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On the Study of Pseudo S-AsymptoticallyPeriodic Mild Solutions for a Class of Neutral
Fractional DelayedEvolution Equations
Reprinted from: Axioms 2023, 12, 800, https://doi.org/10.3390/axioms12080800 . . . . . . . . . 64

Binghua Jiang, Huaping Huang, Stojan Radenović
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Preface

This Special Issue of Axioms paid greater attention to the new originality and real-world

applications of nonlinear analysis, fractional calculus, their optimization, and their applications. It

is well known that nonlinear analysis has widespread and significant applications in many areas

at the core of many branches of pure and applied mathematics and modern science. The rapid

development of fractional calculus and its applications over the past thirty years or more has led

to a number of scholarly essays on the importance of its promotion and application. Over the

past eighty years, optimization problems have been intensively studied, and many scholars have

developed various feasible methods with which to analyze the convergence of algorithms and find

approximate solutions. The Guest Editor has made every effort to ensure the success of this Special

Issue and we hope that these efforts will be rewarded. Following a comprehensive review process,

per the journal’s policy and guidelines, 10 research papers have been included in this Special Issue.

These articles demonstrate the profound impact and widespread applications of nonlinear analysis,

fractional calculus, and optimization in applied mathematics and modern science. We would like to

express our heartfelt appreciation to all authors and reviewers who contributed to this Special Issue.

It was with the enthusiasm and spirit of the authors and reviewers that we could make this Special

Issue an extraordinary success.

We are confident that the contributions to this Special Issue provide new insights into several

important issues while, at the same time, providing new research problems or avenues that

undoubtedly exceed our original aim. We also hope that researchers and practitioners find these

papers interesting and inspirational for future research work in these exciting areas. Finally, we would

like to express our sincere thanks to the Editorial team and the reviewers of Axioms, particularly

the Editor-in-Chief, Prof. Dr. Humberto Bustince, and the Assistant Editors, for their great support

throughout the editing process of our Special Issue.

Wei-Shih Du

Guest Editor
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Editorial

Editorial Conclusion for the Special Issue “New Theory
and Applications of Nonlinear Analysis, Fractional Calculus
and Optimization”

Wei-Shih Du

Department of Mathematics, National Kaohsiung Normal University, Kaohsiung 82444, Taiwan;
wsdu@mail.nknu.edu.tw

Nonlinear analysis has widespread and significant applications in many areas at the
core of many branches of pure and applied mathematics and modern science, including
nonlinear ordinary and partial differential equations, critical point theory, functional anal-
ysis, fixed point theory, nonlinear optimization, fractional calculus, variational analysis,
convex analysis, dynamical system theory, mathematical economics, data mining, signal
processing, control theory, and many more. For more details, we refer readers to [1–7]
and the references cited therein. The rapid development of fractional calculus and its
applications during the past thirty years or more has led to a number of scholarly essays
on the importance of its promotion and application in physical chemistry, probability and
statistics, electromagnetic theory, financial economics, biological engineering, electronic
networks, and so forth. Almost all areas of modern science and engineering have been in-
fluenced by the theory of fractional calculus. Due to the complexity of the various problems
that arise in nonlinear analysis, fractional calculus and optimization, it is not always easy to
find exact solutions, which often leads researchers to resort to approximate solutions. Over
the past eighty years, optimization problems have been intensively studied, and many
scholars have developed various feasible methods with which to analyze the convergence
of algorithms and find approximate solutions. For more details about these subjects, we
refer readers to research monographs [8–16].

This Special Issue paid greater attention to the new originality and real-world ap-
plications of nonlinear analysis, fractional calculus, optimization and their applications.
Following a comprehensive review process as per the journal’s policy and guidelines,
10 research papers have been included in this Special Issue and are listed as follows:

(i). Gao, L.; Yu, G.; Han, W. Optimality Conditions of the Approximate Efficiency for
Nonsmooth Robust Multiobjective Fractional Semi-Infinite Optimization Problems.
Axioms 2023, 12, 635. https://doi.org/10.3390/axioms12070635

Summary: In this paper, the authors study new optimality conditions and establish saddle point the-
orems for robust approximate quasi-weak efficient solutions for a nonsmooth uncertain multiobjective
fractional semi-infinite optimization problem (NUMFP).

(ii). Huang, H.; Došenović, T.; Rakić, D.; Radenović, S. Fixed Point Results in Generalized
Menger Probabilistic Metric Spaces with Applications to Decomposable Measures.
Axioms 2023, 12, 660. https://doi.org/10.3390/axioms12070660

Summary: This manuscript offers new fixed-point theorems in generalized Menger probabilistic
metric spaces. Moreover, the authors provide some nontrivial examples and interesting applications
to illustrate the superiority of the results obtained.

(iii). Sun, Z.-Y.; Guo, B.-N.; Qi, F. Determinantal Expressions, Identities, Concavity, Maclau-
rin Power Series Expansions for van der Pol Numbers, Bernoulli Numbers, and
Cotangent. Axioms 2023, 12, 665. https://doi.org/10.3390/axioms12070665

Axioms 2024, 13, 350. https://doi.org/10.3390/axioms13060350 https://www.mdpi.com/journal/axioms1
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Summary: This article mainly has the following innovations and contributions:

• Four determinantal expressions for van der Pol numbers;
• Two new identities for the Bernoulli numbers and van der Pol numbers;
• The increasing properties and concavity of a function involving the cotangent function;
• Two alternative Maclaurin power series expansions of a function involving the cotangent function;
• The coefficients of the Maclaurin power series expansions are expressed in terms of specific

Hessenberg determinants whose elements contain the Bernoulli numbers and binomial coefficients.

(iv). Lv, W.; Tian, L. Pricing of Credit Risk Derivatives with Stochastic Interest Rate. Axioms
2023, 12, 782. https://doi.org/10.3390/axioms12080782

Summary: In this article, the authors generalize the conventional reduced-form credit risk model for a
credit default swap market to deal with a credit derivative pricing problem using the martingale approach.

(v). Chegloufa, N.; Chaouchi, B.; Kostić, M.; Du, W.-S. On the Study of Pseudo S-
Asymptotically Periodic Mild Solutions for a Class of Neutral Fractional Delayed
Evolution Equations. Axioms 2023, 12, 800. https://doi.org/10.3390/axioms12080800

Summary: The authors investigate the existence and uniqueness of pseudo S-asymptotically
periodic mild solutions for a class of neutral fractional evolution equations with finite delay by
applying the fractional powers of closed linear operators, the semigroup theory and some classical
fixed-point theorems.

(vi). Jiang, B.; Huang, H.; Radenović, S. Common Fixed Point of (ψ, β, L)-Generalized
Contractive Mapping in Partially Ordered b-Metric Spaces. Axioms 2023, 12, 1008.
https://doi.org/10.3390/axioms12111008

Summary: This manuscript provides new coincidences and common fixed points in four mappings
satisfying (ψ, β, L)-generalized contractive conditions in partially ordered b-metric spaces, which
generalize some recent results in the existing literature.

(vii). Fedorov, V.E.; Plekhanova, M.V.; Melekhina, D.V. On Local Unique Solvability for a
Class of Nonlinear Identification Problems. Axioms 2023, 12, 1013. https://doi.org/10
.3390/axioms12111013

Summary: In this paper, the authors study nonlinear identification problems for evolution differen-
tial equations, solved with respect to the highest-order Dzhrbashyan–Nersesyan fractional derivative.
Applying the contraction mappings theorem, the authors establish the unique local solvability of the
nonlinear identification problems.

(viii). Xie, T.; Li, M. Finite-Time Stability of Impulsive Fractional Differential Equations
with Pure Delays. Axioms 2023, 12, 1129. https://doi.org/10.3390/axioms12121129

Summary: In this article, the authors introduce a novel concept of the impulsive delayed Mittag–Leffler-
type vector function, which improved and generalized the Mittag–Leffler matrix function. The
position of the pulse point in this paper is arbitrary, which renders the research more universal. Using
the relationship between the Riemann–Liouville fractional derivative and the Caputo fractional
derivative, the authors establish new finite-time stability results of impulsive fractional differential
delay equations.

(ix). Raza, N.; Fadel, M.; Du, W.-S. New Summation and Integral Representations for
2-Variable (p, q)-Hermite Polynomials. Axioms 2024, 13, 196. https://doi.org/10.339
0/axioms13030196

Summary: This manuscript offers various new features of two-variable (p, q)-Hermite polynomials,
such as diffusion equation, differential equations, integral and summation representations.
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(x). Özger, F.; Temizer Ersoy, M.; Ödemiş Özger, Z. Existence of Solutions: Investigating
Fredholm Integral Equations via a Fixed-Point Theorem. Axioms 2024, 13, 261. https:
//doi.org/10.3390/axioms13040261

Summary: The main purpose of this article is to investigate the existence conditions for the solutions
of the nonlinear quadratic Fredholm integral equations of the form

χ(l) = �(l) + χ(l)
∫ q

p
k(l, z)(Vχ)(z)dz

in the space Cω [p, q], where ω is a modulus of continuity, χ is the unknown function to be
determined, V is a given operator, and �, k are two given functions.

In this Editorial, we express our heartfelt appreciation to all authors and reviewers
who contributed to this Special Issue. It was with the enthusiasm and spirit of the au-
thors and reviewers that we could make this Special Issue an extraordinary success. The
27 authors of these 10 papers are listed below:

Belkacem Chaouchi (see v); Naceur Chegloufa (see v);
Tatjana Došenović (see ii); Wei-Shih Du (see v, ix);
Merve Temizer Ersoy (see x); Mohammed Fadel (see ix);
Vladimir E. Fedorov (see vii); Liu Gao (see i);
Bai-Ni Guo (see iii); Wenyan Han (see i);
Huaping Huang (see ii, vi); Binghua Jiang, (see vi);
Marko Kostić (see v); Mengmeng Li (see viii);
Wujun Lv (see iv); Daria V. Melekhina (see vii);
Faruk Özger (see x); Zeynep Ödemiş Özger (see x);
Marina V. Plekhanova (see vii); Feng Qi (see iii);
Stojan Radenović (see ii, vi); Dušan Rakić (see ii);
Nusrat Raza (see ix); Zhen-Ying Sun (see iii);
Linlin Tian (see iv); Guolin Yu (see i);
Tingting Xie (see vii).

The published contributions to this Special Issue can be divided according to the
following scheme considering their main purposes:

• Nonlinear analysis (see ii, iii, v, vii, viii, ix, x);
• Fractional calculus (see v, vi, vii, viii);
• Optimization and analytic number theory (see i, iii, iv).

We hope that researchers and practitioners find these papers interesting and inspira-
tional for future research work in these exciting areas. We also believe that the contributions
to this Special Issue provide new insights on several important issues while, at the same
time, providing new research problems or avenues that undoubtedly exceed our original
aim. Finally, we would like to express our sincere thanks to the Editorial team and the
reviewers of Axioms, particularly the Editor-in-Chief, Prof. Dr. Humberto Bustince, and the
assistant editors, for their great support throughout the editing process of our Special Issue.

Author Contributions: Conceptualization, W.-S.D.; methodology, W.-S.D.; software, W.-S.D.; vali-
dation, W.-S.D.; formal analysis, W.-S.D.; investigation, W.-S.D.; writing-original draft preparation,
W.-S.D.; writing-review and editing, W.-S.D.; visualization, W.-S.D.; supervision, W.-S.D.; project
administration, W.-S.D. All authors have read and agreed to the published version of the manuscript.

Funding: Wei-Shih Du is partially supported by grant No. NSTC 112-2115-M-017-002 of the National
Science and Technology Council of the Republic of China.

Institutional Review Board Statement: Not applicable.
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Informed Consent Statement: Not applicable.

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest.
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Article

Optimality Conditions of the Approximate Efficiency for
Nonsmooth Robust Multiobjective Fractional Semi-Infinite
Optimization Problems

Liu Gao 1, Guolin Yu 1,* and Wenyan Han 2

1 School of Mathematics and Information Science, North Minzu University, Yinchuan 750021, China;
gaoliu@nmu.edu.cn

2 School of Mathematics and Statistics, Ningxia University, Yinchuan 750021, China; hanwenyan@nmu.edu.cn
* Correspondence: guolin_yu@126.com or yuguolin@nmu.edu.cn

Abstract: This paper is devoted to the investigation of optimality conditions and saddle point
theorems for robust approximate quasi-weak efficient solutions for a nonsmooth uncertain multi-
objective fractional semi-infinite optimization problem (NUMFP). Firstly, a necessary optimality
condition is established by using the properties of the Gerstewitz’s function. Furthermore, a kind
of approximate pseudo/quasi-convex function is defined for the problem (NUMFP), and under its
assumption, a sufficient optimality condition is obtained. Finally, we introduce the notion of a robust
approximate quasi-weak saddle point to the problem (NUMFP) and prove corresponding saddle
point theorems.

Keywords: multiobjective semi-infinite optimization; approximate solution; generalized convexity;
optimality conditions; saddle point

1. Introduction

Recently, much attention had been paid to semi-infinite optimization problems;
see [1–3]. Specially, multiobjective semi-infinite optimization refers to finding values
of decision variables that give the optimum of more than one objective, and many inter-
esting results have been presented in [4] and the references therein. Moreover, fractional
optimization is a ratio of two functions, and it is widely used in the fields of information
technology, resource allocation and engineering design; see [5–8]. It is worth noting that in
many practical problems the objective or constraint functions to optimization models are
nonsmooth and are affected by various uncertain information. Therefore, it is meaningful
to investigate nonsmooth uncertain optimization problems; see [9–11]. Robust optimiza-
tion [12,13] is one of the powerful tools to deal with optimization problems with data
uncertainty. The aim of the robust optimization approach is to find the worst-case solution,
which is immunized against the data uncertainty to optimization problems. However,
most of solutions obtained by numerical algorithms are approximate solutions. In these
situations, the study of approximate solutions is very significant from both the theoreti-
cal aspect and practical application. This paper intends to investigate the properties of
a problem (NUMFP) with respect to approximate quasi-weak efficient solutions by the
robust approach.

Optimality conditions and saddle point theorems are two important contents of nons-
mooth optimization problems. The subdifferential is a powerful tool to characterize opti-
mality conditions. For a nonsmooth multiobjective optimization problem, Caristi et al. [14]
and Kabgani et al. [15] investigated optimality conditions of weakly efficient solutions by
using the Michel–Penot subdifferential and convexificator, respectively. Chuong [5] ob-
tained optimality theorems for robust efficient solutions to a nonsmooth multiobjective

Axioms 2023, 12, 635. https://doi.org/10.3390/axioms12070635 https://www.mdpi.com/journal/axioms5
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fractional optimization problem based on the Mordukhovich subdifferential. It is impor-
tant to mention that the Clarke subdifferential has attracted much attention because of its
good properties [16]. Fakhar et al. [17] constructed optimality conditions and saddle point
theorems of robust efficient solutions for a nonsmooth multiobjective optimization problem
by utilizing the Clarke subdifferential. The purpose of this article is to examine optimality
conditions and saddle point theorems of robust approximate quasi-weak efficient solutions
for a problem (NUMFP) under the Clarke subdifferential. Moreover, Lee et al. [18] em-
ployed a separation theorem to established necessary conditions for approximate solutions.
Chen et al. [19] used a generalized alternative theorem to obtain necessary optimality
conditions for weakly robust efficient solutions. It is worth noting that the Gerstewitz’s
function is an important nonlinear scalar function, which plays a significant role in solving
optimization problems due to its good properties, such as convexity, positive homogeneity
and continuity; see [20,21]. This paper will use the Gerstewitz’s function to examine a
necessary optimality condition of robust approximate quasi-weak efficient solutions for a
problem (NUMFP).

In addition, convexity and its generalization play an important role in establishing suf-
ficient optimality conditions of optimization problems. In this paper, we will define a class
of approximate (pseudo quasi) convex functions for the objective and constraint functions
of a problem (NUMFP) and establish a sufficient optimality condition and saddle point
theorems for robust approximate quasi-weak efficient solutions under their assumptions.

This paper is organized as follows. Section 2 provides some basic concepts and
lemmas, which will be used in the subsequent sections. In Section 3, we establish optimality
conditions for robust approximate quasi-weak efficient solutions to a problem (NUMFP).
In Section 4, we introduce the concept of a robust approximate quasi-weak saddle point to
a problem (NUMFP) and prove corresponding saddle point theorems.

2. Preliminaries

Throughout this paper,N andRn stand for the set of natural numbers and n-dimensional
Euclidean space, respectively. B(x̄, r) denotes the open ball with center x̄ ∈ Rn and ra-
dius r > 0; B represents the closed unit ball of Rn. The inner product in Rn is denoted
by 〈x, y〉 for any x, y ∈ Rn. We set

Rn
+ = {x = (x1, · · · , xn) ∈ Rn | xi ≥ 0, i = 1, · · · , n},

Rn
++ = {x = (x1, · · · , xn) ∈ Rn | xi > 0, i = 1, · · · , n},

and utilize the following symbols to represent an order relation in Rn:

x < y ⇔ y − x ∈ Rn
++,

x � y ⇔ y − x ∈ Rn
+.

Let C ⊂ Rn be a nonempty subset and intC, clC and coC stand for the interior, the
closure, and the convex hull of C, respectively. The Clarke contingent cone and normal
cone to C at point x̄ ∈ Rn are defined, respectively, by the following (see [16]):

T(C, x̄) = {y ∈ Rn | ∀xn ∈ C, xn → x̄, ∀tn → 0, ∃yn → y, s.t. xn + tnyn ∈ C, ∀n ∈ N},

N(C, x̄) = {ξ ∈ Rn | 〈ξ, y〉 ≤ 0, ∀y ∈ T(C, x̄)}.

The conical convex hull (see [22]) of the set C is defined as

pos(C) = {y ∈ Rn | ∃l ∈ N s.t. y =
l

∑
i=1

λiyi, λi ≥ 0, yi ∈ C, i = 1, · · · , l}.

6
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Let F : Rn → Rm. F is said to be locally Lipschitz at x̄ ∈ Rn if there exist constant
L > 0 and r > 0 such that

‖ F(x1)− F(x2) ‖≤ L ‖ x1 − x2 ‖, ∀x1, x2 ∈ B(x̄, r).

If F is locally Lipschitz at x for any x ∈ Rn, then F is called locally Lipschitz mapping.
Particularly, for a real value locally Lipschitz function f : Rn → R (R denotes real number),
the Clarke generalized directional derivative of f at x̄ ∈ Rn in the direction d ∈ Rn is given
by (see [16])

f (x̄; d) = lim sup
y→x̄,t→0+

f (y + td)− f (y)
t

,

and the Clarke subdifferential (see [16]) of f at x̄ is denoted by

∂ f (x̄) = {ξ ∈ Rn | f (x̄; d) ≥ 〈ξ, d〉, ∀d ∈ Rn}.

Let C ⊂ Rn be a nonempty subset, and the indicator function of C is defined as

δC(x) =

{
0, x ∈ C,
+∞, x /∈ C.

It is pointed out in [16] that

∂δC(x̄) = N(C, x̄), ∀x̄ ∈ C.

The following lemmas characterize some properties of the Clarke subdifferential.

Lemma 1 ([16]). Let f , h : Rn → R be locally Lipschitz at x̄ ∈ Rn. Then, the following
applies:

(i) ∂ f (x̄) is nonempty compact convex;
(ii) for any t ∈ R, ∂ f (tx̄) = t∂ f (x̄);
(iii) ∂( f + h)(x̄) ⊂ ∂ f (x̄) + ∂h(x̄);
(iv) if f attains a local minimum at x̄, then 0 ∈ ∂ f (x̄).

Lemma 2 ([16]). Let f , h : Rn → R be locally Lipschitz at x̄ ∈ Rn, and h(x̄) 
= 0. Then, f
h is

also locally Lipschitz at x̄, and

∂(
f
h
)(x̄) ⊂ h(x̄)∂ f (x̄)− f (x̄)∂h(x̄)

(h(x̄))2 .

Lemma 3 ([16]). Let F : Rn → Rm be locally Lipschitz at x̄ ∈ Rn and f : Rm → R be locally
Lipschitz at F(x̄). Then,

∂( f ◦ F)(x̄) ⊂ cl(co(
⋃

Λ∈∂ f (F(x̄))

∂(Λ ◦ F)(x̄))).

Next, we give a scalar function, which will play an essential role in the proof of
optimality conditions in Section 3.

Definition 1 ([20]). Let C ⊂ Rn be a pointed closed convex cone, ē ∈ intC 
= ∅. The Gerstewitz’s
function Ψē : Rn → R is defined as

Ψē(y) = inf {t ∈ R | y ∈ tē − C}, y ∈ Rn.

Some properties of the Gerstewitz’s function are summarized in the following Lemma 4.

7
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Lemma 4 ([20]). Let C ⊂ Rn be a pointed closed convex cone, ē ∈ intC 
= ∅. Then, the
following applies:

(i) Ψē is continuous and locally a Lipschitz function;
(ii) Ψē(y) ≤ t ⇔ y ∈ tē − C;
(iii) Ψē(y) ≥ t ⇔ y /∈ tē − intC;
(iv) ∂Ψē(y) = {λ ∈ C∗ | 〈λ, y〉 = Ψē(y)};
(v) ∂Ψē(y) ⊂ C∗\{0},

where C∗ = {λ ∈ Rn | 〈λ, y〉 ≥ 0, ∀y ∈ C} represents the dual cone of C.

Lemma 5 ([22]). Let {Ci | i ∈ I} be an arbitrary collection of nonempty convex sets
in Rn and K be the convex cone generated by the union of the collection. Then, every
nonzero vector of K can be expressed as a nonnegative linear combination of n or fewer
linearly independent vectors, each belonging to a different Ci.

Let T be a nonempty and arbitrary index set. Considering the following nonsmooth
uncertain multiobjective fractional semi-infinite optimization problem (NUMFP)

(NUMFP)

{
min f (x)

h(x) =
( f1(x)

h1(x) , · · · , fl(x)
hl(x)

)
,

s.t. gt(x, vt) ≤ 0, ∀t ∈ T,

where vt and t ∈ T, are uncertain parameters from the uncertainty set Vt ⊂ Rp, t ∈ T. fi, hi :
Rn → R, hi(x) 
= 0, i = 1, · · · , l, gt : Rn ×Vt → R, fi, hi, gt are locally Lipschitz functions,
and the uncertainty map V : T ⇒ Rp is defined as V(t) := Vt.

We consider the robust counterpart of the problem (NUMFP) as follows:

(NRMFP)

{
min f (x)

h(x) =
( f1(x)

h1(x) , · · · , fl(x)
hl(x)

)
,

s.t. gt(x, vt) ≤ 0, ∀vt ∈ Vt, t ∈ T,

where the feasible set of the problem (NRMFP) is denoted by

F := {x ∈ Rn | gt(x, vt) ≤ 0, ∀vt ∈ Vt, t ∈ T}.

Definition 2. Let ε = (ε1, · · · , ε l) ∈ Rl
+. x̄ ∈ F is called a robust quasi-weak ε-efficient solution

of the problem (NUMFP) if x̄ is a quasi-weak ε-efficient solution of the problem (NRMFP); that is,

f (x)
h(x)

− f (x̄)
h(x̄)

+ ε‖x − x̄‖ /∈ −Rl
++, ∀x ∈ F .

Remark 1. When ε = 0, the quasi-weak ε-efficient solution degrades into the weak efficient solution
in [8].

3. Optimality Conditions

In this section, we will establish necessary and sufficient optimality conditions for
the quasi-weak ε-efficient solutions to the problem (NRMFP). We begin with the following
constraint qualification.

Definition 3 ([23]). For x ∈ Rn, let Π(x) := {(t, v) ∈ gphV | gt(x, v) = 0} and

Δ(x) :=
⋃

(t,v)∈Π(x)

∂xgt(x, v),

where gphV := {(t, v) ∈ T ×Rp | v ∈ V(t)}.

Definition 4 ([16]). Let x̄ ∈ F . The Basic Constraint Qualification (BCQ) holds at x̄ if N(F , x̄) ⊂
pos(Δ(x̄)).

8
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Next, we present a necessary optimality condition for the quasi-weak ε-efficient
solutions to the problem (NRMFP) by using the properties of the Gerstewitz’s function.

Theorem 1. In problem (NRMFP), let ε = (ε1, · · · , ε l) ∈ Rl
+. If x̄ ∈ F is a quasi-weak ε-efficient

solution of the problem (NRMFP) and the BCQ holds at x̄, then there exist ᾱ = (ᾱ1, · · · , ᾱl) ∈
Rl
+\{0}, λ̄i = ᾱi

hi(x̄) , i = 1, · · · , l, μ̄ = (μ̄1, · · · , μ̄n) ∈ Rn
+ and (t̄j, v̄j) ∈ gphV, j =

1, · · · , n, such that

0 ∈
l

∑
i=1

λ̄i(∂ fi(x̄)− fi(x̄)
hi(x̄)

∂hi(x̄)) +
n

∑
j=1

μ̄j∂xgt̄j
(x̄, v̄j) +

l

∑
i=1

ᾱiεiB, (1)

μ̄jgt̄j
(x̄, v̄j) = 0, ∀j = 1, · · · , n. (2)

Proof. Since x̄ is a quasi-weak ε-efficient solution of the problem (NRMFP), we obtain

f (x)
h(x)

− f (x̄)
h(x̄)

+ ε‖x − x̄‖ /∈ −Rl
++, ∀x ∈ F .

Let H(x) = ( f (x)
h(x) −

f (x̄)
h(x̄) + ε‖x − x̄‖), by Lemma 4 (iii), then we obtain

Ψ(ē)(H(x)) ≥ 0, ∀x ∈ F .

As x̄ ∈ F , thus,

Ψ(ē)(H(x̄)) ≥ 0. (3)

Note that H(x̄) = 0, then H(x̄) ∈ −Rl
+, and it follows from Lemma 4 (ii) that

Ψ(ē)(H(x̄)) ≤ 0,

together with (3), and then we have

Ψ(ē)(H(x̄)) = 0.

Therefore,

Ψ(ē)(H(x)) ≥ Ψ(ē)(H(x̄)) = 0, ∀x ∈ F ,

and this means that x̄ is a local minimizer of Ψ(ē) ◦ H(x) on F , and x̄ is also a local minimizer
of Ψ(ē) ◦ H(x) + δF (x) on F . By Lemma 1 (iii), we obtain

0 ∈ ∂(Ψ(ē) ◦ H + δF )(x̄) ⊂ ∂(Ψ(ē) ◦ H)(x̄) + ∂δF (x̄). (4)

Due to

∂δF (x̄) = N(F ; x̄),

combined with (4), we arrive at

0 ∈ ∂(Ψ(ē) ◦ H)(x̄) + N(F ; x̄).

Since H(x) is locally Lipschitz at x̄ and Ψ(ē) is locally Lipschitz at H(x̄), it follows from
Lemma 3 that

∂(Ψ(ē) ◦ H)(x̄) ⊂ cl(co(
⋃

Λ∈∂Ψ(ē)(H(x̄))

∂(Λ ◦ H)(x̄))).

9
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According to Lemma 4 (v), there exists ᾱ = (ᾱ1, · · · , ᾱl) ∈ ∂Ψ(ē)(H(x̄)) ⊂ Rl
+\{0} such that

0 ∈ cl(co(∂(ᾱ ◦ H)(x̄))) + N(F ; x̄)

= cl(co(∂(ᾱ ◦ ( f (·)
h(·) −

f (x̄)
h(x̄)

+ ε‖ · −x̄‖)(x̄))) + N(F ; x̄)

⊂ cl(co(∂(ᾱ ◦ ( f
h
))(x̄) + 〈ᾱ, ε〉B)) + N(F ; x̄).

From Lemma 1 (i), it leads to

0 ∈ ∂(ᾱ ◦ ( f
h
))(x̄) + 〈ᾱ, ε〉B+ N(F ; x̄)

=
l

∑
i=1

ᾱi∂(
fi
hi
)(x̄) +

l

∑
i=1

ᾱiεiB+ N(F ; x̄).

According to Lemma 2, we obtain

0 ∈
l

∑
i=1

ᾱi
hi(x̄)

(∂ fi(x̄)− fi(x̄)
hi(x̄)

∂hi(x̄)) +
l

∑
i=1

ᾱiεiB+ N(F ; x̄).

Since the BCQ holds, it leads to

0 ∈
l

∑
i=1

ᾱi
hi(x̄)

(∂ fi(x̄)− fi(x̄)
hi(x̄)

∂hi(x̄)) +
l

∑
i=1

ᾱiεiB+ pos(�(x̄)).

By Lemma 5, there exist p ≤ n, μ̄ = (μ̄1, · · · , μ̄p) ∈ Rp
+ and (t̄j, v̄j) ∈ Π(x̄), j =

1, · · · , p such that

0 ∈
l

∑
i=1

ᾱi
hi(x̄)

(∂ fi(x̄)− fi(x̄)
hi(x̄)

∂hi(x̄)) +
p

∑
j=1

μ̄j∂xgt̄j
(x̄, v̄j) +

l

∑
i=1

ᾱiεiB. (5)

Let ᾱi
hi(x̄) = λ̄i. If p = n, then (1) and (2) hold due to (t̄j, v̄j) ∈ Π(x̄), j = 1, · · · , p. When

p < n, we take multipliers μ̄p+1 = · · · = μ̄n = 0 in (5) to obtain the desired result and
complete the proof.

Remark 2. In studies [18,19], the necessary optimality conditions were obtained by utilizing a
separation theorem and an alternative theorem, respectively. Different from [18,19], the necessary
optimality condition of the above Theorem 1 is directly proved by using the properties of the
Gerstewitz’s function. However, if ε = 0 and T is a finite index set, then Theorem 1 of this paper
will reduce to Theorem 1 in [8].

Before we establish a sufficient optimality condition of quasi-weak ε-efficient solutions
for the problem (NRMFP), we next introduce the following two kinds of generalized
convexities for the objective and constraint functions of the problem (NRMFP).

Definition 5. In the problem (NRMFP), ( f , h, g) is called an approximate convex function at x̄ ∈
F if for any x ∈ F , ξi ∈ ∂ fi(x̄), ηi ∈ ∂hi(x̄), i = 1, · · · , l, (tj, vj) ∈ gphV, and δj ∈
∂xgtj(x̄, vj), j = 1, · · · , n, such that

fi(x)
hi(x)

− fi(x̄)
hi(x̄)

≥ 1
hi(x̄)

(〈ξi, x − x̄〉 − fi(x̄)
hi(x̄)

〈ηi, x − x̄〉), i = 1, · · · , l,

gtj(x, vj)− gtj(x̄, vj) ≥ 〈δj, x − x̄〉, j = 1, · · · , n.

Here is an example of an approximate convex function.

10



Axioms 2023, 12, 635

Example 1. In the problem (NRMFP), let fi, hi : R → R, i = 1, 2, g : R× Vt → R, t ∈ T =
[0, 1], v ∈ Vt = [2 − t, 2 + t], (t, v) ∈ gphV, and

f (x)
h(x)

= (
f1(x)
h1(x)

,
f2(x)
h2(x)

) = (
x2 + 2x

3
,

2x2

x2 + 1
),

gt(x, v) = 2tx2 − vx.

By a simple calculation, we obtain F = [0, 1
2 ]. Let x̄ = 0 ∈ F , then we have ∂ f1(x̄) =

{2}, ∂ f2(x̄) = {0}, ∂h1(x̄) = {0}, ∂h2(x̄) = {0}, and ∂xgt(x̄, v) = {−v}. For any x ∈
F , ξi ∈ ∂ fi(x̄), ηi ∈ ∂hi(x̄), i = 1, 2, δ ∈ ∂xgt(x̄, v), since

f1(x)
h1(x)

− f1(x̄)
h1(x̄)

=
x2 + 2x

3
≥ 2x

3
=

1
h1(x̄)

(〈ξ1, x − x̄〉 − f1(x̄)
h1(x̄)

〈η1, x − x̄〉),

f2(x)
h2(x)

− f2(x̄)
h2(x̄)

=
2x2

x2 + 1
≥ 0 =

1
h2(x̄)

(〈ξ2, x − x̄〉 − f2(x̄)
h2(x̄)

〈η2, x − x̄〉),

gt(x, v)− gt(x̄, v) = 2tx2 − vx ≥ −vx = 〈δ, x − x̄〉.
We obtain an approximate convex function ( f , h, g) at x̄ = 0.

Definition 6. In the problem (NRMFP), let ε = (ε1, · · · , ε l) ∈ Rl
+. ( f , h, g) is called an approx-

imate pseudo/quasi-convex function at x̄ ∈ F if for any x ∈ F , ξi ∈ ∂ fi(x̄), ηi ∈ ∂hi(x̄), i =
1, · · · , l, (tj, vj) ∈ gphV, and δj ∈ ∂xgtj(x̄, vj), j = 1, · · · , n, such that

1
hi(x̄)

(〈ξi, x − x̄〉 − fi(x̄)
hi(x̄)

〈ηi, x − x̄〉) + εi‖x − x̄‖ ≥ 0 ⇒ fi(x)
hi(x)

− fi(x̄)
hi(x̄)

+ εi‖x − x̄‖ ≥ 0,

gtj(x, vj)− gtj(x̄, vj) ≤ 0 ⇒ 〈δj, x − x̄〉 ≤ 0.

Remark 3. Clearly, if ( f , h, g) is an approximate convex function at x̄ ∈ F , then ( f , h, g) is an
approximate pseudo/quasi-convex function at x̄ ∈ F ; conversely, it is not true (see the following
Example 2).

Example 2. In problem (NRMFP), let fi, hi : R → R, i = 1, 2,

f (x)
h(x)

= (
f1(x)
h1(x)

,
f2(x)
h2(x)

),

where
f1(x) = x4 + x, h1(x) = 2, f2(x) = x2, h2(x) = x4 + 1,

g : R× Vt → R, t ∈ T = [1, 3], v ∈ Vt = [1, 3 + t], (t, v) ∈ gphV,

gt(x, v) = −x2 − 2vt.

Through a clear calculation, we obtain F = R. Taking x̄ = 0 ∈ F , ε = (1, 2), we obtain ∂ f1(x̄) =
{1}, ∂ f2(x̄) = {0}, ∂h1(x̄) = {0}, ∂h2(x̄) = {0} and ∂xgt(x̄, v) = {0}. For any x ∈ F , ξi ∈
∂ fi(x̄), ηi ∈ ∂hi(x̄), i = 1, 2, and δ ∈ ∂xgt(x̄, v), since

1
h1(x̄)

(〈ξ1, x − x̄〉 − f1(x̄)
h1(x̄)

〈η1, x − x̄〉) + ε1‖x − x̄‖ =
x
2
+ |x| ≥ 0

⇒ f1(x)
h1(x)

− f1(x̄)
h1(x̄)

+ ε1‖x − x̄‖ =
x4 + x

2
+ |x| ≥ 0,

11
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1
h2(x̄)

(〈ξ2, x − x̄〉 − f2(x̄)
h2(x̄)

〈η2, x − x̄〉) + ε2‖x − x̄‖ = 2|x| ≥ 0

⇒ f2(x)
h2(x)

− f2(x̄)
h2(x̄)

+ ε2‖x − x̄‖ =
x2

x4 + 1
+ 2|x| ≥ 0,

gt(x, v)− gt(x̄, v) = −x2 ≤ 0 ⇒ 〈δ, x − x̄〉 = 0 ≤ 0.

We obtain ( f , h, g), an approximate pseudo/quasi-convex function, at x̄ = 0. However, for x ∈
F\{0} and δ ∈ ∂xgt(x̄, v), one has

gt(x, v)− gt(x̄, v) = −x2 � 0 = 〈δ, x − x̄〉.

Therefore, ( f , h, g) is not an approximate convex function at x̄ = 0.

The following Theorem 2 presents a sufficient optimality condition for the quasi-weak
ε-efficient solutions to the problem (NRMFP).

Theorem 2. In problem (NRMFP), let ε = (ε1, · · · , ε l) ∈ Rl
+ and ( f , h, g) be an approxi-

mate pseudo/quasi-convex function at x̄ ∈ F . If there exist multipliers ᾱ = (ᾱ1, · · · , ᾱl) ∈
Rl
+\{0}, μ̄ = (μ̄1, · · · , μ̄n) ∈ Rn

+ and (t̄j, v̄j) ∈ gphV, such that (1) and (2) hold, then x̄ is a
quasi-weak ε-efficient solution of the problem (NRMFP).

Proof. It follows from (1) that there exist ξ̄i ∈ ∂ fi(x̄), η̄i ∈ ∂hi(x̄), δ̄j ∈ ∂xgt̄j
(x̄, v̄j) and

b̄i ∈ B, such that

0 =
l

∑
i=1

λ̄i(ξ̄i − fi(x̄)
hi(x̄)

η̄i) +
n

∑
j=1

μ̄j δ̄j +
l

∑
i=1

ᾱiεi b̄i.

Due to b̄i ∈ B, for any x ∈ F , 〈b̄i, x − x̄〉 ≤ ‖x − x̄‖, we obtain

〈
l

∑
i=1

λ̄i(ξ̄i − fi(x̄)
hi(x̄)

η̄i) +
n

∑
j=1

μ̄j δ̄j, x − x̄〉+
l

∑
i=1

ᾱiεi‖x − x̄‖ ≥ 0.

This is equivalent to

〈
l

∑
i=1

λ̄i(ξ̄i − fi(x̄)
hi(x̄)

η̄i), x − x̄〉+
l

∑
i=1

ᾱiεi‖x − x̄‖ ≥ −〈
n

∑
j=1

μ̄j δ̄j, x − x̄〉. (6)

When μ̄j = 0, 〈∑n
j=1 μ̄j δ̄j, x − x̄〉 = 0. If μ̄j 
= 0, from (2), we derive

gt̄j
(x, v̄j) ≤ gt̄j

(x̄, v̄j) = 0.

Since ( f , h, g) is an approximate pseudo/quasi-convex function at x̄, for δ̄j ∈ ∂xgt̄j
(x̄, v̄j),

we have
〈δ̄j, x − x̄〉 ≤ 0. (7)

Combining with (6) and (7), we obtain

〈
l

∑
i=1

λ̄i(ξ̄i − fi(x̄)
hi(x̄)

η̄i), x − x̄〉+
l

∑
i=1

ᾱiεi‖x − x̄‖ ≥ 0. (8)

Conversely, suppose that x̄ is not a quasi-weak ε-efficient solution of the problem (NRMFP).
Then, there exists x̂ ∈ F such that

f (x̂)
h(x̂)

− f (x̄)
h(x̄)

+ ε‖x̂ − x̄‖ ∈ −Rl
++,

12



Axioms 2023, 12, 635

which implies that

fi(x̂)
hi(x̂)

− fi(x̄)
hi(x̄)

+ εi‖x̂ − x̄‖ < 0, i = 1, · · · , l.

Since ( f , h, g) is an approximate pseudo/quasi-convex at x̄, for ξ̄i ∈ ∂ fi(x̄), and η̄i ∈ ∂hi(x̄),
i = 1, · · · , l, we obtain

1
hi(x̄)

(〈ξ̄i, x̂ − x̄〉 − fi(x̄)
hi(x̄)

〈η̄i, x̂ − x̄〉) + εi‖x̂ − x̄‖ < 0, i = 1, · · · , l.

Noticing that ᾱ ∈ Rl
+\{0}, ᾱi

hi(x̄) = λ̄i, i = 1, · · · , l, we arrive at

〈
l

∑
i=1

λ̄i(ξ̄i − fi(x̄)
hi(x̄)

η̄i), x̂ − x̄〉+
l

∑
i=1

ᾱiεi‖x̂ − x̄‖ < 0,

which contradicts (8). Hence, x̄ is a quasi-weak ε-efficient solution to the problem (NRMFP).

4. Saddle Point Theorems

In this section, we establish saddle point theorems of quasi-weak ε-efficiency. We first
give the definition of a quasi ε-weak saddle point for the problem (NRMFP).

Let x̄ ∈ F , ᾱ = (ᾱ1, · · · , ᾱl) ∈ Rl
+\{0}, e = (1, · · · , 1) ∈ Rl

+, μ = (μ1, · · · μn) ∈ Rn
+

and ν = (tj, vj) ∈ gphV, j = 1, · · · , n. The Lagrangian function of the problem (NRMFP) is
defined as

L(x, ᾱ, μ, ν) = (L1(x, ᾱ, μ, ν), · · · ,Ll(x, ᾱ, μ, ν)),

where

L(x, ᾱ, μ, ν) = ᾱ(
f (x)
h(x)

− f (x̄)
h(x̄)

) +
1
l

n

∑
j=1

μjgtj(x, vj)e, (9)

Li(x, ᾱ, μ, ν) = ᾱi(
fi(x)
hi(x)

− fi(x̄)
hi(x̄)

) +
1
l

n

∑
j=1

μjgtj(x, vj), i = 1, · · · , l.

Definition 7. In the problem (NRMFP), let ε = (ε1, · · · , ε l) ∈ Rl
+. (x̄, ᾱ, μ̄, ν̄) ∈ F ×

(Rl
+\{0})×Rn

+ × gphV is said to be a quasi ε-weak saddle point if

L(x, ᾱ, μ̄, ν̄) + ε‖x − x̄‖ − L(x̄, ᾱ, μ̄, ν̄) /∈ −Rl
++, ∀x ∈ F , (10)

L(x̄, ᾱ, μ, ν)− ε‖μ − μ̄‖ � L(x̄, ᾱ, μ̄, ν̄), ∀μ ∈ Rn
+, ν ∈ gphV. (11)

The following example is presented to illustrate Definition 7.

Example 3. In the problem (NRMFP), let fi, hi : R → R, i = 1, 2, g : R× Vt → R, t ∈ T =
[0, 1), and v ∈ Vt = [2 − t, 2 + t]. Define

f (x)
h(x)

= (
f1(x)
h1(x)

,
f2(x)
h2(x)

) = (
x2

2
,

2x
x + 1

),

gt(x, v) = −tx − vx.
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Via calculation, we obtain F = [0,+∞). For any (x, ᾱ, μ, ν) ∈ F × (R2
+\{0})×R+ × gphV,

the Lagrangian function of the problem (NRMFP) is

L(x, ᾱ, μ, ν) = (ᾱ1(
x2

2
− x̄2

2
) +

1
2

μ(−tx − vx), ᾱ2(
2x

x + 1
− 2x̄

x̄ + 1
) +

1
2

μ(−tx − vx)).

Let x̄ = 0 ∈ F , ε = (ε1, ε2) = (1, 1), ᾱ = (ᾱ1, ᾱ2) = ( 1
2 , 1

2 ), μ̄ = 1 and v̄ = 2 − t. It is easy
to obtain

L(x, ᾱ, μ̄, ν̄) = (
x2

4
− x,

x
x + 1

− x), L(x̄, ᾱ, μ̄, ν̄) = (0, 0),

L(x̄, ᾱ, μ, ν) = (0, 0).

Hence,

L(x, ᾱ, μ̄, ν̄) + ε‖x − x̄‖ − L(x̄, ᾱ, μ̄, ν̄) = (
x2

4
,

x
x + 1

) /∈ −R2
++, ∀x ∈ F ,

L(x̄, ᾱ, μ, ν)− ε‖μ − μ̄‖ = −ε|μ − 1| � L(x̄, ᾱ, μ̄, ν̄), ∀μ ∈ R+, ν ∈ gphV.

The above result is seen in the following Figures 1 and 2. Therefore, (x̄, ᾱ, μ̄, ν̄) is a quasi ε-weak
saddle point of the problem (NRMFP).

Figure 1. The illustration of L(x, ᾱ, μ̄, ν̄) + ε‖x − x̄‖ − L(x̄, ᾱ, μ̄, ν̄).

Figure 2. The illustration of L(x̄, ᾱ, μ, ν)− ε‖μ − μ̄‖.

14



Axioms 2023, 12, 635

Theorem 3. In the problem (NRMFP), suppose that x̄ ∈ F is a quasi-weak ε-efficient solution of
the problem (NRMFP) and Theorem 1 is satisfied. If ( f , h, g) is an approximate convex function
at x̄, then (x̄, ᾱ, μ̄, ν̄) ∈ F × (Rl

+\{0}) × Rn
+ × gphV is a quasi ᾱε-weak saddle point, where

ᾱε = (ᾱ1ε1, · · · ᾱlε l).

Proof. Firstly, we verify (10) holds. Since x̄ is a quasi-weak ε-efficient solution of the
NRMFP, it follows from Theorem 1 that

0 ∈
l

∑
i=1

λ̄i(∂ fi(x̄)− fi(x̄)
hi(x̄)

∂hi(x̄)) +
n

∑
j=1

μ̄j∂xgt̄j
(x̄, v̄j) +

l

∑
i=1

ᾱiεiB,

μ̄jgt̄j
(x̄, v̄j) = 0, ∀j = 1, · · · , n.

Therefore, there exist ξ̄i ∈ ∂ fi(x̄), η̄i ∈ ∂hi(x̄), δ̄j ∈ ∂xgt̄j
(x̄, v̄j), and b̄i ∈ B such that

0 =
l

∑
i=1

λ̄i(ξ̄i − fi(x̄)
hi(x̄)

η̄i) +
n

∑
j=1

μ̄j δ̄j +
l

∑
i=1

ᾱiεi b̄i.

Due to b̄i ∈ B, for x ∈ F , 〈b̄i, x − x̄〉 ≤ ‖x − x̄‖, we have

〈
l

∑
i=1

λ̄i(ξ̄i − fi(x̄)
hi(x̄)

η̄i) +
n

∑
j=1

μ̄j δ̄j, x − x̄〉+
l

∑
i=1

ᾱiεi‖x − x̄‖ ≥ 0. (12)

Suppose that (x̄, ᾱ, μ̄, ν̄) is not a quasi ε-weak saddle point of the problem (NRMFP); then,
there exists x̂ ∈ F such that

L(x̂, ᾱ, μ̄, ν̄) + ᾱε‖x̂ − x̄‖ − L(x̄, ᾱ, μ̄, ν̄) ∈ −Rl
++.

From (9), we deduce

ᾱ(
f (x̂)
h(x̂)

− f (x̄)
h(x̄)

) +
1
l

n

∑
j=1

μ̄j(gt̄j
(x̂, v̄j)− gt̄j

(x̄, v̄j))e + ᾱε‖x̂ − x̄‖ ∈ −Rl
++.

Thus,

ᾱi(
fi(x̂)
hi(x̂)

− fi(x̄)
hi(x̄)

) +
1
l

n

∑
j=1

μ̄j(gt̄j
(x̂, v̄j)− gt̄j

(x̄, v̄j)) + ᾱiεi‖x̂ − x̄‖ < 0, i = 1, · · · , l. (13)

Since ( f , h, g) is an approximate convex function at x̄, there exist ξ̄i ∈ ∂ fi(x̄), η̄i ∈ ∂hi(x̄)
and δ̄j ∈ ∂xgt̄j

(x̄, v̄j) such that

fi(x̂)
hi(x̂)

− fi(x̄)
hi(x̄)

≥ 1
hi(x̄)

(〈ξ̄i, x̂ − x̄〉 − fi(x̄)
hi(x̄)

〈η̄i, x̂ − x̄〉), i = 1, · · · , l,

gt̄j
(x̂, v̄j)− gt̄j

(x̄, v̄j) ≥ 〈δ̄j, x̂ − x̄〉, j = 1, · · · , n.

Let ᾱi
hi(x̄) = λ̄i, i = 1, · · · , l, and then together with (13) we have

λ̄i〈(ξ̄i − fi(x̄)
hi(x̄)

η̄i), x̂ − x̄〉+ 1
l
〈

n

∑
j=1

μ̄j δ̄j, x̂ − x̄〉+ ᾱiεi‖x̂ − x̄‖ < 0, i = 1, · · · , l.

Then, we obtain

〈
l

∑
i=1

λ̄i(ξ̄i − fi(x̄)
hi(x̄)

η̄i), x̂ − x̄〉+ 〈
n

∑
j=1

μ̄j δ̄j, x̂ − x̄〉+
l

∑
i=1

ᾱiεi‖x̂ − x̄‖ < 0,
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which contradicts (12).
Next, we prove (11) holds. Since μ̄jgt̄j

(x̄, v̄j) = 0, for any μj ≥ 0, (tj, vj) ∈ (gphV), i =
1, · · · , l, we have μjgtj(x̄, vj) ≤ 0; hence,

n

∑
j=1

μ̄jgt̄j
(x̄, v̄j)−

n

∑
j=1

μjgtj(x̄, vj) ≥ 0.

That is,

−ᾱε‖μj − μ̄j‖ � (0, · · · , 0) � ᾱ(
f (x̄)
h(x̄)

− f (x̄)
h(x̄)

) +

1
l

n

∑
j=1

μ̄jgt̄j
(x̄, v̄j)e − ᾱ(

f (x̄)
h(x̄)

− f (x̄)
h(x̄)

)− 1
l

n

∑
j=1

μjgtj(x̄, vj)e,

which implies that
L(x̄, ᾱ, μ, ν)− ᾱε‖μj − μ̄j‖ � L(x̄, ᾱ, μ̄, ν̄).

The next Theorem 4 shows that a quasi ᾱε-weak saddle point is a quasi-weak ε-efficient
solution of the problem (NRMFP).

Theorem 4. In the problem (NRMFP), if (x̄, ᾱ, μ̄, ν̄) ∈ F ×Rl
++ ×Rn

+ × gphV is a quasi ᾱε-
weak saddle point and x̄ is an optimal solution of the problem max ∑n

j=1 μ̄jgt̄j
(x, v̄j), then x̄ is a

quasi-weak ε-efficient solution, where ᾱε = (ᾱ1ε1, · · · ᾱlε l).

Proof. Since (x̄, ᾱ, μ̄, ν̄) is a quasi ᾱε-weak saddle point of the problem (NRMFP), it follows
from (10) that

ᾱ(
f (x)
h(x)

− f (x̄)
h(x̄)

) +
1
l

n

∑
j=1

μ̄jgt̄j
(x, v̄j)e + ᾱε‖x − x̄‖

−ᾱ(
f (x̄)
h(x̄)

− f (x̄)
h(x̄)

)− 1
l

n

∑
j=1

μ̄jgt̄j
(x̄, v̄j)e /∈ −Rl

++, ∀x ∈ F . (14)

Because x̄ is an optimal solution of the problem max ∑n
j=1 μ̄jgt̄j

(x, v̄j), it holds that

n

∑
j=1

μ̄jgt̄j
(x, v̄j)−

n

∑
j=1

μ̄jgt̄j
(x̄, v̄j) ≤ 0, ∀x ∈ F . (15)

Together with (14) and (15), we obtain

ᾱ(
f (x)
h(x)

− f (x̄)
h(x̄)

) + ᾱε‖x − x̄‖ /∈ −Rl
++, ∀x ∈ F .

Note that ᾱ ∈ Rl
++, and we obtain

(
f (x)
h(x)

− f (x̄)
h(x̄)

) + ε‖x − x̄‖ /∈ −Rl
++, ∀x ∈ F .

Hence, x̄ is a quasi-weak ε-efficient solution of the problem (NRMFP).

5. Conclusions

We have established a necessary condition for robust approximate quasi-weak efficient
solutions of a problem (NUMFP) based on the properties of the Gerstewitz’s function. We
have also introduced two kinds of generalized convex function pairs for the problem
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(NUMFP), and under their assumptions we have presented sufficient conditions and
saddle point theorems for robust approximate quasi-weak efficient solutions.

It would be meaningful to further investigate the proper efficient solutions, duality
theorems and some special applications for the problem (NUMFP), such as multiobjective
optimization problems and minimax optimization problems. Indeed, ref. [4] has discussed
duality theorems and special applications for a nonsmooth semi-infinite multiobjective
optimization problem, respectively. Therefore, the further works seem feasible.
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obtained results. In addition, several interesting applications are given to show that our results are
meaningful and valuable.

Keywords: fixed point; probabilistic metric space; probabilistic Banach q-contraction; triangular
norm; decomposable measure

MSC: 47H10; 54E25

1. Introduction and Preliminaries

Fixed point theory is a vital branch of nonlinear analysis. It has also been used
extensively in the study of all kinds of scientific problems, such as fractional differen-
tial equations, stochastic operator theory, engineering mathematics, dynamical systems,
physics, computer science, models in economy and related areas (see [1,2]). One of the
most important results in fixed point theory is the Banach contraction principle [3], which
is used in metric spaces. Nowadays, with the indefatigable efforts of several generations,
it has been generalized to many other spaces, such as fuzzy metric space, Menger space,
b-metric space, probabilistic metric space and so on (see [2,4–12]). It is worth mentioning
that a generalization of this principle in the context of probabilistic metric spaces was per-
formed by Ćirić [13], where quasi-contractive mappings were introduced and the triangle
norm τm was used. In recent years, the pioneering fixed point theorem of Sehgal and
Bharucha-Reid [14,15] is a strong incentive and motivation for the further development
of the principle on probabilistic metric spaces. There are plenty of papers (see [12,16–21])
motivated by the above results. On the other hand, the theory of probabilistic metric spaces
is the first area where the triangular norm plays a significant role. Therein, the concept
of triangle norm was first introduced by Menger in [22] by initiating it from the basic
triangle inequality. The original set of axioms is the content and core known today as
triangle conorms, and it is necessary to make some changes. Schweeizer and Sklar [23]
gave the final definition of triangular norms. In modern society, triangular norms have
been affirmed to be an important operation in several fields as well, such as fuzzy logic
theory, general measure theory, differential equation theory and so on.

