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Preface

With the passing of Pal Révész in 2022, the world of probability theory suffered a great loss.
His trailblazing contributions are reflected in his influential books on a range of important topics:
Laws of Large Numbers (1968), Strong Approximations in Probability and Statistics (1981, written together
with Miklés Csorgo), Random Walks of Infinitely Many Particles (1990), and Random Walk in Random
and Non-Random Environments (1994, 2005, 2013). He had many collaborators and devoted students
around the world, and he is deeply missed. We (the guest editors of this volume) had the privilege of
working with him and his closest collaborator, Miklés Csorgo, for many decades. We now present this
volume of scientific papers by his friends, collaborators, students, and fellow probabilists, who wish to
honor his memory. Each paper is closely related to P4l Révész’s work and groundbreaking ideas. We
hope these papers will inspire a new generation of probabilists, who, though they will not have the

opportunity to meet him, will surely build upon his remarkable legacy.

Anténia Foldes and Endre Cséki
Guest Editors
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Perspective

Some Open Questions About the Anisotropic Random Walks

Endre Cséki ! and Anténia Foldes >*
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Abstract: Between 2007 and 2018, we collaborated extensively with Pal Révész and Miklés Csorgd on
many of the problems discussed in this paper. Over the past six years, we have continued to explore
these issues, and here, we present some of the most intriguing open questions in these areas. This
paper compiles key results from a dozen of our previous works, providing the necessary background
to frame these compelling unresolved questions.

Keywords: anisotropic random walk; strong approximation; two-dimensional Wiener process; local time

MSC: 60F17; 60G50; 60]65; 60F15; 6010

1. Introduction

The investigation of the two-dimensional anisotropic random walk goes back almost
fifty years. The first papers were written by Silver, Shuler and Lindenberg [1]; Shuler [2];
Seshadri, Lindenberg and Shuler [3] and Westcott [4] followed by Heyde [5,6]; Roerdink and
Shuler [7]; and den Hollander [8]. Let us begin with the definition. We consider a symmetric
nearest-neighbor random walk on Z?, such that its transition probabilities only depend on the
vertical coordinate. To be precise, here is the formal definition: the anisotropic random walk
{C(N) = (C1(N),Ca(N)), N =0,1,2,...} on Z? has the following transition probabilities:

PC(N+1) = (k+1,)[C(N) = (k) =
PCN+1) = (k=1 )ICIN) = (ki) =5~ pp

PC(N+1) = (kj+1)CN) = (k) =

PC(N+1) = (kj—1)ICN) = (k) = p; M

for (k,j) € 72, N=0,1,2,... We will suppose that 0 < pi < 1/2 and minjez, pj < 1/2 and
that C(0) = (0,0).

Obviously, this model contains the simple symmetric walk, when p; = 1/4 for all
i =0,£1,+£2,... The simple symmetric walk has been discussed extensively, so we just
mention a few important works here: Erd6s and Taylor [9], Dvoretzky and Erd&s [10]
and Révész [11]. The condition minjez p; <1 /2 excludes the case where the walk is one-
dimensional. However, the case when all p; = 1/2 except one is a particularly famous case.
More precisely, if pg = 1/4 and all the other p; = 1/2, we have the two-dimensional comb
model, which has been investigated by Weiss and Havlin [12]; Bertacchi [13]; Bertacchi and
Zucca [14]; and us [15,16]. We will mention some other special cases later on.

2. Recurrence and Transience

One of the most important issues is whether a particular random walk is transient
or recurrent. We investigated this question for the anisotropic random walk in [17]. It
turned out that to obtain criteria for recurrence, only the simple application of the famous

Entropy 2024, 26, 1082. https://doi.org/10.3390/€26121082 1 https:/ /www.mdpi.com/journal/entropy
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Nash-Williams theorem is required [18]. For completeness, we recall this theorem here.
To do so, we need some notations and definitions. Let (X, Y, p) be a Markov chain with a
countable state space X and a process Y with transition probabilities p(u, v). The chain is
called reversible if there exist strictly positive weights 7ty for all u € X such that

tap(u,v) = myp(v,u). )

For reversible chains, it is convenient to introduce the notation
a(u,v) := mup(u,v).

Our anisotropic walk introduced above is a Markov chain on the state space X = 72,
with the transition probabilities defined in (1), and it is reversible with the strictly posi-

tive weights

. 1
rt(k,j) = ;,
j

with pjs j=0,£1,+£2,... defined in (1). Thus, we have, for neighboring sites,

a((k,j), (k,j+1)) = a((kj), (kj-1)) =1

a((k,j), (k+1,7)) = a((kj), (k=1j)) =5-—1 ®)
(and for non-nearest-neighbor sites a(-, -) = 0). Our Markov chain is also time-homogeneous

and irreducible (it is possible to get to any state from any state with positive probability).
The invariant measure is defined by

p(w) =Y p(v)p(v,u),
v
where the summation goes over the four nearest neighbors of u. For u = (k, j), we obtain

u(u) = p(k,j) = m(k, j) = pl] (k,j) € Z2. @)

Now we recall the Nash-Williams theorem:

Theorem 1 ([18]). Suppose that (X,Y, p) is a reversible Markov chain and that X = (U2, AF

where A¥ are disjoint. Suppose further that u € A¥ and a(u,v) > 0 together imply that v €

AT ARY AR, and that for each k, the sum Y a(u,v) < co. Let [A¥, AF1] denote the
ueAkvex

set of pairs (u,v) such that u € A* and v € A1, The Markov chain is recurrent if

-1
Z( Y a(uw)) = o. 5)
k=0 \ (u,v)€[AK, AK+1]

To apply this theorem, let A¥ be the set of the 8k lattice points on a square of width 2k,
centered at the origin. Furthermore, let [A¥, AK*1] be the set of the 8k + 4 nearest-neighbor
pairs (edges) between A¥ and AF1.

It is easy to see from (3) that the sum in (5) is equal to

EC(EG ) 2) -

Consequently, we have
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Theorem 2. The anisotropic walk is recurrent if

i(i 1>_1=oo- ©

k=0 \j=—k Vi
This implies the following.
Corollary 1. If minjez p; > 0, then the anisotropic walk is recurrent.

Of course, it is very tempting to believe that the converse of this statement is true as
well. Unfortunately, we cannot prove that if

i(i 1>_1<00, @)

k=0 \j=—k Vi

then the anisotropic walk is transient, but we managed to show a somewhat weaker result:
Theorem 3 ([17]). Assume that

k
Yy 1Ay Ok *A=%), k- oo (8)
=k Pi

forsome C >0, A > 0and 0 < 6 < 1. Then, the anisotropic random walk is transient.
So, our first open question is

Question 1. Find an if and only if criterion for the recurrence of the anisotropic walk .

3. Strong Approximation

Let us start with some history. After the early works given in [1,2], Heyde [5] proved
an almost sure approximation for C,(N), the second coordinate of the anisotropic walk,
under the following conditions:
1y 1 1y 1
n- Zp]* =2y+o(n"), n- Zp:j =2y+o(n") )
j=1 j=1
as n — oo for some constants v, 1 < ¥y < ocoand 1/2 <y < oo.

In our paper [19], we proved for {C(N), N =0,1,2,...} the following joint strong
approximation theorem:

Theorem 4. Under condition (9), with 1/2 < 1 < 1 on an appropriate probability space for the
random walk {C(N) = (C1(N),C2(N)), N =0,1,2,...}, one can construct two independent
standard Wiener processes {Wy(t); t > 0}, {Wa(t); t > 0} so that, as N — oo, we have, with any
e>0,

cl(N)—wl(V,Y_lN>’+

1
C2(N) — W, <7 N) ’ = O(N3/8-1/4+8) g6,

We also considered a special case of this result which dealt with the so-called periodic
case. The anisotropic walk is called periodic if p; = p;;r for each i € Z with some
positive integer L > 1. By indicating this periodicity with the superscript P, we obtained a
somewhat better approximation, as the next theorem shows.
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e Periodic walk

Theorem 5. On an appropriate probability space for the periodic anisotropic random walk,
{CP(N) = (CP(N),CF(N)); N=0,1,2,...},

one can construct two independent standard Wiener processes, {Wy (t); t > 0} and {Wy(t); t > 0},

so that, as N — oo, we have, with any € > 0,

o w2520

Cl(N) - W, (7 N> ’ = O(NY**¢) 4., (10)

where . .
Li1Pj
r ==

2L (1)

Remark 1. In what follows, we will talk about the different important classes of anisotropic random
walks, like the two-dimensional comb anisotropic random walk, the periodic anisotropic random
walk and many others. To simplify the language from now on, we will often call these the (two-
dimensional) comb walk and periodic walk, thus avoiding the use of anisotropic random expression.

It is a natural question to ask whether Theorem 4 can be generalized for the case
where, in the two conditions of (9), one permits different y values. The first such result was
achieved by Heyde et al. [20]. ( see also Horvath [21]). To formulate their result, we need
some notations and definitions.

Let

n —1
nty pfl =271 +€n, nt Yy p].*l =27, +€;, (12)
j=1 j=—n

and define the function o?(y) as

1
o for y>0,

1
T2

Let {Y(t),t > 0} be a diffusion process on the same probability space as {C,(N) } defined by

for y<O0.

where {W(t),t > 0} is a Wiener process,

At) = /Ot o 2(W(s)) ds,

and A~!(-) is the inverse of A(-). If 1 # 72, then Y (t) is a so-called oscillating Brownian
motion, namely, a diffusion with the speed measure m(dy) = 202 (y)dy (see, e.g., Keilson
and Wellner [22]).

Now, we are ready to formulate Heyde et al.’s result:

Theorem 6 ([20]). Suppose that in (12), € and €} are o(1) as k — oo. Then, for C;(-), we obtain
the second coordinate of the anisotropic walk as N — oo:

sup |[N“V2C,([Nt]) = Y(t)| - 0 as.
0<t<N

Our aim was to have a general enough strong approximation for both coordinates with
rates. This was partially achieved as follows.
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Theorem 7 ([23]). Suppose that
n n
Y pt =2, nTt Y pTi=2m+o(n) (13)
= j=1

as n — oo for some constants 1 < max(7y1,y2) < o0 and 1/2 < n < 1. Under the conditions
given in (13), on an appropriate probability space for the anisotropic random walk {C(N) =
(C1(N),C2(N)); N=0,1,2,...}, one can construct two independent standard Wiener processes,
{Wy(t); t > 0} and {W(t); t > 0}, so that, as N — oo, we have, with any € > 0,

C1(N) = Wi (N = 43 (N)) | + | Ca(N) = Wa (A 1(N) ) | = O(NS/8-1744) s, (14)

where Ay (t) = 11 fot I(Wa(s) > 0)ds + 72 fot I(Wa(s) < 0)ds and A5 '(-) is its inverse.

Remark 2. We have to say that our goal was only partially achieved, as the y; = v = 1 case is
not contained in the theorem.

Remark 3. Observe that in the case that y1 = v, = ¢ > 1, A(t) = yt, A7(t) = t/y and
Y(t) = W(t/7y) is a time-changed Wiener process, and we recover Theorem 4.

To shed some light on the extent of this result, we mention some important classes of
anisotropic random walks.

¢ Comb-Type walk: We begin by defining an arbitrary subset B € Z such that
pi=1/4 if i€eB and p;=1/2 if i€ Z\B. (15)

So, in a comb-type walk, we remove from the two-dimensional integer lattice all the
horizontal edges that do not belong to the i-levels in B, and in the remaining lattice, the
walker takes each possible edge with equal probability.

In investigating this comb-type walk, we get rid of a lot of technicalities and still obtain
interesting results.

¢ Infinitely many horizontal lines: Consider the case now where
|Bu| == |[BN{—n,n}| ~cnP with 0<B<1, c>0. (16)

The B = 1 case turns out to be a special case of Theorem 7; that is to say that under the
conditions of Theorem 7, we obtain the same statement.

In order to be able to formulate our next result we need to say a few words about
the method which we used here and in many of the other strong approximation results.
Namely, we redefined the anisotropic walk in terms of two independent simple symmetric
random walks, S1(+) and S,(+), and a sequence of independent geometric random variables
{Gj;,i =1,2...} defined in the same probability space. Using these random variables, we
define the anisotropic walk as taking G; horizontal steps and one vertical step for each i.
The whole construction is given, e.g., in [24]. Now, we define

Vi =Vn(B) =#{k: 1<k <N, G(k) # Ca(k—1)},

which is the number of vertical steps, and denote by Hy = N — V) the number of horizontal
steps in the first N steps. Then, as a result of the above-mentioned construction, we have

{C(N); N=0,1,2,...} = {(C1(N),C3(N)); N=0,1,2,...} (17)
2 1(S1(Hy), S (V) N=0,1,2,...},
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where £ stands for equality in the distribution. Now, we are ready to formulate our next
result. Let

Y. 620, V)

jeB
be the occupation time of B by S,(-) in the first N steps of C(-), where {¢2(j,-), ] =
0,£1,£2...} denotes the local time process of Sy(+).

Theorem 8 ([24]). Under the conditions (15) and (16) with 0 < B < 1, on an appropriate
probability space for the comb-type walk {C(N) = (C1(N),C2(N)); N = 0,1,2,...}, one can
construct two independent standard Wiener processes, {W1(t); t > 0} and {W(t);t > 0} so that,
as N — oo, we have, with any e > 0,

Cl( (Z 572 ]’ VN >‘ _ O(N1/8+,B/8+S) 0.5,

jEB
|C2(N) — Wa(N)| = O(NVA4FB/4+e) g5,

It is not hard to check that with the notation Ly(Vy) = Y;cp#2(j, V), where 15(j, -)
denotes the local time of W;(+), we also have

|CL(N) = Wi(La(Vn))| = O(N/BH/4+€) s,

Thus, we can replace the random walk local time with the corresponding Wiener local time.
Furthermore, we can replace Viy with N while obtaining a somewhat weaker rate:

|C1(N) — W(Ly(N))| = O(NV/8F3B/8+ey 45,

e  Half-plane, half-comb walk (HPHC) is the case where we have B = {0,1,2,...};
thus, under the x-axis, all horizontal lines are deleted. This model was discussed by
us in [25,26]. In this case, Theorem 7 is true with ; = 2 and 7, = 1 and the rate is
somewhat better, as follows:

Theorem 9. On an appropriate probability space for the HPHC walk, one can construct two
independent standard Wiener processes, {Wy(t); t > 0} and {Wy(t); t > 0}, such that, as
N — oo, we have, with any € > 0,

‘Cl(N) W (N - A;l(N)) ‘ + ‘CZ(N) A (A;l(N)) ‘ = O(N¥/8+¢) s,
with Ay (t) = 2 [; [(Wa(s) > 0)ds + [; I(Wa(s) < 0) ds.

e Two-dimensional comb walk (walk on C?): This is one of the most important ex-
amples, where the set B only contains one element, B = {0}; thus, we keep only the
x-axis, and all the other horizontal lines are deleted. For this case, v = 2 = 1, so The-
orem 7 is not applicable. After Bertacchi’s remarkably weak convergence result [13],
we proved the following.

Theorem 10 ([15]). On an appropriate probability space for the comb walk

{C(N) = (C1(N),C2(N)); N =0,1,2,...} on C?, one can construct two independent standard
Wiener processes, {W (t); t > 0} and {Wy(t); t > 0}, such that, as N — oo, we have, with any
€e>0,

N7V4C (N) = Wy (1120, N)) |+ NTV2|Co(N) — Wa(N)| = O(N~1/8+€) 4,

where 175(0, -) is the local time process at the zero of Wy (-).
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e  K-comb walk (walk on (C%(): In this model, we relax the conditions of (15), replacing
them with
pi<1l/2 if i€eB and p;=1/2 if i€Z\B, (18)

but we require that | B| should be finite. In this case, by denoting |B| = K, the corresponding
lattice by C% and introducing the notation

A=Y (1 — 1> (19)

icB \2Pi
we proved the following theorem:

Theorem 11 ([27]). On an appropriate probability space for the K-comb walk

{C(N) = (C1(N),C2(N)); N =0,1,2,...} on C2, one can construct two independent standard
Wiener processes, {Wy (t);t > 0} and {W,(t);t > 0}, such that, as N — oo, we have, with any
€>0,

N7VHC1(N) = Wi(Agr2(0,N))| + N7Y2|Co(N) = Wa(N)| = O(N~V/5¥¢) - ass,,
where 175(0, -) is the local time process at the zero of Wy (-).

Remark 4. Clearly, Theorem 11 is a generalization of Theorem 10. One of the interesting features
of this result is that the positions of the K-horizontal lines are irrelevant.

For the comb and the K-comb 1 = 9, = 1, so they do not meet the conditions of
Theorem 7, they need separate proofs. Our second open question is

Question 2. Find a generalization of Theorem 7 without the condition 1 < max (71, y2) < co. It
would be very nice to have only the condition of max(y1,v2) < 0o, and the most ambitious version
would be if we only needed to assume the recurrence of the anisotropic walk.

4. Local Time

We spent a lot of time investigating this topic, and we proved many results for the
different important special models, but there are many interesting questions which are
still unanswered.

®  Periodic walk: We managed to give a complete answer using some results from [7],
which are known for this case only.

Theorem 12 ([19]). For the 2N-step return probability of the periodic walk for any L > 1,

1

P(CP(2N) = (0,0)) ~ INpo s =T

as N — o0 (20)

with vy given in (11).

Observe that in the case where L = 1 and pg = 1/4, v = 2 and we recover the
well-known result for the simple symmetric two-dimensional walk. We remark that in the
periodic case, <y is always bigger than 1.

From (20), we immediately obtain the truncated Green function

log N

——, as N — co. (21)
4porty/y —1

N
8(N) = I;OP(CP(k) =(0,0)) ~
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Now, define the local time as

N
2P((k,j),N) = ;HC"@) = (k 1)},

where I{-} is the indicator function. Taking into account that our periodic walk is Harris-
recurrent with the invariant measure given in (4), we obtain, using, e.g., Chen’s work [28], that

=P 4
i EF(O0,N) _ pi

A a.s.
N—eo EP((k,j),N)  po

for fixed (k, j). Using g(N), we deduced many other results for the local time of the periodic
walk, which we will mention later.

e  Two-dimensional comb walk: In [16], we proved many results about local time on a
generalized comb. Instead of introducing this general version, we want to recall here
some of these results only in the context of the two-dimensional comb walk as it was
given in [29].

Theorem 13. On the probability space of our Theorem 10, as N — oo, we have for the comb
walk that

sup|Z((x,0),N) — 2171 (x,72(0,N))| = O(NV/3+) 45,

X€Z
with any § > 0, where 1;(x,.), i = 1,2 are the local times of the corresponding independent Wiener
processes in Theorem 10. Furthermore, we have, for any 0 < e < 1/4,

max  |2((x,0),N) —EZ((0,0),N)| = O(N47%) as. (22)
‘X|SN1/4—S
and
max  max |E((x,y),N)f%E((0,0),N)\ — O(NY4%) 4,

O<|y‘§Nl/4—s ‘X‘SN1/4—£

forany 0 < & < €/2, where the maximum is taken at integers.

Here, the first statement of the theorem describes the behavior of the local time of
the sites on the x-axis. The second statement claims that on the x-axis, up to |x| < N1/47¢,
all sites have approximately the same local time, while the last statement explains that
away from the x-axis, the local time is approximately half of the local time at the origin.
Theorem 13 has many nice consequences, which are given in [16]. These results were
obtained using strong approximation methods. However, we did not calculate the 2N-step
return probability to the origin. This was achieved much earlier by Gerl [30]. He even
proved it for higher-dimensional combs. He obtained the following result:

Theorem 14 ([30]). For the two-dimensional comb walk, as N — oo,

1

P(C(2N) = (0,0)) ~ AT

(23)

His proof strongly relies on the fact that the comb lattice is a tree. So, here is our
next question:

Question 3. Find a probabilistic proof of (23) and generalize it for the K-comb.
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e  Periodic-like walk:
In our paper, we proved the following:

Theorem 15 ([31]). Consider the anisotropic walk defined in (1). Suppose that

(i)  Conditions (9) hold with some1 < v < c0and 1/2 < 1 < 0.

(ii) Thereis an w > 0 such that pj>w, j=0+1,%2,...

(if) SUP, 2 vTSUP =, TNy (P(Ca(2m +2) = 0) — B(Cy(2m + 1) = 0)) < co.

Then,
1

4Nporty/y =1’

It is very interesting that the limiting 2N-step return probability in this theorem is identical
to the result that we obtained in the case of the periodic walk. This is the only reason
that we call the anisotropic walks which satisfy the three conditions listed in Theorem 15
periodic-like.

As before, this theorem immediately implies that the truncated Green function is

P(C(2N) = (0,0)) ~ as N - co. (24)

(N) = 3 P(C(h) = (0,0) ~ — BN _
8 _k:O o dport/y =1’

from which, using Chen’s work [28] again, we can conclude that for any fixed (x,y),

. E((0,0),N) py
lim ———F—+% =—
N—oo E((x,¥),N)  po

as N — oo,

a.s.

In the proof of the above theorem, we used a local limit theorem for a certain type of
Markov chain introduced by Stenlund [32]. The Markov chain he deals with goes from
state i to states i 4+ 1 and i — 1 with the same probability p; and remains in state i with a
probability of 1 — 2p;. This is exactly what the second coordinate, C,(+), of our anisotropic
walk does.

Remark 5. In Theorem 15, condition (iii) is difficult to check. This condition comes from Stenlund’s
paper, where he made the following comment on this: if the walk is lazy, i.e., all p; < 1/4, then
(iii) 7s trivially satisfied. His simulation suggests that, generally, under the other conditions of
Theorem 15, condition (iii) holds if px # 1/2 for at least one k € Z. So (iii) could well turn out to
be equivalent to the Markov chain being aperiodic.

Question 4. Find a class of anisotropic random walks for which condition (iii) above holds (besides

being lazy).
Question 5. Find some conditions which are equivalent to condition (iii) but simpler to check.

This theorem brings up the most puzzling questions. In Theorems 12 and 15, we
obtained identical results. The first one was for the periodic walk (see the definition of
periodic walk in Section 3, which is very different from periodic Markov chains), and
the second was for periodic-like walks, that is, under the three conditions listed above.
Clearly, the periodic walk satisfies (i) and (ii) above. So, either every periodic walk satisfies
condition (iii) in Theorem 15, which we cannot prove or disprove, or there is a common
generalization of Theorems 12 and 15.

Question 6. Find a common generalization of Theorems 12 and 15.

Clearly, (24) does not make sense when y = 1. So, we would like to have a result
which contains the K-comb given in (24) and, if possible, all anisotropic walks with ¢ = 1.
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The only case where we managed to find local time results for the anisotropic walk,
when 1 # 7, was the following:

e  The half-plane, half-comb walk.

Theorem 16 ([26]). For the 2N-step return probability of the HPHC walk, starting at (0,0),

we have

P(CON) = (0,0)) ~ 5, a5 N -+oo (25)

Of course, this result allows us to calculate the truncated Green function and proceed
similarly to the way we described above in the case of the periodic walk. In this particular
case, 1 =2and 7, = 1.

Question 7. What is the reason that the asymptotic return probability of the HPHC walk is twice
as much as that of the simple symmetric walk on the plane? Even a heuristic explanation would
be nice.

Question 8. Find a general result for the asymptotic 2N-step return probability in the case of
Y1 = Y2, under weaker conditions than the periodicity.

Question 9. Find a general result for the asymptotic 2N-step return probability in the case of
" # Y2

5. Range

The range is defined as the number of sites visited by the walk during the first N
steps. Formally, it is defined as

R(N)= ) I{E(u,N) >0},
uez?

where I{-} is the indicator function. In the case of the simple symmetric walk in two
dimensions, we know from Dvoretzky and Erdés [10] that

~ nN Nloglog N
E(R(N)) = logN+O( (log N)? )
and that the following law of large numbers holds:

lim R(N)

NILERMN)) TS

As for the anisotropic walk, we know very little.
e  Periodic walk
Roerdink and Shuler [7] proved that

E(R(N)) ~ 2nyy—1 N

5 log N’ as N — oo.

Furthermore, from Nandori’s work [33], one can conclude the following laws of large numbers:

. R(N) .. 9R(N)logN
NTLER(N)) NS 2m; —IN

Question 10. How to generalize these results for the anisotropic walk, without the restriction of
periodicity, requesting only that -y > 1.

1 a.s.

10
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o Two-dimensional comb walk

Pach and Tardos [34] proved for the expected value of the range of the comb that

1
2V 27

As to the almost sure behavior of the range of the comb walk, we just have some crude
estimates. We can create a lower bound by observing that the range of the vertical walk,
Cy(+), is the lower bound of the range of the comb. We proved in [15] that

1/2
liminf(Slogjogn) max |Cp(k)| =1 as,

n—00 n 1<k<n

E(R(N)) = < +o(1))\/ﬁlogN, as N — oo.

SO

v/8logl
hminfMRn21 a.s.

n—r00 n\/ﬁ

In order to obtain an upper bound for the range of the comb, we prove that

. Ry
1 < .S., 26
l?—igp nl/2logn(loglogn)>/2+e — € s (26)

with some ¢ > 0. To see this, first, we recall a few facts.
We proved in [15] that

limsu Ci(n) = 228
JHOOP nl/4(loglogn)3/4 — 33/4

as., (27)

which means that if 7 is big enough, then in n steps, we do not have more than

const nt/ 4(log log n)3/ 4 sites occupied on the x-axis. From (34) (see later), we also know
that from none of these sites can we have more than const n'/4(loglog 1)3/# excursions if n
is big enough.

If x is an excursion away from the x-axis, then for its height H, we have that P(H > k) =
1/k. So, we fix a site (x,0) on the x-axis. If {x; i = 1,2,...} is the i-th excursion away from
(x,0) and its heightis {H; i = 1,2,...}, then for the probability that if in the first n step m,
excursions start from (x,0), at least one of them is higher than ¢,,, we have

1\ _mp
Plmaxx; >0, ) =1—(1—— <l-—e /ngﬂ.
j 4y 4y

i<my

7/4+€

Select m, = an'/*(loglogn)®/* and ¢, = pn'/*logn(loglogn) with some & > 0

and B > 0. Let n, = ¢k. Then,
1/4 3/4
m log1 1
P| max x; > €y | < gk“ :(X(nk*l) (C;g Olgnk“) T
i<t e B\ ng 08 108 M (log k)

log(k+1)\** 1
< t . 2
= oo < log k ) k(logk)l+e (28)

So,
Y P( max x; > {y,)
k

i<ty

is finite. Hence, for a big enough k,

-max x; < Ly,
ISty

11
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So, for ny < n < ngy1, we have

maxx; < max k; <y <l as.
i<my igm,,kH

)7/4+e
3/4

if k is big enough. Thus, in 1 steps in each tooth, we have, at most, fn'/#log 1(log log n
points visited. Now, using the fact that according to (27) at most const n'/*(loglogn)
sites are visited on the x-axis, we obtain

R, < const n'/4(loglog n)/*)pn'/*1logn(loglog n)”/4+¢ = const n*/* log n(loglogn)>/2*¢,
proving (26).
Question 11. Find some exact result about the range of the comb walk.

Question 12. What is the range of the K-comb walk and the HPHC walk.

6. Strassen Theorems and Strong Laws for the Coordinates of the Anisotropic Walks

In this section, we want to mention some of the consequences of the strong approxi-
mation results discussed in Section 3. In order to mention our Strassen theorems, we need
some definitions.

Let S be the Strassen class of functions, i.e., S C C([0,1],R) is the class of absolutely
continuous functions (with respect to the Lebesgue measure) on [0, 1] for which

F(0)=0 and /0 ' Pdr < 1. 29)

Remark 6. In this topic, instead of the usual f'(-) for the derivative, we use the traditional f(-)
notation; see, e.g., [35].

Define the Strassen class S? as the set of R2-valued, absolutely continuous functions

{(f(x),g(x)); 0 < x <1} (30)
for which f(0) = ¢(0) = 0 and
[P0+ fnar <1, @

At first, we mention the general case

Theorem 17 ([19]). Under the conditions of Theorem 4 for the anisotropic walk C(-), we have that
the sequence of random vector-valued functions

(,/ - Ci(xN) Ve Co(xN) — 0§x§1>
7~ 1(2NloglogN) (2Nloglog N) N>3

is almost surely relatively compact in the space C([0,1],R?) and its limit points are the set of
functions S2. In particular, the vector sequence

( C1(N) G(N) >
(2Nloglog N)/2” (2N loglog N)1/2 N>3

is almost surely relatively compact in the rectangle

R N

12
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and the set of its limit points is the ellipse

{(x,y): ! x2+’ry2<1}- (32)
v—1
We do not have any Strassen-type results if 1 # 72, so we ask the following:

Question 13. How can we generalize Theorem 17 for the case where 1 # 7.

The only other case where we managed to prove a Strassen theorem was the two-
dimensional comb walk.

Theorem 18 ([15]). For the random walk {C(n) = (C1(n),Ca(n)); n =1,2,...} on the two-
dimensional comb lattice C?, we have that the sequence of random vector-valued functions

( Ci(xn) Ca(xn)
23/4n1/4(loglog n)3/4" (2nloglogn)l/2’

0<x<1)
n>3

is almost surely compact in the space C([0,1],R?), and its limit points are the set of functions
S = {(k(x),8(x)): k(0) = g(0) =0, k,g € C([0,1],R)} (33)

/01(|33/42_1/21'<(x)|4/3 +¢%(x))dx <1, k(x)g(x) =0 ae.,

where C([0, 1], R) stands for the space of absolutely continuous functions in C([0,1], R).
The sequence

Ci(n) Ca(n) )
nl/4(loglogn)3/4" (2nloglogn)'/2 J, 4

is almost surely compact in the rectangle

25/4 25/4
= [_33/4’33/4 X [_1’1]’

and the set of its limit points is the domain

D = {(u,0): k(1) =u, g(1) = o, (k(-),8(-)) € SP}.

In fact, in [15], we established some other important consequences of this theorem
as well.

Question 14. How to generalize Theorem 18 for the K-comb walk.
In what follows, we present some LIL-type theorems.

Theorem 19 ([23]). Under the conditions of Theorem 7, we have the following LIL-type results for
the anisotropic walk:

13



Entropy 2024, 26, 1082

o limsupw_—wzlimsupﬂ: 2<1_1> 4.5.:
NS \/tloglogt Noe +/NloglogN 71 o
L Wit=AYN) C1(N) ( 1 )
1 f————2 " =] f——t = [2(1—-— S
* BT Jfloglogt  Nue \/NloglogN n)
. Wa(Ay (1) _ GN) -
e limsu = limsu — as.;
t_,oop \/tloglogt N~>oo \/NloglogN 7
WA 1) o G(N) 2
e liminf = lim —/— as.
t—eo  /tloglogt N—e /Nloglog N 72
where Ay (t) = 11 fo 2(s) > 0)ds + 72 fo 5(s) < 0)ds, and Ay (") is its inverse.

This theorem contains almost all the special cases which we discussed earlier. For
instance, in the HPHC walk case, where we have 91 = 2 and 7, = 1, we obtain

o limsup¢:1 as.;

N—ew +/NloglogN

.. Ci(N)

1 f—o——t—o=-1 as,;
* e v/Nloglog N

. Ca(N)

1 ———=1 as,;
’ I?jllop /Nloglog N
° liminf%:— 2 as.

N—eo |/Nloglog N

However, again, the 91 = 2 = 1 case in general is unknown, but we have some LIL for
the K-comb walk.

Theorem 20 ([27]). For the K-comb walk, we have

e limsu G(N) = 2 a.s
NP AN A (loglog N)3/4 — 3374 %7
° lim sup C(N) =1 as,

N—o0 (2N IOg log N)l/z

where Ag was defined in (19).
Furthermore, let p(n),n = 1,2 ..., be a non-increasing sequence of positive numbers such that
n'/4p(n) is non-decreasing. Then, we have almost surely that

° liminfwzooroo
N—o0 N1/4P(N)
° liminf%NCz(k):OOroo

N—o0 Nl/Zp(N)

according to whether the series Y ;- | p(n)/n diverges or converges.
Furthermore, for |Ca(-)| and |C1(-)|, we have

e liminf (

N—o0

810g10gN>1/2

AN max |Co(k)| =1 a.s.

0<k<N

e liminf MaXo<k<N G (k)|

=0 , 5.
imin NUp(N) or oo a.s

14
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as to whether the series Y01 p*(n) /n diverges or converges.

7. Some Limit Distributions and Strong Laws for the Local Time of the Anisotropic
Walk

e  Periodic and periodic-like walk

From (11), using the work of Darling and Kac [36], we concluded in [19] that for the
periodic walk,

e lim P<4P07T. ’yl_oéj((o'o)'n) > x) =e ¥, x>0.

N—o0

As for the lim sup result, we have, using Chen’s work [28], that

e limsup 2(0.0m) ! a.s.

1o lognlogloglogn — 4pymy/y — 1
Naturally, the above two statements are also valid for the periodic-like walk as well. A
functional limit theorem was also proved in [37].

o Two-dimensional comb walk

Based on an old Strassen theorem [38], which we proved for the iterated Wiener local
time process {#71(0,72(0,xt)), 0 < x < 1}, where 1 (-) and #(+) are the local times of two
independent standard Wiener processes, we concluded in [16] that for the local time of the
comb, we have

, E((x,0),n) 294
° llflnj::p 174 (log log n)?/3 =37 a.s., (34)
E 25/4
e limsup (Goy)m) y #0as.

noco nl/4(loglogn)3/4 — 33/4

Furthermore, we would like to mention a couple of integral tests for sup, ., £((x,0),n) [17].

Theorem 21 ([17]). Let a(n) be a non-decreasing sequence. Then, as n — o,

P(sup Z((x,0),n) > n'*a(n) i0.) =0 or 1

xXeZ
according to
£ (3P0
=y O 25/3 -

Theorem 22 ([17]). Let b(n) be a non-increasing sequence. Then, as n — oo,

P(sup Z((x,0),n) < n'/4b(n) i0.) =0 or 1
XEL

according to
b*(n)
n

o0
Z < 00 0r = 0.
n=1

° HPHC walk

As a consequence of Theorem 16, we have for the HPHC walk that g(N) ~ 2 log N.
In [26], we obtained again from Darling and Kac [36] and Chen [28] that

o lim p( ZEQON) o N _
N—o0 2log N

15
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and

e limsup =((0.0).N) 2 a.s.

Nooo logNlogloglog N T
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1. Introduction

It is known that sufficiently thin subsequences of any (dependent) sequence of random
variables behave like independent random variables. Révész [1] proved that if (X;,),>1 is a
sequence of random variables satisfying sup, E(X2) < oo, then there exists a subsequence
(Xu, )k>1 and a random variable X € L; such that the series Y ;7 ; ax(X,,, — X) converges
a.s. for any coefficient sequence (ay)x>1 with } 32, a,% < 00. Koml6s [2] proved that from
any sequence (X ),>1 of random variables satisfying sup, E|X,| < oo, one can select a
subsequence (X, )y>1 such that

1
lim — )} X, =X as. 1)
N—o0 k<N k

for some X € Lq. Gaposhkin [3] and Chatterji [4,5] proved that if (X,),>1 is a sequence of
random variables satisfying sup, EX2 < oo, then there exist a subsequence (Xy, );>1 and
random variables X € Lp, Y € L1, Y > 0 such that

1 d
N kg](X”k - X) — N(0,Y) )

and

1
lim sup (Xp, — X) = Y/2 a.s., 3)

Nooo +/2NloglogN kg]
where N (0, Y) denotes the distribution of v/Yg; here g is an N(0, 1) variable independent
of Y. Chatterji [6] formulated the following heuristic principle:

Subsequence Principle. Let T be a probability limit theorem valid for all sequences of i.i.d. random
variables belonging to an integrability class L defined by the finiteness of a norm || - ||1. Then, if
(X )n>1 is an arbitrary (dependent) sequence of random variables satisfying sup,, || Xu || < oo,
then there exists a subsequence (Xp, )i>1 satisfying T in a mixed form.

Entropy 2025, 27, 214

18

https://doi.org/10.3390/e27020214



Entropy 2025, 27, 214

In a profound study, Aldous [7] proved the validity of the subsequence principle for
all distributional and almost sure limit theorems subject to minor technical conditions.
Dacunha-Castelle [8] showed that every tight sequence (Xj,),>1 has a subsequence (X, )x>1
whose finite dimensional distributions are close to those of an exchangeable sequence
(Yk)k>1, defined on a possibly different probability space. However, the closeness of the
finite dimensional distributions of (Xy, )y>1 and (Yj)x>1 is not enough to transfer limit
theorems from (X, )k>1 to (Yi)r>1 and Aldous [7] used a delicate subsequence extraction
technique tailored to the individual limit theorem we want to establish for (X}, ).

