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mechanical power transmission systems. In an era where efficiency, reliability, and performance
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bearings, chains, and other drivetrain components has become increasingly critical.

This reprint emerged from our recognition of the rapid technological advancements occurring in

both theoretical modeling and experimental investigation of mechanical transmission systems. The

growing integration of time-varying contact analysis, dynamics simulation, and robotics applications

has created new opportunities and challenges that deserve focused scholarly attention. The aim is

to provide a comprehensive resource that bridges fundamental mechanical engineering principles

with cutting-edge research methodologies. The articles collected in this reprint explore innovative

approaches to reducing vibration, minimizing power losses, enhancing load capacity, and improving

the overall performance of power transmission elements. From advanced gear tooth contact analysis

and smart bearing designs to AI-assisted drivetrain monitoring systems, the scope of the reprint

encompasses both theoretical frameworks and practical applications that will shape the future of

mechanical engineering.

We extend our sincere gratitude to all contributing authors whose dedication and expertise have

made this reprint possible. Special thanks go to our reviewers for their meticulous evaluation and

valuable feedback, and to the editorial team at MDPI for their continuous support throughout the

publication process.

This reprint is addressed to researchers, engineers, industry professionals, and graduate students

interested in the latest developments in mechanical power transmission. We hope it serves as both an

informative reference point and an inspiration for future innovations in this dynamic field.

Gang Li, Weidong Zhu, Yawen Wang, and Jing Wei
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Multi-Point Control for Face-Milled Spiral Bevel Gears with
a Predesigned Fourth-Order Motion Curve

Yuhui Liu 1, Liping Chen 1 and Gang Li 2,*
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Abstract: This paper presents an ultimate motion methodology of a face-milling spiral bevel gear
pair to synthesize the mating tooth surfaces with a predesigned fourth-order motion curve. The
methodology is to control some contact points along the contact path in the process of tooth contact
analysis via application of an extended local synthesis which permits some transmission errors
rather than zero at the concerned contact point. The modified offset motion correction is selected to
demonstrate the proposed methodology. Applied torque corresponding to an elastic approach of
0.00635 mm at the mean contact point is calculated and the loaded tooth contact analysis is performed.
Numerical results show that the extended local synthesis can effectively control the transmission
errors on the predesigned fourth-order motion curve at arbitrarily predesigned contact points along
the contact path of the spiral bevel gear pair. The tooth contact pattern for the actual tooth pair is
scattered into three segments since the rotational motion of the driven gear at any instant angular
position is dependent on the tooth pair with the least transmission error among the three adjacent
tooth pairs. The actual tooth contact patterns of the spiral bevel gear pair become continuous when
meshing tooth surfaces are elastically deformed.

Keywords: fourth-order motion curve; loaded tooth contact analysis; transmission error; tooth
contact analysis; spiral bevel gears

1. Introduction

Spiral bevel gears are widely used in aviation, helicopters, navigation systems, au-
tomobiles, and renewable energy devices. Similar to other types of gears, operation
performances, e.g., vibration, efficiency, and reliability [1], of spiral bevel gear pairs mainly
depend on their contact patterns and motion curves (MCs). Much research work has
been dedicated to the synthesis and manufacturing of face-milling spiral bevel gears [2–4].
Litvin [5] presented a local synthesis method to control its contact patterns actively with
a parabolic MC. Litvin [6] contrasted the pinion tooth surfaces produced by head cutters
with circular and straight blades, respectively. After obtaining the stabilized contact pattern
with a limited magnitude of MC, they proceeded to investigate tooth root bending stress
and the contact pressure by using loaded tooth contact analysis (LTCA). Fan [7] discussed
distinctive characteristics of the face-milling and the face-hobbing processes of spiral bevel
gears and discounted mechanisms of tooth contact analysis (TCA) that are suitable for
free-form numerical controlled machines and LTCA, considering tooth deformations and
the housing deflection. Liu [8] presented a semi-analytical LTCA method for spiral bevel
gears which uses analytical formulas and finite element analysis correction and involves
Tredgold’s approximation, an optimization model, and a contact judgment strategy. Si-
mon [9] conducted a numerical analysis to investigate the effects of pinion misalignments
and tooth spacing errors on contact patterns and motion relationships of the spiral bevel
gear. Sheveleva [10] introduced the concept of intermediate tangent grids for the pinion and

Machines 2024, 12, 34. https://doi.org/10.3390/machines12010034 https://www.mdpi.com/journal/machines1
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the gear in a spiral bevel gear pair. Meshing performances can be observed by measuring
the distance between the gear and the pinion as the gear pair rotated around the respective
axes. A face-milling method for hypoid gears with a fourth-order transmission error model
was developed to reduce error sensitivity due to misalignments [11]. Mu [12] proposed
a tooth surface modification method to prevent tooth edge contact for high-contact-ratio
(HCR) spiral bevel gears under misalignments or heavy loads based on cutter blade profile
corrections. Alves [13] proposed a method to calculate bending displacements of a spiral
bevel gear pair combining a finite element model with interpolation techniques to improve
the calculation efficiency. This helps for a more efficient analysis of the bending behavior of
spiral bevel gears under various operating conditions. Tsai [14] focused on designing the
machine-tool settings for a four-axis milling machine tool for spiral bevel gears to improve
contact performances using a predesigned motion curve. Ma [15] developed a nonlinear
dynamic model to optimize operation performances of four-point contact ball bearings in a
three-point contact state considering lubrication traction and dynamic characteristics of
the bearing assemblies. Xiang [16] conducted an analysis of geometric errors of a spiral
bevel gear pair in motion axes and their impacts on gear meshing performances. They
focused on six-axis CNC grinding machines and used forward and inverse kinematics
modeling techniques based on screw theory to create models for predicting and compensat-
ing for volumetric errors, ultimately improving the accuracy and quality of gear grinding
processes. Alvarez [17] developed the surface topology model for predicting the rough-
ness of spiral bevel gear surfaces, which can help manufacturers better control product
quality and reduce trial and error costs, and verified the accuracy of the surface topology
model to achieve the size and surface quality of gear production. Mu [18] presented an
approach for designing high-contact-ratio spiral bevel gears with a focus on minimizing
higher-order transmission errors. This method improved meshing performances and over-
all functionality of spiral bevel gears by using a concept of function-oriented design to
optimize the gear design process. The authors of [19] proposed a mathematical model for
a logarithmic spiral bevel gear drive. This type of gear drive offers several advantages
over conventional spiral bevel gears, including higher contact strength and the ability to
separate their shaft angle. These characteristics make logarithmic spiral bevel gear drives
highly promising for a wide range of applications, providing improved performance and
functionality compared to traditional spiral bevel gears. Mu [20] proposed a higher-order
tooth surface modification method aimed at reducing loaded transmission errors (LTEs)
and meshing impacts for improving dynamic characteristics of an HCR spiral bevel gear
pair. Chen [21] presented an integration of various factors to achieve a global tooth surface
control method of spiral bevel gears to solve an ease-off surface equation and optimize
producing parameters. Yang [22] introduced a taper design method for face-milled hypoid
and spiral bevel gears within the completing process. This approach ensures that there are
proportional modifications in both the tooth space width and tooth thickness in relation to
the cone distance.

Much of the research work is concerned with the parabolic MC which can absorb
tooth meshing impacts at the changeover points to some extent between adjacent tooth
pairs caused by linear MC due to misalignments. However, the discontinuity of the first
derivative to the parabolic MC at the changeover points still causes some tooth impact in
the transition of mesh. Stadtfeld and Gaiser [23] noticed this and proposed a combined
motion curve (CMC), composed of a parabolic and a fourth-order polynomial, named as
ultimate motion graph (UMG), which narrows the gap of the first derivative discontinuity
at the changeover point. Stadtfeld demonstrated via experimentation that the ground
hypoid gears produced on a free-form CNC hypoid generator with CMC excelled the
ground hypoid gears with a parabolic MC to a great extent. Fan [24] introduced a CNC
six-axis generator developed by the Gleason Works. He mentioned the concept of UMG
which could be implemented via instantaneous machine settings including modified roll
that were expressed by the higher-order polynomial functions up to the sixth-order with
respect to the cradle rotation angle. So far, the UMG enables the tooth flank crowning
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with the greatest flexibility. Li et al. [25] developed a gear form-grinding method with a
predesigned fourth-order transmission error. Wang and Fong [26] developed a method
to form a fourth-order MC which was a simplified form of CMC and used the radial
motion correction to control the initial bias of the contact path and the MC, respectively.
They found that the radial motion correction could be also used on the CNC machine to
increase its adjustability [27]. They also used the same method along with a variant cradle
rotation angle to generate the tooth surfaces of a hypoid gear pair with the fourth-order
polynomial MC [28]. Since they chose several points on the predesigned contact path
and the corresponding number of points in the vicinity of the predesigned fourth-order
polynomial MC, the two machine settings mentioned above at these points were calculated
one after another and fitted with sixth-order polynomials. In addition, they thought that
the MC and the contact path were decoupled by taking the cradle rotation angle and the
instantaneous radial setting as controlling parameters. Since the fluctuation degree of MC
is relatively small, different MCs could correspond to almost the same contact path. In
other words, the change in the contact path of the spiral bevel gear pair occurs at a slower
rate than adjustments to machine settings or roll motion.

In this paper, a predesigned fourth-order CMC of the spiral bevel gear pair is de-
veloped as a design input to improve its meshing performances and determine the in-
stantaneous offset corrections. The work presents a general method to accurately control
transmission errors of the spiral bevel gear pair with an arbitrarily predesigned CMC.
Numerical TCA and LTCA results show that the proposed method is very efficient in
analyzing meshing performances of the spiral bevel gear pair.

2. Predesigned CMC of a Spiral Bevel Gear Pair

2.1. Basic MC

It has already been recognized by researchers that the main source of vibration and
noise is MC. Reducing MC and controlling the shape of an MC function curve can improve
dynamic performance and reduce vibration of a gear system. Conventionally, a general
MC function is defined as

Δφ2 = (φ2 − φ20)− a1(φ1 − φ10) (1)

where φ1 and φ2 are actual rotation angles of the pinion and the gear, respectively; a1 is the
speed ratio of the spiral bevel gear, i.e., Z1/Z2, in which Z1 and Z2 are the tooth number of
the pinion and the gear, respectively; and φ10 and φ20 are theoretical rotation angles of the
pinion and the gear, respectively.

When a spiral bevel gear pair is in meshing, the difference between the gear’s actual
rotation angle and its mean rotation angle is defined as the MC of the gear pair, and the
second-order and the fourth-order polynomial MCs can be represented as

Δφ2
(2) = (φ2 − φ20)− a1(φ1 − φ10) = a2(φ1 − φ10)

2 (2)

Δφ2
(4) = (φ2 − φ20)− a1(φ1 − φ10) = a2(φ1 − φ10)

2 + a3(φ1 − φ10)
3 + a4(φ1 − φ10)

4 (3)

respectively, where ai(i = 2, 3, 4) is the order number of the MC determined by kinematic
requirements, and superscripts (2) and (4) represent the second-order and the fourth-order
MC functions of the spiral bevel gear pair, respectively.

2.2. Formation of CMC

For a specific spiral bevel gear pair, we proposed a method to determine its CMC. The
CMC formation process of the spiral bevel gear pair is as follows:

Step 1: According to the pinion tooth number and kinematic errors of the spiral bevel
gear pair, 10 points Ai(i = 1, 2, · · · , 10), denoted by “ ◦ ” as in Figure 1a, are chosen to
control the shape of the fourth-order MC. Using the least squares method, the values of
ai(i = 2, 3, 4) can be determined.

3
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Step 2: Combining two intersections of the above fourth-order polynomial MC with
the abscissa, which are symmetrical about the coordinate origin and another point on the
ordinate, i.e., Bi(i = 1, 2, 3), denoted by “ • ” as in Figure 1b, the second-order polynomial
MC can be represented as

Δφ2
(2) = (φ2 − φ20)− a1(φ1 − φ10) = − b2

b1
2 (φ1 − φ10)

2 + b2 (4)

where b1, or b3, and b2 are the coordinates of Bi(i = 1, 2, 3), i.e., B1(−b1, 0), B2(0, b2) and
B3(b3, 0), respectively.

Step 3: The upper part of the fourth-order polynomial MC and the lower part of the
second-order polynomial MC, as in the thick line in Figure 1, comprises a CMC, which can
be represented as

Δφ2 =

⎧⎪⎨⎪⎩
− b2

b1
2 (φ1 − φ10)

2 + b2 (φ1 − φ10) < −b1 or (φ1 − φ10) > b3

a2(φ1 − φ10)
2 + a3(φ1 − φ10)

3 + a4(φ1 − φ10)
4 − b1 ≤ (φ1 − φ10) ≤ b3

(5)

Step 4: Moving the combined curve in the thick line downward until the maximum
point coincides with the abscissa, the final combined function of transmission errors (FTEs),
i.e., the CMC, as in Figure 1b, is formed, in which the minimum point M denoted by “ • ”
represents the mean contact point. The CMC function of the spiral bevel gear pair can be
represented as

Δφ2 =

⎧⎪⎨⎪⎩
− b2

b1
2 (φ1 − φ10)

2 + b2 − Δφ2 max (φ1 − φ10) < −b1 or (φ1 − φ10) > b3

a2(φ1 − φ10)
2 + a3(φ1 − φ10)

3 + a4(φ1 − φ10)
4 − Δφ2 max − b1 ≤ (φ1 − φ10) ≤ b3

(6)

where Δφ2 max is the ordinate value of the maximum point of Equation (5).

(a) (b)

Figure 1. Formation of CMC of the spiral bevel gear pair. (a) CMC up to the fourth order in process;
(b) CMC in the end.

3. Derivation of Tooth Surfaces of the Work Gear

3.1. Coordinate Systems of the Face-Milling Machine Tool

A common mathematical model for the generation of tooth surfaces of the pinion
and the gear is used in Figure 2. There are six coordinate systems. A coordinate sys-
tem Si(Xi, Yi, Zi) is rigidly attached to the work gear. A movable coordinate system
Sci(Xci, Yci, Zci) is used to describe the angular position of the cradle. A coordinate system
Smi(Xmi, Ymi, Zmi) is rigidly connected to the cutting machine tool. The cradle and the work
gear perform related rotations around the Zmi-axis and Xbi-axis, respectively. A coordinate
system Shi(Xhi, Yhi, Zhi) is rigidly attached to the head cutter of the work gear. Coordinate

4
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systems Sai(Xai, Yai, Zai) and Sbi(Xbi, Ybi, Zbi) are used for assisting the installment of the
work gear. Angles ψci and ψi are rotation angles of the cradle and the work gear, respec-
tively. There are six potential auxiliary motions that can be used to modify the tooth flank:
the sliding base XBi, the radial setting Sri, the blank offset Emi, the installment angle qi, the
machine center to back XDi, and the machine root angle γmi.

Figure 2. Coordinate systems for tooth surface generation of the gear.

3.2. Coordinate Systems of the Head Cutter

The head cutter blade usually composes a straight edge and a circular arc in Figure 3.
The position vectors of the head cutter in Shi(Xhi, Yhi, Zhi) can be represented as

rhi
(a)(uhi, θhi) =

[
xhi

(a) yhi
(a) zhi

(a)
]T

=

⎡⎣ (Rhi ± uhi sin αhi) cos θhi
(Rhi ± uhi sin αhi) sin θhi
−uhi cos αhi

⎤⎦ (7)

rhi
(b)(uhi, θhi) =

[
xhi

(b) yhi
(b) zhi

(b)
]T

=

⎡⎣ (Thi ± ρhi sin λhi) cos θhi
(Thi ± ρhi sin λhi) sin θhi
−ρhi(1 − cos λhi)

⎤⎦ (8)

where αhi and Rhi are the modified blade angle and head cutter point radius, respec-
tively; uhi and θhi are tooth surface parameters, where uhi is defined in the range of
uhi ≥ ρhi(1 ∓ sin αhi)/cos αhi; Thi and ρhi are the head cutter fillet center radius and
the fillet radius, respectively; λhi and θhi are tooth fillet parameters, where λhi is mean-
ingful when it is in the range 0 ≤ λhi ≤ π

2 − αhi. Rhi and Thi are related by Thi =
Rhi ∓ ρhi(1 − sin αhi)/cos αhi. The upper sign in “ ± ” and “ ∓ ” should be regarded for
the concave side or outer blade, and the lower sign for the convex side or inner blade.
Superscripts (a) and (b), (c) represent the straight edge and the fillet arc of the head cutter
blade, respectively.

5
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(a) (b)

Figure 3. Head cutter blade and generating surface. (a) Head cutter composition; (b) concave side or
outer blade.

The unit normal vectors of the straight edge and fillet arc can be derived from
Equations (7) and (8), respectively, which can be represented as

nhi
(a)(θhi) =

∂rhi
(a)

∂uhi
× ∂rhi

(a)

∂θhi∣∣∣ ∂rhi
(a)

∂uhi
× ∂rhi

(a)

∂θhi

∣∣∣ =
⎡⎢⎣ cos αhi cos θhi

cos αhi sin θhi

± sin αhi

⎤⎥⎦ (9)

nhi
(b)(θhi) =

∂rhi
(b)

∂uhi
× ∂rhi

(b)

∂θhi∣∣∣ ∂rhi
(b)

∂uhi
× ∂rhi

(b)

∂θhi

∣∣∣ =
⎡⎣ sin λhi cos θhi

sin λhi sin θhi
± cos λhi

⎤⎦ (10)

The straight edge of the blade forms a cone, and the fillet arc forms a revolution surface.
They are used to form the tooth surface and fillet part, respectively.

3.3. Generation of Tooth Surfaces of the Gear

Transforming Equations (7)–(10) of the head cutter blade from coordinate system
Shi(Xhi, Yhi, Zhi) to the coordinate system Si(Xi, Yi, Zi), a family of generating surfaces are
generated. The work gear tooth surface is the envelope to the family of generating surfaces,
which can be represented as⎧⎪⎨⎪⎩

ri
(a)(uhi, θhi, ψci) = Mi_hirhi

(a)(uhi, θhi)

ni
(a)(θhi, ψci) = Li_hinhi

(a)(θhi)

fi
(a)(uhi, θhi, ψci) = 0

(11)

⎧⎪⎨⎪⎩
ri
(b)(λhi, θhi, ψci) = Mi_hirhi

(b)(λhi, θhi)

ni
(b)(θhi, ψci) = Li_hinhi

(b)(θhi)

fi
(b)(λhi, θhi, ψci) = 0

(12)

where Mi_hi = Mi_biMbi_aiMai_miMmi_ciMci_hi is the transformation matrix from the head cutter
axis to the work gear axis. Li_hi is the upper-left 3 × 3 submatrix of Mi_hi. fi

(a)(uhi, θhi, ψci),
and fi

(b)(λhi, θhi, ψci) are the equations of meshing for the tooth surface and the fillet part
of the head cutter, respectively. The equations of meshing of the straight edge and the fillet
arc of the head cutter and the work gear can be represented as

fi
(a)(uhi, θhi, ψci) = nhi

(a)(θhi, ψci) � vtr
(hi,i) (13)

fi
(b)(λhi, θhi, ψci) = nhi

(b)(θhi, ψci) � vtr
(hi,i) (14)

respectively, where vtr
(hi,i) is the relative transitional velocity between the head cutter and

the work gear for both the straight edge and the fillet arc of the head cutter. When only the
blank offset is chosen as the design variable, the relative transitional velocity of the head
cutter and the work gear can be represented as

6
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vtr
(hi,i) =

drhi
dt

− dri
dt

=

⎧⎨⎩
vtrx
vtry
vtrz

⎫⎬⎭
(hi,i)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎧⎪⎪⎨⎪⎪⎩
Emi

dψi
dt

sin γmi +

(
dψci
dt

− dψi
dt

sin γmi

)
[Sri sin(qi + ψci) + Rhi sin(qi + ψci + θhi)]

− uhi

(
dψci
dt

− dψi
dt

sin γmi

)
sin αhi sin(qi + ψci + θhi)

⎫⎪⎪⎬⎪⎪⎭⎧⎪⎪⎨⎪⎪⎩
dEmi

dt
− XBi

dψi
dt

cos γmi +

(
dψci
dt

− dψi
dt

sin γmi

)
[Sri cos(qi + ψci) + Rhi cos(qi + ψci + θhi)]

− uhi

[(
dψci
dt

− dψi
dt

sin γmi

)
sin αhi cos(qi + ψci + θhi)− dψi

dt
cos αhi cos γmi

]
⎫⎪⎪⎬⎪⎪⎭⎧⎪⎨⎪⎩

− Emi
dψi
dt

cos γmi + [Sri sin(qi + ψci) + Rhi sin(qi + ψci + θhi)]
dψi
dt

cos γmi

+ uhi sin αhi sin(qi + ψci + θhi)
dψi
dt

cos γmi

⎫⎪⎬⎪⎭

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(15)

4. Extended Local Synthesis and Multi-Point Control Approach

4.1. Coordinate Systems for TCA

When a spiral bevel gear pair is in meshing, five coordinate systems are used to
describe the meshing state, as shown in Figure 4. A coordinate system S f

(
X f , Yf , Zf

)
is rigidly attached to the frame. Coordinate systems S1(X1, Y1, Z1) and S2(X2, Y2, Z2)
are rigidly connected to the pinion and the gear, respectively. Coordinate systems
Sd1(Xd1, Yd1, Zd1) and Sd2(Xd2, Yd2, Zd2) are auxiliary reference coordinate systems for the
pinion and the gear, respectively. Four misalignments are defined: ΔE1 and ΔE2 are axial
errors of the pinion and the gear, respectively; ΔE is the shortest distance between the axes
of the gear and the pinion when pinion–gear axes are crossed rather than intersected; and
Δγ is the error of the shaft angle γ. When the gear set is aligned, all four misalignments are
counted as zeros.

Figure 4. Coordinate systems for TCA of the spiral bevel gear pair.

4.2. Equations for Tooth Meshing and Contact

The pinion tooth surface Σ1 and the gear tooth surface Σ2 are in continuous tangency
when the following equations stand in the coordinate system S f

(
X f , Yf , Zf

)
of meshing

r f 1
(a)(uh1, θh1, ψc1, φ1)− r f 2

(a)(uh2, θh2, ψc2, φ2) = 0

n f 1
(a)(θh1, ψc1, φ1)− n f 2

(a)(θh2, ψc2, φ2) = 0

fi
(a)(uhi, θhi, ψci) = 0 (i = 1, 2)

(16)
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4.3. Extended Local Synthesis

Local synthesis controls the meshing performance at the mean contact point, where
the transmission error is zero, meaning that the ratio of the rotational speed of the gear pair
is equal to the inverse ratio of the tooth numbers. In order to realize the predesigned CMC,
the meshing performance of any concerned point on the CMC must be controlled, not just
the mean contact point. Generally, the transmission error at these points is not equal to
zero. This requires that the local synthesis needs to be extended to suit this situation, and
thereafter, the local synthesis becomes global.

4.3.1. Multi-Point Control Approach

The predesigned CMC is taken as the design objective, of which the following in-
equality must sustain for the meshing point at the instant angular position of the mating
gear pair

Δφ2 − Δφ2t

Δφ2
< ε (17)

where Δφ2t is the actual value of CMC, and ε is an arbitrarily convergent limit, i.e., 10−9. As
we can see, only one variable is needed to satisfy Equation (17). We choose the blank offset
of the pinion Ev1 as the design variable. From the above analysis, we can see that there
are eight equations and nine variables in Equations (16) and (17). The independent design
variables are uh1, θh1, ψc1, φ1, uh2, θh2, ψc2, φ2 and Em1. We can solve Equations (16) and (17)
simultaneously by assigning an instant value of φ1 for every meshing position. The process
of solution is as follows.

Step 1: Based on the local synthesis, calculate the machine-tool settings of the pinion
at the mean contact point M. Three design requirements are given at the mean contact
before the calculation is performed. They are the direction of the tangent to the contact
path, the semi-major axis of the contact ellipse, and the magnitude of the FTE. Among
the three design requirements, the third one is chosen around the maximum value of the
fourth-order polynomial MC, as shown in Figure 1a. The instant blank offset is related to it.
The actual machine-tool settings will be formed afterward according to the predesigned
fourth-order polynomial FTE. Since an error exists at the mean contact point for the CMC,
as shown in Figure 1b, the machine-tool settings of the pinion should be regulated to some
extent by observing Equation (17).

Step 2: Solve the set of Equations (16) and (17). Departing from the mean contact point,
the pinion is rotated about its own axis, and the tooth surface of the gear must be in contact
with that of the pinion. In other words, Equation (16) must be satisfied. At the same time,
the predesigned CMC must also be fulfilled, so Equation (17) can be satisfied as well. The
calculation is performed by using an iterative strategy.

Step 3: Perform the tooth contact analysis. After the machine-tool settings are cal-
culated, the TCA gives the results of FTEs, the contact path, the instant ellipses, and the
relative velocity of a meshing point over the tooth surface of the pinion and gear. The
instant blank offset is interpolated linearly between the above serial instant blank offsets
obtained in Step 2.

4.3.2. Loaded Tooth Contact Analysis (LTCA)

LTCA is used to analyze transmission errors and tooth contact patterns of the spiral
bevel gear pair under load, considering tooth deformations and the load sharing among
neighboring tooth pairs. It is carried out by obeying the force equilibrium condition, the
deformation compatibility condition, and the non-embedding condition.

8
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⎧⎨⎩
C · F + w = (Δθ · r)n + d(

FT · r
)

t = T
Fi > 0, di = 0; Fi = 0, di > 0

(i = 1, 2, · · ·, n) (18)

where n is the total number of the discrete potential contact points on the pinion and gear
tooth surfaces at the instant meshing position; C is the flexibility matrix which is reciprocal
of the stiffness matrix with the unit of N/m; w and d represent the initial tooth surface gap
and the deformed tooth surface gap between the mating tooth surfaces, respectively; r is the
distance from the contacting points to the gear shaft; F is the normal force at the contacting
points; Δθ is the variation in the gear rotational angle under torque T; and subscripts n and
t denote the normal section of the tooth and the rotational plane of the gear, respectively.

According to the experience of the Gleason Works, the amount of the tooth surface
approach is approximately 0.00635 mm on a gear rolling test machine. Taking the amount
as the target, the torque applied on the gear is calculated via loaded tooth contact analysis
when the mating tooth pair contacts at the mean contact point.

5. Numerical Studies

An aviation spiral bevel gear set is investigated to confirm the proposed method. The
design parameters of the gear drive are listed in Table 1. The predesigned CMC of the spiral
bevel gear pair based on the proposed method is shown in Figure 5. Figure 5a shows a
CMC for a single meshing tooth pair with the maximum transmission error of 3′′. Figure 5b
shows three entwined CMC from left to right representing the proceeding tooth pair, the
actual tooth pair, and the following tooth pair, respectively. Design specifications of the
spiral bevel gear drive are listed in Table 2. Polynomial coefficients of the CMC function
of the spiral bevel gear pair are listed in Table 3. The installation parameters of the gear
head cutter are listed in Table 4. They are assumed to be known according to an SB card
provided by the Gleason Works. The machine-tool settings of the head cutter of the pinion
are listed in Table 5.

Table 1. Blank data of the spiral bevel gear pair.

Items Pinion Gear

Mean spiral angle β1, β2 30◦ 30◦
Shaft angle γ 90◦ 90◦

Number of teeth Z1, Z2 23 65
Hand of spiral RH LH

Whole depth h (mm) 7.34 7.34
Pitch angle γ1, γ2 19◦29′ 70◦31′

Face angle γ f 1, γ f 2 21◦58′30′′ 71◦36′40′′
Root angle γm1, γm2 18◦23′20′′ 68◦1′30′′

Mean cone distance Am 115.9511 115.9511
Face width b (mm) 37 37

Module m (mm) 3.9 3.9
Clearance c1, c2 0.71 0.71

Addendum ha1, ha2 (mm) 5.1 1.54
Dedendum h f 1, h f 2 (mm) 2.24 5.8

Table 2. Design specifications of the spiral bevel gear pair.

Items Pinion Concave and Gear Convex

Magnitude of function of transmission error Δφ2a 31′′
Tangent to the path of contact on the gear surface η 6◦

Semi-major axis of the contact ellipse a (mm) 3.7

9
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The variation in the instant blank offset with respect to the value at the mean contact
point for the concave side of the pinion tooth surface is shown in Figure 6. The blank
offset of the head cutter of the pinion changes with the CMC of the spiral bevel gear pair
in Figure 5. The results of tooth contact analysis have confirmed that the predesigned
CMC is fulfilled with sufficient accuracy as shown in Figure 7, in which the dotted points
in the middle line represent the controlled points for the actual tooth pair, while the three
continuous lines represent the CMC of TCA. Based on the numerical results of TCA of
the spiral bevel gear pair, the maximum transmission error is −3.1527′′. The difference
between the maximum transmission error and the predesigned CMC is 0.1527′′. As the
gear is driven by the tooth pair with the least transmission error among three neighboring
tooth pairs, the contact pattern of the actual tooth pair is scattered into three segments
over the tooth surfaces, as in Figure 8, when the spiral bevel gears are considered as rigid
bodies. The corresponding CMC of LTCA of the spiral bevel gear pair is shown in Figure 9.
This is specific to the CMC and should not be taken as bridge contact, which is usually
unacceptable. Based on the numerical results of LTCA of the spiral bevel gear pair, the
maximum loaded transmission error is −22.0763′′. Actually, when the loads are applied,
contact patterns on tooth surfaces of the spiral bevel gear pair become continuous, and the
maximum transmission error increases by −18.9236′′ due to the elastic deformation of the
meshing tooth surfaces as shown in Figure 10.

Table 3. Polynomial coefficients of the CMC function of the spiral bevel gear pair.

a2 a3 a4 b1 b2 b3

Polynomial
coefficients −0.00489 −0.00075 0.00023 0.00037 0.00016 0.00008

Table 4. Installation parameters of the head cutter of the gear.

Items Inner Blade

Blade angle α2 22◦30′
Cutter point radius Rh2 (mm) 113.155

Point width Wh2 (mm) 2.29
Radial setting Sr2 (mm) 115.078
Cutter radius Rc2 (mm) 114.3

Installment angle q2 59◦20′7′′
Machine center to back XD2 (mm) 0.00

Sliding base XB2 (mm) 0.051
Blank offset EM2 (mm) 0.00
Fillet radius ρh2 (mm) 1.31

Modified blade angle a 23◦50′
Ratio of cutting m2c 1.06

Table 5. Machine-tool settings of the head cutter of the pinion.

Items Outer Blade

Cutter point radius Rh1 (mm) 124.879
Blade angle α1 22◦30′

Radial setting Sr1 (mm) 91.116
Installment angle q1 56◦58′56′′

Sliding base XB1 (mm) −0.059
Machine center to back XD1 (mm) 1.231

Blank offset EM1 (mm) 34.197
Ratio of cutting m1c 2.499

Modified blade angle a 21◦10′
Fillet radius ρh1 (mm) 1.31

10



Machines 2024, 12, 34

(a) (b)

Figure 5. Predesigned CMC of the spiral bevel gear pair. (a) CMC for single tooth pair; (b) CMC for
multi-tooth pairs.

Figure 6. Variation in blank offset of the head cutter for pinion concave side.

Figure 7. Numerical results of the CMC of TCA of the spiral bevel gear pair.
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Figure 8. Contact patterns of TCA of the spiral bevel gear pair.

Figure 9. Numerical results of the CMC of LTCA of the spiral bevel gear pair.
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Figure 10. Contact patterns of LTCA of the spiral bevel gear pair.

6. Conclusions

Theoretically, the proposed predesigned face-milling method based on the predesigned
fourth-order CMC function is not limited to gear tooth profiles of spiral bevel gears and
is applicable to hypoid gears. Local gear tooth modifications of spiral bevel gears can be
calculated based on the predesigned fourth-order CMC function. Especially, spiral bevel
gears with completed time-varying meshing stiffness and tooth profiles are difficult to
adjust the amount of modification. Based on TCA and LTCA results of contact patterns
and transmission errors of the face-milled spiral bevel gear pair, the proposed predesigned
fourth-order CMC function can improve its meshing performances. Some conclusions can
be given as follows:

1. A method for the development of the combined MC up to the fourth-order CMC of
the spiral bevel gear pair has been proposed;

2. A mathematical model is established and an extended local synthesis is used to obtain
the instant blank offset for the combined motion curve. The basic idea is to introduce a
closed-loop strategy for tooth contact analysis. In this way, the meshing performance
of the kinematic errors over the whole tooth surface of a is controlled;

3. The proposed method was validated by a numerical study of TCA of a spiral bevel
gear pair. The maximum transmission error of the TCA results is −3.1527′′. The
difference between the maximum transmission error and the predesigned CMC is
only 0.1531′′, which is 4.86% of the maximum transmission error.

4. When the tooth surfaces of the spiral bevel gear pair are elastically deformed during
meshing, the actual tooth contact patterns become continuous. When the loads are
applied, the elastic deformation of the meshing tooth surfaces results in an increase in
the maximum transmission error of −18.9236′′.
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Abstract: Due to the particular structure of the beveloid gear, it cannot be directly hobbed by an
ordinary gear hobbing machine. The existing processing method is complex and has a high cost.
Therefore, the mass production and industrialization of beveloid gears are limited. To improve the
machining efficiency and accuracy of processing beveloid gears, we proposed a hobbing method via
the modification of ordinary hobbing machines. At first, we completed the derivation and calculation
of the relevant processing parameters of the beveloid gear based on the study of the structural
characteristics of the beveloid gear and the principle of hobbing machining. Then, we proposed and
designed a beveloid gear hobbing method, and the modification of the ordinary hobbing machine
was completed by using a hanging wheel mechanism in synchronous belt type. Finally, we completed
the actual hobbing of the beveloid gear, and the feasibility of the proposed method was verified.
After that, we analyzed the machining error of the trial-produced beveloid gear; the results showed
that the accuracy of the trial-produced beveloid gear met the 6-level standard, which also verified the
accuracy of the proposed method.

Keywords: beveloid gears; hobbing machining; modification; hanging wheel mechanism; error
analysis

1. Introduction

Waterway transportation plays a key role in cargo transportation due to its advantages
of large volume and low cost [1,2]. Under the trend of economic globalization, global trade
volume continues to rise, and higher requirements are put forward for water transporta-
tion [3–6]. Ships are the primary component of transportation for waterway transportation,
and the intelligent development and application of ships have become the future develop-
ment direction and research hotspot [7–10]. In the ship power system, gears are widely used
in transmission components that transmit power and torque, and the performance of gears
has a significant impact on the speed, safety, durability, and fuel efficiency of ships [11,12].
As a new type of gear, the beveloid gear has been applied to marine high-speed gearboxes,
marine small inclination transmission systems, and marine RV reducers that with special
transmission requirements [13,14]. In addition, beveloid gears are also used in aerospace,
automotive, robotics, and other fields [15,16]. The machining method of beveloid gear
affects its transmission accuracy and dynamic performance directly. The research on the
machining method of beveloid gears can improve the processing accuracy and efficiency of
beveloid gears. It can also improve the theory and design system of beveloid gears and then
promote the industrialization process of beveloid gears and the intelligent development
of ships.

Beam A S. proposed the concept of beveloid gears in 1954 [17]. Compared with tra-
ditional gears, the addendum modification factor of beveloid gears varies linearly along
the tooth-width direction. Adjusting the beveloid gears’ axial position, compensating for
axial error, eliminating turning errors, and providing smooth transmission can be accom-
plished, which ensures normal meshing when wear or mesh clearance occurs. Furthermore,
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beveloid gears can meet a higher transmission ratio and a more compact structure. They
also have better adaptation to complex operating conditions and can reduce system vibra-
tion [18,19].

In general, the processing of gears is divided into the forming method and the gen-
erating method in principle. Forming methods mainly include the milling method and
the grinding method, which is suitable for single-piece or small-batch production of small-
and medium-sized gears [20–23]. Generating methods mainly include the hobbing method,
the shaping method, the shaving method, and the honing method, which is suitable for
the production of large quantities of gears [24–27]. The development of computerized
numerical control (CNC) machining technology provides new processing methods for
gears, especially gears with special structures and high-precision requirements [28–30].

Due to the special structure of beveloid gears, it is impossible to process them with
traditional machining methods directly. Therefore, researchers have studied the machining
method of beveloid gears based on the characteristics of beveloid gears.

In terms of the hobbing of beveloid gears, Shen Y proposed a method to modify
the gear hobbing machine via electronic hanging wheels and microprocessors, which can
complete the hobbing of involute beveloid gears [31]. Zhang Q controlled the horizontal
motion of the workbench by installing a numerical control system on the ordinary gear
hobbing machine so that the hobbing of the beveloid gear was completed [32]. However, the
studies of Shen Y and Zhang Q lack the logical and systematic calculation of the machining
parameters, and the coupling design of electronic control and mechanical systems increases
the difficulty of parameter setting and adjustment. Therefore, He J and Wu X studied
the hobbing principle of involute beveloid gears and deduced the calculation formula of
machining parameters [33]. Huang J completed the analysis, calculation, and optimization
of the machining parameters based on the geometry of the beveloid gear, which provided a
theoretical reference for the machining of the beveloid gear [34]. The shaping method is
mainly suitable for internal meshing beveloid gear pairs. Wu J studied the oblique inserting
process of internal meshing beveloid gear pairs [35]. Hu R carried out the design and
research of the shaper cutter [36]. The studies of Wu J and Hu R filled the research gap
in the processing of internally meshing beveloid gear pairs. In terms of the grinding of
beveloid gears, M. Brumm studied the grinding method of beveloid gears and analyzed the
influence of gear grinding on the dynamic properties of beveloid gears, which promoted
the research of gear grinding machining [37]. Wen J. et al. analyzed the tooth modification
of beveloid gears theoretically based on the spatial meshing theory and proposed a method
of modifying the non-involute beveloid gear by using a specially modified large-plane
grinding wheel gear grinding machine [38]. Huang J proposed a method of modifying the
beveloid gear by using a general gear grinding machine, which provided an idea for the
modification of the non-involute beveloid gear [34]. Jiang P proposed an efficient precision
machining method for beveloid gears based on conical worm grinding wheels [39]. Zhang
Y completed all designs of the involute beveloid gear, including the processing principle,
parameter calculation, and gear grinding machine modification [40]. The studies of Jiang P
and Zhang Y provided a theoretical basis for the realization of efficient precision grinding of
beveloid gears. In addition, Liao Y. et al. proposed a numerical control machining method
for beveloid gears based on the machining principle of beveloid gears, which provided a
theoretical reference for CNC machining beveloid gears [41]. Wang Z. et al. proposed a
method for honing the teeth of beveloid gears, which improved the machining accuracy of
beveloid gears effectively [42].

Compared with the above processing methods, considering factors such as machining
accuracy, machining efficiency, processing cost, etc., the hobbing method is more suitable
for the machining of external helical involute beveloid gears. The existing studies mainly
carry out theoretical research on the hobbing method of beveloid gears. However, the
verification of actual machining and systematic calculation of the corresponding machining
parameters are still a gap. In addition, the process of the existing studies is complex, and
there is also a lack of quantitative standards for the analysis of machining accuracy and
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machining errors. Therefore, it is necessary to propose an efficient method for beveloid
gear hobbing and improve the analysis system of the calculation of machining parameters
and machining errors. To realize the efficient and high-precision machining of external
helical involute beveloid gears, we proposed a hobbing method based on the modification
of an ordinary gear hobbing machine. This study can realize the hobbing beveloid gears
with specific parameters. It is helpful to the mass production and industrial application of
beveloid gears due to its high efficiency and accuracy and low cost. The concept embodied
in the study can realize the manufacturing of new products via appropriate transformation,
which has great industrial value and is also of great significance in terms of economy and
sustainable use of resources. The most prominent advantage of the method we proposed
is that the ordinary three-axis hobbing machine can be modified to realize the four-axis
linkage so that the processing of special gears, such as beveloid gears, can be completed.
Compared with the processing directly by four-axis machines, the cost can be greatly
reduced, which is of great significance to the mass production of beveloid gears. However,
each group of hanging wheels can only process the beveloid gears of a specific taper angle;
if the taper angle changes, the tooth ratio of the hanging wheel needs to be recalculated, and
a new hanging wheel mechanism needs to be assembled. Due to the limited experimental
conditions, no further research can be carried out, and the follow-up research can realize
the adjustability of the transmission ratio by changing the manipulator handwheel to an
electronic handwheel so that the versatility of the method can be expanded.

The geometric parameters of the gear blank are determined by that of the trial beveloid
gear. The main parameters include the diameter of the inner and outer transverse plane
(the reference standard is the taper angle of the beveloid gear), the thickness of the gear
blank (corresponding to the gear tooth width), and the shaft hole diameter. Compared with
traditional cylindrical gears, the cylindrical surface needs to be machined into a conical
surface to form a round table. In addition, in the hobbing processing, it is necessary to set
aside the machining allowance according to the characteristics of the bobbing machine.
Regarding the determination of the material of the gear, it is necessary to comprehen-
sively consider the cutting performance, mechanical properties, and material cost. In the
machinery industry, 45# steel has been widely used, especially in the manufacturing of
transmission parts due to its high strength, good plasticity, strong wear resistance, and
good corrosion resistance. Therefore, 45# steel is selected as the material of the gear blank
to complete the production of the trial beveloid gear [43].

The remaining parts of the paper are presented as follows: In Section 2, the relative
position and motion relationship between the cutter and the gear blank is analyzed, and
the hobbing processing parameters for beveloid gears are calculated. In Section 3, the
transmission principle of the hobbing machine is analyzed, and the modification method
of the hobbing machine is completed. In Section 4, the actual hobbing of the beveloid gear
is carried out, and the error of the hobbing is analyzed. In Section 5, the main conclusions
are summarized.

2. Analysis of Hobbing Processing Parameters for Beveloid Gears

2.1. Analysis of the Relative Position and Motion Relationship between the Cutter and Gear Blank

In the hobbing process of involute cylindrical gears, the hobbing cutter is fed along
the gear axial direction. When a pass cutting is completed, the main motion of the gear
hobbing machine includes the rotary motion of the cutter around its axis to form the cutting
motion of the cutting edge, the rotary motion of the workpiece around its axis, and the
feed motion of the cutter along the gear axis, the two form a generating motion. In the
hobbing processing of involute helical cylindrical gears, in addition to meeting the above
motion requirements, it is also necessary to meet the differential relationship between the
feed motion of the cutter along the axial direction and the rotary motion of the workpiece.
Compared to helical cylindrical gears, in the hobbing process of helical beveloid gears,
there is a taper angle (δ) between the imaginary rack pitch plane and the gear axis, which is
shown in Figure 1:
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Figure 1. The schematic diagram of the helical beveloid gear’s structure. H—the distance between
the outer transverse plane and the mid-transverse plane; β—the spiral angle; δ—the taper angle;
xtmt—addendum modification of the transverse plane; xt—transverse modification coefficient; mt—
transverse module.

Therefore, in the hobbing process of helical beveloid gears, in addition to meeting the
motion requirements of traditional gear processing, it is necessary to add the feed move-
ment of the gear hobbing cutter along the gear radial. At the same time, the relationship
between the axial feed rate of the gear hobbing cutter and the radial feed rate along the
gear should also be considered to complete the setting of the motion parameters. Taking
the right-handed involute beveloid gear as the main research object, in the hobbing process,
the relative motion and the relative position between the cutter and the gear are shown
in Figure 2.

Figure 2. The relative motion and the relative position between the cutter and the gear. ∑—the
installation angle of the cutter; λ—the lead angle of the cutter.

According to Figure 2, the main motion of the cutter includes the rotary motion around
the axis with the angular velocity ω1, the vertical feed motion along the gear axis direction
with the velocity v1, the parallel feed motion along the radial direction of the gear with
the velocity v2. The gear blank makes the rotary motion around its axis with the angular
velocity ω2. The feed rate v1 and v2 of the cutter are determined according to the taper
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angle of the beveloid gear (δ) that is designed. The installation angle of the cutter (∑) is
determined according to the spiral angle of the beveloid gear (β), the taper angle of the
beveloid gear (δ), and the lead angle of the cutter (λ). The rotation speed ω2 of the gear
blank is determined according to the rotation speed ω1 of the cutter, the spiral angle of
the beveloid gear (β), and the transmission ratio of the cutter and the gear. The schematic
diagram of the relative position between the axis of the cutter and the gear blank is shown
in Figure 3.

Figure 3. The relative position between the axis of the cutter and the gear blank. τ—the inclination
angle of the cutter axis in the plane ABC; δh—the motion taper angle of the cutter.

From Figure 3, the motion of the cutter axis mn produces the envelope plane ABC.
The plane abc is the nominal cylindrical envelope plane of the cutter; it is also the reference
plane of the counterpart rack. The plane abc is parallel to the plane ABC, and the angle
between the plane abc and the z-axis is δ, which is the taper angle of the beveloid gear.
According to the definition of the spiral angle of the beveloid gear, the inclination angle of
the cutter axis (τ) can be calculated by Equations (1) and (2).

τ = β − λ (1)

sin τ =
Ao/ cos δ

on
=

Ao
on

1
cos δ

(2)

The angle between line BC and the y-axis is the installation angle of the cutter (∑).
Based on the spatial geometric relationship, ∑ can be calculated by Equations (3) and (4).

sin Σ =
Ao
on

(3)

Σ = arcsin(sin τ cos δ) = arcsin[sin(β − λ) cos δ] (4)

The motion taper angle of the cutter (δh) is inconsistent with the taper angle of the
beveloid gear (δ). δh can be calculated based on the spatial geometric relationship, so that
the relationship between the axial feed motion and the radial feed motion of the cutter can
be determined. The derivation process of δh is shown in Equations (5)–(7).

tan ξ =
on
an

=
cn
on

=
cn
bn

bn
on

=
1

tan τ

1
sin δ

(5)

tan δh =
ao
bo

=
on
bo

ao
on

=
tan δ

sin ξ
(6)

δh = arctan
(

tan δ

√
1 + tan2(β − λ) sin2 δ

)
(7)
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In the process of hobbing the beveloid gear, the differential motion between the gear
blank and the hob forms the spiral angle. The relative motion between the cutter axis and
the gear blank in the differential motion is shown in Figure 4.

Figure 4. The relative motion between the cutter axis and the gear blank in the differential motion.

To form the spiral angle of the beveloid gear, in other words, the envelope plane of the
cutter tooth that is parallel to the tooth trace (I) of the counterpart rack, the cutter needs to
translate by BQ tangentially along the gear blank when point A on the axis of the cutter
moves to point B with the movement of the cutter, so that point A moves to point Q, which
converts the relative motion into the differential rotary motion between the cutter and the
gear blank. The spiral angle of the differential motion of the beveloid gear in hobbing is
defined as β′, and the derivation process of β′ is shown in Equations (8)–(10).

BQ = AP − AN = BN tan β − BN sin2 δ tan τ (8)

tan β′ = BQ
BO

=
BQ

cos δBN
=

tan β − sin2 δ tan τ

cos δ
(9)

β′ = arctan

[
tan β − sin2 δ tan(β − λ)

cos δ

]
(10)

2.2. Calculation of Hobbing Processing Parameters for Beveloid Gears

The dividing tooth motion and differential motion of ordinary hobbing machines are
realized by the hanging wheel. The hanging wheel belongs to the external transmission
chain of the hobbing machine, and different hobbing machines have different internal
transmission chains in general. To realize the calculated transmission ratio, it is necessary
to combine the transmission ratio of both the internal and the external transmission chain.

Hobbing the beveloid gear, the calculation method of the transmission ratio of the
hobbing machine’s dividing tooth motion of the hanging wheel is the same as that of
the cylindrical gear. However, the transmission ratio of the differential hanging wheel is
different from that of the cylindrical gear. The transmission ratio of the hobbing machine’s
dividing tooth motion can be calculated by Equation (11).

iDIV =
KC1

Z
(11)

K—number of starts of the cutter;
C1—dividing constant of the hobbing machine;
Z—number of teeth of gear to be machined.
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The differential motion transmission ratio can be calculated by Equation (12).

iDIFF =
C2

mn
sin

{
arctan

[
tan β − sin2 δ tan(β − λ)

cos δ

]}
(12)

When hobbing the gear blank, the shaft hole of the gear blank is selected as the
clamping positioning datum, and the outer circle of the gear blank is selected as the cutter
setting datum. It is necessary to calculate the size of the gear blank before the hobbing
process. The structure of the gear blank is shown in Figure 5.

 
Figure 5. The structure of the gear blank.

The thickness (B) and taper angle (δ) of the gear blank are consistent with those
of the gear, and the diameter of the shaft hole (d) is determined according to the shaft
diameter. The diameter of the outer transverse plane of the gear blank can be calculated by
Equation (13).

dout = 2
(

mnz
cos β

+
mnx
cos β

+
mnh∗an
cos δ

)
(13)

The diameter of the inner transverse plane of the gear blank can be calculated by
Equation (14).

din = 2
(

mnz
cos β

+
mnx
cos β

+
mnh∗an
cos δ

− B tan δ

)
(14)

In the hobbing process of cylindrical gears, the cylinder of the gear blank is selected
as the cutter aligning datum. After the cutter is aligned, the cutter is moved to the top of
the gear blank along the axial direction. Rotating the radial feed handwheel of the gear
hobbing machine, the cutter moved for the whole depth of the gear (h) along the radial
direction of the gear blank.

The whole depth of the gear (h) can be calculated by Equation (15).

h = mn(2h∗an + c∗n) (15)

The cutter aligning datum of the beveloid gears’ hobbing process is similar to that of
cylindrical gears. Selecting the round table surface of the gear blank as the cutter setting
datum, and the schematic diagram of the cutter setting is shown in Figure 6. O1, O2, and O3
represent the axes of the cutter, and the motion path of the cutter is O1 → O2 → O3 .

E—the moving distance of the cutter after the cutter aligns. It can be calculated by
Equation (16).

E =
mn(2h∗an + c∗n)

cos δ sin ξ
=

mn(2h∗an + c∗n)
√

1 + tan2(β − λ) sin2 δ

cos δ
(16)
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Figure 6. The schematic diagram of the cutter setting.

In the hobbing process of beveloid gears, the axial feed of the cutter is expressed by
the axial feed distance of the cutter holder during one rotation of the worktable. The radial
movement of the cutter holder can be realized by the rotation of the handwheel, and the
radial feed distance of the cutter holder during one rotation of the handwheel is defined
as l1. The axial movement of the cutter holder can also be realized by the rotation of the
handwheel, and the axial feed distance of the cutter holder during one rotation of the
handwheel is defined as l2. To form the taper angle of the beveloid gear, the transmission
ratio between the axial feed handwheel and the radial feed handwheel of the hobbing
machine (iAR) needs to satisfy Equation (17).

iAR =
l1

tan δhl2
=

l1

l2arctan
[

tan δ
√

1 + tan2(β − λ) sin2 δ

] (17)

The processing parameters and calculation formulas are summarized in Table 1. In
addition, the gear rotation direction can be changed by increasing or decreasing differential
hanging wheels.

Table 1. The processing parameters and calculation formulas.

Parameters Symbol Calculation Formula

Rotate speed of the cutter ω1
According to the allowable speed

of hobbing

Feed S According to the requirements of
machining accuracy and efficiency

Dividing tooth motion
transmission ratio iDIV

KC1
Z

Differential motion
transmission ratio iDIFF C2

mn
sin

{
arctan

[
tan β−sin2 δ tan(β−λ)

cos δ

]}
The transmission ratio
between the axial feed

handwheel and the radial
feed handwheel

iAR
l1

l2 tan δ
√

1+tan2(β−λ) sin2 δ

Cutter install angle ∑ arcsin[sin(β − λ) cos δ]
Moving distance of the cutter

after the cutter aligning E mn(2h∗an+c∗n)
√

1+tan2(β−λ) sin2 δ
cos δ

3. Modification of Hobbing Machine

3.1. Analysis of the Transmission Principle of Hobbing Machine

In the hobbing process of helical cylindrical gears, the diagram of the transmission
principle is shown in Figure 7.
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Figure 7. The transmission principle of helical cylindrical gears hobbing process.

As is shown in Figure 7. The transmission chain includes the main motion chain,
the dividing tooth motion chain, the axial feed motion chain, and the differential motion
chain. In the main motion chain, the power is transmitted to the cutter from the motor so
that the rotary hobbing motion of the cutter is realized. The power transmission path is

the motor → 1 → 2 iv→ 3 → 4 → the cutter . The speed of the cutter can be adjusted by the
transmission ratio iv. In the dividing tooth motion chain, the power is transmitted to the work-
bench from the cutter so that the rotary dividing tooth motion of the workbench is realized. The

power transmission path is the cutter → 5 → 6 → 7 ix→ 8 → 9 → the workbench . The number
of gear teeth can be adjusted by the transmission ratio ix. In the axial feed motion chain, the
power is transmitted to the axial lead screw from the workbench. The axial feed motion in
the hobbing process is realized so that the complete tooth surface of the gear is processed.

The power transmission path is the workbench → 10 is→ 11 → 12 → the axial lead screw . The
speed of the axial feed motion can be adjusted by the transmission ratio is. In the differential
motion chain, the power is transmitted to the workbench from the cutter holder screw.
Based on the dividing tooth motion, The workbench compensates for the differential mo-
tion relative to the cutter, and the spiral angle of the helical cylindrical gear is formed. The

power transmission path is the axial lead screw → 13
iy→ 14 → 15 → the workbench . The

spiral angle of the gear can be adjusted by the transmission ratio iy.
In the hobbing process of helical beveloid gears, in addition to the axial feed motion

relative to the gear blank, the cutter also needs to have a radial feed motion relative to the
gear blank to form a taper angle δ. The relationship between the radial feed and the axial
feed of the cutter relative to the gear blank should be satisfied by Equation (18).

SR/SA = tan δh (18)

SR—the radial feed of the cutter during one rotation of the worktable (mm);
SA—the axial feed of the cutter during one rotation of the worktable (mm).

To establish the connection between the radial feed and the axial feed of the cutter
of the hobbing machine, it is necessary to establish the transmission chain between the
axial feed screw and the radial feed screw of the hobbing machine. To achieve these above,
the taper angle transmission chain is added to the transmission chain of helical cylindrical
gears. And the transmission principle of the helical beveloid gears hobbing process is
shown in Figure 8.
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Figure 8. The transmission principle of helical beveloid gears hobbing process.

The power transmission path of the taper angle (δ) transmission chain is

the axial lead screw → 16 iz→ 17 → 18 → the radial lead screw . The taper angle (δ) can be
adjusted by the transmission ratio iz, which can be calculated by Equation (19).

iz =
l1

tan δhl2
(19)

l1—the radial feed of the cutter during one rotation of the radial feed handwheel (mm);
l2—the axial feed of the cutter during one rotation of the axial feed handwheel (mm).

3.2. Modification Design and Assembly of the Hobbing Machine

Realizing the linkage between the axial feed and the radial feed of the cutter is the
purpose of modifying the hobbing machine. In our study, the Y-38 gear hobbing machine
was selected for modification, and the structure schematic diagram of the Y-38 gear hobbing
machine is shown in Figure 9.

