > a(t) is greater than the
infection rate. For large enough values of k and b, so that k(7) + b(t) > 1, we have thus
shown in Equation (27) that no extrema of the rate of new infections j(7) occur at any
reduced time T > 0. According to Equation (27), then, this rate continually decreases from
its original positive initial value j(t = 0) = 5(1 — 1) to even smaller values at later times.
As j(t) = S(1)I(7) and S(7), as well as I(7), are originally positive for T = 0, they will
remain positive. With I(7) and S(7) positive, it is clear from Equations (15) and (16) that
R(7) and V(7) are also positively valued at all times.
In the case of reduced time intervals, where

k(t)+0b(1) <1, (31)
we obtain
2‘
e = =10 =) ([ ]ey + [Ty + 02 () + blae)k(we))
exp {/OTE dx <e’ Jo dybly) _ k(x) — b(x))} , (32)
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so that the extrema are maxima if

dk

(Fr)w + [ ]rE + 0% (1) + b(tp)k(7e) > (33)

is positive. Alternatively, the extrema are minima if

[ ]TE +[ ]TE + 0% (te) + b(te)k(TE) < (34)

is negative. Note that there can be multiple minima and maxima depending on the reduced
time variation of the ratios k(7) and b(7). The extreme values of the rate of new infections
are given by
"TE — [ dybly) _ _
ie(tE) = (1 — el [e 16 a0t ()b 35)

3.4. Cumulative Fraction

Integrating the rate of new infections (22) provides us with the corresponding cumula-
tive fraction

10 =g [ dzexp| [[dxe K00k —vw)]. co

For general reduced time variations k(7) and b(7), the integral in Equation (36) can be
reasonably well approximated and evaluated using the method of steepest descent [34,35]
by expanding the argument in the exponential function in Equation (36) to second order in
z around its (possible multiple) minimum values

_ 2 "
h(z) = / dx (e~ 0 00— k(x) — b(x)) ~ h(tm) + % 37)
where 2h(z)
"o z
hm - [ de }Tm' (38)

With this expansion, we obtain for the cumulative fraction (36)

]( ) ~n +77 1 — Z zh;’” () [erf ( %(7_ Tnz)) + erf (H hz;;l"f:n>‘|r (39)

where the sum of m accounts for possible multiple minima and

W) =[x [kx) + (@) — e K],

dk db
by = [E}Tm + {E]Tm + b (T ) + b (T k() (40)
For a minimum, the second derivative h;@ > 0 has to be positive. The minima occur at
times given by
k(Ti) + b(T) = e~ Jo" dvb(v), (41)
and, as discussed before (see Equations (29)—(31)), only for reduced time intervals where
the sum k(7) 4 b(7) < 11is less than unity.
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4. Special Case: Stationary Ratios

We first consider the approximative solutions (19) and (22) in the special case of
stationary ratios

k(’[’) = kg,
b(T) bo, (42)

considered before [1]. We readily obtain
V(T) = (1— Jw)[1 = 77, (43)
and

_ e*bQT

J(0) = n(1=pexp |y~ k+ bo)e. o

Provided ko + by < 1, the rate of new infections (44) attains its maximum value at the
reduced time

In(kg + b
0, = ko +bo) 5)
bo
The maximum rate of new infections, then, is
. . kot+by  1=(kg+bg)
jmax = j(tm) = (1 —n)(ko+bo) "0 e o . (46)

Equations (45) and (46) agree exactly with Equations (98) and (100) derived before [1].

4.1. Cumulative Fraction

Integrating Equation (44) yields for the cumulative fraction

J(7) = n+n(1=nH(T), (47)
with the integral
g 1—e b L ko
H(t) = /0 dx exp — (ko +bo)x| = by’ et /,207 dyyhoe™V, (48)
0 e 70T
0

where we substituted y = e~%¥ /by. The integral (48) can be expressed as the difference of
two lower incomplete gamma functions

X
(s, x) = /0 5~ le~tdt = I'(s) — I'(s, x), (49)
yielding
H(T)*b%e% POILC S Y O (50)
-0 T bo” by 7 by bo ’
so that the cumulative fraction (47) is given by
B ko 1 ko e bt
_ _ b0 .5y A Ko ¢
J(T) =1 +n(1—=n)b, eh 7<1+b0,b0) ’y(l—l—bo, ho . (51)
For infinitely large times, the fraction (51) approaches the final value
5k ko 1
Joo = J(x = 00) =+ =m)bg’ e |1+ 55 - ). (52)
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Equations (51) and (52) agree exactly with the earlier derived Equations (A10) and
(102) of ref. [1], using a different approach.

Because the analytical approximations were derived in the limit | < Jo < 1, for con-
sistency, we have to require Jo < 1 for the values of kg and by for which our approximation
holds. In Figure 1, we calculate the required values of kg and by fulfilling [ < 1 using
Equation (52). The required values depend on the initial condition encoded by 7, and
are located above the line shown in this figure. For sufficiently large ky, J < 1, for any
ratio by, while at low recovery to infection ratios ko, the vaccination to infection rate must
be significant to ensure Jo < 1. The regime of by close to zero is numerically difficult to
evaluate using Equation (52).

0.2 T T T :

N —n = 10-8
—n= 107
0.15 =10
n=107°
S o n=10""4
n=10"3

000 \\n o

0 ‘ : : .

0 0.2 0.4 0.6 0.8 1

ko

Figure 1. Required lower limiting values of by versus k, fulfilling Joo < 1 using Equation (52),
for various initial # (solid lines). Within the (ko, by) region above a certain solid line, Jo < 1, while
the exact numerical solution features [ < 1 for any choice of ky and by. The regime by < 1 is
numerically difficult to evaluate using Equation (52); beyond kg > 1/2 (marked by black dots), we
use the explicit Equation (58). For kg < 1/2, Equation (58) is shown as dashed line, highlighting the
region of kg where Equation (58) cannot be used.

4.2. Limit by < 1

In the limit of small by < 1, we use relation (49) and the asymptotic expansion
(Equation 6.5.32 in [36]) of the upper incomplete gamma function for large arguments
x>1

F(s,x>>1):xs’le’x[l—l—%—i—(s_liﬁ—l—..., (53)
to obtain for
ko 1 ko %—hl
0% 1+b70,b70 ~T 1+% *bo e 0[1+k0+k0(k0*1)+...]; (54)

the fraction (52) then becomes

L
Joo(bo < 1) =5 +n(1—1n) r(l+§°>h§°eho —[1+ko+kotko—1)+...]|. (55)

0

Using Stirling’s formula (Equation 6.1.37 in [36]) for the gamma function I'(x + 1) ~
V27x(x/e)*[1 + (12x)~!] for large x, Equation (55) becomes,

27Tk0 % 1;"70 bo
Jeo(bo < 1) = y+1(1—7n) Tko e o 1+ﬁ —[1+ko+ko(ko—1)+...]|. (56)
0 0

190



Mathematics 2024, 12, 326

For values of by < ko < 1, the fraction (56) to leading orders is given by

Joo(bo < 1) ~ 57+ 5(1—17) [\/ano/boe(l‘kf))/bokg”/bo - 1] (57)

Because one has to require [ < 1, or equivalently, In(Jo) < 0, Equation (57) turns into
an inequality for by, which can be written in terms of the principal branch Wy of Lambert’s
W-function, because (x/by) —Inby = Iny is solved for any x > 0 and y by x/Wy(xy),
leading to

by > 2(1— ko + kolnkg)
0= WO<(1+17)2[17k0+k0 ln(ko)]) :

kot

(58)
This inequality (58) ensures [, < 1. Along with the information contained in Equa-
tion (52), it is visualized in Figure 1.

5. Stationary Ratios with Delayed Start of Vaccinations

As first new application of our results, we discuss the case of stationary ratio k(1) = ko
for all reduced times and the influence of a stationary ratio b(7) starting at the delayed
reduced time t, > 0, i.e.,

k(t) = ko,
b(t) = bO(t— 1) (59)

where ©(x < 0) = 0 and ®(x > 0) = 1 denotes the step function. We then obtain for
Equation (19), i.e., in the limit ] < 1, V = 0 for T < 7y and

V(T> 1) = (1—Joo)[1 — e t0(T=®)], (60)
Likewise, the rate (22) becomes the SIR-rate [27]
j0 ST <) = (1 - el (61)
at times without vaccination, and

. 1— g*bO(T*Tv)
j(t> 1) =5(1—7n)exp [(l — ko)t + B —— (ko + bo)(t — Ty):| (62)

at later times. While the SIR-rate (61) is exponentially increasing in reduced time, the rate
(62) has a maximum value

1— e*bl)(":m*'(v)

(1—ko)T + b

jmax:j(Tm) = '7(1*77)9XP

- (k0+b0)(TmTv):|

1— (ko + bo)
by ’

ko+bo

71(1=1)(ko+bo) T exp {(1—k0)1—v +

(63)

provided ko + by < 1, the rate of new infections attains its maximum at the reduced time

In(ko + b
Tm:‘rv—n(obijo). (64)

We first note that for 7, = 0, the rates (62) and (63) correctly reproduce the earlier
results (44) and (46). We emphasize that the delayed start of the vaccinations increases
both the maximum time of the rate of infections and the maximum rate of new infections.
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Compared to the case of no delay in the start of vaccinations (7, = 0), we introduce the
enhancement factor for the maximum rate

jmax (To) o(1=k0)T

E(w) = Jmax(To = O) ! 65)
shown in Figure 2, which is independent of the vaccination rate and determined by the
values of kg and 7,. Apparently, this exponential enhancement solely results from the
new infections before the vaccinations start. While the enhancement factor increases
exponentially over a wide range of kg7, in accord with Equation (65), it numerically
reaches a plateau as kg7, approaches infinity, whose height increases with decreasing 7.
This is a clear indication that for large values of the enhancement factor, a regime is reached
where [(T,,) is no longer much smaller than unity, so that the analytical approximation no
longer holds. This explanation is supported by the cumulative fraction at large times (68)
(see below) being directly proportional to the enhancement factor (65).

‘ 7 T
_ko =0.2 1 Vi
5 14 /4
10 ko =0.4 —]
> 40 —
< 10 k() =0.6
I 10° ko =10.8
102 F
10°
10°
107 10° 10°
kOT’L‘

Figure 2. The enhancement factor E(1,) as function of ko, for various k. Analytical result (65)
(colored) compared with the numerical result (black) for by = 0.5 and 7 = 10~5. Note the double-
logarithmic representation. The dashed parts of the analytic results highlight the regimes for which
Equation (65) cannot be used anymore, as [« (68) exceeds unity.

Integrating the rates of new injections (61) and (63) yields for the cumulative fraction

](0 <T< Tv) =75+ M[C(Pko)f _ 1], (66)
1—ko

and

](T > Tv) = 7+ ﬂil —krl) [e(l—ko)rv ] + ]7(1 _ U)bbo (1—ko)Tv+% %
— R0

ko 1 ko e bo(T-w)
7<1+b0,b0> 7<1+b0, 5 . (67)

For infinitely large times, the fraction (67) approaches the final value Jo = J(T = c0) with

_ N =) [ (ko) B %(1—k0)-ﬁ,+bi ko 1
Joo = n+ =77 1— % [ ]+;7(1 )by’ e 0y 1+b o

77(1777) h() bD kO 1 17(7]7]{0)
TR E(1,) |1+ (1 —ko)b, 7( +bb0>}+lk0 . (68)

An example showing all quantities calculated analytically in this section, along with
the numerical solution for a case with [ < 1, is given in Figure 3.
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Figure 3. Example for Section 5 using kg = 0.7, by = 0.1, 7, = 10, and 7 = 10~5. Numerical solution
(solid black curve) for (a) j(7) and (b) J(7). In (a), the analytical expressions (61) (blue) and (62)
(red) had been added. The vertical lines are at T = 7, (dashed) and T = T, (solid), according to
Equation (64). The filled red circle corresponds to Equation (63). In (b), the analytical expressions are
taken from Equations (66) (blue) and (67) (red), while the red circle marks the analytical expression
for Je according to Equation (68).

6. Oscillating Ratio k with Delayed Vaccinations at Constant Rate by

As a second application, we investigate the influence of delayed vaccinations with
constant rate on the earlier discussed SIR-application [27] with an oscillating k ratio and
delayed vaccination ratio b,

k(7) 1+ asin(B7), (69)
b(t) = bO(T— 1), (70)

with constant values a and . As noted before [27] the oscillating ratio (69) represents a
series of repeating pandemic outbursts with equal amplitudes in the rate of new infections.
We then obtain for Equation (19) V = 0 for T < 7y and

V(t>1)=1- ¢ =), (71)
Likewise, the rate (22) becomes the SIR-rate [27]
j(0 <7< 1) = (1= p)eblFO 72)

at times without vaccination, and

o 1-— e_bO(T_Tv)

(2 1) =n(1 =) exp{ gleos(pr) 1)+ —— —— — (1 +b)(r-w)} (79
at later times. In Figure 4a, we show the rate of new infections (72)-(73) in the case a = 0.8
and 8 = 0.5 for several values of the starting time of vaccinations 7, and the vaccination
rate by = 0.2. We also compare, in each case, the analytical approximations with the exact
rates of new infections from solving the SIRV equations numerically.
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x10° x10° x10° %10 %10
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Figure 4. (a) Perfect agreement between the analytical solutions (72) and (73) (colored) with the
numerical solutions (black) for different values of 7, = 1,5, 10,20, 30 (see figure legends) at « = 0.8,
B =050b) =02 andny = 107>. For times T < Ty, the analytical solution is insensitive to Ty,
and branches from this curve at T = ,. The vertical black lines are at T = 1, (dashed) and T = 271/
(solid), and T = T + b, ! (dot-dashed). (b) Corresponding cumulative J(7). Numerical solution
(black) together with the analytical Equations (74) and (89)—(90) (colored).

For the corresponding cumulative fractions, one finds [27]
Iy %)

{TIO(2> +2n)2 n(ﬁ

in terms of an infinite series of the modified Bessel function of the first kind I,,(z), and

)

n=1

(74)

Jr<w) =n+yl—pe b sin(ﬂﬁf)}

In(%
n(,[f) sin(npt,) }, (75)

J(r 2 ) =+ = e {M(r) + TUIO(%) +2

with the integral

M(7) = / R / T ayeh Bl (g6
Ty 0

where we substituted y = x — T and introduced the function

1— e hoy

b )

g(y) = (1+bo)y-

This function (77) has the following asymptotic behaviors for small and large values of byy,

ie.,
s(y) ~ {

In the following, we therefore approximate the function (77) as g(y) ~ g (y) with

—boy(1+%), for y<by?,

L= +by)y, for y> byl (78)

(79)

gay)

—boy(1+ 2)0[b5" —y] + {2170 — (1 +bo)yl®ly — b, |-
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With this approximation, we calculate the integral (76). For values of T < T, + b, ! we
obtain

1

M(t -1, < by1) / o " dyed coslBlyrT)]boy(1+)
0

b dy{ft)( )+221n( ) [np(y+)
= \/% zo{lo<ﬁ> erf <\/b270(rrv+1)> erf@}

e~ boy(1+%)

o 2
+221n<5>e wn(r)}, (80)
n=1 ‘B
with
20y [T boy(1
Wy(T) = —e 0/2 2k /0 dy cos[nB(y + ))e tov(1+3)

R |:el”,3(Tv1) |:erf <\/17270(T—Tv +1)— \2’%) —erf ( %— &%)H (81)

in terms of error functions with complex arguments. The real part in Equation (81) is
calculated in detail in Appendix A, providing

Wy(t) = cos[nf(tw —1)] {erf <\/b2>0(r — T+ 1)) —erf \/?}

by
o2 (T=T+1)?

+m{cos[nﬁ(rv —1)] — cosnpt}

_b
_ ;\/;To{cos[nﬁ(ry —1)] — cosnpt,}
237%1(T*Tv+1)2 o ei%An,m(T)
T = m2 4 2bo (T — 1y 4 1)2
28 & e Buul(r)
e 2 e~ T Bym(T
T El m? + 2bg ®2)
with
Apm(t) = V2bho(t— 1 +1) [cos[nﬁ(rv -1)] - cosh(\n;;Tﬁ) cos n‘BT} ,
0
L msinh <\"}%> sinnp, (83)
Bum(T) = +/2bg {cos[nﬁ(rv —-1)] - cosh(%) cos nﬁrv}
+m sinh(%) sinnft,. (84)
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Likewise, in the alternative case T > 7, + b, 1 we find

1

byt N
M(T— 7, > bﬁl) /0 0 dyeﬁ COS[/S(V‘*'TU)]_bUy(H'%)

LT /* dy e P HTI=(LHo)y
b1

0

= eﬁ /b:*T dy {Io( >+2 Z In< )%e’"ﬁ 7”“)} e~ (Ithoy

+\/Zebz°{10<g> {erf (@(1 +b0—1)) —erf \/bﬂ
+2n§ 1,,(%)[%% (Tv+b01)}. (85)

The remaining integrals can be evaluated with the help of

1+by

0
o Ty = (I4bo)(t-m)
dye—(1+bo)y — ¢ ) 5
/bal ]/3 1 T bo ( )
and
§R/ dyemﬁ y+70)—(1+bo)y
m [(n‘B sinnBt — (1+by) cos nft)e” (1+bo) (T—T0)
0
14
— (nﬁ sinnB(t + by ') — (1 + by) cosnp(w, + bal)>e_To] - )

Consequently, Equation (85) becomes

M(t=t 2 ') = \/Zﬂ{lo (%) {erf (ﬁ(hlo +1)> — erf \/bﬂ

o g
+2Y I, (%)e T Wy (T + bol)}
n=1

1+by
1 /a\e o —e (1+bo)(TT) 4 In(%)
+e?o | (7) +2em Yy B
0 ﬁ 1+ by ;4;1”2/32+(1+b0)2

{(nﬂ sinnBt — (14 by) cos n‘BT)e*<1+bo)(PTv)

14Dy

—(nBsin[np(to + by )] — (1 + by) cos[np( + bal)])eiﬁ] . (88)

For the cumulative fraction (75), we obtain

J(to <T<T+by") = n+y(l-—n)e P

[TUI() <%> +M(t—1 < b i % sin nﬁrv)] (89)

and

](TZTv+bal) = n+n(l—mne B x

[mo(%) +M(T— 1, > byt i % sin n,BTv)] (90)
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by inserting Equation (85) and (88), respectively. Hence, the cumulative fraction after
infinite time is given by

. o I (%
Jo = 77+77(1777)e7{rv10(%>+22 n(g)sin(n/srv)
n=1

e o) (0] ]

n2p2

2y 1, (5>e’WWn(TU +hph)
n=1 'B

_Lihg

e ale M ,% o In(%)
+e OIO<B>71+bO+Ze 0 £7n2ﬁ2+(1+bo)zx
[(1 +bo) cos[nB(to + by )] — nBsin[np(t, + b(;l)]] } 1)

which is compared in Figure 5 with the numerical values. It is sufficient to evaluate the
sums up to n = m = 50; with this setting, the calculation of a ], value lasts only a fraction
of a second.

x10° x10°
30 12 30 12
2 o By 0
20 20

8 - 8
15 =15

6 6
10 10

5 4 5 4
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 1
bo bo

Figure 5. ] as function of by and 7,. Remaining parameters as in Figure 4, i.e., a = 0.8, B = 0.5,
and 77 = 1075. (a) The numerical result, (b) the analytic result using Equation (91).

7. Summary and Conclusions

The dynamical equations of the susceptible-infected—recovered /removed-vaccinated
(SIRV) epidemic model play an important role in predicting and/or analyzing the temporal
evolution of epidemic outbreaks accounting quantitatively for the influence of vaccination
campaigns. Additional to the time-dependent infection (a(t)) and recovery (y(t)) rates,
regulating the transitions between the compartments S — I and I — R, respectively,
the time-dependent vaccination (v(t) accounts for the transition between the compartments
S — V of susceptible to vaccinated fractions. Here, apparently for the first time a new
approximate analytical solution is derived for arbitrary and different but given temporal
dependencies of the infection, recovery and vaccination rates, which is valid for all times
after the start of the epidemic for which the cumulative fraction of new infections J(t) < 1
is much less than unity. As vaccination campaigns automatically reduce the rate of new
infections by transferring susceptible persons to vaccinated persons, who then no longer
can get infected, the limit ] < 1 is even better fulfilled than in the SIR-epidemic model,
which does not account for vaccinations. The proposed analytical approximation is self-
regulating, as the final analytical expression for the cumulative fraction J, after infinite time
allows us to check the validity of the original assumption J(f) < Joo < 1, thus indicating
the allowed range of parameter values describing the temporal dependence of the ratios
k(t) = u(t)/a(t) and b(t) = v(t)/a(t).