An alternative way to prove Aldous’ theorem would be to use strong approximation
and to show that every tight sequence (X;,),>1 has a subsequence (Xy, )x>1 which is close to
an exchangeable sequence (Yj)>1 defined on the same probability space in the sense that

[e)

Yo IXu — Vil <0 as. 4)
k=1

Clearly, by passing to a further subsequence, one can make the speed of a.s. convergence
of X, — Y to 0 as rapid as one wishes; then, transferring limit theorems from (Yj)>1
to (X, )k>1 becomes easy. Unfortunately, however, the approximation (4) is not valid in
general, as is shown by the examples in [7,9]. For a necessary and sufficient condition
on (X;) to have a subsequence (X, )i>1 satisfying (4) with an exchangeable (Yj)x>1,
see [9]. However, in [10] we showed that a slightly weaker version of (4) is nevertheless
true, namely we have

Theorem 1. Let (Xy,),>1 be an arbitrary (not necessarily tight) sequence of random variables
with tail o-field T Then, after suitably enlarging the probability space, there exists a subsequence
(X, )k>1 and a sequence (Y )r>1 of random variables such that Yy are conditionally independent
with respect to T and (4) holds.

Theorem 1 is an almost sure invariance principle in the sense of Strassen [11], but it
yields a.s. approximation of the individual r.v’s X}, , instead of their partial sums.

By De Finetti’s theorem, the exchangeability of a sequence (Y )x>1 can be “split” into
two properties, namely, to the conditional independence of (Y );>1 relative to its tail o-
field 7 and the conditional identical distribution of (Y );>1 relative to 7. As Theorem 1
shows, the conditional independence of (Yj)i>1 can always be guaranteed in (4) and the
difficulties are caused by the second, seemingly much simpler property, the conditional
identical distribution of the Y}’s. In [10] we gave an example showing that even in the
case when the sequence (X;),>1 is uniformly bounded, the behavior of the conditional
distribution functions Fi(t) = P(Y; < t|T) of Yy can be extremely irregular, with no
subsequence F, converging in any useful sense. However, even without the conditional
identical distribution of the Y}’s, the approximation (4) has many useful consequences. As
the examples in the next section will show, Theorem 1 provides important information for
nonstationary lacunary series, e.g., for the a.s. convergence and asymptotic properties of
series ) _a; Xy, . For example, while the Aldous—Chatterji subsequence theory yields the
Hartman-Wintner-type LIL (3) for sufficiently thin subsequences (X, )i>1 of Lo-bounded
sequences (X ),>1, Theorem 1 yields the Kolmogorov-type LIL

N
X, — X
lim sup i (X )

N—eo /243 loglog Ay

=Y'2 as. (5)
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for suitable subsequences (X, )r>1 of uniformly bounded sequences (Xj),>1, where
(an)n>1 is a weight sequence satisfying

NNV
AN
An = a? — 00, al =0 ———— ). 6
N <k_21 k> o0 1}31§a1\>]<| | ( ’710glogAn> (6)

In conclusion we note that in [12] it is proved that for any tight sequence (X, ),>1,
there is a subsequence (Xy, )y>1 and a sequence (Yj);>1 of random variables which is
‘strongly exchangeable at infinity” in a certain technical sense and (4) holds. Thus, we have
an a.s. approximation theorem even in the context of the Chatterji~Aldous subsequence
theory, but it applies only for limit theorems for i.i.d. or near-i.i.d. sequences.

2. Applications

By the result of Révész [1] cited in the Introduction, if (X,),>1 is a sequence of
r.v.’s with sup, E(X2) < oo, then there exist a subsequence (X, )x>1 and a random vari-
able X € L, such that (X;,, — X);>1 is a convergence system, i.e., for any numerical se-
quence (c)k>1 with Y52, ¢ < oo, the series Y3 ; cx(Xy,, — X) converges almost surely.
Koml6s [13] proved that with a suitable choice of (1) and X, (X;;, — X)x>1 will actually
be an unconditional convergence system (i.e., it will be a convergence system after any
permutation of its terms), settling a long-standing open problem in the theory of orthogo-
nal series, see [14], p. 54. Another, equally elaborate proof of Komlés’ theorem was given
by Aldous [7]. Since conditional independence is a permutation-invariant property, the
two-series version of the Kolmogorov three-series criterion and Beppo Levi’s theorem
imply that a conditionally independent sequence with conditional mean 0 and bounded
second moments is an unconditional convergence system. Thus, observing that (4) and
Y ¢ < oo imply

[e9)

k=1 k=1

o 1/2 o 1/2
|Ck||Xnk — Ykl < (Z Ci) (Z |Xnk — Yk|2> < o0 a.s.,,
k=1

the following version of Komlés” theorem follows immediately from Theorem 1:

Theorem 2. Let (Xy,),>1 be a sequence of r.v.'s with tail o-algebra T such that sup, E(X2) < co.
Then (Xn — E(X,|T))n>1 contains an unconditional convergence systei.

By passing to a further subsequence and using a weak compactness theorem, the
centering sequence E(X,|7) can be replaced by a single random variable X € L.

Proving the unconditionality of a convergence system is a difficult problem of analysis,
with a number of famous results and open problems. By Carleson’s theorem, (cos nx),>1
is a convergence system, but, as Kolmogorov pointed out in [15], this property breaks
down after a suitable permutation of the sequence. In the opposite direction, Garsia [16]
showed that if (fy),>1 is an orthonormal system and Y0 ; ¢ < oo, then the sum Y0 ; ¢y, fu
is a.e. convergent after a suitable permutation of its terms. But whether there is a universal
permutation ¢ : N — N of the positive integers such that Y ;” 1 ¢u f;(,) is a.e. convergent
for any coefficient sequence (c,),>1 with Y00 ; c2 < oo (i.e., ( fo(n))u>1 is a convergence
system) is still an open question.

As mentioned above, the subsequence (7)1 constructed in the proof of Aldous’
theorem depends on the limit theorem we want to verify and different limit theorems
require different subsequences. For example, Aldous’ theorem implies that if (X,) is a
sequence of r.v.’s with sup,, E(X2) < oo, then for any fixed numerical sequence (ci)x>1 with
Yo C% < oo, there exist a subsequence (X, )>1 and X € Ly such that } ;2 ; ¢ (X, — X)
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converges a.e., but the theorem does not yield a universal subsequence (X, )x>1 working
for all square summable sequences (cx)x>1 simultaneously, and thus Révész’ theorem
mentioned in the Introduction does not follow from Aldous’ theorem. The same applies
for the weighted CLT and LIL for lacunary sequences proved by Gaposhkin (see [17],
Theorem 1.5.1 and Theorem 1.6.1). However, both results are immediate consequences of
Theorem 1 and since conditional independence is a permutation-invariant property, we
automatically get their permutation-invariance as well:

Theorem 3. Let (X;;),>1 be a uniformly bounded sequence of random variables with || Xy |2 =1
(n=1,2,...). Then, there exists a subsequence (Xy, )x>1 and bounded random variables X and
Y > 0 such that

N
lim ATl X, —X) -4 N(0,Y 7
dim Nk;ak( m — X) — N(0,Y) @)

for any positive numerical sequence (ay),>1 satisfying

N 1/2
AN = a? — 00, max |a;| = o(Ay).
N <k—21 k) ng' k| =0(An)

Moreover, relation (7) remains valid after any permutation of the sequence (Xp, )i>1-

Theorem 4. Let (X;,),>1 be a uniformly bounded sequence of random variables with || X, |, = 1
(n =1,2,...). Then, there exist a subsequence (Xp, )r>1 and bounded random variables X and
Y > 0 such that (5) holds for any positive numerical sequence (a,),>1 satisfying (6). Moreover,
relation (5) remains valid after any permutation of the sequence (X, )j>1-

The unpermuted forms of Theorems 3 and 4 are due to Gaposhkin [17]. To deduce
the permutation-invariant forms from Theorem 1, it suffices to use the version of the CLT
and LIL for independent random variables due to Kolmogorov [18] and Lévy ([19], p. 105),
the permutation-invariance of conditional independence and the observation that by (4)

we have
N

N
Y la X, — Yel < (maxag]) } | X, — Vil = 0(An).
k=1 k<N k=1

Next, we formulate a version of the Kolmogorov-Erd6s—Feller-Petrowski upper-lower
class test for lacunary series.

Theorem 5. Let (X;,),>1 be a uniformly bounded sequence of random variables with || X, |, = 1
(n =1,2,...). Then there exists a subsequence (Xy, )x>1 and bounded random variables X and
Y > 0 such that for any numerical sequence (a,),>1 satisfying

N 1/2 A
Ay = 2 , =of —N 8
we have
n
IP’(Z 4 Xn, > Y2 A,0(Ay) i.o.) =10r0 )
k=1
according as
Z q):q)e*‘f’(")z/z = o0 or < oo. (10)
n=1

Moreover, the result remains valid after any permutation of the sequence (X, )x>1.
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Again, the result follows from the corresponding result for independent random
variables in [20], Theorem 1, and the observation that

N N
Y Ll | X, = Yel < (max|agl) Y [ Xu, — Yil = 0(An/ (loglog An)*/?).
k=1 S =1
Replacing the exponent 3/2 in (8) by 1/2 < p < 3/2, the upper—lower class test (9)—(10)
will continue to hold with new terms appearing gradually in the exponent of e~ ?()?/2 ag 0
approaches 1/2, according to the hierarchy of results described in [20].
In conclusion, we formulate a weighted strong law for lacunary sequences.

Theorem 6. Let (Xy,),>1 be a sequence of random variables, let p,q > 1satisfying1/p+1/q9 =1,
and assume that there exists a random variable X € Ly such that

P(|Xn| > t) < CP(|X| > t) for some constant C > 0andn =1,2,.... (11)

Then there exist a subsequence (X, )>1 and a random variable X € Ly such that for any array
(aN,i)NlegigN satisfying

1Y Y
sup (N )y |aN,z-|q> < (12)
i=1

N
we have

1 N
lim — Y an;(Xy, — X) =0 as.
i=1

N—o0

Moreover, the result remains valid after any permutation of the sequence (X, )i>1.

This follows immediately from Theorem 1 and the conditional version of Theorem 1.1
of [21] upon observing that (4) and (12) imply

i=1 i=1 i=1

1 N 1 N 1/q N 1/p :
N L Nl X =il < 55 X lanl? Y [ Xn —Yi|P ] NTU/g

and noting that the identical distribution of r.v.’s in Theorem 1.1 of [21] can be replaced by
the stochastic domination condition (11). Finally, the permutation-invariance statement
follows from the permutation-invariance of conditional independence.

Note that the the assumption (11) and X € L, made on Xj, in Theorem 6 are stronger
than the moment boundedness condition sup, E|X, [V < oo, typically assumed in the
theory of lacunary series. Whether Theorem 6 remains valid under sup, E|X, |V < o
remains open.

In conclusion we mention an interesting recent paper of Karatzas and Schachermayer [22]
on the weak law of large numbers for lacunary series. The main result of [22] can also be
deduced by using Theorem 1 and the classical criteria for the weak law of large numbers for
independent random variables, but since such a proof would not be simpler than the original
proof in [22], we do not discuss this problem here.
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Limit Laws for Sums of Logarithms of k-Spacings

Paul Deheuvels

Laboratoire de Statistique Théorique et Appliquée, Université Paris VI, 7 Avenue du Chateau,
F 92340 Bourg-la-Reine, France; pd@ccr.jussieu.fr

Abstract: Let Z = Z4,...,Z, be ani.i.d. sample from the absolutely continuous distribution
function F(z) := P(Z < z), with density f(z) := % (z). LetZy,, < ... < Zyy be
the order statistics generated by Zj,...,Z,. Let Zp, = a := inf{z : F(z) > 0} and
Zyi1n = b :=sup{z : F(z) < 1} denote the end-points of the common distribution of
these observations, and assume that the density f is Riemann integrable and bounded away
from 0 over each interval [@/, b'] C (a,b). For a specified k > 1, we establish the asymptotic
normality of the sum of logarithms of the k-spacings Z; ., — Z;_1, fori=1,...,n —k+2.
Our results complete previous investigations in the literature conducted by Blumenthal,
Cressie, Shao and Hahn, and the references therein.

Keywords: order statistics; parametric hypothesis testing; hypergeometric functions

1. Introduction and Results

Let X1, Xy, ... be a sequence of independent replicee of a non-degenerate random
variable X, with distribution function F(x) := P(X < x), defined for x € R := R U
{—00} U {—o0}. We denote by a := inf{x : F(x) > 0}, and b := sup{x : F(x) < 1}, the
distribution end-points, and we assume that a version of the the density f(x) = %F (x) of
X exists for x € R and is Riemann integrable and bounded away from 0 over each interval
[a',b'] C (a,b). Foreachn > 0, we set X, := a and X1, := b, and for each n > 1, we
denote the order statistics of Xy,..., X, by Xj ,,, ..., Xyun, which fulfill almost surely the
strict inequalities

—00<a=Xgy < X1y <...<Xpn<b=X,41, < oo 1)

Given a specified integer k > 1, we are concerned with the limiting behavior as n — oo
of the sums of the logarithms of the k-spacings {DZ.U;) :1 <i < n—k+2}, defined for
n>k—1by

k .
DN = Xjipo1p — Xio1 for i=1,...,n—k+2. @)
Since the first and last among the k-spacings in (2), namely, ngg and Di(qkj k2 v are possibly
infinite, we set
1 when a> —oo,
po = ®)
2 when 4= —oo,
1 when b <oo,
qo = 4)
2 when b= oo,

and consider only the finite k-spacings {Dl.(,I;) tpo<i<n—k+3—qo}.
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Our goal is to investigate the limiting behavior, as n — oo, of the statistic

n—k+3—q n
Tu(k;p,q) :== Z { —log (E Di(,];)) }, (5)
i=p

defined for each set of integers k > 1, p > po, g > qo, and n > k + p 4+ q — 3. In the present
paper, we establish the asymptotic normality of T, (k; p, q) when k, p, and g are fixed, and
n — oo. The motivation of these statistics is to provide tests of the goodness of fit of the null
hypothesis (H.0) that X is uniformly distributed on (0,1) with f(x) = 1o 1)(x), against the
alternative. Darling [1] introduced the statistic T;, := T,(1;2,2), and, later, Blumenthal [2]
showed that, under the assumption that f is continuous on (a,b) C (—oo, c0) and bounded
away from 0 on this interval, we have, as n — oo

n'/2{T, — ny — nE(log f(X))} LN N(0,{(2) + 1+ Var(log f(X))). (6)

Here, and in the sequel, we write ”i" to denote weak convergence and u o to denote
equality in distribution. We let N (i, ¢?) stand for the Gaussian distribution with mean u
and variance o2. Throughout, we use the convention that Y;(+) := 0 and [](-) := 1. We
denote by v = 0.577215. .. Euler’s constant (see, e.g., (14) below) and set (2) = %2 for the
value taken by the Riemann zeta function {(z) for z = 2 (we refer to Remark 2 in the sequel
for some basic facts concerning these mathematical objects).

Under the null hypothesis (H.0) that X is uniformly distributed on (0,1), which
implies that f(X) =1 a.s., (6) reduces to

n/2{T, —ny} % N(0,4(2) +1). @)

For 0 < a < 1, denote by v, the upper « quantile of the N (0, 1) distribution. It follows from
(6) that the test rejecting (H.0) when n!/ 2{T, —ny} > ve\/C(2) + 1 is asymptotically con-
sistent with size & when n — co. This result may be refined by using the exact distribution
of n1/2 { T, — n'y}, which was obtained in tractable form by Deheuvels and Derzko [3]. The
corresponding results allow for the practical use of the so-called Darling-Blumenthal test
of uniformity.

Some practical problems arise for the use of the above-described test in the presence
of ties (see, e.g., pp. 118-124 in Héjek and Sidak [4]) when some of the observed spacings

i(;) : 2 <i < n} are null, in which case T, is not properly defined. In

practice, the use of the k-spacings {Di(,];) :2 <i<n—k+1} for the choice of k > 1 that
is sufficiently large allows us to overcome this difficulty. This motivates the study of the

in the sequence {D

limiting behavior T}, (k; p, q) for a specified choice of the integer k > 1.
We work under the assumptions listed in (F.1-3) below:

(F.1) Var(log f(X)) < oo;

(F.2) Either 2 > —oo and f is Riemann integrable and bounded away from 0 in a right
neighborhood of a, or
a > —oo and f is monotone in a right neighborhood of 4;

(F.3)Either b < oo and f is Riemann integrable and bounded away from 0 in a left
neighborhood of b, or
b < co and f is monotone in a left neighborhood of b.

Our main result is stated in Theorem 1 below. We set ¢(z) := g1 (z) = % logI'(z)
for the digamma function (see Remark 2 in the sequel for details on Euler’s constant v,
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Riemann’s {(-) function, the Gamma function T(-), and the polygamma functions p(™(-) for
m=20,1,...).

Theorem 1. Under (F.1-2-3), for each specified set of integers k > 1, p > po, and q > po, we
have, as n — oo,

n1/2 [Tn(k; p.q) — n{ — (k) +1ogk+E(10gf(X))H

LN N(o, ¥ (k) +1 +Var(logf(X))). ®)

Remark 1. Under the assumptions above, for any specified set of integersk > 1, p', p”" > po, and
q,q" > po, we have

\Ta(k;p',q") = Tu(k;p",q")] = Op(1) as n — co. )

Therefore, when the conclusion of Theorem 1 holds for some specified pairs of integers (p, q) with
p > poand q > qo, it holds for all other pairs of integers p, q, fulfilling this condition. Because of
this, we set Ty, (k) := T, (k; po, qo) and give a proof of the theorem for p = po and q = qo.

The proof of Theorem 1 is given in the next section, together with additional results of
interest. We mention at this point some historical details about the sums of the logarithms of
spacings and related topics. The study of spacings has received considerable attention in the
literature, ever since the pioneering work of Darling [1] (see, e.g., Pyke [5,6], Deheuvels [7],
and the references therein). To the best of our knowledge, the best result coming close to
Theorem 1 was obtained by Cressie [8,9] for p = g = 2 and k > 1. Cressie established a
variant of (8) under the assumption that the density f of X is a bounded step function (see
Theorem 5.1, p. 352 in [8]). For p = ¢ = 2 and k = 1, a version of Theorem 1 was given
by Blumenthal [2] under rather strenuous conditions on f, assumed to be, at least, twice
differentiable. Shao and Hahn [10] largely improved Blumenthal’s theorem by showing
that (8) holds for p = g = 1, k = 1, and when —c0 < 4 < b < co under the assumption
that f is Riemann integrable and bounded away from 0 on (a,b). Recently, Deheuvels
and Derzko [11] (see also [3]) relaxed the assumptions of Blumenthal and Shao and Hahn
by giving a version of Theorem 1 for k = 1, allowing a and b to be possibly infinite. The
present paper improves these results by covering the case of an arbitrary k > 1 under
less strenuous conditions on f. We refer to Shao and Hahn [10], del Pino [12,13], Czekata
[14], and the references therein for discussions and further references on the statistical
applications of this theorem.

Remark 2. (1°) The following relations and definitions hold, relating Euler’s constant v =
0.577215 ... to the Riemann zeta function {(-) in (6) (see, e.g., Spanier and Oldham [15] and
Gradshteyn and Ryzhik [16], p. xxix). We have, for eachr > 1and m = 1,2, ...,

1 /00 ride &1
r)i= —— —_ = — for r>1, (10)
C( ) 1'*(7,) Jo et -1 j:] ]r f
22m7.[2mB2m
where By, is the n-th Bernoulli number. In particular, for v =2 and m =1,
g(z)_nz_l/wm_il (12)
6 T2 Jo et —1 _].:1]‘2‘

The Bernoulli numbers {By, : n > 0} are defined as the constants in the expansion
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71

fl = Z —' which converges for |t| < 27t (13)

The Euler constant y may be deﬁned by either one of the relations

- /Ooo(_logt)e‘fdt = lim {C(T) - ri1}

n—1

- nlgrgo{ )3 j —1ogn}. (14)

(2°) The Euler Gamma function T(-), digamma function (-), and polygamma function p(")(-)
are respectively defined via the relations (see, e.g., §§6.3—6.4 in Abramowitz and Stegun [17]) for
z>0andm > 1,

T(z) = / T letyy, (15)
0
d 0 ,—t _ ,—zt
P(z) := —logl“ :—'y—i-/ el_:t t, (16)
which fulfills
}Ln;o {l[](z) — logz} =0,
. dm+1 " oo =zt

In particular, when z = n > 1 is an integer, we obtain (see, e.g., Formulas 6.3.2 and 6.4.2 in [17])

n—1
L(n)=(n-1t=1]j
j=1
n—1 1
p(n) = =7+ I p(1) = -7, (18)
=1
which fulfills
lim {l[J(Tl) —logn} =0,
n—1 1
() = (—1)" i {gm+ 1) - ¥ s ] (19)
=1/
p n—1 1 e} 1
Y(n)=¢2)- ), 5=) 5
=" =
B o0 te—nt uh= 1{_10gu}
1—e" T4 /0 1—u (20)
(3°) Routine computations show that, as n — co,
1 1
{w(n +1) —log(n+ 1)} — {tp(n) - logn} = ETOZ()’
whence, as n — oo,
n{tp(n) —logn} — —%. (21)
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(4°) In view of (12) and (20), we readily obtain that, fork =1,2,...,

, _ 21 & 1 ® 1 1
v = C(z)j_lﬂ‘,gﬂ‘]gﬂfﬂﬁg{jzj<j+1>}
1 > 1 1 1 > 1
N k+]§’({j2 ](]—i—l)} k+]§({]2(]+1)}

1 > 1 1 1& 1 1
- k+]§{j2(j+1)}+2k2_2]§<{j2_(j+1)2}
S SR S S b5 S W S U B o) SR B
- k+zk2+]§{j2<j+1> jz(]’+1)2}_k+2k2+2,;<{j2(j+1)2}

1 1 1 1 1 1 3j% +3j
E+@+@_6; {F_(j+1)3}_{j3(j+1)3}

bt 1 e 1
k226 6= P13

This, in turn, implies that, as k — oo,

k—1
(R 2k + 1)y ()~ 2k +1 = (22 -2k +1){Z(2) - ],12}—2k+1
=1
S R S L IO (22)

T
so that the limiting variance of n=Y/>T,(k; p,q) in (8) equals

! +3(I)c(1) —  Var(log f(X)),

Var(log f(X)) +

as k — oo.

(5°) Likewise, we infer from (14) that, as k — oo,

5 & 1y 1y 14001
IP(k)—’Y—];].+logk—];{{log(1+j)_j}__ 2,

so that the limiting centering factor of n =T, (k; p,q) in (8) equals

E(log £(x)) ~ -2 (10g £(x)),

as k — oo. By all this, for large specified values of k, n=' T, (k; p,q) follows approximatively, as
n — oo, a normal distribution, with expectation E(log f (X)) and variance n=/2Var(log f(X)).
This gives a heuristical motivation for the use of the statistic n= T, (k; p, q) (taken with specified
large values of k) to estimate the factor E(log f(X)).
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2. Proofs
2.1. Properties of the Gauss Hypergeometric Function

In our proofs, we make use of a series of identities related to hypergeometric functions,
which are of independent interest. For any x € R and n € IN, define the Pochhammer
function by

(X)p:=x(x+1)...(x+n—-1)forn=1,2,..., and (x)p:= 1. (23)
We note that, whenever x > 0and n € N := {0,1,...},

I'(x+n)
= ——". 24
(x)" F(x) ( )
In particular, we have (1), = n! for each n € IN. We refer to 18:3:1; 18:3:2, and 18:10:1 in
Spanier and Oldham [15] for additional properties of the Pochhammer function. Recalling

(16), (23) and (24), we obtain readily that, for —x ¢ {0,1,...,n — 1}, (x), # 0 and

c(lix 2 = (a{w(x+n) —p(x)}, (25)
2
%(x)n = (x)n{ll/(x—I— n) — 1/1’(x) + {l[)(x +n)— 1/J(x)}2} (26)

The usual Gauss hypergeometric function is defined for ¢ ¢ —IN and z € C with |z| < 1 by

[e0)

m
F(a,b;c;z) := oF(a,b;c;z) Z "g Jn % (27)

The function F(a, b;c; z) is defined for |z| = 1 when Re(c —a — b) > 0 (see, e.g., Ch.4 in
Rainville). In particular (see, e.g., 60:7:2 in [15]), when this condition holds,

I'(c)T(c—b—a)

Fee) = Fe Ty )
In particular, we have
F(l,b;c;l) — i (b)m . r(c)r(c_b_l) B c—1 o

=om(c)n  T(e—1)T(c—b) c—b—1
The general hypergeometric function of order (p,q) is defined for integer p < g+ 1 by
o0 (al)m...(ap)m ZMm
F,(ay,...,ap,b1,...,b5,2) = —_— 30
palan by byz) = Y s T (30)

The following identity relates higher-order hypergeometric functions to lower-order ones.
We have

p+1Fg41 (a1, ...,ap,1;b1,...,bg,s;2)
I'(r)

1
_ r—1 _ 4\s—r—1 . .
= 71"(5)1"(5 g /0 (1 —1t) pFy(ar, ..., ap; by, ..., by tz)dt
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In particular,

sh(1,b,1;0,51) = )

- r(r)rr<(sr)—s) /01 FHA = 1)L bic )t
_ I L v & O
_W/O RO 1mZ:;1m(c)mtL '

Fora>1,b>1,c>1,and 0 < x <1, we have (see, e.g., 60:10:3 in [15])

x c—1
/O F(a,b,'c;t)dt:m{lf(a—l,b—l;c—l;x)—l}. (31)

Proposition 1. We have, forc > b+1,c ¢ —IN,

mgo 8: - ci;ir (32)

mio Egz (et m) =) = (c—bb—l)z (33)
and

L gntvteem =y} = 5y

Proof. By combining (27) with (28), taken with a = 1, so that (1),, = m! and z = 1, we
obtain

b)m
C)m

oy _T@T(c=b=1) _ c—1
_F(l,b,C,l)—l_.(C_l)r(C_b)_c—b—1’

3
ir7e

which is (32). By combining (25) with (32), we obtain, in turn, that

HED = 2{{) = L 2 e m - (o))

m=0 m=0 m=0

6] -1 —b
:a{cib—l}: (c—b-1)2"'

which is (33). The proof of (34) follows along the same lines with the formal replacement of
% by aa—b. Namely, we obtain

X om = o) = & oo em - 40))
- %{ci;il} - (C_Cb__ll)z /
which is (34). O
Proposition 2. We have, for ¢ > b > 0,
5 = 90— yle—), o)
; nﬁ‘gz;"m {ple+m) —v(o)} =¢'(c) —¢'(c - D), (36)

and
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v () m) c—
mglm(c)m{ pio ()} =9(c=b).

Proof. By (27) and (28), we have, for 0 < x <1

c

i (1+h)m(1+b)y x™H1
= (14 c)m (m+1)

whence by letting x 1 1 and making use of (28)

ﬁ{P(h,b;c;l)_1}:L{T(c)r(c_h_b)

hb \T(c—h)[(c—b) 1}
= (1+h)m(b+1), 1
; (c+1)m (m+1)1°

When & | 0, we have, foreachm > 1

(14+h)m 1
CEAE S

so that

i L s e 1~ e 1) e
€ T(e)T(c —h—b)
Elhoh{( h)F(c-b)_l}'
Next, we make use of (16), which yields the expansions
T(c—h
(;(c)) = 1-h(1+o(1))p(c) ashlO,
and 1"( b
c—h—
tesp = 1hto()pe—b) ashlo

It follows readily that

lim l{l"(c)l‘(c —h—b)

w0 h \T(c—h)T(c—b) 1} =9(c) —¢p(c—Db).
By all this, we obtain
& (b)n b X (b+1),
mX::O ,ﬁ<2>m - Em;o Ecﬂ;m %H = () —p(c—b),
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which is (35). Given (35), we infer from (25) and (35) that

m=1
_ = ( )m 1 1 1
i YU T i il
_ . (b)m d - 0 (b)m
= L e a0 = L ey (e m = p(e)},

' _ 9 T A R /) R ()
viemn =gplvo viemn) =i & e )
) 1 . 1 ) 1 d
= L wion {tim &[0 = @] } = L an O
= il nﬁ’jﬂ;”m {90 +m) —p(b)},

which yields (37). O

2.2. Preliminary Results and Moment Calculations

The special case where X follows a uniform distribution on (0,1) will play an in-
strumental role in our proofs. For a general F, keeping in mind that the existence of
flx) = %F(x) implies that F is continuous, we set Uy = F(X;), U, = F(X3),..., and we
observe that these random variables are independent, each with a uniform distribution on
(0,1). For each n > 1, we denote by

Upp :=0< Uy, =F(X1,) <...<Upn=FXnn) <Upy1n =1, (38)

the order statistics of 0,1, Uj, . .., Uy, with the convention that Uy, = F(Xp,) = F(a) =0
and Uy 41, = F(Xy41,4) = F(b) =1 for n > 0. We note that the inequalities in (38) hold
a.s. We therefore assume that, without the loss of generality, they are fulfilled on the
probability space on which {X,, : n > 1} is defined. The uniform k-spacings are then given
for1 <k <n+1by

= ulqu,l,n — Ui—l,n for i=1,...,n—k+2. (39)

For r > 0, denote by S, 4 (r) a random variable following a Gamma distribution with
mean 7. Namely, Sy := 0, and, for r > 0, S, has density on R, given by

r—=1
ho(s) = i_(—r)e 5 for s>0, (40)
0 for s<0.

where I'(r) := [;°s"le~*ds for r > 0. Whenr =1, S; 4 I'(1) is exponentially distributed
with a unit mean. In this special case, we use the alternative notation S; £ E(1). In
general, for A > 0, we denote by Z 4 E(A) an exponentially distributed r.v. Z with mean
1/A, fulfilling AZ 4 E(1). For p > 0 and g > 0, we denote by R4 4 B(p,q) a random
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variable following a Beta distribution with parameters p and q, meaning that R, ; has density

given by
Spa (s) — B(p.q) or s ! (41)
0 for s ¢ (0,1).
The functions B(-,-) and I'(+) are related by Euler’s formula. For any p > 0 and q > 0,
we have ) F(p)E(g)
,q) 1= w11 —w)7 du = u. 42
Bl = [ wl1-u) Tt )

We extend this definition when either p = 0 or 4 = 0 by setting

Ry, =0<:B(0,9) (3>0) and R,o=1=:B(p,0) (p>0). (43)

We refer to Ch. 17, 19, and 25 in Johnson, Kotz, and Balakrishnan [18,19] for useful
details concerning the Gamma, exponential, and Beta distributions. In particular, we
have the following useful distributional identity (see, e.g., p.12 in David [20]). For any
0<j<j+i<n+1,
d . .
Ui — Uj = Blin =i +1). (44)

In particular, we have the distributional identity, forany 0 <i <n 41,
d d . .
Up=1-U,jt1, =B,n—i+1). (45)
The following lemma plays an instrumental role in our proofs.

Lemma 1. Forp > 0,q > 0,andr > 0, let S, 4 I'(p), Sq 4 I'(q), and S 4 I'(r) be three
independent
Gamma-distributed r.v.’s. Then, the r.v.’s

S d d
Rpq:= S, + 5] fsg =B(p.g) and Tye:=Sp+S;=T(p+q), (46)

are independent and follow B(p,q) and T (p + q) distributions, respectively. Set further

S, 45 4
R, = P71 £ 47
p.4q.r Sp + S‘/7 + S;,/ :B(p + q' 7’), ( )

S + S// d
R// = A — , 48
pAar Sp 4 Sé] £ 5;’ ,B(p +7, q) ( )

and

Thor = Sp+S,+S/ET(p+q+r) (49)

Then, the r.v. T}, , , is independent of the random pair (R}, , ., Ry . ).

Proof. Several variants of the above results have been given in the literature (see, e.g., §25.2,
p- 212 in Johnson, Kotz and Balakrishnan [19]). As the proofs are simple, we give details,
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limiting ourselves to (46). By the change of the variables u = s/(s+t)andv = s+t <
s =uvand t = (1 —u)v, the joint density of (Rp,4, Tyq) is given by

ds  0s
g(u,0) —hp(uv)hq((l—u)v)‘det[ ou % “

ou Jv
_ gt ey pwl T (A —u) Ty B(pg) 1 v
B el S N
= hp+q(1)8p,qe(0),

which is sufficient for our needs. [

In view of (38), set Y1 = —logly, Y, = —logly,..., and observe that Y7,Y;,...
constitutes a sequence of independent E(1), unit mean exponential random variables. For
each n > 1, the order statistics of Y7, ..., Y, fulfill the relations

0< Yl,n = —logUn,n <... < Yi,n = —10gun_i+1,n <...
< Yyuu = —logU, < co. (50)

Set, for convenience, Y, = —log U, 11, = 0 for n > 1. We will need the following useful
fact, closely related to Lemma 1 (refer to Sukhatme [21] and Malmquist [22], and see, e.g.,
pp- 20-21 in David [20]):

Fact 1. For each n > 1, the random variables
Wigi= =i+ 1){Yy— Vi1, ZEQ1), i=1,...,n (1)
are independent, each following an exponential E(1) distribution.
It will be convenient, later on, to make use of the relation following from (51),

i '
Yin = —logUy js10 =) — i=1,...,n (52)

on—j+l
In Lemma 2 below, we evaluate the moments of the logarithms of Gamma-distributed
random variables, which will play an instrumental role later on. As usual, we make use of
the convention that ) »(-) = 0.

Lemma 2. Let k > 1 be an integer, and let Sy, 4 I'(k) be a Gamma-distributed random variable
with mean k. Then, for each k > 1,

k=1
1
Y = E(—logS) = —y(k) =7 — 7 (53)
j=1
e = ]E( — Sk logSk) = —ki’b(k) -1
k—1 1
= ky—-1=ky—k) =-1, (54)
j=1

and
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s = E({~logS}?) = p(k)* +¢'(k)
k=14 © q k=112
= -Y s+n=Y5+ir- L= (55)
j=1 P ];f 2 { =1 ]}
2 k=1q k=112
6 ];1 72 = }

Proof. Recalling the definition (40) of /1, (s) for r > 0 and the definition (53) of 7, we obtain
that, by integrating by parts, for k > 2,
(logsi(s)ds = [ {—logs} S d{—e""
= —logs}thy(s)ds = —logs}———d{—e
o= ) (logsi(s)ds = [ {~logs} oy d—e )

k—1

S s S=00
- *[{*logs}(k—l)!e L:o
0 k—2
+ (- logs) iy 4—)
) sk—2 1
—/0 =) e °ds = 1 — PEEE (56)

For k = 1, these relations reduce to (see, e.g., Formula 4.331, p. 573, in Gradshteyn and
Ryzhik [16])

m o= /Ooo{—logs}hl(s)ds = /Ooo{_logs} e tds =1. (57)

Recalling the definition (18) of ¢(m) for m = 1,2,..., and the definition (53) of v, by a
straightforward induction on k, we infer from the above relations that, for an arbitrary
(integer) k > 1,

k-1
T = 7k-1—7=--~=’h—2f = —y(k), (58)

which is (53). Likewise, in view of (54) and (56), by integrating by parts, we see that, for
k>2,

o o k
" = ./0 s{—logs}hk(S)ds:./O {—logs}ﬁd{—e_s}

1 Sk s S=00
= |- 085} 1)1 ¢ L:o
0 ksk—l L
1) sk—l . ) L k—ll
_/0 (k—l)!e ds=ky,—1= fy—k];f—l,

which is (54). In the same spirit, to establish (56), we integrate by parts to obtain the
recursion formula, for k > 2,
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k-1

5 = /Ow{—logs}th(s)ds:/Ooo{—logs}z(ks_l)!d{—eﬂ}

s=00
75:|

Sk*l
- _[{_ngP(k—1ﬂe

5=0
© k—2
+ /0 {—1ogs}27(ks_ gy e ) (59)
2 o k-2 .
—m/o {—logs}md{—e }
o o 2k
S

By combining (58) with (60), we readily obtain that

Sk— T = %_{WA_E%TF
= s g (o)
= Sk—1— 7%—1 - {%}2 (60)
e =
) k—1 1
= ...:sl—'yl—j:”,—z.