Figure 9. The structure schematic diagram of the Y-38 gear hobbing machine: 1—rotary workbench;
2—loading fixture of the gear blank; 3—live center; 4—hobbing machine body; 5—cutter; 6—cutter
holder and its turntable; 7—radial rail; 8—axial workbench; 9—axial feed handwheel shaft; 10—radial
feed handwheel shaft 1-axial rail.
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It is necessary to measure the structural dimensions of the hobbing machine accurately
and determine the feed motion parameters before installing the hanging wheel mechanism.
The schematic diagram of the installation position of the hanging wheel mechanism relative
to the hobbing machine is shown in Figure 10.

Figure 10. The schematic diagram of the installation position of the hanging wheel mechanism:
1—cover plate; 2—axial lead screw rail; 3—axial feed handwheel shaft; 4—radial feed handwheel
shaft; a—the distance between the two handwheel shafts; b—the height difference between the center
of the cover plate and the axial feed handwheel shaft axis; e1 and e2—the distance between the fixed
bolt of the cover plate; H—the height difference between the cover plate transverse plane and the
handwheel install plane.

After measurement, it can be obtained that a = 130 mm, b = 260 mm, e1 = 100 mm,
e2 = 75 mm, H = 100 mm, the size of the cover plate is 90 mm × 120 mm, and four fixed
bolts with the specification of M6 are used to fix the cover plate.

The radial and axial feed parameters of the hobbing machine were measured using
a dial gauge, which was installed on the radial rail and the axial rail, respectively. After
calculation, the radial feed handwheel rotates for one rotation, l1 = 2 mm (on average).
The axial feed handwheel rotates for one rotation, l2 = 1.7 mm (on average).

There is a gap between the radial feed lead screw and the axial feed lead screw of the
hobbing machine; although the rotating error of the axial feed motion can be eliminated
by the gravity of the cutter holder, the gap of the radial feed lead screw still has an impact
on the hobbing beveloid gears. After measurement, the rotating error of the radial feed
motion is 0.25 mm, which needs to be eliminated during the hobbing process.

According to the axial feed motion parameters and radial feed motion parameters of
the hobbing machine, the transmission ratio (iAR) between the axial feed handwheel and
the radial feed handwheel was preliminarily calculated. Different taper angles of beveloid
gears were selected, and the transmission ratio (iAR) was calculated as shown in Table 2.

Table 2. The transmission ratio of the handwheel for different taper angles of beveloid gears.

The Taper Angle of the Beveloid Gear δ/◦ The Transmission Ratio of the Handwheel iAR

1 67.3998
2 33.6894
3 22.4479
4 16.8236
5 13.4462
6 11.1923
7 9.5803
8 8.371
9 7.427

10 6.6721
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To facilitate the experimental design and description, the taper angle of the beveloid
gear for trial hobbing was selected as δ = 3.06◦.

Due to the RPM ratio between the radial handwheel and the axial handwheel of the
hobbing machine being relatively large and the center distance between the two handwheel
shafts being close, it is difficult for the primary transmission to achieve a large transmission
ratio. At the same time, the double-geared transmission needs to change the body of the
hobbing machine greatly. For these above, the two-stage synchronous belt transmission
was selected. Due to the limited space, it is inconvenient to arrange the tensioning device
for the synchronous belts. In addition, due to the small torque transmitted by the hanging
wheel mechanism and the slow transmission speed, the design can meet the processing
requirements. The diagram of hanging wheel transmission in synchronous belt type is
shown in Figure 11.

 

Figure 11. The diagram of hanging wheel transmission with synchronous belt type.

According to Equation (17), iAR can be calculated as follows:

iAR =
l1

l2arctan
[

tan δ
√

1 + tan2(β − λ) sin2 δ

] = 22.0069 ≈ 22

To facilitate the selection of the synchronous belt, the structure of the hanging wheel
should be compacted, and the center distance of the synchronous belt should be closed.
The transmission ratio was assigned as i12 = 4.4, i34 = 5. According to the install position
and the diameter of the install shaft, the number of axial synchronous belt wheel teeth was
determined as z1 = 20, the number of radial synchronous belt wheel teeth was determined
as z4 = 100, the number of the large center synchronous belt wheel teeth was determined
as z2 = 88, the number of the small center synchronous belt wheel teeth was determined
as z3 = 20.

The actual transmission ratio of the synchronous belt hanging wheel was calculated
by Equation (20).

i14 =
z4

z3

z2

z1
= 22 (20)

The actual taper angle was calculated by Equation (21).

δ′ = arctan
l1

i14l2
= arctan

2
22 · 1.7

= 3.061◦ (21)

The deviation between the actual taper angle and the design taper angle was calculated
by Equation (22).

Δδ = δ′ − δ = 3.061 − 3.06 = 0.001◦ (22)
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From Equation (22), the deviation was within the allowable range and met the pro-
cessing standard. If the design taper angle is another angle, it can be achieved by changing
the number of the large center synchronous belt wheel teeth (z2).

According to the model and the teeth number of the synchronous belt wheel se-
lected, the three-dimensional assembly drawing of the hanging wheel mechanism is shown
in Figure 12.

Figure 12. The three-dimensional assembly drawing of the hanging wheel mechanism: 1—cover
plate; 2—shaft seat; 3—hobbing machine body; 4—fix bolt of axial synchronous belt wheel; 5—axial
synchronous belt wheel; 6—axial rotary shaft 7—radial rotary shaft; 8—radial synchronous belt
wheel; 9—fix bolt of radial synchronous belt wheel; 10—center rotary shaft; 11—large center syn-
chronous belt wheel; 12—small center synchronous belt wheel; 13—fix bolt of the hanging wheel;
14—connecting plate screws; 15—connecting plate.

The center distance of the synchronous belt wheels was measured, and the syn-
chronous belt model was selected as M5-830. In addition, the tensioning of the synchronous
belt can be realized by adjusting the connecting plate. As shown in Figure 12, there is
a guide groove on the connecting plate, and the spatial relative position of the center
synchronous belt wheel can be adjusted by loosening the connecting plate screws so that
the preload of the synchronous belt can be adjusted.

4. Hobbing Beveloid Gears

4.1. Calculation of Hobbing Parameters and Hobbing Process

The process of hobbing beveloid gears mainly includes determining the basic param-
eters of beveloid gears, calculating the hobbing parameters based on the parameters of
beveloid gears and cutters, determining the number of hanging wheel teeth by checking
the table, assembling the hanging wheels on the hobbing machine, clamping the gear blank,
setting the cutter, retracting the cutter, feeding the cutter and hobbing gears.

According to the study in Sections 2 and 3, taking the involute helical beveloid
gear with specific parameters as an example, the process of hobbing the beveloid gear is
introduced as follows.

The basic parameters of the beveloid gear are set as shown in Table 3.
The basic parameters of the cutter are set, as shown in Table 4.
The calculation of the basic parameters of the gear blank are shown in Table 5.
The calculation results of the hobbing parameters are shown in Table 6.
Hobbing the outer circle, transverse plane, and shaft hole of the gear blank. The gear

blank hobbing was completed, as shown in Figure 13.
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Table 3. The basic parameters of the beveloid gear.

Parameter
Symbol of the

Parameter
Unit

Symbol of
the Unit

Size

Normal modulus mn millimetre mm 2
Normal pressure angle αn degree ◦ 20

Spiral angle β degree ◦ 8.5
Taper angle δ degree ◦ 3.06
Tooth width B millimetre ◦ 25

Tooth number z — — 38
Modification coefficient of

outer transverse plane x — — +0.33

Normal addendum
coefficient h∗an — — 1

Normal tip clearance
coefficient C∗

n — — 0.25

Rotation direction L/R — — Right-hand

Table 4. The basic parameters of the cutter.

Parameter
Symbol of the

Parameter
Unit

Symbol of
the Unit

Size

Normal modulus mn millimetre mm 2
Normal pressure angle αn degree ◦ 20

Lead angle λ degree ◦ 2.21
Normal addendum

coefficient h∗an — — 1

Normal tip clearance
coefficient C∗

n — — 0.25

Number of starts K — — 1
Number of slots N — — 12

Rotation direction L/R — — Right-hand

Table 5. The basic parameters of the gear blank.

Parameter
Symbol of the

Parameter
Unit

Symbol of
the Unit

Size

Diameter of outer
transverse plane dd millimetre mm 82.8

Width B millimetre mm 25
Taper angle δ degree ◦ 3.06

Diameter of shaft hole d millimetre mm 30
Size of keyway b × h millimetre mm 8 × 7

Figure 13. The gear blank before gear hobbing.
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Table 6. The hobbing parameters.

Parameter
Symbol of the

Parameter
Unit

Symbol of
the Unit

Size

Dividing tooth motion
transmission ratio iDIV — — 1.5833

Differential motion
transmission ratio iDIFF — — 0.5873

Cutter installation angle Σ degree ◦ 6.29
Cutter moving distance E millimetre mm 4.506

Radial feed S millimetre/r mm/r 0.5
The transmission ratio

between the axial and radial
feed handwheel

iAR — — 22.0074

According to the calculated hanging wheel transmission ratio, assembling the dividing
tooth hanging wheel and the differential hanging wheel. The machining efficiency and
tooth surface processing quality should be considered before selecting and assembling
the appropriate axial feed hanging wheel. The diagram of the hanging wheel mechanism
assembling is shown in Figure 14.

Figure 14. The diagram of the hanging wheel mechanism assembling.

According to the lead angle of the cutter and the spiral angle of the beveloid gear to
be processed, the cutter installation angle was determined, and the cutter was assembled.
We clamped the gear blank on the loading fixture. Then, we measured the radial runout of
the gear blank and fine-tuned the gear blank until the hand of the dial gauge was stable.
The gear blank after clamping is shown in Figure 15.

Take the side of the gear blank as the reference, rotating the radial feed handwheel
slowly until the tip of the cutter touches the side of the gear blank, as shown in Figure 16.

It is necessary to rotate the radial feed handwheel to keep the hob away from the
gear blank if the knife marks are too deep. Then, rotating the radial feed handwheel in
reverse to make the cutter close to the gear blank so that the handwheel rotation error can
be eliminated. After the cutter aligned, we installed the synchronous belt of the hanging
wheel, raised the cutter to the top of the gear blank, and then removed the synchronous
belt. Next, we rotated the radial feed handwheel to make the cutter move to the axis of
the workbench. During the cutter alignment process, it is necessary to consider the radial
feed lead screw gap so that the rotation error can be eliminated. Aligning the cutter and

30



Machines 2024, 12, 35

installing the synchronous belt of the hanging wheel again, starting the machine, and the
hobbing process of the beveloid gear was completed.

Figure 15. The diagram of the gear blank after clamping.

Figure 16. The diagram of the gear blank after the cutter aligning.

4.2. Error Measurement and Analysis

The accuracy grade of the gear has a significant impact on the transmission efficiency.
Improving the accuracy grade of the gear, the load distribution of the gear is more uniform,
the accuracy and stability of the transmission motion are better, the energy loss caused by
the vibration and impact of the gear is reduced, and the transmission efficiency is improved.
In the industry standard, the 6-level accuracy has requirements for the size, tooth pitch
error, tooth profile deviation, etc. According to the actual situation of our experiment,
only some of the parameters are calculated and compared, and the corresponding industry
standards are also listed in the paper. Error detection was performed on the machined
beveloid gear. The test items include the distance from the root circle of the outer transverse
plane to the top diameter of the shaft hole (d1), the distance from the root circle of the inner
transverse plane to the top diameter of the shaft hole (d′1), the chordal thickness of the
reference circle (l), the total deviation of the left tooth surface reference circle helix (ΔL)
and the total deviation of the right tooth surface reference circle helix (ΔR). The schematic
diagram of the measurement is shown in Figure 17.
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Figure 17. The schematic diagram of the measurement.

The machined taper angle (δ′) can be calculated indirectly by the result of measuring
the distance from the root circle of the outer transverse plane to the top diameter of the
shaft hole (d1), the distance from the root circle of the inner transverse plane to the top
diameter of the shaft hole (d′1) and teeth width (b). The machined taper angle (δ′) can be
calculated by Equation (23).

δ′ = arctan
d1 − d1′

b
(23)

The taper angle deviation (Δδ) can be calculated by Equation (24).

Δδ = δ′ − δ (24)

Due to the different radii of the base circle of the beveloid gear’s left and right tooth
surfaces, the tooth thickness error cannot be detected by measuring the common normal.
Instead, we measured the chordal thickness of the reference circle (l) and that in theoretical
(l′) to analyze the error. The relationship between the chordal thickness of the reference
circle (l) and the tooth thickness of the reference circle is shown in Figure 18.

Figure 18. The diagram of the relationship between the chordal thickness and the tooth thickness of
the reference circle.

On the outer transverse plane of the beveloid gear, the tooth thickness of the reference
circle (S) can be calculated by Equation (25). and the circular thickness on the diametral
pitch (DP) of the reference circle in theoretical (l′) can be calculated by Equation (26).

S =
mn

cos β

(
π

2
+

2x tan αn cos δ

cos β

)
(25)
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l′ = 2r sin
S
2r

(26)

The reference circle helix of the beveloid gear was selected as the measurement object.
To analyze the total deviation of the helix of the beveloid gear, it is necessary to calculate
the reference circular spiral angle of the beveloid gear separately. The spiral angle of the
left tooth surface of the beveloid gear (βL) can be calculated by Equation (27), and the spiral
angle of the right tooth surface of the beveloid gear (βR) can be calculated by Equation (28).

βL = arctan
(

tan αn cos δ

cos β
+ sin δ tan β

)
(27)

βR = arctan
(

tan αn cos δ

cos β
− sin δ tan β

)
(28)

According to the size of the spiral angle, the ratio of the differential hanging wheel of
the hobbing machine was calculated. After selecting the appropriate hanging wheel and
assembling the mechanism, we adjusted the clutch of the hobbing machine so that the axial
motion of the cutter holder and the rotary motion of the workbench could be realized. In
addition, to measure the deviation of the helix of the beveloid gear, the magnetic suction
gauge was placed on the cutter holder of the hobbing machine and moved with the tool
holder. At the same time, the contact head of the magnetic suction gauge was in contact
with the reference circle of the tooth surface to be measured. The measurement results of
the beveloid gear size of the hobbing processing are shown in Table 7.

Table 7. The measurement results of the beveloid gear size.

Serial Number d1/mm d1’/mm b/mm l/mm

1 21.59 20.27 24.99 3.66
2 21.58 20.26 24.98 3.67
3 21.58 20.25 24.98 3.66
4 21.60 20.26 25.00 3.65
5 21.59 20.25 25.01 3.67
6 21.57 20.24 24.98 3.68
7 21.57 20.25 24.99 3.66
8 21.58 20.25 24.99 3.67
9 21.60 20.27 24.98 3.65

10 21.59 20.26 24.99 3.67
Average value 21.585 20.256 24.989 3.664

Due to the structural limitation of the hobbing machine, the synchronous belt tension-
ing device was not installed, which led to the radial feed handwheel rotating in a crawling
state and reducing the machining quality of the gear tooth surface. After reducing the
axial feed, although the crawling state of the radial feed handwheel cannot be eliminated,
the machining quality of the tooth surface was significantly improved. For the above, we
not only reduced the axial feed but also hobbed the gear twice so that the crawling state
of the radial feed handwheel was eliminated and the quality of tooth surface machining
was improved.

When the axial feed was selected as 1 mm/r, the state of the tooth surface for single
hobbing is shown in Figure 19a.

When the axial feed was selected as 0.5 mm/r, the state of the tooth surface for single
hobbing is shown in Figure 19b.

When the axial feed was selected as 0.5 mm/r, the state of the tooth surface for double
hobbing is shown in Figure 19c.
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(a) 

 
(b) 

 
(c) 

Figure 19. (a) The state of the tooth surface for single hobbing with the axial feed of 1 mm/r. (b) The
state of the tooth surface for single hobbing with the axial feed of 0.5 mm/r. (c) The state of the tooth
surface for double hobbing with the axial feed of 0.5 mm/r.

Based on the 6-level accuracy standard of GB/T11334-2005 “Geometrical Product
Specifications (GPS) Taper Tolerance” [44], the taper tolerance of the beveloid gear was
selected as 0.02◦ according to the table. The deviation between the actual value of the
beveloid gear taper angle and the theoretical value was calculated as Equation (29).

Δδ = δ′ − δ = 3.044 − 3.06 = −0.016◦ (29)

From the result of Equation (29), it can be found that the taper deviation of the beveloid
gear was within the tolerance range and met the 6-level accuracy standard. The deviation
of the taper angle of the beveloid gear is mainly caused by the gap of the feed screw of
the hobbing machine, the teeth number rounding of the synchronous belt wheel in the
synchronous belt hanging wheel, and the transmission error of the internal transmission
chain of the hobbing machine. To improve the accuracy of the taper angle of the beveloid
gear, an improvement scheme can be proposed from the above aspects.

According to GB/T10095.1-2022 [45] “Cylindrical gears—ISO system of flank tolerance
classification—Part 1: Definitions and allowable values of deviations relevant to flanks of
gear teeth” [45] and referring to the 6-level accuracy grade standard for cylindrical gears,
the tolerance of the circular thickness on the DP of the reference circle was obtained as
0.005 mm by checking the table. And the total deviation of the helix of the beveloid gear
was obtained as 0.011 mm. It is calculated that the theoretical chordal thickness of the
reference circle of the outer transverse plane of the beveloid gear (l′) is 3.667 mm. The
deviation of the chordal thickness was calculated by Equation (30).

Δl = l − l′ = 3.664 − 3.667 = −0.003 mm (30)

From Equation (30), the result meets the 6-level accuracy standard within the allowable
tolerance range. The chordal thickness error of the beveloid gear reference circle is mainly
caused by the size error of the cutter and the transmission error of the hanging wheel of
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the hobbing machine. The accuracy of the chordal thickness of the beveloid gear can be
improved from these two aspects.

Finally, we measured the total deviation of the left and right tooth surface reference
circle helix (ΔL and ΔR) of the beveloid gear. The results showed that the hand of the
dial gauge swung around the 0 lines, and the maximum runout did not exceed 0.01 mm.
According to these above, the beveloid gears hobbed met the 6-level accuracy standard.

5. Conclusions

To improve the machining efficiency and accuracy of processing beveloid gears, reduce
processing costs, and promote the mass production and industrial application of beveloid
gears, we proposed a beveloid gear hobbing processing method based on the modification
of ordinary gear hobbing machine and verified the feasibility and accuracy of the method
via actual processing.

Firstly, according to the structural characteristics of beveloid gears, we analyzed the
relative position and relative motion relationship between the cutter and the gear blank
during the hobbing process based on the principle and method of gear hobbing. And the
calculation method of the relevant processing parameters such as feed, cutter installation
angle, and feed distance of the beveloid gears was derived.

Next, we designed the transmission chain between the axial feed and the radial
feed of the hobbing machine and analyzed the transmission relationship between them
by combining the transmission principle of helical cylindrical gears in the gear hobbing
machine and the hobbing requirements of beveloid gears. After that, we analyzed the
structural dimensions and feed motion parameters of the hobbing machine and then
designed the modification scheme of the gear hobbing machine. We realized the linkage
between the axial feed and the radial feed of the hobbing machine via the designed hanging
wheel mechanism in synchronous belt type so that the hobbing processing requirements of
beveloid gears were satisfied.

Finally, we completed the actual hobbing processing of the beveloid gear and verified
the feasibility of the method proposed before. Then, the error measurement and analysis of
the trial-produced beveloid gear were carried out. The results showed that the accuracy
of the trial-produced beveloid gear met the 6-level standard, which meets the accuracy
requirements of machining, and the accuracy of the processing method proposed in this
study was verified.
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Abstract: This paper presents an innovative and comprehensive methodology for loaded tooth contact
analysis (LTCA) of spiral bevel gears, integrating ease-off surface computation with high-precision
virtual generating tooth surfaces. The methodology integrates an error-sensitivity analysis model
with a semi-analytical LTCA model for spiral bevel gears based on ease-off surfaces, developed
using a Universal Generation Model. By leveraging sophisticated corrections in the machining
process, the desired ease-off surfaces are obtained, ensuring the accuracy of the generated tooth
surfaces. This simulation ensures minimal errors between theoretical and virtual generating tooth
surfaces, providing a reliable basis for LTCA. The LTCA model is formulated using CNC-generated
tooth surfaces, focusing on misalignments such as pinion offset, adjustment errors, and angular
position errors along the pinion and gear axis. The feasibility and effectiveness of the proposed
method are verified through comparisons with LTCA software analysis results, demonstrating its high
accuracy in predicting the impact of misalignments on contact patterns and load distribution. This
integrated approach offers significant advancements in the design and analysis of spiral bevel gears,
providing a robust tool for predicting and analyzing gear performance under various misalignment
conditions. The combined methodology enhances the reliability and accuracy of LTCA, ensuring
optimal performance and durability of spiral bevel gears in practical applications.

Keywords: spiral bevel gears; ease-off topography; semi-analytical loaded contact model; misalignments;
error-sensitivity

1. Introduction

Spiral bevel gears are essential components in many mechanical systems, including
automotive, aerospace, and industrial machinery, due to their ability to transmit power
efficiently and smoothly between intersecting axes. The design and analysis of these gears
are critical to ensure optimal performance, durability, and reliability. Traditional methods
for analyzing spiral bevel gears have often relied on empirical data and trial-and-error
approaches, which can be time-consuming and less accurate [1,2]. The concept of ease-off
surfaces is fundamental in the design of spiral bevel gears. These surfaces represent the
deviation of the actual tooth surface from the ideal conjugate surface, allowing for localized
bearing contact and reducing edge-loading conditions to prevent early failure.

The research background for spiral bevel gears revolves around improving their load
capacity and reducing the issues caused by misalignment and assembly errors. Over the
years, substantial research has been conducted to enhance the performance and durability
of these gears. Li [3] conducted an in-depth analysis of bending stress in orthogonal curve-
face gears, proposing a method for calculating and testing the bending stress at the gear
tooth root, which is crucial for understanding the gear’s load-bearing capacity. Similarly,
He [4] introduced a multi-step analytical approach for identifying the initial contact point
in spiral bevel and hypoid gears, accounting for misalignments and using geometric kine-
matic transformations and a conic self-adaptive trust region algorithm, to improve tooth
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contact analysis accuracy and performance. Chen [5] introduced a semi-analytical Q-SLTCA
method that efficiently calculates single tooth load contact characteristics and meshing
stiffness, validated against finite element methods. Temirkhan [6] presented a computation-
ally efficient quasi-static model for the three-dimensional non-conjugate contact problem
between two surfaces, simplifying the conventional five-equation system to two nonlinear
equations, and demonstrates improved accuracy and stability, particularly when applied
to spur gears with crowned tooth surfaces. Marciniec [7] compared numerical methods for
Gleason-type bevel gear contact patterns using mathematical models and finite element
analysis, the results suggest mathematical analysis alone can suffice, avoiding the need for
experimental verification. A real gear tooth surface modeling method was proposed in [8]
to demonstrate actual tooth contact performances with manufacturing errors.

Complementing this, Simon [9] introduced a multi-objective optimization technique
specifically tailored for hypoid gears, emphasizing the minimization of tooth contact
pressure and transmission error, while simultaneously maximizing their mechanical effi-
ciency. The optimization process heavily depends on LTCA for accurately predicting the
distribution of tooth contact pressure and transmission errors, underscoring the critical
role of precise computational methodologies in the analysis of gears. Moslem [10] used
Transmission3D-Calyx software to perform loaded and unloaded tooth contact analyses
of spiral bevel gears, evaluating the impact of axial and radial misalignments on mesh
stiffness and gear lifespan. This real gear tooth surface modeling method was used to
predict the wear tendency of gear tooth surfaces [11]. Building on these methods, Jiang [12]
reviewed the development of logarithmic spiral bevel gears, emphasizing advancements
in mathematical modeling, simulation analysis, and CNC machining centers. Adrian [13]
outlined a method for generating gear tooth flanks using diagonal milling, introducing a
virtual machine tool for precise and rapid calculation of change gears. Moreover, Li [2]
investigated the design and power loss assessment of noncircular gear pairs for infinitely
variable transmissions. This study presented an innovative approach using modified
high-order elliptical pitch curves and introduced a method for evaluating power loss,
crucial for enhancing the smoothness and efficiency of gear transmission systems. Simi-
larly, Simon [14] explored advancements in mixed elastohydrodynamic lubrication and the
performance enhancements of hypoid gears. Using a unified numerical approach, this re-
search offers a comprehensive analysis of lubrication conditions. The findings demonstrate
significant improvements in gear performance by optimizing lubrication conditions and
reducing frictional losses. Liu [15] introduced a semi-analytical LTCA method for spiral
bevel gears, combining analytical formulas, FEA corrections, and optimization for precise
tooth deformation and contact analysis. Li [16] presented a multi-objective optimization
approach for spiral bevel gears, focusing on enhancing both contact performance and mesh-
ing efficiency. This study utilized sensitivity analysis to select machine tool parameters
significantly impacting the tooth surface, optimizing the gear design for higher perfor-
mance and efficiency. Ding [17] presented a new method that uses optimization algorithms
and operational strategies to accurately identify the initial contact point for ETCA, with
its accuracy and efficiency validated through numerical examples. Fu [18] developed a
mathematical model and finite element analysis for spiral bevel gears, comparing results
with empirical formulas and experimental tests, showing good agreement.

Expanding on these methodologies, Ding [19] presented a novel prediction and control
methodology specifically tailored for the collaborative grinding process of non-orthogonal
aerospace spiral bevel gears, emphasizing improvements in geometric accuracy and load
distribution through sophisticated simulation and optimization techniques. Kolivand [20]
introduces a computationally efficient load distribution model for hypoid gears that uses
ease-off topography and Rayleigh-Ritz shell models for accurate contact analysis, requiring
less computational effort than finite element methods. Building on this, Simon [21] devised
a multi-objective optimization technique aimed at optimizing the production of face-milled
hypoid gears, leveraging numerically controlled machine tools for precise and efficient
manufacturing. Stanasel [22] developed a mathematical model for manufacturing high-
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performance cylindrical gears with curved cycloidal teeth, validated through MATLAB
simulation and Solid Edge modeling for future stress analysis. Adrian Ghionea [23]
proposed a new penetration-based contact model that enables more efficient and accurate
computation of three-dimensional contact loads, thereby supporting system-level and
dynamic analysis, addressing the challenges of contact simulation posed by the complex
geometry of spiral bevel gears. Mathur [24] presents a numerical model for loaded tooth
contact analysis of straight bevel gears in pericyclic transmissions, using finite strip methods
to calculate tooth deflection and a variational framework for load distribution, highlighting
the high-power density and noise reduction potential. Moreover, Li [25] focused on
the impact of lubrication on gear performance, underscoring the importance of proper
lubrication in reducing friction and wear in spiral bevel gears. The integration of these
diverse research efforts provides a comprehensive understanding of the current state of the
field, showcasing the multifaceted approach required to address the challenges and enhance
the performance of spiral bevel gears. Despite these advancements, several bottlenecks
persist in the field. One significant challenge is achieving precise tooth surface corrections
during the machining process. This difficulty is compounded by the need for accurate
simulation tools that can predict gear behavior under various load and misalignment
scenarios.

Building on these insights into material performance and failure mechanisms, this paper
tackles the challenge of accurately predicting loaded contact patterns in spiral bevel gears by
introducing a novel semi-analytical model. This model integrates ease-off surfaces derived
from universal gear machining settings, and Hertzian contact theory, ensuring high accuracy
in generated tooth surfaces and improving gear performance and durability. The approach
ensures high accuracy in generated tooth surfaces, leading to improved performance and
durability of spiral bevel gears. The main bottleneck addressed by this paper is the difficulty
in achieving precise tooth surface corrections during the machining process.

Consequently, this paper also focuses on the simulation and analysis of misalignments
in spiral bevel gears. Using high-precision virtual generating tooth surfaces obtained using
a Universal Generation Model, the study minimizes the errors between theoretical and
virtual surfaces. By formulating an LTCA model using CNC-generated tooth surfaces,
the finite element analysis (FEA) based LTCA model developed in this paper considers
various misalignment errors, such as pinion offset and adjustment errors along the pinion
and gear axis. In such a way, the research accounts for misalignments and load distribu-
tion, providing a comprehensive approach to analyzing gear performance under realistic
operational conditions.

2. Generation of Gear Tooth Profiles

2.1. The Dimensional Configuration of Spiral Bevel Gears

The intricate geometry of spiral bevel gears is solely determinable through the resolu-
tion of implicit equations, which meticulously capture the intricacies of the manufacturing
process, including the geometry of the cutting tool and the specific settings of the ma-
chine tool.

In addition to meeting the basic geometric and gear blank dimensions, it is essential to
fulfill performance or functionality requirements concerning contact performance. Key as-
pects frequently evaluated in the design of spiral bevel gears include the location, size, and
shape of the contact pattern on the gear tooth surfaces, as well as the motion transmission
error amplitude of the gear pair. Figure 1 illustrates the pinion generation setup, which
includes a head-cutter with blades, a virtual generating gear, and the pinion.
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Figure 1. Generalized bevel gear generation configuration.

2.2. The Geometry of Cutting Tools and Their Relative Movement

A universal mathematical framework is employed for the generation of tooth surfaces
for both pinion and gear, as shown in Figure 2. The coordinate system S2 is firmly attached
and remains stationary relative to the workpiece. The coordinate system Sc2, firmly at-
tached to the generating machine cradle, describes its angular position. The coordinate
system Sm2 is attached to the cutting machine framework. Sa2 and Sb2 assist in work piece
installment. The coordinate system Sg is firmly attached to the gear head-cutter. The angles
ψ2 and ψc2 are associated with instantaneous rotational positions of the gear and the cradle,
respectively. There exist six potential auxiliary kinematic variables that can be utilized to
alter the tooth surface of a manufactured spiral bevel gear: ΔXD2 represents the machine
center to back, ΔEm2 denotes the blank offset, γm2 is the machine root angle, Sr2 signifies
the radial distance, Xb2 indicates the sliding base, and q2 is the cradle rotation angle. The
gear roll ratio m2c2 is determined by

m2c2 =
ωw

ωc
=

dψ2

dt
/

dψc2

dt
(1)

where ω and ψ represent angular speeds of the gear and the cradle, respectively.

(a) (b)

Figure 2. Coordinate systems for the generation of gear tooth profiles. (a) Depiction of the installation
of the machine tool for the process of generation; and (b) Illustration of machine tool settings.
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As shown in Figure 3, The cutting edge of the head-cutter blade is divided into four
distinct sections: the edge, toprem, profile, and flankrem portions. The cutting surfaces are
created by rotating the blade around the zg-axis with an angle of θg. The primary shaping
of the gear tooth surface occurs through the profile section, which is characterized by a
straight line with a profile angle of αg. The fillet on the gear tooth surface is generated
by the edge section, which incorporates a corner radius of ρω. Referring to Figure 3, an
arbitrary point Mb located on the cutting surface of the blade is determined by parameters
sg and θg, as shown in Figure 4. The generating surface ∑

(a)
g of the profile section of the

head-cutter blade is expressed through the vector function r
(a)
g

(
sg, θg

)
as

rg
(a)(sg, θg) =

⎡⎣ (rG ± sg sin αg) cos θg
(rG ± sg sin αg) sin θg

−sg cos αg

⎤⎦ (2)

where αg is the blade angle, sg denotes tooth surface parameters, and rG represents the
head-cutter point radius. The upper signs in Equation (2) signify generation of the concave
side of the gear tooth surface, whereas the lower signs correspond to the convex side.

The unit normal vector to the generating surface ∑
(a)
g of the profile is denoted by

n
(a)
g (θg) and is represented as

ng
(a)(θg) =

⎡⎣ cos αg cos θg
cos αg sin θg
± sin αg

⎤⎦ (3)

The generating surface ∑
(b)
g relates to the edge section of the head-cutter blade, while

∑
(a)
g is described by the vector function r

(b)
g

(
sg, θg

)
as

rg
(b)(λw, θg) =

⎡⎣ (rw ± ρw sin λw) cos θg
(rw ± ρw sin λw) sin θg

−ρw(1 − cos λw)

⎤⎦, 0 ≤ λw ≤ π

2
− αg (4)

where rw = rG ∓ ρw(1 − sin αw)
/

cos αg. ρω is the corner radius in the edge section of
head-cutter blade for the fillet of the gear.

The unit normal to the generating surface ∑
(b)
g of the edge section is denoted by

n
(b)
g (θg) and is represented as

ng
(b)(θg) =

⎡⎣ sin λw cos θg
sin λw sin θg
± cos λw

⎤⎦ (5)

The surface of the generated gear tooth, denoted as ∑2, is represented as{
r2

(a)(sg, θg, ψ2
)
= M2g(ψ2)rg

(a)(sg, θg
)

r2
(b)(λw, θg, ψ2

)
= M2g(ψ2)rg

(b)(λw, θg
) (6)

where ψ2 is the rotation angle of the gear, and M2g represents the transformation matrix
from coordinate Sg to S2.

M2g(ψ2) = M2b2Mb2a2 Ma2m2Mm2c2Mc2g (7)
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here,

Mc2g =

⎡⎢⎢⎣
1 0 0 Sr2 cos q2
0 1 0 Sr2 sin q2
0 0 1 0
0 0 0 1

⎤⎥⎥⎦,

Mm2c2 =

⎡⎢⎢⎣
cos ψc2 − sin ψc2 0 0
sin ψc2 cos ψc2 0 0

0 0 1 0
0 0 0 1

⎤⎥⎥⎦,

Ma2m2 =

⎡⎢⎢⎣
1 0 0 0
0 1 0 ΔEm2

0 0 1 −ΔXB2

0 0 0 1

⎤⎥⎥⎦,

Mm2c2 =

⎡⎢⎢⎣
sin γm2 0 − cos γm2 0

0 1 0 0
cos γm2 0 sin γm2 −ΔXD2

0 0 0 1

⎤⎥⎥⎦,

M2b2 =

⎡⎢⎢⎣
cos ψ2 sin ψ2 0 0
− sin ψ2 cos ψ2 0 0

0 0 1 0
0 0 0 1

⎤⎥⎥⎦.

{
ng

(a) · vcg = fg
(a)(sg, θg, ψ2

)
= 0

ng
(b) · vcg = fg

(b)(λw, θg, ψ2
)
= 0

(8)

where vcg is the relative speed vector of the head-cutter to the gear, and n
(a)
g , n

(b)
g are unit

normal vectors of the head-cutter.

Figure 3. The four distinct segments of blades.
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Figure 4. Blades and generating cones utilized in the gear generating tool: Specific generating tool
cones designed for the concave and convex sides.

2.3. Kinematics of Universal Motion Concept (UMC)

The advent of modern CNC spiral bevel gear generating machines has significantly
advanced the generation concept [26,27]. The UMC, which has been developed and seam-
lessly integrated with machine control software [28], greatly enhances the capabilities of
free-form CNC spiral bevel generators. Figure 5 depicts the kinematic representation of the
machine tool configurations for a UMC spiral bevel generator model. Each configuration
is visualized as a moving element, and its motion is mathematically described through a
polynomial function that is dependent on the cradle’s rotation angle. Despite the kinematic
model’s foundation in mechanical machinery, we can incorporate the advanced capabilities
of modern CNC machines by expressing the machine tool configurations as functions that
vary with the cradle’s rotational increments, thereby eschewing the assumption of static,
fundamental settings. namely,

Ra = Ra0 + Ra1q + Ra2q2 + · · ·+ Ra5q5 + Ra6q6 (9)

Xb = Xb0 + Xb1q + Xb2q2 + · · ·+ Xb5q5 + Xb6q6 (10)

s = s0 + s1q + s2q2 + · · ·+ s5q5 + s6q6 (11)

Em = Em0 + Em1q + Em2q2 + · · ·+ Em5q5 + Em6q6 (12)

Xp = Xp0 + Xp1q + Xp2q2 + · · ·+ Xp5q5 + Xp6q6 (13)

γm = γm0 + γm1q + γm2q2 + · · ·+ γm5q5 + γm6q6 (14)

j = j0 + j1q + j2q2 + · · · j5q5 + j6q6 (15)

i = i0 + i1q + i2q2 + · · ·+ i5q5 + i6q6 (16)

Equations (9)–(16) encapsulate both the static, fundamental machine tool configurations
and the dynamic adjustments in those configurations, which may be contingent upon the
cradle’s rotation parameter q. These motions can be precisely executed by CNC machines
via computer programming.
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Figure 5. A machine tool model of spiral bevel gears.

2.4. The Simulation of Generation Process

As described, both face hobbing and face milling procedures can be virtually simulated
utilizing the mechanical UMC spiral bevel generator shown in Figure 5. In contrast to cradle-
style machines, which are predicated on the spiral bevel gear generation principle involving
a generating gear, CNC spiral bevel generators boast a more adaptable design. Nonetheless,
the design of spiral bevel gears can be correlated to UMC spiral bevel generators by
determining the appropriate machine tool configurations. Furthermore, the generating
motions specified for UMC generators can be translated into the motions executed by CNC
hypoid generators via computer programming. The six axes of CNC hypoid generators are
actuated directly by servo motors, empowering them to execute precise motion functions.
As a result, the machine tool configurations can be dynamically characterized as functions
that vary with the cradle’s incremental angle q. To accurately portray the generation
process, we dissect the relative motion components within the kinematic model depicted
in Figure 5 and assign a unique coordinate system to each element. Given the generating
roll increment angle q and using Equation (16), we may determine the generation process,
as shown in Figure 6. The envelope of rg with three independent variables sg, θg and q is
expressed as (

∂rg

∂sg
× ∂rg

∂θg

)
· ∂rg

∂q
= 0 (17)

The generating roll is used in UMC processes and is associated with the rotations of
the machine cradle and the work. It can be represented as

ωw = Raωc (18)

where ωw and ωc denote the angular speeds of the workpiece (the gear) and the cradle,
respectively. Ra is the ratio of roll.

Figure 6. The generation process of the spiral bevel gear.
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3. Semi-Analytical Loaded Contact Model Based on Ease-Off Topography

3.1. Theoretical Ease-Off Topography

The ease-off value represents the perpendicular difference between the ease-off surface
and the conjugate tooth surface. Figure 7 illustrates examples of gear ease-off topographies for
the gear’s convex side, where the ease-off grids are based on areas of the gear tooth surfaces
produced by higher-order motions described in Equations (19)–(22). If the gear tooth surface
is produced by the pinion tooth surface under a constant rolling condition, as determined by
the tooth numbers of both the pinion and the gear, the pinion ease-off can be defined as

Δrp =
[
rp
(
sp, θp, ψ1

)− rpc
(
sg, θg, ψ2, φ1

)] · np
(
sp, θp, ψ1

)
(19)

where φ1 is the generating motion parameter of the pinion; rpc represents the conjugate
pinion surface generated by the gear tooth, which is determined by⎧⎪⎨⎪⎩

rpc = Mpg(φ1)rg
(
ug, θg, ψ2

)
npc = Lpg(φ1)ng

(
ug, θg, ψ2

)
fpc

(
ug, θg, ψ2, φ1

)
=

drpc
dφ1

· npc = 0

⎤⎥⎦ (20)

where fpc
(
ug, θg, ψ2, φ1

)
is the equation of meshing, and Mpg and Lpg are the coordinate

transformation matrices from Sp
(

xp, yp, zp
)

to Sg
(

xg, yg, zg
)
. Similarly, the gear ease-off

tooth surface can be defined by

Δrg =
[
rg
(
sg, θg, ψ2

)− rgc
(
sp, θp, ψ1, φ1

)] · ng
(
sg, θg, ψ2

)
(21)

where rgc is the conjugate gear surface that is generated by the pinion tooth and is determined by⎧⎪⎨⎪⎩
rgc = Mgp(φ1)rp

(
up, θp, ψ1

)
ngc = Lgp(φ1)np

(
up, θp, ψ1

)
fgc

(
ug, θg, ψ2, φ1

)
=

drgc
dφ1

· ngc = 0

⎤⎥⎦ (22)

where Mgp and Lgp are coordinate transformation matrices from Sg
(
xg, yg, zg

)
to Sp

(
xp, yp, zp

)
.

Figure 7. The ease-off topographies of the gear convex side.

3.2. Calculation of the Contact Line Direction

The principal axis of the contact ellipse, which arises during tooth contact under
load, aligns itself with the direction of the contact line precisely at the point of contact. To
ascertain the orientation of the principal axis of the contact ellipse, a surface Σpg is defined.
The tangent plane Σpg contacts both gear tooth and pinion surface at Mm. The normal
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curvature, which quantifies the rate of change of the surface’s direction to a given vector
traversing the surface t on Σpg is defined by

κ
pg
t = κ

p
t − κ

g
t (23)

where κ
p
t and κ

g
t are normal curvatures along vector t. The orientations of the major

and minor axes of the contact ellipse can be delineated on the surface Σpg by identifying
the principal directions,t1 and t2. The principal directions, specifically t1 and t2, can be
identified on the surface Σpg to determine the major and minor axis orientations of the
contact ellipse. As depicted in Figure 8, the principal orientations on the surface Σpg signify
the extreme curvature values that occur as the direction of an arbitrary vector t is varied.
Using Euler’s equation in Equation (17), the normal curvature along any vector t on a given
surface can be expressed in terms of its principal curvatures, κ1 and κ2.

κ
p
t = κ

p
1 cos2λ + κ

p
2 sin2λ (24)

κ
g
t = κ

g
1cos2(λ − ϕ) + κ

g
2sin2(λ − ϕ) (25)

where ϕ is the angle between e
g
1 and e

p
1 , and λ is the angle between e

p
1 and arbitrary vector

t, with both angles measured positively in the counter-clockwise direction. Consequently,
the relative curvature along the vector t can be expressed as

κ
pg
t = κ

g
1cos2(λ − ϕ) + κ

g
2sin2(λ − ϕ)− κ

p
1 cos2λ − κ

p
2 sin2λ (26)

In Figure 8, to identify one of the principal directions that signify the direction of
the contact line at the contact point Mm on the surface Σpg, we search for the angles that
correspond to the limiting curvature values κ

pg
t can be obtained by setting dκ

pg
t

/
dλ = 0.

The angle λ corresponding to t1 is denoted by ϕ,

λ =
1
2

tan−1

[
sin(2ϕ)

κ
pg
12 − cos(2ϕ)

]
(27)

where κ
pg
12 =

κ
p
1−κ

p
2

κ
g
1−κ

g
2

.

Figure 8. A depiction of the local coordinate systems on the surface at a given instant of contact.

3.3. Deformation Coordination Equation of a Contact Ellipse

During the meshing cycle of spiral bevel gears, the loaded tooth contact analysis is
reiterated for each meshing position, enabling the determination of the distribution of
instantaneous contact load across every contact ellipse. The elastic deformation is divided
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into two categories contact deformation and bending deformation. To ensure the meshing
continuity between the pinion and the gear, the total deformation is constant at various
contact locations. The deformation coordination equation of an arbitrary contact ellipse Ω�

is defined by ∫
Ω�

( fB)η,ξ ·(PH)ξdξ + ( fC)η · (PH)η = δ(η, Δ) · eR(η) (28)

where δ(η, Δ) =
{

Δ − [
Δrp(η) + Δrg(η)

]
for δ(η, Δ) > 0

0 for δ(η, Δ) ≤ 0
, � is the index of mesh-

ing members, � = 1, 2, · · · , n�, n� is the quantity of meshing members at the present contact
location, η is the deformation measurement point coordinate, ξ is the contact point coordi-
nate, (PH)ξ is the contact pressure at the contact point ξ, ( fB)η,ξ is the bending flexibility of
point η correspond to contact point ξ, ( fC)η is the contact flexibility of point η = ξ on the
meshing surface, δ(η, Δ) is the deformation at point η, Δ is the passive gear rotation angle
relative to the drive gear, and eR(η) is the coefficient that transformation angle deformation
to tooth coordinate, which can be represented as

eR(η) =
[

xg(η) · e
g
2(η)− yg(η) · e

g
1(η)

]
(29)

Due to the total deformation of meshing teeth cannot be determined; the deformation
coordination Equation (28) is statically indeterminate. It cannot be strictly solved. The total
normal load of all contact points is the tangential load of gear transmission.

T =
n�

∑
�=1

∫
Ω�

(P∗
H)

ξ

· r(ξ)dξ (30)

where (P∗
H)ξ is tangential pressure of the contact point ξ, and r(ξ) is the radius of contact

point ξ around the drive gear axis. Substituting Equations (28) and (29) into Equation (30),
one has ⎡⎢⎢⎢⎣

( fBC)1,1 ( fBC)1,2 . . . ( fBC)1,n�

( fBC)2,1 ( fBC)2,2 . . . ( fBC)2,n�

. . . . . . . . . . . .
( fBC)n� ,1 ( fBC)n� ,2 . . . ( fBC)n� ,n�

⎤⎥⎥⎥⎦
⎡⎢⎢⎣

(PH)1
(PH)2

. . .
(PH)n�

⎤⎥⎥⎦

=

⎡⎢⎢⎣
{Δ − [Δrp(1) + Δrg(1)]} · eR(1)
{Δ − [Δrp(2) + Δrg(2)]} · eR(2)

. . .
{Δ − [Δrp(n�) + Δrg(n�)]} · eR(n�)

⎤⎥⎥⎦
(31)

where

( fBC)η,ξ =

{
( fB)η,ξ for η �= ξ

( fB)η,ξ + ( fC)η for η = ξ
(32)

Based on the gear engagement at various contact locations, a composite flexibility
matrix fBC is constituted at the contact points on the tooth surface [29].

3.4. Semi-Analytical Contact Model for Loaded Tooth Contact Analysis

To accurately simulate the position and attributes of the contact pattern on the ease-
off surface utilizing the semi-analytical loaded contact model, it is imperative to initially
distribute the applied load along the major axis of the contact ellipse, spanning the entire
actual contact width. On any contact ellipse Ω�, the half contact width, denoted as bMm , of
this contact ellipse is determined using Hertzian theory.

bMm =

√√√√√4ρMm(PH)Mm

πb
· 1(

1−υ2
p

Ep
+

1−υ2
g

Eg

) (33)
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where υg and υp are the gear and Poisson’s ratios of the pinion, respectively. (PH)Mm
is

the pressure at the contact point Mm. b is tooth width. Ep and Eg are the elasticity moduli
for materials of the pinion and gear, respectively. ρMm represents the equivalent radius
of curvature that corresponds to the direction aligned with the major axis of the contact
ellipse, which is defined as

ρMm =

(
1(

ρp
)

Mm

+
1(

ρg
)

Mm

)−1

(34)

where (ρp)Mm and (ρg)Mm represent the radii of curvature of the pinion and the gear at the
location Mm along the direction of the contact line, respectively, and (PH)Mm

is the pressure
at the contact point Mm that is determined by Hertzian theory.

(pH)Mm
=

√√√√√ (Fn)Ω�

aMm

· 1
ρMm

· 1

π

(
1−υ2

p
Ep

+
1−υ2

g
Eg

) (35)

where aMm is the length of this contact ellipse, aMm =
√

2τ/κ
pg
t , in which τ is the unload separation

distance, and (Fn)Ω�
is the normal load carried by this contact ellipse, (Fn)Ω�

=
∫

Ω�
(P∗

H)ξdξ.

4. Validation of the LTCA Model by Using CNC-Generated Tooth Surfaces

Typically, the installation state of gears does not perfectly align with the design speci-
fications, leading to misalignments. These misalignments result in a “mismatched” spiral
bevel gear pair, introducing uncertainty regarding the path of contact between the meshing
tooth surfaces and the actual load distribution. This methodology is utilized to investigate
the consequences of tooth inaccuracies and misalignments on various aspects, including the
location of the contact path, the potential extent of the contact area, any separations within
this potential contact area, and the angular deviations exhibited by the driven gear member
from its theoretically precise position, as dictated by the gear tooth ratio.

4.1. Misalignments and Load Distribution of Spiral Bevel Gears

As is shown in Figure 9, the meshing of tooth surface is considered in the fixed coordi-
nate system Sh. In Figure 9a,b, movable coordinate system S1 and S2 are rigidly connected
to pinion and gear, respectively. And both of the pinion and gear are around the Z-axis
with a rotation angle. Auxiliary coordinate system Sb1 and Sb2 are on behalf of the rotation
of pinion and gear, respectively. The misalignments of this system are calculated through
coordinate system Sb1 and Sb2 relative to a fixed coordinate system Sh, which is shown in
Figure 9c. In Figure 9, ΔA1 and ΔA2 are axial displacement of pinion and gear, respectively,
ΔΣ is a change of shaft angle, ΔE is the shortest distance between the two axis of pinion and
gear when they are crossed but not intersected.

Figure 9. Mesh coordinate system with misalignments.(a) Corner of pinion; and (b) Coner of gear;
and (c) ΔA1, ΔA2, ΔE and ΔΣ with misalignments.
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4.2. Validation of the LTCA Model by Simulating Various Misalignment Scenarios and Comparing
Results with LTCA Software Analysis

Based on the core parameters in Table 1, a 3D solid model is constructed in CAD and
then imported into the finite element pre-processing software to obtain the finite element
mesh model. The finite element meshes of the gear system are shown in Figure 10.

Figure 10. Finite element meshes of a spiral bevel gear system.

The gear finite element analysis model preprocessing and boundary conditions are
set as follows, the same material properties are assigned to both the pinion and the gear,
with an elastic modulus of 209,000 MPa and a Poisson’s ratio of 0.3. The elastic modulus
of the gear’s support structure is 197,000 MPa, with a Poisson’s ratio of 0.3. The element
property uses hexahedral first-order reduced integration elements (C3D8R). An implicit,
static analysis algorithm is adopted with a step size of 0.02 during the analysis process,
requiring 50 steps to complete the analysis. This setup helps to obtain the analysis structure
at different contact positions during meshing. The tooth surfaces of the gear and pinion are
defined as a contact pair, with the friction coefficient in the tangential contact properties set
to 0.1. Reference points are established at the center of the bearing installation positions
on both the pinion shaft and the gear support structure. Coupling constraints are created
between the reference points and the bearing contact surfaces. Two perpendicular spring
elements are added between the reference points and fixed spatial points, with a spring
stiffness of 120,000 N/mm. Contact force, contact pressure, stress, and displacement are set
as the output variables. The boundary conditions are defined by constraining all degrees
of freedom of both the gear and pinion except for rotation along the axis, and setting the
rotation angle of the pinion to 240°.

To ensure convergence during the gear contact analysis process, the analysis is divided
into three steps: In the first analysis step, a small rotation is applied to the degree of freedom
along the gear’s axis while fixing the pinion. This eliminates the backlash and brings the
tooth surfaces into contact, ensuring that no rigid body displacement occurs, and that the
initial contact iteration converges. In the second analysis step, the small rotation of the gear
is removed, and a torque is applied to the degree of freedom along its axis to analyze the
contact state under the initial load. In the third analysis step, the fixed constraint on the
pinion’s axis is removed, and a rotational boundary condition is applied to simulate the
load analysis during the pinion’s rotation.

According to the regulation of national standard GB11365-89 [30], three misalignments
should be controlled when installing spiral bevel gears, such as gear ring axial displacement
Δ fAM, gear shaft spacing deviation Δ fα, and gear shaft angle deviation ΔE∑. According to
the gear basic parameters in Table 1 (precision grade level 7), the limit deviation of Δ fAM is
±0.56 mm; the limit deviation of Δ fα is ±0.02 mm. The limit deviation of ΔE∑ is ±0.06 mm,
and the equivalent angular deviation is ΔE∑ = ±0.03572◦.
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Table 1. The geometric parameters of spiral bevel gear system.

Parameter Pinion Gear

number of teeth 6 37
face angle 16◦3′ 78◦26′
root angle 11◦15′ 73◦31′
direction left right

shaft angle/ 90 90
module 8.243 8.243

face width/mm 45.12 40
face apex to crossing point/mm −3.14 1.4

pitch angle 11◦43′ 77◦58′
pitch apex to crossing point/mm 0.71 1.4
root apex to crossing point/mm −7.59 1.39

outer cone distance/mm 155.35 155.92
outside diameter/mm 84.07 305.52

pitch diameter/mm 304.99 304.99

4.3. Influence of Gear Ring Axial Displacement Δ fAM

Set Δ fAM = ±0.056 mm, and take two limit values in the finite element analysis.
Adjust the model considering the misalignments and make it no interference between gears.
The obtained FEA results are presented in Table 2. It is observable that the inclination angle
of the contact path remains relatively constant, while the contact pattern shifts from the toe
towards the heel of the mating teeth as the value of Δ fAM increases, as shown in Table 2.

Table 2. FEA results with gear ring axial displacement.

Error Value FEA Results (Torque = 100 N·m)

Δ fAM = −0.056 mm

Δ fAM = 0 mm

Δ fAM = +0.056 mm

4.4. Influence of Gear Shaft Spacing Deviation Δ fα

Set Δ fα = ±0.02 mm, and take two limit values in the finite element analysis. Adjust
the model considering the misalignments and make it no interference between gears. The
obtained FEA results are presented in Table 3. It can be noted that the contact pattern is
much smaller and the edge contact occurs on the tip of pinion and gear teeth. The contact
pattern moves the heel towards the toe of the mating teeth with the increase of Δ fα, as
shown in Table 3.
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Table 3. FEA results with gear shaft spacing deviation.

Error Value FEA Results (Torque = 100 N·m)

Δ fα = −0.02 mm

Δ fα = 0 mm

Δ fα = +0.02 mm

4.5. Influence of Gear Angular Deviation ΔE∑

Set ΔE∑ = ±0.03572◦, and take two limit values in the finite element analysis. Adjust
the model considering the misalignments and make it no interference between gears. The
obtained FEA results are presented in Table 4. It can be seen that the angular misalignment
ΔE∑ has a significant influence on contact pattern and by this on the corresponding meshing
performance, too. The contact pattern moves the heel towards the toe of the mating teeth
with the increase of ΔE∑, as shown in Table 4.

Table 4. FEA results with gear shaft angle deviation ΔE∑.

Error Value FEA Results (Torque = 100 N·m)

ΔE∑ = −0.03572◦

ΔE∑ = 0◦

ΔE∑ = +0.03572◦
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4.6. Comparison with LTCA Software

We also make twelve instantaneous contact patterns under different meshing angles
within one tooth surface graph. So that we can get the approximate contact pattern figure of
the gear tooth surface, as is shown in Figure 11. Compared with the results of LTCA software
and measurement, as shown in Figure 12, this method and LTCA software results are very
similar in contact pattern. The LTCA results of spiral bevel gears, based on high-precision
virtual machining for misalignments, show high accuracy.

Figure 11. Illustration of contact pattern and path of contact of misalignments are ΔA1 = −0.30 mm,
ΔV = 0.20 mm (convex) (torque = 100 N·m ).

(a) (b) (c)

Figure 12. Results of LTCA software simulation and measurement (torque = 100 N·m). (a) Results
of path of contact simulation. (b) Results of contact pattern simulation. (c) Results of contact
pattern measurement.