Generally speaking, fixed point theorems in the framework of probabilistic metric
spaces are interesting for two reasons: how much we can “relax” the contractive condition
without “narrowing” the class of triangular norms too much, and vice versa. It is well-
known that when using the minimum triangular norm, the contractive condition is the
most “relaxed”. However, because the minimum triangular norm is the strongest, fixed
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point theorem with such a strong condition on the triangular norm is the least interesting.
In addition, most fixed point theorems that have been proven in metric spaces can be
“translated” to probabilistic metric spaces if the triangular norm minimum is used. That is
why it is a huge challenge for finding the “optimal relationship” between the contractive
condition and the choice of the triangular norm with a potential additional condition on
the probabilistic distribution function itself.

Based on the above statements, in this paper, we propose an additional condition
both on the metric itself and on the triangular norm in probabilistic metric spaces. Many
corollaries, examples and applications are also shown.

First of all, for the sake of readers, in what follows we recall some notions and
known results.

Definition 1 ([24]). The mapping τ : [0, 1]2 → [0, 1] is a triangular norm if, for all a, b, c, d ∈
[0, 1], the following conditions are satisfied:

(τ1) τ(a, 1) = a;
(τ2) τ(a, b) = τ(b, a);
(τ3) a ≥ c, b ≥ d ⇒ τ(a, b) ≥ τ(c, d).

Basic examples of triangular norms are as follows:

τm(a, b) = min{a, b}, τp(a, b) = a · b, τl(a, b) = max{a + b − 1, 0}.

In 1983, Schweizer and Sklar introduced the concept of triangular conorm as dual
operations to the triangular norm.

Definition 2 ([23]). The mapping ζ : [0, 1]2 → [0, 1] is a triangular conorm if, for all a, b, c ∈
[0, 1], the following conditions are satisfied:

(ζ1) ζ(a, b) = ζ(b, a);
(ζ2) ζ(a, ζ(b, c)) = ζ(ζ(a, b), c);
(ζ3) ζ(a, b) ≤ ζ(a, c) for b ≤ c.

The connection between triangular norm and triangular conorm is given by the
following result.

Proposition 1 ([24]). The function ζ : [0, 1]2 → [0, 1] is a triangular conorm if and only if there
is a triangular norm τ such that for each (a, b) ∈ [0, 1]2, ζ(a, b) = 1 − τ(1 − a, 1 − b).

The opposite statement is also true. Basic examples of triangular conorms are the
following ones:

ζm(a, b) = max{a, b}, ζp(a, b) = a + b − ab, ζl(a, b) = min{a + b, 1}.

Triangular norms of h-type (see [5]) represent a very important class, especially in the
theory of fixed point.

Definition 3. Let τ be a triangular norm and τn : [0, 1] → [0, 1] a mapping defined in the
following way:

τ1(a) = τ(a, a), τn+1(a) = τ(τn(a), a), n ∈ N, a ∈ [0, 1].

A triangular norm τ is h-type if the family {τn(a)}n∈N is equi-continuous at the point
a = 1, that is, if for every θ ∈ (0, 1) there exists ρ(θ) ∈ (0, 1) such that a > 1 − ρ(θ) implies
τn(a) > 1 − θ for every n ∈ N.

Using Definition 3, for every (a1, a2, . . . , an) ∈ [0, 1]n, we have

τ1
i=1ai = a1, τn

i=1ai = τ(τn−1
i=1 ai, an) = τ(a1, . . . , an).
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Because the sequence {τn
i=1ai}n∈N is non-decreasing and bounded from below, we

obtain
τ∞

i=1ai = lim
n→∞

τn
i=1ai

for every {ai}i∈N ∈ [0, 1]. The analogous case could be applied to triangular conorms.

Proposition 2 ([11]). Let {an}n∈N be a sequence in [0, 1] such that lim
n→∞

an = 1 and let the
triangular norm τ be h-type. Then,

lim
n→∞

τ∞
i=nai = lim

n→∞
τ∞

i=1an+i = 1.

For some families of triangular norms τ, there exists a sequence {an}n∈N such that
lim

n→∞
an = 1 and lim

n→∞
τ∞

i=nai = 1.

Definition 4 ([11]). The triangular norm τ is called geometrically convergent if for some
a0 ∈ (0, 1), it satisfies

lim
n→∞

τ∞
i=n(1 − ai

0) = 1. (1)

It is proved from [2] that (1) implies lim
n→∞

τ∞
i=n(1 − ai) = 1 for every a ∈ (0, 1).

Proposition 3 ([11]). Let τ be a triangular norm and ψ : (0, 1] → [0, ∞) a mapping. If, for some
δ ∈ (0, 1) and all a ∈ [0, 1], b ∈ [1 − δ, 1], the following is satisfied,

|τ(a, b)− τ(a, 1)| ≤ ψ(b),

then for every sequence {an}n∈N in [0, 1] such that lim
n→∞

an = 1, the following implication is valid:

∞

∑
n=1

ψ(an) < ∞ ⇒ lim
n→∞

τ∞
i=n(ai − an) = 0.

Definition 5 ([11]). The triangular norm τ is strict if it is continuous and strictly monotone, i.e., if
τ(a, b) < τ(a, c) whenever a, b, c ∈ (0, 1) and b < c.

A simple example of a strict triangle norm is τ = τp.

Example 1. The Dombi, Aczél–Alsina and Sugeno–Weber families of triangular norms are defined
as follows:

(i) τD
λ (a, b) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
τd(a, b), λ = 0;
τm(a, b), λ = ∞;

1

1+
((

1−a
a

)λ
+
(

1−b
b

)λ
)1/λ , λ ∈ (0, ∞).

(ii) τAA
λ (a, b) =

⎧⎨⎩
τd(a, b), λ = 0;
τm(a, b), λ = ∞;
e−((− log a)λ+(− log b)λ)1/λ

, λ ∈ (0, ∞).

(iii) τSW
λ (a, b) =

⎧⎨⎩
τd(a, b), λ = −1;
τp(a, b), λ = ∞;
max(0, a+b−1+λab

1+λ ), λ ∈ (−1, ∞).

where τd(a, b) = τm(a, b) if max(a, b) = 1 and τd(a, b) = 0, otherwise.

The following proposition is given in [11].
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Proposition 4. Let (τD
λ )λ∈(0, ∞), (τ

AA
λ )λ∈(0, ∞) and (τSW

λ )λ∈(−1, ∞] be Dombi, Aczél–Alsina and
Sugeno–Weber families of triangular norms, respectively, and {an}n∈N a sequence in (0, 1] such
that lim

n→∞
an = 1. Then, the following equivalences hold:

(a)
∞
∑

i=1
(1 − ai)

λ < ∞ ⇐⇒ lim
n→∞

(τ�
λ)

∞
i=nai = 1, where � ∈ {D, AA};

(b)
∞
∑

i=1
(1 − ai) < ∞ ⇐⇒ lim

n→∞
(τSW

λ )∞
i=nai = 1.

Definition 6 ([5]). The continuous triangular norm τ : [0, 1]2 → [0, 1] is said to be an
Archimedean triangle norm if τ(a, a) < a, for every a ∈ (0, 1).

Theorem 1 ([11]). (a) The function τ : [0, 1]2 → [0, 1] is a continuous Archimedean triangular
norm if and only if there exists a continuous and strictly decreasing function a :[0, 1] → [0, ∞)
called an additive generator of τ with a(1) = 0 and τ(a, b) = a−1(min{a(a) + a(b), a(0)}),
for any a, b ∈ [0, 1].

(b) The function τ : [0, 1]2 → [0, 1] is a continuous Archimedean triangular norm if and only if
there exists a continuous and strictly increasing function m :[0, 1] → [0, 1] called a multi-
plicative generator of τ with m(1) = 1 and τ(a, b) = m−1(max{m(a) · m(b), m(0)}), for
any a, b ∈ [0, 1].

Remark 1. Triangular norm τ is strict if and only if m(0) = 0.

Proposition 5 ([11]). Let τ be a strict triangular norm with an additive generator a and the
corresponding multiplicative generator θ. Let {an}n∈N be a sequence in (0, 1) such that lim

n→∞
an = 1.

Then,

(a) lim
n→∞

∑∞
i=n a(ai) = 0,

(b) lim
n→∞

∏∞
i=n m(ai) = 1

hold if and only if lim
n→∞

τ∞
i=nai = 1.

Definition 7 ([23]). Let Ω be a nonempty set and Δ+ be the set of all distribution functions.
Suppose that Fpm : Ω × Ω → Δ+ is a mapping and Fpm(p, q) = fp,q for each (p, q) ∈
Ω × Ω. The ordered pair (Ω, Fpm) is called a probabilistic metric space if the following conditions
are satisfied:

(pm0) fp,q(0) = 0, for all p, q ∈ Ω;
(pm1) fp,q(t) = fq,p(t), for all p, q ∈ Ω, t > 0;
(pm2) fp,q(t) = 1 if and only if p = q for all p, q ∈ Ω, t > 0;
(pm3) fp,q(t) = 1 and fq,r(s) = 1 imply fp,r(t + s) = 1, for all p, q, r ∈ Ω and all t, s > 0.

Definition 8. Let (Ω, Fpm) be a probabilistic metric space. The sequence {pn}n∈N from Ω is
called a Cauchy sequence if for every t > 0 and ω ∈ (0, 1), there exists n0(t, ω) ∈ N such that
fpn+m , pn(t) > 1 − ω, for each n ≥ n0(t, ω) and each m ∈ N.

If the probabilistic metric space (Ω, Fpm) is such that every Cauchy sequence in Ω converges
to Ω, then (Ω, Fpm) is called a complete space.

Definition 9. Let (Ω, Fpm) be a probabilistic metric space and τ a triangular norm. The or-
dered triple (Ω, Fpm, τ) is called a generalized Menger probabilistic metric space if the following
inequality is satisfied:

(pm4) fp,r(t + s) ≥ τ( fp,q(t), fq,r(s)) for all p, q, r ∈ Ω and all t, s > 0.
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Definition 10. If (Ω, Fpm, τ) is a complete Menger probabilistic metric space with a continuous
triangular norm τ, then Ω is called a Hausdorff topological space with topology induced by the
family (ε, λ)-environment

O = {Op(ε, λ) : p ∈ Ω, ε > 0, λ ∈ (0, 1)},

wherein
Op(ε, λ) = {x ∈ S : fx,p(ε) > 1 − λ}.

Remark 2. If sup
a<1

τ(a, a) = 1, then the family {O} defined on Ω is a metrizable topology.

One of the most important generalizations of probabilistic metric spaces is represented
by fuzzy metric space which was introduced by Kramosil and Michalek [25]. They defined
the notion of fuzzy metric space using the notion of a fuzzy number and gave a connection
between probabilistic metric spaces and fuzzy metric spaces.

The fuzzy number u is the mapping of u : R → [0, 1]. We say that the fuzzy number u
is normal if there exists t0 ∈ R such that u(t0) = 1, and it is convex if for each t1, t2 ∈ R
and for each μ ∈ [0, 1] the following is satisfied:

u(μt1 + (1 − μ)t2) ≥ min(u(t1), u(t2)).

By E , we denote all fuzzy numbers that satisfy the condition that they are semi-
continuous, normal and convex from above, where

E+ = {u : u ∈ E , u(t) = 0, for all t < 0}.

For the fuzzy number u, the α-cutting level is defined as follows, [u]α = {t : t ∈
R, u(t) ≥ α} (α ∈ (0, 1]), where [aα, bα] is a nonempty closed interval if aα, bα ∈ R and
semi-open interval (−∞, bα], [aα, ∞) if aα = −∞ or bα = +∞.

Let L, R : [0, 1] × [0, 1] → [0, 1] be symmetric, non-decreasing in both argument
functions, satisfying L(0, 0) = 0 and R(1, 1) = 1. Let Ω be a nonempty set, d : Ω2 → E+ a
mapping satisfying for each α ∈ (0, 1], and for (k, i) ∈ Ω2, one has

[d(k, i)]α = [λα(k, i), ρα(k, i)] , α ∈ (0, 1].

Fuzzy metric space is defined as an ordered quadruple (Ω, d, L, R) where d is the fuzzy
metric if the following conditions are satisfied:

( f1) d(k, i) = I{0} ⇐⇒ k = i, for each k, i ∈ Ω;
( f2) d(k, i) = d(i, k), for each k, i ∈ Ω;
( f2a) d(k, z)(s + t) ≥ L(d(k, i)(s), d(i, z)(t)), whenever s ≤ λ1(k, i), t ≤ λ1(i, z) and
s + t ≤ λ1(k, , z), for each k, i, z ∈ Ω;
( f2b) d(k, z)(s + t) ≤ R(d(k, i)(s), d(i, z)(t)), whenever s ≥ λ1(k, i), t ≥ λ1(i, z) and
s + t ≥ λ1(k, z), for each k, i, z ∈ Ω.

Every general Menger space (Ω, Fpm, τ) is also a fuzzy metric space (Ω, d, L, R) if

d(k, i)(u) =
{

0, u < sup{s : Fk,i(s) = 0} = uk,i,
1 − Fk,i(u), u ≥ uk,i.

The functions R and L are defined as follows:

L ≡ 0, R(a, b) = 1 − τ(1 − a, 1 − b) (a, b ∈ [0, 1]).

If
lim

u→∞
d(k, i)(u) = 0 for every k, i ∈ Ω,

then (Ω, Fpm, τ) is a Menger space, where τ(a, b) = 1 − R(1 − a, 1 − b), for each a, b ∈
[0, 1], and the mapping Fpm is defined by

fk,i(s) =
{

0, s < λ1(k, i),
1 − d(k, i)(s), s ≥ λ1(k, i),

where k, i ∈ Ω, s ∈ R.
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The following lemma from [10] gives the connection between fuzzy metric spaces and
probabilistic metric spaces.

Lemma 1. Let (Ω, d, L, R) be a fuzzy metric space, ν : [0, 1] → [0, 1] a continuous, monotonically
decreasing function such that ν(1) = 0 and ν(0) = 1 and d and R satisfy the following conditions:

(a) lim
s→∞

d(k, i)(s) = 0, for each k, i ∈ Ω;

(b) R(a, 1) = 1, R(a, 0) = a, for each a ∈ [0, 1];
(c) R is associative.

Then, (Ω, Fpm, τ) is a generalized Menger space, where Fpm and τ are defined as follows:

f (k, i)(s) =

{
0, if s < λ1(k, i),
ν−1[d(k, i)(s)], if s ≥ λ1(k, i),

τ(a, b) = ν−1[R( f (a), f (b))], (a, b ∈ [0, 1]).

As we know, one of the most important results from fixed point theory is Banach’s
contraction principle in metric spaces:

Each Banach q-contraction ξ : M → M in the complete metric space (M, dm) has a
unique fixed point.

Sehgal and Bharucha-Reid generalized the concept of the Banach q-contraction in the
framework of probabilistic metric spaces.

Definition 11 ([15]). Let (Ω, Fpm) be a probabilistic metric space. The mapping ξ : Ω → Ω is
said to be a probabilistic Banach q-contraction if there exists q ∈ (0, 1) such that

fξ p,ξq(t) ≥ fp,q

( t
q

)
(2)

for each p, q ∈ Ω and t > 0.

2. Main Results

Once more, we emphasize the fixed point theorem of Sehgal and Bharucha-Reid [15]
and its importance for fixed point investigations in the framework of probabilistic metric
spaces. In the rest of this paper, it is not necessary to suppose that a triangle norm is
Archimedean. It is a big challenge even today to find a weaker condition for the triangular
norm than the triangular norm minimum, so that the Banach q-contraction, as well as its
generalizations, are valid. In the following theorems, we give an additional condition that
enables this statement.

Theorem 2. Let (Ω, Fpm, τ) be a complete generalized Menger probabilistic metric space such
that supa<1 τ(a, a) = 1 and ξ : Ω → Ω be a probabilistic Banach q-contraction such that for some
p0 ∈ Ω and some k > 0, it satisfies

ψ ◦ fp0,ξ p0(t) = O
( 1

tk

)
, t > 1, (3)

where ψ : [0, 1] → [0, s] is a continuous, decreasing function such that ψ(1) = 0. If the triangular
norm τ satisfies the condition

lim
n→∞

τ∞
i=nψ−1((ςi)k) = 1, (4)

where ς ∈ (0, 1), then there is a unique fixed point z such that z = lim
n→∞

ξn p0.

Proof. Let p0 ∈ Ω satisfy condition (3) and define a sequence pn+1 = ξ pn, n ∈ N0. Then,
by (2), we have

fpn+1,pn(t) ≥ fpn ,pn−1

( t
q

)
≥ · · · ≥ fξ p0,p0

( t
qn

)
, t > 0, n ∈ N.

24



Axioms 2023, 12, 660

Next, it is necessary to prove that {ξn p0}n∈N is a Cauchy sequence. Let δ ∈ (q, 1).

Because the series
∞
∑

i=1
δi is convergent, it follows that there exists n1(ε) ∈ N such that

∞
∑

i=n1

δi ≤ ε. Then, for each n ≥ n1 and m ∈ N, one has

fξn p0,ξn+m p0
(ε) ≥ fξn p0,ξn+m p0

( ∞

∑
i=n

δi
)

≥ fξn p0,ξn+m p0

( n+m−1

∑
i=n

δi
)

≥ τ(τ(. . . τ︸ ︷︷ ︸
(m−1)−times

( fξn p0,ξn+1 p0
(δn), . . . , fξn+m−1 p0,ξn+m p0

(δn+m−1))

≥ τ
(

τ
(

. . . τ︸ ︷︷ ︸
(m−1)−times

(
fp0,ξ p0

( δn

qn

)
, . . . , fp0,ξ p0

( δn+m−1

qn+m−1

))
.

Let ς =
q
δ
∈ (0, 1), and then

fξn p0,ξn+m p0
(ε) ≥ τ

(
τ
(

. . . τ︸ ︷︷ ︸
(m−1)−times

(
fp0,ξ p0

( 1
ςn

)
, . . . fp0,ξ p0

( 1
ςn+m−1

))
, n ≥ n1, m ∈ N. (5)

By (3), there is G > 0 and k > 0 such that ψ( fp0,ξ p0(t)) ≤ G · 1
tk , t > 1, i.e., fp0,ξ p0(t) ≥

ψ−1(G · 1
tk ), t > 1. Concretely, for t = 1

ςn > 1, we have

fp0,ξ p0

( 1
ςn

)
≥ ψ−1(G(ςn)k), n ∈ N. (6)

Choose n2 ∈ N such that Gςn ∈ [0, s), n ≥ n2. Using (5) and (6) for n ≥ max{n1, n2}
and m ∈ N, it follows that

fξn p0,ξn+m p0
(ε) ≥ τ(τ(. . . (τ︸ ︷︷ ︸

(m−1)−times

(ψ−1(Gςkn), ψ−1(Gςk(n+1)), . . . , ψ−1(Gςk(n+m−1)))).

Let s0 be a constant such that Gςk·s0 < ς. Then, using (5) for n ≥ max{n1, n2} and
m ∈ N, we have

fξn+s0 p0,ξn+s0+m p0
(ε) ≥ τ(τ(. . . (τ︸ ︷︷ ︸

(m−1)−times

(ψ−1(G ςk(n+s0))), (ψ−1(G ςk(n+s0+1))), . . . , (ψ−1(G ςk(n+s0+m−1)))

≥ τ∞
i=n+1ψ−1((ςi)k).

Based on the condition (4), we conclude that {ξn p0}n∈N is a Cauchy sequence.
Let z = lim

n→∞
ξn p0. We want to show that z = ξz. Using (2), we have

fξ pn ,ξz(t) ≥ fpn ,z

( t
q

)
.

Letting n → ∞, we conclude that fz,ξz(t) ≥ fξz,z(
t
q ), and so z = ξz.
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Finally, we prove the uniqueness of fixed point. Indeed, suppose that there exists
v 
= z such that v = ξv. Then, from (2), we have

fz,v(t) = fξz,ξv(t) ≥ fz,v

( t
q

)
,

which follows that z = v.

Remark 3. In [26], the following statement was made: if condition (4) holds for some ς0 ∈ (0, 1),
then it holds for every ς ∈ (0, 1).

Remark 4. Theorem 2 follows via the following condition (which treats triangular norms and
distribution functions mutually),

lim
n→∞

τ∞
i=n fp,r(tn) = 1,

for every s-increasing sequence {tn} and every p, r ∈ Ω, instead of conditions (3) and (4). It seems
that condition (4) is more appropriate to deal with different types of triangular norms which is one
of the main goals of the current paper.

Let ψ(x) = 1 − x. It is easy to check that condition (3) holds for distribution functions of
half-normally or exponentially distributed random variables.

Example 2. Let Ω = [0, 1], ξ(p) =
p
a

, a > 1, fp,r(t) =
t

t + |p − r| , p, r ∈ Ω, t > 0, τ = τp

and ψ(x) = 1 − x. In view of

fξ p,ξr(t) =
t

t + 1
a |p − r| ≥

t
t + q|p − r| = fp,r

( t
q

)
, p, r ∈ Ω, t > 0,

it follows that ξ is a probabilistic Banach q-contraction with q ∈ [ 1
a , 1).

Condition (3) is fulfilled because of

ψ( fp,ξ p(t)) =
p

a
a−1 tk + p

≤ 1
tk , t > 1, k > 0.

Let ai = ψ−1((ςi)k) = 1 − (ςi)k. Then,
∞
∑

i=1
(1 − ai) < ∞, and because the following

equivalence holds,

∞

∏
i=1

ai > 0 ⇐⇒ lim
n→∞

∞

∏
i=n

ai = 1 ⇐⇒
∞

∑
i=1

(1 − ai) < ∞,

we conclude that all conditions of the previous theorem are satisfied and hence p = 0 is the unique
fixed point of ξ.

Corollary 1. Let (Ω, Fpm, τ) be a complete generalized Menger probabilistic metric space such
that supa<1 τ(a, a) = 1. Let ξ : Ω → Ω be a probabilistic Banach q-contraction such that for some
p0 ∈ Ω and some k > 0, it satisfies

ψ ◦ fp0,ξ p0(t) = O
( 1

tk

)
, t > 1,

where ψ : [0, 1] → [0, s] is a continuous, decreasing function such that ψ(1) = 0. If φ : (0, 1] →
[0, ∞) is a function such that for some δ ∈ (0, 1) the following is satisfied,

|τ(a, b)− τ(a, 1)| ≤ φ(b), a ∈ [0, 1], b ∈ [1 − δ, 1],
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and
∞
∑

n=1
φ(ψ−1((ςi)k)) < ∞, for some ς ∈ (0, 1), then there is a unique fixed point z of mapping

ξ and z = lim
n→∞

ξn p0.

Proof. Based on Proposition 3, condition
∞
∑

n=1
φ(ψ−1((ςi)k)) < ∞ implies lim

n→∞
τ∞

i=nψ−1((ςi)k) =

1, and hence all conditions of the previous theorem are satisfied.

The following corollary is a fuzzy metric version of Theorem 2.

Corollary 2. Let (Ω, d, L, R) be a complete fuzzy metric space such that lim
t→∞

d(p, r)(t) =

0, p, r ∈ Ω, R(a, 1) = 1, a ∈ [0, 1], R(a, 0) = a, a ∈ [0, 1], and R is continuous at (0, 0).
Let ξ : Ω → X be a probabilistic Banach q-contraction such that for some p0 ∈ Ω and some k > 0,
it satisfies

d(p0, ξ p0)(t) = O
( 1

tk

)
, t > 1.

If lim
n→∞

R∞
i=n((ς

k)i) = 0 for ς ∈ (0, 1), then there exists a unique fixed point z of ξ and
z = lim

n→∞
ξn p0.

Proof. If we choose ψ(x) = 1− x, together with Lemma 1, then all conditions of Theorem 2
are satisfied. The proof is completed.

As it is pointed out, we deal with triangular norms via condition (4) and, therefore, in
the following corollaries it will be relaxed (or omitted). By Theorem 2 and Proposition 2, it
follows the subsequent corollary where the triangular norms of h-type are used.

Corollary 3. Let (Ω, Fpm, τ) be a complete generalized Menger probabilistic metric space such
that supa<1 τ(a, a) = 1 and ξ : Ω → Ω be a probabilistic Banach q-contraction such that for some
p0 ∈ Ω and some k > 0, it satisfies

ψ ◦ fp0,ξ p0(t) = O
( 1

tk

)
, t > 1,

where ψ : [0, 1] → [0, s] is a continuous, decreasing function such that ψ(1) = 0. If the triangular
norm τ is of h-type, then there is a unique fixed point z of ξ and z = lim

n→∞
ξn p0.

So, in the previous corollary we deal with a triangular norm of h-type, while in the
next one τ is a strict triangular norm. Note that, for example, τm is not strict, while τp, τl
and τSW are strict triangular norms.

Corollary 4. Let (Ω, Fpm, τ) be a complete generalized Menger probabilistic metric space such
that supa<1 τ(a, a) = 1 and the triangular norm τ is strict with additive generator a (multiplicative
generator m). Let ξ : Ω → Ω be a probabilistic Banach q-contraction and ψ : [0, 1] → [0, s] be
a continuous, decreasing function with ψ(1) = 0 such that for some p0 ∈ Ω and some k > 0, it
satisfies

ψ ◦ fp0,ξ p0(t) = O
( 1

tk

)
, t > 1.

If there exits ς ∈ (0, 1) such that

lim
n→∞

∞

∑
i=n

a(ψ−1((ςi)k) = 0 ( lim
n→∞

∞

∏
i=n

m(ψ−1((ςi)k)) = 1),

then there is a unique fixed point z of ξ and z = lim
n→∞

ξn p0.

Proof. Using Proposition 5, we conclude that all conditions of Theorem 2 are satisfied.
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Further, different contractive conditions are suggested instead of the Banach q-contraction
under the same class of triangular norms. The following conditions introduced in Theo-
rem 2 are used, with the contractive condition in the spirit of one suggested in [27].

Theorem 3. Let (Ω, Fpm, τ) be a complete generalized Menger probabilistic metric space such
that supa<1 τ(a, a) = 1 and the mapping ξ : Ω → Ω satisfy the following contractive condition

fξ p,ξr(t) ≥ min
{

fp,r

( t
q

)
, fξ p,p

( t
q

)
, fξr,r

( t
q

)}
, p, r ∈ Ω, t > 0, (7)

for some q ∈ (0, 1). Suppose that for some p0 ∈ Ω and some k > 0, condition (3) is satisfied, where
ψ : [0, 1] → [0, s] is a continuous, decreasing function such that ψ(1) = 0. If the triangular norm
τ satisfies condition (4), then there is a unique fixed point z of mapping ξ and z = lim

n→∞
ξn p0.

Proof. Take p0 ∈ Ω determined in (3) and define a sequence pn+1 = ξ pn, n ∈ N. Then,
by (7), we have

fpn+1,pn(t) ≥ min
{

fpn ,pn−1

( t
q

)
, fpn+1,pn

( t
q

)
, fpn ,pn−1

( t
q

)}
, n ∈ N, t > 0.

Since fpn+1,pn(t) ≥ fpn+1,pn

( t
q
)
> fpn+1,pn(t) leads to a contradiction, then we conclude that

fpn+1,pn(t) ≥ fpn ,pn−1

( t
q

)
≥ · · · ≥ fp0,ξ p0

( t
qn

)
, n ∈ N, t > 0.

Further, the proof that {ξn p0}n∈N is a Cauchy sequence is analogous as in Theorem 2
due to the conditions (3) and (4).

Let z = lim
n→∞

ξn p0. Suppose that z 
= ξz. Using (7), we have

fξ pn ,ξz(t) ≥ min
{

fpn ,z

( t
q

)
, fpn+1,pn

( t
q

)
, fξz,z

( t
q

)}
, n ∈ N, t > 0.

Letting n → ∞, we obtain a contradiction on account of fz,ξz(t) ≥ fξz,z(
t
q ) > fz,ξz(t)

and so z = ξz.
Finally, we prove the uniqueness of fixed point. To this end, suppose that there exists

v 
= z such that v = ξv. Then, from (7), we have

fz,v(t) = fξz,ξv(t) ≥ min
{

fz,v

( t
q

)
, fz,z

( t
q

)
, fv,v

( t
q

)}
, t > 0,

i.e., fz,v(t) ≥ fz,v(
t
q ) and so z = v.

Example 3. Let Ω = [0, 1], ξ(p) =
p
2

, fp,r(t) = e−
|p−r|

t , p, r ∈ Ω, t > 0, τ = τp and

ψ(x) = 1 − x. We need to check condition (7), i.e., the relation is written as

e−
|p−r|

2t ≥ min
{

e−
q|p−r|

t , e−
qp
2t , e−

qr
2t

}
, p, r ∈ Ω, t > 0.

Due to the symmetric role of p and r without loss of generality, we suppose that p > r and
split the discussion into two cases, p ≥ 2r and r < p < 2r. If p ≥ 2r, we have

e−
|p−r|

2t ≥ e−
q|p−r|

t , t > 0,

while for r < p < 2r, it follows that

e−
|p−r|

2t ≥ e−
qp
2t , t > 0,

and both inequalities are correct when q ∈ [ 1
2 , 1).

Condition (3) is fulfilled because for arbitrary p0 ∈ (0, 1) and k > 0, one has

ψ( fp0,ξ p0(t)) = 1 − e−
p0
2tk ≤ 1

tk , t > 1.
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Let ai = ψ−1((ςi)k) = 1 − (ςi)k. Then,
∞
∑

i=1
(1 − ai) < ∞, and because the following

equivalence holds,

∞

∏
i=1

ai > 0 ⇐⇒ lim
n→∞

∞

∏
i=n

ai = 1 ⇐⇒
∞

∑
i=1

(1 − ai) < ∞,

we conclude that all conditions of Theorem 3 are satisfied and p = 0 is the unique fixed point of ξ.

Remark 5. Condition (7) could be extended with term fp,ξr
( t

q
)

without changing the triangular
norm, but if we want to add the symmetric term fξ p,r

( t
q
)

too, then the class of triangular norm
must be narrowed.

Theorem 4. Let (Ω, Fpm, τm) be a complete Menger probabilistic metric space such that
supa<1 τ(a, a) = 1 and ξ : Ω → Ω be a mapping satisfying

fξ p,ξr(t) ≥ min
{

fp,r

( t
q

)
, fξ p,p

( t
q

)
, fξr,r

( t
q

)
, fξ p,r

(2t
q

)
, fp,ξr

( t
q

)}
, (8)

for some q ∈ (0, 1) and every p, r ∈ Ω, t > 0. Suppose that for some p0 ∈ Ω and some k > 0
condition (3) is satisfied, where ψ : [0, 1] → [0, s] is a continuous, decreasing function such that
ψ(1) = 0. Then, there is a unique fixed point z of ξ and z = lim

n→∞
ξn p0.

Theorem 5. Let (Ω, Fpm, τp) be a complete Menger probabilistic metric space such that
supa<1 τ(a, a) = 1 and ξ : Ω → Ω be a mapping satisfying the following contractive condition,

fξ p,ξr(t) ≥ min

{
fp,r

( t
q

)
, fξ p,p

( t
q

)
, fξr,r

( t
q

)
, fp,ξr

( t
q

)
,

√
fr,ξ p

(2t
q

)}
, (9)

for some q ∈ (0, 1) and every p, r ∈ Ω, t > 0. Suppose that for some p0 ∈ Ω and some k > 0
condition (3) is satisfied where ψ : [0, 1] → [0, s] is a continuous, decreasing function such that
ψ(1) = 0. If the triangular norm τ satisfies

lim
n→∞

∞

∑
i=n

(1 − ψ−1((ςi)k)) < ∞,

where ς ∈ (0, 1), then there is a unique fixed point z of ξ and z = lim
n→∞

ξn p0.

Theorem 6. Let (Ω, Fpm, τ) be a complete Menger probabilistic metric space such that
supa<1 τ(a, a) = 1 and ξ : Ω → Ω be a mapping satisfying

fξ p,ξr(t) ≥ min

{
fp,r

( t
q

)
, fξ p,p

( t
q

)
, fξr,r

( t
q

)
, fp,ξr

( t
q

)
,

1 − fξ p,r
( t

q
)
+ fp,ξr

( t
q
)

fξ p,r
( t

q
) · fp,ξr

( t
q
) }

, (10)

for some q ∈ (0, 1) and every p, r ∈ Ω, t > 0. Suppose that for some p0 ∈ Ω and some k > 0
condition (3) is satisfied, where ψ : [0, 1] → [0, s] is a continuous, decreasing function such that
ψ(1) = 0. If the triangular norm τ satisfies (4), then there is a unique fixed point z of ξ and
z = lim

n→∞
ξn p0.

Proof. Let p0 ∈ Ω satisfy condition (3) and let pn+1 = ξ pn, n ∈ N. By (10), for n ∈ N, t > 0,
we have

fpn+1,pn(t) ≥ min

{
fpn ,pn−1

( t
q

)
, fpn+1,pn

( t
q

)
, fpn ,pn−1

( t
q

)
, fpn ,pn

( t
q

)
,

2 − fpn+1,pn−1

( t
q
)

fpn+1,pn−1

( t
q
) }

,

which implies that
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fpn+1,pn t ≥ fpn ,pn−1

( t
q

)
≥ · · · ≥ fp0,ξ p0

( t
qn

)
, n ∈ N, t > 0.

Using conditions (3) and (4) as in Theorem 2, one could prove that {ξn p0}n∈N is a
Cauchy sequence.

Let z = lim
n→∞

ξn p0 and suppose that z 
= ξz. By (10), we arrive at

fξ pn ,ξz(t) ≥ min

{
fpn ,z

( t
q

)
, fpn+1,pn

( t
q

)
, fξz,z

( t
q

)
, fpn ,ξz

( t
q

)
,

1 − fpn+1,z
( t

q
)
+ fpn ,ξz

( t
q
)

fpn+1,z
( t

q
) · fpn ,ξz

( t
q
) }

,

for every n ∈ N and t > 0. If we take n → ∞ in the last inequality, it follows that

fz,ξz(t) ≥ min
{

1, 1, fξz,z

( t
q

)
, fz,ξz

( t
q

)
, 1
}

= fξz,z

( t
q

)
> fz,ξz(t),

that is, z = ξz.
Finally, we start to prove the uniqueness of fixed point. As a matter of fact, suppose

that there exists v 
= z such that v = ξv. By (7), we obtain

fz,v(t) = fξz,ξv(t) ≥ min
{

fz,v

( t
q

)
, fz,z

( t
q

)
, fv,v

( t
q

)
, fz,v

( t
q

)
,

1
f 2
z,v
( t

q
)} = fz,v

( t
q

)
, t > 0,

which means that z = v.

Corollary 5. Let (Ω, Fpm, (τ�
λ)λ∈(0, ∞)) be a complete Menger probabilistic metric space such that

supa<1 τ�
λ(a, a) = 1 and ξ : Ω → Ω be a probabilistic Banach q-contraction, where � ∈ {D, AA}.

Suppose that, for some p0 ∈ Ω and some k > 0, condition (3) is satisfied, where ψ : [0, 1] → [0, s]

is a continuous, decreasing function such that ψ(1) = 0. If
∞
∑

i=1
(1 − ψ−1((ςk)i))λ converges for

ς ∈ (0, 1), then there is a unique fixed point z of ξ such that z = lim
n→∞

ξn p0.

Proof. Let ς ∈ (0, 1) and λ ∈ (0, ∞). By Proposition 4,
∞
∑

i=1
(1 − ψ−1((ςk)i))λ < ∞ and

lim
n→∞

(τ�
λ)

∞
i=1ψ−1((ςk)i) = 1 are equivalent, and then the assertion holds by Theorem 2.

Remark 6. If ψ(x) = ψ−1(x) = 1 − x, then the series
∞
∑

i=1
(1 − ψ−1(ςi))λ =

∞
∑

i=1
(ςi)λ converges

to ς ∈ (0, 1) and the condition could be omitted by Corollary 5.

Theorem 7. Let (Ω, Fpm, τ) be a complete Menger probabilistic metric space such that
supa<1 τ(a, a) = 1 and ξ : Ω → Ω be a probabilistic Banach q-contraction such that for some
p0 ∈ Ω and some k > 0, it satisfies

ψ ◦ fp0,ξ p0(t) = O
( 1
(g(t))k

)
, t > 1, (11)

where ψ : [0, 1] → [0, s] is a continuous, decreasing function such that ψ(1) = 0, and g :
(0, ∞) → R is a function such that g(x) + g(y) = g(x · y). If, for some Q > 0, the triangular
norm τ satisfies

lim
n→∞

τ∞
i=n ψ−1

(Q
ik

)
= 1, (12)

then there is a unique fixed point z of ξ such that z = lim
n→∞

ξn p0.

Proof. Let μ ∈ (q, 1) and δ = q
μ . Then, δ ∈ (q, 1) and

∞
∑

i=1
δi < ∞. So, for some n1 = n1(ε) ∈

N, we obtain
∞
∑

i=n1

δi ≤ ε.
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Take p0 ∈ Ω such that (11) is fulfilled and, similar as in the proof of Theorem 2, for
n ≥ n1, m ∈ N, one has

fξn p0,ξn+m p0
(ε) ≥ fξn p0,ξn+m p0

( ∞

∑
i=n

δi
)

≥ fξn p0,ξn+m p0

( n+m−1

∑
i=n

δi
)

≥ τ(τ(. . . τ︸ ︷︷ ︸
(m−1)−times

( fξn p0,ξn+1 p0
(δn), fξn+1 p0,ξn+2 p0

(δn+1), . . . , fξn+m−1 p0, f n+m p0
(δn+m−1))

≥ τ
(

τ
(

. . . τ︸ ︷︷ ︸
(m−1)−times

(
fp0,ξ p0

( 1
μn

)
, fp0,ξ p0

( 1
μn+1

)
, . . . fp0,ξ p0

( 1
μn+m−1

))
.

By (11), there exists M > 0 such that

fp0,ξ p0(t) ≥ ψ−1
( M
(g(t))k

)
, t > 1,

Let t =
1

μn > 1. Because g(tn) = ng(t), n ∈ N, for Q =
M

(g( 1
μ ))

k
> 0, we have that

fp0,ξ p0

( 1
μn

)
≥ ψ−1

( M
nk(g( 1

μ ))
k

)
= ψ−1

( Q
nk

)
, n ∈ N.

Now,

fξn p0,ξn+m p0
(ε) ≥ τ

(
τ
(

. . .
(

τ︸ ︷︷ ︸
(m−1)−times

(
ψ−1

( Q
nk

)
, ψ−1

( Q
(n + 1)k

)
, · · · , ψ−1

( Q
(n + m − 1)k

))

≥ τ∞
i=n

(
ψ−1

(Q
ik

))
> 1 − λ,

for n ≥ n0(ε, λ). So, {ξn p0}n∈N is a Cauchy sequence.
Because ξ is a probabilistic Banach q-contraction (and consequently it is a continuous

mapping), analogous as in the proof of Theorem 2, it follows that ξ exists a unique fixed
point z = lim

n→∞
ξn p0.

Remark 7. If we take that g(x) = ln x, then by Theorem 7 we obtain Theorem 3 from [26].

Corollary 6. Let (Ω, Fpm, (TSW
λ )λ∈(−1,∞]) be a complete Menger probabilistic metric space such

that supa<1 τ�
λ(a, a) = 1 and ξ : Ω → Ω be a probabilistic Banach q-contraction such that, for

some p0 ∈ Ω and some k > 0, it satisfies

ψ( fp0,ξ p0(t)) = O
( 1
(loga t)k

)
, a > 1, t > 1,

where ψ : [0, 1] → [0, s] is a continuous, decreasing function such that ψ(1) = 0. If
∞
∑

i=1
(1 −

ψ−1(Q
ik )) converges for some Q > 0, then there is a unique fixed point z of ξ such that

z = lim
n→∞

ξn p0.
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Proof. Let T = TSW
λ . By Proposition 4,

∞
∑

i=1
(1 − ψ−1(Q

ik )) is equivalent to

lim
n→∞

(TSW
λ )∞

i=n(ψ
−1(Q

ik )) = 1, and hence the assertion follows by Theorem 7.

Remark 8. If ψ(x) = 1 − x, then the series
∞
∑

i=1
(1 − ψ−1(Q

ik )) =
∞
∑

i=1

Q
ik converges when k > 1, so

it is unnecessary to impose the condition in the previous corollary.

3. Applications to Decomposable Measures

The following definitions are given in [11]. Let A be the σ-algebra of subsets of
the given set Ω. The classical measure is a set function m : A → [0,+∞] such that
m(∅) = 0 and

m

(
∞⋃

i=1

Ai

)
=

∞

∑
i=1

m(Ai),

for each sequence {Ai}i∈N of mutually disjoint sets from A. In the special case when
m : A → [0, 1] and m(Ω) = 1, m is a probability measure and is marked with P.

Definition 12. Let ζ be a triangular conorm. We say that the ζ-decomposable measure m is a set
function m : A → [0, 1] such that m(∅) = 0 and m(A ∪ B) = ζ(m(A), m(B)), where A, B ∈ A
and A ∩ B = ∅.

Definition 13. Let ζ be a left continuous triangular conorm. The collective function m : A →
[0, 1] is a ζ-decomposable measure if m(∅) = 0 and

m

(
∞⋃

i=1

Ai

)
= ζ∞

i=1m(Ai),

for each sequence{Ai}i∈N from A whose elements are mutually disjoint gatherings.

The set function from the previous example is a σ-ζl-decomposable measure. We say
that a ζ-decomposable measure m is monotone if for A, B ∈ A, A ⊆ B implies
m(A) < m(B). A measure m is an (NSA)-type if and only if s ◦ m is a finite additive
measure, where s is an additive generator for the triangular conorm ζ, which is continuous,
not strict, Archimedean and in relation to which m is decomposable (s(l) = 1).

Proposition 6 ([11]). Let (Ω,A, m) be a measurable space, where m is a continuous, ζ-decomposable
measure (NSA)-type with a monotonically increasing generator s. Then, (ζ,Fpm, τ) is a Menger
space, where Fpm and the triangular norm τ are defined as follows:

(Fpm(X̂, Ŷ) = fX̂,Ŷ : fX̂,Ŷ(u) = m{ω, ω ∈ Ω, d(X(ω), Y(ω)) < u}, X̂, Ŷ ∈ ζ, u ∈ R,

and τ(a, b) = s−1(max(0, s(a) + s(b)− 1)), a, b ∈ [0, 1].

The following is a straightforward application of Theorem 2 to a decomposable
measure.

Corollary 7. Let (Ω, A, m) be a measurable space, where m is a continuous, s-decomposable
measure (NSA)-type with monotone increasing additive generator s. Let (M, d) be a complete,
separable metric space and ξ : Ω ×M → M be a continuous random operator such that for some
q ∈ (0, 1), it satisfies

m({ω |ω ∈ Ω, d( f̂ X̂(ω), f̂ Ŷ(ω)) < u}) ≥ m({ω |ω ∈ Ω, d(X(ω), Y(ω)) <
u
q
})
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for all measurable mappings X, Y : Ω → M and each u > 0. If there is a measurable mapping
U : Ω → M such that for some k > 0, it satisfies

ψ(m(d(Û, ξÛ) < t)) = O
( 1

tk

)
, t > 1,

where ψ : [0, 1] → [0, b] (b > 0) is a continuous, decreasing function such that ψ(1) = 0 and the
triangular norm τ defined by

τ(u, v) = s−1(max(0, s(u) + s(v)− 1)), u, v ∈ [0, 1]

satisfies the condition lim
n→∞

τ∞
i=nψ−1((ςk)i) =1, ς ∈ (0, 1), then there is a random fixed point for

the operator ξ.

Remark 9. Let (Ω, A, m), (M, d) and ξ be the same as in Corollary 7 for some t-conorm σSW
λ ,

λ ∈ (−1, ∞), where σSW
λ is a Sugeno–Weber family of t-conorms as follows:

σSW
λ (a, b) = σm(a, b), if λ = ∞ and σSW

λ (a, b) = min(1, a + b + λab), if λ ∈ (−1, ∞).

Put ξ(x) = 1 − x. Because the triangular norm τSW
λ , λ ∈ (−1, ∞) is geometrically convergent, it

implies the existence of the random fixed point of the random operator ξ : Ω ×M → M.

4. Conclusions

For more than a century, fixed point theory has widespread and significant applications
in many fields at the core of many branches of pure and applied mathematics, including
convex analysis, variational analysis, nonlinear ordinary and partial differential equations,
critical point theory, nonlinear optimization, fractional calculus and so on. It is known
that plenty of problems caused by the real world are often due to seeking to find a fixed
point and then using different mathematical techniques. In this work, a technique is
furnished, based on nontrivial results in generalized Menger probabilistic metric spaces.
We establish several fixed point theorems with illustrative examples in the framework of
such spaces. We make a conclusion that our results in this paper generalize and improve
many known results in the existing literature. Additionally, we apply our results to cope
with the decomposable measures. We make sure that the idea of further elaborating our
method, which is presented throughout this paper, is quite important and can be applied to
probability theory and nonlinear fractional differential equations in the upcoming future.
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9. Kadelburg, Z.; Radenović, S. Notes on some recent papers concerning F-contractions in b-metric spaces. Constr. Math. Anal. 2018,

1, 108–112. [CrossRef]
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26. Žikić, T. On fixed point theorems of Gregori and Sapena. Fuzzy Sets Syst. 2004, 144, 421–429. [CrossRef]
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Abstract: In this paper, basing on the generating function for the van der Pol numbers, utilizing the
Maclaurin power series expansion and two power series expressions of a function involving the
cotangent function, and by virtue of the Wronski formula and a derivative formula for the ratio of
two differentiable functions, the authors derive four determinantal expressions for the van der Pol
numbers, discover two identities for the Bernoulli numbers and the van der Pol numbers, prove the
increasing property and concavity of a function involving the cotangent function, and establish two
alternative Maclaurin power series expansions of a function involving the cotangent function. The
coefficients of the Maclaurin power series expansions are expressed in terms of specific Hessenberg
determinants whose elements contain the Bernoulli numbers and binomial coefficients.

Keywords: determinantal expression; identity; concavity; van der Pol number; Bernoulli number;
Maclaurin power series expansion; cotangent; Wronski’s formula; derivative formula; Hessenberg
determinant; binomial coefficient
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1. Motivations

In [1] (p. 235), see also Section 1 in [2], the sequence of rational numbers Vk for k ≥ 0
was defined by means of

x3

6x(ex +1)− 12(ex −1)
=

∞

∑
k=0

Vk
xk

k!

= 1 − x
2
+

x2

10
− x3

120
− x4

8400
+

x5

16,800
+

x6

756,000
− x7

1,512,000
− 37x8

2,328,480,000
− · · · . (1)

The first few values of Vk for 0 ≤ k ≤ 8 are

V0 = 1, V1 = −1
2

, V2 =
1
5

, V3 = − 1
20

, V4 = − 1
350

,

V5 =
1

140
, V6 =

1
1050

, V7 = − 1
300

, V8 = − 37
57,750

.
(2)

Let Jν(z) denote the Bessel function and

σ2k(ν) =
∞

∑
m=1

1
j2k
ν,m

, k ≥ 1,
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where jν,m are the zeros of Jν(z)
zν . Then,

σ2k

(
3
2

)
= (−1)k−1 3 × 22k−1

(2k)!
V2k, k > 1.

The van der Pol numbers Vk are also related to the Bernoulli numbers Bk for k ≥ 0 via
the relation

σ2k

(
1
2

)
= (−1)k−1 22k−1

(2k)!
B2k, k ≥ 1,

where the Bernoulli numbers Bk for k ≥ 0 are generated by

z
ez −1

=
∞

∑
k=0

Bk
zk

k!
= 1 − z

2
+

∞

∑
k=1

B2k
z2k

(2k)!
, |z| < 2π.

The Rayleigh function σk(ν) for k > 1 has an alternative notation

ζν(k) =
∞

∑
m=1

1
jk
ν,m

, k > 1.

This is also called the Bessel zeta function in [3] and was originally introduced and studied
in papers [4–7]. In paper [8], the authors derived closed-form expressions of the Bessel zeta
function ζν(2k) for k ≥ 1 in terms of specific Hessenberg determinants.

At the site https://math.stackexchange.com/q/4447783 (accessed on 27 May 2023), a
question was asked: is there an explicit formula for the Maclaurin expansion of the function

x2

1−x cot x around the origin x = 0? At the site https://math.stackexchange.com/a/4449466
(accessed on 5 June 2023), an answer to this question was given. We now quote this answer
as follows.

Using Bessel functions, we find

x2

1 − x cot x
= 3 − x

J5/2(x)
J3/2(x)

=
3
2
+ x

J′3/2(x)
J3/2(x)

= 3 − 2x2
∞

∑
k=1

1

1 − (
x/j23/2,k

)2

= 3 − 2x2
∞

∑
k=1

∞

∑
n=0

1
j2n
3/2,k

x2n

= 3 − 2x2
∞

∑
n=0

(
∞

∑
k=1

1
j2n
3/2,k

)
x2n

= 3 − 2x2
∞

∑
n=0

σ2n

(
3
2

)
x2n,

where j3/2,k denotes the kth positive zero of J3/2 and σn is the Rayleigh function
of order n. If n ≥ 1, we can write

σ2n

(
3
2

)
= (−1)n−13 × 22n−1 V2n

(2n)!
,

where Vn is the nth van der Pol number. See paper [2] for the properties of these
numbers, including recurrence relations. In particular, the generating function is
Equation (d) in Section 1.
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In [2] (Sections 1 and 6), we find the series expansion

z2

1 − z cot z
= 3 − z2

5
+ 3

∞

∑
k=2

(−1)k22kV2k
z2k

(2k)!
(3)

by defining z2

1−z cot z to be 3 at z = 0. According to the discussion in [2] (Section 6), the
Maclaurin power series expansion (3) has a finite positive radius of convergence, and this
radius of convergence, denoted by R, is located between 4π

3 and 3π
2 . In fact, the number R

is the first positive zero of the equation tan x − x = 0.
Let

G(x) =

⎧⎨⎩
x2

1 − x cot x
, 0 < |x| < R;

3, x = 0.
(4)

It is clear that the function G(x) is even on (−R, R).
In [9] (p. 75, Entry 4.3.70), it was listed that

cot z =
1
z
−

∞

∑
k=1

(−1)k−122k

(2k)!
B2kz2k−1, |z| < π.

Hence, we have

G(x) =
1

∑∞
k=0

22k+2

(2k+2)! |B2k+2|x2k
, 0 < |x| < R. (5)

On the other hand,

G(x) =
x2 sin x

sin x − x cos x
=

1
2

∑∞
k=0

(−1)k

(2k+1)! x2k

∑∞
k=0

(−1)k(k+1)
(2k+3)! x2k

, |x| < R. (6)

In this paper, basing on the generating function (1) for the van der Pol numbers Vn,
on the Maclaurin power series expansion (3) of the function G(z), and on the expressions
in (5) and (6) of the function G(x), by virtue of Wronski’s formula in [10] (p. 17, Theorem 1.3),
and in view of a derivative formula for the ratio of two differentiable functions, we will
derive four determinantal expressions for the van der Pol numbers Vn and V2k, discover
two identities for the Bernoulli numbers B2k and the van der Pol numbers V2k, prove the
increasing property and concavity of the function G(x), and establish two alternative
Maclaurin power series expansions of the function G(x), whose coefficients are expressed
in terms of specific Hessenberg determinants in which the Bernoulli numbers B2k and
binomial coefficients are involved.

2. Lemmas

For smoothly solving the above two problems, we need the following lemmas.

Lemma 1 (Wronski’s formula [10] (p. 17, Theorem 1.3)). If a0 
= 0 and

P(x) = a0 + a1x + a2x2 + · · ·

is a formal series, then the coefficients of the reciprocal series

1
P(x)

= b0 + b1x + b2x2 + · · ·
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are given by

br =
(−1)r

ar+1
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a0 0 0 · · · 0 0 0
a2 a1 a0 0 · · · 0 0 0
a3 a2 a1 a0 · · · 0 0 0
...

...
...

...
. . .

...
...

...
ar−2 ar−3 ar−4 ar−5 · · · a1 a0 0
ar−1 ar−2 ar−3 ar−4 · · · a2 a1 a0

ar ar−1 ar−2 ar−3 · · · a3 a2 a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, r ∈ N. (7)

Lemma 2 ([11] (p. 40, Exercise 5)). Let u(x) and v(x) 
= 0 be two n-time differentiable functions
on an interval I for a given integer n ≥ 0. Then, the nth derivative of the ratio u(x)

v(x) is

dn

dxn

[
u(x)
v(x)

]
= (−1)n

∣∣W(n+1)×(n+1)(x)
∣∣

vn+1(x)
, n ≥ 0, (8)

where the matrix

W(n+1)×(n+1)(x) =
(
U(n+1)×1(x) V(n+1)×n(x)

)
(n+1)×(n+1),

the matrix U(n+1)×1(x) is an (n + 1)× 1 matrix whose elements satisfy uk,1(x) = u(k−1)(x) for
1 ≤ k ≤ n + 1, the matrix V(n+1)×n(x) is an (n + 1)× n matrix whose elements are

v�,j(x) =

⎧⎨⎩
(
�− 1
j − 1

)
v(�−j)(x), �− j ≥ 0

0, �− j < 0

for 1 ≤ � ≤ n + 1 and 1 ≤ j ≤ n, and the notation |W(n+1)×(n+1)(x)| denotes the determinant of
the (n + 1)× (n + 1) matrix W(n+1)×(n+1)(x).

