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Abstract: The calibration of cameras plays a critical role in close-range photogrammetry because the
precision of calibration has a direct effect on the quality of results. When handling image capture
using a camera, traditional swarm intelligence algorithms such as genetic algorithms and particle
swarm optimization, in conjunction with Zhang’s calibration method, frequently face difficulties
regarding local optima and sluggish convergence. This study presents an enhanced hybrid optimiza-
tion approach utilizing both the principles of differential evolution and particle swarm optimization,
which is then employed in the context of camera calibration. Initially, we establish a measurement
model specific to the camera in close-range photogrammetry and determine its interior orientation
parameters. Subsequently, employing these parameters as initial values, we perform global opti-
mization and iteration using the improved hybrid optimization algorithm. The effectiveness of the
proposed approach is subsequently validated through simulation and comparative experiments.
Compared to alternative approaches, the proposed algorithm enhances both the accuracy of camera
calibration and the convergence speed. It effectively addresses the issue of other algorithms get-
ting trapped in local optima due to image distortion. These research findings provide theoretical
support for practical engineering applications in the field of control theory and optimization to a
certain extent.

Keywords: camera calibration; hybrid optimization; particle swarm optimization; honey badger
optimization algorithm; differential evolution

MSC: 9308; 37N40; 68W50

1. Introduction

Photogrammetric technology is an important measurement technique that can be
applied to rotating machinery, to capture images of the objects inside the machinery using
cameras. By analyzing the captured images, the displacement and structure of the targets
can be measured.

Firstly, in the design and manufacturing of rotating machinery, photogrammetric
technology can be employed to measure the position and shape of the internal compo-
nents, as well as dynamic behavioral parameters during machinery operation. Secondly,
in the maintenance and monitoring of rotating machinery, photogrammetric technology
can be utilized to monitor the position, deformation, and vibration of rotating components.
Through real-time monitoring, faults and defects can be promptly detected for repair and
adjustment, thus enhancing their reliability and operational safety. Finally, the essential role
of camera calibration in the context of photogrammetry is indispensable for the application
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of rotating machinery. The precision of camera calibration directly impacts the measure-
ment results and reliability of photogrammetry, which in turn influences the effectiveness
and benefits of the design, manufacturing, and maintenance aspects of rotating machinery.

Camera calibration, serving as the foundation of photogrammetry, is a technical
process carried out to enable a camera to accurately capture objects in the real world
and map them onto images. The implementation of camera calibration relies on the
determination of specific camera parameters, encompassing focal length, principal point
position, distortion, as well as external parameters like the camera’s spatial position and
orientation. This facilitates precise measurements of objects in the real world and their
projection onto images through photogrammetry.

Camera calibration methods have their own characteristics in the selection of cali-
bration techniques. Commonly used methods include the Direct Linear Transformation
(DLT), Tsai’s two-step calibration, and Zhang's calibration. The DLT method establishes
a geometric imaging model for the camera and directly solves the model parameters us-
ing linear equations. However, it does not consider distortion and is not practical [1].
Tsai’s two-step calibration combines the DLT method with nonlinear optimization, which
improves the calibration accuracy compared to traditional methods. Nevertheless, it is
complex and cannot meet industrial requirements [2]. Zhang’s calibration method is based
on planar chessboard patterns and overcomes the need for highly accurate calibration
objects required in traditional methods by only requiring a printed chessboard pattern for
experimentation [3]. However, Zhang’s method exhibits drawbacks such as inaccurate
calibration results and being too time-consuming when applied to practical engineering
problems. Therefore, this paper proposed improvements to Zhang’s method, aiming to
achieve a faster and more accurate calibration approach.

To achieve better calibration results, previous studies have conducted research based
on the traditional Zhang’s calibration method. In 2020, Rui, Z. integrated feedforward
artificial neural networks into the traditional calibration method to correct model errors,
resulting in a twofold improvement in accuracy. However, the paper did not account
for issues such as image blurring and lack of clarity [4]. In 2009, a simple and adaptable
calibration method was proposed by Sarkka, S., utilizing neural networks to tackle the
challenging calibration problem that arises when the object plane is nearly parallel to the
image plane. However, the paper failed to consider the camera’s nonlinear distortion and
imposed stringent data prerequisites [5]. In 2020, Xu, H. introduced a neural network
structure for binocular stereo vision camera calibration but did not specify the dataset
or application methods [6]. In 2001, Liang, Y. introduced a new method for monocular
camera calibration by combining the Harris corner detection algorithm with artificial neural
networks, introducing camera-to-template angles into the calibration process. However,
the paper did not detail specific application scenarios and usage restrictions [7]. In 2016,
Jiang W et al. optimized the Zhang calibration method using a combination of genetic and
particle swarm algorithms, ultimately discovering that combining these algorithms can
improve calibration accuracy. However, the experiment did not explain the susceptibility
of the algorithm to local optima [8]. In 2019, Liu, ].Y. utilized the Structure-from-Motion
(SFM) principle to calibrate cameras internally and externally based on the paired relation-
ships between cameras, but the impact of radial distortion on the algorithm remains to be
verified in practice [9]. In 2010, Huang, D. applied Back-Propagation Neural Networks
(BPNN) to calibrate Kinect depth cameras, using target corner information as training
data and establishing an error compensation model based on error symmetry to reduce
depth measurement errors. However, the selection of neural network parameters relied
on empirical knowledge and could only be applied in specific circumstances [10]. In 2019,
Wang, Z. implemented camera calibration using multiple directional images captured by a
thermal infrared camera based on the multi-view theory [11]. However, this method suffers
from slow calibration convergence and susceptibility to local optima, primarily due to the
need to simultaneously solve many parameters and the involvement of high-dimensional,
nonlinear, and sub-pixel-level precision requirements. Nonetheless, addressing these issues
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is crucial for the accuracy and efficiency of camera calibration. Improving calibration
convergence speed and avoiding local optima can reduce calibration time, enhance cali-
bration accuracy, and establish a foundation for subsequent applications. In response to
this challenge, the paper introduced the concept of transforming differential evolution
into optimization algorithms, put forward an enhanced particle swarm hybrid optimiza-
tion algorithm derived from differential evolution, and applied it to improve the Zhang
calibration method.

The organization of this document is structured as follows: Section 2 is dedicated to
establishing the camera imaging and distortion models. Section 3 investigates methods for
camera calibration. Section 4 integrates the concept of Differential Evolution with Particle
Swarm Optimization algorithms, introducing an enhanced hybrid optimization algorithm
derived from Differential Evolution. Section 5 conducts experiments, simulating various
parameter optimization techniques and comparing the outcomes.

The primary novelty of this paper is the enhancement of the differential evolution
algorithm, particularly in the parameter selection aspect, facilitating the algorithm’s ca-
pability to explore the optimal population over the entire range. Consequently, when
integrated with the particle swarm algorithm for searching the optimal individual within
the optimum population, it enables the acquisition of superior calibration parameters and
improves calibration accuracy.

2. Camera Imaging Model

The camera’s imaging process operates on the principle of pinhole imaging, which
delineates the projection correlation between the imaging plane and the target. Under
ideal circumstances, the association between objects and images adheres to a linear model
governed by the principles of triangulation. However, in practical measurement pro-
cesses, the influence of various external factors can lead to nonlinear distortions in camera
imaging. Therefore, to more accurately model the camera’s imaging process, it is neces-
sary to consider the distortions introduced by the camera and adopt a nonlinear camera
imaging model.

2.1. Coordinate System and Its Transformation Relation

(1) Coordinate system

The coordinate systems involved in camera imaging are depicted in Figure 1.

Ow
Xw
-
. -~ ~
Ye Yw _®P (X, Yv, Zw)]
-7 Ze |

Figure 1. The coordinates of the camera imaging model.

1.  The world coordinate system: Oy — XwYwZ, it describes the position of the mea-
sured object in the three-dimensional world. The origin coordinates can be determined
according to the specific requirements, and the unit is in meters (m).

2. Camera Coordinate System: O¢c — XcYcZ¢, the original coordinate system is posi-
tioned at the optical center, with the X-axis and Y-axis running parallel to the two
edges of the image plane. The Z¢-axis coincides with the optical axis, and the unit of
measurement is meters ().
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3. Pixel Coordinate System: O,,, — uv, the upper left corner is designated as the origin of
the coordinate system for the image plane. The u-axis of the pixel coordinate system
extends horizontally from left to right, while the v-axis extends vertically from top to
bottom. The unit of measurement is pixels.

4. The coordinate system for the image, referred to as the Image Coordinate System, is
defined by the central point of the image plane. The x-axis and y-axis are aligned in
parallel with the u-axis and v-axis of the pixel coordinate system, respectively. The
unit of measurement employed is millimeters.

(2) Coordinate system transformation relationship

The primary focus of the camera imaging model involves the mapping correlation
between the pixel coordinates of an image point p and its corresponding coordinates within
three-dimensional space. The camera imaging procedure operates on the principle of
pinhole imaging, depicted in Figure 2.

PS(C, Ye, Zc)

Figure 2. Relationship between camera coordinates and image coordinates.

The point P in the figure represents a point in the world coordinate system, with
coordinates (X, Yw, Zw). In the camera coordinate system, the coordinates of point p
are (X¢, Yc, Zc). The corresponding imaging point of point p in the image is located in
the pixel coordinate system with coordinates (u,v), while the coordinates of point p in
the image coordinate system are (x,y). The focal length of the camera, denoted as f,
f = o —Oc¢||, is the distance between 0 and O¢ [12]. The projection transformation from
camera coordinates to image coordinates follows specific transformations based on the
principles of triangle similarity.

BC COc PB Xc Yo Zc¢

_— = = —_— = — = — = — 1
Ao 00c pA X y f @)
According to Formula (1):
_Xc _  Yc
X = fZC ’y - ZC (2)
According to Formula (2):
x f 000 ;{CC
Zcly | =10 f 0O 7 3)
1 0010 1C

Figure 3 exhibits the process of converting camera coordinates into world coordinates.
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P (Xw, Yw, Zv)

Ye ® Zc

XW
Oc \

Figure 3. Schematic diagram of conversion between camera coordinate system and world coordi-

Xec

nate system.

The conversion from world coordinates to camera coordinates involves only rotation
and translation operations and is considered a rigid transformation. The equation for
coordinate transformation is as follows:

Xc X

Ye | [R T]| Yw

Ze |~ [0 1} Zw @)
1 1

The rotation matrix, denoted as R, is a 3 x 3 matrix, and the translation vector, denoted
as T, is a3 x 1 vector. The representation of the camera coordinate system’s homogeneous
coordinates is denoted as O¢c — XcYcZc, whereas the homogeneous coordinates of the
world coordinate system are denoted as Oy — Xy Y Zy. During the coordinate transfor-
mation process, rotation is performed by rotating around the z-axis with an angle of 6,
and rotating around the x and y axes with angles « and f, respectively, resulting in the
composite rotation matrix R = R;R2R3.

cosf —sinf 0| [ cosp 0 sinf| |1 O 0
R = |[sinf cosf O 0 1 0 0 cosa —sina (5)
0 0 1] |—sinf 0 cosB| |0 sina cosa
Xc Xw
Ye | =R| Yw |+T (6)
Zc Zw

The camera captures two-dimensional images, and the output consists of pictures
where pixels are arranged based on their pixel values. As a result, the pixel coordinate
system is derived by discretizing the coordinate values and shifting the origin to the
center [13].

Figure 4 illustrates the denotation of the pixel coordinate system as O,, — uv and the
image coordinate system as o — xy. The representation of point p in the pixel coordinate
system is indicated as (1, v), and the transformation relationship is expressed as follows:

U= +u
dx
{ V= % + 0o @)
According to the above formula:
u dl—x 0 wug X
o | =10 g vy ®)
1 0 0 1 1
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In the given equation, the physical dimensions along the x, y directions of the pixel
are denoted as 1/dx and 1/dy, respectively, whereas o(ug, vg) signifies the displacement of
the origin on the pixel plane.

