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Games have long been benchmarks for AI algorithms and, with the boost of computa-
tional power and the application of new algorithms, AI systems have achieved superhuman
performance in games for which it was once thought that they could only be mastered by
humans due to their high complexity. Since Deep Blue beat professional human players in
chess [1], many milestones have been reported in various games, from board games like
Go [2–4] and card games like Texas Hold’em [5–7] to video games like StarCraft [8], Dota
2 [9], and HoK [10].

There are two reasons why games are excellent benchmarks for AI algorithms. First,
games are born to test and challenge human intelligence—just as children learn about the
world by playing with games and toys during their first years of life, the diversity of games
can provide a rich context to test different cognitive and decision-making capabilities. For
example, board games, with their formalized state representation and perfect information,
require searching and planning from the current game state. Card games, with their non-
deterministic transition and imperfect information, reveal more sophisticated strategies,
such as bluffing and deception, skills that are normally reserved for humans. Video
games, with their high-dimensional states and long episodes, require feature extraction,
memorization, long-term planning, and multi-agent cooperation and competition. These
characteristics make games strong testbeds for the gradual skill progression of AI.

Second, solving complex real-world problems usually requires repeated trial and error,
which can be very costly. By simulating or emulating real-world scenarios, games provide
a low-cost or even zero-cost platform to validate various algorithms and solutions. In a
broad sense, games are not limited to those that people play for entertainment, but any
decision-making problems can be modeled and simulated as games, from simple robot
control to complex scenarios of resource allocation, scheduling, and routing across various
industrial fields. Algorithms proposed and developed to play games are eventually applied
to various real-world problems for social benefit in all aspects of life.

This Special Issue entitled “Algorithms for Game AI” covers new and innovative
approaches for solving game AI problems. These approaches range from traditional al-
gorithms like planning and searching, to modern algorithms such as deep reinforcement
learning. The papers in this Special Issue address both the theoretical and practical chal-
lenges of the application of these algorithms.

AI techniques have been implemented in gaming industry with a wide range of
applications [11], such as procedure content generation (PCG), where algorithms au-
tonomously create game worlds, levels, and assets to enhance replayability, and AI-driven
non-player character (NPC) behavior, simulating human-like decision-making and emo-
tional responses for better engagement. Nevertheless, we mainly focused on the application
of building game-playing agents, because of the inherent challenges and the potential for
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solving real-world decision-making problems. In this field, game AI algorithms can be
divided into several categories, such as the following:

• Search algorithms are used for real-time planning. These algorithms are designed to
expand a search tree from the game state currently encountered to evaluate future
states under different sequences of actions. Some algorithms like A* [12] leverage
heuristic functions to guide the selection of unexplored nodes, which evaluate game
states based on the domain knowledge of human players. In general, searching
more deeply usually yields better policies because it eliminates some errors of value
estimation by looking more steps ahead. However, searching more deeply costs more
computation, and the search depth is usually, in practice, fixed or decided by iterative
deepening to limit the time cost. In multi-agent competitive games, adversarial search
algorithms such as Minimax [13] are often used, where the agents must act against
opponents and maximize their own benefits. Monte Carlo Tree Search (MCTS) [14]
is one of the most popular search algorithms due to its efficiency and robustness
with no domain knowledge needed. Many variants of MCTS have been proposed to
further improve its efficiency by incorporating upper confidence bounds [15], domain
knowledge [16], and parallelization [17].

• Optimization algorithms refine solutions to achieve specific goals, which are used
to train agents with parameterized models. Among these, linear programming algo-
rithms optimize objective functions under a set of constraints; evolutionary methods,
such as Genetic Algorithms (GA) and Evolutionary Strategies (ES) [18], create a popu-
lation of individuals where the fitter ones have a higher probability of reproducing and
inheriting part of their structures, inspired by the process of natural selection; gradient
descent is the foundation of deep learning, which achieves the efficient parameter
tuning of modern artificial neural networks. These algorithms train policy models
or value models containing prior knowledge before actual gameplay, which can be
combined with real-time planning algorithms during the inference phase.

• Supervised learning is a data-driven method to learn patterns and relationships from
labeled data. In the context of game AI, the data usually refer to the game states or
observations, and the task is to learn a policy model or value model that predicts
the action or the estimated value under the current state. These algorithms require
a great deal of labeled data in the form of state–action or state–value pairs, usually
collected from data on human gameplay or data generated by other game-playing
algorithms. In general, there are two types of applications based on the data source.
Applying supervised learning on human data can learn implicit human knowledge
and store it in policy models or value models. Another type of application, known
as policy distillation [19], relies on data generated by other models, which is used to
distill a lightweight model from a larger one to improve computational efficiency or to
consolidate multiple task-specific policies into a single unified policy.

• Reinforcement learning (RL) studies how agents should take actions in an environment
to maximize cumulative rewards over time. Typically, RL models the environment as a
Markov Decision Process (MDP), where the transition probability and rewards satisfy
the Markov property that they are only related to the current state and action. When
the transition model is known, generalized policy iteration, such as value iteration,
uses dynamic programming to solve the optimal policy and its value function based
on Bellman Equation. However, in most cases, the environment model is unknown,
and model-free algorithms are preferable as they learn from experiences by interacting
with the environment. There are two kinds of model-free algorithms:

� Value-based algorithms optimize the policy by approximating the values of
states or state–action pairs and selecting better actions based on these values.
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There are different ways to update the value function [20]. A Monte Carlo
(MC) algorithm updates the value function based on the cumulative rewards
towards the end of the episode, while a temporal difference (TD) algorithm
updates the value function based on the current reward and the value of the
next state in a bootstrapping manner. Algorithms such as DQN [21] use deep
neural networks to approximate the state–action value function, which can be
applied to games with large state space.

� Policy-based algorithms directly learn parameterized policies based on gradi-
ents of some performance measure using the gradient descent method. For
example, REINFORCE [22] samples full episode trajectories with Monte Carlo
methods to estimate returns as the loss function. However, such pure policy-
based algorithms suffer from high variance, and actor–critic algorithms [23]
have been proposed, which use actors to learn parameterized policies and crit-
ics to learn value functions, allowing the policy updates to consider the value
estimates to reduce the variance. Actor–critic algorithms include DDPG [24],
A3C [25], IMPALA [26], TRPO [27], and PPO [28], to name but a few.

• Regret-based algorithms seek to find the Nash equilibrium in games with imperfect
information. The basic idea is to choose actions to minimize the regret of not having
chosen other actions in previous games. Counterfactual regret minimization (CFR) [29]
traverses the game tree for multiple iterations to calculate the cumulative regrets of
each state–action pair. Many variants of CFR, such as Discounted CFR [30] and
MCCFR [31], have been proposed to improve efficiency by incorporating sampling,
discounting, and reweighting techniques. For games with large state space, algorithms
such as Deep CFR [32] and DREAM [33] adopt neural networks to approximate the
regrets and policies.

• Self-play algorithms are often used in competitive multi-agent environments. In
fictitious play (FP) [34], each agent calculates its best response to the opponent’s
average policies, which has been proven to converge to the Nash equilibrium in theory.
When applied to games with large state space, neural fictitious self-play (NFSP) [35]
adopts neural networks as the policy model, using reinforcement learning to calculate
best responses and supervised learning to learn average policies. Double oracle
(DO) [36] starts from a small policy subset, where each agent iteratively calculates the
Nash equilibrium under the current strategy set and adds it to the set. Policy-space
response oracles (PSRO) [37] provide a unified view of them using a policy pool to
train new policies to be added, which has become the common practice of multi-agent
RL training.

• Multi-agent RL (MARL) algorithms extend single-agent RL algorithms to multi-agent
settings, usually following a training paradigm called centralized training decentral-
ized execution (CTDE). CTDE jointly trains multiple agents in a centralized manner
but keeps their independence in execution, which can provide a mechanism of com-
munication to eliminate the problems of unstable dynamics in independent training.
For example, value-based algorithms like Value Decomposition Network (VDN) [38]
and QMIX [39] are variants of DQN in cooperative multi-agent settings that adopt
centralized state-action value functions, using summation and mixing networks to
combine individual Q-networks. Multi-agent DDPG (MADDPG) [40] is a policy-based
algorithm that generalizes DDPG to multi-agent settings, and many variants of it have
been proposed to improve its performance and efficiency.

This Special Issue presents eleven papers covering a wide range of game AI topics,
including the quantification of non-transitivity in chess, the expressiveness of level genera-
tors in Super Mario Bros, Mahjong as a new game AI benchmark, new MARL algorithms
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to reduce Q-value bias, surveys of various AI algorithms in cyber defense, energy areas
and games, the application of MCTS in Amazons, the application of deep reinforcement
learning in autonomous vehicle driving, and the application of transformers in both offline
RL and imitation learning. The list of contributions to this Special Issue is as follows:

Contribution 1 [41] examines the issue of cyber defense from the perspective of
decision-making and proposes a framework to study the problem characteristics of different
cyber defense contexts. The framework identifies four stages in the life cycle of threats—
pentest, design, response, and recovery—integrating both the attacker’s and defender’s
perspectives. By analyzing the decision-making scenarios in each of these four stages,
this paper presents a comprehensive survey of existing research on the application of
reinforcement learning in cyber defense, providing a review of both the problem boundary
and current methods.

Contribution 2 [42] measures the degree of non-transitivity in chess and investigates
the implications of non-transitivity for population-based self-play algorithms. By measur-
ing both the Nash clusters and the length of the longest transition cycles in the policies
from billions of human games, this paper reveals that the strategy space of chess indicates
a spinning top geometry where middle-level strategies have longer non-transitive cycles
than top-level or worst-performing ones. Further experiments with a fixed-memory ficti-
tious play algorithm, which simulates the behavior of common population-based self-play
methods, indicate not only that larger populations are required for training to converge,
but that the minimum size of the population is also related to the degree of non-transitivity
of the strategy space.

Contribution 3 [43] reviews machine learning algorithms to solve combinatorial opti-
mization problems (COPs) in energy areas. COPs are a class of NP-hard problems used
to optimize an objective function within a discrete domain, which have been the focus of
traditional game AI research and can be seen across various industrial fields, from resource
allocation and scheduling to routing scenarios. This paper focuses on the context of energy
areas, including petroleum supply chains, steel making, electric power systems, and wind
power. It presents a systematic review of ML algorithms used to solve COPs in these
scenarios, including supervised learning (SL), deep learning (DL), reinforcement learning
(RL), and recently proposed game theory-based methods. Application of these algorithms
are discussed in detail, including recent advances and the challenges and future directions
of this field.

Contribution 4 [44] reviews algorithms and paradigms to build high-performance
game-playing agents. Many game AI algorithms, from searching and planning to SL,
RL, and game theory-based methods are presented as basic components of game AI
systems. By summarizing the implementation of recent state-of-the-art game AI systems in
various games, which have been achieving superhuman performance, this paper provides a
comprehensive comparison of these milestones via decomposing each into its components
and relating them to the characteristics of the games to which they are applied. Three
types of paradigms are concluded from these milestones, with their scope and limitations
discussed in detail. Stemming from these comparisons and analyses, the paper claims that
deep reinforcement learning is likely to become a general methodology for game AI as
future trends unfold.

Contribution 5 [45] introduces Official International Mahjong as a new benchmark
for game AI research. Mahjong presents challenges for AI research due to its multi-agent
nature, rich hidden information, and complex scoring rules. This paper presents in detail
Mahjong Competition Rules (MCR), a Mahjong variant widely used in competitions due
to its complexity, as well as a series of Mahjong AI competitions held in IJCAI, which
adopts the duplicate format to reduce variance. By comparing the algorithms and the
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performance of AI agents in these competitions, the paper shows that supervised learning
and reinforcement learning are currently the state-of-the-art methods in this game and
perform much better than heuristic methods. While the top AI agents still cannot beat
professional human players, this paper claims that this game can be a new benchmark for
AI research due to its complexity and popularity.

Contribution 6 [46] explores the application of language models in offline RL, and
proposes Action-Translator Transformer (ATT) as the policy model. ATT is built upon the
Sequence-to-Sequence (Seq2Seq) model structure used in text translation tasks. Different
from Decision Transformer (DT), which predicts next states as well as rewards and actions,
ATT only predicts actions to maximize cumulative rewards, given partial trajectories
containing states, actions, and rewards. Positional encoding typically used in NLP tasks
is also devised to adapt to new input elements of RL. Experiments performed in several
Mujoco environments show that ATT performs better than other offline RL algorithms such
as DT.

Contribution 7 [47] discusses the issue of Q-value overestimation in MADDPG, and
proposes two variants to reduce estimation bias, called Multi-Agent Mutual Twin Delayed
Deep Deterministic Policy Gradient (M2ATD3) and Multi-Agent Softmax Twin Delayed
Deep Deterministic Policy Gradient (MASTD3). Both methods introduce a second Q-
network for each agent and incorporate either the minimum or maximum value of two
Q-values to reduce bias in the opposite direction. MASTD3 further extends the Softmax
Bellman operation to multi-agent settings by fixing others’ actions and only changing its
own actions. Experiments on two multi-agent environments, Particles and Tank, show
some performance improvement and Q-value bias reduction compared to baseline methods
such as MATD3.

Contribution 8 [48] investigates the quality of PCG and specifically evaluates the
expressive range of three level generators for Super Mario Bros (SMB) under different
algorithms, including Genetic Algorithms (GA), Generative Adversarial Networks (GAN),
and Markov Chains (MC). By defining nine metrics for each SMB level covering different
types of characteristics, this paper visualizes the expressive ranges based on the metric
distribution of generated levels and concludes that GA and MC have a much wider expres-
sive range than GAN. The practice of expressive range analysis (ERA) presented in this
paper can help game developers to recognize potential problems early in the PCG process
to guarantee high-quality game content.

Contribution 9 [49] explores the application of the MCTS algorithm in Amazons,
and proposes MG-PEO, a combination of several optimization strategies called “Move
Groups” and “Parallel Evaluation”, to improve performance and efficiency. Move groups
is a method used to divide a move into two parts, which can largely reduce the branching
factor of the game tree and focus the visited nodes of MCTS more on promising subtrees.
Parallel evaluation uses multiple threads to speed up the evaluation of leaf nodes. A
technique called “Shallow Rollout” is also used to expand the small, fixed depth of nodes
and apply the evaluation function to them. Ablation experiments show that MG-PEO
agents achieve higher win rate than vanilla MCTS agents, indicating the effectiveness of
the proposed optimization strategies.

Contribution 10 [50] explores the application of vision transformer (ViT) to imitate the
strategy of human Go players. While AlphaGo has achieved superhuman performance
in Go, it often comes up with moves beyond human players’ comprehension. This paper
adopts supervised learning to train a policy network with vision transformer as its backbone
architecture, which achieves professional-level play while mimicking the decision-making
of human players. Experiments show that this ViT model achieves higher accuracy than
models based on convolutional neural networks (CNNs).
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Contribution 11 [51] develops a vehicle driving game and explores the application of
different reinforcement learning, including PPO and SAC [52], to train autonomous driving
agents. By designing a series of tasks with rising complexity as a curriculum, the agent
can gradually learn to navigate through multiple targets within lane boundaries without
running into obstacles. Rewards are carefully designed in each task for effective and robust
driving. Experiments show that though SAC agents learn faster in early phase, PPO agents
achieve better performance and adaptability than SAC, shedding light on the applications
of autonomous systems in real-world scenarios.

Finally, as the Guest Editor, it was my pleasure to work with the editorial staff of
Algorithms to prepare this Special Issue.

Funding: This research received no external funding.
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Abstract: Combinatorial optimization problems (COPs) are a class of NP-hard problems with great
practical significance. Traditional approaches for COPs suffer from high computational time and
reliance on expert knowledge, and machine learning (ML) methods, as powerful tools have been used
to overcome these problems. In this review, the COPs in energy areas with a series of modern ML
approaches, i.e., the interdisciplinary areas of COPs, ML and energy areas, are mainly investigated.
Recent works on solving COPs using ML are sorted out firstly by methods which include supervised
learning (SL), deep learning (DL), reinforcement learning (RL) and recently proposed game theoretic
methods, and then problems where the timeline of the improvements for some fundamental COPs is
the layout. Practical applications of ML methods in the energy areas, including the petroleum supply
chain, steel-making, electric power system and wind power, are summarized for the first time, and
challenges in this field are analyzed.

Keywords: combinatorial optimization problem; machine learning; supervised learning;
reinforcement learning; game theory; refinery scheduling; steel-making; electric power system;
wind power

1. Introduction

The optimization problem in energy areas has always been a hot topic with the de-
velopment of the various types of industries over the past decades. Due to the natural
mathematical similarities between energy models and COPs, many energy problems can
be regarded as COPs. To figure out the above issues, an increasing amount of individuals
and groups have begun to employ the multi-agent system framework, such as game the-
ory, and intelligent learning approaches, such as machine learning methods, considering
their satisfactory solution and implementation flexibility. In this work, we specifically
concentrate on the interdisciplinary part among COP, ML, game theory and energy areas
presented as Figure 1.

COP is the sub-field of the optimization problems and can be seen almost everywhere
in the resource allocation, scheduling, and routing scenarios over the industrial fields.
The task of COPs is to search and find the maximum or minimum of an objective function
with a discrete domain rather than a continuous space [1–3]. In other words, the objective
of COP, in mathematics, is to seek an optimal object combination from a collection of objects,
in which the solution is either a discrete set or can be simplified to a discrete set [4].
Basically, a COP is established as either a maximization problem or a minimization one,
just depending on the specific scenarios of given objective functions. In algorithmic,

Algorithms 2022, 15, 205. https://doi.org/10.3390/a15060205 https://www.mdpi.com/journal/algorithms9



Algorithms 2022, 15, 205

maximization and minimization problems, they are treated equivalently in consideration
of the same computational logic.

Meanwhile, in consideration of the abundant COP characteristics in energy scenarios,
people have started to treat various industrial energy issues, such as crude oil scheduling,
pipeline scheduling, electricity scheduling, and steel making, as well as other energy issues,
as COPs. For instance, the task of crude oil scheduling is to utilize limited production equipment
for oil manufacturing to achieve a certain objective, such as maximizing profits or minimiz-
ing cost [5–9]. A general pipeline operation can be presented as pumping a certain amount
of product into the pipeline at the starting point while receiving the same volume of product
at the other end of the pipeline [10]. For multi-product pipeline problems, delivery planning
and production injection are two essential tasks in real pipeline operations [11,12]. The electricity
scheduling aims to improve efficiency, reliability and security through automation and modern
communication technologies, which are generally based on the optimization of the whole
electricity system [13–16]. Steel making continues to be of high concern around the world since
steel is a metal that is widely in usage in the construction of roads, bridges, railways, and other
infrastructures, and even a tiny optimization of the manufacturing process will lead to a huge
decrease in cost [17]. Any of the manufacturing, such as casting [18], charge calculation and
melt [19], and emission [20].

Figure 1. The interdisciplinary areas of COP, ML and energy areas.

Furthermore, there are numerous COPs in energy scenarios where many energy nodes
are involved and modeled as different decision makers to optimize the operation efficiency
of the whole energy system. Herein, game theory is a general framework that facilitates
the comprehension of decision making in cooperative and competitive situations where
agents have their own beliefs [21]. According to the type of information and the behaviors
of players in the game environment, games can be generally grouped into four categories.
First, static game with complete information. A static game is a simultaneous-move
game where players must take action at the same time. With complete information, each
player in the game has access to so-called common knowledge, including payoff functions
and strategies as well as utility functions. The objective for each player is to formulate
their strategies and maximize their benefits based on common knowledge. A famous
example is the prisoner’s dilemma. It introduces a situation where two individuals act
for their own best interests and explores the corresponding decision-making policy taken
by both [22,23]. Besides, Cournot competition is another instance conceptually similar
to the prisoner’s dilemma. This game model describes a dual-industry competition scenario
where the product output is the competition objective for both industries, and independent
decisions are required to be made by them both simultaneously to compete against each
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other [24,25]. Second, static game with incomplete information. As opposed to the game
with complete information, a game with incomplete information, also known as a Bayesian
game, describes such situations where players possess only partial information about other
players. For maximizing the benefits or minimizing the penalties of their own, each player
needs to form the behavior expectations of others to support their own decision making.
A typical instance is called matching pennies. This is a zero-sum game in which two
players place a penny on the table at the same time and the profit depends on whether
the pennies match [26,27]. Auction is another example of a game with an incomplete
information, in which each bidder is required to make a decision only with the utility
function of his own, without knowing other bidders’ willingness toward the good. The
third class is the dynamic game with complete information. On the other hand, the move
mechanism in dynamic games is sequential in contrast to the static games. Players act
one by one and adjust the strategies accordingly to achieve the objectives on their own.
The Stackelberg game is a game formulation that belongs to this category. It is a strategic
game, where a leader and a follower move sequentially and compete for quantity [28].
Dynamic game with incomplete information is the forth class. Correspondingly, a dynamic
game with incomplete information presents a game scenario in which players sequentially
make actions without full information about others to maximize their payoffs. Many
primary game models take this form. In the model of job market signaling [29], workers
and employers both seek the one that matches their expectations. The employers generally
offer the workers a competitive salary equivalent to their expected ability. Another instance
is initial public offerings [30], where the owner of a firm and a set of potential investors
are modeled as players. The objective of the firm owner is to decide what fraction to sell
to the potential investors and how much while the investors need to decide whether
to take or refuse. In addition, games can also be generally classified into cooperative and
non-cooperative, i.e., competitive games according to the interests of players in the game.

Under the framework of game theory, ML methods can be hopefully designed to help
players or agents in the game environment to effectively form and update their strategies or
policies. ML is a method for autonomous data analyzing [31], which is a branch of artificial
intelligence. The idea behind it is that the system with a learning algorithm inside can learn
from data and hence reinforce its experience in recognizing patterns and making decisions
on its own. With the naturally interdisciplinary characteristics of both above, people have
begun to investigate further a series of ML learning approaches which integrate both
their merits and may hopefully enhance the decision-making strategy of the intelligent
system. According to the signal feature of the learning environment, we generally divide
all ML methods into three categories: supervised learning, unsupervised learning and
reinforcement learning. The objective of supervised learning methods is to establish a math-
ematical mapping relationship of a collection of data that maps the inputs to the expected
outputs [32]. As opposed to supervised learning, the data that unsupervised learning ap-
proaches take only contain the inputs. Their goal is to seek underlying structures in the data
and present them, such as the clustering of distinguishable data [33–35]. Reinforcement
learning (RL) is a reward-oriented learning approach, where agents are required to contin-
uously explore the environment and maximize its accumulative reward [36–39]. Moreover,
since abundant RL scenarios involve the participation of more than one single agent, an in-
creasing amount of studies has been implemented in recent years, which has directly led
to the development of multi-agent RL (MARL). In addition, the agents in the multi-agent
system not only interact with the environment, but have to deal with those actions of other
agents, which can be treated as a part of the environment, and therefore the equilibrium
points in the system must be considered [40,41]. This is where the principles of game
theory emerge. With the development of relevant game theory and ML methods, more
and more individuals and institutes have started to integrate both of them on industrial
issues, such as device-to-device (D2D) communication using the Stackelberg game and
MARL method [42], anti-jamming for internet of satellites through the deep RL approach
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and Stackelberg game [43], moving target defense using MARL in Bayesian Stackelberg
Markov games [40], etc.

In this work, we mainly survey the COPs in energy areas, using a series of modern
ML approaches, i.e., the interdisciplinary areas of COPs, ML and energy areas. We first
list the categories of the classical COPs, such as the traveling salesman problem (TSP),
maximum independent set (MIS) and minimum spanning tree (MST), etc., then investigate
the ML techniques that can effectively address the above COPs, where the SL, DL and
RL, as well as game-theoretic approaches, are mainly concerned due to their unique
abilities. The research works of COPs in energy areas with ML methods are specifically
studied afterwards. We mainly survey the petroleum supply chain, steel-making, electric
power system, and wind power, which are currently popular applications in energy fields
since the resource consumption is fairly high and even a little optimization can help save
numerous costs. Finally, we also find some important deficiencies when investigating
the above materials, and the challenges of this cross area are also summarized. On the
one hand, we hopefully notice that game theory can be appropriately integrated into ML,
DL and RL methods for handling the COPs in consideration of the typical issues, such as
accuracy, efficiency, and scalability. On the other hand, the applications in energy areas
are frequently represented in a complicated manner since the objective functions are often
formulated as NP-hard problems with a great many constraints. The learning methods
above can probably be a category of promising technique in dealing with these issues.

In addition, the contents are analyzed as follows. The search identified 274 documents
containing the theoretical conclusions of various algorithms and the results of applica-
ble approaches. Background information contains relevant knowledge in COPs [44–54],
deep learning [55–61] and reinforcement learning [36,62–68]. Supervised learning, re-
inforcement learning and game theoretic methods are introduced in learning methods,
where supervised learning includes methods of B&B [69–74], sequence to vector [57,75–77],
GNN [78–82] and end-to-end architecture [83,84]. A few sources are relevant to reinforce-
ment learning [85–88], and different types of games were demonstrated [89–92]. Another
aspect mentioned was classic COPs [71,72,84,85,93–97], where ILP, MIS, MC, MVC and TSP
were introduced. The rest of the literature references demonstrate application. The aspects
contain petroleum supply chain [10,11,98–107], steel-making [108–111], electric power sys-
tem [112–119], and wind power [120–123]. The aforementioned references were mostly
searched from Google Scholar with related key words, such as “optimization”, “combinato-
rial optimization problem”, “machine learning”, “supervised learning”, “reinforcement
learning”, “game theory”, “refinery scheduling”, “steel-making”, “electric power system”,
“wind power”, etc.

The rest of this review is organized as follows. In Section 2, we introduce the back-
ground of combinatorial optimization problems and several popular approaches of ML
in addressing this kind of issue over the past years. The sub-fields of combinatorial opti-
mization problems and more details of these ML methods are further discussed in Section 3.
In Section 4, we concentrate on some specific applications in energy field and investi-
gate how the ML algorithms are applied to these issues. In Section 5, we summarize
the challenges over these energy applications in which the ML methods are deployed.
Then, some conclusions are drawn in facing the development of the ML theory in Section 6.

2. Background

In this section, we present a basic overview of COPs and the corresponding ML learn-
ing approaches for resolving them. Several primary COPs and corresponding applications
are first reviewed. Then we investigate the attention mechanism and graphic neural net-
works (GNNs) as well as their typical categories and implementations. Moreover, since
both of them can also be regarded as the policy network of RL agents, we further study how
this framework is deployed and how it works. At the end of this section, we concentrate
on RL and MARL approaches, in which the related game theories are considered a natural
combination to improve the performance of the agents in specific scenarios.
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2.1. Combinatorial Optimization Problem

The optimization problem can be viewed in terms of a decision problem, in which
the total value of current solutions is mathematically evaluated by the objective function
established in advance. Through a series of decisions, the task is to search and find
the optimal value among different solutions. Typical COPs can be summarized as follows:

2.1.1. Traveling Salesman Problem

We herein would like to take the visit of cities as an example. The objective of the trav-
eling salesman problem (TSP) is to seek the shortest possible path that allows the salesman
to visit each city only once and returns to the origin city given the city list and connection
distances between any two city nodes. TSP is utilized as a basic formulation for many
optimization approaches, such as vehicle routing [44], scheduling [45], path planning [46],
logistics [47], DNA sequencing [48] and the computing system [49]. In these applications,
the city nodes in the graph represent, for instance, customers, soldering points, or DNA
fragments, and each city pair or the distance represents the traveling time duration or cost,
or the measurement between DNA fragments. Corresponding algorithms for coping with
TSP include reinforcement learning [50], simulated annealing [51], genetic algorithm [52],
ant colony [53], tabu search [54], or some mixed ones [124–126].

2.1.2. Maximum Independent Set

Maximum independent set (MIS) is a typical central problem in distributed graph
algorithms, also known as the maximal stable set, which is an independent set that does not
belong to any other independent sets. That is to say, an independent vertex set of a graph
is a subset of the vertices such that no two vertices in the subset indicate an edge of this
graph. Given a vertex cover of a graph, all vertices not in the cover define an inde-
pendent vertex set. In addition, a MIS is also a dominating set in the graph, and each
independent dominating set must be maximally independent. Many meaningful appli-
cations can be mathematically established as MIS problems, such as the communication
system [127,128], computational system and graph coloring problem [129]. For handling
MIS problems, some early researchers in studying graphs proposed some interesting
algorithms [130–132]. Afterwards, more individuals and groups started to deploy a series
of approaches with higher efficiency, such as the ML method [133], small messages rather
than large messages [134], local search [135] and exact algorithm [136].

2.1.3. Minimum Spanning Tree

For an edge-weighted undirected graph, a minimum spanning tree (MST) is a tree
that connects all vertices while not having any cycles and has a minimum total edge
weight. That is, the sum of edge weights is supposed to be as small as possible for a span-
ning tree. There are many applications related to the MST problem. The direct ones
consist of communication networks [137], transportation networks [138], water supply
networks [139], and electrical grids [140]. Other practical cases based on MST include
COVID-19 pandemic transmission forecasting [141], clustering [142], constructing trees
for broadcasting [143], image registration and segmentation [144], circuit design [145] and
emotion recognition [146]. There do exist several primary algorithms, namely, classic
algorithm and faster algorithm; however, in consideration that such MST-like models will
facilitate the development of multifarious industrial areas, more and more individuals
have turned to design a variety of intuitive algorithms to figure out such issues, such
as reinforcement learning [147], genetic algorithm [148] and fast parallel algorithm [149].

2.1.4. Maximum Cut Problem

The maximum cut (MC) problem is to find a cut such that the amount of edges
between two complementary sets in a graph is as large as possible. The applications
of the max-cut problem include theoretical physics [150–152], very large scale integration
(VLSI) design [153,154], and the protein-folding problem [155,156], Accordingly, various
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approaches and algorithms, such as eigenvalues [157], randomized heuristics [158], har-
mony search and genetic algorithm [159], and scatter search [160] have been proposed
to address this problem over the past decades.

2.1.5. Bin Packing Problem

The bin packing problem (BPP) is one of the most classical COPs, where a series
of items with different sizes are required to be packed into a series of bins with positive
integer capacities such that the number of bins used is minimized. Generally, there are
two types of BPPs: online BPP, and offline BPP. The online BPP considers a situation
in which the items keep appearing in a given order and they need to be placed inside
the bins one by one, while the latter one concerns modifying the given list of items. BPP
has many variations, such as 2D packing [161], 3D packing [162], linear packing [163],
packing by weight [164], packing by cost [165], and so on. Such problems have arisen
in resource allocation with an increasing frequency over the past years, such as edge
computing [166], cloud storage [167], parcel delivery [168], aircraft maintenance task
allocation [169] and product transportation [170]. For the online version, there are a diverse
set of online algorithms designed for BPP. Single-class algorithms consist of next fit [171],
next-k-fit [172], first-fit [173], best-fit [174] and worst-fit [175]. Refined algorithms include
harmonic-k [176] and refined-harmonic [177]. On the other side, the offline algorithm
is able to observe all the items before beginning to place them into bins. Multiplicative
approximation is the simplest approach utilized by the offline algorithm. The members
in this family are first-fit-decreasing [178], next-fit-decreasing [179] and modified first-fit-
decreasing [178]. Additive approximation [180] and exact algorithms [181] are also widely
mentioned in solving BPPs.

2.2. Deep Learning

Deep learning (DL) is a member of ML methods, where multiple layers of artificial
neurons or neural networks (NNs) are structured to learn the representation of data [55].
The structures of NNs can be quite fruitful, such as deep neural networks (DNNs), con-
volutional neural networks (CNNs), recurrent neural networks (RNNs), attention mecha-
nism, graph neural networks (GNNs), etc. In this work, we mainly concentrate on attention
mechanism and GNNs in consideration of the natural connection between COPs and these
two techniques.

2.2.1. Attention Mechanism

Some COPs are typical sequence-to-sequence (Seq2Seq) [56] problems, (for example,
TSP), which require an encoder to map the input sequence into a d-dimensional space,
and then use a decoder to map it to the output sequence, and the sequences are usually long
(due to large problem size) and variable in length. With the rapid development of DNNs
in the ML approach over the past years, people have started to realize that conventional
encoders, such as RNNs, fail to utilize the information of previous segments in a relatively
long sequence. Thus, a novel technique that mimics cognitive attention, namely attention
mechanism, was proposed afterwards.

The idea behind is that the network should devote more attention to those smaller but
more important parts of the input data. It was first used to deal with the Seq2Seq model,
especially for neural machine translation [57]. Then the encoder–decoder architecture was
widely known. The decoder utilizes the most relevant segments of the input sequence,
which are encoded as a fixed-length vector by the encoder in a flexible manner to obtain
the variable-length target consequence [58].

Nevertheless, the decoder here can just partially obtain the information from the input
sequence. This would probably cause trouble, especially for those long or complicated
sequences in which the dimensionality of the representation ingredient is constrained to be
the same as for shorter or simpler sequences. Afterward, the proposal of self-attention
and transformer models [59] revolutionized the implementation of attention by dispensing
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recurrence and convolutions used in RNNs [60] and CNNs [61], respectively, and relying
solely on a self-attention mechanism alternatively.

(1) Additive Attention

Additive attention, proposed by Dzmitry Bahdanau [57] and therefore regarded
as Bahdanau attention, is the first type of attention. The objective of this type of attention is
to enhance the performance of the Seq2Seq model especially in machine translation tasks
through aligning the decoder with the relevant inputs and correspondingly employing the
attention mechanism. The method in this work, on the other hand, replaces the fixed-length
vector with a variable-length one, to improve the translation performance of the basic
encoder–decoder model. With time passing by, this method has been implemented more
and more often due to its high performance, such as automatic music transcription [182],
Fastformer [183], classification [184] and image search [185].

(2) Pointer Networks

Considering those problems, such as sequence sorting, where the sequence size is
variable, and diverse COPs cannot be figured out by conventional Seq2Seq and neural
turing machines [186], the pointer network was proposed by Vinyals et al. [76] to learn
the conditional probability of an output sequence and hence to resolve variable-sized
output problems. The attention is utilized as the pointer for choosing a member of the in-
put sequence as the output. Pointer networks can be widely employed in dependency
parsing [187], code completion [188], dialogue context generation [189], etc.

(3) Multiplicative Attention

Multiplicative attention is also referred to as Luong attention, proposed by Thang
Luong [190]. This attention mechanism was established based on the additive attention
mechanism. The differences are as follows: First, the way that the alignment score is
calculated; And secondly, the position at which the attention mechanism is introduced
in the decoder. The overall architecture of the attention decoder is distinguishable from mul-
tiplicative attention since the context vector is leveraged only after the RNN has produced
the output for that time step. There are various applications that can be supported by this
attention mechanism, such as aspect category and sentiment detection [191], time series
forecasting [192], and the prediction of air pollutant concentration [193]. As COPs usually
have variable sequence sizes (e.g., when solving TSP formulated as a sequence-to-sequence
structure, the number of cites to go is variable, forming a variable input size), pointer
networks are used most frequently.

2.2.2. Graphic Neural Networks

Graph structures are common in COPs, so we need to encode graphs reasonably.
In addition, the graph-structured representation is more suitable for some COPs than se-
quence representation. For instance, the permutation invariant property in the TSP cannot
be characterized in the sequence representation. GNNs belong to the category of NNs
and are widely utilized in DL methods [55], especially in those scenarios where the data
are expressed by graph structures. Considering the representation superiority of graph
data, people have begun to leverage the characteristics of graphs to design various types
of ingenious GNN structures through integrating other techniques, such as graph convolu-
tional networks [194], graph attention networks [195], and graph recurrent networks [196]
over different applications, which range from node-type, edge-type, to graph-type pre-
dictive assignments. In general, GNNs are customarily employed to resolve those issues
in which the graph-structured data are represented. Five typical problem categories are
listed as follows.

(1) Graph Classification Problem

Fundamentally, the goal of graph classification is to divide the whole graph into
domains with disparate features. In other words, the entire graph is required to be separated
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into different segments in this classification scenario. There are numerous applications
of this classification, such as document categorizing [197], social recommendation [198],
protein function prediction [199], etc.

(2) Graph Grouping Problem

Graph grouping is a class of grouping methods, the task of which is to put together
graph data that have similar features [200]. There are also two sub-fields of graph grouping.
The first is node clustering, which is based on density. High edge weight or long edge
distance corresponds to high density. On the other hand, the graphs are regarded as objects
and, hence, grouped based on similarity.

(3) Node Classification Problem

For node classification cases, the nodes in the graph are used to represent the label
of samples. The objective of this task is to decide which label each node belongs to via
checking their neighbor labels. With each node being tagged a specific label, all nodes
in this graph system can be grouped into different classifications. The training approach
in this type of case is a semi-supervised learning method [201], where only a portion
of nodes in the graph are tagged.

(4) Link Prediction Problem

To predict whether or not two nodes in a graph exist a link is the research objec-
tive of this scenario. This function is widely investigated in a recommendation system
consisting of friend recommendation [202], movie recommendation [203] and commerce
recommendation [204]. Some COPs are well structured and can be reflected in these typical
problems, e.g., MIS can be regarded as a node classification problem with two categories
representing whether a node is included in MIS. For more COPs, abundant works are
reshaping the graph to using GNNs.

2.3. Reinforcement Learning

Many COP environments involve more than one node or executor and can therefore be
considered for inclusion in the game theory framework due to their advantage in figuring
out multi-player problems. Meanwhile, RL is a reward-oriented approach to help improve
the performance of the player or agent. At this point, the two aforementioned techniques
are naturally integrated to address COPs.

2.3.1. Single-Agent Reinforcement Learning

RL, especially single-agent RL, is a human-like learning method in which the agent
acts like a human and is trained to obtain the expected objective through a series of positive
or negative rewards across time [36]. During the learning phase, the RL agent is required
to continuously observe the environment and take actions based on its perceptions and
rewards offered by the environment. This learning mode makes the agent gradually collect
experience and perform better by reinforcing those good behaviors while abandoning
the bad ones. In general, RL methods are grouped into two categories, i.e., the model-based
RL [62] and the model-free one [63].

In model-based learning approach, the system is able to utilize the predictive model,
which is not available in a model-free algorithm, and execute sequential decision mak-
ing [64]. In contrast to the large amounts of interaction required in the model-free learning,
a transparent advantage of model-based learning is the usage of predictive comprehension
over the environment model [65].

On the other hand, the model-free algorithm is more flexible since it does not need
any prior information about the environment system. All the agents supposed to do
is to explore and learn. The model-free algorithm consists of value-based learning and
policy-based learning.
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Furthermore, Sarsa [66] and Q-learning [67] are the most fundamental online and
offline policy learning approaches in value-based learning, respectively. Policy-based
learning includes the actor–critic method [68] and the trust region policy optimization
(TRPO) method [205], where the policy gradient is implemented, and a continuous strategy
is available.

2.3.2. Multi-Agent Reinforcement Learning

Multi-agent RL (MARL) is a sub-field of RL that is becoming increasingly relevant and
is extremely impressive. Considering that there exist more than one agent in the systems
over enormous applications, such as communication networks [206,207], cyber–physical
systems [208,209], financial activities [210,211], and social communities [212], research indi-
viduals and groups have started to transfer single-agent RL (SARL) models to the MARL
ones. An obvious distinction between SARL and MARL is the number of agents in the envi-
ronment. Hence, the research objective on MARL is to investigate how multiple agents are
going to interact with each other in a common system and how this system evolves [213].
Specifically, the goal of each agent in this multi-agent system is, by treating other agents
as part of the environment, to constantly optimize its policy for maximizing the expected
long-term rewards.

According to the types of agents, MARL can be generally divided into homogeneous
MARL [214], where all agents in the system are homogeneous and able to play an inter-
changeable role, and heterogeneous MARL [215], in which agents possess different action
space and state space.

2.3.3. Multi-Agent Reinforcement Learning with Game Theory

Since the agents in MARL are continuously interacting with the environment and
other agents, some interaction modes can be identified and classified, such as cooperative,
competitive, or a mix of both. From this moment, researchers have started to integrate
MARL with game theory in consideration that game theory is such a study of mathematical
models of strategic interactions among rational agents.

(1) Cooperative MARL [216]

In cooperative scenarios, agents are designated as collaborators to achieve the goal
of the common system while interacting with the environment. A series of coordination
settings, such as sharing sensing information, sharing the same reward function or sharing
the policies, are widely investigated and studied [217]. The corresponding applications
include rescue operations [218], cooperative exploration [219], resource allocation [220], etc.

(2) Competitive MARL [221]

In those situations with competitive settings, the interests of agents are in conflict.
In other words, the more that one or a portion of agents earn, the more others lose, which
is also known as a zero-sum game [222]. There are numerous MARL cases with com-
petitive settings that have been studied over the past years, such as Atari games [223],
pricing strategies in electronic market [224], sports game [225], etc. Notably, the compu-
tational complexities for figuring out two-player and multi-player zero-sum games are
quite distinguishable.

(3) Mixed MARL [226]

Mixed MARL is a combination of fully cooperative and fully competitive situations.
That is, both cooperative and competitive behaviors are going to appear in this setting,
which therefore makes this type of learning architecture notoriously challenging and
burdensome to handle [213]. Compared to the above two scenarios, mixed MARL seems
not to be so popular due to its complicated optimization procedure and computational
process in finding stationary Nash or a related equilibrium. Multi-player poker game [227]
and multi-player online battle arenas, such as DOTA 2 [228] and StarCraft 2 [229], are
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several classical applications using mixed settings, in which human-level or superhuman-
level is achieved.

3. Learning to Solve COPs

Recent works for solving COPs with ML methods are presented systematically in this
section. Firstly, they are categorized based on the ML approach: supervised learning, rein-
forcement learning, and game theoretic methods, basically presented according to the years
that they were proposed. Then, the categorization is based on fundamental problems
in COPs, including integer programming (ILP), MIS, maximum clique (MC), MVC, and
TSP. Figure 2 shows an overview of how ML methods are applied to solve all kinds
of fundamental COPs.

Figure 2. ML methods for COPs. Recent works are categorized firstly based on the ML approach and
then the fundamental problems in COPs.

3.1. Methods
3.1.1. Supervised Learning

Combining with Branch and Bound

Traditional approaches for COPs have the same challenges: high computational
complexity and dependence on expert knowledge. There have been rich works studying
how to replace some components of traditional approaches with supervised learning
methods to respond to those challenges. Most of them focus on a classical algorithm called
branch and bound (B&B) [69], which is broadly applied for ILP-formed COPs. Table 1
summarizes them.
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Alvarez et al. [70] proposed to approximate the scoring strategy of strong branching
(SB) with supervised learning for solving mixed ILP problems. Similarly, He et al. [71]
proposed to speed up the traditional B&B method with imitation learning. He et al. clearly
formulated B&B search as a sequential decision-making process and learned the node
selection (prioritizing) policy as well as a node-pruning policy using DAgger. Compared
to traditional approaches, this method learns problem-solving patterns from experience,
which speeds up the future process. Meanwhile, the sequential decision-making process
takes the effects on the future into account when choosing actions. It may be also treated
as a simple reinforcement learning approach since it involves the concept of learning
from demonstration, but essentially, it directly fits the policy with collected data, which is
more like a kind of supervised learning.

Moreover, Khali et al. [72] proposed to solve the scoring problem of SB as a learning-to-
rank problem as opposed to a regression or classification problem, and enabled an on-the-fly
solver, where the transition from traditional to ML approaches is seamless. That is, instead
of learning a policy offline as [70,71], Khali et al. proposed a three-phased online method
for a given mixed ILP problem. Firstly, SB is used as the branching strategy for a limited
number of nodes. Then, the dataset collected in phase iis fed into a learning-to-rank
algorithm. At last, the learned model replaces SB for branching until termination.

Table 1. Supervised learning approaches combining with traditional algorithms, such as branch
and bound.

Reference Year Advantage or Novelty

Alvarez et al. [70] 2014 approximated SB with
supervised learning

He et al. [71] 2014

formulated B&B as sequential
decision-making process and

learned it with imitation
learning

Khali et al. [72] 2016
solved the scoring problem

of SB with a learning-to-rank
algorithm, online algorithm

Baltean et al. [73] 2018

used supervised learning
to select quadratic
semi-definite outer

approximation of cutting
planes

Hottung et al. [74] 2020
learned the container

pre-marshaling problem
(CPMP)

Baltean et al. [73] applied the above idea to the selection of quadratic semi-definite
outer approximation of cutting planes. They used NNs to learn cut selection offline, thereby
reducing the computational complexity during testing. Hottung et al. [74] applied the idea
for the container pre-marshaling problem (CPMP) (the Container Pre-Marshaling Problem
is concerned with the re-ordering of containers in container terminals during off-peak times
so that containers can be quickly retrieved when the port is busy), using DNNs to learn the
branching strategy and predict bounding bounds.

Sequence2Vector

Sequence-to-sequence is a typical structure of COPs. To deal with those problems,
encoders are needed to obtain the vector-form embeddings. Early encoders are RNNs, such
as LSTM [75], which can cope with the relationship between an element in the sequence
and the previous elements, but RNNs tend to “forget“ the information of previous ele-
ments when sequences are long. Bahdanau et al. [57] proposed an attention mechanism
to solve the problem of long-range dependencies. By calculating the similarity between
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two elements, the importance of the previous elements is decided, and the mixed infor-
mation of the sequence is obtained. That is, the decoder can obtain the information of all
states from the encoder instead of the current state. Based on the attention mechanism,
Vinyals et al. [76] proposed pointer network (Ptr-Net), which solved the problem that
the length of the output sequence depends on the input sequence and became a milestone
breakthrough in solving COPs. The main idea of Ptr-Net is to point to each element of the in-
put sequence instead of the mixed information and to obtain the probability distribution
over the elements of the input sequence.

Vinyals et al. [76] applied Ptr-Net for the convex hull problem, Delaunay Triangulation,
and small-scale planar TSP problems, obtaining higher accuracy than LSTM and LSTM
with attention.

Zheng et al. [77] then applied Ptr-Net for the permutation flow shop scheduling
problem (PFSP) (the Permutation Flow-shop Scheduling Problem involves the determina-
tion of the order of processing of n jobs on m machines). They showed that the average
relative percentage deviation (ARPD) of Ptr-Net is better than the LSTM and LSTM with
attention. They also found that the element order of the input sequence has some impact
on the results.

Graph Neural Networks

Another typical form of COPs is graph based, which characterized the permutation-
invariant property of nodes. GNNs [78–80] are a commonly used architecture to encode
the input of the graph structure. The input is a vector representing a node or an edge,
then the information of nodes and edges is integrated according to the local neighbor
structure of the graph, which is used for updating the embedding after. Works related to
this approach are summarized in Table 2.

Table 2. Supervised learning methods using graph neural networks.

Reference Year Advantage or Novelty

Nowak et al. [81] 2017 encode source and target
graphs

Joshi et al. [82] 2017 just encode source graph

Selsam et al. [230] 2018 model SAT as an undirected
graph

Li et al. [231] 2018 solve SAT, MIS, MVC and MC
with GNNs

Lemos et al. [232] 2019 solve graph coloring problem
(GCP) with GNNs

Prates et al. [233] 2019 solve problems involving
numerical information

Nowak et al. [81] discussed how to apply GNN [78] to the quadratic assignment
problem (QAP) (examples of matching and TSP are given). For two graphs, A and B with
the same number of nodes, GNN is used to encode them into two normalized adjacency
matrices, E1 and E2, respectively, and then the loss related to E1 and E2 is calculated
for autoregressive learning. For the TSP problem, A and B are the input graph and
the ground truth TSP cycle. Finally, the solution is generated by the adjacency matrix
obtained from the input graph with beam search.

Instead of using the one-shot autoregressive method as [81], Joshi et al. [82] only
used Graph ConvNet to obtain the adjacency probability matrix from the input TSP
graph, and then directly calculated the loss related to ground-truth TSP cycle. During the
test, Joshi et al. tried three kinds of search methods and compared them: greedy search
(greedily selecting the next node from its neighbors with the highest probability), beam
search (expanding the b most probable edge connections among the node’s neighbors),
and beam search with shortest tour heuristic (selecting the shortest tour among the set of b
complete tours as the final solution at the end of beam search). Experiments show that
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for TSP problems with a fixed number of nodes, the quality of the solution outperforms
previous DL approaches.

Selsam et al. [230] solved the satisfiability (SAT) problem with GNNs [78,234]. Due
to the permutation invariance and negation invariance properties of SAT, Selsam et al.
modeled SAT as an undirected graph with one node for every literal and clause, one edge
between each literal and clause, and one edge between literal and complementary literal.
Then, the message-passing method [235] is used to update the embedding of each node,
and the resulting embeddings are fed into MLP to obtain the literals’ votes, which are then
used to calculate the loss with the true label. The model parameters of [230] are independent
of the problem size due to two aggregation operators: to form the incoming message by
summing the messages of one node’s neighbors, and to form the logit probability by
calculating the mean of literal votes.

Similar to [230], Lemos et al. [232] solved the graph coloring problem (GCP) (the graph
coloring problem (GCP): does a graph G accept a C-coloring?) with GNNs [78,80,232].
They took the vertex-to-color adjacency matrix as input, and finally used MLP to obtain
the logit probability and calculated the loss with true labels.

Selsam et al. [230] and Lemos et al. [232] successfully solved some NP-hard problems
involving symbolic relationships (e.g., whether an edge is connected), and Prates et al. [233]
further applied GNNs [79] to solve the NP-hard problems involving numerical information
(in this paper, they focused on a variant of TSP: does graph G admit a Hamiltonian path
with cost < C?). In order to encode the weights of edges, Prates et al. used a vertex-edge
adjacency matrix as input, and represented an edge using the concatenation of weight and
C, which is a 2-d vector ∈ R2. Then, similar to [230,232], the refined edge embeddings are
fed into an MLP to compute the logit probability.

Li et al. [231] solved four NP-hard problems with GCN [236,237]: SAT, MIS, MVC
and MC. Taking MIS as an example, the graph is presented by an N × N binary adjacency
matrix, and then mapped to an N-dimensional real-valued vector through GCN, indicating
how likely each vertex is to belong to the MIS. Finally, the solution is obtained from this real-
valued vector. A basic method to obtain it is greedy search using the vector as the heuristic
function. However, Li et al. pointed out that this search method can become confused when
there are multiple optimal solutions for the same graph. Therefore, a further improvement
is using GCN to generate multiple probability maps, which is integrated into the tree search
procedure (breadth-first account for the diversity of solutions).

End-to-End Architecture

Some recent works focus on how to integrate combinatorial building blocks into neural
network architectures as layers so that combinatorial optimization solvers can be embedded
into NNs as black boxes, enabling end-to-end optimization.

Vlastelica et al. [83] and Paulus et al. [84] proposed such approaches to integrate
ILP solvers. The NN-based solver takes the parameters of the ILP (objective function
weight c, constraint parameters A and b) as network weights, inputs an integer solution y,
outputs the value of the objective function, and computes loss with the given optimal value.
Paulus et al. [84] addressed two main difficulties in achieving the end-to-end optimization:
(1) the value of objective function in integer programming is piece-wise and thus non-
differentiable; (2) the constraints of ILP are not necessarily active. Vlastelica et al. [83] used
the continuous interpolation method to solve the differentiating problem of the objective
function weight c and applied this solver for three graph-structure problems: shortest path
problem, min-cost problem and TSP. Paulus et al. [84] implemented the differentiation of c
as well as A and b using gradient surrogate methods, and conducted experiments on the
weighted set cover problem, KNAPSACK, and keypoint matching problem.
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3.1.2. Reinforcement Learning

Parameterization of Policy Network

As pointed out by Bello et al. [85], training strategies for COPs with supervised
learning require a large number of labels, while the optimal labels for many COPs are not
easy to obtain. However, it is relatively easy to evaluate the quality of a given solution.
Therefore, Bello et al. proposed to use evaluation as a reward feedback in an RL paradigm
to solve the labeling problem, which is another milestone work. More other works follow
the same structure and shape the parameterization of the policy network as shown in
Table 3, which is the similar concept of an encoder in supervised learning.

Table 3. Works on policy network of reinforcement learning.

Reference Year Advantage or Novelty

Bello et al. [85] 2016 used evaluation as reward
feedback in RL paradigm

Hu et al. [238] 2017 solved the 3D BPP problem
using RL

Nazari et al. [239] 2018 the properties of the input
sequence is not static

Khalil et al. [95] 2017 formulated partial solutions
as decision sequence

Venkatakrishnan et al. [240] 2018 improved scalability on larger
testing graph than training set

Manchanda et al. [241] 2020 billion-sized graphs

Song 2020

combined information
from both graph-based

representation and ILP-form
representation

Bello et al. [85] modeled the 2D Euclidean TSP problem as a sequential decision
problem. At each step, a distribution over the next city to visit in the tour is output by
the policy, which forms the travel strategy by the chain rule at the terminal step, and the
objective is to shorten the travel distance. The policy model is based on Ptr-Net proposed
by Vinyals et al. [76] without glimpse, which reads the state s (the city sequence, one city
at a time), encodes it as a d-dimensional embedding with an LSTM, and decodes it with
an LSTM to obtain the action (the distribution of the next city). Bello et al. used the travel
distance to indicate the reward and train the policy with an actor–critic method.

Hu et al. [238] applied [85] to the 3D BPP problem to learn the order of packing items
into bins, and proved that it outperforms the well-designed heuristic approach.

A major limitation of [85] is that it assumes the problem is static over time, thus it
cannot be used to solve problems, such as VRP, where the properties of the input sequence
keep changing. To solve this problem, Nazari et al. [239] proposed a new policy model
which leaves out the encoder RNN. They dealt with the static elements and dynamic
elements in the input separately, that is, the embeddings of the static elements are input
to the RNN decoder and then input to an attention mechanism with glimpses similar
to Ptr-Net together with the embeddings of the dynamic elements. Finally, the probability
vector of the next destination is output.

For another typical form of CO problem-graph structure, Khalil et al. [95] proposed
a training method combining GNNs with reinforcement learning to remove the depen-
dence on sample labels, called S2V-DQN. Khalil et al. presented a partial solution as an
ordered list S (a decision-making sequence). At each time step, a node is greedily se-
lected to join S so that the evaluation value Q is maximized. The embedding of each node
in list S is obtained by Structure2Vec [242] according to its graph structure (the properties
of the node and its neighbor), and Q depends on the embeddings of the candidate nodes
and the embedding of the whole graph. Parameters are trained using n-step Q-learning
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and fitted Q-iteration. Khalil et al. tested S2V-DQN on MVC, MC, and 2-D TSP, showing its
applicability to multiple different problems, graph types, and graph sizes.

Venkatakrishnan et al. [240] focused on the scalability of methods on graph structure
problem: can a graph neural network trained at a certain scale perform well on orders-of-
magnitude larger graphs [240]? To address this problem, Venkatakrishnan et al. proposed
G2S-RNN. Instead of mapping the graph structure to a fixed-length vector to obtain
the embeddings of the vertices, G2S-RNN uses a discrete-time dynamical system to process
the graph structure. The nodes’ embeddings are updated by multiple rounds of convolution,
and finally, the entire time-series vector is used as the embedding of the graph, which
makes the embeddings’ length variable (related to the number of convolution layers). Then,
Seq2Vec takes the embedding as input to obtain the vector representation of each node,
and Q-learning is used to update the policy.

Manchanda et al. [241] focused on larger graph structures. They tested [95] on MC
and show that S2V-DQN fails on graphs beyond 2000 nodes. Based on the observation
that, although the graph may be large, only a small percentage of the nodes are likely
to contribute to the solution set [241], Manchanda et al. proposed a two-stage method
called GCOMB, which uses supervised learning to prune poor nodes and learns the node’s
embedding with GCN, and searches for solutions on good nodes with Q-learning. The
experiment results show that the efficiency is successfully improved on billion-sized graphs.

Song et al. [243] proposed CoPiEr which uses information from both graph-based
representation and ILP-form representation. The trajectories are generated by algorithms
using two kinds of representations, respectively, following an exchange between two trajec-
tories. Specifically, two trajectories are evaluated by the reward function, and the one with
a higher reward is used as a demonstration for the algorithm based on the other trajectory.

Reinforcing Methods

Some works pay more attention to improving the optimization process rather than
designing the policy network, which is shown in Table 4.

Table 4. Works on reinforcing methods of reinforcement learning.

Reference Year Advantage or Novelty

Deudon et al. [86] 2018 enhanced the framework with
2-opt

Emami et al. [87] 2018
learned permutation instead

of decision sequences point by
point

Kool et al. [88] 2018

re-designed the baseline
of REINFORCE algorithm

as the cost of a solution
from the policy defined by

the best model
Ma et al. [244] 2019 solved COPs with constraints

Abe et al. [245] 2019
used CombOpt inspired by

AlphaGo Zero to replace
Q-learning

Barrett 2020 explored the solution space
during test time

Kwon et al. [246] 2020 handled equally optimal
solutions

Based on Bello et al. [85], Deudon et al. [86] proposed a policy network with only
attention mechanism and enhanced the framework with 2-opt. Instead of using LSTM,
the decoder maps three last sampled actions (visited cities) to a vector, and 2-opt is used
to improve the output solution.

23



Algorithms 2022, 15, 205

The previous idea of using reinforcement learning to solve COPs is usually to generate
decision sequences point by point, which is a greedy heuristic. On the contrary, Emami et al. [87]
proposed the Sinkhorn policy gradient (SPG) algorithm to learn permutation so that in addition
to TSP-type problems, it can also solve other issues, for example, maximum weight matching.
The state of SPG is a permutation instance of size N, and the action is an N × N permutation
matrix. To use a deterministic policy gradient method, such as DDPG, Emami et al. used
Sinkhorn layers to approximate the permutation matrix and added a term to the critic loss
to de-bias the policy gradient.

Kool et al. [88] improved [85] on two aspects: (1) They used an attention mechanism
instead of LSTM for encoding, which introduces invariance to the node input order and
enables parallel computation. (2) They designed the baseline of REINFORCE algorithm
as the cost of a solution from the policy defined by the best model, which is similar to self-
play that improves itself by comparing with the previous solutions.

Ma et al. [244] focused on COPs with constraints, for example, TSP with time win-
dow (TSPTW), and proposed to solve them using hierarchical RL. Ma et al. compared
two hierarchical structures: one is that the lower layer is to make the solution satisfy
the feasible region constraints, and the higher layer is to optimize the objective function;
the other is that the lower layer is to optimize the solution of an unconstrained TSP, and the
higher layer is to give an instance of TSP with constraints. They proved that in the TSP
experiment the first structure is better. Ma et al. also proposed graph pointer network
(GPN), which uses LSTM to encode a graph with context provided by GNN to obtain more
transferable representations.

Abe et al. [245] addressed the problem that previous methods obtained poor empirical
performance on some graphs due to the limited exploration space of the Q-learning method.
They proposed CombOpt inspired by AlphaGo Zero to replace Q-learning. While the origi-
nal AlphaGo Zero is designed for two-player games with a terminal state of win/lose/draw,
Abe et al. modeled the state value of AlphaGo by “how likely the player is going to win”,
and extended it to COPs by a reward normalization technique relating to “how good it is
compared to random actions”.

Barrett et al. [247] addressed the necessity of exploration of the solution space during
test time since many COPs are too complex to learn only through training. They designed
a reward structure to motivate the agent to find better solutions when testing by adding
or removing a node. This method is complementary to many training methods.

Kwon et al. [246] addressed the problem that for some COPs with equally opti-
mal solutions, previous works always learn one of them, which is a biased strategy.
They pointed out that previous works are sensitive to the selection of the first node, thus
they used the idea of entropy maximization to improve exploration. In addition, they
proposed a new baseline for policy gradient to avoid local minima.

Improvement RL

The previous works usually use NNs to generate COP solutions in one shot. Despite
the efficiency, there is always a certain gap from the optimal in such methods. Another type
of work learns the improvement heuristic, which improves an initial solution iteratively.

Chen et al. [97] proposed a method of making incremental improvement until con-
vergence by locally rewriting feasible strategies, called NeuRewriter. Chen et al. modeled
the rewriting process as MDP, where the state is the partial solution, the action is the desired
local region and the associated rewriting rule. They trained the policy with the advantaged
actor–critic algorithm and applied NeuRewriter to three problems—expression simplifi-
cation, online job scheduling, and vehicle routing problems (VRP)—where NeuRewriter
performs better than strong heuristics.

Wu et al. [248] proposed to use deep RL to automatically improve an initial solution
based on neighborhood search. The architecture is based on self-attention, where the action
is a node pair for pairwise local operators. Learning with the actor–critic algorithm,
the model generates a probability matrix for each pair.
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Lu et al. [249] proposed a new framework to improve heuristic methods with re-
inforcement learning for capacitated vehicle routing problems (CVRP). They divided
heuristic operators into two classes, improvement operators and perturbation operators.
According to each state, a certain class of operators is selected first, and then a specific
operator is selected within the class. Specifically, given recent solutions, the method for se-
lecting a class is a threshold-based rule. If a local minimum is reached, the perturbation
operator is activated to generate a new solution, otherwise, the improvement operator is
activated. They used reinforcement learning to select the specific improvement operator,
where the problem, solution, and running history are used as the features of the state,
and different operators are used as actions. Lu et al. designed two kinds of rewards: one
is +1 if the solution is improved, otherwise −1, and the other is to take the total distance
achieved by the problem instance during the first improvement iteration as a baseline.

3.1.3. Game Theoretic Methods

Single-Player Game

Some COPs are modeled as reinforcement learning problems, in which the idea
of single-player games and self-play can be applied.

Laterre et al. [89] used the concept of self-play on 2D and 3D BPP problems and
proposed the ranked reward algorithm. When applying MCTs to solve a BPP problem
modeled as MDP, the reward for all non-terminal states is usually set to 0 and for the ter-
minal state, is obtained according to the quality of the solution. Laterre et al. reshaped
the reward function by storing the agent’s recent performance against which new solutions
are compared, earning the reward related to whether or not it outperformed itself. In this
approach, ranked reward reproduces the benefits of self-play for single-player games, re-
moves the requirement of training data, and obtains a well-suited adversary. Experiments
show that it outperforms ranked-free strategies on BPP problems.

Xu et al. [250] proposed a method to transform certain COPs into Zermelo games
to use self-play-based neural MCTS. The Zermelo game is a two-player, finite information
game with perfect information. During the game, two players alternate actions, and finally
one wins and one loses. Xu et al. modeled a type of COP (the highest safe rung (HSR)
problem (Highest safe rung (HSR): consider throwing jars from a specific rung of a ladder
where the jars could either break or not. If a jar is unbroken during a test, it can be used next
time. The highest safe rung is a rung that for any test performed above it, the jar will break.))
as a Zermelo game, mainly using its recursive property. The state–space convergence and
solution quality of the algorithm prove to be good, but it faces the common time-consuming
problem of the neural MCTS algorithm.

Drori et al. [90] modeled some COPs of choosing edges over graphs as a single-player
game, represented by a decision tree. Drori et al. used the graph attention network to en-
code the line-graph variant of the original graph, and then used the attention mechanism
to select actions (add/remove an edge). Finally, they updated the network weights through
the evaluation oracle of the leaf nodes, where perfect information game theory proved
that a similar mechanism could approximately converge to an optimal policy. Drori et al.
conducted experiments on four problems of minimum spanning tree, shortest path, TSP,
and VRP, and demonstrated linear running times with good optimality gaps.

Competitive Game

Shahadat et al. [91] regarded each strategy of the TSP problem as a player and it-
eratively updated them through competition and reinforcement to obtain the optimal
strategy. Specifically, Shahadat et al. first randomly initialized some strategies, each
of which has a payoff equal to 0. In each round of iteration, for the player Xi, an op-
ponent player Xj is chosen to compare; if Xj wins, then Xi imitates the strategy of Xj
(copy some sequence from the opponent) to update itself, and rewards the winning player
according to probabilistic utility theory, otherwise, Xi updates itself according to the current
global best player and the local best player (the strongest strategy that Xi has explored).
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If the update does not exceed its previous performance, the strategy of Xi is updated again
with a local search strategy 2-opt.

Cooperative Game

In tasks involving cooperation among multiple agents, the concept of equilibrium and
communication in game theory tends to lead to good solution quality.

Kulkarni et al. [92] proposed to use probability collectives to solve the small-scale
multi-depot multiple traveling salesmen problem (MDMTSP). This method is a kind
of cooperative approach, and the main idea is to treat each salesman as an agent, and
each route as a strategy that forms an agent’s strategy set. In each iteration, each agent
independently updates the probability distribution over its own strategy set to select
a specific action that has the highest probability of optimizing its own utility (private utility)
until the probability distribution can no longer be changed (to reach Nash equilibrium).
As a cooperative approach, the private utility is allocated by the global utility, so the global
objective is optimized in each iteration, too. In order to deal with the problem of node-
repeated-selection in TSP, Kulkarni et al. also used heuristic methods, including node
insertion and elimination, and neighboring and node swapping. This method solves
the MDMTSP of 3 depots, 3 vehicles, and 15 nodes in a short time, but Kulkarni et al. also
pointed out that it can only solve small-scale problems with few constraints.

3.2. Problems

In this section, the historical solution process of classical COPs are concerned, focusing
on the change of methods and the data scale of the experiments, so as to guide application
to practical problems. It can also reflect how the ML algorithms proposed in recent years
move the field forward. Some problem-specific solutions not mentioned in Section 3.1
are added.

3.2.1. Integer Linear Programming

ILP is a general form for many discrete COPs and is of great practical significance.
Table 5 presents ML methods proposed in recent years to solve the ILPs.

To solve MILP problems, B&B is a common approach, which builds an optimization tree
and selects variables for branching at each step, and prunes according to the results of LP-
relaxation. In the branching stage, strong branching (SB) gives the score of candidate nodes
to guide the selection. Alvarez et al. [70] proposed to treat the scoring stage of SB as a regression
problem and used supervised learning for fitting to solve binary MILP problems. The method
effectively improves operation efficiency. He et al. [71] formally modeled the decision process
of B&B as MDP, and treated node selection and node pruning as classification problems. They
set the label of expand and prune according to whether the node is optimal, and then used the
imitation learning method to deal with the problem of imperfect information. On larger-scale
problems, the method of He et al. further reduces the computational time and the gap with
the optimal solution on MILP problems. Khalil et al. [72] further regarded the SB scoring
problem as a learning-to-rank problem where nodes are labeled by binary ranking, that is, nodes
with scores close to the highest score are ranked higher than others. The ranking strategy is
learned by supervised learning methods. In addition, the method proposed by Khalil et al.
seamlessly transfers the branching strategy from the SB- to ML-based method when applied to a
given problem, instead of learning the strategy offline. Gasse et al. [93] also formulated B&B
as MDP and learned the policy by behavioral cloning. They treated the binary tree as a bipartite
graph and used GCNN to encode the state to improve the generalization ability of the algorithm
on test instances.

The work of Kruber et al. [251] concerned the issue of the decomposition of MIPs.
A MIP problem can be decomposed in many ways, and some of them can well reflect
the structure of the original model for which the MIP can be reformulated to an easier
form to solve, while some decompositions are not suitable. Kruber et al. proposed to use
supervised learning to train a classifier to decide whether a given decomposition of MIP is
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worth continuing to be reformulated. Kruber et al. tested the classifier on both structured
instances (such as set covering, BPP, VRP, etc.) and unstructured instances with a total
of 1619 decompositions.

Table 5. Methods for ILPs.

Method Reference Year Description Scale

SL

Alvarez [70] 2014
learning SB

scoring decisions
on binary MILP

hundreds
variables, 100

constraints

He [71] 2014

using Dagger
to learn binary
branching and
pruning policy

on MILP

200–1000
variables,
100–500

constraints

Khalil [72] 2016
learning ranking
policy derived

by SB, on-the-fly

50,000 and
500,000 nodes

Kruber [251] 2017

learning
to decide
whether a

decomposition
of MIP is
suitable

−

Gasse [93] 2019
using GCNN
to encode the

bipartite graph
−

Paulus [84] 2021

an end-to-end
trainable

architecture
to learn

constraints and
cost terms of ILP

1–8 variables,
2–16 constraints

RL Tang [94] 2020
learning to cut
plane with RL

on IP

variables ×
constraints = 200,

1000, 5000

Paulus et al. [84] directly used the mathematical gradient substitution method to en-
able the loss between the objective function and the optimal objective function to be passed
to the parameters c of cost function and the parameters A and b of the constraints, thereby
realizing an end-to-end black-box solver. Paulus et al. showed high accuracy of this method
on very small-scale ILP problems.

Tang et al. [94] used reinforcement learning to improve the cutting plane method
(specifically, Gomory’s method [252]) for solving IPs. Tang et al. modeled the process
of selecting cutting planes as an MDP, where the state is the current feasible region and
the reward is the change in the value of the objective function between episodes. In order
to deal with the problem that the policy is independent of the order of the constraint
parameters and the input length is variable, Tang et al. used the attention network and
LSTM, respectively. In the experiment, Tang et al. considered problems of three scales with
the number of variables, and the number of constraints being about 200, 1000, and 5000.

3.2.2. MIS, MVC, MC

MIS, MC, and MIS problems are COPs over graphs and are equivalent problems
mathematically, thus, the methods for these problems are similar. Table 6 represents
the surveyed works on this problem.
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Table 6. Methods for MIS, MC, MVC.

Method Reference Year Problem Description
Scale

(Vertice)

SL Li [231] 2018 MIS, MC,
MVC

using GCN
to generate

multiple
probability
maps and

doing
tree-search

on them

1000–100,000

RL

Khalil [95] 2017 MC, MVC

using
S2V-DQN to
select desired

node once
a time

50–2000

Venka-
takrish-

nan [240]
2018 MIS, MC,

MVC

using
Graph2Seq to

handle
variable

graph size
trained by
Q-learning

25–3200

Abe [245] 2019 MC, MVC

using
CombOpt
to solve

the problem
of limited

exploration
space

100–5000

Barrett [247] 2020 MC

using
ECO-DQN to

improve
the solution
during test

time

20–500

Song [243] 2020 MVC

co-training
algorithms

with
graph-based

and
ILP-based
representa-

tions

100–500

Manch-
anda [241] 2020 MC, MVC

learning
to prune poor

nodes
in order to
generalize
to larger

graph

50 K–65 M

Karal-ias [96] 2020 MC

traing GNN
in unsuper-

vised way by
constructing

a differen-
tiable loss
function

up to 1500
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With the development of deep networks, GNNs are widely used to solve problems
based on graph structures, including COPs. Khalil et al. [95] used GNNs to solve MC
and MVC firstly. As described in Section 3.1.2, they proposed to select the desired node
once a time, using the Structre2Vector network to embed nodes that are learned by Q-
learning, and tested this method on graphs with 50–2000 nodes. Li et al. [231] regarded
the output of GCN as an n-dimension real-valued probability map. Instead of converting
the probability map to the discrete solution directly, they proposed to generate multi-
ple maps and used a breadth-first tree search to obtain the complete solution. They
showed that this method generalized well on graphs with 1000 nodes to 100,000 nodes and
10 million edges. Venkatakrishnan et al. [240] proposed Graph2Seq-RNN based on [95],
which uses a discrete-time dynamical system to deal with the graph and enables the net-
work to perform well on graphs with different sizes from the trained one. Experiments
are performed on graphs with 25–3200 vertices and various edge probabilities, notably,
the policy is trained on graphs of size 15 and edge probability 0.15. Abe et al. [245]
proposed CombOpt to solve the problem of limited exploration space in the Q-learning
method, which uses a reward normalization technique relating to comparison with random
actions. The training set includes graphs with 40–50 nodes for MC and 80–100 nodes
for other problems, and the testing set includes graphs of various sizes from 100 to 5000.
Manchanda et al. [241] extended the method of [95,231] to graphs with 50 K to 65 M nodes
with up to 1.8 B edges by learning to prune poor nodes that have little contribution to the so-
lution set. Karalias et al. [96] proposed a principle method to construct the differentiable
loss function from discrete problems, and trained a GNN to minimize this loss function
in an unsupervised way, following selecting a node according to the vector output by GNN.

Rather than improve the training process, Barrett et al. [247] focused on improving
the solution during test time. They proposed ECO-DQN with a reward structure to guide
exploration, that is, adding or removing a node from the solution. They tested this method
on graphs with 20–500 vertices and showed that it beat S2V-DQN in most cases.

Song et al. [243] used both graph-based and ILP-based representations of COPs.
They solved a problem with two algorithms based on two kinds of representation separately
and exchanged the information between two solutions. Experiments were performed
on graphs of sizes 100–500 and showed good generalizing ability and solution quality.

3.2.3. Traveling Salesman Problems

Due to the natural structure of the TSP, it is easy to treat the strategy as a decision
sequence, where nodes are selected one by one and form a route. There are two ways
to deal with the input structure: a sequence or a graph. Generally, the graph representation
characterizes the structure better since the order of depots in input has the property of being
permutation invariant. Recent works on this problem are presented in Table 7.

The first attempt to apply the sequence-to-sequence model into COPs is made by
Vinyals et al. [76]. They proposed Ptr-Net based on the attention mechanism, which enables
a variable length of input and is trained with supervised learning. Nodes are selected
according to the probability distribution over candidate nodes set as output by Ptr-Net.
They tested it on small-scale TSPs with fewer than 50 nodes and found that Ptr-Net seems
to break for 40 nodes and beyond. Bello et al. [85] improved [76] by learning the probability
distribution with REINFORCE, removing the reliance on training data. Active search
was used to construct the final solution. Experiments were performed on TSP20, 50,
and 100. Refs. [86–88,239,246] used similar architecture based on S2S. Emami et al. [87]
proposed to learn the permutation matrix of nodes instead of the probability sequence
using the Sinkhorn policy gradient and test it on TSP-20, obtaining better performance.
Kwon et al. [246] proposed POMO to solve the problem that equivalent optimal solutions
are unequally selected by previous methods.

To solve problems such as VRP where the input status changes over time, Nazari et al. [239]
proposed a variant of [85] which embeds the static elements and dynamic elements in the input
separately. Experiments suggest this method can obtain better results than classical heuristics.
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Nowak et al. [81] proposed to apply GNN to COPs. It is trained in a supervised
such way that the loss between the bedded origin graph and target graph with the same
number of nodes is calculated. Nowak et al. tested the method on TSP20 and mentioned
a performance gap with Ptr-Net [76]. Khalil et al. [95] further proposed S2V-DQN to remove
training data, as described in Section 3.1.2. Joshi et al. [253] improved [81] by replacing
the self-regression approach and compared different search methods. Prates et al. [233]
focused on COPs with numerical information (in this case, TSP with cost constraints) and
proposed to embed edges with weights and constraints and trained the GNNs with labels.
Ma et al. [244] also focused on COPs with constraints and proposed to use the graph
pointer network and hierarchical RL architecture, where two levels aim at optimization
and making solutions feasible, respectively.

Table 7. Methods for TSP.