The comparison of the analytical approximation for the temporal dependence of the
rate of new infections J(t) = a(t)S(¢)I(t), the corresponding cumulative fraction of new in-

fections J(t) = J(tp) + ftg d¢ J(), and the fraction of vaccinated persons V(t), respectively,
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with the exact numerical solution of the SIRV-equations for two different and interesting
applications proves the accuracy of the analytical approach. These two applications were
not accessible to analytical treatment before. The considered applications include the cases
of stationary ratios with a delayed start of vaccinations, and an oscillating ratio of recovery
to infection rate with a delayed vaccination at constant rate. The excellent agreement of
the analytical approximations with the exact numerical solution of the SIRV-equations for
these two applications proves the accuracy of the analytical approach. In the first case, the
effect of a delayed start of vaccinations on the maximum rate of new infections and on the
final cumulative fraction of infected persons is quantitatively calculated, demonstrating
the importance of an early start of vaccinations during a new epidemic outburst. Moreover,
the new analytical approximation agrees favorably well with the earlier obtained analytical
approximation [1] for the case of stationary ratios between the recovery to infection rate
and the vaccination to infection rate, respectively, implying that the time dependence of
the three rates a(t), u(t), and v(t) is the same.

This work has calculated approximately the temporal dependence of the rate of new
infections and its corresponding cumulative fraction for a given population size using
the SIRV-epidemic model equations for spatially integrated quantities. No attempt has
been made to include any spatial spread by diffusion. Future work will be concerned with
finding analytical approximations for the more complex set of equations including spatial
diffusion [19,37—43].
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Appendix A. Reduction of the Function W, ()

In order to reduce the function W, (1) introduced in Equation (81), we use their
infinite series representation (Equation 7.1.29 in [36]) for the error function with a complex
argument

X2
erf (X +1Y) = erf(X)+ ;T—X[l —cos(2XY) +1sin(2XY)]

m2

2 o & [ XY)+igm(X,Y)]e™ F
+—e n;l o X2 , (A1)

with
fm(X,Y) = 2X—2Xcosh(mY)cos(2XY) + msinh(mY) sin(2XY),

an(X,Y) = 2Xcosh(mY)sin(2XY) + msinh(mY) cos(2XY) (A2)

and the properties fi, (X, —Y) = fiu(X,Y) and g (X, —Y) = —gm(X,Y). After straightfor-
ward but tedious algebra, one obtains for general real values of A, B and C for
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R {e’Aerf (C— 1B)]

—C2
= cos(A)erf(C) + ;TC[(l — co0s(2BC)) cos A + sin(2BC) sin A]
200 & e*%
T L m? +4C

m=1

+

5 [fn(C, B) cos A+ gu(C, B) sin A]

e
= cos(A)erf(C)+ ﬁ[cos(A) —cos(A +2BQC))

m?

2
207C & e

t— mgl e {2C[cos(A) — cosh(mB) cos(A + 2BC))]
“+m sinh(mB) sin(A + 2BC)}. (A3)

Applying Equation (A3) to the two error functions in Equation (81) then yields
Equation (82). For A, B, C equally distributed in the range [0, 10], the first term cos(A)erf(C)
in Equation (A3) contributes on average about 97% to the full expression. This feature can
be used to write down a simplified expression for W, (7).
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Abstract: An n-person cooperative oligopoly is considered without product differentiation. It is
assumed that the firms know the unit price function but have no access to the cost functions of
the competitors. From market data, they have information about the industry output. The firms
want to find the output levels that guarantee maximum industry profit. First, the existence of a
unique maximizer is proven, which the firms cannot determine directly because of the lack of the
knowledge of the cost functions. Instead, a dynamic model is constructed, which is asymptotically
stable under realistic conditions, and the state trajectories converge to the optimum output levels of
the firms. Three models are constructed: first, no time delay is assumed; second, information delay
is considered for the firms on the industry output; and third, in addition, information delay is also
assumed about the firms’ own output levels. The stability of the resulting no-delay, one-delay, and
two-delay dynamics is examined.

Keywords: cooperative game; oligopolies; asymptotic stability; time delays; Hopf bifurcation; stabil-
ity switching curve
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1. Introduction

Based on the pioneering work of Cournot A. [1], an intensive study on his oligopoly
model started, which continues until today. Most studies consider this model as a multi-
player non-cooperative game. First, the existence and uniqueness of the Nash equilibrium
were the main research subjects [2,3]. Several versions of oligopolies were introduced and
studied, including models with product differentiation, multi-product, labor-managed
oligopolies, oligopsonies, and group equilibrium problems, among others [4]. In dynamic
extensions, first linear models were studied since local and global asymptotic stability
are equivalent [5,6]. Based on the mathematical development of nonlinear dynamics,
oligopolies with nonlinear payoff functions have become the main focus [7-9]. In recent
years, oligopolies with time delays have been receiving increasing attention, since data col-
lection in order to determine the best decisions and their implementations need time. If the
delay is due to contractual or institutional circumstances, then fixed delays are considered.
If the delays are uncertain due to the large number of firms, or the firms want to react to
an average of past information rather than to sudden market changes, then continuously
distributed delays are assumed. In the first case, differential-difference equations model
the situation [10], whereas in the second case, integro-differential equations model the situa-
tion [11]. In the past, oligopoly studies of mainly non-cooperative models were considered,
and the Nash equilibrium in static games or the steady states of the dynamic models were
the focus. In the case of cooperative games, the players want to obtain maximum overall
profit, which is then distributed among them based on certain fairness principles [12].
Several concepts and methods were developed [13], among which the Shapley values are
the most popular [14].
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Many applications of non-cooperative games are known from the literature, which can
be found in many text books, like [15]. The applications of cooperative games also cover a
huge and diverse field in applied sciences, including natural resource management [16,17],
power systems [18], waste management [19], transportation [20,21], insurance industry [22],
social network analysis [23], communication network [24], manufacturing systems [25],
pattern clustering [26], and business and economics [27], among others. In this paper,
n-person oligopolies without product differentiation will be considered and examined
under the assumption that the firms know the unit price function and are able to obtain
information about the industry output; however, they do not know the cost functions of the
others since no technology information is shared among the players. Therefore, they cannot
determine their total industry profit maximizing output levels. Hence, an asymptotically
stable dynamic process is assumed in which the steady state gives the optimal output levels.

The paper is developed as follows. In Section 2, the basic model is outlined, and in
Section 3, its dynamic extension is examined without time delays. Two-delay models are
introduced and analyzed in Section 4. In the first case, data on the industry output are
assumed to be delayed, and in the second case, in addition, data on the firms’ own output
levels are also considered delayed. The model without delay is asymptotically stable under
realistic conditions. In the single delay case, it is asymptotically stable if the length of the
delay is smaller than a threshold value, where stability is lost by Hopf bifurcation. In the
two-delay case, the stability switching curve is determined in the delays’ space. Section 5
offers concluding remarks and outlines further research directions.

2. The Basic Model
In a cooperative oligopoly, the firms want to maximize their overall profit:

¢(x1,x0,...,%,) =5sp(s) — Z Cr(xg)- (1)
k=1

Here, xj is the output of firm k with 0 < xj < Ly, where Ly is the capacity limit of this firm.
Furthermore, s = Y }_; x, p(s) is the price function and Cy(xy) is the cost function of firm
k. Assume that functions p and all Cy values are twice continuously differentiable; then

(A)p'(s) <0for0<s<yj L
(B) p'(s) +sp"(s) <0for0<s <Yy L
(C) Cp(xx) >0, C/(x) > 0for0 < x < Ly and all k.

Notice that
99 _

22— sp/(s) + pls) — Chlaw), @
Xk
92
S = () +20'(s) — C(xe)
3
and fork # /,
Po _ /
axkaxé - Sp (S) +2p (S)
Introduce matrices
11 -1 —C{(x1) 0 0
e —_ i e
e IO TR I
11 -1 0 0 cee =Cll(xp)
then, the Hessian matrix of ¢ can be written as
H = (sp”(s) +2p'(s)) A+ B. €)
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Here, B is a negative definite, and eigenvalues of A are 0 and #; furthermore,
sp”(s) +2p'(s) = p'(s) +sp"(s) +p'(s) < 0.

Therefore, H is negative definite, implying that ¢ is strictly concave as an n-variable function.
Since sp”(s) +2p’(s) is the derivative of sp’(s) + p(s), this function is strictly decreas-
ing in s. With given s > 0, the best choice of firm k is given as continuous function:

0ifsp’(s) + p(s) — C,(0) <0,
Ri(s) =3 Lifsp'(s) + p(s) — C4(Ly) > 0, @
x;: otherwise,
where x; solves the equation
h(x) = sp'(s) + p(s) — Ch(x;) = 0. )

In the third case of (4), h(x) strictly decreases in xx, 1(0) > 0 and /(L) < 0. Therefore,
there is a unique solution of Equation (5). It is easy to show that Ri(s) is a non-increasing
continuous function of s.

Consider finally the following equation:

g(s) = Y Ry(s) —s = 0. ©)
k=1

The left hand-side strictly decreases:
n
g(0)>0and g Y Ly | <o.
k=1

Therefore, there is a unique solution s* > 0 of (6) and then the optimal choices of the firms
are given by (4) as

3. Dynamic Extension

Using gradient adjustments, the output adjustments are generally driven by the
differential equations:

1(t) = K[s(t)p'(s(t)) + p(s(t)) — Ci(x(t))]

= Ki[(Zf=y xe() ' (Ehy xe(t)) + p(Ei_g xo (1)) — Crlx(1)]-

The right hand-side is a constant multiple of the marginal profit with Kj > 0. Notice that

@)

20— K2 (e 0) (2 )P (1)~ (1)
®)
= K [2/(5(6)) + 509 (5(1) — €/ ()]
and for ¢ £ k, - | )
2D — K20/ (50) + 50" (5(1). ©)

The Jacobian of this system is clearly

J=KH
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det

with
K = diag(Kq,Ky, ..., Ky).
It is well known that all eigenvalues of | have negative real parts (see Theorem 4.9 of

Szidarovszky and Bahill [28], implying the local asymptotical stability of the optimal
solution without delays).

Theorem 1. The steady state of system (7) is always locally asymptotically stable.

4. Dynamic Extension with Time Delay

Assume next that the firms have delayed information about the industry output. If 7
is the delay for firm k, then Equation (7) is modified as follows:

e (t) = K [skp’ (sx) + plsk) — Crxx(t))] (10)
with ;
se= ) x(t— 1)

=

Notice that St
S sy (50) + 29/ (50)]
and 25,(1)
) i)

Let s* and x{ denote the values of s and x; at the optimal solution. Clearly

92}
*
Il
1=
%1*

)r
Il
-

Introduce the notation
A — s*p//(s*) +2p/(5*)
and
Bk = - Ilcl(xlt )/

then, the linearized homogenous equation is as follows:

2 (t) = KeA Y xo(F— 1) + Ki B (8). (11)
i1

Upon examining the stability of the equilibrium of this system, we will use the methodology
offered by Bellman and Cooke [10].

Notice that A and all By values are negative. Assume exponential solutions results in
xi.(t) = eMuy to have

n
Au = KA Z EiATkM/ + KyByuy fork =1,2,...,n
(=1

showing that the characteristic equation becomes

A— K1A€7A11 — KBy —KlAei)‘Tl v —K1A€7A71
_ ATy _ ATy _ - _ —ATy
KzA.G A KzAC . KzBZ - KzA.E’ —0. (12)
—KyAe= At —KyAe = <o A—KyAe M — Ky By,
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It can be represented in closed form based on the result given in Appendix E of Bischi
et al.’s work [29]. Introduce
—K; Ae—M1
_ —ATy
a— | oA ,1T=(1,1,...,1)

—KyAe= A

and
D = diag(A — K1By,A — KBy, ..., A — Ky By,)

to have (12) in the following form:

det(D + ulT) = det(D) det(I + D*1a1T>

— det(D) det[1+17D"1a]

KkAeiATk ]

=TI"_ (A —KBy) |1 - ), =
k:l( k k){ Zkzl )L*KkBk

From the first factor,

A = KB <0,

which does not disturb stability. The expression inside the brackets is very difficult to deal
with in general, so we make the following simplifying assumption:

(D)K1=Ky=...=K;,=K,Bi=By=...=B,=Bandpg =1 =...=7,=T1.
In this special case, we have to examine the following equation

n KAe—/\‘r
1— =0
k; A —KB

or
A — KB —nKAe ™ = 0. (13)

Without delay, T = 0 and A = KB + nKA < 0. Stability switch might occur if A =
iw (w > 0), which is now substituted into Equation (13) to have

iw — KB — nKA(coswt — isinwt) = 0.
Separating the real and imaginary parts gives
nKA coswt = —KB (14)

and
nKAsinwt = —w. (15)

Adding the squares of these equations, we have
W = K (n2A? - B?).

Theorem 2. If n”? A% < B2, then no stability switch occurs, and optimal solution is locally
asymptotically stable for all T > 0.
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Assume next that n2A2 > B2, then
w* = Kvn2A2 — B2,

From (14) and (15), we see that cos wt < 0 and sinwT > 0, implying that

1 L —w*
Tm=§<nfsm (nKA>+2m7t>m:0,l,2,... (16)
The directions of the stability switches are obtained by Hopf bifurcation. Select T as the
bifurcation parameter and assume A = A(7). Implicitly differentiating Equation (13) with
respect to T, we have

A —nKAe (=AMt = 1) =0

SO
I —nKAe»™A  —(A—KB)A

" 1+nKAe it 1+ (A—KB)T'
With A = iw, the real part is

2 .
, B w* 4+ iKBw
Re[A],oi] = Re{l *KBT+iCUT:|
2
- “ 5 >0.
(1 -KB7)" + (wT)

Theorem 3. If n”A% > B2, then the optimal solution is locally asymptotically stable for T <
Ty, stability is lost at T = 1y with Hopf bifurcation, and stability cannot be regained with larger
values of T.

In addition to Assumption (D), assume that the firms have an identical delay 7 in the
industry output and an identical delay 1, in their own output values. Then, Model (10) is
modified as follows:

X (t) = K[sp'(s) + p(s) — Cr(xx(t — @2))] (17)
with

n
s=Y x(t—m).
(=1

This is a system of two-delay equations. The stability of its equilibrium will be examined
by the method offered by Matsumoto and Szidarovszky [30] based on Gu et al. [31].
The linearized equation is now the following;:

™=

Xk(t) = KA X[(t—'l"l) +KBxk(t—T2). (18)

(=1

Assuming exponential solutions x,(t) = e*1,, we then obtain by substitution
n
(/\ — KBe*/\TZ)uk — KA Z e My, =0,
(=1

implying that the characteristic equation has the form

A — KAe=* — KBe= ™2 —KAe=*1 e —KAe=*1
_ —A1y _ —ATy _ A L. _ —A1Ty
det KA‘e A — KAe . KBe o KA.e —0 (19)
—KAe M1 —KAe 1 - A—KAe M — KBe A2
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Let 1 be again the n-element vector with all unity elements, and I be the n x n identity

matrix. Then, (19) can be rewritten as

det(D + a1”) = det(D) det(I+ D" a1)

= det(D) det [1 + 1TD’1a]

—AT
_ (A*KBEi/\TZ)n|: KAe 1 :| —0,

1M ke

where
a=—-KAe 1and D = <)\ - KBe*/\TZ)I.

Thus, we have two-delay equations:
A—KBe ' =0

and
A K(nAe”\Tl T Be’)‘TZ> —0.

(20)

21)

(22)

Notice that (21) is a single-delay equation, and at 7, = 0, the eigenvalue is A = KB < 0.

The sign of the real part of the eigenvalue might change at A = iw. Then
iw — KB(coswty —isinwt) = 0.
Separation of the real and imaginary parts shows that
KBcoswtm =0

and
KBsinwtn = —w,

implying that
coswT, = 0and sinwn =1,

and the critical values of 1, are

1 /7
Ty = _@(E +2n7r) forn=0,1,2,...

(23)

(24)

since, from (24), w = —KB. The directions of stability switches are determined by Hopf
bifurcation, when 1, is selected as the bifurcation parameter and let A = A(7). Implicit

differentiation of Equation (21) with respect to 7, shows that
A —KBe "2 (-N1—A) =0,

implying that

207



Mathematics 2024, 12, 891

where we use KBe %2 = A. At A = iw, the real part of A is positive:

2
Re [wi}’
1+iwn
w?(1 — iwm)
1+ (wn)* |
2

Re[)']

= Re

_wr
1+ (wrz)z

Therefore, the eigenvalues of Equation (21) have negative real parts for T < 19, and at all
critical values 1, (n =0,1,2,...), at least one pair of eigenvalues changes the sign of its
real part from negative to positive.

We now turn to Equation (22), which can be written as

T+a(A)e ™ +ay(A)e 2 =0

with KA KB
n
ap(A) = — 3 and ap(A) = -

Notice first that without delays, A = nKA + KB < 0, and with increasing values of the
delays, stability may be lost when A = iw. Then, we have

1+ 111(1'cu)e”“"Tl + az(iw)e*i“’TZ =0

where
s U2 ’

. .nKA
a (iw) =i ”

_KB
—

) n )
|aq (iw)| = — and |ap (iw)| =

and

argla; (iw)] = arg|ay (iw)] = 3777

If we place vectors, 1, a;(iw)e ™™ and ay(iw)e ™™ head to tail, then they form a
triangle. The sufficient and necessary conditions for the existence of a triangle are

|ar (iw)| + |az (iw)| = 1,
-1 < |m (iw)| — |az(iw)] < 1.

In our case,
—nKA —-KB > w,

—w < —nKA+KB<w

which can be summarized as
|-nKA+ KB| < w < —nKA — KB. (25)

The triangle is illustrated in Figure 1, when the interior angles are 6y, 6>, and 7w — (6 + 67).
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ay(iw)(e™")

Re

Figure 1. Triangle contitions.

The rule of cosine shows that

_ 1t m (i) —Jap(iw) P Ly (w?+ (nKA)? — (KB)?
b1 = cos < 2|aq (iw)| - cos ( —2nKAw ) (26)

and

. 2 . 2 2 2 _ 2
R e R G

The arguments of the three sides of the triangle are
0, arg[m (iw)] — wt and arglas (iw)] — wt

and the angle balance equations at the end points of the horizontal side show that

1
1 (w) =

a[arg(al(iw)) + (2k—1)r+6;] fork=0,1,2,...

and
¥ (W) = %[arg(az(iw)) L (-1 F 6 forl=0,1,2,...

since the triangle can be located above and under the horizontal axis. Hence,

T (w) = %F%T—O-(Zk—l)niel} fork=0,1,2,... (28)
and 103
o (w) = a{;—&-(%—l)nq:ez} for¢=0,1,2,..., (29)

implying that the stability switching curves are formed as
1 = { (@), % (@) ( |-nKA +KB| < w < —nKA - KB} (30)
withk=0,1,2,...and £ =0,1,2,... From (28) and (29), we see that increasing the value

of k shifts the curves to the right and increasing the value of ¢ shifts the curves up in the
delays space.
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Ateach point (17, T2) of the stability switching curves, the direction of stability switches
can be assessed by computing the stability index. First, we determine the real and imaginary
parts of expressions:

N .nKA ..
a (fw)e™ '™ =i (coswTt —isinwt)
w
and KB
1y (iw)e™" 2 = j— (coswt — isinw)
w
to have )
nKA sin wty nKA coswty
Ri= , L=
w w
and .
KBsinwt KB cos wt
Ry = L= )
w w

And then, the stability index is given as follows:
S =Ry — R,

nK2AB , . .
= (sinwT coswT — sinwT cos W)
w

2

which has the same sign as sin[w(m — 7))

Theorem 4. In the two-delay model, the stability switching curves are T,j' ,and T, (k=0,1,2,... and
(= 0, 1,2,. . ) and {Tz = Tz()}.

