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Preface

This Special Issue of Axioms paid greater attention to the new originality and real-world
applications of nonlinear analysis, fractional calculus, their optimization, and their applications. It
is well known that nonlinear analysis has widespread and significant applications in many areas
at the core of many branches of pure and applied mathematics and modern science. The rapid
development of fractional calculus and its applications over the past thirty years or more has led
to a number of scholarly essays on the importance of its promotion and application. Over the
past eighty years, optimization problems have been intensively studied, and many scholars have
developed various feasible methods with which to analyze the convergence of algorithms and find
approximate solutions. The Guest Editor has made every effort to ensure the success of this Special
Issue and we hope that these efforts will be rewarded. Following a comprehensive review process,
per the journal’s policy and guidelines, 10 research papers have been included in this Special Issue.
These articles demonstrate the profound impact and widespread applications of nonlinear analysis,
fractional calculus, and optimization in applied mathematics and modern science. We would like to
express our heartfelt appreciation to all authors and reviewers who contributed to this Special Issue.
It was with the enthusiasm and spirit of the authors and reviewers that we could make this Special
Issue an extraordinary success.

We are confident that the contributions to this Special Issue provide new insights into several
important issues while, at the same time, providing new research problems or avenues that
undoubtedly exceed our original aim. We also hope that researchers and practitioners find these
papers interesting and inspirational for future research work in these exciting areas. Finally, we would
like to express our sincere thanks to the Editorial team and the reviewers of Axioms, particularly
the Editor-in-Chief, Prof. Dr. Humberto Bustince, and the Assistant Editors, for their great support

throughout the editing process of our Special Issue.

Wei-Shih Du
Guest Editor
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Editorial

Editorial Conclusion for the Special Issue “New Theory

and Applications of Nonlinear Analysis, Fractional Calculus
and Optimization”

Wei-Shih Du

Department of Mathematics, National Kaohsiung Normal University, Kaohsiung 82444, Taiwan;
wsdu@mail nknu.edu.tw

Nonlinear analysis has widespread and significant applications in many areas at the
core of many branches of pure and applied mathematics and modern science, including
nonlinear ordinary and partial differential equations, critical point theory, functional anal-
ysis, fixed point theory, nonlinear optimization, fractional calculus, variational analysis,
convex analysis, dynamical system theory, mathematical economics, data mining, signal
processing, control theory, and many more. For more details, we refer readers to [1-7]
and the references cited therein. The rapid development of fractional calculus and its
applications during the past thirty years or more has led to a number of scholarly essays
on the importance of its promotion and application in physical chemistry, probability and
statistics, electromagnetic theory, financial economics, biological engineering, electronic
networks, and so forth. Almost all areas of modern science and engineering have been in-
fluenced by the theory of fractional calculus. Due to the complexity of the various problems
that arise in nonlinear analysis, fractional calculus and optimization, it is not always easy to
find exact solutions, which often leads researchers to resort to approximate solutions. Over
the past eighty years, optimization problems have been intensively studied, and many
scholars have developed various feasible methods with which to analyze the convergence
of algorithms and find approximate solutions. For more details about these subjects, we
refer readers to research monographs [8-16].

This Special Issue paid greater attention to the new originality and real-world ap-
plications of nonlinear analysis, fractional calculus, optimization and their applications.
Following a comprehensive review process as per the journal’s policy and guidelines,
10 research papers have been included in this Special Issue and are listed as follows:

(i). Gao, L.; Yu, G.; Han, W. Optimality Conditions of the Approximate Efficiency for
Nonsmooth Robust Multiobjective Fractional Semi-Infinite Optimization Problems.
Axioms 2023, 12, 635. https:/ /doi.org/10.3390/axioms12070635

Summary: In this paper, the authors study new optimality conditions and establish saddle point the-
orems for robust approximate quasi-weak efficient solutions for a nonsmooth uncertain multiobjective
fractional semi-infinite optimization problem (NUMEP).

(if). Huang, H.; DoSenovi¢, T.; Raki¢, D.; Radenovi¢, S. Fixed Point Results in Generalized
Menger Probabilistic Metric Spaces with Applications to Decomposable Measures.
Axioms 2023, 12, 660. https:/ /doi.org/10.3390/axioms12070660

Summary: This manuscript offers new fixed-point theorems in generalized Menger probabilistic
metric spaces. Moreover, the authors provide some nontrivial examples and interesting applications
to illustrate the superiority of the results obtained.

(iii). Sun, Z.-Y.; Guo, B.-N.; Qi, F. Determinantal Expressions, Identities, Concavity, Maclau-
rin Power Series Expansions for van der Pol Numbers, Bernoulli Numbers, and
Cotangent. Axioms 2023, 12, 665. https:/ /doi.org/10.3390/axioms12070665

Axioms 2024, 13, 350. https:/ /doi.org/10.3390/axioms13060350 1 https://www.mdpi.com/journal /axioms
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Summary: This article mainly has the following innovations and contributions:

Four determinantal expressions for van der Pol numbers;

Two new identities for the Bernoulli numbers and van der Pol numbers;

The increasing properties and concavity of a function involving the cotangent function;

Two alternative Maclaurin power series expansions of a function involving the cotangent function;
The coefficients of the Maclaurin power series expansions are expressed in terms of specific
Hessenberg determinants whose elements contain the Bernoulli numbers and binomial coefficients.

(iv). Lv, W,; Tian, L. Pricing of Credit Risk Derivatives with Stochastic Interest Rate. Axiorms
2023, 12, 782. https:/ /doi.org/10.3390/axioms12080782

Summary: In this article, the authors generalize the conventional reduced-form credit risk model for a
credit default swap market to deal with a credit derivative pricing problem using the martingale approach.

(v). Chegloufa, N.; Chaouchi, B.; Kosti¢, M.; Du, W.-S. On the Study of Pseudo S-
Asymptotically Periodic Mild Solutions for a Class of Neutral Fractional Delayed
Evolution Equations. Axioms 2023, 12, 800. https://doi.org/10.3390/axioms12080800

Summary: The authors investigate the existence and uniqueness of pseudo S-asymptotically
periodic mild solutions for a class of neutral fractional evolution equations with finite delay by
applying the fractional powers of closed linear operators, the semigroup theory and some classical
fixed-point theorems.

(vi). Jiang, B.; Huang, H.; Radenovi¢, S. Common Fixed Point of (¢, B, L)-Generalized
Contractive Mapping in Partially Ordered b-Metric Spaces. Axioms 2023, 12, 1008.
https:/ /doi.org/10.3390/axioms12111008

Summary: This manuscript provides new coincidences and common fixed points in four mappings
satisfying (¢, B, L)-generalized contractive conditions in partially ordered b-metric spaces, which
generalize some recent results in the existing literature.

(vii). Fedorov, V.E.; Plekhanova, M.V.; Melekhina, D.V. On Local Unique Solvability for a
Class of Nonlinear Identification Problems. Axioms 2023, 12, 1013. https://doi.org/10
.3390/axioms12111013

Summary: In this paper, the authors study nonlinear identification problems for evolution differen-
tial equations, solved with respect to the highest-order Dzhrbashyan—Nersesyan fractional derivative.
Applying the contraction mappings theorem, the authors establish the unique local solvability of the
nonlinear identification problems.

(viii). Xie, T.; Li, M. Finite-Time Stability of Impulsive Fractional Differential Equations
with Pure Delays. Axioms 2023, 12, 1129. https:/ /doi.org/10.3390/axioms12121129

Summary: In this article, the authors introduce a novel concept of the impulsive delayed Mittag—Leffler-
type vector function, which improved and generalized the Mittag—Leffler matrix function. The
position of the pulse point in this paper is arbitrary, which renders the research more universal. Using
the relationship between the Riemann—Liouville fractional derivative and the Caputo fractional
derivative, the authors establish new finite-time stability results of impulsive fractional differential
delay equations.

(ix). Raza, N.; Fadel, M.; Du, W.-S. New Summation and Integral Representations for
2-Variable (p, 9)-Hermite Polynomials. Axioms 2024, 13, 196. https://doi.org/10.339
0/axioms13030196

Summary: This manuscript offers various new features of two-variable (p, q)-Hermite polynomials,
such as diffusion equation, differential equations, integral and summation representations.
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(x). Ozger, F; Temizer Ersoy, M.; Odemis Ozger, Z. Existence of Solutions: Investigating
Fredholm Integral Equations via a Fixed-Point Theorem. Axioms 2024, 13, 261. https:
//doi.org/10.3390/axioms13040261

Summary: The main purpose of this article is to investigate the existence conditions for the solutions
of the nonlinear quadratic Fredholm integral equations of the form

x() = o)+ x(0) [ k1,2) (V) (2)z

p

in the space Cyp,q), where w is a modulus of continuity, x is the unknown function to be
determined, V is a given operator, and 9, k are two given functions.

In this Editorial, we express our heartfelt appreciation to all authors and reviewers
who contributed to this Special Issue. It was with the enthusiasm and spirit of the au-
thors and reviewers that we could make this Special Issue an extraordinary success. The
27 authors of these 10 papers are listed below:

Belkacem Chaouchi (see v); Naceur Chegloufa (see v);
Tatjana DoSenovi¢ (see ii); Wei-Shih Du (see v, ix);
Merve Temizer Ersoy (see x); Mohammed Fadel (see ix);
Vladimir E. Fedorov (see vii); Liu Gao (see i);

Bai-Ni Guo (see iii); Wenyan Han (see i);
Huaping Huang (see ii, vi); Binghua Jiang, (see vi);
Marko Kosti¢ (see v); Mengmeng Li (see viii);
Wujun Lv (see iv); Daria V. Melekhina (see vii);
Faruk Ozger (see x); Zeynep Odemis Ozger (see x);
Marina V. Plekhanova (see vii); Feng Qi (see iii);

Stojan Radenovic (see ii, vi); Dusan Raki¢ (see ii);

Nusrat Raza (see ix); Zhen-Ying Sun (see iii);
Linlin Tian (see iv); Guolin Yu (see i);

Tingting Xie (see vii).

The published contributions to this Special Issue can be divided according to the
following scheme considering their main purposes:

*  Nonlinear analysis (see ii, iii, v, vii, viii, ix, x);
e Fractional calculus (see v, vi, vii, viii);
¢  Optimization and analytic number theory (see i, iii, iv).

We hope that researchers and practitioners find these papers interesting and inspira-
tional for future research work in these exciting areas. We also believe that the contributions
to this Special Issue provide new insights on several important issues while, at the same
time, providing new research problems or avenues that undoubtedly exceed our original
aim. Finally, we would like to express our sincere thanks to the Editorial team and the
reviewers of Axioms, particularly the Editor-in-Chief, Prof. Dr. Humberto Bustince, and the
assistant editors, for their great support throughout the editing process of our Special Issue.

Author Contributions: Conceptualization, W.-5.D.; methodology, W.-5.D.; software, W.-5.D.; vali-
dation, W.-S.D.; formal analysis, W.-5.D.; investigation, W.-5.D.; writing-original draft preparation,
W.-5.D.; writing-review and editing, W.-5.D.; visualization, W.-S.D.; supervision, W.-5.D.; project
administration, W.-S.D. All authors have read and agreed to the published version of the manuscript.

Funding: Wei-Shih Du is partially supported by grant No. NSTC 112-2115-M-017-002 of the National
Science and Technology Council of the Republic of China.

Institutional Review Board Statement: Not applicable.
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Data Availability Statement: Data are contained within the article.
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Article

Optimality Conditions of the Approximate Efficiency for
Nonsmooth Robust Multiobjective Fractional Semi-Infinite
Optimization Problems

Liu Gao !, Guolin Yu "* and Wenyan Han 2

School of Mathematics and Information Science, North Minzu University, Yinchuan 750021, China;
gaoliu@nmu.edu.cn

School of Mathematics and Statistics, Ningxia University, Yinchuan 750021, China; hanwenyan@nmu.edu.cn
Correspondence: guolin_yu@126.com or yuguolin@nmu.edu.cn

Abstract: This paper is devoted to the investigation of optimality conditions and saddle point
theorems for robust approximate quasi-weak efficient solutions for a nonsmooth uncertain multi-
objective fractional semi-infinite optimization problem (NUMEFP). Firstly, a necessary optimality
condition is established by using the properties of the Gerstewitz’s function. Furthermore, a kind
of approximate pseudo/quasi-convex function is defined for the problem (NUMFP), and under its
assumption, a sufficient optimality condition is obtained. Finally, we introduce the notion of a robust
approximate quasi-weak saddle point to the problem (NUMFP) and prove corresponding saddle
point theorems.

Keywords: multiobjective semi-infinite optimization; approximate solution; generalized convexity;

optimality conditions; saddle point

1. Introduction

Recently, much attention had been paid to semi-infinite optimization problems;
see [1-3]. Specially, multiobjective semi-infinite optimization refers to finding values
of decision variables that give the optimum of more than one objective, and many inter-
esting results have been presented in [4] and the references therein. Moreover, fractional
optimization is a ratio of two functions, and it is widely used in the fields of information
technology, resource allocation and engineering design; see [5-8]. It is worth noting that in
many practical problems the objective or constraint functions to optimization models are
nonsmooth and are affected by various uncertain information. Therefore, it is meaningful
to investigate nonsmooth uncertain optimization problems; see [9-11]. Robust optimiza-
tion [12,13] is one of the powerful tools to deal with optimization problems with data
uncertainty. The aim of the robust optimization approach is to find the worst-case solution,
which is immunized against the data uncertainty to optimization problems. However,
most of solutions obtained by numerical algorithms are approximate solutions. In these
situations, the study of approximate solutions is very significant from both the theoreti-
cal aspect and practical application. This paper intends to investigate the properties of
a problem (NUMFP) with respect to approximate quasi-weak efficient solutions by the
robust approach.

Optimality conditions and saddle point theorems are two important contents of nons-
mooth optimization problems. The subdifferential is a powerful tool to characterize opti-
mality conditions. For a nonsmooth multiobjective optimization problem, Caristi et al. [14]
and Kabgani et al. [15] investigated optimality conditions of weakly efficient solutions by
using the Michel-Penot subdifferential and convexificator, respectively. Chuong [5] ob-
tained optimality theorems for robust efficient solutions to a nonsmooth multiobjective

Axioms 2023, 12, 635. https:/ /doi.org/10.3390/axioms12070635 5 https://www.mdpi.com/journal /axioms
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fractional optimization problem based on the Mordukhovich subdifferential. It is impor-
tant to mention that the Clarke subdifferential has attracted much attention because of its
good properties [16]. Fakhar et al. [17] constructed optimality conditions and saddle point
theorems of robust efficient solutions for a nonsmooth multiobjective optimization problem
by utilizing the Clarke subdifferential. The purpose of this article is to examine optimality
conditions and saddle point theorems of robust approximate quasi-weak efficient solutions
for a problem (NUMFP) under the Clarke subdifferential. Moreover, Lee et al. [18] em-
ployed a separation theorem to established necessary conditions for approximate solutions.
Chen et al. [19] used a generalized alternative theorem to obtain necessary optimality
conditions for weakly robust efficient solutions. It is worth noting that the Gerstewitz’s
function is an important nonlinear scalar function, which plays a significant role in solving
optimization problems due to its good properties, such as convexity, positive homogeneity
and continuity; see [20,21]. This paper will use the Gerstewitz’s function to examine a
necessary optimality condition of robust approximate quasi-weak efficient solutions for a
problem (NUMEP).

In addition, convexity and its generalization play an important role in establishing suf-
ficient optimality conditions of optimization problems. In this paper, we will define a class
of approximate (pseudo quasi) convex functions for the objective and constraint functions
of a problem (NUMFP) and establish a sufficient optimality condition and saddle point
theorems for robust approximate quasi-weak efficient solutions under their assumptions.

This paper is organized as follows. Section 2 provides some basic concepts and
lemmas, which will be used in the subsequent sections. In Section 3, we establish optimality
conditions for robust approximate quasi-weak efficient solutions to a problem (NUMEFP).
In Section 4, we introduce the concept of a robust approximate quasi-weak saddle point to
a problem (NUMFP) and prove corresponding saddle point theorems.

2. Preliminaries

Throughout this paper, N and R" stand for the set of natural numbers and n-dimensional
Euclidean space, respectively. B(%,r) denotes the open ball with center ¥ € R" and ra-
dius r > 0; B represents the closed unit ball of R”. The inner product in R” is denoted
by (x,y) for any x, y € R". We set

RY ={x=(x,---,xp) eR"|x; >0,i=1,--- ,n},
RY, ={x=(x,- - ,xy) eR"|x;>0,i=1,---,n},
and utilize the following symbols to represent an order relation in R":
yr<yey—xeRi,,
xSyey—xeRl.

Let C C R” be a nonempty subset and intC, clC and coC stand for the interior, the
closure, and the convex hull of C, respectively. The Clarke contingent cone and normal
cone to C at point ¥ € R" are defined, respectively, by the following (see [16]):

T(C,x)={yeR" |Vx, € C,xp = %,Vt, — 0,3y, — y, s.t. Xy + tyyy € C,¥n € N},

N(C %) ={S € R"[({,y) <0, Vy € T(C, %)}

The conical convex hull (see [22]) of the set C is defined as

!
pos(C) ={yeR" [ eNst.y=) Ay, >0, y,€C, i=1,--- I}

i=1
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Let F : R" — R™. F is said to be locally Lipschitz at ¥ € R" if there exist constant
L > 0and r > 0 such that

| F(x1) = F(x2) [S L || x1 — x2 ||, Vx1,x2 € B(%,7).

If F is locally Lipschitz at x for any x € R", then F is called locally Lipschitz mapping.
Particularly, for a real value locally Lipschitz function f : R" — R (R denotes real number),
the Clarke generalized directional derivative of f at ¥ € R" in the direction d € R" is given

by (see [16]) fly+td) — f(y)
Yy AV
t 7

f(%;d) = limsup

y—x =0t
and the Clarke subdifferential (see [16]) of f at ¥ is denoted by
of (%) = {¢ € R" | f(x;d) > (¢, d), Vd € R"}.
Let C C R" be a nonempty subset, and the indicator function of C is defined as

0, x €C,
5C(x)={+oo v g C

It is pointed out in [16] that
90c(%) = N(C,x), Vx € C.
The following lemmas characterize some properties of the Clarke subdifferential.
Lemma 1 ([16]). Let f,h : R" — R be locally Lipschitz at ¥ € R". Then, the following
applies:

(i) 9f(%) is nonempty compact convex;

(i) foranyt e R, of(tx) = tof (X);

(iii) o(f +h)(x) C of (%) + oh(%);

(iv) if f attains a local minimum at X, then 0 € 9f(X).

Lemma 2 ([16]). Let f,h : R” — R be locally Lipschitz at ¥ € R”, and h(x) # 0. Then, % is
also locally Lipschitz at %, and

Lemma 3 ([16]). Let F : R" — R" be locally Lipschitz at ¥ € R" and f : R" — R be locally
Lipschitz at F(%). Then,

AfoF)(x) Cdlco( |J AAoF)(x))).

A€df(F(x))

Next, we give a scalar function, which will play an essential role in the proof of
optimality conditions in Section 3.

Definition 1 ([20]). Let C C R" be a pointed closed convex cone, € € intC # @. The Gerstewitz's
function ¥z : R" — R is defined as

Y:(y) =inf{teR|yecte—C}, y e R"

Some properties of the Gerstewitz’s function are summarized in the following Lemma 4.
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Lemma 4 ([20]). Let C C R" be a pointed closed convex cone, ¢ € intC # @. Then, the
following applies:

(i) Yeis continuous and locally a Lipschitz function;

(i) Ye(y) <teoyecte—C;

(ili) Ye(y) >t<y ¢ te—intC;

(iv) 9¥e(y) = {A e C"[{Ay) =Ye(y) |

(v) 9Y¥e:(y) c C*\{0},

where C* = {A € R" | (A,y) > 0,Vy € C} represents the dual cone of C.

Lemma 5 ([22]). Let {C; | i € I} be an arbitrary collection of nonempty convex sets
in R" and K be the convex cone generated by the union of the collection. Then, every
nonzero vector of K can be expressed as a nonnegative linear combination of n or fewer
linearly independent vectors, each belonging to a different C;.

Let T be a nonempty and arbitrary index set. Considering the following nonsmooth
uncertain multiobjective fractional semi-infinite optimization problem (NUMEFP)

o f) A Aix)
~NUMEp) | it = ay i)
st. gi(x,0) <0, VEET,

where vy and t € T, are uncertain parameters from the uncertainty set V; C R?, t € T. f;, h; :
R*" - R, hi(x) #0,i=1,---,1, g : R" x V; = R, f;, h;, g arelocally Lipschitz functions,
and the uncertainty map V : T =% R? is defined as V() := V.

We consider the robust counterpart of the problem (NUMEFP) as follows:

o f) _ filx) o filx)
(NRMFP) ™ RR) = (i hiw)r
st gi(x, ) <0, Vor e Vi, teT,

where the feasible set of the problem (NRMFP) is denoted by
F={xeR"|g(x,v¢) <0, Yoy € V}, t € T}.

Definition 2. Let e = (e1,- -+, ¢;) € RL. x € F is called a robust quasi-weak e-efficient solution
of the problem (NUMEFP) if X is a quasi-weak e-efficient solution of the problem (NRMFP); that is,

S _SE) e — g ¢ —RL,, vxe .

h(x)  h(x)

Remark 1. When e = 0, the quasi-weak e-efficient solution degrades into the weak efficient solution
in [8].

3. Optimality Conditions

In this section, we will establish necessary and sufficient optimality conditions for
the quasi-weak e-efficient solutions to the problem (NRMFP). We begin with the following
constraint qualification.

Definition 3 ([23]). For x € R", let I1(x) := {(t,v) € gphV | gi(x,v) = 0} and

A(x) := U 9x8t(x,0),
(t,0)€T1(x)

where gphV := {(t,v) € T xRP | v € V(t)}.

Definition 4 ([16]). Let ¥ € F. The Basic Constraint Qualification (BCQ) holds at X if N(F,x) C
pos(A(%)).
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Next, we present a necessary optimality condition for the quasi-weak e-efficient
solutions to the problem (NRMFP) by using the properties of the Gerstewitz’s function.

Theorem 1. In problem (NRMFP), lete = (e1,- - - ,&;) € RL.If ¥ € F is a quasi-weak e-efficient
solution of the problem (NRMFP) and the BCQ holds at %, then there exist & = (&y,--- ,&;) €
RIA\{0}, A; = hi"&), i=1-,, g = (i, ,fin) € R} and (¢,0;) € gphV, j =
1,---,n,such that

! (% n ]
0€ Y- M@ - £EDam(x) + Y- mdvgs (5,0) + Y mei 0
i=1 ! j=1 i=1

Proof. Since ¥ is a quasi-weak e-efficient solution of the problem (NRMFP), we obtain

flx) _f(®)

h(x)  h(x)

Let H(x) = (% - h(—g +¢||x — x||), by Lemma 4 (iii), then we obtain

+ellx—x| ¢ ~R,,, Vx € F.

Y (H(x)) >0, VxeF.
As % € F, thus,
Y (H(x)) = 0. ®)
Note that H(%) = 0, then H(%) € —R,, and it follows from Lemma 4 (ii) that
¥ (H(x)) <0,

together with (3), and then we have

Therefore,

and this means that ¥ is a local minimizer of ¥ ;) o H(x) on J, and ¥ is also a local minimizer
of ¥z o H(x) + 67 (x) on F. By Lemma 1 (iii), we obtain

0€ (¥ oH+0r) () Ca(¥(oH)(X)+0x(X). 4)
Due to
d0r(%) = N(F;x),
combined with (4), we arrive at
0 € 0(¥ () o H)(X) + N(F; %).

Since H(x) is locally Lipschitz at ¥ and ¥ ;) is locally Lipschitz at H(%), it follows from
Lemma 3 that

(¥ oH)(x) Cd(co( Y d(A o H)(x))).
AEIY () (H(x))
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According to Lemma 4 (v), thereexists & = (21, -+, &) € 9% ;) (H (%)) C R’ \ {0} such that

0 € Cl(co(a(ﬁcoH)(f)))+I_\f(f,f)
_ Cl(co(a(ﬁco(ig:g —igi‘; +el| - =% () + N(F; )
C c(co(d(@o (%))(x) 1 (&,&)B)) + N(F; %).

From Lemma 1 (i), it leads to

(@]
m
QU
—
=i
(@]
—
=~
SN—
SN—
—
=i
S—
+
—
?I
S
~
&
+
z
S
=i
S—

Since the BCQ holds, it leads to

L& (% I
0¢ ; hi"z;) 00 — 1D a2 + Y @eB -+ pos(A (1)),

By Lemma 5, there exist p < n, i = (fi,---,fi;) € RY and (£,0;) € II(%), j =
1,---,psuch that

I
Ohi(%)) + ) 1j0xgy, (%, 7)) + ) wieiB. ()

Let ﬁ = A;. If p = n, then (1) and (2) hold due to (;,7;) € I1(x), j = 1,- -+, p. When
p < n, we take multipliers fi,,1 = --- = fi, = 0 in (5) to obtain the desired result and
complete the proof. [

Remark 2. In studies [18,19], the necessary optimality conditions were obtained by utilizing a
separation theorem and an alternative theorem, respectively. Different from [18,19], the necessary
optimality condition of the above Theorem 1 is directly proved by using the properties of the
Gerstewitz’s function. However, if ¢ = 0 and T is a finite index set, then Theorem 1 of this paper
will reduce to Theorem 1 in [8].

Before we establish a sufficient optimality condition of quasi-weak ¢-efficient solutions
for the problem (NRMFP), we next introduce the following two kinds of generalized
convexities for the objective and constraint functions of the problem (NRMFP).

Definition 5. In the problem (NRMFP), (f,h, g) is called an approximate convex function at ¥ €
Fifforany x € F, §; € ofi(%), ; € oh(x), i = 1,---,1, (tj,v;) € gphV, and §; €
axgt]. (x,95), j=1,--+,n,such that

fix) _ flD) 1 PR
) @ 2 R G D - =), =1

Here is an example of an approximate convex function.

10
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Example 1. In the problem (NRMFP), let f;, hi :R - R,i=1,2,¢:RxV; =R, teT =
0,1, ve Vi =[2—t,2+t], (t,v) € gphV, and

flx) _ (f1(x) fz(x)) B (x2+2x 2x2 )
h(x)  “hy(x) ha(x)” 3 “x2+417

gi(x,v) = 2tx* — ox.

By a simple calculation, we obtain F = [0,1]. Let ¥ = 0 € F, then we have 9f,(%) =

{2}, 0f2(%) = {0}, ohy(x) = {0}, oha(x) = {0}, and 0+g:(%,v) = {—v}. For any x €
F,Ci€0fi(%), n € ohi(%),i=1,2,0 € 9x8:(X,v), since

A(x)  A(F) 242 20 1 A _
T R IGEEE e IREE)

=i

falx)  f(®) 242 1 (%)

ha(x) (%) 2+1 > hz(x)(<€2’x_x> e (12, x — X)),

gt(x,0) — g+(%,0) = 2tx% —ox > —vx = (§,x — %).
We obtain an approximate convex function (f,h,g) at & = 0.
Definition 6. In the problem (NRMFP), let e = (eq,-- - ,&;) € R\, (f,h, ) is called an approx-

imate pseudo/quasi-convex function at ¥ € F if for any x € F, &; € 9fi(X), n; € oh;i(%), i =
1,---,1, (t]-, v]-) € gphV, and 6; € E)xgtj(x, v]-),j =1,---,n, such that

; o P s on f) ) _
hi(x)(<éi,x—x> ~ ) (i, x — %)) +eillx — x| =2 0= ) +eiflx—x| >0,

8t (x,vj) — g1(%,v) <0 = (9, x — %) < 0.

Remark 3. Clearly, if (f,h, g) is an approximate convex function at ¥ € F, then (f,h,g) is an
approximate pseudo/quasi-convex function at X € JF; conversely, it is not true (see the following
Example 2).

Example 2. In problem (NRMFP), let fi,h; : R - R,i=1,2,

£ _ AW A
W) ) )

where
filx) =x*+x, (x) =2, fo(x) = 2% hy(x) =x*+1,

g RxV;, =R teT=I[13,veV,=[1,3+1], (tv) € gphV,
gi(x,v) = —x% — 20t.

Through a clear calculation, we obtain F = R. Tuking ¥ = 0 € F, e = (1,2), we obtain df; (X) =
{1}, 9f2(%) = {0}, ohy(x) = {0}, ohy(x) = {0} and 9,g:(%,v) = {0}. Forany x € F, {; €
ofi(%), n; € 0hi(%),i=1,2,and 6 € 9xg:(X,v), since

1 ~ A®)
hy(%)

() AU g = 2

- _ x
{n,x—x)) +erfx —xl = 5 +[x[ 20

+]x[ >0,

11
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(-8~ 20 s 2 eallx -t =202l 2 0

x2
+82||x—.'f” = Tﬂ +2|.7C| 2 0,

gt(x,0) —gt(F,0) = x> <0 = (J,x—%) =0<0.
We obtain (f,h,g), an approximate pseudo/quasi-convex function, at ¥ = 0. However, for x €
F\{0} and 6 € 0xg:(%,v), one has
g1(x,0) — g1 (%,0) = —x*> $ 0= (6,x — %).
Therefore, (f,h, g) is not an approximate convex function at ¥ = 0.

The following Theorem 2 presents a sufficient optimality condition for the quasi-weak
e-efficient solutions to the problem (NRMFP).

Theorem 2. In problem (NRMFP), let ¢ = (e1,--- &) € RY and (f,h,g) be an approxi-
mate pseudo/quasi-convex function at X € F. If there exist multipliers & = (&q,--- ,&) €
RAN{0}, 1 = (i1, -+ , fin) € R and (£;,0;) € gphV, such that (1) and (2) hold, then % is a
quasi-weak e-efficient solution of the problem (NRMEFP).

Proof. It follows from (1) that there exist §; € 9f;(%), 7; € 9hi(%), §; € 9x8y;(¥,0j) and
b; € B, such that

Lo D) e
! j=1 i=1
Due to b; € B, for any x € F, (b;, x — %) < ||x — %||, we obtain
1

1 (% n B
(LA~ 45 + Y mdyx—5) + Ll -] 20

j=1 i=1

i=1

! (3 ! no
<Z/_\i(§i - ilg ;ﬁi)rx — )+ ) wei|x — x| > _<;ﬁj5j/x —x). (6)
=

When i; = 0, (L} f1;0;, x — %) = 0.1f fi; # 0, from (2), we derive

8¢, (x,0j) < g5,(%,0) = 0.

]

Since (f, I, g) is an approximate pseudo/quasi-convex function at %, for J; € dx 8F; (%,7),
we have
<5]',x — f> <0. (7)

Combining with (6) and (7), we obtain

<li1 Ai(Gi — illg)) i), x — X) —i—izl%&isinx — || >0. ®)

Conversely, suppose that X is not a quasi-weak e-efficient solution of the problem (NRMFP).
Then, there exists £ € F such that

f&) _f(®)
h(2)  h(x)

s %] € R,

12
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which implies that
fi®) _ fi¥)
hi(2)  hi(X)

Since (f, h, g) is an approximate pseudo/quasi-convex at %, for &; € 9f;(x), and 7j; € oh;(x),
i=1,---,1, weobtain

+el|#—%|| <0,i=1,---,L

1= o fil®), . o - -
— X —X) — — ,X—%)+egllt—x||<0,i=1,---,L
(Gt =1 = 1 8 = )+
Noticing that & € RL\{O}, h._(éz) =A;, i=1,---,1, wearrive at
1 = 1
- - X o

(Z A& — {;Ef)) i), % — %) + Zalslﬂx — x| <0,

i=1 i i=1
which contradicts (8). Hence, ¥ is a quasi-weak e-efficient solution to the problem (NRMEFP).

O

4. Saddle Point Theorems

In this section, we establish saddle point theorems of quasi-weak e-efficiency. We first
give the definition of a quasi e-weak saddle point for the problem (NRMFP).

Letx € F, &= (&, &) € RA\{0}, e=(1,---, 1) eRY, p= (1, pn) € RY
and v = (t;,v;) € gphV, j=1,---,n. The Lagrangian function of the problem (NRMFP) is

defined as
L(x,a&,pn,v)=(Li(x, &, uv), -, Li(x,&pnv)),
e fx) f@, 14
Lot ) =a(yry = 3) * 7}; Higy (X, vj)e, ©)
Li(x,& u,v) = D_Cl(i((x; _ iig) + ; iy]gt](x,v]), i=1---,1

Definition 7. In the problem (NRMFP), let ¢ = (e1,---,€) € Rﬂr. (x,&,f1,7) € F X
(RIA\{0}) x R™ x gphV is said to be a quasi e-weak saddle point if

L(x,&f,7)+el|x—%| — L(x,&f,7) ¢ R, VxeF, (10)

L(x,a,pv)—e|lp—p| L% apv), YueRL, vegphV. (11)
The following example is presented to illustrate Definition 7.

Example 3. In the problem (NRMFP), let f;, hi :R - R, i=1,2,¢:RxV; >R teT=
[0,1),and v € V; = [2 —t,2 + t]. Define

flx) _ (fl(x) fz(x)) _ (xj 2x )
h(x)  “hi(x)" hy(x) 2 x+1”

Qt(x,v) = —tx —ox.

13
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Via calculation, we obtain F = [0,400). For any (x,&,p,v) € F x (R2\{0}) x Ry x gphV,
the Lagrangian function of the problem (NRMFP) is

2 #2001 2x 2% 1

L(x,&,u,v)= (541(? — 7) + Ey(—tx — vx),a‘cz(m g 1) + Ey(—tx —ox)).

Letx=0€ F,e=(e1,82) = (L1), & = (@y,8) = (3, %), i =1and o =2 —t. It is easy
to obtain

Hence,

¥ x
4 x+1

L(x,a,,7)+el|lx—%| — L(%&7,7)=( )¢ —R%,, VxeF,

L(x,a,p,v)—ellp—fll =—elp—1 = L(x,a7,7), VueRy, vegphV.

The above result is seen in the following Figures 1 and 2. Therefore, (%, &, fi, V) is a quasi e-weak
saddle point of the problem (NRMFP).

BiSHEEERASRERd Tl

2

Figure 1. The illustration of £(x, &, 1, 7) + ¢|x — || — L(%, &, @i, 7).

4
4

N
| N

N

\
\\

Figure 2. The illustration of £(%, &, u,v) — ¢||u — i
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Theorem 3. In the problem (NRMFP), suppose that X € F is a quasi-weak e-efficient solution of
the problem (NRMFP) and Theorem 1 is satisfied. If (f,h, §) is an approximate convex function
at %, then (%,&,71,7) € F x (RL\{0}) x R x gphV is a quasi ae-weak saddle point, where
ne = (5(181,- x 5(181).

Proof. Firstly, we verify (10) holds. Since ¥ is a quasi-weak e-efficient solution of the
NRMEFP, it follows from Theorem 1 that

/ /
0e ) Ai(afi(x) — i:'ix))ah (%)) —i—z;i] xgt X, 0;) + ) e
i=1 i j= i=1

figy, (%,9j) = 0, Vj=1,-
Therefore, there exist §; € 0f;(%), 7; € oh;(%), §; € axgt (x,9;), and b; € B such that

l = n l
0= L h(E iy + N+ L

i=1
Due to b; € B, for x € F, (b;, x — x) < ||x — ||, we have
n

! (o
<Z7ti((fi - ;?E;))ﬁl) + Zyjéj,x—x + sz eillx — x|| > 0. (12)
i=1 i i—1

j= i=1

Suppose that (%, &, ji, 7) is not a quasi e-weak saddle point of the problem (NRMFP); then,
there exists £ € F such that

L(%,8,1,7) +ael|% — 7| — L(x,8,1,0) € R,

=i
=i
=
<

From (9), we deduce

_ X 1&
a nE @)4‘7];#/'(8@-(%0]') 8, (x,0)))e +ae|| 2 — x|| € —R, ..

w( T 4 1Y e (2,0) — g (5,0) + miee - <0, i =101 (13)

Since (f,h, g) is an approximate convex function at &, there exist {; € 9f;(X), 7; € oh;(x)
and §; € axgt (%,7;) such that
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which contradicts (12).
Next, we prove (11) holds. Since j1;g;, (x,9;) = 0,forany p; > 0, (t;,v;) € (gphV), i =
1,---,1, we have y]-gtj(f, vj) < 0; hence,

ZV]gt Zy]gt (%,0j) > 0.
That is,
sell — 1 < 0,0 Sa(fD - £+
7 i 5 3)e =8 )~ 7 L e

which implies that
Lz, pv) - aellp - pjl| = L(%,& 71, 0).
The next Theorem 4 shows that a quasi &e-weak saddle point is a quasi-weak e-efficient
solution of the problem (NRMFP). O

Theorem 4. In the problem (NRMFP), if (%,&,f1,7) € F x R, . x R x gphV is a quasi &e-
weak saddle point and X is an optimal solution of the problem max Z] 1 748, (x,0;), then X is a

quasi-weak e-efficient solution, where ke = (&1€1,- - - Aj€p).

Proof. Since (%, &, fi, 7) is a quasi &e-weak saddle point of the problem (NRMFP), it follows
from (10) that

_Ec(igg—];é;)—}]éﬂ]gt (x,0))e ¢ R, Vxe F. (14)

Because ¥ is an optimal solution of the problem max Z] 1748, (x,9;), it holds that

n
Z ﬁjg;]_ (x,v] Z pt]gt ) <0, Vx e F. (15)
=1

Together with (14) and (15), we obtain

Ec(f(x) - @) + &ellx — x| ¢ —RL,, Vx € F.

n(x) ()

Note that & € RL -+, and we obtain

(- TEh +elx s ¢ -, vre 7,

Hence, ¥ is a quasi-weak e-efficient solution of the problem (NRMFP). O

5. Conclusions

We have established a necessary condition for robust approximate quasi-weak efficient
solutions of a problem (NUMFP) based on the properties of the Gerstewitz’s function. We
have also introduced two kinds of generalized convex function pairs for the problem

16
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(NUMFP), and under their assumptions we have presented sufficient conditions and
saddle point theorems for robust approximate quasi-weak efficient solutions.

It would be meaningful to further investigate the proper efficient solutions, duality
theorems and some special applications for the problem (NUMEFP), such as multiobjective
optimization problems and minimax optimization problems. Indeed, ref. [4] has discussed
duality theorems and special applications for a nonsmooth semi-infinite multiobjective
optimization problem, respectively. Therefore, the further works seem feasible.
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obtained results. In addition, several interesting applications are given to show that our results are
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1. Introduction and Preliminaries

Fixed point theory is a vital branch of nonlinear analysis. It has also been used
extensively in the study of all kinds of scientific problems, such as fractional differen-
tial equations, stochastic operator theory, engineering mathematics, dynamical systems,
physics, computer science, models in economy and related areas (see [1,2]). One of the
most important results in fixed point theory is the Banach contraction principle [3], which
is used in metric spaces. Nowadays, with the indefatigable efforts of several generations,
it has been generalized to many other spaces, such as fuzzy metric space, Menger space,
b-metric space, probabilistic metric space and so on (see [2,4-12]). It is worth mentioning
that a generalization of this principle in the context of probabilistic metric spaces was per-
formed by Ciri¢ [13], where quasi-contractive mappings were introduced and the triangle
norm T,; was used. In recent years, the pioneering fixed point theorem of Sehgal and
Bharucha-Reid [14,15] is a strong incentive and motivation for the further development
of the principle on probabilistic metric spaces. There are plenty of papers (see [12,16-21])
motivated by the above results. On the other hand, the theory of probabilistic metric spaces
is the first area where the triangular norm plays a significant role. Therein, the concept
of triangle norm was first introduced by Menger in [22] by initiating it from the basic
triangle inequality. The original set of axioms is the content and core known today as
triangle conorms, and it is necessary to make some changes. Schweeizer and Sklar [23]
gave the final definition of triangular norms. In modern society, triangular norms have
been affirmed to be an important operation in several fields as well, such as fuzzy logic
theory, general measure theory, differential equation theory and so on.

Generally speaking, fixed point theorems in the framework of probabilistic metric
spaces are interesting for two reasons: how much we can “relax” the contractive condition
without “narrowing” the class of triangular norms too much, and vice versa. It is well-
known that when using the minimum triangular norm, the contractive condition is the
most “relaxed”. However, because the minimum triangular norm is the strongest, fixed
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point theorem with such a strong condition on the triangular norm is the least interesting.
In addition, most fixed point theorems that have been proven in metric spaces can be
“translated” to probabilistic metric spaces if the triangular norm minimum is used. That is
why it is a huge challenge for finding the “optimal relationship” between the contractive
condition and the choice of the triangular norm with a potential additional condition on
the probabilistic distribution function itself.

Based on the above statements, in this paper, we propose an additional condition
both on the metric itself and on the triangular norm in probabilistic metric spaces. Many
corollaries, examples and applications are also shown.

First of all, for the sake of readers, in what follows we recall some notions and
known results.

Definition 1 ([24]). The mapping T : [0, 1) — [0, 1] is a triangular norm if, for all a,b,c,d €
[0, 1], the following conditions are satisfied:

(n) T(a, 1) = a;
(r2) T(a, b) = (b, a);
(3)a>c,b>d=t(a b)>1(c 4d).
Basic examples of triangular norms are as follows:
T (a, b) = min{a, b}, 1,(a, b) = a-b, 7y(a, b) = max{a+b—1,0}.

In 1983, Schweizer and Sklar introduced the concept of triangular conorm as dual
operations to the triangular norm.

Definition 2 ([23]). The mapping { : [0, 1]> — [0, 1] is a triangular conorm if, for all a,b,c €
[0, 1], the following conditions are satisfied:

(¢1) &(a, b) = (b, a);
(G2) §(a, £(b, ¢)) = £(C(a, b), ¢);
(¢3) C(a, b) < C(a, c)forb <c.

The connection between triangular norm and triangular conorm is given by the
following result.

Proposition 1 ([24]). The function { : [0, 1> — [0, ] is a triangular conorm if and only if there
is a triangular norm T such that for each (a, b) € [0, 1]?,{(a, b)) =1 —1(1 —a, 1 —b).

The opposite statement is also true. Basic examples of triangular conorms are the
following ones:

Cm(a, b) = max{a, b}, {y(a, b) =a+b—ab, {;(a, b) = min{a +b, 1}.