For k = 1, we combine (57) with the fact that (see, e.g., Formula 4.335, p. 574, in Gradshteyn
and Ryzhik [16])

2 o

o0 _ T 1
ﬁ—%=é{4%¥€%—f=g:amzip- (61)
=1
In view of (53), (60) and (61), the relation (56) is straightforward. O

Lemma 3. Let S 4 I'(k) denote a Gamma-distributed random variable with expectation k. Then,
for each integer k > 1, we have

of = Var(—logSi) = sy — 7 = ¢'(k) (62)
k—1 1 2

Proof. Even though the relation (62) is a direct consequence of (53) and (56), below, we give
an alternate proof of this statement based upon Lemma 1. The corresponding arguments
will be instrumental for the proof of the forthcoming Proposition 3. We may write, making
use of (46) in Lemma 3, for each integer m > 1and ¢ > 1,

S
—log Sy = _log(Sm—’:Sé) +log (S +Sp) =: Vi — Vs,

where

S d
Vﬁ:::—log(sm<r52>::-—logZ, (63)
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with Z £ B(m, ¢), and
d

Vo := —log (S + S) = —logY, (64)
with ¥ £ I'(m + (), are independent r.v.’s. Following the arguments of Lemma 1, we

note that, in the above relations, S, = [(m)and S 4 I'(¢) are two independent Gamma-
distributed random variables, with expectations equal to m and /, respectively. In view of
(50), by combining (44) with (45) and (46), we readily obtain that

Vi = —log (Sms—tS’é)

! Wim+0-1
—log U, 1=Y, 1= S
& U, m+0-1 fm+e—1 ]; m+ 0 —

—log (1= Upmr-1) = —log (1 — exp(—Yyms¢-1)) (65)
= —log (1 —exp { — i Ljmt-1 })

j:1m+€fj

Set for convenience p, := (7’% = Var( —log$,), with S, 4 I'(p) for p > 1; we infer from

(63) and (64) that
pm = Var(Vz) + Var(Vy) = p,4¢ + Var(Vp)
i 1 "Hfl 1
POm+ = (m +£ _])2 Om+ = 12

By combining (57) and (61) with (62), we see that p; = {(2). Therefore, (62) follows readily
from (66), taken withm =land m+ /¢ =k. O

Lemmad4. Let Z 4 B(m, ), where m > 1and ¢ > 1 are integers. Then,

m+0—1 1

E(-logZ) = ) b=m+0)—pim), G
and .
m+L—1 1
Var(—logZ) = Z 7= ' (m) — ' (m+£). (68)

Proof. We may write, by (19) and (20),

E(-logZ) = E<V1>‘E(]ém> _]éwl#f
= Pp(m+L)—y(m),
and
Var(—logZ) = Vale):Var(]ém) :ng
= ¢'(m) —¢'(m+0),
as sought. [
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Lemma 5. Let {wy, : m > 1} denote an i.i.d. sequence of exponentially distributed E(1) random
variables. For anym > 1, set Sy, = wy + ... wy 4 T(m) and Uy, , := S/ Sp+1 4 B(m,n —
m+1). Then, forany 1 < k < n+ 1, we have

E({ - 105 }{ ~10gSua1}) = p(R)p(n+1) + ¢/ (n +1), (69)
and

Cov({ - logSk},{ - logSn_H}) =/ (n+1). (70)

Proof. We have

E({—logsk}{—log8n+1}>
Cn({ () {omseal}{ o)
~ a{{{ st { s} s )

Since Uy, and S, 11 are independent, it follows that

E({ ~1og S }{ ~logSui1 })

= E{ —log Ulfn}]E{ —log Sn+1} + E({ —log Sn+1}2).

Making use of (67) and (57), we see that E{ —log U} } = ¢p(n+1) — ¢(k), E{ —log S} =

—p(k), E{ —=logSy11} = —¢p(n+1),and E({ — log S+1 }2) =¢(n+1)2+¢'(n+1). By
all this, we obtain

E({ - 10g5k}{ - 10g5n+1})
=g+ 12+ oE)pm+1)+pn+1)2+¢'(n+1),

which is (69). Given (69), the proof of (70) follows from the relations E{ —log Sk} = —1p(k)
and E{ —logS,41} = —(n + 1). We note that, when k = n + 1, (69) yields

E({ —logSus1}?) = p(n +1)2 +¢'(n+1),

which is in agreement with (56). [J

Proposition 3. Let 0 < ¢ < k be an integer, and let Sy, 4 I(k—1),S) 4 [(¢), and S| L I'(¢)
be independent Gamma-distributed random variables. Then, we have
Sk = E({ —log{Sx—r + 52}}{ —log{Si—¢ + 52/}})

= PRy k0~ (gt 0 )}

+;1nm{¢(k+é+m)—¢(k+m)}- (71)

Proof. Set for convenience j = k — . When ¢ = 0, we have S}, = 5/ = 0, and, therefore,
by (7), sk = (k)?¢’(k), which is in agreement with (71). Likewise, when ¢ = k, Sy, =0,
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and, hence, s = 'y% = lp(k)z, which is also in agreement with (71). In fact, when k = ¢,

(71) may be rewritten into

2

s = P07 —9/(20) — {9(20) — p(k) |
+ % I fy o)~ pem)),

= m(2k)m
= R @)~ {y (k) — )}
- nijl m((’;)k”;m {w(@k+m) —pK)} (72)

+{p(@0) -y} il m((’;)k”;m

> (K
= X iy {9 m) = y(2b) )

= -y @R) ~ {y(@k) )}
@)~y () + {920 — )} + k) = g2,

where we have made use of (35), (36) and (37), taken with b = k and ¢ = 2k. Given that the
values of s; g = 0 and s = ¢(k)? are in agreement with (71), we may limit ourselves to
establish this relation when ¢ and j fulfill 1 < /,j < k. In the remainder of our proof, we
therefore assume that this condition is fulfilled.

We make use of the notation and conclusions of Lemma 1 to write that

z = B({-1og{s;+5;} }{ ~log{s;+5/}})

= ]E({ - IOg{R;-,E,gT]{,(’g}}{ - IOS{R;’ZZ,KT}‘/,E,E}})
E({ 1057, }) +E( ~10g T/, ) {E( - 10gR],,) 73)
B(

— logR;{M)} + E({ —log R;',M}{ — logR;{M})

+

where the random pair

Si+8S, d
R,, = —1 "t _ZB(j+1¢,0), 74
],f,f S]+52+52/ ﬁ(] ) ( )

Si+S/ d
Ry, = —1_ "t _ZB(j+4,0), 75
il Sj+ 52 i SZ :B(] + ) (75)

is independent of

T/ = Sj+S;+5/ LT(j+20). (76)

Now, since le,é,é 2 Sitor 4 I'(j+20) 4 I'(k+ ¢), we infer from (53) and (56) that

E(-logTi,,) = w(k+0), (77)

and
E({-logT/,,}*) = ¢(k+0)?>—y¢'(k+0). (78)
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Next, set

Si+5;

Wp = —logR'-M:—log )t ,
I (Sj+sg+sg>

and 4

] ‘ )

W, := —logR/,,=—1 — .
2 0og ]é( Og<5]+5}+5}l

We infer from (74) and (75), in combination with (67) and (68), taken with the formal change
of (m,¢) into (j + ¢, ¢), that

E(Wi) =E(W,) = E(-logRj,,)=E(-logRj,,)
= P(j+20) =9+ =9k +£) —p(k). (79)

By all this, we infer from (74), (77) and (78) that

o= plk+ 07— (k+0) =29k + ) {p(k+£) — p(k)}
+E(W; W)
= Pk)? = {p(k+0) —p(k)}* — ¢/ (k+ £) + E(W Wy). (80)

Next, we observe that the joint distribution of (W7, W;) coincides with that of (Wl(*), WZ(*) ),
where

Wi = —log (Ujrjiae-1)
WZ* = — log (1 — Uf,]+2[)*l)'
We then observe that
Ugj20-1
U::7u' ]‘ —Uf/H 1—/3(51)
jHLj+20-1

is independent of V := U421 = /3( j+ ¢, ). Given this fact, we make use of the Taylor

expansion of
00 mq,m

—log(l —uv) = ZMT:

m=1

for |uv| <1,
to obtain that

E(WiWa) = E(W;W;) = E({ —log V}{ —log(1 —UV)})

1 1 ué—l(l o u)j_l
= /O {/0 { —loguv}{ —1log(1 —uv)}W du}
z)j+/.771 (1 _ U)éfl
BGi+10)
B o q K—i—m—l(l _ u)j—l
) %{/ BT du}
vj+f+m—l(1 _ U)K—l

X ./0 {—logv}{ IESA) }dv. (81)

Recall Euler’s formula B(r,s) = I'(r)['(s)/T'(r + s) and the definition of the Pochhammer
symbol (a),, =T'(a+ m)/I'(a) whena # 0 and a # —m, and, in general,

(@)w=a(a+1)...(a+m—-1) for m=12..., (a)=1.
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Recalling that j 4 ¢ = k, we infer from (81) that

Z Bl+m,j)B(j+ €+ m,0)
m1 BB+ L)
© £+m )T (k+0)

= ¥ ik o ){w(k—l—ﬁ—i—m)—lp(k—i—m)} (82)

E(W; W, ) {lp(k+£+m)—1p(k+m)}

P {9+ 4m) —pk+m)},

Il
i, M8 i\

k-i-

which, when combined with (80), readily yields (71). O

Let k > 1 be fixed, and assume that X is uniformly distributed on (0,1). Set T, :=
Ty (k,1,1) to be as in (5).

Proposition 4. Under the assumptions above, we have

nl/z{Tn(k) —logk—l—lp(k)} £>N(O,1//(k)+1). (83)

Proof. Denote by {w, : n > 1} an i.i.d. sequence of exponentially distributed E(1) r.v.’s,
with mean 1. For each n > 0, set

and set, in view of Lemma 1, foreach1 <i <k <n+2,

Ag;)* — @ 4 U, = ,B(k,n—k+1).
n—+1
We keep in mind that {A k). o <i<n-—k+2} 4 {AI(I;) :0<i<mn—k+2}and that

{Ag;) :0<i<n—k+2}isindependent of S, ;4 4 I'(n+1). Set further

THk) = néH {~1og (%SMAE,@)*)}
= "fl { — log (%(514}(,1 - 51_1))} (84)
= ”fl { —log (SiJrk,l - Si—l) + logk},

and
T5 (k) = (n— k){ —logn — ( —log Sn+1) } (85)

Set, likewise,

n—k+1

=5 (s (1))

i=1
_ _éﬂ {~1og (Sisk1—Si1) +logk—logn— (—logSus1)}  (86)
= Tu (k) + T, (k).

41



Entropy 2025, 27, 411

Observe that T;; (k) 4 Ty (k). Moreover, the r.v.’s T;; (k) and 7,*(k) are independent. Note
further that, foreach0 <i<n—k+2,S5;.1—Si 1 4 I'(k)and S, 11 4 I'(n+1). By (53),
it follows that, foreach0 <i<n —k+2,

E( —log (Sitk—1—Si—1)) = —(k) and E(—1logS,+1) = —9p(n+1),
whence
E(7;(0) = (n=k){ (k) +logk}

and

E(ﬁ**(k)) = (n—k){—logn+lp(n+1)}.
We have, therefore,
E(Ti0) = E(7:(0)+E(7(K)
= (n—k){—1/)(k)—|—logk—|—1,b(n+1)—logn}.

Next, we note that the R?-valued r.v.’s {( —log (Si 141 — Si—1),Si — Si—1:i > 1} forma
stationary k-dependent sequence. Since, by (53) and (56), for all i > 1,

Var(—log (Sitx-1—Si-1)) =¢'(k) and Var(S;—S;1) =1,

the partial sums of this sequence are asymptotically normal in R2. It follows readily that,
asn — o,

n 2 (T 0~ B{ T ) | T () - E{ T () })
n—k+1
= n /2 ; { —log (5i+k71 - 51‘—1) + (k) —logk
—logn +¢(n+1) — (~logS,i1) | (87)

o2l )

Here, we have made use of the fact that, as n — oo,

140(1)

P(n+1) —logn = o

so that, in (88),
n12p(n+1) — 0.

Likewise, making use of (70), we see that

Cov (7, (k) T (K)) = » Cov ( ~log (Sisx-1— Si-1), ~10gSus1)

= (n— k)Cov( —log Sy, —logSnH) =m—-ky'(n+1) =1 as n— oo,
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Making use of (69), an easy argument shows that, in turn,

2" Y g (S — ) k) — logk
n Y { og <Sz+k—1 5171) + (k) —log
i=1

d
—logn — (—logSnH)} 4 N(O,1+1p’(k)). (88)
In view of (87), we readily obtain (83) from this last relation. [

Remark 3. Let G(u) := inf{x : F(x) > u} for 0 < u < 1 denote the quantile function of X.
Assume that both F(-) and G(-) are continuous. In this case, we may define the quantile density
function of X by g(u) = 1/ f(G(u)), which is continuous for 0 < u < 1. We may then set, for
1<i<n,

Xivk—1n = Xicin = G(Uppk—1,0) — G(Ui—1,n)

1+o0p(1)
m{uﬂrkfl,n —Ui_in}-

Having proved Theorem 1 for f(x) = 1, the conclusion for a general f follows by routine arguments
based on this observation, relating uniform spacings to general spacings. We omit the details.
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Abstract: In this paper, we study the usual coin tossing experiment. We call a run at most
T-contaminated, if it contains at most T tails. We approximate the distribution of the length
of the longest at most T-contaminated runs. We offer a more precise approximation than
the previous one.

Keywords: coin tossing; longest head run; asymptotic distribution; rate of convergence
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1. Introduction

Consider the usual coin tossing experiment. Let p be the probability of heads and
q = 1 — p be the probability of tails. Here, p is a fixed number with 0 < p < 1. We toss a
coin N times independently. We write 1 for heads and 0 for tails. Therefore, we consider
independent identically distributed random variables X1, X, ..., Xy with distribution
P(X;=1)=pand P(X;=0)=g=1—-p,i=1,2,...,N.

Let T be a fixed non-negative integer. We shall study the length of at most T-
contaminated (in other words, at most T-interrupted) runs of heads. It means that there are
at most T zeros in an m-length sequence of ones and zeros.

There are several well-known results on the length of the pure head runs. Fair coins
were studied in the paper of Erd6s and Rényi [1]. Almost sure limit results for the length
of the longest runs containing at most T tails were obtained in [2]. Foldes [3] presented
asymptotic results for the distribution of the number of T-contaminated head runs, the
first hitting time of a T-contaminated head run having a fixed length, and the length of the
longest T-contaminated head run. Moéri [4] proved an almost sure limit theorem for the
longest T-contaminated head run.

Gordon, Schilling, and Waterman [5] applied extreme value theory to obtain the
asymptotic behaviour of the expectation and the variance of the length of the longest
T-contaminated head run. Then, accompanying distributions were obtained for the length
of the longest T-contaminated head run. Ref. [6] proved results on the accuracy of the
approximation to the distribution of the length of the longest head run in a Markov chain.

In this paper, we follow the lines of Arratia, Gordon, and Waterman [7], where Poisson
approximation was used to find the asymptotic behaviour of the length of the longest
at most T-contaminated head run. We shall use the basic results presented in [7], and
give a new approximation for the distribution of the length of the longest at most T-
contaminated head run. We show that for T > 0 the rate of the approximation in our new
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result is O(1/ (log(n))?), where log denotes the logarithm to base 1/p. Here and in what
follows, f(n) = O(h(n)) means that f(n)/h(n) is bounded as n — co. We shall see that for
T > 0 the rate of the approximation offered by [7] is O(log(log(n))/ log(n)), so our result
considerably improves the former result. In our opinion the much better rate O(log(n)/n)
presented without detailed proof in [7] is just a misprint, that is true only for T = 0. The
main result is Theorem 1. For completeness, we give a proof of the former result, see
Proposition 1. In Section 4, we present some simulation results supporting our theorem.

For T = 1and T = 2, our result is the same as our former result in [8], where a
powerful lemma by Cséki, Foldes and Komlés [9] was used in the proof.

2. The Approximation of Arratia, Gordon, and Waterman

Using the notation of [7], let S; = Xj + - - - + X;, and let S, ; be the largest increment
in the sequence S; in t steps; more precisely, S;;+ is the maximal number of heads in a
window of length ¢ starting in the first n tosses. Let R,,(T) be the length of the longest at
most T-interrupted runs of heads starting in the first n tosses. (One can see that R, (T)
is the length of the longest precisely T-interrupted runs of heads starting in the first n
tosses.) Then,
{Ru(T) <t} ={Sur <t—T}.

According to Theorem 1 of [7], for the distribution of S, t, we have the following
approximation. For positive integers 1, s, and t withs < tand s/t > p,

IP(Spt <s)—e EW| <T7tP(Xy+ -+ X =38) + P(X1 + -+ + X¢ > 5), (1)

e*)’l(%fp)P(X1+"-+Xf:S) . efzn(lf%)P(X1+"'+Xt:S)P(X1+'"+X[>S)

< o EW < e—n(%—p)P(Xl-i—""i‘Xr:s)' @)

In the above inequalities EW is the expectation of the random variable W defined in [7].

We shall use inequalities (1) and (2) with s = t — T. Using notation & = n (% — p)P (X1 +

o+ Xy =s)and p = 2n(1—3)P(Xg + -+ Xy = 5)P(Xg + -+ + X; > s), the above
inequality is of the form

e e P < e EW < pme, (3)

In this paper, the approximation of e~* will serve as the main term.
Now, we shall analyse that approximation of R, (T) which was proposed in [7]. The
centering constant in [7] is

cn(T) = logn + Tloglogn —log(T!) +1log(g' p~T). (4)

Let x be a fixed number so that ¢,(T) + x = t is an integer. We want to estimate
P(Ry(T) —cu(T) < x) = P(Sp < t—T). In the following we shall use both exp(x) and e*
for the usual exponential function.

Proposition 1. Let [c,(T)] be the integer part of c,(T) and {c,(T)} = cu(T) — [cn(T)] be its

fractional part.
If T =0, then for any integer I,

P(RA(T) = [en(0)] < 1) = exp (—p!~ () (1 0B ) ). 6)
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If T > 0, then for any integer I,

P(Ru(T) = [ea(T)] < 1) = exp(—p!~{e+(D}) (1 +O(bf;g°§”)) (6)

Remark 1. In Corollary 3 of [7], the same remainder term O (k’%

too. However, in our opinion, it contains only a part of the remainder terms.

is given for the case T > 0,

Proof of Proposition 1. As our remainder term and the remainder term offered by [7] are
different, we give the details of the more or less simple calculation. First, we calculate the
right hand side of inequality (1) fors =t — T and t = ¢, (T) + x, where x is chosen so that

t is an integer.

t logn)” 1
P(Xl +o X =t- T) = (T) Pt(q/P)T < K(l/p)(IOZEfY)"IOglogn - O(n)

Here and in what follows, x is an appropriate finite positive constant. Therefore,

1
7tP(X1+~-+Xt:t—T):O<O§n).

For T > 0, we have

P(X1+'~~+Xt>t— < T+1> t— T+1§KtT71pt
<x (logn) _0 1 .
n(logn)T nlogn
So we obtain .
IP(Spy < t—T)—e EW| = o("f”). @)

This last formula is valid for T = 0, too.
Now, we turn to the other parts of the approximation. First, consider T = 0. Then, the
main term of the approximation, i.e., e~* in Formula (3) is

e — e—n(%—p)P(X1+m+X,=t) _ e_pflog(nq)ﬂ

We have to approximate P(R,,(0) — [c,(0)] < I), where I is an integer, ¢, (0) = logn +
log g, and [.] denotes the integer part. So, we should apply the previous equality with
t = [c4(0)] + 1, so we obtain

o — efplf{fn(o)}/
where {.} denotes the fractional part. We see that, if T = 0, then § = 0, so in inequality (3),
we have equality. So, for T = 0, this part of the approximation is precise, i.e., the main term
does not contain a remainder part.

Now, we consider the approximation of the main term for T > 0.

e — e—n(#—p)P(Xl-s-..‘.*.X,:t—T) _ e—n(q_%)(%)quth.

Now, denote by L the base 1/p logarithm of the negative of the exponent, that is,
L = log«. So,

=logn+log(q—T/t)+1log(t(t—1)---((t—T+1)) —logT!+ Tlogg+ T — t.
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We shall use t = ¢, (T) + x. Applying Taylor’s expansion of the logarithm function,
2
log(xg +y) = logxg + = — -2

2

where % is between xg and xg + y, and where ¢ =

In(1/p), we obtain

T 1 r G 1
L_logn+logq—cqt—0(t2>+logt T —i—O(tz)—logT!—i-Tlogq+T—t

1/T I 1
= T S —) = ! T —
logn + T'logt ct<q+( )>+O<t2> logT!'+ (T+1)logg+T —t.

We insert t = ¢, (T) + x = logn + T'loglog n + E, where E is defined by the equation

at hand so it does not depend on n. Using again Taylor’s expansions of the logarithm
2 3

function as log(xo + y) = log x + % — ZZ—X% + 32’?8 , where % is between xo and x( + y, and

1 _ 1
Xo+y Xo

2
for the 1/t function, as — xlz + %, where % is between x( and xg + y, we obtain
0 0

L

Tloglogn+E (Tloglogn + E)? ((loglogn)3>>
- +0
clogn 2c(logn)? (logn)3

1 I+ T 1 7Tloglogn+EO (loglogn)? n
c\ g 2 logn (logn)? (logn)3

1
+ O<t2> —logT!'+ (T+1)logg+ T —t.

= logn+T(loglogn+

Now, using t = ¢, (T) + x and inserting the value of ¢, (T), we obtain

2
L:_x+Tloglogn+O< 1 )’
clogn logn

which implies that

L— _x_i_o(loglogn),
logn

and this rate is not improvable. We remark that this relation is valid for T = 1, too.

Therefore, by applying the Taylor series expansion ¢/ =1+ + ¢/ % twice, where 7 is
between 0 and y, we obtain

, 2
et =P (1 - ln<1> T loglogn +O( ! )) ®)
p clogn logn
_ e_pzf{cn(r)} 140 loglogn ’ ©)
logn

and this rate is not improvable.
Now, we consider the e~# part. Here,

T { N o (N
,B _ 2? Z <l> plqt zn<T> pt Tl]T

i=t—T+1

with t = ¢, (T) + x = logn + Tloglogn + E. The largest term in the above sum is the first

(7)o limes)
() =o(3)
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Using Taylor’s expansion,

T_ O( 1 )
t logn
So, B = O(1/n(logn)?), and

1

B _1_— -

crd O(n(logn)Z)'
Therefore,

e e P = e—PHC”m} (1 +0 <log logn ) ) (1 -0 (1 ))
logn n(logn)?

_ oyt (1 +o<1°ig’§”>>. (10)

O

3. A New Approximation
Theorem 1. Let T > 1 be an integer. Let

cn(T) = log(qn) + Tlog(log(qn))
plogllog(qn)) T _T3<10g(10g(qn))>2
clog(qn)  cqolog(qn) 2c\ log(qn)
2 logllog(gn)) . slog(log(qn))
cqo(log(qn))® ~ ~ (clog(qn))?

T log(log(qn))
Tlo (q>lo T! )<1+ ~T2 ,
( B\ 81 clog(qn)  c(log(qn))?
where log denotes the logarithm to base 1/p, ¢ = In(1/p), In denotes the natural logarithm to

base e, and qp = 24}% Let [¢,(T)] denote the integer part of ¢,(T), while {¢,(T)} denotes the
fractional part of &,(T), i.e. {¢n(T)} = €(T) — [¢n(T)].
Then,

(11)

+

P(Ra(T) = [ea(T)] <1)

—{¢ - log(log(g1))
— exp (_p(l {cn(T)})(l Ty tT Egog(‘fpg)z)) (1+O<(10gln)z>>

for any integer 1, where f(n) = O(h(n)) means that f(n)/h(n) is bounded as n — oo.

(12)

Proof. We use the same approach as in the previous section. First, we calculate the right
hand side of inequality (1) for s = t — T and t = &,(T) + x, where x is chosen so that t is an

integer. As
én(T) = log(n) + Tlog(log(n)) +O(1),
we obtain
t logn)T 1
PXy+-+Xp=t-T)= (T) Pt(q/P)T < K<1/p)(log§+7)"loglogn - O(n)
Therefore,
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Similarly,
1
.. _ < T-1,t _ )
P(X1+ + Xy >t T)_Ki‘ p O(nlogn)
So,
1
IP(Spy < t—T)—e EW| :0(05”). (13)

Now, we turn to the approximation of the main term e~*. Denote by L again the base
1/p logarithm of the negative of the exponent, so

L = logua
= logn+log(q—T/t)+1log(t(t—1)...((t—T+1)) —logT!+ Tlogg+ T —t.
We shall apply it for t = &,(T) + x. Therefore,

L
- log(q - 1;) + logn +log(tT — T(T#_l)tﬁl +O(tT2)> —t
+1log((q/p)") —log(TY)

T I(T-1) 1T-1 1
= log(q - + logn + log(tT) — ZC# —l—O(ﬂ) —t

T T(T-1)
= logg— C—qt+logn+Tlogt7 % —

+1log((9/p)") — log(T") +O<(logln)z>

T T 1
- - _ _ ! S
log(gqn) cof + Tlogt —t+1log((q/p)") —log(T!) +O((1Ogn)2),
where we applied Taylor’s expansion of the log function up to the second order and used
the notation q¢ = 24}%
Introduce notation

T3 (log(log(qn))\* | . log(log(qn)) slog(log(qn)
Po= Zc( log(qn) ) T e loglan)? T (clog(qn))?

o (rios(G) —osm) (g~ o) 09

_ 2log(log(gn)) T
B=T"loglan)  cqolog(gm) T ° (15

and
A = Tlog(log(qn)) + B.

Then, t = ¢,(T) +x = ¢,(T) + 1 — {¢,(T) }, where | is an integer, so

t= Tlog(Z) —log(T!) +1log(qn) + A+1—{&u(T)}.

Inserting this value of ¢ into the term —t of L, we obtain

T 3 1
L = ~oqol +Tlogt—A—l+{cn(T)}+O<(logn>2).
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Then, use Taylor’s expansion for the function 1/t to obtain
T 2 log(log(qn)
L = — T .
cqolog(qn) —  cqo(log(qn))
+ Tlog (log(qn) + Tlog(log(qn)) + B +log((q/p)") —log(T!) +1 = {ea(T)})

— A-I+ {En(T)}JFO((logln)z)

Now, by Taylor’s expansion for the log(x) function, we obtain

- T 2 log(log(qn)) o
b= cqo log(gn) T cqo(log(gqn))? + Tlog(log(gn))

T(Tlog(log(qn)) 4+ B +1log((q/p)") —log(T!) +1—{¢.(T)})

clog(qn)
 17(Tlog(log(qn)) + B +log((q/p)") —log(T!) +1— {&u(T)})’
2 c(log(qn))?
A1+ {e(T) +O<(10g1n>2>'

Now, we can omit B from the quadratic term. Then, we apply A = T'log(log(gn)) + B,
so we obtain

- T T?log(log(qn)) | T*log(log(qn))
cqolog(qn) — cqo(log(qn))? clog(qn)
L Tog((g/p)") —log(T!)) , T*log(log(qn)) _ T L _TD
clog(qn) (clog(qn))*  qo(clog(qn))? = clog(qn)
T(I—{e(T))}) 1T°(log(log(gn)))*
clog(qn) 2 c(log(qn))?
1T(log((q/p)") —log(T!) +1 — {&n(T)})°
2 c(log(qn))?
2T Tlog(log(gn)) (log((g/p)") —log(T!) +1— {&(T)})
2 c(log(qn))?

_ Bu{aﬂﬂ+0(wémJ

B . T T2 log(log(qn)) 1
= (I—={en(T)}) <clog(qn) - c(log(qn))? N 1) + O((log n)z)'

So,

s ___ T T*log(log(qn) 1
. ( {mm})(l e e >+0((10gn)2)
e t=¢eP

Using Taylor’s expansion again,

- T2 log(log(qn
<’*{C"<T”><1*cbgﬁqnﬁ cafg((qﬁ;?z))) 1
r 140 ) ).
(logn)

Now, turn to the e P part, where

T N i (N
:B _ 2? Z <1) plqt zn(T> Pt TqT

i=t—T+1

e =e

and t = &,(T) + x. Simple calculations shows that 8 < x(1/n(logn)?), and so
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1
B -1 -
e P=140 .
<n(10g n)2>
Therefore,
< T2 log(log(qn
<r—{Cn<T>})(1—C10gT(qn)+ C(lfé(quf)f;)

e e P =P

)

(r+0( gty
O

4. Simulation Results

We performed several computer simulation studies for certain fixed values of p and T.
Here, we present the results of three simulations. The length of each simulated sequence
was N = 10°, and s = 2000 was the number of repetitions of the N-length sequences in
each case. In each case, the number of contaminations was T = 3.

Figures 1-3 present the results of the simulations. The left hand side of each figure
shows the empirical distribution function of the longest at most T-contaminated run and
its approximation suggested by our Theorem 1. The asterisk (i.e., *) denotes the result of
the simulation, i.e., the empirical distribution of the longest at most T-contaminated run,
and the circle (o) denotes the approximation offered by Theorem 1. The right hand side of
each figure shows the approximation by the former result. The asterisk denotes the result
of the simulation again, and the circle (o) denotes the approximation offered by Proposition
1. The simulation results support that our new theorem offers a better approximation than

the previous one.

New, T=3, p=0.4
’ ’ o ®

?
0.9 ®

08 b4

(a) New theorem

09

0.8

0.7

0.6

05

0.4

03

02

0.1

(b) Previous result

Figure 1. Longest at most T = 3 contaminated run when p = 0.4.

4 New, T=3, p=0.5 N
S E AR
a ® ®
0.9 *
®
08
07
*

06 5
05
04t *
03
02 *
0.1 .

([ X Y * O L L L L

-10 5 0 5 10 15 20

(a) New theorem

09

081

0.7 F

06

051

0.4

031

021

0.1F

-10 -5 0 5 10 15

Old, T=3, p=0.5__
TOURFFE
oo ¥

g

o *

*

20

(b) Previous result

Figure 2. Longest at most T = 3 contaminated run when p = 0.5.
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New, T=3, p=0.6

NIEAAaa s 1
*ﬁv

(a) New theorem (b) Previous result

Figure 3. Longest at most T = 3 contaminated run when p = 0.6.

5. Discussion

We were able to obtain a practically applicable approximation for the distribution of
the longest at most T-contaminated head-run. We presented both detailed mathematical
proof and simulation evidence.
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Abstract: In this paper, we study self-normalized moderate deviations for degenerate
U-statistics of order 2. Let {X;,i > 1} be i.i.d. random variables and consider symmetric
and degenerate kernel functions in the form h(x,y) = Y2 A181(x)g1(y), where A; > 0,
Eg/(X;) = 0, and g;(Xj) is in the domain of attraction of a normal law for all I > 1.
Under the condition Y;°; A; < oo and some truncated conditions for {g;(X;1) : I > 1},

Ya<izj<n 1(Xi,X;) 5 2
Zistpjsn ATl s ~ _Xn . _
maxi << AV Xr) 3 for x, — oo and x, = o(y/n), where

we show that logP(
V2 =Y7"  g*(X;). As application, a law of the iterated logarithm is also obtained.

n,

Keywords: moderate deviation; degenerate U-statistics; law of the iterated logarithm;
self-normalization

MSC: 60F15; 60F10; 62E20

1. Introduction and Main Results

The recent three decades have witnessed significant developments on self-normalized
limit theory, especially on large deviations, Cramér-type moderate deviations, and the law
of the iterated logarithm. Compared with the classical limit theorems, these self-normalized
limit theorems usually require much less moment assumptions.

Let X, X1, X3, ... be independent identically distributed (i.i.d.) random variables. Set

n n
Sw=Y X;and Vi =) X7
i=1 i=1

Griffin and Kuelbs [1] obtained a law of the iterated logarithm (LIL) for the self-
normalized sum of i.i.d. random variables with distributions in the domain of attraction of
a normal or stable law. They proved that

1. If EX = 0and X is in the domain of attraction of a normal law, then

lim sup 5 =1 as. (1)

n
n—co Vin(2loglogn)l/2

Entropy 2025, 27, 41 https://doi.org/10.3390/e27010041
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2. If X is symmetric and is in the domain of attraction of a stable law, then there exists a
positive constant C such that

lim sup S =C as. )

n—oo Vn(2loglogmn)l/2

Shao [2] obtained the following self-normalized moderate deviations and specified

the constant C in (2). Let {x,,n > 1} be a sequence of positive numbers such that x,, — oo
and x, = o(y/n) asn — oo,

1. If EX = 0and X is in the domain of attraction of a normal law, then
S 1
; -2 on - _ -
nh_r)roloxn IOgP(Vn an> =5 3)

2. If X is in the domain of attraction of a stable law such that EX = 0 with index
1 <& <2, or Xj is symmetric with index & = 1, then

. S
nh_r};oxnzlogP(VZ > xn> = —B(a,c1,c2),
where B(«, c1,¢2) is a constant depending on the tail distribution; see [2] for an explicit
definition.

Shao [3] refined (3) and obtained the following Cramér-type moderate deviation
theorem under a finite third moment: if EX = 0 and E|X|*> < o, then

P(Sn/Vn > xn)

P(Z > 1) —1 4)

for any x, € [0,0(n!/®)), where Z is the standard normal random variable.

Jing, Shao and Wang [4] further extended (4) to general independent random variables
under a Lindeberg-type condition, while Shao and Zhou [5] established the result for self-
normalized non-linear statistics, which include U-statistics as a special case.

The U-statistics were introduced by Halmos [6] and Hoeffding [7]. The LIL for nonde-
generate U-statistics was obtained by Serfling [8]. The LIL for degenerate U-statistics was
studied by Dehling, Denker and Philipp ([9,10]), Dehling [11], Arcones and Giné [12], Te-
icher [13], Giné and Zhang [14], and others. Giné, Kwapien, Latata and Zinn [15] provided
necessary and sufficient conditions for the LIL of degenerate U-statistics of order 2, which
was extended to any order by Adamczak and Latata [16].

The main purpose of this paper is to study the self-normalized moderate deviations
and the LIL for degenerate U-statistics of order 2. Let

1
un = —) h XIIX 7
1), & D
where
h(x,y) =Y Migi(x)gi(y). 5)
=1

A motivation example for the LIL is the one with the kernel h(x,y) = xy. Obviously,
V2/(2V2loglogn) — 0. Then, via (1) and (2), we have
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If EX = 0 and X is in the domain of attraction of a normal law, then

Y, XX

1<i#j<n

limsup ————
n_,oop 2V2loglogn

: Sn
= limsup

2
=1 as. 6
n—00 [Vn(Zloglogn)l/z] s ©)

If X is symmetric and is in the domain of attraction of a stable law, then there exists a
positive constant C such that

1
limsup ————
n%oop 2V2loglogn

Y XiX;

1<i#j<n

2 2
)1/2] =C* as.

= limsu [ S
a n—)oop Vi (2loglogn

For the general degenerate kernel h defined in (5), we have

nn—1U, = Y. N Y, a(X)si(X))

Suppose that g;(X) is in the domain of attraction of a normal law for every I > 1. Then,
Li(x) := Eg?(X1)I(|g1(X1)| < x) is a slowly varying function for all [ > 1 as x — co. Let
{xn,n > 1} be a sequence of positive numbers such that x, — oo and x, = o(y/n) as
n — oo. Foreachl > 1, set

Write

by = inf{le:Ll(x) >0},
2
z,; = inf {s 1s>b+1, LIS(ZS) < J;"} (7)
W, — n(n—1)U,

Comaxg<jeo M LI §7(XG)

We have the following self-normalized moderate deviation:

Theorem 1. Let Eg;(X) = 0and A; > 0 for every | > 1.

and

00 /\ 2
sup —Zl:mﬂ ngZ(X) —0as m— o 8)
YeR Li<l<oo M&] (x)
B (01(91(X)] € 205 (X 1(8(0] € 20) o
oo Li(zp,1) Li(zn k)

forany | # k. Then, for x,, — oo and x, = o(y/n),

1
1 —2 > 2\ — _ =
7}11‘{.10 X, logP(Wn > xn) 5
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As an application, we have the following self-normalized LIL:

Theorem 2. Under the assumptions in Theorem 1, and instead of (8), we assume that for each
l € [1,00), there is a constant ¢; > 0 such that

Mgt (x) e
SUp —5———— < ¢y and ¢ < oo, (10)
x€R Lij-1 /\,glz(x) l:zl
Then,
lim sup e _ 2 as. (11)

n—co loglogn

Remark 1. We use an example to show that (9) cannot be removed. Let ¢1(x) = x, g2(x) = x3

and Ay = Ay =1, A; = 0for | > 3. Let X be a Rademacher random variable. Then, n(n —1)U,, =
Ya<izjcn(XiXj + X?X]?) = 2V 1<izjcn XiXj and Wy = 2¥1<jzj<n XX/ Uiy X7. By (6),
limsup, .., W,/ loglogn = 4 a.s. which contradicts (11).