O (ug, vo)

Ouv

Figure 4. Schematic diagram of transformation between image coordinate system and pixel coordi-

nate system.

2.2. Camera Imaging Model
(1) Linear camera model

In an ideal scenario where the distortion resulting from the camera imaging process is
neglected, the rectification of a linear camera’s distortion can be achieved by solving the
intrinsic and extrinsic parameter matrices of the camera using only the image [14]. This is
shown in the following equation:

X
u fx 0 u O R T YW
Zel v | =10 f, v 0f|> ] ZW 9)
1 o 0 1 o/l0 1 o

The internal parameter matrix is denoted as Equation (10), while the external parame-
ter matrix is represented as Equation (11):

fx 0 u 0
0 f, v 0 (10)
0O 0 1 0
R T an
N
0 1

(2) Nonlinear distortion model

Through analyzing the linear camera model, an ideal scenario would reveal a linear
correlation, while practical measurement processes often encounter unattainable linearity
and inevitable errors [15]. Due to manufacturing process variations, the camera lens
generates distortions during the imaging process, leading to nonlinear distortions [16].
Nonlinear distortions can be further categorized into radial and tangential distortions,
causing deviations between ideal projected points and actual projected points [17]. Let
us assume a point P in the world coordinate system, represented as P(Xyw, Yy, Zw) in the
Ow — XwYwZy coordinates. The corresponding theoretical image coordinate is denoted
as p(x,y). However, due to nonlinear distortions introduced by real-world imaging, the
actual projected point of this point will deviate.
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Expressed as follows is the deviation between the theoretical and actual points when
p(x,y) is shifted to point p/(x/,y'):

x' = x+ 0y
12
{ Y =y+dy (12
For the nonlinear distortion offset in the x direction, Jy is used as a representation,
while d, represents the nonlinear distortion offset in the y direction. In the case of nonlinear
distortion offsets, the coefficients k1, ky, k3 are employed to denote radial distortion. The
expressions for the initial terms in the Taylor expansion are provided below:

x' = x(1+ kyr? + kor* + k1)
/ 2 4 6 (13)

Y =yl +kir* + kor* + k3r©)

The radial distortion coefficients, denoted by ky, k2, k3, 2 =x%+ yz.

To ensure comprehensive distortion analysis, it is crucial to incorporate the consid-
eration of tangential distortion. This type of distortion arises mainly from the disparity
between the principal point of the optical system and the geometric center. The changes in
tangential distortion are comparatively smaller in magnitude than that of radial distortion.
The expression for tangential distortion is as follows:

{ X' = x4+ 2p1y + pa(r? + 2x2)]
I — 2 2 (14)
Y =y + P17+ 257) +2pox]

The eccentric distortion coefficients, denoted by p1, pa, 1> = x + 2.

2.3. Distortion Correction

Lens distortion is actually a collective term for inherent perspective distortions in
optical lenses [18]. Generally, there are three types of camera distortions:

(1) Pincushion distortion: The magnification rate in the peripheral regions of the field
of view is much larger than that near the optical axis center, commonly found in
telephoto lenses [19].

(2) Barrel distortion: In contrast to pincushion distortion, the magnification rate near the
optical axis center is much larger than that in the peripheral regions [20].

(3) Linear distortion: When the optical axis is not orthogonal to the vertical plane of
objects being photographed, the convergence of the far side that should be parallel
to the near side occurs at different angles, resulting in distortion. This distortion is
essentially a form of perspective transformation, meaning that at certain angles, any
lens will produce similar distortions [21].

The types of distortions in a camera are as follows (Figures 5-7):

I
T

Figure 5. Pillow distortion.
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|
| | | T
T

Figure 6. Barrel distortion.

Figure 7. Linear distortion.

The aforementioned distortions were taken into account during the calibration pro-
cess [22]. Following the transformation Formulas (13) and (14), undistorted calibration
results can be obtained using the following equation.

; L, ., ., 2p1¥ayq + p2(3%5 +y3)
{ ! } = [1+ky(xg + x3) + ka(xg + x7) + ka(xg + x3)] [xaya] +

g p2(3x7 + y3) + 2paxaya

Here, a nonlinear model is introduced to account for distortion in camera calibration.
In real-world scenarios, the calibration of distortion serves as an effective means to minimize
the influence of distortion, thus safeguarding the precision of the calibration outcomes.

3. Camera Calibration
3.1. Camera Calibration Algorithm

After analyzing the coordinate transformation relationship in photogrammetric mea-
surement and the previously delineated camera distortion model, the calibration of the
camera is conducted [23].

First, construct the homograph matrix to establish the relationship between world
coordinates and pixel coordinates. This matrix describes the homographs between the
target point in the world coordinate system and the image point. Subsequently, solve the
initial values for the camera’s intrinsic and extrinsic parameters using orthogonal constraint
conditions. Finally, an optimization algorithm is applied to obtain reliable matrices for
the intrinsic and extrinsic parameters [24]. According to the camera imaging model and
the transformation relationship between pixel coordinates and world coordinates, the
expression for the camera imaging model is as follows:

s = AR, T|M (15)
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In Equation (15), the pixel coordinates of the image are denoted as 71, the world
coordinates as M, the intrinsic matrix as A, the extrinsic matrix as [R, T|, and the scale
factor as s. The expression based on Equation (15) is presented in homogeneous coordinates

as follows:
4 X
Y
s| v | =Arn rn r 7 (16)
! 1
Then, the internal parameters of the camera can be expressed as:
f u Y U
A= 0 fy 0o (17)
0 0 1

Since the scale factor s does not alter the homogeneous coordinate values, in Zhang's
calibration method, where pixel coordinates are in two dimensions, we can set Z = 0.
Consequently, Equation (15) can be expressed as follows:

u 5 X
s| v | =AA[r1 1 13 0o | = AAfr1 r H| Y (18)
1 1
1
Given that A = 1/s, and the homographs matrix is denoted as H, we can set

H = AA[r; ry t]. Consequently, the camera model can be represented by Equation (19):
sm = HM (19)
Let H=[hy hy h3|=AA[r; ry t], ther vector is represented by the homologous
matrix H as follows: -
= XAi I
{ 1y = %A71h2 (20)
According to orthogonality, the vector’s own constraints are expressed as:

2 2 2

s = V3 = 157 = 1

1 2 3 (21)
r1rp = 1r1r3 =113 = 0

T
rir2 =10
22
{ Il = Ir2ll = 1 @)

By bringing Formula (21) into Formula (22), we can obtain:
WA-TA h, =0 23)
WA TA ]y =hTATA I,

For each feature point in the target image, we can derive two equations. By selecting
four points from the target image, as long as three of them are not collinear, the matrix H
can be computed. Consequently, a matrix H can be derived, with the following expression:

u hi1 hip hiz| | X
s| v | = |hyn han hs|| Y (24)
1 hzt hzp hsz] [ 1

The expression for Equation (24) can be transformed into a set of equations as follows:

{ uXhsy + uYhsy + uhsz = h11 X + h1pY + hys (25)

vXh31 + vYh3y + vhzs = hpy X + hooY + hos
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Expressing Equation (25) in matrix form, while setting h' = [h11 h1p hi3 hoy hop
hos hay hap hss) T yields the following matrix expression:

XY 1 0 0O
0 0 0 X Y 1

—uX
—vX

—uY

—1Uu ;o
oy h =0

. 26)

By applying the orthogonality condition stated in Equation (23), we can construct
a matrix of homographs to determine the camera’s intrinsic and extrinsic parameters.
Since A~T A~ is present within Equation (23), the following matrix is formed by setting
B = A"TA™! Its expression is as follows:

Bi1 Bip Bz
B=ATA'=|Bn By By (27)
B31 Bz Bss

Bringing Equation (17) into Equation (27) yields the following expression:

r 1 T v0Y—tofo 7
fi fifo fifo
2 _
B=ATlATl= | —F ey ClgE-n
voy—tgfo _ v(voy—tgfo) vy (voy—uofo)* 2 41
Ry R 7 ar gt

The matrix B possesses a symmetric structure and can be represented by Equation (28):

T
b= [Bn Bi» Bxn Bz By Bz (28)

According to the orthogonal constraint: hiTth = U};b, we can obtain:

T
vij = [hnhj hihjp +highjy  highiy hishjy +hithjs - hishjp + highjs  highjs]

The equation’s expression of orthogonality constraint results in v],b = 0.

Similarly, based on another constraint, it can be represented as (v1; — vzz)Tb = 0.
These two constraints can be expressed in matrix form, and their expression is as follows:

Z’1T2
b=0
{(011 - Uzz)T]

During the camera calibration process, for each image, we can obtain a homographs
matrix H. Based on Equation (29), each of these matrices can be used to form the system
of equations described in the equation. According to Equation (28), v;; has six unknowns;
thus, at least six sets of equations need to be established in order to solve them. In practical
experiments, there are often redundant data available, allowing for the calculation of the
B matrix. By solving the B matrix using the Cholesky (square root) method and taking
its inverse, we can obtain the camera’s intrinsic parameters. Its expression is given by
Equation (30).

(29)

10
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vy = (B12B13—B11B23)
(B11B—B%,)
A= B33 —[B%,+00(B12B13—B11B23)]
- By
fu= /A
'V Bi
30
B11Bn—B2,
5= Blz{&fv 2
_ vy _ Busfi
up = fv 1

Then, according to H = [hy hy h3] = AA[r; rp t], the external parameters are
simplified, and the result is expressed as Equation (31):

r = )\Ailhl

1y = AA71h2

I3 =112 (31)
t = AA71h3

A= 1 — 1
A7t ][ flAath|]

Solving Equations (30) and (31) allows for the determination of both the camera’s
internal and external parameters.

3.2. Binocular Stereo Calibration Method

Based on the camera imaging model, Equation (32) can be derived when considering
the internal and external parameter matrices of the left and right cameras in a binocular
vision system portrayed as Rj, T1, Ry, and T, respectively. Furthermore, point P in world
coordinates are Py, while its coordinates on the imaging plane of the left camera and the
right camera are p; and py, respectively.

p1=RiPw+ Ty
32
{P2=R2Pw+Tz (32)
Equation (33) is obtained by eliminating Py from the upper equations:
p2=RoR;'p1+ To — RoR{'Ty =Rpy + T (33)

Equation (33) defines R as the rotation matrix relating the two cameras and T as
the translation vector representing the spatial relationship between the cameras. Conse-
quently, the positional correlation between the left and right cameras is articulated through
Equation (34).

R = RyR;!
34
{ T=T,—RR;'Ty 34

Based on Equation (34), the individual calibration of the internal and external parame-
ters for the left and right cameras enables the definition of their positional relationship. This
process completes the stereo calibration for the binocular vision system. Subsequently, in-
telligent optimization algorithms are utilized to enhance the obtained internal and external
parameters, as they may not be optimal.

4. Camera Parameter Optimization Algorithm

The Zhang’s calibration method yields unsatisfactory results when multiple images
are used as input, with poor performance due to suboptimal initial values and noise-
contaminated data. In order to tackle this issue, the linear model solution is utilized as the
starting point for optimization, aiming to enhance the resilience of conventional optimiza-
tion approaches [25]. However, these drawbacks require additional input constraints to
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obtain more accurate parameter results, making the traditional calibration process more
complex and impractical. Hence, this section primarily utilizes intelligent optimization
algorithms to optimize the method and address the aforementioned limitations.

