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s s i E

Ralph Kenna (27 August 1964-26 October 2023)

This Special Issue was initiated by Prof. Ralph Kenna, who at the time was a member
of the Entropy Editorial Board. The chosen topic lay at the heart of his scientific endeavors,
and we are deeply indebted to him for his significant contributions to this field. At the
suggestion of the Entropy Editorial Board, we undertook the task of bringing this project
to completion. We have done our utmost to honor Ralph’s vision, and we respectfully
dedicate this Special Issue to his memory.

Ralph Kenna was born in Athlone (Ireland). He was a theoretical physicist and had
very diverse centres of interest, such as statistical physics, complex systems, and Irish
mythology. After a B.A. in Theoretical Physics (1985) and an M.Sc. (1988) from Trinity
College Dublin, he completed his PhD at the University of Graz under Professor Christian

Entropy 2025, 27, 810 https://doi.org/10.3390/e27080810
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Lang in 1993. Ralph then moved to the University of Liverpool from 1994 to 1997 and to
Trinity College Dublin from 1997 to 1999. In 2002, he was hired at Coventry University,
where he founded the Applied Mathematics Research Centre, joining, in 2018, the Centre
for Fluid and Complex Systems. In 2016, he co-founded the IL* Collaboration and Doctoral
College for the Statistical Physics of Complex Systems, joining the Universities of Coventry,
Leipzig, Lorraine, and the Institute for Condensed Matter Physics of the National Academy
of Sciences of Ukraine in Lviv (ICMP). He was a Fellow of the Institute of Mathematics and
its Applications, Member of the Institute of Physics, and an Advisory Board Member of the
Middle European Cooperation on Statistical Physics. In 2019, for his important scientific
contributions as well as for his initiative in different forms of collaboration with Ukraine
and his engagement in the preparation of young scientists, he was conferred the title of
Doctor Honoris Causa of the ICMP. Ralph Kenna passed away on 26 October 2023, and is
buried in the St. Kieran’s Cemetery at Coosan, close to his home town, Athlone. Below, we
will mention only some of his scientific results. A more complete description of his life and
work can be found in [1].

In statistical physics, Ralph Kenna was a renowned expert in the study of critical
phenomena and phase transitions via the analysis of the zeros of the partition function,
an approach introduced by Lee and Yang in the 1950s [2,3] and further elaborated by Fisher
in 1960s [4].

Together with his collaborators, Ralph Kenna was renowned for developing scaling
relations involving logarithmic corrections [5,6], particularly at the upper critical dimension,
then extending this to higher dimensions in 2012 [7], following the pioneering work of
Michael Fisher on dangerous irrelevant variables [8,9]. This led to the introduction of
the new pseudo-critical exponent (koppa) and its logarithmic counterpart (koppa-hat) to
govern the finite-size scaling (FSS) of the correlation length and a new form for FSS, called
QFSS, to replace standard prescription above the upper critical dimension [10-14]. Spin
systems on scale-free networks also display logarithmic corrections that obey the scaling
relations developed by Kenna [15].

Ralph Kenna has always been attracted by multidisciplinary subjects and has not
hesitated during his career to tackle societal or human sciences problems. In 2010, Kenna
and Berche quantified the notion of critical mass of academic research groups [16,17].
Using data from the UK’s Research Assessment Exercise 2008 and the French counterpart
(then AERES), they tracked how research group quality depends on the size of the group.
They found that quality rises linearly with group size up to a point, which they later
identified as akin to the Dunbar number in anthropology [18]. Subsequently, together
with his collaborators, he used scientometrics to predict the outcome of the UK’s Research
Excellence Framework 2014. They established that correlations between metrics and peer
review are poor [19].

In the field of comparative mythology, Ralph Kenna was a pioneer in applying complex
network analysis to the study of Irish and other mythological traditions. His first paper on
the topic [20] was downloaded over 30,000 times in 10 years and resulted in considerable
media coverage in the international press. Other major works include investigations into
the Sagas of Icelanders [21]. Kenna’s team found that whether the sagas are historically
accurate or not, the properties of the social worlds they record are similar to those of real
social networks. The Viking Age in Ireland as portrayed in Cogadh Gaedhel re Gallaibh was
next tackled by his group [22]. They developed a measure to place hostility on a spectrum
between civil war and international conflict. Their findings quantified and supported the
traditional view of the Viking age in Ireland as one of international conflict and challenged
recent revisionist claims. Kenna and co-workers also studied Ukrainian mythology. They
compared the Kyiv bylyny cycle to other prominent European epics [23].



Entropy 2025, 27, 810

In the last months of his life, Ralph Kenna struggled with a serious, incurable illness.
Continuing his scientific work was also part of this struggle. Among his various projects
was the preparation of a Special Issue of the journal Entropy. Below is a brief description of
the Special Issue scope written by Prof. Kenna:

Universality is an emergent phenomenon, at least partially explained by the renormal-
ization group. Because of universality, simplified theoretical models can deliver critical
behaviour of real complex systems by trimming back to essentials such as dimensionality,
symmetry group, and range of interaction. Universality classes of theoretical models
and real systems are characterised by critical exponents that are linked through scaling
relations between them. The scaling relations that involve dimensionality are referred
to as hyperscaling. Due to the success of mean-field theory in highly connected systems,
irrespective of the dimensionality of the systems, dimension-dependent hyperscaling is
often said to fail there. That tenet was challenged recently with the introduction of new
insights to the renormalization group aimed to rescue hyperscaling in high dimensions.

This Special Issue focuses on high-dimensional and other highly connected systems
where hyperscaling is traditionally said to fail. We are interested in robustly supported
explorations of how hyperscaling can or cannot be re-instated. The intent of this Special
Issue is to capture “state of the art” research in high dimensions and high connectivity
and as such we welcome new results and reviews of the highest standard. We are also
interested in interdisciplinary applications.

In the process of working on this Special Issue, its scope has been somewhat expanded.
The articles offered to readers now contain, along with issues related to scaling above
the upper critical dimensionality, other problems of the theory of phase transitions and
critical phenomena [24-32]. We consider such an expansion of the subject appropriate,
because the consideration of such problems places the question of hyperscaling violation
and the peculiarities of scaling above the upper critical dimensionality in a broader context.
Moreover, such an expansion of the subject enabled some of the authors who were closely
associated with Ralph in their activities to participate in this Special Issue.

The first group of contributions addresses the general topic of finite-size scaling at or
above the upper critical dimension—an area now commonly referred to as Q-finite-size
scaling—a term coined by Ralph himself.

The opening article is a masterful review by Adelhardt, Koziol, Langheld, and
Schmidt [24]. Long-range interactions play a crucial role in a wide variety of quantum
systems, yet they remain notoriously challenging to handle from a theoretical standpoint.
In this work, the authors provide a comprehensive overview of recent developments in
the study of quantum magnets with long-range interactions. They discuss in detail the
application of perturbative continuous unitary transformations and stochastic series expan-
sion quantum Monte Carlo techniques to large finite systems. Finite-size scaling methods
are then employed to extract the physical properties of the corresponding infinite systems.
The review presents a thorough summary of the resulting quantum-critical behavior, in-
cluding critical exponents across various models, and explores how long-range interactions
can be tuned to explore quantum phase transitions beyond the upper critical dimension.

The second contribution is from Moueddene, Donoso, and Berche [25], and it pays
tribute to Ralph’s favorite area of research, since this paper revisits the scaling relations
among the so-called hatted critical exponents, originally introduced by Ralph Kenna, Des
Johnston, and Wolfhard Janke. The authors propose alternative derivations for several of
these relations. Notably, in the case of the scaling relation involving the behavior of the
correlation function, they suggest a corrected form, having identified what they believe to
be an error in the original formulation by Kenna and his collaborators.



Entropy 2025, 27, 810

The contribution by Young [26] deals with finite-size scaling above the upper critical
dimension and, in particular, considers boundary-condition-dependent effects that arise
there. The case with free-boundary conditions was investigated in detail by the author and
is also discussed here, as it is still subject to current—possibly conflicting—investigations.
Some numerical results are presented in addition to theoretical arguments.

Next, we turn to contributions in this volume that, while not related to Q-scaling,
address broader issues in statistical mechanics. The paper by Folk and Holovatch [27]
is dedicated to Ralph Kenna’s memory, but for technical reasons, it was not included in
the online publication of the Special issue. In this article, the authors report on a part
of the work on a larger project, also carried out with Ralph’s participation, which con-
sisted of preparing the bilingual commented publication of Ernst Ising’s doctoral thesis [33].
The project has been completed this year [34]. Today, the Ising model stands as an archetype
for describing collective ordering phenomena, renowned both within physics and across
disciplines. Less widely known, however, is that Ernst Ising’s doctoral thesis—defended
a century ago in 1924—contained more than the solution to what we now call the clas-
sical one-dimensional Ising model. Several additional problems, as well as the methods
employed to solve them, are examined in this historical note. In particular, the authors
highlight the combinatorial technique Ising used to compute the partition function of a
chain of elementary magnets. In the thermodynamic limit, this approach yields a partition
function expressed in terms of the roots of a specific polynomial. Remarkably, these “Ising
roots” obtained via combinatorics coincide with the eigenvalues of the transfer matrix—a
formalism only introduced later. The paper also discusses a three-state generalization
of the two-state model proposed in Ising’s thesis but omitted from his well-known 1925
publication [35]. This extended model may be viewed as a precursor to the now-prevalent
class of models featuring multicomponent order parameters.

Oliveira, Alves, Alves, Lima, and Plascak [28] investigate the Biswas—Chatterjee-Sen
model of opinion dynamics on three-dimensional Solomon networks using extensive
Monte Carlo simulations. Employing finite-size scaling analysis, they provide clear ev-
idence that the model exhibits a second-order phase transition. The authors determine
the critical exponents associated with the order parameter, its associated susceptibility,
and the correlation length. Their results demonstrate that the model in three dimensions
belongs to a universality class distinct from those found in the same model on one- and
two-dimensional Solomon networks, as well as from the conventional Ising model defined
on these networks.

In their contribution, Igléi and Lin [29] employ a real-space block renormalization
group approach to investigate the critical behavior of the random transverse-field Ising
spin chain with multispin interactions. They first recover the well-established results for
the standard model with nearest-neighbor (two-spin) couplings. Extending their analysis
to the case with three-spin interactions, they determine the location of the critical point and
show that the associated phase transition is governed by an infinite-disorder fixed point.
Notably, the typical correlation-length critical exponent appears to differ from that of the
conventional random transverse-field Ising chain, indicating that the model with multispin
couplings belongs to a distinct infinite-disorder universality class.

Gessert, Weigel, and Janke [30] analyze the zeros of the partition function in the
complex temperature plane (Fisher zeros) and in the complex external field plane (Lee-Yang
zeros) for a frustrated Ising model on the honeycomb lattice, featuring competing nearest-
neighbor (J; > 0) and next-nearest-neighbor (J, < 0) interactions. They investigate the
finite-size scaling behavior of the leading zeros and compare their findings with results from
amore traditional scaling analysis, based on the logarithmic derivative of the magnetization
and the magnetic susceptibility. Although both approaches are subject to significant
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corrections to scaling due to frustration, the nature of these corrections differs markedly,
especially as the interaction ratio R = /] is varied. The analysis of the partition function
zeros thus emerges as a valuable complement to conventional FSS methods. In particular,
the scaling behavior of the zeros provides compelling evidence that the system remains
within the Ising universality class down to R = —0.22, a regime where conclusions based on
traditional FSS become less definitive. This demonstrates the utility of the zeros approach
as a powerful additional tool for charting the phase diagrams of models strongly affected
by corrections to scaling.

Henkel [31] investigates out-of-equilibrium dynamics in the one-dimensional Glauber—
Ising model following a quench to zero temperature. Focusing on single-time and two-time
correlation functions on a periodic chain of finite length N, he employs an analytical
continuation method. In addition to providing further confirmation of finite-size scaling
in non-equilibrium settings, this approach enables a detailed examination of the scaling
behavior of the plateau height Cc(,f ), the asymptotic value approached by the two-time
autocorrelator deep in the finite-size regime.

Burda and Johnston [32] exploit the correspondence between the partition function of
an adsorbing Dyck walk model and the normalization of the Asymmetric Simple Exclusion
Process (ASEP) to determine the thermodynamic limit of the locus of ASEP normalization
zeros via a conformal mapping approach. They further discuss the equivalence of this
method with an electrostatic analogy, which can also be used to derive the zero locus—both
for the ASEP and for the related random allocation model. This dual perspective high-
lights the versatility and robustness of analytical techniques in determining the singularity
structure of nonequilibrium systems.

With this collection of articles, their authors, together with the editors of the Entropy
journal, express their deep respect for the memory of Ralph Kenna—an outstanding
physicist and a wonderful person. Having conceived such a collection, he was unable
to take part in its editing himself. However, the articles that you will read serve as a
continuation of his ideas, and we believe that there will be many more such works.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflicts of interest.
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Abstract: Long-range interactions are relevant for a large variety of quantum systems in quantum
optics and condensed matter physics. In particular, the control of quantum-optical platforms
promises to gain deep insights into quantum-critical properties induced by the long-range nature
of interactions. From a theoretical perspective, long-range interactions are notoriously complicated
to treat. Here, we give an overview of recent advancements to investigate quantum magnets with
long-range interactions focusing on two techniques based on Monte Carlo integration. First, the
method of perturbative continuous unitary transformations where classical Monte Carlo integration
is applied within the embedding scheme of white graphs. This linked-cluster expansion allows
extracting high-order series expansions of energies and observables in the thermodynamic limit.
Second, stochastic series expansion quantum Monte Carlo integration enables calculations on large
finite systems. Finite-size scaling can then be used to determine the physical properties of the infinite
system. In recent years, both techniques have been applied successfully to one- and two-dimensional
quantum magnets involving long-range Ising, XY, and Heisenberg interactions on various bipartite
and non-bipartite lattices. Here, we summarise the obtained quantum-critical properties including
critical exponents for all these systems in a coherent way. Further, we review how long-range
interactions are used to study quantum phase transitions above the upper critical dimension and the
scaling techniques to extract these quantum critical properties from the numerical calculations.

Keywords: quantum spin systems; long-range interactions; Ising interactions; XY interactions;
Heisenberg interactions; Monte Carlo; series expansion; perturbative continuous unitary transformation;
stochastic series expansion; quantum phase transitions; critical exponents; quantum simulation

1. Introduction

Since the advent of the theoretical description of classical and quantum phase tran-
sitions (QPTs), long-range interactions between degrees of freedom challenged the es-
tablished concepts and propelled the development of new ideas in the field [1-5]. It is
remarkable that, only a few years after the introduction of the renormalisation group (RG)
theory by K.G. Wilson in 1971 as a tool to study phase transitions and as an explanation
for universality classes [6-11], it was used to investigate ordering phase transitions with
long-range interactions. These studies found that the criticality depends on the decay
strength of the interaction [1-3]. It then took two decades to develop numerical Monte
Carlo (MC) tools capable of simulating basic magnetic long-range models with thermal
phase transitions following the behaviour predicted by the RG theory [12,13]. The results of
these simulations sparked a renewed interest in finite-size scaling above the upper critical
dimension [12,14-19] since “hyperscaling is violated” [13] for long-range interactions that
decay slowly enough. In this regime, the treatment of dangerous irrelevant variables (DIVs)
in the scaling forms is required to extract critical exponents from finite systems.

Meanwhile, a similar historic development took place regarding the study of QPTs
under the influence of long-range interactions. By virtue of pioneering RG studies [20,21],
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the numerical investigation of long-range interacting magnetic systems has been trig-
gered [22-38]. In particular, Monte Carlo-based techniques became a popular tool to gain
quantitative insight into these long-range interacting quantum magnets [22,25,26,29-40].
On the one hand, this includes high-order series expansion techniques, where classical
Monte Carlo integration is applied for the graph embedding scheme, allowing extracting
energies and observables in the thermodynamic limit [25,29]. On the other hand, there is
stochastic series expansion quantum Monte Carlo [39], which enables calculations on large
finite systems. To determine the physical properties of the infinite system, finite-size scaling
is performed with the results of these computations. Inspired by the recent developments
for classical phase transitions [15-19,41], a theory for finite-size scaling above the upper
critical dimension for QPTs was introduced [32,34].

When investigating algebraically decaying long-range interactions ~ r~(4+) with
the distance r and the dimension d of the system, there are two distinct regimes: one
for o < 0 (strong long-range interaction) and another one for o > 0 (weak long-range
interaction) [5,42—45]. In the case of strong long-range interactions, common definitions of
internal energy and entropy in the thermodynamic limit are not applicable and standard
thermodynamics breaks down [5,42—45]. We will not focus on this regime in this review.
For details specific to strong long-range interactions, we refer to other review articles such
as Refs. [5,42-45]. For the sake of this work, we restrict the discussion to weak long-range
interaction or competing antiferromagnetic strong long-range interactions, for which an
extensive ground-state energy can be defined without rescaling of the coupling constant [5].

The interest in quantum magnets with long-range interactions is further fuelled by
the relevance of these models in state-of-the-art quantum-optical platforms [5,46-87]. To
realise long-range interacting quantum lattice models with a tunable algebraic decay ex-
ponent, one can use trapped ions, which are coupled off-resonantly to motional degrees
of freedom [5,81-85,88]. Another possibility is to couple trapped neutral atoms to pho-
tonic modes of a cavity [5,86,87]. Alternatively, one can realise long-range interactions
decaying with a fixed algebraic decay exponent of six or three using Rydberg atom quan-
tum simulators [46-55] or ultracold dipolar quantum atomic or molecular gases in optical
lattices [56-73]. Note that, in many of the above-listed cases, it is possible to map the
long-range interacting atomic degrees of freedom onto quantum spin models [5,52,89].
Therefore, they can be exploited as analogue quantum simulators for long-range interacting
quantum magnets, and the relevance of the theoretical concepts transcends the boundary
between the fields.

From the perspective of condensed matter physics, there are multiple materials with
relevant long-range interactions [90-106]. The compound LiHoF, in an external field
realises an Ising magnet in a transverse magnetic field [102-105]. A recent experiment
with the two-dimensional Heisenberg ferromagnet Fe;GeTe, demonstrates that phase
transitions and continuous symmetry breaking can be implemented by circumventing the
Hohenberg—-Mermin-Wagner theorem with long-range interactions [106]. This material is
in the recently discovered material class of 2D magnetic van der Waals systems [107,108].
Further, dipolar interactions play a crucial role in the spin ice state in the frustrated magnetic
pyrochlore materials Ho,Ti;O7 and Dy, Ti,O7 [90-101].

In this review, we are interested in physical systems described by quantum spin
models, where the magnetic degrees of freedom are located on the sites of a lattice. We
concentrate on the following three paradigmatic types of magnetic interactions between
lattice sites: first, Ising interactions, where the magnetic interaction is oriented only in
the direction of one quantisation axis; second, XY interactions with a U(1)-symmetric
magnetic interaction invariant under planar rotations; and third, Heisenberg interactions
with a SU(2)-symmetric magnetic interaction invariant under rotations in 3D spin space.
In the microscopic models of interest, a competition between magnetic ordering and trivial
product states, external fields, or quasi-long-range order leads to QPTs.

In this context, the primary research pursuit revolves around how the properties of
the QPT depend on the long-range interaction. The upper critical dimension of a QPT in
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magnetic models with non-competing algebraically decaying long-range interactions is
known to depend on the decay exponent of the interaction for a small enough exponent,
and decreases as the decay exponent decreases [20,21]. If the dimension of a system is equal
to or exceeds the upper critical dimension, the QPT displays mean-field critical behaviour.
At the same time, standard finite-size scaling, as well as standard hyperscaling relations
are no longer applicable. Therefore, these systems are primary workhorse models to study
finite-size scaling above the upper critical dimension. In this case, the numerical simulation
of these systems is crucial in order to gauge novel theoretical developments. Further, QPTs
in systems with competing long-range interactions do not tend to depend on the long-range
nature of the interaction [23-26,29,30,32]. In several cases, long-range interactions then lead
to the emergence of ground states and QPTs, which are not present in the corresponding
short-range interacting models [27,30,54,55,109-112].

In this review, we are mainly interested in the description and discussion of two
Monte Carlo-based numerical techniques, which were successfully used to study the low-
energy physics of long-range interacting quantum magnets, in particular with respect to
the quantitative investigation of QPTs [22,25,29-32,34-38,40]. The success of Monte Carlo
techniques in this field is due to the occurrence of high-dimensional sums and integrals
that commonly arise in the formulation of many-particle statistics. In contrast to many
deterministic integration techniques, for which the standard error scales exponentially with
the dimension of the underlying integral, the standard error of an integral calculated with
Monte Carlo integration does not scale with the dimension of the underlying integral. We
further chose to review this topic due to our personal involvement with the application and
development of these methods [25,29-32,34,35]. On the one hand, we explain in detail how
classical Monte Carlo integration can enhance the capabilities of linked-cluster expansions
(LCEs) with the pCUT+MC approach (a combination of the perturbative unitary transform
approach (pCUT) and MC embedding). On the other hand, we describe how stochastic
series expansion (SSE) quantum Monte Carlo (QMC) integration is used to directly sample
the thermodynamic properties of suitable long-range quantum magnets on finite systems.

This review is structured as follows. In Section 2, we review the basic concept of a
QPT in a condensed way, focusing on the details relevant for this review. We define the
quantum-critical exponents and the relations between them in Section 2.1. Here, we also
have the first encounter with the generalised hyperscaling relation, which is also valid
above the upper critical dimension where conventional hyperscaling breaks down. As
the SSE QMC method discussed in this review is a finite-system simulation, we discuss
the conventional finite-size scaling below the upper critical dimension in Section 2.2 and
the peculiarities of finite-size scaling above the upper critical dimension in Section 2.3.
In Section 3, we summarise the basic concepts of Markov chain Monte Carlo integration:
Monte Carlo sampling, Markovian random walks, stationary distributions, the detailed
balance condition, and the Metropolis—-Hastings algorithm. We continue by introducing
the series-expansion Monte Carlo embedding method pCUT+MC in Section 4. We start
with the basic concepts of a graph expansion in Section 4.1 and introduce the perturbative
method of our choice, the perturbative continuous unitary transformation method, in
Section 4.2. We introduce the theoretical concepts for setting up a linked-cluster expansion
as a full graph decomposition in Section 4.3 and, subsequently, discuss how to practically
calculate perturbative contributions in Sections 4.4 and 4.5. We prepare the discussion
of the white graph decomposition in Section 4.6 with an interlude on the relevant graph
theory in Sections 4.6.1 and 4.6.2 and the important concept of white graphs in Section 4.6.3.
Further, in Section 4.7, we discuss the embedding problem for the white graph contributions.
Starting from the nearest-neighbour embedding problem in Section 4.7.1, we generalise it
to the long-range case in Section 4.7.2 and then introduce a classical Monte Carlo algorithm
to calculate the resulting high-dimensional sums in Section 4.7.3. This is followed by
some technical aspects on series extrapolations in Section 4.8 and a summary of the entire
workflow in Section 4.9. In the next section, the topic changes towards the review of the
SSE QMC method, which is an approach to simulate thermodynamic properties of suitable
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quantum many-body systems on finite systems at a finite temperature. First, we discuss
the general concepts of the method in Section 5. We review the algorithm to simulate
arbitrary transverse-field Ising models introduced by A. Sandvik [39] in Section 5.1. We
then review an algorithm used to simulate non-frustrated Heisenberg models in Section 5.2.
After the introduction to the algorithms, we summarise techniques on how to measure
common observables in the SSE QMC scheme in Section 5.3. Since the SSE QMC method
is a finite-temperature method, we discuss how to rigorously use this scheme to perform
simulations at effective zero temperature in Section 5.4. We conclude this section with a
brief summary of path integral Monte Carlo techniques used for systems with long-range
interactions (see Section 5.5). To maintain the balance between algorithmic aspects and their
physical relevance, we summarise several theoretical and numerical results for quantum
phase transitions in basics long-range interacting quantum spin models, for which the
discussed Monte Carlo-based techniques provided significant results. First, we discuss long-
range interacting transverse-field Ising models in Section 6. For ferromagnetic interactions,
this model displays three regimes of universality: a long-range mean-field regime for
slowly decaying long-range interactions, an intermediate long-range non-trivial regime,
and a regime of short-range universality for strong decaying long-range interactions. We
discuss the theoretical origins of this behaviour in Section 6.1.1 and numerical results
for quantum critical exponents in Section 6.1.2. Since this model is a prime example to
study scaling above the upper critical dimension in the long-range mean-field regime,
we emphasise these aspects in Section 6.1.3. Further, we discuss the antiferromagnetic
long-range transverse-field Ising model on bipartite lattices in Section 6.2 and on non-
bipartite lattices in Section 6.3. The next obvious step is to change the symmetry of the
magnetic interactions. Therefore, we turn to long-range interacting XY models in Section 7
and Heisenberg models in Section 8. We discuss the long-range interacting transverse-
field XY chain in Section 7 starting with the U(1)-symmetric isotropic case in Section 7.1,
followed by the anisotropic case for ferromagnetic (see Section 7.2) and antiferromagnetic
(see Section 7.3) interactions, which display similar behaviour to the long-range transverse-
field Ising model on the chain discussed in Section 6. We conclude the discussion of
the results with unfrustrated long-range Heisenberg models in Section 8. We focus on
the staggered antiferromagnetic long-range Heisenberg square lattice bilayer model in
Section 8.1 followed by long-range Heisenberg ladders in Section 8.2 and the long-range
Heisenberg chain in Section 8.3. We conclude in Section 9 with a brief summary and with
some comments on the next possible steps in the field.

2. Quantum Phase Transitions

This review is part of the Special Issue with the topic “Violations of Hyperscaling in
Phase Transitions and Critical Phenomena”. In this work, we summarise investigations of
low-dimensional quantum magnets with long-range interactions targeting, in particular,
quantum phase transitions (QPTs) above the upper critical dimension, where the naive
hyperscaling relation is no longer applicable. In this section, we recapitulate the relevant as-
pects of QPTs needed to discuss the results of the Monte Carlo-based numerical approaches.
First, we give a general introduction to QPTs. After that, we discuss in detail the definition
of critical exponents and the relations among them in Section 2.1, as well as the scaling
below (see Section 2.2) and above (see Section 2.3) the upper critical dimension.

Any non-analytic point of the ground-state energy of an infinite quantum system as
a function of a tuning parameter A is identified with a QPT [113]. This tuning parameter
can, for instance, be a magnetic field or pressure, but not the temperature. Quantum
phase transitions are a concept of zero temperature as there are no thermal fluctuations
and all excited states are suppressed infinitely strong such that the system remains in its
ground state. There are two scenarios for how a non-analytic point in the ground-state
energy can emerge [113]: First is an actual (sharp) level crossing between the ground-state
energy and another energy level. Second, the non-analytic point can be considered as a
limiting case of an avoided level crossing. Historically, phase transitions are classified by

10



Entropy 2024, 26, 401

the lowest order derivative of the free energy that is discontinuous [113,114]. Therefore,
a first-order phase transition is discontinuous in the order parameter (first derivative)
and a second-order phase transition is discontinuous in the response functions (second
derivative). Since, in second-order phase transitions, the order parameter is still continuous
across the phase transition, we use the term “continuous phase transition” as an equivalent
for “second-order phase transition”.

In this review, we are interested in second-order QPTs, which fall into the second
scenario. At a second-order QPT, the relevant elementary excitations condense into a
novel ground state, while the characteristic length and time scales diverge. Apart from
topological QPTs involving a long-range entangled topological phase, such continuous
transitions are described by the concept of spontaneous symmetry breaking. On one side
of the QPT, the ground state obeys a symmetry of the Hamiltonian, while on the other side,
this symmetry is broken in the ground state and a ground-state degeneracy arises.

Following the idea of the quantum-to-classical mapping [113,115], d-dimensional
quantum systems can be mapped in the vicinity of a second-order QPT to models of
statistical mechanics with a classical (thermal) second-order phase transition in d + 1
dimensions. In many cases, the models obtained from a quantum-to-classical mapping
are rather artificial [113]. However, such mappings often allow categorising QPTs in terms
of universality classes and associated critical exponents by the non-analytic behaviour
of the classical counterparts [10,11,113,116,117]. The mapping further illustrates that the
renormalisation group (RG) theory is also applicable to describe QPTs [10,11,113,116,117].

In the RG theory, each QPT belongs to a non-trivial fixed point of the RG transfor-
mation [10,11], whereas a trivial fixed point would, for instance, be a fully ordered state
with maximal correlation or a fully disordered state with no correlation at all. Critical
exponents are connected to the RG flow in the immediate vicinity of these non-trivial fixed
points [10,11,113]. The concept of universality classes arises from the fact that different
microscopic Hamiltonians can have a quantum critical point that is attracted by the same
non-trivial fixed point under successive application of the RG transformation [10,11]. Due
to this, the QPTs in these models have the same critical exponents.

Another remarkable result of the RG theory is the scaling of observables in the vicinity
of phase transitions. Historically, the theory of scaling at phase transitions was heuristically
introduced before the RG approach [118-124]. The latter provided the theoretical founda-
tion for the scaling hypothesis [6,7]. The main statement of the scaling theory is that the
non-analytic contributions to the free energy and correlation functions are mathematically
described by generalised homogeneous functions (GHFs) [124]. A function with # variables
f(x1,x2,...,x,) is called a GHE, if there exist ay,ay,...,4, € R with at least one being
non-zero and a r € R such that, for b € R,

F(b"xy,b%xy,..., 0" x,) = b f(x1,%0,...,%n) . 1)

The exponents a1, 4y, ..., a, are the scaling powers of the variables, and a 1 is the scaling
power of the function f itself. An in-depth summary of the mathematical properties of
GHFs can be found in Appendix B. The most important properties of GHFs are that their
derivatives, Legendre transforms, and Fourier transforms are also GHFs. As we will
outline in Section 2.2, the theory of finite-size scaling is formulated in terms of GHFs and
relates the non-analytic behaviour at QPTs in the thermodynamic limit with the scaling of
observables for different finite system sizes. In this, the variables x; are related to physical
parameters like the temperature T, control parameter A, symmetry-breaking field H, and
also irrelevant, more abstract parameters that parameterise the microscopic details of the
model like the lattice spacing. Later in this section, we will define irrelevant variables in
the context of the RG and GHFs.

Another aspect relevant for this work is that quantum fluctuations are the driving
factor with QPTs [113]. In general, fluctuations are more important in low dimensions [117].
The universality class of QPTs for a certain symmetry breaking depends on the dimension-
ality of the system.

11
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An important aspect regarding this review is the so-called upper critical dimension
duc. The upper critical dimension is defined as a dimensional boundary such that, for
systems with dimension d > dy., the critical exponents are those obtained from mean-field
considerations. The upper critical dimension is of particular importance for QPTs in systems
with non-competing long-range interactions. For sufficiently small decay exponents of
an algebraically decaying long-range interaction 1/7%*%, the upper critical dimension
starts to decrease as a function of the decay exponent ¢ [20,32,34]. In the limiting case of
a completely flat decay (¢ = —d) of the long-range interaction resulting in an all-to-all
coupling, the model is intrinsically of the mean-field type and mean-field considerations
become exact. For a certain value of the decay exponent, the upper critical dimension
becomes equal to the fixed spatial dimension, and for decay exponents below this value, the
dimension of the system is above the upper critical dimension of the transition [20,32,34].
This makes long-range interacting systems an ideal test bed for studying phase transitions
above the upper critical dimension in low-dimensional systems. In particular, long-range
interactions can make the upper critical dimension accessible in real-world experiments as
the upper critical dimension of short-range models is usually not below three.

Although phase transitions above the upper critical dimension display mean-field
criticality, they are still a matter worth studying, since naive scaling theory describing
the behaviour of finite systems close to a phase transition (see Section 2.2) is no longer
applicable [16,19,125]. Moreover, the naive versions of some relations between critical
exponents, as discussed in Section 2.1, do not hold any longer [15,16]. The reason for this
issue are the dangerous irrelevant variables (DIVs) in the RG framework [126-128]. During
the application of the RG transformation, the original Hamiltonian is successively mapped
to other Hamiltonians, which can have infinitely many couplings. All these couplings,
in principle, enter the GHFs. In practice, all but a finite number of these couplings are
set to zero since their scaling powers are negative, which means they flow to zero under
renormalisation. These couplings are, therefore, called irrelevant. This approach of setting
irrelevant couplings to zero can be used to derive the finite-size scaling behaviour as
described in Section 2.2. However, above the upper critical dimension, this approach
breaks down because it is only possible to set irrelevant variables to zero if the GHF
does not have a singularity in this limit [126]. Above the upper critical dimension, such
singularities in irrelevant parameters exist, which makes them DIVs [127]. We explain the
effect of DIVs on scaling in Section 2.3.

2.1. Critical Exponents in the Thermodynamic Limit

As outlined above, a second-order QPT comes with a singularity in the free energy
density. In fact, also, other observables experience singular behaviour at the critical point
in the form of power-law singularities. For instance, the order parameter m as a function of
the control parameter A behaves as

mA = A7) ~ A= AP @)

in the ordered phase. Without loss of generality, the system is taken to be in the ordered
phase for A < A. and the notation A — A_ means that A is approaching A, from below, i.e.,
it is approaching in the ordered phase. In the disordered phase A > A, the order parameter
by definition vanishes such that m(A — A}) = 0. The observables with their respective
power-law singular behaviour, which is characterised by the critical exponents «, 8,7, 4,1, v,
and z, are summarised in Table 1 together with how they are commonly defined in terms
of the free energy density f, the symmetry-breaking field H, which couples to the order
parameter, and the reduced control parameter r = (A — A¢)/A.
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Table 1. Definitions of critical exponents by means of the singularities of thermodynamic quantities
for a magnetic phase transition. The free energy density is denoted by f. Note that the control
parameter susceptibility associated with the critical exponent a coincides with the heat capacity only
for thermal phase transitions, where r = (T — T¢) / T, while for QPTs, the meaning depends on the
control parameter triggering the phase transition [129].

Observable Definition Crit. Exp. Singularity
Characteristic length ¢ via G(7) v E(r—0,H=0)~ |r|7Y
Energy gap A via G(7, w) » Alr —0) ~ |r|?Y
Charact. time scale &; e~ AT Ge(r = 0) ~ &~ |r| 7%

0-,H=0)~ |r|f
Order parameter m = p m(r =
P "= 511 1o s m(r=0,H — 0) ~ |H['/°
Order-parameter _om _ —y
susceptibility x X = 3HIH=0 v x(r—0,H=0)~r|
Control-parameter _¥F B —u
susceptibility x; Xr = G2 “ xr(r = 0,H = 0) ~ |r]
Correlation a(m(7)) G(F — o0,y =0,H =0)
function G(7) 0H =y | py—0 U ~ W%*"

One usually defines reduced parameters like r that vanish at the critical point not
only to shorten the notation, but also to express the power-law singularities independent
of the microscopic details of the specific model one is looking at. While the value of A,
depends on these details, the power-law singularities are empirically known to not depend
on the microscopic details, but only on more general properties like the dimensionality,
the symmetry that is being broken, and, with particular emphasis due to the focus of this
review, on the range of the interaction. It is, therefore, common to classify continuous phase
transitions in terms of universality classes. These universality classes share the same set of
critical exponents. In terms of the RG, this behaviour is understood as distinct critical points
of microscopically different models flowing to the same renormalisation group fixed point,
which determines the criticality of the system [6,7,10]. Prominent examples for universality
classes of magnets are the 2D and 3D Ising (Z; symmetry), 3D XY (O(2) symmetry), and
3D Heisenberg (O(3) symmetry) universality classes [113]. It is important to mention that
the dimension in the classifications is referring to classical and not quantum systems, and
they should not be confused with each other. In fact, the universality class of a short-range
interacting non-frustrated quantum Ising model of dimension 4 lies in the universality of
the classical d + 1-dimensional Ising model.

There are only a few dimensions for which a separate universality class is defined
for the different models. For lower dimensions, the fluctuations are too strong in order
for a spontaneous symmetry breaking to occur. In the case of the classical Ising model,
there is no phase transition for 1D, while for the classical XY and Heisenberg models
with continuous symmetries, there is not even a phase transitions for 2D due to the
Hohenberg-Mermin-Wagner (HWM) theorem [130,131]. This dimensional boundary is
referred to as lower critical dimension d).. The lower critical dimension is the highest
dimension for which no transition occurs, i.e., dj. = 1 for the Ising model and d). = 2 for
the XY and Heisenberg model. For higher dimensions d > 4, the critical exponents of
the mentioned models do not depend on the dimensionality any longer, and they take on
the mean-field critical exponents in all dimensions. The underlying reason is that, with
increasing dimensions, the local fluctuations become smaller due to the higher connectivity
of the system [132]. This has been also exploited in diagrammatic and series expansions in
1/d [133-135]. This dimensional boundary, at which the criticality becomes the mean-field
one, is called upper critical dimension dy.. Usually, the upper critical dimension is too
large to realise a system above its upper critical dimension in the real world. However,
long-rang interactions can increase the connectivity of a system in a similar sense as the
dimensionality. A sufficiently long-range interaction can, therefore, lower the upper critical
dimension to a value that is accessible in experiments.
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Finally, it is worth mentioning that the critical exponents are not independent of each
other, but obey certain relations [129], namely

2—a=(d+2z)v, 3)
2—a=2B+7, 4)
v=p0-1), @)
v=Q2-n)v. (6)

The first relation in Equation (3) is the so-called hyperscaling relation, whose classical
analogue (without z) was introduced by Widom [10,136]. The Essam-Fisher relation in
Equation (4) [137,138] is reminiscent of a similar inequality, which was proven rigorously
by Rushbrooke using thermodynamic stability arguments. Equation (5) is called the Widom
relation. The last relation in Equation (6) is the Fisher scaling relation, which can be derived
using the fluctuation—dissipation theorem [10,129,138]. Those relations were originally
obtained from scaling assumptions of observables close to the critical point, which were only
later derived rigorously when the RG formalism introduced to critical phenomena [10,129].
Due to these relations, it is sufficient to calculate three, albeit not arbitrary, exponents to
obtain the full set of critical exponents.

The hyperscaling relation Equation (3) is the only relation containing the dimension of
the system and is, therefore, often said to break down above the upper critical dimension,
where one expects the same mean-field critical exponents independent of the dimension
d [10]. It, therefore, deserves special focus in this review since the long-range models
discussed will be above the upper critical dimension in certain parameter regimes. Per-
sonally, we would not agree that the hyperscaling relation breaks down above the upper
critical dimension, but we would rather call Equation (3) a special case of a more general
hyperscaling relation:

2—a:(g+z>v, (7)

with the pseudo-critical exponent ¢ (“koppa”) [34]:

8
diuc ford > dyc. ®

B {l ford < dyc
Below the upper critical dimension, the general hyperscaling relation, therefore, relaxes to
Equation (3). Above the upper critical dimension, the relation becomes

2—a = (duc+2)V, )

which is independent of the dimension of the system. For the derivation of this generalised
version of the hyperscaling relation for QPTs, see Section 2.3 or Ref. [34]. The derivation of
the classical counterpart can be found in Ref. [15] and is reviewed in Ref. [41].

2.2. Finite-Size Scaling below the Upper Critical Dimension

Even though the singular behaviour of observables at the critical point is only present
in the thermodynamic limit, it is possible to study the criticality of an infinite system
by investigating their finite counterparts. In finite systems, the power-law singularities
of the infinite system are rounded and shifted with respect to the critical point, e.g., the
susceptibility with its characteristic divergence at the critical point A is deformed to a
broadened peak of finite height. The peak’s position r;, = (A — A¢)/ A, is shifted with
respect to the critical point r = 0. A possible definition of a pseudo-critical point of a finite
system is the peak position A;. As the characteristic length scale of fluctuations ¢ diverges
at the critical point, the finite system approaching the critical point will at some point
begin to “feel” its finite extent and the observables start to deviate from the ones in the
thermodynamic limit. As ¢ diverges with the exponent v like & ~ |r| ™" at the critical point,
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the extent of rounding in a finite system is related to the value of v. Similarly, the peak
magnitude of finite-size observables at the pseudo-critical point will depend on how strong
the singularity in the thermodynamic limit is, which means it depends on the respective
critical exponents a, 3, v, and J. The shifting, rounding, and varying peak magnitude are
shown for the susceptibility of the long-range transverse-field Ising model in Figure 1. This
dependence of observables in finite systems on the criticality of the infinite system is the
basis of finite-size scaling.

105 _ — infinite system L =64
] L=90
10% 4 -e- [ =128
] . —e- L =180
310°7 ? —e- L =256
107 ] ) —e- [ =360
: —e- [ =512
10" 4 . —e- [ =724
: — L=
10° T T | T T
—0.04 —0.02 0.00 0.02 0.04
A=A

S

Figure 1. Susceptibility x| of the long-range transverse-field Ising chain for different linear system
sizes from L = 64 to L = 724. The smaller the system, the farther away from the critical point the
susceptibility starts to deviate from the thermodynamic limit and the farther the peak position shifts
away from the critical point marked by the black dotted line.

In a more mathematical sense, the relation between critical exponents and finite-size
observables has its origin in the renormalisation group (RG) flow close to the corresponding
RG fixed point that determines the criticality [139]. Close to this fixed point, one can
linearise the RG flow so that the free energy density and the characteristic length ¢ become
generalised homogeneous functions (GHFs) in their parameters [124,128,129,140,141]. For
a thorough discussion of the mathematical properties of GHFs, we refer to Ref. [124] and
Appendix B. This means that the free energy density f and characteristic length scale ¢ as
functions of the couplings r, H, T, u and the inverse system length L~! obey the relations:

f(r,H,T, L™ u) = b~ @+2) f(b¥rr, bYW H, b*T,bL ™", b¥"u1) (10)
E(r,H,T,L™Y, u) = b&(b¥r,bYH H,b*T,bL ™", b u) (11)

with the respective scaling dimensions y,,yy,z > 0, yp = 1, and v, < 0 governing the
linearised RG flow with spatial rescaling factor b > 1 around the RG fixed point, at which
all couplings vanish by definition. All of those couplings are relevant except for u, which
denotes the leading irrelevant coupling [10,113]. Relevant couplings are related to real-
world parameters that can be used to tune our system away from the critical point like
the temperature T, a symmetry-breaking field H, or simply the control parameter r. The
irrelevant couplings 1 do not per se vanish at the critical point like the relevant ones do.
However, they flow to zero under the RG transformation and are commonly set to zero in
the scaling laws:

f(r,H,T,L™Y) = b=+2) f(p¥rr, bYH H, b*T, bL ™) (12)
&(r,H,T,L™) = b&(b¥rr, " H,b*T,bL}) (13)
by assuming analyticity in these parameters. The generalised homogeneity of thermody-

namic observables can be derived from the one of the free energy density f. For example,
the generalised homogeneity of the magnetisation:
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m(r,H, T, L") = b= (TH) ¥ (p¥rr, ¥ H, b T, L") (14)

can be derived by taking the derivative of f with respect to the symmetry-breaking field H.

By investigating the singularity of ¢(r) = &(r,H = 0,T = 0,L™! = 0) in r via
Equation (13), one can show that the scaling power y, of the control parameter r is related
to the critical exponent v by y, = 1/v [113]. For this, one fixes the value b¥'r of the first

argument to 41 in the right-hand side of Equation (13) by setting b = |r| /¥ such that
Gr) = Ir| e (1) ~ Jr 7 (15)

Analogously, further relations between the scaling powers and other critical exponents

can be derived by looking at the singular behaviour of the respective observables in the

corresponding parameters. Overall, one further obtains

—2 - —2

d+z yr’ ﬁ:dJrz yH’ 5 vy , 7:7d+z YH (16)
Yr Yr d+z—yn Yr

From these equations, one can already tell that the critical exponents are not independent of
each other. In fact, the scaling relations 2 —a = (d +z)v,2 —a =2+ yand v = (6 — 1)
(see Equations (3)—(5)) can be derived from Equation (16) and y; L=y, By expressing the
RG scaling powers v, in terms of critical exponents, the homogeneity law for an observable
O with a bulk divergence O(r,0,0,0) ~ |r|“ is given by

O(r,H,T,L™Y) = b= O(b¥r,b¥" H,b*T,bL ") (17)
= b=V OBVr, b F/VH, BT, L) (18)

In order to investigate the dependence on the linear system size L, the last argument
in the homogeneity law is fixed to bL~! = 1 by inserting b = L. This readily gives the
finite-size scaling form

Or(r,H,T) = L~/v¥(L""y, LBt7)/VH, L7T) (19)

with ¥ being the universal scaling function of the observables O. The scaling function ¥
itself does not depend on L any longer, but in order to compare different linear system sizes,
one has to rescale its arguments. To extract the critical exponents from finite systems, the
observable Oy (r, H, T) is measured for different system sizes L and parameters (r, H, T)
close to the critical point (r, H, T) = (0,0,0). The L-dependence according to Equation (19)
is then fit with the critical exponents w, v, B + 7, and z, as well as the critical point A,
which is hidden in the definition of 7, as free parameters. It is advisable to fix two of the
three parameters r, H, T to their critical values in order to minimise the amount of free
parameters in the fit. For example, with H = T = 0 and only r # 0, one can extract the two
critical exponents w and v alongside A.. For further details on a fitting procedure, we refer
to Ref. [32]. If one knows the critical point, one can also set (r, H, T) = (0,0,0) and look at
the L-dependent scaling O ~ L~“/" directly at the critical point to extract the exponent
ratio w/v. There are many more possible approaches to extract critical exponents from the
FSS law in Equation (19) [142-144]. For relatively small system sizes, it might be required
to take corrections to scaling into account [143,144].

2.3. Finite-Size Scaling above the Upper Critical Dimension

In the derivation of finite-size scaling below the upper critical dimension, it was
assumed that the free energy density is an analytic function in the leading irrelevant
coupling u and, therefore, one can set it to zero. However, this is not the case above the
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upper critical dimension any longer, and the free energy density f is singular at # = 0. Due
to this singular behaviour u is referred to as a dangerous irrelevant variable (DIV).

As a consequence, one has to take the scaling of u close to the RG fixed point into
account. This is achieved by absorbing the scaling of f in u for small u into the scaling of
the other variables [128]:

f(r,H,T,L7 Y, u) = uP@+=) f(uPre,uPH H,uPTT,uPt L~1), (20)

up to a global power p(4.) of u. This leads to a modification of the scaling powers in the
homogeneity law for the free energy density [128]:

Fr, HT,L70) = o 2 f(0%r, b¥i H, 0% T, 00 LY 2D
— L) YL (L Vi LYY H, L /VLT) (22)

with the modified scaling powers [34,128]:

. Yi =Yr+PYu, Yo =YH+PaYU,
d+z)"=(d+2z)— , . . (23)
( ) ( ) p(dJrz)yu et _ Y= 14 _—

In the classical case [128], y; was commonly set to 1 by choice. This is justified because
the scaling powers of a GHF are only determined up to a common non-zero factor [124].
However, for the quantum case [34], this was kept general as it has no impact on the FSS.

As the predictions from the Gaussian field theory and mean field differed for the
critical exponents «, B, and 4, but not for the “correlation” critical exponents v, z, 17, and
7y [145], the correlation sector was thought not to be affected by DIVs at first [128,142,145].
Later, the Q-FSS, another approach to FSS above the upper critical dimension, pioneered
by Ralph Kenna and his colleagues, was developed for classical [15,19,125], as well as for
quantum systems [34], which explicitly allowed the correlation sector to also be affected by
the DIV. In analogy to the free energy density, the homogeneity law of the characteristic
length scale is then also modified to

E(r, H, T,LY) = b Ye&(b% r, b¥i H, b T, Vi L 1) (24)
= LOE(LY /iy, LYi/ViH, L¥ /YL T) (25)

withyz = =1 — peyu = —y; /yr in order to reproduce the correct bulk singularity ¢ ~ lr|~".
A new pseudo-critical exponent ¢ (“koppa”):

* * *

o= b W _ W (26)
vy yyL YL

is introduced. This exponent describes the scaling of the characteristic length scale with the
linear system size. This non-linear scaling of { with L is one of the key differences to the
previous treatments above the upper critical dimension in Ref. [128].

Analogous to the case below the upper critical dimension, the modified scaling powers
Yy can be related to the critical exponents:

(d+z)* —2y;

g W 28)
5= L (29)

(@d+z)* —yg'
(d+2)" =2y

30
yr 0

’)/:
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By using the mean-field critical exponents for the O(n) quantum rotor model, one obtains
restrictions for the ratios of modified scaling powers:

N d+z)* . 3d+=z2)*
yr:( 2), yH:% (31)

Furthermore, one can link the bulk scaling powers y;, y};, and (d 4 z)* to the scaling
power y; of the inverse linear system size [34]:

(d+z)" =yjd+ =z, (32)

by looking at the scaling of the susceptibility in a finite system [34,128]. This relation is
crucial for deriving an FSS form above the upper critical dimension as the modified scaling
power yj, or rather, its relation to the other scaling powers determines the scaling with
the linear system size L. For details on the derivation, we refer to Ref. [34]. We want to
stress again that the scaling powers of GHFs are only determined up to a common non-zero
factor [124]. Therefore, it is evident that one can only determine the ratios of the modified
scaling powers, but not their absolute value. The absolute values are subject to choice.
Different choices were discussed in Ref. [34], but these choices rather correspond to taking
on different perspectives and have no impact on the FSS nor the physics.

From Equation (32) together with Equations (26) and (27), a generalised hyperscaling

relation: p
2—a=<+z>v, (33)
Q
can be derived. This also determines the pseudo-critical exponent:
d
0= — ford > dyc. (34)
duc

Finally, we can express the modified scaling powers in the FSS law for an observable
O with power-law singularity O(r,0,0,0) ~ |r|:

O(r,H, T, L") = b=“% O (b¥rr, b P+0Y H, b7 T, pYLL~1) (35)
_ L""Q/V‘I’(LQ/Vr, L(/S+'y)o/vH/ L2/ T). (36)

For ¢ = 1 below the upper critical dimension, Equation (36) relaxes to the standard FSS
law Equation (19). The scaling in temperature has not yet been studied for finite quantum
systems above the upper critical dimension. However, in Ref. [34], it was conjectured that
z* = y; /yrz based on Equation (32), which is also in agreement with z being the dynamical
critical exponent that determines the space-time anisotropy ¢ ~ ¢, as we will shortly
see. This means that the finite-size gap scales as A; ~ L™% /YL ~ L~% with the system
size [34]. Of particular interest is the scaling of the characteristic length scale above the
upper critical dimension, for which the modified scaling law Equation (36) also holds with
w = —v. Hence, the characteristic length scale in dependence of the control parameter r
scales like

gL(r) = LPE(L9Yr) (37)

with the scaling function E. Directly at the critical point r = 0, this leads to ¢ ~ L°.
Comparing this with the scaling of the inverse finite-size gap Agl ~ 1,0 ~ ¢ verifies that
z still determines the space—time anisotropy. Prior to the Q-FSS [15,17], the characteristic
length scale was thought to be bound by the linear system size L [128]. However, this was
shown not to be the case by measurements of the characteristic length scale for the classical
five-dimensional Ising model [14] and for long-range transverse-field Ising models [34].

For the latter, the data collapse of the correlation length according to Equation (37) is
shown in Figure 2 as an example.
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Figure 2. Rescaled correlation length according to Equation (37) for a model above the upper critical
dimension with ¢ = 20/9 & 2.2 (to be specific, the long-range transverse-field Ising chain with
o = 0.3). The control parameter r ~ h — k. is proportional to the transverse field. The collapse of the
data around the critical point r = 0 verifies the scaling Equation (37) and, therefore, demonstrates
that ¢ is indeed—in contrast to the prior belief—not bound by the linear system size, but &; ~ L°.

3. Monte Carlo Integration

In this section, we provide a brief introduction to Monte Carlo integration (MCI). We
focus on the aspects of Markov chain MCI as the basis to formulate the white graph Monte
Carlo embedding scheme of the pCUT+MC method in Section 4 and the stochastic series
expansion (SSE) quantum Monte Carlo (QMC) algorithm in Section 5 in a self-contained
fashion. MClI is the foundation for countless numerical applications, which require the
integration over high-dimensional integration spaces. As this review has a focus on “Monte
Carlo-based techniques for quantum magnets with long-range interactions”, we forward
readers with a deeper interest in the fundamental aspects of MCI and Markov chains to
Refs. [146-148].

MCI summarises numerical techniques to find estimators for integrals of functions
f : C — Rover an integration space C using random numbers. The underlying idea behind
MCl is to estimate the integral, or the sum in the case of discrete variables, of the function f
over the configuration space by an expectation value:

I:/def(w):./cd Z /de (W) =

with w; € C sampled according to a probability density function P : C — R>q (PDF)
and the function f(w) = f(w)/P(w) reweighted by the PDF. A famous direct application
of this idea is the calculation of the number “pi”, which is discussed in great detail in
Ref. [148].

In this review, MCl is used for the embedding of white graphs on a lattice to evaluate
high orders of a perturbative series expansion or to calculate thermodynamic observables
using the SSE framework. In both cases, non-normalised relative weights 77(w) within a
configuration space C arise, which are used for the sampling of the PDF P:

f( i) (38)

m

I
—

T(w)

P = Tdwntw)

(39)
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being oftentimes not directly accessible. In the context of statistical physics, 71(w) is often
chosen to be the relative Boltzmann weight e~ PE(@) of each configuration w. While this
relative Boltzmann weight is accessible as long as E(w) is known, the full partition function
to normalise the weights is in general not.

In order to efficiently sample the configuration space C according to the relative
weights, the methods in this review use a Markovian random walk to generate {w1, ..., wn }.
Let wy, be the random state of a random walk at a discrete step n. The state wj,;1 at the
next step is randomly determined according to the conditional probabilities T(w — w’)
(transition probabilities). These transition probabilities are normalised by

/de’ Tw—w)=1. (40)

Markovian random walks obey the Markov property, which means the random walk is
memory-free and the transition probability for multiple steps factorises into a product over
all time steps:

m—1
T(w® = w® - .o o W=D 5 M)y = 11 T(w!) — @) (41)
i=0

with w(©) the start configuration. We require the Markovian random walk to fulfil the
following conditions: First, the random walk should have a certain PDF P(w) defined by
the weights 71(w) in Equation (39) as a stationary distribution. By definition, P(w) is a
stationary distribution of the Markov chain if it satisfies the global balance condition:

/deP(w)T(w S W) =P() . 42)

Second, we require the random walk to be irreducible, which means that the transition
graph must be connected and every configuration w € C can be reached from any configu-
ration w’ € C in a finite number of steps. This property is necessary for the uniqueness of
the stationary distribution [147]. Lastly, we require the random walk to be aperiodic (see
Ref. [147] for a rigorous definition). Together with the irreducibility condition, this ensures
convergence to the stationary distribution [147].

There are several possibilities to design a Markov chain with a desired stationary
distribution [146-151]. Commonly, the Markov chain is constructed to be reversible. This
means that it satisfies the detailed balance condition:

P(w)T(w — ') = P(w")T(w' — w), (43)

which is a stronger condition for the stationarity of P than the global balance condition in
Equation (42). One popular choice for the transition probabilities T(w — w') that satis-
fies the detailed balance condition is given by the Metropolis—Hastings algorithm. Most
applications of MCI reviewed in this work are based on the Metropolis—Hastings algo-
rithm [149,150]. In this approach, the transition probabilities T(w — w') are decomposed
into propositions T(w — ') and acceptance probabilities pacc(w — w') as follows:

T(w— &) =T(w— & )pacc(w — &' . (44)

The probabilities to propose a move T(w — w') can be any random walk satisfying the
irreducibility and aperiodicity condition. By inserting the decomposition of the transition
probabilities Equation (44) into the detailed balance condition Equation (43), one obtains
for the acceptance probabilities:

Pacc(w 2 ') P(@)T(0' = w)  7(w)T (@ = w) (45)
Pace (W = w)  P(w)T(w — &) m(w)T(w — W)’
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where, in the last step, the idea that the unknown normalisation factors (see Equation (39))
of the PDF cancel was used. The condition in Equation (45) is fulfilled by the Metropolis—
Hastings acceptance probabilities [150]:

n(w’)?(w’ — w)) . (46)

Pacc(w — ') = min(l, ICEY)

For the special case, for which the proposition probabilities are symmetric T(w — ') =
T(w' — w), Equation (46) reduces to the Metropolis acceptance probabilities:

/
Pace(w — w') = min (1, 7; ((‘:J))) . (47)

As an example, we regard a classical thermodynamic system with Boltzmann weights
e PEW) given by the energies of configurations and the inverse temperature to give an
intuitive interpretation of the Metropolis acceptance probabilities in Equation (47). The
proposition to move from a configuration w to a configuration w’ with a smaller energy
E(w') < E(w) is always accepted independent of the temperature. On the other hand, the
proposition to move to a configuration w’ with a larger energy than w is only accepted
with a probability depending on the ratio of the Boltzmann weights. If the temperature is
higher, it is more likely to move to states with a larger energy. This reflects the physics of
the system in the algorithm, focusing on the low-energy states at low temperatures and
going to the maximum entropy state at large temperatures.

4. Series-Expansion Monte Carlo Embedding

In this section, we provide a self-contained and comprehensive overview of linked-cluster
expansions for long-range interacting systems [25,29-31,34,35] using white graphs [152] in
combination with Monte Carlo integration for the graph embedding. First, we introduce
linked-cluster expansions (LCEs) and discuss perturbative continuous unitary transforma-
tions (pCUTs) [153,154] as a suitable high-order series expansion method. We then establish
an adequate formalism for setting up LCEs and discuss the calculation of suitable physical
quantities in practice. With the help of white graphs, we can employ LCEs for models with
long-range interactions and use the resulting contributions in a Monte Carlo algorithm to
deal with the embedding problem posed by long-range interactions. This approach we dub
pCUT + MC.

4.1. Motivation and Basic Concepts

The goal of all our efforts is to calculate physical observables in the thermodynamic
limit, i.e., for an infinite lattice £, using high-order series expansions. The starting point of
every perturbative problem is

H="Ho+ AV, (48)

where the Hamiltonian describing the full physical problem H can be split up into an
unperturbed part H(, which is readily diagonalisable, and a perturbation V associated with
a perturbation parameter A, which is small compared to the energy scales of H(. We aim
to obtain a power series up to a maximal reachable order omax as an approximation of a
desired physical quantity:

FA) = po+ 1A+ paA? + . Poga AT, (49)

where the coefficients p; are to be determined by the series expansion. We want to use the
information contained in the power series to infer the properties of the approximated func-
tion f(A) [155]. The cost of determining the coefficients is associated with an exponential
growth in complexity with increasing order [155]. Hence, calculations are performed with
the help of a computer programme. Obviously, the computer cannot deal with an infinitely
large lattice. Instead, we must look at finite cut-outs consisting of a finite set of lattice sites

21



Entropy 2024, 26, 401

that are connected by bonds (or links) symbolising the interactions of the Hamiltonian on
the lattice. We term these cut-outs clusters. If two clusters A and B do not share a common
site or conterminously do not have a link that connects any site of A and B with each
other (AN B = @), then the cluster C = A U B is called a disconnected cluster. Otherwise, if
no such partition into disconnected clusters A and B exists (A N B # @), the cluster C is
called connected. We can define quantum operators M (e.g., a physical observable) on these
clusters just as on the infinite lattice.

There are essentially two ways of performing high-order series expansions. The first
one is the naive approach of taking a single finite cluster C C £ [153,154,156-158] and
designing it such that the contribution of M (C) coincides with the contributions on the
infinite lattice M (L) = M(C) up to the considered order in the perturbation parameter.
The cluster needs to be chosen large enough such that the perturbative calculations up
to the considered order are not affected by the boundaries of the cluster. Another way of
performing calculations is to construct the operator contribution on a cluster—coinciding
with the infinite lattice contributions up to a given order—by decomposing it into all
possible contributions on smaller clusters [155,159-170]. Now;, the contributions on many,
but smaller clusters must be determined and added up to obtain the contribution on the
infinite lattice:

M(L)=M(C) =) M(C). (50)

c'cc

In contrast to the previous approach, we willingly accept boundary effects for the many
subclusters. Such a cluster decomposition is known to be computationally more efficient
because it suffices to calculate the contributions on the Hilbert space of the smaller clusters
reducing the overhead of non-contributing processes, and it also suffices to perform the
calculations only on a few clusters as many give identical contributions due to symmetries.
This can significantly reduce the overhead.

However, there are subtleties about the validity of performing calculations on finite
clusters, e.g., when setting up a linked-cluster expansion (linked-cluster means only con-
nected clusters contribute), the operator M must satisfy a certain property, namely cluster
additivity. The quantity M is called cluster additive if and only if the contribution on dis-
connected clusters A U B solely comes from the contributions on its constituent connected
clusters A and B. This means we can simply add the contributions of A and B from the
smaller connected clusters to obtain the one for the disconnected cluster, i.e.,

M(AUB) = M(A) + M(B), (51)

as illustrated schematically in Figure 3.

{/ A B \‘ A B

1
. \/ - & \_/ —
Figure 3. Schematic illustration of cluster additivity. The contribution of a disconnected cluster A U B

(clusters within dashed circle) made up of individual connected clusters A and B (yellow areas) is the
sum of its individual parts.

We can also understand cluster additivity in the language of perturbation theory
where acting on bonds in every order forms a cluster of perturbatively active bonds. If such
a cluster is connected, we call these processes linked. So, cluster additivity simultaneously
means that only linked processes will contribute. Cluster additivity is at the heart of the
linked-cluster theorem, which states that only linked processes will contribute to the overall
contribution in the thermodynamic limit. To set up a linked-cluster expansion, we want to
exploit cluster additivity and the linked-cluster theorem so that we can “simply” add up
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the contributions from individual connected clusters to obtain the desired power series in
the thermodynamic limit.

An example of a cluster additive quantity is the ground-state energy Ey. Imagine we
want to calculate the ground-state energy of a non-degenerate ground-state subspace, then
cluster additivity is naturally fulfilled:

Eo(AUB) = Eo(A) + Eo(B), (52)

and we can calculate the ground-state energy on A U B from its individual parts A and B.
However, cluster additivity is not satisfied in general. We can construct a counterexample
by considering the first excited state with energy E;. For example, consider the first
excitation above the ferromagnetic ground state of the transverse-field Ising model in the
low-field limit that is a single spin flip dressed with quantum fluctuations induced by the
transverse field [113]. We usually refer to such excitations as quasiparticles (qp). Here, we
cannot add the contributions on clusters A and B to obtain the excitation energy on cluster
AUB:

E1(AUB) # E1(A) + E1(B) . (53)

How to set up a linked-cluster expansion for intensive properties is not obvious, and it
seemed out of reach after the introduction of linked-cluster expansions in the 1980s [159-161].
Only several years later, it was noticed by Gelfand [162] that additivity can be restored for
excited states when properly subtracting the ground-state energy. This approach was later
generalised to multiparticle excitations [154,156,164,165] and observables [154,163].

In the following, we first introduce a perturbation theory method that maps the
original problem in Equation (48) to an effective one. We will show that the derived
effective Hamiltonian and observables satisfy cluster additivity. In the subsequent section,
we make use of the property and show how we can set up a linked-cluster expansion for
energies of excited states and observables by properly subtracting contributions from lower
energy states.

4.2. Perturbation Method: Perturbative Continuous Unitary Transformations

The first step towards setting up a linked-cluster expansion is to find a perturbation
method that satisfies cluster additivity, which is generically not given and a non-trivial
task [171]. Here, we use perturbative continuous unitary transformations (pCUTs) [153,154]
that transform the original Hamiltonian perturbatively order by order into a quasiparticle-
conserving Hamiltonian, reducing the original many-body problem to an effective few-body
problem. We start discussing how to solve the flow equation to obtain the pCUT method
and show afterwards how the Hamiltonian decomposes into additive parts that can be
used for a linked-cluster expansion.

We strive to solve the usual problem of perturbation theory of Equation (48). The
unperturbed part Hy can be easily diagonalised exactly with a spectrum that has to be
equidistant and bounded from below. Additionally, the perturbation V must be a sum of

operators Tj;:
N

V=Y T, (54)

containing all processes changing the energy by n quanta and—if properly rescaled—
corresponding to the same number of quasiparticles n. The goal of the pCUT method is
to find an optimal basis in which the many-body problem of the original Hamiltonian
reduces to an effective few-body problem. For that, we introduce a unitary transformation
depending on a continuous flow parameter ¢ and define

H(0) = UT(O)HU(L) . (55)
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In the limiting case ¢ = 0, we require H(0) = H to recover the original Hamiltonian, and
for ¢ = oo, we require lim; ,o, H(¢) = Hegs so that the unitary transformation maps the
original to the desired effective Hamiltonian. We can rewrite the unitary transformation as

u(e) = iesp (- [ nierar’) 56)

where 7 is the anti-hermitian generator generating the unitary transformation and 7; the
ordering operator for the flow parameter. Taking the derivatives of Equation (55) and
Equation (56) in ¢, we eventually arrive at the flow equation:

dH(0)

—ar [1(6), H(L)] . (57)

Flow equations have been studied for quite some time in mathematics and physics with a
variety of applications [172-180]. It was Knetter and Uhrig [153] who proposed a pertur-
bative ansatz for the generator of continuous unitary transformations along the lines of
Mielke [180], introducing the quasiparticle generator (also known as the “MKU generator”)
for the pCUT method:

nP(0); ;= sgn(Hoii — Hoj,j)Hij(L), (58)

where the indices i, j refer to blocks of the Hamiltonian labelling the quasiparticle number.
Diagonal blocks H; ; contain all processes conserving the number of quasiparticles i, while
off-diagonal blocks H; ; contain all processes changing the quasiparticle number from i to j.
The reasoning behind the ansatz can be explained by looking at sgn(Ho;; — Ho ), where
processes i — j in H; ; are assigned the opposite sign of the inverse processes j — i, and
therefore, the idea is to “rotate away” off-diagonal blocks by the unitary transformation
during the flow of ¢, while processes that do not change the quasiparticle number are not
transformed away due to sgn(0) = 0, but get renormalised during the flow. Consequently,
in the limit £ — oo, we obtain an effective Hamiltonian H,¢ that is block diagonal in n. This
idea is depicted in Figure 4.
Next, we make a perturbative ansatz for the Hamiltonian during the flow:

HO=Ho+ Y Al At Y F(Gm)T(m), (59)
k=1 dim(m)=k
with the notation
m = (my, my, ms, ..., myg), (60)
m; € {0,4£1,+2,...,£N}, 61)
dim(m) =k, (62)
T(m) = Ty, Ty Tons - - T s (63)

with F(¢;m) being undetermined real functions. We introduce N, distinct expansion
parameters instead of just a single A to keep the notation as general as possible because in
Section 4.6.3, about white graphs, we will need multiple expansion parameters to encode
additional information. Inserting Equations (58) and (59) into the flow equation (57), we can
solve the equation perturbatively order-by-order as we obtain a recursive set of differential
equations for F({;m).

24



Entropy 2024, 26, 401

e - "

Hiz +
UHOHUE)

{ — oo

Ha0

Figure 4. Illustration of the method of perturbative continuous unitary transformations (pCUTs)
transforming the original Hamiltonian on the left to a block-diagonal quasiparticle-conserving
effective Hamiltonian on the right. The desired effective Hamiltonian is given in the limit £/ — o
of the flow parameter ¢ of the continuous unitary transformation H(¢) = U’ (¢)H(0)U(¢). While
the different quasiparticle sectors interact with each other by the off-diagonal blocks in the original
Hamiltonian, the off-diagonal blocks are zero in the effective Hamiltonian as they are “rotated away”
during the flow.

To recover the original Hamiltonian H, we have to demand the correct initial condi-
tions F(0;m) =1 for |m| = 1 and F(0;m) = 0 for |m| > 1. We can solve the differential
equations (cf. Ref. [153]) exactly for £ — oo, yielding

> n
Heogr = Ho + kzl AL A Z C(m)T(m), (64)
= dim(m)=k,
Yjnj=k M(m)= 0
with F(oo;m) = C(m) € Q being exact rational coefficients and the restriction

M(m) = ¥ | m; = 0 making the products T(m) quasiparticle-conserving [153]. Hence,
the commutator of the effective Hamiltonian with the unperturbed diagonal part of the
original Hamiltonian vanishes ([Heg, Ho] = 0). Note that, so far, the effective Hamilto-
nian (64) is model independent. It only depends on the overall structure of Equation (54).
The generic form of the Hamiltonian comes at the cost of an additional normal ordering
usually by applying the Hamiltonian to a cluster. Of course, it could also be performed
explicitly by using the hard-core bosonic commutation relations, but the former approach
can be handled much easier by a computer programme. Yet, we achieved our goal of
obtaining a block-diagonal Hamiltonian:

Hett = D Hettn » (65)
n=0

where H,, is the effective irreducible Hamiltonian of n quasiparticle processes (see also
Section 4.3). Let us emphasise again that this block-diagonal structure allows us to solve
the n quasiparticle blocks individually, which significantly reduces the complexity of the
original many-body problem to an effective one that is block-diagonal in the quasiparticle
number 7.

If we want to calculate an effective observable, we can make an ansatz along the same
lines [154]. We insert the perturbative ansatz:

Z A Z Y G(6m;i)O(m;i) (66)

i=1 dim(m)=k
Z]/

with undetermined functions G(¢; m; i). The operator product is defined as
O(m; l) - Tml e Tmi71 OTmi+1 e ka . (67)

Inserting exactly the same generator (58) and the ansatz for the observable in Equation (66)
instead of the Hamiltonian into the flow Equation (57), we arrive at
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Ocft = 2 Al ”’“2 Y. C(m;i)O(m;i) (68)

i=1 dim(m)=k
):] =

with C(m;i) = G(oo;m;i) € Q by solving the resulting set of differential equations for
¢ — oo [154]. Note that the last sum does not contain a restriction M(m) = 0, and
therefore—in contrast to the effective Hamiltonian—effective observables are not (necessar-
ily) quasiparticle-conserving.

We have just derived the effective form of the Hamiltonian and observables in the pCUT
method that have a very generic form depending only on the structure of the perturbation
of Equation (54). As already stated, the model dependence of our approach comes into
play when performing a linked-cluster expansion by applying the effective Hamiltonian
or observable to finite clusters. But how do we know if the effective quantities are clus-
ter additive? We follow the argumentation of Refs. [181,182] by looking at the original
Hamiltonian (48) that trivially satisfies cluster additivity as long as all bonds represent a
non-vanishing term in V between sites (“bond equals interaction”). Thus, the Hamiltonian
on a disconnected cluster A U B:

H|aup = H|a +H|p (69)

is cluster additive because 7| 4 and 7{|p are non-interacting. Here, we denote the restriction
of the Hamiltonian # to a cluster C as H|c. We can further insert this property into the
flow equation:

%yw = [7(€)| au, H(£)] auB]

dHc(li”A * dﬂé?lB = [1(0)|a+1(0) |5, H(O)| 4+ H()]5]

= (O] a, H(O]al + ()], H(E)|8] -

Here, we used the property of #(0) that it commutes on disconnected clusters and the
fact that the Hamiltonian is continuously transformed during the flow starting from ¢ = 0.
Therefore, the derivative and the commutator can be split up, acting on each cluster individu-
ally and preserving cluster additivity during the flow. Consequently, the effective Hamiltonian:

(70)

Hett| auB = Hese| 4 + Hest| B (71)

in the limit £ — oo is cluster-additive as well. The same proof holds for effective observables.
Another more physical argument is that the effective pCUT Hamiltonian can be written
as a sum of nested commutators of T-operators [152,167]. For instance, considering the
perturbation V = T_1 + Ty + T, 1, the effective Hamiltonian looks like

)\3
Hege = Ho+ ATy + )LZ[TH, T 1]+ ([[TH, To], T-1]) + [Ts1, [To, T4]]) + .- . (72)

Splitting up T, = }; 7, into local operators acting on bonds /, the nested commutators
vanish for processes that are not linked. Hence, the linked-cluster theorem is fulfilled, and
the effective Hamiltonian is cluster-additive. To emphasise the linked-cluster property, the
generic effective Hamiltonian is often written as

n

Hest = Ho + Z AMLAGY Y Y Cm) Y Ty T, (73)

dim(m)=k C ll,...,lk
E]n] M(m)=0 |€c|<k Uk, li=C

where the sum over C runs over all possible connected clusters with maximal k bonds
(k > |&c]) [152]. The notation £ will be clarified in Section 4.6.2, where graphs are formally
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introduced. In this context, it is simply the set of bonds of a connected cluster C and |E¢|
the number of bonds in this set. The condition Ule I; = C arising from the linked-cluster
theorem ensures that the cluster consisting of active links and sites during a process must
match with the bonds and sites of the connected cluster C. For observables, the generalised
condition [J¥_; [; Ux = Cholds, where the index x can either refer to a site (local observable)
or a link (non-local observable), and we have

k+1
n ”N 5 .
Oett = Z MA Y ) Z C(m; i)
i=1 dim(m)=k
z] n] &c |<k
X ZZ Ty« T iy Ox T by -+« Ty -
reeed]
Ul:1lUx C

(74)

Although we showed that the effective Hamiltonian and observables are cluster-additive
and, therefore, fulfil the linked-cluster theorem, to set up a linked-cluster expansion,
there are important subtleties remaining when we restrict the effective Hamiltonian and
observables to the quasiparticle basis, which we need to address before we can discuss how
to perform the calculations in practice.

4.3. Unravelling Cluster Additivity

In this subsection, we need to clarify how we can use the cluster-additive property of
the effective pCUT Hamiltonian and observables to set up a linked-cluster expansion not
only for the ground-state energy, but also for the energies of excited states. Many aspects
of this section are based on the original work of Ref. [154], in which a general formalism
was developed for how to derive suitable quantities for the calculation of multiparticle
excitations and observables. We further develop this formalism by inferring the concept of
cluster additivity for the quasiparticle basis, introducing the notion of particle additivity.
The term “additivity” in this context was recently introduced by Ref. [171].