Problem Method Reference Year Description Scale

TSP

S2V

Vinyals [76] 2015 Ptr-Net <50

Bello [85] 2016 Ptr-Net +
REINFORCE 20, 50, 100

Deudon [86] 2018 attention+REIN-
FORCE+2-opt 20, 50, 100

Emami [87] 2018 attention+Sinkhorn
Policy Gradient 20

Kool [88] 2019

Transformer+REIN-
FORCE with

baseline relating
to the best model

so far

20, 50, 100

Kwon [246] 2020 attention+REINFORCE 20, 50, 100

G2V

Nowak [81] 2017 GNNs 20

Khalil [95] 2017
GNNs +

Q-learning,
S2V-DQN

50–2000

Joshi [253] 2019 GCNs + beam
search 20, 50, 100

Prates [233] 2019 GNNs, message
passing 20–40

Ma [244] 2019
Graph pointer Net-
work+hierarchical

RL
250, 500, 750, 1000

improve-ment RL Wu [248] 2021 transformer+AC 20, 50, 100

end-to-end Vlaste-lica [83] 2020

an end-to-end
trainable

architecture
to learn cost terms

of ILP

5, 10, 20, 40

game Kulkar-ni [92] 2009 Probability
Collectives 3 depots, 3 vehicles

Shaha-dat [91] 2021 competitive game
among strategies -
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Table 7. Cont.

Problem Method Reference Year Description Scale

VRP

S2V
Nazari [239] 2018 RNN + attention +

policy gradient

10, 20, 50, 100
customers, 20, 30,

40, 50 vehicle
capacity

Kwon [246] 2020 attention +
REIN-FORCE 20, 50, 100

improve-ment RL
Chen [97] 2019

using NeuRewriter
to find a local

region and
the associated
rewriting rule

20, 50, 100

Lu [249] 2020 use RL to choose
operators 20, 50, 100

Wu [248] 2021 transformer + AC 20, 50, 100

Some RL improvement methods are proposed to solve TSP. Chen et al. [97] proposed
NeuRewriter to learn region-picking and rule-picking policies and improved a feasible
solution by locally rewriting. They tested NeuRewriter on Capacitated VPR of sizes 20, 50,
and 100. Lu et al. [249] proposed to use RL to choose heuristic improvement operators, and
the other class of operators, namely perturbation operators, was used to avoid the local
optimum. Wu et al. [248] proposed an attention mechanism-based architecture to choose
a node pair for pairwise local operators without human guidance, which outperforms other
deep models on TSP and CVRP instances.

Game theoretic methods have also been applied in TSPs. Kulkarni et al. [92] proposed
to solve MTSPs using probability collectives, where agents try to maximize their own
utility, which is assigned by a global utility independently. They obtained good solutions
in a short time on small-scale MTSPs. Shahadat et al. [91] created a competitive game
among strategies over TSPs. At each step, two strategies were compared, and the winner
was used as a demonstration to the loser.

4. Applications in Energy Field

This section mainly focuses on applications in problems in the energy field [254].
Applications in several aspects were surveyed, including petroleum supply chain, steel-
making, electric power system, and wind power. The results of the review are reported,
respectively, as follows.

4.1. Petroleum Supply Chain

Three scenarios of the petroleum supply chain were focused on: refinery production
planning, crude oil scheduling, and oil transportation, each of which plays a significant role
in the supply chain by a sequence of operation processes. Then a brief review of progress
on application to solutions of the aforementioned problems in the petroleum supply chain
was presented, for these processes are major concerns of worldwide petroleum supply
systems. Table 8 gives a brief summary of applications surveyed.
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Table 8. Application in petroleum supply chain.

Senario Problem Reference Year Approach

Refinery
Production
Planning

refinery product
profits

[99] 2007 stochastic algorithm

strategic refinery
production planning

[98] 2017 Cournot oligopoly-
type game

refinery operation
problem

[100] 2017 Cournot
oligopoly model

gasoline industry
investment

[101] 2020 three-phase
Stackelberg game

Refinery
Scheduling

refinery production
and operation

[105] 2009 DP + mixed genetic

crude oil
scheduling

[104] 2010
fuzzy and

chance-constrained
programming

refinery planning
and crude oil

operation scheduling

[255] 2011 Lagrangian decomposi-
tion

scheduling refinery
problem

[256] 2011 logic-expressed
heuristic rules

oil-refinery
scheduling

[102] 2015 heuristic algorithm

refinery crude
oil scheduling

[257] 2020 line-up competition
algorithm

crude oil
operation scheduling

[258] 2020 NSGA-III

crude oil
supply problem

[259] 2020 MILP clustering

tank blending
and scheduling

[260] 2020 discretization-
based algorithm

oil blending
and processing
optimization

[261] 2020
discrete-time-

presented multi-
periodic

MILP model
crude oil

refinery operation
[262] 2020

unit-specific
event-based

time representation

Oil
Transportation

refinery product
profits

[99] 2007 stochastic algorithm

long-term
multi-product

pipeline scheduling

[10] 2014
MILP-based

continuous-time
approach

multi-product
treelike pipeline

scheduling

[12] 2015 continuous-time MILP

long-distance
pipeline transportation

[263] 2015
outer-approximation-

based iterative
algorithm

crude oil
pipeline scheduling

[264] 2016 two-stage stochastic
algorithm

pipeline scheduling [11] 2017 SM + ACO
fuel replenishment

problem
[107] 2020 adaptive large

neighborhood search
refined oil

pipeline transportation
[265] 2020

parallel computation
+ heuristic rules

+ adaptive search
refined oil

transportation
[266] 2021 improved variable

neighborhood search
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4.1.1. Refinery Production Planning

Refinery production planning is the precondition of all the operations, as it defines
the number of end products to be produced and predicts the total profits of the whole
production process. The ML model based on game theory was investigated to deal with
refinery production planning problems.

Tominac et al. [98] presented a structure based on game theory according to a Cournot
oligopoly-type game to solve strategic refinery production planning problem, as the model
involves multiple refineries and markets. The results show rational and robust decisions
and are mutual best responses in the competitive planning game. Ravinger [99] built
a Cournot oligopoly model embedding a stochastic algorithm to cope with product profits
problem for refineries. This model with an oligopolistic market structure takes into account
key characteristics of refineries and yields a solution concerning investment decisions
under demand shock. Tominac [100] also constructed a Cournot oligopoly model for re-
finery operation problems in multiple markets competition, which is an optimal strategic
production planning problem. The model takes into account both economic objectives and
process constraints to tackle such MILP. On the aspect of economy, Babaei et al. [101] used
a three-phase Stackelberg game theory approach based on a multi-agent method to analyze
the gasoline industry investment by the government under massive consumption and
shortage of production in developing countries. The results show that profit is maximized
for investors under the management of production volume.

From producing point of view, the ML approach based on game theory regards
each refinery as a single rational agent, where each considers both their profits and in-
tegrated profits in the game to achieve Nash equilibrium. Therefore, with cooperation,
i.e., transporting products to each other refinery, the whole supply system maximizes profit.
However, transportation costs cannot be easily considered in this game model since none
of the agents would be willing to take the risk. Therefore, dealing with transportation costs
in the ML approach based on game theory would be another challenge.

4.1.2. Refinery Scheduling

Refinery scheduling is a significant production operation in the upstream petroleum
supply chain in which many complex chemical sub-operations are involved, including
crude oil unloading, crude oil mixing, production unit operation, products blending, and re-
fined oil distribution [102]. These scheduling optimization problems are stochastically
uncertain and have multiple constraints and objective functions [103]. It is difficult to op-
timize the model with such complexity, not to mention large-scale scheduling problems.
Therefore, different models and algorithms with built-in ML mechanisms were surveyed,
where each approach either simplifies the model or reduces the time of solving.

Crude oil scheduling sometimes can involve uncertain conditions, especially when
dealing with product demands or ship arrival time at the terminal. To solve crude oil
scheduling problems under uncertain conditions, Wang et al. [104] developed a two-stage
robust model which transforms fuzzy programming and chance-constrained programming
into deterministic counterpart problems at the first stage and proposes the second stage
based on the scenario. The experiment shows that the feasible rate raised from 32% to 97%
compared to the approach proposed by Cal et al. Li et al. [105] suggested a hybrid
mechanism combining DP and mixed genetics to improve the general DP algorithm, which
is computationally expensive to solve the model with inequality constraints. The algorithm
successfully solves multi-stage production and operation DP problems in refineries under
uncertain market demand and yields an adaptive and effective solution.

Among all the literature works investigated, many applications of heuristic aim to sim-
plify the model and thus make the algorithm computationally cheaper to obtain the opti-
mization. Shah et al. [102] proposed a heuristic algorithm based on a decomposed network
to solve the oil-refinery problem. The authors decomposed the problem into two separate
scheduling problems and generated multiple integer cuts at the end of each iteration,
which significantly reduces the computational time due to fewer iterations being needed.
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Similarly, A MIP model integrating logic-expressed heuristic rules was reported by Li [256]
to simplify the model of the scheduling refinery problem as well as to improve the efficiency
of the solution without losing optimization guaranteed. Yue et al. [257] first proposed
a heuristic rule of the oil transport sequence. Then an asynchronous continuous-time CO
model based on a line-up competition algorithm was built to transform the original refinery
crude oil scheduling problem (RCSP), a MINLP, into a CO problem that makes it easier
to obtain the optimal solution, and then solve it within a relatively short computational
time. The total cost of scheduling, the objective function, is proved to reduce by 2.1% com-
pared to other approaches mentioned. To solve the crude oil operation scheduling problem
for refineries, which is a multi-objective optimization problem, an NSGA-III based method
was proposed by Hou et al. [258]. As a meta-heuristic algorithm, NSGA-III improves
population diversity by adaptively updating reference points compared to NSGA-II.

There are some sources involving the use of other techniques. Assis et al. [259] pre-
sented a MILP clustering mechanism to cope with the operational management of the
crude oil supply (OMCOS) problem consisting of the scheduling of vessel traveling be-
tween a terminal and platforms. The authors used the clustering solution as a pre-step
to simplify operations and reduce the total number of vessel routes. Beach et al. [260] pro-
posed a discretization-based algorithm which can approximate non-convex mixed-integer
quadratically constrained programming (MIQCP) as a MILP. To solve the tank blending
and scheduling problem, the authors combined the algorithm with a rolling horizon ap-
proach, which is evaluated to be supportive of using industrial datasets. Li [261] reported
a discrete-time-presented multi-periodic MILP model for oil blending and processing
optimization problem. Shown by numerical results, this formulation is computationally
effective, as it reduces solving time. Mouret et al. [255] proposed an approach involving
Lagrangian decomposition to solve refinery planning and crude oil operation scheduling
integration, which is a large-scale MINLP. The authors introduced a hybrid dual problem
to update Lagrange multipliers and then solve each problem separately. Bayu et al. [262]
reported a unit-specific event-based time representation based on the state task network
(STN), an extension of a previous benchmark given by Yadav and Shaik, to solve crude oil
refinery operation involving desalting. The proposed model makes it possible to inform
the decision maker of resources consumed, such as wash water and sludge.

To conclude this section, the built-in ML algorithm could help simplify the COP model
or reduce the solving time with certain architecture constructed. Yet not every part of the
production process was considered for refinery scheduling, i.e., the omitted elements, such
as dependence on uncertain parameters and uncertainties under non-linear constraints,
would cause the results to be different.

4.1.3. Oil Transportation

Now it is time to focus on the intermediate operation that connects upstream and
downstream of the petroleum supply chain: oil transportation. The oil transportation
system consists of several methods among crude oil fields, refineries, storage terminals,
and sales companies: pipeline, trucks, railway, and tankers [106]. The determination is
made with respect to different factors, such as distance, oil type, cost, etc. In this section,
applications to problems concerning pipeline scheduling were mainly investigated.

Oil transportation through pipeline usually involves multi-product scheduling prob-
lems. Mostafaei et al. [10] introduced a MILP-based continuous-time approach for the
long-term multi-product pipeline scheduling problem, which is a MINLP. Compared
to work performed by Cafaro et al., the formulation proposed by Mostafaei et al. allows
25% less total operation cost. Focusing on the same topic, Mostafaei et al. [12] also pre-
sented their work of a continuous-time MILP to address the scheduling of multi-product
treelike pipeline scheduling consisting of a single refinery and several downstream de-
pots. The proposed model is proved to be significantly more computationally efficient.
Like Mostafaei et al., who focused on pipeline scheduling between a single refinery and
multiple terminals, Zhang et al. [11] also concentrated on multiple pump stations, which
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is a crucial structure for long-distance pipelines. The authors presented a hybrid compu-
tational approach embedding SM into ACO. Therefore, with such an architecture, two
sub-models are more interactive than other multi-step models in previous literary works.

Now, the reader may look at other approaches. Oliveira et al. [264] presented
a two-stage stochastic MILP model to determine the scheduling of pipeline-transported
oil and sequence of ships at the terminal, which is a system with supply uncertainty.
Zhang et al. [263] developed a continuous-time scheduling model embedding an outer-
approximation-based iterative algorithm to tackle the long-distance pipeline transportation
problem. Gao et al. [266] proposed an improved variable neighborhood search algorithm
(IVNS) for scheduling refined oil transportation with multiple trips and due times. To im-
prove local optimization ability, a greedy strategy is built based on the initial solution
obtained by the forwarding insertion heuristic. Therefore, the results converge faster with-
out losing the quality of the solution. Wang et al. [107] constructed an adaptive large
neighborhood search (ALNS) heuristic to cope with the fuel-replenishment problem (FRP),
a VRP with multiple deliveries, trips, and compartments, where different products are
involved. Wang [265] proposed an improved simulated annealing (ISA) algorithm incor-
porating parallel computation, heuristic rules, and adaptive search to tackle refined oil
pipeline transportation problems in order to optimize computation and special constraints.
To simplify the structure, the author presented an approach that separates one pipeline
transportation scheduling problem into initial-station input scheduling and sub-problems
of distribution scheduling at each station along the pipeline. The resulting scheduling
plan was proved to be efficient and effective applying to a real instance. Based on previ-
ous research of a petroleum products distribution system, where an object-oriented Petri
nets (OOPN) framework is proposed, Li et al. [267] presented a queue theory to improve
the safety of the existing model, for the OOPN model only shows boundedness and no
deadlock without evidence of safety. The improved model was shown to be effective.

So far, the references surveyed in this section were all focused on treelike pipelines
with multiple destinations, i.e., the models were built on a single refinery concerning
several terminals, while in reality, the pipeline for oil transportation would be more like
a complicated network. With such complexity, whether the current algorithm would still
be competent is worth questioning.

4.2. Steel-Making

The scheduling problem in steel making is another complicated combinatorial problem
in the industrial field. Like petroleum refinery scheduling, steel-making scheduling also
involves numerous chemical operations and materials blending. Table 9 gives a brief
summary of the applications surveyed.

To deal with dynamic uncertainty involved in steel-making workshops, Lin et al. [108]
introduced a deep RL-based algorithm to the crane scheduling problem. Then a DQN
algorithm was built into the crane action value network model. The resulting schedul-
ing showed that the task completes faster using this model, thus improving efficiency.
Zhou [109] proposed an improved gray wolf optimization algorithm based on a deep deter-
ministic strategy gradient algorithm (DDPG-GWO) to deal with problems such as the local
optimum and poor stability of the solution without using the gray wolf algorithm. DDPG
can help train the agents, thus avoiding the above problems. It is proven that DDPG-GWO
can obtain a more accurate solution in less computational time. Jia [110] aimed at solving
batch machine scheduling problems and presented a batch optimization algorithm based
on Ptr-Net, which is trained by RL. To improve the performance of Ptr-Net, a hybrid
genetic algorithm is introduced, due to its capability for global search. As a crucial link
during the steel-making process, the operation and scheduling problem of steel-making
and continuous casting has complicated constraints with uncertainty. To realize intelligent
optimization, Ma et al. [111] discussed an integrated framework based on ML with rolling
optimization algorithm and rule mining.
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There were not enough clues to show the application of the algorithm based on game
theory that was used in steel making. Most of the references surveyed were relevant to the
ML-based algorithm with modification to approaches to solve COPs.

Table 9. Application in steel making.

Problem Reference Year Approach

crane scheduling
problem

[108] 2021 deep RL-based
algorithm + DQN

scheduling of
steelmaking and

continuous casting

[109] 2021 DDPG-GWO

batch machine
scheduling

[110] 2021 Ptr-Net

steel-making
operation and

scheduling

[111] 2022 integrated framework +
ML

4.3. Electric Power System

The scheduling problem in electric power systems is another industrial field that draws
attention. Similar to the petroleum supply chain, the electric system is also a multivariate
non-linear system with high uncertainty and complexity. Nevertheless, unlike liquid or gas-
formed petroleum products, this power cannot be stored due to the special physical feature
of electricity. Therefore, solving such a system requires more consideration and is thus
more complicated [268]. Table 10 gives a brief summary of the applications surveyed.

ML-based approaches were first surveyed to solve CO scheduling problems in the elec-
tric system. Yan et al. [112] proposed an improved Ptr-Net combining the deep RL al-
gorithm to obtain end-to-end self-learning calculation for the topology control strategy
of distribution network fault recovery. Dong et al. [113] constructed an optimization
dispatch model based on the RL framework using the Markov decision process. Then
the model was trained by the AC algorithm and deep deterministic policy gradient al-
gorithm. Then the system was divided into multiple agents concerning data interaction,
and the optimization model was transformed into an MARL model. Compared to the SARL
algorithm, the training process can converge more stably. Aiming at transient voltage
stability in energy internet (EI), Cao et al. [114] proposed a deep RL algorithm based
on CNN to improve decision-making optimization to balance the power supply–demand.
This algorithm has a more accurate prediction compared to conventional ML algorithms,
and it also satisfies the expectation of system stability. Zhang et al. [115] focused on hy-
brid energy coordinated control optimization problems for hybrid energy storage systems.
The authors designed a deep RL framework embedding a neural network model to solve
the formulated decision-making problem. Li et al. [116] focused on the scheduling problem
of charging stations to predict the power supply capacity required and conduct a neural net-
work mapping model based on DL. Experiments show the capability of dealing with the sizing
problem of station charging capacity. Huang et al. [117] suggested a hybrid approach based
on the original differential evolution (DE) algorithm, combining the ant system to tackle
the optimal reactive power dispatch (ORPD) problem. Having been tested on a real system,
the approach can achieve lower power losses during transmission with better results and
performance compared to previous methods. Yuce et al. [118] aimed at optimizing the
smart scheduling of energy-consuming devices, utilizing artificial neural network/genetic
algorithm (ANN-GA). The best performance was found in a Levenverg–Marquardt-based
learning algorithm with which the maximized use of renewable sources and reduced
energy demand were achieved. With a great interest in generation expansion planning,
Huang et al. [119] presented an investment planning model embedding a double-layer
optimization construction and three types of agents built with the Q-learning algorithm
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and GA, considering a change in electricity price and generation cost. The model is effective
and was practicably proved by two real-world instances.

Now, research on models that involve game theory are concentrated. This ML ap-
proach considers the perspective of the economic market and treats each decision maker
as an individual agent. The objective is usually the total profit. To improve the efficiency
of the energy system, Sheikhi et al. [269] proposed a model based on cloud computing (CC)
framework that modifies the classic energy hub (EH) to support managing communication
between utility companies and smart energy hubs (S.E. hub). The approach is applied
for users to obtain demand side management (DSM) while the Nash equilibrium is achieved
by a subgradient optimization algorithm. Fan et al. [270] drew their interest in energy hub
and studied the multi-neighbor cooperative economic scheduling problem, where EHs
compose a community to exchange energy with each other to minimize operational cost.
The authors built a model of a bargaining, cooperative game for this management problem
and found the Nash equilibrium to ensure optimal operations. Peng et al. [271] built
a bottom-up inter-regional transaction model for electricity pricing mechanism. The results
quantitatively showed the relationship between the retailers’ behavior and benefit and
cost of electricity under the certain economic assumption. Chen et al. [272] proposed
a mechanism based on the Stachelberg game for demand response (DR) scheduling opti-
mization problems with load uncertainty. The authors took into account the users’ optimal
consumption as well as the price of electricity to model the interaction between the service
provider and users for the smart grid. The results reached a balanced demand versus
supply. For the same interest, Li et al. [273] also reported an optimization framework based
on the Stachelberg game to deal with scheduling of the DR energy system, setting profits
of the integrated energy operator (IEO) as the objective. The game was built into a MINLP
formulation and solved with an introduced sequence operation theory. The results were
verified to be applicable by real-world instances.

More widely used ML approaches are shown in this section on the aspect of manage-
ment, where each energy hub is considered an agent bargaining with each other. Unlike
the petroleum supply chain, the electric power system has a shorter supply chain, and
the problem is closer to the market.

Table 10. Application in electric power system.

Problem Reference Year Approach

energy-consuming
device optimization

[118] 2000 ANN-GA

optimal reactive
power dispatch

[117] 2012 DE + ant
system

DR scheduling
optimization

[272] 2012 Stachelberg-ML
mechanism

energy system
efficiency

[269] 2015 CC

generation
expansion planning

[119] 2016 Q-learning + GA
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Table 10. Cont.

Problem Reference Year Approach

charging stations
scheduling

[116] 2017 NN + DL

multi-neighbor
cooperative economic

scheduling
[270] 2018 bargaining

cooperative game

electricity pricing [271] 2018
bottom-up

inter-regional
transaction model

power supply-
demand

[114] 2019 RL + CNN

hybrid energy
storage

[115] 2019 RL + NN

distribution
network fault

recovery

[112] 2021 improved Ptr-Net

optimization
dispatch

[113] 2021
AC + deep

deterministic policy
gradient algorithm

DR energy
system

[273] 2021 Stachelberg-ML
optimization

4.4. Wind Power

The scheduling problem in wind power is another issue that people are concerned
about in the energy field that involves the application of game theory to solve combinatorial
problems. Table 11 gives a brief summary of applications surveyed.

Marden et al. [120] focused on energy production optimization problems in wind farms and
suggested a model-free distributed learning strategy, an algorithm without building a model
of interaction between wind turbines based on game theory and cooperative control. This
learning strategy was demonstrated to achieve maximum energy production. Quan et al. [121]
proposed a non-parametric neural network-based prediction intervals (PIs) with a built-in
Monte Carlo simulation method for wind power prediction problems. The stochastic security-
constrained unit commitment (SCUC) model was then solved by a heuristic genetic algorithm
and the model was presented to be robust. Mei et al. [122] proposed a min-max game model
for the static reserve capacity planning problem with large-scale integration of wind power.
The authors then introduced a two-stage relaxation algorithm to cope with the min-max
game. The application showed robustness and efficiency. Liu et al. [123] analyzed the
capacity planning model based on cooperative game theory in a low-carbon economy and
presented an improved strategy for the union of wind-farm and grid companies. The model
built a balanced and reasonable profit separating mechanism.

Not many references were surveyed for wind power field. The presented results
showed an application of ML approaches with game theory, considering wind turbines
as independent agents, similar to that in an electric power system.
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Table 11. Application in wind power.

Problem Reference Year Approach

energy production
optimization

[120] 2013 model-free
distributed learning

wind power
prediction

[121] 2014 non-parametric
NN

static reserve
capacity planning

[122] 2014 two-stage
relaxation

capacity planning [123] 2015 cooperative
game theory

5. Challenge

5.1. Developing Game Theoretic Learning Methods

There are three main challenges to solving COPs: (1) Accuracy—the policy space
of a COP is always huge and hard to explore. For large-scale COPs, the optimal solution
is even unknown. Therefore, it is hard to find the best optimization direction, escape
from the local optimal, and bound the optimization gap. (2) Efficiency—solving a COP
has been proved to be NP-hard, and all algorithms seek to solve it in considerable time.
(3) Scalability—despite having the same structure, when the data or scale of a COP is
changed, the solution distribution can be totally different.

Game theory has been widely used to solve complex optimization problems, and been
integrated into ML, especially RL. Single-player algorithms (e.g., self-play) can improve
the policy by beating an opponent, which is a useful way to improve the accuracy, and multi-
player algorithms (e.g., centralized training decentralized execution methods) realize
cooperation when agents make decisions independently, which may be used to solve
complex COPs that include several independent components whose policies are changeable,
improving scalability. However, as summarized in Section 3, more than half of the current
methods use RL to update the policy, while few use the idea of game theory.

5.2. Challenge of Application in Energy Field

Given three scenarios in the petroleum supply chain to illustrate the application of the
learning approach for COPs, it is undeniable that COPs in the petroleum supply chain are
significantly complicated, where each scenario requires a different approach.

Refinery production planning involves strategic decisions of each refinery, considering
both productions of other refineries and the demand of the market. This scenario is con-
sidered a multi-player game, and ML approaches based on game theory are widely used,
where each refinery is seen as a single agent (player) competing or cooperating in the game,
considering both their own profits and integrated profits in the game to achieve Nash equi-
librium. Yet most of the ML approaches using game theory are applied to the aspect of mar-
ket taking profits as the objective, although cases may differ in the real production process.
Hence, more ML methods on the aspect of industrial production are to be investigated.
Refinery scheduling is a more micro scenario which focuses on operations inside a sin-
gle refinery where complex chemical sub-operations are involved. Since no player is
involved in this scenario, no learning approach based on game theory is used when solv-
ing the problems. Rather, traditional COP frameworks, such as MILP and MINLP with
machine learning improvement, such as heuristic algorithm, are more often utilized. Oil
transportation including crude oil transportation and refined oil transportation is a classic
programming problem that many industrial fields are facing. Problems of transporting
through pipeline are mainly surveyed. Again, no learning approaches based on game
theory are used due to lack of players in this scenario, and the traditional COP frameworks’
embedding approaches, such as the stochastic algorithm, are introduced.

Steel making has a similar production operational process to refinery scheduling,
and hence they utilize the same scheduling problems and approaches. Traditional COP
frameworks are widely used with the RL-based algorithm introduced for improvement.
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Through investigation, two points of view and corresponding methods to solve
scheduling problems in electric power system were discovered. ML-based learning ap-
proaches aim at solving CO scheduling problems concentrating on operation, which is
similar to approaches for refinery scheduling. On the other hand, ML methods using
game theory consider each energy hub as an agent deciding with decentralization. Nei-
ther approach provides the decision maker with solutions as the blueprint for the whole
system, i.e., the methods emphasize the single stage or partial process in the operation
instead of having a macro view. Plus, ML methods based on game theory build the model
on the aspect of the economic market rather than industrial production, which may generate
application problems.

Not many applications for wind power were surveyed. The existing studies build mod-
els concerning power generated from and stored in the wind farm. Further investigation
in this field is needed, and more surveys of the wind power system are to be conducted.

Many applications of learning methods are utilized to simplify the model from MINLP
to MIP, thus reducing the computational cost. However, such simplification may yield prob-
lems, such as poor generalization, low accuracy, limited scalability, expensive computation,
etc. For instance, an easily computed algorithm achieving a lower gap to the objective may
not be able to establish accurate solutions [71], and an adaptive approach for a specific
large-scale problem may propose too strong assumptions a priori and thus have poor
generalization [10]. With the growing complexity and scale of problems in the energy field,
more attention should be paid to uncertainty, which makes the simplification of the models
more difficult.

5.3. Application Gap

How to apply new methods in reality is always a big challenge. As investigated
in Section 4, plenty of problems in the real world are formulated as ILP or MIP, which are
traditionally solved by B&B and other heuristic algorithms. However, from Figure 2, we
can see that general or specific ML-based algorithms for ILP lack attention.

We believe there are several reasons for this phenomenon. Firstly, ILP is more difficult
to be solved using machine learning methods than structured problems, such as TSP and
MIS. In machine learning areas, natural language processing and computer vision have
developed rapidly in recent years, whose structures are the sequence and the graph, re-
spectively. Therefore, strong machine learning algorithms are proposed to solve problems
with those two structures and can be applied in COPs conveniently. ILP, as a traditional op-
timization problem with constraints, is more about logic and mathematics than recognition
and neural. Secondly, ILP is well solved by some traditional solvers (e.g., Gurobi, and SCIP),
and thus is hard to beat. Although traditional solvers are stable, they depend on large
amounts of data and experience and are not very useful for new situations in the applica-
tion. Last but not least, there are few real-world datasets for researchers since large-scale
COPs are usually faced by businesses that are private or state owned.

6. Conclusions

This paper investigates ML methods based on game theory to solve COPs in en-
ergy fields.

Section 2 is the introduction of the background of combinatorial optimization problems
and several popular approaches of ML in addressing this kind of issue over the past years.
COPs can be stated as minimization or maximization problems associated with the given
objective function(s). A few classical COPs are mentioned, including the traveling salesman
problem, minimum spanning tree problem, and knapsack problem, following which several
methods are presented: attention mechanisms can handle problems of fixed-length vectors
with limited access to input information in neural networks; GNNs which belong to DL
methods are designed for graph-expressed data structure; RL can be applied for models
involving strategic interactions among rational agents.
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Sub-fields of COPs and more details of these ML methods are further discussed
in Section 3. The approaches can cover the shortage of traditional methods for COPs: SL
improves the computational performance of traditional approaches; reinforcement learning
evaluates the quality of a given solution to avoid the difficulty of obtaining labels in SL; and
game theory can be applied to problems modeled as RL. The applications on corresponding
COPs are demonstrated chronologically.

Section 3 concentrates on some specific applications in energy field and investigates
how the ML algorithms are applied to these issues. Although algorithms based on game
theory have been applied in energy fields, there still exists space for further exploration.
Among three scenarios of the petroleum supply chain, only refinery production planning
involves the application of approaches with game theory, while no clue of game is found
in the background of refinery scheduling and oil transportation. The review of steel-making
also shows no discovery of application on game theory, as the operation is rather similar
to that of petroleum production. There are more widely used ML approaches in the electric
system and wind power on the aspect of management, where each energy hub or wind
turbine is considered as an agent bargaining with each other.

Section 5 is the summary of the challenges over these energy application in which
the ML methods are deployed. Consequently, the existing COPs in energy fields can be
solved by applying ML algorithm under certain conditions, and there still exists space
for learning methods to develop and apply to a wider range of problems.

Future Work

According to the investigation, great efforts have been made by introducing ML
approaches to overcome the high computational complexity of traditional approaches
for COPs. In the energy field, there exist large-scale COPs that can be studied by ML meth-
ods. However, current researchers still face the challenge of balancing poor generalization,
low accuracy, limited scalability, expensive computation, etc. To overcome these challenges,
some possible ideas for future working direction are as follows.

1. Further investigation of the application of approaches based on game theory to tackle
systematic problems is of vital significance. Currently, there are limited applications
in petroleum supply chain. Refineries can be modeled as rational independent agents,
while it is possible to model oil fields, pipelines, or transportation tasks as agents
as well. Building such a system by approaches based on game theory in which
each scene in the petroleum supply chain is a game dependent on each other is
worth expecting.

2. Studies on a systematic framework to handle the increasing uncertainty in CO schedul-
ing problems in the energy field are worth investigating. With the development
of complexity caused by uncertainty in real-world problems, the algorithms also need
to consider adapting to the trend.

3. It is worth studying the application of ML approaches to COPs without the framework
of a traditional COP solver. Subtle modification may not be able to fully demon-
strate the strengths of ML algorithms. By resolving the problem of complexity due
to the large scale, ML algorithms may have better performance on COPs.
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Multidimensional quantum entanglement with large-scale integrated optics. Science 2018, 360, 285–291. [CrossRef]

155. Noé, F.; De Fabritiis, G.; Clementi, C. Machine learning for protein folding and dynamics. Curr. Opin. Struct. Biol. 2020, 60, 77–84.
[CrossRef]

156. Rodriguez, A.; Wright, G.; Emrich, S.; Clark, P.L. %MinMax: A versatile tool for calculating and comparing synonymous codon
usage and its impact on protein folding. Protein Sci. 2018, 27, 356–362. [CrossRef]

157. Poljak, S.; Rendl, F. Solving the max-cut problem using eigenvalues. Discrete Appl. Math. 1995, 62, 249–278. [CrossRef]
158. Festa, P.; Pardalos, P.M.; Resende, M.G.; Ribeiro, C.C. Randomized heuristics for the MAX-CUT problem. Optim. Methods Softw.

2002, 17, 1033–1058. [CrossRef]
159. Kim, Y.H.; Yoon, Y.; Geem, Z.W. A comparison study of harmony search and genetic algorithm for the max-cut problem. Swarm

Evol. Comput. 2019, 44, 130–135. [CrossRef]
160. Martí, R.; Duarte, A.; Laguna, M. Advanced scatter search for the max-cut problem. INFORMS J. Comput. 2009, 21, 26–38.

[CrossRef]
161. Blum, C.; Schmid, V. Solving the 2D bin packing problem by means of a hybrid evolutionary algorithm. Procedia Comput. Sci.

2013, 18, 899–908. [CrossRef]
162. Hifi, M.; Kacem, I.; Nègre, S.; Wu, L. A linear programming approach for the three-dimensional bin-packing problem. Electron.

Notes Discret. Math. 2010, 36, 993–1000. [CrossRef]
163. Yu, A.B.; Zou, R.; Standish, N. Modifying the linear packing model for predicting the porosity of nonspherical particle mixtures.

Ind. Eng. Chem. Res. 1996, 35, 3730–3741. [CrossRef]
164. Biro, P.; Manlove, D.F.; Rizzi, R. Maximum weight cycle packing in directed graphs, with application to kidney exchange

programs. Discret. Math. Algorithms Appl. 2009, 1, 499–517. [CrossRef]
165. Epstein, L.; Levin, A. Bin packing with general cost structures. Math. Program. 2012, 132, 355–391. [CrossRef]
166. Lai, P.; He, Q.; Abdelrazek, M.; Chen, F.; Hosking, J.; Grundy, J.; Yang, Y. Optimal edge user allocation in edge computing with

variable sized vector bin packing. In Proceedings of the International Conference on Service-Oriented Computing, Hangzhou,
China, 12–15 November 2018; Springer: Berlin/Heidelberg, Germany, 2018; pp. 230–245.

167. Mohiuddin, I.; Almogren, A.; Al Qurishi, M.; Hassan, M.M.; Al Rassan, I.; Fortino, G. Secure distributed adaptive bin packing
algorithm for cloud storage. Future Gener. Comput. Syst. 2019, 90, 307–316. [CrossRef]

168. Baldi, M.M.; Manerba, D.; Perboli, G.; Tadei, R. A generalized bin packing problem for parcel delivery in last-mile logistics.
Eur. J. Oper. Res. 2019, 274, 990–999. [CrossRef]

169. Witteman, M.; Deng, Q.; Santos, B.F. A bin packing approach to solve the aircraft maintenance task allocation problem. Eur. J.
Oper. Res. 2021, 294, 365–376. [CrossRef]

170. Qomi, T.; Hamedi, M.; Tavakkoli-Moghaddam, R. Optimization of Crude Oil Transportation using a Variable Cost and Size
Bin Packing Problem (VCSBPP). 2021. Available online: https://www.trijournal.ir/article_121959.html?lang=en (accessed on
1 May 2022).

171. Frenk, J.G.; Galambos, G. Hybrid next-fit algorithm for the two-dimensional rectangle bin-packing problem. Computing 1987,
39, 201–217. [CrossRef]

172. Mao, W. Tight worst-case performance bounds for next-k-fit bin packing. SIAM J. Comput. 1993, 22, 46–56. [CrossRef]
173. Xia, B.; Tan, Z. Tighter bounds of the First Fit algorithm for the bin-packing problem. Discrete Appl. Math. 2010, 158, 1668–1675.

[CrossRef]
174. El-Ashmawi, W.H.; Abd Elminaam, D.S. A modified squirrel search algorithm based on improved best fit heuristic and operator

strategy for bin packing problem. Appl. Soft Comput. 2019, 82, 105565. [CrossRef]
175. Dhahbi, S.; Berrima, M.; Al-Yarimi, F.A. Load balancing in cloud computing using worst-fit bin-stretching. Clust. Comput. 2021,

24, 2867–2881. [CrossRef]
176. Bansal, N.; Han, X.; Iwama, K.; Sviridenko, M.; Zhang, G. A harmonic algorithm for the 3D strip packing problem. SIAM J.

Comput. 2013, 42, 579–592. [CrossRef]
177. Gu, X.; Chen, G.; Xu, Y. Deep performance analysis of refined harmonic bin packing algorithm. J. Comput. Sci. Technol. 2002,

17, 213–218. [CrossRef]

47



Algorithms 2022, 15, 205

178. Raj, P.H.; Kumar, P.R.; Jelciana, P.; Rajagopalan, S. Modified first fit decreasing method for load balancing in mobile clouds. In
Proceedings of the 2020 4th International Conference on Intelligent Computing and Control Systems (ICICCS), Madurai, India,
13–15 May 2020; pp. 1107–1110.

179. Jin, S.; Liu, M.; Wu, Y.; Xu, Y.; Zhang, J.; Xu, Y. Research of message scheduling for in-vehicle FlexRay network static segment
based on next fit decreasing (NFD) algorithm. Appl. Sci. 2018, 8, 2071. [CrossRef]

180. Coffman, E.G.; Garey, M.R.; Johnson, D.S. Approximation algorithms for bin-packing—An updated survey. In Algorithm Design
for Computer System Design; Springer: Berlin/Heidelberg, Germany, 1984; pp. 49–106.

181. Labbé, M.; Laporte, G.; Martello, S. An exact algorithm for the dual bin packing problem. Oper. Res. Lett. 1995, 17, 9–18.
[CrossRef]

182. Cheuk, K.W.; Luo, Y.J.; Benetos, E.; Herremans, D. Revisiting the onsets and frames model with additive attention. In Proceedings
of the 2021 International Joint Conference on Neural Networks (IJCNN), Shenzhen, China, 18–22 July 2021; pp. 1–8.

183. Wu, C.; Wu, F.; Qi, T.; Huang, Y.; Xie, X. Fastformer: Additive attention can be all you need. arXiv 2021, arXiv:2108.09084.
184. Li, X.; Xu, Q.; Chen, X.; Li, C. Additive Attention for CNN-based Classification. In Proceedings of the 2021 IEEE International

Conference on Mechatronics and Automation (ICMA), Takamatsu, Japan, 8–11 August 2021; pp. 55–59.
185. Tian, Y.; Newsam, S.; Boakye, K. Image Search with Text Feedback by Additive Attention Compositional Learning. arXiv 2022,

arXiv:2203.03809.
186. Graves, A.; Wayne, G.; Danihelka, I. Neural turing machines. arXiv 2014, arXiv:1410.5401.
187. Ma, X.; Hu, Z.; Liu, J.; Peng, N.; Neubig, G.; Hovy, E. Stack-pointer networks for dependency parsing. arXiv 2018,

arXiv:1805.01087.
188. Li, J.; Wang, Y.; Lyu, M.R.; King, I. Code completion with neural attention and pointer networks. arXiv 2017, arXiv:1711.09573.
189. Yavuz, S.; Rastogi, A.; Chao, G.L.; Hakkani-Tur, D. Deepcopy: Grounded response generation with hierarchical pointer networks.

arXiv 2019, arXiv:1908.10731.
190. Luong, M.T.; Pham, H.; Manning, C.D. Effective approaches to attention-based neural machine translation. arXiv 2015,

arXiv:1508.04025.
191. Trueman, T.E.; Cambria, E. A convolutional stacked bidirectional lstm with a multiplicative attention mechanism for aspect

category and sentiment detection. Cogn. Comput. 2021, 13, 1423–1432.
192. Cui, R.; Wang, J.; Wang, Z. Multiplicative attention mechanism for multi-horizon time series forecasting. In Proceedings

of the 2021 International Joint Conference on Neural Networks (IJCNN), Shenzhen, China, 18–22 July 2021; pp. 1–6.
193. Gan, J.; Liu, H.; He, T. Prediction of air pollutant concentration based on luong attention mechanism Seq2Seq model. In

Proceedings of the 2021 7th Annual International Conference on Network and Information Systems for Computers (ICNISC),
Guiyang, China, 23–25 July 2021; pp. 321–325.

194. Zhang, S.; Tong, H.; Xu, J.; Maciejewski, R. Graph convolutional networks: A comprehensive review. Comput. Soc. Netw. 2019,
6, 1–23. [CrossRef]
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Abstract: Games have long been benchmarks and test-beds for AI algorithms. With the development
of AI techniques and the boost of computational power, modern game AI systems have achieved
superhuman performance in many games played by humans. These games have various features and
present different challenges to AI research, so the algorithms used in each of these AI systems vary.
This survey aims to give a systematic review of the techniques and paradigms used in modern game
AI systems. By decomposing each of the recent milestones into basic components and comparing
them based on the features of games, we summarize the common paradigms to build game AI
systems and their scope and limitations. We claim that deep reinforcement learning is the most
general methodology to become a mainstream method for games with higher complexity. We hope
this survey can both provide a review of game AI algorithms and bring inspiration to the game AI
community for future directions.

Keywords: game AI; supervised learning; reinforcement learning; multi-agent learning

1. Introduction

The ultimate goal of artificial intelligence is to reach human-level on a wide range
of tasks. Turing test [1] proposed by Alan Turing in 1950 is the earliest criterion to test a
machine’s ability to exhibit intelligent behavior as humans, which is controversial because
a specially designed AI can meet such standards by targeted imitation or deception instead
of real intelligence. However, games are born to test and challenge human intelligence,
which can be excellent benchmarks for the cognitive and decision-making abilities of AI
systems. The diversity of games has provided a rich context for gradual skill progression in
the development of artificial intelligence. AI systems beating professional humans in games
with increasing complexity have always been considered milestones of AI technologies.

With the boost of computational power and the application of new algorithms, AI
systems have made great strides to play games that were once considered exclusively
mastered by humans because of their complexity. Since AlphaGo beat professional human
players in Go [2], many milestones have been reported in various games, from board games
like Go [2–4] and card games like Texas Hold’em [5–7] to video games like StarCraft [8],
Dota 2 [9] and HoK [10]. These AI systems achieve superhuman performance in games with
increasing complexity while using a wide range of AI techniques. It seems that different
approaches are chosen based on the characteristics of the games, but it is hard to find the
pattern of algorithm selection when the algorithms vary in each system.

In this survey, we provide a systematic review of the AI techniques typically used
to create game-playing agents and summarize how they are used in recent AI milestones.
We show that a typical AI system can be broken into basic components related to specific
features or challenges of the games they tackle. By analyzing the choices of the algorithms
and the characteristics of the games, we extract three kinds of paradigms to build AI systems
for different types of games. The application scope and limitations of each paradigm are
further discussed, as an indication of the general method applicable to games of higher
complexity, such as real-world sports games.
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Some related works also investigate recent milestones of game AI. Risi et al. [11] only
gives a general introduction of the categories of games and AI technologies and focuses on
the application of these techniques to areas outside of game playing, like content generation
and player modeling. Perhaps Yin et al. [12] is the most similar work to us, which also makes
the comparison between game AI systems and discusses general paradigms. However,
that survey mainly focuses on the different training frameworks in various types of games.
It does not summarize the basic algorithms used in these frameworks nor compare them
concerning game features. Instead, this survey analyzes the basic algorithmic components
used in these milestones and summarizes both the techniques and paradigms based on the
features of games.

The rest of this survey is organized as follows. Section 2 discusses the background
of AI applications in creating game-playing agents. A brief history of game AI milestones
is listed, as well as some typical features of games and the modeling of games in the
context of AI algorithms. In Section 3, many game AI algorithms are presented as the
basic components of game AI systems, which are categorized based on their mechanics
and the game features they tackle. Section 4 summarizes the implementation of recent
state-of-the-art game AI systems. Section 5 makes a comprehensive comparison of these
milestones by decomposing each of them into components and relating the choices to the
characteristics of the games. We further extract the common paradigms of these milestones
and discuss the general method of game AI as future trends.

2. Background

Recent years have witnessed remarkable progress in artificial intelligence, with games
often serving as benchmarks. While board games have been the focus of AI research since
the beginning of this field, the advance in algorithms has drawn attention to increasingly
complex games in the last decade, such as card games and video games. These games
have features that challenge game AI research, spawning many new algorithms in the last
decade. In this section, we first discuss the breakthroughs in the history of AI game playing
to show how games are used as AI benchmarks. Then we summarize the key features
of the games solved in recent years. Finally, we introduce the modeling of games in the
context of AI algorithms as a basis for the AI techniques discussed in the next section.

2.1. Game AI Benchmarks

Since the earliest computer, ENIAC, was invented in 1945, game playing has been an
important area in artificial intelligence. In 1951, Christopher Strachey wrote a checkers
program, and Dietrich Prinz wrote one for chess [13], which were the earliest AI game-
playing programs. Most early research on game AI was focused on classic board games
like checkers and chess because they have elementary and highly constrained rules yet
great complexity that have challenged humans for hundreds or even thousands of years.
AI systems beating professional humans in these games have always been considered as
milestones and breakthroughs in AI technologies.

The first of these milestones was TD-Gammon developed by Gerald Tesauro in
1992 [14], a backgammon program to beat professional humans. In 1994, the Chinook
Checkers program beat the World Checkers Champion Marion Tinsley [15]. Perhaps the
most well-known milestone was IBM’s Deep Blue, a Chess program that won against reign-
ing grandmaster Kasparov in 1997 in a very famous and publicized event [16]. The latest
milestone in board games was in the game of Go. In 2016 Google Deepmind’s AlphaGo
program beat Lee Sedol in a five-game match [2], and in 2017 a newer version of AlphaGo
won against world champion Ke Jie in a three-game competition [3]. While it is possible to
construct more complex board games than Go, no such games are popular for humans.

However, classic board games are relatively easier in game AI due to their discrete
turn-based mechanics, highly formalized state representation, and fully-visible information
to all players. Researchers have turned to more challenging games like card games and
video games in the last decade. These games are much more difficult to solve due to
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the large state and action space, long time horizon, information asymmetry, and possible
cooperation between players. Thanks to the rapid development of computational power
and AI techniques, several milestones have been achieved.

Card games often involve randomness in dealing cards and asymmetries of informa-
tion between different players. In 2015, Bowling and his team solved Heads-Up Limit
Hold’em, achieving an approximate optimal solution of the game [17]. Their team further
built DeepStack in 2017, a program that beat professional players in Heads-Up No-Limit
Hold’em [5]. In 2018 Libratus by Brown’s team also won professional players with dif-
ferent techniques from DeepStack [6]. Their team later built Pluribus in 2019, achieving
superhuman performance in six-player No-Limit Hold’em [7]. In 2019 Suphx, made by
MSRA, beat most of the top human players in Riichi Mahjong [18], and in 2022 JueJong,
built by Tencent AI Lab, beat a human champion in two-player Mahjong [19]. There are
also efforts to solve Doudizhu, a popular card game in China, including DouZero [20] and
PerfectDou [21], but no superhuman performance has yet been reported.

Video games are real-time frame-based games where players receive raw pixel-level
input and take actions simultaneously. In 2014 Google DeepMind proposed DQN to play
the classic Atari 2600 video games and achieved superhuman performance in some of
them [22]. Multi-player Online Battle Arena (MOBA) games are complex video games that
involve both cooperation and competition between players. In 2019 AlphaStar, proposed
by Google DeepMind, beat professional players in StarCraft, which is the first successful AI
system to achieve superhuman performance in MOBA games [8]. The same year, OpenAI
built OpenAI Five to play Dota 2 and beat OG, the world champion team. It later defeated
99.4% of human players in a public online arena [9]. In 2020 Tencent AI Lab built JueWu to
play Honour of Kings and won 40 of 42 matches against professional teams. It also achieves
a 97.7% win rate in large-scale public tests against top players [10].

An important reason why games are excellent benchmarks for AI is that games are
created to test and challenge human intelligence. Games with high quality usually act
as teachers and can exercise many of our cognitive and decision-making abilities. Just as
children learn about the world by playing with games and toys during their first years
of life, games provide test-beds for gradual skill progression to test AI algorithms with
different capabilities. Unlike narrow benchmarks in other fields of AI, the diversity of
games can provide a rich context for AI algorithms. Board games, with their formalized
state representation and perfect information, only require searching and planning from
the current game state. Card games, with their non-deterministic transition and imperfect
information, reveal more sophisticated strategies, such as bluffing and deception, skills that
are normally reserved for humans. Video games, with their high-dimensional raw state
and long time horizon, require feature extraction, memorization, long-term planning, and
possible multi-agent cooperation. These characteristics make games strong benchmarks for
the development of AI technology.

2.2. Game Features

Since AlphaGo achieved superhuman performance in the game of Go, in recent years,
many popular games played by humans that were once considered impossible for AI to
conquer have been solved. These games are difficult to solve because some features of
them bring diverse challenges and difficulties for AI research. Here we focus on games
involved in the milestones discussed in Section 4. Table 1 lists several key features of these
games, which play an important role in the selection of techniques used to tackle them.

2.2.1. Real Time

Board games and card games are turn-based games, where players take turns to take
action and receive new observations. These games do not have a long time horizon, and
a typical episode lasts tens or hundreds of turns. Real-time planning algorithms like tree
search is often used in turn-based games because the transition model of the environment
is known, and seconds or even minutes of thinking time are permitted. Video games are
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real-time or frame-based games, where the observation is presented frame by frame at a
fixed frequency, and the players can take actions at any frame. Such games have a long
time horizon, and an episode can last for thousands of frames. Typical AI systems use
direct network inference without planning because the environment model is unknown,
and a fast response of actions is required.

Table 1. Features of the games tackled in recent milestones.

Game Types Name Players Real-Time
Imperfect

Information
Stochasticity Cooperation Heterogeneous

Board games Go 2 � � � � �

Card games

HUNL 2 or 6 � � � � �

Riichi Mahjong 4 � � � � �

1-on-1 Mahjong 2 � � � � �

Doudizhu 3 � � � � �

Video games
Starcraft 2 � � � � �

Dota 2 10 � � � � �

Honour of Kings 10 � � � � �

2.2.2. Imperfect Information

Classic board games are games with perfect information, where each player knows
all the information about the current game state. According to Zermelo’s theory [23],
there exists an optimal solution in deterministic perfect-information games, so the purpose
of strong AI is to find or approximate that optimal solution. However, most games are
of imperfect information, where each player has hidden information that other players
cannot observe. In such games, each player may reason about others’ private information
according to their past actions before making their own decision, which in turn affects
others’ belief in his private information. Such recursive reasoning brings uncertainty and
complexity to the evaluation of strategies. Instead of an optimal solution, algorithms seek
to find some equilibrium, such as Nash equilibrium, in imperfect-information games. Nash
equilibrium [24] is a solution concept where each player cannot get a higher payoff if he
changes his policy only. It also minimizes the exploitability of each player, which is defined
as the scoring points one will lose when faced with the worst opponents.

2.2.3. Stochasticity

In games like Go and Doudizhu, the transition of the environment is deterministic,
which means that the same initial state and action sequence will lead to the same episode.
In contrast, in most games, random events like dice rolling or card dealing bring stochas-
ticity. It is worth noting that stochasticity does not always lead to imperfect information
and vice versa. For example, in Texas Hold’em, the card faced down and dealt to each
player introduces hidden information, while the dealing of public cards only introduces
stochasticity because all players can observe that. Stochasticity in the transition model
brings extra complexity to real-time planning algorithms to explore the branches of chance
nodes and higher variance for learning algorithms to converge because the same action
sequence may have very different payoff values.

2.2.4. Cooperation

Most board games and card games are zero-sum games that are purely competitive.
The player who seeks to maximize his payoff also reduces other players’ payoff. An excep-
tion is Doudizhu, where two peasants cooperate against one landlord and receive the same
payoff. MOBA games are usually team games with cooperation, where the competition
happens between two teams of players. Starcraft only involves two players who build
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facilities and direct an army to fight, which is not a cooperative game. Cooperation brings
greater challenges to AI algorithms because mechanisms of communication and credit
assignment have to be designed to motivate agents for the same target, and some agents
have to sacrifice their own interests for team benefits.

2.2.5. Heterogeneous

In board games and card games, different players are homogeneous agents that share
the same state space and action space. Although the strategies may differ for players
in different positions, they share the same understanding of the game rules. However,
many MOBA games are designed to have heterogeneous agents that have quite different
strategies and action space. For example, in Starcraft, each player chooses one of three races
with different mechanics. In Dota 2 and Honour of Kings, each player selects a hero from a
hero pool with unique skills and game-playing strategies. The setting of heterogeneous
agents introduces great complexity for AI algorithms as they need to learn different policies
under each race or hero combination.

2.3. Game AI Modeling

As an important field of artificial intelligence, game playing is quite different from
other fields like computer vision (CV) and natural language processing (NLP) because
it can offer the richest form of human-computer interaction. CV and NLP are usually
considered as cognitive intelligence, where computers try to extract useful information
from images, texts, and videos to understand and interpret them. However, in the context
of game playing, computer agents need to constantly interact with the environment and
achieve specific goals through the actions they choose. In this way, game AI belongs to
the category of decision intelligence, and this process of interaction between agents and
environments is the core of game AI modeling.

In general, when modeling a game, the interaction between agents and the environ-
ment is divided into discrete steps. In each step, the agents to act first receive observations
from the environment, and each chooses an action. Under these actions, the environment
will transit to a new state and present new observations for these agents in the next step.
For each agent, the intelligence lies in its policy or strategy, which is a mapping from
historical observation sequences to actions to decide what to do at each time step. Such a
policy model is the ultimate learning target of all AI systems to play specific games, though
many algorithms also learn a value model to evaluate the expected payoff of game states
and choose actions to maximize the value.

In the context of reinforcement learning, single-agent games are typically modeled
as Markov Decision Processes (MDPs) [25]. In each time step, the environment is in some
state, and the agent must choose an action available under the state. The environment
responds by moving into a new state and giving the agent a corresponding reward. The
transition probability and reward satisfy the Markov property that they are only related
to the current state and action. For environments that do not follow the Markov property,
the state can be defined as the historical observation sequence which satisfies the property.
In games like multi-armed bandits, each game only lasts for one step, and the target is
to maximize the expected payoff of each game. For games with a longer time horizon
or infinite steps, the agent’s target is to maximize its cumulative reward in the future. A
decaying factor γ is defined to balance the trade-off between the reward in the next step
and future steps.

When it comes to multi-agent settings, things become more complex because different
agents can have separate observation spaces, causing information asymmetry. These games
are usually modeled as Partially Observable MDP (POMDP), where the observations
are distinguished from game states. In addition to the MDP defined on hidden states,
there is a mapping from these states to observations for each agent, which describes the
emitting probability of observations under each hidden state. Since agents have to infer the
current state from historical observation sequences, the Markov property is not satisfied
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on observations, and the strategy has to be defined on the whole sequence of historical
observations and actions.

Game theory pays more attention to the interaction between multiple agents rather
than the transition dynamics of the environment, so it models games from a different
perspective [26]. The extensive form is a straightforward way to model games in the
context of game theory. It models the game as a tree, where each node is a game state
and a decision point of a player. Edges from each node represent the available actions
of the player to act, and the successor node is the next game state after the action is
performed. Each agent’s payoff is marked on leaf nodes, representing the end of the game.
Information sets are defined as the set of states that an agent cannot distinguish because of
hidden information, and policies are defined as mappings from information sets to actions.
Another way of formally describing games is normal-form representation, which uses a
multi-dimensional matrix to list the policy space of each agent and the payoff under each
strategy profile, i.e., the combination of strategies of each agent. This form of representation
models a situation where players select complete action plans simultaneously, but suffers
from an exponential size of strategy space in games with long time horizons.

Reinforcement learning and the game theory model games as a process of interaction
from different perspectives. Reinforcement learning models games as a control problem and
seeks to maximize the payoff of individual agents in the interaction with an environment,
which is initially designed for single-agent games. However, in multi-agent settings,
the strategies of different agents can affect each other, resulting in unstable dynamics
of the environment from the perspective of individual agents. Game theory puts more
emphasis on the interaction between agents. By directly modeling the game as the payoffs
under different action sequences or strategy profiles, such representations better capture
the interactive nature of multi-agent games and help analyze different solution concepts
instead of a static optimal solution.

3. Game AI Techniques

Many AI techniques have been proposed to build game-playing agents for different
games. Figure 1 shows a timeline of different types of techniques and the type of games
they tackle. In terms of algorithms, evolutionary methods are one of the earliest ways to
create game-playing agents by randomized search and selection in the parameter space.
Reinforcement learning models games as control problems and seeks to maximize cumu-
lative rewards of individual agents in the interaction with the environment. Given the
transition model of the environment, real-time planning algorithms expand a search tree
and calculate the best action when each state is encountered during the gameplay, as an
enhancement to the original policy and value model. Regret-based methods deal with
multi-agent problems and approximate Nash equilibrium by playing games repeatedly and
minimizing the cumulative regrets of each player. Self-play methods are game-theoretic
methods to calculate Nash equilibrium in multi-agent games, which in practice can extend
RL algorithms to multi-agent settings. Besides, there are also RL algorithms specially
designed for multi-agent settings by decomposing value functions [27,28] or following a
centralized-training-decentralized-execution (CTDE) framework [29,30].

From the timeline, we can see that in different times of game AI history, the increasing
complexity of games has spawned new types of algorithms designed for specific features
of games. Earlier methods are focused on single-agent problems and try to find an optimal
solution for them. As randomized global optimization algorithms, evolutionary methods
can solve small-scale problems but suffer from low performance and inefficiency when
the policy space is too large. Reinforcement learning initially deals with problems whose
transition models are known, using model-based methods like value iteration and policy
iteration. Modern RL algorithms are mostly model-free methods that do not require explicit
transition dynamics and directly learn policy or value models through interactions with
environments. Traditional planning methods like Minimax and MCTS are designed for
games with perfect information, while in the last decade, researchers have turned to more
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complex games such as card games and video games, which are all games with imperfect
information. Real-time planning has been applied to these games using variants of MCTS
or new algorithms like continual re-solving. There are also methods specially designed
for multi-agent games with imperfect information, like CFR algorithms, self-play schemes,
and multi-agent RL algorithms.

Games
with Perfect
Information 

Games with
Imperfect

Information 

Multi-agent games

 Learning Learning Planning Learning Learning Learning 

 Evolutionary methods RL Real-time Planning Regret-based Self-play Multi-agent RL

1951  Fictitious Play  

1957 Genetic Algorithms Value Iteration    

1960 Policy Iteration    

1968 A*    

1978 Evolutionary Strategies    

1979 Coevolution Minimax    

1992 REINFORCE    

1999 Actor Critic    

2000 Regret Matching   

2003  Double Oracle  

2006 MCTS    

2007 CFR   

2008 Parallel MCTS    

2009 Deter-MCTS MCCFR   

2012 IS-MCTS    

2013 DQN    

2014 CFR+   

2015 TRPO  Fictitious Self-Play  

2016 DDPG, A3C  NFSP  

2017 PPO Continual re-solving  PSRO  

2018 IMPALA, SAC   MADDPG, VDN

2019
Discounted CFR, 

VR-MCCFR, 
Deep CFR

 QMIX, COMA

2020 DREAM   

Figure 1. Timeline of different AI techniques to build game-playing agents. Colors indicate the type
of games each algorithm tackles, green for games with perfect information, yellow for games with
imperfect information, and blue for multi-agent games.

Meanwhile, as the games become more complex, modern game AI systems are no
longer application of a single algorithm but a combination of multiple techniques. A
typical AI to play a specific game usually involves some ’prior’ knowledge, either explicitly
incorporated by human experts or learned through pre-training phases. Such knowledge is
then used in the game-play, combined with real-time planning and reasoning. This section
further categorizes various AI techniques from this perspective. By discussing real-time
planning and learning algorithms separately, it would be easier to break modern game AI
systems into basic components and compare them thoroughly in the following sections.

3.1. Real-Time Planning

In most cases, the state space of a game is so large that it is difficult to have an optimal
strategy for every possible state before the game starts. If the state transition model of the
game is known, planning can be done when each specific game state is encountered during
the gameplay, as a computation whose output is the selection of a single action under the
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current state. Such methods are called real-time planning, or decision-time planning, and
are most useful in applications where fast responses are not required. For example, in a
chess-playing program, seconds or even minutes of thinking time is permitted and can be
used for planning, while in a real-time strategy game, low latency for action selection is the
priority, and planning is usually not used.

When an evaluation function of game states is available, the simplest form of planning
is to choose an action by comparing the values of model-predicted next states for each
action. Such planning can look much deeper than one step ahead and expand a search
tree to evaluate many future states under different sequences of actions, leading to a more
far-sighted agent. These methods are generally called heuristic search. One of the most
famous algorithms is A* [31], which uses an evaluation function to guide the selection of
unexplored nodes. In general, searching deeper usually yields better policies when the
evaluation function is not perfect because it eliminates some errors of value estimation by
looking ahead for some steps. However, searching deeper costs more computation, and
the search depth is usually fixed or decided by iterative deepening to limit the time cost
in practice.

Minimax [32] is a classical real-time planning algorithm in two-player competitive
settings and is widely used in board games. The basic assumption is that each player wants
to maximize his own values. When expanding the search tree, nodes are divided into
max-nodes and min-nodes based on which player is to act. Once the depth limit is reached,
an evaluation function on game states is utilized to estimate the value of the first player.
Alpha-beta pruning can be further applied in that the value of some subtrees makes no
difference to the value of their parent nodes under the min-max mechanism. The Minimax
algorithm can be generalized to multiplayer settings, where each node maximizes the
value of the player to act, and the evaluation function at leaf nodes returns the values of
all players.

Monte-Carlo tree search is another real-time planning algorithm that achieves massive
success in board games. It is mainly responsible for the progress achieved in computer
Go from a weak amateur level in 2005 to a grandmaster level in 2015 [25]. At each state
encountered, the algorithm simulates many trajectories starting from the current state and
running to a terminal state. Each simulation first selects a path in the search tree using a
tree policy, expands a leaf node, and plays to the end of the episode with a rollout policy.
The final score is used to update the state-action value along the path. The main idea is
to extend the initial portions of trajectories and focus on those that have received higher
evaluations from earlier simulations. Typically, the rollout policy is chosen to be simple to
reduce the time cost of each simulation. The tree policy needs to balance exploration and
exploitation so that the search is mainly focused on promising trajectories while not missing
out on potentially better moves in the unexplored parts. In 2006 Kocsis proposed UCT [33],
which applies upper confidence bounds in MCTS to achieve maximum expected payoffs.

There are many variants of MCTS to improve its efficiency and performance. P-
UCT [34] combines prior knowledge into MCTS by using default rollout policy and incor-
porating evaluation function into tree policy. Rapid action value estimation (RAVE) [35]
assumes that the value of an action is similar under different states and estimates the value
of actions based on all simulations starting from the root state. It allows value estimation
to generalize across subtrees to achieve higher efficiency. Parallel MCTS [36] proposes
three ways to execute MCTS simulations simultaneously by using the different granularity
of parallelization: leaf parallelization runs multiple simulations from the same leaf, root
parallelization uses multiple search trees and tree parallelization runs simulations from root
node in the same tree. Experiments show that root parallelization achieves not only higher
efficiency because the trees are not shared across processes, but also better performance,
possibly because using multiple trees can get rid of local minima.

MCTS can also be applied to imperfect-information games. One popular approach is
determinization, which has achieved success in games like Bridge [37] and Klondike Soli-
taire [38]. The main idea is to simply sample states from the current information set and fix
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the outcomes of future chance events, making instances of deterministic games equivalent
to the original one. However, this approach searches a tree of game states that does not truly
reveal the imperfect nature of the game and suffers from two problems of strategy fusion
and non-locality [39]. Another approach is information set MCTS (IS-MCTS) [40], which
searches trees of information sets rather than trees of game states, and can analyze the
game structure more directly, reserving the variety of hidden information and stochasticity.
Experiments show that IS-MCTS achieves better results than determinization MCTS on
imperfect-information games such as Doudizhu [41].

Another real-time planning algorithm for imperfect-information games is called contin-
ual re-solving, which has achieved huge success in the game of no-limit Texas Hold’em [5].
It is based on CFR-D, which provides a theoretically sound framework for the decomposi-
tion and nested safe subgame solving of imperfect-information games [42]. Traditionally,
imperfect-information games have been considered as a generally indivisible whole and
cannot be decomposed into subgames to solve, because simply solving a subgame in such
games usually produces a subgame strategy that is not part of the equilibrium solution of
the whole game. CFR-D uses a player’s own range and opponent counterfactual values as
constraints of subgame solving to ensure the re-solved subgame strategy is not worse than
the previous strategy of the whole game. Here a player’s range means the opponent’s belief
of his private cards, and the counterfactual value is the expected payoff of the current game
state, assuming the current payer tries his best to reach this state. Continual re-solving
further develops this idea and combines depth-limit search trees with an evaluation func-
tion that takes players’ ranges as input and produces counterfactual values as outputs.
For example, Deepstack trains deep counterfactual value networks in advance and uses
continual re-solving as real-time planning algorithms, achieving superhuman performance
in no-limit Texas Hold’em.

3.2. Learning

Just in the same way that people do not play a new game well when they are just
starting, and it takes time to get familiar with the game, most game AI systems also have
a training phase to learn some prior knowledge of the game. Such prior knowledge can
be stored in models, such as policy models or value models, and is used in the inference
phase combined with real-time planning algorithms during actual gameplay. In most cases,
this learning phase is the most fundamental part of building a game AI system and is the
focus of game AI research. This section discusses various algorithms as building blocks
used in modern game AI systems.

3.2.1. Evolutionary Methods

Evolutionary methods [43] are randomized global optimization algorithms inspired
by the natural selection process. The basic idea is to create a population of individuals
where the fitter ones have a higher probability of reproducing and inheriting part of their
structures. Variation operators, including recombination and mutation, are applied to
create necessary diversity within the population, and the selective pressure can increase
the mean fitness of the whole population over time. This process can be viewed as if
evolution is optimizing the fitness function by approaching optimal values closer, making
it a strong optimization algorithm in problems where it is hard to find optimal solutions by
human experts.

There are several components to specify to define a specific evolutionary algorithm.
The first one is the representation or encoding of the solutions. Such encoding can simplify
the odd solution space in the problem context into the space of genes so that the variation
operators can be mathematically defined. Since one does not know in advance what the
optimal solution looks like, it is usually desirable that all possible feasible solutions can
be represented under the encoding. Another important component is the fitness function
which the population should adapt to improve. In the context of game AI, the solution space
usually refers to policy space, and the fitness function is often chosen as the performance of
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a policy in the game, like the score or payoff it can receive. The implementation of variation
operators, parent selection schemes, and survival selection schemes also varies in different
evolutionary algorithms.

The most well-known evolutionary algorithm variants are genetic algorithm (GA)
and evolutionary strategies (ES) [44]. GA encodes solutions as binary strings and defines
variation operators as one-bit flip and crossover of binary strings. The probability of parent
selection is proportional to the fitness function, and the spawned children replace all parents
immediately. ES encodes solutions as vectors of floating-point values and defines variation
operators as Gaussian perturbation and interpolation between vectors. The parents are
uniformly selected, and the individuals with the highest fitness function in both parents
and children survive.

When applied to multi-agent games, coevolution [45] is a popular evolutionary ap-
proach that simulates the interactive nature of the multi-agent settings. The core idea is to
define the fitness function as the relative scores received by agents fighting against each
other instead of their absolute performance when interacting with the environment. In
practice, the algorithm can either use a single population and have individuals challenge
each other to evaluate their fitness function or create multiple populations and exploit an
arms race, having individuals from different populations battle. It is assumed that such
competitive coevolution can improve the fitness of species in a highly interactive environ-
ment, just as coevolution does in the natural world. Algorithms involving coevolution
have achieved success in many games, including Tic-Tac-Toe [46], Pursuit and Evasion [47],
Predator and Prey [48], real-time strategy games like Capture The Flag [49] and Planet
Wars [50], and a collectible card game called Hearthstone [51].

3.2.2. Supervised Learning

Supervised learning is a data-driven method to approximate the underlying function
between data and their attributes. In the context of game AI, the data usually refers to the
game states or observations, and the task is to learn a policy model or value model that
predicts the action to choose or the estimated value under the current state. Such algorithms
require lots of labeled data in the form of state-action or state-value pairs, usually collected
from human data of gameplay or data generated by other game-playing algorithms. Once
a policy or value model is trained, it can be used as prior knowledge in the inference stage,
combined with some real-time planning algorithms.

In general, supervised learning trains an approximating function by modifying the
parameters in the function model. There are many ways to represent such functions, like
support vector machines, decision trees, and artificial (deep) neural networks, each with a
different algorithm to modify the parameters. Here we focus on the modern approach of
neural networks, though in some scenarios, a classic method like decision trees is preferable
due to its interpretability. Most modern game AI systems use neural networks to represent
policy or value function due to their strong expressivity [52] and adaptation of feature
extraction. Variants of neural networks like convolutional neural network (CNN) and
recurrent neural network (RNN) are popular due to their ability to extract spatial and
temporal features respectively.

The application of supervised learning in modern game AI systems can be divided
into three types according to the data source. The most common one is to use human
data. Using supervised learning on human data can learn implicit human knowledge and
store it in policy models or value models. However, even if the model achieves perfect
accuracy on the training set, the generalization error of the model is inevitable, so the level
of the model usually cannot surpass the level of the humans it imitates. Besides, models
learned from human data are likely to be misled and fall into the traps of human strategy,
especially in those complex games where the strategies of professional humans may be far
from optimal. Such models are usually used as an initialization [2,8,18] to other learning
algorithms like reinforcement learning as a warm start, which can speed up the training
during the early phase.
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There are two other types of supervised learning applications where the data source
is not from human players. One of them is knowledge extraction. Suppose there is a
game-playing algorithm that runs too slowly to be used in real-time inference but can be
used to generate unlimited data offline; supervised learning can be used to train a model
that extracts the implicit knowledge hidden in these data but takes much less time to
inference. For example, DeepStack [5] trains three value models at different stages of the
NLTH game by supervised learning on data generated by continual re-solving combined
with the value model at the next game stage. These models store the knowledge of state
value estimation at different game stages and can be used in real-time inference. The other
one is knowledge distillation [53], where a lightweight unified model is trained to clone the
behavior of another large model. Instead of using the ground-truth label as hard targets in
knowledge extraction, knowledge distillation uses probability distribution as soft targets
and adopts Shannon entropy as the loss function to reserve the generalization ability of the
original model. For example, JueWu [10] uses supervised learning to learn a unified student
model from data generated by multiple teacher models with fixed hero combinations, to
extract the unified strategy with arbitrary hero combinations in the game Honor of Kings.

3.2.3. Reinforcement Learning

Reinforcement learning is the area of machine learning that studies how agents can
take actions in an environment to maximize cumulative rewards. Different from supervised
learning where the target is to learn a mapping of labeled data pairs, reinforcement learning
deals with control problems and learns how to map situations to actions. Actions are
not given as ground truth, but the learner needs to discover which actions can lead to
higher future rewards by interacting with the environment and trying them out. The
learning focus is usually on the balance of exploration (for potentially better actions) and
exploitation (to maximize cumulative rewards). Reinforcement learning has become one of
the most popular methods in the field of game AI because learning how to play a game
is itself a control problem, which can be directly modeled in the setting of reinforcement
learning.

Typically, reinforcement learning models the environment as a Markov Decision
Process (MDP). In each time step, the environment is in some state, and the agent must
choose an action available under the state. The environment responds by moving into a
new state and giving the agent a corresponding reward. The transition probability and
reward satisfy the Markov property that they are only related to the current state and
action. When the transition model is known, generalized policy iteration uses dynamic
programming to solve the optimal policy and its value function, defined as the expected
cumulative rewards of states or state-action pairs. One of the most common variants is
value iteration, which is based on Bellman Equation that describes the relationship between
the policy and value function.

Value iteration is a model-based algorithm because it requires the complete model of
MDP. However, in most cases, the environment model is unknown, and model-free algo-
rithms are preferable, which learn from experiences by interacting with the environment.
There are two kinds of model-free algorithms, value-based and policy-based. Value-based
algorithms optimize the policy by approximating the values of states or state-action pairs
and selecting better actions based on these values. For environments with finite state
space, the value function can be represented using arrays indexed by states. These kinds
of algorithms are called tabular methods [25], and there are different ways to update the
value function. Monte Carlo (MC) algorithm updates the value function based on the
cumulative rewards towards the end of the episode, while the temporal difference (TD)
algorithm updates the value function based on the current reward and the value of the
next state in a bootstrapping manner. Monte Carlo algorithm usually suffers from large
variance, so algorithms using a TD target such as Q-learning are more preferred in practice.
When the state space is too large to fit in memory, function approximation can be used to
approximate the value function. For example, DQN [22] is the variant of Q-learning which
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uses deep neural networks to approximate the state-action value function and achieves
success on Atari games.

Policy-based algorithms are another kind of model-free algorithms, which have be-
come increasingly popular due to the development of deep learning. These algorithms
directly learn parameterized policies based on gradients of some performance measure
using the gradient descent method. One of the earliest works is REINFORCE [54], which
samples full episode trajectories with Monte Carlo methods to estimate return as the loss
function. However, pure policy-based algorithms suffer from high variance, and actor-critic
algorithms [55] have been proposed, which use actors to learn parameterized policies and
critics to learn value functions, allowing the policy updates to consider the value estimates
to reduce the variance. There are many variants of actor-critic algorithms. Deep determinis-
tic policy gradient (DDPG) [56] addresses the issue of large action space by adding sampled
noise to its actor’s policy, allowing more exploratory behavior. Asynchronous Advantage
Actor-Critic (A3C) [57] is a distributed algorithm where multiple actors running on dif-
ferent threads interact with the environment simultaneously and compute gradients in a
local manner. Importance Weighted Actor-Learner Architecture (IMPALA) [58] is another
distributed algorithm that uses V-trace to compensate for the gradient error introduced
by asynchronous execution. Trust Region Policy Optimization (TRPO) [59] and Proximal
Policy Optimization (PPO) [60] are state-of-the-art policy-based algorithms, where policy
changes are incorporated into the loss function by adding KL-divergence to the loss or
using loss clipping to prevent abrupt changes in policies during training.

3.2.4. Multi-Agent Learning

Learning policies in multi-agent environments are very different from single-agent
ones because each agent’s behavior can affect other agents’ observations, making the
environment non-stationary from one agent’s perspective. Instead of solving an optimal
policy in single-agent settings, multi-agent learning aims to find some equilibrium, such
as Nash equilibrium [24], where each player cannot get a higher payoff if he changes his
policy. There are many algorithms specially designed for multi-agent learning, and here
list some of the most important ones used in modern game AI systems.

Regret matching [61] is a simple and intuitive algorithm to solve the Nash equilibrium
of normal-form games. In the algorithm, players choose their actions with probabilities
proportional to measures of regret for not having chosen other actions in the past. Coun-
terfactual regret minimization (CFR) [62] extends its application to extensive-form games,
which has become a powerful tool to solve imperfect-information games. However, vanilla
CFR traverses the whole game tree on each iteration and takes many iterations to converge,
making it computationally expensive to solve larger games. Many variants of CFR have
been proposed to improve its efficiency. CFR+ [63] and Discounted CFR [64] discount
regrets from earlier iterations and reweight iterations in various ways to speed up the
training. MCCFR [65] and VR-MCCFR [66] only sample a few paths when traversing
the game tree, making them capable of solving games with massive game trees. Some
variants utilize state abstraction [67] and function approximation [68] to reduce the time
and memory cost. It was not until neural networks were used [69–72] that state abstraction
and approximation could be made without human knowledge. Most of these methods with
deep learning also take advantage of the ideas in previous variants, including sampling,
discounting, and reweighting, resulting in better performance in complex games.