Triangular norms of h-type (see [5]) represent a very important class, especially in the
theory of fixed point.

Definition 3. Let T be a triangular norm and t, : [0, 1] — [0, 1] a mapping defined in the
following way:

©(a) = t(a, a), Tuy1(a) = T(ta(a), a), n €N, a € [0, 1].
A triangular norm T is h-type if the family {t,(a)},en is equi-continuous at the point
a = 1, that is, if for every 6 € (0, 1) there exists p(6) € (0, 1) such that a > 1 — p(0) implies
Ty(a) > 1 — 0 for every n € N.

Using Definition 3, for every (ay, ay, ...,a,) € [0, 1]", we have

1 a4 = a1, TLa; = T(T La;, ay) = t(ay, ..., an).
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Because the sequence {7/ ;4;},cn is non-decreasing and bounded from below, we
obtain
(o] 3 n
T2qa; = lim Tlia;
i=1"1 00 i=1"1

for every {a;};cn € [0, 1]. The analogous case could be applied to triangular conorms.

Proposition 2 ([11]). Let {ay},en be a sequence in [0, 1] such that nh_r)rgo ay = 1 and let the
triangular norm T be h-type. Then,

lim t° 4, = lim t™°a,.; = 1.
n—soo =TT Tl Ni=1t

For some families of triangular norms 7, there exists a sequence {a, },cn such that
lim a4, = 1and lim t™° a; = 1.
n—00 n—oo =N

Definition 4 ([11]). The triangular norm T is called geometrically convergent if for some
ag € (0, 1), it satisfies '
lim 772, (1 —ap) = 1. (1)

n—00

It is proved from [2] that (1) implies 1211 72, (1—a') = 1foreverya € (0, 1).
n—,oo

Proposition 3 ([11]). Let T be a triangular norm and ¢ : (0, 1] — [0, o) a mapping. If, for some
5e€(0,1)andalla € [0,1], b € [1—24, 1], the following is satisfied,

7(a, b) — T(a, )| < 9(b),
then for every sequence {a, },en in [0, 1] such that lim a, =1, the following implication is valid:
n—00

[e9)

Y p(an) <oo= Jigr;oqin(ai —ay) =0.
n=1

Definition 5 ([11]). The triangular norm T is strict if it is continuous and strictly monotone, i.e., if
T(a,b) < t(a,c) whenever a,b,c € (0,1) and b < c.

A simple example of a strict triangle norm is T = Tp-

Example 1. The Dombi, Aczél-Alsina and Sugeno—Weber families of triangular norms are defined

as follows:
74(a, b), A=0;
. T (a, b), A = oo;
W T/\D(a/ b) = ’ ! 7x, A€ (0, )
A A
() 02)')
7;(a, b), A=0;
(ii) 4 (a, b) = { Tm(a, b), A = oo;
ef((flog ﬂ)’hr(*log b)/\)l//\, AE (0/ oo)
Td(ﬂ, b)l = _]—r
(iii) 3" (a, b) = { Tp(a, b), A = oo;
max (0, SRy A e (1, o).

where t;(a, b) = Ty (a, b) if max(a, b) = 1 and t;(a, b) = 0, otherwise.

The following proposition is given in [11].

21



Axioms 2023, 12, 660

Proposition 4. Let (T/l\)))\e(olw), (T)‘:‘A)/\E(O,w) and (TfW)AE(,l,oo] be Dombi, Aczél-Alsina and
Sugeno—Weber families of triangular norms, respectively, and {ay },cn a sequence in (0, 1] such
that lgr1 a, = 1. Then, the following equivalences hold:

n—oo

(a) %(1—11) <00 <= lim (75)% ,a; = 1, where x € {D,AA};

i=1 n—o0
()

b)) Y (1—a;) <oo<— 11m( W) g =1
i=1

Definition 6 ([5]). The continuous triangular norm t : [0, 1]> — [0, 1] is said to be an
Archimedean triangle norm if T(a, a) < a, for every a € (0, 1).

Theorem 1 ([11]). (a)  The function T : [0,1)> — [0,1] is a continuous Archimedean triangular
norm if and only if there exists a continuous and strictly decreasing function a :[0,1] — [0, c0)
called an additive generator of T with a(1) = 0and t(a,b) = a~!(min{a(a) +a(b),a(0)}),
forany a, b € [0,1].

(b)  The function T : [0,1])* — [0,1] is a continuous Archimedean triangular norm if and only if
there exists a continuous and strictly increasing function m :[0,1] — [0, 1] called a multi-
plicative generator of T with m(1) = 1 and t(a,b) = m~! (max{m(a) - m(b), m(0)}), for
anya, b € [0,1].

Remark 1. Triangular norm T is strict if and only if m(0) = 0.

Proposition 5 ([11]). Let T be a strict triangular norm with an additive generator a and the
corresponding multiplicative generator 0. Let {ay, } e be a sequence in (0, 1) such that lijr1 a, = 1.
n—oo

Then,

(a) lim Yo, a(a;) =0,

(b) hm n [T, m(a;) =1

hold if and only 1fnlg1go T2, =1

Definition 7 ([23]). Let Q) be a nonempty set and A be the set of all distribution functions.
Suppose that Fpy = Q x Q — AT is a mapping and Fpu(p, q) = fp,q for each (p, q) €
Q x Q. The ordered pair (Q), Fpm) is called a probabilistic metric space if the following conditions
are satisfied:

(pmo) fpq(0) =0, forall p, q € Q;

(pm1) fpa(t) = f p(t), forallp, g € Q, t>0;

(pm2) fpq(t) = zfand onlyifp=qforallp,qe Q, t >0;

(pm3) fpq(t) = 1and fg,(s) = Limply f,,(t+s) =1, forall p, q, v € Qandall t, s > 0.

Definition 8. Let (Q), Fpyu) be a probabilistic metric space. The sequence {py},cn from Q) is
called a Cauchy sequence if for every t > 0 and w € (0, 1), there exists no(t, w) € N such that
Fonsm pn(£) > 1= w, for each n > ny(t, w) and each m € N.

If the probabilistic metric space (Q), Fpm) is such that every Cauchy sequence in Q) converges
to Q, then (Q), Fpm) is called a complete space.

Definition 9. Let (), Fym) be a probabilistic metric space and T a triangular norm. The or-
dered triple (Q), Fpm, T) is called a generalized Menger probabilistic metric space if the following
inequality is satisfied:

(pmy) fpr(t+8) > T(fpq(t), far(s)) forallp, q, v € Qandallt, s > 0.
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Definition 10. If (Q), Fpu, T) is a complete Menger probabilistic metric space with a continuous
triangular norm t, then Q) is called a Hausdorff topological space with topology induced by the
family (e, A)-environment

O={0p(e,V):peQ,e>0,A€(0,1)},

wherein
Op(e, M) ={x€S: frple) >1—A}

Remark 2. If sup T(a, a) = 1, then the family { O} defined on ¥ is a metrizable topology.
a<l1

One of the most important generalizations of probabilistic metric spaces is represented
by fuzzy metric space which was introduced by Kramosil and Michalek [25]. They defined
the notion of fuzzy metric space using the notion of a fuzzy number and gave a connection
between probabilistic metric spaces and fuzzy metric spaces.

The fuzzy number u is the mapping of u : R — [0, 1]. We say that the fuzzy number u
is normal if there exists ty € R such that u(fy) = 1, and it is convex if for each t1, f, € R
and for each p € [0, 1] the following is satisfied:

u(pty + (1 —p)tz) > min(u(ty), u(t)).

By £, we denote all fuzzy numbers that satisfy the condition that they are semi-

continuous, normal and convex from above, where
Et={u:ue& u(t)=0, forall t <0}

For the fuzzy number u, the a-cutting level is defined as follows, [u], = {t: t €
R, u(t) > a} (a € (0, 1]), where [a*, b"] is a nonempty closed interval if a*, b* € R and
semi-open interval (—oo, b*], [a%, c0) if a* = —o0 or b* = o0,

Let L, R : [0, 1] x [0, 1] — [0, 1] be symmetric, non-decreasing in both argument
functions, satisfying L(0, 0) = 0 and R(1, 1) = 1. Let Q2 be a nonempty set, d : Q? — £T a
mapping satisfying for each a € (0, 1], and for (k, i) € Q?, one has

[d(k, D] = [Aa(k, 1), pulk, )], 0 € (0, 1].
Fuzzy metric space is defined as an ordered quadruple (), d, L, R) where d is the fuzzy
metric if the following conditions are satisfied:
(f1) d(k, i) = Lo, <= k=i, foreachk, i € ()
(f2) d(k, i) =d(i, k), foreachk, i € ()
(faq) d(k, z)(s+t) > L(d(k, i)(s), d(i, z)(t)), whenever s < Aq(k, i), t < Aq1(i, z) and
s+t <Ak ,z), foreachk, i,z € ()
(fap) d(k, z)(s+t) < R(d(k, i)(s), d(i, z)(t)), whenever s > Aq(k, i), t > Aq1(i, z) and
s+t > M(k, z), foreachk, i,z € Q.
Every general Menger space (Q), Fpu, T) is also a fuzzy metric space (), d, L, R) if

. - 0, u<sup{s: F;(s) =0} = ug,,
Ak, w) = { 1—Fei(u), u > ug,.

The functions R and L are defined as follows:
L=0, R(a,b)=1—71(1—a,1-b)(a, be |0, 1]).

If lgn d(k, i)(u) =0 for everyk, i€ Q,
Uu—00

then (Q), Fpm, T) is a Menger space, where 7(a, b) = 1—R(1 —a,1—b), foreacha, b €
[0, 1], and the mapping F, is defined by

B 0, s<A(k 1),
fk,i(s) = { 1— d(k, i)(s), s > Ai(k, i),

wherek, i € ), s € R.
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The following lemma from [10] gives the connection between fuzzy metric spaces and
probabilistic metric spaces.

Lemma 1. Let (Q), d, L, R) be a fuzzy metric space, v : [0, 1] — [0, 1] a continuous, monotonically
decreasing function such that v(1) = 0 and v(0) = 1 and d and R satisfy the following conditions:

(a) 1i_>m d(k, i)(s) =0, foreach k, i € C);
S—00

(b) R(a,1)=1,R(a, 0) =a,foreacha c [0, 1];
(¢) R isassociative.

Then, (Q, Fpm, T) is a generalized Menger space, where F,n, and T are defined as follows:

0, ifs < M(k, i),

f(k, i)(s) = {yl[d(k, i)(s)], ifs>Ai(k, Q),

(a, b) = v [R(f(a), f(b))], (a,be [0, 1))

As we know, one of the most important results from fixed point theory is Banach’s
contraction principle in metric spaces:

Each Banach g-contraction ¢ : M — M in the complete metric space (M, d;,) has a
unique fixed point.

Sehgal and Bharucha-Reid generalized the concept of the Banach g-contraction in the
framework of probabilistic metric spaces.

Definition 11 ([15]). Let (Q), Fpu) be a probabilistic metric space. The mapping & : Q0 — Q) is
said to be a probabilistic Banach g-contraction if there exists q € (0, 1) such that

fepzq(t) 2 fzw(é) (2)

foreach p, g € Qandt > 0.

2. Main Results

Once more, we emphasize the fixed point theorem of Sehgal and Bharucha-Reid [15]
and its importance for fixed point investigations in the framework of probabilistic metric
spaces. In the rest of this paper, it is not necessary to suppose that a triangle norm is
Archimedean. It is a big challenge even today to find a weaker condition for the triangular
norm than the triangular norm minimum, so that the Banach g-contraction, as well as its
generalizations, are valid. In the following theorems, we give an additional condition that
enables this statement.

Theorem 2. Let (Q), Fpm, T) be a complete generalized Menger probabilistic metric space such
that sup,_, T(a,a) = 1and & : QO — ) be a probabilistic Banach q-contraction such that for some
po € Q and some k > 0, it satisfies

1
9o frin( =0(5) t>1, ()
where P : [0, 1] — [0, s] is a continuous, decreasing function such that (1) = 0. If the triangular
norm T satisfies the condition . o ;
" lim 7,97 () = 1, @

where ¢ € (0, 1), then there is a unique fixed point z such that z = nlgn ¢"po.

Proof. Let py € () satisfy condition (3) and define a sequence p,, 11 = {pn, n € Ny. Then,
by (2), we have

Spwsin () Z frupas <%) R (qin), t>0,neN.
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Next, it is necessary to prove that {¢"po },cn is a Cauchy sequence. Let 6 € (g,1).

o
Because the series ). &' is convergent, it follows that there exists n1(¢) € N such that
i=1

Y. 6! < &. Then, for each n > 17 and m € N, one has

i:n]
f n n+m (8) Z f n n+m i (si
&"po,S" M po &"po,Sm M po \
1=n
n+m—1
Z f5'1p0/§n+"lp0 ( Z 51)
1=n
= L(T\(,—E (fﬁ"Po/@”“Po ("), .- ’fC"*"'*lPo,é"*mPo (5n+mil))
(m—1)—times
on 5n+m—1
2 T(T<"'T(fPo,CPO(qT)""’ﬁo@ﬁo(W))'
_\/_/
(m—1)—times
Letg = g € (0,1), and then
1 1
ferpaznenpy @) = T(T(- 7 (Fnim (g—n),...f,,o,gpo <W)) n>nm, meN. (5
H,—/

(m—1)—times

By (3), there is G > 0 and k > 0 such that ¢(fp, zp,(t)) < G- tlk, t>1,ie., fpep,(t) >
Py (G- tlk), t > 1. Concretely, for t = gln > 1, we have

1
fPo,{fPo <g7

Choose n; € N such that G¢" € [0, s), n > np. Using (5) and (6) for n > max{ny, np}
and m € N, it follows that

Ferpuirmpy(€) 2 T(T(o (T (71 (GM™), 971 (GeH ), 71 (G,
(m—1)—times

) 297G, neN. ®)

Let sg be a constant such that G¢F*0 < ¢. Then, using (5) for n > max{ny, n,} and
m € N, we have

Fervopgerotmy (€) = T(T(. (T (PTG M), (1 (G M=oty L, (7} (G gMrsotm=Dy)
(m—1)—times

> T2, (D)),

Based on the condition (4), we conclude that {¢" po } ,en is a Cauchy sequence.
Letz = lgn ¢" po. We want to show that z = ¢z. Using (2), we have
n—00

fépméz(t) > fpn,z (é)

Letting n — oo, we conclude that f, & (t) > f,;rzlz(é), and so z = {z.
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Finally, we prove the uniqueness of fixed point. Indeed, suppose that there exists
v # z such that v = {v. Then, from (2), we have

fZ,v(t) :fg";’z,é‘v(t) > fz,v(s)/

which follows thatz = v. [

Remark 3. In [26], the following statement was made: if condition (4) holds for some ¢y € (0,1),
then it holds for every ¢ € (0,1).

Remark 4. Theorem 2 follows via the following condition (which treats triangular norms and
distribution functions mutually),

Jim T fpr(tn) =1,
for every s-increasing sequence {t,} and every p,r € Q, instead of conditions (3) and (4). It seems
that condition (4) is more appropriate to deal with different types of triangular norms which is one
of the main goals of the current paper.
Let (x) = 1 — x. It is easy to check that condition (3) holds for distribution functions of
half-normally or exponentially distributed random variables.

Example 2. Let QO = [0,1], &(p) = Z, a>1, fpr(t) T eEQt>0,T=1,

and P(x) =1 — x. In view of

B t
ot |p—7]

t t

t) = >
Forerl) = Cay = = =

| :fp,,(s), p,reQ, t>0,

it follows that ¢ is a probabilistic Banach g-contraction with q € [%, 1).
Condition (3) is fulfilled because of

L

k,t>1,k>0.

_ p
lp(fp,g’.p(t)) - auTltk"i'P <

-

Let a; = v~ 1((cH*) = 1 — (¢))*. Then, % (1 —a;) < oo, and because the following
i=1
equivalence holds,

Ha,»>0<:>nli£n [Jai=1= Y (1-a) <o,
i=1 ®i=n i=1

we conclude that all conditions of the previous theorem are satisfied and hence p = 0 is the unique
fixed point of ¢.

Corollary 1. Let (Q), Fpu, T) be a complete generalized Menger probabilistic metric space such
that sup, _, T(a,a) = 1. Let § : Q) — Q) be a probabilistic Banach g-contraction such that for some
po € Q and some k > 0, it satisfies

lpofpo,épo(t) = O(tlk)/ t>1,

where ¢ : [0, 1] — [0, s] is a continuous, decreasing function such that (1) = 0. If ¢ : (0, 1] —
[0, 00) is a function such that for some 6 € (0, 1) the following is satisfied,

|t(a, b) —7(a, 1)| < ¢(b), ac (0,1, be[1-9,1],
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and 2 (P~ ((cHK)) < oo, for some ¢ € (0, 1), then there is a unique fixed point z of mapping
§and z = hm C”po

Proof. Based on Proposition 3, condition ): o(p~1((cHh) < oounphes 11m ™ 7 ((¢HE) =

1, and hence all conditions of the prev10us theorem are satisfied. D

The following corollary is a fuzzy metric version of Theorem 2.

Corollary 2. Let (Q), d, L, R) be a complete fuzzy metric space such that tlim d(p, r)(t) =
—» 00
0, p,reQ, R(a1)=1,a€(0,1], R(a,0) =4, a € [0, 1], and R is continuous at (0, 0).

Let ¢ : (O — X be a probabilistic Banach g-contraction such that for some py € Q) and some k > 0,
it satisfies 1
d(po, Gpo)(t) = O(?k)’ t>1.
If lim R ((¢¥)') = 0 for ¢ € (0, 1), then there exists a unique fixed point z of & and
n—oo
— 1 n
2= e
Proof. If we choose {(x) =1 — x, together with Lemma 1, then all conditions of Theorem 2
are satisfied. The proof is completed. [

As it is pointed out, we deal with triangular norms via condition (4) and, therefore, in
the following corollaries it will be relaxed (or omitted). By Theorem 2 and Proposition 2, it
follows the subsequent corollary where the triangular norms of /i-type are used.

Corollary 3. Let (Q), Fpu, T) be a complete generalized Menger probabilistic metric space such
that sup,_, T(a,a) = 1and & : QO — ) be a probabilistic Banach q-contraction such that for some
po € Q and some k > 0, it satisfies

PO frotp() =0 ), £>1,

where P : [0, 1] — [0, s] is a continuous, decreasing function such that (1) = 0. If the triangular
norm T is of h-type, then there is a unique fixed point z of ¢ and z = nlgn ¢"po.

So, in the previous corollary we deal with a triangular norm of h-type, while in the
next one T is a strict triangular norm. Note that, for example, 7, is not strict, while 7,, 7
and 75" are strict triangular norms.

Corollary 4. Let (Q), Fpm, T) be a complete generalized Menger probabilistic metric space such
that sup,_, T(a,a) = 1and the triangular norm T is strict with additive generator a (multiplicative

generator m). Let & : QO — Q) be a probabilistic Banach g-contraction and ¢ : [0, 1] — [0, s] be
a continuous, decreasing function with (1) = 0 such that for some py € Q and some k > 0, it

satisfies 1
PO fpoin(t) = O(tk) t>1.
If there exits ¢ € (0, 1) such that

: s —1/(~iky _ . - -1 N
fim 3 a(™((€)) =0 (lim [Tm(y'((€)) =1),
then there is a unique fixed point z of ¢ and z = ILm ¢"po.
n [oe]

Proof. Using Proposition 5, we conclude that all conditions of Theorem 2 are satisfied. [
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Further, different contractive conditions are suggested instead of the Banach g-contraction
under the same class of triangular norms. The following conditions introduced in Theo-
rem 2 are used, with the contractive condition in the spirit of one suggested in [27].

Theorem 3. Let (Q), Fpm, T) be a complete generalized Menger probabilistic metric space such
that sup, _, T(a,a) = 1 and the mapping ¢ : O — Q) satisfy the following contractive condition

fopar(®) 2 min { o (2) Sep () s () } 0 10 )

for some q € (0,1). Suppose that for some py € ) and some k > 0, condition (3) is satisfied, where
P : [0, 1] — [0, s] is a continuous, decreasing function such that (1) = 0. If the triangular norm
T satisfies condition (4), then there is a unique fixed point z of mapping ¢ and z = ,}5{}0 ¢"po.

Proof. Take py € () determined in (3) and define a sequence p,, ;1 = ¢pn, n € N. Then,
by (7), we have

fpuiapa(f) = min {fpn,pm (%)rfpm,pn (%)’fpnrpn—l (g) }/ neN, t>0.

Since fp, 10 () = fouitpn (é) > fppi1pa(t) leads to a contradiction, then we conclude that

Fowirwn(8) = foupn (%) > 2> fooin (qin), neN, t>0.

Further, the proof that {¢" po },en is a Cauchy sequence is analogous as in Theorem 2
due to the conditions (3) and (4).
Letz = nlgn ¢"po. Suppose that z # ¢z. Using (7), we have

fé‘pn,f,‘z(t) > min {fpn,z<s),fpn+1,pn <$)’féz’z(s) }, neN, t>0.

Letting n — oo, we obtain a contradiction on account of f, & (t) > fgz,z(é) > fre(t)
and so z = ¢z.

Finally, we prove the uniqueness of fixed point. To this end, suppose that there exists
v # z such that v = {v. Then, from (7), we have

Foalt) = fengol®) 2 min { oo (0 ) fox (0) fun (1)} £ >0,
ie., fro(t) > fzv(é) andsoz=v. O

lp—7|
5 v € Ot >0,T = 1, and

Example 3. Let QO = [0,1], {(p) = g, for(t) = e
P(x) =1 — x. We need to check condition (7), i.e., the relation is written as

_lp=7] . _alp=rl g _gr
e zmm{e ro,e 2 e Zf}, p,reQ, t>0.

Due to the symmetric role of p and r without loss of generality, we suppose that p > r and
split the discussion into two cases, p > 2r and r < p < 2r.If p > 2r, we have

lp—7]| qlp—r|

e >e f ,t>0,

while for r < p < 2r, it follows that

_lp=rl _ap
e >e 2, t>0,

=

and both inequalities are correct when q € [%, 1).
Condition (3) is fulfilled because for arbitrary pg € (0,1) and k > 0, one has

1
P(fpozp () =1—e 2 < £ > 1.
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Let a; = v~ ((c)*) = 1— (). Then, § (1 —a;) < oo, and because the following
i=1
equivalence holds,

Ha,»>0<:>nli£n [Jai=1= ) (1-4a) <o
i=1 ®i=n i=1

we conclude that all conditions of Theorem 3 are satisfied and p = 0 is the unique fixed point of ¢.

Remark 5. Condition (7) could be extended with term f, z (%) without changing the triangular

norm, but if we want to add the symmetric term fz, , (%) too, then the class of triangular norm
must be narrowed.

Theorem 4. Let (Q), Fpm, Tn) be a complete Menger probabilistic metric space such that
sup,_q 7(a,a) = Land ¢ : QO — Q) be a mapping satisfying

fonar) 2 min {8 () Sono () fra (5 Suna () oar ()}

for some q € (0,1) and every p,r € Q, t > 0. Suppose that for some py € Q and some k > 0
condition (3) is satisfied, where ¢ : [0, 1] — [0, s] is a continuous, decreasing function such that
(1) = 0. Then, there is a unique fixed point z of { and z = lim &"po.

n—oo

Theorem 5. Let (O, Fpu, Tp) be a complete Menger probabilistic metric space such that
sup,_, T(a,a) = Land & : QO — Q) be a mapping satisfying the following contractive condition,

f(:p,g,()>mm{fpr< )fg,,,,( )fgrr( )fpgr( ) fré‘p(?)} )

for some q € (0,1) and every p,r € Q, t > 0. Suppose that for some py € Q and some k > 0
condition (3) is satisfied where  : [0, 1] — [0, s] is a continuous, decreasing function such that
(1) = 0. If the triangular norm T satisfies
N (1L (i
,}gr;o;(l p((6)") <o,

where ¢ € (0, 1), then there is a unique fixed point z of ¢ and z = ILm ¢"po.
n—o0

Theorem 6. Let (Q), Fpm, T) be a complete Menger probabilistic metric space such that
sup,_q 7(a,a) = Land ¢ : QO — Q) be a mapping satisfying

Fepar(t) > mm{fpr( ) fn:pp( ) fn:rr( ) fpéf(q)' fﬁf(r;;);gfg;q) }, "

for some q € (0,1) and every p,r € Q, t > 0. Suppose that for some py € Q and some k > 0
condition (3) is satisfied, where ¢ : [0, 1] — [0, s] is a continuous, decreasing function such that

(1) = 0. If the triangular norm T satisfies (4), then there is a unique fixed point z of ¢ and
z = lim &"po.
n—oo

Proof. Let py € Q) satisfy condition (3) and let p,11 = {pn, n € N. By (10), forn € N, t > 0,
we have

— t
280 (8 () s (3 o (£,
nrl/Fn=11q

which implies that
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Fowiront 2 frupua (é) > 2 fpo,épo(qin), neN, t>0.

Using conditions (3) and (4) as in Theorem 2, one could prove that {¢"po},en is a
Cauchy sequence.
Letz = nlgn ¢"po and suppose that z # ¢z. By (10), we arrive at

02 0 i (£ (1) D,

forevery n € Nand ¢t > 0. If we take n — oo in the last inequality, it follows that

fz,@z( ) > mln{l 1 fgzz( ) fzgz( ) } :fgz,z(g) >fz,§z(t)r

thatis, z = ¢z.
Finally, we start to prove the uniqueness of fixed point. As a matter of fact, suppose
that there exists v # z such that v = ¢v. By (7), we obtain

fro(t) = fezeo(t) >mm{fzv( ) fZZ( ) fvv( ) fzv< >’fzvl(é)} :fz,v<s)/ t>0,

which means thatz = v. O

Corollary 5. Let (Q0, Fypm, (T3)re(0,00)) be a complete Menger probabilistic metric space such that
sup,q Tx(a,a) = Land § : O — Q) be a probabilistic Banach g-contraction, where x € {D, AA}.
Suppose that, for some py € Q and some k > 0, condition (3) is satisfied, where i : [0, 1] — [0, s]

is a continuous, decreasing function such that (1) = 0. If E (1— ¢~ 1((F)) converges for
i=1
¢ € (0,1), then there is a unique fixed point z of ¢ such that z = lgn ¢"po.
n—oo

Proof. Let ¢ € (0,1) and A € (0, c0). By Proposition 4, ozo: (1 -9 1((c")))* < o and
i=1

lim (77)7, ¥~ 1((¢F)?) = 1 are equivalent, and then the assertion holds by Theorem 2. [J
n—00

Remark 6. If (x) = ¢! (x) = 1 — x, then the series Z (1—yp~ ) = OZOL (¢ converges
i=1

to ¢ € (0,1) and the condition could be omitted by Corollary 5.

Theorem 7. Let (Q), Fpm, T) be a complete Menger probabilistic metric space such that
sup,., T(a,a) = land ¢ : QO — Q) be a probabilistic Banach g-contraction such that for some
po € Q and some k > 0, it satisfies

¥ fpoep(t) = O((g(lt))k)/ t>1, (11)

where P : [0, 1] — [0, s] is a continuous, decreasing function such that (1) = 0, and g :
(0,00) — Ris a function such that g(x) + g(y) = g(x - y). If, for some Q > 0, the triangular
norm T satisfies

lim T°, ¢~ (9) =1, (12)

n—o00

then there is a unique fixed point z of ¢ such that z = nlgrolo ¢"po.

Proof. Letyu € (g, 1) and § = %. Then, 6 € (g, 1) and ¥ &' < . So, for some 1y = ny(¢) €
i=1

oo .
N, we obtain ) ¢' <e.

i:n1
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Take py € Q) such that (11) is fulfilled and, similar as in the proof of Theorem 2, for
n > ny, m € N, one has

3

fénP0r§11+"lP0 (8) Z fénporgnﬂnpo ( Z 51)

i=n
n+m—1

>f§np0§'n+mp0( _Zn 5i)

(fé”po & po (0"), fé”“po,é””po (8", f@”*"’*lpo,f”*"’m (8mm)

times

T
)
( ( (fPO Gpo (Hln)' fPoéPo (ynl+1>’ ’ 'fPO/CPO (‘unjml))

(m 1)—times

(m—

By (11), there exists M > 0 such that

M
t)>yp! ,t>1,
fpo,'gpo( ) - l/) ((g(t>)k) >
1 M
Lett = pr > 1. Because g(#") = ng(t), n € N, for Q = () > 0, we have that
Sl

fporélﬂo <P£1n> > lpl(?’lk(g]\él))k) = 1}’71 (%), n € N.

Now,

Serpogrempo(€) 2 T<T( = (T (v (%) v (n f1)k>" A ((n+mQ—1)k)>

forn > ng(e, A). So, {G"po}nen is a Cauchy sequence.

Because ¢ is a probabilistic Banach g-contraction (and consequently it is a continuous
mapping), analogous as in the proof of Theorem 2, it follows that ¢ exists a unique fixed
point z = nh_r)rolo ¢"po. O

Remark 7. If we take that g(x) = Inx, then by Theorem 7 we obtain Theorem 3 from [26].
Corollary 6. Let (Q, Fpm, (T3V) Ae(—1,00]) be a complete Menger probabilistic metric space such

that sup,_, Ty (a,a) = 1and ¢ : QO — Q) be a probabilistic Banach q-contraction such that, for
some pg € Q) and some k > 0, it satisfies

lp(fpo,gp[)(t)):O( k)ra>1r t>1/

(log, 1)

where ¥ : [0, 1] — [0, s] is a continuous, decreasing function such that {(1) = 0. If Y (1 —
i=1

lp’l(igk)) converges for some Q > 0, then there is a unique fixed point z of ¢ such that

n
2T
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Proof. Let T = T;". By Proposition 4, '21(1 - 1p_1(l.Qk)) is equivalent to
1=

lim (T3W)%° (lp’l(igk)) = 1, and hence the assertion follows by Theorem 7. [

n—00 =n

[ee] o
Remark 8. If (x) = 1 — x, then the series i§1(1 - 1/)’1(%)) = El lgk converges when 'k > 1, so
it is unnecessary to impose the condition in the previous corollary.

3. Applications to Decomposable Measures

The following definitions are given in [11]. Let A be the c-algebra of subsets of
the given set (). The classical measure is a set function m : A — [0, +o0] such that
m(@) = 0 and

m(GAl) = 3 m(Ai),
i=1 i=1

for each sequence {A;};cn of mutually disjoint sets from A. In the special case when
m: A—[0,1] and m(Q) = 1, m is a probability measure and is marked with P.

Definition 12. Let { be a triangular conorm. We say that the {-decomposable measure m is a set
function m : A — [0,1] such that m(@) = 0 and m(AUB) = {(m(A), m(B)), where A,B € A
and ANB = @.

Definition 13. Let { be a left continuous triangular conorm. The collective function m : A —
[0,1] is a {-decomposable measure if m(@) = 0 and

m (U Ai) = {Zam(A;),
i=1
for each sequence{ A;}icn from A whose elements are mutually disjoint gatherings.

The set function from the previous example is a 0-{;-decomposable measure. We say
that a (-decomposable measure m is monotone if for A,B € A, A C B implies
m(A) < m(B). A measure m is an (NSA)-type if and only if s o m is a finite additive
measure, where s is an additive generator for the triangular conorm g, which is continuous,
not strict, Archimedean and in relation to which m is decomposable (s(I) = 1).

Proposition 6 ([11]). Let (Q, A, m) be a measurable space, where m is a continuous, {-decomposable
measure (NSA)-type with a monotonically increasing generator s. Then, (, Fpm, T) is a Menger
space, where Fpy and the triangular norm T are defined as follows:

(fpm()?, 17) = fg,? :f}?,?(u) =m{w, w € Q, dX(w),Y(w)) < u}, X,Y e , ueR,
and t(a, b) = s~ (max(0,s(a) +s(b) — 1)), a,b € [0,1].

The following is a straightforward application of Theorem 2 to a decomposable
measure.

Corollary 7. Let (Q), A, m) be a measurable space, where m is a continuous, s-decomposable
measure (NSA)-type with monotone increasing additive generator s. Let (M, d) be a complete,
separable metric space and ¢ : Q) x M — M be a continuous random operator such that for some
g € (0, 1), it satisfies

m({w|w € Q, d(f X(w), fY(w)) <u}) 2 m{w|w e Q, d(X(w), Y(w)) < g})
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for all measurable mappings X, Y : O — M and each u > 0. If there is a measurable mapping
U : Q — M such that for some k > 0, it satisfies

p(m(d(Q, &) < 1)) = o(tlk), F>1,

where 1 : [0, 1] — [0, b] (b > 0) is a continuous, decreasing function such that (1) = 0 and the
triangular norm T defined by

7(u, v) = s~ H(max(0, s(u) +s(v) —1)), u,v€0,1]

satisfies the condition nlglgo 2w 1((F)) =1, ¢ € (0, 1), then there is a random fixed point for
the operator ¢.

Remark 9. Let (Q, A, m), (M, d) and & be the same as in Corollary 7 for some t-conorm o3",
A € (=1, o), where 0’§W is a Sugeno—Weber family of t-conorms as follows:

sV (a, b) = ow(a, b), if A = coand 03" (a, b) = min(1, a + b+ Aab), if A € (—1, ).

Put ¢(x) =1 — x. Because the triangular norm T/fw, A € (=1, o0) is geometrically convergent, it
implies the existence of the random fixed point of the random operator ¢ : QO x M — M.

4. Conclusions

For more than a century, fixed point theory has widespread and significant applications
in many fields at the core of many branches of pure and applied mathematics, including
convex analysis, variational analysis, nonlinear ordinary and partial differential equations,
critical point theory, nonlinear optimization, fractional calculus and so on. It is known
that plenty of problems caused by the real world are often due to seeking to find a fixed
point and then using different mathematical techniques. In this work, a technique is
furnished, based on nontrivial results in generalized Menger probabilistic metric spaces.
We establish several fixed point theorems with illustrative examples in the framework of
such spaces. We make a conclusion that our results in this paper generalize and improve
many known results in the existing literature. Additionally, we apply our results to cope
with the decomposable measures. We make sure that the idea of further elaborating our
method, which is presented throughout this paper, is quite important and can be applied to
probability theory and nonlinear fractional differential equations in the upcoming future.
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Abstract: In this paper, basing on the generating function for the van der Pol numbers, utilizing the
Maclaurin power series expansion and two power series expressions of a function involving the
cotangent function, and by virtue of the Wronski formula and a derivative formula for the ratio of
two differentiable functions, the authors derive four determinantal expressions for the van der Pol
numbers, discover two identities for the Bernoulli numbers and the van der Pol numbers, prove the
increasing property and concavity of a function involving the cotangent function, and establish two
alternative Maclaurin power series expansions of a function involving the cotangent function. The
coefficients of the Maclaurin power series expansions are expressed in terms of specific Hessenberg
determinants whose elements contain the Bernoulli numbers and binomial coefficients.
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1. Motivations

In [1] (p. 235), see also Section 1 in [2], the sequence of rational numbers Vj for k > 0
was defined by means of

x3 00 xk
6x(e’ +1) — 12(e* —1) k;) Vit
x  x2 X3 x4 x° X0 x7 37x8
=l-S4 - + - - (1)
2 10 120 8400 16,800 @ 756,000 1,512,000 2,328,480,000
The first few values of V} for 0 < k < 8 are
1 1 1 1
Vw=1 Vi=->, V=g, Vs=—o,  Vi=-—=,
0 1= 72 275 37720 477350 )
1 7
o L 1 1 _ 3

100 T 1m0 7T T30 BT 7m0

Let J,(z) denote the Bessel function and

o (v) = >
m=1 ]v,m
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where j, ;; are the zeros of ]Vzﬁ Then,

3 3 22]{,1
UZk() = (_1)]{71)(7‘/2](/ k> 1.

The van der Pol numbers V} are also related to the Bernoulli numbers By for k > 0 via
the relation

DY 2 ke
T2\ 5 ) = (=1) (2k)! 2k =21
where the Bernoulli numbers By for k > 0 are generated by

o0 k 00 2k
z z y4 V4
=Y BE =1-24Y By~—, |zf<2m
-1 = k! 2 = (2k)!

The Rayleigh function oy (v) for k > 1 has an alternative notation

k) =Y ki k> 1.

m=1 ]v,m

This is also called the Bessel zeta function in [3] and was originally introduced and studied
in papers [4-7]. In paper [8], the authors derived closed-form expressions of the Bessel zeta
function g, (2k) for k > 1 in terms of specific Hessenberg determinants.

At the site https:/ /math.stackexchange.com/q/4447783 (accessed on 27 May 2023), a
question was asked: is there an explicit formula for the Maclaurin expansion of the function
= xiot — around the origin x = 0? At the site https://math.stackexchange.com/a /4449466
(accessed on 5 June 2023), an answer to this question was given. We now quote this answer
as follows.

Using Bessel functions, we find

x? - ]5/2(x)
1—xcotx ]3/2(x)
_3 ]3/2(96)

2 +x]3/2(x)

:3—2x2i !

. 2
k=11-— (X/]§/2 v

=3- ZXZZZ 2n

—1n= 0]3/2k
(o] (o) 1
2 2
3o z(z )
n=0 \k=17/3/2k
ad 3
=3-222Y o, = 2%,
Zon(3)

where j3 5  denotes the kth positive zero of [3,, and ¢y, is the Rayleigh function
of order n. If n > 1, we can write

§ _ (_1\n—1 2m-1_Von
(72,1(2)_( 1)" 13 x 2 O

where V;, is the nth van der Pol number. See paper [2] for the properties of these
numbers, including recurrence relations. In particular, the generating function is
Equation (d) in Section 1.
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In [2] (Sections 1 and 6), we find the series expansion

2 2k

V4 Z

(2K)!

®)

2 (e
z kn2k
— =3—-—+3 —1)" 27"V,
1—zcotz 5 N lgz( ) 2%
by defining ﬁ to be 3 at z = 0. According to the discussion in [2] (Section 6), the
Maclaurin power series expansion (3) has a finite positive radius of convergence, and this
radius of convergence, denoted by R, is located between 47” and 3. In fact, the number R

is the first positive zero of the equation tanx — x = 0.

Let
x? R
—— 0 ;
G(x) =< 1—xcotx <lxl< 4)
3, x=0.
It is clear that the function G(x) is even on (—R, R).
In [9] (p. 75, Entry 4.3.70), it was listed that
1 & (=%
cotz=-—) ~———— Bz, |z] <7
z k; (2k)!
Hence, we have
1
G(x) = ST , 0<|x| <R (5)
Lk—0 m | Bog2|x%
On the other hand,
2 . 0o (71)]( 2k
x*sin x 1 Li=o prani®
G(x) = - - , R. 6
(%) sinx —xcosx 2y (=DF(k+1) ok I# < ©)
k=0 " (2k+3)!

In this paper, basing on the generating function (1) for the van der Pol numbers V,,
on the Maclaurin power series expansion (3) of the function G(z), and on the expressions
in (5) and (6) of the function G(x), by virtue of Wronski’s formula in [10] (p. 17, Theorem 1.3),
and in view of a derivative formula for the ratio of two differentiable functions, we will
derive four determinantal expressions for the van der Pol numbers V}; and Vy;, discover
two identities for the Bernoulli numbers B, and the van der Pol numbers Vy, prove the
increasing property and concavity of the function G(x), and establish two alternative
Maclaurin power series expansions of the function G(x), whose coefficients are expressed
in terms of specific Hessenberg determinants in which the Bernoulli numbers By, and
binomial coefficients are involved.

2. Lemmas

For smoothly solving the above two problems, we need the following lemmas.
Lemma 1 (Wronski’s formula [10] (p. 17, Theorem 1.3)). If ag # 0 and
P(x) = ag + arx + ax® + - --

is a formal series, then the coefficients of the reciprocal series

— 2 ..
P(x) = by + byx + box” +
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are given by

| ap 0 o --- 0 0 O

ar ai ap 0 - 0 0 0

( 1)7 as ar ai ap - 0 0 0
N I A A @)

ar—2 O3 Gyr4 Gp5 - a; ag O

Ar—1 Ar—2 4r-3 Ar—4 -+ A2 41 4o

ar Oy AGr—2 dy-3 -+ 43 4z @

Lemma 2 ([11] (p. 40, Exercise 5)). Let u(x) and v(x) 0 be two n-time differentiable functions
u(x) ;o

on an interval I for a given integer n > 0. Then, the nth derivative of the ratio o)

Wn 1 n+1 (x)
= (! e L s, (®)

where the matrix
W(n+1)><(n+1)(x) = (u(n+l)><1(x) V(n+1)><n(x))(n+l)><(n+1)/

the matrix U, 1),1(x) is an (n + 1) x 1 matrix whose elements satisfy uy1(x) = uc=1(x) for
1 <k < n+1, the matrix Vi, 1), (x) is an (n + 1) x n matrix whose elements are

5—1) (i .
ol=N(x), €—j>0
o4(x) = (jo0)2 e o)

0, t—j<0

for 1<t <n+1land1 < j<n, and the notation W, 1) (n+1)(¥)| denotes the determinant of
the (n+1) x (n+ 1) matrix Wi, 1)« (n41) (%)-

3. A Relation and Two Identities for van der Pol and Bernoulli Numbers

In this section, by comparing the power series expansion (3) and two expressions (5)
and (6), we derive a relation and two identities for van der Pol numbers V,; and the
Bernoulli numbers Byy.