3. A Relation and Two Identities for van der Pol and Bernoulli Numbers

In this section, by comparing the power series expansion (3) and two expressions (5)
and (6), we derive a relation and two identities for van der Pol numbers V2k and the
Bernoulli numbers B2k.

Theorem 1. For k ≥ 2, we have

V2k = (2k)!
(

3
4

)k

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1 a0 0 0 · · · 0 0 0
a2 a1 a0 0 · · · 0 0 0
a3 a2 a1 a0 · · · 0 0 0
...

...
...

...
. . .

...
...

...
ak−2 ak−3 ak−4 ak−5 · · · a1 a0 0
ak−1 ak−2 ak−3 ak−4 · · · a2 a1 a0

ak ak−1 ak−2 ak−3 · · · a3 a2 a1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
, (9)

where

ak =
22k+2

(2k + 2)!
|B2k+2|, k ≥ 0.

Proof. Comparing the series expansion (3) and Expression (5), we find that[
3 − 1

5
x2 + 3

∞

∑
k=2

(−1)k 22k

(2k)!
V2kx2k

]
∞

∑
k=0

22k+2

(2k + 2)!
|B2k+2|x2k = 1.
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Applying Formula (7) in Lemma 1 and rearranging yield Formula (9).

Remark 1. When k = 4, we have

V8 = 8!
(

3
4

)4

∣∣∣∣∣∣∣∣
a1 a0 0 0
a2 a1 a0 0
a3 a2 a1 a0
a4 a3 a2 a1

∣∣∣∣∣∣∣∣ = 8!
(

3
4

)4

∣∣∣∣∣∣∣∣
1

45
1
3 0 0

2
945

1
45

1
3 0

1
4725

2
945

1
45

1
3

2
93555

1
4725

2
945

1
45

∣∣∣∣∣∣∣∣ = − 37
57750

.

When k = 3, we have

V6 = 6!
(

3
4

)3
∣∣∣∣∣∣
a1 a0 0
a2 a1 a0
a3 a2 a1

∣∣∣∣∣∣ = 6!
(

3
4

)3
∣∣∣∣∣∣

1
45

1
3 0

2
945

1
45

1
3

1
4725

2
945

1
45

∣∣∣∣∣∣ = 1
1050

.

When k = 2, we have

V4 = 4!
(

3
4

)2∣∣∣∣a1 a0
a2 a1

∣∣∣∣ = 4!
(

3
4

)2∣∣∣∣ 1
45

1
3

2
945

1
45

∣∣∣∣ = − 1
350

.

These three values are congruent to the corresponding ones in (2).

Theorem 2. For k ≥ 0, we have

k

∑
j=0

(−1)j22j
(

2k + 3
2j + 2

)
|B2j+2| = k + 1

2
. (10)

Proof. From Expressions (5) and (6), it follows that

∞

∑
k=0

(−1)k(k + 1)
(2k + 3)!

x2k =
1
2

∞

∑
k=0

(−1)k

(2k + 1)!
x2k

∞

∑
k=0

22k+2

(2k + 2)!
|B2k+2|x2k

=
1
2

∞

∑
k=0

(−1)k

(2k + 3)!

[
k

∑
j=0

(−1)j
(

2k + 3
2j + 2

)
22j+2|B2j+2|

]
x2k.

Accordingly, we obtain

(−1)k(k + 1)
(2k + 3)!

=
1
2

(−1)k

(2k + 3)!

[
k

∑
j=0

(−1)j
(

2k + 3
2j + 2

)
22j+2|B2j+2|

]
, k ≥ 0,

which can be simplified as the identity (10).

Theorem 3. For k ≥ 2, we have

k

∑
j=2

(k − j + 1)22j
(

2k + 3
2j

)
V2j = − 4

15
k(k2 − 1). (11)

Proof. Considering the series expansion (3) and Expression (6), we arrive at

∞

∑
k=0

(−1)k

(2k + 1)!
x2k = 2

[
3 − 1

5
x2 + 3

∞

∑
k=2

(−1)k 22k

(2k)!
V2kx2k

]
∞

∑
k=0

(−1)k(k + 1)
(2k + 3)!

x2k

= 2
∞

∑
k=0

(−1)k

[
3(k + 1)
(2k + 3)!

+
1
5

k
(2k + 1)!

+ 3
k

∑
j=2

k − j + 1
(2j)!(2k − 2j + 3)!

22jV2j

]
x2k.
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This means that

1
(2k + 1)!

= 2

[
3(k + 1)
(2k + 3)!

+
1
5

k
(2k + 1)!

+ 3
k

∑
j=2

k − j + 1
(2j)!(2k − 2j + 3)!

22jV2j

]
,

which can be rewritten as identity (11). The proof of Theorem 3 is complete.

4. A Determinantal Expression of van der Pol Numbers

In [12] (Theorem 2.7), an explicit formula of the van der Pol numbers Vn for n ≥ 0 was
given by

Vn =
n

∑
k=0

k!
(n + 2k)!

(
n
k

) n−k

∑
q=0

〈−3k〉q(n − k − q)!
(

n − k
q

)(
n + 2k

n − k − q

)

×
k

∑
�=0

12�
(

k
�

) n+2k

∑
p=0

(n + 2k − p)!
(

n + 2k
p

)
S(p + �, �)

(p+�
� )

×
k−�

∑
s=0

(
k − �

s

)
(−6)s

(n − p + 2�+ 2s)!

s

∑
β=1

(
s
β

)
βn−p+2�+2s,

(12)

where S(p, q) for p ≥ q ≥ 0 denotes the Stirling numbers of the second kind and

〈z〉n =
n−1

∏
k=0

(z − k) =

{
z(z − 1) · · · (z − n + 1), n ∈ N

1, n = 0

is the nth falling factorial of z ∈ C.
In this section, by virtue of Lemma 2, we deduce an alternative formula of the van der

Pol numbers Vn in terms of specific Hessenberg determinants.

Theorem 4. For n ≥ 1, the van der Pol numbers Vn can be expressed by the determinant

Vn = (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1
0)

1
2 (1

1) 0 · · · 0
(2

0)
3
10 (2

1)
1
2 (2

2) · · · 0
(3

0)
1
5 (3

1)
3
10 (3

2)
1
2 · · · 0

(4
0)

1
7 (4

1)
1
5 (4

2)
3
10 · · · 0

...
...

...
. . .

...
(n−2

0 ) 6
n(n+1) (n−2

1 ) 6
(n−1)n (n−2

2 ) 6
(n−2)(n−1) · · · 0

(n−1
0 ) 6

(n+1)(n+2) (n−1
1 ) 6

n(n+1) (n−1
2 ) 6

(n−1)n · · · (n−1
n−1)

(n
0)

6
(n+2)(n+3) (n

1)
6

(n+1)(n+2) (n
2)

6
n(n+1) · · · ( n

n−1)
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)n∣∣vi,j

∣∣
n×n,

(13)

where

vi,j =

⎧⎪⎨⎪⎩
0, 3 ≤ i + 2 ≤ j ≤ n;(

i
j − 1

)
6

(i − j + 3)(i − j + 4)
, n ≥ i + 2 > j ≥ 1.

Proof. The generating function in (1) of the van der Pol numbers Vk can be written as

x3

6x(ex +1)− 12(ex −1)
=

1
6

1

∑∞
k=0

k+1
(k+3)! xk

.
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Therefore, by virtue of the derivative Formula (8), we obtain

Vn = lim
x→0

[
x3

6x(ex +1)− 12(ex −1)

](n)
= lim

x→0

[
1

∑∞
k=0

6(k+1)
(k+3)! xk

](n)

= (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 0 0 · · · 0
0 1

2 (1
1) 0 · · · 0

0 3
10 (2

1)
1
2 (2

2) · · · 0
0 1

5 (3
1)

3
10 (3

2)
1
2 · · · 0

0 1
7 (4

1)
1
5 (4

2)
3
10 · · · 0

...
...

...
...

. . .
...

0 6
(n+1)(n+2) (n−1

1 ) 6
n(n+1) (n−1

2 ) 6
(n−1)n · · · (n−1

n−1)

0 6
(n+2)(n+3) (n

1)
6

(n+1)(n+2) (n
2)

6
n(n+1) · · · ( n

n−1)
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= (−1)n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

(1
0)

1
2 (1

1) 0 · · · 0
(2

0)
3

10 (2
1)

1
2 (2

2) · · · 0
(3

0)
1
5 (3

1)
3
10 (3

2)
1
2 · · · 0

(4
0)

1
7 (4

1)
1
5 (4

2)
3
10 · · · 0

...
...

...
. . .

...
(n−2

0 ) 6
n(n+1) (n−2

1 ) 6
(n−1)n (n−2

2 ) 6
(n−2)(n−1) · · · 0

(n−1
0 ) 6

(n+1)(n+2) (n−1
1 ) 6

n(n+1) (n−1
2 ) 6

(n−1)n · · · (n−1
n−1)

(n
0)

6
(n+2)(n+3) (n

1)
6

(n+1)(n+2) (n
2)

6
n(n+1) · · · ( n

n−1)
1
2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= (−1)n∣∣vi,j

∣∣
n×n

for n ≥ 1. The proof of Theorem 4 is thus complete.

Remark 2. It is obvious that the determinantal expression (13) is more beautiful, symmetric, and
computable than the explicit expression (12) of the van der Pol numbers Vn.

Remark 3. By the determinantal expression (13), we can compute

V4 = (−1)4

∣∣∣∣∣∣∣∣∣
(1

0)
1
2 (1

1) 0 0
(2

0)
3
10 (2

1)
1
2 (2

2) 0
(3

0)
1
5 (3

1)
3
10 (3

2)
1
2 (3

3)

(4
0)

1
7 (4

1)
1
5 (4

2)
3

10 (4
3)

1
2

∣∣∣∣∣∣∣∣∣ = − 1
350

,

V3 = (−1)3

∣∣∣∣∣∣∣
(1

0)
1
2 (1

1) 0
(2

0)
3
10 (2

1)
1
2 (2

2)

(3
0)

1
5 (3

1)
3
10 (3

2)
1
2

∣∣∣∣∣∣∣ = − 1
20

,

V2 = (−1)2

∣∣∣∣∣ (1
0)

1
2 (1

1)

(2
0)

3
10 (2

1)
1
2

∣∣∣∣∣ = 1
5

, V1 = (−1)1
∣∣∣(1

0)
1
2

∣∣∣ = −1
2

.

These values of Vk for 1 ≤ k ≤ 4 coincide with the corresponding ones in (2).

5. Decreasing Property and Concavity

In this section, we discuss the decreasing property and concavity of the even function
G(x) defined by (4).

Theorem 5. The even function G(x) defined by (4) is decreasing on [0, R) ⊃ [0, π] and is concave
on [0, π] ⊂ [0, R).
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Proof. From Expression (5), it is easy to see that the even function G(x) is decreasing
on (0, R).

Considering the first equality in (6) and directly differentiating give

G′(x) =
(

x2 sin x
sin x − x cos x

)′
= − x[x sin(2x) + 2 cos(2x) + 2x2 − 2]

2(sin x − x cos x)2

and

G′′(x) = − sin(3x)− (4x4 − 12x2 + 3) sin x − 8x3 cos x
2(sin x − x cos x)3 .

Let
h(x) = sin(3x)− (4x4 − 12x2 + 3) sin x − 8x3 cos x. (14)

The function h(x) can be expanded to

h(x) = x9
∞

∑
j=0

(−1)j 32j+9 − (64j4 + 896j3 + 4640j2 + 10,552j + 8931)
(2j + 9)!

x2j.

Let

Tj =
32j+9 − (64j4 + 896j3 + 4640j2 + 10,552j + 8931)

(2j + 9)!
, j ≥ 0.

Then

h(x) = x9
∞

∑
j=0

(
T2j − T2j+1x2)x4j = x9

∞

∑
j=0

T2j+1

( T2j

T2j+1
− x2

)
x4j.

By induction, we can verify that

32j+9 > 64j4 + 896j3 + 4640j2 + 10,552j + 8931, j ≥ 0.

This means that Tj > 0 for j ≥ 0.
In order to prove that the inequality

T2j

T2j+1
>

(
3π

2

)2

= 22.2 . . . > π2 = 9.8 · · · (15)

holds for j ≥ 0, it suffices to show T2j > 25T2j+1 for j ≥ 0, which is equivalent to

34j+9(16j2 + 84j − 115) > 16,384j6 + 200,704j5 + 986,112j4

+ 2,454,784j3 + 3,186,032j2 + 1,932,844j + 355,335, j ≥ 0.

For j ≥ 2, it is sufficient to prove that

34j+9 >
16,384j6 + 200,704j5 + 9,861,12j4 + 2,454,784j3 + 3,186,032j2 + 1,932,844j + 355,335

16j2 + 84j − 115
,

which can be verified by induction on j ≥ 2. In short, Inequality (15) holds for j ≥ 2.
Let

Y(y) =
1

∑
j=0

T2j+1

( T2j

T2j+1
− y

)
y2j =

3

∑
j=0

(−1)jTjyj

= − 713y3

65,488,500
+

y2

4050
− 2y

525
+

4
135

, 0 ≤ y ≤ π2.
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Differentiating gives

Y′(y) = − 713y2

21,829,500
+

y
2025

− 2
525

and Y′′(y) = 1
2025

− 713y
10,914,750

.

The second derivative Y′′(y) is decreasing and has a zero 10,914,750
713×2025 = 5390

713 . The first
derivative Y′(y) has a maximum

Y′
(

5390
713

)
= − 19,637

10,106,775
.

Thus, the first derivative Y′(y) is negative and the function Y(y) is decreasing. Since

Y
(
π2) = 4

135
− 2π2

525
+

π4

4050
− 713π6

65,488,500
= 0.0056 . . . ,

the function Y(y) is positive on [0, π2].
Combining the above arguments, we conclude that the function h(x) is positive on

(0, π]. Then, the second derivative G′′(x) is negative on (0, π). Hence, the function G(x) is
concave on [0, π].

Remark 4. We guess that the function h(x) defined in (14) is positive, and even increasing, on the
interval

(
0, 3π

2
] ⊃ (0, R]. If this guess were true, then the even function G(x) would be concave on

[0, R) ⊂ (
0, 3π

2
)
.

Remark 5. We note that a concave function must be a logarithmically concave function, but not
conversely. However, a logarithmically convex function must be a convex function, but not conversely.

6. Power Series Expansions

In this section, basing on (5) and (6) and utilizing the derivative Formula (8) in
Lemma 2, we derive two Maclaurin power series expansions of the function G(x) de-
fined by (4) in terms of specific Hessenberg determinants. These two Maclaurin power
series expansions are different from (3) in form.

Theorem 6. For m ≥ 0, let

Em =
22m+1

2m + 1
|B2m+2|
m + 1

and

D2m =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 (1
1)

1
3 0 0 · · · 0

2
45 0 (2

2)
1
3 0 · · · 0

0 (3
1)

2
45 0 (3

3)
1
3 · · · 0

16
315 0 (4

2)
2

45 0 · · · 0
...

...
...

...
. . .

...
Em−1 0 (2m−2

2 )Em−2 0 · · · 0
0 (2m−1

1 )Em−1 0 (2m−1
3 )Em−2 · · · (2m−1

2m−1)
1
3

Em 0 (2m
2 )Em−1 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣ei,j

∣∣
(2m)×(2m)
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with the convention D0 = 1, where

ei,j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
0, 2m ≥ j > i + 1 ≥ 2;

0, 2m − 2 ≥ i − j = 2k ≥ 0;(
i

j − 1

)
E(i−j+1)/2, 2m − 1 ≥ i − j = 2k − 1 ≥ −1.

Then the function G(x) defined in (4) can be expanded to

G(x) =
∞

∑
m=0

32m+1D2m
x2m

(2m)!
= 3 − x2

5
− x4

175
− 2x6

7875
− 37x8

3,031,875
− · · · . (16)

Proof. Since the function G(x) is even, its odd order derivative G(2m+1)(0) = 0 for m ≥ 0.
Let u(x) = 1 and

v(x) =
∞

∑
k=0

22k+2

(2k + 2)!
|B2k+2|x2k,

which are both even functions. Then

v(n)(0) = lim
x→0

∞

∑
k=0

22k+2

(2k + 2)!
|B2k+2|〈2k〉nx2k−n =

⎧⎪⎨⎪⎩
0, n = 2m + 1

22m+1

2m + 1
|B2m+2|
m + 1

, n = 2m

for m ≥ 0. Applying the derivative Formula (8) to Expression (5) leads to

G(2m)(0) = lim
x→0

[
1

∑∞
k=0

22k+2

(2k+2)! |B2k+2|x2k

](2m)

=
1

E2m+1
0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 (0
0)E0 0 0 · · · 0

0 0 (1
1)E0 0 · · · 0

0 (2
0)E1 0 (2

2)E0 · · · 0
0 0 (3

1)E1 0 · · · 0
0 (4

0)E2 0 (4
2)E1 · · · 0

...
...

...
...

. . .
...

0 (2m−2
0 )Em−1 0 (2m−2

2 )Em−2 · · · 0
0 0 (2m−1

1 )Em−1 0 · · · (2m−1
2m−1)E0

0 (2m
0 )Em 0 (2m

2 )Em−1 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 32m+1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

0 (1
1)

1
3 0 0 · · · 0

2
45 0 (2

2)
1
3 0 · · · 0

0 (3
1)

2
45 0 (3

3)
1
3 · · · 0

16
315 0 (4

2)
2
45 0 · · · 0

...
...

...
...

. . .
...

Em−1 0 (2m−2
2 )Em−2 0 · · · 0

0 (2m−1
1 )Em−1 0 (2m−1

3 )Em−2 · · · (2m−1
2m−1)

1
3

Em 0 (2m
2 )Em−1 0 · · · 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 32m+1D2m.

Consequently, the Maclaurin power series expansion is

G(x) =
∞

∑
n=0

G(n)(0)
xn

n!
=

∞

∑
m=0

G(2m)(0)
x2m

(2m)!
=

∞

∑
m=0

32m+1D2m
x2m

(2m)!
.
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The proof of Theorem 6 is complete.

Remark 6. When m = 2 and m = 1, we obtain

D4 =

∣∣∣∣∣∣∣∣∣
0 (1

1)E0 0 0
(2

0)E1 0 (2
2)E0 0

0 (3
1)E1 0 (3

3)E0

(4
0)E2 0 (4

2)E1 0

∣∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣∣

0 (1
1)

1
3 0 0

(2
0)

2
45 0 (2

2)
1
3 0

0 (3
1)

2
45 0 (3

3)
1
3

(4
0)

16
315 0 (4

2)
2

45 0

∣∣∣∣∣∣∣∣∣ = − 8
14,175

and

D2 =

∣∣∣∣∣ 0 (1
1)E0

(2
0)E1 0

∣∣∣∣∣ =
∣∣∣∣∣ 0 (1

1)
1
3

(2
0)

2
45 0

∣∣∣∣∣ = − 2
135

.

Accordingly, we have

G(x) = 3D0 + 33D2
x2

2!
+ 35D4

x4

4!
+

∞

∑
m=3

32m+1D2m
x2m

(2m)!

= 3 − x2

5
− x4

175
+

∞

∑
m=3

32m+1D2m
x2m

(2m)!
,

which coincides with the first three terms in the series expansions (3) and (16).

Remark 7. Comparing the series expansions (3) and (16) reveals

3
∞

∑
k=2

(−1)k22kV2k
x2k

(2k)!
=

∞

∑
m=2

32m+1D2m
x2m

(2m)!
.

As a result, we deduce the relation

V2k = (−1)k
(

3
2

)2k

D2k, k ≥ 2, (17)

which is different to the determinantal expression (9).

Theorem 7. The function G(x) defined in (4) can be expanded into

G(x) =
∞

∑
m=0

32m+1D2m+1
x2m

(2m)!
= 3 − x2

5
− x4

175
− 2x6

7875
− 37x8

3,031,875
− · · · , (18)

where the determinants
D2m+1 =

∣∣di,j
∣∣
(2m+1)×(2m+1)

and the elements of the determinants D2m+1 are

di,j =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(−1)(i−1)/2[1 + (−1)i−1]

2i
, 1 ≤ i ≤ 2m + 1, j = 1;(

i − 1
j − 2

)
(−1)(i−j+1)/2[1 + (−1)i−j+1]

2(i − j + 2)(i − j + 4)
, 1 ≤ i ≤ 2m + 1, 2 ≤ j ≤ 2m + 1.

Proof. Let

u(x) =
∞

∑
k=0

(−1)k

(2k + 1)!
x2k and v(x) = 2

∞

∑
k=0

(−1)k(k + 1)
(2k + 3)!

x2k.
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Differentiating results in

u(2m)(0) = lim
x→0

∞

∑
k=0

(−1)k

(2k + 1)!
〈2k〉2mx2k−2m =

(−1)m

(2m + 1)!
〈2m〉2m =

(−1)m

2m + 1
,

v(2m)(0) = 2 lim
x→0

∞

∑
k=0

(−1)k(k + 1)
(2k + 3)!

〈2k〉2mx2k−2m =
(−1)m

(2m + 1)(2m + 3)
,

u(2m+1)(0) = 0, v2m+1(0) = 0

for m ≥ 0. Applying the derivative Formula (8) to Expression (6) leads to

G(2m)(0)
32m+1 =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1
1·3 0 0

0 0 (1
1)

1
1·3 0

−1
3

−1
3·5 0 (2

2)
1

1·3
0 0 (3

1)
−1
3·5 0

1
5

1
5·7 0 (4

2)
−1
3·5

...
...

...
...

0 0 (2m−1
1 ) (−1)m−1

(2m−1)(2m+1) 0
(−1)m

2m+1
(−1)m

(2m+1)(2m+3) 0 (2m
2 )

(−1)m−1

(2m−1)(2m+1)

· · · 0 0 0 0 0
· · · 0 0 0 0 0
· · · 0 0 0 0 0
· · · 0 0 0 0 0
· · · 0 0 0 0 0
. . .

...
...

...
...

· · · (2m−1
2m−5)

1
5·7 0 (2m−1

2m−3)
1

3·5 0 (2m−1
2m−1)

1
1·3

· · · 0 ( 2m
2m−4)

1
5·7 0 ( 2m

2m−2)
1

3·5 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= D2m+1

for m ≥ 0. Consequently, we have the series expansion

G(x) =
∞

∑
m=0

G(2m) x2m

(2m)!
=

∞

∑
m=0

32m+1D2m+1
x2m

(2m)!
.

The proof of Theorem 7 is complete.

Remark 8. Comparing the series expansions (16) and (18), we acquire the relation

D2m = D2m+1, m ≥ 0. (19)

We note that the elements of D2m contain products of the Bernoulli numbers B2k and binomial
coefficients, while the elements of D2m+1 just contain products of common fractions and binomial
coefficients.

Can one verify relation (19) by a linear algebraic operation?

Remark 9. The determinants D2m and D2m+1 are both connected with the van der Pol numbers
V2k via the relation (17) and

V2k = (−1)k
(

3
2

)2k

D2k+1, k ≥ 2. (20)
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Remark 10. When m = 2 and m = 1, we acquire

D5 =

∣∣∣∣∣∣∣∣∣∣∣

1 1
1·3 0 0 0

0 0 (1
1)

1
1·3 0 0

−1
3

−1
3·5 0 (2

2)
1

1·3 0
0 0 (3

1)
−1
3·5 0 (2

2)
1

1·3
1
5

1
5·7 0 (4

2)
−1
3·5 0

∣∣∣∣∣∣∣∣∣∣∣
= − 8

14,175

and

D3 =

∣∣∣∣∣∣
1 1

1·3 0
0 0 (1

1)
1

1·3−1
3

−1
3·5 0

∣∣∣∣∣∣ = − 2
135

.

Therefore, the relation (19) is confirmed for m = 1, 2.

7. Conclusions

In this paper, we established the following results.

1. Three determinantal expressions (9), (17), and (20) for the van der Pol numbers V2k
with k ≥ 2 were derived in Theorem 1 and Remarks 7 and 9.

2. An identity (10) for the Bernoulli numbers B2k with k ≥ 1 was deduced in Theorem 2.

3. An identity (11) for the van der Pol numbers V2k with k ≥ 1 was acquired in Theo-
rem 3.

4. A determinantal expression (13) for the van der Pol numbers Vn with n ≥ 1 was
presented in Theorem 4.

5. The even function G(x) defined by (4) was proven in Theorem 5 to be decreasing in
[0, R) ⊃ [0, π] and to be concave in [0, π] ⊂ [0, R).

6. Two Maclaurin power series expansions ((16) and (18)) of the function G(x), whose
coefficients are expressed in terms of specific Hessenberg determinants with elements
containing the Bernoulli numbers B2k, were discovered in Theorems 6 and 7.
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Abstract: This paper deals with a credit derivative pricing problem using the martingale approach.
We generalize the conventional reduced-form credit risk model for a credit default swap market,
assuming that the firms’ default intensities depend on the default states of counterparty firms and
that the stochastic interest rate follows a jump-diffusion Cox–Ingersoll–Ross process. First, we derive
the joint Laplace transform of the distribution of the vector process (rt, Rt) by applying piecewise
deterministic Markov process theory and martingale theory. Then, using the joint Laplace transform,
we obtain the explicit pricing of defaultable bonds and a credit default swap. Lastly, numerical exam-
ples are presented to illustrate the dynamic relationships between defaultable securities (defaultable
bonds, credit default swap) and the maturity date.
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1. Introduction

Efficient tools for the management of credit risk in portfolios are always in high
demand in financial institutions. This leads to a specialized market for credit derivatives.
Due to the initiation of the credit derivatives market in the early 1990s, credit derivatives
have maintained robust growth in the past decades. Being an enormous market that already
surpasses the debt one, it has been attracting increasing research interest. For the modeling
of credit risk in credit-risky securities markets, depending on the formulation, there are
two well-established fundamental models available at present, i.e. the so-called reduced-
form model [1–3] and the structural model [4,5]. In the reduced-form model, the influences
on the default are assumed to be dominated by exogenous factors, for example, policies
from the government; meanwhile, structural models mainly focus on endogenous factors—
more specifically, the asset allocation of firms. Compared with the structural one, the
reduced-form model is believed to be easier for constructing a tractable formula explaining
the price of credit-risky securities in terms of economic covariates, which facilitates the
estimation. In this work, we mainly focus on the reduced-form model.

There is a long history of insights into credit risk in the credit derivatives market with
the reduced-form model, going back to the 1990s. When describing dependency default
risks, bottom-up models as well as top-down models are commonly used. Bottom-up
models focus on modeling default intensities of individual reference entities to characterize
a portfolio default intensity. For more developments of bottom-up models, references [6–8]
are highly recommended. The top-down models mainly focus on modeling default at the
portfolio level; in other words, the default intensity of the entire investment portfolio is
modeled without reference to the constituent names. Some works on top-down models are
included in [9–11]. In our paper, we focus on bottom-up models.

In bottom-up models, the default intensity is generally assumed to be a stochastic
process, while the relevant randomness is built up from state variables. Moreover, a further
consideration of credit contagion is then pioneered by [12] (the so-called DL model) to
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incorporate the concentration risk in credit portfolios. In the meantime, the emergence of
certain special phenomena—for instance, the banking crisis—reveals one of the defects
of the conventional reduced-form models, which did not possess a full consideration
of credit risk sources. Accordingly, a model with the concept of counterparty risk was
brought forward by [7]. In recent years many scholars have considered this factor, for
example in [13–18]. In conjunction with the credit contagion, this model emphasizes the
so-called primary–secondary framework, which simplifies the payoff structure. The default
intensity in such a framework is assumed to be mainly decided by the default state of the
counterparty and the economy-wide state variables that follow the Vasicek process (see
e.g., [19]). In addition, [13,15,16,20,21] also involved the effects of various other factors
(such as the settlement risk, the replacement cost, credit rating, Markov Regime-Switching)
in the pricing of CDSs. However, further effects are still desired for improving these models
to better characterize the credit derivatives market.

One of the essential aspects of a fine modeling of credit risk is the proper addressing
of the dynamic changes of economy-wide state variables. Among all economy-wide state
variables, we only consider the risk-free interest rate in this work. As the mean reversion
may come from the underlying macro-economic currents, or the corrections on account of
bond market overreaction, the Cox–Ingersoll–Ross (CIR) process (for more details, see [22])
is applied to characterize the interest rate fluctuation [23–27]. This process covers the defect
of the Vasicek model that makes it possible to get negative interest rates. In the CIR process,
the volatility term θ

√
r(t) will approach zero when the interest rate gets close to zero,

which cancels the effects of the randomness. Thus, the interest rate in such a case remains
positive. Meanwhile, the volatility takes high value when the interest rate is high, which is
a desired property for modeling. Moreover, in practice, when a primary event takes place,
e.g., a change in monetary policies, there will be a positive jump in the interest rate process.
Such a jump will be suppressed by the government over time. Then, the process continues
until it is taken over by another jump caused by a new event. Therefore, to depict such a
phenomenon, we consider a jump-diffusion Cox–Ingersoll–Ross (JCIR) process.

In this paper, we propose a revised reduced-form model [28]. It incorporates the
assumption that the firms’ default intensities are related to the default states of counterparty
firms and the stochastic interest rate driven by the jump-diffusion Cox–Ingersoll–Ross
(JCIR) process. This model, to some extent, is more in accordance with the actual CDS
market than that of classical work [7]. The primary intention of this article is to derive an
explicit expression for the joint Laplace transform of the distribution of the risk-free interest
rate-related vector process (rt, Rt) by applying the piecewise deterministic Markov process
theory. The piecewise deterministic Markov process theory was developed by [29] and has
been proven to be a very powerful mathematical tool in the field of non-diffusion models.
Using the joint Laplace transform, we obtain the explicit pricing of defaultable bonds and
default swap rates. Finally, according to this explicit expression, we present the dynamic
relations between defaultable securities and the maturity date.

The rest of this paper is organized as follows. In Section 2, we present the setup
of the counterparty structure. In Section 3, we derive the joint Laplace transform of the
distribution of the vector process (rt, Rt), and the pricing formulae for defaultable bonds
are derived. Meanwhile, with several examples, we also explore the impact of counterparty
risk and spot interest rate on bond pricing. In Section 4, we extend our model to the pricing
of credit default swaps and the importance of default correlation and spot interest rate
models in pricing a default swap. In Section 5, conclusive remarks and further academic
challenges are presented.

2. Reduced-Form Model

In this section, to construct the model, a collection of doubly stochastic Poisson
processes are assumed to represent the default. Then, the primary–secondary framework is
applied to further simplify the subsequent exposition.
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2.1. Model Setup

To set up the model, the filtered probability space (Ω, F , {F}T∗
t=0,P) is used for

the uncertainty in the economy, while Xt, an Rd-valued process, and point processes Ni

(i = 1, · · · , I) are assumed to indicate the d economy-wide state variables and the default
processes of firm i, respectively. Ni is 0 initially and changes to 1 once the default takes
place. Denoting τi as the relevant default time, the default process of firm i could be
presented as Ni

t = 1{τi≤t}. Then, the filtration could be generated according to Xt and Ni
t as

Ft = F X
t ∨F 1

t ∨ · · · ∨F I
t ,

with

F X
t = σ(Xs, 0 ≤ s ≤ t) and F i

t = σ(Ni
s, 0 ≤ s ≤ t)

being the filtrations obtained from Xt and Ni
t , respectively.

In addition, we indicate the filtration generated by the default process of all firms but
the ith one as

F−i
t = F 1

t ∨ · · · ∨F i−1
t ∨F i+1

t ∨ · · · ∨F I
t .

Thus, F X
T∗ ∨F−i

T∗ embraces the full information up to time T∗ on the state variables
and the default processes of all firms other than that of the ith. We could also choose an
intensity process λi

t, for t ∈ [0, T∗], being non-negative and F X
T∗ ∨F−i

T∗ -measurable, with

∫ t

0
λi

sds < ∞,P− a.s.,

so that a Poisson process Ni can be defined.

2.2. Primary–Secondary Framework

As a typical case, in this work, we discuss the default probability of a commercial
bank. We assume that bank A owns a large amount of debt from firm B. However, it is
normally not vice versa, and thus not possible to affect B’s default probability. Thus, we
implement the constraints as follows. All I firms considered could be separated into two
incompatible types, i.e., S1 primary firms and the rest I − S1 secondary firms. The default
processes of the primary firms only depend on state variables, while those of secondary
firms depend on both the state variables and the default status of the primary firms.

To start with, under probability measure P, for the S1 primary firms, there is a sequence
of independent unit exponential random variables, {ei, 1 ≤ i ≤ S1}, being also independent
of Xt. Thus, the relevant default times can be defined as

τi = inf{t :
∫ t

0
λi

sds ≥ ei}, 1 ≤ i ≤ S1, (1)

with λi
t adapted to F X

t , while the conditional and unconditional survival probability
distributions of primary firm i are given by

P(τi > t|F X
T∗) = exp(− ∫ t

0 λi
sds), t ∈ [0, T∗], (2)

P(τi > t) = E[exp(− ∫ t
0 λi

sds)], t ∈ [0, T∗]. (3)

Since the primary firms’ default processes only depend on Xt, we denote their default
intensities by

λi
t = ai

0,t, 1 ≤ i ≤ S1. (4)
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Then, we proceed to the secondary default processes. Similarly, for the I − S1 sec-
ondary firms, there is also a sequence of relevant independent variables, {ej, S1 + 1 ≤ j ≤
I}, being independent of Xt and {τi, 1 ≤ i ≤ S1} as well. Hence, the default times can be
defined as

τ j = inf{t :
∫ t

0
λ

j
sds ≥ ej}, S1 + 1 ≤ j ≤ I, (5)

with λ
j
t adapted to F X

t ∨F 1
t ∨ · · · ∨F S1

t , while the conditional and unconditional survival
probability distributions of secondary firm j are expressed as

P(τ j > t|F X
T∗ ∨F 1

T∗ ∨ · · · ∨F S1
T∗ ) = exp(− ∫ t

0 λ
j
sds), t ∈ [0, T∗], (6)

P(τ j > t) = E[exp(− ∫ t
0 λ

j
sds)], t ∈ [0, T∗]. (7)

Since the default processes of secondary firms depend on Xt and the default processes
of primary firms, we denote the default intensities by

λ
j
t = aj

0,t +
S1

∑
k=1

aj
k,t1{τk≤t}, S1 + 1 ≤ j ≤ I, (8)

with aj
k,t adapted to F X

t . The default of firm k, according to the sign of aj
k,t, can either

increase (aj
k,t > 0) or decrease (aj

k,t < 0) the default probability of firm j. In addition, a more
general default intensity can be achieved by involving the interactions of the indicator
functions.

According to the assumptions above, we now derive the explicit pricing formulae of
defaultable bonds and default swap rates in Sections 3 and 4, respectively.

3. Defaultable Bonds

In this section, we derive the pricing formulae for defaultable bonds. First, we present
the general formulae for bonds in the primary–secondary framework that fulfills the
assumptions in the previous sections. Under the equivalent martingale measure P, the
prices of the default-free and defaultable bonds are, respectively, given by

p(t, T) = E[exp(−
∫ T

t
rsds)|Ft], (9)

Vi(t, T) = βi p(t, T) + 1{τi>t}(1 − βi)E[exp(−
∫ T

t
(rs + λi

s)ds)|Ft], (10)

where βi is the recovery rate of defaultable bond i, and t ≤ T < T∗. Here, to reduce
derivation complexity, we assume the recovery rate to be a constant for obtaining a simple
martingale pricing formula. Obviously, due to (10), the prices of risky bonds consist of
two parts, i.e., the recovery rate βi and the rest factor 1 − βi, both discounted to t. The first
part could be calculated explicitly, while the second one could be obtained in the absence
of default. Moreover, the second part, being discounted at the adjusted spot rate, presents
the default risk in the model. Therefore, the pricing under P depends on the expectation
in (10).

Then, in the following, we assume firm A and B to be the primary and secondary firm,
respectively. The default of firm A is independent of the default risk of others, while that of
firm B depends on the default risk of firm A. Both firm A and B’s default risk depends on
the interest rate, which could be owing to the firms’ big cash demands for debt repayments.
In this work, we only consider the simple case, with the default intensities following the
linear relations:

λA
t = bA

0 + bA
1 rt, (11)
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λB
t = bB

0 + bB
1 rt + b1{τA≤t}, (12)

where bA
0 , bA

1 , bB
0 , bB

1 , and b are positive constants. The only economy-wide state variable we
account for here is the risk-free interest rate, which, more specifically, follows an extended
CIR process with positive jumps:

drt = α(η − rt)dt + θ
√

rtdWt + dJt, (13)

where we assume that α, η, θ ≥ 0, Jt = ∑Mt
i=1 Yi. Mt is a Poisson process with frequency ρ,

which indicates the total number of jumps up to time t. {Yi, i ≥ 1} are the sizes of the jumps
and are assumed to be independent and identically distributed random variables following
a distribution function F(x)(x > 0). When the value of the CIR process approaches 0, the
behavior of such a process relies on its parameters. There are several conditions that assure
that the jump-CIR process (13) remains strictly positive. We list those conditions as follows:

1. θ2 ≤ 2αη. This condition is needed to guarantee rt > 0 with probability 1 if r0 > 0, 0
is not accessible, and the process never blows up to ∞. Since rt follows a classical CIR
process, the Feller condition θ2 ≤ 2αη assures that rt > 0. Specifically, the probability
of no jumps on a given time interval is positive, which also strengthens the importance
of θ2 ≤ 2αη. If θ2 > 2αη, the process rt will repeatedly cross zero and reflect at zero.

2. F(Yi) ∈ Ft− F(Yi) is the distribution of Yi, which ensures the Markov property of the
rt. That is, if one can predict the exact jump timing and jump-size at an instant before
a jump occurs, one can make an arbitrarily large profit with certainty.

3. EYi ∈ [0, ∞),−rt− < Yi < ∞ at Mt = 1, which preserves non-negative jump intensity
and a positive instantaneous volatility. For a more specific description about the
conditions where the jump-CIR process remains strictly positive, one can refer to [30].

Comparing with the Vasicek model, the CIR process possesses the properties of mean-
reverting and non-negativity, which is of better modeling for interest rates. When η = θ = 0,
then JCIR processes reduce to shot noise processes, which are widely used in various fields,
e.g., actuarial science, mathematical finance and electronics. Accordingly, investigating
JCIR processes has important academic value and application value.

In the following, a critical lemma is brought out to price credit securities. We can refer
to [31] for specific proof methods via martingale theory as well as piecewise deterministic
Markov process theory.

Lemma 1. Assume that μ ≥ 0, k ≥ 0, then the joint Laplace transform of the distribution of
(rt, Rt) (let Rt =

∫ t
0 rudu) is

g(μ, k, t, T) = E{e−μrT e−k(RT−Rt)|F r
t }

= exp(−Bμ,k(t, T)rt) exp
(

α2η(T − t)
θ2

)
(Cμ,k(t, T))−

2αη

θ2

× exp(−ρ
∫ T−t

0
[1 − h(Bμ,k(0, u))]du), (14)

where

h(Bμ,k(0, u)) =
∫ ∞

0
e−Bμ,k(0,u)xdF(x), (15)

Bμ,k(t, T) =
(2k − αμ) + μ

√
α2 + 2kθ2coth(

√
α2 + 2kθ2(T − t)/2)

(θ2μ + α) +
√

α2 + 2kθ2coth(
√

α2 + 2kθ2(T − t)/2)
, (16)

Cμ,k(t, T) = cosh(
√

α2 + 2kθ2(T − t)/2)
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+(θ2μ + α)(α2 + 2kθ2)−
1
2 sinh(

√
α2 + 2kθ2(T − t)/2). (17)

Proof. 1. (Construct a martingale) Setting the infinitesimal generator operator A to 0,
we construct a martingale. Let f (R, r, t) = exp{−G(t)r − kR + H(t)}. By [32], letting
A f (R, r, t) = 0, we have

−G
′
(t)r + H

′
(t)− kr − α(η − r)G(t) +

1
2

θ2rG2(t) + ρ[y(G(t))− 1] = 0. (18)

Solving Equation (18), we get{
−G

′
(t)− k + αG(t) + 1

2 θ2G2(t) = 0,
H

′
(t)− αηG(t) + ρ[y(G(t))− 1] = 0.

(19)

By solving the above coupled equations, we can get the explicit expression of G(t)
and H(t). Then for l > 0 and k ≥ 0, when 0 ≤ t < l√

α2+2kθ2 , exp{−G(t)rt − kRt + ρ
∫ t

0 [1 −
y(G(u))]du + αη

∫ t
0 G(u)du} is a martingale, where

y(φ) =
∫ ∞

0
e−φxdF(x), (20)

and

G(t) = − α

θ2 −
√

α2 ++2kθ2

θ2 coth
(√

α2 + 2kθ2t − l
2

)
. (21)

2. (Laplace transforms of the distributions of rt and Rt) For an arbitrary fixed time
t(0 ≤ s ≤ t < l√

α2+2kθ2 ), by the properties of martingale, we have

E{exp{−G(t)rt − kRt + ρ
∫ t

0
[1 − y(G(u))]du + αη

∫ t

0
G(u)du}|F r

s }

= exp{−G(s)rs − kRs + ρ
∫ s

0
[1 − y(G(u))]du + αη

∫ s

0
G(u)du}. (22)

Then,

E{exp{−G(t)rt − k(Rt − Rs)}|F r
s }

= exp{−G(s)rs} exp{−ρ
∫ t

s
[1 − y(G(u))]du} exp{−αη

∫ t

s
G(u)du}. (23)

Set G(t) = μ ≥ 0. By (21), we have

l =
√

α2 + 2kθ2t − ln
μθ2 + α −√

α2 + 2kθ2

μθ2 + α +
√

α2 + 2kθ2
. (24)

From (24), we easily get that l >
√

α2 + 2kθ2t, i.e., t < l√
α2+2kθ2 . Substituting (24) in to

G(s), we get

G(s) = Bμ,k(s, t)

=
(2k − αμ) + μ

√
α2 + 2kθ2coth(

√
α2 + 2kθ2(t − s)/2)

(θ2μ + α) +
√

α2 + 2kθ2coth(
√

α2 + 2kθ2(t − s)/2)
, (25)

then, we have

E{exp{−G(t)rt − k(Rt − Rs)}|F r
s }

= exp{−Bμ,k(s, t)rs} exp{−ρ
∫ t

s
[1 − y(Bμ,k(u, t))]du} exp{−αη

∫ t

s
Bμ,k(u, t)du}. (26)
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For the right side of (26), letting v = t − u and by integral calculation, we get the
results of Lemma 1.

Until now, the closed-form solution of the Laplace transforms of rt and Rt are derived.
Setting μ = 0 and k = 0 in (14) gives the following corollaries.

Corollary 1. Assume that μ ≥ 0, k ≥ 0; then, the Laplace transforms of the distributions of rt and
Rt are, respectively,

E{e−μrT |F r
t }

= exp(−Bμ,0(t, T)rt) exp
(

α2η(T − t)
θ2

)
(Cμ,0(t, T))−

2αη

θ2

× exp(−ρ
∫ T−t

0
[1 − h(Bμ,0(0, u))]du), (27)

and

E{e−k(RT−Rt)|F r
t }

= exp(−B0,k(t, T)rt) exp
(

α2η(T − t)
θ2

)
(C0,k(t, T))−

2αη

θ2

× exp(−ρ
∫ T−t

0
[1 − h(B0,k(0, u))]du). (28)

For mathematical simplicity, the jump size {Yi, i ≥ 1} is assumed to be exponentially
distributed; in other words,

F(x) = 1 − e−ωx(ω > 0, x > 0).

As a special case of Corollary 1, the following corollary is presented.

Corollary 2. Assume that μ ≥ 0, k ≥ 0, and the distribution of jump sizes is F(x) = 1 −
e−ωx(ω > 0, x > 0); then, the Laplace transforms of the distributions of rt and Rt are

E{e−μrT |F r
t }

= exp(−Bμ,0(t, T)rt) exp
(

α2η(T − t)
θ2

)
(Cμ,0(t, T))−

2αη

θ2

×
(

2α(ω + μ) exp(α(T − t))
ω(θ2μ + 2α) exp(α(T − t)) + (2αμ − ωθ2μ)

)− 2ρ

2α−ωθ2

, (29)

and

E{e−k(RT−Rt)|F r
t }

= exp(−B0,k(t, T)rt) exp{H1(k)(T − t) + H2(k) ln Dk(t, T)− H3 ln C0,k(t, T)}. (30)

where

Dk(t, T) = cosh(
√

α2 + 2kθ2(T − t)/2) +
ωα + 2k

α
√

α2 + 2kθ2
sinh(α2 + 2kθ2(T − t)/2),

H1(k) =
α2η(T − t)

θ2 − 2kρ

ω(
√

α2 + 2kθ2 + α) + 2k
− ωρ

√
α2 + 2kθ2

2k + 2ωα − ω2θ2 ,

H2(k) =
2ωρ

2k + 2ωα − ω2θ2 ,
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H3 =
2αη

θ2 .

Thus, from (10) and Lemma 1, we can derive the pricing formulae of defaultable
bonds. The time-t prices of the A- and B-bond with maturity date T will be shown in the
following theorem.

Theorem 1. In the primary–secondary framework, assume that firm A and firm B have the same
maturity date with 0-valued recovery rate (βA = 0, βB = 0). Suppose that intensity process λA

t
satisfies (11) and process λB

t satisfies (12); then, the time-t prices of the bonds issued by primary
firm A and secondary firm B, respectively, are

VA(t, T) = E[e−(1+bA
1 )(RT−Rt)|F r

t ]e
−bA

0 (T−t) = g(0, 1 + bA
1 , t, T)e−bA

0 (T−t), (31)

and

VB(t, T) = e−(bB
0 +b)(T−t)g(0, 1 + bB

1 , t, T) + be−(bB
0 +b)T+(bB

0 +bA
0 )t

×
∫ T

t
e−(bA

0 −b)s · exp
(

α2η(T − s)
θ2

)
(C0,1+bB

1
(s, T))−

2αη

θ2

× exp(−ρ
∫ T−s

0
[1 − h(B0,1+bB

1
(0, u))]du)

×g(B0,1+bB
1
(s, T), 1 + bB

1 + bA
1 , t, s)ds. (32)

Proof. Firstly, from (11) and Lemma 1, we can easily illustrate that (31) holds. Secondly,
according to (10), (12), and the property of conditional expectation, we obtain the time-t
price of the bond with maturity date T issued by firm B

VB(t, T) = E[exp(−
∫ T

t
(rs + λB

s )ds)|Ft]

= E[exp(−bB
0 (T − t)− (1 + bB

1 )(RT − Rt)− b(T − τA)1{τA≤T})|Ft]

= E[exp(−bB
0 (T − t)− (1 + bB

1 )(RT − Rt))

×E[exp(−b(T − τA)1{τA≤T})|Ft ∨F r
T∗ ]|Ft]. (33)

To calculate the time-t price of the B-bond with maturity T, we need to evaluate the
conditional expectation embedded in (33). According to (2) and the law of integration by
parts, we obtain that

E[exp(−b(T − τA)1{τA≤T})|Ft ∨F r
T∗ ]

= (
∫ T

t
+
∫ ∞

T
)e−b(T−s)1{s≤T}d(1 − e−bA

0 (s−t)−bA
1 (Rs−Rt))

= e−b(T−t)(1 + b
∫ T

t
e−(bA

0 −b)(s−t)−bA
1 (Rs−Rt)ds). (34)

Hence, according to the expectation obtained, we get

VB(t, T) = e−(bB
0 +b)(T−t)E[e−(1+bB

1 )(RT−Rt)|Ft] + be−(bB
0 +b)T+(bB

0 +bA
0 )t

×
∫ T

t
e−(bA

0 −b)sE[e−(1+bB
1 +bA

1 )(Rs−Rt)−(1+bB
1 )(RT−Rs)|Ft]ds. (35)

For the first expectation term, we easily obtain

E[e−(1+bB
1 )(RT−Rt)|Ft] = g(0, 1 + bB

1 , t, T). (36)
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Furthermore, using the properties of iterated conditional expectation, we get

E[e−(1+bB
1 +bA

1 )(Rs−Rt)−(1+bB
1 )(RT−Rs)|Ft]

= E[e−(1+bB
1 +bA

1 )(Rs−Rt) ·E[e−(1+bB
1 )(RT−Rs)|Fs]|Ft]

= exp
(

α2η(T − s)
θ2

)
(C0,1+bB

1
(s, T))−

2αη

θ2

× exp(−ρ
∫ T−s

0
[1 − h(B0,1+bB

1
(0, u))]du)g(B0,1+bB

1
(s, T), 1 + bB

1 + bA
1 , t, s). (37)

Now, substituting (36) and (37) into (35), (32) holds. The proof of Theorem 1 is
complete. Next, we will present the numerical results of the yield spread.

Until now, within the primary–secondary framework, we obtain the explicit pricing
of defaultable bonds. Now, we pay attention to the yield spread, which is a function of
maturity to explore the effect of counterparty risk on firm B’s bond price. In continuous-
time modeling, we define the yield spread ψ between defaultable bond v and default-free
bond p as

ψ(t, T) = − 1
T − t

ln
v(t, T)
p(t, T)

. (38)

In the following, we present an example to discuss the term structure of yield spreads
between primary firm A and secondary firm B.

Example 1. Assume that βA = βB = 0, then the yield spread of firm B’s bond is the corresponding
martingale default probability averaged over T − t. In the economy, if we ignore the counterparty
risk and the short-term interest rate, mathematically speaking, b = 0 and bB

1 = 0; then, the yield
spread will be the constant bB

0 . When b > 0 (bB
1 = 0), firm B’s default is “accelerated" by firm A’s

default with an increasing pattern in the yield spread. In contrast, a “deceleration" holds when
b < 0 (bB

1 = 0), with the yield spread being a decreasing function of maturity. These effects are
illustrated in Figure 1 with some given parameters.

0 2 4 6 8 10
0

0.01

0.02

0.03

0.04

Figure 1. Secondary firm B: term structure of yield spreads with bB
0 = 0.02, bB

1 = 0, bA
0 = 0.02, bA

1 =

0. This figure characterizes the term structure of firm B’s yield spread under different parameters b =
−0.1, 0, 0.2, 0.5, 5.

In contrast with the Markov model based on the ratings of Jarrow et al. [33], in our model,
we ignore the interaction between market risk and credit risk. Usually investment-grade issuers’
credit spread curves are upward-sloping, while those of speculative-level issuers are tilted downward.
However, when the possibility of default is affected by economy-wide risk factors, there will be
additional aspects to this problem, as illustrated in Figure 1. Except for Panel (a), obviously, the
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shape of the default-free term structure and the coefficient bA
1 jointly determine the term structure of

the credit spread.
When bB

1 
= 0, rt follows (13); here, we assume that the jump’s sizes follow an exponential
distribution with parameter ω > 0. Since jump process is involved in our model, Equation (32)
is far more complex for computing the yield spread compared to that of Figure 1. Futhermore, the
shape of a contemporaneous default-free term structure also affects the yield spread. However, we
expect the patterns exhibited in Figure 1 to persist. Namely, the yield spread will widen (narrow)
over time with the default risk from the long (short) position.

In Figure 2, this results come from both economy-wide state variables and counterparty risk.
We find that jump diffusion risk and counterparty risk have caused significant changes in the effects
of different bB

1 on yield spread, while the CIR process dilutes the effect of bB
1 on yield spread, so

the impact of bB
1 on yield spread is minimal. Besides these conjectures, in Figure 3, we could also

get a way to extract information on the counterparty risk with empirical evidence. The effect of
counterparty risk has caused the distortion of the term structure of the primary firms’ credit spreads
(see Panel (d), (f) of Figure 4), which is basically the re-adjusted default-free term structure. In fact,
during estimation, counterparty risk causes the derivation between the credit spread curve and the
shape of the default-free term structure. This mainly comes from the simple one-factor term structure
model as well as the default process, which only depends on the contemporaneous level of the spot
rate. It is easy to extend our model to a multi-factor environment where other macro-economic
factors can also affect default.
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Figure 2. Secondary firm B: term structure of yield spreads with bA
0 = 0.02, bA

1 = 0.01, bB
0 = 0.02,

b = 1 and different bB
1 = 0.01, 0,−0.01. Panel (a) exhibits a flat default-free term structure. Panel

(b) assumes the risk-free interest rate follows the CIR process in which the parameters of the CIR
model are taken from Wu [31] and Jarrow and Yu [7] with α = 0.05, η = 0.5, θ = 0.4. In Panel (c), its
difference with Panel (b) is that interest rate is driven by a jump process, while the parameters are
the same, except that ω = 2.0, ρ = 0.5.
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Figure 3. Secondary firm B: term structure of yield spreads bA
0 = 0.02, bA

1 = 0, bB
0 = 0.02, bB

1 = 0.1
with different value of b = −0.05, 0, 0.1. The risk-free interest rate is assumed to follow the JCIR
process in which parameters are chosen from [7,31] with α = 0.05, η = 0.5, θ = 0.4, ω = 2.0, ρ = 0.5.
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In Figure 5, we also get the way to extract information on the economy-wide risk with empirical
evidence. The secondary firms’ possibility of default is affected by economy-wide risk factors, as
is illustrated in Figure 4. Compared with Figure 4, interest rate is driven by the jump-diffusion
Cox–Ingersoll–Ross (JCIR) process simultaneously in Figure 5. In addition, the default intensity is
also correlated to the default states of counterparty firms. From Figure 5, we find that the larger the
bB

1 , the larger the short-term yield spread; bB
1 is very sensitive to yield spread, and this phenomenon

is completely in line with the facts.
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Figure 4. Primary firm A: term structure of yield spreads with initial interest rate r0 = 0.05,

bA
0 = 0.02 and five different shapes of rt. The default intensity of firm A is presented in (11), where

bA
1 is chosen to be different values {0.1, 0, −0.1}. Panel (a) exhibits a flat default-free term structure. In

Panel (b), the interest rate is assumed to be a deterministic function of t with slope 0.2%. In Panel (c),
the interest rate is assumed to be a deterministic function of t with slope −0.1%. Panel (d) assumes
that the risk-free interest rate follows the CIR process in which the parameters of the CIR model are
taken from Wu [31] and Jarrow and Yu [7] with α = 0.05, η = 0.5, θ = 0.4. In Panel (e), its difference
with Panel (d) is that interest rate is driven by a jump process, while the parameters are same, except
that ω = 2.0, ρ = 0.5.
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Figure 5. Secondary firm B: term structure of yield spreads with bA
0 = 0.02, bA

1 = 0, bB
0 = 0.02, b =

0.1 and a different value of bB
1 = 0.01, 0.05, 0.1. The risk-free interest rate is assumed to follow the

JCIR process in which the parameters for the JCIR model are chosen from [7,31] with α = 0.05, η =

0.5, θ = 0.4, ω = 2.0, ρ = 0.5.
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4. Default Swap Rates

In this section, based on the results in Section 3, we derive the swap rate in the
reduced-form model. We assume that firm C holds bonds from reference firm A, and in the
meantime, is a CDS buyer from firm B for a compensation of the possible loss induced by
firm A’s default. The maturity dates of the bond and the CDS are assumed to be T1 and
T2 (T2 ≤ T1), respectively. Here, we only consider firm A and B as being the primary and
secondary party, respectively. The recovery rate of the bond issued by firm A is assumed
to be zero, with its face value being 1 dollar. The swap rate could be obtained by the
following theorem.