2. Proofs

In the proofs of theorems, we will use the following properties for the slowly varying
functions g; (e.g., Bingham et al. [17]). As x — oo,

P(|g/(X)| > x) = o(Ly(x)/x?), (12)
Elgi(X)|I(|g1(X)] = x) = o(Ly(x)/x), (13)
Elg(X)[P1(|g1(X)| < x) = o(xP2Ly(x)), p>2. (14)

Since L;(s)/s*> — 0ass — co and L;(x) is right continuous, in (7), z,,; — oo and for all
sufficiently large n values, we have

2.2
n .
nLl(Z ,l) = Xz (15)

n,l

2.1. The Upper Bound of Theorem 1

Foreach > 1 and i > 1, denote the truncated function

S1(Xi) = g1(X) I(1g1(Xi)| < zy1)-

Since Eg;(X;) = 0, we have

Eg1(Xi) = 0(Li(zn1)/2n1) = 0(xu\/ Li(z01)/ V1) (16)

by (13) and (15). For each | > 1, write

M-

g1(X;) and sz—Zgz

n
Yo=Y &i(Xi), V=
i=1

1

By Condition (8), for each 0 < € < 1, there exists 1 < m < oo such that

m max NVE > ZAIV > (1—¢) 2/\1 (17)
<0
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Hence, for x;, — oo,

2?11 /\lyﬁ,l

P(Wo > (1+e)x;) <P ———2
( n_( ) ”) - (maX1§l<oo/\lVr%l B

x%). (18)

Observe that for any random variables {U;}{°, and {Z;}°; and any constants x > 0 and
0 < a < 1/3, we have the following via the Cauchy inequality:

P <Z(U{ + Zl)z > x>

1

P(Zuf > (1- a)2x> + P(sz > a2x>
l

1

P<ZU,2 > (1- 2a)x> + P<ZZ12 > a2x>. (19)
1 1

IN

IN

Forany 0 < € < 1/3, by (18) and (19), we have

p(wn > (1 +£)x,21)

P(Zloo—l M(E (XD (Xi)| > za))* > 2)

5 e x;,
maxj<j<eo A1V

IN

+P( Y2 /\er%,z

—_—— > (1—2¢ x2>. (20)
maxj<j<eo /\lvnz,l ( )%

For any integer m > 1 and any constant C; > 0 with Cje < 1, we have

P( Y /\IY;z,l

maxi<j<eo /\,Vf/l

> (1- 2e)x%>

< P< max /\anzJ < g Z )\ILI(Zn,l)>

1<l<eo I=m+1
+P[ max M V2% < (1—¢)n max ML(z
(o Miv2, < (1= 0 max Az,

+P< Yt AlY;%,l
(7”1/8) Zfo:er] /\lLl(Zn,l)
+p< YL )‘IY;%,I

(1 —e)nmaxi<j<yy ALi(2p)

> Cie(1— 2£)x%>

> (1-Cpe)(1 —Ze)xﬁ). (21)
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Applying (21) to (20), we have
P(wn > (14 s)x§>

n (e}
< P MV2E <= MLi(z
< <lglla<)c(>o Ve < 81:%1 1L ( n,l))

+P< max A V2 < (1 —¢)n max AlLl(znl))
4 1<I<m !

1<I<co

+P<Zf°_1 Ai( ?:181(Xi)1(|g1(?2(i)| > z,0)) > 8zx%)
maxj<j<eo A Vn,l
+P( Y mi /\er%,z
n Y0 1 MLz
+P( Y MY
nmaxy<j<m AMLi(zn,1)
= hp+hp+h+5+1s (22)

) >Ci(1— 2£)x,21)

> (1—Cre)(1— 2s)zxﬁ>

2.2. Estimation of I 1 and I »

Proposition 1. For m > 1 that is sufficiently large,

La=P| max AV <2 Y AL(z,) | < exp(—222) (23)
1si<es B |
and for any constants § > 0and 0 <y < 1,
P 2m max Aanzl <(1—mn)n 2 MLi(zy)) | < exp(—2x2), (24)
1<l<o0 4 1<I<co !

n
P(é}?éo A i:Zlgzz(Xi)IUgl(Xiﬂ <0z) < (1-— 77)”11%}%?; )\ILI(Zn,l)>
< exp(—2x2). (25)

In particular,

I, <P MV2 < (1 — AL < —2x2).
12.= P(max V2 < (1 n max AiLi(a) ) < exp(-22)

Proof. We shall apply the following exponential inequality (see, e.g., Theorem 2.19 of de
la Pefa, Lai and Shao [18]). If Y7, ..., Y, are independent random variables with Y; > 0,
pn =Y/ 1 EY;and B3 = Y' | EY? < oo, then for 0 < x < iy,

n )2
P(ZYi < x) < exp(—W).
= 2B2
By (8), X111 MV / X2y AV, — 0as m — oo. Then, by (17),

e8] 2
Zl:m-‘,—] /\l Vn’l

———— 0 as m— oo (26)
maxj<j<eo A Vn,l
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Hence,

smaX/\l 1122 i % 1 =>2 Z Alzgl

1=i< I=m+1 I=m+1 =1

Then,

L < ( Y )\lzgl g Y. )‘ILI(Zn,l)>
!

I=m+1 i=1 =m+1
(n X5 1 MLi(zng) /2)?
. 27
= exP( 2NE(LL 0 NG (X)) 7

By Minkowski’s integral inequality, (14) and (15),

E( )3 /\lgzZ(Xl)> < { ). /\I(Eé??(xl))l/z}

I=m+1 I=m+1

2
= 0<\F Z /\ZLZ an)> . (28)

Xno 2 m+1

Therefore, (23) follows from (27) and (28). To show (24), notice that by (17),

[e¢] [e9) n
m max MVer = (=) Y Ve > (1—n) YA Y8 (X0).
i=1 ]

Then,
P(Zm max. AIV <(A—-nmn Y, /\ZLZ(Zn,l)>
1<I< 157200
[ee] n _ n o0
< P<Z MY & (X)) < > Z/\le(Zn,z)>
=1 i=1 I=1
< exp (B EE ALz ))22
2nE(Li2 Mgt (X))
Similar to the proof of I ; as in (27) and (28), we have (24).
To show (25), let
ln = mm{l . )\ILI(an) = max AZLZ(ZHZ)}'
’ 1<l<oo !
Then,
(113152; Ap ;gz I(]g1(Xi)| < 0zyy) < (1 - 77)”125220 )\ILI(Zn,l)>
n
< P(Z A&t (X)I(Ig1, (Xi)| < 6z,,) < (1—n)nAy, Ly, (Zn,ln)>
i=1
<

= exp

exp —1))*(nAy, Ly, (2u,))
2 Egzn (X0)I(Ig1,(X1)] < 021,
7 (nAy, Ly, (2u1,))?
ZnAz (nL} (0zp1,)/%3)
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Since L;(0zy,1)/Li(z,;) — 1, (25) follows. [

2.3. Estimation of I,

Proposition 2.

. (zlm{zl 181X (X)) > z01)}”
2 =

> ¢? 2) < exp(—2x2).
maXi<j<eo AlVr%,I

Proof. Via the Cauchy-Schwarz inequality,

Y A T g (X (181 (%) | > z) Y

maxj<j<eo /\ZV;%I

Y Aoy 87 (X)) Sy 13181 (X) | > z)

maxj<j<eo Aanz,l

<

By (17), the sum of the diagonal terms is as follows:

Y A &F(X)I(181(Xi)| > zy) - e 5,‘

X
maxg<j<eo MV -2

L < P 21<17é]<n Zl 1/\lgl< ) (|gl X])' > Zn,l) > €2X%
maxj<jceo Al Zi—lg (X;) 2
< p Zl<z<]<n Y 1)\181( i)l (|81(X])\ > Zy1) > e2x2
a rnaX1<l<oo/\l Ziflg (XZ) -4
L op 21<]<z<n Zl 1Algl( ) (|g (X])‘ > Zn,l) > sz%
mMax)<j<eo M Lz 181( Xi) -4
- p ):1<i<j21 L MEHX)I(I81(X))] > zng) €242
B 2<]<n maxi<jceo A1 X1<i ]glz(X) -4

+ [ ¥ Yicizn Lita Migt (Xi)1 (|g1()2()| > zy) . £2x2
1<j<n maXj<j<eo )\l Z]<z<n 87 (XZ) 4
- 12,] + 12/2. (29)

Let

Zl<z<] 21 1)\1g1 (|gl )| > Zn,l)
maxi<j<eo A Z1§i<j 87 (X;)

$j =
Then, for any constant ¢ > 0,
Iy < Ee'Li2figtefxi/4, (30)

Let E]- be the expectation of X]- for 2 < j < n. Then,

Eel L2 ¢ — E(e Dy E netfm). (31)
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Since |e* — 1| < ¢"V|s| for any s € R and 0 < ¢, < m for some sufficiently large m value,

then

|En€t¢” _ 1} < mttEn(Pn

e t21<1<n21 1)\ng( ) (|gl( )|>an)
maxj<j<eo A Zl<z<ngl( i)

By (12) and (15), we have P(|g;(Xy)| > z,,;) = o(x2/n). Then, together with (17),

Ene' =1+ 0(x2/n) = e202/m),
Applying (32) to (31), we have
Ee!Ti2®) — o(x3/m) pot T2 ¢,
Similarly,
Eef):;';z] b E(e tz;n 2 ‘P/E LetPn-1)
=11
Continue this process from X, to X;. We conclude that
Eel Li29i — pnxo(xq/n) _ Lo(xh).
Applying (33) to (30) and letting t = 16/¢?, we have
Ly < exp(—3x%).
By the same argument,
Ly < exp(—3x3).
Combining (29), (34) and (35), we obtain the proposition. [

2.4. Estimation of I3

(32)

(33)

(34)

(35)

Let Yy, ..., Y, be an independent copy of Xj, ..., X,,. We will use the following lemma

which is a Bernstein-type exponential inequality for degenerate U-statistics.

Lemma 1 ((3.5) of Ging, Latata and Zinn [19]). For bounded degenerate kernel h; j(X;, Y;), let

- L6,

ir

]

ir

B% = max{

(x, Y)Hoo}

Then, there is a universal constant K such that

| o} < oo 1) )}
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Recall (16). Hence, by (19) and the definition of I3 in (22),

Z?o:mﬂ /\Z(Ynl - EYnl)2 2 2>
I3<P - d — > Cin(1 —2¢e)%xy, |. 36
3= ( Zl:m.g.l AZLI(Zn,l) ! ( ) ( )
Let
hn (X3, Y}) 2 M(&1(Xi) — Eqi(Xi))(&1(Y)) — Egi(Y))). (37)
I=m+1

In addition to the estimate of I3, we include (40) in the following proposition which will be
used in the proof of Theorem 2, where

h(ﬂ)( irYj)
Z)‘l{(gl I1(181(Xi)| < Bzny) — EQr(Xi)I(1g1(Xi)| < Bzyi) }
><{ S(Y)I(g1()| < Bzuy) — Eg1(Y)) I(Ig1(Y})| < Bzni) }- (38)

Proposition 3. For a sufficiently large constant Cy > 0,

P( Ya<ijon hm(Xi, Y))

- >C x2> < exp(—3x2), 39
nY 2 MLi(zy) 2 p(=3x) (39)

Then, by (36) and the decoupling inequalities of de la Pefia and Montgomery-Smith [20], for a
sufficiently large C; > 0,

Zl<ij<nh (erX]) 2 2) 2
e > C1(1—=2¢)7x; | <exp(—2x;).
HER iy Mi(zgy) — 172 | < ep(=2%)

I3§P<

Suppose that A} > 0 forall 1 <[ < coand d > 0 is a constant. For constants 0 < «, § < 1 that
are sufficiently small,

p(zlswsw hig) (Xi Y,
nY 32 ALy(zy)

Proof. We will prove (39) and (40) simultaneously. By (15) and (37),

) > dx%) < exp(—2x%). (40)

ﬂLl nl)

An Hhm ir ] H <4 Z /\lzn,_4 Z Al (41)
I=m+1 I=m+1
By (15) and (38),
- 4 AL
nip) = e %) §4l;?\1522ﬁ,z _ 4L ;2’ 1(Zn1). 42)

Let

[e9)

B2 .= max{H Y. Eh%n(Xi,y)‘
1<i<n

| = e )
1<j<n
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Since |g;(Y})| < z,,, then by Cauchy-Schwarz inequality, (15) and (37),

| T ey <nE<2 5 Al|g-l(x1)—15g-l(xl)zn,l>2

1<i<n I=m+1
< 4nE Z M (5(X0) — Egi(X1))? Z Aiz3
I=m+1 I=m—+1

> & nLi(z,,)
< dn Y MLi(ze) ), M——5
I=m+1 I=m+1 Xn

The same result can be obtained for || Y1 <<, EhZ,(x,Y;) | co- Therefore,

4% (53 41 Aila(zu))* (43)

B2 <
n - x%

Similarly,

Brotp) = maX{H Bify ()| T Ehfﬁ)“"YJ)Hw}
1<i<[an] 1<j<[an]

2"L1(an)

< 406142)%1 Bzn1) 2/\[5

Since 0 < B <1, then L;(Bz,;)/Li(z,;) < 1. Hence,

4apPn® (L2 MLy(z,))*
”/“/(ﬁ) - x% ’

By (37) and the Cauchy-Schwarz inequality,

Ci = Y Eml(X,Y;)
1<i,j<n
> _ _ 2
< Y)Y ME@(X)-Egi(X 2 ME(&1(Y)) — Egi(Y)))
1<i,j<nl=m+1 I=m+1
o 2
< (X ML) (44)
I=m+1
Similarly,
2 ._
Coatp = L Enfy(XY))

(45)

IN
/\
e I
=
=
~
=
N
N

Now let

X = Cznx Z MLi(zy ). (46)
I=m+1
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By (41) and (46),
o 1/2
i 1/2 - CZHX% El=m+1 )\lLl (Z}’l,l) _ (C2/4)1/2x2'
Ay — \4n Z?o:m+1 /\ILI(Zn,l)/x% !
By (43) and (46),
o 2/3
X 2/3 - Cznx% Zl:m+1 /\ILZ(Zn,l) _ (C2/2)2/3x2.
By — \2n Z?ozm.g.l ML (Zn,l)/xn "
By (44) and (46),

X S Cz?’lx% Z?o:m+1 /\ZLI(Zn,l)
Cn - n Z?o:m.H /\ILZ (Zn,l)

a2
= Coxy,.

Then, (39) follows from Lemma 1 for a sufficiently large C, value. Similarly, let
xXg = dnx; Y ALy(zy). (47)
I=1

By (42) and (47),

1/2 . 1/2
( X ) >< dnx2 Y521 ALy (zp,)) ) *\/sz

Anp) 4PN ALy(zan) /x5 ) 2B

By (44) and (47),
w )7 o [ dnx Y2 MLy (200) o ( d )2/3x2
Buaggy) — \2vVaBn iy AiLi(zu)/xn 2/ap) "

By (45) and (47),

X4 dnxy Vit MLi(zut) _ d o
Cuap)  onXiZgMLi(zpy) ™"

Therefore, (40) follows from Lemma 1 for « and p values that are sufficiently small. [J

2.5. Estimation of 14

Lemma 2 below follows Corollary 1(b) of Einmahl [21] and Lemma 4.2 of Lin and
Liu [22]. However, we add the condition Zﬁl E||&,i|> < b2, and our result is in a form
of an exponential inequality for independent random vectors. We use the same positive
constants cyy, cz9 and ¢y (depending only on the vector dimension d) in Einmahl [21].

Lemma 2. Let 1, ...,Gpk, be independent random vectors with a mean of zero and values in
k;

R? such that ||&,|| < A and 3" E||C,;

Sp = Zfil &p i Suppose that

2 < b2, where || - || denotes the Euclidean norm. Let

Cov(Sy) = Buly (48)
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where B, > 0, 1y is a d x d identity matrix, and a,, is a positive sequence such that a,BL/? — oo

and
Ky
an Y E{ 80P exp(anl|Enil) | < Bu. (49)
i=1
Let
ky
Bu = By /2 Y E{112n, 1> expan &) }- (50)
i=1

Then, for any 0 < v < 1, there exists n., such that for all n > n.,

P(ISull = %) < exp{eanpu(chalB? +1) }

(=) A=)
% { exP( 2B, TP B, B2 Tog(1/Bn)
(1- 7)26%7“%3%
2 _
F2dexp < 2(d202 + dcyy Anatn By)

uniformly for x € [enB}l/ 2 c170nBy), where {e,},>1 can be any sequence with e, — oo and
1/2
en < 7o By’

Proof. Let,,, 1 <i < k,, be independent N(0, (TZCov((fn,i)) random vectors, which are
independent of the ¢, ;s, where

0% = cppilog(1/Bn). (51)

By (49) and (50), we have B, < zx;lB;l/z — 0asn — oo. Hence, 0 — 0 asn — oco. Let
pu(y) be the probability density of B, /2 2111 (Cni +1ni) and P(1 4 52);, be the density of
N(0, (1 + ¢?)1;). By Corollary 1(b) in Einmahl [21] (together with the Remark on page 32),
for |ly|| < ciywaBy/?,

Pu(y) = b o2y, W) exp(Tu(y)) with  [Tu(y)] < c2oBu((ly[® +1). (52)
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Forany0 <y <land x € [enB}/z, C170, By,

P([|Sn]l = x)
kn kn
S P(‘Sn+277n,i 2(1—’)/)X>+P( Eﬂn,i 2’)’X>
i=1 i=1
kl‘l
= P((l - ’)’)x < ||Sn + Z’?n,i < C17lann>
i=1
kn kn
+P<‘ Sn+ ) il = cm&) +P< Y il 2 7x)
i=1 i=1

K
< P((l—v)x < |ISn+ Y. i
i=1

FP(ISull = (1 = 7)c170nBn)

ki
+P< Zﬂn,i
i=1
K
< P((l—v)xﬁ Su+ Y fni 27x>
i=1
+P([|Sull = (1 = 7)c17anBn)

Ji+ 2+ 5. (53)

< 61706an)

> 7017ﬂén3n> + P(

kn
Z Mn,i
i=1

2 )

kn
Z Mn,i
i=1

< C17Déan) + ZP(

Let N denote a centered normal random vector with covariance matrix I;. Then, by (52),

h= /(1—7)x/83,/2<HyHScwanB}/z Parsozyig ) P (Tnly))dy

< exp{czoﬁn (C%"‘%B%/Z + 1) } /H

< eXp{Czoﬁn (C%"‘iBi/z * 1) } g

{P(INIl = @ =72x/BY?) + P(olINI| = 71— mx/B)?) | (59)

yll>(1—7)x/B}/? Pa+o2)1, (y)dy

Observe that [|N||? has a x3 distribution. It is well known that for a x5 random variable Y,
P(Y >vy) < (ye!~¥/4/d)?/2 for y > d. Hence,

P(INY > (1-)%/B}/?)

()
= exp(d/Z— >

d/2pd/? 2B,
(1)
< S
<exp ( 2B, (55)
by x?/B,, — co. Similarly,
3(1— )32
S o(1 12\ (=
P(oN] = v(1 = x/BY?) < exp (-
3 3,2
71— 7)°x )
p( 2c22By 7 log(1/ Bn) 50

67



Entropy 2025, 27, 41

by (51). Then, by (54)—(56), we have
i < exp{czoﬁn (c%ocf’le'l/z + 1) }
(1- 7)6962) ( P (1—7)° ) }
X4 exp| ———=7— | texp| — . 57
{ p( 2B, P\ " 2cnB. B2 l0g(1/Bn) 7)
Since the distribution of 7,; is N(0,02Cov(¢,;)), the distribution of Zfll Nni is

N(0, ¢? Z;‘il Cov(&y,i)). Since the ¢, ;s are independent, Zﬁl Cov(&pi) = Cov(Zfil Cni) =
B, 1; by (48). Hence, the distribution of Zﬁl 1,1 i3 N(0,0?By1;). Then, similar to (56),

ky
ko= 20(| o] 2 v) = 20(olN) 2 0x/817)
i=1
3,2
e
< 2exp| — . 58
N p( 2Bucnf 108(1/ﬁn)> 9
By (57) and (58), we have

Ji+]2 < eXp{Czo'B” <C%7aZB?1/2 " 1) }

(1- 7)6962) ( P (1—7)° ) }
X9 exp| ———=— | +3exp| — . 59
{ p< 2B, P\ 202B,p2 log(1/n) )
Next, we estimate 3. Foreach1 <i < n,let(,; = (dii)' e, 6%))T, where a” denote the

transpose of a vector a. Then

kﬂ

Z gn,i
i=1

1Sull =

- (L(ze)

=1 "i=1

Hence,

Jso = P(ISall = (1 = v)cr701B)
d

IN
3

> (1- 7)61704an)

d
< )p

> (1 - 7)(317“an>
—5 )

Since [|&,ll < Ay and X E||&,il|> < 02, then £\)] < &l < Ay and £ E@EV)2 <

Zi«cll E||&,i]|> < b2 for each 1 < I < d. By Bernstein’s inequality (e.g., (2.17) of de la Pefia,
Lai and Shao [18]),

(1— 7)26%7“7213% ) ‘ (60)

< _
Iz < 2dexp< 2d2(b%+C17An“"B”/d)

Then, the lemma follows by applying (59) and (60) to (53). O

Now, we estimate I, in the following proposition, which uses some ideas in Liu and
Shao [23]:
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Proposition 4.

m
o< P M~ BV 2 (1= Go)(1 =20 max AiLi(a,))
=1 1<I<m

(1—Cre)(1 —2¢)*x2
< exp(— ;(1—1—3) >

Proof. Foreach1 <i < mn,let

Gui = (VAL(E(X) ~ E&1(X0), ., VA (8 (X5) ~ Egm(X,)))
Let B, = n and X be the covariance matrix of G, 1. For 1 <i <, let
Cni =% 2Gyi. (61)
Then,
Cov(Gna + -+ Cnn)
_ E{ (2*1/2((;,1,1 Fot Gn,n)) (2*1/2((;”,1 ot Gn,n))T}

= Zfl/zE{(Gn,l + 4+ Gun) (G + -+ G"’")T}Zil/z

- 2 ¥ E{G.6] e
1<ij<n

Since the X;s are independent, then

n
Cov(gn,l +--- écn,n) = 271/2 Z E{Gn,iGrTl,i}Zil/z
i=1
= nly, = Byly,.

Hence, Condition (48) in Lemma 2 is satisfied. Let

Cinxn
Ny = ——n
n nl/2

where C; > 0 is a finite constant depending only on m. We shall verify Condition (49).
By (61),

T
10l = (27126G,i) " (Z72Gui) = G127 G (62)

Observe that X is positive definite by Assumption (9). Then, by the identity

T 92
T 4—1 (x'0)
A = 7 63
AT T T A ©3
for any m x m positive definite matrix A, we have
GT 19)2
2 _ AT v-1 L ( n,i
Hénz” = Gn,iz Gni= Hrt?\fle Ty (64)
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Let ¢ = (97,...,0;,) such that [|[*|| = 1and (G,{,iﬁ*)z = max”ﬁH:l(G,{,iﬁ)z. Then, for any
® = (04,...,0n) € I2, by the Cauchy-Schwarz inequality,

(2 VA(&(X) — Egi(X >>l91)2

= < i &ix Eg_l)(X‘) 01y )\le(Zn,z))Z

= —F 2 m
Y (& L 8i(X; EﬁzzAle(Zn,z)- (65)
=1 1(Zn,1) =1

(G,,8)?

Since Eg;(X;) = 0 for all I > 1, then E§;(X1) = o(xu+/Li(2,;)/+/n) by (13) and (15).
By Assumption (9),

o'ze = 19119va MAPE(S1(Xq) — EGi(X1))(gr(X1) — EGr(X1))

A

12)\1581 (X1) — 2191)\1 Eg(X1))?
=

+ Y 4O/ MAVES(X1)gr (X1)

1<I£I<m

- Y 00/ MAVES(X1)Egr(Xq)

1<IA <m

3 . x2L(z
= Y O ALi(za) = ) 97N X0 (nllgnl)>
=

I=1

I
Ms |

Il
—

+o(1) ). 191191'\//\z/\szz(Zn,z)Ll/(Zn,l')
1<I#I'<m

. ﬂ,ﬁ,/\/mxo<x” \L/’?SZ”")>o(x" %Z”Jl))

1<IA <m

By the Cauchy-Schwarz inequality,

m
Y. wdy \//\ZMLI(Zn,z)LV (zny) <m Y 07N Li(zy)).
1<IAT <m i1

Hence,

8759 = (1+0(1)) iﬂ%ml(znll). (66)
1=1

Applying (65) and (66) to (64), we have

m 2
1l < Z ~Ea(X)” ©7)

Zn,l)

Since |§;(X;)| <z = /1nLi(2n1)/ x4 by (15), and (16), we have

Il < 2. (68)

1’1
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By (67),
M E(31(Xi) — Egi(X;))?
E||&, > <2 < 2m 69
Hgn,lH - 1:21 Ll(zn,]) f— ( )
and
3/2
- — Egi(Xi))?
EllE, 2 < 2372E 81 . 70
Enil® < (lzl e (70)
By Holder’s inequality,
L (5(X) = Egi(X))P\? 1 & 13X — Egi(X) ]
< }
(l; Li(zy,1) " Zi LY?(z,) 1)

Combining (70) and (71), we have

8E |3
Elél? < 2%2m “Tw

= L% (zuy)
m L 1/2
_ Z Ziéizl an)) _0<n ) (72)
=1 L an) Xn

by (14) and (15). Since B;, = n and &, = Cxn/n'/?, then by (68) and (72), we have

o - E{ 12l exp(an i) |

i=1
me"n X 0 nl/? exp <men (417111)1/2) = o(n) = O(Bn).
ai/2 % 2\ 2

Hence, Condition (49) in Lemma 2 is satisfied. Similarly,

Bu = B2 Y E{luill® expanliEnil) |

i=1

1/2 C A\ 12
a3 n mXn ((Amn
= n " nxo|l — |ex —
< Xn > p<n1/2 ( xZ

= 0o(1/xy). (73)

Then, B21og(1/Bx) = o(1/x,). By (68), we have ||&, ;|| < (4mn/x2)V/? .= A,. By (69),
we have Y" | E||&,;/|> < 2mn := b2. Then, by Lemma 2 and (73) with B, = n and
ay = Cpuxn/nt/? for a sufficiently large C,, value, we have

p(||sn|| > nl/zxn)

1— 7)bna2 3(1 — v)3nx?
< exp{o(x%)}{ eXp(_(;inx) +exp ( B W)‘)}
B (1— )%, Chaqn
e < 2(2m3n + m(4mn/x%)1/2c17Cpxn/2)
7)622
< exp (x2 {exp( )+exp( )}+exp(—4x%>
_ eXp( (1 27 )
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Letting y =1 — (1 —¢)/7, we have

Co)a2
p(||sn|| > n1/2xn) < exp(—(lg)x”>. (74)
2
Similar to (62),
n 2 T n
ISP = X = (E2L6u) (2L 6u)
i=1 i=1 i=1
n T n
= Gni) T Y. Gu) (75)
(L 6n) =7 (X 6m)
We will use Identity (63) to estimate (75). Let 9* = (¢7,...,9},) be such that ||¢*|| = 1 and
n
G o = 76
(L6w) o = max (L 60) o 76)
Observe that
n T m n o\ 1/2
max ()2 Gyi) 9 (Z(Zﬁz ) — Egi(X0))) ) - (77)
l8ll=1 i=1 =1 "i=1
By (66),
T - 2
(0")'20" = (1+0(1) }_(87)°AiLi(zn)
=1
< (1+0(1))1123X ML (zn,1) (78)

because ||8*|| = 1. By Identity (63) and by (76)—(78),

S e sy L (T VA(31(X:) — E3i(X4)))?
(1; G"") x <1:21 G”’l) (14 &) maxq<j<; ALi(z4 1) '
(79)

By (74), (75) and (79), with the application of (16) and (19),

o< (21 AT (&%) — Egi(X0))° 2(1_C1€)(1_2€)3m%>

maxy<j<y, ArLi(z1)

< P<( i) Gn,i) y! ( Z Gn,i) > (1— Cl£)1<_1|_; 28)3nx%>
= p(sufp 2 10 2P
< exp< (1- C1sl ! ;)28)43(%).

Since ¢ is arbitrary, then the upper bound of Theorem 1 follows from (22) and the
estimates of I, I, I3 and Iy.
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3. The Lower Bound of Theorem 1

Let0 < e <1be sufficiently small. For 1 < m < co that is sufficiently large, by (26),
maxj<j<eo AIV | = MaxXi<j<m % il Together with (17), we have

P(W, > (1 —¢€)x2)
_ (Zl (s (0 - 2 610 z<1_e)x2)

n
maxj<j<eo )LZV

vV

xi’l
maxj<j<m AIV

(Zl AT 91X 2>' (80)

Let §;(X;) be the random variable with distribution which is of the distribution of
¢1(X;) conditioned on |g;(X;)| < z,,. Define Y,; = ¥ ; §(X;) and Vnzl =Y F(X).
By the definition of L;(x) and (12),

E37(X;) = Eg7(X;)/P(|81(X)| < zuy)
= L(2zu1) /P(181(Xi)] < zup) = Li(z0) (1 +0(1)).

Notice that (13) implies E§;(X1) = 0(L;(zy1)/2n)- Then, we have

of == E(Y,; — EY,,))* = nE(§1(Xy) — Eg1(X))?
= nEZ7(X1)(1+0(1)) = nLi(z,;)(1+ (1)) (81)

and
EVZ, =nL;(zy;)(1+0(1)).
Then, for0 < 6 < 1,

<Zl 1AM s1(X )} 2)

> x
maxj<j<y )\IV

<Zl 1)\1{21 1gl( )} >xn/ max \31( 1)| Szn,lul SISWl)

maxi<j<m )\ZV 1<i<n

_ <Zl 1Al{21 1gl( )} >x%>P(max |gl( 1)| SZn,znl §l§m>

maxj<j<y )\IV - 1<i<n

v

maxj<j<y )\IV

A 2 3
<Zl 1 A K 81(X0)} zxﬁ,v,%,,g(uz(s)af,lglgm)

P ) < 1<1<
X <1rga<x 181(Xi)| < zy0,,1 < _m>

P<21_1 MEL §1(X)F > (1+25)xi)

v

maxi<j<m M0j

m
Ol < <<
xP(lrga<x lg1( l)|_zn,l,,1_l_m> ; > (1+426)07). (82)
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Without the loss of generality, assume that maxj<;<,, )\1(712 =M (712. Then,

(Zl AR &1(X )} (1+25)x%>

maxj<j<m AIUZ

. <mzl 181X >}22(1+25)x5>
)L10'1

> P(fgl(xa > (1 +25>”2mxn>.

i=1

Recall (15) and (81). Take ¢ = 1/xy; thus, we have |§1(X1)| < z,; = coj. Therefore,
by Theorem 5.2.2 in Stout [24], for any v > 0, we have

(Zgl 1+25)1/201xn> > exp(f(x%/Z)(l +25)(1+17)). (83)
On the other hand,

P((max [91(X)| < 20,1 <1< m) = [P(lgi(X)] < 200,1 <1< )"

— 1 P(gy(X0)| = zmp AL <L <m))" > [1— Y P(lgi(X1)] > 20))"
1=1
> exp(—2n Y. P(1g1(X1)| > 2y)) = exp(—o(x3)). (84)

=1

We apply the following exponential inequality (see Lemma 2.1, Cs6rg6, Lin and
Shao [25]; see also Pruitt [26] and Griffin and Kuelbs [1]) for the rest of the proof.

Lemma 3. Let ¢, ¢y, -+ ,Cn bei.id. random variables. Then, for any b,v,s > 0,

I(la] < b) = EgI(lg] < b)| > ——

i ve’nEZ?I(|¢;] < b) + Sb) < 2¢”8
S )

Eg1(X;) = o(z1L1(zn1))- (85)

In Lemma 3, we take & = §3(X;),s = x2,b = Zi,1 and v = 1/45. Notice that sb/v = 6% and

et nEGIISIEY) o (02) by (81) and (85). Then,
P(VZ, > (1428)07) = P(V2, — EVZ, > (1428)01 — EV7))
SP(Z(g%( i) —EZG(X:) > 6(1+6)c )
i=1
<2exp —x2). (86)

Combining (80), (82), (83), (84) and (86) and letting A, 6 — 0, we have

P(W, > (1 —¢)x2) > exp(—x2/2).
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4. The Upper Bound of Theorem 2

Lemma 4 (Lemma 2.3 of Giné, Kwapien, Latata, and Zinn [15]). There exists a universal
constant C3 < oo such that for any kernel h and any two sequences of i.i.d. random variables,

we have
h(X;,Y;)| > t) < C3P<

vty
i<kj<l

Z h(Xi/ Y])

i<m,j<n

P( max

k<m,I<n

2 1/c)

forallm,n € Nandall t > 0.

Proposition 5. Under the assumptions of Theorem 1,

o 3 n X 2
limsup Z:l:1 I(lelzgl( 1)) <2 as.
n—oo MaXi<lcoo Al Vi loglogn

Consequently,

<2 as.

li —
1;11301:13 loglogn

Proof. Let x;, — c0asn — 0. Let 6 > 1 with 6 — 1 be sufficiently small. For any positive
integer k € (n,60n], via a similar idea as in (19) with0 < < 1,

2
< L2 A (T &%)
P max

> 2(1 +77)3x2
n<k<6n maX1§l<oo/\le21 a ( ;7) '

P (2?0—1 )‘I(Z?:l 8I(Xi))2

max <o ATV

>2(1—n)(1+ 17)3x,%>

k 2
4P max T M(Eiaa & (ZXi)) > n*(1+15)%x;
n<k<6n maxi<j<co M Vi 2

= Hj + H,. (87)
Notice that (10) implies (8). By (17) and the upper bound of Theorem 1,
H; < eXp(—(l —7)*2(1+ 17)3993)- (88)

Let 0 < 4 < 1 be a sufficiently small constant. By (19),

H, < P<2m max AV < (1—n)n Y, )\ILI(Zn,l)>
<00 4

1=l 1<l< o

2

0 k

. L A (i 81O 1081(X0] > 0n20)) " (1 4+ %3
n<k<én maxj<jceo A szl o 2

2
p maX, k<on Ljoq M (Zi’c:n—i-l (X)) I(|g1(Xi)| < 577%,1))
Y 1<i<co ML1(2)

- (1—n><1—zn>n2<l+n>3xﬁ>

- 4m

= Hp1 + Hyp + Hpp3. (89)
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By (24) in Proposition 1,
Hy < exp (—2x3). (90)

By the Cauchy-Schwarz inequality, for each k,

1) 2
Y A T 19 (X I(81(X0)| > d17z,0) }
maxj<j<eo /\lvkz,l

E A 1 82(X0) Y q 1(81(X)| > 0n1z,,1)
max; <j<eo M V¢,

: (91)

By (17), for some m value that is sufficiently large, the sum of the diagonal terms is as
follows:

B M B 8T DX > dnz0)) _

(92)
maxj<j<eo A Vk2,l

By (91) and (92),

ik T M (XD I(|g1(X)| > 6 5 3,2
Hy < P( ax Yni<izj<k Lieq M8 ( lz{) (|gl(2 ] NZn) > 7’ (1+7n) xn>
n<ks<én maxi<j<eo M Yi—pi1 8 (Xi) B

IN

ol max Ynt1<icj<k Lict Mgt (X 1(1g1(X;)| > 6nz,,) o P+’
n<k<én MaX) <) <oo A i1 87 (X;) B 4

N P( i Ynr1<jcick Liet Mg (X)I(1g1(X))| > dnz,,) - 175(1+17)3x,%>

n<k<n maxy <j<eo A L1 87(X;) B 4
< o max Ynti<icj Lin /\lglz(Xi)Iﬂgl(Xéﬂ > 012y 1) . 7°(141)%x2
k<, 5=y max<j<eo A1 Lnt1<icj & (Xi) 4
. Yjeick Liea M8 (X 1(181(X))| > 0z, 1) S ()
n<k<on n+1<j<k maxi<j<eo )\l Z]'<i§k glz(Xz) 4
= Hyp1+ Hopp.
Let

_ Lunicic Uit Mgt (X I(1g1(X)| > 6nz,1)
mMaxi<j<eo A1 Unt1<ic; 87 (Xi)

)

Then, for any constant ¢ > 0,

IN

Fa ( y Ynr1<icj Licq Mgr (X I(181(X))| > dnz,1) - 175(1+17)3x,%>

2 pu
n+2<j<[0n] maxq<j<eo Al Lnt1<i<j & (Xi) 4

[6n]
< EetTimmafip—tn®(1n)xi/4,

Let E; be the expectation of X; forn +2 <j < [6n]. Then,

[on On]—

[ [bn]-1 .
Ee'Li=nr2®i — E(etzj:n+2 q)]E[Gn]et‘P[Gn])' (95)
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Since |e° — 1| < €V¢|s| forany s € Rand 0 < Plgn) < m for some m value that is sufficiently
large, then

IN

Ejgye'? — 1 " tE g, Plon]
MY 1<icfon] it M8T (X)) P(181(Xjgn))| > 0112u1)

max;<j<co A1 L 1<i<(on) 87 (Xi)

By (12) and (15), we have P(|g;(X[g,)| > 69zs1) = 0(x5;/n). Then, together with (17),
Ejgne? =1+ 0(x2/n) = e5/M), (96)
Applying (96) to (95), we have

on on]—1

Eet ):][:] ¢] — eo(x% /n) Eet Z][':nJrZ 4)]

Similarly,
[on] -1 [on]-2
Eeth:nJrz ¢; _ E(Et Zj:n+2 ?j En,1€t¢[9n]71)

On|—2
— eo(x%/n) Eet Zj[:i]l+2 (P]‘

Continue this process from Xjg, to X, 1. Thus, we conclude that

on

Eo Do di — ol6=Umlxo(sh/n) _ po(3). ©7)
Applying (97) to (94) and letting t = 8/ (°(1 +7)3), we have
Hao1 < exp(—2x;). (98)

To estimate Hp », let

Yicick Lo Mg (X I(181(X))| > 0yz,,)
maxi <)oo A1 Ljci<k 87 (Xi)

Yik =
Then, for any constant ¢ > 0,

5 3,2
Hpps < p< T max wj,kz’”“;”)xn)
n+1§j<[9n]]<k§6n

< EetZ,[{Ziﬂ max; <k<gn ¢j/ke—tq5(l+17)3x% /4 (99)
Let E; be the expectation of X; for n +1 < j < [0n]. Note k > j. Then,

on|—1
Eet Z][:,Ll max;k<gn Yk

t):[ﬁn]—l ) )
= E(¢' bimnr2™®Gkson VikE ot MO0 1<k<on Purik) (100)
Observe that

20 M (Deice 80X ) 1(10(X)| > 0122,1)

(101)
max;<j<eo A1 Ljci<k 87 (Xi)

ik =
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Then, by (17), 0 < 11 < m for some m value that is sufficiently large. Since |e* — 1| <
e¥Vs|s| for any s € R,

|En+letmaxn+l<k§9n Puih 1{ < emttEnH max P,k (102)
n+1<k<6n !