Assuming there exist n template images depicting planar surfaces, with each image
containing m calibration points within the identical environment, the formulation of the
objective function is presented as follows:

n m
fobj = mlnz Z || f)l] - P(MA/ kl/ k2/ k3/ Pl/ PZI Ri/ Ti/ P]) || (35)
i=1j=1

The pixel coordinates of the j calibration point in the i image are represented by p;;
in the objective function, whereas ki, k3, k3, p1, p2 represents the distortion parameters,
and R;, T; denotes the rotation and translation matrix corresponding to the i image. By
utilizing optimization algorithms to optimize the calibration objective function based on
Equation (35), the optimal solution for the camera calibration parameters can be obtained.

4.1. Honey Badger Algorithm

The Honey Badger Algorithm (HBA) presents a pioneering heuristic optimization
approach inspired by the foraging behavior of honey badgers, which has devised an
efficient search strategy for addressing mathematical optimization problems. The key
principle revolves around the honey badger’s capacity to locate beehives through actions
such as sniffing, digging, and following honeyguide birds, categorized as the excavation
mode and the honey mode, respectively. During the excavation mode, the honey badger
uses its keen sense of smell to estimate the beehive’s location and chooses a suitable spot
for excavation upon nearing the hive. Conversely, in the honey mode, the honey badger
directly relies on the guidance of the honeyguide bird to find the beehive, ultimately
yielding the optimal outcome.

The optimization of camera parameters based on the honey badger algorithm involves
establishing an objective function using the residuals between the actual image coordi-
nates (x,y) of calibration points and the projected coordinates (x, ') calculated from the

camera model.
N

2 2
fX) =L =)+ (y=y)] (36)
1
By utilizing the excavation mode and honey mode to minimize the value of f(X), an
optimal set of parameters is obtained, achieving the optimization of camera parameters.
Here, X represents the parameter to be optimized, specifically X = [fy, fy,Cx,
Cy, k1, ka, k3, p1, p2], with the parameter’s search range set as [ X, Xjown), as shown below:

Xup = [fx +3, fy +3,Cx +2,Cy +2,k1 +0.1,ky +0.02,k3 + 0.002, p1 +2 x 107>, pa + 0.02]
Xaown = Ufx =3, fy —3,Cx —2,Cy — 2,ky — 0.1, kz — 0.02,k3 — 0.002, p; — 2 x 1073, pp — 0.02]

The population of honey badgers, with a size of N, representing the optimization of D
parameters, can be expressed as follows:

X11 X122 X13 X1D
X21 X222 X23 X2D (37)
XN1 XN2 XN3 ' XND
The position of the i honey badger is:
Xi = [Xi1,Xi2, X3, , XiD] (38)

The flowchart of the honey badger algorithm is as follows (Figure 8):
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Figure 8. Honey badger optimization algorithm flowchart.

The algorithm steps are as follows:
Step 1: The initialization phase entails setting the population size N and determining
the corresponding positions of the honey badgers.

Xj = lbl +7r; X (Mbi — lbl) (39)

where r; denotes a random number within the range of 0 to 1, Ib; signifies the lower
boundary of the search domain, and ub; denotes the upper boundary of the search domain.

Determine the maximum number of iterations, denoted as T, as well as parameters C
and B.

Step 2: Specifying the intensity I. The intensity is linked to the prey’s concentration
and the spatial separation between the prey and honey badgers. I; denotes the olfactory
potency of the prey, where a high olfactory strength results in fast movement, whereas a
low olfactory strength leads to slow movement.

S
i 2 47Td12 ( )
S = (xi—xi41) (41)
di = Xprey — Xi (42)

In this section, the symbol r; represents a random number between 0 and 1, S denotes
the source strength or concentration strength, and d; represents the distance between the
i-th honey badger and its prey.

Step 3: Enhancing the density factor. The density factor a controls the dynamic
randomization process, facilitating a seamless transition from exploration to exploitation.

a = C x exp( ) (43)

max
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Step 4: Escape from local optima. This step is aimed at escaping from local optima
regions. The search algorithm employs a flag F to alter the search direction, facilitating an
extensive exploration of the search space.

Step 5: Adjusting individual positions. The process of updating positions comprises
two components: the “excavation phase” and the “honey collection phase”.

Excavation phase:

Xnew = Xprey + F X B X I X Xprey + F X 13 X & X d; X |cos(271r4) X [1 — cos(27t75)]|

In this context, x¢, signifies the revised location of the honey badger individual,
while x ., denotes the prey’s position.

Meanwhile, B signifies the honey badger’s capability to obtain physical items, where
B > 1 with a default of 6, and d; denotes the distance between the i-th honey badger and
the prey. Additionally, 3,74, 15, 76, 7 are random numbers between 0 and 1.

[ 1if rs <05
b= { —1 else (44)
Honey gathering stage:
Xnew = Xprey + F X 17 X a X d; (45)

Xnew Tepresents the revised location of the honey badger individual, while Xprey indi-
cates the position of the prey, which represents the globally optimal position. The variable
d represents the distance between the i-th honey badger and the prey. The value of F can be
calculated using Equation (44), and the value of « can be derived from Equation (43).

4.2. Improved Differential Evolution Particle Swarm Algorithm

Considering the limitations of the honey badger algorithm, including rapid conver-
gence, low accuracy of convergence, tendency to diverge, and decreasing population
diversity as iterations increase, the particle swarm optimization algorithm incorporates the
differential evolution algorithm to overcome these limitations. In this enhanced algorithm,
differential evolution mutation and crossover operations are integrated into the particle
swarm algorithm at each iteration. This modification aims to preserve the diversity of
the particle population and improve the selection of the optimal particle in each iteration,
ultimately leading to enhanced performance.

4.2.1. Principle of Differential Evolution Algorithm

The main components of the differential evolution (DE) algorithm include mutation,
crossover, and selection operations. Within this algorithm, a diverse subset of individuals
is randomly chosen to form the variance vector. Subsequently, an additional individual
is selected and incorporated into the variance vector to produce an experimental individ-
ual. The crossover operation is then executed between the original individual and the
respective experimental individual, perturbing the existing population and extending the
exploration range. Ultimately, a selection process takes place between the original and
offspring individuals, retaining the individuals that satisfy the criteria for the subsequent
generation population.

(1) The initialization of the population

The population of size (NP, D) is randomly generated in the solution space. Each in-
dividual, denoted by the i-th element, is given a random value within the predefined range.

XI(G) = {x,-l(G),xl-z(G),~ . /xiD(G)}/ i= 1,2,- B ,NP (46)
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Within the context of this study, the value of NP corresponds to the population size,
while D represents the number of decision variables. Each individual within the initial
population is generated in the range [Xmin, Xmax| according to Equation (46).

x;ip(0) = Xmin + rand(0,1) * (Xmax — Xmin) 47)

In the above equation, the variable G indicates the G generation, and [Xmin, Xmax|
represents the search space domain of the decision variables.

(2) Variation operation

The mutation operation is employed in the process of G evolution to generate the
mutation vector V;(G) for each individual X;(G) in the population of the current generation.
The calculation of the mutation vector varies depending on the chosen mutation strategy,
and the subsequent section outlines five frequently employed mutation strategies.

DE/rand/1:

Vi(G) = X1(G) + F - (X2(G) — X,5(G))
DE /best/1 :

VI(G) = Xbest(G) +F- (Xrl(G) - XrZ(G))

DE/rand — to — best/1 :

Vi(G) = Xi(G) + F - (Xpest (G) — Xi(G)) + F - (X31(G) — X12(G))
DE /best/2 :

Vi(G) = Xpest (G) + F - (X31(G) — X12(G)) + F - (X,3(G) — X,4(G))
DE/rand/2 :

V1<G) = Xrl(G) +F- (XrZ(G) - XrS(G)) +F- (Xr4<G> - XrS(G>)

(48)

In the above equation, 11, 3, 73, 4, 75 is a mutually exclusive random integer within the
range [1, NP] and different from the index i. The scaling factor F is a positive controlling
parameter of the differential vector. Xj,s;(G) represents the best individual vector in the G
generation population with the optimal fitness value.

(8) Crossover Operation

For each pair of target vector X;(G) and mutation vector V;(G), a trial vector is
generated through crossover. The differential evolution method employs a binomial
crossover defined as follows in Equation (49): U;(G) = (u;(G), u;(G), - - ,u;(G)).

0,(G), (rand;(0,1) < CR)r(j = jyand)
x;(G), otherwise

Among them, CR is a specified constant crossover probability between (0,1), and 4,4

is a randomly selected integer within the range [1, D].
(4) Selection Operation

In the differential evolution method, a greedy selection rule is utilized to determine
the offspring. This rule involves comparing the fitness values of the trial individuals
with the target individuals and selecting the superior individuals to be inherited in the
subsequent generation.

wio 1= { UG IO

Among these, f(-) denotes the fitness value of the objective function for both the target

individual and the trial individual in the G generation. The above operations are repeated
in each generation until certain specific termination conditions are met.
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4.2.2. Improved Differential Evolution Particle Swarm Hybrid Optimization
Algorithm Design

The population size in the context of the differential evolution algorithm is denoted
by N, with each individual possessing a multidimensional vector, which is expressed as
the target vector and the trial vector: X! = (xf,x},, ..., x,), VI = (v}, o), ..., 0l,). The
population is initialized as S = {Xj, X»,..., Xp}, where T represents each target vector.
Therefore, the mutation operation can be improved as follows.

Vi = xpo + flxdy — xl3) (51)

VI =xb + f(xly — xly) (52)

Vi = xt 4+ fi(Xppq — x1) + fa(x)y — x7) (53)
VI = xf o + flxhy 4+ xly — xly — xly) (54)
Vi = by + f(xly + xly — xty — xt5) (55)

The equation above introduces f as the mutation parameter, which serves to control
the differential speed, while r1, 72, 3, r4, 5 represents distinct random integers falling within
the range of [1, N]. The population iteration algorithm incorporates a mutation method
to enhance population diversity, ensuring that mutation takes place after each iteration.
Moreover, it integrates crossover and selection operations to facilitate the selection of the
optimal individual in each iteration.

The Figure 9 depicts the flowchart of the enhanced algorithm for differential evolution
particle swarm optimization:

Random initialization of particle swarm particle velocity and
displacement

.

Calculate the fitness of each particle

]

Update the current individual extremum and global optimal solution
according to fitness
hJ

’ Updates the speed and position of the particles ‘
v

The differential evolution selection strategy is used to update the
particles
A J

Y

Mutation operation to increase the diversity of the population ‘

1]

According to the fitness of the new generation population, the
optimal individual and the global optimal solution are updated

’ Cross operation to increase population diversity ‘

€ maximum number of iterations or a giv
threshold is reached

( Output calibration result )

Figure 9. Flowchart based on improved differential evolution particle swarm hybrid optimization
algorithm.

The algorithm implementation steps are as follows:
Step 1: Using calibration algorithm, obtain the coordinates (x’,’) of calibration points
and camera parameters fx,fy, Cx, Cy, k1, ko, k3, p1, p2-
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Step 2: A group of particles is initialized and distributed throughout the search space,
with each particle possessing flight velocity denoted as V; and position represented as X;.
Set the population size N, parameter search range, maximum flight velocity V;,;,, inertia
weight coefficient w, individual learning factor ¢y, social learning factor cp, and other
parameters. Define the search range of the parameters as [ Xy, Xown)-

Step 3: An enhanced dynamic adjustment strategy is introduced for the modification
of the algorithm’s weights w, mutation control parameter f, and crossover control param-
eter CR. The maximum number of iterations Amax and the current iteration count A are
determined based on the upper and lower limits of the parameters specified in Step 2:

5(w, f,CR) = Smax — ‘5‘“)\&/\ (56)
max

Step 4: The fitness value of each particle is computed, and the fitness evaluation can
be represented by Equation (57).

fitness = mini \/(ui — %)+ (v — i) (57)
i=1

Step 5: The current individual extreme value P! for each particle is updated, and the
best individual extreme value is recorded as the current global optimal solution P§.