Theorem 2. Assume that rt follows the stochastic differential Equation (13), while λA and λB

satisfy (11) and (12), respectively. Then, the swap rate

c =
VB(0, T2)− e−(bB

0 +bA
0 )T2 g(0, 1 + bB

1 + bA
1 , 0, T2)∫ T2

0 VC(0, s)ds
, (39)

where g(μ, k, t, T) and VB(0, T2), VC(0, s) are given by Lemma 1 and Theorem 1, respectively.

Proof. First, the time-0 market value of buyer C’s payment to B is

E[
∫ T2

0
exp(−

∫ s

0
rudu)c1{τC>s}ds] = c

∫ T2

0
VC(0, s)ds, (40)

while that of B’s promised compensation in the case of A’s default is

E[1{τA≤T2} exp(−
∫ T2

0
rudu)1{τB>T2}]. (41)

Thus, using the principle of no-arbitrage, we obtain

c =
E[exp(− ∫ T2

0 (ru + λB
u )du)]−E[1{τA>T2} exp(− ∫ T2

0 (ru + λB
u )du)]∫ T2

0 VC(0, s)ds
. (42)

A brief inspection of the expression in (42) confirms two intuitions. First, c is equal to
zero when the reference asset A is default-free. Second, the swap rate increases with the
default probabilities of A and C, and decreases with that of B. For more details, one can refer
to Appendix F of [7]. Note that

∫ T2
0 VC(0, s)ds and the first term of the numerator of (42),

which is equal to VB(0, T2), can be derived by (31) and (32), respectively. Substituting (12)
into the expectation term above, we obtain

E[1{τA>T2} exp(−
∫ T2

0
(ru + λB

u )du)]

= E[1{τA>T2} exp(−
∫ T2

0
(bB

0 + (1 + bB
1 )ru + b1{τA≤u})du)]

= E[E[1{τA>T2}|FT∗ ] exp(−bB
0 T2 − (1 + bB

1 )RT2)]

= E[exp(−bB
0 T2 − (1 + bB

1 )RT2 −
∫ T2

0
λA

u du)], (43)

where the second equality involves the property of conditional expectation, the last one
follows (2). Substituting (11) into (43), we obtain

E[exp(−bB
0 T2 − (1 + bB

1 )RT2 −
∫ T2

0
λA

u du)]

= exp(−(bB
0 + bA

0 )T2)g(0, 1 + bA
1 + bB

1 , 0, T2). (44)
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Now, substituting (44) into (42), (39) holds. The proof of Theorem 2 is complete.

In conjunction with the pricing results of defaultable bonds, we obtain the explicit
formula of default swap rates, which is an important indicator in the risk management
market. With given parameters, we can obtain the relevant prices of defaultable bonds and
swap rates. However, the method for evaluating the parameters is beyond the scope of our
article and is left for future discussion. For an insight into the improvement of the results
in our model, the numerical illustrations for swap rate are provided.

Example 2. We assume that the jump’s sizes follow an exponential distribution with parameter
ω > 0, and firm C is not defaulted in the past with VC(0, s) = E[e−Rs ] = g(0, 1, 0, s). We analyze
the dynamic relations between the default swap rate c and the maturity date T (T2 in Theorem 2) for
different forms of risk-free interest rate, different mean positive jumps ω, and different counterparty
risk levels b. The swap rate decreases with the maturity increasing by intuition.

Firstly, in panel (a) of Figure 6, in terms of the influence of risk-free interest rate forms chosen,
although the swap rate decreases with the same trends, consistent with the intuition, there is a clear
difference between the results of our model and the others. The swap rate, compared with applying
the JCIR process, is overestimated in the other cases. These results clarify the essential modification
of the swap rate when applying JCIR process for the risk-free interest rate.

Secondly, in panel (b) of Figure 6, we find that the default swap rate is notably affected by ω.
For larger ω, generally, there will be a higher jump probability in the interest rate process, leading
to a more unstable interest rate, which increases the firms’ default probability. Meanwhile, the swap
rate increases with the default probabilities of firm A, but decreases with that of firm B. Moreover,
firm B’s default intensities, empirically, play a decisive role in pricing the swap rate. Consequently,
as a function of the maturity date, the larger the ω, the slower c decreases, which agrees with the
trend obtained in panel (b). This emphasizes the necessity of considering the jump factor in the
stochastic interest rate process.
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Figure 6. Credit default swap is correlated with the spot interest rate and counterparty risk. For
the default swap rate as a function of the maturity date, see the text for detailed parameters. Panel
(a): results of the models with three forms of risk-free interest rates as indicated in the panel at
counterparty risk b=1.0. Panel (b): results of our model with different means of positive jumps ω at
b=1.0. Panel (c): results of our model at different levels of counterparty risk. Panel (d): results of our
model with different bB

1 . The basic parameters we used are α = 0.05, η = 0.5, θ = 0.4, ω = 2.0, ρ =

0.5, r0 = 0.05, bA
0 = bB

0 = 0.02, bA
1 = bB

1 = 0.01, b = 1.0, which follow [7,31]; ω, b, bB
1 are chosen to be

different values in (b–d).
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Thirdly, according to the results of different b in panel (c) of Figure 6, we find that the default
swap rate is significantly overpriced when ignoring the default correlation (b = 0). Therefore, it is
vital to consider the contagion. A successively higher b indicates an increasing default correlation
between the swap seller, B, and the reference asset A. As b becomes very large, we expect the fair
swap rate to drop to zero since the default swap is ineffective.

Finally, according to the results of different bB
1 in panel (d) of Figure 6, we discover that when

the risk-free interest rate follows the same JCIR process, the default swap rate is affected by bB
1 to a

very small extent. From a numerical perspective, in a short period of time, the larger the bB
1 value,

the greater the rate of decline of the default swap rate.

5. Conclusions

In this paper, we derive the joint Laplace transform for the distribution of the vector
process (rt, Rt), and using the joint Laplace transform, we obtain explicit pricing formulae
of defaultable securities in the primary–secondary framework, where the counterparty
relationship among these firms and economy-wide state variables (risk-free interest rate)
follow the JCIR process, being able to influence their default probabilities. Such config-
uration is found to be vital for a better approach to the CDS market. We show that the
interaction of market-wide risk factors with company-specific counterparty risks lead to
various shapes of term structure for credit spreads. Within such a framework, the pricing of
the CDS is shown. In the end, numerical graphics vividly illustrate the effect of exponential
distributed jump sizes on the yield spread and CDS.

In addition, it is also of interest and is challenging to further explore other heavy-
tailed distributions of the jump sizes, for instance, the Pareto distribution, the Gumbel
distribution, and the Féchet distribution. However, the expression of the joint Laplace
transform might be implicit.
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1. Introduction

In this research article, we analyze the existence and uniqueness of pseudo-S-asymptotically
periodic mild solutions for the following abstract fractional Cauchy problem{

cDq
t
(
u(t)− G(t, ut)

)
+ Au(t) = F

(
t, ut

)
, t ≥ 0,

u(t) = ϕ(t), −r ≤ t ≤ 0,
(1)

where the fractional derivative cDq
t , q ∈ (0, 1) is taken in the sense of Caputo approach

and (A, D(A)) is a closed linear operator in a Banach space (X, ‖·‖). We assume that −A
generates an exponentially stable analytic semigroup (T(t))t≥0. Here,

F , G : R+ × E → X, r > 0,

are two continuous functions, where R+ = [0, ∞) and E = C([−r, 0], X). By ut, we denote
the classical history function defined by

ut(s) := u(t + s) for − r ≤ s ≤ 0,

Axioms 2023, 12, 800. https://doi.org/10.3390/axioms12080800 https://www.mdpi.com/journal/axioms64



Axioms 2023, 12, 800

while the data u(·) belongs to the space E. Let us recall that a bounded continuous function
f : R+ → X is said to be pseudo S-asymptotically periodic if there exists ω > 0 such that

lim
h→+∞

1
h

h∫
0

‖ f (t + ω)− f (t)‖ dt = 0. (2)

The class of pseudo S-asymptotically periodic functions was introduced in [1]. In
that paper, the authors have considered the classical version of (1) with q = 1 and estab-
lished several interesting results concerning the existence and uniqueness of pseudo S-
asymptotically periodic mild solutions for such problems. The class of pseudo S-asymptotically
periodic functions is a natural generalization of the class of S-asymptotically periodic
functions; see [2]. Consequently, our study can be viewed as an extension and contin-
uation of the research study in [3], where the solvability of problem (1) was discussed
and optimal results about the existence and uniqueness of S-asymptotically periodic mild
solutions were successfully established. The investigation of existence and uniqueness
of pseudo S-asymptotically periodic mild solutions for various classes of the abstract
fractional Cauchy problems is an attractive field and was the principal subject of many
works. For example, in [4] the authors have examined the existence and uniqueness of
pseudo S-asymptotically periodic solutions of the second-order abstract Cauchy problems.
Another interesting class of the abstract fractional equations was analyzed in [5], where the
authors have considered the following fractional integro-differential neutral equations⎧⎪⎨⎪⎩

d
dt

D(t, ut) =
t∫

0
gα−1(t − s)AD(s, us) ds + f (t, ut), t ≥ 0,

u0 = ϕ,

with 1 < α < 2, (A, D(A)) being a sectorial densely defined operator in the sense of [6] and

D(t, ϕ) = ϕ(0) + g(t, ϕ),

with f , g and ϕ being suitable vector-valued functions. Here,

gα(t) := tα−1/Γ(α),

α > 0, t > 0, where Γ(α) is the Euler Gamma function. For more details, we refer the reader
to the recent research monographs [7,8] and the references cited therein. We would like to
point out that this work is the first phase of another project, the aim of which is to study our
main problem (1) set on non-regular domains. This study is motivated by the fact that these
types of domains are often encountered in several concrete situations. Thus, the theory of
such problems is interesting in itself. Moreover, the knowledge of the structure of solutions
is useful in numerical analysis; see [9–12]. The organization of this paper can be briefly
described as follows. In the Section 2, we collect some necessary definitions and results
needed to justify our main results. In the Section 3, we furnish some sufficient conditions
for the existence of a pseudo S-asymptotically periodic mild solution for the problem (1).
In the Section 5, we provide an example to demonstrate the abstract results obtained in this
work.

2. Preliminaries

We use the standard notation throughout this paper. Unless stated otherwise, we will
always assume that X denotes a complex Banach space equipped with the norm ‖·‖, and
A is a closed linear operator with 0 ∈ ρ(A), where ρ(A) denotes the resolvent set of A. In
this work, we need to use the notion of fractional power of closed linear operators. Then,
we know that, for every α > 0, the operator A−α is well defined and has the following
explicit representation:
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A−α :=
1

Γ(α)

∞∫
0

tα−1T(t) dt,

for more details about fractional powers of closed linear operators, we refer the reader to
the research monograph [6]. For α ∈ (0, 1), we set

Xα := D(Aα).

In the particular situation α = 0, we consider that A0 := I and X0 := X. The fractional
power space Xα is a Banach space when it is endowed with its natural norm

‖·‖α = ‖Aα·‖.

Furthermore, for 0 ≤ α ≤ β ≤ 1, one has

Xβ ↪→ Xα,

and the embedding Xβ ↪→ Xα is compact whenever the resolvent operator of A is compact.
In the sequel, we consider the Banach space

Bα := C
(
[−r, 0], Xα

)
,

of all continuous vector-valued functions from [−r, 0] into Xα, equipped with the norm

‖ϕ‖Bα
:= max

s∈[−r,0]
‖ϕ(s)‖α.

Among the effective tools used in our work we cite the well known semigroup’s theory.
For the the reader’s convenience, we refer him or her to the research monograph [13]. In
this work, our basic assumption is that −A generates an exponentially stable analytic
semigroup in X. We need also to recall the following results (see, e.g., [13]):

Theorem 1. Assume that −A is the infinitesimal generator of an analytic semigroup (T(t))t≥0
and let ‖T(t)‖ ≤ Me−δt, t ≥ 0 for some δ > 0. If 0 ∈ ρ(A), then one has

(i) A−α is a bounded linear operator for 0 ≤ α ≤ 1.
(ii) T(t) : X → D(Aα) for every t > 0 and α ≥ 0.
(iii) For every t ≥ 0 and x ∈ D(Aα), we have

T(t)Aαx = AαT(t)x.

(vi) For every t > 0, the operator AαT(t) is bounded and

||AαT(t)|| ≤ Mαt−αe−δt. (3)

(v) If 0 < α < 1 and x ∈ D(Aα), then

||T(t)x − x|| ≤ Cαtα||Aαx||.

Now, let us define

U(t) :=
∞∫

0

ξq(τ)T
(
tqτ

)
dτ and V(t) := q

∞∫
0

τξq(τ)T
(
tqτ

)
dτ, t ≥ 0, (4)

where

ξq(τ) :=
1

πq ∑
n≥1

(−τ)n−1 Γ(nq − 1)
n!

sin(nπq), τ ∈ R+ − {0},
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is a probability density function defined on R+ − {0}. Let us recall that (see, e.g., [14])

ξq(τ) ≥ 0, τ > 0 and
∫ ∞

0
ταξq(τ) dτ = 1

and
∞∫

0

τυξq(τ) dτ =
Γ(1 + υ)

Γ(1 + qυ)
, 0 ≤ υ ≤ 1. (5)

The main properties of these families are summarized in the following lemma (see [14]):

Lemma 1. Let (T(t))t≥0 be a C0-semigroup. Then, the operator families (U(t))t≥0 and (V(t))t≥0
defined by (4) have the following properties:

(i) (U(t))t≥0 and (V(t))t≥0 are strongly continuous.
(ii) If (T(t))t≥0 is uniformly bounded, then U(t) and V(t) are linear bounded operators for any

fixed t ≥ 0.
(iii) If (T(t))t≥0 is compact, then U(t) and V(t) are compact operators for any t ≥ 0.
(vi) If x ∈ X, α, β ∈ (0, 1) and t > 0, then

AV(t)x = A1−βV(t)Aβx

and

‖AαV(t)‖ ≤ Mα

tqα

qΓ(1 − α)

Γ(q(1 − α))
. (6)

(v) If t ≥ 0 and x ∈ Xα, then
‖U(t)x‖α ≤ M‖x‖α

and
‖V(t)x‖α ≤ M

q
Γ(1 + q)

‖x‖α.

For I ⊆ R, we denote by Cb(I, X) the Banach space consisting of all bounded and
continuous functions from I into X, equipped with the norm

‖u‖Cb(I,X) := sup
t∈I

‖u(t)‖.

In order to develop our results, we need to introduce the following spaces PSAPω(X)
and PSAPω,p(X). The space PSAPω(X) consists of all bounded and continuous functions
from R+ to X satisfying (2), while the space PSAPω,p(X) is defined as follows:

Definition 1. Let p > 0 and u ∈ PSAPω(X). Then, we say that u(·) is pseudo-S-asymptotically
ω-periodic of class p (u ∈ PSAPω,p(X), equivalently) if

lim
h→+∞

1
h

h∫
p

sup
t∈[ξ−p,ξ]

‖ f (t + ω)− f (t)‖ dξ = 0.

More information about this class of functions can be founded in [1,5,15], from which
we find the following:

Proposition 1. Let p ≥ 0. Then,

(i) PSAPω,p(X) ⊆ PSAPω(X).
(ii) PSAPω,p(X) is a closed subspace of Cb(R+, X).
(iii) Assume that f ∈ Cb(R+, X). Then, f ∈ PSAPω,p(X) if and only if, for every ε > 0, we have
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lim
h→+∞

1
h

μ(Mh,ε( f )) = 0,

where μ(·) denotes the classical Lebesgue measure and

Mh,ε( f ) =

{
t ∈ [p, h] : sup

t∈[ξ−p,ξ]
‖ f (t + ω)− f (t)‖ ≥ ε

}
.

At this level, for Banach space (Z, ‖·‖Z) and (W, ‖·‖W) we define another functional
framework which will be used henceforth.

Definition 2. We say that a function f ∈ Cb(R+ × Z, W) is uniformly (Z, W) pseudo-S-
asymptotically ω-periodic of class p if

lim
h→∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]

(
sup

‖x‖Z≤L
‖ f (t + ω, x)− f (t, x)‖W

))
dξ = 0,

for any L > 0.

The notation PSAPω,p(R+ × Z, W) is adopted to denote the set formed by functions
of this type. From the previous cited references, we also know the following:

Lemma 2. Let u ∈ Cb([−r, ∞), X) and

u|R+ ∈ PSAPω,p(X).

Then, the function t �→ ut belongs to PSAPω,p(E).

Lemma 3. Let f ∈ PSAPω,p(R+ × E, X) and

(1) there exists L f ∈ Cb([0; ∞);R+) such that for all (t, φi) ∈ [0; ∞) × E:

|| f (t, φ1)− f (t, φ2)|| ≤ L f (t)||φ1 − φ2||Cb([−r,0],X),

(2) u ∈ Cb([−r, ∞), X),
(3) u|R+ ∈ PSAPω,p(X).

Then, the function t �→ f (t, ut) belongs to PSAPω,p(X).

The following result can be regarded as a generalization of Lemma 3.

Lemma 4. Let α, β ∈ [0, 1] and f ∈ PSAPω,p(R+ × Bα, Xβ). We assume that

(1) there exists L f ∈ Cb([0; ∞);R+) such that for all (t, φi) ∈ [0; ∞)× Bα:

|| f (t, φ1)− f (t, φ2)||β ≤ L f (t)||φ1 − φ2||Bα ,

(2) u ∈ Cb([−r, ∞), Xα),
(3) u|R+ ∈ PSAPω,p(Xα).

Then, the function t �→ f (t, ut) belongs to PSAPω,p(Xβ).

Proof. First, according to Lemma 2, we can see that t �→ ut ∈ PSAPω,p(Bα). Now, for
h > 0, one has
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h∫
p

(
sup

t∈[ξ−p,ξ]
‖ f (t + ω, ut+ω)− f (t, ut)‖β

)
dξ

≤
h∫

p

(
sup

t∈[ξ−p,ξ]
‖ f (t + ω, ut+ω)− f (t, ut+ω)‖β

)
dξ +

h∫
p

(
sup

t∈[ξ−p,ξ]
‖ f (t, ut+ω)− f (t, ut)‖β

)
dξ,

which implies that

h∫
p

(
sup

t∈[ξ−p,ξ]
‖ f (t + ω, ut+ω)− f (t, ut)‖β

)
dξ

≤
h∫

p

⎛⎝ sup
t∈[ξ−p,ξ]

⎛⎝ sup
‖φ‖Bα

≤L
‖ f (t + ω, φ)− f (t, φ)‖β

⎞⎠⎞⎠dξ

+
∥∥∥L f

∥∥∥
Cb(R+ ,R+)

h∫
p

(
sup

t∈[ξ−p,ξ]
‖ut+ω − ut‖Bα

)
dξ.

As a result, we obtain

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖ f (t + ω, ut+ω)− f (t, ut)‖β

)
dξ = 0.

The proof is complete.

In our study, we will use the following types of solutions:

Definition 3. A function u ∈ C([−r,+∞), Xα) is said to be an α-mild solution for problem (1) if
u satisfies problem (1) and

u(t) = ϕ(t),

for ϕ ∈ Bα and t ∈ [−r, 0]. In this case, u is defined explicitly as follows:

u(t) = U(t)(ϕ(0)− G(0, ϕ) + G(t, ut)

−
t∫

0

(
(t − s)q−1 AV(t − s)G(s, us)

)
ds

+

t∫
0

(
(t − s)q−1V(t − s)F(s, us)

)
ds, t ≥ 0.

Moreover, if u|R+
∈ PSAPω,p(Xα), then u(·) is called pseudo S-asymptotically ω-periodic

α-mild solution of class p for problem (1).

In this study, our strategy is based on the use of two versions of the well known fixed
point theorems; that is,

Theorem 2. (Banach Contraction Principle). Let (E, d) be a complete metric space and f :
E → E be contractive. Then, f has a unique fixed point u, and f n(y) → u for each y ∈ E.

Theorem 3. (Krasnoselskii’s Fixed Point Theorem). Let Ω be a closed convex nonempty subset
of a Banach space (X, ‖·‖). Suppose that A1 and A2 map Ω into X such that
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• A1x +A2y ∈ Ω for every pair x, y ∈ Ω;
• A1 is continuous and A1(Ω) is contained in a compact set;
• A2 is a contraction.

Then, there exists y ∈ Ω with A1y +A2y = y.

For more details, we refer the reader to [16,17].

3. Main Results

In this section, we discuss some questions related to the existence and uniqueness
of pseudo S-asymptotically ω-periodic α-mild solutions of class p to problem (1). Our
standing hypotheses are

(A1) F ∈ PSAPω,p(R+ × Bα, X) and G ∈ PSAPω,p(R+ × Bα, X1).
(A2) There exists a function LG(·) ∈ Cb(R+,R+) such that

‖AG(t, φ1)− AG(t, φ2)‖ ≤ LG(t)‖φ1 − φ2‖Bα
,

for all (t, φi) ∈ R+ × Bα.
(A3) There exists a function LF(·) ∈ Cb(R+,R+) such that

‖F(t, φ1)− F(t, φ1)‖ ≤ LF(t)‖φ1 − φ2‖Bα
,

for all (t, φi) ∈ R+ × Bα.
(A4) Setting LG = sup

t∈R+

LG(t) and LF = sup
t∈R+

LF(t), we assume also that

(
C

α−1 LG + (LG + LF)
MαΓ(1 − α)

|v0|1−α

)
< 1,

with
Cα−1 = ||Aα−1||.

Theorem 4. Let (A1)–(A4) hold and let −A be the generator of an exponentially stable analytic
semigroup T(t)(t≥0). For α ∈ [0, 1), we assume that ϕ ∈ Bα, F : R+ × Bα → X and G :
R+ × Bα → X1 are continuous functions. Then, problem (1) has a unique pseudo S-asymptotic
ω-periodic α-mild solution of class p.

Proof. We consider the Banach space

Cb,0(Xα) :=
{

x : [−r,+∞) → Xα : x|[−r,0] = 0 and x|R+ ∈ Cb(R
+, Xα)

}
,

endowed with the norm

‖x‖Cb,0
= ‖x0‖Bα

+ sup
t≥0

‖x(t)‖α = sup
t≥0

‖x(t)‖α.

According to Proposition 1, we define the closed subspace of Cb,0(Xα) as follows:

PSAPω,p,0(Xα) :=
{

x : [−r,+∞) → Xα : x|[−r,0] = 0 and x|R+ ∈ PSAPω,p(Xα)
}

.

Throughout the proof, y denotes the function defined by

y(t) :=

{
0, t ≥ 0,

ϕ(t), t ∈ [−r, 0].
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Let x ∈ PSAPω,p,0(Xα). Due to the continuity of F : R+× Bα → X and G : R+ × Bα → X1
and by taking into account assumptions (A1)–(A3) and Lemma 4, we can conclude that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖AG(t + ω, xt+ω + yt+ω)− AG(t, xt + yt)‖

)
dξ = 0 (7)

and

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖F(t + ω, xt+ω + yt+ω)− F(t, xt + yt)‖

)
dξ = 0,

which means that F ∈ PSAPω,p(X) and G ∈ PSAPω,p(X1). Further, there exist MF > 0 and
MG > 0 such that

||F(t, xt + yt)|| ≤ MF and ||AG(t, xt + yt)|| ≤ MG for all t ≥ 0. (8)

Now, we need to introduce the following operator

N : PSAPω,p,0(Xα) −→ PSAPω,p,0(Xα)

x �→ N x
,

where

N x(t) := U(t)(ϕ(0)− G(0, ϕ)) + G(t, xt + yt)

−
t∫

0

(
(t − s)q−1 AV(t − s)G(s, xs + ys)

)
ds

+

t∫
0

(
(t − s)q−1V(t − s)F(s, xs + ys)

)
ds,

with t ∈ R+. In what follows, we show that the operator N has a unique fixed point in
PSAPw,p,0(Xα). Firstly, we check that N is well defined. From Fubini’s theorem and the
definition of the operator V given by (4), it follows from (3), (5) and (8) that

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖F(s, xs + ys)‖

)
ds

≤ qMF Mα

t∫
0

⎛⎝(t − s)q(1−α)−1
∞∫

0

(
τ1−αξq(τ)e−|ν0|(t−s)qτ

)
dτ

⎞⎠ds

≤ MF MαΓ(1 − α)

|ν0|1−α

< +∞.

Similarly,

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖AG(s, xs + ys)‖

)
ds

≤ qMG Mα

t∫
0

⎛⎝(t − s)q(1−α)−1
∞∫

0

(
τ1−αξq(τ)e−|ν0|(t−s)qτ

)
dτ

⎞⎠ds
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≤ MG MαΓ(1 − α)

|ν0|1−α

< +∞,

for every x ∈ PSAPω,p,0(Xα). Consequently, we can see that t �→ N x(t) is a bounded
function. Then, it remains to show that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖N x(t + ω)−N x(t)‖α

)
dξ = 0.

A direct computation allows us to obtain

N x(t + ω)−N x(t) =
6

∑
i=1

Ji(t),

where
J1(t) = (U(t + ω)− U(t))(ϕ(0)− G(0, ϕ)),

J2(t) = G(t + ω, xt+ω + yt+ω)− G(t, xt + yt),

J3(t) =
ω∫

0

(
(t + ω − s)q−1V(t + ω − s)AG(s, xs + ys)

)
ds,

J4(t) =
t∫

0

(
(t − s)q−1V(t − s)(AG(s + ω, xs+ω + ys+ω)− AG(s, xs + ys))

)
ds,

J5(t) =
ω∫

0

(
(t + ω − s)q−1V(t + ω − s)F(s, xs + ys)

)
ds,

J6(t) =
t∫

0

(
(t − s)q−1V(t − s)(F(s + ω, xs+ω + ys+ω)− F(s, xs + ys))

)
ds.

This implies that

h∫
p

(
sup

t∈[ξ−p,ξ]
‖N x(t + ω)−N x(t)‖α

)
dξ ≤

6

∑
i=1

⎛⎝ h∫
p

sup
t∈[ξ−p,ξ]

‖Ji(t)‖α dξ

⎞⎠.

Keeping in mind the exponential stability of semigroup (T(t))t≥0 and the definition
of the operator U given by (4), we deduce that for all ε > 0, there exists tε > 0, such that

‖U(t)‖ ≤ ε

2
, for all t ≥ tε.

First, let us start with the estimation of the quantity J1. We have

‖J1(t)‖α ≤ (‖U(t + ω)‖+ ‖U(t)‖)‖ϕ(0)− G(0, ϕ)‖α ,

so

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J1(t)‖α

)
dξ
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≤ 1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
(‖U(t + ω)‖+ ‖U(t)‖)‖ϕ(0)− G(0, ϕ)‖α

)
dξ

≤ ‖ϕ(0)− G(0, ϕ)‖α

(
2Mtε

h
+ ε

(
1 − (p + tε)

h

))
,

which implies that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J1(t)‖α

)
dξ = 0.

From (7) and taking into account that X1 ↪→ Xα, we obtain

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖G(t + ω, xt+ω + yt+ω)− G(t, xt + yt)‖α

)
dξ

≤ Cα−1

h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖AG(t + ω, xt+ω + yt+ω)− AG(t, xt + yt)‖

)
dξ;

hence,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖G(t + ω, xt+ω + yt+ω)− G(t, xt + yt)‖α

)
dξ = 0

and
t �→ G(t, xt + yt) ∈ PSAPw,p(Xα).

At this level, let us show that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = 3, 4, 5, 6.

Taking into account that

t + ω − s ≥ t + ω

ω
(ω − s)

and the estimates (6) and (8), we deduce that

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J3(t)‖α

)
dξ

≤ MG Mα
ωΓ(1 − α)

Γ(q(1 − α) + 1)

⎛⎝1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
(t + ω)q(1−α)−1

)
dξ

⎞⎠
≤ MG Mα

ωΓ(1 − α)

Γ(q(1 − α) + 1)

⎛⎝1
h

h∫
p

(ξ − p + ω)q(1−α)−1 dξ

⎞⎠,

which implies that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J3(t)‖α

)
dξ = 0,
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and

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J5(t)‖α

)
dξ = 0.

In fact, it suffices to see that

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J5(t)‖α

)
dξ

≤ MF Mα
ωΓ(1 − α)

Γ(q(1 − α) + 1)

⎛⎝1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
(t + ω)q(1−α)−1

)
dξ

⎞⎠
≤ MF Mα

ωΓ(1 − α)

Γ(q(1 − α) + 1)

⎛⎝1
h

h∫
p

(ξ − p + ω)q(1−α)−1dξ

⎞⎠.

It remains to show that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = 4, 6.

We examine the term I4. To make the notation less cluttered, we define the function
QG as follows

QG(t) = AG(t + ω, xt+ω + yt+ω)− AG(t, xt + yt), t ≥ 0.

Thanks to (7), we can deduce that, for every ε > 0, there exists hε > 0 such that

1
h

h∫
p

sup
t∈[ξ−p,ξ]

‖QG(t)‖ dξ ≤ ε, for all h ≥ hε. (9)

Consequently,

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J4(t)‖α

)
dξ

≤
h∫

p

⎛⎝ sup
t∈[ξ−p,ξ]

ξ−p∫
0

(
(t − s)q−1‖AαV(t − s)‖‖QG(s)‖

)
ds

⎞⎠dξ

+

h∫
p

⎛⎜⎝ sup
t∈[ξ−p,ξ]

t∫
ξ−p

(
(t − s)q−1‖AαV(t − s)‖‖QG(s)‖

)
ds

⎞⎟⎠dξ

:=
2

∑
i=1

Ji
4(t).

Taking into account the definition of the operator V given in (4) and the estimates (3),
we obtain

J1
4 (t)

≤ qMα

h∫
p

sup
t∈[ξ−p,ξ]

ξ−p∫
0

(t − s)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(t−s)qτ dτ

)
‖QG(s)‖ dsdξ
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≤ qMα

h∫
p

−p∫
0

(ξ − p − s)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(ξ−p−s)qτdτ

)
‖QG(s)‖ ds dξ

= qMα

h∫
p

ξ∫
p

(ξ − s)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(ξ−s)qτdτ

)
‖QG(s − p)‖ds dξ.

Using the classical Fubini’s theorem, we obtain

J1
4 (t)

≤ qMα

h∫
p

‖QG(s − p)‖
⎛⎝ h∫

s

(ξ − s)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(ξ−s)qτdτ

)
dξ

⎞⎠ds

≤ qMα

h∫
p

‖QG(s − p)‖
⎛⎝ h−s∫

0

(ξ)q(1−α)−1
(∫ ∞

0
τ1−αξq(τ)e−|ν0|(ξ)qτdτ

)
dξ

⎞⎠ds.

Similarly, as before, we obtain

J1
4 (t) ≤ Mα

Γ(1 − α)

|ν0|1−α

h∫
p

‖QG(s − p)‖ ds;

it follows from (9) and Proposition 1 that

lim
h→+∞

1
h

J1
4 (t) = 0.

Assume that h ≥ 2p; then, we obtain

J2
4 (t) =

2p∫
p

⎛⎜⎝ sup
t∈[ξ−p,ξ]

t∫
ξ−p

(
(t − s)q−1‖AαV(t − s)‖‖QG(s)‖

)
ds

⎞⎟⎠ dξ

+

h∫
2p

⎛⎜⎝ sup
t∈[ξ−p,ξ]

t∫
ξ−p

(
(t − s)q−1‖AαV(t − s)‖‖QG(s)‖

)
ds

⎞⎟⎠ dξ

:=
2

∑
i=1

J2,i
4 (t).

Thanks to (8) and the estimate (6), we obtain

J2,1
4 (t) ≤ 2MG Mα

Γ(1 − α)

Γ(q(1 − α))

2p∫
p

⎛⎜⎝ sup
t∈[ξ−p,ξ]

t∫
ξ−p

(
(t − s)q(1−α)−1

)
ds

⎞⎟⎠dξ

= 2MG Mα
Γ(1 − α)

Γ(1 + q(1 − α))

2p∫
p

(
sup

t∈[ξ−p,ξ]
(t − ξ + p)q(1−α)

)
dξ

≤ 2MG Mα
Γ(1 − α)

Γ(1 + q(1 − α))

2p∫
p

pq(1−α) dξ,

and hence,

lim
h→+∞

1
h

J2,1
4 (t) = 0.
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Concerning the term J2,2
4 (t), we have

J2,2
4 (t) ≤ Mα

qΓ(1 − α)

Γ(q(1 − α))

h∫
2p

⎛⎜⎝ sup
t∈[ξ−p,ξ]

t∫
ξ−p

(t − s)q(1−α)−1‖QG(s)‖ ds

⎞⎟⎠dξ

≤ Mα
qΓ(1 − α)

Γ(q(1 − α))

h∫
2p

⎛⎝ p∫
0

(s)q(1−α)−1 sup
t∈[ξ−p,ξ]

‖QG(t − s)‖ ds

⎞⎠dξ,

for h ≥ hε, and the use of Fubini theorem implies

1
h

J2,2
4 (t)

≤ Mα
Γ(1 − α)

Γ(q(1 − α))

p∫
0

(s)q(1−α)−1

⎛⎝1
h

h∫
2p

sup
t∈[ξ−p,ξ]

‖QG(t − s)‖ dξ

⎞⎠ ds

≤ Mα
Γ(1 − α)

Γ(q(1 − α))

p∫
0

(s)q(1−α)−1

⎛⎝1
h

h∫
p

sup
t∈[ξ−p,ξ]

‖QG(t)‖ dξ

⎞⎠ ds

≤ εMα
Γ(1 − α)

Γ(q(1 − α))

p∫
0

sq(1−α)−1 ds

→ 0, as ε → 0.

Combining all the previous estimates, we conclude that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J4(t)‖α

)
dξ = 0.

Similarly,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J6(t)‖α

)
dξ = 0.

Summing up, one can deduce that

N (PSAPω,p,0(Xα)) ⊆ PSAPω,p,0(Xα). (10)

Next, we will show that N is a contraction mapping. Let x, z ∈ PSAPω,p,0(Xα); taking
into account the assumptions (A2) and (A3), we obtain

‖N x(t)−N z(t)‖α

≤ Cα−1‖AG(t, xt + yt)− AG(t, zt + yt)‖α

+

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖AG(s, xs + ys)− AG(s, zs + ys)‖

)
ds,

+

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖F(s, xs + ys)− F(s, zs + ys)‖

)
ds

≤ Cα−1LG‖xt − zt‖Bα

+(LG + LF)

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖xs − zs‖Bα

)
ds
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≤
(

C
α−1 LG + (LG + LF)

MαΓ(1 − α)

|v0|1−α

)
||x − z||Cb,0 .

As a result, we confirm that

||N x −N z||Cb,0 ≤
(

C
α−1 LG + (LG + LF)

MαΓ(1 − α)

|v0|1−α

)
||x − z||Cb,0 .

Hence, taking into account assumption (A4), we conclude that the mapping

N : PSAPw,p,0(Xα) → PSAPw,p,0(Xα)

is a contraction. Then, it follows from the Banach contraction principle that N has a unique
fixed point x ∈ PSAPw,p,0(Xα). Set u(t) = x(t) + y(t) for t ∈ [−r,+∞); we can con-
firm that u is a unique pseudo S-asymptotic ω-periodic α-mild solution of class p of the
problem (1).

In the remainder of this section, we prove the existence of the pseudo S-asymptotic ω-
periodic α-mild solution of class p for problem (1) without assuming the Lipschitz property
of the function F. Our strategy is based on the use of the Krasnoselskii’s fixed point theorem.
In order to accomplish that, we will need the following conditions:

(A5) Let ψi : R+ → R+, i = 1, 2 be non-negative functions that satisfy the following
estimate:

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
ψi(t)

)
dξ = 0, i = 1, 2.

and assume that, for every t ∈ R+ and φ ∈ Bα, there exists ω > 0 such that

‖F(t + ω, φ)− F(t, φ)‖ ≤ ψ1(t), and ‖AG(t + ω, φ)− AG(t, φ)‖ ≤ ψ2(t).

(A6) There exists a function k : R+ → R+ and a constant δ > 0 such that for all φ ∈ Bα,

||F(t, φ)|| ≤ k(t), for all t ≥ 0, (11)

and k satisfies the following estimate:

lim
h→+∞

1
h

h∫
δ

(
(ξ − p)q(1−α) sup

s∈[0,ξ]
k(s)

)
dξ = 0. (12)

(A7) There exists a positive constant LG such that

‖AG(t, φ1)− AG(t, φ2)‖ ≤ LG‖φ1 − φ2‖Bα
,

for all (t, φi) ∈ R+ × Bα.
(A8) Assume that (

Cα−1LG + LG
MαΓ(1 − α)

|ν0|1−α

)
< 1.

and one has the following interesting result:

Theorem 5. Assume that (A5)–(A8) hold and −A generates a compact, exponentially stable
analytic semigroup (T(t))t≥0 on X. For α ∈ [0, 1), we assume that ϕ ∈ Bα, F : R+ × Bα → Xα

is a bounded continuous function and G : R+ × Bα → X1 is a continuous function that satisfies
G(t, 0) = 0 for t ≥ 0. Then, the problem (1) has at least one pseudo S-asymptotic ω-periodic
α-mild solution of class p.
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Proof. For the sake of convenience, we will conserve the notation adopted in the proof of
the Theorem 4. In the sequel, our aim is to show that

N (PSAPw,p,0(Xα)) ⊆ PSAPw,p,0(Xα),

which means that for any x ∈ PSAPw,p,0(Xα),

N x : t �→ U(t)(ϕ(0)− G(0, ϕ) + G(t, xt + yt)

−
t∫

0

(
(t − s)q−1 AV(t − s)G(s, xs + ys)

)
ds

+

t∫
0

(
(t − s)q−1V(t − s)F(s, xs + ys)

)
ds, t ∈ R+,

belongs to the space PSAPω,p(Xα). Since the function F is bounded and G is continuous
and satisfies the conditions (A5) and (A7), then by the embedding Xα ↪→ X and Lemma (4),
there exist two positive constants M′

F and M′
G such that

||F(t, xt + yt)|| ≤ M′
F and ||AG(t, xt + yt)|| ≤ M′

G for all t > 0. (13)

for any x ∈ PSAPω,p,0(Xα). Furthermore, one has

t �→ G(t, xt + yt) ∈ PSAPw,p(X1). (14)

Note that (13) guarantees the boundedness of the function N x. Now, we look to
prove that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖N x(t + ω)−N x(t)‖α

)
dξ = 0,

i.e.,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = {1, 2, ..., 6}.

From Theorem 4, it is immediate that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J1(t)‖α

)
dξ = 0.

Exploiting (14) and the fact that X1 ↪→ Xα , we obtain

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J2(t)‖α

)
dξ = 0. (15)

Taking into account (13) and Theorem 4, we confirm that

lim
h→∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = 3, 5.
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Our objective now is to show that

lim
h→∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖Ji(t)‖α

)
dξ = 0, i = 4, 6.

First of all, for t ≥ 0, we set

QF(t) = F(t + ω, xt+ω + yt+ω)− F(t, xt+ω + yt+ω).

According to (A5), it is evident to say that the function QF satisfies the following estimate:

lim
h→+∞

1
h

h∫
p

sup
t∈[ξ−p,ξ]

‖QF(t)‖ dξ = 0. (16)

On other side, we observe that

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J6(t)‖α

)
dξ ≤

2

∑
i=1

h∫
p

(
sup

t∈[ξ−p,ξ]

∥∥∥Ji
6(t)

∥∥∥
α

)
dξ,

where

J1
6 (t) =

t∫
0

(
(t − s)q−1V(t − s)QF(t)

)
ds,

and

J2
6 (t) =

t∫
0

(
(t − s)q−1V(t − s)(F(s, xs+ω + ys+ω)− F(s, xs + ys))

)
ds.

Due to (13), (15) and (16) with Theorem 4,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J4(t)‖α

)
dξ = 0,

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]

∥∥∥J1
6 (t)

∥∥∥
α

)
dξ = 0.

It remains to show that

lim
h→+∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]

∥∥∥J2
6 (t)

∥∥∥
α

)
dξ = 0.

Taking into account the exponential stability of the semigroup (T(t))t≥0 and the
definition of the operator V as presented in (4), we can deduce that for every ε > 0,
there exists

t′ε =
(

qC−β

MβΓ(1 − β)

Γ(q(1 − β))ε

) 1
βq

> 0 ,

such that ‖V(t)‖ ≤ ε, for all t ≥ t′ε and β ∈ (0, 1). In actual fact, it suffices to take into
account the estimate (6) which allows us to write

‖V(t)x‖ ≤
∥∥∥A−β

∥∥∥∥∥∥AβV(t)x
∥∥∥ ≤ qC−β

MβΓ(1 − β)

tqβΓ(q(1 − β))
‖x‖,
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for any β ∈ (0, 1) and x ∈ X. Then, we can write

h∫
p

sup
t∈[ξ−p,ξ]

J2
6 (t) dξ

=

t′ε+p∫
p

sup
t∈[ξ−p,ξ]

t∫
0

(
(t − s)q−1V(t − s)(F(s, xs+ω + ys+ω)− F(s, xs + ys))

)
dsdξ

+

h∫
t′ε+p

sup
t∈[ξ−p,ξ]

t∫
0

(
(t − s)q−1V(t − s)(F(s, xs+ω + ys+ω)− F(s, xs + ys))

)
dsdξ.

Thanks to (13) and the estimate (6), we conclude that

1
h

t′ε+p∫
p

⎛⎝ sup
t∈[ξ−p,ξ]

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖(F(s, xs+ω + ys+ω)− F(s, xs + ys))‖

)
ds

⎞⎠dξ

≤ 2M′
F MαΓ(1 − α)

Γ(q(1 − α))

⎛⎜⎝1
h

t′ε+p∫
p

ξq(1−α)dξ

⎞⎟⎠ → 0, as h → +∞.

Keeping in mind that the function

s �→ g(s) = (s + (ξ − p))q − sq,

is decreasing for s ≥ 0, we obtain g(0) ≥ g(p) i. e., ξq − (ξ − p)q ≤ pq. Hence,

1
h

h∫
t′ε+p

⎛⎜⎝ sup
t∈[ξ−p,ξ]

t−(ξ−p)∫
0

(
(t − s)q−1‖V(t − s)‖‖AαF(s, xs+ω + ys+ω)− AαF(s, xs + ys)‖

)
ds

⎞⎟⎠dξ

≤ 2M′
Fε

qC−α

⎛⎜⎝1
h

h∫
t′ε+p

(ξq − (ξ − p)q)dξ

⎞⎟⎠ ≤ 2M′
Fε

qC−α
pq → 0, as ε → 0.

At this level, the use of (11) justify the fact that

||F(t, xs + ys)|| ≤ k(t).

Therefore, by (12), one can find

1
h

h∫
t′ε+p

sup
t∈[ξ−p,ξ]

t∫
t−(ξ−p)

(
(t − s)q−1‖AαV(t − s)‖‖F(s, xs+ω + ys+ω)− F(s, xs + ys)‖

)
dsdξ

≤ 2MαΓ(1 − α)

Γ(q(1 − α))

⎛⎜⎝1
h

h∫
t′ε+p

⎛⎜⎝ sup
t∈[ξ−p,ξ]

t∫
t−(ξ−p)

(
(t − s)q(1−α)−1k(s)

)
ds

⎞⎟⎠dξ

⎞⎟⎠
≤ 2MαΓ(1 − α)

Γ(q(1 − α))

⎛⎜⎝1
h

h∫
t′ε+p

(
(ξ − p)q(1−α) sup

s∈[0,ξ]
k(s)

)
dξ

⎞⎟⎠,

then
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lim
h→+∞

⎛⎜⎝1
h

h∫
t′ε+p

sup
t∈[ξ−p,ξ]

t∫
t−(ξ−p)

(
(t − s)q−1‖AαV(t − s)‖‖F(s, xs+ω + ys+ω)− F(s, xs + ys)‖

)
dsdξ

⎞⎟⎠
= 0.

Thus,

lim
h→∞

1
h

h∫
p

(
sup

t∈[ξ−p,ξ]
‖J6(t)‖α

)
dξ = 0.

Summing up, the above results for Ji, i ∈ {1, 2, . . . , 6}, we conclude that

N x ∈ PSAPω,p(Xα);

which justifies the following inclusion, that is,

N (PSAPω,p,0(Xα)) ⊆ PSAPω,p,0(Xα).

We are now in a position to show that the operator N has at least one fixed point
x ∈ PSAPω,p,0(Xα). For R > 0, we define the closed ball of PSAPω,p,0(Xα) with center 0
and radius R by

ΩR =
{

x ∈ PSAPω,p,0(Xα) : ||x||Cb,0 ≤ R
}

.

Set N = N1 +N2 with

N1x(t) := U(t)ϕ(0) +
t∫

0

(
(t − s)q−1V(t − s)F(s, xs + ys)

)
ds,

N2x(t) := U(t)(G(0, ϕ)) + G(t, xt + yt)−
t∫

0

(
(t − s)q−1 AV(t − s)G(s, xs + ys)

)
ds.

We first prove that there exists a positive constant R0 such that N1x +N2z ∈ ΩR0 , for
every pair x, z ∈ ΩR0 . For this purpose, we assume that for any R > 0, there exist x, z ∈ ΩR
and t ≥ 0 such that

R ≤ ‖N1x(t) +N2z(t)‖α

≤ ‖U(t)‖‖ϕ(0)‖α +

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖F(s, xs + ys)‖

)
ds

+‖U(t)‖‖G(0, ϕ)‖α + ‖G(t, zs + ys)‖α +

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖AG(s, zs + ys)‖

)
ds.

Hence, we have

R ≤ M‖ϕ‖Bα
+ M′

F

t∫
0

(
(t − s)q−1‖AαV(t − s)‖

)
ds

+MC−αLG‖ϕ‖Bα
+ Cα−1LG‖zs + ys‖Bα

+ LG‖zs + ys‖Bα

t∫
0

(
(t − s)q−1‖AαV(t − s)‖

)
ds,

which implies
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R ≤ M‖ϕ‖Bα
+ M′

F Mα
Γ(1 − α)

|ν0|1−α

+MC−αLG‖ϕ‖Bα
+ Cα−1LG

(
R + ‖ϕ‖Bα

)
+ LG

(
R + ‖ϕ‖Bα

)MαΓ(1 − α)

|ν0|1−α
.

Dividing both sides by R and taking the limit as R approaches infinity, we obtain

1 ≤ Cα−1LG + LG
MαΓ(1 − α)

|ν0|1−α
.

Combining all the above arguments, we can deduce that there exists a positive constant
R0, such that for any pair of x, z ∈ ΩR0 , one has N1x +N2z ∈ ΩR0 .

Now, let us show that the function N1 is compact and the function N2 is contraction.
To accomplish that, we should perform several steps as follows:
Step 1. We show that the function N1 is continuous on ΩR0 . In fact, due the continuity of
the function F, for any sequence (xn) ∈ ΩR0 such that xn → x on ΩR0 , one can see

‖F(s, xn
s + ys)− F(s, xs + ys)‖ → 0, as n → +∞.

Then, by the dominate convergence theorem, we can conclude that

‖N1xn(t)−N1x(t)‖α ≤
t∫

0

(
(t − s)q−1‖AαV(t − s)‖‖F(s, xn

s + ys)− F(s, xs + ys)‖
)

ds

→ 0, as n → +∞.

Step 2. Following [3], for t ≥ 0, we define

N ε,δ
1 x(t) := U(t)ϕ(0) + q

t∫
0

⎛⎝(t − s)q−1
∞∫

δ

(
τξq(τ)T(tqτ)F(s, xs + ys)

)
dτ

⎞⎠ds.

The compactness of the operator T(t) and Lemma 1 implies that the set N ε,δ
1
(
ΩR0

)
(t)

is relatively compact in Xα. Moreover, it follows from (3) and (13) that∥∥∥N1x(t)−N ε,δ
1 x(t)

∥∥∥
α

≤ q
t∫

0

⎛⎝(t − s)q−1
δ∫

0

(
τξq(τ)‖AαT(tqτ)‖‖F(s, xs + ys)‖

)
dτ

⎞⎠ds

+q
t∫

t−ε

⎛⎝(t − s)q−1
∞∫

δ

(
τξq(τ)‖AαT(tqτ)‖‖F(s, xs + ys)‖

)
dτ

⎞⎠ds

≤ qMα M′
F

⎡⎣∫ δ

0

⎛⎝τ1−αξq(τ)

t∫
0

(
(t − s)q(1−α)−1e−|ν0|(t−s)qτ

)
ds

⎞⎠dτ

+

t∫
t−ε

(
(t − s)q(1−α)−1

)
ds

∫ ∞

0

(
τ1−αξq(τ)

)
dτ

⎤⎦
≤ Mα M′

F
Γ(1 − α)

|ν0|1−α

[∫ δ

0
ξq(τ)dτ +

1
q(1 − α)

εq(1−α)

]
,
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in other words,
lim

ε,δ→0

∥∥∥N1x(t)−N ε,δ
1 x(t)

∥∥∥
α
= 0.

Consequently, the set N1
(
ΩR0

)
(t) is relatively compact in Xα.

Step 3. Let t1 > t2 ≥ 0 and x ∈ ΩR0 . Observe that, from Lemma 2.9 in [14], we deduce that

‖AαV(t1 − s)− AαV(t2 − s)‖ → 0, as t1 → t2

and
‖U(t1)− U(t2)‖ → 0, as t1 → t2.

On other side, one has

t2∫
0

(
(t2 − s)q−1 − (t1 − s)q−1

(t2 − s)αq

)
ds

=

t2∫
0

(
(t2 − s)q(1−α)−1 − (t1 − s)q(1−α)−1

(
t1 − s
t2 − s

)αq)
ds

≤
t2∫

0

(
(t2 − s)q(1−α)−1 − (t1 − s)q(1−α)−1

)
ds

→ 0, as t1 → t2.

This gives

‖N1x(t1)−N1x(t2)‖α

≤ ‖U(t1)− U(t2)‖‖Aα ϕ(0)− AαG(0, ϕ)‖

+

t2∫
0

(
(t1 − s)q−1‖AαV(t1 − s)− AαV(t2 − s)‖‖F(s, xs + ys)‖

)
ds

+

t2∫
0

([
(t2 − s)q−1 − (t1 − s)q−1

]
‖AαV(t2 − s)‖‖F(s, xs + ys)‖

)
ds

+

t1∫
t2

(
(t1 − s)q−1‖AαV(t1 − s)‖‖F(s, xs + ys)‖

)
ds

≤ ‖U(t1)− U(t2)‖(‖Aα ϕ(0)‖+ Cα−1‖AG(0, ϕ)‖)

+M′
F

⎡⎣ t2∫
0

(
(t1 − s)q−1‖AαV(t1 − s)− AαV(t2 − s)‖

)
ds

+Mα

t2∫
0

(
(t2 − s)q−1 − (t1 − s)q−1

(t2 − s)αq

)
ds + Mα

t1∫
t2

(
(t1 − s)q(1−α)−1

)
ds

⎤⎦
Then,

lim
t1→t2

‖N1x(t1)−N1x(t2)‖α = 0,

which means that N1
(
ΩR0

)
is equicontinuous. Combining the above steps, the Arzela-

Ascoli theorem guarantees that N1 is a compact operator on ΩR0 .
Step 4. What is left is to show that N2 is a contraction. Let x, z ∈ ΩR0 , for t ≥ 0; one has

‖N2x(t)−N2z(t)‖α
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≤ ‖G(t, xt + yt)− G(t, zt + yt)‖α

+

t∫
0

(
(t − s)q−1‖AαV(t − s)‖‖AG(s, xs + ys)− AG(s, zs + ys)‖

)
ds,

then

‖N2x(t)−N2z(t)‖α ≤
(

Cα−1LG + LG
MαΓ(1 − α)

|ν0|1−α

)
‖x − z‖Cb,0

,

it follows from (A8) that N2 is contraction. Finally, by applying Theorem 3, we conclude
that the operator N has at least one fixed point x ∈ ΩR0 ⊂ PSAPω,p,0(Xα). Hence, we can
affirm that u = x + y is the pseudo S-asymptotically ω-periodic α-mild solution of class p
for problem (1).