Theorem 1. For k > 2, we have

ap ap 0 o --- 0 0 O

ar ay ap 0 0 0 0

k as a a1 ap - 0 0 0

3
Vo = <2k>!(4> A A ©)

Ak—2 k-3 Ak-4 G5 -+ a1 ag 0O

k-1 OAk—2 Ok-3 k-4 - d2 41 4o

ag k-1 Ag—2 A3 -+ 4z 4z 4

where
22k+2

-— k> 0.
ag = 2kt 2)! | B2l >0

Proof. Comparing the series expansion (3) and Expression (5), we find that
00 22k+2

1 ) ) 22k 2k
— x> +3) 1) ) B =1
3 5¥ 3k:2( (20! Vorx P 2kt 2) 1 2ky2]
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Applying Formula (7) in Lemma 1 and rearranging yield Formula (9). O

Remark 1. When k = 4, we have

4 ay  4ap 0 0 4 % % (1) 0
Vg—8'(3) a a1 Aqo 0 —8'(3) 945 5 3 0 _ 37 .
4) lag ay a; ag 4 # 9%15 % % 57750
g az a4z M 9555 1725 945 5
When k = 3, we have
1 1
3lap ag O 3| 15 3 0
V6 = 6! § a a1 dapg| = 6! § i i 1 = L
4 - o 4 E i i 1050
3 42 M 25 945 45
When k = 2, we have
2 201 1
3 a; 4ap 3 ie 7 1
Vy=4! - =4!( - L 3=
4 (4) a @ (4) = = 350
These three values are congruent to the corresponding ones in (2).
Theorem 2. For k > 0, we have
k
. 2k +3 k +1
—1)i2% By; -—. 10

Proof. From Expressions (5) and (6), it follows that

3 m 2k _1 . (_1)k 2% 22k+2
kg(:) (2k+3)' T Zkg;’)(Zk%»l)!x 2 (2k+2) ‘B2k+2|x

_1)k k .
B G

Accordingly, we obtain

(—D*(k+1) 1 (-DF | & i (243 j2i42
== - >
(2k +3)! 2 (2k +3)! ;( ) 2j+2 L
which can be simplified as the identity (10). O
Theorem 3. For k > 2, we have
k
) 2k +3 4
2(k—]+1)22]< 2 >v2] Bk(kz—l). (11)

j=2
Proof. Considering the series expansion (3) and Expression (6), we arrive at
15 - S (—D)f(k+1) 5
3-— 5% +3 lgz(— — X

L or s

3(k+1) 1k k k—j+1 Y o
— 3 - - 2]V

(2k +3)! 5(2k+1)!+];(2])!(2k—2]+3)! 25|

2k

= (—DF
kg()(zkﬂ)!x =2

fzz

39



Axioms 2023, 12, 665

This means that

1 J—
(2k+1)!

3k+1) 1
2k+3) 5

7

k
; (2)1(2k — 2j + 3)! 27V

(2k+1

which can be rewritten as identity (11). The proof of Theorem 3 is complete. [J

4. A Determinantal Expression of van der Pol Numbers

In [12] (Theorem 2.7), an explicit formula of the van der Pol numbers V;, for n > 0 was

given by
et () Eeme o)1)

q=0
n+2k
x Zlﬂ( ) y n+2kp)!(”+2k)W (12)
p=0 P ( Vi )

— (k—/ ( s d n—p+20+2s
ng‘)< s )n—p—|—2€+25 ;( >’B !

where S(p,q) for p > g > 0 denotes the Stirling numbers of the second kind and

= _Jz(z—-1)---(z—n+1), neN
<Z>n—H(2_k>_ {1

7 n:0

is the nth falling factorial of z € C.
In this section, by virtue of Lemma 2, we deduce an alternative formula of the van der
Pol numbers V}, in terms of specific Hessenberg determinants.

Theorem 4. Forn > 1, the van der Pol numbers V,, can be expressed by the determinant

TR :
(03)% (31)2 gz)l 0
e O 3 0
(0)7 (s ()10 0
V, = (—1)” . . .
, : ] , : ; , : ) i : (13)
n— n— n
Coldmm  Comm C)a=zen o 0
(nfl) 6 (nfl) 6 n— 1) 6 L (nfl)
2 (n+%)(n+2) y 1 n(6n+1) i 6 1)n 717171 .
(0) (n+2)(n+3) <1) (n+1)(n+2) <2) n(n+1) e (nfl)f
= (=103,
where
0, 3<i+2<j<n

I < i) 6 n>it2>j>1
i—1)G—j+3)i—j+4) "~ J==
Proof. The generating function in (1) of the van der Pol numbers V} can be written as

X3

6x(e¥ +1) —12(e¥ —1)

1

K+l ok
Yo (k+3)!

O\\*—‘
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Therefore, by virtue of the derivative Formula (8), we obtain

' 3 (m)
Vn = limy [6x(ex 1) — 12(eF —1)]
1 (n)
= lim [ ]
x o 6(k+1
-0 L (I(<+3)? g
1 1 0 0 0
S T ;
I B B 0
SE I T :
= (=1%o 7 ()5 ()10 0
(n+1)6(n+2) (HIl) n(6n6+l) ("El)(né%)n U (Z:bl
(n+2)(n+3) (1) (n+1)(n+2) (2>m o (n71)§
A o
(03)ﬁ (31)2 (32) 0
e ) )} 0
(0)7 (D3 (27 0
== : : :
("162) ey ("Ij) o (2 1(”’2)% 01
n— 6 n— 6 n— 6 n—
( 0 )(n+1)(n+2) ( 1 )n(n-i-l) ( 2 )(n—l)n (nfl)
) 2 (1) G, ()t (D)3
0/ (n+2)(n+3) 1/ (n+1)(n+2) 2/ n(n+1) n—1/2

= (=1)"|vij] 1,
for n > 1. The proof of Theorem 4 is thus complete. [

Remark 2. It is obvious that the determinantal expression (13) is more beautiful, symmetric, and
computable than the explicit expression (12) of the van der Pol numbers V.

Remark 3. By the determinantal expression (13), we can compute

3 1 0 1
MECUIRT By g1 0|
@7 O3 GOn ()3
M O 0
Vi = (-1)° <§:>fa g%l)% 3| =2
(0)% (1)% (2)%

N1 1
=@ B =g =gy = -5

These values of Vi for 1 < k < 4 coincide with the corresponding ones in (2).

5. Decreasing Property and Concavity

In this section, we discuss the decreasing property and concavity of the even function
G(x) defined by (4).

Theorem 5. The even function G(x) defined by (4) is decreasing on [0, R) D [0, 7| and is concave
on [0, 1] C [0,R).
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Proof. From Expression (5), it is easy to see that the even function G(x) is decreasing
on (0,R).
Considering the first equality in (6) and directly differentiating give

x? sin x " _ x[xsin(2x) + 2 cos(2x) + 2x* — 2]
N 2(sinx — x cos x)?2

G'(x) = (

Sin X — X COS X

and
~sin(3x) — (4x* — 12x? 4 3) sinx — 8x3 cos x

G// —
(x) 2(sinx — xcos x)3

Let
h(x) = sin(3x) — (4x* — 12x? + 3) sinx — 8x% cos x. (14)

The function h(x) can be expanded to

d 22j+9 _ .4 3 ) ) '
hx) = %° Z(—l)JB (64]" + 896j Jf4640|] +10,552) +8931) ;
j=0 (2j +9)!
Let '
T — 32119 — (64j* + 896;° + 4640;> + 10,552j + 8931) >0
! (2 +9)! » 12
Then

9 v 2y . 4j 9 v B 2\, 4j
h(x) =x" ) (Tpj — Toj1x”)x¥ =7 ) Toipq —x% ) xY.
j=0 j=0 T2j+

By induction, we can verify that
3519 > 64j* + 896/% + 46407% +10,552j + 8931, j > 0.

This means that T]- > 0forj > 0.
In order to prove that the inequality

I 3\’ 5
> () =22, >72=98- .. (15)
T2j+1 2

holds for j > 0, it suffices to show Toj > 25To41 for j > 0, which is equivalent to

3449 (1672 + 84j — 115) > 16,3840 + 200,704;° + 986,112/*
+ 2,454,784/ 4 3,186,032/% 4 1,932,844 + 355,335, j > 0.

For j > 2, it is sufficient to prove that

4749 < 16,384j + 200,704j° + 9,861,12j* + 2,454,784/% + 3,186,032;% + 1,932,844 + 355,335

16/2 + 84j — 115 ’
which can be verified by induction on j > 2. In short, Inequality (15) holds for j > 2.
Let
Y(y) = ZT2j+1 T —y )y = Z(_l)]TjV]
j=0 2j+1 j=0
713y3 v 2y 4 )

_ _ L <y< i
65,488,500 | 4050 525 | 135 Osysm
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Differentiating gives

713y? y 2 1 713y

Y'(y) = — S Y (y) = - .

W)= ~2ig050 "2025 55 ™ VW)= 2025 10,914,750

The second derivative Y”(y) is decreasing and has a zero 172’3932'5;? = %. The first

derivative Y’(y) has a maximum

Y/ 5390\ 19,637
713 /] 10,106,775°

Thus, the first derivative Y’(y) is negative and the function Y (y) is decreasing. Since

) 4 2 7137
(™) = 135~ 525 * 1050
135 525 ' 4050 65,488,500

= 0.0056...,

the function Y (y) is positive on [0, 7).

Combining the above arguments, we conclude that the function (x) is positive on
(0, 7t]. Then, the second derivative G (x) is negative on (0, 77). Hence, the function G(x) is
concave on [0, r]. O

Remark 4. We quess that the function h(x) defined in (14) is positive, and even increasing, on the
interval (0, 37”] D (0, R]. If this guess were true, then the even function G(x) would be concave on
[0,R) C (0, 3%%).

Remark 5. We note that a concave function must be a logarithmically concave function, but not
conversely. However, a logarithmically convex function must be a convex function, but not conversely.

6. Power Series Expansions

In this section, basing on (5) and (6) and utilizing the derivative Formula (8) in
Lemma 2, we derive two Maclaurin power series expansions of the function G(x) de-
fined by (4) in terms of specific Hessenberg determinants. These two Maclaurin power
series expansions are different from (3) in form.

Theorem 6. For m > 0, let
_ 22" | Bowo

m

S 2m+1 m+1
and
o o 0 0
5 302 (2)§ 30 1 0
o GF 0 oF 0
o 0 ()£ 0 0
315 2/ 45
D2m - . . .

Epm_1 0 (" 2 Em-2 0 - 0
0 (Zmlfl)Em71 0 (zm:;l)Em—Z . (%%:%)%
Enm 0 (3 Ep-1 0 0

= 180,71 2m) x (2m)
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with the convention Dy = 1, where

0, 2m>j>i+1>2;

0, 2m—2>i—j=2k>0;
Ei,]':

<1—11>E(ff+1>/zr m—1>i-j=2k-1>-1

Then the function G(x) defined in (4) can be expanded to

[} 2m 2 4 6 8
2m+1 x © X 2x 37x
— D =3-—=—-—=- - -
G(x) ,,;()3 20 el —° T 5 175 7875 3,031,875

Proof. Since the function G(x) is even, its odd order derivative G2"+1)(0) = 0 for m > 0.

Letu(x) = 1and
0 22k+2

=) o ’sz+2|x
= 0 2k+2

which are both even functions. Then

) o n2k+2 0, n=2m-+1

" .

o (O) = chlm Z (2k—|—2) |B2k+2|<2k> = 22m+1 |B2m+2|
2m+1 m+1"7

n=2m

for m > 0. Applying the derivative Formula (8) to Expression (5) leads to

1 (2m)
G@m) (0) = lim
=0V, 22;}:22 | Boky2|x2
1 Ok 0 0 0
0 0 (1) Eo 0 0
0 (O 0 (3)Eo 0
. 0 0 G)E 0 0
4 4
= T 0 ()Ez 0 (5)E1 0
0 : :
0 (2m0 2)Em—l 0 (ZmZ_Z)EmJ 0
0 0 (" DEwa 0 G —1)Eo
0 (3Em 0 () Em-1 0
o b 3 0 0
2 302 ()3 301 0
0 (1) 2 ()3 0
— g2m+1| 315 0 (2)is 0 0
En-1 , 10 (*"y *)Em—2 ) 10 ) 01
0 ( m1 )Em—1 0 ( ms )Em-—2 (2$:1)%
En 0 (3 Ep-1 0 0
_ 32m+1D2

Consequently, the Maclaurin power series expansion is

G(x) _ i 2 G (2m) x2m i 32m+1D 2
=0 (Zm) = 2 2m)
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The proof of Theorem 6 is complete. []

Remark 6. When m = 2 and m = 1, we obtain

20 (1)Eo 20 0 20 (1)1 ;) 0
Dy = 0)Er 30 @)Eo 30 = 6)& 302 G)s 301 S
40 (1)E1 40 (3)Eo 4016 (1) 402 (3)3 14,175
(WE2 0 ()E 0 s 0 Gz 0
and
py=| 0 WE|_| 0 ©i__2
(0)E1 0 (s O 135
Accordingly, we have
s s XS o X2
_ A A m
G(x) =3Dy+3 D5 +3 D44!+}Z%3 [hm(Zmﬂ
PO B! 0 x2m
=3-— -+ Y 32tlp, ,
5 175 2;% " (2m)!
which coincides with the first three terms in the series expansions (3) and (16).
Remark 7. Comparing the series expansions (3) and (16) reveals
- kooky, X o a2m i1 X2
3 —1)* 2%V = 37MTD, .
g; ) (2k)! 2; " (2m)!
As a result, we deduce the relation
3 2k
Var = (—1)k<2) Dy, k=2, (17)
which is different to the determinantal expression (9).
Theorem 7. The function G(x) defined in (4) can be expanded into
) 2m 2 4 6 8
_ 2m+1q T X x> S
) m§03 o )t O 5 175 7875 3,031,875 + U9

where the determinants
Doyy1 = |d

Uil 2m+1) x (2m+1)

and the elements of the determinants Dy, 1 are

(—1)D2[1 4 (—1) 1)

2i ’
ij = (Z _ 1) (_1)(i—]‘+1)/2[1 + (_1)i_j+1]
j—2 20—j+2)(i—j+4)

1<i<2m+1,j=1;
d

1<i<2m+1,2<j<2m+1
Proof. Let

o (_1)1( 0 (—1)k(k+1)
u(x) = kgomxzk and ov(x) = ZI{E)WJC%.
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Differentiating results in

o _ 1)k _1\m _1\m
u(Zm)(O) _ chig(l)lg(;ki)l)!<2k>2mx2k2m _ (Z(m%'—)l)!<2m>2m _ ( 1)

S (LDt
o 0) =2lim ¥ oy

u(2m+1)(0) =0, 2+l (0) -0

—2m __ (_1)711
(2K) 2?2 = (2m +1)(2m +3)’

for m > 0. Applying the derivative Formula (8) to Expression (6) leads to

1
1 13 : 0 X 0
91 91 W3 2 ! 1
3 35 O ()13
0 0 35 0
G(2m)(0) 1 1 (1)3-5 41
@t = | 5 57 0 Q)55
2m—1 .(71)m—1 )
0 0 ") e 0
(=" (=" 0 & (=pmt
2m+1  (2m+1)(2m+3) 27 (2m=1)(2m+1)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
Ghgds7 0 Gidss 0 Gudrs
0 (Zmrgél)ﬁ 0 (Zmniz)ﬁ 0
= Domt1
for m > 0. Consequently, we have the series expansion
= cem X" somt X
m m
= - D .
G(x) m;() G (zm)' mgog) 2m+1 (Zm)'

The proof of Theorem 7 is complete. []

Remark 8. Comparing the series expansions (16) and (18), we acquire the relation

Doy = Doyy1, m > 0.

(19)

We note that the elements of Dy, contain products of the Bernoulli numbers By and binomial
coefficients, while the elements of Dyy,,11 just contain products of common fractions and binomial

coefficients.
Can one verify relation (19) by a linear algebraic operation?

Remark 9. The determinants Dy, and Dy, 1 are both connected with the van der Pol numbers

Vo via the relation (17) and

3 2k
Vo = (—1)’<(2) Dopr1, k>2.
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Remark 10. When m = 2 and m = 1, we acquire

1 &5 0 0 0
0 0 (Df5 0O 0 g
Ds=|3 53 0 (s = ~i1n
0 0 B 0 Ok
5 57 0 (s O
and )
D ! 13 101 2
S A
3 5

3.
Therefore, the relation (19) is confirmed for m = 1,2.

7. Conclusions

In this paper, we established the following results.

1.  Three determinantal expressions (9), (17), and (20) for the van der Pol numbers Vy;
with k > 2 were derived in Theorem 1 and Remarks 7 and 9.

2. Anidentity (10) for the Bernoulli numbers By, with k > 1 was deduced in Theorem 2.

3. Anidentity (11) for the van der Pol numbers V,; with k > 1 was acquired in Theo-
rem 3.

4. A determinantal expression (13) for the van der Pol numbers V,, with n > 1 was
presented in Theorem 4.

5. The even function G(x) defined by (4) was proven in Theorem 5 to be decreasing in
[0,R) D [0, 7] and to be concave in [0, 7] C [0, R).

6.  Two Maclaurin power series expansions ((16) and (18)) of the function G(x), whose
coefficients are expressed in terms of specific Hessenberg determinants with elements
containing the Bernoulli numbers By, were discovered in Theorems 6 and 7.
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Abstract: This paper deals with a credit derivative pricing problem using the martingale approach.
We generalize the conventional reduced-form credit risk model for a credit default swap market,
assuming that the firms’ default intensities depend on the default states of counterparty firms and
that the stochastic interest rate follows a jump-diffusion Cox-Ingersoll-Ross process. First, we derive
the joint Laplace transform of the distribution of the vector process (¢, Rt) by applying piecewise
deterministic Markov process theory and martingale theory. Then, using the joint Laplace transform,
we obtain the explicit pricing of defaultable bonds and a credit default swap. Lastly, numerical exam-
ples are presented to illustrate the dynamic relationships between defaultable securities (defaultable
bonds, credit default swap) and the maturity date.

Keywords: reduced-form model; jump-diffusion CIR (JCIR) model; piecewise deterministic Markov
process theory; martingale theory; defaultable bonds; credit default swap (CDS)

MSC: 91G30; 91G40

1. Introduction

Efficient tools for the management of credit risk in portfolios are always in high
demand in financial institutions. This leads to a specialized market for credit derivatives.
Due to the initiation of the credit derivatives market in the early 1990s, credit derivatives
have maintained robust growth in the past decades. Being an enormous market that already
surpasses the debt one, it has been attracting increasing research interest. For the modeling
of credit risk in credit-risky securities markets, depending on the formulation, there are
two well-established fundamental models available at present, i.e. the so-called reduced-
form model [1-3] and the structural model [4,5]. In the reduced-form model, the influences
on the default are assumed to be dominated by exogenous factors, for example, policies
from the government; meanwhile, structural models mainly focus on endogenous factors—
more specifically, the asset allocation of firms. Compared with the structural one, the
reduced-form model is believed to be easier for constructing a tractable formula explaining
the price of credit-risky securities in terms of economic covariates, which facilitates the
estimation. In this work, we mainly focus on the reduced-form model.

There is a long history of insights into credit risk in the credit derivatives market with
the reduced-form model, going back to the 1990s. When describing dependency default
risks, bottom-up models as well as top-down models are commonly used. Bottom-up
models focus on modeling default intensities of individual reference entities to characterize
a portfolio default intensity. For more developments of bottom-up models, references [6-8]
are highly recommended. The top-down models mainly focus on modeling default at the
portfolio level; in other words, the default intensity of the entire investment portfolio is
modeled without reference to the constituent names. Some works on top-down models are
included in [9-11]. In our paper, we focus on bottom-up models.

In bottom-up models, the default intensity is generally assumed to be a stochastic
process, while the relevant randomness is built up from state variables. Moreover, a further
consideration of credit contagion is then pioneered by [12] (the so-called DL model) to
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incorporate the concentration risk in credit portfolios. In the meantime, the emergence of
certain special phenomena—for instance, the banking crisis—reveals one of the defects
of the conventional reduced-form models, which did not possess a full consideration
of credit risk sources. Accordingly, a model with the concept of counterparty risk was
brought forward by [7]. In recent years many scholars have considered this factor, for
example in [13-18]. In conjunction with the credit contagion, this model emphasizes the
so-called primary-secondary framework, which simplifies the payoff structure. The default
intensity in such a framework is assumed to be mainly decided by the default state of the
counterparty and the economy-wide state variables that follow the Vasicek process (see
e.g., [19]). In addition, [13,15,16,20,21] also involved the effects of various other factors
(such as the settlement risk, the replacement cost, credit rating, Markov Regime-Switching)
in the pricing of CDSs. However, further effects are still desired for improving these models
to better characterize the credit derivatives market.

One of the essential aspects of a fine modeling of credit risk is the proper addressing
of the dynamic changes of economy-wide state variables. Among all economy-wide state
variables, we only consider the risk-free interest rate in this work. As the mean reversion
may come from the underlying macro-economic currents, or the corrections on account of
bond market overreaction, the Cox-Ingersoll-Ross (CIR) process (for more details, see [22])
is applied to characterize the interest rate fluctuation [23-27]. This process covers the defect
of the Vasicek model that makes it possible to get negative interest rates. In the CIR process,
the volatility term 6+/r(t) will approach zero when the interest rate gets close to zero,
which cancels the effects of the randomness. Thus, the interest rate in such a case remains
positive. Meanwhile, the volatility takes high value when the interest rate is high, which is
a desired property for modeling. Moreover, in practice, when a primary event takes place,
e.g., a change in monetary policies, there will be a positive jump in the interest rate process.
Such a jump will be suppressed by the government over time. Then, the process continues
until it is taken over by another jump caused by a new event. Therefore, to depict such a
phenomenon, we consider a jump-diffusion Cox-Ingersoll-Ross (JCIR) process.

In this paper, we propose a revised reduced-form model [28]. It incorporates the
assumption that the firms’ default intensities are related to the default states of counterparty
firms and the stochastic interest rate driven by the jump-diffusion Cox-Ingersoll-Ross
(JCIR) process. This model, to some extent, is more in accordance with the actual CDS
market than that of classical work [7]. The primary intention of this article is to derive an
explicit expression for the joint Laplace transform of the distribution of the risk-free interest
rate-related vector process (¢, R¢) by applying the piecewise deterministic Markov process
theory. The piecewise deterministic Markov process theory was developed by [29] and has
been proven to be a very powerful mathematical tool in the field of non-diffusion models.
Using the joint Laplace transform, we obtain the explicit pricing of defaultable bonds and
default swap rates. Finally, according to this explicit expression, we present the dynamic
relations between defaultable securities and the maturity date.

The rest of this paper is organized as follows. In Section 2, we present the setup
of the counterparty structure. In Section 3, we derive the joint Laplace transform of the
distribution of the vector process (r¢, R¢), and the pricing formulae for defaultable bonds
are derived. Meanwhile, with several examples, we also explore the impact of counterparty
risk and spot interest rate on bond pricing. In Section 4, we extend our model to the pricing
of credit default swaps and the importance of default correlation and spot interest rate
models in pricing a default swap. In Section 5, conclusive remarks and further academic
challenges are presented.

2. Reduced-Form Model

In this section, to construct the model, a collection of doubly stochastic Poisson
processes are assumed to represent the default. Then, the primary-secondary framework is
applied to further simplify the subsequent exposition.
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2.1. Model Setup

To set up the model, the filtered probability space (Q, #,{% }tT:*O,IP’) is used for
the uncertainty in the economy, while X;, an R?-valued process, and point processes N’
(i=1,---,1)are assumed to indicate the d economy-wide state variables and the default
processes of firm i, respectively. N' is 0 initially and changes to 1 once the default takes
place. Denoting 7; as the relevant default time, the default process of firm i could be
presented as N} = 1 {ri<t}- Then, the filtration could be generated according to X; and Ni as

Fi=FEVFV -V F],
with
FX=0(X;,0<s<t) and F =c(N,L0<s<t)

being the filtrations obtained from X; and N}, respectively.
In addition, we indicate the filtration generated by the default process of all firms but
the ith one as

Fli=glv. vty gty v g

Thus, FX£ V ij embraces the full information up to time T* on the state variables
and the default processes of all firms other than that of the ith. We could also choose an
intensity process Al for t € [0, T*], being non-negative and .72 V .#./-measurable, with

£
/ Alds < o0,P—as.,
Jo

so that a Poisson process N’ can be defined.

2.2. Primary—Secondary Framework

As a typical case, in this work, we discuss the default probability of a commercial
bank. We assume that bank A owns a large amount of debt from firm B. However, it is
normally not vice versa, and thus not possible to affect B’s default probability. Thus, we
implement the constraints as follows. All I firms considered could be separated into two
incompatible types, i.e., S primary firms and the rest I — S; secondary firms. The default
processes of the primary firms only depend on state variables, while those of secondary
firms depend on both the state variables and the default status of the primary firms.

To start with, under probability measure PP, for the S; primary firms, there is a sequence
of independent unit exponential random variables, {ei, 1 <i < 51}, being also independent
of X;. Thus, the relevant default times can be defined as

. t . .
o = inf{t - /O Alds> e}, 1<i<8$, )

with Al adapted to .#X, while the conditional and unconditional survival probability
distributions of primary firm i are given by

P(t' > t|ZX) = exp(— [y Alds), t€[0,T7, )
P(t! > t) = Elexp(— [, Alds)], t € [0, T*]. 3)

Since the primary firms’ default processes only depend on X;, we denote their default
intensities by

f=ah, 1<i<S. (4)
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Then, we proceed to the secondary default processes. Similarly, for the I — S; sec-
ondary firms, there is also a sequence of relevant independent variables, {ej ,51+1 <)<
I}, being independent of X; and {Ti, 1 <i < S1} as well. Hence, the default times can be
defined as

. to. .
T]:inf{t:/ Mds>e), S +1<j<], )
0

with A{ adapted to FX Vv Fl v - v 54}51, while the conditional and unconditional survival
probability distributions of secondary firm j are expressed as

P(t > HFEV FL V-V F) = exp(— [ Mds), te[0,T7], ©6)
P(t > t) = Elexp(— [} Mlds)], t € [0,T7]. @)

Since the default processes of secondary firms depend on X; and the default processes
of primary firms, we denote the default intensities by

. . S1 .,
N=ay+ Y a ey, S1+1<j<I, ®)
=1

with a{( ; adapted to ZX. The default of firm k, according to the sign of a{( ;, can either

increase (a;crt > 0) or decrease (a{(’ ; < 0) the default probability of firm j. In addition, a more
general default intensity can be achieved by involving the interactions of the indicator
functions.

According to the assumptions above, we now derive the explicit pricing formulae of
defaultable bonds and default swap rates in Sections 3 and 4, respectively.

3. Defaultable Bonds

In this section, we derive the pricing formulae for defaultable bonds. First, we present
the general formulae for bonds in the primary-secondary framework that fulfills the
assumptions in the previous sections. Under the equivalent martingale measure P, the
prices of the default-free and defaultable bonds are, respectively, given by

T
pLT) = Elexp(- [ rds)| 7, ©)

VI T) = BptT) 41 (- F)Blep(~ [ (o4 ADds)Z] 0

where ﬁi is the recovery rate of defaultable bond i, and t < T < T*. Here, to reduce
derivation complexity, we assume the recovery rate to be a constant for obtaining a simple
martingale pricing formula. Obviously, due to (10), the prices of risky bonds consist of
two parts, i.e., the recovery rate ﬁi and the rest factor 1 — [Si, both discounted to t. The first
part could be calculated explicitly, while the second one could be obtained in the absence
of default. Moreover, the second part, being discounted at the adjusted spot rate, presents
the default risk in the model. Therefore, the pricing under [P depends on the expectation
in (10).

Then, in the following, we assume firm A and B to be the primary and secondary firm,
respectively. The default of firm A is independent of the default risk of others, while that of
firm B depends on the default risk of firm A. Both firm A and B’s default risk depends on
the interest rate, which could be owing to the firms’ big cash demands for debt repayments.
In this work, we only consider the simple case, with the default intensities following the
linear relations:

AL = g v, (11)
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AP = bY b+ by, (12)

where bg‘, bf, bg , b? ,and b are positive constants. The only economy-wide state variable we
account for here is the risk-free interest rate, which, more specifically, follows an extended
CIR process with positive jumps:

dry :0((17 —T’t)df—ﬁ-g\/ﬁdwt—l-d]t, (13)

where we assume thata, 7,60 > 0, J; = Ef\i ’1 Y;. M; is a Poisson process with frequency p,
which indicates the total number of jumps up to time t. {Yj,i > 1} are the sizes of the jumps
and are assumed to be independent and identically distributed random variables following
a distribution function F(x)(x > 0). When the value of the CIR process approaches 0, the
behavior of such a process relies on its parameters. There are several conditions that assure
that the jump-CIR process (13) remains strictly positive. We list those conditions as follows:

1. 6% < 2ay. This condition is needed to guarantee r; > 0 with probability 1if ry > 0,0
is not accessible, and the process never blows up to co. Since r; follows a classical CIR
process, the Feller condition 6 < 2a7 assures that r¢ > 0. Specifically, the probability
of no jumps on a given time interval is positive, which also strengthens the importance
of 62 < 2ay. If 6% > 2a, the process r; will repeatedly cross zero and reflect at zero.

2. F(Y;) € F- F(Y;) is the distribution of Y;, which ensures the Markov property of the
r¢. That is, if one can predict the exact jump timing and jump-size at an instant before
a jump occurs, one can make an arbitrarily large profit with certainty.

3. EY;€[0,00), -1~ <Y; < c0at My = 1, which preserves non-negative jump intensity
and a positive instantaneous volatility. For a more specific description about the
conditions where the jump-CIR process remains strictly positive, one can refer to [30].

Comparing with the Vasicek model, the CIR process possesses the properties of mean-
reverting and non-negativity, which is of better modeling for interest rates. When#n = 0 = 0,
then JCIR processes reduce to shot noise processes, which are widely used in various fields,
e.g., actuarial science, mathematical finance and electronics. Accordingly, investigating
JCIR processes has important academic value and application value.

In the following, a critical lemma is brought out to price credit securities. We can refer
to [31] for specific proof methods via martingale theory as well as piecewise deterministic
Markov process theory.

Lemma 1. Assume that p > 0, k > 0, then the joint Laplace transform of the distribution of
(rt,Ry) (let Ry = fot rudu) is

gk t, T) = Efetrre kRr—R)|zn
- exP(—Bu,k(frT)ft)eXp<aZ’7(6T2_t))(Cy,k(t,T))252"
X exp(—p /(;TJ[l — h(By,(0,u))]du), (14)
where
H(By(0,1)) = [ e PO () -

(2k — ap) + uva2 + 2k6%coth(vVa? + 2k6%(T — t)/2)

B t,T = 7
k(5 T) (02p + o) + Va2 + 2k0%coth(v o + 2k6%(T — t)/2)

(16)

Cuk(t,T) = cosh(va?+2k6>(T —t)/2)
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(0% + o) (a2 + 2k6%) " 2sinh(\/a2 + 2k62(T — t)/2). (17)
Proof. 1. (Construct a martingale) Setting the infinitesimal generator operator ./ to 0,

we construct a martingale. Let f(R,r,t) = exp{—G(t)r — kR + H(t)}. By [32], letting
A f(R,r,t) =0, we have

G () + H (1) —kr —aly — )G() + 36rGX(1) +ply(G() ~1] =0.  (18)

Solving Equation (18), we get

(19)

{ ~G'(t) — k+aG(t) + 162G2(t) = 0,
H'(t) — anG(t) +ply(G(t)) — 1] = 0.

By solving the above coupled equations, we can get the explicit expression of G(t)
t
and H(t). Thenfor! > 0and k > 0, when 0 < t < m, exp{—G(t)rs —kR; +p [y [1 -

y(G(u))]du + an fot G(u)du} is a martingale, where
v(g) = [ e tdr(x), (20)
0
and
Va2 2 Va2 2
G(t):—%— bt ;2+2k9 coth( o +22k9t l). 21)
2. (Laplace transforms of the distributions of r; and R;) For an arbitrary fixed time
H0<s<t< m), by the properties of martingale, we have
t t
E{exp{—G(t)rs — kR; —I—p/o 1—y(G(u))ldu + uay/o G(u)du}| 7!}
S S
— exp{—G(s)rs — kRs + p/o 1 — y(G(u))]du + twy/o G(u)du). 22)
Then,
E{exp{=G(t)ri —k(R¢ = Rs)}|7}
t t
= exp{~G(s)r:} exp{—p [ [1=y(Gw)ldu} exp{—wy [ Gluydu}.  (23)
Set G(t) = u > 0. By (21), we have
20— a2 2
| = /a2 2ke2t — 1n PO EH = Ve 2667 (24)
102 + o + o + 2k6?
From (24), we easily get that | > Va2 4 2k62t,i.e., t < \/ﬁ. Substituting (24) in to
G(s), we get
G(s) = Bux(st)
(2k — ap) + uva? + 2k6%coth(vVa? + 2k6%(t — s)/2) 25)

(021 + &) + Va2 + 2k6%coth(v/a® + 2k6%(t —s)/2)
then, we have
Efexp{—G(t)r — k(R — Rs) }| 7'}

t t
= exp{=Byx(s, )rey exp{—p | [ y(Bulu,)ldu} exp{—an | By(u, )du}. (26)
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For the right side of (26), letting v = t — u and by integral calculation, we get the

results of Lemma 1. [

Until now, the closed-form solution of the Laplace transforms of r; and R; are derived.

Setting 1 = 0 and k = 0 in (14) gives the following corollaries.

Corollary 1. Assume that y > 0, k > 0; then, the Laplace transforms of the distributions of ry and

Ry are, respectively,
E{e "T|.7/}

2 _ 2y
— expl(-Byalt, D) xp L= ) (Cualr 1)

T—t
x exp(—p/ [1 = 1(B,0(0,u))]du),
0
and
B{e K -R)| 77}

2 _ 2ay
= eXP(—Bo,k(f/T)Vt)EXP<D”7(Tt)>

) Coxlt, 1)

T—t
xexp(—p [ L= h(Bo(0,u))]du)

(27)

(28)

For mathematical simplicity, the jump size {Y;,i > 1} is assumed to be exponentially

distributed; in other words,
Flx)=1—e “*(w>0,x>0).

As a special case of Corollary 1, the following corollary is presented.

Corollary 2. Assume that y > 0, k > 0, and the distribution of jump sizes is F(x) =

e"“*(w > 0,x > 0); then, the Laplace transforms of the distributions of ry and Ry are

E{e 77}

o?n(T —t _ 2ay
— exp(-Byalt, D) exp L= ) Cualr, 1)
2,
20(w + 1) exp(a(T — t)) pbr=
w(02p +2a) exp(a(T —t)) + (2ap — w62u) ’
and
E{e *Rr—Ri)| z/}
= exp(—Box(t, T)rt) exp{H1 (k)(T — t) + Ha (k) In Dy(t, T) — H3In Co(t, T)}.
where
+ 2k
Dy(t, T) = cosh(V/a2 + 2k62(T — £)/2) + — "2 sinh(a® + 2k62(T — t)/2),
k(t,T) ( (T—1)/2) PN/EER T ( (T—1)/2)
H, (k) = w’ny(T—t) 2kp _ wpvVa? + 2k6?
T e w(VaZ+ 2k0% + o) + 2k 2k+ 2w — w26’
2wp

Ha (k) = 2k + 2w — w262’
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2am

Thus, from (10) and Lemma 1, we can derive the pricing formulae of defaultable
bonds. The time-t prices of the A- and B-bond with maturity date T will be shown in the
following theorem.

Theorem 1. In the primary—secondary framework, assume that firm A and firm B have the same
maturity date with 0-valued recovery rate (B = 0, B8 = 0). Suppose that intensity process A{!
satisfies (11) and process AP satisfies (12); then, the time-t prices of the bonds issued by primary
firm A and secondary firm B, respectively, are

VA(t, T) _ E[e—(l—&-b?)(RT—R,) |54~tr]€—b§(T—t) _ 8(0, 1+ b{il £, T)e—b(;‘(T—t)l (31)
and

VB(t,T) = g*(bg+b)(T7t)g(O,1_i_b?lt,T)+be*(bg+b)T+(bg+b6“)t

2un

T Al w?n(T —s _2y
% /t e~ (0§ —D)s | exp (77(62)) (C0,1+bf (s,T))" @
T—s
xexp(—p [ 1= h(Byypp(01))dw)
Xg(Bo,lerf (s,T), 14 b2 4+ b2,t,5)ds. (32)
Proof. Firstly, from (11) and Lemma 1, we can easily illustrate that (31) holds. Secondly;,

according to (10), (12), and the property of conditional expectation, we obtain the time-t
price of the bond with maturity date T issued by firm B

VB(t,T) = Elexp(— /(rs—l—)\f)dsﬂﬁ}]
= Elexp(=b5 (T — ) = (1+b7)(Ry — Ry) = b(T — )1 acqy) [ F]
= Elexp(—b§(T =) = (1+b7)(Rr — Ry))
<Efoxp(~b(T ~ V1 acry) |51V 7171 )

To calculate the time-t price of the B-bond with maturity T, we need to evaluate the
conditional expectation embedded in (33). According to (2) and the law of integration by
parts, we obtain that

Elexp(—b(T — TA>1{TA§T}) | Pt V T
B (/T N /oo)e,b(Tfsn{ng}d(l _ e—bg‘(s—t)—bf‘(Rs—Rt))
t T
= (g p [ R g (34)
Jt
Hence, according to the expectation obtained, we get
VB(t, T) = e*(thrb)(T*t)E[e*(lJrh?)(RT*Rt)|gft] + bef(bg+b)T+(bg+b§)t

y /Te_(bg‘—b)sE[e—(l-l-h{g-l-bf‘)(RS—R,)—(l-&-bf)(RT—RS)|Lg-t]ds' (35)
t

For the first expectation term, we easily obtain

E[e~ 1) (Rr=R)| 2] = ¢(0,1 + b5, 1, T). (36)
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Furthermore, using the properties of iterated conditional expectation, we get

E[e~ 1+ +b{) (Re=Re)~(1+0)) (Rr—Rs) | ;]

= Ele W HDR-R) g~ (R1-R)| 21| 2]

2

(T —s _

= exp(n(ez))(CO’Hb?(s,T)) 02
T—s

xexp(=p [ L= (B3 (0,10))]d)g (B o (s, T), 1+ b + b 1,5). (37)

Now, substituting (36) and (37) into (35), (32) holds. The proof of Theorem 1 is
complete. Next, we will present the numerical results of the yield spread. [J

Until now, within the primary—secondary framework, we obtain the explicit pricing
of defaultable bonds. Now, we pay attention to the yield spread, which is a function of
maturity to explore the effect of counterparty risk on firm B’s bond price. In continuous-
time modeling, we define the yield spread i between defaultable bond v and default-free
bond p as

(38)

In the following, we present an example to discuss the term structure of yield spreads
between primary firm A and secondary firm B.

Example 1. Assume that B = BB = 0, then the yield spread of firm B’s bond is the corresponding
martingale default probability averaged over T — t. In the economy, if we ignore the counterparty
risk and the short-term interest rate, mathematically speaking, b = 0 and bf = 0; then, the yield
spread will be the constant bS. When b > 0 (b8 = 0), firm B's default is “accelerated” by firm A’s
default with an increasing pattern in the yield spread. In contrast, a “deceleration” holds when
b < 0 (b? = 0), with the yield spread being a decreasing function of maturity. These effects are
illustrated in Figure 1 with some given parameters.

0.04
0.03F/

0.02 €

Yield Spread

0.01

Maturity (Years)

Figure 1. Secondary firm B: term structure of yield spreads with b = 0.02, 6% = 0, b§' = 0.02,b{! =
0. This figure characterizes the term structure of firm B’s yield spread under different parameters b =
—0.1,0,02,05,5.

In contrast with the Markov model based on the ratings of Jarrow et al. [33], in our model,
we ignore the interaction between market risk and credit risk. Usually investment-grade issuers’
credit spread curves are upward-sloping, while those of speculative-level issuers are tilted downward.
However, when the possibility of default is affected by economy-wide risk factors, there will be
additional aspects to this problem, as illustrated in Figure 1. Except for Panel (a), obviously, the
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shape of the default-free term structure and the coefficient b{* jointly determine the term structure of
the credit spread.

When bY # 0, r; follows (13); here, we assume that the jump’s sizes follow an exponential
distribution with parameter w > 0. Since jump process is involved in our model, Equation (32)
is far more complex for computing the yield spread compared to that of Figure 1. Futhermore, the
shape of a contemporaneous default-free term structure also affects the yield spread. However, we
expect the patterns exhibited in Figure 1 to persist. Namely, the yield spread will widen (narrow)
over time with the default risk from the long (short) position.

In Figure 2, this results come from both economy-wide state variables and counterparty risk.
We find that jump diffusion risk and counterparty risk have caused significant changes in the effects
of different bY on yield spread, while the CIR process dilutes the effect of bY on yield spread, so
the impact of bY on yield spread is minimal. Besides these conjectures, in Figure 3, we could also
get a way to extract information on the counterparty risk with empirical evidence. The effect of
counterparty risk has caused the distortion of the term structure of the primary firms” credit spreads
(see Panel (d), (f) of Figure 4), which is basically the re-adjusted default-free term structure. In fact,
during estimation, counterparty risk causes the derivation between the credit spread curve and the
shape of the default-free term structure. This mainly comes from the simple one-factor term structure
model as well as the default process, which only depends on the contemporaneous level of the spot
rate. It is easy to extend our model to a multi-factor environment where other macro-economtic
factors can also affect default.

0.04 T T T 0.021 T T T 0.06

10.0208

0.035 - 0.05 .
o .
% ! 0.0206 /\ !
= 0.03 "' 1 0.04 |
2 0.0204 H
- !

0.025 - 1 0.03 ¢

0.0202 /
0.02 0.02 0.02
0 5 10 15 20 0 5 10 15 20 0 5 10 15 20

Maturity (Years)

Figure 2. Secondary firm B: term structure of yield spreads with b§' = 0.02, b{! = 0.01, b¥ = 0.02,
b = 1 and different bf = 0.01,0, —0.01. Panel (a) exhibits a flat default-free term structure. Panel
(b) assumes the risk-free interest rate follows the CIR process in which the parameters of the CIR
model are taken from Wu [31] and Jarrow and Yu [7] with « = 0.05,77 = 0.5,6 = 0.4. In Panel (c), its
difference with Panel (b) is that interest rate is driven by a jump process, while the parameters are
the same, except that w = 2.0,p = 0.5.

0.05 T T T
0.04
=
3 g
S 003
[
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Figure 3. Secondary firm B: term structure of yield spreads b%' = 0.02, bf‘ =0,b5 =0.02,b% =01
with different value of b = —0.05,0,0.1. The risk-free interest rate is assumed to follow the JCIR
process in which parameters are chosen from [7,31] with « = 0.05,77 = 0.5, = 0.4,w = 2.0,p = 0.5.
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In Figure 5, we also get the way to extract information on the economy-wide risk with empirical
evidence. The secondary firms’ possibility of default is affected by economy-wide risk factors, as
is illustrated in Figure 4. Compared with Figure 4, interest rate is driven by the jump-diffusion
Cox-Ingersoll-Ross (JCIR) process simultaneously in Figure 5. In addition, the default intensity is
also correlated to the default states of counterparty firms. From Figure 5, we find that the larger the
bB, the larger the short-term yield spread; bY is very sensitive to yield spread, and this phenomenon
is completely in line with the facts.