In this section, the geometric models of the spiral bevel gears are precisely generated
using the face milling method, resulting in a maximal error of only 0.08094 μm between
the theoretical tooth surfaces and the virtual generating tooth surfaces. This high level
of precision provides a reliable research platform for the dynamic performance analysis
of spiral bevel gears. Building on this, an advanced LTCA method has been developed
that incorporates the virtual generating gear with various misalignments. As illustrated
in Figure 11, the FEA results demonstrate the apparent influence of these misalignments
on the path of contact and the contact pattern, providing deeper insights into the meshing
behavior and performance of the gears.

5. Conclusions

In this study, we have explored a comprehensive methodology for LTCA of spiral
bevel gears by integrating ease-off surface computation with high-precision virtual gen-
erating tooth surfaces. The main objectives were to enhance the accuracy and reliability
of LTCA by combining advanced computational methods and validating the approach
through practical simulations and theoretical analysis. The results demonstrate significant
improvements in predicting and analyzing the performance of spiral bevel gears under
various misalignment conditions. We have found that the semi-analytical models signif-
icantly improve the prediction of loaded contact patterns by utilizing ease-off surfaces
derived from the UGM. This approach effectively combines error-sensitivity analysis with
Hertzian contact theory to provide a robust framework for analyzing the contact properties
of spiral bevel gears. The ease-off surfaces, optimized through sophisticated corrections
in the machining process, ensure high accuracy in the generated tooth surfaces, leading
to better performance and durability of the gears. The mathematical kinematical model
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is directly linked to the machine tool settings of a spiral bevel generator, serving as the
foundation for microgeometry optimization and evaluation of spiral bevel gear contact
characteristics. This model can be applied to ease-off processes using the generated method.
Error-sensitivity analysis delves into the effects of misalignments on the positioning, di-
mensions, and configuration of the contact pattern. Based on the findings of this analysis,
the subsequent conclusions can be drawn:

1. The UGM describes the microgeometry and contact properties of ease-off surfaces,
and the error-variation equation is developed to reflect the inherent relationships
between errors and variations in machine tool settings.

2. Advanced semi-analytical LTCA method is developed based on the ease-off spiral
bevel gears with misalignments. The results of semi-analytical LTCA illustrate an inves-
tigation of the influence of misalignments on the path of contact and contact pattern.

3. Through the application of the semi-analytical LTCA method, it is feasible to introduce
misalignments during the ease-off process, to relocate the center of the contact pattern
to a specific, pre-determined location on the tooth surface.
Using the semi-analytical LTCA method, misalignments could be introduced during
the ease-off process to move the contact pattern center to a certain predetermined
position on the tooth surface.

Complementing this, the finite element analysis (FEA) based LTCA model we have
also developed considers various misalignment errors, such as pinion offset and adjustment
errors along the pinion and gear axis. The validation of this approach through comparisons
with LTCA software analysis results confirms its feasibility and effectiveness in predicting
the impact of misalignments on contact patterns and load distribution. The integration
of findings reveals that the proposed methodologies not only improve the accuracy of
LTCA but also offer a comprehensive and reliable tool for analyzing the performance
of spiral bevel gears. By incorporating error-sensitivity analysis and virtual generating
tooth surfaces, the integrated approach provides a detailed understanding of the contact
properties and the impact of misalignments on gear performance. This synthesis highlights
the importance of precise error modeling and the role of advanced computational methods
in optimizing the design and analysis of spiral bevel gears.

The proposed methodologies also demonstrate the significant impact of ease-off
surfaces and high-precision virtual generating surfaces on the contact properties of gears.
The semi-analytical models and the FEA-based LTCA models together ensure that the
generated tooth surfaces are highly accurate, leading to better noise reduction, improved
contact pressure distribution, and enhanced mechanical efficiency. The validation through
practical simulations and comparisons with LTCA software analysis results further confirm
the robustness of the proposed approach.
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Abstract: Considering the elasticity of gear solid bodies, the load applied to gear teeth
will force theoretically separated gear teeth to get into engaging state in advance. This
phenomenon is named as the extended tooth contact (ETC). Effects of the ETC directly
influence the time-varying mesh stiffness of gear pairs and subsequently alter nonlinear
dynamic characteristics of gear transmission systems. Time-vary mesh stiffness, considering
effects of the ETC, is thus introduced into the dynamic model of the gear transmission
system. Periodic motions of a gear transmission system are discussed in detail in this work.
The analytical model of time-varying mesh stiffness with effects of the ETC is proposed,
and the effectiveness of the analytical model is demonstrated in comparison with finite
element (FE) results. The gear transmission system is simplified as a single degree-of-
freedom (DOF) model system by employing the lumped mass method. The correctness of
the dynamic model is verified in comparison with experimental results. An incremental
harmonic balance (IHB) method is modified to obtain periodic responses of the gear
transmission system. The improved Floquet theory is employed to determine the stability
and bifurcation of the periodic responses of the gear transmission system. Some interesting
phenomena exist in the periodic responses consisting of “softening-spring” behaviors,
jump phenomena, primary resonances (PRs), and super-harmonic resonances (SP-HRs),
and saddle-node bifurcations are observed. Especially, effects of loads on unstable regions,
amplitudes, and positions of bifurcation points of frequency response curves are revealed.
Analytical results obtained by the IHB method match very well with those from numerical
integration.

Keywords: gear transmission system; time-varying mesh stiffness; periodic response;
incremental harmonic balance method

1. Introduction

As a typical power transmission device, gear transmission systems are extensively
employed in industries such as aviation, vehicle engineering, and wind power generation.
Due to effects of some factors consisting of material defects, overloads, tooth failures,
and installation errors, gear transmission systems are often subjected to complex exci-
tations during operation. Time-varying mesh stiffness, as the main source of internal
excitations in gear transmission systems, is usually regarded as a key input of gear vi-
bration and dynamic modeling [1–3]. Thus, developing an effective analytical model of

Machines 2025, 13, 155 https://doi.org/10.3390/machines13020155
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time-varying mesh stiffness is the basis of the dynamic modeling and dynamic analysis of
gear transmission systems.

Up to now, some methods for calculating time-varying mesh stiffness are being pro-
posed by many researchers, including experimental methods, FE methods, analytical
methods, and mixed methods. For the calculation of time-varying mesh stiffness of gear
transmission systems, experimental methods are direct and effective strategies. Raghuwan-
shi et al. [4] proposed the photoelasticity technique to calculate time-varying mesh stiffness
of a gear pair, and a comparison between time-varying mesh stiffness obtained by the pho-
toelasticity technique and that from the analytical model demonstrated the effectiveness of
the photoelasticity technique. Pandya et al. [5] also employed the photoelasticity technique
to obtain time-varying mesh stiffness of a gear pair. Different from experimental methods
that require precise and expensive experimental equipments, FE methods can accurately
calculate time-varying mesh stiffness of gear transmission systems by using only FE soft-
ware. Wang et al. [6] obtained the time-varying mesh stiffness of the gear transmission
system with high contact ratio by using an FE method. Zhan et al. [7] proposed a new
FE method based on the NX 8.5 software, the ANSYS Workbench 14.5 software, and a
quasi-static algorithm to determine the time-varying mesh stiffness. Effects of the tip radius
and misalignment of the gear pair on the time-varying mesh stiffness are discussed by
using the new FE method. Liang et al. [8] proposed three evaluation models of time-varying
mesh stiffness by employing a FE method. Compared with experimental methods and FE
methods, analytical methods can more flexibly reveal the relationship between gear param-
eters and time-varying mesh stiffness. In analytical methods, deformations of elastic gears
are regarded as a superposition of the elastic component generated by gear teeth and the
fillet foundation of gears. Yang et al. [9] developed a potential energy method to calculate
time-varying mesh stiffness caused by deformations of teeth; the potential energy method
considered tooth deformations under Hertzian contact, bending, and axial compression.
Liang et al. [10] developed an improved analytical model of time-varying mesh stiffness
by taking the deformation of the fillet foundation and geometric characteristics of the
tooth profile into account. Meng et al. [11] proposed an analytical model of time-varying
mesh stiffness; time-varying mesh stiffness of gear teeth with different crack lengths can be
obtained using the proposed analytical model. Additionally, effects of spalling with differ-
ent widths, lengths, and locations on time-varying mesh stiffness are discussed. Liu [12]
developed an analytical model to predict time-varying mesh stiffness of a single-stage
planetary gear train with different degrees of surface wear. Considering the effects of
tooth profile modification on time-varying mesh stiffness, Liu et al. [13] established an
analytical model of time-varying mesh stiffness. Meng et al. [14] proposed an anisotropic
3D fractal rough tooth surface model using the fractal geometry theory, and developed a
revised analytical model of time-varying mesh stiffness based on the anisotropic 3D fractal
rough tooth surface model. Tian et al. [15] established a time-varying mesh stiffness model
considering elastohydrodynamic lubrication to calculate mesh stiffness of a planetary gear
set. Zhou et al. [16] developed an improved analytical model of time-varying mesh stiffness
of a gear pair considering root crack. Zhang et al. [17] proposed an improved time-varying
mesh stiffness model of a double-helical planetary gear transmission system considering
coupling effects of temperature, fluid, and structure. Considering the centrifugal force
in a high-speed working condition, Zheng et al. [18] developed an analytical-FEM frame-
work to integrate the centrifugal field into mesh stiffness of high-speed spur gears, and
time-varying mesh stiffness of high-speed spur gears can be accurately predicted using the
developed model. The extended tooth contact (ETC) effect stemming from the elasticity
of a solid body is not considered in an analytical model of time-varying mesh stiffness
in the above-mentioned literature. The ETC effect forces theoretically separated teeth get
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into engagement in advance and increases the actual contact ratio, which will influence
time-varying mesh stiffness and further change dynamic characteristics of gear transmis-
sion systems. Ma et al. [19] proposed an analytical model to determine time-varying mesh
stiffness of a gear pair with tip relief, where the ETC effect, nonlinear contact stiffness, and
revised fillet-foundation stiffness were considered. Ma et al. [20] developed an improved
analytical model for the calculation of time-varying mesh stiffness of a cracked spur gear;
effects of the reduction of fillet-foundation stiffness and the ETC effect were considered.

Dynamic responses of gear transmission systems can be mainly determined by using
numerical methods, analytical methods, and semi-numerical and semi-analytical methods
based on a dynamic model of the systems. For the calculation of dynamic responses of
gear transmission systems, numerical methods are the most simple. Generally, numer-
ical methods for obtaining dynamic responses of gear transmission systems consist of
the fourth-order Runge–Kutta (RK) method, the Newmark-β method, and the Gill nu-
merical integration. Jiang et al. [21] obtained dynamic responses of a gear transmission
system considering multi-frequency excitation by employing the numerical integration,
and discussed the primary resonance of the system. Wan et al. [22] determined dynamic
responses of a gear transmission system considering translational and torsional vibrations
by using the Newmark-β method, and analyzed effects of geometric transmission error,
bearing stiffness, and mesh stiffness on dynamic responses, and concluded that dynamic
responses of the gear transmission system are periodic signals because of the periodic
variation of time-varying mesh stiffness. Liu et al. [23] investigated the nonlinear vibra-
tion of a multi-meshing gear system considering tooth profile modification by using the
numerical integration, and studied effects of tooth profile modification on the nonlinear
vibration of the system. Pan et al. [24] calculated dynamic responses of a gear-shaft-bearing
transmission system considering some nonlinear factors consisting of time-varying mesh
stiffness, fractional backlash, and static transmission error by applying the RK method,
and discussed effects of contact temperature, fractional backlash, and random load on
dynamic characteristics of the system. However, the above-mentioned investigations on
dynamic responses of gear transmission systems using numerical methods only discussed
local dynamic characteristics of the systems.

In order to investigate dynamic characteristics of gear transmission systems in detail,
global dynamic responses of the systems need to be obtained. Analytical methods, includ-
ing the multiple-scale (MS) method, are usually employed to calculate global dynamic
responses of gear transmission systems. Moradi et al. [25] obtained forced vibration re-
sponses of a gear transmission system with backlash nonlinearity by using the MS method,
and analyzed primary resonance, super-harmonic resonance, and sub-harmonic resonance
based on the responses of the system. Mo et al. [26] investigated primary resonance char-
acteristic and stability of a gear-rolling-bearing system considering time-varying mesh
stiffness, transmission error, and backlash by employing the MS method, and discussed
effects of damping, time-varying mesh stiffness, and load on the primary resonance of
the system. In the case of determining dynamic responses, the harmonic balance (HB)
method and the IHB method belong to the semi-numerical and semi-analytical method,
and the HB method and the IHB method are applicable to both strong nonlinear systems
and weak nonlinear systems. Bruzzone and Rosso [27] proposed two models to analyze
gear dynamics: dynamic overloads caused by meshing can be estimated by the first model
with a one-dimensional approach, and the second model includes flexibilities of shafts,
bearings, and the gearbox housing. Bruzzone et al. [28] analyzed the dynamic response
of a spur gear pair using a refined finite element model. Nonlinear phenomena such as
hysteretic jumps, sub-harmonic resonance, and super-harmonic resonance are predicted
by the proposed model. Bruzzone et al. [29] estimated deflections, load sharing attributes,
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and contact conditions of meshing teeth in a spur gear transmission system based on a
three-dimensional model. Oliveri et al. [30] predicted the dynamic effect of a parametric
model of gear engagement using the HB method, and investigated contributions of the
actual static transmission error and the contact ratio on gear dynamics. Alshyyab et al. [31]
studied the sub-harmonic resonance of a multi-meshing gear transmission system by using
the HB method, and predicted period-doubling motions that cause the system get into
chaotic motions. Hou et al. [32] calculated nonlinear dynamic responses of a spur gear
pair with fractional-order backlash under the combined action of internal and external
excitations by applying the IHB method, and investigated effects of parameters on vibration
characteristics including amplitudes of resonance and frequencies of resonance.

In this work, the analytical model of time-varying mesh stiffness is formulated to
bridge the gap between the extended tooth contact (ETC) and nonlinear dynamics of
the gear transmission system, and verification of its effectiveness is performed. The
dynamic model of the gear transmission system considering time-varying mesh stiffness
is demonstrated in comparison with experimental results. Global dynamic responses of
the gear transmission system are accurately determined by using the IHB method. The
stability and bifurcation of nonlinear dynamic responses are analyzed by the improved
Floquet theory. In particular, effects of loads on amplitudes, unstable regions, and positions
of bifurcation points of frequency response curves are revealed in detail.

Primary goals of this work are to investigate the nonlinear vibration of the gear trans-
mission system considering effects of the ETC and analyzed effects of loads on amplitudes,
unstable regions, and positions of bifurcation points of frequency response curves. The
rest of this paper is organized as follows: The analytical model of time-varying mesh
stiffness is proposed, and ordinary differential equations governing the motion of the gear
transmission system are formulated using Newton’s second law in Section 2. The IHB
method is modified to determine dynamic responses of the gear transmission system in
Section 3. The stability and bifurcation of dynamic responses are examined by employing
the improved Floquet theory in Section 4. Jump phenomena, “softening-spring” characteris-
tics, bifurcation behaviors, and resonances of the gear transmission system are discussed in
Section 5, and effects of loads on amplitudes, unstable regions, and positions of bifurcation
points of frequency response curves are revealed. Primary conclusions of this work are
presented in Section 6.

2. Modeling of the Gear Transmission System and Time-Varying
Mesh Stiffness

Time-varying mesh stiffness is one of primary parametric excitations of gear transmis-
sion systems; the analytical model of time-varying mesh stiffness is proposed. Dynamic
models of gear transmission systems are the basis of analyzing nonlinear dynamic behav-
iors of the systems. The single-DOF dynamic model of the gear transmission system with
time-varying mesh stiffness is developed by using the lumped mass method.

2.1. Analytical Model of Time-Varying Mesh Stiffness

As the main source of high-frequency internal excitations of gear transmission sys-
tems, the derivation of an accurate model of time-varying mesh stiffness is an important
procedure in the process of modeling. In a number of published studies, the time-varying
mesh stiffness K(t) between two engaging gears is considered to have no relation to effects
of the ETC. Yang et al. [33] and Liu et al. [34] proposed an analytical model of time-varying
mesh stiffness that is not related to effects of the ETC.

In the process of engaging gear pairs, deformations of tooth pairs will cause tooth
pairs get into engaging state in advance and result in tooth pairs getting out engaging state
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in delay, which extend the contact duration of gear pairs. This phenomenon is named
as the extended tooth contact (ETC) [19] and will influence time-varying mesh stiffness.
Deformations of tooth pairs are dominated by loads acting on engaging gear pairs. Effects
of the ETC on time-varying mesh stiffness are thus considered. Our previous work [35]
proposed the analytical model of time-varying mesh stiffness considering effects of the
ETC. In order to clarify, the analytical model of time-varying mesh stiffness with effects of
the ETC is briefly introduced on the basis of the literature [35]. It should be noted that the
proposed analytical model of time-varying mesh stiffness can be implemented with a fast
numerical method, which removed restrictions of classical fillet-foundation formulas and
covered both thick-walled and thin-walled gears.

The flexibility of a gear pair primarily consists of beam actions of teeth, the elasticity
of the fillet foundation, and contact compliances of tooth pairs. The time-varying mesh
stiffness of tooth pairs is thus decomposed as the tooth stiffness, the fillet foundation
stiffness, and the tooth pair contact stiffness.

A tooth is usually considered an non-uniform cantilever beam. Along the line of
action, the reaction of tooth pairs to the local mesh force is denoted as Fm, which is regarded
as the superposition of beam actions considering axial compression, bending, and shearing.
On the basis of the potential energy method [9], the tooth stiffness Kt is expressed as

1
Kt

=
1

Ka
+

1
Kb

+
1

Ks
, (1)

where Ka, Kb, and Ks indicate the axial compressive stiffness, the bending stiffness, and the
shearing stiffness, respectively, and Ka, Kb, and Ks can be denoted as⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
Ka

=
∫ θb
−αF

(θb − θ) cos θ sin2 αF
2EL[sin θ + (θb − θ) cos θ]

dθ

1
Kb

=
∫ θb
−αF

3{1 + cos αF[(θb − θ) sin θ − cos θ]}2(θb − θ) cos θ

2EL[sin θ + (θb − θ) cos θ]3
dθ

1
Ks

=
∫ θb
−αF

1.2(1 + ν)(θb − θ) cos θ cos2 αF
EL[sin θ + (θb − θ) cos θ

dθ

, (2)

respectively. αF, θb, E, ν, and L are the action angle of the local mesh force Fm, the half tooth
angle at the base circle, Young’s modulus, Poisson’s ratio, and the tooth width, respectively.

In the process of engaging, the contact compliance of tooth pairs is generated. In
order to consider the effects of the load dependency and nonlinearity of tooth contact, the
following semi-empirical formula is formulated:

Kh =
Fm

δh
=

E0.9L0.8F0.1
m

1.275
, (3)

where Kh and δh denote the Hertzian contact stiffness of a tooth pair and the corresponding
contact compliance, respectively.

Considering effects of the deformation response of a tooth and the flexibility of the
fillet foundation on tooth deflection, fillet foundation stiffness components are obtained
as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

1
K f

=
cos2 αF

EL ∑2
s=0[(

uF
S f

)sΦs]

1
K f 21

=
cos αF1 cos αF2

EL
(Θ2,1

0 + Θ2,1
1

uF1

S f
+ Θ2,1

2
uF2

S f
+ Θ2,1

3
uF1uF2

S2
f

)

1
K f 12

=
cos αF1 cos αF2

EL
(Θ1,2
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1

uF2

S f
+ Θ1,2

2
uF1

S f
+ Θ1,2

3
uF1uF2

S2
f

)

, (4)
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where K f denotes the stiffness corresponding to the local mesh force Fm; K f 21 indicates
the stiffness corresponding to the local mesh force Fm1; K f 12 indicates the stiffness corre-
sponding to the local mesh force Fm2; Fm, Fm1, and Fm2 are mesh forces of tooth pairs under
different mesh situations; and uF, uF1, and uF2 are external moment arms corresponding to
local mesh forces Fm, Fm1, and Fm2, respectively. Additionally, S f is the junction arc length
between the fillet foundation and the tooth, and Φs, Θ1,2

s , and Θ2,1
s (s = 0, 1, 2) are load

independency infinite series that are calculated in detail in [35].
For an engaging gear pair, the driving gear is called pinion (marked as “p”), and the

driven gear is named gear (marked as “g”). In the process of meshing, deflections of tooth
pairs vary with the variation of engaging positions. Recalling Equations (1), (3), and (4),
the load–deflection constitutive relation can be obtained as follows:⎧⎪⎪⎪⎨⎪⎪⎪⎩

δ1(α, F1, F2) = F1 ∑j=p,g(
1

Kt1,j
+

1
K f 11,j

+
1

2Kh1
) + F2 ∑j=p,g

1
K f 12,j

δ2(α, F1, F2) = F2 ∑j=p,g(
1

Kt2,j
+

1
K f 22,j

+
1

2Kh2
) + F1 ∑j=p,g

1
K f 21,j

, (5)

where δ(α, F1, F2) is the total elastic deformation of a certain tooth pair, and subscripts ·1
and ·2 indicate quantities corresponding to tooth pair 1 and tooth pair 2, respectively, which
are defined in [35]. Similarly, subscripts ·p and ·g denote quantities corresponding to the
pinion and the gear, respectively, and K f 11 and K f 22 are local fillet foundation stiffnesses
corresponding to tooth pair 1 and tooth pair 2, respectively.

On the basis of the small deformation assumption, the starting angle ϕ1 and the ending
angle ϕ2 of the extended tooth contact within one mesh cycle are explicitly expressed as⎧⎪⎪⎪⎨⎪⎪⎪⎩

β2 − ϕ1 ≈ T
r2

p
∑j=p,g[

1
Kt2,j(β2)

+
1

K f 22,j(β2)
+

1
2Kh2(T)

− 1
K f 12,j(β2)

] +
ε

rp

ϕ2 − β3 ≈ T
r2

p
∑j=p,g[

1
Kt1,j(β3)

+
1

K f 11,j(β3)
+

1
2Kh1(T)

− 1
K f 21,j(β3)

] +
ε

rp

, (6)

where β2 and β3 indicate the starting angle and the ending angle of double teeth contact
over one mesh cycle, respectively; T is the torque acting on gear pairs; rp is the base circle
radius of the pinion; and ε is the non-loaded transmission error. Additionally, the Fourier
form of time-varying mesh stiffness considering effects of the ETC by using the fast Fourier
transformation (FFT) can be obtained as follows:

K(t, T) = K0(T) +
∞

∑
i=1

Ki(ε, T) cos(2iπ fmt − ψi), (7)

where K0(T), Ki(ε, T), fm, ε, and ψi denote the average mesh stiffness, the Fourier coefficient
of the i-th-order harmonic term, the mesh frequency, the contact ratio, and the phase angle
of the i-th-order harmonic term, respectively.

2.2. Dynamic Model of the Gear Transmission System

The single-DOF dynamic model of the gear transmission system considering time-
varying mesh stiffness is proposed by the lumped mass method, as shown in Figure 1. The
driving gear with the inertia Ip, the mass mp, and the base circle radius rp and the driven
gear with the inertia Ig, the mass mg, and the base circle radius rg are modeled as two disks
represented by the pinion and the gear, respectively. The mesh between the pinion and
the gear is described by the nonlinear displacement function f (x), the viscous damping c,
and the time-varying mesh stiffness with effects of the ETC K(t, T). αp and αg are torsional
displacements of the pinion and the gear, respectively. Tp and Tg denote torques acting on
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the pinion and the gear, respectively. Additionally, 2b is the gear backlash. The translational
vibration along the line of action and the friction force between engaging teeth are assumed
to be negligible [33].

pr

gr

b cpT

( , )K t T

ppm

gm

pI

gI

e

gT

g

Figure 1. The single-DOF dynamic model of the gear transmission system considering time-varying
mesh stiffness.

By employing Newton’s second law, ordinary differential equations governing mo-
tions of the gear transmission system considering time-varying mesh stiffness are formu-
lated as

Ipα̈p + rpFm = Tp (8)

Igα̈g − rgFm = −Tg, (9)

where Fm is the dynamic mesh force, which can be described as

Fm = c(rpα̇p − rgα̇g) + K(t, T) f (rpαp − rgαg). (10)

By defining the dynamic transmission error (DTE) x = rpαp − rgαg, Equations (8)–(10)
can be rewritten as

mẍ + cẋ + K(t, T) f (x) = F, (11)

where the nonlinear displacement function f (x) can be expressed as

f (x) =

⎧⎪⎪⎨⎪⎪⎩
x − b, x > b

0, −b < x < b

x + b, x < −b

(12)

and

m =
Ip Ig

r2
p Ig + r2

g Ip
, (13)

F =
Tp

rp
=

Tg

rg
. (14)
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A dimensionless form of Equation (11) can be derived by introducing x̄ =
x
bc

,

ωn =

√
K0(t, T)

m
, ξ =

c
2mωn

, F̄ =
F

mbcω2
n

, and t̄ = ωnt, where bc is the characteristic

length [36].
¨̄x + 2ξ ¨̄x + K̄(t̄, T) f (x̄) = F̄. (15)

3. IHB Method for Periodic Responses of the Gear Transmission System

Steady-state periodic responses of the gear transmission system considering time-
varying mesh stiffness and a nonlinear displacement function are predicted by utilizing the
IHB method. The IHB method is an efficient method for determining periodic or period-
doubling responses of smooth systems with general nonlinearities or non-smooth systems
with piecewise linearities [37,38], and has been extended to obtain periodic responses of
multi-DOF nonlinear systems, such as a two-DOF vehicle system [39] and a three-DOF
unit-cell system [40].

By defining a new time variable,

τ = ωt̄, (16)

Equation (15) becomes

ω2 x̄′′ + 2ωξ x̄′ + K̄(τ, T) f (x̄) = F̄, (17)

where ω is an unknown fundamental frequency, and a prime denotes differentiation with
respect to τ.

The procedure of the IHB method for obtaining periodic responses mainly consists
of the incremental process that is the Newton–Raphson iterative procedure to linearize
the differential Equation (17) and the process of harmonic balance that is also called the
Galerkin procedure [41,42]. In the process of increment, x̄0 and ω0 denote the initial state
of vibration; the neighboring state can be obtained by adding increments Δx̄ and Δω to x̄0

and ω0, respectively.
x̄ = x̄0 + Δx̄, ω = ω0 + Δω. (18)

Substituting Equation (18) into Equation (17), and neglecting high-order terms of
increments, the linearized incremental equation can be formulated as

ω2
0Δx̄′′ + 2ω0ξΔx̄′ + K̄(τ, T)

d f
dx̄

|x̄=x̄0 Δx̄ = R̄ − 2(ω0 x̄′′0 + ξ x̄′0)Δω, (19)

where
R̄ = F̄ − [ω2

0 x̄′′0 + 2ω0ξ x̄′0 + K̄(τ, T) f (x̄0)] (20)

is a correction term to prevent the incrementation process from drifting away from actual
solutions [43].

The second step of the IHB method is the process of harmonic balance. Under para-
metric excitation and forced excitation, periodic responses of the gear transmission system
can be predicted by expanding x̄0 in truncated multiple Fourier series and employing the
Galerkin procedure [44]. Hence, x̄0 and its increment Δx̄ can be expressed as

x̄0 =
nc

∑
n=1

a(n−1)/p cos
(n − 1)τ

p
+

ns

∑
n=1

bn/p sin
nτ

p
= CsA, (21)

Δx̄ =
nc

∑
n=1

Δa(n−1)/p cos
(n − 1)τ

p
+

ns

∑
n=1

Δbn/p sin
nτ

p
= CsΔA, (22)
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where

Cs =

[
1 cos

τ

p
cos

2τ

p
· · · cos

(nc − 1)τ
p

sin
τ

p
sin

2τ

p
· · · sin

nsτ

p

]
, (23)

A =
[

a0 a1/p a2/p · · · a(nc−1)/p b1/p b2/p · · · bns/p

]T
, (24)

ΔA =
[
Δa0 Δa1/p Δa2/p · · · Δa(nc−1)/p Δb1/p Δb2/p · · · Δbns/p

]T
, (25)

in which a(n−1)/p, bn/p, Δa(n−1)/p, and Δbn/p are Fourier coefficients; nc and ns are numbers
of cosine and sine harmonic terms retained, respectively; and p is a positive integer that is
introduced to predict possible period-doubling responses [45].

Differentiating Equations (21) and (22) yields

x̄′0 = C′
sA, Δx̄′0 = C′

sΔA,

x̄′′0 = C′′
s A, Δx̄′′0 = C′′

s ΔA. (26)

Substituting Equations (21), (22) and (26) into Equation (19) and employing the process of
harmonic balance yields

∫ 2pπ

0
δ(Δx̄)T

[
ω2

0Δx̄′′ + 2ω0ξΔx̄′ + K̄(τ, T)
d f
dx̄

|x̄=x̄0 Δx̄
]

dτ

=
∫ 2pπ

0
δ(Δx̄)T[R̄ − 2(ω0 x̄′′0 + ξ x̄′0)Δω

]
dτ.

(27)

Then a set of linearized equations expressed in terms of ΔA and Δω is obtained as follows:

KmcΔA = R − RωΔω, (28)

where

Kmc = ω2
0M + 2ω0ξC + K′, (29)

R = F − (ω2
0MA + 2ω0ξCA + RK), (30)

Rω = 2(ω0MA + ξCA), (31)

in which

M =
∫ 2pπ

0
CT

s C′′
s dτ, C =

∫ 2pπ

0
CT

s C′
sdτ, F =

∫ 2pπ

0
CT

s F̄dτ,

RK =
∫ 2pπ

0
CT

s K̄(τ, T) f (x̄0)dτ, K′ =
∫ 2pπ

0
CT

s K̄(τ, T)
d f
dx̄

|x̄=x̄0 Csdτ. (32)

Since the time-varying mesh stiffness with effects of the ETC K(τ, T) is expressed as

K̄(τ, T) = 1 +
n1

∑
i=1

ci cos(iτ) +
n1

∑
i=1

di sin(iτ), (33)

the matrix K′ and the vector RK can be divided into following three parts, respectively:

K′ = K1′ + K2′ + K3′, (34)

RK = R1K + R2K + R3K, (35)
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where

K1′ =
∫ 2pπ

0
CT

s
d f
dx̄

|x̄=x̄0 Csdτ, K2′ =
∫ 2pπ

0

n1

∑
i=1

CT
s ci cos(iτ)

d f
dx̄

|x̄=x̄0 Csdτ,

K3′ =
∫ 2pπ

0

n1

∑
i=1

CT
s di sin(iτ)

d f
dx̄

|x̄=x̄0 Csdτ, R1K =
∫ 2pπ

0
CT

s f (x̄0)dτ,

R2K =
∫ 2pπ

0

n1

∑
i=1

CT
s ci cos(iτ) f (x̄0)dτ, R3K =

∫ 2pπ

0

n1

∑
i=1

CT
s di sin(iτ) f (x̄0)dτ. (36)

Calculations of the matrix K′ and the vector RK are different with the mass matrix
M or the damping matrix C due to the nonlinear displacement function f (x̄0) contained
in K′ and RK. The detailed formulation process of Kj′ and RjK (j = 1, 2, 3) is provided in
Appendix A.

The solution process of Equation (28) begins with a guessed initial solution that need
not be accurate. Frequency response curves can be traced point by point as long as the
iterative procedure is repeated until the norm of R is less than 1.0 × 10−10. In the increment
process, three incremental methods containing the frequency increment, the amplitude
increment, and the arc-length increment are employed to trace frequency response curves.
In general, three incremental methods need to be used alternately. The computer program
of the IHB method is written using Matlab 9.13, which can be downloaded using the site at
https://ww2.mathworks.cn/ (accessed on 13 February 2025). A logic diagram of the IHB
method is presented in Figure 2.
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Figure 2. A logic diagram the IHB method.

4. Analyzing of Stability and Bifurcation Analysis of Periodic Responses

The stability and bifurcation types of periodic responses of the gear transmission
system considering time-varying mesh stiffness and a nonlinear displacement function are
determined by employing the improved Floquet theory. After steady-state solutions of a
nonlinear system are obtained by using the IHB method, the stability and bifurcation types
of periodic solutions can be examined by adding a small perturbation Δx̄ on x̄0, as follows:

x̄ = x̄0 + Δx̄. (37)
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Substituting Equation (37) into Equation (17) and noting that x̄0 satisfies Equa-
tion (17), the linearized equation, by taking Δx̄ as unknown, is obtained by neglecting
high-order terms as follows:

ω2Δx̄′′ + 2ωξΔx̄′ + K̄(τ, T)
d f
dx̄

|x̄=x̄0 Δx̄ = 0. (38)

Equation (38) is called the perturbed equation that perturbed from the equilibrium
state x̄0 [46]. The stability of steady-state periodic solutions depends on the stability of
solutions of Equation (38), which is a linearized ordinary differential equation with a
four-order Fourier series K̄(τ, T). The stability of the solutions of Equation (38) can be
determined by applying the Floquet theory in the period 2pπ. Let

q = [Δx̄ Δx̄′]T , (39)

Equation (38) can be described in state space form as

q′ = Q(τ)q, (40)

where

Q =

[
0 1

Q21(τ) Q22

]
, (41)

in which

Q21(τ) =
−K̄(τ, T)

d f
dx̄

|x̄=x̄0

ω2 , Q22 =
−2ξ

ω
. (42)

Since x̄0 is a periodic function of τ with the period T = 2pπ, Q21(τ) is a periodic function
with the same period T as well.

For Equation (40), there exists a fundamental set of solutions as follows:

yi = [y1i y2i · · · yNi]
T , i = 1, 2, · · · , N, (43)

where N = 2n, and n is number of DOFs of the gear transmission system. This fundamental
set can be described in matrix form as follows:

Y =

⎡⎢⎢⎢⎢⎣
y11 y12 · · · y1N

y21 y22 · · · y2N
...

...
...

yN1 yN2 · · · yNN

⎤⎥⎥⎥⎥⎦. (44)

Equation (44) satisfies the matrix equation

Y′ = Q(τ)Y, (45)

where Q(τ) is a periodic function with the period T; i.e., Q(τ) = Q(τ + T), Y(τ) is a
fundamental matrix solution. Hence, Y(τ) can be described by

Y(τ) = PY(τ + T), (46)

where P is an non-singular constant matrix that is called the transition matrix.
The Floquet theory states that the stability criteria of nonlinear systems depends on

eigenvalues of the transition matrix P. If all moduli of the eigenvalues of the transition
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matrix P are less than 1, motions of nonlinear systems are bounded and the periodic
solutions of the systems are stable; otherwise, the motions of nonlinear systems are un-
bounded and the periodic solutions of the systems are unstable. Key to determining the
stability of nonlinear systems is to obtain the eigenvalues of the transition matrix P by
using an efficient and accurate method. Friedmann et al. [47] stated that the method for
approximating the transition matrix developed by Hsu et al. [48] is the most efficient
one. The proposed method divided the period T into a number of equal parts, and the
integration of the transition matrix P over each equal part was performed. In this work,
the period T is divided into I equal parts denoted by [τ1 τ2], [τ2 τ3], · · · , [τI+1 τI+2],
where τ1 = 0, τI+2 = 2pπ. The magnitude of the i-th equal part is

Δi = τi+1 − τi, (47)

where i = 1, 2, 3, · · · , I + 1.
Define the step function S as

S(i) =

⎧⎨⎩1, li ≥ 0

0, li < 0
, (48)

where l1, l2, l3, · · · , li, · · · , lI+1 denote values of the sign function |x̄| − b
bc

= 0 in equal parts

[τ1 τ2], [τ2 τ3], · · · , [τi τi+1], · · · , [τI+1 τI+2], respectively.
In the i-th equal part, the periodic coefficient matrix Q(τ) is replaced by the con-

stant matrix as follows:

Qi(τ) =

[
0 1

[Q21]i [Q22]i

]
, (49)

where

[Q21]i = −S(i)
1
Δi

∫ τi

τi−1

K̄(τ, T)
ω2 dτ, [Q22]i = −2

1
Δi

∫ τi

τi−1

2ξ

ω
dτ. (50)

Finally, the transition matrix P can be expressed as

P =
I

∏
i=1

[
I +

L

∑
l=1

(ΔiQi)
l

l!

]
, (51)

where L is the number of retained terms in the Taylor expansion.

5. Numerical Results and Discussion

5.1. Verification of Analytical Model of Time-Varying Mesh Stiffness

The correctness of an analytical model of time-varying mesh stiffness is verified by
performing comparisons between analytical results and FE results of time-varying mesh
stiffness, and effects of loads on time-varying mesh stiffness are discussed.

Comparisons between analytical results and FE results of time-varying mesh stiffness
for loads of 100 Nm and 180 Nm are displayed in Figure 3, where dash lines represent
analytical results and solid lines represent FE results. It can be seen that time-varying mesh
stiffness from the analytical model developed in our previous work is a little larger than
that obtained by the FE model.

Figure 3a,c present comparisons between analytical results and FE results of time-
varying mesh stiffness of the gear transmission system neglecting effects of the ETC for
loads of 100 Nm and 180 Nm, respectively. It can be observed that curves of time-varying
mesh stiffness from the analytical model coincide with those obtained by the FE model
over a mesh period, regions of double teeth contact of time-varying mesh stiffness from
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the analytical model are smaller than those from the FE model, and regions of single tooth
contact of time-varying mesh stiffness from the analytical model are larger than those from
the FE model.

Figure 3b,d show comparisons between analytical results and FE results of time-
varying mesh stiffness of the gear transmission system considering effects of the ETC
for loads of 100 Nm and 180 Nm, respectively. It can be observed that curves of time-
varying mesh stiffness from the analytical model agree very well with those obtained by
the FE model over a mesh period. Thus, it can be concluded that the analytical model
of time-varying mesh stiffness with effects of the ETC is effective, which can accurately
express variations of time-varying mesh stiffness. Time-varying mesh stiffness of the gear
transmission system can thus be accurately obtained using the proposed analytical model
for any loads unless failures of teeth are generated.

Curves of time-varying mesh stiffness under different loads are displayed in Figure 4.
The increment amplitude between two loads is 40 Nm. It can be seen that time-varying
mesh stiffness increases with the increase in loads, and when loads T > 100 Nm, the
incremental amplitude of time-varying mesh stiffness decreases with the increase in loads.
Curves of time-varying mesh stiffness of the gear transmission system neglecting effects
of the ETC under different loads are displayed in Figure 4a. It can be observed that
regions of double teeth contact and regions of single tooth contact are invariant with the
increase in loads. Curves of time-varying mesh stiffness of the gear transmission system
considering effects of the ETC under different loads are shown in Figure 4b. It can be seen
that region of double teeth contact increases with the increase in loads, and regions of single
tooth contact decreases with the increase in loads. It can be concluded that the ETC has
important influences on regions of double teeth contact and regions of single tooth contact
of time-varying mesh stiffness, which can subsequently affect dynamic behaviors of the
gear transmission system considering effects of the ETC.
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Figure 3. Cont.
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(c) (d)

Figure 3. Comparisons between analytical results and FE results of the time-varying mesh stiffness
of the gear transmission system for loads of 100 Nm and 180 Nm: (a) the gear transmission system
neglecting effects of the ETC for a load of 100 Nm, (b) the gear transmission system considering
effects of the ETC for a load of 100 Nm, (c) the gear transmission system neglecting effects of the ETC
for a load of 180 Nm, and (d) the gear transmission system considering effects of the ETC for a load
of 180 Nm.
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Figure 4. Effects of loads on the time-varying mesh stiffness of the gear transmission system:
(a) the gear transmission system neglecting effects of the ETC and (b) the gear transmission system
considering effects of the ETC.

5.2. Verification of Dynamic Model and Analyzing of Nonlinear Phenomena of the Gear
Transmission System

In this subsection, PR, SP-HR, nonlinear “softening-spring” characteristics, and bifur-
cations of the gear transmission system in consideration of time-varying mesh stiffness
are discussed. The number of cosine terms is nc, and the number of sine terms is ns.
Equation (21) can be written as

x̄0 = a0 +
ns

∑
n=1

An/p cos((n/p)τ + φn/p), (52)
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where
An/p =

√
a2

n/p + b2
n/p, φn/p = arctan

(
−bn/p, an/p

)
. (53)

Results from the IHB method are verified in comparison with experimental results
measured by Kahraman and Blankenship [49] based on a gear test rig. Experimental
settings used in the process of collecting experimental data are presented as below: (a) a
pair of spur test gears, (b) spherical roller bearings, (c) rigid split-line bearing pedestals,
(d) test gear shafts, (e) reaction gear box, (f) compliant elastomer couplings, (g) flywheels,
(h) a reaction gear set, (i) split hub couplings, (j) locking pins, (k) a 12 kW motor, (l) four
miniature piezoelectric accelerometers, (m) slip rings, (n) optical encoders, (o) belt drive,
and (p) polymer granite base. The sample size was set as a gear rotational speed range of
600 rpm to 4000 rpm with an increment of 50 rpm. A flowchart of collecting and analyzing
experimental data is shown in Figure 5.

Test rig

Slip ring

Signal conditioner
(PCB Piezotronics
Model:483M92)

A/D Converter
(National instruments
Model:PXI-4472)

PXI Chassis
(National instruments
Model:PXI-1042)

Computer

Tach signal

Figure 5. Flowchart of collecting and analyzing experimental data.

In the published literature [49], the DTE was measured by attaching four miniature
piezoelectric accelerometers tangentially to the pinion and the gear. An analog signal
representing the DTE was processed by employing a programmable spectrum analyzer
in real time. Frequency spectra of the DTE were obtained by performing the FFT, and the
r-th mesh harmonic amplitude Ar of the DTE were generated from the resulting frequency
spectra. At last, an equivalent root-mean-square (rms) amplitude Arms of an alternating
component of the DTE is proposed to represent nonlinear responses of the gear transmission
system, and Arms can be expressed as

Arms =

√√√√ 3

∑
r=1

A2
r . (54)

In order to obtain the equivalent root-mean-square (rms) amplitude Arms of results
from the IHB method to describe nonlinear responses of the gear transmission system, Arms

of results from the IHB method is obtained as follows:

Arms =

√√√√ 3

∑
n=1

A2
n/p. (55)

The amplitude Arms of dynamic responses from experimental results [49] (represented
by squares), numerical results [35] (represented by triangles), and the IHB method results
(represented by line) are compared in Figure 6. In the process of calculating the IHB method
results, time-varying mesh stiffness of the gear transmission system considering effects of
the ETC for a load of 170 Nm is considered. It can be observed that the frequency response
curve represented by the IHB method results exhibits similar trends as compared with those
from experimental results and numerical results, and these frequency response curves
display three SP-HR, one PR, and nonlinear “softening-spring” behaviors represented
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by frequency response curves bent to the left in PR regions, caused by separations of
engaging teeth. Compared with frequency response curves from experimental results and
numerical results, an unstable region between the point “S1” and the point “S2” is observed
in the frequency response curve from the IHB method results. Bifurcations and the jump
phenomenon of the frequency response curve represented by the IHB method results are
displayed in Figure 6. It can be seen that there are two saddle-node bifurcation points
(marked as “S1” and “S2”) in Figure 6. At saddle-node bifurcation points, periodic solutions
become unstable and cause a jump phenomenon from a stable solution to another one,
as evidenced by a real Floquet multiplier leaving the unit circle through the +1 direction
along the real axis (Table 1). When sweeping the frequency from the left to the right, the
stable periodic solution loses its stability at the saddle-node bifurcation point S1 and jumps
upward to the point B. When sweeping the frequency from the right to the left, the stable
periodic solution becomes unstable at the saddle-node bifurcation point S2 and jumps
downward to the point A.

Table 1. Floquet multipliers for different frequencies near bifurcation points “S1” and “S2” in the
frequency response curve in Figure 6.

ω First and Second Floquet Multipliers λ1, λ2 Moduli of λ1, λ2

Near point S1
0.89821 0.52104, 0.99442 0.52104, 0.99442
0.89823 0.51303, 1.00993 0.51303, 1.00993

Near point S2
0.76731 0.46205, 1.00236 0.46205, 1.00236
0.76734 0.46349, 0.99925 0.46349, 0.99925

Figure 6. Equivalent root-mean-square (rms) amplitude Arms from experimental results [49], numeri-
cal results [35], and the IHB method results.

Figure 7 exhibits a time history map and a phase plane diagram of the periodic
response from the IHB method results presented in Figure 6 when ω = 0.5990. The results
obtained by the IHB method (represented by dots) match very well with that calculated
by the fourth-order RK method (represented by a solid line) in Figure 7a, which indicate
that the IHB method has sufficient accuracy to determine periodic responses of the gear
transmission system in consideration of time-varying mesh stiffness and piecewise linearity.
It can be seen that a phase plane diagram from the IHB method and the fourth-order RK
method is one circle in Figure 7b, which indicate that the periodic response is period-1.
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Figure 7. Time history map and phase plane diagram of the periodic response when ω = 0.5990:
(a) time history map and (b) phase plane diagram.

5.3. Effects of Loads on Nonlinear Dynamic Responses of the Gear Transmission System

In this work, time-varying mesh stiffness with effects of the ETC is considered. Effects
of loads on nonlinear dynamic responses of the gear transmission system considering
effects of the ETC and neglecting effects of the ETC are discussed in this subsection.

Figure 8 exhibits frequency response curves of the gear transmission system consid-
ering effects of the ETC and neglecting effects of the ETC under different loads, and it
can be seen that amplitudes of frequency response curves of the gear transmission sys-
tem increase with the increase in loads, and frequency response curves display nonlinear
“softening-spring” behaviors, which caused by the separation between two engaging teeth.
Additionally, it can be observed that nonlinear “softening-spring” behaviors represented by
frequency response curves bent to the left gradually weaken with the increase in loads in
Figure 8, which induced by the degree of separation between two engaging teeth decreases
with the increase in loads. Under same loads, nonlinear “softening-spring” behaviors of
frequency response curves of the gear transmission system considering effects of the ETC
are more obvious than that of the system neglecting effects of the ETC, which caused by
time-varying mesh stiffness of the system considering effects of the ETC, which is larger
than that of the system neglecting effects of the ETC. Effects of loads on amplitudes of
frequency response curves of the gear transmission system neglecting effects of the ETC
are more obvious than that of loads on amplitudes of frequency response curves of the
system considering effects of the ETC. Amplitudes of frequency response curves of the
gear transmission system neglecting effects of the ETC are larger than that of frequency
response curves of the system considering effects of the ETC.

The frequency response curves of ω ∼ Arms exist in two SP-HRs around ω = 0.331
and ω = 0.5 and one PR near ω = 1 in Figure 8a,b, and it can be seen that the frequency
response curves display nonlinear “softening-spring” behaviors characterized by frequency
response curves bent to the left at PR and SP-HR around ω = 0.5, which caused by the
separation of engaging teeth. Additionally, amplitudes at PR are larger than that at SP-HR
of the frequency response curves.
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(a) (b)

(c) (d)

(e) (f)

Figure 8. Nonlinear dynamic responses of the gear transmission system under different loads: (a) the
equivalent root-mean-square amplitude Arms of the gear transmission system neglecting effects of
the ETC and (b) the equivalent root-mean-square amplitude Arms of the gear transmission system
considering effects of the ETC; (c) the first-order harmonic amplitude A1 of the gear transmission
system neglecting effects of the ETC and (d) the first-order harmonic amplitude A1 of the gear
transmission system considering effects of the ETC; and (e) the second-order harmonic amplitude
A2 of the gear transmission system neglecting effects of the ETC and (f) the second-order harmonic
amplitude A2 of the gear transmission system considering effects of the ETC.
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In Figure 8c,d, the frequency response curves of ω ∼ A1 exhibit obvious PR phenom-
ena. SP-HR phenomena in the frequency response curves of ω ∼ A1 are not obvious, and
amplitudes at PR are larger than that at SP-HR of the frequency response curves. The
reason is that PR phenomena are mainly dominated by the first-order harmonic amplitude.
Additionally, the frequency response curves show obvious nonlinear “softening-spring”
behaviors at PR.

In Figure 8e,f, the frequency response curves of ω ∼ A2 display SP-HR phenomena
around ω = 0.5 and PR phenomena near ω = 1.0. Amplitudes at SP-HR around ω = 0.3
are very small. Amplitudes at SP-HR around ω = 0.5 are obviously larger than that at
PR near ω = 1.0 in the frequency response curves. The reason is that SP-HR phenomena
around ω = 0.5 in the frequency response curves are primarily dominated by the second-
order harmonic amplitude. Additionally, the frequency response curves show nonlinear
“softening-spring” behaviors at SP-HR around ω = 0.5 and PR near ω = 1.0.

5.4. Effects of Loads on Bifurcation Characteristics of Frequency Response Curves

Besides effects of loads on amplitudes, resonance phenomena, and nonlinear
“softening-spring” behaviors of frequency response curves, loads can also influence bi-
furcation characteristics of frequency response curves. Effects of loads on bifurcation
characteristics of frequency response curves are investigated in detail in this subsection.

The unstable phenomena and bifurcation behaviors of period responses of the gear
transmission system considering time-varying mesh stiffness are exhibited in Figure 9.
Solid lines and dash lines denote stable period responses and unstable period responses,
respectively, in Figure 9, and saddle-node bifurcation points in frequency response curves
are denoted by black points that are marked as “S”. One can see that there exist some
saddle-node bifurcation points at regions of PR and regions of SP-HR in Figure 9, and
frequency response curves generate jump phenomena from one stable period solution to
another one at saddle-node bifurcation points, and saddle-node bifurcation points move
upward in the vertical direction with increasing loads, which lead to unstable regions in
frequency response curves decreasing with increasing loads (marked by red arrows).

(a) (b)

Figure 9. Effects of loads on the bifurcation characteristics of the gear transmission system: (a) bi-
furcation characteristics of the gear transmission system neglecting the effects of the ETC and
(b) bifurcation characteristics of the gear transmission system considering the effects of the ETC.

Frequency response curves of the gear transmission system neglecting effects of the
ETC under different loads are shown in Figure 9a. It can be observed that unstable regions
of frequency response curves at SP-HR and PR gradually decrease with the increase in
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loads, and saddle-node bifurcation points of frequency response curves at SP-HR gradually
disappear with the increase in loads. Frequency response curves of the gear transmission
system considering effects of the ETC under different loads are exhibited in Figure 9b. It
can be seen that the decrease in unstable regions at SP-HR and PR of frequency response
curves with the increase in loads is not discovered, and the disappearance of saddle-node
bifurcation points at SP-HR and PR of frequency response curves with the increase in loads
is not observed.

6. Conclusions

Nonlinear dynamic responses of a single-DOF model of the gear transmission system
considering time-varying mesh stiffness are investigated in detail in this work. An ana-
lytical model of time-varying mesh stiffness with effects of the ETC is developed, and the
correctness of the analytical model is demonstrated in comparison with results from the FE
method. Governing equations of the single-DOF model of the gear transmission system
are proposed by using the Newton’s second law, and the effectiveness of the single-DOF
model is verified as compared with experimental results. The IHB method is improved to
determine periodic responses of the single-DOF model of the gear transmission system.
The Floquet theory combined with piecewise linearity is extended to analyze the stability
and bifurcation characteristics of periodic responses. Results from the IHB method are
in agreement with those obtained by numerical integration, which is verified by a time
history diagram and a phase plane map.