Theorem 5. (A) Let (71, To) be any point on the line T» = Tog. When a point crosses the line from
below, then at least one pair of eigenvalues changes the sign of the real part from negative to positive.
(B) Let (11, 1) be a point on curve le,—e or Ty , with a simple pure complex eigenvalue. Assume we
look on the curve in increasing value of w. Then, as a point moves from the right to the left of the
corresponding curve, a pair of eigenvalues changes the sign of its real part from negative to positive
if § > 0.1fS <0, then the sign change is in the opposite direction.

Note: Equation (22) reduces to (13) as T = 7y and 1, = 0. If 7, = 0, then from (29),
0, = i{?’?ﬁ—&- (26—1)7‘(},

and with cos 6, = 0 and from (27),
w? + (KB)? — (nKA)? =0,

implying w? = (nKA)* — (KB)?. The same result was obtained as in the single-delay
system.

5. Conclusions

In this paper, n-person single-product oligopolies were considered without product
differentiation and with incomplete information. It was assumed that the firms knew the
price function, and from market data, they also had access to the industry output. However,
each firm knew its own cost function but had no information about those of the others. In
a cooperative setting, the firms’ usual objective was to find the output levels maximizing
the industry profit. Since the cost functions were unknown, they used a dynamic process
where the components of the steady state presented the optimal output levels. A model
without time delay and two models with one and two delays were analyzed. In the stability
analysis, the findings of the paper can be summarized as follows:
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1. Under realistic conditions, the steady state in the no-delay case was always asymp-
totically stable, meaning that the components of the state trajectory converged to the
industry profit maximizing output levels.

2. Inthe one-delay symmetric case, the steady state was always asymptotically stable if
the number of firms was small; otherwise, asymptotic stability occurred if the length
of the delay was smaller than a given threshold value, at which stability was lost via
Hopf bifurcation.

3. In the two-delay case, the stability switching curves were determined in the two-
dimensional delay space. The stability region contained the origin and was under or
left of these curves.

The study presented in this paper can be extended in several directions. Non-
differentiable price and/or cost functions can be assumed, like hyperbolic price and/or
piecewise linear cost functions, making the analysis more complicated. The same difficulty
is encountered in the nonsymmetric case as well. It is also an interesting problem to work
out the details of the solutions based on different cooperative solution concepts.
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Abstract: In this paper, we construct a family of Hamilton-Poisson jerk systems. We show that such
a system has infinitely many Hamilton-Poisson realizations. In addition, we discuss the stability and
we prove the existence of periodic orbits around nonlinearly stable equilibrium points. Particularly,
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results to a family of anharmonic oscillators.
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1. Introduction

Jerk is the rate of change of acceleration, the third derivative of position with respect

to time [1]. A jerk equation ¥ = j(x, %, ¥) and the corresponding jerk system, which is a
three-dimensional system given by

X=y
y=z , (1)
z=j(x,y,z)

can model processes characterized by changes in acceleration. Despite their simple form,
jerk systems provide examples of chaotic behavior (see, e.g., [2-4]). Bifurcations in the
dynamics of jerk systems are also analyzed (see, e.g., [5-8]).

In this paper, we study how Hamilton-Poisson jerk systems can be constructed.
Roughly speaking, a three-dimensional system is a Hamilton—Poisson system if it has two
independent constants of motion (for details on Hamilton-Poisson mechanics, see e.g., [9]).
Using such functions, we obtain a family of Hamilton—Poisson jerk systems, given by
¥ + f/(x)% = 0, which are in fact jerk versions of the system with one degree of freedom
%+ f(x) = 0[10]. For instance, the equations of the harmonic oscillator, the mathematical
pendulum, the Duffing oscillator, and other anharmonic oscillators are of this form.

Oscillatory systems, characterized by repetitive patterns or cycles, are found in var-
ious biological phenomena such as circadian rhythms (see, e.g., [11]), neuronal activity
(see, e.g., [12]), and even in cellular processes like metabolic oscillations (see, e.g., [13]).
Population dynamics in predator—prey relationships often display cyclic behavior, where
changes in predator and prey populations exhibit periodic patterns (see, e.g., [14]). Mod-
eling changes in population sizes or ecological systems often involves sudden shifts or
rapid changes in growth rates, which can be compared analogously to jerk-like behavior in
dynamic systems. Moreover, in neural systems, sudden changes in firing rates or neuronal
activities might indirectly relate to rapid changes in behavior akin to jerk-like dynamics.
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The paper is organized as follows: in Section 2, we recall some notions regarding
Hamilton—Poisson systems and then we give some conditions for which system (1) is of this
type. Using the integrable deformation method (see [15] and references therein), we construct
a family of Hamilton-Poisson jerk systems. Also, we give Hamilton—Poisson realizations of
such a system. In Section 3, we analyze some dynamical properties of the obtained system,
namely, the stability of the equilibrium points, the existence of the periodic orbits around
some nonlinearly stable equilibria, and the existence of homoclinic or heteroclinic orbits. In
Section 4, we apply these results to a family of anharmonic oscillators [16].

2. A Family of Hamilton-Poisson Jerk Systems

In this section, we construct a family of jerk systems that have Hamilton-Poisson
realizations.
Recall that the three-dimensional dynamical system

(4,9,2) = (A(xy,%), falx,,2), fo(x,3,2)
is a Hamilton-Poisson system on R if there are the smooth functions v, H, C such that
(fi, f2. f5)' =vVH x VC

on R3 (see, e.g., [17,18]). The function v is called the rescaling function. In addition, the
Hamiltonian function H and the Casimir function C are constants of motion of the above
system. In fact, a Hamilton-Poisson system on R is a triple (R?,I1, H), where IT is a
Poisson structure, and in this case it is given by the matrix

0o C -G
M=v| -C. 0 GC& |, 2)
C, —Cx 0

where we have denoted C, = aa—g. Such a system writes (%, y’,z)f = IT- VH. Details on
Hamiltonian mechanics can be found, for example, in [19].

In the following, we consider v = 1. One of our goals is to obtain jerk systems that can
be written in the form (X, 1,2) T = VH x VC, that is, to determine functions H, C such that

HyC, — H.Cy =y
H,C, —H.C, =z
HyCy — HyCy = j(x,y,2),

and which are constants of motion of system (1), that is,

yHy +zHy +j(x,y,z)H; = 0
yCx +2Cy + j(x,y,2)C. = 0.

We note that achieving this goal appears to be complicated for a general jerk function
j. However, the next result holds.

Theorem 1. Ifj. # 0, then jerk system (1) cannot have a Hamilton—Poisson formulation (%,y,2)T =
VH x VC.

Proof. On the one hand, the divergence of system (1) is div(y, z, j(x,y,z)) = j.. On the
other hand, div(VH x VC) = V- (VH x VC) = 0; thus, j; = 0, which finishes the
proof. [

Instead of starting with a function j and checking for the existence of the functions
H and C, we can construct Hamilton-Poisson jerk systems using integrable deformation
method [15].
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Consider the jerk equation

and the corresponding jerk system
X=y
y=z . (3)
z2=0

H(x,y,2) = %yz —xz,C(x,y,2) =z

It is easy to see that the functions

are constants of motion for system (3). Moreover, system (3) writes (t,,2)T = VH x VC;
thus, it has the Hamilton-Poisson realization (R3, I1, H) with the Hamiltonian H and the
Poisson structure given by the matrix
0 10
-1 0 0 ] .
0

0 0

1=

Now, we alter the above Hamiltonian and Casimir functions, that is, we consider
the functions

- 1
H(x,y,2) = H(x,y,2) + a10(x,y,2) = 59 — xz + q1e(x,y,2), )
Clx,y,2) = C(x,y,2) + 82B(x,y,2) = 2+ 82B(x,y,2), ®)

where a and 8 are smooth, and g1, g» are real parameters. Then, an integrable deformation
of system (3) is given by

(%,9,2)T = VA x VC, (6)
that is

Y =2z+ g2z — xBx) — g10x + g182(—axPz + azPx) . 7)
z = go(—2By — YBx) + g182(x By — ayPx)
System (7) is jerk only if

{ X =y + g2(yBz + xBy) + g10y + 182 (ay Bz — azPy)

{ $2(yBz + xBy) + g1y + g182(yBz — azBy) =0 ®)
gZ(Z,BZ - x.BX) — 81&x +g182(_1xx,52 + Wz,Bx) =0

Now, we choose
a(x,y,z) = a(x,y), f(x,y,2) = B(x,y),
and (8) turns into

{ g1ty = —goxPy ]
g10x = —§2%Px
Then,
{ S10xy = —82(By + XBxy)
810xy = *gzx,Bxy ’

thus, B, = 0 and, consequently, ay, = 0. Therefore,

a(x,y,2) = a(x), p(x,y,2) = B(x).

Consequently, if the functions &« = a(x) and p = B(x) satisfy the relation

810/ (x) = —goxp' (x), )
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then we constructed the following family of Hamilton—-Poisson jerk systems
X=y
=z . (10)
2= —gyp'(x)
The corresponding jerk equation is given by
¥+ &p (x)i =0. (11)

The jerk versions of the most known oscillators (the harmonic oscillator ¥ 4+ x = 0, the
mathematical pendulum ¥ + sin x = 0, and the Duffing oscillator ¥ + ¥} —x=0) belong to
the above family of jerk equations.

In the following, we give Hamilton-Poisson realizations of system (10). For this
purpose, using (2), the functions

1
C(x,y,2z) = z+ gB(x) and H(x,y,z) = §y2 —xz+ gra(x) (12)
give the matrices
0 1 0
Hl,O = -1 0 gz‘B/(X) (13)

and
0 —-X -y
Io; =1| «x 0 —z4+ g1/ (x) |, (14)
y z-gid(x) 0
respectively.

Theorem 2. Let «, 3 be smooth functions such that g1/ (x) = —goxp’(x), where g1,8» € R.
Then, system (10) has the Hamilton—Poisson realizations

(R3, Iy, H) and (R?’, Iy, —C) .
Moreover, (10) is a bi-Hamiltonian system.
Proof. Using (12)-(14), it is easy to see that system (10) writes (t,7,2)T = VH x VC =
V(fC) x VH. In addition, HO,l -VH = Hl,O . V(*C) =0and leo -VH = HOJV(*C) =
(%,9,2)T.
The sum of the matrices I'l; and I, is a Poisson structure. Therefore, I'l; and I, are
compatible Poisson structures, and (10) is a bi-Hamiltonian system. [J

As a consequence, we obtain the next result.

Theorem 3. Leta,b,c,d € R such that ad — bc = 1. Then, system (10) admits infinitely many
Hamilton—Poisson realizations (R3, 11,5, Hcrd), where the Hamiltonian H, 4 is given by

2
H. g =cC+dH =c(z+ gp(x)) + d(y? —xz +g11x(x)>,

the Poisson structure is defined by
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0 a—bx —by
I, =ally g+ by = | —a+bx 0 agof(x) + bgra/ (x) — bz |,
by —agaf/(x) — b (x) + bz 0

and a Casimir of the Poisson structure is

2
Cop =aC+bH = a(z + g2p(x)) + b(y? —xz +g1a(x)>,

Since VC(x,y,z) = (g28'(x),0,1) # (0,0,0), for all (x,y,z) € R3, every level set of
the Casimir function C is a regular surface. We denote such a level set by

0c=C1(c) = {(x,y,2) € Rz + g2p(x) = c}.

The regular symplectic leaves associated with the Poisson structure I'l; o are given by
the connected components corresponding to pre-images of regular values of the Casimir
function C. Therefore, O is the regular symplectic leaf of the Poisson structure Il; o corre-
sponding to the regular value ¢ € R of C. In addition, the dynamics of the Hamilton—Poisson
system (R3, ITy 0, H) are foliated by these symplectic leaves. Moreover, the restriction of
system (10) to a regular leaf O, is the following completely integrable Hamiltonian system
(O¢,w = dp ANdq, H|o,), where the Hamiltonian H|, = H(p, q) is given by

1
H(p,q) = 50" +810(q) +$20B() — cq, (15)

The reduced equations are

G=Hp=
{ p=—Hy=c—28p(q) ’ {16

or equivalent
§=W(a), (17)

where W/(q) = ¢ — g28(9).
Thus, on each level set O, the dynamics of system (10) are given by system (16) or

Equation (17), representing a nonlinear oscillator with the kinetic energy T = %pz and
the potential energy V(q) = —W(q) = g1a(q) + $29B8(q) — ¢q (for details about the system
% = f(x), see, e.g., [10,20]).

3. Some Dynamical Properties

In this section, we study the stability of system (10) and we prove the existence of
some periodic orbits. Also, we obtain sufficient conditions for the existence of heteroclinic
and homoclinic orbits.

The equilibrium points of system (10) are given by the family & = {(M, 0,0) |M € R}‘
Now, we discuss their stability.

Theorem 4. Let o, B be smooth functions such that g1a’(x) = —goxp'(x), where g1, € R.
Denote epy = (M,0,0) € €, M € Ras an arbitrary equilibrium point of system (10). Also consider
the function

F(x) = g1(a(M) = a(x)) + g2x(B(M) — B(x)). (18)

(i) Ifgp' (M) < 0or go =0, then the equilibrium point ey is unstable.

(i) If g2’ (M) > O, then the equilibrium point ey is nonlineary stable.

(iii) If B'(M) = 0 and there is a neighborhood V- C R of M such that F(x) < 0, for all
x € V\ {M}, then the equilibrium point ey is nonlineary stable.
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(iv) If B'(M) = 0 and there is a neighborhood V = (a,b) C R of M such that F(x) > 0, for all
x € (a, M) or x € (M, b), then the equilibrium point ey is unstable.

Proof. The Jacobian matrix of system (10) at e; is
0 1 0
J(M,0,0) =1 0 0 1|, (19)
0 —gp' (M) 0
with the characteristic polynomial

Pu(A) = —A(A? + g28' (M) (20)

A =0, Ay3= i\/m~ 1)

(i) Let g2/ (M) < 0. From (21), it results that one of the eigenvalues is a positive number.
Therfore, e is an unstable equilibrium point.
If go = 0, system (10) becomes (3), and it has the solution

and eigenvalues

C
x(t) = 71# + Cat 4 C3,y(t) = Cit + Ca, 2(t) = G
where Cq, Gy, C3 € R. Thus, e); is an unstable equilibrium point.
(ii) Let g2/ (M) > 0. In this case, we use the Arnold stability test (see, e.g., [21]). We
consider the function

1
Fx=H(x,y,z) + AC(x,y,z) = §y2 —xz+ gre(x) + Az + gB(x)),

where A is a real parameter. We obtain:
1.  dF\(M,0,0) = 0ifand only if A = M.
2. W =kerdC(M,0,0) = spang{(1,0, —g25'(M)), (0,1,0)}.
3. d’Fy(M,0,0)|wxw = £28'(M)dx? + dy?, which is positive definte.
From the Arnold stability test, it results that the equilibrium point ey is nonlineary
stable for g,/ (M) > 0.
(iii) Let U C R3 be a neighborhood of (M, 0,0) such that {x|(x,0,0) € U} = V. We consider
the function L € C®(U,R),

2
Lx2) = (G =3+ () —ia(M) ) + G+ () —pMF, @)

and we prove that it is a Lyapunov function.
By the condition L(x,y,z) = 0, we obtain

y; —xz+gia(x) = g1a(M) , z+ gB(x) = g28(M), (23)
and 1
3V = 81(&(M) = a(x)) + g2x(B(M) — B(x)) = F(x). @4

Then, using the hypothesis, we deduce that x = M and y = 0. Therefore, L(x, v, z) =0on
U if and only if x = M, y = z = 0, that is, L given by (22) is a positive definite function
on U. Moreover, by (10) we obtain L=vVL- (x,9,2) = 0; thus, L is a Lyapunov function.
Therefore, the equilibrium point (M, 0,0) is nonlineary stable.
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(iv) Consider, for example, F(x) > 0, for all x € (M, b). From (24), let us take y = /2F(x)
for x € (M,b) and z = g (B(M) — B(x)) (23). Then, system (10) reduces to the equation
% = y/2F(x). Considering the initial condition x(0) € (M, b), near M, we obtain a solution
x = x(t) that is increasing and moving away from M, and the conclusion follows. [J

Remark 1. If g2 is an increasing function such that B’ (M) = 0, then the function F fulfills the
hypothesis given in Theorem 4 (iii); thus, the equilibrium point (M, 0,0) is nonlinearly stable.

The next result shows the existence of a family of periodic orbits around some nonlin-
early stable equilibrium points.

Theorem 5. Let a, § be smooth functions such that g1a’(x) = —goxp/(x), where g1, 3> € R. Let
em = (M, 0,0) be a nonlineary stable equilibrium point of system (10) in the case g’ (M) > 0.
Then, for each sufficiently small € € R, any integral surface

ZeM.l

oyt + (M= )z + 1 (a(x) — a(M)) + 2M(B(x) — f(M)) = €

contains at least one periodic orbit yeM of system (10) whose period is close to %T, where
w = /&2p'(M).

Proof. The characteristic polynomial associated with the linearization of system (10) at e;
has the eigenvalues A; = 0 and A3 = +iy/g2p'(M). The eigenspace corresponding to the
eigenvalue zero, which is spany {(1,0,0)}, has dimension 1.
We consider the constant of motion of system (10) given by
e

10,2) = & = 32+ g1a(x) + M(z + 228(x).

It follows that:
1. dI(M,0,0) = 0.
2. AP (M,0,0)|wxw = g8/ (M)dx? +dy?> > 0 is positive definte for g8/ (M) > 0,
where W = ker dC(M, 0,0) = spang{(1,0, —g28'(M)), (0,1,0) }.
and the conclusion follows via a version of the Moser theorem in the case of zero
eigenvalue [22]. O

In the following, we study the existence of homoclinic and heteroclinic orbits of
system (10).

Let us consider an arbitrary unstable equilibrium point (M, 0,0), M € R of system
(10), which is a saddle, that is, g2/ (M) < 0. A homoclinic or heteroclinic orbit is given
by the intersection of the level sets C(x,y,z) = C(M,0,0) and H(x,y,z) = H(M,0,0),
provided it exists. In this case, we can reduce system (10) to

%= +/2F(x)
{ y==+2F(x) , (25)

z=F'(x)
where the smooth function F is given by (18). We have F/(x) = g2(B(M) — B(x)) and

F"’(x) = —g2p'(x). Moreover, F(M) = 0,F'(M) =0, F"(M) > 0.
Considering only the level set C(x,y,z) = C(M,0,0), system (10) reduces to

=y
{1 b 29
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for which an equilibrium point is (¢*,0), if F'(g*) = 0. The above system writes ¥ = F/(x),
and it is given by the Hamiltonian H = %yz + V(x), where V(x) = —F(x) is the potential
energy. Therefore, for a given function F, “a look at the graph of the potential energy is
enough for a qualitative analysis of such an equation” [10]. In addition, “if there are two
saddle points with the same energy level, corresponding to two maxima of V(x), with no
higher maximum between them, then they must be connected by heteroclinic orbits” [20].

The motion of the particle is confined to the region F(x) > 0, and the points with the
property F(x) = 0 determine the bounds for the motion. Because heteroclinic and homo-
clinic orbits are bounded, we assume there is b > M such that F(b) = 0 and F(x) > 0 for
all x € (M, D). Since F(M) = 0, we obtain that F has at least a local maximum N € (M, b);
hence, (N, 0,0) is an equilibrium point. Moreover, F is concave in a neighborhood of N;
thus, (N, 0,0) is a nonlinearly stable equilibrium point (via Theorem 4 (ii); note that F”/ (x)
is the same for all equilibrium points). Then, we obtain the next result.