0.04

(a) () (c) b =01
—— b =00
~ 003 e = b =01
=
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< e
I X Tt e
= -
<
=
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0 . . . . . . . . .
0 5 10 15 0 5 10 15 0 5 10 15 20

Maturity (Years)
0.04

N e it et it

Maturity (Years)

Yield Spread

Figure 4. Primary firm A: term structure of yield spreads with initial interest rate ry = 0.05,
bé‘ = 0.02 and five different shapes of r;. The default intensity of firm A is presented in (11), where
bf is chosen to be different values {0.1, 0, —0.1}. Panel (a) exhibits a flat default-free term structure. In
Panel (b), the interest rate is assumed to be a deterministic function of ¢ with slope 0.2%. In Panel (c),
the interest rate is assumed to be a deterministic function of t with slope —0.1%. Panel (d) assumes
that the risk-free interest rate follows the CIR process in which the parameters of the CIR model are
taken from Wu [31] and Jarrow and Yu [7] with « = 0.05,77 = 0.5,0 = 0.4. In Panel (e), its difference
with Panel (d) is that interest rate is driven by a jump process, while the parameters are same, except
that w =2.0,p = 0.5.
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Figure 5. Secondary firm B: term structure of yield spreads with b = 0.02,b¢' =0, bf = 0.02,b =
0.1 and a different value of bf = 0.01,0.05,0.1. The risk-free interest rate is assumed to follow the
JCIR process in which the parameters for the JCIR model are chosen from [7,31] with @ = 0.05,1 =
05,0 =04,w =2.0,p =0.5.
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4. Default Swap Rates

In this section, based on the results in Section 3, we derive the swap rate in the
reduced-form model. We assume that firm C holds bonds from reference firm A, and in the
meantime, is a CDS buyer from firm B for a compensation of the possible loss induced by
firm A’s default. The maturity dates of the bond and the CDS are assumed to be Ty and
Ty (Tz < Ty), respectively. Here, we only consider firm A and B as being the primary and
secondary party, respectively. The recovery rate of the bond issued by firm A is assumed
to be zero, with its face value being 1 dollar. The swap rate could be obtained by the
following theorem.

Theorem 2. Assume that r; follows the stochastic differential Equation (13), while A and \P
satisfy (11) and (12), respectively. Then, the swap rate

VB(0, Ty) — e (0000 T24(0,1 + bB + 14,0, Ty)

c= Toc
o0 VE(0,s)ds

, (39)

where g(u,k,t, T) and VB(0,Ty), V(0,s) are given by Lemma 1 and Theorem 1, respectively.

Proof. First, the time-0 market value of buyer C’s payment to B is

T S T
E[/O 2exp(—/O rudu)cl e gy ds] = C/O 2VC(O,s)ds, (40)

while that of B’s promised compensation in the case of A’s default is

T,
E[l{TASTZ} eXp(— A Tudu)l{TB>T2}]. (41)
Thus, using the principle of no-arbitrage, we obtain

o Elepl= [+ AR Bl expl— [P M)
OT2 VE(0,s)ds .

A brief inspection of the expression in (42) confirms two intuitions. First, ¢ is equal to
zero when the reference asset A is default-free. Second, the swap rate increases with the
default probabilities of A and C, and decreases with that of B. For more details, one can refer

to Appendix F of [7]. Note that fOT2 VC(0,5)ds and the first term of the numerator of (42),

which is equal to VB(0,T;), can be derived by (31) and (32), respectively. Substituting (12)
into the expectation term above, we obtain

T 5
ElL{pasry) exp(— [ (ru+Af)du)

T,
= E[lzasy eXP(—/O (b5 + (14 b7)ru + b racyy )du)]
= E[E[l{raspyy | Fr]exp(=b5 To — (1+b7)Rr, )]

b
- E[exp(—bgTz—(Hbf)RTz—/o AMdu)], 43)

where the second equality involves the property of conditional expectation, the last one
follows (2). Substituting (11) into (43), we obtain

Ty
Elexp(~b§T> = (1+bf)Rr, — [ Adkdu)

= exp(—(b§ + b )T2)g(0,1+ bi' +b%,0, T»). (44)

60



Axioms 2023,12,782

Now, substituting (44) into (42), (39) holds. The proof of Theorem 2 is complete. [

In conjunction with the pricing results of defaultable bonds, we obtain the explicit
formula of default swap rates, which is an important indicator in the risk management
market. With given parameters, we can obtain the relevant prices of defaultable bonds and
swap rates. However, the method for evaluating the parameters is beyond the scope of our
article and is left for future discussion. For an insight into the improvement of the results
in our model, the numerical illustrations for swap rate are provided.

Example 2. We assume that the jump’s sizes follow an exponential distribution with parameter
w > 0, and firm C is not defaulted in the past with V©(0,s) = E[e~Rs] = ¢(0,1,0,s). We analyze
the dynamic relations between the default swap rate c and the maturity date T (T, in Theorem 2) for
different forms of risk-free interest rate, different mean positive jumps w, and different counterparty
risk levels b. The swap rate decreases with the maturity increasing by intuition.

Firstly, in panel (a) of Figure 6, in terms of the influence of risk-free interest rate forms chosen,
although the swap rate decreases with the same trends, consistent with the intuition, there is a clear
difference between the results of our model and the others. The swap rate, compared with applying
the JCIR process, is overestimated in the other cases. These results clarify the essential modification
of the swap rate when applying JCIR process for the risk-free interest rate.

Secondly, in panel (b) of Figure 6, we find that the default swap rate is notably affected by .
For larger w, generally, there will be a higher jump probability in the interest rate process, leading
to a more unstable interest rate, which increases the firms” default probability. Meanwhile, the swap
rate increases with the default probabilities of firm A, but decreases with that of firm B. Moreover,
firm B’s default intensities, empirically, play a decisive role in pricing the swap rate. Consequently,
as a function of the maturity date, the larger the w, the slower ¢ decreases, which agrees with the
trend obtained in panel (b). This emphasizes the necessity of considering the jump factor in the
stochastic interest rate process.

0.024

(a)  ——r follows JCIR model
0.020 N\ .. ——rfollows CIR model |

0016} R

0.012 1
0.008
0.004

0

Swap rate

0.020
0.016 |
0.012 |
0.008 |
0.004 |

0 2 4 6 80 2 4 6 8
Maturity (Years)

Figure 6. Credit default swap is correlated with the spot interest rate and counterparty risk. For
the default swap rate as a function of the maturity date, see the text for detailed parameters. Panel
(a): results of the models with three forms of risk-free interest rates as indicated in the panel at
counterparty risk b=1.0. Panel (b): results of our model with different means of positive jumps w at
b=1.0. Panel (c): results of our model at different levels of counterparty risk. Panel (d): results of our
model with different bf. The basic parameters we used are « = 0.05,#7 = 05,0 = 04, w = 2.0,p =
0.5,79 = 0.05,b5' = bf = 0.02,b{* = bP = 0.01,b = 1.0, which follow [7,31]; w, b, b? are chosen to be
different values in (b—d).
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Thirdly, according to the results of different b in panel (c) of Figure 6, we find that the default
swap rate is significantly overpriced when ignoring the default correlation (b = 0). Therefore, it is
vital to consider the contagion. A successively higher b indicates an increasing default correlation
between the swap seller, B, and the reference asset A. As b becomes very large, we expect the fair
swap rate to drop to zero since the default swap is ineffective.

Finally, according to the results of different bP in panel (d) of Figure 6, we discover that when
the risk-free interest rate follows the same JCIR process, the default swap rate is affected by b? toa
very small extent. From a numerical perspective, in a short period of time, the larger the b¥ value,
the greater the rate of decline of the default swap rate.

5. Conclusions

In this paper, we derive the joint Laplace transform for the distribution of the vector
process (rt,R¢), and using the joint Laplace transform, we obtain explicit pricing formulae
of defaultable securities in the primary—secondary framework, where the counterparty
relationship among these firms and economy-wide state variables (risk-free interest rate)
follow the JCIR process, being able to influence their default probabilities. Such config-
uration is found to be vital for a better approach to the CDS market. We show that the
interaction of market-wide risk factors with company-specific counterparty risks lead to
various shapes of term structure for credit spreads. Within such a framework, the pricing of
the CDS is shown. In the end, numerical graphics vividly illustrate the effect of exponential
distributed jump sizes on the yield spread and CDS.

In addition, it is also of interest and is challenging to further explore other heavy-
tailed distributions of the jump sizes, for instance, the Pareto distribution, the Gumbel
distribution, and the Féchet distribution. However, the expression of the joint Laplace
transform might be implicit.
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1. Introduction

In this research article, we analyze the existence and uniqueness of pseudo-S-asymptotically
periodic mild solutions for the following abstract fractional Cauchy problem

{ D] (u(t) — G(t,us)) + Au(t) = F(t,us), t>0, "

u(t) = ¢(t), —r <t <0,

where the fractional derivative °D/ , g € (0,1) is taken in the sense of Caputo approach
and (A, D(A)) is a closed linear operator in a Banach space (X, ||-||). We assume that —A
generates an exponentially stable analytic semigroup (T(#))-,. Here,

F,G:R"XE—X,r>0,

are two continuous functions, where R* = [0, c0) and E = C([—, 0], X). By u;, we denote
the classical history function defined by

ur(s) :==u(t+s) for —r<s<0o,
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while the data u(+) belongs to the space E. Let us recall that a bounded continuous function
f:RT — Xis said to be pseudo S-asymptotically periodic if there exists w > 0 such that

h
lim 0/ I£(t+ ) — F(1)]| e = 0. @

The class of pseudo S-asymptotically periodic functions was introduced in [1]. In
that paper, the authors have considered the classical version of (1) with g = 1 and estab-
lished several interesting results concerning the existence and uniqueness of pseudo S-
asymptotically periodic mild solutions for such problems. The class of pseudo S-asymptotically
periodic functions is a natural generalization of the class of S-asymptotically periodic
functions; see [2]. Consequently, our study can be viewed as an extension and contin-
uation of the research study in [3], where the solvability of problem (1) was discussed
and optimal results about the existence and uniqueness of S-asymptotically periodic mild
solutions were successfully established. The investigation of existence and uniqueness
of pseudo S-asymptotically periodic mild solutions for various classes of the abstract
fractional Cauchy problems is an attractive field and was the principal subject of many
works. For example, in [4] the authors have examined the existence and uniqueness of
pseudo S-asymptotically periodic solutions of the second-order abstract Cauchy problems.
Another interesting class of the abstract fractional equations was analyzed in [5], where the
authors have considered the following fractional integro-differential neutral equations

dt
up = @,

d ¢
—D(t,ur) = [ gu—1(t —8)AD(s,us)ds + f(t,us), t >0,
0

with1 < w < 2, (A, D(A)) being a sectorial densely defined operator in the sense of [6] and

D(t, ¢) = ¢(0) +g(t, ¢),

with f, ¢ and ¢ being suitable vector-valued functions. Here,
ga(t) :=t*"1/T(a),

a > 0,t > 0, where I'(«) is the Euler Gamma function. For more details, we refer the reader
to the recent research monographs [7,8] and the references cited therein. We would like to
point out that this work is the first phase of another project, the aim of which is to study our
main problem (1) set on non-regular domains. This study is motivated by the fact that these
types of domains are often encountered in several concrete situations. Thus, the theory of
such problems is interesting in itself. Moreover, the knowledge of the structure of solutions
is useful in numerical analysis; see [9-12]. The organization of this paper can be briefly
described as follows. In the Section 2, we collect some necessary definitions and results
needed to justify our main results. In the Section 3, we furnish some sufficient conditions
for the existence of a pseudo S-asymptotically periodic mild solution for the problem (1).
In the Section 5, we provide an example to demonstrate the abstract results obtained in this
work.

2. Preliminaries

We use the standard notation throughout this paper. Unless stated otherwise, we will
always assume that X denotes a complex Banach space equipped with the norm ||-||, and
A is a closed linear operator with 0 € p(A), where p(A) denotes the resolvent set of A. In
this work, we need to use the notion of fractional power of closed linear operators. Then,
we know that, for every a > 0, the operator A™* is well defined and has the following
explicit representation:
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- . __ 1 7&—1
ATV = ) J tIT(t) dt,

for more details about fractional powers of closed linear operators, we refer the reader to
the research monograph [6]. For « € (0,1), we set

X, := D(AY).

In the particular situation « = 0, we consider that A? := I and Xj := X. The fractional
power space X, is a Banach space when it is endowed with its natural norm

Ml = 1A% |-
Furthermore, for 0 < a < § < 1, one has
Xﬁ — X,

and the embedding X — X, is compact whenever the resolvent operator of A is compact.
In the sequel, we consider the Banach space

By := C([—r, 0],X,X),
of all continuous vector-valued functions from [—7, 0] into X, equipped with the norm

lolls, = n[ljlxo]l\q)( )l

Among the effective tools used in our work we cite the well known semigroup’s theory.
For the the reader’s convenience, we refer him or her to the research monograph [13]. In
this work, our basic assumption is that —A generates an exponentially stable analytic
semigroup in X. We need also to recall the following results (see, e.g., [13]):

Theorem 1. Assume that — A is the infinitesimal generator of an analytic semigroup (T(t));>
and let | T(t)|| < Me™®, t > 0 for some & > 0. If0 € p(A), then one has

(i) A% is a bounded linear operator for 0 < o < 1.
(i) T(t): X — D(A") for every t > 0and a > 0.
(iii) For every t > 0and x € D(A"), we have
T(t)A%x = A"T(t)x.
(vi) Forevery t > 0, the operator A*T(t) is bounded and
[|AXT(t)]| < Myt %e %L 3)
(v) If0<a<landx € D(A"), then
IT(8)x — || < Cat*|| A%

Now, let us define

u() ::/gq( T)T(#17) dr and V(¢ q/qu T(t17) dr, t >0, )
0 0
where . . .
&o(1) = o 1(—'()”_1(1121'_) sin(nmg), Te€R"T {0},
n> :
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is a probability density function defined on R™ — {0}. Let us recall that (see, e.g., [14])
&q(t) >0, T>0and / T'¢y(T)dt =1
0

and

[ _ I(1+v)
O/ q(T m’ 0<v<L (5)

The main properties of these families are summarized in the following lemma (see [14]):

Lemma 1. Let (T(t)), be a Co-semigroup. Then, the operator families (U(t)),~q and (V(t));~¢

defined by (4) have the following properties:

(i) (U(t));>o and (V(t)),~ are strongly continuous.

(i) If (T(t))_t>0 is uniforml_y bounded, then U(t) and V (t) are linear bounded operators for any
fixed t > 0.

(iti) If (T(t)),~q is compact, then U(t) and V (t) are compact operators for any t > 0.

(vi) Ifx e X, a, B (0,1)andt >0, then

AV (H)x = APV (1) APx

and
AVl < o o ©

(v) Ift > 0and x € X,, then
[ut)x|, < Mllx|l,

and

q
V(O] < M vl

For I C R, we denote by Cp(I, X) the Banach space consisting of all bounded and
continuous functions from I into X, equipped with the norm

[lttll ey, %) 7= supllu(t)|].
tel

In order to develop our results, we need to introduce the following spaces PSAP,,(X)
and PSAPy,(X). The space PSAP,(X) consists of all bounded and continuous functions
from R™ to X satisfying (2), while the space PSAP, ,(X) is defined as follows:

Definition 1. Let p > 0and u € PSAP,,(X). Then, we say that u(-) is pseudo-S-asymptotically
w-periodic of class p (u € PSAP,, ,(X), equivalently) if

lim f/ sup |[f(t+w) — f(1)||dE = 0.

h—+oo h te[c—p,c]

More information about this class of functions can be founded in [1,5,15], from which
we find the following;:

Proposition 1. Let p > 0. Then,

(i) PSAP,p(X) C PSAP,(X).

(ii) PSAP,,(X) is a closed subspace of Cp(R™, X).

(iii) Assume that f € Cp(RT, X). Then, f € PSAP,,,(X) if and only if, for every € > 0, we have
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lim (M () =0,

h— 00

where 1i(-) denotes the classical Lebesque measure and
Mye(f) = {f €lphl: sup [[f(t+w)—f(B) = E}'
tE[éfp,é]

At this level, for Banach space (Z, ||| ;) and (W, ||-||;yy) we define another functional
framework which will be used henceforth.

Definition 2. We say that a function f € C,(RT x Z,W) is uniformly (Z, W) pseudo-S-
asymptotically w-periodic of class p if

h
.1
lim o [ ( sup (sup ||f<t+w,x>—f<t,x>||w)>d¢:o,
ey \relg-pg) \lixll <L

forany L > 0.

The notation PSAP,, ,(R™ x Z, W) is adopted to denote the set formed by functions
of this type. From the previous cited references, we also know the following:

Lemma 2. Let u € Cy([—r,00), X) and
ulp+ € PSAP,, ,(X).
Then, the function t — u; belongs to PSAP,, ,(E).

Lemma 3. Let f € PSAP,,(RT x E, X) and
(1) there exists Ly € Cy([0;00); R™) such that for all (t,¢;) € [0;00) x E:

[[f(t 1) — f(E @)l < Le(t)]|P1 — 2llc, ((=r0,%)-

(2)  u e Cy([—r,0),X),
(3)  ulgs € PSAP, ,(X).

Then, the function t — f(t,u;) belongs to PSAPy,,(X).
The following result can be regarded as a generalization of Lemma 3.

Lemma4. Leta, B € [0,1] and f € PSAP,,,(R™ x By, Xg). We assume that
(1) there exists Ly € Cy([0;00); R™) such that for all (t,¢;) € [0;00)x By:

£t 1) = f(t 2)llp < Le(t)lI91 — ¢2l[B,,

(2)  u € Cy([—r,00),Xy),
(3)  ulgs € PSAP, »(Xa).

Then, the function t — f(t,ut) belongs to PSAP,,,(Xp).

Proof. First, according to Lemma 2, we can see that t + u; € PSAP, ;(By). Now, for
h > 0, one has
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A
/ ( sup || (¢ + w0, tes) —f(t,ut)l,g>d€
) telg—pi]

h
< p/(tesgu};é ILf(t+ w, uryw) — (£, ut+w)||g>dé+/<te[s§u[;§]||f(t Uttew) _f(trut>|‘3> g

which implies that

< sup [|f(t+ w, ”t+w)f(tfut)|,5>d§
te[g—psgl

( sup ( sup If(f+w,¢)—f(f,¢)llﬁ))dé
te[g—pl \ I9llp, <L

+H fHCb R+R+)/<tes(.;u€§]”ut+w_”tHBa)dg

<

/
/

As a result, we obtain

h
. 1
lim h/( sup ||f(t+w, ut+w)—f(fr”t)||ﬁ>d§:0'
h—+oo b \t€lg-pd]

The proof is complete. [

In our study, we will use the following types of solutions:

Definition 3. A function u € C([—r, +0c0), Xy) is said to be an a-mild solution for problem (1) if
u satisfies problem (1) and

u(t) = o(t),
for ¢ € By and t € [—r,0]. In this case, u is defined explicitly as follows:

u(t) = U(t)(9(0) — G(0,9) + G(t, us)

((t—s)”’ 1AV(t—s)G(s,us)> ds

+ ((t — )1y (t - s)F(s,us)> ds, t>0.

o _ O\*

Moreover, if u|g, € PSAPy,p(Xa), then u(-) is called pseudo S-asymptotically w-periodic
«-mild solution of class p for problem (1).

In this study, our strategy is based on the use of two versions of the well known fixed
point theorems; that is,

Theorem 2. (Banach Contraction Principle). Let (E,d) be a complete metric space and f :
E — E be contractive. Then, f has a unique fixed point u, and f"(y) — u for each y € E.

Theorem 3. (Krasnoselskii’s Fixed Point Theorem). Let (2 be a closed convex nonempty subset
of a Banach space (X, ||-||). Suppose that Ay and Ay map (2 into X such that
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o Ayx+ Ayy € Q for every pair x,y € (;
e Ay is continuous and Ay (Q) is contained in a compact set;
e A, is a contraction.

Then, there exists y € Q with A1y + Axy = .

For more details, we refer the reader to [16,17].

3. Main Results

In this section, we discuss some questions related to the existence and uniqueness
of pseudo S-asymptotically w-periodic a-mild solutions of class p to problem (1). Our
standing hypotheses are

(A1) F € PSAP, ,(R* x By, X) and G € PSAP,, ,(R* x By, X1).
(A2) There exists a function Lg () € C,(R™,R™) such that

IAG(t, ¢1) — AG(t, ¢2) || < La(B)||¢1 — ¢2ll5,,

forall (t,¢;) € RT x By.
(A3) There exists a function L(-) € C,(R™,R™") such that

[E(t, ¢1) = E(t, p1)[| < Le(B)]|¢1 = ¢2llp,,
forall (t,¢;) € RT x By.

(A4) Setting Lg = sup Lg(t) and Lr = sup Lp(t), we assume also that
teR* teRT

M,T(1—
(C“_lLG-O- (LG-FLF)(D()) 1,

]

with
Co1 = ||A”‘*1||.

Theorem 4. Let (A1)-(A4) hold and let — A be the generator of an exponentially stable analytic
semigroup T(t);»p). For a € [0,1), we assume that ¢ € By, F : R x By — X and G :
RT x By — Xy are continuous functions. Then, problem (1) has a unique pseudo S-asymptotic
w-periodic a-mild solution of class p.

Proof. We consider the Banach space
Cpo(Xa) == {x D=7, Ho0) = Xy x|[—r,0] =0and x|+ € Cb(RJF,X,X)},
endowed with the norm

Ixllc,, = lIxollg, +supllx(t)ll, = supllx(£)]l,-
/ £>0 £>0

According to Proposition 1, we define the closed subspace of Cj, (X, ) as follows:
PSAP,, 0(Xe) i= {x [r,+00) = Xyt x|, =0and x|, € PSAPw,p(Xa)}.

Throughout the proof, y denotes the function defined by

(t)'_{ 0, >0,
Y2\ e, tel=r0.
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Letx € PSAP,,0(Xa). Duetothe continuity of F : R* x By — Xand G : R* x B, — X
and by taking into account assumptions (A1)—(A3) and Lemma 4, we can conclude that

h
.1
lim h/( sup [|AG(t+w, Xtrw + Yr+w) — AG(E, Xt +yt)\|>d§‘ =0 )
p te[gfprg]

and

h

. 1/

lim /( sup ||F(t+ w, Xt+w +yt+w)F(f,Xt+yt)I|>d§=0,
p \t€lE—pi]

which means that F € PSAP,, »(X) and G € PSAP,,;(X1). Further, there exist M > 0 and
Mg > 0 such that

[|F(t, xt +yt)|| < Mp and ||AG(t, x¢ +yt)|| < Mg forall t > 0. 8)
Now, we need to introduce the following operator

N': PSAP,p0(Xe) —> PSAPyp0(Xa)
X — Nx

7

where

Nx(t) = U(t)(9(0) = G(0,9)) + G(t, xt + i)

((t — )T LAV (t — 5)G(s, xs +ys))ds

+ ((t — )TV (t —s)F(s, xs +ys))ds,

o S~

with t € RT. In what follows, we show that the operator N has a unique fixed point in
PSAPy,p0(Xuy). Firstly, we check that V' is well defined. From Fubini’s theorem and the
definition of the operator V given by (4), it follows from (3), (5) and (8) that

/((t_s)’i‘luA“V(t —3)||IF (s, xs +ys)||)d5
0

t oY)
quMa/((t _ S)ﬂ(lfuc)fl (Tlrxéq(,[)evd(ts)‘?r)dr) ds

<
0 0
< MpM,T (1 —«)
vl
< oo,
Similarly,

/((’*‘SV”HA“VU—S)HIIAG(s,xs+y5)||)ds
0

IN

t 00
qMGMtX/ ((t — S)q(lfﬂé)*l (Tltxgq(r)eh/o(ts)q"r)d,r) ds

0 0
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McM,I(1—a)
|V0|170¢

< Hoo,

for every x € PSAP,,,0(Xs). Consequently, we can see that t — Nx(t) is a bounded
function. Then, it remains to show that

lim h/( sup | Nx(t+w) — /\/x()|a>d§—0

h—too te[e—p,g]

A direct computation allows us to obtain

Nx(t+w) = Nx(t) = Y (e,

where
Ji(t) = (U(t+w) = U(t))(9(0) — G(0, 9)),
Jo(t) = G(t + w, Xt w + Yirw) — Gt Xt + 1),
w
/ t—|—w—s 71V (t+w —s)AG(s, xs—i-ys))d
0
t
/ t—S 1= 1V t—S)(AG(S+w Xs+w +ys+w) AG(ers +]/S))>ds
0
/ t—i—w — )T W (t+ w —s)F(s, xs +ys))d8
0
t
/ t — )T W (t —8)(F(s + W, Xs1w + Ystaw) — F(5,Xs +ys)))ds
0
This implies that

te[¢—p.g] [E—pcl

h 6 h
/ ( sup ||Nx<t+w>—Nx<t>|a>d¢<;</ sup ||Ji<t>||ad¢).
P 1= [ te

Keeping in mind the exponential stability of semigroup (T (t));~ and the definition
of the operator U given by (4), we deduce that for all ¢ > 0, there exists f. > 0, such that

[lu(t)|| < , forall t > t..

First, let us start with the estimation of the quantity J;. We have

O], < (UE+ @) [ +[IUBDIe0) = GO, @), »

SO

==

h
/( sup |J1( >||a)dc
p \fE[E—pd]
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IN
Sl
=

( sup ([U(t+w)|+[U®)[)]e(0) - G(0,<P)||a> dg
te[f—p.il

© -G, (2 +e(1- ),

IA
s

which implies that

hkgh/K prhUM)@—o

teld—pg]

From (7) and taking into account that X; — X,, we obtain

==

h

/( sup [|G(t+ w, Xtrw + Yitw) —G(f,xt+yt)||a>d(f
€lg-pdl

p

h
Cu
< v;ll /< sup ||AG(t+ w, Xt4w +yt+w)AG(t,Xt+yt)|I>d§;
4 te[gfp/é]
hence,
. h
lim h/( sup ||G(t+ w, Xt+w + Vitw) —G(t,xt+yt)||a>d§:0
hoteo 0 \tele—p)
and

t— G(t,xt +y¢) € PSAPy »(Xy).
At this level, let us show that

lim h/<t6sup ||]1()|,X>d§—0 i=3,4,5,6.

hrtoo E-p.]

Taking into account that

t
t+w—szﬂ(a}—s)
w

and the estimates (6) and (8), we deduce that

f(am|m |>

b \IE[E—pd]

h
wl'(1—a) 1 —a)—
MM —a)+ 1) (h / <p e ) dg)

[5‘?:5]

h
wi(l—a) (1 .
F(q(l—oc)Jrl)(hp/(é‘—p+w)q<l ) 1d€)/

IN

IA
<
)

=

h
1 n
lim - sup ||]3(f)||a>dC=0r
byt B p/ (tE[é %
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and
h
lim /( sup [Js(1)] )dG—O
hvoo h o \telt-pg) ’

In fact, it suffices to see that

h
1

- sup |[|J5(t |Ia> g
hp/<€[€ 2

h
wl(1—a) 1
< MpMy=——r—-rt | = ( sup (t+w)10—% 1) dz
F(q(l—zx )+1) (hp/ P
1 h
(U 0( 1 g(1—a)—1

It remains to show that

tim L[ sup o) )d«:—o i= 46
’H*‘”h/<te[f: 2] ‘

We examine the term I. To make the notation less cluttered, we define the function

Qg as follows
Qc(t) = AG(t + w, Xt4w + Ytiw) — AG(t, xt +y1), t > 0.

Thanks to (7), we can deduce that, for every € > 0, there exists h, > 0 such that

h/ sup ||Qc(t)]|dé <e, forallh > h,. )

te[g—p.g]
)
]
(::',

(£)
4
(sup (<t—s>q1||A“v<t—s>||||QG<s>||)ds>dc
te[@—p,g] 0

Consequently,

( o i
te[g_pr(:

<

/
/

+[| s / ((t =5y AVt =) Qe ()1 )ds | de
t6[§ Pé]g P
Ja(#).

!

Taking into account the definition of the operator V given in (4) and the estimates (3),

we obtain
Ji(t)
h G—p
< Mo [ sup [ (st ([Tt g e bl ) g (o) dsd
b teli—pal § 0
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IN

h —p
Ma / /(g —-p— S)W(l_“)_l (/O Tl_tx(:q(l')e_VOKé_p_SWTdf) H QG(S)H ds dé’
p 0

M, /h f (€=t ([T ugy (e Wl ) Qg (s - p) st
ppr

Using the classical Fubini’s theorem, we obtain

Ji(t)

IN

S

h
/HQG s — H (/( ) g(l—a)—1 (/0 Tlagq(T)elw(gs)quT)dC) ds
h—s

M, | ||QG(S—P)|( [ @t ([t ngy el >"Tdr>d¢) s
p 0

Similarly, as before, we obtain

IN

h
I'l—uw
0 < M Fagts - plas
ol
it follows from (9) and Proposition 1 that

li
m hh( )=

Assume that i1 > 2p; then, we obtain

2p

B =[] sup / (e =114V (t = )1 Qc(s)]])ds | de

p o\ tele- péé p

h t
+ [ sup [ (=9 AV )1 Qa(s)])ds | a2
2p fG[?*P@C p
2 .
= Y

Thanks to (8) and the estimate (6), we obtain

21 I(1—a) _ag(1-a)-1

2p
_ F(l—a) (1—a)
= 2MgMy—=i—Fr——~ — 1 d
¢ r(1+q(1—a))p/<te[s¢13§]<t ¢+p) ) ¢

AN
N
=
Q

=

2p
r(l — “) (1—a)
I+ a1 - ) p/”q .

and hence,
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Concerning the term ]i’z (t), we have

t

h
221 < M, qr'(1—a) t—g)10--1) o s | 4
P < W“‘“”z{ i, ] (-0 |4

h /P
MaM/(/(S)q(l—a)—l sup ||Qc(t—5)||d5> g,

2p \0 te[g—p.g]

for > h¢, and the use of Fubini theorem implies

1
a0
- | /
—0(
< = sup [|Qc(t—s)[dS | ds
F(‘i(l—“ O/ ( zlte[é—p,cj]
ra p n
*IX
< sup [ Qc(#)[[d¢ | ds
M Tg=a) 0/ ( /te[f;p,a
r(l—a) ;
— g(1—a)—1
< EMuc 1 —oc O/S ds

— 0, ase — 0.
Combining all the previous estimates, we conclude that
1
lim > / ( sup ||I4(t)|,x> 4 = 0.
oo \rel—p]

Similarly,

Jlim - / ( sup [Js(t)ll, )d@—o.

telg—p,]

Summing up, one can deduce that

N(PSAPw,p,O(Xa)) - PSAPw,p,O(Xa)'

(10)

Next, we will show that \V'is a contraction mapping. Let x,z € PSAP,, ,0(Xa); taking

into account the assumptions (A2) and (A3), we obtain

IV x(t) = Nz(8)]],

< CoallAG(t xt +yi) — AG(t ze +yr) |,
+ /((t — )T YAV (t —8)|||| AG(s, x5 + ys) — AG(s, zs +ys)||)ds
Ot
[ (=) AV (= $)IF(s, x5+ 9) = Fls, 2+ )] ) ds
0
< Ca—1Lgllxt — ztl|p,

t

(Lo +Lp) [ ((E= )T AV (E=9)] s — =], )ds

0
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M, (1 -«
< (CMLG—i—(LG—I—LF)TUO(P“))Hx—zHCbrO.

As a result, we confirm that

My I(1 -«
W =Nzl < Gk + Lo+ L) M0 Y s =l

Hence, taking into account assumption (A4), we conclude that the mapping
N PSAPw/p,O(X“) — PSAPw,p,O(X,X)

is a contraction. Then, it follows from the Banach contraction principle that A/ has a unique
fixed point x € PSAPy0(Xy). Set u(t) = x(t) +y(t) for t € [~r,+00); we can con-
firm that u is a unique pseudo S-asymptotic w-periodic a-mild solution of class p of the
problem (1). O

In the remainder of this section, we prove the existence of the pseudo S-asymptotic w-
periodic a-mild solution of class p for problem (1) without assuming the Lipschitz property
of the function F. Our strategy is based on the use of the Krasnoselskii’s fixed point theorem.
In order to accomplish that, we will need the following conditions:

(A5) Let ; : RT — R, i = 1,2 be non-negative functions that satisfy the following
estimate:

lim 7/ sup  (t >d§—0, i=1,2.
h-teo b <t6§ bl

and assume that, for every t € R* and ¢ € B,, there exists w > 0 such that
|E(t+w,9) — E(t, @) < 91(+), and [ AG(t +w,9) — AG(L,)]| < ¥a(t).
(A6) There exists a function k : R™ — R™ and a constant 6 > 0 such that for all ¢ € By,
[|F(t,¢)|| < k(t), forallt >0, (11)

and k satisfies the following estimate:

h— 40 se [Or(:]

h
lim i/((@’— p)70=%) sup k(s))d(j =0. (12)
5

(A7) There exists a positive constant L such that

IAG(t,¢1) — AG(t, ¢2)|| < Lell¢1 — ¢2ll, ,

forall (t,¢;) € R x B,.

(A8) Assume that
M, T(1—«a
(CalLG + LGT(|11X)> <1
)

and one has the following interesting result:

Theorem 5. Assume that (A5)—(A8) hold and —A generates a compact, exponentially stable
analytic semigroup (T(t)),~, on X. For o € [0,1), we assume that ¢ € By, F : RT x By — X,
is a bounded continuous function and G : R™ x B, — Xj is a continuous function that satisfies
G(t,0) = O for t > 0. Then, the problem (1) has at least one pseudo S-asymptotic w-periodic
w-mild solution of class p.
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Proof. For the sake of convenience, we will conserve the notation adopted in the proof of
the Theorem 4. In the sequel, our aim is to show that

N(PSAPw,p,O(Xuc)) - PSAPw,p,O(Xac)r
which means that for any x € PSAPy, »,0(Xa),

Nx : t=U)(@(0) —G(0,9) + G(t,xt + 1)
t

- /((t — )T YAV (t —5)G(s, x5 + ys))ds

0

+/Qfsw*vuaﬂaa+%nﬁ,tekﬂ
0

belongs to the space PSAPw,p(X,X). Since the function F is bounded and G is continuous
and satisfies the conditions (A5) and (A7), then by the embedding X, < X and Lemma (4),
there exist two positive constants M} and M, such that

[|F(t,xt +yt)|| < Mp and ||AG(t, xt +yt)|| < M forall t > 0. (13)

for any x € PSAP,, po(Xa). Furthermore, one has

t e G(t, xt +yi) € PSAPyp(Xq). (14)
Note that (13) guarantees the boundedness of the function N'x. Now, we look to
prove that
lim f/ sup [[Nx(t+w)— Nx(t)| )dC =0,
h-teo (te [E—p.] ’
ie.,

lim /( sup ||Ji( )||“>d§:O,i:{1,2,...,6}.

h— 400 h tG g P, C
From Theorem 4, it is immediate that
lim f/ sup ||J1(8)]] >d§:0.
hvteo (te [E=p2) ’
Exploiting (14) and the fact that X; < X, , we obtain
lim / su dz = 0. 15
dim Qeéilﬂh NM) ¢ (15)
Taking into account (13) and Theorem 4, we confirm that

h
lim ( sup ||]i(t)||a> dE=0, i=35.
oo \sele—pa)
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Our objective now is to show that
1 h
lim i ( sup ||]i(t)||“> a¢ =0, i=4,6.
hoee 1 \eele-pi)
First of all, for t > 0, we set

Qr(t) = F(t + 0, Xt+w + Yt+w) — F(t, Xt1w + Yttw)-

According to (AD), it is evident to say that the function OF satisfies the following estimate:

lim 7/ sup || Qr(t)| dé = . (16)
h—>+ooh telc—p,c)

On other side, we observe that

h 2
/( sup [Jo(t |u>ﬂ: 2:/( sup |[Ja(®) )da
) p \f€[E—pd]

te[c—p,] i=1

where ,
- /((t—s)HV(t—s)QF(t))ds
0

and
t

() = [ (= )7V (=) (F(s, wsho + Ysvo) = Fls, %5 4+ 30)) )ds
0

Due to (13), (15) and (16) with Theorem 4,
lim 7/ sup ||J4(8)]] )dg’f— 0,
hoo (te [6—p.] ’

h
. 1
i (e o], ez =o
p

te[c—p,]
)dg:o.

Taking into account the exponential stability of the semigroup (T(t));~, and the
definition of the operator V as presented in (4), we can deduce that for every ¢ > 0,
there exists

It remains to show that

lim 7/ sup ||J3(t
v b (te[é p@]’

1
MgT'(1 - B) > w
C g >0,
" (qﬁnw —B))e
such that ||V ()| < ¢ forallt > t, and B € (0,1). In actual fact, it suffices to take into
account the estimate (6) which allows us to write

Vol < [l arvior] < oc sty 11

I'(q(1-p))
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forany g € (0,1) and x € X. Then, we can write

h

[ s )
4 te[é_prd
tetp t
= / sup ((t — )17V (t —5)(F(s, Xs1w + Ystw) — F(s, x5 + ys)))dsd(f
tG[@*p,g] 0
h
n / sup / (£ =)7LV (= $)(F(s, Xotao + Ysr) — (s, %+ y5)) ) s,
Htp telg— Pé]

Thanks to (13) and the estimate (6), we conclude that

fetp t
% / ( sup ((t—s)q_lﬂA"‘V(t—s)H||(F(s,xs+w+ys+w) F(ers+y5))|)d5) g
7 \te

tetp
2M4M,T (1 — ) / 2a)
d — 0, ash — +oo.
T((1—a)) o

Keeping in mind that the function
s g(s) = (s+(E—p))T -+,

is decreasing for s > 0, we obtain g(0) > ¢(p) i.e., &7 — (& — p)7 < p. Hence,

h t=(g~ p)
1
s s [ (s V= S IIATF(s X+ yss) = AF(s, s + ) ) ds | de
l‘é-‘rp telg— P‘:] 0
h
2Mhe [ 1 2Mhe
< E f/ T—(&—p)hde| < Epl — 0, ase— 0.
=y, (7= (E=p)de | < Zo—p
eTpP

At this level, the use of (11) justify the fact that
E(E x5 +ys)[| < k(E).
Therefore, by (12), one can find

t
[ (=9 1AV (@ =) IFG, ¥oro + ysr) — Bls, 3 + o)) dsde

i

tH+p G[C pé] —(-p)
h
s (] (m, [ oo e
2M,T'(1— /h ( q(1-a) sup k(s))dé
T(g(1—a)) 1*“ tg , s€[0,g] ,
then
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t

h
. 1 7 _
hgrfoo 7 / sup / ((tfs)q YAV (t = s) || IF(s, Xso + Ystao) *F(ersJFyS)H)deC
iy PRy
=0.

Thus,

lim /(tesgulzﬂué( )l >dé—0

Summing up, the above results for [;,i € {1,2,...,6}, we conclude that
Nx € PSAP,,p(Xy);
which justifies the following inclusion, that is,
N(PSAP, 50(Xa)) C PSAP,,,0(Xa)-

We are now in a position to show that the operator N has at least one fixed point
x € PSAPy,;0(Xy). For R > 0, we define the closed ball of PSAP,, ,0(X,) with center 0
and radius R by

O = {x € PSAP,0(Xa)  [Ix]lc,, < R}
Set NV = N7 + N, with

Nix(t) :== U(t)p(0) + [((t— )TV (t —s)F(s, x5 + ys))ds

o

—~

Nox(t) == U(t)(G(0,9)) + G(t,xt +ye) — [((t—5)T LAV (t —5)G(s, x5 +ys) ) ds
0

We first prove that there exists a positive constant Ry such that Nx + Nz € Q) R, for
every pair x,z € Q. For this purpose, we assume that for any R > 0, there exist x,z € (g
and t > 0 such that

=
N

IN1x(8) + Noz ()]
t

IN

U@ e© I+ [ (= AV (= ) IF(s, . + )1l )ds
0

HUGONIGO, @, + 160z +y)l, + [ (=514 =) AGEs 2+ o)) ds
0

Hence, we have

t

R < Miglls, + M [((t=5) AV (E =) )ds
0
t

+MC—aLl9llg, + Ca-rLallzs +yslls, + Lallzs +yslls, [ ((£=)171 14"V (¢ =5 )ds
0

which implies
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r(1—uw)

R < Mell, +MFM04W
0

M,T(1— @)
+MCaLallgllp, +Ca1Le (R+ 9y, ) + Lo (R+ llglls, ) |<|
0

Dividing both sides by R and taking the limit as R approaches infinity, we obtain

M,I(1—a)

1< Cy1Lg+ Lg -
[vol

Combining all the above arguments, we can deduce that there exists a positive constant
Ry, such that for any pair of x,z € Qg,, one has N1x + Nz € Q.

Now, let us show that the function A is compact and the function N is contraction.
To accomplish that, we should perform several steps as follows:
Step 1. We show that the function A is continuous on Qg,. In fact, due the continuity of
the function F, for any sequence (x") € Qg such that x” — x on (g, one can see

I|F(s, x5 +ys) — F(s,xs +ys)|| = 0, asn — +co0.

Then, by the dominate convergence theorem, we can conclude that

t
[N () = M)l < [ (=T AV (E =)l 22 +ys) = Fls, 3 +ys)]] ) ds
0
— 0, asn — +oo.