Combining single-agent RL with proper self-play techniques in competitive multi-
agent environments can also approach a Nash equilibrium. The earliest algorithm is
fictitious play (FP) [73] in two-player zero-sum games, where each agent calculates its
best response to the opponent’s average policies. Fictitious self play (FSP) [74] extends its
application to extensive-form games. Neural FSP (NFSP) [75] adopts neural networks as
the policy model to deal with larger games, using reinforcement learning to calculate the
best response and supervised learning to learn average policies. Double oracle (DO) [76]
only considers a small subset of the policy space, where each agent iteratively calculates
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the Nash equilibrium under the current strategy set and adds the equilibrium strategy
to the set. Policy-space response oracles (PSRO) [77] provides a unified perspective of
FSP and DO, using a policy pool to train new policies to be added. In practice, when
training RL algorithms, a model pool is usually maintained from which opponents are
selected to collect data for training. Different protocols of opponent selection can be used,
such as naive self-play that always chooses the latest model, delta-uniform self-play [78]
that randomly chooses from recent models, population-based self-play [8,79] that creates
different populations for weakness exploitation, and prioritized self-play [9] that chooses
opponents according to winning rate.

Centralized Training Decentralized Execution (CTDE) is another popular paradigm in
multi-agent learning that jointly trains multiple agents in a centralized manner but keeps
their independence in execution. It is proposed to provide a mechanism of communication
to eliminate the problems of unstable dynamics in independent training. Value-based
algorithms like Value Decomposition Network (VDN) [27] and QMIX [28] are variants
of DQN in cooperative multi-agent settings that adopts centralized state-action value
functions, using summation and mixing network to combine individual Q-networks. QMIX
also introduces the internal state of the environment in the mixing network. Multi-agent
DDPG (MADDPG) [29] is a policy-based algorithm that generalizes DDPG to multi-agent
settings. Each agent has its own actor and critic network and reward function so it can deal
with both competitive and cooperative settings. The critics take observations and actions of
other agents as input and are trained in a centralized manner. Counterfactual Multi-agent
Policy Gradients (COMA) [30] extends vanilla actor-critic to the setting of Dec-POMDP
where all agents share the same reward function. It uses a shared critic network with a
counterfactual baseline function to assign credits to different agents.

4. Milestones of Game AI Systems

This section summarizes several important milestones of game AI in recent years.
Each of these game AI systems uses different combinations of AI techniques listed in
Section 3. The AI systems covered in this section are: AlphaGo series (AlphaGo [2], Al-
phaGo Zero [3], AlphaZero [4]) in the game of Go, HUNL AI systems (DeepStack [5], Libra-
tus [6], Pluribus [7], AlphaHoldem [80]), Mahjong AI systems (Suphx [18], JueJong [19]),
Doudizhu AI systems (DouZero [20], PerfectDou [21]), and AI systems for video games
(AlphaStar [8], OpenAI Five [9], JueWu [10]).

4.1. Board Games

Go is a classic board game of much higher complexity than Chess. It is estimated
that the game tree of Go has a branching factor of 250 and an average depth of 150, so the
state-space complexity is up to 10360. In 2016, Google DeepMind proposed AlphaGo [2],
which beat professional human players using a combination of deep learning and tree
search. In 2017, a new training framework was proposed to build AlphaGo Zero [3], which
does not rely on human data and learns from scratch. The same framework is used to train
AlphaZero [4], achieving superhuman performance in Go, Chess, and Shogi.

AlphaGo trains a policy network, a value network, and a rollout policy as prior
knowledge. These components are combined with MCTS to select moves in real-time
gameplay. The training pipeline consists of three phases. In the first phase, the policy
network and the rollout policy are trained using 30 million state-action pairs from matches
of professional humans. The policy network is a 13-layer convolutional neural network,
while the rollout policy is based on a linear evaluation function of handcraft features,
achieving lower accuracy but higher speed than the policy network. In the second phase,
the policy network is improved by self-play reinforcement learning. It plays against
previous versions of checkpoints and is optimized using policy gradient methods. The
improved policy network can achieve an 80% winning rate against the original version.
In the third phase, 30 million state-value pairs are collected from self-play matches of the
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policy network to form a high-quality dataset. A value network of 14 layers is trained on
the dataset to learn an evaluation function to estimate the winning rate of board states.

Once the prior knowledge is trained, parallel MCTS is executed in real-time gameplay.
The action probability produced by the policy network is used to guide the tree policy.
Once reaching a leaf node, the fast rollout policy simulates until the end of the episode.
The value of the leaf node is a linear combination of the final payoff and the evaluation of
the value network. This scheme of using prior knowledge in MCTS is called APV-MCTS in
their work. When running on clusters of 1202 CPUs and 176 GPUs with a thinking time of 5
s per move, AlphaGo achieves an Elo rating of 3140, reaching the level of professional play.

AlphaGo Zero uses a different framework to train a combined policy-value network
to predict the actions and values of game states, which is a Resnet [81] that shares the first
layers to extract features. A simpler variant of MCTS than AlphaGo is used, where the leaf
node of the search tree is evaluated directly using the value network without rollout to the
end of the game. The network is trained by reinforcement learning that uses MCTS as the
policy improvement operator. Specifically, the training data is generated by the self-play
of MCTS agents using the best historical checkpoint. The policy network is trained to
approximate the action probability produced by MCTS, and the value network is trained
to approximate the final payoff of the game. In other words, through self-play, the policy
network is constantly approaching an improved MCTS policy in a supervised manner.
After the network is trained on 29 million self-play games for over 40 days, it is combined
with MCTS paralleled on 4 TPUs in real-time gameplay, achieving an Elo rating of 5185,
much higher than that of the best human player, though it only takes three days of training
to surpass old version of AlphaGo.

AlphaZero uses the same training framework as AlphaGo Zero but extends its ap-
plication to other board games like Chess and Shogi. Data augmentation methods like
rotation and reflection used in AlphaGo Zero are not adopted to accommodate a broader
class of games. Besides, AlphaGo Zero uses the best checkpoint from all previous iterations
to generate self-play data, while AlphaZero maintains the newest checkpoint and updates
it continually. AlphaZero achieves state-of-the-art performance on all three games, with
the training time of 9 h, 12 h, and 13 days on Chess, Shogi, and Go.

4.2. Card Games
4.2.1. HUNL

Heads-up No-limit Hold’em (HUNL) is a card game involving imperfect information
and stochasticity. Two-player HUNL has more than 10160 information sets [82], making
it impossible to solve by vanilla CFR methods. In 2017 Bowling and his team proposed
DeepStack [5], which uses deep learning and continual re-solving to solve HUNL. Brown
and his team built Libratus [6] in 2018 and Pluribus [7] in 2019 to solve two-player and
six-player HUNL with a different method that combines nested-safe subgame solving with
a blueprint strategy on an abstracted game. In 2022 Zhao and his team [80] applied deep
reinforcement learning on HUNL, achieving similar results to previous methods.

DeepStack, Libratus, and Pluribus use the same real-time planning technique but give
different names as continual re-solving and nested safe subgame solving. The basic idea
is to decompose an imperfect information game into the trunk, the first few layers of the
game tree, and subgames and solve each subgame when actually encountered in gameplay.
By using players’ ranges and opponent counterfactual values, as constraints, the re-solved
subgame strategy is guaranteed to be not more exploitable when combined with the trunk
strategy. The ranges can be updated by Bayes rules at each action and random event when
playing, and the opponent counterfactual value is the prior knowledge to be trained and
stored in models.

DeepStack trains deep counterfactual value (DCFV) networks to predict counterfactual
values of both players given the ranges at each information set. The game of HUNL can
be divided into four stages, preflop, flop, turn, and river, and DeepStack trains three
DCFV networks at each of the first three stages. In this way, a search tree expanded at any
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information set can reach one network or the end of the game within a limited depth. By
further limiting the action space, the size of such depth-limit sparse look-ahead trees can
be brought down to around 107 to be solved in seconds. The DCFV networks are trained
in reverse order by supervised learning on millions of data pairs generated by randomly
initializing ranges at each stage and running continual re-solving with the network in the
next stage. In this way, the prior knowledge of counterfactual value prediction in each
stage of the game is stored in network models and is combined with continual re-solving
in real-time gameplay, beating all 11 professional players in a four-week match.

Instead of dividing the game into stages, Libratus and Pluribus use abstraction to
reduce the complexity of HUNL and calculate a blueprint strategy on the abstracted game
using MCCFR. Both state abstraction and action abstraction are used to group similar card
combinations and limit the choices of betting size. Such blueprint strategy and the subgame
values in each abstracted information set are stored in tabular form.

When playing the game in real-time, Libratus always plays according to the blueprint
strategy by rounding an off-tree opponent bet size in the first two betting rounds where
the abstraction is dense, but will use nested safe subgame solving to re-solve the subgame
strategy for off-tree opponent action in the last two betting rounds. To compensate for
the error brought by action abstraction in early rounds, Libratus further includes a self-
improvement module. Over the 20 days of Brains vs. AI challenge with four professional
humans, Libratus analyzes the most frequent bet sizes used in the first betting round by
humans and chooses three of them each day to add to and finetune the blueprint strategy
overnight, making the abstracted betting sizes of the first round of the blueprint strategy
denser. In this way, Libratus gradually fixes its potential weakness of abstraction by
leveraging the humans’ ability. The competition shows that Libratus can beat professional
players by a huge margin of 147 mbb/h.

However, solving to the end of the game in 6-player HUNL is computationally in-
feasible. When solving the subgames using CFR algorithm, Pluribus assumes that each
opponent can only choose among four strategies, the blueprint strategy and its shifted
version towards folding, calling, and raising. In each state of the subgame, the opponents
always take actions based on the selected strategy, instead of choosing from an abstracted
action space in each state as in Libratus. Such an assumption dramatically reduces the size
of subgames so that nested safe subgame solving can be performed. Monte Carlo Linear
CFR solves large subgames, and vector-based Linear CFR solves small subgames for higher
accuracy. Pluribus does not share the self-improvement module with Libratus, probably
because of the higher training cost of the blueprint strategy than Libratus. Experiments
show that Pluribus achieves superhuman performance when playing with professional
humans and is evaluated under AIVAT to reduce variance.

AlphaHoldem uses deep reinforcement learning to train a policy-value network as
prior knowledge and only performs one network forwarding at each state in real-time
gameplay. The neural network receives a player’s observation as input and predicts the
action to choose and the estimated value of the state. The training of the network is based
on trinal-clip PPO, a variant of the PPO algorithm that adds an upper clipping bound to
the importance sampling ratio when the advantage is negative, and a reward clipping
to reduce high variance introduced by the stochasticity of the game. During self-play
training, the data is collected by having the main agent compete with K-best historical
checkpoints to keep both the diversity and quality of the opponent pool. The training takes
three days on a server with 8 GPUs and 64 CPUs, generating 6.5 billion samples (2.7 billion
hands) of training data. Experiments show that AlphaHoldem performs at a similar level
to DeepStack, but with a much faster inference time.

4.2.2. Mahjong

Mahjong is a multiplayer imperfect-information game that is challenging for AI
research due to its complex scoring rule and rich hidden information. The average size
of information sets is around 1048 in Riichi Mahjong and 1011 in 1-on-1 Mahjong, which
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is much larger than that of HUNL (about 103). Planning algorithms used in HUNL, like
subgame re-solving, are not applicable because of longer game length and difficulty in
state abstraction. In 2020 MSRA built Suphx [18] to solve Riichi Mahjong with deep
reinforcement learning, outperforming most top human players. In 2022 Tencent AI Lab
built JueJong [19] to solve 1-on-1 Mahjong with a combination of CFR and actor-critic
framework, beating a human champion.

Suphx trains five policy networks as prior knowledge, which are embedded in a
decision flow to be used in real-time gameplay. The training pipeline consists of two phases.
In the first phase, five policy networks used in different decision points are trained, each
using 4 to 15 million state-action pairs of top human players. All of the five networks use
a similar structure to Resnet. In the second phase, only the policy network of the discard
model is improved by a variant of the policy gradient algorithm that adds a term of entropy
regularization and uses dynamic entropy weight to stabilize the training. The discard
model is embedded in the decision flow and always plays against the latest model to collect
training data. Since a game of Mahjong consists of multiple rounds, and the strategies
vary in different rounds based on cumulative round scores, the reward of each round
in RL training is decided by a global reward predictor, which is a recurrent network to
predict game rewards after several rounds. This model is trained in advance on state-value
pairs of human data using supervised learning. To speed up the training in the imperfect-
information setting, Suphx uses a technique called oracle guiding that exposes hidden
information as perfect features to the trained model while gradually dropping them out
until the oracle agent transits to a normal agent.

In real-time gameplay, Suphx uses the decision flow with five policy networks to
choose an action. However, because the initial hand of each round tends to cause different
styles of policies, Suphx re-finetunes the policy model at the beginning of each round
using parametric Monte-Carlo Policy Adaptation (pMCPA). Specifically, several different
trajectories are generated by randomly sampling opponents’ hands and running the policy
models. The trajectories are used to perform gradient updates to finetune the policy model.
Experiments show that Suphx surpasses 99.99% of players in Tenhou and achieves higher
stable ranks than professional players.

JueJong trains a policy-value network as prior knowledge and only performs one
network forwarding at each state in real-time gameplay. The training of the policy-value
network is based on Actor-Critic Hedge (ACH), a practical actor-critic implementation of
Neural Weighted CFR that proves to converge to a Nash equilibrium. Specifically, the value
network is trained to approximate the final payoff of the game, while the policy network is
trained to minimize cumulative counterfactual regrets instead of maximizing cumulative
rewards as in typical RL algorithms. The regret is calculated based on the state-action
values predicted by the value network under the current state and replaces the advantage
function in traditional policy gradient methods to fit in a distributed actor-critic training
framework. Only the latest model is used to produce training data in a self-play manner.
Experiments show that JueJong is significantly more difficult to exploit than agents trained
by other RL algorithms and achieves superhuman performance in head-to-head evaluation
with human players.

4.2.3. Doudizhu

Doudizhu is a trendy three-player card game in China that involves imperfect informa-
tion and cooperation. In the game, two peasants cooperate against one landlord and receive
the same payoff. It is estimated that the average size of information sets in Doudizhu is
around 1023 [83], and the hidden information makes it challenging to learn cooperative be-
havior. Besides, Doudizhu has a large discrete action space that cannot be easily abstracted.
In 2021 DouZero [20] used deep reinforcement learning to solve Doudizhu from scratch,
ranking first in the Botzone leaderboard [84] among 344 AI agents. In 2022 PerfectDou [21]
proposed perfect information distillation and outperformed DouZero, with much higher
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training efficiency. Neither AI systems are evaluated by competing with top human players,
so no superhuman performance is reported yet.

DouZero trains three value networks as prior knowledge to predict the state-action
value for three positions. Since there is no policy network, it chooses the action with the
highest value in real-time gameplay. The neural network is a fully connected network that
receives the encoding of a state and an action and predicts the expected payoffs under the
current state. The state does not include the hidden information of other players, and the
reward is simply the final score of the game. The training uses Monte Carlo value targets
instead of bootstrapping TD targets to speed up convergence, and the self-play of the
latest model generates the training data. Trained from scratch with 4 GPUs and 48 CPUs,
DouZero beats DeltaDou in 10 days, one of the best Doudizhu agents before DouZero.

PerfectDou trains a policy-value network as prior knowledge and only performs
one network forwarding at each state in real-time gameplay. The training is based on
distributed PPO, a variant of IMPALA that uses GAE value targets as in PPO instead of
V-trace. The actor network only takes each player’s imperfect observation as input, while
the critic network has access to the hidden information of other players. PerfectDou calls
this scheme perfect-training-imperfect-execution (PTIE), or perfect information distillation,
which can reduce the variance caused by imperfect information. An oracle reward is
designed as the relative speed to empty one’s hand between peasants and the landlord,
which is a dense signal and is added to speed up the training in the early phase. As in
DouZero, the training data is generated by the self-play of the latest model. Experiments
show that PerfectDou achieves not only better performance than DouZero, but also higher
efficiency of 10 times fewer training samples. PerfectDou beats some skilled human players
in their evaluation, but no professional players are invited to the experiment.

4.3. Video Games

StarCraft, Dota 2, and Honour of Kings (HoK) are multiplayer online video games that
are popular and played by millions of people, with human competitions held each season.
These games are very complex and difficult to solve by AI algorithms because of the huge
state and action space, the imperfect information of game states, cooperation between
agents, the balance between long-term targets and short-term benefits, and heterogeneous
agents involving different policies. In 2019 DeepMind applies distributed deep reinforce-
ment learning to StarCraft and proposes AlphaStar [8], beating professional human players.
In the same year, OpenAI Five [9] beats OG, the world champion team in Dota 2, also based
on distributed DRL with huge computational power. In 2020 Tencent AI Lab proposed
JueWu [10], which achieves superhuman performance on HoK while not limiting the hero
pool as OpenAI Five does.

All of these AI systems are trained under a distributed actor-critic training framework.
In this framework, multiple actors distributed in different machines asynchronously interact
with the environment to collect training data and send them to a centralized replay buffer,
and a learner, which may have multiple GPUs and be distributed on multiple machines,
samples data from the buffer to train the neural network. A model pool is also maintained
to save historical checkpoints or different populations of agent to sample opponents for the
training. Policy-value networks are trained as prior knowledge and are used to produce
action in real-time gameplay without any planning algorithms.

The training pipeline of AlphaStar consists of two phases. In the first phase, supervised
learning is used to train initial model parameters from a dataset consisting of 971,000 games
played by the top 22% players. Since there are three races with different mechanisms in
StarCraft, three distinct models are trained. In the second phase, these models are improved
by distributed reinforcement learning, which combines multiple techniques of TD(λ) [85],
V-trace [58] and upgoing policy update (UPGO) [8]. Specifically, the policy network is
updated using the loss function of clipped importance sampling, while the value network
is updated using TD(λ). UPGO is a new method proposed by AlphaStar which updates
the policy from partial trajectories with better-than-expected returns by bootstrapping
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when the behavior policy takes a worse-than-average action. In this way, the policy always
moves towards better trajectories.

To prevent models from sticking to the local optimal in self-play training, AlphaStar
trains three kinds of populations of agents: the main agents, the main exploiters, and
the league exploiters, each containing checkpoints of past versions. Specifically, the main
agents train against all past agents as well as themselves and are constantly improved over
time. The main exploiters only train against the main agents to exploit their weakness, and
the league exploiters train against all past agents. Main exploiters and league exploiters are
re-initialized when adding new checkpoints to the population. Using population-based
self-play, AlphaStar overcomes the problem of non-transitivity in strategies, making the
main agents hard to exploit.

OpenAI Five trains the policy-value network using distributed PPO. Instead of
population-based self-play, OpenAI Five uses heuristic self-play where the main agent
plays against the latest policy for 80% of games and the past checkpoints for 20% of games
to generate training data. During the 10-month training, many restarts and reverts happen
when the environment or the model’s architecture changes. OpenAI Five proposes a collec-
tion of tools called continual transfer via surgery to avoid training the model from scratch
at every restart. The basic idea is to ensure the new policy implements the same mapping
from observation to action probability despite the changes in observation space or network
structure so that the training can be smoothly restored.

In the game of Dota 2 and HoK, two teams select five heroes in turn from a hero pool
before playing the game to battle. Such a drafting process can be considered a separate
game to provide initial configurations of the main game. To prevent an exponential
number of hero combinations, OpenAI Five limits the hero pool to 17 heroes (yielding
around 4.9 million combinations) and uses randomly selected lineups in the training
phase. The winning rate of a fixed lineup can be estimated using the predicted score at
the first few frames of the game. During real-time game-play, a drafting program uses
the minimax algorithm to pick the hero that maximizes the winning rate under the worst
case of opponent hero selection. Further experiments show that including more heroes in
training is likely to cause degraded performance and much slower training speed.

JueWu introduces the idea of curriculum learning to deal with exponential numbers
of hero combinations and extends to a hero pool of 40 heroes. The training pipeline consists
of three phases. In the first phase, several fixed lineups with a balanced winning rate are
selected based on a vast amount of human data, and one teacher model is trained for each
lineup. In the second phase, a student model is trained by supervised learning to learn
the general behavior of those teacher models under different hero lineups. This process
of knowledge distillation uses action probabilities as soft targets and adopts Shannon
entropy as the loss function. The student model is further improved in the third phase by
reinforcement learning under randomly selected lineups to generalize to arbitrary hero
combinations. The RL algorithm used is dual-clip PPO which adds an upper clipping
bound to the importance sampling ratio when the advantage is negative to reduce variance.
JueWu uses the same heuristic self-play scheme with OpenAI Five, which plays against 80%
of the latest and 20% of past models to prevent strategy collapse. In real-time gameplay,
MCTS instead of minimax is used in drafting because a complete search tree is too large to
explore with 40 heroes. A win-rate predictor is trained in advance by supervised learning
on match datasets from self-play training. The winning rate of leaf nodes in MCTS is
predicted by this small model rather than using the complete model as in OpenAI Five to
speed up the inference.

5. Paradigms and Trends

Different AI systems designed for various games use diverse combinations of AI
techniques, and it is difficult to find a universal pattern if we only study each in isolation.
To thoroughly compare these AI systems and analyze the reasons for their success, this
survey breaks each of them into basic components and categorizes these techniques based
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on the problems they tackle, which are directly related to the characteristics of the games.
By comparing the basic techniques used in these AI systems, we discuss the following
questions in this section: (1) Are there any paradigms capable of solving different types
of games in these systems? (2) How do different game features affect the selection of
techniques used to tackle them? (3) Which paradigm will become the general solution of
game AI, and which games will likely be addressed in the future?

5.1. Common Paradigms

Table 2 shows an overview of the main components of each game AI system. These AI
systems learn some prior knowledge in an offline training phase and use that knowledge
in real-time inference. The prior knowledge is policy or value models stored in neural
networks or tabular forms. The training usually involves reinforcement learning for pol-
icy/value improvement and supervised learning from human data as model initialization.
When the environment model is known, the prior knowledge can be combined with real-
time planning algorithms to conduct a tree search to produce better policies. In general,
there are three kinds of paradigms used in these milestones.

5.1.1. AlphaGo Series

AlphaGo, AlphaGo Zero, and AlphaZero follow a common paradigm to solve classic
board games, where the policy and value models are trained and combined with MCTS in
real-time gameplay. While AlphaGo uses supervised learning and policy gradient to train
the networks, AlphaGo Zero and AlphaZero adopt MCTS as policy improvement operators
in the RL training. MCTS is heavily used both as planning and learning algorithms for two
reasons. First, MCTS can be used here because these classic board games are all perfect-
information games where the environment model is known, and a fast response of actions
is not required. Second, board games like Go, Chess, and Shogi have such large state space
that a perfect policy or value model is infeasible, but a relatively small time horizon that
real-time planning algorithms like MCTS can improve the performance of an imperfect
model by a large margin. The feasibility and superiority of the MCTS application are the
keys to the success of the AlphaGo series in perfect-information games.

However, this paradigm is limited to perfect-information games because there are
some limitations to the use of MCTS. First, an explicit environment model is required to
predict the next state under current action. Second, the action space should be discrete and
limited so that the branching factor of the search tree is under control. Third, MCTS only
expands trees with limited depth and is inefficient to bootstrap values from the end of the
episode to the early stages of the game when the time horizon is long. Though MuZero [86]
overcomes the first limitation by training an additional representative model to simulate
the environment and achieves success on Atari 2600 video games, the latter two limitations
make it unable to apply to games with imperfect information or long time horizons.
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Table 2. The main components of AI system milestones.

AI System Prior Knowledge Training Pipeline Inference RL Algorithm

AlphaGo
policy network
rollout policy

value network

SL + RL
SL
SL

MCTS + NN

PG

AlphaGo Zero
policy-value network RL MCTS-RL

AlphaZero

DeepStack DCFV network SL Continual re-solving + NN

N/ALibratus
blueprint strategy Abstraction + MCCFR Nested-safe subgame solving

Pluribus

AlphaHoldem policy-value network RL NN Trinal-clip PPO

Suphx policy networks
global reward predictor

SL + RL
SL pMCPA finetune + NN PG with entropy

JueJong policy-value network RL NN ACH

DouZero value network RL One-step greedy + NN DMC

PerfectDou policy-value network RL NN PPO

AlphaStar policy-value network SL+RL NN UPGO

OpenAI Five policy-value network RL Minimax drafting
NN PPO

JueWu policy-value network
drafting value network

RL+SL+RL
SL

MCTS drafting
NN Dual-clip PPO

5.1.2. CFR Series

DeepStack, Libratus, and Pluribus follow a unique paradigm to solve HUNL by CFR
algorithms. The core of these systems is to simplify the original game by abstraction and use
nested safe subgame solving for real-time planning. Specifically, DeepStack decomposes
HUNL into stages and trains value networks at each stage, which is combined with depth-
limit sparse look-ahead trees to re-solve subgame policies. In this way, DeepStack always
calculates real-time responses to opponent off-tree actions but suffers from approximation
error of the value networks. Libratus and Pluribus directly apply abstraction to the whole
game and compute a tabular blueprint strategy and the corresponding counterfactual
values. Subgame policies are later re-solved based on the value of blueprint strategies. Such
abstraction can introduce error when rounding off-tree betting size to the course-grained
blueprint strategy but is more robust when the opponent mistakenly chooses an action far
from optimal, which could cause unprecedented ranges and value estimation in DeepStack.

However, this paradigm is only a success limited to HUNL, and no further works
successfully apply it to larger imperfect-information games. The reason lies in the com-
promise of computational cost and approximation error. Specifically, the computational
cost under this paradigm comes from the CFR iterations both in the training and inference
stages, and experiments show that a large number of CFR iterations are needed to produce
a high-quality solution [5]. The blueprint strategies are in tabular forms, which are also
limited by the available memory resources. Meanwhile, the process of subgame solving
expands a search tree of limited depth and branching factor, so more abstraction is needed
in larger games. Pluribus uses a very strong assumption that each player can only choose
among four strategies to bring down the size of search trees, which introduces large errors
in finding optimal policies. In fact, HUNL is relatively small in imperfect-information
games considering its average size of information sets and the short time horizon. It can
be concluded that the CFR-based paradigm is not scalable to larger games. It achieves
superhuman performance on HUNL mainly because of the limited complexity of the game
and suboptimality of human strategies.
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5.1.3. DRL Series

All other AI systems in Table 2 follow a common paradigm of distributed deep
reinforcement learning. Policy-value networks are trained as prior knowledge and directly
used to produce actions in real-time inference without any planning algorithm. This
paradigm is more general as it does not require a model of the environment. The networks
are trained under a distributed actor-critic framework using algorithms like PPO or its
variants to be easily scaled to an arbitrary amount of computational resources. Suphx and
AlphaStar also use supervised learning to train initial models from human data to speed up
the RL training. The training data is generated by playing the main agent against opponents
sampled from a model pool to enrich policy diversity and prevent strategy collapse.

Though these AI systems all follow the same paradigm, there are some differences in
the choices of each component related to the characteristics of the specific games they tackle.
For example, in Riichi Mahjong, one full match consists of several rounds, and the strategies
vary in each round, which is different from other games where each match is independent
and does not affect the other. To deal with this issue, Suphx [18] trains an extra recurrent
network as a global reward predictor to shape the reward of each match. AlphaHoldem [80]
suffers from the large variance introduced by the stochasticity of HUNL and uses a variant
of PPO with additional clipping to stabilize the training process. JueJong [19] seeks to find
a policy with lower exploitability to approximate the Nash equilibrium, so the CFR-based
ACH algorithm is used as the RL algorithm instead of PPO to minimize the cumulative
regrets of the trained strategy. JueWu [10] deals with a large hero pool with so many
hero combinations that a drafting value network is needed to assist the MCTS for fast
value prediction.

5.2. Techniques for Game Features

In addition to common paradigms, we also notice that different techniques are selected
for some common game features in these milestones. As is shown in Table 3, we make
a detailed comparison of these AI systems from the following perspective: the self-play
scheme used in multi-agent settings, the methods to deal with imperfect information, and
the algorithms to learn policies for heterogeneous agents.

Table 3. The selected techniques for common game features in AI system milestones.

AI System Self-Play Scheme Imperfect Information Heterogeneous Agents

AlphaGo Uniform Random

N/A

N/A

AlphaGo Zero Best

AlphaZero Latest

DeepStack

N/A CFRLibratus

Pluribus

AlphaHoldem K-Best No use

Suphx Latest Oracle Guiding

JueJong Latest ACH

DouZero Latest No use

PerfectDou Latest PID

AlphaStar Population PID Population

OpenAI Five Heuristic No use Random

JueWu Heuristic PID Knowledge Distillation
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5.2.1. Self-Play Scheme

In multi-agent settings, directly applying single-agent RL algorithms to train agents
independently is not guaranteed to converge because most games exhibit non-transitive
behavior. For example, in the Rock-Paper-Scissor game, rock beats scissor and scissor beats
paper, but rock could not beat paper, forming a cyclic sub-structure of the policy space.
Previous works suggest that real-world games look like spinning tops [87], where relatively
weak strategies tend to form longer circles. So a population of agents is necessary for the
self-play in multi-agent training to learn policies with lower exploitability. In practice,
several self-play schemes are used in these AI systems.

AlphaZero, Suphx, JueJong, DouZero, and PerfectDou use naive self-play, the simplest
form of self-play that only chooses the latest model as the opponent. AlphaGo randomly
samples opponents from historical checkpoints for more diversity. OpenAI Five and JueWu
use a heuristic scheme that samples 80% of the latest model and 20% of historical models to
put more weight on the latest model. AlphaGo Zero uses the best of the historical models
for self-play to generate training data of high quality. AlphaHoldem chooses the K-best
models to keep both the diversity and quality of the opponent pool. Most of the self-play
schemes chosen in these milestones are for no specific reasons, except for PerfectDou, which
proves by experiments that K-best self-play performs better than other self-play techniques.

5.2.2. Imperfect Information

Learning a Nash equilibrium in imperfect-information games is more difficult because
the hidden information of other players is not included in the current observation and has
to be inferred from other players’ past actions. CFR-based algorithms generally consider
the game as an indivisible whole and minimize the cumulative regrets at each information
set to approach a Nash equilibrium. DeepStack, Libratus, and Pluribus combine variants
of CFR algorithms with decomposition and abstraction to handle HUNL, which has too
many information sets to be solved by vanilla CFR. JueJong proposed Actor-Critic Hedge
to solve 1-on-1 Mahjong in a distributed RL framework, which is also based on CFR.

However, RL algorithms learn policies as mappings from observations to actions by
interacting with the environment and optimizing the expected cumulative rewards, which
can be of high variance in imperfect information settings. Two methods are proposed
to reduce the variance and stabilize the training. Suphx uses oracle guiding to handle
imperfect information by first exposing the hidden information to the policy and value
network to train an oracle agent while gradually dropping them out until the oracle agent
transits to a normal agent. However, this way of continual training is still unstable and
requires additional tricks to converge [18]. PerfectDou, AlphaStar, and JueWu use perfect
information distillation (PID), which exposes the hidden information to the centralized
value network to reduce variance, while the policy network does not rely on hidden
information in real-time inference. Theoretical analysis shows that PID is a more natural
way to handle imperfect information and can generalize to larger games [88].

5.2.3. Heterogeneous Agents

MOBA games are usually designed to have heterogeneous agents with quite different
mechanics and strategies. Such games provide another challenge for AI research since an
AI system has to train different models for each kind of agent or a unified model which
can generalize to distinct policies under different settings. There are three races of agents
in StarCraft with different mechanics, so AlphaStar trains separate models for them by
creating distinct populations of main agents, main exploiters, and league exploiters for each
race. However, in games like Dota 2 and HoK, the number of heterogeneous agents called
heroes is large, and there is an exponential number of hero combinations in the 5-versus-5
setting. OpenAI Five trains a unified model to control different heroes by limiting its
application to 17 heroes and randomly sampling hero combinations for each game during
the training. It suffers from a slow convergence speed and is hard to extend to more heroes,
as shown in their further experiments with 25 heroes.
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JueWu proposes a new training paradigm under the setting of MOBA games by
noticing that many heroes can be classified into several positions with similar strategies for
each position, and most of the hero combinations are improper and not preferred by human
players. JueWu chooses some typical hero combinations based on human data and trains a
separate teacher model for each combination. Knowledge distillation is then used to train a
student model to learn the general strategy under different hero combinations by imitating
the behavior of teacher models. Such a student model is further trained under random
hero combinations to generalize to arbitrary settings. This idea of curriculum learning that
learns general behavior from specific settings is the key to the scalability of JueWu, which
achieves superhuman performance with a hero pool of 40 heroes.

5.3. Future Trends

As Sutton said [89], “The biggest lesson that can be read from 70 years of AI research
is that general methods that leverage computation are ultimately the most effective”. So
what is the general paradigm in the field of game AI? As is discussed in this section, there
are three kinds of paradigms used in these milestones. AlphaGo series and CFR series
take advantage of tree search, either MCTS or nested safe subgame solving, and cannot
scale to larger games with continuous action space or long time horizons. DRL series
train models by advanced self-play with distributed deep reinforcement learning, which is
the most general and promising paradigm for three reasons. First, deep neural networks
can approximate arbitrary mappings from observations to actions as the policy model
and are not restricted to games with finite state or action space. Second, advanced self-
play schemes can be adopted to approach a Nash equilibrium with minimal exploitability
under multi-agent settings by creating populations of diverse agents as opponents. Third,
distributed asynchronous actor-critic training framework like IMPALA is easily scaled to
an arbitrary amount of computational resources so that this paradigm is highly scalable
to games of higher complexity once more computational resources are available, which
is guaranteed by Moore’s law [90], or its generalized version of continued exponentially
falling of computational cost.

As researchers turn to games with higher complexity, we believe that real-world
games, especially sports games, will become the next popular AI benchmarks because
of their higher complexity and the inspirations that AI strategies can bring to humans.
For example, Gran Turismo is a racing game that precisely reproduces the non-linear
control challenges of real race cars, in which a superhuman AI trained by DRL [91] gives
inspiration to a professional player and improve his performance. Another example is
Google Research Football Environment [92], a football simulator to provide a real-world
multiplayer sports game as a challenge for AI research. Previous works [93] have shown
that with enough computational power, agents trained by DRL can create a self-supervised
auto-curriculum and learn complex emergent behaviors of human-relevant skills without
any human guidance. By applying the DRL-based training paradigm to real-world games
such as football, it is expected that human-relevant skills can be learned from scratch and
inspire humans with new tactics or even innovate the field when AI surpasses human
performance.

6. Conclusions

Though AI systems have reached superhuman performance in many complex games
in recent years, diverse techniques are used in each of them, and it is hard to see both the
key to their success and their limitations. This survey aims to give a detailed analysis of
the techniques and paradigms used in modern game AI systems in light of game features.
We first summarize the common features in various games and show their challenges
to AI research. By systematically reviewing the AI techniques typically used to create
game-playing agents, we find that in different times of game AI history, the invention of
new algorithms is mainly driven by the increasing complexity of new game features, and
many of these algorithms are designed to tackle specific features. Since modern game AI
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systems are composed of multiple techniques, we propose a novel framework to break
these systems into basic algorithmic components and compare them based on the game
features. By analyzing the choices of these components and the game features, we extract
three common paradigms to build AI systems for different games. Based on the mechanics
of these paradigms and the features in modern games, we conclude that deep reinforcement
learning is the most general and scalable paradigm to train strong AIs in games with higher
complexity. We hope this survey can provide a comprehensive review of modern game AI
systems and the basic techniques involved, to inspire researchers to build AI systems for
larger games, such as real-world sports games.
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Abstract: In recent years, cyber attacks have shown diversified, purposeful, and organized character-
istics, which pose significant challenges to cyber defense decision-making on internal networks. Due
to the continuous confrontation between attackers and defenders, only using data-based statistical or
supervised learning methods cannot cope with increasingly severe security threats. It is urgent to
rethink network defense from the perspective of decision-making, and prepare for every possible
situation. Reinforcement learning has made great breakthroughs in addressing complicated decision-
making problems. We propose a framework that defines four modules based on the life cycle of
threats: pentest, design, response, recovery. Our aims are to clarify the problem boundary of network
defense decision-making problems, to study the problem characteristics in different contexts, to
compare the strengths and weaknesses of existing research, and to identify promising challenges for
future work. Our work provides a systematic view for understanding and solving decision-making
problems in the application of reinforcement learning to cyber defense.

Keywords: reinforcement learning; intelligent decision-making model; cyber defense; decision-
making framework

1. Introduction

The openness and security in cyberspace have always been conflicting issues. En-
terprises, governments and schools hope to provide convenient services. At the same
time, nobody wants their confidential data stored and the key systems in the internal
network to be controlled by malicious cyber attackers. On 26 May 2021, the National Com-
puter Network Emergency Response Technical Team of China (CNCERT) pointed out that
multiple attacks continued to increase during the Coronavirus Disease 2019 (COVID-19)
pandemic [1]. As the most threatening form of attack to large organizations or enterprises,
Advanced Persistent Threat (APT) attacks compromised the mail servers of some local
government departments by sending phishing emails related to COVID-19, which want
to obtain more classified intelligence in the internal network. Apart from APT, the ran-
somware attacks are on the rise in 2020. A large number of corporate networks have been
attacked, resulting in serious economic losses. From the analysis of ransomware, it can
be seen that technical means of ransomware are constantly escalating and the selection of
targets is becoming smarter. The above trends all indicate that cyber attacks on intranet
security are becoming more targeted and organized.

(1) Targeted: On one hand, the development of attack techniques has enriched the existing
attack surface. Experienced attackers who are able to integrate collected information
and knowledge to choose appropriate actions in a task-oriented manner. Therefore, iso-
lated defense technology no longer works in these cases, security experts need to make
decisions under different threat situations, which requires more precise objectives.
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(2) Organized: In order to obtain the continuous attack effect, the attacker will constantly
look for vulnerabilities, and carry out more intelligent attacks by coordinating the
attack resources. To fight against the attacker, it is also necessary for the defender to
allocate defense resources to deal with both known and unknown threats.

These changes make intranet security increasingly challenging. Due to the continuous
upgrading of attack techniques and tools, the traditional data mining based on data,
machine learning, deep learning or statistical methods [2–6] cannot solve the problem
of how to adapt to changes of cyber attacks, which require a new approach from the
perspective of decision-making. Reinforcement learning (RL) algorithms are a popular
paradigm for solving decision-making problems under complex interactions. Combined
with the powerful expression mechanism of deep learning, it can effectively solve decision-
making problems in a large state space. It has been successfully applied to games [7–
9], chess [10,11], robots [12,13] and other fields, showing its advantages to help human
decision-making. Figure 1 shows the number of relevant literature from 2016 to 2021. It can
be seen that applications of reinforcement learning to cyber decision-making has drawn
much attention from academia.

Figure 1. Research trend of cyber defense decision-making based on reinforcement learning.

However, how reinforcement learning can be used to address issues in cyber defense
decision-making remains unclear. The researchers group applications of reinforcement
learning in cybersecurity into DRL-based security methods for cyber-physical systems,
autonomous intrusion detection techniques, and multiagent DRL-based game theory simu-
lations [14], but do not specify how these different classifications are used to support cyber
defense decision-making tasks. We extend this perspective, and focus on cyber defense
decision-making for the internal network from both the attacker’s and defender’s perspec-
tive. The problem is analyzed from three aspects: problem characteristics, decision-making
models and reinforcement learning algorithms. The characteristics of the problem are the
basis of decision-making models and reinforcement learning algorithms, and determine the
specific decision-making models to be used. Based on the selected models, reinforcement
learning algorithms are applied to solve the problem. The major contents presented in this
study are shown in Figure 2. In this survey, we make the following contributions:

(1) A new framework PDRR (Pentest Design Response Recovery) was proposed to dis-
tinguish different cyber defense decision-making tasks. The framework aimed to
demarcate the boundaries of the problems, which can help researchers better under-
stand the cyber defense decision-making problem;

(2) Based on the proposed framework, the existing research literature was summarized
from the perspectives of the attack and defender respectively. We first discussed the
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problem characteristics from different perspectives, and then categorized literature
according to the type of problem and the adopted decision-making model, and finally
compared the problem characteristics, strategies, tasks, advantages and disadvantages
used in different literature.

(3) After summarizing the existing literature, we analyzed the future direction and chal-
lenges from the perspectives of reinforcement learning algorithms and cyber defense
decision-making tasks respectively. The purpose of this discussion is to help re-
searchers understand the cyber defense decision-making task more clearly, and to
promote the applications of reinforcement learning algorithms to this task.

Figure 2. The structure of this paper.

The rest of this paper is organized as follows. First, we introduce the research back-
ground in Section 2. We present a framework of network defense decision-making in
Section 3. In Sections 4 and 5, we summarize and compare the existing reinforcement
learning research on network defense decision-making. After a summary of current works,
the future research directions and challenges are pointed out in Section 6. Finally, Section 7
is the conclusion of the whole paper.

2. Research Background

In this section, we provide a brief overview of decision-making models and RL
algorithms. The decision-making model abstracts interactions between decision makers
and the environment, and the RL algorithm looks for optimal policies under different
problem scenarios.

2.1. Decision-Making Models

In a decision-making task, an agent perceives states (or observations) from the envi-
ronment and takes an action. The environment transfers to a new state (or observation) and
feeds back to the agent for a reward. This interaction process between the agent and the
environment will keep going or end when it reaches the end state. In this process, the agent
learns an optimal policy to maximize the accumulated reward. The decision-making model
has a variety of formal abstractions, in which the most classic one is the Markov Decision
Process (MDP) [15]. Beyond that, the most commonly used intelligent decision-making
models for cyber defense decision-making tasks include (1) Markov Game which is ex-
tended from one agent to multiple agents [16]; (2) a Partially Observable Markov Decision
Process (POMDP) [17–19] which is obtained from a fully observable state to a partially
observable state.

MDP: Only one agent exists in a decision-making task, and the environment satisfies
the Markov property, which means that the change of state depends only on the current
state and action, instead of the historical state and action. An MDP involves a quadruple
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〈S, A, R, T〉, where S indicates the status space, and A indicates the executable action
space R : s, a, s′ ∈ S × A × S → r = R(s, a, s′) ∈ R is a bounded reward function, and
T : S × A × S → [0, 1] is a probability function of state transition, which satisfies the ∀s, a,
∑s′∈S T(s, a, s′) = 1. With its interacting with the Environment, the Agent will learn and
optimize a policy π : S × A → [0, 1] , which is made to maximize the cumulative rewards
over the long term Return = Eπ

[
∑∞

t=0 γtrt
]
, where γ ∈ (0, 1] indicates the discount rate,

t indicates the discrete time step, and rt = R(st, at, st+1) indicates the Rewards for t time,
at ∼ π(st, at).

Markov Game: It is a quintuple consisting of agents:〈N, S, {Ai}n
i=1, {Ri}n

i=1, T〉. Among
them, N represent the set of agents, n represent the quantity of agents, and Ai represents
the action space of the agent i. If A = A1 × A2 · · · × An is the joint action space for all
agents, then Ri : S × A × S → R is the reward function for the Agent i. Ri(s,�a, s′) indicates
the reward for Agent i fed back by the Environment after all agents take a joint action�a on
the state S, and T(s,�a, s′) represents the probability that the Environment moves from the
state s to the subsequent state s′ through the joint action�a.

POMDP: In this process, an Agent cannot obtain the true state of the Environment, but
can only observe a part of the state or the state after interference. This is called observation.
POMDP is a six-tuple 〈S, A, R, T, Ω, O〉, where 〈S, A, R, T〉 constitute a potential MDP,
Ω indicates the limited set of Observations available to an Agent, and the Observation
function O : S × A × Ω → [0, 1] indicates that the Observation o is obtained according to
the Probability O(o|s′, a) on the subsequent state s′ after the action a is adopted on the state
s, and the reward R(s, a, s′) is also obtained.

In addition, according to the time of the Agent’s decision-making from discrete time
step to continuous retention time, the Semi-Markov Decision Process (SMDP) [20,21],
Continuous-time Markov Decision Process (CTMDP) [22–24] and other decision-making
models can also be applied.

2.2. RL Algorithms

The basic decision-making model of RL is MDP. When the state and action space is
small, RL assigns a value to each state or state-action pair, where Vπ(s) denotes the value
of state s.

Vπ(s)=̇Eπ

[ ∞

∑
t=0

γtrt|s0 = s
]
, (1)

Qπ(s, a) denotes the value of state-action pair (s, a).

Qπ(s, a)=̇Eπ

[ ∞

∑
t=0

γtrt|s0 = s, a0 = a
]
. (2)

By definition, the Bellman equation is obtained:

Vπ(s) = Eπ

[
R(s, a, s′) + γVπ(s′)

]
. (3)

Taking the state value function as an example, the Bellman equation can be defined by
Equation (4).

Vπ(s) = Eπ

[ ∞

∑
t=0

γtrt|s0 = s
]

= Eπ

[
R(s, a, s′) + γ

∞

∑
t=0

γtrt|s0 = s
]

= Eπ

[
R(s, a, s′) + γVπ(s′)

]
.

(4)

The optimal strategy π∗ satisfies ∀s ∈ S, V∗(s) = maxπ Vπ(s), where V∗ is the optimal
value function, which satisfies Bellman’s optimal equation.
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V∗(s) = max
a

E

[
R(s, a, s′) + γV∗(s′)

]
. (5)

Define the Bellman optimal operator T : R|S| → R|S|.

TV(s)=̇max
a

E

[
R(s, a, s′) + γV(s′)

]
. (6)

The key step of the value iteration algorithm can be obtained: Vn+1 = TVn. Synthe-
sizing the multi-step Bellman evaluation operator Tπ , the operator Tλ,π that satisfies the
compression map can be obtained in Tλ,πV=̇(1 − λ)∑∞

i=0 λi(Tπ)i+1V, and thus get the
λ-policy iteration algorithm.

Therefore, policies can be expressed based on value functions, or can be defined
directly. We summarize related RL algorithms based on tabular values, value function
evaluation, and policy evaluation.

RL Algorithms Based on Tabular Values: Policy Iteration and its improved algorithm
continue to repeat the two stages of Policy Evaluation and Policy Improvement until the
optimal Policy and the optimal value function [25] is converged and obtained. However,
the original Policy Iteration algorithm requires the value function to converge to the optimal
solution for each Policy Evaluation before making a Policy Improvement. In the process of
Policy Evaluation, the Value Iteration algorithm performs only one time of Iteration. When
the state space is large, it takes a long time to scan all states. In this case, Asynchronous
Value Iteration improves efficiency by iterating only one sample of the state space at a
time. In the stage of Policy Evaluation, an optimal solution can be approximated more
quickly with λ-Policy Iteration synthesizing all the multi-step Bellman evaluation operators
and doing only one iteration; While Q-learning uses Bellman’s optimal operator, which
is maxa E[R(s, a, s′) + γV(s′)] ≈ maxa[R(s, a, s′) + γV(s′)], to approximate the optimal
value function and perform learning control. This Policy is characterized by the difference
between behavioral policy and learning policy, falling into the off-policy learning.

RL Algorithms Based on Value Function Evaluation: Large-scale or continuous states
and actions caused the curse of dimensionality, making the tabular value based RL algo-
rithms ineffective. However, the ways to solve these this curse include: (i) to reduce the
state and action space; (ii) to estimate the value function V or Policy by using parameters
far smaller than the number of states and actions. The state and action space is mapped by
function to a set of parameter dimensions that are much smaller than the size of the state
and action space. The models of function estimation are usually divided into linear model,
kernel method, decision-making tree, neural network, deep neural network etc. DQN [7] is
a Q-learning method using deep neural network as value function estimator. By correcting
the over-estimation in Q-learning (such as Double Q-learning) [26], Double-DQN [27],
Averaged-DQN [28], MellowMaxDQN [29] based on the MellowMax operator [30], Soft-
MaxDQN [31] based on the SoftMax algorithm, and the soft greedy method based on
Rankmax [32] were proposed successively.

RL Algorithms Based on Policy Evaluation: Unlike the Policy based on the representa-
tion of value function, RL based on Policy Evaluation explicitly defines the parameterized
policy π(a|s, θ), and constantly optimizes the parameter θ by using the policy gradient
ascent method according to the policy evaluation function for the parameter J(θ). The
gradient of the policy is ∇J(θ) ∝ ∑s μ(s)∑a qπ(s, a)∇π(a|s, θ). By using the random gradi-
ent ascent method and replacing qπ(s, a) with Monte Carlo evaluation, the REINFORCE
algorithm is obtained [33]. I the value function of state is updated by the Bootstrap method,
the Actor-Critic algorithm is obtained [34]. To solve the continuous action space problem,
the stochastic policy gradient algorithm can be used if the probability distribution is used
as the policy function [15]. If the value function of action is used to adjust the policy directly
to ensure that the choice of action is unique in the same state, the deep deterministic policy
gradient (DDPG) is obtained [35,36]. The asynchronous execution of multiple simulation
processes by using the multi-threading function of CPU can effectively break the corre-
lation of training samples and obtain the Asynchronous Advantage act-critic framework
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(A3C) [37]. According to the KL divergence between the old and the new policies, the
learning steps are adjusted adaptively to ensure a stable policy optimization process, and
then the Trust Region Policy Optimization (TRPO) algorithm can be obtained [38]. By
using the proximal optimization algorithm based on the first-order optimization, the PPO
(Proximal Policy Optimization) algorithm with greater stability can be obtained [39].

3. PDRR—A Framework for Recognizing Cyber Defense Decision-Making

The type of task determines how reinforcement learning algorithms are used. In an
intranet network, the attacker plans to explore the network environment and get closer to
the target node, who hopes to avoid being detected by defenders. Faced with the “ghostly”
attacker, the defender should make good use of the defend resource to prepare for all
possible situations. These different situations will determine the suitability of decision-
making models and reinforcement learning algorithms. An example of the internal attack–
defense is shown in Figure 3.

Network 
Environment

Attacker

Reconnaissance

Weaponization

Exploitation

Delivery

Installation

Command & 
Control

Actions on 
Objectives

Defender

Key assets

Confidential documents
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…….

Actions

Observations

Actions
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Protect

DetectRespond

Recover

Cybersecurity Framework

Support

TechnologiesExperts Devices

Figure 3. An example of the internal attack–defense.

Therefore, we propose the PDRR framework to distinguish different cyber defense
decision-making tasks. The PDDR framework dynamic make decisions over the life cycle
of threats, and integrates the perspectives of both attack and defense, which includes four
modules, as shown in Figure 4.

Pentest: Pentest, also known as penetration test, attack planning, risk assessment, or
vulnerability assessment, is a method to identify potential risks by simulating the decision-
making process of attackers. The purpose of the test is not only to find a single vulnerability
in the target network, but to form a series of attack chains (multi-step attacks) to reach the
target node. The path from the starting node to the target node is called the attack path.
Design: Design is the decision-making task made by defenders to optimize the deployment
of defense resources and design defense mechanisms before cyber attacks occur. The
defense resources could be the experts, the number of security devices or the deployment
location.
Response: Response in the process requires defenders to be able to identify, analyze, and
deal with threats. In the real world, defenders often need to analyze a great number of
real-time traffic data to prevent or detect threats.
Recovery: Recovery after the event refers to the decision-making mechanism that takes
effect after the attack has occurred, to restore business function or minimize loss as soon
as possible.

84



Algorithms 2022, 15, 134

Pentest

Design

Response

Recovery

Design in advance

Response in the process

Recovery after the event

Network
Environment

Actions

Observations

Modeling Defender As a part 
of Network Environment

Modeling Attacker As a part of Network 
Environment MDP/POMDP/SMDP….

Interactions between Attacker and Defender Markov Game

Actions

Observations

Dynamic Evaluation

Evaluation Adjustment

Attacker’s 
Perspective 

Defender’s 
Perspective 

Figure 4. The PDRR framework.

The PDRR framework describes cyber defense decision-making at different stages
of threats in an interactive form, forming a dynamic cyclic process. The “Pentest” task
identify network defense from an attacker’s perspective, dynamically evaluating potential
risks by simulating the attacker’s behaviors, where the attacker’s observations include
connectable hosts, exploitable vulnerabilities, currently privileged nodes and so on, and
the attacker’s actions are usually to obtain network informations and attack the selected
nodes based on these informations, such as exploiting vulnerabilities, using passwords to
log in to the host and so on. The “Design”, “Response” and “Recovery” tasks, recognize
the cyber defense at stages from the defender’s perspective. Take the “Response” task for
example, the defender’s observations include detecting whether hosts in the network are
attacked, whether there are abnormal behaviors, and whether vulnerabilities are patched
and so on. While the defender’s actions include reimaging hosts, patching vulnerabilities,
and blocking subnets.

In addition to understanding cyber defense decisions as a whole, the biggest benefit
of this is that the appropriate decision model can be selected based on the task. As the
purpose of cyber defense decision-making at various stages is different, some factors can
be selectively ignored or weakened when the conditions are not met. For example, when
evaluating a Design module, the consequence is needed rather than the process. Depending
on whether the adversary or the environment is considered, single-agent or multi-agent
reinforcement learning algorithms can be selected. In terms of single agent’s decision-
making, the attacker or the defender shall be considered as part of dynamic network
environment. Considering that attack and defense agents can interact according to certain
strategies, the model should be constructed as a Markov Game.

4. Survey from the Attacker’s Perspective

This section focuses on sorting out representative literature about the “Pentest” task,
which is from the attacker’s perspective. First, problem characteristics are discussed and,
secondly, we summarized and compared the problem characteristics, decision-making
model, policy and description of related research.

4.1. Problem Characteristics

In a “Pentest” task, we identify possible risks from the attacker’s perspective. The
attacker needs to find a feasible attack path to the target node in an unknown dynamic
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network environment, its objective function is usually to find the random shortest path to
the target node, which is the default objective function of this section. However, in order to
verify the performance of the algorithm, different objective functions are also designed.

Dynamic network environment is composed of static configurations and dynamic be-
haviors. Static configurations refer to network topology, installed softwares, vulnerabilities,
accounts and so on. Dynamic behaviors mainly refer to behaviors of three different roles,
the attacker, defender and normal user. These different behaviors can change the state
of the environment, which bring uncertainty to the decision-making process [40]. In this
paper, the uncertainty in the task can be divided into four parts.

Unknown environment: Due to the fact that the attack process takes place in a non-
cooperative network environment, the agent needs to obtain information (such as to find
the host can be connected, to figure out whether the vulnerability can be exploited and so
on) by exploring the environment. Based on the information, the agent chooses appropriate
actions to complete the exploration of the environment.

Partial observability: Since the attacker agent is in a non-cooperative environment,
after the agent taking actions, it often cannot judge whether received observations are real
states of the system, and can only maintain a certain degree of confidence. In this case, the
attacker needs to constantly update its belief in the state of the environment based on the
obtained information, and then select appropriate actions.

Competitive environment: Security devices and security experts are the biggest
hindrances to the intrusion process. In order to clear the foothold to prevent critical systems
from being controlled by the attacker, the defender take countermeasures include restarting
computers, shutting down hosts, installing patches, and blocking subnets. Consequently,
this will affect the decision-making process of the attacker.

Non-competitive environment: Normal users play a third role in a network envi-
ronment besides the attacker and the defender. They may perform operations such as
restarting hosts, establishing connections between two hosts, and installing new softwares.
These actions still cause uncertainty in the decision-making process.

4.2. Related Work

When the attacker treats the defense and ordinary users as part of the environment, the
attacker decision-making model can be modeled by MDP, POMDP and other models. If the
attack agent and the defense agent are regarded as competitors, the Markov Game can be
used to model the interaction between them. In early stage, the “Pentest” is mainly solved
by the planning-based method. With continuous and deep research on the reinforcement
learning method, more and more researchers use reinforcement learning to solve this
problem. Table 1 summarizes representative research work in this direction in recent years.

86



Algorithms 2022, 15, 134

Table 1. Survey from the attacker’s perspective.

Type Ref U P C N Policy Description

POMDP

[41] � � × × SARSOP [42] (1) Introduce beliefs to reflect uncertainty;
(2) Excessive computational complexity.

[43] � � × × Improved
SARSOP

(1) Introduce network structure to reduce
complexity; (2) Not applicable when structure
changes.

[44] � × × × Improved RL Introduce the network information gain to
evaluate actions.

[45] � � � × Improved
Bayesian RL

Introduce the information decay factor to
reflect the influence of the adversary.

[46] � � × × Improved
GIP [47]

(1) Path coverage exceeds that of human in
small networks; (2) Computational cost
exceeds that of human on medium LANs.

MDP

[40] � × × × - Modeling as deterministic planning.

[48] � × × × Q-learning, Deep
Q-learning

(1) Build a system to simulate attack; (2) Ignore
the defender and normal user.

[49] � × × × DQN with
WA [50]

(1) Introduce “WA” to reduce action space;
(2) Use graph embedding method to abstract
state; (3) Low-dimensional vectors lacks
interpretability.

[51] � × × × RNN The RNN algorithm can also work well when
the environment changes.

[52] � × × × A2C, Q-Learning,
SARSA

(1) The A2C algorithm performs better than
other algorithms. (2) State representation lacks
interpretability.

[53] � × × × DQN, PPO

(1) The stability and generalization are
disscussed for the first time. (2) Current
algorithms have poor generalization
performance.

Markov Game

[54] � × � � Planning-based Design dynamic network configurations to
compare attack and defense interactions.

[55] � × � × Strategy sets
(1) The adaptability of algorithms to the
adversary is verified. (2) The task is far from
real world.

[56] � × � � Q-learning,
DQN, XCS [57]

(1) Designed a attack-defense multi-agent
system. (2) Different action usages are not
discussed.

[58] � × � × DQN (1) Verify the algorithm’s applicability. (2) The
defined model is difficult to scale.

Note: U indicates “Unknown environment”, P indicates “Partial observability”, C indicates “Competitive envi-
ronment” and N indicates “Non-competitive environment”.

Pentest based on POMDP: The POMDP uses the “belief” to reflect uncertainty in
attack decision-making. Sarraute et al. [41] first introduce POMDP to simulate “Pentest”
task, the goal of the task is to find the shortest path to the target node. Due to the high
complexity of POMDP algorithms, algorithms can only work in the environment of two
hosts. In order to reduce the computational complexity, Sarraute et al. use decomposition
and approximation to abstract network attack at four different levels [43]. The algorithm
decomposes the network into a tree of biconnected components, then gradually calculates
the cost of attacking subnets in each component, hosts in each subnet, and each individual
host. Although this method reduces complexity, it ignores the consequences of possible
changes in the network environment.
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Due to the limited complexity of planning algorithms, some researchers began to use
reinforcement learning algorithms to solve this problem. Zhou et al. introduce the network
information gain to as the signal for evaluating actions’ reward [44]. The information gain
is equal to H(P) = ∑

|p|
j=1(pj log pj + (1 − pj) log(1 − pj)), where Pj represents the vector of

operating system, open service, port, and protection mechanism probability distribution
before (after) taking actions. Experiments showed that RL algorithms with information
gain are more effective than other algorithms at finding attack paths.

In addition to considering an “unknown environment”, Jonathon et al. also took
into account the influence of the opponent, and proposed an information decay factor to
represent the observation of the attacker [59]. The author used the Bernoulli process to
model the defender’s behaviors, and verified that the Bayesian Reinforcement Learning
(BRL) algorithms combined with the information decay factor is significantly better than
the baseline algorithm in terms of winning rate and reward.

Ghanem built an automated penetration testing system called “IAPTS” to solve the
problem of automated Pentest in large network environments [46]. The system preprocesses
the original data, and obtains the evaluations by constructing POMDP model to use
PERSEUS [15], GIP [47] and PEGASUS [60] algorithms in combination, and then made
it available to human experts. The experiments are carried out in small and medium
networks. Experimental results showed that the improved GIP algorithm performed better
than manual experts on small networks, but the computational cost was higher on medium
LANs, requiring more in-depth research on the algorithm.

Pentest Based on MDP: Through existing research, it can be seen that when using
POMDP to model the attack decision-making process, due to the computational complexity
of algorithms, the scale of applicable scenarios is limited. Therefore, more and more
researchers choose to model the “Pentest” task with MDP, where the outcomes of actions are
deterministic [40]. This change allows researchers to build the task with more consideration
for the similarity of actions to the real world, the changes in the environment, and the
presence of the opponent and so on.

Schwartz designed and built a new open-source network attack simulator (NAS) for
studying the attack decision-making process [48], and compared different RL algorithms’
convergence times. This system promoted the research of reinforcement learning algorithms
in the direction of “Pentest”, but the abstraction of state space is too simple and lacks
consideration of the dynamic environment, so it needs to be further deepened.

Nguyen et al., focused on the problem of large-scale action space reduction [49]. The
author combined the DQN algorithm with “Wolpertinger Architecture(WA)” [50] to embed
multilevel action. The sensitive machine attacked proportion of the proposed algorithm
was obviously better than other algorithms, and was also applicable in the medium and
large-scale network. Besides, the graph embedding method is first used to represent the
state space, which is worth exploring.

By focusing on how to reduce the number of features represented in the state space
and how to approximate the state-action space with a small set of features, Pozdniakov
et al. performed the experiment to compare the advantages and disadvantages of three
algorithms: Q-learning based on table, RNN with Q-learning and RNN with Q-learning
after network configuration changes [51]. The results showed that, compared with Q-
learning based on table, RNN with Q-learning can converge faster and respond to the
change of environment, showing the potential of model-free learning for automated pentest.

Maeda et al., used the real payloads of attack tools as actions for attack decision-
making, and applied A2C, Q-learning and SARSA algorithms to solve the task [52]. The
experimental results showed that the A2C algorithm has the best effect in cumulative
average reward. However, the defined state representation in the article lacks a certain
degree of interpretability.

In order to test the stability and generalization of various DRL algorithms [53], Sultana
et al. built five experimental scenarios with different topologies, services, and application
configurations based on the Network Attack Simulator (NASim) platform [59]. In the test
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of stability, the returns of DQN algorithm and PPO were relatively stable. In the test of
generalization, when the evaluation network deviates from the training environment, the
performance of DQN and PPO algorithms failed to adapt to all experimental scenarios,
even worse than the performance of random algorithm in the same environment, which
pointed out the possible research directions.

Pentest Based on Markov Game: Markov Game in “Pentest” treats the attacker
and the defender as the competing agents and designs a Game model to compare the
effectiveness of the two sides’s policies. Applebaum et al. systematically modeled dynamic
network environment, and used the method of statistical analysis to discuss the winning
and losing situations of both players under different environment configurations [54].

Elderman et al., modeled the attack–defense game as zero-sum two-player Markov
Game with incomplete information. In the game, agents played in turn-based interactions
based on their observations. The attacker tried to reach the target node, while the defender
tried to protect the network and stop the attacker. In this process, the decision-making of
both sides was influenced by the hidden information [55]. The experiment compared the
winning and losing of players using different strategies, and found that neither side can
ensure long-term victory under the same strategy.

Niculae built a more realistic multi-agent system, where included the interactions
among attackers, defenders and normal users [56]. In the system, ten attack actions, three
defense actions and three normal user actions were designed. In addition, attributes such as
reliability, duration, noise, and crash probability were added to the attack action to describe
the uncertainty of the interaction process. The experiments compared reinforcement
learning algorithms such as DQN and Q-learning with rule-based algorithms, results
showed that the DQN algorithm had stronger generalization ability, but required a large
amount of training time. However, it did not analyze how often the different types of
actions designed were used in its algorithm.

Bland et al., used the Petri net as a modeling tool to simulate the attack decision-
making process [58]. The author designed several groups of comparative experiments in
which static attackers versus dynamic defenders and dynamic attackers versus dynamic
defenders. In these comparative experiments, reinforcement learning algorithms using
greedy policies improved performance over time, both in achieving player goals and
reducing costs. However, using the Petri net requires a detailed definition of the transition
between different states, which makes the work less applicable.

5. Survey from the Defender’s Perspective

Unlike research from the attacker’s perspective, the studies from the defender’s
perspective needs to consider various situations in the defense decision-making. Based on
the PDRR framework, this section reviews research in terms of the three defense phases:
Design, Response, and Recovery.

5.1. Problem Characteristics

Although the defender can control the internal network, the agent does not know
whether the attack exists and the possible consequences of the attack. Therefore, its
decision-making process still has the following challenges.

False Positive Rate: In the abnormal detection process, the detection by the defender
will cause a certain false positive rate due to the existence of the anti-detection technology
of unknown and known threat samples. This will happen for the high degree of fitting
between the existing samples and the malicious samples, or forged signals sent by the
attacker to the defense detection algorithm. The existence of a false positive rate will further
improve the complexity of learning, leading to the wrong judgment of defense decision.

Local Information Known: Security experts find it difficult to grasp all the informa-
tion of the network environment in real time due to the dynamic and huge scale of the
network environment, though they have the authority to manage the network environment.
Therefore, the defender can only manage and maintain the network environment of limited
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scale, and such local limitation can be alleviated by means of multi-agent cooperative
communication, while increasing the difficulty of decision-making.

Constraint of Resources: The attack may be launched at any time using different
vulnerable points, and the protection, detection, response and recovery of defense will
take up or consume certain resources. Given this, an unrestricted commitment of defense
resources is impossible. These resources may be the cost of equipment deployment, or
personnel, time and other cost factors. Hence, in a network defense scenario, the defender
needs to respond as quickly as possible and cut the cost as much as possible to complete
the task.

Table 2 summarizes and compares representative research literature from the de-
fender’s perspective. Like the attacker perspective, we also classify these three tasks
from the adopted decision-making model, and compared decision-making models, task,
strategies used and descriptions of related research.

Table 2. Survey from the defender’s perspective.

Type Model Ref F L C Policy Description

Design
MDP

[61] × × � Value Iteration Dynamic optimization algorithm and manual intervention
are combined.

[62] � × � Q-learning Proposed a new adaptive control framework.

[63] × � � Q-learning Proposed a spoofing resource deploy algorithm without strict
constraints on attacker.

Markov Game [64] − × � Q-learning An algorithm that can obtain the optimal security configuration
in multiple scenarios;

Response

MDP

[65] � × � DDQN, A3C (1) Design an autonomous defense scenarios and interfere with
training process; (2) observation is less limited.

[66] � � × DQN (1) The convergence is accelerated by expert artificial reward
(2) Limited reward setting.

[67] × × × Q-learning (1) Knowledge graph is used to guide the algorithm design
(2) High trust in open source data.

[68] − × � Value Iteration (1) Introduces a botnet detector based on RL; (2) Action cost not
taken into account.

[69] − × � Reward structure Multi-agent network with collaborative framework and group
decision-making.

[70] × × × Sarsa (1) Hierarchical collaborative team learning can extend to large
scenarios; (2) Difficult to guarantee convergence.

Markov Game

[71] × � � Q-learning (1) Pareto optimization is used to improve Q-learning’s
efficiency; (2) The attacker takes random actions.

[72] × � � Q-learning (1) A defense policy selection simulator is constructed;
(2) Random attack actions.

[73] � � × Q-learning (1) Respond to attacks with limited information; (2) Rely on
expertise to evaluate rewards.

[74] � � � MA-ARNE Solving resource utilization and effective detection of APT
with MARL.

POMDP

[75] × � � Q-learning POMDP is modeled based on Bayes attack graph.

[76] × � � Q-learning (1) The transfer probability is estimated using Thompson
sampling; (2) Fixed attack transfer probability.

[77] � � × Value Iteration (1) Adaptively adjust the recognition configuration according to
the false alarm rate; (2) Cannot face adaptive attackers well.

[78] � � � Q-learning (1) Multi-agent collaboration model based on signal and
hierarchy; (2) Cannot guarantee the convergence.

[79] � � � Q-learning (1) A decentralized threat perception model is proposed;
(2) Value functions needs expert knowledge.

SMDP [80,81] − × � Q-learning; The interaction in the honeypot is modeled as a semi-Markov
process.

Recovery MDP

[82] − × × DDPG (1) The continuous numerical method is used to obtain a better
real-time recovery policy; (2) Low convergence rate.

[83] − × × Q-learning (1) Proposed an effective strategy based on a realistic power flow
model with RL; (2) Low convergence rate.

[84] − × × DDPG Applied reinforcement learning to backup policy.

Note: F indicates “False Positive Rate”, O indicates “Local Information Known ”, C indicates “Constraint
of Resources”.
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5.2. Design

“Design” task refers to deploying resources or designing mechanisms to deal with
different cyber attacks.

The moving target defense (MTD) is proposed to “change the rules of the game” facing
with attacks [85]. MTD mainly works to confuse the attacker by constantly shifting the
attack surface, increase the attack cost and difficulty, and improve the resilience of the
defense system. Ganesan et al. [61] proposed a dynamic stochastic model for scheduling
security analysts. The risk can be kept below target levels by coordinating the allocation of
staff and sensor resources.

Winterrose et al. [62] has developed a method based on online reinforcement learning
to achieve the ideal balance between system security and system performance in a dynamic
threat environment. With this method, the best parameters needed to defend against
adversaries in the security performance space can be autonomously computed even as the
threat changes. However, it usually consumes a lot of energy and resources.

In addition to changing the attack surface, researchers have also countered the attack
by deploying network deception devices such as honeypots. Wang et al. [63] used Q-
learning-based agents to find the best policy of deploying spoofed resources. The algorithm
solves the problem that the static deployment of spoofing resources is easy to identify and
bypass. In the actual network experiment, this method can reach the defense success rate
of 80%.

Jiang et al. [86] proposed the concept of “moderate security”, which means that we
should seek a risk-input balance when considering the constraints of resources and other
actual conditions. In other words, the limited resources should be used to make a reasonable
decision, so the game theory can be used to study the strategies of both players.

A good defense mechanism “Design” should also be found in attack–defense con-
frontation. Panfili [64] et al. obtained the optimal security configuration by searching Nash
Equilibrium of multi-agent attack and defense game. It can minimize the damage caused
by an attack, even making it less than the cost of executing the attack policy.

5.3. Response

“Response” task requires the defender to be able to detect abnormal network traffic
and take appropriate response measures, especially in response to unknown attacks.

A zero-day vulnerability is a vulnerability that has not been disclosed. Before releasing
system patches for zero-day vulnerabilities, how to actively establish a response mechanism
during the repair window to deal with unknown cyber attacks is a challenging problem.
Sun et al. [71] modeled the network attack and defense as a zero-sum multi-objective
game in a simple network topology, and proposed the Q-learning algorithm with pareto
optimization for the “Response” task, where helps network security analysis improved
significantly. Based on the above research, Sun et al. improved the granularity and
authenticity of the network model [72]. A set of defense policy selection simulator was
built to the Q-learning algorithm with pareto optimization. However, in the above two
studies, the attackers used random actions that did not fit well with real attacks.

Hu et al. [75] modeled the “Response” task as a partially observable Markov decision
process on a bayesian attack graph. In the experiments, Q-learning was used to identify
cyber attacks, and verified the performance of the algorithm in a small network. How-
ever, it is assumed here that the process of responding is phased, making it difficult to
detect online. Based on the previous work, Hu et al. proposed a new adaptive network
defense mechanism [76]. The task was modeled as a POMDP problem with uncertain
state transition, and the state transition probability was estimated by using Thompson
sampling. The optimal defense action was obtained based on reinforcement learning
without any false positives. Based on the real network attack numerical simulation, the
cost-effectiveness of the algorithm was verified. However in the real world, the attack
value may change continuously.
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Han et al. [65] explored the feasibility of reinforcement learning algorithm for au-
tonomous defense in SDN and the false positive problem of attack. In their experiment, the
defense agent used various reinforcement learning methods to learn the best operations
to protect critical servers while isolating as few nodes as possible. In addition, in their
adversarial training, the attacker can damage the reward and state of the defensive agent,
thus causing false positives. Therefore, the reinforcement learning may make sub-optimal
or even wrong decisions, which indirectly proves that the adversarial training can reduce
such negative effects for the defender.

The false positive rate and defense expenses will increase with the rising number,
type and complexity of network attacks. As an attacker will often hide from the network’s
constant real-time monitoring after successfully entering a network environment, the
defender should implement appropriate means to identify and respond to abnormalities in
time, formulate corresponding response mechanisms to handle abnormal detection results
containing false positive rate. Chung et al. [73] proposed an automatic detection technique
to respond to the hostile behavior of suspicious users. This is based on the game model of
expert knowledge and uses Q-learning to solve. Experiments based on simulation showed
that, when the information of the opponent is limited, the Naive Q-learning can effectively
learn the behavior of the opponent and has better performance than other algorithms with
limited assumptions. Due to the lack of consistency in security metrics, the damage and
reward of attacks were mainly based on the expert knowledge.

Liu [66] studied the interactive reinforcement learning method which was used to
improve the adaptability and real-time performance of intrusion detection. Based on the
experience replay buffer and Long Short-Term Memory (LSTM) optimization learning, the
feedback of network security experts was added in the reward to accelerate convergence.
In addition, the expert also reported different rewards based on the difference between
true positive and false negative rates. An excellent detection effect was achieved on the
NSL-KDD dataset [87].

Sahabandu et al. [74] studied how to weight the resource efficiency and detection
effectiveness in dynamic information flow tracking analysis models. Their game model
captured the security costs, false positives and missing positives associated with dynamic
information flow tracking, and a multi-agent average reward Nash equilibrium algorithm
is proposed (MA-ARNE) was proposed, which was able to converge to an average reward
Nash equilibrium on the ransomware data set.

Piplai et al. [67] used the prior knowledge represented by the network security knowl-
edge graph to guide the reinforcement learning algorithm to detect the malicious process,
and applied the prior knowledge mined from the open text information source describing
the malicious network attack to guide the reinforcement learning algorithm to adaptively
change parameters to adjust the value function and explore the probability. The simulation
experiment proved that such system was better than the basic reinforcement learning
system in terms of detecting malicious software.

Modern botnets often operate in a secretive manner, which make it difficult to detect.
Venkatesan et al. [68] based on reinforcement learning, detected the presence of botnets
by deploying honeypots and detectors in a simulated environment, and performed the
comparative experiments with static policies in PeerSim [88]. The results showed that the
performance was improved significantly.

Alauthman et al. [77] proposed a detection system combined with reinforcement
learning technology, in which, the network traffic reduction technology was mainly used
to deal with large-scale network traffic. As a result, the botnet hosts with high accuracy
(98.3%) and relatively low false positive rate (0.012%) can be detected, which was better
than other detection methods. Dynamic improving system based on reinforcement learning
can alleviate the dynamic changes existing in botnets, but it cannot well face the methods of
avoiding detection taken by botnet administrators, such as rootkits (A malicious software
that can hide itself and files and networks from the host).
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In response to different attacks, Honeypot technology is adopted to protect the net-
work. Honeypot technology is an active defense technology which can effectively defend
network resources by deceiving attackers to obtain information [89]. Huang et al. [80,81]
applied a semi-Markov decision process to characterize the random transitions and linger
time of the attackers in the honeypot, and designed a defense scheme where the agent
actively interacted with the attacker in the honeypot to increase the attacker’s attack cost
and collect threat information. According to the numerical results, the proposed adaptive
policy can quickly attract attackers to the target honeypot and interact with them for a
long enough time to obtain valuable threat information. At the same time, the penetration
probability was kept at a low level.