Step 6: Each particle updates its flight velocity and position information. The update
equations for flight velocity and position information in the d-th dimension are as follows:

t+1

Vg = woyg + car1(pig — Xig) + c2r2(Pgg — Xig)

Xt =y oy

wherei =1,2,...,Nandd =1,2,...,D, vlt.;l and xfjl, respectively represent the flight
velocity and position information of the i particle in the t 4+ 1 generation.

Step 7: Executing the crossover operation enhances population diversity and promotes
the adaptation of exceptional individuals.

Step 8: The mutation operation is performed to generate excellent individuals, with a
higher probability of mutation for individuals with lower fitness.

Step 9: Updating the entire population is based on the new fitness values, which
involves the update of individual best and global best.

Step 10: Checking if the termination condition is met to determine whether to output
the results; if the condition is met, the results will be outputted. If not, the process will
return to Step 2 for additional iterations.

5. Experimental Comparison and Result Analysis

Using Zhang's calibration method, the camera was calibrated to obtain the parameters
necessary for rectifying the captured images. This process ensured the precise acquisition
of pixel coordinates for the chessboard pattern captured by both the left and right cameras.
A binocular stereo vision model was then employed to determine the world coordinates
of the chessboard pattern. The obtained world coordinates were used as input, while the
theoretical world coordinates were used as output. For data computation, a compara-
tive analysis was conducted using different optimization algorithms, including genetic
algorithm, particle swarm optimization algorithm, honey badger optimization algorithm,
and an enhanced hybrid optimization algorithm that combines differential evolution and
particle swarm optimization algorithm.

5.1. Procedure of Test

Step 1: Multiple calibration board images were captured using the experimental
equipment. Subsequently, functions such as “findChessboardCorners”, “calibrateCamera”,
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and “stereoRectify” from the OpenCV library were invoked in C++ to solve for the camera’s
intrinsic and extrinsic parameters.

Step 2: Multiple sets of captured images were selected. Using OpenCV, pixel coordi-
nates were first determined, followed by the calculation of world coordinates. Figure 10
depicts the calibration board employed in the experiment, which consists of a total of
40 corners. It was manufactured using photolithography techniques, with a fabrication
error within 1 millimeter. Each chessboard square measures 80 mm x 80 mm, resulting in
a total chessboard size of 800 x 600.

Step 3: The collected calibration images were input into the camera calibration data
processing module, resulting in initial data after calibration, including initial values for
various types of distortion coefficients.

Step 4: Different optimization techniques were applied to optimize the initial calibra-
tion parameters and obtain the global optimum solution.

5.2. Results and Analysis

A binocular camera is used to take multiple photos, which are shown in Figure 10:

Figure 10. Checkerboard for calibration.

In the camera calibration experiments, the calibration board underwent movement
within the field of view of the camera, assuming different positions and angles. This
allowed for the capture of multiple sets of detection images for the purpose of calibration.
Due to the continuous movement of the calibration board, image blurring may occur during
image acquisition, which in turn can affect the accuracy of subsequent corner detection.
Therefore, high-quality, non-blurred images were selected from the collected calibration
data for the calibration experiments. The process of binocular calibration and corner
detection is illustrated in Figure 11.

Figure 11. Camera calibration and corner detection results.
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The method for camera calibration detailed earlier was applied to derive parameter
matrices M; and M for the left and right cameras. Correspondingly, matrices Dy and D,
representing the distortion parameters for the cameras were acquired. A summary of the
findings can be found in Table 1, with all data rounded to five decimal places.

Table 1. The calibration parameter matrix for the left and right cameras.

Camera Parameter Matrix

Distortion Parameter Matrix

[5035.73040
M, = 0
0

[5018.27022
My = 0
0

0
5036.77009
0

0
5017.48057
0

533.22766 |

978.66847
1 -

516.49581]

905.64914
1

D; = [—0.08209, 1.58242, — 0.00166, — 0.00032, 10.23747]

D, = [—0.05939, 0.48486, — 0.00168, — 0.00026, 38.70554]

During this experiment, 15 sets of calibration board images were utilized. The intrinsic
and extrinsic parameters of the camera, along with the distortion parameters obtained from
the calibration process, were employed to project the corners of the calibration board onto
the imaging plane. The calibration error was subsequently evaluated by comparing the
pixel coordinates of these points with their actual coordinates on the calibration board. The
tabulated results of the calibration errors are documented in Table 2.

Table 2. Calibration average error table.

Average Average Average

Label Error (P;gxel) Label Error (P?xel) Label Error (P?xel)
1 0.172649 6 0.138521 11 0.189421
2 0.157981 7 0.137715 12 0.212029
3 0.081947 8 0.141941 13 0.118467
4 0.105237 9 0.166069 14 0.193648
5 0.160528 10 0.233748 15 0.189421

As shown in Table 2, the overall average calibration error falls within a range of

0.25 pixels.

Figure 12 illustrates the projection of the calibration board’s corner coordinates onto
the camera coordinate plane using the camera’s intrinsic and extrinsic parameters derived
from reverse projection. Discrepancies between these projected coordinates and the actual
corner coordinates in the original image were computed in both the x and y directions. The
deviations, quantified in pixels, are denoted by red “o0” for the calibration disparities of the
left camera and blue “+” for those of the right camera.

After the calibration of both the left and right cameras, the stereo vision calibration
can be conducted. The calibration outcomes for the binocular vision system are displayed

in Table 3.

Table 3. Binocular camera calibration results.

Rotation Matrix

Translation Vector

—0.99993098
R = | —0.00057125383
—0.011706779

0.0004564127
—0.99995023
0.0098716523

—0.011711541
0.0098654972
0.99988127

T = [-15.728618 0.081634976

—0.082594357 |
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Figure 12. Calibration error analysis diagram.

The rotation matrix and translation matrix for stereo calibration, presented in Table 3,
indicate that the rotation matrix bears a striking resemblance to the identity matrix. This
similarity can be attributed to the meticulous efforts employed during the setup of the left
and right cameras to achieve and maintain their equilibrium.

Following the procedure outlined in the preceding section, the MATLAB implemen-
tation of the optimization algorithm program utilized 10 sets of calibration images and
experimented with maximum iteration numbers of 200, 400, 600, 800, and 1000. In order
to evaluate the calibration performance of the algorithm proposed in this chapter, assess-
ments were carried out employing the genetic algorithm, particle swarm algorithm, honey
badger algorithm, and improved differential particle swarm algorithm. The evaluation
criteria involved nine parameters, f, fy, cx, ¢y, k1, k2, k3, p1, p2, and their performance was
compared, as presented in Table 4.

Table 4. Table of the optimization results of the four optimization algorithms for the nine calibration

parameters.
Argument GA PSO HBA IDEPSO DE

fr 1156.7861 1154.4027 1156.4027 1157.8783 1157.4027
fy 1154.2004 1155.0684 1155.0685 1153.6961 1152.0685
Cx 662.7546 660.9385 660.9385 663.02028 662.9385
¢y 387.9115 389.3181 389.1970 387.9177 387.8497
ky —0.2451 —0.26817 —0.26614 —0.245762 —0.245485
ky —0.044766 —0.06452 —0.06452 —0.044699 —0.044525
k3 —0.00049006 —0.000713 —0.000313 —0.0004727 —0.0005139
P1 5.6293 x 107° 41408 x 107° 8.1408 x 1075 45905 x 1072 6.1408 x 107
P2 0.045762 0.041302 0.045302 0.045686 0.0456797

Based on the findings displayed in Table 4, the camera parameter calibration per-
formed in this investigation meticulously accounted for both radial and tangential distor-
tions. As a result, the influence of distortion and lens aberrations on the measurement
outcomes during the camera calibration process was significantly mitigated. To conduct
a more comprehensive analysis of the optimization test results, the positional deviations
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were assessed using the error range and root-mean-square error (RMSE) as indicators of
accuracy. The calculation formulas for these two evaluation criteria are provided below:

Er(k) =/ (R(k) = X(K))* k=1,2,--- ,N (58)

2

RMSE = (X(k) — X(k)) (59)

Z| =
=

i=1

The root-mean-square errors for position in each direction calibrated by the four
optimization algorithms are presented in Table 5.

Table 5. Comparison of the four optimization algorithms.

RMSE X Y Z
GA 0.6189 0.5162 0.1124
PSO 0.4895 0.5137 0.0947

HBA 0.3201 0.5150 0.0657
IDEPSO 0.1690 0.3780 0.0638
DE 0.8758 0.5138 0.1151

Result 1: The fitness curve for the optimization using genetic algorithm is shown in
Figure 13, with a maximum iteration number of 455. The fitness value decreases in a step-
wise manner as the iteration number increases and finally reaches zero after 455 iterations.
The solution stabilizes thereafter and remains consistent.

Evolution

Optimization of camera calibration parameters based on genetic algorithm

0.26 [

Change of solution
o
o
R
I

0.22

02— —

1 1 1 I + | 1 |
0 100 200 300 400 500 600 700
Number of iterations of genetic algorithm

Figure 13. Fitness curve after genetic algorithm optimization.

Based on Figures 13 and 14, it can be observed that the optimization of calibration
parameters using genetic algorithm resulted in significant improvement in the correspond-
ing coordinate errors. The error in the x-coordinate was reduced from approximately
0.3 to within 0.05 after optimization, while the error in the y-coordinate improved from
around —0.5 to within £0.07. The error in the z-coordinate was within 0.1 before parameter
optimization.
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Figure 14. Genetic algorithm optimizes the coordinate error contrast curve.

Result 2: The fitness curve for the optimization using particle swarm algorithm is
depicted in Figure 15. The algorithm terminated after 225 iterations, and the fitness value
exhibited a stepwise decrease with the increase in iteration count. After 225 iterations, the
solution approached zero and stabilized.

Convergence curve
T T T

T T
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Particle swarm optimization | 7|
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°©
°

o
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©
©

0.188

0.187

L L L L L

100 200 300 400 500 600 700 800
Number of iterations

Figure 15. Fitness curve optimized by particle swarm optimization algorithm.

The error in the coordinates of the corresponding points before and after optimization
can be obtained from Figure 16. Prior to optimizing the calibration parameters, the error in
the x-direction of the corresponding points was approximately within 0.27, the y-direction
error was within —0.65, and the z-direction error was within —0.12. After optimization
using the particle swarm algorithm, the x-direction error was within 0.05, the y-direction
error fluctuated within £0.07, and the z-direction error was within 0.07. It can be noted that
the particle swarm optimization method demonstrated a relatively better improvement in
the y-direction error.
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Figure 16. Particle swarm optimization before and after the coordinate error comparison curve.

Result 3: The fitness curve after optimizing using the honey badger algorithm is
depicted in Figure 17. The algorithm terminated after 122 iterations, and the fitness
value progressively decreased in a stepped manner with increasing iteration count. After
122 iterations, the solution approached zero and reached stability. Based on the convergence
of the curve, it is evident that this algorithm exhibits noticeably faster convergence speed
and requires fewer iterations compared to the previous two optimization algorithms.

Convergence curve
T T T
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1.085 7

1.08 [ 1
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o
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a
T
I
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Optimum Fitness

1.065 - b

1.06 7

1.055 7

300 400 500 700

Number of iterations

(0] 100 200 600

Figure 17. The fitness curve of honey badger optimization algorithm.