Effects of loads on time-varying mesh stiffness are discussed, and it can be concluded
that time-varying mesh stiffness increases with the increase in loads. Periodic responses
of the single-DOF model of the gear transmission system considering time-varying mesh
stiffness are analyzed in detail. In the periodic responses of the single-DOF model of
the gear transmission system, nonlinear “softening-spring” behaviors characterized by
frequency response curves bent to the left, jump phenomena from one stable periodic
solution to another one, saddle-node bifurcation, PR, and SP-HR are observed. Effects of
loads on the periodic responses of the single-DOF model of the gear transmission system are
discussed, amplitudes of frequency response curves increase with the increase in loads, and
nonlinear “softening-spring” behaviors of frequency response curves gradually weaken
with the increase in loads. Unstable regions of frequency response curves of the gear
transmission system neglecting effects of the ETC gradually decrease with the increase
in loads, and saddle-node bifurcation points of frequency response curves of the gear
transmission system considering effects of the ETC gradually disappear with the increase
in loads. Additionally, this work provides a theoretical foundation to analyze nonlinear
behaviors of gear transmission systems.
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Appendix A. The Detailed Formulation Process of the Matrix Kj′ and the

Vector RjK

The detailed formulation process of the matrix Kj′ and the vector RjK is presented
as follows:

RjK = Kj′A + RjNLb, (j = 1, 2, 3), (A1)

Kj′ =

⎡⎣ [
K

j′
11

] [
K

j′
12

][
K

j′
21

] [
K

j′
22

] ⎤⎦, RjNL =

⎡⎣ [
R

jNL
1

][
R

jNL
2

] ⎤⎦, (A2)

where

[
K1′

11

]
u,v

=
1
2

1+n

∑
s=0

Hm(s)p
[

sin((u + v − 2)/p)θ(s + 1)− sin((u + v − 2)/p)θ(s)
u + v − 2

+
sin((u − v)/p)θ(s + 1)− sin((u − v)/p)θ(s)

u − v

]
,

(u = 1, 2, · · · , nc, v = 1, 2, · · · , nc),[
K1′

21

]
u,v

=− 1
2

1+n

∑
s=0

Hm(s)p
[

cos((u + v − 1)/p)θ(s + 1)− cos((u + v − 1)/p)θ(s)
v − u + 1

− cos((v − u + 1)/p)θ(s + 1)− cos((v − u + 1)/p)θ(s)
v − u + 1

]
,

(u = 1, 2, · · · , nc, v = 1, 2, · · · , ns),[
K1′

21

]
=

[
K1′

12

]T
,[

K1′
22

]
u,v

=− 1
2

1+n

∑
s=0

Hm(s)p
[

sin((u + v)/p)θ(s + 1)− sin((u + v)/p)θ(s)
u + v

+
sin((u − v)/p)θ(s)− sin((u − v)/p)θ(s + 1)

u − v

]
,

(u = 1, 2, · · · , ns, v = 1, 2, · · · , ns),[
R1NL

1

]
u
=

1+n

∑
s=0

Hm(s)Sm(s)p
[

sin((u − 1)/p)θ(s + 1)− sin((u − 1)/p)θ(s)
u − 1

]
,

(u = 1, 2, · · · , nc),[
R1NL

2

]
u
=

1+n

∑
s=0

Hm(s)Sm(s)p
[

cos(u/p)θ(s)− cos(u/p)θ(s + 1)
u

]
,

(u = 1, 2, · · · , ns), (A3)
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[
K2′

11

]
u,v

=
1
4

n1

∑
i=1

1+n

∑
s=0

ci Hm(s)p
[

sin((u + v − 2 + pi)/p)θ(s + 1)− sin((u + v − 2 + pi)/p)θ(s)
u + v − 2 + pi

+
sin((u + v − 2 − pi)/p)θ(s + 1)− sin((u + v − 2 − pi)/p)θ(s)

u + v − 2 − pi

+
sin((u − v + pi)/p)θ(s + 1)− sin((u − v + pi)/p)θ(s)

u − v + pi

+
sin((u − v − pi)/p)θ(s + 1)− sin((u − v − pi)/p)θ(s)

u − v − pi

]
,

(u = 1, 2, · · · , nc, v = 1, 2, · · · , nc),[
K2′

12

]
u,v

=− 1
4

n1

∑
i=1

1+n

∑
v=0

ci Hm(s)p
[

cos((v + u − 1 + pi)/p)θ(s + 1)− cos((v + u − 1 + pi)/p)θ(s)
v + u − 1 + pi

+
cos((v + u − 1 − pi)/p)θ(s + 1)− cos((v + u − 1 − pi)/p)θ(s)

v + u − 1 − pi

+
cos((v − u + 1 + pi)/p)θ(s + 1)− cos((v − u + 1 + pi)/p)θ(s)

v − u + 1 + pi

+
cos((v − u + 1 − pi)/p)θ(s + 1)− cos((v − u + 1 − pi)/p)θ(s)

v − u + 1 − pi

]
,

(u = 1, 2, · · · , nc, v = 1, 2, · · · , ns),[
K2′

21

]
=

[
K2′

12

]T
,[

K2′
22

]
u,v

=
1
4

n1

∑
i=1

1+n

∑
v=0

ci Hm(s)p
[

sin((u − v + pi)/p)θ(s + 1)− sin((u − v + pi)/p)θ(s)
u − v + pi

+
sin((u − v − pi)/p)θ(s + 1)− sin((u − v − pi)/p)θ(s)

u − v − pi

− sin((u + v + pi)/p)θ(s + 1) + sin((u + v + pi)/p)θ(s)
u + v + pi

− sin((u + v − pi)/p)θ(s + 1) + sin((u + v − pi)/p)θ(s)
u + v − pi

]
,

(u = 1, 2, · · · , ns, v = 1, 2, · · · , ns),[
R2NL

1

]
u
=

1
2

n1

∑
i=1

1+n

∑
v=0

ci Hm(s)Sm(s)p
[

sin((pi + u − 1)/p)θ(s + 1)− sin((pi + u − 1)/p)θ(s)
pi + u − 1

+
sin((pi − u + 1)/p)θ(s + 1)− sin((pi − u + 1)/p)θ(s)

pi − u + 1

]
, (u = 1, 2, · · · , nc),[

R2NL
2

]
u
=
−1
2

n1

∑
i=1

1+n

∑
s=0

ci Hm(s)Sm(s)p
[

cos((u + pi)/p)θ(s + 1)− cos((u + pi)/p)θ(s)
u + pi

+
cos((u − pi)/p)θ(s + 1)− cos((u − pi)/p)θ(s)

u − pi

]
, (u = 1, 2, · · · , ns), (A4)

and
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[
K3′

11

]
u,v

=
1
4

n1

∑
i=1

1+n

∑
s=0

di Hm(s)p
[− cos((u + v − 2 + pi)/p)θ(s + 1) + cos((u + v − 2 + pi)/p)θ(s)

u + v − 2 + pi

+
cos((u + v − 2 − pi)/p)θ(s + 1)− cos((u + v − 2 − pi)/p)θ(s)

u + v − 2 − pi

+
− cos((u − v + pi)/p)θ(s + 1) + cos((u − v + pi)/p)θ(s)

u − v + pi

+
cos((u − v − pi)/p)θ(s + 1)− cos((u − v − pi)/p)θ(s)

u − v − pi

]
,

(u = 1, 2, · · · , nc, v = 1, 2, · · · , nc),[
K3′

12

]
u,v

=− 1
4

n1

∑
i=1

1+n

∑
v=0

di Hm(s)p
[− sin((v + u − 1 + pi)/p)θ(s + 1) + sin((v + u − 1 + pi)/p)θ(s)

v + u − 1 + pi

+
sin((v + u − 1 − pi)/p)θ(s + 1)− sin((v + u − 1 − pi)/p)θ(s)

v + u − 1 − pi

+
sin((u − v − 1 + pi)/p)θ(s + 1)− sin((u − v − 1 + pi)/p)θ(s)

u − v − 1 + pi

+
− sin((u − v − 1 − pi)/p)θ(s + 1) + sin((u − v − 1 − pi)/p)θ(s)

u − v − 1 − pi

]
,

(u = 1, 2, · · · , nc, v = 1, 2, · · · , ns),[
K3′

21

]
=

[
K3′

12

]T
,[

K3′
22

]
u,v

=
1
4

n1

∑
i=1

1+n

∑
v=0

di Hm(s)p
[

cos((u − v + pi)/p)θ(s + 1)− cos((u − v + pi)/p)θ(s)
u − v + pi

+
− cos((u − v − pi)/p)θ(s + 1) + cos((u − v − pi)/p)θ(s)

u − v − pi

+
− cos((u + v + pi)/p)θ(s + 1) + cos((u + v + pi)/p)θ(s)

u + v + pi

+
cos((u + v − pi)/p)θ(s + 1)− cos((u + v − pi)/p)θ(s)

u + v − pi

]
,

(u = 1, 2, · · · , ns, v = 1, 2, · · · , ns),[
R3NL

1

]
u
=

1
2

n1

∑
i=1

1+n

∑
v=0

di Hm(s)Sm(s)p
[− cos((pi + u − 1)/p)θ(s + 1) + cos((pi + u − 1)/p)θ(s)

pi + u − 1

+
cos((−pi + u − 1)/p)θ(s + 1)− cos((−pi + u − 1)/p)θ(s)

−pi + u − 1

]
, (u = 1, 2, · · · , nc),[

R3NL
2

]
u
=
−1
2

n1

∑
i=1

1+n

∑
s=0

di Hm(s)Sm(s)p
[− sin((u + pi)/p)θ(s + 1) + sin((u + pi)/p)θ(s)

u + pi

+
sin((u − pi)/p)θ(s + 1)− sin((u − pi)/p)θ(s)

u − pi

]
, (u = 1, 2, · · · , ns), (A5)

in which n denotes the number of zeros of the equation |x̄0| − b
bc

= 0 within the interval

[0 2pπ]; θ(1), θ(2), · · · , θ(n) (θ(1) < θ(2) < · · · < θ(n)) represent zeros of the equation

|x̄0| − b
bc

= 0, as presented in Figure A1; θ(0) = 0, θ(1+ n) = 2pπ; and Hm and Sm are step

79



Machines 2025, 13, 155

functions that depend on the sign functions |x̄0| − b
bc

= 0 and x̄0 − b
bc

= 0, respectively,

and can be described as

Hm(s) =

⎧⎨⎩1, vs ≥ 0

0, vs < 0,
(A6)

Sm(s) =

⎧⎨⎩−1, v′s ≥ 0

1, v′s < 0,
(A7)

respectively. Here, s = 0, 1, 2, · · · , n, and v0, v1, v2, · · · , vs and v′0, v′1, v′2, · · · , v′s de-

note the values of sign functions |x̄0| − b
bc

= 0 and x̄0 − b
bc

= 0 in the subintervals

[θ(0) θ(1)], [θ(1) θ(2)], · · · , [θ(n) θ(1 + n)], respectively. It should be noted that in the
process of calculating Equations (A3)–(A5), the values of sin(0θ)/(0θ) and cos(0θ)/(0θ)

should be 1 and 0 [50], respectively.

Figure A1. Zeros of the equation |x̄0| = b/bc.
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Abstract: Calculating the service life of gears under variable loads requires a description of the
load-carrying capacity. The current standard for this is the use of the S/N curve. International
standards such as ISO 6336 stipulate the use of this approach for the calculation of the service of
gears under variable loads. In this paper, five new approaches are developed and evaluated to
describe the load-carrying capacity of gears in the load range of finite life. Four methods are based on
machine learning, and one uses mathematical regression. To validate the new approaches, the results
of an experimental study investigating the service life of gears under variable loads are presented.
These results form the basis for the conducted study, which compares the five new methods with the
existing approach. The comparison focuses on the ability of the load-carrying capacity descriptions
to provide an accurate calculation of the service life and to reduce scattering as much as possible. The
results of the study show significant potential for the new methods, especially the one based on a
neural network.

Keywords: fatigue life analysis; gears; damage accumulation; machine learning; machine elements

1. Introduction

Gearboxes are an essential part of many machines, such as electric cars, robots, ships,
or aircraft. At the heart of the gearbox are, in most cases, the gears. Gears are one of the most
common machine elements used to transmit and convert rotational movement [1]. In order
to dimension these machine elements according to the load occurring during operation, a
description of the load-carrying capacity is essential. The load-carrying capacity of gears
depends on the load and must, therefore, be described as a function of the occurring loads.
The accepted mathematical approach for this is based on a publication by Basquin [2]
dating back to 1910. For instance, ISO 6336 [3,4] specifies this concept for the load-carrying
capacity of gears. The approach to describing the load-carrying capacity of gears based on
the concept of Basquin allows for a relatively simple procedure for testing and calculation
and has proven to be applicable and reliable for gears.

Since the publication of this approach back in 1910, the possibilities for data analysis
have changed fundamentally. In particular, the advent of computers opened up new poten-
tial. In addition, recent developments in the field of machine learning have created new
options for analyzing and describing data. In many fields of engineering, the application of
machine learning enabled significant advancements, for example, in the field of condition
monitoring [5–7]. The scope of this paper is to evaluate these methods for the description
of the load-carrying capacity of gears. More precisely, this paper investigates various
alternatives for the description of the load-carrying capacity in the load range of finite
service life. The main question of this study is whether it is possible to reduce the scattering
of the calculation results for the service life of gears under variable loads by applying one
of the developed approaches compared to the results based on the approach, according
to Basquin.
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First, a brief summary of the state of knowledge regarding the load-carrying capacity
of gears is presented. In this context, the above-mentioned approach, according to Basquin,
is introduced. This is followed by a description of the new approaches investigated to
describe the load-carrying capacity of gears. These approaches are based on mathematical
data analysis and machine learning. To validate the suitability of the presented approaches,
an experimental study was conducted at FZG. The results are presented in this paper.
Finally, the paper compares the newly presented methods with the common approach
based on Basquin’s publication. The scope of this comparison is the assessment of the
accuracy of the calculation of the service life of gears under variable loads.

2. Load-Carrying Capacity of Gears

The load-carrying capacity of gears is usually described using the S/N curve [8,9]. The
S/N curve was developed by the German engineer August Wöhler [10] and is, therefore,
also known as the “Woehler” curve. A schematic S/N curve is presented in Figure 1. The
S/N curve divides the loads into three ranges:

• Loads greater than the static strength cannot be tolerated for a relevant number of
load cycles (red area in Figure 1).

• Loads less than the endurance limit can be tolerated for an infinite number of load
cycles (green area in Figure 1).

• Loads between these two characteristic values can be tolerated for a limited number
of load cycles (yellow area in Figure 1).

Figure 1. Schematic presentation of a S/N curve.

In the load range of finite life, the correlation between the load L and the number
of endurable load cycles N is non-linear and based on the Basquin equation [2]. Due to
the logarithmic scale of both axes of the S/N diagram, the correlation appears linear in
Figure 1. The Basquin equation [2] is shown in Equation (1).

N = C × L−k (1)

The Basquin equation uses only the slope k and the constant C to determine the S/N
curve. Therefore, the ability to adapt the equation to describe the load-carrying capacity
of a particular machine element or gear is limited. On the other hand, this significantly
reduces the amount of data required to determine the S/N curve. Figure 2 shows three
different examples of S/N curves. On the left-hand side, the curves according to the
Basquin equation are shown with logarithmic scaling of both axes. On the right-hand side,
both axes are scaled linearly. The slope k and constant C can be used to adjust the S/N
curve, but the general shape and mathematical formula are fixed by the Basquin equation.
The three exemplary S/N curves shown in Figure 2 are based on unique combinations
of the slope k and constant C. This example is intended to show that the general shape
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cannot be influenced by choosing different values for the parameters, and, therefore, the
possibility of adaption is limited.

  
(a) (b) 

Figure 2. Comparison of different S/N curves in logarithmic (a) and linear (b) scale.

The application of the Basquin equation to describe the load-carrying capacity is the
state of knowledge for gears [8] and is stipulated by standards [9,11].

The procedure for the experimental determination of the S/N curve for gears is
described in the FVA Guideline 563/I [9]. It is divided into two parts:

• The determination of the endurance limit of the gear;
• The specification of the S/N curve in the load range of limited service life.

The data for the S/N curve are generated using single load tests only. Gears are tested
under a constant load until either the gears fail or the number of load cycles exceeds a
certain threshold. If the latter occurs, the test run is classified as a runout. The two parts of
the test procedure are separate and usually do not share any data points. To determine the
endurance limit, both failures and runouts are required within the set of evaluated data
points. Failures are the only valid basis for determining the S/N curve in the load range of
limited service life.

The endurance limit can be determined using one of two approaches:

• The horizon method uses a certain number of stress levels, which must be determined
by the user. At every load level, a certain number of test points are conducted. This
basis is used to calculate the endurance limit.

• The staircase procedure includes a certain number of test runs. The load level of each
test run is determined by the result of the previous test run. If a failure occurs, the next
test will be performed at a lower load level. On the other hand, if a runout is observed,
the next test run applies a higher load. The endurance limit is usually calculated using
the method according to Hück [12]. Additional information about this method and its
accuracy can be found in [13].

To define the parameters of the Basquin equation, which describes the number of
endurable load cycles for loads above the endurance limit, two data points on the S/N curve
must be determined. These two points are a combination of a load and the corresponding
number of endurable load cycles. Since gear failure is subject to scattering, it is common to
perform several test runs at both load levels and use the average number of load cycles
N50%,n according to Equation (2) [9]. Where Ni is the respective number of load cycles at
failure for each one of the n test runs.

log10 N50%,n =
1
n

n

∑
i=1

log10 Ni (2)
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Typically, the total number of test runs conducted for gears is in the range of 20
to 40 [9]. Finally, based on the results, it is possible to determine the number of load cycles
at the knee point of the S/N curve ND. This point is the intersection of the sloped part of
the S/N curve and the horizontal line representing the endurance limit.

3. Basics of Machine Learning and Application in the Field of Fatigue Life Analysis

Machine learning methods enable computers to solve problems without being specifi-
cally programmed for their solution. These methods rely on data to learn the correlation
between the input and the output of a problem and, therefore, do not require a ridged
algorithm specified by the user [14]. Especially in very complex cases with a lot of data,
machine learning may provide a solution for a problem that otherwise may not have been
solvable using traditional approaches. Machine learning can be classified into supervised
and unsupervised learning. In the case of unsupervised learning, the algorithm only re-
ceives a set of input data and tries to find the best possible correlation between the data
points. In the case of supervised learning, the output data are also provided, and therefore,
the learning process can rely on these data to find the best possible solution for the problem.
Later, the trained algorithm can then be used to provide the answer for new input data.

This paper investigates the potential of replacing the Basquin equation as a description
of the load-carrying capacity with a machine learning-based model. For the implementation
of this approach, a machine learning model solving a regression problem first has to be
trained; for this, different methods of machine learning can be applied. The selection of the
methods considered within this paper is based on the results and findings of publications
in the field of fatigue life analysis. Three commonly used machine learning methods in the
field of fatigue life analysis are neural network, support vector machine, and random forest.
He et al. [15], for instance, applied all three methods for the estimation of the S/N curve of
three different steels. Zhan and Li [16] utilized the neural network and the random forest
approach to estimate the service life of aluminum parts.

Mudabbir and Mosavi [17] presented a review of the use of machine learning for the
modeling of service life. They include 29 publications and conclude that neural network,
support vector machine, and random forest are most commonly used within this field.

Another often-used method is the Gaussian process regression. In [18,19], this machine
learning method was applied to estimate the state of damage of an off-shore wind turbine.
In [20], the service life under multiaxial loading was predicted based on the Gaussian
process regression.

Based on the presented results and publications, the following machine learning
methods are applied within this paper:

• Neural network (NN);
• Support vector machine/support vector regression (SVR);
• Random forest (RF);
• Gaussian process regression (GPR).

In the following, the four machine learning methods applied in this paper are in-
troduced in a compact manner. This paper only uses supervised learning. Additional
information about machine learning can be found in the relevant literature [14].

3.1. Support Vector Machine

The support vector machine (SVM) is a machine learning method that was originally
designed for classification. Classification is a kind of problem where input data have
to be divided into two or more classes, for instance, if a picture shows a human or an
animal. Further developments to the method enabled the application for regression [14].
Regression is the prediction of a floating output value based on the input, for instance,
which air pressure can be expected in a certain area based on the current weather data.
The SVM is based on the so-called kernel trick that uses a transformation of the data into
higher mathematical dimensions to solve the problem, which could not have been solved
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in its original dimension. The SVM requires little input data and computational power
compared to other methods of machine learning [21].

3.2. Random Forest

The random forest approach is, per se, not an original machine learning method. It can
be allocated to the field of ensemble learning. Ensemble learning is the approach to combin-
ing several methods or several trained models of one method to solve a
problem [14]. The random forest approach combines several decision trees, which are,
per se, a machine learning method. Software tools like MATLAB (version 2023b) [22] can
be used to automatically train and combine decision trees to build a random forest and
solve the problem based on this approach. In the cases of the software MATLAB [22], 100
decision trees are combined for the solution of the regression problem [23].

3.3. Neural Network

The neural network is a machine learning method that uses a structure in the style of
the human brain. The network is composed of layers consisting of single neurons. These
neurons are linked to each other and, therefore, enable the transfer of data from the input
to the output side of the network. During the training process, the weighting of the single
neurons and the functions activating each one is determined to fit the data best [14]. Neural
networks are part of the field of deep learning, which enabled many of the remarkable
results achieved with machine learning in the past years. Neural networks can be scaled to
solve very complex problems but, in general, require more input data and computational
power compared to other methods of machine learning like the SVM [21].

Within this paper, a feedforward, fully connected neural network designed for regres-
sion is applied. Additional information about the used approach can be found in [24].

3.4. Gaussian Process Regression

The Gaussian process regression is commonly used to solve regression problems [25].
The process enables inter- and extrapolation based on data. The approach is capable
of performing well with a relatively small database. Additional information about the
Gaussian process regression can be found in [25].

4. Experimental Data for the Determination of the S/N Curve

This paper uses data derived from tooth root breakage tests of spur gears. The tests
are a continuation of the results presented by the authors in [26]. The data on the gears
used are presented in Table 1. The gear geometry was developed at FZG, especially for
the application as test gear regarding the tooth root carrying capacity at a pulsator test rig,
and was used before in serval research projects at FZG [27,28]. The pulsator used for the
experiments is shown in Figure 3, and a detailed description of this test rig is presented
in [27,29]. The data generated using a pulsator test rig cannot be directly applied to the real
operating conditions of gears; instead, an additional conversion has to be conducted. This
is due to differences regarding loading conditions and statistics. Additional information on
this topic can be found in [30]. This does not affect the validity of the results presented in
this paper. All compared data and results originate from the same experimental setup, and
therefore, a direct application of the test data is possible.

Table 1. Basic test gear data.

Gear Spur Gear

Normal module mn 5 mm
Number of teeth 24

Face width b 20 mm
Machining Milling and grinding

Material Steel 18CrNiMo7-6
Heat treatment Case-hardened
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Figure 3. Pulsator test rig at FZG.

The results of the tests are presented in Figure 4, together with the resulting S/N
curve. The endurance limit is determined using the staircase procedure, according to
Hück [12]. The sloped section of the S/N curve is based on the results of the test using
the load levels corresponding to 70 and 80 kN of pulsator force, respectively. All data
points marked in blue are included in the determination of the S/N curve. To create an
advanced database, additional test runs were conducted. These test runs would not have
been required to determine the S/N curve but are used as an extended basis for the new
approaches presented in this paper. The results of the additional runs are marked in orange
and are not included in the presented S/N curve.

 

Figure 4. S/N curve of the gears, including all test points with constant load.
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The data presented within this paper refer to the nominal tooth root stress σF0. The
nominal tooth root stress caused by the applied pulsator force F is calculated according to
ISO 6336-3 [31] standard and is based on Equation (3).

σF0 =
F

b ∗ mn
× Ys × YF (3)

The stress correction factor Ys and the form factor YF are determined based on geome-
try data of the actual tooth root of the gears. Therefore, the tooth root curve is measured at
FZG using a CNC-controlled precision measuring center by manufacturer Klingelnberg.
These data are then used to determine the factors by applying an iterative calculation
process.

The numerical values of the S/N curve are listed in Table 2.

Table 2. Data of the S/N curve.

Endurance limit 1375.81 N/mm2

Slope k 6.33
Constant C 6.90 × 1024

5. Methods for the Advanced Description of the Load-Carrying Capacity of Gears

The purpose of this paper is to investigate the possibility of using alternative methods
to describe the load-carrying capacity of gears. Instead of using the Basquin equation,
machine learning and regression using polynomials are applied. All data points represent-
ing a failure are used as the database. Therefore, runouts are not included. In total, the
database consists of 31 data points. Within this paper, only the sloped section of the S/N
curve is described when alternative methods are applied. The endurance limit is set to the
value corresponding to the original S/N curve. Five different approaches are investigated
as possible alternatives to the Basquin equation. Four approaches are based on machine
learning, and one is a polynomial regression. As mentioned, runouts are not included
as data for the presented methods. In this paper, the scope is limited to the failures as a
starting point for the investigation of new approaches. The information provided by the
runouts yields potential for further investigations following this publication.

5.1. Polynomial Regression

The general shape of the curve of the Basquin equation is similar to a third-degree
polynomial. As mentioned before, the Basquin equation has two coefficients to be adapted
to the test data. A third-degree polynomial, on the other hand, has four coefficients c0–c3 to
be adjusted for. The general formula for this polynomial is shown in Equation (4).

L (N) = c3 ∗ N3 + c2 ∗ N2 + c1 ∗ N + c0 (4)

MATLAB (version 2023b) [22] software was used to determine the polynomial from the
test data presented. The coefficients c0–c3 were optimized to represent the test points best.
During the optimization an additional condition was added. To ensure good compatibility
with the endurance limit, the polynomial was optimized to intersect the endurance limit at
the same number of load cycles as the Basquin equation. Therefore, the same number of
load cycles is set at the knee point. The results for the coefficients c0–c3 are presented in
Table 3. The resulting new sections of the S/N curve are presented in Figure 5.

Table 3. Coefficients c0–c3 of the third-degree polynomial.

c0 2274.519
c1 −0.033
c2 4.067 × 10−7

c3 −1.697 × 10−12
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(a) (b) 

  
(c) (d) 

 
(e) 

Figure 5. Alternative descriptions of the load-carrying capacity, based on (a) a third-degree polyno-
mial, (b) a SVR, (c) a random forrest, (d) a neural network and (e) a gaussian process regression.
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5.2. Approaches Based on Machine Learning

Machine learning allows the user to evaluate data without any additional input other
than the data. For instance, there is no need to choose a specific mathematical approach to
describe the correlations within the data. Therefore, this approach has the advantage of
being highly adaptable to the input data. For a general introduction to the field of machine
learning, this paper refers to the relevant literature [14].

The model based on Gaussian process regression is built using the software MATLAB
(version 2023b) [22]. The same dataset applied to the polynomial regression serves as a
basis. To ensure plausible results, one data point is removed for the Gaussian process
regression. The failure, which occurred at nearly one million load cycles, caused the result
to shift far to the right within the S/N diagram; therefore, this point is not considered for
this method.

For the training of the three remaining machine learning methods, the input data
are divided into 70% training data and 30% test data. The training of the methods is also
conducted in the software MATLAB (version 2023b) [22] and uses the internal optimization
of this tool. Additional information about machine learning with the software MATLAB
can be found in [32]. A specific documentation of the used models and approaches can be
found in [23] for the random forest, in [33] for the Gaussian process regression, in [34] for
the support vector regression, and in [24] for the neural network.

5.3. Overview

The results of all five approaches are presented in Figure 5. Additionally, the S/N
curve based on the Basquin equation is added to each chart for reference.

All five new descriptions of the load-carrying capacity are positioned near the one
based on the Basquin equation within the S/N diagram. In general, the new approaches
exhibit a more complex shape compared to the Basquin equation. The validation of the new
approaches will be conducted within the following chapters using experimental data. At
this point, it is important to mention that it is reasonable to argue about the physical logic
of the shape of the new load-carrying descriptions. Some of them may seem unintuitive to
some. Especially the load-carrying description based on the random forest approach shows
an abnormal shape. Within the scope of this study, the suitability will only be validated by
the results of the following calculations. This is performed with the intention that it may
be possible to increase the calculation accuracy with an approach that seems unintuitive
regarding its shape.

6. Experimental Data for Validation

The focus of this publication is to evaluate the accuracy of the service life calculation
under variable loads based on the different approaches for the load-carrying capacity.
Therefore, data about the service life of gears under variable loads are required. These data
are generated using the same experimental setup as described in Section 4. The test rig
offers the possibility to program load sequences and test the gears until failure.

Four different load sequences are designed. The design of the load sequences is mostly
random. The loads are chosen in a reasonable range, and the overall design is chosen in a
way that ensures usable results. For example, high loads are applied for shorter periods of
time to avoid early failures. Each load sequence is used for three runs, resulting in a total of
twelve data points. The results of the experimental study under variable loads are shown
in Figures 6–9. More detailed results can be found in the following chapter.
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Figure 6. Results of the first test run with variable loads.

 

Figure 7. Results of the second test run with variable loads.

 

Figure 8. Results of the third test run with variable loads.
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Figure 9. Results of the fourth test run with variable loads.

7. Results of the Validation

To compare the results of the different approaches for the description of the load-
carrying capacity, the twelve test runs presented in Section 6 are used to calculate the
damage sum D at failure. The damage sum is calculated according to the damage accu-
mulation hypothesis according to Palmgren [35] and Miner [36]. The original form of the
hypothesis (DAH Miner original) is used; therefore, loads beneath the endurance limit are
not taken into account [37]. The reason for this choice is the design of the new approaches.
All five concepts were designed to replace only the part of the S/N curve above the en-
durance limit. No changes were made to account for lower loads. Therefore, a damage
accumulation hypothesis, including loads below the endurance limit, would negatively
affect the comparability of the concepts. The use of this damage accumulation hypothesis
is also the recommendation of standards [4,38–40] regarding the calculation of the service
life of gears under variable loads. The resulting damage sum according to the different
load-carrying capacity descriptions is given in Table 4.

Table 4. Damage sums resulting from the test runs with variable load.

Data Point
Damage Sum According to DAH Miner Original Calculated with the Load-Carrying Description Based On

Basquin Polynomial SVR RF NN GPR

1 0.699 0.806 0.786 0.771 0.789 0.779

2 1.017 1.187 1.173 1.156 1.179 1.161

3 1.063 1.241 1.232 1.216 1.241 1.226

4 0.803 0.893 0.876 0.827 0.847 0.849

5 0.779 0.865 0.847 0.802 0.824 0.821

6 1.462 1.607 1.593 1.513 1.512 1.583

7 1.091 1.172 1.218 1.119 1.111 1.152

8 1.263 1.347 1.412 1.309 1.295 1.325

9 1.473 1.551 1.639 1.510 1.505 1.511

10 0.992 1.092 1.064 1.090 1.062 1.096

11 2.455 2.696 2.702 2.778 2.698 2.751

12 1.279 1.410 1.417 1.462 1.421 1.450
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The use of the S/N curve in combination with a damage accumulation hypothesis is
common for calculating the service life of gears under variable loads [4]. In theory, failure
should occur at a damage sum of D = 1. In reality scattering spreads the damage sum at
failure over a numerical range [41–43]. This poses a challenge for the design of gears. On
the one hand, a certain level of reliability must be ensured [44]. On the other hand, the
design of the gear should be as efficient as possible. Therefore, the calculated service life
should be as accurate as possible, and the scattering range should be as small as possible.
The evaluation of the different approaches considers two ranges of scattering:

• The range of the damage sum at failure of all data points (total scattering);
• The range of the damage sum at failure of the inner 50% of the data points.

For the calculation of the total scattering, one data point is excluded. The correspond-
ing point failed at a damage sum of D = 2.455 according to the DAH Miner original based
on the Basquin equation. This comparatively high damage sum causes a significant increase
in the total scattering and, therefore, causes a less informative result regarding the other
data points. Table 5 shows the results of the damage sums calculated using the different
approaches. The reference for the results is the calculation using the Basquin equation,
which represents the state of knowledge for the service life calculation of gears.

Table 5. Analysis of the results.

Arithmetic
Mean

Median
Scattering

(Inner 50%)
Total

Scattering

Basquin 1.20 1.08 0.47 Reference 0.77 Reference

Polynomial 1.32 1.21 0.49 +4.26% 0.80 +3.90%

SVR 1.33 1.23 0.54 +14.89% 0.85 +10.39%

RF 1.30 1.20 0.53 +12.77% 0.74 −3.90%

NN 1.29 1.21 0.51 +8.51% 0.72 −6.49%

GPR 1.31 1.19 0.51 +8.51% 0.80 +3.90%

Overall, the results of all five approaches are comparable, and the differences are within
a reasonable range. This corresponds to the expectations since the general shape of all
approaches is similar (see Figure 5). The performance regarding the scattering of the inner
50% of the data points is decreased for all of the new approaches compared to the Basquin
equation. For the total scattering, the Basquin equation is outperformed by the machine
learning approaches using ensemble learning (−3.90%) and a neural network (−6.49%).

All five methods underestimate the average service life of the gears. Both the arithmetic
means and the medians of the damage sum at failure are greater than one. This is not
an unusual phenomenon. The actual damage sum at failure can deviate from one quite
substantially. Therefore, a predicted damage sum at failure or a permissible damage sum
has to be determined for the calculations. This damage sum depends, among other things,
on the applied damage accumulation hypothesis. Through this approach, deviations
within the calculations can be adjusted for. On the other hand, this does not influence the
scattering of the damage sum at failure. For a reliable prediction of the service life of gears,
the scattering should be as minimal as possible. The focus of the following evaluation is
the scattering of the damage sums at failure according to the different approaches for the
description of the load-carrying capacity.

For this evaluation, the data are processed to adjust the arithmetic mean of each
method to one. Therefore, each data point of one method is divided by the arithmetic mean
of all data points of this method. Based on this recalculation, it is possible to assess the
ratio between the arithmetic mean of the damage sum at failure and the scattering of the
damage sum at failure. The recalculated data are presented in Table 6.
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Table 6. Analysis of the relative results.

Arithmetic
Mean

Median
Scattering

(Inner 50%)
Total

Scattering

Basquin 1.00 0.90 0.40 Reference 0.65 Reference

Polynomial 1.00 0.92 0.37 −7.50% 0.61 −6.15%

SVR 1.00 0.92 0.40 ±0% 0.64 −1.54%

RF 1.00 0.92 0.41 +2.50% 0.57 −12.31%

NN 1.00 0.94 0.39 −2.50% 0.56 −13.85%

GPR 1.00 0.91 0.39 −2.50% 0.61 −6.15%

When analyzing this interpretation of the data, it is interesting to notice that the
Basquin equation is outperformed by each of the five new approaches in terms of total
scattering. Focusing on the scattering of the inner 50%, the neural network, the third-degree
polynomial, and the Gaussian process regression also result in lower scattering compared
to the results based on the Basquin equation.

This approach to manipulating service life data is uncommon in service life calcula-
tions. It is used in this paper to better understand the differences between the methods.
All five new approaches result in an increase in the average damage sum at failure (see
Table 5). Therefore, these methods are more conservative than the Basquin equation. The
results of the recalculated scattering show an important fact. The new approaches do not
simply scale up the calculated damage sums. The new methods fundamentally change the
weighting of different loads. Although the average damage sum is increased by 7.50% by
using the neural network, the total scattering is decreased by 13.85% in relative terms.

8. Conclusion and Outlook

The scope of this paper was to investigate the potential of new approaches to describe
the load-carrying capacity of gears. The Basquin equation was used as a reference, which is
the state of knowledge for the description of the load-carrying capacity of gears. Five new
methods have been developed within this paper. Four of them are based on machine learn-
ing, and one applies polynomial regression. All five methods produce applicable results.

The scattering of the results is one of the major aspects when evaluating a method
for the service life calculation. With respect to this aspect, none of the new approaches
can outperform the reference set by the Basquin equation. The approaches using support
vector regression and a neural network result in a reduction in the total scattering but in an
increase in the scattering of the inner 50% of the data points. When examining the relative
scattering, the neural network, the third-degree polynomial, and the Gaussian process
regression are able to outperform the Basquin equation.

This is quite an impressive result, considering that the database of only 31 points
is quite small for the application of machine learning and that the evaluation of the per-
formance was conducted with a different dataset. The training of the method was based
on single load tests, and the validation was based on variable load tests. An alternative
approach for the description of the load-carrying capacity would be the use of variable load
data as training data for machine learning. Due to the increased requirements regarding
the amount of data, this approach has not yet been successfully implemented. Another
important step in proceeding with the research regarding this will be the application of
the methods for real-world data on gears. Currently, the research focuses on test rig data
because this type of data is more suitable for the investigation of the general suitability
and the potential of the methods. This is due to the reduced number of influences on the
service life and load-carrying capacity compared to real-world operating conditions.

The results of this paper show that there is potential for new approaches to describe
the load-carrying capacity of gears. The ability of the presented approaches to better fit
the experimental data is potentially beneficial for the service life calculation. Even a small
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increase in accuracy has the potential to increase the efficiency of the dimensioning of gears.
This could result in overall cost savings and a reduction in the carbon footprint.

The potential of the presented methods goes far beyond the presented results. Increas-
ing the amount of training data could improve the performance even more. In addition, it
is possible to expand the methods to include variable load test data in the determination of
an alternative S/N curve.

The potential reduction in the scattering of the calculated damage sum at failure
can be especially significant for applications in the field of engineering. One example is
the prediction of the remaining service life of gearboxes based on damage accumulation,
as suggested by Foulard et al. [45,46]. For this prediction, the damage sum at failure
has to be assumed by the engineer. The remaining service life is then calculated based
on the ratio of the current damage sum and the assumed damage sum at failure. The
scattering of the actual damage sum at failure decreases the accuracy of the prediction
significantly. Therefore, the presented approaches create a potential for engineers to increase
the accuracy of their service life calculations and predictions without being much more
complex compared to the established approach.

The application of approaches based on machine learning and mathematical regression
may seem more complex compared to the Basquin equation at first, but it is possible to
create an automated program for the training and validation of different methods for the
load-carrying capacity description. The user only needs to input the test data. Therefore, it
is possible to implement the presented methods with the same or even less effort required
by the engineer compared to the traditional approach.
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Nomenclature

Unit
b Face width mm
C Constant of the S/N curve -
c Coefficients of the polynomial -
D Damage sum -
F Pulsator force N
k Slope of the S/N curve -
L Load N/mm2 or N
mn Normal module mm
N Number of endurable load cycles -
ND Number of load cycles at the knee point of the S/N curve -
YF Form factor -
YS Stress correction factor -
σF0 Tooth root stress N/mm2
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Abstract: The feature extraction problem of coupled vibration signals with multiple fault modes
of planetary gears has not been solved effectively. At present, kernel principal component analysis
(KPCA) is usually used to solve nonlinear feature extraction problems, but the kernel function
selection and its blind parameter setting greatly affect the performance of the algorithm. For the
optimization of the kernel parameters, it is very urgent to study the theoretical modeling to improve
the performance of kernel principal component analysis. Aiming at the deficiency of kernel principal
component analysis using the single-kernel function for the nonlinear mapping of feature extraction,
a dual-kernel function based on the flexible linear combination of a radial basis kernel function and
polynomial kernel function is proposed. In order to increase the scientificity of setting the kernel
parameters and the flexible weight coefficient, a mathematical model for dual-kernel parameter
optimization was constructed based on a Fisher criterion discriminant analysis. In addition, this
paper puts forward a swarm intelligent fusion algorithm to increase this method’s advantages for
optimization problems, involving the shuffled frog leaping algorithm combined with particle swarm
optimization (SFLA-PSO). The new fusion algorithm was applied to optimize the kernel parameters
to improve the performance of KPCA nonlinear mapping. The optimized dual-kernel function KPCA
(DKKPCA) was applied to the feature extraction of planetary gear wear damage, and had a good
identification effect on the fuzzy damage boundary of the planetary gearbox. The conclusion is that
the DKKPCA optimized by the SFLA-PSO swarm intelligent fusion algorithm not only effectively
improves the performance of feature extraction, but also enables the adaptive selection of parameters
for the dual-kernel function and the adjustment of weights for the basic kernel function through a
certain degree of optimization; so, this method has great potential for practical use.

Keywords: swarm intelligence optimization; kernel principal component analysis; dual-kernel
function; planetary gearbox; feature extraction

1. Introduction

Feature extraction is an important prerequisite for pattern recognition. It can be
divided into the methods based on signal processing and those based on learning [1]. The
former was developed earlier, and its typical algorithms include the Fourier transform,
Gabor filter, and wavelet transform [2]. The latter has emerged in the last ten years; this
method uses the dimension reduction method to map the data from the original space
onto a certain low-dimensional space. The data in the low-dimensional space can greatly
reflect the essential characteristics of the original space. The typical algorithms include
principal component analysis (PCA), kernel principal component analysis (KPCA) [3],
linear discriminant analysis (LDA) [4], etc. The feature extraction method based on signal
processing involves extracting features from the transform domain and emphasizing the
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individual information from the samples, while the method based on learning mainly
considers the statistical characteristics of all the samples and extracts the typical features
that can express the original information.

In recent years, some achievements have been made using the proposed kernel learn-
ing method in the research fields of feature extraction, pattern recognition, data mining,
and image and signal processing. To a certain extent, it solves the nonlinear problem in
an actual system and improves the accuracy of pattern recognition and prediction. For
example, a kernel principal component analysis (KPCA) and the observer method were
applied to detect faults in a hydraulic system by analyzing the variation in water volume,
and achieved results for the detection of faults in complex and nonlinear systems [5]. A
rolling bearing fault diagnosis method based on the Volterra series and a kernel principal
component analysis (KPCA) has been proposed [6]. However, the kernel learning method
has encountered a bottleneck problem that affects the performance of the algorithm, that
is, the selection of the kernel function and its parameters. The kernel method is based
on the kernel function, which can be divided into the local kernel and global kernel at
present. For the so-called local kernel, only when the distance between the data points is
very close or the two features are similar will the value of the kernel function be greatly
affected; for the global kernel, on the contrary, a large distance between the data points
or a significant feature difference can also have a great impact on the value of the kernel
function. In general, the radial basis function (RBF) kernel is the typical local kernel, and
the polynomial kernel is the global kernel, and their mapping performances are different
when their parameters are changed. The different kernel functions and their parameters
reflect the differences in their mapping performance for the overall or local data.

In the practical application of the kernel analysis method, the type of kernel function
is generally selected according to the data characteristics of practical problems [7]. Each
kernel function has its own limitations. In reality, one kernel function mapping can only
reflect a certain feature, and often cannot effectively describe the whole feature. Moreover,
with the complexity and diversification of engineering problems, there is an increasing
number of problems, such as large sample data sets or uneven high-dimensional data,
and the defects of the single-kernel function are more obvious. Therefore, researchers
began to try to combine the multi-kernel functions. Lei et al. proposed a relevance vector
machine prediction method based on an adaptive multi-kernel combination, which was
applied to the remaining useful life prediction of machinery [8]. Fu et al. proposed a
combined kernel correlation vector machine and a quantum particle swarm optimization
algorithm for transformer fault diagnosis [9]. Deng et al. modified kernel principal
component analysis using a dual-weighted local outlier factor and applied this method
to linear process monitoring [10]. Pan et al. put forward a mean-class kernel principal
component fault diagnosis method with a combined kernel function for monitoring the
distillation process [11].

In recent years, it has been proven that the performance of nonlinear mapping using
multiple kernels is better than that using the single-kernel model or the single-kernel
machine combination model. The construction methods for the combinatorial kernel can
be divided as follows: the first method is a multi-kernel linear combination synthesis, in
which the shape is like K = ∑

q
i=1 β jKi, βj ≥ 0, ∑

q
j β j = 1, where q is the number of basic

kernel functions, Ki is the basic kernel function, and β is the weight coefficient; the second
is a multi-kernel extended synthesis method, which is an attempt to achieve the fusion
of the different kernel matrices through the concept of summation “averaging” [12]. For
example, Lv et al. derived a hybrid kernel function combining the RBF kernel with the
polynomial kernel, and introduced it into an extreme learning machine to improve the
accuracy of an intrusion detection system [13]. Nithya et al. proposed a method for kidney
disease detection and segmentation using an artificial neural network and a multi-kernel
K-means clustering algorithm for ultrasound images [14]. Ouyang et al. proposed a hybrid
improved kernel LDA and PNN algorithm for efficient face recognition [15]. Afzal et al.
achieved deep multilayer kernel learning in kernel vector machines for classification [16].
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For the combinatorial kernel function, the scientific setting of the kernel parameters
is the key to improving the performance of the kernel learning algorithm. In past studies,
the kernel parameters were set according to the experimental or empirical value with
considerable blindness. However, the current theoretical research is mainly based on
the experimental correction method, which is inefficient, as well as data-related methods
and intelligence based on optimization methods [17]. Applying the swarm intelligence
optimization method to the study of the optimization of the kernel function and its param-
eters represents a new research hotspot for improving the status quo and enhancing the
performance of the kernel learning method [18,19].

Particle swarm optimization (PSO) and the shuffled frog leaping algorithm (SFLA)
are categorized as swarm intelligence optimization algorithms [20,21]. PSO is a method
derived from the behavior characteristics of biological populations, and is used to solve
optimization problems. In order to optimize the search, the behavioral characteristics
of birds are simulated, and competition among the individuals is achieved. The SFLA
simulates the optimization of the group foraging of frogs by introducing a meme evolution
mechanism into the group search. Organizational social behavior is used to replace the
natural selection mechanisms of evolutionary algorithms, and this method has been widely
used in optimization problems, path selection, and fault diagnosis [22].

As complex compound gear transmission systems, planetary gearboxes with a com-
pact structure, large transmission ratio, high transmission efficiency, smooth operation, and
other characteristics, have been widely used in automobile gearboxes, wind turbines [23],
and aviation engine settings. They play an important role in industries such as coal, energy,
advanced manufacturing, and wind power. Due to the harsh working environment, gear
and bearing damage and failures often occur and, due to different degrees of damage,
diverse fault modes, and complex vibration signal transmission paths, the problems of
feature extraction, state recognition, and the fault diagnosis of planetary gear multi-fault-
mode coupled vibration signals have not been effectively solved. At present, KPCA is
commonly used to solve nonlinear feature extraction problems. This paper focuses on the
transmission boxes of wind turbines and establishes a planetary gearbox simulation fault
experimental platform for feature extraction and fault diagnosis research.

In this paper, aiming at the deficiency of the nonlinear mapping of the single-kernel
function for KPCA feature extraction, a dual-kernel function with a flexible linear combina-
tion of the RBF and polynomial function is proposed. In order to increase the scientificity
of the setting of the kernel parameters and the flexible weight coefficient, a mathematical
model for the optimization of the kernel parameters was constructed, based on Fisher’s
discriminant thought. Making full use of the advantages of the swarm intelligence fusion
algorithm for solving optimization problems, the SFLA-PSO fusion algorithm is presented,
and is used to find the optimal solution for kernel parameters and the flexible weight
coefficient. Lastly, a KPCA of the dual-kernel function optimized by the SFLA-PSO fusion
algorithm was applied to the feature extraction of planetary gear wear.

The paper is organized as follows: First, it introduces the kernel learning method and
summarizes the combination kernel function and its kernel parameter’s important role in
feature extraction with KPCA. The necessity of kernel parameter optimization with the
swarm intelligence optimization algorithm is put forward. In Section 2, the SFLA and PSO
fusion mechanism is described, and the flow chart for the swarm intelligence algorithm
is given. The constitution of the dual-kernel function of the KPCA and its optimization
model, as well as the simulation and comparative analysis of the Iris data, are described in
Section 3. In addition, the experimental scheme for planetary gearbox failure is described
in Section 4. The feature extraction for the planetary gearbox based on the KPCA dual-
kernel parameter optimized by the SFLA-PSO is presented, and the simulation results are
discussed in detail in Section 5. Finally, we present the conclusion in Section 6.

101



Machines 2024, 12, 82

2. Swarm Intelligence Fusion Algorithm

2.1. The SFLA and PSO Fusion Mechanism

As a new branch of evolutionary algorithms, the swarm intelligence optimization algo-
rithm has many advantages, such as its simplicity, easy implementation, low requirements
for the mathematical behavior of the target problem, and high efficiency, so it has attracted
the attention of scholars [24]. One form of the swarm intelligence optimization algorithm,
PSO, has the advantage of fast convergence speed, but it easily falls into local convergence,
while the SFLA has a strong global search and optimization ability. Similarly, as in evolu-
tion, it has to go through a series of processes, such as frog population generation, evolution,
crossover, and information exchange. The SFLA evolution mechanism is more flexible, but
its computational complexity is high, and its convergence speed is slow. Therefore, the
fusion strategy of different algorithms aims to utilize the unique advantages of the original
algorithms, achieving mutual coordination and complementary advantages, and forming a
robust and more efficient algorithm [25]. The fusion of the swarm intelligence algorithm
involves the construction of a new fusion algorithm, replacing the original algorithm, which
involves the strategies of population size, the population structure relationship, individual
learning or interaction, and the population evolution mode (selecting, eliminating, and
updating individuals). According to the concept of elite strategy, the SFLA algorithm is
combined with the PSO algorithm in this study, the strategy of “two-level optimization and
internal and external circulation” is implemented, and the SFLA-PSO swarm intelligent
fusion algorithm is formed. Compared to other improved PSO and SFLA methods, the
concept of the fusion algorithm is simple, no additional parameters are added, and it is
easy to implement.

The SFLA-PSO fusion strategy is as follows: Firstly, the randomly generated particles
are divided into npso subgroups of equal size. The particles in each subgroup evolve
independently according to the PSO mechanism to achieve the optimization of the first
level. Then, the optimal particles in each subgroup are taken out to form a new population,
i.e., the initial frog group. According to the SFLA mechanism, the optimal frog position is
that which realizes the optimization of the second level. Finally, the best position in the
SFLA subgroup is reflected in the speed of the particle swarm optimization update, which
can effectively guide PSO evolution and avoid falling into the local optimum. Using this
strategy not only reduces the blindness of the initial SFLA group, but also enables a fine
search within the SFLA.

The particle velocity and position update for the PSO optimization of the first level
are shown in Equations (1) and (2) [20]:

vjid(t + 1) = ω × vjid(t) + c1r1

(
pjid − xjid(t)

)
+ c2r2

(
pjgd − xjid(t)

)
(1)

xjid(t + 1) = xjid(t) + vjid(t + 1) (2)

where j = 1, 2, . . ., npso is the group number of the particle swarm; i = 1, 2, . . ., np denotes
the ith particle; pjid and pjgd represent the current optimal position and the global optimal
position of the particles in the jth group, respectively; and xjid is the current position of the
ith particle in the jth group. vjid is the current velocity of the ith particle in the jth group,
vjid ∈ [−vlimit, vlimit], vlimit is the maximum speed limit. C1 and c2 are the learning factors,
r1 and r2 are uniform random numbers within the range [0, 1], and ω is the inertia weight.
t is the evolution generation.

In the SFLA optimization of the second stage, the frog’s velocity and position update
are shown in Equations (3)–(5) [21].

The step length update formula is

Si = r × (Pb − Pw) (3)

Si = r × (
Pg − Pw

)
(4)
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where r is a uniform random number within [0, 1], Pb is the optimal frog position in the
meme group, Pw is the worst frog position in the meme group, Pg is the best frog position
in the whole group, and Si is the frog step length, Smin ≤ Si ≤ Smax.

The position update formula for the worst-positioned frog is

P′
w = Pw + Si (5)

where P’w is the position of the updated frog, which is within the range [Pmin, Pmax]. When
the position of the worst-positioned individual is not improved through this evolution, Pg,
the best of the entire frog group, is used to replace Pb, as shown in Equation (4), and then
Formula (5) is used for further calculations.

2.2. Fusion Algorithm Flow

The flow chart for the SFLA-PSO fusion algorithm is shown in Figure 1. The specific
optimization process is as follows:

(1) Relevant parameters of the SFLA-PSO fusion algorithm are set.

The parameters for PSO include the total number of particles in the initial particle
swarm N, the number of particles per particle swarm np, the number of particle groups
npso, the particle dimension d, the total number of iterations Tmax, the inertia weight ω,
learning factors c1, c2, and the velocity limit vlimit. The parameters of the SFLA include the
number of meme groups m, the number of frogs in each meme group n, the total number of
iterations of the SFLA Gmax, the number of local cycles Lmax, and the maximum step Smax
of the SFLA, where N = npso × np and npso = n × m.

Figure 1. SFLA-PSO fusion algorithm flow chart.
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(2) The particle swarm is initialized, and each particle is initialized. After the fitness is
sorted, each particle is divided into npso groups with np particles in each group.

(3) The PSO mode iterative optimization is carried out for each group, the fitness of each
particle is evaluated, and the optimal particle Pjid of each group is recorded.

(4) According to Formulas (1) and (2) for PSO, the velocity and position of each group
particle are updated to complete the optimization of the first level.

(5) Each group of optimal particles (called elites) optimized by PSO are regarded as all
the frogs of the SFLA, and their fitness is evaluated and ranked.

(6) According to the SFLA grouping mechanism, the elite particles are divided into m
groups with n particles in each group.

(7) According to the updating Formulas (3)–(5) of the SFLA, the local optimal value
and the local worst value for the population are recorded. After all the groups are
updated, the global optimal value is updated to find the best Xgd, and the second-level
optimization is completed.

(8) If the end condition is satisfied, that is, the predetermined accuracy requirement is met
or the set maximum iteration number is reached, Xgd is the output, and the algorithm
is stopped; otherwise, the procedure returns to (4).

3. The Composition and Optimization of the Dual-Kernel Function of KPCA

3.1. The Principle of KPCA Algorithm Feature Extraction

The detection data can be abstracted as vector yi =
(
y1

i , y2
i , · · · , yL

i
)
, where yL

i is the
Lth-dimension data of yi. The KPCA feature extraction steps are as follows [26]:

(1) The data are mapped to the high-dimensional feature space via the nonlinear transfor-
mation Φ(yi), and the kernel matrix can be calculated. The covariance matrix CF in
the feature space of the training sample after mapping is

CF =
1
M

M

∑
i=1

Φ(yi)Φ(yi)
T (6)

where M is the number of training samples. The kernel matrix K is defined as

[K]ij = Kij =
〈

Φ(yi), Φ
(

yj

)〉
= K(yiyj), i, j = 1, 2, · · · , M (7)

where K is the kernel function, which is defined as a function that represents the
inner product

〈
Φ(yi), Φ

(
yj

)〉
of vector yi and yj through nonlinear mapping to a

feature space, using two vectors in the original space as a function in order to achieve
nonlinear mapping.

(2) Data centralization: If
M

∑
i=1

Φ(yi) �= 0

then the centralized processing is carried out. K is replaced by K* = K – AK – KA +
AKA. In the formula, Aij =

1
M .

(3) The eigenvalues λ and eigenvectors v of the covariance matrix C F are calculated,
satisfying the following conditions:

λv = CFv (8)

By substituting Equation (7) into Equation (8), the following equation can be obtained:

Mλα = Kα (9)
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The eigenvalues greater than zero, λ1, λ2, . . . , λp, and the corresponding eigenvectors,
α1, α2, . . . , αp, are obtained by solving Equation (9), giving

Vk =
M

∑
i=1

αk
i Φ(yi) (10)

(4) Extraction of the principal component: the projection Φ(y) on the feature vector space
Vk is calculated:

Vk · Φ(y) =
M

∑
i=1

αk
i Φ(yi)Φ(y) (11)

where Φ(yi)·Φ(y) can be calculated using the kernel technique, which is a type of
function that makes Kij = Φ(yi)·Φ(yj) hold. Let

gk(y) = Vk · Φ(y) =
M

∑
i

αk
i K(yi, y) (12)

where K is the kernel function and gk(y) becomes the kth nonlinear kernel principal
component corresponding to Φ(y), and all projected values are used as the feature
vectors of the samples.

gk(y) =
[
g1

(
yi), g2

(
yi), · · · , gp(yi)

]
(13)

As long as the first r maximum eigenvalues of K satisfy
r
∑

j=1
λj/

p
∑

j=1
λj ≥ 85%, then r

feature vectors can be extracted from the above p feature components; thus, the feature
vectors of the sample can be extracted as

y′
i = [g1(yi), g2(yi), · · · , gr(yi) ]

The common kernel functions are as follows:
Polynomial kernel function (Poly):

K(yi, yj) =[(yi · yj) + 1]d1 (14)

Radial basis kernel function (RBF):

K(yi, yj
)
= exp(−∥∥yi − yj

∥∥2/2σ2) (15)

Sigmoid kernel function (Sigmoid):

K(yi, yj
)
= tanh[ν(yi, yj) + c] (16)

3.2. The Composition of the Dual-Kernel Function of Flexible Weight Linear Combination

At present, the combination kernel method typically employs a new kernel function
generated by a linear combination of the simple kernel functions, which satisfies the
Mercer condition and has had some successful applications [26,27]. However, there is no
theoretical basis for the parameter selection or the combination of kernel functions, and
the uneven distribution of samples cannot be solved satisfactorily, which greatly limits the
expression ability of the decision function. Therefore, there is an urgent need to establish a
mathematical model for combinatorial kernel optimization using theory and to theoretically
optimize the weight coefficient and parameters of the combined kernel function using an
intelligent algorithm [28].

Due to the different characteristics of different kernel functions, their performance at
solving specific problems varies significantly. Therefore, the combined kernel is the best
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method with which to select the kernel function, and it can avoid the problem of kernel
function selection to some extent. The dual kernel can adopt the direct sum kernel, weighted
sum kernel, and weighted polynomial extension kernel. In many practical applications,
the Gaussian kernel function shows excellent properties. In this study, the Gaussian kernel
function was used as the main function, and other kernel functions were selected for linear
combination. The Gaussian kernel function is a typical local kernel. In order to balance the
local kernel with the global kernel, the typical global kernel–polynomial kernel is used for
the combination. In the Gaussian kernel function, the RBF is a typical local kernel. So, the
RBF and the polynomial kernel were used in this study as a flexible linear combination.
The dual-kernel function expression is shown in Equation (17):

K(yi · yj) = γ · [(yi · yj) + 1]d1 + (1 − γ) · exp(−∥∥yi − yj
∥∥2/2σ2) (17)

where γ is the flexible weight of the two kernel functions, with 1 ≥ γ ≥ 0, and σ and d1 are
the parameters of the combined kernel function.

With the help of Fisher’s criteria (FC) of minimum within-class distance and maximum
class distance [29], a model with which to measure the class discrimination of the feature
space data was constructed. For two kinds of problems, the classification can be determined
by constructing the discriminant function and criterion [30].