The multi-agent system, a classic model of distributed artificial intelligence, can pro-
vide better adaptability and more effective decision-making for cyber defense [90]. Miller
and Inoue [69] used the Synergistic and Perceptual Intrusion Detection with reinforcement
(SPIDeR) [91] and an agent with its Self-Organizing Map (SOM) to cooperate to detect
anomalies. Additionally, decisions were made by the central blackboard system in SPIDeR
based on reinforcement learning. SPIDeR showed positive results in 1999 KDD Cup [92].

Malialis [70] also introduced a multi-agent cooperative architecture to build a layered
anomaly detection framework, so as to improve the response speed and scalability of
intrusion detection, and studied the cooperative team learning of agents. However, similar
to the study of Servin et al. [78], the large-scale collaborative learning of distributed agents
was difficult to guarantee the convergence.

Liu et al. [79] designed a collaborative network threat perception model (DDI-MDPS)
based on decentralized coordination to solve the problems such as high pressure, low
fault tolerance, low damage resistance and high construction cost of the static centralized
network intrusion detection system (NIDS). In addition, they tested the DDI MDPs model
based on the open data CICIDS2017, and the simulation results proved that the interaction
between multiple agents enhanced the network threat perception. However, designing
value functions for agents to deal with the network threat perception problems in unknown
networks largely relies on prior domain knowledge.

5.4. Recovery

“Response” task needs the defender to be able to take measures to restore network
functionality after cyber attacks have occurred.

In the case of unavoidable exceptions or damages, the defender should take adequate
measures to restore the normal operation of the network in time and minimize the impact
caused by attacks. For critical power infrastructure, the system can quickly recover by
using reinforcement learning technology after detecting and removing the invasion [93]. A
malicious attacker can trip all transmission lines to block power transmission as long as it
takes control of a substation. As a result, asynchrony will emerge between the separated
regions interconnected by these transmission lines.

Wei et al. [82], proposed a recovery policy for how to properly choose the reclosing
time, which uses a deep reinforcement learning framework, so as to reclose the tripped
transmission lines at the optimal reclosing time. This policy was given with adaptability
and real-time decision-making ability to uncertain network attack scenarios. Numerical
results showed that the policy proposed can greatly minimize the impact of network attacks
in different scenarios.

Wu et al. [83] modeled the cascade failure and recovery process in the power system
as MDP and used Q-learning to identify the optimal line sequence recovery sequence. The
recovery performance of this method was proven to be better than that of the baseline
heuristic recovery policy in IEEE57 simulation systems.

Debus et al. modeled the threat model and decision-making problem mathematically
for the traditional network defense methods, and transformed the problem of finding the
best backup policy into a reinforcement learning problem [84]. The storage device updating
scheme based on the proposed algorithm can achieve or even exceed the performance of
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the existing scheme. In addition, thanks to the function approximation property of the
policy network, the algorithm not only provides a fixed set of update rules and steps, but
also can deal with the deviation from the planned scheme and dynamically adjust the
backup scheme back to the best route.

6. Open Directions and Challenges

According to existing literature, It can be seen that most of the work still remains on
how to apply reinforcement learning algorithms. Therefore, this paper makes an outlook
from both reinforcement learning and cyber defense decision-making perspectives.

6.1. Challenges in Reinforcement Learning Algorithms

In terms of existing studies on reinforcement learning, reinforcement learning al-
gorithms are too simple to solve the real problems in cyber defense decision-making.
Therefore, the reinforcement learning research in network defense decision-making still
needs to overcome the following challenges:

Appropriate Objective Function and Optimization Method: Different from super-
vised learning, there is no unified optimal goal because the reinforcement learning has no
labels. Objective functions are designed in terms of stability, convergence rate and accuracy
of value function. However, what kind of objective function is more suitable for the policy
solution of network attack and defense decision-making task needs to be further studied.
In addition, the optimization methods such as batch gradient descent, random gradient
descent, least squares, Kalman filtering, Gauss process optimization, proximal optimization,
Newton method etc. should be further discussed given the objective function.

Value Functions and Policy Gradients: Both reinforcement learning algorithms are
based on the value function and policy gradient ascending algorithm which directly defines
a policy exist in many network attack and defense decision-making tasks. Reinforcement
learning algorithms based on a value function are usually used in discrete action space,
while policy gradient based reinforcement learning algorithms are usually used in continu-
ous action space. However, how to define a policy for a specific task should be considered
carefully [15].

Sparse Reward Challenge: In network attack and defense decision-making tasks,
rewards are usually sparse. Sparse reward is one of the important factors affecting the
convergence rate of reinforcement learning. Using reward shaping to make sparse rewards
denser can effectively improve the convergence rate of learning, one of whose cores is
to satisfy policy invariance [94]. There is another scheme, where the decision-making
behavioral data of experts are collected and the techniques such as inverse reinforcement
learning are used to reverse the reward function [95,96].

Non-stationary Challenges: Reinforcement learning assumes that the environment is
stationary: Time-independent uncertainty. However, in the network attack and defense
game, the following two situations lead to nonstationary environment:

(1) Environmental uncertainty may be time-varying [97], for example, the network
topology disturbed by uncertain factors (abnormal shutdown, etc.) may lead to the failure
of nodes;

(2) The competitive game between attacking and defending agents causes the environ-
ment to respond to different action pairs.

Such a nonstationary environment will seriously affect the convergence of reinforce-
ment learning algorithm. Therefore, it is necessary to conduct context detection, track
potential changes [98], predict [99], and construct a model to accommodate it, such as
meta-reinforcement learning [100] and worst case idea [101] etc.

Non-Ergodicity Challenges: Reinforcement learning assumes that the environment
satisfies Ergodicity, also known as Ergodicity of each state, which means that the probability
of each state is non-zero and converges to a definite value. However, in the network attack
and defense game, this ergodicity is broken, causing that some nodes in the topology
are broken at a very low possibility. This brings a strong challenge to reinforcement
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learning. Given this, how to design a stable and efficient reinforcement learning under the
assumption of non-ergodicity is much needed, such as using utility function based on a
value function [102–104].

6.2. Challenges in Cyber Defense Decision-Making

Network defense decision-making requires in-depth study of problem characteristics
in combination with real scenarios, so as to provide a basis for more convenient simulation
experiments and theoretical analysis, as well as better evaluation of defense decision-
making effects. The challenges in network defense decision-making are as follows.

Task model: In order to accurately characterize the characteristics of cyber attack and
defense interactions, the researchers proposed FilpIt [105,106], Hide-and- Seek [107–110],
two-person zero-sum game [55] and other task models to analyze the decision-making
behavior of both attacker and defender. The above models have abstracted the character-
istics of network attack and defense, such as concealability and dynamics, but it is still
difficult to provide guidance for the decision-making process due to the theoretical reasons
as follows: (1) The design of environment, action and state of the existing models is abstract
and lacks the mapping with the real world. (2) Most network attack and defense games are
abstracted as two-person zero-sum games, whose design of reward and ending mechanism
cannot accurately reflect the decision-making preferences of both attacker and defender.
Therefore, to conduct a more in-depth analysis on the characteristics of attack and defense
game in actual task scenarios such as Pentesting and virus infection is necessary.

Table 3. Comparison of Current Network Training and Testing Platform.

Network Implementation Model Literature Convenience Fidelity Expansibility

Network Simulation
MulVAL [111] [112–115] Middle Low Low
Petri net [116] [58] Low High High

NS3 [117] [118] Middle High Middle
Mininet [119] [65] Middle Middle Middle

Testing platform NASim [59] [48] High Middle High
CyberBattleSim [120] - High Middle High

Simulation platform: Previous studies mainly verify the effectiveness of network
attack and defense decision-making algorithm by MulVAL [111], NS3 [117], Petri net [116]
real data playback or using virtual machine network. In Table 3, the relevant work of the
existing training and testing platform is summarized, which is divided into three indexes
of high, middle and low to measure the convenience, fidelity and expansibility of each
network training and testing platform.

(1) Convenience: How easy the platform is to use, which is evaluated on the basis of the
size of the package, the platform on which it is running, the language in which it is
compiled, and how it is installed.

(2) Fidelity: Closeness to the real world, which is mainly evaluated from action design,
network environment, evaluation indexes, etc.

(3) Expansibility: The difficulty of secondary development, which is evaluated based
on the open source degree of the platform and the difficulty of the experiment of
researchers.

Obviously, using NS3, real data playback and other methods to build the training test
environment will bring a lot of unnecessary details in terms of decision-making, such as
raw data preprocessing or traffic packet parsing. As a result, the processing complexity of
the algorithm is increased. However, Petri net or MulVAL and other methods to build the
training testing environment need a lot of pre-defined work, which is difficult to reflect the
dynamic of network attack and defense. Therefore, it has become a current development
trend for researchers to use multi-agent methods to build training and testing platforms
for attack and defense, such as the Network Attack Simulator [59] by Schwartz and Cyber-
BattleSim [120] by Microsoft. However, these training test platforms are still developing,
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which are difficult to define and expand the elements of attacking and defending actions,
states and tasks flexibly. So, to further develop diversified training environments to meet
the needs of decision-making algorithm is required.

Best response strategy: In single-agent reinforcement learning, an agent repeatedly
interacts with the environment to optimize its policies until there is no way to provide
further performance (as measured by rewards or other metrics). However, the attacker
in the process of defense may have more than one policy; the defender therefore shall
comprehensively consider different policies, different starting points, and even different
attackers with different capabilities, so as to make the optimal response as far as possible.
In this case, empirical game analysis and reinforcement learning [121] shall be used to find
the optimal defense response policy in the policy space.

State representation: The state of the decision-making process needs to consider
elements such as network topology, vulnerabilities, and accounts, and Network topology
is a natural graph structure. Therefore, graph neural networks, graph convolutional
deep neural networks [122,123] and graph deep neural networks [124,125] can be used
to effectively represent the state and observation of network attack and defense decision-
making processes. However, only little literature [50] discusses the use of graph embedding
method, more in-depth research should be performed on how to better represent the
multidimensional characteristics in the attack and defense decision-making and analyze
the differences between different representation methods.

Centralized control and distributed control: In the existing research on network attack
and defense decision-making, most of them adopt distributed cooperative mode to control
multiple agents for intrusion detection and anomaly detection. However, large-scale collab-
orative learning of distributed agents was difficult to guarantee the convergence [69,70,78].
Furthermore, the hostile behavior has gradually taken on the purposeful, organizational
characteristics in the current network attack and defense decision-making environment.
Therefore, the most important work in the next stage is to study a set of centralized control
learning methods, and multiple agents are controlled to make unified decisions at the
same time, in order to respond to the hostile behavior with clear goals and organizational
discipline.

7. Conclusions

Internet technology is the foundation of cyberspace, while network security is an
inevitable problem in the development of cyberspace. Reinforcement learning, as a new
technology, has been used by many researchers to solve the cyber defense decision-making
problem. In this paper, based on the summary of intelligent decision-making models and
reinforcement learning technology, representative literature is summarized and contrasted
from perspectives of the attacker and the defender, respectively. The former focuses on
the uncertain process of attack decision-making, and the latter focuses on addressing the
various scenarios that cyber defenses may face.

This paper is prepared to sort out the technology and application of reinforcement
learning in the field of network attack and defense decision-making, and provide ideas
for further research on network attack and defense decision-making by systematically
analyzing the advantages and disadvantages of existing research. At the end of the paper,
the challenges of reinforcement learning and network defense decision-making are summa-
rized. It can be seen that reinforcement learning shows the potential to solve cyber defense
decision-making problems, but the task models, platforms and algorithms still need further
research to promote this direction.
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Abstract: In this paper, we quantify the non-transitivity in chess using human game data. Specifically,
we perform non-transitivity quantification in two ways—Nash clustering and counting the number
of rock–paper–scissor cycles—on over one billion matches from the Lichess and FICS databases. Our
findings indicate that the strategy space of real-world chess strategies has a spinning top geometry
and that there exists a strong connection between the degree of non-transitivity and the progression
of a chess player’s rating. Particularly, high degrees of non-transitivity tend to prevent human players
from making progress in their Elo ratings. We also investigate the implications of non-transitivity for
population-based training methods. By considering fixed-memory fictitious play as a proxy, we conclude
that maintaining large and diverse populations of strategies is imperative to training effective AI
agents for solving chess.

Keywords: game theory; multi-agent AI; non-transitivity quantification

1. Introduction

Since the mid-1960s, computer scientists have referred to chess as the Drosophila of
AI [1]: similar to the role of the fruit fly in genetics studies, chess provides an accessible,
familiar, and relatively simple test bed that nonetheless can be used to produce much
knowledge about other complex environments. As a result, chess has been used as a
benchmark for the development of AI for decades. The earliest attempt dates back to
Shannon’s interest in 1950 [2]. Over the past few decades, remarkable progress has been
made in developing AIs that can demonstrate super-human performance in chess, including
IBM DeepBlue [3] and AlphaZero [4]. Despite the algorithmic achievements made in AI
chess playing, we still have limited knowledge about the geometric landscape of the
strategy space of chess. Tied to the strategic geometry are the concepts of transitivity and
non-transitivity [5]. Transitivity refers to how one strategy is better than other strategies. In
transitive games, if strategy A beats strategy B and B beats C, then A beats C. On the other
hand, non-transitive games are games where there exists a loop of winning strategies. For
example, strategy A beats strategy B and B beats C, but A loses to C. One of the simplest
purely non-transitive games is rock–paper–scissors. However, games in the real world
are far more complex; their strategy spaces often have both transitive and non-transitive
components.

Based on the strategies generated by AIs, researchers have hypothesised that the
majority of real-world games possess a strategy space with a spinning top geometry. In
such a geometry (see Figure 1a), the radial axis represents the non-transitivity degree and
the upright axis represents the transitivity degree. The middle region of the transitive
dimension is accompanied by a highly non-transitive dimension, which gradually dimin-
ishes as the skill level either grows towards the Nash equilibrium [6] or degrades to the
worst-performing strategies.
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Figure 1. We justify the spinning top hypothesis represented by (a), which states that many real-world
games—including chess—possess a strategy space with a spinning top geometry, where the radial
axis represents the non-transitivity degree (e.g., A beats B, B beats C, and C beats A) and the upright
axis represents the transitivity degree (e.g., A beats B, B beats C, and A beats C). We studied the
geometric properties of chess based on one billion game records from human players. (b) shows the
comparison between the histogram of Elo ratings (i.e., the transitivity degree) in Lichess 2020 (left)
and the degree of non-transitivity at each Elo level (right), where the non-transitivity is measured by
both the size of the Nash clusters and the number of rock–paper–scissor cycles (top-right corner). A
skewed-normal curve is fitted to illustrate the non-transitivity profile, which verifies the spinning
top hypothesis in (a). Specifically, the middle region of the transitive dimension is accompanied by a
large degree of non-transitivity, which gradually diminishes as skill evolves towards high Elo ratings
(upward) or degrades (downward). Notably, the peak of the Elo histogram lies between 1300 and
1700, a range where most human players get stuck. Furthermore, the peak of the non-transitivity
curve coincides with the peak of the Elo histogram; this indicates a strong relationship between the
difficulty of playing chess and the degree of non-transitivity. Our discovered geometry has important
implications for learning. For example, our findings provide guidance to improve the Elo ratings of
human players, especially in stages with high degrees of non-transitivity (e.g., by dedicating more
efforts to learning diverse opening tactics). In (c), we show the performances of population-based
training methods with different population sizes. A phase change in performance occurs when the
population size increases; this justifies the necessity of maintaining large and diverse populations
when training AI agents to solve chess.

While the idea of non-transitivity is intuitive, quantifying it remains an open challenge.
An early attempt has been made to quantify non-transitivity [5], based on which the
spinning top hypothesis was proposed. However, their sampled strategies were all artificial,
in the sense that they only studied strategies that were generated by various algorithmic
AI models. While one can argue that both artificial and human strategies are sampled
from the same strategy space, they could have completely different inherent play styles;
for example, [7] has shown that the Stockfish AI [8] performed poorly in mimicking the
play style of weak human players, despite being depth-limited to mimic those players.
Therefore, there is no guarantee that the conclusions from [5] would apply to human
strategies. Consequently, the geometric profile of the strategy space of chess is still unclear,
which directly motivated us to investigate and quantify the degree of non-transitivity in
human strategies.

Aside from its popularity historically, chess is one of the most popular classical games
today. It provides the largest number of well-maintained human game records of any type,
which are publicly available from various sources. These databases include Lichess [9],
which contains games played since 2013, and the Free Internet Chess Server (FICS), which
contains games played since 1999 [10]. In this paper, by studying over one billion records
of human games on Lichess and FICS, we measure the non-transitivity of chess games,
and investigate the potential implications for training effective AI agents and for human
skill progression. Specifically, we performed two forms of non-transitivity measurement:
Nash clustering and counting the number of rock–paper–scissor (RPS) cycles. Our findings
indicated that the strategy space occupied by real-world chess strategies demonstrates a
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spinning top geometry. More importantly, there exists a strong connection between the
degree of non-transitivity and the progression of a chess player’s rating. In particular, high
degrees of non-transitivity tend to prevent human players from making progress on their
Elo rating, whereas progression is easier at the level of ratings where the degree of non-
transitivity is lower. We also investigated the implication of the degree of non-transitivity
on population-based training methods. By considering fixed-memory Fictitious Play as a
proxy, we concluded that maintaining a large and diverse population [11] of strategies is
imperative to train effective AI agents in solving chess, which also matched the empirical
findings that have been observed based on artificial strategies [5].

In summary, the main contributions of this paper are as follows:

• We perform non-transitivity quantification in two ways (i.e., Nash Clustering and count-
ing rock–paper–scissor cycles) on over one billion human games collected from Lichess
and FICS. We found that the strategy space occupied by real-world chess strategies
exhibited a spinning top geometry.

• We propose several algorithms to tackle the challenges of working with real-world
data. These include a two-staged sampling algorithm to sample from a large amount
of data, and an algorithm to convert real-world chess games into a Normal Form game
payoff matrix.

• We propose mappings between different chess player rating systems, in order to allow
our results to be translated between these rating systems.

• We investigate the implications of non-transitivity on population-based training meth-
ods, and propose a fixed-memory Fictitious Play algorithm to illustrate these implica-
tions. We find that it is not only crucial to maintain a relatively large population of
agents/strategies for training to converge, but that the minimum population size is
related to the degree of non-transitivity of the strategy space.

• We investigate potential links between the degree of non-transitivity and the progres-
sion of a human chess player’s skill. We found that, at ratings where the degree of
non-transitivity is high, progression is harder, and vice versa.

The remainder of this paper is organized as follows: Section 2 provides a brief overview
of the works related to this paper. Section 3 provides some background on Game Theory, fol-
lowed by theoretical formulations and experimental procedures to quantify non-transitivity,
as well as to study its implications for training AI agents and human skill progression.
Section 4 presents the results of these experiments and the conclusions drawn from them.
Section 5 presents our concluding remarks and several suggestions for future work.

2. Related Works

Our work is most related to that of [5], who proposed the Game of Skill geometry (i.e.,
the spinning top hypothesis), in which the strategy space of real-world games resembles a
spinning top in two dimensions, where the vertical axis represents the transitive strength
and the horizontal axis represents the degree of non-transitivity. This hypothesis has
empirically been verified for several real-world games, such as Hex, Go, Tic-Tac-Toe, and
Starcraft. The approach taken by [5] was to sample strategies uniformly along the transitive
strength, where the strategies are generated by first running solution algorithms such
as the Minimax Algorithm with Alpha-Beta pruning [12] and Monte-Carlo Tree Search
(MCTS) [13]. Sampling strategies uniformly in terms of transitive strength is then conducted
by varying the depth up to which Minimax is performed, or by varying the number of
simulations for MCTS. For Starcraft, sampling strategies have been carried out by using
the agents from the training of the AlphaStar AI [14]. However, such sampling of strategies
means that the empirical verification is performed on artificial strategies, and some works
have suggested an inherent difference in the play style of AI and humans. For example, [7]
have shown that Stockfish AI [8] performed poorly in mimicking the play style of human
players, despite being depth-limited to mimic such players. This motivated us to perform
similar investigations, but using human strategies.
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This paper is focused on non-transitivity quantification in real-world chess strategies.
However, chess players are rated primarily using the Elo rating system, which is only
valid for the pool of players being considered, and many variants of this system have been
implemented around the world. The two most-used implementations are those of the
Fédération Internationale des Échecs (FIDE) [15] and the United States Chess Federation
(USCF) [16]. In its most basic implementation, the Elo rating system consists of two steps:
assigning initial ratings to players and updating these ratings after matches. USCF and
FIDE determine a player’s starting rating by taking into account multiple factors, including
the age of the player and their ratings in other systems [17,18]. However, the specific rules
used to determine the starting rating differs between the two organisations. Furthermore,
the update rules also differ significantly. These are defined in the handbook of each organ-
isation [17,18]. On the other hand, online chess platforms, such as Lichess and the FICS,
which are the data sources used in this paper, typically use a refined implementation of the
Elo rating system; namely, the Glicko [19] system for FICS, and Glicko-2 [20] for Lichess.
These systems typically set a fixed starting rating, and then include the computation of
a rating deviation for Glicko while updating the player rating after matches. Glicko-2
includes the rating deviation and rating volatility, both of which represent the reliability of
the player’s current rating.

3. Theoretical Formulations and Methods

Some notations used in this paper are provided in the following. For any positive
integer k, [k] denotes the set {1, ..., k}, and Δk denotes the set of all probability vectors with
k elements. For any set A and some function f , { f (a)}a∈A denotes the set constructed
by applying f to each element of A. Furthermore, for any set A = {A1, ..., A|A|}, {si}i∈A

denotes {sA1 , ..., sA|A| }. Moreover, for some integer k, {si}k
i=1 denotes {s1, ..., sk}. N1 denotes

the set {1, 2, ...}; that is, the natural numbers starting from 1. For a set A = {A1, ..., A|A|},
the notation A−j denotes A without the jth element (i.e., A−j = {Ai}i∈[|A|],i �=j). Hence,
A = {Aj, A−j} ∀j ∈ [|A|]. Furthermore, we use I[a > b] for a, b ∈ R to denote the indicator
function, where I[a > b] = 1 if a > b and 0 otherwise. Finally, for any integers m and k
where k ≤ m, let em

k denote a vector of length m, where the vector is all zeroes, but with
a single 1 at the kth element. Likewise, 0k and 1k denote the vector of zeroes and ones of
length k, respectively.

3.1. Game Theory Preliminaries

Definition 1. A game consists of a tuple of (n, S, M), where:

• n ∈ N1 denotes the number of players;
• S = ∏n

i=1 Si denotes the joint strategy space of the game, where Si is the strategy space of the
ith, i ∈ [n]. A strategy space is the set of strategies a player can adopt;

• M = {Mi}n
i=1, where Mi : S → R is the payoff function for the ith player. A payoff function

maps the outcome of a game resulting from a joint strategy to a real value, representing the
payoff received by that player.

3.1.1. Normal Form (NF) Games

In NF games, every player takes a single action simultaneously. Such games are fully
defined by a payoff matrix M, where

Md1,d2,...,dn =
{

M1(a1, a2, ..., an), ..., Mn(a1, a2, ..., an)
}

,

with ak ∈ Ak, dk ∈ [|Ak|], k ∈ [n], Ak denoting the action space of the kth player, and dk
denoting the index corresponding to ak. M fully specifies an NF game as it contains all the
components of a game by Definition 1. In an NF game, the strategy adopted by a player is
the single action taken by that player. Therefore, the action space Ak is equivalent to the
strategy space Sk for k ∈ [n].
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An NF game is zero-sum when ∑z∈Md1,...,dn
z = 0 for dk ∈ [|Ak|], k ∈ [n]. For two-

player zero-sum NF games, the entries of M can, therefore, be represented by a single
number, as the payoff of one player is the negative of the other. Additionally, if the game
is symmetric (i.e., both players have identical strategy spaces), then the matrix M is
skew-symmetric.

A well-known solution concept that describes the equilibrium of NF games is the
Nash Equilibrium (NE) [6,21]. Let pi(s), where s ∈ Si, pi ∈ Δ|Si |, and i ∈ [n], denote
the probability of player i playing the pure strategy s according to probability vector pi.
Additionally, let p = {p1, ..., pn}, and p[j : k] denote changing the jth element in p to the
probability vector k, where k ∈ Δ|Sj |.

Definition 2. The set of distributions p∗, where p∗ = {p∗
1 , ..., p∗

n} and p∗
i ∈ Δ|Si | ∀i ∈ [n], is

an NE if ∑s∈S p∗(s)Mi(s) ≥ ∑s∈S p∗[i : e
|Si|
k ](s)Mi(s) ∀i ∈ [n], k ∈ [|Si|], where p∗(s) =

∏j∈[n] p∗
j (sj) and s = {s1, ..., sn}, si ∈ Si ∀i ∈ [n].

Definition 2 implies that, under an NE, no player can increase their expected payoff
by unilaterally deviating to a pure strategy. While such an NE always exists [6], it might
not be unique. To guarantee the uniqueness of the obtained NE, we apply the maximum
entropy condition when solving for the NE. The maximum-entropy NE has been proven to
be unique [22].

Theorem 1. Any two-player zero-sum symmetric game always has a unique maximum entropy NE,
given by {p∗, p∗} where p∗ ∈ Δ|Sg |, where Sg is the strategy space for each of the two players [22].

As a consequence of Theorem 1, finding the maximum entropy NE of a two-player
zero-sum symmetric game amounts to solving the Linear Programming (LP) problem
shown in Equation (1):

p∗ = arg max
p

∑
j∈[|Sg |]

−pj log pj

s. t. Mp ≤ 0|Sg |

p ≥ 0|Sg |

1�|Sg |p = 1, (1)

where M is the skew-symmetric payoff matrix of the first player.

3.1.2. Extensive Form (EF) Games

EF games [23] model situations where participants take actions sequentially and
interactions happen over more than one step. We consider the case of perfect information,
where every player has knowledge of all the other player’s actions, and a finite horizon,
where interactions between participants end in a finite number of steps (denoted as K). In
EF games, an action refers to a single choice of move from some player at some stage of the
game. Therefore, the term action space is used to define the actions available to a player at
a certain stage of the game.

Definition 3. A history at stage k, hk, is defined as hk = {a1, ..., ak−1}, where aj = {a1
j , ..., an

j }
for j ∈ [k − 1]. aj is the action profile at stage j, denoting the actions taken by all players at that
stage.
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The action space of player i at stage k is, therefore, a function of the history at that
stage (i.e., Ai(hk) for k ∈ [K], i ∈ [n]), as the actions available to a player depend on how
the game goes.

Definition 4. Let Hk be the set of all possible histories at stage k. Let Ai(Hk) =
⋃

hk∈Hk
Ai(hk)

be the collection of actions available to player i at stage k from all possible histories at that stage.
Let the mapping sk

i : Hk → Ai(Hk) be a mapping from any history at stage k (i.e., hk) to an action
available at that stage due to hk; that is, sk

i (hk) ∈ Ai(hk) ∀hk ∈ Hk. A strategy of player i is
defined as si =

⋃
k∈[K] sk

i , si ∈ Si, where Si is the strategy space of player i.

In EF games, behavioural strategies are defined as a contingency plan for any possible
history at any stage of the game. According to Kuhn’s theorem [24], for perfect recall EF
games, each behavioural strategy has a realisation-equivalent mixed strategy. Finally, the
payoff function of an EF game is defined as the mapping of every terminal history (i.e.,
the history at stage K + 1) to a sequence of n real numbers, denoting the payoffs of each
player (i.e., Mi : HK+1 → R for i ∈ [n], where HK+1 is the set of all terminal histories).
However, any terminal history is produced by at least one joint strategy adopted by all
players. Therefore, the payoff of a player is also a mapping from the joint strategy space to
a real number, consistent with Definition 1.

An EF game can be converted into an NF game. When viewing an EF game as an
NF game, the “actions” of a player in the corresponding NF game would be the strategies
of that player in the original EF game. Therefore, an n-player EF game would have a
corresponding M matrix of n dimensions, where the ith dimension is of length |Si|. The
entries of this matrix correspond to a sequence of n real numbers, representing the payoff
of each player as a consequence of playing the corresponding joint strategies.

3.2. Elo Rating

The Elo Rating system is a rating system devised by Arpad Elo [25]. It is a measure
of a participant’s performance, relative to others within a pool of players. The main idea
behind Elo rating is that, given two players A and B, the system assigns a numerical rating
to each of them (i.e., rA and rB, where rA, rB ∈ R+), such that the winning probability of A
against B (i.e. p(A > B)) can be approximated by:

p(A > B) ≈ 1
1 + exp(−k(rA − rB))

= σ
(
k(rA − rB)

)
, (2)

where k ∈ R+, σ(x) = 1/1 + exp(−x).

3.3. Non-Transitivity Quantification

We employed two methods to quantify the degree of non-transitivity; namely, by
counting strategic cycles of length three, and by measuring the size of Nash Clusters
obtained in Nash Clustering [5]. Both methods require formulating chess as an NF game
(i.e., using a single payoff matrix). Furthermore, Nash Clustering also requires the payoff
matrix to be zero-sum and skew-symmetric. Section 3.3.1 outlines the techniques employed
for construction of the payoff matrix.

3.3.1. Payoff Matrix Construction

The raw data for the experiments were game data stored in Portable Game Notation
(PGN) format [26], obtained from two sources. The primary source was the Lichess [9]
database, which contains games played from 2013 until 2021. The second data set was
sourced from the FICS [10] database, and we used games from 2019, as it contained the
highest number of games. Figure 2 shows an example of a chess game recorded in PGN
format. Altogether, we collected over one billion match data records from human players.
In order to process such a large amount of data, we introduced several novel procedures to
turn the match records into payoff matrices.
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The first processing step was to extract the required attributes from the data of every
game. These include the outcome of the game (to create the payoff matrix) and the Elo
ratings of both players (as a measure of transitive strength).

Figure 2. Lichess PGN format.

The second step concerned the number of games taken from the whole Lichess
database. As of 2021, the Lichess database contains a total of more than 2 billion games
hosted from 2013. Therefore, sampling was required. Games were sampled uniformly
across every month and year, where the number of games sampled every month was
120,000 as, for January of 2013, the database contains only a little more than 120,000 games.
To avoid the influence of having a different number of points from each month, the number
of games sampled per month was, thus, kept constant. In earlier years, sampling uniformly
across a month was trivial, as games from an entire month could be loaded into a single
data structure. However, for months in later years, the number of games in any given
month could reach as many as 10 million. Therefore, a two-stage sampling method was
required, as shown in Algorithm 1.

Algorithm 1: Two-Stage Uniform Sampling.

Inputs: Set of m objects, i.e., U = {U1, ..., Um}, number of objects to sample
d ∈ N1;

Divide U into k chunks H1, ..., Hk, each of size h (i.e., h × k = m, h, k ∈ N1), where
Hi ∩ Hj = ∅ ∀i �= j, i, j ∈ [k],

⋃
j∈[k] Hj = U;

Initialize G = [];
for i ∈ [k] do

Sample d objects uniformly from Hi, forming t;
Append all elements in t to G;

end
Sample d objects uniformly from G, forming F;
Output F as the set of d objects sampled uniformly from U.

Algorithm 1 can be proven to sample uniformly from U; that is, the probability of any
object in U being sampled into F is d

m . The proof is given in Appendix C. Note that, for
FICS, the number of games in every month was relatively small, such that the database
could be sampled directly.

The third processing step concerned discretisation of the whole strategy space to create
a skew-symmetric payoff matrix representing the symmetric NF game. For this purpose,
a single game outcome should represent the two participants playing two matches, with
both participants playing black and white pieces once. We refer to such match-up as a
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two-way match-up. A single strategy, in the naïve sense, would thus be a combination
of one contingency plan (as defined in Definition 4) if the player plays the white pieces
with another one where the same player plays the black pieces. However, such a naïve
interpretation of strategy would result in a very large strategy space. Therefore, we
discretised the strategy space along the transitive dimension. As we used human games,
we utilised the Elo rating of the corresponding players to measure the transitive strength.
Therefore, given a pair of Elo ratings g1 and g2, the game where the white player is of rating
g1 and the black player is of rating g2, and then another game where the black player is of
rating g1 and the white player is of rating g2, corresponds to a single two-way match-up.
Discretisation was conducted by binning the Elo ratings such that, given two bins a and b,
any two-way match-up where one player’s rating falls into a and the other player’s rating
falls into b was treated as a two-way match-up between a and b. The resulting payoff matrix
of an NF game is, thus, the outcomes of all two-way match-ups between every possible
pair of bins. As two-way match-ups were considered, the resulting payoff matrices were
skew-symmetric.

However, when searching for the corresponding two-way match-up between two bins
of rating in the data set, there could either be multiple games or no games corresponding
to this match-up. Consider a match-up between one bin a = [a1, a2] and another bin
b = [b1, b2]. To fill in the corresponding entry of the matrix, a representative score for each
case is first calculated. Let rsa,b denote the representative score for the match-up where the
white player’s rating is within a and the black player’s rating is within b, and rsb,a denote
the other direction. For the sake of argument, consider finding rsa,b. As games are found
for bin a against b, scores must be expressed from the perspective of a. The convention used
in this paper is 1, 0, and −1 for a win, draw, and loss, respectively. This convention ensures
that the entries of the resulting payoff matrix are skew-symmetric. In the case where there
are multiple games where the white player’s rating falls in a and black player’s rating falls
in b, the representative score is then taken to be the average score from all these games.
On the other hand, if there are no such games, the representative score is taken to be the
expected score predicted from the Elo rating; that is,

Es[a > b] = 2p(a > b)− 1, (3)

where Es[a > b] is the expected score of bin a against bin b, and p(a > b) is computed using
Equation (2), by setting k as ln(10)

400 , ra = a1+a2
2 , and rb = b1+b2

2 . As this score is predicted
using the Elo rating, it is indifferent towards whether the player is playing black or white
pieces. After computing the representative score for both cases, the corresponding entry
in the payoff matrix for the two-way match-up between bin a and b is simply the average
of the representative score of both cases (i.e., rsa,b+rsb,a

2 ). The payoff matrix construction
procedure is summarised in Algorithm 2.

In Algorithm 2, D[W ∈ bi, B ∈ bj] collects all games in D where the white player’s
rating W is bL

i ≤ W ≤ bH
i and the black player’s rating B is bL

j ≤ B ≤ bH
j . Av(DW,B)

averages game scores from the perspective of the white player (i.e., the score is 1, 0, −1
if the white player wins, draws, or losses, respectively). Finally, in computing p(i > j)
following Equation (2), ri and rj in the equation follow from the ri and rj computed in the
previous line in the algorithm.
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Algorithm 2: Chess Payoff Matrix Construction.

Inputs: Data set of games D, set of m tuples B = {b1, ..., bm};
Initialise M as an m × m matrix of zeroes;
for i ∈ [m] do

for j ∈ [m] do
if i ≥ j then

continue;
else

DW,B = D[W ∈ bi, B ∈ bj];
if DW,B = ∅ then

ri, rj =
bL

i +bH
i

2 ,
bL

j +bH
j

2 ;
EW,B = 2p(i > j)− 1;

else
EW,B = Av(DW,B);

end
DB,W = D[B ∈ bi, W ∈ bj];
if DB,W = ∅ then

ri, rj =
bL

i +bH
i

2 ,
bL

j +bH
j

2 ;
EB,W = 2p(i > j)− 1;

else
EB,W = Av(DB,W);

end

Mi,j,Mj,i =
EW,B+EB,W

2 ,− EW,B+EB,W
2 ;

end

end

end
Output M as the payoff matrix;

3.3.2. Nash Clustering

Having constructed the payoff matrix in Section 3.3.1, we can now proceed with
non-transitivity quantification. The first method of quantifying non-transitivity is through
Nash Clustering [5]. Nash Clustering is derived from the layered game geometry, which
states that the strategy space of a game can be clustered into an ordered list of layers such
that any strategy in preceding layers is strictly better than any strategy in the succeeding
layers. A game where the strategy space can be clustered in this way is known as a layered
finite game of skill.

Definition 5. A two-player zero-sum symmetric game is defined as a k-layered finite game of skill
if the strategy space of each player Sg can be factored into k layers Li ∀i ∈ [k], where

⋃
i∈[k] Li = Sg,

Li ∩ Lj = ∅ ∀i �= j, i, j ∈ [k], such that M1(s1, s2) > 0 ∀s1 ∈ Li, s2 ∈ Lj, ∀i, j ∈ [k], i < j and
∃z ∈ N1 satisfying ∀i < z, |Li| ≤ |Li+1|, ∀i ≥ z, |Li| ≥ |Li+1|.

A consequence of Definition 5 is that strategies in preceding layers would have a
higher win-rate than those in succeeding layers. For any strategy s ∈ Sg, the corresponding
win-rate TS(s) is

TS(s) =
1

|Sg| − 1 ∑
z∈Sg

I[M1(s, z) > 0]. (4)

Therefore, if we define the transitive strength of a layer to be the average win-rate of
the strategies within that layer, the transitive strength of the layers would be ordered in
descending order. Hence, intuitively, one can see the k-layered finite game of skill geometry
as separating the transitive and non-transitive components of the strategy space. The
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non-transitivity is contained within each layer, whereas the transitivity variation happens
across layers. It is, thus, intuitive to use the layer sizes as a measure of non-transitivity.

Furthermore, in Definition 5, the layer size increases monotonically up to a certain
layer, from which it then decreases monotonically. Thus, when the transitive strength of
each layer is plotted against its size, a two-dimensional spinning top structure would be
observed if the change in size is strictly monotonic and k > 2. It is also for this reason
that [5] named this geometry the spinning top geometry.

For every finite game, while there always exists k ≥ 1 for which the game is a k-layered
finite game of skill, a value of k > 1 does not always exist for any game; furthermore, the
layered geometry is not useful if k = 1. Therefore, a relaxation to the k-layered geometry
is required. In this alternative, a layer is only required to be “overall better” than the
succeeding layers; however, it is not necessary that every strategy in a given layer beats
every strategy in any succeeding layers. Such a layer structure was obtained through Nash
Clustering.

Let Nash(M|X), where X ⊂ Sg, denote the symmetric NE of a two-player zero-sum
symmetric game, in which both players are restricted to only the strategies in X, and M is
the payoff matrix from the perspective of player 1. Furthermore, let supp(Nash(M|X))
denote the set of pure strategies that are in support of the symmetric NE. Finally, let the set
notation A\B denote the set A excluding the elements that are in set B.

Definition 6. Nash Clustering of a finite two-player zero-sum symmetric game produces a set of
clusters C, defined as

C = {Cj : j ∈ N1, Cj �= ∅}, where

C0 = ∅, Ci = supp
(

Nash
(M∣∣Sg\

i−1⋃
k=0

Ck
))

, ∀i ≥ 1. (5)

Furthermore, to ensure that the Nash Clustering procedure is unique, we use the
maximum entropy NE in Equation 1. Following Nash Clustering, the measure of non-
transitivity would, thus, be the size or number of strategies in each cluster.

We then applied the Relative Population Performance (RPP) [27] to determine whether
a layer or cluster is overall better than another cluster. Given two Nash clusters Ci and Cj,
Ci is overall better or wins against Cj if RPP(Ci, Cj) > 0. When using the RPP as a relative
cluster performance measure, the requirement that any given cluster is overall better than
any succeeding clusters proves to hold [5]. Following this, one can then use the fraction of
clusters beaten, or win-rate, defined in Equation 6, as the measure of transitive strength of
each cluster:

TS(Ca) =
1

|C| − 1 ∑
Ci∈C

I
[
RPP

(
Ca, Ci

)
> 0

]
, (6)

where I is the indicator function. We refer to the above win-rate as the RPP win-rate. Using
the RPP win-rate as the measure of transitive strength of a Nash cluster guarantees that the
transitive strength of Nash clusters are arranged in descending order.

Theorem 2. Let C be the Nash Clustering of a two-player zero-sum symmetric game. Then,
TS(Ci) > TS(Cj) ∀i < j, Ci, Cj ∈ C.

Proof. Let C be the Nash Clustering of a two-player zero-sum symmetric game. Let Ci, Cj ∈
C where i < j, i, j ∈ [|C|]. Let ni = ∑c∈C I[RPP(Ci, c) > 0] and nj = ∑c∈C I[RPP(Cj, c) > 0].
Using the fact that RPP(Ci, Cj) ≥ 0 ∀i ≤ j, Ci, Cj ∈ C, as proven in [5], ni = |C| − i and
nj = |C| − j. As i < j, therefore, nj < ni and since TS(Ci) = ni

|C|−1 and TS(Cj) =
nj

|C|−1 ,
then TS(Ci) > TS(Cj).

However, working with real data allowed us to use an alternative measure of transitive
strength. We used the average Elo rating in Equation (2) of the pure strategies inside each
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Nash cluster to measure the transitive strength of the cluster. Specifically, given the payoff
matrix from Section 3.3.1, each pure strategy corresponds to an Elo rating bin, and the
transitive strength of a Nash cluster is therefore taken to be the average Elo rating of the
bins inside that cluster. Let Ck ∈ C be a Nash cluster, ck be the integer indices of the pure
strategies in support of Ck, and B = {b1, ..., bm} be the bins used when constructing the
payoff matrix, where each bin bi has lower and upper bounds (bL

i , bH
i ), such that the bins

corresponding to Ck are {bj}j∈ck . The average Elo rating of the Nash cluster Ck is defined as

TSElo(Ck) =
1

|Ck| ∑
j∈ck

bL
j + bH

j

2
. (7)

Given the average Elo rating against the cluster size for every Nash cluster, the final
step would be to fit a curve to illustrate the spinning top geometry. For this purpose, we
fitted an affine-transformed skewed normal distribution by minimising the Mean Squared
Error (MSE). This completed the procedure of Nash Clustering using the average Elo rating
as the measure of transitive strength.

In addition to using the average Elo rating, we also investigated the use of win-rates as
a measure of transitive strength, as defined in Equation (6). However, instead of using the
RPP to define the relative performance between clusters, we used a more efficient metric
that achieves the same result when applied to Nash clusters. We refer to this metric as the
Nash Population Performance (NPP).

Definition 7. Let C = {C1, ..., C|C|} be the Nash Clustering of a two-player zero-sum symmetric

game with payoff matrix M. NPP(Ci, Cj) = pi
�Mpj, where pk = Nash(M|⋃|C|

r=k Cr for
k ∈ [|C|] and Ci, Cj ∈ C.

Using NPP also satisfies the requirement that any cluster is overall better than the
succeeding clusters.

Theorem 3. Let C be the Nash Clustering of a two-player zero-sum symmetric game. Then,
NPP(Ci, Cj) ≥ 0 ∀i ≤ j, Ci, Cj ∈ C, and NPP(Ci, Cj) ≤ 0 ∀i > j, Ci, Cj ∈ C.

The proof of Theorem 3 is given in Appendix C.
Theorem 3 suggests that applying the NPP to compute Equation (6) instead of the RPP

would result in an identical win-rate for any Nash cluster, and the descending win-rate
guarantee is preserved. Using the NPP is more efficient as, in Definition 7, pk for any
Nash cluster is the corresponding NE solved during Nash Clustering to obtain that cluster;
however, this means that the NPP is more suitable as a relative performance measure of
Nash clusters, but less so for general population of strategies. For the latter, the RPP would
be more suitable.

3.3.3. Rock–Paper–Scissor Cycles

Intuitively, a possible second method to quantify non-transitivity is to measure the
length of the longest cycle in the strategy space, as this stems directly from the definition
of non-transitivity. A cycle is defined as the sequence of strategies that starts and ends
with the same strategy, where any strategy beats the immediate subsequent strategy in
the sequence. However, calculating the length of the longest cycle in a directed graph is
well-known to be NP-hard [28]. Therefore, we used the number of cycles of length three
(i.e., rock–paper–scissor or RPS cycles) passing through every pure strategy as a proxy to
quantify non-transitivity.

To obtain the number of RPS cycles passing through each pure strategy, an adjacency
matrix is first formed from the payoff matrix. Letting the payoff matrix from Section 3.3.1

be M, the adjacency matrix A can be written as
{Ai,j

}|Sg |
i,j=1, where Ai,j = 1 if Mi,j > 0,

and 0 otherwise.
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Theorem 4. For an adjacency matrix A where Ai,j = 1 if there exists a directed path from node ni
to node nj, the number of paths of length k that start from node ni and end on node nj is given by
(Ak)i,j, where the length is defined as the number of edges.

The proof of Theorem 4 can be found in Appendix C. By Theorem 4, the number of
RPS cycles passing through a strategy can thus be found by taking the diagonal of A3.
Note that this does not apply to cycles with length of more than three, as the diagonal
element of An would include cycles with repeated nodes.

Finally, the measures of transitive strength used in this method are identical to those
applied in Section 3.3.2, but applied to single strategies instead of clusters. This, therefore,
completes the quantification of non-transitivity by counting RPS Cycles.

3.4. Relationships between Existing Rating Systems

As mentioned in Section 2, there are various chess player rating systems throughout
the world, each of which is only valid for the pool of players over which the system
is defined. As we used game data from Lichess and FICS to perform non-transitivity
quantification, the results are therefore not directly applicable to different rating systems,
such as USCF and FIDE. An investigation into the mappings between these rating systems
is, thus, required.

We conducted a short experiment to obtain mappings between the rating systems
of Lichess, USCF, and FIDE. The data set for this experiment was obtained from Chess-
Goals [29], which consisted of player ratings from four sites: Chess.com [30], FIDE, USCF,
and Lichess.

To investigate the mappings, we created three plots representing the mappings be-
tween pairs of rating systems: Lichess to USCF, Lichess to FIDE, and USCF to FIDE. A
linear model was then fitted for each plot by MSE minimisation.

3.5. Implications of Non-Transitivity on Learning

Based on the discovered geometry, we also investigated the impact of non-transitivity
on multi-agent reinforcement learning (MARL) [31]. Specifically, we designed experi-
ments to verify the influence of non-transitivity on a particular type of MARL algorithm:
Population-based learning [32–35]. This is a technique that underpins much of the existing
empirical success in developing game AIs [36,37]. In fact, for simulated strategies [5], it
has been found that, if the spinning top geometry exists in a strategy space, then the larger
the non-transitivity of the game, in terms of layer size (for a k-layered geometry) or Nash
cluster size (for Nash Clustering), the larger the population size required for methods such
as fixed-memory Fictitious Play to converge. We attempted to verify whether the above
conclusion still holds when real-world data are used instead. Furthermore, observing
the above convergence trend with respect to the starting population size provides even
stronger evidence for the existence of the spinning top geometry in the strategy space of
real-world chess.

As a proxy for a population-based training method, fixed-memory Fictitious Play
starts with a population (or set) of pure strategies P0, of fixed size k. The starting pure
strategies in P0 are chosen to be the k weakest pure strategies, based on the win-rate against
other pure strategies, as shown in Equation (4). At every iteration t of the fictitious play, the
oldest pure strategy in the population Pt−1 is replaced with a pure strategy that is not in
Pt−1. The replacement strategy is required to beat all the strategies in the current population
on average; that is, suppose that π is the replacement strategy at iteration t. Then, it is
required that ∑s∈Pt−1 M(π, s) > 0. If there are multiple strategies satisfying this condition,
then the selected strategy is the one with the lowest win-rate (i.e., π = arg mins∈Sa

TS(s),
where Sa = {s ∈ Sg\Pt−1, ∑r∈Pt−1 M(s, r) > 0}).

To measure the performance at every iteration of the fictitious play, we used the
expected average payoff of the population at that iteration. Suppose that, at any iteration t,
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the probability allocation over the population Pt, which is of size k, is pt. Given the payoff
matrix M of size m × m, the performance of the population Pt, WR(Pt), is written as:

WR(Pt) = ∑
i∈[k]

pt
i

m ∑
j∈[m]

M(Pt
i , Sj), (8)

where Sj is the pure strategy corresponding to the jth column of M. The complete fixed-
memory Fictitious Play is summarised in Algorithm 3.

Algorithm 3: Fixed-Memory Fictitious Play.
Inputs: m × m payoff matrix M, k ∈ N1 representing the fixed population size,

n ∈ N1 representing the number of rounds of fictitious play;
Initialise w = [], tl = [], it = 0;
for i ∈ [m] do

v = 0;
for j ∈ [m] do

if M[i, j] > 0 then
v ← vs. + 1;

end
v ← v

m−1 ; Append v to tl ;
end
ids = argsort(tl); pop_id = ids[: k];
wr = compute win rate(pop_id,M); Append wr to w; it ← it + 1;
while it < n do

tk = [];
for i ∈ [m] do

if i /∈ pop_id then
v = 0;
for j ∈ [m] do

v ← vs. +M[i, j];
end
if v > 0 then

Append i to tk;
end
ws = argsort(tl [tk])[0]; π = tk[ws];
Remove 1st element of pop_id and append π to pop_id;
wr = compute win rate(pop_id,M); Append wr to w; it ← it + 1;

end
Output w as the list of training performance at every time-step.

In Algorithm 3, for any list a and b where b contains integers, the notation a[b] means
taking all elements in a at index positions denoted by the elements in b, in the order that
the integers are arranged in b. Furthermore, argsort(a) returns a list of indices d, such that
a[d] is a sorted in ascending order. Additionally, “compute win rate” in Algorithm 3 is the
function described in Algorithm 4. In this function, for any m × m matrix M, the notation
Mb means taking all rows and columns of M only at positions indicated by the elements in
b. Finally, size(a) returns the number of elements in the list a.

Algorithm 4 is used to compute the training performance of a population of k strategies
at every round of fictitious play, following Equation (8). The convergence of fixed-memory
Fictitious Play in Algorithm 3 is not dependent on the metric used to measure performance
at every round, as convergence of the fictitious play means there are no more valid re-
placement strategies (i.e., Sa = ∅). Hence, we chose to use Algorithm 4 to measure the
performance at every step, due to its simplicity.
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Algorithm 4: Compute Win Rate.
Inputs: m × m payoff matrix M and pop_id being a list of k integers representing
indices corresponding to the strategies in the population;

Initialise res = 0;
k = size(pop_id);
p = [];
for i ∈ [k] do

Append 1
k to p;

end
for i ∈ [k] do

v = 0;
for j ∈ [m] do

id = pop_id[i];
v ← vs. +M[id, j];

end
v ← v

m ;
res ← res + vs. × p[i];

end
Output res as the computed win-rate of the population of strategies.

3.6. Link to Human Skill Progression

In Section 3.5, we hypothesised that non-transitivity has implications on the perfor-
mance improvement of AI agents during training. On the other hand, one of the most
common issue faced by human chess players is the phenomenon of becoming stuck at a cer-
tain Elo rating [38–40]. Having performed experiments using real data, we also investigated
whether non-transitivity has implications for a human player’s skill or rating progression.
In particular, we investigated whether a link exists between the non-transitivity of the
strategy space of real-world chess to the phenomenon of players getting stuck at certain
Elo ratings. This was conducted by comparing the histogram of player ratings every year
using the data from Section 3.3.1, with the corresponding Nash Clustering plot.

3.7. Algorithm Hyperparameter Considerations

Algorithms 2 and 3, introduced in Sections 3.3.1 and 3.5, respectively, contain hyper-
parameters, and the choice of values for these hyperparameters merits further discussion.

In Algorithm 2, the hyperparameter is the size of the payoff matrix m. The time com-
plexity of Algorithm 2 with respect to the payoff matrix dimension m is O(m2). Therefore,
having a large payoff matrix would severely slow down the payoff matrix construction.
However, using a small payoff matrix would result in more data being unused. Algorithm 2
constructs a payoff matrix that is skew-symmetric and, so, the diagonal of the payoff ma-
trix is be 0. As m gets smaller, the bin widths get wider and, thus, a wider range of Elo
ratings are absorbed into a single bin. As a result, the non-diagonal elements of the matrix
would correspond to two-way match-ups between two players with a more significant
difference in Elo ratings, which is less likely to be present in the actual data, as players are
typically matched with other players having similar Elo ratings. Therefore, a majority of
the non-diagonal elements of the matrix will be filled using the Elo formula in Equation (3),
instead of real data, which effectively turns the game into a purely transitive Elo game [5].
This leads to us not being able to observe the spinning top geometry in the strategy space
occupied by real-world strategies. In our experiments, we used an m of 1500, as this was
sufficiently large to demonstrate the existence of the spinning top geometry, while keeping
the payoff matrix construction reasonably fast.

In Algorithm 3, the hyperparameters are the population size k and the number of
rounds n. The time complexity of Algorithm 3 is more affected by the number of rounds n,
on the order of O(n). While it grows slower than the time complexity of Algorithm 2 with

115



Algorithms 2022, 15, 152

respect to m, it is still desirable to keep n relatively small, as fixed-memory Fictitious Play
would have to be carried out for a number of population sizes. However, n should be large
enough to demonstrate the convergence behaviour of the training process, if any. From
our experiments, we found that 2000 rounds were sufficient for this purpose. The choice of
population sizes is elaborated more in Section 4.3.

4. Results and Discussions

4.1. Non-Transitivity Quantification

Following Sections 3.3.2 and 3.3.3, non-transitivity quantification was carried out on
Lichess game data from 2013 to 2020, and FICS 2019 data, using the average Elo rating as
a measure of transitive strength, and the Nash Cluster size and number of RPS cycles as
measures of non-transitivity. The results are as shown in Figure 3.

(a) (b) (c)

Figure 3. Nash Clustering (left of each plot) and RPS Cycles (right of each plot) on Lichess 2019 (a),
Lichess 2020 (b), and FICS 2019 (c). See Figure A1 in Appendix A for the full version of the results,
which include Lichess 2013–2020 and FICS 2019.

Figures 3 and A1 illustrate that the spinning top geometry was observed in both Nash
Clustering and RPS Cycles plots, for all of the considered years. Furthermore, both the
Nash cluster size and number of RPS cycles peaked at a similar Elo rating range (1300–1700)
for all of the years. This provides comprehensive evidence that the strategies adopted in
real-world games do not vary throughout the years or from one online platform to another,
and that the non-transitivity of real-world strategies is highest in the Elo rating range of
1300–1700.

Furthermore, as stated in Sections 3.3.2 and 3.3.3, we also performed the above non-
transitivity quantifications using win-rates as a measure of transitive strength, as it provides
stronger evidence for the existence of the spinning top geometry should this geometry
persist. The results are shown in Figure 4.

(a) (b) (c)

Figure 4. Nash Clustering (left of each plot) and RPS Cycles (right of each plot) on Lichess 2019 (a),
Lichess 2020 (b), and FICS 2019 (c) with win-rate as a measure of transitive strength. See Figure A2 in
Appendix B for the full version of the results, which include Lichess 2013–2020 and FICS 2019.

Despite using a different measure of transitive strength in Figures 4 and A2, the results
show that the spinning top geometry still persisted for all the years. Not only does this
provide stronger evidence for the existence of a spinning top geometry within the real-
world strategy space of chess, it also indicates that measuring non-transitivity using both
Nash Clustering and RPS Cycles is agnostic towards the measure of transitive strength
used.
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4.2. Relationships between Existing Rating Systems

Following Section 3.4, we fitted three Linear Regression models representing the
mappings between three rating systems discussed in that section; namely, Lichess, USCF,
and FIDE rating systems. The results are shown in Figure 5.

Figure 5. Chess Rating Mappings between Lichess, USCF, and FIDE.

Figure 5 shows that the relationships between Lichess, USCF, and FIDE ratings were
largely linear and monotonically increasing, and that the linear models fit the data suffi-
ciently well. As the mappings between the rating systems were monotonically increasing,
the spinning top geometry observed in Figure 3 is expected to still hold when mapped
to USCF or FIDE rating systems. This is as the relative ordering of the Nash clusters or
pure strategies based on Elo rating will be preserved. Therefore, our results are directly
applicable to different rating systems.

4.3. Implications of Non-Transitivity on Learning

Following Section 3.5, we conducted fixed-memory Fictitious Play, as described in
Algorithm 3, using payoff matrices constructed following Section 3.3.1. Fictitious Play was
carried out with population sizes of 1, 25, 50, 75, 100, 150, 200, 250, and 300, in order to
demonstrate the effect of non-transitivity, in terms of Nash Cluster sizes, on the minimum
population size needed for training to converge. These values were chosen by comparing
the games in [5] with similar Nash Cluster sizes. Figures 3 and A1 show that the largest
Nash cluster sizes were in the range of 25 to slightly above 50. In [5], the game Hex 3× 3 [41]
had similar Nash cluster sizes, with the largest size being slightly less than 50. For this
game, [5] used population sizes of 1, 25, 50, 75, 100, 150, 200, 250, and 300; thus, we used
these values in our experiments as well. The results are shown in Figure 6.

(a) (b) (c)

Figure 6. (Left of each plot) Nash Clustering using the RPP win-rate as a measure of transitive
strength on Lichess 2019 (a), 2020 (b), and FICS 2019 (c). (Right of each plot) Fixed-Memory Fictitious
Play on Lichess 2019 (a), Lichess 2020 (b), and FICS 2019 (c). See Figure A2 in Appendix B and Figure
A1 in Appendix A for full versions of the results for Nash Clustering with the RPP win-rate and
fixed-memory Fictitious Play, respectively.

Figures 6 and A1 show that the training process converged for all cases, provided that
the population size was 50 or above. This is because the Nash cluster sizes are never much
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larger than 50 and, therefore, a population size of 50 ensures good coverage of the Nash
clusters at any transitive strength. Such convergence behaviour also provides additional
evidence that the spinning top geometry is present in the strategy space of real-world chess.

It should be noted, however, that the minimum population size needed for training to
converge does not always correspond to the largest Nash cluster size, for which there are
two contributing factors. The first factor is that covering a full Nash cluster (i.e., having
a full Nash cluster in the population at some iteration) only guarantees the replacement
strategy at that iteration to be from a cluster of greater transitive strength than the covered
cluster. There are no guarantees that this causes subsequent iterations to cover Nash clusters
of increasing transitive strength. The second factor is that the convergence guarantee is
with respect to the k-layered game of skill geometry defined in Definition 5. As Nash
Clustering is a relaxation of this geometry, covering a full Nash cluster does not guarantee
that the minimal population size requirement will be satisfied.

4.4. Link to Human Skill Progression

Following Section 3.6, we plotted the histogram of player ratings alongside the cor-
responding Nash Clustering plots for comparison. The results are shown in Figure 7.

(a) (b) (c)

Figure 7. (Left of each plot) Histogram of Player Elo Ratings and (Right of each plot) Nash Clustering
on Lichess 2019 (a), Lichess 2020 (b), and FICS 2019 (c). See Figure A1 in Appendix A for the full
version of the results.

Figures 7 and A1 shows that the peaks of the histograms and the bulk of the data
consistently fell in the 1300–1700 Elo rating range, which matches with the range of Elo
ratings in which players tend to get stuck, as stated in [38–40], suggesting that players tend
to get stuck in this range. Furthermore, the peaks of the histograms coincided with the
peak of the fitted skewed normal curve on the Nash Clustering plots. This implies that high
non-transitivity in the 1300 to 1700 rating range is one potential cause of players getting
stuck in this range.

A plausible explanation is that, in the 1300–1700 Elo rating range, there exist a lot
of RPS cycles (as can be seen from Figure 3), which means there exist a large number of
counter-strategies. Therefore, to improve from this Elo rating range, players need to learn
how to win against many strategies; for example, by dedicating more effort toward learning
diverse opening tactics. Otherwise, their play-style may be at risk of being countered by
some strategies at that level. This is in contrast to ratings where non-transitivity is low.
With a lower number of counter-strategies, it is arguably easier to improve, as there are
relatively fewer strategies to adapt towards.

5. Conclusions and Future Work

The goal of this paper was to measure the non-transitivity of chess games and investi-
gate the potential implications for training effective AI agents, as well as those for human
skill progression. Our work is novel in the sense that we, for the first time, profiled the
geometry of the strategy space based on real-world data from human players. This, in turn,
prompted the discovery of the spinning top geometry, which has only been previously
observed for AI-generated strategies; more importantly, we uncovered the relationship
between the degree of non-transitivity and the progression of human skill in playing chess.
Additionally, the discovered relationship also indicates that, in order to overcome the
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non-transitivity in the strategy space, it is imperative to maintain large population sizes
when applying population-based methods in training AIs. Throughout our analysis, we
managed to tackle several practical challenges. For example, despite the variation in Elo
rating systems for chess, we introduced effective mappings between those rating systems,
which enables direct translation of our findings across different rating systems.

Finally, there are several avenues for possible improvements, which we leave for
future work:

• In Section 3.3.1, missing data between match-ups of bins are filled using Elo formulas;
that is, Equations (2) and (3). However, the Lichess ratings use the Glicko-2 system [20],
which has a slightly different win probability formula that also considers the rating
deviation and volatility of the rating. Therefore, a possible improvement would be to
additionally collect the rating deviation and volatility of the players in every game,
and apply the Glicko-2 predictive formula to compute the win probability, instead of
Equation (2).

• Non-transitivity analysis could also be carried out using other online chess platforms,
such as Chess.com [30], in order to provide more comprehensive evidence on the spin-
ning top geometry of the real-world strategy space. Furthermore, the non-transitivity
analysis could also be carried out using real-world data on other, more complex,
zero-sum games, such as Go, DOTA and StarCraft.

• Other links between non-transitivity and human progression can be investigated. One
possible method would be to monitor player rating progression from the start of their
progress to when they achieve a sufficiently high rating in a chess platform, such as
Lichess. Their rating progression can then be compared to the non-transitivity at that
rating and in that year. However, player rating progression is typically not available
on online chess platforms and, thus, would require monitoring player progress over
an extended period of time.
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Appendix A. Additional Results

Figure A1. Histogram of player Elo ratings (first of each plot), Nash Clustering (second of each plot),
RPS Cycles (third of each plot), and fixed-memory Fictitious Play (fourth of each plot) on Lichess
2013–2020 and FICS 2019 data.

Appendix B. Additional Results with Alternative Measure of Transitive Strength

Figure A2. Measurements of Nash Clustering (left of each plot) and RPS Cycles (right of each plot)
using win-rate as measure of transitive strength on Lichess 2013–2020 and FICS 2019 data.
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Appendix C. Theorem Proofs

Theorem A1. With Algorithm 1, the probability of any object in M being sampled into F is d
m .

Proof. For any object in U to end up in F, they must first get picked into G. As Hi ∩ Hj = ∅

∀i, j ∈ [k], i �= j, the probability that any object is sampled into G is
h−1Cd−1

hCd
= d

h . Then,

given that they are in G, they must get sampled into F. The probability that this happens

is
d×k−1Cd−1

d×kCd
= 1

k . Hence, the probability that any object from U gets sampled into F is
d

h×k = d
m .

Theorem A2. Let C be the Nash Clustering of a two-player zero-sum symmetric game. Then,
NPP(Ci, Cj) ≥ 0 ∀i ≤ j, Ci, Cj ∈ C and NPP(Ci, Cj) ≤ 0 ∀i > j, Ci, Cj ∈ C.

Proof. Let C be the Nash Clustering of a two-player zero-sum symmetric game with a
payoff matrix of M and strategy space Sg for each of the two players. For any k ∈ [|C|],
let pk be the NE solved to obtain the kth cluster; that is, pk = Nash(M|⋃|C|

i=k Ci), where
pk ∈ Δ|C|. As pk is restricted to exclude

⋃k−1
i=1 Ci, therefore, pk would be all zeroes at the

positions corresponding to all pure strategies s ∈ ⋃k−1
i=1 Ci. Let Xk =

⋃k−1
i=1 Ci and M−Xk be

the payoff matrix of the game, but excluding the rows and columns that corresponds to the
pure strategies in Xk. Additionally, let pk

Xk denote the vector pk but removing all entries
at positions corresponding to the pure strategies in Xk. Hence, M−Xk ∈ R

|Sg\Xk |×|Sg\Xk |

and pk
Xk ∈ Δ|Sg\Xk |. Furthermore, it is also true that p�Mp = (pXk )�M−Xk pXk for any

p ∈ Δ|Sg |, provided that the entries of p at positions corresponding to pure strategies in Xk
are zeroes.

By definition of NE in [42], we have that (pk
Xk )�M−Xk pk

Xk ≤ (pk
Xk )�M−Xk p′ ∀p′ ∈

Δ|Sg\Xk | and (pk
Xk )�M−Xk pk

Xk ≥ p′�M−Xk pk
Xk ∀p′ ∈ Δ|Sg\Xk |. Now, consider two

clusters Ci and Cj, where i < j and Ci, Cj ∈ C. By the first definition of NE earlier,
(pi

Xi )�M−Xi pi
Xi ≤ (pi

Xi )�M−Xi p
′ ∀p′ ∈ Δ|Sg\Xi |, which implies (pi

Xi )�M−Xi pi
Xi ≤

(pi
Xi )�M−Xi pj

Xi and, thus, equivalently pi
�Mpi ≤ pi

�Mpj. Then, by the prop-
erties of skew-symmetric matrices, pi

�Mpi = 0 and, hence, pi
�Mpj ≥ 0; that is,

NPP(Ci, Cj) ≥ 0. Furthermore, by the second definition of NE earlier, (pi
Xi )�M−Xi pi

Xi ≥
p′�M−Xi pi

Xi ∀p′ ∈ Δ|Sg\Xi |, which implies (pi
Xi )�M−Xi pi

Xi ≥ (pj
Xi )�M−Xi pi

Xi and,

thus, equivalently pi
�Mpi ≥ pj

�Mpi. Finally, using the property of skew-symmetric
matrices again, pj

TMpi ≤ 0; that is, NPP(Cj, Ci) ≤ 0.

Theorem A3. For an adjacency matrix A where Ai,j = 1, if there exists a directed path from node
ni to node nj, the number of paths of length k that starts from node ni and ends on node nj is given
by (Ak)i,j, where the length is defined as the number of edges in that path.

Proof. By induction, the base case is when k = 1. A path from node ni to node nj of length
1 is simply a direct edge connecting ni to nj. The presence of such an edge is indicated
by Ai,j, which follows from the definition of adjacency matrix, thereby proving the base
case. The inductive step is then to prove that if (Ak)i,j is the number of paths of length k
from node ni to nj for some k ∈ N1, then (Ak+1)i,j is the number of paths of length k + 1
from node ni to nj. This follows from matrix multiplication. Let R = Ak+1 = AkA. Then,

Ri,j = ∑
|Sg |
r=1 Ak

i,rAr,j. The inner multiplicative term of the sum will only be non-zero if
both Ak

i,r and Ar,j are non-zero, indicating that there exists a path of length k from node
ni to some node nr and, then, a direct edge from that node nr to nj. This forms a path of
length k + 1 from node ni to nj. Therefore, Ri,j counts the number of paths of length k + 1
from node ni to nj, proving the inductive hypothesis.
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Abstract: Games have long been benchmarks and testbeds for AI research. In recent years, with
the development of new algorithms and the boost in computational power, many popular games
played by humans have been solved by AI systems. Mahjong is one of the most popular games
played in China and has been spread worldwide, which presents challenges for AI research due to its
multi-agent nature, rich hidden information, and complex scoring rules, but it has been somehow
overlooked in the community of game AI research. In 2020 and 2022, we held two AI competitions
of Official International Mahjong, the standard variant of Mahjong rules, in conjunction with a top-tier
AI conference called IJCAI. We are the first to adopt the duplicate format in evaluating Mahjong AI
agents to mitigate the high variance in this game. By comparing the algorithms and performance of
AI agents in the competitions, we conclude that supervised learning and reinforcement learning are
the current state-of-the-art methods in this game and perform much better than heuristic methods
based on human knowledge. We also held a human-versus-AI competition and found that the top
AI agent still could not beat professional human players. We claim that this game can be a new
benchmark for AI research due to its complexity and popularity among people.

Keywords: game AI; supervised learning; reinforcement learning; AI competition; Mahjong

1. Introduction

Games are born to test and challenge human intelligence and have always been
benchmarks and testbeds throughout the history of artificial intelligence. Board games
such as checkers [1] and chess [2] were the first to be solved by AI algorithms in the last
century. With the boost in computational power and the application of new algorithms,
in the last decade, AI systems have achieved superhuman performance in many games
that once, only humans were believed to be able to master, from board games such as
Go [3–5] and card games such as Texas Hold’em [6–8] to video games such as StarCraft [9],
Dota 2 [10], and HoK [11]. These games are all popular among humans, with various
annual and seasonal competitions held all over the world. Such popularity has spurred the
academic community to put effort into them and develop new algorithms to solve them.

Mahjong is one of the most popular games played in China and has spread worldwide
since the early 20th century. Originating from China and with a long history dating back to
the 12th century, many regional variants of Mahjong have been developed and are widely
played in almost every region of China. It is estimated to have 600 million players all over
the world. However, there are so many regional variants in rules that most of the Mahjong
communities focus on different regional variants, and there is no competition that covers a
majority of players to have enough impact. Because of this, the game has been overlooked
by the community of AI research.

Mahjong is a four-player tile-based game with complex scoring rules and rich hidden
information, which presents several challenges to AI research. The complexity of the
game is much higher than that of Texas Hold’em when measured by the average size of
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information sets. Unlike most of the other card games such as poker and bridge, the goal
of Mahjong is to form various scoring patterns from the tiles, while other games usually
involve a single target such as making a bigger hand or emptying the hand as quickly
as possible. Mahjong tiles are equal in their strength, which is different from poker,
where cards are ranked from two to Ace and players can have a clear value judgement.
The strategy of Mahjong involves choosing between multiple target patterns based on the
similarity between the current hand and various patterns, which is hard to estimate but
relies more on the aesthetic feeling of the tile combinations. The result of the game is also
affected by luck, causing high variance when solved by AI algorithms.

Official International Mahjong is one of the three variants recognized and standardized
by the Mahjong International League (MIL) as a set of competition rules called the Mahjong
Competition Rules (MCR). This variant consists of 81 different scoring patterns, much
larger than other variants, to emphasize the strategic thinking and calculation ability of
players. The other two variants are Riichi Competition Rules (RCR) from Japanese Mahjong
and Sichuan Bloody Rules (SBR) from Sichuan Mahjong. SBR is dominated by luck instead
of strategies and is not suitable for AI research. RCR features a unique set of rules and
encourages a more conservative style of play. It has fewer scoring patterns and is easier
than MCR, and has been preliminarily solved by the AI system named Suphx built by
MSRA [12]. Among those variants, Official International Mahjong is the most suitable
variant as a playground for AI algorithms because of the complexity in its scoring rules
and the emphasis on strategies instead of luck.

As an effort to promote Official International Mahjong in AI research, we held two
Mahjong AI competitions in conjunction with the International Joint Conference on Artifi-
cial Intelligence (IJCAI) in 2020 and 2022. Dozens of teams participated in the competitions
and used a variety of algorithms to build their agents. These algorithms include heuris-
tic methods based on human knowledge and methods based on deep learning, such as
supervised learning and reinforcement learning. The results of the competitions showed
that the agents trained by supervised learning and reinforcement learning turned out to
perform better than those with heuristic methods. A human-versus-AI competition was
also held after the first Mahjong AI competition to challenge professional human players
with one of the top AIs. The result showed that the AI agent was still far behind the top
human players.

These competitions mark the beginning of Official International Mahjong as a new
playground for AI research. While the best AI agents in the competitions still cannot beat
the best human players, we believe that AI systems built by new algorithms with more
computational power will eventually achieve superhuman performance in this game as
long as this game draws enough attention from the community of AI research, which is
achieved by more AI competitions. To conclude, our contributions are as follows.

• We are the first to hold AI competitions of Official International Mahjong. We provide
the judge program that implements the rules of this Mahjong variant and open source
libraries to calculate scoring patterns. We also build match datasets from both humans
and top AI agents for further research.

• We innovatively adopt the duplicate format in the evaluation of AI agents to reduce
the high variance introduced by the randomness of the game, which is commonly
used in top-level human competitions but rarely used in AI competitions.

• We promote Official International Mahjong as a challenge and benchmark for AI
research. We summarize the algorithms of AI agents in the two AI competitions and
conclude that modern game AI algorithms based on deep learning are the current
state-of-the-art methods. We claim that more powerful algorithms are needed to beat
professional human players in this game.

The rest of this paper is organized as follows. Section 2 discusses the background of
games as benchmarks and testbeds for AI research. An overview of game AI algorithms
and a brief introduction to Mahjong are also presented. Section 3 presents a detailed
description of the rules of Official International Mahjong. Section 4 introduces the two AI
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competitions and the human-versus-AI competition we have held of this game, including
the platform and our novel competition format. Section 5 summarizes the algorithms used
in the AI agents submitted by the competitors.

2. Background

2.1. AI and Games

The goal of artificial intelligence is to reach human levels in a variety of tasks. But
how can we measure the intelligence level of AI systems against humans? Turing test [13]
may be the earliest criterion to test the intelligent behavior of AI systems, but it has been
controversial, as more and more AI systems have managed to pass the test by targeted
imitation or deception without real intelligence. However, games are created to test and
challenge human intelligence, making them excellent benchmarks and testbeds for the
evolution of AI. The diversity of games provides a rich context for gradual skill progression
to test a wide range of AI systems’ abilities. From Deep Blue to AlphaGo, AI systems beating
professional players in games with increasing complexity have always been considered
major milestones and breakthroughs in the development of AI technologies.

The earliest research on game AI focused on classic board games such as checkers [1],
chess [2], and Go [3]. These games are relatively simpler to solve by AI algorithms due to
their discrete turn-based mechanics, highly formalized state representation, and fully visible
information to all players. However, these games almost exclusively test the strength of
different strategies and are not fun enough to be very popular among humans. Nowadays,
popular games played by humans are often much more complex, involving randomness
and luck to introduce fun, imperfect information between players to introduce deduction
and deception, or more complex game elements and multi-player team battles to improve
playability. The increasing complexity and diversity of games bring new challenges for AI
research, thus promoting the invention of new algorithms to solve them.

In the last decade, AI systems have achieved superhuman performance in many
popular games played by humans, thanks to the advances in AI techniques and the boost in
computational power. These games include card games such as Texas Hold’em [6–8], which
is the most popular card game played in America, and multi-player video games such as
StarCraft [9] and Dota 2 [10], which have well-established e-sports events popular all over
the world. One important reason these games draw attention to AI research is that these
games are famous enough to form communities of players who organize annual or seasonal
tournaments both for human players and for AI programs. For example, the World Series
of Pokers (WSOP) [14] is a series of poker tournaments held annually since 1970, where
over half of the events are variants of Texas Hold’em. Meanwhile, as an effort to develop a
system to compare poker agents, the Annual Computer Poker Competition (ACPC) [15]
has been held annually since 2006 in conjunction with top-tier AI conferences such as
AAAI and IJCAI. ACPC began with only five competitors in the first year but attracted
dozens of teams from many countries several years later. Such tournaments provide AI
researchers with great platforms to compare and improve their AI agents until more and
more powerful agents finally beat professional human players, marking that the game has
finally been solved by AI.

2.2. Game AI Algorithms

Many AI algorithms have been proposed to build game-playing agents for different
games. These algorithms can be divided into three categories [16]. Heuristic methods, also
called expert systems, rely heavily on human knowledge, which is the most straightforward
way to build a game AI system from scratch. Real-time planning algorithms compute the
action to take when each specific game state is actually encountered during gameplay,
usually by expanding a search tree from the current state, and are widely used in board
games such as chess and Go, where fast responses are not required. Learning algorithms
train models in advance to store policies or value functions in the form of model parameters,

126



Algorithms 2023, 16, 235

which are later used in real-time gameplay. Supervised learning and reinforcement learning
are the most common learning algorithms in the field of game AI.