4. Applications

In this section, we present a concrete example to apply of our abstract theoretical
results. Of concern is the following delayed partial differential: equation⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∂
1
2

∂t
1
2

(
u(t, ξ)− k2(t)

t∫
t−r

(∫ ξ
a b2(s − t)u(s, η) dη

)
ds

)
− ∂2

∂ξ2 u(t, ξ)

= k1(t)
∫ t

t−r b1(s − t)u(s, ξ) ds, ξ ∈ [0, π], t ∈ R+,

u(t, 0) = u(t, π) = 0, t ∈ R+,

u(τ, ξ) = ϕ(τ)(ξ), τ ∈ [−r, 0], ξ ∈ [0, π],

(17)

where ∂
1
2 /∂t

1
2 is a Caputo fractional partial derivative of order 1/2, r > 0 is a constant,

ϕ ∈ C
(
[−r, 0], L2([0, π])

)
and b1(·), b2(·) ∈ C([−r, 0],R) and k1(.), k2(.) are suitable functions.

Let X := L2([0, π]) and A : D(A) ⊆ X → X is the operator defined by{
Au := −u′′,

D(A) = {u ∈ X|−u′′ ∈ X, u(0) = u(π) = 0}.

Remark 1. Most of the useful spectral properties of this operator can be founded in Section 5 in [18]
and Example 5.1 in [19]. For the reader’s convenience, we recall that

• A has a discrete spectrum with eigenvalues n2, n ∈ N. Furthermore,
• A generates an exponentially stable analytic semigroup (T(t))(t≥0) defined by

T(t)u :=
∞

∑
n=1

e−n2t〈u, en〉en and ‖T(t)‖≤e−t,

where {en | n ∈ N} is an orthonormal basis of X and en(ξ) =
( 2

π

) 1
2 sin(nξ) are the associated

normalized eigenvectors .

• The operator A1/2 is well defined and can be characterized as follows⎧⎪⎪⎨⎪⎪⎩
(A)

1
2 u := ∑∞

n=1 n〈u, en〉en,

(A)−
1
2 u := ∑∞

n=1
1
n
〈u, en〉en,

D(A1/2) := {u ∈ X : ∑∞
n=1 n〈u, en〉en ∈ X}.

• For u ∈ D(A1/2):‖u‖ 1
2
= ‖u′‖.
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Let us introduce the following functions F : R+ × B 1
2
→ X and G : R+ × B 1

2
→ X1

as follows ⎧⎪⎨⎪⎩
F(t, φ)(ξ) = k1(t)

∫ 0
−r b1(s)φ(s, ξ) ds,

and
G(t, φ)(ξ) = k2(t)

∫ 0
−r

∫ ξ
a b2(s)φ(s, η) dη ds.

According to Theorem 4, we have the following result

Proposition 2. Suppose that the functions k1, k2 belong to PSAPw,p(R) and

(1 + π)

(∫ 0

−r
|b1(s)|2ds

) 1
2

‖k1‖Cb(R)
+ π

(∫ 0

−r
|b2(s)|2ds

) 1
2

‖k2‖Cb(R)
< r−

1
2 . (18)

Then, the problem (17) has a unique pseudo S-asymptotic ω-periodic α-mild solution of class p.

Proof. Note that, for t ≥ 0 and φ ∈ B 1
2
, one has

|F(t, φ)(ξ)|2 ≤ |k1(t)|2
(∫ 0

−r
|b1(s)||φ(s, ξ)|ds

)2

≤ |k1(t)|2
∫ 0

−r
|b1(s)|2ds

∫ 0

−r
|φ(s, ξ)|2ds.

Using the Fubini theorem, we have

‖F(t, φ)‖2 ≤ |k1(t)|2
∫ 0

−r
|b1(s)|2ds

∫ 0

−r
‖φ(s, ·)‖2

L2([0,π])ds

≤ r|k1(t)|2
∫ 0

−r
|b1(s)|2ds sup

s∈[−r,0]
‖φ(s, ·)‖2

L2([0,π]).

Furthermore,

‖F(t, φ)‖ ≤ r
1
2 |k1(t)|

(∫ 0

−r
|b1(s)|2ds

) 1
2

‖φ‖B 1
2

and

1
h

h∫
p

sup
t∈[ξ−p,ξ]

sup
‖φ‖B 1

2

≤L
‖F(t + ω, φ)− F(t, φ)‖dξ

≤ Lr
1
2

(∫ 0

−r
|b1(s)|2ds

) 1
2

⎛⎝1
h

h∫
p

sup
t∈[ξ−p,ξ]

|k1(t + ω)− k1(t)|dξ

⎞⎠,

which implies that

lim
h→+∞

1
h

h∫
p

sup
t∈[ξ−p,ξ]

sup
‖φ‖B 1

2

≤L
‖F(t + ω, φ)− F(t, φ)‖dξ = 0

and
F ∈ PSAPω,p(R+ × B 1

2
, X). (19)
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Moreover, we can easily see that

‖F(t, φ1)− F(t, φ2)‖ ≤ r
1
2 ‖k1‖Cb(R+ ,R+)

(∫ 0

−r
|b1(s)|2ds

) 1
2

‖φ1 − φ2‖B 1
2

, (20)

for any φ1, φ2 ∈ B 1
2
. Similarly, one has

∣∣∣∣ ∂2

∂ξ2 G(t, φ)(ξ)

∣∣∣∣2 = |k2(t)|2
∣∣∣∣∫ 0

−r
b2(s)

∂2

∂ξ2

∫ ξ

a
φ(s, η) dη ds

∣∣∣∣2
≤ |k2(t)|2

∣∣∣∣∫ 0

−r
b2(s)

∂

∂ξ
φ(s, ξ)ds

∣∣∣∣2
≤ |k2(t)|2

∫ 0

−r
|b2(s)|2 ds

∫ 0

−r

∣∣∣∣ ∂

∂ξ
φ(s, ξ)

∣∣∣∣2 ds.

This yields

∥∥∥∥ ∂2

∂ξ2 G(t, φ)

∥∥∥∥ ≤ r
1
2 |k2(t)|

(∫ 0

−r
|b2(s)|2ds

) 1
2

sup
s∈[−r,0]

∥∥φ′(s, ·)∥∥L2([0,π])

= r
1
2 |k2(t)|

(∫ 0

−r
|b2(s)|2ds

) 1
2

‖φ‖B 1
2

.

Therefore,

1
h

h∫
p

sup
t∈[ξ−p,ξ]

sup
‖φ‖B 1

2

≤L

∥∥∥∥ ∂2

∂ξ2 G(t + ω, φ)− ∂2

∂ξ2 G(t, φ)

∥∥∥∥dξ

≤ Lr
1
2

(∫ 0

−r
|b2(s)|2ds

) 1
2

⎛⎝1
h

h∫
p

sup
t∈[ξ−p,ξ]

|k2(t + ω)− k2(t)|dξ

⎞⎠,

which means that

lim
h→+∞

1
h

h∫
p

sup
t∈[ξ−p,ξ]

sup
‖φ‖B 1

2

≤L

∥∥∥∥ ∂2

∂ξ2 G(t + ω, φ)− ∂2

∂ξ2 G(t, φ)

∥∥∥∥dξ = 0

and consequently,
G ∈ PSAPω,p(R+ × B 1

2
, X1). (21)

On other side, we have∥∥∥ ∂2

∂ξ2 G(t, φ1)− ∂2

∂ξ2 G(t, φ2)
∥∥∥

≤ r
1
2 ‖k2‖Cb(R+ ,R+)

(∫ 0
−r|b2(s)|2ds

) 1
2 ‖φ1 − φ2‖B 1

2

,
(22)

for any φ1, φ2 ∈ B 1
2
. Observe that, from (19)–(22), we can deduce that the condition (A1),

(A2) and (A3) from Section 3 hold. It is immediate that (18) implies that the condition (A4)
holds with ‖A−1/2‖ = 1, M 1

2
= Γ(1/2) =

√
π and ν0 = −1. By Theorem 4, we conclude

that the problem (17) has a unique pseudo S-asymptotical ω-periodic α-mild solution of
class p.
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5. Conclusions

In this paper, we furnish some sufficient conditions for the existence of pseudo S-
asymptotically periodic mild solutions for the following abstract fractional Cauchy prob-
lem: {

cDq
t
(
u(t)− G(t, ut)

)
+ Au(t) = F

(
t, ut

)
, t ≥ 0,

u(t) = ϕ(t), −r ≤ t ≤ 0,

where the fractional derivative cDq
t , q ∈ (0, 1) is taken in the sense of Caputo approach and

(A, D(A)) is a closed linear operator in a Banach space (X, ‖·‖). An important example
is given to demonstrate the abstract results obtained in our work. We hope that our
new results will have important applications in nonlinear analysis, mathematical physics,
mechanics, biology and related fields in the future.

Author Contributions: Writing–original draft, N.C., B.C., M.K. and W.-S.D.; writing–review and
editing, N.C., B.C., M.K. and W.-S.D. All authors contributed equally to the manuscript. All authors
have read and agreed to the published version of the manuscript.
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Abstract: The purpose of this paper is to attain the existence of coincidences and common fixed points
in four mappings satisfying (ψ, β, L)-generalized contractive conditions in the framework of partially
ordered b-metric spaces. The main results presented in this paper generalize some recent results in
the existing literature. Furthermore, a nontrivial example is presented to support the obtained results.

Keywords: coincidence point; partially ordered b-metric space; weakly compatible; partially weakly
increasing

MSC: 54H25; 47H10; 54E50

1. Introduction

It is world-renowned that the Banach contraction principle (for short, BCP) (see [1])
occupies a significant role in different fields of basic mathematics, applied mathematics
and other subjects, and it has been generalized and improved in many aspects. Numerous
generalizations and improvements come forth by changing metric spaces into general
abstract metric spaces (see [2,3]). In [4], Vulpe et al. introduced b-metric space (sometimes
so-called metric-type space, see [5]) as a new generalization of usual metric space. He
provided the generalized BCP in b-metric space. From then on, a large number of papers
have considered fixed point theory and its applications or variational methods for single-
valued and multi-valued operators in b-metric spaces (the reader may see [5–10] and the
related references therein). The mappings satisfying certain contractive conditions can be
utilized to establish the existence of solutions to all kinds of operator equations such as
integral equations, differential equations and fractional differential equations. Beg and
Abbas (see [11]) obtained common fixed point theorems by extending a weakly contractive
condition into two mappings. Abbas et al. (see [12]) investigated common fixed points for
four mappings satisfying generalized weakly contractive conditions in complete partially
ordered metric spaces. Esmaicy et al. (see [13]) initiated coincidence point results for four
mappings in partially ordered metric spaces and used their results to seek the common
solution of two integral equations. Recently, Abbas et al. (see [14]) acquired coincidence
and common fixed points for four mappings satisfying generalized (ψ, β)-contractive
conditions in complete partially ordered metric spaces.

Based on the previous work, throughout this paper, we aim to established coincidence
and common fixed points for four mappings under generalized (ψ, β, L)-contractive con-
ditions in complete partially ordered b-metric spaces. Our results make great progress in
extending, unifying and generalizing the corresponding results in [14–16].

Axioms 2023, 12, 1008. https://doi.org/10.3390/axioms12111008 https://www.mdpi.com/journal/axioms89
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2. Preliminaries

In this paper, unless there are special statements, we always denote R, R+, N and
N∗ as the set of all real numbers, the set of all non-negative real numbers, the set of all
non-negative integers and the set of all positive integers, respectively.

First, we give some basic definitions and results which will be needed in what follows.

Definition 1 ([17]). Let X be a nonempty set and d : X × X → R+ a mapping satisfying

(1) d(ξ, η) = 0 if and only if ξ = η;
(2) d(ξ, η) = d(η, ξ) for all ξ, η ∈ X;
(3) d(ξ, η) ≤ s[d(ξ, ζ) + d(ζ, η)] for all ξ, η, ζ ∈ X,

where s ≥ 1 is a given real number, d is then said to be a b-metric on X, and (X, d) is said
to be a b-metric space. If (X,�) is still a partially ordered set, then (X,�, d) is said to be a
partially ordered b-metric space.

Otherwise, for more notions such as b-convergence, b-completeness, b-Cauchy se-
quence and b-continuity in b-metric spaces, the reader may refer to [1,4–11,13,15–28] and
the references mentioned therein.

In general, b-metric is not continuous; kindly see the following examples.

Example 1 ([16]). Let X = N∗ ∪ {∞}; define a mapping d : X × X → R+ using

d(ξ, η) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
0, when ξ = η;∣∣∣ 1

ξ − 1
η

∣∣∣, when one of ξ, η is even and another is distinctly even or infinity;

5, when one of ξ, η is odd and another is distinctly odd or infinity;
2, otherwise.

It is easy to see that when

d(ξ, ζ) ≤ 5
2
[d(ξ, η) + d(η, ζ)] (ξ, η, ζ ∈ X),

then (X, d) is a b-metric space with coefficient s = 5
2 . Put ξn = 2n (n ∈ N), then

d(ξn, ∞) =
1

2n
→ 0 (n → ∞),

so ξn → ∞ (n → ∞), but d(ξn, 1) = 2 � 5 = d(∞, 1) (n → ∞). That is to say, the b-metric is
not continuous.

Example 2 ([6]). Let X = R and α > 1 be a constant. Define a mapping d : X × X → R+ using

d(ξ, η) =

{
|ξ − η|, ξη 
= 0,
α|ξ − η|, ξη = 0,

for all ξ, η ∈ X.

Then, (X, d) is a b-metric space with coefficient s = α, but the b-metric d is not continuous.

Definition 2 ([20,27,28]). Let (X,�, d) be a partially ordered b-metric space and f , g, h be self-
mappings on X such that f (X) ∪ g(X) ⊆ h(X).

(1) If ξ, η ∈ X, ξ � η or η � ξ holds, then the elements ξ, η are called comparable;
(2) If f ξ � g f ξ for all ξ ∈ X, then the pair ( f , g) is called partially weakly increasing;
(3) If f ξ � gη for all η ∈ h−1( f ξ), then the pair ( f , g) is called partially weakly increasing with

respect to h;
(4) If lim

n→∞
d( f gξn, g f ξn) = 0, whenever {ξn} is a sequence in X such that lim

n→∞
f ξn =

lim
n→∞

gξn = t for some t ∈ X, then the pair ( f , g) is called compatible;
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(5) If w = f ξ = gξ for some ξ in X, then ξ is called a coincidence point of f and g, and w is
called a point of coincidence of f and g.

(6) If f and g commute at their coincidence points, i.e., f gξ = g f ξ, where f ξ = gξ, then the pair
( f , g) is called weakly compatible;

(7) If ξ � f ξ for each ξ ∈ X, then f is called dominating. If f ξ � ξ for each ξ ∈ X, then f is
called dominated.

Example 3 ([14]). Let f : X → X be a mapping defined by f ξ = ξ
1
4 , where X = [0, 1] is endowed

with usual ordering. Clearly, ξ ≤ ξ
1
4 = f ξ for all ξ ∈ X; thus, f is a dominating map.

Example 4 ([14]). Let f : X → X be a mapping defined by f ξ = 1
ξ+1 , where X = [1,+∞) is

endowed with usual ordering. Clearly, f ξ = 1
ξ+1 ≤ ξ for all ξ ∈ X; hence, f is a dominated map.

An assertion similar to the following lemma was used (and proved) in the course of
proofs of several fixed point results in various articles.

Lemma 1 ([26]). Every sequence {ξn}n∈N from a b-metric space (X, d) with the property that
there exists γ ∈ [0, 1) such that

d(ξn, ξn+1) ≤ γd(ξn−1, ξn)

for every n ∈ N is b-Cauchy.

Lemma 2. Let (X, d) be a b-metric space with s ≥ 1 and {ηn} a sequence in X such that
lim

n→∞
d(ηn+1, ηn) = 0. If {η2n} or {η2n−1} is a b-Cauchy sequence, then {ηn} is a b-Cauchy

sequence in X.

Proof. We only prove the case that {η2n} is a b-Cauchy sequence. The another case can be
proved similarly.

In view of lim
n→∞

d(ηn+1, ηn) = 0, then for every ε > 0, there is a natural number N1

such that, for all n ≥ N1,

d(ηn+1, ηn) <
ε

3s2 . (1)

Since {η2n} is a b-Cauchy sequence, then for the above ε > 0 there is a natural number
N2 such that, for all n ≥ N2 and any p ∈ N, one has

d(η2n, η2n+2p) <
ε

3s2 . (2)

Now, let N = max{N1, N2}. We shall claim that, for all n > N, it satisfies d(ηn, ηn+p) < ε.
We complete the proof with four cases.

(c1) If n and p are even numbers, then, by (2), it follows that

d(ηn, ηn+p) <
ε

3s2 < ε.

(c2) If n is an odd number and n + p is an even number, then, by (1) and (2), one has

d(ηn, ηn+p) ≤ s[d(ηn, ηn+1) + d(ηn+1, ηn+p)] < s
( ε

3s2 +
ε

3s2

)
< ε.

(c3) If n is an even number and n + p is an odd number, then, by (1) and (2), it is easy to
see that

d(ηn, ηn+p) ≤ s[d(ηn, ηn+p+1) + d(ηn+p, ηn+p+1)] < s
( ε

3s2 +
ε

3s2

)
< ε.
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(c4) If n and n + p all are odd numbers, then, by (1) and (2), we have

d(ηn, ηn+p) ≤ s[d(ηn, ηn+1) + d(ηn+1, ηn+p)]

≤ sd(ηn, ηn+1) + s2[d(ηn+1, ηn+p+1) + d(ηn+p, ηn+p+1)]

≤ s · ε

3s2 + s2 ·
( ε

3s2 +
ε

3s2

)
< ε.

Hence, {ηn} is a b-Cauchy sequence.

3. Main Results

In this section, we improve and generalize some common fixed point theorems from
several references in several sides.

Throughout this paper, let P be the family of all functions β : [0,+∞) → [0, 1).
Let Ψ be the family of all functions ψ : R+ → R+ satisfying the condition that ψ is
continuous, nondecreasing and ψ(t) = 0 if and only if t = 0. In this case, ψ is called altering
distance function.

Let (X,�, d) be a partially ordered b-metric space with s > 1 and f , g, S, T : X → X
be mappings. If there exist β ∈ P and ψ ∈ Ψ and a constant L ≥ 0 such that for every two
comparable elements ξ, η ∈ X, it satisfies

ψ(sεd( f ξ, gη)) ≤ β(M(ξ, η))ψ
(

max
{

d(Sξ, Tη), d(Sξ, f ξ), d(Tη, gη)
})

+ Lψ(N(ξ, η)), (3)

where

M(ξ, η) = ψ

(
max

{
d(Sξ, Tη), d(Sξ, f ξ), d(Tη, gη),

d(Sξ, gη) + d(Tη, f ξ)

2s

})
, (4)

N(ξ, η) = min
{

d(Sξ, Tη), d(Sξ, gη), d(Tη, f ξ), d(gη, Tη), d(ξ, gη)
}

, (5)

and ε > 0 is a constant, then ( f , g) is said to be a (ψ, β, L)-ordered contractive pair with
respect to S and T.

Theorem 1. Let f , g, S and T be self-mappings on a partially ordered b-complete b-metric space
(X,�, d) with s > 1. Let f X ⊆ TX and gX ⊆ SX. Suppose that ( f , g) of dominating maps
is a (ψ, β, L)-ordered contractive pair with respect to dominated maps S and T. If {ξn} is a
nondecreasing sequence with ξn � ηn for all n and ηn → u implies ξn � u and either

(i) f or S is b-continuous, ( f , S) are compatible and (g, T) are weakly compatible;
(ii) g or T is b-continuous, (g, T) are compatible and ( f , S) are weakly compatible, then the

mappings f , g, S and T possess a common fixed point in X. Moreover, the set of common
points of f , g, S and T is well ordered if f , g, S and T have a unique common fixed point.

Proof. Let ξ0 be an arbitrary point of X. Similar to [14], we construct a sequence {ηn} in X
such that η2n−1 = Tξ2n−1 = f ξ2n−2 and η2n = Sξ2n = gξ2n−1. Since f , g are dominating
maps and S, T are dominated maps, it follows that ξ2n−2 � f ξ2n−2 = Tξ2n−1 � ξ2n−1 and
ξ2n−1 � gξ2n−1 = Sξ2n � ξ2n. Thus, for all n ≥ 1, we have ξn � ξn+1.

Without loss of generality, we assume d(η2n, η2n+1) > 0 for every n. If not, then
η2n0 = η2n0+1 for some n0 ∈ N. From (3) to (5), we obtain

ψ(sεd(η2n0+1, η2n0+2)) = ψ(sεd( f ξ2n0 , gξ2n0+1))

≤ β(M(ξ2n0 , ξ2n0+1))× ψ(max{d(Sξ2n0 , Tξ2n0+1), d(Sξ2n0 , f ξ2n0), d(Tξ2n0+1, gξ2n0+1)})
+ Lψ(N(ξ2n0 , ξ2n0+1))

= β(M(ξ2n0 , ξ2n0+1))× ψ(max{d(η2n0 , η2n0+1), d(η2n0 , η2n0+1), d(η2n0+1, η2n0+2)})
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+ Lψ(N(ξ2n0 , ξ2n0+1)) (6)

= β(M(ξ2n0 , ξ2n0+1))× ψ(max{0, 0, d(η2n0+1, η2n0+2)})
= β(M(ξ2n0 , ξ2n0+1))ψ(d(η2n0+1, η2n0+2))

≤ ψ(d(η2n0+1, η2n0+2)),

where

N(ξ2n0 , ξ2n0+1))

= min{d(Sξ2n0 , Tξ2n0+1), d(Sξ2n0 , gξ2n0+1), d(Tξ2n0+1, f ξ2n0), d(gξ2n0+1, Tξ2n0+1), d(ξ2n0 , gξ2n0+1)}
= min{d(η2n0 , η2n0+1), d(η2n0 , η2n0+2), d(η2n0+1, η2n0+1), d(η2n0+2, η2n0+1), d(ξ2n0 , η2n0+2)}
= min{0, d(η2n0 , η2n0+2), 0, d(η2n0+2, η2n0+1), d(ξ2n0 , η2n0+2)}
= 0,

then

ψ(N(ξ2n0 , ξ2n0+1)) = 0.

Thus, by the monotonicity of function ψ, it is valid from (6) that

sεd(η2n0+1, η2n0+2) ≤ d(η2n0+1, η2n0+2),

that is,

d(η2n0+1, η2n0+2) ≤ 1
sε

d(η2n0+1, η2n0+2),

so d(η2n0+1, η2n0+2) = 0 (because sε > 1). Hence, η2n0+1 = η2n0+2.
Following similar arguments, we obtain η2n0+2 = η2n0+3. Thus, {ηn} becomes a

constant sequence, and η2n0 is the common fixed point of f , g, S and T. In this case,
the conclusion we need to prove is clear.

Now, we take d(η2n, η2n+1) > 0 for each n. As ξ2n and ξ2n+1 are comparable, by
inequality (3) we have

ψ(sεd(η2n+1, η2n+2)) = ψ(sεd( f ξ2n, gξ2n+1))

≤ β(M(ξ2n, ξ2n+1))× ψ(max{d(Sξ2n, Tξ2n+1), d(Sξ2n, f ξ2n), d(Tξ2n+1, gξ2n+1)})
+ Lψ(N(ξ2n, ξ2n+1))

= β(M(ξ2n, ξ2n+1))× ψ(max{d(η2n, η2n+1), d(η2n, η2n+1), d(η2n+1, η2n+2)})
+ Lψ(N(ξ2n, ξ2n+1))

= β(M(ξ2n, ξ2n+1))× ψ(max{d(η2n, η2n+1), d(η2n+1, η2n+2)}),
< ψ(max{d(η2n, η2n+1), d(η2n+1, η2n+2)}),

which follows immediately from the monotonicity of function ψ that

sεd(η2n+1, η2n+2) < max{d(η2n, η2n+1), d(η2n+1, η2n+2)}. (7)

Now, if
d(η2n, η2n+1) ≤ d(η2n+1, η2n+2),

then by using (7) we have

sεd(η2n+1, η2n+2) < d(η2n+1, η2n+2),

which leads to a contradiction because of sε > 1. Therefore, d(η2n, η2n+1) > d(η2n+1, η2n+2).
In this case, we have

sεd(η2n+1, η2n+2) < d(η2n, η2n+1),
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which implies that

d(η2n+1, η2n+2) <
1
sε

d(η2n, η2n+1). (8)

Again, by inequality (3) we have

ψ(sεd(η2n+1, η2n)) = ψ(sεd( f ξ2n, gξ2n−1))

≤ β(M(ξ2n, ξ2n−1))× ψ(max{d(Sξ2n, Tξ2n−1), d(Sξ2n, f ξ2n), d(Tξ2n−1, gξ2n−1)})
+ Lψ(N(ξ2n, ξ2n−1))

= β(M(ξ2n, ξ2n−1))× ψ(max{d(η2n, η2n−1), d(η2n, η2n+1), d(η2n−1, η2n)}) (9)

+ Lψ(N(ξ2n, ξ2n−1))

= β(M(ξ2n, ξ2n−1))× ψ(max{d(η2n, η2n−1), d(η2n, η2n+1)})
< ψ(max{d(η2n, η2n−1), d(η2n, η2n+1)}),

where

N(ξ2n, ξ2n−1))

= min{d(Sξ2n, Tξ2n−1), d(Sξ2n, gξ2n−1), d(Tξ2n−1, f ξ2n), d(gξ2n−1, Tξ2n−1), d(ξ2n, gξ2n−1)}
= min{d(η2n, η2n−1), d(η2n, η2n), d(η2n−1, η2n+1), d(η2n, η2n−1), d(ξ2n, η2n)}
= min{d(η2n, η2n−1), 0, d(η2n−1, η2n+1), d(η2n, η2n−1), d(ξ2n, η2n)}
= 0.

By (9) and the monotonicity of function ψ, we have

sεd(η2n+1, η2n) < max{d(η2n, η2n−1), d(η2n, η2n+1)}. (10)

Now, if
d(η2n, η2n−1) ≤ d(η2n, η2n+1),

then by using (10) we have

sεd(η2n, η2n+1) < d(η2n, η2n+1),

which leads to a contradiction because of sε > 1. Therefore, d(η2n, η2n−1) > d(η2n, η2n+1).
In this case, we have

sεd(η2n, η2n+1) < d(η2n−1, η2n),

which implies that

d(η2n, η2n+1) <
1
sε

d(η2n−1, η2n). (11)

Making full use of (8) and (11), we have

d(ηn, ηn+1) <
1
sε

d(ηn−1, ηn).

Accordingly, by Lemma 1, we claim that {ηn} is a b-Cauchy sequence. Since (X,�, d)
is b-complete, then there exists a point ζ in X such that {ηn} converges to ζ.

We first suppose that (i) holds. Assume that S is b-continuous. Because ( f , S) are
compatible, we have

lim
n→∞

d( f Sξ2n+2, S f ξ2n+2) = 0,
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that is,

lim
n→∞

d( f η2n+2, Sη2n+3) = 0.

As a result, by the b-continuity of S, we speculate that

d( f η2n+2, Sζ) ≤ s[d( f η2n+2, Sη2n+3) + d(Sη2n+3, Sζ)] → 0 (n → ∞),

which implies that

lim
n→∞

d( f η2n+2, Sζ) = 0. (12)

Now, we show that ζ = Sζ. If not, that is, d(Sζ, ζ) > 0. As ξ2n+1 � gξ2n+1 = Sξ2n+2,
from inequality (3), we have

ψ(sεd( f η2n+2, η2n+2))

= ψ(sεd( f Sξ2n+2, gξ2n+1))

≤ β(M(Sξ2n+2, ξ2n+1))× ψ(max{d(SSξ2n+2, Tξ2n+1),

d(SSξ2n+2, f Sξ2n+2), d(Tξ2n+1, gξ2n+1)} (13)

+ Lψ(N(Sξ2n+2, ξ2n+1))

< ψ(max{d(SSξ2n+2, Tξ2n+1), d(SSξ2n+2, f Sξ2n+2), d(Tξ2n+1, gξ2n+1)})
= ψ(max{d(Sη2n+2, η2n+1), d(Sη2n+2, f η2n+2), d(η2n+1, η2n+2)}),

where

N(Sξ2n+2, ξ2n+1)) = min{d(SSξ2n+2, Tξ2n+1), d(SSξ2n+2, gξ2n+1), d(Tξ2n+1, f Sξ2n+2),

d(gξ2n+1, Tξ2n+1), d(Sξ2n+2, gξ2n+1)}
= min{d(Sη2n+2, η2n+1), d(Sη2n+2, η2n+2), d(η2n+1, f η2n+2),

d(η2n+2, η2n+1), d(η2n+2, η2n+2)}
= 0.

By (13) and the monotonicity of function ψ, we have

sεd( f η2n+2, η2n+2) < max{d(Sη2n+2, η2n+1), d(Sη2n+2, f η2n+2), d(η2n+1, η2n+2)}. (14)

Combing (12) and the b-continuity of function S, we obtain

d(Sη2n+2, f η2n+2) ≤ s[d(Sη2n+2, Sζ) + d(Sζ, f η2n+2)] → s(0 + 0) = 0 (n → ∞),

which means that

lim
n→∞

d(Sη2n+2, f η2n+2) = 0. (15)

Moreover, since {ηn} is a b-Cauchy sequence, we have

lim
n→∞

d(η2n+1, η2n+2) = 0. (16)

By (15) and (16), there exists N1 ∈ N such that, for all n > N1, one has

d(Sη2n+2, η2n+1) > d(Sη2n+2, f η2n+2), d(Sη2n+2, η2n+1) > d(η2n+1, η2n+2). (17)

Via (14) and (17), it is easy to see that

sεd( f η2n+2, η2n+2) < d(Sη2n+2, η2n+1) (n > N1). (18)
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Using the triangular inequality of the b-metric (12) and the b-continuity of function S,
we obtain

|d( f η2n+2, η2n+2)− d(Sη2n+2, η2n+1)|
=
∣∣[d( f η2n+2, η2n+2)− sd(η2n+2, Sζ)] + [sd(η2n+2, Sζ)− d(Sζ, ζ)]

+ [d(Sζ, ζ)− sd(Sηn+2, ζ)] + [sd(Sηn+2, ζ)− d(Sηn+2, η2n+1)]
∣∣

≤ ∣∣d( f η2n+2, η2n+2)− sd(η2n+2, Sζ)
∣∣+ ∣∣sd(η2n+2, Sζ)− d(Sζ, ζ)

∣∣
+
∣∣d(Sζ, ζ)− sd(Sηn+2, ζ)

∣∣+ ∣∣sd(Sηn+2, ζ)− d(Sηn+2, η2n+1)
∣∣

≤ sd( f η2n+2, Sζ) + sd(η2n+2, ζ) + sd(Sζ, Sηn+2) + sd(ζ, η2n+1)

→ 0 (n → ∞),

which establishes that

lim sup
n→∞

d( f η2n+2, η2n+2) = lim sup
n→∞

d(Sη2n+2, η2n+1). (19)

Consider (18) and (19), they lead to a contradiction because of sε > 1. Consequently,
Sζ = ζ.

Now, by virtue of ξ2n+1 � gξ2n+1 and gξ2n+1 → ζ as n → ∞, ξ2n+1 � ζ. It suffices to
prove ζ = f ζ. As a matter of fact, firstly, notice that∣∣d( f ζ, ηn+2)− d(ζ, f ζ)

∣∣
=
∣∣[d( f ζ, ηn+2)− sd( f ζ, ηn+1)] + [sd( f ζ, ηn+1)− d(ζ, f ζ)]

∣∣
≤ ∣∣d( f ζ, ηn+2)− sd( f ζ, ηn+1)

∣∣+ ∣∣sd( f ζ, ηn+1)− d(ζ, f ζ)
∣∣

≤ sd(ηn+2, ηn+1) + sd(ηn+1, ζ) → 0 (n → ∞),

which follows that

lim sup
n→∞

d( f ζ, ηn+2) = d(ζ, f ζ). (20)

Secondly, by inequality (3), we have

ψ(sεd( f ζ, η2n+2))

= ψ(sεd( f ζ, gξ2n+1))

≤ β(M(ζ, ξ2n+1))× ψ(max{d(Sζ, Tξ2n+1), d(Sζ, f ζ), d(Tξ2n+1, gξ2n+1)})
+ Lψ(N(ζ, ξ2n+1)) (21)

= β(M(ζ, ξ2n+1))× ψ(max{d(ζ, Tξ2n+1), d(ζ, f ζ), d(Tξ2n+1, gξ2n+1)})
+ Lψ(N(ζ, ξ2n+1))

< ψ(max{d(ζ, η2n+1), d(ζ, f ζ), d(η2n+1, η2n+2)})
+ Lψ(N(ζ, ξ2n+1)),

where

ψ(N(ζ, ξ2n+1)) = ψ(min{d(Sζ, Tξ2n+1), d(Sζ, gξ2n+1), d(Tξ2n+1, f ζ),

d(gξ2n+1, Tξ2n+1), d(ζ, gξ2n+1)})

tends to

ψ

(
min

{
lim sup

n→∞
d(Sζ, Tξ2n+1), lim sup

n→∞
d(Sζ, gξ2n+1), lim sup

n→∞
d(Tξ2n+1, f ζ), 0, 0

})
= ψ(0) = 0

as n → ∞. By taking the upper limit as n → ∞ from (21), we obtain

sε lim sup
n→∞

d( f ζ, η2n+2) ≤ d( f ζ, ζ),
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which is a contradiction with sε > 1 and (20) unless lim sup
n→∞

d( f ζ, η2n+2) = 0. As a result, by

1
s

d( f ζ, ζ) ≤ d( f ζ, η2n+2) + d(η2n+2, ζ),

we have

1
s

d( f ζ, ζ) ≤ lim sup
n→∞

[d( f ζ, η2n+2) + d(η2n+2, ζ)] = 0,

which implies that d( f ζ, ζ) = 0. Hence, f ζ = ζ.
In view of f (X) ⊆ T(X), then there exists a point w ∈ X such that ζ = f ζ = Tw. Now,

we show d(Tw, gw) = 0. If not, i.e., d(Tw, gw) > 0. Since ζ � f ζ = Tw � w implies ζ � w,
from inequality (3), we have

ψ(sεd(Tw, gw))

= ψ(sεd( f ζ, gw))

≤ β(M(ζ, w))× ψ(max{d(Sζ, Tw), d(Sζ, f ζ), d(Tw, gw)})
+ Lψ(N(ζ, w))

= β(M(ζ, w))× ψ(max{0, 0, d(Tw, gw)})
+ Lψ(min{d(Sζ, Tw), d(Sζ, gw), d(Tw, f ζ), d(gw, Tw), d(ζ, gw)}))

= β(M(ζ, w))× ψ(d(Tw, gw))

+ Lψ(min{0, d(ζ, gw), 0, d(gw, ζ), d(ζ, gw)}))
= β(M(ζ, w))ψ(d(Tw, gw))

< ψ(d(Tw, gw)).

Hence, by the monotonicity of function ψ, we have

sεd(Tw, gw) < d(Tw, gw),

which leads to a contradiction with sε > 1. As a result, Tw = gw. On account of the fact
that g and T are weakly compatible, we obtain

gζ = g f ζ = gTw = Tgw = T f ζ = Tζ.

Thus, ζ is a coincidence point of g and T. Next, we show that ζ = gζ. As ξ2n � f ξ2n
and f ξ2n → ζ (n → ∞) implies that ξ2n � ζ, from (3) we have

ψ(sεd(η2n+1, gζ)) = ψ(sεd( f ξ2n, gζ))

≤ β(M(ξ2n, ζ))× ψ(max{d(Sξ2n, Tζ), d(Sξ2n, f ξ2n), d(Tζ, gζ)}) + Lψ(N(ξ2n, ζ))

< ψ(max{d(Sξ2n, Tζ), d(Sξ2n, f ξ2n), d(Tζ, gζ)})
+ Lψ(min{d(Sξ2n, Tζ), d(Sξ2n, gζ), d(Tζ, f ξ2n), d(gζ, Tζ), d(ξ2n, gζ)})

= ψ(max{d(Sξ2n, Tζ), d(Sξ2n, f ξ2n), 0})
+ Lψ(min{d(Sξ2n, Tζ), d(Sξ2n, gζ), d(Tζ, f ξ2n), 0, d(ξ2n, gζ)})

= ψ(max{d(Sξ2n, Tζ), d(Sξ2n, f ξ2n)}) + Lψ(0)

= ψ(max{d(η2n, gζ), d(η2n, η2n+1)}),

which follows immediately from the monotonicity of function ψ that

sεd( f η2n+1, gζ) < max{d(η2n, gζ), d(η2n, η2n+1)}. (22)
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Since lim
n→∞

d(η2n, η2n+1) = 0, then there exists N2 ∈ N such that, for all n > N2, one has

d(η2n, gζ) > d(η2n, η2n+1). (23)

Considering (22) and (23), we acquire

sεd(η2n+1, gζ) < d(η2n, gζ) (n > N2).

Thus, it implies

sε lim sup
n→∞

d(η2n+1, gζ) ≤ lim sup
n→∞

d(η2n, gζ). (24)

By virtue of∣∣d(η2n+1, gζ)− d(η2n, gζ)
∣∣

=
∣∣[d(η2n+1, gζ)− sd(gζ, η2n−1)] + [sd(gζ, η2n−1)− d(η2n, gζ)]

∣∣
≤ ∣∣d(η2n+1, gζ)− sd(gζ, η2n−1)

∣∣+ ∣∣sd(gζ, η2n−1)− d(η2n, gζ)
∣∣

≤ sd(η2n+1, η2n−1) + sd(η2n−1, η2n) → 0 (n → ∞),

which follows that

lim sup
n→∞

d(η2n+1, gζ) = lim sup
n→∞

d(η2n, gζ).

Consequently, (24) is a contradiction with sε > 1 unless lim sup
n→∞

d(η2n+1, gζ) = 0. That

is to say, lim sup
n→∞

d(η2n+1, gζ) = 0. Now, by

1
s

d(gζ, ζ) ≤ d(gζ, η2n+1) + d(η2n+1, ζ),

we claim that

1
s

d(gζ, ζ) ≤ lim sup
n→∞

d(gζ, η2n+1) + lim sup
n→∞

d(η2n+1, ζ) = 0,

which follows that d(gζ, ζ) = 0. Thus, gζ = ζ.
To sum up, f ζ = gζ = Sζ = Tζ = ζ. In other words, ζ is a common fixed point of f , g,

S and T. The proof is similar when f is b-continuous.
Similarly, the result follows when (ii) holds. Now, suppose that the set of common

fixed points of f , g, S and T is well ordered; we will show that the common fixed point of
f , g, S and T is unique. Indeed, assume, on the contrary, that f q = gq = Sq = Tq = q and
f r = gr = Sr = Tr = r but d(q, r) > 0. By the given assumption, we replace ξ with q and η
with r in (3). Then,

ψ(sεd(q, r)) = ψ(sεd( f q, gr))

≤ β(M(q, r))× ψ(max{d(Sq, Tr), d(Sq, f q), d(Tr, gr)})
+ Lψ(N(q, r))

< ψ(d(q, r)).

Consequently, we claim that sεd(q, r) < d(q, r), a contradiction. As a result, q = r
(because sε > 1). In reverse, if f , g, S and T are single, then it is well ordered.

Remark 1. Theorem 1 greatly generalizes Theorem 12 of [14] from several sides. On the one
hand, Theorem 1 refers to the conclusion in the setting of b-metric spaces, whereas Theorem 12
of [14] considered the result in usual metric space. It is well-known that b-metric space is a sharp
generalization of usual metric space since the given b-metric usually is not necessarily continuous,
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but the usual metric must be a continuous function. Therefore, Theorem 1 is more important than
Theorem 12 of [14]. On the other hand, as compared with Theorem 12 of [14], function β from
Theorem 1 satisfies the simpler condition. In addition, the proof of Theorem 1 is more straightforward
than the one of Theorem 12 of [14].

Remark 2. We use Lemma 2 to prove that the constructed sequence is a b-Cauchy sequence instead
of using Lemma 11 from [14] or Lemma 1 from [16]. This is a straightforward improvement because
Lemma 2 is easily understood for most of our readers. Otherwise, by Lemma 2, we also can prove
that the sequence is a b-Cauchy sequence but, due to the complicated process, we omit it in this
paper. In addition, in order to overcome the discontinuity of b-metric, we use a new method to prove
our theorem. This is a great innovation.

Example 5. Let X = {1, 2, 3, 4} be a partially ordered set defined as ξ � η if and only if ξ ≥ η
and d(ξ, η) = |ξ − η|2 for all ξ, η ∈ X. Then, (X, d) is a b-complete b-metric space with s = 9

5 .
Define ordered self-mappings f , g, S, and T on X using

f =

(
1 2 3 4
1 1 2 2

)
, g =

(
1 2 3 4
1 1 1 2

)
,

S =

(
1 2 3 4
1 3 4 4

)
, T =

(
1 2 3 4
1 4 3 4

)
.

It is easy to verify that the mappings f and g are dominating and S and T are dominated. Take
ψ(ξ) = ln(ξ + 1) and β = ψ(ξ)

ξ ; then, the mappings f , g, S and T satisfy all the conditions given
in Theorem 1 with ε = 1

4 . Moreover, one is the unique common fixed point of f , g, S, and T.

Theorem 2. Let f , g, S and T be self-mappings on a partially ordered b-complete b-metric space
(X,�, d) with s > 1. Let f (X) ⊆ T(X) and g(X) ⊆ S(X). Suppose that the mappings f , g, S
and T are b-continuous, the pairs ( f , S) and (g, T) are compatible, and the pairs ( f , g) and (g, f )
are partially weakly increasing with respect to T and S, respectively. Assume that ( f , g) is a
(ψ, β, L)-ordered contractive pair with respect to S and T for each ξ, η ∈ X, for which Sξ and Tη
are comparable. Then, the pairs ( f , S) and (g, T) have a coincidence point ζ ∈ X. Moreover, ζ is a
coincidence point of the mappings f , g, S and T provided that Sζ and Tζ are comparable.

Proof. Choose ξ0 ∈ X. Define a sequence {ηn} in X that satisfies η2n = f ξ2n = Tξ2n+1 and
η2n+1 = gξ2n+1 = Sξ2n+2 for all n ∈ N. By the hypothesis, it is easy to see that ηn � ηn+1
for all n ≥ 1. We start the proof with two steps.

Step 1. We prove that

d(ηn+1, ηn+2) ≤ λd(ηn, ηn+1), (25)

for each n ∈ N, where λ ∈ [0, 1) is a constant.
Firstly, we assume ηn 
= ηn+1 for each n ∈ N. Since Sξ2n = η2n−1 = gξ2n−1 and

Tξ2n+1 = η2n = f ξ2n are comparable, then, via (3), it has

ψ(sεd(η2n, η2n+1))

= ψ(sεd( f ξ2n, gξ2n+1))

≤ β(M(ξ2n, ξ2n+1))× ψ(max{d(Sξ2n, Tξ2n+1), d(Sξ2n, f ξ2n), d(Tξ2n+1, gξ2n+1)})
+ Lψ(min{d(Sξ2n, Tξ2n+1), d(Sξ2n, gξ2n+1), d(Tξ2n+1, f ξ2n), d(gξ2n+1, Tξ2n+1), d(ξ2n, gξ2n+1)})

< ψ(max{d(η2n−1, η2n), d(η2n−1, η2n), d(η2n, η2n+1)})
+ Lψ(min{d(η2n−1, η2n), d(η2n−1, η2n+1), d(η2n, η2n), d(η2n+1, η2n), d(ξ2n, η2n+1)}))

= ψ(max{d(η2n−1, η2n), d(η2n, η2n+1)}),
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which follows from the monotonicity of function ψ that

sεd(η2n, η2n+1) < max{d(η2n−1, η2n), d(η2n, η2n+1)}. (26)

If d(η2n−1, η2n) ≤ d(η2n, η2n+1), then by (26) it means that

sεd(η2n, η2n+1) < d(η2n, η2n+1),

which leads to a contradiction (because sε > 1). Then,

sεd(η2n, η2n+1) < d(η2n−1, η2n). (27)

Again, since Sξ2n+2 = η2n+1 = gξ2n+1 and Tξ2n+1 = η2n = f ξ2n are comparable,
then, by (3), it implies that

ψ(sεd(η2n+1, η2n+2)) = ψ(sεd( f ξ2n+2, gξ2n+1))

≤ β(M(ξ2n+2, ξ2n+1))× ψ(max{d(Sξ2n+2, Tξ2n+1), d(Sξ2n+2, f ξ2n+2), d(Tξ2n+1, gξ2n+1)})
+ Lψ(min{d(Sξ2n+2, Tξ2n+1), d(Sξ2n+2, gξ2n+1), d(Tξ2n+1, f ξ2n+2),

d(gξ2n+1, Tξ2n+1), d(ξ2n+2, gξ2n+1)})
< ψ(max{d(η2n+1, η2n), d(η2n+1, η2n+2), d(η2n, η2n+1)})
+ Lψ(min{d(η2n+1, η2n), d(η2n+1, η2n+1), d(η2n, η2n+2), d(η2n+1, η2n), d(ξ2n+2, η2n+1)}))

= ψ(max{d(η2n+1, η2n+2), d(η2n, η2n+1)}),

which follows from the monotonicity of function ψ that

sεd(η2n+1, η2n+2) < max{d(η2n+1, η2n+2), d(η2n, η2n+1)}. (28)

If d(η2n, η2n+1) ≤ d(η2n+1, η2n+2), then, by means of (28), it establishes

sεd(η2n+1, η2n+2) < d(η2n+1, η2n+2),

which leads to a contradiction (because sε > 1). Thus,

sεd(η2n+1, η2n+2) < d(η2n, η2n+1). (29)

Now, by using (27) and (29), we obtain (25), where λ = 1
sε ∈ [0, 1).

We now assume ηn0 = ηn0+1 for some n0 ∈ N. If n0 = 2k − 1, then η2k−1 = η2k implies
η2k = η2k+1. As a matter of fact, if η2k 
= η2k+1, i.e., d(η2k, η2k+1) > 0, then, by the fact
that η2k = f ξ2k = Tξ2k+1 and η2k−1 = gξ2k−1 = Sξ2k are comparable, then, via (26), we
speculate that

sεd(η2k, η2k+1) < max{d(η2k−1, η2k), d(η2k, η2k+1)} = d(η2k, η2k+1).

This is a contradiction (because sε > 1). Hence, d(η2k, η2k+1) = 0, i.e., η2k = η2k+1.
If n0 = 2k, then η2k = η2k+1 leads to η2k+1 = η2k+2. Actually, if η2k+1 
= η2k+2, then,
i.e., d(η2k+1, η2k+2) > 0. Since η2k+1 = gξ2k+1 = Sξ2k+2 and η2k = f ξ2k = Tξ2k+1 are
comparable, then, by (28), we claim that

sεd(η2k+1, η2k+2) < max{d(η2k, η2k+1), d(η2k+1, η2k+2)} = d(η2k+1, η2k+2).

This is a contradiction (because sε > 1). Thus, d(η2k+1, η2k+2) = 0, i.e., η2k+1 =
η2k+2. Therefore, the sequence {ηn} in both cases is equal to a constant for n ≥ n0 and
so (25) holds.

Step 2. We prove that f , g, S and T have a coincidence point. Taking advantage of (25)
and Lemma 1, we say that {ηn} is a b-Cauchy sequence. Since (X, d) is b-complete, then
there is a ζ ∈ X satisfying that lim

n→∞
ηn = ζ. We obtain
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lim
n→∞

d(Sξ2n, ζ) = lim
n→∞

d( f ξ2n, ζ) = lim
n→∞

d(Sξ2n+2, ζ) = lim
n→∞

d(Tξ2n+1, ζ) = lim
n→∞

d(gξ2n+1, ζ) = 0.

Since the pairs ( f , S) and (g, T) are compatible, then

lim
n→∞

d(S f ξ2n, f Sξ2n) = lim
n→∞

d(Tgξ2n+1, gTξ2n+1) = 0.

On the other hand, owing to the b-continuity of f , g, S and T, we obtain

lim
n→∞

d(S f ξ2n, Sζ) = lim
n→∞

d( f Sξ2n, f ζ) = 0,

lim
n→∞

d(Tgξ2n+1, Tζ) = lim
n→∞

d(gTξ2n+1, gζ) = 0.

We now acquire that

1
s

d(Sζ, f ζ) ≤ d(Sζ, S f ξ2n) + d(S f ξ2n, f ζ)

≤ d(Sζ, S f ξ2n) + s[d(S f ξ2n, f Sξ2n) + d( f Sξ2n, f ζ)], (30)

and

1
s

d(Tζ, gζ) ≤ d(Tζ, Tgξ2n+1) + d(Tgξ2n+1, gζ)

≤ d(Tζ, Tgξ2n+1) + s[d(Tgξ2n+1, gTξ2n+1) + d(gTξ2n+1, gζ)]. (31)

On taking the limit as n → ∞ from both sides of (30) and (31), we obtain 1
s d(Sζ, f ζ) ≤ 0

and 1
s d(Tζ, gζ) ≤ 0, that is, f ζ = Sζ, gζ = Tζ.
Since Sζ and Tζ are comparable, we prove f ζ = gζ. Suppose the contrary, then, by (3),

it is valid that

ψ(sεd( f ζ, gζ)

≤ β(M(ζ, ζ))× ψ(max{d(Sζ, Tζ), d(Sζ, f ζ), d(Tζ, gζ)}) + Lψ(N(ζ, ζ))

< ψ(d(Sζ, Tζ)) = ψ(d( f ζ, gζ)),

that is to say,
sεd( f ζ, gζ) < d( f ζ, gζ).

This is a contradiction (because sε > 1). Accordingly, f ζ = gζ = Sζ = Tζ.

Remark 3. According to the main results of [14,15], Theorem 2 makes a general generalization.
That is to say, it generalizes Theorem 15 in [14] and Theorem 2.1 in [15]. Similar superiority is
discussed in Remarks 1 and 2.

The following result is a straightforward outcome of Theorem 2.

Corollary 1. Let f and T be self-mappings on a partially ordered b-complete b-metric space
(X,�, d) with s > 1. Assume that f (X) ⊆ T(X) and the pair ( f , T) is compatible, f and T are
b-continuous, and f is partially weakly increasing with respect to T. Assume that f satisfies the
following inequality

ψ(sεd( f ξ, f η)) ≤ β(M(ξ, η))ψ
(

max
{

d(Tξ, Tη), d(Tξ, f ξ), d(Tη, f η)
})

+ Lψ(N(ξ, η)),

for every ξ, η ∈ X, for which Tξ and Tη are comparable, where

M(ξ, η) = ψ

(
max

{
d(Tξ, Tη), d(Tξ, f ξ), d(Tη, f η),

d(Tξ, f η) + d(Tη, f ξ)

2s

})
,
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N(ξ, η) = min
{

d(Tξ, Tη), d(Tξ, f η), d(Tη, f ξ), d( f η, Tη), d(ξ, f η)
}

,

and ε > 0 is a constant. Then, the pair ( f , T) has a coincidence point ζ ∈ X. Moreover, ζ is a
coincidence point of f and T.
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Abstract: Nonlinear identification problems for evolution differential equations, solved with respect
to the highest-order Dzhrbashyan–Nersesyan fractional derivative, are studied. An equation of the
considered class contains a linear unbounded operator, which generates analytic resolving families
for the corresponding linear homogeneous equation, and a continuous nonlinear operator, which
depends on lower-order Dzhrbashyan–Nersesyan derivatives and a depending on time unknown
element. The identification problem consists of the equation, Dzhrbashyan–Nersesyan initial value
conditions and an abstract overdetermination condition, which is defined by a linear continuous
operator. Using the contraction mappings theorem, we prove the unique local solvability of the
identification problem. The cases of mild and classical solutions are studied. The obtained abstract
results are applied to an investigation of a nonlinear identification problem to a linearized phase field
system with time dependent unknown coefficients at Dzhrbashyan–Nersesyan time-derivatives of
lower orders.

Keywords: fractional differential equation; Dzhrbashyan–Nersesyan fractional derivative; coefficient
inverse problem; identification problem; initial boundary value problem

MSC: 34G20; 35R30; 35R11; 34K29

1. Introduction

Works on fractional integro-differential calculus in contemporary mathematics are very
diverse. They concern both various theoretical aspects (properties of fractional integration
and differentiation operators, issues of solvability of new problems to equations with
various fractional derivatives and integrals, and much more [1–5]) and applications of
fractional calculus methods in various applied problems [6–9]. To the reader’s attention,
we present an article on the existence of a unique solution of a new class of coefficient
inverse problems to equations containing fractional derivatives, also called forecast-control
problems [10], or identification problems [11,12]. We are talking about a problem for an
equation containing, in addition to an unknown solution function, also unknown functional
parameters and overdetermination conditions of a corresponding nature.