Step 2. Following [3], for t > 0, we define

NEx(t) == U(t)p(0) + q/ ((t — )11 /(qu(T)T(tqr)F(S, Xs + ys))dr) ds.
0 5

The compactness of the operator T(t) and Lemma 1 implies that the set ./\/'f"s (Qg,) (t)
is relatively compact in X,. Moreover, it follows from (3) and (13) that

H/\Gx( — N#x 0|,
= q/t(“—s‘? 1/5 (T&g (DI A“T(#)[[|F s, xs+ys>||>df>ds
0 0
+q / ((t—s)“ 7 (& (D) AT(#77) || F(s, x5 + mu)dT)ds
t—e 5
<

t
My M} 1mez (1 t—s —le=Ivol(t=s)iT ds)d
q P|:/ ( a( 0/ ) T
t
+ / ((t—s)q(l_“)_l)ds /Ooo (Tl_“éq(r))d*r}

t—e

[(1—a) [ ¢ 1 1-
MyMp———~ T)dt + gl(1-a) ,
' |v0|17“ /0 (1) q(1—a)
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in other words,

s st 50, o

Consequently, the set 7 (Qg, ) (t) is relatively compact in X,.
Step 3. Let t; > t, > 0 and x € Qg,. Observe that, from Lemma 2.9 in [14], we deduce that

||ADCV(f1 — S) — AD‘V(tz — S)H — 0, asty — 1y

and
||U(i’1) — U(fz)H — 0, asty — tp.

On other side, one has
tp

[ e

0

= /((tz — s)q(1,“)71 _ (tl o S)q(l*a)—l <t1_5> ‘i) i
0 fz — S

t

/((tZ — S)’i(lflx)*l o (tl N S)q(lfa)—l)ds

0

— 0,ast; = .

IN

This gives
INx(t) = Mx(t2) [,

< |U(k) - UB)][|A*9(0) - A*G(0, 9)|
[t =9 ATVt = 5) = AVt = )| (s, + )| ) s
0
+ ([t =517 = (01 =91 1AV (k2 = )l F(s, %+ )] ) s
0
- / (0 =) 1 AV (11 = ) [ E(s, x5 + o) | ) s
< u(t) — U (14O + Co 114G, 9))
F|:/( t—s)1 AV (b —s) — A*V (tz—S)H)dS
0
t tl
—5) (t1 — )7~ )
+Mab/< 2 (t2—s)"‘1‘7 )ds+M“tz/(( — 51101 g
Then,

=0,

la

tllig}zﬂf\/’lx(fl) Nix(t2)

which means that A (QRO) is equicontinuous. Combining the above steps, the Arzela-
Ascoli theorem guarantees that V7 is a compact operator on Qg .
Step 4. What is left is to show that N, is a contraction. Let x,z € Q) Ro for t > 0; one has

IN2x(t) = Noz(t)
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< NGt xt +ye) — Gt zt +yt) [l

t
+ [t =974V (= ) [ AG(s, x5 + ) = AG(s, 2 +v:) ) s,
0

then

M,I'(1 —«
Nax(6) = Moz, < (cHLG + LGW> Ix =zl
0 ,
it follows from (A8) that \V; is contraction. Finally, by applying Theorem 3, we conclude
that the operator AV has at least one fixed point x € Qr, C PSAP,, ,0(X,). Hence, we can

affirm that u = x 4 y is the pseudo S-asymptotically w-periodic a-mild solution of class p
for problem (1). O

4. Applications

In this section, we present a concrete example to apply of our abstract theoretical
results. Of concern is the following delayed partial differential: equation

92 t &
51 (M(t,é) —ko(t) [ (ff ba(s — t)u(s, 1) d;y)ds) - @“(tr‘:)

t—r

=k (t) [ bi(s — tu(s,&)ds, & € [0,71], t € RT, (17)

where 8% / at% is a Caputo fractional partial derivative of order 1/2, * > 0 is a constant,
@ € C([-,0],L%([0,7t])) and by (+), ba () € C([—r,0],R) and ky (.), k2 (.) are suitable functions.
Let X := L%([0, ]) and A : D(A) C X — X is the operator defined by

Au = —u",
{ D(A) ={ue X|-u" € X, u(0) =u(n) =0}.

Remark 1. Most of the useful spectral properties of this operator can be founded in Section 5 in [18]
and Example 5.1 in [19]. For the reader’s convenience, we recall that

® A has a discrete spectrum with eigenvalues n2, n € N. Furthermore,
* A generates an exponentially stable analytic semigroup (T(t)) ;> defined by

T(Hu:= Y e " (u,en)en and |T(1)||<e,

Nl

where {ey | n € N} is an orthonormal basis of X and e, (&) = (%)
normalized eigenvectors .

sin(ng) are the associated

o The operator AY? is well defined and can be characterized as follows

Nf—=

(A) U= 220:1 n(u, en>en/

1 1
(A) 2y = 2;0:1 E(”/ en>en/
D(AY?2):={ue X: X%  n{u,ey)e, € X}.

e Foruc D(Al/z)-‘HMH% = [Ju']].
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Let us introduce the following functions F : R™ x B 1~ Xand G:RT x B 1= X3

as follows
F(t,¢)(&) = kq(t f_ by (s &) ds,
and

G(t ¢) (%) = ko(t f fgbz ¢(s,n)dnds.

According to Theorem 4, we have the following result

Proposition 2. Suppose that the functions ky, ko belong to PSAPy, ,(R) and

0 3 0 3
) ([ ev(6) ) el + ([ (o)) Ml <2 a9

Then, the problem (17) has a unique pseudo S-asymptotic w-periodic a-mild solution of class p.

Proof. Note that, fort > 0and ¢ € B 1, one has

P ([ oot i)
P [ rs)Pas [ lots,6)Pas.

Using the Fubini theorem, we have

IN

F(t,¢)(&)]

IN

IFCOE < P [ )P [ 105,10,

A OF [ br(s)Pas sup 1190530,

se[—r,0]

IN

Furthermore,

1

IFCl < o) ([ vCoras) ol

and

. / sup - sup [[F(t+.g) ~ Flt,)|d¢

telg—p.i] H4>HB
1 h
1 2 2 (1
< A ([nePas) (5[ s ko) ko),
% te[g_PrC]

which implies that

lim E/ sup || E(t -+, ) — F(t,¢)||dE =0

e te[c p@] I#15, <L
and

F € PSAP,,(R" x B%,X). (19)
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Moreover, we can easily see that

l o\
IECt @) = E(t @)l < Pkl ([ 101(6)Pls ) llgn = g2l
L ;

for any ¢y, ¢ € B% . Similarly, one has

P 2 0 2 [t ?
520 0@| = P [ b5 [ o dyas
d 2
< Je®F| [ ba(s) 379(s )ds
0 0 2
< P [ R ds [ St
This yields
Beno] < Amn(fmere)) s etans
se —7’
= Al (/wz|m)wml
Therefore,
/ 2 Gl w.g) -
sup  sup G(t+w,¢ G(t,¢) Hdtf
" et Il <t11 %7

1 h
< Lr %( |b2<>ﬁds) (;./ sup MQU-%QO‘—kzﬁ)W§>’
p

te[—p,]
which means that

82
ang(t—i-w ,$) — —=G(t,¢) Hd§_0

lim 7/ sup
N S Iolls <

and consequently,
G € PSAP, (R x B%,Xl).

On other side, we have
2 G
Hagz (tf(Pl) agZ (t ¢2)H

1
1 0 2
< ke, @z (SO 1025)1ds)  lgr = 925,
2

(20)

(21)

(22)

forany ¢q, ¢» € B 1 Observe that, from (19)-(22), we can deduce that the condition (A1),
(A2) and (A3) from Section 3 hold. It is immediate that (18) implies that the condition (A4)
holds with ||A=1/2|| =1, M; =T(1/2) = y/wand vy = —1. By Theorem 4, we conclude
that the problem (17) has a uznique pseudo S-asymptotical w-periodic a-mild solution of

classp. O
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5. Conclusions

In this paper, we furnish some sufficient conditions for the existence of pseudo S-
asymptotically periodic mild solutions for the following abstract fractional Cauchy prob-
lem:

Df (u(t) — G(t,us)) + Au(t) = F(t,us), t>0,
u(t) = ¢(t), —r<t<0,

where the fractional derivative °D; , g € (0,1) is taken in the sense of Caputo approach and
(A,D(A)) is a closed linear operator in a Banach space (X, ||-||). An important example
is given to demonstrate the abstract results obtained in our work. We hope that our
new results will have important applications in nonlinear analysis, mathematical physics,
mechanics, biology and related fields in the future.
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Abstract: The purpose of this paper is to attain the existence of coincidences and common fixed points
in four mappings satisfying (1, B, L)-generalized contractive conditions in the framework of partially
ordered b-metric spaces. The main results presented in this paper generalize some recent results in
the existing literature. Furthermore, a nontrivial example is presented to support the obtained results.

Keywords: coincidence point; partially ordered b-metric space; weakly compatible; partially weakly
increasing

MSC: 54H25; 47H10; 54E50

1. Introduction

It is world-renowned that the Banach contraction principle (for short, BCP) (see [1])
occupies a significant role in different fields of basic mathematics, applied mathematics
and other subjects, and it has been generalized and improved in many aspects. Numerous
generalizations and improvements come forth by changing metric spaces into general
abstract metric spaces (see [2,3]). In [4], Vulpe et al. introduced b-metric space (sometimes
so-called metric-type space, see [5]) as a new generalization of usual metric space. He
provided the generalized BCP in b-metric space. From then on, a large number of papers
have considered fixed point theory and its applications or variational methods for single-
valued and multi-valued operators in b-metric spaces (the reader may see [5-10] and the
related references therein). The mappings satisfying certain contractive conditions can be
utilized to establish the existence of solutions to all kinds of operator equations such as
integral equations, differential equations and fractional differential equations. Beg and
Abbas (see [11]) obtained common fixed point theorems by extending a weakly contractive
condition into two mappings. Abbas et al. (see [12]) investigated common fixed points for
four mappings satisfying generalized weakly contractive conditions in complete partially
ordered metric spaces. Esmaicy et al. (see [13]) initiated coincidence point results for four
mappings in partially ordered metric spaces and used their results to seek the common
solution of two integral equations. Recently, Abbas et al. (see [14]) acquired coincidence
and common fixed points for four mappings satisfying generalized (¢, B)-contractive
conditions in complete partially ordered metric spaces.

Based on the previous work, throughout this paper, we aim to established coincidence
and common fixed points for four mappings under generalized (¢, B, L)-contractive con-
ditions in complete partially ordered b-metric spaces. Our results make great progress in
extending, unifying and generalizing the corresponding results in [14-16].

Axioms 2023, 12, 1008. https:/ /doi.org/10.3390/axioms12111008 89 https://www.mdpi.com/journal /axioms
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2. Preliminaries

In this paper, unless there are special statements, we always denote R, R™, N and
N* as the set of all real numbers, the set of all non-negative real numbers, the set of all
non-negative integers and the set of all positive integers, respectively.

First, we give some basic definitions and results which will be needed in what follows.

Definition 1 ([17]). Let X be a nonempty set and d : X x X — Rt a mapping satisfying

(1) d(E,n) =0 ifand only if § = 1

(2) d(Z,y) = d(y,g) forall &, € X;

(3) d(&,n) <sld(E,¢) +d(C,n)] forall&,n,( € X,
where s > 1 is a given real number, d is then said to be a b-metric on X, and (X, d) is said
to be a b-metric space. If (X, <) is still a partially ordered set, then (X, =,d) is said to be a
partially ordered b-metric space.

Otherwise, for more notions such as b-convergence, b-completeness, b-Cauchy se-
quence and b-continuity in b-metric spaces, the reader may refer to [1,4-11,13,15-28] and
the references mentioned therein.

In general, b-metric is not continuous; kindly see the following examples.

Example 1 ([16]). Let X = N* U {0}, define a mapping d : X x X — R using

0, when é =1,
11 - o o
(&) = ‘ ¢~ y| Whenoneof &, is even and another is distinctly even or infinity;
5, when one of §, 1 is odd and another is distinctly odd or infinity;
2, otherwise.

It is easy to see that when

46,0) < &) +d0,0)] @n.8 € X),

then (X, d) is a b-metric space with coefficient s = 3. Put &, = 2n (n € N), then

d(&,,00) = % =0 (n— o),

50 &p — 00 (n — 00), but d(§y,1) =2 - 5 =d(oo,1) (n — o0). That is to say, the b-metric is
not continuous.

Example 2 ([6]). Let X = Rand « > 1 be a constant. Define a mapping d : X x X — R using

|§_17|/ 5777&0/

forall ¢, n € X.
alg—nl, én=0,

d(g,n) = {

Then, (X, d) is a b-metric space with coefficient s = w, but the b-metric d is not continuous.

Definition 2 ([20,27,28]). Let (X, <,d) be a partially ordered b-metric space and f, g, h be self-

mappings on X such that f(X) U g(X) C h(X).

(1) Ifé,n € X, ¢ =2 nory = ¢ holds, then the elements ¢, are called comparable;

(2) Iff¢ = gf¢ forall & € X, then the pair (f,g) is called partially weakly increasing;

(3) Iff& = gnforally € h=1(f&), then the pair (f,g) is called partially weakly increasing with
respect to h;

4 If nlgr('}o d(fgCn, gfCn) = 0, whenever {G,} is a sequence in X such that ,}E{}ofﬁn =

lim g¢&, =t for some t € X, then the pair (f, ) is called compatible;

n—o0

90



Axioms 2023, 12, 1008

(5) Ifw = f¢ = g¢ for some ¢ in X, then ¢ is called a coincidence point of f and g, and w is
called a point of coincidence of f and g.

(6) If f and g commute at their coincidence points, i.e., fgC = gf¢, where f¢ = gC, then the pair
(f,g) is called weakly compatible;

(7) If¢ = fc foreach ¢ € X, then f is called dominating. If f = ¢ for each ¢ € X, then f is
called dominated.

Example 3 ([14]). Let f : X — X be a mapping defined by f¢ = 5%, where X = [0, 1] is endowed
with usual ordering. Clearly, ¢ < ¢ i = f¢ forall { € X; thus, f is a dominating map.

Example 4 ([14]). Let f : X — X be a mapping defined by f¢ = ﬁ, where X = [1,+00) is
endowed with usual ordering. Clearly, f¢ = (:1? < {forall § € X; hence, f is a dominated map.

An assertion similar to the following lemma was used (and proved) in the course of
proofs of several fixed point results in various articles.

Lemma 1 ([26]). Every sequence {&,},en from a b-metric space (X, d) with the property that
there exists vy € [0,1) such that

d(gnr ‘:nJrl) < ')/d<én711 gn)
for every n € N is b-Cauchy.

Lemma 2. Let (X,d) be a b-metric space with s > 1 and {n,} a sequence in X such that
nh_r)r;o Ad(ps1,Mn) = 0. If {20} or {noy—1} is a b-Cauchy sequence, then {n,} is a b-Cauchy
sequence in X.

Proof. We only prove the case that {72, } is a b-Cauchy sequence. The another case can be
proved similarly.
In view of nlgn d(fy41,1n) = 0, then for every € > 0, there is a natural number N;

such that, for all n > Nj,

€
d(ﬂn+lr’7ﬂ) < @ (1)

Since {12, } is a b-Cauchy sequence, then for the above ¢ > 0 there is a natural number
Nj such that, for all # > N, and any p € N, one has

&
d("]Zn/ 772n+2p) < 3? (2

Now, let N = max{ Ny, N> }. We shall claim that, for all n > N, it satisfies d (17, 1fn+p) < €.
We complete the proof with four cases.
(cl) If nand p are even numbers, then, by (2), it follows that
€

Ad(n, ntp) < 32 <°¢

(c2) If nis an odd number and 1 + p is an even number, then, by (1) and (2), one has

€

€
A0, p) < S0, i) +d(pnn, )] < 5(55 + 53) <

(c3) If nis an even number and n + p is an odd number, then, by (1) and (2), it is easy to
see that

& &
d(ﬂnr 7]n+p) < S[d(ﬂnl ’7n+p+l) + d(rln—l—p/ 77n+p+l)] < 5(3? + 3?) <&

91



Axioms 2023, 12, 1008

(c4) If nand n + p all are odd numbers, then, by (1) and (2), we have

A1, ntp) < S[A(n 1) +d(Wnr1, Mnsp)]
< sd(1n, Mut1) + s? (A1, 77n+p+l) + d(’?n—&-p/ ’7n+p+l)]

€ 5 (S e)
<g. o &

= 332+S 352—'—352

< €.

Hence, {1, } is a b-Cauchy sequence. [

3. Main Results

In this section, we improve and generalize some common fixed point theorems from
several references in several sides.

Throughout this paper, let P be the family of all functions g : [0,+o0) — [0,1).
Let ¥ be the family of all functions ¢ : Rt — RT satisfying the condition that ¥ is
continuous, nondecreasing and () = 0 if and only if t = 0. In this case, i is called altering
distance function.

Let (X, <,d) be a partially ordered b-metric space withs > 1and f,¢,5,T: X — X
be mappings. If there exist § € P and ¢ € ¥ and a constant L > 0 such that for every two
comparable elements ¢, 17 € X, it satisfies

Y(s*d(fE,gn)) < BIM(Z, 1))y (max {d(SE, Tn),d(SE, £2),d(Ty, gn)}) + Lp(N(E, 1)), ®G)

where

M) = max {a(se, ), d(se, £6), Ty, gn), “EESDLATLIO )

N(&,n) = min {d(S¢, Tn),d(S¢,gn),d(Ty, £),d(gn, Tn),d (&, gn)}, (5)

and ¢ > 0 is a constant, then (f, g) is said to be a (¢, B, L)-ordered contractive pair with
respect to S and T.

Theorem 1. Let f,g,S and T be self-mappings on a partially ordered b-complete b-metric space
(X,=,d) with s > 1. Let fX C TX and ¢X C SX. Suppose that (f,g) of dominating maps
is a (¢, B, L)-ordered contractive pair with respect to dominated maps S and T. If {&,} is a
nondecreasing sequence with &, =< 1, for all n and n,, — u implies ¢, < u and either

(i) forSis b-continuous, (f,S) are compatible and (g, T) are weakly compatible;

(i) g or T is b-continuous, (g, T) are compatible and (f,S) are weakly compatible, then the
mappings f,g,S and T possess a common fixed point in X. Moreover, the set of common
points of f,g,S and T is well ordered if f,g, S and T have a unique common fixed point.

Proof. Let &) be an arbitrary point of X. Similar to [14], we construct a sequence {7, } in X
such that 75,1 = T¢py—1 = fCon—2 and #2, = SCon = gCoy—1. Since f, g are dominating
maps and S, T are dominated maps, it follows that ¢2,—2 = f&2n—2 = T¢on—1 =X G2n—1 and
Eon1 = §Con-1 = S&y = &y Thus, foralln > 1, we have &, < &, 1.

Without loss of generality, we assume d(#2,,, /2,1+1) > 0 for every n. If not, then
21y = N2ny+1 for some ng € N. From (3) to (5), we obtain

(s°d(M2ng+1, M2ng+2)) = P(5°d(fCanys §G2n+1))

< B(M(&angs G2ng 1)) X Y(max{d(SGany, T¢ang+1), d(SG2ny, fG2n0), A(TC20g11, §C2n+1) })
+ LIP(N(€2n0/€2no+l))

= B(M(G2ng, G2ng+1)) x P (max{d(12uy, N2ng+1), 4121y, N2ug+1), 4 (M2ng11, N2ng+2) )
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+ Lp(N(2ny, C2ng 1)) (6)
M(G2ng, Sangr1)) *x P(max{0,0,d(n2ny+1, M2ng+2) })

M(Cznol€2n0+1))¢(d(772710+1/772710+2))

A(Mong+1,M2ng+2))

B
B
¥(

IN

where

N(G2ng G2ng+1))
= min{d (5821, TG2ny+1),A(SC2ny, 8C2ny+1), A(TC2ny+1, fC2ny ), A(882m0+1, TGong+1), A(C2ngr §C2my+1) }
= min{d (7210, N2ng+1), A(N20n0, N2ng+2), A(N2n0+1, N209+1), A(M2n9+25 M2n9+1), A(G2ngs N20+2) }
= min{0, d(12ny, N2ny+2), 0, d(M2ng+2, M2ng+1), A(E2ngs M2ng+2) }

=0,
then
P(N(C2nys G2ng11)) = 0.
Thus, by the monotonicity of function ¢, it is valid from (6) that
s°d(Mang+1, M2ng+2) < A(Mang+1, M2ng+2),
that is,

1
d(772n0+1/772n0+2) < de(ﬂznoﬂrﬂznﬁz),

50 d(1ong+1,M2ng+2) = 0 (because s* > 1). Hence, 12,,)4+1 = H2ny+2-

Following similar arguments, we obtain #2,,12 = #24,43. Thus, {#,} becomes a
constant sequence, and 7,, is the common fixed point of f,¢,S and T. In this case,
the conclusion we need to prove is clear.

Now, we take d(#2,,, 12n+1) > 0 for each n. As ¢, and {p,.1 are comparable, by
inequality (3) we have

P(s°d(an+1, on+2)) = P(s°d(fCan, §Con+1))

< B(M(G2n, Gonv1)) X p(max{d(S¢an, T¢an+1),d(SC2an, fCan), d(TC2n11,882n+1)})
+ LY(N(8an, Gan+1))

= B(M(G2n,C2nt1)) x p(max{d(12n, 12n41), (120, M2n+1), A(M2n 1, M2n12) })
+ Lp(N(G2n, C2nt1))

= B(M(G2n, C2nt1)) X p(max{d(12n, M2n+1), (2041, M2n12) }),

< p(max{d (12, on+1), d(N2n41,M2n42) }),

which follows immediately from the monotonicity of function ¢ that

sd(an+1, Non+2) < max{d(1an, N2n+1), A(M2n+1, Mon+2) }- (7)

Now, if
d(112n, Man+1) < d(N2n+1, N2n+2),
then by using (7) we have

s°d(an+1, N2nv2) < A(N2ns1, N2nt2),

which leads to a contradiction because of s° > 1. Therefore, d(#2, 2n+1) > d(H2n+1, N2n+2)-
In this case, we have

sd(Nan+1, N2n+2) < A(M2n, Nons1),
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which implies that

1
(1241, 20+2) < A (20, 2041). ®)
Again, by inequality (3) we have

W(s*d(12n+1,M2n)) = (s°d(fCon, §C2n—1))

< B(M(G2n, Gon—1)) x p(max{d(S¢an, T¢2n—1),4(SG2n, fCan), d(TC2n-1,8%2n-1)})
+ Lp(N(G2n, C2n-1))

= B(M(Gan, G2n—1)) x (max{d(n2n, 12n-1),d (120, N2n+1), d (201, 1120) }) )
+ Lp(N(G2n, G2n-1))

= B(M(G2n, G2n—1)) x Y(max{d(n2n, 120-1), d(1120, N2n+1) })

< p(max{d(n2u, M2u—1),4(N2n, N2n+1)}),

where

N(&2n,G2n-1))
= min{d (582, Ton—1),d(S¢2n, §G2n-1), A(TCon—1, fC2n), A(8C2n—1, T¢on—1),d(E2n, §C2n—1)}
= min{d (1720, 121-1), 421, M20), A(M20—1, M2n11), A(N2n, N2n—1), d(G2n, 12n)

= min{d (724, 121-1), 0, d(N2n—1, M2n+1), A(N2n, N2n—1), A(Con, 12n) }
=0.

By (9) and the monotonicity of function ¢, we have

SEd(WZrH»l/ 77211) < max{d(’hnr 7727171)/ d(’72nr 7]2n+1>}- (10)

Now, if
d(M2n, M2n-1) < d(12n, M2n41),
then by using (10) we have

sd(2n, Mont1) < d(M2n, Mont1),

which leads to a contradiction because of s° > 1. Therefore, d(#2,, #2,—1) > d(H2n, N2n+1)-
In this case, we have

s*d(2n, M2n+1) < d(M2n-1,12n),

which implies that

1
d(M2n, ont1) < sjd(ﬂzn—llﬁzn) (11)

Making full use of (8) and (11), we have

1
d(n, ny1) < de(ﬁn—llﬂn)'

Accordingly, by Lemma 1, we claim that {7, } is a b-Cauchy sequence. Since (X, <, d)
is b-complete, then there exists a point ¢ in X such that {7, } converges to (.

We first suppose that (i) holds. Assume that S is b-continuous. Because (f,S) are
compatible, we have

lim d(fSCont2,SfCans2) =0,
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that is,
lim d(ftan+2,Sans3) = 0.
As a result, by the b-continuity of S, we speculate that

d(f112n+2,SC) < s[d(fHans2, Shan+3) +d(SHans3,SC)] = 0 (n — o),

which implies that
Tim d(fpani2, 57) = 0. (12)

Now, we show that { = SZ. If not, that is, d(SZ,{) > 0. As &a01 = §Cons1 = SCont2,
from inequality (3), we have

P(s*d(fran+2,M2n+2))

= p(s°d(fSCan+2, §C2n+1))

< B(M(SGan+2,G2n+1)) X Y(max{d(SS¢2n+2, TSon+1),
d(SS¢on+2, fSGon+2), A(TS2n+1,8C2n+1) } (13)
+ LY (N (582142, C2n11))

< p(max{d(55¢an+2, TSan+1),d(SSCan+2, fSGon+2), d(T¢an+1,8C2n+1)})

= p(max{d(Sn2n+2,M2n+1), d(Sn2n+2, fiion+2), d(2n+1,M2n+2) 1),

where

N(S&2n+2,Cont1)) = min{d(S582u+2, TCon+41),d(SSC2n+2,8C2n+1), A(TCons1, fSCont2),
A(gCon+1, Téont1),d(SCons2,8Con+1) }
= min{d(S72n+2, N2n+1), A(S2n42, N2nt2), d(M2nt1, f2n+2),

d(Man+2, Non41), A(N2n42, Nons2)
=0.

By (13) and the monotonicity of function ¢, we have

sd(font2, Manv2) < max{d(Snont2, M2n+1), A(St2nt2, fon+2), A(N2ns1, Nons2) } (14)

Combing (12) and the b-continuity of function S, we obtain

d(Snont2, frions2) < sld(Shant2,SC) +d(SE, font2)] = s(04+0) =0 (n — o),
which means that

lim d(Shan+2, fran+2) = 0. (15)
Moreover, since {1, } is a b-Cauchy sequence, we have
lim d (772041, 12n+2) = 0. (16)
By (15) and (16), there exists N; € N such that, for all n > Nj, one has

d(Snant2, Non+1) > d(Shans2, fons2),  A(SH2nv2, Mont1) > d(Mant1, Nont2)- (17)

Via (14) and (17), it is easy to see that

sd(font2, Manv2) < A(Stans2,an+1) (n > Ny). (18)
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Using the triangular inequality of the b-metric (12) and the b-continuity of function S,

we obtain
|d(fr2n+2, M2n+2) — d(SH2n+2, M2n41)|
= [[d(fran+2, 2n+2) — 4 (122, S0)] + [sd (112012, SC) —d(SE, §)]
+ [d(SC, §) — sd(Snn+2,§)] + [sd(Sn+2,0) — d(Stn+2, 772n+1)]|
< |d(frans2, onv2) — $d(2ns2, SO) | + |sd (112042, ST) — d(SE, T) |
+1d(8Z,§) — 5d(Stn+2,8)| + [sd(Stins2,8) — d(Stins2, M2n41) |
< sd(fn2n+2,SC) + sd(N2ns2,C) +5d (S, Stpny2) +5d(T, 2n11)
—0 (n— o),
which establishes that
lim sup d(f12n42, 2n+2) = limsup d(S12442, Man+1)- 19)
n—00 n—00

Consider (18) and (19), they lead to a contradiction because of s* > 1. Consequently,
SC=2¢.

Now, by virtue of 2,11 = §G2n+1 and gGop+1 — {asn — o0, §optq = . It suffices to
prove ¢ = f{. As a matter of fact, firstly, notice that

|d(fT, 1tns2) — (T, fO)]

| (fC Mny2) —sd(fC, 77n+1)] [Sd<f€ Mns1) — (Qf@”
|d(fC,1nr2) = sd(fT,nnr1)| + [sA(F ns1) — (T, £O)]
sd(Mn+2, Mnt1) +5d(11n11,8) = 0 (n — 00),

<
<

which follows that
limsup d(f, fn+2) = d(C, f0). (20)

n—00

Secondly, by inequality (3), we have

(Sed(f@ Nn+2))
P(s"d(fC, gCon+1))
B(M(Z, C2nt1)) X p(max{d(SE, T¢on1),4(ST, fC), d(TG2n 41,8520 +1) })
+ Ly(N(C, Can+1)) (21)
= B(M(E, Ganv1)) X p(max{d (L, T¢on+1),d(E, f0), d(TS2n11,8%2n+1)})
+ Ly(N(Z, Can+1))
< Y(max{d(Z, nan+1),d(C, £0), d(2n+1, 120+2) })

+ Lp(N(Z, Gont1)),
where
P(N(Z, Can+1)) = P(min{d (ST, Ton+1),d(ST, §Gon+1), d(TCan+1, £C),
d(g82n+1, TC2n41),4(Z, 882n+1)})
tends to

P (min{lim supd(SZ, T¢oy11), limsup d(SZ, §¢opi1), limsup d(TCZnH,f@),O,O}) =9(0)=0

n—o0 n—o0 n—o0

as n — oo. By taking the upper limit as n — co from (21), we obtain

s*limsup d(fC, nant2) < d(fL,0),

n—o0

96



Axioms 2023, 12, 1008

which is a contradiction with s¢ > 1 and (20) unless lim sup d(f{, #2,+2) = 0. As aresult, by

n—o0

LA(f2,0) < A(F mans2) + dlania, O

we have

SAFE,0) < Hmsupld(f, 2rv2) + a2, 8)] = O,

which implies that d(f{,{) = 0. Hence, f{ = .

In view of f(X) C T(X), then there exists a point w € X such that { = f{ = Tw. Now,
we show d(Tw, gw) = 0. If not, i.e., d(Tw, gw) > 0. Since { = f{ = Tw < w implies { =< w,
from inequality (3), we have

w(ssd(Tw,gw))

(s*d(fg, gw))

B(M(Z,w)) x p(max{d(S¢, Tw),d(SE, f{),d(Tw, gw)})
+ Ly(N(G,w))
B(M(Z,w)) x p(max{0,0,d(Tw, gw)})

+L¢(mm{d(56 Tw),d(SC, gw), d(Tw, f{),d(gw, Tw), d(g,gw)}))

B(M(,w)) x p(d(Tw, gw))
+L4’(mm{0 d(g,gw),0,d(gw,{),d(g,gw)}))
B(M(Z,w))p(d(Tw, gw))
< lP(d(Tw gw)).

Hence, by the monotonicity of function i, we have
s°d(Tw, gw) < d(Tw, gw),

which leads to a contradiction with s* > 1. As a result, Tw = gw. On account of the fact
that ¢ and T are weakly compatible, we obtain

80 =8f0=gTw=Tgw =Tf7 =TC.

Thus, { is a coincidence point of g and T. Next, we show that { = gC. As 2, = fCon
and ¢y, — ¢ (n — oo) implies that ¢», < ¢, from (3) we have

P(s*d(n2n41,8C)) = (s°d(fE2n, 87))

< B(M(G2n,€)) x p(max{d(SEan, TC), d(SG2n, fC2n), d(TC,80)}) + Lp(N(G2n, )
< Y(max{d(SCan, TC), d(SC2n, fC2n),d(TC,8C)})

+ Lyp(min{d(S¢2n, TC), d(SG2n, §0), d(TC, fG2n),d(8C, TC), d(C2n, 80) })
= p(max{d(SGau, TC),d(SG2n, fG2n),0})

+ Lip(min{d(SGon, TC), d(SC2n, 85),A(TE, fC2n),0,d(S2n, ) })
= (max{d(S&an, TC), d(SG2n, fCau) }) + Lp(0)
= p(max{d (1721, §0), (1121, N2n+1) }),

which follows immediately from the monotonicity of function ¢ that

s*d(frans1,8C) < max{d(12n, &), d(M2n, 2n+1) }- (22)
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Since nlgrolo d(12n, Man+1) = O, then there exists N, € N such that, for all n > Ny, one has

d(n2n,8C) > (1120, M2n+1)- (23)

Considering (22) and (23), we acquire

s°d(12n11,8C) < d(120,87) (n > Na).
Thus, it implies

s*limsup d (12,41, 80) < limsup d (2., 7). (24)

n—o00 n—00

By virtue of

|d(12n+1,8C) — d (120, 87) |

|1d(2041,8C) — sd(88, 12n—1)] + [54(8Z, 12n—1) — d (1721, 87)]|
(112011, 88) — 54(8C, 2n—1)| + |sd (8T, 112n—1) — (1120, 80) |
sd(Man41, M2n—1) +8d(2n—1,120) — 0 (n — 0),

<
<

which follows that

lim sup d(772,,11,8C) = limsup d (124, £)-

n—o0 n—0o0

Consequently, (24) is a contradiction with s° > 1 unless lim sup d(#2,+1,8¢) = 0. That
n—o0

is to say, lim sup d (#7211, §C) = 0. Now, by
n—oo

%d(gg, 0) <d(gl mans1) +d(m2ns1,0),

we claim that
1 : .
-d(g¢,¢) < limsupd(gg, 2n+1) + limsup d(2,+1,¢) =0,
S n—o00 n—o00

which follows that d(g¢, ) = 0. Thus, g = ¢.

Tosum up, f{ = g¢ = S¢ = TC = (. In other words, { is a common fixed point of f, g,
S and T. The proof is similar when f is b-continuous.

Similarly, the result follows when (ii) holds. Now, suppose that the set of common
fixed points of f, g, S and T is well ordered; we will show that the common fixed point of
f,g,S and T is unique. Indeed, assume, on the contrary, that fq = g9 = Sq = Tq = g and
fr=gr=Sr="Tr=rbutd(q,r) > 0. By the given assumption, we replace ¢ with g and 7
with 7 in (3). Then,

W(s*d(q,r)) = p(s*d(fq,8r))

< B(M(q,7)) x p(max{d(Sq, Tr),d(Sq, fq),d(Tr,gr)})
+Lp(N(q,7))

<y(d(g,7)).

Consequently, we claim that s°d(q,7) < d(q,r), a contradiction. As a result, g = r
(because s* > 1). Inreverse, if f,g,S and T are single, then it is well ordered. O

Remark 1. Theorem 1 greatly generalizes Theorem 12 of [14] from several sides. On the one
hand, Theorem 1 refers to the conclusion in the setting of b-metric spaces, whereas Theorem 12
of [14] considered the result in usual metric space. It is well-known that b-metric space is a sharp
generalization of usual metric space since the given b-metric usually is not necessarily continuous,
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but the usual metric must be a continuous function. Therefore, Theorem 1 is more important than
Theorem 12 of [14]. On the other hand, as compared with Theorem 12 of [14], function B from
Theorem 1 satisfies the simpler condition. In addition, the proof of Theorem 1 is more straightforward
than the one of Theorem 12 of [14].

Remark 2. We use Lemma 2 to prove that the constructed sequence is a b-Cauchy sequence instead
of using Lemma 11 from [14] or Lemma 1 from [16]. This is a straightforward improvement because
Lemma 2 is easily understood for most of our readers. Otherwise, by Lemma 2, we also can prove
that the sequence is a b-Cauchy sequence but, due to the complicated process, we omit it in this
paper. In addition, in order to overcome the discontinuity of b-metric, we use a new method to prove
our theorem. This is a great innovation.

Example 5. Let X = {1,2,3,4} be a partially ordered set defined as { < n if and only if > 1
and d(&,17) = |& —y|? for all &,y € X. Then, (X,d) is a b-complete b-metric space with s = 2.
Define ordered self-mappings f,g,S, and T on X using

3 4

1 2 )

(1 2 3 4 (1
f={1122)¢ 1
1 2 3 4 1 2 3 4
S_(1344)’T_(1434>'
It is easy to verify that the mappings f and g are dominating and S and T are dominated. Tnke

P(&) =In(C+1)and p = @; then, the mappings f, g, S and T satisfy all the conditions given

in Theorem 1 with € = %. Moreover, one is the unique common fixed point of f, g, S, and T.

N

—_
—_

Theorem 2. Let f,g,S and T be self-mappings on a partially ordered b-complete b-metric space
(X, =,d) withs > 1. Let f(X) C T(X) and g(X) C S(X). Suppose that the mappings f, g, S
and T are b-continuous, the pairs (f,S) and (g, T) are compatible, and the pairs (f,g) and (g, f)
are partially weakly increasing with respect to T and S, respectively. Assume that (f,g) is a
(1, B, L)-ordered contractive pair with respect to S and T for each ¢,y € X, for which S¢ and Ty
are comparable. Then, the pairs (f,S) and (g, T) have a coincidence point { € X. Moreover, { is a
coincidence point of the mappings f, g, S and T provided that S{ and T( are comparable.

Proof. Choose &) € X. Define a sequence {1, } in X that satisfies 12, = f&2, = T&2,+1 and
Nont1 = §Con+1 = SCon+2 for all n € N. By the hypothesis, it is easy to see that 7, < 17,41
for all n > 1. We start the proof with two steps.

Step 1. We prove that

A(Nnv1,Mnr2) < Ad(n, ng1), (25)

for each n € N, where A € [0,1) is a constant.
Firstly, we assume #,, # 1,41 for each n € N. Since 58, = 12,1 = §Con—1 and
TC¢ont1 = Yon = fC2y are comparable, then, via (3), it has

(s°d (20, M2n41))
(s°d(fGon, 8Gon+1))
(M(G2n, G2nt1)) x Y(max{d(SCan, TS2n+1), d(SC2n, fGon), d(TC2n+1,8§C2n+1) })
Lip(min{d(S¢an, T¢on+1),d(SG2n, 862n+1), A(TS2n+1, fG2n), 4(8G2n+1, TS2n11), d(S2n, §G2n11) })
< p(max{d(n2n—1,M20),d(M2n—-1,M20), d(1120, N2n+1) })

+ Ly (min{d (n2n-1,1120), d(1120-1, N2n+1), A(M2n, 2n), A(M2n41, 120), A(S2n, 2n+1) }))
= (max{d (1211, M2n), (21, N2n+1) }),

=9
<p
+
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which follows from the monotonicity of function  that

SEd(UZn/ ’72n+1) < max{d(Wanlz 77211)/ d(’72nr 772n+1)}- (26)

If d(n2n—1,120n) < d(H2n, N2n+1), then by (26) it means that

sd(Mon, Non+1) < A(2n, Mons1),

which leads to a contradiction (because s° > 1). Then,

sd(2n, Nant+1) < d(2n—1,12n)- (27)

Again, since SCoy42 = on+1 = §Cont1 and T¢ny11 = 12y = fC2y are comparable,
then, by (3), it implies that

P(s*d(2n+1, M2n+2)) = P(s°d(fCan+2, §Can+1))
< B(M(Gont2,Gon+1)) X p(max{d(S¢an+2, TCant1), A(SS2n+2, fGon+2), d(TC2n11,8C2n+1) })
+ Lp(min{d(SGon-+2, TCon+1), d(SG2n+2,8G2n+1), A(TCan+1, fCan+2),
d(882n+1, T82n+1),d(Gonv2,§Gon+1) })
< P(max{d(n2nt1,M20), d(N2n+1, N2n+2), d(M2n, 2n41) })
+ Lp(min{d (17211, 7121), A (12041, M2n41), 4 (M2, M2ns2), A(M2nt1, 2n), A(S2nv2, M2n41) }))
= p(max{d(n2u41, M2n+2), A(N2n, N2n11) }),

which follows from the monotonicity of function  that

sd(on+1, Nont2) < max{d(Man+1, Yont2), d(M2n, Mons1) }- (28)

If d(n2n, fan+1) < d(M2n+1, an+2), then, by means of (28), it establishes

s°d(an+1, Nonv2) < A(M2nt1, Nont2),

which leads to a contradiction (because s* > 1). Thus,

s°d(12n+1,M2n+2) < d(N2n, N2n+1)- (29)

Now, by using (27) and (29), we obtain (25), where A = slg €[0,1).

We now assume 77,,, = 11,41 for some ng € N. If ng = 2k — 1, then 17p_1 = 175 implies
Nk = Naks1- As a matter of fact, if 1o # ki1, i-e., d(fok, k1) > 0, then, by the fact
that 7o = fCox = TCoxy1 and #px_1 = §Cok_1 = SCok are comparable, then, via (26), we
speculate that

s°d Mok, Nokg1) < max{d(nax—1,12k), d(Moks N2ks1) b = Aok N2kt1)-

This is a contradiction (because s° > 1). Hence, d(1k, 12x41) = 0, i.e., ok = Hoks1-
If ng = 2k, then myx = 7jox41 leads to 7ok 11 = okto- Actually, if 172511 # okt2, then,

ie., d(1oks1,12k12) > 0. Since nppy1 = g8ok+1 = SGoky2 and 7o = flo = T&pyq are
comparable, then, by (28), we claim that

s°d(Nok-1, Mok42) < max{d(Max, Mok11), d(Moks1, N2ks2) b = A(Mok41, M2k42)-

This is a contradiction (because s° > 1). Thus, d(k11,Mok2) = 0, ie., ki1 =
1aks2- Therefore, the sequence {7, } in both cases is equal to a constant for n > ny and
so (25) holds.

Step 2. We prove that f, g, S and T have a coincidence point. Taking advantage of (25)
and Lemma 1, we say that {7, } is a b-Cauchy sequence. Since (X, d) is b-complete, then
there is a { € X satisfying that nlglgo 1n = {. We obtain
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lim d(S¢an,¢) = lim d(f2n, ) = lim d(S¢any2, ) = lim d(T841,¢) = lim d(g8an11,8) = 0.

Since the pairs (f,S) and (g, T) are compatible, then
Tim d(S o, f5E) = lim d(TgCans1,8TCon41) = 0.
On the other hand, owing to the b-continuity of f, g, S and T, we obtain
Tim d(SfE,S7) = lim d(fSE, 7) =0,

nlglt}od(Tgéan,TG) = ,}gr;od(gTéan,gé) =0.