Figure 18 shows the coordinate error curve before and after optimizing the camera
calibration parameters using the honey badger algorithm. Based on the error curve, it
can be concluded that the honey badger optimization algorithm reduced the error in the
x-direction from 0.56 before optimization to within 0.05 after optimization. Furthermore,
the algorithm decreased the error in the y-direction from —0.66 to within 0.07 and in the
z-direction from —0.14 to within +0.06. These results indicate that the algorithm greatly
improves the error.
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Figure 18. The honey badger optimization algorithm optimizes the coordinate error contrast curve.

Result 4: The fitness curve after optimizing using the improved differential evolution
particle swarm algorithm is shown in the Figures 19 and 20. It can be observed that the
curve depicted fluctuations throughout the first 150 iterations before stabilizing around
iteration 400, at which point the calibration optimization results attain stability.
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Figure 19. Improved differential evolution particle swarm hybrid optimization algorithm convergence

curve.

As shown in the above figure, the error curve of the experimental data point coor-
dinates before and after optimizing the camera calibration parameters using the mixed
optimization algorithm based on improved differential evolution and particle swarm can
be observed. It is apparent that prior to using the mixed optimization algorithm, the error
in the x-direction was approximately 0.7, which was reduced to within 0.005 after opti-
mization. Additionally, the error in the y-direction decreased from —0.66 to around —0.07,
and the error in the z-direction decreased from —0.17 to near 0. These experimental results
indicate that although the convergence speed and iteration count of this algorithm are not
the fastest compared to several other optimization algorithms, the optimized parameter
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results are favorable. Therefore, the mixed optimization algorithm based on improved
differential evolution and particle swarm demonstrates the best optimization effect with

the lowest error.
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Figure 20. Improved differential evolution particle swarm hybrid optimization algorithm to optimize
the coordinate error contrast curve.

Result 5: The fitness curve following DE optimization, as shown in Figure 21, con-
cluded at iteration 335, demonstrating a stepwise decrease in fitness as the number of
iterations increased.
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Figure 21. Fitness curve after optimization of DE algorithm.

As evidenced by Figures 21 and 22, notable changes in the corresponding coordinate
errors are observed before and after optimization using the differential evolution algorithm.
Specifically, errors in the corresponding x-coordinate parameters were approximately 1.5
before optimization and reduced to within 0.1 post-optimization. Errors in the correspond-
ing y-coordinates were approximately 0.6 before optimization and reduced to within plus
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or minus 0.1 afterward. For z-coordinates, errors were within 0.2 before optimization
and reduced to within 0.05 after optimization. It is evident that prior to optimization,
error fluctuations were significant, whereas a substantial reduction in errors was observed
following optimization.

) The difference evolution algorithm optimizes before and after the error contrast curve
- T T T 7

Optimization before and after error curve name
—6—X pro-optimization ermor —k— X optimized error
—&—Y pre-optimization error —k— Y optimized error
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Figure 22. Comparison curve of coordinate error before and after optimization by differential

evolution algorithm.

Upon comparison with the DE algorithm, it is noted that there is not a significant
disparity in the fitness curves of the two algorithms. In light of this observation, additional
experiments were conducted wherein the fitness curves of both algorithms were juxta-
posed. The experiments were conducted over 200 iterations, yielding the following results
(Figure 23):
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Figure 23. Comparison of convergence curves of the algorithm.

Specific indicators are shown in Table 6:

26



Mathematics 2024, 12, 870

Table 6. Performance comparison of algorithm convergence curves.

DE IDEPSO
Fitness value 1.04488 1.04068
Number of iterations when stabilizing 128 84

The examination of the referenced charts reveals that the IDEPSO achieves a more
rapid convergence compared to DE. It is observed that the proposed algorithm approaches
stability after 84 iterations, exhibiting a stable fitness value of 1.04068, whereas the stability
for the DE algorithm is reached after 128 iterations with a fitness value of 1.04488. In the
context of mean-square errors (MSE) across various axes, it is evident that post-optimization,
the algorithm we introduced demonstrates significantly reduced MSE values on all axes
when juxtaposed with the DE algorithm. Furthermore, the enhanced Differential Evolution
Particle Swarm Optimization (DEPSO) algorithm yields a mere 0.1690 root-mean-square
error in the x-axis, 0.3780 in the y-axis, and 0.0638 in the z-axis. These calibration results
undercut the calibration errors associated with the other three optimization calibration
methods, substantiating the exemplary performance and high accuracy of our algorithm.

6. Conclusions

This paper first introduces the structure and coordinate system conversion of the
photogrammetry system. It then provides a detailed description of commonly used camera
calibration methods and investigates distortion models for camera calibration. Based on
this research, an optimized method for calibrating cameras is proposed, which utilizes a
new algorithm capable of accurately calibrating cameras. In this algorithm, iterations are
incorporated into the mutation and crossover stages of the differential evolution process,
and the dynamic adjustment strategy is refined. Introducing the concept of differential
evolution ensures the preservation of particle population diversity, enabling the selection
of the globally optimal particle at each iteration for the attainment of more precise results.
Experimental comparisons among the calibration algorithm proposed in this paper and
particle swarm optimization calibration, genetic algorithm optimization, and honey badger
algorithm demonstrate its superior performance parameters, smaller calibration errors,
and advantageous algorithm performance.
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Abstract: In the abnormal situation of an aluminum electrolysis cell, the setting of cell voltage is
mainly based on manual experience. To obtain a smaller cell voltage and optimize the operating
parameters, a multi-objective optimization method for cell voltage based on a comprehensive index
evaluation model is proposed. Firstly, a comprehensive judgment model of the cell state based on the
energy balance, material balance, and stability of the aluminum electrolysis process is established.
Secondly, a fuzzy neural network (FNN) based on the autoregressive moving average (ARMA) model
is designed to establish the cell-state prediction model in order to finish the real-time monitoring of
the process. Thirdly, the optimization goal of the process is summarized as having been met when
the difference between the average cell voltage and the target value reaches the minimum, and the
condition of the cell is excellent. And then, the optimization setting model of cell voltage is established
under the constraints of the production and operation requirements. Finally, a multi-objective antlion
optimization algorithm (MOALO) is used to solve the above model and find a group of optimized
values of the electrolysis cell, which is used to realize the optimization control of the cell state. By
using actual production data, the above method is validated to be effective. Moreover, optimized
operating parameters are used to verify the prediction model of cell voltage, and the cell state is just
excellent. The method is also applied to realize the optimization control of the process. It is of guiding
significance for stabilizing the electrolytic aluminum production and achieving energy saving and
consumption reduction.

Keywords: cell voltage; multiple targets; optimal control; electrolytic aluminum; aluminum
electrolytic cell

MSC: 93C10

1. Introduction

The aluminum electrolytic production process mainly uses cryolite-alumina as a raw
material, carbon as the anode and cathode of the electrolytic reaction, and is carried out
by passing a strong direct current into the electrolytic cell to induce the electrochemical
reaction in the cell, so as to complete the electrolytic aluminum production [1]. In actual
production, costs play an important role to affect the development of capacity. And the
cost of the largest proportion is the price of electricity, which varies and accounts for
about 30% to 35% of the cost in different regions [2]. At present, with the decreasing
resources of the Earth and the rising price of electricity, the cost of aluminum electrolysis
production is getting higher and higher. Thus, it is important to achieve energy-saving and
consumption reduction in the production of aluminum electrolysis. The method of energy
saving in aluminum electrolysis is generally by improving current efficiency and reducing
cell voltage [3]. Due to the complexity of improving current efficiency, most companies
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nowadays reduce the cell voltage to save energy and decrease consumption. However,
the optimal cell voltage cannot be found by manually adjusting and changing a single
parameter.

Cell voltage refers to the voltage through which the current passes in the electrolytic
cell, and it is an important factor in the production process of aluminum electrolysis [4].
The parameters affecting cell voltage are the pole pitch, electrolyte level, molecular ratio,
resistance, alumina concentration, aluminum output, electrolyte temperature, aluminum
level, and electric current. All these parameters change in real time with cell state and
cannot be measured online in real time [5]. DC power consumption is the most important
part of production energy consumption, which is directly proportional to the size of the cell
voltage, so appropriately reducing the cell voltage is one of the methods to achieve energy
saving and consumption reduction in aluminum electrolysis [6]. At present, aluminum
electrolysis production mainly relies on manual experience to control. However, due to
the nonlinear and strong coupling relationship between aluminum electrolysis production
parameters, to achieve the purpose of reducing consumption and increasing production,
the manual adjustment of certain parameters may lead to the transformation of the state of
the aluminum electrolysis cell to the evil cell. It is necessary to appropriately reduce the
voltage of the electrolytic cell, and then use the corresponding method to optimally control
the state of the electrolytic cell to produce electrolytic aluminum under the best conditions,
conducive to energy-saving and consumption-reducing production.

Aluminum electrolysis data are characterized by strong coupling and nonlinearity,
making it difficult to obtain to establish the relationship between sampled parameters and
the cell state. To address this challenge of whether the cell state judgment is accurate or
not. Researchers have predicted the aluminum electrolysis cell state by the methods of
mechanism modeling, machine learning, and deep learning. Cui et al. proposed a method
combined the multi-support vector machine with the cell condition classification based
on fuzzy C-mean algorithm to predict aluminum electrolysis concentration, so as to judge
the state of the cell [7]. He et al. proposed the use of deep learning to determine whether
the aluminum electrolysis process would have an anodic effect, and thus whether the
cell state would be in a normal or abnormal state [8]. Gao et al. used a neural network
algorithm to predict the state of aluminum electrolysis cells [9]. Hou et al. proposed an
LSTM-based prediction of aluminum electrolysis cell conditions [10]. Xu et al. proposed a
multiple limit learning machine based on a genetic algorithm to realize the prediction of
cell voltage [11]. However, due to the interference of external environment, the prediction
effect often cannot reach the ideal state. Therefore, some other scholars have considered
the use of different indicators such as current efficiency, temperature, anode effect, etc., to
judge the state of aluminum electrolysis cell. Li et al. used the temperature as the main
variable to determine whether the thermal equilibrium of the cell is in the normal state
by thermocouple thermometry, infrared thermometry, and fiber grating thermometry [12].
Fan et al. achieved the optimization of reducing DC energy consumption by improving
the current efficiency [13]. Some researchers have optimized cell voltage of aluminum
electrolysis by using an intelligent algorithm to achieve energy-saving and consumption-
reducing production [14,15]. Zhou et al. proposed an improved temporal convolutional
network method to classify current sequences for the identification of cell states [16].
However, most of the above methods for optimizing and controlling aluminum electrolysis
production are aimed at controlling a single parameter of the electrolytic cell, without
judging the cell state from a global perspective. In order to obtain a more accurate cell state,
more indicators need to be considered to reflect the production and operation state of the
electrolytic cell.

In the actual production process, in order to reduce the industrial energy consump-
tion, enterprises and researchers mostly adopt the strategy of reducing the cell voltage.
However, the relationship between the cell voltage and the relevant technical conditions
cannot be simply modeled using mathematical expressions [17]. Multi-index modeling can
comprehensively consider multiple indicators or factors, making the model more compre-
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hensive and closer to the actual situation. By considering multiple aspects, the complexity
of the system can be better understood [18,19]. The relationship between the cell state and
technical conditions can be well described by establishing a comprehensive evaluation
index of groove state with multiple indexes. Compared with the traditional FCM algorithm,
the adaptive FCM algorithm has stronger robustness, faster convergence speed, and wider
applicability [20,21]. Therefore, the use of a multi-index comprehensive judgment model
combined with an adaptive FCM algorithm can better judge the status of electrolytic cell.
At present, the ARMA model is widely used in time-series data modeling and prediction
for its advantages of wide applicability, simple use, and strong model interpretability. Gao
et al. used the ARMA algorithm to analyze the historical data of abnormal population ag-
gregation to predict the trend of abnormal human aggregation [22]. Sansa et al. established
the ARMA model for small changes in solar radiation and predicted the changes in solar ra-
diation more accurately [23]. The FNN algorithm has the advantages of strong adaptability,
high parallel computing efficiency, strong generalization ability, flexible processing func-
tion approximation, and prediction problems [24]. Therefore, the ARMA-FNN prediction
model is established to monitor the state of the prediction cell in real time. In addition, the
establishment of relevant models according to the process itself can not only optimize the
process parameters, but also optimize the model through continuous collection of analysis
data [6]. In the aspect of cell voltage setting, the multi-objective optimization model of cell
voltage can be established with the minimum difference between the average voltage and
the target value and the good state of the cell as the goal, and the production operation
requirement as the constraint condition, so as to obtain a set of better operating parameters,
so as to achieve the purpose of energy saving and consumption reduction.