We start by recalling that the effective Hamiltonian is block-diagonal, and we can write
the Hamiltonian operator as a sum of irreducible operators of n quasiparticle processes:

Hetp = Y, Hefin - (75)
n=0

We can express the n quasiparticle processes in second quantisation in terms of local (hard-
core) bosonic operators b creating and b; annihilating a quasiparticle at site i. When
considering quantum magnets like we do in this review, a hard-core repulsion comes
into play allowing only a single quasiparticle at a given site [154]. For instance, in the
ferromagnetic ground-state of the 2D Ising model, an elementary excitation is given by
a single spin flip, which can be interpreted as a quasiparticle excitation [113]. Obviously,
at most one excitation on the same site is allowed. Different particle flavours 7 can also
be accounted for by incorporating an additional index T of the operator bf,? . To keep
the notation simple, we will drop this additional index in the following. The irreducible
operators in the second quantisation and normal-ordered form then read

Hetro = €01,
effl - Zztl] jui
_ ot
Hefrr = Z Z tl1112,]11]2b]2b]1 blzbll (76)
11,12 J1,]2

_ e
Hefn = Y, Z‘ TR ) SO ) TN R

i1,/ jlr“'r]n
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Written in normal order, the meaning of these processes is directly clear when acting
on states in the quasiparticle basis. The prefactors t;,._;,.;, ..i, are to be determined by
applying the effective pCUT Hamiltonian (64) to an appropriately designed cluster C. Let
us consider the quasiparticle basis on a connected cluster C:

{10)c. Me,12c,--oIn)ey ={l0)c, |1 ie 12 insia)e oo os[mi iy i,y dn) e} (77)

where the number 7 specifies the number of particle excitations and the indices i; denote
the positions of the n (local) excitations. The effective pCUT Hamiltonian is quasiparticle
conserving, so let us restrict it to N particle states, like when evaluating its matrix elements
in this basis. If we evaluate by acting on a state with fewer particles than particles involved
in the process, then the irreducible operator annihilates more particles than there are and
the contribution is zero, that is H, \N = 0 for N < n. When we determine the action of
Hefin|" for N = n, this allows us to determine all prefactors tiy..insj,...jn defining the action
of Hege, on the entire unrestricted Hilbert space. The second quantisation presents a natural
generalisation of the Hamiltonian restricted to a finite number of particles to an arbitrary
number of particles [154]. We can construct H,|N for N > n from H,|" since the latter
completely defines the action H,, on the entire Hilbert space.

Although everything seems fine so far to set up a linked-cluster expansions, let us
tell you that it is not. We finished the motivation in Section 4.1 with the statement that we
cannot simply add up contributions for energies of excited states (cf. Equation (53)). The
reason is that, although we showed that H, is cluster additive, the irreducible operators
restricted to the N particle basis Hefr,,|N are in fact not. To grasp a better understanding of
the abstract concept of cluster additivity and why setting up a linked cluster expansion for
higher particle channels usually fails, let us consider the following basis on a disconnected
cluster A U B:

{10 aus 1D aup - 12) avp -3 = {10) 4 @1[0)5,10) 4 ® [1)p, 1) 4 @ [0) 5,
004 ®12)5, 1) s @ 1)5,12)4®[0)5,... },

where |n) - represents all possible n-particle states living on a cluster C. While there is only
one way to decompose the zero-particle states |0) 4 5 on the disconnected cluster A U B,
one-particle states |1) , ,z decompose into two sets of states with a particle on cluster A
(1) , ® |0)5) and a particle on B (|0) 4 ® |1) ). For two-particle excitations |2) 4 5, there
are three possibilities to distribute the particles. In general, N-particle states have the form
k) 4 ® [N — k)5 with k € {0,1,...,N}, and there are N + 1 possibilities to decompose
the states.

When restricting Equation (51) to these N-quasiparticle states, a cluster-additive
Hamiltonian must decompose as

(78)

N
Hg}'fadd"l)l]UB = @ (/HeffV;\ + /Heff|gik> ’ (79)
k=0

where we introduce the notation |{: restricting the Hamiltonian to all n-quasiparticle states
on a cluster C. The direct sum in Equation (79) is introduced to emphasise that, for a
cluster additive Hamiltonian, there must not be any particle processes between the two
disconnected clusters A and B. The Hilbert space on the disconnected cluster A U B can
be seen as the natural extension of the Hilbert spaces on cluster A and B, and we can
define the operators on the clusters A and B in terms of the Hilbert spaceon AU B as a
tensor product:

/Heff|lf4 = Hefflk ® ]1|N_k ’

- (80)
Hetly 1= 1N @ Hegr",
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where operators on the left of ® are defined on the Hilbert space of A and the operators to
the right on the Hilbert space of B. The issue with Equation (79) is that, when we restrict
the particle basis to N on the disconnected cluster A U B, there are contributions from lower
particles channels coming from the N + 1 possibilities to distribute the N particles on the
two clusters. For example, if we look at the one-particle space:

HEG s = (Heff|}4 + Heff|%> @ ('Heff\?q + HeffH})r (81)

we see that, in addition to the one-particle contributions, we obtain additional zero-particle
contributions. The left part of the direct sum stems from acting on [1) , ® |0); and the
right side from acting on |0) , ® |1) 5. There are always two possibilities to distribute the
one-particle excitation on the two clusters where the other cluster is always unoccupied,
which gives an additional zero-particle contribution. This fact is schematically illustrated
in Figure 5a.

a
e AUB el
s 7 B ™ A B _. oA B
i\\\Q/l \/Q/ /) < \/{0\\)/ @ \0/_/ k/g/
b M .
e AUB e
/// A B \\\ A B
ewds = e O de

Figure 5. Schematic illustration of cluster additivity (a) and particle additivity in the one-particle
basis (b) on a disconnected cluster A U B (grey area) consisting of individual connected clusters A
and B (yellow areas). (a) Cluster additivity in the one-particle basis translates to one particle being
on cluster A and zero on B and vice versa. To calculate the contribution on the disconnected cluster
AU B, both contributions need to be considered including the cases of zero occupancy. (b) Particle
additivity is fulfilled when the one-particle contribution on a disconnected cluster A U B is simply
the sum of one-particle contributions on the connected clusters A and B.

This is not the desired behaviour for a linked-cluster expansion. We would like the
general notion of Equation (51) to directly translate to the particle-restricted basis, which is
illustrated in Figure 5b. In other words, our goal is to find a notion of (cluster) additivity in
the restricted particle basis such that we can simply add up the N-particle contributions
of individual clusters without caring about lower particle channels. We define particle
additivity as

HA N 5 = Hettl N © Hestl 8™, (82)

where we demand the other contributions from Equation (79) to vanish. The crucial thing
to notice is that irreducible operators (76) in the particle basis:

N _ ajadd|N
Hetenlaus = Heft | Aub (83)

are, in fact, particle-additive [154,171]. In the following, we will show that this is indeed

the case. First, we remember that, for the ground-state energy, we can trivially add up the

contributions. Starting from the definition for cluster additivity (79), we have
Hg%faddB\UB = Heff|?4 + Heff|%

(84)
= Hesrold + Hetroly = HAF % -
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Second, from restricting the decomposition of Equation (75) to the N = 1 particle channel,
we can express the irreducible one-particle operator as
1 1. add. |1 1
Hest1]avp = Hefi ™™ [aup — Hettolaup - (85)
We recall that, by calculating Heg|®, we can automatically derive Hg( on the entire

Hilbert space, which subsequently defines Hgto| 1. Therefore, by inserting the definition
for cluster additivity (79), we obtain

HE Y hup — Hettolhus = [(Heff\}q + Heff\%) ® (Heff|94 + Heff|%;>]
- [(Heffoﬂq + Heffo|%) ® (Heff0|94 + %eff0|%i)}
:('Heffﬂq - rHeffOBﬁl) @ (HeffHB - Heffo\}a) (86)

=Hett1) © Hett1|3
=124 s

where we used the definition of Equation (82) in the last line. Hence, we have proven
Equation (83) for N < 2. The above proof can be readily extended to N > 2.

We achieved our goal of finding a notion of cluster additivity in the particle basis,
which we termed particle additivity. We can determine the desired particle-additive
quantities by using the subtraction scheme:

N-1
HAEN = Hegn Y = Hett|N — Y Heinl™, (87)
n=0

which comes from Equation (75) by restricting it to an N-particle basis. This is an inductive
scheme starting from N = 0 calculating the irreducible additive quantity Hego|®. This
result can be used to calculate the subsequent irreducible additive quantity Heg | for
N = 1. Then, for N = 2, we use the results from N = 0 and N = 1 to calculate Hg>|?,
and so on. Again, it is important that Hg,|" completely defines the operator H¢, and,
therefore, any Hege,,|™

When considering effective observables, the particle number is no longer conserved
and more types of processes are allowed. We need to generalise Equation (75) for effective
observables by introducing an additional sum over d that is the change in the quasiparticle
number. An effective observable, thus, decomposes as

Octt =Y. Y. Octing (88)

n=0d>-n

where Og, 4 are irreducible contributions [154]. When writing them in second quantisa-
tion, we have

t t
Okeftna = E Yo Fiiiguidl g Oh b (89)

P ]1 /]rH—d

We can directly see that the d quasiparticles are created because there are d additional
creation operators. When d is negative, d quasiparticles are annihilated. We can infer a
notion for cluster additivity and particle additivity along the same lines:

N
1 add. (N—N+d _ k—k-+d N—k—N—k+d
O 308" = B (Oetl 7 + Oetl ) (90)
k=0
dd. | N=-N+d _ N—N+d N—N+d
Ot lavp " = Oeiil ® Oest|5 ) 91)
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To determine the particle additive parts, we can use an analogue subtraction scheme as
described in Equation (87), which can be denoted as

(92)

N—1
N—N+d _
OefiN,d = Oef| Y Oeting
n=0

If we want to calculate Oy 4 |N=N +4 then we have to inductively apply Equation (92).

There are several things to be noted at this point. First, not all perturbation theory
methods satisfy cluster additivity (79), and in this case, we cannot write operators as a
direct sum any longer. There will be quasiparticle processes between one and the other
cluster changing the number of particles on each cluster [155,162]. This is sketched in
Figure 6 by the presence of an additional term.

i oA Bo N —
l\\ v v //’ - | \_/ \/\/

***** O

Figure 6. For operators that are not cluster additive, the contribution on the disconnected cluster
A U B originates not only from the sum of the contributions where a single particle is on A or B, but
also from contributions where the particle can hop between the two connected clusters.

When falsely performing a linked-cluster expansion, it can be noticed immediately
that the approach breaks down. A symptom of non-cluster additivity is the presence of
contributions of lower orders than expected from the number of edges of the graph [155].
When calculating reduced contributions in a linked-cluster expansion, we subtract only
contributions of connected subgraphs, which leaves non-zero contributions of disconnected
clusters when the perturbation theory method is not cluster-additive. However, there are
notable exceptions when a linked-cluster expansion for energies of excited states is still cor-
rect even though the perturbation theory method is not cluster-additive [163-165,183-186].
This is only possible when the considered excitation does not couple with a lower particle
channel, i.e., lower lying states are described by a distinct set of quantum numbers lying in
another symmetry sector [155,165,187]. For instance, consider the elementary quasiparticle
excitation in a high-field expansion for the transverse-field Ising model (TFIM), then the
structure of the perturbation is T_, + Ty + T, and therefore, the first excited state does
not couple directly with the ground state (there is no T'y1, which is due to symmetry). If
one wants to draw a comparison, we can think of this as being similar to the case when
calculating the excitations in the density matrix renormalisation group. It is no problem to
target an excited state if it is in a different symmetry sector than the ground state, but if it
is in the same symmetry sector described by the same set of quantum numbers, then the
Hamiltonian needs to be modified to project out the ground state [188].

Recently, a minimal transformation to an effective Hamiltonian was discovered that
preserves cluster additivity. This method, called “projective cluster-additive transfor-
mation” [171], can be used analogously and is even more efficient for the calculation of
high-order perturbative series. In this review, however, we stick to the well-established
pCUT method.

4.4. Calculating Cluster Contributions

At this point, we may ask how to evaluate physical quantities on finite clusters in
practice. To evaluate these quantities, we must evaluate them in the quasiparticle basis.
In general, when setting up a cluster expansion, may it be non-linked or linked, it is
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important to subtract the contributions from all possible subclusters to prevent over-
counting. Mathematically, for a quantity M (Hegs or Oegf), this can be written as

Mg =M= Y MG, (93)
C'cC

where the sum runs over all real subclusters C’ in cluster C, and we call the resulting
quantity M| reduced. Starting from the smallest possible cluster (e.g., a single bond
between two sites), this formula can be inductively applied to determine the reduced
quantity on increasingly big clusters. An essential observation to make is that reduced
operators vanish on disconnected clusters by construction if the operator M is additive
since we subtract all contributions from individual subclusters. As the linked-cluster
theorem applies, we can set up a cluster expansion:

M(L)|E =), Mg (94)

of connected clusters, but we need to consider reduced quantities M to prevent over-
counting. For a light notation, we will drop the bar in the sections below as we will only
consider reduced contributions on graphs anyway.

Now, we are ready to look at the problem from a more practical point of view. From
the previous subsection, we know how cluster additivity translates into the particle basis
and how to construct particle-additive parts, namely the irreducible quasiparticle contri-
butions. We decompose the effective Hamiltonian into its irreducible contributions by
explicitly calculating:

Hegro” = Hest|” (95)
Hett1|" = Hegt|' — Hetrol", (96)
Hego|* = Hesil* — Hete1|* — Hesrol® (97)
(98)

N-1
Hegen|N = Heg|™ — nzo Hegin|™ - (99)

Again, consider the effective Hamiltonian in the second quantisation made up of hard-core
bosonic operators bl.(ﬂ annihilating (creating) quasiparticles and the quasiparticle counting
operator 1; = blb. occurring in the unperturbed Hamiltonian ;. We also consider a con-
nected cluster C, and we denote n quasiparticle states on this cluster as |11y, . .., i) with
the quasiparticles on the sites i1 to i,,. Note that, for multiple quasiparticle flavours or multi-
ple sites within a lattice unit cell, this notation can be generalised to |1;i1,...,in, T1, ..., Tu)c
by introducing additional indices 7;. To lighten the notation, in the following, we stick to
the former case. Let us consider the three lowest particle channels:

n =0 We can directly calculate the ground-state energy Ey(C) on a cluster C as it is
already additive:
Eo(C) = (0He|0) ) (100)

as can be seen from Equation (95).

n =1 To calculate the irreducible amplitudes tl(_? (C) associated with the hopping process
b;f b; in Hegr1, we need to subtract the zero-particle channel, as can be seen from

Equation (96). However, we only need to subtract the ground-state energy if the
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hopping process is local, bb;, since the ground-state energy only contributes to
diagonal processes. Thus, we calculate

1) (C) = (1] Hen L) ifi],

1 (101)
tz(;i)(c) = (1;i|Heg| ;i) — Eo(C) else.

n =2 In the two-particle case, we have to distinguish between three processes: pair hop-
pings (tg,)k (C) bivih j b, with four distinct indices), correlated hoppings

2 2 .
(tz(,j;)i,k E,j;)i,j(c) njn;). The free quasi-

particle hopping is already irreducible, and nothing has to be done, but for the
correlated hopping contribution, we have to subtract the free one-particle hopping.
In the case of the two-particle density—density interactions, we need to subtract the
local one-particle hoppings, as well as the ground-state energy, as this process is
diagonal (cf. Equation (97)). Therefore, we calculate

(0) b;(rb]. n;), and density—density interactions (¢

121(C) = 2k 1 [Het|251,) ifitj AR
12 () = (2 K| He|2:1, ) — 1) (C) ifi#]#k, (102)
(2 (C) = (i, j|Hetl2 i )e — 1) (C) — 11 (C) — Eo(C) if i .

An analogous procedure can be applied for effective observables. Here, we need to deter-
mine the irreducible contributions for a fixed d. The subtraction scheme is given by

Ot = Ocgt|0 " (103)
Oetrr,a| 71 = Ot 71 — O |71 (104)
Octin > 72T = Oue P77 — Oty g|* 74 — Oegr ) > (105)

(106)

N—N+d . (107)

N-1
N—N+d _ Oeff|N—>N+d _ Z Oeffn,d
n=0

OefiN,d

For d = 0, we recover exactly the same subtraction procedure as before. It is straightfor-
ward to generalise this procedure for d # 0. Let us specifically consider the example we
will encounter in the next section, when calculating correlations for the spectral weight.
The effective observable is applied to the unperturbed ground state |0). Hence, there
are only contributions out of the ground state (N = 0), and the effective observables
decomposes into

Oett = Oetio,0 + Oetio + Oetop + - - - (108)

Since only N = 0 processes contribute, nothing needs to be subtracted and the effective
observable Oy|07% = Oeffo,d|0*>d is irreducible and already particle-additive.

Although, for these types of calculations, the lowest orders can be analytically de-
termined by hand, the calculations usually become cumbersome quickly and must be
evaluated using a computer programme to push to higher perturbative orders (in most
cases, a maximal order ranging from 8 to 20 is achievable). Such a programme reads the
information of the cluster (site and bond information), the “bra” and “ket” states, the coeffi-
cient lists C(m) or C(m; i) from Equations (64) and (68) up to the desired order, the structure
of the Hamiltonian #, the local T-operators from the perturbation V, and if necessary, the
observable. The input states, as well as the T-operators should be efficiently implemented
in the eigenbasis of H bitwise encoding the information as known, for instance, from exact
diagonalisation. If possible, the calculation should be performed with rational coefficients
for the exact representation of the perturbative series up to a desired order. The routine of
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the programme is then to iterate through the operator sequences from the coefficient list C
or C and to consecutively apply the T-operators by systematically iterating over all bonds
of the cluster and calculating the action of the operator, saving the intermediate states for
the action of the next operator in the sequence. As intermediate states are superpositions of
basis states, they are saved in associative containers:

¥) =Y _cjli) (109)
)

where |}) is the bit representation of a basis state. The key of the associative container is the
basis state |j) and the associated value, the prefactor c;. The bitwise representation of the
basis states |j), as well as the T-operators allow for a fast access and modification during
the calculation.

So far, we have introduced the pCUT method for calculating the perturbative contri-
butions on clusters. We demonstrated that the resulting effective quasiparticle-conserving
Hamiltonian is cluster-additive and showed how to extract particle-additive irreducible
contributions. We introduced a subtraction scheme for the effective Hamiltonian and ob-
servables that can be easily applied to calculate additive quantities to set up a linked-cluster
expansion. Finally, we briefly discussed an efficient implementation of the pCUT method.

4.5. Energy Spectrum and Observables

Having established the basic theoretical framework for the pCUT method, we want to
give a short overview of the physical quantities that are most frequently calculated with
this approach. To this end, we assume that we consider a single suitably designed cluster
for the calculations instead of setting up an LCE as a full graph decomposition. We will see
how we can calculate the desired quantities without thinking about the abstract concepts
necessary for linked-cluster expansions, and with the insights from this section, it will be
easier to recognise what we are aiming at. Here, we first consider the energy spectrum
of the Hamiltonian. We derive both the control-parameter susceptibility as the second
derivative of the ground-state energy, as well as the elementary excitation gap from the
effective one-quasiparticle Hamiltonian. Second, we consider observables. In the pCUT
approach, often, spectral weights are calculated, which are of great importance for inelastic
neutron scattering experiments.

4.5.1. Ground-State Energy and Elementary Excitation Gap

Following the above-described recursive scheme, we start with the zero-quasiparticle
channel assuming a non-degenerate unperturbed ground state, which is the situation in all
applications discussed in this review. The ground-state energy can be directly calculated
from the cluster as in Equation (100). We consider a suitably designed cluster that is
large enough to accommodate all fluctuations of a given maximal order omax and has
periodic boundary conditions to correctly account for translational invariance. We calculate
Ey = (0|Heg|0) and obtain a high-order perturbative series:

Omax

Eo= ) poA° (110)
0=0

in the expansion parameter A, which is valid in the thermodynamic limit up to the given
maximal order omax. We can extract the ground-state energy per site by dividing Ey by the
number of sites of the cluster €y = Eg/N. By taking the second derivative, we obtain the
control-parameter susceptibility:

d2€0
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We are usually interested in the quantum-critical properties of the model and, therefore,
analyse the behaviour about the quantum-critical point A.. The control-parameter suscepti-
bility shows the diverging power-law behaviour:

X o A=Al (112)

with the associated critical exponent &, as we know from Table 1.

Turning to the one-quasiparticle channel, we calculate the hopping amplitudes fol-
lowing Equation (101). Here, we use open boundary conditions, again with a cluster large
enough to accommodate all fluctuations contributing to the hopping process. Note that,
in our notation, we denote t;;; for hopping amplitudes on a graph or cluster level and the
character a for processes in the thermodynamic limit. As for the ground-state energy, we
can directly infer the contribution in the thermodynamic limit if the contributing fluctu-
ations do not feel finite-size effects, and thus, we use a(j — i) in the following. Further,
we can generalise our notation to multiple particle types or larger unit cells containing
multiple sites, as mentioned earlier, by introducing additional indices ¢, T. We denote a
hopping from unit cell i to j by § = j — i and within the unit cells from ¢ to 7. We calculate
ag(0) = (1,7, | Hegt|1;j — 0, ) by fixing j, due to translational symmetry. The effective
one-quasiparticle Hamiltonian in the second quantisation then is

1
Hol 1= Hett|' = Hesro|" + Hetr1|' =N+ Y az-(9) b}L,Tb,;a,@ (113)
jé8T

Applying the Fourier transform for a discrete lattice:

exp (ikj) b = exp(—ikj), (114)

]',T \/*Zb]"r 7T \/*Zb]'r

we can diagonalise the resulting Hamiltonian in momentum space:
(Heff ) = €N+ Zbiﬁ )by = ZQM L

(115)
- ZWV :Bkvﬁkw

introducing the operators ‘ngl)/(k) that diagonalise the matrix (), ,. The eigenenergies
wy (k) are the associated bands of the one-quasiparticle dispersion. In case of a trivial unit
cell or a single particle flavour, the dispersion matrix becomes a scalar, and we can directly
express the single-banded dispersion as

w(k) )+ ZZa cos(kd), (116)

where the sum over J is restricted to symmetry representatives and we assumed real
hopping amplitudes a(J). We determine the hopping amplitudes a(J) as a perturbative
series by performing the calculations on the properly designed cluster. Note that, even
for a single cluster, we need to perform a subtraction scheme because, in order to obtain
the irreducible contribution a(0) explicitly, we need to subtract the ground-state energy
from (i|Heg|i). When we determine the elementary excitation gap at the minimum of the
lowest band:

Omax

A= rginwv(k) =) p.A°, (117)

we can as well extract the gap directly as such a series. The gap closing shows a power-

law behaviour:
Ao A=A (118)
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about the critical point with the critical exponent zv.

4.5.2. Spectral Properties

Neutron scattering is a powerful method resolving spatial and dynamical structures in
condensed matter physics since thermal neutrons have a de Broglie wavelength of similar
length scale as interatomic distances and their energy is of the same order of magnitude
as typical excitations [189]. By measuring the change in momentum and kinetic energy in
inelastic neutron scattering experiments determining the dynamic response, not only static
properties like magnetic order can be resolved, but also dynamic properties like spin-spin
correlations [190]. The dynamic response S,z (k, w) can be determined as it is proportional

to the cross-section: )
dco
d0dw ™ g&x,ﬁ(kw) (119)

of inelastic neutron scattering [189,190]. We follow the derivations in Refs. [155,191,192]
and start with the definition of the dynamic response:

SIS 2/ dtexplilet — k(j ~ D]} (S (OS{O)r,  (120)

which is the space and time Fourier transform of the spin correlation function (S*(¢)SP(0))
witha, B € {x,y,z,+, —} and () referring to the thermal expectation value. In the limit of
vanishing temperature T = 0, the expectation value simplifies to (-) = (¢o| - |¢po) with |¢pg)
being the ground state. Then, we call S, (k, w) the dynamic structure factor. We introduce a
complete set of energy eigenstates { |4 )}, where A denotes a set of quantum numbers, for
instance n, k, where 7 is the number of quasiparticles and k the lattice momentum. Writing
the dynamic structure factor in terms of these energy eigenstates, this yields the dynamic
structure factor in the spectral form as a sum:

Sup(k,w) ZSM (k,w), (121)

where S2 8 (k,w) is called the exclusive structure factor or spectral weight associated with the

quantum numbers A. We insert 1T = Y | ) (4| into the correlation function and switch
to the Heisenberg picture, where 5% (t) = elHtS;‘ (0)e~1"*. The spectral weight then reads

S, ﬁ(k w) = N Z/ dtexpli(w — Ep + Eo)t] exp[ik(j — )] )

X (o[S5(0)[a) (9187 (0) o) ,

which, after integrating over time f, yields

Spplk,w) = 6(w — Ep + Eo) . ~ Lol S (0 0)[1a) (9alSE (0)|o) explik(j —i)] . (123)
N

If we consider the case (S¥)" = Si.g or some observable with (O;)" = O;, which could be a
linear combination of spin operators, then the above expression further simplifies to

2

SMk,w) = 8(w — EA+E0)1 <¢A|(9 1) e K (124)
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By the above equations, we can identify the spectral weights S* (k) as

2

SMNK) = 55| ZalOilyoe (125)

These quantities are usually visualised as a heat map where the dispersion w(k) is plotted
against the momentum k and the value S”(k, w), that is the intensity of the scattering
signal associated with [, ), is colour-coded.

In the pCUT approach, we want to reformulate the observable in terms of an effective
one Og. Here, we want to restrict ourselves to the one-quasiparticle spectral weight.
In Ref. [191], you can also find a formulation for the two-quasiparticle case. For the
1qp spectral weight, A are the quantum numbers defining one-quasiparticle states, and
we denote S* (k) = S%qp(k) in the following. Since the pCUT method is a perturbative
approach, we want to reformulate the problem in the language of H states:

[$0) = U[0), (126)
[p1gp) = U| LK, T), (127)

where we introduce the momentum states |1; k, ) with additional index T denoting a
quantum number like a flavour of the excitation or denoting a site in a unit cell. The
momentum states are defined via the Fourier transform:

13k) = Eexp (k)77 (128)

Inserting these identities, we obtain

2 2
SIP (k) = | Y- (1ap| O1ly0) exp(—iki)| = | Y"(1;k, T|U O;UI]0) exp(~iki)
! , (129)
1
=32 Z(l 7, T|Oett.:|0) explik(j — 1)]| ,
ij

where we defined O ; = uto;Uu. For a problem with translational invariance, we can fix
the site i of the observable and introduce J = j — i, which yields

2 2

SiP (k) = —5 Y (Li+ 6, 7| Ot , (130)

1,0

0) exp(ikd) d) exp(ikd)

1
N2

where we used d:(J) = (1;i+ J, 7| Oe;|0). Note that the form of the irreducible contri-
bution of the effective observable is Oeo1 = Yg ¢ (0 )b:; - exactly as denoted above in
Equation (108). As long as the processes i(d) and i(—J) are equivalent by means of the

model symmetries, we can use i(J) = @(—J) and further simplify Siap (k) to

2

S1P (k) = |4(0) +22aT cos(kd)| = [s(K)|?. (131)

So, in the pCUT method, we determine i.(J) as a perturbative series with which we

can determine S%qp(k). Note that this observable is already an irreducible contribution
according to Equation (92), and no subtraction scheme needs to be performed. Because we
consider the contribution O.g|°~! of the observable, the initial particle numberis n = 0,
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and nothing needs to be subtracted. To extract the quantum-critical behaviour, we need to
evaluate the expression at the critical momentum k. as

Omax

S1® (k) = Y por®, (132)
0=0

yielding a perturbative series for this quantity as well. It shows a diverging critical be-
haviour that goes as

St (k) o [A — Ag|~(2zmmy (133)

with the associated critical exponent (2 — z — #)v. After determining the three quantities

X, A, and S%qp(kc) described above, we can use the extrapolation techniques described in
Section 4.8 to extract estimates for the critical point A, and the associated critical exponents.
However, we continue with the description of a linked-cluster expansion as a full graph
decomposition for long-range interacting systems. The next step on the way is to formally
introduce graphs, discuss their generation, and the associated concept of white graphs.

4.6. White Graph Decomposition

In this section, we first give a brief introduction to graph theory, which forms the
basis for understanding how linked-cluster expansions as a graph decomposition work.
Then, we discuss how to generate all topologically distinct graphs up to a certain number
of edges corresponding to the maximal number of active edges at a given perturbative
order. We conclude this section by explaining the concept of white graphs where edge
colours are ignored as a topological attribute in the classification of graphs. White graphs
are essential for tackling long-range interactions, and therefore, every graph decomposition
in this review is, in fact, a white graph decomposition.

4.6.1. Graph Theory

So far, we already defined clusters as a cut-out of the infinite lattice with a finite set of
sites and a set of bonds connecting those sites. More generally, only considering the topol-
ogy of clusters without restricting them to the geometry of lattices, we can define a graph as
atuple G = (Vg, £g) consisting of a (finite) set of vertices Vg and a (finite) set of edges £g.
An edge e € &g consists of a pair of vertices {y, v}, and these vertices u, v € Vg are called
adjacent. The degree of a vertex is the number of edges connecting it to other vertices of the
graph. In the following, we only consider undirected, simple, and connected graphs, which
means there are neither directed edges, multiple edges between two vertices, nor loops (no
edge that is joining a vertex to itself), and there always exists a path of edges connecting
any two vertices of a graph [155,193,194]. As an example, we depict a graph G = (Vg, &g)
with Vg ={0,1,2,3,4,5} and &g = {{0,1},{0,2},{0,4},{0,5},{1,3},{2,3}} in Figure 7.

A subgraph G' of a graph G (we write G’ C G) is defined as a subset of Vé C Vg and
EG C Eg [193-195]. We call G’ a proper subgraph if V[ and £, are proper subsets of Vg
and &g.
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Figure 7. Illustration of a graph isomorphism ¢ry, and automorphism ¢y, map for an example
graph. (a) The mapping ¢150(3) = 4, ¢150(4) = 3 and identity for the remaining vertices is a graph
isomorphism preserving the adjacency of vertices. If such an isomorphism exists between two
graphs, they are topologically equivalent. (b) Under a graph automorphism, the edge set £; remains
invariant, i.e., the graph is mapped onto itself. Here, it is exemplified for the mapping @auto (1) = 2,
@Auto(2) = 1 and identity for the remaining vertices. A graph automorphism is, therefore, a special
case of a graph isomorphism, which leaves the edge set invariant.

To set up a full graph decomposition, it is essential to define how to distinguish differ-
ent graphs. If there exists an isomorphism between two graphs, we call them topologically
equivalent; otherwise, they are topologically distinct. A graph isomorphism Iso(Gy, Gy) is a
bijective map @i, between the vertex sets of two graphs, such that

PIso : Vgl — VQZ

134
{;4,1/} € 591 And {GDISO(,U), qDISO(U)} € ggz : (139

So, an isomorphism preserves adjacency and non-adjacency, i.e., # and v are adjacent if
and only if the vertices ¢ () and ¢(v) are adjacent for any vertices u, v € Vg [193,194,196].
A special case are graph automorphisms Auto(G), which are maps of a graph on itself, so
we have

(PAuto : Vg — Vg

135
(1,0} € £ © {Pamol), pauo(v)] € &5 (1%

In other words, a graph automorphism is a permutation of the vertex set preserving
adjacency [194,196]. The number of graph automorphisms |Auto(G)| of a given graph
gives the number of its symmetries, and we call it the symmetry number sg = |Auto(G)| of
a graph [155,195]. Examples of a graph isomorphism and automorphism are depicted in
Figure 7. Further, if G; C G, the mapping (134) is injective instead of bijective such that

$Mono - Vgl — ng

136
{y,i/} S 591 = {?Mono(l")' (PMono(V)} € gng ( )

and we call it a subgraph isomorphism or monomorphism Mono(Gy, G») [195,197,198].

An example of a monomorphism is depicted in Figure 8a. Monomorphisms will later
become of utmost importance as they give the number of embeddings of the subgraph onto
a graph, which is the infinite lattice.
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Figure 8. Depiction of a graph monomorphism ¢yon, and a graph with colour attributes. (a) An
example showing a graph monomorphism. The smaller graph on the left is mapped onto the bigger
graph on the right, which is the same graph as in Figure 7. Explicitly, the mapping ¢nono is given
by @Mono(2) = 4, PMono(3) = 0, PMono(4) = 2, and ¢pmono(5) = 5. (b) A coloured graph with the
“green” colour attribute assigned to vertices 0 and 2 (Ay, = {{0, green}, {2, green}}). If mappings are
applied to coloured graphs, the colour set must be left invariant, i.e., vertices with a colour must be
mapped onto each other and vertices with no colour as well.

To account for hopping processes during the embedding of graphs, we need to assign
additional attributes to graphs like colouring their vertices [195]. Then, a coloured graph
Gc is a tuple (Vg, &g, Ay), where Ay, is a set of pairs {1, a} with u € V and a the colour
attribute. In Figure 8b, an example is depicted with Ay = {{0, green}, {2, green}}. We
can extend the above definitions for isomorphisms and automorphisms and say that they
must preserve the vertex colour, i.e., only vertices of the same colour can be mapped
onto each other. Of course, this reduces the cardinality |Auto(G,)| and, therefore, the
symmetry number sg_associated with the coloured graph. We can later exploit the colour
information for matching hopping vertices of the graph with the actual hopping of the
quasiparticle on the lattice. Note that, also, colouring edges of graphs with attributes A¢
is useful to distinguish different types of interactions of a Hamiltonian on the graph level
and very similar properties as for coloured vertices hold. As stated above, two graphs are
topologically distinct if there does not exist a graph isomorphism between the two graphs.
Thus, for coloured graphs, the colour attribute serves as another topological attribute.
The importance of this will become apparent later in Section 4.6.3. For a more elaborate
overview of graph theory in the context of linked-cluster expansions, we recommend
Ref. [195].

4.6.2. Graph Generation

For the graph generation of (undirected) simple, connected graphs, we need to define
an ordering between all graph isomorphs such that it is possible to pick a unique repre-
sentative of all graph isomorphs that is called canonical representative [199]. One challenge
lays in efficiently generating graphs as the number of connected graphs grows exponen-
tially with the number of edges and the idea behind every algorithm must be to restrict
the number of possible graph isomorph candidates when generating new edge sets by
permutation. A well known algorithm is McKay’s algorithm [199,200], which exploits the
degree information of the vertices, sets up a search tree for vertices with the same degree,
and uses the ordering to check if the canonical representative of the current graph already
exists. We recommend using open-source libraries for the graph generation and calculation
of additional symmetries. For instance, there is “nauty” [201] and “networkX” [202] or the
“Boost Graph Library” [203].

There are various conventions for how to write the graph information to a file. One
could simply save the site and edge set as lists or save its adjacency matrix, where the rows
and columns refer to the sites and a non-zero entry in the corresponding matrix element
marks the existence of an edge between the sites [155,193,194]. Here, we suggest to simply
use a bond list. Each entry in the list contains the edge information of the graph, denoted
as n,, 4, v, where e € g with p,v € Vg adjacent to e and 7, is just a number associated
with the edge e. The number 7, can be interpreted as a specific expansion parameter
corresponding to this bond. In the simplest case, there is just one expansion parameter
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and therefore a single number #, for all edges. Assigning multiple expansion parameters
becomes especially important in the next Section 4.6.3. Usually, the symmetry number sg of
a graph is calculated on the fly when generating a set of graphs and should be saved as well.
In our workflow, we save the generated graphs into bond lists and create a list containing
all connected graphs (e.g., the file names) along with their symmetry number sg. These
types of lists suffice for the calculation of the ground-state energy. When calculating 1qp
irreducible processes for the dispersion or for the spectral weight observable, we can think
of these processes breaking the graph symmetry. Therefore, after the graph generation,
we consider all possible processes on a graph and assign colour attributes to the start
and end vertices. Due to the symmetry of the processes, we assign the same colour for
hoppings and distinct colours for processes of the spectral weight (When calculating the
hopping processes of the effective 1qp Hamiltonian from vertex u to v, it has the symmetry
tyy = ty;u with the inverse process giving the same contributions as long as the prefactors
are real due to the Hermiticity of the Hamiltonian. Thus, we can use the same colours
for start and end vertex. The 1qp process for the spectral weight f,,,, is distinct because a
quasiparticle is created at vertex i and then subsequently hops to vertex v. Therefore, f,,;,
and fm, are, in general, not equivalent processes fﬂ;v #* fw, and we have to use distinct
colours for the start and end vertices. But, as mentioned in Section 4.5.2, the processes can
become equivalent by means of general model symmetries, for instance due to underlying
graph symmetries). We calculate the symmetry number sg_ associated with the coloured
graph. In the end, we create a list, where each entry contains the graph, its symmetry
number sg, a representative process (start and end vertex), and the associated symmetry
number of the coloured graph sg_, counting the number of processes that give the same
contributions as the representative process due to symmetries.

After generating the graphs and the lists, we can employ perturbation theory calcula-
tions on the graph level, viewing graphs as abstract clusters with vertices as lattice sites
connected by bonds. A programme as described above reads in the graph and process
information and repeatedly performs the pCUT calculations on every graph. The resulting
graph contributions must be added up in such a way that the information of the lattice
geometry is restored by weighting the graph contributions with embedding factors. That
is, how many ways a graph can be fit onto a lattice apart from translational invariance
(cf. Ref. [155]). For the conventional embedding of contributions from models with just
nearest-neighbour interactions, the number of graphs can be reduced as the lattice geome-
try puts a restriction on the graphs. For example, graphs containing cycles of odd length
cannot be embedded on the square lattice. In contrast, for long-range interactions, no
such restriction exists, and therefore, the lattice can be seen as a single fully connected
graph where every site interacts with each other. Hence, we have to generate every simple
connected graph up to a given number of edges as all graphs contribute. Before we turn to
the embedding problem in more detail, we will first deal with the challenges long-range
interactions pose and address the problem by using white graphs.

4.6.3. White Graphs for Long-Range Interactions

In many cases in perturbation theory, there may be more types of expansion pa-
rameters, e.g., due to the geometry of the lattice, as can be seen in the n-leg Heisenberg
ladder [152]:

H=Ho+A, V+AV (137)

with an expansion parameter A | associated with the rungs and another one A, associated
with the legs. The interaction V is given by XY interactions, and the series expansion is
performed about the Ising limit H,. Setting up a graph decomposition for this model, the
canonical approach would be to associate each expansion parameter with a distinct edge
colour, blue for A | and purple for A,.

In Figure 9a (left), all graphs with two edges and two colours (one for A; and one for
A,) are depicted on the left. It is necessary to incorporate the edge colour information as
the graphs can only be embedded correctly on the infinite lattice when the edge colour
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matches the bond type of the lattice. Another common type of perturbation problem is
where the perturbation splits into different types of interactions, although associated with
the same perturbation parameter. For instance, the problem can look like

H=Hy+ AV

(138)
:HO+/\(Vx+Vx+Vz),

which is essentially the form of the Hamiltonian when performing a high-field series
expansion [204] for Kitaev’s honeycomb model [205], where each site has one x-, y-, and
z-type Ising interaction bond to one of its neighbours on the honeycomb lattice, respectively.
Here, we associate the three different interaction types with three types of edge colours,
blue, green, and purple for x-, y-, and z-bonds. See Figure 9b (left) for an illustration of all
three graphs with two edges and three colours (there are only three possibilities because
colours must alternate due to the constraints posed by Kitaev’s honeycomb model). In
both cases, the edge colour is an additional topological attribute of the graph, leading to
exponentially more graphs with the number of colours, which becomes relevant when
pushing to high orders in perturbation.

coloured graphs white graphs evaluation
a H=Ho+ A\ V+AV H="Ho+ Z?:l AV Pg, (AL, \i) = Pg(A1, A2)a=a,h0=2,
(s () Pg, (AL, ) Pg(A1,A2) Pg, (A1) = Pg(A1, A2)[ay=ra=2.
A1 2
e () e ) Pg, (A1) Pgy (M) = Pg (A1, A2) |, =xa=1,

) @) P, (\)

b H=Ho+AV:+V,+V.) H=Ho+ 32, (NiwVe +MigVy + AisVs)  Par(N) =Po(Ares- -5 A20)lag o= =
=) P, () Pg(A1,---5A23) Pgy(A) = Pg(M,z;- - A2,2)|as 0=r0 i
— ) ) P;,()) ;i: ;2; Pgy(A) = Pg(Ases- s A2,2) sy mhaech
e @ @) P, (3) Mx b

Figure 9. In contrast to the conventional approach using coloured graphs (left), where different
expansion parameters or different interaction types are associated with an edge colour, for white
graphs (centre) the edge colour is ignored in the topological classification of graphs. Instead additional
information is tracked, e.g., by associating each link with abstract expansion parameters and only
substituting these abstract contribution during the embedding procedure, reintroducing the correct
colour information (right), hence the name white graphs. (a) For the problem of Equation (137) on
linear graphs with two edges, there are three distinct graphs as the expansion parameters A | and A,
are associated with individual edge colours (left), but there is only one white graph, as we associated
one abstract expansion parameter for each edge (centre). When substituting the abstract expansion
parameters with the physical one, reintroducing the correct colour, we can recover the polynomial
contributions of the conventional approach (right) (cf. Ref. [152]). (b) For the problem of Equation (138)
also on linear graphs with two edges, there are also three topologically distinct graphs (left), but
for the white graph contribution, we have to introduce multiple abstract expansion parameters for
each edge, due to the three flavours f € {x,y,z} (centre). The substitution works analogously to
recover the polynomial contribution form the conventional approach (right). Parameters that are not
explicitly set are set to zero (cf. Ref. [204]).

In the case of long-range interactions, such an approach becomes unfeasible. A
Hamiltonian with long-range interactions is of the form

1
= AY — —
H Hﬁ-gwﬂﬂ
(139)
=Ho+) AsV,
J
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where J is the distance between interacting sites, d the dimension of the lattice, and ¢ the
long-range decay exponent and A5 = A|d|~(4*7). Applying the conventional approach
from above, we would associate each of the infinitely many perturbations Vs with its own
edge colour. The only obvious way to resolve this problem would be to truncate the sum
over J only considering very small distances. Instead, the use of white graphs [152] can
be a solution to problems of this kind [25,29]. The idea is to change our view of how to
tackle these Hamiltonians. We ignore the edge colours of the graph—significantly reducing
the number of graphs for a given order—and instead, encode the colour information in
the expansion parameters on the graph level in a more abstract way. This is performed
by associating each edge e of the graph G with a different “abstract” perturbation param-
eter A, such that we can track how often T-operators acted on each edge ¢, yielding a
multivariable polynomial:

Pg({Ae}) =Y om(G)Mgm = Y om(G) TT Ae", (140)

EEgg

with the sum over all monomial contributions. The individual monomial contributions
consist of a prefactor v,,(G), and its monomial dependency Mg ,,. Mg, comprises a
product of expansion parameters A, associated with edge e and their respective integer
powers 1., > 1 tracking how often each bond was active during the calculation. Let us
emphasise that we simply wrote the white graph contribution for ey, t;,,, or f,;,, explicitly as
a polynomial Pg({Ac}). It is only later during the embedding of these abstract generalised
contributions when the proper link colour is reintroduced by substituting the expansion
parameters by the actual expansion parameters for each realisation on the actual lattice. This
is the origin of the name “white graphs” because, during the calculation on the graph, the
colour of the links is unspecified (but encoded in the multivariable polynomial), and only
during the embedding, the colour of the edges is reintroduced. In Figure 9, we illustrate the
white graph concept in the middle. On the right, we depict how to recover the polynomial
of the conventional graph contribution from the abstract white graph contribution for
the models in Equations (137) and (138) by correctly substituting the abstract expansion
parameters. The main difference between the model (138) compared to (137) is that, for the
different interaction types, multiple parameters are associated with each edge. To account
for three types of interaction flavours, we have to consider three expansion parameters A, ¢
with f € {x,y,z} per edgee.

For long-range interactions, we can straightforwardly apply the exact same white
graph scheme. We substitute the abstract expansion parameter with the correct algebraically
decaying interaction strength depending on the distance between the interacting sites on
the lattice [25,29]. For this, we have to use the substitution:

1
Ae = 5@ (141)
with § =i, —i, and e = {y, v} € &g. Itis also possible to incorporate multiple interaction
types, but the substitution for the different interaction types must then be performed before
the embedding, as was done in Refs. [31,35,206].

So far, we explained how to resolve the problem of infinitely many perturbation
parameters by introducing white graphs. We managed to reduce the number of expansion
parameters from infinity to the number of edges, i.e., the order of the perturbation. Yet,
the polynomial in Equation (140) still grows exponentially with the number of expansion
parameters. Following the description in Ref. [152], we can further mitigate this issue by
an efficient representation of white graph contributions. The abstract concept is to track
the relevant information in a quantity M(n) as a generalised monomial with the property
M(ny + ny) = M(n1)M(ny) and use n; as an abstract parameter that encodes the tracked
information. In Equation (140), the monomial quantity M(#n) is just Mg ,,, tracking how
often each edge was active during the calculation by associating each edge with its own
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abstract expansion parameter. We can generalise the expression of Equation (109) for states
comprising additional information:

|¢>:ZEZCWA40H)U>ZZZ:U><23QJNH"0> : (142)
1,] ] L

Instead of a simple superposition of states |j) with associated prefactor c; as in Equa-
tion (109), we have an additional superposition over all monomials M(n;) comprising the
information of all the distinct processes encoded in M(n;) leading to the state |j). We can
make use of this factorisation property by using nested containers. The key of the outer
container is the basis state |j), and the value contains an inner container with the monomial
M(n;) as the key and the prefactor c; ; as the value. Thus, the action of a T-operator on a
state |j) can be calculated independent of the action on the monomial M(#n;). For a flat con-
tainer, we would have to calculate the action on the same state |j) multiple times. To further
improve the efficiency of the calculation, we can directly encode into the programme which
edge of a graph was active in a bitwise representation. Using the information of the number
of edges of a graph and tracking the applied perturbative order during the calculation, we
can neglect subcluster contributions on the fly and reduce the computational overhead
even further. Therefore, we can directly calculate the reduced contribution on the graph
without the need for explicitly subtracting subcluster contributions.

Wrapping things up, we explained how the use of white graphs can be applied
to models with long-range interactions resolving the issue of infinitely many graphs or
expansion parameters at any finite perturbative order. Instead of treating each perturbation
of the long-range interaction as another topological attribute in the classification of graphs,
we associate an abstract expansion parameter with each edge of a graph, and only during
the embedding on the lattice, we substitute these expansion parameters with the actual
bond information of long-range interacting sites. An efficient representation of white
graphs can further help to reduce the computational overhead.

4.7. Monte Carlo Embedding of White Graphs

We discussed ways to set up a linked-cluster expansion, either by designing a single
appropriately large cluster hosting all relevant fluctuations up to a given perturbative order
or by setting up a linked-cluster expansion as a full graph decomposition, where the latter
is the more efficient way to perform high-order series expansions. Of course, a quantity M
must be cluster-additive in the first place. To decompose M (L) on the lattice £ into many
smaller subcluster contributions, we can add up the contributions:

M(L) =) M(C), (143)
ccL

where M(C) are reduced contributions on a cluster C to prevent overcounting. It is not
necessary to calculate the contribution of every possible cluster since many clusters have
the same contribution. It suffices to calculate the contribution of a representative cluster,
only containing the relevant topological information, that is a graph defined by its vertex
set Vg and its edge set £;. We can see a graph G as representing an equivalence class
[G], whose elements are all clusters C realising all possible embeddings of a graph on the
lattice [195]. Figuratively, all elements of the equivalence class are related by translational
and rotational symmetry or are different geometric realisations on the lattice. We can now
split the sum over all clusters into one sum over all possible graphs on the lattice and
another one over all elements in the equivalence class:

M(L)y= )Y M(@C)= ) Y M), (144)

ccL GCLCelg]
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where it suffices to calculate M(C) once for all C € [G] [195]. We are left counting the
number of elements C in the equivalence class such that we can write

M(L) = Y W(G,L)M(G), (145)
gcL

where the embedding factor W(G, £) is simply a number counting the number of embed-
dings [195]. The important point in our line of thought is that we can calculate the quantity
M(G) only once on the graph level and multiply the contribution with a weight that is the
embedding factor V¥V and sum up the resulting contribution for all graphs to obtain the de-
sired quantity M (L) in the thermodynamic limit. We are essentially left with determining
the embedding factors after calculating the graph contributions M (G). Depending on the
topology of the graph, the number of possible embeddings is different and, therefore, also
the embedding factor. When calculating one quasiparticle processes for the 1qp dispersion
or the 1qp spectral weight, it is important that we account for the graph vertices’ colour
attributes for the definition of the equivalence class. If conventional graph contributions are
considered, we directly obtain the correct contribution M(G). If there are multiple physical
parameters or different interaction flavours, the graph edges have to be colour matched
with the bonds of the lattice. If white graphs are used, we do not have to match any colours
and this can be ignored; however, the white graph contributions have to be evaluated
appropriately substituting the abstract expansion parameters with the correct physical
parameter for each embedding. Regarding continuative reading on the embedding, we
want to point out the standard literature for linked-cluster expansions [152,155,187], as
well as Ref. [195]. Nonetheless, we show in the following how the embedding procedure
works for models with nearest-neighbour interactions specifically on the example of the
ground-state energy and one-quasiparticle processes yielding the 1qp dispersion of the
Hamiltonian. Likewise, we derive the 1qp spectral weight. With these findings, we can
turn to the embedding problem of long-range interacting models and eventually describe
the Monte Carlo algorithm as a solution to this problem.

4.7.1. Conventional Nearest-Neighbour Embedding

Ground-state energy: We start with the simplest case of calculating the ground-state
energy on the infinite lattice £. We know that Hg is cluster additive and that the ground-
state energy is an extensive quantity, so we can directly calculate

Eo= Y WI(G,L)E(G). (146)
gcL

In other words, this means we have to multiply the ground-state energy contributions
on the graphs with the correct embedding factor and add up the resulting weighted
contributions for every graph. For the definition of the embedding factor, we follow the
formalism introduced by Ref. [195] and write

~ |Mono(G,£)] 1
W(G, L) = TAuwo(@)] %|Mono(g,£)| . (147)

The embedding factor W is the number of subgraph isomorphisms (monomorphisms)
of the graph G on the lattice £ divided by the number of graph automorphisms, i.e., the
symmetry number of the graph. It is necessary to divide by the symmetry number sg
because the number of monomorphisms is in general not equal to the number of subgraphs
because there may be multiple monomorphisms that map to the identical subgraph [195].
To properly account for this, we have to divide by the number of automorphisms.

In Figure 10, you see an example for the embedding problem. We can recognise the
fact that there are multiple monomorphisms by the presence of arrows illustrating the
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ambiguity of mapping onto a specific subgraph embedding. Further, we always have to
consider reduced graph contributions subtracting all subgraph contributions as

Eo(G) = (0| Heg|0) — Y W(G',G) Eo(G') - (148)
g'cg

Here, W(G', G) is the embedding factor for subgraphs G’ with respect to the considered
graph G. Note again that, with an efficient white-graph implementation, reduced contri-
butions are calculated on the fly without the need for explicit subtraction. We state the
subtraction scheme for completeness. Going back to the embedding problem for the infinite
lattice £, the embedding factor will be extensive as the ground-state energy is extensive as
well. Usually, intensive quantities such as the energy per site ¢y = Ey/N are calculated,
where N is the number of sites, and an arbitrary edge of the graph is fixed on the lattice.
This then gives

co= Y w(G,L)E(G), (149)

gcL

where the normalised embedding factor is

w(G,L) = % = %IMono(gc, L), (150)

denoted with a lower case w, where g is the coordination number of the lattice (the num-
ber of neighbours of any site) [155,195]. One can think about fixing sites as colouring
two adjacent vertices on the graph and two adjacent sites on the lattice and consider-
ing the monomorphism with respect to the additional colour attributes (for instance,
Ay = {{p, yellow}, {v,blue}}) of the coloured graph G, and lattice L.. In Figure 10, we
depict the number of embeddings for a given graph on the square lattice and show how the
embedding factor is calculated for this example. Note that it would be equally valid to just
fix a single site. Then, one would not have to account for the coordination number g and
the number of monomorphism would be larger by a factor of g, making it computationally
more expensive. In the end, we obtain the ground-state energy (per site) as a high-order
perturbative series in an expansion parameter A up to a computationally feasible maximal
order omax as in Equation (110).

1qp dispersion: We now turn to the one-quasiparticle channel and calculate the hopping
amplitudes. For a quasiparticle hopping & on the lattice with additional hopping within the
unit cell from ¢ to T or a quasiparticle changing its flavour from ¢ to T, we need to calculate

a;c(8) = (Li+ 6, T Het| i, 8) = Y Y w(Ge, L)ty (G), (151)
GCL (uv)eP

where we fix the initial vertex y and end vertex v of the quasiparticle process on the graph
to the initial site i and end site i + ¢ in real space. We can choose an arbitrary site 7 without
loss of generality due to the translational symmetry of the models considered. (If we
consider larger unit cells, we also need to fix the sites ¢, T witin the unit cells i and i + J.)
The fixing of sites can be formally achieved by assigning colours to the initial and end
sites on the graph and on the lattice. The second sum goes over all representative hopping
processes P, as described above in Section 4.6.2. The embedding factor here is similar to
Equation (150) and reads

w(Ge, L) = %|Mono(gc, L), (152)

where the colour attribute comes from fixing the sites to the hopping. We account for
the reduced symmetry of coloured graphs stemming from the representative hopping by
multiplying by the symmetry number of the coloured graph sg, .
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T s T

Figure 10. The graph with three edges given in Figure 8 is embedded on the infinite lattice. We
consider a coloured graph with additional colour attributes (yellow and green) for two specific
vertices. The reason behind colouring the vertices might by to simply fix the graph due to translational
and rotational symmetry of the lattice as it is done when calculating the ground-state energy or due
to the presence of a one-quasiparticle process from one coloured site to the other. For the ground-state
energy contribution, the embedding factor would be w(G,, L) = %|Mono(gc,ﬁc)\ = % X 6 = 4.
There are six possible embeddings (monomorphisms) on the infinite lattice, when the coloured
vertices on the graph are correctly mapped to the coloured sites on the lattice. There are only three
geometrically distinct embeddings, but the number of monomorphisms is two-times bigger due to
an ambiguity of mapping the subgraph on the graph as illustrated by the arrows.

The embedding factor is then calculated with respect to the coloured graph G. and
lattice £.. Again, we need to be careful as we have to consider reduced and additive
contributions, i.e., we have to determine

ty;v(g) = <1}V|Heff|1},u> - 5;¢,UEO(g) - Z Z W( ér gc) ty;v(g/) ’ (153)
G'cg (pv)erP

for each contribution on a graph G. After having determined the ground-state energy per
site €9 and the hopping amplitudes az - (J) on the lattice £, we can derive the effective
one-quasiparticle Hamiltonian (113). As we have seen in Section 4.5, we can readily derive
the one-quasiparticle gap as a series in the perturbation parameter A as in Equation (117).

1qp spectral weight: Lastly, we can do the same for one-quasiparticle spectral weights.
We calculate the process amplitudes:

ar(8) = (1; 0, 7| Oei0) = Z Z w(Ge, L) E}lﬂ/(g) . (154)
GCL (uv)eP

Note that a process creating a quasiparticle at y that subsequently hops to v with the
contribution f,,,(G) is in general distinct to the inverse process, i.e., £,;,,(G) # £, (G). On
the other hand, the 1qp hopping processes of the Hamiltonian fulfil t,,, (G) = t,,,(G) as
long as the hopping amplitudes are real. While for hopping processes of the Hamiltonian,
we can use the same colour (for start and end vertex) as a topological attribute, here, we
must use two different colours, leading to a smaller symmetry number of the coloured
graphs. On the graph level, only subgraph contributions must be subtracted:

B (G) = (Lv|Oegrul0) — Y Y. WI(GLGe) tuw(G') (155)
g'cg (pv)erP

With the contributions i, (J), the spectral weight can be determined with Equation (131),
and evaluating this quantity for example at the critical momentum k., we again obtain a
series (132) in the perturbation parameter A.

For the conventional embedding problem, we can also consider several generalisations,
which we want to briefly mention. First, we could consider quasiparticle processes between
different particle types. In a 1qp process, a particle flavour could change from ¢ to T and
the graph contribution would be denoted by including the additional indices t,, ¢, r and
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Fiv,0- The rest of the formalism is identical. Second, we may want to consider different
interaction types like in Equation (138) or more expansion parameter like in Equation (137).
In such a case, when considering coloured graphs, we also have to consider their coloured
edges, which must be matched with the appropriate bonds on the lattice. Then, the
coloured graphs G, are given by the tuple (Vg, £g, Ag, Ay), where Ag are the edge colour
attributes and Ay the vertex colour attributes. Now, every embedding factor w needs to be
determined using coloured graphs with respect to Ag and Ay. When using white graphs,
the additional edge colour can be ignored and the embedding is as before; however, we
need to appropriately substitute the abstract expansion parameters with the actual physical
expansion parameters.

By now, we have everything together to calculate the ground-state energy, the 1qp
dispersion, and the 1qp spectral weight in the thermodynamic limit from a linked-cluster
expansion set up as a full graph decomposition. Therefore, we need to calculate the embed-
ding factor, multiply them with the associated graph contribution, and add up the resulting
weighted contributions. The embedding factor can be determined using available graph
libraries like the Boost Graph Library [203] as only automorphisms and monomorphisms
(with colours) need to be determined. For long-range interactions, however, we cannot just
simply calculate the embedding factor because, for every graph, there are infinitely many
possible embeddings, even when accounting for translational invariance.

4.7.2. Embedding for Models with Long-Range Interactions

In this section, we restrict ourselves to a single physical perturbation parameter. If we
had more than one perturbation parameter, this would introduce an additional functional
dependency, which we want to avoid as we perform the Monte Carlo summation. A
convenient way around this is to sample the parameters and perform the Monte Carlo
summation for each parameter ratio like it was performed in [31,35,206] for anisotropic XY
interactions, distinct ladder interactions, and for XXZ interactions. In the following, we
restrict ourselves to a single quasiparticle flavour due to simplicity and a trivial unit cell, as
we have not generalised the algorithm to larger unit cells yet. The starting point to describe
the embedding problem for long-range interactions is the embedding formulas given in the
previous section in Equations (149), (151), and (154) for the ground-state energy per site,
1qp hopping processes, and the 1qp spectral weight, respectively, which we have to rewrite
and adapt for long-range interactions.

Ground-state energy: Starting with the embedding of the ground-state energy per
site (149), we can write

co = Y w(G, £)Eo(G)
g

_ Omax g/ﬁ E(U) g

;;w( )Eg(9) (156)
=V Y L w60 ©).

0=2 ng=2 g

[Vg|=ns

We have replaced G C £ with G in the sum to emphasise that the graphs are not restricted
to the nearest-neighbour lattice geometry any longer due to the long-range interactions,
making the lattice a fully connected graph. From the first to second line, we decomposed
the ground-state energy contribution from graphs into contributions of individual orders

Eo(G) = Lomx Eéo). Note that the minimum order of the ground-state energy is o = 2.
From the second to third line, we introduced a second sum over vertices 1 and restricted
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the sum over all graphs to a sum over graphs with a fixed number of vertices ns. Next, we
can reformulate the embedding factor in Equation (147) as

w(G,L)=) 1 , (157)

ceC 5G

where we replaced the expression for the number of monomorphisms (divided by N)
with a sum over all possible configurations C. A configuration is nothing else than the
current embedding of graphs. As we will see later, we can calculate the contributions of
multiple graphs simultaneously as the Monte Carlo sum only depends on the number
of sites (we use “site” also as a synonym for “vertex position”). When using the word
configuration, we think about it as the current set of vertex positions on the lattice. The
sum over all configurations comprises individual sums for each vertex over all lattice
sites excluding configurations where vertices overlap, as shown in the next subsection
in Equation (180). One may falsely conclude that a sum over all configurations should
result in the un-normalised embedding factor W, but as we will see in the following, by
substituting the abstract expansion parameters with the physical long-range interactions,
only the relative distance between sites is relevant for the contribution in the summand,
irrespective of the absolute position of the sites on the lattice. We can also see the reason
behind splitting the graph set into sets with graphs of a fixed number of vertices because we
can now group all graph contributions with a given number of sites into a single integrand
because for long-range interactions there are no constraints on the embeddings (except for
overlaps) and the integrand only depends on the (relative) position of the vertices.. Further,

the white graph contributions E(()o) (G) still need to be replaced with the correct colour, i.e.,
the general expansion parameters need to be substituted with the algebraically decaying
long-range interaction depending on the current configuration. In reality, the contribution
Eéo) (G, c) depends on the current configuration c. Thus, replacing the expression with an
explicit sum is necessary as the contribution for each configuration is different and w(G, £)
cannot just be a number. The substitution must look like

1

E(G,c) := E{) (g; {Ae — Iél‘(‘”")}) =Y om(G) I (8] rem @)

Eegg

/ (158)

where the index m of the sum runs over all monomials of the contribution E(()o) (G, c) and the
productis over all edges e = {u, v} € &g of the graph G with the adjacent vertices u, v € Vg.
The power law in the product arises from substituting the expansion parameters A, +— |5 ~*
on the edges e with the appropriate algebraically decaying long-range interaction of the
current embedding (cf. Equation (140)). The adjacent vertices y, v are embedded on the
lattice sites i, and i, with the distance § = i, — i;,, and the multiplicity 7., € N comes from
the power 1, of the associated expansion parameter A.. This way, we can reduce the many
expansion parameters from the white graph contribution to a single physical perturbation
parameter A, and by reordering the expression (156) of the ground-state energy, we have

Omax 0

=Y YV % SlgE(()°)(g,c))\°. (159)

0=2ns=2ccC @G

‘VQ‘ZHS
We can define
o 1 (o
0= % S—Eé '(G,0), (160)
[ g
|Vg‘:”s
S = L A2 (), (161)
ceC
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where fy(l:) (c) is the integrand function and S[-] denotes the associated sum over all possible
embeddings on the lattice that will be evaluated using a classical Monte Carlo algorithm.
Since Monte Carlo runs are usually performed for a batch of different seeds, we introduce
an additional sum over seeds averaging the Monte Carlo runs, which we denote as

o 1 Naeeds
S[-] = S[-]. (162)
[ ] Nieeds s; [ ]
Eventually, this yields the expression:
Omax
=) Z SIFIA". (163)
0=2 ng=

To express the ground-state energy €y as a perturbative series, we write

Omax

€=po+ Y, poA® with p;= Z SIFT, (164)
0=2

where we have to sum up the contributions of multiple Monte Carlo runs to obtain the
series prefactors p; for i > 0. The zeroth prefactor py is simply given by the ground-state
energy of Hy. As a result of the Monte Carlo summation, these prefactors p; carry an
uncertainty that can be estimated from the standard deviation obtained by averaging over
the results for all seeds.

1gp dispersion: We now turn to extracting the one-quasiparticle dispersion. In
Equation (116), we have seen that the dispersion can be analytically determined in terms
of the hopping amplitudes of Equation (151) up to some perturbative order. For nearest-
neighbour interactions, it is an analytic function in k; however, for long-range interactions,
there are infinitely many hoppings possible at any order, so we can neither explicitly deter-
mine the hopping amplitudes a(J), nor is it possible to have the dispersion as an analytical
function in k. This would introduce a functional dependence in the integrand that we
cannot sample. Instead, we will have to evaluate the dispersion for certain values k* to
obtain an explicit series in the perturbation parameter A. Evaluating Equation (116) at
k = k* and inserting Equation (151), we can write

w(k = k*) +22a cos(k*9)

165
- LEk00(0) = DK DT T 0l0e L), e

5 5 G (uv)eP

where we rewrote the sum over J by introducing the function:

1 d=0,
2k, 8) = (166)

2cos(k*8) 5 #0.

Again, we can split t;,,, into the contributions of individual orders t;,og and split the graph

set into subsets of a fixed number of sites n; = |Vg/, yielding

Omax 0+1

=Y L L L YE®Ew(GL)nid). (167)
o=1ns=2 G (uv)eP &
[Vg|=ns
Note here that the second sum goes until 0 + 1, while for the ground-state energy, it runs
only until 0. The maximal number of sites at a given order is o + 1 because graphs with
0 edges can maximally have o 4 1 sites. For the ground-state energy fluctuations, every
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quasiparticle that is created has to be annihilated again, so at order o, a process can only
touch maximal o — 1 edges, which restricts the sum to o sites.

Now, we argue that we can drop the sum over § by thinking differently about this
embedding problem for the dispersion. The information of the start and end vertex
of the hopping process is encoded into vertex colours, and when finding the subgraph
monomorphisms for the embedding on the infinite lattice £, the colours of the vertices
must match the coloured sites on the lattice, i.e., the hopping vertices are fixed to the
hopping sites on the lattice. Since the long-range interactions allow any hopping—i.e., of
any distance—at any order, it is not useful to think in this picture. Instead, we should think
about the embedding problem analogous to the one for the ground-state energy, where no
such hopping constraint exists and the embedding factor W is simply proportional to a
sum over all configurations. This is valid as we let the sum over all lattice sites and account
for constraints on § by multiplying with the symmetry number of the coloured graph sg, .
The relevant hopping information of the vertices, which was previously fixed by coloured
vertices, is anyway encoded into the cosine terms. Hence, we can make the substitution:

Y5k, 8)w(Ge, Le) = ¥ 2% cos(k*5) (168)

J ceC G

where we account for the reduced symmetry of the graph due to the hopping by multiplying
with the symmetry number of the coloured graph sg . As before, we need to substitute
the general white graph contribution with the actual algebraically decaying long-range
interactions of the current embedding;:

H0)(G,¢) i= 20 (G; {Ae — 16]7}) = Yow(9) T |5| - (169)

eefg
Inserting Equation (168) into Equation (167), we end up with the expression:

Omax 0+1

=YY )Y Y ) Ssgc tw(g c)cos(k*8)A° . (170)
o=1 ns=2ceC . ‘g (pv)eP g
gl=ns

For a lighter notation, we again define the integrand function and the Monte Carlo sum:

,5:,) (c) = Z Z %G 4( t}“,(g c) cos(k*9), (171)
G (uv)epP 5¢
Vg |=ns
nﬁk* : 2 fns,k* ) (172)

Introducing an average over a batch of seeds for the MC sum S|], we obtain
Omax 0+1
=Y. 2 EIAYRILE (173)

o=1 ns=

The perturbative series of the dispersion evaluated at k = k* can then be expressed as

Omax o+1
w(k*) =po+ Y poA® with p;= Z Slf ns k* : (174)
o=1 ng=2

The sum prefactors p; for i > 0 can be determined by summing up the individual con-
tributions from the Monte Carlo runs and the prefactor pg is given by the energy gap
of H.
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1qp spectral weight: Lastly, the evaluation for the spectral weight observable is analo-
gous to the 1qp dispersion. The integrand and Monte Carlo sum are defined as

f@= Y ¥ gftw(g ¢) cos(k*9), (175)
G  (pv)erP 5G
Vg |=ns
IANE ZC £l e), (176)
ce

which we use to calculate

Omax o+1
s(k*) =po+ Y poA® with p;= Z S[fns o] - (177)
o=1 ng=2

We determine s(k*) by again calculating the series prefactors p; for i > 0 and then determine
the 1qp spectral weight with S19P (k*) = |s(k*)|%.
It should be noted that we have to perform

n= M X Nseeds (178)
Monte Carlo runs for a series of order omax With Ngeeqs- This means the number of runs
grows quadratically with the maximal order omax.

So far, we have derived the necessary formalism for how to express the embedding
problem of models with long-range interactions, but we have not talked about how to
evaluate the Monte Carlo sums S|[-] for the integrand functions f. In the next section, we
investigate how to evaluate such sums by introducing a suitable Monte Carlo algorithm.

4.7.3. Monte Carlo Algorithm for the Long-Range Embedding Problem

We are left with evaluating the Monte Carlo sum S[-], which runs over all configura-
tions C of graphs. The embeddings on the lattice depend only on the number of vertices
of a graph G, and there is no constraint by the edge set as in the nearest-neighbour case
because every site of the lattice interacts with any other site, making it a fully connected
graph. The only restriction for models with long-range interactions is that the vertices of
the graph are not allowed to overlap as they do not self-interact and an overlap would
imply infinite interaction strength resulting from the term |§|~(#*?). In conclusion, we
can write the sum over all possible configurations as number-of-sites-many sums over all
possible lattice positions:

fnb me 2 ans (i1,...,1n,), (179)

ceC 111;

k] Efns,k* Z Y A i) (180)
i

1n5

where the primed sum }_;’ over vertex position i is the short notation for excluding overlaps
with any other vertex position. For example, for the ground-state contribution with three
sites on a one-dimensional chain, this sum would look like

S Z Z Z £393,5,k) . (181)

k=—00j=—0c0i z_;oo
i#k 7]
J# ik
Due to the overlap constraint, these are nested high-dimensional sums over the integrand
functions f,gf), which are in general hard to solve. The dimensionality of the MC problem is
given by dsum = 15 - d because higher dimensions d of the system introduce additional sums
for each component. If we wanted to evaluate the Monte Carlo sum in two dimensions for
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contributions with eight sites, which already occurs in eighth-order perturbation theory, we
would have to determine the integral value of 16 nested sums over the integrand function

fég). This makes it clear that the evaluation of such sums becomes challenging very quickly.
In the following, we use the short notation f,, interchangeable for both the ground-state
energy integrand f,g:) and the 1qp process integrands féo;(*‘

The first approach to tackle the problem of evaluatirsfg these sums using conventional
numerical integration techniques was pioneered by S. Fey and K.P. Schmidt already in
2016 [25]. They managed to successfully determine the phase diagram and critical ex-
ponents from the closing of the gap of the long-range transverse-field Ising model on a
one-dimensional chain with ferro- and antiferromagnetic interactions. While they were
successful with their approach over a large range of decay exponents in one dimension, the
extraction of the critical properties for small decay exponents was challenging. The two-
dimensional problem was out of reach with this approach as the number of nested sums
doubles and the sums converge significantly more slowly. Here, Monte Carlo integration
came into play as it is known to be a powerful integration technique for high-dimensional
problems where conventional integration fails. The reason behind the slow convergence
of such high-dimensional sums is often that the configuration space where the integrand
mainly contributes to the integral is significantly smaller than the entire configuration space.
In 2019, Fey et al. [29] introduced a Markov chain Monte Carlo algorithm to efficiently
sample the relevant configuration space. They were able to determine the quantum-critical
properties of the long-range TFIM on two-dimensional lattices to even higher precision
than previously for the one-dimensional chain, extending the accessible range of decay
exponents without having to forfeit perturbative orders in higher dimensions.

In the following, we describe the Markov chain Monte Carlo algorithm introduced
by Ref. [29] to evaluate the high-dimensional nested sums. To sample the relevant con-
figuration space efficiently, we use importance sampling with respect to some convenient
probability weight 77(c) with respect to a configuration ¢ and the associated partition func-
tion Z = Y. 7t(c). We can insert an identity into Equation (179) or Equation (180) and

rewrite it as
Slfu) = T s fule) = 2( 29 (152)
~—_—

ceC 7T(C)
=1

where 71(c)/Z can be interpreted as the probability of being in configuration c. The
integrand now reads as the contribution f,;; (we dropped the order 0 and momentum k* as
indices to lighten the notation) from configuration ¢ multiplied by its probability, which
allows us to write the sum as the expectation value (-) of f,. (c)/7t(c) with respect to the
weight 77. We later call this sum “target sum”. Since the partition function Z is not known
a priori, we also introduce a “reference sum”:

sl - S -2 D) . s

ceC

over a reference function fref We require this sum to be analytically solvable to avoid
introducing an additional source of error. We denote its analytical expression as S;‘;f . The
reference function fmf should behave similarly to the integrand function of interest f;,.
This means that the reference sum and target sum should have considerable contributions
in the same area of the configuration space and their asymptotic behaviour should be
similar as well. Although we could make, in principle, an arbitrary choice for the reference
function, the latter properties guarantee to lead to good convergence. In one dimension,
we choose the reference integrand as

f - 11571 1
l‘e
U ar - g

(184)
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with 6, = i,41 — iy and the reference integrand exponent p, which is a free simulation
parameter. We can solve the reference sum as follows:

1’!571 1

sl =L 11

ceC n=1 |i”+1 B i”‘p

_Z Z |12—11|P

11 ‘l‘ns - lns
1 1
prl nS! Z .« .. Z - - . - -
i1 <ip ins—l<ins |12 - ll|p ‘Zns - l”s*1 ‘P
1 1

B AR

i1<i2 i q,1<l'ns

1
1P

(185)

ns—1 oo

_nS'H25p_nS'€ )ts— 1

n=1 6=

where {(p) is the Riemann { function and we accounted for ! possibilities to randomly
embed the vertices by ordering the indices of the sums. One major difference between the
reference and the target sum is that, in the target sum, many different graph contributions
contribute. In fact, the reference sum above is exactly the contribution of order o = 15 — 1
of a chain graph with n; vertices and the contribution from the associated target sum is
the same up to a linear factor. In higher dimensions, we cannot choose a contribution
proportional to the one of a chain graph any longer since it cannot be solved analytically.
Instead, we make simplifications to the reference sum and require that the reference sum is
still good enough to capture the same properties as the target sum. We choose to decouple
the dimensions in the reference integrand:

ns—1 1 ng—1

d d
ref _ i 186
I:[lj (T + [ivy1n — fvnl)P 1:[1:[ 1*‘5vn|) (186)

and explicitly allow overlaps in the reference sum, such that it can be solved analytically
as follows:

S| fref| = - : - :
[ s } ; L ; L (I +igg —ipa)f " (4 lingg — ing—1,.4l)°

n=— Ipg,d=—
d(ns—1) o d(nsfl) © 1 (187)
2 — 1
ML - 1 (L i)
= (27(p) — )"V

Although the exponent p can be chosen freely, we want to achieve similar asymptotic
behaviour as the target integrand; therefore, we choose p = 1 4 ¢ in one dimension as the
reference sum exactly behaves like the target integrand of a chain graph. In two dimensions,
we made some simplifications to the reference sum, and we have to adopt the parameter as
p=(d+o0)/2forc <5, p=3for5 <0 <7 and p =3.5for o > 7. This is by no means a
rigorous choice, but it empirically proved to produce good convergence [29,207]. Solving
Equation (183) for Z and inserting it into Equation (182), we obtain

_ 5 p

SUnl = oo\ -
),

We use the analytic expression of Equation (185) in 1D or Equation (187) in 2D for the
reference sum S;‘;f. We got rid of the partition function Z and now can use this expression

(188)
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in our Monte Carlo run to determine the sum S[-] using the analytic expression of the
reference sum S;‘zf while tracking the running averages in the numerator and denomina-
tor expressions.