Under Assumption (10), for each I € [1,00),

n &% n [ee)
)‘lvn2,l = Z /\lng( Z Z/\V‘o)v =0 Z /\VV112,1/'
i=1 v=1i=1 v=1
Recall that (17); then, for each I € [1, o)
AIV;%,[ mcy

max<jce MVy, — 1

Hence, by (101),
m o0
Yik < 7 Y al(Igi(Xj)| > nzy).
=1
Then,
Enr | max $nie <1 Z rP(|g1(Xut1)| > 0nzp1)-

By (12) and (15), we have P(|g;(X,41)| > 0z,;) = o(x%/n). Then, together with (10),
E = o(x3/n). 1
nel ) DA Y1k o(xy /1) (103)
Then, by (102) and (103),
En+letmaxn+1<k§9n ¢n+1,k — 1 + O(x%/n) — eO(X%/H)'
Continue this process from j = n + 2 to j = [#n] — 1 and by (100),

o maX ckcon Wik _ po(x2) (104)

Ee'l
Applying (104) to (99) and letting t = 8/ (17°(1 + 7)3), we have
Hypp < exp(—2x3). (105)
By (93), (98) and (105),
Hy, < 2exp(—2x%). (106)

By the definition of Hj 3 in (89), and by Lemma 4, there is a constant 0 < C’ < co such that

Hp3 <C'P

i M (i1 (X0 H(1(X0)| < 0920))* (1= 3p)ad
n Ly MLy (z0,) T AmC )
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Similar to (36),

Hpys; < C'P

2
£ 4 () & (XD 120 (X0) | < 0n201) = Egi (X)1(10(X0)] < 0y2,,1)})
n Y2y MLi(za)

>(1—Mfﬁﬁ>.
- 4mcC’
By the decoupling version of (40) in Proposition 3,
Hy3 <C' exp(—Zx%). (107)
Combining (89), (90), (106) and (107), we have
Hy < (34 C')exp (fzxg). (108)

By (87), (88) and (108),

2
( Yo A (2521 81(Xz’))
P| max

n<k<6n  MaXj<l<eo A szl

>2(1+ 17)3xﬁ>
< ep(—(1 -1+ y)).

Let n = [0/] for some j € N. We have

2
( Yo A (Zf:l gl(Xi))
P max

>2(14+1)3x2,
i <k<6i*l  MaXi<j<eo )\le%l = 2( 1) (¢/]

<exp(—(1— )1+ )%,

Let x2 = loglog n. Then,

M (T i (X)

p max 5
6/ <k<6/*1 MAX]<|<oo /\le,l loglogk

2
( YoM (Zﬁ-;l gl(Xi)>
P max

0/ <k<@i+l  MaXj<]coo Al Vk,l

gk

> 2(1+;7)3>

~.
I
—

IA
e

>2(1+ ;7)3x[29]-]>

~.
Il
—_

IA

gk
ps

o

exp(—(1— 1)/ (14 1) loglogl6/])

T.
—_

(1 =21 +1)*logj) < .

IN
_
A ygk:

]

X

jae)

By the Borel-Cantelli lemma,

2 (T (X))
lim sup Vit A X 81(X0))

> < 2 as.
n—oo MaXj<]coo A Vn,l loglogn
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5. The Lower Bound of Theorem 2
Proof. By the definition of W,

2
v Tn((She) - o)
loglogn maxq<j<c AV2, loglogn
2
£ A (D (X)) T AVZ

maxj<j<eo AanzJ loglogn B maxj<j<eo Aanzll log logn'

By (17), L2, MV, l/(max1<l<oQ A V2 ' loglogn) < m/((1—¢)loglogn) — 0asn — oo,

we have
9] n 2
W, EA(Thsx)
loglogn ~ maxj<jc A;V?, loglogn
Then,
2
o (T ai(X)
10g10gn k:Zl Wlk min{j: maxi<j<eo /\]V ’_AJV"J}
Hence, by (6),
hmsupL >2 as.
n—co IOglogn
O
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An Erd6s-Révész Type Law for the Length of the Longest Match
of Two Coin-Tossing Sequences

Karl Grill

Institute of Statistics and Mathematical Methods in Economy, TU Wien, Wiedner Hauptstrafle 8-10, 1040 Vienna,
Austria; karl.grill@tuwien.ac.at

Abstract: Consider a coin-tossing sequence, i.e., a sequence of independent variables,
taking values 0 and 1 with probability 1/2. The famous Erd6s-Rényi law of large numbers
implies that the longest run of ones in the first # observations has a length R, that behaves
like log (), as n tends to infinity (throughout this article, log denotes logarithm with base
2). Erd6s and Révész refined this result by providing a description of the Lévy upper and
lower classes of the process R;. In another direction, Arratia and Waterman extended the
Erd6s-Rényi result to the longest matching subsequence (with shifts) of two coin-tossing
sequences, finding that it behaves asymptotically like 21og(n). The present paper provides
some Erd6s-Révész type results in this situation, obtaining a complete description of the
upper classes and a partial result on the lower ones.

Keywords: coin tossing; runs; matching subsequences; strong asymptotics

1. Introduction

Consider a coin-tossing sequence (X,), i.e., a sequence of independent random vari-
ables satisfying P(X, = 0) = P(X, = 1) = 1/2. Let R, be the length of the longest
head-run, i.e., the largest integer r for which thereisani, 0 <7 < n — r, for which Xiyj=1
forj=1,...r. Aresult of Erd6s and Rényi [1] implies that

lim Rn __ 1 1)
5o Tog (1)

(throughout this paper, log will denote base 2 logarithms. The notation log; will be used
for its iterates: log,(x) = log(log(x)), log;_ (x) = log(log;(x)). Also, C and ¢, with or
without an index, are used to denote generic constants that may have different values at
each occurrence). The simple result (1) has seen a number of improvements. Erd6s and
Révész [2] provided a detailed description of the asymptotic behavior of R;. In order to
formulate their result, let us recall

Definition 1 (Lévy classes). Let (Yy,) be a sequence of random variables. We say that a sequence

(an) of real numbers belongs to

e The upper-upper class of (Y,) (UUC(Yy)), if, with probability 1 as n — oo, Y, < ay
eventually.

e The upper-lower class of (Yy) (ULC(Yy)), if, with probability 1 as n — oo, Yy, > ay for
infinitely many n.

e The lower-upper class of (Yy) (LUC(Yy)), if, with probability 1 as n — oo, Yy, < ay for
infinitely many n.

®  The lower-lower class of (Yy) (LLC(Yy)), if, with probability 1 as n — oo, Yy, > ay eventually.

Entropy 2025, 27, 34 https://doi.org/10.3390/e27010034
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Of course, these definitions work best if the sequence (Yy) obeys some zero-one law.

Their result is as follows:

Let (a,) be a nondecreasing integer sequence. Then
o (a,) € UUC(Ry)ifYy, 27" < oo,

e (ay) € ULC(R;)if ), 27" = oo,
e foranye >0, a, = [log(n) —log,(n) +1log,(e) — 1+ €| € LUC(R,),
e foranye > 0,a, = [log(n) —logs(n) +log,(e) —2 — €] € LLC(Ry).

Arratia and Waterman [3] extend Erd6s and Rényi’s result in another direction: they
consider two independent coin-tossing sequences, (X,) and (Y5 ), and look for the longest
matching subsequences when shifting is allowed. Formally, let M, be the the largest integer
m for which there are i,j with 0 <i,j <n —mand X;x = Yj i forallk =1,...,m. They

prove that, with probability 1
. M,
P Tog(m) — % ®

In the present paper, we will make this more precise by providing a description for
the upper classes of (M,) and also some results on its lower classes:

Theorem 1. Let (a,) be a nondecreasing integer sequence. We have

(an) € UUC(My) if Y, n2~" < oo.

(an) € ULC(My) if ¥, n2~" = oo,

e forsomec,a, = |2log(n) —log,(n) +c| € LUC(M,).

e forsomec,a, = |2log(n) —2log,(n) —log,(n) +c] € LLC(Mj).

2. Discussion

We leave the proof of Theorem 1 for later and rather discuss some of the concepts that
are connected to this problem. One of them is the so-called independence principle: in
many, although not all, situations, one may pretend that the waiting times until a given
pattern of length I is observed have an exponential distribution with parameter 2=/, and
that the waiting times for different patterns are independent. Méri [4] and Méri and
Székely [5] provide an account of this principle and its limitations. In our case, all results
but the lower-lower class one are more or less in tune with this principle.

Another question that is closely related is that of the number N(#, 1) of different length
I subsequences of (Xj, ..., X;). This question does not seem to have been considered by
literature very much; there is one remarkable result by Moéri [6]: in the remark following
the statement of Theorem 3 in that paper, he mentions that with probability one for large
n, the largest I for which all 2! possible patterns occur as subsequences of (X, ..., X,) is
either |log(n) — log,(n) — €] or |log(n) — log,(n) + €| for any € > 0. The independence
principle would suggest that N(n,log(n))/#n is bounded away from 0 with probability
one, and this or even the less stringent N(n,log(n)) > n(log,(n))~¢ for large n would
be an important step towards removing the double log term from the LLC result, as we
conjecture that, for some ¢ > 0, log(n) — clogs(n) € LLC(M,). Unfortunately, we are only
able to obtain N(n,log(n)) > cn/log(n), which is also implied by Moéri’s result.

3. Proofs

Proof of the upper-upper class result. Both upper class statements are fairly easy to prove.
First, observe that under our assumptions, the convergence of

[e9)

Y n27 3)

n=1
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is equivalent to that of

[ee]
Y g2 4)
k=1
with 1, = 2k,
Now, define events
Ak = [Mi’lk Z ank,l]- (5)

Ay occurs if in one of the (1 + 1 — ay,,_,)? pairs of sequences

((Xi-l-l/-'-/Xi-‘ruk,])/((yj—i-l/' "rYj-Hlk,])) (6)

both sequences agree. That provides the trivial upper bound
P(Ax) < ng2 ", )

so, by our assumptions, }_, P(Ay) < oo, and the Borel-Cantelli Lemma implies that, with
probability 1, only finitely many events Ay occur. Thus, for sufficiently large k, M, < a,, |,
and for n,_1 < n < n, we have

My < My, < ap,_, < ay. (8)

This shows that (a,) € UUC(M,), as claimed. [

Proof of the upper-lower class result. We may assume without loss of generality that
n?2-n < 1/4.

Again, let n, = 2k We want to use the second Borel-Cantelli Lemma, so we are
defining independent events

A = [Ell,] N1 < l,] < ng: XiJrS = Yjis,8 = O,...,ank — 1] (9)
This is the union of the events
Bij:[Xi+s = ]'+S,S =0,... s Any — 1] (10)

with n;_q < i,j < ng. We endow the set of pairs (i, j) with the lexicographic order. For a
subset I of the integers, Bonferroni’s inequality provides

P( J Bij)> ), P(Bj)— Y P(Bjj N Byj). (11)
(ij)elx1 (ij)elxI (i), () ED (i) < (i)

Letd((i,), (7, 1)) = max(li = ], — /). 16d((i, ), (©,)) > au,, then B(By; A Byy) =
272 otherwise P(B;; N Byj) = 2~ (an +a(@)]))

Let I = {i:n_y < i < ny : 4|i}. Using this in (11) yields the value |I|>2™% for
the first sum. In the second sum, for given (i,j) and d < a,, /4, there are no more than
2(2d + 1) pairs (i',7) with d((i,f), (', j')) = 4d. The number of pairs of pairs ((i, ), (i,])
with d((i,f), (i',j')) > ap, is trivially bounded by |I|*/2. Putting these together, we arrive
at the upper estimate

(& 1 1o
T[22 () (2d + )21 4 122717 < S 172", (12)
d=1
In total,
1 1
P(A) > S|P~ = onfa ™™, (13)
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keeping in mind that |I| = n;/8.
and Y P(Ax) = oo. Borel-Cantelli implies that, with probability 1, infinitely many
events Ay occur. Thus, for infinitely many k, M, > ay,, so (a,) € ULC(M,). O

For the lower class results, we first prove some lemmas:

Lemma 1. With probability 1 for n sufficiently large

mg(n) < N(n, I.log(”)J) <n (14)

Proof of Lemma 1. The lower part is a direct consequence of Méri’s result: as for suffi-
ciently large n N(n, [log(n) — log,(n) — 1]) = 2Lles(n)~log;(n)=1] > 4log(n) and, obviously
N(n, |log(n)]) > N(n, [log(n) —log,(n) —1]) —log,(n) — 2, as extending two different
sequences from length |log(n) —log, (1) | to [log() | keeps them different; it can only hap-

pen that some of them are extended beyond index 7, but this can affect at most log, (1) + 2
of them. [

Lemma 2. Let S be a set of m < 2! sequences of length | < n, and let A be the event that none of
the sequences in S occurs as a subsequence of (X, ..., Xy). For 1 < n' < n, let B be the event that
some sequence from S is a subsequence of Xy, ..., X,y. Then

(1—B(B))? — |n/n' Jm2~)(1 — B(B)™/") < B(A) < (1-B(B))"/").  (15)

Proof of Lemma 2, upper part. Consider the |n/n’| sequences Xy, 11, ..., X(x1)n for
k =0,...|n/n'] —1. Each of these has probability 1 — P(B) that it does not contain a
subsequence that lies in S, and by independence

P(A) < (1-P(B))"/"). (16)
O

Proof of Lemma 2, lower part. Assume for simplicity that »n is a multiple of n’, say
n = Nn'. Again, we split (Xj,...,X,) into N blocks of length #’, and the probability
that none of those contains a sequence from S is

(1—P(B))N. (17)

It can still happen that there is a sequence from S that crosses one of the boundaries
between the blocks. There are N — 1 boundaries, and for each of those, there are | — 1
possible subsequences of length [ crossing it. The probability that this one is from S but
none of the N blocks contains one can be estimated above by the probability that it is from
S and none of the N — 2 blocks not adjacent to it contains one from S. This provides the
upper bound

(N=1)(I—1)m27'(1 —P(B))N2 (18)

for the probability that there is a subsequence from S in (Xj, ..., X,;) but none in any
of the N blocks. Subtracting this from (17), we obtain the lower bound

((1=P(B))* = (N = 1)(1 = 1)m2~") (1~ P(B))" 2, (19)

and the general case is obtained by observing that the probability P(A) for a given n is
bounded below by the one that we get for n’[n/n']. O
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In this lemma, the lower and upper bounds are rather close. Its applicability, how-
ever, depends on the availability of good estimates for the probability P(B). There is the
trivial upper bound n’m2~! and an almost as simple lower bound const.n’ml =12~/ (given
n'ml~1271 < 1). Bridging the gap between these requires deeper insight into the structure
of S.

Proof of the lower-lower class result. In both the lower-lower and lower-upper parts, we
consider the asymptotics of the longest match found between (X, ..., X,) and (Y3,...,Yy)
under the condition that the sequence (Y, n € N) is given. Doing so, we may assume that
Y = (Y, n € N) is a “typical” coin-tossing sequence, in the sense that it possesses some
property that holds with probability 1. In the sequel, all probabilities are understood as
conditional with respect to such a typical sequence Y. For the lower-lower class result, we
letn =n; = [C2!/21\/log(I)],n' =n) =1,and m = m; = [m] in Lemma 2. Clearly, as
(X4,...,X;) only has one length I subsequence, P(B) equals /2 ~!, where 7t is the number
of different sequences of length [ in Y7, ..., Y},. For sufficiently large I, 7 > m; by Lemma 1,
and we obtain an upper estimate

1 = exp(-mln/1]2°1) = exp( ~ 3 Clog() (1 + 0(1)) 0)

for the probability (conditional on Y) that there is no match of length [ between (Y3, ..., Yy,)
and (Xj,..., Xy,). For C > \/W, the series ) ; p; converges, so with probability 1, we
have M(n;) > 1 for all but finitely many . Thus, forn;_1 <n < mn;, My > My, , >1—1.
Inverting the relationship between 1; and [ yields I = 2log(n;) — 21og,(n;) — log,(1;) +
O(1), so, for some constant ¢ and [ large enough, we obtain M, > | —1 > 2log(n) —
2log,(n) —logs(n) — c, which proves the lower-lower class result. [

Proof of the lower-upper class result. This time, we need to make our choice of the pa-
rameters in Lemma 2 with a little more sophistication. We start with [ = [; = k? for k € N.
Then, n = n, = [C2%/2,/log(I;)|*. As the set S, we choose the set Syof all sequences of
length I; contained in (Y3, ..., Yy, ). n’ = nj is chosen in such a way that mkn,'{Z’lk — 0 and
mnglg2 ' /nf — 0, n) = |2/*] is a possible choice.

We define the events

Ay = {There is no sequence from Sy in (Xj,... Xy, )}, (21)
Ay = {There is no sequence from Sy in (X, |11, X, )} (22)
By = {There is a sequence from Sy in (X, ... Xn]/()} (23)

(this last is just the event B from Lemma 2).
Lemma 2 gives us

P(Ay) = (1 —P(By)) /") (1 +0(1)) (24)

and
P(Ay) = (1 - P(By)) -0/ (1 4+ (1)), (25)

The trivial estimate P(By) < mynj2 = < n?27l yields
P(A) > e 2 losb1to), (26)

which diverges if we choose C < 1/4/21og(e).
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We are going to use the Borel-Cantelli Lemma in the usual form for dependent events:

Lemma 3 (Borel-Cantelli IT). If the sequence (A, ) satisfies

Y P(A;) =00 (27)
neN
and nYn B(A;NA)
lim =121 i I 1, 28
n—co ( ;1:1 [P(Ai))Z (28)
then
P(limsup A,) =1, (29)
n
To this end, we need an upper bound for P(A; N A;) for i < j. We have
P(A;NAj) <P(A;N A]-) = }P’(Al-)IP’(A]-). (30)
By our Equations (24) and (25) from above
- . ’ —1;
P(A)) = P(A;) (1 — B(B}) "/ (14 0(1)) = B(A))e""-12 ' (1+o) —
P(Aj)(1+0(1)), (31)

asnj 1 < njel’Zf and m]-n]-27lf < n]2-2fl/' = O(logj).
This means that for any € > 0, there is a number jy such that, for j > jpand i < j,
the inequality
P(A;NAj) < (1+€)P(A;)P(4)) (32)

holds. Plugging this into

n o n n —1
ZZIP’AiﬂAj):ZIP’( +ZZZ]P’AOA (33)
j=1li=1 i=1 j=2i=
yields the estimate
n n n n
Y Y P(ANA) < Y P(A) + 5+ (1+e)(Y_P(A))~ (34)
j=1li=1 i=1 i=1

As Y2 P(A}) = oo, we get

1i i 2}1:1 P(Ai N A))
m su
ol (L P(A7)2

<l+e. (35)

As € > 0 is arbitrary, the sequence (Ay) satisfies the assumptions of Lemma 3, so,
with probability 1, infinitely many of the events (Ag) occur. Thus, with probability 1 for
infinitely many k, M;, < I;. Observing that [ = 2log(ny) — logs (1) + O(1), we obtain
our lower-upper class result. [J
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Abstract: Write pbeta(-, &, B) for the distribution function of the Beta distribution with parameters «
and B. We show that a — pbeta(a/(a + ), a, B) is decreasing and a +— pbeta(a/(a + B),a +1,B)
is increasing over the positive reals, with the common limit for « — oo expressible in terms of the
Gamma distribution functions, and discuss implications for the distribution functions of the Gamma,
Poisson and Binomial distributions.

Keywords: Beta distribution; Gamma distribution; monotonicity

1. Introduction

Write Gamma(a) and Beta(a, B) for, respectively, the Gamma distribution with shape
parameter « and rate/scale parameter 1 and the Beta distribution with parameters a« and
B, and write pgamma(-, &) and pbeta(-,a, B) for the corresponding cumulative distribu-
tion functions.

If X, ~ Gamma(«), E(X,/«) = 1. Using the addition theorem for the Gamma distri-
bution, as « — oo, we have X, /a — 1 by the law of large numbers and P(X,/a < 1) =
pgamma(a, &) — 1/2 by the central limit theorem. On the other hand, using integration
by parts, for € > 0 we have

1 © 1 © (ew)e—€n
P(X = — el tdi’zi/ e tgr— 2L —
(Xa/a>€) = 15 [ Tat1) Jew ' © Tl +1)

so thatasa — 0+ . -
P(X,/a > € —>—/ e Ydx—1=0
(Xe/a>€) = g

and hence, in particular, P(X,/a < 1) = pgamma(x, ) — 1.
Write
Ty = P(X,/a < 1), Xy ~ Gamma(a).

Ref. [1] shows that a — 71, = pgamma(«, &) decreases monotonically from 1 to 1/2 as «
varies from 0 to co. In this paper, we show that, quite remarkably, monotonicity continues
to hold if 1 is replaced by the normalized Gamma distributed random variable X3/
independent of X, /. We also establish a second, related monotonicity result. These results
are formulated and discussed in Section 2. Section 3 gives the proofs.

2. Results

Theorem 1. Fora, > 0, let X, ~ Gamma(a) be independent from Xz ~ Gamma(f) and let
Yo ~ Beta(a, B) so that E(Y, g) = a/(a + B). Write

par,B = IP’(X,,(/oc S Xﬁ/IB)
Then

o
Pup = PlYag < BlYag)) = pbeta( ,08),
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the function o p, g is decreasing for & > 0, with limits 1 for « — 0+ and 1 — pgamma(B, B) <
1/2 for & — oo, and the function B — p, g is increasing for p > 0, with limits 0 for p — 0+ and
pgammal(a, x) > 1/2as p — oo.

The above can also be formulated in terms of the Beta prime and F distributions,

noting that trivially
Xy & X/
Pap P(Xﬁ = /3) P(X,g/ﬁ —1>

where X,/ Xg has a Beta prime distribution with parameters a and B, and (X, /a)/(Xg/B)
has an F distribution with parameters a/2 and /2. Note also that for f — o0, Xg/p — 1
in probability and, thus, Pap — P(X, < a) = pgamma(a,«), so Theorem 1 implies the
result of [1].

Refs. [2,3] show that pbeta(a/(a« + B), & +1,B) < 1/2 for, respectively, all positive
integers or all positive reals &, . The following substantially improves these results:

Theorem 2. Let B > 0. The function

14

N ﬁ“rﬁ = pbeta(w,tx + 1’13)

is increasing for & > 0, with limits 0 for « — 0+ and 1 — pgamma(p, B) for & — oo.

If we write pbinom(-, i, p) for the cumulative distribution function of the Binomial
distribution with parameters # and p, then for integer 0 < k < n we have

pbinom(k, n, p) = pbeta(l —p,n —k,k+1).

Using Theorem 1 withae =n—k,f=k+landl1—p=a/(a+B) = (n—k)/(n+1), we
obtain for integer 0 < k < n

pbinom (k, n, I;l __:: 1 ) > 1 — pgamma(k, k).

Similarly, using Theorem 2 witha +1 =n—k, f =k+land1—p = a/(a+B) =
(n —k—1)/n, we obtain for integer 0 <k <n—1

k+1

pbinom (k, n, > <1 — pgammal(k, k).

If X441 ~ Gamma(a + 1) is independent from Xg ~ Gamma(B), Xyi1/(Xpy1 +
Xg) ~ Beta(a + 1, ), so that

® X « X
bet a+1B) =P etl o _]P’<X < ﬁ).
pea(zxﬂ%‘” ﬁ) (szﬂ"‘Xﬁ"H‘ﬁ) w1 =g

For f — o0, X3/ — 1 in probability, so Theorem 2 yields the following:

Corollary 1. The function « — pgamma(a, « + 1) is increasing for & > 0, with limits of 0 for
& — 0+ and 1/2 for « — oo.

In combination with [1] (or using Theorem 1 with B — o), we, thus, find that the

median m, of Gamma(x) satisfies &« — 1 < m, < «, where the lower bound is worse than
the sharp lower bound m, >« —1/3 of [4].
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If we write ppois(+, A) for the cumulative distribution function of the Poisson distribu-
tion with parameter A, then for the integer n > 0 we have

ppois(n,A) =1 — pgamma(A, n+1).

From Corollary 1, we, thus, find that n — ppois(n,n) = 1 — pgamma(n, n + 1) is decreas-
ing from 1 to 1/2 as n varies over the non-negative integers, nicely extending the bounds
of [5] in the integer case. We note that A — ppois(A, A) is not monotone: it jumps at the
positive integers, and forn < A <n+1

ppois(A, A) = ppois(n,A) = 1 — pgamma(A,n + 1)

which decreases from ppois(n, 1) to ppois(n +1,n) = 1 — pgamma(n + 1,1 + 1), where
we just obtained that the former upper envelope sequence is decreasing in #, and based on
the result of [1], the latter lower envelope sequence is increasing in n (with common limit
1/2asn — o).

Clearly, Theorem 2 is equivalent to

o pbeta( +l3 ﬂ)

increasing for a > 1 (it is zero for 0 < a < 1), where, in fact, (x —1)/(a + p — 1) is the
harmonic mean of the Beta distribution with parameters « and B. Thus, if for « > max(,0)

and B > 0, we write

and our results say that a — p, g0 is decreasmg, and a — p, g1 is increasing, and we can
ask about the monotonicity for other values of u. Numerical experiments suggest that
for B > 1, a > py gy is decreasing iff u < 1/3 and increasing iff u > 0.5, but we have
thus far been unable to obtain rigorous monotonicity results for u ¢ {0,1}. We also note
also that for u = 1, we find that for & > 1, the median My, p of the Beta distribution with
parameters « and f satisfies m, 5 > (¢ —1)/(a + B — 1), which for « < B is worse than
the lower bound m, g > (a —1)/(a + B — 2) of [6]. This suggests the importance of more
generally investigating the monotonicity of & — p, ., = pbeta((a —u)/(a +p —v),a,B).
For v = 2u, this includes the bounds in [6] and the approximations suggested in [7], and
it conveniently allows using ps g 20 = 1 — Pg a,u24 to obtain monotonicity in  from the
monotonicity in «.

3. Proofs

We first establish several lemmas. We write that

x*(1— x)P

B Y
868 = "uB(a,B) |,_

& B p)at )P

Lemma 1. Let a, B > 0. Then,

pbeta( B ﬁ) pbeta( j—ﬁ a+1, ﬁ) + 8up-

Proof. Immediate from Equation 8.17.20 (http://dImf.nist.gov/8.17.E20, accessed on 28
October 2024) in [8]. [

Lemma 2. Let B > 0. Then, a — g, g is decreasing and positive for a > 0.
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Proof. Positivity is trivial. As

P Ta+p) !
8P T T(B) T(w) (a+p)tp’

we have 3log(2s s)
08(8x, 1
— % = e+ B) — () +log(a) — — — log(a + B),
where (z) = (log(T(z)))" = I'(z) /T (z) is the psi (or digamma) function (e.g., Equation 5.2.2
(https:/ /dlmf.nist.gov/5.2.E2, accessed on 28 October 2024) in [8]). Using Equation 5.9.13
(http:/ /dlmf.nist.gov/5.9.E13, accessed on 28 October 2024) in [8], for R(z) > 0, we find

that /1 1
w(e) —tog(a) = [ (5 - = )e e
so that
oslug) _ I T
0 _
/1 1
_ L —pt —uat —ut
/0 <t 7 e—t>(e 1)e ™ dt /0 e ™ dt
- / <C 1 1e—f><eﬁt -V 1>€M i
A —
- / (k(£)(1 — e B1) — 1)e di
0
where 1 1
k(t) = 1—et ¢t
has the derivative
—t 2 ,—t —t\2
i€ 1 —te'+(1-e)
K (t) = 1—c )2 + 2= 2(1—e 1)

with
et (l—e2=1-2e"+e 2 et =ete = (24+P)+e ) >0

for t > 0. Hence, for all t > 0, k is increasing, from which first k(¢) < k(c0) = 1 and then
k(t)(1 —e P —1 <1 —1 = 0 are derived. This in turn shows that log(gs,5) and, hence,
gu,p are decreasing fora > 0. U

Lemma 3. Let «, 5 > 0. Then,

x+1 %
pbeta (Dc—l—,B—l—l'“ +1, ‘B> - pbeta(w,tx +1, ﬁ)

1wy
= B(ﬂé—i—l,ﬁ) /O (0(+ﬁ—|—0)"‘+/3+1 dv

— Sp o a1 xa+p+ov

B /1<a+v>zx< 06+ﬁ )Dl-‘rﬂ-‘rldv
=SB o\ T at+B+o '
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Proof. We have

a+1 o
pbeta(m,a +1, /3) — pbeta(w,tx +1, [3)

1 TP
= 7/ (1 — )P de

B(DC + 1/ ,B) vcaTﬁ
Substituting t = u/(1+u) so that 1 —t = 1/(1+ u) and dt = du/(1 + u)? and then
u=(a+0v)/B,
at1 a+1 a
at 1B ﬁfl - B u
P(1— P lar = / — _du
f e

4 a+p+1
- ;/ol(a;v) (5+i+v> -
- /1 (a+0)*pP
0 (a+p+o)rthtl

from which the first equality follows. The second is immediate, and the third obtained
from
o apP 1 atph 1
Sap = (a + B)*+B aB(a,B)  (a+ B)* A1 B(a+1,B8)

Write

1 % a+p+1
hw:l_/ o+ x+p o,
0 x a+pB+o

Lemma4. Let B > 0. Then, a — hy g is decreasing and positive for a > 0.

Proof. We write

1 C(ato\ [ atp VTP
hlx,lg—l—/o ka’ﬁ(v)dvl kzx,/%(v)( P ) (DC+,3+U> ’

Then,
_ o+ x+p
log(kqp(v)) = alog . +(¢x+ﬁ+1)log7a+ﬁ+v
and, hence,
alog(klx,ﬁ(v)) a+v 1 1
B R +“<(x+v_1x>
a+p 1 1
log ———— 1 — .
Hlog g o taths ><«x+ﬁ «x+ﬁ+v)
As a function of v, this has the derivative
0 dloglkp(v)) 1 & 1 atp+1
v ow  at+v (a40)? a+p+v (a+P+0v)?
v 1—v

@ro2 " prop

which is positive for 0 < v < 1. Hence, fora, > 0and 0 < v < 1, so

dlog(kyp(v)) _ dlog(kyp(v))
>
ow ou 0—0

93



Entropy 2024, 26, 938

from which we infer that for > 0and 0 < v < 1, & > k, 4(0) is increasing for a > 0,

which in turn yields that a — h, g is decreasing for & > 0.
For a — oo,

(1+ov/a)® v

Ato/@+ )P o

ka,ﬁ(v) =

and, hence, h,x,/g — hw,ﬁ =1- fol 1dv = 0. Thus, for all &« > 0, ha,ﬁ > hw,[; = 0, thus
completing the proof. O

Lemma 5. Let a, B > 0. Then,
Pa,p = Pat1,8 + gzx,ﬁhzx,ﬁ

and

Pa,ﬁ = Poo,‘B + 2 gvc+n,ﬁhoc+n,ﬁ-
n=0
Proof. Using Lemmas 1 and 3,

o
pl’(zﬁ = pbeta(a_’_ﬁ, o, ‘B>

14
= pbeta(w,lx—l-l,ﬂ) +g0&,‘8

a+1
= pbeta(a_’_ﬁ_’_l,“ + 1,ﬁ> +g’X//3

a+1 o
- T a+1,B)— 1
(pbeta<a+ﬁ+l,tx+ ,ﬁ) pbeta(a+ﬁ,a+ ,ﬁ))

B Liato\*( at+p P
= Pa+1,ﬁ+gmﬁ<1_/o( w ) <a+/3+v> w

- Pa-i—l,/i + ga,ﬁha,ﬁr

from which
Pap = Poop T+ Z (szJrn,ﬁ - Prx+n+l,,8) = Poo,g 1+ Z gtx+n,,8hzx+n,ﬁ
n=0 n=0

as asserted. [

Proof of Theorem 1. As x — f(x) = x/(1 + x) increases monotonically from 0 to 1 as x
varies from 0 to oo, and #(u/v) = u/(u +v),

Xu o
Pup =P(H(Xa/ Xp) < t(a/B)) = 1P’<Xa % S a +ﬁ>
where Y, 5 = Xo/(Xa + Xp) ~ Beta(a, B) has the mean E(Y,5) = a/(a + B), so that
Pap = pbeta(a/(a +B),a,B).

Combining Lemmas 2, 4 and 5, we see that a — p, g is decreasing for & > 0. To deter-
mine the limits, remember that if X, ~ Gamma(a), then X, /a goes to 0 in probability as
a — 0+ and to 1 as « — co. Hence,

X Xp
ms=#(3 <)

goes to P(0 < Xg/B) =1lasa — O+ and to P(1 < Xg/B) =1 — pgamma(B, B) as & — 0.
Finally, pga =1 — py p, thus completing the proof. [
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We write

~ 1 o a+pB+1
h,x,;:/<“+”> (‘”ﬁ“) do—1.
’ 0o \a+1 a+p+v
Lemma 6. Let > 0. Then, a — fl,x,g is decreasing and positive for & > 0.

Proof. This parallels the proof of Lemma 4. We write

- 1. - a+o\*fatp+1\ TP
ha,ﬁz/()ka,ﬁ(v)dv—1, km,ﬁ(v):< )( p ) .

a+1 x+pB+v
Then,
- B a+v a+pB+1
log(ka,ﬁ(v)) = leogw_l_1 + (a+ﬁ+1)log7“+ﬁ+v
and, hence,
dlog(ky p(v)) a+v 1 1
o N 1ngx+1+a(zx+v_vc+1>
a+p+1 1 1
log———— 1 - .
Hlog tpip tlatht )<tx+,3+1 a+ﬁ+v>

As a function of v, this (again) has the derivative

9 dlog(kyp(v)) 1 « 1 a+p+1

v on T at+v (a40)? a+B+ov (a+p+0)
v 1-v

@t02 T arBto)y

which is positive for 0 < v < 1. Hence, fora, > 0and 0 < v < 1,

dlog (ky5(0)) _ dlog(kyp(v))
ou o«

v=1

from which we infer that for > 0and 0 < v < 1, & — Ea,ﬁ(v) is decreasing for &« > 0,
which in turn implies that a — fza,ﬁ is decreasing for & > 0. Finally, for & — oo,

. _(1tu/aN (141/(a+p)\ T e
ka,ﬁ(v)_<1+]/a> <1+v/(0¢+[3)> Tee !

and, hence, fla,ﬁ — fzw,ﬁ = fol 1dv—1 = 0. Thus, forall « > 0, fta,ﬁ > fzoo,/; = 0, thus
completing the proof. O

Lemma 7. Let a, B > 0. Then,

Pa,p = Pat1,8 — gtx+1,/5ﬁ1x,/3
and

ﬁa,ﬁ = ﬁm,ﬁ - Z gtx+n+1,‘5;~1a+n,ﬁ-
n=0
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Proof. Using Lemma 1 (with & 4 1 instead of «) and Lemma 3, we have

o
(“+ﬂ,a+l,[3>
a+1
= pbeta(zx—i—l—i—ﬁ'“ +1, ‘B>

x+1 u
(pbeta( 1,oc—|— ,,B> pbeta( S0+ ,/3))

a+1
= pbeta(w,avLZ,ﬁ) +gva+1,ﬂ

B /1 a+o\" [a+p+1 Hﬁﬂdv
Sut1p 0o \a+1 x+p+o

= Pat18— g,x+1,5fla,/s-

=
£
By
I
o
on
[0}
a2
)

The second assertion again follows by taking telescope sums. O

Proof of Theorem 2. Combining Lemmas 2, 6 and 7, we see that a — Pu,p is increasing for
« > 0. The limits are immediate from (the proof of) Theorem 1. [
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Abstract: We study the joint moments of occupation times on the legs of a diffusion spider.
Specifically, we give a recursive formula for the Laplace transform of the joint moments,
which extends earlier results for a one-dimensional diffusion. For a Bessel spider, of which
the Brownian spider is a special case, our approach yields an explicit formula for the joint
moments of the occupation times.
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1. Introduction

When trying to understand and quantify the behavior of a stochastic process, we are
often faced with analyzing various functionals of the process. Such functionals include first
passage times to subsets of the state space, maximum (minimum) value up to random/fixed
times, and occupation times in subsets. The first question is, of course, whether it is possible
to find the distribution of the functional. Unfortunately, this is often not possible, or the
expression is too complicated to have any practical value. In some cases, the Laplace
transform of the distribution is more tractable for further studies than the distribution itself.
In addition, the moments of the distribution often determine the distribution uniquely via
a series expansion. Hence, being able to calculate the moments is a good contribution in
many respects. In this paper, we study the moments of occupation time functionals for a
family of stochastic processes that we call diffusion spiders. We proceed now to explain
intuitively what lies behind this notion, to give references to earlier works, and to indicate
some applications.