There are three basic ways of using explicit human knowledge in heuristic methods.
The first way is to incorporate human knowledge in feature extraction. Strategy-related
features can be calculated from the raw features of the game state based on the understand-
ing of human players to guide the selection of better actions. The second way is to provide
explicit rule-based policies, usually written in an ’if-else’ manner. Such policies are formally
modeled by decision trees, where each internal nodes are conditions about the game state
to choose a child node, and each leaf node is an action label. Some decision trees also have
chance nodes, where child nodes are selected based on probabilities. The third way is to
create an evaluation function based on human knowledge, to estimate the preference of
human players on game states. Such evaluation functions can be further combined with
real-time planning algorithms to select the action that potentially leads to better states in
the following steps.

In most cases, the state space of a game is so large that it is difficult to have an optimal
strategy before the game starts. Real-time planning algorithms can compute the action at
each game state in real-time gameplay if the state transition model of the game is known.
When an evaluation function of game states is available, the simplest form of planning is
to choose an action by comparing the values of the model-predicted next states for each
action. Such planning can look much deeper than one step ahead and expand a search
tree to evaluate many future states under different sequences of actions, leading to a more
far-sighted agent. One of the most famous algorithms is A* [17], which uses an evaluation
function to guide the selection of unexplored nodes in the search tree. Minimax [18] is
another classical real-time planning algorithm in two-player competitive settings and is
widely used in board games, based on the assumption that each player wants to maximize
their own payoffs. Monte-Carlo tree search (MCTS) simulates many trajectories starting
from the current state and running to a terminal state, and updates the state-action value
along the path based on the final score, which is then used to yield better trajectories. This
algorithm has achieved huge success in two-player board games and accounts mostly for
the progress achieved in computer Go from a weak amateur level in 2005 to a grandmaster
level in 2015 [19].

The model trained by learning algorithms is the most fundamental part of building
a game AI system and is the focus of game AI research. Supervised learning learns a
policy or value model that predicts the action to choose or the estimated value under the
current state. It requires lots of labeled data in the form of state–action or state–value
pairs, usually collected from human gameplay data or data generated by other game-
playing algorithms. Reinforcement learning (RL) models the environment as a Markov
Decision Process (MDP) and discovers which actions can lead to higher future rewards
by interacting with the environment and trying them out. Traditional RL algorithms
deal with single-agent settings and can be divided into value-based methods and policy-
based methods, depending on whether they only learn value models or learn policy
models as well. PPO is probably the most popular RL algorithm because it empirically
has a more stable training process compared to other algorithms, and is widely used in
most of the game AI milestones achieved in recent years, such as AlphaStar and OpenAI
Five. When combined with proper self-play techniques, single-agent RL algorithms are
proved to approach a Nash equilibrium in competitive multi-agent environments [20–22].
In practice, a model pool is usually maintained from which opponents are selected to collect
data for training, which has become a general paradigm for applying RL algorithms to
multi-agent games.

2.3. Mahjong

Mahjong is a game almost as popular in China as Texas Hold’em in America; however,
it has not attracted much attention from the community of game AI research. This game and
its regional variants are widely played all over the world and estimated to have 600 million
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players in total, according to an internal report of the Mahjong International League. It
is worth noting that Mahjong should not be confused with Mahjong Solitaire [23], which
is a single-player picture-matching game using the same set of tiles. Instead, four-player
Mahjong is similar to a Western card game called rummy, using tiles to form patterns
instead of cards.

There are many regional variants of Mahjong rules, and here, we present a brief
introduction of the basic rules. Mahjong is played with a basic set of 144 tiles with Chinese
characters and symbols, though many regional variations may omit some of the tiles.
Usually, each player begins with 13 tiles which are not shown to other players. Players
draw and discard tiles in turn until they complete a winning hand with a 14th tile. The basic
type of winning hand consists of four melds and a pair, while there exist winning hands
with several special patterns. Most of the regional variations have some basic rules in
common, including the order of play, how a tile is drawn and discarded, how a tile can
be robbed from another player, and the basic kinds of melds allowed. Different variations
differ mainly on the criteria for legal melds and winning hands, and they can have very
different scoring systems and some additional rules. In general, the game of Mahjong
requires skill and strategy, as well as a decent amount of luck to win, making it entertaining
enough to have many players all over the world.

Among those various regional variants of Mahjong rules, only three of them are recog-
nized and standardized for Mahjong competition by the Mahjong International League,
a non-profit organization aiming to promote Mahjong as a mind sport throughout the world.
These three variants are recognized mainly because of their popularity and the different
emphasis in their strategies. The first of them is Official International Mahjong, founded by
the General Administration of Sport in China in July of 1998, known as Mahjong Competi-
tion Rules (MCR), which includes a large variety of scoring rules to emphasize strategy and
calculation ability, and is widely adopted for Mahjong competition. The second is Riichi
Competition Rules (RCR) from Riichi Mahjong, or Japanese Mahjong. This variant features
a unique set of rules such as Riichi and the use of dora, encouraging a more conservative
style of play. The third is Sichuan Bloody Rules (SBR) from Bloody Mahjong, or Sichuan
Mahjong, because this variant is fast-paced and dominated by luck.

From the perspective of game AI, Mahjong presents several challenges for AI algo-
rithms. First, as a four-player game, multi-agent AI algorithms are required to solve it
because both competition and cooperation exist between different agents. Second, the pri-
vate tiles of each agent are not exposed to other agents, and players have to deduce other
players’ hands by their discarded tiles, making it a game with rich hidden information.
The complexity of imperfect-information games can be measured by information sets,
defined as the game states that each player cannot distinguish from their own observa-
tions [24]. Figure 1 shows the number and average size of information sets of Mahjong.
The average size of information sets in Mahjong is much larger than that of Texas Hold’em
and another card game popular in China called DouDizhu, making it difficult to solve by
CFR-based algorithms, which have achieved success in variants of Texas Hold’em. Last,
randomness and luck also contribute to the results of the game, causing high variance and
instability in convergence when applying learning algorithms.

Unlike other popular card games such as bridge, Texas Hold’em, and Doudizhu,
which also have imperfect information and have been testbeds for AI research, the rules
and strategies of Mahjong are unique in the following ways. First, in most card games,
each card has a different strength, usually ranking from two to Ace (A). Higher cards can
beat lower cards so that each hand can have a clear value judgment in the eyes of players.
However, there is no such concept of “strength” of individual tiles in Mahjong, and each
Mahjong tile is equal in its role in forming various patterns. The value judgment of each
hand is based on the similarity between the current hand and different scoring patterns,
which is dominated by the aesthetic feeling of the tile combinations. Second, the strategies
of Mahjong involve making the choice between multiple targets of patterns, especially in
Official International Mahjong with 81 different scoring patterns, while other card games
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usually have a single target such as making a bigger hand than others or emptying the
hand as soon as possible. These factors make it harder to acquire an optimal strategy in
Mahjong, and even professional players can have quite different value judgments and
strategies with the same hand.

Figure 1. The number and average size of information sets of some imperfect-information games.

3. Official International Mahjong

As the official variant of Mahjong rules widely used in Mahjong competitions, Official
International Mahjong is a better playground for AI research than other Mahjong variants
for two reasons. First, unlike most of the regional variants such as SBR where luck domi-
nates the result of the game, Official International Mahjong involves a moderate amount of
luck, but mostly strategies and skills. Second, Official International Mahjong has a complex
scoring rule with 81 different scoring patterns, many more than in other variants, including
RCR. In fact, Official International Mahjong integrates most of the scoring patterns among
various regional variants, requiring more sophisticated strategies for human players and
indicating higher complexity for AI algorithms. This section introduces the rules of Official
International Mahjong in detail.

Official International Mahjong is played with a full set of 144 Mahjong tiles split into
3 categories: suited tiles, honored tiles, and flower tiles, as shown in Table 1. Suited tiles are
divided into three suits: Characters, Bamboos, and Dots, each numbered from one to nine.
There are 4 identical copies of each tile, totaling 108 suited tiles. Honor tiles are divided
into two sets: wind tiles of four directions and dragon tiles of three colors. Like suited tiles,
each tile has 4 identical copies, totaling 28 honor tiles. The remaining eight tiles are special
flower tiles, each with an artistic rendering of one plant or season, which play a unique
role in the mechanics of the game.

When playing the game, four players sit down at their respective positions around
the table in the shape of an inverted compass: east is the dealer, the right of the dealer is
south, across is west, and the left is north. The position of each player is called their “seat
wind”. A full match usually consists of four rounds, each representing a “prevailing wind”,
starting with east. Four games are played each round, with players shifting their seat winds.
The seat wind and prevailing wind are important because they affect the scoring of the
game, which is further discussed in Appendix A.

When a game starts, all of the tiles are randomly shuffled and stacked as two layers
before each player to form a square wall. Tiles are drawn from a specific breaking position
of the wall so that the tile wall decreases clockwise, and that position is usually decided
by dice rolling. At the start of each game, 13 initial tiles are drawn by each player in a
specific order, as shown in Figure 2. Then, players draw and discard one tile in turn in
counterclockwise order until some player declares a winning hand, or no one wins before
the tile wall runs out, ending in a tie.
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This regular order of play can be interrupted in four cases. In the first case, whenever
a player draws a flower tile, it should be exposed and put aside. The player has to draw
the last tile of the wall as a replacement so that they still have 14 tiles before they discard
any tile. This also happens when dealing the initial 13 tiles, and can happen successively in
a player’s turn if they draw another flower tile as the replacement.

Table 1. A full set of 144 Mahjong tiles consists of 108 suited tiles, 28 honor tiles, and 8 flower tiles.

Suited Tiles
Numbers

One Two Three Four Five Six Seven Eight Nine

Suits Characters

Bamboos

Dots

Honor
tiles Winds Dragons

East South West North Red Green White

Flower
tiles Plants Seasons

Plum
blossom

Orchid Daisy Bamboo Spring Summer Fall Winter

In the second case, when a player discards a tile, any other player may steal the tile
to complete a meld. Melds are groups of tiles within players’ hands, which are essential
components to form a winning hand. There are three kinds of melds: pungs, kongs,
and chows. A pung is three identical tiles, either suited tiles or honor tiles. A kong is
four identical tiles, but only counts as a set of three tiles. A chow is three suited tiles of
the same suit in a consecutive numerical sequence. When a meld is formed by stealing
another player’s discard, it is put aside and exposed to all players; otherwise, it remains
concealed. A player can only steal a tile from the player left to them to form a chow,
but from any player to form a pung or a kong. If multiple players try to steal the same
discard, the priority of pung and kong is higher than that of chow. After the player steals
the tile to complete a pung or a chow, they become the next player to discard a tile because
there are currently 14 tiles in their hand. However, since a kong only counts as three tiles,
the player who steals a tile to complete a kong has to draw another tile from the end of the
wall before they discard their tile.

In the third case, a player can also declare a kong upon drawing a tile. There are two
different ways to complete such kongs. In the first case, the player can declare a concealed
kong if they hold four identical tiles in their hand, which do not necessarily include the
tile they just drew. These four tiles are put aside but remain concealed from other players.
In the second case, if the player has an exposed pung and holds the fourth tile, they can
promote the pung to a kong by adding the fourth tile. In both cases, the player has to draw
another tile from the end of the wall before they discard their tile.
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Figure 2. The seat positions of players and the initial configuration of the two-layer tile wall. The tile
wall decreases clockwise from a breaking point, and the colors indicate the order of dealing the
initial 13 tiles of each player. Then, players draw and discard tiles in counterclockwise order. Image
modified from [25].

In the fourth case, a player can declare a winning hand and end the game. All their
tiles are then exposed to others for a validity check. A winning hand consists of 14 tiles.
Since players always have 13 tiles in their hand during play (flower tiles are not counted),
they must win by either drawing a tile or seizing another player’s discarded tile, making
a 14-tile winning hand. There is a special case when another player adds a fourth tile to
promote a pung to a kong; a player can rob it if they can make a winning hand with it.

A winning hand has to satisfy specific patterns. The basic form of a winning hand
consists of four melds, either exposed or concealed, and a pair of identical tiles called
the eye. The hand is then compared to a variety of scoring patterns to count a so-called
"fan" value. There are 81 different scoring patterns in total, and the detailed list can be
found in Appendix A. Each matched pattern is worth some fans, and they are summed
up as the fan value of this hand. A player can only win when their hand is worth no less
than eight fans. There are also some special forms of winning hands, which match scoring
patterns without four melds and an eye. All forms of winning patterns are listed in Table 2.
The final scores of each player depend on the winner’s fan value and the provider of the
14th winning tile. Specifically, if the winner makes a winning hand of x fans by drawing a
tile themselves, they receive 8 + x points from the other three players. Instead, if the 14th
winning tile comes from another player, either discarded or added to the promoted pung,
the winning player receives 8 + x points from the provider of this tile, and only 8 points
from the other two players.
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Table 2. Five forms of winning patterns in Official International Mahjong. A hand of basic winning
pattern has to meet eight fans to win, while other patterns are worth more than eight fans themselves.

Winning Patterns Explanation with an Example

Basic pattern Four melds and a pair, with fan value no less than 8.

Thirteen orphans 1 and 9 of each suit, one of each wind, one of each dragon, and one duplicate tile of any.

Seven pairs A hand with seven pairs.

Honors and
knitted tiles

A hand of 14 tiles from these 16 tiles: number 1, 4, 7 of one suit;
number 2, 5, 8 of second suit; number 3, 6, 9 of third suit; and all honor tiles.

Knitted Straight Number 1, 4, 7 of one suit, number 2, 5, 8 of second suit, number 3, 6, 9 of third suit,
plus a meld and a pair.

Since a full match of Mahjong consists of four rounds with different prevailing winds
and each round is composed of four games with different seating positions, the final
ranking of players depends on the total scores of all sixteen games. Although the scoring of
each game is zero-sum, where players are strictly competitive with each other, it is common
to cooperate with some players based on the cumulative scores to secure one’s final ranking
and adopt some different strategies, especially in the last few games of a match.

4. AI Competitions

In an effort to unlock the potential of modern game AI algorithms in Official In-
ternational Mahjong and promote it as a playground for AI research, we held two AI
competitions in 2020 and 2022 in conjunction with the International Joint Conference on
Artificial Intelligence (IJCAI). Dozens of teams from universities and companies partic-
ipated in the competitions, and they contributed their wisdom and submitted their AI
programs to play Mahjong with a variety of algorithms. We adopted the duplicate format
in these competitions under the guidance of the Mahjong International League, which
greatly reduces the variance in the evaluation of AI agents. We also organized a human-
versus-AI competition in the beginning of 2021, where two professional human players
were invited to challenge the top AIs from the AI competition in 2020. This section presents
an introduction of these competitions.

4.1. Botzone

Both Mahjong AI competitions were held based on Botzone [26], an online multi-agent
competitive platform built by our lab. The platform is designed to provide a universal
interface to evaluate AI agents in different programming languages in a variety of games,
including traditional board games such as Gomoku, Ataxx, chess, and Go, card games
such as DouDizhu and Mahjong, and modified versions of Atari games such as Pac-Man
and Tank. Users can upload their programs to the platform, called bots, which can play
against any other bots of the same game as long as they follow the input–output protocol
specified by the platform. The platform also supports games between human players and
bots, or only human players.

Apart from creating isolated games to evaluate the performance of agents, Botzone has
an Elo ranking system that constantly runs games between randomly selected agents and
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calculates the real-time Elo scores of each bot, maintaining a ladder list of each game. Addi-
tionally, Botzone also supports creating groups to hold individual tournaments, with multi-
ple rounds of games played between a fixed set of agents under predefined formats. This
tournament system to evaluate AI agents makes Botzone a strong platform to support both
AI research and education. Over the years, dozens of courses have used this platform to
hold competitions in their course project to write AI agents for various games. The platform
has so far accumulated more than 160 thousand AI agents in over 40 games, with more
than 50 million games played.

4.2. Competition Format

As a competition to evaluate the performance of multiple agents, it is important that
the final ranking can reveal the actual strength of different agents. However, Mahjong is
a four-player imperfect-information game with a high degree of randomness in dealing
tiles, making it hard to design the competition format with an accurate ranking. In both
Mahjong AI competitions, we applied a combination of Swiss rounds and the duplicate
format as the competition format, which reduces the variance in individual games as much
as possible. The illustration of the format is shown in Figure 3.

Figure 3. The competition format of Mahjong AI competitions, a combination of a Swiss-round
system and duplicate format.

Duplicate format is a popular technique to mitigate the factor of luck and reduce
variance in games. It was initially applied in the game of bridge and was later used heavily
in poker competitions, including ACPC. The basic idea is to play multiple games with
players taking different seats while keeping the same outcomes of all random events in
each game, including the cards or tiles dealt throughout the game. In two-player games
such as Heads-Up No-Limit Hold’em (HUNL), each game is played twice with the same set
of cards for each seat, but with different player seating. This can significantly mitigate the
factor of luck because even if a player has a good hand and wins the game, their opponent
will eventually have the same hand in another game. However, Mahjong is a four-player
game where not only the tiles dealt to each player contribute to the result of the game,
but the order of players in drawing and discarding the tile also matters. When applying
duplicate format to Mahjong, the public tile wall has to be split into four parts for each
seat, and each player draws tiles only from their own part, including their initial hands.
The same tile wall is used for a total of 24 games, where the players change their seats in
all possible permutations. The scores of these games are summed up as the score of one
“duplicate game”. In this way, not only is the factor of luck from the tile wall mitigated,
but the influence of each player to other players such as stealing tiles can also be reduced.
It is worth noting that though Suphx built by MSRA is reported to beat top human players
in Riichi Mahjong, no duplicate format was used in the evaluation, and their results may
suffer from high variance.
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As Mahjong is a four-player game, competition formats such as round robin cannot be
applied because there are too many possible combinations of players. Instead, the competi-
tions use Swiss round as the high-level format, with each round pitting the closest-ranked
players against each other. The initial ranking of players is randomly decided before the
first round. In each round, four players are grouped to play 24 games of duplicate format.
The raw scores of each game are summed up to decide the rankings of each player in
this “duplicate game” to assign ranking points of 4, 3, 2, or 1 to each player. The players
are then re-ranked by their accumulated ranking points. The typical Swiss-round format
has a relatively small number of rounds, usually the logarithm of the number of players.
However, considering the randomness and imperfect information in Mahjong, it takes
hundreds of Swiss rounds to achieve a stable ranking of players, especially when they are
close in level of play.

Additionally, to further mitigate the factor of luck and reduce the variance in each
game, the flower tiles in Mahjong, i.e., plant tiles and season tiles, are excluded in both
Mahjong AI competitions and the human-versus-AI competition, because flower tiles only
affect the final scores of each player after someone makes a winning hand, and are not
involved in the strategy of either discarding or melding. The design of flower tiles makes it
a random perturbation term in the accurate evaluation of agents, though it can bring fun to
human players as a factor of luck. In conclusion, the competition format of both Mahjong
AI competitions combined Swiss rounds, duplicate format, and the exclusion of flower tiles
to make the ranking as accurate as possible.

4.3. Mahjong AI Competition

We held two Mahjong AI competitions in 2020 and 2022. Both of them were divided
into 3 rounds: the qualification round to determine the top 16, the elimination round to
determine the top 4, and the final round to determine the champion. The participants need
to upload their bots before the qualification round and the elimination round, while the
final round uses the same bots as the elimination round.

The first Mahjong AI competition [27] was held in conjunction with IJCAI 2020, which
was postponed in the second year as a virtual conference due to the COVID-19 pandemic.
Thirty-seven teams submitted their agents in the qualification round on 31 November,
where three tournaments were held in a week, each running six Swiss rounds and each
round comprising four “duplicate games” of twenty-four matches. The results of the three
tournaments were weighted proportionally to calculate the ranking of the qualification
round. The top 16 teams joined the elimination round on 1 January 2021, which comprised
a single tournament of 96 Swiss rounds, each comrising 4 × 24 games in duplicate format.
The final round was held later, with 128 Swiss rounds, to provide a more accurate ranking
of the top four agents. We organized a symposium during the IJCAI 2020 session, and the
top 16 teams all made oral presentations to discuss their methods. Some of the teams also
submitted papers to introduce their algorithms in detail.

The second Mahjong AI competition [28] had a similar schedule to the first one, and
was held as a competition session at IJCAI 2022. The qualification round was on 22 May,
the elimination round was on 3 July, and the final round was on 4 July. The competition
format was slightly different from the competition in the first year. First, only one tour-
nament was held in the qualification round instead of three. Second, each Swiss round
consisted of only 1 duplicate game with 24 games of the same till wall, but more Swiss
rounds were used to ensure that each agent still played hundreds of duplicate games or
thousands of individual games in total. Most of the top 16 teams gave their presentations
to introduce their algorithms in the symposium held on 28 July during the session at
IJCAI 2022. The schedules of both competitions are summarized in Table 3, and the list of
winning teams can be found on the homepages of the competitions.
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Table 3. Summary of the schedule of the two Mahjong AI competitions.

Year
Qualification Round Elimination Round Final Round

Dataset
Time Teams Rounds Time Teams Rounds Time Teams Rounds

2020–
2021

31
Novem-

ber
37 3 × 6 × 4 1 January 16 96 × 4 6 January 4 128 × 4 Human

data

2022 22 May 25 128 3 July 16 128 4 July 4 512 AI data

Since Official International Mahjong has a complex scoring system involving 81 scoring
patterns and some principles regarding whether each pattern is counted in various cases, it
is very difficult and error-prone for the competitors to write code to calculate scores when
playing the game. We provided an open source library [29] to calculate the fan value of
each hand, with two versions in Python and C++. Additionaly, we built two Mahjong
datasets for the competitors to use in these competitions. Specifically, the dataset provided
in the first competition consists of about half a million matches of human players from
an online Mahjong game platform, which belongs to another variant of Mahjong with
different scoring rules, but shares the same basic rules and some of the most common
scoring patterns. The dataset provided in the second competition consists of over 98
thousand self-play matches generated on Botzone by the top agents of the first competition,
which has much higher quality than the previous dataset in the strength of strategies. Many
teams used the provided dataset for algorithms based on machine learning, which is further
discussed in Section 5.

4.4. Human-versus-AI Competition

The human-versus-AI competition was held on 30 January 2021, shortly after the final
round of the first Mahjong AI competition. We invited two professional human players
to the competition to compete against AI programs. The human players were Wenlong
Li, the winner of the Japan MCR Championship (2016) who is ranked in the top three of
the MIL master points system (2022), and Zhangfei Zhang, the winner of the China MCR
Championship (2010). The AI program was called Kima, which was the agent ranked third
in the first Mahjong AI competition.

We also adopted the duplicate format in this competition, where multiple games are
played with the same tile wall but different player seatings. However, the application
of duplicate format to competitions with human players is different from that with AI
players, because a human player can memorize the tile wall if the same tile wall is used for
multiple games. Instead, the competitors sat in the same position at different tables and
were faced with the same tile wall, while the other three players on each table were another
AI program as a fixed baseline player, which was chosen as the agent ranked fourth place.
A total of 16 games were played in the competition, with a full round of prevalent and seat
winds of the competitors. The scores of each player were summed up to decide the final
ranking. This competition format can mitigate the factor of luck introduced by both the
tile wall and the opponents, since the tile wall and the opponents of each player are all
the same.

The competition results are shown in Table 4. Due to the use of the duplicate format
to control variance, three competitors achieved the same score in about half of the games,
but the two human players tended to perform better than the AI programs in the remaining
games, resulting in a huge difference in the total scores between the human players and
the AI agents. In an interview after the competition, Li claimed that the AI agent was still
not flexible enough to handle some cases. It can be concluded that the AI ranked third
place in the first Mahjong AI competition is still a far cry from professional human players,
and Official International Mahjong can be a good benchmark and testbed for AI research,
calling for more powerful algorithms.
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Table 4. The scores of each game in the human-versus-AI competition.

Player East Wind South Wind West Wind North Wind Total

Li −22 32 51 −19 54 99 −8 −17 34 −8 34 −8 34 −27 −8 −16 205

Zhang −22 60 54 −19 54 −8 −8 −30 37 33 66 −8 35 −16 −8 −16 204

Kima
(AI) −22 60 −8 −19 54 −8 −8 −28 −8 −8 66 −8 35 −8 −8 −16 66

5. AI Algorithms

This section summarizes the algorithms used in the AI agents in the two Mahjong AI
competitions based on the presentations given by the competitors. Though the details of the
algorithms vary, they can be divided into three categories: heuristic methods, supervised
learning, and reinforcement learning. An overview of the methods of the top 16 agents in
both competitions is illustrated in Figure 4.

Figure 4. The category of algorithms used in the top sixteen agents in the two Mahjong AI compe-
titions. The arrows indicate that the agents were uploaded by the same team who participated in
both competitions.

5.1. Heuristic Methods

Most of the teams in the first competition built their AI agents with heuristic methods,
which rely heavily on human knowledge. For a human player, the goal of Mahjong is to
make a winning hand as soon as possible by choosing the right tile to discard and stealing
other players’ discarded tiles to make melds when necessary. The minimal number of
tiles to replace from the current hand to a winning pattern is defined as the “shanten”
value, which is an important concept in the strategies of humans to measure their distance
from winning. Some heuristic methods simply calculate the current shanten value by
expanding a search tree, trying all possible tiles it can replace until it forms a winning
pattern. Upon finding the shortest path to a winning pattern, the agent just keeps the
useful tiles and discards a tile from those to be replaced until the shanten value drops
to zero, waiting for the 14th tile to win. However, such shanten values only reflect the
distance between the current hand and a winning pattern, but the fan value of the winning
pattern may not be enough to win; that value must be no less than eight. Since the fan value
depends on a wide variety of scoring patterns that not only describe the tiles in the hand,
but also the exposed or concealed state of each meld and some properties of the 14th
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tile, including these states in the search tree would make it too large to be traversed in
limited time.

Instead, human players not only try to reduce the shanten value but also think about
the scoring patterns they want to make in advance. Since there are five different winning
patterns in Official International Mahjong, and the strategies differ when making different
patterns, some heuristic methods try to decide on a pattern to make based on the current
hand and move to the pattern according to detailed strategies. These methods usually
choose the pattern according to predefined rules based on the experience of human players.
For example, human players tend to make the “Seven Pairs” pattern if there are five pairs
in the current hand, and make the “Thirteen Orphans” pattern if there are no less than
11 terminal tiles and honor tiles. Some AI agents even consider dozens of scoring patterns
as targets, choosing the target based on predefined conditions, and use different strategies
for each pattern, making a complex behavior tree.

After deciding which winning pattern or scoring pattern to make, more heuristics
can be applied based on the targeted pattern. Some of the AI agents calculate the winning
probability by the probability of occurrence of each tile based on visible information.
The action is chosen based on a combination of reducing shanten values and maximizing
the winning probability. All of these rely heavily on human expertise. Learning-based
models can also be embedded in the behavior tree as the detailed strategies for some
patterns. For example, the AI agent ranked 12th in the first competition integrates a model
learned by reinforcement learning into a behavior tree as the detailed strategy of the basic
winning pattern, while the other patterns use heuristic strategies.

In conclusion, heuristic methods rely heavily on human experience and simulate
the way human players play the game. Search-based algorithms are used to calculate
the shanten value or approximate the winning probability to guide the choice of actions.
Most of them also use predefined rules to decide the target pattern to make, forming a
behavior tree with more detailed strategies embedded to handle each targeted pattern.
The performance of these agents is mainly restricted by the strength of human heuristics,
and the behavior trees designed by better human players tend to be more complex and
have better performance.

5.2. Supervised Learning

Supervised learning was also widely used, especially in the second Mahjong AI
competition, probably because of the availability of high-quality datasets. The basic idea
of supervised learning is to train a policy model to predict the action to choose under
the current observation from the match dataset in advance, and directly use the model to
compute an action during the gameplay. Since the policy model is learned directly to clone
the behavior in the match dataset, the performance of the model depends on the quality of
the dataset. Despite the low quality of the dataset provided in the first competition, which
consists of matches of human players of different levels in another Mahjong variant, agents
trained by supervised learning still outperform those using heuristic methods, indicating
the huge potential of deep learning algorithms on this game. More participants turned to
supervised learning in the second competition, making up most of the top 16 agents.

The supervised models of different teams differ mainly in three components: the
design of the features, the design of the network model, and the data preprocessing
scheme. Most teams designed the features as all visible information from the current player,
including the current hand, the exposed melds and their types for each player, the discarded
tiles of each player, the prevalent wind and the seat wind, and the number of unseen
tiles. Some teams missed some of the features or caused information loss by combining
some of the features, such as ignoring the order of the discarded tiles. Meanwhile, these
features were encoded differently as tensors by different teams. The most basic method
is to treat all of these features as vectors and stack fully connected layers as the network
model. While such encoding can retain all useful information, it overlooks the spatial
relationship between the Mahjong tiles, since most of the scoring patterns involve special
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patterns of tiles such as pungs and shifted chows. Suphx [12], an AI system built by MSRA
to play Riichi Mahjong, encodes the hand as 4 channels of images of 34 × 1, and uses
1-dimensional convolutional neural networks (CNN) to extract high-level features from the
multi-channel images. Inspired by and improved from the design of Suphx, many teams
in the competition encoded the tiles as 4 channels of images of 4 × 9 to better capture the
spatial relationship between suited tiles of the same number. The encoding of both schemes
is illustrated in Figure 5.

(a)

(b)

Figure 5. The encoding of features in Suphx and some AI agents submitted by the competitors.
(a) Tiles encoded as 4 channels of images of 34 × 1. Image from [12]. (b) Tiles encoded as 4 channels
of images of 4 × 9. Image from [30].

While the designs of features differ in most of the AI agents using supervised learning,
the action space of different agents is quite similar, including winning, discarding, and dif-
ferent types of melding. Most of the teams used variants of CNN as the network model to
predict the action, a method that is widely used in the field of computer vision to extract
features from images due to its strong capability to capture spatial patterns. Specifically,
the agents in the first Mahjong AI competition mainly use Resnet [31] as the CNN model,
while other variants of CNN such as ResNeXt [32] can also be seen in the agents submitted
in the second competition. These variants of CNN adopt deeper layers by adding shortcut
connections, or use kernels with more complex structures to increase the ability to extract
high-level features.
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Before training the network, the given dataset of matches is first preprocessed into
millions of state–action pairs. The schemes of data preprocessing of these teams are also
different from each other. Some teams simply took all of the actions made by each player
and the corresponding observation of the player as the states in these matches. A few
teams only used the state–action pair of the winning player of each match, based on the
assumption that the winner’s strategy was better than that of the other players, especially
for the dataset of human matches provided in the first competition. Some teams also
applied data augmentation, based on the fact that some tiles are symmetric in their roles
to form scoring patterns. For example, three types of suits can be exchanged arbitrarily,
and the suited tiles of numbers one to nine can also be reversed as nine to one without
breaking most of the scoring patterns, except for some rare patterns such as “All Green”
and “Reversible Tiles”. Different wind tiles and dragon tiles can also be exchanged as
long as the prevailing wind and the seat wind change correspondingly. This augmentation
can significantly increase the amount of data and improve the generalization ability of the
network model.

5.3. Reinforcement Learning

The top three teams in the first Mahjong AI competition all used reinforcement learning
(RL) to train their agents. Different from supervised learning which requires a large amount
of game data to clone the behavior of the other players, RL deals with control problems
and learns how to choose the right action to lead to higher future payoffs by interacting
with other players and trying the actions out. Traditional reinforcement learning models
the environment as a Markov Decision Process (MDP) and can only deal with single-agent
problems. When combined with proper self-play schemes, it has been proved [22,33] that
single-agent RL algorithms can approach a Nash equilibrium in competitive multi-agent
environments, and in recent years, such algorithms have achieved good performance in
various multi-agent games such as StarCraft [9], Dota 2 [10], and Texas Hold’em [34].

All of the top three teams used a similar paradigm of reinforcement learning, combin-
ing the algorithm of Proximal Policy Optimization (PPO), a distributed actor–critic training
framework, and the self-play of the latest model to collect training data. PPO [35] is a policy-
based RL algorithm which is more stable than other algorithms, such as REINFORCE [36]
and A3C [37], because it clips the ratio of action probabilities between new models and old
models. The network model is a joint policy–value network consisting of a CNN-based
backbone to extract features, a policy branch to predict the actions, and a value branch
to provide the estimated expected payoff under the current observation. The distributed
training framework consists of a learner, a replay buffer, and many actors distributed
across multiple machines, as shown in Figure 6. The actors use the latest model to generate
self-play matches and store those data in the replay buffer. The learner samples data from
the replay buffer to update the current model and broadcast the latest parameters to each
actor. This distributed training framework can be easily scaled to an arbitrary amount of
computational resources. Since reinforcement learning requires a large amount of data
generated by self-play matches, especially in games with high variance such as Mahjong,
which involves randomness in dealing tiles, the quality of models depends mainly on the
computational resources used. In fact, the top three teams in the first competition were all
from the industrial community, and hundreds of CPU cores were used in their training,
in spite of the fact that they also adopted various tricks to stabilize the training.
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Figure 6. The distributed actor–critic training framework used by the competitors.

Though these teams shared a similar training paradigm, there were also some differ-
ences in their RL implementations. Some teams used supervised learning to train an initial
model from the given datasets or matches generated by heuristic methods in advance,
and ran reinforcement learning based on the initial model to speed up the training in the
early phase. The agent ranked first in the first competition further adopted the technique
of reward shaping and perfect information distillation. Specifically, they did not directly
use the final score of the game as the reward, as other teams did, but clipped it to a smaller
range to mitigate the randomness and high variance and stabilize the training. Perfect
information distillation [38] is another technique to deal with games with imperfect infor-
mation. While the policy network only takes the observation of the current player as the
input, the value network also takes invisible information such as other players’ hands and
the remaining tile walls as the input to better predict the value of the current game state.

6. Conclusions

Throughout the history of AI research, games have always been benchmarks and
testbeds because they provide a rich context to test a wide range of abilities of AI systems.
The most popular games played by humans have undoubtedly promoted the development
of AI algorithms, in that AI systems achieving superhuman performance in these games
have always been considered milestones of AI technologies. Mahjong, one of the most
popular games played in China, presents challenges to AI research due to its complex
scoring rules and rich hidden information, but it has been overlooked by the community
of AI research because there are too many regional variants to form a joint community of
players. This paper provides a detailed description of the rules of Official International
Mahjong, the variant used in most official competitions due to its complex scoring rules
and the emphasis on strategies. By holding two AI competitions under our novel competi-
tion format, which combines Swiss rounds and the duplicate format to reduce variance,
and comparing the methods of the top teams, we promote this game as a new benchmark
for AI research and summarizing the state-of-the-art algorithms on this game. We conclude
that supervised learning and reinforcement learning perform better than heuristic methods
based on human knowledge. We also held a human-versus-AI competition, which showed
that the top AI agent still cannot beat professional human players. We believe that this
game can be a new playground for game AI research and promote the development of
multi-agent AI algorithms in the setting of imperfect information. As Mahjong is a popu-
lar game among humans, the strategies of AI agents in playing the game can also bring
inspiration to human players, because even professional players can have quite different
strategies in some situations.
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Appendix A. Scoring system in Official International Mahjong

This section describes the scoring system in Official International Mahjong in detail,
including the scoring principles and the full list of scoring patterns.

Appendix A.1. Scoring Principles

There are 81 different scoring patterns in Official International Mahjong, many more
than those in other variants. When a player declares a winning hand, it is compared to all
of these patterns, and several patterns may match or even occur more than once. Most of
the patterns specify part or even all of the tiles in the hand, but there are also some patterns
describing how the winning hand is completed, i.e., the property of the winning tile. Each
scoring pattern is worth a fan value, and the player only wins when their hand is worth
more than eight fans. When counting the fan value of a winning hand, the basic rule is
to sum up the fan values of all matched patterns. However, in many cases, the matched
patterns may overlap in their descriptions of the hand, and some patterns are not counted
in. The following principles are followed when choosing the right patterns to sum up.

• The Non-Repeat Principle: When a scoring pattern is inevitably implied or included
by another pattern, the pattern with a lower fan value is not counted.

• The Non-Separation Principle: After combining some melds to match a scoring pattern,
these melds cannot be separated and rearranged to match another pattern.

• The Non-Identical Principle: Once a meld has been used to match a scoring pattern,
the player is not allowed to use the same meld together with other melds to match the
same pattern.

• The High-versus-Low Principle: When there are multiple ways to break the hand
to match different sets of scoring patterns, the way with the highest total fan value
is chosen.

• The Account-Once Principle: When a player has combined some melds to match a
scoring pattern, they can only combine any remaining melds once with a meld that
has already been used to match other patterns.

Appendix A.2. Scoring Patterns

All of the scoring patterns are listed below, grouped by their corresponding fan value.
A pattern with higher fan value tends to be more difficult to obtain.

Patterns worth 88 fans

(1) Big Four Winds: A hand with pungs or kongs of all four winds.
Implied patterns are not counted: “Big Three Winds”, “All Pungs”, “Seat Wind”,

“Prevalent Wind”, “Pungs of Terminals or Honors”.

Example:

(2) Big Three Dragons: A hand with pungs or kongs of all three dragons.
Implied patterns are not counted: “Dragon Pung”, “Two Dragon Pungs”.

Example:
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(3) All Green: A hand consisting of only green tiles, i.e., .
Implied patterns are not counted: “Half Flush”.

Example:

(4) Nine Gates: First collect 13 number tiles 1112345678999 of one suit with no
exposed melds. The 14th tile can be any tile of the same suit.

Implied patterns are not counted: “Full Flush”, “Fully Concealed Hand”, “Concealed
Hand”, “No Honors”.

Example: +

(5) Four Kongs: A hand with four kongs, regardless of whether they are exposed
or concealed.

Implied patterns are not counted: “Melded Kong”, “Concealed Kong”, “Two Melded
Kongs”, “Two Concealed Kongs”, “Three Kongs”, “All Pungs”, and “Single Wait”.

Example: ( ) ( ) ( ) ( )

(6) Seven Shifted Pairs: A hand of seven pairs in the same suit with consecutive num-
bers.

Implied patterns are not counted: “Seven Pairs”, “Full Flush”, “Fully Concealed
Hand”, “Single Wait”.

Example:

(7) Thirteen Orphans: One of each terminal tile (number one and nine of each suit),
one of each honor tile, plus one duplicate tile of any of those thirteen tiles.

Implied patterns are not counted: “All Types”, “Fully Concealed Hand”, “Concealed
Hand”, “Single Wait”.

Example:

Patterns worth 64 fans

(8) All Terminals: A hand consisting of only terminal tiles, i.e., number 1 or 9 of
each suit.

Implied patterns are not counted: “No Honours”, “Pung of Terminals or Honors”,
“Mixed Double Pung”, “All Pungs”.

Example:

(9) Little Four Winds: A hand with melds of three winds and a pair of the other wind.
Implied patterns are not counted: “Big Three Winds”, “Pung of Terminals or Honors”.

Example:

(10) Little Three Dragons: A hand with melds of two dragons and a pair of the
other dragon.

Implied patterns are not counted: “Two Dragon Pungs” and “Dragon Pung”.

Example:

(11) All Honors: A hand consisting of only honor tiles.
Implied patterns are not counted: “All Pungs”, “Pung of Terminals or Honors”.

Example:
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(12) Four Concealed Pungs: A hand with four concealed pungs or kongs.
Implied patterns are not counted: “All Pungs”, “Three Concealed Pungs”, “Two

Concealed Pungs”, “Fully Concealed Hand”, “Concealed Hand”.

(13) Pure Terminal Chows: A hand with two chows of number 1, 2, 3, two chows of
number 7, 8, 9, and a pair of number 5, all in the same suit, i.e., 12312378978955 in one suit.
It is not treated as seven pairs, even if all chows are concealed.

Implied patterns are not counted: “Full Flush”, “All Chows”.

Example:

Patterns worth 48 fans

(14) Quadruple Chow: A hand with four identical chows.
Implied patterns are not counted: “Pure Triple Chow”, “Pure Double Chow”, “Tile Hog”.

Example:

(15) Four Pure Shifted Pungs: A hand with four pungs or kongs in the same suit
with consecutive numbers.

Implied patterns are not counted: “Pure Shifted Pungs”, “All Pungs”.

Example:

Patterns worth 32 fans

(16) Four Pure Shifted Chows: A hand with four successive chows in the same suit
with a fixed interval of either one or two, but not a combination of both.

Implied patterns are not counted: “Pure Shifted Chows”.

Example:

(17) Three Kongs: A hand with three kongs, regardless of whether they are exposed
or concealed.

Implied patterns are not counted: “Melded Kong”, “Concealed Kong”, “Two Melded
Kongs”, “Two Concealed Kongs”.

Example: ( ) ( ) ( )

(18) All Terminals and Honors: A hand consisting of only terminal (number 1 or 9
of each suit) and honor tiles.

Implied patterns are not counted: “Pung of Terminals or Honors”, “All Pungs”.

Example:

Patterns worth 24 fans

(19) Seven Pairs: A hand with seven pairs. Four identical tiles can be treated as two
pairs, in which case “Tile Hog” is counted.

Implied patterns are not counted: “Fully Concealed Hand”, “Concealed Hand”,
“Single Wait”.

Example:

(20) Greater Honors and Knitted Tiles: A hand consisting of one of each honor tile,
and seven tiles out of a knitted straight. A knitted straight is made up of number 1, 4, 7 of
one suit, number 2, 5, 8 of second suit, and number 3, 6, 9 of a third suit.

Implied patterns are not counted: “Lesser Honors and Knitted Tiles”, “All Types”,
“Fully Concealed Hand”, “Concealed Hand”.
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Example:

(21) All Even Pungs: A hand consisting of four pungs or kongs and a pair, where all
tiles are suited tiles of even numbers.

Implied patterns are not counted: “All Pungs”, “All Simples”.

Example:

(22) Full Flush: A hand consisting of only suited tiles of the same suit.
Implied patterns are not counted: “No Honors”.

Example:

(23) Pure Triple Chow: A hand with three identical chows.
Implied patterns are not counted: “Pure Double Chow”.

Example:

(24) Pure Shifted Pungs: A hand with three pungs or kongs in the same suit with
consecutive numbers.

Example:

(25) Upper Tiles: A hand consisting of only suited tiles of number 7, 8, and 9.
Implied patterns are not counted: “Upper Four”, “No Honors”.

Example:

(26) Middle Tiles: A hand consisting of only suited tiles of number 4, 5, and 6.
Implied patterns are not counted: “All Simples”, “No Honors”.

Example:

(27) Lower Tiles: A hand consisting of only suited tiles of number 1, 2, and 3.
Implied patterns are not counted: “Lower Four”, “No Honors”.

Example:

Patterns worth 16 fans

(28) Pure Straight: A hand with three chows in the same suit of numbers 1, 2, 3; 4, 5,
6; 7, 8, 9.

Example:

(29) Three-Suited Terminal Chows: A hand with two chows of number 1, 2, 3 and
7, 8, 9 in one suit, another two chows of the same number in a second suit, and a pair of
number 5 in a third suit.

Implied patterns are not counted: “All Chows”, “Two Terminal Chows”, “Mixed
Double Chow”, “No Honors”.

Example:

(30) Pure Shifted Chows: A hand with three successive chows in the same suit with
a fixed interval of either one or two, but not a combination of both.

Example:
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(31) All Fives: A hand with suited tiles of number five in all four melds and the pair.
Implied patterns are not counted: “All Simples”.

Example:

(32) Triple Pung: A hand with three pungs or kongs in different suits with the
same number.

Example:

(33) Three Concealed Pungs: A hand with three concealed pungs or kongs.

Patterns worth 12 fans

(34) Lesser Honors and Knitted Tiles: A hand consisting of 14 tiles from these 16
tiles: number 1, 4, 7 of one suit; number 2, 5, 8 of a second suit; number 3, 6, 9 of a third
suit; and all honor tiles.

Implied patterns are not counted: “All Types”, “Fully Concealed Hand”, “Con-
cealed Hand”.

Example:

(35) Knitted Straight: A hand consisting of number 1, 4, 7 of one suit, number 2, 5, 8
of a second suit, and number 3, 6, 9 of a third suit, plus a meld and a pair.

Example:

(36) Upper Four: A hand consisting of only suited tiles of number 6, 7, 8, and 9.
Implied patterns are not counted: “No Honors”.

Example:

(37) Lower Four: A hand consisting of only suited tiles of number 1, 2, 3, and 4.
Implied patterns are not counted: “No Honors”.

Example:

(38) Big Three Winds: A hand with three pungs or kongs of wind tiles.

Example:

Patterns worth 8 fans

(39) Mixed Straight: A hand with three chows of numbers 1, 2, 3; 4, 5, 6; 7, 8, 9 in
different suits.

Example:

(40) Reversible Tiles: A hand consisting of only tiles whose shape is point-symmetric

regardless of colors. Available tiles are

.
Implied patterns are not counted: “One Voided Suit”.

Example:
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(41) Mixed Triple Chow: A hand with three chows in different suits with the same num-
bers.

Implied patterns are not counted: “Mixed Double Chow”.

Example:

(42) Mixed Shifted Pungs: A hand with three pungs or kongs in different suits with
consecutive numbers.

Example:

(43) Chicken Hand: A hand which would otherwise be worth of zero fans, with flower
tiles not included.

Example: ( ) ( ) +

(44) Last Tile Draw: The winning hand is completed by drawing the last tile of
the wall.

Implied patterns are not counted: “Self Drawn”.

(45) Last Tile Claim: The winning hand is completed by seizing a tile from another
player when the tile wall is empty.

(46) Out With Replacement Tile: The winning hand is completed when drawing a
tile right after making a concealed kong or a promoted kong.

Implied patterns are not counted: “Self Drawn”.

(47) Robbing the Kong: The winning hand is completed by robbing the tile which
another player adds to an exposed pung to form a kong.

Implied patterns are not counted: “Last Tile”.

Patterns worth 6 fans

(48) All Pungs: A hand with four pungs or kongs, regardless of whether they are
exposed or concealed.

Example:

(49) Half Flush: A hand consisting of only honor tiles and suited tiles of one suit.

Example:

(50) Mixed Shifted Chows: A hand with three consecutive chows in different suits,
each shifted up one number from the one before it.

Example:

(51) All Types: A hand containing tiles of all three suits, wind tiles and dragon tiles.

Example:

(52) Melded Hand: Every meld and pair in the hand must be completed by tiles
from other players, which means that all melds must be exposed, and one tile of the pair is
the 14th winning tile from other players.

Implied patterns are not counted: “Single Wait”.
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(53) Two Concealed Kongs: A hand with two concealed kongs.
Implied patterns are not counted: “Concealed Kong”.

(54) Two Dragon Pungs: A hand with two pungs or kongs of dragon tiles.
Implied patterns are not counted: “Dragon Pung”.

Patterns worth 4 fans

(55) Outside Hand: A hand with terminals (number 1 or 9 of suited tiles) and honor
tiles in every meld and the pair.

(56) Fully Concealed Hand: A hand with no tiles from other players, which means
that all melds must be concealed, and the winning tile is drawn by the winner.

(57) Two Melded Kongs: A hand with two exposed kongs.

(58) Last Tile: The winning tile is the last tile of the same tile that has not been
revealed to all players, which means three of the same tile has been exposed in melds or
discarded on the table.

Patterns worth 2 fans

(59) Dragon Pung: A hand with a pung or kong of dragon tiles. This pattern can be
counted more than once if there are multiple melds meeting this requirement.

Implied patterns are not counted: “Pung of Terminals or Honors”.

(60) Prevalent Wind: A hand with a pung or kong of the prevalent wind of this game.
Implied patterns are not counted: “Pung of Terminals or Honors”.

(61) Seat Wind: A hand with a pung or kong of the seat wind of the current player.
Implied patterns are not counted: “Pung of Terminals or Honors”.

(62) Concealed Hand: A hand with no tiles from other players except the winning
tile, which means that all melds must be concealed, while the winning tile is seized from
other players.

(63) All Chows: A hand with four chows and a pair of suited tiles.

(64) Tile Hog: A hand with four identical tiles without forming a kong. This pattern
can be counted more than once if there are multiple tiles meeting this requirement.

(65) Mixed Double Pung: A hand with two pungs or kongs in different suits with
the same number. This pattern can be counted more than once if there are multiple melds
meeting this requirement.

(66) Two Concealed Pungs: A hand with two concealed pungs or kongs.

(67) Concealed Kong: A hand with a concealed kong.

(68) All Simples: A hand with no terminal tiles (number 1 or 9 of suited tiles) and
honor tiles.

Patterns worth 1 fan

(69) Pure Double Chow: A hand with two identical chows. This pattern can be
counted more than once if there are multiple melds meeting this requirement.

147



Algorithms 2023, 16, 235

(70) Mixed Double Chow: A hand with two chows in different suits with the same
number. This pattern can be counted more than once if there are multiple melds meeting
this requirement.

(71) Short Straight: A hand with two chows in the same suit with successive num-
bers, like 234 and 567. This pattern can be counted more than once if there are multiple
melds meeting this requirement.

(72) Two Terminal Chows: A hand with two chows in the same suit with numbers
1, 2, 3 and 7, 8, 9. This pattern can be counted more than once if there are multiple melds
meeting this requirement.

(73) Pung of Terminals or Honors: A hand with a pung or kong of terminal tiles
(number 1 or 9 of suited tiles) or honor tiles. This pattern can be counted more than once if
there are multiple melds meeting this requirement.

(74) Melded Kong: A hand with one exposed kong.

(75) One Voided Suit: A hand with exactly two of the three suits of tiles.

(76) No Honors: A hand with no honor tiles.

(77) Edge Wait: The winning tile must be a suited tile of number 3 to complete a
chow of 1, 2, 3, or number 7 to complete a chow of 7, 8, 9. This pattern is not counted if
there exists multiple tiles to complete a winning pattern.

(78) Closed Wait: The winning tile must be a suited tile to complete a chow as the
middle number. This pattern is not counted if there exists multiple tiles to complete a
winning pattern.

(79) Single Wait: The winning tile must be the tile to complete a pair. This pattern is
not counted if there exists multiple tiles to complete a winning pattern.

(80) Self Drawn: The winning tile must be drawn by the winner.

(81) Flower Tile: Each flower tile is worth of one fan. However, the fan value of
flower tiles cannot be counted to meet the winning criteria of 8 fans. It is only given as a
bonus if the player actually wins by no less than eight fans without flower tiles.
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Abstract: With the development of electronic game technology, the content of electronic games
presents a larger number of units, richer unit attributes, more complex game mechanisms, and more
diverse team strategies. Multi-agent deep reinforcement learning shines brightly in this type of
team electronic game, achieving results that surpass professional human players. Reinforcement
learning algorithms based on Q-value estimation often suffer from Q-value overestimation, which
may seriously affect the performance of AI in multi-agent scenarios. We propose a multi-agent
mutual evaluation method and a multi-agent softmax method to reduce the estimation bias of Q
values in multi-agent scenarios, and have tested them in both the particle multi-agent environment
and the multi-agent tank environment we constructed. The multi-agent tank environment we have
built has achieved a good balance between experimental verification efficiency and multi-agent game
task simulation. It can be easily extended for different multi-agent cooperation or competition tasks.
We hope that it can be promoted in the research of multi-agent deep reinforcement learning.

Keywords: reinforcement learning; game AI; multi-agent Q-network mutual estimation; softmax
bellman operation; reinforcement learning environment

1. Introduction

The emergence and development of Artificial Intelligence in various key domains
has intrinsic ties with games. The earliest AI program was a draughts game written by
Christopher Strachey in 1951. It successfully ran for the first time on the Ferranti Mark
I universal electronic computer at the University of Manchester in the UK. Impressed
and influenced by Strachey and Turing, Arthur Samuel took on the draughts project’s
key points initiated by Strachey in 1952 and expanded it considerably over the years,
allowing the program to learn from experience. As one of the earliest cases of Artificial
Intelligence search technology, these advancements enabled the program to win a match
against a former draughts champion from Connecticut, USA. Samuel’s experiments and
accumulation in the game technology field helped him propose the concept of machine
learning in 1959.

In March 2016, Google’s Deep Mind developed the Alpha Go system, defeating the
then human world champion of Go, Lee Sedol, thus creating a global sensation. The Go
board is composed of 19 horizontal lines and 19 vertical lines, with a total of 19 × 19 = 361 in-
tersections. Each intersection on the Go board has three possibilities: a black stone, a white
stone, or empty. Therefore, Go has a staggering number of possible positions: 3 to the
power of 361. Each turn in Go has 250 possibilities, and a game can last up to 150 turns.
As a result, the computational complexity of Go is 250 to the power of 150, which is ap-
proximately 10 to the power of 170. However, the observable number of atoms in the
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entire universe is only 10 to the power of 80. This clearly demonstrates the complexity and
variability of the game of Go. In principle, AlphaGo uses a modified version of the Monte
Carlo algorithm, but more importantly, it enhances its learning effect by leveraging deep
reinforcement learning [1].

Reinforcement learning is a machine learning method that utilizes sequence informa-
tion consisting of actions from agents, states from the environment, and rewards through
interaction between agents and the environment [2]. The Q function is a fundamental con-
cept in reinforcement learning, which can output the value of action a in state s. Learning
an accurate Q function can help policy functions update in the correct direction. Due to
the influence of updated formulas, inflexible function estimation methods, and noise, the
Q function often has bias in estimating the true Q value [3,4]. The deviation in Q-value
estimation may lead to the algorithm converging to a suboptimal policy, resulting in a
decrease in algorithm performance.

Bright possibilities also exist for the application of deep reinforcement learning in
multi-agent systems like drone formation control, cooperative-control multi-robots, and
traffic vehicle control, all of which can significantly improve collective gains and enhance
the quality of human life. Multi-agent reinforcement learning can be seen as the expansion
of single-agent reinforcement learning algorithms in a multi-agent scenario. The migration
of policy gradient algorithms based on Q-function learning to multi-agent scenarios will
bring more severe impact due to the bias in Q-function estimation. The bias in the estimation
of the Q-function will increase the variance of the network gradient and affect the update
process of the policy network. In a multi-agent environment, with the increase in agents,
the difficulty of updating the policy network in the correct direction increases exponentially,
so such a bias will bring greater difficulties to policy learning in multi-agent scenarios.

This article primarily revolves around the research of the Q-value estimation bias
problem in Multi-Agent Deep Reinforcement Learning, and constructs a new multi-agent
experimental environment. The detailed research objectives are as follows:

1. The method of combining multiple Q networks to reduce the Q-value estimation
bias is further studied, according to the feature of all agents having the same structured Q
network in the architecture of centralized training with distributed execution in multi-agent
systems. In this research objective, we aim not to increase the network parameters of the
model, but to alleviate the problem of Q-value underestimation caused by dual Q networks
by organizing multi-agent systems.

2. The method of using softmax operation to reduce Q-value estimation bias is further
studied, and the softmax operation method is applied to multi-agent algorithms. This
research aims to utilize the characteristics of softmax to reduce the overestimation bias of
Q-value, and to simplify the action space used for computation in multi-agent systems,
thereby reducing computational load.

3. For scientific research on multi-agent reinforcement learning, we have developed
the multi-agent tank environment of the University of Electronic Science and Technology
of China (UESTC-tank). This is a tank simulation game environment with multiple units
and scenes, which can generate cooperative, adversarial, and mixed task scenarios. It can
achieve competitions of player vs. player, player vs. AI, AI vs. AI types, and collect battle
data for model training. It can support unit editing, map editing, and rule editing, and has
good scalability. We tested our proposed algorithm on UESTC-tank and achieved good
experimental results.

The rest of this paper is arranged as follows: Firstly, we introduced the research
context in Section 2. Then, in Sections 3 and 4, we introduced the multi-agent twin-delayed
deep deterministic policy gradient and multi-agent soft-maximization twin-delayed deep
deterministic policy gradient algorithms. In Sections 5 and 6, we introduced the multi-
agent particle environment and multi-agent tank environment, conducted experiments,
and analyzed the results. After summarizing our work so far, Section 7 provides limitations
and conclusions of the paper.
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2. Research Background

2.1. Deep Reinforcement Learning

Reinforcement learning can be modeled as an agent is faced with a sequential decision
making problem. At time t, the agent observes state st from the environment, and adopts
action at based on its policy. Due to the interaction of the agent, the environment transitions
from state st to the next state st + 1 and returns a reward r to the agent. If the environment
transitions to a termination state, we call it the end of an episode. The goal of reinforcement
learning is to enable agents to learn an optimal policy to obtain the maximum cumulative
reward (called return) from the entire episode.

Reinforcement learning algorithms can be classified into policy function-based [5]
and value function-based [6]. A common value function is the action value function, also
known as the Q function, which inputs the current state of the environment and the action
taken by the agent, and outputs an estimate of the expected return for that state–action
pair. When the agent learns the optimal Q function, the optimal policy can be to select
the action that can maximize the output value of the optimal Q-function in any state. In
deep reinforcement learning, we use deep neural networks to fit the policy function, value
function, and Q function, hence also known as policy networks, value networks, and
Q networks.

2.2. Deep Q-Learning Algorithms

Mnih and others [6] were the first to integrate deep learning and traditional reinforce-
ment learning algorithm, thus proposing the DQN algorithm. This pioneering piece of
work marked the first end-to-end deep reinforcement learning algorithm using only Atari
game pixel data and game scores for reinforcement learning state information. Finally, the
trained network could output action-value functions or Q-values for each action. From this,
the decision with the highest corresponding Q-value is selected. The entire structure of the
DQN algorithm is shown in Figure 1.

Figure 1. DQN Algorithm Flowchart. DQN uses deep neural networks to fit the Q function, selects
the action that maximizes the Q value through a ε-greedy policy, interacts with the environment,
and stores the obtained samples in replay memory. DQN continuously extracts samples from replay
memory, performs gradient descent based on the loss function, and updates the parameters of the
Q-network. The parameters of the Q-network are periodically copied to the target Q-network, which
participates in the calculation of the loss function and makes Q-learning more stable.

The DQN algorithm introduces the experience replay mechanism, which stores the
sample tuple (s, a, r, s′) of the agent at each time step into an experience replay pool. During
reinforcement learning training, a batch of samples is sampled from the experience replay
pool and the neural network is updated using gradient descent. The use of experience re-
play mechanism greatly improves the data utilization of reinforcement learning algorithms
and to some extent reduces the correlation between training data and sequences.

Another important contribution of the DQN algorithm is the concept of the target
network, which achieves stable value estimation. The target value y for updating the Q
network by computing the loss function is represented as:
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y = r + γ max
â

Qθ′
(
s′, â

)
(1)

where Qθ′ represents the target network. γ is a discount factor (0 < γ < 1), used to give a
preference for rewards reaped sooner in time. â is the action that allows the Q function to
take the maximum value. The structure of the target network is the same as the Q network,
but its parameters are only copied from the Q network every certain number of iterations.

The Q network updates its parameters in each round by minimizing the loss function
defined in Equation (2):

L(θ) = E(s,a,r,s′)

[
(y − Qθ(s, a))2

]
(2)

E represents mathematical expectation, which is calculated using Monte Carlo esti-
mation method in practice, taking the average value of batch samples to estimate. The
neural network is updated to make the Q network approximate the target value y, which
essentially applies the Bellman equation. The use of target network helps improve the
stability of the algorithm, and experiments have shown that NPC controlled by DQN
algorithm can reach the level of professional players in many Atari games.

The DDPG [7] algorithm can be seen as a combination of Deterministic Policy Gradient
(DPG) algorithm and deep neural networks, and it can also be seen as an extension of DQN
algorithm in a continuous action space. It can solve the problem of the DQN algorithm’s
inability to directly apply to continuous action space, but there is still the problem of
overestimation of Q values. The DDPG algorithm simultaneously establishes a Q network
(critic) and a policy network (actor) [8]. The Q network is the same as the DQN algorithm,
updated using a temporal difference method. The policy network utilizes the estimation of
the Q network and is updated using policy gradient method.

In the deep deterministic policy gradient algorithm, the policy network is a determin-
istic policy function represented as πφ(s), with the learning parameters represented as φ.
Each action is directly computed by a = πφ(s), without sampling from a random policy.

2.3. Estimation Bias of Q-Learning Algorithms

When an agent executes action a in state s, the environment will transition to state s′

and return an immediate reward r. In the standard deep Q-learning algorithm, we update
the Q-function using Equation (1). When using neural networks and other tools as function
approximators to handle complex problems, there can be errors in the estimation of Q
values, which means:

Q
(
s′, â

)
= Q∗(s′, â

)
+ Yâ

s′ (3)

where Yâ
s′ is a zero-mean noise term, Q∗ is a Q function that can output the real Q value, or

the optimal Q function.
However, when using the maximum operation to select actions, there can be errors

between the estimated Q values and the real Q values. The error is represented as ZS:

ZS
def
= γ

(
max

â
Q
(
s′, â

)
− max

â
Q∗(s′, â

))
(4)

Considering the noise term Yâ
s′ , some Q values may be underestimated, while others

may be overestimated. The maximization operation always selects the maximum Q value
for each state, which makes the algorithm overly sensitive to the high estimated Q values
of the corresponding actions. In this case, the noise term causes E[ZS] > 0, resulting in the
problem of overestimation of Q values.

The TD3 [9] algorithm introduces clipped Double Q-Learning on the basis of the
DDPG algorithm, by establishing two Q networks Qθ1 , Qθ2 to estimate the value of the next
state, and using the minimum estimated Q-value of two target networks to calculate the
Bellman equation:
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y = r + γ min
i=1,2

Qθ′i

(
s′, πφ

(
s′
))

(5)

where y is the update target for Qθ1 and Qθ2 , and πφ is the policy network.
Using clipped Double Q-Learning, the value estimation of target networks will not

bring excessive estimation errors to the Q-Learning target. However, this update rule
may cause underestimation. Unlike actions with overestimated Q values, actions with
underestimated Q values will not be explicitly updated.

Here is proof of the underestimation of the clipped Double Q-Learning, the two
outputs values (Q1 and Q2) of the Q network, and that Q∗

i is the real Q value. The errors
brought by the fitting of the two networks can be defined as:

Yi = Qi
(
s′, πφ

(
s′
))

− Q∗(s′, πφ

(
s′
))

(6)

Assuming errors Y1 and Y2 are two independent random variables with nontrivial
zero-mean distributions, the minimization operation of the TD3 algorithm introduces an
error. The error denoted as D is as follows:

D = r + γ min
i=1,2

Qi
(
s′, πφ

(
s′
))

−
(
r + γQ∗(s′, πφ

(
s′
)))

= γ min
(

Y1, Y2
)

(7)

where r is the reward and γ is the discount factor. Let Z be minimum value between Y1,
Y2, and we have:

E[Z] = E[Y1] + E[Y2]− E[|Y1 − Y2|]/2 (8)

Obviously, there is E(Y1) = 0, E(Y2) = 0 and E[|Y1 −Y2|] ≤ 0. Therefore, we can deduce
that E(D) ≤ 0, which means that the clipped Double Q-Learning usually has underestimation.

Specifically, in order to have a more intuitive perception of underestimation, we
can assume that the error follows an independent and uniform distribution in the range
[−ε, ε]. Since the estimated Q values and the true Q values have error Yi that follows a
uniform distribution, the probability density function and the probability distribution are
represented by f (x) and P

(
Yi > x

)
, respectively:

f (x) =
{ 1

2ε , x ∈ [−ε, ε]
0, x ∈ else

P
(

Yi > x
)
=

⎧⎨⎩
1, x ≤ −ε
ε−x
2ε , x ∈ (−ε, ε)

0, x ≥ ε

(9)

Also, since Y1 and Y2 are independent, it follows that:

P
(

min
(

Y1, Y2
)
> x

)
= ∏

i=1,2
P
(

Yi > x
)

=

⎧⎨⎩
1, x ≤ −ε(

ε−x
2ε

)2, x ∈ (−ε, ε)
0, x ≥ ε

(10)

Let Z be the minimum value between Y1, Y2. The probability density function and
cumulative distribution function of Z are represented as fZ(x) and FZ(x), respectively:

fZ(x) =
{ ε−x

2ε2 , x ∈ [−ε, ε]

0, x ∈ else

FZ(x) =

⎧⎨⎩
0, x ≤ −ε

1 −
(

ε−x
2ε

)2, x ∈ (−ε, ε)
1, x ≥ ε

(11)
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Therefore, the expected value of Z can be calculated as follows:

E[Z] =
∫ ε

−ε
x fZ(x)dx =

∫ ε

−ε
x
(

ε − x
2ε2

)
dx = −1

3
ε (12)

Thus, it has been theoretically proven that the Q network update in the TD3 algorithm
will result in an underestimation error for the true Q values.

2.4. Multi-Agent Twin Delayed Deep Deterministic Policy Gradient (Matd3)

The training modes of multi-agent deep reinforcement learning include Decentralized
Training Decentralized Execution (DTDE), Centralized Training Centralized Execution
(CTCE), and Centralized Training Decentralized Execution (CTDE), as shown in Figure 2.

(a) (b) (c)
Figure 2. Multi-agent reinforcement learning training modes: (a) DTDE, each agent i makes decisions
based on its own observation information, and each agent is relatively independent, with no infor-
mation sharing between agents; (b) CTCE, which receives observation information from all agents
through a centralized policy function and outputs the joint probability distribution of all agent action
spaces; (c) CTDE, during the execution process of agents, each agent inputs its own local observation
information into the policy function and outputs the probability distribution of the action space.
However, during the training process, the agent can obtain additional information from other agents.

The MATD3 [10] algorithm extends the single-agent TD3 algorithm to a multi-agent
environment, adopting the centralized training decentralized execution reinforcement
learning framework. During the behavior execution process of the agents, each agent
inputs their local observation information into the policy network, outputs deterministic
actions, and during the training process, the agents can obtain additional information from
other agents to evaluate their own actions.

The problem of Q network estimation bias will have a more severe impact when
transferring policy gradient algorithms with Q-functions to a multi-agent scene, because
the estimation bias of the Q network can increase the variance of the neural network
gradient and affect the update process of the policy network neural network. In a multi-
agent environment, as the number of agents increases, the difficulty of updating the policy
function in the correct direction increases exponentially. The MATD3 algorithm simply
extends the TD3 algorithm to a multi-agent environment, and there are still problems with
the underestimation of Q values. In a multi-agent environment, this bias will have a greater
impact on the agent’s strategy learning.

3. Multi-Agent Mutual Twin Delayed Deep Deterministic Policy Gradient (M2ATD3)

In multi-agent scenarios, single Q network algorithms such as Multi-Agent Deep
Deterministic Policy Gradient (MADDPG) have problems of overestimation. However, twin
Q network’s MATD3 algorithm, while resolving the overestimation of Q value, inevitably
leads to underestimation. The Multi-Agent Three Delayed Deep Deterministic Policy
Gradient (MATHD3) algorithm is proposed to create a third Q network. The overestimated
results from it, and the underestimated results from the minimization of the first two Q
networks, are added together by adjusting the weight hyperparameter α, and an unbiased
estimate of the actual Q value can be obtained. In multi-agent algorithms, we denote the
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observation received at runtime by agent i as oi, and the full state information as s, from
which the observations oi are derived. The Q network update target yi of the MATHD3
algorithm is as follows:

yi = ri + γα min
j=1,2

Qπ′
i,j
(
s′, a′1, · · · , a′n

)
+ γ(1 − α)Qπ′

i,3
(
s′, a′1, · · · , a′n

)
(13)

where a′i is obtained by adding noise ε to the output of the target policy network πφ′
i

of
agent i based on its observation o′i , that is: a′i = πφ′

i

(
o′i
)
+ ε.

While the MATHD3 algorithm effectively reduces bias in Q value estimates, it requires
introducing a new Q network, leading to an increase in model parameters and increased
model training difficulty.

Psychological studies show that humans exhibit overconfidence, typically estimating
themselves beyond their actual abilities [11]. Introducing external evaluations can mitigate
this phenomenon. Weinstein suggests that people are unrealistically optimistic because
they focus on factors that improve their own chances of achieving desirable outcomes and
fail to realize that others may have just as many factors in their favor [12]. Inspired by this,
we propose the Multi-Agent Mutual Twin Delayed Deep Deterministic Policy Gradient
(M2ATD3) algorithm. The training mode of M2ATD3 algorithm is shown in Figure 3.

Figure 3. The training mode of M2ATD3. In this figure, rectangles represent networks, circles
represent values, and dashed boxes represent sets or processes. Under the CTDE framework, each
agent, equipped with Q networks of the same structure, can obtain shared information and make
estimates of the current action-state value. The Q network of other agents can act as external critics,
estimating the Q value of agent i and taking the average, denoted as the Qavg. Agent i obtains the
update objective yi of the Q network through weighted sum of min

(
Qi,1, Qi,2

)
and Qavg.

Single Q networks, affected by noise, always overestimate Q values. Averaging the
estimated Q values from each agent’s Q network results in a slightly overestimated mutual
Q value estimate. The mutual estimate of the Q value and the minimum value of two Q
network estimates for agent i are weighted together to obtain the Q network update target
yi of the M2ATD3 algorithm:

Qπ′
avg

(
s′, a′1, · · · , a′n

)
=

1
n ∑

i=1,··· ,n
Qπ′

i,1
(
s′, a′1, · · · , a′n

)
yi = ri + γα min

j=1,2
Qπ′

i,j
(
s′, a′1, · · · , a′n

)
+ γ(1 − α)Qπ′

avg
(
s′, a′1, · · · , a′n

) (14)

The mutual estimate of the Q value is overestimated, and the minimization of the
twin Q network will lead to underestimation. By adjusting the weight hyperparameter
α, in theory, an unbiased estimate of the true Q value of agent i can be obtained. The
M2ATD3 algorithm reduces the Q value estimation bias without needing to introduce
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a new Q network. Moreover, the operation of taking the average of Q value estimates
can also reduce the variance of Q value estimate errors [13], making the training process
more stable.

We have maintained the delayed policy updates used in the TD3 algorithm. The TD3
algorithm proposes that the policy network should be updated at a lower frequency than
the value network, to first minimize error before introducing a policy update. This method
requires updating the policy and target networks only after a fixed number of updates d to
the critic.

The M2ATD3 algorithm pseudo code can be found in Algorithm 1.

Algorithm 1 Multi-Agent Mutual Twin Delayed Deep Deterministic policy gradient

initialize Replay buffer D and network parameters
for t = 1 to T do

Select action ai ∼ πi(oi) + ε
Execute action a = (a1, · · · , an) and get reward ri, transition to next state s′

Store the state transition tuple (s, a, r1, · · · rN , s′) into D
s ← s′

for agent i = 1 to N do

A sample batch of size S is sampled from D
(

sb, ab, rb, s′b
)

Qπ′
avg = 1

n ∑i=1,··· ,n Qπ′
i,1

(
s′b, a1, · · · , an

)∣∣∣
ak=π′

k(o′bk )+ε

yb = rb
i + γα minj=1,2 Qπ′

i,j

(
s′b, a1, · · · , an

)∣∣∣
ak=π′

k(o′bk )+ε
+ γ(1 − α)Qπ′

avg

Minimize the loss of two Q-functions, j = 1,2:

L
(
θj
)
= 1

S ∑b

(
Qπ

i,j

(
sb, ab

1, · · · , ab
n

)
− yb

)2

if t mod d = 0 (d is the policy delay update parameter) then
update πi:
∇φi J ≈ 1

S ∑b ∇φπφi

(
ob

i

)
∇ai Q

π
i,1

(
sb, ab

1, · · · , πφi

(
ob

i

)
, · · · , ab

n

)
Update target network:
θ′ ← τθ + (1 − τ)θ′

φ′ ← τφ + (1 − τ)φ′

where τ is the proportion of target network soft updates
end if

end for
end for

4. Multi-Agent Softmax Twin Delayed Deep Deterministic Policy Gradient (MASTD3)

4.1. Theory Related to Softmax Bellman Operation

The standard Bellman operator is defined as:

T Q(s, a) = R(s, a) + γ ∑
s′

P
(
s′ | s, a

)
max

a′
Q
(
s′, a′

)
(15)

We define the softmax Bellman operation symbol as:

Tsoft Q(s, a) = R(s, a) + γ ∑
s′

P
(
s′ | s, a

) exp(τQ(s′, a′))
∑ā exp(τQ(s′, ā))

Q
(
s′, a′

)
(16)

The optimal action-value function Q∗( s, a) outputs the maximum cumulative return
that can be obtained after choosing action a at state s. Q∗ is the fixed point of the standard
Bellman operator T Q; that is, starting from any starting Q0, we have:

lim
k→∞

T kQ0 = Q∗ (17)
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However, due to the noise of the function approximator, the maximization operation
of the standard Bellman operator always selects the maximum Q value for each state. This
makes the algorithm exceptionally sensitive to the overestimated Q value of the action,
and the overestimated Q value will be explicitly updated, which leads the Q value to the
overestimation problem.

Softmax operation is generally considered to result in suboptimal action-value function
and interfere with the convergence of the Bellman operator. Zhao Song et al. [14] proved
that the softmax Bellman operator can quickly converge to the standard Bellman operator,
and for any(s, a), when k approaches positive infinity, the difference between T k

soft Q0( s, a)
and Q∗( s, a) is bounded:

lim sup
k→∞

T k
soft Q0( s, a) ≤ Q∗( s, a)

lim inf
k→∞

T k
soft Q0( s, a) ≥ Q∗( s, a)− γ(m − 1)

(1 − γ)
max

{
1

τ + 2
,

2Qmax

1 + exp(τ)

} (18)

Through experiments, Zhao Song et al. discovered that the combination of softmax
Bellman operator and Deep Q Network yields better results than the Double Q-learning
algorithm. They proved that the softmax Bellman operator can reduce the high estima-
tion bias of Q value and believe this is the key reason for the superior performance of
this method.

4.2. Multi-Agent Softmax Operation

The method of utilizing softmax operator to reduce overestimation of Q value can also
be applied in multi-agent deep reinforcement learning algorithms. However, as the number
of agents increases, the action space of the task will increase exponentially. It is impractical
to simply apply the softmax operator to every possible combination of multi-agent joint
actions, and the estimated Q value given by the Q network for the joint action, which is
rarely sampled, is unreliable.

Ling Pan and others proposed an approximate softmax operator in Regularized
Softmax Deep Multi-Agent Q-Learning (RES) [15]. Firstly, find the joint action â =
maxâ Qtot(s, a) that makes the joint Q value the greatest. For the agent i, fix the actions
of other agents â−i and only change the action of the agent a to obtain the corresponding
action subset Ai = {(ai, â−i) | ai ∈ A}. The approximate action space Â = A1 ∪ · · · ∪ An is
obtained by combining the action subsets of all agents. The approximate softmax operator
used in the RES algorithm is to use this approximate action space rather than the complete
action space for Q value softmax operation calculation. Ling Pan and others proved that
the difference brought by the calculation using the approximate action space and the com-
plete action space is bounded, and because the approximate softmax operator reduces the
dependence on unreliable joint Q values, this method performs better than the softmax
operator using the complete action space.