We are left with just one missing ingredient, which is the choice of the probability
weight 77(c). For our choice to be a probability weight, it must fulfil 7r(c) > 0, and we want
the weight to be the largest if both the reference and the target integrand contribute the
most. An obvious choice may be the quadratic mean:

7(e) = (F4(0) + (fu ()2, (189)

which is always > 0 and rotationally invariant in f,ff and f,,. However, we also want both
quantities to contribute equally to the probability weight on average over all configurations.
As the contributions of the target and reference sum may differ significantly, we introduce
a factor for rescaling:

S{fir']
S[fn:]

which can be estimated in an in-advance calibration run. We then use an adjusted probabil-
ity weight:

R =

, (190)

7(c) = v/ (FF(0))> + R2(fu ()2 191)

for the actual Monte Carlo run. The weight needs to be evaluated at every Monte Carlo
step to track the running averages of the numerator and denominator in Equation (188).

Now, we have everything together to describe the actual Monte Carlo algorithm. We
employ a Markov chain Monte Carlo algorithm, where we need to sample the configuration
space C according to the probability weight 7r in Equation (191). Each configuration with a
non-zero weight must be in principle accessible by the Markov chain. On the one hand, we
propose a high acceptance rate of the Monte Carlo steps to sample the large configuration
space efficiently, not staying in the same configuration for too long. On the other hand,
we want to sample closely confined configurations with rather small distances between
vertices more often than configurations that are farther apart (configurations with large
distances between vertices) such that we capture the asymptotic behaviour of the model.
The interaction strength decays algebraically with the distance between vertices, leading to
smaller contributions for configurations in which sites are far apart. What we call a confined
configuration, therefore, depends on the decay exponent of the long-range interaction ¢.
In the algorithm, we have the free exponent parameter p (for the reference sum) and y
(for probability distributions), which can be changed to tweak this behaviour, but are
usually chosen similar or equal to d + ¢. In two dimensions, we had to adapt the values
of p to obtain a similar asymptotic behaviour for the reference and target sum due the
approximations we made. An optimal choice of these parameters ensures fast convergence
of the Monte Carlo sum. The current embedding configuration should be represented
as an array container where the entries are the positions of the graph vertices. In one
dimension, entries are simple integers, while in higher dimensions, the position needs to be
represented as a mathematical vector. For small decay exponents ¢, very large distances can
occur between vertices from time to time, which need to be squared when calculating the
absolute distance. This can lead to an integer overflow, and therefore, the use of a 128-bit
integer may be considered. Further, we define functions in the programme for the target
integrand f,, and for the reference integrand fﬁff, where the current configuration is passed
as a parameter and the function returns the contribution from the integrand evaluated for
the current configuration.

Turning back to the sampling scheme, the idea of the Markov chain is to interpret the
vertex positions on the lattices as random walkers. We randomly select a graph vertex and
then draw a new position from a probability distribution such that the move fulfils the
detailed balance condition. In each Monte Carlo step, we perform the following two moves:
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Shift move:This Monte Carlo move is implemented to introduce confined random fluc-

Rift move:

tuations to the current configuration independent of the strength of the al-
gebraically decaying long-range interactions. It is especially important for
larger decay exponents ¢ when the configurations are much more likely to be
confined. First, we randomly select a vertex ng € {1,...,1s} drawn from a
discrete uniform distribution with psel = 1/ns. Second, for the fluctuation, we
draw a shift value dP™P € {—ns, ..., ns} from a discrete uniform distribution
pift = 1/(2ns +1). In one dimension, we have to draw a single time, and in
higher dimensions, we draw repeatedly for each component. Subsequently,
we add the shift to the position of the selected vertex and propose the position:

PP — j, 4 dPTOP (192)

We might have proposed a position that is already occupied by another vertex,
so we have to check for overlaps. In one dimension, we reset the proposed po-
sition to the original one if there is an overlap, while in higher dimensions, we
explicitly allow overlaps. As we remember from above, this distinction is also
present in the reference sums in one dimension in Equation (185) compared
to higher dimensions in Equation (187). If an overlap occurs in dimensions
higher than one, then the target summand is explicitly set to zero such that
these configurations cannot contribute (otherwise, the sum would become
infinity). Then, we calculate the Metropolis acceptance probability:

hift _ . 7 (cPOP)
pacet = min (1, W

VUl (eProP))? + R2(fy, (coP) 2 %
VU ) 2 R (e )

by determining the probability weights 7t of the current and the proposed
configuration. The result of the target and reference function calls should
be saved into variables to prevent redundant and expensive function calls at
each Monte Carlo step. Note that the transition weights T(c™" — cP™P) =
pel x p*hift cancel out as we draw only from uniform distributions. Lastly,
the minimum function is implemented by drawing a random number y €
[0,1), and we accept the proposed move if y < phift and update the current
configuration. An example of such a shift move is depicted in Figure 11a.

In contrast to the previous move, which should introduce fluctuations to the
configuration independent of the current one and independent of the long-
range interaction strength, “rift moves” are introduced to better capture the
correct asymptotic behaviour induced by the algebraically decaying interac-
tions. The moves are able to propose very large distances between vertices,
but are also able to do the opposite, closing the “rift” between vertices when
the configuration is split into essentially two clusters. At first, we select a site
el € {1,...,ns — 1} from the vertex set with discrete uniform probability
p*! = 1/(ns — 1), explicitly excluding the last site. In one dimension, we
can order the vertex set such that the first vertex is the one with the smallest
positional value and the last the one with the largest value, so we order by
in < iy, where n, m are vertex indices and i,, i,, the associated sites on the
lattice. The same ordering was also performed when we solved the reference
sum in Equation (185). In higher dimensions, a similar ordering comes at a
much higher computational cost, so we stick to the vertex numbering given
by the array indices, i.e., the order is n < m. Here, it is also important that the
vertex labelling of the reference sum coincides with the labelling of the chain

=min| 1,
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graph. To capture the physical asymptotics of the system, we draw random
values from a {-function distribution. In one dimension, we draw from

(rProp) =7
o)

yielding a power-law distribution with rP™P > 0 with the free exponent
parameter y. We choose v = d + ¢ for obvious reasons. The distance to the
next vertex is given by r*" =i, .1 —in_,, and rP™P is the proposed distance
drawn from the ¢ distribution. Since we ordered by the position and only
selected sites in {1, ..., ns — 1}, it is sufficient to draw positive values only. We
shift all indices i,, > iy, according to

prift(rprop) _ (194)

i = i+ (PP =) (193)

In higher dimensions, we have no such ordering and, therefore, extend such a
distribution to negative values (we refer to it as a “double-sided” {-function
distribution) and draw random values from

- 1+ [rProp)) 7
rift ypropy — (
P = e -1

for each component. Note that the additional one is introduced to prevent
divergence when sites overlap. After drawing the new distance rP*P, we shift
all vertices componentwise with n > ng according to

(196)

-pro] .
1lz>rie| = In>ngy + (rprop _ rCurr) ) (197)

The underlying idea is that, if there is a large distance between two vertices
ing and i, 1, we can close the “rift” of the entire configuration instead of
introducing a new one between i,, 11 and i_, 2. The transition weights for
this move are given by

T(Ccurr — Cprop) _ psel % p(rneW) , (198)
T(Cprop — Ccurr) _ Psel % p(rcurr) ) (199)

With these, we can calculate the Metropolis—-Hastings acceptance probability
in one dimension:

e _ an (1, ) P
it = min (1. 0

T+ R @) (oopyr) @0
\/(fzgff(ccurr) )2 4+ R2(fp, (ccurr))2 (reurr)y

and, likewise, in higher dimensions:

=min| 1,

o (TR R G @R s el
=min| 1, i e . (201)
\/(fﬁtsaf(ccurr))Z +R2(fns (Ccurr))z Hn:l(l + ‘rn |)'y

As above, we randomly draw y € [0,1), accept if y < pift, and update the

current configuration if the proposed configuration is accepted. In Figure 11b,
you can find a typical rift move illustrated.

To implement the Monte Carlo algorithm, we just have to introduce a loop, where for each
loop iteration we perform a Monte Carlo step consisting of those two moves.
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Figure 11. Exemplary Monte Carlo moves for a linear graph on a two-dimensional square lat-
tice. (a) During a shift move, a vertex ngg € {1,...,15} is selected randomly from a uniform
distribution. Then, a shift vector dP™P is drawn (uniformly for each component), which moves
the selected site to iP™P = i, , + dP™P if accepted. (b) For rift moves, a vertex is selected from
fgel € {1,...,ns — 1}. Instead of drawing from uniform distributions, rift moves account for the
correct asymptotic behaviour of the system by drawing a new distance to the next vertex from
a -function distribution (from a normal ¢ function in one dimension and from a double-sided {
function in higher dimension for each component). If accepted, the vertices n > 1 are shifted to the

iti ;prop - __ 10 curr
new position 4~ | = Tn>ng + (rPTOP — Uty

To ensure that fluctuations to the current embedding introduce enough new configu-
rations (shift moves) while making sure that the Monte Carlo algorithm does not spend
too much time in physically unlikely configurations, the shift move probability was set
to phift = 0.7 and the rift move probability to p'ift = 0.3 [29,207] (The “single-site rift
move” was later completely replaced with the “multi-site” rift move presented in this
review). This choice proved to produce good convergence behaviour over a large range of
decay exponents and different models. After performing a move—accepted or not—we
update the estimate for the target and reference sum in the numerator and denominator
in Equation (188), respectively, and keep track of the statistics like the variance of target
and reference sum. To determine the value S[f,,,] of the Monte Carlo run, the ratio of
both quantities has to be multiplied by the analytical value of the reference sum as in
Equation (188).

We can test the convergence of the MC algorithm by considering the 1qp gap
A = w(k =0) of the one-dimensional ferromagnetic long-range transverse-field Ising
model (LRTFIM). We benchmark the second-order series coefficient p;. According to

Equation (174), the coefficient from the MC approach is p}I© = §| fZ(ZO)} + g[fg(%)] and the

exact value is given by p$@t = 2(7(2(1 4 0)) — {(1 + 0)?) (see Ref. [25]).
In Figure 12, we show the MC error:

exact MC
P2 =P

exact
2

EMC = (202)

as a function of the number of steps Niteps for a hundred MC runs with a distinct seed for

each. As can be seen from the figure, the MC error goes to zero with N;grfsz, as generally
expected for MC simulations.
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Figure 12. Monte Carlo error eyic = [p§t — pMC|/[p$¥a| (coloured data points) on a log-log

scale as a function of the number of steps Nsteps. The plot shows data from a hundred 12-hour-long
MC runs with a distinct seed each. The MC error e)ic goes to zero following a N, 172 convergence

steps

behaviour (indicated by the black line), as generally expected from an MC algorithm.

Further improvements to the algorithm can be made by recentring the configuration to
the origin since the graphs on the lattice may drift away due to the random walk. Also, for
integer powers occurring in the target integrand from powers of the expansion parameters,
it may be better to use plain multiplication than using generic integer power functions.
Most importantly, lookup tables should be used for the non-integer powers stemming
from the algebraically decaying interaction strengths for distances [i; — i3] < dmax Within
a cutoff dmax that occur most commonly during the MC run. The integrand function also
depends on k as cosine terms are present. It is useful to compile the code for a desired k
value, so lookup tables can be defined at compile time due to the periodicity of the cosine.
For instance, in the simplest case k = 0, the cosine is always 1 and for k = 7t the cosine has

only values of 1 and —1.

Let us emphasise that, for the pCUT+MC approach, we need to perform individual
runs for every perturbative order, for every possible number of sites at a given order,
for different values of momentum k if necessary (e.g., for a dispersion), and for differ-
ent seeds so that an average value can be calculated. Typical runs are performed with
Ngeeds = 5-20 seeds for 624 hours. For instance, for the long-range transverse-field Ising
model, we were able to extract perturbative series up to order 10 for the 1qp spectral weight,
order 11 for the 1qp gap, and order 13 for the ground-state energy. Much higher orders
in perturbation are likely not feasible with the current implementation as the number of
Monte Carlo runs scales quadratically with the order. In the future, to further improve the
efficiency of the approach, one may come up with additional Monte Carlo moves for the
Markov chain that can change the number of sites. As a result, the algorithm would only
scale linearly with the perturbative order, but potentially at the cost of slower convergence.
Maybe a compromise would be a favourable option, where the lower orders that converge
faster are computed using an algorithm with the additional move and higher orders with

the algorithm presented above.
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Another important issue worth mentioning is the fact that, so far, the above algorithm
can only be applied to lattices with a trivial single-site unit cell. To generalise the algorithm
to arbitrary lattice geometries in the future, we would need to introduce another Monte
Carlo move. We would keep the moves introduced above for moving the vertices along
the underlying Bravais lattice. A new move then changes the position within the unit cell.
However, new subtleties emerge from introducing a larger unit cell, as we would have to
fix two vertices within the unit cells for hopping processes, while the remaining vertices can
be moved freely. A larger unit cell also means that we have to calculate the entire matrix
of the dispersion, as can be seen in Equation (115). Entries of the matrix are in general
complex-valued, which needs to be accounted for as well. Lastly, the behaviour of the
Monte Carlo algorithm for the system is altered due to the additional Monte Carlo move,
which may impact the convergence. So, the choice of the reference sum should probably be
adapted as well to achieve the desired convergence. See also the discussion in Ref. [207].

4.8. Series Extrapolation

We are interested in extracting the quantum-critical properties from the perturba-
tive series obtained from the Monte Carlo embedding. DlogPadé extrapolations are an
established and powerful method that allows us to extrapolate high-order series even
beyond the radius of convergence and determine the quantum-critical point and associated
critical exponents. A more elaborate description of DlogPadés and its application to critical
phenomena can be found in Refs. [208,209].

We have given a high-order perturbative series of a physical quantity x(A) in the per-
turbation parameter A. See Section 4.5 for typical quantities of interest. A Padé extrapolant
is defined as
_ Pr(A) _ P0+P1)\+"'+PL)\L

Qu(A)  1+@A+- - +auAM’

where p;, g; € R and the degrees L, M of the numerator polynomial P; (A) and denominator
polynomial Qps(A) are restricted to omax = L + M, where omay is the maximal perturbative
order. The coefficients p; and g; are fixed by a set of linear equations by cross-multiplying
Equation (203) with Qp (A) and requiring omax = L + M, i.e,, that all higher order terms
must vanish on the left side of the equation [208]. We introduce

P[L, M], (203)

P[L,M]p = % In(x) (204)
as the Padé extrapolant of the logarithmic derivative of x that must satisfy omax —1 = L+ M,
as we lose one perturbative order due to differentiation. The DlogPadé extrapolant of x can
now be defined as

dP[L, M]x = exp ( /O " L, Mlp dA’) . (205)

Given that the quantity of interest ¥ shows a second-order phase transition with a dominant
power law x ~ |A — A;| % about the critical point A., we can extract the critical point A, and
the associated critical exponent 6 with DlogPadé extrapolants (Although we can extract the
critical properties of a second-order quantum phase transition, we are blind to first-order
phase transitions as the series expansion of a single physical quantity cannot capture level
crossings of the analysed quantity at the critical point A¢). We can determine estimates for
the critical point A, by analysing the poles of the extrapolant P[L, M|p. We have to identify
the physical pole whose position determines A. and exclude spurious extrapolants that
have non-physical poles in the complex plane close to the real line with A < Ac. If A; is
known, we can define biased DlogPadés by

PIL, Mg = (Ac — A)% In(x) . (206)
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Here, defective extrapolants have to be removed as well by excluding all extrapolants that
have poles in the vicinity of A < A.. We can extract estimates for the critical exponent 6 by
calculating the residua. For an unbiased estimate, we calculate

6 = Res P[L, M]p|y—», = dPLA / (207)
ar Qm (/\) A=A¢
and for the biased estimate, we calculate
P (A
6* = Res P[L, M]g* ‘)\:/\c = Q;I((/e) . (208)
A=A¢

Biased DlogPadé extrapolants were also used in the past trying to extract the exponent of
multiplicative logarithmic corrections at the upper critical dimension [25,29,31,35]. At the
upper critical dimensions, there are corrections to the dominant power-law behaviour of
the form

K~ A=A P (In(A = A))Pe (209)

We can bias the critical point A, and the critical exponent 6 to the known mean-field value
and define the extrapolant:

PIL, M}y = —In(1 = A/Ac)[(Ac — A)D(A) — 0], (210)

so we can determine the estimate pj by calculating the residuum of the Padé extrapolant.

We take the series of mean coefficients p; for the quantities given by
Equations (164), (174), and (177) and calculate a set of extrapolants to obtain reliable esti-
mates for the critical properties of interest. =~ We calculate estimates that satisfy
L+ M = 0 < omax- We exclude all defective extrapolants as briefly described above and
arrange the remaining DlogPadés into families with L — M = const. Usually, we only
allow |L — M| < 3 or |L — M| < 2 since more diagonal families are expected to converge
faster to the real physical value as a function of the perturbative order o0 = L + M [208].
We further take the mean over the highest order extrapolants of each family that has at
least two or three extrapolants to obtain an estimate for the critical point and exponents.
The uncertainty obtained from averaging over the extrapolants is by no means a rigorous
error, but is, rather, a “subjective” measure for the uncertainty obtained from systematically
analysing extrapolants [209]. From experience, the estimated critical values are relatively
stable to a small uncertainty in the series, and the uncertainty obtained from averaging
over the highest order extrapolants is comparatively large. Therefore, the series of mean co-
efficients can simply be used for extrapolating the observables as performed in all previous
publications [29-31,34,35,206]. A more rigorous approach can also be applied by repeatedly
applying the extrapolation scheme to the series of individual seeds and averaging the
critical values afterwards.

4.9. Workflow of Series Expansion Monte Carlo Embedding

In the previous subsections, we comprehensively described the pCUT+MC method
for models with long-range interactions. The approach in its entirety is quite involved.
Hence, to conclude this section, we want to give a short overview of the individual steps
necessary and the workflow associated.

The workflow is sketched in Figure 13.
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Figure 13. The workflow of the presented pCUT+MC method consists of several steps. There are
three major steps. First, there is the graph generation, which only has to be performed once. Second

is the calculation of the graph contributions with the pCUT method, and third is the Monte Carlo
algorithm to embed the contributions on the lattice to determine the perturbative series of the quantity
of interest in the thermodynamic limit.
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The approach starts with the generation of graphs with a software programme like
“nauty” [201] and saving the graphs to bond files. The symmetry number sg of the graph can
be obtained on the fly as it is usually a by-product of searching for further graph isomorphs.
For the 1gp dispersion or spectral weight, we want to calculate quasiparticle processes on
these graphs; however, we do not want to calculate every process on a graph since many
are related by symmetries and give the exact same contribution. Therefore, we calculate
additional symmetry numbers sg_of coloured graphs. In a programme, we iterate over all
possible vertex pairs and colours of the associated vertices (two colours for the 1qp spectral
weight and one colour for 1qp processes of the Hamiltonian), choose a representative
process, and save the associated vertices and the symmetry number of the coloured graph
to a list. While, for the calculation of the ground-state energy, a list containing the graph
names suffices, for particle processes, we want to have a list that contains the graph name,
symmetry number, start and end vertex of the process, and a symmetry number associated
with the process counting the number of equivalent processes. On the upside, it suffices to
generate these lists and graphs once.

The second step is to iterate over the list entries, read the graph as a cluster, read the
associated input states, and apply the pCUT method. Of course, such a programme must
also read the pCUT coefficients C(m) or C(m; i) for observables and the model information,
i.e., the T-operators. The programme iterates over the different operator sequences, through
the operators from each sequence, systematically iterates over all edges of a graph, and
applies the T-operators. We additionally associate each edge of a graph with its own
expansion parameter, such that we obtain the white graph contributions.

Having calculated the white graph contributions over every representative process for
every graph, we need to convert the white graph contributions to an integrand function—also
embeddable function—which is a callable function in our Monte Carlo algorithm. We have
a programme that substitutes the expansion parameter with the algebraic decay expression
(Ae > |8]~47). This must be an expression in the programming language of choice, such
that the Monte Carlo programme can call this function. Further, we multiply the white
graph contribution with the symmetry factor sg_/sg for 1qp processes and with 1/s¢ for
the ground-state energy to properly account for the symmetries during the embedding.
Also, all white graph contributions of a given order and number of vertices are grouped
into one such function. The functions are saved in a file and included in the Monte Carlo
algorithm code. If the white graph contributions are associated with models with different
interaction flavours, we must sample for certain parameter values during this step.

The physical parameters are also fixed like the momentum k and the decay exponent
d + o, and of course, the code must be adapted for different lattice geometries. There are
also simulation parameters like the number of seeds, the ratio between shift and rift moves,
and the simulation exponents p of the reference sum and v for the rift move ¢-function
distribution. The Monte Carlo algorithm is then executed for each embeddable function
with a fixed order, number of sites, and seed, yielding the target values of Equation (188).

We average the target values for multiple runs with different seeds, add them up
according to Equations (164), (174), and (177), and obtain a perturbative series in A. After-
wards, we employ DlogPadé extrapolation to extract critical quantities of interest like the
critical point A, and the associated critical exponent « for the ground-state energy, zv for
the 1qp gap, or (2 — z — i7)v for the 1qp spectral weight. We can also use the extrapolations
to construct the dispersion close to the critical point.

5. Stochastic Series Expansion Quantum Monte Carlo

In this section, we discuss the method of stochastic series expansion (SSE) QMC. This
class of QMC algorithms is closely related to path integral (PI) QMC and samples config-
urations according to the Boltzmann distribution of a quantum mechanical Hamiltonian.
This sampling is achieved by extending the configuration space in the imaginary-time
direction by operator sequences. The objective is to evaluate thermal expectation values for
operators at a finite temperature on a finite system.
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The canonical partition function of a system with a quantum mechanical Hamiltonian
H can be expressed as

Z =Tr{exp(—pH)} = |Z>:<“| exp(—pH)|a) (211)

with 8 being the inverse temperature and the sum over an arbitrary orthonormal basis
{|a) }. The task is to bring Equation (211) into the form of

Z=Y nw) (212)

with all weights 77(w) required to be non-negative.

Of course, for a Hamiltonian that is traced over in its eigenbasis (or a classical system),
Equation (211) is already in the form of Equation (212), and the system can be directly
sampled by a Metropolis—-Hastings algorithm (see Equation (46)). For a general quantum
mechanical problem, we do not have access to the eigenstates of a system and require a
reformulation of Equation (211).

The SSE QMC idea resolves this issue in the following way: Given a Hamiltonian H, a
computational orthonormal basis {|«) } is chosen in which the trace is evaluated. Further,
there should exist a decomposition of the Hamiltonian:

H=— Z’H,- (213)

into operators H;. H; and {|a) } are chosen such that the following two conditions are met:

¢ No-branching rule:

HilB) o< |7) € {la)} VH;  VIp) € {la)}, (214)

ensuring that no superpositions of basis states are created by acting with #;.
¢ Non-negative real matrix elements in the computational basis:

(B[Hil7) =0 VHi  YIB) ) € {la)} (215)

The second condition is not strictly necessary, but makes sure that no sign problem arises,
which would lead to exponentially hard computational complexity. In general, it is not
necessarily possible to find a computational basis in which this condition can be fulfilled
for all Hamiltonians. However, if the negative matrix elements contribute in such a way
that they always occur in pairs and the minus signs cancel, the condition can be relaxed
without inducing a sign problem. We will encounter this case for the antiferromagnetic
Heisenberg models in Section 5.2.

For operators H; that are diagonal in the computational basis, the conditions (214) and (215)
never pose a problem as diagonal operators intrinsically obey the no-branching rule and
can always be made non-negative by adding a suitable constant to the Hamiltonian. The
main difficulty is to find a computational basis in which the off-diagonal matrix elements
are non-negative, which is not necessarily possible, as mentioned above. In particular, for
fermionic or frustrated systems, negative signs typically occur.

In order to reformulate Equation (211) in the form of Equation (212), a high-temperature
expansion for the partition function is performed:
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Z =Tr{exp(—pH)} = %@cl exp(—pH)|a) (216)
=) i %MI(—H)”IM (217)
|y n=0 """
=X ) %WI(Z%)"IM : (218)
|y n=0 """ i

In general, the evaluation of («|(}Y; #;)"|«) is not feasible. The way the SSE tackles this
expression is by expanding the product of sums as

(E ’Hi> =Y TT*Hiw (219)
i Sy k=1

as a sum over all occurring operator sequences S, resulting from the exponentiation. The
additional dimension created by the operator sequence is usually referred to as imaginary
time in analogy to path-integral formulations. Inserting Equation (219) into Equation (218),
one obtains

n

Z= % Y2 el IHHi(k)|a> : (220)
x) n : =1

=0 Sy

‘ =

Note that each of the summands in Equation (220) is non-negative by design due to
the condition (215) and can be interpreted as the relative weight of a configuration. By
comparing Equation (220) with Equation (212), we see that it is of a suitable form for a
Markov chain Monte Carlo sampling. We identify the direct product of the set of all basis
states {|a)} with the set of all sequences as the configuration space:

C={la)} x |J{Sa}- (221)
n=0
The weight of a configuration is given by
(0}, $uiB) = (o TT My o) 22
: k=1

In the next step, we discuss the structure of each configuration consisting of a computational
basis state |«) and an operator sequence S,. Regarding Equation (220), we stress that the
action of the product of operators in the sequence onto the basis state is crucial. Due to
the no-branching rule (see Equation (214)), the action of [T}}_; Hi(k) onto the basis state can
be interpreted as a discrete propagation of the state & in imaginary time according to the
operators in the sequence. We define the state at propagation index p € {0,...,n} to be

P
la(p)) = k]‘[ Hige lac) - (223)
=1

Due to the periodic boundary condition of the trace and the orthogonality of the ba-
sis states {|a)}, only sequences for which |a(n)) = |«(0)) have a non-zero weight (see
Equation (222)).

At this point, we can demonstrate why it does not matter if some matrix elements
are negative in some instances, e.g., for some antiferromagnetic spin models on bipartite
lattices. If a matrix element of an operator is negative, but it is ensured by the Hamiltonian
and the periodicity of the trace that there is always an even number of negative matrix
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elements in a sequence with non-vanishing weight, then the definition of weights as in
Equation (222) is nevertheless possible.

In the discussion so far, we considered sequences of all possible lengths. In order to
formulate algorithms sampling the configuration space efficiently, a scheme with a fixed
sequence length £ can be introduced, in which all sequences with n < £ are padded with
identity operators 1 to length £ and all sequences n > L are discarded. The physical
justification to discard all sequences above a certain fixed length L is that they are expo-
nentially suppressed for sufficiently large £. In short, this is the case because the mean
operator number (1) is proportional to the mean energy (#) and the variance is related to
the specific heat in the following way:

() = C = () — ()2 — (n). (224)

A derivation and discussion of these statements can be found in Refs. [39,210-213]. From
Equation (224), we can infer that the infinite sum over all sequence lengths can be truncated
at a finite £ o« BN. From rearranging Equation (224) and using the extensivity of the
mean energy, the mean sequence length scales as (1) « BN proportional to the inverse
temperature and system size N. As the mean sequence length has a finite value, the idea
is to choose an £ > (n) great enough to be able to sample all but a negligible amount of
operator sequences. Further, we will argue that the introduction of a large enough cutoff
results in an exponentially small and negligible error. In the limit of § — oo, the specific
heat has to vanish. Therefore, the variance of the mean sequence length is proportional to
(n). From this, it is concluded that the weights of sequences vanish exponentially for large
enough sequence lengths n [212].

We, therefore, introduce a large enough cutoff for the sequence length £ and consider
operator sequences with a fixed length £. The expression for the partition function can
then be written as

n _ L
Z=)). ww lﬂ%(k)\@ : (225)
: =1

Sc |a)

The new configuration space includes all sequences of length £ where the shorter sequences
are padded by inserting unity operators. The random insertion of unity operators into
a sequence of n < L non-trivial operators results in (ﬁ ) = W sequences of length
L. The modified prefactor in Equation (225) accounts for this overcounting. Although
Equation (225) is, strictly speaking, an approximation to the partition function, we want
to note that, in practice, this does not cause a systematic error as £ can be chosen large
enough in a dynamical fashion such that, during the finite simulation time, no sequence of
length n > £ would occur. Therefore, we will not consider the fixed-length scheme as an
approximation below.

To summarise: Following the argumentation discussed in this section, it is possible to
bring any partition function into the form of Equation (225), whereby all the summands
are non-negative if a suitable decomposition and computational basis can be found. The
next step is to implement a Markov chain MC sampling on the configuration space. As the
configuration space largely depends on the model, the sampling is performed in a model-
dependent way. In Section 5.1, we will introduce an algorithm to sample the (LR)TFIM.
In Section 5.2, we will further describe an algorithm to sample unfrustrated (long-range)
Heisenberg models. In Section 5.3, the measurement of a variety of operators is discussed.
Further, we will discuss how to sample systems at effectively zero temperature in Section 5.4
as this review considers the zero-temperature physics of quantum phase transitions. In
Section 5.5, we give a short overview of other MC algorithms for long-range models based
on path integrals.
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5.1. Algorithm for Arbitrary Transverse-Field Ising Models

In this section, we describe the SSE algorithm to sample arbitrary transverse-field
Ising models (TFIMs) of the form

szhﬁﬁ—Zmﬁ (226)
i#j i

as introduced by A. Sandvik in Ref. [39]. The Pauli matrices ¢/ with x € {x,z} describe
N spins 1/2 located on the lattice sites 7,j. The transverse-field strength at a lattice site
iis h; > 0, and the Ising couplings between sites i and j have the strength J;; € R. For
Jij > 0, the interaction is antiferromagnetic and it is energetically favourable for the spins
to anti-align, while for J;; < 0, the interaction is ferromagnetic and it is energetically
favourable for the spins to align.

Choosing the o*-eigenbasis {|a)} = {|o%,...,0%)} for the SSE formulation avoids the
sign problem for arbitrary Ising interactions. The Hamiltonian is decomposed using the
following operators:

Hoo = 1 (227)
Hig=hior >0 (228)
Hii = hil (229)
Hij=lijl = Jijoyo;  4,j>0,i#]. (230)

We call Hy a trivial operator, H; a field operator, H;; a constant operator, and H, ; an
Ising operator. The operator H; ; is associated with the site i, even though it is proportional
to 1. With these operators, we can rewrite Equation (226) up to an irrelevant constant as

N N
H=—=Y ) Hi. (231)

i=1j=0

Note that Equation (231) is a sum over field, constant, and Ising operators. The constant
operators are not part of the original Hamiltonian, but will be relevant for algorithmic
purposes. The trivial operators (Equation (227)) are not relevant to express the Hamiltonian,
but are necessary for the fixed-length sampling scheme. The proposed decomposition fulfils
the no-branching property, and there are no negative matrix elements of the operators in the
computational basis due to the positive constant |]; ;| that is added to the Ising operators.
The possible matrix elements for Ising operators H;; = |J; j| — ]i,jaiz(rjz acting on a pair of

spins i, j are given by

e N it oy )2l for ] <0

(Mij|Haj 1) = (Waj|Hig[ i) = {0 for Ji; > 0 (232)
g N\ e\ 0 fOI'],‘,j<O

</N/l,] Hz,]|T¢l,]> - <\LT1,] Hz,] Jsz,/> - {2|]i,j| fOI' ]i,]' 0. (233)

This implies that only sequences where (anti)ferromagnetic Ising bonds are placed on
(anti)aligned spins have a non-vanishing weight.
The partition function (Equation (225)) in the fixed-length scheme reads

L

2= T3 B T ) o k1)) (234

) k=1

The propagated states |a(p)) only change in the imaginary-time propagation if a field
operator, the only off-diagonal operator in the chosen basis, acts on it. A configuration only
has a non-zero weight if all the Ising operators in the sequence are placed on spins that have
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the correct alignment. Constant operators are included in the Hamiltonian for algorithmic
purposes, which will become important in the off-diagonal update described below.

Before going into the description of the Markov chain to sample the configuration
space, it is illustrative to visualise a configuration with non-vanishing weight defined by
a state |&) and an operator sequence S.. In Figure 14, an exemplary configuration with
non-vanishing weight is illustrated for the one-dimensional TFIM and visualisations of the
different operators Equations (228)—(230) in such a configuration are shown.
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Figure 14. (a) An SSE configuration of a transverse-field Ising chain with N = 10 sites and a
sequence length £ = 27. The spatial spin direction goes from left to right, and the imaginary-time
dimension goes from bottom to top. The number of trivial operators in the operator sequence S is 8.
Filled (empty) circles represent spins aligned in the 07 = +1 (—1) direction. The propagated states
|a(p)) correspond to the p-th row from below with the lowest row being state |«). (b) A depiction
of the possible vertices for field operators. (c) A depiction of the possible vertices for constant
operators. (d) A depiction of the allowed vertices for ferromagnetic Ising operators. Note that a
ferromagnetic Ising vertex can only connect sites that are connected by a ferromagnetic bond in the
Hamiltonian. (e) A depiction of the allowed vertices for antiferromagnetic Ising operators. Note that
an antiferromagnetic Ising vertex can only connect sites that are connected by an antiferromagnetic
bond in the Hamiltonian.

Before going into the details of the algorithm, we introduce the main concept of the
update scheme and the crucial obstacles that are encountered in setting up an efficient
algorithm [39]. Each step of the Markov chain sampling of configurations is performed
by performing a so-called diagonal update followed by an off-diagonal quantum cluster
update [39]. In the diagonal update, one iterates over the sequence and exchanges trivial
operators with constant or Ising operators and vice versa while propagating the states
along the sequence. In the off-diagonal update, constant operators are exchanged with
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field operators while preserving the weight of the configuration. The main obstacle that is
circumvented with this update procedure is the following: It is a non-trivial and non-local
task to insert off-diagonal operators into the sequence without creating a configuration with
vanishing weight. The first problem is that one cannot simply insert a single field operator
into the sequence as it breaks the periodicity of the propagated states ¢ (L)) # |a(0)), lead-
ing to a vanishing weight due to the orthonormality of the computational basis. Therefore,
field operators can only occur in an even number for each site to preserve the periodicity in
imaginary time. The second issue involves Ising operators placed on a pair of sites i and j.
If one places a field operator at one of the sites before and behind the Ising operator in the
sequence, this preserves the periodicity in imaginary time, but the matrix element of the
Ising operator becomes zero as the spins will be misaligned with respect to the sign of the
Ising coupling (see Equation (232)). These issues can be tackled by a non-local off-diagonal
update [39], which we will thoroughly discuss after the diagonal update.

In the diagonal update, the number of non-trivial operators # is altered by exchanging
trivial operators with constant and Ising operators in the operator sequence and vice versa.
This does not change the states |a(p)), including the state |«) = |«(0)). Starting from
propagation step p = 0 and state |«(0)), one iterates over the sequence step-by-step and
conducts the exchange of trivial operators with non-trivial diagonal operators. If a field
operator is encountered at the current propagation step, the state is propagated by flipping
the respective spin, and the iteration proceeds. If a diagonal operator is encountered, a local
update following the Metropolis—-Hastings algorithm as described in Section 3 is performed
and the total transition probability is made of a proposition probability T and an acceptance
probability pace.

If a trivial operator is encountered at propagation step k, a non-trivial diagonal opera-
tor gets proposed with the probability

M;;

T(Hoo — Hij) = = (235)
taking into account the weight M; ; of the proposed operator with the normalising con-
stant C:

217 for i i
My = {2l fori 7 (236)
’ h; fori =7j,
C=Y hi+2) |l (237)
i i#]

The weight is essentially given by the matrix elements of the respective operators H,; ; with
the special case that the Ising operators are a priori handled as if they were allowed. Ata
later stage, it is checked if the spins are correctly aligned at the considered propagation step
k and state |« (k)), and the operator gets rejected if this is not the case. This has the benefit
that one does not need to check every single bond for correct alignment for the insertion of
a single operator, which scales like O(N?) for long-range models. This sampling can be
performed in a constant time complexity in the number of elements in the distribution by
using the so-called walker method of aliases [214]. Instructions on how to set up a walker
sampler from a distribution of discrete weights and how to draw from this distribution can
be found in Appendix C or in Ref. [214]. Drawing from the discrete distribution of weights,
an operator H,; ; gets proposed to be inserted. On the other side, if a non-trivial diagonal
operator is encountered, it is always proposed to be replaced by a trivial operator:

T(Hl',]‘ — 'H(),()) =1. (238)

The acceptance probabilities are then chosen according to the Metropolis—-Hastings algorithm
in Equation (46). For a constant field operator H; ;, this gives the acceptance probability:
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I pM;; C
PaCC(HO,O — 7'[z,z) = min (11 L —n Mi,i (239)
i+ 25|l
_min<1,'3(21 E_Zn*’ “’D) . (240)

Similarly, for an Ising operator H; ;, one has

k)| Hiila(k—1
Pace(Hoo — Hyj) = min (1’ P,k ~ 1) J,) o1
 A{a(k)[Hjla(k—1)) B(Xi hi +2 4 | Tij)
= M, min (1, 7 —n (242)

up to a factor (a(k)|H;j|a(k —1))/M;;, which is either 1 or 0 depending on if the spins at the
current propagation step k are correctly aligned or misaligned. An Ising bond with misaligned
spins would lead to a vanishing weight of the configuration and is, therefore, not allowed.

Up to this factor, the acceptance probability is the same independent of the type of
non-trivial diagonal operator that is proposed to be inserted as the operator weight M; ;
arising in the weight for the newly proposed configuration cancels with the same factor in
the proposition probability. This is because we already chose to propose an operator by
considering its respective weight M; ;. As the acceptance probabilities do not differ, one
can, therefore, also first check if one accepts to insert any non-trivial diagonal operator and,
only if this is accepted, draw the precise operator to be inserted. Of course, if the chosen
operator is an Ising operator, it still has to be checked if the spins are correctly aligned to
prevent a non-vanishing weight.

The cancellation of the operator weights M;; also makes it easier to perform the
reverse process and replace a non-trivial diagonal operator with a trivial one in the sense
that the acceptance probability for inserting H o:

. L—(n—1)
acc Hi' H = L .
Pace(Hij — Hoo) mm( B(Lihi +2 i Uij|)> o

does not depend on the current non-trivial diagonal operator H, ;.

If a proposition gets rejected, the iteration along the sequence continues and the
procedure starts again for the next operator. After each diagonal update sweep (iteration
over the whole sequence) during the equilibration, trivial operators are appended to the
end of the sequence such that £ > 4n/3 [39]. This allows dynamically adjusting the
sequence length £ for the fixed-length scheme to ensure a sufficiently long sequence.

For an efficient implementation of the off-diagonal quantum cluster update, it is crucial
to introduce the concept of operator legs. An operator at position p in the sequence has
legs with the numbers 4p, ..., 4p + 3. For an Ising operator, these legs are associated with
two legs per site, one upper and one lower leg (see Figure 15a).

) O O b)
4p + 2| |4p +3 4pr1 z(l}ph-?-sg legs:

4p 40 4p + 1 4p+0 4p+3

o O

Figure 15. Assignment of leg numbers to operator legs for an operator at propagation step p.
(a) lustration of a two-site operator with four real vertex legs. (b) Illustration of a single-site operator
with only two real vertex legs and two ghost legs.

For a constant or field operator, only two of the four legs are real vertex legs since these
operators act only on a single site (see Figure 15b). The remaining two legs are called ghost
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legs and are considered solely due to algorithmic reasons as it is numerically beneficial to
let every operator have the same number of legs. This allows calculating the propagation
index p of an operator from the leg numbers using integer division with p = [leg/4].
Trivial operators can be described with four ghost legs or can be ignored entirely in the
sequence for the off-diagonal update.

For the chosen representation of the Ising model within the SSE, one can subdivide
the configuration into disjoint clusters that extend in space, as well as in imaginary time
with Ising operators acting as bridges in real space and with constant and field operators
acting as delimiters in imaginary time. These clusters of spins can be flipped by replacing
the delimiting constant operators with field operators and vice versa without changing
the weight 7r(|a), Sz; B). If the cluster winds around the boundary in imaginary time,
the respective spins in state |«) have to be updated as well. In order to flip half of the
configuration on average and obtain a good mixing, all clusters are constructed and the
probability to flip a specific cluster is chosen to be 1/2 for each cluster separately.

For the construction of the clusters, the propagated spin states along imaginary time
are not needed. The entire problem can be dealt with in the language of vertices with
legs. The relevant information for the cluster formation is which legs are connected. This
information about the connection between legs of different operators is stored in a doubly
linked list. The list is set up in the following way: At the index of a vertex leg i, we store the
index j of the leg it is connected to, i.e., list[i] = j and vice versa list[list[i]] = list[j] = i. This
segmentation is illustrated for an exemplary configuration in Figure 16 together with the
doubly linked leg list for the depicted configuration. The doubly linked list can already be
set up during the diagonal update when the sequence is traversed either way. An efficient
algorithm to set up the data structure is described in Refs. [213,215].

In comparison to general off-diagonal loop updates [215-217], the formation of clusters
in the presented off-diagonal cluster update for the TFIM is fully deterministic. The whole
configuration is divided into disjoint clusters, all of which will be built and flipped with
probability 1/2. It is beneficial to already decide whether a cluster is flipped or not before
constructing the cluster so the constant and field operators and spin states can already be
processed during the construction. A leg that is processed during the construction of a
cluster is marked as visited in order to not process the same leg twice. This is also the reason
why all the clusters have to be constructed even if they will not be flipped, as otherwise, the
same cluster would get constructed starting from another leg later on. Further, we introduce
a stack for the legs that were visited during the construction, but whose connections are yet
to be processed .

The formation of each cluster starts by choosing a leg that has not yet been visited in
the current off-diagonal update. At the beginning of the cluster formation, it is randomly
determined if the cluster is flipped or not. If the leg corresponds to an Ising vertex, the
cluster branches out to all four legs of the vertex. This means that all four legs of the
operator are put on the stack. If the leg corresponds to a constant or field operator, the type
of operator is exchanged if the cluster is flipped and only this primal leg is put on the stack.
Next, the following logic is repeated until the stack is empty. We pop a leg [ from the stack.
If the leg has been visited already, we continue with a new leg from the stack. Else, we
determine the new leg I’ = list[/] using the doubly linked list. We mark both legs ! and I’ as
visited. If one passes by the periodic boundary in imaginary time while going from leg I to I’
and the cluster will be flipped, the corresponding site belonging to the legs in the state |a) has
to be flipped. If I’ belongs to an Ising operator, we add all legs of the Ising operator that have
not been visited yet to the stack. If I’ belongs to a constant or field operator, we exchange the
operator if the cluster is said to be flipped. This procedure is repeated until the stack is empty.
After that, one proceeds with the next cluster starting from a leg that has not yet been visited
in the current cluster update. If no such leg is left, the cluster update is finished.
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Figure 16. Illustration for the segmentation and construction of the doubly linked list for an exemplary
configuration of the ferromagnetic transverse-field Ising model. (a) Segmentation of a configuration
into disjoint clusters including the numbers of the operator legs. Ghost legs are not depicted. The
coloured lines with ellipses at each end depict the operator legs that are linked. Each colour represents
one cluster in the off-diagonal update. (b) Depiction of a doubly linked list for the configuration
shown in (a). The left column represents the entry numbers in the list and the right column the
corresponding legs to which the entry is connected. The colour represents the clusters in (a) to which
the connection belongs. Ghost legs are linked to the value —1 and are shaded in grey.

In addition to this cluster update, spins that have no operators acting on them in the
sequence can be flipped with a probability of 1/2 (thermal spin flip).

In summary, the off-diagonal update exchanges field H;( and constant operators
H,; with each other and changes the state |x). Combining the diagonal update with the
off-diagonal cluster update samples the entire configuration space.

5.2. Algorithm for Unfrustrated Heisenberg Models

In this section, we describe the algorithm to sample arbitrary unfrustrated spin-1/2
Heisenberg models with the SSE framework [213]. By unfrustrated Heisenberg models, we
mean Hamiltonians:

H=3 bSinySiw) + L JoSin Site (244)
beAF beF
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written as a sum over three-component interactions between two sites i(b) and j(b) con-
nected by bond b, where each bond is either ferromagnetic (F) with J, < 0 or antiferromag-
netic (AF) with [, > 0, with the property that there is no loop of lattice sites connected
by bonds that contains an odd number of antiferromagnetic bonds, as this would lead
to frustration. The spin operators are a compact notation for a three-component vector
of spin operators S; = (S5, Siy, S%)T. The coupling strengths J, can have a priori arbitrary
amplitudes. It is crucial to look at unfrustrated Heisenberg models in order to define
non-negative weights for configurations as the off-diagonal components of the antiferro-
magnetic operators have a negative matrix element. In an unfrustrated model, these matrix
elements always occur an even number of times in the operator sequence of any valid
configuration, which makes it possible to construct a non-negative SSE weight [213].

For the SSE algorithm, the o*-eigenbasis {|a)} = {|o%,...,0%)} is chosen, but the o*-
or o¥-eigenbasis would work the same way. The Hamiltonian is decomposed into

- % (o - ) - 7 (g, - 1) (245)
beAF beF
using the following operators:

Hlbf@—]sz S (246)

F_ Db -
o = =5 Giwy Sy + Sy Site) (247)
HAT 7@_]52 S (248)

- ]b + G-
Hay = =5 (Sl Si + Siw Sjin) (249)

The diagonal operators Hf,b and Hfg in Equations (246) and (248) are defined in the
same fashion as for the TFIM up to the factor of 1/4 due to the usage of spin operators
S§¥ = 0 /2 instead of Pauli matrices ¢ with x € {x,y,z}. The contribution to the weight
of a sequence of these operators is either |],|/2 if the bond fulfils the (anti)ferromagnetic
condition and zero otherwise. Although the expressions for the ferromagnetic and antifer-
romagnetic bonds look the same, we distinguish between these two bonds to highlight that
these objects behave differently within the off-diagonal update.

As J, > 0 for antiferromagnetic bonds, the off-diagonal operators H?g do not fulfil
the non-negativity of matrix elements (see Equation (215)) in the computational basis.
Therefore, they must always appear in an even number of times in the operator sequence
to avoid the sign problem. For the ferromagnetic bonds, this restriction is not necessary.

Analogous to the TFIM, the operator sequence additionally contains trivial operators
Ho,0 = 1, which are not part of the Hamiltonian, but are used to pad the sequence to a
fixed length L. In contrast to the TFIM, there is no need for further artificial operators like
the constant field operators in the TFIM used to limit the cluster in the cluster update. In
the case of the Heisenberg model, the non-local off-diagonal update is constructed in the
form of loops instead of a cluster with several branches that need to be limited in imaginary
time. An exemplary SSE configuration for a Heisenberg chain using the decomposition
from above can be seen in Figure 17.

Similar to the sampling of the TFIM in Section 5.1, each step of the Markov chain
sampling of configurations is achieved by performing a diagonal update followed by
a non-local off-diagonal update. The diagonal update exchanges trivial operators with
diagonal operators, while the off-diagonal update exchanges diagonal bond operators with
the respective off-diagonal bond operators.
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Figure 17. (a) An SSE configuration of a Heisenberg chain with ten sites and a sequence length of
27. The number of trivial operators is 5. Filled (empty) circles represent spins in the 07 = +1(—1)
direction. The propagated states |a(p)) correspond to the p-th row in the configuration. (b) A
depiction of the allowed vertices for ferromagnetic diagonal operators. (c) A depiction of the
allowed vertices for ferromagnetic off-diagonal operators. (d) A depiction of the allowed vertices for
antiferromagnetic diagonal operators. (e) A depiction of the allowed vertices for antiferromagnetic off-
diagonal operators. Note that (anti)ferromagnetic vertices can only connect sites that are connected
by (anti)ferromagnetic bonds in the Hamiltonian.

Due to the structure of the diagonal operators (see Equations (246) and (248)), similar
to the TFIM, the diagonal update is performed similarly to the diagonal update of the
TFIM described in Section 5.1. Nonetheless, to make the description of the algorithm for
unfrustrated Heisenberg models self-contained, we recapitulate the diagonal update and
adapt it to the Heisenberg case.

The diagonal update exchanges trivial operators with diagonal operators in the se-
quence and vice versa. It will, therefore, not change the states |a(p)), including the state
|a) = |(0)). Starting from |a) at k = 0, the sequence is again iterated over by k. If the oper-
ator at the current position k in the sequence is an off-diagonal operator operator, the state
|a(k — 1)) is propagated by applying the off-diagonal operator and the iteration proceeds. If
one encounters diagonal or trivial operators in the sequence, the Metropolis—-Hastings algo-
rithm (see Section 3) is performed and the transition probability to an altered configuration
is again split into a proposition probability T and an acceptance probability pacc.

Analogous to the algorithm for the TFIM, if a trivial operator is encountered, a non-
trivial diagonal operator gets proposed with the probability:

My

T(’Ho,o — ’H'ﬁg/l:) =

(250)
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taking into account the weight M;, of the proposed operator and the normalising constant C:
1
M, = 25 C=3) 1l (251)
2 25

The diagonal update for the Heisenberg model only differs from the one of the TFIM by
the detailed probabilities M}, and the normalising constant C. The factor of 1/4 in the bond
weights in comparison to the Ising model comes from using spin operators in contrast
to Pauli matrices in the Hamiltonian. This sampling according to the weight M, can be
performed in a constant-time complexity in the number of elements in the distribution
by using the walker method of aliases [214]. An introduction on how to set up a walker
sampler from a distribution of discrete weights and how to draw from this distribution can
be found in Appendix C or in Ref. [214]. Drawing from the discrete distribution of weights,
an operator HlA}:/ F gets proposed to be inserted. On the other side, if a non-trivial diagonal
operator is encountered, it is always proposed to be replaced by a trivial operator:

T(Hy" — Hoo) =1, (252)

exactly as for the TFIM. The acceptance probabilities are then chosen according to the
Metropolis—-Hastings algorithm Equation (46). The respective Metropolis-Hastings proba-
bilities with which the proposed replacements at position k in the operator sequence are
accepted are given by the ratios of the configuration weights before and after the potential
replacement and the ratio of the proposition probabilities:

ace(Hog — HAF) —rnin<1 Bk ML Pla(k— 1)) ¢ )
acc X 1b = ,

i i (253)

(@) Mk~ 1)) min(l,'B(Zb”b)>r (254)

Mb 2([: - 7’1)
. 2(L—(n—1))
HAEE 5 200) = m1n<1, —_— ] - 255
pace(Hi 00) B(Ls 1Tv]) (255)
As in the case of the TFIM, the specific matrix element <1x(k)|’}-[%£/ Fla(k—1)) for the

propagated states |a(k — 1)) and |a(k)) = |a(k — 1)) has to be considered, which is either
My, and cancels with this factor in the acceptance probability, or is 0, and the acceptance
probability vanishes. Intuitively, this factor simply checks if the spins are correctly aligned
or misaligned with respect to the sign of the coupling J;, and only allows the operator to be
inserted if the spins i(b) and j(b) of the propagated state |x(k — 1)) are correctly aligned. If
the proposition is accepted, the replacement of the operator at index k is performed, and
one continues with the next propagation index k + 1 in imaginary time. If the proposition
is denied, the current operator remains, and one continues with the next propagation index
k + 1 in imaginary time.

As for the TFIM, a fixed-length scheme is used and the sequence length £ limiting the
amount of non-trivial operators 7 has to be dynamically adjusted. During the thermalisation
of the sampling procedure, trivial operators are appended to the end of the sequence after
each diagonal update (iteration over the whole sequence) such that £ > 4n/3 [39].

In order to efficiently implement an off-diagonal loop update, it is crucial to introduce
the concept of operator legs. An operator at position p in the sequence has four legs with
the numbers 4p, ..., 4p + 3, two legs (an upper and a lower leg) for each of the spin sites.
Trivial operators can be described with four ghost legs or can be ignored entirely in the
sequence for the off-diagonal update.

For the unfrustrated Heisenberg models, the off-diagonal update is performed using
a loop update. During the update, loops are constructed in the space—time configuration
(see Figure 17 for an example) and the spin states on the loop are flipped along the way,
which changes the operator vertex types. Thereby, diagonal operators become off-diagonal
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operators and vice versa. It is noteworthy that the weight of a configuration is not modified
by this since the weights of diagonal and off-diagonal operators are the same in the isotropic
Heisenberg model. Therefore, flipping loops with a fixed probability satisfies detailed
balance as long as the probability to construct the reverse loop is the same.

For the Heisenberg model, the creation of the loops is deterministic. Whenever a loop
enters an operator during the loop construction, there is only one exit leg that creates a
valid operator for the bond type (AF or F). Flipping the spins along the loop exchanges
an diagonal operator ’Hﬁg/ F with its off-diagonal counterpart H?bF/ Fand vice versa. The
entrance leg and exit leg never belong to the same site. For ferromagnetic operators, the
propagation direction of the loop in imaginary time remains the same (see Figure 18).
For antiferromagnetic operators, the propagation direction of the loop in imaginary time
changes (see Figure 18). When the loop crosses the periodic boundary in imaginary time
at a site 7, the computational basis state |«) has to be updated by flipping the spin at site
i. As each leg only belongs to one loop, the configuration can be split into disjoint loops.
Therefore, it is possible to construct all loops during the off-diagonal update and flip each
loop independently with a probability of 1/2.

Combining the diagonal and off-diagonal update allows sampling arbitrary unfrus-
trated Heisenberg models. This includes antiferromagnetic Heisenberg ladders and bilayer
systems with an unfrustrated long-range interaction.
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Figure 18. Illustration showing the construction of the doubly linked vertex list and the off-diagonal
deterministic loop update for unfrustrated Heisenberg models. As an example, a Heisenberg
chain with periodic boundary conditions and nearest-neighbour antiferromagnetic and next-nearest-
neighbour ferromagnetic interactions is considered. (a) Illustration of a configuration including the
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numbers of the operator legs belonging to the respective operators. The coloured lines with ellipses at
each end depict the operator legs that are linked. Each colour represents one loop in the off-diagonal
update. (b) Depiction of a doubly linked list for the configuration shown in (a). The left column
represents the entry numbers in the list and the right column the corresponding legs to which the
entry is connected. The colour represents the loops in (a) to which the connection belongs.

5.3. Observables

In this section, we introduce some observables that can be easily measured within
the SSE formalism introduced. Throughout this section, we do not use the fixed-length
scheme, but keep the general form with operator sequences of fluctuating length to keep
the notation short and simple. The sampling of observables can be performed analogously
in the fixed-length scheme. When implementing the formulas for the observables in the
fixed-length scheme, one just has to keep in mind that the sequences used in the formulas
are the same ones, but without the padded trivial operators. This means, for instance, that
a sum over all propagation steps p becomes a sum over all non-trivial propagation steps in
the fixed-length scheme.

Up to this point in Section 5, we have focused on the partition function of a quantum-
mechanical Hamiltonian:

zZ=1) n(w),

weCl

expressed as a sum over non-negative weights 77(w) of a configuration w € C. However,
we are actually not interested in calculating the partition function itself, but rather, the
expectation values of observables.

Analogous to the partition function, quantum mechanical expectation values can be
expanded into a high-temperature series:

% L ZZ(_,f)n <oc!Af[1Hz<k>loc>- (256)

{la)} n=0 Sn

(4) =

It is important to realise that configurations with a non-vanishing weight 77(«, S;;; B) consti-
tuting the partition function do not necessarily contribute to the expectation value (A) with
the same weight or a non-vanishing weight at all [213]. In general, only for operators A
that are diagonal in the computational basis {|«) }, the expectation value can be written as

(A)=— ¥ T T A@n(wSp) 257)

{la)} n=0 Sn

with A(a) = (a|A|a). For instance, the magnetisation in the z-direction or any n-th moment
thereof is such a diagonal operator when using the o*-eigenbasis {|a)} = {|o%,...,0%)}
as a computational basis. The statistics of the MC estimates for such observables can be
improved by realising that [218]

mt(a, Sn; B) = 7(a(p), Su(p); B) (258)

with S, (p) being the sequence obtained from cyclically permuting S, for p times [218].
This means that the expectation value Equation (257) can be expressed as

n—1
W=7 ¥ LY T AGp)s:) (259)

{lay} n=0's; "* p=0

where A(a) is additionally averaged over imaginary time with A(a(p)) = (a(p)|Ala(p)).
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For off-diagonal operators, one needs to find customised formulas for the expectation
value. However, some of these expectation values are accessible in a quite general way. For
instance, one can show that the mean energy has a rather simple formula [210,211,218]:

() = (260)
p
Moreover, for the operators H; (see Equation (213)), one finds [210,211,218]
oy = -2, @61)

where 7, is the amount of operators H; occurring in the operator sequence. Similarly, one
can derive a formula for the heat capacity [210,211,218]:

C = (n(n—1)) ~ () = (n) = (n) ~ (n). (262)

However, for small temperatures, the heat capacity is calculated as the small difference of
large numbers.

Linear Response and Correlation Functions

An important class of observables is linear response functions like susceptibilities. The
linear response of an observable A to a perturbation H — H — AB tuned by perturbation
parameter A is given by a Kubo integral [212,219]:

9(A)

XAB = e (263)

A=0
= [MaBo)dr - pan). 264)

Once again, if A or B are off-diagonal operators, one has to consider case by case and
find customised formulas that can be used to sample the specific observables within the
SSE formulation. We will focus on the case where A and B are diagonal in the chosen
computational basis. Important examples are the magnetic susceptibility or its local ver-
sion of spin-spin correlation functions averaged over imaginary time, i.e., the correlation
function at zero frequency when regarding Equation (264) as a Laplace transformation
from imaginary time to frequency space. To make this type of observable accessible to a
sampling in the SSE formulation, the imaginary-time correlation function (A(7)B(0)) is
expanded in temperature analogous to the partition function:

(A(T)B(0)) = %Tr(e_ﬁHeTHAe_THB) (265)
= % ) <‘X i (w;,T)k(—%)k>A i(ﬁ(—%)’)B uc> (266)
{loy \ =0 : =\ !
00 o \k
SEES ) o
00 k 1
DR ). o
k=0 k!

where, in the last step, the operators A and B were replaced by their respective eigenvalues
A; = (a(])|Ala(l)) and By = («(0)|B|a(0)) of the state |x(p)) at the propagation steps
p=10.
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By replacing the sum over k by a sum over n := [ + k and inserting the decomposition
of the Hamiltonian, this takes the form
o > (269)

DRI T A B (s, 5,B) 270)
Z S B"

n—1

Iﬁ[7{%b

i=

B0 =5 T Y A1B0<zx

n—l”'( ;>nl<;>C%BW“%SMﬁ) (271)

1 n T ”l<r>l 1 =1
"B =) 7@, 8w )= Y ApuiBy, (272
{Ja)} n=01=0 Sy, (l>( ,B) B 7o ,B)npg%) p+1Bp )

where, in the last step, the average over imaginary time was taken in order to improve
the statistics. From Equation (272), the connection between the discrete propagation
steps of the SSE and the continuous imaginary time T becomes apparent [211,212]. An
imaginary-time separation T corresponds to a binomial distribution of separations [ of SSE

propagation steps: l l
o= ()(-5) ()

which is peaked around | = nt/f [211]. If one is interested in the spectral properties of
the system, one can use this formula for sampling imaginary-time correlation functions
(A(t)B(0)). However, there are more efficient ways to calculate imaginary-time correlation
functions by embedding the SSE configuration into continuous imaginary time. We refer to
Refs. [212,220] for details, as this is out of the scope of this review.

To get to the linear response function x4 p in Equation (264), the imaginary time
integral of in Equation (272) has to be calculated. This integral can be analytically calculated:

Aﬂ”<1_;ylK;)A:ﬁlf““l‘”wl“ (74)

N|‘| !

1 =07
012 L0e
1= L[]=
g ‘“M

B 1

ﬁ(nnf'l)!”/o du (1 —u)" (275)
o (m=Dt 1
= b 270

by performing | partial integrations. Inserting Equation (272) into the formula (264) and
performing the imaginary time integral Equation (276) yield

n

2 Ap 1By — B(A)(B). (277)

1 © n
Xap== Y. ) ) (& Sup) n+1 ;

{lyyn=0's;

One can further separate the | = n term while using the periodicity Ay, = Ap in
imaginary time and rewrite the sums over / and p as a product of two sums. This eventually
yields [210]

XA’B:< (n+1)

n—1 n—1
ZAﬂy{ZA%{Z&}D — B(A)(B).  (278)
p=0 p=0 7(a,503)

From an algorithmic perspective, the two sums in Equation (278) need to be calculated
by traversing the operator sequence. The effort for measuring x 4 g, therefore, scales like
the algorithm with complexity O(BN) when the observables A,, By, and A,B; are not
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calculated from scratch at every propagation step p, but gradually updated and averaged
while propagating the state through the sequence.
For the special case of the susceptibility, one needs to set A = m = )07 and

B =M = N - m. The last term N ﬁ<m>2 in Equation (278) can be dropped for simulations of
finite systems due to (m) = 0. Explicitly, this gives

n—1 n—1 n—1
Zmpm,,Jr{Zm,,}{Zm,,}D (279)
p=0 p=0 p=0 )

for the susceptibility. Once again, we want to stress that this formula is not formulated in
the fixed-length scheme and the average over the propagation index p, therefore, refers to
the propagation steps of non-trivial operators. Averaging over all propagation steps in the
fixed-length scheme is incorrect.

For the spin-spin correlation functions G; ;(w = 0), the operators are set to A = o7
and B = U]?, leading to

_ B
X_N<n(n+1)

Gijlw=0)= [ {eF(@)o7(0) ) ar (250)

_ B v nl n-1
B <n(n+1) Z TipTip t Z Tip Z T , (281)
= p=0 p=0 7(@,503B)

where it was already used that (¢7) = 0 for any finite system. Similar to the zero-frequency
spin-spin correlation function, one can also calculate an equal-time spin-spin correla-
tion function:

Gii(T=0) = <a?a?> = <1 ”fa.z o > (282)
N AN AL '
p:

7e(a,Sn;B)

Sampling the correlations among all sites i and j at all propagation steps p leads to a
complexity of O(BN?), which is worse than the computational complexity O(BN) of
the SSE QMC updates. Even though one could eliminate the average over imaginary
time in the case of Equation (282) to reduce the complexity to O(N?) at the expense of
statistical accuracy, this is not possible for Equation (281) as the sum over imaginary
time is intrinsic in the definition of the zero-frequency correlation function. However, by
realising that the correlations (Tiza]:z between two sites i and j are not altered at the order

O(BN)-times in imaginary time, but only O(), one can measure the correlation functions
Equations (281) and (282) in O(BN?) time. This is achieved by traversing imaginary time
while memorising the propagation step last[i] of the last preceding spin flip operator for
every site separately. When a spin flip occurs at a site j at propagation step p, one needs to
update the correlation function:

Gli,j] = G[i,j] + 77,07, (p — max(last[i], last[j]) ) (283)

for every site i before the local magnetisation is propagated with = —0']-Z p- One

Tjp+1
further needs to update last[j] = p. In order to avoid that the measureirfent dominates the
simulation for large systems, we only measure the correlations between a fixed site i = 1
and j € {1,...,N}. This finally reduces the complexity of the measurement to O(BN).
Correlation functions are observables that contain much information about a system’s
state and, in particular, its order. Moreover, its decay at the critical point with the distance
between two spins is connected to the critical exponent # (anomalous dimension). Away
from the critical point, the correlation function usually decays exponentially with long-
range models being one exception to this. The length scale of this exponential decay is
given by the correlation length ¢, which itself is an interesting quantity at a continuous
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phase transition as its divergence is the reason for systems becoming scale-free at the critical
point. As the correlation function does not decay exponentially for long-range system,
which we focus on in this review, we will use the more general term “characteristic length
scale” to refer to the length scale at which the correlations switch to their long-distance
behaviour. In particular, with respect to the Q-FSS for systems above the upper critical
dimension, the characteristic length scale is a crucial quantity as its scaling was predicted
to be different from the standard FSS with ¢; ~ L? instead of {; ~ L (see Section 2.3 or
Ref. [34] for details on scaling above the upper critical dimension in quantum systems).
This quantity, therefore, played a crucial role in confirming the Q-FSS hypothesis. However,
the characteristic length scale is a subtle quantity, which is hard to extract or even define
on a finite lattice. For a finite system, the definition of a characteristic length scale is not
unique, and there are several definitions for ¢;, which will converge to e for L — oo [221].
For long-range systems, finding a suitable definition for the characteristic length scale is
even more difficult, as the correlation function decays algebraically even away from the
critical point [222].

Common definitions that are tailored for correlation lengths, which specify the expo-
nential decay of a correlation function at long distances, such as the second moment:

1 [FPGE) dr

therefore, might yield o = o0 in an infinite system not only at the critical point, but also
away from the critical point [223].
One possible definition for long-range quantum systems is [224]

1/0

FlIR) _ 1 {GL(O,W =0) — GL(gmin, w = 0)
(LRw) _

= 285
Gr(dmin, w = 0) (259)

Amin

with G(g, w) being the Fourier transform of G; j(w) from real space to momentum space
and gmin = 27t/L the smallest wavevector fitting on the finite lattice. By inserting the
Gaussian propagator G(g,w = 0) ~ (byq” + m?)~! for long-range interactions [20,21] into
Equation (285), one obtains

L m? (286)

Jmin

1/
(ko) _ 1 lbaqr"nm +mi 1]

= bllf/g'mEZ/a'l

so that the momentum dependency cancels. Another definition for the same quantity, but
using the equal-time Gaussian propagator G1(0,T = 0) ~ (2y/3/bsq” + m2) 1 [212], is

=~ ~ 1/0
é’(LRT) _ 1 G% (0, ? 0) — G%(QmimT =0)
k Jmin G?(qmin, T = 0) (287)
_ b(l/(rmZZ/a )

By inserting the scaling of the gap me ~ |r|*" = |r|m// 2 for the n-component quantum rotor

model in the long-range mean-field regime [20,21], which is relevant for most applications
discussed below, one obtains the scaling of #(R) in the thermodynamic limit to be

LR -

g i, (288)

which is the singularity one expects from the characteristic length scale.
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5.4. Sampling at Effectively Zero Temperature

The SSE QMC approach can be used to stochastically calculate the thermal average
of operators for systems of a finite size at a finite temperature. We discussed in Section 2
that QPTs are a concept defined in the thermodynamic limit at zero temperature. Further,
we presented in Sections 2.2 and 2.3 how the critical point, as well as critical exponents
can be extracted from certain observables calculated on finite systems at zero temperature.
The goal of many works that use SSE QMC sampling is to calculate the expectation value
of these observables on finite systems at an effective zero temperature [32,34]. We define
the notion of effective zero temperature as a temperature at which, in practice, only the
ground state contributes to the thermal average, as all excited states are exponentially
suppressed [32,34]. This definition can be applied only to gapped systems as gapless
systems at infinitely small, but finite temperature lead to a thermal average over the
infinitesimally low-lying excitations. As the SSE QMC approach is sampling finite systems,
there cannot be a non-analytic point in the ground-state energy associated with a second-
order QPT [113]. Closely related with this statement, the ground state of a finite system
cannot spontaneously break the symmetry of the Hamiltonian, as it is the case at a second-
order QPT [113]. An intuition to this statement can be built from a perturbative point of
view. On a finite system, there is always a finite-order perturbative process coupling the
hypothetical ground states of a symmetry-broken phase. Due to this finite-order coupling,
there will always be a level repulsion between the states and no true degeneracy occurs.
This means that, on a finite system, there is always a finite-size energy gap between the
ground state and the excitations. As discussed in Section 2.2 on a finite system, there is
a pseudo-critical point close to the parameter values of the QPT in the thermodynamic
limit. For a system with gapped phases on both sides of the QPT, we expect the relevant
finite-size gap to be the smallest in the vicinity of the pseudo-critical point. The finite-size
gap at the pseudo-critical point is expected scales as L™*? with the linear system size L to
the power of the dynamical correlation length exponent z [34,113,129,212] and ¢ = 1 for a
QPT below the upper critical dimension (see Section 2.3). This statement can be directly
derived from the finite-size scaling form of the energy gap:

Ar(r) = L7399, (L%"r). (289)

Note that the scaling dependence for systems above the upper critical dimension has
not been confirmed yet by numerical studies. To perform simulations at effective zero
temperature, there are two main approaches in the contemporary literature. Firstly, one
just scales the simulation temperature with L for different linear system sizes. This is a
valid approach for many systems as z = 1 is a common value for the critical exponent,
indicating a space-time symmetry in the correlations. For long-range interacting systems
such as the LRTFIM or unfrustrated long-range Heisenberg models, one has z < 1, which
makes the scaling sufficient, but overly ambitious [21]. An improved version of this
naive approach is to scale the simulation temperature with L*° for different linear system
sizes. This follows the expected scaling of the finite-size gap. The correct prefactor of
the scaling is not known and accounted for in the scaling, and corrections to scaling for
small system sizes can lead to errors. A more sophisticated approach to determine a
suitable effective zero temperature for a finite system is discussed in Refs. [32,34,225]. This
technique was introduced in Ref. [225] as the beta-doubling method. The idea is to study
the convergence of observables (O (r,B)) for a fixed system size and parameter value
r at successively doubled inverse temperatures § = 2" of the simulation. The fraction
of (Or(r,B))/(OL(r, Bmax)) is considered with Bmax being the largest considered f value.
This quantity is used to probe the convergence of the observable (O (r, f)) towards zero
temperature. The temperature convergence can be gauged using a plot, as demonstrated in
Figure 19. Note that the value of (O (7, Bmax))/ (OL(r, Bmax)) is always at one. Therefore,
as a rule of thumb, one can validate simulation temperatures for which at least the two
points prior to the last point also have a value close to one.
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Although the beta-doubling scheme has more overhead than a naive scaling with L*°,
it provides multiple advantages. First of all, one does not need to know the dynamical
critical exponents z beforehand. Secondly, in most cases, it is easy to implement: if one
uses either way a simulated annealing scheme by successively cooling the simulation
temperature during the thermalisation of the algorithm, the beta-doubling scheme can
be easily incorporated in this procedure. Thirdly, the beta doubling provides a direct
demonstration that a simulation is sampling zero-temperature properties. It captures
intrinsically the relevant scaling L*?, as well as potentially large prefactors and corrections
to this scaling. Fourthly, it does not need to be applied to all parameter values r, as it
suffices to perform the beta-doubling procedure only for the parameter values where the
relevant finite-size gap is expected to be the smallest and use this temperature for the whole
parameter range.
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Figure 19. Illustration of the beta-doubling method for the one-dimensional LRTFIM in the short-
range regime with decay exponent ¢ = 2.5 at a transverse field of 1 = 1.25. The simulation starts
at B = 1 (leftmost points) for every system size. The inverse temperature is then doubled in every
beta-doubling step until the maximum Bmax = 2048 is reached. All of the shown magnetisation
curves seem to be converging to zero temperature. Larger systems with L > 1024 were discarded as
they do not appear to be fully converged yet.

In general, the beta-doubling scheme can help to reduce computational cost by per-
forming simulations at a tailored effective zero temperature. If computational time is not a
critical factor, in many practical applications, one can use the temperature that is sufficient
for the largest system and sample all smaller systems at the same temperature.

5.5. Overview: Path Integral Quantum Monte Carlo Algorithms for Long-Range Models

The QMC methods discussed so far are both based on the SSE formulation [39,213].
In parallel with the development of the SSE-based QMC methods for long-range sys-
tems, path integral (PI) QMC methods operating in continuous imaginary time have been
introduced for extended Bose-Hubbard models with long-range density—density interac-
tions [215,226-228] (see (290)). The main application of these methods in the context of
long-range interactions is the determination and classification of ground states [64,229,230].
Since we focus on reviewing QPTs in long-range interacting systems, which are usually
simulated using the SSE, we only skim over the basic concepts relevant for the PI1 QMC
methods. One motivation for the development of these methods was the study of the Mott
insulator to superfluid transition in the presence of disorder [231-233]. Further, long-range
density—density interactions were added to the algorithms [226]. A great application case
for these algorithms is the study of extended Bose-Hubbard models [64,229,230], which
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are an effective description of ultracold atomic or molecular gases trapped in optical lattice
potentials [56,58,61,62,64,68,229,234-238]. For a comprehensive explanation on how to
derive effective Bose-Hubbard models for these systems, see Refs. [56,236-238].

A basic Hamiltonian studied with the world-line QMC methods in this context [226-228]
reads

H=—poni+ L Vignim; —t 3 (afa; +af;) =
7 ij (i)

with (hard-core) bosonic degrees of freedom on the lattice site i described by creation a],

annihilation 4;, and particle number n; operators. The coupling y describes a chemical
potential and V; ; < 0 the density—density interaction between particles at sites i and j, and
the hopping amplitude t > 0.

PI QMC methods formulated in imaginary time are based on the PI formulation of the
partition function:

7 = Tr{e*m'[} = lim Tr{ (eAT%)K} with At =pg/K (291)

K—o0

using the Suzuki-Trotter decomposition [115]. The PI formulation is used to extend
the configuration space to all imaginary-time trajectories |a(7)) of computational basis
states [39,226], which are periodically closed in § (|a(0)) = |a(B))) and which are con-
nected by an imaginary-time evolution ((a(72)|e~*#(2~™)|a(1))). These methods can be
implemented in discrete [239] or continuous [226,240] imaginary time.

In the SSE approach, the configuration space is extended using the operator sequences
arising from a high-temperature expansion of the exponential in the partition function.
These configurations can be regarded as a series of discretely propagated states |a(p)) with
an artificial propagation index p labelling its position in the sequence. This introduction of
an additional dimension to obtain a configuration space that can be sampled using MC in
the PI and SSE QMC approach hints that both approaches are closely related. Studies of the
close relationships between the SSE and PI representations can be found in Refs. [211,241].
Concepts developed in one of the two pictures can be equivalently formulated in the other
one. For example, the concept of loops [215,216,242] and directed loops [215,217,242] can
be applied in both formulations. The sampling of the Heisenberg model as described in
Section 5.2 can be transferred to the PI QMC picture, as it is a direct application of the
directed loop idea [217,225].

Since we will focus in this review on quantum-critical properties of magnetic systems,
we only briefly summarise the major applications of PI QMC methods for extended (hard-
core) Bose-Hubbard models with dipolar density—density interactions [64,229,230]. The PI
QMC s used in this field to determine ground-state phase diagrams studying the emergence
of solid, supersolid, and superfluid phases [64,229,230]. It has been demonstrated in
Ref. [64] that long-range interactions stabilise more solid phases than the chequerboard
solid with a filling of 1/2 present in systems with nearest-neighbour interactions. It
has also been shown that long-range interactions lead to the emergence of supersolid
ground states [64]. The great benefit of the QMC simulations in comparison to other
methods (e.g., mean-field calculations [111]) is the quantitative nature of these methods.
Therefore, the numerical study of these models is highly relevant, since experimental
progress in cooling and trapping atoms and molecules with dipolar electric or magnetic
moments [67,69,72,73,243] enables experiments to realise extended Hubbard models with
long-range interactions [68]. We expect the implementation of SSE QMC techniques for
this kind of model to be straightforward using the directed loop approach [217,225].