Theorem 6. Let a, B be smooth functions such that g1o’(x) = —goxp'(x), where g1,82 € R
and (M,0,0), M € R represent an arbitrary unstable equilibrium point of system (10) such that
2B (M) < 0. We consider the function F defined in (18), that is, F(x) = g1(a(M) — a(x)) +
g2x(B(M) — B(x)).
Assume there is b > M such that F(b) = 0, F(x) > 0 for all x € (M, b), and the function F
does not have local minima on (M, b).
(i) IfF (b) = 0and g2/ (b) < 0, then a heteroclinic orbit HE(t) = (x(t),y(t),z(t)) given by
(25) exists, which connects the unstable equilibrium points (M,0,0) and (b,0,0).
(ii) IfF (b) # O, then a homoclinic orbit H(t) = (x(t), y(t),z(t)) given by (25) exists, which
connects the unstable equilibrium point (M, 0,0) with itself.

Remark 2. The above theorem also holds for b < M.

4. The Anharmonic Oscillator

In this section, we apply the obtained results to the jerk version of the anharmonic
oscillator given by the equation % + dx" = 0, where § # 0 and n > 1 integer.
We have
Y 4+nox" 1k =0,n>1,0#0, (27)

=y
{yz . (28)

2= —néx""ly

or equivalent

Therefore, system (28) belongs to the considered family of Hamilton—Poisson jerk systems
(10) if
né

a1
The constants of motion are given by

g1 = , =0, alx)=x"1, B(x) ="

2

n+1
H(x,y,z) = y? —xz— nox

— n
P C(x,y,z) = z+ &x". (29)

The stability of the equilibrium points follows by Theorem 4.

Proposition 1. Let epy = (M,0,0), M € R be an arbitrary equilibrium point of system (28),

neN,n>1,andé #0.

(i) If6M"' < 0, then the equilibrium point ey is unstable.

(ii) IfSM"~1 > 0, then the equilibrium point ey is nonlinearly stable.

(#ii) If 6 > 0and n is odd, then the equilibrium point (0,0, 0) is nonlineary stable; otherwise, it
is unstable.
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Around some nonlinearly stable equilibrium points, there is a family of periodic orbits
of the considered system. More precisely, by Theorem 5 we deduce the next result.

Proposition 2. Let eps = (M, 0,0) be a nonlineary stable equilibrium point of system (28) in the
case SM"~1 > 0. Then, for each sufficiently small € € R , any integral surface

__n
n—+1

€M .
Ze

: %yz +(M—x)z (x" L — ML) f SM(x" — M) = €2

. o . L 27
contains at least one periodic orbit M of system (28) whose period is close to o where

w = VnéMn-1,

As we have seen in Theorem 6, some homoclinic or heteroclinic orbits can exist in the
considered dynamics.

Proposition 3. Let ey = (M, 0,0) be an unstable equilibrium point of system (28). If n is even
and M < 0, then a homoclinic orbit H exists that connects the unstable equilibrium point (M, 0,0)
with itself. Moreover, the heteroclinic orbits cannot exist in this case.

Proof. Let ndM"~! < 0. We consider the function F defined in (18), namely,

0

F(x) = =55 [¥"*1 = (0 + DM 4 7] (30)

Using F”(x) and F’(x), we deduce the following:

(@) Letd < 0and M > 0. Then, there is an unique b € R\ {M} such that F(b) = 0
(b < —M). In fact, F(b) = F(M) = 0, F(x) > O forall x € (b,M), and F(x) < 0
otherwise. Using Theorem 6, a homoclinic orbit J{ exists that connects the unstable
equilibrium point (M, 0,0) with itself. Moreover, the heteroclinic orbits cannot exist.

(b) Ifé > 0and M < 0, then we obtain the same result on (M, b), which finishes the proof.

|

Remark 3. If nis odd, then (M,0,0), M # 0 is an unstable equilibrium point for 6 < 0. In this
case, the above-mentioned function F has the property F(M) = 0 and F(x) > 0 otherwise. Thus,
the motion of system (28) is unbounded.

As a particular case, we consider n = 2, that is,

=y
y’ =z . (31)
z = —20xy

Let 6 > 0. Thus, the equilibrium point ey = (M, 0,0), M > 0 is nonlinearly stable,
and a family of periodic orbits of the above system surrounds it (white curves in Figure 1).
Choosing initial conditions farther and farther from ey, these periodic orbits approach
the unstable equilibrium point e_ y, that is, they tend towards the homoclinic orbit that
connects the unstable equilibrium point e_y; with itself (the pink curve in Figure 1). After
that, the unbounded curves appear in the dynamics of system (31) (yellow curves in
Figure 1).
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X 5

Figure 1. The dynamics of system (31) on the level set C(x,y,z) = C(M,0,0) (6 = 025 M = 1):
periodic orbits (white) around the stable equilibrium point (M, 0,0), M > 0 (red), a homoclinic orbit
(pink) that connects the unstable equilibrium point (—M, 0,0) (green) with itself, and unbounded
curves (yellow).

Below, we deduce the parametric representation of the homoclinic orbit of system (31)
in the case § > 0 and M < 0. Using (25) and (30), system (31) reduces to the equation

X = i\/é—é(x — M)2(—2M — x).
By integration and (25), (31), we obtain the homoclinic orbit
Hoy i R = RS, 30, (1) = (x(t),y(t), z(1)),

where

432M3 72 M?
2T t—to)v/—20M +M
(e(f—tg)«/—Z(SM _ 6M) elt=to) —6M

72/ =25M M2t~V 25 (olt—10)V M ) )

= (et =25 _ g)’ '

x(t) =

(60Me(t—t0)\/—25M + 2(t—to)V=20M +36M2)2

z(t) = —M? -1/,

(ett—t0v=20 6M)4

where t( is an arbitrary constant.
A similar result is obtained in the case § < 0 (M > 0), namely, the homoclinic orbit

Hip R = R, 300 (1) = (x(b),y(1),2(t)),
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where

432 M5 B 72 M?
(E(tfto)\/fztsm + 6M)2 e(t=to)V=20M g\

72/~ 26M (Mze“*‘o)m (eWﬁWW - 6M))
B <€(t—t0)\/m 4 6M>3

x(t) =

y(t)

7

1445M3e(t—t0)\/—25M(_24Me(t—t0)\/—2(5M 4 2(t—t)) V=M . 36M2>
z(t) =

(e“*fﬂ)m + 6M>4

5. Conclusions

In this paper, we constructed a family of Hamilton—Poisson jerk systems and we
studied some dynamical properties.

The dynamics of a three-dimensional Hamilton-Poisson system take place at the
intersection of the level sets given by the two constants of motion. Thus, for particular
constants of motion, the orbits of the system can be depicted. In general, we studied the
stability of the equilibrium points, and we proved the existence of periodic orbits around
nonlinearly stable equilibrium points. Also, we established conditions for the existence
of homoclinic and heteroclinic orbits. Particularly, we applied the results to a family of
anharmonic oscillators.

We noticed that jerk versions of some nonlinear oscillators belong to this family,
particularly the harmonic oscillator and some anharmonic oscillators. In quantum field
theory (QFT), while the harmonic oscillator is a fundamental concept, there are other general
potentials, including anharmonic potentials. Consequently, we expect some connections
between our work and QFT, particularly solitons.
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Abstract: In this study, a mathematical model for the transmission dynamics of malaria among
different socioeconomic groups in the human population interacting with a susceptible-infectious
vector population is presented and analysed using a fractional-order derivative of the Caputo type.
The total human population is stratified into two distinguished classes of lower and higher income
individuals, with each class further subdivided into susceptible, infectious, and recovered populations.
The socio hierachy-structured fractional-order malaria model is analyzed through the application of
different dynamical system tools. The theory of positivity and boundedness based on the generalized
mean value theorem is employed to investigate the basic properties of solutions of the model, while
the Banach fixed point theory approach is used to prove the existence and uniqueness of the solution.
Furthermore, unlike the existing related studies, comprehensive global asymptotic dynamics of the
fractional-order malaria model around both disease-free and endemic equilibria are explored by
generalizing the usual classical methods for establishing global asymptotic stability of the steady
states. The asymptotic behavior of the trajectories of the system are graphically illustrated at different
values of the fractional (noninteger) order.

Keywords: fractional-order system; social hierarchy model; malaria dynamics; Banach fixed point
theory; global stability

MSC: 37N25; 34D23; 34A08; 92D25

1. Introduction

The evolution of infectious diseases has been a regular threat to humanity and a
bone of contention for policymakers [1]. Several dangerous infectious diseases such as
Ebola, malaria, measles, Zika, Acquired Immune Deficiency Syndrome (AIDS), tuberculosis,
chickenpox, chikungunya virus (CHIKV) and COVID-19 have posed an intensifying threat
to humanity due to their emergence and re-emergence in the population [2,3]. To date,
malaria, which is caused by a single-celled parasite of the genus Plasmodium has maintained
its stance as one of the vector-borne diseases with an overwhelming adverse effect on the
human population [2]. The transmission mode requires the parasitic interaction between a
human (host) and a vector (mosquito).

The malaria parasite is typically transmitted to humans through the bite of an infected
female Anopheles mosquito, which is the main carrier of the parasite. Malaria parasites
may also be transmitted to humans through the transfusion of infected blood, organ
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transplant, or the sharing of contaminated needles or syringes, as well as from a mother to
her unborn infant before or during delivery (congenital malaria) [4]. In 2020, the World
Health Organization (WHO) stated in their 2021 malaria global report that there were
around 241 million cases of malaria globally and 627,000 deaths due to the whip of the
disease [2]. Malaria symptoms may include fever, headache, sweats, muscle aches, chills,
tiredness, nausea, vomiting, and diarrhea, among others [2]. If promptly detected, the
disease is preventable and curable, but symptoms may go out of hand if not detected early
and properly treated [5,6].

Mathematical modeling has become an inestimable tool for finding solutions to the
complexities encountered in the transmission of infectious diseases. In particular, sev-
eral recent mathematical models have been devoted to the study of malaria dynamics
in the literature; see for instance [5-18] and some of the cited references in the recent
scoping review presented in Anwar et al. [19]. Specifically, Abimbade et al. [5] designed a
mathematical model for the evolution of recurrent malaria in the human population. The
authors considered all categories of recurrent malaria, including recrudescence, relapse,
and reinfection. In a similar development, Tasman et al. [6] developed and analyzed a
deterministic model to study the transmission dynamics of recurrent malaria with relapse,
reinfection, and recrudescence, thus taking into account the inadequacy of hospital beds.
Bakare [8] formulated and analyzed a nonautonomous malaria model that took into ac-
count five optimal control measures representing the use of insecticide-treated bed nets,
educational campaigns, indoor residual sprayings, the clearance of mosquito breeding sites,
and treatment control in mitigating the dynamical spread of malaria in the population.
Traore [9] designed a temperature-dependent malaria model where the mosquito popula-
tion was structured into stages. In [10], the authors presented an optimal framework for
the transmission dynamics of malaria that incorporated mosquito seasonal factors, and
the impacts of insecticide, prevention, and treatment controls on the malaria model were
examined. Furthermore, Keno [14] applied optimal control theory and economic analysis
to a deterministic mathematical model with atmospheric variation.

In another development, the authors in [15] presented and rigorously analyzed a
malaria model incorporating a direct atmospheric-mediated transmission mode. In [16],
the authors formulated and analyzed a malaria model incorporating relapse and unenlight-
ened infected individuals. Furthermore, Olaniyi and coworkers [17] presented an optimal
control framework for the transmission dynamics of malaria through the transfusion of
infected blood and the indirect horizontal transmission (human vector) route with satu-
rated treatment function. The authors in [20] presented an optimal control framework for
recurrent malaria dynamics with a view to providing effective optimal control strategies to
be implemented in setting the recurrence of malaria in the human population to extinction.
In addition, Olaniyi et al. [21] stressed on the efficiency and economic analyses of a recur-
rent malaria model. Their focus was centered on identifying the most efficient and most
cost-effective strategy that best averts the highest number of recurrent malaria infection in
the population.

At this point, it is worth noting that all the aforementioned studies did not consider
the stratification of the human population into social classes. However, the authors in [22]
developed a mathematical model for the transmission dynamics of malaria by categorizing
the human population into two main socioeconomic divisions, namely low-income and
high-income individuals. The formulated model was analyzed via optimal control theory
and extended to include efficiency and economic analyses to procure the most efficient and
effective control strategy for mitigating the spread of malaria among social classes in the
population. Modeling infectious disease using a fractional-order derivative operator allows
for a more accurate description of the disease transmission than the classical modeling
approach. The nonlocal nature of the fractional-order system makes it more suitable to
model disease dynamics where prior history of the disease governs its future evolution
(see, [23,24]). Thus, modeling malaria spread in a social hierarchy-structured population
with fractional-order derivative operator will create a history such that the current behav-
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ior of the disease will depend on the previous outbreaks. This explains the capacity of
fractional-order models in capturing memory effects in the transmission dynamics of dis-
ease. Hence, it is of essence to improve on the existing knowledge of malaria transmission
dynamics by studying the effect of memory on the evolution of malaria within social classes
in the population. This can be achieved by generalizing the model developed in [22] in the
framework of fractional calculus.

It is worthy of note that Atangana—Baleanu and piecewise Caputo-Fabrizio fractional
versions of the model have been analyzed in Bonyah [25] and Aldwoah et al. [26], respec-
tively. Both studies in [25,26] focused on establishing the existence and uniqueness of
the solution of the model, thereby exploring the crossover effects associated with malaria
dynamics. However, the comprehensive global stability dynamics of the social hierarchy-
structured malaria model with either a classical or fractional derivative operator remains
unexplored thus far. As a result of this, the fractional-order of the Caputo type is employed
in this present study, with specific focus on gaining insights into the global asymptotic
dynamics of social hierarchy-structured malaria transmission with memory using a more
generalized approach for establishing the global asymptotic stability of the steady states of
the fractional-order model. In other words, this study examines the influence of memory
on the global dynamics of malaria among social classes by extending the usual classical
methods for investigating the global asymptotic stabilities of both disease-free and en-
demic equilibrium points to a more general approach using fractional calculus with a
Caputo derivative operator. The remaining aspects of the study are organized as follows:
In Section 2, the noninteger-order social hierarchy-stratified model is presented with its
qualitative analysis for the existence and uniqueness of solutions. Section 3 presents the
global asymptotic dynamics of the fractional-order model with simulations and discussion.
Section 4 deals with the concluding remarks of the study.

2. Fractional-Order Social Hierarchy-Stratified Model

The mathematical model presented in this study is a fractionalized version of the
classical-order nonlinear malaria model developed in Olaniyi et al. [22]. It has been
established by a plethora of researchers that fractional-order derivatives define real-life
situations better than the usual classical-order derivatives. This is due to the fact that
fractional-order derivatives possess distinctive properties such as memory and heredity,
which enable adequate and effective comprehension of real-life phenomena [27-33]. It
is on this note that this study is focused on the application of fractional calculus to the
epidemiology of malaria with a view to gaining further insights into how the consequences
of memory affect the transmission dynamics of the disease in a social heirarchy-structured
human population. To start with, it is of essence to state some basic concepts and analytic
results in fractional calculus following [3,34,35].

Definition 1. A Riemann—Liouville fractional integral of order w of relation h : Ry — R,
designated by I{*h(t), is defined as

I*h(t) = ﬁ/@t (tf(g))rﬂ?dg' )

where v € Ry such that « € (0,1) and t > 0. The gamma function, T (x), is given by

I'(a) = /OOQ x*le ¥ dx. ()
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Definition 2. A fractional derivative of order a of h : R, — R of the Caputo type, denoted by
CD&h(t), is defined as

1 't H (o)
do,
I'l—ua). t—o0)~
Din(t) = e 3)
dD(
dre

h(t), 0 <a<1.

Lemma 1 (Generalized Mean Value Theorem). Let g(t) € C[0,t*] and Dég(t) € C[0,t*] for
0 < a <1, then,

Cw «
g(t) =g(0) + Df%gf;)t, pe[0,t], Vte (0]

(i) IFCDig(t) > 0V t € [0,t*], then g(t) is nondecreasing for each t € (0,t*).
(ii) If°Dig(t) < 0V t € [0, ], then g(t) is nonincreasing for each t € (0,t*).

Lemma 2. Let x(t) € C([0,0)) satisfy

“DEx(t) + ax(t) < az, x(0) = xo,

where o € (0,1] and aq,a, € R, with ay # 0; then,

a a
x(t) < (xo - *Z)Ea,m—ult“) +2,
a ay

where Ey 1 (+) is a Mittag-Leffler function with one parameter w given by

n

Eq1(x) = ngo Tan+ 1)

Lemma 3. x(t) = x(0)Ey1(kt") solves the fractional-order differential equation of the form
Dy x(t) = kx(t).

Consequently, the nonlinear fractional-order differential equations of the Caputo type
describing the evolution of the social hierarchy-structured malaria model are given by

CDySi(t) = (1—r)Au—PiSL(t)Iy(t) + WRL(t) +0uSu(t) — (uu +01)SL(t)
CDESH(t) = rAp—bB1Sa()Iy(E) +eRp(t) + orSL(t) — (ppr + or)Su(t)
CDyIL(t) = BiSL(D)Iv(t) — (u +v +6)IL(t)

CDiIn(t) = bpiSu(DIv(t) = (uu +a+¢)Iu(t)

CDiRe(t) = le(t) = (w+ pr)Re(t) ?
“DfRp(t) = aly(t) = (e +pun)Ru(t)

DEsy(t) = Av—pa(IL +01m)Sv(t) — pvSv(h)

CDily(t) = Pa(lL+0In)Sy(t) — pvIv(t).
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with initial conditions

5.(0) = S1o, SH(0) = Spo, 11(0) = Irg, I5(0) = Ino,

RL(0) = Rro, RH(0) = Rpo, Sy(0) = Syo, Iv(0) = Iyo. ©)

Malaria transmission dynamics involve the interaction between human and vector popula-
tions. The total human population, N (t), is socially structured into six mutually exclusive
compartments, namely a low social class susceptible population denoted by S; (¢), a high
social class susceptible population denoted by Sy (t), a low social class infectious popu-
lation denoted by I; (¢), a high social class infectious population denoted by I (t), a low
social class recovered population denoted by Ry (¢), and a high social class recovered popu-
lation denoted by Ry (t). The vector population is stratified into a susceptible population
designated by Sy () and an infectious population denoted by Iy (t). Then, the total human
population, Ny (t) at time t is given by

NH(t) = SL(t) + SH(t) + IL(t) + IH(t) + RL(t) + RH(t), (6)
and the total vector population is given by
Ny (t) = Sy(t) + Iv (). @)

The lower social class human population is a set of lower income individuals, given
by {Sp(t), IL(t), Rp(t)}, who have little or no accessibility to medical treatment and other
resources for sustainance in the population unlike the higher social class population set
{Su(t), In(t), Ra(t)}. The population of lower social class is generated by the fraction of
recruitment of individuals into the population assumed susceptible at a rate of (1 —r)Ap,
while the remaining fraction rAp goes to the higher social class population. The susceptible
individuals in the lower and higher social groups are infected following effective contact
with infectious mosquitoes at incidence rates of f1S; Iy and bB1Syly, where By is the
transmission probability of infection, and b is the modification parameter responsible for
the degree of infection within higher social group individuals.

The susceptible lower and higher social class individuals are further increased by the
rate at which recovered humans Ry () and Ry (t) loss their immunity at rates w and €,
respectively. The infectious individuals in lower and higher income classes recover from
the disease at rates y and «, respectively. The populations of infectious individuals in
both social classes are downsized by the disease-induced death at their respective rates
6 and ¢, while the total human population is dwindled by the natural mortality rate pg.
Furthermore, the population of susceptible mosquitoes is increased by the recruitment
of mosquitoes at a rate Ay and become infected due to the contact with both infectious
lower and higher social class individuals at incidence rate B2 (11, + 61f), with B, being the
effective contact rate and 6 being the modification parameter responsible for the reduction
of infection among the higher social class individuals. The total mosquito population is
diminished by the natural mortality rate yy. The Caputo fractional derivative operator is
chosen to formulate system (4) because of its suitability for initial conditions in a classical
sense unlike the Riemann-Liouville derivative operator. In addition, the Caputo derivative
of a constant function always yields zero, thus satisfying the fundamental principle of
calculus, unlike some other fractional-order derivative operators [27,28]. It should be
emphasized that the full description and assumptions governing the model formulation
can be found in the classical version presented in [22], but it is pertinent to mention that all
the parameters of the model governed by the system (4) are measured per fractional-order
time, t~* (see, e.g., [28,32,35]), unlike the classical model in [22], where parameters were
measured per unit time ¢ 1.