In this paper, when the cell condition is transformed into a wicked cell, a multi-
objective optimization method of the cell voltage of the aluminum electrolysis process
based on the comprehensive index judging model is proposed. First, a comprehensive
index of cell states is established, and the cell states are categorized by the fuzzy C-means
(FCM) clustering algorithm. Then, because of the severe hysteresis characteristics of the
electrolysis cell, a cell-state model based on a fuzzy neural network is established to predict
the trend of the cell state in the next 24 h. Finally, the important parameters of cell voltage
are analyzed and simplified by using the PP algorithm. Aiming at the strong coupling
characteristics between the parameters of aluminum electrolysis, the optimization setting
model of the operating parameters is established to provide guidance for the energy-saving
production of aluminum electrolysis.

2. Comprehensive Evaluation Model of Cell State
2.1. Mechanism Analysis

Aluminum electrolysis is a production process accompanied by many complex physi-
cal and chemical changes. There are many parameters to affect the cell state in the process,
so that the cell state of aluminum electrolysis has complex and variable characteristics. A
change in raw materials and operating parameters will probably transform a cell in good
condition into a cold cell, hot cell, sick cell, or other bad cell.

The operating state of an electrolytic cell includes thermal balance state, material
balance state, and stability state. The thermal equilibrium state of an electrolysis cell is
defined as the state under the externally supplied electrical energy equaling the energy
consumed by the decomposition of the alumina; that is, the heat income equals the heat
expenditure. When the thermal equilibrium is disturbed, it will cause abnormal fluctuations
in the electrolyte temperature. Material equilibrium is defined as a balanced relationship
between the raw materials fed into the electrolysis cell and the raw materials consumed by
the electrolysis process. The electrolyte height and the excess of aluminum fluoride can
reflect the amount of material input, and the aluminum level and the amount of aluminum
output reflect the amount of material consumption. If the amount of input is not equal
to the amount of consumption, it will lead to fluctuations in the molecular ratio and the
concentration of alumina in the electrolytic cell so as to cause the anode effect. Noise
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from the anode effect is a main parameter reflecting the stability of the electrolytic cell. In
summary, aluminum fluoride excess (x1), electrolyte temperature (x), aluminum level (x3),
aluminum output (x4), alumina concentration (x5), molecular ratio (x¢), noise (x7), and
electrolyte height (xg) can be used as parameters to classify cell states.

DC power consumption is the most important part of production energy consumption.
The relationship of cell voltage and current efficiency is defined as follows [25].

2980 x average voltage
Current efficiency

DC power consumption = 1)

In the production process, the cell state is evaluated according to the experiences. The
smaller the DC power consumption of the process is, the better the corresponding cell state
is. That is, the average cell voltage is as small as possible, while the current efficiency is as
large as possible. In addition, the anode effect reflects the stability of the electrolytic cell.
The shorter the cumulative duration of the anode effect is, the better the cell condition is.
Therefore, the degree of deviation of three parameters including the average cell voltage,
current efficiency, and cumulative duration of anode effect from the ideal situation can be
used as a comprehensive index for evaluating the state of an electrolytic cell.

2.2. Comprehensive Index of Cell State

After the state of an electrolytic cell is analyzed, the difference between its parameters
in the equilibrium state and those in the ideal state is evaluated. These parameters contain
cumulative effect time (T), average cell voltage (V), and current efficiency (W). The extent
to the values of the three parameters deviating from the ideal conditions in the cell can be
used as a basis for judging the cell state. In order to finish the optimization and control of
the cell state, the cumulative incidence of anodic effects in a day is hoped to be less, the
average cell voltage close to the optimized value, and the current efficiency achieving to 1.
Therefore, the comprehensive cell state space is shown in Equation (2).

(ur o, w) = (7 W) (2)

where Vyp is the optimized cell voltage. The u, v, and w represents the degree of deviation
of the three quantities T, V, and W from the ideal state. A group of different (u, v, w) can
represent a different cell state. The distance between (1, v, w) and the coordinate point of
origin is used to measure the degree of superiority of the cell state.

Therefore, the composite index of cell state is defined as follows.

d=vVu?+0v>+w? (3)

where d is the distance between (1, v, w) and the point of origin. It means that the larger d
is, the greater the corresponding cell state of the sample point deviates from the ideal state,
and the worse the cell state is. On the contrary, the cell state is better.

2.3. Comprehensive Judgment Model Based on FCM Cell State

In the process of cell state assessment, it is necessary to cluster similar cell states
together. It is called clustering analysis of electrolytic cell states. Fuzzy cluster analysis
is a mathematical method of classification using fuzzy mathematical language. Aiming
at the fuzzy characteristics of the cell state, the adaptive FCM algorithm is adopted to
determine the affinity degree of the samples to realize the electrolytic cell state classification.
The superiority of the proposed algorithm is that the number of clustering categories C of
adaptive FCM takes values according to different experimental samples compared with
traditional FCM. The affiliation matrix is defined as follows.

U:{Ml]|l:11’l,]:1C} (4)
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where the samples of it are obtained for each experiment, and u;; represents the affiliation
of the i-th sample for the j-th class. The variable I explains the correlation of the i-th sample
to the j-th class and is defined in the following equation.

I = max(u;;) (5)

where the larger [ is, the higher the correlation that the sample is assigned to that class. The
samples set of cell state is set for {x(i,j)|i=1:n,j=1:p}.

The implementation steps of the adaptive FCM algorithm are as follows.

Step 1: Determine the number of cell state categories C, n is the number of samples,
Vy is the original clustering center, and set the initial iteration number ¢ equal to 0.

Step 2: Calculate the cell state category classification matrix U of the sample according
to Equation (6).
-1

1
2 — o "

Uij = [Zlle (

TE— ] 1<i<m1<j<C ©)
i~ Yk

where x; is the i-th sample, v} is the j-th center of clustering, vy is the k-th center of clustering,
and u;; is the degree of affiliation of x; to v;. m is equal to 2.
Step 3: Calculate the clustering center for the next iteration V(t + 1) according to

Equation (7).
N m
i (uif) " x;
U]‘:Zl?\]l( 1]) ml,1§j§C (7)
Yilq (uij)
where v; is the current clustering center.
Step 4: If
[V(t) =V({E+1)|| <e ®)

is true, then output the category partition matrix and the clustering center V. Otherwise,
go to Step 1, where ¢ is the iteration stopping threshold.

Step 5: If I is maximal, stop. Otherwise, go to Step 1.

Step 6: The degree of deviation of the three quantities T, V, and W from the ideal state,
thatis (u, v, w), is derived from Equation (2).

Step 7: According to Equation (3), the composite index of cell state 4 is calculated
for each category, with the larger d being assessed as a poor cell, and the smaller 4 being
assessed as an excellent cell.

3. Cell-State Prediction Model Based on ARMA-FNN

When the electrolytic cell is disturbed and transited into a bad cell, the settings of
controllable parameters can be adjusted in time according to the current state to prevent
the electrolytic cell state from turning in a worse cell. To correctly predict the electrolytic
cell state is the key to preventing the cell from transforming into a bad result. Therefore, a
model for predicting the cell state is developed. As analyzed in Chapter 1, the variable d
can reflect the production status of the electrolytic cell from a global perspective. Moreover,
when the inputs of control system are unchanged, the variable d will evolve in a stable
trend. When the inputs of control system are changed, the variable d will change with the
original because a worker modifies the setting of controllable parameter in response to
a change in cell state. Thus, the future cell state contains two parts. One is the historical
continuation dj,, of the current state dy, and the other is the control effect of the current
input of the system. To predict the future cell state, the composite index d is predicted by
using a time-series method, and then a neural network is used to fuse dy 1 with the input
parameters of the system.
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3.1. Comprehensive Cell Condition Indicator Time-Series Prediction Model Based on ARMA

The time series of the comprehensive index d is similar to being stable. In a word, if
the inputs to the system are constant, 4 will evolve in a relatively stable trend. The ARMA
model is one of most widely used methods in time series. It firstly makes a difference
operation to change the original series into a smooth time series. Then, an auto-correlation
function (ACF) and partial auto-correlation function (PACF) are used to determine the
initial order. Finally, the above function is estimated by the maximum likelihood method
or weighted least squares method. The ARMA (m, n) model consists of an auto-regressive
(AR) and moving average (MA). The general representation of the model is described in
Equation (9) [26].

Xt = Q1Xp_1 + @aXxp o+ -+ QuXp oy — 181 —Opap 5 — - — —Opa_p+ar (9)

where x; is the cell-state indicator d observed at moment t. ¢;(1 < i < n) is the auto-
regressive coefficient, 0;(1 < j < n) is the moving average coefficient, and a; is the white
noise sequence.

The m and n in an ARMA model are generally determined by the Akaike information
criterion (AIC) [27-29]. If the AIC of the ARMA (m, n) is minimized, then it means that the
model is the most effective in forecasting the time series. The AIC criterion is shown in

Equation (10).

AIC(I) = log o2 + Zﬁl (10)
where | = m + n, 02 denotes the error variance of the model and N is the number of
observations.

Because there is complex noise in the time series of the cell state, the AIC can easily
fall into the local optimum. The ALO algorithm [30] is adopted to determine the order
ARMA (m, n) of the model, and to predict the indicator d of the cell state in the time series.
The steps of the algorithm are described. An individual z = (z1,z2) represents a set of
parameters of ARMA, and the fitness of the individual measures the performance of the
algorithm for that set of parameters.

Step 1: Population random initialization. Randomly generate n ants and m antlions,
set the upper and lower bounds of the search space U; and L, set the population size N of
antlions and ants, and set the maximum number T of iterations.

Step 2: Individual fitness values are calculated according to Equation (11).

N, (d(i) - d(i)*
¥V (d(i) —d)’ | .

£(i) = min|

where f(i) represents the fitness value of the i-th individual, (i) represents the predicted
value of the i-th individual, and d represents the mean value of all samples.

Step 3: Update the location of ants, antlions, and elite antlions according to the ALO
algorithm.

Step 4: Determine whether the termination condition is satisfied, if not then go to Step
3, if satisfied then obtain the optimization parameter (1, 1) and execute the next step.

Step 5: The ARMA (m, n) model is applied to predict dj 1.

3.2. A Prediction Model for Cell State Based on FNN

In the process of aluminum electrolytic production, the state of the electrolytic cell is
affected by the workers adjusting the amount of aluminum discharged (x4). The controllable
parameters of electrolytic cell include alumina concentration (x5), molecular ratio (x¢), and
cell resistance (x9). To obtain the future cell state, the method of fuzzy neural networks
is modeled to predict and measure the cell state after controlled parameters happen to
change. The inputs of the prediction model is the result of combining dy ;1 with xy4, x5, x¢,
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and x9. The output of the prediction model is the future cell state (y). The y is defined in
the following equation.
y = f(drs1, x4, X5, X6, X9) (12)

The FNN method combines the excellent learning obtained using the computation
ability of a neural network with the excellent fuzzy knowledge expression ability of fuzzy
theory. Thus, this algorithm is often used in fault diagnosis of production and good
diagnostic results are obtained [31]. FNN is used to model the future cell state, and its
model structure is shown in Figure 1.

d(k+1)

d(k) —» ARMA

defuzzificati

. . on layer
fuzzy input hidden output

layer layer layer layer

Figure 1. Structure of cell-state prediction model based on FNN.