6. Long-Range Transverse-Field Ising Models

In this section, we review the ground-state quantum phase diagrams of the long-range
transverse-field Ising model (LRTFIM) with algebraically decaying long-range interactions.
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We emphasise how the Monte Carlo-based techniques introduced in this work are a reliable
way to obtain critical exponents of quantum phase transitions (QPTs) in this model. The
Hamiltonian of the LRTFIM is given by

J 1
i#j i

with Pauli matrices 0 and « € {x,z} describing spins 1/2 located on the lattice sites
7;. The Ising coupling is tuned by the parameter J. For | > 0, the Ising interaction is
antiferromagnetic and, for | < 0, ferromagnetic. The amplitude of the transverse field
is denoted by /. The positive parameter (d + ¢) governs the algebraic decay of the Ising
interaction. Here, d denotes the spatial dimension of the system and ¢ is a tunable real-
valued parameter. The limiting cases of the algebraically decaying long-range interaction
are the nearest-neighbour interaction for ¢ = oo and an all-to-all coupling for (d +¢) = 0.
As a side note, there is literature where « = d + ¢ is used as a parameter to tune the decay
of the long-range interaction. For this review, we stay with d + ¢ in order to treat systems
with different spatial dimensions d on the same footing.

The Hamiltonian (292) can be treated using the pCUT+MC method as described in
Section 4. A generic, perturbative starting point for the LRTFIM is the high-field limit. The
transverse field term is regarded as the unperturbed Hamiltonian and the Ising interaction
as the perturbation. Using the Matsubara—Matsuda transformation [25,29,89]:

oF =1-2bp, o =bl+b;, (293)

the Hamiltonian (292) can be brought into a hard-core bosonic quasi-particle picture:

Ho=eoN + Y b0, + 3 Aij(b1; + 60f + 0,67 + b, ) . (294)
i iZ

(1)

Here, € is a constant, N is the number of sites, and b;  is a hard-core bosonic quasiparticle
annihilation (creation) operator. The perturbation parameters are given by

] 1
T 4n |7 — 7j|(d+zr) ' (295)
In the pCUT language, the perturbation associated with the perturbation parameter A can
be written as V = T_5 + Ty + T, where the hopping processes b?b]. are contained in T and
the pair creation (annihilation) processes are in T, (T-7).

Further, the Hamiltonian (292) is of the form to straightforwardly apply the SSE QMC
algorithm reviewed in Section 5.1 (see Equation (226)). We recall that this QMC algorithm
is sign-problem-free for arbitrary, potentially frustrated, Ising interactions.

The studied effects of algebraically decaying long-range Ising interactions on the
ground-state phase diagram can be categorised into three scenarios:

First, for ferromagnetic interactions, there is a QPT with Z; symmetry breaking be-
tween a ferromagnetic low-field phase and a symmetric x-polarised high-field phase. The
intriguing effect of long-range interaction is the emergence of three regimes with distinct
types of universality of the QPT. For large values of the parameter ¢ > 2 — 7gR, the uni-
versality class is the same as in the nearest-neighbour model. For intermediate ¢ values of
2d/3 < 0 < 2 — nsR, the critical exponents change as a function of ¢ and the criticality can
be described by a non-trivial long-range theory. For ¢ < 2d/3, the long-range interaction
lowers the upper critical dimension below the physical dimension of the model and the
transition becomes a long-range mean-field transition. We review the recent studies inves-
tigating this model in Section 6.1 with a particular focus on the ¢*-theory in Section 6.1.1
and on numerical studies investigating the critical properties in Section 6.1.2. The aspects
regarding FSS above the upper critical dimension are summarised in Section 6.1.3.
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The second relevant category is antiferromagnetic Ising interactions where the nearest-
neighbour couplings form a bipartite lattice. In this case, there is a QPT with Z; symmetry
breaking between an antiferromagnetic low-field phase and a symmetric x-polarised high-
field phase. The current state of literature indicates no change in the universality class
of the phase transition in dependence of the long-range interaction. We summarise and
review the recent progress in studying this case in Section 6.2.

The last aspect is scenarios where the nearest-neighbour couplings do not form a
bipartite lattice. In this case, the long-range interactions may substantially alter the quantum
phase diagram of the nearest-neighbour model. We summarise and review the recent
progress regarding this case in Section 6.3.

6.1. Ferromagnetic Long-Range Transverse-Field Ising Models

The ferromagnetic TFIM with nearest-neighbour interactions in d > 1 dimensions is a
paradigmatic model to display a QPT in a (d + 1)D-Ising universality class. This transition
describes the non-analytic change in the ground-state between a Z; symmetry-broken
low-field phase and a symmetric x-polarised high-field phase. By adding algebraically
decaying long-range interactions to this model, one can study how such interactions can
alter non-universal, as well as universal properties of a QPT and which new features
can emerge.

In the case of ferromagnetic interactions, the algebraically decaying long-range interac-
tion stabilises the symmetry-broken phase and the QPT shifts to larger i values [25,29,32,34].
An intuitive way to understand this behaviour is that, due to the long-range interaction,
more connections are introduced that align the spins in the z-direction, and the energy cost
for a single spin flip increases. In the limit ¢ — 0, the critical value of the transverse field
diverges as the cost for a single spin flip becomes extensive.

In this review, we focus exclusively on the regime of so-called weak long-range
interactions with an algebraic decay exponent o > 0 [21]. The research field of strong
long-range interactions considers ¢ < 0 [5,42—45]. For weak long-range interactions, the
Hamiltonian (292) is well defined in the thermodynamic limit, and common properties
such as the ground-state additivity and thermodynamic quantities are well defined [5].
For strong long-range interactions, the energy of the ferromagnetically aligned state is
superextensive, and in order to study the model in the thermodynamic limit, an appropriate
rescaling of the Ising coupling with the system size is required [5].

The significance of the ferromagnetic LRTFIM comes from its paradigmatic nature of dis-
playing changes in the universal behaviour due to the long-range interaction [20,21,25,29,32].
It has been known since the advent of the theory of classical phase transitions that alge-
braically decaying long-range interactions are a potential knob to alter the fixed-point
structure of the renormalisation flow and, therefore, change the universal properties (e.g.,
critical exponents) [1,2,140]. Coming from the limit ¢ = oo of nearest-neighbour inter-
actions, the QPT of a d-dimensional model remains in the (d + 1)D-Ising universality
class until o = 2 — ysr (ysRr is the anomalous dimension critical exponent of the nearest-
neighbour universality class). This means that the critical exponents are constant as a
function of ¢ and the fixed point associated with the QPT remains the one of the nearest-
neighbour model. For ¢ = 2 — 7R, the RG fixed point associated with the QPT changes to
the one of a non-trivial long-range interacting theory, and the critical exponents become
o-dependent [21]. The upper critical dimension of this theory with long-range interaction
is lowered with respect to the short-range model as d,. = 30/2. If the (fixed) spatial
system dimension d is larger than or equal to the o-dependent upper critical dimension,
the universality class describing the QPT enters a long-range mean-field regime. The three
different regimes, as well as their boundaries in dependence of the dimensionality of the
system are visualised in Figure 20.

In the following, we recapitulate the basic field-theoretical arguments leading to
the distinction between three universality regimes (see Section 6.1.1). We will further
emphasise the most relevant aspects for the two long-range regimes. In the non-trivial,
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intermediate regime, the precise values of the critical exponents depend on ¢ and need to
be determined numerically. Therefore, we review the recent numerical studies computing
the critical exponents in Section 6.1.2. To conclude the discussion, we outline how to utilise
ferromagnetic long-range Ising models to study QPTs above the upper critical dimension
(see Section 6.1.3).

long-range long-range .
mean-field non-trivial (d +1)D-Ising
| 1 1
i | | >
0 %d 2 — 1SR o

Figure 20. Sketch of the three distinct universality regimes of the QPT in the ferromagnetic LRTFIM.
For one- and two-dimensional systems, all three regimes exist, and the boundaries can be obtained
using the expressions in the figure. For d > 3, there is only the long-range mean-field and the
nearest-neighbour mean-field regime with a boundary at o = 2.

6.1.1. ¢*-Theory for Quantum Rotor Models with Long-Range Interactions

Starting with the short-range interacting action (see Equation (A3)) of the n-component
quantum rotor model, Dutta et al. [20] introduced an action for long-range interacting rotor
models, by adding the algebraic decay between interacting fields as an additional term
to the action in real space. Note the the action for the Ising model is equivalent to the
one-component (scalar) rotor model [113]. By performing a Fourier transformation of the
resulting action, the authors obtained the action:

d dw  _ R '
9 :/qu/E[ng“ﬂ”ia+bq2]4’(q/W)¢(—q,—zw) (296)
dwy da)4 ddql 44 Ja o4
o /(2n)d” amya® (@)oot Fwy)x

X [‘P(qlrlwl)(P(qu iw2)][p(q3, w3 ) P(qa, icwy)]

with a,b > 0, ¢ from the decay exponent d + ¢ of the microscopic model, and 7, u coupling
constants as in the nearest-neighbour case. The q” term, which is new compared to the
nearest-neighbour theory, results from the Fourier transformation of the added long-range

interacting term:
/dd /dd /d ‘P |M> (297)

of the order-parameter field ¢ [40]. As the relevant modes for the QPT are the ones with
long wavelengths, it is clear that, for ¢ > 2, the g2 term gives the leading contribution in
q; the g” term can be neglected and, therefore, the system is, in this case, described by the
short-range interacting theory. In contrast to this, a different critical behaviour distinct
from the short-range case is possible for o < 2. With the same argument as above, the
7% term becomes negligible for ¢ < 2. In the following, we will focus on this regime,
where the behaviour differs from the nearest-neighbour case. In order to gain insight
into the QPT affected by long-range interactions, an investigation of the Gaussian theory
is a good starting point to enter the framework of perturbative renormalisation group
calculations [20,21,113] like the e-expansion in Ref. [20]. From Equation (296), one can
directly read off the propagator of the Gaussian theory as

Go(g,w) ™' =q" +gw* +r. (298)

From field-theoretical power-counting arguments, Dutta et al. [20] derived several proper-
ties of the Gaussian theory. Using the divergence of the mass renormalisation term, the
lower critical dimension below which no phase transition is occurring can be derived as
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dic = 0/2[20]. By regarding the Gaussian propagator, one finds directly that 7 =2 — o as
1 is defined by the deviation from 2 of the leading power by which the momentum enters
the propagator (see Equation (A37)). Note that, in the long-range case, the Gaussian theory
has an 77 # 0. From further power-counting analysis, it is possible to derive more critical
exponents from the Gaussian theory [20]:

z= n=2-o0. (299)

1 o
= 1 = — —
7 Ty 2
In the limit ¢ — 2, the short-range mean-field exponents are recovered [20]. With the
argument that the hyperscaling relation still holds directly at the upper critical dimension,
Dutta et al. [20] derived the upper critical dimension by inserting the long-range Gaussian

exponents (see Equation (299) and a = 0).

Y w—vd+z) — 2= et D) o due =7, (300)

o 2 2
In addition to the investigation of the Gaussian part of the action in Equation (296), one can
derive non-trivial exponents below the upper critical dimension by deriving perturbative
corrections to the Gaussian exponents in an e-expansion around the upper critical dimen-
sion [113]. Dutta et al. [20] established with a one-loop renormalisation group expansion of
flow equations that the Gaussian fixed point is stable for d > dy,c. Therefore, the long-range
Gaussian exponents (see Equation (299)) are valid for o < 2D /3. Ford < dyc, the correction
indicates a flow to a non-trivial fixed point. The first-order corrections of the e-expansion
for v and vy are provided [20], and the first-order corrections to # and z are argued to be
zero [20]. It should be noted that the dynamic correlation exponent z # 1 for ¢ < 2 and,
therefore, correlations are not isotropic in the space and imaginary-time direction [20,21].
“For any value of ¢ < 2, # sticks to its mean-field value 2 — ¢, because the renormalization
does not generate new g” terms” [20]. This also fits well with the claim that ¢ = 2 — #gR,

because, then, there is no discontinuity at the boundary [1-3,21,244].

A recent study by Defenu et al. [21] with a functional renormalisation group approach
investigated the flow of couplings in an effective action with anomalous dimension effects.
This analysis showed that the boundary between the short-range and the non-trivial long-
range regime does not occur at ¢ = 2, but at ¢ = 2 — #jgr. So, it is shifted towards lower
o by the anomalous dimension of the short-range criticality. This anomalous dimension
consideration in [21] is mainly driven by the following argument: From the functional
renormalisation group ansatz, the authors derived two flow equations for the coupling of
the long-range coupling Z; (connected to 2 in Equation (296)) and the short-range coupling
Z;  (connected to b in Equation (296)):

Oz =(2-0-1)Z (301)
3.7
dn = 2272" . (302)
2,k

The first flow Equation (301) has fixed points for 7 = 2 — ¢ or limy_,o Z; = 0. The first
fixed point results in long-range exponents, whereas the second fixed point means that the
long-range coupling becomes irrelevant.

In addition to this anomalous dimension effect, the authors in [21] also calculated criti-
cal exponents in the non-trivial intermediate phase with their functional renormalisation
group technique. They also compared their results with Monte Carlo simulations of the
dissipative non-Ohmic spin chains, which can be mapped to the same behaviour as the
long-range interacting quantum Ising model [245], showing reasonable agreement.

6.1.2. Critical Exponents and Critical Points for One- and Two-Dimensional Systems

The criticality of the ferromagnetic LRTFIM has been studied by a wide variety of
methods with different strengths and weaknesses. Overall, all methods qualitatively
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agree with each other and confirm the three expected regimes from the field-theoretical
analysis [20,21], namely a long-range mean field, a short-range regime, and an intermediate
non-trivial long-range regime, which connects the two limiting regimes with monotonously
changing exponents. In the limit ¢ — 0, the value of the critical field /. diverges as
the energy cost for a single spin flip in the low-field phase becomes extensive and the
quantum fluctuations introduced by the transverse field fail to compete with the Ising
interaction. In the limit o — oo, the value of /. converges towards the exact value for the
nearest-neighbour transverse-field Ising model [25,29,32,246].

In the case of the LRTFIM on the one-dimensional linear chain, the model has been
studied by perturbative continuous unitary transformation with Monte Carlo embedding
(pCUT + MC) [29,31,34,247], the functional renormalisation group (FRG) [21], the density
matrix renormalisation group (DMRG) [28,248], as well as stochastic series expansion
(SSE) [32,34,247,249], path integral (PI) [33] QMC, and QMC with stochastic parameter
optimisation (QMC+SPO) [250].

The critical value of the transverse field was calculated with the pCUT method [29,31,34]
by estimating the gap closing using DlogPadé extrapolation of the perturbative gap series
coming from the high-field phase, by the DMRG using finite-size scaling of the fidelity
susceptibility [28], and by SSE QMC calculations using finite-size scaling of the mag-
netisation [32,249]. The finite-temperature transition points were studied by PI QMC
calculations [33] for ¢ = 0.5 in the long-range mean field regime and o = —0.95 in the
strong long-range regime.

Depending on the method, different critical exponents were extracted. Only in the
case of pCUT + MC and SSE QMC calculations[34,247], all three regimes were investigated.
By extracting three independent critical exponents, the authors were able to provide the
full set of critical exponents for each method individually. In the case of the pCUT + MC
approach [34,247], the exponents were computed by (biased) DlogPadé extrapolants of
high-order series of the gap (zv), the one-quasiparticle static spectral weight ((2 —z —17)v),
and the control-parameter susceptibility («). In SSE QMC studies [34,247], the exponents
were calculated using data collapses of the magnetisation (/v and v) and the order-
parameter susceptibility (7/v). The DMRG study [28] applied the method of data collapse
to the fidelity susceptibility to extract the single exponent v in the non-trivial long-range
regime. Another DMRG study [248] extracted critical exponents by using finite-size scaling
for the energy gap (z) and the squared order parameter (23/v and v). Using the FRG [21],
the exponents v and z were calculated, from which one can additionally calculate the
exponent «. In the PI QMC study [33], the finite-temperature criticality of the LRTFIM
was investigated for ¢ = 0.5 in the long-range mean field regime and o = —0.95 in the
strong long-range regime. The study includes the extraction of an exponent 6;, which
can be related to v, from the Binder cumulant and classical order-parameter susceptibility
via finite-size scaling, as well as the exponent 8; from finite-size scaling of the classical
order-parameter susceptibility. In Figure 21, the critical field /. and the canonical critical
exponents are plotted for the discussed studies.

The two-dimensional case of the square lattice is less studied. The critical values of the
transverse field were only calculated by the pCUT + MC [29] and SSE QMC method [32,249].
There is so far no study that has extracted the full set of critical exponents altogether. With
pCUT [29], the gap exponents zv were also extracted by DlogPadé extrapolants of the gap
series. In the FRG study [21], the critical exponents z and v were calculated, and in the
SSE QMC study [32], the critical exponents § and v were extracted from the data collapses
of the magnetisation. These results are summarised in Figure 22. Note that we present
the results from pCUT + MC calculations from Ref. [29] with one additional order to the
maximal order in the perturbation parameter.
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Figure 21. Critical field values and exponents from numerical studies of the ferromagnetic LRTFIM
on the linear chain. The panels display % /|]| (top), « (second row left), B (second row right), 7 (third
row left), J (third row right), 77 (fourth row left), v (fourth row right), and z (bottom). The labels
refer to the references in the following way: “SSE QMC (2021) [32,249]”, “SSE QMC (2022) [34,247]",
“pCUT+MC (2022) [34,247]”, “pCUT+MC a from SSE (2022) [34,247]”, “DMRG (2018) [28]”, “DMRG
(2019) [248]”, “FRG (2017) [21]”, “PI QMC (2021) [33]”, and “QMC+SPO (2023) [250]”. The values
for the critical exponents of the transition in the nearest-neighbour model« =0, =1/8, v =7/4,
6 =157 =1/4,v =1, and z = 1 [246,251,252] and in the long-range mean-field regime & = 0,
B=1/2,vy=1,0=3,y=2—-0,v=1/0,and z = 0/2 [20,21] are given by the dashed lines.
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Figure 22. Critical field values and exponents from numerical studies of the ferromagnetic LRTFIM
on the two-dimensional square lattice. The panels display h./|]| (top), v (middle left), z (middle
right), zv (bottom left), and B (bottom right). The data points “SSE QMC (2021)” for h¢/], v, and p are
from Ref. [32,249]. The data points “pCUT+MC (2019)” for h./] and zv are from Ref. [29]. The data
points “FRG (2017)” for v and z originate from the functional RG study in Ref. [21]. The values for the
critical exponents of the transition in the nearest-neighbour model v = 0.629971(4), B = 0.326419(3),
and z = 1[253] and in the long-range mean-field regime v = 1/0,z = 0/2,and = 0.5 [20,21] are

given by the dashed lines.

Overall, the different methods all perform well even for relatively small ¢. For the
pCUT and SSE QMC studies, where all three regimes were simulated, the limiting cases of
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long-range mean-field criticality and nearest-neighbour criticality were correctly reproduced,
which underlines the reliability of the presented results in the intermediate regime. The
main challenge that the methods are facing is to sharply resolve the regime boundaries due
to rounding effects, which are probably due to the limited length scales in the simulation.
Additionally, the boundary to the long-range mean field regime is spoiled by logarithmic
corrections to scaling at the upper critical dimension. Even in the case of pCUT + MC, which
is a method operating in the thermodynamic limit, there is an intrinsic limit of the length
scale due to the finite order of the series. In particular, the rounding makes it hard to verify
(or falsify) the claim that the boundary between the short-range and non-trivial long-range
regime is shifted 2 — 2 — 5gg. For 1D, the boundary is shifted to o = 1.75, which could
be resolvable in extensive simulation. However, in 2D, the boundary is only marginally
shifted to o ~ 1.964, which is probably not resolvable by the reviewed methods. The best
boundary resolution is probably given by the SSE QMC study [34]. If one is interested in
studying the shift of the boundary, one could, therefore, push the SSE QMC simulations of
the one-dimensional chain to larger systems for o < 2. Another difficulty for the methods
operating on finite systems is the breakdown of the common hyperscaling relation and
standard FSS above the upper critical dimension, which affects the processing of data in the
long-range mean-field regime for ¢ < 2d/3. The scaling above the upper critical dimension
was already outlined in Section 2.3. However, we will recapitulate the most important points
in the following Section 6.1.3, not only because this modified scaling was used in several
of the above-mentioned methods to extract critical exponents [32-34], but also because the
LRTFIM constitutes a testing ground for quantum Q-FSS scaling and the modified scaling
of the correlation length was confirmed in a study of the LRTFIM [34].

6.1.3. Scaling above the Upper Critical Dimension

As discussed in Section 6.1.1, for ¢ < 2 — #gR, the action describing the QPT and
its universality changes from short range to long range. In this long-range regime, the
upper critical dimension dy. = 3¢ /2 was found to depend on the value of ¢ [20,21]. This
means that the connectivity of the system increases for decreasing ¢ and a smaller spatial
dimension d < 3 is already sufficient to reach or even exceed the upper critical dimension.
The sigma below which the model is above its upper critical dimension is oy = 2d4/3. In
this regime, it is not possible to correctly extract all critical exponents from the standard
FSS, and the common hyperscaling relation:

2—a=(d+z)v (303)

becomes invalid as the critical exponents become independent of the dimension d. The
origin of this discrepancy comes from the effect of dangerous irrelevant variables that one
has to take into account in the derivation of scaling above the upper critical dimension.
When doing so, one obtains a modified hyperscaling relation:

2—0¢—(Z+z>v (304)

with the exponent ¢ = max(1,d/dyc). This relation can be used for the conversion of
different critical exponents [34,35].

Additionally, the standard FSS scaling form of an observable O with power-law
singularity O(r, L~! = 0) ~ |r|’ is modified to [34]

O(r, L7Y) = L=V (Lvy) (305)

following the formulation of the Q-FSS for classical [15-19,41] and quantum [34] systems.
Finite-size methods that rely on the method of data collapse or other FSS-based techniques
have to use this adapted formula to extract all the critical exponents successfully [34]. For a
more elaborate description of quantum Q-FSS, please refer to Section 2.3 or to Ref. [34].
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On the other side, the LRTFIM can also be used as a testing ground for quantum
Q-FSS. One key difference that distinguishes the Q-FSS from standard FSS is that the
correlation sector is also affected by the DIV in the case of the Q-FSS. This leads to a
modified scaling of the characteristic length scale ¢ (r) = L*Z(L%/"r) with the system
size instead of & (r) ~ LE(LY"r), as it is for standard FSS. The characteristic length scale
was measured in the SSE QMC study [34] in the long-range mean-field regime, and the
exponent ¢ was extracted by a data collapse with fixed mean field value v = ¢~!. The
extracted values coming from Ref. [34] are presented in Figure 23 and are clearly in line
with the predictions made by the Q-FSS.
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Figure 23. Exponent ¢ extracted by the data collapse of ¢(FR¢) and ¢(IR7) for different decay
exponents of the LRTFIM on the linear chain [34]. The black dashed line depicts the prediction by the
Q-FSS 9 = max(1,d/dyc), while the grey dashed line shows the prediction from standard FSS ¢ = 1.
In the regime above the upper critical dimension for ¢ < 2/3, the predictions start to deviate and the
extracted values for ¢ are clearly in line with the Q-FSS scenario. Figure adapted from Ref. [34].

6.2. Antiferromagnetic Long-Range Transverse-Field Ising Models on Bipartite Lattices

In this section, we review results for the antiferromagnetic LRTFIM on lattices where
the coupling structure of the nearest-neighbour couplings forms a bipartite lattice. A lattice—
or, more generally, a graph—is called bipartite if the sites can be split into two disjoint sets
A and B so that there are no edges between sites within each of the two sets A and B. In
the case of a lattice, A and B are called bipartite sublattices. Note that, only in the nearest-
neighbour limit on bipartite lattices, there is an exact duality between the ferromagnetic and
antiferromagnetic TFIM, and the quantum-critical properties coincide. This duality comes
from a sublattice rotation of 7t along the x-axis for the spins in one of the two sublattices.
In the nearest-neighbour limit, there is an x-polarised symmetric high-field phase and a
Zy symmetry-broken low-field phase. The low-field phase is adiabatically connected to
the zero-field limit. In the zero-field limit, there are two ground states associated with
the states where the spins on the sites in one set of the bipartite sublattices are pointing
in one direction while the others point in the other direction. Note that these states can
be directly mapped onto the two ferromagnetic ground states by the above-mentioned
sublattice rotation. As for the ferromagnetic nearest-neighbour TFIM, the QPT between
these two phases is of (d + 1)D-Ising universality.

The antiferromagnetic long-range interaction beyond the nearest-neighbours induces
a hierarchy of competing interactions. Due to the long-range interactions, there is no longer
a bipartite coupling structure as the spins cannot be aligned such that the energy of all
interactions is minimised. Nevertheless, there is evidence that the two ground states in the
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low-field phase of the nearest-neighbour limit are adiabatically connected to the ground
states in the low-field phase for all (d + o) > 0[23-26,29,31,32,111].

For the all-to-all connected case (d 4 ) = 0, every state with zero z-magnetisation is
a ground state of the system [30,40] at 1 = 0. The Hamiltonian (292) can then be written in
terms of total spin of; = }; 0F withx € {x,z} as

J
H = —hoy + E(Utzot)z -

/
EN (306)
with the total number of spins N — oo [30,40]. For all finite transverse fields 1 > 0, the
ground state of Equation (306) is directly located in the x-polarised phase [40,254].

The natural questions arising for the QPT in the antiferromagnetic LRTFIM on the
bipartite lattices are similar to the ferromagnetic LRTFIM: How does the algebraically
decaying long-range interaction influence the critical field value of the QPT? Is there a
change in the universality class of the QPT depending on the precise values of the decay
exponent (d + 0)?

Regarding the critical field values in one-dimensional chains, there are MC-based
studies using the SSE QMC (see Section 5) [32] and pCUT+MC (see Section 4) [25,31], as
well as the DMRG [24,26,248] and matrix product states [23]. We summarise the results
regarding critical field values and selected critical exponents of the studies mentioned above
in Figure 24. In two-dimensional systems, there are MC-based studies for the square lattice
using SSE QMC (see Section 5) [32] and pCUT+MC (see Section 4) [29] (for selected results,
see Figure 25). Variational methods in two dimensions such as projected entangled pair
states [255,256] or DMRG calculations [257] have not been applied for antiferromagnetic
systems on bipartite lattices. Entanglement-based methods become more challenging from
the increased entanglement due to the area law in two dimensions [258]. Further, there are
reports about the violation of the area law for one-dimensional systems with long-range
interactions [23,24]. On general grounds, one cannot efficiently represent algebraically
decaying long-range interactions in these techniques [259,260]. However, there exist DMRG
calculations for antiferromagnetic LRTFIMs on non-bipartite lattices [27,54,55,109].

In general, it has been numerically demonstrated that the critical field values decrease
monotonically as a function of ¢ from the nearest-neighbour value at ¢ = oo to zero at
(d+ o) = 0[23-26,29,31,32,248]. Regarding the QPT on the antiferromagnetic chain, the
established picture is that it is of the (1 + 1)D-Ising type for all ¢ > 1.25 [23-26,31,32,248].
In the regime of ultra-long-range couplings o < 1.25, recent finite-size DMRG findings
by G. Sun [26] and R. Puebla et al. [248] suggest that the (1 + 1)D-Ising universality
even holds for any ¢ > —1. The only study indicating a change in criticality below
the boundary of o < 1.25 uses matrix product states generalising the time-dependent
variational principle (TDVP) [23]. Note that there is no further theoretical motivation for
this boundary besides this single numerical study, which does not provide convincing
evidence for its existence. The more recent results from Refs. [26,248] challenge these
findings and establish the (1 + 1)D-Ising universality for all ¢ > —1. The studies using
MC-based techniques [25,31,32] cannot extract reliable critical exponents in this regime.
In the SSE QMC study [32], the increasing competition of the long-range interactions
is the major problem making the numerical simulations in this regime impractical. If
the long-range interaction becomes more prominent, this leads to similar algorithmic
challenges as in frustrated systems [32,40,261,262]. The autocorrelation times of the SSE
QMC algorithm increase as more and more bond operators are present in the operator
sequence, and the field operators diffuse only slowly [32]. Nevertheless, following the
trend of the results in Ref. [32], the scenario of a single universality class across the entire o
range is plausible. Regarding the pCUT+MC studies [25,31], the main obstacle to extract
information about the quantum criticality in the regime o < 1 is the fact that the critical
field value is decreasing. Refs. [25,31] use a perturbative expansion around the high-field
limit; therefore, if the critical field value increases, then the extrapolation of the gap series
becomes increasingly challenging.
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Figure 24. Critical field values and exponents from numerical studies of the antiferromagnetic
LRTFIM on the chain. The upper panel displays critical field values h./]; the lower left panel
displays values for the critical exponents v and zv and, the lower right panel, values for the critical
exponents 8. The data points “SSE QMC (2021)” and “SSE QMC L < 64 (2021)” for h./], v, and B are
from Ref. [32,249]. The data points “pCUT+MC (2019)” for h./] and zv are from Ref. [29]. The data
points “TDVP (2012)” for h./ ], v, and B originate from Ref. [23]. The exponents v and B are calculated
from the scaling dimensions in Ref. [23] under the assumption of z = 1, which is reasonable according
to [248]. The data points “DMRG (2016)” for ./ | are from Ref. [24]. The data points “DMRG (2017)”
for h¢ /] and v originate from Ref. [26]. The data points “DMRG (2019)” for h./] are from Ref. [248].
The values for the critical exponents of the transition in the nearest-neighbour modelv =1, p =1/8,
and z = 1 [246,251,252,263] are given by the black dashed lines.

To summarise, there are studies indicating a change from the (1 + 1)D-Ising criticality
on the chain for small o values [23,24]. These studies also report a possible breakdown
on the area law of the entanglement entropy for the ground state in this regime [23,24],
which is a vital prerequisite for the methods they implemented. Two more recent stud-
ies [26,248] demonstrate no change in the universality class, which is backed by [25,30,31].
For two-dimensional systems, the universality class is demonstrated to be (2 + 1)D-Ising
for o > 0.5 [29,32], and no trend is reported that the universality class should change for
smaller values of ¢.
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Figure 25. Critical field values and exponents from numerical studies of the antiferromagnetic
LRTFIM on the square lattice. The upper panel displays critical field values h./]; the lower left
panel displays values for the critical exponents v and zv and, the lower right panel, values for the
critical exponents . The data points “SSE QMC (2021)” for h./], v, and B are from Ref. [32,249]. The
data points “pCUT+MC (2019)” for h./ ] and zv originate from Ref. [29]. The values for the critical
exponents of the transition in the nearest-neighbour model v = 0.629971(4), = 0.326419(3), and
z = 1[253] are given by the dashed lines.

In general, a great algorithmic challenge that remains for the MC-based methods with
regard to the antiferromagnetic LRTFIM on bipartite lattices is a reliable study of the regime
of small values (d + o). Here, as discussed above, all of the commonly applied methods
have a handicap in some way.

6.3. Antiferromagnetic Long-Range Transverse-Field Ising Models on Non-Bipartite Lattices

We start with an antiferromagnetic nearest-neighbour interacting TFIM on a non-
bipartite lattice (e.g., the sawtooth chain, triangular lattice, Kagome lattice, pyrochlore
lattice) at zero field. In the case of non-bipartite lattices, one can always find an odd number
of Ising bonds (edges) that form a closed loop. The presence of a loop of odd length means
it is impossible to satisfy all antiferromagnetic couplings simultaneously. The phenomenon
of not being able to minimise all interactions due to geometrical lattice constraints is called
geometrical frustration [264]. A notion for the strength of geometric frustration can be
defined using the resulting ground-state degeneracy [265]. A theoretical tool to access the
ground-state degeneracy is through Maxwell counting arguments [265-267]. For systems
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with a large degree of frustration, e.g., the antiferromagnetic nearest-neighbour TFIM on the
triangular or Kagome lattice, there is a finite residual entropy per site in the thermodynamic
limit [168,268-271].

In general, extensively degenerate ground-state spaces due to frustration pose a great
resource for emergent exotic quantum phenomena. Quantum fluctuations introduced,
e.g., by a transverse field result in a breakdown of the extensive ground-state degeneracy
and the potential emergence of non-trivial ground states [270,271]. In general, it is useful
to think about the low-field physics as a degenerate perturbation theory problem on the
zero-field ground-state space [30,32,270,271]. We will later review that this is a reasonable
framework in order to treat the breakdown of the degenerate subspace due to fluctuations
and algebraically decaying long-range interactions on the same footing [30,32,112].

Perturbing extensively degenerate ground-state spaces with fluctuations may result
in several distinct scenarios. First, a distinct symmetry-broken order can emerge for
infinitesimal perturbations (order-by-disorder) [168,270-273]. Further, a direct realisation
of a symmetry-unbroken phase may occur (disorder-by-disorder). This phase can either be
trivial [168,274] or exotic, e.g., quantum spin liquids [99-101,275,276].

For the first part of this section, we review the antiferromagnetic LRTFIM on the
triangular lattice [27,29,30,32,40,110,277]. In the nearest-neighbour limit of that model, the
zero-field case has an extensively degenerate ground state [268,270,271,273]. When adding
an infinitesimal transverse field, this ground-state degeneracy breaks down and a Z; x Zs-
symmetry-broken clock order emerges from an order-by-disorder mechanism [270,271,273].
The effective Hamiltonian describing the breakdown of the degeneracy in leading order
can be expressed as a quantum dimer model [270,271,273]. By investigating the degenerate
ground-state space, it was observed that there are local spin configurations in which
spins can be flipped without leaving the ground-state space. These configurations, called
flippable plaquettes, consist of a spin surrounded by six spins with alternating orientation.
It can be easily seen that flipping the spin in the middle of the flippable plaquette results in
turning the plaquette by 71/3 (see Figure 26).

Figure 26. Illustration of the four local spin configurations called flippable plaquettes. The arrows
denote the local spin orientation in the z-direction. The grey lines in the back visualise the triangular
lattice. Solid (dotted) black lines are depicted on (anti)ferromagnetically aligned bonds. Note that
flipping the spin in the centre of each configuration maps the left to the right configuration in each
row and vice versa.
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The effective low-field quantum dimer model [270,271,273], consisting of the plaquette
rotation term, is, therefore, the hexagonal-lattice version of the Rokhsar-Kivelson quantum
dimer model with t = h and v = 0 [270,271,278]:

Hopm = t(‘l)> <(I‘ th c.) v v(‘l)><l>‘ + ](I> <(ID . (307)

From this mapping, the nature of the state at & > 0 was predicted, as well as the breakdown
of the order with a 3D-XY QPT [270,271]. Further numerical studies extended the insights
into this system [168,262,273]. The critical field value at which the phase transition between
the symmetric x-polarised paramagnetic high-field phase and the symmetry-broken gapped
clock-ordered low-field phase occurs is at /] = 1.65 = 0.05 [168,273].

To infer the nature of the full phase diagram including the transverse field and the
long-range interaction, the next step is to discuss the zero-field limit of the Ising model
with long-range interactions. As the antiferromagnetic long-range interactions introduce
a hierarchy of constraints due to the interaction between sites further apart, the long-
range interaction breaks the ground-state degeneracy of the nearest-neighbour zero-field
as well [30,110,277,279]. It is important to emphasise that the long-range interaction lifts
the degeneracy in a different way and stabilises a gapped stripe phase breaking the trans-
lational symmetry in a different way than the clock order promoted by the transverse
field [30,110,277,279,280]. This plain stripe state is sixfold degenerate by rotations around
7t/3, as well as spin flips [30,110,277,279]. The spins are aligned in straight lines with
alternating z-orientation [30,110,277,279]. An important aspect is that these stripe states
are gapped and, therefore, stable against finite transverse fields [30,110,277].

Regarding the limit of large transverse fields, pCUT+MC was used to investigate
the QPT between the x-polarised high-field phase and the clock-ordered phase [29,30].
Similar to the antiferromagnetic models on the bipartite lattices, the critical field value is
reduced by the long-range interaction towards smaller field strengths [29,30] (see Figure 27).
On the triangular lattice, the universality class of the transition from the high-field to a
clock-ordered phase is of the (2+1)D-XY type [270,271,273]. It is reported to remain in this
category for all o values investigated (¢ > 1) [29]. For small ¢ values, the extrapolation of
high-field series expansion is inconclusive [29,30]. Infinite DMRG (iDMRG) investigations
on triangular lattice cylinders suggest that the clock order vanishes for small values of o
and a direct transition to a low-field stripe phase occurs [27]. A first-order phase transition
between the x-polarised high-field phase and a low-field stripe phase would be consistent
with the incapability of the high-field gap to track the transition [27,29,30,277]. Note that
the stripe phase determined from the iDMRG study [27] does not agree with subsequent
studies focusing on the low-field ground states of the model [30,32,277,279,280].

Complementary to the high-field analysis and numerical iDMRG studies, approaches
in the low-field limit have also been conducted [30,110,277] (see Figure 27). As already
mentioned, it was discussed in the literature for some time [30,279,280] and recently
demonstrated using a unit cell-based optimisation technique [110] that gapped plain stripes
are the zero-field ground state as soon as long-range interactions are present. Therefore,
in a phase diagram with a ¢ and a transverse-field axis, the clock order phase is wedged
between the high-field phase from above and the plain stripe phase from below [27,
29,30,277] (see Figure 27). The extent of both the stripe phase and the high-field phase
increases with stronger long-range interactions [27,29,30,277]. This behaviour was also
demonstrated perturbatively from the nearest-neighbour zero-field limit by treating the
long-range interaction, as well as the transverse field as perturbations on the degenerate
subspace [30,277].
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Figure 27. Phase diagrams for the long-range transverse-field Ising model on the triangular lattice
(left panel) and triangular lattice cylinders with infinite extent in the x-direction and a circumference
of 6 sites in the y-direction (YC6) (right panel). Right panel: The critical field values h./] for the
triangular lattice for the QPT between the high-field polarised phase originate from pCUT+MC
calculations [29]. The inset of the right panel represents the critical exponents zv determined from
the series expansion [29]. The black dashed line represents the critical value zv = 0.67175(10) of the
3D-XY universality class [281,282]. The critical exponent zv confirms the (2 + 1)D-XY universality
class within the limitations of the series expansion. Left panel: The transitions values between the
high-field x-polarised phase and the /3 x v/3-clock-ordered phase are from the gap closing of the
high-field series obtained from pCUT+MC [30]. The transition between the plain stripe low-field
phase and the v/3 x v/3-clock-ordered phase is terminated via a level crossing of both ground-state
energies, which were calculated perturbatively [30]. The phase diagrams for small ¢ values are not
yet conclusively determined [27,29,30].

We sketch a qualitative picture of the quantum phase diagram in Figure 28. The
precise ground state at small values of ¢ is still an open research question. We believe
that there is some evidence that, after a certain value of ¢, only a transition between the
high-field phase and the low-field stripes remains, which is expected to be of first order.
However, there is, by now, no numerical technique to make reliable statements in this
regime. In this context, the high-field series expansions cannot detect a first-order phase
transition from the elementary excitation gap. There is an SSE QMC study of the system
by S. Humeniuk [40] applying the algorithm discussed in Section 5.1. The direct QMC
simulation was used to determine the critical point between the high-field phase and the
clock-ordered phase for « = 3 [40]. For smaller transverse fields, the author identified
a “region dominated by classical ground states [40]”, which are adiabatically connected
to the zero-field states. Therefore, there is a qualitatively sketch of a phase diagram in
Ref. [40] similar to Figure 28. Nevertheless, the naive application of the SSE QMC approach
as discussed in Section 5.1 is not as efficient as for models with interactions that are not
competing [40,261,262]. However, there are ideas on how to implement efficient quantum
cluster algorithms for frustrated Ising models in a transverse field [261,262], which need to
be adjusted for long-range interacting Ising models.
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Figure 28. Sketch of a generic phase diagram of a long-range transverse-field Ising model (LRTFIM)
for which a degenerate subspace at ¢ = oo and I = 0 breaks down in an order-by-disorder scenario
for h > 0 and into a different crystalline state due to the long-range interactions (LRIs) ¢ < c0. An
example is the LRTFIM on the triangular lattice, where the order-by-disorder phase is the clock-
ordered phase and the crystalline phase is the plain stripe phase [27,29,30,110,277,279,280]. The
transition between the crystalline phase and the order-by-disorder phase is believed to be a first-order
lever-crossing transition [29,30,110,277].

The antiferromagnetic LRTFIM on the triangular lattice is a well-studied example of
the interplay between long-range interactions and order-by-disorder. Recently, several more
examples arose from the field of Rydberg atom quantum simulators [54,55,109,110,112].
In Rydberg atom simulators, atoms are positioned in a desired configuration using op-
tical tweezers [52] and are laser-driven to a Rydberg state [52]. The Rydberg blockade
mechanism leads to an algebraically decaying interaction between Rydberg excitations,
which decays with (d + ¢) = 6 [52]. Using the Matsubara—Matsuda transformation [89],
the excitations/non-excitations of a Rydberg atoms are associated with spin degrees of
freedom [52]. The density—density interaction transforms into an Ising interaction [110,112].
Rydberg atom quantum simulators are capable of simulating the antiferromagnetic LRT-
FIM with (d 4+ 0) = 6 and a longitudinal field [52,54,55,109]. Order-by-disorder scenarios
are described for the Kagome lattice at a filling of f = 2/9 Rydberg excitations [54],
the Ruby lattice at a filling of f = 1/4 Rydberg excitations [55,109], and at vanishing
longitudinal field [112]. Regarding these examples, the order-by-disorder was studied
for a long-range interaction truncated after the third-nearest neighbours [54,55,109,112].
Considering the remaining long-range interaction as a perturbation to the degenerate
ground-state space for most of these mechanisms, a similar scenario as for the triangular
lattice is expected [54,55,109,110]. Using the same unit cell-based optimisation method as
for the triangular lattice, Koziol et al. [110] have calculated ground states of the zero-field
model using the full untruncated long-range interaction. For the Kagome lattice at a filling
of f = 2/9 Rydberg excitations [54] and the Ruby lattice at a filling of f = 1/4 Rydberg
excitations [54,55,109], gapped ground states were determined [110], which do not coincide
with the order arising from the order-by-disorder mechanism. Interestingly, in all these
examples, the zero-field ground state determined by the long-range interaction possess
none of the motifs relevant for the leading-order order-by-disorder mechanism [110]. For
example, on the triangular lattice, the plain stripe states contain zero flippable plaquettes,
which are the relevant motif to lower the energy at a finite transverse field in leading
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order. Recently, an order-by-disorder mechanism for the antiferromagnetic J;-J>-/3 TFIM
on the Ruby lattice was introduced by A. Duft et al. [112]. The remarkable aspect of the
mechanism is that adding long-range interactions does stabilise the same order, which is
also selected by the quantum fluctuations [112]. A general theory, under which conditions
the long-range interactions stabilise the same order as quantum fluctuations or stabilise a
completely disjoint order, is yet to be found.

Conclusively, the breakdown of extensively degenerate ground-state spaces due to
an interplay of long-range interactions and quantum fluctuations is a highly vibrant and
relevant field. Long-range interactions are relevant for a wide range of quantum-optical
quantum-simulation platforms, including cold atoms [52,70,72] and ions [74-77,79-82,
84]. These platforms can be used to realise exotic phases of matter, e.g., quantum spin
liquids [54,55,109], glassy behaviour [283], or clock-ordered states [29,30,112,277]. To
understand the emergence of these exotic states of matter, simplified models are oftentimes
considered [54,55,109,112,283], which truncate the long-range interaction. Therefore, it is
imminent to understand the effects of the full long-range interactions on the mechanisms
driving the emergence of these exotic phases. At the moment, the commonly used tools to
investigate the phase diagrams of these frustrated systems consist of the following:

1.  The derivation of effective models [30,54,55,109,112]. These can be used in order to
predict exotic emergent phases and the nature of QPTs [30,54,55,109,112].

2. DMRG calculations [27,54,55,109], which are used to obtain a numerical insight into
the ground-state phase diagrams.

3. QMC calculations, in particular the SSE, as discussed in Section 5.1, can be used for
an unbiased sampling of ground-state properties [40]. In order to omit the slowdown
of the algorithm due to the geometric frustration, algorithmic improvements are
required [261,262]. It is still an open research question how to set up an algorithm
that samples long-range interaction and frustration efficiently.

4. High-order high-field series expansions using a graph decomposition. This is also a very
capable tool to track the first QPT coming from the high-field limit. With this method,
the critical field value, as well as critical exponents can be determined [29,30,112]. It
is also possible to infer information about the phase on the other side of the phase
transition by studying the momentum at which the elementary excitation gap is
located [29,30,112]. An MC embedding of white graphs can be performed to study
the entire algebraically decaying long-range interaction [29,30], while an ordinary
graph decomposition can be used for systems with truncated interactions [112].

7. Long-Range Transverse-Field XY Chain

In this section, we review results on the XY chain with long-range interactions in
a transverse field from Ref. [31]. The Hamiltonian of the long-range transverse-field
anisotropic XY model (LRTFAXYM) on a one-dimensional chain is given by

H=h) o~ ]le jw (1+ )] + (1= p)ofef], (308)

with Pauli matrices ¢ and « € {x,y,z} describing spin-1/2 degrees of freedom on the
i-th lattice site of the chain. The transverse-field strength is given by & > 0, and the
strength of the coupling between sites i and j is given by ~ J/|i — j|*7. The coupling is
(anti)ferromagnetic for | > 0 (J < 0). We include a continuous interpolation parameter
B € [0,1] to tune the system from the XY chain with isotropic interactions (8 = 0) to Ising
interactions (8 = 1). The exponent o determines the decay of the long-range interaction.
The limit of short-range interactions is recovered for ¢ = co and the limit of all-to-all
couplings for o = —1.

Similar to the discussion of the transverse-field Ising model, it is useful to express
Equation (308) in terms of hard-core bosonic operators b, , b! using the Matsubara-Matsuda
transformation [89]

101



Entropy 2024, 26, 401

0F =1-2b/b; 0¥ = bl + b, ol =i(bf - b;). (309)
We obtain
A 1
H=¢eN+Y bib, -} Zm[(l +B)(bfb; +b{bT) + (1 - B)(b]b; — bfb]) +h.c] (310)
i i#]
in units of 2h with ¢y = —1/2 being the unperturbed ground-state energy per site, N

the number of sites, and A = ]/(2h) the perturbation parameter associated with the
perturbation V (second sum) taking the form V = T_, + Tj + T, in the pCUT language, so
that a high-order series expansion about the high-field limit can be performed.

In the limit | = 0, the ground state is a nondegenerate z-polarised state that serves
as an unperturbed reference state. Elementary excitations are called local spin flips at
an arbitrary site 7, which can be annihilated (created) by the hard-core bosonic operator
bl.(ﬂ. Upon increasing A, these quasiparticles (qps) become spin flips dressed by quantum
fluctuations induced by the perturbation V. In the limit of # = 0, the system exhibits
ferromagnetic or antiferromagnetic magnetic order depending on the sign of | in the x-
direction (y-direction) for § > 0 (8 < 0). When tuning the interpolation parameter  from
pure Ising to isotropic XY interactions, ordering in the x-direction starts to compete with
ordering in the y-direction.

In order to better appreciate the results for o < oo, we briefly discuss the quantum
phase diagram in Figure 29 of the model (308) with nearest-neighbour interactions [284-293].
For any 8 # 0, the system with nearest-neighbour interactions undergoes a (1+1)D-Ising
QPT at | = +h from the paramagnetic symmetric high-field phase to the (anti)ferromagneti-
cally ordered low-field phase, where the ground state spontaneously breaks the Z, sym-
metry of the Hamiltonian [284]. The transition along the B = 0 line between the two
distinct Z, symmetry-broken phases is of the (Ising)? type, which is conformally and U(1)
invariant [284]. These critical lines meet at § = 0 and | = %/ in multicritical points M /,
with critical exponents z = 2 and v = 1/2 [284].
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Figure 29. Quantum phase diagram of the ferromagnetic nearest-neighbour XY chain in a transverse
field (see Ref. [284]). M; and M, denote multicritical points. The phase transition between the
symmetric high-field polarised phases and magnetically ordered low-field phases are of (1+1)D-Ising
universality for p # 0. For = 0, the transition at the multicritical points M; and M, has critical
exponents z = 2 and v = 1/2. The transition between (¢7') # 0 and (0*:/ ) # 0/is of the (Ising)? type.
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For B = 0, the Hamiltonian (310) becomes particle-conserving as the terms annihi-

lating (creating) two quasiparticles b(ﬂb]m cancel each other, making the isotropic XY

1
Hamiltonian U(1) symmetric. Due to this particle-conserving nature of Equation (310),
there are no quantum fluctuations dressing the symmetric A = 0 ground state for A > 0
and the perturbative treatment of the high-field dispersion becomes exact in first order
of the perturbation theory [31]. This distinguished symmetry property of the p = 0 case
motivates that we review the properties of the isotropic transverse-field XY chain in the
ferromagnetic and antiferromagnetic case first in Section 7.1. Subsequently, we discuss the
anisotropic XY chain for ferromagnetic interactions in Section 7.2 and for antiferromagnetic
interactions in Section 7.3. Here, we show improved results of the ones shown in Ref. [31]
since we noticed right after their publication that the Monte Carlo runs were performed
with a suboptimal choice of the simulation parameters.

7.1. Isotropic Long-Range XY Chain in a Transverse Field

To consider the isotropic XY chain, f = 0 is set in the Hamiltonians in Equations (308)
and (310). The quantum criticality of this model was studied in Ref. [31] in an analytical
fashion, by evaluating the ground-state energy and the dispersion of the elementary
excitations analytically. Setting B = 0, Equation (310) reads

A 1
i i%j

since the pair creation and annihilation terms bi(ﬂb]m cancel, as stated above. The perturba-
tion V acting on the unperturbed z-polarised ground state does not introduce any quantum
fluctuations. Therefore, the z-polarised state becomes an exact eigenstate for arbitrary A
and stays in the ground state until a QPT occurs [31]. Analogously, the one-quasiparticle
dispersion is exact in first-order perturbation theory. The one-particle dispersion in the
symmetric high-field phase reads [31]

wk)=1-2 Y C‘;(ff) . (312)
=1

The critical value A, can be determined from the dispersion (312) via the closing of the
quasiparticle gap A(A). The critical exponent zv associated with the gap closing can be
extracted from the dominant power-law behaviour of the gap near A.:

AN) & A — Al (313)

Further, it is possible to separate the dynamic z and static v exponent by evaluating the 1qp
dispersion w(k) at the quantum-critical point such that

(,U(k)|)\:)\c X |k — kc|z , (314)

which allows the extraction of the critical dynamic exponent z. For ferromagnetic XY
interactions, the minimum of the dispersion (312) is located at the momentum k = 0. There-
fore, the gap series is given by A(A) = 1 —2A(1 +¢) and A:(¢) = (2(1 +0))~'. The
Riemann-zeta function {(1 + ¢) := Y% ; n~(1*9) is convergent for all ¢ > 0 and diverges
for o — 0. This mathematical observation coincides with the qualitative behaviour found
in ferromagnetic Ising systems discussed in Section 6.1 in the sense that lim,_,g A¢(0") = 0.
Since the expression for the gap A(A) is linear in A, the critical exponent is zv = 1, indepen-
dent of the ¢ value. Using the expression for the dispersion (312), the knowledge about A,
and the definition of the dynamic critical exponent (314), Adelhardt et al. [31] evaluated z
and, therefore, also v as a function of ¢. The results of their calculations are presented in
Figure 30. The exponents resulting from the consideration of the dispersion can be cate-
gorised into two distinct regimes: For o > 2, the critical exponents of the nearest-neighbour
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transition are found (z = 2 and v = 1/2). For ¢ < 2, the exponent z decreases linearly from
2 to 0 and v increases like 1/z from 1/2 to co. Note that this linear decrease of z and the
divergence of v appear similar to the behaviour of the ferromagnetic LRTFIM at small o
values (see Section 6.1) [20,21]. To explain this behaviour, a quantum field theory was pro-
posed in Ref. [31]. The idea was to add a k term (analogous to [20,21]) to the well-studied
bosonic action used for the study of the isotropic short-range transition [113,231,284,294].
The suggested action reads

4 (315)

5:1/(MHwW+@w+Mw@
2 k,w

: +u / ‘lpk,w
k,w

with i being a complex c-number order-parameter field of the transition, 4,b > 0, and the

real constants 1, g and r [31]. The notation of Equation (315) is taken from Ref. [31,231].

From power counting, one obtains the critical exponents:

2 f > 2
.= or g = (316)
o for <2
>
v 1/2 for oc>2 (317)
1/0c for oc<2

from the Gaussian part of the action in Equation (315) [31]. Following the arguments of
Ref. [231], these exponents hold “presumably” [231] for 1 < d < dy below the upper
critical dimension dy = 2. Refs. [231,294] provide arguments that the self-energy vanishes
for every order in u and the renormalisation of u can be performed in all orders via ladder
diagrams [31]. The vanishing self-energy is explained by the fact that, in each diagram,
every pole in w lies in the complex upper-half plane. The frequency integral can be
deformed into the lower half-plane to give zero [294]. The fact that the free propagator
of the field theory is not changed by a self-energy is a manifestation of the absence of
fluctuations that do not preserve the particle number [31]. The predictions of the field
theory (315) for z in Equation (316) and v in Equation (317) are in perfect agreement with
the results of the high-field excitation gap (see Figure 30) [31].

Note that, in the nearest-neighbour case, the low-field ground state does not break
the U(1) symmetry of the Hamiltonian due to the Hohenberg-Mermin-Wagner (HMW)
theorem, ruling out continuous symmetry breaking [113,130,131,284,295,296]. Long-range
interactions are a known mechanism to circumvent the HMW theorem [22,35,297-306].
With the high-field approach discussed above, it is not possible to determine the nature of
the low-field ground state and if a continuous symmetry breaking occurs for sufficiently
small decay exponents. We are not aware of studies addressing this topic.

For the remainder of this section, we discuss the antiferromagnetic isotropic XY chain
in a transverse field along the same lines as for the ferromagnetic case. The minimum of the
dispersion is at momentum k = 77, and the gap can be expressed as A(A) =1 —2A5(1+0)
with 77(1 4 o) being the Dirichlet eta function (also known as the alternating ¢ function) [31].
The Dirichlet eta function (1 + ) is convergent for all ¢ > —1; therefore, the definition of
an excitation gap is also possible in the regime of strong long-range interactions (¢ < 0).
Analogous to the discussion of the Ising interaction in Section 6.2, the extent of the low-
field phase is diminishing for decreasing ¢ values. For ¢ — —1, the energy gap closes at
diverging A, — co [31]. With a similar analysis to the ferromagnetic case, the same critical
exponents z = 2 and v = 1/2 are found along the entire ¢ line [31]. This is also analogous
to the antiferromagnetic LRTFIM discussed in Section 6.2, where the nearest-neighbour
criticality is believed to be the correct universality class for all values of ¢.
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crit. exponents

Figure 30. Critical exponents z and v for the ferromagnetic long-range transverse-field XY model as a
function of o. The data points z, and v, were determined in Ref. [31] by studying the dispersion of the
elementary excitations at the critical point that can be determined exactly in first-order perturbation
theory from the high-field limit. The lines zg and vy are theoretical predictions from the QFT
investigated in Ref. [31]. The region with the blue-shaded background denotes the regime in which
the nearest-neighbour XY universality occurs [284], while for ¢ < 2, the QPT is in a long-range regime
with continuously varying exponents.

7.2. Ferromagnetic Anisotropic Long-Range XY Chain in a Transverse Field

The fundamental difference between the isotropic § = 0 and anisotropic § > 0
XY chain in a transverse field is that, for B # 0, the Hamiltonian is no longer U(1)-
invariant (particle-conserving); see Equation (310). Therefore, a perturbative treatment of
the anisotropic model with long-range interaction from the high-field limit requires the
entire procedure described in Section 4 to perform pCUT+MC calculations. In Ref. [31], this
procedure was applied to obtain the critical values A and critical exponents zv from the gap.
We review these results in this section, followed by the results for the antiferromagnetic
case in Section 7.3.

Critical values A, and critical exponents zv for several  values as a function of ¢ are
depicted in Figure 31. The overall o dependence of A. for § > 0 is similar to the § = 0
case (see the inset of Figure 31). However, the low-field ferromagnetic phase becomes
more stable for increasing § values [31]. Note that the perturbative parameter is A = J/2h;
therefore, a QPT at smaller A values means a larger extent of the phase in /1/]. In Ref. [307],
the QPT of the anisotropic LRTFAXYM was studied with exact diagonalisation, and the
critical point was determined for f = 1/2, which coincides perfectly with the value from
pCUT+MC (see Figure 31). For all B > 0, Adelhardt et al. [31] identified the same three
regimes for the universality of the QPT as for the ferromagnetic LRTFIM. The gap exponent
behaves analogously to the LRTFIM ( = 1), as depicted in Figure 31. Solely the § = 0
exponent behaves in a special manner, being zv = 1 for all ¢ values, in full agreement
with the existence of a multicritical point in the nearest-neighbour model. For g > 0, the
first domain identified in Ref. [31] is the long-range mean-field regime for o < 2/3 with
zv = 1/2. For large values of ¢, the gap exponent is zv = 1 and the transition belongs to
the 2D-Ising universality class [31]. Third, in the intermediate regime, the critical exponents
vary continuously between the two values in a non-trivial fashion [31].

The criticality regimes for B > 0 can be understood using the same field-theoretical ar-
gument (see Section 6.1.1) as for the ferromagnetic LRTFIM, since the underlying symmetry
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that is spontaneously broken is, in both cases, the same Z; symmetry of the Hamiltonian.
Therefore, at ¢ = 2/3, the upper critical dimension as a function of ¢ becomes smaller than
one and the transition enters the regime above the upper critical dimension. The boundary
between nearest-neighbour criticality and the intermediate long-range non-trivial regime
is expected to be at ¢ = 2 — #gr [21]. The data from Ref. [31], presented in Figure 31,
are in good agreement with these three regimes. Nevertheless, the changes between the
regimes cannot be determined accurately by the pCUT+MC approach. In Figure 31, we
can observe that the interfaces between the nearest-neighbour and intermediate long-range
regime become more pronounced for increasing  values, while at the interface between
the long-range mean-field and intermediate regime, the deviation is the same for all values
of B > 0. The reason for the distinct deviations at the nearest-neighbour interface may
be due to the finite nature of the perturbative series or may also be indicative of different
corrections to scaling. At o = 2/3, where the system dimension equals the upper critical
dimension of the transition, there are multiplicative logarithmic corrections to the critical
exponents [125,135,308-310]. From the biased DlogPadé extrapolations at ¢ = 2/3, Adel-
hardt et al. [31] determined these corrections to scaling at the upper critical dimension with
a qualitatively good agreement for different § values.
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Figure 31. Critical gap exponent zv and critical values of A (see inset) as a function of ¢ for the
anisotropic ferromagnetic transverse-field XY model. The data points “pCUT+MC” are improved
results from Ref. [31], and the data point “ED” is from Ref. [307]. The anisotropy parameter f3 is
tuned from B = 1 (Ising) to B = 0 (isotropic XY). As discussed in Section 7.1, the isotropic case is
analytically solvable with zv = 1 and A, = (2¢(c + 1))~ L. The black lines denote the values of zv if
the ferromagnetic LRTFIM is in the nearest-neighbour and the long-range mean-field regime.

To summarise the findings, we provide the following: Similar to the ferromagnetic
LRTFIM, the ferromagnetic LRTFAXYM is a paradigmatic toy model extending the LRTFIM.
With the pCUT+MC method described in Section 4, the critical exponents as a function of the
decay exponent o can be determined as demonstrated in Ref. [31]. The LRTFAXYM displays
three distinct regimes of quantum criticality including a mean-field regime above the upper
critical dimension for o < 2/3 for all B > 0. The sensitivity of the series expansion method
suffices to even study corrections to scaling at the upper critical dimension. The limiting
case 3 = 0 is especially interesting, as in the high-field limit, the ground state contains no
quantum fluctuations, the dispersion is exactly solvable in first-order perturbation theory,
the underlying QFT is different from the case § > 0, and two instead of three critical
regimes were found. We would expect that the setup of an SSE QMC algorithm following
the directed loop idea [215,217,311] is conceptually possible for the model.
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7.3. Antiferromagnetic Anisotropic Long-Range XY Chain in a Transverse Field

For frustrated antiferromagnetic interactions, we begin our discussion with the Ising
case at § = 1. Here, we have already discussed in Section 6.2 that, for the antiferromagnetic
LRTFIM, there is strong numerical evidence that it remains in the 2D-Ising universality
class for all ¢ > —1. It was also demonstrated that it is possible to determine critical gap
exponents up to ¢ = 0.5 with the pCUT+MC method [29,31,35].

Following the same procedure as for the ferromagnetic model, the critical values
A¢ and the critical gap exponents zv were studied in Ref. [31], and we summarise these
results in Figure 32. The critical values A, shift towards larger values when decreasing o,
eventually diverging for ¢ — —1. It is possible to reliably determine the critical exponents
for the anisotropic XY chain until ¢ = 0.5, but it becomes increasingly challenging to extract
the exponents for smaller o due to the shifting of A. [31]. For B # 0, the critical values
A¢ behave qualitatively in a similar way to 8 = 0. However, the larger 8, the more the
high-field phase is stabilised (see the inset of Figure 32). As a consequence, we observe
more reliable exponent estimates in the regime ¢ < 0.5 for § values closer to zero. In
general, the observations in Ref. [31] are in line with a constant gap exponent zv = 1 within
the limitations of the method.

This promotes the scenario that the nearest-neighbour 2D-Ising universality class
remains the correct universality class for all considered ¢ values and f > 0. For g = 0,
the critical exponents zv = 1 and critical values A, = (257(1 + ¢))~! were determined
analytically in Section 7.1, and it was shown that the universality class of the nearest-
neighbour isotropic chain remains for all ¢ > —1 [31]. A recent study [312] investigated
the multicritical point using exact diagonalisation for comparably small system sizes. The
critical points for § = 1/2 and = 1/5 agree well with the exact limit and the pCUT+MC
values. The study further confirms 2D-Ising universality up to ¢ > —0.4; however, in

contrast to Ref. [31], signatures of a different crossover criticality at ¢ = —0.4 are claimed.
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Figure 32. Critical gap exponent zv and critical values of A (see inset) as a function of ¢ for the
anisotropic antiferromagnetic transverse-field XY model [31]. The anisotropy parameter f is tuned
from g = 1 (Ising) to B = 0 (isotropic XY). As discussed in Section 7.1, the isotropic case is analytically
solvable with zv = 1and A, = (257(c + 1))~ 1.

8. Long-Range Heisenberg Models

We review the results obtained from SSE and pCUT+MC calculations for Heisen-
berg models with long-range interactions. The starting point is the nearest-neighbour
Heisenberg model, which can be written as
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H=Y55=Y (s;‘s; + 875!+ sgs;.) (318)
(i) (i)

with the spin-1/2 operators S* = ¢*/2 and x € {x,y,z}. Instead of a transverse field
that induces quantum fluctuations in the (anti)ferromagnetic phase of the (LR)TFIM or
(LR)TFAXYM, a magnetic field would immediately break the SU(2)-symmetry of the
Heisenberg Hamiltonian. Here, we introduce a dimerisation limit. We consider two layers
of lattices with Heisenberg spins on each site stacked on top of each other, where each
spin couples to its nearest-neighbour. The nearest-neighbour coupling between the layers
gives rise to interlayer dimers, also referred to as rungs. In one dimension, the layers are
just two chains, resulting in a ladder system, while in two dimensions, we consider two
square lattice layers, resulting in a square lattice bilayer model. Generalising this model
for long-range interactions gives rise to intralayer, as well interlayer long-range couplings.
The generic antiferromagnetic Hamiltonian is then given by

L. e w e e
H=7]1) 5152~ 5 ) {Iu(l - <5i,15j,1 + Si,ZSj,2> +x (i =) (Si,lsj,z + 51',25]',1) } (319)
i i#j | —

intralayer interlayer

where the first term couples the nearest-neighbour spins between the layers with coupling
strength || > 0, the second term describes the long-range intralayer coupling with J,
and the third term the long-range interlayer coupling of Heisenberg spins with [«. The
long-range interaction is given by

e, .
]y,v(l_])—]W, (320)

where | is the coupling constant, i and j are the rung dimer indices, and y and v are the
indices of the respective legs (layers) of the ladder (bilayer) model. In Equation (319), we
use the notation J,(i —j) = J11(i —j) = J2(i —j) and Jx (i — j) = Ji2(i — j) = Jo1(i — ).
The long-range interaction introduced is similar to the one introduced in the sections
before, however with the difference that the alternating sign in the numerator gives rise to
staggered, non-frustrating antiferromagnetic long-range interactions, as we chose | > 0.
The exponent of the numerator is given by the one-norm ||-||;, while the usual geometric
distance in the denominator given by | - | can be identified as the two-norm | - | = |-||,.
When increasing the overall interaction strength | of intralayer and interlayer coupling
and, likewise, making the long-range decay exponent ¢ smaller, the Heisenberg spins
will anti-align at odd distances and align at even distances, inducing a Néel-ordered
antiferromagnetic phase. For ¢ < 0, the system becomes superextensive (analogous to the
ferromagnetic LRTFIM in Section 6.1), and for ¢ — oo, we recover the antiferromagnetic
short-range ladder or bilayer model.

In order to employ the pCUT+MC method, we need an exactly soluble limit about
which we can perform the series expansion. We introduce the perturbation parameter
A = ]/], rescaling the Hamiltonian by |, and identify the first term of Equation (319) as
the unperturbed part H(, which corresponds to a sum over Heisenberg dimers that can be
easily diagonalised. For a single dimer, the lowest lying state with total spin S = 0 is the
antisymmetric combination of S = 1/2 spins:

1
sy = — — , 321
Is) = T = k1) (321)
also called a rung singlet in our case with the associated energy ¢y = —3/4. The total spin
S = 1 states:
1
) =, [t = = (M) +[1), i) =[11) (322)

S|

2
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are three-fold degenerate with the energy 1/4 and are called triplets. Alternatively, we can
use an SU (2)-symmetric basis, where the singlet and triplet states read

1
s) = —=(I14) = [41),
1 \/? 1 (323)
|tx>:fﬁ<\’r¢>f|u,>>, Ity) :ﬁ(mmm), |tz>:ﬁ<m>+m>>.

There is also a convenient mapping from the spin operators to bosonic, SU(2)-symmetric
operators creating and annihilating these states introduced in Ref. [313], which can be read-
ily adapted to hard-core bosonic operators for triplet excitations [314]. We use the mapping

g L : +
i1 = 5 (ti,oc +t g, — letx,ﬂﬁti,ﬁti,y)/
1 (324)
ca _ + : +
2= 5 (ti,vc +i,+ 1€a,ﬁ,7fi,ﬁfi,y)f
where €, g, is the Levi-Civita symbol, and insert these expressions into Equation (319).
After some straightforward manipulations, we obtain

H=eNr+Y thti,

[

1 N ot ot
+7 ;/\u(l —J) (ti,uctj,uc ttiatin —tiatjatiptip ttiatjptiptia T h-C~> (325)
1
1 ot ot ot
+ Z ;]/\x (l — ]) (_ti,ﬂttj,ﬂt — ti,txtj,zx — ti,ﬂlt]',ﬂttl‘,ﬁtj,[; + ti,lxtj,ﬁti,ﬁtj,ﬂé + h.C.),
1

where Ny is the number of rungs, A, (i —j) = J,(i —j) /], and Ax (i —j) = Jx (i —j)/]L-
The second and third line constitute the perturbation ¥V = T_, + Tj 4 T» associated with
the physical perturbation parameter A. The T; and T_; operators are absent, as terms
contributing to these operators cancel out due to the reflection symmetry about the centre
of the rung dimers.

For A = 0, the ground state is given by a trivial product state of rung singlets, and
for small, but finite A, the ground state is still adiabatically connected to this product
state. We refer to this adiabatically connected ground state as the rung-singlet ground state.
Elementary excitations in this phase are called triplons [315], corresponding to dressed
triplet excitations. For large A >> 0, we expect the non-frustrating antiferromagnetic
long-range interaction to induce an antiferromagnetic phase giving rise to a quantum
phase transition (QPT) between these two phases. In contrast to the transverse-field
Ising model and the anisotropic XY model, where the ground state in the ordered phase
spontaneously breaks the discrete Z, symmetry of the Hamiltonian, the Néel-ordered
antiferromagnetic ground state for strong long-range couplings must break the continuous
SU(2) symmetry of the Heisenberg Hamiltonian. Related to this observation, we present
in the following two prominent theorems of great importance that apply to Hamiltonians
with continuous symmetries:

First, there is the Hohenberg-Mermin-Wagner (HMW) theorem [130,131,295], which
rules out the spontaneous breaking of continuous symmetries in one- and two dimensional
systems for T > 0. From the quantum-—classical correspondence (see Ref. [113]), we can
infer that, for one-dimensional systems, a QPT at T = 0 breaking such symmetry should be
ruled out as well. Indeed, it was shown rigorously by Pitaevskii and Stringari in 1991 [296]
that it is prohibited in one dimension for T = 0 as well. However, there is the restriction
that the interaction must be sufficiently short-ranged, i.e., the condition ¢ > 2 for T > 0
must hold for the long-range decay exponent. A stronger condition was given by Ref. [316]
with ¢ > d, where d is the spatial dimension of the system. For the quantum case, it was

109



Entropy 2024, 26, 401

shown in Ref. [317] for a staggered antiferromagnetic long-range Heisenberg chain (d = 1)
that long-range order is absent for all o > 2.

Second, Goldstone’s theorem [318-320] applies. The theorem states that, when sponta-
neous breaking of a continuous symmetry occurs, it gives rise to massless excitations, also
known as Nambu—Goldstone modes [318-320]. For instance, magnons that are quantised
spin-wave excitations are a manifestation of such gapless Nambu-Goldstone modes inside
the ordered phase of Heisenberg systems. The recent findings in Ref. [321] actually go
beyond the conventional scenario of Goldstone modes due to long-range interactions. The
authors identified three regimes depending on the decay exponent ¢: for ferromagnetic
(antiferromagnetic) interactions, they found standard Goldstone modes for o > 2 (o > 0)
and an anomalous Goldstone regime with w ~ |k|* and s < 2 (s < 1) for ¢ < 2. Interest-
ingly, a third regime for strong long-range interactions ¢ < 0 (¢ < —2) was found where
the Goldstone modes become gapped via a generalised Higgs mechanism [321]. A recent
large-scale QMC study [38] investigating the dynamic properties of the non-frustrating
staggered antiferromagnetic square lattice Heisenberg model confirmed these three sce-
narios and found evidence that the Higgs regime already occurs in the regime ¢ < 0.2
when the Hamiltonian is still extensive [38]. Let us mention at this point that previous
results from linear spin-wave theory [22,322] already indicated the existence of a sublinear
dispersion in the staggered antiferromagnetic long-range Heisenberg chain a decade earlier.
Remarkably, the existence of gapped Goldstone modes in the Heisenberg model with
long-range interactions was already pointed out in the 1960s by Refs. [323,324].

The HMW theorem, as well as Nambu—Goldstone modes are a distinguishing feature
of quantum systems with continuous symmetries like Heisenberg antiferromagnets. The
quantum field theory describing dimerised Heisenberg antiferromagnets [113] is given by
the action

Sp= [ 'z [t {g@rp(e, 0 + (Vagle, 0 + (e 2P} + (e, @26)

which is the same n-component ¢*-theory as the one describing the transverse-field Ising
model. Here, the order-parameter field ¢(7, x) is now a 3-component field instead of a
1-component one. We can readily include long-range interactions by adding the term

/dd /dd /d’ra My) (327)

to the action (326). For a more detailed discussion of the short-range 4)4 action, we refer to
Appendix A and to Section 6.1.1, where the implications of long-range interactions were
already discussed for n = 1. The classical equivalent of the n = 3 action can describe the
finite temperature phase transition of the ferromagnetic Heisenberg model [1,36,113,325].
Interestingly, the action of zero-temperature Heisenberg ferromagnets is not given by
the above action [113]. In fact, the quantum field theory describes a class of dimerised
Heisenberg antiferromagnets, which can be appropriately described by Equation (326)
since their low-energy physics can be mapped onto the n = 3 quantum rotor model
because pairwise antiferromagnetically coupled Heisenberg spins are an effective low-
energy representation of quantum rotors [113]. We can see this correspondence by looking
at the Hamiltonian of the O(3) quantum rotor model:

K
Hzﬂkiﬁvzi;ﬁ—];ninj, (328)

where the first part Hy, = K/2); Ll2 with K > 0 and L the angular momentum operator
gives the kinetic energy of the rotors. The second part V = —J} ;s nin; with | > 0 is
the interaction between the three-component quantum rotors inducing parallel ordering
of the rotors [113]. The physical picture is that the kinetic energy is minimised when the
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orientation of the rotors is maximally uncertain and the energy of the interaction term
is minimised when the rotors are aligned [113]. The eigenvalues of the kinetic term of a
single quantum rotor are given by Ey;,(!) = K/21(I 4+ 1) with | € N corresponding to a
(21 + 1)-fold degenerate state. Now, given two spins S interacting antiferromagnetically
with coupling strength ], forming a dimer, the total spin is 0 < Sy < 2S and the
eigenenergies are given by Eqimer(Stot) = J1 /2 (Stot(Stot +1) —2S5(S + 1)) with a (250t +
1)-fold degeneracy. This gives a one-to-one correspondence to the kinetic energy of a rotor,
but with an upper bound for the energy. Thus, this mapping is only valid when considering
the low-energy properties of the models [113] and holds certainly for large K/]. We just
introduced a powerful mapping from the low-energy properties of the antiferromagnetic
Heisenberg systems like ladder and bilayer models forming Heisenberg dimers on the
rungs (see Equation (319)) to an O(3) quantum rotor model, which is described by the
action (326). It turns out that this mapping is not only valid for large K/ J, but also in the
ordered phase and at the quantum critical point [113]. To include algebraically decaying
long-range interactions, the term (327) must be added to the action. The implications of
long-range interactions for an n-component order-parameter field in the ¢* field theory
was already extensively discussed in the 1970s [1-3] for the classical action, but it took until
2001 for the quantum analogue to be studied by Ref. [20]. More studies followed by N.
Defenu et al. employing functional RG approaches [21,244,326].