In the feature space, the data samples are y1(y11, y12, · · · , y1i), y2
(
y21, y22, · · · , y2j

)
(i = 1, 2, . . ., n1, j = 1, 2, . . ., n2), and the mean vectors of the two groups of samples are

μ1 =
1
n1

n1

∑
i=1

Φ(y1i) (18)

μ2 =
1
n2

n2

∑
j=1

Φ
(
y2j

)
(19)

The square of the distance between the two groups is as follows:

Db = ‖μ1 − μ2‖2 = (μ1 − μ2)
T(μ1 − μ2)

= 1
n2

1

n1
∑

i=1

n2
∑

j=1
k(y1i, y1j)− 2

n1n2

n1
∑

i=1

n2
∑

j=1
k(y1i, y2j) +

1
n2

2

n1
∑

i=1

n2
∑

j=1
k(y2i, y2j) (20)

The square of the dispersion in yk is

Dw1 =
n1

∑
i=1

‖Φ(y1i)− μ1‖
2

=
n1

∑
i=1

Φ(y1i)
TΦ(y1i)− n1μT

1 μ1 =
n1

∑
i=1

k(y1i, y1i)− 1
n1

n1

∑
i=1

n2

∑
j=1

k(y1i, y1j) (21)

Dw2 =
n2

∑
j=1

∥∥Φ(y2j)− μ2
∥∥2

=
n2

∑
j=1

Φ(y2j)
TΦ(y2j)− n2μT

2 μ2 =
n2

∑
j=1

k(y2j, y2j)− 1
n2

n1

∑
i=1

n2

∑
j=1

k(y2i, y2j) (22)

According to Fisher’s criterion, the objective function is established; that is, the fitness
function of the swarm intelligence optimization is

JFisher(γ, d1, σ) =
Dw1 + Dw2

Db
(23)

Because the mapping process is realized by means of the kernel function, the final
transformation is to find γ, d1, and σ to obtain the minimum value of the JFisher function.
The optimal kernel parameters γ*, d1*, and σ* can be found via the SFLA-PSO to achieve
the minimum value of JFisher.
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3.3. The Specific Steps of Dual-Kernel Parameter Optimization

The FC discriminant function JFisher is used as the fitness of the SFLA-PSO algorithm
to optimize the parameters γ, d1, and σ of the dual-kernel function. The specific process is
as follows:

(1) According to Fisher’s criterion, the samples are input, and the sum of the square of
the distance between class Db and within class Dw1 and Dw2 are calculated using
Formulas (20)–(22).

(2) The optimized objective function JFisher is constructed using Equation (23) and is used
as the fitness of the swarm intelligence optimization.

(3) The parameters of the SFLA-PSO swarm intelligent fusion algorithm are set, and the
particle swarm optimization is initialized.

(4) The initial population is generated randomly, the fitness of the individuals are calcu-
lated, and the velocity and position are updated according to Formulas (1) and (2) of
the PSO strategy.

(5) The optimal particles optimized in the first layer of PSO are taken as all the initial
frogs of the SFLA and are grouped once more.

(6) According to the fitness size, the frog’s velocity and position are updated based on
the frog leaping update Formulas (3)–(5) to determine the best advantage.

(7) If the objective function JFisher satisfies the termination condition, the optimal value
JFisher (γ*, d1*, σ*) is output, and the algorithm is stopped. Otherwise, it returns to (4).

3.4. Simulation and Comparative Analysis

In order to compare the application effect of the KPCA feature extraction method based
on the dual-kernel function proposed in this paper (DKKPCA for short), a comprehensive
comparison test was carried out.

3.4.1. Iris Plant Database

In the simulation experiment, the Iris data set was selected, and its characteristics
were used as the data source. It is divided into three types of patterns, and there are 50
data sets in each category. Each data point includes four data sets, namely, the length and
width of the calyx and the length and width of the petals. They are commonly taken as
test sets and training sets in data mining and data classification. The first class is linearly
separable from the second and the third classes, while the second and the third classes are
nonlinearly separable. The distribution diagram is shown in Figure 2.

(a) (b)

Figure 2. Iris sample distribution: (a) the training sample distribution; (b) the test sample distribution.
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3.4.2. Parameter Optimization of the Iris Data Set with the Dual-Kernel Function Based on
the SFLA-PSO

In the simulation analysis, the first 25 samples of the Iris data set were taken as the
training samples, and the SFLA-PSO was used to optimize the kernel parameters. The
parameters of the SFLA-PSO were as follows: N = 200, nPSO = 20, np = 10, c1 = c2 = 2,
the PSO iteration number was 10, F = 20, m = 5, n = 4, Lmax = 10, Tmax = 50, d = 10, and
Smax = 20.

The optimization iteration process is shown in Figure 3. It can be seen that the
minimum value can be obtained in the 50 evolution algebras, and the three optimized
parameters are γ* = 0.057, d1* = 1, and σ* = 3.1.

(a) (b)

Figure 3. Evolution process of kernel parameters: (a) SFLA-PSO evolution course; (b) evolution
course of kernel parameters σ.

3.4.3. DKKPCA Feature Extraction of the Iris Data

The optimized parameters γ*, d1*, and σ* were used with the Iris data for the DKKPCA
analysis, and the results are shown in Figure 4a,b. Figure 4a shows the DKKPCA scatter
diagram for the principal component of the Iris data, and Figure 4b shows the histogram
for the kernel principal component contribution rate. It can be seen that, due to the
combination of the RBF kernel and the polynomial kernel function, the microscopic effect
of the local kernel function and the amplification effect of the global kernel function are
comprehensively used, the weight γ and kernel parameters d1 and σ are optimized, and
the clustering effect of the Iris samples is very obvious. Three types of Iris patterns are
clustered in their respective centers, and the data projection points for categories 1 and 2 are
very compact; the distance between classes is large, and the regional boundaries between
classes are obvious.

For the comparative analysis, the analysis results of the single-kernel KPCA are shown
in Figure 5a,b, which are the polynomial kernel function and the RBF kernel function,
respectively. From Figure 5a, it can be found that the three types of data are mixed together
in the feature space using KPCA and cannot be distinguished. It can be observed from
Figure 5b that class 1 can be obviously separated from class 2 and class 3. However,
some of the projection points for the data from classes 2 and 3 are still mixed due to their
nonlinear inseparability, and the boundary between class 2 and class 3 is not obvious. The
KPCA results are listed in Table 1 for the dual-kernel function (DKKPCA), the polynomial
kernel function (KPCA_Poly), and the radial basis kernel (KPCA_RBF). The contribution
rate of the first two principal components using KPCA is more than 85%; that is, Iris can
completely replace the original four attributes by using two attributes, and the features are
reduced by half.
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(a) (b) 

Figure 4. KPCA results for Iris data using the optimized dual-kernel parameters (a) γ = 0.057, d1 = 1,
and σ = 3.1; (b) histogram of the DKKPCA contribution rate.

 
(a) (b) 

Figure 5. Iris data single-kernel principal component analysis results: (a) polynomial kernel function
(d1 = 1); (b) RBF kernel function (σ = 3.1).

Table 1. KPCA results for Iris data.

1 2 3 4
Algorithm

Serial Number

DKKPCA
Kernel principal component eigenvalue 2.518 0.2996 0.1014 0.0284

Contribution % 85.431 10.165 3.441 0.963
Cumulative contribution rate % 85.431 95.595 99.036 100.000

KPCA_Poly
Kernel principal component eigenvalue 49.566 4.0559 0.3441 0.0217

Contribution % 91.8099 7.5126 0.6373 0.0402
Cumulative contribution rate % 91.8099 99.3225 99.9558 100.00

KPCA_RBF
Kernel principal component eigenvalue 3.0601 0.5177 0.0946 0.0127

Contribution % 83.0404 14.0486 2.5666 0.3444
Cumulative contribution rate % 83.0404 97.089 99.6556 100.000

In order to compare the effect of KPCA before and after the parameter optimization of
the dual-kernel function, the KPCA results before the optimization of the dual kernel are
given, as shown in Figure 6. The results for parameters γ = 0.5, d1 = 1, and σ = 3.389 are
shown in Figure 6a, and those for γ = 0.06, σ = 3.333, and d1 = 1 are shown in Figure 6b. It
can be seen from these that due to the influence of the three parameters, the Iris data cannot
be well separated linearly after nonlinear mapping onto the feature space, especially for
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classes 2 and 3. The optimized results for the dual-kernel parameters shown in Figure 4a
are obviously better than those of the KPCA before optimization in Figure 6.

 
(a) (b) 

Figure 6. KPCA results for Iris data before dual-kernel function optimization: (a) γ = 0.5, d1 = 1, and
σ = 3.389; (b) γ = 0.06, d1 = 1, and σ = 3.333.

Therefore, the DKKPCA optimized by the intelligent fusion algorithm is not only
suitable for solving the nonlinear feature extraction problem, but can also provide better
feature quality than the linear dimension reduction method and can greatly enhance the
ability of nonlinear data processing.

4. The Simulation Failure Experiment for the Planetary Gearbox

4.1. Experimental Scheme of the Planetary Gearbox

As shown in Figure 7, the planetary gearbox fault diagnosis testbed consists of a
control cabinet, a motor, a two-stage transmission box, a magnetic powder brake, etc. The
structural diagram for the transmission system of the experimental platform is shown in
Figure 8. The first transmission is a helical gear transmission, and the second stage is a
2K-H planetary gear transmission, which includes an inner gear ring, a solar wheel, and
three planetary wheels. In this study, the fault modes for the planetary gear transmission
system of a wind power system were simulated, and the speed range was 75–3000 r/min.
Table 2 illustrates the equipment’s technical parameters.

The motor provides power, the helical gearbox plays a deceleration role, and the
planetary gearbox is a key research area. The magnetic powder brake acts as the load, and
they are connected by an elastic coupling in the middle. We controlled the motor speed
to adjust the shaft speed, and simulated different loads by setting the parameters of the
magnetic powder brake. According to the testing plan, six measuring points, shown in
Figure 9, were arranged. Four measuring points (1 to 4) were distributed on the helical
gearbox, and the others (5 to 6) were on the planetary gearbox. The signal lines for the
six sensors were connected to the DASP signal acquisition instrument and computer, and
the entire collection system was fully built. The vibration signal was measured using six
unidirectional piezoelectric acceleration sensors (CA-YD-186G) in this experiment.

Table 2. Technical parameters of main components.

Component Name Parameter

Helical gear box
Gear Large gear: modules = 2, number of teeth = 77

Pinion: modules = 2, number of teeth = 55

Bear Deep groove ball rolling bearing 6206
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Table 2. Cont.

Component Name Parameter

Planetary gearbox
Gear

Inner gear ring: modules = 2, number of teeth = 72

Planetary gear: modules = 2, number of teeth = 27,
quantity = 3

Sun gear: modules = 2, number of teeth = 18

Bear Deep groove ball rolling bearing: for the planet wheel
6202, for the planet shelf = 6206, for the sun wheel 6205

Brake The loading form is magnetic, and the loading torque is 0–100 N·m

Motor Converter
motor

2.2 kW, the rotational speed is 1500 RPM, and the rated
speed is 1410 RPM

Figure 7. The planetary gear test bed.

Figure 8. Structural diagrams of the transmission system of the experimental platform: (a) helical
gear transmission; (b) planetary gear transmission.

111



Machines 2024, 12, 82

 

Figure 9. Arrangement of measuring points.

4.2. Analysis of Vibration Signal

The vibration signals for each measuring point on the box body were measured.
According to the experimental scheme, the vibration signals for the normal state and three
kinds of planetary gear tooth surface wear states were mainly measured and analyzed, and
the characteristic parameters were extracted. They include 21 time-domain features, such
as the mean value, mean square value, maximum value, minimum value, variance, root-
mean-square value, root amplitude, absolute average amplitude, skewness, kurtosis, peak,
and six-order moments, and six frequency-domain features, namely, the frequency domain
variance, correlation factor, power spectrum barycenter index, mean square spectrum,
harmonic factor, and origin moment of spectrum. Sixty groups of training samples and
sixty groups of test samples were extracted. After their standardization, the KPCA dual-
kernel parameter optimization and feature extraction were carried out.

5. Feature Extraction of the Planetary Gearbox Based on the KPCA Dual-Kernel
Parameter Optimized by the SFLA-PSO

5.1. Optimization of the Dual-Kernel Parameters of KPCA Based on the SFLA-PSO

In order to improve the mapping performance of KPCA, the SFLA-PSO fusion al-
gorithm was used to optimize the parameters of the dual-kernel function for the data
sets for the normal state, one-tooth wear, two-tooth wear, and three-tooth wear of the
planetary gear (referred to as models A, B, C, and D, respectively). The parameters of the
SFLA-PSO fusion algorithm are shown in Table 3, and the optimization was carried out
after substituting the sample data. The optimization results for the kernel parameters of
the different wear modes are shown in Table 4.

Table 3. The parameters of the SFLA-PSO fusion algorithm.

Algorithm Parameters

SFLA-PSO N = 200, nPSO = 20, nP = 10, c1 = c2 = 2, F = 20, m = 5, n = 4,
Lmax = 10, Tmax = 100, d = 20, Smax = 20

Table 4. The optimization results of dual-kernel parameters of planetary gear wear state.

Type Model
KPCA Kernel Parameter

JFnsher
γ* d1* σ*

3-type ABC 0.005 0.8 23.37 0.3497
BCD 0.038 0.896 5.4438 0.8970

4-type ABCD 0.055 1.03 13.1 0.9949
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The evolutionary optimization process is shown in Figure 10a,b, from which it can be
seen that the fitness function JFisher can reach the minimum value and obtain the optimal
parameter in 100 iteration steps. It can be seen that different flexible weight coefficients γ*
and kernel parameters d1* and σ* should be adopted when DKKPCA mapping is applied
to identify the different wear models.

Figure 10. Evolution curves of the kernel parameter optimization process: (a) ABC model;
(b) ABCD model.

5.2. KPCA Feature Extraction of the Planetary Gear Wear Based on the Dual-Kernel Optimization

Based on the test results of the normal state and the planetary gear wear in the
experiment, the kernel parameters optimized by the SFLA-PSO were substituted into the
DKKPCA to analyze the characteristics of the different wear models of the planetary gear.
The analysis flow is shown in Figure 11.

Figure 11. A feature extraction flow diagram for dual-kernel optimization.

The KPCA analysis results are shown in Figure 12; Figure 12a1–c1 show the scatter
diagrams for the KPCA principal component before the optimization of the RBF kernel
parameters. The kernel parameter σ was empirically set as follows: ABC: σ = 10.25;
BCD: σ = 5.4438; ABCD: σ = 23.1. Figure 13a2–c2 show those for the DKKPCA principal
component before the dual-kernel parameter optimization, for which the three parameters
were set according to experience: ABC: γ = 0.07, σ = 23.37, and d1 = 1.2; BCD: γ = 0.009,
d1 = 1, and σ = 5.4438; ABCD: γ = 0.2, d1 = 2, and σ = 10. Figure 14a3–c3 show those for
the DKKPCA principal component after the dual-kernel parameter optimization, and the
three parameters are the optimization results γ*, d1*, and σ*.

113



Machines 2024, 12, 82

  
(a1) (b1) 

 
(c1) 

Figure 12. KPCA scatter diagram of planetary faults before single-kernel parameter optimization:
A: normal state, B: one-tooth wear, C: two-tooth wear, D: three-tooth wear. (a1) ABC: σ = 10.25;
(b1) BCD: σ = 5.4438; (c1) ABCD: σ = 23.1.

 
(a2) (b2) 

 
(c2) 

Figure 13. DKKPCA scatter diagram of planetary faults before dual-kernel parameter optimization:
(a2) γ = 0.07, d = 1.2, and σ = 23.37; (b2) γ = 0.009, d1 = 1, and σ = 5.443; (c2) γ = 0.2, d = 2, and σ = 10.
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(a3) (b3) 

 
(c3) 

Figure 14. DKKPCA scatter diagram of planetary gear faults after dual-kernel parameter optimization:
(a3) γ = 0.005, d1 = 0.8, and σ = 23.37; (b3) γ = 0.038, d1 = 0.896, and σ = 5.4438; (c3) γ = 0.055, d1 = 1.03,
and σ = 13.1.

5.3. The Analysis of the Obtained Results

As can be seen from Figure 12a1–c1, the data points for the normal model are relatively
scattered and interspersed with the three models of teeth wear. Although B, C, and D
have their own clustering centers, some of the samples with the three models of wear
are interwoven, and there is no obvious boundary line to accurately distinguish the wear
models. Thus, it can be seen from Figure 13a2–c2 that the DKKPCA greatly improved
the wear recognition of several planetary gears via the dual-kernel function, but some
features of ABCD still intersected and were not completely distinguished, especially for the
normal state (model A) and the slight wear (model B) of one tooth. Therefore, the KPCA
scatter diagrams’ comparison of the planetary faults using the single-kernel KPCA and
DKKPCA indicate that the DKKPCA has a better nonlinear mapping performance than
the single-kernel KPCA. The DKKPCA is suitable for intricate processes and nonlinear
dimensionality reduction.

It can be seen from Figure 14a3–c3 that regardless of whether three or four models are
employed, they can be highly clustered to a point after DKKPCA mapping. There is no gap
in any category of B, C, and D for the three different wear models, the class spacing is large,
and the categories are clear and divisible. This is because the interference from the small
sample features of the contribution rate is eliminated after high-dimensional nonlinear
mapping. It can be seen that when the dual-kernel function after a flexible weight linear
combination is adopted for the DKKPCA, the kernel parameters are optimized to avoid
the blindness of parameter selection, and the accuracy of the fault feature extraction and
identification are significantly improved.

The KPCA method proposed in this paper was applied to a gearbox (JZQ-250 type) [30],
for which the simulation failures included normal working conditions, a bearing outer-ring
crack in the intermediate shaft, a broken tooth in the bearing cage fracture gear, and a
broken tooth in the gear combined with a fracture of the bearing outer ring. The analysis
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results of the gearbox fault diagnosis demonstrate its effectiveness. So, the method has
been verified for other conditions of other gearboxes.

6. Conclusions

KPCA is a nonlinear dimensionality reduction technique that maps data onto a high-
dimensional feature space using kernel functions, enabling the detection of faults in com-
plex and nonlinear systems. Its advantages lie in its ability to handle nonlinearity, making
it suitable for intricate processes. However, KPCA’s performance heavily relies on the ap-
propriate choice of kernel function and its associated parameters, which can be challenging
to determine in practice.

Aiming at the disadvantages of the KPCA single-kernel function and the advantages
of the multi-kernel method, this paper proposes a KPCA with a flexible weight linear com-
bination of the dual-kernel function (DKKPCA). In order to improve KPCA’s performance
and solve the optimization problem of dual-kernel parameters, an optimization model of
dual-kernel parameters was constructed by referring to Fisher’s criterion and defining the
optimization variables and objectives. Then, taking full advantage of the SFLA-PSO fusion
algorithm, which is simple, and a global search, the kernel parameters were optimized. A
comprehensive comparison test was carried out using the Iris data to verify the application
effect of the DKKPCA feature extraction method, which could be separated well after
nonlinear mapping onto the feature space, especially for classes 2 and 3. The simulation
results indicate that the DKKPCA optimized by the intelligent fusion algorithm is not
only suitable for solving the nonlinear feature extraction problem, but can also provide
better feature quality than the linear dimension reduction method, and greatly enhances
the ability of nonlinear data processing.

A planetary gear simulation fault diagnosis experiment was conducted, and the
vibration signals of the normal state and three kinds of planetary gear tooth surface
wear states were mainly measured and analyzed. Then, the proposed DKKPCA method
was applied to the feature extraction of multi-fault-mode coupled vibration signals of a
planetary gear. The KPCA scatter diagrams for the planetary faults using the single-kernel
KPCA and dual-kernel KPCA (DKKPCA) were compared and analyzed, and the results
show that the DKKPCA has a better nonlinear mapping performance than the single-kernel
KPCA. Similarly, a comparative analysis of the DKKPCA before and after the dual-kernel
parameter optimization was completed shows that the scattering can be highly clustered
to a point, and the wear damage state of a planetary gear can be accurately identified
using the DKKPCA after parameter optimization; so, it has better nonlinear mapping
performance than before parameter optimization. Therefore, the DKKPCA method has
been adapted to feature extraction and state recognition for the nonlinear behavior of other
mechanical equipment.
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Abstract: The efficiency of bevel and hypoid gears is, alongside load capacity, one of their most
important design criteria. To consider the efficiency of bevel and hypoid gears during the develop-
ment and design process, validated calculation methods based on experimental investigations are
necessary. However, the isolated experimental investigation of the load-dependent power losses of
bevel and hypoid gears has not been adequately investigated, as most of the experimental investiga-
tions consider the complete gearbox. This paper presents a test rig that allows for the experimental
investigation of the efficiency of bevel and hypoid gears with a measurement uncertainty of the
efficiency of Δη ≤ ±0.08% according to the Guide to the Expression of Uncertainty in Measurement
(GUM). Using the developed test rig, experimental investigations on the efficiency behavior of bevel
and hypoid gears regarding the influence of the axial offset, driving direction, and microgeometry
are carried out for different operating points varying in circumferential speed and load. This paper
discusses the methodology and the first experimental results of a study on the efficiency of bevel and
hypoid gears in detail.

Keywords: bevel gears; hypoid gears; efficiency; test rig; measuring concept; losses

1. Motivation and Introduction

In 2015, the United Nations addressed the global challenges facing the planet through
the formulation of the 17 Sustainable Development Goals. Considering the increasing
challenges of climate change and its consequences in the present time, it is unquestionably
essential to take concerted action, especially in alignment with the UN Sustainable Devel-
opment Goals. Therefore, the reduction of greenhouse gases (GHGs) and, in particular,
CO2, as a primary driver of climate change, must be taken into account by gear engineers
within their research and development activities.

In this context, one priority topic is the increase in the efficiency of powertrains. For the
optimization of powertrains, it is necessary to concentrate on each component separately.
Bevel and hypoid gears are widely used in applications where the rotary motion needs
to be transmitted between non-parallel axes. Besides axle drives within the automotive
section, bevel and hypoid gears are used in marine applications, helicopter drives, and
industrial applications. Due to the high amount of sliding movement and subsequent heat
dissipation within the tooth contact of bevel and hypoid gears, there is high potential to
increase the efficiency by considering it in the design process of bevel and hypoid gears in
addition to the load carrying capacity. There are various calculation approaches regarding
the estimation of the efficiency behavior of bevel and hypoid gears but currently there
is no standardized calculation approach to define the load-dependent and independent
gear power losses. For the validation of calculation approaches in general, experimental
investigations are used. The available measurement results on the efficiency of bevel and
hypoid gears are mostly based on whole gearboxes, which impedes the consideration
of the gear power losses due to parallel considerations of other mechanical components
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like bearings and sealings. Therefore, the available measurement results do not fulfill the
requirement for the accuracy of the measurement resolution to reflect small differences in
the efficiency of bevel and hypoid gears.

Within this paper, a new test rig for the experimental investigation of the efficiency of
bevel and hypoid gears is presented. The test rig allows for the measurement of the gear
power losses of bevel and hypoid gears with a suitable measurement resolution to validate
state-of-the-art calculation approaches of the gear power losses of bevel and hypoid gears.
Experimental investigations carried out by one of the authors with the presented test rig [1]
are discussed regarding the influence of the axial offset, the driving direction, and the
microgeometry on the efficiency of bevel and hypoid gears.

2. State of the Art

The total power losses PV of a gearbox are composed of the partial losses generated
in the individual components of the gearbox. Typical components contributing to the
total power losses are gear tooth mesh losses PVZ, bearing losses PVL, sealing losses PVD,
and other losses PVX. Additionally, the losses can be subdivided into load-dependent and
load-independent losses [2]. The total power losses PV of a gearbox can be summarized
as follows:

PV = PVZP + PVZ0 + PVLP + PVL0 + PVD + PVX (1)

PVZP W
load-dependent gear tooth
mesh losses

PVL0 W
load-independent bearing
losses

PVZ0 W
load-independent gear
power losses

PVD W sealing losses

PVLP W
load-dependent bearing
losses

PVX W other losses

In the following, the power losses contributing to the total power losses and the state-
of-the-art calculation methods for the gear tooth mesh losses of bevel and hypoid gears
will be discussed. Then, the state-of-the-art test rig concepts and measurement methods for
gear power losses in general and specifically for bevel and hypoid gears will be presented.

The load-dependent gear tooth mesh losses occur during the meshing of two tooth
flanks under load due to rolling and sliding friction. According to Niemann [2], the losses
due to rolling friction can be neglected, and therefore, the load-dependent gear tooth mesh
losses can be calculated based on Coulomb’s law. Wirth [3] describes a methodology for
determining gear power loss based on the results from a tooth contact analysis using BE-
CAL [4]. By using an LTCA, Wirth [3] considers the changing load and velocity conditions
along the path of contact. For the local coefficient of friction, Wirth [3] uses an approach by
Klein [5], which allows for a local examination of the individual contact points on the gears.
The total load-dependent gear power losses can be determined by summing up all locally
occurring losses. A comparable approach to improving the efficiency of bevel and hypoid
gears using an LTCA and a semi-empirical formulation of the friction coefficient is given by
Grabovic et al. [6,7]. A combined calculation approach using an LTCA and a subsequent
EHD simulation for predicting the gear power losses in bevel and hypoid gears is given by
Kolivand [8], Simon [9], Mohammadpour et al. [10–12], and Ding et al. [13]. In addition to
the high accuracy calculation methods using an LTCA, the efficiency of bevel and hypoid
gears can be calculated with simplified approaches mainly using macrogeometry data
of the gear set and operation conditions. Simplified calculation methods regarding the
load-dependent gear tooth mesh losses of bevel and hypoid gears are given by Wech [14]
and also within the ISO/TS 1300-20:2021 [15] and ISO/TR 14179-1:2001 [16].

Load-independent gear power losses can be grouped into hydraulic and windage
losses [17]. The main influencing parameters are speed, circumferential speed, temperature
of the lubricant, and the oil level [17]. Empirical calculation approaches for the hydraulic
losses of gears are given by Mauz and Walter [18,19]. Simulative investigations based on
computational fluid dynamic (CFD) programs are provided by [20–22]. Concli validates
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theoretical calculation approaches with experimental investigations of spur gears [23].
In [24], Seetharman et al. present a calculation model based on fluid mechanics for calculat-
ing idle losses, validated in [25] based on results from extensive experimental investigations
that varied speed, oil level, and fundamental gear geometry parameters. Experimental
investigations on the load-independent gear power losses on bevel gears were performed
by Jeon [26] using a practical axle gearbox as well as by Quiban et al. [27].

Load-dependent and load-independent bearing losses can be calculated using em-
pirical calculation approaches provided by the manufacturer, like SKF [28,29] or INA [30].
These calculation approaches are widely used within the industry and are similar to the
calculation method given in ISO/TR 14179-2:2001 [31]. Calculation methods with higher
accuracy and consideration of the whole shaft-bearing system and housing stiffness are
described in [32,33]. Yilmaz [34] describes experimental investigations of the bearing losses.

Simplified calculation approaches for the sealing losses are given in
ISO/TR 14179-1:2001 [16]. For non-contact type sealings, power losses can be assumed to
be negligible [16]. Other losses PVX result from disc clutches, synchronizers, and other
phenomena like churning losses of the differential cage [17,35]. According to [35], these
losses are typically carried out by power loss measurements using the complete gearbox.

Various methods are currently used in industry and research to experimentally deter-
mine gearbox losses; this can be done either by measuring the power loss (direct determi-
nation of the degree of loss) or by measuring the power difference (indirect determination
of the degree of loss). Methods of direct power loss measurement of gearboxes typically
involve the measurements at a back-to-back test rig using a pendulum gearbox suspension
or the calorimetry method [1]. These main methods of measurement are summarized in
Figure 1.

Figure 1. Measuring principles for efficiency determination according to Goebbelet et al. [36].

The mechanical back-to-back principle is used in various investigations regarding
the efficiency of spur gears [37,38] as well as for high-speed applications [39]. Wech [14]
used the mechanical back-to-back principle for his extensive experimental investigations
of the efficiency of bevel gears. The test rig setup is based on four identical bevel-helical
gearbox combinations. The spur gears are used to operate all bevel gearboxes under
similar operating conditions with regard to loaded flank and driving direction. Detailed
knowledge of the losses occurring in addition to the bevel gear power losses, such as
bearing and spur gear power losses, is required to determine the gearing loss performance
of the investigated bevel and hypoid gearings.

According to Goebbelet et al. [36], measuring the power loss of gearboxes using a pen-
dulum gearbox suspension is only suitable for selected gearbox systems. This measurement
method is described in [40] for experimental investigations at high speeds.

The calorimetry method is based on the fact that power losses due to friction are
completely and irreversible transformed into heat [41]. The applicability of this method for
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multi-megawatt gearboxes of wind turbines was proven by Pagitsch et al. [42], although
the time required to achieve the necessary thermal steady-state condition is relatively high.

When using a power difference measurement, the input and output power of the
tested gearbox are measured. According to Goebbelet et al. [36], two different methods
of torque measurement can be distinguished in power difference measurements. One
standard method is the power difference measurement using a pendulum machine. The
second standard method for power difference measurement is torque measurement using
torque measurement shafts. An advantage compared to the use of pendulum machines is
the variable design of the measuring area, which allows the use of additional components
with losses, such as support bearings and transmission gears, without affecting the mea-
suring accuracy. According to Homann [41], power difference measurement using torque
measuring shafts is currently the most common method of power difference measurement
and, at the same time, the most common method for experimental efficiency determination.
An electrical tensed test rig for bevel gears using two electrical machines is described
by Leighton [43], which is capable of investigating the efficiency of the gearing system.
Strama-MPS Maschinenbau GmbH & Co. KG, Straubing, Germany [44] offers a bevel gear test
rig based on the principle of a CNC machine, which enables the measurement of efficiency
and the determination of load carrying capacity and wear.

3. Objective and Approach

To define the efficiency of bevel and hypoid gears during the development process,
methods for calculating the efficiency of bevel and hypoid gears are needed. Experimental
investigations are generally used to validate these calculation methods. However, the avail-
able measurement results on the efficiency of bevel and hypoid gears are predominantly
based on the entire gearboxes, which complicates the isolation of gear power losses, as the
measurements also account for other mechanical components. This highlights the need
for a test rig concept and a test rig for precisely measuring the gear efficiency of bevel
and hypoid gears. This test rig allows subsequent researchers to develop and validate a
standardized calculation approach to the efficiency of bevel and hypoid gears, which is
currently not present in the state-of-the-art.

The objective of this paper is the development of a test rig for the investigation of the
efficiency of bevel and hypoid gears. By using this test rig, experimental investigations
of the efficiency behavior of bevel and hypoid gearboxes with regard to the axial offset,
the driving direction, and the microgeometry are carried out for varying circumferential
speeds and loads.

4. Test Rig Concept

The bevel gear efficiency test rig designed in the underlying research project [1] uses
two electrical machines based on the electrical tensed concept. To capture the torque loss
TV of the complete gearbox, the input and output torque, Tin,out, and the input and output
speed of the gearbox, are precisely measured using optical angular measurement systems.
The total gearbox torque loss can be calculated using Equation (2).

TV = Tin − Tout

i
, (2)

TV Nm total gearbox torque loss Tout Nm output torque
Tin Nm input torque i - gear ratio

To determine the load-independent gearbox torque loss, depending on the driving
direction, the measuring shaft at the pinion or wheel shaft is removed, and in this way,
the drag torque caused by the gearbox is measured. Within the drag torque, the load-
independent gear torque loss, the load-independent bearing torque loss, and the sealing
torque loss for specific operational conditions are included. The load-dependent bearing
losses for specific operational conditions and no-load conditions can be evaluated experi-
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mentally for each bearing using the FZG bearing power loss test rig [34] and are checked
for consistency with the calculation approach by SKF [29]. By doing so, the load-dependent
gear torque loss TVZP can be calculated using Equation (3).

TVZP = TV − TV0 − TVLP,total, (3)

TVZP Nm
load-dependent gear
torque loss

TV0 Nm
drag torque of gearbox
(load-independent)

TV Nm total gearbox torque loss TVLP,total Nm
load-dependent bearing
torque loss of all bearings of
the gearbox

The schematic structure of the bevel gear efficiency test rig is depicted in Figure 2.

 unit data schematic structure 
hypoid offset mm 0/31.75 

 

max. pinion torque Nm 700 
speed min 1 0 to 3 000 

lubrication  - 
dip lubrication /  

injection lubrication 
lubrication  

temperature °C 40 °C to 120 °C 

driving Conditions 
pinion drives (drive/coast flank) 
wheel drives (drive/coast flank) 

Figure 2. Schematic structure of bevel gear efficiency test rig [1].

4.1. Mechanical Structure

The bevel gear efficiency test rig consists of a test gearbox, a reverse gearbox, and
two identical electric motors. The load on the test gearbox is applied by one of the two
electric motors. Depending on the driving direction to be examined in the test gearbox,
one of the two motors acts as a brake. The individual test rig components are connected
via shafts and metal bellows couplings. The test gearbox is connected to the other test
rig components through torsional flexible measuring shafts. The reverse gearbox is used
for space reasons. Additionally, due to the identical gear ratio of the test gearbox and the
reverse gearbox, the entire characteristic curve of the two identical electric motors can
be utilized. The bearing arrangement of the pinion and the wheel of the test gear set is
designed as a fixed-floating bearing arrangement. Four-point contact bearings are used as
axial bearings, and cylindrical roller bearings are used for radial restraint. Applying a fixed-
floating bearing arrangement, compared to a preloaded and adjusted bearing arrangement
with tapered roller bearings, allows for a clear assignment and, therefore, a reproducible
determination of the loads relevant for bearing losses on each respective bearing. The
pinion and wheel are in an axial direction and are continuously adjustable; therefore, a
precise and reproducible configuration of the contact pattern and backlash is given. The
test gear set is dip-lubricated, and the gearbox bearings are supplied with a defined oil flow
from an external oil unit to ensure lubrication and heat transfer. In addition, by having a
defined oil flow from an external oil unit, the comparability of the lubrication conditions of
the bearings between the bevel gear efficiency test rig and the FZG bearing power loss test
rig is given. The oil level in the gearbox housing is kept constant using a siphon. The oil
unit allows for the adjustment of a defined oil temperature in the oil sump through cooling
and heating. The shafts are sealed using radial shaft seals.

123



Machines 2024, 12, 647

4.2. Measuring Equipment

To measure the torques applied to the input and output shafts, the elastic deformation
of the shafts under load is measured. For this purpose, an ultra-high accuracy absolute
angle encoder of the REXA type by Renishaw plc, Wotton-under-Edge, UK is attached
to each end of the input and output shaft. The absolute position is determined at each
encoder using two readheads of the RESOLUTE type by Renishaw plc. Using two readheads
for each encoder allows for the compensation of errors arising from eccentricities of the
shaft. According to Renishaw plc. [45], this method enables the determination of the angular
position with a maximum measurement uncertainty of ± 1 under the condition that the
encoder and readheads are correctly aligned on the shaft and with each other.

The torque measurement system on the bevel gear efficiency test rig is calibrated
in accordance with DIN 51309:2022 [46], based on the lever–mass system. Therefore, a
particular calibration routine was developed, including three ascending and descending
load phases up to the maximum test load interrupted by relaxation phases after each
load step to determine short-term creep. The measuring shafts are calibrated in the same
installation position in the test rig at four rotational positions, each offset by 90◦.

Data processing takes place on an evaluation computer, with communication and
data processing facilitated by a CompactRIO controller from National Instruments Corp,
Austin, USA with BiSS Interface modules from the manufacturer S.E.A. Datentechnik GmbH,
Troisdorf, Germany. The temperature measurement in the oil sump is carried out using
a Pt100 temperature sensor of accuracy class A according to DIN EN IEC 60751:2023 [47].
The temperature sensor can be adjusted depending on the oil level to ensure sufficient
immersion depth.

4.3. Measurement Uncertainty

As part of the research project [1], an uncertainty analysis following the Guide to the
Expression of Uncertainty in Measurement (GUM) [48] was conducted to investigate the
measurement uncertainty associated with the parameters captured on the bevel gear effi-
ciency test rig. Therefore, the software GUM-Workbench (version 2.4) [49] and the procedure
according to Sommer [50] were used.

To investigate the measurement uncertainties occurring on the bevel gear efficiency
test rig, the uncertainty of the calibration of the measuring shafts is determined in the first
step, and the uncertainty of the efficiency determination is calculated on this basis. As part
of the calibration, the calibration factor k, which describes the ratio of the actual calibration
torque TCal to the theoretically determined torque TMeas,th, is determined. The torque
applied to the measuring shaft is calculated by multiplying the theoretically measured
torque Tmess,th by the calibration factor k. To determine the efficiency, the measured output
torque TMess,out and the input torque TMess,in are set in relation to each other. Equation (4)
thus represents the system equation for the uncertainty analysis carried out according to
GUM [48] for the case of a gear ratio of i = 1.

η =
TMeas,out

TMeas,in
=

ΔϕMeas,out
ΔϕMeas,Cal,out

·(mW,out·LL,out + mL·R)·cos(αout)·cos(βout)

ΔϕMeas,in
ΔϕMeas,Cal,in

·(mW,in·LL,in + mL·R)·cos(αin)·cos(βin)
, (4)
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η - Efficiency TMeas Nm Measured torque

ΔϕMeas rad Measured torsion angle ΔϕMeas,Cal rad
Measured torsion angle at
calibration torque

mW kg
Mass of the calibration
weights

mL kg Mass of the lever

LL m Length of the lever arm R m
Distance of the lever’s
center of gravity from the
center of the axis

α ◦
Angle between the
reference axis of the lever
and the horizontal

β ◦
Angle between the reference
axis of the lever and the
normal to the
measuring shaft

Since the measurement uncertainty is reduced by a factor of 1/i for gear ratios greater
than i = 1, the uncertainty analysis shown here represents the worst case. Table 1 summa-
rizes the expanded measurement uncertainties for the efficiency measured on the bevel
gear efficiency test rig with a coverage probability of 95% for three load cases (20%, 60%,
100%) and exemplary efficiency values.

Table 1. Measurement uncertainty of the bevel gear efficiency test rig.

Parameter Value Expanded Measurement Uncertainty Coverage Factor Coverage Probability

η20 0.59797 0.000840 2 95%
η60 0.58855 0.000826 2 95%
η100 0.58902 0.000828 2 95%

The expected measurement uncertainty of the efficiency is within a range of Δη ≤ ±0.08%
throughout the entire operating range of the test rig. The developed measurement technology
thus allows the resolution of even slight differences in efficiency. It is, therefore, suitable for
application in the context of the experimental investigations of the present study.

5. Methodology

5.1. Objects of Investigations

Within the experimental investigations, three variants of bevel and hypoid test gear
sets are examined in terms of their efficiency behavior. The macrogeometries of both hypoid
test gear sets are identical; they differ only in the design of the microgeometry. The basic
geometry data of both macrogeometries are given in Table 2. The material of these test gear
sets is 18CrNiMo7-6.

The hypoid test gear set variant G31.75 was designed with two different microgeome-
tries. The test gear set variants G31.75kl and G31.75gr were designed by Klein [5,51] to
investigate the influence of the Ease-Off design on the local flank pressure distribution.
Therefore, variant G31.75gr was designed with conventional Ease-Off, meaning normal
crowning values resulting in a large contact pattern and thus in lower contact stresses for
the same input torque in comparison to variant G31.75kl. The G31.75kl test gear variant
is designed with high crowning values, resulting in a small contact pattern. The values
for lengthwise (LB) and profile crowning (HB), as well as the ease-off design and the load-
free contact pattern for the drive side, calculated with the program Klingelnberg Integrated
Manufacturing of Spiral Bevel Gears (KIMoS 5) [52], is given for the test gear variants in
Figure 3. Exemplary contact patterns under load and load distribution for a pinion load of
T1 = 300 Nm calculated with KIMoS 5 [52] are also given in Figure 3.
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Table 2. Basic geometry data of the gear set variants G0 and G31.75.

Gear Type Symbol Unit
G0 G31.75

Pinion Wheel Pinion Wheel

number of teeth z1,2 - 9 34 9 34
hypoid offset a mm 0.00 31.75

mean normal module mmn mm 3.57 4.03
normal pressure angle

(drive side) αnD
◦ 20.00 15.90

normal pressure angle
(coast side) αnC

◦ 20.00 24.10

mean spiral angle βm1,2
◦ 33.00 33.00 44.99 21.01

face width b1,2 mm 26.00 26.00 31.13 26.00
profile shift coefficient xhm1,2 - 0.45 −0.45 0.45 −0.45

G0 
LB = 60.9 μm, HB = 43.2 μm 

G31.75gr 
LB = 60.1 μm, HB = 45.2 μm 

G31.75kl 
LB = 117.5 μm, HB = 102.5 μm 

 

 

 

 

 

 

Figure 3. Ease-Off design and load-free contact pattern of test gear variants (drive side).

The quality of all used test gear sets was investigated using a 3D coordinate
measurement center Klingelnberg P40 by Klingelnberg GmbH, Hückeswagen, Germany.
The total cumulative pitch deviation FP was measured and classified according to
DIN 3965-1:1986 [53]. The flank roughness was measured using the 3D coordinate mea-
surement center at three teeth and on each tooth at three separate measuring paths vertical
to the pitch angle. The results of these measurements are given in Table 3. Additionally,
the flank topography of the test gear sets was measured, resulting in only minor, hence
negligible, deviations from the nominal microgeometry.

Table 3. Quality and flank roughness of test gear variants G0, G31.75gr and G31.75kl.

Gear Type Unit
G0 G31.75gr G31.75kl

Pinion Wheel Pinion Wheel Pinion Wheel

quality of total cumulative
pitch deviation FP acc. To DIN

3965-1:1986 (drive side)
- 2 4 1 3 1 4

flank roughness (drive side) Ra μm 0.53 0.47 0.66 0.35 0.56 0.34
flank roughness (drive side) Rz μm 3.97 3.57 4.68 2.90 3.71 2.61
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5.2. Considered Lubricant

For the experimental investigation, the reference oil FVA3 with an additive propor-
tion of 4% Anglamol 99 (FVA3 A for short) was used. It is a mineral-based oil with
a kinematic viscosity of ν40◦C = 95 mm2/s and ν100◦C = 10.7 mm2/s. The density is
ρ15◦C = 885 kg/m3 [54].

5.3. Experimental Procedure

For the experimental investigations of the gear power losses, the test rig, described
in Section 4, was used. The test gear set was lubricated by dip lubrication; the oil level
was kept constant on the level of the pinion axle and controlled to an oil temperature of
ϑOil = 90 ◦C. For each experimental investigation, test gear sets with run-in flank surfaces,
using the same running-in procedure, were used. For each test run, the load was kept
constant, and the circumferential speed was variated in ascending or descending order.
After all circumferential speed levels had been investigated, the next load was set, and the
procedure was repeated. After completing the test runs under load, the load-independent
losses were investigated using no load. To ensure a steady-state operating condition, each
test point was held constant for 15 min, though only the last 5 min were taken into account
for the evaluation. For the examination of repeat accuracy, at least one repeat test was
performed for each test point. The drive direction for all experimental investigations was
pinion drives wheel on the drive side, except for the investigation of the driving direction
where the operation condition wheel drives pinion on the drive side was applied.

For the different operating points, the circumferential speed vt was varied according
to Table 4, and the pinion torque T1 was varied according to Table 5. The varied pinion
torque T1 results in varied flank pressures σH1,2, which are calculated using an LTCA [4,55]
(see Table 5). The LTCA program [4,55] uses a manufacturing simulation to model the
actual tooth, performs a tooth contact analysis using, in this case, the Boundary Elements
Method (BEM), and is widely used in both industry and research for the analysis of bevel
and hypoid gears.

Table 4. Variation of circumferential speed of operation points.

Circumferential
Speed vt in m/s

Speed n1,2 in min−1

G0 G31.75
Pinion Wheel Pinion Wheel

0.5 249 66 188 50
2 997 264 753 199
4 1994 528 1507 399
6 2991 792 2260 598

Table 5. Variation of pinion torque of operating points.

Pinion Torque T1 in Nm
Flank Pressure σH1,2 in MPa

G0 G31.75gr G31.75kl

100 1445 1339 1577
300 1983 1855 2186
500 2430 2127 2542

6. Results and Discussion

In the following, the measurement results for the torque loss TV of the experimental
investigations on the bevel gear efficiency test rig are presented in detail, whereby the
measured values describe the arithmetic mean of the measured data for each load case. As
a result, for each torque stage, represented by the pinion torque T1, the measured torque
loss TV over the circumferential speed vt is shown. Initial and repeat tests are entered to
document the repeat accuracy. The lines between the test points represent the mean values.
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6.1. Influence of Axial Offset on the Efficiency of Bevel and Hypoid Gears

Figure 4 shows the measured torque losses TV of the overall test gearbox for the test
gear variant G0 at the oil sump temperature ϑoil = 90 ◦C using the oil FVA3 A as a solid
line. The entire tooth width of the ring gear is immersed in the oil sump. The results show
fundamental trends in the loss behavior of the gearbox. The gearbox loss torque TV at the
lowest load increases slightly with increasing circumferential speed vt. At the highest load,
there is a slight increase in the gearbox loss torque with increasing circumferential speed
vt. The lowest loss torques TV occur in the no-load operating state. These increase as the
load increases. The no-load loss torque TV0 exhibits a behavior close to linear over the
entire speed range and increases with increasing circumferential speed vt. At the lowest
measured load of T1 = 100 Nm, the no-load losses represent the decisive share of the total
gearbox losses. At the higher loads investigated, the load-related losses TVL make the most
significant contribution to the total gearbox losses.

Figure 4. Influence of axial offset on the efficiency of bevel and hypoid gears.

The results for the test gear variant G31.75gr, which shows a hypoid offset of a = 31.75 mm
and a similar microgeometry to the G0 variant, are shown as a dashed line. The ring gear is
also immersed in the oil sump over its entire tooth width. Compared to the test gear variant
G0, the losses at the same load are significantly larger in the higher load stages. In contrast
to test gear variant G0, these losses decrease as the circumferential speed vt increases. At
the lowest investigated load. T1 = 100 Nm, the measured losses show a similar level and
a decreasing behavior with increasing circumferential speed vt. The no-load losses of the
test gear variant G31.75gr are slightly lower than those of variant G0 and show a slightly
increasing curve.

According to the current state of knowledge, the difference in the losses of the two
gear variants can be explained by the additional amount of sliding in the longitudinal
direction of the teeth in gearing with hypoid offset compared to non-offset bevel gears.
This additional amount of sliding means, among other things, that there is no pure rolling
on the pitch cone, as is the case with non-offset bevel gears and cylindrical gears, but
that sliding in the longitudinal direction of the teeth also occurs in this area. The effect
of higher power losses for hypoid gears due to the amount of sliding increases for high
torques as the contact pattern enlarges, and therefore, the amount of sliding within the
gear mesh increases. This can be seen in Figure 4, where the difference in torque loss of
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the overall gearbox between the non-offset bevel gear and the hypoid variant increases for
higher torques.

6.2. Influence of Microgeometry on the Efficiency of Bevel and Hypoid Gears

Figure 5 shows the measured torque losses TV of the overall test gearbox for the test
gear variants G31.75gr and G31.75kl. The two test gear variants differ in their microge-
ometry design, whereby the G31.75kl variant is characterized by larger crowning and,
therefore, a smaller contact pattern than the G31.75gr variant. The oil sump temperature
is 90 ◦C, and the entire tooth width of the ring gear is immersed in the oil sump. As
expected, the measured no-load losses of the two variants match very well. Therefore, the
microgeometry of the gearing has no measurable influence on the no-load losses of the
gearbox with otherwise identical gear parameters. The curves of the measured loss torque
of the test gear variant G31.75kl show smaller amounts compared to the G31.75gr variant,
which clearly indicates that this deviation is load-dependent and increases with increasing
load. The loss torque curves as a function of the circumferential speed vt show similar
trends and tendencies for both microgeometry variants and decrease with increasing speed.

Figure 5. Influence of microgeometry on the efficiency of bevel and hypoid gears.

Due to the different microgeometry designs of the test gear variants G31.75gr and
G31.75kl, different crowning and, therefore, different contact patterns result. Since the
contact pattern sizes of the two gear variants differ not only in the unloaded state, as shown
in Figure 3. In the Ease-Off design and load-free contact pattern of test gear variants (drive
side), but also in the loaded state, there is a difference in the flank pressure. On the other
hand, areas of the flank are in contact with different sliding velocities. As the efficiency
behavior depends on the contact stress and the occurring sliding velocity, the two gear
variants show different loss behavior.

6.3. Influence of Driving Direction on the Efficiency of Bevel and Hypoid Gears

Figure 6 compares the measured torque losses TV of the G31.75gr variant in the
operating mode “pinion drives” with the losses in operating mode “wheel drives”. The oil
sump temperature ϑoil is 90 ◦C, and the entire tooth width of the ring gear is immersed in
the oil sump. Compared to an operation with a driving pinion, significantly higher losses
occur with a driving wheel at all loads and speeds investigated. The curves as a function
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of the circumferential speed vt show similar tendencies for both operating conditions and
decrease with increasing speed. The no-load losses with a driving wheel are slightly lower
than with a driving pinion.

Figure 6. Influence of driving direction on the efficiency of bevel and hypoid gears.

According to Wech [14], the drive direction-dependent loss behavior can be explained
by the change in the sliding movement of the tooth flanks. Due to the positive profile
shift of the test gears, the addendum of the pinion and wheel are different. When the
gear set is operated with a driving wheel, larger areas of the tooth flank are subjected to
negative specific sliding than when the pinion is driving. According to Jurkschat [38], there
are higher gear friction coefficients in the case of negative specific sliding, which leads to
greater load-dependent gear power losses. Michaelis [56] identifies the poorer lubrication
conditions at the start of meshing and, therefore, in the areas of highest sliding velocities
when the gear is driving, in addition to the larger flank areas subjected to negative specific
sliding, as the cause of higher losses with a driving wheel. The changing rotation direction
for the different operation conditions may also influence the load-dependent bearing losses
of the whole gearbox.

7. Summary and Outlook

The consideration of the efficiency in mechanical transmissions moves into focus due
to increasing challenges caused by climate change and its consequences in the present time.
Therefore, calculation methods are necessary to consider efficiency in the early stages of the
design process of bevel and hypoid gears. For the validation of such calculation methods,
highly accurate experimental results are required. Thus, this paper’s objective is to present
a test rig concept for the experimental investigation of the efficiency of bevel and hypoid
gears and, subsequently, the experimental investigation of several influencing factors on
the efficiency of bevel and hypoid gear by using the newly developed test rig.

The newly developed bevel gear efficiency test rig allows for the highly accurate
measurement of the efficiency of bevel and hypoid gears at different operational conditions
with a measuring uncertainty of Δη ≤ ±0.08% according to GUM [48]. With a complemen-
tary experimental investigation of the load-dependent bearing losses and the measurement
of the idle losses of the gearbox, an accurate value of the load-dependent gear tooth mesh
losses can be obtained.
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In experimental investigations using the newly developed bevel gear efficiency test
rig, the influences of the axial offset, the microgeometry, and the driving direction on the
efficiency were evaluated for different operational conditions. In all experimental tests,
the measured efficiency of the whole gearbox is within a reasonable section for bevel and
hypoid gears between 93.5% and 97.5%. The influence of speed and load on the efficiency of
the test gear set could be clearly detected for each of the investigated influencing parameters.
The results show that, according to the state of knowledge, the higher amount of sliding
due to the axial offset leads to a decrease in the efficiency of the gearbox. Additionally, a
larger contact pattern size leads to higher torque losses, shown by the experimental results
for a range of input torques and speeds. A further experimental study investigated the
influence of the driving direction on the efficiency level of hypoid gears. The results show
that, according to the state-of-the-art, the driving condition “wheel drives pinion” leads to
higher losses than “pinion drives wheel”.

The next step is to evaluate the bearing losses for the respective operational conditions
using the test rig concept by Yilmaz [34]. The calculation of the load-dependent gear tooth
mesh losses for the bevel and hypoid gears and the use of these results for the validation of
calculation methods is subject to further studies.
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Abstract: In this paper, a prediction model of the inner ring runout of angular contact ball bearings
is established according to the geometric and kinematic relationships of the bearing, considering
factors such as the roundness error of the inner and outer grooves, the dimensional error of the balls,
and the change of the contact angle between the balls and the grooves. The correctness of the model
is verified through experiments. The effects of the order and amplitude of the roundness error of
the inner groove and the order and amplitude of the roundness error of the outer groove on the
inner ring runout are analyzed. The coupling effect of the roundness error of the inner and outer
grooves on the inner ring runout is further analyzed. The results show that the inner ring runout
changes periodically with a change to the roundness error order of the grooves, which increases with
an increase in the roundness error amplitude. Under the coupling of the roundness error of the inner
and outer grooves, the magnification of the inner ring runout increases as a whole. When there are
specific relationships between the roundness error orders of the grooves and the number of balls, the
magnification of the axial or radial runout changes significantly.

Keywords: angular contact ball bearings; roundness error; rotational accuracy; axial runout; ra-
dial runout

1. Introduction

Angular contact ball bearings are widely used in high-precision machine tools, aerospace
and other precision machinery fields, due to their good load-carrying ability and high rota-
tional accuracy [1–3]. The rotational accuracy of the bearing affects the working accuracy
and reliability of the whole machine [4–6]. However, roundness error will be produced
inevitably during the machining process of bearing parts, and the interaction of the round-
ness error of bearing parts will have an important effect on the rotational accuracy of the
bearing. The inner ring runout is an important evaluation index reflecting the rotational
accuracy of the bearing, including axial runout and radial runout [7]. Therefore, it is of
great significance to study the effect of the roundness error of the bearing parts on the
inner ring runout in order to improve the level of design and production of high-precision
angular contact ball bearings.

Noguchi, S. et al. [8–10] established a mathematical model of the non-repetitive runout
of ball bearings and the factors affecting the non-repeatable runout of bearings were
analyzed. The research indicated that the geometrical error of the grooves, the dimensional
error of the balls and the number of balls have important effects on the non-repeatable
runout. Okamoto, J. [11] developed an apparatus that enabled the setting of the outer
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ring of the ball bearing in a prescribed profile and they analyzed the loci of the center
of the shaft during rotation. The results showed that the loci vary with the relationship
between the profile of the raceway and the number of balls. Tada, S. [12] analyzed the
effects of the corrugation of the grooves and balls on the non-repeatable runout of the
bearings. The research showed that the harmonic order of the grooves is nonlinearly related
to the non-repeatable runout of the bearing. Yang, Z. [13,14] et al. studied the effects of the
geometrical errors of the bearing parts on the non-repeatable runout of the bearing and the
research indicated that the specific relationship between the corrugation of the grooves and
the number of the balls significantly affects the non-repeatable runout. Chen G. et al. [15]
established a simulation model for the rotational accuracy of cylindrical roller bearings
and analyzed the effects of the bearing raceway roundness error and roller diameter error
on the rotational accuracy of the bearing. Their results showed that the clearance and
runout periodically vary with the increase in the harmonic number of raceways. Ma, F.
et al. [16] developed a numerical simulation model for calculating the axis orbit of spherical
roller bearings and researched the effects of single off-sized roller and multiple off-sized
rollers on the axis orbit of the bearing, The research indicates that the diameter error of the
rollers largely affects the radial runout of the inner ring. Yu, Y. et al. [17–19] proposed the
prediction methods of the radial runout of the inner and outer rings of cylindrical roller
bearings, considering the dimension and form errors of the bearing parts and the change of
contact positions. The research indicated that the roundness error of the inner raceway and
outer raceway and the motion error of rollers have great effects on the rotational accuracy
of the bearing. Zha, J. et al. [20] studied the relationship between the elliptical form error
and rotation accuracy for hydrostatic journal bearings. The results revealed that the effect of
the shaft elliptical form error on rotation accuracy is six times larger than the bearing bush.
Hu, G. et al. [21] investigated the formative mechanism of dynamic rotational error. Their
research indicated that the SRB system produced an obvious asynchronous error motion
when the difference between the order and the number of rolling elements is one. Zhang, X.
et al. [22] analyzed the rotational accuracy and its influencing factors of angular contact ball
bearings at high speed. The analysis results showed that the raceway curvature coefficient
and the number of balls are positively correlated with the bearing rotation accuracy. Zhang,
P. et al. [23] studied the effect of the roundness error of the raceway on the error motion of
bearings by considering nonlinear roller force. The research showed that the wave number
of the roundness error of the raceway has a major effect on the error motion.