2.1. Basic Properties of the Fractional Model

Herein, the basic properties of solutions of the fractional-order malaria model (4) are
investigated using the theory of positivity and boundedness.
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2.1.1. Positivity and Boundedness of Solution
Theorem 1. The solutions {Sy(t), Sy (t), IL(t), I (t), Ry(t), Ry(t), Sy (t), and Iy (t)} of the

fractional-order social hierarchy-structured model (4) remain non-negative for all t > 0 if the
associated initial conditions (5) are non-negative.
Proof. It is straightforward from system (4) that

CD?(SL)(t”SL:O = (1—1")AH+OJRL(t) +(THSH(t) >0,

CD?(SH)(t)‘SHZQ = I’AH +€RH(t) +U’L5L(t) > 0,

D (1) (H)]1,-0 B1SL(t) Iy (t) >0,

CDFIn) (D=0 = bp1Su(HIv(H) 20,

‘DE(RL)(H)lRy=0 = 7L(t) 20, o
“Df(Ru)(D)|Ry—0 = alu(t) >0,

CDESV)(B)lsy=0 = Av >0,

DEIV)(H)ly=0 = P2l +61x)Sy(t) > 0.

Following the fact that the Caputo derivatives in (8) are non-negative on the bounding
planes Ri with the non-negative initial conditions, then by using the generalized mean
value theorem (see, Lemma 1), it follows that the solutions Sy (t), Sy (#), IL.(t), Iy (), Rp(¢),
Ry (t), Sy(t), and Iy (t) are non-decreasing for all time ¢ > 0. Hence, we have the proof. [

Theorem 2. A region D of the fractional-order social hierarchy-structured malaria model (4), which
is defined by © = Dy x Dy C RG x R, where

Dy = {(SL(t)/SH(t)rIL(t)rIH(t)rRL(t)/RH(t)) € RS : Ny(t) < Ai}
HH

A
©V = {(Sv(f),lv(t)) S R%r : Nv(t) < 7“:},
is positively invariant.

Proof. Given that Ny (t) = Sp(t) + Su(t) + Ir(t) + Ig(t) + Rp(f) + Ry (t) and Ny (t) =
Sy (t) + Iy (t), it then follows that the Caputo derivatives of Ny (t) and Ny () are given by

CDYNp(t) = CDESp(t) + DSy (t) + DXL (t) + DIk () + DRy (t) + DY Ry (1)
= Apg—pupNy -9l — ¢lp,

< Apg—pugNg.

)
Similarly,
CDENy(t) + uyNy < Ay. (10)
Now, invoking Lemma 2 on (9) and (10) yields
A A
Nit) < (Nu(0) = B ) Ean (- pnt®) + 21, an
HH HH
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Ha(t,G(1))
Ha(t,G(1))
Ha(t,G(1))
Ha(t,G(1))
Hs(£,G(1))
He(t,G(1))
H7(t,G (1))
Hs(t,G(1))

and A A
Nu(0) < (No(0) = 32X ) Byt + 5L 12
Kv Hv
Then, taking the limsup as f — oo implies that Ny () < Ag/puy and Ny (t) < Ay/uy.
Accordingly, the solution path of the system (4) is bounded in ®, thus showing that the
region © is positively invariant. [

2.1.2. Existence and Uniqueness of Solution

This subsection is dedicated to the investigation of the existence and uniqueness of
the solution of the social hierarchy-structured fractional-order malaria model (4) using the
Banach'’s fixed point theory approach [3,33,36,37]. Suppose the noninteger-order malaria
model (4) is rewritten in a compact form:

CDHG(1) = H(t,G(t), 0<t <@,

(13)
g(o) = gOr
Where g(t) = (SL(t),SH(t), IL(f), IH(t), RL(t),RH(t),Sv(t),lv(t))T, and
H(t,G(t) : [0,®] x R® — R are defined by
H(t,G(t) = (Hi(t, SL(t), Su(t), IL(t), In(t), RL(t), Ru(t), Sy (1), Iv(1))T,
fori=1,2,...,,8 so that
= (1=1)Ang—p1SL()Iy(t) + wRL(t) + ouSu(t) — (pm +01)SL(t),
= rAyg— b‘BISH(t)Iv(i’) + €RH(i’) + (TLSL(t) — (]JH + ITH)SH(i‘),
= BiSc()Iv(t) = (pu + v +6)IL(t),
= bp1Su(t)Iv(t) — (uu +a+ @) Iu(t),
(14)
= IL(t) = (w+pp)RL(E),
= IXIH(t) — (€+ }lH)RH(l’),
= Ay —Bo(IL +0In)Sv(t) — pvSv(t),
= Ba(IL+61y)Sy(t) — pviv(t),
where Gy = (S10, Sto, Iro, Iro, Rro, Reo, Svo, Ivo, )T
Now, following Definition 1 by integrating (13) fractionally gives
_ L t _ a—1
G(1) = Go+ £ /0 (t— ) 1 (¥, G(¥))dY. (15)

Assume that M = (C[0, D], || - ||) is a Banach space for all real-valued continuous functions
with the supremum norm governed by

1G] = sup{|G(1)] : t € [0, D]},

with

sup [G(t)[ = sup(|SL(E) [+ |Su(t)[ + ()| + [Ta ()] + [RL(E)] + [Ru ()| +[Sv ()] + [Ty (H)])-
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At this juncture, it is important to establish that 7{(t, G(t)) is Lipschitz continuous, and this
is investigated as presented in the next result.

Theorem 3. The vector function H(t,G(t)) is Lipschitzian in G(t) on C([0, ®] x RE, R) if there
exists a constant P > 0 such that

I H(t, G1(t)) — H(t, Go(1))[| < P|G1(t) — Ga(t)]]- (16)

Proof. Since the states of the fractional-order social hierarchy-structured malaria model (4)
are bounded by Ay /g for the human population and Ay /py for the vector population
in a positively invariant region ©, then considering H;(t, Sp.(t)), and for Spq(t) and Sy (t),
it follows that

[Ha(t, Spa () — Ha(t, Se2 ()] < [(Brlv + pm + o) |[[Se1 — Seall- 17)
Since Iy < Ay /py in D, then the inequality (17) becomes
[Ha(t, Sa(t)) = Halt, S ()| < PullSta = Szl (18)

where P; = (% + (pu + (TL)) > 0.
In a similar manner, for any Sy (¢) and Sp(#),

[1Ha(t, Su1) — Ha(t, Sm2) || < P2lSu1 — Smzll, (19)

where P, = (m + (ug + UH)) > 0, since Iy < Ay /py. For any I11(t) and I15(t),

Hv
1Ha(t, 1) — Ha(t, I2) || < PallIL1 — Ii2ll, (20)
where P3 = (v + 6+ upy) > 0. For any Iy (t) and Iy (t),
[ Ha(t, In1) — Ha(t, In2) || < Palllm — T2, (1)
where Py = (v + ¢ + pyg) > 0. For any Ry (¢) and Ry (t),
[Hs(t, Re1) — Hs(t, Riz)|| < Ps||Re1 — Reall, (22)
where P5 = (w + puy) > 0. For any Ry (t) and Rppp(t),
[He(t, Ru1) — He(t, Ru2) || < Pol|Ru1 — Rial, (23)

where Pg = (e + pup) > 0. Furthermore, considering H7(t, Sy (t)), and for any Sy (#) and
Sya(t), following a similar procedure yields

1H7(t, Sy1(t)) — Hz(t, Sv2(H)|| < [|B2(IL +0Tu)[|[ISv1 — Svall- (24)

Since I and Iy are bounded above by Ap/py in the invariant region D, it then follows
that the inequality (24) becomes

[|H7(t, Sy1(t)) — H7(t, Sva(t))[| < Prl|Svi — Svall, (25)

where P; = (ﬁ 22”

0 (1+06)+ ]/tv) > 0. Also, for any Iy (t) and Iy (t),

[Hs(t Tva(t)) — Hs(t, Iv2 ()| < PsllIva — Ivzl, (26)

where Pg = py > 0.
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In view of the foregoing, it is clear that the noninteger-order social hierarchy-structured
malaria model (4) is Lipschitz continuous, thus satisfying the condition 16, where the
Lipschitz constant P = max{P;},andi =1,2,..,8. O

Now, we define a fixed point of an operator Q : M — M by Q(G(t)) = G(t) so that
_ 1 f _ a—1
Q(G(1) = Go + W/o (t— ¥)“1H(¥, G(¥))d¥. 7)

Theorem 4. The fractional-order system (4) has a unique solution G(t) € M provided that
PP < T'(a+1).

Proof. The main interest in proving this result is to show that Q is a contraction. Since
H(t,G(t)) is Lipschitz continuous, as theorized in Equation (16), it follows that for any
Gi(t),G2(t) € Mand since 0 < t < @,

19660 - Q@I = |y (¢ =¥ 8,6~ i Gal)la |
ﬁ/ot(t_yf,)a—l“%(‘f/,gl(lf’))—'H(Y,gz(qj))”dlf/
P

< g6 - G0l [ vty

< PHGi(t) - G2 ()],

where P* = ®*P/(al'(a)), thus implying that Q is a contraction, since P* < 1. Hence,
there exists a unique solution for the fractional-order social hierarchy-structured malaria
model (4). O

2.2. Basic Reproduction Number

The malaria-free (disease-free) equilibrium of the fractional-order malaria model (4) is
obtained as

0 = (5%,5%,0,0,0,0,5%,0), (28)
where
g0 _ An(uu(l—r) +ou)
P un(um o +on)
g0 = _Anlpurtol)
H - 7
Hu(py + o +o)
and
59 = 2v,
Hy

In what follows, the basic reproduction number of the model is as obtained in [22],
and it is given by

Ro = \/AHﬁlﬁzAv(ebml(mH +ou) +ma(pu(1=r) +on) 29)

,”Hl/‘%/mlmZ(VH +oy+op)

where my = py + v + 0 and my = pup + a + ¢. The basic reproduction number, Ry, is the
key epidemiological threshold that determines the average number of secondary cases of
malaria infection produced by an infectious individual during its period of infectiousness
in a wholly susceptible population [38].
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3. Global Asymptotic Dynamics of the Model

This section explores the global asymptotic stability of the fractional-order social
hierarchy-structured malaria model (4), since stability analysis has been proven to be an
essential performance metric for any dynamical system [29].

3.1. Global Asymptotic Stability of DFE

Since fractional calculus is a generalization of the standard theory of calculus, the
global asymptotic stability of the model around the disease-free equilibrium (DFE) of the
model (28) is analyzed by extending the classical method that has been x-rayed in [39-42]
to a fractional-order derivative operator. To do this, let the fractional-order system (4) be
rewritten in a vector form given by

CDYX(t) = F(X,Z),
(30)
CDMZ(t) = G(X,Z), G(X,0) =0,

of which X € R3 and Z € R3, where X represents the uninfected compartments, and Z
represents the population of infected individuals. In essence, X = (S1, Sy, Rr, Ry, Sv),
and Z = (I, Iy, Iy). Furthermore, let the disease-free equilibrium of the malaria model (4)
be represented by ey = (X*,0); then, the global asymptotic stability of the social hierarchy-
structured malaria model can be established if the following conditions are obeyed:

(Ny): For °D&X(t) = F(X,0), X* is globally asymptotically stable;
(N2): G(X,Z) = AZ — G(X,Z), G(X,Z) >0, for (X,Z) € D.

where A = 0G/0Z is an M matrix evaluated at (X*, 0) with non-negative off-diagonal elements.

Theorem 5. The disease-free equilibrium ey = (X*,0) of the fractional-order social hierarchy-
structured malaria model (4) is globally asymptotically stable if conditions (Ny) and (Ny) are satisfied.

Proof. F(X,Z) and G(X,Z) are obtained from (4) as follows:

(1—=r)Ag —B1SLly + wRL +0ySy — (uu + 01)St,
rAyg —bB1Syly +e€Ry +01Sp — (pg +01)SH

FX,Z) = YL — (w+pr)Re 31)

aly — (6 —+ ]JH)RH

Ay = Bo(I, +01y)Sy — pySv
and

BiScly — (uu +v+9)Ip
G(X,Z) = bB1Suly — (pg +a+ @)y |- (32)

ﬁz(IL -+ HIH)SV — ]lvsv
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Since

(1 — }’)AH + wRp, +(7HSH — (‘MH +0'L)SL
rAy +eRy + 015 — (]/lH —+ U’L)SH
F(X,0) = —(w+ug)Ry , (33)

—(e+pu)Ru

Ay — pySy

then CD#X(t) = F(X,0) implies that

DS, = (1—7)Ay +wRy +0ySy — (up +01)SL,

CD¥Sy = rAg +€eRy +01Sr — (4m +01)SH,

“DfRy = —(w + pun)Ry, (34)
“DfRy = —(e+ un)Ry,

CD?‘SV = AV — ]lvsv.

Using Lemma 3 and solving system (34) simultaneously gives

Sr(t)

RL(t)

1-r)A A
((’7}({+;2+ﬁ11) + VH(VZIiV;[ﬂlH) ) (1 B E“’l(_(aH toLt yH)t”‘))

A
+ (5225 (L(0) + Re.(0) + Ry (0)) — -0
X(Ea,l(fﬂHt"‘) - Ea,l(*((TH +or + pg)th)) + %
X (B (— (@ + i)t = Eat (—(1 + 01 + puan)i*)) + 51.(0)

XEy1(—(og 4+ op + pp)t*) + (1) Ry (0)

oyt+op—w (35)
X (Eq1(—(omg + o+ pg)t") — Eg1(—(e +um)t*)),
%(1 = E1(=pnut*)) + RL(0) (E1 (=pmt") — Eg1(—(w + pm)t*))
+Rp(0)(En1 (=put*) — Eq1(— (e + pm)t*))
+L(0)Ea/1(—]«lHt'x) — SL(t),
RL(0)Eg1(—(w + un)t®),
Ru(t) = Rp(0)Ey1(—(e+pum)t"),
(36)
Sy(t) = % + (sv(o) - %) Eurt(—pvt®).

Consequently, as t — oo in (35) and (36), regardless of the initial conditions S1,(0), Sg(0),
R (0), Ry(0), and Sy(0), then Sp(t) — SE, Sy(t) — S?_I,RL(i’) — 0,Rg(t) — 0and
Sy (t) — SY. As a consequence, the condition (Nj) is satisfied, thus implying that X* is
globally asymptotically stable.
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Further, to establish (N;), an M matrix with non-negative off-diagonal entries is
given by

—(uu+7+9) 0 B1SY
J9G
A=l = 0 —(u+at¢) bpiSy |- (37)
B2SY 6625%, —Hy

Simplifying G(X,Z) = AZ — G(X, Z) gives
Bilv(S) —51)
G(X,7Z) = bB1Iv(SY — Sp) . (38)
Ba(IL +611)(S) — Sv)

It is clear that G(X,Z) > 0, since 0 < S, < 89,0 < Sy < S%,and 0 < Sy < S Hence,
property (Ny) is satisfied. Accordingly, the disease-free equilibrium of the fractional-order
malaria model (4) is globally asymptotically stable. This ends the proof. [

3.2. Global Asymptotic Stability of EE

Let the endemic equilibrium point of the fractional-order social hierarchy-structured
model (4) be represented by €** so that

€ = (S{"Sif I 57 Ry Rif 57, 1.

It is important to mention that the explicit form of € is omitted due to the complexity
of the model. However, if it is assumed that the endemic equilibrium point exists, then it
is pertinent to establish the asymptotic behavior of the fractional-order social hierarchy-
structured model (4) around the endemic equilibrium. To do this, the following result is
considered necessary as a consequence of the idea in [29].

Lemma 4. If G** is an equilibrium point of the Caputo fractional-order system (13), and V(G (t))
is a Lyapunov functional defined by

<

V(G(H) =), 5(Gi—Gi*)? Vb >0,

e
N

Il
-

then .
“DIV(G(t) < Y. [b:i(Gi — G;*)] CDEGi(t).
i=1

Theorem 6. The endemic equilibrium point, e**, of the social hierarchy-structured malaria model (4)
is globally asymptotically stable if the associated threshold quantity, Ry, is greater than unity.
Proof. Consider a quadratic Lyapunov function £ : © — R defined by (see, e.g., [43,44])
LG®) = 3[(SL—S[") + (S —Si) + (I = I}") + (In — Iff ) + (R — R}")
(39)
+(Ru = RE)P + 3 [(Sy = S7) + (v = 1],

With Lemma 4 in mind, the Caputo fractional time derivative of £, along the solution path
of the fractional-order system (4), gives
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CDyL < [(Sp—Si) + (S —Si) + (I — If*) + (In — If ) + (R — R}¥)

+(Rpy = Ri)] [°Df (St + S + I + Iy + Ry + Rpy)]
+[(Sv = S§) + (Iv — ;)] [*Df (Sv + I)]

= [(St=S7") +(Su—Sif) + (I = I}*) + (In = Ijf") + (RL — R}")
+(Ry — Ri)|[Aw — pu(Se + Su + I + Iy + Ry + Ry) — 01, — ¢ly]
+[(Sv = Sy) + (Iv — ) (Av — uy(Sy + Iv))

< —pul(SL—S7") + (Su—S) + (I — If*) + (In — If{) + (RL — R}Y)
+(Ry = Ri)) ((SL+ St + I + I + Re+ Ryr) — 52
—uv[(Sv =) + (v = 1] (S + 1v) - &%)

< —unl(SL—Si") + (Su = S) + (I = If*) + (In — If) + (R — R}Y)

+ (R — RiP)P = v [(Sy = S5) + (Iv — ;)]

Hence, the Caputo fractional time derivative ¢ D} £(G(t)) is negative semidefinite, that
is, °D¥L < 0 with equality if and only if S; = Si*, Sy = Sif, IL = I*, Iy = I},
Ry = R}, Ry = R}, Sy = S}/, and Iy = [;*. This implies that the largest invariant set
in {G(t) € © | D¥L(G(t)) = 0} is the singleton {¢**}. It follows by LaSalle’s invariance
principle [45] that the endemic equilibrium point £** is globally asymptotically stable. [J

3.3. Simulations and Discussion

To visualize the overall behavior of the fractional-order system (4), the generalized
Euler’s method discussed in [46,47] was used. Specifically, in Figure 1, the values of the
fractional order parameter « were allowed to vary in the interval 0 < a < 1 at the basic
reproduction number Ry = 0.7266. It can be observed that as the memory increased, the
size of the high social class infectious human population reduced and converged to the
malaria-free equilibrium rapidly. In other words, a lower value of the fractional-order
parameter & makes the convergence to the disease-free equilibrium faster when compared
with a higer value of the fractional-order «. Similar behavior can be observed for the
infectious vector population. In Figure 2, when the basic reproduction number was greater
than unity, that is Ry = 2.2978, it can be observed that the decrease in the value of the
fractional order parameter « increased the convergence of the high social class infectious
human population to the endemic equilibrium, thus implying that the presence of the
memory enabled the fractional-order social hierarchy-structured system to stabilize more
quickly when compared to a memoryless system where @ = 1. Similar behavior can be
observed in Figure 2b for the infectious vector population when Rg > 1.