The process known as Walsh Brownian motion was introduced by J.B. Walsh in 1978
as an extension of the skew Brownian motion. The Walsh Brownian motion lives in RZ, best
expressed using polar coordinates. When away from the origin, the angular coordinate
stays constant (so the process moves along a line), while the radial distance follows a
positive excursion from 0 of a standard Brownian motion. Intuitively and roughly speaking,
every time the process reaches the origin, a new angle is randomly selected according
to some distribution on [0,27). This process was brilliantly described by Walsh in the
following way [1]:

It is a diffusion which, when away from the origin, is a Brownian motion along a
ray, but which has what might be called a roundhouse singularity at the origin:
when the process enters it, it, like Stephen Leacock’s hero, immediately rides off
in all directions at once.
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The construction of the Walsh Brownian motion was described in more detail by
Barlow, Pitman, and Yor [2]. We also refer to Salisbury [3] and Yano [4].

If the angle is selected according to a discrete distribution, then there are at most
countably many rays on which the diffusion lives. The state space of the process then
corresponds to a star graph with edges of infinite length, and we call such a graph a spider.
Thus, the Walsh Brownian motion can in this case be seen as an early example of a diffusion
on a graph, and this process is called a Brownian spider. An example of a spider with five
legs is given in Figure 1.

Figure 1. The graph of a diffusion spider with five legs.

To make the diffusion more general, we can relax the requirement that the radial
distance follows a Brownian motion and replace it with excursions from 0 of any regular
reflected non-negative recurrent one-dimensional diffusion. In this paper, such a process is
simply called a diffusion spider, which can also be seen as an abbreviation for “diffusion
process on a spider”. The focus of this paper is on the occupation times on the legs of a
diffusion spider, that is, the amount of time that the process is located on the different
legs up to a given (fixed or random) time. If the underlying diffusion is not recurrent, we
could in principle still study occupation times on the legs of the spider, but the problem
loses much of its interest if the process at some point is located on a single leg without ever
returning to the origin. For this reason, we only consider recurrent diffusions here.

Diffusions on graphs have been subjected to intensive research at least since the pi-
oneering work by Freidlin and Wentzell [5]. We refer to Weber [6] for earlier references,
but also for a study in the direction of our paper. In addition to [1,2,7] concerning diffu-
sions on spiders, we recall, in particular, the papers by Papanicolaou, Papageorgiou, and
Lepipas [8], Vakeroudis and Yor [9], Fitzsimmons and Kuter [10], Yano [4], Cséki, Csorgd,
Foldes and Révész [11,12], Ernst [13], Karatzas and Yan [14], Bayraktar and Zhang [15],
Lempa, Mordecki and Salminen [16], and Bednarz, Ernst and Osekowski [17].

For results on occupation times and other earlier references, see [4] where the joint law
of the occupation times on legs of a diffusion spider (there called a “multiray diffusion”)
is analyzed via a double Laplace transform formula generalizing the results in [7] for a
spider with excursions following a Bessel process. We also refer to [4] for a formula for
the density of the joint law. Refs. [8,9] consider the occupation times for a Brownian
spider, and [12] focus on limit theorems for local and occupation times for the Brownian
spider. One could consider other stochastic processes on a spider as well, such as random
walks [11,12] or continuous-time random walks. We leave the treatment of these interesting
topics for eventual future work; however, in this paper, we focus on diffusion spiders, since
the methods we apply for finding moment formulas do not lend themselves to a similar
treatment of discrete or jump processes. A brief overview of the work by Révész et al. on
random walks of spiders and Brownian spiders is given in [18].

As mentioned above, a skew diffusion can be seen as a special case of a diffusion spider.
Namely, a one-dimensional diffusion which is skew at 0 corresponds to a spider with two
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legs (the positive and negative half-lines), which moves like its ordinary counterpart away
from zero, but whenever it hits 0, it has a certain (skewed) probability of continuing to the
positive side next. Due to this close relation, some applications of diffusion spiders can be
anticipated by looking at applications of skew diffusions. The skew Brownian motion, in
particular, has been used in models for a large number of phenomena, such as population
dynamics over a boundary, ecosystems in rivers, pollutants diffusing in rock layers, shock
acceleration of charged particles, and brain imaging; references are given by Lejay [19] and
Ramirez et al. [20]. See Appuhamillage et al. [21] for results on the joint distribution of
occupation and local times and applications in the dispersion of a solute concentration
across an interface. Exact simulations of skew Brownian motion are discussed by Lejay
and Pichot [22], statistical aspects by Lejay, Mordecki, and Torres [23], and applications in
financial mathematics by Alvarez and Salminen [24], Rosello [25], and Hussain et al. [26].
Furthermore, we refer to Dassios and Zhang [27] for results on hitting times of Brownian
spiders and, in particular, applications in the banking business. Finally, for an application
of the Brownian spider in queueing theory, see Atar and Cohen [28].

This paper is structured as follows: In the next section, some key results from the
theory of linear diffusions are presented, which are crucial in order to introduce and
understand the notion of a diffusion spider briefly given in this section. We recall the
explicit form of the Green function (resolvent density) derived in [16]. From this expression,
we can immediately deduce some regularity properties of the Green function that are
important in the subsequent analysis. The basic mathematical tool of the paper is an
extension of Kac’s moment formula discussed in Section 3. The first main result, i.e., a
recursive formula for the joint moments of the occupation times on the legs of a diffusion
spider, is given in Theorem 3, Section 4. This can be seen as an extension of our previous
results for one-dimensional diffusions in [29]. In Section 4, we also present a new formula
for the joint Laplace transform of the occupation times, see Theorem 4, and connect this to
earlier results by Barlow et al. [7] and Yano [4]. In Section 5, some examples are discussed,
and we solve (see Theorem 5) the recursive equation for the joint moments for a Bessel
spider—of which the Brownian spider is a special case. This is our third main result. At the
end of Section 5, we also briefly return to the original Walsh Brownian motion. The proofs
of the main results are given in the Appendices A-E at the end of the paper.

2. Preliminaries
2.1. Linear Diffusions

To make the paper more self-contained, we first recall the basic facts from the theory of
linear diffusions needed to introduce the concept of a diffusion spider. Let X = (X¢);>0 be
a linear diffusion living on R4 = [0, +-00). Let Py denote the probability measure associated
with X when initiated at x > 0. For y > 0 introduce the first the hitting time via

Hy:=inf{t > 0: X; = y}.
It is assumed that X is regular and recurrent. Hence, for all x > 0 and y > 0 it holds that

Py (Hy <o) =1.
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Moreover, we suppose that 0 is a reflecting boundary and +oo is a natural boundary (for
the boundary classification for linear diffusions, see [30,31]). The P-distribution of Hy, is
characterized for A > 0 via the Laplace transform

P (x)

E, (e*/\Hy) _ (P)L(y), ¥= v (1)
Pa(x) y
ny) 7

where E, refers to the expectation operator associated with X and ¢, (¢,) is a positive,
continuous and decreasing (increasing) solution of the generalized differential equation

d d

gu = %%

u=2>Au, A>0. 2)
Here, S and m denote the scale function (strictly increasing and continuous) and the
speed measure, respectively, associated with X. Under our assumptions, m is a positive
measure. To fix ideas, we also assume that m does not have atoms and that ¢, and ¢,
are differentiable with respect to S. Recall that ¢, and ¢, are unique solutions—up to
multiplicative constants—of Equation (2) with the stated properties and satisfying the
associated boundary conditions. Notice also that G, when operating in an appropriate
function space, constitutes the infinitesimal generator of X. We also introduce the diffusion
X9 with the same speed and scale as X but for which 0 is a killing boundary. For X° there
exist functions go?\ and 1/)?L describing the distribution of H,, for X similarly as is conducted

in (1) for X.
Recall that p
¥ (0) =0, %(OH =0, ¢°=9, ®3)
where the notation is shortened by omitting the subindex A. Moreover, we normalize, as
in [16],
? dy’
S(0) =0, ¢(0)=¢(0)=¢’0)=1, and ﬁ(0+) =1. (4)
As is well known, X has a transition density p with respect to m, i.e., for a Borel subset A
of ]R+,

Pe(Xi € A) = [ pltix,y) m(dy),

and the Green function (resolvent density) is given by
( ) . Y (t' )dt
A X, y): 0 e T plLxy
®)

with the Wronskian

w1 = 2 () - Ly = -2 04),

For later use, recall that a diffusion X with starting point Xy = 0 is called self-similar
if for any a > 0 there exists b > 0 such that

d
(Xat)t>0 @ (bXt)1>0-
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Perhaps the most well-known example of a self-similar diffusion is a standard Brownian
motion starting in 0, for which the above identity holds with b = /a.

2.2. Diffusion Spider

Let I' C R? be a star graph with one vertex at the origin of R and R edges of infinite
length meeting in the vertex (see Figure 1 for an example). Here, such a graph is called a
spider. The edges Ly, ..., Lg of the graph are known as the “rays” or—as hereafter called—
the “legs” of the spider. The ordered pair (x,) describes the point on I located on leg L;
(i=1,...,R) at the distance x > 0 to the origin. We take the origin to be common to all
legs, ie.,

(0,1)=(0,2) =---=(0,R),

so for simplicity we just write 0 for the origin.
Let X be the linear diffusion introduced above. On the graph I we consider a stochastic
process X := (X¢);>0 using the notation

Xt := (Xt 01),

where p; € {1,2,...,R} indicates the leg on which X; is located at time t and X; is the
distance of X; to the origin at time t measured along the leg L,,. On each leg L;, the process X
behaves like the diffusion X until it hits 0. The process X is called a (homogeneous) diffusion
spider. We could allow different diffusions on the different legs (the inhomogeneous case),
but do not perform so in this paper. As part of the definition of the process, there are
positive real numbers B;,i =1, ..., R, such that 25:1 Bi = 1. When X hits 0, it continues,
roughly speaking, with probability ; onto leg L;. We do not here discuss the rigorous
construction of the process, which can be performed, e.g., applying excursion theory; for
this and other approaches, see the references given in the introduction. Notations P, ;)
and E(, ;) are used for the probability measure and expectation, respectively, when the
diffusion spider starts at point (x, ), that is, on leg number i and at a distance x from the
origin. As mentioned above, we write Py and Eg without specifying a leg when the starting
point is the origin.

For the diffusion spider X, we introduce its Green kernel (also called the resolvent
kernel) via

G u(x, i) := / e_AtE(x i)(u(Xt))dt,
Jo ’
where (x,i) € T,A > 0and u: T — R is a bounded measurable function. Moreover, define

m(dx, i) := B;m(dx), i=1,...,R, m({0}) :=0, (6)
S(dx, i) == ~8(x).
Bi
We call m and S the speed measure and the scale function, respectively, of X. Clearly, on
every leg L; of the diffusion spider,

44 _dd
dmdS  dmdS’
Let Hy = inf{t > 0 : X; = 0} be the first hitting time of 0 for the diffusion spider X. Since

on every leg of the diffusion spider we have, loosely speaking, the same one-dimensional
diffusion, for everyi =1,2,...,Rand x > 0,

E( i (e70) = Ex(e710) = g, (x). )
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The following theorem, proved in [16], states an explicit expression for the resolvent
density of X.

Theorem 1. The Green kernel of the diffusion spider X has a density g, with respect to the speed
measure m, which is given for x > 0and y > 0 by
Pxi),  x<yi=j,
g ((x,0), (v, 1)) = @(x)P(y, i), y<x i=j ®)
oleWex), i,

where 1 1
Pli) = 547 () + o) ©)
i A
and J
Cy = —Ego(OJr) > 0. (10)

From the properties of the functions 3° and ¢, we immediately have the following result.

Corollary 1. The resolvent density (the Green function) g, given in (8) is continuous on I, and
for every i and j,

lim g, ((x,1),(y,7)) = 81(0, (v,))) = lqv(y) =g (0,y). (11)

(x,i)—0 )

3. Kac’s Moment Formula

The tool that we will use to obtain the recursive expression for the joint moments is an
extended variant of the Kac moment formula. Let Y be a regular diffusion taking values on
an interval E. In spite of some conflict with our earlier notation, here we also let m, p, and
E, (x € E) denote the speed measure, the transition density and the expectation operator,
respectively, associated with Y. Moreover, let V : E — R be a measurable and bounded
function and define for t > 0 the additive functional

t
AV) = / V(Y,) ds.
0
The moment formula by M. Kac for integral functionals, see [32], i.e.,
t

Ex((A(V)") =n [ m(dy) [ plsix )V @)Ey(As(V)" ) ds,

is here extended into the following formula for the expected value of a product of powers
of different functionals.

Proposition 1. Let Vi, ...,V be measurable and bounded functions on E. For t > 0, x € E and
ny,...,ny € {1,2,...},

k=1 k=1

N N N i
E, <H<At<vk>>"k> =% [ miay) [ pis x,y>vk<y>Ey<Hlf§ff<§k?)) ) ds. (12)

Proof. See Appendix A. [J

The Formula in (12) is instrumental in the derivation of the results in Theorems 3 and 4
presented in Section 4.2.
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4. Main Results
Let (X¢)¢>0 be a diffusion spider with R > 2 legs meeting in the point 0, and let

(i) f
At Z:/O ]lLi(Xs)ds

be the occupation time on leg number i up to time t. Note that if the underlying diffusion
X is self-similar, it follows for any i and any fixed t > 0 that
AD L a0
meaning that for any such diffusion spider, we can equally well consider the occupation
time up to time 1 instead of a general (fixed) time ¢t.
Figure 2 shows the radial distance from 0 as a function of time in a sample path of a

Brownian spider with five legs. The excursions from 0 are colored to specify which leg the
process is located on.

0.7 4
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Figure 2. Sample path of the radial distance in a Brownian spider with five legs up to time 1. The five
different colors indicate on which leg of the spider the process is located at any given time.

In this section we present formulas for recursively finding the moments of occupation
times on the legs of a diffusion spider. In the first and shorter subsection we recapitulate
the result for moments of a single occupation time, which is presented in our earlier
paper [29]. In the second subsection this result is extended to joint moments of multiple
occupation times.

4.1. Moments of the Occupation Time on a Single Leg

As pointed out in Section 6.4 of [29], the occupation time on a single leg L; of a
(homogeneous) diffusion spider has the same law as the occupation time on the positive
half-line of a one-dimensional skew diffusion process with the state space R and with the
skewness parameter given by ;. Namely, the spider is mapped onto R so that the leg L;
corresponds to the positive half-line [0, 00), while all other legs are grouped together into a
single second leg with parameter } ;; By = 1 — B;, which then is taken to be the negative
half-line (—oo, 0]. When considering the occupation time on the leg L;; therefore, we can
equally well consider the occupation time on [0, o) of a one-dimensional diffusion.

The following results are shown in the previous paper [29], although here it is slightly
modified to comply with the notation for diffusion spiders introduced in Section 2. In
particular, note the differences mentioned in Remark 1.
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Theorem 2. The Laplace transform of the first moment of Agi) is given by

zt{Eo (4”) }(A) =3 [T s tingimay) (13)

and for the higher moments, n > 2, recursively by

. n apl) |
ﬁt{Eo ((afym) }(A) = ZM&{EO((AEZ))”) }(A)

k=1

n! i n! & i
+ )\nlﬁt{EO(Ag ))}()‘) BFYES! Z D]E]) (A), (14
k=1

where L denotes the Laplace transform with respect to t of the function in curly brackets, A is the
Laplace parameter, and

DI = 2 [ B0, (0B (H e ) m(dy). (15)
k (k—1)! Jo S Rw o 1

Furthermore, if X is self-similar, then for any A > 0,
Eo((4)") = Eo(al”) - ¥ D (1) (1~ Eo((4])"F)), (16)
k=1

and, in particular, D,Ei) (A) does not depend on A foranyi=1,...,Randk=1,2,....
The proof is given in [29] (Theorem 2) with some minor notational differences.

Remark 1. Note the following:

1. The one-dimensional diffusion X on R with speed measure m, in the setting of the other
paper [29], here really corresponds to a two-legged diffusion spider X with speed measure m,
which is why m(dx) has been replaced by B;m(dx) in (13) and (15), in accordance with (6).

2. There is a sign change in the factor D,Ei) (A) as defined in (15) compared to the corresponding
expression in [29].

3. The variable A is not at all present on the left hand side of (16), and (using induction) we
conclude that the factors D]Ei) (A) cannot depend on A either. Thus, the value A > 0 can
be chosen arbitrarily. As a side note, this is the reason why a factor A¥ is included in the
expression for D]Ei) (A) in (15).

4.2. Joint Moments

The result in the previous section (from [29]) is here extended to a recursive formula
for the Laplace transforms of the joint moments of the occupation times on multiple legs of
a diffusion spider. For self-similar spiders we have a recursive formula directly for the joint
moments, as in the case of the occupation time on one leg, cf. (16) in Theorem 2.

Theorem 3. Forr € {2,...,R}and ny,...,n, > 1,

r . i papl) T A(j) 0]
ct{Eo (iljlmﬁ’))"f) }(m vy mzt{ﬁo (W) }(A), a7)
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where D,Ei) is defined in (15). If X is self-similar, then for any A > 0,

r . r o n; n; . (_ A(]) n]-
Ey (H(A%”)“f) Yy (mf.zlm)D,@(A)Eo M4 )7

. (18)
i=1 k=1 (Al

i=1
Proof. See Appendix B. [

Remark 2. Despite the similarity, Theorem 2 does not follow by letting r = 1 in Theorem 3. On
the right-hand sides of equations (14) and (16) are not only the respective parts corresponding to
(17) and (18) with r = 1, but also some additional terms. This difference seems to originate from
the fact that up to the first hitting time of 0, the occupation time on the starting leg is equal to the
elapsed time (and, hence, positive), while the occupation time on any other leg is zero. Therefore, any
product of occupation times on more than one leg is also zero up to time Hy, as can be seen in (A2),
and even though we let the starting point tend to 0 when deriving the aforementioned theorems,
there remains still a component which is nonzero in the case of a single leg but zero for the joint
moments. With this in mind, Theorem 3 should not be seen as a replacement of Theorem 2 but as a
complement to it.

The result in Theorem 3 tells us that if we know the Green kernel of the diffusion
spider X, we can recursively compute any joint moments of the occupation times on a
number of legs. Recall also from (7) that for y > 0

E(y, (Hye *110) = By (Hge ™) = (=)' =z oa(y),

i.e., we have all the ingredients needed to calculate the factors D,Ei) using the integral
expression in (15).

The generalized version of Kac’s moment formula in Proposition 1 is now used to
derive a moment generating function of the occupation times on the legs of a diffusion
spider up to an exponential time T.

Theorem 4. Let T be exponentially distributed with mean 1/A, A > 0, and independent of X.
Then, for any z1,...,zr > 0,

R Az: 00 . _ 2:)Ho
( & -y s | #10,(0) (1= By (e 5) ) gy m(ay)
Eo exp(—. ZZATZ >> = R = . (19)
= 1+ )7 [ 820, (0,7)By (e 508 m(dly)
j=1

Proof. See Appendix C. [

Formula (21) in the next corollary is due to Yano [4] (Theorem 3.5); see also Theorem 4
in Barlow, Pitman, and Yor [7], where the formula is presented for Bessel spiders (more on
them in Section 5.1). We prove here that (20) is equivalent to our formula (19). For a Bessel
spider, ¢, is as given in (22), and notice that this formula shows that the inverse of the local
time at 0 of the underlying reflecting Bessel process is a stable subordinator.
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Corollary 2. Forr € {1,2,...,R}andz; >0,i=1,2,...,r,

" r /\,3]‘ CAtz;

r . 1_;'Bj+;/\+2j CA]

ol o)) R

= 1=) B+ Y Bi——

=t =1 "
where (cf. (10))
d
c) = —E(P,\(O-F) > 0.

In particular, for z; > 0,i=1,2,...,R,

R ) R ABichyz,
4 (0) _ 1 j CAtz
Eo <exp< - E iAr >> = < E_ p L. (21)

i=1

Proof. See Appendix D. [

5. Examples

In this section we highlight our results by analyzing a few different diffusion spiders,
first and foremost Bessel spiders. For the Brownian spider, which is an important special
case of Bessel spiders, it is possible to pursue the formulas further, and this evaluation
is presented in a subsection of its own. Finally, we make some comments concerning
occupation times for Walsh Brownian motion.

5.1. Bessel Spider

A Bessel process of dimension n and parameter v := n/2 — 1, where n is a positive
integer, corresponds to the Euclidean norm of an n-dimensional Brownian motion. The
n-dimensional Bessel process has the generator

1d*f n—1df
9f=saet o dv

x>0,

which makes sense not only for integers n but any real values and, hence, any real parameter
v. We define the Bessel spider as a diffusion spider that behaves like a Bessel process with
parameter v € (—1,0) (i.e., dimension 2 4 2v) on each leg and has the corresponding
excursion probabilities B; > 0,i = 1,2,... R, such that 1 + - - - 4+ Br = 1. The restriction
onv to (—1,0) is so that the process is recurrent and hits 0; see [31] (p. 77). We now let X be
a Bessel spider with R > 2 legs and apply the result in Theorem 3.

The Bessel spider has the self-similar property, which means that the recurrence
equation in (18) applies. Recall that this recurrence hinges on the factors D,Ei) given in (15).
For the purpose of finding g, (0, (v, 7)), that is, where the point y is on a particular leg L;,
we follow the procedure leading to Theorem 1. For the reflected Bessel diffusion on [0, 4+c0),
we have from [31] (p. 137) that

m(dx) = 2x2dx,  S(x) = —zivx_Z", Pr(x) = x7VKy(xV21),

where K, is a modified Bessel function of the second kind. Then

2=~ 5 9(04) = (\/227> T(v+1) =2"2T(v 4 1) A7 22)
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and, hence,

810,000 = 1 (Y2 ) v KD,

Note that g, (0, (y,7)) is the same for all i. Similarly, the hitting time Hy when starting
iny € L; corresponds precisely to the hitting time of zero in the reflected Bessel process.
The values of D}Ei) are calculated as in [29] (Proof of Theorem 3), but note that a different
normalization is used for m and S in that paper. This way, we get for any A > 0 that

D =-5("" ) = —i;’é W 23)

where [}] are unsigned Stirling numbers of the first kind. In the rest of this section, we will
)

As explained in Section 4.1, when only considering the occupation time on a single

drop A and only write D! , as its value does not depend on A.

leg L;, we can directly use the earlier obtained results for skew two-sided Bessel processes.
Hence, by [29] (Theorem 4), the nth moment of the occupation time on L; up to time 1 is
given by

Bo((4)7) = 1 (-0 HS ] (b @

where {}} are Stirling numbers of the second kind.

Using the recurrence equation in Theorem 3, the result in (24) is here extended to an
explicit formula for the joint moments of the occupation times on multiple legs in a Bessel
spider with R > 2 legs. With the numbering of legs being arbitrary, it should be clear that
the formula—although written for the first r legs of the spider—holds when considering
the occupation times on any number 7 of the R legs. Contrary to the recursive formula in
Theorem 3 (see Remark 2), this formula also holds when r = 1.

Theorem 5. Foranyr € {1,...,R}andny,...,n, > 1,

lj
ki

! N 4 T(K) 1+ [n ki
wfffo)- LB TR e
i=1 1<ki<h<nmg 1<k < <n, j=11Lt%
where N=n1+---+n, K=ki+---+kpandL=1+---+1,.

A proof of the theorem is given in Appendix E. For a particularly simple instance of
the theorem above, consider the joint first moment of the occupation times on r legs in the
Bessel spider.

Corollary 3. Foranyr € {1,...,R},
E(] (Agl)A§2) . Agi’)) — (_V)rflﬁllgz L ,31’- (26)

Proof. Immediate from (25) withn; =---=n, =1. O

The first few moments of the occupation times up to time t on one or two legs of a
Bessel spider are given in Table 1. Recall that since the Bessel spider is self-similar, the
(joint) moments of the occupation times on the legs up to a fixed time ¢ satisfy

E()((Agi))nl (Agj))M) _ t"ﬁang((Agi))nl (Agf))nz)'
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Using this, the moments are found directly from Theorem 5. The variance, covariance, and
correlation coefficients are also included in the table. Note, as expected, that the correlation
coefficient is always negative and does not depend on the time t or the Bessel parameter v.
If the spider has only two legs, so that 1 = 1 — 5, the process is always located on either
of the legs and the correlation coefficient of the occupation times on the legs is then equal
to —1.

Table 1. Some moments and descriptive statistics for the occupation times on the legs of a
Bessel spider.

Moment/Statistic Value
Ep (Agi)) tBi
Eo ((Afi))z) 2Bi(1+v—vp;)
Eo(afa{) —uBip;
Var (Agl)) fz(l + V),Bi(l - ;Bz)
Cov(a{”, A1), i #] ~2(1+v)BiB;
Corr(A),A4)7), i # A==

5.2. Brownian Spider

The special case of a Bessel spider with the parameter v = —% is the Brownian spider
mentioned in the introduction, also known as Walsh Brownian motion on a finite number of
legs. In this case, the result in Theorem 5 has the following, somewhat simpler expression.

Theorem 6. Let X be a Brownian spider and let AY)

Foranyr € {1,...,R}and ny,...,n, > 1,

be the occupation time on leg L; up to time 1.

CN m m ' T(2n— k) B
Eo <H(AE))11,> _ 2 Z 2—(2N-K 1)11:((11\?) Hr(k]')r(]ﬂ]‘ —]k]‘il)l (27)

i=1 ki=1 k=1 =1

where N=mn1+---+n,and K=k +--- 4+ k.

Proof. The result follows from (25) and the identity

S

i=k

where b(n, k) is a (signed) Bessel number of the first kind. For proofs of this identity and
some related ones, see [33,34]. [

5.3. Walsh Brownian Motion

Finally, we briefly return to the Walsh Brownian motion in its original form. As the
state space can be the entire R? and is not restricted to a spider graph with a fixed number of
legs, in this section we follow Walsh’s terminology and talk about “rays” rather than “legs”,
although it should be clear that the meaning is the same. Here, the diffusion behaves like a
Brownian motion on each ray, and when it reaches the origin, the direction 6 of the next ray
is selected according to some given distribution on [0,277). As we have already studied the
case when this distribution is discrete, i.e., the number of rays is at most countable, we now
consider a continuous distribution.
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The diffusion will, almost surely, choose a new direction every time it reaches 0, so
that it visits no ray more than once. Furthermore, the probability of visiting a particular
ray (i.e., a ray whose angle is a fixed value) is zero. For this reason, it is not meaningful
to consider the occupation times on specific rays in this case. Rather, we can consider the
occupation times within sectors of the R? plane. Let0 = 6y < 01 <6y < --- < 0Or =27 be
fixed angles and let S; consist of all points with angle in [0;_1, 6;), so that R? is partitioned
into R non-overlapping sectors S1, Sy, ...,Sg. If ©(X;) denotes the angle of the ray on
which the diffusion X is located at time ¢, then

s _ ['
At _/0 1[9{,],9;)(®(X5))ds

is the occupation time of the diffusion within sector S; up to time ¢. This is illustrated
in Figure 3, which contains a plot of a simulated Walsh Brownian motion. Each line
corresponds to an excursion along a ray from the origin, and the length of each line is
proportional to the maximal height of that excursion. The R? plane has been divided
into five separate sectors of equal size, each with its own color, and we may consider the
occupation time of the process in these sectors.

122

144°

0°

216°

288°

Figure 3. Plot of excursions from the origin of a simulated Walsh Brownian motion.

With respect to the occupation time on a sector, the outcome is the same as if all rays
within the sector were combined and mapped onto a single ray. Therefore, the occupation
times of a Walsh Brownian motion in the sectors Sy, ..., Sg correspond precisely to the
occupation times on the R legs of a Brownian spider. Thus, the result in Theorem 6 applies
for the occupation times on sectors of a Walsh Brownian motion, with §; being equal to
the probability of selecting an angle within sector S; when at the origin. Naturally, if the
diffusion behaves like a Bessel process with parameter v € (—1,0) on each ray (this could,
perhaps, be called a “Walsh Bessel process”), then Theorem 5 applies instead.
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Appendix A

Proof of Proposition 1. We prove the statement for N = 2, as the proof is analogous for
any N > 2. Restating the equation above with N = 2, what we want to prove is that

t
Ex(A(V))" A(V2))"™) =m [ m(dy) [ p(si0y)Va(n)By (Ar-s(V2))" 7 Ars(12)) ™) s
. ot
oz [ mdy) [ p(usx ) Va0, (Au(V)" Ara(V2)) ) d
Expanding the powers of A;(V7) and A;(V,) on the left hand side, we get

E (A(V1))" A (V2))™)

t t t
= nlEx (/0 d51V1(Ysl) / d52 e / dunz Vl (Ysz) s V2(Yunz))
51 S1

t t t
—i—anx( /O dun,Va(Ya,,) | dsi--- dunz1V1(Y51)---V2(Yun2_1)>

Uny Uny

ot t—s1 rt—3$1
=m /O ds1Ey (Vl(Ys1) /0 dsy- - /0 dun, Vi(Ysy4s,) -+ VZ(Ysl+un2)>

t tfu,lz tfuy,z
+ 712/0 duanx (V2(Yun2) /0 dS1 e /O dunz—l Vl(Yuanrsl) e VZ(YuV,ZJrunzl))

t
=m [ dst [ m(dy)p(sr;x )Va()By (Ar-s, (V)" Ay, (V2)")

t
g [ duny [ m(y)p(si %) V() By (A (V1)) At (V2))27),

where we have used the symmetry of the integrand in the second step and the strong
Markov property in the final step. After a change of the order of the integration, justified
by Fubini’s theorem, the desired result follows. [

Remark A1l. In the proof above, it is assumed that all values ny, ..., ny are strictly positive
integers. However, (12) may hold even if some (but not all) of these values are zero. Note that the
factor ny in the terms on the right hand side ensures that any term with ny = 0 will not contribute,
as long as the integral in that term is convergent. Suppose that for any starting point Yy = y of
the underlying diffusion for which Vi.(y) # 0, it almost surely holds that A;(Vy) > 0 when t > 0,
and |A¢(Vi)| > |A¢(V;)|,Vi=1,...,N when t — 0. Then, the denominator A;_s(Vy) inside the
expected value is nonzero except possibly when s — t, in which case all factors in the numerator
(and there is at least one) tend to zero as well, and at least as "fast”. The first condition holds, for
instance, if Vi is non-negative everywhere and continuous in y, as the diffusion Y is assumed to be
reqular. Observe that one choice of functions V that satisfies both these conditions is to take the
indicator functions on the legs of a spider, i.e., Vi = 11,, which is the case of interest in this paper.
Technically, the point 0 should be excluded from the indicator functions for the conditions to hold
also when 0 is the starting point, but assuming that 0 is not a sticky point (as we perform in this
paper), that will not make a difference.
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Appendix B

Proof of Theorem 3. We first remark that the expression on the right hand side of (17) is
well defined since Py (Agi) >0)=1forallt >0andi=1,2,...,R. The procedure below
closely follows the proof of Theorem 2 in [29], with the main difference being that instead of
the original Kac’s moment formula we use the generalized version given in Proposition 1.
Proving the result for r = 2 should be sufficient, since the method is the same for any
higher values of # (you only need to include more terms of similar form).

With r = 2, the claimed identity (17) can be written as

Lt{Eo((Agl))"l(Agz))M) }(A) _ :_Zl‘i mﬁt{%((Agl))m—k(AEZ))nz) }(/\)

1D (A
B (s e o .

k=1

Note that the numbering of the diffusion spider legs is arbitrary, so any two legs could be
considered, even though they are here numbered 1 and 2.

Assume first that the diffusion starts on one of the legs at a distance x from the origin.
Without the loss of generality, we will write that it starts on the first leg L;. Before the
diffusion hits 0 for the first time, the occupation time on the starting leg L; equals the entire
elapsed time, while the occupation time on any other leg stays zero. Thus, applying the
strong Markov property at the first hitting time of 0, we have

1
Agl) _ Hp + AL)HO o0y, Ho <t
t, HO Z t/

while for any other leg,

AW = (k> 1).

Aili)Ho o 9H0/ HO < t/
0, HO Z t/

where 0; is the usual shift operator and the use of the composition o should here be
understood as

. t t
Ao, ::/0 ]ILZ.((XSOQu)(w))ds:/O 11 (Xups) ds.

From this we obtain, for any ny, 1, > 1,

n (1) n|— (2) n
(A (AP = {Zkl:o (OO HS (A, 0 010) " (AT, 0 0p)"™ Ho<t )

O, HO > t,

and

B (A 42)) = 3 (77) [ Ba((A)mH ARt 1is) s,

k=0

where f(x,1;t) denotes the P, ;)-density of Hy. Taking the Laplace transform with respect
to t, we first recall that

LAf(x, H}HA) = /0°° eiAth(HO edt) = E ) (ef/\Ho),
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and

LA B0} = (DS L0 1} = By (b 8),

so that we obtain, using the formula for the Laplace transform of a convolution,

11

el B (A 4P L) = 1 () By (e ) 2o Ba (A7) HAP)=) fn).

k=0
On the right hand side of the equation, the starting point (x, 1) is only part of the expression
involving the hitting time Hy, while the Laplace transform of the joint moments instead
has the starting point 0. The equation above is now used together with Kac’s moment
formula to obtain a recursive formula for (the Laplace transform of) the joint moments of
the occupation times on the different legs. Proposition 1 yields

Et{E(x,l) ((Agl))m (AEZ))nz) }(A) =m ./(;oo g ((x, 1), (y, 1))£t{E(y11) ((Agl))nl—l(Agz))nz) }()\) By m(dy)
+ 1y /0°° gA((x,1), (yfz))ﬁt{E(yrz) <(A§1))”1 (AEZ))M*l) }()\) By m(dy),

and inserting the expression in (A3) on both sides gives

kzo () B a0 2. B (A (A ) )
ny—1

= 3 (M e B AP b [ (1), 0 1) (e ) )

k=0

e 5 (72 B (AR ) fa) [0, (2B e ) i)

Note that the second integral is taken over points (y,2) that lie on the second leg L,,
which is why in that case the expression in (A3) is inserted with the roles of n; and np
interchanged. We now let x — 0 on both sides of the equation above. For this, recall
from [29] (Lemma 1) that

1, k=0,
0, k>1,

x—0

lim E, ;) (Hye ") = {
and by Corollary 1 we may take the limit inside the integrals to obtain
c{Eo ((Aﬁ”)”l <A£2)>"2) b
- z zt{Eo(m( AR ) e [ 8000, 1) B (HE e ) prmely)

" z e Ea (A APy ) bty [ 80, (0 2By (1 e 0 pam(ay),

1’12—

where also the summation index is changed. This is equivalent to (A1) when introducing
D,El) (A) as defined in (15), and this proves the first part of the theorem.
For a self-similar spider,

(Agl))nl (AEZ))nz (i> t”1+”2(A§1))"1 (A§2))n2

7

112



Entropy 2025, 27,179

and, in this case,

ﬁt{Eo ((Agl))”l(AEZ))”) }(A) — MEO ((Agl))m(AgZ))nz)'

Anitna+1

Hence, for self-similar spiders, the expression in (A1) simplifies to

Eo((Agl))nl(Agz))nz) — knzl (%) D(l)()\)Eo((Agl))nl_k(Agz))m)

k
= (")

2) ()\)Eo((Agl))nl (A§2)>n27k>' (A4)

This proves the second part of the theorem for r = 2, and the proof is easily extended for
higher r. O

Appendix C

Proof of Theorem 4. If the diffusion spider starts in the point (x, j), that is, on a particular
leg L;, then up to the time Hy the occupation time on the leg L; is equal to the time elapsed,
while the occupation time on any other leg is zero. Hence, for any i € {1,...,R},

A(i) _ Hp ]l{i:j} + ALQHO ofn,, Ho<t,
t]l{i:j}' HO Z £

To prove the theorem, we first consider the left hand side of (19) with a general starting
point (x, j) instead of 0 and split the analysis into the two events whether the diffusion
spider hits 0 before the exponential time T or not. This gives the two parts

E (exp( Zz A );Ho > T) = E(x,j) (e*ZjT;HO > T)

__A —(A+z))H
T Atz (1_E(x’j><e e 0))
and

R . R .
E(x,j) (exp( — ZziA¥)>;Hg < T) = E(x/]-) (e’ZfHU,-HO < T) Eo <exp< - ZziA¥)>>
i=1 i=1

1=

R .
= Eq)) (G(MZ")H"> Eo <eXP ( - ZiAg”l)> > ,
i

where in the second part we have used the strong Markov property to restart the process

when it first hits 0, as well as the memoryless property of the exponential distribution.
Combining both parts gives

Ej) | exp Zz A(l) A Eo | exp —izA(i) A B (e MHa)Ho ) (A5)
A+z] =T A+z; (%)

The significance of this expression is that on the right hand side the dependency on the
starting position (x, j) is contained only in a function of the first hitting time Hp, while the
moment generating function of the occupation times has the starting point 0 instead.
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As the left hand side of (A5) can be written

E (exp( Z Z; Al )) = /Ooo E(.) (exp( — iz#\@) ) AeMdt, (A6)

we will, for the moment, consider the expression with a fixed time ¢ rather than the
exponential time T. Expanding as a sum of joint moments, we obtain

Al = (DY SN
E(y ) exp(Ziz,»At ) :NZ:O N1 B Z{ZiAt
1= = 1=

N=0 : ’ iy, >0 M2l ompl g
H1+--*+HR:N
R ( Z) R .
! (i) \n;
- r (5 e (M)
=0 ny,...ng>0 \I=1 1! i=1
ny+--+ng=N

The generalized Kac’s moment Formula (12) with the functions Vi(x) = 1p (x) (and
formulated for the spider) becomes

R . R o t R (k) ymy
(ONTH ) ] . . . [Ti—1 (A7)
Ew (Emt ) )—i_zlnl | Bmtay) | p(s,<x,]>,<y,z>>E<y,i><AQS ds,

where p(s; (x,]), (y,i)) denotes the transition density of the spider. Next, Equation (A8)
is inserted in (A7), bearing in mind that by Remark A1 this can be performed even when
some of the values 1y, ...,ng are zero. The exception is the term for N = 0, since at least
one of the n; has to be strictly positive, so this term (which evaluates to 1) is separated from
the rest of the sum. This yields

E,, <exp( ZzAU))

00 R (- \m 0 t g
+Y X (Hﬂfjﬁ) mi [ Bim(dy) [ p(si (), (v, )Eg, )<Hk1<)))d

—1+Z/ Bim dy/ p(si ( Z > (—Zf)<1£[(zl)nl>E<y,i><

i-1 /0 AE,

N=1 ny,. HRZO
ny+--+nr=N

=1

R
[1A%,

!t k=1

=0 1nq,...ng>0
n1+~~-+nR—N

=1

1= Lo [ fnta) [ s ) ), (p( L aial! ))

Note that the summation indices N and n; have both been shifted by one in the third step
and that in the last step (A7) has been applied again. From (A6) and the above, we obtain
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R .
=1- Zzl/ gr((x,7), (y,i ))E(yl) (exp( ZziA¥)>>ﬁim(dy). (A9)

We now insert (A5) into the right hand side of (A9) and let x — 0 on both sides. This gives

Eo eXP( - iZiA(i)) =1- izi /Oo g (0, (%i))i)L (1 —E, (B(A+Z")H°>)ﬁi m(dy)
577 i=1 70 Atz v
o a0) ) v, [ Atz H
— Eo (eXp ( - ziAy )) Zzi/o g1(0, (v, 1))E(y, <e( i) ")ﬁim(dy),
i=1 i1

which, when solved for the left hand side expression, results in the claimed formula (19). O

Appendix D
Proof of Corollary 2. Recall from (11) that

g (0, (v,7)) = é%'¢A(y)

and from (7)

(ef(/\JrZ]')Ho)

E,) = Patz(Y)-

Hence, (19) can be rewritten

Eo <exp( — Z ziA(Ti)>) =
i=1

For the integrals, we have (cf. [29], proof of Corollary 1)

-1y () @@ [T e o)

ey P57 s g1 ) i)

)\/ (P/\ dy = C),
5 [ 0oz v) mdy) = —r+cars

by which the previous equation becomes

1_i APizi\ (1,1 +i ABj Cr+
r . i )\+Z]' A Z; -_1/\+Z]‘ C)A
E(p( | <z>)): = =
r r Chtz;
1-) Bi+) B
=i

CA

from which (20) easily follows, and (21) is immediate since 2}2:1 gi=1 0O
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Appendix E

Proof of Theorem 5. The known Equation (24) coincides with (25) where r = 1, showing
that the theorem holds in that particular case. As in the proof of Theorem 3, we here prove
the statement for 7 = 2, say the two legs L1 and L, in the Bessel spider. This will be enough
to demonstrate the procedure, which can then readily be repeated for a larger value of r
with more tedious but hardly more difficult work.