Considering the single-peak characteristic of cell state, a Gaussian affiliation function
is used in the fuzzification layer when modeling cell state. The Gaussian affiliation function
is defined as follows. .

U(x) = ef(szcz) (13)
where the parameter c represents the horizontal coordinate of the peak of the Gaussian
affiliation function and the parameter ¢ represents the standard deviation.

The structure of the prediction model is based on a BP neural network. It has the
advantage of setting the number of intermediate layers and the number of neurons in each
layer according to the training effect of the model. The model has a good learning ability in
dealing with nonlinear problems. The number of neurons in the fuzzification layer is the
number of input parameters, equal to 5. The number of neurons in the defuzzification layer
is 1. The number of neurons in the input layer is the result of the number of the output
parameters multiplying the number of the fuzzification layer equal to 5. The number of
neurons in the hidden layer is determined by the following empirical formula.

p=vVn+m+d (14)

where p is the number of neurons in the hidden layer, n is the number of input parameters,
and m is the number of output parameters. d € [0,10]. Here, p is equal to 12.

4. Optimization Setting Model

For the excellent cell state, the operator can adjust the parameters to realize energy-
saving production by reducing the cell voltage under the condition of ensuring a good
cell state. When the electrolytic cell develops into an evil cell, the controllable parameter
settings should be adjusted in time according to the current state to avoid the cell state from
turning into a worse cell. For this reason, based on the above result of predicting the cell
state in the Section 3.2, an optimized setting model is established according to the control
target of adjusted parameters and the requirements of actual operation, and solved by the
MOALO algorithm.

4.1. Influencing Cell Voltage Parameters

In electrolytic aluminum production, the electrolyte temperature, alumina concentra-
tion, and mole ratio are the main production parameters reflecting the equilibrium of the
cell state. When the three parameters change, the conductivity of the electrolyte will be
disturbed, so as to change the resistance of the electrolytic cell. If the production current
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remains constant, the cell voltage changes. The stability of alumina concentration is the key
factor to ensure the stability of electrolytic production. When the alumina concentration is
too low, anodic effects will happen; at the same time, the cell voltage will rise sharply. Pole
pitch is defined as the distance from the bottom palm of the anode to the mirror surface of
the aluminum liquid. When pole pitch transits, the resistance between the two poles will
change, so as to affect the electrolyte pressure drop and ultimately lead to the change in the
cell voltage. Changing the pole pitch is a more accurate and quicker way to change the cell
voltage. Therefore, the main method used in the production process is to adjust the cell
voltage by adjusting the pole pitch. Aluminum is a good heat conductor, so the height of
the aluminum liquid affects the temperature and the heat balance of the electrolytic cell
and the stability of the cell voltage.

The electrolyte level relates to the stability of the electrolytic cell. If the electrolyte level
is too low, the anode effect occurs when the anode is not sufficiently wetted, which will lead
to a high cell voltage. In summary, the main technical conditions affecting the cell voltage
(v) were determined by electrolyte temperature (x;), aluminum level (x3), aluminum output
(x4), alumina concentration (xs5), molecular ratio (x4), cell resistance (xg), pole pitch (x1),
electrolyte level (x11), and electric current (x17).

4.2. Data Preprocessing Based on PP Algorithm

The actual production data contain a large amount of information, and there are
numerous and only non-linear parameters affecting the cell voltage. In order to accurately
analyze the parameters affecting the cell voltage to improve the accuracy of cell voltage
prediction, the projection pursuit algorithm (PP) is used for data preprocessing [32]. The
correlation of electrolyte temperature (x;), aluminum level (x3), aluminum output (x4), alu-
mina concentration (xs5), molecular ratio (xg), cell resistance (xg), pole pitch (x1), electrolyte
level (x11), and electric current (x1) to cell voltage are obtained by finding the optimal
projection direction in the PP algorithm. The projection function in the PP algorithm is
used to optimize the model, and the optimal projection direction can be found by a genetic
algorithm to be (0.347, 0.089, 0.196, 0.550, 0.284, 0.628, 0.211, 0.083, 0.189). This is the value
of the contribution of these parameters to the cell voltage. Since the contributions of x3
and xq; are significantly smaller than those of xp, x4, x5, x4, X9, X109, and x1p, the input
parameters of the model can be chosen as the electrolyte temperature x,, the aluminum
output x4, the concentration of alumina x5, the molecular ratio x4, the cell resistance xy, the
pole pitch x19, and the electric current x15.

4.3. Model for Optimized Setting of Operating Parameters

In the process of electrolyte use, an electrolytic cell deviating from the optimal pro-
duction state can be brought back to the optimal state through adjusting these operation
parameters including temperature (x3), aluminum output (x4), alumina concentration (xs),
molecular ratio (x¢), cell resistance (xg), pole pitch (xjp), and electric current (x17). It is very
important for energy saving to keep the fluctuation of cell voltage stable. Therefore, the cell
state needs to be restored to the normal and cell fluctuation needs to be kept in stable range.
Considering the production operation requirements as the constraints, the optimization
setting model is established as follows.

fitness; = min([f(-) — Vsyp] (15)

fitness) = min[S(-) — 0] (16)

36



Mathematics 2024, 12, 1174

172 < x, < 174

0<x4 <40
Mpase — 1.3 < x5 < Mpgee + 1.3
Opase —0.9 < x4 < Oppse +0.9 (17)

Rpase — 0.002 < xg < Rypee + 0.002
3.9 S X10 S 4.5
935 < x1p <965

where Rygse, Opase, and My,q, obtained by process analysis are the baseline cell resistance,
baseline molecular ratio, and baseline alumina concentration, respectively. Here, Ry, is
equal to 0.0113, O, is equal to 2.10, and My, is equal to 3.32.

Vsup is obtained by Equation (2) and equal to 3.8446 in this paper [10]. f(-) is the
average cell voltage from data collected at the factory, S(-) is the cell-state prediction model
from Equation (12), and min[S(-) — 0] represents the future cell state infinitely close to the
optimal cell state. This optimization problem is that the value of the operating parameter
needs to be adjusted to meet the requirements through effective intelligent optimization
algorithm to restore the cell status to normal.

4.4. Optimization of Operating Parameters Based on MOALO

When solving multi-objective optimization problems, multiple objectives often conflict.
As a multi-objective optimization set, Pareto optimal solutions [33,34] are often used to
address the best trade-off between objectives.

The MOALO algorithm shows better convergence, accuracy, and robustness on solving
multi-objective optimization problems. To search for a highly diverse set of Pareto-optimal
solutions, the algorithm uses leader selection and archive maintenance to store Pareto-
optimal solutions and roulette rules to select non-dominated solutions from them. The
probability of choosing an antlion among them is as follows.

P] =—,c>1 (18)

where N; denotes the number of solutions in the neighborhood of the j-th solution and ¢
denotes a constant. If the archive storing the optimal solution is full, the archived solution
set will be deleted with the probability of Pi] Unlike ALO, the antlion position is updated

in MOALOQ, and is described as follows.
Antlion = Antf, if f(Antf) < f(Antlion) (19)

where f(AntF) less than f(Antlion;»‘) means that Ant prevails over Antlion}‘.

The optimization setting model is solved using MOALO as follows.

Step 1: Population random initialization. Randomly generate n ants and m antlions,
set the upper and lower bounds of the search space U; and L, set the population size N of
antlions and ants, and set the maximum number T of iterations.

Step 2: Calculate individual fitness values.

fitnessy = min[f(-) — Vsup]
{ fitness = min[S() —0] (20)

Step 3: Update and archive locations of ants, antlions, and elite antlions according
to the ALO algorithm. If the updated ant position is better than the selected antlion, the
position of the antlion updates to the ant position.

Step 4: If the archive space is full, a portion of the solution is removed with the
probability of 1/ P; using a roulette rule.

Step 5: Determine whether the stopping condition is reached. If it is reached, then the
algorithm ends and the optimal operation parameter s* is obtained. Otherwise, jump to
Step 3.
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To check whether the obtained operating parameters are optimal, the obtained values
of the optimized setting are substituted into the cell-state prediction model to be verified.
The optimization target is judged by analyzing the value composite index d. Furthermore,
the derived optimization setpoints can be used to realize optimization control of the process.

5. Experimental Results and Analysis

All the experiments were carried out on MATLAB 2020a platform, and the experimen-
tal data were obtained from a factory site.

5.1. Results of Cell-State Evaluation Based on FCM

We took 150 samples for the experiment and set the parameters of the FCM cell state
clustering model as follows. The fuzzy weighting index m is equal to 2, the maximum
number of iterations is set to 20, and the iteration stopping threshold ¢ is equal to 107°.
Experiments on FCM-based classification of cell state were carried out when C took different
values, and the corresponding I values were calculated, and the results are shown in Table 1.
From the table, it can be seen that I is at a maximum when C is equal to 3, so the parameter
C being equal to 3 is used in the cell-state classification model. The results of the clustering
experiments are shown in Table 2. The algorithm categorizes 150 sets of samples into 3
classes.

Table 1. The I of different C.

C 2 3 4 5 6 7
I 0.921 0.967 0.845 0.844 0.777 0.761

Table 2. Results of clustering.

Categories Number of Samples/Size
Classl 9
Class 2 31
Class 3 110

The composite index d and its range were calculated individually for each type of
sample as shown in Table 3. Since the d in Class 3 was the lowest, Class 3 was rated
excellent and Class 2 was rated good. The d in Class 1 was the highest, so Class 1 was rated
poor. In this paper, the 150 group samples were experimented on to cluster and evaluate
the cell states. The results show that 110 groups remained excellent, 31 groups were good,
and 9 groups were poor.

Table 3. Cell-state evaluation results based on adaptive FCM.

Categories Index d Result
Class 1 0.0758~0.6550 Poor
Class 2 0.0089~0.0545 Good
Class 3 0.0003~0.0086 Excellent

In the same way, current efficiency and apparent cell resistance were used as indicators
to evaluate the cell state. Indicators and their ranges were calculated for each of the three
categories of sample points and the results are shown in Table 4.
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Table 4. Cell-state evaluation based on different indexes.

Range of Indexes

Categories Current Cell Result
Index d . . .
Efficiency/% Resistance/p)
Class 1 0.0758~0.6550 72~85 14.0~16.1 Poor
Class 2 0.0089~0.0545 87~95 13.5~13.9 Good
Class 3 0.0003~0.0086 94~98 13.1~13.6 Excellent

Finally, the above model for judging cell state was validated using 31 additional
data, and the results of the validation are shown in Table 4. It is worth noting that if
the indicator value of sample is outside the known range in Table 4, it will be assessed
as the closest category to it. It can be seen from Table 5 that the probability of correctly
evaluating the cell state based on the comprehensive index model reaches 96.78%. It
indicates that the proposed method can accurately be used to categorize and evaluate the
current cell state. In addition, the experimental results of different assessment index in
Table 5 shows that the composite metric d is more advantageous in improving the accuracy
of the cell-state evaluation.

Table 5. Evaluation accuracy on different index.