Inspired by the Softmax Deep Double Deterministic Policy Gradients (SD3) [16] and
RES, this paper applies the softmax operator to multi-agent algorithms and proposes the
MASTD3 algorithm. Firstly, the MASTD3 algorithm further reduces the action space used
for Q value softmax operation calculation in the choice of action space.

Suppose there are N agents in a multi-agent task, each agent action space is of size K,
the complete action space includes all permutations and combinations of the actions, and
the softmax operation requires computing K to the power of N Q values. The approximate
action space proposed in the RES algorithm, while traversing the action space of a single
agent, will fix the optimal action of the other agents, and then merge each agent’s sub
action space as the approximate action space, the softmax operation needs to calculate K
times N Q values. This article believes, within the structure of the MASTD3 algorithm, the
Q network of the agent i can make a reliable estimate of the (s, a) |a∈Ai state–action pair,
but the estimate of the (s, a) |a∈A−i state–action pair formed through changes in the actions
of other agents is not accurate. Therefore, in the simple softmax operator proposed in this
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article, when agent i performs the softmax operation calculation on the Q value, only the
sub-action space Ai containing all of its own actions, while the actions of other agents are
fixed, is considered, and each agent only needs to calculate Q values K times:

softmaxτ,i(Qi(s, ·)) = ∑
a∈Ai

exp(τQ(s, a))
∑a′∈Ai

exp(τQ(s, a′))
Qi(s, a) (19)

where τ is the temperature parameter in the softmax operation, controls the level of
exploration versus exploitation in decision-making.

The softmax operator will lead to underestimation of the Q value, and the high estimate
Q value obtained by using the twin Q network maximization operation to perform the
softmax operation can alleviate the impact of underestimation. Therefore, the Q network
update target yi of the MASTD3 algorithm is as follows:

A′
i =

{(
a′i, π

(
s′−i

))
| a′i ∈ A

}
,

yi = ri + γ softmaxτ,i

(
max
j=1,2

Qπ
i,j
(
s′, a′

)
| a′ ∈ A′

i

)
(20)

5. The Multi-Agent Particle Environment Experiment

The multi-agent particle environment was used as the experimental environment
in this study, proposed by Lowe et al. [17], and used for the verification of MADDPG
algorithm. The multi-agent particle environment is a recognized multi-agent reinforcement
learning environment [10,14,17], including different tasks, covering competition, cooper-
ation, and communication scenarios in multi-agent problems. The particle environment
is composed of a two-dimensional continuous state space, in which agents move to fulfill
specific tasks. The state information includes the agent’s coordinates, direction, speed,
etc. The shape of the agent is spherical, and actual collision between agents is simulated
through rigid body collision. Figure 4 displays the cooperative communication task and
the cooperative navigation task for the particle experiment.

Cooperative communication task: This task involves two types of cooperative agents
who play the roles of speaker and listener, respectively, and there are three landmarks with
different colors in the environment. In each round of the game, the listener’s objective is to
reach the designated color landmark, and the reward obtained is inversely proportional
to the distance from the correct landmark. The listener can obtain the relative position
and color information of the landmarks, but they cannot identify the target landmark on
their own. The observation information for the speaker is the color information of the
target landmark, and they send messages at every moment to help the listener reach the
designated landmark.

Cooperative navigation task: This task involves N cooperative types of agents and
N landmarks. The aim of the task is for the N agents to move to different N landmarks,
respectively, while at the same time avoiding collisions with other agents. Each agent’s
observation information comprises its own and the landmarks’ relative position information
and the relative position information with other agents. The reward function is calculated
based on the closeness of each agent to its landmark—the closer it is, the higher the reward.
Additionally, each agent actually occupies a certain physical volume and will be punished
when it collides with other agents.

Under the multi-agent particle environment, the M2ATD3 algorithm proposed in this
paper was compared with the MASTD3 algorithm, the previous MATD3 algorithm, and
the MADDPG algorithm. Below is a presentation of the hyperparameter settings for this
study. To ensure the fairness of the experiment, general parameters were set uniformly,
learning rate α = 0.01, batch sample size N = 1024. All algorithms share the same neural
network structure, i.e., two fully connected layers with a width of 64 serving as the hidden
layer of the policy network and Q network. The activation function of the neural network
used Rectified Linear Units (Relu), and all experiments employed Adam as the optimizer
of the neural network.
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(a) (b)

Figure 4. The Multi-Agent Particle Environment: (a) Cooperation Communication Task. In this
example, the speaker needs to inform the listener that the target landmark is red landmark M3, and the
listener needs to approach the correct landmark based on the speaker’s information. (b) Cooperation
Navigation Task. In this example, agent 1 needs to approach green landmark M1, agent 2 needs to
approach blue landmark M2, agent 3 needs to approach red landmark M3, and they should try to
avoid colliding with each other while moving.

5.1. Q Value Estimation Bias Experiment

This article conducted a Q-value estimation bias experiment based on a cooperative
navigation task in the particulate environment. By sampling from the experience replay
pool to obtain samples of actions, states, and reward information to calculate the real
Q-value and the estimated Q-value. In state s and action a, the average of 200 rounds
of 100 steps’ cumulative rewards calculation is taken as the estimated value of the real
Q-value. The comparison of the approximate value obtained through the Q network output
with the real Q-value can reflect the situation of Q-function estimation bias of different
algorithms.

As shown in Figure 5, the lines marked with crosses represent the Q-value estimated
by the neural network, and the lines marked with triangles represent the real Q-value.
In the MADDPG algorithm, the blue line with the triangle logo’s Q-value is higher than
the orange line, implying that the MADDPG algorithm has an over-estimation, which is
more apparent in the early training; under the MATD3 algorithm, the blue line with the
triangle logo’s Q-value is lower than the orange line, indicating that the MATD3 algorithm
actually has an under-estimation. Under the M2ATD3, MASTD3, and other algorithms,
the blue line with the triangle logo’s Q-value is lower than the orange line, which means
that M2ATD3, MASTD3, and other algorithms actually have an under-estimation, and
the degree of underestimation is similar to that of the MATD3 algorithm, and it can be
observed that the real Q-value of MATD3, M2ATD3, MASTD3, and other algorithms are
higher than the real Q-value of the MADDPG algorithm, reflecting from the side that these
three kinds of algorithms’ policies are better.

The Q-value estimation bias comparative experiment can qualitatively reflect whether
different algorithms have overestimation or underestimation. However, due to the complex-
ity, randomness, and instability of multi-agent games, it is difficult to accurately calculate
the true Q-values. Therefore, it is difficult for us to reliably compare the degree of Q-value
underestimation of MATD3, M2ATD3, and MASTD3 algorithms, and further research is
needed through performance experiments.
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(a) (b)

(c) (d)
Figure 5. Q-value estimation bias comparative experiment based on cooperative navigation task
in MPE. The Q-values estimated by the Q-network and the true Q-values are shown. The results
are averaged across 5 runs and 95% CIs of the mean are shown for the estimated values. (a) DDPG,
(b) MATD3, (c) M2ATD3, (d) MASTD3.

5.2. Algorithm Performance Experiment

In this section, the M2ATD3 algorithm and the MASTD3 algorithm are verified with
the cooperative communication task and the cooperative navigation task in the particulate
environment, and compared with the MADDPG algorithm and the MATD3 algorithm. All
the experiments were trained for 60,000 steps. The experiment results are as shown in
Figure 6.

(a) (b)
Figure 6. Comparative experiments using different Q-based multi-agent algorithms in MPE. Shown is
the mean episodic reward over the last 1000 episodes, shaded areas are the 95% confidence intervals
of the mean, averaged across 20 trials. (a) Cooperative Communication Task, (b) Cooperative
Navigation Task.
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As shown in Figure 6, in the Cooperative Communication Task and the Cooperative
Navigation Task, the performance of the MATD3 algorithm is superior to the MADDPG
algorithm, and both the M2ATD3 algorithm and the MASTD3 algorithm have achieved
higher total rewards than the MATD3 algorithm.

As shown in Equation (14), hyperparameters α determine the proportion of the clipped
double Q value to the average Q value when calculating the updated target value yi, and se-
lect the appropriate hyperparameter α being able to balance the impact of underestimation
of clipped double Q and overestimation of average Q.

As shown in Figure 7, in the cooperative communication task and the cooperative
navigation task, the M2ATD3 algorithm receives lower rewards when the α is set to 0.2
or 0.8, indicating that the low estimation of Q value caused by the clipped Double Q-
Learning or the high estimation of Q value caused by the average Q value estimates will
have a negative impact on the algorithm. However, the M2ATD3 algorithm receives the
highest reward when the α is set to 0.5, indicating that by balancing the two Q-value
estimation methods, reducing the bias in Q-value estimation can improve the performance
of the algorithm.

(a) (b)
Figure 7. Comparative experiments using different hyperparameter α value on the M2ATD3 algo-
rithm in MPE. Shown is the mean episodic reward over the last 1000 episodes, shaded areas are the
95% confidence intervals of the mean, averaged across 20 trials. (a) Cooperative Communication
Task, (b) Cooperative Navigation Task.

6. Multi-Agent Tank Environment

Games have long been benchmarks and testbeds for AI research. Yunlong Lu et al. [18]
held two AI competitions of Official International Mahjong, and claim that Mahjong can
be a new benchmark for AI research. In order to further investigate the performance
of M2ATD3 and MASTD3 algorithms, we searched for existing reinforcement learning
game environments. The Atari gaming environment [19] is rich in content, but it is mainly
a single-agent gaming environment; StarCraft [20] and Honor of Kings [21] are multi-
agent environments, but the game state space is too large, the game randomness is too
much, and the game running mechanism is protected. This places high demands on
training resources and makes it difficult to set specific challenge scenarios according to
research needs. Therefore, this paper referred to the classic “Tank Battle” game content
and developed a multi-agent tank environment and its multi-agent reinforcement learning
framework based on pygame and pytorch. This experimental environment can reflect the
performance of different algorithms in real games, with suitable training scales, and can
easily create different types of challenge scenarios according to research needs.

6.1. Introduction to the Multi-Agent Tank Environment

The Multi-agent Tank Environment is a game that simulates a tank battle scenario. As
shown in Figure 8, the environment is divided into two types: the scoring task and the
battle task. In the scoring task, the goal is for the AI-controlled tanks to collide with as
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many scoring points as possible within a certain number of steps. In the battle task, the
two teams of tanks win by firing bullets to destroy enemy tanks or the enemy base.

(a) (b)
Figure 8. Multi-agent Tank Environment. (a) Scoring task, (b) battle task.

Common units in the game include: tanks, which have a certain amount of hit points
(HP). When hit by a bullet, the tank will lose HP, and when the HP drops to 0, it is
considered destroyed. Tanks can move and shoot. The shooting action will fire a bullet
in the current direction of the tank. The bullet will be destroyed when it collides with an
object or flies out of the map boundary. Bases also have a certain amount of HP. When hit
by a bullet, the base will lose HP, and when the HP drops to 0, it is considered destroyed.
The base cannot move. There are brick walls that can be destroyed by bullets, and stone
walls that cannot be destroyed by bullets. The game map can be created and edited using
xlsx format files.

Each agent in the game can obtain local observations, which include unit features and
image features. The unit features are given in the order of friendly base, friendly tank,
enemy base, and enemy tank, including each unit’s survival, HP, absolute position, relative
position, orientation, etc. These features are normalized. The image features use a six-
channel binary image to represent whether there are stone walls, brick walls, friendly units,
enemy units, friendly bullets, and enemy bullets within a 25 × 25 range near the agent. If
the corresponding unit exists, the value is assigned to 1; if not, the value is assigned to 0. By
using the six-channel binary image, the agent’s complete nearby situation can be depicted.
Figure 9 shows an example of graphical features of multi-agent tank environments. If the
positions where the channel value is 1 are drawn as the channel index, and the positions
where the value is 0 are not drawn, a complete image feature can be drawn as shown in
Figure 9b.

(a) (b)
Figure 9. Example of image features in Multi-agent Tank Environment. (a) Original image, (b) image
features. Draw the positions with a value of 1 for each channel as the channel index, and do not draw
the positions with a value of 0 to obtain a diagram of 6 channel combinations.

The deterministic policy of the reinforcement learning algorithm enables the agent
to make decisions in a continuous action space, which is more intuitive in video games.
For the deterministic policy of the reinforcement learning algorithm, we design the agent’s
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action space as shown in Figure 10. We received inspiration from the way characters are
controlled by the joystick in video games to design our action space for moving, as shown
in Figure 10a, where we use a 2D action to control the tank’s movement. Each movement
action ranges from −1 to 1, corresponding to the joystick’s movement from left to right
or from bottom to top. We determine the direction of the tank’s movement based on the
maximum absolute value of the action in the horizontal or vertical direction. If the absolute
value of the action in both the horizontal and vertical directions is less than 0.3, which is
analogous to the joystick being in the blind area, the tank will not move. Similarly, we use
a 1D action to control the tank’s shooting, as shown in Figure 10b. The shooting action
ranges from −1 to 1. When the value of the shooting action is greater than 0, the tank will
shoot; otherwise, it will not shoot. The tank itself has a shooting cooldown. During the
shooting cooldown, even if the agent issues a shooting action, the tank still cannot fire.

(a) (b)
Figure 10. Example of action space in Multi-agent Tank Environment. (a) Move action, (b) shot action.

6.2. Multi-Agent Tank Environment Experiment

The process of deep reinforcement learning training using the Multi-agent Tank En-
vironment is as follows: First, a corresponding model is created for each agent based
on the selected algorithm. The model obtains actions through the policy network and
interacts with the Multi-agent Tank Environment. The sequence samples obtained from the
interaction are sent to the sample pool. When the samples stored in the sample pool reach
a certain number, the training of the policy network and Q network of the model will start,
and the model parameters will be updated at certain step intervals.

All algorithms in the experiment use the same neural network structure. A two-
layer full connection layer with a width of 64 is used to process the unit features, and a
convolutional neural network (CNN) is used to process the image features. The processed
unit features and image features are concatenated and used as the input of the policy
network and Q network. A two-layer full connection layer with a width of 64 is used as
the hidden layer of the policy network and Q network. The network structure is shown in
Figure 11.

Figure 11. Neural network structure diagram of the Multi-agent Tank Environment experiment.
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We conducted an experiment on the performance of multi-agent deep reinforcement
learning algorithms in the scoring task. This task requires the AI to control three tanks
to collide with as many scoring points as possible within 500 steps. There are a total of
10 optional scoring point birth positions on the map, and three positions are randomly
selected each time to create scoring points. After the tank collides with a scoring point,
the tank will receive a reward of +2, and a new scoring point will be created at a random
other birth position. Since the reward for colliding with a scoring point is a sparse reward,
we also set a dense reward according to the change in the distance from the tank to the
nearest scoring point. In addition, in order to reduce the ineffective samples of the tank
still moving towards the wall after colliding with the wall, we set an action mask, and set
the action value in the direction of the wall to 0. The action mask effectively improves the
efficiency of training.

The hyperparameters of the scoring task experiment are set as follows: learning rate
α = 0.0005, discount factor γ = 0.95, batch sample size N = 512. All algorithms use the same
neural network structure, with the hidden layers of the policy network and Q network
using two full connection layers with a width of 128. Training is conducted every 5000 steps
using the current model to complete 20 evaluation rounds, and the average value of the
evaluation round rewards is calculated. A total of 120,000 steps are trained, and the results
are shown in Figure 12.

Figure 12. Comparative experiments using different Q-based multi-agent algorithms in the scoring
task of UESTC-tank. Shown is the mean episodic reward over the last 50 evaluation episodes, shaded
areas are the 95% confidence intervals of the mean, averaged across 20 trials.

The performance of the M2ATD3 algorithm and MASTD3 algorithm is better than that
of the MATD3 algorithm, and they can achieve higher rewards than the MATD3 algorithm.

7. Limitations and Conclusions

7.1. Limitations

As the policy function of the agent is even more difficult to update in the correct
gradient direction in the multi-agent scenario, the bias in the Q-function estimation in
the multi-agent scenario can have a greater impact on policy learning compared to the
single-agent scenario. Therefore, studying the bias in Q-function estimation in multi-agent
scenarios is very meaningful. The M2ATD3 and MASTD3 algorithms presented in this
study reduce the bias in Q-function estimation, but both algorithms have certain limitations
in their application scenarios. In the M2ATD3 algorithm, each agent should have similar
functions to ensure the reliability of the joint Q-value, while the application of MASTD3 in
continuous action space tasks has not been deeply explored. Expanding the application
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scenarios of these two methods to reduce Q-function estimation bias is a direction worth
further study. In addition, the unit types and task types provided by the multi-agent tank
environment are relatively simple, and the content of this environment can be further
enriched, providing a good experimental environment for more experiments, such as
multi-agent algorithm experiments, agent cooperation with human players experiments,
and so on.

7.2. Conclusions

This paper primarily studies the Q-learning of agents based on deep reinforcement
learning in multi-agent scenarios, and explores methods to reduce Q-value estimation
bias in multi-agent scenarios, from multi-agent reinforcement learning algorithm theory to
practical model deployment.

In the theory of multi-agent reinforcement learning algorithms, the focus is on solving
the bias problem of the Q-function estimation of the MADDPG algorithm and its derivative
algorithm, MATD3. In the MADDPG algorithm, the Q-function evaluates the policy
function, so an unbiased estimation of the Q-function helps to learn better agent strategies.
This research empirically demonstrates that the MADDPG algorithm overestimates the
Q-function, while the MATD3 algorithm underestimates the Q-function, and theoretically
proves that bias in the MATD3 algorithm. This is followed by the introduction of the
M2ATD3 and MASTD3 algorithms presented in this study to solve this problem. The
M2ATD3 algorithm combines the overestimation of the Q-value brought about by the
joint estimation and the underestimation brought about by the minimization operation
to reduce the bias in the Q-function estimation. The MASTD3 algorithm reduces the bias
in Q-function estimation by combining softmax operation with maximization operation.
The two algorithms have been tested in the multi-agent particle environment and the
multi-agent tank environment, proving that they can indeed solve the estimation bias
problem and that agents can learn better strategies to obtain higher rewards.

In the practice of multi-agent reinforcement learning, we constructed the UESTC-tank
environment. This is a tank simulation game environment with multiple units and scenes,
which can generate cooperative, adversarial, and mixed mission scenarios. We focused on
its scalability when building the environment, so it can support unit editing, map editing,
and rule editing. We hope it can become an open and effective benchmark in the field of
multi-agent reinforcement learning.
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Abstract: In recent years, with the rapid advancements in Natural Language Processing (NLP)
technologies, large models have become widespread. Traditional reinforcement learning algorithms
have also started experimenting with language models to optimize training. However, they still
fundamentally rely on the Markov Decision Process (MDP) for reinforcement learning, and do
not fully exploit the advantages of language models for dealing with long sequences of problems.
The Decision Transformer (DT) introduced in 2021 is the initial effort to completely transform
the reinforcement learning problem into a challenge within the NLP domain. It attempts to use
text generation techniques to create reinforcement learning trajectories, addressing the issue of
finding optimal trajectories. However, the article places the training trajectory data of reinforcement
learning directly into a basic language model for training. Its aim is to predict the entire trajectory,
encompassing state and reward information. This approach deviates from the reinforcement learning
training objective of finding the optimal action. Furthermore, it generates redundant information
in the output, impacting the final training effectiveness of the agent. This paper proposes a more
reasonable network model structure, the Action-Translator Transformer (ATT), to predict only the next
action of the agent. This makes the language model more interpretable for the reinforcement learning
problem. We test our model in simulated gaming scenarios and compare it with current mainstream
methods in the offline reinforcement learning field. Based on the presented experimental results,
our model demonstrates superior performance. We hope that introducing this model will inspire
new ideas and solutions for combining language models and reinforcement learning, providing fresh
perspectives for offline reinforcement learning research.

Keywords: machine learning; reinforcement learning; Transformer; action prediction; Action-
Translator Transformer

1. Introduction

In recent years, with the continuous development and progress in the field of artificial
intelligence, AI has achieved remarkable success in many areas, even surpassing human
performance in scenarios such as board games and electronic games [1]. In the field of
reinforcement learning, offline reinforcement learning is a crucial research area. Unlike
online reinforcement learning, which requires the training process to occur in a real envi-
ronment or a simulated one, offline reinforcement learning relies solely on historical offline
datasets. This allows the training of policy or value functions for complex environments
that are either difficult to model or entail high execution costs without the need for environ-
ment simulation. However, current algorithms based on offline reinforcement learning are
mostly built on the theoretical foundation of traditional MDP and suffer from the problem
of distribution shift [2], where the training policy differs from the behavior policy.
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With the continuous development in the field of NLP from BERT [3] to GPT-3 [4]
and the latest ChatGPT [5], interdisciplinary integration has become increasingly common.
NLP models and algorithms are being experimented with in the field of reinforcement
learning. The classic NLP model Transformer has been integrated into reinforcement
learning algorithms, as the nature of reinforcement learning itself involves causal sequences
that require the transmission of historical information for training the next step. Although
early models like Long Short-Term Memory (LSTM) [6] and Gate Recurrent Unit (GRU) [7]
have been used in reinforcement learning, the Transformer [8], with its powerful memory
function, is now being embedded into reinforcement learning. However, due to the
peculiarities of Transformer model training, it requires substantial data and computational
resources. Current research on the combination of Transformer and reinforcement learning
primarily focuses on integrating the Transformer into the training process of traditional
reinforcement learning algorithms and addressing the issue of mismatch. Based on this, the
proposed algorithms include GTrXL [9] and CoBERL [10]. However, this simple integration
has not only failed to address the existing problems in traditional reinforcement learning,
but has also introduced new issues, such as unstable Transformer training and the need for
extensive datasets.

With the introduction of the Decision Transformer (DT) [11] algorithm, a new domain
has been opened up in the training of reinforcement learning. The underlying framework
of the original reinforcement learning training, namely the Markov decision process, is
abandoned. Instead, the language model is directly employed as the training framework
for reinforcement learning, and the training process is conducted based on the GPT model.
This aims to find the optimal trajectory and solve the reinforcement learning problem.
Since language models often need to be built on large data sets for training [12], this model
method can only be applied to the field of offline reinforcement learning. Because of its
simple structure and being suitable for text generation tasks, the GPT model has excellent
performance in the optimal trajectory generation of reinforcement learning. However, the
model also has unreasonable aspects, leading to a lack of interpretability in the model.
During the training process of DT, the entire offline trajectory is used directly as the
training data input for GPT, serving as historical information to predict the optimal action
at the next time step. However, when the DT model outputs this optimal action, it also
includes the next time step’s state and reward information in the output. State and reward
information change automatically during the reinforcement learning training process in
conjunction with the action, and should not be considered as model outputs to calculate
the loss function. Additionally, these extra outputs increase the training difficulty of the
model because the performance of a language model itself depends on the length of the
input sequence. Introducing unnecessary input–output pairs will reduce the training
effectiveness of the model. We will provide a detailed introduction to DT in the related
work and validate its shortcomings.

In order to explore more possibilities for combining language models with reinforce-
ment learning and enhance the adaptability of the model to the reinforcement learning
training process, this paper proposes a novel intelligent agent training model based on a
text translation model in the context of training game AI in offline reinforcement learning.
The main contributions of this paper are as follows:

• A novel sequence-decision-based reinforcement learning method: We introduce the
ATT network model, which is built upon the Sequence to Sequence model structure
used in text translation tasks. It predicts actions based on observable scene information,
utilizes the Transformer model to identify trajectories with the maximum reward
return in different game environments, and is the first to employ the translation task
framework to align with the reinforcement learning task.

• Encoding form adapted for text translation models: We devise a unique encoding form
based on the original elements of reinforcement learning (state, action, reward) and
introduce positional information to tailor it for the language model’s training process.
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• Based on a review of the existing literature, we analyze future development directions
and challenges from the perspectives of reinforcement learning algorithms and other
tasks in the field of natural language processing. The purpose of this discussion is
to help researchers better comprehend the key aspects of combining reinforcement
learning with large models and encourage the application of more language models
in reinforcement learning tasks.

The structure of the subsequent sections of this paper is as follows: In Section 2, we
will introduce the relevant background knowledge and theoretical system of reinforcement
learning and natural language processing. We will briefly highlight algorithms that perform
well in the combined field. In Section 3, our focus will be on introducing the ATT model,
covering the problems it addresses, details of the method design, model architecture, and
the training and inference processes. In Section 4, we will conduct specific verifications
of ATT experiments, including an introduction to the experimental environment and an
analysis of the experimental results. In Section 5, based on a summary of existing methods
and the proposed method in this paper, we will discuss future research directions and
challenges of combining reinforcement learning with NLP.

2. Background

From the initial proposal of the Markov theoretical system, based on Bellman’s optimal
equation, various methods have been suggested to tackle the reinforcement learning
problem. With the advent of deep learning, Convolutional Neural Networks (CNN) found
application across diverse fields. Simultaneously, reinforcement learning capitalized on
the neural network’s capacity for processing high-dimensional problems. It mapped some
of the original complex multi-dimensional problems onto neural networks, leading to the
development of highly efficient deep reinforcement learning algorithms. In recent years,
NLP models have experienced rapid development, prompting an increasing number of
researchers to explore the potential combination of language modeling with reinforcement
learning. In this section, we will briefly introduce the relevant theoretical foundations of
reinforcement learning and natural language processing. Concurrently, we will outline
various attempts made by researchers to integrate the two fields. Finally, we will introduce
the Decision Transformer, a highly successful model that combines NLP and RL. This
model will serve as a key point of comparison, and we will explain its relevant structure
and theory to facilitate understanding of the subsequent improvements made in this paper.

2.1. Markov Decision Process (MDP)

Reinforcement learning centers around the sequential decision-making process in the
interaction between an agent (as the subject) and the environment (as the object). In a
specific environment, there exists an agent capable of perceiving the current environmental
information and generating actions based on this information. These actions lead to changes
in the observed environmental information for the agent and, simultaneously, a reward
signal is provided to the agent when the environmental state undergoes a change. This
process continues until the agent ceases its actions or the environment reaches a terminal
state. The objective of reinforcement learning is to train the agent’s action policy, enabling
it to attain the maximum cumulative reward during interaction with the environment [13].
MDP is a classical model for intelligent decision-making. Its core theory posits that if the
future state of a state is independent of its past state, i.e., it depends solely on the present
state, then this state possesses the Markov property. We define the information involved in
this process as follows:

• S: a finite set of states, where si represents the state at step i.
• A: a finite set of actions, where ai represents the action at step i.
• Ps,a: the probability of state transition, which denotes the probability of transitioning

to other states given the action a in the current state s.
• R: the immediate or expected reward obtained from the state transition.
• γ: the discount factor that adjusts the influence of future rewards on the current state.
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Thus, MDP can be represented as a quintuple:

M = (S, A, Ps,a, R, γ) (1)

Due to the existence of the reward value R, the action a chosen by the agent is no
longer random, but is aimed at obtaining the maximum cumulative reward. The state
transition in this system is determined by both the current state st and the action taken
at, the next state st+1 is determined by the transition probability model P(st+1|st, at), and
the reward value rt obtained at the current time is also determined by the probability
distribution P(rt|st, at).

2.2. Reinforcement Learning Algorithms

Currently, mainstream reinforcement learning algorithms train agents based on mod-
eling the environment with MDP. When agents need to make actions interacting with
the environment, they either follow the current policy or use the current value function.
In deep reinforcement learning, policies and value functions are often parameterized by
variables in deep neural networks. Subsequently, gradient-based methods are employed
for optimization. Loss is calculated using a loss function, followed by backpropagation to
update network parameters until the value or policy function meets the training objectives.
Based on the mentioned training approaches, mainstream reinforcement learning methods
can be categorized into three major classes: Value-Based, Policy-Based, and Actor-Critic
algorithms that simultaneously rely on both policy and value functions.

Value-Based: This method requires us to define a value function. For tasks with
a small state space and action space, we can use a tabular form to represent the value
function, such as Q-Learning. It optimizes a state-action value table where each data entry
represents the immediate reward obtained by taking action a in state s, denoted as Q(s, a).
The core update formula is as follows:

Q(st, at) ← Q(st, at) + α[rt + γ max
at+1

Q(st+1, at+1)− Q(st, at)] (2)

Here, α represents the update step size, and the value function Q(st, at) is continuously
updated through iterations until convergence. Based on the action-value function, the
optimal action in a certain state can be selected. In high-dimensional and complex envi-
ronments, using a table alone is insufficient to represent all states and actions. Therefore,
we use neural networks to fit the value function, leading to the birth of the classic deep
reinforcement learning algorithm, Deep Q-Network (DQN) [14], which uses parameters θ
to approximate the value function. Subsequent Value-Based algorithms mainly focus on
further optimizing the direction of reducing errors and improving sample learning effi-
ciency.

Policy-Based: Unlike value-based methods, policy-based methods directly learn
parameterized policies πθ . This allows us to avoid the need to solve the value function
for each action in the space. Therefore, this method is suitable for solving problems with
high-dimensional or continuous action spaces. It intuitively improves the performance of
the policy πθ in the parameter space through gradient ascent methods and policy iteration
updates, achieving the maximization of cumulative rewards. For example, the Policy
Gradient (PG) [15] algorithm has the objective function to maximize the expected return by
adjusting θ, represented as follows:

J(πθ) = Eπ∼τ [R(τ)] (3)

In the above equation, τ represents a complete trajectory from the beginning to the
end, π represents the current policy of the agent, and π ∼ τ represents the action trajectory
of the agent sampled under this policy. For this maximization problem, we use the gradient
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ascent algorithm to find its maximum value, and the optimization formula for parameter θ
is as follows:

θ∗ = θ + α∇J(πθ) (4)

The essence of policy-based algorithms lies in determining the gradient of the final
return function J(πθ) with respect to θ, commonly referred to as the policy gradient. This
forms the basis for the optimization of various mainstream policy-based algorithms like
PPO, TRPO, etc.

Actor-Critic: This approach, which integrates both policy and value, concurrently
learns an actor function and a critic function. The actor function serves as the agent’s policy
function π(·|s), determining the action the agent will take in the current state. Meanwhile,
the critic function functions as the state value function, providing an assessment of the
action taken by the agent [16]. In this context, the Actor network is implemented using the
policy gradient algorithm. For the Critic network, the Actor-Critic algorithm adopts the
bootstrap method for estimating the Q-value function, and it learns the Critic function by
minimizing the temporal-difference error, with the loss function given by:

JQ = (rt + γQ(st+1, at+1)− Q(st, at))
2 (5)

where the action at+1 is obtained by sampling the current policy πθ in state st+1. Algo-
rithms arising from the Actor-Critic base such as A3C are also important algorithms in
reinforcement learning.

2.3. Transformer

The Transformer was introduced by the Google Brain team in 2017 to address the
limitation of parallelizing computations using RNN in NLP. RNN-based models faced
inefficiency issues due to their inability to parallelize, making them less effective. The
Transformer is a deep learning model built entirely on the self-attention mechanism. In NLP
tasks, when dealing with text input data after Tokenization and Embedding processing,
RNN structures would require feeding each token individually into the model. This is
because RNNs rely on hidden state information passed from the previous input for each
subsequent input. However, the attention mechanism in the Transformer allows the entire
sequence to be input into the model. It ensures the sequence’s order by introducing
positional coding information and utilizes masking to facilitate parallel training. The
Transformer’s increased complexity results in higher accuracy and performance compared
to RNN. The basic structure is illustrated in Figure 1:

Figure 1. The overall framework of the Transformer model consists mainly of Encoders and Decoders.
It is composed of six small Encoder and Decoder structures. The Encoders on the left process
contextual text and calculate correlations between texts using the attention mechanism. On the right,
the Decoders handle textual correlations for text output. The output form varies depending on the
type of task.
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Taking the text translation task as an example, during the pre-training stage, the input
text data undergoes a series of steps. Firstly, the text is tokenized, breaking it into a sequence
of words. Subsequently, the words are vectorized through embedding, where each word
is input, and a corresponding vector is output. Before feeding these embedded vectors
into the Transformer model, they are further encoded with position-related information.
This positional encoding can be manually computed by presetting the positional encoding
information. Following this, self-attention is computed for each position, expressing the
correlation between different positions by calculating attention values for each position
relative to other positions. The underlying principle is that when attention is given to data
in the current position, information from other positions is also considered. The attention
mechanism regulates the extent to which attention is given to other positions. The formula
for calculating self-attention is as follows:

Attention(Q, K, V) = so f tmax(
QKT
√

dk
)V (6)

where Q (Query), K (Key), and V (Value) are obtained by multiplying the encoded matrix by
a weight matrix, and dk is the dimensionality of our data after encoding. The self-attention
mechanism allows positions to be interconnected, addressing the challenge of forgetfulness
associated with longer sequences in the original LSTM and GRU models.

Another significant factor enabling parallel training in the Transformer is the introduc-
tion of the Mask mechanism. In the Decoder side, we input the translated text as a whole,
but the Mask restricts the visibility of future words when predicting the word at a specific
position. This approach ensures that the model leverages information from preceding
words to make predictions for the current position, enhancing its ability to utilize previous
context effectively during parallel training. By preventing the model from accessing actual
future data during parallel training, this method maintains training effectiveness.

2.4. Transformer in RL

Reinforcement learning provides a mathematical framework for solving sequential de-
cision problems and determining optimal actions through formulas. A persistent challenge
in reinforcement learning is sample utilization. Inadequate sample utilization necessitates
more training data and increased agent-environment interactions, significantly raising
algorithm training overhead. This limitation hampers the agent’s ability to learn an effec-
tive policy. Researchers have proposed various solutions to address this issue, including
the utilization of buffers, autonomous construction of environment models, and more.
However, most RL architectures are built upon methods related to supervised learning and
semi-supervised learning. In high-dimensional scenarios, CNN serves as a function approx-
imator, while for partially observable environments or situations requiring information
retention, RNN processes the feature information.

The Transformer model has garnered considerable attention since its introduction,
demonstrating superior performance compared to CNN and RNN. It exhibits excellent
capabilities in handling long sequence problems, possesses strong scalability, and has
evolved into a prevalent paradigm for numerous supervised learning tasks. Consequently,
researchers have initiated efforts to apply the Transformer architecture to the realm of
reinforcement learning.

Analogous to the use of neural networks in RL, researchers initially attempted to
employ the Transformer as a function approximator in RL algorithms. However, merely
substituting Transformer for LSTM in reinforcement learning yielded poorly trained models.
Mishra et al. [17] explored the application of Transformer to various simple RL tasks (e.g.,
Bandit task, tabular version of Markov process) and found that the performance only
matched that of the as-you-go policy. The main reasons for this were analyzed as follows:

• The training parameters of Transformer are complex and demand substantial data and
computational resources to converge, while RL itself suffers from low sample utilization.
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• RL receives state observation information sequentially in chronological order, and the
order is not explicitly given but must be learned by Transformer.

• RL algorithms are highly sensitive to the architecture of deep neural networks.

These challenges hinder the effectiveness of Transformer in the original framework of
reinforcement learning. In 2019, Parisotto et al. [9] proposed the GTrXL framework, lever-
aging the capability of Transformer-XL [18] to learn more than a fixed-length dependency
without disrupting temporal coherence. The modified structure of GTrXL demonstrated sig-
nificant improvement over LSTM in environments requiring long-term memory, effectively
addressing various long and short-term memory requirements. Simultaneously, this new
network structure can be combined with various strategies, rendering Transformer more
suitable for the optimization process of reinforcement learning. The GTrXL framework
established a baseline for using Transformer in reinforcement learning, prompting the emer-
gence of subsequent approaches that build upon it. For instance, Adaptive Transformer
in RL [19] enhances the efficiency of the original framework by increasing the memory
size of GTrXL and employing Adaptive Attention Span. Ultimately, it maintains similar
performance to the original GTrXL with a notable increase in training speed and a reduction
in resource consumption. CoBERL [10], inspired by the self-supervised training task of
mask prediction in BERT, combines GTrXL and LSTM using Trainable Gate. It integrates the
two-way mask prediction self-supervised task and BERT’s comparison learning method,
resulting in improved learning outcomes for this combined model.

All the aforementioned approaches operate within the original RL framework, aiming
to investigate the adaptability of Transformer in RL and optimize the training setup to
mitigate the impact of Transformer’s inherent challenges on the training task. Essentially,
they continue to address the reinforcement learning problem by solving the value function
or the policy network. In the following, we will introduce a novel concept that maximizes
the advantages of Transformer in solving sequence problems. This approach discards the
traditional RL framework and has shown remarkable results.

2.5. Decision Transformer (DT)

The DT model was introduced in 2021 by Lili [11] and collaborators, pioneering a
novel approach to integrating NLP models with reinforcement learning. Previously, the
utilization of the Transformer in reinforcement learning primarily involved substituting
a portion of the structure within the reinforcement learning algorithm, while the overall
training framework still adhered to the principles of MDP. The DT algorithm distinguishes
itself from traditional reinforcement learning in that it employs Transformer to directly
learn the actions that the intelligent agent should take to achieve the desired reward, rather
than focusing on learning strategies or value functions.

To align with the Transformer structure, DT processes the training data differently. For
the traditional trajectory (s0, a0, r0, s1, a1, r1, s2, . . . , st, at, rt, st+1), it needs to be transformed
into the following format:

τ = (R̂0, s0, a0, R̂1, s1, a1, . . . , R̂t, st, at) (7)

Here, a and s represent actions and states at a given moment, as in the original
definition. However, R̂ is not an immediate reward; instead, it represents the cumulative
reward that can be earned from the current state to the end of the trajectory (Returns-to-go).
This definition enables the conversion of reinforcement learning into a supervised learning
form for training. The training framework is illustrated in Figure 2.

We input the encoded sequence data as a token (the row of circles beneath the Embed-
ding layer in Figure 2) into our Transformer. Here, three elements of the same moment
(R̂t, st, at) share the same positional information since these data come from the same
moment. We model the joint distribution of the total return, state, and action trajectories
for subsequent trajectories through Transformer. During training, we use a mask to hide
the subsequent information of the current moment. This ensures that the Transformer
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can only use historical trajectories to infer the current action to be executed and output
it. The optimization goal is the difference between predicted actions and real actions,
using cross-entropy if the action is discrete and mean square error (MSE) if the action
is continuous.

Figure 2. DT structure, which models reinforcement learning using a generative task approach, based
on a sequence of inputs (R̂, s, a), with the entire sequence output intact at the output.

After training the network, we input the maximum reward value of the environment
as our target reward (a priori knowledge). We then input the network and the current
state, performing the derivation to obtain a trajectory that can yield the target reward. The
outlined process represents the fundamental flow of the DT structure.

3. Action-Translator Transformer

3.1. Problem Description

The DT algorithm introduces a novel approach to solving reinforcement learning
problems using NLP methods. Since the language model utilized demands extensive
datasets for training, in online reinforcement learning, the data collected by the sample
pool is often insufficient to support the training of the language model. Therefore, this
method is primarily applied to offline reinforcement learning scenarios, leveraging a large
repository of offline sample data to facilitate model training. In the DT algorithm, the
model employed for training follows a GPT structure—a simplified version compared to
the original Transformer, consisting of multiple Decoders stacked together. The structure is
illustrated in Figure 3.

Figure 3. The language model (GPT) used in DT, which contains only one part with respect to
Transformer, for the input of a text, predicts that text sequence in its entirety and is suitable for text
generation tasks.
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The GPT language model adopts a unidirectional structure without a clear distinction
between Encoder and Decoder. To accommodate the input into the model, DT processes
offline trajectory data into a single trajectory, i.e., a sequence of (R̂t, st, at), which is then
used for model training after incorporating position encoding information. The training
process resembles a text generation task, where the DT predicts the output reward sum R̂,
state s, and action a simultaneously for the next position based on the preceding sequence.
However, considering the spontaneous changes in state transfer and reward feedback
information during actions in reinforcement learning environments, treating them as
predictive outputs seems unreasonable and redundant. We assess the impact of the model’s
output on state s and reward sum R̂ in optimizing the model by modifying the loss function
in the DT optimization process. The two loss functions employed are:

L1 =
1
n

n

∑
i=0

(a
′
i − ai)

2 (8)

L2 =
1
n

n

∑
i=0

[(a
′
i − ai)

2 + (s
′
i − si)

2 + (R̂
′
i − R̂i)

2] (9)

where a
′
i, s

′
i and R̂

′
i are our predictions.

We analyze results within the original DT experimental environment, and detailed
information about the setup will be provided in Section 4.1. We optimize the DT model
using two different loss functions (L1 and L2), denoted as DT (L1) and DT (L2), respectively.
We compare the two DT models using offline datasets of varying qualities (introduced in
Section 4.2), calculating the total reward values obtainable from the predicted trajectories
of the models after 100k training steps. The results are shown in Table 1.

Table 1. Performance results of DT with different types of loss functions.

Environment Dataset DT (L1) DT (L2)

Walker
Medium 74.0 73.1

Medium-Expert 108.1 108.3
Medium-Replay 66.6 67.2

Hopper
Medium 67.6 67.0

Medium-Expert 107.6 108.0
Medium-Replay 82.7 78.4

Observing the experimental results, we can conclude that incorporating the predicted
output of the reward sum R̂ and environmental state information s into the loss function
does not lead to an improvement in the model’s predictions. Despite adapting the GPT
structure used by the DT algorithm to the required input data format for training, it
still outputs sequence data in the same format as the input, predicting the generation of
additional redundant information (R̂, s). For the reinforcement learning task, our primary
goal is to obtain the optimal action maximizing the reward for the intelligent agent. In this
paper, we will focus on experiments related to this specific problem.

3.2. Model Formulation
3.2.1. Basic Introduction of the Model

We have devised a novel reinforcement learning sequence decision model called the
Action-Translator Transformer (ATT) for the task of generating reinforcement learning
sequence trajectories. This model leverages existing trajectory data to learn the relationship
between the target reward and the trajectory. It learns sequences that lead to the target
reward, allowing the generation of corresponding trajectories based on a user-defined target
reward value. This approach aims to achieve the maximum target reward in the current
environment, completing the reinforcement learning task. Similar to DT, ATT directly
models trajectory data and avoids the training instability associated with bootstrapping
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and iteration, eliminating issues related to MDP-based reinforcement learning errors (refer
to Appendix A).

To ensure that our model focuses solely on predicting actions without providing
additional environment and reward information, we draw inspiration from the field of
NLP, specifically the text translation problem. We conceptualize the training process as a
translation task, transforming state and reward information into the corresponding actions.
As illustrated in Figure 4, we define a target reward value (the maximum reward value
of the environment) based on environment-specific information or prior knowledge. This
target reward value, along with the current environment state information, is inputted into
our ATT model, which then predicts the action to be performed. After interacting with
the environment to update the state and receive instant rewards, we update the historical
trajectory information, the current target reward value, and the current state information.
This process is repeated, predicting the next action until reaching a termination state or
satisfying the target reward. This outlines the fundamental process of using ATT to predict
optimal actions and obtain optimal trajectories.

Figure 4. Schematic of the overall framework of the ATT model, abstracting the predicted actions
into text translation task solving. The details of the Action-Translator are shown in Figure 5.

Figure 5. Action-Translator Transformer overall model architecture.

178



Algorithms 2024, 17, 37

3.2.2. Overall Structure of the Model

To ensure that the model’s output consists solely of optimal actions while using the
environment and target reward as objective information for training, we leverage text
translation task processing. We opt for the Transformer structure, encompassing both the
encoder and decoder sides, as illustrated in Figure 5. To establish a connection between the
reward information and context, we employ the reward treatment from DT, recalculating
immediate rewards in offline data as the total reward obtained from the current moment to
the end of the trajectory. Considering our dual-end structure, the intelligent agent observes
the target reward value and current environment state information, serving as the input
for the encoder side (i.e., as global information for the intelligent agent). The decoder
side, responsible for action prediction output, undergoes different input forms during the
pre-training and inference phases. The specific processes for training and inference will be
detailed below. Moreover, as our model’s overall structure is based on the Transformer,
a substantial dataset is required to meet the model’s training needs, making it primarily
suitable for offline reinforcement learning tasks.

Our model follows the Sequence-to-Sequence style, comprising an encoder side and
a decoder side. The encoder side consists of six encoders stacked together, receiving
the encoded and masked global environment information (s, R̂) and inputting the result
into our decoder side. The decoder side also comprises six stacked decoders, primarily
conducting the action prediction learning process. It accepts the encoded and masked
action (a) sequence information and predicts the next action based on the observable action
and global environment information input from the encoder side, completing the decision-
making process for reinforcement learning. This framework represents the overall structure
of the ATT model, adopting the Transformer model architecture format. It is divided into
an encoder side and a decoder side, each with its corresponding encoding structure. Data
are input into the encoder and decoder sides from the initial encoding module, with the
final action prediction output through the linear layer in the decoder side.

3.2.3. Model Details

Target Reward: As we employ offline reinforcement learning data, traditional re-
inforcement learning sample data are stored in the format of (st, at, rt). However, the
Transformer model is designed to train sequence data containing contextual information.
Therefore, it is necessary to establish a connection between the data and, simultaneously,
segment the data into appropriate lengths for the Transformer network to facilitate learn-
ing. The representation of offline reinforcement learning trajectory data are shown in the
equation below:

τ = (. . . , st−1, at−1, rt−1, st, at, rt, st+1, at+1, rt+1, . . . ) (10)

where s represents the state information at a certain moment, a represents the action
information at a certain moment, and r represents the instant reward information at a
certain moment. Such trajectory data can only represent the relevant information at each
moment, and it cannot be used as the training data for the Transformer model to learn
contextual information. Therefore, we need to process the data. We retain the original
forms of s and a in the trajectory data, and process r. We represent r in a new form, denoted
as R̂, calculated as follows:

R̂t = rt + rt+1 + rt+2 + · · ·+ rend (11)

The information represented by R̂t is the total reward value available from the current
moment to the end of the trajectory. This transformation establishes a link between the data
at different moments, and the trajectory history data are processed into the following form:

τ̂ = (R̂0, s0, a0, R̂1, s1, a1, . . . , R̂t, st, at) (12)
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Although the Transformer can handle long sequences of text, it is also sensitive to
sequence length limitations. Therefore, we need to preprocess the trajectory data into
segments of length K that the model can accept. In cases where the original trajectory is
shorter than K, we fill the remaining positions with zeros.

Embedding: After processing, the data can meet the training requirements of the
Transformer. Following the flow of a text translation task, we need to encode the processed
data. We use a fully connected layer to encode the state s, action a, and target reward
R̂. Utilizing the dual-end structure of the Transformer, we concatenate R̂ and s to form a
sequence on the encoder side, encoding it as observable environmental information during
action translation. On the decoder side, the sequence composed of a is encoded as the
predicted output control of our model. We input the real action information as the target
prediction into the decoder side, because we employ the Teacher-Forcing training method,
a parallel training method of Transformer, which will be explained in detail later. Here, we
only introduce the input form. Both the input-side coding layer and the output-side coding
layer use a fully connected layer structure, as shown in Figure 6.

Figure 6. Encoding process of the original input in Encoders and Decoders.

Positional Encoding: During the training process of the Transformer network model,
it is essential to introduce positional information to enable the model to perceive the relative
positions of elements in the sequence. As our reinforcement learning trajectory data already
includes temporal information, i.e., it corresponds to a specific time step, we can directly
use the time step as our positional information. Considering a complete trajectory as
a timeline, sequentially numbered starting from zero, we input the position encoding
function to generate the positional encoding information. Our position encoding method
involves creating a coding matrix that maps a certain range of numbers to unique vectors,
which serve as the encoded positional information. The network structure details of the
encoding part are illustrated in Figure 7. Following the encoding of positional information,
we directly sum the position information encoded at each time step with the Encoder
Observations and Encoder Actions obtained in the previous step. The objective of this
step is to incorporate temporal information into our training data, facilitating the model
in learning the causal sequence information of the entire trajectory. This encompasses
understanding the distinct state transition relationships between time nodes and changes
in reward information.
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Figure 7. Flowchart of location information encoding.

Mask: After data preprocessing and the introduction of positional information, we
obtain the data required to meet the training needs of the Transformer. At this stage, it is
essential to consider the distinction between the model during the Training phase and the
Inference phase—ensuring consistent contextual data forms. During the Training phase,
using offline trajectory data, a complete trajectory is known. Therefore, the inputs on both
the encoder and decoder sides are segments extracted from the entire trajectory. However,
in the Inference phase of Reinforcement Learning, actions are initiated from a random
state, extrapolating trajectory generation, and this process cannot observe global trajectory
information. To align the tasks in the Train and Inference phases, and to cater to the lack
of global trajectory information in the Inference phase, we need to introduce the Mask
mechanism. Masks are applied to both the encoder and decoder sides, taking the form of
upper triangular matrices. This ensures that, at a given time point, the intelligent agent can
only use information from that specific moment and preceding moments to predict actions.

The input data from both Encoders and Decoders undergo Mask processing, as il-
lustrated in Figure 8. Each sample input transforms into a square matrix, and each row
of the matrix has certain information masked out. This masking is crucial for achieving
parallel training using the Transformer. In the matrix, each row corresponds to a predicted
output, and the predicted value in each row is the first value that has been masked out in
the current row. When predicting an action at a specific time, only the real information
before that point in time is used. This training approach is known as Teacher-forcing [20],
a method effective in avoiding unstable network training and accelerating convergence.
Employing this method allows us to simultaneously train predictions for each position in a
sample, thus expediting the model’s convergence.

Figure 8. Mask mechanism for vectors.

The incorporation of the Mask mechanism enables our model to undergo parallel
training across multi-dimensional matrices for multiple time points, expediting the training
process. The training method under the Mask mechanism is shown in Figure 9. Moreover,
it facilitates the alignment of task types between the training and testing phases. In the
Inference phase, where the complete sequence of future actions is unknown, aligning the
tasks ensures that our model performs optimally in prediction scenarios.

181



Algorithms 2024, 17, 37

Figure 9. In the Teacher-forcing-based training process, the encoded data undergo Mask processing,
marking the data after a specific point in time as invisible. The data input into the subsequent steps
contains only the information before that point in time. After the encoding and decoding of the
known information, and finally through the linear layer of decoding, we obtain the corresponding
time point of the action at and the predicted value a′t. Subsequently, we can optimize the model based
on the loss of the action. The details of the loss model are shown in Equation 8.

Encoders–Decoders: The data subjected to Mask processing is subsequently input into
the Encoders and Decoders, constituting the standard Transformer structure. Both Encoders
and Decoders consist of several small structures stacked together, with the architectural
intricacies depicted in Figure 10, following the design outlined by Vaswani et al. [6].

Figure 10. The internal structure of Encoders and Decoders comprises numerous smaller encoder
structures. These smaller encoders encompass attention calculations and various network layer
structures. The output of the last small encoder is then transmitted to each small decoder to engage
in attention calculations within the encoder. Ultimately, the final output is derived from the last
small decoder.
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Each small Encoder incorporates a Multi-Head Attention calculation, employed to
compute the similarity between the current state of the agent’s environment and the state in
the preceding sequence. Additionally, a Feed Forward component is included, facilitating
a linear transformation that maps the data to a high-dimensional space and subsequently
to a low-dimensional space, enabling the extraction of more profound features.

In Decoders, unlike in Encoders, two Multi-Head Attention computations take place.
In the second computation, the environment feature information from the agent, outputted
by the Encoders, serves as both Q and K in the Attention computation. This allows our
model to learn the action output based on the environment information.

Action Decoding: After obtaining the data output from the Decoders, we have
completed the process of action prediction. The actions at this stage are high-dimensional
encoded actions that need to be decoded. In this experiment, we directly use a linear
layer to transform the corresponding high-dimensional actions into the dimensions of the
intelligent body’s actions in the current environment, representing the final output of the
predicted actions.

3.2.4. Training and Inference

The whole training process of ATT we can summarize as Algorithm 1.

Algorithm 1 ATT training, optimize network parameters based on offline trajectories

1: Input: Data set D = {(st, at, rt)}
2: R̂t ←− rt + rt+1 + rt+2 + · · ·+ rend
3: Initialize weight θ, training iterations I, step size η, batch size B, the state embedding

matrix Ws ∈ R
(dR̂+ds)×B, the action embedding matrix Wa ∈ Rda×B

4: for i = 1 to I do
5: Stack (R̂, s)
6: Embedding: (R̂, s)emb ←− Ws × (R̂, s)
7: Embedding: aemb ←− Wa × a
8: Positional Encoding
9: Encoders ←− (R̂, s)emb + P(t)

10: Decoders ←− aemb + P(t)
11: Masked
12: Train
13: Output a′

14: loss ←− L(a′, a)
15: θ ←− θ + η∇L(θ)
16: end for
17: return θ

At the beginning of training, for the offline dataset samples, firstly, r in the sample
data are calculated as R̂, and the samples are processed to a specific length. After encoding
and introducing the position information, they are processed by Mask and then entered
into the Transformer for training using the Teacher-forcing method. The prediction of the
action a′ is then compared with the original input action sequence a to calculate the loss for
optimizing the model. The complete pre-training process of ATT is outlined above. The
loss function used here is given by Equation (8).

The Inference process of ATT, we can summarize as Algorithm 2.
The Inference of the ATT model is mainly derived using self-regression, where for each

prediction, the model’s output is used as input for the next prediction. By initializing the
model with the necessary information, we continuously utilize the model to predict actions
and generate trajectories. Eventually, we obtain the target trajectory based on our initial
settings. During this process, the inputs to the model include the cumulative target rewards,
where we set the maximum possible reward value R̂ (as the ultimate goal of reinforcement
learning is to achieve the maximum reward in the current environment) based on prior
knowledge or environmental information. The initial state of the environment s is obtained
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directly by initializing the environment. We initialize the action a on the decoder side and
input all this information into the encoder and decoder sides according to the input mode
during the training process after padding operation. Specifically, R̂ and s are input into the
encoder side as global observable information and then passed to the decoder side after
going through the Mask and Encoders.

Algorithm 2 ATT inference, generate full trajectories based on target rewards

1: Initializeenv()
2: Initialize R̂, s, a, step = 0, length, G = 0
3: Padding
4: while s not equal to end or step<length do
5: Positional Encoding
6: Encoders ←− (R̂, s) + P(t)
7: Decoders ←− a + P(t)
8: Masked
9: Output anext

10: rnext, snext ←− env(anext)
11: R̂ ←− R̂ − rnext
12: G ←− G + rnext
13: step ← step + 1
14: end while
15: return G

The next action is predicted at the decoder side based on the input historical action
information a and the global observable information from the encoder side. After the model
outputs the next action anext, we execute anext in the current environment. At this point,
our environment changes to snext due to the agent’s interaction behavior, and we obtain
the instant reward rnext. Based on this instant reward, we update the expected reward
sum R̂t and then add the newly obtained anext, R̂next, snext to the existing sequence as the
observable data for predicting the next action. This process continues, and eventually, based
on our artificially set expected reward sum R̂, we obtain a complete trajectory. Through the
accumulation of instant rewards r obtained during the process, we can calculate the total
reward sum of the trajectory, G, and evaluate the strengths and weaknesses of our model.

4. Experimental Validation

Because both our ATT and DT utilize sequence modeling to address offline reinforce-
ment learning tasks, we will compare them with DT and some classical offline reinforce-
ment learning algorithms in a specific experimental setting to analyze the strengths and
weaknesses of our models.

4.1. Experimental Environment

The experiment utilizes the Mujoco [21] simulation environment within the Gym envi-
ronment. This environment incorporates a comprehensive robot motion engine, providing
detailed motion information for each component of the intelligent agent. It encompasses
the state information of the agent, along with reward-related settings, making it suitable for
training in reinforcement learning tasks. The environment offers a variety of task scenarios,
and the experiment specifically involves conducting assessments in the Hopper, Walker2D,
and HalfCheetah environments. The experimental scenario is illustrated in Figure 11.
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Figure 11. The Hopper, Walker, and HalfCheetah environments represent versatile experimental
scenarios within a general-purpose physics engine. This engine is specifically designed to support
various domains, including robotics, biomechanics, graphics and animation, machine learning, and
other fields requiring precise simulation of articulated structures interacting with their environment.

Hopper: This environment features a single-legged robot with four main body parts:
torso, thighs, legs, and feet. The robot’s motion involves the control of three joints to
execute a jumping maneuver. The state observation encompasses angular velocity, joint
angles, and coordinates. The action space is defined by the control values for the three
joints, and rewards are provided based on the robot maintaining an upright posture and
successfully propelling forward.

Walker: In this environment, the robotic body features two complete legs and is
composed of four main components: torso, thighs, legs, and feet. Unlike Hopper, the
intelligent body in this scenario has two legs and two feet. The state observation space is
similar to that of Hopper, while the action space expands in spatial dimension due to the
increased number of joints in the intelligent body. Reward feedback is obtained when the
intelligent agent maintains an upright position and successfully propels forward.

HalfCheetah: This environment involves a two-legged robot that exhibits animal-like
movements and endeavors to progress within the plane defined by its legs. The state
observation space encompasses the angles, angular velocities, and coordinates of the joints.
Similarly, the action space includes control information for the joints. Reward feedback is
provided when the intelligent agent maintains an appropriate upright posture and moves
in the correct direction.

In the second segment of the experiment, we utilized the Maze2D game environment,
focusing on a navigation task. The objective of the test is to discover the shortest path to
the target point by integrating sub-optimal trajectories with the Offline RL algorithm. This
environment comprises three game scenarios: Umaze, Medium, and Large, each featuring a
maze structure illustrated in Figure 12. The primary evaluation of the model’s performance
revolves around its capacity to concatenate sub-optimal trajectories to efficiently find the
shortest path to the target point.

Figure 12. Umaze, Medium, and Large three maze environments, Maze2D is a navigation task. The
test goal is to find the shortest path to the target point by combining the sub-optimal trajectory with
the offline RL algorithm. In the illustration, the green dots represent the current position of the agent,
while the red dots indicate the target points that the agent needs to reach.

4.2. Dataset

The dataset utilized in this experiment is sourced from the Python data package
D4RL [22]. It encompasses the complete action trajectory of an agent in the Mujoco
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environment under Gym, incorporating the state information s of the agent at a specific
moment in time, the action information a taken by the agent, and the instantaneous rewards
r acquired by the agent. The dataset is structured as (st, at, rt). Within this package, various
trajectory data types are available for the same game environment, originating from diverse
data collection methods. For this experiment, the focus is primarily on three data types:

• Medium dataset: A strategy network is trained online using Soft Actor-Critic (SAC),
and the training is prematurely terminated to collect 1M samples from this partially
trained strategy.

• Medium-replay dataset: Comprising all samples recorded in the replay buffer during
training until the policy achieves a “medium” performance level.

• Medium-expert dataset: This dataset introduces a “medium-expert” dataset by blend-
ing an equal amount of expert demonstration and sub-optimal data. The latter is
generated either by partially trained strategies or by expanding a uniformly random-
ized strategy.

These three data types offer comprehensive coverage of the domains in which our
model is tested, allowing for a thorough evaluation of the model’s strengths and weaknesses.

Additionally, for the Maze2D environment, we trained the model using the tracks for
the three scenarios stored in the D4RL dataset. The performance is then compared with the
CQL and DT algorithms.

4.3. Experimental Results

We compare ATT with DT and several other key offline reinforcement learning algo-
rithms, including CQL [23], BEAR [24], BRAC [25], AWR [26], and BC [27]. Our ATT model
focuses on transformational tasks, DT is centered around generative tasks, and CQL is
recognized as a top-performing MDP-based RL algorithm. The experiments are conducted
in three Mujoco scenarios. For ATT, we configure both the stacked Encoder and Decoder
structures with six layers, set the learning rate to 1 × 10−3, and establish the length of receiv-
able sequences (K) at the encoder and decoder sides to be 20. The sum of target rewards
(R̂) is determined based on historical trajectory data, with Hopper set to 3600, HalfCheetah
to 12,000, and Walker to 5000. After training for 100k steps under identical conditions, we
compare the effectiveness of various algorithms. To facilitate comparison, we normalize the
results using the training results of the SAC algorithm as the expert score and those of a
random strategy as the random score. The normalization formula used is as follows:

normalized = 100% × score − random
expert − random

(13)

The results of the experiment are shown in Table 2. The results of the DT are referenced
from [11], while the results of CQL, BEAR, BRAC-v, AWR, and BC are referenced from [22].

Table 2. Comparison of ATT with other offline reinforcement learning algorithms in Mujoco.

Dataset Environment ATT (Ours) DT CQL BEAR BRAC-v AWR BC

Medium-expert
Hopper 109.8 107.6 111.0 96.3 0.8 27.1 76.9
Walker 110.2 108.1 98.7 40.1 81.6 53.8 36.6

HalfCheetah 88.9 86.8 62.4 53.4 41.9 52.7 59.5

Medium
Hopper 68.4 67.6 58.0 52.1 31.1 35.9 63.9
Walker 82.0 74.0 79.2 59.1 81.1 17.4 77.4

HalfCheetah 40.3 42.6 44.4 41.7 46.3 37.4 43.1

Medium-replay
Hopper 79.3 82.7 48.6 33.7 0.6 28.4 27.6
Walker 68.7 66.6 26.7 19.2 0.9 15.5 36.9

HalfCheetah 36.3 36.6 46.2 38.6 47.7 40.3 4.3

The bold numbers in each row represent the best performance in the corresponding environment for that row.
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We compare ATT, DT, and CQL in three scenarios of Maze2D to investigate the model’s
ability to splicing sub-optimal trajectories. The results are shown in Table 3.

Table 3. Comparison of ATT with other offline reinforcement learning algorithms in Maze2D.

Environment ATT DT CQL

Maze2D-umaze 42.2 31.0 94.7
Maze2D-medium 13.7 8.2 41.8

Maze2D-large 10.2 2.3 49.6

The bold numbers in each row represent the best performance in the corresponding environment for that row.

4.4. Discussion

Based on the experimental results, we conclude that our ATT model exhibits com-
parable performance to DT, outperforming DT in most scenarios and settings. Moreover,
ATT surpasses many traditional offline reinforcement learning algorithms, demonstrat-
ing an ability to learn trajectories with superior reward payoff values. While CQL, an
offline reinforcement learning algorithm based on MDP, maintains a certain advantage, it
struggles with low data quality, unlike ATT and DT, which leverage sequence modeling to
enhance sample utilization in offline datasets. This allows them to learn effectively, even
from suboptimal offline data. These findings highlight the efficacy of using trajectory data
for decision-making in offline reinforcement learning. Our transformational modeling
approach in ATT yields better results compared to the generative model DT. Notably, ATT
places a greater emphasis on action output, separating the sequence of environmental infor-
mation from the sequence of actions. As a result, our model achieves superior performance
in the realization of suboptimal trajectory splicing compared to DT.

5. Conclusions

In our work, we explore a novel application of reinforcement learning in the domain
of Natural Language Processing (NLP), specifically focusing on the Text Translation Task.
Drawing inspiration from the original work on the Dual-Transformer (DT), we devise a
unique approach to data segmentation and encoding, tailoring it to meet the requirements
of bipartite training for the Transformer model in the context of offline reinforcement
learning. The designed ATT model structure incorporates a comprehensive set of Train and
Inference processes, ensuring consistent data distribution across different stages of the task
for effective training. By utilizing an input method that considers both the environment and
target rewards and predicts action values, our model aligns with the reinforcement learning
objective of identifying optimal actions and generally outperforms DT in various tasks.

Given that the combination of language modeling and reinforcement learning is still in
its early stages, and NLP is rapidly evolving with the emergence of more efficient models,
the potential for RL-NLP integration remains vast. In light of our model’s future research
direction, we identify key aspects for consideration:

• Target Reward Setting: In both ATT and DT, we adopt the supervised learning task
training approach, requiring the calculation of a target reward value as the trajectory
label for offline dataset training. Fluctuations in experimental results may be attributed
to the accurate setting of reward values. Future research should explore methods to
precisely set reward values or update them dynamically during training.

• Efficient Language Model Training: The language model, serving as the foundational
training architecture, demands a substantial amount of datasets for effective training.
While reinforcement learning can generate trajectory data through interaction, this
method is not applicable to online reinforcement learning due to efficiency concerns.
Investigating how to train the language model in an online interactive manner becomes
a focal point for future work, expanding the model’s usability.

• Exploration of Different NLP Models: The field of NLP boasts numerous powerful
models, each with distinct characteristics and adaptive capabilities. Future endeavors
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can involve experimenting with other high-performing NLP models, aligning them
with various reinforcement learning tasks, and further exploring the potential of
combining these technologies.
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Appendix A. Error Analysis of Reinforcement Learning Based on MDP

Take DQN, a classical deep reinforcement learning algorithm, as an example. In order
to adapt to the training scenario of higher dimensions of reinforcement learning, DQN is
an algorithm that introduces neural networks into reinforcement learning. It uses neural
networks to approximate fit the value function in reinforcement learning. TD algorithm
update goal is:

yt = rt + max
a

Q(st+1, a; W) (A1)

where rt is the immediate reward at time t, Q is the action value function, st+1 is the state
at the next time, and W is the neural network parameter. The Gradient Descent method is
used to update the weight of the neural network:

W ←− W − α · (Q(st, at; W)− yt) ·
∂Q(st, at; W)

∂W
(A2)

where α is the update step. The error in the updating process mainly comes from two
aspects: the use of maximization operators and the problems caused by bootstrap.

Appendix A.1. Maximization

For n real numbers: x1, x2, . . . , xn, we add noise with a mean of 0 to these n real
numbers to obtain: Q1, Q2, . . . , Qn. Because the mean value of noise is 0, it does not change
the mean value:

E[meani(Qi)] = E[meani(xi)] (A3)

In the above formula, mean represents the mean function, and meani(xi) signifies
taking the mean of the entire set of xi. Adding noise with a mean of 0 affects the maximum
value of the new real sequence:

E[maxi(Qi)] ≥ E[maxi(xi)] (A4)

In the above formula, max represents the maximum function, and maxi(xi) signi-
fies taking the maximum value over the entire set of xi. For the observed action value:
x(a1), x(a2), . . . , x(an), the motion value estimate with noise is obtained by DQN: Q(s1, a1; W),
Q(s2, a2; W), . . . , Q(sn, an; W). We assume that it is an unbiased estimate:

meanax(a) = meanaQ(s, a; W) (A5)
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the following overestimation problem will arise:

q = max
a

Q(s, a; W) ≥ max
a

x(a) (A6)

Therefore, the TD update method will cause overestimation of the target value and
introduce errors.

Appendix A.2. Bootstrapping

Suppose that the DQN algorithm has overestimated the action value, then the action
value of t + 1 moment is overestimated as:

Q(st+1, a; W) (A7)

then the optimal action value at time t + 1 is further overestimated:

qt+1 = max
a

Q(st+1, a; W) (A8)

When the optimal action value at time t + 1 is used to update the Q network, the
overestimation of DQN is further aggravated.
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Abstract: Procedural Content Generation for video games (PCG) is widely used by today’s video
game industry to create huge open worlds or enhance replayability. However, there is little scientific
evidence that these systems produce high-quality content. In this document, we evaluate three
open-source automated level generators for Super Mario Bros in addition to the original levels used
for training. These are based on Genetic Algorithms, Generative Adversarial Networks, and Markov
Chains. The evaluation was performed through an Expressive Range Analysis (ERA) on 200 levels
with nine metrics. The results show how analyzing the algorithms’ expressive range can help us
evaluate the generators as a preliminary measure to study whether they respond to users’ needs.
This method allows us to recognize potential problems early in the content generation process, in
addition to taking action to guarantee quality content when a generator is used.

Keywords: Procedural Content Generation; evaluation methods; Expressive Range Analysis; plat-
former; videogames

1. Introduction

Research on Procedural Content Generation for video games consists of studying
procedural generation methods that allow the creation of levels for video games automat-
ically through computational algorithms [1]. Currently, these computational algorithms
can potentially save money [2], time, and effort in various areas, such as engineering [1],
music [3], and art [4]. The total person-hours needed to complete certain activities can be
reduced because these AI-driven systems imitate human action to some degree and deliver
results as good as those that a game designer could create [5].

Thanks to PCG, companies have adapted their workflows to be more competitive and
achieve better results. There are even situations where artists have begun to be replaced by
these intelligent systems to create games more quickly and economically while maintaining
quality [6]. Nowadays, companies not only settle for the initial release but also add new
content to keep their audience captive. We know this strategy as “Downloadable Content”
(DLC) [7], where companies offer additional content that is sold separately, allowing them
to generate greater profits. PCG can be a powerful tool for creating DLCs and, thus, offering
better services to users.

In this article, we carry out a study of the expressiveness of open-source automatic
level generators for Super Mario Bros (SMB). These are

1. A Multi-Population Genetic Algorithm [8].
2. A Deep Convolutional Generative Adversarial Network (DCGAN) and Covariance

Matrix Adaptation Strategy (CMA-ES) [9].
3. Markov Chains (MCs) (https://github.com/hansschaa/MarkovChains_SMB (accessed

on 13 June 2024)).
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This article’s main contribution is comparing three generative spaces using Expres-
sive Range Analysis (ERA) [10]. Two of the three evaluated implementations are peer-
reviewed [8,9], the third is our implementation of Markov Chains, and finally, these are
contrasted with the SMB levels used as training data. The levels were analyzed with nine
metrics through heat charts and box/whisker graphs. As seen in Figure 1, we used the tiles
from the video game Super Tux [11] throughout this article because of its GPL license.

Figure 1. Level 1-1 of Super Mario Bros.

To carry out this study, 200 boards were generated with each generator, and then, for
each level, the nine metrics were calculated. Finally, these values are graphed to perform
a comparative analysis between generators. The results show that GA and MC have
a noticeably wider expressive range than GAN. GA benefits from its exploitation and
exploration capacity to find diverse levels, and MC, through the training data, creates levels
similar to those that a human can design.

This document is structured as follows: Section 2 briefly presents the technique’s state
of the art. Then, in Section 3, the implemented algorithms are reported. In Section 4, the
experiments carried out and results obtained are presented, and finally, Sections 5 and 6
show the discussion and conclusions, respectively.

2. Background

Creating PCG systems can be an arduous and challenging task; the literature specifies
five characteristics that these should exhibit [1]. These are the following:

• Speed: How fast can the generator deliver the content [12]? This metric measures the
time that PCG systems take to generate content. We can categorize these as methods
online (the video game has a game loop that allows the generator to create the content
at runtime) or offline (the video game does not allow the generator to create the content
at runtime), so it must be executed outside of the user experience.

• Reliability: How faithful is the generator to the configuration imposed on it [13]?
Sometimes, we need some features to be strictly adhered to. The generator should
only produce content that satisfies the previously configured constraints for games to
be solvable.

• Controllability: Does the generator allow designers to customize the required con-
tent [13]? A highly controllable system will allow greater flexibility and freedom for
the designers or engineers using the generator.

• Expressiveness and diversity: Does the expressiveness of the generator allow for
the generation of diverse and interesting content [14]? PCG systems are required to
give rise to content valued by the audience. For example, one could have an Age of
Empires map generator, but if they present the same biomes with different dimensions,
it could bore the player.

• Creativity and credibility: In some cases, it is useful to know that the generator
produces content similar to that of humans [15].

Creating a quality generator is not easy, and evaluating it is much less so. People are
different in different aspects, be they those of psychology, motor skills, ability, or what
amuses them. We relate many of these metrics to a subjective factor where the audience is
widely diverse, and we, as researchers and developers, must learn to read that to create ad
hoc content for each of them. We can broadly divide evaluation methods into the following
four groups:

1. Static functions: Static functions are widely used in search-based PCG to guide
the search toward quality content. Three types of functions can be observed: direct,
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simulation-based, and interactive functions [1]. Some examples could be the number
of pushes needed to solve a Sokoban board [5] or the location of resources on a map
for strategy video games [16].

2. Expressive Range Analysis: The analysis of the algorithms that generate content is
quite useful since it allows us to have an early view of the behavior of a generator [10].
However, these methods should never replace the evaluations the target audience can
make. Researchers often use heatmaps to position the generated content based on
two variables: linearity and lenience.

3. User testing: These methods are often expensive and time-consuming. Although they
provide first-hand information, they are methods that require many resources to carry
them out. Among these, we can find playtesting, Turing tests, Likert surveys, and
post-interviews, among others [2].

4. Bots: With advances in machine learning and reinforcement learning, creating bots
that allow levels to be evaluated automatically has been made possible. This allows
evaluation of the content as if a person were playing the experience [17]. For example,
bots have been trained with Reinforcement Learning (RL) to play PCG levels of Super
Mario Bros while simulating the actions of a human and, thus, evaluating their
playability [18].

2.1. PCG for Super Mario Bros

Super Mario Bros (SMB) is a widely known platformer video game. Its origin dates
back to 1985 in Japan, when it was distributed for the Famicon [19]. Its popularity, simplicity,
and documentation, among others, make it an attractive study subject. Below are some key
events in the study of SMB.

The generation of SMB levels began with the general study of platformer games [20].
The authors created categories of tile patterns: basic patterns (patterns without repetition),
complex patterns (repetition of the same component but with certain changed settings, such
as a sequence of platforms with holes of increasing length), compound patterns (alternating
between two types of basic patterns), and composite patterns (two components are placed
close together in such a way that they require a different type of action or a coordinated
action, which would not be necessary for each one individually). Then, they establish a link
between the game rhythm that they want to deliver and the music inspired by previous
research [21]. They report that although relating music to the design of platformer levels
seems somewhat discordant, this depends greatly on the rhythm. When the user must
jump over obstacles, they must follow a game rhythm. The design applied to video games
of this genre creates a rhythmic sequence based on the placement of enemies and obstacles.
These were the bases for several later studies that referred to how to evaluate platformer
levels. For example, regarding difficulty, the authors of [22] proposed a metric based on the
probability of loss that the player has. For this, they created five types of scenarios where
each event (jumping, climbing stairs, dodging bullets) had an associated probability of loss.
In the same research on measuring difficulty, evolutionary preference was also used in
learning via a simple neural network to assess fun, frustration, and challenge levels [23]. In
2009, the Mario AI Competition began, aiming to create bots to play SMB levels. These have
allowed the levels to be evaluated according to their playability, expanding the possible
analyses of SMB levels.

2.1.1. PCG Algorithms

Various algorithms have been used to generate SMB levels. With the rise of long
short-term memory (LSTM) networks, such algorithms have created playable SMB levels
similar to those that a human would build by introducing information about the agent’s
routes to solve them [24]. Large Language Models (LLMs) have also been used to create
levels through different prompts, achieving excellent results [25]; the authors implemented
an adjusted GPT2 Large-Scale Language Model, and 88% of the levels were playable. It has
also been proven that these architectures can give rise to highly structured content, such
as Sokoban levels; the results improve considerably according to the amount of training
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data provided [26]. The popularity of LLMs is such that a large number of studies showing
their potential in video games have been published [27–29]. In the same line as the use of
ML, through reinforcement learning, agents capable of designing SMB levels have been
created, and then a neural-network-assisted evolutionary algorithm repairs them. The
authors assert that their proposed framework can generate infinite playable SMB levels
with different degrees of fun and playability [30]. Unlike these black-box models, other
level generation systems have also been proposed, such as constructive algorithms [31–33]
and search-based algorithms [34–36].