Scholars have achieved a large number of research results; however, the research
on the inner ring runout of angular contact ball bearings still needs to be improved. The
existing models only considered the roundness error of a single groove and did not consider
the factor of the change of the contact angle, which could only analyze the effect of the
roundness error of a single groove on the bearing runout. However, the coupling effect of
the roundness error of the inner and outer grooves, and the change of the contact angle due
to the roundness error of the grooves and the dimensional error of the balls, among other
factors, have significant effects on the runout of the bearing. In this paper, a prediction
model of the inner ring runout of the angular contact ball bearings is established according
to the geometric and kinematic relationships of the bearing, considering factors such as
the roundness error of the inner and outer grooves, the dimensional error of the balls and
the change of the contact angle between the balls and the grooves. The model realizes
the prediction of the axial and radial runout of the inner ring with the known structural
parameters of the bearing, the roundness error of the grooves, and the dimensional error
of the balls. The correctness of the model is verified through experiments. The effects
of the order and amplitude of the roundness error of the inner groove and the order
and amplitude of the roundness error of the outer groove on the inner ring runout are
analyzed. The coupling effect of the roundness error of the inner and outer grooves on the
inner ring runout is further analyzed. These provide theoretical support for the design of
high-precision angular contact ball bearings.

135



Machines 2024, 12, 532

2. The Prediction Model of the Inner Ring Runout of the Bearing

This prediction model considers the roundness error of the inner and outer grooves,
the dimensional error of the balls, and the change in the contact angle between the balls
and the grooves. It also realizes the prediction of the axial and radial runout of the inner
ring when the structural parameters of the bearing, the roundness error of the grooves, and
the dimensional error of the balls are known.

The processes of this model are as follows: (1) the inner ring is rotated according to the
set step, and the balls are rotated to the new position; (2) according to the roundness error of
the grooves, the equations of the contour curves of the grooves are obtained; (3) the contact
angles between the balls and the grooves are changed, due to the existence of the roundness
error of the grooves and the dimensional error of the balls. The coordinates of the expected
contact points on the grooves are calculated at this point; (4) all balls are moved in the
direction of the contact angle until they are in contact with the outer groove, then the
coordinates of the center of the balls are calculated; and (5) the inner ring is given different
positions to find the optimal stable position and obtain the optimal center coordinate of
the inner ring. The displacement of the center of the inner ring is calculated according to
the coordinates of the optimal center of the inner ring. The inner ring is rotated one step
further and the above processes are repeated. After the inner ring has been rotated for
several weeks, the difference between the maximum and minimum displacement of the
inner ring in the axial or radial direction is the axial or radial runout of the inner ring of the
bearing.

2.1. The Geometric and Kinematic Relationships of the Bearing

When the inner ring of the bearing is rotated counterclockwise at an angle αi, the balls
rotate clockwise around their axes and are also rotated around the axis of the bearing [24].
The rotation angle, orbital angle, and position angle of the balls are as follows:

ωb =
d2

m − D2
w cos2 α

2dmDw
αi (1)

ωm = 0.5αi(1 − Dw cos α/dm) (2)

β j = 2π(j − 1)/Z + ωm (3)

where ωb, ωm are the angle of rotation and revolution of the balls, dm is the diameter of the
bearing pitch circle, Dw is the diameter of the balls, α is the contact angle, Z is the number
of balls, βj is the position angle of the jth ball, and where j is the serial number of the ball
(j = 1, 2, . . ., Z).

The overall coordinate system of the bearing, XYZ, is fixed at the center of the outer
ring. The local coordinate system YbjObjZbj is fixed to the center of rotation of the outer
ring, the Ybj axis passes through the center of rotation of the jth ball, as shown in Figure 1.

 

X

Y
jY

jX
O O

oj

(a) (b) 

Figure 1. Bearing coordinate system: (a) overall coordinate system; (b) localized coordinate system.

136



Machines 2024, 12, 532

2.2. Equations of the Contour Curves of the Grooves

Fourier series is composed of a series of trigonometric functions and it is often used to
characterize complex surface contours [25,26]. Here, the Fourier series is used to character-
ize the contour curves of the grooves, as shown in Equation (4).

ΔS(θ) =
∞

∑
m=2

Cm cos(mθ + ψm) (4)

where ΔS is roundness error of the grooves, m is the roundness error order, which char-
acterizes the contour shape of the bearing parts, Cm is the amplitude of the mth-order
roundness error, which characterizes the peak value of the deviation of the contour of the
bearing parts from the ideal circle, ψm is the initial phase angle of the mth-order roundness
error, and θ is the position angle.

The roundness error ΔSi(θi) of the inner groove and ΔSe(θe) of the outer groove are
expressed as: ⎧⎪⎪⎨⎪⎪⎩

ΔSi(θi) =
∞
∑

mi=2
Cimi cos(mi(θi − αi) + ψimi)

ΔSe(θe) =
∞
∑

me=2
Ceme cos(meθe + ψeme)

(5)

where θi is the position angle of any point on the inner groove, θe is the position angle of
any point on the outer groove, mi and me are the roundness error orders of the inner and
outer grooves, respectively, Cimi and Ceme are the amplitudes of the mith-order and meth-
order roundness error, respectively, ψimi and ψeme are the phase angles of the mith-order
and meth-order roundness error, respectively.

After considering the roundness error, the radius of curvature of the inner groove
contour ri(θi), the radius of curvature of the outer groove contour re(θe), as well as the
diameters of the bottom of the inner groove contour di(θi), and the bottom of the outer
groove contour de(θe) are expressed as:

ri(θi) = ri + Δri − ΔSi(θi) (6)

re(θe) = re + Δre + ΔSe(θe) (7)

di(θi) = di + Δdi + ΔSi(θi) + ΔSi(θi + π) (8)

de(θe) = de + Δde + ΔSe(θe) + ΔSe(θe + π) (9)

where ri and re are the radii of the curvature of the inner and outer grooves, respectively,
Δri and Δre are the dimensional errors of the radii of the curvature of the inner and outer
grooves, respectively, and di, de, Δdi and Δde are the diameters of the bottom of the inner
and outer grooves and their dimensional errors, respectively.

2.3. Coordinates of Contact Points on Grooves

The contact points on the grooves and the contact angles are changed due to the
existence of the roundness error of the grooves and the dimensional error of the balls. The
jth ball will be in contact with point Cj on the inner groove and point Dj on the outer groove
if the jth ball can be in contact with both the inner and outer grooves. In the bearing, the
positions of the expected contact points on the grooves and the jth ball in the axial plane are
as shown in Figure 2. The position of the jth ball in the radial plane is as shown in Figure 3.
The three-dimensional coordinates of Cj and Dj are expressed by the following derivation.
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Figure 2. Position of the jth ball in the axial plane.
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X

Y j

X j

oj

O j
j

Figure 3. Position of the jth ball in radial plane.

The coordinates of the center of curvature oi of the inner groove in the YbjObjZbj are:{
Yoi = di/2 + ri
Zoi = 0

(10)

Similarly, the coordinates of the center of curvature oe of the outer groove in the
YbjObjZbj are: {

Yoe = de/2 − re
Zoe = 0

(11)

The contact angles are changed due to the existence of the roundness error of the
grooves and the dimensional error of the balls. The contact angle of the jth ball is calculated
by Equation (12).

αj = arccos

[
1 − de(β j)− di(β j)− 2(Dw + ΔDrj)

2(ri(β j) + re(β j)− (Dw + ΔDrj))

]
(12)

where ΔDrj is the dimensional error of the jth ball.
The distance from point Dj on the outer groove to the center of curvature oe of the

outer groove is equal to the sum of the outer groove radius of curvature and the roundness
error at that point. The coordinates of point Dj in the YbjObjZbj plane are as follows:{

YDj = Yoe + re(β j) cos αj

ZDj = Zoe − re(β j) sin αj
(13)
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On the overall coordinate system XYZ, the three-dimensional coordinates of point Dj
on the outer groove can be obtained:⎧⎪⎨⎪⎩

XDj = (Yoe + re(β j) cos αj) cos β j

YDj = (Yoe + re(β j) cos αj) sin β j

ZDj = Zoe − re(β j) sin αj

(14)

Similarly, the Cj point on the inner groove can be expressed as:⎧⎪⎨⎪⎩
XCj = (Yoi − ri(β j) cos αj) cos β j

YCj = (Yoi − ri(β j) cos αj) sin β j

ZCj = Zoi + ri(β j) sin αj

(15)

2.4. Coordinates of the Center of the Balls

When the inner ring is rotated at a certain angle, all the balls are rotated to a new
position and then moved to the outer groove until the balls contact the outer groove
(as shown in Figure 4). Through the geometrical relationship of the bearing, the center
coordinates of the jth ball in contact with the outer groove are obtained.

j

O j

Dj

oj o

d

Y j

Cj

Z j

Figure 4. Coordinates of the center of the ball in contact with the outer groove.

When the inner ring is rotated by an angle αi, the balls are rotated to a certain position.
The jth ball is in contact with the outer groove point Dj. The center oj of the ball and the
curvature center oe of the outer groove are both on the contact normal Djoe. At this time,
the distance between the two center points is calculated using Equation (16).

oeoj = Djoe − Djoj (16)

where Djoj is the radius of the jth ball contour at this time, calculated using Equation (17).
Djoe is the radius of curvature at point Dj on the outer groove contour at this time.

Djoj = Dw/2 + ΔDrj/2 (17)

Djoe = re(β j) (18)

When the jth ball is in contact with the outer groove, the distance from the center
of the ball to the curvature center of the outer groove is known. The coordinates of the
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center of the jth ball in the local coordinate system YbjObjZbj are derived, according to the
geometrical relationship (Equation (19)).{

Zoj = Zoe − ojoe sin αj
Yoj = Yoe + ojoe cos αj

(19)

The coordinates of the center of the ball in the global coordinate system XYZ are deduced:⎧⎪⎨⎪⎩
Xoj = (Yoe + ojoe cos αj) cos β j
Yoj = (Yoe + ojoe cos αj) sin β j
Zoj = Zoe − ojoe sin αj

(20)

2.5. Coordinates of the Rotation Center of the Inner Ring

In order to find the coordinates of the optimal rotation center of the inner ring, the
inner ring needs to be translated in the direction of the ball, according to the set step size
during the rotation process. Some balls will not be in contact with the inner groove due
to the existence of the roundness error of the grooves and the dimensional error of the
balls. At this time, when at any given position of the inner ring, there are three possible
contact states between the inner groove and each ball: contact, separation, or interference.
The contact state between the ball and the inner groove is determined by calculating the
shortest distance between the surface of the ball and contact point Cj of the inner groove.

The inner ring is displaced in the X, Y, and Z directions and the coordinates of contact
point Cj on the inner groove are changed to:⎧⎪⎨⎪⎩

X′
Cj = (Yoi − ri(β j) cos αj) cos β j + Δx

Y′
Cj = (Yoi − ri(β j) cos αj) sin β j + Δy

Z′
Cj = Zoi + ri(β j) sin β j + Δz

(21)

The coordinates of center Obj of the jth ball are known and the distance between
the center of the ball and the contact point Cj on the inner groove can be obtained. The
difference between this distance and the radius of the ball contour is the distance between
the surface of the ball and the contact point Cj on the inner groove.

L =
√
(Xoj − X′

Cj)
2 + (Yoj − Y′

Cj)
2 + (Zoj − Z′

Cj)
2 − (Dw + ΔDrj)/2 (22)

ε is set to the allowable interference error. When |L|< ε , the inner groove is in contact
with the ball. When |L|> ε , the inner groove is separated from the ball. When |L|< −ε , the
inner groove interferes with the ball.

The contact state of the inner groove can be obtained under several inner ring positions
and the stable position of the inner ring is determined from the criteria of the stable contact
state of the inner ring. The stable position of the inner ring should meet the following
criteria:

1. None of the balls interfered with the inner groove. When one ball interferes with
the inner ring groove, it indicates that the position of the inner ring is not the stable
position of the inner ring;

2. The number of balls that contacted the inner groove is not less than three. Owing
to the point contact between the ball and the inner ring groove, the number of balls
contacted in the inner groove must be more than or equal to three when the inner
groove is in a stable state. Otherwise, the force on the inner ring will not be able to
keep the inner ring stable.

3. The balls that made contact with the inner groove were distributed in at least three
different quadrants or two symmetrical quadrants. When the contact balls are dis-
tributed in three different quadrants, each ball that made contact with the inner groove
is equivalent to a fulcrum; three fulcrums located in three quadrants cause the inner
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ring to be in a stable state. When the contact ball is located in two quadrants, these
quadrants must be symmetrical, i.e., either quadrants one and three or quadrants two
and four.

Through the above criteria, the coordinates of the rotation center of the inner ring that
satisfy the force balance constraints and geometric constraints are obtained. When there
are multiple inner ring positions that satisfy the criteria, the average value will be used as
the center coordinates of the inner ring.

3. Experimental Validation of the Prediction Model of the Inner Ring Runout of
the Bearing

In order to verify the correctness of the above prediction model, five sets of ZYS-
B7008C/P4 bearings were selected to carry out the measurement of the bearing parts and
the measurement of the inner ring runout at the National Bearing Quality Inspection Center.
The contour and roundness of the grooves, as well as the axial and radial runout of the
inner ring, were measured.

3.1. Measurement of the Contours and Roundness of the Grooves

The contours of the grooves were measured with the Talyrond Model 51 roundness
gauge, as shown in Figure 5. During the measurement, the ring was fixed to the table and
the measuring head was mounted on the rotating spindle and was in contact with the
surface of the groove. The measuring head was driven by the rotating spindle for a week,
and 1024 points on each groove were measured. The raw data of the measured contours
were stored.

 
Figure 5. Roundness gauge to measure the grooves.

The raw data were subjected to spectral analysis to obtain the harmonic orders, ampli-
tudes, and phase angles on the inner and outer grooves of the bearing. The harmonic com-
ponents with the higher amplitudes were isolated for further investigation. Tables 1 and 2
show the data for the middle cross-section of the measured B7008C-1 bearing, for example.
The harmonic orders and their corresponding amplitudes and phase angles were substi-
tuted into Equation (4) to construct the equations of the contour curves of the grooves. The
greater the selected harmonic components, the closer the fitted contour curves are to the
actual contour.

Table 1. Harmonic components on the inner groove.

Orders 0 1 2 3 4 5 6 7 8 9 10

Amplitudes/μm 0.378 0.555 0.144 0.034 0.023 0.010 0.014 0.014 0.009 0.003 0.001
Phase/rad 0 −0.463 0.491 2.008 −0.582 0.189 −1.376 3.070 3.019 −0.871 −0.817
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Table 2. Harmonic components on the outer groove.

Orders 0 1 2 3 4 5 6 7 8 9 10

Amplitudes/μm 0.708 1.688 0.251 0.037 0.030 0.009 0.011 0.004 0.004 0.010 0.002
Phase/rad 3.142 0.689 0.364 2.008 −2.075 −2.087 0.351 −2.480 −1.646 −1.727 −1.979

A comparison of the fitted contour curves of the grooves with the original contour
curves of the grooves is given in Figure 6, where it can be seen that the fitted contour curves
of the grooves reflect the true contour curves well.

 
(a) (b) 

Figure 6. Comparison of fitted contour data and raw contour data: (a) the inner groove; (b) the
outer groove.

The roundness values of the measured cross-sections were determined by the differ-
ence between the maximum and minimum radius of the measured contours of the grooves,
derived by the least squares method. The measured data are shown in Table 3. The round-
ness value of the outer groove is in the range of 0.28 μm~0.57 μm, and the variation of the
roundness value at three positions of the outer groove is in the range of 0.02 μm~0.18 μm.
The roundness value of the inner groove is in the range of 0.15 μm~0.57 μm, and the
variation of the roundness value at three positions of the inner groove is in the range of
0.03 μm~0.07 μm.

Table 3. Roundness value of B7008C/P4 bearings.

Bearing Number B7008C-1 B7008C-2 B7008C-3 B7008C-4 B7008C-5

Radial cross-sections 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

Roundness value of the
outer groove/μm 0.4 0.35 0.53 0.37 0.33 0.44 0.35 0.28 0.39 0.54 0.55 0.53 0.56 0.42 0.57

Roundness value of the
inner groove/μm 0.53 0.57 0.56 0.36 0.3 0.3 0.22 0.15 0.16 0.21 0.15 0.2 0.18 0.18 0.15

3.2. Measurement of the Inner Ring Runout and Validation of the Prediction Model

Measurement of the inner ring runout of the bearing was carried out on the assembled
bearings using the B024 bearing inner ring runout gauge, as shown in Figure 7. The
axial and radial runouts of the inner ring of the measured bearings were measured. The
measurement principle is shown in Figure 8. During measurement, the outer ring of the
bearing is fixed and the small axial load a is applied to the inner ring. The two measuring

142



Machines 2024, 12, 532

heads of the instrument are in contact with the inner circular surface and the end face of
the inner ring. The inner ring is rotated for several weeks and the axial and radial runouts
of the inner ring are determined according to the maximum and minimum values on the
micrometers of the gauge.

 

Figure 7. B024 bearing inner ring runout gauge.

a

Figure 8. Measurement principle of the inner ring runout.

The structural parameters of the bearings as well as the dimensional differences of the
balls were also measured, as shown in Table 4.

Table 4. Main parameters of B7008C bearing.

Parameters Numerical Value

The bottom diameter of the inner groove di/mm 46.964
The bottom diameter of the outer groove de/mm 61.019

The radius of curvature of the inner groove ri/mm 3.99
The radius of curvature of the outer groove re/mm 3.78

Original contact angle α 15
Diameter of the balls Dw/mm 7.001 (±0.0002)

Number of balls Z 18

The structural parameters and the fitted equations of the contour curves of the grooves
were substituted into the prediction model and the predicted values of the inner ring runout
of the measured bearings were obtained. Taking the measured B7008C-1 bearing as an
example, in the model, the inner ring is rotated 1◦ per step and rotated for one week. The
minimum displacement of the center of the inner ring in the axial direction is obtained as
0.20205 mm and the maximum displacement is 0.20405 mm, meaning that the predicted
value of the axial runout is 2.00 μm. In the radial direction, the minimum displacement of
the center of the inner ring is 0.00072 mm and the maximum displacement is 0.00184 mm;
therefore, the predicted value of the radial runout is 1.12 μm.
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The measurement results and the model prediction results are shown in Table 5. From
the tabular data, it can be seen that the prediction results were close to the measurement
results, which verified the correctness of the prediction model established in this paper.

Table 5. Measured and predicted results of B7008C bearing.

The Inner
Ring

Runout/μm

B7008C-1 B7008C-2 B7008C-3 B7008C-4 B7008C-5

Measured
Value

Predicted
Value

Measured
Value

Predicted
Value

Measured
Value

Predicted
Value

Measured
Value

Predicted
Value

Measured
Value

Predicted
Value

Kia 1 1.12 1 0.96 1 0.88 1 1.20 1 1.20

Sia 2 2.00 2 1.95 2 1.75 3 3.30 2 1.92

4. Results and Analysis

4.1. Effect of the Roundness Error Order of the Inner Groove on the Inner Ring Runout

Figure 9 shows the effect of the roundness error order of the inner groove on the inner
ring runout. In the figure, the number of balls Z is 18 and the roundness error amplitudes
of the inner groove are 0.15 μm, 0.2 μm, and 0.25 μm. From the figure, it can be seen
that the axial runout and the radial runout of the inner ring show periodic changes with
changes to the roundness error order of the inner groove; the period is Z. For the axial
runout, when the roundness error order is nZ (n is a positive integer), the axial runout
increases significantly and reaches the maximum value. The ratio of the runout value to
the roundness error amplitude value (referred to as the magnification) is between 7.33 and
7.6. When the roundness error order is nZ/3 (n is a positive integer and is not a multiple of
3), the axial runout reaches a peak value, and the magnification is between 2.32 and 2.47.
When the roundness error order is nZ/2 (n is an odd positive integer), the axial runout
reaches a larger peak value and the magnification is between 4.2 and 4.33. In the remaining
cases, the magnification of the axial runout is between 0.28 and 1.14.

 
(a) (b) 

Figure 9. Effect of the roundness error order of the inner groove on the inner ring runout: (a) axial
runout; (b) radial runout.

For the radial runout, when the roundness error order is (nZ/2 ± 1) (n is a positive
integer), the radial runout reaches a peak value: the magnification is between 0.6 and 0.88
when n is an odd positive integer, and between 1 and 1.07 when n is an even positive
integer. When the roundness error order is (nZ ± 2) (n is a positive integer), the radial
runout reaches the maximum value and the magnification is between 1.36 and 1.73. When
the roundness error order is nZ/3 (n is a positive integer other than a multiple of 3) or
nZ/2 (n is an odd positive integer), the radial runout decreases to a low value. When the
roundness error order is nZ (n is a positive integer), the radial runout is 0 μm and achieves
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the minimum value. In the rest of the order cases, the magnification of the radial runout is
between 0 and 0.53.

After considering the effect of the roundness error order of the inner groove on the
inner ring runout, it was found that when the roundness error order of the inner ring has
the specific relationship with the number of balls, the magnification of the axial runout
or radial runout of the inner ring of the bearing changed significantly. Therefore, the
roundness error order of the inner groove should be distributed in reasonable intervals by
utilizing the harmonic control theory. The inner ring runout can be effectively reduced by
avoiding these specific roundness error orders.

4.2. Effect of the Roundness Error Amplitude of the Inner Groove on the Inner Ring Runout

Figure 10 shows the effect of the roundness error amplitude of the inner groove on the
inner ring runout. In the figure, the number of balls Z is 18, the roundness error orders of
the inner groove are 4, 5, 6, 7, 8, 9, 10, 11, 12, 18, 24, 27, 30, and 36, and the roundness error
amplitude of the inner groove varies in the range of 0.5 to 1.5 μm. As shown in the figure,
when the roundness error orders are 4, 5, 7, 8, 10, and 11, the inner ring runout increases
with an increase in the roundness error amplitudes of the inner groove. The magnifications
of the axial runout are distributed between 0.3 and 0.5 and the magnifications of the radial
runout are distributed between 0.21 and 0.5. When the roundness error orders are nZ/3 (n
is a positive integer other than a multiple of 3), nZ/2 (n is an odd positive integer), and
nZ (n is a positive integer), the axial runout increases significantly with an increase in the
roundness error amplitudes of the inner groove. The magnifications range from 1.94 to 2.1,
3.83 to 4.0, and 7.53 to 7.6, respectively. The radial runout does not change with an increase
in the roundness error amplitude of the inner groove and the magnifications of the radial
runout fluctuate only slightly between 0 and 0.05 when the roundness error order is nZ/3
or nZ/2. There is no radial runout when the roundness error order is nZ.

 
(a) (b) 

Figure 10. Effect of the roundness error amplitude of the inner groove on the inner ring runout:
(a) axial runout; (b) radial runout.

These results show that the effect of the roundness error amplitude of the inner groove
on the inner ring runout is significant. This is because the increase in the roundness error
amplitude increases the distance between the peaks and valleys of the groove, the center
of the inner ring displacement is increased, and the runout of the inner ring is obvious.
Therefore, the inner groove runout can be reduced by appropriately reducing the roundness
error amplitude of the inner groove. However, when the roundness error orders are nZ/3
(n is a positive integer other than a multiple of 3), nZ/2 (n is an odd positive integer), and
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nZ (n is a positive integer), the radial runout is relatively stable and not easily affected by
the roundness error amplitude of the inner groove.

4.3. Effect of the Roundness Error Order of the Outer Groove on the Inner Ring Runout

Figure 11 shows the effect of the roundness error order of the outer groove on the inner
ring runout. In the figure, the number of balls Z is 18 and the roundness error amplitudes
of the outer groove are 0.15 μm, 0.2 μm, and 0.25 μm. From the figure, it can be seen that
the roundness error order of the outer groove and the roundness error order of the inner
groove have the same effect on the inner ring runout. When the roundness error orders are
nZ/3 (n is a positive integer other than a multiple of 3), nZ/2 (n is an odd positive integer),
and nZ (n is a positive integer) in these specific orders, the magnifications of the axial
runout increase significantly. When the roundness error orders are (nZ/2 ± 1), (nZ ± 2)
(n is a positive integer) in these specific orders, the magnifications of the radial runout
increase significantly. Therefore, the roundness error order of the outer groove should also
be controlled in reasonable intervals to reduce the inner ring runout of the bearing.

 
(a) (b) 

Figure 11. Effect of the roundness error order of the outer groove on the inner ring runout: (a) axial
runout; (b) radial runout.

4.4. Effect of the Roundness Error Amplitude of the Outer Groove on the Inner Ring Runout

Figure 12 shows the effect of the roundness error amplitude of the outer groove on the
inner ring runout. In this case, the number of balls Z is 18 and the roundness error orders
of the outer groove are 4, 5, 6, 7, 8, 9, 10, 11, 12, 18, 24, 27, 30, and 36, and the roundness
error amplitude of the outer groove varies in the range of 0.5 to 1.5 μm. From the figure, it
can be seen that the roundness error amplitude of the outer groove and the roundness error
amplitude of the inner groove have the same effect on the inner ring runout. The inner ring
runout increases with an increase in the roundness error amplitude of the outer groove.
When the roundness error orders are nZ/3 (n is a positive integer other than a multiple of
3), nZ/2 (n is an odd positive integer), and nZ (n is a positive integer), the magnifications
of the axial runout increase significantly with an increase in the roundness error amplitude,
but the magnifications of the radial runout do not change with an increase in roundness
error amplitude. When the roundness error orders are nZ/3 and nZ/2, the radial runout is
obviously reduced and only a slight radial runout is produced. There is no radial runout
when the roundness error order is nZ.

These results show that the effect of the roundness error amplitude of the outer groove
on the inner ring runout is significant. Therefore, the inner ring runout can also be reduced
by appropriately reducing the roundness error amplitude of the outer groove.

146



Machines 2024, 12, 532

 
(a) (b) 

Figure 12. Effect of the roundness error amplitude of the outer groove on the inner ring runout:
(a) axial runout; (b) radial runout.

4.5. Coupling Effect of the Roundness Error of the Inner and Outer Grooves on the Inner
Ring Runout

Figures 13–24 show the coupling effect of the roundness error of the inner and outer
grooves on the inner ring runout. In this case, the number of balls Z is 18 and the roundness
error amplitude of both the inner and outer grooves is 0.2 μm. Figures 13–18 show that
the roundness error orders of the outer groove are 2, 3, 6, 7, 9, and 10, and the range of the
roundness error order of the inner groove is 2~41. Figures 19–24 show that the roundness
error orders of the inner groove are 2, 3, 6, 7, 9, and 10, and the range of the roundness
error order of the outer groove is 2~41. It can be seen that under the coupling effect of the
roundness error of the inner and outer grooves, the inner ring runout shows a periodic
change with the period of Z. In addition, compared with the effect of the roundness error
of a single groove, the magnifications of the inner ring runout increase as a whole when
the roundness error of the inner and outer grooves are coupled.

 
(a) (b) 

Figure 13. Coupling effect of the roundness error of the grooves on the inner ring runout (outer
groove order is 2): (a) axial runout; (b) radial runout.
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(a) (b) 

Figure 14. Coupling effect of the roundness error of the grooves on the inner ring runout (outer
groove order is 3): (a) axial runout; (b) radial runout.

 
(a) (b) 

Figure 15. Coupling effect of the roundness error of the grooves on the inner ring runout (outer
groove order is 6): (a) axial runout; (b) radial runout.

 
(a) (b) 

Figure 16. Coupling effect of the roundness error of the grooves on the inner ring runout (outer
groove order is 7): (a) axial runout; (b) radial runout.
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(a) (b) 

Figure 17. Coupling effect of the roundness error of the grooves on the inner ring runout (outer
groove order is 9): (a) axial runout; (b) radial runout.

 
(a) (b) 

Figure 18. Coupling effect of the roundness error of the grooves on the inner ring runout (outer
groove order is 10): (a) axial runout; (b) radial runout.

 
(a) (b) 

Figure 19. Coupling effect of the roundness error of the grooves on the inner ring runout (inner
groove order is 2): (a) axial runout; (b) radial runout.
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(a) (b) 

Figure 20. Coupling effect of the roundness error of the grooves on the inner ring runout (inner
groove order is 3): (a) axial runout; (b) radial runout.

 
(a) (b) 

Figure 21. Coupling effect of the roundness error of the grooves on the inner ring runout (inner
groove order is 6): (a) axial runout; (b) radial runout.

 
(a) (b) 

Figure 22. Coupling effect of the roundness error of the grooves on the inner ring runout (inner
groove order is 7): (a) axial runout; (b) radial runout.
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(a) (b) 

Figure 23. Coupling effect of the roundness error of the grooves on the inner ring runout (inner
groove order is 9): (a) axial runout; (b) radial runout.

 
(a) (b) 

Figure 24. Coupling effect of the roundness error of the grooves on the inner ring runout (inner
groove order is 10): (a) axial runout; (b) radial runout.

From Figures 13–18, it can be seen that when the roundness error order of the inner
groove is nZ (n is a positive integer), the axial runout reaches the maximum value and
the radial runout reaches the minimum value. When the roundness error order of the
inner groove is the same as that of the outer groove, the axial runout rises to a peak value,
while the radial runout decreases. When the roundness error order of the inner groove is
(nZ ± me), the axial runout rises to a peak value again and the radial runout decreases to a
low point. When the roundness error order of the inner groove is (nZ ± 1) or (nZ ± 2) (n is a
positive integer), the radial runout increases significantly and reaches the maximum value.

From Figures 19–24, it can be seen that when the roundness error order of the outer
groove is nZ (n is a positive integer), the axial runout reaches the maximum value and
the radial runout reaches the minimum value. When the roundness error order of the
outer groove is the same as that of the inner groove, the axial runout rises to a peak value
while the radial runout decreases. When the roundness error order of the outer groove
is (nZ ± mi), the axial runout rises to a peak value again and the radial runout decreases
to a low point. When the roundness error order of the outer groove is (nZ ± 1) or (nZ
± 2) (n is a positive integer), the radial runout increases significantly and reaches the
maximum value.
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5. Conclusions

In order to find the effect law of the roundness error of the grooves on the inner ring
runout of the angular contact ball bearings, a prediction model of the inner ring runout of
the bearing is established. The effects of the order and amplitude of the roundness error of
the inner groove and the order and amplitude of the roundness error of the outer groove on
the inner ring runout are analyzed. The coupling effect of the roundness error of the inner
and outer grooves on the inner ring runout is further analyzed. The results show that:

1. The inner ring runout changes periodically with a change in the roundness error order
of the grooves; the period is the number of balls.

2. The inner ring runout increases with an increase in the roundness error amplitude
and the roundness error order affects the magnitude of the increase.

3. Under the coupling of the roundness error of the inner and outer grooves, the magni-
fication of the inner ring runout increases as a whole.

4. When there are specific relationships between the roundness error orders of the
grooves and the number of balls, the magnification of the axial or radial runout
changes significantly.

According to the tolerance ranges in which the geometric errors of the bearing parts
are located, the bearing parts can be classified into different accuracy levels. Obviously, the
bearings assembled with bearing parts of different accuracy levels have different accuracy
levels. Therefore, a prediction model for the distribution of the rotational accuracy of
angular contact ball bearings will be developed in the future to study the dependent
relationship between the distribution of the geometric error of the bearing parts and the
distribution of the rotational accuracy of the bearings.
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Abstract: Time-varying driving loads and uncertain structural parameters affect the trans-
mission accuracy of chain transmission mechanisms. To enhance the transmission accuracy
and placement consistency of these mechanisms, a robust optimization design method
based on Karhunen–Loeve expansion and Polynomial Chaos Expansion (KL-PCE) is pro-
posed. First, a dynamic model of the chain transmission mechanism, considering multiple
contact modes, is established, and the model’s accuracy is verified through experiments.
Then, based on the KL-PCE method, a mapping relationship between uncertain input
parameters and output responses is established. A robust optimization design model
for the chain transmission process is formulated, with transmission accuracy and con-
sistency as objectives. Finally, case studies are used to verify the effectiveness of the
proposed method. Thus, the transmission accuracy of the chain transmission mechanism is
improved, providing a theoretical foundation for the design of chain transmission mech-
anisms under time-varying load uncertainties and for improving the accuracy of other
complex mechanisms.

Keywords: chain transmission mechanism; K-L expansion; PCE; placement consistency;
robust optimization

1. Introduction

Chain transmission mechanisms are widely used in mechanical structures, such as
machine tools, special equipment, industrial machinery, agricultural machinery, construc-
tion machinery, aerospace, and medical devices. They offer high reliability and efficient
transmission, with strong adaptability to heavy loads and harsh environments. However,
due to random uncertainties in structural, physical, and drive parameters, the delivery
precision and positional consistency of the transmitted objects are affected during oper-
ation. To enhance the robustness of chain transmission mechanisms during the design
phase, robust optimization design methods can reduce the sensitivity of the mechanism’s
movement to random uncertainties while ensuring motion accuracy.

In previous studies, researchers have conducted a series of investigations on chain
drive mechanisms. Li et al. [1] proposed a feasible solution for the robust optimization of
multi-gap chain transmission mechanisms by using a data-driven modeling framework
based on deep neural networks, but without considering the influence of time-varying
loads. Zhuang et al. [2] optimized the design of mechanical chain drives using wireless

Machines 2025, 13, 166 https://doi.org/10.3390/machines13020166
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sensor network data algorithms, thereby improving the reliability and stability of scraper
conveyors, and providing a theoretical reference for the robust optimization of chain trans-
mission mechanisms. Chai et al. [3] introduced a new method based on multi-disciplinary
design optimization, and then established system optimization objectives and subsystems
to obtain the kinematic principles and optimal parameter values of chain drives, without
considering the effect of parameter uncertainty. To analyze the operational stability of chain
transmission scraper conveyors, Jiang et al. [4] established a combined simulation model
for the chain transmission mechanism, analyzing the system’s dynamic characteristics and
failure causes. In order to reduce the polygonal effect in chain transmission mechanisms,
Hong et al. [5] proposed a compensation method to optimize the design of the chain
transmission mechanism, thereby effectively improving the transmission performance of
the chain transmission system. To enhance the control and guiding capabilities of the
in-wheel motor steering transmission mechanical chain transmission and improve the
transmission efficiency of the in-wheel engine steering mechanical chain transmission, Da
et al. [6] proposed a control method for an in-wheel motor-guided transmission mechan-
ical chain gearbox, thereby enhancing the robustness and adaptability of the hub motor
steering transmission mechanical chain transmission. To analyze the noise characteristics
and structural design of chain transmission systems under complex working conditions,
such as high-speed and overload, Cheng et al. [7] studied the system design and noise
characteristics of a new dual-clutch automatic transmission with a double-tooth chain,
achieving structural optimization design.

It can be seen that the above references have conducted research on the parameter
optimization design of chain transmission mechanisms, which can provide a solid foun-
dation for the robust optimization of chain transmission mechanisms. There has been
relatively little research on the robust optimization design of chain transmission mech-
anisms. However, in other engineering fields, relevant research on robust optimization
design has been conducted, which can provide references for the robust design of chain
transmission mechanisms. Addressing the problem of improving the aerodynamic perfor-
mance of drone wings and bodies, Wang et al. [8] used the Gradient-Enhanced Polynomial
Chaos Expansion (GPCE) method to construct statistical moments related to the mean and
variance, and established a gradient-based robust optimization design model, validating
its effectiveness. To avoid the curse of dimensionality in the robust optimization design
process, Zhang et al. [9] combined the polynomial chaos expansion method and proposed a
technique called R-Opt, a robust aerodynamic optimization method that improved average
aerodynamic performance and reduced the standard deviation of the objective. Najlawi
et al. [10] developed a combined multi-objective imperialist competitive algorithm and
Monte Carlo method for the multi-objective robust optimization design of sewing machine
needle rods and take-up rods (NBTTL), significantly reducing the sensitivity of the mecha-
nism’s performance to design parameters. For the challenges of strong non-linearity and
long experimental and simulation prediction times in the ammunition loading mechanism,
Zhang et al. [11] proposed a data-driven modeling method based on artificial neural net-
works, and performed a robust optimization design for the ammunition loading process
using the data-driven model. In robot mechanism research, current robust optimization
studies mainly focus on planar closed-loop or open-chain mechanisms [12,13]. For ex-
ample, Wu and Rao [14] proposed a tolerance allocation optimization technique through
interval uncertainty analysis, which effectively saves manufacturing costs while ensuring
positioning accuracy. Du et al. [15] proposed a planar mechanism robust optimization
method based on dual-loop Monte Carlo simulation, improving the robustness of motion
accuracy. To solve the general design problems of complex engineering systems, several
uncertainty optimization methods have been developed [16–19]. For instance, Lee [20]
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and others introduced the so-called point estimation method in robust optimization to
improve structural efficiency. Chatterjee [21] and others proposed a universal robust design
framework integrating surrogate modeling techniques to address complex and highly
non-linear problems. Lee and Rahman [22] proposed a new robust optimization method
based on polynomial chaos expansion, considering the correlation of uncertain variables.
Zafar et al. [23] considered the time-varying reliability of systems and proposed a dynamic
robust optimization method. Jiang et al. [24] combined parallel efficient global optimization
with adaptive Kriging techniques, introducing time-varying uncertainty in robust opti-
mization. Cheng et al. [25] proposed a robust balancing optimization method, improving
the robustness of structural dynamic characteristics by introducing the overlap coefficient
between the interval boundary angles. These general uncertainty optimization techniques
provide algorithmic insights for the robust optimization of chain transmission mechanisms.

In summary, previous studies have shown relatively little research on the robust design
of chain transmission mechanisms considering time-varying load uncertainties. Therefore,
in order to achieve a robust design of chain transmission mechanisms considering time-
varying load uncertainties, this paper proposes a robust optimization design method for
chain transmission mechanisms based on K-L expansion and PCE. The main contributions
and innovations are as follows:

(1) A dynamic model of the chain transmission mechanism considering multiple clear-
ances was established, and the accuracy of the simulation model was verified through
experiments.

(2) A robust optimization design method for the chain transmission mechanism based on
K-L expansion and PCE was proposed. First, the K-L expansion method was used for
the dimensionality reduction of the random driving loads. Then, based on the PCE
method, a fast uncertainty propagation analysis of the chain transmission mechanism
was conducted, and a robust optimization design model for the chain transmission
mechanism was established.

(3) The effectiveness of the proposed method was verified through engineering exam-
ples, providing theoretical reference for the robust optimization design of complex
engineering chain transmission problems.

The structure of this paper is as follows. Section 2 presents the dynamic modeling
and experimental validation of the chain transmission mechanism. Section 3 discusses
the robust optimization design of the chain transmission mechanism considering random
loads. Section 4 provides a case study analysis, and Section 5 presents the conclusions.

2. Dynamic Modeling of Chain Transmission Mechanism

2.1. Model Description of Chain Transmission Mechanism

The research object of this paper is a chain transmission mechanism in a practical
engineering application, as shown in Figure 1. It consists of an open-chain transmission
system with non-interconnected ends (including rollers, chain links, pins, sprockets), a
push plate, a transmission cylinder, chain track, the conveyed object, and a receiving
cylinder. Driven by a transmission motor, the sprocket rotates and drives the chain forward.
Ultimately, the push plate pushes the conveyed object into the receiving cylinder. The chain
transmission system is a multi-degree-of-freedom system composed of multiple chain links
connected by pins, where the pins’ two ends are rollers that contact the sprocket to achieve
transmission, while the track constrains the rollers’ motion direction.
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Figure 1. Schematic diagram of chain transmission mechanism (in the plane).

Based on the relative positions and connection relationships of the components of
the chain transmission mechanism, the topological relationship is analyzed and shown
in Figure 2. In the figure, the dashed lines represent the omitted chain links and rollers.
The sprocket is installed on the box with a rotating pair, and there is a contact relationship
between the sprocket and the roller. The roller is connected to the chain link through a
rotating pair. The first chain link is a pushing plate, which contacts the conveyed object
and pushes it forward. The track is fixed on the box and contacts the roller to constrain
its movement.

  
ii

Figure 2. Topological relationship of the chain transmission mechanism.

2.2. Basic Assumptions

Based on the structural description, in order to establish a relatively accurate dy-
namic model of the chain transmission mechanism, the following assumptions need to be
made first:

(1) The system operates under steady-state conditions, and external disturbances are
assumed to be negligible;

(2) The chain transmission system is treated as a rigid body system, with no deformation
of components during operation;

(3) The friction between chain links, sprockets, and rollers is assumed to be constant for
simplification;

(4) The relationship between the rotational motion of the sprocket and the translational
motion of the chain is idealized, assuming no slipping or stretching of the chain;

(5) The chain transmission mechanism is treated as a planar system, considering only the
motion within the plane and rotation about its axis of rotation.

2.3. Motion and Contact Analysis of Open Chain System

From the topological relationship, it can be seen that there are numerous contact
collisions in the model, including the contact collisions between the rollers and the sprocket
teeth, between the rollers and the track, between the chain links, between the push plate
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and the conveyed object, etc. In order to establish a more accurate dynamic model of the
chain transmission mechanism, it is necessary to analyze the above-mentioned contact
collision processes.

The characteristics of the sprocket include the number of teeth nt, the original radius
of the sprocket Rs, and the pitch angle α. A schematic diagram of the chain system is
shown in Figure 3. In the figure, rs = [xs, ys]

T and represents the position vector of
the sprocket’s center in the global coordinate system; rrc = [xrc, yrc]

T and represents the
position vector of the roller i in the global coordinate system O − XY; and Src represents
the vector from the sprocket center to the roller center. The sprocket coordinate system
Os − XsYs is located at the center of the sprocket, with the teeth numbered from ni = 1
counterclockwise, and ni represents the n-th tooth. For convenience, a local coordinate
system Os − ξsni ηsni ,(ni = 1, · · · , nt) for the tooth groove is established, and the rotation
angle relative to the sprocket coordinate system at the origin Os is denoted as θs = (ni − 1)α.
The coordinate transformation matrix from the Os − ξsni ηsni to the Os − XsYs is given by

Asni =

[
cos θs − sin θs

sin θs cos θs

]
(1)

α

O X

Y

Y

s

r

r

X

R

O

inξ

inη

Figure 3. Schematic diagram of chain system.

For convenience in calculation, all contact relationships between the rollers and the
sprocket teeth are defined in the tooth groove coordinate system. When a vector is rep-
resented in the tooth groove coordinate system, any vector (·) is expressed as (·)′′ . For
example, the vector from the center of the sprocket to the center of the roller is defined as

src = rrc − rs (2)

and represented in the tooth groove coordinate system as

s
′′
rc = AT

sni
src (3)

The schematic diagram of the sprocket tooth profile is shown in Figure 4. To reduce the
impact during the meshing process between the roller and the sprocket tooth groove, the
sprocket tooth groove is typically composed of several continuous curved surfaces [26,27].
To accurately represent the contact relationship between the roller and the sprocket tooth
groove, the tooth groove is divided into three regions: the tooth groove positioning curve
(bottom curve) bc, and the top transition curve ab and cd. The center of the curvature is
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defined as oab, obc, and ocd, and the radius of the circular arcs in the respective segments ab
and cd are R1, and in the respective segment bc is R2, respectively.

a

b c

d

R
R

abo

bco

cdo

O X

Y

Figure 4. Geometrical diagram of sprocket tooth groove.

2.3.1. Geometric Relationship Between the Sprocket Tooth Groove and the Roller Contact

Under normal operating conditions, the contact between the roller and the sprocket
occurs at different positions on the sprocket tooth groove. Therefore, to accurately calculate
the kinematic and dynamic relationship between the roller and the sprocket tooth groove,
it is necessary to describe the contact relationship between the roller and the different arc
segments separately.

As shown in Figure 5, the schematic diagram illustrates the contact relationship
between the roller and the sprocket tooth groove positioning curve. The eccentric vector ebc

is the vector between the center of the roller and the center of the bottom arc, expressed as

ebc = src − sobc (4)

where sobc is the vector from the center of the bottom arc to the center of the sprocket.

b c

bcθ

bco
bce

bcos s

O X

Y

Figure 5. Contact relationship between roller and positioning curve of sprocket tooth groove.

In Figure 5, θbc represents the angle of arc segment bc relative to the center obc.
Let θ2 represent the angle between ebc and −sobc , then

θ2 = arccos
−sobc ebc∥∥−sobc

∥∥‖ebc‖
(5)

The contact constraint occurring at the bottom arc is

−1
2

θbc < θ2 <
1
2

θbc (6)

If the above equation is not satisfied, check whether contact occurs at other positions;
if θ2 is positive, check if contact occurs on the arc segment cd; if θ2 is negative, check if
contact occurs on the other arc segment ab. If the above equation is satisfied, calculate
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the penetration δbc between the roller and the sprocket tooth groove positioning curve
according to Equation (7)

δbc = ‖ebc‖ − (R2 − Rr) (7)

where Rr is the radius of the roller.
If both Equation (6) and the condition δbc ≥ 0 are satisfied, the contact between the

roller and the sprocket tooth groove occurs on the arc segment bc; otherwise, there is no
contact between the roller and the sprocket tooth groove on the arc segment bc.

Figure 6 is a schematic diagram of the contact relationship between the roller and the
top transition curve of the sprocket tooth groove. The top transition curve of the sprocket
tooth groove consists of an arc segment ab and another arc segment cd, so both arc segments
need to be analyzed separately.

a

b c

d

R

abo cdo
cdeabe

abos cdos

s

O X

Y

s

Figure 6. Contact relationship between roller and top curve of sprocket tooth groove.

In Figure 6, eab and ecd represent the eccentric vectors from the center of the arc
segment ab to the center of the roller, and from the center of the arc segment cd to the
center of the roller, respectively. soab and socd represent the position vectors from the center
of the arc segment ab and the center of the arc segment cd to the center of the sprocket,
respectively.

Based on the different arc segments, the positional relationship between the roller and
the top transition curve of the sprocket tooth groove can be described as follows:

(1) When the roller contacts the top transition curve of the sprocket tooth groove,
assuming contact occurs at arc segment ab, we obtain

eab = src − soab (8)

Let Te represent the angle between soaba and eab, where soaba represents the position
vector from the point oab to the point a, then

θ1 = arccos

(
soabaeab∥∥soaba

∥∥‖eab‖

)
(9)

Let Rr represent the angle between soabb and eab, where soabb represents the position
vector from the point Rm to the point b, then

θ′1 = arccos

(
soabbeab∥∥soabb

∥∥‖eab‖

)
(10)

The contact constraint occurring at arc segment ab is{
0 ≤ θ1 < θab

0 ≤ θ′1 < θab
(11)
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where θab represents the angle corresponding to arc segment ab relative to the center Tmax

of the circle.
If Equation (11) is satisfied, the penetration δab between the roller and the top transition

curve of the sprocket tooth groove for arc segment ab is calculated as

δab = R1 − (‖eab‖ − Rr) (12)

If both Equation (11) and the condition δab ≥ 0 are satisfied, the roller contacts the
top transition curve of the sprocket tooth groove at arc segment ab. Otherwise, there is no
contact between the roller and the top transition curve of the sprocket tooth groove at arc
segment ab.

(2) When the roller contacts the top transition curve of the sprocket tooth groove at arc
segment cd, the contact constraint for arc segment cd is given by{

0 < θ3 ≤ θcd

0 < θ′3 ≤ θcd
(13)

where θcd represents the angle corresponding to arc segment cd relative to the center ocd of
the circle.

If Equation (13) is satisfied, the penetration between the roller and the top transition
curve of the sprocket tooth groove for arc segment cd is calculated as

δcd = R1 − (‖ecd‖ − Rr) (14)

If both Equation (13) and the condition δcd ≥ 0 are satisfied, the roller contacts the
top transition curve of the sprocket tooth groove at arc segment cd; otherwise, there is no
contact between the roller and the top transition curve of the sprocket tooth groove at arc
segment cd.

2.3.2. Contact Between Chain Links

In order to use the chain links to drive an object forward, it is necessary to add planar
constraints between the chain links. At the initial moment, the chain links are in the chain
box. When the chain links rotate over the sprocket and reach above the sprocket, under the
action of planar constraints, the planes of the two-chain links will come into contact. The
critical condition for contact is when the upper surfaces of the two-chain links are parallel.
As shown in Figure 7, for two adjacent chain links Ock and Oc(k+1), the angle between the
two coordinate axes OckYck and Oc(k+1)Zc(k+1) is γ, and the condition for contact between
the two chain links is as follows

γ ≤ π

2
(15)

( )c kO +

γ

Z

YOX

( )kX +

( )kY +

( )kZ + kZ

kYkO

kX

QrQ′′r

Ok
rPr

P′′r

Ok+
r

Q PQr

Q P

P

Figure 7. Contact relationship between adjacent chain links.
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In Figure 7, points P and Q are the points at the top of the chain link contact plane.
rPQ is the position vector from point P to point Q; rQ is the position vector from the origin
of the global coordinate system to point Q; and rP is the position vector from the origin of
the global coordinate system to point P. When the two-chain links come into contact, the
contact area is a planar rectangular region. Since the connection between the chain link
and the roller is a rotating pair, the contact between the two-chain links will always occur
at the upper end first. Due to the influence of the rotational angle, in order to ensure the
rationality of the penetration calculation, the penetration depth at the upper end is taken as
half of the actual penetration depth (as shown in Figure 7). Therefore, the penetration is
given by

δp =
rPQ

2
=

rQ − rP

2
(16)

Based on Equation (16), the magnitude of the penetration is given by

δp =
√

δT
pδp (17)

Furthermore, based on the magnitude and direction of the penetration, the contact
collision force between the chain links can be calculated.

2.4. Contact Force Model

The motion constraints between the roller and the sprocket, as well as between the
roller and the track, are established through contact theory [28,29]. The contact force
model for the arc surface is described using the Lankarani–Nikravesh model, as shown in
Equation (18). The planar contact force [30] is described as in Equation (19), and the tangen-
tial friction force [31] is modeled using Coulomb’s model, as shown in Equation (20). The
kinematic relationship between the head and tail components, as well as the last component
of the closed-loop transmission chain, is established using the cut-joint method [32].

Fn = Khn + C
.
h (18)

Fnp = Kpδp (19)

Ft = −cfcdFn
vt

‖vt‖ (20)

where, Fn is the normal collision force; K is the stiffness coefficient of the two contacting
bodies; h is the penetration depth of the contact bodies; n is the contact index; C is the
contact damping coefficient;

.
h is the relative collision velocity at the contact point; δp is

the planar contact penetration depth; Kp is the equivalent stiffness of the planar contact;
Ft is the tangential friction force; cf is the coefficient of sliding friction; cd is the dynamic
correction factor; and vt is the relative tangential velocity.

2.5. Dynamic Model and Experimental Validation of Chain Transmission Mechanism

Based on the kinematic relationships, forces, and constraints of the chain transmis-
sion mechanism, and using the principle of virtual work [31], the dynamic equations
of the chain transmission mechanism are established as follows: (see Appendix A for
modeling details) {

M(q, t)
..
q + C

(
q,

.
q, t

) .
q + ΦT

q λ = Q
Φ(q, t) = 0

(21)

where, t is the motion time of the transmission process, q,
.
q, and

..
q represent the relative

displacement, relative velocity, and relative acceleration of the rotational joints in the chain
transmission mechanism, respectively. Φ(q, t) = 0 is the constraint equation of the chain
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transmission mechanism, Φq denotes the derivative of Φ(q, t) with respect to q, and (·)T

represents the transpose of the matrix. λ is the Lagrange multiplier, M(q, t) is the mass
matrix of the chain transmission mechanism, C

(
q,

.
q, t

)
is the generalized damping matrix

of the chain transmission mechanism, and Q is the external force acting on the chain
transmission mechanism.

To verify the accuracy and effectiveness of the simulation model, experimental tests
are conducted on the chain transmission process. The experimental setup mainly consists
of a chain transmission mechanism test rig, a PLC control system, a digital data acquisition
system, a laser displacement sensor, etc., as shown in Figure 8. The PLC control system
serves as the drive execution system for the chain transmission mechanism and records the
motor current in real time. The digital acquisition device reads and records the displacement
of the conveyed object as measured by the laser displacement sensor, while also receiving
synchronization signals from the PLC.

 
Figure 8. The test schematic diagram of the propellant transport process.

The experimental process is as follows:

(1) According to the schematic diagram in Figure 8, arrange the experimental setup and
connect the testing system. The data acquisition system is connected to the PLC control
system to ensure the synchronization of the data signals. The displacement sensor is
mounted at the rear of the chain transmission mechanism using a bracket. The sensor
captures the laser signal of the moving conveyed object, and the displacement sensor
is connected to the data acquisition system.

(2) Power up the control system. Under the drive of the motor, the chain transmission
mechanism moves the conveyed object forward. The PLC control system collects the
current, while the data acquisition system collects the signals from the displacement
sensor and the PLC’s synchronization signals.

(3) To minimize the impact of external disturbances on parameter uncertainty, perform
the test three times under the same conditions.

(4) Data collection and processing: Export data from the PLC control system and data
acquisition software (TranAX_3.4.1.1222, the USA). Extract valid data during the
motion process of the conveyed object to conduct subsequent dynamic simulations
and experimental comparisons. Then, take the average of the three data sets under
the same operating conditions.

Through bench tests, the current iq of the chain transmission mechanism is obtained.
Based on the motor electromagnetic torque equation, the motor torque Te can be expressed as

Te = KTiq (22)
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where KT is the motor torque constant. The motor torque is transmitted to the sprocket shaft
through the worm gear transmission mechanism, with a transmission ratio of k. Therefore,
the torque on the sprocket is given by

Ts = kTe (23)

The current driven by the motor during the transmission process is obtained
through bench tests. The motor torque is then converted into the sprocket torque using
Equation (23). As shown in Figure 9, for ease of analysis, the sprocket torque is approxi-
mated and represented by the red line in the figure. The converted sprocket torque is then
input into the simulation dynamic model of the chain transmission mechanism, and the
simulation results for the displacement of the transmitted object are compared with experi-
mental results, as shown in Figure 10. From Figure 10, it can be seen that the simulation
results are in good agreement with the experimental data. This validates the correctness
and effectiveness of the model. In subsequent calculations, this simulation model will be
used to replace the real physical model for analysis.