Consider the equation

Dσn z(t) = Az(t) + B(t,Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t), u(t)), (1)

endowed by the Dzhrbashyan–Nersesyan initial conditions [1]

Dσk z(0) = zk, k = 0, 1, . . . , n − 1, (2)

and by the additional overdetermination condition

Φz(t) = Ψ(t), t ∈ [0, T]. (3)

Axioms 2023, 12, 1013. https://doi.org/10.3390/axioms12111013 https://www.mdpi.com/journal/axioms104
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Here, Dσk , k = 0, 1, . . . , n ∈ N are the Dzhrbashyan–Nersesyan differentiation operator,
which corresponds to the set {αk}, 0 < αk ≤ 1, (see Formula (4) below), A is a linear
closed operator with a domain DA in a Banach space Z , U is another Banach space,
B : [0, T]×Zn × U → Z is a nonlinear mapping, Φ : Z → U is a linear bounded operator;
initial values zk ∈ DA, k = 0, 1, . . . , n, and Ψ : [0, T] → U are known. A solution of (1)–(3)
is a pair of functions (z, u). The main aim of the work are theorems on the existence and
the uniqueness of a mild and a classical local solution (z, u).

Various linear inverse problems for differential equations containing Riemann–Liou-
ville or Gerasimov–Caputo fractional derivatives were studied in papers [12–16]. Unique
solvability issues for a nonlinear identification problem of form (1)–(3) with Gerasimov–
Caputo derivatives and with a closed operator A, which generates an analytic resolving
family of operators for a respective linear homogeneous equation, were investigated in [17].

The notion of the Dzhrbashyan–Nersesyan derivative includes Riemann–Liouville
and Gerasimov–Caputo fractional derivatives as particular cases; for a study of various
problems with this general fractional derivative, see [1], its English translation [18], in
works [19–24]. The unique solvability conditions and a form of a solution for linear
inhomogeneous problem with the Dzhrbashyan–Nersesyan derivative (1), (2) (B ≡ f (t))
in a Banach space were obtained in work [25] in the case of a bounded operator A, and in
paper [26] for a closed operator A from the class A{αk} of generators of analytic resolving
families for a linear Equation (1) (B ≡ 0). Problem (2) for quasilinear Equation (1) with
known u and with a bounded operator A was researched in [27].

The results of [25] were used for obtaining a theorem on the existence of a unique
solution of nonlinear inverse problem (1)–(3) with a linear continuous operator A in [28].
In the present work, we extend these results on the case of a nonlinear identification
problem with Dzhrbashyan–Nersesyan derivatives and with A ∈ A{αk}. It is clear that
such results on Problem (1)–(3) with a closed operator A provide much greater possibilities
for their application to inverse problems to partial differential equations and systems of
them than results on the abstract inverse problem with a bounded operator A.

In the second section, preliminary definitions and statements are given; in particular,
a theorem on the existence of a unique solution of Dzhrbashyan–Nersesyan problem (2)
to linear Equation (1) (B ≡ f (t)) with A ∈ A{αk} is presented. The first subsection of the
third section contains a proof of the theorem on the existence and the uniqueness of a local
mild solution of identification problem (1)–(3). In the second subsection, for the case of
continuous mapping B:[0, T] × Zn × U → DA, the existence of a unique local classical
solution is proven. A similar result is proven under the additional conditions of Hölder
continuity in t of problem data. In the fourth section, obtained general results are used for
the investigation of a nonlinear identification problem to modified phase field equations
with depending on t unknown coefficients at Dzhrbashyan–Nersesyan time-fractional
derivatives of lower orders.

2. Preliminaries

For h : (0, T] → Z ,where Z is a Banach space, and for β > 0, we introduce the
following notations:

D−βh(t) := Jβh(t) :=
t∫

0

(t − s)β−1

Γ(β)
h(s)ds, t ∈ (0, T]

for the Riemann–Liouville fractional integral of the order β > 0, and Dβ := Dm Jm−β for the
Riemann–Liouville fractional derivative of the order β ∈ (m − 1, m], m ∈ N. For sequence
{α0, α1, . . . , αn}, αk ∈ (0, 1], k = 0, 1, . . . , n ∈ N, we define the Dzhrbashyan–Nersesyan
fractional derivatives Dσk , k = 0, 1, . . . , n by equalities [1]

Dσ0 z(t) := Dα0−1z(t), Dσk z(t) := Dαk−1Dαk−1 Dαk−2 . . . Dα0 z(t), k = 1, 2, . . . , n. (4)
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They are natural general constructions of fractional derivatives (see, e.g., [1,19,20]), they
generalize the Riemann–Liouville fractional derivatives (α0 ∈ (0, 1), αk = 1, k = 1, 2, . . . , n)
and the Gerasimov–Caputo fractional derivatives (αk = 1, k = 0, 1, . . . , n − 1, αn ∈ (0, 1)).
We also use notations

σk :=
k

∑
j=0

αj − 1, k = 0, 1, . . . , n.

For h:R+ → Z , we denote by L[h] the Laplace transform of this function. The
following equalities are known [3,26]:

L[Jαh](λ) = λ−αL[h](λ), L[Dαh](λ) = λαL[h](λ)−
m−1

∑
k=0

Dα−1−kh(0)λk,

L[Dσn h](λ) = λσnL[h](λ)−
n−1

∑
k=0

Dσk h(0)λσn−1−σk . (5)

We let L(Z) be the Banach algebra of all linear bounded operators in the Banach space
Z and C l(Z) be the set of all linear closed densely defined in Z operators. We consider the
domain DA of an operator A ∈ C l(Z) with the graph norm of A as a Banach space due to
the closedness of A. We consider the linear inhomogeneous equation

Dσn z(t) = Az(t) + f (t), t ∈ (0, T] (6)

endowed by the Dzhrbashyan–Nersesyan initial conditions [1]

Dσk z(0) = zk ∈ DA, k = 0, 1, . . . , n − 1. (7)

Here, f ∈ C([0, T];Z).
A solution to Problem (6), (7) is function z ∈ C((0, T]; DA), such that Dσk z ∈ C([0, T];Z),

k = 0, 1, . . . , n − 1, Dσn z ∈ C((0, T];Z). Equalities (6) for all t ∈ (0, T] and (7) are fulfilled.
IWe itroduce notations ρ(A) := {λ ∈ C : (λI − A)−1 ∈ L(Z)}, Rλ(A) := (λI − A)−1

for λ ∈ C.

Definition 1. We denote by A{αk}(θ0, a0) for some θ0 ∈ (π/2, π], a0 ≥ 0, αk ∈ (0, 1],
k = 0, 1, . . . , n, a class of operators A ∈ C l(Z), such that

(i) λσn ∈ ρ(A) for all λ ∈ Sθ0,a0 := {μ ∈ C : | arg(μ − a0)| < θ0, μ 
= a0};
(ii) for any θ ∈ (π/2, θ0), a > a0, there exists such a constant K(θ, a) > 0, that for all

λ ∈ Sθ,a

‖Rλσn (A)‖L(Z) ≤
K(θ, a)

|λ − a|α0 |λ|σn−α0
.

If A ∈ A{αk}(θ0, a0), then we define for t > 0 operators

Yβ(t) =
1

2πi

∫
Γ

λβRλσn (A)eλtdλ, β ∈ R.

Here, for some δ > 0, a > a0, θ ∈ (π/2, θ0) Γ := Γ+ ∪ Γ− ∪ Γ0, Γ± := {λ ∈ C : λ =
a + re±iθ , r ∈ (δ, ∞)}, Γ0 := {λ ∈ C : λ = a + δeiϕ, ϕ ∈ (−θ, θ)}. For brevity, we use the
notations of frequently used operators Zk(t) := Yσn−σk−1(t), k = 0, 1, . . . , n − 1.

We denote also
A{αk} =

⋃
θ0∈(π/2,π]

a0≥0

A{αk}(θ0, a0).

We let Cγ([0, T];Z) be the set of all Hölder continuous functions from [0, T] to Z with
the power γ ∈ (0, 1].
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Theorem 1 ([26]). We let αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈ (π/2, π], a0 ≥ 0,
A ∈ A{αk}(θ0, a0), zk ∈ DA, k = 0, 1, . . . , n − 1, f ∈ C([0, T]; DA) ∪ Cγ([0, T];Z), γ ∈ (0, 1].
Then, Problem (6), (7) has a unique solution. It has the form

z(t) =
n−1

∑
k=0

Zk(t)zk +

t∫
0

Y0(t − s) f (s)ds.

Remark 1. We note that Zk(t)zk is a unique solution of the initial value problem Dσk z(0) = zk,
Dσl z(0) = 0, l ∈ {0, 1, . . . , n − 1} \ {k} to equation Dσn z(t) = Az(t). In addition, the unique
solution of Problem (6), (7) with zero initial conditions Dσl z(0) = 0, l ∈ {0, 1, . . . , n − 1}, is

t∫
0

Y0(t − s) f (s)ds.

Remark 2. In the proof of Lemma 1 in [26], it was shown that for some C > 0 and for all t ∈ (0, T]
‖Yβ(t)‖L(Z) ≤ Ctσn−1−β. Hence, for j, k ∈ {0, 1, . . . , n − 1}, k > j, ‖Dσj Zk(t)‖L(Z) =

‖Yσn−σk−1+σj(t)‖L(Z) ≤ Ctσk−σj . In addition, for j, k ∈ {0, 1, . . . , n − 1}, k < j, zk ∈ DA, in the
proof of Theorem 3 in [26], the following relations were proven:

L[Dσj Zk(t)zk] = λσn−σk−1+σj Rλσn (A)zk − λσj−σk−1zk = λσj−σk−1Rλσn (A)Azk,

‖λσj−σk−1Rλσn (A)Azk‖Z ≤ K‖Azk‖Z
|λ|σn+1+σk−σj

≤ K‖Azk‖Z
|λ|α0+α1+···+αk−1+αk+αj+1+αj+2+···+αn−1+αn

,

consequently, ‖Dσ
j Zk(t)zk‖Z ≤ C1tα0+α1+···+αk−1+αk+αj+1+αj+2+···+αn−1+αn−1 ≤ Ctα0+αn−1,

‖Dσk Zk(t)zk − zk‖Z ≤ 1
2π

∫
Γ

‖λ−1Rλσn (A)Azk‖Z |dλ| ≤ Ctα0+αn−1, t ∈ (0, T].

3. Local Solvability of Identification Problem

3.1. Mild Solution

We take Banach spaces Z and U , an open set Z in R × Zn, a nonlinear mapping
B : Z × U → Z , a linear operator Φ ∈ L(Z ;U ) and a function Ψ : [0, T] → U . The purpose
of Problem (1)–(3) is to find z : [0, T] → Z , u : [0, T] → U from Relations (1)–(3).

We denote y = (y0, y1, . . . , yn−1) and formulate several conditions.
(A) The operator B : Z × U → Z can be presented as

B(t, y, u) = B1(t, y) + B2(t, y, u), (t, y, u) ∈ Z × U .

For a = (a0, a1, . . . , an−1) ∈ Zn, R, T > 0, we use the following notations:

SZn(a, R) =
{

y ∈ Zn : ‖yj − aj‖Z < R, j = 0, 1, . . . , n − 1
}

,
SZn(a, R, T) = [0, T]× SZn(a, R).

For sufficiently smooth Ψ, we define

v0 := Dσn Ψ(0)− ΦAz0 − ΦB1(0, z0, z1, . . . , zn−1). (8)

Here, the line above ΦA means the closure of this operator.
We let the next conditions (B)–(F ) be satisfied:
(B) the equation ΦB2(0, y0, y1, . . . , yn−1, u) = v0 with unknown u has a unique solu-

tion u0 ∈ U ;
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(C) there is an operator B3 : [0, T]× Un+1 → U , for which

ΦB2(t, y, u) = B3(t, Φy0, Φy1, . . . , Φyn−1, u), (t, y, u) ∈ Z × U ;

(D) there is such a constant, R > 0, that for every t ∈ [0, T], the mapping
v = B3(t,Dσ0 Ψ(t), Dσ1 Ψ(t), . . . ,Dσn−1 Ψ(t), u) with u in SU (u0, R) has an inverse mapping
u = F(t, v);

(E) there is such a constant, R > 0, that operator F is continuous with respect to the
totality of the variables (t, v) on the set SU (u0, R, T) and is Lipschitz continuous in v;

(F ) there is R > 0 such that mappings B1(t, y) and B2(t, y, u) are continuous with
respect to the totality of the variables on set SZn×U ((z0, z1, . . . , zn−1, u0), R, T) and are
Lipschitz continuous in (y, u).

Using the form of a classical solution from Theorem 1, we can introduce the notion of
a mild solution.

Definition 2. Pair (z, u) ∈ C([0, T];Z)× C([0, T];U ) for which Dσj z ∈ C([0, T];Z) for j =
0, 1, . . . , n − 1, the inclusion (Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t)) ∈ Z and Condition (3) are valid
for all t ∈ [0, T], and equality

z(t) =
n−1

∑
k=0

Zk(t)zk +

t∫
0

Y0(t − s)B(s,Dσ0 z(s), . . . ,Dσn−1 z(s), u(s))ds (9)

is fulfilled for all t ∈ (0, T]. It is called a mild solution of identification problem (1)–(3) on [0, T].

Lemma 1. We let αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈ (π/2, π], a0 ≥ 0, A ∈
A{αk}(θ0, a0), Φ, ΦA ∈ L(Z ;U ), zk ∈ Z , fk(t) := ΦZk(t)zk, k = 0, 1, . . . , n − 1. Then,
Dσn fk(t) = ΦAZk(t)zk ∈ C([0, T];U ), k = 0, 1, . . . , n − 1.

Proof. For some λ ∈ ρ(A), we take yk = Rλ(A)zk ∈ DA, k = 0, 1, . . . , n − 1. Then, by
Remark 1, Dσn Zk(t)yk = AZk(t)yk, fk(t) = ΦZk(t)(λI − A)yk = λΦZk(t)yk − ΦAZk(t)yk,

Dσn fk(t) = λΦDσn Zk(t)yk − ΦADσn Zk(t)yk =

= λΦAZk(t)yk − ΦAZk(t)Ayk = ΦAZk(t)zk ∈ C([0, T];U ).

Lemma 2. We let αk ∈ (0, 1], k = 0, 1, . . . , n, α0 + αn > 1, θ0 ∈ (π/2, π], a0 ≥ 0,
A ∈ A{αk}(θ0, a0), g ∈ C([0, T];Z), Φ, ΦA ∈ L(Z ;U ),

h(t) := Φ
t∫

0

Y0(t − s)g(s)ds.

Then,

Dσn h(t) = ΦA
t∫

0

Y0(t − s)g(s)ds + Φg(t) ∈ C([0, T];U ).

Proof. For λ ∈ ρ(A), we put f (t) = Rλ(A)g(t) ∈ DA, t ∈ [0, T]. Hence, A f (t) =
λRλ(A)g(t)− g(t) ∈ C([0, T];Z); consequently, f ∈ C([0, T]; DA). Therefore,

h(t) = Φ
t∫

0

Y0(t − s)(λI − A) f (s)ds = (λΦ − ΦA)

t∫
0

Y0(t − s) f (s)ds,
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and, by Remark 1, we obtain

Dσn h(t) = (λΦ − ΦA)Dσn

t∫
0

Y0(t − s) f (s)ds

= (λΦ − ΦA)

⎛⎝A
t∫

0

Y0(t − s) f (s)ds + f (t)

⎞⎠
= ΦA

⎛⎝λ

t∫
0

Y0(t − s) f (s)ds − A
t∫

0

Y0(t − s) f (s)ds

⎞⎠+ (λΦ − ΦA) f (t)

= ΦA
t∫

0

Y0(t − s)g(s)ds + (λΦ − ΦA) f (t) = ΦA
t∫

0

Y0(t − s)g(s)ds + Φg(t).

Here, ΦA f (t) = ΦA f (t), since f (t) ∈ DA.

Theorem 2. We let α0 = 1, αk ∈ (0, 1], k = 1, 2, . . . , n, θ0 ∈ (π/2, π], a0 ≥ 0, A ∈
A{αk}(θ0, a0), zk ∈ DA, k = 0, 1, . . . , n − 1, (0, z0, z1, . . . , zn−1) ∈ Z, Φ, ΦA ∈ L(Z ;U ),
Dσk Ψ ∈ C([0, T];U ), k = 0, 1, . . . , n, Φz0 = Ψ(0), and we let conditions (A)–(F ) be ful-
filled. Then, for some T1 ∈ (0, T], inverse problem (1)–(3) has a unique mild solution (z, u) ∈
C([0, T1];Z)× C([0, T1];U ) on segment [0, T1].

Proof. We take zk ∈ DA, k = 0, 1, . . . , n− 1; then, we have Dσj Zk(t)zk = Yσn−σk−1+σj(t)zk ∈
C([0, T];L(Z)) as it is shown in the proof of Theorem 3 [26]. Lemma 1 in [26] implies that

Dσj

t∫
0

Y0(t − s)g(s)ds =
t∫

0

Yσj(t − s)g(s)ds, j = 0, 1, . . . , n − 1. (10)

Therefore, due to Remark 2 and Equation (9), we have correlations for j = 0, 1, . . . , n − 1

Dσj z(t) =
m−1

∑
k=0

Yσn−σk−1+σj(t)zk +

t∫
0

Yσj(t − s)B(s,Dσ0 z(s), . . . ,Dσn−1 z(s), u(s))ds. (11)

For a mild solution (z, u), Equality (9) is valid; then, Condition (3) implies that

m−1

∑
k=0

ΦZk(t)zk + Φ
t∫

0

Y0(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds = Ψ(t).

Therefore, due to Lemmas 1 and 2, we have

Dσn
m−1

∑
k=0

ΦZk(t)zk +Dσn Φ
t∫

0

Y0(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds

= ΦA
m−1

∑
k=0

Zk(t)zk + ΦA
t∫

0

Y0(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds

+ΦB(t,Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t), u(t)) = Dσn Ψ(t).
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Due to condition (A), we can write the last equality as

ΦB2(t,Dσ0 z(t), . . . ,Dσn−1 z(t), u(t)) = Dσn Ψ(t)− ΦA
m−1

∑
k=0

Zk(t)zk

−ΦA
t∫

0

Y0(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds

−ΦB1(t,Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t)).

(12)

Then, under assumptions (C), (D), Equation (12) implies equality

u(t) = F(t, v(t)), (13)

where

v(t) = Dσn Ψ(t)− ΦA
m−1

∑
k=0

Zk(t)zk − ΦB1(t,Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t))

−ΦA
t∫

0

Y0(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds.
(14)

Thus, we obtained a nonlinear system of equations (11) with j = 0, 1, . . . , n − 1 and
Equation (13) for unknown functions y0 := Dσ0 z, y1 := Dσ1 z, . . . , yn−1 := Dσn−1 z, u.

We consider set

MT = {(y, u) ∈ C([0, T];Zn × U ) : ‖yj(t)− zj‖Z ≤ R, j = 0, 1, . . . , n − 1,
‖u(t)− u0‖U ≤ R}

with metrics d((x, u), (y, w)) = ‖(x, u) − (y, w)‖C([0,T];Zn×U ) and mapping
H = (H0, H1, . . . , Hn), which is defined by equalities

Hj(y0, y1 . . . , yn−1, u) =
n−1

∑
k=0

Yσn−σk−1+σj(t)zk

+

t∫
0

Yσj(t − s)B(s, y0(s), y1(s), . . . , yn−1(s), u(s))ds, j = 0, 1, . . . , n − 1,

Hn(y0, y1, . . . , yn−1, u) = F

(
t,Dσn Ψ(t)− ΦA

n−1

∑
k=0

Zk(t)zk

−ΦB1(t, y0(t), y1(t), . . . , yn−1(t))

−
t∫

0

ΦAY0(t − s)B(s, y0(s), y1(s), . . . , yn−1(s), u(s))ds

⎞⎠.

Thus, Problem (1)–(3) are represented in the form of system

y0(t) = H0(y0(t), y1(t), . . . , yn−1(t), u(t)),
y1(t) = H1(y0(t), y1(t), . . . , yn−1(t), u(t)),

. . . ,
yn−1(t) = Hn−1(y0(t), y1(t), . . . , yn−1(t), u(t)),

u(t) = Hn(y0(t), y1(t), . . . , yn−1(t), u(t)).

(15)

We take t = 0 in (15); then, we have Hj(z0, z1, . . . , zn−1, u0) = zj for j = 0, 1, . . . , n − 1,

Hn(z0, z1, . . . , zn−1, u0) = F(0, v0) = u0.
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Due to the assumptions of Theorem, if (y0, y1, . . . , yn−1, u) ∈ MT , then

H(y0(t), y1(t), . . . , yn−1(t), u(t))

is continuous with respect to t on [0, T]. Taking into account Remark 2 and assumptions
(E), (F ), we have, for t ∈ (0, T],

‖Hj(y0(t), y1(t), . . . , yn−1(t), u(t))− zj‖Z

≤
n−1

∑
k=0
k 
=j

‖Yσn−σk−1+σj(t)zk‖Z + ‖Yσn−1(t)zk − zk‖Z

+

t∫
0

‖Yσj(t − s)‖L(Z)‖B(s, y0(s), . . . , yn−1(s), u(s))− B(0, z0, z1, . . . , zn−1, u0)‖Zds

+

t∫
0

‖Yσj(t − s)‖L(Z)‖B(0, z0, z1, . . . , zn−1, u0)‖Zds

≤ nCtα0+αn−1 + C1tσn−σj

(
n−1

∑
k=0

‖yk(t)− zk‖Z + ‖u(t)− u0‖U
)

+C1tσn−σj‖B(0, z0, z1, . . . , zn−1, u0)‖Z ≤ C2tαn(1 + (n + 1)R + C3), j = 0, 1, . . . , n − 1,

‖Hn(y0(t), y1(t), . . . , yn−1(t), u(t))− u0‖U
≤ ‖F(t, v(t))− F(t, v0)‖U + ‖F(t, v0)− F(0, v0)‖U

≤ l‖v(t)− v0‖U + ‖F(t, v0)− F(0, v0)‖U ≤ ‖F(t, v0)− F(0, v0)‖U

+l‖Dσn Ψ(t)−Dσn Ψ(0)‖U + l‖ΦA‖L(Z ;U )‖Z0(t)z0 − z0‖Z + l

∥∥∥∥∥ΦA
n−1

∑
k=1

Zk(t)zk

∥∥∥∥∥U
+l‖ΦB1(t, y0(t), . . . , yn−1(t))− ΦB1(0, z0, . . . , zn−1)‖U

+l
t∫

0

‖ΦAY0(t − s)B(0, z0, z1, . . . , zn−1, u0)‖U ds

+l
t∫

0

‖ΦAY0(t − s)(B(s, y0(s), y1(s), . . . , yn−1(s), u(s))− B(0, z0, z1, . . . , zn−1, u0))‖U ds

≤ ‖F(t, v0)− F(0, v0)‖U + l‖Dσn Ψ(t)−Dσn Ψ(0)‖U

+C4(1 + tαn)
n−1

∑
k=0

‖yk(t)− zk‖Z + C4tαn

≤ ‖F(t, v0)− F(0, v0)‖U + l‖Dσn Ψ(t)−Dσn Ψ(0)‖U
+tαn(1 + tαn)nC2C4(1 + (n + 1)R + C3) + C4tαn ≤ C5tαn ,

where l is a Lipschitz constant for F, and v0 and v(t) are defined by (8) and (14). Here and
further, various constants the value of which is not important are denoted by symbols C1,
C2, and so on. Thus, for a sufficiently small T1 ∈ (0, T], H acts from the set MT1 into itself.
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We denote for i = 1, 2, j = 0, 1, . . . , n − 1 yi
j(t) = Hj(yi

0(t), yi
1(t), . . . , yi

n−1(t), ui(t)),

ui(t) = Hn(yi
0(t), yi

1(t), . . . , yi
n−1(t), ui(t)); then, for k = 0, 1, . . . , n − 1, the Lipschitz condi-

tion for B implies that

‖y1
k(t)− y2

k(t)‖Z ≤ C1Tαn

(
n−1

∑
j=0

sup
s∈[0,T]

‖y1
j (s)− y2

j (s)‖Z + sup
s∈[0,T]

‖u1(s)− u2(s)‖U
)

,

‖u1(t)− u2(t)‖U ≤ C2

n−1

∑
j=0

sup
s∈[0,T]

‖y1
j (s)− y2

j (s)‖Z

+C2Tαn

(
n−1

∑
j=0

sup
s∈[0,T]

‖y1
j (s)− y2

j (s)‖Z + sup
s∈[0,T]

‖u1(s)− u2(s)‖U
)

≤ (nC1 + 1)C2Tαn

(
n−1

∑
j=0

sup
s∈[0,T]

‖y1
j (s)− y2

j (s)‖Z + sup
s∈[0,T]

‖u1(s)− u2(s)‖U
)

.

Hence, for a small enough T1 > 0, H is a contraction operator on MT1 and has in the
complete metric space MT1 a unique fixed point (y0

0, y0
1, . . . , y0

n−1, u0).
Since α0 = 1, we have

y0
0(t) = Dσ0 y0

0(t) =
m−1

∑
k=0

Zk(t)zk +

t∫
0

Y0(t − s)B(s, y0
0(s), . . . , y0

n−1(s), u0(s))ds.

Hence, pair (y0
0(t), u0(t)) is a mild solution of (1)–(3).

Each of the two mild solutions (z0, u0) and (z1, u1) corresponds to a fixed point
(z0,Dσ1 z0, . . . ,Dσn−1 z0, u0) and (z1,Dσ1 z1, . . . ,Dσn−1 z1, u1) of the mapping H. The unique-
ness of a fixed point for H in MT1 with a small enough T1 > 0 implies that z0(t) = z1(t),
u0(t) = u1(t) for t ∈ [0, T1].

3.2. Classical Solution

Definition 3. A classical solution of Problem (1)–(3) on [0, T] is pair (z, u) ∈ C((0, T]; DA)×
C([0, T];U ), for which Dσk z ∈ C([0, T];Z), k = 0, 1, . . . , n − 1, Dσn z ∈ C((0, T];Z). Inclusion
(t,Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t)) ∈ Z and Condition (3) for t ∈ [0, T], Equality (1) for t ∈
(0, T] and Condition (2) are fulfilled.

To obtain the unique solvability theorem in the sense of classical solution for the
identification problem, we first use an additional condition B ∈ C(Z; DA).

Theorem 3. We let α0 = 1, αk ∈ (0, 1], k = 1, 2, . . . , n, θ0 ∈ (π/2, π], a0 ≥ 0, A ∈
A{αk}(θ0, a0), zk ∈ DA, k = 0, 1, . . . , n − 1, (0, z0, z1, . . . , zn−1) ∈ Z, Φ, ΦA ∈ L(Z ;U ),
Dσk Ψ ∈ C([0, T];U ), k = 0, 1, . . . , n − 1, Φz0 = Ψ(0), and conditions (A)–(F ) be satisfied,
B ∈ C(Z; DA). Then, Problem (1)–(3) has a unique classical solution (z, u) on segment [0, T1]
with some T1 ∈ (0, T].

Proof. By Theorem 2, Problem (1)–(3) has a mild solution (z(t), u0(t)) on a small enough
segment [0, T1]. Then, f (t) := B(t,Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t)) is contained in class
C([0, T]; DA), and by Theorem 1, z is a classical solution of direct Problem (1), (2) with a
given u0.

But condition B ∈ C(Z; DA) is not often met in applications, so we replace it with
conditions for additional smoothness of B. For this aim, we replace assumptions (E) and
(F ) with stronger conditions:
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(E1) there is such a constant, R > 0, that F is continuous with respect to the totality of
the variables (t, v) on the set SU (u0, R, T), which is Lipschitz continuous in v and is Hölder
continuous with a power of γ ∈ (0, 1] in t;

(F1) there exists R > 0, such that mappings B1(t, y) and B2(t, y, u) are continuous
with respect to the totality of the variables on the set SZn×U ((z0, z1, . . . , zn−1, u0), R, T),
which is Lipschitz continuous in (y, u) and is Hölder continuous with a power of γ ∈ (0, 1]
in t.

Lemma 3. We let α ∈ (0, 1), h, Dαh ∈ C([0, T]Z); then,

∃C > 0 ∀s, t ∈ [0, T] ‖h(s)− h(t)‖Z ≤ C‖Dαh‖C([0,T];Z)|s − t|α.

Proof. We take 0 ≤ s < t ≤ T; hence,

h(t) = D1 J1h(t) = D1 Jα J1−αh(t) = JαD1 J1−αh(t) = JαDαh(t),

since J1−αh(0) = 0. Then,

h(t)− h(s) = JαDαh(t)− JαDαh(s)

=

s∫
0

(t − τ)α−1 − (s − τ)α−1

Γ(α)
Dαh(τ)dτ +

t∫
s

(t − τ)α−1

Γ(α)
Dαh(τ)dτ,

‖h(t)− h(s)‖Z ≤ ‖Dαh‖C([0,T];Z)

⎛⎝ (t − s)α

Γ(α + 1)
+

∣∣∣∣∣∣
s∫

0

t∫
s

(r − τ)α−2

Γ(α − 1)
drdτ

∣∣∣∣∣∣
⎞⎠

=
‖Dαh‖C([0,T];Z)

Γ(α + 1)

⎛⎝(t − s)α + α

∣∣∣∣∣∣
t∫

s

(rα−1 − (r − s)α−1)dr

∣∣∣∣∣∣
⎞⎠

≤ ‖Dαh‖C([0,T];Z)

Γ(α + 1)

⎛⎝(t − s)α + α

t∫
s

(r − s)α−1dr

⎞⎠ =
2‖Dαh‖C([0,T];Z)

Γ(α + 1)
(t − s)α.

Theorem 4. We let α0 = 1, αk ∈ (0, 1], k = 1, 2, . . . , n, θ0 ∈ (π/2, π], a0 ≥ 0, A ∈
A{αk}(θ0, a0), zk ∈ DA, k = 0, 1, . . . , n − 1, (0, z0, z1, . . . , zn−1) ∈ Z, Φ, ΦA ∈ L(Z ;U ),
Dσk Ψ ∈ C([0, T];U ), k = 0, 1, . . . , n − 1, Dσn Ψ ∈ Cγ([0, T];U ), γ ∈ (0, 1], Φz0 = Ψ(0), and
conditions (A)–(D), (E1), (F1) be satisfied. Then, Problem (1)–(3) has a unique classical solution
(z, u) on segment [0, T1] with some T1 ∈ (0, T].

Proof. As before, (z(t), u0(t)) is a mild solution of (1)–(3) on some small enough segment
[0, T1], which exists by Theorem 2. We take α ∈ (0, min{αk : k = 0, 1, . . . , n}), α ≤
γ. Then, due to Remark 2, for k, j ∈ {0, 1, . . . , n − 1}, k > j, we have DαDαj Zk(t) =
DαYσn−σk−1+σj(t) = Yσn−σk−1+σj+α(t) by Formula (5),

‖DαDαj Zk(t)‖L(Z) = ‖Yσn−σk−1+σj+α(t)‖L(Z) ≤ Ctσk−σj−α, t ∈ [0, T],

σk − σj − α ≥ αk − α > 0. If k < j, zk ∈ DA; then, we have, due to (5), DαDαj Zk(t)zk =
DαYσj−σk−1(t)Azk = Yσj−σk−1+α(t)Azk,

‖DαDαj Zk(t)zk‖Z = ‖Yσj−σk−1+α(t)Azk‖Z ≤ Ctσn−σj+σk−α‖Azk‖Z ,
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σn − σj + σk − α ≥ αn + α0 − 1 − α = αn − α > 0. In addition, for zk ∈ DA,

‖Dα(Dσk Zk(t)zk − zk)‖Z = ‖DαY−1(t)Azk‖Z = ‖Yα−1(t)Azk‖Z ≤ Ctσn−α‖Azk‖Z ,

σn − α = α1 + α2 + . . . αn − α > 0. Thus, DαDσj Zk(·)zk, Dα(Dσk Zk(t)zk − zk) ∈ C([0, T];Z)
for zk ∈ DA, k, j ∈ {0, 1, . . . , n− 1}, k 
= j; therefore, by Lemma 3, Dσj Zk(·)zk ∈ Cα([0, T];Z).

Moreover, Equality (10) implies that

DαDαj

t∫
0

Y0(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds

= D1
t∫

0

Yσj−1+α(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds

=

t∫
0

Yσj+α(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds,

∥∥∥∥∥∥DαDαj

t∫
0

Y0(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds

∥∥∥∥∥∥Z
≤ C

σn − σj − α
max
s∈[0,t]

‖B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))‖Z tσn−σj−α.

Here, we use inequalities ‖Yσj−1+α(t)‖L(Z) ≤ Ctσn−σj−α, σn − σj − α ≥ αn − α > 0. Hence,

Dαj

t∫
0

Y0(t − s)B(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(s))ds ∈ Cα([0, T];Z)

and Dαj z ∈ Cα([0, T];Z), j = 0, 1, . . . , n − 1.
We recall that u0(t) = F(t, v(t)), where

v(t) = Dσn Ψ(t)− ΦA
n−1

∑
k=0

Zk(t)zk − ΦB1(t,Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t))

−
t∫

0

ΦAY0(t − τ)B(τ,Dσ0 z(τ),Dσ1 z(τ), . . . ,Dσn−1 z(τ), u(τ))dτ.

Consequently, under conditions (E1), (F1),

u0(t)− u0(s) = F(t, v(t))− F(s, v(s)) = F(t, v(t))− F(t, v(s)) + F(t, v(s))− F(s, v(s)),

‖u0(t)− u0(s)‖U ≤ C1(|s − t|α + ‖v(t)− v(s)‖U ) ≤ C1|s − t|α+
+C2‖B1(t,Dσ0 z(t),Dσ1 z(t), . . . ,Dσn−1 z(t))− B1(t,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s))‖Z
+C2‖B1(t,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s))− B1(s,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s))‖Z

≤ C3|s − t|α + C3

n−1

∑
k=0

‖Dσk z(s)−Dσk z(s)‖Z ≤ C3|s − t|α.

Therefore, mapping t → B(t,Dσ0 z(s),Dσ1 z(s), . . . ,Dσn−1 z(s), u(t)) satisfies the Hölder
condition with power α due to condition (F1). Thus, by Theorem 1, z is a solution of direct
problem (1), (2) with a given u0; therefore, (z, u0) is a classical solution of identification
problem (1)–(3).
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4. Time-Fractional Phase Field System of Equations

We let Ω ⊂ Rd be a bounded domain with a smooth boundary ∂Ω, δ, ν, κ ∈ R, α0 = 1,
α1, α2, . . . , αn ∈ (0, 1), σk = α0 + α1 + · · ·+ αk − 1, k = 0, 1, . . . , n; Δ = ∂2

∂2ξ1
+ · · ·+ ∂2

∂2ξd
is

the Laplace operator, 〈·, ·〉 is the inner product in space L2(Ω), ηl ∈ H2(Ω), l = 1, 2, . . . , 2n.
We consider problem

Dσk
t x(ξ, 0) = xk(ξ), Dσk

t y(ξ, 0) = yk(ξ), k = 0, 1, . . . , n − 1, ξ ∈ Ω, (16)

(1 − δ)x(ξ, t) + δ
∂x
∂n

(ξ, t) = 0, (1 − δ)y(ξ, t) + δ
∂y
∂n

(ξ, t) = 0, (ξ, t) ∈ ∂Ω × [0, T], (17)

〈x(·, t), ηl〉 = φl(t), 〈y(·, t), ηl〉 = ψl(t), l = 1, 2, . . . , 2n, t ∈ [0, T], (18)

to the system of equations in Ω × [0, T],

Dσn
t x(ξ, t) = Δx(ξ, t)− Δy(ξ, t) +

n−1

∑
k=0

u1
k(t)Dσk

t x(ξ, t) +
n−1

∑
k=0

v1
k(t)Dσk

t y(ξ, t) + f (ξ, t), (19)

Dσn
t y(ξ, t) = νΔy(ξ, t)− κy3(ξ, t)+

n−1

∑
k=0

u2
k(t)Dσk

t x(ξ, t)+
n−1

∑
k=0

v2
k(t)Dσk

t y(ξ, t)+ g(ξ, t) (20)

with unknown functions x, y, ui
k, vi

k, k = 0, 1, . . . , n − 1, i = 1, 2. At n = 1, α1 = 1,
u1

k = v1
k = 0, k = 0, 1, . . . , n − 1, u2

k = v2
k = 0, k = 1, 2, . . . , n − 1, System (19), (20) up to

linear replacement x(ξ, t) = x̃(ξ, t) + l
2 ỹ(ξ, t), y(ξ, t) = l

2 ỹ(ξ, t), l ∈ R, and stretching over
t coincide with the linearization of phase field equations [29,30].

We put j ∈ N, j > d/2, Z = (Hj(Ω))2,

A =

(
Δ −Δ
0 νΔ

)
, DA = (Hj+2

δ (Ω))2,

Hj+2
δ (Ω) :=

{
h ∈ Hj+2(Ω) :

(
δ

∂

∂n
+ 1 − δ

)
h(ξ) = 0, ξ ∈ ∂Ω

}
.

Therefore, A ∈ C l(Z).
By {ϕk:k ∈ N}, we denote orthonormal in the sense of the inner product 〈·, ·〉 in L2(Ω)

eigenfunctions of the Laplace operator with domain Hj+2
δ (Ω), which are numbered in the

order of non-increasing eigenvalues {λk:k ∈ N} taking into account their multiplicities.

Theorem 5. We let α0, α1, . . . , αn ∈ (0, 1), α0 + αn > 1, σn = 1, ν > 0, δ ∈ R, j ∈ N0 :=
N∪ {0}, then A ∈ A{αk}(θ0, a0) for some θ0 ∈ (π/2, π), a0 ≥ 0 in this case σ(A) = {λk, νλk :
k ∈ N}.

Proof. We take the basis {ϕk : k ∈ N} in L2(Ω) and obtain for λ 
= λk, λ 
= νλk, k ∈ N
operators

λσn I − A =

(
λI − Δ Δ

0 λσn I − νΔ

)
,

(λσn I − A)−1 =
∞

∑
k=1

(
1

λ−λk
− λk

(λ−λk)(λ−νλk)

0 1
λ−νλk

)
〈·, ϕk〉ϕk.

We take arbitrary θ0 ∈ (π/2, π), a0 > max{λk, νλk : k ∈ N}; then, for any a ≥ a0, λ ∈ Sθ0,a0 ,∣∣∣∣ 1
λ − λk

∣∣∣∣ ≤ −1
|λ − a| sin θ0

,
∣∣∣∣ 1
λ − νλk

∣∣∣∣ ≤ −1
|λ − a| sin θ0

,
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∣∣∣∣ λk
(λ − λk)(λ − νλk)

∣∣∣∣ = ∣∣∣∣ 1
(1 − λ/λk)(λ − νλk)

∣∣∣∣ ≤ C1

|λ − a| sin2 θ0

for some C1 > 0, since for all λ ∈ Sθ0,a0 , k ∈ N,∣∣∣∣ 1
1 − λ/λk

∣∣∣∣ ≤ C1.

Therefore, for all λ ∈ Sθ0,a0 ,

‖Rλσn (A)‖2
L(Z) ≤

C2

|λσn − a|α0 |λ|σn−α0

and A ∈ A{αk}(θ0, a0).

Theorem 6. We let α0 = 1, α1, α2, . . . , αn ∈ (0, 1), σn = 1, ν > 0, δ, κ ∈ R, j ∈ N, j > d/2,
g, h ∈ C([0, T]; Hj(Ω)), xk, yk ∈ H2+j

δ (Ω), k = 0, 1, . . . , n − 1, ηl ∈ H2(Ω), Dσk φl ,Dσk ψl ∈
C([0, T];R), k = 0, 1, . . . , n, 〈x0, ηl〉 = φl(0), 〈y0, ηl〉 = ψl(0), l = 1, 2, . . . , 2n,

det

⎛⎜⎜⎝
Dσ0 φ1(t) Dσ0 ψ1(t) . . . Dσn−1 φ1(t) Dσn−1 ψ1(t)
Dσ0 φ2(t) Dσ0 ψ2(t) . . . Dσn−1 φ2(t) Dσn−1 ψ2(t)

. . . . . . . . . . . . . . .
Dσ0 φ2n(t) Dσ0 ψ2n(t) . . . Dσn−1 φ2n(t) Dσn−1 ψ2n(t)

⎞⎟⎟⎠ 
= 0 (21)

for all t ∈ [0, T]. Then, Problem (16)–(20) has a unique mild solution.

Proof. We take U = R4n, (bk, ck) ∈ Z , k = 0, 1, . . . , n − 1, ui
k, vi

k ∈ R, k = 0, 1, . . . , n − 1,
i = 1, 2,

B(t, b0, c0, . . . , bn−1, cn−1, u1
0, v1

0, . . . , u1
n−1, v1

n−1, u2
0, v2

0, . . . , u2
n−1, v2

n−1)

=

⎛⎜⎜⎝
n−1
∑

k=0
u1

kbk +
n−1
∑

k=0
v1

kck + f (·, t)

n−1
∑

k=0
u2

kbk +
n−1
∑

k=0
v2

kck − κc3
0 + g(·, t)

⎞⎟⎟⎠.

Hence, B : Zn × U → Z ,

B1(t, b0, c0, . . . , bn−1, cn−1) =

(
f (·, t)

−κc3
0 + g(·, t)

)
.

We have Φ = (Φ1, Φ2, . . . , Φ2n), where for h = (h1, h2) Φlh = (〈h1, ηl〉, 〈h2, ηl〉),
l = 1, 2, . . . , 2n. Then,

Φl Ah = (〈Δh1 − Δh2, ηl〉, 〈νΔh2, ηl〉) = (〈h1 − h2, Δηl〉, 〈h2, νΔηl〉), l = 1, 2, . . . , 2n,

since ηl ∈ H2(Ω), l = 1, 2, . . . , 2n. Hence, ΦA ∈ L(Z ;U ).
Condition (B) is satisfied due to Condition (21) at t = 0. In Condition (C), we take for

ulk, vlk, ui
k, vi

k ∈ R, k = 0, 1, . . . , n − 1, l = 1, 2, . . . , 2n, i = 1, 2, B3 : R4n(n+1) → R4n,

B3(u10, v10, . . . , u2n n−1, v2n n−1, u1
0, v1

0, . . . , u1
n−1, v1

n−1, u2
0, v2

0, . . . , u2
n−1, v2

n−1)

=

⎛⎜⎜⎜⎜⎜⎜⎝

u10u1
0 + v10v1

0 + · · ·+ u1 n−1u1
n−1 + v1 n−1v1

n−1
. . .

u2n 0u1
0 + v2n 0v1

0 + · · ·+ u2n n−1u1
n−1 + v2n n−1v1

n−1
u10u2

0 + v10v2
0 + · · ·+ u1 n−1u2

n−1 + v1 n−1v2
n−1

. . .
u2n 0u2

0 + v2n 0v2
0 + · · ·+ u2n n−1u2

n−1 + v2n n−1v2
n−1

⎞⎟⎟⎟⎟⎟⎟⎠.
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By Inequality (21), Condition (D) is valid.
Due to inequality j > d/2, by virtue of the Sobolev embedding theorem, Z ⊂ (C(Ω))2.

In such a case, a nonlinear operator N(b0, c0) = (0,−κc3
0) acts from Z into Z and satisfies

the local Lipschitz condition. Therefore, Condition (F ) is satisfied by the construction of
operators B1 and B2 = B − B1. In addition, F(t, v) = G(t)−1v, where matrix

G(t) =

⎛⎜⎜⎝
Dσ0 φ1(t) Dσ0 ψ1(t) . . . Dσn−1 φ1(t) Dσn−1 ψ1(t)
Dσ0 φ2(t) Dσ0 ψ2(t) . . . Dσn−1 φ2(t) Dσn−1 ψ2(t)

. . . . . . . . . . . . . . .
Dσ0 φ2n(t) Dσ0 ψ2n(t) . . . Dσn−1 φ2n(t) Dσn−1 ψ2n(t)

⎞⎟⎟⎠ ∈ C([0, T];R2n×2n),

hence, due to (21) G−1 ∈ C([0, T];R2n×2n), Condition (E) is fulfilled.
Reference to Theorems 2 and 5 completes the proof.

By slightly increasing the smoothness of some data, we obtain a theorem on the
classical solution of identification problem (16)–(20).

Theorem 7. We let α0 = 1, α1, α2, . . . , αn ∈ (0, 1), σn = 1, ν > 0, δ, κ ∈ R, j ∈ N, j > d/2,
g, h ∈ Cγ([0, T]; Hj(Ω)), γ ∈ (0, 1], xk, yk ∈ H2+j

δ (Ω), k = 0, 1, . . . , n − 1, ηl ∈ H2(Ω),
Dσk φl ,Dσk ψl ∈ C([0, T];R), k = 0, 1, . . . , n − 1, Dσn φl ,Dσn ψl ∈ Cγ([0, T];R), 〈x0, ηl〉 =
φl(0), 〈y0, ηl〉 = ψl(0), l = 1, 2, . . . , 2n, Condition (21) be fulfilled for all t ∈ [0, T], G−1 ∈
Cγ([0, T];R2n×2n). Then, Problem (16)–(20) has a unique classical solution.

Proof. Under the additional condition g, h ∈ Cγ([0, T]; Hj(Ω), assumption (E1) is satisfied.
Due to condition G−1 ∈ C([0, T];R2n×2n), assumption (F1) is valid. By Theorems 4 and 5,
we obtain the required result.

5. Conclusions

The obtained abstract results of the unique solvability in the sense of mild and classical
solutions for a wide new class of identification problems can find their applications in the
study of coefficient inverse problems for various evolutionary equations and systems of
equations with the general fractional derivative. In particular, it can be useful for parabolic
equations, for equations of hydrodynamics, the theory of visoelasticity, etc. Moreover,
the unique solvability theorems can be used for the correct formulation of initial boundary
value problems in applied research and for the development of numerical methods for
solving these problems.
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are presented. Finally, we present four examples to illustrate the validity of our theoretical results.
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1. Introduction

In recent decades, researchers have found that fractional differential equations are
appropriate for describing real-life problems with memory and genetic characteristics.
Thus, the topic of fractional differential equations has received increasing attention. More
details can be found in [1–3]. Impulsive fractional differential equations (IFDEs) are used
to depict various practical dynamical systems, including the evolution of states that mutate
into features at certain times, with the wide application of IFDE theory in the modeling
of genetic phenomena and abrupt dynamical systems. The research on the existence,
uniqueness and stability of IFDEs has attracted increasing attention [4–9].

At the same time, fractional delay differential equations (FDDEs) and impulsive
fractional delay differential equations (IFDDEs) are often used to depict state changes that
occurred in the time interval of the previous period. In [10], the authors presented the idea
of a delayed matrix function and provided an explicit formula for FDDEs by the method of
constant variation. In [11,12], the idea of an impulsive delayed solution vector function
was developed. This notion aided the authors in finding the exact solutions of IFDDEs.
In [13], the author obtained the exact solutions of higher-fractional-order nonhomogeneous
delayed differential equations with Caputo-type derivatives by using the new generalized
delay Mittag matrix function, Laplace transform and inductive construction.

The finite-time stability (FTS) of fractional differential equations has attracted much
interest. After decades of research, FTS has contributed remarkable achievements in
modern science and technology, chemical engineering, and other areas. Thus, we studied
the FTS of a system, which is of great practical significance. Scholars have recently used the
Lyapunov function, and Gronwall’s integral inequality to research the FTS of integer and
fractional differential equations. In [14–17], the authors investigated finite-time stability
by means of the generalized Gronwall inequality. Other related research can be found
in [18–21]. Once we obtain the exact solution of the system, we can find a suitable method
to obtain the sufficient conditions for FTS. Motivated by [12], we seek to construct an
impulsive delayed solution vector function to express the explicit solution and study the
FTS of IFDDEs.
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In [22], the authors gave a representation of the solution of linear FDDEs:⎧⎪⎪⎪⎨⎪⎪⎪⎩
(RLDβ

−ς+
v)(ξ) = Bv(ξ − ς) + g(ξ), ς > 0, ξ ∈ (0, T],

v(ξ) = �(ξ), − ς ≤ ξ ≤ 0,

(I1−β
−ς+

v)(−ς+) = �(−ς), �(−ς) ∈ Rn,

(1)

where RLDβ
−ς+

(0 < β < 1) denotes the Riemann–Liouville derivative (see Definition 2),

I1−β
−ς+

(0 < β < 1) denotes the fractional integral (see Definition 1), B ∈ Rn×n, T = k∗ς,

k∗ ∈ N := {0, 1, 2, · · · }, g ∈ C([−ς, T],Rn), ς is a fixed delay time and RLDβ
−ς+

� exists. For
any ξ ∈ [−ς, T], the solution v ∈ C(Ω,Rn) ∩ C([−ς, T],Rn) of (1) is given by

v(ξ) = eBξβ

−ς,β�(−ς) +
∫ 0

−ς
eB(ξ−ς−s)β

−ς,β (RLDβ
−ς+

�)(s)ds +
∫ ξ

−ς
eB(ξ−ς−t)β

−ς,β g(t)dt, (2)

where either Ω = ((k − 1)ς, kς] for 0 < β < 1
k+1 or Ω = [(k − 1)ς, kς] for β ≥ 1

k+1 .
In this paper, we deduce the general solution of linear IFDDEs:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(RLDβ
−ς+

v)(ξ) = Bv(ξ − ς), ξ 
= ξı, ς > 0, ξ ∈ (0, T],

v(ξ+ı ) = v(ξ−ı ) + Cı, ξ = ξı, ı = 1, 2, · · · , p(T, 0),

v(ξ) = �(ξ), − ς ≤ ξ ≤ 0,

(I1−β
−ς+

v)(−ς+) = �(−ς), �(−ς) ∈ Rn,

(3)

where p(T, 0) denotes the number of impulsive points belong to (0, T) and the symbols
v(ξ+ı ) = lim

ε→0+
v(ξı + ε) and v(ξ−ı ) = lim

ε→0−
v(ξı + ε) denote, respectively, the right and left

limits of v(ξ) at ξ = ξı.
After that, we will give some new sufficient conditions to ensure that (4) is finite-time

stable. ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(RLDβ
−ς+

v)(ξ) = Bv(ξ − ς) + g(ξ), ξ 
= ξı, ξ ∈ (0, T],

v(ξ+ı ) = v(ξ−ı ) + Cı, ξ = ξı, ı = 1, 2, · · · , p(T, 0),

v(ξ) = �(ξ), − ς ≤ ξ ≤ 0,

(I1−β
−ς+

v)(−ς+) = �(−ς), �(−ς) ∈ Rn.

(4)

This paper mainly has the following three aspects of innovation:
(i) The mathematical model is novel, and the newly constructed impulsive delay

vector function is of great significance for extending from time-delay systems to impulsive
time-delay systems.

(ii) Using the relationship between the Riemann–Liouville fractional derivative and the
Caputo fractional derivative, the two are skillfully transformed to prove that the impulsive
delay vector function is the fundamental solution of (3), which provides more ideas for
future research.

(iii) The position of the pulse point in this paper is arbitrary, which renders the research
more universal.

The rest of this paper is constituted as follows. Firstly, we review the symbols and
definitions. Secondly, we construct an impulsive delayed solution vector function and give
the explicit solutions of (3) and (4). Then, we give four practical conditions to guarantee
that (4) is finite-time stable. Finally, we give three numerical examples to illustrate our
theoretical results.
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2. Preliminaries

Let C([−ς, T],Rn) be the space of a continuous function with ‖v‖C = maxξ∈[−ς,T] ‖v(ξ)‖,
PC([−ς, T],Rn)= {v ∈ C((ξı, ξı+1],Rn), ı = 1, 2, · · · , p(T, 0). There exist v(ξ+ı ) and
v(ξ−ı ) with v(ξ−ı ) = v(ξı)} with ‖v‖PC = supξ∈[−ς,T] ‖v(ξ)‖. For any 0 < γ < 1, we
denote Cγ([a, b],Rn) = {v ∈ C((a, b],Rn)

∣∣(ξ − a)γv(ξ) ∈ C([a, b],Rn)} with ‖v‖Cγ
=

maxa≤ξ≤b ‖(ξ − a)γv(ξ)‖. Let ‖v‖ = ∑n
i=1 |vi|, ‖B‖ = max1≤j≤n ∑n

i=1 |bij| and ‖�‖C =
maxξ∈[−ς,0] ‖�(ξ)‖.

Definition 1 (see [2]). Let 0 < β < 1 and y : [−ς,+∞) → Rn. The fractional integral of y is
defined by

Iβ
−ςy(ξ) =

1
Γ(β)

∫ ξ

−ς

y(t)
(ξ − t)1−β

dt, ξ > −ς,

where Γ(·) is the Gamma function.

Definition 2 (see [2]). Let 0 < β < 1 and y : [−ς,+∞) → Rn. The Riemann–Liouville
fractional derivative of y is defined by

(RLDβ
−ς+

y)(ξ) =
1

Γ(1 − β)

d
dξ

∫ ξ

−ς

y(t)
(ξ − t)β

dt, ξ > −ς.

Definition 3 (see [2]). Let 0 < β < 1 and y : [−ς,+∞) → Rn. The Caputo fractional derivative
of y is defined by

(CDβ
−ς+

y)(ξ) =
1

Γ(1 − β)

∫ ξ

−ς
(ξ − t)−βy′(t)dt, ξ > −ς.

Definition 4 (see [2]). If 0 < β < 1, y is a function for which the Caputo fractional derivative
(CDβ

−ς+
y)(ξ) exists together with the Riemann–Liouville fractional derivative (RLDβ

−ς+
y)(ξ).