In addition to the aforementioned methods, Markov Chains have been a popular
approach for content generation [37]. These are known as a particular example of a Dynamic
Bayesian Network (DBN) [38]; they map states through probabilities of transitioning
between them. Related to the procedural generation of SMB levels, several works that
generally use human-created levels to sample new columns of tiles based on the probability
at which they appear can be found [39–41]. Given the stochastic nature of the Markov
Chain, there may be a problem in that some levels that are created cannot be playable,
which is why hybrid strategies that incorporate search algorithms to join segments of levels
have been studied [42].

2.1.2. Expressive Range Analysis

Analyzing the expressive range of algorithms as an early quality assessment measure
has been one of the most popular strategies within the scientific community for PCG. The
steps of performing an ERA are the following [10]:

1. Determining the metrics: The set of metrics to be evaluated must be chosen; they
ideally emerge from the generator’s point of view since we can control these variables.

2. Generating the content: A representative sample of the generator’s ability to calculate
the previously defined metrics is created.

3. Visualizing the generative space: The scores reflect the expressive range of the genera-
tor. This can be displayed through heatmaps or histograms to find patterns or gaps.

4. Analyzing the impacts of the parameters: Comparisons can now be made by modify-
ing the generator variables and determining their expressiveness.

To carry out an Expressive Range Analysis, most studies select the variables by
intuition or simply try to use free-for-all heat graphics. To achieve a greater knowledge of
the PCG system implemented, methods to study the characteristics that have the greatest
impact on the video game have been created; thus, they are selected in such a way as to
carry out the analysis with a much more representative set of the level qualities desired
to be evaluated [43]. Graphically, heatmaps and box/whisker graphs have been used
to statistically study generative power when creating SMB levels [44]. In another case,
categorizations have been proposed for metrics and neural networks to estimate how good
the aesthetics are or how complicated a game level is [45].

3. PCG Algorithms Evaluated

3.1. Multi-Population Genetic Algorithm

This is a multi-population genetic algorithm for the procedural generation of SMB
levels. The central idea of this algorithm is to evolve terrain, enemies, coins, and blocks in-
dependently. Each of these has its own coding and fitness function. When the evolutionary
algorithm finishes the specified generations, the best individuals from each population are
chosen to build a level. By combining each population to create the level, the algorithm
makes sure to position each element in the correct place. For example, enemies are placed
on the highest floor tile in each column, and coins are placed at a height defined by the
genotype, as are blocks.

3.1.1. Representation

Each of the individuals is encoded as a vector of integers; thus, the level will be
represented by the union of these four vectors. Each one follows the following logic:
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• Floor: The vector for the floor is a vector of the length of the level, where each element
takes values between 0 and 15. Each position shows the place on the x-axis where the
floor tile will go.

• Blocks: The blocks follow a structure similar to that of the vector for the ground.
The difference is that each element takes values between 0 and 4 to show the type of
block (improvement, coin, solid, destructible). These are placed four spaces above the
highest floor tile, so only one block can be placed per column.

• Enemies: The vector of enemies has the same definition as the vector of blocks, except
that they are located immediately after the ground. Each of its elements can take
values between 0 and 3 because of the three types of enemies.

• Coins: The vector of coins works the same as that of the ground, where each value
shows the height at which they are located.

3.1.2. Fitness Function

The fitness function is the same for everything except the floor. It evaluates this under
the concept of entropy [46]. This allows the measurement of the unpredictability of an
event, and here, it is used to calculate the unpredictability of the ground. The entropy
function is applied to parts of the floor. This decision was made to avoid having a straight
floor shape (minimum entropy) or a very stepped one (maximum entropy).

The other level elements use the concept of “dispersion” [47]. Its definition contem-
plates giving a high dispersion to sets of elements with a high average distance. The goal
of the algorithm is to minimize dispersion.

3.2. Deep Convolutional Generative Adversarial Network

GANs are novel neural models capable of delivering interesting content by making
use of the corpus of levels stored in the Video Game Level Corpus (VGLC) (https://github.
com/TheVGLC/TheVGLC (accessed on 13 June 2024)) to create SMB levels. Although
the created GAN produces good content, it can be improved through a Covariance Matrix
Adaptation Strategy (CMA-ES) so that, through different aptitude functions, it is possible
to discover levels in the latent space that maximize the desired properties.

3.2.1. Process

The applied approach is divided into two phases: the first is the training of the GAN
with an SMB level. This is encoded as a multidimensional matrix; there is also a generator
that operates on a Gaussian noise vector using this same representation and is trained to
create SMB levels. Then, the discriminator is used to discern between the existing and
generated levels. When this process is completed, we can understand the GAN as a system
that maps from genotype to phenotype, takes a latent vector as an input variable, and
generates a tile-level description of SMB. The CMA-ES is then used to search through the
latent space for levels with different properties [9].

3.2.2. Training

The algorithm that trains the GAN is called Wasserstein GAN (WGAN) and follows
the original DCGAN architecture. It also uses batch normalization in the generator and
discriminator after each layer. Unlike the original architecture [48], the study’s implemen-
tation uses ReLU activation functions in all generator layers, including the output, since
this produces better results.

In this phase, each tile is represented by an integer extended to a one-hot encoding
vector. So, the inputs for the discriminator are 10 channels of 32 × 32. For example, in the
first channel, if there is a floor, they mark it with 1 and the voids with 0. The dimension
of the latent vector input to the generator is 32. When running the evolution, the final
dimensional output of 10 × 32 × 32 is cut to 10 × 20 × 14, and each vector in each tile is
transformed into an integer using the ArgMax function.
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3.3. Markov Chains

For this work, an algorithm that implements Markov Chains was programmed to
create an SMB level. As in the previous section, we also used the VGLC. The pseudocode
in Algorithm 1 shows the procedure for generating an SMB level with a length of 100. We
describe it in more detail below.

1. ExtractColumns: We extract columns from the VGLC levels and add them to a vector.
2. RemoveDuplicates: The repeated columns are removed. This is essential since the

transition matrix will then be calculated with the remaining states.
3. GetTransitionMtx: The transition matrix is a matrix or data structure that has, for

each column, the columns that are successors, along with the frequency with which
the element in question precedes them.

4. AppendNewColumn: This function finds the next column based on the transition
matrix and adds it to the level structure.

5. Level construction: Once the columns that will form the level have been specified,
the level can be built and exported to the required format.

Algorithm 1 MC SMB generation pseudocode.

1: levelColumns ← ExtractColumns (file)
2: levelColumns ← RemoveDuplicates (levelColumns)
3: TransitionMatrix ← GetTransitionMtx (levelColumns)
4: seqLength ← int 100
5: for i ← 1 seqLength n do
6: sequence.AppendNewColumn()
7: end for

3.4. Metric Computation

Once the generators were running, software was programmed in Java 17.0.11 to extract
the metrics of each level and, thus, be able to perform the ERA. This is public and stored
on GitHub (https://github.com/hansschaa/SBM-Expressive-Range-Study (accessed on 13
June 2024)). As seen in Table 1, there are 9 metrics related to the difficulty and level structure.

Table 1. Metrics evaluated for each SMB level.

Metric Description

Empty Spaces Percentage of empty spaces.

Negative Spaces Percentage of spaces that are reachable by Mario.

Interesting elements Percentage of elements that are not floor or empty places.

Significant Jumps Number of jumps needed to complete the level, calculated as the
numbers of jumps over holes and enemies.

Lenience This calculation considers the number of enemies and power-ups in
the level as a measure of the associated difficulty. Here, we calculated
it as the number of enemies multiplied by a factor related to the
difficulty of killing those enemies minus the number of power-ups.

Linearity Linearity of the game level. A completely linear stage means a flat
level. This was calculated as the sum of differences between each
pair of columns divided by the number of columns.

Enemy Compression (EC) For a margin “m”, we calculate how many enemies surround others
within a distance “m”, giving rise to a compression measurement.
High compression means that there are many groups of enemies.

Density Quantity of floor tiles mounted on top of others of the same type.

Enemy count Number of enemies.
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The metrics were calculated so that a high value indicates a high presence. For
example, a linearity of 1 indicates that the level is very linear.

4. Experiments and Results

We generated 200 boards of 100 tiles for each of the generators to have a large amount
of information and, thus, capture their true generative nature (Table 2 shows the symbology
used). Then, the levels were imported into the software to calculate their metrics. We
normalized these values, considering the maximum and minimum of all resulting values
as the upper and lower thresholds, respectively. Finally, to create the charts, we divided
them into four files (three for each generator and the original levels) and imported them
into a Jupyter notebook (https://github.com/hansschaa/SMB-ERA-Graphs (accessed on
13 June 2024)) to create the heatmaps and box/whisker graphs. Finally, the graphs were
analyzed, and we describe each one and compare them.

Table 2. Symbols used for SMB level encoding.

Character Type

X Ground and power-up blocks.
- Empty space.
B Block in the air.
P Power-up.
E Enemy.
S Enemy Spiny or plant.
C Coins.

Regarding the format of the levels, the generator based on GA [9] considers a subgroup
of the tiles used for the training of the GAN and MC algorithms. We were forced to simplify
some game tiles to just one character. For example, ‘Q’ and ‘S’ (blocks that Mario can break
and an empty question block) from a study that implemented a GAN [9] were now blocks
represented only by the character ‘B’ (block). Likewise, the shapes of the bottom of the
pipes are represented only by ‘X’ (floor) and not with [, ], <, >. This logic allows us to unify
metrics and make the logical representation of each PCG algorithm comparable.

We also include the original levels used in the MC generator ( https://github.com/
TheVGLC/TheVGLC/tree/master/Super%20Mario%20Bros/Original (accessed on 13 June
2024)) for an additional point of comparison and analysis. Some final results can be seen in
Figure 2. The hyperparameters of the algorithms were extracted from each of the articles [8,9].
Tables 3 and 4 show the hyperparameters for the GA and the GAN, respectively, and the
MC-based algorithm only has one hyperparameter called n-level, which is 2.

Table 3. Hyperparameters for the Genetic Algorithm.

Hyperparameter Value

Population size 250
Chromosome size 100
Mutation probability 0.3
Crossover probability 0.9
Elite size 1
Tournament size 2
Stop criteria 50 gen
Ground entropy 0
Blocks’ desired sparseness 1
Enemies’ desired sparseness 0.5
Coins’ desired sparseness 0.5
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Table 4. Hyperparameters for the Generative Adversarial Network.

Hyperparameters Value

Optimizer RMSprop
Batch size 32
Learning rate 0.00005
Epochs 5000

(a)

(b)

(c)

Figure 2. Examples of the levels generated by each generator. Most levels present similarities, for
example, in the absence of structures in the GAN generator or the lack of structural verticality in the
GA generator. (a) Level generated by the GA generator. (b) Level generated by the GAN generator.
(c) Level generated by the MC generator.

Expressive Range

Heatmaps and box/whisker graphs were created to perform a visual reading of the
generators. One of the most commonly studied concepts in the generation of video game
levels is difficulty. To do this, in Figure 3b, one can see the heatmaps for the three generators
and the SMB levels. The GAN produces mostly linear and less diverse levels, while the GA
and MC produce semi-linear levels. Regarding lenience, the GAN does not create highly
difficult levels in comparison with the GA, which, through the evolutionary method, can
build challenging scenarios. The original SMB levels cover a larger area of the generative
space with respect to these two metrics; this is very different from the behavior of the
other generators, whose respective distributions have a lower variance. Visually, the GAN
generator is the most dissimilar. These levels created through Genetic Algorithms and
Markov Chains are those that come closest to the characteristics of the original levels.
However, a more in-depth analysis must be performed to accurately make this conclusion.
Figure 3b,c is also intended to show the degree of difficulty in the generated content.
Having enemies too close together can make it difficult to solve the level since the player
has a limited jumping height, and rows of enemies can kill them. In this, one can see that
the MC generates various configurations on the Y axis, obtaining a wide expressive range
regarding the compression of enemies. The GAN obtains poor performance, while the GA
concentrates all of the values, giving rise to a low diversity of enemy distribution.
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(a) (b) (c)

(d) (e)

Figure 3. Expressive range of each generator. Each pair of variables was selected to study relevant
characteristics. Density, linearity, and negative space represent the complexity of the level’s navi-
gation; the lenience, average enemy compression, and enemy count variables refer to the degrees
of challenge, and finally, interesting elements correspond to the number of interactive elements
(power-ups, coins, enemies) in the level. (a) Density vs. linearity. Dense levels with a high linearity
can be boring to play. (b) Lenience vs. linearity. Lenience and linearity can help us estimate a level’s
hardness. (c) Average EC vs. enemy count. Various enemies can lead to very challenging levels. (d)
Interesting elements vs. negative space. Much negative space without interesting elements can result
in repetitive structures and is far from being a challenge. (e) Empty spaces vs. significant jumps.
A high number of free spaces can result in more complex situations than those that allow greater
navigation of the stage without too many jumps.

The heatmaps in Figure 3a,d are related to the levels’ design in appearance and
navigation. Figure 3a shows how the GA and MC generators obtain a similar linearity. The
GA and MC differ mainly in how the floor tiles are stacked, resulting in denser levels for the
GA generator than for the MC. Regarding the GAN, the levels are highly linear with a low
density, which results in SMB levels with a low number of columns and complex ground
structures. Again, the SMB levels have a wide distribution, as seen on the Y axis, where
the density displayed runs along the entire axis. Additionally, the heatmap in Figure 3d
shows a limited number of interesting elements with the GA, which produces the greatest
number of elements other than soil, but with a low variance in comparison with the MC
generator. In this case, there is a similarity in behavior between the original SMB levels and
the GAN and MC generators. Still, the MC generator exhibits greater monotony between
this pair of variables, covering a larger area of the generative space where its projection is
almost linear. Last, Figure 3e shows again how the SMB levels cover a much more uniform
space than that of the other generators. This characteristic is desired since a high diversity
is needed due to the expressiveness of the algorithms. The three generators distribute their
data in a similar way, where the greatest variation with respect to the calculated metrics is
given by the MC generator. Curiously, these levels escape the expressive range that the
original levels have, since, despite their having been provided as training data, the Markov
Chains manage to generate content that has not been seen with respect to the evaluated
metrics. This may be caused by the number of columns that the MC considers to create the
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transition matrix, causing the patterns to be examined locally and not globally, as in the
GA and the GAN.

To analyze the generated levels further, we constructed four figures with three box/whisker
graphs with normalized data to observe the differences among the generators. The vari-
ables studied were the average enemy compression, enemy count, linearity, and lenience.
Figure 4d shows how the median of the GA generator is very different from that of the
GAN and MC, supporting the idea that this generator creates complex levels concerning
difficulty, that is, with high numbers of holes and enemies. This fact is also supported by
Figure 4a,b, where it can be seen that the GA obtains levels with many enemies and a high
average compression thereof. Figure 4a,c show that the MC generator has a high expressive
range when compared to the other generators in terms of linearity and enemy compression,
producing diverse levels in terms of structure and difficulty. The data shown by the MC
generator are very similar to the original levels, except for Figure 4d, where these seem
more challenging.

(a) (b)

(c) (d)

Figure 4. Boxplots for each generator to compare a single variable of interest. Each of these allows us to
observe the dispersion of the data achieved by each generator. The description of each of the variables is
found in Table 1. (a) Average enemy compression. (b) Enemy count. (c) Linearity. (d) Lenience.

5. Discussion

The evaluated generators are different in their approaches, each with its own advan-
tages and disadvantages depending on the implementation. For instance, training data
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can be fed to machine learning algorithms such as a GAN, and the results depend on the
quality of this phase. However, they are fast methods capable of execution at runtime. As
can be seen in Figure 5, the GAN sometimes produced incoherent content, which would
detract from the user experience. This can be fixed through some constructive algorithms
or other generative approaches that consider constraints that make the generated content
playable [49].

Figure 5. Incoherent results by the GAN generator.

As observed, the MC generator exhibited a wide expressive range in several metrics.
This is the one that distributed the evaluated metrics most uniformly within the plot, the
other generators showed a reduced generative space that was concentrated in a small range
of values, which did not provide much diversity in the final content. GAs are recognized
for being highly configurable, debuggable, and controllable, making them one of the most
favored methods for generating content. However, while effective, GAs are slow and tend
to fall into local optima easily. To address this, the Quality Diversity algorithms [14] aim to
deliver a diverse and high-quality set of individuals as a product.

Conducting an ERA early on can help discern whether to use one method over
another depending on the practitioner’s needs. It is not costly and does not require an
extensive programming period for calculating metrics and constructing graphs. However,
the question of whether there are heuristics that can bring us closer to human thinking
remains. These metrics cannot replace user testing but serve as an initial probe in analyzing
procedural content generators for video games.

6. Conclusions

This paper evaluates three automatic level generators for Super Mario Bros and their
training data. These are based on Genetic Algorithms, Generative Adversarial Networks,
and Markov Chains. We tested 200 levels and 9 metrics, performing an evaluation through
an Expressive Range Analysis.

Expressive Range Analysis is useful for the early evaluation stages, as heatmaps
allow us to clearly visualize how algorithms exhibit uncertain desired characteristics.
We observed how genetic algorithms show a wide expressive range despite their early
convergence. The presented example uses four different populations, allowing high locality
in the search space and generating diverse content. Markov Chains are efficient due to their
simplicity and the speed with which they are executed. It is important to have a large corpus
of levels to guarantee greater diversity in the results. However, like ML methods, they are
complicated to control. GANs produced good content but were sometimes incoherent, not
very diverse, and had a limited expressive range.

In future work, it is necessary to include more generators. There is a research gap
regarding evaluating machine-learning-based generators for platform levels. It is necessary
to include an evaluation of agents to gain more information about the levels, such as their
playability and navigation. Although some levels were played, an automatic method is
required to obtain metrics regarding the agent and how it overcomes the game level. It is
also interesting to investigate the correlations between the metrics studied and humans’
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perception, to change them, or to pay attention to those relevant to the study [43]. Also, it
would be very useful to carry out a study of the search space that each generator reaches to
obtain better-founded conclusions about its generative power.
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Abbreviations

The following abbreviations are used in this manuscript:

PCG Procedural Content Generation
ERA Expressive Range Analysis
DLC Downloadable Content
SMB Super Mario Bros
DCGAN Deep Convolutional Generative Adversarial Network
MC Markov Chain
RL Reinforcement Learning
LSTM Long Short-Term Memory
VGLC Video Game Level Corpus
CMA-ES Covariance Matrix Adaptation Strategy
WGAN Wasserstein GAN
ReLU Rectified Linear Unit
DBN Dynamic Bayesian Network
LLM Large Language Model
EC Enemy Compression
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Abstract: Amazons is a computerized board game with complex positions that are highly challenging
for humans. In this paper, we propose an efficient optimization of the Monte Carlo tree search
(MCTS) algorithm for Amazons, fusing the ‘Move Groups’ strategy and the ‘Parallel Evaluation’
optimization strategy (MG-PEO). Specifically, we explain the high efficiency of the Move Groups
strategy by defining a new criterion: the winning convergence distance. We also highlight the
strategy’s potential issue of falling into a local optimum and propose that the Parallel Evaluation
mechanism can compensate for this shortcoming. Moreover, We conducted rigorous performance
analysis and experiments. Performance analysis results indicate that the MCTS algorithm with
the Move Groups strategy can improve the playing ability of the Amazons game by 20–30 times
compared to the traditional MCTS algorithm. The Parallel Evaluation optimization further enhances
the playing ability of the Amazons game by 2–3 times. Experimental results show that the MCTS
algorithm with the MG-PEO strategy achieves a 23% higher game-winning rate on average compared
to the traditional MCTS algorithm. Additionally, the MG-PEO Amazons program proposed in this
paper won first prize in the Amazons Competition at the 2023 China Collegiate Computer Games
Championship & National Computer Games Tournament.

Keywords: Amazons; algorithm optimization; Move Groups; Parallel Evaluation

1. Introduction

Amazons is a two-player board game that was introduced by Walter Zamkauskas
of Argentina in 1988 [1,2]. It is the designated game for the Olympia computer game
programming competition. Due to its complex gameplay, Amazons is very challenging for
humans [3], making it a popular subject for computer game competitions and research. The
game rules are as follows: The game is played on a 10 × 10 square board. Each player con-
trols four identical pieces called “Amazons”. These pieces and arrows follow the same rules
as a queen in chess: They can move any number of squares in any direction—horizontal,
vertical, or diagonal—but cannot jump over other pieces or arrows. The objective is to
restrict the opponent’s movement by shooting arrows until none of the opponent’s four
pieces can move. If, on a player’s turn, all four of their pieces are immobilized, that player
loses, and the other player wins. Notably, there are no ties in Amazons.

The main challenge of the Amazons game lies in its complexity: Each move offers a vast
number of possible choices, typically more than 500 [4,5], and the game can extend for over
80 moves [6,7]. This high level of complexity makes Amazons an excellent experimental
sample for testing search strategy algorithms [8,9]. Since its invention, it has garnered
significant attention from computer scientists [10] and computer science students [11].

The Monte Carlo method [12] is a computational technique that produces numerical
results through repeated random sampling. When integrated with tree search algorithms
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and suitable evaluation functions, the Monte Carlo tree search (MCTS) algorithm has
yielded impressive results in board games with a high-branching factor (such as Go) [13–15],
and in real-time strategy games (such as StarCraft [16]). For instance, in 2016, DeepMind’s
AlphaGo program [17] defeated the Korean world champion of Go, Lee Sedol, with a score
of 4:1. In 2018, OpenAI’s OpenAI Five program [18] defeated the world champion team in
Dota 2 with an overwhelming advantage; both accomplishments are based on the Monte
Carlo tree search algorithm.

The ‘Move Groups-Parallel Evaluation’ optimization strategy (MG-PEO) accommo-
dates the rules of the Amazons board game by subdividing a complete move into two
parts: Amazon Movement and Arrow Shot. Both Amazon Movement and Arrow Shot
are treated as tree nodes, rather than considering a complete move as a single tree node.
This approach is known as the Move Groups strategy in the literature [19]. While this
strategy has been applied to the Amazons game [20], it still lacks an objective analysis of
its effectiveness. Moreover, there is a widespread belief that this method only possesses
advantages without any drawbacks. In this paper, we explain the high efficiency of the
Move Groups strategy in Amazons by defining a new criterion: the winning convergence
distance. We also identify certain shortcomings of this strategy. To address these, we
propose using a Parallel Evaluation mechanism to compensate for the limitations of the
Move Groups strategy. Our experimental results demonstrate that MG-PEO is an effective
fusion optimization strategy.

The main contributions of this paper are as follows:

• We propose an effective optimization of the Monte Carlo tree search algorithm for
the Amazons game: the MG-PEO algorithm optimization, which combines the Move
Groups strategy with the Parallel Evaluation strategy.

• We provide a performance analysis of the Move Groups strategy in Amazons. By
defining a new criterion, the winning convergence distance, we explained the high
efficiency of the strategy. Moreover, we also highlight that this strategy has certain
shortcomings. The Move Groups strategy involves refining the rules of the Amazons
game and using simulations to assign corresponding value scores to additional layer
nodes. By utilizing these value scores (e.g., the Upper Confidence Bound Apply to
Tree (UCT) strategy [15]), we can achieve effective pruning to save time. However,
the addition of extra layer nodes means that more nodes need to be traversed and
evaluated in the worst-case scenario, where pruning has not occurred, potentially
leading to increased time-consuming overhead. This overhead is incurred as the
algorithm strives to find the local optimal solution.

• We propose using a Parallel Evaluation mechanism to address the potential short-
comings of the Move Groups strategy. By parallelizing the evaluation function for
the Amazons game, we aim to accelerate the expansion process of the Monte Carlo
tree search and minimize the likelihood of the Move Groups strategy falling into a
local optimum.

Additionally, we conducted rigorous performance analysis and game experiments.
The performance analysis indicates that—compared to the traditional MCTS algorithm—
the MCTS algorithm with the Move Groups strategy can enhance the playing ability
of Amazons by 20–30 times, while the Parallel Evaluation optimization component can
improve the playing ability of Amazons by 2–3 times. Experimental results demonstrate
that—compared to the traditional MCTS algorithm—the MCTS algorithm with the MG-
PEO strategy achieves an average 23% increase in the game-winning rate and exhibits
stronger playing ability.

The remainder of this paper is structured as follows: In Section 2, we present pre-
liminary information about the Amazons game and discuss its relevance to the MCTS
algorithm. In Section 3, we provide a detailed description of the MCTS algorithm with the
MG-PEO strategy. In Section 4, we offer performance analyses of the Move Groups strategy
and Parallel Evaluation strategy, respectively. Section 5 outlines a series of experiments
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conducted to verify the efficiency of the MCTS algorithm with the MG-PEO strategy. Finally,
conclusions and avenues for future research are summarized in Section 6.

2. Related Work

In this section, we provide an overview of the relevant research that forms the basis of
our work. Specifically, we will discuss three key modules in the literature that are relevant
to Amazons: historical research on Amazons algorithms, the application of the MCTS
algorithm to Amazons, and knowledge about game situation evaluation.

2.1. Amazons Playing Algorithm

The Amazons game has undergone extensive study; its algorithm development can be
roughly categorized into three stages. Initially, traditional methods rooted in mathematical
theory, such as the minimax search algorithm [21], dominated the field. The second phase
saw the emergence of Monte Carlo algorithms, including various variants of the Monte
Carlo tree search [19,20,22–24]. In the third stage, deep learning techniques leveraging
Amazons game databases came to the forefront [25,26]. Notably, the most representative
Amazons program, Invader [27–29], relies on MCTS for prospective exploration, supple-
mented by neural network training on chess databases, resulting in formidable playing
ability in the Amazons game. It can be said that further optimization of Monte Carlo
algorithms remains crucial for advancing research on Amazons.

2.2. Monte Carlo Tree Search Algorithm

The development of the Monte Carlo tree search algorithm in Amazons can be roughly
divided into two lines of research: algorithm optimization in terms of tree search and
algorithm optimization in terms of evaluation functions. In terms of tree search algorithm
optimization, researchers have worked on improving search algorithms to improve the
performance of Amazons. For example, Guo et al. divided the game into early, middle,
and late stages, employing different strategies in each stage [30]. Li et al. applied the UCT
algorithm to Amazons [31]; Quan et al. demonstrated the superiority of the UCT algorithm
in Amazons [32]. On the other hand, optimizing the evaluation function is also one of the
focuses of the research. By optimizing the evaluation function, the current game can be
evaluated more accurately and the search algorithm can be guided to make more informed
decisions. Lieberum et al. dedicate their research to this aspect [33,34], focusing mainly
on improving hyperparameter tuning and designing new evaluation functions. Overall,
the Monte Carlo tree search algorithm cannot be improved without any one aspect, and in
this paper, our proposed fusion of the Move Groups strategy and the Parallel Evaluation
strategy represents a comprehensive consideration of the two historical research focuses.
This fusion of the Monte Carlo tree search algorithm is cutting-edge and effective.

2.3. Evaluation Function

At present, almost all search algorithms are faced with a problem: situation evaluation.
Good situation evaluation is very important in the Amazons game and can even determine
the quality of the game program [33].

Similar to many board games, Amazons can be roughly divided into three stages:
opening, middle, and ending, with distinct strategies for each stage. The main indicators
of the Amazons evaluation function include territory, position, and mobility, and the
importance of these three characteristics varies across different stages. Based on these ideas,
Guo et al. [30] proposed a phased evaluation function, as shown in Equation (1):

Value = k1 ∗ t1 + k2 ∗ t2 + k3 ∗ p1 + k4 ∗ p2 + k5 ∗ mobility (1)

where t1 and t2 are territory metric values, which, respectively, represent the evaluation of
each side’s control over space, based on the QueenMove Method and KingMove Method.
p1 and p2 are position metric values, reflecting the strategic position of each side’s pieces,
also based on the QueenMove and KingMove Methods relative to the space. mobility
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is the flexibility evaluation value of both Amazon pieces. k1, k2, k3, k4, and k5 are the
corresponding weight values. How these values are calculated is described below.

According to the literature [2], calculating territory and position values involves two
types of methods: QueenMove and KingMove. QueenMove means that a move can be
made as long as there are no obstacles to be crossed in any of the eight directions (the
obstacles include pieces and arrows), while KingMove means that the distance of a single
move is one, i.e., only one move can be made to a neighboring square. The QueenMove
value represents the minimum number of moves a player’s four pieces need to reach a given
space (i.e., no pieces or arrows); the KingMove value represents the minimum number of
moves a player’s four pieces need to make to reach a given space. As shown in Figure 1 on
the left side, value 2 in the upper-left corner of the upper-left (A, 1) square indicates that the
white piece needs at least two moves to reach this space via the QueenMove method, and
value 4 in the lower-right corner indicates that the black piece needs four moves. Similarly,
values 2 and 7 in the same square in Figure 1 on the right side indicate the situation when
the KingMove method is used.

Figure 1. Calculation results of the QueenMove and KingMove methods. The left is the result of the
KingMove calculation, and the right is the result of the QueenMove calculation.

Accordingly, we can use the following calculation formula for all the indicators:
t1 represents the difference in the control of the territory using the QueenMove method.

t2 represents the difference in the control of the territory using the KingMove method.
As shown in Equations (2) and (3):

ti = ∑ ν(Bi, Wi) (2)

ν(Bi, Wi) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, Bi(A) = Wi(A) = ∞
k, Bi(A) = Wi(A) �= ∞
1, Bi(A) < Wi(A)

−1, Bi(A) > Wi(A)

(3)

where B represents black pieces, W represents white pieces, with the subscript 1 indicating
the QueenMove method and 2 indicating the KingMove method. A represents empty
squares. k represents the preponderance of the leading square, and the value range is
greater than −1 and less than 1. When the player with the first move is white, k is greater
than 0, otherwise, it is less than 0.

p1 represents the positions of the two pieces on control space A using the Queen-
Move method. p2 represents the positions of the two pieces on control space A using the
KingMove method. As shown in Equations (4) and (5):
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p1 = 2Σ
(

2−B1(A) − 2−W1(A)
)

(4)

p2 = ∑
A

min(1, max(−1, B2(A)− W2(A)/6)) (5)

mobility means the flexibility of the pieces. As shown in Equations (6) and (7):

mobility = ∑
w∈white piece

F(w)− ∑
b∈black piece

F(b) (6)

F(a) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
surrounding spaces, a is the space
0, a is the obstacle

∑s⊂Sa

Fspace(s)
D(a, s)

, a is an Amazon piece

(7)

where F denotes flexibility, Sa denotes the set of spaces that can be reached by a piece using
the QueenMove method, and D(a, s) is the minimum number of moves by a to s using the
KingMove method.

We retained the hyper-parameterization settings according to the literature [2]; detailed
information about each assessment indicator is shown in Table 1.

Table 1. Weight coefficient table.

Evaluation Metrics Territory Position Mobility

Evaluation Factor t1 t2 p1 p2 mobility
Weight Coefficient k1 k2 k3 k4 k5

Stages
Opening 0.14 0.37 0.13 0.13 0.20
Middle 0.30 0.25 0.20 0.20 0.05
Ending 0.80 0.10 0.05 0.05 0.00

Table 1 shows that t1 gradually increases in importance as the game progresses,
starting smaller in the opening, becoming larger in the middle, and reaching its peak
in the endgame. This is because as the game progresses, board control becomes more
crucial to victory or defeat. t2 is extremely crucial in the opening phase to ensure the
safety of neighboring regions and territorial boundaries, but its role decreases as the
game progresses, and it can be almost ignored in the endgame. It reflects the urgency of
the initial layout defense and territorial competition. p1 and p2 denote piece positions,
which mainly play roles in the opening phase when a balanced distribution of pieces is
crucial to the subsequent strategic deployment; in the endgame, the pattern of the game
has already been determined, and the distribution of pieces is no longer a key point;
mobility denotes flexibility, which is the most significant in the early stage of the game,
as blocking the pieces can be seriously disadvantageous; as the game progresses and the
initial layout is established, the distribution of pieces becomes increasingly critical. As the
game progresses and the layout is completed, the impact of piece mobility on the game’s
situation is weakened, so its weight is reduced to negligible in the middle and late game.
This reflects the need for strategic flexibility in the early stages of freedom of movement.

3. Research Methodology

In this section, we first describe the overall framework of the MCTS algorithm en-
hanced with the MG-PEO strategy. We then elaborate on the optimization details, focusing
on two aspects: Move Groups and Parallel Evaluation.
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3.1. Overall Framework of Algorithm

We propose an MG-PEO algorithm optimization strategy based on the Monte Carlo
tree search [22]. As shown in Figure 2, the optimized Monte Carlo tree search algorithm
involves iteratively constructing a search tree, creating a new tree each round until the
time constraint is reached or the game ends. At this point, the search stops and returns the
best-performing root operation (a combination of actions from certain nodes in the second
and third layers).

Specifically, the following four steps are performed for each search iteration:

(1) Selection: Starting from the root node, a certain strategy is applied to recursively
go down through the tree for expandable node selection. A node is expandable if it
represents a non-terminal state and has unvisited children.

(2) Expansion: Expand the tree by adding one (or more) child node(s), depending on the
available operations.

(3) Simulation: Run a simulation from a new node to produce results according to the
default strategy.

(4) Backpropagation: Back up the simulation results through the selected nodes to update
their statistics.

Figure 2. MCTS plus MG-PEO general framework.

As seen in Figure 2, due to the use of the Move Groups strategy, the algorithm operates
under two scenarios during the simulation phase: if the current node is an Arrow Shot
layer node, it executes Rollout and Parallel Evaluation; if the current node is an Amazon
Movement layer node, it performs Random Arrow Shot, Rollout, and Parallel Evaluation.

The pseudo-code for the overall framework is described in Algorithm 1.

Algorithm 1: General Algorithm Framework

Input: s0 (The current game State)
Output: Optimal decision
1: function MCTSSEARCH (s0)
2: create root node v0 with state s0
3: while within the computational budget do

4: v1 ← Selection (v0)
5: v2 ← Expansion (v1, s0)
6: Δ ←Simulation (v2, s0)
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7: Backup (v2,Δ)
8: return BESTCHILD(v0)

3.2. Move Groups Strategy in Algorithm

The core idea of the Move Groups strategy is as follows: according to the rules, a node
in the original search tree (Amazon Movement and Arrow Shot combined) is decomposed
into two nodes (representing Amazon Movement and Arrow Shot, respectively). By
utilizing the simulation phase of MCTS to assign value scores to an additional layer (the
newly added layer), we can achieve the goals of pruning and saving time, based on the
value scores of the extra layer (e.g., using the UCT strategy).

Specifically, when an extra layer node has not yet expanded its child nodes, its value
score is initially infinite. Therefore, each extra layer node will first expand its child nodes
once and employ a Shallow Rollout strategy to obtain an initial value score. Subsequently,
we can select the extra layer node with the highest value score for further expansion and
Rollout, until a particular extra layer node’s child nodes are fully generated and the node
is selected again. At this point, we can then derive the optimal decision from the child
nodes, which is the core of early pruning. It should be noted that due to the dynamic MCTS
backpropagation mechanism, the value scores of the extra layer nodes will dynamically
change as their child nodes expand. Therefore, early pruning may also occur at the second,
third, or other extra layer nodes. For details on the computation and updating of the value
scores, please refer to Section 3.3. Since the complete step is a combination of two steps,
namely, Amazon Movement and Arrow Shot, and the extra layer represents only one step,
the total number of nodes in the extra layer must be less than the total number of nodes,
thus enhancing the performance of early pruning in the Monte Carlo tree search algorithm.

However, the Move Groups strategy also increases the number of total tree nodes (for
a complete one-step operation) due to the introduction of the extra layer, and if all nodes
are expanded without pruning in advance, the extra overhead (expansion and evaluation)
incurred by the nodes in the extra layer will negatively affect the algorithm, which will
also lead to the fact that—in the worst-case scenario—the addition of the Move Groups
strategy to the MCTS will perform slightly worse than the MCTS algorithm without the
Move Groups policy. A complete theoretical analysis of the Move Groups policy is detailed
in Section 4.1.

3.3. Parallel Evaluation Strategy in Algorithm

The core idea of the Parallel Evaluation strategy is that the time-consuming evaluation
part of the MCTS simulation is processed in parallel optimization. It has been shown in the
literature [35] that accelerating this labor-intensive evaluation function allows the Monte
Carlo Tree Search algorithm to be iterated more frequently. This metric is very beneficial in
compensating for the fact that the Move Groups strategy might fall into a local optimum
(worst case); specifically, speeding up the evaluation function enables the Monte Carlo Tree
Search to scale as quickly as possible, minimizing the impact of the worst-case scenario
associated with the Move Groups strategy. The pseudo-code for the Parallel Evaluation
part is as shown in Algorithm 2.

Algorithm 2: SituationEvaluation

Input: s0 (The current Game State)
Output: Situation Evaluation Value
1: function SituationEvaluation(s0)
2: t1, t2, p1, p2, mobility ← ParallelEvaluationMetrics (s0)
3: Value = k1 ∗ t1 + k2 ∗ t2 + k3 ∗ p1 + k4 ∗ p2 + k5 ∗ mobility
4: return Value

Nodes undergo evaluation, and the resulting value scores guide node selection. Tradi-
tional Monte Carlo tree search algorithms typically choose the child node with the highest
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node score (winning rate) based on the current game state [36]. However, this selection
method is not ideal, as it tends to prioritize immediate gains and can lead to local optima.
To address this issue, this paper incorporates the “Shallow Rollout strategy” [37] and the
“tree-based upper confidence interval” algorithm [19] to refine node selection. Specifically,
the utilization value derived solely from decision-level nodes may be inaccurate. To en-
hance precision, a Shallow Rollout strategy is employed, simulating scenarios closer to the
endgame. Additionally, the algorithm considers the magnitude of a node’s exploratory
value, which is elevated for nodes exhibiting high uncertainty and numerous future possi-
bilities. In summary, the approach assesses both partial equilibrium utilization value and
exploration value to facilitate more informed decision-making.

1. “Shallow Rollout Strategy”: This means that the utility value is not calculated, not
only based on the next move but also on the position of the game after randomly
simulating the move several times. In this algorithm, we set the number of Rollouts
to be two, and the depths to be 4 and 5. Specifically, after expanding the complete
decision node (Amazon Movement plus Arrow Shot), we perform two Rollouts for
the current situation. In each Rollout, we simulate two steps: the opponent’s next
decision (Amazon Movement plus Arrow Shot) and our subsequent decision (Amazon
Movement plus Arrow Shot), to obtain a more forward-looking utility value. See
pseudo-code Algorithm 3 for details. For the analysis of the relevant parameters, see
Appendix A.

2. “Tree-based Upper Confidence Interval”: As shown in Equation (8), the calculation
formula of UCT consists of two components. The first term, Xi, represents the utility
value of the information in the constructed search tree, and the second term represents
the exploration value of the unvisited nodes. The constant C is used to adjust the
proportion of the algorithm’s trade-off between the two values. Note that the value
of the root formula is infinite because of the presence of unreachable child nodes,
which ensures that unreachable child nodes under the current node will be visited at
least once.

UCT = Xi + C

√
ln N

ni
(8)

where Xi is the winning rate of the child node. N is the number of times the parent node is
accessed. ni is the number of times the child node is accessed. C is a constant ( 1√

2
). Kocsis

and Szepesvári [36] showed that the value satisfies the Hoeffding inequality with rewards
in the range of [0, 1].

Here, we can provide the complete pseudo-code as shown in Algorithm 3.

Algorithm 3: MCTS with the MG-PEO strategy

1: function Selection(v)
2: while v is nonTerminal do

3: if v is not fully expanded then

4: return v
5: else

6: v ← BESTCHILD(v)
7: return v
8: function Expansion(v,&s0)
9: if v is an Amazon Movement Node then

10: ch ← randomly create Arrow Shot Node
11: else if v is an Arrow Shot Node
12: ch ← randomly create the Amazon Movement Node
13: s0 ← Update the state of the board
14: return ch
15: function Simulation(v,s0)
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16: S ← s0
17: //* depth = 4 and 5 (Independent order twice)
18: S ← Rollout(S,depth)
19: Δ ← SituationEvaluation(S)
20: return Δ
21: function Rollout(S,depth)
22: repeat

23: if is Terminal (S) then

24: pass
25: if v is the Amazon Movement Node then

26: arrow ← RandomArrow(S)
27: S ← doAction(v,arrow)
28: depth ← depth - 1
29: else if v is the Arrow Shot Node then

30: move ← parent of v
31: S ← doAction(move,v)
32: depth ← depth - 1
33: until depth = 0 or gameover
34: return S
35: function Backup(v,Δ)
36: N(v) ← N(v) + 1
37: Q(v) ← Q(v) + Δ(v, parent of v)
38: v ← parent of v
39: function BESTCHILD(v)

40: return argmaxv′∈children of v
Q(v′)
N(v′)

+ c
√

2 ln N(v)
N(v′)

4. MG-PEO Performance Analysis

In this section, we design two modules to analyze the MG-PEO strategy. First, we
analyze the performance of the Move Groups strategy in Amazons. Second, we conduct an
in-depth discussion on the performance improvement of the Parallel Evaluation mechanism
in Amazons.

4.1. Performance of the Move Groups Strategy in Amazons

The effectiveness of a Monte Carlo tree search algorithm based on the law of large
numbers depends largely on the number of situations it can search. The more situations
the algorithm can search for, the easier it will be to find “tricks” that are usually hard to
find and, thus, beat the opponent. In other words, the more computational the power,
the more effective the Monte Carlo algorithm. Therefore, in order to objectively show the
influence of the Move Groups strategy on the actual performance of the MCTS algorithm,
we provide a new definition (winning convergence distance) to evaluate the performance
of the algorithm.

Definition 1. Winning convergence distance. This calculates the number of tree nodes expanded
by the search tree, both in depth and breadth, from the current state (root node) to the winning state
(game over). In general, the fewer new nodes the Monte Carlo tree needs to expand to achieve victory
as soon as possible, the shorter the winning convergence distance.

To visualize the winning convergence distance, we use the opening first step as an
example. Since the number of nodes that can be generated from the first step to the winning
state is immeasurable, we use the local optimal solution of the first step instead of the
winning state, as shown in Figure 3.

Based on this, we can plot the Monte Carlo search tree with the Move Groups strat-
egy added and the Monte Carlo search tree without the Move Groups strategy added,
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and compute the best-case and worst-case expanded node numbers, as shown in Figure 4
and Table 2.

Figure 3. The local optimal solution assumed in the first step of the opening. From left to right: initial
state, after Amazon Movement, and after Arrow Shot.

Figure 4. Plot of the winning convergence distance calculation. The number in the figure refers to the
order in which the node is expanded at a certain layer.

Table 2. Winning convergence distance of two algorithms (unit: nodes).

Algorithm Best Case Worst Case

MCTS + MG-PEO 187 2256
MCTS 2176 2176

Red results indicate the best result in the same column.

In Figure 4 and Table 2, for the first step, the Monte Carlo tree search algorithm with
the Move Groups strategy added needs to expand 80 Amazon Movement layer nodes first.
Since the value score of an Amazon Movement layer node is infinite when it has not yet
expanded its child nodes, each Amazon Movement layer node needs to further expand
an Arrow Shot layer node to obtain an initial value score. Subsequently, we can select
the Amazon Movement layer node with the highest value score for the next child node
expansion. In the best case, the first Amazon Movement layer node has the highest value
score. During the expansion of its subsequent Arrow Shot layer nodes, the value score of
the parent node remains at the maximum observed across all Amazon Movement layer
nodes; the other nodes in the Amazon Movement layer do not carry out the expansion of
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the next layer’s nodes, which is a reflection of early pruning. Finally, the number of nodes
expanded is 187. In the worst case, all possible nodes are fully expanded and traversed,
resulting in a total of 2256 nodes being expanded.

The Monte Carlo tree search algorithm without the inclusion of the Move Groups
strategy needs to select the node with the largest value score as the final decision after
generating all possible nodes, regardless of the best or worst-case scenarios; resulting in a
total of 2176 nodes being expanded.

In summary, we can conclude the following: in the best case, the winning convergence
distance of the MCTS with the Move Groups strategy is significantly shorter than that of
the traditional MCTS, while in the worst case, the winning convergence distance of the
MCTS with the Move Groups strategy is slightly weaker than that of the traditional MCTS.
This indicates that the Move Groups strategy has strong pruning and time-saving abilities,
but at the same time, there are some shortcomings.

4.2. Performance of Parallel Evaluation Strategy

In this subsection, we delve into the number of threads required for the Parallel Evalu-
ation mechanism, as well as the speedup ratio that multithreading can bring. Since the time
consumption of the evaluation function mainly comes from the time from calculating each
evaluation metric, the Parallel Evaluation part is essentially a multi-threaded calculation of
evaluation metrics. The pseudo-code for the Parallel Evaluation metric function is shown
in Algorithm 4.

Algorithm 4: Parallel Evaluation Metrics

Input: s0 (The current Game State)
Output: t1,t2,p1,p2,mobility
1: function ParallelEvaluationMetrics(s0)
2: //* The calculation of Territory(t1, t2) and Position(p1, p2) metrics uses the same

independent function four times, based on the King Move and QueenMove
methods, which are calculated once for black and once for white.

3: //* We optimize its external calls in parallel.
4: Module1 = lambda (range)
5: for the index in the range:
6: color ← index/2
7: type ← index%2
8: CalTP(color,type)
9: parallel_for(block_range(0,2),Module1)

10: //* The Mobility(mobility) metric is calculated one function at a time, and the
internal logic is to process each board position (GridSize = 100) independently.

11: //* We optimize its inner loop processing logic in parallel.
12: Module2 = lambda (range)
13: for the index in the range:
14: color ← index/2
15: type ← index%2
16: CalEveryBoardPosition()
17: parallel_for(block_range(0,GridSize),Module2)

A. Discussion on the number of threads: Since the main metrics of the evaluation
function include territory, position, and maneuverability metrics, values of the territory
and position metrics can be calculated using a single function; however, as the calculations
of these two metrics are related to the colors of the pieces and the calculation method
(KingMove method and QueenMove method), four independent calculations are needed
for the values of the territory and position metrics. The mobility indicator is calculated
by a function that requires one independent calculation. The algorithm is optimized in

215



Algorithms 2024, 17, 334

parallel for the territory and position indicators, which theoretically require a total of four
threads. For the maneuverability indicator, ten threads are theoretically needed for internal
calculations related to the size of the board.

B. Exploration of the acceleration ratio that multi-threading can bring: In order to
accurately explore the acceleration ratio, we counted the time consumed by the computation
function of each evaluation metric, and the data are shown in Table 3.

Table 3. Module execution time and speed-up ratio.

Module Serial Execution Time Parallel Execution Time Speed-Up Ratio

Module1 69 us 29 us 2.379
Mudule2 45 us 23 us 1.956
Whole Evaluation Function 114 us 54 us 2.111

As shown in Table 3, the calculation time for the optimized territory and position
metrics achieved a 2.379-fold speedup, while the calculation time for the optimized mobility
metric achieved a 1.956-fold speedup. The overall speedup ratio for the evaluation part
was 2.111. In section A, we discussed the number of threads and noted that the theoretical
speedup of parallelization should correspond to the number of threads. However, the time
consumption of each module before and after optimization differed somewhat from the
discussion in section A. We consider that the overhead of third-party parallel libraries[38]
has consumed some computing resource performance. See Appendix B for details on the
CPU usage analysis. Nevertheless, the parallel optimization mechanism reduced the time
required to process the same tasks by 2.111 times, resulting in a significant performance
improvement in practical applications.

5. Experiment and Results

In this section, in order to verify the effectiveness of the MG-PEO algorithm optimiza-
tion strategy proposed in this paper, three experiments were designed: the first compares
the relevant performance metrics of the MCTS algorithm with the MG-PEO strategy and the
traditional MCTS algorithm, and a significance test is carried out on the comparison results.
The second experiment focuses on assessing the magnitude of the effect of each optimiza-
tion module of MG-PEO on MCTS, i.e., the ablation experiment. The third experiment is a
generalized experimental analysis of the MG-PEO.

In addition, it is worth mentioning that the MG-PEO Amazons program proposed
in this paper won first prize in the Amazons Competition at the 2023 China Collegiate
Computer Games Championship & National Computer Games Tournament.

5.1. Experimental Environment Information

In order to ensure the reliability of the experimental results, we conducted all the
experiments in a unified environment, and detailed information on the experimental
environment settings is shown in Table 4.

Table 4. Experimental environment information.

Hardware and Constraints Details

GPU GeForce RTX 3070
CPU Intel Core i7-11800H

Decision-Making time 5 s
Number of matches played by the same opponent 2

Number of sets per match 3
Experimental Matching Platform SAU GAME Platform

Visual Studio Runtime Mode [Release x64]
Against the same opponent, a total of six sets will be played, with three sets as the first player and three as the
second player.
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5.2. Quantitative and Qualitative Experiments

5.2.1. Winning Percentage Statistics and Analysis

In order to objectively and accurately assess the effectiveness of the MG-PEO algorithm
optimization strategy, we selected the MCTS algorithm without Move-Groups optimization
and without Parallel Evaluation optimization for comparison, and we played a total of 100
matches under the same conditions, with each match divided into 3 games each (first hand
and second hand). Specifically, we chose 33 players who participated in a computer gaming
competition and 17 players who open-sourced their rankings (ladder list) on the Botzone
platform (https://www.botzone.org.cn/, accessed on 2 March 2024), totaling 50 opponents.
Due to the requirement for third-party libraries, we locally exported the exe programs
for all players and then conducted the games against each other on the SAU platform
(http://computergames.caai.cn/platform/SAU_Game_Platform_2.1.0_r3.rar, accessed on
20 March 2024), and the results of the games are shown in Table 5. Detailed information on
all the games can be found in Appendix C.

Table 5. The winning rate of the two algorithms.

Algorithm Winning Percentage

MCTS 74%
MCTS + MG-PEO 97%

Red results indicate the best result in the same column.

In Table 5, the MCTS algorithm has a winning rate of 74% in Amazons Duel on the
SAU matchmaking platform. In the same test environment, the MCTS algorithm with the
MG-PEO strategy shows higher stability, and its winning rate in the Amazons Match on
the SAU Matchmaking Platform reaches 97%. In summary, the MCTS algorithm with the
MG-PEO strategy has more comprehensive and in-depth optimization when considering
and utilizing strategies than the MCTS algorithm and, thus, shows a higher winning rate in
this test scenario.

It is worth noting that—by observing the matches of the two algorithms—we found
that the optimized MCTS algorithm often makes more accurate decisions than the unopti-
mized MCTS algorithm in some critical rounds. These key rounds often involve crucial
positions for “encircle territory” or “block the opponent” strategies. Additionally, during
the matches, we noticed that the optimized MCTS algorithm has a clear advantage over
some traditional algorithms (such as Minimax and traditional MCTS). However, its perfor-
mance is slightly lacking when competing against neural network programs trained with a
large amount of game data. Nevertheless, this provides a direction for further improving
the algorithm’s performance in the next step.

5.2.2. Winning Convergence Distance Visualization and Analysis

In this sub-subsection, we count the number of match point rounds in which the
algorithm’s winning percentage assessment reaches 90% or more (the threshold for a solid
win) in 100 games played by the two algorithms on the SAU platform, as a way to visualize
the definition of the distance of convergence of a win, as well as to compare the strengths
and weaknesses of the playing abilities of the two algorithms of the Amazons game. Here,
we generally consider the outcome of a game to be clear when the algorithm evaluates a
winning rate of 90% or more (barring low-level errors by the dominant side); such moments
are considered to be match points and we believe that the earlier this occurs, the stronger
the algorithms are. The average resulting data for the number of match point rounds for
the two algorithms are shown in Table 6. See Appendix C for complete data:
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Table 6. The average number of match point rounds in 100 matches where the win rate evaluation
values of two algorithms exceed 90%.

Algorithm Mean Value

MCTS 42.57
MCTS + MG-PEO 39.68

If the player loses, the match point rounds are taken as the maximum number of rounds, i.e., 47. Additionally,
Red results indicate the best result in the same column.

As can be seen from Table 6, the average number of match point rounds required
for the MCTS algorithm to reach the stable winning threshold (evaluation value over
90%) is 42.57 rounds. On the other hand, the MCTS algorithm with the MG-PEO strategy
outperforms MCTS in terms of reaching the same stable winning threshold with an average
of 39.68 rounds.

This indicates that the MCTS algorithm with the MG-PEO strategy converges faster
than MCTS. It requires fewer average rounds than the traditional MCTS algorithm. The
MCTS algorithm with the MG-PEO strategy uses the Move Groups strategy and the Parallel
Evaluation strategy to optimize the strategy selection process of the MCTS algorithm so
that it can find the best search paths in a shorter period of time and reach a stable winning
state with a winning rate of more than 90% in advance.

In summary, the MCTS algorithm with the MG-PEO strategy has a shorter winning
convergence distance than the traditional MCTS algorithm. It requires fewer rounds to
achieve a higher winning rate and, thus, demonstrates superior playing ability.

5.2.3. Significance Test

In this subsection, we perform a significance test on the match point round count data,
as counted in Section 5.2.2, to determine whether there is a significant difference between
them. We conduct the tests at a significance level of 0.05. The complete match point round
count data are detailed in Appendix C. First, we use the Shapiro–Wilk test to assume that
both data sets obey a normal distribution. However, neither dataset conforms to a normal
distribution. Based on this result, we use the Mann–Whitney U test to assume that there is
no significant difference between the two groups of data. We then compare the distribution
characteristics of the match point round data of the two algorithms. The detailed results
are shown in Table 7.

Table 7. Significance of the test results.

Match Point Rounds Data
p-Value for Shapiro–Wilk

Test (P1)
p-Value for Mann–Whitney U

Test (P2)

MCTS 0.0002
1.16 × 10−8

MCTS + MG-PEO 0.0013

As a result of the Shapiro–Wilk test, both algorithms tested showed a P1 value of
less than 0.05 for the data on the number of match point rounds, leading us to reject the
null hypothesis that the data for MCTS+MG-PEO and the data for MCTS both conform
to a normal distribution. The results of the Mann–Whitney U test indicate that the P2
value for the data on the number of match point rounds between the two algorithms is
significantly smaller than 0.05, so we reject the original hypothesis. That is, there is a
significant difference in the average number of winning steps between the two algorithms.
Specifically, the average number of winning moves required by MCTS with the MG-PEO
strategy is significantly less than that required by traditional MCTS against 100 players,
suggesting that MCTS with the MG-PEO strategy outperforms traditional MCTS in terms
of playing ability in Amazons.

218



Algorithms 2024, 17, 334

5.3. Ablation Experiment

In this subsection, to evaluate the effectiveness of the Move Groups strategy and
the Parallel Evaluation strategy in Amazons, we design two experiments: one that only
employs the Move Groups strategy without using the Parallel Evaluation strategy, and
another that only employs the Parallel Evaluation strategy without using the Move Groups
strategy. The experimental results are shown in Table 8. On the one hand, the Move
Groups strategy focuses on MCTS iterations within a limited time on the sub-nodes of
more valuable additional-layer nodes by leveraging their value scores, thus avoiding
the expansion of unimportant nodes. While the Move Groups strategy exhibits strong
pruning capabilities, the value scores of additional-layer nodes dynamically change with
the expansion of their sub-nodes due to the MCTS dynamic backpropagation update
mechanism. Consequently, all nodes in the additional layer may be fully expanded and
traversed multiple times (pruning has not occurred), potentially resulting in increased time
spent compared to MCTS algorithms without the Move Groups strategy. On the other hand,
because the proportion of the situation evaluation is limited, using only Parallel Evaluation
optimization without adopting the Move Groups strategy offers limited performance
improvement. Therefore, the combined optimization of employing both the Move Groups
strategy and the Parallel Evaluation is effective and necessary.

Table 8. Ablation experiment analysis of the Move Groups strategy and Parallel Evaluation strategy.

Algorithm Winning Percentage
Number of MCTS Iterations

within 1s

MCTS 74% 2176
MCTS + PEO 89% 10,026
MCTS + MG 83% 5663

MCTS + MG-PEO 97% 45,536
The “Number of MCTS Iterations Within 1s” refers to the number of Monte Carlo tree search iterations conducted
within one second. Under the Move Groups strategy, each MCTS iteration results in either an Amazon Movement
node or an Arrow Shot node. Without using the Move Groups strategy, each MCTS iteration results in a complete
decision node (Amazon Movement plus Arrow Shot). Additionally, Red results indicate the best result in the
same column.

5.4. Generalization Analysis

In this subsection, we conducted a general analysis of the Move Groups strategy
and the Parallel Evaluation strategy, discussing in depth their transferability to other
board games.

1. Move Groups strategy: In some games, the branching factor can be very large, but
many moves are similar. The Move Groups strategy creates an additional decision
layer where all possible actions are grouped together, allowing us to handle the large
branching factor of the game more efficiently. This strategy is beneficial for other
games, such as Go [39] and the multi-armed bandit game with Move Groups [40]. We
believe that this strategy is still worth exploring and investigating.

2. Parallel Evaluation strategy: The Parallel Evaluation strategy can provide effective
acceleration, whether for simple rule-based games like Gomoku, more complex games
like Chess and Go, or even modern innovative board games. Its core advantage lies in
its ability to efficiently explore the decision tree, which is a common requirement in
various board games.

6. Conclusions and Future Works

In this paper, we propose an efficient optimization of the Monte Carlo Tree Search
algorithm for the Amazons game, which refines the Monte Carlo Tree Search capability
through the Move Groups strategy. The Parallel Evaluation mechanism addresses the
risk of the Move Groups strategy falling into a local optimum (these components are
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complementary to each other). The experimental results validate that the method proposed
in this paper significantly improves the playing ability of the Amazons game.

Future research efforts are also included in our plans. First, to maximize the timesaving
potential of the Move Groups strategy pruning, we hope to consider using more intelligent
approaches (such as heuristic functions) to guide the pruning behavior of the Move Groups
strategy. Secondly, the series of experiments in this paper demonstrate the powerful
performance improvement capability of parallel optimization, so we plan to consider more
parallel possibilities and more efficient parallel strategies in the future. Finally, we also
hope that this algorithm can be further extended to solve more gameplaying problems.
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Appendix A

In Appendix A, we discuss and analyze the effect of the depth of Rollout in the simu-
lation phase on the algorithm’s ability to play Amazons, and use the winning convergence
distance metric (see Section 4.2 for details) to evaluate the playing ability. Shallow Rollout
strategies can consider simulated positions closer to the endgame and more forward-
looking games to compute more accurate position evaluation values, which can be used to
better guide the node selection for MCTS. Therefore, it is crucial to balance the depth of
Rollout; too shallow a depth will make the utilization value (winning rate) in the position
evaluation formula less credible, while too deep a depth will lead to a single simulation
iteration process that is too long, and the number of nodes expanded out in a finite period
of time will become smaller, reducing the accuracy of the Monte Carlo tree search decision.
We adjusted the Rollout depth value from 2 to 10 and found that the optimal value of
Rollout depth is 4 or 5, as shown in Table A1.

Table A1. Parametric analysis of the Rollout depth.

Rollout Depth 1 2 3 4 5 6 7–10 4 and 5

Match Point Rounds 40.25 40.14 40.0 39.9 39.84 40.04 40.1 39.68
Red results indicate the best result in the same column.

In addition, we found in our experiments that Rollout twice (choosing 4 and 5 in-
depth) works better than Rollout once (choosing only 4 or 5), i.e., the number of rounds
at match points is smaller, the distance of convergence for winning is shorter, and the
algorithm is more capable of playing Amazons.

Appendix B

Appendix B shows the detailed CPU usage of the algorithm with and without the
Parallel Evaluation strategy. The monitoring environment is the performance profiler in
Microsoft Visual Studio 2019, with the algorithm making only one decision, which takes
20 s. As shown in Figure A1, the top part of the image represents the CPU utilization,
and the fluctuating part of the CPU utilization values corresponds to the algorithm’s
decision-making phase, while the remaining part corresponds to the input and output
idle phases.
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Figure A1. CPU utilization and top 5 modules occupying CPU resources under [Debug ×64] condition.
The upper part shows the monitoring results of the algorithm executed sequentially, while the lower
part shows the monitoring results of the algorithm executed in parallel.

From Figure A1, it is evident that the CPU utilization of the algorithm program in
parallel execution is significantly higher than in sequential execution. When the algorithm
program executes sequentially, both red-framed modules of the evaluation function are
among the top 5 modules occupying the most CPU resources. This indicates that parallel
optimization of the evaluation part is very necessary. During parallel execution of the
algorithm program, the blue-framed third-party parallel library occupies a substantial
amount of CPU resources. This indirectly indicates that the performance improvement
after parallelization does not achieve the theoretical speedup due to significant resource
consumption by external code and external calls.

Appendix C

Appendix C shows the complete game information, as well as the match point round
count, as shown in Tables A2 and A3.

Table A2. Complete game information (MCTS plus MG-PEO).

ID First Player Second Player Result
Match
Point
Rounds

Winner

1 Amazons based on Qt’s
QMainWindow framework Divine Move (ours) 0:3 41 Divine Move (ours)

2 Divine Move (ours) Amazons based on Qt’s
QMainWindow framework 3:0 39 Divine Move (ours)

3 Gomoku Divine Move (ours) 0:3 39 Divine Move (ours)
4 Divine Move (ours) Gomoku 3:0 36 Divine Move (ours)
5 Othello Divine Move (ours) 0:3 35 Divine Move (ours)
6 Divine Move (ours) Othello 3:0 33 Divine Move (ours)
7 God’s Algorithm Divine Move (ours) 0:3 43 Divine Move (ours)
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Table A2. Cont.

ID First Player Second Player Result
Match
Point
Rounds

Winner

8 Divine Move (ours) God’s Algorithm 3:0 42 Divine Move (ours)
9 Amazons Gaming System Divine Move (ours) 0:3 39 Divine Move (ours)
10 Divine Move (ours) Amazons Gaming System 3:0 37 Divine Move (ours)
11 Advance Little Queens Divine Move (ours) 0:3 40 Divine Move (ours)
12 Divine Move (ours) Advance Little Queens 3:0 37 Divine Move (ours)
13 Checkmate Divine Move (ours) 0:3 41 Divine Move (ours)
14 Divine Move (ours) Checkmate 3:0 38 Divine Move (ours)
15 Cliffhanger Amazons Divine Move (ours) 0:3 40 Divine Move (ours)
16 Divine Move (ours) Cliffhanger Amazons 3:0 37 Divine Move (ours)
17 Qi Kaide’s Victory Divine Move (ours) 0:3 41 Divine Move (ours)
18 Divine Move (ours) Qi Kaide’s Victory 3:0 36 Divine Move (ours)
19 Super Amazon Divine Move (ours) 0:3 39 Divine Move (ours)
20 Divine Move (ours) Super Amazon 3:0 36 Divine Move (ours)
21 God’s Algorithm Divine Move (ours) 0:3 41 Divine Move (ours)
22 Divine Move (ours) God’s Algorithm 3:0 37 Divine Move (ours)
23 Traveler Amazons Divine Move (ours) 0:3 40 Divine Move (ours)
24 Divine Move (ours) Traveler Amazons 3:0 35 Divine Move (ours)
25 Amazon Supreme Chess Divine Move (ours) 0:3 41 Divine Move (ours)
26 Divine Move (ours) Amazon Supreme Chess 3:0 39 Divine Move (ours)

27 Chess Troops Falling from
Heaven Divine Move (ours) 0:3 43 Divine Move (ours)

28 Divine Move (ours) Chess Troops Falling from
Heaven 3:0 41 Divine Move (ours)

29 Clove Amazons Divine Move (ours) 0:3 40 Divine Move (ours)
30 Divine Move (ours) Clove Amazons 3:0 37 Divine Move (ours)
31 Shao Guang’s Amazons Divine Move (ours) 0:3 43 Divine Move (ours)
32 Divine Move (ours) Shao Guang’s Amazons 3:0 39 Divine Move (ours)
33 AI plays chess Divine Move (ours) 0:3 43 Divine Move (ours)
34 Divine Move (ours) AI plays chess 3:0 39 Divine Move (ours)
35 Canopus One Divine Move (ours) 0:3 39 Divine Move (ours)
36 Divine Move (ours) Canopus One 3:0 35 Divine Move (ours)
37 Win the Opening Team Divine Move (ours) 0:3 41 Divine Move (ours)
38 Divine Move (ours) Win the Opening Team 3:0 39 Divine Move (ours)
39 Wukong Amazons Divine Move (ours) 0:3 34 Divine Move (ours)
40 Divine Move (ours) Wukong Amazons 3:0 30 Divine Move (ours)
41 Traveler Amazons Divine Move (ours) 0:3 44 Divine Move (ours)
42 Divine Move (ours) Traveler Amazons 3:0 40 Divine Move (ours)
43 Yue Divine Move (ours) 0:3 41 Divine Move (ours)
44 Divine Move (ours) Yue 3:0 40 Divine Move (ours)
45 Final Amazon Divine Move (ours) 0:3 41 Divine Move (ours)
46 Divine Move (ours) Final Amazon 3:0 38 Divine Move (ours)

47 Information University - Monte
Carlo Divine Move (ours) 1:2 42 Divine Move (ours)

48 Divine Move (ours) Information University - Monte
Carlo 3:0 40 Divine Move (ours)

49 Haha Hi Divine Move (ours) 1:2 42 Divine Move (ours)
50 Divine Move (ours) Haha Hi 3:0 39 Divine Move (ours)
51 Dragon Victory Divine Move (ours) 0:3 41 Divine Move (ours)
52 Divine Move (ours) Dragon Victory 3:0 37 Divine Move (ours)
53 Super Amazon Divine Move (ours) 0:3 43 Divine Move (ours)
54 Divine Move (ours) Super Amazon 3:0 38 Divine Move (ours)
55 Base Pairing Team Divine Move (ours) 0:3 44 Divine Move (ours)
56 Divine Move (ours) Base Pairing Team 3:0 41 Divine Move (ours)
57 Pass the Level Divine Move (ours) 3:0 47 Pass the Level
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Table A2. Cont.

ID First Player Second Player Result
Match
Point
Rounds

Winner

58 Divine Move (ours) Pass the Level 0:3 47 Pass the Level

59 Dalian Jiaotong University
Amazons Team 1 Divine Move (ours) 0:3 41 Divine Move (ours)

60 Divine Move (ours) Dalian Jiaotong University
Amazons Team 1 3:0 39 Divine Move (ours)

61 Get Ashore Divine Move (ours) 0:3 41 Divine Move (ours)
62 Divine Move (ours) Get Ashore 3:0 40 Divine Move (ours)
63 Empty Divine Move (ours) 0:3 44 Divine Move (ours)
64 Divine Move (ours) Empty 3:0 41 Divine Move (ours)
65 Bull Divine Move (ours) 0:3 42 Divine Move (ours)
66 Divine Move (ours) Bull 3:0 40 Divine Move (ours)
67 Wukong Amazons Divine Move (ours) 1:2 34 Divine Move (ours)
68 Divine Move (ours) Wukong Amazons 3:0 31 Divine Move (ours)
69 Gangzi Fans Support Team Divine Move (ours) 0:3 41 Divine Move (ours)
70 Divine Move (ours) Gangzi Fans Support Team 3:0 39 Divine Move (ours)
71 Thai Pants Spicy Divine Move (ours) 0:3 44 Divine Move (ours)
72 Divine Move (ours) Thai Pants Spicy 3:0 41 Divine Move (ours)
73 Green Grass Cake Divine Move (ours) 0:3 34 Divine Move (ours)
74 Divine Move (ours) Green Grass Cake 3:0 30 Divine Move (ours)

75
Failed to Grab the Air and Didn’t
Grab the Plant Brain Hypoxia
Team

Divine Move (ours) 0:3 40 Divine Move (ours)

76 Divine Move (ours)
Failed to Grab the Air and Didn’t
Grab the Plant Brain Hypoxia
Team

3:0 37 Divine Move (ours)

77 DG Divine Move (ours) 0:3 44 Divine Move (ours)
78 Divine Move (ours) DG 3:0 39 Divine Move (ours)
79 Why is Tang Yang a God Divine Move (ours) 0:3 42 Divine Move (ours)
80 Divine Move (ours) Why is Tang Yang a God 3:0 39 Divine Move (ours)
81 Dream Team Divine Move (ours) 0:3 43 Divine Move (ours)
82 Divine Move (ours) Dream Team 3:0 39 Divine Move (ours)

83 Horse Face Skirt Daily and Easy
to Wear Divine Move (ours) 0:3 43 Divine Move (ours)

84 Divine Move (ours) Horse Face Skirt Daily and Easy
to Wear 3:0 40 Divine Move (ours)

85 Genshin Impact Expert Divine Move (ours) 0:3 41 Divine Move (ours)
86 Divine Move (ours) Genshin Impact Expert 3:0 37 Divine Move (ours)
87 Code Apprentice Divine Move (ours) 0:3 42 Divine Move (ours)
88 Divine Move (ours) Code Apprentice 3:0 41 Divine Move (ours)
89 Amazon Drift Notes Divine Move (ours) 0:3 39 Divine Move (ours)
90 Divine Move (ours) Amazon Drift Notes 3:0 37 Divine Move (ours)
91 Love Will Disappear, Right? Divine Move (ours) 0:3 38 Divine Move (ours)
92 Divine Move (ours) Love Will Disappear, Right? 3:0 33 Divine Move (ours)
93 Little Su and the Cat Divine Move (ours) 0:3 43 Divine Move (ours)
94 Divine Move (ours) Little Su and the Cat 3:0 42 Divine Move (ours)
95 Don’t Want Marla Divine Move (ours) 0:3 44 Divine Move (ours)
96 Divine Move (ours) Don’t Want Marla 3:0 43 Divine Move (ours)
97 Parameter Adjustment Team Divine Move (ours) 0:3 44 Divine Move (ours)
98 Divine Move (ours) Parameter Adjustment Team 3:0 41 Divine Move (ours)
99 AlphaAmazon Divine Move (ours) 0:3 43 Divine Move (ours)
100 Divine Move (ours) AlphaAmazon 3:0 42 Divine Move (ours)
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Table A3. Complete game information (MCTS).

ID First Player Second Player Result
Match
Point
Rounds

Winner

1 Amazons based on Qt’s
QMainWindow framework MCTS (baseline) 1:2 43 MCTS (baseline)

2 MCTS (baseline) Amazons based on Qt’s
QMainWindow framework 3:0 41 MCTS (baseline)

3 Gomoku MCTS (baseline) 3:0 47 Gomoku
4 MCTS (baseline) Gomoku 3:0 45 MCTS (baseline)
5 Othello MCTS (baseline) 2:1 47 Othello
6 MCTS (baseline) Othello 2:1 44 MCTS (baseline)
7 God’s Algorithm MCTS (baseline) 0:3 43 MCTS (baseline)
8 MCTS (baseline) God’s Algorithm 3:0 40 MCTS (baseline)
9 Amazons Gaming System MCTS (baseline) 0:3 42 MCTS (baseline)
10 MCTS (baseline) Amazons Gaming System 3:0 40 MCTS (baseline)
11 Advance Little Queens MCTS (baseline) 3:0 47 Advance Little Queens
12 MCTS (baseline) Advance Little Queens 3:0 43 MCTS (baseline)
13 Checkmate MCTS (baseline) 2:1 47 Checkmate
14 MCTS (baseline) Checkmate 3:0 40 MCTS (baseline)
15 Cliffhanger Amazons MCTS (baseline) 3:0 47 Checkmate
16 MCTS (baseline) Cliffhanger Amazons 3:0 44 MCTS (baseline)
17 Qi Kaide’s Victory MCTS (baseline) 0:3 44 MCTS (baseline)
18 MCTS (baseline) Qi Kaide’s Victory 3:0 41 MCTS (baseline)
19 Super Amazon MCTS (baseline) 2:1 47 Super Amazon
20 MCTS (baseline) Super Amazon 2:1 43 MCTS (baseline)
21 God’s Algorithm MCTS (baseline) 3:0 47 God’s Algorithm
22 MCTS (baseline) God’s Algorithm 2:1 40 MCTS (baseline)
23 Traveler Amazons MCTS (baseline) 2:1 47 Traveler Amazons
24 MCTS (baseline) Traveler Amazons 3:0 42 MCTS (baseline)
25 Amazon Supreme Chess MCTS (baseline) 0:3 40 MCTS (baseline)
26 MCTS (baseline) Amazon Supreme Chess 3:0 41 MCTS (baseline)

27 Chess Troops Falling from
Heaven MCTS (baseline) 0:3 43 MCTS (baseline)

28 MCTS (baseline) Chess Troops Falling from
Heaven 3:0 39 MCTS (baseline)

29 Clove Amazons MCTS (baseline) 0:3 44 MCTS (baseline)
30 MCTS (baseline) Clove Amazons 3:0 40 MCTS (baseline)
31 Shao Guang’s Amazons MCTS (baseline) 1:2 43 MCTS (baseline)
32 MCTS (baseline) Shao Guang’s Amazons 3:0 40 MCTS (baseline)
33 AI plays chess MCTS (baseline) 2:1 47 AI plays chess
34 MCTS (baseline) AI plays chess 3:0 42 MCTS (baseline)
35 Canopus One MCTS (baseline) 0:3 43 MCTS (baseline)
36 MCTS (baseline) Canopus One 2:1 40 MCTS (baseline)
37 Win the Opening Team MCTS (baseline) 3:0 47 Win the Opening Team
38 MCTS (baseline) Win the Opening Team 3:0 44 MCTS (baseline)
39 Wukong Amazons MCTS (baseline) 0:3 42 MCTS (baseline)
40 MCTS (baseline) Wukong Amazons 3:0 39 MCTS (baseline)
41 Traveler Amazons MCTS (baseline) 0:3 41 MCTS (baseline)
42 MCTS (baseline) Traveler Amazons 3:0 36 MCTS (baseline)
43 Yue MCTS (baseline) 0:3 44 MCTS (baseline)
44 MCTS (baseline) Yue 3:0 41 MCTS (baseline)
45 Final Amazon MCTS (baseline) 0:3 42 MCTS (baseline)
46 MCTS (baseline) Final Amazon 3:0 37 MCTS (baseline)

47 Information University - Monte
Carlo MCTS (baseline) 3:0 47

Information
University-
Monte Carlo

48 MCTS (baseline) Information University-Monte
Carlo 0:3 47

Information
University-
Monte Carlo
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Table A3. Cont.