Figure 9. The torque curve for the sprocket.

Figure 10. The comparison of simulation displacement and experiment displacement for the
modular charge.

164



Machines 2025, 13, 166

3. Robust Optimization Design Model for Chain Transmission Process
Considering Random Loads

3.1. Random Parameters of the Chain Transmission Process

Based on design requirements and engineering experience, the random parameters
considered in this paper for the chain transmission mechanism include the following.

(1) Structural dimension parameters: roller radius Rr, sprocket tooth groove radius R1,
sprocket transition arc radius R2, initial position of the transmitted object relative to
the end face of the receiving cylinder Lm, transmission cylinder radius Rt, and the
inner diameter of the receiving cylinder Rs. To enhance the robustness of the chain
transmission mechanism, the above structural dimension parameters are treated as
design parameters, while considering the influence of parameter random fluctuations.

(2) Physical property parameters: the coefficient of friction between the transmitted object
and the transmission track and receiving cylinder μs, and the mass of the transmitted
object mm. These parameters also have an influence on the positioning consistency of
the transmitted object but are difficult to design. Therefore, they are not considered as
design parameters, and only the effect of random fluctuations in these parameters is
taken into account.

(3) Time-varying random loads: Based on the multiple torque curves after tests
(Figure 11), it is observed that although the same motor speed is given, the driving
load exhibits time-varying uncertainty. The fluctuations in the load have a significant
effect on the positioning accuracy of the chain transmission mechanism. Therefore,
the effect of time-varying random loads is considered.

Figure 11. The torque design curve for the sprocket.

To achieve robust design of the chain transmission mechanism, the parameters are
classified into controllable and uncontrollable parameters based on whether the uncertain
input parameters can be controlled. Controllable parameters refer to those that can be easily
altered during the design and manufacturing process, while uncontrollable parameters are
those that are difficult or impossible to change during design and manufacturing. Among
the controllable parameters, there are random variables Xv = [R1, R2, Rt, Rs, Rr, Lm] and
non-random variables Xc = []. Similarly, the uncontrollable parameters are also classified
into random variables Pv = [mm, μs] and non-random variables Pc = [Rm].

3.2. Random Driving Load Analysis Based on Karhunen–Loeve Expansion

In multiple chain transmission processes under the same working conditions, the
driving load exhibits certain fluctuations, and thus, can be treated as a dynamic random
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process. To ensure the accuracy of the effect of the driving load on the positioning accuracy
of the conveyed object, the sampling time interval is generally set to 0.001 s. As a result,
the entire random process of the driving load is discretized into thousands of random
variables, which poses significant challenges for the subsequent uncertainty propagation of
this dynamic uncertain parameter. To address this, this paper adopts the Karhunen–Loeve
expansion (K-L expansion) method [33], which reduces the dimensionality of the time
series random driving load with correlation, thereby providing strong support for the
subsequent uncertainty propagation. It should be noted that the K-L expansion relies on
the covariance matrix, which requires knowledge of the complete covariance structure
in the problem. In the theory of random processes, the K-L expansion represents the
random dynamic load as an infinite linear combination of orthogonal functions based on
the spectral decomposition of the covariance function. Considering the probability space of
the driving load, the covariance function of the random process P(t) within the bounded
interval [0, T] is C(tm, tn), and the process can be expressed as

P(t) = μP(t) +
∞

∑
i=1

√
γiξi ϕi(t) (24)

where, t ∈ [0, T], μP(t) is the mean function of the driving load random process, and
ξi represents i-th mutually independent standard random variable. γi and ϕi(t) are the
i-th eigenvalue and eigenfunction of the covariance function of the driving load random
process, respectively. According to Mercer’s theorem [33], the covariance function has the
following spectral decomposition:

C(tm, tn) =
∞

∑
i=1

γi ϕi(tm)ϕi(tn) (25)

The eigenvalues γi and eigenfunctions ϕi(t) can be obtained by solving the following
second-kind Fredholm integral equation

∫ T

0
C(tm, tn)ϕi(tn)dtm = γi ϕi(tn) (26)

and satisfies
∞

∑
j=1

γj = |T| (27)

The eigenfunctions in Equation (26) form a complete orthogonal set that satisfies the
equation. ∫ T

0
ϕi(t)ϕj(t) = δij (28)

In Equation (28), δij is the Kronecker delta function. For uncorrelated standard random
variables ξi, they can be obtained by the following equation:

ξi =
1√
γi

∫ T

0
[P(t)− μP(t)]ϕi(t)dt (29)

In the analysis of random driving loads in the chain transmission mechanism, the
eigenvalues are often arranged in descending order, and the random process is approxi-
mated by a finite number of terms. For example, the truncated random process after M
terms can be expressed as

P̃(t) = μP(t) +
M

∑
i=1

√
γiξi ϕi(t) (30)
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Its covariance expansion function is

C(tm, tn) =
M

∑
i=1

γi ϕi(tm)ϕj(tn) (31)

The error εμ(t) in the mean function of the approximate random process P̃(t) of the
load and the mean squared error ε2

U(t) can be expressed as

εμ(t) = μP(t)− μ̃P(t) ≡ 0 (32)

ε2
U(t) =

1
T

∫
T

⎛⎜⎜⎜⎝
∞
∑

i=1

√
γiξi ϕi(t)

σ(t)
−

M
∑

i=1

√
γiξi ϕi(t)

σ(t)

⎞⎟⎟⎟⎠dt ≤ 1 − 1
|T|

∞

∑
i=1

λj (33)

Therefore, the approximation degree κ of the load random process can be defined as

κ =
1
|T|

M

∑
j=1

λj (34)

3.3. Chain Transmission Mechanism Surrogate Model Based on Polynomial Chaos Expansion

Due to the high non-linearity of the chain transmission mechanism model and the
long computation time for each run, multiple model evaluations are required during the
robust optimization design process, which significantly increases the computational cost.
To reduce the computational cost while ensuring accuracy, this paper uses the Polynomial
Chaos Expansion (PCE) model to establish a surrogate model for the chain transmission
mechanism. It should be noted that high-order polynomial terms in PCE will rapidly
increase computational complexity, especially when there are many random variables in
the problem, the number of expanded terms will increase exponentially. Moreover, PCE
assumes that random variables follow certain known probability distributions (usually
normal or uniform), and its effectiveness may be poor for uncertainties with heavy tailed
distributions (such as Laplace distributions).

The idea of constructing a surrogate model for the chain transmission mechanism
using PCE [34] is to expand the output response of the chain transmission mechanism
into a form of orthogonal polynomials corresponding to e uncertainty input parame-
ters. Let the i-th input parameter of the chain transmission mechanism be denoted as
xi = [ai, bi], (i = 1, 2, · · · , e), and its probability distribution function corresponding to the
standard orthogonal polynomial Ψ(x̃i). Here, x̃i represents the definition of the input
parameter x̃i in the corresponding chaos polynomial space, and the corresponding value
range is x̃i = [ci, di], (i = 1, 2, · · · , e).

The input parameters xi of the chain transmission mechanism and their corresponding
definitions x̃i in the chaos polynomial space satisfy the following relationship:

x̃i =
di − ci
bi − ai

xi +
cibi − aidi

bi − ai
(35)

Based on the idea of sparse chaos polynomials, the output response y = f (x) of the
chain transmission mechanism is expanded into a series of finite order s, expressed as a
sum of orthogonal polynomials of the input parameters, as follows:

y = f (x) =
s

∑
g=1

βgφug(x̃) (36)
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φug(x̃) =
e

∏
h=1

Ψugh(x̃h) (37)

where, βg is the polynomial expansion coefficient, φug(x̃) is the multi-variate polynomial,
ugh is the degree of the polynomial Ψugh(x̃h), s is the total number of chaos polynomial
expansion terms, and ug is the set of polynomial degrees.

According to the orthogonality property of the orthogonal polynomials, the following
can be obtained: 〈

φug(x̃), φuh(x̃)
〉
=

〈
φug(x̃)

2
〉

δgh (38)

where 〈·〉 denotes the inner product with the joint probability density function as the weight
function, δgh is the Kronecker delta function, and if g = h, then δgh = 1; otherwise, δgh = 0.

Based on Equation (36), the PCE model of the chain transmission mechanism can
be obtained. However, due to the large number of PCE terms, the computational load
has increased. To address this issue, reference [35] proposes a sparse chaos polynomial
expansion strategy to reduce the number of PCE terms. The Elastic Net (EN) method is
used to identify the terms in the PCE model that are important to the result, thus improving
computational efficiency while maintaining accuracy. The polynomial coefficient β̃EN is
then represented as

β̃EN = arg min
β

(∥∥∥Y − φT
u β̃

∥∥∥
2
+ λ1

∥∥∥β̃
∥∥∥

1
+ λ2

∥∥∥β̃
∥∥∥

2

)
(39)

where argmin
β

(·) denotes the minimization functional, λ1 and λ2 are adjustment parameters,

Y is the output, φT
u is the transpose of the multi-variate polynomial set, and β̃ represents

the set of polynomial coefficients. The Least Angle Regression (LAR) algorithm [36] is used
to improve the computational efficiency of the EN method. The final SPCE surrogate model
is then expressed as

y = φT
B(x̃)β̃EN (40)

where φT
B(x̃) is the set of multi-variate polynomials retained after EN selection.

3.4. Robust Optimization Design Model for Chain Transmission Mechanism

Considering the effect of the random variation of uncontrollable parameters Pv, and
given the value of the non-random variation of the uncontrollable parameters Pc, with con-
trollable parameters X (including both Xv and Xc) as design parameters, setting the target
position as y0, the actual position yend of the transmitted object at arrival and the difference
from the target position is Ym = yend − y0. The optimization objective is to minimize the
mean μYm of Ym and the variance σy of yend, with constraints on the arrival speed, arrival
position, and the range of uncertain input parameters. The robust optimization design
model for the position consistency of the chain transmission mechanism is established
as follows: ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

find Xv, Xc

min
(
μYm, σy

)
s.t.

⎧⎪⎨⎪⎩
.
yend ≈ 0,
Xl ≤ X ≤ Xu,
yend − aσy ≥ ymin

(41)

where,
.
yend represents the arrival speed of the conveyed object, Xl and Xu represent the

sets of the lower and upper bounds of the design parameters, respectively, a represents the
constraint index for measuring robustness, and ymin represents the minimum critical value
for the conveyed object arrival.
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From Equation (41), it can be seen that the robust optimization design objective for
the conveyed object arrival consistency requires the displacement of the conveyed object
to reach a specific position, while ensuring that the variance of the arrival position of the
conveyed object is minimized. This is a typical multi-objective optimization problem. For
the multi-objective robust optimization problem of the conveyed object arrival, there is
generally no unique optimal solution, but rather a set of effective solutions for the conveyed
object arrival and its variance, known as the Pareto optimal solution set. The Pareto optimal
solution set refers to a set of solutions where at least one objective function is better than
the other solution outside the set, while the other objective functions of the solution are
not worse than those of solutions outside the set. Based on the combination of the Pareto
optimal solution set, multiple objectives can be considered comprehensively to select the
appropriate solutions.

Commonly used multi-objective optimization algorithms include the Non-dominated
Sorting Genetic Algorithm II (NSGA-II) and the Multi-objective Particle Swarm Optimiza-
tion (MOPSO) algorithm. The latter is widely used due to its advantages of fast runtime
and good convergence of the solution set. This paper uses the widely applied MOPSO
algorithm to solve the multi-objective robust optimization problem.

The computational steps in this paper are as follows:

(1) Obtain multiple sets of dynamic driving loads through experiments and quantify the
uncertainties, obtaining random dynamic load characteristics, such as mean, variance,
autocorrelation function, and other stochastic features.

(2) Solve the Fredholm integral equation using Equation (26) and arrange the obtained
eigenvalues in descending order. Based on the given approximation degree, select the
top M eigenvalues and their corresponding eigenfunctions.

(3) For the reduced-dimensional random dynamic loads and uncertain input param-
eters, perform sampling and input them into the dynamic model to calculate the
output response.

(4) Use Equation (40) to establish the surrogate model of the chain transmission mecha-
nism, relating the uncertain input parameters to the output response.

(5) Combine Equation (41) and the surrogate model of the chain transmission mecha-
nism to establish the robust optimization design model for the chain transmission
mechanism.

(6) Apply the MOPSO algorithm to solve the robust optimization design model of the
chain transmission mechanism and obtain the optimal arrival displacement and its
corresponding design parameters.

4. Case Study Analysis

As an example, a chain transmission mechanism used in engineering is taken, and
its dynamic model is established for the study of robust optimization design. The input
parameters are shown in Table 1. The statistical characteristics of the load uncertainty are
obtained from multiple sets of experimental data.

Table 1. Uncertainty input parameters of the propellant transport process.

Serial Number Parameters Nominal Value Error Type Error Design Range

1 mm/kg 3 Normal 0.03 —
2 μs 0.2 Uniform [0.19, 0.21] —
3 R1 12.7 Uniform [0, 0.002] [12.6, 12.8]
4 R2 27.29 Uniform [0, 0.002] [25, 30]
5 Rt 82 Uniform [0, 0.002] [80, 84]
6 Rs 82 Uniform [0, 0.002] [80, 84]
7 Rm 78 — — —
8 Rr/mm 12.5 Uniform [0, 0.002] [12.4, 12.6]
9 Lm/mm 0 Uniform [0, 0.1] [0, 5]

Notes: “—” indicates no data.
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Considering both computational accuracy and efficiency, the uncertainty input pa-
rameters in Table 1, along with the motor drive parameters after dimensionality reduction
through K-L expansion, are sampled using the optimized Latin Hypercube Sampling tech-
nique to generate 500 combinations of uncertain input parameters within the parameter
ranges. These are input into the simulation dynamic model of the chain transmission
mechanism to obtain the corresponding displacement output results. Based on the surro-
gate model method described in Section 3.3, a surrogate model for the chain transmission
mechanism is established. Subsequently, 50 sets of parameters are randomly sampled and
input into both the original dynamic model and the PCE surrogate model. A comparison
of the results is shown in Figure 12. The comparison of calculation accuracy between the
proposed method and other methods is shown in Table 2. The commonly used multiple
correlation coefficient R2 is employed to validate the accuracy of the surrogate model.
The computed value of R2 = 0.9558 with the proposed method indicates that the surro-
gate model obtained by PCE has a higher accuracy than others and meets engineering
requirements, making it suitable for use in the robust optimization design solution.

Figure 12. The test result of the propellant transport mechanism’s PCE model.

Table 2. The comparison of calculation accuracy between the proposed method and other methods.

Methods Correlation Coefficient R2

PCE 0.1528
KL-PCE 0.9558

KL-Kriging 0.8547
KL-RBF 0.9234

Considering both computational efficiency and accuracy, the parameters for the
MOPSO algorithm are set as follows: the number of particles is 100, and the number
of iterations is 300. The robust target parameter values are set to y0 = 820 mm, a = 3,
ymin = 800 mm. The final Pareto optimal solution set is obtained, and the results are shown
in Figure 13.

Based on the Pareto optimal solution set, different optimized parameter combinations
can be obtained, providing convenience for designers to make selections. Table 3 shows a
portion of the Pareto solution set corresponding to the optimized input parameter com-
binations. It can be observed that the consistency of the optimized design parameters is
relatively good.
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Figure 13. The Pareto optimal solution set of the propellant transport process.

Table 3. The results of robust optimization of propellant transport.

Serial
Number

R1 R2 Rt Rs Rr Lm

1 12.6548 26.5823 83.0432 83.0384 12.4935 0.089
2 12.6544 26.5583 82.1473 82.1504 12.4933 0.043
3 12.6539 26.5476 83.0571 83.0413 12.4935 0.037
4 12.6489 26.5716 83.0147 83.0274 12.4945 0.049
5 12.6435 26.5804 82.7831 82.5731 12.4946 0.015
6 12.6601 26.5749 82.4397 82.3176 12.4945 0.085
7 12.6573 26.5614 83.0312 83.1047 12.4935 0.016
8 12.6683 26.5743 82.8734 82.7496 12.4935 0.0014
9 12.6415 26.5827 83.0187 83.0674 12.4945 0.0023

10 12.6573 26.5479 83.0243 83.0249 12.4934 0.0018

Five hundred sets of samples are taken within the error range of the initial values
(nominal values) in Table 1, and these are input into the chain transmission mechanism
dynamic model to obtain 500 sets of the conveyed object arrival values. A statistical
analysis of the conveyed object arrival values at the initial values is conducted to derive the
probability density function (as shown by the curve on the right side of Figure 14). Then, the
optimized design parameters (with the average of the 10 optimized results in Table 3 taken
as the optimal solution) replace the nominal values in Table 1 for resampling 500 sets. These
are then input into the chain transmission mechanism dynamic model to calculate 500 sets
of the conveyed object arrival values. A statistical analysis of the optimized conveyed
object arrival values is conducted to derive the new probability density function (as shown
by the curve on the left side of Figure 14).

From Figure 14, it can be seen that both before and after optimization, the conveyed
object arrival positions are approximately normally distributed. The optimized conveyed
object arrival position ensures that the target value is reached, and the variance of the
conveyed object arrival position is reduced from the original 3.1515 to 1.1615. The optimized
variance is 63.14% smaller than the initial variance, indicating a significant improvement
in the consistency of the conveyed object arrival. By rounding the design parameters in
Table 3 and comparing them with the initial design parameters, it can be observed that
based on the nominal values, R1 and R2 can be slightly reduced, and Rr and Lm can be
basically unchanged, while Rt and Rs can be slightly increased. These adjustments can
serve as a reference in the design process.
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Figure 14. PDF of the modular charge displacement before and after optimization.

5. Conclusions

This paper addresses the robust optimization design problem of chain transmission
mechanisms considering time-varying load uncertainties. A robust optimization design
method for chain transmission mechanisms based on K-L expansion and PCE methods is
proposed. The motion mechanism of multi-contact modes in chain transmission systems
is revealed, and a dynamic model of the chain transmission mechanism is established
and validated through experiments. The time-varying random loads are dimensionally
reduced using the K-L expansion, and then, based on the PCE method, a fast-mapping
relationship between uncertainty parameters and output responses is established. Finally,
with the objective of minimizing the mean and standard deviation of the conveyed object
positioning accuracy, and with position and velocity at the destination as constraints, a
robust optimization design model for the position consistency of the chain drive conveyor
is established. The multi-objective particle swarm optimization algorithm is applied for
solving the model, and the following conclusions can be obtained:

(1) The K-L expansion method can effectively reduce the dimensionality of time-varying
random loads, solving the high-dimensional modeling difficulties by the PCE method.

(2) A surrogate model for the chain transmission mechanism is established based on the
PCE method, which greatly improves computational efficiency and saves computa-
tional costs while ensuring calculation accuracy.

(3) The robust optimization design method can effectively improve the transmission
accuracy of the chain transmission mechanism. Compared to the initial design, the
variance of the transported object is reduced by 63.14%.

(4) The optimized results prove the effectiveness of the proposed method in improving
the consistency of the conveyed object positioning. This method and its results provide
theoretical guidance for the design of chain transmission mechanisms.

This article also has certain limitations. Due to the complexity of the chain transmission
mechanism model, certain simplifications and assumptions were made during the dynamic
modeling process, which had a slight effect on the accuracy of the dynamic model. In
future work, the method proposed in this paper can be extended to the design process
of other chain transmission mechanisms to improve motion robustness. Furthermore, to
enhance the service reliability of chain transmission mechanisms, further research can focus
on time-varying robust optimization design based on reliability. This will better promote
the application and development of chain transmission systems in complex environments,
providing stronger theoretical support and technical assurance for the engineering design
of chain transmission mechanisms.
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Nomenclature

nt the teeth number of the sprocket Rs the original radius of the sprocket

α the pitch angle of the sprocket rs
position vector of the sprocket’s center in the
global coordinate system

rrc
the position vector of the roller in the global
coordinate system src

the vector from the sprocket center to the roller
center

O − XY global coordinate system Os − XsYs sprocket coordinate system
Os − ξsni ηsni local coordinate system of the tooth groove Asni the coordinate transformation matrix

R1
the radius of the circular arcs in the respective
segments ab and cd R2

the radius of the circular arcs in the respective
segment bc

Rr the radius of the roller eab,ebc,ecd
the eccentric vector between the center of the
roller and the center of the bottom arc

soab ,sobc ,socd

the vector from the center of the bottom arc to
the center of the sprocket θab,θbc,θcd angle of arc segment ab, bc, and cd

θ1 the angle between soab a and eab θ2 the angle between ebc and −sobc

δab,δbc,δcd
penetration between the roller and the
sprocket tooth groove rQ,rP

the position vector from the origin of the global
coordinate system to points Q and P

rPQ the position vector from point P to point Q δp penetration between P and Q

Fn the normal collision force K the stiffness coefficient of the two contacting
bodies

h the penetration depth of the contact bodies n the contact index

C the contact damping coefficient
.
h

the relative collision velocity at the contact
point

Kp the equivalent stiffness of the planar contact Ft the tangential friction force
cf the coefficient of sliding friction cd the dynamic correction factor
vt the relative tangential velocity t the motion time of the transmission process

q,
.
q,

..
q

the relative displacement, relative velocity, and
relative acceleration of the rotational joints in
the chain transmission mechanism

Φ(q, t) constraint equation of the chain transmission
mechanism

Φq the derivative of Φ(q, t) with respect to q λ the Lagrange multiplier

M(q, t) the mass matrix of the chain transmission
mechanism C

(
q,

.
q, t

) the generalized damping matrix of the chain
transmission mechanism

Q the external force acting on the chain
transmission mechanism iq

the current of the chain transmission
mechanism

Te the motor torque KT the motor torque constant
k transmission ratio

Appendix A

Appendix A.1 Kinematics Equation of the Mechanism

In order to establish the kinematics equation of the mechanism with the Newton
Euler method represented by the relative coordinate method, it is necessary to derive the
kinematics relationship between adjacent rigid bodies. Orxryrzr and Ocxcyczc are used as
examples to establish the motion relationship between two adjacent rigid bodies, as shown
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in Figure A1. O0x0y0z0 is the global coordinate system, prOξrOηrOζrO and pcIξcIηcIζcI are
the coordinate systems where hinge Jc is connected to the coordination cylinder piston (rep-
resented by Br) and the coordination hydraulic cylinder (represented by Bc), respectively.

 
Figure A1. The position relation of adjacent rigid bodies.

Define the velocity and acceleration vectors of Orxryrzr and Ocxcyczc relative to
O0x0y0z0 as

Sr =

[
ωr

vr

]
, Sc =

[
ωc

vc

]
,

.
Sr =

[
εr

ar

]
,

.
Sc =

[
εc

ac

]
(A1)

where ω, ε, v, and a represent the angular velocity, angular acceleration, linear velocity,
and linear acceleration of the joined body coordinate system, respectively; subscripts r and
c indicate the serial number of the bodies; and the relative velocity and relative acceleration
vectors between the hinge coordinate systems pcIξcIηcIζcI and prOξrOηrOζrO are

.
qc and

..
qc,

respectively.
According to the relative coordinate method, the relationship between the motion

vector of the body coordinate system and the relative motion vector of the hinge coordinate
system can be recursively obtained.

Sc = TcSr + Dc
.
qc (A2)

.
Sc = Tc

.
Sr +

.
TcSr + Dc

..
qc +

.
Dc

.
qc (A3)

where Tc,
.
Tc, Dc, and

.
Dc are the corresponding recursive relationship matrix obtained by

the relative coordinate method. According to Equations (A5) and (A6), the comprehen-
sive motion relationship equation can be obtained by integrating the three bodies of the
coordination mechanism as follows:

S = H
.
q (A4)

.
S = H

..
q +

.
H

.
q (A5)

where S =
[
S1 S2 S3

]T
;

.
S =

[ .
S1

.
S2

.
S3

]T
;

.
q =

[
.
q1

.
q2

.
q3

]T
;

..
q =

[
..
q1

..
q2

..
q3

]T
;

and H is the corresponding coefficient matrix.

Appendix A.2 Dynamics Equation of the Mechanism

For any rigid body Bi(i = a, r, c), assuming ci is the vector of any point in the body
relative to the connected coordinate system Oixiyizi, the acceleration at this point can be
obtained as follows:

aci = ai + εi × ci + ωi × (ωi × ci) (A6)

where ai is the acceleration of Oi relative to O0x0y0z0.
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According to the principle of virtual power, the virtual power equation of the body
can be obtained as follows: ∫

V
δvT

ci
(ρaci + Fa

i + Fn
i )dV = 0 (A7)

where Fa
i and Fn

i are the generalized external loads and ideal hinge constraint loads on the
body, respectively; ρ is the density of the body; δvci is the virtual velocity as

δvci = δvi + δ(ωi × ci) (A8)

Substitute Equations (A1), (A2), and (A6) into Equation (A7), and apply the virtual
power equation of a single body to the coordinate system, and then organize them into a
compact form as follows:

δSTR
.
S + δSTWRES = δSTQa + δSTQn (A9)

where R, W, E, Qa, and Qn are the integration forms of each item in Equation (A7) in the
coordinate system.

Combining the kinematics equation, substitute Equations (A4) and (A5) into Equation
(A9) and obtain

δ
.
qTHTRH

..
q + δ

.
qTHT

(
R

.
H + WREH

) .
q

= δ
.
qTHTQa + δ

.
qTHTQn

(A10)

Due to the constraint force and torque not doing work, their virtual powers are zero;
write Equation (A10) in compact form as follows:

δ
.
qTM

..
q + δ

.
qTC

.
q = δ

.
qTF (A11)

where M = HTRH, C = HT
(

R
.

H + WREH
)

,Q = HTQa.
According to the Variational principle, the dynamics equation of the coordination

mechanism can be obtained as follows:

M
..
q + C

.
q = Q (A12)

Appendix A.3 Dynamic Equations with Constraint Equations

During the movement of the mechanism, there are additional constraints. When using
the principle of relative motion to deal with the closed loop problem, it is necessary to
disconnect a hinge and add a virtual body at the position where the hinge is disconnected,
so that the motion of the virtual body is consistent with that of the actual body.

The diagrammatic sketch of the virtual body is simplified to Figure A2a, which is
composed of three bodies, three rotary hinges (hinge 1, 3, 4), and one mobile hinge (hinge 2).
When conducting kinematics analysis, first disconnect hinge 4, as shown in Figure A2b, and
then add the virtual body, as shown in Figure A2c. Thus, the motion state of O′

a − x′ay′az′a
and Oa − xayaza is the same, and the kinematics relationship is written as

Sa = S
′
a (A13)

Calculate the first derivative of time for Equation (13) and incorporate the relationship
between velocity and acceleration; it can be obtained as follows:

(
Ha − H

′
a

) ..
q =

(
.

H
′
a −

.
Ha

)
.
q (A14)
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B ′
BB

B

BB

B

Figure A2. Schematic diagram of virtual body constraints. (a) the Closed loop mechanism; (b) dis-
connect hinge 4; (c) add the virtual body.

Equation (A14) represents the additional constraint relationship of the coordination
process. Due to the existence of additional constraints, for the convenience of deriva-
tion, the constraint relationships of displacement, velocity, and acceleration are expressed
as follows:

Φ(q, t) = 0 (A15)

Φq(q, t)
.
q + Φt(q, t) = 0 (A16)

Φq(q, t)
..
q + Φqq(q, t)

.
q2

+ 2Φq(q, t)
.
q + Φtt(q, t) = 0 (A17)

where Φ(q, t) represents the displacement constraint relationship of the coordination
mechanism regarding displacement q and time t; Φq(q, t) and Φt(q, t) are the derivative of
Φ(q, t) over q and t, respectively; Φqq(q, t) and Φtt(q, t) are the second derivative of Φ(q, t)
over q and t, respectively.

Assuming
.
q∗1 and

.
q∗2 are the two sets of velocities of the coordination mechanism at

the same position and time, they can be obtained as follows:

Φq(q, t)
.
q∗1 + Φt(q, t) = 0 (A18)

Φq(q, t)
.
q∗2 + Φt(q, t) = 0 (A19)

Subtract Equations (A18) and (A19) and then obtain

Φq(q, t)δ
( .
q
)
= 0 (A20)

where δ
( .
q
)
=

.
q∗2 −

.
q∗1 is the virtual velocity of the coordination mechanism.

In order to consider constraints in the dynamic equation of the coordination mecha-
nism, Lagrange multipliers are introduced and combined to obtain the dynamic equation
of the coordination mechanism as follows:{

M(q, t)
..
q + C

(
q,

.
q, t

) .
q + ΦT

q λ = Q
Φ(q, t) = 0

(A21)
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Abstract: Bicycles are one of the most sustainable forms of transportation and sports
available today, known for their environmental friendliness, cost-effectiveness, lightweight
design, compactness, and health benefits. The efficiency and power transmission of bicycle
drivetrains have emerged as crucial concerns for engineers, bicycle manufacturers, and
both professional and amateur cyclists. However, research and publications related to
bicycle drivetrain systems and their tribological performance are notably limited. There is
a lack of systematic reviews on technological progress and recent research works in this
field. This paper aims to redress this imbalance by presenting a comprehensive literature
review of power transmission and tribology in bicycle drivetrains through assessing an
extensive body of theoretical and practical work encompassing bicycle drivetrains and
roller chain drive mechanisms and performance. This review comprises an exploration
of bicycle drivetrain mechanisms and components, an examination of subjects related
to power transmission mechanics and efficiency, and a thorough analysis of tribological
factors in bicycle drivetrains, including friction, wear, and lubrication. A particular focus
has been put on the performance of roller chain drives. This review consolidates research
findings related to power transmission within the bicycle drivetrain systems and outlines
some future perspectives in relevant research. Through this review, we aim to shed light
on the existing knowledge gaps within bicycle drivetrain research and offer constructive
recommendations for advancements in this field.

Keywords: bicycle; drivetrain; roller chain; friction; wear; tribology

1. Introduction

Bicycles, powered by human energy, have undergone substantial evolution since their
invention in the early 19th century, and they have become a popular form of transportation,
recreation, and sports around the world. The utilisation of bicycles offers numerous
advantages, such being environmentally friendly and pollution-free, good for the rider’s
health, low cost, lightweight, and enjoyable. A recent study found that cycling can be a
viable transport option for short- and medium-length trips for many individuals and trip
purposes in a modern city [1], which is considered the most successful option to relieve
traffic jams [2]. Chen et al. [3] complied a global dataset for bicycle ownership and use from
1962 to 2015 and reported that the global production of bicycles had a compound annual
growth rate of 3.4% in this period, increasing from 20.7 million units in 1962 to 123.3 million
units in 2015. This is higher than that of global car production (3.0% from 14.0 million
units to 68.6 million units) in the same period [3]. The aggregated amount of global bicycle
production in this period is 4.65 billion units, which is 2.4 times the aggregated amount of
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global car production [3]. The global production of bicycles and e-bikes reached 193 million
units in 2021, growing 11 percent from the previous year [4]. In comparison, the production
of global motor vehicles was at around 85.4 million units in 2022, denoting an increase
of 5.7% from 2021. According to a market analysis report by the Grand View Research
organisation, the global bicycle market size was valued at USD 64,625.7 million in 2022.
The compound annual growth rate from 2023 to 2030 was expected to be at 9.7% [5].

Various types of bicycles have been invented, including mountain bikes, road bikes,
hybrid bikes, cruise bikes, track bikes, etc. [6]. The advent of electric bicycles (e-bikes) [7],
the establishment of public bike-sharing systems [8], and the growing interest in cycling
activities have further propelled the popularity of bicycles, leading to an increase in the
number of cyclists [9]. In addition to being a popular recreational activity, cycling can
also be pursued as a competitive sport. Bicycle races are popular worldwide, which
include several categories such as road bicycle racing, mountain bike racing, and track
cycling. Bicycles have great potential to contribute to a more sustainable, healthy, and
equitable society.

Despite their great economic and social significance, research and publications related
to bicycles, especially their drivetrain systems, have been notably limited. It has been
reported that cycling races are sometimes won by time differences of fractions of a second
or a few centimetres [10]. Transmission inefficiency due to chain and bearing losses can
be a critical factor contributing to the loss of a competition [6]. Therefore, the design and
manufacture of bicycles with a higher power efficiency are becoming increasingly of interest.
This paper aims to redress this imbalance by undertaking a comprehensive literature
review of the bicycle drivetrain system, with a specific focus on its power transmission
mechanisms and tribological performance. This emphasis is driven by the paramount
importance of power transmission to riders, bicycle designers, and engineers, coupled
with the effectiveness of tribology as a tool in comprehending and enhancing the vehicle’s
drivetrain system [11]. It has been reported that competitive track cycling races are won
by milliseconds [12], and the power transmission efficiency is an important factor in
performance. To ensure that this review was able to capture all the significant contributions
in bicycle drivetrain power transmission and tribology, a systematic quantitative literature
review technique was used [13], which is a derivation of the classic systematic literature
review approach.

This paper is structured as follows. Section 2 introduces the various mechanisms
and fundamental components found in bicycle drivetrain systems. Section 3 explores
the power transmission mechanics and efficiency within the drivetrain, covering power
loss mechanisms, factors influencing efficiency, the contact mechanics between chain and
sprockets, load assessment, and the kinematic and dynamic behaviour of the system.
Section 4 delves into the tribological behaviour of bicycle drivetrain systems, with a focus
on wear and lubrication. Conclusions are provided in the final section, with current trends
and future perspectives in bicycle drivetrain research outlined.

2. Mechanisms and Components in Bicycle Drivetrains

The drivetrain system of bicycles transfers power from the rider’s pedals to the rear
wheel, propelling the bike forward. Traditionally, single-speed drivetrains have been widely
used in classic, casual, and track bikes. As shown in Figure 1a, this type of drivetrain
comprises a single chainring and a single cog connected by a chain, thus providing only a
fixed gear ratio [14]. Single-speed drivetrains offer the advantages of affordability, reduced
weight, minimal maintenance, and overall reliability. However, they do not allow for gear
changes and thus multispeed ratios, which can be limiting in certain situations such as
tackling steep hills [15].
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In contrast, most modern bicycles more often employ multispeed drivetrains that
enable riders to shift between different gear ratios and adjust their pedalling effort to
various road conditions and personal fitness levels [16]. Multispeed drivetrains consist
of various types of chains, sprockets, and additional gear-shifting mechanisms. They can
be further classified into 1× drivetrains and 2/3× drivetrains based on the number of
front sprockets or chainrings present, as in Figure 1b,c. A 1× drivetrain consists of a single
front chainring/sprocket and a rear cassette with multiple cogs, while 2/3× drivetrains
comprise two or three front chainrings/sprockets and a rear cassette with multiple cogs.
Gravel and mountain bikes generally employ 1× drivetrains, while road or hybrid bikes
commonly utilise 2/3× drivetrains.

(a)

(b)

(c)

(d)

Figure 1. Various bicycle drivetrains: (a) fixed gear—single speed bicycles; (b) 1× drivetrain—multispeed
bicycles; (c) 2/3× drivetrain—multispeed bicycles (courtesy of Dawson, T., https://vintagebicycle.
wordpress.com/page/2/, accessed on 28 October 2024); [17]; (d) drivetrain with power-assisted
module—e-bikes.

2.1. Roller Chain Drives

Most bicycles utilise the roller chain drive as their power transmission mecha-
nism, with few exceptions like indoor exercise cycling machines or unconventional bikes.
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Although alternative transmission mechanisms like gears, hydraulics, strings, or shafts do
exist, the chain drive system remains the most common due to its numerous advantages,
including cost-effectiveness, compactness, efficiency, and customisability [18].

A typical roller chain drive consists of components such as the crank arms, pedals,
bottom bracket, chainring, chain, cog, or cassette, and the closed-loop roller chain comprises
a series of interconnected links with rollers and pins [19]. When the driving sprocket rotates,
the chain is pulled along, causing the driven sprocket to rotate and transfer power from the
driving shaft to the driven shaft [20]. A normal roller chain drive can achieve an efficiency
of around 97–99% if it is working properly. Figure 2 illustrates the common components or
features found in a bicycle drivetrain.

(a) (b)

(c) (d) (e)

(f) (g) (h)

Figure 2. Component present in bicycle drivetrain’s roller chain drive mechanism. (a) Pedal;
(b) crank arm and bottom bracket; (c) wide narrow chainring—single-speed/1× drivetrain;
(d) uniform chainring—multispeed drivetrain; (e) sprocket/cog—single-speed drivetrain;
(f) cassette—multispeed drivetrain; (g) roller chain with bush—single-speed drivetrain; (h) bush-
ingless chain—multispeed drivetrain.

2.1.1. Cranksets and Sprockets

The bicycle crankset converts the reciprocating motion of the rider’s legs into rotational
motion, driving the sprocket and chains to achieve power transmission in the bicycle. It
consists of several components, including the crank arms, pedals, bottom bracket or shaft,
and bearings, as shown in Figure 2.

The sprocket is a toothed wheel component that engages with the chain links to
perform motion and power transmission. The sprockets can be categorised into front
chainring and rear cog (or cassette for multispeed bikes), as in Figure 2c–f. The front
chainring is the driving sprocket component that is attached to the crankset. Its function
is to move and rotate the chain when the rider applies force to the pedals. Chainrings
come in a variety of sizes and shapes, with the number of teeth ranging from 20T to 53T.
Chainrings generally have evenly spaced teeth, but some chainrings are in wide–narrow
teeth design [21], which contain two groups of teeth that have different thicknesses. This
design ensures better engagement between the chain and sprockets, preventing chain
slips-off during cycling activity [21]. Some chainrings even incorporate optional hook
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features along the rear flank to provide a better guide of the chain [22]. Wide–narrow teeth
chainrings are commonly used in fixed gear and 1× bicycle drivetrains. There are also
some specific designs like oval chainrings or compact chainrings.

The driven sprocket In a bicycle drivetrain Is typically attached to the rear wheel and
can rotate or propel the bicycle forward when it is driven by the connected chain. The
rear sprocket can be a single sprocket, known as a cog or freewheel, or multiple sprockets,
known as a cassette (Figure 2f). The cassette is a gear block component that consists of
several sprockets with different sizes and numbers of teeth. It allows the bicycle drivetrain
to achieve different gear ratios and is present in most modern multispeed bikes. Both cogs
and cassettes come in a range of sizes, which are typically measured in terms of the number
of teeth on the sprocket. The gear ratio of the drivetrain is determined by the relationship
between the number of teeth on the front chainring and the number of teeth on the rear
cog or cassette. This indicates how many times the rear wheel turns in one rotation of the
cranks. A larger cog with more teeth results in a lower gear ratio, providing more torque
and lower rotating speed, thus making pedalling easier. On the other hand, a smaller cog
with fewer teeth yields a higher gear ratio, enabling faster pedalling and greater speed [23].

2.1.2. Chains

The two main types of chains in bicycles are the standard bush roller chain used in
traditional bikes and the bushingless roller chain used in modern bikes with derailleur
systems [24], as shown in Figure 2g,h. A standard roller chain with bushing consists of
outer plates/links, pins, rollers, and inner plates with sleeves (bushings). The inner pins
are covered by multiple layers of free-to-rotate components like bushings and rollers [6].
The bushings are press-fitted into each link to reduce wear on the chain’s pins and plates.
These bushings help the chain maintain its shape and provide an extended service life.
Standard bush roller chains are often used in more economical bicycles, where durability
and longevity are more important considerations. However, bush roller chains can be
heavier and less efficient due to the added friction of the bushings. That is why in modern
high-performance bicycles, standard roller chains have been replaced by bushingless
chains.

The bushingless chain lacks the bushing component in its inner plate. The pins are
designed to rotate directly on the inner plates. It is specifically designed to fit the gear-
shifting features (derailleur) found in modern bicycles. This design reduces the weight of
the chain and reduces the friction between the components by eliminating the bushings. In
comparison to a standard roller chain, a bushingless chain is narrower, lighter, and more
flexible. Higher-speed bicycle chains tend to have smaller plate thicknesses and inner and
outer widths [25]. As a result, bushingless roller chains are typically more efficient than
bush roller chains. In addition, the bushingless chain also has a small design change in its
inner plate to provide better alignment and engagement with sprocket teeth, which can
greatly eliminate the chance of the chain slipping off [26].

2.1.3. Chain Drive Configuration

Several studies have investigated the chain drive setup and configuration. Cho et al. [27]
examined the optimal gear ratio for multispeed bicycles and proposed that reducing
the number of gears without a loss of physiological efficiency would result in easier
gear-shifting, as a fewer number of gears which are optimal can provide a performance
equivalent to the multispeed gear system.

Van Soest [28] investigated the impact of bicycle chainring shape and geometry on
overall performance with a focus on non-circular chainrings and developed algorithms
and models that represent the gear ratio through the functions of crank angle and effective
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radius. It was concluded that chainring shapes have no significant impact on overall
efficiency. Computer-aided engineering (CAE) tools and techniques have been used in the
analysis of and improvement in chain drive geometry, such as the 3D modelling of roller
chain drives [29,30].

2.2. Gear-Shifting Mechanisms

In multispeed bicycles, the gear-shifting mechanisms are designed to enable riders
to adjust the gear ratio of their bicycles, allowing them to maintain an efficient pedalling
cadence and adapt to different terrains and riding conditions. The two main types of
gear-shifting components are derailleurs (external) and internal gear hubs.

2.2.1. Derailleurs

The derailleur system was developed in the early 20th century [31]. It introduced the
ability to easily move the roller chain between different chainrings or gears on the cassette
block, allowing for a wider range of gear ratios. In modern multispeed bicycle drivetrains,
the derailleur system typically includes a shifter, a derailleur, and a cassette or freewheel.
The shifter serves as the control mechanism that riders use to adjust the gear ratio through
a cable that runs to the derailleur. Derailleurs come in various types and designs, including
front and rear derailleurs, as shown in Figure 3. It should be noted that the derailleur
system introduces additional friction between the side plates of the roller chain, leading
to energy loss at the articulation points due to higher bearing pressure. It also introduces
extra tension in the return side of the drivetrain system. In experimental research on bicycle
derailleur systems [32], the stability region in the derailleur system was reported, and a
performance index called the stability ratio was introduced for better shift lever design in
the rear derailleur.

(a) (b) (c) (d)

Figure 3. Main component of gear-shifting mechanism. (a) Front derailleur—multispeed 2/3×
drivetrain only; (b) rear derailleur—multispeed drivetrain; (c) shifter—multispeed bike; (d) internal
hub gear—multispeed bike.

2.2.2. Gear Hubs and Gearboxes

The internal gear hub system (also known as hub gear), as shown in Figure 3d, is
located within the rear wheel drive. It consists of various small mechanical elements like
Pinions, gear rings, clutches, etc. The design is very compact and almost everything is
sealed within a protective shell, usually with an epicyclic gear configuration [21]. The
desired gear ratio is achieved through the interaction between the rear sprocket and the
different positions of gears inside the internal hub. The main advantages of a planetary
gear mechanism include low space occupancy, a high speed reduction ratio, and power
transmission capabilities from the interaction of its gears of different sizes. It also allows
for a better load distribution, which can further reduce wear and improve overall system
durability [33]. On the other hand, hub gears are usually more expensive, heavier, and
less efficient. Three-speed hubs were popular, but the number of gears offered in epicyclic
hubs gradually increased. Hub gears can be found with two, three, five, seven, eight, nine,
eleven, and fourteen speeds [33]. The 14-speed Rohloff 500/14 (shown in Figure 4a), made
in Germany and launched in 1998, has been considered the king of hub gears due to its
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excellent performance that approaches the efficiency and range of a modern derailleur and
provides more evenly spaced ratios, better reliability, and longer service life [33].

(a) (b)

Figure 4. (a) Internal schematic of a 14-speed gear box Rohloff Speedhub 500/14 (courtesy of https:
//commons.wikimedia.org/wiki/File:Speed1c.png, accessed on 10 January 2025); (b) Pinion P1.18
gearbox interior (courtesy of https://commons.wikimedia.org/wiki/File:Pinion_P1.18_interior.jpg,
accessed on 10 January 2025).

Another type of gear system for power transmission in bicycles is the gearbox. The
gearbox is usually integrated into the frame near the crank, and it may be used in addition to
or instead of derailleur gears or a hub gear [34]. A bicycle gearbox offers low-maintenance
drivetrain and enables gears to be instantly shifted without the need to pedal. Two decades
ago, Honda developed some top-secret bicycle gearbox drivetrains for downhill racing
and won the world championships and five World Cup rounds [35]. Unfortunately, there
are very limited information about the designs outside of their patent (US7503862B2, filed
2005) [36]. Cesar from UNNO bikes holds a recent patent (ES2684528A1, filed 2017) [37]
for a similar gearbox, in which there is no derailleur; instead, it is the cassette that slides
back and forth [35]. Shimano also filed their 13-speed gearbox patent (US 2019/0,011,037
A1) [38] that uses a form of derailleur. The Pinion gearbox is a relative newcomer. The gear
is located in the bottom bracket position and requires frames to be made especially for this
location [6]. Pinion gearboxes use spur gearing with two sub-units connected in sequence.
Power is transmitted through only two sets of cogs. A photo of the Pinion P1.18 gearbox
interior is shown in Figure 4b. The gearbox can be shifted through full-range gears all at
once, shift part-way, or one at a time, whether stationary or while riding. The operation of
this system is superbly explained at pinion.eu/en/technology/ [6].

In most cases, cyclists have to manually change gear ratio depending on resistance. The
so-called autobike or automatically geared bicycle, whether with a derailleur or internally
geared hub, is supposed to shift gears without intervention from the rider. The automatic
speed changer can be divided into a step speed changer, including the fixed-axle gear type
and the planetary gear type according to the gear train mechanism, and a continuously
variable speed changer [39]. There have been some efforts in this pursuit, and some new
patents have been filed in recent years, such as the US patent Automatic Transmission
System for a Bicycle filed by Haven Mercer in 2023 (US 2023/0373592 A1) [40], and the
patent “CVT automatic variator transmission for a bicycle” filed by inventor Peyman Asadi
in 2019 (Patent number: 11885415; US20220213948A1) [41]. Nivex developed automatic
transmission, which consists of a specially designed GPS unit and proprietary AI system
that also control the derailleurs. The system interfaces with the power metre to detect
whether a rider is attacking or taking it easy, to select the optimum gear for each situation,
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and it works with wireless derailleurs, such as SRAM eTap or the Shimano Di2 [42].
Shimano developed some new hardware and technologies towards automatic transmission,
such as the new XT Di2, LinkGlide, the EP8-01 e-bike motor, and Auto Shift and Free
Shift [43]. The Auto Shift, as the software, is a new mode that automatically shifts gears by
employing speed, torque, and cadence sensors along with an algorithm to determine what
gear you should be in and requiring hardware such as Di2 working with the derailleur and
EP motor to execute a shift [43]. The development of automatic transmissions for bicycles
is still at a very early stage and far more challenging than automatic transmissions for cars.
So far, the peer reviewed literature is very limited, and more research efforts are expected.

2.3. Belt Drive Transmission

In lieu of the conventional steel chain-based drivetrains for bicycle transmission, there
are other types of chainless drivetrains, such as those with toothed belts or with cardan
shaft [44]. In the early days of cycling, flat belts were occasionally employed in the drive
system of bicycles, but little progress was made due to the dependence on friction [33]. Since
the 1960s, toothed belts have become more durable and efficient. Bridgestone launched
its Picnica, a folding model bicycle, in the 1980s and claimed it as the world’s first series-
produced belt drive bicycle [33]. The Gates Corporation, a market leader in drive belts,
designed and made the belt drives used on the Strida from the 1980s onwards. It was not
until 2007, when Gates developed the modern Carbon Drive system for bicycles, that the
belt drive gained widespread popularity [33].

A belt drivetrain system consists of a belt that wraps around two pulleys or rotating
shafts. Figure 5a shows a bicycle belt drive with horizontal fork ends and tugs for providing
belt tension [45]. The belt drives for bicycles provide the benefits of being low maintenance,
lubrication-free, lightweight, having a smooth operation, and enjoying a long life [45].
Modern transmission belts may consist of multiple layers, such as a protective top and
bottom layer, with a flexible, high-resilience composite material in the middle. Gates’s
Carbon Drive belt has strands of carbon fibres and teeth of nylon-jacketed polyurethane [33].
It has been reported that the belt drive can last upwards of 30,000 km/19,000 mi, which
offers 3–4 times the service life of a chain [46]. Other belt drive manufacturers include
Advanced Belt Drive, Continental AG, and Veer Cycle, to name a few [45].

(a) (b)

Figure 5. (a) A bicycle belt drive with horizontal fork ends and tugs for providing belt ten-
sion (courtesy of https://commons.wikimedia.org/wiki/File:Bicycle_belt_drive_1.JPG, accessed on
10 January 2025); (b) bicycle belt drive with internal-geared multispeed rear hub (courtesy of https:
//commons.wikimedia.org/wiki/File:Belt-drive_internal-geared_multi-speed_rear_hub.JPG, ac-
cessed on 10 January 2025).

However, there are several drawbacks to the belt drive, such as the large space
requirement due to the belt’s width, material sensitivity to weather conditions, relatively
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high cost, and lower efficiency compared to a traditional roller chain drive [44]. As belts
are one-piece and cannot be broken, the bicycle frame will need to be designed with a
‘belt splitter’ or an opening in the rear triangle. The belt’s width and pre-tension must be
carefully chosen, calculated, and adjusted [6]. A tensioner needs to be added to a drive to
apply tension to the belt. Since belts cannot run at an angle, they are not compatible with
derailleur gears, which means that belts are only compatible with internally geared hubs
(Figure 5b), Pinion gearboxes, or single-speed gears. A detailed comparison of the pros
and cons of belt drive bicycles can be found in [47]. It should be noted that peer reviewed
journal articles on bicycle belt drives are very limited. It is difficult to find papers in the
literature specific to their tribological behaviour.

2.4. Drivetrain with Power-Assisted Module for E-Bikes

A major variation in the realm of bicycles is the introduction of e-bikes and power-
assisted bikes. These innovations address some of the limitations of the traditional human-
powered bicycles while retaining most of their advantages. E-bikes incorporate a motor or
engine into their drivetrain to assist the cyclist’s pedalling action, as shown in Figure 1d.
Other components, such as the chain–sprocket system, wheels, and frame, are largely the
same as those of traditional bicycles, thus allowing existing research to remain relevant [48].
E-bikes have been steadily gaining popularity worldwide, with a notable increase in
research focus over the years [49]. Hung and Lim [50] presented a comprehensive review
on the development of e-bikes. Studies on e-bike performance and dynamic analysis, such
as those by Arango, Lopez and Ceren [51], and Stackhouse and Dong [52], further highlight
the growing interest and advancements in this field.

3. Power Transmission Mechanics and Efficiency

3.1. Mechanics of Power Loss and Factors Affecting Efficiency

The power transmission efficiency in bicycling can be defined as the power output
at the driving wheel divided by the mechanical power input from the human body [6].
Although it is believed that the roller chain drive can achieve around 97–99% of power
transmission efficiency [53], many factors can affect the drivetrain performance, such as
friction in the chain drive and bearings, impact losses, and slip loss [6]. Existing research
also stated that the efficiency of the chain drivetrain should be between 95% and 98.5% [54].
According to Sgamma et al. [55], the energy loss in a roller chain system can be attributed
to several factors, including the frictional forces between the pins and bushings in the
links as they articulate onto and off the sprockets, the impact forces generated when the
chain rollers engage with the sprocket teeth, and the vibrations that result from these
interactions. In a roller chain drive, friction is primarily due to the sliding actions between
solid components [56], such as between a fixed pin and bushing. The chain is composed
of many small components, and internal collision between components generates high
amounts of friction and reduces overall transmission efficiency. There is also friction
between a roller and the sprocket teeth due to meshing, and between the side plate and
the side of the sprocket tooth [6]. When the chain sits on sprockets that are not completely
in line, lateral offset occurs, introducing additional stress and friction to the side plates,
further reducing performance [57]. If the chain is dirty or worn, some rolling friction may
occur due to the presence of small particles.

Additionally, dynamic characteristics such as resonance, transverse vibration, and
damping forces generated by the chain in motion can also contribute to power loss [53].
In a recent work, Lanaspeze et al. [58] showed that the power loss contributed by the
meshing motion and the roller motion is in similar magnitude for a wide range of gear
ratios and loading conditions in a simple two sprocket drive; however, it was also reported
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that power loss in the chain drive can be reduced by selecting larger gear ratios in race
tandem bicycles [59]. Various ways of measuring chain drive efficiency, friction, and wear
were compared in a recent review paper [60]. It was interesting to note that almost no
research has investigated the effects of chain contamination on efficiency.

Impulse and vibration can occur due to meshing or interlock between the chain and
sprockets, especially when the chain operates close to its natural frequency. Polygonal ac-
tion is another issue that can arise when the chain wraps around a small diameter sprocket,
resulting in periodic fluctuation and transverse displacement that reduces the system’s
performance [61]. Other sources of energy loss include shock loads that occur during shaft
revolution, inertia loads resulting from sudden momentary jams in the chains, centrifugal
tension when the chain travels over the curved part between sprockets, additional loads
when the chain is in a hanging or catenary state, as well as noise and heat generated during
operation [62].

3.2. Contact Mechanics Between the Chain and Sprockets

Several researchers have investigated the contact mechanics between the chain and sprock-
ets in order to better understand the drivetrain’s friction and kinematics. Pedersen et al. [63]
measured the pseudo-penetration of a roller in the sprocket tooth and presented a more realistic
circular tooth profile consisting of seven contact areas, enabling a detailed analysis of the contact
vector and forces at different areas of the sprocket [64]. Ambrosio et al. [65] developed a planar
roller chain drive model based on the cylindrical contact and real tooth profiles and studied
the contact forces and trajectory of pins and bushings using the multibody dynamic approach.
Further, it was reported [66–68] that the chain drive system also has other contact points such
as the chain-to-chain guide and chain-to-tensioner, which may be present in some customised
bikes to help hold the chain in place.

Meshing noise, vibration, and energy loss in chain drive transmission can occur during
the meshing process. Binder and Mize [69] investigated roller chain drive strand vibration
during operation. They modelled tight strand chains as tension strings with loaded masses
at each roller centre to determine the natural frequency. Wang et al. [70,71] examined
the stability of chain drive systems under periodic sprocket oscillations and proposed a
numerical model with an impulse function based on their couple effects. Liu et al. [72]
incorporated both longitudinal and transverse chain motions in a meshing impulse calcula-
tion and found that chain resonant and meshing frequency can affect the impact intensity
or magnitude. Liu’s thesis [73] presented mathematical models for meshing and illustrated
the relationship between meshing, impact, and noise and conducted several experiments
to determine the meshing noise. Zheng et al. [74] studied the meshing noise of chain
drives and found that the noise that radiated from both the drive and driven sprocket was
small compared to the roller noise. The acoustical energy loss from meshing noise can be
neglected in most cases.