Then,

(CDβ
−ς+

y)(ξ) = (RLDβ
−ς+

y)(ξ)− y(−ς)

Γ(1 − β)
(ξ + ς)−β. (5)

In particular, when y(−ς) ≡ 0, then (CDβ
−ς+

y)(ξ) = (RLDβ
−ς+

y)(ξ).

Definition 5. The delayed one-parameter Mittag–Leffler-type matrix function EB·β−ς : R → Rn×n

is defined by

EBξβ

−ς =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Θ, − ∞ < ξ < −2ς,

E, − 2ς ≤ ξ ≤ −ς,

E + B
(ξ + ς)β

Γ(β + 1)
+ B2 ξ2β

Γ(2β + 1)
+ · · ·+ Bk+1 (ξ − (k − 1)ς)(k+1)β

Γ((k + 1)β + 1)
,

(k − 1)ς < ξ ≤ kς, k ∈ N,

(6)

where Θ is a zero matrix and E is an identity matrix.
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Definition 6 (see [22]). The delayed two-parameter Mittag–Leffler-type matrix function eB·β−ς,α :
R → Rn×n is defined by

eBξβ

−ς,α =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Θ, − ∞ < ξ < −ς,

E
(ξ + ς)β−1

Γ(β)
, − ς ≤ ξ ≤ 0,

E
(ξ + ς)β−1

Γ(β)
+ B

ξ2β−1

Γ(β + α)
+ · · ·+ Bk (ξ − (k − 1)ς)(k+1)β−1

Γ(kβ + α)
,

(k − 1)ς < ξ ≤ kς, k ∈ N.

(7)

Definition 7. For any ξ ∈ ((k − 1)ς, kς] and k = 1, 2, · · · , k∗, the impulsive delayed Mittag–
Leffler-type vector function Q−ς,β(·) : R → Rn is defined by

Q−ς,β(ξ) = ∑
0<ξı<ξ

EB(ξ−ξı−2ς)β

−ς Cı. (8)

Definition 8. System (4) is finite-time stable with regard to {0, J, ς, δ, η} if and only if ‖�‖C < δ
implies ‖v‖Cγ

< η and δ < η, where J := ((k − 1)ς, kς] and k = 1, 2, · · · , k∗.

Lemma 1 (see [12]). For any ξ ∈ ((k − 1)ς, kς], k = 1, 2, · · · , k∗ and ξı ∈ (0, ξ), we have

∫ ξ

ξı+(k−1)ς
(ξ − t)−β(t − ξı − (k − 1)ς)(k−1)β−1dt

= (ξ − ξı − (k − 1)ς)(k−2)βB[(k − 1)β, 1 − β],

where B[x, y] =
∫ 1

0 sx−1(1 − s)y−1ds.

Lemma 2 (see [18]). For any ξ ∈ ((k − 1)ς, kς], k = 1, 2, · · · , k∗ and 0 < γ < 1, we obtain that
(i) For any 0 < β < 1

k+1 , one has

‖(ξ − (k − 1)ς)γeBξβ

−ς,β‖ ≤ (ξ − (k − 1)ς)β+γ−1Eβ,β(‖B‖(ξ − (k − 1)ς)β).

(ii) For any 1
k+1 ≤ β < 1

2 , one has

‖(ξ − (k − 1)ς)γeBξβ

−ς,β‖ ≤ (ξ − (k − 1)ς)γ
k

∑
l=0

‖B‖l (ξ − (l − 1)ς)(l+1)β−1

Γ(lβ + β)
.

(iii) For any β ≥ 1
2 , one has

‖(ξ − (k − 1)ς)γeBξβ

−ς,β‖ ≤ ξβ+γ−1Eβ,β(‖B‖ξβ),

where Eβ,β(z) =
∞
∑

k=0

zk

Γ(kβ+β)
, z ∈ R.

Lemma 3 (see [18]). For any ξ ∈ ((k − 1)ς, kς] and k = 1, 2 · · · k∗, we have∫ 0

−ς
‖eB(ξ−ς−s)β

−ς,β ‖ds

≤
k

∑
m=0

‖B‖m

Γ((m + 1)β + 1)
(ξ − (m − 1)ς)(m+1)β −

k

∑
m=1

‖B‖m−1

Γ(mβ + 1)
(ξ − (m − 1)ς)mβ.
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Lemma 4 (see [18]). For any ξ ∈ ((k − 1)ς, kς], k = 1, 2 · · · k∗ and β > 1 − 1
p (p > 1), we have

∫ 0

−ς
‖eB(ξ−ς−s)β

−ς,β ‖‖(RLDβ
−ς+

�)(s)‖ds

≤
k

∑
m=0

( ‖B‖m(ξ − (m − 1)ς)(m+1)β−1− 1
p

Γ(mβ + β)(p(m + 1)β − p + 1)
1
p

)( ∫ 0

−ς
‖(RLDβ

−ς+
�)(s)‖qds

) 1
q

.

Lemma 5. For any ξ ∈ ((k − 1)ς, kς] and k = 1, 2 · · · k∗, we have

∫ ξ

−ς
‖eB(ξ−ς−s)β

−ς,β ‖ds ≤
k

∑
m=0

‖B‖m

Γ((m + 1)β + 1)
(ξ − (m − 1)β)(m+1)β.

Proof. By (7), one has

∫ ξ

−ς
‖eB(ξ−ς−s)β

−ς,β ‖ds

≤
∫ ξ−kς

−ς
‖eB(ξ−ς−s)β

−ς,β ‖ds +
∫ ξ−(k−1)ς

ξ−kς
‖eB(ξ−ς−s)β

−ς,β ‖ds +
∫ ξ

ξ−ς
‖eB(ξ−ς−s)β

−ς,β ‖ds

≤
∫ ξ−kς

−ς

(
(ξ − s)β−1

Γ(β)
+ ‖B‖ (ξ − ς − s)2β−1

Γ(2β)
+ · · ·+ ‖B‖k (ξ − kς − s)(k+1)β−1

Γ((k + 1)β)

)
ds

+
∫ ξ−(k−1)ς

ξ−kς

(
(ξ − s)β−1

Γ(β)
+ ‖B‖ (ξ − ς − s)2β−1

Γ(2β)

+ · · ·+ ‖B‖k−1 (ξ − (k − 1)ς − s)kβ−1

Γ(kβ)

)
ds +

∫ ξ

ξ−ς

(ξ − s)β−1

Γ(β)
ds

=
k

∑
m=0

‖B‖m

Γ((m + 1)β)

∫ ξ−mς

−ς
(ξ − mς − s)(m+1)β−1ds

=
k

∑
m=0

‖B‖m

Γ((m + 1)β + 1)
(ξ − (m − 1)β)(m+1)β.

The proof is finished.

3. The Solution of System (4)

In this section, we will establish the general solution of (3) by using (6)–(8).

Theorem 1. Let ξ ∈ ((k − 1)ς, kς], and let ξı ∈ (0, ξ) be a fixed impulsive point. Then, we have

(RLDβ
−ς+

EB(t−ξı−2ς)β

−ς Cı)(ξ) = BEB(ξ−ξı−3ς)β

−ς Cı.

Proof. By Definition 4, we have

(RLDβ
−ς+

EB(t−ξı−2ς)β

−ς )(ξ) = (CDβ
−ς+

EB(t−ξı−2ς)β

−ς )(ξ),

where we use the fact EB(−ς−ξı−2ς)
−ς = 0. We will split down the entire proof into three

steps.
(i) For ξı ∈ (ξ − ς, ξ], we have

EB(ξ−ξı−2ς)β

−ς Cı = ECı. (9)
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By Definition 3 and Equation (9), one has

(RLDβ
−ς+

EB(t−ξı−2ς)β

−ς Cı)(ξ) = (CDβ
−ς+

EB(t−ξı−2ς)β

−ς Cı)(ξ)

=
1

Γ(1 − β)

∫ ξ

−ς
(ξ − t)−β(ECı)

′dt

= BEB(ξ−ξı−3ς)β

−ς Cı.

(ii) For ξı ∈ (0, ξ − (k − 1)ς], we have

EB(ξ−ξı−2ς)β

−ς Cı =
k−1

∑
m=0

Bm (ξ − ξı − mς)mβ

Γ(mβ + 1)
Cı. (10)

By Definition 3, Lemma 1 and Equation (10), one has

(RLDβ
−ς+

EB(t−ξı−2ς)β

−ς Cı)(ξ)

= (CDβ
−ς+

EB(t−ξı−2ς)β

−ς Cı)(ξ)

=
B

Γ(1 − β)Γ(β)

∫ ξ

ξı+ς
(ξ − t)−β(t − ξı − ς)β−1Cıdt

+
B2

Γ(1 − β)Γ(2β)

∫ ξ

ξı+2ς
(ξ − t)−β(t − ξı − 2ς)2β−1Cıdt

· · ·+ Bk−1

Γ(1 − β)Γ((k − 1)β)

∫ ξ

ξı+(k−1)ς
(ξ − t)−β(t − ξı − (k − 1)ς)(k−1)β−1Cıdt

= B
(

ECı + B2 (ξ − ξı − 2ς)β

Γ(β + 1)
Cı + · · ·+ Bk−1 (ξ − ξı − (k − 1)ς)(k−2)β

Γ((k − 2)β + 1)
Cı

)
= B

k−2

∑
m=0

Bm (ξ − ξı − (m + 1)ς)mβ

Γ(mβ + 1)
Cı

= BEB(ξ−ξı−3ς)β

−ς Cı.

(iii) For ξı ∈ (ξ − (n + 1)ς, ξ − nς], n = 2, · · · , k − 2, we have

EB(ξ−ξı−2ς)β

−ς Cı =
n

∑
m=0

Bm (ξ − ξı − mς)mβ

Γ(mβ + 1)
Cı. (11)

By Definition 3, Lemma 1 and Equation (11), one has

(RLDβ
−ς+

EB(t−ξı−2ς)β

−ς Cı)(ξ)

= (CDβ
−ς+

EB(t−ξı−2ς)β

−ς Cı)(ξ)

=
1

Γ(1 − β)

( ∫ ξı+2ς

ξı+ς
(ξ − t)−βB

β(t − ξı − ς)β−1

Γ(β + 1)
Cıdt +

· · ·+
∫ ξ

ξı+nς
(ξ − t)−β

n

∑
m=0

Bm mβ(t − ξı − mς)mβ−1

Γ(mβ + 1)
Cıdt

)
=

B
Γ(1 − β)Γ(β)

( ∫ ξ

ξı+ς
(ξ − t)−β(t − ξı − ς)β−1Cıdt

+
B2

Γ(1 − β)Γ(2β)

∫ ξ

ξı+2ς
(ξ − t)−β(t − ξı − 2ς)2β−1Cıdt

· · ·+ Bn

Γ(1 − β)Γ(nβ)

∫ ξ

ξı+nς
(ξ − t)−β(t − ξı − nς)nβ−1Cıdt

)
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= B
(

ECı + B
(ξ − ξı − 2ς)β

Γ(β + 1)
Cı + · · ·+ Bn−1 (ξ − ξı − (n − 1)ς − ς)(n−1)β

Γ((n − 1)β + 1)
Cı

)
= B

n−1

∑
m=0

Bm (ξ − ς − ξı − mς)mβ

Γ(mβ + 1)
Cı

= BEB(ξ−ξı−3ς)β

−ς Cı.

The proof is finished.

Theorem 2. The impulsive delayed Mittag–Leffler-type vector function Q−ς,β(·) is the fundamen-
tal solution of (3).

Proof. By Definition 3 and Lemma 1, one has(
RLDβ

−ς+ ∑
0<ξı<ξ

EB(t−ξı−2ς)β

−ς Cı

)
(ξ) =

(
CDβ

−ς+ ∑
0<ξı<ξ

EB(t−ξı−2ς)β

−ς Cı

)
(ξ)

=
1

Γ(1 − β)

∫ ξ

−ς
(ξ − t)−β ∑

0<ξı<ξ

(EB(t−ξı−2ς)β

−ς )′Cıdt

=

(
∑

0<ξı<ξ

CDβ
−ς+

EB(t−ξı−2ς)β

−ς Cı

)
(ξ)

= B ∑
0<ξı<ξ

EB(ξ−ξı−3ς)β

−ς Cı.

Let ξı ∈ (0, ξ) and ı = 1, 2, · · · , p(T, 0); we will prove Q−ς,β(ξ
+
ı ) = Q−ς,β(ξ

−
ı ) + Cı.

Q−ς,β(ξ
+
ı ) =

ı

∑
k=1

EB(ξ+ı −ξk−2ς)β

−ς Ck

=
ı−1

∑
k=1

EB(ξ−ı −ξk−2ς)β

−ς Ck + Cı, ξ+ı ∈ (ξı, ξı+1],

Q−ς,β(ξ
−
ı ) =

ı−1

∑
k=1

EB(ξ−ı −ξk−2ς)β

−ς Ck, ξ−ı ∈ (ξı−1, ξı],

which implies that Q−ς,β(ξ
+
ı ) = Q−ς,β(ξ

−
ı ) + Cı. The proof is complete.

Theorem 3. The solution v ∈ PC(Ω,Rn) ∩ PC([−ς, T],Rn) of (3) has the form

v(ξ) = eBξβ

−ς,β�(−ς) +
∫ 0

−ς
eB(ξ−ς−s)β

−ς,β (RLDβ
−ς+

�)(s)ds + ∑
0<ξı<ξ

EB(ξ−ξı−2ς)β

−ς Cı,

where either Ω = ((k − 1)ς, kς] for 0 < β < 1
k+1 or Ω = [(k − 1)ς, kς] for β ≥ 1

k+1 .

Proof. The proof of this theorem is analogous to ([22], Theorem 3.2).
The general solution of (3) that satisfies v(ξ) = �(ξ), −ς ≤ ξ ≤ 0 has the following

form

v(ξ) = eBξβ

−ς,βc +
∫ 0

−ς
eB(ξ−ς−s)β

−ς,β y(s)ds + Q−ς,β(ξ), 0 ≤ ξ ≤ T. (12)
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where c is an unknown vector and y ∈ C([−ς, T],Rn) is an unknown function. We choose
a c satisfying (I1−β

−ς+
z)(−ς+) = �(−ς); then, one has

eBξβ

−ς,βc +
∫ 0

−ς
eB(ξ−ς−s)β

−ς,β y(s)ds = �(ξ), − ς ≤ ξ ≤ 0.

By (6), let ξ = −ς, and we obtain eB(−2ς−s)β

−ς,β = Θ with −ς ≤ s ≤ 0. For −ς ≤ ξ ≤ 0,
we have

�(−ς) = (I1−β
−ς+

v)(−ς+)

= lim
ξ→−ς+

(I1−β
−ς+

v)(ξ)

= lim
ξ→−ς+

(
1

Γ(1 − β)

∫ ξ

−ς
(ξ − t)−βeBtβ

−ς,βcdt
)

= lim
ξ→−ς+

c
Γ(1 − β)Γ(β)

∫ ξ

−ς
(ξ − t)−β(t + ς)β−1dt

= lim
ξ→−ς+

c = c,

which implies that

v(ξ) = eBξβ

−ς,β�(−ς) +
∫ 0

−ς
eB(ξ−ς−s)β

−ς,β y(s)ds + Q−ς,β(ξ).

For any −ς ≤ ξ ≤ 0, one has

eB(ξ−ς−s)β

−ς,β =

⎧⎪⎨⎪⎩
Θ, ξ ≤ s ≤ 0,

E
(ξ − s)β−1

Γ(β)
, − ς ≤ s ≤ ξ.

Thus, for any −ς ≤ ξ ≤ 0, we have

�(ξ) =
(ξ + ς)β−1

Γ(β)
�(−ς) +

∫ ξ

−ς

(ξ − s)β−1

Γ(β)
y(s)ds. (13)

Using Riemann–Liouville fractional differentiation on both sides of (13), we have

(RLDβ
−ς+

�)(ξ) =
1

Γ(1 − β)

d
dξ

∫ ξ

−ς
(ξ − t)−β

(
(t + ς)β−1

Γ(β)
�(−ς)

+
∫ t

−ς

(t − s)β−1

Γ(β)
y(s)ds

)
dt

=
1

Γ(1 − β)Γ(β)

d
dξ

∫ ξ

−ς
y(s)

( ∫ ξ

s
(ξ − t)−β(t − s)β−1dt

)
ds

=
d

dξ

∫ ξ

−ς
y(s)ds

= y(ξ).
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For any ξ ∈ [0, T] and ξı ∈ (0, ξ), we have

v(ξ+ı ) = eB(ξ+ı )β

−ς,β �(−ς) +
∫ 0

−ς
eB(ξ+ı −ς−s)β

−ς,β (RLDβ
−ς+

�)(s)ds +
ı

∑
k=1

EB(ξ+ı −ξk−2ς)β

−ς Ck

= eB(ξ−ı )β

−ς,β �(−ς) +
∫ 0

−ς
eB(ξ−ı −ς−s)β

−ς,β (RLDβ
−ς+

�)(s)ds +
ı−1

∑
k=1

EB(ξı−ξk−2ς)β

−ς Ck + Cı

= v(ξ−ı ) + Cı.

This proof is complete.

Theorem 4. The solution ṽ ∈ C((0, T],Rn) of (1) with ṽ(ξ) ≡ 0 = (0, 0, · · · , 0)�,−ς ≤ ξ ≤ 0
can be written as

ṽ(ξ) =
∫ ξ

−ς
eB(ξ−ς−t)β

−ς,β g(t)dt.

Proof. The proof of this theorem is analogous to ([22], Theorem 3.3).

Next, combined with Theorems 3 and 4, the solution of (4) can be obtained.

Theorem 5. The solution v ∈ PC(Ω,Rn) ∩ PC([−ς, T],Rn) of (4) has the form

v(ξ) = eBξβ

−ς,β�(−ς) +
∫ 0

−ς
eB(ξ−ς−s)β

−ς,β (RLDβ
−ς+

�)(s)ds + ∑
0<ξı<ξ

EB(ξ−ξı−2ς)β

−ς Cı

+
∫ ξ

−ς
eB(ξ−ς−t)β

−ς,β g(t)dt.

Proof. Equation (4) can be decomposed into (1) and (3) (where (1) satisfies ṽ(ξ) ≡ 0,
− ς ≤ ξ ≤ 0); thus, the solution of (4) can be manifested as v(ξ) = v0(ξ) + ṽ(ξ), where
v0(ξ) is a solution of (3) and ṽ(ξ) is a solution of (1) satisfying the zero initial condition.

4. FTS of (4)

Now, we will give the results of FTS.
[H1] M = sup−ς≤s≤0 ‖(RLDβ

−ς+
�)(s)‖ < ∞.

[H2] 0 < N = (
∫ 0
−ς ‖(RLDβ

−ς+
�)(s)‖qds)

1
q < ∞, 1

q = 1 − 1
p , p > 1.

[H3] ∃κ ∈ Lq([−ς, T],R+), 1
q = 1 − 1

p , p > 1 such that ‖g(ξ)‖ ≤ κ(ξ) for ξ ∈ [−ς, T]

and ψ(ξ) :=
( ∫ ξ

−ς κ(t)qdt
) 1

q

< ∞.

For every ξ ∈ ((k − 1)ς, kς] and k = 1, 2, · · · k∗, we define

Ψ1(ξ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

(ξ − (k − 1)ς)β+γ−1Eβ,β(‖B‖(ξ − (k − 1)ς)β), 0 < β <
1

k + 1
,

(ξ − (k − 1)ς)γ
k

∑
m=0

‖B‖m (ξ − (m − 1)ς)(m+1)β−1

Γ(mβ + β)
,

1
k + 1

≤ β <
1
2

,

ξβ+γ−1Eβ,β(‖B‖ξβ), β ≥ 1
2

,
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and

Ψ2(ξ) =
k

∑
m=0

‖B‖m

Γ((m + 1)β + 1)
(ξ − (m − 1)ς)(m+1)β

−
k

∑
m=1

‖B‖m−1

Γ(mβ + 1)
(ξ − (m − 1)ς)mβ,

Ψ3(ξ) =
k

∑
m=0

‖B‖m(ξ − (m − 1)ς)(m+1)β

Γ((m + 1)β + 1)
,

Ψ4(ξ) =
k

∑
m=0

( ‖B‖m

Γ(mβ + β)

(ξ − (m − 1)ς)(m+1)β−1− 1
p

(p(m + 1)β − p + 1)
1
p

)
.

Theorem 6. Suppose that β + γ − 1 > 0 and [H1] holds. If

Ψ1(ξ)δ + (ξ − (k − 1)ς)γ

(
MΨ2(ξ)

+ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖+ ‖g‖CΨ3(ξ)

)
< η, (14)

then (4) is finite-time stable with regard to {0, J, ς, δ, η}.

Proof. By Lemmas 2, 3 and 5, we have

‖(ξ − (k − 1)ς)γv(ξ)‖
≤ ‖(ξ − (k − 1)ς)γeBξβ

−ς,β‖‖�(−ς)‖

+(ξ − (k − 1)ς)γ
∫ 0

−ς
‖eB(ξ−ς−s)β

−ς,β ‖‖(RLDβ
−ς+

�)(s)‖ds

+(ξ − (k − 1)ς)γ ∑
0<ξı<ξ

‖EB(ξ−ξı−2ς)β

−ς ‖‖Cı‖

+(ξ − (k − 1)ς)γ
∫ ξ

−ς
‖eB(ξ−ς−t)β

−ς,β ‖‖g(t)‖dt

≤ Ψ1(ξ)δ + (ξ − (k − 1)ς)γ MΨ2(ξ)

+(ξ − (k − 1)ς)γ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖

+(ξ − (k − 1)ς)γ‖g‖C

k

∑
m=0

‖B‖m

Γ((m + 1)β)

∫ ξ−mς

−ς
(ξ − mς − t)(m+1)β−1dt

≤ Ψ1(ξ)δ + (ξ − (k − 1)ς)γ

(
MΨ2(ξ)

+ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖+ ‖g‖CΨ3(ξ)

)
< η.

This proof is complete.
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Theorem 7. Suppose that β > max{1 − γ, 1 − 1
p} and [H2] and [H3] hold. If

Ψ1(ξ)δ + (ξ − (k − 1)ς)γ

(
Ψ4(ξ)N + Ψ4(ξ)ψ(ξ)

+ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖
)
< η, (15)

then (4) is finite-time stable with regard to {0, J, ς, δ, η}.

Proof. By Lemmas 2 and 4, we have

‖(ξ − (k − 1)ς)γv(ξ)‖
≤ ‖(ξ − (k − 1)ς)γeBξβ

−ς,β‖‖�(−ς)‖

+(ξ − (k − 1)ς)γ
∫ 0

−ς
‖eB(ξ−ς−s)β

−ς,β ‖‖(RLDβ
−ς+

�)(s)‖ds

+(ξ − (k − 1)ς)γ ∑
0<ξı<ξ

‖EB(ξ−ξı−2ς)β

−ς ‖‖Cı‖

+(ξ − (k − 1)ς)γ
∫ ξ

−ς
‖eB(ξ−ς−t)β

−ς,β ‖‖g(t)‖dt

≤ Ψ1(ξ)δ + (ξ − (k − 1)ς)γ

(
Ψ4(ξ)N + ∑

0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖

+
k

∑
m=0

‖B‖m

Γ((m + 1)β)

∫ ξ−mς

−ς
(ξ − mς − t)(m+1)β−1κ(t)dt

)
≤ Ψ1(ξ)δ + (ξ − (k − 1)ς)γ

(
Ψ4(ξ)N + ∑

0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖

+
k

∑
m=0

‖B‖m

Γ((m + 1)β)

( ∫ ξ−mς

−ς
(ξ − mς − t)p((m+1)β−1)dt

) 1
p
( ∫ ξ

−ς
κ(t)qdt

) 1
q
)

≤ Ψ1(ξ)δ + (ξ − (k − 1)ς)γ

(
Ψ4(ξ)N

+ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖+ Ψ4(ξ)ψ(ξ)

)
< η.

This proof is complete.

Theorem 8. Suppose that β > max{ 1
2 , 1 − γ} and [H1] holds. If

Ψ1(ξ)δ + Mςξγ+β−1Eβ,β(‖B‖ξβ)

+ ξγ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖+ ξγ‖g‖CΨ3(ξ) < η, (16)

then (4) is finite-time stable with regard to {0, J, ς, δ, η}.
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Proof. By Lemmas 2 and 5, we have

‖(ξ − (k − 1)ς)γv(ξ)‖
≤ ‖(ξ − (k − 1)ς)γeBξβ

−ς,β‖‖�(−ς)‖

+(ξ − (k − 1)ς)γ
∫ 0

−ς
‖eB(ξ−ς−s)β

−ς,β ‖‖(RLDβ
−ς+

�)(s)‖ds

+(ξ − (k − 1)ς)γ ∑
0<ξı<ξ

‖EB(ξ−ξı−2ς)β

−ς ‖‖Cı‖

+(ξ − (k − 1)ς)γ
∫ ξ

−ς
‖eB(ξ−ς−t)β

−ς,β ‖‖g(t)‖dt

≤ Ψ1(ξ)δ + ξγ

( k

∑
m=0

‖B‖mξ(m+1)β−1

Γ(mβ + β)

∫ 0

−ς
‖RLDβ

−ς+
�)(s)‖ds

+ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖+ ‖g‖C

∫ ξ

−ς
‖eB(ξ−ς−t)β

−ς,β ‖dt
)

≤ Ψ1(ξ)δ + Mςξγ+β−1Eβ,β(‖B‖ξβ)

+ξγ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖+ ξγ‖g‖CΨ3(ξ)

< η.

This proof is complete.

Theorem 9. Suppose that β > max{ 1
2 , 1 − γ, 1 − 1

p} and [H1] and [H3] hold. If

Ψ1(ξ)δ + ξγ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖

+ Eβ,β(‖B‖ξβ)

(
Mςξγ+β−1 + ξγψ(ξ)

(ξ + ς)
β−1+ 1

p

(p(β − 1) + 1)
1
p

)
< η, (17)

then (4) is finite-time stable with regard to {0, J, ς, δ, η}.

Proof. By Lemmas 2 and 5, we have

‖(ξ − (k − 1)ς)γv(ξ)‖
≤ ‖(ξ − (k − 1)ς)γeBξβ

−ς,β‖‖�(−ς)‖

+(ξ − (k − 1)ς)γ
∫ 0

−ς
‖eB(ξ−ς−s)β

−ς,β ‖‖(RLDβ
−ς+

�)(s)‖ds

+(ξ − (k − 1)ς)γ ∑
0<ξı<ξ

‖EB(ξ−ξı−2ς)β

−ς ‖‖Cı‖

+(ξ − (k − 1)ς)γ
∫ ξ

−ς
‖eB(ξ−ς−t)β

−ς,β ‖‖g(t)‖dt

≤ Ψ1(ξ)δ + ξγ

( k

∑
m=0

‖B‖mξ(m+1)β−1

Γ(mβ + β)

∫ 0

−ς
‖RLDβ

−ς+
�)(s)‖ds

+ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖

+
k

∑
m=0

‖B‖m

Γ(mβ + β)

∫ ξ−mς

−ς
(ξ − mς − t)(m+1)β−1κ(t)dt

)
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≤ Ψ1(ξ)δ + ξγ

(
Mςξβ−1Eβ,β(‖B‖ξβ) + ∑

0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖

+
k

∑
m=0

‖B‖mξmβ

Γ(mβ + β)

∫ ξ

−ς
(ξ − t)β−1κ(t)dt

)
≤ Ψ1(ξ)δ + ξγ

(
Mςξβ−1Eβ,β(‖B‖ξβ) + ∑

0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖

+Eβ,β(‖B‖ξβ)

( ∫ ξ

−ς
(ξ − t)p(β−1)dt

) 1
p

(
∫ ξ

−ς
κ(t)qdt

) 1
q

≤ Ψ1(ξ)δ + ξγ ∑
0<ξı<ξ

Eβ,1(‖B‖(ξ − ξı − 2ς)β)‖Cı‖

+Eβ,β(‖B‖ξβ)

(
Mςξγ+β−1 + ξγψ(ξ)

(ξ + ς)
β−1+ 1

p

(p(β − 1) + 1)
1
p

)
< η.

This proof is complete.

5. Example

Example 1. Let β = 0.6, ς = 0.3, k∗ = 3, ξ1 = 0.2 and ξ2 = 0.5. Consider⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(RLDβ
−0.3+v)(ξ) = Bv(ξ − 0.3) + g(ξ), ξ 
= ξı, ξ ∈ (0, 0.9],

v(ξ+ı ) = v(ξ−ı ) + Cı, ξ = ξı, ı = 1, 2,

�(ξ) = (ξ + 0.3, 0.1(ξ + 0.3))�, − 0.3 < ξ ≤ 0,

(I0.4
−0.3+v)(−0.3+) = �(−0.3) = (0, 0)�,

(18)

where

v(x) =
(

v1(ξ)
v2(ξ)

)
, B =

(
0.1 0.1
0.3 0.5

)
, Cı =

( ı
10
ı

20

)
, g(ξ) =

(
ξ
ξ2

)
. (19)

By Theorem 5, for any ξ ∈ [−0.3, 0.9], one has

v(ξ) = eBξ0.6

−0.3,0.6�(−0.3) +
∫ 0

−0.3
eB(ξ−0.3−s)0.6

−0.3,0.6 (RLD0.6
−0.3+�)(s)ds

+ ∑
0<ξı<ξ

EB(ξ−ξı−0.6)0.6

−0.3 Cı +
∫ ξ

−0.3
eB(ξ−0.3−t)0.6

−0.3,0.6 g(t)dt,

where

eBξ0.6

−0.3,0.6 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
(ξ + 0.3)−0.4

Γ(0.6)
+ B

ξ0.2

Γ(1.2)
, ξ ∈ (0, 0.3],

E
(ξ + 0.3)−0.4

Γ(0.6)
+ B

ξ0.2

Γ(1.2)
+ B2 (ξ − 0.3)0.8

Γ(1.8)
, ξ ∈ (0.3, 0.6],

E
(ξ + 0.3)−0.4

Γ(0.6)
+ B

ξ0.2

Γ(1.2)
+ B2 (ξ − 0.3)0.8

Γ(1.8)
+ B3 (ξ − 0.6)1.4

Γ(2.4)
, ξ ∈ (0.6, 0.9],
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and

∑
s<ξı<ξ

EB(ξ−ξı−0.6)0.6

−0.3 Cı =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
0
0

)
, ξ ∈ [0, 0.2],( 1

10
1

20

)
, ξ ∈ (0.2, 0.5],(

E + B
(ξ − 0.5)0.6

Γ(1.6)

)( 1
10
1

20

)
+

( 2
10
2

20

)
, ξ ∈ (0.5, 0.8],(

E + B
(ξ − 0.5)0.6

Γ(1.6)
+ B2 (ξ − 0.8)1.2

Γ(2.2)

)( 1
10
1

20

)
+

(
E + B

(ξ − 0.8)0.6

Γ(1.6)

)( 2
10
2

20

)
, ξ ∈ [0.8, 0.9].

Set p = 2, q = 2 and γ = 0.5. We can obtain that ‖B‖ = 0.6, ‖g‖C = 1.71, M = 0.7659,
N = 0.4195, ψ(0.9) = 0.9105. Next, Φ1(0.9) = 1.8211, Φ2(0.9) = 0.4479, Φ3(0.9) = 1.8181,
Φ4(0.9) = 1.6056. Choosing δ = 0.331, we present the FTS results of (18) in Table 1.

By Definition 8, we find an appropriate η, ensuring that ‖z‖Cγ
in (18) is no more than

η on J. So, through numerical simulation, we can use the explicit solution of (18) to find
a suitable η = 1.770 for a fixed T = 0.9 (see Figure 1). Furthermore, by verifying the
conditions in Theorems 6, 7, 8, 9 for [−0.3, 0.9], compared with the values of η in Table 1,
we can choose a better value of η = 2.03.

Table 1. FTS results of (18) with T = 0.9.

Theorem ‖�‖C β T δ ‖z‖Cγ
η FTS

6 0.33 0.6 0.9 0.331 2.7398 2.75 Yes
7 0.33 0.6 0.9 0.331 2.0187 2.03 (optimal) Yes
8 0.33 0.6 0.9 0.331 4.3801 4.38 Yes
9 0.33 0.6 0.9 0.331 5.0680 5.07 Yes

Figure 1. ‖(ξ − 0.3(k − 1))0.5v(ξ)‖ of (18) with T = 0.9, k = 0, 1, 2, 3.
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Example 2. Let β = 0.7, ς = 0.2, k∗ = 3, ξ1 = 0.2 and ξ2 = 0.5. Consider⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(RLDβ
−0.2+v)(ξ) = Bv(ξ − 0.2) + g(ξ), ξ 
= ξı, ξ ∈ (0, 0.6],

v(ξ+ı ) = v(ξ−ı ) + Cı, ξ = ξı, ı = 1, 2,

�(ξ) = (ξ + 0.2, (ξ + 0.2)2)�, − 0.2 < ξ ≤ 0,

(I0.3
−0.2+v)(−0.2+) = �(−0.2) = (0, 0)�,

(20)

where

v(x) =
(

v1(ξ)
v2(ξ)

)
, B =

(
0.1 0.1
0.3 0.5

)
, Cı =

( ı
10
ı

20

)
, g(ξ) =

(
ξ
ξ2

)
. (21)

By Theorem 5, for any ξ ∈ [−0.2, 0.6], one has

v(ξ) = eBξ0.7

−0.2,0.7�(−0.2) +
∫ 0

−0.2
eB(ξ−0.2−s)0.7

−0.2,0.7 (RLD0.7
−0.2+�)(s)ds

+ ∑
0<ξı<ξ

EB(ξ−ξı−0.4)0.7

−0.2 Cı +
∫ ξ

−0.2
eB(ξ−0.2−t)0.7

−0.2,0.7 g(t)dt,

where

eBξ0.7

−0.2,0.7 =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
(ξ + 0.2)−0.3

Γ(0.7)
+ B

ξ0.4

Γ(1.4)
, ξ ∈ (0, 0.2],

E
(ξ + 0.2)−0.3

Γ(0.7)
+ B

ξ0.4

Γ(1.4)
+ B2 (ξ − 0.2)1.1

Γ(2.1)
, ξ ∈ (0.2, 0.4],

E
(ξ + 0.2)−0.3

Γ(0.7)
+ B

ξ0.4

Γ(1.4)
+ B2 (ξ − 0.2)1.1

Γ(2.1)
+ B3 (ξ − 0.4)1.8

Γ(2.8)
, ξ ∈ (0.4, 0.6],

and

∑
s<ξı<ξ

EB(ξ−ξı−0.7)0.7

−0.2 Cı =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(
0
0

)
, ξ ∈ [0, 0.2],( 1

10
1

20

)
, ξ ∈ (0.2, 0.4],(

E + B
(ξ − 0.4)0.7

Γ(1.7)

)( 1
10
1

20

)
, ξ ∈ (0.4, 0.5],(

E + B
(ξ − 0.4)0.7

Γ(1.7)

)( 1
10
1

20

)
+

( 2
10
2

20

)
, ξ ∈ [0.5, 0.6].

Set p = 2, q = 2 and γ = 0.5. We can get ‖B‖ = 0.6, ‖g‖C = 0.96, M = 0.8991,
N = 0.2587, ψ(0.6) = 0.4574. Next, Φ1(0.6) = 1.3245, Φ2(0.6) = 0.2929, Φ3(0.6) = 1.2021,
Φ4(0.6) = 2.1050. Choosing δ = 0.241, we present the FTS results of (20) in Table 2.

Like Example 1, we can choose a suitable η = 1.037 for a fixed T = 0.6 (see Figure 2).
Furthermore, compared with the values of η in Table 2, we can choose a better value of
η = 1.07.

Table 2. FTS results of (20) with T = 0.6.

Theorem ‖�‖C β T δ ‖z‖Cγ
η FTS

6 0.24 0.7 0.6 0.241 1.0661 1.07 (optimal) Yes
7 0.24 0.7 0.6 0.241 1.1064 1.17 Yes
8 0.24 0.7 0.6 0.241 1.6471 1.65 Yes
9 0.24 0.7 0.6 0.241 1.3502 1.36 Yes
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Figure 2. ‖(ξ − 0.2(k − 1))0.5v(ξ)‖ of (20) with T = 0.6, k = 0, 1, 2, 3.

Example 3. Let β = 0.6, ς = 0.2, k∗ = 3, ξ1 = 0.2 and ξ2 = 0.5. Consider⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(RLDβ
−0.2+v)(ξ) = Bv(ξ − 0.2) + g(ξ), ξ 
= ξı, ξ ∈ (0, 0.6],

v(ξ+ı ) = v(ξ−ı ) + Cı, ξ = ξı, ı = 1, 2,

�(ξ) = (ξ + 0.2, (ξ + 0.2)2)�, − 0.2 < ξ ≤ 0,

(I0.3
−0.2+v)(−0.2+) = �(−0.2) = (0, 0)�,

(22)

where

v(x) =
(

v1(ξ)
v2(ξ)

)
, B =

(
0.1 0.1
0.3 0.5

)
, Cı =

( ı
10
ı

20

)
, g(ξ) =

(
ξ
ξ2

)
. (23)

By Theorem 5, for any ξ ∈ [−0.2, 0.6], one has

v(ξ) = eBξ0.6

−0.2,0.6�(−0.2) +
∫ 0

−0.2
eB(ξ−0.2−s)0.6

−0.2,0.6 (RLD0.6
−0.2+�)(s)ds

+ ∑
0<ξı<ξ

EB(ξ−ξı−0.4)0.6

−0.2 Cı +
∫ ξ

−0.2
eB(ξ−0.2−t)0.6

−0.2,0.6 g(t)dt,

Set p = 2, q = 2 and γ = 0.5. We can get ‖B‖ = 0.6, ‖g‖C = 0.96, M = 0.7612,
N = 0.2663, ψ(0.6) = 0.4574. Next, Φ1(0.6) = 1.3834, Φ2(0.6) = 0.2998, Φ3(0.6) = 1.3167,
Φ4(0.6) = 2.6823. Choose δ = 0.241, we give the FTS results of (22) in Table 3.

Like Example 2, we can choose a suitable η = 0.900 for a fixed T = 0.6 (see Figure 3).
Furthermore, compared with the values of η in Table 3, we can choose a better value
η = 1.12.

Comparing Example 1, Example 2 and Example 3, we find the following: When the
order is the same, the time delay is different, and when the time delay is the same, the order
is different, and the system is finite-time stable.

Table 3. FTS results of (22) with T = 0.6.

Theorem ‖�‖C β T δ ‖z‖Cγ
η FTS

6 0.24 0.6 0.6 0.241 1.1198 1.12 (optimal) Yes
7 0.24 0.6 0.6 0.241 1.4095 1.41 Yes
8 0.24 0.6 0.6 0.241 1.7294 1.73 Yes
9 0.24 0.6 0.6 0.241 1.8641 1.87 Yes
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Figure 3. ‖(ξ − 0.2(k − 1))0.5v(ξ)‖ of (22) with T = 0.6, k = 0, 1, 2, 3.

6. Conclusions

In this study, we introduce the Mittag–Leffler-type vector function with an impul-
sive delay, and give the explicit solution of the Riemann–Liouville fractional differential
equation using the constant variation method. On this basis, by scaling the base solution
matrix and the integral, we verify that the system is finite-time stable. Finally, the results
are verified by four examples under different conditions. In the future, we may continue to
study the other properties of the system, including stability or controllability. Due to the
importance of impulsive differential equations, we believe that the results obtained by us
will arouse the interest of many readers.
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1. Introduction

Applications of the (p, q)-calculus can be found in other disciplines including quantum
mechanics, statistical physics and number theory. In particular, it has been used to study
the quantum group SUp,q(2), which is a deformation of the Lie group SU(2) and has
applications in quantum field theory. In fact, all the (p, q)-calculus results decrease into
the corresponding results to the q-calculus when p = 1. Similar (p, q)-calculus results
additionally decrease to the corresponding outcomes of ordinary calculus when p = 1
and q → 1. Therefore the (p, q)-calculus is a real generalization of the q-calculus that
allows for non-commutative calculus. It has been used to define (p, q)-analogues of various
special functions and polynomials and has applications in many areas of mathematics and
physics. Recently, (p, q)-calculus got attention from the researchers of various fields of
mathematics and physics. Presented and thoroughly investigated are the (p, q)-analogues
of several conventional special functions, including the Hermite polynomials, Bernoulli
polynomials, Euler polynomials, Beta function, Gamma function, generalized bivariate
(p, q)-Bernoulli–Fibonacci polynomials and generalized bivariate (p, q)-Bernoulli–Lucas
polynomials, family of (p, q)-hybrid polynomials and (p, q)-sine and (p, q)-cosine Fubini
polynomials; for more details, we refer the readers to [1–9] and references therein.

Hermite polynomials are certain of the greatest significant and historical orthogonal
special functions from classical times, and they have been used extensively. It is the col-
lection of differential equation solutions with an oscillator of harmonics that match the
Schrödinger equation in quantum mechanics. These polynomials are very important for
considering classical boundary-value problems in parabolic regions with parabolic coordi-
nates. Hermite polynomials are also found in the field of signal processing as Hermitian
wavelets in the wavelet transform analysis probability, combinatorics as a manifestation of
an Appell series observing the umbral calculus, and numerical computation. The range
of applications whose mathematical description is based on polynomials is very wide
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in approximation theory. For further information, the interested reader may consult the
research papers [10–17].

Hermite polynomials are the series solutions of Hermite differential equations. Recall
that the classical Hermite polynomials Hn(x) (see, e.g., [18]) are defined by means of the
following generating function

e2xt−t2
=

∞

∑
n=0

Hn(x)
tn

n!

and the series definition was stated as follows:

Hn(x) = n!
[n/2]

∑
k=0

(−1)k

k!(n − 2k)!
(2x)n−2k.

Many authors have worked on its generalization in various directions of the famous
Hermitian polynomials. The 2-variable Hermite polynomials Hn(x, y) (see [19]) are defined
by means of the following generating function

e
xt+yt2

=
∞

∑
n=0

Hn(x, y)
tn

n!

and the series definition was stated as follows:

Hn(x, y) = n!
[n/2]

∑
k=0

1
k!(n − 2k)!

xn−2kyk for y 
= 0,

and
Hn(x, 0) = xn.

It is known that these polynomials satisfy the following parabolic equation (Heat equation)
(see [10,20–22]):

∂2z
∂x2 =

∂z
∂y

,

which is called the diffusion equation of the 2-variable Hermite polynomials Hn(x, y)
(see [22]). In 2021, Raza, Fadel, Nisar and Zakarya [5] introduced and studied the 2-variable
(p, q)-Hermite polynomials Hn,p,q(x, y). They used the following generating function to
generate 2-variable (p, q)-Hermite polynomials Hn,p,q(x, y):

ep,q(xt) ep,q(yt2) =
∞

∑
n=0

Hn,p,q(x, y)
tn

[n]p,q!
(1)

and series definition was stated as follows:

Hn,p,q(x, y) = [n]p,q!
[n/2]

∑
k=0

(x)n−2k
p,q (y)k

p,q

[n − 2k]p,q![k]p,q!
. (2)

Some important properties and relations for the 2-variable (p, q)-Hermite polynomials
Hn,p,q(x, y) were established; for more details, we refer the readers to [5].

In this work, we devote our attention to investigate new various features of 2-variable
(p, q)-Hermite polynomials and introduce some new ones. The features of 2-variable
(p, q)-Hermite polynomials, such as differential equations, integral and summation rep-
resentations are studied and established in Sections 3 and 4. Finally, in Section 5, we will
conclude this paper by highlighting some significant research directions that could be
studied in the future.
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2. Preliminaries

In this section, we recall some basic definitions, notations and known results, which
will be used and discussed further in this paper. The (p, q)-number [α]p,q [23] is specified as

[α]p,q =
pα − qα

p − q
for 0 < q < p ≤ 1 and α ∈ N.

Presented is the value of the (p, q)-factorial [23]:

[m]p,q! =

{
∏m

r=1[r]p,q, m ∈ N,
1, m = 0.

The (p, q)-binomial coefficients [23] is defined by[
n
k

]
p,q

=
[n]p,q!

[n − k]p,q![k]p,q!
for k = 0, 1, . . . , n,

which for p = 1 and q → 1, gives the following usual binomial coefficients [18][
n
k

]
=

[n]!
[n − k]![k]!

for k = 0, 1, . . . , n.

The raising (p, q)-power [1] is defined by

(x ⊕ a)n
p,q =

n

∑
m=0

[
n
m

]
p,q

p(
m
2 )q(

n−m
2 )xman−m. (3)

In particular, when a = 0, Equation (3) yields

(x)n
p,q = p(

n
2)xn. (4)

From the above equation, it is straightforward to prove that

(bx)n
p,q = bn(x)n

p,q.

In q-calculus, there are two (p, q)-exponential functions, designated by ep,q(x) and Ep,q(x),
that have been described as [1]:

ep,q(x) =
∞

∑
n=0

p(
n
2) xn

[n]p,q!
(5)

and

Ep,q(x) =
∞

∑
n=0

q(
n
2) xn

[n]p,q!
, (6)

alternatively. The following relationship between ep,q(x) and Ep,q(x) is known (see [1]):

ep,q(x)Ep,q(−x) = 1. (7)

In [24], a function f has a specific formula to describe its (p, q)-derivative with respect
to x is given by

Dp,q,x f (x) =

{ f (px)− f (qx)
(p−q)x , x 
= 0,

f
′
(0), x = 0.

More specifically, we have

Dp,q,x( f (x)g(x)) = f (px)Dp,q,xg(x) + g(qx)Dp,q,x( f (x)),
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Dp,q,xxn = [n]p,qxn−1,

Dp,q,xep,q(αx) = αep,q(αpx)

and
Dp,q,xEp,q(αx) = αEp,q(αqx).

The following are the derivatives of the (p, q)-exponential functions that correspond to the
mth order (see [24]):

Dm
p,q,xep,q(αx) = αn p(

m
2 )ep,q(αpmx) for m ≥ 1 (8)

and
Dm

p,q,xEp,q(αx) = αmq(
m
2 )ep,q(αqmx) for m ≥ 1.

where symbol Dm
p,q,x indicated the mth (p, q)-derivative with regard to x.

Moreover, an expression (p, q) integral for f is provided via [24]:∫ a

0
f (x)dp,qx = (p − q)a

∞

∑
n=0

pn

qn+1 f
(

pn

qn+1 a
)

for | p
q
|< 1. (9)

From Equation (9), it is clear that

∫ b

a

(
f (x)dp,qx + g(x)dp,qx

)
=

∫ b

a
f (x)dp,qx +

∫ b

a
g(x)dp,qx. (10)

Given is the (p, q)-definite integral of the (p, q)-derivative of a function f (see [24]):

∫ b

a
Dp,q f (x)dp,qx = f (b)− f (a). (11)

In [5], the (p, q)-partial derivative of formula in terms of x and y is given by

Dp,q,x Hn,p,q(x, y) = [n]p,qHn−1,p,q(px, y), n ≥ 1 (12)

and
Dp,q,y

(
Hn,p,q(x, y)

)
= [n]p,q[n − 1]p,q Hn−2,p,q(x, py), n ≥ 2, (13)

alternatively. According to [5], the pure recurrence relation for Hn,p,q(x, y) is as described
below:

Hn+1,p,q(x, y) (14)

= xHn,p,q(px, p2y) + [n]p,qy
(

pHn−1,p,q(qx, p2y) + qHn−1,p,q(qx, pqy)
)
= 0 for n ≥ 1.

The shift operators La,x and La,y for any (p, q)-function of two variables f (x, y) are
defined as [5]:

La,x f (x, y) = f (ax, y) (15)

and
La,y f (x, y) = f (x, ay),

where a is a constant. From Equation (15), the shift operator La,x satisfy the following
properties:

La,xLb,x f (x, y) = f (abx, y) = Lab,x f (x, y). (16)

In particular, for a = b, we have

La2,x f (x, y) = f (a2x, y) = La,xLa,x f (x, y) = L2
a,x f (x, y). (17)
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Since L−1
a,x is the reverse of the operator La,x, that is L−1

a,x La,x = I, which I is an identity
operator that produces I f (x, y) = f (x, y). Then, from Equation (15), we have

L−1
a,x f (ax, y) = f (x, y).

Replacing ax by x in the above equation, we acquire

L−1
a,x f (x, y) = f

(
1
a

x, y
)
= f (a−1x, y),

which on using Equation (15), gives

L−1
a,x f (x, y) = La−1,x f (x, y).

Using induction method, Equations (16) and (17), gives

Lar ,x f (x, y) = Lr
a,x f (x, y) for r ∈ Z.

In a similar way, it has been demonstrated that La,y has the characteristics that follow:

Lab,y f (x, y) = La,yLb,y f (x, y)

and
Lar ,y f (x, y) = Lr

a,y f (x, y) for r ∈ Z.

3. New Properties of 2-Variable (p, q)-Hermite Polynomials

During this part, we establish some features about 2-variable (p, q)-Hermite polynomi-
als such as differential equations and integral representations. Further, from Equation (2),
it can be easily verified that

Hn,p,q(ax, a2y) = an Hn,p,q(x, y), (18)

wherein a has a fixed value.
Applying the 2nd order (p, q)-partial derivative of both the sides of Equation (1) with

respect to x, then using Equation (8) for m = 2, we get

pt2ep,q(pxt)ep,q(yt2) =
∞

∑
n=0

D2
p,q,x Hn,p,q(x, y)

tn

[n]p,q!
.

Again, applying the Equation (1) on the left part of previous equation, provides us

p
∞

∑
n=2

Hn−2,p,q(p2x, y, z)
tn

[n − 2]p,q!
=

∞

∑
n=0

D2
p,q,x Hn,p,q(x, y)

tn

[n]p,q!
.

Therefore, when the corresponding values of t from each aspect are compared, we obtain

D2
p,q,x Hn,p,q(x, y) = [n]p,q[n − 1]p,q p Hn−2,p,q(p2x, y) (n ≥ 2). (19)

In the context of Equations (13), (18) and (19) it is easy to verify that the 2V(p, q)HP
Hn,p,q(x, y) satisfy the following (p, q)-partial differential equation :

D2
p,q,x Hn,p,q(x, p3y) = p Dp,q,yHn,p,q(p2x, p2y), Hn,p,q(x, p3y), Hn,p,q(x, 0) = (x)n

p,q. (20)

Equation (20), is called the (p, q)-analogue of diffusion equation, which for p = 1, gives the
for the q-analogue of diffusion equation for 2-variable q-Hermite polynomials Hn,q(x, y) [5].
Further, for p = 1, q → 1−, gives the classical diffusion equation for 2-variable Hermite
polynomials Hn(x, y) (see [10,22]).
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Example 1. The following correlations of (p, q)-diffusion equations for 2-variable (p, q)-Hermite
polynomials can be obtained immediately by applying (20):

D2
1,2/3,x H2,1,2/3(x, y)− D1,2/3,y H2,1,2/3(x, y) = 0,

D2
2/3,3/5,x H2,2/3,3/5(x, 8/27y)− 2/3 D2/3,3/5,yH2,2/3,3/5(4/9x, 4/9y) = 0,

D2
3/4,4/5,x H3,3/4,4/5(x, 16/64y)− 3/4 D3/4,4/5,y H3,3/4,4/5(9/16x, 9/16y) = 0.

Afterwards, we will demonstrate the next outcome:

Theorem 1. The subsequent (p, q)-differential equation for (p, q)-Hermite polynomials of 2-
variables holds true:

yL−2
p,x Lq,x

(
1 +

(
q
p

) n
2

L√ p
q ,x

)
H

′′
n,p,q(x, y) + pxH

′
n,p,q(x, y)− [n]p,q p2−nLp,x Hn,p,q(x, y) = 0, (21)

in which L.,x represents the shift operator described in (15).

Proof. Substituting n by (n − 1) into the expression (14) and after using Equation (18) in
the resulting formula, we arrive at

Hn,p,q(x, y)− xpn−1Hn−1,p,q(x, y)

− [n − 1]p,qy

(
pn−1Hn−2,p,q

( q
p

x, y
)
+ qn−1Hn−2,p,q

(
x,

p
q

y
))

= 0, n ≥ 2. (22)

From Equation (15), we possess

Hn−2,p,q

( q
p

x, y
)
= L q

p3 ,x Hn−2,p,q(p2x, y). (23)

Moreover, from Equations (15) and (18), we obtain

Hn−2,p,q

(
x,

p
q

y
)
=

(√
p
q

)n−2

L √
q

p2√p
,x

Hn−2,p,q

(
p2x, y

)
. (24)

Using Equations (15), (23) and (24) in Equation (22), we get

Hn,p,q(x, y)− xpn−1Lp−1,x Hn−1,p,q(px, y)− [n − 1]p,qy
(

pn−1L q
p3 ,x

+ qn−1

(√
p
q

)n−2

L√ q
p p−2,x

)
Hn−2,p,q(p2x, y) = 0, n ≥ 2. (25)

Now, using Equation (12) in Equation (25) and denoting Dp,q,x Hn,p,q(x, y) by H
′
n,p,q(x, y),

we get

Hn,p,q(x, y)− xpn−1

[n]p,q
Lp−1,x H

′
n,p,q(x, y)− y

p[n]p,q

(
pn−1Lp−3q,x

+
qn

p

(√
p
q

)n

L
p
−5
2 q

−1
2 ,x

)
H

′′
n,p,q(x, y) = 0,
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or, equivalently,

yL−3
p,x

(
pnLq,x + qn

(√ p
q

)n
L√

pq,x

)
H

′′
n,p,q(x, y)

+ xpn+1L−1
p,x H

′
n,p,q(x, y)− p2[n]p,q Hn,p,q(x, y) = 0.