The predictions for long-range Heisenberg models are in large part the same as for
the LRTFIM. We expect long-range mean-field behaviour with a Gaussian fixed point for
o < 0Oyc, a regime of nearest-neighbour criticality for ¢ > 0, and a non-trivial regime with
continuously varying critical exponents in between [20,21,244,326]. For d = 1, however,
there is the major difference that a QPT associated with the spontaneous breaking of
continuous symmetries is ruled out by the HMW theorem [130,131,295,296], at least for
o > 2[21,244,317,326]. The boundary is then called lower critical exponent oi.. For the
Heisenberg model, the previously discussed action (326) with long-range interactions (327)
holds, which together with the HMW theorem rules out the breaking of the order-parameter
field for sufficiently short-range interactions and, therefore, a QPT in the regime ¢ > 0.
For ¢ < 01, a QPT breaking the continuous symmetry is predicted [20,21,244,326]. Indeed,
it has been long confirmed by several numerical studies [22,297-306,327] that the HMW
theorem can be circumvented if the long-range interaction is sufficiently strong. Notably, in
recent experiments with trapped ions [328] and Rydberg atoms [329] continuous symmetry
breaking was realized in one and two dimensions which would be prohibited in the
abscence of long-range interactions.

So far, most of the studies considered only Heisenberg Hamiltonians with long-range
interactions in one-dimensional systems [22,35,297-306,327], however often considering
various modifications to the Hamiltonian. Some studies considered a one-dimensional
Heisenberg chain with non-frustrating (staggered) antiferromagnetic long-range interac-
tions [22,300,305], while others included an anisotropy along the z-components resulting
in the XXZ-model [302,303,327]. An interesting example with frustrating long-range in-
teractions is the exactly solvable Haldane-Shastry model [330,331] with ~ r~2, which
is known to show quasi-long-range order (QLRO) just like the conventional Heisenberg
chain, but with vanishing logarithmic corrections [332]. For the dimerisation transition
between the QLRO and a valence bond solid (VBS), the frustrated long-range interac-
tion seems to play only a minor role compared to the J;-J model [213]. Based on this,
in Refs. [213,297-299,333], a model combining the frustrated J;-J/, model with additional
non-frustrating staggered long-range interaction was investigated. The initial intention
was to realise a one-dimensional analogue of deconfined criticality [334-337] between a
Néel-order phase and a VBS. As the transition was found to be of first order, the authors
in Ref. [338] later turned to the one-dimensional long-range J-Q model, indeed finding
evidence for a continuous deconfined QPT. Interestingly, a very recent paper [327] also
predicts a deconfined QPT in the antiferromagnetic long-range XXZ chain. There are also
studies considering larger spin S = 1. In Ref. [304], a Heisenberg chain with single-ion

111



Entropy 2024, 26, 401

anisotropy was studied, while in Ref. [301], the XXZ chain was under scrutiny. In both
cases, a rich phase diagram was found with intriguing quantum critical properties. For
instance, continuous symmetry breaking due to long-range interactions gives rise to a
new, possibly exotic, tricritical point in the XXZ chain with no analogue in short-range
one-dimensional spin systems [301].

In Sections 6 and 7, we reviewed the results of various numerical studies investigating
the quantum-critical properties of the LRTFM [23-26,28-30,32-34] and the LRTFAXYM [31]
with the focus on extracting the critical exponent as a function of the long-range decay
0. In comparison to the LRTFIM, for long-range Heisenberg models, just recently, efforts
have been made to extract the critical exponents associated with the QPT as a function of
the long-range decay exponent [22,35,37,206]. Reference [22], studying a one-dimensional
long-range Heisenberg chain, is one notable exception in the sense that it was ahead of
its time, performing large-scale SSE QMC simulations for long-range Heisenberg systems
already in 2005, way before the rapid progress in implementing quantum simulators in
quantum optics reignited the interest in long-range interacting systems.

In the following, we will first review the results from Refs. [37,206,339] for the long-
range square-lattice Heisenberg bilayer model in Section 8.1. Then, we proceed with the
discussion of the results from Ref. [35] for long-range Heisenberg ladders in Section 8.2.
Finally, we conclude this section with the discussion of the long-range Heisenberg chain
from Ref. [22] in Section 8.3.

8.1. Staggered Antiferromagnetic Long-Range Heisenberg Square Lattice Bilayer Model

In this section, we consider two square lattices stacked directly on top of each other,
where the Heisenberg spins on each lattice site interact with their nearest neighbours. When
the two spins on top of each other form a rung dimer interacting with coupling strength | ,
the Hamiltonian describing the bilayer system is given by Equation (319). Here, we neglect
the long-range interlayer interactions, which results in the Hamiltonian

Lo 1 ol = o
H=7]1) 5152~ 2 Y. []u(l ) (Si,lsj,l + 51‘,25]',2)} : (329)
j iZj

We consider staggered non-frustrating long-range interactions along the layers J, (i — j) of
the form (320). The short-range model (¢ — o) was the subject of several studies from
the 1990s onward [162,183,184,340-346] investigating its quantum-critical properties. For
a critical coupling ratio A = |,/ , the system undergoes a QPT breaking the continuous
SU(2) symmetry of the Hamiltonian from a ground state adiabatically connected to the
product singlet state towards an antiferromagnetic Néel ground state with gapless magnon
excitations (Nambu—Goldstone modes). For long-range interactions, we expect that these
Goldstone modes are altered [38,321] and that the criticality of the system changes as a
function of the decay exponent o. We expect short-range criticality until o > 0. = 2 — #gR,
a non-trivial regime of continuously varying criticality in oyc < ¢ < 0% with oyc = 4/3,
and a long-range mean-field regime for o < oy [20,21,244,326].

Until recently, to the best of our knowledge, there was a complete absence of numerical
confirmation of this scenario. The first data for the critical point and exponents as a
function of o were published by Song et al. [37] using the SSE QMC algorithm and is now
supplemented by pCUT+MC data from Adelhardt and Schmidt [206,339].

In Figure 33, the critical values from Refs. [37,206,339] are plotted together with
the results from functional renormalisation group (FRG) calculations from Ref. [21] for
the O(3) quantum rotor model. The critical points A, for both methods are in excellent
agreement over the entire o-range. However, the critical exponents cannot be directly
compared since the FSS of the magnetisation curves from SSE QMC simulations give  and
v, while pCUT+MC calculations for the gap and spectral weight give zv and (2 —z — 77)z.
While the QMC data show relatively large error bars in the long-range mean-field regime,
the pCUT approach overestimates the critical exponents in the short-range regime. For
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the two-dimensional long-range Heisenberg bilayer, the deviation is larger than for the
LRTFIM in two dimensions. This is no surprise, as a previous series expansion for the
nearest-neighbour square-lattice Heisenberg bilayer model showed similar deviations [347].
Also, the critical exponents from QMC are better at capturing the boundaries of the long-
range mean-field and the short-range regime. In general, both approaches show good
agreement with the FRG results from Ref. [21] for the non-trivial intermediate regime
(which apparently has its own shortcomings at the boundary to the short-range regime).

0.4 =
*
0.3 .
*
I
0.2 ,x*
0.1 1 %
*
+
0.0t ; ; . . ; . ; .
0 1 2 3 4 5 6 7 8
o
0.70 5w ¥
S S S R A i
0.7 1 f 2 0.65 1
+ ‘T‘ +
] N “ 0,601
0.6 1 . o +
+ 0.55
+ +
0.5  +H&= 0.50 4 =
0 2 4 6 8 0 2 4 6 8
o
2004 X
! 0.50
1754 1
i
1504 0.45
N 1 @ *
1254 X
1
1004 X 0.40 1
X
0759 MRoer —d—=—x-==X B et
0 2 4 6 8 0 2 4 6 8
o a
+  pCUT+MC (2024) X SSE QMC (2024) FRG (2017)

Figure 33. Critical values and exponents from numerical studies of the Néel-ordering transition in the
unfrustrated antiferromagnetic long-range Heisenberg square-lattice bilayer model. The upper panel
shows the critical values. The middle left panel displays critical exponent values zv, the middle right
panel the exponent (2 — z — 77)v, the lower right panel the exponent v, and the lower right panel the
one-particle spectral weight exponent . The data points “QMC (2024)” for v and p originate from
Ref. [37]. The data points “pCUT+MC (2024)” for zv and (2 — z — 17)v originate from Ref. [206,339].
The data points “FRG (2017)” for v and zv originate from Ref. [21]. The black dashed lines denote
the critical exponents in the regime of short-range O(3) criticality (v = 0.7116(10), B = 0.36932(16),
zv = 0.7116(10), and (2 — z — y)v = 0.6847(10) [348,349]) and long-range mean-field criticality
v=1/0,=1/2,zv=1/2,and (2 —z — 5)v = 1/2[20,21]).

In conclusion, we summarised the results from SSE QMC and pCUT+MC studies for the
square-lattice Heisenberg bilayer model with staggered antiferromagnetic interactions. Both
approaches are in good agreement and confirm the three critical regimes [1-3,20,21,244,326]
from the two-dimensional O(3) quantum rotor model within their limitations.

8.2. Staggered Antiferromagnetic Long-Range Heisenberg Ladder Models

After the discussion of the square-lattice bilayer model, we can imagine the Heisenberg
ladder models as effectively reducing the dimension of the square-lattice bilayer model
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by one now considering two linear chains coupled by rung interactions. The long-range
ladder Hamiltonian then reads

| /e o= = o= = 2
H=1 Y818 = 5 L =D (Sia8ia +8i28j0) + 1 i= ) (SiaSi2 + 825 ) |, (330)
i i7j

with long-range coupling J, (i — j) along the legs of the ladder and [ (i — j) between spins
of different legs. Recalling the long-range interactions of Equation (320) and the definitions
of J,(i — j) and [ (i — j), thereafter, we define two distinct Hamiltonians H, = H|;, _, and
Hwq = H, where the first one includes long-range interactions only along the legs, while
the second one is the original Hamiltonian including long-range interactions both along
and in between the legs.

A sketch of these ladders is provided in Figure 34. As for the bilayer model, for small
J/J 1 (cf. Equation (320)), the ground state is adiabatically connected to the product state of
rung singlets (rung-singlet ground state), while for strong coupling ratios, the long-range
interactions want to induce an antiferromagnetic ground state. However, in contrast to
the bilayer model in Section 8.1, there is no QPT for the nearest-neighbour Heisenberg
ladder [350-352], due to the HMW theorem ruling out continuous symmetry breaking
for one-dimensional quantum models [296]. Note that the HMW theorem only rules out
a QPT with continuous symmetry breaking and not a QPT in general. For instance, the
nearest-neighbour isotropic XY model in a transverse field exhibits a QPT without breaking
the U(1) symmetry [284-293], while in the nearest-neighbour Heisenberg ladder, there is no
QPT at all [350-352]. In fact, a QPT was ruled out until o > 2 in another one-dimensional
model, namely the staggered antiferromagnetic long-range Heisenberg chain in Ref. [317].
As there is a one-to-one correspondence between antiferromagnetic Heisenberg ladders
and the low-energy properties of the one-dimensional O(3) quantum rotor model [113],
we can expect a QPT predicted by the quantum field theory given by the action (326) with
Equation (327) for o < 01 = 2 — 15 with 7gg = 0 [20,21,244]. The existence of a lower
critical decay exponent oj. has the consequence that there are only two quantum-critical
regimes. One is the long-range mean-field regime for o < 2/3, and the other one is a
regime of a continuously varying critical exponent with a non-trivial fixed point. The third
regime in these models is non-critical.

The only study investigating the full parameter space of this model is Ref. [35] using
pCUT+MC and complementary linear spin-wave calculations. A previous study [306]
using QMC and DMRG investigated the A = 1 parameter line for H... There are also
known limiting cases of decoupled staggered long-range Heisenberg chains at A = oo,
where a QPT from a QLRO phase towards the same Néel-ordered antiferromagnetic phase
occurs. We can compare the critical points determined by pCUT+MC for H,, and the linear
spin—-wave results to the SSE QMC data from Ref. [22] and also to the linear spin-wave
calculations in Refs. [22,322] of the long-range Heisenberg chain. In fact, the linear spin—
wave calculations for H, can be seen as a generalisation of the ones for the Heisenberg
chain and, therefore, exactly including them as a limiting case.

We can find a plot in Figure 35 showing a ground-state phase diagram for both #,, and
Hwq from Ref. [35,353]. The figure also includes other known values from Refs. [22,306],
which fit into the overall picture of the pCUT+MC results. We also show the critical
exponents zv, (2 —z — 17)v, and a determined by the pCUT+MC approach. It is easy to
identify the two critical regimes of long-range mean-field behaviour and continuously
varying critical exponents as predicted by quantum field theory [20,21,244]. In the non-
trivial regime, the exponents shown here diverge when approaching the lower critical
dimension o — 0y, which is in reasonable agreement with FRG results in Ref. [21,244]. The
largest deviation can be seen for &, which is the hardest exponent to extract from DlogPadé
extrapolations. Using the (hyper)scaling relations (3)—(9), the remaining critical exponents
can be determined. See Figure A2 in Appendix D showing all critical exponents for the
Heisenberg ladders. It should be noted that there are three main difficulties discussed
in Ref. [35]. First, as just stated, the a exponent is difficult to determine. Second, it
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becomes increasingly hard to extrapolate the perturbative series in the regions ¢ 2 1.1
(c 2 1.2) for H, (Hw). Third, the presence of logarithmic corrections to the dominant
power-law behaviour close to the critical point spoils the exponents around the upper
critical dimension at ¢ = 2/3. In the end, all factors play a role when determining all
critical exponents due to error propagation. We can observe in Figure A2 that several
exponents from the pCUT+MC approach deviate from the FRG exponents significantly in
the non-trivial regime. For instance, the v exponent seems to approach a constant value
v = 1for ¢ — 0. for pCUT+MC, while the FRG predicts a diverging exponent. Another
important finding is that the lower critical decay exponent ¢y, is apparently not universal in
these two models and considerably smaller than the predicted value 0j. = 2 from quantum
field theory [21,244]. This claim is made in Ref. [35] due to the known limiting case of the
long-range Heisenberg chain [22] from SSE QMC simulations and due to linear spin-wave
calculations [35].

[._._._.I
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Figure 34. Illustration of the quantum spin ladders with long-range interactions. For nearest-
neighbour interactions (¢ = o0), both long-range ladders H,, (left) and H.q (right) reduce to the same
Heisenberg ladder. The coupling on the rungs ~ |, is illustrated with black lines, and the long-range
coupling along the legs ~ J,(i — j) and in between the legs ~ ] (i — j) is depicted in blue for H, and
in purple for Hyq. The figure is adapted from Ref. [35,353].

Beyond these interesting discrepancies, there was speculation about a possible decon-
fined quantum critical point along the A = 1 parameter line for H. in Ref. [306]. The reason
for this was the fact that the staggered long-range Heisenberg ladder undergoes a QPT from
a disordered phase with a non-local string order parameter towards a Néel-ordered phase
with conventional order. Also, they found a sharp peak and a gap in the dynamic structure
factor at the ordering momentum k. in the ordered phase, which could be indicative of
deconfined excitations in terms of spinons [306,354]. Usually, when there is a QPT between
two competing ordered phases, the system undergoes a first-order phase transition or
there must be a coexistence phase. There is also a much more exotic scenario beyond the
Landau-Ginzburg-Wilson theory of phase transitions [334]. A deconfined quantum critical
point [334-337] is a second-order QPT that is not described by a “confining” order parame-
ter, but by an emergent U(1)-symmetric gauge field with “deconfined” degrees of freedom
accompanied by a fractionalisation of the order parameters [334]. A paradigmatic example
is the deconfined QPT between a Néel-ordered antiferromagnetic ground state and a VBS
state on a two-dimensional lattice [334,335,337,355-360]. While deconfined criticality was
originally proposed in two dimensions, similarities in terms of a conventional Luttinger Lig-
uid theory description have been drawn in one dimension [361-368]. Interestingly, a very
close analogy to a two-dimensional deconfined critical point was found in Ref. [338] using
a toy model with six-spin Heisenberg interactions and long-range two-spin interactions
inducing a continuous phase transition between a VBS phase and an antiferromagnetic
phase. A scenario between a conventional order and non-local string order as proposed by
Ref. [306] would go even beyond the one-dimensional scenarios found so far. However, it
was argued in Ref. [35] that there should be no such deconfined critical point in the above
long-range Heisenberg ladders due to the critical exponents found and the fact that the
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rung-singlet phase is adiabatically connected to the trivial product state of rung singlets not
falling into the category of symmetry-protected topological phases despite the presence of
a non-local string order parameter [35,369]. Another possible interpretation of the finding
in Ref. [306] is probably along the lines of Refs. [38,321]. The observed gap in the dynamic
structure factor is in agreement with strong finite-size artefacts arising from the altered
dispersion w ~ |k|* of sublinear behaviour s < 1 in the anomalous Goldstone regime o < 2.
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Figure 35. Critical values and exponents from numerical studies of the Néel-ordering transition
in the unfrustrated antiferromagnetic long-range Heisenberg ladders. The panels show the critical
values A (upper left), zv (upper right), (2 — z — 7)v (lower left), and a (lower right). The data points
“pCUT+MC H,”, “SW H,”, “pCUT+MC H,.", and “SW H.," originate from Ref. [35,353] and refer to
parallel (i1) and parallel + diagonal () interactions. The “SSE QMC (2005)” data point from Ref. [22]
shows a A = oo value on the long-range Heisenberg chain, which corresponds to the limiting case of
decoupled legs. The “QMC (2022)” data [306] shows a A. = 1 value for Hyq. The data points “FRG
2020” are from Ref. [244] and show the critical exponents for the one-dimensional O(3) quantum
rotor model. The blue-shaded region denotes the ¢ regime in which long-range mean-field criticality
is expected. The black-dashed lines denote long-range mean field critical exponents.

In this subsection, we have seen that the antiferromagnetic Heisenberg ladders with
staggered long-range interactions show two quantum-critical regimes: one regime with
long-range mean-field behaviour and a second non-trivial regime with continuously vary-
ing critical exponents. There is also a third regime that does not show any QPT because
continuous symmetry breaking is ruled out by the HMW theorem. Despite the numerical
confirmation of the two critical regimes predicted from quantum field theory [20,21,244,326],
a discrepancy between the upper bounds of the Néel-ordered phase and the predicted
lower critical exponent 0y, was identified by Ref. [35]. On the other hand, the data in
Ref. [35,353] are in agreement with other literature for the limiting case of long-range
Heisenberg spin chains [22,322]. We also discussed briefly the possibility of a deconfined
QPT and the presence of anomalous Goldstone modes in one dimension for the above
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ladder models. To put it briefly, the Hamiltonian (330) hosts some intriguing physics with
several aspects that need further clarification.

8.3. Staggered Antiferromagnetic Long-Range Heisenberg Chain

Lastly, we consider another one-dimensional system, the Heisenberg chain with
staggered non-frustrating antiferromagnetic long-range interactions:

H=Y |51 Y AG—])SiSi;|- (331)
i =

In the previous two models (bilayer and ladders), the unperturbed part at A = 0 consisted
of uncoupled dimers with a trivial product singlet state as its ground state and local
triplet excitations above. Here, the unperturbed part is the nearest-neighbour Heisenberg
chain with a ground state exhibiting quasi-long-range order (QLRO) and fractionalised
elementary excitations. These excitations are referred to as spinons and can be seen as
propagating domain walls carrying S = 1/2 degrees of freedom. The perturbation consists
of long-range interactions that couple sites beyond the nearest-neighbours. This interaction
is of the same algebraic form as Equation (320). Because of the non-frustrating nature of
the antiferromagnetic long-range interactions, it induces a Néel-ordered antiferromagnetic
phase upon increasing its coupling strength. Again, a QPT breaking the SU(2)-symmetry
of the Hamiltonian is only allowed when the long-range decay exponent satisfies o < 2
due to the HMW theorem [22,317], and thus, such a transition can be ruled out for larger
decay exponents. In this model, a QPT from a QLRO towards an ordered phase is expected
to occur, and therefore, the ¢* theory of Equation (326) does not apply. The k = 1 Wess—
Zumino-Witten non-linear ¢ model [370,371] is known to describe the low-energy physics
of Heisenberg chains and includes topological coupling to account for the presence of
QLRO in the lattice model [22,213]. As for the ¢* theory, a long-range coupling analogous
to Equation (327) can be added to describe the Hamiltonian (331) [22].

Reference [22] is a comprehensive study of the Heisenberg chain (331) using large-
scale SSE QMC simulations to extract the critical properties of the QPT. The results for
the critical point, as well as the critical exponents 7 and z can be found in Figure 36.
The overall behaviour of the critical point as a function of the decay exponent ¢ is very
similar to the one found in the previous subsection for the Heisenberg ladder. Here, the
critical point diverges at about ¢ ~ 1.8 when approaching the lower critical exponent
0 — 0ic. The hard boundary for a QPT is again given by the HMW theorem. Yet, there
is a significant difference. While, for the Heisenberg ladders, the disordered rung-singlet
phase exists for any o > 0, for the Heisenberg chain, the QLRO phase only exists for
o > 1. Thus, for the Heisenberg chain, the critical line terminates in a marginal point
atc = 1land A = 0. For any ¢ < 1, the perturbation parameter A becomes irrelevant,
and the system is always in the antiferromagnetic phase [22]. The long-range Heisenberg
chain (331) was also studied in Ref. [213,297,333] in the context of a Heisenberg chain
with frustrated next-nearest-neighbour and non-frustrating long-range interactions, i.e.,
the J; — J» chain with staggered long-range interactions. In both models, the QLRO-Néel
QPT can be identified by a level crossing between a triplet S = 0 and quintuplet S = 2
excitations (The transition was initially misidentified as a level crossing between two S = 0
states in Refs. [213,297] until it was later clarified to be a level crossing between the S = 0
and S = 2 states [333]). The critical point from finite-size scaling of the level crossing
from the ED [297] and DMRG [333] is in very good agreement with the QMC results at
A =1 (see Figure 36). Proceeding with the critical exponents, we can see that the critical
exponent # matches well with the field-theoretical expectations 7 = 2 — ¢ (linear in at least
leading order, but also a simple scaling argument predicts the linear behaviour [22]) in
the range 1 < ¢ < 1.3. For ¢ > 1.3, the y from SSE QMC simulations starts to deviate
from the linear behaviour. One interesting observation was pointed out in Ref. [35]. In
both the Heisenberg ladders and the Heisenberg chain, the linear behaviour 7 =2 — o is
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expected from the underlying quantum field theory, yet the data from pCUT+MC and SSE
QMC studies indicate a deviation from this with # < 2 — ¢ for the Heisenberg ladders and
7 > 2 — o for the Heisenberg chain. It should be noted, however, that the exponent from
the pCUT+MC approach is determined using scaling relations and, therefore, can suffer
from unfavourable error propagation, especially when the a exponent is involved. The
dynamical exponent z of the Heisenberg chain was extracted from SSE QMC simulations as
well. The exponent z is one at the marginal point ¢ = 1 and then quickly drops to z ~ 0.75,
where it seems to be constant within the error bars up to ¢ = 1.7. This finding is also in
contrast to the RG prediction, where z = 1 in leading order, and the exponent is expected
to be constant even in higher orders [22]. In Ref. [213], for A = 1, the dynamic exponent
z was determined in excellent agreement with the QMC results (see Figure 36). Also, the
results for the J; — J» model with non-frustrating long-range interactions, where the same
QLRO-Ngéel transition is realised, the exponent is in agreement with z ~ 0.75 [213,297].
Further, the RG analysis in Ref. [22] gave also a prediction for v. However, this could not
be compared with QMC as it was not possible to obtain accurate estimates of v [22]. Note,
also, that neither the long-range transverse-field XY chain nor the Heisenberg chain show
long-range mean-field behaviour.

The Heisenberg chain with staggered long-range interactions is another prime example
of long-range models hosting intriguing critical behaviour. The remaining discrepancy
between the numerical SSE QMC results and the underlying field-theoretical description
shows that the critical properties are not yet fully settled and further exploration of the
model is necessary.
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Figure 36. Critical values and exponents from numerical studies of the QLRO-Néel transition in the
unfrustrated antiferromagnetic long-range Heisenberg chain. The upper panel shows critical values
Ac; the lower left shows the critical exponent z; the lower right shows 7. The data points “SSE QMC
2005” are from Ref. [22]; “ED 2010” are from Refs. [213,297]; the single data point “DMRG 2018” is
from Ref. [333]. The dashed line is for 1 and is the prediction from the first-order RG and scaling
arguments provided in Ref. [22].
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9. Summary and Outlook

In this review, we gave an overview of recent advances in the investigation of the
quantum-critical properties of quantum magnets with long-range interactions focusing on
two techniques, both based on Monte Carlo integration, but complementary in spirit. On
the one hand, we described pCUT+MC, where classical Monte Carlo integration is decisive
in the embedding scheme of white graphs. This allows extracting series expansions of
relevant physical quantities directly in the thermodynamic limit. On the other hand, SSE
QMC enables calculations on large finite systems where finite-size scaling can be used to
determine the physical properties of the infinite system. Both quantitative and unbiased
approaches take the full long-range interaction into account and can be used a priori in any
spatial dimension for any geometry.

In recent years, both techniques, alongside other methods, have been applied success-
fully to one- and two-dimensional quantum magnets involving long-range Ising, XY, and
Heisenberg interactions on various bipartite and non-bipartite lattices. In this work, we
have summarised the obtained quantum-critical properties including quantum phase dia-
grams and the (full sets of) critical exponents for all these systems coherently. Further, we
reviewed how long-range interactions are used to study quantum phase transitions above
the upper critical dimension and how the scaling techniques are extended to extract these
quantum critical properties from the numerical calculations. This is indeed generically the
case for all unfrustrated systems in this review, with the exception of the one-dimensional
isotropic XY and Heisenberg chain. For frustrated systems, one can apply both MC tech-
niques successfully for Ising interactions, while in general, only the pCUT+MC method
is applicable (if an appropriate perturbative limit exists) due to the sign problem of SSE
QMC. Nevertheless, in all frustrated cases, the small-c regime of long-range interactions is
challenging for both approaches, and further technical developments are desirable.

In the future, several extensions and research directions are interesting. As mentioned
in Section 6.3 of this review, the interplay between long-range interactions and geometric
frustration is a vibrant research field at the moment. It has been demonstrated numerically
and experimentally that this interplay provides a great resource to engineer exotic phases
of matter [54,55,109,283,372] with the most spectacular example being the Z; quantum
spin liquid on the Ruby lattice [55,109,372]. We expect further rapid development in the
field since many promising theoretical proposals can be realised in analogue quantum
simulation platforms (e.g., programmable Rydberg atom quantum simulators [52,55]).

In terms of methods, pCUT+MC is yet to be extended to arbitrary unit cells, larger
spin values, and multi-spin interactions. The access to larger unit cells will enable the
investigation of the interplay between long-range interactions and frustration on even
more relevant lattice structures, e.g., the Kagome or Ruby lattice. There are systems
with multi-spin interactions hosting deconfined quantum criticality [338,355-359], and an
introduction of long-range interactions to this type of systems seems to be an interesting
research topic [338]. We hope to spark further interest in the development and application
of pCUT+MC by other users.

The SSE QMC approach is a widely used numerical tool for the calculation of unbiased
thermal averages of observables. A large variety of distinct QPTs is potentially accessible
by these QMC simulations. We envision that, for all systems that do not suffer from a
sign problem, SSE QMC, in combination with appropriate zero-temperature protocols and
finite-size scaling, can be used to study how long-range interactions affect QPTs beyond
the standard O(n)-symmetry. The SSE QMC method has also been extended to tackle
frustrated systems in a more efficient way [261,262,373]. However, an efficient treatment
of both the long-range interaction and frustration has not been introduced yet [32,40].
Reference [374] developed an SSE QMC approach to access the toric code quantum spin
liquid regime [55,109,372]. An application of the SSE QMC approach to extended long-
range interacting Bose-Hubbard models (see Section 5.5) along the lines of directed loop
updates [215-217] would also be a natural development. This would enable numerically
calculating observables with SSE QMC for ultracold gas experiments with optical lattices. A
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possible application could be the study of complex crystalline phases and their breakdown
in frustrated Bose-Hubbard systems with long-range interactions [64,73,111,230].

Finally, in the context of the long-range mean-field regime above the upper critical
dimension, much research has been conducted regarding finite-size scaling in classical
systems [12-19,41,125,128,142,145], including the study of multiplicative logarithmic cor-
rections for the characteristic length scale at the upper critical dimension [17] and the
investigation of the role of Fourier modes and boundary conditions [19]. On the contrary,
its quantum counterpart has only been treated successfully in recent years [32,34]. In
addition to the transfer of established concepts from classical to quantum Q-FSS, one
interesting open question is a detailed understanding of the crossover regime between
classical and quantum Q-FSS for small temperatures. Even though we focused on the quan-
tum version of the Q-FSS of Ref. [34] due to the quantum nature of the models analysed
in this review, the ground work has been conducted by the inventors of classical Q-FSS
(Refs. [15-19,41,125]) and, in general, many other researchers who provided valuable in-
sight into the scaling above the upper critical dimension, e.g., Refs. [10,12-14,127,128,142].
Overall, it is exciting that the abstract concept of dangerous irrelevant variables and the
physics above the upper critical dimension are accessible in quantum-optical platforms
realising long-range interactions.

Author Contributions: Conceptualisation: all authors; investigation: all authors; writing—original
draft preparation: introduction (J.A.K. and K.P.S.), quantum phase transitions (J.A.K. and A.L.),
Monte Carlo integration (J.A.K. and A.L.), series expansion Monte Carlo embedding (P.A.), stochastic
series expansion quantum Monte Carlo (J.A K. and A.L.), long-range transverse-field Ising models
(J.AK. and A.L.), long-range transverse-field XY chain (P.A. and J.A.K.), long-range Heisenberg
models (P.A.), and conclusion and outlook (J.A.K. and K.P.S.); writing—review and editing: all
authors; visualisation: P.A., J.A.K. and A.L.; supervision: K.P.S. All authors have read and agreed to
the published version of the manuscript.

Funding: This work was funded by the Deutsche Forschungsgemeinschaft (DFG) (German Research
Foundation)—Project-ID 429529648—TRR 306 QuCoLiMa (Quantum Cooperativity of Light and
Matter). K.P.S. acknowledges the support by the Munich Quantum Valley, which is supported by
the Bavarian state government with funds from the Hightech Agenda Bayern Plus. The authors
gratefully acknowledge the scientific support and HPC resources provided by the Erlangen National
High Performance Computing Center (NHR@FAU) of the Friedrich-Alexander-Universitdt Erlangen-
Niirnberg (FAU) under the NHR project b177dc (“SELRIQS”). NHR funding is provided by federal
and Bavarian state authorities. NHR@FAU hardware is partially funded by the German Research
Foundation (DFG)—440719683.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Acknowledgments: We thankfully acknowledge the valuable input on parts of the manuscript by
Antonia Duft, Matthias Miihlhauser, Calvin Kramer, and Andreas Schellenberger. We also thank
Jiarui Zhao and Nicolas Laflorencie for providing the data from the publications [22,37]. We are
grateful for the fruitful collaboration with Sebastian Fey and Sebastian C. Kapfer regarding many of
the projects reviewed in this work. It is with great dismay that we express our deepest condolences
on the death of Ralph Kenna, who invited and encouraged us to write this review as part of his
Special Issue on the “violation of hyperscaling above the upper critical dimension” in the journal
“Entropy”. We will always remember his encouraging and cheerful spirit in our correspondence with
him.

Conflicts of Interest: The authors declare no conflicts of interest.

120



Entropy 2024, 26, 401

Abbreviations

The following abbreviations are used in this manuscript:

AF antiferromagnetic

DIV dangerous irrelevant variable

DMRG density matrix renormalisation group

DOF degrees of freedom

F ferromagnetic

FRG functional renormalisation group

FSS finite-size scaling

GHF generalised homogeneous function

HMW theorem  Hohenberg-Mermin-Wagner theorem
iDMRG infinite density matrix renormalisation group
LCE linked-cluster expansion

LRI long-range interactions

LRTFAXYM long-range transverse-field anisotropic XY model
LRTFIM long-range transverse-field Ising model

MC Monte Carlo

MCI Monte Carlo integration

pCUT perturbative continuous unitary transformation
PDF probability density function

PI path integral

QLRO quasi long-range order

QMC quantum Monte Carlo

QPT quantum phase transition

qp quasiparticle

RG renormalisation group

SSE stochastic series expansion

SPO stochastic parameter optimisation

TDVP time-dependent variational principle

VBS valence bond solid

Appendix A. Short-Range O (1) Transition ¢*-Theory

For ferromagnetic short-range interacting transverse-field Ising models (see
Equation (292)) the underlying Z, symmetry of the Hamiltonian is spontaneously broken
at the quantum phase transition [113]. The associated order parameter is the magnetisa-
tion in coupling direction which is microscopically defined as ) ; 07 for Ising couplings
in z-direction. Rewriting the partition function of the TFIM in the picture of Feynman
path integrals, coarse-graining and going to the continuum limit is the general approach
to derive a field theoretical description at criticality [113]. The fields of the quantum field
theory ¢(x, T) are obtained by coarse-graining the order parameters at imaginary time T
for a coarse-graining neighbourhood N (x) [113]

Pp(x, 7)o Y of.

ieN(x)

(Al)

By properly [113] taking care of the microscopic degrees of freedom leading to terms of
order (¢?)* with k € N, the resulting sufficiently truncated action leading to the right
partition function to describe the phase transition is given by
z= / D(x, ) =S (A2)

: B
Sp =[x [ dr [{g(0e9) + (Ve + 142} + g (A3

with periodic boundary conditions in imaginary time 7 [113]. Note that the dependencies
of ¢(x, T) remain, but are dropped to lighten the notation. Gradient and time derivative
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terms are accounting for the spatial and temporal direction fluctuations [113,132]. The
initial couplings in Equation (A3) are depending on the values of the couplings in the
microscopical Hamiltonian [113]. Regarding the action in Equation (A3) the symmetry-
breaking quantum phase transition between (¢) = 0 and (¢) # 0 becomes visualised as
tuning the coupling  to a negative sign changes the minimum structure of the action into
the symmetry broken Mexican hat. The field theory defined in Equation (A3) is a distilled
representation of the key features of the quantum short range Ising criticality with ¢ having
the interpretation of an “order parameter field”.

In general, field theories as in Equation (A3) are used to study QPT with a spontaneous
breaking of a O(n) symmetry. Here, O(n) refers to the orthogonal group (the group of
all orthogonal (1 x n)-matrices). The study of a O(1)-symmetry breaking is equivalent
to the study of a Zc-symmetry breaking since both groups are isomorphic. Dependent
on n of the orthogonal group O(n) the quantum fields ¢(x, T) of the action Equation (A3)
become multicomponent fields [113,132]. In order to study a O(n) symmetry breaking
QPT real-valued fields ¢(x, T) with n components are considered.

After introducing actions of the form Equation (A3) to describe quantum criticality,
we review basic computations that can be performed within this framework. We start with
the derivation of field correlators

G(”)(xl,rl;. c X, Ty) = %/ng(x, T)p(x1, 1) - P(Xn, Tn) e 59 (A4)

from a field-path-integral formulated partition function is technically accomplished by addi-
tionally coupling the order parameter field ¢(x, T) linearly to an auxiliary field j(x, T) [132]

§pj= [ d'x /oﬁ dt [{3(0c9) + (Vag)? + 197} + ug* — p(x, 7)j(x,7)] . (A5)

The n-field correlator can now be understood as the functional derivative of the partition
function with respect to the respective auxiliary fields [132]

1 1) 0 5
(n) . . J— ,,
G (xl,Tl,...,xn,Tn) = LS]( 5 1) (5]( - n) /D(p(x,r)e fPJL 0. (A6)

From the expression for the spatial correlator in Table 1 we see that at criticality the
system is scale-free therefore for distances x > a much larger than the lattice spacing the
theory should be invariant under a scaling transformation of coordinates in space and time

x =»x' =x/b (A7)
T =17 =x/b* (A8)

with b being a rescaling factor [113]. We define the power by which a quantity O has
to be rescaled in order to preserve the structure as the scaling dimension [O] of that
quantity [113]. The Gaussian part of the action in Equation (A3) keeps its structure under
scaling transformations if the field ¢ and the mass coupling r are also scaled appropriately.
One can calculate the scaling dimensions of ¢ and r as follows,
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/ddx/ /ﬁd,[/(a_ﬂ(l)/(x//,[/))z:bfd7z+2z+2[¢]/ddx /ﬁd”[ (aT(P(x/T))Z

L/dd’k/ At (Vud (¥, 7)) = b™ dz+ﬂﬂw{/dd /%dI(Vx¢h;TD2
d./ Pl ol (ad N2 —d—z+[r]+2[¢)] d 2
/dx/odrrcp(x,r) b /dx/odrrcp(x,r)

I
—d—z+2z42[¢p] =0
—d—z+2+2[p] =0
—d—z+[r]+2[¢] =0
I
z=1
9= (d—2)/2=(d—1)/2
[r|=2z=2
I

(A9)
(A10)
(A11)
(A12)

(A13)
(A14)

(A15)
(A16)
(A17)

(A18)
(A19)

So far the following naively obtained power counting scaling dimensions were encountered,

[d%x] =
dt] = —z= -1
[Vx] =1
[0T] =z =
(9] = W—ZW2—( —1)/2
]

I
N

[r

(A20)
(A21)
(A22)
(A23)
(A24)
(A25)

Note, one can fix z = 1 from the three linear equations (A12) to (A14). That means the
fact that the TFIM has an exponent z = 1 and therefore space/imaginary time isotropy is
available directly in the quantum field theoretical description by the form of the appropriate
action. Requiring also scale-invariance for the ¢* terms of the action in Equation (A3), one

finds additionally to Equations (A12) to (A14) the relation

[d9x] + [dT] + [u] + 4[¢] = 0.

(A26)

Therefore, the ¢* term remains invariant for a scaling dimension of [u] =3z —d = 3 — d.
We can now regard the scaling in terms of differential equations representing the renormal-
isation group flow of the coupling constants using b = 1 + d! for d/ < 1 and building up a

finite rescaling b = ¢! by repeated action of infinitesimal rescalings [113]

r4dr = ey = (14 dlfr]))r = r + dlfr)r
A du = ey = (14 difu))u = u+ di[ulu

J
dr
5721’
du
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Focusing only on the flow of r (see Equation (A29)) one sees that for r > 0 it flows towards
the stable fixed point at 7 = oo, and towards the stable fixed point at —co for » < 0, while
there is an unstable fixed point at r = r* = 0. Regarding also the coupling u one sees
directly one fixed point of the coupled flow at (r* = 0,u* = 0). For d > 3 the flow in u is
stable towards the fixed point while for d < 3 it is unstable. That is a hint of the irrelevance
of the coupling u for systems with d > 3 as independently of the starting condition the
system is always in the attraction basin of u* = 0.

A coupling ¢ with scaling dimension [c] < 0 always has one stable fixed pointat ¢* = 0.
Independent of the starting point it always flows to zero and is called irrelevant [10,127]. As
long as the coupling is not dangerously irrelevant (see Section 2.3), meaning that there is no
additional singular behaviour in observables approaching ¢ — 0 [127], it can be neglected.
That is the reason why it is sufficient to regard an action with ¢* as its highest power as all
higher powers have irrelevant couplings [10].

The spatial dimension d at which the coupling of u has scaling dimension zero [1] = 0
is called the upper critical dimension. Below the upper critical dimension the coupling u
needs to be included perturbatively and a “ true ” decimation of degrees of freedom is neces-
sary [113]. In this thesis we will not deal with the technicalities, but in order to understand
some arguments from other resources a basic understanding of the principle and the results
of renormalisation group techniques are required. The decimation of degrees of freedom
(DOF) is often done in this context by a momentum shell renormalisation [113]. Here as a
first step “ fast” DOF, i.e., DOF with large momentum/frequency, are partially integrated
out [113,132,375]. One chooses a momentum cutoff A and frequency cutoff 7 and defines
A =A/band J = J /. After that one integrates the “ fast” DOF between A and A and
respectively J and J [113,132,375]. After that one rescales x’ = x/b which is equivalent
to A’ = bA = A and T/ = t/b* which is equivalent to J' = V¥ J = J [113,132,375]. Tech-
nicalities can be found in [113,132,375]. The most important result of this scheme are new
modified couplings

F=r+ fr(ur) (A31)
u+ fu(u,r) (A32)

il

which are related to the original couplings plus some contributions f,,, which can be
calculated order by order in u from occurring Feynman diagrams [113]. The modified
couplings scale as [113]

¥ = bF (A33)
u =03, (A34)

One can now also calculate the flow equations from those quantities,

% = 2r + g¢(r,u) (A35)
d
d—b; =B —d)u+gu(r,u) (A36)

for which we see that the equations are not decoupled like in the case of the Gaussian
theory with an irrelevant u (see Equations (A29) and (A30)) and there is a second fixed
point (r**, u**) differing from the trivial one r* = u* = 0 [113]. The new non-trivial fixed
point is called Wilson-Fisher fixed point [113]. One can express the fixed point and flow
equations in terms of € = dy. — d and perturbatively extract the values of (r**, u**) as well
as the eigenstates and eigenvalues of the linearised flow equation around the Wilson-Fisher
fixed point [113].
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For calculations higher than first-order it is also necessary to rescale the field at least
for the apparent ¢* theory of the TFIM due to self-energy contributions changing the
propagator [113]. This could be taken care of by defining a new scaling dimension of the
field [¢]new = [P]naive + 11(17) from the naive scaling dimension (see Equation (A24)) and a
further functional dependence /(1) on the anomalous dimension exponent to be consistent
with the scaling of the two-point correlators # [113]. The underlying mechanism relating
the anomalous dimension to the self-energy X(q) is as follows: We define the self-energy
as the difference between the inverse propagator of the Gaussian field theory and the
propagator including the u terms G (9, w) — G~!(q, w) = %(g, w) and we find,

Glgw) = == : =2 - 21, S
Gy (gw)—X(qw) 19 +X(qw)+3w>+r g

(A37)

that the self-energy potentially changes the leading q dependence for small g values [113].
This difference is incorporated into the anomalous dimension [113]. The Fourier transform
of the propagator gives the two-point correlators which again are proportional to two times
the field scaling dimension. Concluding the scaling dimension,

[‘P] = [‘P]naive + h(’7) (A38)

is always necessary if the anomalous dimension is non-zero [113].

As already seen for the anomalous dimension exponent 7 in Equation (A37) and the
dynamical correlation length exponent z it is possible to connect the canonical exponents
(see Table 1) to the results of scaling/renormalisation group theory in the field-theoretical
framework. We will now discuss the relations between canonical exponents which char-
acterise a phase transition and scaling results. We will also briefly skim the origin of the
fluctuation-dissipation relation and the analogy between the auxiliary field in Equation (A5)
and the conjugate field to coupling to the order parameter in the microscopic model.

e The correlation length exponent v is given by the inverse of the relevant eigenvalue
Ay of the linearised flow equation spectrum at the relevant fixed point of the phase
transition [113]. That means v = 1/A; given by the non-trivial eigenvalue A; of the
linearised flow equations at the Wilson-Fisher fixed point below the upper critical
dimension and v = 1/[r| from the Gaussian fixed point above the upper critical
dimension [113].

e The dynamical correlation length exponent stands for the space-time anisotropy. So far
the short-range ¢*-theory defined in Equation (A3) did not have such an anisotropy,
but in the case of long-range interaction models [20,21,31] or the Bose-Hubbard
superfluidity onset transition [31,113,231] such space-time anisotropy occurs.

®  The anomalous dimension exponent # is obtained by the g proportionality of the
propagator of the theory G(g,w) o« ¢7~2 and is defined to stand for the difference to
two in the proportionality [113]. The anomalous dimension 7 is therefore affected
by self-energy contributions. We will also see in the long-range theory that even in
the free theory without any self-energy contributions an # can occur if the spatial
fluctuations in the action go with a ¢ term with ¢ < 2[20,21,31].

¢ The conjugate field used in the consideration of phase transitions in the microscop-
ical model translates to the auxiliary field in Equation (A5) [113,132]. Therefore the
scaling dimension of the auxiliary field is in the Gaussian theory given by the scale
invariance of

/ ddx/d‘rfp(x, T)j(x,T) (A39)
[dx] + [dT] + [¢] + [j] = 0. (A40)

125



Entropy 2024, 26, 401

®  According to Equation (A6) one can derive the expectation value of the field ¢ and
the two-point correlator via functional derivatives with respect to the auxiliary field j
and setting j to zero afterwards [132]. This is in full analogy to the derivation of the
magnetisation and the susceptibility from the free energy via derivatives with respect
to the longitudinal field.

e In the linear coupling formalism, Equation (A6) leads to the later used fluctuation-
dissipation relation between the two-point correlator and the susceptibility [113],

Imfx(q,w)] = flw/T)S(q,w) (A41)

with f(w/T) being a function implementing the temperature occupation, S(g, w) the
dynamic structure factor and Jm[x (g, w)] the imaginary part of the susceptibility in
momentum and frequency space.

Appendix B. Generalised Homogenous Functions

The following definitions, theorems and comments on generalised homogeneous
functions are replicated from [124]. Proofs to all presented theorems can be found in [124].

Definition Al. A function f(xq,x,...,xy) is a generalised homogeneous function (GHF)
with n variables if there exist n numbers a1, a5, . .., a, such that for all positive A € RT,

FA" X, Axp, o0, A" xy ) = A f(x1, %0, ..., Xn) (A42)

ai,ap,...,a, are being referred to as scaling powers of the respective variables x1, x, ..., X,
and a f is the scaling power of f(x1,xy,...,x,). The scaling powers 4y, .. .a, are non-zero.

Remark A1l. Regarding a GHF with n variables there are only n independent scaling
powers. This can be seen by setting A = A7, leading to

FAP X, APP2xy o AP Xy, ) = AP f(xq, X, .00, X)) - (A43)

If ay = 0 the statement that there are only n independent scaling powers is trivial. If a 7 0
one can set p = 1/ay resulting in

FAR % 5, A% % xy, A" 0 ) = Af(x1,%2, ..., Xn) - (A44)
Theorem Al. Let f(x1,x2,...,x,) and g(x1,x2,...,x,) be GHF with scaling powers a;,
ay,...,a, and respective a 7 and a, then,
* f-gisahomogeneous function with scaling power as + a,.

* f+gisonlyahomogeneous functionif ay = a,. The scaling power of f + g is then a;.

Theorem A2. If f(xy,xy,...,%x) is a GHF with n variables with scaling power ay, then

FUvedn) (11,3, ) = 2 O v, ) (A45)
’ yeeesAn ax_‘]llaszzu'ax)]/ln ’ JeeesAn

is also a GHF
f(jl/er---/jn) (A"xq, Axy, .. A%x,) = A4 L ji”if(fler/---fjn) (x1, X2, ..., %) (A46)

with scaling power ag — Y3, jia;.
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Theorem A3. Let f(x1,xp,...,x,) be a GHF with n variables and scaling power a Iz The
Legendre transform of f(xq,xz,...,x,) in which x; is replaced as a free parameter by its
conjugate variable ¥; = f(00--0/i=10--0) (x1 x,, ..., x,)

flxg,x,.o0, Xy e, xn) = f(x1,%2, ..., %) — XiX; (A47)

is also a GHF with the same scaling power ay = ag. The scaling power of X; is given by
Theorem A2 asa; = ay — a;.

Theorem A4. A function f(x1,x) is a two-variable GHF with scaling power a¢ and
independent scaling powers ay, a; if there exists some function g+ (1) such that

f(xll x2) = |x1‘af/u]gsgn(x1) (XZ) (A48)

‘x1|ﬂ2/”l

or equally, if there exists some function h4 (1) such that

X
f(x1,x2) = |x2|af/a2hsgn(x2) (W) . (A49)

Conversely if f is a GHF then,

g+(u) = f(£1,u) (A50)
he(u) = f(u,£1). (A51)

The statement of this theorem is straightforward generalisable to n-variable GHF. Due to
limitations in compact notation for the formulation two-variable GHF are used.

Theorem A5. All GHFs have power-law singularities at the origin when it is approached
along one of the principal axes. The exponent for the path of the approach |x;| — 0 is given
by a f /a;. For a function of # variables that results in,

£(0,...,0,x;,...,0) o |x;|%/% £(0,...,0,1,...,0). (A52)

Theorem A6. Let f(x1,xy,...,x,) be a n-variable GHF with scaling power a . Let

f(xl,xz,...,fj,...,xn) = /ddx]* f(xl,xz,...,xj,...,xn)exp(ixjfj) (A53)

denote the Fourier transform in which x; is replaced by ¥; as the independent variable and
d being the dimensionality of the variable. f (x1,%2,.--, Koo xy,) is also a GHF with scaling

power 4y = ay — dd; and the scaling power of the transformed variable ¥; being 4; = —a;

FA X1, A%, ATZ, o Ay ) = AY T 2, %0, By X, (A54)

Appendix C. Walker’s Method of Alias

Walker’s method of alias is a numerical technique to draw integer random numbers
from a discrete PDF in constant time [212,214]. Let P(w;) = q; be a discrete probability
distribution with j € {1,..., N} elements w; and their probabilities q;. The key idea of
Walker’s method is to redistribute the unbalanced part of the probability distribution. A
naive way to sample a discrete distribution would be the rejection method. This means to
draw an integer j € {1,..., N} uniformly and accept it with probability 4;/ max(q;) [214].
However, this leads to O(N) steps until a proposed move eventually gets accepted [214].
In the Walker’s method one draws the integer j uniformly, possibly accepts it with a
probability P; and otherwise chooses its alias A;. One therefore succeeds after one try. The
probabilities P; and the aliases A; need to be determined in advance such that the correct
distribution g; is sampled. In Ref. [214] an algorithm to set up the tables for P; and A; with

127



Entropy 2024, 26, 401

complexity O(N) is given. Note that the construction of the tables needs to be conducted
only once before the actual simulation is performed. During the simulation we draw from
q; with the help of the precalculated P; and A; in O(1) time. The Walker’s method therefore
does not alter the complexity of the whole algorithm.

In Figure A1 we illustrate the algorithm by Fukui and Todo [214] to set up the tables
P;and A;. The algorithm proceeds as follows: One starts by setting P; to a preliminary
distribution P; = N - g; and creates an empty alias table A;. The table P; is split into P; > 1
and P; < 1 (see Figure Alb). The elements of the partition P; < 1 get filled up by the
elements P; > 1. Starting from the outermost right elements of both parts in Figure Alb
one fills up the shortfall 1 — P; (green blocks in Figure A1) of weight P; and sets the alias A;
to the number corresponding to the weight left from the separating line of the partitions
(j =5and A; = 6 in Figure Alb). This alias is later chosen with probability 1 — P; if ] gets
drawn. In order to compensate for this, one cuts the weight Py of the alias by 1 — P; (red
blocks in Figure A1). If the new weight Py, falls below 1, it is transferred to the part1t10n
with P; <1 (see e.g., j = 6 in Figure Ald,e). "This filling up of the shortfalls is performed as
long as the partition P; < 1is not empty. Figure Alf therefore shows the last step.

123456 136:245 136:24'5
6 575409
% wxRmIsE Pi155i88% Pi15g:i58:%
Pjlgsss2 Aj - - - Aj- - - 6
d) m e) /\ f) /\
= ___ m I Hi
— :D:———>|||:D: H — ||| —
13612145 13161245 13116245
L 176'5154 1 7'5!554 1611555 4
PJIEEIE:EE P316:6.666 P.716..6666
Aj----66 Aj---666 A; - - 3666

Figure A1. Illustration of Walker’s method. The horizontal dashed line corresponds to the mean of
the probability distribution q; with j € {1,..., N}. (a) Definition of a tentative probability P; = n - g;
which compares the probabilities q; with the mean g = 1/N. (b) The probabilities g; are discarded,
atable A; for the aliases is created and the distribution is splitted into P; > Tand P <L (c—f) The
weights of P; are gradually redistributed by creating aliases until the distribution is flattened. The
weights that are taken away are depicted with red bars and the added weights with green bars.
The values of P; and A; that get modified during a step are written in red. At the right part of
the distributions, the weights which are already filled up are gathered. In the middle part of the
distribution there are the weights which still need to be filled and the left part contains all weights
that are at least full from the beginning and yet need to be redistributed. (c) Weight of 6 is added to 5
and As = 6 is set. (d) Weight of 6 is added to 4 and A4 = 6 is set. (e) Weight of 6 is added to 2 and
Ay = 61is set. (f) Weight of 3 is added to 6 and Ag = 3 is set. After this, the middle part is empty and
we are done with the redistribution.

For drawing w; corresponding to its original weight g;, one draws a candidate k for j
uniformly in 1,..., N and a uniform number u € [0,1]. If u < P, then j = k and otherwise
j= A
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Appendix D. Critical Exponents for Long-Range Heisenberg Ladders
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Figure A2. Critical exponents of the Néel-ordering transition in the unfrustrated antiferromagnetic
long-range Heisenberg ladders. The panels display the exponents « (first row left), B (first row left),
¥ (second row left), § (second row right), # (third row left), v (third row right), and z (fourth row left).
The data points 'pCUT+MC H,’ and ‘pCUTH+MC H," are from Ref. [35,353] and refer to parallel
(1) and parallel + diagonal () interactions. The other data "FRG 2020 is from Ref. [244] and show
the critical exponents for the one-dimensional O(3) quantum rotor model. The blue shaded region
denotes the ¢ regime in which long-range mean-field criticality is expected. The black dashed lines
denote long-range mean field critical exponents.
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Abstract: In this note, we revisit the scaling relations among “hatted critical exponents”, which were
first derived by Ralph Kenna, Des Johnston, and Wolfhard Janke, and we propose an alternative
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1. In Memory of Our Friend Ralph Kenna

This paper is dedicated to our friend Ralph Kenna, who passed away on 26 October 2023.
Ralph was a close collaborator and a very good friend, and he was the PhD coadvisor of one of
the authors of the present paper (LM). A renowned specialist in the study of phase transitions
through the partition function zeros, he developed this formalism in difficult cases where
critical behaviors are controlled beyond the dominant singularities by logarithmic corrections.

The present work was initiated on the occasion of the ComPhys23 workshop (http://
www.physik.uni-leipzig.de/~janke/CompPhys23/ (accessed on 26 February 2024)) organized
by W. Janke in Leipzig, and dedicated to the memory of Ralph. The opening talk was intended
to highlight some of Ralph’s most important contributions to statistical physics, notably the
derivation of scaling laws between the exponents associated with logarithmic singularities
in the vicinity of second-order phase transitions. Ralph was a well-known physicist in the
statistical physics community, and these new scaling laws were very successful in the field of
critical phenomena. It was by revisiting these scaling laws and their derivation that we noted
that one of these relations was incomplete and that the work undertaken by Ralph and his
coauthors around twenty years ago merited to be completed.

This paper could have been written by Des Johnston or by Wolfhard Janke, the
coauthors of Ralph on this topic (and in many more works).

2. Scaling Relations and Universal Combinations of Amplitudes: A Short Primer

We assume that the reader is familiar with the notion of critical exponents that describe
the singularities of various thermodynamic functions at the approach of a second-order
phase transition. Otherwise, we can suggest referring, e.g., to the textbook of Kardar [1].

Standard scaling relations among the universal critical exponents are the following:

2B+ = 2-—u, (1)
B(6—1) = =, 2
V(Z - 77) = T (3)

2—a = vd (4)
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They are very useful, not only to obtain the values of all six fundamental critical exponents
within a universality class from the knowledge of two of them, but also because they allow
for the definition of other universal quantities, written as specific combinations of critical
amplitudes. Let us show how this works. For that purpose, we first define the amplitudes
as they enter the expressions of the leading singular behaviors of thermodynamic quantities
in the vicinity of a second-order phase transition:

Specific heat: Ci(t,0) ~ A4 |t|™%, )
Low temperature magnetization: m_(t,0) ~ B_ (_t)ﬁ, 6)
Susceptibility: x4+ (t,0) ~ T4 |t]77, @)
Critical temperature magnetization: m.(0,h) ~ B|h|'/?, 8)
Correlation length: &+ (¢,0) ~ o |t| 7", )

Here, the two arguments of the functions at the Lh.s. are, respectively, t = (T — 1)/ T, and
h = H/T., and the indices =+ specify the high (t > 0)- and low (t < 0)-temperature phases,
meaning that the field is zero, and the index ¢, on the contrary implies the field behavior
at the critical temperature. The symbol ~ stands for the leading singularity (i.e., the most
singular part since there could be regular contributions to the thermodynamic quantities,
power-law corrections to scaling, and multiplicative logarithmic corrections, all these being
omitted in Equations (5)—(9)).
We can also define the singular part of the free energy density in zero field:

278 (t,0) ~ Fet]>%, (10)

and since the specific heat is the second derivative of f*"& with regard to t, Fy is not
independent since this requires A+ = (1 —a)(2 — «)F+. The Lee-Yang edge is another
quantity of interest in critical phenomena, and we define

HEY (1) =~ ho [t (11)

with the so-called gap exponent A = 4 v = Bé.

Universality is the observation that some quantities only depend on very general
properties, like space dimensionality. The critical exponents are such universal quantities,
but the amplitudes are not, although some combinations among them have the property of
universality. To make it clear, let us write Widom's scaling assumption, i.e., the fact that the
singular part of the free energy density is a homogeneous function of the scaling fields

S8 (1) = b Ty (keb¥', kY h), (12)

where .74 (x(b),y(b)) is a universal scaling function of its arguments, y; and yj, are the RG

dimensions of the relevant fields t and &, and x; and x;, are non-universal metric factors

that would differ, say, on the square lattice and the triangular lattice in 2d. The amplitudes

defined above depend on these metric factors, and this is why they are not universal, e.g.,
PfLE(t0)

from C4 (£,0) = —=57—, setting b = [¢t| ~1/¥t in the scaling form (12), one obtains
2 o
_ 2H(d=290) /e (d—2y) /e (9T (%, 0)
C(t,0) = «? It ( s )le. (13)

This identifies the exponent & = (2y; — d)/y; and the amplitude A = x> * ( M) .
xX=

ox?
The other exponents are similarly defined in terms of y; and y;, by very famous

relations that we do not repeat here, and the other amplitudes depend on the metric factors
asB_ ~ Khxf, Ty~ K%K;W, B, ~ K}IH/‘S.

Simple ratios are immediately defined from the fact that the approach to criticality from
above and from below is described by the same exponent for a given quantity (except for the
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magnetization, obviously), for example, in the case of the specific heat C (|t|) ~ A, [t|™*
and C_(—|t|) ~ A_|t|™®, where &’ = «. It follows that the metric factors cancel in the
ratio, and
Collt) _ At . Ay
= . c=
C(—1t) ~ Al A

is thus universal. The limit corresponds to the approach to criticality (|t| — 0 here) since
the combination R¢(|t|) can be temperature-dependent due to the possible presence of
different values for the amplitudes of the corrections to scaling, which has not been taken
into account in Equations (5) to (9). In the same manner, one defines the universal ratios

Re(Jt]) = (14)

Go+
X ¢ o
The scaling relations are other examples of relations that allow the definition of new
combinations. For example, the ratio m2/ x+ eliminates xj, and «; is then eliminated,
thanks to Equation (1), if we further divide by C... There is still an unwanted |¢|? depen-
dence that needs to be simplified, and for that purpose, we consider the quantity

B2
Cyilly’

7n%(_4”) B% |tFﬁ+7+“_24$

(Oxe(]EF ~ Calx

RW () = 16
O =2 (16)
Thanks to Equation (1), the fact that all metric factors cancel out in this latter quantity makes
the combination B2 /C4 T+ universal. Proceeding the same way, Equations (2) and (3)
suggest to contemplate the expressions

(2) _ 6—1 —0
R t) = t —|t h)h
D) = xS lm ]
= [ BB 0~ +P0-1) 1, B 1B, (17)
t Tr _ _ r
R = £ o Te vy | T2 (18)
gi (t> 0+ gO:l:

that reach their respective universal values. Eventually, Equation (4) leads to consider the
following combination

4 i _ _
R (8) = g (1) fIM8(¢) = GuFelt| 2% g, Fo (19)
as universal also.

3. From the Universal Combinations of Amplitudes to Scaling Laws among
Hatted Exponents

Having the universal combinations of amplitudes at hand, we consider now the case
where the critical behavior is described, besides the leading singularities, by multiplicative
logarithmic corrections. This may happen, for example, for a system at its upper critical
dimension dy, or in the case of the 2d four-state Potts model, or the 2d disordered Ising
model as well. Many examples can be found in Ref. [2-4].

Let us first remind the standard definitions of some exponent combinations that will
occur below: a; = a/B6, yc = v/Bd, ve =v/PBd, €. = (1 — «)/Bé. The logarithmic correc-
tions can appear either in the approach to the critical temperature when the magnetic field
is fixed at zero or, on the other hand, right at T, when the magnetic field approaches zero:
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h=0,t— 0% (20)
28 (£,0) ~ Fa [t (— In|t])", (21)
m_(£,0) ~ B_|t|F(—In|t])?, (22)
ex(t,0) = (;‘_ia)tl—“(lnu)&, (23)
xa(t,0) = To|t|~7(=In|t))7, (24)
Ci(t,0) = At (= In|t])", (25)
E(0) ~ Corlt| ¥ (—In]t])”, (26)
t=0, h — 0F, (27)
S8 (0, 1) ~ E.|h|"H9(— n |h))%, (28)
me(0,h) ~ Be|h|V/8(— In|n|), (29)
ec(0, ) ~ E¢|h|(—In |h|)%, (30)
xe(0, 1) ~ T ||~ (— In|h|)%, (31)
Co(0,h) = Z[h s (~ n ), (32)
&c(0,h) = Ge[h| 7Y (= In |R[)™. (33)

We can also define at criticality t = i = 0 the logarithmic correction of the correlation
function, defining the exponents 7 that will play an essential role in the following of
this paper:

G(0,0, [x]) = golr| ="~ (Inx|)7. (34)

We mostly use the notations of Refs. [2,5], with quantities (amplitudes and exponents) at
the critical temperature defined with the subscript ¢, except for ¢ in (29), which is standard
according to the terminology fixed by Fisher long ago [6].

Ralph Kenna and his coworkers, Des Johnston and Wolfhard Janke, have established
a series of scaling relations [2-4] among “hatted exponents”, as Ralph used to call them.
Their approach was based on the zeros of the partition function, either the Lee—Yang zeros
(in complex magnetic field) or the Fisher zeros (in complex temperature).

Here, we offer an alternative derivation of most of these scaling laws, probably simpler
in its approach. Universality assumes that the previous ratios of amplitudes are still
universal when multiplicative logarithmic corrections are present, i.e.,

2 2
My mo(=[t)) B2 2p-a—4
RY’(t) = = —In|t T 35
N o (1) ) e )
The fact that this quantity must tend to B2 /C+I' 1 now demands that
2B=a+4%. (36)

This is the first of Ralph and his coworkers’ scaling relations. Using the same method, the
second ratio easily leads to a second relation:

44+ PB(6—1)—686=0. (37)
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The amplitude of the Lee—Yang edge, /o, has a non-trivial dependence with the metric
pé

factors, ho+ ~ K} K, 1. This can be retrieved from the scaling relation A = p6, and the
universality of the ratio

me(WY () Behyl? \ssiia  Bchile
R(S)(t): Cm_ﬂ:t) Bfﬂ: MA/(S /S( lnm)A/JﬂS B _ CB_

(38)

requires that
= (B—09)d. (39)

The scaling relations (36) and (37) were first derived in Ref. [3]. Instead of (39), Ralph and
his coworkers had A = /3 4, which is recovered here using (37) and (39).
In the same paper, they also derived

-

=U+vi/(2—un) (40)

that we will now consider. This is an analog of the hyperscaling relation for logarithmic
relations since it is derived from the same ratio of amplitudes as the ordinary hyperscaling
relations, even though the space dimension, fixed at its upper critical value, does not
appear explicitly. A new pseudo-critical exponent [3,4,7] appears there, ¢, which describes
the finite-size scaling (FSS) of the correlation length

& ~L(InL)°. (41)

This behavior is encoded in the scaling hypothesis for the correlation length, appropriately
extended to account for the logarithmic correction:

g+ (th, LY = b(Inb)? 2 (k:b¥* (Inb)?'t, 1, % (In b) ek, bLY). (42)

Like y; (respectively, yj,) is the RG eigenvalue associated with the scaling field ¢ (respectively,
h), we denote §; (respectively, §;,) the corresponding exponent of the logarithmic correction.
For the sake of clarity, we will later denote the rescaled variables as x(b) = x;b¥ (Inb)7t,
y(b) = x,b¥ (Inb)7nh, and z(b) = bL~!. Equation (41) follows from the choice b = L at
criticality t = h = 0 in (42). The same scaling form is used in the thermodynamic limit
L — oo, setting x = 1. This requires iterations

b o= (x|t]) Ve (Inb)9e/v

~ —1/y =9t/ Yyt 1I1(—11’1|t|)
o (k|t]) TV (= In [t]) "0y (1+W

Insertion into the expression of the correlation length leads to the leading order

+ higher order correction). (43)

E4(40,0) = |t V¥ (—1n |¢])* /v 2°(1,0,0) (44)
and requires the usual relation v = 1/y; to conform to (26):
Q=104 vi. (45)

We now show that this agrees with Ralph’s scaling relation (40). For that purpose, we use
the compatibility with the extension of the phenomenological Widom scaling assumption
for the free energy density (12) to the presence of logarithmic corrections, written as far as
we know for the first time by Ralph Kenna in Ref. [8],

S8 (4, LYY = b s (keb? (Inb) 't 1, b (In b) ik, BLY). (46)
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The second derivative with regard to ¢ is the specific heat, and the choice x = 1 ath =
L~ = 0 then leads (using a = (2y; —d)/y;) to

C=(t,0,0) ~ [t|~%(—In |t|)X—r4. (1,0,0), (47)
(from now on, we always limit (43) to leading logarithmic order); hence, from (25),
&= (2—a)p (48)
which completes the proof.

4. Solving a Disagreement with Our Friends
In Ref. [2], Ralph Kenna has given a complete account of these and many more scaling
relations among hatted exponents. This is not our purpose here to be exhaustive, but rather
to show alternative derivations, or to complete what Ralph and his coworkers did not do.
With this perspective in mind, Equations (42) and (46) and an analogous homogeneity form
for the correlation function (discussed later) offer an option to proceed as we show now.
In Ref. [4], two other scaling relations between hatted exponents were derived:

da=d@—7) or a=1+d(%—-7), (49)

f=4-02-7). (50)
Concerning the first relation (49), the second formula is valid in such circumstances where
the model has « = 0 and an impact angle ¢ # 71/4 for the Fisher zeros in the complex
plane (this is the case for the pure two-dimensional Ising model). We will not consider this
case, but rather the more general case of the first formula. It can be rederived by careful use
of the ratio 4 (Equation (19)) in Section 2, and even requires the use of FSS of the correlation
length. From &4 (t) ~ |¢|7V(—In |t])?, we first reverse to |t| ~ &1V (¢)(In &4 (¢))?/V. This
expression is then incorporated into (21) to obtain

FEM(H) = E2(#) (In g (1)) 7044 (51)

i.e., a modified version of (19):

(bis), . CL(E)FI(E) d
RL™(t) = (Ing (£))9072 — CogFa- (52)

Now, inserting (41) into (51) leads to the FSS behavior of the free energy density at criticality
S18(0) ~ L~4(In L)~ (In L)3+47, (53)

and compatibility with (46) att = h = 0, b = L then demands
& =do —dv. (54)

which is Kenna and his coworkers’ relation.
The same derivation can be carried out for the magnetic sector, considering the ap-
proach to criticality at T, for h — 0, yielding the scaling relation

6 = dy — do.. (55)
Concerning Equation (50), we believe that this relation is incomplete. Applied to
the four-state Potts model in two dimensions [9-12], which has 7] = —%, g = %, 7 = %,

and y = le' Equation (50) is fulfilled. We believe that this is because § = 0, and that an
additional term 9+ /v is missing in the general case. A test is provided in the case of the
Ising model in four dimensions, which has ¢ = ; (models at their upper critical dimensions
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have ¢ = 1/dyc [7,13-15]). There, Ralph and his coauthors had anticipated that 7 = 0 for
Equation (50) to work (§ = %, V= %, and # = 0 for the Ising model in four dimensions), but
according to Luijten [16], /1 = % instead, a result that is in contradiction with Equation (50).

Let us examine the problem in more detail. In Ref. [4], the authors have questioned
the relation between the correlation function and the square of the magnetization when the
system decorrelates, i.e., for |r| — oo:

G(t,h, L™1 = oo, |r| = 00) — m?(t,h, L1 — o). (56)

On the contrary, we assume that there is no reason why this would not be valid, so we start
from the homogeneity of the (spin-spin) correlation function with logarithmic corrections as

G(th, LY, |x]) = b= @250 (Inb) TG (x(b), y(b), z(b), |x] /), (57)

Setting x = 1, y = 0 and the thermodynamic limit z = 0 leads to the following temperature
behavior when |r| — oo

2+ d—2+1

d— ~ ~
G(t,0,0,00) ~ [t| % (—In|t|) % "77G(1,0,0,00) = m?(t,0,0). (58)

d—2+y
Yt

0 =2(B— Bo). (59)

The two examples given above are test grounds. For the four-state Potts model in two
dimensions, we extract immediately 7 = —%, which is correct. For the 44 Ising model,

This requires the usual relation 28 = and

on the other hand, we obtain 7 = %, in agreement with Luijten’s result [16], later verified

numerically in Ref. [17], but we are here in contradiction with the prediction of Refs. [2,4].
Since the question is of importance, we want to consider it from other perspectives also.

The correlation function is linked to the susceptibility via the fluctuation—dissipation relation:

x(0,0,L71) = /0 " @2 1n 1)) 1G(0,0, ], 1) (60)
Setting p = |r|/L, we have
x(0,0,L7Y) = L2 (In L)" /01 d9pp=(@-2+1) (1 + E—i)ﬁc(o, 0,0,1) = L>"(InL)", (61)
and since the susceptibility obeys, via the second derivative of (46),
x(t,h, L7Y) = k26~ 20 (Inb)2I (x(b), y(b), z(b)), (62)
its FSS compared to (61) demands that2 —y = 2y; —d = /v and

j = 20, (63)

Again, this confirms 7} = 1 for the 4d Ising model.
The fluctuation—dissipation theorem has also been used in Refs. [2,4] in the form

Xeo(t) ~ &5 () (I (1)), (64)

from where Equation (50) follows, so there is still some difficulty hidden to solve our
disagreement. Let us set b = (oo (t) in (62):

Xeo(t) = &7 (1) (In oo ()17 (x(Eeo (1)), 0) (65)
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where the variable x in the scaling function % is evaluated at {« () to give

*(Eoo(t)) = Eoo (B (InGeo (1)) ] = (= [£)*7". (66)

The scaling function must have the behavior #(x,0) ~ x~7 when |t| — 0 to recover the
temperature singularity of the susceptibility xe(t,0) ~ [t|~7(—1In|t|)7. It follows that
instead of (64), one has
” A
Xeo(t) ~ & (1) (In&eo (1)) 7%/ (67)

and instead of Equation (50), one has a third form for the exponent 7:
Ao a ?
N=9-02-n+7r, (68)

again compatible with 7 = 1 for the 4d Ising model. This suggests to use, instead of the

ratio Rf ) (t), the modified version

(3bis) B x+(t)
R t)y = "
s () (In g ()00
Ty o oo Ty
- 274;(_1 |¢)) T8/ (2-1) o (69)
0+ 0+

which, again, is universal. The four standard scaling laws and the corresponding four
hatted scaling laws are listed in Table 1.

Table 1. The main scaling laws and hatted scaling laws and the associated universal combinations

of amplitudes.
Ratio Scaling Relation Hatted Scaling Relation
B Gl 2Bty =2—n 2B — A4
Co M TP Pt p=t+9
X ()m (= |th B(6—1)=v G+pB6—-1)—65=0
o

ECI

— 0 v2-mn) =7 §—0Q2—n)+73 =1

T () (n gL ()1
SAOY0) 2-a=vd & =do—do

So far so good, but the situation is not yet clear since the case of percolation in six
dimensions (its upper critical dimension) is maybe a counterexample. With y =1, v = %,
7 = 0, and the values of the logarithmic correction exponents § = %, 7= %, and the pseudo-
critical exponent ¢ = dlﬁ = %, using Equation (68), we predict 7 = 2‘%, while Kenna and
his coworkers predict 77 = % from Equation (50). This latter result conforms to an analytic
prediction from Ref. [18], but on the other hand, our value is supported by an FSS prediction
by Ruiz-Lorenzo [19], x L ™2 ~ (InL)3/21. This disagreement demands further analysis.

In Ref. [2], Kenna listed the values of the known hatted critical exponents for a series
of models, and when 7} was not known, he proposed the expected value from the use of
Equation (50). An interesting model is missing from the list, the tricritical Ising model,
which has logarithmic corrections at its upper critical dimension d,, = 3 and has non-zero

§ = 1/3. We will now analyze this universality class in more detail.
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5. The Tricritical Ising Universality Class in the Blume-Capel Model at the Upper
Critical Dimension

The spin-1 Blume—Capel model [20,21] is a lattice model defined by the Hamiltonian
H=—]) ooj+AY o7 —HY o, (70)
(i,7) i i

where the spin variables ¢; = —1,0, +1, ] > 0 denotes the ferromagnetic exchange inter-
action among nearest-neighbor sites ({7, j) indicates summation over nearest neighbors),
and A is the crystal-field strength that controls the density of vacancies (the ¢; = 0 states can
be viewed as vacancies in an ordinary ¢; = +1 Ising model) [22]. For A = —oo, vacancies
are suppressed from the partition function, and the Hamiltonian reduces to that of the Ising
ferromagnet. At A = 0 the second-order transition is in the pure Ising model universality
class. When A increases from 0, a perturbation theory shows that the transition temperature
decreases along a line that remains of Ising-like second-order phase transition. On the other
hand, in the vicinity of T = 0, the transition is first order and persists first order at small

values of T until it reaches the second-order line. Right at the limit, there is a tricritical point

characterized by specific values of T;, A; (Figure 1). Tricriticality corresponds to the ¢°

Landau expansion [23], and the upper critical dimension is thus d,. = 3, the case that we

consider now.

T—Ty=1)
T
A — Ay
T-Ti=71
g=A—Ai+ar
L d A=A
Ay A

Figure 1. Typical phase diagram of the Blume-Capel model in the (T, A) plane. The A line is a line of
second-order phase transition in the Ising model universality class that ends at a tricritical point of
coordinates (T, A¢). The dashed line is a first-order transition line. The most singular even scaling
field at the tricritical point is g, a linear combination of T and of A — Ay.