We now acquire that

Ld(ST,f7) < (S, Fon) + (S FEon, £O)
< d(Sé, Sfé2n) + s[d(sféan/ngZn) + d(fséan/fé)]r (30)

and

%d(Tgrgg) < d(Tgr ngZnJrl) + d<Tg§2n+lrg€)
< d(Tq, TgConv1) +5[d(TC2n+1,8TCons1) +d(8TCons1,80)].  (31)

On taking the limit as # — oo from both sides of (30) and (31), we obtain %d (5¢,f0) <0

and 1d(TZ,g0) <0, thatis, f{ = SC, 8¢ = T¢.
Since S and T are comparable, we prove f{ = gC. Suppose the contrary, then, by (3),
it is valid that

p(s°d(fC,87)
< BM(E,0)) x p(max{d(Sg, TC),d(SE, fT),d(T,&0)}) + Lp(N(Z, )
< (d(SC,TT)) = y(d(fE,80)),

that is to say,
s7d(fE,86) < d(fE, 8%)-
This is a contradiction (because s* > 1). Accordingly, f{ = g =S¢ =T(. O
Remark 3. According to the main results of [14,15], Theorem 2 makes a general generalization.

That is to say, it generalizes Theorem 15 in [14] and Theorem 2.1 in [15]. Similar superiority is
discussed in Remarks 1 and 2.

The following result is a straightforward outcome of Theorem 2.

Corollary 1. Let f and T be self-mappings on a partially ordered b-complete b-metric space
(X, =,d) with s > 1. Assume that f(X) C T(X) and the pair (f, T) is compatible, f and T are
b-continuous, and f is partially weakly increasing with respect to T. Assume that f satisfies the
following inequality

p(s*d(fE, f)) < BIM(E, 1))y (max {d(Tg, Tn),d(T¢, £8),d(Tr, fn)}) + Lp(N(E, 7)),
forevery ¢, n € X, for which T¢ and Ty are comparable, where

M(&,n) = l/)(max {d(Tﬁ, Tn),d(TE, f&),d(Ty, fy), d(Térfﬂ);”Sd(Tn,fg) }),
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N(&, 1) = min {d(T¢g, Tn),d(T¢, fy),d(Tn, f&),d(fn, Tn),d(E, fn)},

and ¢ > 0 is a constant. Then, the pair (f,T) has a coincidence point { € X. Moreover, { is a
coincidence point of f and T.
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Abstract: Nonlinear identification problems for evolution differential equations, solved with respect
to the highest-order Dzhrbashyan-Nersesyan fractional derivative, are studied. An equation of the
considered class contains a linear unbounded operator, which generates analytic resolving families
for the corresponding linear homogeneous equation, and a continuous nonlinear operator, which
depends on lower-order Dzhrbashyan-Nersesyan derivatives and a depending on time unknown
element. The identification problem consists of the equation, Dzhrbashyan-Nersesyan initial value
conditions and an abstract overdetermination condition, which is defined by a linear continuous
operator. Using the contraction mappings theorem, we prove the unique local solvability of the
identification problem. The cases of mild and classical solutions are studied. The obtained abstract
results are applied to an investigation of a nonlinear identification problem to a linearized phase field
system with time dependent unknown coefficients at Dzhrbashyan—Nersesyan time-derivatives of

lower orders.

Keywords: fractional differential equation; Dzhrbashyan-Nersesyan fractional derivative; coefficient
inverse problem; identification problem; initial boundary value problem
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1. Introduction

Works on fractional integro-differential calculus in contemporary mathematics are very
diverse. They concern both various theoretical aspects (properties of fractional integration
and differentiation operators, issues of solvability of new problems to equations with
various fractional derivatives and integrals, and much more [1-5]) and applications of
fractional calculus methods in various applied problems [6-9]. To the reader’s attention,
we present an article on the existence of a unique solution of a new class of coefficient
inverse problems to equations containing fractional derivatives, also called forecast-control
problems [10], or identification problems [11,12]. We are talking about a problem for an
equation containing, in addition to an unknown solution function, also unknown functional
parameters and overdetermination conditions of a corresponding nature.

Consider the equation

D7z(t) = Az(t) + B(t, D™z(t), D" z(t), ..., D7 z(t), u(t)), 1)
endowed by the Dzhrbashyan—-Nersesyan initial conditions [1]
D%z(0) =2z, k=0,1,...,n—1, ()
and by the additional overdetermination condition

Pz(t) =¥(t), te]0,T]. 3)
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Here, D%, k = 0,1,...,n € N are the Dzhrbashyan—-Nersesyan differentiation operator,
which corresponds to the set {ax}, 0 < ap < 1, (see Formula (4) below), A is a linear
closed operator with a domain D4 in a Banach space Z, U is another Banach space,
B:[0,T] x 2" xU — Z is anonlinear mapping, ® : Z — U is a linear bounded operator;
initial values z, € Dy, k =0,1,...,n,and ¥ : [0, T] — U are known. A solution of (1)—(3)
is a pair of functions (z, #). The main aim of the work are theorems on the existence and
the uniqueness of a mild and a classical local solution (z, u).

Various linear inverse problems for differential equations containing Riemann-Liou-
ville or Gerasimov—-Caputo fractional derivatives were studied in papers [12-16]. Unique
solvability issues for a nonlinear identification problem of form (1)—(3) with Gerasimov—
Caputo derivatives and with a closed operator A, which generates an analytic resolving
family of operators for a respective linear homogeneous equation, were investigated in [17].

The notion of the Dzhrbashyan—Nersesyan derivative includes Riemann-Liouville
and Gerasimov—Caputo fractional derivatives as particular cases; for a study of various
problems with this general fractional derivative, see [1], its English translation [18], in
works [19-24]. The unique solvability conditions and a form of a solution for linear
inhomogeneous problem with the Dzhrbashyan-Nersesyan derivative (1), (2) (B = f(t))
in a Banach space were obtained in work [25] in the case of a bounded operator A, and in
paper [26] for a closed operator A from the class Ay, , of generators of analytic resolving
families for a linear Equation (1) (B = 0). Problem (2) for quasilinear Equation (1) with
known u and with a bounded operator A was researched in [27].

The results of [25] were used for obtaining a theorem on the existence of a unique
solution of nonlinear inverse problem (1)—(3) with a linear continuous operator A in [28].
In the present work, we extend these results on the case of a nonlinear identification
problem with Dzhrbashyan-Nersesyan derivatives and with A € Ay, ;. It is clear that
such results on Problem (1)-(3) with a closed operator A provide much greater possibilities
for their application to inverse problems to partial differential equations and systems of
them than results on the abstract inverse problem with a bounded operator A.

In the second section, preliminary definitions and statements are given; in particular,
a theorem on the existence of a unique solution of Dzhrbashyan—Nersesyan problem (2)
to linear Equation (1) (B = f(t)) with A € Ay, , is presented. The first subsection of the
third section contains a proof of the theorem on the existence and the uniqueness of a local
mild solution of identification problem (1)—(3). In the second subsection, for the case of
continuous mapping B:[0,T] x 2" x U — D, the existence of a unique local classical
solution is proven. A similar result is proven under the additional conditions of Holder
continuity in t of problem data. In the fourth section, obtained general results are used for
the investigation of a nonlinear identification problem to modified phase field equations
with depending on t unknown coefficients at Dzhrbashyan—-Nersesyan time-fractional
derivatives of lower orders.

2. Preliminaries

For hh : (0,T] — Z,where Z is a Banach space, and for > 0, we introduce the
following notations:

/ t—s)P1
DBn(t) = JPh(t) :—/(r(mh(s)ds, te (0,T]
0

for the Riemann-Liouville fractional integral of the order g > 0, and Df := D" ]J"~F for the
Riemann-Liouville fractional derivative of the order p € (m — 1, m], m € N. For sequence
{wo, a1,..., 00}, ax € (0,1, k = 0,1,...,n € N, we define the Dzhrbashyan-Nersesyan
fractional derivatives D%, k =0, 1,...,n by equalities [1]

DYz(t) := D% 1z(t), D%z(t) := D% 'D%1D%2, D%z(t), k=1,2,...,n. (4)

105



Axioms 2023,12,1013

They are natural general constructions of fractional derivatives (see, e.g., [1,19,20]), they
generalize the Riemann-Liouville fractional derivatives (xg € (0,1), 0y =1,k =1,2,...,n)
and the Gerasimov—Caputo fractional derivatives (xy =1,k =0,1,...,n —1,a, € (0,1)).
We also use notations

k
O = Ea]-—l, k=0,1,...,n.
j=0

For i:Ry — Z, we denote by £[h] the Laplace transform of this function. The
following equalities are known [3,26]:

SR = AN, SIDUHI) = Al = T DR,
k=0

n—1
L[D7h)(A) = A7 L[h](A) — ) DR (0)AT 1%, ®)
k=0
We let £L(Z) be the Banach algebra of all linear bounded operators in the Banach space
Z and CI(Z) be the set of all linear closed densely defined in Z operators. We consider the
domain D4 of an operator A € CI(Z) with the graph norm of A as a Banach space due to
the closedness of A. We consider the linear inhomogeneous equation

D7z(t) = Az(t) + f(#), t€(0,T] ©6)
endowed by the Dzhrbashyan—Nersesyan initial conditions [1]
D%z(0) =z € Dy, k=0,1,...,n—1. (7)

Here, f € C([0,T]; 2).
A solution to Problem (6), (7) is functionz € C((0, T]; D 4), such that D%z € C([0, T]; Z),
k=0,1,...,n—1,D%z € C((0,T]; Z). Equalities (6) for all t € (0, T| and (7) are fulfilled.
IWe itroduce notations p(A) := {A € C: (Al — A)~! € L(Z)}, Ry(A) := (Al - A)~!
for A € C.

Definition 1. We denote by Ay, (00, a9) for some 0y € (7/2,7], ag > 0, ax € (0,1],
k=0,1,...,n,aclass of operators A € CI(Z), such that
(i) A% € p(A) forall A € Sg 4, := {p € C: |arg(p —ap)| < 6o, p # ao};
(ii) for any 0 € (7/2,00), a > ag, there exists such a constant K(6,a) > 0, that for all
A e Sg,a
K(6,a
IR (4)lez) < Ty ner s

If A € Ay (60, a0), then we define for ¢ > 0 operators

Yp(t) = % /AﬁRW(A)eMdA, BeR.
r

Here, for some 6 > 0,a > ag, 0 € (1t/2,60p) T =T Ul Ul Iy = {AeC: A=
a+ret® re (6,0)},Tg:={A€C:A=a+e? ¢ € (—6,0)}. For brevity, we use the
notations of frequently used operators Z(t) := Yy, 5, —1(t), k =0,1,...,n — 1.

We denote also

Ay = U Ay o a0).
Op€ (/2,1
ﬂoZO

We let C7([0, T]; Z) be the set of all Holder continuous functions from [0, T] to Z with

the power v € (0,1].
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Theorem 1 ([26]). We let oy € (0,1], k =0,1,...,n, ag+ay, > 1,600 € (71/2, 7], a9 > 0,
A€ .A{,Xk}(eo,ao), Zk € Dy, k=0,1,...,n—1, f S C([O, T];DA) U CW([O, T],‘Z), aS (O, 1}.
Then, Problem (6), (7) has a unique solution. It has the form

n—1 £
2(t) =Y Zk(t)zk+/Y0(t—s)f(s)ds.
k=0 0

Remark 1. We note that Z(t)zy is a unique solution of the initial value problem D%z(0) = z,
D%z(0) =0,1€{0,1,...,n—1} \ {k} to equation Dnz(t) = Az(t). In addition, the unique
solution of Problem (6), (7) with zero initial conditions D1z(0) = 0,1 € {0,1,...,n—1},is

t

/Yo(t — $)f(s)ds.

0

Remark 2. In the proof of Lemma 1 in [26], it was shown that for some C > 0 and for all t € (0, T}
1Y)l zz) < Cto»=1=P. Hence, for j,k € {0,1,...,n —1}, k > |, 1D Zk ()l 2y =
1Yo, —o—14+0; (D)l o2y < Ct* . In addition, for j,k € {0,1,...,n — 1}, k < j, zx € Dy, in the
proof of Theorem 3 in [26], the following relations were proven:

LD Zj(t)zg) = A7 TR o (A)zge — A% Lz = AT IR0 (A) Azg,

o KAz KAz
oi—0op—1 kIl Z kllZ
HA ;T R/\J” (A)AZkHZ < |)\‘0'”+1+0'k—0'j = ‘)\‘IX()+061+'"+04k,1+0Ck+1)éj+1+Dé]'+2+"'+lxn,1+ﬂén ’

consequently, ||D;7Zk(t)zk||z < Clt“0+“l+"'+‘xk—l+”‘k+0‘]’+1+‘Xj+2+-..+041171+11n*1 < Cttotan—1

ID%Zyc(t)zk — 2kl 2 < % / A7 Ry (A) Azg| z|dA| < Croten=t, e (0,T).
r

3. Local Solvability of Identification Problem
3.1. Mild Solution

We take Banach spaces Z and U, an open set Z in R x Z", a nonlinear mapping
B:Z xU — Z,alinear operator ® € L£(Z;U) and a function ¥ : [0, T] — U. The purpose
of Problem (1)-(3) is to find z : [0, T] — Z, u : [0, T] — U from Relations (1)—(3).

We denote ¥ = (yo,y1, - -.,Yn—1) and formulate several conditions.

(A) The operator B : Z x U — Z can be presented as

B(t,y,u) = B1(t,y) + Ba(t, y,u), (t,y,u) € ZxU.
Fora = (ag,a1,...,a,-1) € Z", R, T > 0, we use the following notations:

Sgn(ﬁ,R) = {yE oA ||y]—11]HZ < R,jZO,l,...,Tl—l},
Szn(@ R, T) = [0,T] x Sz0(a,R).

For sufficiently smooth ¥, we define
U 1= DU"‘IJ(O) —@ZO —CI)Bl(O,Zo,Z1,...,Zn_1). (8)

Here, the line above ® A means the closure of this operator.

We let the next conditions (B)—-(F) be satisfied:

(B) the equation ®B,(0,yo, 1, - .,Yn—1,U4) = vy with unknown u has a unique solu-
tion ug € U;
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(C) there is an operator Bs : [0, T] x U"+! — U, for which
DB, (t,y,u) = Bs(t, Pyo, Py1, ..., Pyn—1,u), (Lyu) € ZxU;

(D) there is such a constant, R > 0, that for every t € [0,T], the mapping
v = B3(t, DY (t), D1 (t),..., D 1¥(t),u) with u in Sy, (19, R) has an inverse mapping
u=F(t,v);

(&) there is such a constant, R > 0, that operator F is continuous with respect to the
totality of the variables (t,v) on the set Sy (1, R, T) and is Lipschitz continuous in v;

(F) there is R > 0 such that mappings By (t,) and B,(t,¥, u) are continuous with
respect to the totality of the variables on set Szn.y/((20,21,...,25-1,140), R, T) and are
Lipschitz continuous in (7, u).

Using the form of a classical solution from Theorem 1, we can introduce the notion of
a mild solution.

Definition 2. Pair (z,u) € C([0,T]; Z) x C([0, T];U) for which D%z € C([0,T]; Z) for j =
0,1,...,n—1, the inclusion (D%z(t), Dz(t),..., D/-1z(t)) € Z and Condition (3) are valid
forallt € [0,T], and equality

n—1
2(t) = Y Ze(H)z+ / Yo(t — s)B(s, Dz(s), ..., D 1z(s), u(s))ds )
k=0
is fulfilled for all t € (0, T|. It is called a mild solution of identification problem (1)—(3) on [0, T}.

Lemma 1. We letﬁ € (0,1, k=01,...,n,004+a, > 1,0 € (n/2,7],a0 >0, A €
A{ak}(GO/aOB/CDA € L(Z;U), zx € Z, fr(t) == ®PZk(t)zk, k = 0,1,...,n— 1. Then,
Do fi(t) = PAZ(t)z € C([0,T;U), k=0,1,...,n—1.

Proof. For some A € p(A), we take yx = R)(A)zx € Du, k =0,1,...,n —1. Then, by
Remark 1, D™ Zy(t)yx = AZk(t)yx, fi(t) = PZk(t) (Al — A)yx = ADPZi(t)yx — PAZk(t)yy,

D7 fi(t) = APD™ Zy(t)yx — PAD™ Zi(t)yx =
= AﬂZk(t)yk — @Zk(t)Ayk = @ZkU)Zk S C([O, T],Z/{)
O

Lemma 2. We let o € (0,1], k = n,00+a, > 1,600 € (n/2,7], ap > 0,
A€ A{lxk}(eo,ao) ge C([O T],Z) D, qDA S ,C(Z U)

t—s ds.

O\H-

Then,
t

DIh(t) = @A [ Yo(t —s)g(s)ds + Pg(t) € C([0, T)).
0

Proof. For A € p(A), we put f(t) = R)(A)g(t) € Dy, t € [0,T]. Hence, Af(t) =

S
AR\ (A)g(t) — g(t) € C(]0, T]; Z); consequently, f € C([0, T]; D). Therefore,

t

ht) = @ /Yo(t — ) (AL — A)f(s)ds = (AD — BA) / Yo(t — s)f(s)ds,
0

0
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and, by Remark 1, we obtain

DIh(E) = (AD — DA)D" /Yo(t —8)f(s)ds
0

— (A® — BA) ( /yo (t—s)f(s)ds + f(t ))
A(/\/Yo(t—s)f(s)ds—A/Yg(t—s)f(s)ds) 4 (AD— BA)F(1)
0

0
t

/ (t— s)g(s)ds + (A® — DAY F(t) = a/yo(t — 5)g(s)ds + Dg(t).
0 0
)

Here, PAf(t) = PAf(t), since f(t) € Dy. O

Theorem 2. We let oy = 1, ay € ( ], k = ,n, 0 € (/2,7],a9 > 0, A €
Ae1(60,a0), 2 € Da, k = 0,1,. -1, (0, zo,zl,...,zn_l) € Z ®,DA € L(Z;U),
DY e C([0,T;U), k =0,1,...,n, CDZO = Y¥(0), and we let conditions (A)—(F) be ful-
filled. Then, for some Ty € (0,T], inverse problem (1)—(3) has a unique mild solution (z,u) €
C([0,T1]; Z) x C([0, Ty ];U) on segment [0, Ty].

Proof. Wetakez, € Dy, k=0,1,...,n—1; then, we have DY Z;(t)z = On—0—1+0; (t)zy €
C([0,T]; £L(Z)) as it is shown in the proof of Theorem 3 [26]. Lemma 1 in [26] implies that

t
D‘TJ/YO(t —s)g(s)ds = /ng(t —s)g(s)ds, j=0,1,...,n—1. (10)
0
Therefore, due to Remark 2 and Equation (9), we have correlations for j =0,1,...,n —1
DY Z Yo, —0,— 1+U )z + / Yg (t —s)B(s, D%z(s),..., D 1z(s),u(s))ds. (11)
For a mild solution (z, u), Equality (9) is valid; then, Condition (3) implies that
m—1 .
Y ®Z(t)zk + CD/ Yo(t —s)B(s, D%z(s), D z(s),..., D 1z(s),u(s))ds = ¥(t).
k=0
Therefore, due to Lemmas 1 and 2, we have

m—1
Dy d>Zk(t)zk+D‘7”d>/Yo(t—s)B(s,D"OZ(s),D‘le(s),...,D‘T"*lz(s),u(s))ds
k=0 0

Y i zk+<I>A/YO £ —8)B(s, D%z(s), D7 2(s), ..., D" 12(s), u(s))ds

F®B(t, DVz(t), D72(t), ..., DO 1z(t), u(t)) = DWYE(H).
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Due to condition (\A), we can write the last equality as

m—1
@B, (t, Dz(t),..., D 1z(t),u(t)) = DY (t) — PA Y Z(t)z
p . (12)
—@/Yg(t—s)B(s,D‘TUZ(s),D‘le(s),...,D‘T"*lz(s),u(s))ds
0
—®B;(t, D%z(t), D% z(t),..., D 1z(t)).
Then, under assumptions (C), (D), Equation (12) implies equality
u(t) = F(t,0(t)), (13)
where
~ om—1
o(t) = DY (t) — PA Z Zi(£)zp — @B (t, DPz(t), D7 z(t),..., Dn1z(t))
k=0
¢ (14)
—@/Yo(t—s)B(s,D‘TOZ(s),D‘le(s),...,D‘T"*lz(s),u(s))ds.
0
Thus, we obtained a nonlinear system of equations (11) with j = 0,1,...,n — 1 and
Equation (13) for unknown functions yg := D%z, y; := D%z, ..., y,—1 := D1z, u.
We consider set
Mr = {(y,u) € C([0,T; 2" xU) : |ly;j(t) —zjllz <R, j=0,1,...,n -1,
[Ju(t) —uoller < R}
with metrics d((¥,u), (v, w)) = [(x,u) — % w)lcqo,r;z:xu)y and mapping
H = (H° H!,...,H"), which is defined by equalities
. n—1
H](]/O/]/l . -/]/nfl/u) = Z Y(7n7(7k*1+l7]'(t)zk
k=0
t
+/Y0j(t —5)B(s,y0(s),y1(s), ..., yn_1(s),u(s))ds, j=0,1,...,n—1,
0
~ n—1
H" (Yo, Y1, Yn_1,1) = F(t, DY (t) — PA Y Zy(t)z
k=0
_q)Bl (tryo(t)/ y] (t)/ v ryn—l(t))
t
—/dDAYO(t—s)B(s,yo(s),yl(s),...,yn1(5),u(s))ds).
0
Thus, Problem (1)—-(3) are represented in the form of system
yo(t) = H(yo(£), y1(t), ..., yu—1(t),u(t)),
yi(t) = H' (yo(£), y1(1), ..., yu-1(t), u(t)),
(15)

Va1 () = H™ (yo(5), 11 (8) .- Yus (), u(8)),
u(t) = H"(yo(t), ya(t), ..., yn—1(t), u(t)).

We take t = 0 in (15); then, we have Hf(zo,zl, e Zp1,Ug) = zjforj=0,1,...,.n—-1,

H"(z0,21,---,25-1,u0) = F(0,v9) = uy.
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Due to the assumptions of Theorem, if (yo,y1, ..., Yn—1, 1) € M7, then

H(yo(8),y1(8), -, yn-a(£), u(t))

is continuous with respect to ¢ on [0, T|. Taking into account Remark 2 and assumptions
(&), (F), wehave, fort € (0,T],

1H (yo (£), y1(8), . y—a (D), (1)) = 2l 2

n—1

<Y o140, (Dzkl 2+ (Yo -1 (B)zk — 2| 2
k=0
k#j

t
+ / 1Yo, (=)l £(2) 1 B(s,y0(s), - - -, yn—1(5),u(s)) — B(0, 20,21, .., Zn—1,40) || 245
0

t
+/Hng(t—s)Hﬁ(Z)HB(O,zO,zl,...,zn_l,u0)||zds
0

n—1
< nCtrotan=l 4 ¢y =0 (Z yx(t) — zxll 2 + |Ju(t) — u0||u>
=0

+Cit™ % ||B(0, z0, 21, - - -, Zn—1,U0) | 2 < Cot** (1 + (n +1)R+C3), j=0,1,...,n =1,
1H" (yo(£),y1(t), - - -, yn—1(t), u(t)) — uollzs
< [[F(t,0(t)) — F(t,v0) lu + 1 E(t,v0) — F(0,v0) [l
< v(t) = volles + 1 E(t,v0) — F(0,v0) s < [[F(t,v0) — F(0,v0)|us

HD™¥(t) = D ¥(0) [l + HPAll £(z24) 1 Zo(£)z0 — 20l 2 +1
k=1

n—1
‘CDA Z Zi(F)zg

u
+1||®By(t, yo(t), ..., yn—1(t)) — PB1(0,z0,...,2n-1) s

t
[ @AYo (t = 5)B(0, 20,21, 201, 0) s
0

t
+1 / @AYy (t —s)(B(s,yo0(s),y1(s), ..., yn_1(s),u(s)) — B(0,z0,21,--.,2n_1,10)) ||luds
0

< [[F(t,v0) — F(0,00) llor + LD ¥ (£) — D7 ¥ (0)]fos

n—1
FCa(T+ ) Y lye(t) — zil| z + Cat*
k=0

< |[F(t,v0) — F(0,00)lles + 1D ¥ () = D™ ¥(0)]|1s
1% (14 %) nCaCy (1 + (1 + 1)R + C3) + Cyt*n < Cst™,

where [ is a Lipschitz constant for F, and vy and v(t) are defined by (8) and (14). Here and
further, various constants the value of which is not important are denoted by symbols Cy,
Cy, and so on. Thus, for a sufficiently small T} € (0, T], H acts from the set M7, into itself.
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We denote fori = 1,2,j =0,1,...,n—1 y;'-(t) = HI(y}(t), v (t), ...,y (t),ul(t)),
ui(t) = H" (yf)(t),ya (1),.. .,yfkl (1), ui(t)); then, fork = 0,1,...,n — 1, the Lipschitz condi-
tion for B implies that

n—1
k() — (1) 2 SCJ"‘”(Z sup |lyj(s) —y;(s)llz + sup ||u1(5)—u2(5)|u>,

j=0s€[0,T] s€[0,T]
n—1
[ul () = uw?(D)ller < C2 ), sup [|lyj(s) —y7(s)llz
j=0 s€[0,T]

n—1
+cmn<2 sup [y (s) = 3(s)]1z + sup |u1<s>—u2<s>nu>
j=0 s€[0,T] s€[0,T)

n—1
< (nC1+1)CzT“"<Z sup |lyj(s) = yi(s)]z + sup ||u1(S)—u2(S)||u>'
j=0s€[0,T] s€[0,T)

Hence, for a small enough T7 > 0, H is a contraction operator on 9y, and has in the
complete metric space My, a unique fixed point (yg, y(l], cey yg_l, u0).
Since ¢y = 1, we have

m—1 t
yo(t) = DOyg(t) = kZ Z(t)zg +/Yo(t —5)B(s,4(5), .., yy_1(s),u’(s))ds.
=0 0

Hence, pair (y9(t), u%(t)) is a mild solution of (1)—(3).

Each of the two mild solutions (z°,u°) and (z!,u') corresponds to a fixed point
(ZO, D0 . D150, uo) and (zl, Dozl . D121, ul) of the mapping H. The unique-
ness of a fixed point for H in My, with a small enough T; > 0 implies that z0(¢) = z!(¢),

ul(t) = ul(t) fort € [0,Ty]. O

3.2. Classical Solution

Definition 3. A classical solution of Problem (1)—(3) on [0, T is pair (z,u) € C((0,T];D4) %
C([0, T);U), for which D%z € C([0,T]; Z),k=0,1,...,n—1, D%z € C((0,T|; Z). Inclusion
(t, D%z(t), D"z(t),..., Dn-1z(t)) € Z and Condition (3) for t € [0, T|, Equality (1) for t €
(0, T] and Condition (2) are fulfilled.

To obtain the unique solvability theorem in the sense of classical solution for the
identification problem, we first use an additional condition B € C(Z;D4).

Theorem 3. We let ag = 1, oy € (0,1], k = 1,2,...,n, 6y € (n/2,7], a0 > 0, A €
A{ak}(Qo,ao), zr € Da, k =0,1,...,n—1, (0,29,21,...,241) € Z, ®,PA € L(Z;U),
DY € C([0,T;U), k =0,1,...,n — 1, Pzy = ¥(0), and conditions (A)—(F) be satisfied,
B € C(Z;Dy). Then, Problem (1)—~(3) has a unique classical solution (z,u) on segment [0, Ty
with some Ty € (0, T].

Proof. By Theorem 2, Problem (1)~(3) has a mild solution (z(t), u%(t)) on a small enough
segment [0, Ty|. Then, f(t) := B(t, Dz(t), D"z(t),..., D1z(t)) is contained in class
C([0,T]; D4), and by Theorem 1, z is a classical solution of direct Problem (1), (2) with a
givenu®. O

But condition B € C(Z; D,) is not often met in applications, so we replace it with
conditions for additional smoothness of B. For this aim, we replace assumptions (£) and
(F) with stronger conditions:
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(&1) there is such a constant, R > 0, that F is continuous with respect to the totality of
the variables (t,v) on the set S;;(uo, R, T), which is Lipschitz continuous in v and is Holder
continuous with a power of y € (0,1] in t;

(F1) there exists R > 0, such that mappings B (t,7) and B;(t, ¥, 1) are continuous
with respect to the totality of the variables on the set Szny((20,21,--.,2n-1,40),R, T),
which is Lipschitz continuous in (, #) and is Holder continuous with a power of y € (0,1]
in t.

Lemma 3. Weletw € (0,1), h, D*h € C([0, T|Z); then,

3C >0 Vs, t € [0,T] |[h(s) = h(t)]|z < Cl[D*Rllc(o,ry,2)ls — t*
Proof. We take 0 < s < t < T; hence,

h(t) = D'J'h(t) = D'J*J'=*h(t) = J*D'J'~*h(t) = J*D*h(t),
since J'=%h(0) = 0. Then,

h(t) — h(s) = J*D*h(t) — J*D"h(s)

s _ a— ! o=
G ~(e=1 DUh(r)dr + /(t}(fj)lmh(r)dr
0

st
t—s r—T
|h(t)h(5)||2§||D“h|c([0,T];Z)( e / [ drdr)
S
~ID*kllcgomy2) e N [ran i
= Tl (t—s) —i—zxs/(r —(r—s)*)dr

ID*hllc(jo,11;2) . / o1 2||D lleqo,m:2) .

S

O

Theorem 4. We let wg = 1, ap € (0,1], k = 1,2,...,n, 6y € (n/2,7], a9 > 0, A €
A{“k}(Qo,ao), zr € Da, k =0,1,...,n—1, (0,29,21,.-.,24-1) € Z, ®,PA € L(Z;U),
DUY € C([0, T|;U), k=0,1,...,n—1, DY € C7([0, T|;U), v € (0,1], dzg = ¥(0), and
conditions (A)—(D), (£1), (F1) be satisfied. Then, Problem (1)—(3) has a unique classical solution
(z,u) on segment [0, Ty ] with some Ty € (0, T).

Proof. As before, (z(t),u"(t)) is a mild solution of (1)~(3) on some small enough segment
[0, T;], which exists by Theorem 2. We take a € (0,min{ay : k = 0,1,...,n}), a <
9. Then, due to Remark 2, for k,j € {0,1,...,n — 1}, k > j, we have D*D"Z;(t) =
D"‘an_gk_Haj(t) = an_gk_1+(7j+a(t) by Formula (5),

ID*DY Zi (1)l £(2) = Yo, ~o—1+0;+a(B) | c(z) < CEH797%, t € [0,T],

O —0j—a > ap —a > 0. If k < j, z € Dy; then, we have, due to (5), D*D" Zi(t)zx =
DaYajfa,ﬁl( )Azy = Ya —0j— 14a(t) Azg,

ID*D" Zy(t)zk]| 2 = | Yo—g—1+a(t) Azkll 2 < CH T8 Az 2,
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On —0j+ 0 — & >an,+ag—1—a=ua, —a>0.Inaddition, for z; € Dy,
D" (D% Z(t)zx — zk) || z = [ID"Y-1(t) Azil| z = [[Ya1(t) Azg ||z < Ct" 4[| Az 2,
On—& =1 +ay+...an —a > 0. Thus, D*D Z;(+ )z, D* (D% Zy(t)zx — zx) € C([0,T]; Z)
Z

forzy € Da,k,j € {0,1,...,n—1}, k # j; therefore, by Lemma 3, D% Zi (- )z, € C*([0, T]; Z).
Moreover, Equality (10) implies that

t
D*D"i / Yo(t —s)B(s, D?z(s), D" z(s), ..., D 1z(s), u(s))ds
0

t
= D! /Yaj,H,x(t —5)B(s, D%z(s), DM z(s),..., D7 1z(s), u(s))ds
0

t
= /Yg-ﬁ,x(t—s)B(s,D"UZ(s),D‘le(s),...,D"nflz(s),u(s))ds,
0

DD [ Yo(t  5)B(s, DVz(s), Dx(s), .., D 2(s) u(s) s
0

zZ

C
< ———  max ||B(s,D%z(s), D" z(s), ..., D"1z(s),u(s oo,
_Un—vj—ase[o,t]” ( (s) (s) (s),u(s))lz

Here, we use inequalities ||Y(7]._1+a(t)||c(g) < Ct %Y, oy — 0 — & > ay —a > 0. Hence,

t
D"‘J’/Yo(t —$)B(s, D%z(s), D"z(s),..., D" 1z(s),u(s))ds € C*([0, T]; Z)
0

and D%z € C*([0,T|; 2),j=0,1,...,n—1.
We recall that u%(t) = F(t,v(t)), where

n—1
o(t) = D7Y(t) — PA Y Zi(t)zx — ®By(t, DVz(t), DMz(t), ..., D™ 1z(t))
k=0

DAYy (t — 7)B(t, D?z(7), D" 2(7),..., D" 1z(T),u(7))dT.

o—_ _

Consequently, under conditions (&), (F1),
ul(t) — u’(s) = F(t,0(t)) — F(s,0(s)) = F(t,v(t)) — F(t,0(s)) + F(t,v(s)) — F(s, 0(s)),

1u2(8) = u®(s)llor < Culls — t* + o(t) = v(s)[lur) < Culs — "+
+Cy||B1(t, D%z(t), D1z(t), ..., Dn1z(t)) — By(t, D%z(s), D" z(s),..., D1z(s))| z
+Cy||By(t, D%z(s), D"z(s), ..., D-1z(s)) — By(s, Dz(s), D" z(s), ..., D-1z(s))| =

n—1
< Csls—t* 4+ C3 2 ID%z(s) — D%z(s)|| z < Cs|s — t]*.
k=0
Therefore, mapping t — B(t, D%z(s), D"z(s),..., D"1z(s), u(t)) satisfies the Holder
condition with power a due to condition (F7). Thus, by Theorem 1, z is a solution of direct
problem (1), (2) with a given u?; therefore, (z,u°) is a classical solution of identification
problem (1)—(3). O
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4. Time-Fractional Phase Field System of Equations
We let Q ¢ R? be a bounded domain with a smooth boundary 90}, 6, v,k € R, ag =1,

ay,00,...,00 €(0,1), 00 =a0+a1+--+a,—1,k=0,1,...,m; A = %+---+%is

the Laplace operator, (-, -) is the inner product in space L,(Q), 7, € HZ(Q), 1=1,2,...,2n.
We consider problem

Dx(8,0) = x(8), D{*y(,0) =yx(¢), k=0,1,....n—1, Z€Q, (16

(1—0)x(& 1)+ (Sg—z(g, t)=0, (1-0)y(&t)+ 5%(@,1‘) =0, ({t) € x[0,T], (17)

<x('rt)r771> = ¢l(t)r <}/(',t),171> = l/Jl(t), I=12..2nte [0/ T]r (18)

to the system of equations in Q) x [0, T|,

n—1 n—1
D{*x(§, 1) = Dx(E,t) = Ay (G, 1) + Y up(ODFx(G, 1) + Y op (DY (&, 1) + f(E, 1), (19)
k=0 k=0

n—1 n—1

DIy (G ) = vAy (&, t) — x> (&) + Y ii (D x(5, 1) + Y op () Dy (&, 1) +g(&,t) (20)
k=0 k=0

with unknown functions x, v, u};,z}};, k=01,...,n—1,i =12 Atn =1, a7 = 1,

u,lc = v,% =0,k=0,1,...,n—1, u% = v% =0,k=1,2,...,n—1, System (19), (20) up to
linear replacement x (&, t) = x(¢, t) + %'yv((f, ),y t) = %'yv(ff, t),1 € R, and stretching over
t coincide with the linearization of phase field equations [29,30].

WeputjeN,j>d/2, 2= (H(Q))?

AZ(@ Y ) Da = (H;*(Q))%,

HI7 () = {h € H2(Q): ((5;1 +1-— (S>h(§) =0,¢¢ aQ}.
Therefore, A € CI(2).
By {¢x:k € N}, we denote orthonormal in the sense of the inner product (-,+)in Lo(QY)
eigenfunctions of the Laplace operator with domain H(JS+2 (Q2), which are numbered in the
order of non-increasing eigenvalues {A:k € N} taking into account their multiplicities.

Theorem 5. We let ag,a01,...,04 € (0,1), 00 +a, > 1,0, =1, v >0, € R, j e Ny:=
NU {0}, then A € Ay, (60, a0) for some 0y € (71/2,7), a9 > 0 in this case o(A) = {Ag, vA :
k € N}.

Proof. We take the basis {¢y : k € N} in Lp(Q)) and obtain for A # A, A # vAg, k € N

operators
A”"IA:(AI_A A )/

0 AT —vA

0 1 _ Ak
(AU,/,I o A)fl _ Z < ABAk (/\—/\kl)(/\—v)tk) > <.’ (Pk>(l’k-
k=1 A—VAg

We take arbitrary 6y € (71/2, ), a9 > max{Ay, vAy : k € N}; then, forany a > ag, A € Sg 4,

e —
~ |A —al|sinfy

1
A—Ar

-1 1
~ A —alsinfy”  |A—vAg
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1

| >
(1= A/A) (A —vAy)

Ak -
~ |A —alsin? 6y

(A=A (A = vAy)

for some C; > 0, since for all A € Sq 4., k € N,

| <o

1—A/Ax

Therefore, for all A € Sq 4,

C
2 2
HR)\W (A)HL(Z) < Mmz _a‘zxo|/\|t7n—0¢0

and A € A{ak}(eo,ao). O]

Theorem 6. We let ag = 1, a1, 00, .., 0 € (0,1),0.=1,v>0,6,keR,jeN,j>d/2
gh e C([0,T; HI(Q)), xpyx € HoV(Q), k=0,1,...,n— 1,55 € H(Q), D%, D%y €
C([O, T],R), k= 0,1,...,11, <XO,171> = (PI(O), <y0,171> = l)bl(O),l = 1,2,...,21’1,

D%¢y(t)  DPy(t) D1y (t) D1y (t)
det| DPP¢2(t)  D7a(t) Dn-1¢y(t)  Dn-14n(t) 20 1)

DOpoa(t) DOPa(t) ... DAy (£) D Aipy (1)

forall t € [0, T]. Then, Problem (16)—(20) has a unique mild solution.

Proof. We take U/ = R*", (b, c) € Z,k=0,1,...,n—1, ui,v;; eR,k=0,1,...

i=1,2,
1 1 2 .2 2 2
s Uy 1,01, U0, 00 -+ -/ unfllvnfl)

1 .1
B<t/ bO, COs-vvy bnflrcnflz uO/ Z)O/ e

n—1 1 n—1 1
Y b+ X v+ (1)
k=0 k=0
n—1 ’ n—1 > 3
Y upbe + ¥ vgck — ey + g(+ t)
k=0 k=0

Hence, B: Z" x U — Z,

ot
By(t, bo,co, .- by—1,cn1) = ( _chgr(ng)(_ ) )
0 7

We have ® = (®q,Dy,..., Dyy), where for h = (hy,hy) ®ih = ((hy, 1), (ha, 11)),

1=1,2,...,2n. Then,

CDIAh = (<Ah1 — Ahz, 171>, <1/Al’12, 171>) = (<h1 — hz, Am), <h2,1/A171>), | = 1,2, .. .,271,
since 7; € H?(Q),1 =1,2,...,2n. Hence, ®A € L(Z;U).

Condition (B) is satisfied due to Condition (21) at t = 0. In Condition (C), we take for
wp, O, Uk, vt € R, k=0,1,...,n—1,1=1,2,...,2n,i = 1,2, By : R#(n+1) _, Rén,

1 2 .2 22)

1 .1 1
B3(”10/ le/ cevy uzn n—1, UZH n—1, 1/[0, Z)(]/ LR unfll vnfl/ u(]/ UO/ DR unfll vnfl

ulou(l) + 0100(1) +

1 1
Uzp ol + V2107 + -
Mlou% + ?)10?)% + -

uznoM% + Uznovg 4

1 1
+Urp—14, 1 +01p-19,_4

1 1
+ Uopp—1U,_1 +V2nn-19;_1
2 2
+ U1y, +014-10;,_4

2 2
+ Upn—1U;_1 +V2nn—105_1

116



Axioms 2023,12,1013

By Inequality (21), Condition (D) is valid.

Due to inequality j > d/2, by virtue of the Sobolev embedding theorem, Z C (C(Q))>.
In such a case, a nonlinear operator N (by, cg) = (0, —ch) acts from Z into Z and satisfies
the local Lipschitz condition. Therefore, Condition (F) is satisfied by the construction of
operators By and B, = B — By. In addition, F(t,v) = G(t)~'v, where matrix

D¢y (t)  DOPi(t) ... D igi(t) D 1ipi(t)
Gy = | PO D) DIl D) g, Rz,
Do (t) DO%ou(t) ... D ou(t) D 14hay(t)

hence, due to (21) G~! € C([0, T]; R?"*2"), Condition (£) is fulfilled.
Reference to Theorems 2 and 5 completes the proof. [J

By slightly increasing the smoothness of some data, we obtain a theorem on the
classical solution of identification problem (16)—(20).

Theorem 7. We let oy = 1, aq,a3,...,a, € (0,1), on = Lv>06xkeR jeN,j>d/2,
gh e ([0, T;HI(Q), v € (0,1], sy € Ho7(Q), k = 0,1,...,n—1, 5 € HX(Q),
D%¢;, D%y € C([0,T|;R), k = 0,1,...,n—1, D¢;, D¢, € CV([0, T|;R), (x0,1;) =
#1(0), (yo,m) = ¥(0), 1 = 1,2,...,2n, Condition (21) be fulfilled for all t € [0,T], G €
C7([0, T); R?">2"), Then, Problem (16)—(20) has a unique classical solution.

Proof. Under the additional condition g, € C7([0, T]; H/(Q), assumption (&) is satisfied.
Due to condition G~ € C([0, T]; R?"*2"), assumption (F7) is valid. By Theorems 4 and 5,
we obtain the required result. [

5. Conclusions

The obtained abstract results of the unique solvability in the sense of mild and classical
solutions for a wide new class of identification problems can find their applications in the
study of coefficient inverse problems for various evolutionary equations and systems of
equations with the general fractional derivative. In particular, it can be useful for parabolic
equations, for equations of hydrodynamics, the theory of visoelasticity, etc. Moreover,
the unique solvability theorems can be used for the correct formulation of initial boundary
value problems in applied research and for the development of numerical methods for
solving these problems.
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1. Introduction

In recent decades, researchers have found that fractional differential equations are
appropriate for describing real-life problems with memory and genetic characteristics.
Thus, the topic of fractional differential equations has received increasing attention. More
details can be found in [1-3]. Impulsive fractional differential equations (IFDEs) are used
to depict various practical dynamical systems, including the evolution of states that mutate
into features at certain times, with the wide application of IFDE theory in the modeling
of genetic phenomena and abrupt dynamical systems. The research on the existence,
uniqueness and stability of IFDEs has attracted increasing attention [4-9].