To begin with, we repeat the statement in (25) for r = 2:

Eo ((a{)(AP)m)

ng b ony b

YD Z(1)k1+k2_1m{m]{l?l}{nz]{izz}vzﬁzz_lﬁl;lﬁgz_ (A10)

h=1k=1l—=1k—1 I I

We prove this statement by induction using the recurrence in (18) and the known moment
formula (24) for the occupation time on a single leg. For the simplest case n; = 1y =1, we
see from (18) that

1), 1 a 2 1 0 1
Eo(41"A%) = 2D{VEo (A1) + 5DV Ee (A1) = —B1fav,
since Dy) = —pBiv and E[)(Agi)) = B;. Thus, (A10) holds in this case. Assume now
that (A10) holds whenever {1 <n; <a—1,1<ny <b}or{l<mn <a,1<n, <b-1}
for some integers a,b > 1. We proceed to show that then (A10) holds also for 1y = a,n, = b.
First, we apply the recurrence Equation (18) to obtain

(1) a—1 (a
Ea(((A{")(4%)") :(la)jb)Eo((Agn)b)Jr (u(i)b)Dfl)Eo((Aﬁl))“‘l(A(Z))")
a i=1\
x (1) =0 ) (1) )
+(£b) o((A)") + ke Eo((A{") (4P ). (a1
b i=1\ ;

Here, we have separated the terms with moments of the occupation time on only one leg,
for which (24) applies, and the terms with joint moments of the occupation times on both
legs, for which we can apply the induction assumption. In the first case, we insert the
expressions in (23) and (24) to obtain

@ (75 L [Z]”’) 2 [ e

h=1ky=1

o SR CE | T AT

I

Note that the variable k; only takes the value 1 here, but it is nevertheless added so that
the expression above resembles the form of (A10) more closely. Next, we turn to the
following term in (A11), assuming for the moment that a > 1 so that the sum is not empty.
Inserting (23) and the induction assumption, we obtain
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a1 (@ . -1 (@ |
LD, (a0 i(aP)) = T LD E ((A0)(AZ))
111( i ) i=1 (b+i)
w () B Hla—i] ; T(ki+ k) [i][b] (1) (1
_ i) [ . ~ i _pyatk1 LUtk [ H }{ 1}{ 2} L1 gkt g2
z; (‘;}i?)( ({l—l)!];[ ] :|V>l<k1;ll<(i, ) F(b+l) ll 12 kl k2 v 'Bl ﬁz
1<ky<l,<b
b+ i\T(ky + ko) (a\[i1Tb] (L) (la) [a—i
_ 1Ykithaathith—j—1 gki+1 K, ( ! .
1§k1311§§j§u(1,) ! P 2 T(a+b+1) i) h] ] k) k) la—7j
1<k, <l <b
ki +k) [0 (L) [ & (LT /a\[i]] a—i
- v e s e S et & e ()]l 5 ]) e
e, BB ey b D) 1) L LS & OO ) [on ) ) @1
1<k <l <b

where, in the last step, we have changed the order of summation according to the pattern

n

Y AGikD = Y Y3 Y fnt =ik

lj=i

m:

3PS

k=11=ki

n n ] i
Z;Z fli,n+1-jk1).

To simplify the expression further, we use the two closely related identities
”i“ i|[n—1i](n\ [(k+m n
kL m J\i)  \ k k+m
”im i+1)[n—i] (n\ _[(k+m n+1
k1 om J\i) \ k k+m+1]

the first of which is well known [35] and is also utilized in the proof of the latter (see
Lemma 2 in [29]). Applying these identities, we know that the innermost sum in (A13) is

equal to
ﬂ+117]'71 .
n esG)L)
i— 1 ll

and
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The expression inside the parenthesis in (A13) becomes

B e L[5

I

[l g ) e £ {8)G1)

L
_ Lil} {kjlill} (b+ (a+b)ky),

where the second step follows by the identities

" (i) (n n+1 "o n n+1
. - 7 . - k 7
L) - 26 -+
see Equation (6.15) in [35] and the proof of Theorem 4 in [29], respectively. Inserting this
into (A13) gives

2 a+b ((Agl))afi(Agz))b)

- Y- 1>k1+kzvlz+fﬁ’““ﬁ2mv [ L b er arom)

1<k <j<a-1, 2
1<k <l,<b
- i I'(k;+k Y[al (i [b] [
= _1)ktke=1, b+j-1 (12[]{ }{]{ bt (2 B) (e — 1)),
2§k§<]'ia, ) ﬁ ﬁz T(a+b+1) |j] kS [I2] k2 ( ( ) (k1 ))
1<k <l <b

When this is combined with (A12), replacing the summation index j with /; in the process,

the result is

Dé”E e = (Dyais @)\
(aib) ( ) ; a+b EO((A ) (A1 ))

igklélig”’““”14?211?!3[1‘1]{2}{2}{2}”“1ﬁ?ﬁ’éz<b+<a+b><kl—1>>.

1<k <l <b

Note that this coincides with (A12) when a = 1, so the temporary assumption a > 1 is
not necessary for this expression to hold. This is half the right hand side of (A11). We
obtain the other half simply by interchanging the roles of a and b in the expression above
(renaming the summation indices accordingly). Thus, adding all the terms together, we get

Eo((4)(4?)?)
,r(k +k2—1) a ll b 12 —1 k1 Ak
- B e
1§k1§1(§a, ) F(ﬂ+b+1) ll k1 12 kz 'Bl 52
1<k <l <b

(b+(a+b)(k1—1)+a+(a+b)(kz—1))

- B T e

1<k <l <a,
1<ky<I,<b

which proves that (A10) indeed holds for n; = a,n; = b. By induction, it holds for any
n1,1np > 1, and the theorem is thereby proved when r = 2. As mentioned in the beginning
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of the proof, the same method can be repeated for increasingly larger values of r as well.
However, due to the long expressions we include only the proof given above and trust that
the reader can recognize how it generalizes to (25) for higher r. [
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The topic of this paper is a wide range, uniform, local approximation of symmetric
binomial distribution, an extension of the classical de Moivre-Laplace theorem in the
symmetric case [1] (Ch. VII) [2]. In other words, I would like to approximate individual
binomial probabilities not only in a classical neighborhood of the center, but at the tail
as well. The result clearly shows how one has to modify the normal approximation in
order to give a wide range estimate to minimize the relative error. The method will be
somewhat similar to the ones applied by [3-5] or in the proof of Tusnady’s lemma, see,
e.g., [6]; however, my task is much simpler than those. This simplification makes the proof
short, transparent and natural. Moreover, the result is non-asymptotic, that is, it gives
explicit, nearly optimal, upper and lower bounds for the relative error with a finite . Thus,
I hope that it can be used in both applications and teaching.

Let (X;),>1 be a sequence of independent, identically distributed random steps with
P(X, = £1) = % and S, = Zle X, (L > 1), Sy = 0, be the corresponding simple,

symmetric random walk. Then

P(S, = ]) = ({@)2" (Uil < o). W

Here, we use the convention that the above binomial coefficient is zero whenever ¢ + j is
not divisible by 2. Since P(S, = j) = P(S; = —j) for any j, it is enough to consider only the
case j > 0 whenever it is convenient.

First we consider the case when ¢ = 2n, even. Let us introduce the notation

2n

G 1= P(Spy = 2k) = <n L

)22" (K| < n).

Also, introduce the notation

b n ::n{<1+k:%>log(l+z> + (1—k;%>log(1—z>} (2)

Entropy 2025, 27,21 https://doi.org/10.3390/e27010021
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whenn > 1and |k| < n, and
1 1
binn = (Zn + 2) log2 — 5 log(27tn) (n>1). 3)

Theorem 1. (a) For any n > 1 and |k| < n, we have

gy < ?ne_bk'". 4)
(b) Foranyn > 1and |k| < rn, r € (0,1), we have
1, 1 r
Ay > me k,n exp<—7n - 3(1—7’2)211) (5)

(c) In accordance with the classical de Moivre—Laplace normal approximation, for n > 3 and
k| < n3 one has
a
Tk 14 on7 s, )
1 k

e

1 —2n_% <

e n

Proof. As usual, the first step is to estimate the central term

— 2n —2n __ (271)! —2n
l/'l(),n = <n>2 = (7’1!)22 .

By Stirling’s formula, see, e.g., [1] (p. 54), we have:

Zﬂn(g)neﬁ <nl< \/Zﬁ(g)neﬁ (n>1). (7)

Thus, after simplification we obtain

1
VN

Second, also by the standard way, for 1 < k <,

nn—1)--(n—k+1) (1—%)(1—%)...(1_@).

= aon

e~ < agy < ——e 9 (n>1). (8)

TN ) (1 2) - (k)

Aken

So it follows that

k-1 i
logay , = logag,, — log(l + %) -2y %log H’}
j=1 -4
o ©)
— _ kY _o'y -1(]
~ log ap,, —log(1+ %) 2 ¥, tanh ().
To approximate the sum here, let us introduce the integral
x 1 1 1
I(x) == / tanh1(t) dt = > (1 + x)log(1+ %) + 5 (1 - x) log(1 - x) (10)
0
for |x| < 1, and its approximation by a trapezoidal sum
T, = & 1tnh—l(o)+k_21tnh—1 IAE (11)
=)z j:1a n 2 n)(’
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where 0 < k < n. It is well-known that the error of the trapezoidal formula for a function
fe CZ([a,b]) is

)
nn) - [ fmar=CPpr, el

Since (tanh™1)”(x) = 2x(1 — x2) 2, we obtain that

k r
OS Tkrn_1<n> S m, when nggﬂ’l, r e (0,1) (12)

Let us combine Formulas (8)—(12):

1 k 1 k
log ay, = logag, —2nTy, — 2log(l + n> - 2log(l - n>'
thus .
1 1 r 1 1
1 —bpy— o — s < 1 log — — b, — — 1
%8 Jmn U T 7n 3=z < 0B <108 am m b g, (1)
where 0 < k < rn and
br, =2nl k —1—11 1—k—2 (14)
kon = n 298 n2)’

Clearly, (14) is the same as (2). Thus, (13) proves (a) and (b) of the theorem.
Let us see now, using Taylor expansions, a series expansion of by , when |k| < n. First,
for [x| <1,

I(x) = =4 o4 ot o+
“12'34'56 7.8

Second, also for |x| < 1,

So by (14), for |k| < n we have a convergent series for by ,:

o =51+ (- )+ (- )

S ORICEE)] "

j=1

By (15), for n > 3 and |k| < n3 we obtain that

j=2
Thus, by (4), for n > 3 and |k| < n%,
1 2 _ 1 2
ey < me*% e < ﬁe*’% (1 +2n’%). (16)
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[SE1S}

Similarly, by (5), for n > 3 and |k| < n3,

3(1-n"3) (17)
1,8 12107173 1,5 (1 _n,-1/3
> =e ne > Tt (1 2n )

(16) and (17) together prove (c) of the theorem. [J

The main moral of Theorem 1 is that the exponent k? /7 in the exponent of the normal
approximation is only a first approximation of the series (15). In (c), the bound |k| < n3
was chosen somewhat arbitrarily. It is clear from the series (15) that the bound should be
o(n% ). The above given bound was picked because it seemed to be satisfactory for usual
applications with large deviation and gave a nice relative error bound 2173,

It is not difficult to extend the previous results to the odd-valued case of the symmetric
binomial probabilities

2n—1

LI;,” = P(Sgn_l =2k — 1) = (Tl +k—1

)2_2”+1 (—n+1<k<n).

Define

1 1
b, = n{ <1+k;2>log<l+:> + <1k;2>10g<1z>} (18)

forn > 1and |k| < n, and

1 1
by p = (Zn - 2) log2 — 3 log(27tn) (n>1). (19)
Theorem 2. (a) Foranyn > 1and —n+1 < k < n, we have

* 1

2
Ay < ﬁe kn exp(?m>. (20)

(b) Foranyn > 1and |k| < rn,r € (0,1), we have

% 1 —b} 1 1’4
ﬂk/n > ﬁe Mexp 7; — m . (21)

(c) In accordance with the classical de Moivre—Laplace normal approximation, for n > 4 and

k| < n3 one has
*

a
1-3n3 < % <1+6n 3. 22)
V"

Proof. Since this proof is very similar to the previous one, several details are omitted. First,
by Stirling’s Formula (7), after simplifications we obtain that

1 1 « 1 2
—e 1 <y, < ——=ed (n>1). (23)
Vn on = /rn
Second, similarly to (13), forn > 1 and [k| < rn, r € (0,1), we obtain that
lo L—b* —1—L<10 ap, <lo i—b* +£ (24)
g \/ﬁ kn n 3(1 —1’2)21’1 g kn g \/% kn 3n’
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where

. k (kY &\ 1k
bk’n.—2n1<n)—tanh (”)_j_l(”> 2],1(],—1). (25)

(25) clearly agrees with (18). (24) proves (a) and (b).
By the series in (25), for n > 4 and |k| < n3 we obtain that

g

2

1
*
bk,n - ;

< 2n" 3.

This and (24) imply (c). O
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Abstract: Random walks and Lorentz processes serve as fundamental models for Brownian motion.
The study of random walks is a favorite object of probability theory, whereas that of Lorentz processes
belongs to the theory of hyperbolic dynamical systems. Here we first present an example where the
method based on the probabilistic approach led to new results for the Lorentz process: concretely,
the recurrence of the planar periodic Lorentz process with a finite horizon. Afterwards, an unsolved
problem—related to a 1981 question of Sinai on locally perturbed periodic Lorentz processes—is
formulated as an analogous problem in the language of random walks.

Keywords: random walk; Lorentz process; recurrence

1. Introduction

According to Pélya’s classical theorem [1], the simple symmetric random walk (SSRW)
on Z4 is recurrent if d = 1,2; otherwise, it is transient. Since the one- and two-dimensional
Lorentz processes with a periodic configuration of scatterers share a number of stochastic
properties with those of SSRWs, it had also been expected that the analogues of Pélya’s
theorem also hold for them. Indeed, in d = 2, the recurrence of the periodic finite-horizon
Lorentz process (FHLP) was settled by ergodic theoretic methods independently by K.
Schmidt [2] and J.-P. Conze [3]. For the same case, in 2004, with T. Varju, we succeeded in
giving a probabilistic-dynamical proof in [4]. The recurrence of the infinite-horizon Lorentz
process (IHLP) in the plane was open until 2007, when the method of [4] could be extended
to the infinite-horizon case (see [5]). It is worth mentioning that in the infinite-horizon case,
the limit law of the Lorentz process belongs to the non-standard domain of attraction of the
normal law, in contrast with the finite-horizon case where convergence to the normal law
(and to the Wiener process) holds with the diffusive scaling.

Sinai asked in 1981 whether probabilistic properties of the Lorentz process remain
valid if one changes the scatterer configuration in a bounded domain. For convergence to
the Gaussian law (and to the Wiener process) and, moreover, for the local limit theorem
(LLT) and for recurrence, we gave an affirmative answer in [6]. It is worth mentioning
that—in our probabilistic approach and for our purposes solely—the recurrence property
can be positioned above the limit theorem (with diffusive or over-diffusive scaling) and
even over the LLT, see Section 5. Of course, other properties are also very important, such
as the speed of correlation decay, almost sure invariance principle, etc. (cf. [7]).

However, as to Sinai’s 1981 question, nothing is known in the infinite-horizon case.
Since the study of random walks might be much instructive for the behavior of Lorentz
processes—in Section 5—we formulate some problems for random walks with unbounded
jumps that are most interesting in themselves. Before the closing section, this paper contains
a survey of results known for recurrence properties of RWs and of Lorentz processes.

Entropy 2024, 26, 908. https:/ /doi.org/10.3390/e26110908 126 https:/ /www.mdpi.com/journal/entropy
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2. Random Walks and Lorentz Processes
2.1. Random Walks

Definition 1 (random walk).
1. Let {X, € Z%n > 0} be independent random variables, and for n > 0, denote

Then the Markov chain Sy, S1,S2,...,Sy, ... is called a random walk.
2. The random walk is called symmetric if the X,,s are symmetric random variables.
The random walk is simple if | X,,| = 1holdsVn > 0.
4. The probabilities

S

P(Xy+1 = k|Sn)

are called the transition (or jump) probabilities of the random walk.
5. The random walk is called translation-invariant (or classical or homogeneous) if its transition
probabilities are translation-invariant.

As to basic notions and properties of random walks, we refer to the monographs [8-
10].

Definition 2 (locally perturbed random walk). Assume a > 0. If—possibly outside an origo-
centered cube Q, of size a—the translation probabilities of a random walk S, S1,Sa,...,S5n, - ..

are translation-invariant, then we say that the random walk is a locally perturbed random walk
(LPRW) (more precisely an a-locally perturbed random walk). For simplicity, we assume that all
transition probabilities are bounded away from 0.

2.2. Sinai Billiards and Lorentz Processes
2.2.1. Sinai Billiards

As far as notations go, we mainly follow [11] for planar billiards and [12] for multidi-
mensional ones.

Billiards are defined in Euclidean domains bounded by a finite number of smooth
boundary pieces. For our purpose, a billiard is a dynamical system describing the motion of
a point particle in a connected, compact domain Q@ C T¢ = RY/Z“. In general, the bound-
ary 0Q of the domain is assumed to be piecewise C3-smooth, i.e., there are no corner points;
if 0 < | < oo is the number of such pieces, we can write 0Q = Uj<,<j0Q,. Connected
components of T \ Q are called scatterers and are assumed to be strictly convex. Motion is
uniform inside Q, and specular reflections take place at the boundary 0Q; in other words,
a particle propagates freely until it collides with a scatterer, where it is reflected elastically,
i.e., following the classical rule that the angle of incidence be equal to the angle of reflection.

Definition 3 (Sinai billiard). A billiard with strictly convex scatterers is called a Sinai billiard.

Remark 1. The above notion of a Sinai billiard is more general than its original one where it was
supposed that d =2, ] =1, and Q1 was a circle.

Since the absolute value of the velocity is a first integral of motion, the phase space
of our billiard is defined as the product of the set of spatial configurations by the (d — 1)-
sphere, M = QO x S;_1, which is to say that every phase point x € M is of the form
x = (gq,v), withg € Q and v € R? with norm |v| = 1. According to the reflection rule,
M is subject to identification of incoming and outgoing phase points at the boundary
OM = 99 x S;_1. The billiard dynamics on M is called the billiard flow and denoted
by S! : t € (—o0,00), where S' : M — M. The set of points defined by the trajectory
going through x € M is denoted as S®x. The smooth, invariant probability measure of
the billiard flow, y on M, also called the Liouville measure, is essentially the product of
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Lebesgue measures on the respective spaces, i.e., du = const. dg dv, where the constant is
(vol Q volS;_ 1)~ L.

The appearance of collision—free orbits is a distinctive feature of some billiards which
are said to have infinite horizons.

Definition 4 (infinite and finite horizons).
1. Denote by My, C M the subset of collision-free orbits, i.e.,

Mpee = {x € M : SBxnom =Q}.
2. The billiard has a finite horizon if My, = @. Otherwise it has an infinite horizon.

2.2.2. Lorentz Processes

The Lorentz process was introduced in 1905 by H. A. Lorentz [13] for the study of a
dilute electron gas in a metal. While Lorentz considered the motion of a collection of inde-
pendent pointlike particles moving uniformly among immovable metallic ions modeled by
elastic spheres, we consider here the uniform motion of a single pointlike particle in a fixed
array of strictly convex scatterers with which it interacts via elastic collisions.

Thus defined, the Lorentz process is the billiard dynamics of a point particle on a billiard
table Q = R4 \ U, Oa, where the scatterers Oy, 1 < a0 < oo, are strictly convex with Cs-
smooth boundaries. Generally speaking, it could happen that Q has several connected
components. For simplicity, however, we assume that the scatterers are disjoint and that O
is unbounded and connected. The phase space of this process is then given according to
the above definition, namely, M = Q x S; 1.

It should finally be noted that, under this assumption, the Liouville measure dy =
dg dv, while invariant, is infinite. If, however, there exists a regular lattice of rank d for
which we have that for every point z of this lattice, Q +z = Q, then we say that the
corresponding Lorentz process is periodic. In this case, the Liouville measure is finite (more
exactly, its factor with respect to the lattice is finite). (For simplicity, the lattice of periodicity
will be taken as Z9.)

Definition 5 (periodic Lorentz process). The Lorentz process is called periodic if the configura-
tion {O4|1 < & < oo} of its scatterers is Z-periodic.

Figure 1 shows examples of trajectories (red lines) in periodic Lorentz processes (for
the finite- vs. the infinite-horizon cases, respectively, cf. Definition 4).

(a) Finite horizon. (b) Infinite horizon.

Figure 1. Periodic Lorentz process.
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Definition 6 (locally perturbed (periodic) Lorentz process). If one changes arbitrarily the
scatterer configuration of a periodic Lorentz process in a bounded domain, then we talk about a
locally perturbed Lorentz process (LPLP). This process has a finite or an infinite horizon if
the original periodic Lorentz process had a finite or an infinite horizon, respectively.

2.2.3. Recurrence of Stochastic Processes

Definition 7 (recurrence). A stochastic process in Z% or in R? (d > 1) is recurrent if for any
bounded subset of Z* (or of RY) it is true that the process returns to the subset infinitely often with
probability 1.

3. Recurrence of Periodic Random Walks and Lorentz Processes in the Plane

In this section, we restrict ourselves to the case when—on the one hand—the transition
probabilities of the random walk are translation-invariant and—on the other hand—the
Lorentz process is periodic.

3.1. Random Walks

Start with the classical theorem of Pélya.
Theorem 1 ([1]). The SSRW is recurrent if d = 1,2, and otherwise it is transient.

For more general random walks, we refer to results of Chung-Ornstein and Breiman.

Theorem 2 ([14,15]).
1. Assume (So,S1,S2,...) is a translation-invariant RW on Z. If EX; = 0, then the RW is
recurrent.

2. Assume (So,S1,Sa, ... ) is a translation-invariant RW on Z2. IfEXq = 0 and E|X,,|*> < oo,
then the RW is recurrent.

3.2. Lorentz Processes

Based on the analogy with random walks, for periodic Lorentz processes, the exact
analogue of Pélya’s theorem known for random walks had been expected.

3.2.1. Finite Horizon

The first positive result was obtained in [16], where a slightly weaker form of recur-
rence was demonstrated: the process almost surely returns infinitely often to a moderately
(actually logarithmically) increasing sequence of domains. The authors used a probabilistic
method combined with the dynamical tools of Markov approximations. (The weaker form
of recurrence was the consequence of the weaker form of their local limit theorem based on
the weaker CLT of [17].)

An original approach appeared in 1998-99, when, independently, Schmidt [2] and
Conze [3] were, indeed, able to deduce recurrence from the global central limit theorem
(CLT) of [18] by adding (abstract) ergodic theoretic ideas.

Theorem 3 ([2,3]). The planar Lorentz process with a finite horizon is almost surely recurrent.

Their approach seems, however, to be essentially restricted to the planar finite-
horizon case.

3.2.2. Infinite Horizon

For attacking the infinite-horizon case, the authors of [4] returned to the probabilistic
approach via the local limit theorem and first gave a new proof of the theorems of Conze
and Schmidt. Finally, in [5], they could prove a local limit theorem for the Lorentz process
in the infinite-horizon case that already implied recurrence in this case, too.
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Theorem 4 ([5]). The planar Lorentz process with an infinite horizon is almost surely recurrent.

4. Recurrence Properties of Locally Perturbed Planar Lorentz Processes
4.1. Finite-Horizon Case

Answering Sinai’s 1981 question, we could prove the following;:

Theorem 5 ([6]). The locally perturbed planar Lorentz process with a finite horizon is almost
surely recurrent.

We note that the proof of the above theorem uses delicate recurrence properties of
the periodic Lorentz process (cf. [7]), being interesting in themselves. Actually, they are
analogues of several properties of classical random walks.

4.2. Infinite-Horizon Case

Conjecture 1. The locally perturbed planar Lorentz process with an infinite horizon is almost
surely recurrent.

5. Recurrence Properties of Symmetric vs. Locally Perturbed Random Walks with
Unbounded Jumps

For understanding the difficulties in proving Conjecture 1, it should be instructive to
answer the analogous question for LPRWs with unbounded jumps.

For LPRWs with bounded jumps, the first result related to Sinai’s question was given
in the paper [19].

5.1. Reminder of Some Results of [19]

We recall a simple example of its main theorem.
Definition 8. Let {S,|n > 0} be a simple RW on Z? such that for i = 1,2

I if Sy # (0,0
P(Xy41 = *eilSn) = : f w7 (00)
arbitrary if S, = (0,0)

where ey = (1,0) and e; = (0,1).

Let, moreover,
Uy (t) = n /28, te0,1]

Theorem 6 ([19]). Asn — oo
U, () = W(t)

weakly in C[0, 1], where W is the standard planar Wiener process.

Remark 2.
1. By applying the methods of [7,19], one can easily see the following:

(a) For U,(1), the global CLT holds;
(b) For U, (1), the local CLT also holds;
(c)  Asaconsequence of the later one, the RW of Definition 8 is recurrent.

2. In fact, Theorem 6 is the special case of a more general theorem of [19], whose statement
roughly says that if one has a CLT for a translation-invariant RW, then changing the jump
probabilities in a bounded domain does not change the statement of the CLT. The methods
of [7] also imply the truth of the local limit theorem and recurrence in this generality.
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5.2. A Locally Perturbed RW with Unbounded Jumps

Following the bounded jumps case, for the unbounded jumps case we will also start
with a simple example:

Definition 9. Let {S,|n > 0} be an RW (with unbounded jumps) such that for i = 1,2 one has

P(Xys1 = +ei|Su = (0,0)) =1/4
P(X,41 = £ne;|S, # (0,0)) = const. 5

[nf?

Let us explain why we suggest first the study of exactly this example. The simplest
example of a periodic Lorentz process is the following: all scatterers are circles of radius R
with Rpin < R < % This condition ensures that all elements of M, are parallel to one of
the axes. In this case, the long jumps of the Lorentz process are almost parallel to one of the
axes, and the distribution of their lengths is asymptotically const. %‘3 and thus belongs to
the non-standard domain of attraction of the normal law (cf. [5,20-22]).

The unperturbed RW corresponding to the previous example belongs to the non-
standard domain of attraction of the normal law with /n log n scaling. Denote

Va(t) := (nlogn) /2, t€[0,1]
A special case of the main result of the work [23] is the following:

Theorem 7 ([23]). Asn — oo
Vu(t) = CW(¥)

weakly in C|0, 1], where W is the standard planar Wiener process and C > 0.

Conjecture 2. In the setup of this theorem, the following hold:

1. The local version of the limit law for V,, (1) is also true;
2. The RW defined in Definition 9 is recurrent.

6. Strongly Perturbed RWs

For locally perturbed random walks, it was sort of expected that a local perturbation
should not change the limiting behavior of the RW whether the jumps are bounded or
unbounded, whatever difficulties the proofs of these statements would bring up. How-
ever, under what kind of extended perturbations the classical limiting behavior of the
random walk survives is intriguing. Before a precise formulation of this question, let us
introduce notations.

Definition 10 (strongly perturbed random walks). Assume {0 < a,|n > 1} are such that
limy, 00 @, = co. The sequence (", 51", 55", ..., Sy", ... of ay-locally perturbed random walks is
called strongly a,-perturbed.

Question 1. For a sequence {a,|lim,_,c a, = oo}, denote

Zu(t) :=n~1/2g0

int] te[0,1],

where the jump probabilities of the translation-invariant random walk are as in Definition 8.

1. Find a sequence {a,|lim, o a, = oo} and a strongly a,-locally perturbed sequence of
random walks (cf. Definition 2) with bounded jumps such that

Zn(t) = W(t) @

weakly in C[0, 1].
2. Can you prove Equation (1) for any sequences of a, with a, = o(n'/?)?
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Question 2. For a sequence {a,|lim, e a, = oo}, denote
Y, (t) := (nlog n)71/25ﬁ'17t] t€[0,1]

where the jump probabilities of the translation-invariant random walk are as in Definition 9.

1. Find a sequence {ay|limy_ye0 1, = oo} and a strongly a,-locally perturbed sequence of
random walks with unbounded jumps such that

Y, (f) = W(t) 2)

weakly in C[0, 1].
2. Can you prove Equation (2) for any sequences of a, with a, = o((nlogn)'/2)?
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1. Introduction and Result

Let {Xi ke, N = {1,2,3,...}, be a sequence of random variables defined on a prob-
ability space (Q), F, P) and HX||5 = E(|X|?). It was proved by Koml6s and Révész in [1]
that for centered, independent random variables X,

g [ Xell5 2 X

—— — 0, a.s. (1)
Yo 1%kl

provided that Y ;7 , |\Xk||£2 diverges (see also [2], p. 75 and Ex. 13 on p. 137 in [3]). If
E(Xy) = m, k > 1, then we have strong consistency:

Y Xy — mll5 2 X
S 11X — ml|5?

—p m, a.s.

and it was proved that this estimator has minimal variance. Nevertheless, as observed in the
preface of [4], “For many phenomena in the real world, the observations are not independent. ..”,
so the question on (1) is intriguing when there is a lack of independence. In [5], the Koml6s—
Révész theorem is investigated for pairwise independence by the method of subsequences.
For martingale difference sequences in L?, p € (1, 2], by the Doob theorem (see Th. 2 on
p- 246 in [3]), it is obtained in [6]. In [7], the case p € (0,1) and p > 2 is also discussed for
negatively dependent and mixing sequences. In the latter, some rate on mixing is assumed,
so this paper aims to remove this restriction.

Let o-fields A, B satisfy A, B C F. Recall the following strong measure of dependence:

$(AB) — sup|lm 1, P(B)-P(A) >0, A€ AB€B.

It is well known that (see p. 124 in Vol. I, [4])

I E(g]%7) — E(8) lleo
g [h

= sup (%', F3,,) = supsup
J=1 7>1

where ™ denotes o—field generated by Xy, X1, ..., X, m € Z and the inner sup is taken

overg € LI ( 7om)- We say that { X} is ¢-mixing if r&g}r;o P = 0. Itis worth noticing that

Entropy 2025, 27, 36 https://doi.org/10.3390/e27010036
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Kesten and O’Brien and Bradley gave examples of {-mixing sequences with an arbitrary
rate of mixing (see Ch. 3 and Ch. 26 in [4]).
The following is the main result in this paper.

Theorem 1. Suppose { Xy} is p—mixing. Let {ay} be a sequence satisfying 0 < a,’f_lE|Xk|7’ <
C<ooforkeN
(D)If 0 < p <1 and ;2 ax converges, then

Yrq ar Xk

Zh=1TRRk 0, as. @)
Zk:n ﬂk !

() If 1 < p <2 and E(Xg) = 0, sup,(Cf_; ax) "L Cp_q axE| Xy| < o0 and Y3 ay di-
verges, then
Y1 Xk
Z]r(l=1 ax

(iii) If p > 2 and E(Xg) = 0, sup, (Xf_q ar) "L Tp_y axE|Xi| < o0 and Y52, ay. diverges and
0 < axE|Xy|?> < C < oo for k € N, then (3) holds.

—, 0, a.s. 3)

Remark 1. (a) It follows from the proof that in case (i), p—mixing is not required.

(b) In fact, sup,, (X} _ ax) "L Yp_q axE|Xi| < oo if supy E| Xy| < co. The latter is also used in the
case of pairwise independent random variables (see Theorem 2 in [5]) and can be omitted if ,, = 0
for some m > 1.

(c) For p = 1, Theorem 1 does not hold. Suppose that { Xy} is a stochastic sequence P(Xy =
1) = 1—P(Xy = 0) = 1/2 constructed in the proof of Theorem 1 in [8]. Thus, if {gn} is a
non-increasing sequence, ¢, — 0, then P, < gu. Now, let {}} be a sequence of independent
random variables with P(y = k) = 5, P(Z = —k) = %,P(gk =0) = 1 — { and independent
of Xi. Set Zy = & cos (Xyr), k > 1 so that E(e"%c) = E(e'*%). Thus, EZy = 0,E|Z;| = 1.
By Proposition 3.16 on p. 82 in Vol. 1, [4] and by Theorem 6.2 on p. 193 in Vol. I, [4] we have
that {Zy} is p-mixing (non-stationary) with rate < g,. Let a = 1. Now, (3) fails by the second
Borel-Cantelli lemma (see [9] and p. 210 in [10]) since Y y>1 P(|Z| > k) = Yyo1 1 = 0.

The following variant of the converse statement does not require strong mixing.

Proposition 1. Let {ay} be a sequence of positive reals. Suppose { Xy } is an arbitrary dependent
random sequence such that sup, E|X;| = C < co and liminf, E| Y}, a;Xi| = ¢ > 0. If (3)
holds, then } -~ ay diverges.