Using appropriate linear combinations of the physical parameters, determined by the
geometry of the phase diagram and the fact that they have to vanish at the tricritical point,
the even scaling fields are T = (T — T;) /Ty, § = (A — At)/T; + at, and the odd scaling
field is the usual magnetic field i = H/T;. Lawrie and Sarbach [24] have shown that the
free energy density at the tricritical point in 3d reads, in terms of these scaling fields, as

sing

SM8(1,¢,h) = b 3.F4 (b (Inb) 51,62 (Inb)5g(1—a b (Inb) T57g),b2 (Inb)sh), (71)
where the non-universal metric factors x; have been omitted. Here, the subscript “tri”
indicates that the expression is valid in the vicinity of the tricritical point where T = g =
h = 0. The logarithmic corrections are explicitly given in this expression.

The notations in Ref. [24] necessitate to be adapted to be consistent with those that we
have used until now. Leaving aside the logarithmic corrections for a while, let us write

sing

o 8(T,9,h) = b Ty (BT, bYs g, bV ). (72)
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The dominant even scaling field is g, the usual singularities and critical exponents are
therefore defined by their behaviors with regard to g instead of T, which brings corrections
to scaling due to crossover. This means that the f and y; of the three previous sections of
this paper will now be replaced by ¢ and y;. Ath = 0 and 7 = 0, setting b = |g| ~1/¥s Jeads

to f, S8 (0, g,0) ~ |g|%/¥s. This is compatible with v = 1/y,. The specific heat measures the

tri
total energy fluctuations. Its most singular part is defined by

2 ¢sing
C(t,gh) = T;,rzl = b~ Wsg, (BT, bYs g, bYih) ~ |g| ™ whenT,h =0 (73)

2ye—d sing

with a = =5—. This shows that the exponent d/y of f;;°(0,g,0) is thus equal to the

4
usual value 2 — &, and the hyperscaling relation holds.
We can also define less singular exponents with regard to the scaling field 7 (with tilde no-

tation), e.g., C(7,0,0) ~ |7|~%. A similar analysis as above shows that f{: ®(t,0,0) ~ |t|4/¥
with d/yr = (d/yg)¢ = (2 — a)¢ with ¢ = y./y. the crossover exponent. There is a
caveat here since d /vy is not equal to 2 — &, as one can find in the literature [24]. Indeed,
& = (2yg —d)/yr = ap, hence 2 —& = 2 —a¢ # (2 — «)¢. This is important to collect

correct expressions, and this is shown in Table 2.

Table 2. Leading and subleading singularities for the most common physical quantities and the
definitions of the associated exponents. Here, the crossover exponent is ¢ = y¢/y+.

Leading even Field, g Subleading even Field, T Leading Odd Field, h
C0.80) ~ gl «=2%= C(r,00)~[7[ " E=ap
d—yp B 3
m(0,8,0) ~[glf =52 m(r,00)~[tlP  B=pp m(0,0,h) ~n'* 5=

_ 2y, —d & .
x(0,8,0) ~ g7 == x(T00)~ 1|7 F=1¢

This being said, we can now incorporate the logarithmic corrections in Equation (72)
to obtain ) ) A )
o (1,8, h) = b~ T4 (b7 (Inb)~T, b%s (Inb)Vs g, b¥t (In b) i), (74)

tri

and the comparison with Equation (71) simply leads to

5

Y$=2 Yn=75 Yyr=1 (75)
11 4 1
Vs=3 =g Jr=g =3 (76)

We can now deduce the values of the standard critical exponents and the associated
logarithmic corrections exponents. They are listed in Table 3 for three universality classes,
which all have non-zero values of the pseudo-critical exponent ¢, the Ising model in four
dimensions, the tricritical Ising model in three dimensions, and the problem of percolation
in six dimensions.

In this table, the first six lines are not controversial. The seventh line presents the
correlation function correction exponent 77, which follows from our scaling law, in any
of the forms given in Equations (59), (63), or (68). These three expressions are mutually
consistent, but they differ from Equation (50) used by Kenna and his coauthors. This latter
formula would, respectively, predict for the three universality classes the values 0, f%,
and % We have seen that the first value, 0, is falsified in the 4d IM case by Refs. [16,17],
but the results of Ref. [18] invalidates our third value %, the last entry of in Table 3, while
Ref. [19], on the contrary, supports this value.

151



Entropy 2024, 26, 221

Table 3. Leading and logarithmic correction exponents for the most common physical quantities.

Leading Exponent Logarithmic Correction Exponent

Quantity IM4D Tri.IM  Perco. IM4D Tri.IM  Perco.
C(t,0) o =2 0 3 -1 &= (2— ) 3 ] 2
d=yy 1 1 A Bp. L 1 1 2
m—(t,0) p=" 2 1 1 B = Byt + Jn 3 1 7
x(,0) y= 2t 1 1 1 ¥ =20, — 19 3 0 2
A=y 1 1 1 8 _ 1 45 1 1 2
me(0,h) ;= 3 5 2 8= 39n+9n 3 5 7
iix(£0) A=t A S S ) A T
(t,0) v=1 ! ] ] 9= 8- 1 1 5
G(0,0, |r|) n=d—2y,+2 0 0 0 =20, 3 3 8

The case of the tricritical Ising model in three dimensions appears crucial, and we have
to provide numerical results in support of our result. The numerical computation of the
correlation function is known to be a very delicate problem, and we will approach the value
of the exponent 7} differently, using FSS. Another delicate aspect is also the well-known fact
that extracting logarithmic corrections in the vicinity of a critical point can be extremely
difficult [25]. Recently, it was found that very accurate results can be obtained numerically
in the Blume-Capel model with relatively small system sizes [26] via the analysis of the
zeros of the partition function, and in particular the Lee-Yang zeros [27,28]. The Lee—Yang
zeros are connected to the susceptibility [29] via

x(g,0,L71 ~Lth (g,0,L71 (77)

where j labels the zeros in the upper-half complex plane, indexed in order of increasing
distance from the critical point. The sum is dominated by the lowest zero, the Lee—Yang edge
WYY, and at the tricritical point, the FSS of the susceptibility is thus linked to that of K™Y

x(0,0,L7Y) ~ L= (0,0,L71) 72 ~ L2 (In L)". (78)
In the presence of logarithmic corrections, the scaling form of the Lee—Yang edge obeys
h™Y (g, h) = b~ Y (Inb) ~Ih s (b (Inb)V T, b%s (In b) s g, bV (In b) k) (79)

compatible with the behavior in terms of the thermal scaling field g, as it can be shown using

the scaling laws of Table 3, #Y(g,0) ~ |g|*(—In| g|)A. If one sits exactly at the tricritical
point, T = g = h = 0, we can extract the FSS behavior of the zeros by setting b = L,

WY (0,0, L7Y) ~ L7 (In L) ~¥n (80)
and it follows that we expect
WY (0,0,L71) ~ LO-2-4)/2(1n 1) ~1/2 (81)

which agrees with Equation (78).

As we said, this form can be checked with good accuracy at the price of relatively light
Monte Carlo simulations. The coordinates of the tricritical point of the Blume—Capel model
in 3d are found in Ref. [30], T; ~ 1.4182, A; ~ 2.8448, but the value of A; does not seem to
be as accurate as that of the temperature and for example Zierenberg et al. Ref [31] report
instead A; ~ 2.8446. Let us first analyze this problem ourselves. In Figure 2, we report
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the FSS of the magnetization at T; ~ 1.4182 for several values of A ranging from 2.8440 to
2.8448. The magnetization is expected to follow the FSS behavior

m (0,0, L7Y) ~ L™+Yn(In L)7n (82)
withd —y;, = 1 and §, = %. The data points are fitted as (0,0, L_l)L% =a(InL)? witha,b
free parameters. The closest to the expected result (the black dashed line) is at A = 2.8442,

where we obtain b = 0.155 4 0.007. We will thus consider this value of A as our estimate
for the coordinate of the tricritical point A;.

10| —— £=2.8440, b= 02670 +/- 0.0066 3
--- A=2.8442, allogL|s ‘__/_,/"
—— A=2.8442, b= 0.1547 +/- 0.0066 T
98x101{ —— A=2.8446, b= -0.0721 +/- 0.0065 -
—.— A=2.8448, b= -0.1858 +/- 0.0065 -~
-1 /./"'/V’ v .——r-“*-’a‘:":‘
9.6x10 o I
] ./"'/ -—-‘""'r-“
— ¢ - P
| - e o
= 9.4x107t oz
8] &=
I~
-
€ 92x10 ¢ T —— — ’
ST T e .. N
T~ T
Tl ’
9% 107! Tre— ¢
..... -t
S——
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*
1‘2 1‘4 1‘6 1‘8 Zb 2‘2
logL

Figure 2. FSS of the magnetization for the tricritical Ising model (Blume—-Capel model at its tricritical
temperature) in 3d at T; = 1.4182 and various values of the crystal-field parameter A for sizes ranging from
L = 12t022. Thebest fitis for A = 2.8442 ()(2 /dof =3040/4 =7.6atA = 2.8440, x2/dof = 5.39/4 = 1.35
at A =2.8442, x2/dof = 28.36/4 =7.09 at A = 2.8446 and x2/dof = 76.74/4 = 19.18 at A = 2.8448).

The analysis of the Lee-Yang edge is presented in Figure 3 with a larger choice of
values of A and, again, the best fit is at A; = 2.8442, where the estimate of §J;, is now slightly
larger at 0.172 £ 0.008.

L 4
''''''''''' S e,
2.4x10° T = ——— ¢
s
~. ~—
(8 = T~
'~ =S *\
¢ So \'\~\ T~
2.35x 10° Sl T \\’\\
N =~ -~
~. S~ \\L
% \,\ \'\.\. \\\
. -
% ~ - - \~\.\.\ 7‘\\\\
L 23x100 \'\.1. \'\’\.\ ¢
~. ~.
\'\, \‘\.
—-— A=2.8440, y,= 0.2990 +/- 0.0077 \-\.\o "\-\_\
—-— A=2.8441, y,= 02361 +/- 0.0078 S '\;
225%x100] —— A=2.8442,y,= 0.1719 +/- 0.0078 .
——— A=2.8442, allogL|"¥® Ay
A=2.8443, yy= 0.1065 +/- 0.0079 N
—-— A=2.8444, y,= 0.0398 +/- 0.0080 ¢
0.9‘102 0.9‘704 1.0i98 1,0‘614 1.0572 1.1‘285
logL

Figure 3. FSS of the Lee—Yang edge for the tricritical Ising model (Blume—Capel model at its tricritical
temperature) in 3d at T; = 1.4182 and various values of A for sizes ranging from L = 12 to 22.
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The reader could still question the sensitivity of the value of §j;, with the choice of
tricritical temperature T;. Indeed, when one looks at the FSS of the tricritical magnetization,
for example, the effective exponent of the log term is either positive and close to the
expected value or can differ from the expectation and even be negative, depending on the
values of the crystal field A (see Figure 2). It makes sense to ask whether the role of T;
may also have a significant influence. We believe that the results presented in this work
are reliable and to support the consistency of the numerical data, we show in Figure 4 that
slight variations of T change the regime from the pure 3d Ising model at T = 1.4197, for
which y;, = 2.4815(15) [32] is expected, to first order at T = 1.4170, where an effective
FSS y), = d is expected [33]. T = 1.4182 safely recovers y;" = 2.5 to a very good accuracy
and confirms the tricritical value of T; ~ 1.4182. Note that the transition line in the phase
diagram in the vicinity of the tricritical point is almost at a fixed value of A, this is why the
three regimes are found at the same crystal-field value of A = 2.8442.

('S —-— T=1.4197, yp= 2.4815 +/- 0.0029
i
\'§.~§‘ —-— T=1.4182, alL”"|log L|’1/6, yn= 2.5021 +/- 0.0028
Ax107 TSy, —-— T=1.4070, y,= 3.0221 +/- 0.0025
~ ~ .§:§-
~ '§‘:'
3x1073 N Rix
N NG
N~
~. NI~
AN NS
A ~ Q‘\\\
~N NS
2x 1073 ~ NS
o S ~S
< *0.\ ':‘\\..\
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Figure 4. FSS of the Lee—Yang edge in the vicinity of the tricritical point of the Blume-Capel model in
3d, at T} = 1.4170, 1.4182 and 1.4197 and A = 2.8442 to show the first-order, the tricritical, and the
ordinary second-order regimes from the values of the corresponding RG dimensions y;,.

6. Conclusions

The numerical results obtained for the tricritical Ising model universality class in 34
confirm the prediction that ;, = %, hence the prediction 7 = %, while the scaling law of
Kenna and his coworkers would have given f% instead.

In Ref. [2], Ralph Kenna concluded his review with a table collecting the sets of critical
exponents and hatted critical exponents for various models and predicting those that
were still unknown from the use of the newly discovered scaling laws and, in particular
Equation (50), which we scrutinize and propose to replace by Equation (68) or any of the

equivalent forms that we have derived.

In the list, the O(n) model with long-range interactions [34,35] was predicted to have
7 = 0. We propose instead 7 = 3, following from 7y = (4 —n)/[2(n +8)], I, = 1.

The Lee-Yang edge in 6d [19] was predicted to have #j = §. We rather have §; = —% and
9y = 3, hence ) = §.

For lattice animals in 84 [19], Kenna predicted 7 = %, and we have §; =, = % and
A4

ghe cgase of scale-free networks [36-38] is particular in the sense that Ralph Kenna did not
make any prediction for 7j because some exponents were missing. From those which are
known, we can deduce that §j; = —% and j, = — }I, and we deduce thus 77 = —%, which is
a new prediction.
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Eventually, we believe that the n-color Ashkin—Teller model in 24 is still under question
since the exponents collected by Shalaev and Jug [39] do not satisfy the “standard” scaling
laws, e.g., the values reported do not obey & + 4 = 2.

To finish this paper, we would like to say that the scaling laws discovered by Ralph
Kenna and his coworkers are invaluable because they make it possible to establish (or
falsify) the consistency of the results obtained for various models. The case of the n-color
Ashkin-Teller model in 2d is such an example where it seems that there are still some
inconsistencies to solve. Although we happened to contradict one of these scaling laws, we
admire the piece of work conducted in Refs. [2-4], where we recognize Ralph’s footprint.
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Abstract: We consider how finite-size scaling (FSS) is modified above the upper critical dimension,
dy = 4, due to hyperscaling violations, which in turn arise from a dangerous irrelevant variable.
In addition to the commonly studied case of periodic boundary conditions, we also consider new
effects that arise with free boundary conditions. Some numerical results are presented in addition to
theoretical arguments.
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1. Introduction

In the study of continuous phase transitions, finite-size scaling (FSS) is extensively
used to extrapolate numerical results on a range of finite-size systems to the thermodynamic
limit in order to determine properties of the transition, such as critical exponents. While
the basic ideas are well established, some additional complications arise above the “upper
critical dimension”, d,, = 4, related to violations of hyperscaling relations (those relations
between critical exponents which also involve the space dimension d) for bulk properties.
In this article, we will discuss these additional features which arise for dimension d > 4.
For a recent review, see Ref. [1], which is by the late Ralph Kenna and collaborators.

The plan of the paper is as follows. In Section 2, we describe the theory of FSS and
briefly indicate its justification from the renormalization group in Section 3. The new
aspects of FSS above d = 4 are given in Section 4. Section 4.1 explains how the new
physics in this region is related to a “dangerous irrelevant variable”. Numerical results for
periodic boundary conditions in d = 4 are presented in Section 4.2, while a discussion of
the finite-size correlation length is given in Section 4.3. The rather surprising new features
that appear with periodic boundary conditions are explained in Section 4.4, and finally, we
give a summary in Section 5.

2. Finite-Size Scaling

We know that a sharp phase transition can only take place in an infinite system, while
for a finite system, the change in behavior at a transition is “rounded out” in some way. At
a second-order transition, the correlation length ¢ varies as

E~(T-To)™", )

where T, is the transition temperature, and v is a critical exponent that characterizes the
divergence of the correlation length. Consequently, close enough to T; that ¢ > L, where L
is the (linear) system size, finite-size corrections must be large.

Since numerical simulations are carried out on systems with finite sizes, in order to
obtain accurate results in the thermodynamic limit, it is necessary to extrapolate results
from several finite sizes to infinite sizes. The technique for doing this is called finite-size
scaling (FSS). We will now outline the basic ideas of FSS, which were originally due to
Michael Fisher [2,3].
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We consider systems that are finite in all 4 dimensions, as in Monte Carlo simulations.
One can also study other geometries in which one or more dimensions are infinite, the
most important case being one infinite dimension, which corresponds to transfer matrix
calculations and also to quantum systems at zero temperature. However, we will not
consider that situation here. For simplicity, we assume that the system has the same size L
in each of d dimensions, so the total size of the system is given by

N=L% 2)

We will consider models for magnetic materials in which a “spin” lies on each side of a
hypercubic regular lattice and interacts with its neighbors. Most commonly, a spin might
be a scalar that takes values S; = +1, which is known as the Ising model, but sometimes
classical m-component vectors are taken instead. The examples considered here will all be
for Ising models.

As soon as we move away from the thermodynamic limit and discuss finite-size
systems, we have to specify the boundary conditions. In simulations, one would like finite-
size corrections to be as small as possible, so normally, one considers period boundary
conditions, where a site with coordinate L + 1 in one of the directions is identified with site 1
in that direction. This means that there is no surface. Here, we will mainly consider periodic
boundary conditions, but Section 4.4 will include the effects of surfaces by choosing free
boundaries, in which a site on the surface has no coupling going outside the surface. One
can convert periodic boundary conditions to free boundary conditions simply by setting to
zero those interactions which “wrap around” the system.

When T — T, is sufficiently small that { 2 L, the results of simulations will depend
on L. By contrast, well above T;, where L >> ¢, one expects properties of a system with
periodic boundary conditions to differ by only exponentially small corrections of order
exp(—L /&) from those of an infinite system. With free boundaries, where there is a surface,
corrections will be much larger in this limit, typically of 1/L relative to the bulk values.

Let us consider some quantity X say, which diverges at T as

w AT T, (3)

in the thermodynamic limit. A simple postulate for how X might vary on a system of size

(L)

for some function f(x). One expects that f is universal in the renormalization group sense,
i.e., it does not depend on the lattice structure or irrelevant variables. One does, however,
expect that it will depend on the boundary conditions.

We can deduce the form of f in two limits:

1. Atafixed T in the limit L — oo we have X; — X SO

lim f(x)=1. (5)

X—00

2. AtLfixedand T — T, X (T) is not singular because there can be no sharp transition
in a finite system. This means that the behavior of f(x) for x — 0 should compensate
for the divergence of X, i.e.,

f(x) =CxMY for x—0, (6)

where we used Equation (1).

In fact, Xp (T) varies smoothly around T = T, and one can incorporate this, as well as
have a single formula that works both above and below T¢, by rewriting Equation (4) as

X (T) = LMY R(LYY (T —T)), 7)
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where ignoring the amplitude A in Equation (3) for simplicity, one has

X(x) = x " f(x"). ®)

Since X (0) is non-zero and finite, we must have X (0) = const., so Equation (7) gives a
prediction for the size dependence at T., namely

X (T.) ~ LMY, )

Equation (7) is the basic postulate of finite-size scaling. For what quantities X would
we typically apply it? Naturally, we would like a quantity with a strong divergence, i.e., A
is greater than zero and not too small. An “obvious” choice is the susceptibility x, which
diverges with an exponent vy, which is exactly 7/4 in the two-dimensional Ising model and
about 1.24 in the three-dimensional Ising model. However, determining y is difficult in
numerical simulations for the following reasons. It is computed from spin correlations
using the relation

X = 7 LISS) — (5:)(5)] (10)
L]
= ZN[m?) — 7], (an
where
1 N
neLys, (12)

is the magnetization per site. However, for a finite system and in zero external magnetic
fields, strictly speaking, one has (m) = 0. In practice, below T, the magnetization will
very slowly fluctuate between the “up” state and the “down” state with a time that varies
strongly with system size and temperature and may be much longer than the time of
the simulation. Hence, at least below T, it is useful to calculate only quantities that are
invariant under the global symmetry of the model. Here, for an Ising model in zero field,
this is an inversion of all the spins.
Some proposed fixes for this problem are:

1.  Replace the second term in Equation (11) by (|m|)?, i.e.,

x = 2N[tm?) — (ml)?], (13)

(the factor of 1/T is often omitted.) Equation (13) gives the desirable result that the
two terms in Equation (11) tend to cancel below T, but unfortunately, it does not
give the correct susceptibility above T.. For example, in the limit T — co, one has
x = (1—2/m)/T instead of the correct result, which is 1/T.

2. My preferred solution is to replace Equation (10) by

X= % l;[ Y (SiS;) — Z<5i5i+z/2>] , (14)

ij i

where S, 7 , indicates the spin which is L/2 in every direction away from i, i.e., as
far as possible from i. The second term is exponentially small in L/¢ above T, while
below T it tends to cancel the first term. Unfortunately, this definition of x in a finite
system has not been adopted.
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3.  Ignore the second term in Equations (10) and (11) completely. Typically, one also
neglects the factor of 1/T since this varies only slightly in the vicinity of the transition.
We will, therefore, define the correlation function

1

C= ;j<sisj> = N(m?). (15)

Well above T, this is the susceptibility, apart from the factor of 1/T, but below T, the
dominant part varies as N times the magnetization squared, i.e., N|T. — T|? where

B is the order parameter exponent defined by (m) ~ |T. — T|f for T < T.. For y this
part is canceled by the second term in Equation (11). From Equation (7) we write

c— LHC(LW(T - TC)), (16)
where we used the scaling relation

v=02-n)y, (17)

in which the exponent 5 characterizes the power-law decay of correlations with
distance at the critical point. The scaling function C(x) must have the following
limiting behaviors:
x77, (x = )
C(x) ~ { const,, (x =0) , (18)
X%, (x = —o0)

where, in the last line, we used the following “hyperscaling” scaling relation

ﬁ:%(d—2+17)v. (19)

Hyperscaling relations, which are the main focus of this volume, give connections
between exponents which involve the space dimension d.

Equations (15)—(19) describe the FSS of the second moment of the order parameter
m. Following Binder [4], it is of interest to consider other moments and, in particular, the
whole distribution P(m). In order for the second moment to satisfy Equation (16) and for
the distribution to be normalized, we must have

P(m) = Lﬂ/VP(Lﬁ/Vm, LVv(T - Tc)>. (20)

The power of L in front of the scaling function P has to be the same as the power of L
multiplying m in the first argument of P in order that the distribution is normalized, and
this power has to be /v in order to obtain Equation (16) (to see this note Equation (19)).

Binder [4] also pointed out that it is useful to look at ratios of moments such that the
total power of m in the numerator and denominator are equal because then the power of
L in front of the scaling function disappears. A simple and commonly studied case is the
ratio of the fourth moment to the second moment squared,

1 (m*)
— 2(3_ 21
s=3(3- oz ). e
which is known as the Binder ratio or Binder cumulant. The factors 3 and 1/2 are not
essential but are often included so that g varies from 0 well above T; (since fluctuations

there are Gaussian which implies (m*) = 3(m?)?) to 1 well below T (since (m*) = (m?)?
in that region). The FSS behavior of g is

g=g(L(r-1). (22)
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Later, we will consider the wavevector dependence of correlations so we generalize
the second moment of the order parameter in Equation (15) to non-zero wavevectors,

C(k) = %Zeik'(Rf*Rﬂ (SiS))- (23)
L]

The standard FSS scaling form for C(k) for small k is the same as for k = 0, namely
Equation (16).

One reason the study of critical phenomena is particularly interesting is that many
quantities are “universal”, i.e., they only depend on certain broad features of the problem,
such as space dimensionality and the symmetry of the order parameter, but do not depend
on microscopic details, such as the type of lattice and range of interactions (as long as they
are not infinite range). Exponents are examples of universal quantities, while the transition
temperature depends on all the microscopic details, and so does non-universal.

In addition, scaling functions, including finite-size scaling functions, have a degree of
universality. Fisher and Privman [5] clarified the situation for FSS functions. Suppose we
take Equation (7) for a general quantity X;. There will be a non-universal amplitude (or
metric factor) associated with the overall size of X} and a non-universal amplitude in front
of the reduced temperature in the scaling function so we can write

X (T) = ALMY X(BLVY(T — T,)), (24)

where A and B are non-universal. According to Privman and Fisher [5], the resulting
scaling function X is universal, which means that it does not depend on microscopic details,
but since we are dealing with finite-size effects, it does depend on the boundary conditions.
If we include a magnetic field /, the scaling function has a second argument CLY#h. The
amplitude C is non-universal, but the scaling function itself remains universal. Here, yp is
called the magnetic exponent and is related to exponents introduced earlier by

yii = 5(d+2-7). 25)

The exponent 1/v, which is the power of L multiplying T — T, in the scaling functions, is
called the thermal exponent and labeled yr, so

1

=, 26
yr = (26)
An important application of FSS functions being universal occurs for dimension-

less quantities such as the Binder ratio g. Equation (22) does not have a non-universal
overall scale factor like A in Equation (24) multiplying the scaling function (since g is

dimensionless), and so we write
g =§(BLY(T - T.)) 27)

with B non-universal and § universal. Hence, the value of g at the intersection point (which
is T = T¢) is a universal number; see Figure 1. Consequently, if the intersection values for
two different systems known to be in the same universality class are apparently different, it
follows that the asymptotic scaling regime has not been reached, and corrections to FSS are
significant. This is a useful check.
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Figure 1. Calculation of the Binder ratio defined in Equation (21) for the two-dimensional Ising model
on a square lattice with nearest-neighbor interactions. The dashed vertical line indicates the exact
transition temperature T, = 2/ In(v/2 + 1) = 2.269.. . .. The figure shows that T is the temperature
where the data for g for different sizes intersect. Furthermore, the value of g at the critical (intersection)
point is of interest because it is universal. From more detailed calculations, this value is found to be
0.916 in three decimal places. Universality means that the same value would occur for a triangular
lattice or a square lattice with second neighbor interactions, for example, even though the transition
temperatures would be different for these models. The value of g(Tc) does, however, depend on the
boundary conditions and is also different in different space dimensions.

3. Renormalization Group Justification for Finite-Size Scaling

To better understand FSS, we adopt a renormalization group (RG) perspective. We
consider a system on a lattice with lattice spacing a2 with a Hamiltonian X which has
interactions Ky, Ky, - - -, into which we have absorbed the factor of 1/(kgT). In the RG,
we perform a coarse-graining of the system such that the new lattice spacing is ba with
b > 1, and the probability distribution of long wavelength fluctuations is unchanged. This
distribution is governed by a new Hamiltonian 7{’, of the same form as H but with new
interactions K, K}, - - - .

If we are close to a second-order transition, the set of interactions will approach close
to a fixed point K, K3, - - - . Near the fixed point is useful to consider linear combinations
u; of the deviations K, — K}, which transform simply, u; = b¥iu;, where y; is an eigenvalue
of the RG transformation linearized about the fixed point. If y; > 0, then u; is said to be
a “relevant” variable since iterating the RG transformation takes u; away from the fixed
point (u; = 0), whereas if y; < 0, then u; is an “irrelevant” variable since u; decreases to
zero upon iterating.

For a standard second-order transition, one has to set the temperature to the critical
temperature and the magnetic field to zero in order to be at the critical point. Therefore,
there are two relevant operators: the reduced temperature t defined by

T-T.

t
T.

(28)
and the magnetic field &. One can show that the corresponding exponents, y and vy, are
related to other exponents by Equations (25) and (26). In the following discussion, we will
include just the most important irrelevant operator, i.e., the one with the least negative
eigenvalue, and call it u. Following convention, we will write i, = —w where w > 0.
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Under the RG transformation, quantities of interest are assumed to vary in the follow-
ing way
X(t,h,u,L) = b¥x X(b¥Ty, bY5h, b=“u, L/b), (29)

where yx is related to the exponent, giving the divergence of X in the thermodynamic limit,
as we shall see. If we fix i = 0, ignore the irrelevant variable, and set b = L we obtain

X (t) = LYXX(LYt,0,0,1) = LYXX (LT t), (30)

which agrees with the basic FSS expression in Equation (7) with yx = A/v = Ay, where A
is the exponent for the divergence of X at the bulk critical point, see Equation (3).

Please note that we have assumed we can set the irrelevant variable u to zero to
obtain Equation (7) and that including u would give corrections to scaling to that equation.
However, we shall see that above the so-called upper critical dimension, d, = 4, some
scaling functions develop singularities in this limit. In these cases, we cannot just set u = 0
but need to consider the form of the singularity as u tends to 0. Such variables u are called
“dangerous” irrelevant variables, a term first coined by Michael Fisher.

4. Finite-Size Scaling above the Upper Critical Dimension
4.1. Dangerous Irrelevant Variables

The simplest approximate theory to describe critical phenomena is mean-field theory
(MFT), according to which the critical exponents we have mentioned so far have values

vy=1, g=1/2, v=1/2, n=0 (MFT). (31)

It is well established by the RG that MFT gives the exponents correctly for dimension
d greater than the upper critical dimension d = 4. However, for d < 4, the exponents vary
with d; for d > 4, they “stick” at their MF values.

Earlier, we have mentioned two scaling relations, Equations (17) and (19), relating
different exponents. Equation (17) relating -y and # is satisfied by their MF values. However,
the hyperscaling relation in Equation (19) does not work for d > 4. It does work, though,
at the borderline dimension between MF and non-MF behavior, d = 4, and so, for d > 4,
an equation analogous to Equation (19) with d replaced by d, (= 4) is correct [6,7]. In
this section, we will discuss the physics of the violation of hyperscaling relations in the
mean-field regime for d > 4 and show how this physics also gives rise to a form of FSS that
is different from what we have discussed so far.

In RG treatments of critical phenomena, one starts with a “soft-spin” version of the
problem, in which an initial coarse-graining over the discrete “fixed length” spins has been
carried out. This Hamiltonian, associated with the names of Ginzburg, Landau, and Wilson,
is, for scalar (Ising) spins,

How = [ [3r(T)¢? + 1(V9) + Jug?d', (32)
where ¢(x) is the “spin” variable, and the partition function is given by
z = [ Dig(x)] exp(~Heuw) - 3)

The parameter r(T) varies smoothly with temperature and goes negative at low T in order
to induce an ordering in ¢. In this formulation, MFT corresponds to taking ¢(x) to be
independent of x and minimizing the resulting function with respect to ¢. The transition
temperature is when = 0, and at lower temperatures, one finds

o =" e, &N
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Since r varies smoothly with T, i.e., 7(T) T — T,, we have (¢) o (T. — T)/2s0 g = 1/2,
the MF value that we quoted in Equation (31).

Renormalization group arguments show that for 4 > 4, the quartic coupling u is
irrelevant, so its value iterates to zero under repeated RG transformations. However, the
expression for (¢) in Equation (34) becomes singular in this limit, so we cannot just set
u = 0. This is important because to derive the standard FSS result in Equation (7), we set
the irrelevant variable to zero in Equation (30). However, for d > 4, we cannot do this,
just as we cannot set # = 0 in Equation (34), but must rather consider the singular nature
of the scaling function X(t,h,u,L) as u tends to 0. As mentioned in the previous section,
irrelevant variables that give singularities if they are set to zero are said to be “dangerous”.

Hence Equations (7), (16) and (22), for example, are not valid for 4 > 4. The way these
equations have to be modified in the case of periodic boundary conditions was shown
by Brézin and Zinn-Justin [8] and Binder et al. [9]. The argument of the standard FSS
functions is L'V (T — T.). If we put the MF value v = 1/2, this would be L*(T — T,).
However Refs. [8,9] show that the correct result involves the square root of the volume,
ie., L2(T — T.) is replaced by L4/2 (T — T,). The prefactor in front of the scaling function
may also change in order to give the correct results for an infinite system. For d > 4, the
expressions corresponding to Equations (7), (16) and (22) are modified to

Xy =LMPX(LY(T-T.), C=L"2C(LY*(T-T.)), g=gL"*(T-T.)), (35

Naively, one would expect that finite-size effects are substantial when the correlation
length is of order L, which corresponds to T — T. ~ L~2. However, Equation (35) shows
that, for periodic boundary conditions, nothing happens at this temperature and finite-size
effects only occur closer (Please note that we are considering d > 4 so L™/ < L72). to T,
when T — T, ~ L~%2. This surprising result is presumably due to (i) we have the periodic
boundary conditions, which means there is no surface at a distance L, and (ii) the fixed
point value of the coupling u in Equation (32) is zero, so long wavelength fluctuations
interact very weakly.

4.2. Numerical Results for Periodic Boundary Conditions

It is possible to check the results in Equation (35) by Monte Carlo simulations on the
five-dimensional Ising model. One can simulate large sizes using a clustering algorithm
that was originally proposed by Swendsen and Wang [10] and subsequently modified by
Wolff [11]. This algorithm considerably reduces the growth of relaxation times at the critical
point (critical slowing down). Here, we will present some results found by Wittmann and
the author [12].

The Hamiltonian is

H=—)JiSiS (36)
)
where the S; = 41 are Ising spins on a five-dimensional lattice of size N = L°. In this
subsection, we consider periodic boundary conditions, but in Section 4.4, we will consider
free boundary conditions. The J;; are interactions between spins i and j, and we take
Jij = 1 for nearest neighbors and 0 otherwise. Using the Wolff algorithm, it was possible to
simulate sizes up to L = 36.

Figure 2 shows data for the Binder ratio g, including a scaling plot according to
Equation (35) with d = 5, which works well. An attempt to scale the data in which the
power of L, namely d/2, is replaced by 1/v = 2, as in standard FSS (see Equation (22)), is
very poor.
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Figure 2. The left panel shows data for the Binder ratio g for the five-dimensional Ising model
with periodic boundary conditions. The right panel shows the same data but scaled according to
Equation (35), in which T, = 8.77846 and the power of L is d/2 (= 5/2 here), rather than 1/v, the
value expected in standard FSS (see Equation (22) which equals 2. The data collapse using the
exponent 5/2 is seen to be good, whereas it is poor if the exponent value 2 is used. From Ref. [12].

We emphasize that the reason we have the power d/2 rather than 2 in Equation (35)
ultimately comes from Equation (34), namely that the order parameter (¢) is singular for
u — 0. It is, therefore, interesting to ask what form FSS would take if we look at some
quantity that does not involve the order parameter (which is a k = 0 quantity).

Ref. [12] investigated this question numerically by computing the wavevector depen-
dent correlation function C(k) in Equation (23) for some small but non-zero wavevectors,
which, we note, are orthogonal to the order parameter since we still consider periodic
boundary conditions. Figure 3 shows results for C(k) where k = (27r/L)(1,0,0,0,0), the
smallest non-zero wavevector. The data increases as T decreases to T, but then decreases
below T because these fluctuations are orthogonal to the order parameter. Apart from the
smallest size presented (L = 8), the data scales well but with the standard FSS exponent
form, Equation (16) with v = 1/2,7 = 0, rather than the modified FSS form in Equation
(85) with d = 5.
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Figure 3. The left panel shows data for the wavevector dependent correlation function C(k) for
k = (2t/L)(1,0,0,0,0) for the five-dimensional Ising model with periodic boundary conditions.
The right panel shows the data scaled according to the standard FSS form in Equation (16) using
mean-field exponents v = 1/2, § = 0, rather than the modified FSS form in Equation (35) with d = 5.
This scaling works well apart from the smallest size, L = 8, especially above T¢.
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A natural hypothesis, then, is that all quantities which do not involve the order
parameter satisfy standard FSS expressions even for d > 4.

4.3. The Finite-Size Correlation Length

The divergence of the bulk correlation length at T, is an important feature of a second-
order transition, so it is of interest to define the correlation length in a finite system as well.

The correlation length of the finite system is given by the following finite difference
expression [13,14],

1 C(0)

L= sin(kmin/2) \| Clhomin) (37)

where k,,;,, is the smallest non-zero wavevector on the lattice. For example, ind = 5,
kyin = (2/L)(1,0,0,0,0) and permutations. In this section, we continue to assume
periodic boundary conditions. With this definition of ¢;, the correlation function far
enough above T, obeys the expected Ornstein-Zernicke form

__ o
iRt

C(k) (38)

so ¢1, is indeed a characteristic length in this region. However, it can not be interpreted as a
physical length below T, since C(0) is dominated by the long-range order and so diverges
as L%, whereas C(kpin) does not have a long-range order component and so is finite below
T.. Nonetheless, {1 is a convenient quantity to analyze with FSS in all regions since, like
the Binder ratio g, ¢, /L is dimensionless, and so its FSS form does not have the power of L
multiplying the scaling function.

According to [12], for k > 0 but kL < 1, C(k) varies as L2 at T,, see Figure 4. This
indicates that in real space, correlations fall off with distance in the expected mean-field
way, namely 1/7972 so 4 = 0. However C(0) goes as L%/? which is much bigger than
C(kyin) for d > 4. Hence, as defined in Equation (37), we see that for large L

a2\ "2 /4

at T, which is bigger than L since d > 4 here. However, in contrast to some earlier
results [7,14], we argue that we should not interpret ¢; as a physical length at T,. Rather
the quantity defined to be ¢} is larger than L at T, only because C(0) is anomalously large
relative to C(k > 0). To be more precise, correlations fall off with distance in the expected
mean-field way, i.e., as 1/7%72, so one would naively think that at a distance of order L/2,
the correlations would be of order 1/L%~2. However, this is wrong because the k = 0 mode
gives an additional, anomalously large, constant contribution of order 1/L%/2.
Finally, we note that the FSS form for ¢; defined in Equation (37) is [14]

&=L (L(T -T2, (40)

which gives the L%/* behavior at T, derived earlier in Equation (39).

4.4. Free Boundary Conditions above the Upper Critical Dimension

The above results are for periodic boundary conditions for d > 4, and they show that
the temperature range over which there is finite-size rounding is of order 1/L%2. This
means that there is no change in behavior when ¢ ~ L,ie., T — T, ~ L=2, but only closer to
T, when T — Tc ~ L=%/2. While surprising, this result is nonetheless possible with periodic
boundary conditions. However, if we have free boundary conditions, surely something
must happen when ¢ ~ L because the correlations must be affected by the surfaces.
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To our knowledge, the question of what happens with free boundary conditions for
d > 4 was first addressed by Rudnick et al. [15]. They showed that one needs to consider
two exponents describing finite-size effects: a “shift” exponent and a “rounding” exponent.
The possibility of two exponents to characterize finite-size effects was further studied
by [12], who performed numerics on the five-dimensional Ising model with free boundary
conditions and also considered possible different behavior for quantities that are orthogonal
to the order parameter compared with those that involve the order parameter.

More precisely, ref. [12] computed the Fourier-transformed correlation functions

C(k) = LY|m(k)[*), (41)

in which the Fourier-transformed magnetization, m(k), is defined differently for free
boundary conditions compared with periodic boundary conditions. However, for periodic
boundary conditions, the Fourier modes are plane waves, i.e.,

m(k) = %Zeik'ri S;, (periodic), (42)
1

where
ko =2mny /L, (periodic), 43)

withn, =0,1,--- ,L —1and a denotes a Cartesian coordinate, for free boundary conditions,
the Fourier modes are sine waves,

d
m(k) = %Z[ [ sin(karia) } S;, (free), (44)
i a=1
where
ko = mny/(L+1), (free), (45)

with n, = 1,2,---,L and the components of the lattice position, 7;,, run over values
1,2,---, L. There is zero contribution to the sum in Equation (44) if we setr;, = O or L +1,
so Equations (44) and (45) correctly incorporate free boundary conditions.

Please note that k = 0 is not an allowed wavevector with free boundary conditions,
so the uniform magnetization does not correspond to a single Fourier mode. Wavevectors
with all 7, odd have a projection onto the uniform magnetization and so will acquire a
non-zero expectation value below T; in the thermodynamic limit. It is, therefore, natural
to expect that they will obey some sort of non-standard FSS. However, if any of the 1, is
even, there is no projection onto the uniform magnetization, so they will not acquire an
expectation value below T¢, and hence it is expected that they will satisfy standard FSS, i.e.,
Equation (16) withy =0, v =1/2.

Ref. [12] found that corrections to FSS are larger with free boundary conditions than
with periodic boundary conditions. Nonetheless, given the large sizes that can be studied
with the Wolff algorithm, ref. [12] concluded that the data shows fairly convincingly that
quantities that are orthogonal to the order parameter do indeed follow standard FSS.

What, then, is the form of non-standard FSS above the upper critical dimension with
free boundary conditions for quantities that involve the order parameter? As already
noted above, Rudnick et al. [15] showed that one needs both a temperature “shift” and a
different temperature “rounding”. For the shift, one defines for each size a characteristic
temperature (T(L) is called a pseudocritical temperature by Berche et al. [6], and we shall
use that terminology here. In that paper, T(L) is determined from the maximum of x
computed with the subtracted term shown in Equation (13), rather than from the midpoint
value of g as here. Any reasonable definition of T(L) should give the same exponent for
the shift). T(L) from which a shift exponent A is obtained as follows:

ATy =T~ T(L) = 3. (46)
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The definition of T(L) is not unique, but one convenient choice, the one used by [12], is the
temperature where ¢(T(L)) = 0.5, see Figure 4. A convenient choice for the temperature
rounding is the difference between the temperatures where ¢ = 0.25 (say) and g = 0.75

(say), i.e.,
otp = T(g = 0.25) — T(g = 0.75) = %, (47)

see Figure 4. This defines the rounding exponent y.

Figure 4. The Binder ratio defined in Equation (21) for the five-dimensional Ising model with free
boundary conditions. The data are from Ref. [12]. The region of finite-size rounding, Jt;, is defined
here, for each size, to be the range of temperature between where g has values 0.75 and 0.25. For
example, for L = 8 we have dtg = 8.115 — 7.975 = 0.140 (these points are indicated by crosses). The
shift ATy is defined here to be the difference between T, (= 8.77846) and the value of T where g = 0.5.
For L = 8, we find g = 0.5 at T = 8.035 (shown as a cross in the figure), so, taking T. = 8.77846 from
data on periodic boundary conditions, ATg = 8.77846 — 8.035 = 0.743. Analysis of the data shows
that the rounding tends to zero as 1/L%/2 while the shift tends to zero as 1/L?, which is bigger.

In the presence of distinct exponents for shift and rounding, FSS expressions are the
same as before, except that T — T, is replaced by T — T(L) so, for g for example, we have

g=&(L(T=T(1))) = g(L" (T To) + AL' ), (48)

rather than Equation (21). Please note that it is only necessary to consider the shift sepa-
rately from the rounding if the size of the temperature shift is greater than the size of the
temperature rounding, i.e., if A < u. Suppose A > p, the effects of the shift can be regarded
as a correction to scaling since AL*¥~* — 0 for L — o in this case. If A = i, one can
view Equation (48) as usual FSS but with an unimportant shift in the origin of the scaling
function §(x).

Rudnick et al. [15] showed that

1 d 5
)L—;—Z, y—i(—ihere), (49)
so Equation (48) can be written as
g=3(L(T-T) + AL?). (50)

Figure 4 shows the numerical results of [12] in five dimensions with free boundary condi-
tions. One can see by eye that the shift is bigger than the rounding, and analysis confirms
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the values given in Equation (49), namely a shift exponent of 2 and a rounding exponent of
5/2. These exponent values were also found numerically by Berche et al. [6].

Please note that at the critical point, the argument of the scaling function for g tends
to infinity, where g = 0. Hence, the data for different sizes do not intersect at T, for free
boundary conditions and d > 4, unlike the case for periodic boundary conditions, see
Figure 2, and quite generally for d < 4, see Figure 1.

It is also interesting to discuss the correlation function C defined in Equation (15),
which serves as a proxy for the susceptibility x. Taking the FSS form in Equation (35),
which would be valid above the upper critical dimension for periodic boundary conditions,
and replacing T, by the pseudocritical temperature T(L) to make it valid for free boundary
conditions, we get

C= Ld/ZC(Ld/z(T ~T(L) ) (51a)

= L72C(LYA(T - T.) + ALY ). (51b)

According to Equation (51a), at the pseudocritical temperature T(L), C diverges as
L4/2, Berche et al. [6] computed the susceptibility with a subtracted term as in Equation (13),
which is expected to have the same scaling behavior as C, and found the predicted
L4/2 behavior.

Interestingly, the behavior at the true T is different. Since the susceptibility diverges
with an exponent ¢ = 1 in the mean-field region, the scaling function C(x) must vary as
1/x for x — oo. Since T = T, corresponds to this large x limit, it follows from Equation (51b)
that the behavior of C at T, has the form

1

72
s = L (52)

C(T,) « L4/?

A strict upper bound shows that C(T,) cannot be greater than L?; see Refs. [16,17]. It seems,
then, that this upper bound is satisfied as an equality. However, numerically, the situation
is not very clear because there are large corrections to scaling due to a substantial fraction
of sites being on the surface. Berche et al. [6] found an exponent of 1.71 4 0.02 if all sites
are included in the analysis. However, this changed substantially to 1.92 & 0.02 if the outer
half of the sites is removed when doing the average. Reference [6] claims that this value is
incompatible with the above value of 2. However, this conclusion is not obvious to us since
the error bar presumably includes only statistical errors, and very likely, some systematic
errors remain for the sizes studied. Hence, in our view, the numerics of Ref. [6] does not
rule out that C (or x) varies like L2 at T, with free boundary conditions. We also note that
Lundow et al. [18] find that x o L? at T for the 54 Ising model at T.

5. Conclusions

We summarize our understanding of FSS above and below the upper critical dimen-
sion, d,, = 4 as follows:

e Below the upper critical dimension.
Here, standard FSS applies:

Xy :LM"X(L”V(T—TC)), C:LHC(LW (T—Tc)),
g=§(L" (T-1)), o =LE(L(T-T)). 63
We recall that C is the k = 0 correlation function in Equation (15) (a proxy for the
susceptibility x), g is the Binder ratio defined in Equation (21), ¢ is the quantity

defined in Equation (37) which above T, is the correlation length, and X is a generic
quantity which diverges like (T — T.) ™ for T — Te.
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e Above the upper critical dimension with periodic boundary conditions.
For quantities that involve uniform magnetization, FSS scaling is modified to

Xy = LMAR(L2(T- 1)), C=12¢(L(T- 1)),
g=§(L">(1-1)), = LE(L(T-T)). (69

For quantities that are orthogonal to the uniform magnetization, such as C(k) for
k # 0) (but kL < 1), we have standard FSS with mean-field exponents, so

C(k) = LZC(B(T—TC)). (55)

These results imply that the correlation function at the critical point varies according
to Gaussian behavior, ie., (5;S;) ~ 1/1’;.7;_2 for r;j = [r; — ;| < L/2 but this is
superimposed on a uniform background contribution (which only affects the k = 0
mode) of order 1/L%/2. This was stated explicitly in Ref. [19], who demonstrated it
numerically for the self-avoiding walk-in d = 5, which is expected to be in the same
universality class as the Ising model above the upper critical dimension.
e Above the upper critical dimension with free boundary conditions.

For most quantities, we need to define a shift and a rounding. The shift exponent
is 1/v (= 2), and the rounding exponent is d/2 (the same as for periodic boundary
conditions). Please note that the temperature range due to the shift is bigger than the
temperature range due to rounding. Defining a pseudocritical temperature T(L) for
each size, most quantities behave as in Equation (54) but with T, replaced by T(L),
ie.,

Xy = MR (LY2(T - T(L)) ), C=172¢(L2(T-1(L)),
g=g(L2(T-T1(1))), o= LAE(LA(T-T(L)),  (56)

where T(L) is related to T. by Equation (46) with A = 2. However, as discussed in

Section 4.4, some of the normal modes are orthogonal to the uniform magnetization,

and for these, only the exponent 1/v (= 2) appears and their correlations behave as in

Equation (55).

The above conclusions are supported by theoretical arguments and numerical sim-
ulations. One of our main points is that for 4 > 4 and periodic boundary conditions, the
new features of FSS, which come from hyperscaling violation and the dangerous irrelevant
variable, only manifest themselves for k = 0 fluctuations. We note that in the simulations,
corrections to the asymptotic behavior are quite large, especially for free boundary con-
ditions, so the numerical estimates of exponents have errors. Indeed, other authors, in
particular Refs. [6,7], have a somewhat different point of view from that presented here.
For example, Ref. [7] argues that one should define two #-like exponents for periodic
boundary conditions. However, we do not feel that this is necessary to understand our
numerical results.

Finally, I will mention some more recent work. A central result in the theory of FSS for
d > d, is that a complete description needs both the standard FSS exponent 1/v, which
is 2 here and the hyperscaling violation exponent d/2. An interesting and different way
of understanding why both exponents are needed is discussed by Fang et al. [20]. In later
work, Fang and collaborators [21] show that a complete description of FSS above the upper
critical dimension is obtained by considering the Fortuin-Kasteleyn cluster representation
of the states of the Ising model. These clusters show a change in behavior not only atd,, = 4
but also at d = 6.
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In a recent development, Ref. [22] has shown that similar ideas to those reviewed here
also apply to the random field Ising model, which has a different upper critical dimension,
dy = 6, as opposed to d,, = 4 for the more usual situation discussed here.

As a final remark, I should mention that I was invited to contribute to this Special Issue
by Ralph Kenna, who sadly has since passed away. I never met Ralph, but was familiar
with his work on finite-size scaling, which always contained original and stimulating ideas.
I am pleased that his long-time collaborator, Bertrand Berche, has agreed to take over
Ralph’s role of editor and bring this Special Issue to completion.
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Abstract: The Biswas—Chatterjee-Sen (BChS) model of opinion dynamics has been studied on three-
dimensional Solomon networks by means of extensive Monte Carlo simulations. Finite-size scaling
relations for different lattice sizes have been used in order to obtain the relevant quantities of the
system in the thermodynamic limit. From the simulation data it is clear that the BChS model
undergoes a second-order phase transition. At the transition point, the critical exponents describing
the behavior of the order parameter, the corresponding order parameter susceptibility, and the
correlation length, have been evaluated. From the values obtained for these critical exponents one
can confidently conclude that the BChS model in three dimensions is in a different universality class
to the respective model defined on one- and two-dimensional Solomon networks, as well as in a
different universality class as the usual Ising model on the same networks.

Keywords: non-equilibrium; phase transition; Monte Carlo simulations; Solomon networks

1. Introduction

In the last four decades, there has been a great increase in the study of the general
behavior of people in a community. From a theoretical point of view, this rather complex
dynamical system must, certainly, take into account that people can not only influence
their neighbors but be influenced by them as well. According to this scenario, some early
models have been introduced by Stauffer [1] and Galam [2,3] using basically local majority
rule arguments, which are also now called dynamics of opinions. Other models, just to
cite some examples, are the Ising model (IM) [4,5], the majority-vote model (MVM) [6],
and the Biswas, Chatterjee, and Sen (BChS) [7,8] model. Regarding the Ising model, it is
worth mentioning that, despite being originally proposed to treat magnetic systems, almost
nine decades before the new ideas by Stauffer and Galam, the IM is so versatile that it can
also be employed in the study of other interdisciplinary fields as well (see, for instance,
Refs. [9-12]).

In general, the dynamical properties of the models mentioned above are better studied
by considering an underlined regular lattice or network, in which every site of the lattice or
node of the network are occupied by an individual (sometimes also called an agent). In
this way, within each lattice or network, one has the proper type of mutual interactions
that are defined by the corresponding model under study, e.g., Ising model, MVM, BChS
model, and others.
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In the particular case of the BChS model, which was introduced in 2012 and is the
subject of the present study, the pair interactions are allowed to be either positive or
negative. The interaction signs are modeled by a single noise parameter g, that represents
the fraction of negative interactions. In addition, the opinion variables can be made either
continuous or discrete. This non-equilibrium system has been studied from Monte Carlo
simulations on different regular lattices as well as different networks. Regardless of being
continuous or discrete, the model presents a second-order phase transition at q., with the
noise parameter g playing the role of temperature in ordinary magnetic phase transitions.
For g < g, the system has a non-zero order parameter, while for ¢ > g, the order parameter
is zero. However, contrary to what happens in ordinary magnetic transitions, the exponents
and the universality class of the model depend on the particular chosen lattice or network.
The reader is directed to Ref. [13] for a detailed relation of the universality class of the
BChS model on different lattices and networks. Ref. [14] also presents a recent review of
the progress already made in the study of the BChS model.

A rather more realistic situation has been proposed by Sorin Solomon [15,16], by
considering two different lattices, where one lattice reflects one kind of environment (for
instance, home) and the other lattice a different environment (for instance, workplace). In
general, one labels the sites in the workplace lattice i and a random permutation P(i7) of the
order already established in this lattice will provide the sites in the home lattice. In such
real situations, the neighbors at home differ from the neighbors in the workplace (except, of
course, when everybody works at home). Such constructions are called Solomon networks
(SNs) [9,17,18], reflecting the fact that each individual is equally shared by two lattices, just
as in the King Solomon biblical story. As a result, the net interaction of the relevant variables
defined at site 7 is a sum of the corresponding interactions of site i with its neighboring
sites on the workplace lattice, plus the interactions with the neighbor sites of P(i) on the
home lattice. Some correlation between home and workplace lattices can be introduced
into the model by choosing P(7) not completely at random. For example, people selecting a
workplace closer to their homes. However, generally only random permutations have been
considered in P(i) in order not to proliferate additional theoretical parameters. The increase
in the connectivity of each site i makes the SNs close to small-world networks [19,20].

The majority of the studies involving SNs have employed two linear chains and
two square lattices, implying one-dimensional (1D) and two-dimensional (2D) topologies,
respectively. However, three-dimensional (3D) lattices can be important as well, and not
only from a theoretical point of view. For instance, one could make the correspondence of
environments in the country as 1D, in towns as 2D, and in big cities, due to their building
verticalization in some areas, as 3D. This certainly implies that people living in such
different environments present, as is indeed the case, different behaviors regarding the way
they live and work.

The BChS model has already been studied in different lattices and networks [13] and
also in 1D and 2D SNs [21]. Concerning the SNs, the critical exponents of the second-
order phase transition indicate that the universality class of the model is dependent on the
dimensionality of the lattices, as is expected from general renormalization group arguments.
It should be stressed here that from the results one has from the literature it is not possible
to definitely assert that a particular model on a particular network will undergo a first-
or second-order transition, or even any transition at all. It is thus worthwhile treating
the BChS model in 3D SN, by defining two three-dimensional lattices, namely, simple
cubic ones for simplicity. It will be seen that the model does indeed belong to a different
universality class, in agreement with renormalization ideas. Moreover, the hyperscaling
relation is satisfied for dimensions smaller than three, meaning that the upper critical
dimensionality is certainly greater than or equal to four [22].

Thus, in the present work, the BChS dynamical system on SNs has been studied
through Monte Carlo simulations, allied with finite-size scaling techniques, considering
three-dimensional simple cubic lattices. The plan of the paper is the following. In the next
section, the BChS model in discrete opinion dynamics is defined. In this same section, the
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corresponding Monte Carlo simulation details and the respective thermodynamic quantities
used to obtain the critical behavior are presented. The results are discussed in Section 3
and some concluding remarks are summarized in the last section.

2. Model and Simulations

In this section, the BChS model is briefly defined, in its discrete form, and the
thermodynamic-like variables, from which one can obtain the phase transition properties,
are presented. Some details of the employed Monte Carlo simulations, together with the
finite-size scaling relations of the relevant quantities to treat the model on finite-size lattices
of linear size L are also discussed.

2.1. Biswas—Chatterjee—Sen Model and Relevant Thermodynamic-like Variables

The BChS model has already been described and previously studied in different
regular lattices and networks (see, for instance, Refs. [7,8,21,23]). Below, we have just the
main ingredients of the model directed specifically to SNs. We will keep here the same
notation, for the relevant variables, already used in the previous studies of this model in
other contexts.

Agents are set on each i-th node of an SN with N sites. At time step ¢, the agents have
opinion variables defined by o0;(t), that can assume three different values: —1, 0, or +1 .
The BChS rules adopted here for updating 0;(t) are as follows.

(i) Begin by constructing an initial configuration, where for each site i of the SN one of
the three opinion states is randomly assigned. This is the configuration of the opinion
variables o; at time t = 0, and can be labeled as 0;(t = 0) = o;.

(ii) The workplace lattice is sequentially swept for every site i to be updated. At this point
one has 0;(t) = 0;, where all 0; are the corresponding opinion variables that have been
updated at time t — 1.

(iii) For a given site 7, one of its nearest neighbors is randomly selected and an affinity
pij is ascribed for this bond. This affinity parameter is another discrete variable that
assumes a value +1, but can be turned negative with a probability g. This probability
g acts as an external noise, modeling local discordances.

(iv) The opinion variables of both sites i and j are then assigned new values as

0; + Hijoj — 0i, 1
O]'+"l/l,'j0i - 0j. (2)

where on the right-hand sides 0; and o; are the updated opinion states.

(v) Another site £, randomly distant |R| from site i, is additionally selected and an affinity
¢ is ascribed for this bond in the same way as before.

(vi) The opinion variable of these sites are now updated as

0 + g0y — 0, 3)
0f + Hig0j — 0. 4)

(vii) If the opinion state turns out to be outside the interval [—1, +1], it is automatically
made 0; = +1ifo; > +1,0ro0; = —1ifo; < —1.

(viii) One sweep through the lattice constitutes one Monte Carlo step (MCS) from time ¢ to
t + 1. Thus, one has o0;(t + 1) = 0;, with o; the updated set of opinion variables from
items (iii)—(vii).

Note that using only the workplace lattice and making a two-step selection comprising

a nearest neighbor j and a distant site  is a simplified, and less computer-time consuming,

version of the original two-lattice SN [9].
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A convenient order parameter O for this model consists of averaging the opinion
variables o;(t) over all individuals as

0= /N, ©)

N
goi(t)

where ¢t is chosen to be large enough for the system having reached the stationary state
and N is the total number of sites of the SN and given by N = L3. In ordinary magnetic
systems one has a thermal driven phase transition. In the present model, one has a kind of
random-configuration-driven phase transition instead. The phase transition means that for
7 < g, O # 0 and an ordered phase is established, while for g > g, O = 0 and the system
is in a disordered phase. Exactly at g = q., a second-order phase transition takes place.

In order to fully categorize this phase transition, in addition to the above order
parameter, it is also convenient to analyze its magnetic-like variables; for instance, the
order parameter fluctuation O (q) or susceptibility (which is the analogous to the magnetic
susceptibility) and its reduced fourth-order Binder cumulant O4(g). These observables are
formally expressed as

ol = [<o>fLU, ©)
O(g) = N[<oz>t—<o>%]w, %

where (- - - )¢ stands for different time averages (which are computed after the system has
reached the stationary state), and |- - - | ;o means the averages taken over different initial
configurations. The simulation details of what was used for obtaining the above quantities
are given below.

2.2. Monte Carlo Simulations and Finite-Size Scaling Relations

The Monte Carlo simulations were performed following the algorithm described in
items (i)—(viii) above on SNs of finite sizes L. The sizes of the lattices were chosen as
L=6,8 10, 12, 14,16, 18, up to 20, with N = L3 total sites. The relevant quantities
in Equations (6)—(8) were computed as a function of the noise probability, also called the
noise parameter, 4. Close to the transition region, the noise parameter steps were chosen as
Ag = 0.001.

In all simulations, to obtain the relevant observables we performed several MCSs on
the SNs. We simulated 120 SN realizations for each network size to make quench averages.
For each network replica, we considered 10° MCSs to let the system evolve to a stationary
state, and then, another 10°> MCSs to collect 10° values of the opinion variables to measure
the desired observables. Error bars were calculated by using the jackknife resampling
technique [24,25].

Since all the variables defined in Equations (6)—(8) depend, in addition to the noise
parameter g, also on the SN sizes, the criticality exhibited by the model can be inferred
by analyzing their behavior as a function of L and close to the transition point g.. Thus,
according to the finite-size scaling hypothesis one has, for large system sizes L, the following
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power-law expressions of the relevant variables (for further details one can see, for instance,
Refs. [24,26]):

O(g) = L Ff(x), )
Of(q) = L""fo,(x), (10)
O4(q) = fo,(x), (11)
ge(L) = ge4cL7VY, (12)

where B, v, and 7y are the critical exponents of the order parameter, correlation length,
and fluctuation of the order parameter, respectively; fi(x), with x = L/¥(g — g.) and
k = {0, Oy, O4}, are the respective scaling functions. In the above equations it is assumed
that g is close to the corresponding critical noise g for an infinite-size network. In addition,
for each finite network of L size, we can also estimate its pseudo-critical noise parameter
gc(L) by looking, for example, at the peak presented by the fluctuation in the order param-
eter as a function of q or cumulant crossings for different network sizes. In this case, one
can use Equation (12), where ¢ is a non-universal constant.

It is implicit in Equation (11) that the order parameter cumulants, at the critical point,
have no dependence on the size L. As a result, all cumulants should cross at the same
value of the noise parameter .. However, when the finite lattices are not large enough,
residual corrections to finite-size scaling make the crossing points of the cumulants suffer
a systematic shift as L varies. In this case, there is a useful, although not so frequently
employed, way of extrapolating the critical point from the cumulant crossings through
an analysis of the scaling of g.(L) with the lattice sizes L and L;. From phenomenological
renormalization group ideas, Nightingale [27] has shown that an extrapolation procedure,
where the scaling factor is given by In(L/ L), furnishes quite good results when correlation
length on strips of different widths is used. This same strategy has also proved to be
suitable when considering the cumulant crossings for different lattice sizes [28-31]. The
scaling form can be expressed as

7:(L) = qe+¢ [/ In(L/Ly), (13)

where g.(L) is the value of the noise parameter at the cumulant crossing of the lattice L
and some reference lattice size Ls, with Ly < L, and ¢’ is another non-universal constant.
The above equation is convenient when one does not know the correlation length critical
exponent that is necessary in Equation (12).

3. Results and Discussion

The general behavior of the relevant quantities for this model, namely, O, O Iz and Oy,
given by Equations (6)—(8), are, respectively, displayed in the top panels, (a), (b), and (c), of
Figure 1. The different lattice sizes used in the present work are listed in the legend. In these
panels, only the lines of the data are shown for a better visualization of the behavior one
has as a function of the noise parameter g. The details of extracting the critical properties of
the model from these data are discussed below.

The fourth-order Binder cumulant of the order parameter Oy, as a function of the
disorder parameter g close to the phase transition, is depicted in Figure 2 for several SNs
having different numbers of nodes. One can clearly see from this figure that the system
undergoes a second-order phase transition, since the cumulants tend to cross at the same
value, corresponding to the critical disorder parameter g, [26]. In the axes scales used in
Figure 2, one can make a rough estimate of the critical noise and the universal value of
the Binder cumulant, g. = 0.195(3) and O} = 0.301(5), respectively. In the above data, the
computed errors are statistical ones and for questions of clarity are not shown in Figure 2.
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Figure 1. The panels (a—c) show the order parameter O, the fluctuation of the order parameter Oy,

and the Binder fourth-order cumulant O as a function of the noise parameter 4. The dashed line in
(b) locates the estimated critical noise g.. The legends in (a) also apply to (b,c). The panels (d—f) show
the corresponding data collapse of the quantities displayed in the top panels using the finite-size
scaling relations given in Equations (9), (10), and (12) combined with numerical data in Table 1. The
legends in (d) also apply to (e,f).
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Figure 2. Fourth-order Binder cumulant of the order parameter Oy, plotted as a function of the
disorder parameter g, for several values of the lattice sizes L. The vertical arrow indicates the
corresponding estimate of g, = 0.195(3). For clarity, only the general trend in the cumulant behavior
is shown and the error bars have been omitted.

However, looking closely at the interception region of the cumulants in Figure 2, it is
noticed that the crossings do not occur at the same place due to still finite-size effects. This
region has been magnified in the inset of Figure 3. Considering as a reference lattice L; = 6,
given by the thicker line in the inset, one can see that due to finite-size effects the value of
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the noise parameter at the crossings increases as the lattice size L systematically increases.
Using these crossings as estimates of g.(L), and plotting them as a function of 1/ In(L/Ls),
one obtains the data shown in the main graph of Figure 3. The errors on g.(L) have been, in
this case, estimated by using the crossings of Oy, — AOy4p with Oy, + AOy;,, where AOy;,
and AQy;, are the respective errors on Oy and AOy;, obtained via the jackknife procedure.
It is not surprising that the data are not all aligned, because quite small lattices have been
considered. However, these data look similar to previous ones obtained for the Ising and
Heisenberg models [28-31]. Using Equation (13) for the larger lattices L > 14, when one
expects that the large lattice scaling regime has been reached, one obtains g, = 0.1950(7)
and O; = 0.304(2) in the thermodynamic limit. These are more precise values for the
transition disorder parameter and for the cumulant of the model than the rough estimate
obtained from just inspecting the crossings in Figure 2. Larger values of Ls could also be
considered, but the data turn out to be more disperse, making it more difficult to obtain a
reasonable fit. The critical noise for the present 3D SNis is listed in Table 1 together with the
results for 1D and 2D networks for comparison.
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2
/In(L/L)

Figure 3. Cumulant disorder parameter crossings g.(L), as a function of 1/ In(L/Ls), for several
values of L, considering the reference lattice Ls = 6 (main graph). The dotted line is just a guide to
the eyes and the dashed line a linear fit according to Equation (13) considering the larger lattices
L > 14. The inset gives a magnified view close to the interception region of Figure 2. The legend of
Figure 2 also applies to this inset and a thicker line (joining the open circles) for the reference lattice
Ls = 61is used.

Table 1. Critical noise parameter g, and critical exponent ratios 1/v, /v, /v of the BChS model on
three-dimensional SNs (3D). Also shown, in the two first rows, are the previous results obtained for
the 1D and 2D on the same networks from Ref. [21] for a comparison. The exponent ratio /v (§max)
is the result from the maximum of the order parameter susceptibility. The last column gives the
hyperscaling relation. Error bars are statistical only.

qc /v Blv Yv(qc) Y1V (Gmax) d=2plv—ylv
1D 0.215(2) 0.52(5) 0.238(7) 0.511(5) 0.524(6) 1.00(2)
2D 0.216(2) 0.92(4) 0.53(4) 1.02(4) 1.06(7) 2.1(1)
3D 0.1950(7) 1.63(10 0.789(3) 1.312(8) 1.372(50) 2.95(6)

179



Entropy 2024, 26, 587

Having in hand a good estimate of the critical noise probability, Equation (9) can be
used to evaluate the critical exponent ratio /v by computing the order parameter at g, for
different lattice sizes. Figure 4 depicts the In—In plot of the average opinion at the critical
disorder, O(q.), as a function of the system sizes L considered herein. In this case, it is easy
to see that, from Equation (9), the magnitude of the slope of the linear fit gives the critical
exponent ratio B/v. The corresponding result /v = 0.789(3) is also reproduced in Table 1
and is clearly different from the values obtained for the same model on SNs in one and
two dimensions.

The very same procedure can be easily extended to the order parameter fluctuation
using Equation (10). Figure 5 displays the In—In plot of the order parameter fluctuation
(susceptibility) at the critical disorder value, O¢(qc), at the estimated g, as a function of the
lattice size L. From Equation (10) one obtains the ratio /v as the slope of the linear fit to
the data. The fit provides /v = 1.312(8) and is listed in Table 1 for a comparison to the
values for other dimensions.

-1.5F — B/v=0.789(3)

-2.51

. | . | . | .
1.6 2.0 24 2.8 3.2

In(L)

Figure 4. Ln-In plot of the average opinion at the estimated critical disorder O(g.) as a function of
the logarithm of the system sizes L. The line is the best linear fit according to Equation (9), with the
slope being the critical exponent ratio /v given in the legend. Note that the shown error bars are
smaller than the symbol sizes.

It is worthwhile to note that Equation (10) can still be used to obtain the value of the
ratio 7y /v by considering the maximum value of the order parameter fluctuation, Of(qmax)
that occurs at ¢ = gax. It turns out the g4y is close, but not the same, as g.; see Figure 1b
that shows the behavior of Oy close to the transition region. Figure 5 also displays the In-In
plot of O¢(gmax) as a function of the lattice size L. In this case, one obtains /v = 1.372(50).
The error in this exponent ratio is larger, but still comparable to that obtained from the
estimate at O(g.). Moreover, both exponent ratios are different from the previous estimates
on 1D and 2D networks.

As mentioned in the last paragraph, the value of g;4x, where the fluctuation in the
order parameter displays a maximum, is different from g.. For the present model, §;;ax
approaches the infinite limit g. from below, as is apparent in Figure 1b. In fact, this noise
probability is generally interpreted as a new g.(L) from which the transition point g, is
obtained by extrapolating Equation (12) to the thermodynamic limit. Of course, in this
case, one needs to know the correlation length exponent v. However, if one adopts here a
different path instead, and uses q.(L) for all values of L in Equation (12), with the already
estimated 4., one is able to compute the exponent 1/v as the magnitude of the slope of the
linear fit to the data. Such a procedure is shown in Figure 6, that displays the In-In plot of
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|9¢(L) — g¢| as a function of L. The respective correlation length critical exponent is given
by 1/v = 1.63(10) and also displayed in Table 1.

4
- y/vq =1.312(8) B
P q(/vq =1.372(50)

A“\ 3 B
S
=

2 -

) ] ) ] ) ] )
1.6 2.0 2.8 3.2

24
In(L)
Figure 5. Ln-In plot of the susceptibility O¢(qc) at the estimated g and maximum value O (qmax)

as a function of the system sizes L. The lines are the best linear fit with the slope being the critical
exponent ratio v /v. The displayed error bars are smaller than the symbol sizes.

— 1/v=1.63(10)
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Figure 6. Ln-In plot of the magnitude of the displacement |g.(L) — g.|, with g.(L) extracted from
Figure 1b. The line is a linear fit with the corresponding exponent given in the legend.

Finally, in Figure 1, the data collapse of the rescaled order parameter OLP/" is shown
in panel (d) , the rescaled fluctuation of the order parameter O fL_W Y in panel (e), and
the rescaled reduced Binder cumulant Oy in panel (f), all as a function of the rescaled
probability displacement (g — g.)L'/". As in the top panels, just the lines of the actual
Monte Carlo data have been used for a better evaluation of the collapse and the accuracy
of the critical quantities. The corresponding lattice sizes L are listed in the legend of
(d), where only larger sizes L > 10 have been considered in the data collapse. It can be
seen that the data collapse presents an excellent agreement with scaling relations given
in Equations (9), (10) and (12), mainly for g > g. and even close to g4 < g, which indicates
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that the evaluation of the critical exponent ratios f/v, /v, and 1/v are reasonably accurate.
Moreover, as can be noticed from the last column of Table 1, they obey, within the error
bars, the hyperscaling relation for all lattice dimensionalities.

4. Concluding Remarks

The Biswas—Chatterjee-Sen model, in its discrete version and defined on three-dimensional
Solomon networks, has been studied through extensive Monte Carlo simulations for several
values of the local consensus controlling parameter. From the data collapse displayed in
panels (d)—(f) of Figure 1, and from the scaling behavior depicted in Figures 46, it is clear
that the model really undergoes a well-defined second-order phase transition.

It is clear that the present SN sizes do not ensure that the large-size scaling regime of
Equations (9), (10), and (12) has been achieved. In fact, we have seen that finite-size effects
are actually present, for instance, in the fourth-order Binder cumulants in Figure 3. This
means that corrections to scaling could be implemented in the scaling relation. This will
certainly require extra unknown correction-to-scaling exponents. However, the evalua-
tion of the critical exponents seems to be reasonable, even for the SN sizes employed in
Figures 4-6, since the data are quite aligned for a proper linear fit (the same in Figure 3, but
only for the largest lattices).

In addition, looking at Figure 1d,e for the O and Oy variables, one can clearly see the
finite-size behavior of the data collapse. While for g4 > g, all sizes collapse to the same curve,
for g < g, the collapse systematically tends to the same curve as the SN size increases. For
the two largest SNs, namely, L = 18 and L = 20, all data are almost superimposed in the
whole range of (g — g.)L!/V. This means that we have reached the large-size regime for the
universal scaling functions of the variables defined in Equations (6)—(8). It is also evident
from Figure 1f that the reduced fourth-order Binder cumulant O4(q) turns out to be a more
robust variable, because there has been no finite-size effects for all SN sizes used herein.

From the critical exponents of the BChS model on SNs, conveyed in Table 1, it becomes
apparent that the model in three dimensions is indeed in a different universality class to the
model defined in one and two dimensions. This is an expected result and in agreement with
the general trend coming from renormalization group arguments. Here, we also emphasize
that our results are different from the three-dimensional BChS model on regular lattices in
Ref. [8]. Despite the critical exponent v being, within the error bars, compatible to the Ising
universality class at 3D, this is not true for the other exponents, which could be affected by
strong finite-size effects. The present results thus indicate that the BChS model has its own
universality class.

It is also interesting to note that although the critical exponents have a sensitive change
with the dimension of the network, the critical noise probabilities, responsible for the phase
transition in the model, seem not to vary much as the connectivity of the networks is
increased by the dimensionality of the lattices.

Finally, an additional study of the BChS model on four-dimensional SN networks
should be very interesting from the pure theoretical point of view. Recall that the Ising
model has a lower critical dimension 1D and an upper critical dimension 4D. The BChS
model on SNs has a lower critical dimension 0D and the present results clearly indicate, if
such arguments are valid here, an upper critical dimension greater than 3D. The question
of violation of the hyperscaling relation and a possible unified view of the finite-size scaling
valid in all dimensions should also be addressed in this case [22].
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Abstract: We apply a real-space block renormalization group approach to study the critical properties
of the random transverse-field Ising spin chain with multispin interactions. First, we recover the
known properties of the traditional model with two-spin interactions by applying the renormalization
approach for the arbitrary size of the block. For the model with three-spin couplings, we calculate
the critical point and demonstrate that the phase transition is controlled by an infinite disorder
fixed point. We have determined the typical correlation-length critical exponent, which seems to be
different from that of the random transverse Ising chain with nearest-neighbor couplings. Thus, this
model represents a new infinite disorder universality class.