At the same time, fractional delay differential equations (FDDEs) and impulsive
fractional delay differential equations (IFDDEs) are often used to depict state changes that
occurred in the time interval of the previous period. In [10], the authors presented the idea
of a delayed matrix function and provided an explicit formula for FDDEs by the method of
constant variation. In [11,12], the idea of an impulsive delayed solution vector function
was developed. This notion aided the authors in finding the exact solutions of IFDDEs.
In [13], the author obtained the exact solutions of higher-fractional-order nonhomogeneous
delayed differential equations with Caputo-type derivatives by using the new generalized
delay Mittag matrix function, Laplace transform and inductive construction.

The finite-time stability (FTS) of fractional differential equations has attracted much
interest. After decades of research, FTS has contributed remarkable achievements in
modern science and technology, chemical engineering, and other areas. Thus, we studied
the FTS of a system, which is of great practical significance. Scholars have recently used the
Lyapunov function, and Gronwall’s integral inequality to research the FTS of integer and
fractional differential equations. In [14-17], the authors investigated finite-time stability
by means of the generalized Gronwall inequality. Other related research can be found
in [18-21]. Once we obtain the exact solution of the system, we can find a suitable method
to obtain the sufficient conditions for FTS. Motivated by [12], we seek to construct an

impulsive delayed solution vector function to express the explicit solution and study the
FTS of IFDDEs.

Axioms 2023, 12, 1129. https:/ /doi.org/10.3390/axioms12121129 119 https://www.mdpi.com/journal /axioms
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In [22], the authors gave a representation of the solution of linear FDDEs:

(RIDE _,0)(¢) = Bo(¢ —¢) +8(8), ¢ >0, £ € (0,T],
v(¢) =w(), —¢<¢<0, 1)
(L o) (—¢*) = @(—¢), @(—¢) € R,

where RL]D)’5 . (0 < B < 1) denotes the Riemann-Liouville derivative (see Definition 2),

I~ ﬁ "(0 < B < 1) denotes the fractional integral (see Definition 1), B € R"*", T = k*g,

k* N:=1{0,1,2,---}, g € C([—¢, T],R"), ¢ is a fixed delay time and RL]D)fi 4@ exists. For
g y ¢

any ¢ € [—¢, T], the solution v € C(Q,R") N C([—¢, T],R") of (1) is given by
0(§) = " so(—¢) + / P (RIDP  o)(s)ds + / S e, @

where either Q = ((k —1)g, kg] for 0 < B < ﬁ or Q) = [(k—1)g,k¢] for g > k—lTl
In this paper, we deduce the general solution of linear IFDDEs:

(RIDF L 0)(&) = Bo(E—¢), £ # &/ 6> 0, E€(0,T],
&) =0E )+C, =8, 1=12---,p(T,0), .
v(¢) =w(), —¢<¢<0,

(I fo)(—¢*) = @(—¢), @(—¢) R",

[~

where p(T,0) denotes the number of impulsive points belong to (0, T) and the symbols
(&) = hm+ v(¢;+¢€)and v(¢,; ) = lim v(¢, + €) denote, respectively, the right and left
€0 e—0~

limits of v(&) at & = &,.
After that, we will give some new sufficient conditions to ensure that (4) is finite-time
stable.

(REDP 0)(&) = Bo(G —¢) +8(2), & £ &, E€ (0T,
(&) =0(E )+C, =&, 1=1,2,---,p(T,0),

v() =w@(§), —¢<¢<0,

(I fo)(—¢") = @(—¢), @(—¢) R".

S

)

This paper mainly has the following three aspects of innovation:

(i) The mathematical model is novel, and the newly constructed impulsive delay
vector function is of great significance for extending from time-delay systems to impulsive
time-delay systems.

(ii) Using the relationship between the Riemann-Liouville fractional derivative and the
Caputo fractional derivative, the two are skillfully transformed to prove that the impulsive
delay vector function is the fundamental solution of (3), which provides more ideas for
future research.

(iii) The position of the pulse point in this paper is arbitrary, which renders the research
more universal.

The rest of this paper is constituted as follows. Firstly, we review the symbols and
definitions. Secondly, we construct an impulsive delayed solution vector function and give
the explicit solutions of (3) and (4). Then, we give four practical conditions to guarantee
that (4) is finite-time stable. Finally, we give three numerical examples to illustrate our
theoretical results.
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2. Preliminaries

Let C([—g, T], R") be the space of a continuous function with [|v]|c = maxgc|_c 77 [[0()],
PC([—¢, T]|,R")= {v € C((&,¢&41],R"),1 = 1,2,---,p(T,0). There exist v(g,") and
v(¢,) with v(5,") = v(&)} with [|vl[pc = supgc_ [[0(Z)[]. Forany 0 < 7 <1, we
denote Cy([a,b],R") = {v € C((a,b],R")|( —a)"0({) € C([a,b],R")} with [[v]lc, =
max,<z<p [[(§ — a)70(&)[. Let o] = Yy [oi], Bl = maxi<j<n Yty [bijf and [[@flc =
maxze[—o) [@(E)]-

Definition 1 (see [2]). Let 0 < B < land y : [—¢, +00) — R". The fractional integral of y is
defined by

B~ L [0 y)
Re®) = gy [ et £

where I'(+) is the Gamma function.

Definition 2 (see [2]). Let 0 < B < land y : [—¢,+o0) — R". The Riemann—Liouville
fractional derivative of y is defined by

p _ 1 a gty
(RL]DL&y)(C) = F(l—ﬁ)dig/fg (g—t)ﬁdt' > —¢.

Definition 3 (see [2]). Let 0 < B < landy: [—g, +00) — R". The Caputo fractional derivative
of y is defined by
D @) = gy [ (G~ 0Py (Wt T >
s Ir(1—p)J— '

Definition 4 (see [2]). If0 < B < 1, y is a function for which the Caputo fractional derivative
(C]D)f g+y)(§) exists together with the Riemann—Liouville fractional derivative (RL]D)f g+y)(§).
Then,

(=¢) -
(D )@) = ("D @) - pr gy €+ ©)
In particular, when y(—¢) = 0, then (CD€g+y) (&) = (RLD€g+y) (&).

Definition 5. The delayed one-parameter Mittag—Leffler-type matrix function EB 5 ‘R — R™"

is defined by
O, —c<< < -2,
E, —2¢<{<—g,
EF — (E+0)f 26 — (k—1)¢)k+Dp 6
- c) 2 G (@ —(k—=1)g) ©)
S VU VR L s S M (S5 ) NI VR

(k—1)¢g<&<kg keN,

where © is a zero matrix and E is an identity matrix.
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Definition 6 (see [22]). The delayed two-parameter Mittag—Leffler-type matrix function e? 'éa
R — R™" is defined by

0, —0< < —g,
E+o)f "
- Eir(ﬁ) , —¢<¢<0,

€ _cn = (7)
B (L s L pe(E= (k=)o) DA

T(p) T+ Tkp+a)
(k—1)¢<&<kg keN.

Definition 7. Forany ¢ € ((k—1)¢, k¢| and k = 1,2, -, k*, the impulsive delayed Mittag—
Leffler-type vector function Q_ g(+) : R — R" is defined by

Q p(@)= Y EPEE2Pc ®)

0<:<¢

Definition 8. System (4) is finite-time stable with regard to {0, ], ¢, d,n} if and only if ||@||c < §
implies |[v||c, <1 and & <, where | := ((k—1)g k¢l andk =1,2,--- ,k*.

Lemma 1 (see [12]). Forany ¢ € ((k—1)g,kgl, k=1,2,--- ,k* and &, € (0,¢), we have

¢
OB —E — (k- (k=1)p—1
Jo o €07 (k=) <P
= (§ =&~ (k=1)9) " PPB[(k—1)p,1 -],
where Blx,y] = [} s%1( y=1ds.

Lemma 2 (see [18]). Forany ¢ € ((k—1)g kgl k=1,2,--- ,k* and 0 < -y < 1, we obtain that
(i) Forany 0 < B < ki—l, one has

(6 —(k—1)g) "YeBgﬁ gll < (& —(k— 1)) 7 Eg g(|1B||(& — (k= 1)g)P).
(ii) For any ki—l <B< %, one has

(l 1)g>(l+1)ﬁ71

16— (k— 1)) P < (¢ - Z e

(iii) For any B > %, one has
B _
(¢ — (k— 1)9)76132;;” < P Eg o(||B||EF),

where Eg g(z) = zeR

® k

Y TrerE
=0 TkB+p)
Lemma 3 (see [18]). Forany ¢ € ((k—1)g, kgl andk =1,2- - - k*, we have

0
[ s

K m .
= Z:: m|+B1||/3+1)(§— (m —1)g)" VP — §- W(C— (m —1)g)"P.

m=1
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Lemma 4 (see [18]). Forany ¢ € ((k—1)g, kg, k=1,2---k*and p > 1 — %(p > 1), we have

0 —c—s)B
[ S I EDE ) s

L (LB @~ n =) "N 0 %
< ) ([0 o)) as)
2 <F(m/3+ﬁ)(rﬂ(m+1)!3—p+1)”>(/‘g o~ ®)0) )

Lemma 5. Forany ¢ € ((k—1)g, kgl andk =1,2- - - k*, we have

¢ s k m
S0 e < B B e e,

Proof. By (7), one has

4 B(E—c—s)B
S s
G—kg ¢—(k—1
/ 1BEe) 45 4 ||_¢€S |ds+/ “S Ids

< ¢ [
/_i"g ((C;(Sﬁ))ﬁ + IBIIW +oo 1B —rk(g;(](—+)1(’)<;;)ﬁ—1>ds
e m

a i lf:l_l"; )B) /img((f — mg — 5)mHDB-15

_ ¥ [[B[|"™ o — 1)) (1B
L (g ¢ DA

The proof is finished. O

3. The Solution of System (4)
In this section, we will establish the general solution of (3) by using (6)—(8).

Theorem 1. Let ¢ € ((k—1)g,k¢|, and let &, € (0,¢) be a fixed impulsive point. Then, we have

(RLD/ig EB(t &i—2)F C)(&) =

B(&—¢—36)P
7 BE”; G,

Proof. By Definition 4, we have
B(t—¢&—2g)P B(t—¢—2¢)P

where we use the fact E_ ( 8720 0. We will split down the entire proof into three
steps.
(i) For ¢, € (¢ —¢,{], we have

B(g Gi— ZG)ﬁ = EC,. (9)
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By Definition 3 and Equation (9), one has

_&—2c)B
(Ripf BN ) @) = (LB ()

9
1 ¢
= — —t)"P(EC,) dt
_ BElj(f_C'_Sg)ﬁC,.

(ii) For &, € (0,¢ — (k — 1)¢], we have

(@' Gi— m ‘: gl )
Z B WQ. (10)

By Definition 3, Lemma 1 and Equation (10), one has

(RL]D),B EB(J*@*ZQ)ﬁCJ (&)

= (D EME )9

5 ¢ B )
= TP oy €0 OG-
2
+T(1—§)F(2[3) /;Hg(é — )Pt =& —20)71Cdt
Bk_l : - k—1)B—1

R iy (Tl ARG TR G O L et
= (¢ —2) ko1 (6 =& — (k=1)g) (k2P
= B(ECZ+BZ(5+1)C1+...+B 1 =D 1) Cl>
— B Z B (¢ — ‘:z—(m-l-l)g)m/gcl

T(mp+1)
= BE” (é &i1-3¢)P C,.

(iii) For &, € (¢ — (n+1)g, & —ngl,n=2,--- ,k—2, we have

(5 Gi— m 6 Cl_ )
EZ ZB T RS (11)

By Definition 3, Lemma 1 and Equation (11), one has

(RLD/3 E]i(gt—gz —2¢)P C, ) (6)

—&—2c)P
:(%ng@mcM@

_ 1 Git2e ppBlt—8 —¢)f!
- ru—ﬁ><@ﬂ E-07"s (ﬁ+U Gt

¢ mm él )m B—1
Jr/éﬂrng £=4) ! Z B mﬁ—l—l) Cldt)
¢
- raf;nm<éﬂ@—ﬂa—a—@ﬁww

B—z ¢ B _F 0281
T(1— B)T(2B) /@Hg(ﬁ BH7P(t =& — 2¢)*P 71 Cudt

BT e B peynBl
e oD RO czdt>
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_ (E—& —2)P p1 (=8 —(n—1)g—¢)" VP
= B(EC,+B(ﬁ+1> C,+---+B"! NCETE cl)

C C—G—m )m‘B
= B B™ C,
Z CTESY
_ BEé(g_Cl_Bg)ﬁCl

The proof is finished. O

Theorem 2. The impulsive delayed Mittag—Leffler-type vector function Q_ g(-) is the fundamen-
tal solution of (3).

Proof. By Definition 3 and Lemma 1, one has

—g—20)P —Gi-20)F
(M0l ¢ B - (. BT

0<&<¢ 0<8:i<¢

1 ¢ —&5—20)B
_ B IEB(iE &i—2¢) 'Cld
F(l - ,B) /fg(g t) 0<§<§( o ) :

- B Y E’f(f’g"?’g)ﬁc,.
0<éi<¢

Letd € (0,§)and 1 =1,2,---,p(T,0); we will prove Q_ 4(&,") = Q_cp(&, ) + C..

Q p(&) = LEPE G2

k=1

1—1
~ & —2c)P
= YENE 8 G q 0, g e (@8l

—1

Q p@) = LEPE 820 wcg g,

=1

A
Il
—

=

which implies that Q_ g(&,") = Q_. g(&,) + C;. The proof is complete. [

Theorem 3. The solution v € PC(Q,R") N PC([—g, T|,R") of (3) has the form

e 0y
0() = 0 +/ R L )(s)as+ Y EPEEc,
0<8i<¢

where either QO = ((k —1)¢, kg for 0 < p < ﬁ or Q = [(k—1)g, k¢] for p > ﬁ
Proof. The proof of this theorem is analogous to ([22], Theorem 3.2).

The general solution of (3) that satisfies v(¢) = @(&), —¢ < ¢ < 0 has the following
form

)—e g/gc+/ BE e y(s)ds + Q_p(§), 0SE<T. (12)
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where ¢ is an unknown vector and y € C([—g, T|,R") is an unknown function. We choose
a ¢ satisfying (]I ﬁz)( ¢t) = @(—¢); then, one has

B¢C+/ CQS y(s)ds = @(8), —¢<¢<0.

By (6), let { = —¢, and we obtain elj(;ﬁzgfs)ﬂ = O with —¢ <5 <0. For —¢ <¢ <0,

we have

o(-¢) = ([ Lo)(-¢h)
= tim (17 70)(©)

E——¢t e

. 1 ¢ _ B Btb
_ B Bt
_'g3%+(ml—5ylfg 2 egﬁmg

c ¢
_ . e _ B B—1
= Jdim ey L€ 0P o
= lim c=g¢

g——¢*

which implies that

v(g) = B? +/ égs y(s)ds + Q_. p(2).

For any —¢ < ¢ < 0, one has

O, {<s<0,
B(G—¢—s)f _ p—1
“op T BT oo
M eETEs
Thus, for any —¢ < ¢ < 0, we have
@+ ¢ (g9
@ = ~——w(—¢) + ~=————y(s)ds. 13
@) =i+ [ ryls) (13)
Using Riemann-Liouville fractional differentiation on both sides of (13), we have
RLTyB _ (t+g)ft
(@@ = g 60 (R —eto
(t—s)P1 >
+ ~———~—vy(s)ds |dt
[ v

= di/g y(s)ds
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Forany ¢ € [0,T] and ¢, € (0,¢), we have
_ —20)B
U(gf) _ +/ G—s) RLDﬁg+CU) dS+ ZEB(@ —8k—2¢) Ck

B(&—&—2¢)P
= SO +/ P RDP L a)(s )ds+I;E_(§ “2lc, 4 ¢

- U((; )

This proof is complete. [J

Theorem 4. The solution & € C((0,T],R") of (1) with o(¢) =0 = (0,0,---,0)T,—¢ <& <0
can be written as

~ ¢ B(E—c—t)P
9(¢) = Lg ef(gﬁg ) q(t)dr.
Proof. The proof of this theorem is analogous to ([22], Theorem 3.3). [

Next, combined with Theorems 3 and 4, the solution of (4) can be obtained.

Theorem 5. The solution v € PC(Q,R") N PC([—g, T|,R") of (4) has the form
ﬁ —&—2c)P
o) = o )+ / PR Le)(s)ds+ Y BP9

0<g <&
;
+/ P (1)

Proof. Equation (4) can be decomposed into (1) and (3) (where (1) satisfies () = 0,
— ¢ < & < 0); thus, the solution of (4) can be manifested as v(&) = vo(&) + 9(¢), where
vo(¢) is a solution of (3) and 7({) is a solution of (1) satisfying the zero initial condition. [

4. FTS of (4)
Now, we will give the results of FTS.
[Hi] M = sup_ o [I(*EDF @) (s)]| < eo.
[Ha) 0 < N = (J°_|(R'DF . @)(s)[[7ds)1 < o0, =11, p>1.
[H3] 3x € L1([—¢, T],RT), % =1- %, p > 1such that ||g(&)]| < x(¢) for & € [—¢, T]

1
and (&) := (fimw) " < oo,
Forevery ¢ € ((k—1)g kgl and k = 1,2, - - - k*, we define

(&~ (= 1)) Eg 1B (@~ (k= 1)0)P), 0< p < 1,
_ (@ (= DO 1
N =1 @197 L s <<
P Eg(IBIEP), B> 5,
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and
o S L M VR
mzol"((m~|—1),8+1)
_y BTy
m:1r<mﬁ+1) ’

B~ (- g8
@)= L i g 1)

m=0

k m —(m— (m—&-l)ﬁ—l—%
T Y L U )

FmB B (pm+1)p—p+1)7

Theorem 6. Suppose that B+ —1 > 0 and [Hy] holds. If

Y5+ (E— (k— 1)) (Mw:)

LY Esi(IBIE & —20f) |Gl + ||g|c‘1’3(§)> <,

0<8i<¢

then (4) is finite-time stable with regard to {0, ],¢,é,n}.

Proof. By Lemmas 2, 3 and 5, we have

I& = (k= 1)g) (&)l
16— (k= 1)e)7e™ [l @(~¢)|
o7 [ 126 D @) ol

IN

\ B
+HE—(k=1)g)7 ¥ IEPEE2 )
0<g,<¢

¢ e
HE— (=17 [ 1 g (o)t

< V(D0 + (€~ (k=15 M¥a(Q)
HE- 6107 T En(IBliE -2 -200lc)
k m m
+He- k- 197Igle X mitl s [ (e - me b

m=

IN

0
Y5+ (E— (k— 1)) (M‘Pz(é‘)

Y E(IBIGE — & — 208Gl + |g||c‘f3<¢>)
0<gi<¢
< 7.

This proof is complete. []
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Theorem 7. Suppose that f > max{l —v, 1 — %} and [Hp| and [H3| hold. If

¥1()0+ (6~ (k— 1)) (‘Y4(€)N L E)p()

Y BBl -& —zg>ﬁ>||cz||) <, 15)

0<&<E
then (4) is finite-time stable with regard to {0, ],c,6,n}.
Proof. By Lemmas 2 and 4, we have

(&~ (k= 1)g)"0(@)|
1&— (k= 1)e)7e™ s [l@(~¢)|

e w097 [ 15D @) o

+E-(k-1)g)" Y [EPEE2 )0
0<gi<g

IN

o [ 176 lgtolas

< W@+ (6 (k—1)o) (‘Y4(§)N+ L EsalIBlic -5 201
0<& <
N s
* 2 g [, €m0 )
< wg)«w(@—<k—1>g>”(‘f4<§>N+ Y Esa(IB(E — & —20f)Cl
0<G <&

St ([ e me-oresea) ([

m

¥,(0)5 + (¢ — (k—1)g)” (wc)N

IN

£ T BB - & - 20P) G + ¥a(Op(@))
0<g:<¢
< 7.
This proof is complete. O
Theorem 8. Suppose that p > max{3, 1 — v} and [Hy] holds. If

¥1(8)d + Mg P Eg (|| B12P)

+87 Y Epa(IBI(G — & —20)P) G + &7 IIgllc¥s(8) <7, (16)
0<g;<¢

then (4) is finite-time stable with regard to {0, ],¢,J,1}.
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Proof. By Lemmas 2 and 5, we have

16 = (k=1)¢) v ()]l

IN

16— (k= 1)e)7e™ ll@(—¢)|
HE— (=) [

0
[P ES (R @) (s) s

+HE—(k=1)g)" Y BP0

0<&i<g

+E—k-1e)" [ i 1255 gt

IN

+ Y Egi(IBl(E—¢

0<&<g

IN

o ven( 5 1

mg (m+1)B—1

B
P [ 17 @)

+67 Y, Epa(IBI(E =& —20)P) Il + &7 Igllc¥a(E)

< 7.

0<,<¢

This proof is complete. O

Theorem 9. Suppose that f > max{}, 1 —~, 1— %} and [Hy] and [H3] hold. If

¥1(€)0+¢7 Y Epa(lIBI(E & —20)P)lIC|

+ Egp(IBP) (Mgw—l +ETp()

0<8i<¢

(§+g>‘“+’1“> <
(p(B—1)+1)7

then (4) is finite-time stable with regard to {0, ],c,6,n}.

Proof. By Lemmas 2 and 5, we have

IN

IN

1@ — (k= 1)) (2)||
IE — (k= 1)e)7e™ [l @(~)|

0
HE = e=00)7 [ 1 E T IIEDE @) 5 s

\ /3
+E - (k—1)0)7 ¥ EFEE )
0<gi<¢

e w007 [ 1L g0l

|B||mg(mr1p-1 p
18 6+a(;@w/ IRDP @) (s)]|ds
+ Y Egi(IBlE—&—20)P)C

0<g,<¢

+ i ,LL?T,;) /éﬂﬂg(ér ~mg — t)(’”“)ﬁ‘lk(f)dt)
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IN

Y. Epa(IBI(G -2

¥1(2)5 4 & (Mggﬁ—lfsﬁ,ﬁuwmﬁ) n
0<g,<¢
k mgmﬁ

Z mﬁ+ﬁ

<¢ - t)ﬁ*x(t)dt)

IN

\w)sw(Mg@ﬁ1Eﬁ,ﬁ<||B|¢ﬁ>+ Y B (Bl &

0<8:<¢

+Es(1816%) ([ €= ar) ([ xtorar)’
Y100 +8" Y. EpallBI(E — & —20)P)Cl

0<g<¢

IN

B-1+y
) (€+¢) )

+Eg(||B)I&P) <M€§7+ﬁl Tl (p(B—1) +1)7

< 7
This proof is complete. O

5. Example
Example 1. Let f =0.6,¢ = 0.3, k* =3, 1 = 0.2and ¢y = 0.5. Consider

(R'DP 540 (8) = Bo(§ — 0.3) + (), & # & & € (0,09,

o) =0 )+C E =8 1=12,
@(¢) = (64+03,01(¢4+03))", —03<&<0,
(I 5:0)(=0.37) = @(—0.3) = (0,0) T,

= (0@ ) 5= (0305 ) o= (2 ) s@=(

By Theorem 5, for any ¢ € [—0.3,0.9], one has

where

—20)P)lcl

—20)P)lIG|

(18)

) . (19)

€ (0.6,09],

0(@) = eB%306w< 0.3) + / e 0%82 s)°6<RLD°~63+w><s>ds
where
E((:?(Odi)) +Brfoz) ¢ e (0,03],
15%03?06 E(i;?(oo'?) +Brf(1).22) +B2(§ (03))08 &€ (03,06],
N
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and

s<E<C : 20 0
(£-05)°6  ,(Z-08)'2\/ &
o s ) ()

' (EJFB@;(;%)%)( é ) ¢ €[0.8,09].

1
20

Set p =2,q =2 and y = 0.5. We can obtain that ||B|| = 0.6, ||g||c = 1.71, M = 0.7659,
N = 0.4195, (0.9) = 0.9105. Next, ®1(0.9) = 1.8211, $,(0.9) = 0.4479, P5(0.9) = 1.8181,
®,4(0.9) = 1.6056. Choosing ¢ = 0.331, we present the FTS results of (18) in Table 1.

By Definition 8, we find an appropriate 7, ensuring that ||z||c, in (18) is no more than
7 on J. So, through numerical simulation, we can use the explicit solution of (18) to find
a suitable 7 = 1.770 for a fixed T = 0.9 (see Figure 1). Furthermore, by verifying the
conditions in Theorems 6, 7, 8, 9 for [—0.3,0.9], compared with the values of 7 in Table 1,
we can choose a better value of 7 = 2.03.

Table 1. FTS results of (18) with T = 0.9.

Theorem l@|lc B T 1) Izllc, 1 FTS
6 0.33 0.6 0.9 0.331 2.7398 2.75 Yes
7 0.33 0.6 0.9 0.331 2.0187 2.03 (optimal) Yes
8 0.33 0.6 0.9 0.331 4.3801 4.38 Yes
9 0.33 0.6 0.9 0.331 5.0680 5.07 Yes
1.8 :
161
14+
12+
E 1
g
>08F
06}
04}
02}
g " . " ' . .
0.2 0 0.2 0.4 0.6 038
3

Figure 1. ||(¢ — 0.3(k — 1))%%0(&)|| of (18) with T = 0.9,k = 0,1,2,3.
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Example 2. Let f =0.7,¢ =02, k* = 3,1 = 0.2and ¢, = 0.5. Consider

(RLDP . 0)(¢) = Bo(§ = 02) +g(£), & # &, & € (0,0.6],
(G =0 )+C, =8, 1=12

@(&) = (6+02,(+02)%)T, —02<&<0,
(I°3,,0)(—0.2%) = @(~02) = (0,0)7,

w=(18) o= (B8 o=(§)ew-(5) @

By Theorem 5, for any ¢ € [—0.2,0.6], one has

(20)

where

o(e) = e %20703( 0.2) +/ € ()(:2(())72 S)07(RLID>(1Z)_2+cD)(s)als
o R S
0<gi<g J—
where
(¢40.2)793 zo4
ET07 tPraay &€ (0,02,
07 0.2)703 0.4 11
38%207 = E(é{?(o‘% +BF§1.4) +Bz( T )) , & €(02,04],
((’:+0.2)—03 érO.4 2((': 02)11 3(670-4)1'8
and

Z —(ogzél )CIZ

$<6<C

=

07)( 218) € (04,05],

r(17))
(EJFB(Cr_(S_;L))W)( 212 ) +< ;ig > ¢ €[05,0.6].

Setp =2, =2and v = 0.5. We can get ||B|| = 0.6, ||g]lc = 0.96, M = 0.8991,
N = 0.2587, (0.6) = 0.4574. Next, 1(0.6) = 1.3245, P,(0.6) = 0.2929, ®3(0.6) = 1.2021,
®,(0.6) = 2.1050. Choosing ¢ = 0.241, we present the FTS results of (20) in Table 2.

Like Example 1, we can choose a suitable #7 = 1.037 for a fixed T = 0.6 (see Figure 2).
Furthermore, compared with the values of 7 in Table 2, we can choose a better value of
n = 1.07.

Table 2. FTS results of (20) with T = 0.6.

Theorem [l@|lc B T ) Izllc, n FTS
6 0.24 0.7 0.6 0.241 1.0661 1.07 (optimal) Yes
7 0.24 0.7 0.6 0.241 1.1064 1.17 Yes
8 0.24 0.7 0.6 0.241 1.6471 1.65 Yes
9 0.24 0.7 0.6 0.241 1.3502 1.36 Yes
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1.2 T T T T T T T

v-norm
o
o
T
L

.

02} ~— 1

-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
£

Figure 2. || (¢ — 0.2(k — 1))%%0(&)|| of (20) with T = 0.6,k = 0,1,2,3.

Example 3. Let B =0.6,¢ = 0.2, k* =3,¢; = 0.2and ¢y = 0.5. Consider
(REDP ) ,.0)(8) = Bo(E — 02) +g(&), & # &, & € (0,0.6],
v(gl-‘r) = v(gl_) + Cl’ g = Cll 1= 1121

@(&) = (E4+02,(E+02)?)", —02<&<0,
(1% ,.0)(—0.27) = @(—0.2) = (0,0)",

=@ ) 2= (o0 )a=(3)s0=(5)

By Theorem 5, for any ¢ € [—0.2,0.6], one has

(22)

where

B 0.6 0 B(E—0.2— 0.6
v(§) = ’37%.2,0.6‘0(_0'2)+/,oze*§2,o.6 ’ (D2 - @) (s)ds

B(E—&—0.4)06 S B(E—02-1)06
+ ) ]E—(og.zé ) C1+/ e—(og.z,o.a ) g(t)dt,
0<&<¢ —02

Setp =2,q =2and y = 05. We can get ||B|| = 0.6, ||gllc = 0.96, M = 0.7612,
N = 0.2663, (0.6) = 0.4574. Next, ©1(0.6) = 1.3834, P,(0.6) = 0.2998, ®3(0.6) = 1.3167,
P,(0.6) = 2.6823. Choose § = 0.241, we give the FTS results of (22) in Table 3.

Like Example 2, we can choose a suitable 7 = 0.900 for a fixed T = 0.6 (see Figure 3).
Furthermore, compared with the values of 7 in Table 3, we can choose a better value
n =1.12.

Comparing Example 1, Example 2 and Example 3, we find the following: When the
order is the same, the time delay is different, and when the time delay is the same, the order
is different, and the system is finite-time stable.

Table 3. FTS results of (22) with T = 0.6.

Theorem ll@]lc B T ) Izllc, 1 FTS
6 0.24 0.6 0.6 0.241 1.1198 1.12 (optimal) Yes
7 0.24 0.6 0.6 0.241 1.4095 1.41 Yes
8 0.24 0.6 0.6 0.241 1.7294 1.73 Yes
9 0.24 0.6 0.6 0.241 1.8641 1.87 Yes
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0.9 T T T T T T T

v-norm

02F p 4

-0.2 -0.1 0 0.1 0.2 0.3 0.4 0.5 0.6
3

Figure 3. ||(¢ — 0.2(k — 1))%50(&)|| of (22) with T = 0.6,k = 0,1,2,3.

6. Conclusions

In this study, we introduce the Mittag-Leffler-type vector function with an impul-
sive delay, and give the explicit solution of the Riemann-Liouville fractional differential
equation using the constant variation method. On this basis, by scaling the base solution
matrix and the integral, we verify that the system is finite-time stable. Finally, the results
are verified by four examples under different conditions. In the future, we may continue to
study the other properties of the system, including stability or controllability. Due to the
importance of impulsive differential equations, we believe that the results obtained by us
will arouse the interest of many readers.
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Abstract: In this paper, we introduce and study new features for 2-variable (p, 4)-Hermite polynomi-
als, such as the (p, q)-diffusion equation, (p, q)-differential formula and integral representations. In
addition, we establish some summation models and their (p, q)-derivatives. Certain parting remarks
and nontrivial examples are also provided.

Keywords: (p, q)-calculus; 2-variable (p, q)-Hermite polynomials; shift operator for polynomials;
(p, q)-differential equation summation formulas; integral representations

MSC: 11B83; 33C10; 33E20

1. Introduction

Applications of the (p, q)-calculus can be found in other disciplines including quantum
mechanics, statistical physics and number theory. In particular, it has been used to study
the quantum group SU,4(2), which is a deformation of the Lie group SU(2) and has
applications in quantum field theory. In fact, all the (p, g)-calculus results decrease into
the corresponding results to the g-calculus when p = 1. Similar (p,q)-calculus results
additionally decrease to the corresponding outcomes of ordinary calculus when p = 1
and g — 1. Therefore the (p, g)-calculus is a real generalization of the g-calculus that
allows for non-commutative calculus. It has been used to define (p, g)-analogues of various
special functions and polynomials and has applications in many areas of mathematics and
physics. Recently, (p,q)-calculus got attention from the researchers of various fields of
mathematics and physics. Presented and thoroughly investigated are the (p, g)-analogues
of several conventional special functions, including the Hermite polynomials, Bernoulli
polynomials, Euler polynomials, Beta function, Gamma function, generalized bivariate
(p, q)-Bernoulli-Fibonacci polynomials and generalized bivariate (p, 4)-Bernoulli-Lucas
polynomials, family of (p, g)-hybrid polynomials and (p, q)-sine and (p, q)-cosine Fubini
polynomials; for more details, we refer the readers to [1-9] and references therein.

Hermite polynomials are certain of the greatest significant and historical orthogonal
special functions from classical times, and they have been used extensively. It is the col-
lection of differential equation solutions with an oscillator of harmonics that match the
Schrodinger equation in quantum mechanics. These polynomials are very important for
considering classical boundary-value problems in parabolic regions with parabolic coordi-
nates. Hermite polynomials are also found in the field of signal processing as Hermitian
wavelets in the wavelet transform analysis probability, combinatorics as a manifestation of
an Appell series observing the umbral calculus, and numerical computation. The range
of applications whose mathematical description is based on polynomials is very wide
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in approximation theory. For further information, the interested reader may consult the
research papers [10-17].

Hermite polynomials are the series solutions of Hermite differential equations. Recall
that the classical Hermite polynomials H;(x) (see, e.g., [18]) are defined by means of the
following generating function

2xt—12 e t"
e = ZH”(X)E

n=0
and the series definition was stated as follows:

Hy(x) =n! [}g}(_il)k(Zx)”*Zk.
! = K (n — 2k)!

Many authors have worked on its generalization in various directions of the famous
Hermitian polynomials. The 2-variable Hermite polynomials Hy (x, y) (see [19]) are defined
by means of the following generating function

xt+yt? > t
e = Z Hyu(x,y) p
n

=0
and the series definition was stated as follows:

/2] 1 n—2k, k
| E - -
Hn(x,y) n: ; k'( k),x y fOI'y;éO,

and
Hy(x,0) = ™.

It is known that these polynomials satisfy the following parabolic equation (Heat equation)
(see [10,20-22]):

%z 0z

0x2 oy’
which is called the diffusion equation of the 2-variable Hermite polynomials Hy(x,y)
(see [22]). In 2021, Raza, Fadel, Nisar and Zakarya [5] introduced and studied the 2-variable
(p,q)-Hermite polynomials Hy p4(x,y). They used the following generating function to
generate 2-variable (p, q)-Hermite polynomials H;, p 4(x,y):

n

epq(xt) epq(yt?) = ZO Hupq(x,y) [”jml @

and series definition was stated as follows:

(n/2] (x)”*Zk(y)k

Hypa(x,y) = 1]y P Pa_ 2)
npa(%Y) = [lpg k; [ = 2k] o' [K] !

Some important properties and relations for the 2-variable (p, q)-Hermite polynomials
Hn,p,q(x, y) were established; for more details, we refer the readers to [5].

In this work, we devote our attention to investigate new various features of 2-variable
(p,q)-Hermite polynomials and introduce some new ones. The features of 2-variable
(p, q)-Hermite polynomials, such as differential equations, integral and summation rep-
resentations are studied and established in Sections 3 and 4. Finally, in Section 5, we will
conclude this paper by highlighting some significant research directions that could be
studied in the future.
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2. Preliminaries

In this section, we recall some basic definitions, notations and known results, which
will be used and discussed further in this paper. The (p, g)-number [«], ; [23] is specified as

o

p*

[]pq = - Z for 0<g<p<landaeN
)-

Presented is the value of the (p, g)-factorial [23]:

[m]pq! = {HT_l rlpg, meN,

1, m = 0.

The (p, g)-binomial coefficients [23] is defined by

n [”]p,q!
S e/ M— for k=0,1,...,n,
{k]pq (1 — k] p,q![k]p.q!

which for p = 1 and g — 1, gives the following usual binomial coefficients [18]

{ﬂ_[n_[nk]]"[k]' for k=0,1,...,n

The raising (p, q)-power [1] is defined by

m=0 m

1 n m n—m
(x@a)l, = Z[ ] p(3)g("2") gmgn-m 3)
P4
In particular, when a = 0, Equation (3) yields

(x)pq = PP". 4)
From the above equation, it is straightforward to prove that

(bx) = bn( )pq

In g-calculus, there are two (p, g)-exponential functions, designated by ey 4(x) and E 4(x),
that have been described as [1]:

ad n X
epq(x) = E P(Z) , 5)
n=0 [1]p.q!
and . ;
n X
Epq(x) = Z q(Z) [],q! (6)
n=0 pAq-
alternatively. The following relationship between e, 4(x) and Ej 4(x) is known (see [1]):
epqg(¥)Epq(—x) = 1. (7)

In [24], a function f has a specific formula to describe its (p, q)-derivative with respect
to x is given by

fpx)=f(gx)
Dpoxf(x) =< , p=ax 7 x #0,
f (O)/ X = O

More specifically, we have

Dygx(f(x)g(x)) = f(px)Dp,gx8(x) + (qx) Dy, (f (%)),
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Dpgxx" = [n]pgx" 1,
Dyp,gxepq(ax) = aepq(apx)
and
Dp,q,pr,q ([Xx) == DCEp,q (lqu) .
The following are the derivatives of the (p, g)-exponential functions that correspond to the
m!" order (see [24]):
Dgfq,xep,q(zxx) = zx”p(?)ep,q(zxpmx) form >1 (8)
and
Dyl xEpq(ax) = ocmq(gl)ep,q(aqu) form > 1.

where symbol D}, . indicated the m'™" (p, q)-derivative with regard to x.
Moreover, an expression (p,q) integral for f is provided via [24]:

‘ P P p
/0 f(x)dpqgx = (p_q)an;]q”“ f<qn+la) for | E |< 1. 9)
From Equation (9), it is clear that
b b b
[ (Fngr 5 )gx) = [+ [ g3y (10)
Given is the (p, q)-definite integral of the (p, q)-derivative of a function f (see [24]):
b
| Dpaf @) = £(0) = f(a). a
In [5], the (p, q)-partial derivative of formula in terms of x and y is given by
Dp,q,an,p,q(xry) = [ﬂ]p,anq,p,q(PX,y), n=1 (12)
and
Dygy (Hn,p,q (x,y)) = [n] p.4q [n— 1]p,an*2,P,q(x’ Py), n=2, (13)
alternatively. According to [5], the pure recurrence relation for Hy,p 4(x, y) is as described
below:
Hyt1,p,9(x,) (14)

= Hup (p%, 1Y) + (1) (PH 1, (9% P2) + GH 1,0 (9%, pay) ) =0 forn > 1.

The shift operators L, x and L,y for any (p, q)-function of two variables f(x,y) are
defined as [5]:

Loxf(x,y) = flax,y) (15)
and

Lu,yf(x/y) = f(x,ay),

where g is a constant. From Equation (15), the shift operator L,y satisfy the following

properties:
LoxLpf (x,y) = f(abx,y) = Loy f(x,Y). (16)
In particular, for a = b, we have
Laz,xf(x'y) = f(azx,y) = LoxLaxf(x,y) = Lgrxf(x,y). (17)
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Since L, } is the reverse of the operator L, , that is L;} Lay = I, which I is an identity
operator that produces If(x,y) = f(x,y). Then, from Equation (15), we have

Loxf(ax,y) = f(x,y).

Replacing ax by x in the above equation, we acquire

_ 1 _
Lt ) = f(Gov) = 1o ),
which on using Equation (15), gives

La_,; f(x,]/) = Lafl,x f(x/y>'

Using induction method, Equations (16) and (17), gives

Lo f(x,y) = Ly o f(x,y) forr € Z.

In a similar way, it has been demonstrated that L,y has the characteristics that follow:

Lab,yf(x/]/) = La,yLb,yf(x/y)

and
Laryf(xy) = Lo, f(x,y) forr € Z.

3. New Properties of 2-Variable (p, q)-Hermite Polynomials

During this part, we establish some features about 2-variable (p, q)-Hermite polynomi-
als such as differential equations and integral representations. Further, from Equation (2),
it can be easily verified that

Hy,pq(ax, azy) =a"Hypq(x,y), (18)

wherein a has a fixed value.
Applying the 2nd order (p, q)-partial derivative of both the sides of Equation (1) with
respect to x, then using Equation (8) for m = 2, we get
[ee] tﬂ

pt epq(pxt epq yt2 Z pqun,pq X, y)i[ ]pq!.

Again, applying the Equation (1) on the left part of previous equation, provides us

n 00 n

d t
Hy0p0(0?%,y,2) ——=7— =Y D% Hypa(x,y) ——-.
e T P e T

Therefore, when the corresponding values of ¢ from each aspect are compared, we obtain

D;Za,q,an,p,q(xry) = [”]p,q n— 1]p,ql9 anz,p,q(szry) (n>2). (19)

In the context of Equations (13), (18) and (19) it is easy to verify that the 2V(p,q)HP
Hy,p,q(x,y) satisfy the following (p, q)-partial differential equation :

D} 0,xHupa(x,0°Y) = p DpgyHupq(0°% p°Y), Hupg (X, °Y),  Hupg(x,0) = (%)} 4. (20)

Equation (20), is called the (p, q)-analogue of diffusion equation, which for p = 1, gives the
for the g-analogue of diffusion equation for 2-variable g-Hermite polynomials Hy 4(x,y) [5].
Further, for p = 1,4 — 17, gives the classical diffusion equation for 2-variable Hermite
polynomials H, (x,y) (see [10,22]).
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Example 1. The following correlations of (p, q

)-diffusion equations for 2-variable (p, q)-Hermite

polynomials can be obtained immediately by applying (20):

2
D153 H212/3(%y) —

D1/3yHa12/3(x,y) =0,

D3 33/5H22/33/5(x,8/27y) —2/3 D335, Han/35/5(4/9x,4/9y) =0,

D3)44/5Ha3/44/5(x,16/64y) —3/4 D3 /44/5,Hs3/44/5(9/16x,9/16y) = 0.

Afterwards, we will demonstrate the next outcome:

Theorem 1. The subsequent (p, q)-differential equation for (p,q)-Hermite polynomials of 2-

variables holds true:

"

3 /
YLy Lys (1 + (Z) L\/%x) Hypq(x,y) + pxH,y 0 (x,y) = [nlpq p* " LpxHupq(x,y) =0,

(1)

in which Ly represents the shift operator described in (15).