It, with additional simplifying, leads to the claim (21).

Example 2. The following correlations of (p, q)-differential equations for 2-variable (p, q)-Hermite
polynomials can be obtained immediately by applying (21):

yL−2
p,x Lq,x

(
1 + L√ p

q ,x

)
H

′′
0,p,q(x, y) = p2Lp,x H0,p,q(x, y)− pxH

′
0,p,q(x, y),

yL−2
p,x Lq,x

(
1 +

(
q
p

) 1
2

L√ p
q ,x

)
H

′′
1,p,q(x, y) = [1]p,q pLp,x H1,p,q(x, y)− pxH

′
1,p,q(x, y),

yL−2
p,x Lq,x

(
1 +

(
q
p

)
L√ p

q ,x

)
H

′′
2,p,q(x, y) = [2]p,q Lp,x H2,p,q(x, y)− pxH

′
2,p,q(x, y),

yL−2
p,x Lq,x

(
1 +

(
q
p

) 3
2

L√ p
q ,x

)
H

′′
3,p,q(x, y) = [3]p,q p−1Lp,x H3,p,q(x, y)− pxH

′
3,p,q(x, y),

yL−2
p,x Lq,x

(
1 +

(
q
p

)2

L√ p
q ,x

)
H

′′
4,p,q(x, y) = [4]p,q p−2Lp,x H4,p,q(x, y)− pxH

′
4,p,q(x, y),

yL−2
p,x Lq,x

(
1 +

(
q
p

) 5
2

L√ p
q ,x

)
H

′′
5,p,q(x, y) = [5]p,q p−3Lp,x H5,p,q(x, y)− pxH

′
5,p,q(x, y).

We then derive the integral representations about 2-variable (p, q)-Hermite polynomi-
als Hn,p,q(x, y) in the following manner:

Theorem 2. The definite (p, q)-integral of Hn,p,q(x, y) with regard to x is as follows:

∫ b

a
Hn,p,q(x, y)dp,qx = p

Hn+1,p,q

(
b
p , y

)
− Hn+1,p,q

(
a
p , y

)
[n + 1]p,q

. (26)

Proof. Using Equation (12), we get

∫ b

a
Hn,p,q(x, y)dp,qx =

p
[n + 1]p,q

∫ b

a
Dp,q,x Hn+1,p,q

( x
p

, y
)

dp,qx,

which yields the assertion (26) when applying Equation (11) on the right hand side.

Following that, we determine the subsequent outcome:

Theorem 3. The definite (p, q)-integral of Hn,p,q(x, y) with respect to y is as follows:

∫ d

c
Hn,p,q(x, y)dp,qy = p

Hn+2,p,q

(
x, d

p

)
− Hn+2,p,q

(
x, c

p

)
[n + 1]p,q[n + 2]p,q

. (27)
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Proof. Using Equation (13), we get

∫ b

a
Hn,p,q(x, y)dp,qy =

p
[n + 1]p,q[n + 2]p,q

∫ b

a
Dp,q,y Hn+2,p,q

(
x,

y
p

)
dp,qy,

This, when applied to Equation (11) on the right side, yields assertion (27).

We can obtain the following result in light of Theorems 2 and 3:

Corollary 1. The formula that follows is the double (p, q)-integration of Hn,p,q(x, y):

∫ d

c

∫ b

a
Hn,p,q(x, y)dp,qx dp,qy

=
[n]p,q!p2

[n + 3]p,q!

(
Hn+3,p,q

( b
p

,
d
p

)
+ Hn+3,p,q

( a
p

,
c
p

)
− Hn+3,p,q

( b
p

,
c
p

)
− Hn+3,p,q

( a
p

,
d
p

))
. (28)

Proof. Integrating Equation (26) with regard to y by finding the limit through c through d
and utilizing Equation (10), that we get∫ d

c

∫ b
a Hn,p,q(x, y)dp,qx dp,qy

=
p

[n + 1]p,q

(∫ d

c
Hn+1,p,q

( b
p

, y
)

dp,qy −
∫ d

c
Hn+1,p,q

( a
p

, y
)

dp,qy

)
,

Hence, according to Equation (27), provides

∫ d

c

∫ b

a
Hn,p,q(x, y)dp,qx dp,qy

=
p2

[n + 1]p,q[n + 2]p,q[n + 3]p,q

(
Hn+3,p,q

( b
p

,
d
p

)
+ Hn+3,p,q

( a
p

,
c
p

)
− Hn+3,p,q

( b
p

,
c
p

)
− Hn+3,p,q

( a
p

))
. (29)

From Equation (29), we obtain the assertion (28).

4. New Summation Models for Hn,p,q(x, y) and (p, q)-Derivatives

In this section, we will create some summation models for the (p, q)-Hermite poly-
nomials Hn,p,q(x, y) and their (p, q)-derivatives. First, we get several summation models
for 2V(p, q)HP by employing the generating function of Hn,p,q(x, y) and the identities (5)
and (7). The summing models for (p, q)-Hermite polynomials of 2-variables are the ones
that follow:

Theorem 4. The summation models for (p, q)-Hermite polynomials of 2-variables are given below:

[n/2]

∑
r=0

q(
r
2)(−y)r Hn−2r,p,q(x, y)
[r]p,q![n − 2r]p,q!

=
p(

n
2)xn

[n]p,q!
. (30)

(1) If n = 2m (m ∈ N), then

2m

∑
r=0

q(
r
2)(−x)r H2m−r,p,q(x, y)
[r]p,q![2m − r]p,q!

=
p(

m
2 )ym

[m]p,q!
. (31)

(2) If n = 2m + 1 (m ∈ N∪ {0}), then

2m+1

∑
r=0

q(
r
2)(−x)r H2m+1−r,p,q(x, y)
[r]p,q![2m + 1 − r]p,q!

= 0. (32)
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Proof. In the context of the Equation (7), it is clear

ep,q(xt) ep,q(yt2)Ep,q(−yt2) = ep,q(xt),

which on using Equations (1), (5) and (6) gives

∞

∑
n=0

Hn,p,q(x, y)
tn

[n]p,q!

∞

∑
r=0

q(
r
2)(−y)rt2r

[r]p,q!
=

∞

∑
n=0

p(
n
2)xntn

[n]p,q!
,

or, equivalently,

∞

∑
n=0

∞

∑
r=0

Hn,p,q(x, y)q(
r
2)(−y)r tn+2r

[n]p,q![r]p,q!
=

∞

∑
n=0

p(
n
2)xntn

[n]p,q!
,

which after utilizing the subsequent series arrangement method as in [18]:

∞

∑
n=0

∞

∑
m=0

A(m, n) =
∞

∑
n=0

[n/2]

∑
m=0

A(m, n − 2m),

we get
∞

∑
n=0

[n/2]

∑
k=0

Hn−2r,p,q(x, y)q(
r
2)(−y)r tn

[n − 2r]p,q![r]p,q!
=

∞

∑
n=0

p(
n
2)xntn

[n]p,q!
.

Therefore, when the corresponding values of t from each side are compared, yields the
assertion (30).

Once more, utilizing Formula (7), the result is

Ep,q(−xt) ep,q(xt)ep,q(yt2) = ep,q(yt2).

Utilizing Formulas (1), (5) and (6) in the above equation, we receive

∞

∑
n=0

∞

∑
r=0

q(
r
2)(−x)r Hn,p,q(x, y) tn+r

[n]p,q![r]p,q!
=

∞

∑
n=0

p(
n
2)ynt2n

[n]p,q!
,

which after utilizing the subsequent series arrangement method as in [18]:

∞

∑
n=0

∞

∑
k=0

A(k, n) =
∞

∑
n=0

n

∑
k=0

A(k, n − k),

gives
∞

∑
n=0

n

∑
r=0

q(
r
2)(−x)r Hn−r,p,q(x, y)tn

[r]p,q![n − r]p,q!
=

∞

∑
n=0

p(
n
2)ynt2n

[n]p,q!
. (33)

When each of the even as well as odd values of t from each side of Equation (33), are
compared, we get the assertions (31) and (32). The proof is completed.

Remark 1. It is worth mentioning that the corresponding expression of the summation models,
provided in Equation (32), is as outlined below:

2m

∑
r=0

q(
r
2)(−x)r H2m+1−r,p,q(x, y)
[r]p,q![2m + 1 − r]p,q!

=
q(

2m+1
2 )x2m+1

[2m + 1]p,q!
. (34)

We derive the subsequent summation models for the (p, q)-derivative of Hn,p,q(x, y)
from Theorem 1 and Remark 1:
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Corollary 2. The following summation models hold

[n/2]

∑
r=0

q(
r
2)(−p2y)rDp,q,x Hn+1−2r,p,q(x, p2y)

[r]p,q![n + 1 − 2r]p,q!
=

(px)n
p,q

[n]p,q!
, (35)

2m

∑
r=0

q(
r
2)(−px)rDp,q,x H2m+1−r,p,q(x, p2y)

[r]p,q![2m + 1 − r]p,q!
=

(p2y)m
p,q

[m]p,q!
(36)

and
2m

∑
r=0

q(
r
2)(−px)rDp,q,x H2m+2−r,p,q(x, p2y)

[r]p,q![2m + 2 − r]p,q!
=

q(
2m+1

2 )(px)2m+1

[2m + 1]p,q!
. (37)

Proof. Using Equation (12), we get

Dp,q,x Hn+1−2r,p,q(x, p2y) = [n + 1 − 2r]p,qHn−2r,p,q(px, p2y),

which on using Equation (18) and simplifying, gives

Hn−2r,p,q(x, y) =
Dp,q,x Hn+1−2r,p,q(x, p2y)

pn−2r[n + 1 − 2r]p,q
. (38)

Using Equation (38) in Equation (30), we get the assertion (35). Similarly, using
Equations (12) and (18), we get

H2m−r,p,q(x, y) =
Dp,q,x H2m+1−r,p,q(x, p2y)

p2m−r[2m + 1 − r]p,q
. (39)

We acquire the claim (36) by combining Equations (4) and (39) in Equation (31). We can
deduce from Equation (39) that

H2m+1−r,p,q(x, y) =
Dp,q,x H2m+2−r,p,q(x, p2y)
p2m+1−r[2m + 2 − r]p,q

. (40)

Using Equation (40) in Equation (34), we get the assertion (37).

Remark 2. The subsequent alternatives are obtained by applying Equation (18) to the right-side of
Equations (36) and (37):

2m

∑
r=0

q(
r
2)(−x)rDp,q,x H2m+1−r,p,q(

x
p , y)

[r]p,q![2m + 1 − r]p,q!
=

(y)m
p,q

p[m]p,q!

and
2m

∑
r=0

q(
r
2)(−x)rDp,q,x H2m+2−r,p,q(

x
p , y)

[r]p,q![2m + 1 − r]p,q!
=

q(
2m+1

2 )(x)2m+1

[2m + 1]p,q!
,

respectively.

Likewise, we obtain the subsequent summation expressions for (p, q)-derivative of
2V(p, q)HP Hn,p,q(x, y) with regard to y utilising Equations (13) and (18) in Equations (30),
(31) and (34):

Corollary 3. The summation models for the (p, q)-derivative of Hn,p,q(x, y) are listed below:

[n/2]

∑
r=0

q(
r
2)(−p2y)rDp,q,y Hn−2r+2,p,q(px, py)

[r]p,q![n − 2r + 2]p,q!
=

(px)n
p,q

[n]p,q!
,
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2m

∑
r=0

q(
r
2)
(
−√

px
)r

Dp,q,y H2m+2−r,p,q

(√
px, y

)
[r]p,q![2m + 2 − r]p,q!

=
(py)m

p,q

[m]p,q!

and
2m

∑
r=0

q(
r
2)
(
−√

px
)r

Dp,q,yH2m+3−r,p,q

(√
px, y

)
[r]p,q![2m + 3 − r]p,q!

=
q(

2m+1
2 )

(√
px
)2m+1

[2m + 1]p,q!
.

Example 3. The following correlations of (p, q)-summation models for 2-variable (p, q)-Hermite
polynomials can be obtained immediately by applying (30) and (35):

H4,p,q(x, y)
[4]p,q!

− yH2,p,q(x, y)
[2]p,q!

+
qy2

[2]p,q!
=

p6x4

[4]p,q!
,

Dp,q,x H5,p,q(x, p2y)
[5]p,q!

− p2yDp,q,x H3,p,q(x, p2y)
[3]p,q!

+
p4y2Dp,q,x H1,p,q(x, p2y)

[2]p,q!
=

(px)4
p,q

[4]p,q!
,

5. Recommendations for Future Research

We conclude this article by highlighting some important research directions that could
be considered in the future.

Since in (p, q)-calculus, we have two types of exponential functions, we exploit this
opportunity to introduce some other kinds of 2-variable(p, q)-Hermite polynomials. In
view of the following identity (see [25,26]):

ep,q(a) Ep,q(b) =
∞

∑
n=0

(a ⊕ b)n
p,q

[n]p,q!
, (41)

we have

ep,q(xt) Ep,q(yt2) =
∞

∑
n=0

(xt ⊕ yt2)n
p,q

[n]p,q!
, (42)

We now create another form of the two-variable (p, q)-Hermite polynomials Hn,p,q(x, y) in
the following manner:

ep,q(xt) Ep,q(yt2) =
∞

∑
n=0

Hn,p,q(x, y)
tn

[n]p,q!
. (43)

Using Equation (41) in Equation (43), we get

∞

∑
n=0

(xt ⊕ yt2)n
p,q

[n]p,q!
=

∞

∑
n=0

Hn,p,q(x, y)
tn

[n]p,q!
. (44)

Using Equation (3) and the subsequent series rearrangement technique (see [18]), the left
side of Equation (44) is expanded as as follows:

∞

∑
n=0

n

∑
k=0

A(n − k, k) =
∞

∑
n=0

[n/2]

∑
k=0

A(n − 2k, k)

and then comparing the equal powers of t from the both sides of the resultant equation,
gives the following series definition of 2V(p, q)HP Hn,p,q(x, y):

Hn,p,q(x, y) = [n]p,q!
[n/2]

∑
k=0

xk(y)n−2k
p,q q(

k
2)

[n − 2k]p,q![k]p,q!
.
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Applying the (p, q)-partial derivative of each side of Equation (43) with regard to x, then
once more using Equation (43), then comparing the equal values of t of each of the sides of
the resulting equation, we receive

Dp,q,xHn,p,q(x, y) = [n]p,qHn−1,p,q(px, y) for n ≥ 1.

Likewise, taking the (p, q)-partial derivative of each side of Equation (43) with respect
to y, then done once again using Equation (43) and matching the identical values of t from
the two sides of the resulting equation, we obtain

Dp,q,y

(
Hn,p,q(x, y)

)
= [n]p,q[n − 1]p,qHn−2,p,q(x, qy) for n ≥ 1.

We believe that the above newly discovered results will help us obtain new results
such as recurrence relations, (p, q)-differential equation, summation formulas and inte-
gral representations related to other kinds of 2-variable (p, q)-Hermite polynomials in
future studies.

6. Conclusions

In this paper, we establish new various features of 2-variable (p, q)-Hermite polyno-
mials, such as diffusion equation, differential equations, integral and summation represen-
tations as follows:

• (p, q)-Diffusion equation (see Equation (20)):

D2
p,q,x Hn,p,q(x, p3y) = p Dp,q,y Hn,p,q(p2x, p2y).

• (p, q)-Differential equation (see Theorem 1):
The subsequent (p, q)-differential equation for (p, q)-Hermite polynomials of 2-variables
holds true:

yL−2
p,x Lq,x

(
1 +

(
q
p

) n
2

L√ p
q ,x

)
H

′′
n,p,q(x, y)

+ pxH
′
n,p,q(x, y)− [n]p,q p2−nLp,x Hn,p,q(x, y) = 0,

in which L.,x represents the shift operator described in (15).
• Integral representations (see Theorems 2 and 3):

(i) The definite (p, q)-integral of Hn,p,q(x, y) with regard to x is as follows:

∫ b

a
Hn,p,q(x, y)dp,qx = p

Hn+1,p,q

(
b
p , y

)
− Hn+1,p,q

(
a
p , y

)
[n + 1]p,q

.

(ii) The definite (p, q)-integral of Hn,p,q(x, y) with respect to y is as follows:

∫ d

c
Hn,p,q(x, y)dp,qy = p

Hn+2,p,q

(
x, d

p

)
− Hn+2,p,q

(
x, c

p

)
[n + 1]p,q[n + 2]p,q

.

• Summation representations (see Theorem 4):
The summation models for (p, q)-Hermite polynomials of 2-variables are given below:

[n/2]

∑
r=0

q(
r
2)(−y)r Hn−2r,p,q(x, y)
[r]p,q![n − 2r]p,q!

=
p(

n
2)xn

[n]p,q!
.
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(1) If n = 2m (m ∈ N), then

2m

∑
r=0

q(
r
2)(−x)r H2m−r,p,q(x, y)
[r]p,q![2m − r]p,q!

=
p(

m
2 )ym

[m]p,q!
.

(2) If n = 2m + 1 (m ∈ N∪ {0}), then

2m+1

∑
r=0

q(
r
2)(−x)r H2m+1−r,p,q(x, y)
[r]p,q![2m + 1 − r]p,q!

= 0.

As applications, some new features for 2-variable (p, q)-Hermite polynomials are
presented in Sections 3 and 4.
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Abstract: Integral equations, which are defined as “the equation containing an unknown function
under the integral sign”, have many applications of real-world problems. The second type of
Fredholm integral equations is generally used in radiation transfer theory, kinetic theory of gases, and
neutron transfer theory. A special case of these equations, known as the quadratic Chandrasekhar
integral equation, given by x(s) = 1 + λx(s)

∫ 1
0

s
t+s x(t)dt, can be very often encountered in many

applications, where x is the function to be determined, λ is a parameter, and t, s ∈ [0, 1]. In this paper,
using a fixed-point theorem, the existence conditions for the solution of Fredholm integral equations
of the form χ(l) = �(l) + χ(l)

∫ q
p k(l, z)(Vχ)(z)dz are investigated in the space Cω [p, q], where χ is

the unknown function to be determined, V is a given operator, and �, k are two given functions.
Moreover, certain important applications demonstrating the applicability of the existence theorem
presented in this paper are provided.

Keywords: Fredholm integral equations; quadratic Chandrasekhar integral equation; Hölder space,
tempered modulus of continuity; the space Cω(X); fixed-point theorem

MSC: 45G10; 45B05; 47H10

1. Introduction

Fredholm integral equations are a class of integral equations named after the Swedish
mathematician Erik Ivar Fredholm. These equations are of the form

φ(x) = f (x) + λ
∫ b

a
K(x, t)φ(t)dt,

where φ(x) is the unknown function to be determined, f (x) is a given function, K(x, t) is
the kernel function, and λ is a parameter, often referred to as the Fredholm parameter.

Fredholm integral equations arise in various areas of mathematics and physics, includ-
ing potential theory, signal processing, and quantum mechanics. They represent a wide
range of problems where an unknown function is defined in terms of its integral over some
interval or domain.

One of the key aspects of Fredholm integral equations is the study of their solvability
and properties of their solutions. Depending on the properties of the kernel function
K(x, t) and the interval of integration, solutions to Fredholm integral equations may exhibit
different behaviors, including uniqueness, existence, and convergence properties.

Fredholm integral equations have been extensively studied, and various numerical
and analytical methods have been developed to solve them. These methods include—but
are not limited to—Fredholm’s alternative, Green’s functions, eigenfunction expansions,
and numerical quadrature techniques.

Axioms 2024, 13, 261. https://doi.org/10.3390/axioms13040261 https://www.mdpi.com/journal/axioms151
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Overall, Fredholm integral equations play a significant role in mathematical analysis
and have applications in diverse fields, making them an essential topic of study in both
pure and applied mathematics.

Fractional integral and differential equations are becoming increasingly vital for model-
ing real-world scenarios in physics, mechanics, and related fields. They provide a powerful
framework for describing complex phenomena that traditional integer-order calculus
struggles to capture adequately.

Quadratic integral equations are a specific class of integral equations where the un-
known function appears squared within the integral. They are represented by equations of
the form

φ(x) = f (x) + λ
∫ b

a
K(x, t)φ(t)2dt.

These equations arise in various fields of science and engineering, particularly in
problems where phenomena exhibit quadratic dependencies. Examples include nonlinear
wave propagation, population dynamics, and certain types of chemical reaction kinetics.

The study of quadratic integral equations involves investigating the existence, unique-
ness, and certain properties of their solutions. Analytical techniques such as iteration
methods, Fredholm alternative, and fixed-point theorems are often employed. Numerical
methods may also be used for practical solutions.

Understanding quadratic integral equations is crucial for modeling nonlinear phenom-
ena accurately and finding solutions to a wide range of problems in diverse scientific and
engineering applications.

Quadratic integral equations, in particular, have significant applications in fields like
radiative transfer, neutron transport, and kinetic theory of gases. They arise naturally
in these contexts and have been extensively studied for their existence properties and
solution behavior.

Recent developments in fractional calculus, including Riemann–Liouville, Caputo, and
Hadamard approaches, have further enriched our understanding and application of these
equations. Researchers have been exploring various types of quadratic integral equations
and extending their study to fractional versions like Urysohn type, Erdélyi–Kober type,
and Hadamard types.

The existence, local attractivity, and stability of solutions to these fractional quadratic
integral equations are crucial aspects of the research. Additionally, recent works have
focused on studying the solvability of quadratic integral equations of Fredholm type in
spaces of functions satisfying specific continuity conditions, such as the Hölder condition.
These investigations contribute to both theoretical understanding and practical applications
of these equations in diverse fields [1–25].

Moreover, the mathematical description of many processes in engineering, biological
and physical sciences give rise to quadratic integral equations. For instance, research in ra-
diative transfer theory and in kinetic theory of gases leads to the quadratic integral equation
(see [15,16]).

x(t) = 1 + tx(t)
∫ 1

0

Φ(τ)

t + τ
x(τ)dτ,

Furthermore, some articles using simulant techniques have been applied to vibrations
in thermoelasticity and a micropolar porous body [21,22]. That is, these articles are applied
to a micropolar porous body, including voidage time derivative among the independent
constitutive variables.

Quadratic integral equations are frequently applicable in neutron transport, radia-
tive transfer and traffic theories and in kinetic theory of gases [16–18]. Particularly, the
Chandrasekhar-type quadratic integral equation, which is defined as

x(s) = 1 + λx(s)
∫ 1

0

s
t + s

x(t)dt,
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can be very frequently encountered in many applications [16].
Moreover, certain biology and queuing theory research problems lead to the following

nonlinear integral equation [20]:

y(t) = f (t) +
y(t)
Γ(α)

∫ t

0

u(τ, y(τ))
(t − τ)1−α

dτ, t ∈ [0, T], α ∈ (0, 1].

The aim of current paper is to prove an existence theorem for the nonlinear quadratic
integral equation of the following form in the space Cω [p, q], where ω is a modulus of
continuity (see Section 2):

χ(l) = �(l) + χ(l)
∫ q

p
k(l, z)(Vχ)(z)dz, (1)

where V is a given operator and �, k THE GAP BEFORE k IS REMOVED are two given
functions.

By using a sufficient condition for the relative compactness in the space of functions
with moduli of continuity and the classical Schauder fixed-point theorem, we derive a new
existence result (see Theorem 4).

In Section 2, general definitions and theorems are given. The third section provides
the main result of the paper and shows that there is at least one solution of the investigated
equation. In the last section, two applications are given to support our main result.

2. Preliminaries

Let us give the notations, definitions and theorems that we will use in the paper .

Definition 1 ([8]). A nondecreasing function ω : R+ → R+ is said to be a modulus of continuity
if ω(0) = 0 and ω(ε) > 0 for ε > 0.

The space of continuous functions on [p, q] with the sup norm

‖χ‖∞ = sup{|χ(l)| : l ∈ [p, q]}

is denoted by C[p, q] for χ ∈ C[p, q]. Let ([p, q], d) be a given bounded metric space and
Cω [p, q] be the set of all real functions defined on [p, q] such that their growths are tempered
by the modulus of continuity ω with respect to d. A function χ = χ(l) is in the set Cω [p, q]
if there exists a constant H > 0 satisfying

|χ(l)− χ(m)| � Hω(d(l, m)) (2)

for all l, m ∈ [p, q]. Also, Cω [p, q] is a linear subspace of C[p, q].
The least possible constant Hω

χ for which the inequality (2) is satisfied is given as

Hω
χ = sup

{ |χ(l)− χ(m)|
ω(d(l, m))

: l, m ∈ [p, q], l 
= m
}

, (3)

where χ ∈ Cω [p, q].
The norm on the space Cω [p, q] is

‖χ‖ω = |χ(p)|+ sup
{ |χ(l)− χ(m)|

ω(d(l, m))
: l, m ∈ [p, q], l 
= m

}
(4)

for χ ∈ Cω [p, q]. By (3) and (4), we can write

‖χ‖ω = |χ(p)|+ Hω
χ .

The space Cω [p, q] depends on the metric d and continuity modulus ω.
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If we take d(l, m) = |l − m| and ω(ε) = εα for 0 < α < 1, the space Cω [p, q] becomes
the space Hα[p, q] (i.e., Hölder Space). In [8], the authors proved that (Cω [p, q], ‖ · ‖ω) is a
Banach space.

Lemma 1 ([25]). The following relation is satisfied for each χ ∈ Cω [p, q]:

‖χ‖∞ � max{1, ω(diam[p, q])}‖χ‖ω,

where diam[p, q] denotes the diameter of the metric space [p, q].

Lemma 2 ([25]). The following relation is satisfied for each χ ∈ Cω[p, q]. Suppose that ω2(d(l, m)) �
Lω1(d(l, m)) for all l, m ∈ [p, q], where L > 0. Then

Cω2 [p, q] ⊂ Cω1 [p, q] ⊂ C[p, q].

Furthermore, the following expression is satisfied for any χ ∈ Cω2 [p, q]:

‖χ‖ω1
� max{1, L}‖χ‖ω2

.

Remark 1 ([25]). Let limε→0
ω2(ε)
ω1(ε)

= 0 then, there exists a number M > 0 satisfying

ω2(d(l, m)) � Mω1(d(l, m))

for all l, m ∈ [p, q] and so imbedding relations in Lemma 2 and the inequality

‖χ‖ω1
� max{1, M}‖χ‖ω2

.

also hold for any χ ∈ Cω2 [p, q].

Theorem 1 (Theorem 5 in [8]). Let (X, d) be a compact metric space and

lim
ε→0

ω2(ε)

ω1(ε)
= 0,

where ω1, ω2 are moduli of continuity being continuous at zero. Then, if A is a bounded subset of
the space Cω2(X), the set A is relatively compact in the space Cω1(X).

Theorem 2 ([25]). Let limε→0
ω2(ε)
ω1(ε)

= 0. Then the set Bω2
r ∈ Cω1 [p, q] given by Bω2

r ={
χ ∈ Cω2 [p, q] : ‖χ‖ω2

� r
}

is compact.

Theorem 3 (Schauder’s fixed-point theorem [23]). Let T : Ω → Ω be a continuous mapping,
where Ω is a nonempty, compact and convex subset of a Banach space (X, ‖ · ‖), then T has at least
one fixed point in Ω.

3. Existence Theorem

In this part, we provide sufficient conditions that guarantee the Equation (1) has at
least one solution in Cω1 [p, q].

Let ([p, q], d) be a compact metric space and

lim
ε→0

ω2(ε)

ω1(ε)
= 0,

where ω1, ω2 are moduli of continuity being continuous at zero. We use the hypotheses
presented below:

(i) � ∈ Cω2 [p, q],
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(ii) The continuous function k : [p, q]× [p, q] → R satisfies the tempered by the modulus
of continuity with respect to the first variable, that is, there exists a constant kω2

such that
|k(l, z)− k(m, z)| � kω2 ω2(d(l, m))

for any l, m, z ∈ [p, q].
(iii) Let V : Cω2 [p, q] → C[p, q] be a continuous operator on Cω2 [p, q] with respect to norm

‖.‖ω1
and f : R

+ → R
+

be a non-decreasing function, the following inequality is
satisfied for each χ ∈ Cω2 [p, q] :

‖Vχ‖∞ � f (‖χ‖ω2).

(iv) There exists a positive solution r = r0 of the inequality

P + [η2K + K + η2kω2(q − p)] f (r)r � r,

where P, K and η2 are the constants such that ‖�‖ω2
� P,

sup
{∫ q

p
|k(l, z)|dz : l ∈ [p, q]

}
� K

and
η2 = max{1, ω2(diam[p, q])}.

Theorem 4. The Equation (1) has at least one solution belonging to the space Cω1 [p, q] under the
assumptions (i)–(iv).

Proof. We set the operator Λ ∈ Cω2 [p, q] as follows:

(Λχ)(l) = �(l) + χ(l)
∫ q

p
k(l, z)(Vχ)(z)dz, l ∈ [p, q].

We first show that Λ transforms the space Cω2 [p, q] into itself. For arbitrarily fixed
χ ∈ Cω2 [p, q] and l, m ∈ [p, q], taking into account the assumptions, we obtain that

(Λχ)(l)− (Λχ)(m) = �(l) + χ(l)
∫ q

p
k(l, z)(Vχ)(z)dz

−�(m)− χ(m)
∫ q

p
k(m, z)(Vχ)(z)dz

= �(l)− �(m) + [χ(l)− χ(m)]
∫ q

p
k(l, z)(Vχ)(z)dz

+χ(m)
∫ q

p
[k(l, z)− k(m, z)](Vχ)(z)dz

which implies that
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|(Λχ)(l)− (Λχ)(m)|
ω2(d(l, m))

� |�(l)− �(m)|
ω2(d(l, m))

+
|χ(l)− χ(m)|
ω2(d(l, m))

∫ q

p
|k(l, z)||(Vχ)(z)|dz

+|χ(m)|
∫ q

p

|k(l, z)− k(m, z)|
ω2(d(l, m))

|(Vχ)(z)|dz

� |�(l)− �(m)|
ω2(d(l, m))

+
|χ(l)− χ(m)|
ω2(d(l, m))

‖Vχ‖∞

∫ q

p
|k(l, z)|dz

+‖χ‖∞‖Vχ‖∞

∫ q

p

kω2 ω2(d(l, m))

ω2(d(l, m))
dz

� Hω2
� + Hω2

χ ‖Vχ‖∞K + ‖χ‖∞‖Vχ‖∞kω2(q − p) (5)

for all l, m ∈ [p, q] and l 
= m. By using the fact that Hω
χ � ‖χ‖ω and Lemma 1, we infer

from (5) that

|(Λχ)(l)− (Λχ)(m)|
ω2(d(l, m))

� Hω2
� + ‖Vχ‖∞‖χ‖ω2

K

+η2‖Vχ‖∞‖χ‖ω2
kω2(q − p)

� Hω2
� + f

(
‖χ‖ω2

)
‖χ‖ω2

K

+ f
(
‖χ‖ω2

)
η2‖χ‖ω2

kω2(q − p), (6)

where
η2 = max{1, ω2(diam[p, q])}.

From (6), we have Λχ ∈ Cω2 [p, q]. This proves that the operator Λ maps the space
Cω2 [p, q] into itself.

Also, we derive that

|(Λχ)(p)| =

∣∣∣∣�(p) + χ(p)
∫ q

p
k(p, z)(Vχ)(z)dz

∣∣∣∣
� |�(p)|+ |χ(p)|

∫ q

p
|k(p, z)||(Vχ)(z)|dz

� |�(p)|+ ‖χ‖∞‖Vχ‖∞K

� |�(p)|+ (max{1, ω2(diam[p, q])})‖χ‖ω2
‖Vχ‖∞K

� |�(p)|+ η2‖χ‖ω2
f
(
‖χ‖ω2

)
K. (7)

By using definition of the norm ‖Λχ‖ω2
, (6) and (7), we can write

‖Λχ‖ω2
= |(Λχ)(p)|+ sup

{ |(Λχ)(l)− (Λχ)(m)|
ω2(d(l, m))

: l, m ∈ [p, q], l 
= m
}

� |�(p)|+ f
(
‖χ‖ω2

)
η2‖χ‖ω2

K

+Hω2
� + f

(
‖χ‖ω2

)
‖χ‖ω2

K

+ f
(
‖χ‖ω2

)
η2‖χ‖ω2

kω2(q − p)

� ‖�‖ω2
+ [η2K + K + η2kω2(q − p)] f

(
‖χ‖ω2

)
‖χ‖ω2

(8)
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for any χ ∈ Cω2 [p, q]. So, if we take χ in Bω2
r0 then by (8) and the assumption (iv) we get

the following inequality:

‖Λχ‖ω2
� P + [η2K + K + η2kω2(q − p)] f (r0)r0 � r0.

So Λχ ∈ Bω2
r0 . Thus, Λ transforms the ball

Bω2
r0 = {χ ∈ Cω2 [p, q] : ‖χ‖ω2 � r0}

into itself. That is, Λ : Bω2
r0 → Bω2

r0 . Next, we will show that the operator Λ is continuous on
Bω2

r0 with respect to norm ‖ · ‖ω1 . To carry this out, we fix ψ ∈ Bω2
r0 and an arbitrary ε > 0.

Since the operator V : Cω2 [p, q] → C[p, q] is continuous on Cω2 [p, q] with respect to norm
‖.‖ω1

, there is a positive number δ such that the estimate

‖Vχ − Vψ‖∞ <
ε

2(KL + L(q − p)η2kω2 + Kη2)r0

is satisfied for all χ ∈ Bω2
r0 , where ‖χ − ψ‖ω1

< δ, where δ is a number satisfying the
following inequality:

0 < δ <
ε

2(K + η1L(q − p)kω2 + Kη1) f (r0)
,

where
max{1, ω1(diam[p, q])} = η1.

By using the equality

(Λχ)(l)− (Λψ)(l)− ((Λχ)(m)− (Λψ)(m))

= χ(l)
∫ q

p
k(l, z)(Vχ)(z)dz − ψ(l)

∫ q

p
k(l, z)(Vψ)(z)dz

−χ(m)
∫ q

p
k(m, z)(Vχ)(z)dz + ψ(m)

∫ q

p
k(m, z)(Vψ)(z)dz

= [χ(l)− ψ(l)]
∫ q

p
k(l, z)(Vχ)(z)dz + ψ(l)

∫ q

p
k(l, z)[(Vχ)(z)− (Vψ)(z)]dz

−[χ(m)− ψ(m)]
∫ q

p
k(m, z)(Vχ)(z)dz − ψ(m)

∫ q

p
k(m, z)[(Vχ)(z)− (Vψ)(z)]dz

= {[χ(l)− ψ(l)]− [χ(m)− ψ(m)]}
∫ q

p
k(l, z)(Vχ)(z)dz

+[χ(m)− ψ(m)]
∫ q

p
[k(l, z)− k(m, z)](Vχ)(z)dz

+[ψ(l)− ψ(m)]
∫ q

p
k(l, z)[(Vχ)(z)− (Vψ)(z)]dz

+ψ(m)
∫ q

p
[k(l, z)− k(m, z)][(Vχ)(z)− (Vψ)(z)]dz,

we obtain that
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|[(Λχ)(l)− (Λψ)(l)]− [(Λχ)(m)− (Λψ)(m)]|
ω1(d(l, m))

� 1
ω1(d(l, m))

|[χ(l)− ψ(l)]− [χ(m)− ψ(m)]|
∣∣∣∣∫ q

p
k(l, z)(Vχ)(z)dz

∣∣∣∣
+

1
ω1(d(l, m))

|χ(m)− ψ(m)|
∣∣∣∣∫ q

p
[k(l, z)− k(m, z)](Vχ)(z)dz

∣∣∣∣
+

1
ω1(d(l, m))

∣∣∣∣[ψ(l)− ψ(m)]
∫ q

p
k(l, z)[(Vχ)(z)− (Vψ)(z)]dz

∣∣∣∣
+

1
ω1(d(l, m))

∣∣∣∣ψ(m)
∫ q

p
[k(l, z)− k(m, z)][(Vχ)(z)− (Vψ)(z)]dz

∣∣∣∣
which yields that

|[(Λχ)(l)− (Λψ)(l)]− [(Λχ)(m)− (Λψ)(m)]|
ω1(d(l, m))

� |[χ(l)− ψ(l)]− [χ(m)− ψ(m)]|
ω1(d(l, m))

‖Vχ‖∞

∫ q

p
|k(l, z)|dz

+‖χ − ψ‖∞‖Vχ‖∞

∫ q

p

|k(l, z)− k(m, z)|
ω1(d(l, m))

dz

+
|ψ(l)− ψ(m)|

ω1(d(l, m))

∣∣∣∣∫ q

p
k(l, z)[(Vχ)(z)− (Vψ)(z)]dz

∣∣∣∣
+|ψ(m)|

∣∣∣∣∫ q

p

k(l, z)− k(m, z)
ω1(d(l, m))

[(Vχ)(z)− (Vψ)(z)]dz
∣∣∣∣

� Hω1
χ−ψ‖Vχ‖∞K + η1‖χ − ψ‖ω1

‖Vχ‖∞

∫ q

p

|k(l, z)− k(m, z)|
ω1(d(l, m))

dz

+
|ψ(l)− ψ(m)|

ω1(d(l, m))

∫ q

p
|k(l, z)||(Vχ)(z)− (Vψ)(z)|dz

+|ψ(m)|
∫ q

p

|k(l, z)− k(m, z)|
ω1(d(l, m))

|(Vχ)(z)− (Vψ)(z)|dz (9)

for all l, m ∈ [p, q] with l 
= m. The estimates

‖χ‖∞ � max{1, ω2(diam[p, q])}‖χ‖ω2

and
Hω

χ � ‖χ‖ω

hold from Lemma 1 and definition of the norm ‖χ‖ω. By (9), we derive the following
estimate:

|[(Λχ)(l)− (Λψ)(l)]− [(Λχ)(m)− (Λψ)(m)]|
ω1(d(l, m))

� K‖Vχ‖∞ Hω1
χ−ψ + η1‖χ − ψ‖ω1

‖Vχ‖∞

∫ q

p

kω2 ω2(d(l, m))

ω1(d(l, m))
dz

+
|ψ(l)− ψ(m)|

ω2(d(l, m))

ω2(d(l, m))

ω1(d(l, m))

∫ q

p
|k(l, z)||(Vχ)(z)− (Vψ)(z)|dz

+|ψ(m)|
∫ q

p

kω2 ω2(d(l, m))

ω1(d(l, m))
|(Vχ)(z)− (Vψ)(z)|dz

� K‖Vχ‖∞‖χ − ψ‖ω1
+ η1L(q − p)kω2‖Vχ‖∞‖χ − ψ‖ω1

+KLHω2
ψ ‖Vχ − Vψ‖∞ + L(q − p)kω2‖ψ‖∞‖Vχ − Vψ‖∞, (10)
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Then, by the assumption (iii), Lemma 1 and (10), we obtain the following inequality:

|[(Λχ)(l)− (Λψ)(l)]− [(Λχ)(m)− (Λψ)(m)]|
ω1(d(l, m))

� K f
(
‖χ‖ω2

)
‖χ − ψ‖ω1

+ η1L(q − p)kω2 f
(
‖χ‖ω2

)
‖χ − ψ‖ω1

+KL‖ψ‖ω2
‖Vχ − Vψ‖∞ + L(q − p)η2kω2‖ψ‖ω2

‖Vχ − Vψ‖∞

� K f (r0)δ + η1L(q − p)kω2 f (r0)δ + KLr0‖Vχ − Vψ‖∞

+L(q − p)η2kω2 r0‖Vχ − Vψ‖∞. (11)

On the other hand,

(Λχ)(p)− (Λψ)(p) = χ(p)
∫ q

p
k(p, z)(Vχ)(z)dz

−ψ(p)
∫ q

p
k(p, z)(Vψ)(z)dz

= χ(p)
∫ q

p
k(p, z)[(Vχ)(z)− (Vψ)(z)]dz

+[χ(p)− ψ(p)]
∫ q

p
k(p, z)(Vψ)(z)dz

and hence

|(Λχ)(p)− (Λψ)(p)|
� |χ(p)|

∫ q

p
|k(p, z)||(Vχ)(z)− (Vψ)(z)|dz

+|χ(p)− ψ(p)|
∫ q

p
|k(p, z)||(Vψ)(z)|dz

� K‖χ‖∞‖Vχ − Vψ‖∞ + K‖Vψ‖∞‖χ − ψ‖∞

� K‖χ‖ω2
η2‖Vχ − Vψ‖∞ + K‖Vψ‖∞η1‖χ − ψ‖ω1

� Kη2‖χ‖ω2
‖Vχ − Vψ‖∞ + Kη1 f (‖ψ‖ω2

)‖χ − ψ‖ω1

� Kη2r0‖Vχ − Vψ‖∞ + Kη1 f (r0)δ. (12)

From (11) and (12), it follows that

‖Λχ − Λψ‖ω1

= |(Λχ)(p)− (Λψ)(p)|+ Hω1
Λχ−Λψ

= |(Λχ)(p)− (Λψ)(p)|
+ sup

{ |[(Λχ)(l)− (Λψ)(l)]− [(Λχ)(m)− (Λψ)(m)]|
ω1(d(l, m))

: l, m ∈ [p, q], l 
= m
}

� (K + η1L(q − p)kω2 + Kη1) f (r0)δ

+(KL + L(q − p)η2kω2 + Kη2)r0‖Vχ − Vψ‖∞

<
ε

2
+

ε

2
= ε.

Therefore, the operator Λ is continuous at the point χ ∈ Bω2
r0 . We conclude that Λ

is continuous on Bω2
r0 with respect to the norm ‖ · ‖ω1 . By Theorem 2, Bω2

r0 is compact in
Cω1 [p, q] and through Schauder fixed-point theorem proof is completed.

4. Applications

In this section, we employed the regularization method combined with some of the
proper well-known techniques to handle the Fredholm integral equations. Our approach
has demonstrated reliability in tackling these challenging problems. To further illustrate
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the effectiveness of our method, we present two numerical applications that corroborate
our fundamental theorem. Through these applications, we aim to reinforce our findings
and foster a deeper, more abstract comprehension of the topic.

Application 1. Let n and n̂ be two non-negative constants and l ∈ [0, 1]. Consider the
integral equation given below:

χ(l) = 3
√

n sin(πl) + n̂ + χ(l)
∫ 1

0

5
√

5l2 + z
√
|χ(z)| dz. (13)

Also, define the operator V as (Vχ)(z) =
√|χ(z)| for all l, z ∈ [0, 1] and set �(l) =

3
√

n sin(πl) + n̂, k(l, z) = 5
√

5l2 + z.
Additionally we choose ω2(ε) = ε

1
3 , ω1(ε) = εα such that 0 < α < 1/3 and d(l, m) =

|l − m|. Since the function h(l) = 3
√

l is concave for h : R+ → R+, this function is
subadditive from Lemma 4.4 in [24]. Moreover, if we take into account |sin χ − sin ψ| �
|χ − ψ| for χ, ψ ∈ R, we have

|�(l)− �(m)| =
∣∣∣ 3
√

n sin πl + n̂ − 3
√

n sin πm + n̂
∣∣∣

� 3
√
|n(sin πl − sin πm)|

� 3
√

nπ|l − m| 1
3 .

Thus,

‖�‖ω2
= |�(0)|+ sup

{ |�(l)− �(m)|
ω2(d(l, m))

: l, m ∈ [0, 1], l 
= m
}

=
∣∣∣ 3
√

n̂
∣∣∣+ sup

{
|�(l)− �(m)|

|l − m| 1
3

: l, m ∈ [0, 1], l 
= m

}

�
∣∣∣ 3
√

n̂
∣∣∣+ sup

{
3
√

nπ|l − m| 1
3

|l − m| 1
3

: l, m ∈ [0, 1], l 
= m

}
� 3

√
n̂ + 3

√
nπ = P

which means that the condition (i) of Theorem 4 is fulfilled.
Further, we have

|k(l, z)− k(m, z)| =
∣∣∣ 5
√

5l2 + z − 5
√

5m2 + z
∣∣∣

� 5
√
|5l2 − 5m2|

� 5
√

10|l − m| 1
5

for all l, m ∈ [0, 1]. The condition (ii) of Theorem 4 holds with kω2 = 5
√

10, d(l, m) = |l − m|
and ω2(d(l, m)) = |l − m|1/5.

Since

sup
{∫ 1

0
|k(l, z)|dz : l ∈ [0, 1]

}
= sup

{∫ 1

0

∣∣∣ 5
√

5l2 + z
∣∣∣dz : l ∈ [0, 1]

}
=

5
6
(5l2 + z)6/5|10

� 5
6
(6 5
√

6 − 5 5
√

5),

the constant K can be taken as K = 5
6 (6

5
√

6 − 5 5
√

5).
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Since
η2 = max{1, ω2(diam[0, 1])} = max

{
1, 1

1
5

}
= 1,

we have

|(Vχ)(z)| =
√
|χ(z)| �

√
‖χ‖∞ �

√
η2‖χ‖ω2

=
√
‖χ‖ω2

(14)

for all χ ∈ Cω2 [0, 1] and z ∈ [0, 1]. (14) yields that

‖Vχ‖∞ �
√
‖χ‖ω2

for all χ ∈ Cω2 [0, 1]. Therefore, V is an operator from Cω2 [0, 1] into C[0, 1] and we can
choose the function f : R+ → R+ as f (χ) =

√
χ. This function is non-decreasing and

verifies the assumption (iii).
Now, we prove that V is continuous on Cω2 [0, 1] with ‖.‖ω1

. Let ψ ∈ Cω2 [0, 1] and
ε > 0. Also, let χ ∈ Cω2 [0, 1] be an arbitrary function satisfying ‖χ − ψ‖ω1

< δ such that
0 < δ � ε2.

The inequality

|(Vχ)(z)− (Vψ)(z)| =
√
|χ(z)− ψ(z)| �

√
‖χ − ψ‖∞ �

√
η1‖χ − ψ‖ω1

holds for all χ, ψ ∈ Cω2 [0, 1] and z ∈ [0, 1]. Since

η1 = max{1, ω1(diam[0, 1])} = max{1, 1α} = 1,

we have

‖Vχ − Vψ‖∞ �
√
‖χ − ψ‖ω1

for all χ, ψ ∈ Cω2 [0, 1].
Hence, V is continuous at the point ψ ∈ Cω2 [0, 1] with ‖.‖ω1

since ψ is arbitrarily
selected.

P + [η2K + K + η2kω2(q − p)] f (r)r � r

is equivalent to

3
√

n̂ + 3
√

nπ +

[
5
3

(
6 5
√

6 − 5 5
√

5
)
+

5
√

10(1 − 0)
]

r
√

r � r. (15)

If we take the constants n and n̂ as suitable, then there exists a positive number r0
satisfying (15). For instance, if we select n = 0 and n̂ = 0, then (15) holds for r = r0 ∈
(0, 0.0517272].

Therefore, we show the existence of the solution for Equation (13) in the space Cω1 [0, 1]
via Theorem 4.

Application 2. Consider the following quadratic integral equation:

χ(l) =
1

100

√
arctan(l − 1) + χ(l)

∫ e

1

3
√

ln l + ln z
z

sin χ(z)dz, (16)

where l, z ∈ [1, e].
Set �(l) = 1

100

√
arctan(l − 1), k(l, z) =

3√ln l+ln z
z , (Vχ)(z) = sin χ(z) and ω2(ε) = ε

1
3 ,

ω1(ε) = εα for 0 < α < 1/3, d(l, m) = |ln l − ln m|.
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Since the function h : R+ → R+ defined by h(χ) =
√

χ is concave and h(0) = 0, this
function is subadditive from Remark 4.5 in [24] ref IS CHANGED AS cite. If we consider
|arctan χ − arctan ψ| � |χ − ψ| for χ, ψ ∈ R, we can write

|�(l)− �(m)| =

∣∣∣∣ 1
100

√
arctan(l − 1)− 1

100

√
arctan(m − 1)

∣∣∣∣
� 1

100

√
|arctan(l − 1)− arctan(m − 1)|

� 1
100

√
|l − m|

for all l, m ∈ [1, e].
Let l < m, so there is ξ ∈ (l, m) satisfying

|ln l − ln m| = 1
ξ
|l − m|

which yields that

|ln l − ln m| � 1
e
|l − m|

and hence
1

|ln l − ln m| 1
3
�

3
√

e

|l − m| 1
3

for all l, m ∈ [1, e] and l 
= m.
Since

‖�‖ω2
= |�(1)|+ sup

{ |�(l)− �(m)|
ω2(d(l, m))

: l, m ∈ [1, e], l 
= m
}

= sup

{
|�(l)− �(m)|
|ln l − ln m| 1

3
: l, m ∈ [1, e], l 
= m

}

�
3
√

e
100

sup
{
|l − m| 1

6 : l, m ∈ [1, e], l 
= m
}

� 1
50

= P,

assumption (i) of Theorem 4 is satisfied.
Further, we have

|k(l, z)− k(m, z)| =
1
z

∣∣∣ 3
√

ln l + ln z − 3
√

ln m + ln z
∣∣∣

� 1
z

3
√
|ln l − ln m|

� |ln l − ln m| 1
3

= ω2(d(l, m))

for all l, m, z ∈ [1, e]. Condition (ii) of Theorem 4 holds with the constant kω2 = 1.
Also,

sup
{∫ e

1
|k(l, z)|dz : l ∈ [1, e]

}
= sup

{∫ e

1

∣∣∣∣∣ 3
√

ln l + ln z
z

∣∣∣∣∣dz : l ∈ [1, e]

}

�
∫ e

1

3
√

1 + ln z
z

dz

=
3
4

(
3
√

16 − 1
)

.
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So the constant K can be taken as 3
4

(
3
√

16 − 1
)

.
Since

η2 = max{1, ω2(diam[1, e])} = max
{

1, (ln e − ln 1)
1
3

}
= 1,

the estimate

|(Vχ)(z)| = |sin χ(z)| � |χ(z)| � ‖χ‖∞ � η2‖χ‖ω2
= ‖χ‖ω2

holds for all χ ∈ Cω2 [1, e] and z ∈ [1, e], and hence

‖Vχ‖∞ = sup
z∈[0,1]

|(Vχ)(z)| � ‖χ‖ω2
.

Therefore, V is an operator from Cω2 [1, e] into C[1, e], and we can take the function f :
R+ → R+ as f (χ) = χ. It is obvious that the function f is non-decreasing and satisfies
assumption (iv).

Now, we show that the operator V is continuous on Cω2 [1, e] with ‖.‖ω1
. Let ψ ∈ Cω2 [1, e]

be arbitrarily selected, ε > 0 and χ ∈ Cω2 [1, e] be an arbitrary function, and inequality
‖χ − ψ‖ω1

< δ be satisfied such that 0 < δ � ε.
Then, for arbitrary l, m ∈ [1, e], we obtain

|sin χ(z)− sin ψ(z)| � |χ(z)− ψ(z)| � ‖χ − ψ‖∞ � η1‖χ − ψ‖ω1
= ‖χ − ψ‖ω1

,

where
η1 = max{1, ω1(diam[1, e])} = max{1, (ln e − ln 1)α} = 1.

Thus,

‖Vχ − Vψ‖∞ = sup
z∈[0,1]

|sin χ(z)− sin ψ(z)| � ‖χ − ψ‖ω1

which implies
‖Vχ − Vψ‖∞ < δ � ε

is satisfied for all χ ∈ Cω2 [1, e]. This proves that the operator V is continuous at the point
ψ ∈ Cω2 [1, e], and it is continuous on Cω2 [1, e] with ‖.‖ω1

because ψ is arbitrarily selected.
Hypothesis (iv) of Theorem 4

P + [η2K + K + η2kω2(q − p)] f (r)r � r

is equivalent to
1

50
+

[
3
2

(
3
√

16 − 1
)
+ (e − 1)

]
r2 � r. (17)

The number r0 chosen as r0 ∈ [0.0219212, 0.228201] satisfies inequality (17).
Therefore, we show the existence of solution for Equation (16) in the space Cω1 [1, e]

via Theorem 4.

5. Conclusions

In this paper, using a fixed-point theorem, the existence conditions for the solution of
Fredholm integral equations of the form

χ(l) = �(l) + χ(l)
∫ q

p
k(l, z)(Vχ)(z)dz

are investigated in the space Cω [p, q]. The main theorem is based on a useful technique.
It is clear that this theorem is more general than many equations considered so far. By
using a sufficient condition for the relative compactness in the space of functions with
tempered moduli of continuity (see Theorem 2) and the classical Schauder fixed-point
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theorem, we derive a new existence result (see Theorem 4). Fredholm integral equations
are used in various scientific and engineering disciplines to model phenomena like heat
transfer, population dynamics, and signal processing. The established results in this paper
could be applied to problems in these fields where existence of solutions is crucial for
model validity. The existence theorems provide a theoretical foundation for developing
numerical methods to solve Fredholm integral equations. By guaranteeing the existence
of a solution, these results can help guide the development of more robust and efficient
numerical algorithms.
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8. Banaś, J.; Nalepa, R. On the space of functions with growths tempered by a modulus of continuity and its applications. J. Funct.

Spaces Appl. 2013, 2013, 820437. [CrossRef]
9. O’Regan, D. Existence theory for nonlinear Volterra integrodifferential and integral equations. Nonlinear Anal. 1998, 31, 317–341.
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