In another development, Figure 3 shows the global asymptotic behavior of the fractional-
order system (4) for « = 0.85 at different values of initial data. In particular, when
Ro = 0.7266 < 1, it is shown that every trajectory of the infectious vector population, re-
gardless of the initial conditions, tended to the disease-free equilibrium. This corroborates the
theoretical result established in Theorem 5 for the global asymptotic stability of the disease-free
equilibrium. Conversely, in the same Figure 3, when Ry = 2.2978 > 1, it can be seen that
every solution originating at different sizes of the infectious vector population converged
asymptotically to the endemic equilibrium point. This is in support of Theorem 6.
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Figure 1. (a) Varying effects of the fractional-order parameter « on the high social class infectious
human population. (b) Varying effects of the fractional-order parameter a on the infectious vector
population. In both cases, r = 0.2, Ay = 0.11, 1 = 0.001, = 0.002, Ay = 100, b = 0.003, § = 0.65,
py = 0.0000548, ¥ = 0.82,5 = 0.7, 01 = 0.95, &« = 0.88, ¢ = 0.5, oy = 0.0065, and pyy = 0.067 so that
Ro = 0.7266 < 1.
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Figure 2. (a) Varying effects of the fractional-order parameter « on the high social class infectious
human population. (b) Varying effects of the fractional-order parameter a on the infectious vec-
tor population. Using the same parameter values as in Figure 1, except for f, = 0.02, so that

Ro = 22978 > 1.
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Figure 3. Global asymptotic stability of the fractional-order social hierarchy-structured malaria
model (4), at « = 0.85, around the disease-free equilirium and endemic equilirium when Ry = 0.7266
and R = 2.2978, respectively.

4. Conclusions

In this work, fractional calculus has been applied to describe the transmission dy-
namics of malaria in a social hierarchy-structured population with memory effects. The
formulated fractional-order model is a system of differential equations with a Caputo
derivative operator. The well-posed nature of the model was established via the general-
ized mean value theorem for the positivity of bounded solutions, and the Banach fixed
point theory was employed for the existence and uniquesness of solutions. The global
asymptotic stabilities of both disease-free and endemic equilibria of the fractional-order
model were investigated by extending the methods in the classical calculus to the Caputo
fractional calculus, and the theoretical results were graphically illustrtated. Consequently, it
was proved that at Ry < 1, the fractional-order social hierarchy-structured malaria model
has a globally asymptotically stable disease-free equilibrium where solutions at different
initial values converge to. It was also proved that every solution of the model initiating at
various values tends to the endemic equilibrium asymptotically when R > 1.

In addition, the effects of various values of the fractional order 0 < a < 1 were tested
on the behavior of the fractional-order social hierarchy-structured malaria model. It was
revealed that an increase in the fractional order & results in slow convergence of the state
solutions of the system to both the disease-free and endemic equilibria. Hence, it was
established that solutions of the fractional-order system with values of & < 1 stabilize more
rapidly than a memoryless system with = 1. Therefore, it can be stated that the presence
of memory in a dynamical system operates as a control parameter, which enhances the
convergence of the solutions. This underscores the importance of fractional calculus in
modeling dynamical systems with memory.

In the presence of real data, fractional-order models can have more degree of freedom
for exploring disease dynamics than the classical models. This is so because the fractional
order can be employed as a fit parameter to improve the agreement with the real data.
Thus, for a more realistic approach and accurate prediction of malaria disease spread in
the population, it is worth considering the robust data-driven analysis of the fractional-

240



Mathematics 2024, 12, 1593

order model for malaria dynamics. Also worthy of consideration is modeling malaria
dynamics via a reaction—diffusion system in order to describe how the disease spreads
through contact between host—vector interactions and spatial movement in a heterogeneous
environment. These are the limitations of the present work, which can be explored as future
considerations.
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Abstract: Studies of the dynamics of linear and nonlinear differential equations with delays described
by mathematical models play a crucial role in various scientific domains, including economics and
biology. In this article, the Lambert function method, which is applied in the research of control
systems with delays, is proposed to be newly applied to the study of price stability by describing
it as a differential equation with a delay. Unlike the previous work of Jankauskiené and Militinas
“Analysis of market price stability using the Lambert function method” in 2020 which focuses on the
study of the characteristic equation in a complex space for stability, this study extends the application
of this method by presenting a new solution for the study of price dynamics of linear and nonlinear
differential equation with delay used in economic and biological research. When examining the
dynamics of market prices, it is necessary to take into account the fact that goods or services are
usually supplied with a delay. The authors propose to perform the analysis using the Lambert W
function method because it is close to exact mathematical methods. In addition, the article presents
examples illustrating the applied theory, including the results of the study of the dynamics of the
nonlinear Kalecki’s business cycle model, which was not addressed in the previous work, when the
linearized Kalecki’s business cycle model is studied as a nonhomogeneous differential equation with
a delay.

Keywords: differential delay equations; delayed arguments; Lambert W function; market price;
nonlinear differential delay equations; Kalecki’s business cycle model

MSC: 37c20; 34K05

1. Introduction

The dynamics of market price are extremely useful and this is shown by a number
of published articles [1-5]. Market prices for different products are a concern for both
consumers and producers, as falling prices can cause many problems for suppliers and
rising prices reduce consumers’ purchasing power. This can lead to a loss of profit for
product manufacturers. Food prices are by their very nature more volatile than prices for
industrial goods. Such fluctuations in food prices are particularly problematic for people on
low incomes. In countries where this happens, sudden price increases can have both short-
and long-term consequences for people’s incomes. For this reason, the study of market
price stability is crucial in assessing the parameters that lead to sudden price spikes and, if
properly modeled, can provide information that can help stabilize market dynamics. The
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existence of various delays in markets, for example between supply and demand, must be
taken into account. Delays are common to many economic phenomena and can therefore
be described by a differential equation with the delay argument [1,2,5-7]. To obtain the
solutions of the differential equation with the delay argument, the method of Lambert
function can be applied.

Price stability in markets is clearly a key economic issue. Research [8] on how to
stabilize chaotic dynamic systems, which depend on initial conditions, using the technique
of asymptotic stability analysis is presented in the literature. This technique allows the
control of chaotic speculative price fluctuations in a model. Another study analyzes
the behavior of a stock market model by identifying traders who optimistically trade in
rising markets and pessimistically trade in falling markets, which risks undermining the
stability of stock markets [9]. The impact of COVID-19 on financial markets has been
widely studied [10,11]. The studies [10] focus on the evolution of market efficiency using
two efficiency indicators: the Hurst exponent and the memory parameter of a fractional
Levy stable motion. The results [11] show the impact of oil prices on the stability of
financial systems, implying that oil price fluctuations can make financial markets unstable,
especially during the period of the COVID-19 pandemic. The study shows that business
cycle uncertainty has amplified the effects of oil price shocks, thereby increasing their
impact on financial system stability. This shows the relevance of price stability studies in
financial markets.

The modified method of the Lambert W function proposed in the article provides
an opportunity to obtain quick solutions for market stability analysis by changing the
parameters. After obtaining the market price through supply and demand, it is very
relevant to study the effect of elasticity of demand and the argument of lag between
supply and demand. The increase in the supply price, due to oil price fluctuations and the
impact of COVID-19, increased the need to study as accurately as possible how buyers will
react to the price change; for this purpose, the demand elasticity coefficient was used in
the research.

A study in the literature [12] analyzes a two-market cobweb model that includes
delays in agricultural production and delays in price information between markets. The
cobweb model includes two markets because of the interdependence observed between
agricultural markets. The model highlights several delays, as each commodity has a differ-
ent production time (delay) depending on the nature of the product, and the dependence on
the two markets creates delays in the information on the different markets. First, the paper
confirms that the dynamics of two markets are similar to the dynamics of a single market if
the interdependence is one-sided. Second, it is shown that production delays have a desta-
bilizing effect and information delays have a stabilizing effect. In the context of financial
market modeling [13], structural stability implies that certain “no-arbitrage” properties
have a low impact on the disturbances in the model dynamics, leading to the formulation of
a “no-arbitrage” requirement, which is referred to as the “uncertainty principle”. The paper
shows that structural stability is essential for a correct approximation of the model (which
is used in the numerical approach to price calculation). Most of the articles use numerical
methods for the analysis of market price dynamics. When conducting experiments with
such models, it is important to use exact or near-exact methods. Such methods are the
Consequent integration method, which is exact, and the Lambert W function method,
which is near-exact [14-18].

How can economic entities act to manage an unstable situation in the face of crises
and in what ways can these challenges be dealt with? Potential solutions are offered using
innovative tools created using artificial intelligence and modern mathematical methods,
such as the Lambert function method. Using artificial intelligence methods, such as deep
learning and recurrent neural networks, as well as the innovative method of the Lambert W
function, the information system for analyzing and forecasting market price stability would
enable market entities to shape their behavior to obtain the greatest economic benefits. By
simulating various scenarios and analyzing the market situation, it is possible to make
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political decisions that help manage the situation, by regulating the prices of essential
products and raising interest rates.

The Lambert W function is a function with an infinite number of roots. This function
is frequently used in mathematics, physics, and other fields [19-24]. One of the uses
of the function in mathematics is to find the roots of differential equations with a delay
argument. This application is of great interest because differential equations with a delay
argument can be used to mathematically describe real-world models such as various control
systems [15-17,24-26]. The problem with such equations is that they are more complex
than ordinary differential equations and methods that are suitable for ordinary differential
equations are not suitable for delay differential equations, so differential equations with
a delay are usually solved by numerical methods, which can limit the accuracy of the
solutions. For these reasons, the Lambert function can be used to find exact solutions. The
Lambert function can have either scalar or matrix expressions [18,27]. The advantage of the
Lambert function method is that as the number of branches of the function N changes, an
increasingly accurate result is obtained, and as it approaches infinity, an exact solution is
obtained. This method makes it possible to solve various types of differential equations
with a delay argument, without changing the expression of the solution, only by changing
the values of the constants.

From a systemic point of view, markets are related to information feedback in the
form of price signals and, like all feedback systems, can be stable or unstable. Therefore, in
this paper, we will study market price stability based on the Lambert function approach,
widely used in control theory. We will write the market price as a differential equation
with a time delay argument, via the supply and demand equations, assuming that supply
has a real-time delay compared to demand. By applying the Lambert function to the
resulting mathematical model, we obtain a solution-finding methodology adapted to the
study of market price stability. Our research began with finding and representing the
transcendental equation in a complex plane. Based on this study and presentation of the
results, we published an article titled Analysis of market price stability using the Lambert
function method in the journal Lietuvos matematikos rinkinys [28]. In this paper, we continue
the work we started in the mentioned paper [28] by extending the study to obtain a solution
of the differential equation with a delay argument for the study of price dynamics, also
including nonhomogeneous and homogeneous cases.

Section 2.1 presents the finding of a solution to a mathematical model of market prices,
a homogeneous differential equation with a delayed argument, obtained via the supply and
demand equations using the Lambert function. Section 2.2 presents the solution when the
mathematical model, a differential equation with a delayed argument, is nonhomogeneous.
Section 2.3 presents the nonlinear delayed differential equation used in biological systems.
It is proposed to analyze such an equation using the Lambert W function. The results
section presents two examples related to the study of the dynamics of market price when
the mathematical model is a homogeneous differential equation with a delay argument
using the Lambert W function method and one example of the study of the dynamics of
the Kalecki’s stationary business cycle model when the model is written with a nonhomo-
geneous differential equation with a delay argument and the Lambert W function method
is used for the study and the numerical dde23 method described in the Matlab is used
for comparison. This article deals with an example where we have a nonlinear system.
Example 4 shows the advantage of the Lambert W function method over the numerical
method dde23.

This newly proposed method has already been applied in the study of agricultural
real market prices and its use is planned to be extended.

2. Modified Lambert W Method

In this section, we will present the use of the Lambert function method to study market
prices. This method is widely used in studies of control systems with delays, so we will
modify this method in such a way that we can apply it in the study of market price stability.
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The developed modified method of Lambert’s functions is applied only to mathematical
models for the study of market price dynamics. This is a novel application of Lambert
functions to this type of model. This method was chosen due to its accuracy (Table 1
shows this) and invariance, resulting in a general solution for studies of price dynamics of
various products (in Equations (14), (23) and (30)). In the obtained solutions of market price
models, the differential equation with a delay argument, it is very easy to model various
situations and obtain research results. For example, it is possible to study the influence of
various delays between supply and demand on the price to observe the behavior of the
price dynamics. It is also possible to analyze the elasticity coefficient, which shows the
consumer’s behavior in relation to the price. The main Lambert function method used for
the three cases with a differential equation with a delay argument is homogeneous, and
nonhomogeneous and when we have a nonlinear equation.

Table 1. Comparison results between free methods.

LAMBERT W
T N DDE32
5 50 100 1000
1 0.0148 0.0015 0.00075 0.000075 0.7120
computational time, s  0.008841 0.294708 1.110586 103.209791 0.001228
0.1 0.00121 0.0001  0.000065  0.000008 0.08120

computational time, s 0.094167 0.413030 1.129259 104.467406 0.072151

2.1. Homogenous Case

In this article, we will analyze the balance of the market price when the equation
is described by a mathematical model—a differential equation with a delay argument.
Usually, market price is described by the difference between demand and supply [4,29]:

p'(t) = D(p(t)) = S(p(t)), )

where D(p(t))—demand; S(p(t))—supply; and variable p(t) is price dependent on time
argument f.
The differential equation with a delay argument is as follows:

p'(t) =(D(p(t)) = S(p(t — 1)), @

where 7 is the delay argument and 7y is the coefficient of elasticity of demand. This model
was chosen because the supply of goods is only available for the customers once they have
been manufactured or transported; therefore, a delay occurs. The Equation (2) of demand
and supply can be written as follows [4]:

D(p(t)) =a+pp(t),  p<0
®)
S(p(t—1)) =A+dp(t—1), 6> 0.
where « and f are the coefficients of the demand equation and A and ¢ are the coefficients

of the supply equation.
Then, the market price model can be written as

p(t) = e+ Bp(t) = A —dp(t—1)). )
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We denote variables v = yd and r = —B. After multiplying and dividing variable
y(a — A) by (6 — B) we obtain the following:

() =20 =D =B ()~ op(e ) ®)

Let us denote market balance price p(e) = Eg:g; and use it in (5):

P8 +r(p(t) —ple) +o(p(t—T) = p(e)) = 0. ©6)

Denoting z(t) = p(t) — p(e) and using (6) we obtain a differential equation with a
delay argument:
Z'(t) +rz(t) + vz(t — ) = 0. @)

To solve the delay differential equation, we will use the Lambert W function
method [17,25,30]. Then, z(t) = Ce*':

sCe*t 4 rCe™t 4+ vCe’T) = 0. ®)

Dividing both sides by Ce' # 0 and moving ve™ ™ to the right-hand side yields the
following;:
s+r=—ve . 9)

Multiplying both sides of the Equation (9) by te™ "7 yields the following:
(s +7)TelHT = —pre™, (10)
Using Lambert W function ¢(w) = we® yields the following:
(s+7)t=W(—ovte™). (11)

We obtain the following solution:
Sp = 1W (—vte™) —r (12)
kT ’

The solution of the transcendental equation of the differential equation with delay
argument (4) using v = yé and r = —p is obtained:

1
se= W (=70 TePT) + 9B, (13)

The obtained solution can be used to study the stability of market prices, obtaining
results in the complex plane. By changing the variables of the differential equation, it is
possible to find out when the price becomes unstable and there is a risk that it will increase;
this is presented in more detail in this article [28].

The solution of the mathematical model, described by Equation (4), when
p(t) =z(t) + p(e) and z(t) = Y52, €%*Cy, can be written as follows:

) N
pt) =Y e*Ci+ple) = I\ljim Y eCe+ple), t € (T,+00), (14)
k=—co TN

where Cy, is the coefficient of the homogeneous part, which is a vector of complex numbers.
The order of the vector depends on the number of branches of the Lambert function k. The
coefficient is found C; = limy_,e0 (77 (T, N)®((7, N)); here, the number N determines
how many parts the studied interval will be divided into (N is equal to the number of
k branches of the Lambert W function). ®((t, N))j is the initial function and 7! is the

pseudo-inverse matrix, which we obtain from the Equation (13): 77 1(t,N) = es(N),
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Computation of this coefficient is described in detail in [31]); N is a sufficiently large natural
number. The obtained solution will be used in the analysis of market price dynamics. With
the supply and demand models, we will study the dynamics of the market price under
different parameters, evaluating the delay argument as well. Using this new method will
allow us to obtain accurate results.

2.2. Nonhomogenous Case

When p(e) is equal to the function but not the number, then we cannot solve the
differential equations with a delay argument in the homogenous case. In this case, we
can use the nonhomogenous case and solve this equation. This happens when « and A in
Equation (3) are the functions. The researched model for the market price is a first-order
nonhomogenous differential equation with a delay argument, which can be described
as follows:

p'(t) +rp(t) +op(t—1) = u(t) T>0

(15)
p() =o(t)  tel-7,0]
where u(t) = (r + v)p(e). We can write a solution for Equation (15) [25]:
t
p) = [ ¥(LOuz, (1)
where ¥ (t, {) meets the following conditions [31]:
%‘Y(t,@) =—r¥(tQ), t—T <<t
(a)
%‘F(t, 0)=—r¥(t Q) +v¥(t,{+1), {<T—t 17)

¥(,t)=1 (b)

¥({) =0 (>t ()

Using the Lambert W function and conditions mentioned above, we can rewrite
Equation (17a) as follows:

¥(t,0) =e "0, t—T<{<t (18)
A second Equation (17b) can be written using the Lambert W function:
(1,0 = el Pl n-0), (19)

where k = —c0...0c0. The Lambert W function has an infinite number of solutions; therefore,
a solution can be written as a sum:

Y(t, ) = i C}/(e(%wk(*v‘rgr‘r)fr)(tfg), (20)

k=—c0

where Cj is the coefficient of the nonhomogeneous part, which is a square matrix of
complex numbers. The order of the matrix depends on the number of branches of the
Lambert function k. The coefficient is found C], = limy_.c (17~ (T, N)T'((T, N)), where
the number N determines how many parts the studied interval will be divided into (N
is equal to the number of k branches of the Lambert W function). From the expression
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I'(t,N) = e*(™N) we find T(t, N) and !, which is the pseudo-inverse matrix we obtain
from the Equation (13): (7, N) = es(TN),

The solution of the nonhomogenous scalar differential equation can be described as
follows: Whent < T

ot ot
p) = [ ¥ ou@)ag = [ e Pou()az. @y

Whent > 1

— =)
p) = [ L CielCme - Dougyag+

k=—0c0

(22)
+ t e =Dou(g)dz.

t—1

The solution of the nonhomogenous differential equation with a delay argument can
be written as an equation, where the coefficient Cy is found using functions p(t) = ¢(t),
t € [0, 7]. Calculation of Cy and C}, is given in the following equation [25]:

p(t) = i ckeskff/(; t i CleSc = pu(7)dg. (23)

k=—c0 k=—oc0

The obtained solution of the differential equation with a delay, using the modified
Lambert function method, provides an opportunity to study mathematical models of the
market price in the nonhomogeneous case.

When calculating the coefficients, it is very important to calculate the pseudo-inverse
matrix, rather than the simple inverse, since the determinant is close to zero.

2.3. Nonlinear Case

In this subsection, we apply the method of Lambert functions to a nonlinear delay
differential equation of the form

X () +ax(t) + Bf(x(t—1)) =0, (24)

where «, B, and T are positive constants and f satisfies the conditions in [32]:

feCRR) and uf(u)>0, x#0 (25)
and
tim £ _ g (26)
u—0 U

where f(1) = e" — 1. According to the Theorem 1 and Remark 1 described in the article [32],
there is an oscillation if and only if the characteristic equation

F(s)=s+a+pe " =0 (27)
has no real roots.

Theorem 1. Consider the following equation:
n
v+ Y afyt-1) =0, t>t (28)
j=1
with gj = x * /3/, subject to conditions (25), (26), and

f(u) <u, u > 0. (29)
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Then, every solution of Equation (28) oscillates if and only if the characteristic equation

n
A+ Y ge =0 (30)
j=1

of the corresponding linearized variational problem has no real roots.

Remark 1. It is interesting to note that all of the nonlinear functions in the Equations

/ ]/(t_T) _
y(t)+ﬁm =0,

(1) +ay(t) +Bf(y(t— 1)) =0, @1

Y (5) +ay(t) + 1 —e VD) =0

where w, r, B, and T are positive constants. These equations satisfy conditions (25), (26), and (29)
of Theorem 1. Furthermore, our results can be extended to more general equations of the form of
Equation (28), which involve different functions f;, each of which satisfies conditions (25), (26),
and (29).