1
-1

Set q = |%| Theorem 1 applied with a;l = (E|Xk|P)?PT and, in case (iii) with

1
a; ' = E|X¢> V (E|Xg|P) 7T, yields

Corollary 1. Suppose { Xy} is P-mixing.
HIfF0<p<1and);’, ||Xk\|;q converges, then

S Xl T X

~ — —, 0, a.s. (4)
o Xl

() If 1 < p < 2, sup, (Thoy 1 Xl D) Xy Xkl "EIXe] < o0, E(X;) = 0 and
Yo HXkH; 1 diverges, then

S Xl "Xk

— a.s. (5)
Yot 1 Xl
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(i) If p > 2,

n

n
sup( Y I Xell2 v IXkllp) ™ X (X2 V1 Xkllp) T EI Xk < oo,
nook=1

E(Xy) = 0and Y3, (|| Xk |3 v HXkH?,)_l diverges, then

i (1 Xel3 V1 Xl15) " Xi
T (1Xell3 V1 Xel5)

—, 0, a.s. (6)

We apply our result to the -mixing Cramér model. Namely, we have sequence {7y }
with P(7y =1) =1— P(yx = 0) =1/ Ink, k > 3, which is 1p-mixir1g Let {y = nxInk. Itis
easy to see that 07 = Var({y) ~ Ink, my = E({x) = 1 and 2223 Thus, for {{}} in
the case p = 2, we obtain by (5) that SLLN for Cramér model independence can be replaced

lnn
by y-mixing (see e.g., Lemma A.1 in [11]).

Lemma 1.

n
hmln—n E =1, as.

The paper is organized as follows. In the next section, there are some auxiliary results.
These results are required in the proof of Theorem 1 in the last section.

2. Auxiliary Results

The following result for p > 1is in [12] and for p = 1 see [9] (see also Theorem 2.20 on
p- 401in [13]).

Theorem 2. Suppose { Xy } is -mixing and E(Xy) = 0,k € Z. Let {b, }, by > 0 be an increasing
to infinity sequence of real numbers such that for some p > 1,

(i) L b TE(|Xi[?) < oo

(ii) Y32 b 2 (b2 — b2 )VP(E(X2))P < oo;

(iii) sup,, by i E|Xg| < oo.

Then, b;lsn — 0, n — oo, almost surely (a.s.).

The next result improves Lemma 2.1 slightly in [14].

Proposition 2. Suppose { X, } is y-mixing and E(Xy) = 0,k € Z. Let b, € R, by > 0, by, T o0,
n
and sup,, b;! kzl E|Xy| <oo,p€(1,2], 5, E‘Zﬁi‘lp < oo, then b;; 1S, — 0,n — o0, a.s.

Proof of Proposition 2. Set X; = X I(|Xy| < by) — E(XpI(|Xk| < br)). In view of Theo-
rem 2, we can assume 1 < p < 2.

E|X p
Y P(X # Xel(1Xe| < b)) <C Y "“
k>1 k>1

Further,
1 v 1v
b | Y E(XG (Xl < b)) < b, " Y E(I Xk I(1Xk| > b))
pa pa

n
2 PIVE(XPI( X > b)) < byt Z b PHEIX P — 0.
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So that o

EX

)y Tzk <)
k

k>1 k>1

E(XRI(I1Xx| < b

)
P <L

Now, apply Theorem 2 to {X;} withp =1. O

E|X|”
< oo.
bP

By Lemma 3.6 on p. 284 in [15] and Kronecker’s lemma (see e.g., [16], p. 236) we have
the following SLLN for arbitrary dependent random variables (see also [17]).

E| X, [P

Lemma 2. Suppose { Xy} is a sequence of random variables, p € (0,1], by T 00 and Y321 =3
k

<

oo. Then, b;lsn —0,n — o0, a.s.

3. Proofs

Proof of Theorem 1. The key role in the proof of Theorem 1 is played by the Dini theorem
(see e.g., [18], Theorem 4 on p. 127) and the Abel-Dini theorem (see e.g., [18], Theorem 1
on p. 125) (for a generalization, see Lemma 11 in [7]).

For p € (0,1) by the Dini theorem,

(o] 14 o)

anE| X |P ay,
Z —— < C E e < ©
n=1 (Zzo:n ak)P n=1 (Z]io:n ak)p

since ) ” ; a; < oo. Thus, (2) holds by Lemma 2.
Now, assume p € (1,2]. By the Abel-Dini theorem,
3 aZfD(an < 2 = - \p o < 00
=1 (Zk:1 a)P =1 (Zk:1 ax)?
since Y5° ; ay = co. Set b, = Y}_; ax. Since sup, b, 1 Y} axE|Xi| < oo,

Zz:1 ag X
Y1 Ak

=

a.s.

holds by Proposition 2.
In the case that p > 2, set by = 0.5b;. By Theorem 2 and the previous point, it is
enough to prove that

Leté = %, where € € (0,1) is fixed. In view of b, — oo, we have that there exist C > 0
such that a, E (X%) < Cb‘:’,’é, for each n. Therefore,

0 1-5 3
an(anbn) 2 P e P an
s<cy b ai =CY <o
- +2 n 1
n=1 bfl n=1 bn+€

Since sup,, b, ' Y}_; axE|X| < oo, Theorem 1 is proved. [
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Proof of Proposition 1. Suppose }~q4r < o and (3) holds. Choose N; such that
Yisnx < sz for n > Nj. Next, choose N, > Nj such that E| Y} a; Xy| > ¢/2 for
n > Np. Now, for a fixed N > N,, we have
n N
2 Xy =0 — 2 ap Xy, a.s.
k=N+1 k=1

On the other hand, by Fatou’s lemma (cf. Theorem 5.1 on p. 218, [19]),

N n
¢/2 <E|) Xy <LminfE| Y  aXy| <c/3.
k=1 " k=N+1

Thus, ¢ < 0. Contradiction. [
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1. Introduction

Since the late 1970s, random walks in random environment (RWRE) have been a
central subject of major interest and difficulty within the probability community; see Pal
Révész’s classic monograph [1]. One should keep within sight, however, the original
motivation of RWRE: the urge for understanding diffusion in true physical systems. An
archetypal example is the random Lorentz gas, where in the three-dimensional Euclidean
space R?, a point-like particle of mass 1 moves among infinite-mass, hard-core, spherical
scatterers of radius , placed according to a Poisson point process of density ¢. Randomness
comes with the placement of the scatterers (PPP in R3) and the initial direction of the
velocity of the moving particle (uniform in an angular domain). Otherwise, the dynamics is
fully deterministic. The question is whether in the long run the displacement of the moving
particle is random-walk-like or not. In [2], we proved an invariance principle for the Lorentz
trajectory, under the Boltzmann-Grad (i.e., low density) limit and simultaneous diffusive
scaling, valid in the annealed sense. (For precise formulation, see Theorem 1 below.) The
objective of this note is upgrading that result to a semi-quenched setting that is valid for
almost all realizations of the environment, along sufficiently fast extractor sequences.

Let (Q), F, P) be a sulfficiently large probability space which supports (inter alia) a
Poisson Point Process (PPP) of intensity 1 on R?, denoted . Other, independent random
elements jointly defined on (Q), F, P) will also be considered later. Therefore, it is best to
think about (Q), 7, P) as a product space which in one of its factors supports the PPP @
and on the other factor (or factors) many other random elements, independent of @, to
be introduced later. To keep the notation simple, we do not denote explicitly this product

Entropy 2025, 27, 397
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structure of (Q), 7, P). However, as this note is about quenched laws, that is, about laws and
limits conditioned on typical @, we denote

Po(-):=P(-| Ferr),  Ew(-):=E( | Frrp),

where Fppp C F is the sigma algebra generated by the PPP .
Given

e>0, =T 1= gd/(d-1)

and
ve s li={uek |ul =1}
let
t— Xe(t) e R?

be the Lorentz trajectory among fixed spherical scatterers of radius r centered at the points
of the rescaled PPP

@ :={eq:q€®, |q] > ey = sl/(dfl)}, 1)

with initial conditions

In plain words: t — X,(t) is the trajectory of a point particle starting from the origin
with velocity v, performing free flight in the complement of the scatterers and scattering
elastically on them.
Notes: (1) In order to define the Lorentz trajectory, we have to disregard those points of the
rescaled PPP @, within distance r from the origin. However, this will not affect whatsoever
our arguments and conclusions since, with probability 1, for e that is sufficiently small,
there are no points like this.
(2) Given ¢ and the initial velocity v, the trajectory t — X,(t) is almost surely well defined
for t € [0,00). That is, almost surely all scatterings will happen on a unique scatterer, the
singular sets at the intersection of more than one scatterers will be almost surely avoided.
In order to properly (and, comparably) formulate our invariance principles, first we
recall the relevant function spaces. Let

C :=C([0,00),RY) := {3:[0,00) = R? : 3 continuous, 3(0) = 0},

endowed with the topology of uniform convergence on compact subintervals of [0, c0),
which is metrizable and makes C complete and separable. For details, see [3]. Further
on, let

c(C):=c(c([0,1],R%),R) := {F : C — R : F continuous, ||F||., := sup|F(3)| < o},
3€C

Co(C) := Co(C([0,1],RY),R) := {F € C(C) : ¥6 > 0,3K € C : sup |F(3)| < J}.
3€C\K

(Co(C), |||l) is a separable Banach space. We will also denote by t — W(t) a standard
Brownian motion in R?, and recall from [3-5] criteria for the weak convergence of
probability measures on C.
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In [2], the following annealed invariance principle is proved.
Theorem 1 ([2] Theorem 1). Letd =3,¢ — 0,7, = ed/(d=1) gnd Te — oo be such that

limr. T, = 0. ()
e—0

Let t — X (t) be the sequence of Lorentz trajectories among the spherical scatterers of radius r,
centered at the points @, cf. (1), and with deterministic initial velocities ve € S%~1. For any

F € Cy(C),
lim|E(F(T; /2X:(T+))) — E(F(W(-)))| = 0. )

Remark 1. (On dimension.) Although some crucial elements of the proofs in [2], on which the
present note is based, are worked out in full detail in dimension d = 3 only, we prefer to use the
generic notation d for dimension with the explicit warning that in the actual results and proofs,
d = 3 is meant. See Remark (R7) below and the paragraph “remarks on dimension” in Section 1
of [2] for comments on possible extensions to the dimensions other than d = 3.

Remark 2. Theorem 1 is an annealed invariance principle in the sense that on the left-hand side
of (3), the probability distribution of the rescaled Lorentz trajectory is provided by the random
environment @. The proofs in [2] rely on a genuinely annealed argument: a simultaneous realization
of the PPP @ and the trajectory t — X.(t).

Remark 3. The main result in [2] (Theorem 2 of that paper) is actually stronger, assuming
lim(re[loge|)*Te =
85%(”4 oge|)"Te = 0

rather than (2). However, the semi-quenched invariance principle of this note, Theorem 2 below, is
directly comparable to this weaker version.

The main new result presented in this note is the following.
Theorem 2. Let d=3,¢ — 0, 7, = /@1 T, — 0o and Be € (0,1] be such that
limre(T. + B ') =0, )
e—0

and define the solid angle domains

Be :={u e $%¥ 1 : 2arcsin /(1 —u-e)/2 < B}, e € $971 deterministic.

Let t — X (t) be the sequence of Lorentz trajectories among the spherical scatterers of radius r,
centered at the points @, cf. (1), and with initial velocities ve ~ UNI(B.) sampled independently of
the PPP . For any F € Cy(C),

lim E (| Eo (F(T7/2X(Te-))) — E(F(W()))|) = 0.

e—=0

Remark 4. Theorem 2 is an invariance principle valid in probability with respect to the random
environment @. An equivalent formulation is that under the stated conditions, for any 6 > 0

limP({cD : Dip (1aW—Of(T£_1/2Xg(Tg') |.7:PPP),1aw-of(W(-))) > 5}) =0,

e—0

where Dyp(-,-) denotes the Lévy—Prohorov distance between probability measures on C.
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We actually prove a stronger statement from which Theorem 2 follows as a corollary.
In the setting of Theorem 2, for almost all realizations of the PPP @, along (precisely
quantified) sufficiently fast converging subsequences ¢, — 0, the invariance principle
holds.

Theorem 3. Letd =3,¢, — 0,1, := si/(dfl), Ty — oo and By, € (0,1] be such that

d-1)/d

Y (lognryTy + (log1)? (rnﬁ;1>( ) < oo, (5)

n

and define the solid angle domains

By :={ue S :2arcsin\/(1—u-e)/2 < Bu}, e € $971 deterministic. (6)

Let t — X, () be the sequence of Lorentz trajectories among the spherical scatterers of radius
ry centered at the points @, = @, cf. (1), and with initial velocities v, ~ UNI(B,) sampled
independently of the PPP . For almost all realizations of the PPP @, for any F € Cy(C),

Tim [Eo (F(T; /2%, (T,))) — E(F(W()))| = 0.
Remark 5. Theorem 2 is a corollary of Theorem 3, as under condition (4) from any sequence e, — 0
a subsequence e, can be extracted that satisfies condition (5). On the other hand, Theorem 3 is
genuinely stronger than Theorem 2, as the former provides an explicit quantitative characterization
of the sequences €, — 0 along which the quenched (i.e., almost sure) invariance principle holds.

Remark 6. For a comprehensive historical survey of the invariance principle for the random
Lorentz gas, we refer to the monograph [6] and to Section 1 on [2]. We just mention here that
the main milestones preceding [2] are [7-10]. The new result of this note (i.e., Theorems 2 and 3)
is to be compared with that in [10], where a fully quenched invariance principle is proved for the
two-dimensional random Lorentz gas in the Boltzmann—Grad limit, on kinetic time scales. The
weakness of our result (compared with [10]) is that the limit theorem is semi-quenched, in the sense
that almost surely the invariance principle is proved along sufficiently fast converging sequences
ey only. On the other hand, the strengths are twofold. (%) The proof works in dimension d = 3 and
it is “hands-on”, not relying on the heavy computational details of [10] (performable only in d = 2).
See Remark (R7) below for possible extensions to dimensions other than d = 3. (x%) The time-scale
of validity is much longer, T, = o(e~%/@=1)) rather than T, = O(1), as in [10].

Remark 7. The results of [2] are stated, and the proofs are fully spelled out for dimension d = 3.
Therefore, the new results of this note (which rely on those of [2]) are also valid in d = 3 only.
However, as noted in the paragraph “remarks on dimension” in [2], extension to other dimensions is
possible, at the expense of more involved details due partly to recurrence (in d = 2) and partly to the
non-uniform scattering cross section (in all dimensions other than d = 3). For arquments ind = 2,
see [11,12].

The strategy of the proof in [2] (also extended to [11,12]) is based on a coupling of the
mechanical /Hamiltonian Lorentz trajectory within the environment consisting of randomly
placed scatterers and the Markovian random flight trajectory. The coupling is realized as
an exploration of the random environment along the trajectory of the tagged particle. This
construction is par excellence annealed, as the environment and the trajectory of the moving
particle are constructed synchronously (rather than first sampling the environment and
consequently letting the particle move in the fully sampled environment). However, this
exploration process can be realized synchronously with multiple (actually, many) moving
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particles, which, as long as they explore disjoint areas of the environment, are independent
in the annealed sense (due to the Poisson character of the environment). Applying a Strong
Law of Large Numbers to tests of these trajectories will provide the quenched invariance
principle, valid for typical realizations of the environment. A somewhat similar exploration
strategy is used in the very different context of random walks on sparse random graphs,
ref. [13].

2. Construction and Quenched Coupling
2.1. Prologue to the Coupling

The proof of Theorem 3 is based on a coupling (that is, joint realization on the same
enlarged probability space (Q), F,P)) of

(@ (X():1<j<NO<t<T)), ((Yj(t):1<j<N,0<t<T)), )

where we have the following:

o @ is the PPP of intensity ¢ in {x € R? : |x| > r} serving as the centers of fixed
(immovable) spherical scatterers of radii r, and (Xj(t) 1 <j<NO0O<t<T)
are Newtonian Lorentz trajectories starting from X;(0) = 0 with prescribed initial
velocities Xj(O) = vj, and moving among the same randomly placed scatterers. Note,
that the trajectories (Xj(t) :1<j<N,0<t<T)are fully determined by the PPP @
and their initial velocities.

o (Y](t) :1 <j<N,0<t<T)areiid. Markovian random flight processes (see
Section 2.3) with the same initial data, Y;(0) = 0, Y](O) = 0.

The coupling is realized so that, with high probability, the two collections of processes stay

identical for a sufficiently long time T. Thus, from limit theorems valid for the Markovian

processes (which follow from well-established probabilistic arguments), we can conclude

the limit theorems for the mechanical /Newtonian trajectories.

The coupling can be constructed in two different but mathematically equivalent ways:

(@)  Start with the ii.d. Markovian trajectories (Yj(t) : 1 < j < N,0 <t < T)
and (conditionally on) given these construct jointly the environment @ and the
Newtonian trajectories (X]-(t) :1<j<N,0 <t <T)exploring it en route. The
details of this narrative are explicitly spelled out for N = 1 in [2]. Extension of the
construction for N > 1 is essentially straightforward.

(b)  Start with the PPP @ and the Lorentz processes (X;(t) : 1 <j < N,0 <t <T)
moving in this joint random environment @. Then, (conditionally) given these,
construct the i.i.d. Markovian flight processes (Y;(t) : 1 < j < N,0 <t < T) by
disregarding recollisions (with already seen scatterers) and compensating for the
(Markovian) scattering events shadowed by the r-tubes in RY swept by the past
trajectories. For full details of this narrative, see Section 2.3 below.

Construction (a) is somewhat easier to narrate and perceive ([2]). Its drawback is that this
construction is par-excellence annealed. The environment @ is explored and constructed
on the way, jointly with the trajectories (Xj(t) :1<j<N,0<t<T),and therefore
conditioning on the environment as requested in a quenched approach is not possible (or,
at least not transparent). Construction (b) of the present note starts with the environment
@ given and therefore is suitable for the quenched arguments. Its drawback may be that
the i.i.d. Markovian flight processes (Y](t) :1<j<N,0<t<T) are constructed in a
less intuitive way (see Section 2.3 below). We emphasize, however, that both constructions
provide the same joint distributions of the processes in (7).
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Since in all considered cases ¥T — 0 in the limit, see (2), (4), and (5), without any loss
of generality, throughout this paper we will assume

rT < 1. (8)

2.2. Synchronous Lorentz Trajectories

Beside e and r = ¢#/(4-1) et N € N, and
v;esl,  1<j<N.
Given these, we define jointly N synchronous Lorentz trajectories
t Xi(t)eRY,  1<j<N,

among fixed spherical scatterers of radius r centered at the points of the rescaled PPP @,
cf. (1), with initial conditions

X](O) =0, X](O) =0j, 1<j<N.

(Given the parameters and the initial velocities, the trajectories t — Xj(t), 1<j<N,are
almost surely well defined for t € [0, 00)).
We will consider the cadlag version of the velocity processes

Vi(t) == Xj(t). 1<j<N,

and use the notation X := {Xj :1<j< N}

In order to construct the quenched coupling with Markovian flight processes (in the next
subsection), we have to define some further variables in terms of the Lorentz processes
t— X(t).

First the collision times Tjx, 1 < j < N,k > 0:

Ti0 =0, Tikr1 = inf{t > Tp : Vi(t) # Vi(Tip))-

In plain words, Tj is the time of the k-th scattering of the Lorentz trajectory X;(-). We will
use the notation

Vik = Vika

Xk = Xi(ha),  Vig = Vilme) Xjp=X; kﬂ‘

]k+1

That is, X is the position of the Lorentz trajectory at the instant of its k-th collision, V; ;41
is its velocity right after this collision, and X]’. « is the position of the center of the fixed
scatterer which caused this collision. Altogether, the continuous-time trajectory is written

X:

i) = Xjx+ (t = Tx) Viks1s for t€ [Tjx Tjrr1)-

Next, the indicators of freshness

1 if V6>0: min ‘Xi(s) - Xy
1<i<N
ajp:=1, ajy = 0<s<Tj5—0 (k>1).

0 otherwise
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In plain words, a; indicates whether the j-th trajectory at its k-th collision encounters a
fresh scatterer, never seen in the past by any one of the N Lorentz trajectories.
Finally, the shadow indicators bj(t, v),t€[0,0),v € g1,

: : v —Vj(t)
0 if ¥56>0: min [X;(s)— X;(t)+ i Rt
bj(t,0) == REE) o= Vi(1)]

1 otherwise

In plain words, b;(t,v) indicates whether at time ¢ a virtual scatterer (virtually) causing
new velocity v would be mechanically inconsistent with the past of the paths.

2.3. Quenched Coupling with Independent Markovian Flight Processes

On the same probability space (Q2, F,P) and jointly with the Lorentz trajectories X,
we construct N independent Markovian flight processes

t—Yj(t)eRY,  1<j<N,
with initial conditions identical to those of the Lorentz trajectories
Y;(0) =0, Yi(0) = vj, 1<j<N.

The processes {Y;j(-): 1 < j < N} are independent, and consist of i.i.d. EXP(1)-distributed
free flights with independent UNI(S?~1)-distributed velocities. See [2] for a detailed
exposition of the Markovian flight processes. We will again consider the cadlag version of
their velocity processes

Uj(t) == Yj(t), 1<j<N.

and use the notation Y := {Yj :1<j< N}

The construction of the coupling goes as follows. Assume that the probability
space (Q), F,P), besides and independently of the PPP @, supports the fully independent
random variables

& ~ EXp(1), Ujjq ~ ONI(STT), j=1,...,N, k>1,

and let
~ k ~ ~ ~
ej,k = Z (:j,lr b]',k = b]‘(e]'lk, uj,k-l-l)'
I=1

We construct the piecewise constant cadlag velocity processes U;(-) successively on the
time intervals [T]-,k, T]‘,k+1), k=0,1,...:
° At Tik:
o Ifaj; =0, then let U]-(Tj,k) = U](T]_k)
o If i = 1, then let U]-(Tj,k) = Vj,k+l-
e Atany 9]-,1 S (T]’,k, Tj,k+1)
o Ifbj; =0, thenlet U;(0;;) = U;(6; ).
o Ifbj; =1, thenlet U;(6;;) = Uj 1.

e In the open subintervals of (Tjx, Tjx11) determined by the times {5], 1> 1N
(Tjks Tjk+1) keep the value of U;(t) constant.
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It is true, and not difficult to see, that the velocity processes {U;(f) : 1 < j < N}
constructed in this way are independent between them, and distributed as required. That
is, they consist of i.i.d. EXP(1)-distributed intervals where their values are i.i.d. UNI(s91).
This is due to the fact that each Lorentzian scatterer is taken into account exactly once,
when first explored by a Lorentz particle, and missing scatterings (due to areas shadowed
by the e-neighborhood of past trajectories) are compensated for by the auxiliary events at
times 511

Consistently with the notation introduced for the Lorentz trajectories, we write

9]"0 =0, Gj’kJrl = inf{t > Gj,k : U](t) 7é U](G],k)),
and
Ui — Ujrs1
Yie:=Yi(050),  Ujpsr :=Uj(0), Y= Vi +ri—t——.
Uik — Ujk+1

That is, Yj is the position of the Markovian flight trajectory at the instant of its k-th
scattering, U; 1 is its velocity right after this scattering, and Yj,,k would be the position
of the center of a spherical scatterer of radius r, which could have caused this scattering.
Altogether, the continuous-time Markovian flight trajectory is written as

Yi(t) = Yjx+ (t = 0;0) Ujks1 for t€ [0k 0x11)-
Note that
{gj,kkz()} Q {’lf]lkaO}U{gj,kkEO}

This coupling between Lorentz trajectories and Markovian flight processes has the same joint
distribution as the one presented in [2]. However, it is realized in a different way. While in [2]
first we constructed the Markovian flight process Y and conditionally on this we constructed
the coupled Lorentz exploration process X, here we perform this in reverse order: first, we
realize the N Lorentz exploration processes X = {Xj, ..., Xy} and given these, we realize
the N independent Markovian flight processes Y = {Y3, ..., Yx} coupled to them.

2.4. Control of Tightness of the Coupling

We quantify the tightness of the coupling.
The relevant filtrations are

FX o=o({Xi(s):1<j<N,0<s<t}),
Fo=o({Yi(5):1<j<N,0<s<t}),
FX = FEv F.

Next, we define some relevant stopping times, indicating explicitly the filtration with
respect to which they are adapted

o1 := min{7) : a;; = 0} stopping time with respect to 77X,
oy :==min{0;; : b;; =1} stopping time with respect to .7-'tX o

o3 :==inf{t > 0: min{’Yj(t) —Y/y|:6;x <t} <r}  stopping time with respect to F;,

oy :=min{0; : inf{‘Y]-(s) =Y/} :0<s <6} <r} stoppingtime with respect to F,

o =inf{t: X(t) # Y(t)} = min{oy, 02} stopping time with respect to ]—"tX’Y.
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In plain words:

- 0y is the first time an already explored scatterer is re-encountered by one of the N
Lorentz particles. We call it the time of the first recollision. This is a stopping time with
respect to the filtration FX.

- 0y is the first time when in the construction of the Markovian flight processes a
compensating scattering occurs. We call it the time of the first shadowed scattering.
This is a stopping time with respect to the largest filtration ]—'tX’Y.

- 03 is the first time when a Markovian flight trajectory encounters a virtual scatterer
which would have caused an earlier scattering event of one of the Markovian flight
processes. This is a stopping time with respect to the filtration F.

- 0y is the first time a scattering of one of the Markovian flight processes happens within
the r-neighborhood of the union of the past trajectories of all flight processes. (This
kind of event is mechanically inconsistent.) This is a stopping time with respect to the
filtration 7.

- oisthe time of the first mismatch between the Lorentz trajectories X () and the coupled
Markovian flight trajectories Y (¢). This is (a priori) a stopping time with respect to the
largest filtration ]—"tX’Y.

Although these are stopping times with respect to different filtrations, it clearly follows
from the construction of the coupling that

{1 <} = 031{03 < 04} and nl{m <0} =ol{oy < o3}.
Hence, min{cy, 05} = min{c3, 04} and thus, in fact
o =min{03,04}. )

Although by definition ¢ is a priori adapted to the joint filtration .7-'tX’Y, due to the
particularities of the coupling construction, according to (9), it is actually a stopping
time with respect to the filtration of the Markovian flight trajectories 7;', which makes it
suitable to purely probabilistic control. In what follows, we use the expression (9) as the
definition of the first mismatch time ¢.

Proposition 1. There exists an absolute constant C < co such that for any r > 0, N,T < oo
obeying (8), the following bound holds

P(r < T) <Cr(NT+ N*w™!), (10)
where
W= 21§rirlijr%Narcsin (1—9;-9v;)/2 (11)

is the minimum angle between any two of the starting velocities.
Proof. Letfor1 <i < N, respectively,for1 <i#j<N
A= {min{|Yi(t) — Yi,k’ 1 0<Ok <T, te (0, gi,kfl) U (0; k11, T)} < 27’} (12)

B := { min{

Y,-(t)—Yj/k’ 0<0,<T, 0<t<T}<2r} (13)
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Obviously,

{min{o3,04} <T}C (U A)U( U Bij) (14)

1<i<N 1<i#j<N

By careful application of the Green function estimates of Section 3 in [2], we obtain the
bounds

P(A;) < CrT, (15)
P(Bi,j) < Crwil, (16)

with some universal constant C < co.

The bound (15) is explicitly stated in Corollary 1 of Lemma 4 (on page 608) of [2]. We
do not repeat that proof here. When proving the bound (16), one has to take into account
that the directions of the first flights of ¥; and Y; are deterministic, v;, respectively, vj, and
the angle between these two directions determines the probability of interference between
the two trajectories during the first free flights. Otherwise, the details of the proof of (16)
are very similar to those in [2] but not quite directly quotable from there. We provide these
details in the Appendix A.

Finally, (10) follows from (14)—(16) by a straightforward union bound. O

3. Proof of Theorem 3

The clue to the proof is replacing averaging with respect to the random initial
velocity in the quenched (typical, almost surely) environment by a strong law of large
numbers applied to sufficiently many annealed sampled trajectories, which by the coupling
construction are (with sufficiently high probability) identical with i.i.d. Markovian flight
trajectories. The subtleties of this “replacement procedure” are detailed in the present
section. The main technical ingredients are the Green function estimates (15) and (16) of
Proposition Al.

Triangular Array of Processes

Letnow ¢, — 0, 1, = s‘fl/(d_l), Tyn — o0, Bn € (0,1] be as in (5), and choose an

increasing sequence N, such that
(logn) "IN, — oo (17)
and the stronger summability

Y (NurnTu + N; (mﬁ;l) (d-1)/d

n

) < oo (18)

still holds. (Given (5), this can be performed.)
Assume that the probability space (Q), F, P) supports a triangular array of processes

{{(Xj() Yuj()): 1<j<Ny}:in>1}

row-wise constructed as in Section 2, with parameters ¢, r,;, B, and with i.i.d. initial
velocities

Uy,j ~ UNI(By), 1<j<N,, (19)

which are also independent of all other randomness in the row.
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Note the following:

- The row-wise construction, and thus the joint distribution of { (X, ;(-), Y;j(-)) : 1 <
j < N, } is prescribed.

- The PPP w, := @, are obtained by rescaling the same realization of the PPP @. This
makes the sequence of couplings quenched.

- Thejoint distribution of the probabilistic ingredients—a part of @—in different rows is
irrelevant.

Lemma 1. Let the sequence Ny € Nbeasin (17) and { {Y,;: 1 <j< N, } :n>1},ajointly
defined triangular array of real valued, uniformly bounded, row-wise i.i.d. zero-mean random
variables:

P([Y, ] < M) =1, E(Yy,) =0.

Then,

P( lim N, Zyn]—m)_l

n—00 ] 1

Proof. This is a triangular array version of Borel’s SLLN, and a direct (and straightforward)
consequence of Hoeffding’s inequality and the Borel-Cantelli lemma. By Hoeffding’s
inequality, for any § > 0

Ny
P(£N; 1Y Y, >8) < e ONn/2M),
j=1

Hence, due to (17) and Borel-Cantelli, for any 6 > 0

P( im £N, ZY,,]>(S)—O

n=sco fas
O

Proposition 2. Almost surely, for any F € Cy(C),

lim (N 1ZF T, 2Y,,(T)) = E(B(T; /2Y,,0(T)) ) = 0 (20)
Tim (N, 121-“ /2%, (T0)) = Bo (F(T;/2X,0(T0))) ) = 0 (21)

Proof. The same statement with “for any F € Cy(C), almost surely” follows from Lemma 1,
noting that the triangular array of annealed random variables

Yn,j = F(Trfl/ZYn,j(Tn')) - E(F(Trflmyn,j(Tn')))r 1< ] <Ny, n=>1

respectively, for almost all realizations of @, the triangular array of quenched random
variables

Yo = F(T, ?X,j(Ta")) — Bo (F(T, /2 X, j(Tw))),  1<j< Ny n>1

meet the conditions of the lemma.
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Going from “for any F € Cy(C), almost surely” to “almost surely, for any F € Cy(C)”
we rely on separability of the Banach space (Co(C), |||l).- ©

Proposition 3. Forany F € Cy(C),

lim E(F(T, V/2Y,1(Ty))) = B(W())). (22)
Proof. This is Donsker’s theorem. [J
Proposition 4.

P(max{n:0; < Ty} < o0) =1. (23)

That is, almost surely, for all but finitely many n

Xuj(t) =Yoj(t), 1<j<Ny 0<t<Ty (24)
Proof. Let

. r}l/d‘B;dfl)/d.
With this choice

ruty ' = (anfy ) = (Tnﬁﬁl)(dil)/d

Asin (11), denote

W, =2 min arcsin\/ 1—v,;-v,:)/2
n 1<i<j <N, ( n,i n,])

the minimum angle between any two of the starting velocities. Then, obviously
P(0y < Ty) < P(wy < ay) +P({on < T} N{wy > ay}).

Recall (6) and (19). For 1 <i < j < Ny, we have from elementary geometry

P (arcsin \/(1 — i V) /2 < a) < ClanBy )",
and hence by a union bound
P(wy < ay) < CN2(anfy 1) L
On the other hand, by the stopping time bound (10) of Proposition 1,
P({on < Tu} N{wn > an}) < C(Nprp Ty + NZrua ).
Putting these together,
P(0y < Ty) < C(Nur Ty + N2 (r ;1) @-1/4),

The claim of Proposition 4 follows from Borel-Cantelli, using (18). O
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Finally, putting together (21), (20) of Proposition 2, (22) of Proposition 3 and (23)/(24)
of Proposition 4, we obtain that assuming (5), for almost all realizations of the PPP w, for
any F € Cy(C),

Hm Eo (F(T,"/?X,1(Ty+))) = E(F(W("))),
n—00
which concludes the proof of Theorem 3.
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Appendix A. Proof of (16)

Recall that Y; and Y; are two independent Markovian flight processes with deterministic
initial velocities v;,v; € 597! closing an angle 2arcsin \/T—v; - v; > w. Since w is the
minimum of angles between any pair of N > 1 different directions in R?, we can assume
that 0 < w < /6 and thus sinw > w/2.

We break up the right-hand side of (13) as

B;j = By UBj;UBj UBpy,
where

Bi:={ min |Y;(t)=Yj1|<2r, 0j; <T} C{ min |Yj(t)—Yj1| <2r} =B,

0<t<6;1 AT 0<t<0;1
— : ) _ A C . : _ . —. jag
B = {, min_|Yi(t) = Vii| <21} € {,min |Yi(t) = Yji| < 2r} = Bu
9j,1<9j,k<T 2<k<oo
By == in |Y;(t)=Yiq| <2r, 0,1 <T C in |Y;(t) = Yi;| <2r} =B
1 {GifggJ i(t)=Yj1| <2r, 6, <T}  C {9i,1r21tr<loo| i(t) = Y| } =B
By = { min_|Yi(t) = Yiy| <21}
9j,1<9',k<T

and bound in turn the probabilities of these events.

I: Obviously
E[ - {9]',1 < 4rw‘1},
and hence, since 6;; ~ EXP(1),
P(B;) < P(Bj) < Crw . (A1)
To estimate the probabilities of the events By, Bii1, By, first note that the processes

tes Yi(t) == Yi(6i1 +1) — Yig, Ee Yi(t) o= Y(01 +1) — Y1, t>0,
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are distributed as a Markovian process flight t + Y (t), t > 0, with UNT(S9~1)-distributed
initial velocity. They are independent between them and also independent of the random
variables 0;1,0;1,Y;1,Yj1.

We rely on the following Green function estimates explicitly stated in [2].

Proposition Al. Let t — Y(t), t > 0 be a Markovian flight process with initial position Y (0) = 0
and UNT(S?~1)-distributed initial velocity. Denote by Yy, k > 1, its position at the successive
scattering events. Let A C R be open bounded. Then, the following bounds hold:

P({k>0:Y, € A} #0) < E(‘{k>0:l7k € A}‘) < /Av(x)dx, (A2)

P({t>0:Y(t) € A} #0) < r’lE(’{t >0:Y(t)

) < ril/ y(x)dx,  (A3)
where v : R* — R,
(x) = C(Jx ™+ 2
with a suitable C < oo, and A, := {x € RY : dist(x, A) < r}.
II: Conditioning on 6; ; and using (A2) we obviously obtain

P(EH) E( sup P( min

x—i—tU—Yk’ <2r|6i1))

0<t<0;.
vég}fl 1<<k<<oo1
<E 1 in |x4+ovt—y| <2rtd
(‘sup fo 7)1 min fx+ot—y| <2r}dy)
vesd—1
= )1 t—y| <2r}dyd € sy,
/ /Rd {  min [t —y| <2r}dyds (v )

In the last step, we use the fact that the function y — 7 (y) is rotation invariant, radially
decreasing, and 6;; ~ EXP(1). Finally, by straightforward computations

P(B”) < P(EH) <Cr. (A4)
III: Now we condition on Z :=Y;1 — Y}, and use (A3) to obtain

P(Biy) = E(P( Or<r}1<noo‘Z Y(t)| <2r|2))
1E(/ YW {IZ — y| < 3r}dy)
/ / y)1{|sv —y| < 3r}dyds (v e sty

In the last step, we use again the fact that the function y — 7(y) is rotation invariant,
radially decreasing, and also

|Z| = |Ui9i,1 — U]'9]',1| > ’91',1 — 9]',1| ~ EXP(]).
Finally, by straightforward computations

P(BH[) < P(EHI) < Cr. (AS)
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IV: We proceed similarly. This time, we have to use both bounds (A2) and (A3) of
Proposition Al. However, noting that in dimensions d < 5, when estimating P(B;y),
we cannot extend the integrals to the whole R?. In dimensions d = 3 and d = 4, we will see
dependence on T in the upper bound:

P(Biv) < sup/ [ A1l < Thn Uyl < THI(x =)= (y + )] < 3r}dxdy
ueR?
<crttsup [ [ 201 < Th) 1] < Thx
(/Rd {|x — (z+u)| <3r}1{|y — (z — u)| < 3r}dz)dxdy
—cr ue]gd N (/Ié{d'y(x)]l{|x| < TY1{|x — (z+ u)| < 3r} dx) x

([, 7)1yl < THi{ly = = w)]| < 3r}dy)d

<Cr i /Rd (/Rd'y(x)]l{]x\ <TH{|x—z| < Sr}dx)Zdz
< Cr+Cri Y 1{d =3}T+1{d = 4} log T + 1{d > 5}).

The last step follows from straightforward computations. Finally, using (8), we obtain
P(BIV) < Cr. (A6)

Putting together (A1) and (A4)-(A6), we obtain (16). [
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