ID First Player Second Player Result
Match
Point
Rounds

Winner

49 Haha Hi MCTS (baseline) 3:0 47 Haha Hi
50 MCTS (baseline) Haha Hi 3:0 41 MCTS (baseline)
51 Dragon Victory MCTS (baseline) 0:3 43 MCTS (baseline)
52 MCTS (baseline) Dragon Victory 3:0 38 MCTS (baseline)
53 Super Amazon MCTS (baseline) 0:3 41 MCTS (baseline)
54 MCTS (baseline) Super Amazon 3:0 38 MCTS (baseline)
55 Base Pairing Team MCTS (baseline) 3:0 45 Base Pairing Team
56 MCTS (baseline) Base Pairing Team 0:3 42 Base Pairing Team
57 Pass the Level MCTS (baseline) 3:0 47 Pass the Level
58 MCTS (baseline) Pass the Level 0:3 47 Pass the Level

59 Dalian Jiaotong University
Amazons Team 1 MCTS (baseline) 0:3 44 MCTS (baseline)

60 MCTS (baseline) Dalian Jiaotong University
Amazons Team 1 3:0 42 MCTS (baseline)

61 Get Ashore MCTS (baseline) 3:0 47 Get Ashore
62 MCTS (baseline) Get Ashore 0:3 47 Get Ashore
63 Empty MCTS (baseline) 0:3 45 MCTS (baseline)
64 MCTS (baseline) Empty 3:0 41 MCTS (baseline)
65 Bull MCTS (baseline) 0:3 45 MCTS (baseline)
66 MCTS (baseline) Bull 3:0 40 MCTS (baseline)
67 Wukong Amazons MCTS (baseline) 2:1 47 Wukong Amazons
68 MCTS (baseline) Wukong Amazons 3:0 39 MCTS (baseline)

69 Gangzi Fans Support Team MCTS (baseline) 3:0 44 Gangzi Fans
Support Team

70 MCTS (baseline) Gangzi Fans Support Team 1:2 41 Gangzi Fans
Support Team

71 Thai Pants Spicy MCTS (baseline) 0:3 42 MCTS (baseline)
72 MCTS (baseline) Thai Pants Spicy 3:0 40 MCTS (baseline)
73 Green Grass Cake MCTS (baseline) 0:3 42 MCTS (baseline)
74 MCTS (baseline) Green Grass Cake 3:0 37 MCTS (baseline)

75
Failed to Grab the Air and Didn’t
Grab the Plant Brain Hypoxia
Team

MCTS (baseline) 0:3 41 MCTS (baseline)

76 MCTS (baseline)
Failed to Grab the Air and Didn’t
Grab the Plant Brain Hypoxia
Team

3:0 40 MCTS (baseline)

77 DG MCTS (baseline) 0:3 43 MCTS (baseline)
78 MCTS (baseline) DG 3:0 39 MCTS (baseline)

79 Why is Tang Yang a God MCTS (baseline) 2:1 47 Why is Tang Yang
a God

80 MCTS (baseline) Why is Tang Yang a God 3:0 44 MCTS (baseline)
81 Dream Team MCTS (baseline) 0:3 43 MCTS (baseline)
82 MCTS (baseline) Dream Team 3:0 44 MCTS (baseline)

83 Horse Face Skirt Daily and Easy
to Wear MCTS (baseline) 0:3 44 MCTS (baseline)

84 MCTS (baseline) Horse Face Skirt Daily and Easy
to Wear 3:0 40 MCTS (baseline)

85 Genshin Impact Expert MCTS (baseline) 0:3 44 MCTS (baseline)
86 MCTS (baseline) Genshin Impact Expert 3:0 39 MCTS (baseline)
87 Code Apprentice MCTS (baseline) 0:3 42 MCTS (baseline)
88 MCTS (baseline) Code Apprentice 3:0 40 MCTS (baseline)
89 Amazon Drift Notes MCTS (baseline) 0:3 44 MCTS (baseline)
90 MCTS (baseline) Amazon Drift Notes 3:0 42 MCTS (baseline)
91 Love Will Disappear, Right? MCTS (baseline) 0:3 40 MCTS (baseline)
92 MCTS (baseline) Love Will Disappear, Right? 3:0 38 MCTS (baseline)
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Table A3. Cont.

ID First Player Second Player Result
Match
Point
Rounds

Winner

93 Little Su and the Cat MCTS (baseline) 0:3 44 MCTS (baseline)
94 MCTS (baseline) Little Su and the Cat 3:0 40 MCTS (baseline)
95 Don’t Want Marla MCTS (baseline) 0:3 41 MCTS (baseline)
96 MCTS (baseline) Don’t Want Marla 3:0 37 MCTS (baseline)
97 Parameter Adjustment Team MCTS (baseline) 0:3 42 MCTS (baseline)
98 MCTS (baseline) Parameter Adjustment Team 3:0 39 MCTS (baseline)
99 AlphaAmazon MCTS (baseline) 0:3 41 MCTS (baseline)
100 MCTS (baseline) AlphaAmazon 0:3 47 AlphaAmazon
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Abstract: Developing AI algorithms for the game of Go has long been a challenging task.
While tools such as AlphaGo have revolutionized gameplay, their focus on maximizing
win rates often leads to moves that are incomprehensible to human players, limiting their
utility as training aids. This work introduces a novel approach to bridge this gap by
leveraging a Vision Transformer (ViT) to develop an AI model that achieves professional-
level play while mimicking human decision-making. Using a dataset from the KGS Go
server, our ViT-based model achieves 51.49% accuracy in predicting expert moves with a
simple feature set. Comparative analysis against CNN-based models highlights the ViT’s
superior performance in capturing patterns and replicating expert strategies. These findings
establish ViTs as promising tools for enhancing Go training by aligning AI strategies with
human intuition.

Keywords: Go; deep learning; Vision Transformer

1. Introduction

Developing algorithms for Go programs capable of human-level performance has long
been considered an intractable challenge. This difficulty stems from the immense search
space and the complex evaluation functions involved, where a single move can drastically
influence the game’s outcome. Traditional hand-crafted evaluation functions and rules
have consistently fallen short of achieving even amateur-level gameplay. Consequently,
the predominant approach over the decades has been to leverage deep learning models
trained on expert gameplay records. These models, typically trained under a supervised
learning paradigm, treat board positions as inputs and use the corresponding moves made
by human experts as labels.

The groundbreaking success of AlphaGo has brought convolutional neural network
(CNN)-based methods [1] to the forefront of Go-related tasks. By employing CNNs,
AlphaGo not only defeated professional Go players but also demonstrated the viability of
deep learning in mastering this intricate game. The successes of AlphaGo [2] and AlphaGo
Zero [3] have encouraged Go players to use AI-powered software as training tools.

For instance, Figure 1 illustrates a fifth-line shoulder hit played by AlphaGo against
professional ninth-dan player Lee Sedol. This move was described by commentators as “an
unthinkable move” and “a mistake”, as it defied conventional human Go intuition. Simi-
larly, Figure 2 highlights another “mistake” by AlphaGo: selecting move A over move B,
despite the latter being clearly superior from a human perspective, as it maximizes territory.
This divergence arises because AlphaGo calculates win rates through a combination of
neural networks and Monte Carlo Tree Search, which leads to a “thinking process” entirely
different from human reasoning [4]. Other examples of non-human-like moves, such as
slack moves played with no strategic intention other than prolonging the game, further
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emphasize the knowledge gap between humans and AI. Such moves contradict human
intuition and experience, rendering them incomprehensible for players seeking to learn
from the model.

 
Figure 1. Game 2 between AlphaGo and Lee Sedol. AlphaGo played move 37 (marked by the red
square) and gained a significant advantage from this move.

 

Figure 2. A “mistake” made by AlphaGo. This is game 1 between AlphaGo and Lee Sedol. After
Lee Sedol played move 161 (marked by the red square), AlphaGo answered with move A, which is a
“clear” mistake from a human perspective. Move B is obviously a better move than A.

The success of existing Go AI systems [2,3,5] lies in their use of self-play, where
they play against themselves to maximize their win rate. This approach, however, leads
to AI-generated moves that may not resemble human-like strategies, making them less
suitable as a training tool. If players cannot understand the reasoning behind AI-generated
moves, they are unlikely to replicate such strategies in human-versus-human competitions.
Therefore, our study aims to develop a model capable of both formulating professional-
level strategies and emulating human gameplay. This would allow Go players to engage
with the AI as if they were playing against professional human opponents. Additionally,
our model can serve as a post-game analysis tool to help players identify and correct
mistakes made during the game.
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While CNNs have delivered remarkable results in Go, they also exhibit notable limi-
tations. Certain Go patterns, such as ladders and group life-and-death scenarios, involve
long-range dependencies that require CNNs to be exceptionally deep. This increases
network complexity and introduces challenges such as gradient vanishing or explosion.

Recent advances in Vision Transformers (ViTs) [6] suggest that Transformers can effec-
tively handle computer vision tasks, often outperforming CNNs across multiple domains.
The multi-head self-attention mechanism in ViTs is particularly adept at capturing long-
range dependencies, making it well suited for addressing challenges in Go-related tasks.

In this study, we trained a ViT model on a dataset of game records from human
experts. Our model achieved a top-one accuracy of 51.49% and a top-five accuracy of
83.12% using a simple feature set, surpassing a CNN-based model’s top-one accuracy
of 50.45%. In addition to conventional top-k accuracy metrics, we adopted extended
top-k accuracy to account for equivalent moves—logically identical moves with different
coordinates—addressing a unique evaluation challenge in Go.

This study makes several key contributions to the field of AI-driven Go training
and gameplay:

1. Application of Vision Transformers (ViTs) in Go: We introduce a ViT-based model
that captures long-range dependencies in Go and predicts future moves, providing
deeper insights into game progression and improving gameplay understanding.

2. Bridging AI and Human Intuition: Our model emulates human decision-making,
providing a more intuitive training tool for Go players to engage with the AI as if
playing against a professional.

3. Improved Top-one Accuracy Compared to Existing Studies: By utilizing the ViT
model, we achieved higher top-one accuracy compared to previous studies, demon-
strating the superior capability of ViT in Go move prediction.

The remainder of this article is structured as follows: Section 2 reviews related work
on applying deep learning models to Go, with a focus on CNNs, and introduces the
background of ViT. Section 3 describes the dataset and the features used as model inputs.
Section 4 presents the experimental setup, comparing the performance of ViT with that of
two CNN-based models from prior studies on imitating human moves. Section 5 concludes
the study and outlines potential directions for future work.

2. Background and Related Work

2.1. Deep Learning and Go

Deep learning has been applied across various fields, including time-series data
prediction [7], medicine [8,9], and games [2,10–14]. In the domain of board games, winning
strategies typically involve two main steps: evaluating the position and identifying the best
move. However, designing a hand-crafted evaluation function for complex games such
as Go is particularly challenging. To address this, researchers have utilized convolutional
neural networks (CNNs) to learn directly from expert gameplay, bypassing the need for
manual evaluation function design.

In 2003, Van Der Werf et al. [10] used hand-crafted features and proposed feature
extraction methods such as the Eigenspace Separation Transform, combined with dimen-
sional reduction, to train a multi-layer perceptron (MLP). They achieved 25% accuracy on
professional games. Subsequent studies saw advancements with the adoption of CNNs.
In 2008, Sutskever and Nair [11] used CNNs to mimic Go experts, employing previous
moves and the current position as input. They achieved 34% accuracy for a single CNN
model and 39.9% for an ensemble of CNNs. In 2014, Clark and Storkey [12] employed a
more sophisticated feature set containing edge encoding and Ko constraints to train an
eight-layer CNN, achieving 41.1% and 44.4% accuracy on two different Go datasets. In
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2015, Maddison et al. [13] used a large feature set incorporating 36 feature planes, including
the rank of the player and ladder patterns. They also used a deeper 12-layer CNN and
achieved 55% accuracy. The work of AlphaGo [2] included a supervised learning stage to
train the policy network using Go expert data. Their model used a much larger dataset
with 48 feature planes and a 12-layer CNN, reaching 55.4% accuracy on the test set. These
results highlighted the feasibility of applying CNNs to imitate human expert moves.

However, in Section 1, we pointed out the limitations of CNNs and aimed to demon-
strate that Vision Transformers (ViTs) could outperform CNNs, making them a better
candidate for imitating Go experts. We compared the performance of ViTs and CNNs on a
dataset collected from the KGS Go server [15]. The models used were based on the same
architecture as the policy network from AlphaGo [2] and the 12-layer CNN from Clark and
Storkey [12]. The results indicated that ViT could predict more expert moves correctly on
the test set.

2.2. Vision Transformer (ViT)

In 2017, the Transformer architecture was introduced by Vaswani et al. [16] to address
challenges in natural language processing. Building on the success of Transformers and the
self-attention mechanism, Dosovitskiy et al. [6] presented the Vision Transformer (ViT) for
computer vision (Figure 3). ViT processes input images by first splitting them into patches.
These patches are flattened, linearly projected into embedding vectors, and combined
with learnable positional embeddings to encode spatial information. An additional class
embedding is included, and these embeddings serve as inputs for the Transformer blocks.
The final output is passed to an MLP head, which produces the classification result. This
figure is adapted from Figure 1 of [6].

Figure 3. Model overview of the ViT.

The innovation of the ViT lies in its ability to effectively capture global context and
long-range dependencies, outperforming CNNs that focus on local receptive fields. ViT
treats image patches as tokens, akin to words in a sentence, enabling it to process the entire
image simultaneously. After encoding spatial information through positional embeddings,
ViT applies Transformer encoder blocks to perform self-attention operations on the patches.
The MLP head at the last encoder block generates the final classification. A detailed
explanation of the ViT architecture is provided in Section 3.

ViT has demonstrated state-of-the-art performance on multiple image classification
benchmarks, often surpassing traditional CNNs. The success of ViT and its derivatives,
such as the Swin Transformer [17], has inspired this study to explore the application of ViT
in analyzing the game of Go.

231



Algorithms 2025, 18, 61

The closest work to this study is that of Sagri et al. [18], in which EfficientFormer
was used to play Go. However, their goal focused on maximizing the win rate rather
than imitating human experts. Although their work applied Transformers to Go, the task
itself differs from our approach. To the best of our knowledge, this is the first study to
specifically focus on ViT in the context of Go with the goal of imitating human expert
moves. We believe the results of this study can significantly contribute to the development
of applications that mimic human Go experts, ultimately serving as valuable training tools.

3. Materials and Methods

3.1. Dataset
3.1.1. Dataset Formation

The dataset used in this study was collected from the KGS Go server, spanning from
2004 to 2019. To maintain a consistent level of gameplay quality, we excluded handicapped
games and focused solely on matches involving players ranked between 4th dan and
9th dan. This decision was made to ensure that the model would learn from expert-level
gameplay, as these ranks represent a high degree of skill and strategic depth, avoiding the
potential noise or suboptimal moves that might arise from lower-ranked or handicapped
games. The dataset provides a robust foundation for training a model aimed at imitating
professional-level gameplay.

The dataset was divided into a training set and a holdout set, with the training set
comprising 26,078,877 positions and the holdout set containing 1,376,321 positions. Each
position captures a snapshot of the board at a specific point during a game, representing the
arrangement of stones for both players. These positions serve as the input data for the model,
enabling it to analyze and predict the next move based on the current board configuration.

One of the key properties of Go is its inherent symmetry. Due to the rules of the game,
the information provided by each board position remains invariant under horizontal flips,
vertical flips, and rotations. This characteristic, referred to as the symmetry property, allows
significant data augmentation opportunities. In this study, we leveraged this property
by applying all eight possible transformations to the board, including rotations of 90◦,
180◦, and 270◦, as well as horizontal and vertical reflections, as shown in Figure 4. These
transformations effectively expand the dataset while preserving the original strategic
context of each position.

The labeling process for the dataset involved assigning a corresponding move to each
board position. Specifically, the label for each position is the next move made by the human
player in the game. This move is represented as a two-dimensional coordinate on the
19 × 19 Go board. To make the data compatible with the model, these coordinates are
flattened into a one-hot vector of length 361, corresponding to all possible board positions
(excluding the pass move). In this vector, the position where the move was played is
marked with a value of 1, while all other positions are marked with 0. This one-hot
encoding method provides a straightforward and efficient representation of the target
variable, enabling the model to treat the task as a multi-class classification problem.

By focusing on expert-level gameplay and utilizing the symmetry property of Go, the
dataset was designed to comprehensively reflect the strategic complexity and diversity of
high-level matches. This approach ensures that the model is trained on data that closely
mirror the patterns and decision-making processes of skilled human players.
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Figure 4. The symmetry property of Go. By the rules of Go, the eight positions in this figure are
considered equivalent.

3.1.2. Feature Preprocessing

The feature set used for our model is extracted from raw board positions, as detailed
in Table 1. These features are encoded using binary planes, where each plane corresponds
to a specific aspect of the board configuration (e.g., black stones, white stones, liberties,
etc.). This encoding process provides a comprehensive representation of the board state,
enabling the model to learn meaningful patterns and strategies from the raw positions.

During both the training and inference phases, the features are initially stacked to
form a tensor of shape R10×19×19, where 10 represents the number of feature planes and
19 × 19 corresponds to the dimensions of the Go board. To make the data compatible with
the Vision Transformer (ViT), zero padding is then applied along the last two dimensions,
resulting in an input tensor of shape R10×21×21. This padding step is essential because ViT
requires the input to be divided into smaller patches, and the original board size of 19 does
not evenly divide by the patch size, making it less ideal for the transformation process.

In the training phase, data augmentation techniques such as random flipping and rota-
tion of the board positions are applied to further enhance the model’s ability to generalize.
By exploiting the inherent symmetry of Go positions, the model is exposed to a broader
variety of board configurations, improving its robustness and helping it learn patterns
that are invariant under these transformations. Additionally, during inference, the same
symmetric property is leveraged to apply test-time augmentation, allowing the model to
make more robust predictions by considering multiple transformed versions of the board.
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Table 1. The features extracted from raw positions.

Feature Shape Description

Black (1, 19, 19) The positions of black stones are marked with 1.
The rest are marked with 0.

White (1, 19, 19) The positions of white stones are marked with 1.
The rest are marked with 0.

Invalid (1, 19, 19) The positions of invalid moves are marked with 1.
The rest are marked with 0.

Turn (1, 19, 19) The entire plane is marked with 1 if it is black’s
turn to play or 0 if it is white’s turn to play.

Ones (1, 19, 19) An entire plane is marked with 1.

Empty (1, 19, 19) The positions that are not occupied by a stone are
marked with 1. The rest are marked with 0.

Recent moves (4, 19, 19)

The features that store the most recent 4 moves.
The ith plane of this feature stores the feature of

the ith most recent move. The position of the move
is marked with 1. The rest are marked with 0.

This approach not only helps in increasing the diversity of the training data but also
ensures that the model is trained to recognize Go patterns that are consistent regardless of
board orientation, leading to a more effective and generalizable model.

3.2. Vision Transformer for Go

In this work, we aim to demonstrate the capability of the Vision Transformer (ViT)
to imitate the moves of human experts in the game of Go. This problem is formulated
as a classification task, where each possible move on the board is treated as a distinct
class. Given the 19 × 19 grid of the Go board, this results in a total of 361 possible classes,
corresponding to all board positions, excluding the pass move. Each class represents a
unique location on the board where a stone can be placed, and the model’s goal is to predict
the next move based on the current board configuration, mimicking the decisions made by
expert players.

This section provides an overview of the key components involved in applying the
Vision Transformer (ViT) to the task of imitating expert-level gameplay in Go. For a
comprehensive theoretical background on the ViT, readers are encouraged to refer to [6,16].
Our methodology draws inspiration from [6], particularly for Equations (1) and (2), which
outline the mathematical foundations of the ViT. These equations have been adapted
to align with the specific requirements of our task, demonstrating how the ViT can be
effectively applied to analyze board positions and predict the next move in Go.

An overview of our method is presented in Figure 5. In the ViT, the input features
must be reshaped into a sequence of feature patches. The features from Table 1 have
the shape R10×19×19, which cannot be reshaped directly because 19 is a prime number.
Therefore, the features are first padded with zeros to form R10×21×21. We set the patch
size to 7; accordingly, the features are broken down into 9 patches, each of shape 7 × 7.
These patches are then flattened to form a sequence of 2D patches p ∈ R9×(10·72). We use a
learnable linear projection to project each patch into R768, resulting in projected patches
pproj ∈ R9×768. After prepending an additional class token xclass, positional embeddings
are added to incorporate spatial information, which is crucial for identifying long-range
patterns on the board. The resulting tensor is used as input for the Transformer encoder,
denoted by z0. Formally, we define:

With the patch size set to 7, the padded features are divided into 9 patches, each of
size 7 × 7. These patches are then flattened into a sequence of 2D patches represented
as p ∈ R9×(10·72). A learnable linear projection is applied to each patch, projecting the
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patches into a higher-dimensional space of R9×768. This step produces the projected patches
pproj ∈ R9×768, which are now suitable for processing by the ViT.

Before passing the patches into the Transformer encoder, an additional learnable class
token xclass is prepended to the sequence. Positional embeddings are added to the sequence
to encode spatial information, which is critical for recognizing long-range dependencies
and patterns on the Go board. The resulting tensor, denoted as z0, serves as the input to
the Transformer encoder. Formally,

z0 = [xclass; p1L; p2L . . . ; p10L] + Epos, L ∈ R
(10·72)×768, Epos ∈ R

(10+1)×768 (1)

 
Figure 5. Vision Transformer for Go. It should be noted that the images of Go are for illustrative
purposes. The actual data are the features from Table 1. The illustration of the figure was inspired by [6].

This formulation ensures that the input data are structured in a way that fully utilizes
the ViT’s capability to model the complex spatial and strategic relationships inherent in
Go gameplay.

The Transformer encoder blocks used in our study are illustrated in Figure 3. To
evaluate the impact of model depth on performance, we experimented with three different
configurations of Vision Transformer (ViT) by varying the number of encoder blocks:
4, 8, and 12 blocks. Each encoder block comprises two key components: a multi-head
attention (MA) module and a multi-layer perceptron (MLP) module. These components
work together to model both local and global dependencies within the input data, enabling
the network to capture the complex patterns inherent in Go gameplay.

The operations within each encoder block are described mathematically as follows:

1. Multi-head Attention Module:

The output of the multi-head attention module is computed as follows:

z′l = MSA(LN(zl−1)) + zl−1, l = 1 . . . L (2)

Here, zl−1 is the input to the l-th encoder block, LN denotes layer normalization, and
MSA represents the multi-head self-attention mechanism. The residual connection (+zl−1)
ensures stability during training by mitigating issues such as vanishing gradients.
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2. Multi-layer Perceptron Module:

The output of the MLP module is calculated as follows:

zl = MLP
(

LN
(
z′l
))

+ z′l , l = 1 . . . L (3)

where z′l is the intermediate representation from the MA module, and the residual connec-
tion (+z′l) further enhances training stability.

In this study, L is set to 4, 8, and 12 to compare the performance of Vision Transformer
(ViT) models with varying depths. By experimenting with these different configurations,
we aim to evaluate the trade-offs between model complexity and predictive accuracy in the
task of mimicking expert-level Go gameplay.

After processing the input through all L encoder blocks, the output from the first
embedding (corresponding to the class token) of the last encoder block undergoes layer
normalization. This normalized representation serves as the basis for generating the final
score for each possible move on the Go board.

These scores are then converted into a probability distribution over all potential moves
using the softmax function. The softmax operation ensures that the scores are transformed
into a normalized probability distribution, where the probabilities of all possible moves
sum to 1. Mathematically, the softmax function is defined as follows:

so f tmax(z)i =
ezj

∑n
j=1 ezj

(4)

where z = [z1, z2, . . . , zn] represents the input logits, and so f tmax(z)i is the probability
assigned to the i-th class (or move). Here, n corresponds to the total number of classes,
which, in the context of a 19 × 19 Go board, is 361 (excluding the pass move).

This final probability distribution indicates the model’s confidence for each possible
move and is used to select the next move during inference, thereby enabling the model to
imitate the decision-making process of expert Go players.

4. Experiments and Results

4.1. Experimental Settings
4.1.1. Training Settings for ViT

The model was trained on the training set for 80 epochs, and the results were evaluated
on the holdout set after training. Each minibatch consisted of the trajectory of an entire
game, where each data point represented a pair: a board position and the corresponding
next move made by a human expert. Data points where the move was “pass” were
discarded. Features extracted from the board position served as the input, while the move
played was used as the ground truth label.

The Adam optimizer was employed for optimization, with an initial learning rate of
0.0001. Cross-entropy loss was used as the loss function. Different layers of the Vision
Transformer (ViT) were trained, with each model requiring approximately 10 to 14 days to
train on a single NVIDIA RTX 4070 GPU with 12 GB of memory.

4.1.2. Training Settings for CNNs

We also evaluated two additional models to compare the performance of the ViT with
that of CNN-based architectures, using identical training and holdout sets. The comparison
models included the policy network architecture from AlphaGo (Figure 6) and a 12-layer
CNN adapted from [12] (Figure 7).
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Figure 6. The policy network’s architecture processes the raw board position through feature
extraction, using the features specified in Table 1.

The policy network begins by padding input features with zeros to form a tensor of
size R10×23×23 This tensor is processed through a sequence of convolutional layers, each
followed by rectified linear unit (ReLU) activations. A final 1 × 1 convolutional layer,
combined with flattening operations, converts the tensor into a vector of size R361. A
softmax operation then derives the probability distribution of potential moves.

The 12-layer CNN processes preprocessed input data structured as a tensor of size
R10×19×19. A sequence of convolutional layers with ReLU activations is applied, and zero
padding ensures that the tensor size remains R10×19×19. The final 1×1 convolutional layer
outputs two R19×19 tensors. Each tensor is flattened, and softmax operations are applied to
produce the probability distributions for black and white moves, respectively.

In this study, these models are referred to as the “policy network” and the “12-layer
CNN”, and their performance is compared to that of the ViT.
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Figure 7. The 12-layer CNN for move prediction preprocesses the inputs by extracting the features
listed in Table 1.

The two models share a similar CNN backbone structure, but their output layers
are tailored to different objectives. The policy network employs a single output block
that consolidates all information into a unified prediction. In contrast, the 12-layer CNN
utilizes two separate output blocks, enabling it to handle game dynamics uniquely for each
player. This distinction is significant, as it allows the 12-layer CNN to make more nuanced
predictions by better capturing the complexities of player-specific strategies.

A significant architectural difference between the models lies in their input layers. The
policy network uses the same comprehensive feature set as the ViT model, encom-passing
various aspects of the game state, such as the current board configuration, previ-ous moves,
and additional relevant features. In contrast, the 12-layer CNN excludes the “turn” feature
from its input set, as detailed in Table 1 This exclusion required adjustments to the input
layer to ensure the model could still effectively process the board state.

Both CNN-based models underwent the same rigorous training process. They were
trained for 80 epochs, providing ample time for the models to learn from the training
data. Stochastic Gradient Descent (SGD) was used as the optimization algorithm, with an
initial learning rate of 0.003 that decayed by 50% every 16 epochs. Cross-entropy loss was
employed as the loss function. Notably, the 12-layer CNN only updated parameters related
to its output layer during training.
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By comparing the performance of these two CNN-based models with the ViT approach,
we aimed to gain deeper insights into how different deep learning architectures perform
in the task of imitating human Go players. This comparative analysis is essential for
identifying the model best suited for use as a training or analysis tool for Go players,
ultimately contributing to their skill enhancement and understanding of the game.

4.1.3. Test-Time Augmentation

Test-time augmentation (TTA) is a technique employed to enhance the robustness and
accuracy of model predictions during inference by generating multiple augmented samples
from the test data. This approach mitigates the impact of individual transformations, pro-
viding a more reliable and consistent prediction. Go, with its symmetric board properties,
is particularly well suited for TTA, as the board can be rotated and reflected in various
ways without altering the fundamental nature of the game (Figure 8).

Figure 8. The process of test-time augmentation.

At inference time, each board position is augmented using its symmetric proper-
ties, generating eight symmetries through rotations and reflections. These symmetries
are treated as a minibatch of inputs for the model. For each augmented position, the
model computes a probability distribution by applying the softmax operation to its predic-
tions. The resulting eight probability distributions are averaged to produce the final move
probability distribution.

By leveraging TTA, the model’s predictions become more stable and reliable, as they
incorporate the game board’s inherent symmetries. This process ensures that the model
evaluates all symmetrical configurations, ultimately improving its predictive accuracy
and robustness.
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4.2. Performance Evaluation for Imitating Human Moves
4.2.1. Top-k Accuracy

To evaluate how well a model can imitate human players, we report both top-one
and top-five accuracy. For a given board position, a prediction is considered correct for
top-one accuracy if the model’s highest-ranked move matches the human expert’s move.
For top-five accuracy, it is considered correct if the human expert’s move is among the
model’s top five predicted moves. Formally, the top-k accuracy is defined as follows:

Top-kAcc. =
1
N

N

∑
i=1

I(yi ∈ Top-k(x̂i)) (5)

where the variables have the following meanings:

• N is the total number of instances in the dataset;
• yi is the true label (human expert’s move) for the i-th instance;
• x̂i represents the predicted scores or probabilities for the i-th input;
• Top-k(x̂i) is the set of k labels with the highest predicted scores or probabilities for the

i-th instance;
• I(·) is the indicator function, returning 1 if the condition inside is true and 0 otherwise.

The results are summarized in Table 2, and test-time augmentation (TTA) leveraging
the symmetric properties of Go was applied during evaluation. TTA is particularly effective
for Go due to the game’s symmetry, allowing the model to evaluate augmented versions of
each position without additional training. This method significantly improved performance
with no extra computational cost during training.

Table 2. The performance of ViT and CNNs is compared. We denote ViT with different layers as
ViT/L = k, where k is the number of encoder blocks in the ViT.

Model Symmetries Top-1 Acc. Top-5 Acc.

12-layer CNN 1 0.4911 0.8250
12-layer CNN 8 0.4921 0.8259

Policy network 1 0.4924 0.8134
Policy network 8 0.5045 0.8209

Vit/L = 4 1 0.4513 0.7674
Vit/L = 4 8 0.4726 0.7973
Vit/L = 8 1 0.4860 0.8031
Vit/L = 8 8 0.5050 0.8214
Vit/L = 12 1 0.4973 0.8154
Vit/L = 12 8 0.5149 0.8312

Our evaluation shows that ViT models, even with eight encoder blocks, outperform
both CNN-based models in top-one and top-five accuracy after incorporating TTA. The
best-performing model, ViT/L-12, achieved a top-one accuracy of 51.49%.

However, due to the computational cost, we limited our testing of ViT models to a
maximum of 12 layers. As shown in Table 2, the results suggest that increasing the number
of encoder blocks could further improve accuracy, indicating potential for even better
performance with deeper models.

We compare our results with existing Go move prediction studies [19,20]. In [19],
three different models were used: the Incep–Attention model, the Up–Down model, and
an ensemble of the two models. Their top-one accuracy scores were 0.4074, 0.4420, and
0.4686, respectively. In [20], a mobile network was tested for Go move prediction, achieving
a top-one accuracy of 0.4431. Compared to these studies, our approach demonstrates
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superior performance in top-one accuracy. However, it is worth noting that ViT, while
achieving higher accuracy, has a larger number of parameters, potentially leading to higher
computational requirements and an increased system load.

4.2.2. Extended Top-k Accuracy

In most studies, such as [2,12], only top-one accuracy is reported as a measure of a
model’s ability to mimic human experts. However, we argue that relying solely on top-k
accuracy is insufficient for evaluating model performance, particularly in the context of Go.

In the opening stage of a Go game, there are often multiple logically equivalent moves
according to the rules of the game. However, the ground truth typically contains only one
of these moves. For instance, as illustrated in Figure 9, moves A and B are equivalent in
terms of their impact on the game. If the ground truth labels move A as correct and the
model predicts move B, it would be unjust to consider the prediction a failure, since both
moves achieve the same strategic outcome.

 
Figure 9. Black to play. Moves A and B are considered equivalent according to the rules.

An even more striking example is depicted in Figure 10, where eight moves are all log-
ically equivalent. In this scenario, the model has only a one-eighth chance of being marked
correct by top-one accuracy, despite all eight moves being equally valid. This limitation
highlights the need for more nuanced evaluation metrics or alternative approaches that
account for the equivalence of moves in certain game scenarios.

More formally, the extended top-k accuracy can be expressed by

Extended Top-kAcc. =
1
N

N

∑
i=1

II(yi ∈
⋃

y′∈Equiv(yi)

Top-k(ŷi, y′)) (6)

where the variables have the following meanings:

• N is the total number of instances in the dataset;
• yi is the true label for the i-th instance;
• yi represents the predicted scores or probabilities for the i-th input;
• Top-k(ŷi, y′) represents the set of k labels with the highest predicted scores or proba-

bilities for the i-th instance, considering label y′;
• Equiv(yi) is the set of labels considered quivalent to the true label yi;
• II(·) is the indicator function, which returns 1 if the condition inside is true and 0 otherwise.
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Figure 10. Black to play. All positions marked with an X are considered equivalent according to the rules.

The results regarding extended top-k accuracy are listed in Table 3. Performance
evaluations based on top-k accuracy and extended top-k accuracy both showed that the
ViT with eight encoder layers was sufficient for the task.

Table 3. The extended top-k accuracy of the ViT and CNNs is compared.

Model Symmetries Ext. Top-1 Acc. Ext. Top-5 Acc.

12-layer CNN 1 0.4943 0.8274
12-layer CNN 8 0.4962 0.8272

Policy network 1 0.4930 0.8144
Policy network 8 0.5091 0.8237

Vit/L = 4 1 0.4533 0.7704
Vit/L = 4 8 0.4751 0.7993
Vit/L = 8 1 0.4892 0.8063
Vit/L = 8 8 0.5106 0.8278
Vit/L = 12 1 0.5013 0.8259
Vit/L = 12 8 0.5187 0.8349

4.2.3. Inference Time Analysis on Different Devices

In this section, we will discuss the model’s inference time during the inference phase.
When learning to play Go, users may not always have access to high-performance

computers. Many players might rely on lightweight devices to predict the next move. To
evaluate the model’s feasibility across different systems, we tested it on three devices: the
GTX 1650, the RTX 3090, and the RTX 4090.

The results are illustrated in Figure 11, using a test dataset containing 1,376,321 positions.
The total inference times were 280.23 s for the RTX 4090, 354.90 s for the RTX 3090, and
1523.62 s for the GTX 1650. These times correspond to an average inference time per
position of 0.00021 s, 0.00026 s, and 0.0012 s, respectively.

These findings indicate that the model is computationally efficient and can be utilized
effectively on lightweight devices equipped with a GPU.
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Figure 11. Time cost in different device.

5. Conclusions and Future Work

5.1. Conclusions

Building a model that achieves professional-level gameplay and also plays like humans
is highly desirable in the Go community. In this study, we showcased the capability of the
Vision Transformer (ViT) in this field. The ViT achieved 49.73% top-one accuracy without
exploiting the symmetry property of the dataset from the KGS Go server and 51.49%
top-one accuracy when exploiting the symmetry property using 12 encoder layers. These
results demonstrate that the ViT can mimic expert moves better than CNN-based models.

We also proposed the extended top-k accuracy for evaluating model performance.
To the best of our knowledge, all other research on imitating human Go players ignores
the issue brought by the symmetric property and equivalent moves. The extended top-k
accuracy was designed to address this problem, and we believe it can better evaluate the
capability of models in imitating human experts. ViT achieved 50.13% extended top-one
accuracy without test-time augmentation and 51.87% extended top-one accuracy with
test-time augmentation using 12 encoder layers.

5.2. Future Work

During our experiments, as shown in Tables 2 and 3, we observed that adding more
layers to the model provided room for improvement. Beyond this, exploring advanced
Transformer-based architectures offers promising opportunities to enhance Go AI. For
instance, the Swin Transformer, which has outperformed the ViT in computer vision tasks,
could serve as a robust candidate for imitating human Go players. Its ability to capture
long-range dependencies in game patterns suggests that it could potentially replace the
backbone of win-oriented models such as AlphaGo, improving their ability to replicate
human expertise more effectively.

In addition to the Swin Transformer, other Transformer-based models, such as the
Data-efficient Image Transformer (DeiT) and Pyramid Vision Transformer (PVT), could
also be integrated into Go AI frameworks to address specific challenges. The DeiT, with
its knowledge distillation capabilities, is well suited for enhancing data efficiency and
addressing data leakage issues, making it an ideal tool for mimicking rare playing styles
and diversifying gameplay. Meanwhile, PVT, with its multi-scale feature extraction and
Spatial Reduction Attention (SRA), excels in dense prediction tasks, making it a strong
candidate for downstream applications requiring high-resolution processing, such as
detailed Go strategy analysis.
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By leveraging the unique strengths of these Transformer architectures, future research
could optimize Go AI models for both high performance and human-like gameplay. This
approach has the potential to revolutionize Go AI, providing more advanced tools for
teaching, analyzing, and diversifying Go strategies.

Furthermore, our objective is to imitate the movements of professional Go players,
using historical game data from a Go server as our dataset. In future research, we plan to
utilize our predictive models to compete against professional Go players, further validating
their effectiveness and refining their capabilities.
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Abstract: In the field of gaming artificial intelligence, selecting the appropriate machine
learning approach is essential for improving decision-making and automation. This paper
examines the effectiveness of deep reinforcement learning (DRL) within interactive gaming
environments, focusing on complex decision-making tasks. Utilizing the Unity engine,
we conducted experiments to evaluate DRL methodologies in simulating realistic and
adaptive agent behavior. A vehicle driving game is implemented, in which the goal is to
reach a certain target within a small number of steps, while respecting the boundaries of
the roads. Our study compares Proximal Policy Optimization (PPO) and Soft Actor–Critic
(SAC) in terms of learning efficiency, decision-making accuracy, and adaptability. The
results demonstrate that PPO successfully learns to reach the target, achieving higher and
more stable cumulative rewards. Conversely, SAC struggles to reach the target, displaying
significant variability and lower performance. These findings highlight the effectiveness
of PPO in this context and indicate the need for further development, adaptation, and
tuning of SAC. This research contributes to developing innovative approaches in how ML
can improve how player agents adapt and react to their environments, thereby enhancing
realism and dynamics in gaming experiences. Additionally, this work emphasizes the
utility of using games to evolve such models, preparing them for real-world applications,
namely in the field of vehicles’ autonomous driving and optimal route calculation.

Keywords: artifical intelligence; machine learning; reinforcement learning; deep learning;
deep reinforcement learning; Unity engine; ML-Agents Toolkit

1. Introduction

In the dynamic and rapidly evolving field of gaming artificial intelligence (AI), devel-
oping sophisticated autonomous agents has become a central goal, particularly in complex
and interactive environments [1]. One of the most promising approaches to achieving
advanced decision-making and automation in games involves deep reinforcement learning
(DRL), a technique that merges the depth of deep learning (DL) with the goal-oriented capa-
bilities of Reinforcement Learning (RL). These two conventional approaches are combined
to overcome the limitations of RL in complex environments with large state spaces [2].

DRL-based algorithms deliver outstanding performance; however, the frequent need
for evaluation significantly contributes to computational overload, resulting in notable
decision delays and a decline in overall system performance [3]. The use of DRL in
simulating autonomous driving within a game setting offers a unique opportunity to test
and refine AI methodologies in an environment that mimics real-world dynamics. However,
unlike standard toy problems often used in experimentation, the environment addressed
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in this paper simulates a real-world scenario with greater complexity and computational
demands. This increased complexity enables a more rigorous evaluation of reinforcement
learning algorithms like Proximal Policy Optimization (PPO) and Soft Actor–Critic (SAC),
pushing them closer to real-world application limits. Through this, we aim to demonstrate
whether these models are capable of addressing real-world problems or remain constrained
to controlled research environments.

Unlike many recent studies, which focus primarily on theoretical DRL techniques
and sensor integration [4], or explore different system architectures for autonomous driv-
ing [5], this work diverges by offering a simulation environment that closely approximates
real-world conditions. While approaches like Model-Based Imitation Learning for Urban
Driving (MILE) [6] represent steps toward reality, they utilize different methods and goals.
Similarly, other works, such as the Performance Analysis of Deep Neural Network Con-
trollers for Autonomous Driving using Nonlinear Model Predictive Control [7], focus on
specific control strategies. In some cases, DRL has also been applied to trajectory planning
problems, such as in the DRL-QiER framework, which combines DRL with quantum-
inspired experience replay to optimize UAV mobility while minimizing communication
outages [8]. Unlike DRL-QiER, which addresses UAV-specific challenges like airspace
boundaries and wireless connectivity, this research focuses on terrestrial navigation with
unique constraints, such as realistic motorcycle physics and complex terrain-based obsta-
cles. In contrast, this research takes a more holistic approach by testing DRL techniques
in a gaming environment that mirrors real-world driving dynamics. This allows for the
evaluation of both decision-making efficiency and adaptability in a more realistic setting.

Although a significant design challenge for these scenarios is the transfer of learning,
as the experience of playing a game differs greatly from driving a vehicle [9], this controlled
setting allows for rapid experimentation and iteration, which is essential for advancing AI
technologies and transferring learned lessons into real-world situations [10]. This study
undertakes a comprehensive examination of DRL techniques to evaluate their effective-
ness in improving the learning efficiency, decision-making accuracy, and adaptability of
autonomous car agents in dynamic and potentially unpredictable gaming scenarios.

While DRL offers significant advantages to these scenarios, challenges remain in ef-
fectively learning from sparse, high-dimensional sensory inputs and ensuring safety and
robustness in real-world driving scenarios. To address these challenges, increasing model
complexity aims to enhance adaptability to intricate situations and improve generaliza-
tion capacity. However, this approach also demands substantial volumes of high-quality
training data, thereby increasing the complexity of the learning process and presenting
additional hurdles in achieving efficient and effective training [11].

As the project progresses, we are introducing increasingly realistic and complex dy-
namics into the simulation environment. Currently, we are incorporating a detailed map
based on the real-world geography of Vila Real, Portugal, which adds specificity and com-
plexity to the terrain. Additionally, the simulation now features a motorcycle with more
complex physics, requiring advanced handling of speed, balance, and motion. Obstacles
such as terrain features and environmental challenges are being used as key constraints,
pushing the DRL models to adapt to real-world driving conditions. This evolving com-
plexity reflects the challenges faced in autonomous vehicle scenarios and drives further
refinement of the models’ scalability and adaptability in handling intricate environments.
Moreover, through an extensive review of related work, which we summarize in Table 1,
we did not find any projects that implemented DRL techniques within such a complex
and realistic scenario. The combination of a detailed geographic map, realistic motorcycle
physics, and the introduction of environmental obstacles sets this project apart, offering a
unique challenge and opportunity for testing and advancing the capabilities of DRL models
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in real-world applications. A preview of the new environment, including the detailed map
and enhanced physics features, is already being developed and will be provided later in
this article to illustrate the complexity and realism achieved.

Table 1. Summary of Related Work.

Reference Authors Problem Addressed Solving Method

[4] Elallid et al. (2022)

Application of DRL techniques in
autonomous driving, focusing on
motion planning, decision-making,
and vehicle control.

Integration of DRL with sensor
technologies to enhance autonomous
vehicle systems.

[5] Bachute and Subhedar (2021)
Overview of autonomous driving
system architectures and
their components.

System-level architectural approaches,
analyzing machine learning and deep
learning algorithms.

[6] Hu et al. (2022)
Urban driving tasks requiring
imitation learning to navigate
complex environments.

Implementation of Model-Based
Imitation Learning (MILE) to improve
urban driving scenarios.

[7] Lee and Kang (2021)
Challenges in autonomous driving
control strategies due to high
computational demand.

Development of a data-driven deep
neural network based on Nonlinear
Model Predictive Control (NMPC).

[8] Li and Aghvami (2022)
UAV trajectory planning under
constraints like mobility and
communication efficiency.

Use of DRL with Quantum-Inspired
Experience Replay (DRL-QiER) for
improved trajectory planning.

This work contributes to the existing body of research by providing insights and
practical applications that can enhance real-world autonomous vehicle technology, offering
a safe and cost-effective platform for testing complex AI-driven navigation strategies. By
focusing on a vehicle navigating towards a target, this research not only enhances our
understanding of how DRL can be applied to specific tasks in gaming but also contributes
to the broader field of AI by demonstrating the potential of these techniques to develop
agents that can learn and adapt in real-time. The findings indicate that DRL significantly im-
proves the autonomy and realism of the vehicle’s behavior, showcasing enhanced learning
capabilities and more refined interaction dynamics within complex gaming environments.
By exploring the application of DRL within the Unity engine to enhance the navigational
abilities of a virtual vehicle, this work focuses on improving autonomous navigation to
enable the vehicle to reach targets efficiently and adaptively. Subsequently, these findings
can be applied and transposed to real application scenarios, such as the support of route
and driving behavior definition for the electric motorbikes developed in the scope of the
A-MoVeR project (see Funding and Acknowledgments sections).

Ultimately, this research aims to advance the development of innovative machine
learning (ML) and AI approaches, potentially revolutionizing how autonomous systems
adapt to and interact with their environment and other entities. This work also highlights
the importance of using games as a means to develop and test AI models, preparing them
for real-world applications and leading to more realistic and dynamic experiences in both
gaming and practical scenarios.

This paper is structured in the following way. After this introduction, Section 2
provides an overview of the ML-Agents Toolkit used for training the agents, followed by
detailed explanations of ML training methods, focusing on PPO and SAC. Section 3 details
the practical project’s structure, providing information about the environment, using the
Unity engine, and the overview of the main objectives, with an emphasis on the current
phase of simpler vehicle navigation, including the reward system and hyperparameters
used. It also briefly outlines the three subsequent phases of the project, each progressively
incorporating more realistic features. Finally, Section 4 presents the achieved results and
evaluates the effectiveness of DRL techniques used in the defined scenarios.
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2. Machine Learning Models

2.1. ML-Agents Toolkit

The Unity Machine Learning Agents Toolkit (ML-Agents Toolkit) is an open-source
framework, provided by Unity Technologies [12], that converts games and simulations into
environments for training intelligent agents. With an easy-to-use Python API, develop-
ers can train agents using techniques such as reinforcement learning, imitation learning,
and neuroevolution. The toolkit offers PyTorch-based implementations of cutting-edge
algorithms, facilitating the training of intelligent agents [13]. The primary training util-
ity provided by the ML-Agents Toolkit is ‘mlagents-learn’. This tool accepts numerous
command-line options and utilizes a YAML configuration file containing all the necessary
configurations and hyperparameters for training. The specific configurations and hyperpa-
rameters in this file can significantly impact training performance, always depending on
the agents, environment, and the training method used [14].

2.2. Training Methods

Although the Unity ML-Agents Toolkit offers a specific range of training methods, it
stills provides developers with both flexibility and efficiency in creating intelligent agents.
The toolkit supports three primary training techniques, which can be utilized independently
or in combination, to enhance the development process:

• Behavioral Cloning (BC): This method, a form of imitation learning, involves the
agent learning to replicate the actions that a demonstrator (human or not) would take
in response to a given observed state [15].

• Generative Adversarial Imitation Learning (GAIL): GAIL integrates imitation learn-
ing with reinforcement learning, enabling agents to learn from demonstrations with or
without extrinsic rewards [13]. This direction attempts to imitate the expert behavior
through direct policy optimization rather than learning the reward function first [16].

• Reinforcement Learning (RL): This fundamental method involves training agents by
interacting with the environment to maximize cumulative rewards [17]. RL can be
implemented using PPO and SAC [13].

In closed-world environments, such as games, RL is applied with great success [18].
As it allows a software agent to take appropriate measures for a given environment to
maximize the cumulative reward in a specific situation [19], agents do not learn from given
examples but rather through interactive experiences with the environment [20]. So, among
these methods, we will be focusing on PPO and SAC, which are two key reinforcement
learning algorithms that play a significant role in the training process.

2.2.1. Proximal Policy Optimization

PPO is an on-policy optimization algorithm that employs a neural network to approx-
imate an optimal function, mapping an agent’s observations to the best possible actions
in a given state. Integrated with frameworks such as TensorFlow, it interacts with Python
processes to optimize step updates through a gradient descent framework. This method
has shown to be more effective than traditional gradient descent, resulting in more stable
and faster training processes [21]. It functions within an actor–critic framework, where
the “actor” is responsible for selecting actions, and the “critic” evaluates them. This ap-
proach integrates current experiences with critiques to refine the policy, avoiding the large,
destructive updates typical of traditional policy gradient methods. It accomplishes this
by alternating between sampling data from environmental interactions and optimizing a
clipped policy surrogate. The resulting balance of simplicity, computational efficiency, and
effective sample utilization solidifies its position as a state-of-the-art method [22].
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The core idea of PPO is to optimize a surrogate objective function while ensuring that
the new policy does not deviate excessively from the old policy [23]. The key mathematical
formula used in PPO is the objective function (1)

LCLIP(θ) = Êt
[
min

(
rt(θ)Ât, clip(rt(θ), 1 − ε, 1 + ε)Ât

)]
(1)

Here each component is defined as follows:

• θ represents the parameters of the policy (neural network) being optimized.
• Êt denotes the empirical expectation over a finite batch of samples.
• rt(θ) is the probability ratio between the new policy and the old policy, defined as

rt(θ) =
πθ(at|st)

πθold
(at|st)

(2)

where πθ(at|st) is the probability of taking action at given state st under the new
policy, and πθold

(at|st) is the probability under the old policy.
• Ât is the advantage estimate at time step t, which measures how much better or worse

the action at is compared to the expected action under the current policy.
• ε is a small hyperparameter that defines the clipping range.
• clip(rt(θ), 1− ε, 1+ ε) clips the probability ratio rt(θ) to be within the range [1− ε, 1+ ε].

The objective function LCLIP(θ) ensures that the new policy does not deviate signif-
icantly from the old policy by taking the minimum of the unclipped objective rt(θ)Ât

and the clipped objective clip(rt(θ), 1 − ε, 1 + ε)Ât. This conservative update helps main-
tain a balance between exploration and exploitation, leading to more stable and reliable
learning [23,24].

In summary, the PPO objective function is designed to penalize large changes in the
policy, ensuring smooth and stable policy updates while optimizing performance.

2.2.2. Soft Actor–Critic

SAC, unlike PPO, is an off-policy reinforcement learning algorithm. It can learn from
experiences collected at any time in the past by storing them in an experience replay buffer,
from which samples are randomly drawn during training. This approach significantly
enhances sample efficiency, often requiring 5–10 times fewer samples than PPO to achieve
comparable performance. However, SAC typically necessitates more model updates, mak-
ing it well suited for environments where each step takes longer, around 0.1 s or more [13].
As an off-policy actor–critic algorithm based on the maximum entropy RL framework,
SAC’s training objective is to maximize both entropy and reward. This dual objective
differentiates SAC from traditional actor–critic methods that solely focus on maximizing
cumulative rewards. SAC modifies the objective function by incorporating the expected
entropy of the policy, favoring stochastic policies and thus enhancing exploration [25,26].

The main objective functions of SAC are as follows:

1. Q-Function Update

The Q-function parameters are updated to minimize the soft Bellman residual:

JQ(θ) = E(st ,at)∼D

[
1
2
(
Qθ(st, at)−

(
r(st, at) + γEst+1∼p[Vθ̄(st+1)]

))2
]

(3)

In which, each component is defined as follows:

• Qθ(st, at) is the Q-function parameterized by θ.
• r(st, at) is the reward received after taking action at in state st.
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• γ is the discount factor.
• Vθ̄(st+1) is the target value function.

2. Value Function Update

The value function is updated to minimize the difference between the Q-function and
the expected value under the policy

JV(θ̄) = Est∼D

[
1
2

(
Vθ̄(st)−Eat∼πφ

[
Qθ(st, at)− log πφ(at|st)

])2
]

(4)

3. Policy Update

The policy parameters are updated to maximize the expected return while also maxi-
mizing the entropy to encourage exploration:

Jπ(φ) = Est∼D,at∼πφ

[
log πφ(at|st)− Qθ(st, at)

]
(5)

Entropy Regularization

The entropy regularization term ensures that the policy does not become too deterministic:

H(π(·|s)) = −Ea∼π [log π(a|s)] (6)

Combining these components, the SAC algorithm alternates between updating the
Q-function, the value function, and the policy using experience replay to sample batches of
data. This approach enables SAC to achieve stable and efficient learning by maintaining a
balance between exploration and exploitation [27–30].

3. Environment

The environment for our deep reinforcement learning study is designed to simulate a
complex urban road network where an autonomous car must navigate effectively to reach a
destination. The environment, built using the Unity engine, is structured as a grid of roads,
resembling the layout of a well-organized city. Specifically, the design includes 6 parallel
roads intersected by another 7 parallel roads, forming a grid that can be visualized as a
table with rows and columns corresponding to these roads (Figure 1). This setup creates
a total of 42 intersections where the roads meet, providing numerous possible paths and
complex scenarios for the autonomous car to learn and navigate.

The project is structured to progress through several phases, each involving tests in
various situations with different parameters. Currently, we are at a very early stage, with
our primary focus on developing and refining the foundational aspects of our environment
and testing the basic capabilities of our deep reinforcement learning models. At this
initial phase, the environment remains quite simple, utilizing default parameters from the
tutorials provided by the ML-Agents Toolkit. The phases will be described in the following
subsections. Throughout all phases, the agent must prioritize paths that minimize the
overall time to reach the targets. Hyperparameter tuning will be crucial for enhancing
the performance of the models. The current phase of the project utilizes PPO and SAC to
identify the most effective learning approach. The increasing complexity and evolution
through the phases aim to develop a robust and adaptable autonomous navigation system,
ensuring meticulous attention to detail and comprehensive scenario handling.
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Figure 1. Above view of the map.

3.1. Unity Engine

The Unity engine [31], developed by Unity Technologies, is a leading platform for
developing interactive, real-time 3D and 2D experiences. The engine offers an interactive
simulation environment that provides a rich user experience [32]. Beyond their original
purpose of video game development/designing, the versatility and robustness of modern
game engines have extended their influence in designing realistic scenarios of various
fields, making them invaluable across diverse sectors. Users who extend their design
processes beyond gaming demonstrate the Unity engine’s versatility as a comprehensive
design tool applicable to various fields beyond game development [33]. Unity’s workflow
distinguishes itself from most other game development environments through its highly
efficient visual process and broad cross-platform support, making it a favorite among
developers [34].

3.2. Phase 1: Basic Navigation

In the first phase of our project, the objective is straightforward. The car only needs to
reach the target, regardless of whether the target is on the road or not, by employing PPO
and SAC.

To navigate the environment, the car is equipped with a 360-degree sensor that collects
data from all directions, providing comprehensive situational awareness to the agent
(Figure 2). This sensor setup ensures that the car can make informed decisions based on a
full understanding of its surroundings.
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Figure 2. Target and agent side by side view.

3.2.1. Reward System

The reward structure in this phase is designed to encourage the car to reach the
target efficiently. The car receives a significant reward when it reaches the target, which
is registered as a collision with the target object, and receives an extra reward based on
time efficiency. Additionally, incremental rewards are given as the car approaches the
target, incentivizing it to move in the correct direction based on the angle to the target.
Conversely, the car is penalized for actions that are counterproductive to reaching the target.
These penalties include moving away from the target, significant backward movement,
and taking too long to reach the target. The car also incurs a significant penalty when it
reaches the environment’s limits, indicated by a collision with the boundary.

1. Target Reaching Reward:
Rtarget = Rbaset + Rtime (7)

• Rbaset : Base reward for reaching the target.
• Rtime: Extra reward based on time efficiency.

2. Proximity-Based Incremental Rewards:

Rproximity = Rbased
× Rangle (8)

• Rbased
: Base reward for approaching the target.

• Rangle: Reward based on the correct angle towards the target.

3. Penalties:

• Moving Away from the Target:

Paway = −Pmove_away (9)

– Pmove_away: Penalty for moving away from the target.

• Backward Movement:
Pbackward = −Pbackward_move (10)

– Pbackward_move: Penalty for significant backward movement.

• Time Penalty:
Ptime = −Ptime_elapsed (11)
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– Ptime_elapsed: Penalty for taking too long.

• Boundary Collision:
Pboundary = −Pboundary_collision (12)

– Pboundary_collision: Penalty for colliding with the environment’s boundary.

The reward structure is strategically designed to promote efficient and direct move-
ment towards the target while discouraging deviations from this goal. The combination of
significant target-reaching rewards, incremental proximity-based rewards, and penalties for
counterproductive actions forms a comprehensive framework that guides the car towards
optimal performance.

3.2.2. Hyperparameters

The hyperparameters are fine-tuned to optimize the performance of the autonomous
car in reaching its target efficiently. These parameters are configured in a YAML file,
provided by the ML-Agents’ flexibility, which allows for easy modification and experimen-
tation. In this initial phase the configurations used were based on the default ML-Agents
hyperparameters, providing a solid foundation for further refinement [35,36]. Each hy-
perparameter is described and can be consulted in the documents provided by Unity
Technologies [37], but there are some that require particular attention due to their signifi-
cant impact on training performance, these are described below.

Shared Hyperparameters

The learning rate is the step size for gradient descent updates. A higher learning rate
can speed up training but may cause instability, whereas a lower learning rate leads to
more stable training but requires more iterations. The typical range for the learning rate is
1 × 10−5 to 1 × 10−3, with a default value of 3 × 10−4.

The batch size refers to the number of training samples per mini-batch. Larger
batch sizes can provide more accurate gradient estimates but require more memory and
computational power. The typical range for batch size is from 32 to 512, with default values
being 64 for PPO and 256 for SAC.

The gamma parameter is the discount factor for future rewards. A higher gamma
value puts more weight on future rewards, promoting long-term strategies. The typical
range is from 0.8 to 0.995, with a default value of 0.99.

Proximal Policy Optimization (PPO)

For PPO, the clip ratio is a crucial parameter. It is used to clip the policy objective to
prevent large updates, helping to maintain stable updates by limiting the extent to which
the policy is changed in a single update. This parameter typically ranges from 0.1 to 0.3,
with a default value of 0.2.

The number of epochs refers to how many times the learning algorithm will work
through the entire training dataset. More epochs mean more thorough learning from the
collected data but increase computational time. The typical range is from 3 to 10, with a
default value of 10.

The GAE lambda is a smoothing parameter for Generalized Advantage Estimation
(GAE). It balances bias and variance in advantage estimation, where higher values provide
lower variance but higher bias. The typical range for GAE lambda is from 0.9 to 0.95, with
a default value of 0.95.

The entropy coefficient is used for entropy regularization, encouraging exploration
by adding an entropy term to the loss function. This prevents the policy from converging
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prematurely to suboptimal solutions. The entropy coefficient typically ranges from 0.01 to
0.1, with a default value of 0.01.

Soft Actor–Critic (SAC)

For SAC, the tau parameter is the interpolation parameter for the soft update of target
network parameters. It affects the update speed of the target networks, balancing stability
and responsiveness. The typical range for tau is from 0.005 to 0.05, with a default value
of 0.005.

The alpha parameter is the entropy regularization coefficient, which determines the
balance between exploration and exploitation. Higher values encourage more exploration,
which can help in finding better policies but may also slow down convergence. The typical
range for alpha is from 0.1 to 0.2, with a default value of 0.2.

The target update interval specifies the number of steps between target network
updates. Frequent updates can make the training more responsive, while less frequent
updates can enhance stability. The typical range is from 1 to 1000, with a default value of 1.

Finally, the gradient steps refer to the number of gradient steps performed after each
environment step. More gradient steps can lead to better policy updates per interaction
with the environment but also increase computational load. The typical range is from 1 to
4, with a default value of 1.

Selecting the appropriate hyperparameters is essential for the training’s success. By
understanding the roles and impacts of these hyperparameters, it is possible to achieve
better performance in various environments. Beginning with the default values and
adjusting as needed based on observed performance and stability is the recommended
procedure to ensure effective and efficient training.

3.2.3. Implementation Overview

To provide a comprehensive understanding of the implementation, this section details
the key steps involved in the car’s decision-making and learning process. The following
components form the core of our implementation: initialization, action selection, reward
application, and environment interaction. The flowchart, Figure 3, illustrates the sequence of
these steps, followed by pseudocode snippets that correspond to critical parts of the algorithm.

The flowchart highlights the following key steps:

• Initialization: Set up the environment, define hyperparameters, and initialize the
agent (car) with its PPO or SAC algorithm (see Algorithm 1).

• Action Loop: For each episode, the agent senses its environment using the 360-degree
sensor and selects an action based on the current policy (see Algorithm 2).

• Environment Interaction: The selected action is applied to the environment, and the
agent moves according to the chosen action (see Algorithm 2).

• Reward Calculation: The reward function is evaluated based on the agent’s new
state, considering proximity to the target, penalties for undesirable actions, and the
time taken (see Algorithm 3).

• Policy Update: Using the collected rewards and experiences, the agent updates its
policy through gradient descent (see Algorithm 4).

• Repeat: The process repeats until the agent converges on an optimal policy or the
training session ends (see Algorithm 5).
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Figure 3. Flowchart of the implementation process.

Pseudocode Snippets

The following snippets correspond to the main components of the implementation, pro-
viding a structured representation of the logic described in the flowchart with a PPO example.

Algorithm 1 Initialization

1: Initialize environment: env ← Environment()
2: Initialize agent:

agent ← Agent(algorithm = ‘PPO’,
learning_rate = 3 × 10−4, gamma = 0.99, batch_size = 64)

3: Initialize variables for tracking performance: episode_rewards ← []
4: for each episode from 1 to max_episodes do
5: state ← env.reset() � Reset environment for new episode
6: total_reward ← 0
7: end for
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Algorithm 2 Action Selection and Environment Interaction

1: while not done do
2: action ← agent.select_action(state) � Choose action using current policy
3: next_state, reward, done ← env.step(action) � Apply action and get new state
4: total_reward ← total_reward + reward � Accumulate reward
5: Store transition: agent.memory.add(state, action, reward, next_state, done)
6: state ← next_state � Update state
7: end while

Algorithm 3 Reward Calculation

1: function CALCULATE_REWARD(state, action, target_position)
2: if reached_target(state, target_position) then
3: reward ← base_reward + time_bonus
4: else if close_to_target(state, target_position) then
5: reward ← proximity_reward × angle_reward
6: else
7: reward ← −penalty_ f or_bad_action(action)
8: end if
9: if hit_boundary(state) then

10: reward ← reward − boundary_penalty
11: end if
12: return reward
13: end function

The reward function was designed to balance exploration and goal-oriented behavior,
guiding the agent to navigate efficiently towards the target. Reaching the target yields a sig-
nificant reward (base_reward + time_bonus), incentivizing success and efficient trajecto-
ries. Proximity rewards (proximity_reward × angle_reward) encourage steady progress
while ensuring directional alignment.

Penalties discourage undesired behaviors, such as moving away from the target
(penalty_for_bad_action) or hitting environment boundaries (boundary_penalty), re-
flecting real-world constraints. The modular design allows for easy adjustment of weights
for different scenarios, ensuring flexibility and adaptability.

This function was iteratively refined during training to effectively incentivize desired
behaviors, aligning with real-world applications.

Algorithm 4 Policy Update

1: if done then
2: agent.update_policy() � Perform PPO updates using stored transitions
3: end if
4: Log episode results: episode_rewards.append(total_reward)

Algorithm 5 End of Training

1: After training, evaluate agent performance: evaluate_agent(agent, env)

3.3. Phase 2: Road-Bound Navigation

In the second phase, the complexity of the task increases as the car is required to reach
the target while strictly adhering to the road. This phase introduces several enhancements
to ensure the car remains on the designated path and navigates more effectively.

To achieve this, the integration of additional sensors into the car’s system is envisaged.
These include road-edge detectors, which help the car recognize and stay within the
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boundaries of the road. Moreover, lane-keeping sensors will be added to provide real-time
feedback on lane position, enabling the car to make precise adjustments to its trajectory.

The reward and penalty system need to be significantly adjusted to promote road
adherence. The car will receive rewards not only for reaching the target but also for
maintaining its position on the road. Specifically, incremental rewards will be given for
staying within lane boundaries and making smooth turns at intersections.

Penalizations will be imposed for deviations from the road, such as veering off the lane
or crossing road edges. Additional penalties will be introduced for unsafe driving behaviors,
including sharp turns, sudden stops, and rapid acceleration, which could indicate a loss
of control. The car will also be penalized for any collisions with road boundaries or other
objects, reinforcing the importance of safe and precise navigation.

3.4. Phase 3: Multi-Target Navigation

The third phase introduces the challenge of multi-target navigation, requiring the car
to reach multiple targets sequentially while staying on the road. This phase significantly
enhances the complexity of the task, necessitating advanced capabilities in route planning
and dynamic path adjustments.

To accomplish this, the car’s system will be upgraded with more sophisticated sensors
and algorithms. These sensors will provide detailed information about the surroundings,
enabling the car to plan its route more effectively.

Enhanced route planning capabilities will be implemented, allowing the car to dynam-
ically adjust its path as it progresses towards each target. This involves the integration of
real-time data processing and decision-making algorithms that can evaluate multiple routes
and select the most efficient path. The car will also use predictive modeling to anticipate
potential obstacles and traffic conditions, optimizing its navigation strategy.

The reward and penalty system will be further refined to account for the multi-target
objective. Rewards will be given for reaching each target, with additional bonuses for
efficiently transitioning between targets. Maintaining road adherence will continue to be
rewarded, ensuring that the car navigates safely and reliably.

Penalizations will be introduced for missing targets, inefficient route choices, and any
deviations from the road. The car will also be penalized for failing to reach targets within
a reasonable time frame, encouraging prompt and efficient navigation. Collisions with
road boundaries, obstacles, or other vehicles will incur significant penalties, reinforcing the
importance of safe driving practices.

Moreover, this phase will simulate more complex urban environments with varied
traffic patterns. The car must demonstrate the ability to navigate these scenarios while
efficiently reaching multiple targets.

3.5. Phase 4: Obstacle-Aware Multi-Target Navigation

In the fourth and most complex phase, the car must navigate the road network,
reach multiple targets, and avoid obstacles. This phase necessitates the introduction of
advanced obstacle detection sensors and sophisticated decision-making capabilities to
handle dynamic environments effectively.

To achieve this, the car will be equipped with a range of advanced sensors. These
sensors will provide detailed, real-time data about the car’s surroundings, enabling it to
detect and avoid obstacles accurately.

The algorithms will be significantly enhanced to process this sensor data and make
real-time decisions. The car will use advanced obstacle avoidance algorithms to navigate
around obstacles while staying on the road and reaching multiple targets. This will involve
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predictive modeling to anticipate the movement of dynamic obstacles and adjust the car’s
path accordingly.

The reward and penalty system will be further refined to encourage safe and efficient
navigation. Rewards will be given for successfully reaching each target, maintaining
road adherence, and avoiding obstacles. Additional rewards will be provided for smooth
navigation, efficient route planning, and prompt target acquisition.

Penalizations will be imposed for collisions with obstacles, deviating from the road,
and inefficient navigation paths. The car will also be penalized for taking excessive time
to reach targets or failing to avoid dynamic obstacles. These penalties will reinforce the
importance of careful and efficient driving.

This phase will simulate highly dynamic and realistic urban environments. The car
must demonstrate its ability to navigate these complex scenarios while maintaining high
standards of safety and efficiency.

3.6. Preview of the New Environment

At this stage, the test environment incorporates a map modeled after the real-world
geography of a section of Vila Real, Portugal (Figure 4). This environment provides a robust
foundation for testing DRL models in a more realistic context, introducing geographical
complexity that closely mirrors real-world scenarios.

Figure 4. Above view of the new environment map.

In addition to the map, we have introduced a new agent—a motorcycle instead of a
car. This motorcycle is modeled after the real vehicle used in the A-MoVeR project (see
Figure 5, where the virtual and real motorcycle are shown side by side). By implementing
this specific vehicle, we have added a layer of complexity to the simulation, as the physics
related to the motorcycle’s movement are more intricate, requiring the agent to navigate
with realistic speed, balance, and control. This step allows for a more accurate simulation
of our real-world objectives, ensuring that the virtual tests are aligned with the physical
performance of the A-MoVeR motorcycle (see Figure 6, where the motorcycle is navigating
on the new environment).
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(a) Real A-MoVeR motorcycle. (b) Virtual A-MoVeR motorcycle

Figure 5. Real and virtual A-MoVeR motorcycle side by side.

Figure 6. Motorcycle navigating on the new environment.

Furthermore, in a more advanced phase of the project, various obstacles will be
randomly distributed throughout the map, requiring the agent to learn how to overcome
them. These obstacles will introduce additional challenges to the simulation, reflecting
real-world conditions where vehicles must navigate through unpredictable environments.
This evolution will further test the adaptability and learning efficiency of the DRL models,
pushing them closer to real-world driving scenarios.

4. Results

4.1. Overview

Given the intrinsic differences in PPO and SAC complexity and update mechanisms, it
is anticipated that SAC, which leverages memory from different steps to update its policy,
should require a longer training period compared to PPO. However, this extended training
time is expected to yield superior results, with SAC achieving optimal behavior more
efficiently in terms of performance metrics. Conversely, PPO is expected to train more
rapidly, but is projected to need a greater number of steps to reach optimal performance.
This expectation arises from the inherent design of PPO, which focuses on simplicity and
rapid iteration but may compromise on the speed of convergence to optimal behavior.

The results of these algorithms are analyzed using TensorBoard, provided by ML-
Agents, which offers a comprehensive visualization of the training metrics. This analysis
helps in understanding the convergence patterns, stability, and overall performance of the
algorithms, allowing for a detailed comparison of their effectiveness in various scenarios.

4.2. Results Analysis

In the current phase of our project, where the objective is for the car to reach the target
regardless of its position on or off the road, we have observed promising yet imperfect
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results. The car is generally successful in reaching the target with PPO, demonstrating its
capability to learn and adapt effectively to the task. However, with SAC, the car rarely
reaches the target, indicating significant challenges in its learning process.

The following analysis presents a comprehensive comparison of various metrics for
PPO (represented in purple) and SAC (represented in orange). The actions in this experi-
ment were implemented as continuous, and the training was conducted over 8 million steps.
These visualizations provide valuable insights into the performance, stability, and learning
efficiency of the two algorithms under the specified conditions. Additionally, Table 2 is
presented, comparing key metrics between both algorithms.

• Training Time

As anticipated, the training duration for PPO was 13.6 h, while SAC required a signifi-
cantly longer training period of 1.541 days. This disparity in training times highlights
the differences in the complexity and update mechanisms of the two algorithms.

• Cumulative Reward Trend

The graph in Figure 7 illustrates the cumulative reward over time for PPO and SAC.
The cumulative reward for PPO starts low but shows a consistent upward trend,
stabilizing around a cumulative reward of 30 after approximately 3 million time steps.
The curve is relatively smooth with some early fluctuations but becomes more stable
as training progresses. In contrast, the cumulative reward for SAC starts low and
initially rises but stabilizes at a much lower level compared to PPO. The SAC curve
shows significant fluctuations throughout the training period, oscillating around −10
to 0 without a clear upward trend after the initial increase.

Figure 7. Cumulative reward over time for PPO (purple) and SAC (orange).

• Learning Rate

Figure 8 shows the policy learning rate over time for both PPO and SAC. PPO starts
with a higher learning rate that decreases more rapidly compared to SAC. This in-
dicates a more aggressive learning approach initially, which then stabilizes as train-
ing progresses.

Figure 8. Policy learning rate over time for PPO (purple) and SAC (orange).
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• Policy Loss

The policy loss over time for both algorithms is shown in Figure 9. PPO maintains a
consistently low policy loss throughout the training period, indicating stable policy
updates. On the other hand, SAC exhibits a high and increasing policy loss, suggesting
instability and inefficiency in policy updates.

Figure 9. Policy loss over time for PPO (purple) and SAC (orange).

• Cumulative Reward Distribution

Figures 10 and 11 present the cumulative reward distribution for PPO and SAC, respec-
tively. PPO shows a more concentrated reward distribution towards higher rewards,
while SAC’s distribution is more spread out and centered around lower rewards.

Figure 10. Cumulative reward distribution for PPO.

Figure 11. Cumulative reward distribution for SAC.

• Value Loss

Figure 12 illustrates the value loss over time for both algorithms. PPO maintains a
relatively low value loss with some fluctuations, whereas SAC shows a consistently
low value loss, indicating different stability characteristics.
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Figure 12. Value loss over time for PPO (purple) and SAC (orange).

• Episode Length

The episode length over time is depicted in Figure 13. PPO shows a decreasing trend
in episode length, stabilizing at a lower value, which suggests efficient learning and
faster convergence to the target. SAC, however, maintains a relatively high and stable
episode length, indicating inefficiency in learning to reach the target.

Figure 13. Episode length over time for PPO (purple) and SAC (orange).

Table 2. Comparison of PPO and SAC on Various Metrics.

Metric PPO SAC

Learning Rate (Initial - Final) 0.003–3.1 × 10−06 0.001–6.3 × 10−07

Policy Loss (Range) 0.06–0.2 −4.6–2.5

Cumulative Reward (Max) 37.4 18.9

Value Loss (Range) 0.02–1.4 0.0006–0.02

Episode Length (Range) 398.8–1499 1046–1499

The results suggest that PPO is more suitable for this environment or task, given its
higher and more stable cumulative reward, as well as its faster training time. SAC, while
trained for a longer period, did not perform as well, indicating the need for more fine-
tuning or a different approach to parameter optimization. In summary, PPO outperforms
SAC in terms of cumulative reward, stability, convergence, and training efficiency in this
continuous action implementation scenario.

For future tuning, adjustments will be made to the parameters, observations, and other
aspects of the training process. These changes aim to improve the performance and stability
of both algorithms, with a focus on maximizing cumulative rewards and reducing variance.

5. Conclusions

This work demonstrates promising advances in the application of DRL for autonomous
navigation within the Unity engine. Despite some imperfections, the car generally succeeds
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in reaching its target, highlighting the potential of DRL to enhance decision-making and
adaptive behavior in dynamic gaming environments.

The initial phase of our project underscores the effectiveness of the Unity engine
and ML-Agents Toolkit as a robust platform for testing and refining AI methodologies.
These tools have provided a controlled yet dynamic environment that closely mimics real-
world scenarios, facilitating rapid iteration and comprehensive analysis of DRL techniques.
This foundational work sets the stage for future phases of the project, where increased
complexity will further challenge and enhance the car’s navigational capabilities.

Our results indicate that PPO has been successful in learning to reach the target,
achieving higher and more stable cumulative rewards. In contrast, SAC has not been as
successful, struggling to reach the target and showing significant variability in performance.
This comparison highlights PPO’s suitability for the current task and environment, with
SAC requiring further fine-tuning and parameter optimization.

Beyond the gaming context, this research directly contributes to the A-MoVeR project,
where we focus on optimizing route planning and energy management for autonomous mo-
torcycles. The insights gained from simulation—such as efficient navigation strategies and
handling real-world constraints—support the development of advanced decision-making
models for route optimization and energy consumption prediction. These contributions
align with the project’s goals of providing effective logistical services for users.

Moving forward, the project will evolve through additional phases, each introducing
more complex scenarios to push the boundaries of the car’s learning and adaptability.
Future tuning will involve adjustments to parameters, observations, and other aspects of
the training process to improve the performance and stability of both algorithms. These
changes aim to refine the reward system further, ensuring a balance between immediate
rewards and the efficiency of reaching the target. Additionally, in future work, we will
consider exploring and comparing other machine learning algorithms commonly used in
similar fields, to further contextualize the performance and adaptability of PPO and SAC
in these scenarios.

Overall, the results thus far affirm the potential of DRL in developing sophisticated,
autonomous agents capable of real-time learning and adaptation. This research not only
contributes to the field of gaming AI but also paves the way for broader applications of
autonomous systems in real-world scenarios, enhancing their interaction dynamics and
realism. The promising outcomes of this project highlight the importance of continued
exploration and refinement of AI techniques, with the ultimate goal of revolutionizing
autonomous systems’ adaptability and efficiency in complex environments.
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Abbreviations

A-MoVeR Mobilizing Agenda for the Development of Products and Systems
AI Artificial Intelligence
DL Deep Learning
DRL Deep Reinforcement Learning
ML Machine Learning
ML-Agents Unity Machine Learning Agents Toolkit
PPO Proximal Policy Optimization
RL Reinforcement Learning
SAC Soft Actor–Critic
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