Proof. Substituting n by (n — 1) into the expression (14) and after using Equation (18) in

the resulting formula, we arrive at

Hn,p,q(xr]/) - xpnilanl,p,q (x, )

Iy — n—1 q n—1 P _
[n 1]my<p Hn,z,p,q(px,y) +4" Ho (2, qy)) —0, n>2. (22)

From Equation (15), we possess

Hy 2,4 <%x, y) =

Lp%’an,zlp,q(pzx, y). (23)

Moreover, from Equations (15) and (18), we obtain

Hp—2,p4 (x, §y>

n—2
P 2
(7))

(24)

Using Equations (15), (23) and (24) in Equation (22), we get

-1
Hn,p,q(xry) —xp" Lpfl,an—l,p,q(ery)

+ qnfl (

q

—[n— 1]p,qy(p"_leis/x

n—2
p) L ﬂpfzx)Hn_z,p,q(pzx,y):o, n>2. (25)
7p-2,

Now, using Equation (12) in Equation (25) and denoting Dy, 5 xHy,p4(x,y) by H;I,M (x,y),

we get

xpn—l

H"/P,q(xfy) - [n]}ﬂ .

/
Lpfl,x Hn,p,q (x/ y) -

Vo
p[”]P,q (P Lpfsq,x
n
qn p "
U( q) L2 ) Hipaloy) =0,
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or, equivalently,

-3 p\" "
pr,x (PnLq,x + qn (\/;) LM,X) Hn,p,q (x/ ]/)
+ xPnHL;,}c Hn,p,q(x/y) - Pz[”}p,an,p,q(xr]/) =0.

It, with additional simplifying, leads to the claim (21). O

Example 2. The following correlations of (p, q)-differential equations for 2-variable (p, q)-Hermite
polynomials can be obtained immediately by applying (21):

_ " /
YLy Loq (1 +L ﬁ,x)Ho,p,q(x,y) = p*LpxHopq(x,y) — pxHy 0 (x,y),

7 " !
g2 Ly (14 (2) L o VL 50) = g Ly p59) = i ),

yLy2 Lox (1 + (
220 (1+ (1) L Hi o (x,y) = [y p2LyxHa po(x,y) — pxHa, - (x,y)
YLy Loy p) FyEs) Pana 2 pa P "hpxtlapg(X,Y) = PXHy 0\ Y ),

5
2 1" _ /
yL;,,% Lgx (1 + (Z) L\/g,x)HS,p,q(xfy) =[5lpgp 3Lp,xH5,p,q(x,y) - prS,plq(x,y).

We then derive the integral representations about 2-variable (p, 4)-Hermite polynomi-
als Hy,p,4(x,y) in the following manner:

Theorem 2. The definite (p, q)-integral of Hy,p 4(x,y) with regard to x is as follows:

Hn+1,p,q (%r}/) - Hn+l,p,q (%/y)

. 26
n+1]p, (26)

b
/a Hupq(x,y)dpqx = p

Proof. Using Equation (12), we get

b p b x
/a Hn,p,q(x,y)dp,qx = W Dp,q,anJrl,p,q(;/y)dp,qxr

pg Ja
which yields the assertion (26) when applying Equation (11) on the right hand side. [

Following that, we determine the subsequent outcome:

Theorem 3. The definite (p, q)-integral of Hy,p q(x,y) with respect to y is as follows:

Hn+2,p,q (x/ %) - Hn+2,p,q (x/ %)

d
/C Hypq(x,y)dpqy = p CES R (27)

143



Axioms 2024, 13, 196

Proof. Using Equation (13), we get

/%Hh (x, y)dp,qy = B "D Hyya (xy)d y
B PNy 1z [n+1]p,q[n+2]p,q a paYy-intz,pq ’P paJs

This, when applied to Equation (11) on the right side, yields assertion (27). O

We can obtain the following result in light of Theorems 2 and 3:

Corollary 1. The formula that follows is the double (p, q)-integration of Hy,pq4(x,y):
d rb
/C /u Hi,pq(x, y)dpgx dpgy

= m (Hn+3,p,q (ij/ Z) + Hn+3,p,q (%/ %) - Hn+3,P,¢7 (Z’ %) - Hn+3,p,q (%’ i)) : (28)

Proof. Integrating Equation (26) with regard to y by finding the limit through c through d
and utilizing Equation (10), that we get

d b
fc fa Hyp,q(x,y)dp,qx dp,gy

e i i)

Hence, according to Equation (27), provides

d b
/C /a Hy,p,q(%,y)dp,qx dpqy
2
_ p bd ey 25 - )
T gl + 2pgn + 3], (HnJrS'p'q(P' P) - Hn+3'p'q<p’ p> Hn+3'p'q(pl p) Hn+3,prq(p>>' >

From Equation (29), we obtain the assertion (28). O

4. New Summation Models for H,, ,, ;(x,y) and (p, q)-Derivatives

In this section, we will create some summation models for the (p, 4)-Hermite poly-
nomials Hy 5 4(x, y) and their (p, q)-derivatives. First, we get several summation models
for 2V (p, q)HP by employing the generating function of H;, ; 4(x,y) and the identities (5)
and (7). The summing models for (p, )-Hermite polynomials of 2-variables are the ones
that follow:

Theorem 4. The summation models for (p, q)-Hermite polynomials of 2-variables are given below:

W40 ) ()

. 30
L T 2rl,] ]! (30)
(1) Ifn=2m(meN), then
2m q(?)(—x)rHZm_r,p,q(x,y) _ p(gl)ym (31)
= [7]p,q'[2m —7]pq! [m]p,q!
(2) Ifn=2m+1(meNU{0}), then
2m+1 q(i) (—x)rHZmH_,,P,q(x,y) o (32)

= [pg!2m 41 —1]p,4!
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Proof. In the context of the Equation (7), it is clear

ep,q(xt) ep,q(ytz)Ep,q(—ytz) = ep,q(xt),

which on using Equations (1), (5) and (6) gives

2r ) %) yngn
ZHn,p,x]/ Zq y)t :Zpiz)xt

n=0 Mgt = et iz [Mpat
or, equivalently,
i i npa (6, y)qB) (—y)r ent2r _ i p(2) ynpn
n=0r=0 [n ! a0 [mlpgt

]P‘i [ }Pq

which after utilizing the subsequent series arrangement method as in [18]:

© o0 o [1n/2]
Y. ) A(m Z 2 A(m,n —2m),
n=0 m=0
we get
) [Vf] H,_ 2rpq(x }/) (’2)( i ntn
n=0 k=0 [n = 21]pq![r]pg =0 [Mpa!

Therefore, when the corresponding values of t from each side are compared, yields the
assertion (30).
Once more, utilizing Formula (7), the result is
Epq(—xt) ep,q(xt)ep,q(ytz) =epg (yt?).
Utilizing Formulas (1), (5) and (6) in the above equation, we receive

r

Hn,pq(x ]/) tn+r o0 ”) t2n
[ ] pa 7] pg! =0 [” pa

£L™

M

which after utilizing the subsequent series arrangement method as in [18]:

iiA(k,n):iiAkn—

n=0k=0 n=0k=0

gives
o n ’ H x y ) nth
Z Z ] [" rp]q Z (33)
n=0r=0 P ‘7 P ‘7 n=0 P ‘7

When each of the even as well as odd values of t from each side of Equation (33), are
compared, we get the assertions (31) and (32). The proof is completed. [

Remark 1. It is worth mentioning that the corresponding expression of the summation models,
provided in Equation (32), is as outlined below:

2m q(ﬁ) (=X) Ham1rpq(x,y) q(z”g“)xzmﬂ

(34)

We derive the subsequent summation models for the (p, q)-derivative of Hy, p 4(x,y)
from Theorem 1 and Remark 1:
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Corollary 2. The following summation models hold

[’g} 9&) (—p2y) Dy xHus1 arpa(x p%y)  (p2),

= , (35)
= [7] P! n+1- Zr]p,q! [n]p,q!
% 91) (—px) Dy g cHams1-1,pq (2 1) _ (P 36)
= [7] ! 2m+1—7] ! [m]p,q!
and ,
r m+1
iﬂ q(z) (—px)erlq,xH2m+2_,,p,q(x, pzy) _ q( 2 )(px)2m+1 7
ry [rlpqt2m +2—7]p4! [2m + 1] 4!
Proof. Using Equation (12), we get
Dp,q,anH—Zr,p,q(xr le/) =[n+1-2r] p,an—Zr,p,q<er sz),
which on using Equation (18) and simplifying, gives
DypqxHut1-2r,pq(%, P?)
Hn72r,p,q (x/ }/) — PAX A Py (38)

prn+1—-2r]p,

Using Equation (38) in Equation (30), we get the assertion (35). Similarly, using
Equations (12) and (18), we get

Dp,q,xH2m+1—r,p,q (x/ sz)
pPrr2m 41—l

Hom—r,p,q(x,y) = (39)

We acquire the claim (36) by combining Equations (4) and (39) in Equation (31). We can
deduce from Equation (39) that

Dp,q,xH2m+2—r,p,q (x/ PZy)
p2m+1*7[2m +2— V]p,q :

H2m+lfr,p,q (X, y) = (40)

Using Equation (40) in Equation (34), we get the assertion (37). [
g bq q &

Remark 2. The subsequent alternatives are obtained by applying Equation (18) to the right-side of
Equations (36) and (37):

2m q(g)(—x)er,q,xH2m+1—r,p,q(%/y) N (y)z%q

= [lpq!2m+1—71]p,! - plm]p,!
and
2m q(Z)(_x)er,q,xH2m+27r,p,q(%/]/) _ q(2mz+1)(x)2m+1
respectively.

Likewise, we obtain the subsequent summation expressions for (p, g)-derivative of
2V(p,q)HP Hy,p,4(x,y) with regard to y utilising Equations (13) and (18) in Equations (30),
(31) and (34):

Corollary 3. The summation models for the (p, q)-derivative of Hy,p 4(x,y) are listed below:

/2 4 G) (—p2y) Dy gy Hu ariope(px,py)  (px)h

= []pg'ln —2r +2]p,4! [1]p,q!

7
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224~ V%) DpguHania-rpa(VP5Y) (o)l

= [pg!2m +2 —1]p,!  [mlp!
and
om q(2) ( — \/?x)er,q,yHZ'm#»Bfr,p,q (ﬁx, y) ) (Wx) 2m+1
= [7]pq![2m +3 —1]p,q! [2m 4-1],4!

Example 3. The following correlations of (p, q)-summation models for 2-variable (p, q)-Hermite
polynomials can be obtained immediately by applying (30) and (35):

Hypg(xy)  yHape(oy)  qy* _ poax*
[4]p,q! 2]p.q! 2lpqt [Apgt

Dp,q,xH5,p,q(xr sz) B szDp,q,xHB,p,q(x/ sz) P4y2Dp,q,xH1,p,q(xr P2y> _ (Px)g,q
[5]p.q! 3] p,q! 2] p,q! [4]pq!

5. Recommendations for Future Research

We conclude this article by highlighting some important research directions that could
be considered in the future.

Since in (p, q)-calculus, we have two types of exponential functions, we exploit this
opportunity to introduce some other kinds of 2-variable(p, 4)-Hermite polynomials. In
view of the following identity (see [25,26]):

> (a@b)y,

epfq(a) E}W(b) = Z [n}pqrq/ (41)

n=0 M

we have n
0 xt 69 t

ep,q(xt) Epg( yt2 Z y )M

= P‘?

(42)

We now create another form of the two-variable (p, q)—Herrmte polynomials H,, p4(x,y) in
the following manner:

tTl

epq(xt) Epq(yt?) = ZH"W xy)[ Mgt @
Using Equation (41) in Equation (43), we get

© (xt @ yt?)" t"

prq Z’anqu)[ ] (44)

n=0 P4 P/‘i'

Using Equation (3) and the subsequent series rearrangement technique (see [18]), the left
side of Equation (44) is expanded as as follows:

o0 H/2

ZZAn—kk Z ZAn—Zkk

n=0 k=

and then comparing the equal powers of t from the both sides of the resultant equation,
gives the following series definition of 2V (p, q)HP H,p,q(x, y):

[n/2]  yk (y)Z,Equ (3)

Hopa(6r9) = loat Lo G, i
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Applying the (p, q)-partial derivative of each side of Equation (43) with regard to x, then
once more using Equation (43), then comparing the equal values of ¢ of each of the sides of
the resulting equation, we receive

Dp,q,xr}‘ln,p,q(x, y) - [n}p,an_LP,q(px,y) fOI‘ n Z ].

Likewise, taking the (p, q)-partial derivative of each side of Equation (43) with respect
to y, then done once again using Equation (43) and matching the identical values of t from
the two sides of the resulting equation, we obtain

Dyqy (’Hn,p,q(x,y)) = [n]pqgln — 1}p/q7—ln,2/p,q(x, qy) forn>1.

We believe that the above newly discovered results will help us obtain new results
such as recurrence relations, (p, q)-differential equation, summation formulas and inte-
gral representations related to other kinds of 2-variable (p,q)-Hermite polynomials in
future studies.

6. Conclusions

In this paper, we establish new various features of 2-variable (p, 4)-Hermite polyno-
mials, such as diffusion equation, differential equations, integral and summation represen-
tations as follows:

e  (p,q)-Diffusion equation (see Equation (20)):

D3 o xHupq (%, 1°Y) = p DpgyHupq(p7x, p*y).

° (p, q)-Differential equation (see Theorem 1):
The subsequent (p, q)-differential equation for (p, q)-Hermite polynomials of 2-variables
holds true:

_2 q % "
YL, % Lox (1 + (P) Lﬁ,x) Hn,p,q(x,y)
+ pXHvld,p,q(x/y) — [1lpq PP " LpxHupq(x,y) =0,

in which L , represents the shift operator described in (15).
e Integral representations (see Theorems 2 and 3):
(i) The definite (p, q)-integral of Hy, pq4(x,y) with regard to x is as follows:

Hostpa(§:) = Hiipa (5:)
m+1]p,

b
/a Hupq(x,y)dpqx = p

(ii) The definite (p, q)-integral of Hy,p 4(x, y) with respect to y is as follows:

Hut2,p4 <xr %) — Hpi2,,4 (x/ %)
n+1]pq(n+2]p,

d
/C Hn,p,q(x/y)dp,qy =P

° Summation representations (see Theorem 4):
The summation models for (p, q)-Hermite polynomials of 2-variables are given below:

w02 9C) (—y) Hy g (x,9) _ p(g)x”'
= [7]pq'[n —2r] 4! [1]p,q!
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1) If n = 2m (m € N), then

2m q(E)(—x)’HZm_r,prq(x,y) p(z )ym

= [r]pg!2m —7]p,! [m]p,q!

(2) Ifn=2m+1(meNU{0}), then

RUER q(,z) (_x)rHZm-i-l—r,p,q(x/ ]/) .
[ [ =0.
= [rlpg'2m+1 =71,

As applications, some new features for 2-variable (p,q)-Hermite polynomials are
presented in Sections 3 and 4.
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Abstract: Integral equations, which are defined as “the equation containing an unknown function
under the integral sign”, have many applications of real-world problems. The second type of
Fredholm integral equations is generally used in radiation transfer theory, kinetic theory of gases, and
neutron transfer theory. A special case of these equations, known as the quadratic Chandrasekhar
integral equation, given by x(s) = 1+ Ax(s) fol s X(t)dt, can be very often encountered in many
applications, where x is the function to be determined, A is a parameter, and t,s € [0, 1]. In this paper,
using a fixed-point theorem, the existence conditions for the solution of Fredholm integral equations
of the form x(I) = o(l) + x(I) flj k(1,z)(Vx)(z)dz are investigated in the space Cy [p, q], where yx is
the unknown function to be determined, V is a given operator, and ¢, k are two given functions.
Moreover, certain important applications demonstrating the applicability of the existence theorem
presented in this paper are provided.

Keywords: Fredholm integral equations; quadratic Chandrasekhar integral equation; Holder space,
tempered modulus of continuity; the space C,, (X); fixed-point theorem

MSC: 45G10; 45B05; 47H10

1. Introduction

Fredholm integral equations are a class of integral equations named after the Swedish
mathematician Erik Ivar Fredholm. These equations are of the form

b
o) = F(x)+ A | Kix,Dg(t)at,

where ¢(x) is the unknown function to be determined, f(x) is a given function, K(x, t) is
the kernel function, and A is a parameter, often referred to as the Fredholm parameter.

Fredholm integral equations arise in various areas of mathematics and physics, includ-
ing potential theory, signal processing, and quantum mechanics. They represent a wide
range of problems where an unknown function is defined in terms of its integral over some
interval or domain.

One of the key aspects of Fredholm integral equations is the study of their solvability
and properties of their solutions. Depending on the properties of the kernel function
K(x, t) and the interval of integration, solutions to Fredholm integral equations may exhibit
different behaviors, including uniqueness, existence, and convergence properties.

Fredholm integral equations have been extensively studied, and various numerical
and analytical methods have been developed to solve them. These methods include—but
are not limited to—Fredholm’s alternative, Green’s functions, eigenfunction expansions,
and numerical quadrature techniques.
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Overall, Fredholm integral equations play a significant role in mathematical analysis
and have applications in diverse fields, making them an essential topic of study in both
pure and applied mathematics.

Fractional integral and differential equations are becoming increasingly vital for model-
ing real-world scenarios in physics, mechanics, and related fields. They provide a powerful
framework for describing complex phenomena that traditional integer-order calculus
struggles to capture adequately.

Quadratic integral equations are a specific class of integral equations where the un-
known function appears squared within the integral. They are represented by equations of
the form

¢(x) = f(x) + A / " K(x, ()2t

These equations arise in various fields of science and engineering, particularly in
problems where phenomena exhibit quadratic dependencies. Examples include nonlinear
wave propagation, population dynamics, and certain types of chemical reaction kinetics.

The study of quadratic integral equations involves investigating the existence, unique-
ness, and certain properties of their solutions. Analytical techniques such as iteration
methods, Fredholm alternative, and fixed-point theorems are often employed. Numerical
methods may also be used for practical solutions.

Understanding quadratic integral equations is crucial for modeling nonlinear phenom-
ena accurately and finding solutions to a wide range of problems in diverse scientific and
engineering applications.

Quadratic integral equations, in particular, have significant applications in fields like
radiative transfer, neutron transport, and kinetic theory of gases. They arise naturally
in these contexts and have been extensively studied for their existence properties and
solution behavior.

Recent developments in fractional calculus, including Riemann-Liouville, Caputo, and
Hadamard approaches, have further enriched our understanding and application of these
equations. Researchers have been exploring various types of quadratic integral equations
and extending their study to fractional versions like Urysohn type, Erdélyi-Kober type,
and Hadamard types.

The existence, local attractivity, and stability of solutions to these fractional quadratic
integral equations are crucial aspects of the research. Additionally, recent works have
focused on studying the solvability of quadratic integral equations of Fredholm type in
spaces of functions satisfying specific continuity conditions, such as the Holder condition.
These investigations contribute to both theoretical understanding and practical applications
of these equations in diverse fields [1-25].

Moreover, the mathematical description of many processes in engineering, biological
and physical sciences give rise to quadratic integral equations. For instance, research in ra-
diative transfer theory and in kinetic theory of gases leads to the quadratic integral equation
(see [15,16]).

x(f) = 1+ tx(t) /1 o)

e x(7)dT,

Furthermore, some articles using simulant techniques have been applied to vibrations
in thermoelasticity and a micropolar porous body [21,22]. That is, these articles are applied
to a micropolar porous body, including voidage time derivative among the independent
constitutive variables.

Quadratic integral equations are frequently applicable in neutron transport, radia-
tive transfer and traffic theories and in kinetic theory of gases [16-18]. Particularly, the
Chandrasekhar-type quadratic integral equation, which is defined as

-1

x(s) =1+ /\x(s)/

s Sx(t‘)dt,
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can be very frequently encountered in many applications [16].
Moreover, certain biology and queuing theory research problems lead to the following
nonlinear integral equation [20]:

vy =10+ 45 [ {8 Dar re 0 TLa e O

The aim of current paper is to prove an existence theorem for the nonlinear quadratic
integral equation of the following form in the space Cy[p, 9], where w is a modulus of
continuity (see Section 2):

x(0) = o) +x() [ K12V @), 0

where V is a given operator and ¢, k THE GAP BEFORE k IS REMOVED are two given
functions.

By using a sufficient condition for the relative compactness in the space of functions
with moduli of continuity and the classical Schauder fixed-point theorem, we derive a new
existence result (see Theorem 4).

In Section 2, general definitions and theorems are given. The third section provides
the main result of the paper and shows that there is at least one solution of the investigated
equation. In the last section, two applications are given to support our main result.

2. Preliminaries

Let us give the notations, definitions and theorems that we will use in the paper .

Definition 1 ([8]). A nondecreasing function w : Ry — R is said to be a modulus of continuity
if w(0) = 0and w(e) > 0 fore > 0.

The space of continuous functions on [p, g] with the sup norm

Ixlleo = sup{lx(D)| = 1 € [p,q]}

is denoted by C[p, gq] for x € C|p,q]. Let ([p,q],d) be a given bounded metric space and
Cwlp, q) be the set of all real functions defined on [p, 4] such that their growths are tempered
by the modulus of continuity w with respect to d. A function x = x(!) is in the set Cy[p, g
if there exists a constant H > 0 satisfying

Ix(1) = x(m)| < Hw(d(l,m)) @

foralll,m € [p,q]. Also, C,[p, q] is a linear subspace of C[p, q].
The least possible constant H)’ for which the inequality (2) is satisfied is given as

H?—SUP{W l,me [p,q],l;«ém}, (3)

where x € Cu[p,q].
The norm on the space Cy[p, q] is

e = (] + sup{ DI 1 e (g1 02 ) @

for x € Cuw|p, q]. By (3) and (4), we can write

Ixllw = [x(p)| + Hy.

The space C[p, q] depends on the metric d and continuity modulus w.
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If we take d(I,m) = |l —m| and w(e) = " for 0 < a < 1, the space Cy[p, q] becomes
the space Hy[p, q] (i.e., Holder Space). In [8], the authors proved that (Cu[p,q], | - [|w) isa
Banach space.

Lemma 1 ([25]). The following relation is satisfied for each x € Cy[p,q|:
X lleo < max{1, co(diam[p, q])}|| x|,

where diam|p, q] denotes the diameter of the metric space [p, q].

Lemma 2 ([25]). The following relation is satisfied for each x € C[p, q]. Suppose that wy(d(1,m)) <
Lew, (d(1,m)) forall I, m € [p,q|, where L > 0. Then

Cuw, [P, 4] C Cuw,[p.q] C Clp,q]-

Furthermore, the following expression is satisfied for any x € Ce,[p,q:

1], < max{1, L}|x]le,-

Remark 1 ([25]). Let lim,_, 38 = 0 then, there exists a number M > 0 satisfying
wy(d(l,m)) < Mw1(d(l,m))

foralll,m € [p,q] and so imbedding relations in Lemma 2 and the inequality
X[l , < max{1, M}|xll,-

also hold for any x € Ce,|[p,q].

Theorem 1 (Theorem 5 in [8]). Let (X, d) be a compact metric space and

wy(e) _
e—0 wi(€)

where w1, wy are moduli of continuity being continuous at zero. Then, if A is a bounded subset of
the space Ce, (X), the set A is relatively compact in the space C, (X).

Theorem 2 ([25]). Let lim,_q 28\ = 0. Then the set B2 € Cuw, [p, q] given by Bi? =

w1 (e)

{X € Co,p,q] : lIxlle, < r} is compact.

Theorem 3 (Schauder’s fixed-point theorem [23]). Let T : (O — Q) be a continuous mapping,
where Q) is a nonempty, compact and convex subset of a Banach space (X, || - ||), then T has at least
one fixed point in Q).

3. Existence Theorem

In this part, we provide sufficient conditions that guarantee the Equation (1) has at
least one solution in Cy, [p, g].
Let ([p, q],d) be a compact metric space and

wy(e) _
e—0 w1 (€)

where w, wy are moduli of continuity being continuous at zero. We use the hypotheses
presented below:

@ o€ Culp.ql,
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(ii)

(iii)

(iv)

The continuous function k : [p, q] x [p, q] — R satisfies the tempered by the modulus
of continuity with respect to the first variable, that is, there exists a constant k.,
such that

k(1,2) = k(m, 2)] < kapcr(d(1, m))

foranyl,m,z € [p,q].
Let V : Cu,[p,q] — C[p, q] be a continuous operator on Cy, [p, g] with respect to norm

[[-lo, and f : R" — R" be a non-decreasing function, the following inequality is
satisfied for each x € Cu,[p, 1] :

Villeo < f(1lXlwr)-

There exists a positive solution r = ry of the inequality
P+ 12K+ K+ ke, (9 = p)If (r)r <1,
where P, K and 7, are the constants such that ||o|| W S P,
q
sup{/ Ik(l,2)|dz : 1 € [p,q]} <K
P

and
12 = max{1, wy(diam[p,q])}.

Theorem 4. The Equation (1) has at least one solution belonging to the space Ce,, [p, q] under the
assumptions (i)—(iv).

Proof. We set the operator A € Cy,|[p, q] as follows:

X €

(AX)(1) = (1) + x(1) /p "k(L2) (Vi) (2)dz, 1 € [p,q].

We first show that A transforms the space Cq,|[p, q| into itself. For arbitrarily fixed
Cuw,[p,q] and I,m € [p, q], taking into account the assumptions, we obtain that

(AX) (1) = (Ax)(m) o(l) +x(1) /qu(l,Z)(VX)(Z)dZ

—o(m) = x(m) ["K(m,2) (V) (2)d2
P
= o)~ alm) + [x(1) ~ xtm)] [ K2V )z
q

+x(m) /p [k(1,2) —k(m,2)] (V) (2)dz

which implies that
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wy(d(1,m))
o) —e(m)| , lx(1) = x(m)|
< T iy KAV @)

)
<

+lxtm)] [ R B v s
)
<

lo(h) —e(m)|  |x(1) — ( )|
S wy(d(l,m)) + wy(d(1,m)) ||VX||oo/ |k(1,z)|dz
q kaLUz(d(l,m))
Aol Vo /p R e
< HY + HP2 VoK + Xl VA lokicn (9 — ) (5)

foralll,m € [p,q] and | # m. By using the fact that Hy < ||x||,, and Lemma 1, we infer
from (5) that

|(Ax) (1) — (Ax) (m)]
wy(d(l,m))

< HP? + Vil o, K

12Vl Ly (9 = )
< HY? 4 £ (Ixlly ) 1) 0, K

(I ) 121 oy 0 = ), ©)

where
12 = max{1, wy(diam[p,q])}.
From (6), we have Ax € Cq,|[p,q]. This proves that the operator A maps the space

Cuw,[p, q] into itself.
Also, we derive that

(Ax)(p)| = \e<p>+x<p> /:kmz)(vm(z)dz
< oo+ x(p)| /p Ik (p, 2)| (V) (2) dz
< o)) + Xl VillK
< Ja(p)] + (max{1,ws(diam(p, q))}) ], Vil K
< Lo+ 12l ¥y f (I ) K )

By using definition of the norm [[Ax[|,,, (6) and (7), we can write

82, = 1(00)] +sup{ WX OO e g g2 )

lo(p) |+ £ (11xlly ) 12130, K

+HS? + £ (I1xlly ) 1]l K

(I ) 121 oy (9 = )

ey + [12K + K+ 112K (6 = P)LF (Il ) 1Ly ®)

N

N

156



Axioms 2024, 13, 261

for any x € Cu,[p,q]. So, if we take x in B;? then by (8) and the assumption (iv) we get
the following inequality:

IAX N, < P+ 12K + K+ 112k, (9 = p)1f (ro)r0 < r0-

So Ax € By?. Thus, A transforms the ball

]
Bi2 = {x € Can[p,q) : | Xllwp < 10}

into itself. Thatis, A : B;‘O]Z — B%Z. Next, we will show that the operator A is continuous on
B2 with respect to norm || - ||, . To carry this out, we fix » € By;? and an arbitrary ¢ > 0.
Since the operator V : C, [p, q] — C[p,q] is continuous on C,, [p, g] with respect to norm

[[-I| 5, - there is a positive number & such that the estimate

€

Vxy -V <
|| X lp”oo 2(KL + L(q — p)}’]zka + KT]Z)”O

is satisfied for all x € B2, where |x — ¥ll,, < 6, where § is a number satisfying the

following inequality:

2(K+m1L(q — p)kew, + Kip1) f(r0)’

0<d<

where
max{1, wy(diam[p,q])} = 1.

By using the equality

(M) = (A9)D) = () () = (Ap) (m))
= 20 [" K@z - p) [ K2 (V) )z
P P
—x(m) [k, 2) (V) )z + plm) [ KGm,2) (V) (2)dz
P P
= @ —y0) [ KLV EE+ 90 [ KL2V0E) - (V)
P 14
q
~Lxtm) —p(m) [

= A —9O)] = [x(m) —p(m)]} /qu(l/Z)(VX)(Z)dz
+[x(m) —lP(m)]/ [k(L,2) = k(m, 2)](Vx)(z)dz

P

k(m, z)(Vx)(z)dz — y(m) /: k(m, 2)[(VX)(2) = (V§)(2)]dz

Hp®) — pom)] [ k1LDV0E) - (V) )z
+p(m) [ 1k02) = ko 2V 2) ~ (V) )

we obtain that
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[[(A) () = (Ap) (D] = [(Ax) (m) — (Ap)(m)]]
wy (d(l,m))
1

iy O = 90 = ) — y(om)

N

[ k.2 (V) (2)éz

p

Jk,2) = k(m,2)) (V) ()

P

d(ll )y 1K) = (m)
1 q
@, m) ‘wm - w(m)]/p k(1,2)[(Vx)(z) — (V)(2)]dz

wl(d(ll ) ’4’ "[k(1,2) — k(m, 2)][(V) (2) — (Vip) (2)]dz

which yields that
[[AX) (D) = (Ap) (D] — [(Ax) (m) — (Ag)(m)]]
wr (d(1,m))

[x(1) = ()] - [X(m) —y(m)]| g

k(m, z)]|

(l m))

+|¢(zdlrn|‘/ (LDIVY)(E) — (Vi) ()ldz

A K2 KO 2) 1) 2) — (vg) )z

wy (d(l,m))
Lol VxlloK+milix = ¥llw, VXl /‘7 |k(1,z d(lfcr(nn;)zﬂdz

M/ k(L,2)[|(Vx) (2) — (Vi) (2)|dz

wl

dz

k(1,2)
Hlx=pllalVal [

+[ip(m)]

N\

k(1,
i) [ VX&)~ (Vg)(a) ©)
foralll,m € [p,q] with [ # m. The estimates

1X[leo < max{1, wa(diam(p, q]) }||x |,

and
HY < [1xlle

hold from Lemma 1 and definition of the norm ||x/||,. By (9), we derive the following
estimate:

[[(AX) (1) = (Ap) (D] = [(Ax)(m) — (Ap)(m)]]
wy (d(l,m))

T key,wo(d(l,m
< KIVXlLHS y + milx - wnwlnv;cn [ Faceilela;

L ly@ zd(l ng)))WZ /|klz 1(VX)(z) = (V) (2)|dz

Hy(m |/”‘“’2“’2(fn’)’§”|<v;c><z>—< ¥)(2)\dz

S KIVxlleolix = $llw, +mL(q =Pk [VAllollx = ¢,
+HKLHZ VX = Villoo + L(T = Pk, [l VX = VPl (10)
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Then, by the assumption (iii), Lemma 1 and (10), we obtain the following inequality:

[[AX) (1) = (Ap)(!)] = [(Ax)(m) — (Ag) (m)]|
o (d(t,m)
< KF (g ) 1 = $llay + LG = Pk f (Ixlley ) 1 = .,
FKLlly 1V = Villeo + L(a = )2k 9]y 1V~ Ve
)
|

< Kf(ro)o +mL(q — p)kaw, f(r0)d + KLro[|[Vx — V||
+L(q = p)nka, ol VX = V|- (11)
On the other hand,
gl

(Ax)(p) — (AP)(p) = x(p)./p k(p,z)(Vx)(z)dz

—9(p) [ k(p2)(Vy)(2)dz

p

— x(p) /p "k(p 2) (Vi) (2) — (Vi) (2))dz
+lx(p) — (p)] /p "k(p,2) (V) (2)dz

=

and hence

[(AX)(p) — (Ap)(p)]
Ix(p)l /pqlk(P,Z)ll(Vx)(Z) — (Vy)(2)|dz

+x(p) = w(p)l /:Ik(PrZ)II(Vlli)(Z)IdZ

K[ XllollVX = Viplloo + K[V lloollX — ¥l

K{[Xllwy72lVX = V[l + K[Vl llx — ¢l

K[| xllw, VX = Vplloo + Knpa f ([l ) 1 — ],

Kiparo||Vx = V|l + Kip f(r0)0. (12)

N

INCIN NN

From (11) and (12), it follows that

[1Ax = Al
= (A (p) = (Ap) ()] + Hyy_py
= 1(Ax)(p) = (Ag)(p)]

[[(AX) (D) = (Ap) (D] = [(Ax) (m) = (Ap)(m)]|
+sup{ w1 (d(L,m) :l,me [p,q],lyém}

< (K+mL(g = p)kw, + K1) f(r0)d
+(KL + L(g — p)n2kew, + Kip2)ro||[VX — V|
& &

Therefore, the operator A is continuous at the point x € B;‘éz. We conclude that A
is continuous on B;? with respect to the norm || - ||,. By Theorem 2, B2 is compact in
Cu, [P, q] and through Schauder fixed-point theorem proof is completed. [J

4. Applications

In this section, we employed the regularization method combined with some of the
proper well-known techniques to handle the Fredholm integral equations. Our approach
has demonstrated reliability in tackling these challenging problems. To further illustrate
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the effectiveness of our method, we present two numerical applications that corroborate
our fundamental theorem. Through these applications, we aim to reinforce our findings
and foster a deeper, more abstract comprehension of the topic.

Application 1. Let n and 7 be two non-negative constants and ! € [0,1]. Consider the
integral equation given below:

x(1) = {/nsin(nl) + 7+ x(1) /01 V512 + 2/ |x(z)| dz. (13)

Also, define the operator V as (Vx)(z) = /|x(z)| forall [,z € [0,1] and set o(]) =

Ynsin(rl) +n, k(l,z) = V512 +z.

Additionally we choose w;(¢) = e3, wi(e) =¢e*suchthat0 < a <1/3and d(I,m) =
|l — m|. Since the function k() = /1 is concave for h : Rt — R*, this function is
subadditive from Lemma 4.4 in [24]. Moreover, if we take into account |sin xy — sin | <
|x — | for x, ¢ € R, we have

lo(1) —o(m)| = ’g/nsinﬂl—l-ﬁ— Vnsinm + 7

N

\3/|n(sin 7tl — sin 7tm) |
< Vnm|l— m|%.

Thus,
_ (1) —
lell,, = |+Sup{ wnl ( Lm e [0,1),1 4 m

= %+sup{|gl)g(]):l,m€[0,1],l#m}

[ —ml[3
3 _ 1

< |Va +sup{M Lme [0,1],17&711}
[l —ml[3

< Va+Ynm="P

which means that the condition (i) of Theorem 4 is fulfilled.
Further, we have

k(l,z) —k(m,z)| =

+z— €/5m2+z‘

< /512 — 5m2|
< V10| — ml?

forall 1, m € [0,1]. The condition (ii) of Theorem 4 holds with k., = v/10, d(I,m) = |l — m|
and wy(d(1,m)) = |l — m|/5.
Since

sup{/o1 |k(l,z)|dz : 1 € [0,1]}

1

sup{/ ‘\5/5124-2‘«12 e [0,1}}
0

- g(5l2+z)6/5|3

< %(6\%—5\5/5),

the constant K can be taken as K = 2(6v/6 — 5v/5).
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Since
12 = max{1, wy(diam|[0,1])} = max{l 15} =1,

we have

2) = VI < VIxllw < /120Xy = /1Kl (14)

forall x € Cu,[0,1] and z € [0,1]. (14) yields that

VXlleo < 4/ 1Xllw,

for all x € Cq,[0,1]. Therefore, V is an operator from C,,[0,1] into C[0,1] and we can
choose the function f : R™ — R* as f(x) = /x. This function is non-decreasing and
verifies the assumption (iii).

Now, we prove that V' is continuous on Ce, [0, 1] with ||.[|,, . Let ¥ € C,[0,1] and
¢ > 0. Also, let x € Cq,[0,1] be an arbitrary function satisfying |[x — ¢||,,, < J such that
0<d<e?

The inequality

V0@ = (V9)@)] =/ Ix(@) = @) < /Ix = Pl < \1rlx = ¥,

holds for all x, ¢ € C,[0,1] and z € [0, 1]. Since

71 = max{1,wi(diam[0,1])} = max{1,1*} =1,

we have

VX =Vl < /X~ ¢l
forall x,y € Cq,[0,1].

Hence, V is continuous at the point ¢ € Cu,[0,1] with |[|.|,,, since  is arbitrarily
selected.

P+ [mK + K+ mkw,(q — p)If(r)r <7

is equivalent to
Vh+ /nm + B (6%—5\5/5) +v10(1 —O)P\/?g r. (15)

If we take the constants # and 71 as suitable, then there exists a positive number g
satisfying (15). For instance, if we select n = 0 and 7 = 0, then (15) holds for r = ry €
(0,0.0517272].

Therefore, we show the existence of the solution for Equation (13) in the space C, [0, 1]
via Theorem 4.

Application 2. Consider the following quadratic integral equation:

e 317 112
x() = Lq/arctan(l 1)+ x(l) / Vinl+Inz sin x(z)dz, (16)
100 J1 z
where [,z € [1,

e.
Set (1) = 145 \/arctan(l — 1), k(I,z) Vlnl““‘z (Vx)(z) =sinx(z) and wa(e) = e3,
wi(e) =€ for 0 zx<1/3 da(l, m)—|1nl—1nm\
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Since the function /i : R™ — R™ defined by h(x) = /X is concave and h(0) = 0, this
function is subadditive from Remark 4.5 in [24] ref IS CHANGED AS cite. If we consider
larctan y — arctan ¢| < |x — | for x, ¢ € R, we can write

lo(I) —o(m)| = 1%w/arctan(l -1)— %\/arctan(m - 1)‘

1
< _1) — _
< 100\/|arctan(l 1) — arctan(m — 1)|
1
< _
< 100 [ —m|

foralll,m € [1,e].
Let ! < m, so thereis ¢ € (I, m) satisfying

Inl —Inm| = %|l —m|
which yields that

It —Inm| > |l —m|
and hence

3
e
Inl —Inm|3 |l —m|3

foralll,m € [1,e] and I # m.
Since

lely = lo)l+sup{ &l e el 2m

= sup{w(l)_Q(m)l| cLme[le],l # m}

[Inl —1Inm|3

N 1

< == — 6

< 100sup{|l m| l,me[l,e],l;&m}
1 -

< =n 1
50 P

assumption (i) of Theorem 4 is satisfied.
Further, we have

k(l,2) — k(m,z)| = %&mumu—vmm+mz
< 1\3/ IInl — Inm|
z
< |Inl - lnm\%
— wad(l,m))
foralll,m,z € [1,e]. Condition (ii) of Theorem 4 holds with the constant k.,, = 1.
Also,
e el 3/
sup{/ |k(l,z)|dz: 1 € [1,6]} = sup{/ w dz:l e [1,6]}
1 1
¢/1+1Inz
< / — dz
1

- 2(316—1)
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So the constant K can be taken as % ( J/16 — 1).

Since .
12 = max{1, wy(diam[l,e])} = max{l, (Ine —In 1)3} =1,

the estimate

|(VX)(2)] = [sinx(2)] < [x(2)] < lxlleo < 72llXllw, = IlXle,

holds for all x € Cy,[1,¢] and z € [1,¢], and hence

Vxlleo = sup [(VX)(2)] < lIXlw,-
z€[0,1]

Therefore, V is an operator from C, |1, ¢] into C[1,¢], and we can take the function f :
RT — R as f(x) = x. Itis obvious that the function f is non-decreasing and satisfies
assumption (iv).

Now, we show that the operator V' is continuous on Cu, [1, ] with |[.||,,, . Let € Cyy,[1, €]
be arbitrarily selected, e > 0 and x € Cq,[1,e] be an arbitrary function, and inequality
[x = ¥ll,, < & besatisfied such that0 <4 <e.

Then, for arbitrary I, m € [1, e], we obtain

[sinx(z) —sing(2)| < |x(2) = ¥(2)] < X = Ylloo < mllx =l = lIx =l

where
71 = max{1l, w;(diam[1,¢e])} = max{1, (Ine —In1)*} = 1.

Thus,

VX =Vl = Sl[lp]lsinX(Z) —sing(z)| < [[x — ¢l
z€(0,1

which implies
||VX7 le”oo <d<e

is satisfied for all x € Cq,[1,¢]. This proves that the operator V is continuous at the point
¥ € Cu,[L €], and it is continuous on Cy, (1, €] with |.[|, because ¢ is arbitrarily selected.
Hypothesis (iv) of Theorem 4

P+ [1K + K+ maka, (g — p)If(r)r <1

is equivalent to

50 2

The number ry chosen as ry € [0.0219212,0.228201] satisfies inequality (17).
Therefore, we show the existence of solution for Equation (16) in the space C,, [1, €]
via Theorem 4.

1+{3(\3/R_1)+(e—1)}r2<r. (17)

5. Conclusions

In this paper, using a fixed-point theorem, the existence conditions for the solution of
Fredholm integral equations of the form

q
x(t) =) +x(0) [ KL2) (V) )iz
are investigated in the space Cy [p, g]. The main theorem is based on a useful technique.
It is clear that this theorem is more general than many equations considered so far. By
using a sufficient condition for the relative compactness in the space of functions with
tempered moduli of continuity (see Theorem 2) and the classical Schauder fixed-point
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theorem, we derive a new existence result (see Theorem 4). Fredholm integral equations
are used in various scientific and engineering disciplines to model phenomena like heat
transfer, population dynamics, and signal processing. The established results in this paper
could be applied to problems in these fields where existence of solutions is crucial for
model validity. The existence theorems provide a theoretical foundation for developing
numerical methods to solve Fredholm integral equations. By guaranteeing the existence
of a solution, these results can help guide the development of more robust and efficient
numerical algorithms.
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