To study the resulting characteristic equation, we propose to apply the Lambert
W function
s+ua=—pe ", (32)

Multiplying both sides of the equation by Te™**7 and using the Lambert W function
P(w) = we® yields the following:

(s+a)T = W(—Bte™). (33)

We obtain the solution of characteristic Equation (33):
Sk = 1W (—=Bte™) —a (34)
" '

Using the Lambert function, we can investigate the parameters used to describe
the oscillations of systems described by a nonlinear differential equation under certain
conditions. The conditions described are typical of various studies in mathematical biology.

In nonlinear mathematical models of differential equations of biological oscillators, the
evaluation of parameters is a difficult task. These models describe the dynamics of biological
systems, and an assessment of their parameters is necessary to predict certain processes.

3. Results

Using the Matlab (R2024a) mathematical package, in this section we will present the
results obtained by applying the modified Lambert function method to several cases. In
the first example, the results are obtained when the differential equation with the delay
argument is homogeneous, in the second, when we have the nonhomogeneous case. The
third problem is solved and the modified method of Lambert functions is applied when
we have a nonlinear case and we straighten it, and the fourth problem is chosen to show
the advantage of the method by solving it with three methods: the method of Consequent
integration (exact), the numerical method (described in the Matlab package), and the
modified Lambert function method.

3.1. Example 1

It is well known in economics that there is a lag between supply and demand, so
the estimation of the delay parameter is very important. We will analyze a mathematical
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model where the market price of a commodity is described by a homogeneous differential
equation obtained through supply and demand:

p(t) =v(8+2—04p(t) — 0.6p(t — 1))
(35)
o) =8t—2 te[-T1;0]
We are going to research the dynamics of market price. With an initial function that is
written in Equation (35), the delay argument T = 0.5, and the coefficient of elasticity of
demand 7y = 3, we observe that the solution slightly oscillates in the interval from 0 to 4
and then equilibrates out at EUR 10. We chose a small delay, considering that automated
processes allow us to reach the user faster. The coefficient of elasticity of demand describes
the change in the quantity demanded of a good when the price of the good changes. If the
demand ratio is greater than 1, buyers will be highly responsive to a change in price, if
equal to 1, total revenue will not change when the price is increased or decreased, if it is
less than 1, buyers will be unresponsive to a change in the price of the product. We selected
parameters that can cause price instability in the longer term. When the coefficient of
elasticity of demand increases to v = 7 and v = 9, the interval of price oscillation increases,
and a longer period of time is required in order to reach equilibrium (Figure 1b,c).

05, v

pit)

N qm
| Jl]fUU\Unvltvnunm 0

(9

Figure 1. Dynamics of market price with different intensities. (a) Shows that the price will oscillate
less with an elasticity coefficient equal to 3. (b) Shows that the price will fluctuate more with an

elasticity coefficient equal to 7. (c) Shows that the price is stable when the elasticity of demand is 7,
but more oscillating.

3.2. Example 2

The economic example was chosen from the article [5] in hopes of demonstrating the
application of the Lambert W function method for the analysis of real-life market price
dynamics. The subject of our experiment is the market price of poultry meat, which is
described by a mathematical model:
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p'(t) = 7(375.2 — 166 — 0.78p(t) — 1.78p(t — 7))
(36)
Po(t) = 01812 + 34t +67  t€[-T7;0].

Since, in the article, the delay argument was equal to 0.5, in this article, we conducted an
experiment with a delay equal to 0.9.

When the coefficient of elasticity of demand is equal to 0.9, we have a small fluctuation
(Figure 2a) because the demand is inelastic (buyers will not react much to the change in
the price of the product). As the coefficient values increase, the oscillation interval also
increases (Figure 2b). The third graph (Figure 2c) shows a pattern with a demand elasticity
coefficient of 1.9, a coefficient in this case indicating that demand is flexible (i.e, buyers
will be very responsive to a change in price). In this case, the system is asymptotically
unstable and we cannot analyze when the market price will reach the equilibrium point.
All presented results were calculated using the Lambert W function method and compared
with the numerical method dde23 from the Matlab package.

0% v=14]

(’ — 55709
\

e e
%:‘
<]
pit
3

(©)

Figure 2. Dynamics of real-life market price with different intensities. (a) Shows that the price will
fluctuate less with an elasticity coefficient equal to 0.9 and (b) shows that the price will fluctuate more
with an elasticity coefficient equal to 1.4. (c) Shows that the price is unstable when the elasticity of
demand is 1.9.

A number of branches of the Lambert W function equal to 80 was used during the
experiment. The larger the number of branches of the Lambert function that is chosen,
the more accurate the result is. To be more accurate than the numerical method dde23, it
is enough to select 80 branches (the chosen number of branches is based on the analysis
performed in the article [15,26]). The Lambert W function method is close to the exact
Consequent integration method and is therefore superior to the dde23 method (a more
detailed comparative analysis of the methods can be found in articles [15,26]).

253



Mathematics 2024, 12, 2760

3.3. Example 3

In economical theory, Kalecki’s stationary business cycle model (in the paper [33] it is
denoted KS) has the following form:

m

I =200 -Jt=1)=njt=17), T>0, (7)
where m = a/s and n = b are the symbols taken from paper [33]; T—time delay;
J = k(t) — ko, k(t)—the capital stock at time ¢. In the paper [33], Kalecki’s model is adapted
to growth and is denoted KG. For this purpose, we will investigate linearized KG around
the equilibrium point [k(t), k(t — T) = (ko, ko) = (1,1)], in which it is of the same form as
KS [33]:

K(t) =a(k(t)—1) —blk(t—7) - 1), T>0, (38)

where a = % and b = 4 n. We are going to analyze Kalecki’s stationary business cycle
model, when T = 0.6, m = 0.95, n = 0.121. With parameters a = % = %, b= (% +0.121)
used in the nonhomogenous differential equation, we obtain the following:

19 19

K (1) = k(1) + (5 +0-121)k(t — 0.6) = 0.121

k() =1  te[-06,0]

We will compare the price dynamics with different delay arguments. In Figure 3, we
can see transition function of the system when the delay argument is 0.61 and in Figure 3b,
when the delay argument is 0.6, the system becomes asymptotically unstable and capital
stock can not be modeled for the future time steps. The method of Lambert functions
allows us to estimate the stability limits of Kalecki’s model by changing the delay argument.
This modified method of Lambert functions allows investors to accurately determine the
directions of capital stock dynamics. Using the Lambert W function method, we can test the
behavior of the system with different values of parameters n, m, and the delay argument 7.
In order to ensure the validity of the results, they were compared with the results of the
(dde23) numerical method from the Matlab package. The proposed method is superior to
numerical methods because it is accurate and responsive to parameter changes, and more
sensitive because it provides an accurate solution. It is possible to determine more precisely
at which parameter values the system becomes stable. Example 3 results were obtained
using the same number of Lambert W function branches as in Examples 1 and 2 (more
description in articles [15,26]).
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Figure 3. Dynamics of Kalecki’s stationary business cycle model with different delay arguments.
Figure (a) shows the unstable behavior of stocks. Figure (b) shows when Kalecki’s model becomes
stable up to T = 0.6.

3.4. Example 4

To demonstrate the advantage of the Lambert W function method, we will present an
example that we will solve using Laplace transforms, that is, using the Consequent integra-
tion method, the numerical dde23 method, and the proposed Lambert W function method.
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x(t)

Laplace transforms are used to transform differential equations with a delayed argument
into simpler algebraic equations and to solve them using elementary algebraic methods.
The method of Consequent integration is accurate, but it is difficult to apply to the solution
of different equations with a delay, as a different expression of the solution is obtained for
different equations, while in the Lambert W function method, only constants are changed,
and the method itself is close to exact, and when we have an infinite number of branches of
the Lambert W function, the method becomes accurate. Numerical methods that provide
approximate results are widely used in the literature; one of the most commonly used is
dde23, described in the Matlab package. We will present an example that illustrates the
superiority of the Lambert W function method compared to the numerical method dde23,
using the exact method of Consequent integration. We will solve a differential equation
with a delayed argument:

y'(t)

—y(t— 1), wheny(0) = 1.

(39)
Using the inverse Laplace transform, we will write down the solution (T = 1) for step
response for dynamics of the model:

[#] _\n
v() = ZO% (40)

In Figure 4, the dashed line represents the result obtained by the numerical method

dde23, which deviates from the Lambert W function and the exact method result, which
shows that the Lambert W function is more accurate than the numerical one. The accuracy
of the Lambert W function method depends on the numbers of branches. The table shows
the relative error at different numbers of branches of the Lambert W function and the exact
calculation of the method. The numerical method is also compared with the exact one. All
results are obtained by choosing one of the freely assigned t = 5. It can be seen from the
graph that the relative error between the exact and the numerical method is larger in the

interval t € [0;5]. We can conclude that by choosing only five branches, we obtain a more
accurate result than in the case of the numerical method.
T3
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Figure 4. Comparison results between free methods.

In Table 1, we have given computational times to the different number of branches

of the Lambert W function. We can see that the numerical method is faster, but it is less

computation time is longer.

accurate. When we have a lower delay, the method gives more accurate results, but the

255



Mathematics 2024, 12, 2760

References

4. Conclusions and Futures

This paper presents a new application of the Lambert W function method to the
solution of an economic model described by a differential equation with a delay. The use
of the Lambert W function method, when we solve delay differential equations, is widely
known only in the application of control systems with delays.

This method is close to an exact mathematical method and is proposed in economics
as a substitute for numerical solution methods.

The proposed modified method can be used not only for the study of price stability
but also for the analytical study of other market models described by a linear delayed
differential equation.

It is proposed to apply to a nonlinear Kaleicki’s stationary business cycle model a
linear first-order nonhomogeneous differential equation with a delay argument and to
solve the Lambert W function.

It is proposed to apply the Lambert W function to the nonlinear differential equation
to find the solution of the characteristic equation.

The results are almost exact, which makes the solution suitable for analyzing models
with different parameter values. The proposed Lambert W function method shows that it
is more accurate than the numerical method dde23 described in the Matlab package and
compared to the exact Consequent integration method it is superior because there are no
complicated expressions. The numerical method outperforms the modified Lambert W
function only in terms of time.

The study of differential equations and dynamical systems provides valuable in-
sights into the behavior of complex systems, whether in economics, biology, or other
scientific disciplines.

In order to strengthen the reliability and applicability of our theoretical model, future
research should focus on empirical validation. After integrating case studies and real data,
we will more accurately assess the model’s ability to predict market stability. This empirical
study will not only help to present concrete facts that support our theoretical claims, but
will also allow a practical comparison of the performance of the model under various
market conditions.
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Notations

This manuscript uses the following notations: Consequent integration method—exact method
using Laplace transforms; dde23—numerical method described in the Matlab package for cal-
culating differential equations with delays; Homogenous—a type of delay differential equation;
k—Lambert W function branches; KG—indicate that here Kalecki’s model is adapted to growth;
KS—The Kalecki’s stationary business cycle model; Lambert W—Lambert W function method;
Matlab—mathematical package; N—branches of Lambert W functions used to calculate coefficients;
Nonhomogenous—a type of delay differential equation.
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Abstract: Economic growth modeling is one of the methods a government can use to formulate
appropriate economic policies to improve the prosperity of its people. Differential equations and
stochastic models play a major role in studying economic growth. This article aims to conduct a
literature review on the use of differential equations in relation to stochastics to model economic
growth. In addition, this article also discusses the use of differential and stochastic equations in
economic growth models in Indonesia. This study involves searching for and selecting articles to
obtain a collection of research works relevant to the application of differential and stochastic equations
to economic growth models, supported by bibliometric analysis. The results of this literature review
show that there is still little research discussing economic growth models using differential equations
combined with stochastic models, especially those applied in Indonesia. While the application of
these models remains relatively limited, their potential to offer deeper insights into the complex
dynamics of economic growth is undeniable. By further developing and refining these models,
we can gain a more comprehensive understanding of the factors driving growth and the potential
implications of various economic policies. This will ultimately equip policy-makers with a more
powerful analytical tool for making informed decisions.

Keywords: economic growth; differential equations; Indonesia; stochastic; systematic literature review

MSC: 34A08; 60H10; 91B02

1. Introduction

Economic growth is one of the most important factors determining the welfare of a
country’s people. Economic growth essentially refers to the increase in the production
of goods and services in a country within a certain period of time [1]. The impact of
economic growth can spread to various sectors, ranging from employment and income to
people’s standard of living [2]. Economic growth is influenced by several factors, including
production factors in the form of labor, capital, and natural resources [1,3]. The quality of
production factors, technological progress, and education can determine the level of output
and productivity of a country, which ultimately determines the rate of its economic growth.
The use of information and communication technology and quality education can increase
business efficiency, increase productivity, and expand market reach [4,5]. Political stability
and government policies also have an impact on a country’s economic growth [6].

The importance of economic growth is also reflected in its ability to increase invest-
ment. When a country experiences positive economic growth, investors tend to see better
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opportunities to allocate their capital in investment projects [7]. High economic growth in
a country can increase a company’s revenue and profit. This allows the company to have
greater internal funds to make investments [1]. However, high economic growth can have
negative impacts such as increasing interest rates and increasing investment risk. High eco-
nomic growth can cause inflation. To control inflation, central banks usually raise interest
rates. This can make investment more expensive and reduce investor interest. Therefore,
the analysis and modeling of economic growth play an important role in examining the
complexity of this phenomenon and helping to formulate the right strategy.

One approach that can be used to analyze economic growth is using a differential
equation model. A differential equation model is a mathematical model used to describe
changes in a variable over time. In the context of economic growth, a differential equation
model can be used to describe changes in a country’s output (production) over time
by visualizing trends and patterns of economic growth, as well as predicting possible
future scenarios [4]. This differential equation model can be used to analyze factors that
influence economic growth, such as investment levels, savings rates, and population
growth rates [6]. By providing an understanding of the factors that play a role in economic
growth, differential equation models can help policy-makers to formulate effective policies
to encourage growth and achieve national development goals [8].

In finance, stochastic models are commonly used because they incorporate uncertainty
and provide a more realistic representation of economic dynamics. For example, these
models are used to describe changes in asset values, with one component representing
deterministic factors and the other component representing stochastic factors such as stock
prices [9]. Furthermore, stochastic models can explain the diverse growth trajectories
of developing countries by incorporating technological diffusion and improvements in
social infrastructure, thus accounting for conditional and absolute convergence in economic
growth [10].

The combined method of using differential and stochastic equations, namely stochastic
differential equations, leverages the power of deterministic and probabilistic approaches to
solve complex problems, especially in high-dimensional diffusion and anomalous scenar-
ios [11]. These stochastic differential equations combine differential equations, probability
theory, and stochastic processes to capture random dynamic phenomena in various do-
mains [12]. These models are used in economics and finance to model the unpredictable
behavior of continuous systems [13].

This approach incorporates randomness into financial modeling, which is essential for
capturing the unpredictable nature of markets and the dynamics of stock prices and interest
rates [14]. The Black-Scholes model utilizes stochastic differential equations to price options,
considering market uncertainty [15]. The analytical solutions of these equations enable
us to calculate the expected value and variance of option prices, which are key metrics in
risk assessment. Moreover, numerical solutions offer greater flexibility in handling various
types of stochastic differential equations, allowing us to achieve high accuracy and gain
deeper insights into stochastic systems [16]. Therefore, the use of stochastic differential
equations to model economic growth can be a novelty for further research.

In this article, we perform a systematic literature review (SLR) regarding the use
of mathematical models involving differential equations in modeling economic growth
problems. Furthermore, this article discusses economic growth models that combine
differential and stochastic equations. This SLR is used to identify and analyze previous
studies that are relevant to the topic being studied [17]. In addition, this article also employs
bibliometric analysis to study research trends and help to find gaps in existing studies.

To support the objectives of this research, we compiled the following research ques-
tions (RQs):

1. What is the state of research on economic growth models using differential equations
combined with stochastics?

2. What is the state of research on economic growth models in Indonesia?

3. What are the gaps in existing economic growth research?
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This article is structured as follows: Section 2 presents the methods used in compiling
this SLR, particularly for how to collect articles for analysis. Section 3 presents the results
of the bibliometric analysis and literature review related to the topic discussed. Section 4
contains a discussion of the research results. Finally, conclusions are presented in Section 5.

2. Methods

As part of our method, we referred to the Preferred Reporting Items for Systematic
Reviews and Meta-Analyses (PRISMA) [18]. PRISMA provides a standard checklist that
guides authors in systematic reporting, ensuring that important aspects of the review
process are not understated [19]. Then, a bibliometric analysis was carried out on the data
obtained from the PRISMA process with the help of R version 4.4.0 software.

2.1. Article Collection

In this study, article data were obtained through searching international databases,
namely Scopus, Science Direct, and Dimensions, using certain keywords. Searches in the
Scopus and Science Direct databases were limited to the “title, abstract, and keywords”
sections, while in the Dimensions database, they were applied to the “title and abstract
sections, because Dimensions cannot search through the “keywords”. Article searches were
limited by year of publication, namely to articles published from 2018 to 2024. In this study,
we considered articles published in open access journals.

The keywords used in the article search are presented in Table 1. The combinations
of keywords presented in Table 2 were established based on the proposed topic, namely
differential equations and economic growth. Combinations B, C, and D were established
to obtain a more specific search for the type of differential equation used. In addition,
keyword E was used to search for articles that combine differential equations and stochastic
models. F represented a combination of A with “Indonesia”, and was intended to observe
the development of this topic specifically in Indonesia. The results of this search are given
in Table 2.

”

Table 1. Keyword combinations in article searches.

Code Keyword Combination

A “differential equation” AND “economic growth”

B “ordinary differential equation” AND “economic growth”

C “partial differential equation” AND “economic growth”

D (“fractional differential” OR “fractional calculus”) AND “economic growth”
E “differential equation” AND “stochastic” AND “economic growth”

F “differential equation” AND “economic growth” AND “Indonesia”

Table 2. Number of publications with six keyword combinations.

Code Scopus Science Direct Dimensions Total
A 42 4 52 98
B 6 1 7 14
C 7 1 9 17
D 13 4 13 30
E 2 1 1 4
F 0 0 0 0

Total 70 11 82 163

2.2. Selection Method

The selection method used in this study was divided into several stages, as shown in
Figure 1. The first stage was the identification stage, containing the data search process
explained in the previous sub-section. At this stage, 163 articles were obtained from three
databases and using six keyword combinations. These articles were then examined during
the second stage, namely the screening stage.
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Figure 1. Data selection process diagram.

The screening stage consisted of two checks, the first of which was the duplication
check. At this stage, the articles were checked for duplication—that is, checking whether
there were articles contained in two or more databases with the same title and author.
Duplication checks were carried out with the help of the Jabref reference manager. Through
this check, 92 duplicate articles were identified and removed, and the other articles went
to the next check, namely the title and abstract checks. At this stage, all articles were
checked for their suitability to the research topic based on their titles and abstracts. From
this check, 39 articles were obtained which were declared relevant to the research topic.
The articles selected at this stage are hereinafter referred to as Dataset 1 and were used in
the bibliometric analysis.

The next stage was the eligibility selection. At this stage, the articles in Dataset 1 were
thoroughly examined by reading the full text to further evaluate the relevance of each
article. From this selection process, 19 articles were obtained that met the criteria. The
articles that went through this stage are referred to as Dataset 2 and were analyzed further.
The results of the selection process are shown in Table 3.

Table 3. Results of the article selection process.