Keywords: disordered systems; critical phenomena; renormalization group; infinite disorder
fixed point

1. Introduction

Quantum phase transitions take place at zero temperature by varying a control pa-
rameter, such as the strength of a transverse field, and are signaled by a singularity in
the ground state of the system [1]. Quantum phase transitions occur also in one space
dimension, and the corresponding singularity is often related to the temperature-driven
critical singularities in two-dimensional classical systems [2]. Disorder is an inevitable
feature of real materials, and it could have a very profound effect on the critical behavior of
the systems [3], and the effect of the disorder is particularly strong at a quantum critical
point. The theoretical description of a random quantum phase transition is very challeng-
ing since the combined effect of disorder and quantum fluctuations, together with strong
correlations, have to be considered at the same time. For some models, this type of inves-
tigation can be performed by a so called strong disorder renormalization group (SDRG)
method [4,5]. In the SDRG calculation, local degrees of freedom with a large excitation
energy are successively eliminated and new parameters are calculated perturbatively for
the remaining degrees of freedom. In a class of models, the distribution of the renormalized
parameters broaden without limit, and the random phase transition is controlled by a
so-called infinite disorder fixed point (IDFP) [6]. At an IDFP, disorder fluctuations are
overwhelmingly dominant over quantum fluctuations, and the obtained critical properties
are expected to be asymptotically exact for large systems.

The SDRG approach was introduced by Ma, Dasgupta and Hu [7,8] and later applied
by D. Fisher [9,10] to study the critical properties of the random transverse-field Ising chain.
Several presumably exact results have been obtained so that the random model looks to
be understood at least at the same level as its nonrandom counterpart. In one dimension,
the method has been generalized for other models, resulting in exact solutions [11-15]. In
higher dimensions, the method is applied numerically [16-21], and different technical sim-
plifications are introduced in order to treat large finite systems [22-24]. For the transverse
Ising model, it is demonstrated that the critical behavior is controlled by IDFPs even at
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higher dimensions, and it is expected that the upper critical dimension of the problem is
infinite [23,24]. Regarding models with nearest neighbor interaction and having a discrete
order parameter, the critical behavior is expected to be the same as that of the transverse
Ising model. This result seems to hold also for random stochastic models, such as the
random contact process [25-27]. For random models with long-range interactions, however,
a new type of fixed point is found to control the critical behavior, which is of a conventional
disorder type [28,29].

In this paper, we consider another type of transverse Ising model, which has multiple-
site product interactions. The Hamiltonian is defined as

m—1
H" ==Y )i [T ofy = Lhie )
i 1=0 i

in terms of the Pauli-matrices (Tix’z at site i. Here, the interactions J; and the transverse
fields h; are both independent random variables. This model in a pure (nonrandom) case
was introduced by Turban [30] and independently by Penson et al. [31]. The special case
m = 2 is the standard transverse Ising chain with nearest neighbor interaction. According
to numerical studies, the pure m = 3 model has a second-order quantum phase transition,
which belongs to the universality class of the 4-state Potts model [32-37]. At the critical
point, there are logarithmic corrections that are probably in the same form as in the 4-state
Potts model [38,39]. For m > 4, the phase-transition in the pure model is of first order.

In this paper, we are going to study the phase transition in the disordered model with
random J; > 0 and /; > 0. We do not specify the form of the disorder distributions. We
assume that these are not singular so that the first and second moments of the log-variables
are finite. In this respect, we have detailed information about the m = 2 model [4,5], but
the models with m > 2 have not been investigated yet. Here, we study the model with
m = 3 and consider random positive three-spin couplings and random positive transverse
fields. Due to the different types of local interactions, the application of the standard
SDRG method [4,5] exhibits problems: by eliminating a strong three-spin coupling, several
new renormalized interactions will be generated, depending on the neighborhood of the
eliminated coupling; in this case, one can not stop the proliferation of the renormalized
parameters during the renormalization procedure. Therefore, we chose a different approach
and used a block renormalization group method, which was introduced to the pure m = 2
Ising chain by Fernandez-Pacheco [40]. This type of renormalization preserves the self-
duality of the model and reproduces the exact critical point and the value of the exact
correlation length exponent, v(m = 2) = 1. Later, the method was used for other quantum
spin chains [41-47] and was generalized for higher dimensions [48,49]. For the random
transverse Ising model with nearest neighbor couplings (m = 2), the method was applied
by Miyazaki and Nishimore [50], as well as by Cécile Monthus [51], both in one and
higher dimensions.

Our paper is organized as follows. In Section 2, we introduce the basic idea of the
block renormalization approach and present the duality transformation of the model. In
Section 3, the method is applied to the m = 2 model by using the arbitrary large size of
the block, while in Section 4, it is applied to the m = 3 model with a block size b = 2. In
Section 5, we close our paper with a discussion.

2. Basic Idea of Block Renormalization

In the block renormalization method [53? ] the spins at sites i = nb + 1 with
n=20,1,2,... and b = 2,3,... are fixed at arbitrary positions, while the intermediate
spins are integrated out. Here, b sets the scale factor, which is the size of the blocks. In this
way, the Hamiltonian is divided into two parts:

HO = H" 4 Y @
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where ’H(()m) represents blocks with the intra-block terms, and V(") is the perturbation that
contains the transverse field acting on the selected spins and the couplings that couple the
neighboring blocks. The block-Hamiltonians are solved either analytically or numerically
and the lowest levels are retained and identified as the states of the block-spin variable. At
the same time, the renormalized values of the inter-block terms are obtained in a (first-order)
perturbative way.

In the use of the block renormalization approach, it is useful if the models have duality
properties; in which case, the number of parameters generally does not increase during
renormalization. The Hamiltonian in Equation (4) indeed has such a symmetry. Following
the method by Turban [30], one can define a set of variables:

m—1
X _ z
wi= 117
1=0
(o)
z _ X X
Hi = H i nmYi—nm—1 - (3)
n=0

that satisfy the Pauli spin algebra. In terms of these new variables, the Hamiltonian is
expressed as

m—1
H = N T iy — Y Tinf )
i =0 i

which is in the same form as that in Equation (1) with the correspondences J; — h;,,—1 and
h; — J;. It follows that the pure model with J; = |, h; = h, Vi is self-dual and the self-dual
point [/h =1 corresponds to the phase-transition point.

In the following, we first present the block renormalization for the m = 2 model for
arbitrary size of the block [47], then we consider the model with m = 3 and solve the
renormalization approach for a block of two sites.

3. Block Renormalization Approach of the m = 2 Model

Here, we first turn the spin variables ¢} <+ 07, and for convenience, the sites are
relabeled asi = (j,a), where j = 1,2,... labels the blocksand « = 0,1, ...,b — 1 labels sites
in a block. For the m = 2 model, the intra-block Hamiltonian is

b—2 b—1
(2) _ XX z
Hy = — Z Z ]J'AXH(T]}D&U]}%H - Z Z h]'/a‘rj,rx ’ ®)
i =0 7 a=1

] &=

while the perturbation is given by
AR Z]j—l,b—l‘Tf—Lb—lO}?fo - Zhj,o‘sz,o : (6)
j j

The leftmost spin of a block is fixed, thus the x-component of this spin is -1, which
fixes the sign of the magnetization at the other sites of the block, too. We use this sign
to characterize the state of the block. Solving the ground state of the block both with +
and — leftmost spins, the interaction energy between two neighboring blocks is given in
first-order perturbation theory as

& = —Jip-1(0ly 1) (0 0) = —JFEFEY, @)

where <‘7]?C+1,0> = +1 is fixed, and <(7]?fb_1> = m]<b) is the expectation value of the end-spin
magnetization in the j-th block of length b. The block-spin variables are Z}‘ = +1 and

Z}‘ 1 = £1, thus the renormalized value of the coupling is

IR = Jjpoam” (®)
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The end-spin magnetization can be calculated exactly [47,54,55]:

3 )7 —-1/2
1+ b= ") ) )
EI1(2

which, in the simplest case with b = 2, is given by

mh—
i =

o2 -1/2
(2) _ j1
;i [1—1— <]]0> ] . (10)

The renormalized value of the transverse field is obtained through duality, which
amounts to interchange couplings and fields, and also the two ends of the block leading to

- (b
nk = hj,OmJ( ), 11)
with
b—1 w ] 2] 712
_(b) _ jk—1
i = 1+2H<h-k>] , (12)
a=1k=1\ "
and
)7 —1/2
2@ _ Jio
s = ll—i— (h]ﬂ) ] . (13)
Let us consider the ratio ]
K, — =~ 14
& h]}“ ’ (14)
and calculate its value with the renormalized parameters, which are given by
JR Hbflj' b—1
Py L= LA o (15)
] h]R I—[b 1 I’l Pl ]

3.1. Pure Model
For the pure model with K = K; ,, Vj, &, Equation (15) leads to the simple relation [47]:

KR =K? (16)

having the fixed point K* = (J/h)* = 1, which corresponds to the self-dual point of the
system. Furthermore, the thermal eigenvalue of the transformation is A; = b and the
correlation-length critical exponent is vP**¢ = Inb/In Ay = 1. This is the exact value, and in
this way, it has been obtained for any value of b.

3.2. Random Model

Now we turn to the disordered model with random couplings and random fields.
The renormalization equation in Equation (15) has a simple addition form in terms of the
log-variables:

InK{ = 2 InKj, (17)
Interestingly, there are two scale factors, b < b, such that BN = b. Repeating the
iterations with the scale factor b N-times (N = 2,3,... ), the form of the renormalized

K-parameter is the same as if the renormalization is performed with a scale factor b in
one step.

188



Entropy 2024, 26, 709

According to the central-limit theorem, Equation (17) in the large-b limit has the
asymptotic form

InKR = b{ln]a - 1nh,x}
+ b"2[Var(In J,) + Var(Inhy))" %0 (18)

where ¥ and Var(x) denote the mean value and the variance of the random variable x,
respectively, and v is a Gaussian random variable with mean zero and variance unity.
Introducing the quantum control parameter

- Inj, —Inh, (19)
~ Var(InJy) + Var(Inhy) ’
we have
In KR = b6 + b1/2[Var(In J,) + Var(In ha)] V%0 (20)

The first term in the above equation characterizes the divergence of the typical correla-
tion length, since by definition b ~ iy, ~ 8~ " near criticality. From Equation (20), we
obtain the typical correlation length exponent:

Viyp = 1. (21)

At the critical point (6 = 0), the fluctuations in the log-couplings grow as b'/2, which
defines the log-excitation energy: Ine. The corresponding scaling form is Ine ~ b¥ with
the critical exponent:

p==. (22)

This type of dynamic is relevant at an infinite disorder fixed point.

The combination of the first and the second terms in Equation (20) with bJ ~ —p1/2
[Var(In J,) 4 Var(Inhg)]~/? will result in the vanishing of the leading contribution of
these terms, which is connected to a finite-size correlation exponent [51], vgs defined by
8 ~ b~1/vrs and given by

Vgs — 2. (23)

These results follow directly from the RG equations in Equations (8) or (11) and from
the known scaling properties of the end-spin magnetization [55]. We can also recover
known results in the off-critical region, in the so-called Griffith’s phase [56,57]. Using
Equations (11) and (12) we express the inverse square of the excitation energy as

1 bt 1\
a=s=t+L1I{7 |~ (24)
]/

which in the limit b — oo is a Kesten variable [58], which has a tail distribution:

1
P(S) ~ gz / (25)
for S >> 1 with the exponent which is the positive root of the equation [59-61]:
2\*
(1) =1 (26)
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Here, A is related to the dynamical exponent z in the Griffith’s phase via

1
= — 27
2= 5x (27)
so that length and excitation energy are related as
e~Db7%, (28)
and the asymptotic distribution of the log-excitation energy is given by
P(lne) ~ €'/? (29)
fore < 1.
4. Block Renormalization Approach of the m = 3 Model
For the m = 3 model, the Hamiltonian is split as
3) b—2 b—1
HO == Z ]fr“+1(7]?fﬂc0]?fvc+la?fa+2 - Z Z hf/“sz,a ’ (30)
j a=0 j a=1
and
] ]

Here, we restrict ourselves to the case where the scale factor b = 2, which allows the
RG method to be solved analytically. For larger blocks b > 2, the calculations are more
complicated due to the presence of three-spin interactions. The way the Hamiltonian with
m = 3 is divided into two parts for b = 2 is illustrated in Figure 1.

N S S S
| | | |
(-2,1) (1,00 (-1,1)  (,0) 4,1 (+1,0)0 (+1,1)

m@,, m®,, me@), m@,,

Figure 1. Illustration of the division of the Hamiltonian into the unperturbed part (#o: |}, ) and

the perturbation (V: {}, ~~), for transverse fields and three-spin couplings, respectively, for m = 3
)

and b = 2. The magnetization in the j-th block is denoted by m ;' see in Equation (33).

Solving the ground state of the jth-block, the interaction energy between neighboring
blocks in first-order perturbation theory is given by

¢j = —Jioloiy ) (o) (ofh) = =T 5oty (32)

where <¢T]?f0> = =£1is fixed, Z}‘ denotes the block spin for the jth-block, and ]]R the renormal-
(2)

ized three-spin coupling. The expectation value <(7]"1> = m;" is given by

-1/2

I 2
i iy 2 33
m; (ijl > , (33)
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and similarly for <(7]?‘71,1> = m]@l. Thus, the renormalized value of the three-spin coupling
is given by

IR = Jjomm® . (34)

The renormalized value of the transverse field is obtained through duality, which
amounts to interchange couplings and fields, leading to

nk = h,-,omﬁ)lm](.z) ) (35)
with
2 ~1/2
o) Jix
= 1+<hj’1> . (36)

Considering the ratio defined in Equation (15), we obtain

]R Tici1lioli

R ] j—1,1Jj,0/j1

=k = = Kj—1,1Kj0K (37)
PR Wyl O

as a product of three original ratios.

4.1. Pure Model

For the pure model, there is a simple relation [32]:
KR =K?, (38)

having the fixed-point K* = (J/h)* = 1, which is the self-dual point of the system.
The thermal eigenvalue is A; = 3, and the correlation length exponent is vF/*"* = In2/
In3 = 0.631. This value is not exact but quite close to the expected value of the 4-state Potts
model [3]: vFots =2/3.

4.2. Random Model

For the random model, repeating the renormalization in the next step, we obtain

R(2) _ wR pRyR
K™ = KRG KRKR

2 2
= Kj 21K 10K 1Kj oK1 Kji1,0Kjp1,1 (39)

which contains the product of nine terms, but two terms are represented twice. Let us
introduce log-ratios and iterate the renormalization process n-times, then we obtain an

additive form:
L(n

KR = Y "ink;, (40)
1

—
=

where we have used the original notation, i, for the sites, and clw is the multiplicity of the

term K;. For the first few iterations, the multiplicities are given by

n=1 111
1121211
n =3 112132313231211
n =4 1121323143525341435253413231211, (41)

which can be generated using the following rules:

=1, =D, i=12,...2"-1 42)
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and

(W=l i, 0
(

G SIS R B SR L S | (43)

Con=14; = Con14; 76

Due to the scale factor b = 2, we have the following for the number of sites involved

in the renormalization:
L(n)=2"t1—-1, (44)

and the total number of terms involving the multiplicities is

L(n)
Z C; = 3", (45)
i=1

The average value of the multiplicities is ¢ = 3" /L(n), and its typical value has the
same type of scaling with n:
cryp ~ (3/2)". (46)

Let us denote by Ny, (c) the number of terms having the multiplicity c after n iterations.
According to Equation (45), we have

F(n)
Y Nu(c)e=3", (47)
c=1
where the largest multiplicity after n iterations is the Fibonacci number: F(n).
Equations (46) and (47) follow the scaling behavior of Ny (c) as
Ny, (c) ~ (4/3)". (48)

The numerically calculated values of Ny, (c) versus ¢ in scaled variables are shown in
Figure 2. The points for different values of n fit well on a master curve, confirming the
scaling relations in Equations (46) and (48).

3

2.5

N,(c)(3/4)"

c(2/3)"

Figure 2. Numerically calculated values of terms with multiplicity c versus c in scaled variables for

different values of the number of iterations #. In order to reduce noise, we averaged ten neighbor-
ing values.
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Let us express the value of the renormalized ratio in Equation (40) as

F(n) N(c)
InkRW = ¥y ¢ ) an,iC) A
c=1 k=1
E(n) -
Y ¢ [N(c)an@ + \/N(c)(Var(ln J) + Var(Inh))o| . (49)
c=1

Here InK(©) = m —Inh = § is the random quantum control parameter, which is inde-
pendent of the value of ¢ for the dominant part of the sum, and we obtain the combination

In KR(n) ~ 35~ Lln3/1n25 , (50)

thus, the typical correlation-length exponent is

In2

Viyp = 13 (51)

This value is different from that of the random transverse Ising chain with nearest-
neighbor interactions, seen in Equation (21).
At the critical point, the fluctuations of the log-couplings grow as LY, with an exponent:

3In3
p= 575 1=1377, (52)
which corresponds to infinite disorder scaling.

We can thus conclude that the critical behavior of the random transverse Ising chain
with three-spin couplings is controlled by an infinite disorder fixed point. The obtained
value of the typical correlation length exponent indicates that the model belongs to a new
infinite disorder universality class.

5. Discussion

In this paper, we have considered the transverse Ising chain with two-spin, nearest-
neighbor interaction, as well as with three-spin product interaction in the presence of
quenched disorder, and studied the quantum critical properties through a block renor-
malization approach. The two-spin interaction case has been well studied before, and it
represents the prototype system having an infinite disorder fixed point with several pre-
sumably exact results. In this case, the new feature of our study is that the renormalization
is performed analytically for any size of the block, thus the results are correct in the large
block limit. Indeed, the obtained results, both in the vicinity of the critical point and in the
Griffith’s phase, are in agreement with the previously known exact results.

On the other hand, the model with three-spin couplings represents terra incognita;
to our knowledge, no random quantum systems with multi-spin interactions had been
studied previously. In this case, the renormalization is performed analytically for the
block-size b = 2. By iterating the transformation, we noticed that the parameters at the
sizes of the original model enter several times in the expression of the renormalized one.
This is a new feature that is connected to the multispin topology of the interaction. We
have calculated the position of the random critical point and demonstrated that the critical
properties of the model are controlled by an infinite disorder fixed point. We have also
determined the typical correlation-length critical exponent, which turned out to have a
different value from that of the two-spin coupling model. The latter, however, represents
a very broad universality class, involving models having a discrete order parameter and
two-spin interactions.

The renormalization approach we used contains approximations; however, we may
expect that some of our results are asymptotically correct for an infinite disorder fixed
point. Our investigations can, in principle, be improved by using larger blocks in the
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transformation; in which case, however, one should involve numerical calculations. With
larger blocks, the topology of the iterated renormalization process would remain the same:
the original parameters of a given site appear multiple times in the similar way, as shown
for b = 2 in this paper. Therefore, we believe that the universality class of the random
model with three-spin couplings is different from that having two-site interactions.

The studies presented in this paper can be extended in several directions. One could
try to apply the traditional SDRG method [4,5] by eliminating successively local degrees of
freedom and explore how the topology of the renormalization equations takes a similar
form, as obtained in this paper by the block renormalization approach. Another way is to
perform numerical investigations of the random three-spin coupling model and check the
critical properties. By performing a numerical study, other critical parameters (magnetiza-
tion exponent, average correlation length exponent, etc.) and Griffith’s singularities can
be investigated. Studying multispin models with m > 3 could also be interesting, since
these probably represent new universality classes. One can also think to generalize the
block renormalization approach to higher dimensions, a type of study that has been quite
successful for the two-spin interacting model [50,51].

This work is dedicated to the memory of Ralf Kenna. Ralf was an excellent physicist
and, among others, he studied the critical behavior of systems above the upper critical
dimension [62], which, in our problem, seems to be infinity. How the phase-transition takes
place in our models at infinite dimension is still an open question.
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Abstract: We study the zeros of the partition function in the complex temperature plane (Fisher zeros)
and in the complex external field plane (Lee—Yang zeros) of a frustrated Ising model with competing
nearest-neighbor (J; > 0) and next-nearest-neighbor (J, < 0) interactions on the honeycomb lattice.
We consider the finite-size scaling (FSS) of the leading Fisher and Lee-Yang zeros as determined
from a cumulant method and compare it to a traditional scaling analysis based on the logarithmic
derivative of the magnetization 0 In(|M|) /9B and the magnetic susceptibility x. While for this model
both FSS approaches are subject to strong corrections to scaling induced by the frustration, their
behavior is rather different, in particular as the ratio R = J,/J; is varied. As a consequence, an
analysis of the scaling of partition function zeros turns out to be a useful complement to a more
traditional FSS analysis. For the cumulant method, we also study the convergence as a function
of cumulant order, providing suggestions for practical implementations. The scaling of the zeros
convincingly shows that the system remains in the Ising universality class for R as low as —0.22,
where results from traditional FSS using the same simulation data are less conclusive. Hence, the
approach provides a valuable additional tool for mapping out the phase diagram of models afflicted
by strong corrections to scaling.

Keywords: Ising model; frustration; partition function zeros; scaling laws; critical exponents

1. Introduction

Frustrated systems [1] are characterized by interactions that cannot all be satisfied
simultaneously. The resulting internal competition leads to quite interesting critical prop-
erties such as re-entrant phase behavior [2] and non-zero ground state entropy [3,4]. One
of the most well-studied systems in this class is the Ising model with competing first-
and second-neighbor interactions on the square lattice [5-9]. Noting that in the presence
of frustration the lattice geometry is of fundamental importance for the occurrence and
symmetry of ordered phases, it is somewhat surprising that much less is known about the
analogous system on the honeycomb lattice, which only recently started to attract some
attention [10-13]. Depending on the ratio R of the next-nearest-neighbor and nearest-
neighbor interaction strengths, the system has a ferromagnetic ground state for R > —1/4
or a largely degenerate ground state of known energy for R < —1/4 [10]. The understand-
ing of the critical properties for R < —0.2 remains limited. Here, we focuson R > —1/4,
for which the system remains ferromagnetic at zero temperature.

Metastable states are a common feature in frustrated systems and their presence
is a challenge for standard simulation techniques since runs become trapped in local
minima. Particularly difficult are systems with rugged free-energy landscapes [14]. One
contender among generalized-ensemble simulation techniques suitable for such problems
is population annealing (PA) [15,16], which has recently shown its versatility in a range of
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applications [17-19]. PA is particularly well suited for studying such systems with many
competing minima, as the large number of replicas allows sampling many local minima
simultaneously. This is in contrast to its one-replica counterpart, equilibrium simulated
annealing [20], which is much more likely to become trapped in a single local minimum
and, hence, to fail to sample the equilibrium distribution.

Systems with competing interactions often are subject to strong corrections to scaling
(commonly of unknown shape). For the above-mentioned frustrated Ising model on the
square lattice, for example, which has been discussed since the 1970s [5], the study of the
tricritical point required simulations of rather large system sizes, but notwithstanding this
effort certain aspects remain unclear [6-9].

An alternate approach for studying phase transitions revolves around considering
zeros of the partition function in the complex external field and temperature planes, based
on the pioneering work by Lee and Yang [21,22] and by Fisher [23]. Using these zeros allows
one to distinguish between first- and second-order transitions as well as to extract estimates
of their strengths [24-27], and to examine the peculiar properties of a model with special
boundary conditions [28,29]. The cumulative density of zeros and their impact angle onto
the real temperature axis encode the strength of higher-order phase transitions [30-34]. This
can also be used as a medium for deriving scaling relations among logarithmic correction
exponents [35,36]. For a recent discussion along an alternative route, see Ref. [37].

For non-frustrated systems, the scaling of partition function zeros has been shown to
yield quite accurate results for critical exponents, even when using rather small system
sizes [38,39], suggesting that this might also be the case for more complex systems. Previous
work studying partition function zeros for frustrated spin systems includes Refs. [40-43].

Despite some experimental measurements of zeros in complex external magnetic
fields [44—46], the most established approach of studying complex partition function zeros
requires an accurate estimate of the full density of states, which is difficult to obtain both in
experiments as well as in simulations (but see Ref. [47]). For simulations, this commonly
limits the maximum system size that can be studied. More recently, an alternative method
for obtaining the leading partition function zero based on cumulants of the energy and
magnetization distributions has gained some traction [48], thus enabling determinations of
partition function zeros from more easily accessible observables in simulations. We use this
method to analyze the finite-size scaling (FSS) of the zeros for system sizes exceeding those
for which we could determine the full density of states.

For the frustrated Ising model on the honeycomb lattice, initial work using effective
field theory (EFT) [10] suggested the existence of a tricritical point near R ~ —0.1. This was
later challenged through a Monte Carlo study [12], showing that the system remains within
the Ising universality class at least down to R = —0.2. Cluster mean-field theory [13]
suggests that the transition may remain of second order down to R = —1/4, but this has
not been verified in the actual model. With this paper, we aim at a better understanding
of the critical properties of this system, particularly close to the special point R = —1/4,
at which the critical temperature vanishes. To this end, we consider the scaling of the
partition function zeros.

2. Materials and Methods
2.1. Model
We study the well-known two-dimensional Ising model, but placed on the honeycomb

lattice and equipped with competing nearest- and next-nearest-neighbor interactions,
resulting in the Hamiltonian

H=—]) 00— ) 0ok —h) 0;=—1Z1 — hZo — hM, 1)
(if) [ik] i
where (ij) and [ik] denote sums over nearest neighbors and next-nearest neighbors, re-

spectively, J; > 0 is the ferromagnetic nearest-neighbor interaction strength, [, < 0 is
the competing antiferromagnetic next-nearest-neighbor interaction strength, and & the
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magnetic field. ¥; and X, refer to the sums over nearest- and next-nearest-neighbor in-
teractions, respectively, and M is the (total) magnetization. The quantity relevant for the
nature of the ordered phase and the transition is the ratio R = J»/J; of couplings. Here, we
only consider the case of R € (—1/4,0], where the ground state is ferromagnetic [10]. We
study systems of linear lattice size L, which due to the two-atom basis of the honeycomb
lattice contain N = 212 spins. Note that all simulations were carried out in the absence of
an external magnetic field. We include the magnetic term here as it is necessary for the
discussion of the Lee-Yang zeros.

2.2. Partition Function Zeros

In terms of the density of states ()(X1, X, M), the partition function at inverse temper-
ature B and external magnetic field / is given by

=Yy 2 O(Z1, L, M)ePhZ1+BLE2 M, )
I %, M

We choose both [; and |, to be integers, such that for 1 = 0 the partition function is a
polynomial in x = e"P. For h # 0, on the other hand, the partition function may be
written as a polynomial in e2#" for arbitrary choices of J; and J,. The complex inverse
temperatures {B;} solving the equation Z(B = By, h = 0) = 0, i.e., in the absence of an
external magnetic field /, are called Fisher zeros. Once calculated, the Fisher zeros will be
studied as a function of z = x/1 to allow for better comparability of the results for different
values of R = [,/ ];. Note that, as is well known, different variables yield very different
visual impressions for the locations of zeros (see, for example, Appendix A). The pair of
zeros closest to the positive real axis approaches (B¢,0) = B + 0i as L — co. The real and
imaginary parts of these leading zeros 3y usually scale as [49]

R(Bo) — fe o L7V, ®)

and
S(Bo) < L7V, )

respectively, with y; being the renormalization group (RG) eigenvalue related to the tem-
perature variable, which is connected to the critical exponent of the correlation length by
yr=1/v.

The complex magnetic fields {4} that solve the equation Z(B,h = hy) = 0 for some
fixed B are the so-called Lee-Yang zeros that lie on the unit circle e/ = ¢/ for the Ising
ferromagnet, implying that all solutions for k. are purely imaginary [21,22]. This circle
theorem has been extended to many more models [50], but it is not universally valid, see,
e.g., Refs. [51,52]. For the Ising model with competing interactions placed on a square
lattice, the circle law was found to apply in the regime with ferromagnetic ground state [53].
As L — oo, the Lee-Yang zeros closest to the positive real axis approach zero. At the inverse
critical temperature 3, the imaginary part of the leading zeros h scales as [49]

S(ho) o< L7, ©)

with y, being the RG eigenvalue related to the external magnetic field, which is connected
to the standard critical exponents by y;, = (8 + ) /v.

To numerically estimate partition function zeros, writing p = R(B) + i3(B) one notes
that for zero field, h = 0, the Fisher zeros of Z(B,h = 0) are identical to the zeros of

~ipn — Z(R(B) +iS(B),h =0)
2B S = =2 E),h=0) ©
= (cos(S(B)H))s(p) =0 — i(sIn(S(B)H))w(p)h=0-

and likewise the Lee—Yang zeros for fixed (real) B might be extracted from
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Z(B,R(h) +i
Z(B,R(h
(cos((h)M)

(h))

Zp(R(h), 3(h))

= Q?

@)

R(n) — HsIn(S(R)M)) g wn)-

~—
‘m

While the evaluation of (6) and (7) and a systematic search for zeros requires the avail-
ability of the density of states () for reweighting [39,54-56], more recently a computationally
lighter method based on cumulants of thermodynamic observables CD(q), ie.,

(@ (@) = 51510 2(0) ®

has been suggested [38,48,57-59]. Here, the notation ®(g) refers to the thermodynamic
observables H and M as a function of their control parameters g = —p and q = Bh,
respectively, unifying the discussion of Fisher and Lee-Yang zeros. The method relies on the
fact that the partition function can be factorized in a regular (non-zero) part Z(q) = Z(0)e
for some constant ¢ and the product of its complex roots in g, i.e.,

Z(q) = Z(q) [ [ —q/q5). ©9)

k

Note that by Equation (2) Z(g) is real for real g, and that thus the roots g in (9) appear in
complex conjugate pairs. Plugging (9) into (8) yields the expression

(@ () = -y =1L

, 1 10
= (qc—q)" " (10

for the cumulants. The key point of the method is that the contribution of non-leading zeros
in the expression above is suppressed by powers of n for the n-th order cumulant. Thus,
one neglects the non-leading zeros, which allows the calculation of the leading partition
function zeros using only the first few cumulants of the energy and magnetization, (#"))
and ((M™)), and hence does not require knowledge of (). Cumulants can be calculated from
the central moments, (®"). = ((® — (P))"). The first four cumulants are given by

(@) = (@), (@%) = (@), (@)= (@), (@)= (@) -3((@))" an

Relations for higher-order cumulants can be found using computer algebra systems. (We
use the MATHEMATICA function MomentConvert to obtain the relations up to the 20-th
cumulant. The first ten cumulants are listed in Ref. [60].) Within this framework, the leading
zeros g can be extracted in a vector-matrix notation from [48]

(+)\ !

1 J‘" (-)
g0 — Q| ]AH) nul?) ’
1 M1 N
n+1

(+

where 7 is the approximation order, and ) denotes the ratio of two cumulants of
consecutive orders, i.e., ui") = (@"F1) /(@"). (®,q) = (E,—P) corresponds to Fisher
zeros, and (®,q) = (M, Bh) to Lee-Yang zeros. Since odd cumulants of M vanish for h = 0,
when setting n = 2k the expression for the Lee-Yang zeros simplifies to [39,59]

S(hg) ~ i;;\/zk(ZkJrl)’m‘. (13)
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2.3. Population Annealing

Population annealing (PA) [15,16] is a simulation scheme designed for parallel calcula-
tions for systems with complex free-energy landscapes in which the state space is sampled
by a population of replicas that are cooled down collectively. It consists of alternating
resampling and spin-update steps. As the temperature is lowered, the population is resam-
pled according to the Boltzmann distribution at the new temperature [61]. Spin updates
then help to equilibrate the replicas at this temperature, and to increase the diversity of the
population [62]. The implementation of PA as used here can be summarized as follows:

1. Initialize the population by drawing Ry = R random spin configurations correspond-
ing to the initial inverse temperature A = 0.

2. Set the iteration counter i < 0.

3.  Determine the next inverse temperature B fl such that the energy histogram overlap

between B and [Sffl, given by [63]

(14)

R; —(BYA —BPME;
1 . Re \Pixai=Pi )L
a(BA, B = R ) _min (L )
j=1

. PA PA
Z}fil 6_( l‘+1_.5,' )Ek

is approximately equal to the target value of a*, where E; refers to the current energy
of replica j.
4.  Incrementiby 1.
5. Resample the replicas according to their relative Boltzmann weights, that is, make
on average
Re_(ﬁFfl_ﬁfA)Ej

T(E) = —

15
TR o A (15)

copies of replica j with energy E;.

6.  Carry out Metropolis updates on the replicas until the effective population size R
(see [62] for definition and discussion) exceeds the threshold value of R* = p*R.

7. Calculate estimates for observables O as the population averages }_; O;/R;, where
0O is the value of the observable for the j-th replica. Note that we calculate central
moments of the energy directly during the simulation after calculating the average
energy, because using raw moments to calculate higher-order central moments and
cumulants leads to a complete loss of numeric precision in the latter.

8. Unless the lowest temperature of interest is reached, go to step 3.

Some comments are in order at this point. The above implementation contains numer-
ous parameters of relevance to the performance of the algorithm, namely, the population
size R, the target energy distribution overlap a*, and the sweep schedule given by the
threshold value p* for the relative effective population size. These have been (resp. will be)
discussed elsewhere [61,62,64], and here we choose R = 20,000 throughout, a* is set to at
least 80%, in some cases 90%, and p* > 90%. There are in fact many possibilities of how
the resampling step can be realized. Here, we use the so-called nearest-integer resampling
which has been shown to lead to optimal results in many scenarios [61]. For the spin
updates we employ the Metropolis method implemented on a GPU, drawing on a domain
decomposition [63] into four sublattices, adapting and extending the publicly available
code of Ref. [63]. For small system sizes, we obtain an estimate for the density of states by
using multi-histogram reweighting, also implemented in the source code of Ref. [63].

3. Results
3.1. Solving for all Fisher Zeros in the Complex Temperature Plane

For finite systems, the partition function for & = 0 is a polynomial of finite order in
x = e~P (for suitable choices of J; and J,). In principle, once the density of states Q(E)
is known one can solve for all partition function zeros numerically. Due to the presence
of both J1X; and J,¥; in the Hamiltonian, there are more than the usual O(N) distinct
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energy levels, namely up to O(N?) levels, where N = 2L? is the number of spins in the
honeycomb system. Thus, it is only feasible to calculate all partition function zeros for very
small system sizes.

This is illustrated in Figure 1, where all Fisher zeros of a 32-spin system (L = 4)
with periodic boundary conditions for different values of R are depicted. To compute the
density of states we used exact enumeration of all possible 23 spin configurations. In the
absence of next-nearest-neighbor interactions (i.e., for the standard ferromagnetic Ising
case), the model can be solved analytically for L — oo; see Appendix A for a comparison of
the partition function zeros for L = 4 with the exact solution in the thermodynamic limit.
For R = 0, the partition function is an even polynomial in z = x/1, and hence symmetric in
z. This symmetry is broken by the introduction of the next-nearest-neighbor interactions,
which is reflected in the asymmetry with respect to the ordinate axis in Figure 1, that
becomes stronger with increasing | R | (left to right). Also note that the number of zeros for
the finite system size is much larger than for R = 0. This is due to a smaller number of
distinct energy levels for R = 0, or in other words, the larger degeneracy of the individual
energy levels. For L = 4, the Fisher zeros at z = i for R = 0 each split into 16 distinct
ones when | R | is increased, and spread out as | R | is increased further. For R = —0.1
this is well seen through the dense set of zeros near z = =£i. For a better visual impression
of how the Fisher zeros move as R is changed, we refer to the Supplementary Materials,
which contain an animation (video) illustrating the motion of Fisher zeros as R is varied
from 0 to —1, illustrating the splitting of the zero located at z = +i for R = 0 very clearly.
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Figure 1. Fisher zeros in the (transformed) complex temperature z = ¢~#/1 plane for L = 4 and
(@) R =—-0.1,(b) R = —0.2,and (c) R = —0.22. The red circles highlight the Fisher zeros closest to
the positive real axis. Note that MATHEMATICA fails to find some zeros close to the real axis, which
becomes apparent as some zeros that are visible for R = —0.1 and —0.2 are absent for R = —0.22.

From earlier studies [10,12], it is known that the critical temperature in this model
approaches zero as R goes to —1/4. This is reflected in Figure 1 by the leading Fisher zero
(red circle) moving closer to the origin in this limit. Due to the small system size, the leading
Fisher zero for R = —0.22 is very close to the imaginary axis. In fact, for R < —0.222,
the imaginary part of the leading Fisher zero in the B-plane, 3(By), exceeds 71/2. Thus,
in the z-plane the zero may lie in the region of negative real values for smaller values of R.
As R approaches —1/4, both the real and imaginary part of By go to infinity. Thus, in the
z-plane, the Fisher zero rotates around the origin as R goes to —1/4. Since the imaginary
part of By vanishes with increasing L, we understand this effect as a peculiar finite-size
effect and expect it not to be relevant in the thermodynamic limit.

3.2. Determining the Leading Fisher Zero Directly and by the Cumulant Method

In the following, we verify the efficacy of the cumulant method developed by Flindt
and Garrahan [48] by comparing its results to the estimates from reweighting for system
sizes for which we obtained the density of states. As we were unable to calculate all
partition function zeros for L > 4, we fall back to obtaining the value of the leading Fisher
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zero used for comparison by numerically reweighting Z(R(8), 3(B)). Except for L = 4,
where exact enumeration was used, we estimate the density of states Q2(X1,%;) by using
multi-histogram reweighting (MHR) of our PA data [63]. (Note that we only measured the
two-dimensional (energetic) density of states. Therefore, we do not have access to magnetic
quantities and the Lee-Yang zeros.)

The top row of Figure 2 shows the absolute value of the partition function Z(R(B), I(B))
in the complex B-plane as obtained from Equation (6) and for different values of R, zoomed-
in and centered around the leading Fisher zero for L = 4 with positive imaginary part
(using the same data as above). The open black circles denote the respective Fisher zero

ﬁ(()d) found using the Levenberg-Marquardt (LM) algorithm [65,66], with an initial guess

for ﬁ(()d) close to the root. (We use SCIPY’s optimize.root function to find the zeros with
the parameter method=’1m’, corresponding to the Levenberg-Marquardt algorithm.) In
the following, we refer to this approach using the LM algorithm as the “direct method”.
Note the added superscript (d) for the value of the leading Fisher zero obtained with this
method. A commonly used alternative approach is to use one-dimensional root finding to
determine the zeros of the real and imaginary parts of Equations (6) or (7) independently
over a range of complex f’s or /s, respectively, and then, to find their intersection, a
method used, e.g., in Refs. [39,54-56].
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Figure 2. The top row shows heat maps of |Z(R(B),S(B))| for complex B as obtained from
Equation (6) for R € {—0.1,—-0.2,—0.22}, computed by exact enumeration for L = 4. The lead-
ing Fisher zero calculated by the direct method is denoted by an open black circle. The bottom row
shows the differences AR(Bg) and A(Bo) (see text for definitions), comparing the direct method
with the cumulant method.

For the cumulant method, when the n-th order cumulants are evaluated at = R( ﬁéd))
the estimate for R( — Bp) goes to zero with increasing n and the approximation of

|B — Bo|? approaches ( ,Béd)) . In principle, one can use any simulation point  and

obtain estimates for the location of the Fisher zero. However, most precise results are

found for B ~ R(By). Thus, we can consider AR(By) = R(B — ﬁo”nﬂ*?ﬁ(ﬂ(d)) and
P=TUPo

A (Bo) = VIB— /30]2|n pon(pl®) %(,Béd)) to probe the rate of convergence in n. The
[ 0
bottom panel shows the absolute values |AR(Bo)| and |AS(Bo)| of the differences as a

203



Entropy 2024, 26, 919

function of n, which appear to decay exponentially. This observation is in line with the fact
that the contributions of sub-leading partition function zeros are suppressed with power #,
see Equation (10).

Next, we repeat the same analysis with data for the density of states obtained by MHR
of PA data with system size L = 16. For each value of R we carried out an independent
simulation. Although reweighting in |, is in principle possible, the reweighting range
is rather limited. The results of this exercise are shown in Figure 3, and they are found
to be qualitatively quite similar to the previous case. As is to be expected, the leading
Fisher zero is closer to the real axis as compared to L = 4. As before, the cumulants are

evaluated at B = R( ‘Béd)) from the direct method, which is possible thanks to the estimate
of the density of states () from MHR. In particular, the exponential decay of the differences
between the cumulant and direct method is more clearly visible in this case. Note that
the bottom row only shows the systematic deviation of the two methods when using the
same data for (X1, X,) (subject to statistical errors), and not the actual error for . For
an estimate of the statistical errors encountered in the simulation, see the error bars in
Figure A2. This demonstrates that the cumulant method is a viable replacement for the
direct method whenever the statistical error exceeds the systematic deviation shown above
(which it typically does). However, it does not say anything about the actual accuracy of
the obtained results. Also, note that even on the logarithmic scale, the difference decays
monotonously and no noise is visible even when using higher-order cumulants. This is
because despite the fact that higher-order cumulants are noisy, the fluctuations in their
ratios do not increase noticeably with 1, which is due to the cross-correlation between

the terms.
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Figure 3. Same as Figure 2 for L = 16, but using PA simulation data instead of exact enumeration.

3.3. Determining the Leading Lee—Yang Zero Directly and by the Cumulant Method

We now turn to an analysis of the Lee-Yang zeros. We consider the partition function in
the complex-field plane at our best estimate for the infinite-volume critical temperature for
different values of R (see Section 3.4 for details). Analogous to the Fisher zeros discussed
in the previous section, Lee—Yang zeros are obtained using the direct method (utilizing the
LM algorithm). As their calculation requires the density of states (}(X1, X, M), we only
compute them for L = 4.
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Similar to Figure 2, the top panel of Figure 4 shows the absolute value of the partition
function in the complex field plane at the infinite-volume inverse critical temperature
Be,ie., |Zg (R(h),3(h))|. The found zeros are consistent with being purely imaginary,
suggesting that the Lee—Yang circle theorem may also hold for the model considered here.
(Note that we are unaware of any rigorous proof of the circle theorem for the model at
hand.) We again also considered the alternative approach provided by the cumulant
method, and the bottom panel of Figure 4 depicts the deviation of the estimate of the
cumulant method from the zero determined via the direct method as a function of n. As
was the case for the Fisher zeros, the deviation vanishes exponentially in 7. Note that the
range of the real part of the external magnetic field is the same in all three panels. For
smaller values of R, the minimum of [Zg_(h)| becomes broader, making it more difficult to
find the root numerically. The imaginary part of the leading Lee—Yang zero vanishes as R
approaches —1/4.
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Figure 4. The top row shows [Zg (R(h), S(h))| for complex h, as obtained from Equation (7) for
R € {—0.1,—-0.2, —0.22}, calculated by exact enumeration for L = 4 at .. For B we used our best
estimate, see Section 3.4. The leading Lee-Yang zero is denoted by an open white circle. The bottom
row shows the difference in (/) for the approximation given by Equation (13) of order n and the
directly obtained value.

3.4. Comparison of Standard FSS and Scaling of Partition Function Zeros

One recently proposed advantage of using the partition function zeros to obtain critical
exponents is that already rather small system sizes may yield quite accurate estimates for
the exponents [39]. In the following, we present tables for different values of R and different
fit intervals from Lpin t0 Lmax, thus clearly demonstrating for which ranges of system sizes
reliable FSS fits can be performed. We consider the system sizes L € {8, 16,24, 32,48, 64,88}
and values of R equal to —0.1, —0.2, —0.21, and —0.22. As the results for R = —0.21 are
analogous to the other values of R, they are only included in the Supplementary Materials,
and not presented in the main text. For every system size L and for every value of R, ten
independent PA runs were carried out in order to improve statistics and to obtain error
bars. The first run determined the temperature set for the remaining runs. In principle,
the energy histogram overlap defines the temperature set uniquely. However, the actually
determined temperatures by PA are subject to statistical fluctuations. Thus, to avoid every
realization having its own temperatures, the first run is used to fix the temperature set.
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The same simulation data were used for the comparison of standard FSS and the scaling of
partition function zeros obtained via the cumulant method using up to the 20-th cumulant
(corresponding to n = 18 in Equation (12) for Fisher zeros, and k = 9 in Equation (13) for
Lee-Yang zeros). As shown above, we did not observe any loss in numeric precision using
higher-order cumulants. Therefore, we use the largest cumulant that we measured; see also
Appendix B.

3.4.1. Scaling of Fisher Zeros

Table 1 summarizes the FSS results for R = —0.1, —0.2, and —0.22 using the leading
Fisher zero as well as the logarithmic derivative of the magnetization,

(IM[#)
vy

d

din|m| = ﬁln<|M|) =
whose maximum follows the FSS relation dIn|#|max (L) o LY [67]. As the precise inverse
temperature at which 3 (B — o) is zero is not in general contained in the annealing schedule
of PA, we first determine the zero crossing in the estimate for (B — By) with positive
slope closest to the location of the local maximum of the second energy cumulant (ignoring
the B = 0 maximum). Next, we determine the B for which the linear interpolation of
R(B — Bo) of Equation (12) between the two closest inverse temperatures is zero. I(Bo)
is also obtained through linear interpolation to the same  which we found to be more
stable than to evaluate 1t(By) and J(By) directly using Equation (12). This is subsequently
used for FSS. Details from all fits yielding estimates for y; can be found in Section 2.1
of the Supplementary Materials. The expected exponent is the Onsager value, y; = 1.

— (M), (16)

The estimates y} and y‘tﬂn‘ml for y; resulting from both methods are close to the expected
value for the considered ranges of system sizes for all R, albeit not always within error bars.

For R = —0.1 it comes as a surprise that the values from standard FSS using dIn|m|
are closer to 1 and appear to have weaker corrections to scaling. Specifically, the value
obtained for y?ln‘m‘ is within 0.5% of the expected value for all fit ranges, whereas the
value for y! differs by as much as 3% when using the fitting range 8-24 for L. While when
Lmin = 8 the value for y; using the leading Fisher zero is far below 1, it is consistent with
1 for larger Luyin, suggestive of the differing value for smaller system sizes being due to
stronger corrections to scaling.

In contrast, for R = —0.2 for almost any (fixed) fitting range the two estimates
are compatible with each other within error bars, and the error bars are comparable in
magnitude. Most of the y; estimates fall well below the expected value y; = 1, and increase
with both Ly and Lnax, being compatible with 1 only for fitting ranges limited to the
largest system sizes studied here. This effective variation in the exponent with L is also
reflected in the poor quality of fit: In most ranges [Lmin, Lmax] the Q value falls below
0.1 [68], where Q refers to the probability of drawing a x? from the x? distribution that is
even larger than the value calculated from the fit. Unusually small values for Q correspond
to poor quality of fit.

For R = —0.22, the estimates for y; are even further below the Onsager value of y; = 1,
and again increase with Ly, and Lnax, suggestive of the presence of strong corrections to
scaling. Only in the range [48, 88| is the result within error bars of the Onsager value. Here
too, the effectively changing exponent is reflected in poor fit qualities. Differently from the
previous cases, however, the value for y; from the Fisher zeros is consistently closer to the
expected value than the value from regular FSS, suggesting that corrections to scaling are
weaker for the location of the Fisher zeros in this case. The overall worse fit quality for
dIn|m| is also in agreement with stronger correction terms.
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Table 1. Estimates for y; from FSS fits using the imaginary part of the leading Fisher zero as well as
dln|m| for different Lynin and Lmax, and using R = —0.1, —0.2, and —0.22.

Loax 24 32 48 64 %
Lmin
R =01
s Y= 09668(61) v = 0.9667(48) yp =0979(31) T yp =09817(29)T - y; = 09829(29) "
y = 09957(24) MM = 090a3(17) MM = 09041(15) M = 09939(13) " = 0.9941(11)
16 v = 0.972(15) yE=1.0001(79) " yF = 1.0026(70) vF =1.0052(68) *
yinml — 0.9867(96)  y™ = 0.9908(51) vy = 0.9916(35)  y™ = 0.9932(23)
N yF = 1.017(13) yi = 1.018(11) yi =1.022(11)
v = 0.9908(51) " = 09916(35)  y"" = 0.9933(23)
) yF = 1.042(21) y; =1.049(19)
= 09935(50) " = 0.9948(31)
B y; =1.048(38)
yimml = 0.9959(65)
R=-02
o Vi =09215(35) yf =09263(31) * yi =09369(26) ' yi = 0.9400(23) * i = 0.9453(21) *
y = 0921127) M = 0928a(18) Ty = 0.9344(15) Ty = 0.9380(14) T " = 0.9484(10) *
y yE = 0.9500(86) yF = 0.9663(54) ' yi =0.9639(42) ' yi =09702(37)
= 09403(47) MM = 09581(34) Ty = 0.9625(29) Ty = 09707(19) T
N yF = 0.994(12) yF =0.9780(83) yi =0.9872(68)
" = 0.9694(64) Ty = 09737(48) 4™ = 0.9788(26)
; yF = 0968(15) * yi =0988(11) *
yimiml = 0.9829(65) MM = 0.9833(32)
y; =0.990(20) '
18 B B _ - din|m|
yniml — 0.9838(67)
R =022
g Yi=09328030)" yf =09356(23) * yi =09364(21) ' yi = 0.9410(18) ¥ i = 09461(15) 1
y = 0.8781(25) F " = 08907(19) ™M = 09019(15) Ty = 0.9112(13) T " = 0.9167(12)
. JF = 0.9525(76) Y = 0.9513(63) yF = 0.9588(45) yi = 0.9644(32)
y = 09302(42) ™ =09365(28)  y™" =o09431(22) Ty = 0.9484(19)
N yF = 0.948(13) yF =0.9634(71) yi = 0.9697(46)
yIm —00a37(54) I Z09525(36) 1 yAM™ = 0.9600(30) t
) yF =0971(11) yr = 0.9766(68)
il = 0.9612(53) " = 0.9702(42) *
) Y = 0.995(16)

= 0.9905(84)

* Q value below 0.1.

3.4.2. Scaling of Lee-Yang Zeros

In the following, we obtain y;, from the scaling behavior (see Equation (5)) of the
leading Lee—Yang zero at the (fixed) inverse temperature f, as well as from the value of
the magnetic susceptibility x at B, which follows the scaling relation

XL(,BC) = LiDﬁc<M2>‘BC o4 L7D+2yh — L'Y/V/

(17)

with D being the spatial dimension. In principle, one may also use the pseudo-critical
points of the magnetic susceptibility with subtraction and its peak heights, which follow the
same scaling relation. However, as we use the critical temperature for the Lee—Yang zeros,
this would result in an unfair comparison and the values from the magnetic susceptibility
by design would be subject to stronger corrections to scaling.

207



Entropy 2024, 26, 919

We consider the Lee-Yang zeros at our estimate for the inverse critical temperature .
obtained from the scaling of the real part of the Fisher zeros for the different values of R.
This estimate is found by applying the fit ansatz R(Bo(L)) = B — aL ¥ — bL~2, allowing
for a first-order correction term and assuming y; = 1. Using the full range of system sizes,
ie,L=8,...,88, weobtain f.J; = 1.02350(32),2.65740(54), 3.25721(42),4.27017(59) for
R = —0.1, —0.2, —0.21, and —0.22, respectively (cf. Supplementary Tables S9-512). The
Lee—Yang zeros $(hy) and the susceptibility x; together with their statistical errors are
then evaluated at this value for .. Note that as the critical temperature was calculated a
posteriori, we have no data for the cumulants at .. In order to estimate the value of the
cumulants at ., we use Lagrange interpolation between the four inverse temperatures
closest to B¢, potentially resulting in a small systematic error. As all realizations use the
same temperature set, the effect of this is not accounted for in the quoted error bars. Next,
one carries out the FSS analysis on the calculated values for the Lee-Yang zeros and the
susceptibility at the obtained B.. In this process the statistical errors in S(h) and x| are
correctly reflected in the statistical error of the critical exponent y;,, whereas the uncertainty
in B is not accounted for. To estimate the influence of the error of B on the estimate for
Yy, one may repeat this analysis at . — €(B¢) and B¢ + €(Bc), with €(B.) corresponding

(=)

to the quoted error bars. This yields estimates y, ’ and y,(f), thus giving rise to a second

contribution \y;(f) — y;(;) |/2 to the error of yj,. Alternatively, to combine both error contri-
butions in the quoted error bars, we carry out jackknifing [69] over the whole FSS procedure.
Specifically, we use ten jackknife blocks (each containing nine out of ten PA simulation
runs), for which we then perform the entire analysis, resulting in slightly varying values for
the Fisher zeros and the inverse critical temperatures. The Lee-Yang zeros and the magnetic
susceptibilities are analyzed at the respective B of each jackknife block, and finally, result
in different estimates for the exponent y;. The final estimates of y;, quoted in Table 2 and
Supplementary Tables S13-520 are then the plain averages of the jackknife blocks.Their
standard errors are calculated via the usual rescaled variance of the jackknife blocks, which
accounts for their trivial correlation [69,70]. For further details including results for all
fitting parameters, see Sections S2.2 and S2.3 of the Supplementary Materials. We have
checked that the jackknife estimates for B.J1 (BcJ1 = 1.02351(22), 2.65740(68), 3.25722(84),
and 4.27017(48)) are in very good agreement with our aforementioned final values.

The expected value for y;, is the D = 2 Ising value y;, = 1.875. Table 2 summarizes the
FSS results using the leading Lee-Yang zero and the magnetic susceptibility for R = —0.1,
—0.2, and —0.22. As before, the results are affected by corrections to scaling reflected in
effectively varying exponents that approach the expected value as Ly and Lyax increase.
Both methods yield values for y;, well compatible with the expected exponent of 1.875.

For R = —0.1, the estimate y]h“Y for y;, from the scaling of the Lee-Yang zeros even on
the smallest range of system sizes, i.e., L € {8,16,24}, is within two error bars of 1.875,
as opposed to the estimate y} from the magnetic susceptibility, which is far outside the
error margin. This indicates stronger corrections to scaling for the magnetic susceptibility,
which is also reflected in the overall poorer quality-of-fit value Q. Despite the big difference
when including the value for L = 8, for Ly, > 8 the value for y;, from the Lee-Yang zeros
is only marginally closer to the Ising value as compared to the results from the scaling of
the magnetic susceptibility.

Also, for R = —0.2 the difference between the methods shows most clearly when
including the value for L = 8. Here, the estimate from the partition function zeros is much
closer to the expected one, albeit still not within error bars. When choosing Lyin = 16,
the value from the Lee-Yang zeros is always within at most two error bars of the expected
value, which is not the case for the value from the magnetic susceptibility. However, this
observation may not be significant as both values are within the error bars. For L > 24, both
methods yield values compatible with each other and with 1.875. Similarly, for R = —0.22
the Lee-Yang value for y;, is much closer to 1.875 (but again not within error bars) than the
magnetic susceptibility one when including L = 8. When excluding the smallest system
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size, both methods yield results compatible with the Ising exponent, and both methods
appear to perform equally well.

Table 2. Jackknife estimates at . (see text) for y;, from FSS fits using the leading Lee-Yang zero as

well as from the value of the magnetic susceptibility xr at . for different Lj, and Lmax, and using

R = —-0.1,-0.2,and —0.22.

Limax 24 32 48 64 88
Lmin
R =01
8 v =1.87629(97)  yiY =1.87564(69)  yLY =1.8756(13) yiY = 1.8754(20) yiY = 1.8754(25)
vy = 1.87813(86) y)é =1.87730(57) y%( =1.8769(11) yg =1.8764(17) * yg =1.8763(21)
16 _ y,Y = 1.8747(13) y¥ = 1.8751(23) y¥ = 1.8750(30) v = 1.8751(35)
vy =18755(11) F = 1.8757(20) ygé = 1.8754(26) yg = 1.8755(31)
24 _ _ yiY =1.8745(38)  y¥ =1.8747(42)  yhY =1.8750(46)
vy = 1.8751(34) y{é = 1.8750(37) yg = 1.8753(40)
32 _ _ _ yé'(Y = 1.8758(49) y%Y = 1.8757(50)
) = 1.8759(42) U 1.18;;;2(4(12)
48 - - - - Yy =1
vy = 1.8754(43)
R =-02
8 yiY = 1.8780(13) yiY = 1.8772(16) yEY = 1.8771(18) yEY = 1.8769(20) v =1.8767(30) T
vy =1.8828(13) yjé =1.8813(14) * yjé = 1.8805(16) * yg =1.8801(17) * yg =1.8789(28) *
16 _ v ¥ = 1.8750(26) yY = 1.8757(28) yY = 1.8757(32) v = 1.8759(44)
vy = 1.8767(23) y%( = 1.8767(24) y%( = 1.8765(28) yg = 1.8763(38)
24 _ _ Y = 1.8759(35) v = 1.8757(38) v = 1.8760(48)
vy = 1.8761(30) yy = 1.8759(33) y% = 1.8761(42)
32 _ _ _ v = 1.8765(41) v = 1.8763(52)
v} = 1.8765(36) yg = 1.8763(46)
48 _ _ _ _ yEY = 1.8758(66)
v} = 1.8759(57)
R =-022
8 yiY =1.88294(89)  ylY =1.8818(11) T ylY =1.8808(12) *  yLY =1.8804(10) "  yLY =1.8803(10) *
vy =1.88778(65) * y{é =1.8860(11) * y{é =1.8845(12) * y%( = 1.88300(95) * yg = 1.88288(95)
16 _ v, =1.8777(22) ;Y = 1.8766(16) yiY = 1.8781(14) v =1.8781(13)
vy =1.8791(19) yjé = 1.8777(16) ;/Ef = 1.8786(13) y% = 1.8786(12)
4 _ _ Y = 1.8752(17) y¥ = 1.8779(18) v, = 1.8780(17)
vy = 1.8758(16) y% = 1.8781(15) y% = 1.8782(15)
32 _ _ _ yY =1.8792(23)  y¥ =1.8793(21)
v} =1.8792(19) y?,é = 1.8792(18)
48 _ _ _ _ yrY = 1.8827(36)

v} = 1.8817(30)

* Q value below 0.1.

4. Conclusions

We have studied the Fisher and Lee-Yang zeros for the frustrated [;—/» Ising model on

the honeycomb lattice. The partition function zeros are obtained using a recently suggested
cumulant method [38,48,57,58] that does not require knowledge of the density of states (2.
For small systems where () was available, we compared the values for the leading Fisher
and Lee-Yang zeros from the cumulant method against the directly obtained estimates
and observed only small deviations that vanish exponentially in the cumulant order n,
regardless of the value of R. For larger systems, we also saw an exponential convergence
of the cumulant estimates to their asymptotic values when evaluating the cumulants at 3
close to R(Bo)-
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We compared FSS using the location of the leading partition function zeros with a
traditional FSS protocol. Both approaches indicate that the model remains in the Ising
universality class for all studied values of R > —1/4. For the temperature exponent y;,
our numerical results do not favor one method over the other. Instead, both approaches
seem to be subject to non-trivial corrections to scaling, such that dependent on R one or
the other approach appears preferable. For R = —0.1 conventional FSS shows practically
no signs of corrections to scaling even for very small systems, whereas the values obtained
for y; from the partition function zeros have a clear system-size dependence. On the
other hand, for values of R closer to —1/4, conventional FSS is subject to very strong
corrections to scaling, whereas the values obtained using the partition function zeros show
only slightly stronger corrections as compared to R = —0.1. Therefore, our data for the
partition function zeros for R = —0.22 convincingly indicate that the system remains in
the Ising universality class, whereas the results from traditional FSS alone are much less
conclusive. The field exponent y;,, as obtained from the Lee-Yang zeros, in most cases
was marginally closer to the expected value than the estimate derived from the magnetic
susceptibility, although only when including the smallest system size of L = 8 the former
approach performed significantly better than the latter.

Thus, based on our results, studying the critical behavior using the partition function
zeros does not in general promise to yield results less afflicted by scaling corrections but,
as expected, in different regimes one or the other approach might have an edge in this
respect. Both techniques (as well as other scaling paradigms) can hence be used with good
success in a complementary fashion.

Supplementary Materials: The following supporting information can be downloaded at: https:
/ /www.mdpi.com/article/10.3390/€26110919/s1, it contains a video illustrating the motion of Fisher
zeros on varying R and tables for the finite-size scaling studies.

Author Contributions: Conceptualization, D.G. and W.J.; methodology, D.G.; software, D.G.; valida-
tion, W.J. and M.W.; formal analysis, D.G.; writing—original draft preparation, D.G.; writing—review
and editing, M.W. and W.J.; visualization, D.G.; supervision, M.W. and W.J.; project administra-
tion, W.J.; funding acquisition, W.J. All authors have read and agreed to the published version of
the manuscript.

Funding: This project was supported by the Deutsch-Franzosische Hochschule (DFH-UFA) through
the Doctoral College “I.*” under Grant No. CDFA-02-07. We further acknowledge the resources
provided by the Leipzig Graduate School of Natural Sciences “BuildMoNa”.

Data Availability Statement: The data that support the findings of this study are available from the
corresponding author upon reasonable request.

Acknowledgments: We thank Leila Moueddene for interesting discussions. This work is dedicated
to the memory of Ralph Kenna who passed away at the end of October 2023. Ralph was fascinated by
partition function zeros since his PhD Thesis work [54,55] and revisited this versatile tool for obtaining
properties of phase transitions during his scientific career many times [39]. We will remember Ralph
as good friend and inspiring collaborator. His deep insights, witty comments, and captivating
presentations will be dearly missed.

Conflicts of Interest: The authors declare no conflicts of interest. The funders had no role in the design
of the study; in the collection, analyses, or interpretation of data; in the writing of the manuscript; or
in the decision to publish the results.

210



Entropy 2024, 26, 919

Abbreviations

The following abbreviations are used in this manuscript:

MC Monte Carlo

PA  Population annealing
LY Lee-Yang

F Fisher

FSS  Finite-size scaling

RG  Renormalization group

Appendix A. Fisher Zeros for R =0

As a consistency check, we carried out the partition function zero analysis for R = 0 in
the complex temperature plane, where exact Fisher zeros are known in the thermodynamic
limit [71,72]. The Fisher zeros of the field-free Ising model on the honeycomb lattice without
next-nearest-neighbor interactions lie on the partial circle z> = ¢'? for ¢ € [rr/3,57/3],
and the heart-shape-like curve given by [72]

[S(zz)r — 14 2R(2) — [é)?(zz)r + . /8R(22). (A1)

R=0
15 ‘ ‘
1 L e
] 30 /fg
i 0

Figure A1. Fisher zeros in the complex temperature planes (a) z2 = ¢~ 2/ and (b) z = ¢~ F/1 for
‘R = 0. Points denote our data for L = 4 obtained by exact enumeration. The solid lines are the exact
zeros for L — o0 [71,72].

Figure Al shows the Fisher zeros for L = 4 (points) and for L — oo (solid lines).
Despite the rather small system size, both appear to be already somewhat compatible,
with the closest zero for the finite system size, of course, not being located on the positive
real axis. As in the absence of next-nearest-neighbor interactions, the partition function is
an even polynomial in z, the natural variable to consider the Fisher zeros is z* [see panel (a)].
When using z as variable, the z — —z symmetry is visible [see panel (b)], which was absent
for R # 0; cf. Figure 1.

Appendix B. Convergence of the Cumulant Method for Larger System Sizes

We have tested the convergence of the cumulant method for small system sizes
extensively to assure its convergence. For larger system sizes we did not have access to the
density of states. To test the convergence for these larger system sizes, we therefore consider
the predicted value of the partition function zero as a function of cumulant order 7.

Figure A2 shows the estimated location of the Fisher zero using the cumulant method.
The By is found by determining the zero crossing of R( — By), and the imaginary part
is calculated using the equation for |8 — By|? at that value for . For all system sizes and
for all considered choices of R, the estimated value from the cumulant method quickly
approaches a constant with increasing n.
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Figure A2. Real and imaginary parts of the Fisher zeros B obtained through the cumulant method
as a function of 1 [see Equation (12)] for different L. In (a,b) R = —0.1, and in (¢,d) R = —0.2.

Similarly, in Figure A3 we show the values for the complex field h of the Lee—Yang
zeros at B, estimated by the cumulant method for the different values of R as a function
of n. These also converge quickly. Note that even on the logarithmic scale of Figure A3,
error bars do not appear to grow significantly as the order of cumulants is increased. As
mentioned above, we attribute this to the fact that despite increasing statistical errors of
the individual cumulants, their ratios show only little statistical fluctuation due to the
cross-correlation between the terms.
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Figure A3. Imaginary part of the Lee-Yang zeros I for different system sizes L and coupling
strengths R. (a) R = —0.1,(b) R = —0.2, (c) R = —0.21, and (d) R = —0.22.
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Abstract: Single-time and two-time correlators are computed exactly in the 1D Glauber-
Ising model after a quench to zero temperature and on a periodic chain of finite length
N, using a simple analytical continuation technique. Besides the general confirmation of
finite-size scaling in non-equilibrium dynamics, this allows for testing the scaling behaviour

(2)

of the plateau height Cs’, to which the two-time auto-correlator converges when deep in

the finite-size regime.

Keywords: ageing dynamics; Glauber-Ising model; finite-size scaling

1. Introduction

An important class of physical phenomena arises in the context of ageing phenomena [1,2]
which occur after a many-body system has been quenched from some prescribed initial
state, either onto a critical point where at least two physical phases become indistinguish-
able or into a phase co-existence region where two macroscopic physical phases coexist.
In either case, the post-quench dynamics are slow, which may come from the effects of
critical-point fluctuations or from the competition between relaxation towards at least
two distinct physical states. Microscopically, the system separates into many (correlated
or ordered) clusters whose mean size, {(t), grows with time. Phenomenologically, one
observes the three defining properties of physical ageing on a macroscopic scale [3]:

1. Slow dynamics (relaxations are slower than might be described by simple exponentials);
2. Absence of time-translation invariance;
3. Dynamical scaling.

These properties manifest themselves in the typical behaviour of correlation functions,
which might be thought of in terms of a coarse-grained order-parameter ¢ = ¢(t, ) which
depends on the time f and the space coordinates r. For example, notably in situations where
the average order parameter (¢(t,r)) = 0, one often considers single-time or two-time
correlators (which depend on both the waiting time s and the observation time ¢ > s)

C(tr) = (o(t,1)9(£,0)), C(t;s;r) = (P(£,7)$(s,0)) ey

We restrict this work to phase ordering, which occurs for a non-conserved order parameter
quenched to T < T¢. Then, one generically finds, for large enough times (spatial translation
and rotation invariance are implicitly admitted)

Entropy 2025, 27,139 216 https://doi.org/10.3390/€27020139
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C(tr) = C(t;|r]) = Ec (1, t|f/|z), C(t,s;7) := C(t,5;|r|) = Fc (; s|1’/|z> @)

which is specified here for systems where the typical domain size £(t)~t!/? increases alge-
braically for large times. This defines the dynamical exponent z. For a non-conserved order
parameter and short-ranged interactions, to which we shall restrict ourselves throughout
this work, one has z = 2 [4-6] (For a conserved order parameter, one speaks of phase
separation and z takes different values [4-6]. Long-range interactions lead to further mod-
ifications [5,7-12]). Up to metric scale factors, the form of the scaling function F¢ is
generically expected to be universal, meaning it is independent of most of the ‘details’ of
the underlying microscopic physics; see [4,13-16] for reviews. Knowing the form of F¢ is an
important theoretical task and is also of practical importance, as a priori knowledge of F¢
allows us to make long-time predictions on the basis of short-time data. These expectations
(2) are also confirmed experimentally [17,18].

In practical situations, it may be difficult to achieve spatially totally homogeneous
samples without any kind of interfaces and/or granular effects. It is therefore of interest to
study situations of physical ageing in geometries of finite extent, such as a hyper-cubic form
with N sites. A simple example illustrates a typical kind of finite-size effect (see Figure 1).
If one considers the auto-correlation function (please distinguish carefully between the
two-time auto-correlator C(t, s), Equation (3a) below, and the time-space correlator C(¢;r),
Equation (2)). C(t,s) := C(t,s;0) of a phase-ordering (or phase-separating) system, one
finds for a spatially infinite system and for sufficiently large times, where ¢,5 > Tpijcro and
t — 5 >> Tmicro, that (i) a data collapse occurs and (ii) the characteristic power-law behaviour

C(t,s) =FC<;f\0|> - fC<£>’ fely) 2y (3a)

for large time ratios y = t/s > 1. Here, A is the auto-correlation exponent and is independent
of the equilibrium critical exponents. A recent list of estimates of z and A for phase-ordering
systems can be found in [19]. On the other hand, in a fully finite system, even if the auto-
correlator is still close to that of the spatially infinite system for not-too-large v, deviations
from (3a) will arise (see again Figure 1). Generically, in a finite system, the auto-correlator
should first decrease more rapidly as a function of y than it would in the infinite system.
For even larger values of y, the auto-correlator saturates at a plateau of height

Jim C(ys,5:0;N) = CZ(s,N) (3b)
which, in principle, should depend on the waiting time s and the system size N. Qualitative
discussions on this go back a long time (see [20,21]). The systematic study of finite-size
effects—by which we mean the consequences of the system being in a restricted spatial
volume of linear size N, and the associated finite-size scaling—has a long history indeed,
both for equilibrium phase transitions [22-25] and equilibrium dynamics [26]. Early
examples of finite-size studies in non-equilibrium systems include [27-29]. Finite-size
effects in glassy dynamics are studied theoretically in [30-32] and experimentally in [20,21,
33,34]. They are also one possible way to artificially create spurious sub-ageing effects [35]).
Another early observation of this saturation effect occurs in the Kuramoto model of self-
synchronisation [36].
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C (ys,s)

Figure 1. Qualitative dependence of the scaled two-time auto-correlator C(t,s) on the time ratio
y = t/s for (i) a spatially infinite system (dashed line) with the power-law behaviour Ny_/\/ Z and
(i) in a fully finite system (full line) which converges to a characteristic plateau Cg ).

The expected limit behaviour of (3b) can be understood heuristically [19,37]. We recall
the argument for quenches to T < T.. For large times, one expects that the auto-correlator
in terms of domain sizes £(t) and £(s) reads C(t,s)~ (%) - (see Equation (3a)). If the
observation time t becomes so large that the domain size /(t)~N crosses over into the
saturation regime, while the waiting time s is still small enough that the infinite-system
rule /(s)~s!/Z applies (hence /(s) < N), one would find

C? VN? ifsisfixed, C2) ~ sM7 if Nis fixed (4)
More formally, (4) is one of the several consequences of the hypothesis of generalised
time-translation invariance [38]. Furthermore, one can write generalisations for quenches
to all temperatures T < T, for both conserved and non-conserved order parameters, and
so on. One interesting aspect of (4) is that it offers a new way to numerically estimate the
exponents A and A/z, respectively.

The present work strives to obtain a test of (4) in the context of an exactly solvable
model. Since there already exists an exact confirmation of (4) in the spherical model for
dimensions 2 < d < 4and T < T, [19], we consider here the case of the 1D Glauber-Ising
model (for a short summary of the role of the Ising model in equilibrium phase transitions,
discovered by Cagniard de la Tour about 200 years ago, see, e.g., [39] and refs. therein),
quenched to temperature T = 0 from a fully disordered initial state (initial correlations
are irrelevant at large times in the 1D Glauber-Ising model [40]) and whose single- and
two-time correlators obey the scaling form (2). Tests of (4) in the 2D Glauber-Ising model
quenched to T < T, will be presented elsewhere [37]. We shall be interested in deriving the
full size-dependent single-time and two-time spin-spin correlators which will ultimately
allow us to perform an explicit test of (4).

This work is organised as follows: In Section 2, we shall introduce the analytic con-
tinuation technique and confirm that it reproduces the known exact results. In Section 3,
we shall use this technique to compute the finite-size effects in the ageing dynamics and
finally confirm (4). Section 4 gives our conclusions. Technical details of the exact solution
are given in Appendices A-E.
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2. Critical Relaxations in Infinite-Size Systems
2.1. The 1D Glauber—Ising Model

The nearest-neighbour Ising model on a chain A C Z is defined through the hamiltonian

H=— Z On0n+1 ()

neA

for the Ising spins 0, = +1 and the exchange coupling is normalised to unity. In a heat-
bath formulation, at temperature T, at each time step At, a randomly chosen site n € A is
updated according to Glauber dynamics [41] with the rates [42]

0 (t) — £1 with the probability 1 (1 + tanh m{"“(”) (6)

On a discrete chain, the single-time correlator is C,(t) := (0, (t)op(t)), where the average is
taken over the thermal histories defined by Equation (6). The correlator obeys the equation
of motion [41-44]

3Cu(t) = —2Ca(t) +7(Cooa () + Cua (1) whenn£0, Gy =1 (7)

with the abbreviation ¢y = tanh(2/T) (such that 0 < 7 < 1), and where the microscopic rate
constant is normalised to unity. An initial condition must still be given; for an initially fully
disordered system, one has C,(0) = J,, 9 [41,42]. Throughout this work, spatial translation
invariance is implicitly admitted. We shall give the periodicity conditions for systems on
a lattice of finite size N later. Similarly, with the time difference T = t — s, the two-time
correlator is defined as Cy, (7, s) := (0, (t)op(s)) = (0u(T + s)op(s)) and obeys the equation
of motion [41-44]

9:Cn(1,5) = —Cu(T,5) + %(Cn_l(r,s) +Coit(1,5)), Ca(0,5) = Cu(s) ®)

Herein, the single-time correlator C, (s) serves as initial value. Solving Equations (7) and (8)
constitutes the mathematical problem for the determination of the single-time and two-
time correlators.

2.2. The Discrete Case

There are many well-known ways [40-53] to solve Equations (7) and (8), using, for
example, generating functions [41], free fermions [48], a scaling ansatz [45,50], Laplace trans-
forms [42], grassmannian variables [46], or systems of equations of motion [40,43,44,51-53].
Here, we shall adopt a method which easily generalises to finite systems as well.

We begin with the single-time correlator (For a disordered initial condition (¢, (0)) = 0,
the site-dependent magnetisation (0y,(#)) = 0 for all times). In principle, one wishes to
decouple the equations of motion (7) by a Fourier transform, but because of the boundary
condition Cy(t) = 1, this is not straightforward. Rather, we observe first that the single-time
correlator Cy, (t) = (0 (t)op(t)) = (op(t)on(t)) = <a|n| (t)ao(t)> is even in n and does not
depend on the sign of 7. It is enough to restrict the physical interpretation to positive values
of n > 0. In particular, the equation of motion (7) is needed for n > 0 only. Therefore, we
consider that C_; () can be thought of as an entity devoid of physical significance. It can
therefore be used for purely calculational, mathematical purposes. We shall define C_, (t)
in such a way that the equation of motion (7) holds for all values of n € Z. To do so, we
write down the ansatz

C_n(t) =ay, —Cy(t); n>0 )
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and try to choose a;, such that the boundary condition Cy(¢) = 1 and the equation of mo-
tion (7) become valid for all n € Z. This kind of analytical continuation will be used several
times below (it had already been used in the exact treatment of 1D coagulation-diffusion
processes [54-56] to find the single-time and two-time correlation and response func-
tions). It is easy to check that this is indeed possible if the «,, obey the (time-independent)
recursion relation

2
Npp1 = vxn —Qp_1, K =2, a1 = (10)

o =N

Lemma 1. The solution of the recursion relation (10) is for all n >

B ’y n ,-y n
”‘”‘<1W> +<1+W> an

Proof. This is easily checked by induction. For n = 0 and n = 1, the initial values in (10)
are immediately reproduced. Then, it is straightforward to check that (11) obeys indeed the
recurrence relation (10). O

It then follows that one has for all #n € Z the linear equation of motion
3Ca(t) = ~2Cu(t) + 7(Cor (1) + Capa (1)) (12)

but now in the absence of any boundary condition. This is the goal we wanted to achieve.
The solution of Equation (12) is described in Appendix A. It follows that the physical
correlator is

Cu(t) = {0l (D () ) = 7" + i(cm(m —1™)e 2 Ly 278 = L (298)] (13)

where I, (t) is a modified Bessel function [57] and

n
|n|:<1—v1—72> (14)

Cn,eq =1n_ ,)/

is the equilibrium correlator Cy eq = <0"n|(70> . This is indeed nothing else than Glauber’s
€q

time-honoured result [41] (Equation (63)). For any 0 < 7 < 1, it shows the rapid relaxation
towards the equilibrium correlator (14) on a finite time-scale Trgll = 2(1 — 1y). Formally, T
diverges if v — 1 (or the temperature T — 0), and ageing is only possible in this latter case
(see Section 1).