3.3. Analysis of Forces

A pioneering analysis of chain drive forces was conducted by Binder and Covert [75],
which focused on the impact velocity and energy transfer between the roller chain drive
and the sprocket. They developed analytical equations to illustrate the roller–sprocket
interaction, with the effects of friction ignored, and conducted laboratory tests to analyse
the correlation between impact velocity and factors such as sprocket wear, roller failure,
heat, and noise. Their research suggested that the impact energy, determined by sprocket
speed, is closely related to roller breakage in the chain. This publication, along with a
follow-up work by Binder [76], laid a foundation for understanding the mechanics of
chain drives.
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Naji and Marshek [77] analysed the geometric progressive load distribution in the
roller chain drive around the sprocket teeth region (Figure 6a) and determined the effects
of pitch difference, friction, and centrifugal forces on it. The interaction between the chain
rollers and sprocket teeth at various positions was formulated, and the impact of various
factors such as chain components, sprocket types, pitch size, and wrap or articulation angle
on friction and centrifugal forces was examined, which in turn all influence the overall
tension and loading on the sprocket teeth. Key findings reveal that the tooth load on a
driven sprocket is higher than that of a driver sprocket due to the friction between the
sprocket teeth and the chain rollers, and that the roller teeth of the sprocket are more
susceptible to wear than the pin teeth. Additionally, a larger pitch size tends to increase
the tension within the chain links. Naji and Marshek [78] also conducted an experimental
study to determine the sprocket and roller chain load distributions, which was found to
be independent of the elastic properties of the chain and the sprocket, and the lubrication
as well. This study confirmed that the load distribution for the chain on a driver sprocket
differed from that for a chain on a driven sprocket due to the different direction of the
friction force. It was found that a larger pitch of the sprocket tooth can amplify the tension
in the chain link. Collectively, these analyses and findings significantly advanced the
understanding of the mechanics of roller chain drives.

(a)

(b)

(c)

Figure 6. Cont.
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(d)

(e)

(f)

Figure 6. Schematic diagram for bicycle drivetrain’s force, friction, or energy analyses. (a) Force
analysis [77]; (b) pin articulation [53]; (c) lateral offset [77]; (d) friction (sliding) area [79]; (e) damping
in chain span [77]; (f) overall tension distribution [57].

Building upon the research findings of Naji and Marshek, Johnson and co-workers
carried out further investigations during the 1990s. This included a more detailed model
of the quasi-static contact phenomenon from the first principles by Kim and Johnson [80],
which considered the external loading conditions, the curvature difference between the
roller and the seating curve, the net error in the chain pitch, and the Coulomb friction
in chain motion. Conwell and Johnson [81] experimentally investigated the dynamic
behaviour of roller chain drives. They found that the tension in a chain link increases very
rapidly as the link exits the driven sprocket and decreases rapidly when the link enters the
drive sprocket.

Troedsson and Vedmar [82–84] conducted a comprehensive analysis of the entire chain
drive system, focusing on the static and dynamic load distribution, and with the effects of
elasticity to the link considered. They examined the forces in both the tight (top) and slack
(bottom) regions of the chain, as well as in the driving and driven sprocket sections. Their
load distribution model incorporates variables such as inertia, damping force, and moment
in addition to the frictional force component to accurately represent the dynamic behaviour
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in chain drive operation. Kidd, Loch, and Reuben [57] published an important study on
tribology in bicycle drivetrains. Through a comprehensive force analysis, they classified the
bicycle drivetrain into different regions and defined all friction-producing points, as shown
in Figure 6. The work formulated a power loss equation for these engagement points and
indicated the effects of lateral behaviour and chain offset.

Lodge and Burgess [85] proposed an alternative approach for evaluating the forces
and efficiency of roller chains with a novel chain efficiency model that considers only the
geometry of the chain link on sprocket teeth and the associated force components around
articulation points such as the pin, bushing, and roller. It was shown that frictional losses
are a significant source of energy loss in chain transmission. The energy loss equations
during pin and bushing articulation were developed using Coulomb’s law of friction
(sliding), though it was also shown that at low torque, losses due to impact, adhesion,
and/or vibration become more significant. A report in Friction Facts [79] identified the
friction-producing mechanism and sliding surface for both bush and bushingless bicycle
chains, which can be used to further develop an efficiency model specifically for bicycle
chains based on the work of Lodge and Burgess [85]. Although it was traditionally assumed
that small sprockets are the best solution for whole life cost and performance, Lodge and
Burgess [86,87] disproved this through an experimental investigation. They introduced a
chart for the selection of optimum chain and sprocket size and demonstrated that significant
energy savings can be achieved by using it. Their findings support the view held by some
researchers that using larger sprockets, despite the increase in mass and inertia, can enhance
transmission efficiency due to reduced frictional losses. Binder and Covert [75] showed
that when the number of teeth in the sprocket was increased, the impact energy decreased,
and the number of failures was also reduced. Hollingworth and Hills [88] attributed the
reduction in power loss to the smaller angles of articulation imposed on the chain when
using sprockets with a larger number of teeth.

Spicer et al. [89] investigated the efficiency of bicycle chain drives both experimentally
and theoretically. Their findings revealed that the primary factors affecting efficiency are
sprocket size and chain tension, with friction surprisingly accounting for only a small
portion of overall losses. In a subsequent study, Spicer [90] analysed the non-linear elastic
behaviour in bicycle chain drives and its impact on transmission efficiency and developed
mathematical models of power loss, taking into account the effects of tensions, pin–bushing
interaction, chain extension, and other properties like Young’s modulus. It was concluded
that power loss decreases with an increase in roller chain tension during operation. Zhang
and Tak [91] proposed a transmission efficiency model for roller chain drive based on
sliding friction and damping force, which accounts for the effects of lateral offset and
other operating parameters. Sgamma et al. [55] developed a phenomenological model
for chain transmissions efficiency and introduced a new parameter called chain tension
efficiency to model the distribution of losses within the system. It was observed that the
efficiency increases nearly linearly with the number of teeth of both sprockets. In addition,
the effectiveness of finite element analysis (FEA) as a tool in determining the forces, stresses,
and displacements of the roller chain drive under various tension and loading conditions
was demonstrated by Nikhil et al. [92], as well as Dhage and Diwate [93]. The integration
of FEA with the multibody system (MBS) technique has been explored to enhance the
analysis of the mechanics and dynamics of roller chain drives [94].

3.4. Kinematic and Dynamic Behaviour in Bicycle Drivetrains

Various studies of the kinematics and dynamics of roller chain drives have been
conducted, aiming to develop numerical models based on force and motion analysis.
Lai et al. [95] analysed the motion of the rear derailleur shifting process in bicycle chains
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and presented a design methodology for the tooth profile and changer mechanism. The
jumping-over-teeth phenomenon and the impact on the overall chain drive performance
were discussed by Wang, Zheng, and Zhang [96]. Ma and Chiou [97] studied the condition
of the chain link during the shifting process and proposed an optimal path model for
drivetrain up-shifting. The path is formed by several bent chain links that can sustain
the yaw and roll for the sprocket tooth chamber, and the path can shorten the required
up-shifting distance, decrease the phase angle, promote efficiency, and reduce movement
yield by the derailleur tappet pressure.

Pedersen [98] developed mathematical models to predict the chain drive’s kinematic,
force, damping, and other parameters based on a multibody system dynamic analysis
approach. Wu et al. [99] performed a kinematic analysis for an eight-speed bicycle trans-
mission hub employing a fundamental circuit method. It included diagrams that illustrate
the power flow paths of the transmission hub. Omar [100,101] modelled the bicycle chain
with bushings using multibody dynamics based on spatial algebra. Non-linear kinematic
and dynamic equations of motion between different bodies are derived based on the spatial
Cartesian coordinates and joint variables in the roller chain link. This approach can be
applied for the investigation of ride and shift quality, contact forces, wear prediction, and
noise emission.

4. Tribological Performance in Bicycle Drivetrains

4.1. Wear
4.1.1. Mechanics of Wear in Chain Drives

Mechanical wear occurs due to the relative motion between surfaces in contact. Com-
ponents like chains and sprockets, which experience elevated friction during operation, are
particularly prone to wear. This wear has the potential to cause a deterioration in function-
ality, ultimately leading to material failure. There are different types of wear, including
abrasive, sliding, rolling, impact, corrosion, and erosion. In roller chain drives, the primary
forms of wear are abrasive and sliding [102]. Abrasive wear occurs when materials rub
against each other, causing the softer material to break off due to cutting, ploughing, or
surface fracturing of a harder material. During sliding, where there is relative movement
between the pin and bush in a roller chain, particularly when passing over sprockets,
joint abrasion occurs, with wear concentrated mainly in the contact zone between the pin
and bush [103]. The smoothness of the material influences this wear, and polishing the
object’s surface can effectively reduce it. Sliding or adhesive wear occurs when objects
are in contact, and their surface asperities collide, forming adhesion that leads to material
transfer [104]. Adhesive wear reduces if metal oxide films are present on the material
surface, as they can minimise or prevent real contact between materials [105]. Various
regions of the chain drive, including the chain pin–bush, bush–roller, roller–sprocket teeth,
and side plates, are subject to contact and wear. Figure 7 illustrates comparisons of some
new and worn components of roller chain drives and sprockets.

Elongation is a clear indication of roller chain wear. Wear-induced pitch elongation of
the chain not only causes significant variations in static load but also generates additional
dynamic load on the drive and driven sprockets, leading to the obvious vibration of the
whole chain [106]. Once the chain elongation exceeds 0.5–0.75% in the elongation checker
tool, it needs to be replaced before it further damages other drivetrain components [107].
Regarding the sprocket, wear mainly occurs in the gear teeth region, resulting in chipping
or material removal. When the outer surface of the gear teeth becomes worn or rough, this
affects the contact between the chain and sprocket, resulting in poor fit and accelerated
chain wear, reduced transmission of motion, and reduced power efficiency. Although many
cyclists assume that the sprockets in the chain drive system should be as small as possible,
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a study by Burgess [56] showed that large sprockets are best for cycling as a larger chain
set has the advantage of reducing chain forces and thus internal friction losses, which also
leads to lower wear rates. It was claimed that doubling sprocket size will have the effect of
doubling the wear life [56].

Figure 7. Wear phenomenon in roller chain components and sprocket, including elongation of chain
due to wear and new and worn chain plates, rollers, pins, and sprockets. The red circles indicate
noticeable worn locations present in the chain drive components.

4.1.2. Detection of Chain Drive Wear

Wear in roller chains can be detected using various approaches. Measuring elon-
gation with chain gauges or checker tools is the method commonly used by cyclists.
Becker et al. [108] introduced two chain wear test rigs for friction and wear investigations,
including a chain joint tribometer for single-chain joint analysis, as shown in Figure 8 [109],
which successfully identified the run-in wear period and the state of steady wear in an
initial test. This test rig enables wear and friction measurement and investigation on all
parts inside a chain joint like pin and bush [109] and has been used to investigate the
influence of triboactive coating on the joint wear of grease-lubricated roller chains [103].
Zhou introduced a mathematical method as a tool to facilitate the test rig design for chain
wear testing [110]. Rosenkranz et al. [111] employed a specially modified, commercial
ball-on-disc tribometer to investigate the friction and wear behaviour of laser-patterned
chain links and found that cross-like patterns can reduce friction and wear noticeably.
Saito, Noda, and Sano [112] developed a testing machine that can simulate realistic wear
conditions on roller chain links in a short amount of time using limited resources and
energy in generating a worn roller chain for wear testing and evaluation experiments. The
wear resistance of roller chain components can be enhanced through material selection,
optimised manufacturing processes, heat treatment, and surface coatings [103]. It should
be noted that while these studies are not specific to bicycle drivetrains, the mechanisms
they explore are relatively generic and can be applied to bicycle drivetrains.
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Figure 8. Schematic representation of the chain joint tribometer [109]. In this setup, high-resolution
eddy current sensors are used to continuously detect the distance increase between the tensile-side
adapter and the swivel shaft surface so as to measure the elongation of the chain segment and thus
the wear progress in the contact area between the test pin and bush. The friction occurring in the
contact is measured through a multi-component force and torque sensor [109].

4.2. Lubrication
4.2.1. Types of Chain Drive Lubrication

Lubrication is the use of a lubricant to reduce friction and wear between two contact
surfaces. Proper application of lubricant can increase the transmission smoothness and
efficiency of the chain drive by up to 5% [113,114]. There are many types of lubricants
designed for different uses and varied opinions of what is the best lubricant. Lubricants
are primarily categorised based on their phase, i.e., oil-based liquids (natural, mineral,
or synthetic oil), non-oil liquids, cohesive types (such as waxes, greases, or pastes), and
solid dry lubricants [115]. Performance and efficiency are the most crucial criteria when
selecting lubrication.

It is agreed that the type of riding and location best determines the type of chain
lubrication, as different types of lubricants are suited for different situations [116]. Some
bike lubricants have features that help minimise wear, corrosion, oxidation, water resistance,
or grime protection. In dry and dusty areas, dry lubricants (thin or light lubricants in a
volatile carrier) would do better as they attract and hold less dust and grit than oils that
remain moist. Wax-based lubes are also popular that are applied and left to dry. On
the other hand, in wet and humid areas with a lot of precipitation, a thicker lubricant is
commonly used that will adhere to the chain [116]. For the lubrication of bicycle chain
transmission, water resistance and viscosity play an important role in lubricant parameter
selection [117]. It was suggested that the mixed grade lubricant performs better in the rainy
operating environment through an experimental investigation by Shen et al. [117].

Most roller chains and bicycle drivetrains use synthetic or mineral oil lubricants with
additives [118]. Compared to grease or wax, liquid synthetic oil has low viscosity and a
high penetration rate. It can easily slip into the tight gaps between the chain’s components
and form a protection film on the metal surface. Additives are used to maintain lubricant
performance under various cycling environments. One advantage of liquid lubricant is that
it can be directly applied to the system while the chain drive is in operation, whereas grease
or solid lubricants require stopping the chain movement before applying. Liquid lubricants
also take less time to take effect compared to dry lubricants, wax, or grease products. As a
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result, many bicycle riders prefer using liquid lubricants for their drivetrain and sometimes
use dry or grease lubricants in the preparation stage or after cycling. Liquid lubricants can
be applied in various ways, including dripping from a bottle/nozzle; constant bathing
or spraying; partially dipping in a pool of lubricant; fully soaking/submerging the parts;
operating within a closed container full of lubricant, etc. [119]. However, only the bottle
dripping method is suitable for use while riding a bicycle.

4.2.2. Effects of Chain Drive Lubrication

Due to the extremely narrow spacing between chain components, with little to no sep-
aration between opposing surfaces, lubrication in roller chain drive applications typically
operates under the boundary lubrication regime, which is featured with a high friction co-
efficient and thin lubricating film, although all lubrication regimes are encountered in elite
cycling. Actually, the lubrication regime can be affected by chain tension, alignment and
velocity, sprocket size, lubricants, and contamination, and it also influences the coefficient
of friction [60].

There have been some experimental studies [120–122] investigating the efficiency and
effects of lubricants on chain drives and bicycle drivetrains. The key findings are as follows:

• Dry lubricant, such as paraffin wax, offers superior performance in terms of efficiency,
longevity, and resistance to water and dirt. However, the application method is fully
immersive and time-consuming.

• Liquid lubricants with additives such as PTFE or wax generally exhibit better performance.
• Renewable lubricants derived from bio-derived oils can achieve good friction reduc-

tion but may lack resistance to oxidation and heat.
• Wax and grease have a longer lasting time than liquid products but are difficult to

clean afterwards.
• Wet lubricants and weather conditions can attract contaminants, leading to increased

friction in the chain. Thus, resetting the lubrication is recommended if cycling off-road.
• High temperatures can reduce oil viscosity, resulting in a smaller lubrication film

interacting with contact surface asperities. Clean oil can improve performance, but the
presence of dust, debris, or particles can introduce additional friction to the system.

• The lubrication method significantly impacts efficiency. Frequent lubrication to the
drivetrain during cycling, such as drip or spray application, is recommended. While
immersive soaking offers better results, it is impractical for typical cycling conditions.

5. Conclusions and Future Perspectives

This paper presents a comprehensive literature review of bicycle drivetrain systems,
with a primary emphasis on the power transmission and tribological performance of roller
chain drives. It discussed various aspects of bicycle drivetrains, exploring the diversity
in their core components and mechanisms. This review consolidates research findings
pertaining to power transmission within the bicycle drivetrain systems, encompassing dis-
cussion on power loss mechanisms, efficiency factors, contact mechanics, force analysis, as
well as the kinematic and dynamic behaviour of the bicycle roller chain drive mechanisms.
Furthermore, different facets of friction, wear, and lubrication are examined, outlining their
relevance to the bicycle drivetrain systems. The findings of this work can inspire further
academic research on advancing our scientific understanding of the drivetrain systems,
create new tools for performance simulation and product development for higher effi-
ciency lower costs to benefit cyclists and the wider community, and promote collaboration
between researchers and industry to tackle technical challenges for product innovations.

While the demand for bicycles remains high and the drivetrain remains a fundamental
element of any bicycle, there exists immense potential in this field of bicycle drivetrain
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technology. Some future perspectives in relevant research can be outlined as follows to
underscore potential avenues for exploration and development.

• Modern bicycle drivetrains have widely utilised bushingless chains and the wide–
narrow teeth chainrings, which deviate from the conventional design of roller chain
drive systems. However, there is very little research that specifically delves into these
types of chain drives. Investigating the performance and characteristics of bushingless
chains can provide valuable insights into their physical properties, efficiencies, and
tribological behaviours. Achievements on understanding the friction force, wear
resistance, dynamic characteristics, and development of corresponding simulation
models can facilitate industry to improve products.

• There is a critical need for research and innovations in friction reduction within
the drivetrain to enhance tribological performance. This can be achieved through
innovative lubrication techniques, surface treatments, and exploring the potential of
novel materials and coatings to minimise wear and increase efficiency. The integration
of advanced materials, such as light alloys and ceramics, can also play a pivotal role in
developing more durable and lightweight drivetrain components.

• The trend in modelling and simulation for bicycle drivetrain research involves a more
profound understanding of the power transmission mechanisms and an increasing
reliance on advanced computational tools. It allows for a detailed analysis and op-
timisation of various aspects of the drivetrain system. Accurate characterisation of
the empirical parameters, including friction coefficients, is crucial. Further research
is needed to explore the impact of key components in the chain drive, such as pin,
bushing, and roller dimensions, on power loss and wear rates. This investigation will
aid in designing more efficient and durable chain drives.

• The electric bicycle industry has experienced significant development in recent years.
The adoption of electronic drivetrains, including electronic shifting systems and
advanced motor controllers, is on the rise. Innovations such as internal gear hubs, belt
drives, and automatic transmission are gaining popularity. There is a need to make
them lightweight, more reliable, and affordable. This evolving landscape presents new
challenges and opportunities that warrant special attention in drivetrain research.
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Abstract: Due to accidents, upper limb movement disorders have become increasingly common.
Training can help restore muscle strength and rebuild neurological function. However, the existing
single mode has limitations in adapting to the training needs of different rehabilitation stages.
Therefore, this paper conducts research on active–passive training control strategies for an upper limb
rehabilitation robot. It establishes an upper limb kinematic model based on the Lagrange method
and builds a man–machine integration dynamics model for upper limb rehabilitation in MATLAB
(R2016a)/Simulink. A design active controller, passive controller, and switching controller based on
PI and feedforward compensation strategies are proposed to improve training control accuracy. The
output moment of the system during active training is planned to ensure the safety and stability of
the training process. By utilizing neural networks to train sample data during rehabilitation training,
the fuzzy rules and membership functions in fuzzy intention recognition algorithm are optimized
to improve the accuracy of intention recognition during training. By adopting the independently
developed experimental platform for the upper limb rehabilitation robot, active–passive training,
intention recognition, and training mode switching are achieved. The results show that the active
and passive training processes are smooth, the training intention recognition is accurate, and the
switching between active and passive training modes is steady. This verifies the feasibility and
effectiveness of the established mathematical model in upper limb rehabilitation training.

Keywords: active–passive training; intention recognition; adaptive neural fuzzy network; upper
limb rehabilitation robot; involute planetary gear reducer

1. Introduction

Through systematic limb exercises and joint activities, the functional strength of
muscles can be effectively improved, promoting the recovery process of individuals in
rehabilitation [1].

With the widespread application of rehabilitation robots, problems such as single
mode and a low level of intelligence have emerged. Scholars are researching a new
generation of intelligent rehabilitation robots with diversified modes, characterized by
the deep integration of man–machine interaction [2–5]. MIT developed the MIT-Manus
rehabilitation robot in the 1990s [6]. HOCOMAAG, a Swiss company, is committed to
the research and development of high-performance rehabilitation and training robots [7].
Domestic companies such as DaAi and Step are committed to the research and development
of rehabilitation robots with mature technology and stable performance.

Rehabilitation robots are divided into auxiliary and training types. The auxiliary type
is mainly aimed at rehabilitation of individuals with limb paralysis and an inability to
recover by utilizing rehabilitation robots to assist with certain training movements; this
training type is mainly aimed at rehabilitation of individuals who have suffered limb
injuries but can still recover through training [8]. The most widely used training type
rehabilitation robot uses active–passive training, but there are problems such as difficulty
in mode switching and a non-compliant training process [9].
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Early rehabilitation robots often used passive training. Mason, M.T., et al. [10] pro-
posed a force–position hybrid control strategy that can simultaneously control both the
force and position. Hogan, N. [11], proposed an impedance control strategy that can accu-
rately track the desired trajectory of a robot when it is subjected to external interference,
allowing the robot to adjust the interaction force with the external environment in a timely
manner. Cao, J.H., et al. [12] designed a MIMO synovial controller for trajectory control
and flexible control of a lower limb exoskeleton equipped with two pneumatic artificial
muscles. Zhang, Y.K. [13], designed an upper limb pose maintenance rehabilitation training
robot, established a pose maintenance algorithm by using an impedance-compliant control
model, and conducted kinematic and dynamic simulations.

In addition to advanced driving and control strategies [14], rehabilitation robots also
need to accurately recognize the training intentions of individuals in rehabilitation during
the training process. Fu, R.R., et al. [15] used EEG signals to extract motion intention
recognition signals, achieving the identification of pre-movement potentials for left and
right hands. Zhai, M.Q. [16], used sEMG surface electromyography signals to extract
the characteristics generated during human motion. They adopted an adaptive-energy
microproduct-based acquisition method to collect muscle strength electrical signals and
then classified the collected signals for motion intention recognition. Fan, Y.J. [17], devel-
oped a rehabilitation robot based on the interaction force and sEMG, which integrates
signals such as the sEMG, joint rotation angle, and man–machine interaction force for
motion intention recognition. In clinical trials at the hospital, the robot accurately identified
the motion intention of individuals in rehabilitation. Farina, D., et al. [18] studied the
characteristics of electromyographic signals generated during continuous movement of
the wrist joint with one to two degrees of freedom. They trained the electromyographic
motion mapping relationship using methods such as linear regression and neural networks
and successfully applied it to electromyographic control of prosthetic wrist joints. Liu, Z.J.,
et al. [19] applied inertial sensors to intelligent prostheses and classified the collected swing
phase temporal motion data using a support vector machine classifier. This effectively
identified motion states such as going upstairs, going downstairs, and walking on flat
ground, with an accuracy rate of 95.8%. Li, G.N., et al. [20] designed a terminal traction
rehabilitation robot, which can effectively recognize the movement intention of individ-
uals in rehabilitation in real time by registering the man–machine interaction force and
its change rate under different motion states and using a fuzzy algorithm to classify its
features. Tran, H.T., et al. [21] used Gaussian process regression to study the relationship
between the interaction forces and dynamic factors between the human body and external
bone system and achieved human posture prediction. Wang, C.X., et al. [22] designed
an upper limb motion recognition system using three-dimensional acceleration sensors.
The feature vectors were obtained through wavelet transform and classified using support
vector machines, which can effectively recognize various types of upper limb movements.

The purpose of this paper is to conduct research on active–passive training control
strategies for an upper limb rehabilitation robot. It establishes an upper limb kinematic
model based on the Lagrange method and builds a man–machine integration dynamics
model for upper limb rehabilitation in MATLAB (R2016a)/Simulink. By adopting the
independently developed experimental platform for the upper limb rehabilitation robot,
active–passive training, intention recognition, and training mode switching are achieved.
The results show that the active and passive training processes are smooth, the training
intention recognition is accurate, and the switching between active and passive training
modes is steady. This verifies the feasibility and effectiveness of the established mathemati-
cal model in upper limb rehabilitation training.

2. Man–Machine Model for Upper Limb Rehabilitation

2.1. Upper Limb Dynamics Equation

In order to analyze the relationship between the position and force in upper limb
rehabilitation training, the upper limb is regarded as movement in a plane, with shoulder
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movements including bending and extension and elbow movements including elbow
bending and extension. In this plane, the upper limb can be approximated as a linkage
mechanism. Due to the contact between the palm and operating arm, the distance between
them is negligible. Consider the wrist joint, palm, and operating arm as a single point, and
the shoulder joint as a fixed fulcrum, to establish the upper limb plane model shown in
Figure 1. l1 represents the length of the upper arm; l2 represents the length of the forearm;
A represents the shoulder joint; B represents the elbow joint; C represents the wrist joint,
palm, and manipulator arm; D is the center of mass of the upper arm; and E is the center of
mass of the forearm. The angle between the upper arm and the vertical axis, y1, is q1, and
the angle between the forearm and the vertical axis, y2, is q2.

Figure 1. Upper limb plane model.

Based on system dynamics, the generalized force equation for the upper limb can be
derived as Equation (1).{

Q1 = Tj − m1glm1sinq1 − (m2g + F)l1sinq1
Q2 = Tz − m2glm2sinq2 − Fl2sinq2

(1)

where Tj is the joint resultant moment of the shoulder joint; Tz is the resultant moment of
the elbow joint; F is the force exerted on the end pivot point; m1, m2 are the mass of the
forearm and upper arm; and lm1, lm2 are the center position of the mass of the forearm and
upper arm, respectively.

Based on the Lagrange equation, the upper limb dynamics equation can be derived as
Equation (2). {

J11
..
q1 + J12

..
q2 + m2l1lm1sin(q1 − q2)

.
q2

2 = Q2

J21
..
q1 + J22

..
q2 + m2l1lm1sin(q2 − q1)

.
q2

1 = Q2
(2)

where J11 = m1l2
m1 + Jm1 + m2l2

1; J12 = J21 = 2m2l1lm2 cos(q2 − q1); J22 = m2l2
m2 + Jm2.

2.2. Upper Limb Man–Machine Integration Model

The upper limb man–machine integration model is established by programing in
MATLAB(R2016a)/Simulink to analyze the load characteristics and motion laws of the
robot during rehabilitation training and is shown in Figure 2.
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Figure 2. Upper limb man–machine integration model.

For active training, a moment open-loop control system is adopted. The training
resistance moment is preset in the active controller, and the system comprehensively
considers factors such as the actual training speed and external interference moment
to output the corresponding driving current to the motor model, thereby driving the
upper limb man–machine integration model to move. For passive training, a speed-
based closed-loop control system with speed as the feedback variable is adopted. The
preset training speed is input into the passive controller, and the controller calculates
the appropriate current for the motor model based on the real-time feedback speed and
interference moment, thereby driving the upper limb man–machine integration model to
move according to the predetermined speed trajectory.

Figure 3 depicts a current closed-loop control motor model utilizing PI control. This
model calculates the moment output by the motor based on its input current value. This
moment represents the resistance moment applied by the motor to the individual in
rehabilitation during training.

Figure 3. Motor model.

Figure 4 depicts the upper limb man–machine integration dynamics model. Based on
the motor’s output speed and load moment, the moment at the motor’s output end can be
determined under varying speed conditions. The moment in the stable state represents the
load moment that the rehabilitation robot needs to overcome, arising from the upper limbs
and operating arm.
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Figure 4. Upper limb man–machine integration dynamics model.

3. Control Strategies for Upper Limb Rehabilitation Training

3.1. Active–Passive Training Control Scheme

Figure 5 depicts the active–passive training control scheme, divided into the decision
level and execution level. The decision level includes mode setting, intent recognition,
switching controller, and security protection. The execution level includes the active
controller and passive controller.

Figure 5. Active–passive training control scheme.

3.1.1. Active Controller

When conducting active training, the rehabilitation robot needs to provide a constant
resistance moment to cooperate with the individual in rehabilitation for impedance training.
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In the actual training process, factors such as the inherent friction moment of the system
and the gravity moment generated by the operating arm itself can affect the accuracy of the
moment output by the controller. Therefore, this paper adopts moment open-loop control
of the motor to achieve active training. Figure 6 shows the established active controller.

Figure 6. Active controller.

The moment required to compensate for the feedforward compensation link set in the
active controller can be derived as Equation (3).

Mf z = Mf + msglm3 cos θ1 (3)

Due to the output of a constant moment by the motor without load, rapid rotation of
the manipulator arm may occur, which can cause harm to the individual in rehabilitation.
Therefore, it is necessary to plan the output moment of the motor. The motion intention is
defined as λA. This applies when extending the elbow λA = 1, bending the elbow λA = −1,
and stopping the movement λA = 0. From this, Equation (4) can be derived.

λA =

⎧⎪⎨⎪⎩
1 VS ≥ Vthr

0 −Vthr < VS < Vthr

−1 VS ≤ −Vthr

(4)

where Vthr is the speed threshold; VS is the current training speed.
If the moment value is controlled and output according to the inherent curve, it is easy

for individuals in rehabilitation to become injured when they experience spasms. Therefore,
the output of rising and falling phases of the moment value is correlated with the current
training speed. The planned output curve of a moment can be derived as Equation (5).

Mq = λACt|Vthr| Mq < Md (5)

where Mq is the planned output moment; Ct is the moment coefficient; and Md is the set
training resistance moment.

According to Equation (6), the larger the moment coefficient is, the faster the moment
value rises or falls. When the moment value reaches the set value, the increase in speed
will not affect the change in moment value.

Mq = λA Md (6)
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By combining Equations (5) and (6), the equation for the moment planning output
value can be derived as Equation (7).

Mq =

{
λACt|Vthr| λACt|Vthr| < Md

λA Md λACt|Vthr| ≥ Md
(7)

3.1.2. Passive Controller

When conducting passive training, the individual in rehabilitation’s upper limb does
not actively exert force, and the robot drives their upper limb to perform reciprocating
movements at a set speed. Due to the presence of system friction and dynamic loads
generated by the upper limb and manipulator arm in the rehabilitation robot, these factors
have a significant impact on the stability of the control system. Therefore, a speed-based
closed-loop control motor is used to achieve passive training. Figure 7 shows the established
passive controller.

Figure 7. Passive controller.

The moment required to compensate for the feedforward compensation link in the
passive controller can be derived as Equation (8).

Mf b = Mf + MTb (8)

where Mf b is the moment that needs to be compensated; MTb is the load moment obtained
from the passive training simulation.

3.1.3. Switching Controller

In the process of active–passive rehabilitation training, it mainly includes active
intention, active-to-passive intention, passive intention, and passive-to-active intention.
The switching between adjacent motion intentions is the mutual switching between moment
open-loop and velocity closed-loop. If the motion intention switching is directly performed,
the sudden change in the controlled variable will cause vibration, impact, and other
phenomena in the rehabilitation system, resulting in secondary injury to the individual
in rehabilitation. Therefore, an active–passive training switching controller as shown in
Figure 8 is established, and its input is the individual in rehabilitation’s motion intention
and current training position. Using a cosine function to smoothly transition the switching
amount [23] increases the safety of the rehabilitation robot. The expression for the cosine
function is Equation (9).

208



Machines 2024, 12, 784

y =
1 + cos(πx

z )

2
(9)

where z is the switching time.

Figure 8. Active–passive training switching controller.

Here, Tre f is the target training moment; Vre f is the target training speed; kz and kb
are the proportional coefficients of the active and passive controllers, respectively, ranging
from 0 to 1; and k1 is the passive controller switch, with a value of 0 or 1.

When conducting active training, kz = 1, kb = k1 = 0. If the switching controller receives
a command to switch from active to passive, kz will decrease to 0 according to the cosine
function. When the individual in rehabilitation moves the operating arm to the starting
position of the training, kb = k1 = 1.

When conducting passive training, kz = 0, kb = k1 = 1. If the switching controller
receives a command to switch from passive to active, kb will decrease to 0 according to the
cosine function. When kb = 0, k1 = 0, kz = 1.

3.2. Active–Passive Training Intention Recognition Based on Adaptive Neural Fuzzy Network

In the process of mixed active–passive training, individual in rehabilitation have
five training intentions, active intention, active-to-passive intention, passive intention,
passive-to-active intention, and spasms. In order to improve the accuracy of training
intention recognition, help individuals in rehabilitation switch training modes more easily
according to their own intentions during training, and enhance the safety of the training,
the rehabilitation training intention recognition model based on the Adaptive Network
Fuzzy Inference System (ANFIS) is established and shown in Figure 9. It is a system based
on the Takagi Sugeno model and neural network, which have both the learning mechanism
of a neural network and the inference ability of a fuzzy system [24]. ANFIS utilizes the
least squares method and backpropagation method of a BP neural network to update the
parameters of the algorithm and automatically generates If–Then rules, which avoids the
shortcomings of traditional methods that overly rely on expert experience to design fuzzy
inference rules, improves the control accuracy, and has a self-learning ability. In addition,
ANFIS has the characteristics of small errors, convergence speed block, and requiring fewer
training samples, making it very suitable for the identification and control of complex
and variable systems [25]. By adjusting the parameters, the output of the ANFIS model
gradually approaches the expected output, thereby achieving high-precision recognition of
the individual in rehabilitation’s training intention.
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Figure 9. ANFIS schematic diagram.

The ANFIS structure consists of five layers of networks. Taking xi, yi as input and f as
output, the rule of ANFIS is expressed as Equation (10).{

IF x is A1 and B1, then f1 = p1 + q1 + r1
IF x is A2 and B2, thenhen f2 = p2 + q2 + r2

(10)

where A1 and B1 is a fuzzy set; fi is the output; and pi, qi, and ri are adaptive parameters.
The first layer is the membership layer, which maps the input data to the corresponding

fuzzy set through membership functions. The node function of this layer is expressed as
Equation (11). {

O1
i = μAi(x), i = 1, 2

O1
i = μBi(x), i = 1, 2

(11)

where O1
i is the membership function, which is the degree of Ai, Bi’s mapping to x, y.

The function of the second layer is to calculate the fitness of the input to each rule
and determine the corresponding output and weight for each rule, which is expressed as
Equation (12).

O2
i = wi = μAi (x)μBi (y), i = 1, 2 (12)

The third layer normalizes the fitness of each rule calculated in the second layer
and calculates the credibility of the i-th rule for the i-th node, which is expressed as
Equation (13).

O3
i = wi =

wi
w1 + w2

(13)

The fourth layer calculates the output of each rule, expressed as Equation (14).

O4
i = wi fi = wi(aix + biy + ci) (14)

where the parameter set {ai , bi , ci} is the input parameters of the subsequent layer.
The fifth layer outputs the final calculation result, expressed as Equation (15).

O5
i = f = ∑ wi fi =

∑
i

wi fi

∑
i

wi
(15)

4. Simulation Analysis

4.1. Analysis of Characteristics of Active–Passive Training

Due to the fact that active training is based on the fixed resistance moment provided
by the rehabilitation robot, the increase and decrease in resistance moment are determined
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by the rehabilitation robot. Therefore, this paper only analyzes the characteristics of the
man–machine interaction moment during passive training.

Assuming an adult male with a weight of 65 Kg and a height of 175 cm, the simulation
analysis is conducted based on his upper limb parameters. Set the training amplitude
to 90 and the angular frequencies to 0.5 rad/s, 0.7 rad/s, and 0.9 rad/s for sinusoidal
velocity signals and finally obtain the passive training man–machine interaction moment
characteristic curve as shown in Figure 10. Here, Tb1, Tb2, and Tb3 correspond to the
characteristics of the man–machine interaction moment at angular frequencies of 0.5 rad/s,
0.7 rad/s, and 0.9 rad/s, respectively.

Figure 10. Characteristic curve of man–machine interaction moment under passive training.

According to Figure 10, the driving moment provided by the rehabilitation robot
during passive training undergoes periodic changes. As the angular frequency of the
sine speed signal increases, the minimum required driving moment will also increase.
When the initial position of the manipulator arm is not at an angle of 90◦ to the horizontal
reference line, the robot needs to overcome the heavy moment generated by the upper
limbs and manipulator arm due to gravity. Therefore, during passive training, feedforward
compensation for the heavy moment can improve the control accuracy of the controller,
accurately determine the force exerted by the individual in rehabilitation during training,
and accurately determine the individual in rehabilitation’s training intention.

4.2. Simulation of ANFIS

According to the intention recognition schemes of active and passive training, the
ANFIS system is of the dual-input single-output type. The inputs of the neural fuzzy
controller during active training are the speed and speed change rate, while the inputs of
the neural fuzzy controller during passive training are the moment and moment change
rate. The outputs in both modes are 1, 2, and 3, corresponding to passive intention, active
intention, and muscle spasms, respectively. We used the MATLAB-ANFIS editor to train the
intention data during the rehabilitation process and then optimized the parameters of fuzzy
rules and membership functions in two modes. This paper takes intention recognition in
passive training mode as an example, and its neural fuzzy network structure is shown in
Figure 11.

Passive training is performed based on the written control algorithm program. The
32 sets of training data are listed and shown in Table 1.
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Figure 11. Neural fuzzy network structure.

Table 1. Passive training intention recognition data.

Serial
Number

Moment
(N·m)

Moment
Change Rate

Intention
Serial

Number
Moment

(N·m)
Moment

Change Rate
Intention

1 −2.89919 −0.18061 1 17 5.8574 2.73288 2
2 −2.90065 0.14449 1 18 7.17456 1.33904 2
3 −2.67257 2.39283 1 19 −1.98654 −6.70764 2
4 0.74798 1.78711 1 20 −2.21987 −6.11473 2
5 1.55429 0.69505 1 21 −3.79773 0.58544 2
6 1.74214 1.065 1 22 −6.1614 −2.37539 2
7 1.9033 0.9093 1 23 12.00933 14.67709 3
8 2.12509 −0.98777 1 24 13.39354 9.46294 3
9 1.91203 −1.38281 1 25 14.14827 2.49995 3

10 −1.21186 −1.51965 1 26 14.08117 −4.24755 3
11 −1.31405 −1.75009 1 27 13.35658 −8.25594 3
12 −6.79149 5.95313 2 28 −6.72165 −13.3704 3
13 −4.8158 8.45648 2 29 −8.57654 −12.7002 3
14 −0.97069 8.67197 2 30 −11.8130 −1.22569 3
15 1.5103 9.14033 2 31 −12.0104 0.35375 3
16 4.72376 4.05078 2 32 −11.0025 8.51758 3

The intention recognition sample data during passive training were trained 100 times,
and the output error after training was 0.142, as shown in Figure 12, which meets the
rehabilitation training requirements.

Figure 12. Neural network training error.
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The membership functions under the active training mode optimized by the neural
network are shown in Figure 13.

Figure 13. Membership function during active training: (a) speed membership function and (b) speed
change rate membership function.

The membership functions under the passive training mode optimized by the neural
network are shown in Figure 14.

Figure 14. Membership function during passive training: (a) moment membership function and
(b) moment change rate membership function.

By using a neural fuzzy network model to train the fuzzy rules and membership
functions in the controller, a fuzzy intention recognition controller that is suitable for active
and passive training can be obtained.

5. Results and Discussion

5.1. Equipment Selection and Platform Construction

The mechanical structure diagram of the upper limb rehabilitation robot is shown in
Figure 15, and the independently developed experimental platform for the upper limb
rehabilitation robot is shown in Figure 16.

The independently developed experimental platform for the upper limb rehabilitation
robot is divided into hardware and software parts. The hardware part includes an industrial
computer, Siemens 1TF7 permanent magnet synchronous servo motor, SIMOTION motion
controller, SINAMICS S120 motor drive module, involute planetary gear reducer, German
ETH DRDL series moment sensor, German Beifu EtherCAT data input and output module,
coupling, and operating arm. The software part uses Twincat3.1 from Beifu for algorithm
development and Siemens Scout for motor configuration. The rated torque (T) of the
Siemens 1FT7 motor is 2 N·m, the rated speed (n) is 3000 rpm, the rated power (P) is
0.9 KW, and the rated current (I) is 2.1 A. The reduction ratio of the involute planetary gear
reducer is 1:10. The DRDL series torque sensor from ETH Germany requires a 12 V DC
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voltage supply, with a torque measurement range of ±20 N·m, an output signal of ±10 V
voltage signal, and a measurement accuracy of 0.2%. The acquisition rate of the Twincat3.1
oscilloscope is set as 10 ms. Both the speed control and torque control use the built-in PID
of the Siemens controller, which can meet the control requirements and adapt to ensure
better reproducibility.

Figure 15. Mechanical structure diagram of the upper limb rehabilitation robot.

Figure 16. Independently developed upper limb rehabilitation robot experimental platform.

5.2. Upper Limb Rehabilitation Experiments
5.2.1. Active Training Experiment

When conducting active training, an individual in rehabilitation first drives the oper-
ating arm to move. The moment planner calculates the required output resistance moment
value based on the real-time monitoring data of the training speed until the target resistance
moment is reached. Active–passive training is suitable for the early and middle stages
of rehabilitation training, when the muscle strength of the rehabilitation is still weak. We
selected healthy adult males for our active–passive training experiments to test the control
effectiveness of the active controller, passive controller, and intent recognition algorithm.
The experimental process of the active–passive training is shown in Figure 17.
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Figure 17. Active–passive training process: (a) contracted state, (b) intermediate state, (c) ex-
tended state.

Given that individuals in rehabilitation have varying perceptions of resistance during
different training stages, the main objective of this experiment was to investigate the
response speed and stable output performance of the motor moment under different
resistance coefficient settings. In the experiment, the training resistance moment value was
set to 5 N·m, and based on this, two levels of resistance coefficients of 0.25 and 0.45 were
selected for testing. The values monitored by the moment sensor and speed sensor are
shown in Figures 18 and 19. According to the figs, the response speed and stable output of
the motor moment are perfect, which contributes to a good rehabilitation training effect.

Figure 18. Training results (the training coefficient is set as 0.25): (a) training resistance moment and
(b) training speed.

Figure 19. Training results (the training coefficient is set as 0.45): (a) training resistance moment and
(b) training speed.
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5.2.2. Passive Training Experiment

The analysis of the dynamic model of the upper limb man–machine integration
shows that the load moment generated by individuals in rehabilitation at different training
positions has a periodic variation characteristic, and this dynamic load has a significant
impact on the stability of the passive training. The purpose of this experiment is to verify
the variation law of the load moment in the actual training environment.

Figure 20 shows the moment curves of the passive training experiment conducted
under the conditions of an amplitude of 90 and angular frequencies of 0.5 rad/s, 0.7 rad/s,
and 0.9 rad/s. During the experiment, the individuals in rehabilitation kept their upper
limbs relaxed without exerting any force. From the results, it can be seen that there is a
certain difference between the load moment and the simulation results in the actual passive
training process, but the overall pattern is similar to the simulation results. Therefore,
taking the load moment as feedforward compensation is feasible.

Figure 20. Passive training experimental data.

5.2.3. Training Intention Recognition Experiment

The occurrence of muscle spasms and unexpected movements during active training
can lead to sudden changes in the speed, torque, and their rate of change, which can be
used for judging muscle spasms and unexpected movements. In addition, unexpected
movements can be prevented using software and mechanical hardware. In terms of
software, if an unexpected movement occurs, the rehabilitation robot can be stopped
immediately, and in terms of machinery, limit devices can be added. Due to the need for
simultaneous validation of the training intention recognition and mode switching, this
paper simulates active, passive, and spasm in both active and passive training modes. The
collected data are then fed into a trained fuzzy intention recognizer to observe the accuracy
of the pattern recognition.

Intention recognition is performed during active training. The intention recognition
data shown in Figures 21–24 were obtained in active training mode, with resistance coeffi-
cients set as 0.2 and 0.5, respectively, and corresponding resistance moments set as 2 N·m
and 5 N·m. In the experiment, active training, fatigue training, and spasms were simulated.
According to the principle of maximum similarity, it can be seen that in both cases, the
intention recognizer can accurately recognize the training intention. When simulating a
state of fatigue, the recognition results may fluctuate due to the increased rate of speed
change during commutation.
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Figure 21. Experimental results of speed and speed change rate (Ct = 0.2, Md = 2 N·m).

Figure 22. Intention recognition results (Ct = 0.2, Md = 2 N·m).

Figure 23. Experimental results of speed and speed change rate (Ct = 0.5, Md = 5 N·m).

The intention recognition process shown in Figures 25–28 was performed in passive
training mode with velocity patterns of 30sin (π/5 × t) and 60sin (π/5 × t), respectively.
Firstly, passive training was performed for a period of time, then force was actively exerted
during the passive training process, and finally, the occurrence of spasms was simulated
during passive training. According to the principle of maximum similarity, it can be seen
that in both cases, the intention recognizer can accurately recognize the individual in
rehabilitation’s movement intention. When the individual in rehabilitation actively applies
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force, the output of the active training intention is the number 2. If the recognition sensitivity
is too high, it will be detrimental to training. When spasms occur, they can be quickly
recognized, with an output intention result of the number 3. The faster the recognition of
spasms occurs, the more effective it is at protecting the individual in rehabilitation.

Figure 24. Intention recognition results (Ct = 0.5, Md = 5 N·m).

Figure 25. Experimental results of speed and speed change rate (Ct = 0.5, Md = 5 N·m).

Figure 26. Experimental results of speed and speed change rate (Ct = 0.5, Md = 5 N·m).
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Figure 27. Experimental results of speed and speed change rate (Ct = 0.5, Md = 5 N·m).

Figure 28. Experimental results of speed and speed change rate (Ct = 0.5, Md = 5 N·m).

6. Conclusions and Outlook

This paper focuses on research on active–passive training control strategies for an
upper limb rehabilitation robot. It establishes a man–machine interaction model for upper
limbs and an overall control architecture for active and passive training and designs and
optimizes the control algorithms. The rationality and effectiveness of the designed control
algorithm are verified through experiments. The main conclusions are as follows:

(1) Based on the mechanism of upper limb rehabilitation movement, the upper limb
training function was determined, and an upper limb man–machine integration model and
upper limb man–machine integration dynamics model are constructed.

(2) According to the requirements of active–passive training, active and passive con-
trollers based on feedforward compensation are designed. The moment output of the robot
was also planned, and the output moment is correlated with the actual speed to ensure
a smooth moment output. We design an active–passive switching controller that utilizes
cosine function curves to plan and output the controlled moment and velocity, avoiding the
shaking of the rehabilitation robot caused by sudden changes in control variables during
training mode switching. A training intention recognizer based on an adaptive neural
fuzzy algorithm is designed, and the collected rehabilitation training data are put into the
neural network to obtain a fuzzy training intent recognizer that conforms to active and
passive training, thereby improving the accuracy of judgment.

(3) By adopting the independently developed experimental platform for the upper
limb rehabilitation robot, active–passive training, intention recognition, and training mode
switching are achieved. The results show that the active and passive training processes are
smooth, the training intention recognition is accurate, and the switching between active
and passive training modes is steady. This verifies the feasibility and effectiveness of the
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established mathematical model in upper limb rehabilitation training, thus enhancing the
functionality, stability, and adaptability of rehabilitation robots to meet the functional needs
of individuals in upper limb rehabilitation at different stages.

(4) In future research, we will consider discussing the topic of isokinetic muscle
strength training control, which will not directly use torque control but adopt a torque ×
coefficient = speed scheme. This is safer to use for individuals in rehabilitation.

Funding: This research was funded by the Undergraduate Teaching Research and Reform Project
of University of Shanghai for Science and Technology (JGXM24281, JGXM24263) and First Class
Undergraduate Course Construction Project of University of Shanghai for Science and Technology
(YLKC202424394).

Data Availability Statement: The original contributions presented in the study are included in the
article, further inquiries can be directed to the author.

Conflicts of Interest: The author declares no conflicts of interest.

References

1. Gu, W.J. The effect of rehabilitation training on the motor function of stroke patients in the recovery period. Guide China Med.
2017, 15, 122–123. [CrossRef]

2. Yu, H.L. Rehabilitation Robots: Ten Future Prospects. Chin. J. Rehabil. Med. 2020, 35, 900–902.
3. Liang, F.Y.; Mo, L.F.; Sun, Y.O.; Guo, C.; Gao, F.; Liao, W.H.; Cao, J.Y.; Li, B.B.; Song, Z.H.; Wang, D.; et al. Inter-limb and intra-limb

synergy modeling for lower limb assistive devices: Modeling methods and feature selection. Cyborg Bionic Syst. 2024, 5, 0122.
[CrossRef]

4. Yu, F.Y.; Liu, Y.; Wu, Z.X.; Tan, M.; Yu, J.Z. Adaptive gait training of a lower limb rehabilitation robot based on human–robot
interaction force measurement. Cyborg Bionic Syst. 2024, 5, 0115. [CrossRef]

5. Hu, K.X.; Ma, Z.J.; Zou, S.L.; Li, J.; Ding, H.R. Impedance sliding-mode control based on stiffness scheduling for rehabilitation
robot systems. Cyborg Bionic Syst. 2024, 5, 0099. [CrossRef]

6. Krebs, H.I.; Ferraro, M.; Buerger, S.P.; Miranda, J.N.; Antonio, M.; Michael, S.; Daniel, L.; Bruce, T.V.; Neville, H. Rehabilitation
robotics: Pilot trial of a spatialextension for MIT-Manus. J. Neuroeng. Rehabil. 2004, 1, 5. [CrossRef]

7. Westlake, K.P.; Patten, C. Pilot study of lokomat versusmanual-assisted treadmill training for locomotor recoverypost-stroke. J.
Neuro Eng. Rehabil. 2009, 6, 18. [CrossRef]

8. Shi, D.; Zhang, W.X.; Zhang, W.; Ding, X.L. A review on lower limb rehabilitation exoskeleton robots. Chin. J. Mech. Eng. 2019, 32,
74. [CrossRef]

9. Li, R.L. Design of the Rehabilitation Robot with Human Upper and Lower Limbs’Active and Passive Motion; Zhengzhou University:
Zhengzhou, China, 2017.

10. Mason, M.T. Compliance and Force Control for Computer Controlled Manipula-tors. IEEE Trans. Syst. Man Cybern. 1981, 11,
418–432. [CrossRef]

11. Hogan, N. Impedance Control: An Approach to Manipulation: Part I—Theory. J. Dyn. Syst. Meas. Control 1985, 107, 1–7.
[CrossRef]

12. Cao, J.H.; Xie, S.Q.; Das, R. MIMO Sliding Mode Controller for Gait Exoskeleton Drivenby Pneumatic Muscles. IEEE Trans.
Control. Syst. Technol. 2018, 26, 274–281. [CrossRef]

13. Zhang, Y.K. Design and Control of Position and Posture Maintaining Rehabilitation Training Robot for Human Upper Limbs; Beijing
Jiaotong University: Beijing, China, 2022.

14. Narayan, J.; Kalita, B.; Dwivedy, S.K. Development of robot-based upper limb devices for rehabilitation purposes: A systematic
review. Augment. Hum. Res. 2021, 6, 4. [CrossRef]

15. Fu, R.R.; Liang, H.F.; Mi, R.F. Feature Identification of EEG Preparatory Response Signals Evoked by Motor Intention. Acta Metrol.
Sin. 2023, 44, 1597–1601. [CrossRef]

16. Zhai, M.Q. Research on Recognition Method of Human Lower Exremity Movement Intention Based on sEMG Signal; Chongqing
University: Chongqing, China, 2021.

17. Fan, Y.J. Study on Lower Limb Exoskeleton for Rehabilitation Based on Multi-Source Information Fusion Including sEMG & Interactive
Force and Its Clinical Trail; Shanghai Jiaotong University: Shanghai, China, 2014.

18. Farina, D.; Jiang, N.; Rehbaum, H.; Holobar, A.; Graimann, B.; Dietl, H.; Aszmann, O.C. The extraction of neural information
from the surface EMG for the control of upper-limb prostheses: Emergingavenues and challenge. IEEE Trans. Neural Syst. Rehabil.
Eng. 2014, 22, 797–809. [CrossRef] [PubMed]

19. Liu, Z.J.; Lin, W.; Geng, Y.L.; Yang, P. Intent Pattern Recognition of Lower-limb Motion Based on Mechanical Sensors. IEEE/CAA J.
Autom. Sin. 2017, 4, 651–660. [CrossRef]

220



Machines 2024, 12, 784

20. Li, G.N.; Tao, L.; Meng, J.Y.; Ye, S.J.; Feng, G.; Zhao, D.Z.; Hu, Y.; Tang, M.; Song, T.; Fu, R.Z.; et al. Research on mode adjustment
control strategy of upper limb rehabilitation robot based on fuzzy recognition of interaction force. J. Biomed. Eng. 2024, 41, 90–97.
[CrossRef]

21. Tran, H.T.; Cheng, H.; Lin, X.C.; Duong, M.K.; Huang, R. The relationship between physical human-exoskeleton interaction and
dynamic factors: Using a learning approach for control applications. Sci. China Inf. Sci. 2014, 57, 5–17. [CrossRef]

22. Wang, C.X.; Yang, X.J.; Xu, Q.; Ma, Z.C.; Sun, Y.N. Motion Recognition System for Upper Limbs Based on 3D Acceleration Sensors.
Chin. J. Sens. Actuators 2010, 23, 816–819.

23. Li, Z.N.; Wang, T.; Wang, B.R.; Guo, Z.W.; Chen, D.J. Trajectory planning for manipulator in Cartesian space based on constrained
S-curve velocity. CAAI Trans. Intell. Syst. 2019, 14, 655–661. [CrossRef]

24. Hong, H.C.; Chen, M.J.; Kang, J.X.; Xu, H.T.; Lin, H.J.; Xu, Z.Q.; Sun, H.J.; Zhou, X.L. Prediction of trihalomethane levels in tap
water based on adaptive networkbased fuzzy inference system and simple water quality parameters. Acta Sci. Circumstantiae
2023, 43, 290–299. [CrossRef]

25. Mahmoodabadi, M.; Arshad, R.R. Long-term evaluation of water quality parameters of the Karoun River using a regression
approach and the adaptive neuro fuzzy inference system. Mar. Pollut. Bull. 2018, 126, 372–380. [CrossRef] [PubMed]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

221





MDPI AG
Grosspeteranlage 5

4052 Basel
Switzerland

Tel.: +41 61 683 77 34

Machines Editorial Office
E-mail: machines@mdpi.com

www.mdpi.com/journal/machines

Disclaimer/Publisher’s Note: The title and front matter of this reprint are at the discretion of the Guest

Editors. The publisher is not responsible for their content or any associated concerns. The statements,

opinions and data contained in all individual articles are solely those of the individual Editors and

contributors and not of MDPI. MDPI disclaims responsibility for any injury to people or property

resulting from any ideas, methods, instructions or products referred to in the content.





Academic Open 
Access Publishing

mdpi.com ISBN 978-3-7258-4260-5