Duplication Abstract and Title Full Text
Code Total
Excluded Included Excluded Included Excluded Included

A 98 61 37 17 20 11 9

B 14 11 3 1 2 2 0

C 17 2 15 7 8 4 4

D 30 17 13 7 6 2 4

E 4 1 3 0 3 1 2

F 0 0 0 0 0 0 0
Total 163 92 71 32 391 20 192

1 Dataset 1 used for bibliometric analysis; 2 Dataset 2 used for literature review.

2.3. Bibliometric Analysis

In this article, bibliometric analysis for Dataset 1 was first performed using the R-
bibliometrix program. Bibliometrix is a bibliometric analysis package written in the R
language and is open-source software [20]. The R-bibliometrix package is equipped with the
“biblioshiny” command, which allows for the combination of bibliometrix’s functionalities
in a web-based interface [21]. This command is used to obtain scientific data mapping
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and perform a comprehensive analysis of the bibliographic information available from
Dataset 1.

3. Results
3.1. Results of Bibliometric Analysis

This section presents the results of the bibliometric analysis based on Dataset 1. The
analysis was performed using R version 4.4.0 with bibliometrix package. Dataset 1 consists
of 39 articles selected according to the title and abstract, published from 2018 to 2024 and
written by 87 authors from 23 countries.

3.1.1. Co-Occurrence Network

The most important result of the bibliometric analysis is the co-occurrence network.
We present the co-occurrence network using Keyword Plus, representing words or phrases
that frequently appear in the titles of article references and not necessarily in the article title
or authors’” keywords [22]. The use of Keyword Plus allows us to cover broader terms that
are not included in the authors’” keywords [23]. The co-occurrence network for Dataset 1 is
given in Figure 2.
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Figure 2. Co-occurrence network of Dataset 1.

The size of the circle of each term indicates how important the term is in the context of
the retrieved articles. The presence of a line connecting each term to another indicates that
there is a relationship between the terms—in this case, the existence of articles discussing
both terms. Based on Figure 2, “differential equations” and “economics” have the largest
circles, so both are the most relevant terms in all articles in Dataset 1. In addition, the
relationship between the two terms indicates that both are often studied together as a
research topic. The presence of the terms “dynamical systems” and “dynamics” indicates
an interest in the dynamics of economic systems, i.e., how economic variables change
over time.

Furthermore, the terms from Figure 2 are displayed in Figure 3 via the Wordcloud
feature of R-bibliometrix. This feature can be used to display keyword data in a visual
form that is easy to read and understand, so that it is easier to find the most important or
frequently appearing words in the articles being analyzed.
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In Figure 3, we can see the terms “ordinary differential equation”, “fractional differential
equation”, “fractional calculus”, and “fractional derivative”. This shows the complexity of
research that examines economic growth models. However, in Figures 2 and 3, the term “partial
differential equation” is not found. This shows that the topic of partial differential equations in
economic growth modeling has not been the focus of research. In addition, the terms “stochastic”
or “stochastic differential equation” do not appear directly in Figures 2 and 3. This also implies
that most of the research represented by Dataset 1 focuses more on deterministic models,
where the variables that affect the system are clearly defined and do not contain significant
elements of chance or uncertainty.

3.1.2. Thematic Mapping

Another form of analysis that can be carried out using R-bibliometrix is thematic
mapping, which groups terms based on their level of development and relevance. In this
form of mapping, terms derived from bibliometric data are grouped into groups of words,
each of which represents a frequently discussed theme. These groups of words are arranged
into four quadrants. The first quadrant is the Motor Theme quadrant. In this quadrant,
groups show high centrality and density, indicating a strong connection between terms
and their relevance to other groups. The second quadrant is the Niche Theme quadrant,
characterized by high density but low centrality. Groups in this quadrant have strong
internal cohesion but limited connection to other groups. Furthermore, the third quadrant
is the Emerging or Declining Theme quadrant. Groups in this quadrant show low density
and centrality, indicating the development of new topics or topics that are declining. The
fourth quadrant, Basic Theme, displays a strong connection to other groups while having
weak internal cohesion.

As shown in Figure 4, Dataset 1 produces three clusters of words in thematic mapping.
Cluster 1 is represented by “economics”, “economic growth models”, and “delay differential
equation”, while Cluster 2 is represented by “differential equations”, “economic analysis”,
and “difference equations”. Both clusters are in the Motor Themes group, where centrality
and density are high. Each term included in Cluster 1 and 2 has a high affinity with other
terms and with other clusters. Meanwhile, Cluster 3, represented by “dynamical systems”
and “dynamics”, is in the Emerging or Declining Themes group. This means that this
cluster has a tendency to have low development and relevance.
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Figure 4. Thematic mapping of Dataset 1.

3.2. Results of the Systematic Literature Review

This section provides the results of the analysis based on the development of research
on economic growth models that use differential equations. We identify the purpose of
the study, the models used, and check whether the article involves a stochastic process.
In addition, we also identify the applications of the model in real-life problems from the
articles in Dataset 2. The results of this study are given in Tables 4-6.

Table 4. Objectives and relevant topics of the articles in Dataset 2 that involve a stochastic process
but do not include applications.

Author(s) Research Objectives Model
Developing a complete numerical approach to estimate .
(24] parameters and level weights for the OU Superposed model Superposed Onstein-Uhlenbeck model
[25] Exte.ndmg th.e classical La}grangmn approach to solving Continuous stochastic optimal control model
continuous-time stochastic optimal control problems
Table 5. Objectives and relevant topics of the articles in Dataset 2 that do not involve a stochastic
process and do not include applications.
Author(s) Research Objectives Model
Finding non-negative classical solutions of partial differential .
(26] equations describing the dynamics of the capital stock. Spatial AK growth model
[27] Developing quadratic nonl}near cost fu.nctlons in economic Riccati fractional differential equation
growth models and analyzing appropriate solutions.
28] ¥nvest1gat1.ng nonlinear RFDE solutions with constant coefficients Riccati fractional differential equation
in economic growth models.
Measurmg the dynamics of uncertamty in an economy by Cobb-Douglas paradigm of the
[29] restructuring the Cobb-Douglas paradigm of the
Solow-Swan model
Solow-Swan model.
s . . Nonlinear fractional order single-valued
30] Building a Lie group-based approach to analyze optimal control triangular neutrosophic fuzzy

problems in economic growth models. differential equations
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Table 5. Cont.

Author(s) Research Objectives Model
Analyzing the Ramsey dynamic model with a Hamiltonian
[31] optimal control problem in neoclassical growth models by Ramsey dynamical model with Hamiltonian
utilizing Lie group theory.
132] Building a mathematical model of economic growth influenced ~ Fractional differential equation of a Keynesian
by memory and lag. model with memory and lag
Studying the influence of memory effects on economic Solow model of long-run growth with memory
[33] and Solow-Lucas model of a closed economy
growth rates. .
with memory
[34] Revisiting the Ramsey economic model with fractional order. Ramsey m.odel. represe nte.d by the fractional
Caputo-Liouville derivative
[35] St’lldylf‘lg the relationship between growth and inflation using Solow—Tobin Model with Taylor rule
Taylor’s rule.
Inves’ugatu}g the dynamic interaction between suPply and ‘ Demand-Supply Dynamic with a collectability
[36] demand, with a focus on aggregation, through the introduction of . . . .
. : factor using delay differential equations
a new mathematical model using the Caputo operator.
Table 6. Objectives and relevant topics of the articles in Dataset 2 with their applications.
Author(s) Research Objectives Model Application
Construct a general differential equation ~ Continuous RBC (real business
[37] that describes long-run economic growth  cycles) model based on the Predictions of the dynamics of the
in terms of cyclical and nonlinear acceleration of induced ~ United States economy.
trend components. investment model
Establish sharp global stability conditions Constant saving ratio and no
to achieve positive equilibrium of the . pollution effect; variable saving
. Solow-Swan model with . .
[38] well-known economic growth model . ratio and no pollution effect;
. ; variable delay . .
when production function delays constant saving ratio and
are considered. pollution effect.
Describe a multidecadal pattern of per Calculate the IMF’s projected
39] capita gross domestic product (GDP) Nonlinear differential equation GDP and population growth
growth that increases and then decreases  model (DEM) rates, and calculate the projected
as a region becomes richer. GDP per capita growth rate.
Build an approach model for the
diffusion of physical capital across
[40] national bgrders that explam§ the impact Spatial Solow Model Economic growth of Venezuela.
of smuggling on the economic growth of
Venezuela or other countries facing
similar conditions.
Apply Caputo derivatives to simulate Integer Order Model (IOM) and
[41] China’s gross domestic product Caputo Fractional Order Model Forecasting China’s GDP.
(GDP) growth. (CFOM)
Build an economic model for the Group . .
[42] of Twenty (G20) countries in the period Keynesian models of the Economic growth model for the

of 1970-2018.

dynamics of economies

Group of Twenty (G20) countries.

4. Discussion
4.1. Development

Based on Tables 4-6, the research in Dataset 1 can be identified based on its research
objectives. Several articles aim to build economic growth models, including [29,32,33,36,42].
Other articles aim to build models which are accompanied by their applications to real-life
problems, including Burges et al. [39], who used nonlinear differential equations to build

266



Mathematics 2024, 12, 3219

economic growth models which were then used to calculate the IMF’s growth rate in GDP
and population. Gonzalez-Parra et al. [40] built an economic growth model in Venezuela
based on the Spatial Solow Model that considers smuggling. Tejado et al. [42] discussed
the Keynesian model of the dynamics of the economy applied to countries in the Group
of Twenty (G20). Akaev [37] implemented the RBC model to predict the dynamics of the
US economy for 2018-2050. The model obtained is a nonlinear differential equation model
with the form

LY af av\?| Lay dye
W+{A+ —Av{l—xg(vm) ]}W—A(1—s)7+w
—AM1—s)Y = A4 414,

@

where Y = C+ I + A, C represents the level of consumption, I is the actual induced
investment, and A is the total output. A states the rate of the supply reaction, and ) is equal
toOor1.

Furthermore, Ming et al. [41] discussed an economic growth model for China using
fractional differential equations. This model has the following variables:

e xi:land area (kmz);

Xp: cultivation area (kmz) ;
x3: population (millions of people);
X4 : total capital formation (billion);
: exports of goods and services (billion);
Xe: general government final consumer spending (billions);
y: GDP (billion).
The fractional calculus model is given by
7

y() = Y e (DR (1), @)

k=1

e o o o o
=
ar

where fg and a; represent the initial year and the derived order, respectively. In addition,
the Caputo derivative Df‘o" Xy for x; defined as
. 1 ¢ dx; (s)
D,k t) = 5 ds, t >t 1.
[O/txk( ) F(l — ak) t (t — S)'Xk st > 1,0 < o < (3)
Furthermore, Tejado et al. [42] discussed the fractional differential equation model
applied to countries in the Group of Twenty (G20). Of the nine variables identified, the
final model used five variables and was generalized using fractional derivatives to obtain

y(t) = Y Geou(t)+ ), CD%xi(t), 4)

k=12 k=3,4,5

with

y(t) : GDP in 2010 in USD;

C: weight, constant over time, for each input variable xy;

x1: land area, measuring available natural resources;

x2: population, measuring available human resources;

x3: gross capital formation (GCF) in 2010 in USD, which measures the resources

produced (this model takes into account the accumulation of resources produced);

e x4 exports of goods and services in 2010 in USD, which measures the external impact
on the economy;

e  xs5: general government final consumption expenditure in 2010 in USD, which mea-
sures the impact of the budget on the economy.

Ming et al. [41] and Tejado et al. [42] used the average absolute deviation (MAD)
and coefficient of determination <R2> to evaluate the economic growth model with the

following formula:
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MADZZi:l‘]:_yil, (5)

R2 1 _ Lic1(i *91)2.
S (i —9)?
Tejado et al. [42] using the Akaike Information Criterion (AIC) to select variables in
the model with the following formula:

A2
(v - 9))
N

(6)

2K(K +1)

AIC = Nlog N_K=1

42K+ @)

AIC;~minAIC
exp| ————

wi = AIijminAIC> : 8)

e B

Meanwhile, Ming et al. [41] used the Bayesian Information Criterion (BIC) for variable
selection with the following formula:

1 . logn
BICzlog(Z(yj—yj)2> + 228, ©
n = n
exp <_ BIG; *EICmin W
wj = BIC, —BICm \ *
7 o)

Several articles focus their research on model analysis, such as that of Buedo-Fernandez
and Liz [38], who conducted an analysis of the global stability condition for a positive
equilibrium of the Solow-Swan economic growth model with variable delay. This study also
considers applications to several possible conditions, such as a constant saving ratio and
no pollution effects, a variable saving ratio and no pollution effects, and a constant saving
ratio and pollution effects. Hu [26] discussed finding non-negative classical solutions of the
spatial AK growth model. Johansyah et al. [27,28] investigated the existence and uniqueness
of solutions to nonlinear fractional Riccati differential equations with constant coefficients,
and then found their numerical solutions using the Adomian Decomposition Method
(ADM) and Kamal'’s Integral Transform (KIT) as well as the Combined Theorem of Adomian
Decomposition Methods and Kashuri-Fundo Transformation Methods. Moreover, Polat
and Ozer [30,31] presented the optimal control problem in economic growth models with
differential equations used as constraint functions. Model analysis was conducted by
utilizing Lie group theory. Zhang [35] explained the relationship between economic growth
and inflation using the Taylor rule. Chen et al. [24] introduced a new mathematical model
using the Caputo operator to analyze the dynamic interaction between supply and demand,
focusing on accumulation in economic growth.

Most of the models used are nonlinear models that utilize numerical simulations. The
differential equations involved are dominated by fractional PD forms, as seen
in [27-30,32-34,36,41,42]. In addition, only two articles involve partial differential equa-
tions, namely Gonzalez-Parra et al. [40] and Hu [26]. Both studies use spatial economic
growth models, namely the Spatial Solow Model and the spatial AK growth model. Spatial
economic growth models can be associated with partial differential equations because they
often involve spatial elements that can be described using mathematical equations. Partial
differential equations used in spatial economic growth models can detail how various
economic variables change over time and space [43]. In addition, Buedo-Fernandez and
Liz [38] and Chen et al. [36] used a delay differential equation model, where there is a delay
in the system’s response to changes. This means that the rate of change in a variable at a
particular time can depend on its value at a previous time.
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Furthermore, stochastic differential equations were used by Mariani et al. [24] and
Ewald and Nolan [25]. Mariani et al. [24] discussed a numerical approach to estimate the
parameters and level weights of the Ornstein-Uhlenbeck (OU) model. In this model, the
Gaussian OU process is defined as the solution of the stochastic differential equation:

aXy = A(Wl — Xt)dt + adBy, t >0, (11)

where A, m, and « are real constants and B; is the standard Brownian motion on R. Initial
value Xj is a random variable that is independent of (B;),~.

Meanwhile, in the article by Ewald and Nolan [25], stochastic differential equations
are used to model the dynamics of a system with uncertainty in optimal control problems.
The optimal control model used is stochastic optimal control, which involves stochastic
differential equations in the problem constraints, namely

T
(m)a>§41E</ f(t, Xi, tXt)dt + g(Xt)> ,st.dX = b(i’, Xt, le)dt + U'(t, X, m)th, (12)
ap)E JO

assuming that the state variables (X;) and Brownian motion (W;) are one-dimensional but
can be adapted to the multidimensional case using vector—-matrix notation. The admissible
control set A is the set of progressively measurable stochastic processes that take values
in the set A. In addition, the functions f,b,0:[0,T]xRx A — R and g:R — R are
continuously differentiable with bounded derivatives.

4.2. Economic Growth Modeling in Indonesia

As shown in Table 6, differential equations are used to model the economic growth of
several locations around the world, such as the US [24], Venezuela [40], China [41], and
the countries in the Group of Twenty [42]. However, differential equation models have not
been used to model economic growth in Indonesia.

Articles discussing economic growth models in Indonesia mostly use stochastic mod-
els, especially time series models, including vector autoregressive (VAR) models [44—47],
autoregressive distributed lag (ARDL) [48-53], error correction models (ECMs) [54-58],
and vector error correction models (VECMs) [59-63]. Time series models are usually cho-
sen because economic data include observations of variables at certain time intervals. In
addition, economic variables often depend on previous values. Through time series models,
this dependency can be easily expressed in the concept of autoregression and can be used
to analyze the economic fluctuation cycle that occurs periodically [64,65].

Other models that are widely used are panel data models, such as the fixed effect
model (FEM), common effect model (CEM), and random effect model [65-70]. Panel
data models provide more accurate estimates of the effects of independent variables on
economic growth [71]. In addition, panel data analysis can capture both long-term and
short-term relationships between macroeconomic variables and economic development,
thus providing insight into the dynamics of economic growth [72]. Panel data analysis also
allows for the examination of cross-sectional and time series data, thus allowing for a more
comprehensive understanding of the determinants of economic growth [73].

Several studies also use a combination of time series models with panel data models,
namely the Panel Vector Error Correction Model (PVECM) [74] and Panel Vector Au-
toregression (PVAR) [75]. These models allow researchers to use information from both
cross-sectional and time series dimensions, thereby increasing the efficiency of parameter
estimation compared to traditional time series and panel data models. This framework
allows the interactions of different time series behaviors to coexist, making it useful for
estimating shifts in the predictability of non-stationary variables and testing the periodic
validity of economic theories [76].

4.3. Research Gaps and Future Work

In addition to being used directly to model economic growth, differential equations can
also be used in dynamic system modeling or control theory. The topic of dynamic systems
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appears in the results of the bibliometric analysis (see Figures 2 and 3). Dynamic systems
describe changes in variables over time. Differential equations play a role in describing
these changes mathematically and predicting future system behavior. Models that have
been used previously include the Solow-Swan model [38,39], the Ramsey model [34], and
the Keynesian model [42]. Differential equations also play a role in control theory, such
as in the research of Polat and Ozer [30,31] and Ewald and Nolan [25], who present an
optimal control theory model with differential equations used as constraint functions.

From the results of the bibliometric analysis in Figures 2 and 3, there are no terms
regarding “partial differential equation” and “stochastic differential equation”. This shows
that both topics are still rarely studied in relation to economic growth. In addition, our
literature review also shows that there are only two articles that use partial differential
equation models and two articles that use stochastic differential equations.

Although the use of stochastic differential equations in economic growth studies is
still rare, the potential of this method to offer deeper insights should not be overlooked.
Incorporating uncertainty and variation in economic variables allows stochastic differential
equations to present a more authentic and dynamic framework. Thus, it is imperative for
future studies to further investigate the application of stochastic differential equations in
economic growth modeling. This effort will not only enhance the current body of literature
but also provide a more powerful analytical instrument for economic decision makers.

Furthermore, although differential equation models have been used to model economic
growth in several other countries, such as the US, Venezuela, China, and the G20 countries,
these models have not been used in Indonesia. This highlights the opportunity for new
research to develop a model of Indonesian economic growth using differential equations.
In addition, the use of stochastic models combined with differential equation models is still
rare. Stochastic differential equation models can also be used to obtain more accurate and
comprehensive results in modeling economic growth in Indonesia. Therefore, differential
equations can also be utilized in modeling economic growth to study the effects of economic
policies on economic growth in Indonesia.

5. Conclusions

This paper presents a comprehensive overview of the literature on the subject of
modeling economic growth with differential equations, supplemented by bibliometric
analysis. The results of this study indicate that differential equations have been used to
determine models and calculate economic growth values. Current research on growth
models has used differential equation models of both integer and fractional orders. The
lack of research using stochastic differential equations also represents an opportunity for
further study.

Several studies have discussed economic growth models and applied them to real-
world problems, such as in the US, Venezuela, China, and the G20 countries. In Indonesia,
the models used to calculate economic growth values are still predominantly stochastic
models, such as time series and panel data models. The use of ordinary and partial
differential equation models with a fractional order and combining them with stochastic
models can be a novelty method in determining models and calculating economic growth
values in a country. Thus, this review article has the potential to help contribute to the work
of policy-makers in formulating a better economic direction with a more accurate economic
growth model using a combination of differential and stochastic equations, especially
for Indonesia.

Although this study offers valuable insights, it is important to acknowledge some
of its limitations. The data used in this study were obtained through searches of interna-
tional databases, namely Scopus, Science Direct, and Dimensions, using specific keywords.
Limited access to paid journals is a challenge in obtaining comprehensive data. For more
complete and in-depth results, further researchers can use more specific keywords in article
searches and utilize access to a wider range of journals.
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