This whole calculation only has the purpose of showing that the analytical continuation
technique used here does reproduce the well-known results in the literature [40-42,44,51].
Having verified this, we can now proceed towards the derivation of new results, notably
on critical dynamics, with ¢ = 1.

For the two-time correlator, it is straightforward to solve (8) by a Fourier transform
and then insert the single-time correlator (13). Since this leads to lengthy expressions [51],
which are not needed below, we do not carry this out explicitly.

2.3. The Continuum Limit

1. Having seen that ageing can only occur for 7y = 1, we restrict ourselves to this case
from now on. The calculations become shorter in the continuum limit (This is valid in the
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scaling limit of (7) where t — oo, n — co but n%/tis kept fixed. This will always be taken
in what follows, where t and x are re-scaled time and space coordinates), where, for the
single-time correlator C(t;x) = (o (t,x)o(t,0)), we have from (7) the equation of motion

0;C(t;x) = 3>C(t;x), C(£0) =1 (15)

where the diffusion constant was scaled to unity. Since the physical correlator C(t; x) is
even in x, we can restrict the problem (15) to the half-line x > 0 and use the function
C(t; —x) for computational purposes. The analytic continuation (9) then simplifies to

C(t;—x) =2—-C(tx) (16)

for x > 0. In Appendix B, we show that (with the complementary error function erfc (x) [57])

2
x e~ X /A4t oo 24 x| x
C(t;x) = erfc (21[1/'2) + N /0 dx' C(0;x" ) e /4t smh<|2|t> (17)

remains for any initial correlations C(0;x). For an initially fully disordered lattice,
C(0;x) =0 for x > 0 and the second term in (17) vanishes, as stated countless times
in the literature (see e.g., [4,41-45,50] and references therein). In order to further clarify

its importance, consider as an example C(0;x) = (1 + x?) N2 witha positive exponent
N > 0. For large times, C(t;x) = T + %5, where the contribution of the second term ¥,

will be of the order

(o] /
T~ e‘xz/‘“/O dx ¢ R/2 =2/ sinh('zj;%) ~ N2 40
when t — oo but where x2/ is kept fixed. This is much smaller than the scale-invariant and
finite first term T; = erfc (|x|/2t!/2). We conclude that, in the 1D Glauber-Ising model
at T = 0, initially decaying correlations are always irrelevant for t — oo. This merely
confirms long-standing results for the two-time correlator in this model [40]. Consequently,
only the universal first term in (17) is important in the long-time scaling limit and the
initial-condition-dependent second term can be discarded. The leading term in (17) might
have been found more readily by inserting the scaling ansatz (2) into (15) [45].

Using the notation of (2), and for an initially fully disordered lattice, the scaled
correlator C(t;x) = Fc(1,]x|/2+/t) is shown in the right panel of Figure 2 as the full
black curve, labelled y = 1.0, as a function of the scaling variable Cz = x2/2¢. For small
arguments, one observes a sharp peak at ¢ = 0. This indicates that the interfaces between
domains are sharp, as expected for kinetic Ising models and in agreement with Porod’s
law [4,14].

2. In Appendix B, we also compute the characteristic length scale £(t) ~ t!/Z from the
second moment of C(¢; x) and find

20 = fo""gx x2C(t;x) _4, a8)
Jo dx C(t;x) 3
which is exact for a fully disordered initial state. Equation (18) confirms the expected [5]
dynamical exponent z = 2. One might use it in (17) to achieve a data collapse C(t; x) =
erfc (|x|/(v/3 €(t))), up to irrelevant terms.
3. We now turn to the two-time correlator

C(t,s;x) = {(c(Tt+5s,x)0(s,0)) (19)
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For the zero-temperature case v = 1, we have from (8) the equation of motion

1 x

0:C(T,s;x) = EB)ZCC(T,S;X) , C(0,8,x) = C(s;x) = erfc <2|51l2> (20)

where, in the initial condition, we merely retain from (17) the most relevant term for

large times or use a totally disordered initial state. In what follows, we shall use the
scaling variables

2

T2

for the ratio y of the two times and the re-scaled length {. Then, the time difference

t
y=:>1,8 (21)

T =1t—s =s(y —1). From now on, we shall always work in the long-time limit s — oo,
with y and ¢ being kept fixed. In Appendix B, we show that (20) is solved by

1 27\ 12 131 2
C(t,s;x) :1_ne—x2/(27)(:> Y, (1,'3 P x) (22a)

2 o —1\ 2 131 y—1 22
1Ly (Y2 g (il YL o
1-~e ( 5 ) 1(1, ,y_l) (22b)

where Yy is a Humbert confluent hypergeometric function of two variables [58,59]. In the
scaled expression (22b), we observe the independence from the waiting time s. In what
follows, with a slight change of notation with respect to (2), we shall write more shortly
Fc(y,¢) := C(1,s; x) in terms of the scaling variables y and ¢, defined above in (21). To the
best of our knowledge, previous efforts have concentrated on the two-time auto-correlator
C(7,5;0) (When considering the scaling influence of the temperature through v, the two-
time auto-correlator can be expressed via another Humbert function ®4 [42]. Taking into
account all three scaling variables will likely involve a three-argument Lauricella/Horn
hypergeometric series).

To recover the known two-time auto-correlator C(ys,s) = Fc(y,0), we now recall
that ¥1(a,b;c,c’;x,0) = 2Fi(a, b; ¢; x) reduces to Gau’ hypergeometric function, which, in
turn, is related to the elementary functions in our example [58] (7.3.1.123), [58] (7.3.2.83).
This gives

V2 /TN TN\"3 [T 2 \/Z 2 2
Fc(y,O)—1—7<g) (—g) artanh ~%s —;arctan - —;arctan 1 (23)

where [57] (4.4.42) was also used. The last two expressions reproduce the well-known [42]
(Equation (4.24)), [43] (Equation (17)), as expected. Specifically, for y > 1, one has
Fe(y,0) ~ % y~1/2,and by comparison with the standard expected asymptotics (3a), one
reads off % = %, or, since z = 2 [5], the auto-correlation exponent A = 1 [40,42,43], as it
should be. In the left panel of Figure 2, the auto-correlator is the full black line labelled
¢ =00

Several mathematical identities, listed in Appendix E, can be used to check the expres-
sions (22) and to extract a few consequences. First, the limit relation given in Lemma A1l
allows us to confirm that in the limit T — 0 or y — 1, the expressions (22) indeed reduce to
the single-time correlator (17), without, however, the irrelevant and sub-dominant terms
coming from the initial conditions. This is illustrated in the left panel of Figure 2, where
the curves become more close to the auto-correlator when ¢ — 0. Second, the asymptotic
relation given in Lemma A2, especially the independence of the two leading terms on
the second argument, describes what happens when y = t/s becomes large. In Figure 2,
the left panel shows that the asymptotic behaviour is
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Figure 2. Properties of the scaled two-time correlator (2) in the 1D Glauber-Ising model.
Left panel: Universal decay of the correlator F-(y, ¢) for large y, with ¢ = [0.0,0.2,0.5,1.0,2.0] from
top to bottom. The inset shows the expected universal power-law decay (24) for large values of y.
Right panel: Decay of the correlator F-(y,¢) as a function of ¢ for for y = [1.0,1.5,3.0,4.5] from
bottom to top on the right of the figure. The inset highlights the expected Gaussian decay for large ¢
and the dashed lines indicate the leading decay behaviour (25).

w9 2L (1+0677) o

and that this leading behaviour is universal in the sense that it is independent of the scaled
distance &% = ’é—z This is reproduced from (A35), since the leading term cancels, but the next
order does give (24). Third, one may also investigate the leading behaviour of the correlator
when ¢ becomes large but y is kept fixed. This is shown in the right panel of Figure 2.
While the main figure merely displays a rather rapid decay with increasing ¢, the inset
shows that the plot of the square root of the logarithm of Fc, namely —/—InFc(y, &)

against ¢, produces an almost straight line as a function of ¢, but with a y-dependent slope.
Lemma A3 gives the mathematical justification of this observation and, again, the second
term in (A36) establishes that for { > 1

1 2
el ) e (-7 25)

The dashed lines in the inset represent these asymptotic predictions for several values of

y > 1. Again, if one takes the limit y — 1 in (25), one recovers the leading large-distance
asymptotics of the single-time correlator erfc (¢/+/2), as it should be.

3. Critical Relaxations in Finite-Size Systems

Having seen for the infinite system that our technique of analytical continuation, via
(9) or (16), reproduces the known results, we shall now apply it to extract the finite-size
scaling properties of the ageing dynamics.

1. Consider the Glauber-Ising model on a periodic ring with N sites (see Figure 3). In
the continuum limit, the equation of motion for the single-time correlator is now

0;C(t;x) = 02C(t;x), C(t;0)=C(N) =1 (26)
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The first of these boundary conditions will be treated as before by analytic continuation.
For the second one, in the case of periodic boundary conditions, we expect to have

C(x)=C(EN—x, C(t;—x)=2—C(tx) (27)

The first of these is an inversion relation, as suggested by Figure 3. Both together analytically
continue C(t; x) from the physical region x € [0, N] towards x € R, via (27). Together, they
imply the periodicity relation

C(t2N+x) = C(EN—-(-N-x)) = C(,—N—x)
2—-C(tN+x) =2-C(5N—(—x)) = 2—-C(t;—x)
= C(tx) (28)

where, in the first line, we used the inversion condition (27). In the second line, we applied
the second continuation condition (27) and then the inversion once more. Finally, a last
application of the second condition (27) brought us to the end result in the third line.

. N-2N-10 1 2 ..

Figure 3. Periodic ring with N sites. Starting from an arbitrary site labelled 0, the property C(t; x) =
C(t; N — x) becomes intuitive for x > 1.

Consequently, while the physical correlator is obtained for values 0 < x < N, the
analytically continued function C(¢; x) is a function of period 2N in x, but only half of it
has a physical meaning. We therefore have the Fourier representation

x i X ~ N i X
Clx) = Y. C(tk) ™%, E(tk) = % [ drClxe 29)

k=—oc0

Because of the periodicity condition (28), we specifically have
C(t;N) = C(t;—N), 9xC(t;N) = 0xC(t;—N) (30)

which are, of course, compatible with the required boundary conditions in (26).

In this way, the boundary conditions are taken into account, such that the analytically
continued function C(t; x) is a periodic solution of period 2N, of the simple diffusion
equation 9;C(t;x) = 92C(t;x). In Appendix C, we show that for |x| < N, the physical
correlator can be expressed in terms of a Jacobi theta function 95(z, q)

N /
Cltx) = %\]/0 dx’{2193(7zrx;]_x,e_”2t/N2)
o /
s (5 ) o (G ) o

and that the required periodicity properties (27) are indeed satisfied, if they only hold for
the initial correlator C(0; x). The term depending on the initial conditions C(0; x) should
be irrelevant. Then, or for a fully disordered initial state, one may alternatively re-write the
physical single-time correlator (2) as
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C(t;x):FC( ) /dut? (
where ¢, 3 are distinct Jacobi theta functions [57]. The expressions (32) give finite-size
scaling expressions for the single-time correlator in terms of the finite-size scaling variables
x/N and t/N2.

In Figure 4a, we show the analytically continued function C(t;x) as computed in
Appendix C. By construction, for ¢ > 0, it is an analytic function of x and periodic with
period 2N, but it only has a physical meaning in the interval 0 < x < N. That function
is quite distinct from the physical scaling function F-(1, &) of the single-time correlator
(2), with the scaling variables (21), which is shown in Figure 4b on the same scale. It
becomes periodic in x with period N, as expected intuitively for a periodic lattice of N
sites, but its derivative has jumps at x = nN with n € Z. For N — oo, it converges towards
the infinite-size correlator; however, at |x| = %, it has a minimum value which converges
exponentially to zero as N — co. For a fully disordered initial state, the correlator is
non-vanishing only at x = nN.

m 7r2t/N2> —

24f I e
M R -- N=10
N R — N=20
[ 1 --- N=30
1.5? ] 1.5 _|
= F {2
1.0 1 T 10
O i \, LL‘U ! [ T h )
L L i I /ity ity ia
i l“\ 1 ," \ 1'1 . il i ill v i’ \
0.5 1% URTS 1 S ] A | Y R |
i | ] ’/',"I\ I-l‘l\» /l‘l\ /|‘|‘- /l'l‘-
i 1] B s N s s Y s ] N
B “ T 1 ] & ,I 1\ ~ ll 1\ o " \ ~ I’ 1 3
3 W F/) R 7 B Y AR o
O'Ouu\uu\uu\ wwwwwwww | NN IS W W (I O'OHH\HH\ | | | | [ |
-2 -1 0 1 2 -2 -1 0 1 2
x/N x/N

Figure 4. (a) Analytically continued function C(f;x), as computed in Appendix C, for t = 5 and
N = [5,10, 20, 30] from top to bottom, in the interval 0 < x < N. It satisfies the periodicity conditions
(27). The full black line gives the initial function C(0; x) for a completely disordered initial lattice. The
thin horizontal lines indicate the values C(f; x) = 0 and C(t; x) = 1, respectively. (b) Physical scaling
function Fc (1, ¢) of Equation (2), for the same values of t and N. The full black line corresponds to a
completely disordered initial state.

2. A finite-size generalisation of the second moment can be given as follows

2 = SV dx 8(N sin 2 )2C(t ) _2N? s Jidw sin(27mw)ds(Zw, q)
fo dx C(t;x) 2 2 foldwwé‘g(%w,q)
ZN?  ift> N?
T ) ¢ - 2 (33)
with the only variable g = e_n(m/ N?) (see Appendix C for details). This reproduces the

infinite lattice result (18) and has the expected finite-size scaling form ¢2(t) = N2F,(tN~2).
Deep into the finite-size saturation regime, one has ¢(t) ~ 0.45N.
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3. The critical two-time correlator C(7, s; x) satisfies the equation of motion
1
0:C(7,5;x) = EafCC(T,s;x) , C(0,s;x) = C(s;x) (34)

with the single-time correlator, restricted to the relevant term, from (32). In Appendix D,
we show that

_n2 x| mw T x| w2
C(t,s;x) = / dvduﬁg( (v4u),e N25> {193<2|N|20,e N22>+193<2|N|+zv,e N )} (35)

and hence, the auto-correlator becomes

-1 72
C(1,s;0) /dv/ duﬁg( (v4u)e N2 )193( y2N25> (36)

which only depends on the finite-size scaling variables s/ N 2and t/N2 = ﬁ (y— 1).
In Figure 5a, the scaled two-time auto-correlator C(ys,s) = Fc(y,0) given in (36)
is shown for several values of N and s = 5 fixed. Analogous with the generic expec-

[SEI

tation formulated in Section 1, we find a cross-over to a plateau when y > 1, with its
height C((,g) decreasing as N increases for fixed s. However, in the 1D Glauber—Ising
model, the cross-over towards to the plateau occurs directly, and we do not initially see
the more rapid decay observed in the spherical model in 2 < d < 4 dimensions and
T < T, [19] or in the 2D Glauber-Ising model at T < T [37] (see Figure 1). From the
heuristics of Section 1, this plateau should be found when the observation time ¢ > N 2
is deeply into the finite-size regime, but the waiting time s is not, thus s < N%. When
we apply this to the auto-correlator (36) and let y > 1, the second theta function should
converge rapidly towards unity, whereas the evaluation of the first one requires us to take
many terms of the defining series [57] into account. This is treated by using the modular
identity (A23), such that the auto-correlator becomes, in the plateau region

y>1 1 1 1 N 2 u—l—vN a2
Clrs0) ‘2 /d /d 1 (u+v)N/4sl9< N/s> 1+
(1,5;0) [ do uﬁf e (1+...)

-2 N/\/s N/\/s
) L el o)

N>;\/§ 1/2/ dzx/ dpe (a+B) /4(2Jr )

4 1/2
_ 57 (37)
JrE N

where we changed the integration variables and then see that, in the theta function 03,

only the leading terms are not strongly suppressed for N2 >> s. Because of the exponential
suppression in the integrand, the integration limits can be extended to infinity without
significantly changing the value of the integral, which rapidly converges to 2. Then, we
have the finite-size plateau height, for s < N?

4 gl/2

c® — 2
ylg};oC( s(y—1),s,0;N) = TN (38)
Given that we have previously seen that z = 2 and A = 1, we confirm the generic

expectations (4). That was the main aim of this work. Both scaling laws quoted in (4) are

()

tested in Figure 5, respectively. Figure 5a shows that Cs’ decreases with N while Figure 5b
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shows that Cc(,g ) increases with s, as long as s < N 2, Figure 5 also serves as an illustration

that the asymptotic form (38) already holds to good approximation for relatively small
values of s and N. After the kinetic spherical model [19], this is only the second exactly
solvable example where this kind of test was carried out exactly.

1.0 1.0
05 05
) )
g g
S S
0.1 0.1}
L PR | L PR | N L PR | L PR |
1 10 100 1 10 100
y y

Figure 5. Two-time scaled auto-correlator C(ys,s) = Fc(y,0) in the 1D Glauber-Ising model
quenched to T = 0, as a function of y = /s for (a) finite systems of sizes N = [10, 20, 30, 40]
from top to bottom and for a waiting time s = 5, and (b) the waiting times s = [5, 20, 80] from bottom
to top and of finite size N = 30. The full black line is the scaled infinite-size auto-correlator (23).

4. Conclusions

We evaluated the scaled single-time and two-time correlators in the 1D Glauber-Ising
model, quenched to T = 0, on a finite-size and periodic chain. This allows us to check for
the validity of the generically expected finite-size scaling forms [26] and, in particular, to
confirm the novel expectation (4) of the plateau height Cc(,cz, ). Both scaling laws quoted in (4)
are exemplified in Figure 5a and 5b, respectively. We notice that the precise form of the
finite-size auto-correlator of the 1D Glauber-Ising model, as shown in Figure 5, does not
reproduce all of the generic expectations in coarsening systems, as schematised in Figure 1.

In view of the general derivation [38], we expect the result (4) to hold in general,
but further tests, including non-exactly-solvable models, are welcome. One forthcoming
case is the detailed test of (4) in the 2D Glauber-Ising model at T < T, [37]. Since the exact
solution of the 1D Glauber-Ising model is restricted to nearest-neighbour interactions,
any tests of (4) in the currently intensively studied long-range coarsening [7-11,60-70]
or phase-separating Ising models [12] will require numerical studies. Here, it might
also be of interest to study non-integrable generalisations of Glauber dynamics (6), for
example, by combining non-conserved Glauber-type dynamics with conserved Kawasaki-
type dynamics at a different temperature, which no longer satisfies detailed balance [47].
At the least, the use of (4) gives a different computational tool for the determination of A
and A/z, although it still has to be seen how precise a numerical technique it will turn out
to be.

In addition, there is not yet any test of the generalisation of (4) [38] for quenches onto
T = T.. Furthermore, eventual extensions to quantum systems have not yet been tried.
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Appendix A. Analytical Derivations: Discrete Case

For the infinite system, on the discrete chain, the analytically continued single-time
correlator C, () obeys, for all n € Z, the equation of motion

0:Cn(t) = —2Cq(t) + 'Y(Cn—l(t) +Cupa (t)) (A1)

and without any boundary condition. Equation (A1) is solved by a standard Fourier
transform, namely

= Y e MG, (1), Calt) = % /f dk ek G (1 k) (A2)

nez

In Fourier space, we have
%C(t,k) = —2(1 — ycosk)C(t,k) = C(tk) = C(0,k)e 2(1=rcosh)t (A3)

This can be re-expressed in direct space, but now we must remember from (9) that the initial
conditions C—,(0) = &, — C,(0) for the ‘negative’ position must be specified in terms of
the physical initial correlators C,,(0) with n > 0. This gives

T . .
C'rl(t) — % lndkelkn C(O, k) 6_2(1—’)/C05k)t

= Y Cu(0)e X Li—m(27t) (A4)
MmeZ

= 2 Cm( Ztln m 2’Yt Z Com Ztln—&-m(z')/t)
m>0 m>0

= e L2y + Y Cu(0)e X Li—m(27t)

m>0
m m
v Y —2t
+ —— | + | e s
ngo{ (14—\/1—72) (1—1—\/1—')/2) 1 e

= e XL (2vt) + Y Cu(0)e? [Inm(Z'yt) - In+m(27t)}

m>0

(Z'ﬁ) - Cm (0)672t1n+m (27t> }

upy

m>0

(A5)

v ! Y ! —2t
(W) +<W> 16 In+m(2r)/t)

where, in the second line, we used the integral representation of the modified Bessel
function I, (t) [57]. In the forth line, we re-used the ansatz (9), along with (11), for the initial
condition at ¢ = 0. In particular, the critical zero-temperature case v = 1 reproduces [40]
(Equation (2.9)).

Sometimes, it is advantageous to reformulate this result with respect to stationary
(or equilibrium) properties. Making the ansatz C,, st = 7", the equilibrium constant 7 is
found from the stationarity condition d;C, st = 0 in (A1). This gives the condition [41]
7 — %17 + 1 = 0. It has the two solutions #+ = %(1 +1—192 ) which are related by

74+1— = 1. Clearly, the stationary (equilibrium only for n > 0) correlator is then
n
1—+1—7972
qﬂ—n"—<,y'y> (A6)
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Because of the identity, derived from [57] (9.6.33)

S o2 Z 1 Ly (298) = o2t Z ﬂm—n-&-nln_m (29t) = E—ZtUne%zw(,fl-m) =" (A7)
mez meZ

(sincep ' +n=n_+nys = %) one may re-write the single-time correlator as follows,
starting again at (A4)

Ca(t) = Y (Cu(0) — ™ +5™)e X Li_m(27t)
meZ

= 7"+ ) (Cu(0) —™)e 2 L-m(2y1) (A8)
mez

= g+ (Co(f) —170_) e 2 L(2vt) + Y (Cu(0) = ™) X [Tn—m(2t) — Luym(271)]
| — m=1
=0

where we also used C_,,(0) — =" = C_1y(0) —a—y + vy — =" = (=1)(C(0) — ™)

because a_;; = a;; from the Lemma in Section 2. The physical validity is restricted to
non-negative values of n because of (9). Then, we obtain the result quoted in (13) in the text.

Appendix B. Analytical Derivations: Continuum Limit

The calculations for the infinite system in the continuum limit are described below.
1. With the analytic continuation (15), the equation of motion of the single-time
correlator has become the simple diffusion equation 9;C(t; x) = 92C(t; x). It is solved by

using the Fourier representation C(t; x) = \/% [gdk e**C(t; k), which gives
aC(tk) = —K2C(tk) = C(tk) = C(0;k)e *! (A9)

This is re-expressed in direct space via

C(t,‘x) = %/Rdyc(o;y) /deeik(x—y)—kzt

1 o0 2
= dy C(0; ) e~ (¥x—¥)°/(41)

T f_oo yCOy)e

1 © 2 o >
= dy C(0; —(x=y)/(4t) / dy C(0; — —(x+y) /(4t)]

\/H l:/o Y ( y)e + 0 Y ( y)e
2

— x y, oecE) /°° ) eV 4 ginp (XY
= erfc (21‘1/2) + Nl dyC(0;y)e Smh(Zt) (A10)

where, in the first line, we use the solution (A9) in Fourier space. In the second line, we
carry out the k-integration. In third line, we insert the analytical continuation (15) and then
compute the remaining integrals using the definition of the complementary error function
erfc (x) [57]. From this, the physical correlator is retrieved by restricting to positive values
of x. This gives (17) in the text (this might as well have been derived from (A8) or (A5) by
the asymptotic expansion [57] of the modified Bessel function I, (t)).

2. A characteristic length scale /(t) is found as a second moment of C(¢; x) as follows

Jo dxx*C(tx) A Jo dx x%erfc(x) 4

2
C0 = eachn ~ Y et ) 3

t (A11)

for a completely disordered initial state. Herein, the integrals are computed with the help
of the identities [57] (7.2.7) and [57] (7.2.14). This is (18) in Section 2.
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3. The equation of motion of the two-point correlator C(t,s; x) = (o (T +s,x)c(s,0))
is again the simple diffusion Equation (20). In Fourier space, this means C(t,s;k) =
C (0,s;k) exp(— %kz'r) . From the single-time correlator (17), we only retain the most relevant
term (or restrict to a disordered initial state), which gives

C(t,s;x) /dyerfc (2|¥/2) /dkeik(xfy)*%ﬂ‘z

_ ly| (x—1)2/(27)
T Vot /dyerfc (2 12 !

_exp(—5 U dyerfe (1) e y/(zmxj/mr/ dyerfe (Y ) e/ 0= xy/'r]

V21T 251/2 251/2
— 2exp(—E) « Yy —y2/(27) xy
= S [ dv (1t () e cosh () (A12)

where, in the second line, the k-integration was carried out. In the third line, the contribu-
tions of positive and negative y are separated. These are then re-united in a cosh-function
in the forth line. The second of the integrals in the forth line is carried out with the help of
the identity [71] (2.8.6.5)

/O.oodx e v cosh(px)erf (cx) = - ¥ (1, ==, ===, ) (A13)

involving the Humbert function ¥; (see Appendix E), which can be proven by series
expansion of the cosh- and erf-functions [57] and by subsequent term-wise integration.
The first integral in (A12) is elementary (see e.g., [72]) (2.4.15.2). Combining all this, we
arrive at (22) in the text.

Appendix C. Finite-Size Single-Time Correlator

In order to find the finite-size single-time correlator C(t; x), we need the Fourier-
transformed equation of motion. From the Fourier representation (29), we have

SN S b oy imkeyN LN 2\ —intkx/N
AC(:K) = 5 /f dx (uC(tx))e = /f dx (@2C(tx))e (A14)

This is evaluated by repeated partial integrations and taking the periodicity conditions (30)
into account

#C(Lk) = % (e_i”kaxc(t;N)—ei”kaxC(t;—N)) 4 imk / dx e N 9, C (1 x)
—=—2i sin(7k) 9xC(£;N)=0
— % (e_i”kC(t;N)—ei”kC(t;—N)> —% /_I\I]\]dxe_i”kﬁC(t;x)
=—2i sin(7tk) C(;N)=0
_ _(7@ (k) (A15)

where, in the first and second lines, the periodicity conditions (30) were used and the
boundary terms vanish since k € Z. The obvious solution

C(t;k) = C(0;k) exp [— (?)215] (A16)
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is readily transformed back into real space, with the help of (16)

C(tx) = Z C(0;k) exp( 7 +imk— )
= w2kt . x—vy
= ﬁ/deyC(O,y) k;mexp<— N + itk N )

— 1 N . TX—Y —n%/N? . 7Tx+y —m2t/N?
= w/0 dy [C(O,y)l%,(z N ¢ ) + C(0; —y)193<2 N )}
1 (N TX+Y  2N2

. Ex_y —m2t/N?\ 7Tx+y —7'[21,‘/N2
retonln (575t ) (3555

where 93(z, ) is a Jacobi theta function [57] (16.27.4). In view of what was said in Section 2
about the infinite-size system, we expect that the second line in (A17) is negligible for times
t > 1if only C(0; x) — 0 decreases with x (see Figure 4a for an illustration).

A convenient reformulation of this result applies the following identities, namely

LN Xty egne_ 1 N Tkt +y
N/o dyl93(7r N ¢ )_N/o dy Z exp(— N )
= 1+= Z —Tk2 /N 1(sm(nk N) —sm 7rk >
T k

_ 2 ¢ —eyNel XN (1)
= 1+7Tk:21e T ksm(nkN) (( 1) 1)
- 1_ é i o~ (2k+1)%t/N?

sin( 7t(2k+ 1)
ey (

X
e V) (a19

2 & 2 2, a2 ¥ x!
= 1——2 r*(2k 1)t/N/d/ w2k +1)—
Nk Oe A X' cos ( )N

x/N 2
= 1- %/ dv 9, (nv,e_(zN) t) (A19)
0

where the auxiliary integration over y is carried out first. Then, we see that only the odd
values of k contribute before comparing with the other Jacobi theta function 9, (z, q) [57]
(16.27.2); and then

_]/ — 72t/ N? _ x+y — 72t/ N?
ZN/ dyCOy)[ﬂg,( T ) 193(712N ,e )]

_ —m2k%t/N? [ imk(x—y)/N _ —imk(x—y)/N
ZN/ dyC(0;y) ) e ( e )

keZ
_ 1y f7r2k2t/N2/ . x—y x+y
- nge 0 dy C(0;y) | cos| 7k N cos| 7tk N
B E o0 _n,zkzt/NZ . 1 /N . . l
= N Ze sm(nkN) ; dy C(0;y) sm(nkN) (A20)
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which follows from trigonometric addition theorems. Using these identities in (A17),
we find

4 & o PEHDH/NY () 4 1)y

Ctx) = 1—%];(:) K1 sin N
2 d 2R /N2 g / rtky
tN Y e dy C(0;y) sin —= N (A21)

for any initial correlator C(0; x). Together, this gives (32) in the text. Clearly, these repre-
sentations are periodic in x, with period 2N. In addition, we also have from (A21) that

4 &2 o HM/NT ok L 1) (N — x
C(EN—-x) = 7;2 T sin ( I\)T( )
k=0
g ad 2k2t/N2 . nk(N—x) /N ) . ka
—|—Nk;e n—5J dy C(0;y) sin N
4 & e /N (2 +1)(—x)
= 17;]§)TCOS(7T(ZIC+1))SIHT

2 & RN  7tk(—x) /N N ) ain KN — )
+NZ€ cos(7tk) sin N s dy C(0; N — y) sin N

B 4 2 o~ (2k+1)%/N? 2 . m(2k+1)x
=Ly (P

k=
= C(tx) (A22)

which proves the required inversion relation. In this, we changed the integration variable
in the second line, applied the trigonometric addition theorem, and used the inversion
relation C(0; N — x) = C(0; x) for the initial configuration in the third line.

Finally, the Jacobi theta function d3(5u,q) = 93(5(2 —u),q) obeys the following
modular transformation identity, which is shown via Poisson’s resummation formula [73]

2
O3 (ru, e ™) = 12 exp <—7rut) U3 (in%,e*”/t) (A23)
For the proof of (33), we need a few preparations. First, with the change of variables

w=u+vand w' =u—vand f(u,0v) = g(w,w'), the square domain of integration [0, 1]?
is decomposed into two triangles, giving us

1d 1d 1 1d wd’ , 1 Zd 2—w dw’ ,
/ou/o v f(u,v) 5/0 w[wwg(w,w)+§A w/f(%w)wg(w,w)

1 1 w
= 5/0 dw [ dw' (g(w,w') +g(2—w,w')) (A24)
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Then, with (A17) for a disordered initial state, we have g = 7 (mt/N?)

of 193

1 N 1 1 T
ﬁ/o dxC(t,x):/O dv/o dul93(§(v+u),q)

— %/{;1dw :;dw’ {193(§w,q) +193(§(2—w),q>} :Z/Oldwwﬂg(gw,q) (A25)

and the properties

and, again using (A24)
1 [N N . 7mx. 2 NZ 1 1 .2 7T
N/o dx (; sm(W)) C(tx) = ﬁ/o dv/o du sin” (7o) 193(§(U+u),q)
NZ 1 7T w / /
= R/@ dw ﬂ3<§w’q> Kwdw (1 —cos(m(w —w'))
N2 1 0 1.
= i /0 dw 93 <§w, q) (2w — = sin27tw) (A26)
The quotient of these gives the integral form for ¢(t) in (18). Deep into the finite-size regime,

one has t > N?, so that 93 — 1. This establishes the first asymptotic form. For the second
one, we use the modular identity (A23) and find

_ 2N? [ Lfoldw sin(27w) e~ N/t 8 (irNZw/ (2t), e N/t)

() = - ; — ) (A27)
2 [Jdwwe N/t o5 (inN2w/ (2t), e~ N*/1)

T2

For early times and large systems, t < N? such that now e~V */t 5 0and again 3 — 1.

Then

() ~

2N? [1 B foldw sin(27rw)e N/ (14 )
foldw 2rwe N*w /(1 4 ..)
2 fol dz e—N?z/t

12

(1 +o(tN*2))

1

4 -2
gt(1+o(tN )) (A28)
reproduces (18), as claimed.

Appendix D. Finite-Size Two-Time Correlator

As a first step, we must derive the Fourier-transformed equation of motion (34).
Because of the periodicity (30) of the single-time correlator C(0,s; x) = C(s; x), one can
integrate forward in time to establish that

C(T/S; N) - C(T/S;_N) ’ aXC(T/S; N) - aXC(T/S; _N) (A29)

and the analytically continued two-time correlator is a periodic function in x of period 2N.
With the Fourier representation (29), we immediately repeat the steps of Appendix C to
arrive at the equation

2
0:C(t,s;k) = —% (’g‘) C(t,s;k) (A30)

The obvious solution is then re-transformed into direct space, in analogy with (A12) in
Appendix B
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o ~3 ()
C(t,s;x)= ) C(0,5k)e 2\N/ T
k=—o0
_ L intk(x—y)/N irtk(x+y)/N f(%k)zl'
= 2Nkoo/ dyCOsy)( +e )
1 N 1 TY T 202
ﬁ/o dy/o duﬂ3<§ﬁ+§u’e )x
TX—Yy _1x% Tx+y _1zx2
><|:l93(2 Ny,e 2NT>+193<2 Ny,e 2NT):| (A31)

s Tx mw _rir ,njz
= 2/dv/du193< +u)e N2){193<2N—20,e 22>+193<2N+ N22>:|

which is (35) in Section 3. Herein, we used the solution of the equation of motion (A30) in
the second line, inserted the relevant part of the single-time correlator (A17) in the third
line, and then re-scaled the integration variable. Repeating the argument from Appendix C,
we also have C(t,s; N — x) = C(,s; x).

Appendix E. On Humbert Function Identities

The Humbert function ¥y is defined [59,74-76] in terms of a power series (converging
for [x| < 1and |y| < o), to which we add a useful integral representation [77] for the
analytical continuation to all negative arguments

Yi(a,b;c,c;x,y) 2 2 (@)t (B)n X" y™ (A32a)

n=0m= (Cﬂ(lm n! m!
= W/O due "u" 11 F (b c; xu) oFy (s yu) (A32b)

with the Pochhammer symbol (a), and the generalised hypergeometric functions 1F;
and oF; [58]. In view of (22), several asymptotic identities on the Humbert function

Y, (1, 55 %, 5%, y) are stated, which are needed in the text. These asymptotic relations
are special cases of more general theorems proven in [78]. In the following results, it is
important that the second argument is always positive.

Lemma A1. One has the identity, where ¢ > 0 is kept fixed

131 2 U
Zlg&e /22,12, (1,2;2,2, —z, i) = erf (&/2) (A33)

This Lemma mathematically expresses the reduction from the two-time correlator to the single-time
one, in the equal-time limit T =t —s — 0.

Proof. This straightforward calculation starts from the integral representation (A32b). Then
131 y? o 13 1 y?
Yi(l, 55, 5—2— | = “1F( 55— Fi| 5=
1( Y Z’z) /0 due 11(2,2, ZM)O 1(2,Zu
I Ay 13, s
= /0 dve 1F1<2,2, v> cosh<2 sz
1

= - . dww1F1 (1, é,‘ w2) (e_%[(w_y)Z_.‘/z] +e” z[(w"".‘/) -y ])
JO
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where, in the second line, we used the identity [58] (7.13.1.5) and tacitly admit y > 0. When
z — 07, the first term will have its main contribution from w = y > 0 and the second one
from w ~ —y < 0, but this will be out of the integration domain. We can then write

131 3. V7T 12 _1 2
-y /z 1/2 2 L / 2\ V’/t 2 (w—y) s (w+y)
e T1<1,2,2,2, z, 72— > dww1F1<2 5 w)\/E(e +e )

For z — 0", we recognise that the first term in the bracket will give a representation of the
Dirac delta function

S(w) = lim — v/ (A34)

z—01T /7T Z

so that we finally have

lim e ¥/%22 ¥, (1, ! g L z,

z—0t

VZ) - OoodwwlF1<1'3;—w2>ﬁ(5(W—y)+‘5(w+y))
= \/>]/1F1< g

where, in the last step, the identities [58] (7.11.3.1) and [57] (6.5.17) were used. [

Lemma A2. [78] (Theorem 3.6) In the limit where x — +o0 and y € R is kept fixed, one has

131 e T 1 1 3 1
Yill,Z5, -6 |y — S 2
1<,2,2,2, X, ) x+x3/2+ 5

1
X 2 x1/2 3x * (A35)

The two leading terms do not depend on y. This is needed for deriving (24).

Lemma A3. In the limit where y — co and x > 0 is kept fixed, to leading order in 1/y, one has

131 la w1 VI ll4x
-2l L)~ VX V?/[(1+x)x]
\Pl (1/ 2/ 2! 2/ X, X ) 2 x1/2 2 y x1/2 (A36)

We notice the presence of two distinct exponential terms, both of which are needed in the text, for the
derivation of (25).

Heuristic argument. We start from the integral representation (A32b) [77]. It turns out that
the contributions of interest to us come from the upper limit of the integration, whereas the
lower limit merely contributes terms of algebraic size, which can be discarded. Therefore,

2
we may split the relevant integral f0°° = fOWX/ Y Wo; oy where 7 is some constant to be
fixed later. We concentrate on the second term, which reads
1 [ee]

(m  _ 7/ a1 L .

(") 1 crya1y2 [® —w? 2a—c 2 y
= 7 d Cw="C 1 F(b;c; — I 12—
F(a) Yy X /(qx)l/z/y we w 1 1( ¢, —Xw ) c 1( x1/2w>

where [58] (7.13.1.1) was used. Since y will be large, we need the large-argument expansions
of 1F; and I/_1, Equations (13.5.1) and (9.7.1) of [57], of which we shall only write the first
term, respectively. Formally,
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3577) - ZF(C/)y1 ¢ /2 1/2/ dw e w2 «
()12 /y

exp [Zy x’l/zw}

\/2m - 2y x—1/ 2w

F(C)r(c/) —1/2—c’xc//2—b—1/4 /oodw wZu—Zb—c/—l/Ze—[(w—yxil/z)z—yz/x] ¥
0

N3

x{ I©) (xw?) -t 1+...)+ @efxwz (_xwz)bic (1+.. )} : (T4

I(b)

12

! ! oo /
1/2—¢ b—c+e /271/4/ dw we+2b—20—c'-1/2
0

y
2 2
¥ ¥ Y in(b—c
(1000~ i tm) ~ )MNQ(b)

_ _T@() 1 cr2-b-1/4 /oodvyZabefc’+1/202af2bfc’fl/2 o (o—x 12 e Y

—8(v—x"12) /7 /y
+F(C)T(C') 1/2-¢ h—ctd' /2-1/4 /'°°dv P20 11/ 2 20220 <172
0

><(1Jrx)—1/4—11—11-&-0-&-8/2 e—yz(v—[(l-&-x)x]’l/z)2 eyz/[(1+x)x] ¥ ein(b—c)

7T
—8(v—[(1+x)x]~1/2) /7 /y \/>

TET() e\
T(a)(c— b)y/<x> o

12

)
r(c)r( /) /[(1+x)x] ]/72 rhhmed —x b—c X —2a—2b+2c+c'+1/2
rar () 0T

and specialisingtoa =1, b = %, c= % and ¢/ = % gives the assertion. In the second line,
the integrals were extended down to zero, admissible for y > 1. In the third line, after a
change of variables, we recognise the Dirac delta function (A34) for y > 1.
This is merely a heuristic argument. In principle, both terms in (A36) should be the first
ones of an asymptotic series. It remains an open mathematical problem why there should
be no such series associated with the first term. Mathematically, (A36) remains a conjecture.
For completeness, we add the following. It is well-known [75] (Theorem 3.6), [76]
(Theorem 3.4 and 3.6) that if x > 0 and y > 0 are fixed constants, and with the necessary
conditions on 4, b, ¢, c’, one has

. o /. F(C)F(c’) y b Y
ty 2b+c'—a . /. J a—2b—c
thnolo (e t Yi(a,b;c,c’;—tx, ty)) = 71"(11)1”@ =5 (x) y (A37)

This result also leads to the kind of singularity of ¥1 when x — 1~ from the left, namely

Lemma A4. Ify > 0and with the necessary conditions on a,b, c,c’, we have

. —y/(1- Lo I'(c)T(c") ey
y/(1—x) (1 _ ,\2a+2b—2c—c RS _ a+b—c—c
xlir?_ (e (1—x) Yi(a,b;c,c; x,y)) T(a)T (0) y (A38)

Proof. For x < 1, this is based on the Kummer-type relation [76] (2.8)

. /. _ o —a 1 /. X Y
¥i(a,b;c,c;x,y) =(1—x) ‘F1<a,c b;c,c’; 1—x'1—x> (A39)
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In view of (A39), we define a new variable f and observe that when x — 1~ from the left

1 1
t:= — 0, a :t(l):tlﬁoo (A40)
1—x t

so that we can write, with y > 0 being kept fixed,

lim e ¥/(1-%) (1— x)za*z(‘:*b)*cl Yi(a,b;c,c;x,+y) = lim e*tytz(‘:*b)“/*”‘f’l (a,c —b;c,c’; —t, +ty)
x—1— t—o0
Using (*), we recast (A37) into the form presently required. [J
As an example, as x — 17 and y > 0, read off:
v.(1.1.3 1.0\~ /7. (1— 2 oy/(1-x)
1(/2/2/2/ ,y)w\/; (1—x)%e .
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Abstract: We exploit the equivalence between the partition function of an adsorbing Dyck
walk model and the Asymmetric Simple Exclusion Process (ASEP) normalization to obtain
the thermodynamic limit of the locus of the ASEP normalization zeros from a conformal
map. We discuss the equivalence between this approach and using an electrostatic analogy
to determine the locus, both in the case of the ASEP and the random allocation model.

Keywords: Lee-Yang and Fisher zeroes; critical exponents; first-order phase transitions;
second-order phase transitions

1. Introduction

The question of how the non-analyticity in the thermodynamic potential that signals a
phase transition could arise from the corresponding finite-size partition functions in the
thermodynamic limit was first elegantly answered by Lee and Yang [1,2] who considered
expanding these in a complex fugacity. The appearance of non-analyticity was seen to be
due to the accumulation of the zeros of the partition functions on the positive real axis of
the complex fugacity plane at the transition point.

An appealing way to understand these results is to employ an electrostatic analogy [3,4],
where the zeros are regarded as point charges in two dimensions. A finite size partition
function Zs(u) for a system of size S can be expanded as a polynomial in the complexified
fugacity of interest, u,

S
Zs(u) =Y aqu”, 1)
n=0

where the coefficients a,, will all be positive, which can be written in terms of the polynomial
Zeros u; as

S
Zs(u)=ATTQ —u/u), 2)
n=1

where A is some constant. The corresponding free energy/thermodynamic potential in the
thermodynamic limit

P(u) = lim InZs(u) 3)
S—o0
can be written in terms of p(z), the local density of zeros
p(u) = [ dzp(z)In(1 —u/z) )
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and will in general be complex for complex z. If we consider ®(u) = Ry (u)

d(u) = /dzp(z)ln|(1 —u/z)| )
we find 1
VED(u) = 5—p(u) (©)

so ®(u) is the equivalent to the two-dimensional electrostatic potential associated to a
distribution of charges p(u).

In the thermodynamic limit, Lee—Yang zeros typically cluster in wedge-shaped regions
that pinch to a critical point located on the real axis or coalesce to form a critical line y
that separates different phases in the complex fugacity plane. The latter case occurs in the
models discussed here. The functional form of (1) may be different on different sides of
the critical line, say 1 (1) and ¢ (1), which correspond to different phases, but their real
parts Ry (1) = R (1) must be equal to each other for any u on the phase boundary 1.
If the critical curve is parameterized by a real parameter s, the line density y(s) of the zeros
(charge density) on 1 is obtained from the difference in the imaginary part of ¢’ (1) on both
sides of the boundary u = 7 (s)

H(s) = =S W (1(5) — 9 (4(9))] @)

More precisely, the derivatives are calculated as the limiting values at the points y(s) £
n(s)é for 6 — 01 approaching the critical curve from both sides. n(s) is a unit vector
perpendicular to the curve oy and 6 > 0 is the distance from this curve.

At a physical phase transition, which appears at a real fugacity value, the complex ze-
ros “pinch” the transition point from the upper and lower complex half-plane as the system
size increases. This mechanism applies widely to statistical mechanical models [1,2,5-10]
for both field- and temperature-driven transitions (though at least one example is known
where the free energy remains analytic in the presence of such accumulating complex
zeros [11]). The nature of the transition and critical exponents can be extracted from the
finite-size scaling of the zeros. Typically, these ideas have been applied numerically in
finite-sized systems, with partition function zeros extracted from series expansions, transfer
matrix calculations, or numerical simulations [12]. Analytically determining the thermo-
dynamic limit of the locus of zeros and their density has only been possible in a limited
number of models (unsurprisingly, since it is equivalent to exactly solving the models in
question) [1,2,7,13-22].

In [23] the locus of zeros and the line density of zeros on the phase boundary were
calculated in the thermodynamic limit for a class of random allocation models exhibiting a
condensation transition by what appears, at first sight, to be a rather different approach
drawing from analytic combinatorics. The locus of zeros was found to be simply given by
the image of the unit circle under a conformal transformation determined by the generating
function of the statistical weights in the model.

In the current paper, we first summarize the general approach espoused in [24] and
elsewhere [25-28] to calculating the thermodynamic limit of the free energy/partition
function in various models using such analytic combinatorial methods. We briefly review
the application of these methods to the canonical and grand canonical random allocation
models. The form of the generating function for the grand canonical model allows the
locus of partition function zeros for these to be read off directly.
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We then apply the methods of [23] to calculate the locus of zeros in a class of lattice path
models and, noting the equivalence of their partition functions to the normalization of the
ASEP (Asymmetric Simple Exclusion Process), obtain the locus of the ASEP normalization
zeros, which had been obtained numerically in [29] and using the “physical”/electrostatic
approach in [30]. We note that the results on Lee—Yang zeros of the ASEP normalization
obtained within different frameworks are in perfect agreement.

2. General Observations

The weighty Flajolet and Sedgewick tome “Analytic Combinatorics” [24] is a veritable
treasure trove of analytical methods applied to combinatorial enumeration problems. To
quote the book’s manifesto, as stated in its preface, “Analytic Combinatorics aims at pre-
dicting the properties of large structured combinatorial configurations precisely through
an approach based extensively on analytic methods. Generating functions are the central
objects of study of the theory”. A similar perspective was taken in the comprehensive stud-
ies by Godreche [25,26] of condensation and extremes for fixed and fluctuating numbers of
random variables and in works such as [27,28].

To set the scene, we first recall some of the relevant results from [24] with regard to
the generating functions and analytical methods. A central role is played by the (ordinary)
generating function for some set { f, } of combinatorial objects of size n

f(z) = anz” . (8)

The coefficient f, in the formal power series, denoted by [z"] f(z), can be extracted by using
a contour integral if f(z) is viewed as a complex function which is analytic near the origin

i@ == f, e ) ©)

J|z|=e 271i zn+1

The evaluation of the integral for a large n can be facilitated in many cases by exponentiating
the integrand and then using saddle point methods

dz

2If@) = fo= § 5 explinf(z) = (n+1)2) (10)

|z|=€ 27Ti

Observation of various combinatorial structures suggests that in many cases the asymptotic
behavior of the coefficients f, is given by

[2"]f(z) ~ A"6(n) (11)

i.e., exponential growth A" and a subexponential factor 6(n). It is further observed that

e The location of f(z)’s singularities determine A. Specifically, if the closest singularity
to the origin along the real axisis ¢, then A = 1/0
*  The nature of the singularities determine 6(n).

Additionally, it is often useful to rescale so that the generating functions are singular at
1 using

[2"]f(2) = " [2"]f(02) . (12)

Under suitable conditions [24], it is possible to replace an f(z) singular at 1 with a local
approximation near the singularity s(z) ~ (1 —z)" log™ (1 — z) such that

[2"]f(2) ~ [2"]s(2) (13)
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which allows the asymptotic behavior of the f,, to be extracted from estimating f(z) around
the singular point(s) and performing the contour integral in Equation (9).

In a similar manner to f(z), where z" marks objects of size n in the power series
f(z) =¥, fuz" itis possible to define bivariate generating functions

flw,z) =3 fapz"ut (14)
nk
where u¥ now additionally marks some scalar parameter with value k. A particular case

of this is given by the functional composition F(u,z) = ¢(uf(z)). Assume that f, g are
analytic at the origin and let zp, z; and zg be the radii of convergence of F, f and g. If we
define the values of f and g at these points to be 7y = f(zf), o = g(zg) then (again with
suitable conditions on f and g) there are three possible regimes to consider:

*  Supercritical uty > zg. As z is increased from 0 there will be some value Z strictly less
than z; such that uf (Z) = z,. In this case, the singularity type is that of the external
function g.

*  Subcritical uty < zg. In this case, the singularity of the composition is driven by that
of the internal function f.

e (Critical Uty = zg. Here, there is a confluence of the two singularities.

In the sequel, we apply these methods first to the random allocation model and then
to lattice path models/ASEPs.

3. Random Allocation Model: Canonical Ensemble

The random allocation model in the canonical ensemble is a particular example of a
partition function given by a product form with a constraint where analytic combinatorial
methods may be gainfully employed. The model consists of weighted distributions of S
indistinguishable particles over N boxes, whose partition function is simply given by [31-35]

ZsN = 2(51,...,SN)w(S1) e W(SN)OS_ (514 +sy)7 (15)

where the Kronecker delta constraint enforces the correct total number of particles. The

single box weights w(s) are non-negative and for convenience when considering power

law weights, w(s) =1/ sP, we shall take s = 1,2, ... We will consider the thermodynamic

limit S, N — oo with the ratio S/N = p fixed, where p is the mean density of particles.
Consider the generating function for the weights in Equation (15)

f(z) = Z:ozlw(s)zs . (16)

Following Equation (9), we can extract w(s) from f(z) by carrying out the appropriate

w(s) :ﬁ 4z f(z) (17)

2|—e 2711 z5F1

contour integral

where a suitably small radius € > 0 for the circular contour about the origin will ensure
that the function f(z) is holomorphic on |z| < € and only the w(s)z® term is picked out by
the contour integration.

This approach may be immediately extended to evaluate the canonical partition
function itself using the contour integral

N
Zsn = § dz &) (18)

2|=e 271 Z5+1
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A term in the expansion of f(z)N of the form w(s1)z® - w(sy)z% - - - w(sn)z*N will only con-
tribute to the integral if s; + s, + - - - sy = S, thus enforcing the constraint. The expansion
of f(z)N = (X2 w(s)z°)N ensures that all the products [T, w(s;) with permissible s
assignments are included in the expression for the partition function. For instance, for
the power-law weights w(s) = s~F with B € (1,0) the generating function (16) is the
polylogarithm f(z) = Lig(z).

We can now use saddle point methods to extract the asymptotic behavior in the
thermodynamic limit N — co with S/N = p in Equation (18). If we exponentiate the terms
in the integrand in Equation (18) and neglect those terms of O(1/N), taking (S +1)/N ~
S/N, we find

Zin = § 2= expIN(in f(z) — pinz)] (19)

which may be evaluated by saddle point methods to give

Z ~ exp[N¢(p)] (20)
where
¢(p) = —Inz"(p)p +In f(z"(p)) (21)
and )
z* e =p. (22)

The phase transition manifests itself as a breakdown in the saddle point solution. As p
is increased the saddle point value of z, i.e., z*(p), also increases and for some families
of weights reaches the radius of convergence, typically scaled to be 1, of the series for
f(z) at a finite critical density p.. This is, indeed, the case for the power law distributions
w(s) = 1/sP where the critical density is p. = {(B —1)/(B) for B > 2, where { is the
Riemann zeta function.

It is possible to use an exact recursion relation for Zg y

S—N+1

Zsn = Y. w(s)Zs_sN-1 (23)
s=1
forS> N >1,and
Zsp = 0s (24)

for N = 0 to show that the breakdown of the saddle point equation signals a condensation
transition. When p > p. the excess balls condense into a single box.

4, Random Allocation Model: Other Ensembles

So far we have discussed the (S, N) ensemble, where the number of particles S and
the number of boxes N are fixed, but we can consider three other ensembles: (z, N), where
N is fixed but S is variable; (S, u) where S is fixed but N is variable; (z, u) where both S
and N are variable. They have the corresponding partition functions

ZIn(z) = ) ZsnZ®, (25)
S=N
S
Zs(u) = 2 ZS’NMN. (26)
N=1
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and .
Flzou)=1+ Y. Y Zsnz"uVN (27)
=15=1

respectively. For convenience, we added the term 1 before the sum. As a constant, it does
not play any physical role and can be interpreted as a vacuum contribution Zg o = ds (24).
The fugacity z can be interpreted as an exponent z = e/ of the chemical potential y, and if
N is interpreted as the volume of the system, u can be interpreted as an exponent u = e~*
of pressure p. Using the explicit form of the coefficients Zg jy (15) in Equation (25)) we

see that
Zn(2) = f()", (28)
and hence
i 1
F(z,u) =1+ NN = — — . (29)
G =1+ Y fENN = 5
On the other hand, it follows from (27) that
Flzou) =1+ Y Zs(u)z® (30)

S=1

Zow) =, R = (1)

|z|=e 27izSH1 |z|=e 27iz5t1 1 — uf(z)

SO

where € must be small enough not to capture any additional singularity outside the origin
of the complex plane.

We now focus on the partition function Zg(u) of the (S, u)-ensemble [26,36-39], viewed
as a polynomial in u (26). In particular, we are interested in the locus of zeros, Zg (u ]-) =0,
j=1,...,S in the complex plane in the limit S — co. Paradoxically, it is easier to determine
the locus of the zeros of the polynomial Zs(u) not by solving the problem directly in
the u variable, but by examining the asymptotic properties of the integrand (31) in the
integral variable z. As follows from the general discussion on electrostatic analogy in the
Introduction, in the limit S — oo, when the zeros coalesce, they form a critical line at which
the derivative of the thermodynamic potential ¢’ (1) has a discontinuity. The magnitude
of the discontinuity is related to the density of zeros on this line (7). The critical line can
be derived from the asymptotic properties of the integral (31) as a borderline (branch cut
of (1)) between two different solutions ;1 (1) and (1) [23]. If the function z — f(z) is
injective within the radius of convergence o, that is for |z| < o, the critical line and thus
also the limiting locus as S — oo of the Lee-Yang zeros in the complex u plane is given by a
remarkably simple formula [23]

— s) = 1

—, 0<s<2m. (32)
(7615)
In other words, the critical line is the image of the boundary of the convergence disc
(circle or radius ¢) under the conformal mapping z — u = 1/f(z). The critical line vy
arises at the interface of two different asymptotic regimes of the integral (31). One regime
corresponds to the situation where the position of the pole 1/ (1 — uf(z)) (31) viewed from
the perspective of the variable z

zo(u) = f~1(1/u) (33)

is in the convergence disc, that is for u outside the critical curve <. In this case, the main
contribution to the integral comes from the saddle point zgp(u), which lies very close to
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zo(u) inside the convergence disc. The distance |zgp(u) — zo(u)| tends to zero as S — oo,
so in the limit one can replace zgp(u) by zo(u). The leading contribution to the integral
Zs(u) is exp(S(zo(u1) +0(1))). The second regime is for u inside the critical line. In this
case the position zg(u) of the pole 1/ (1 — uf(z)) is outside the convergence disc. The two
cases give the result

P(u) = { ¥1(u) = —In(f~1(1/u)), for u outside 1, (34)

Po(u) = —1Ino, for u inside 1.

The saddle point solution ¢ (#) corresponds to the fluid phase, while ¢, (u) corresponds to
the condensed phase. This result is consistent with the result that was first derived for real
fugacity u > 0 [37]. The real parts of the solution are continuous on the critical curve, while
the imaginary parts are not. The discontinuity S/ (1) — Sy] (1) gives the density of zeros
on the critical line (7). The density of zeros on the critical line u = y(s) can be calculated
from the equation [23]

u(u)du = %ds (35)

for s € (0,27], which just reflects the fact that the density on + is an image of uniform
density on the circle under the conformal map (32).

These results may also be derived in the general framework of [24] discussed in
Section 2 for the functional composition of the generating functions

8(z) = 7— (36)

and f(z) to obtain F(z,u) = g(uf(z)). In this language, the condensed phase corresponds
to the supercritical regime of the composition (the pole is the dominant singularity) and
the fluid phase corresponds to the subcritical regime (the singularity of f(z) is dominant).

5. Binomial Weights and Lattice Paths

In this section, we recall the problem of enumeration of Dyck walks, which are lattice
paths in the plane that start and end on the horizontal line (x-axis), do not go below it and
consist of diagonal steps (1,1) or (1, —1). This problem can be mapped onto the random
allocation model. This map can, in particular, be used to apply the machinery developed
for this model to determine Yang—Lee zeros for Dyck walks, see Figure 1.

Figure 1. A Dyck walk with contact fugacity ¢, and additionally with excursion fugacity u.

The generating function for Dyck walks with a fugacity c for each contact with the
horizontal axis is given by [40]

c c
Gpl(z,c) = = , 37
D0 = T f ) T 1 VI8 47
in which z!/2 is the fugacity for each step. This can be obtained by noting that fp(z) =

(1 — /1 —4z)/2is the generating function for a single excursion above the horizontal axis
so Gp(z,c) concatenates multiple excursions with a contact weight of ¢ every time they
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hit the horizontal axis. If we use the fugacity u which is associated with the number of
excursions between the contacts rather than the fugacity c associated with the number of
contacts, then the generating function (37) will take the form (29) that we discussed for the

random allocation model 1

1—ufp(z)’
because the number of excursions is one less than the number of contacts. The correspond-

ing weights (16) for fp(z) = (1 — /1 —4z)/2 are

wp(s) = %45(—1)5+1 (1?) - 2(251_1) (2;> (39)

They count the number of possible shapes of a single excursion consisting of 2s steps.

Fp(z,u) = (38)

The weights for the Dyck walks (39) are a special case of binomial weights

w(s) = (-1

6
oS (s> (40)

forf € (0,1),a,0 € (0,00) and s = 1,2, ... considered in [23]. The corresponding generating

f(z) = a(l - (1 - (‘7;)9) (41)

This function can be explicitly inverted for |z| < . The inverse function is

Fl(z) = 0(1 - (1 - 2)1/9) (42)

For Dyck walks (39) the parametersare§ =1/2,a=1/2and o = 1/4:

function is

fiolz) = %(1 VI &) (43)

and
1

f5l@) =7 (1-1-22). (44)

In the (S, u)-ensemble, the Dyck walks have two phases, depending on the parameter

u. In the thermodynamic limit S — oo, the phase transition is at u,, = 1/ fp(1/4) = 2. For
u > uq the sum (26) is dominated by large values of N, that is, many short excursions,
while for u < u. by small N, that is, fewer but longer excursions. Actually, one of them is
much longer than the others. The equivalence with the random allocation model allows
one to easily understand the results in the language of random allocations [37] but also to
extend the analysis to the complex plane to calculate the locus of the zeros of the partition
function Zg(u) for the Dyck walks for S — oo using the method described in Section 4. We
will study the locus of the Yang—Lee zeros in the variable v = 1/u rather than in u, due to
the relation to the ASEP model that will be discussed later. Of course, the descriptions in v
and u are equivalent. In the v plane the critical curve s — 7(s) on which zeros are located

is (32)
0= (s) = fole/4) = o (1 V1 —e¥) )

for 0 < s < 27 Itis plotted in Figure 2. Inside this curve, {p(v) is given by (34)

¥o(0) = _1“(411 (1-(- 20)2)> — In[o(1—0)] (46)
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while outside it, p(v) = In4. Note that the interior of the critical curve in the v plane
corresponds to the exterior of the corresponding critical curve in the u plane, and vice versa.

The phase transition point at v, = 1/2 is clearly visible in Figure 2. Assume that v is
real. In this case, (3) and (26) entail

N)s,
~oyp(v) = lim < S>5 (47)
where
N)g, = Ly NZsno N 48
< >S‘U ZS (U) Nvgl S,NU ( )

is the average number of excursions for a given S and v. The inverse excursion length in
the thermodynamic limit is

1-v

0 forv>1/2 °

m(v) = lim (49)

(N)so 1=20 forv<1/2
S—o0 S N

We see that m(v) is the order parameter of the phase transition between the short and long
excursion phases. The phase transition is continuous, as m(v) is continuous at the critical
point v, = 1/2. Taking the next derivative we obtain a measure of fluctuations

(50)

—om'(v) = lim

S—o0 S

(N?)g, — <N>§,v _ ﬁ forv<1/2
0 forv>1/2

which is discontinuous at v, = 1/2, so the phase transition is of the second order.

Returning to the complex plane, let us see how these critical properties are reflected in
the distribution of zeros of the partition function. We are interested in the vicinity of the
point v, = 1/2 on the complex plane. Denote Av = v — v, for points on the critical curve
v = 7(s) for small s > 0, s < 1. Equation (45) gives

Av = B4 s 1+ 0(v/5) (51)

The impact angle of the critical line on the real axis at this point is 37t/4 in the upper half
plane and —37t/4 in the lower half plane. Note that the corresponding angles in the u-plane
are F71/4 (in the lower and upper half-planes, respectively). The calculated values +37t/4
are a particular case of a general solution for the random allocation model [23] where the
impact angles depend on the transition order (and the critical exponents). Impact angles in
the range (71/2,37t/4] in the upper half-plane correspond to second-order phase transitions.
The angle 37t/4 is a boundary between the second- and third-order phase transitions.

The distribution of zeros near the critical point can be calculated from Equation (35).
If we parametrize the density on the critical curve -y by the distance from the critical point,
then Equation (35) takes the form p(|Av|)d|Av| = ds/(2m) from which we deduce for
|Av| < 1 that |Av| ~ /s (51) and

1 ds |Av|

so the density of zero goes linearly to zero, which means that zeros are sparser near the
critical point.

To conclude this section, as a side remark we note that if the Dyck walks are allowed
to move into the lower half plane the corresponding generating function is given by [40]
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I
1—ufp(z)

where fp(z) = 2fp(z) = 1 — /1 —4z. The factor reflects the fact that there are twice as
many types of elementary excursions as in the previous case because each type of excursion

Fp(u,z) = (53)

in the upper plane has a mirrored equivalent in the lower plane, so @p(s) = 2wp(s). This
type of Dyck path is sometimes referred to as a Bernoulli bridge [26]. If a probabilistic
approach is used directly instead of enumerating Bernoulli bridges, noting that in each step
the path may go up or down with probability 1/2 gives the corresponding probabilistic

weights (39)
. 1 2 1/2
(5) = 5z0(5) = pewnls) = (-1 (11%) 649
and thus the corresponding generating function is fp(z) =1 — /1 — z.
Im v
0.3}

0.2F

0.1F

! Rewv
0.6

-0.3F

Figure 2. The analytically calculated locus of zeros for adsorbing Dyck walks in the complex v plane.
The transition at v, = 1/2 is clearly visible, as is its second-order nature, since the impact angle of
the locus of zeros is +37/4.

6. ASEPs and Lattice Paths

Blythe and Evans [4,29] were the first to observe that the Yang—Lee zeros approach
to equilibrium phase transitions could also be applied to the phase transitions in the
non-equilibrium steady states of the one-dimensional (totally) Asymmetric Simple Ex-
clusion Process, or ASEP. This is defined by particles hopping from left to right on a
one-dimensional lattice with open boundaries. The continuous-time variant of the model is
specified by three rates.

Move Rate
Particle inserted onto the left boundary site (if empty) «
Particle removed from the right boundary site (if occupied) B
Particle hops by one site to (an empty site on) its right 1

For the jump rate A, the probability that a jump occurs in an infinitesimal time interval
At is AAt. Additionally, only one particle may occupy a lattice site, see Figure 3.

« ! 1 p

@ o . O [ N

Figure 3. (Totally) Asymmetric Exclusion Process on a line with insertion rate « and removal rate j.

The internal jump rate to the right is 1 and only single site occupancy is allowed.
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The quantity of interest in the ASEP is Z (suggestively named to recall a partition
function), which normalises the statistical weight, w(C), of some particle configuration, C,
in the non-equilibrium steady states. This is given by

Z=Y w(), (55)
C

thus the normalized probability of being in state C is P(C) = w(C)/Z. The weights w(C)
are obtained through the stationarity condition on the transition rates W(C — C’) which
specify the model

Y. [w(C)W(C' = C) —w(C)W(C = C')] = 0. (56)
C'#C

W(C — (') is the probability of making the transition from configuration C to C’ in a single
timestep. Note that this is less restrictive than the detailed balance condition for equilibrium
states, for which there is a term-by-term cancellation in the sum in Equation (56).

The solution of the ASEP [41] made use of a matrix product ansatz to calculate Zy (a, B),
the normalization for N sites

Y p@N =1 —p)t (/)P — (1/a)PH!
ZN(DC/,B)_pgl N!(N—p)! (1/[3)_(1/0()

(57)

Introducing the generating function of the Zy/(a, §), or the “grand-canonical” normaliza-
tion, Z(z,a, B) = Yy Zn(, B)zN and performing the summation then gives [30]

1 1 1
2 p) = (1- o) (1 3f02) = (Z’ a)FD (Z’ ﬁ) %

where fp(z) = (1 — /1 —4z)/2, which clearly links the ASEP normalization to the parti-
tion function of Dyck walks (38) and random allocation model. Establishing this equiva-

lence was crucial for understanding the ASEP phase diagram. The phase diagram is shown
in Figure 4. It comprises low- and high-density phases and a maximal current phase. There
is a first-order transition line between the low- and high-density phases fora = < 1/2
and second-order transition lines between the low- and high-density and maximal current
phases. Blythe and Evans found that this phase structure was reflected in the properties
of the zeros of Zy(a, B) in the complex « or B planes, exactly as in equilibrium models.
Subsequently, it was realized that ASEP normalization (a non-equilibrium quantity) was
equivalent to the partition function (an equilibrium quantity) for a class of lattice paths, so
the usual Yang-Lee mechanism is in operation [4,30,42,43].

The product form of this expression shows that the grand-canonical ASEP normal-
ization is identical to the partition function for an ensemble of pairs of non-interacting
Dyck walks, with the excursion fugacities u; = 1/a and u, = 1/ (or their inverses
v1 = «, vy = B). We now mirror the discussion on obtaining the Yang-Lee zero locus from
Equation (31) for the adsorbing Dyck walks in the case of ASEP. Using (58) we have

dz 1
e p) = f[iz\:e 2izNH (1 —a~1fp(2)) (1~ B~ fn(2))

Polynomials Zy («, B) are symmetric in & and B: Zn(a, B) = Zn(B, ). We will analyze

(59)

them as polynomials in « for fixed 3. We are interested in the location of the phase transition
for real a, and the distribution of the Yang—Lee zeros associated with this transition. The
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integrand (59) has a branch point singularity coming from fp(z) = (1 —+/1—4z)/2 at
|z| = 1/4, which leads to a singularity of the thermodynamic potential in the thermody-
namic limit at # = 1/2 and a pole when a — B, coming from 1/(1 — =1 fp(z)), which
leads to a singularity at « = B. The closest singularity to the origin determines the phase so
a transition occurs when two are equal, i.e., at a. () = 1/2for B > 1/2 or ag () = B for
B<1/2.

p

) ®)

N|—
~

0
287 @)

o

NI—

Figure 4. The ASEP phase diagram. Region (1) is a low-density phase, region (2) is a high-density
phase and region (3) is the maximal current phase. The dotted transition line alonga = p < 1/2is
first order and the « = 1/2, B = 1/2 transition lines are second order.

Taking into account the square root singularity first, the locus of zeros will be given
by « = fp(4 ), for s € (0,27}, when B > 1/2. For example, looking at 8 = 3/4 for the
complex zeros in the variable «, we can compare the zeros calculated numerically from
Zn(w, B) in Equation (57) with this locus. We can see in Figure 5 that there is already
a reasonable agreement for N = 1000 and as N is increased, the zeros approach the
analytically determined locus further. The term 1/(1 — B~ fp(z)) does not affect the
limiting distribution of zeros in this case.

Ima
0.3

-0.3

Figure 5. Analytically calculated locus of zeros in the thermodynamic limit from Z(z,«, ) and
numerically determined zeros from Zy with N = 1000 for the ASEP normalization with § = 3/4
(the second-order transition regime). The analytic locus is identical to that for the adsorbing Dyck
walks in Figure 2.
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The phase transition point at « = 1/2 appears clearly on the real axis, where the
two lines of zeros meet at a right angle. Since we effectively repeat the analysis of the
adsorbing Dyck walks, the impact angle of the zeros is again £37/4, as befits a second-
order transition. The density of zeros vanishes at the transition point & = 1/2 (for g > 1/2),
as expected for a second-order transition (52). The locus of zeros in the complex  plane
will be identical if we swap the roles of « and f.

As mentioned, for < 1/2, the dominant singularity in the variable a is when & — B,
since it comes from the pole 1/(1 — B! fp(z)). Thus, z is a solution of B = fp(z), which
can be inverted to give z = B(1 — B) = a(1 — «). The critical curve <y that gives the locus of
zeros in the thermodynamic limit associated with this singularity is the fp image of the
circle of radius B(1 — B): a = ¥(s) = fp(B(1 — B)e’*), for s € (0,27]. As an example, in
Figure 6 we show the results for § = 1/4. As can be seen, the analytically determined locus
and numerical zeros are already indistinguishable when N = 1000. In this case, the critical
curve impacts the real axis at an angle 71/2, which is characteristic of a first-order transition.

Ima
0.3

0.2

Re a

-0.3

-0.3

Figure 6. Analytically calculated locus of zeros in the thermodynamic limit from Z(z,«, ) and
numerically determined zeros from Zy with N = 1000 for the ASEP normalization with § = 1/4
(the first-order transition regime). The two are largely indistinguishable.

The density of zeros at this first-order phase transition point is recovered using
Equation (35). If we parameterize the curve 7 by the distance from the critical point
|Ax| = |a — ag|, which is located at a., = B = 1/4, the density at o, = 1/4 is finite
per =4/(3m) > 0.

7. Discussion

As well as being calculated numerically from Zy («, B) in [29] the analytical locus of
zeros for the ASEP normalization has also been obtained previously by analytic calculations
of “free energy” for the ASEP [42]

1
= lim — . 60
F Z\%linoo NZN(IX, B) (60)
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It is interesting to compare the locus of zeros for the ASEP normalization obtained in [42]
with the results here (e.g., (46)). In [42] it was found that

Fi= —Inja(l—a)], forp>ua, a<1/2, region (1)
F= —In[g(1—-p)], fora>p, p<1/2,  region(2) (61)
F= —In[1/4], fora >1/2, p>1/2, region(3)

where the corresponding regions in Figure 4 are indicated. Assuming that this “free energy”
derived from ASEP normalization can be treated like the free energy of an equilibrium
model, which can be justified post hoc by the Dyck path equivalence, allowing a direct
determination of the locus of partition function zeros since these mark the boundaries of
the different phases.

Using the electrostatic analogy described in the Introduction, the loci of the zeros
are determined by observing that %y; = Ry; for adjacent phases i,j. The loci of the
zeros are also determined by matching the real parts of the different analytic expressions
for the complex free energy in different phases in [9,10]. In the case of the ASEP, this is
equivalent to

la(1—wa)| =1/4, (62)

for the second-order transition line where F; = F3 or

B1-pB)|=1/4, (63)

for the second-order transition line where F, = F3;. Across the first-order line when
x=p <1/2wehave F; = F,, s0

a1 =) = [B(1 = B)[ - (64)

The locus of zeros in Figure 5 is reproduced as the fp image of the circle |z| = 1/4 and it
is representative of the second-order phase transition line between regions (1) and (3) in
Figure 4 (or regions (2) and (3) if the roles of « and B were changed). The locus of zeros in
Figure 6 is reproduced as the fp image of the circle |z| = a(1 —a) = B(1 — B) < 1/4 and is
representative of the first-order phase transition line between regions (1) and (2).

This “physical” /electrostatic, rather than analytical, approach to obtaining the loci of
zeros also recovers the results for the random allocation model outlined in Section 4. There
the electrostatic potential ®(u) = Ry (u) plays the role of the thermodynamic potential F,
so matching the real parts of this for the fluid and condensed phases in Equation (34) gives
|zo(u)| = 1. Inverting this using Equation (33) gives the locus of zeros in the u plane found
in [23],1.e., u = 1/ f(ce®).

To summarize, we have obtained (analytically) the locus of the Yang-Lee zeros for
various lattice path models and the ASEP normalization or, equivalently, for the partition
function of an adsorbing one-transit Dyck walk. For the random allocation models, the
path models and the ASEP the loci of zeros and their density are straightforwardly given by
conformal mappings of a circle. The required mappings are determined from a generating
function f(z) = ¥ ;w(s)z® for random allocation models and fp(z) = (1 —+/1—4z)/2
for adsorbing Dyck walks and ASEP. This follows a contour integral evaluation of the
normalization/partition functions using the grand-canonical generating functions as inte-
grands. The results obtained for the ASEP and the random allocation model are consistent
with those obtained by matching the real parts of free energies (the electrostatic analogy)
and with the numerically calculated zeros.
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It would be interesting to explore whether obtaining the exact locus of zeros from the
conformal map technique used here could be extended to models with pair-factorized par-
tition functions/steady-state normalizations or urn-type models with multiple constraints.
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