Cell Status Index Correct Rate/%
Current efficiency 77.42
Cell Resistance 93.55
d 96.78

5.2. Results of Cell-State Prediction Based on FNN

To illustrate the superiority of the ALO algorithm, experiments were conducted with
the ALO and PSO and FWA algorithms, respectively, based on the same experimental
samples. Firstly, the three algorithms are compared by using a public data set [35]. The
population number was set to 30, the dimension was set to 30, and the three algorithms
were iterated 1000 times, respectively. The average values and standard deviations of
the three algorithms are shown in Table 6 (the bold font indicates the optimal). Secondly,
optimization of cell voltage is carried out 10 times, the convergence speed of the three
algorithms is shown in Figure 2, and the optimized cell voltage values are shown in Figure 3,
respectively. The results of the 10-times optimization are statistically analyzed, and the
standard deviation and mean comparison results are shown in Table 7.

Table 6. Comparison of baseline functions. (The bold font indicates the optimal).

FWA PSO ALO
Function
Mean Std Mean Std Mean Std
F; 1.19 x 10° 8.15 x 1071 466 x 1078 1.19 x 107 3.16 x 1077 2.56 x 10~?
F, 6.17 x 10 7.22 x 101 9.73 x 104 1.58 x 1073 1.88 x 100 742 x 1071
F3 1.18 x 10° 2.49 x 10* 1.49 x 10! 6.75 x 100 1.35 x 10~ 1.20 x 10~
F, 7.88 x 101 8.30 x 10° 6.29 x 1071 1.88 x 1071 5.61 x 10~° 7.89 x 10~5
Fs 498 x 10* 445 x 10* 4.69 x 10 2.77 x 10! 7.65 x 10° 1.11 x 10!
F 1.04 x 109 4.80 x 1071 1.39 x 1078 3.73 x 1078 2.15 x 10~ 3.54 x 10~
E; 2.03 x 1072 7.17 x 1072 6.76 x 1072 2.03 x 102 1.32 x 102 2.03 X 1072
Fg —6.02 x 10™* 1.84 x 101 —5.60 x 103 1.17 x 102 —3.10 x 103 1.34 x 103
Fo 2.53 x 102 458 x 10! 458 x 10! 5.15 x 10° 1.89 x 10! 5.42 x 100
Fio 6.85 x 101 3.05 x 101 438 x 107> 6.54 x 107° 2.77 X 1075 3.66 X 1075
Fip 9.36 x 1071 4.79 x 1072 5.17 x 1073 7.38 X 1073 1.82 x 1071 8.92 x 1072
Fip 2.77 x 10! 2.91 x 10! 3.54 x 10~? 1.09 x 10~? 9.60 x 107> 1.23 x 107°
Fi3 3.57 x 10° 9.25 x 10° 220 x 1073 463 x 1072 2.29 x 1010 4.21 x 10710
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Figure 2. Convergence process curve.
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Table 7. Different algorithms standard deviation and mean.

ALO FWA PSO
Average value 3.8454 3.8668 3.8464
Standard deviation 731 x 1074 10.83 x 104 11.24 x 1074

It can be seen from Table 6 that the ALO algorithm is slightly worse than PSO in the
three benchmark functions of F2, F11, and F12, but still better than FWA. Both the mean
value and standard deviation of other benchmark functions are better than the other two
algorithms, indicating that the ALO algorithm not only has a better optimization perfor-
mance, but also has good robustness under the public data set. Compared with Figure 2,
Figure 3, and Table 7, it can be seen that the convergence speed, convergence accuracy,
and performance of the ALO algorithm in the actual data of aluminum electrolysis are
superior to the other two algorithms, which is suitable for practical engineering problems
of this topic.

A continuous time series of 300 sets of dj cell-state metrics was selected as the experi-
mental sample. Prior to the experiment, the samples must be differenced multiple times to
smooth out the non-stationary time series. The AIC criterion was first used to determine
the model order, and the ARMA (2,3) model was obtained in the experiments, and then this
determined model was used to predict the time series of the composite index of cell state
d. In addition, the ALO algorithm was also applied to order the model, and the resulting
model order is (33,9), which is then used to predict dy,;. The prediction results of the two
models developed above are shown in Figure 4.
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Figure 4. Time-series prediction of cell state index based on ALO-ARMA.

As shown in Figure 4, in general, both ARMA (2,3) and ARMA (33,9) can track the real
time series, but the latter tracks better. To illustrate the tracking accuracy of the two models
more accurately, the average prediction errors of the two models were calculated separately.
As shown in Table 8, the tracking error of ARMA (2,3) is calculated to be 0.0139, while the
tracking error of ARMA (33,9) is 0.0094, indicating that ARMA (33,9) has a higher tracking
accuracy. The optimization of the order of ARMA using the ALO algorithm produces a set
of optimal combinations of orders with the highest prediction accuracy, and the model has
a higher accuracy than the model with the fixed order of the AIC criterion.

Table 8. Model prediction errors based on AIC and ALO.

Method of Ordering Model Prediction Error
AIC criterion ARMA (2,3) 0.0139
ALO algorithm ARMA (33,9) 0.0094

The composite indicators of cell state, d,1 and x4, x5, X6, and xg are used as inputs
to the cell-state prediction model. After simply removing outliers, the processed 200 data
sets were used as samples for the cell-state prediction experiments. Initially, 150 samples
were selected as training data for the model and the remaining 50 data were used to test
the trained model. The results of the cell-state prediction model are shown in Figure 5. As
can be seen from the figure, 41 out of 50 samples are correctly predicted, with a prediction
accuracy of 82%, indicating that the prediction model achieves a high level of accuracy and
can be used as a reference for decision-makers in factories.
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Figure 5. Training and testing results of cell-state prediction model based on FNN.

5.3. Optimization Setup Model Results

As described in Section 5.2 of this chapter, to obtain a set of optimized operating
parameters, this experiment will solve the optimization setup model for 300 sets of historical

41



Mathematics 2024, 12, 1174

data. A set of optimized operating parameters were found as follows. x4 = 32.0557,
x5 = 3.9611, x = 2.2464, and x9 = 0.0118. Substituting this set of operating parameters into
the cell-state prediction model, the prediction results show how the cell state changes when
the electrolytic cell is set to this set of optimized parameters as shown in Figure 6. For
example, at the ninth test point in Figure 6, when there is no output from the optimization
setpoint, the state indicator d is 0.035, and the state of the electrolytic cell has deviated from
the excellent state. This suggests that the optimization model can find an optimal set of
operating parameters that will gradually bring a cell that has deviated from the optimum
back to a good condition.

0.04 T T

T
v After opt

—— Before opt.

g

s 0.03

3

5 0.02

5

2

2 0.01

e |

g i

£ oF B

1)

Q

-0.01 1 I I 1 | 1
5 10 15 20 25 30
Sample/Size

Figure 6. Cell state under optimal parameters.

Statistical information for the 31 state indicators d is shown in Table 9. The average
value of the indicator d after optimization is 0.0026 lower than that before optimization,
indicating that the cell condition is overall moving in the direction of excellence. The
optimized variance is smaller, indicating that the cell state is gradually stabilized, and this
set of optimized set values plays a role in stabilizing the cell state.

Table 9. Cell state index d before and after optimization.

d Before Optimization After Optimization
Average value 0.0140 0.0114
Variance 0.0092 0.0089

6. Conclusions

In this paper, a multi-objective optimization method for aluminum electrolysis process
is proposed with the starting point of energy-saving and consumption-reducing production
of aluminum electrolysis. To represent the three states of heat balance, material balance, and
stability of the electrolytic cell, a comprehensive cell state index is defined, and the FCM
is applied to judge the current cell state. In addition, a predictive model of the cell state
was developed to predict the state after 24 h. Finally, the multi-objective optimal control
of the aluminum electrolysis process is realized by establishing an optimization setting
model. The method proposed in this paper focuses on the energy-saving and consumption-
reducing production of aluminum electrolysis by setting operating parameters in case the
cell condition develops into a bad cell. For the case of an excellent cell condition, the plant
operator can realize energy-saving production of aluminum electrolysis by appropriately
reducing the cell voltage without adjusting the electrolytic cell. When the cell condition
develops into a vicious cell, the operating parameter optimization model can provide a set
of reasonable operating parameter setting values. Then, the downstream control system can
quickly stabilize the electrolytic cell and achieve energy saving and consumption reduction
in the aluminum electrolysis production process through low-voltage production.

The above can provide a referable method for the aluminum electrolysis industry to
achieve energy savings. However, since there may be more factors affecting the electrolytic
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cell with more uncertainties in an actual aluminum plant, the aluminum electrolysis
production process should be analyzed from more perspectives in the future, such as such
as cell condition diagnosis and superheat analysis of aluminum melting furnaces, in order
to achieve a more energy-saving and higher energy-consumption reduction concept.
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Abstract: In practice, disturbances, including model uncertainties and unknown external distur-
bances, are always widely present and have a significant impact on the cooperative control perfor-
mance of a networked multi-agent system. In this work, the distributed consensus tracking control
problem for a class of multi-agent systems subject to matched and mismatched uncertainties is
addressed. In particular, the dynamics of the leader agent are modeled with uncertain terms, i.e., the
leader’s higher-order information, such as velocity and acceleration, is unknown to all followers.
To solve this problem, a robust consensus tracking control scheme that combines a neural network-
based distributed observer, a barrier function-based disturbance observer, and a tracking controller
based on the back-stepping method was developed in this study. Firstly, a neural network-based
distributed observer is designed, which is able to achieve effective estimation of leader information
by all followers. Secondly, a tracking controller was designed utilizing the back-stepping technique,
and the boundedness of the closed-loop error system was proved using the Lyapunov-like theorem,
which enables the followers to effectively track the leader’s trajectory. Meanwhile, a barrier function-
based disturbance observer is proposed, which achieves the effective estimation of matched and
mismatched uncertainties of followers. Finally, the effectiveness of the robust consensus tracking
control method designed in this study was verified through numerical simulations.

Keywords: consensus tracking; neural network; distributed observer; barrier function; multi-agent
systems

MSC: 93C10; 93D50

1. Introduction

In recent years, there has been a significant increase in research attention toward the
cooperative management of multi-agent systems, owing to its extensive applications in
engineering, particularly in scenarios such as multi-UAV flights [1], multi-robot explo-
ration [2], smart grids [3], and multi-sensor networks [4]. In summary, there are three
typical architectures for the cooperative control of existing works in multi-agent systems,
i.e,, centralized, decentralized, and distributed [5,6]. Among them, distributed cooperative
control architectures have been widely studied due to their advantages such as scalability
and robustness. Existing studies on distributed cooperative control have concentrated on
the following behaviors, i.e., consensus [7], formation [8], containment [9], and flocking [10]
and distributed estimation [11]. Among them, consensus is the fundamental one, which
refers to the eventual convergence of the states of all the agents in a multi-agent system.
On the basis of the presence or absence of a leader agent, the issue of consensus for the
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multi-agent system can be further divided into two distinct categories: leaderless consensus
and consensus tracking.

Consensus tracking refers to the capability of all followers in a multi-agent system
to track the leader agent’s trajectory. Recently, researchers have conducted thorough
analyses on the constraints associated with multi-agent systems at the informational and
physical layers and designed consensus tracking control schemes such as event-triggered
control [12,13], finite-time control [14,15], bipartite consensus [16-18], security control [19],
and fault-tolerant control schemes [20]. The issue of consensus tracking control for first-
order multi-agent systems under a directed network topology was studied in [21]. On this
basis, the authors in [22] focused on analyzing the problem of distributed consensus track-
ing for multi-agent systems that exhibit Lipschitz node dynamic models. They devised a
consensus tracking protocol relying solely on the neighboring agents’ relative states. They
also demonstrated that with an appropriate selection of control parameters, achieving
consensus tracking under a switching-directed topology is feasible. In addition, consid-
ering the bound of the control input, the authors in [23] put forward restrictions on the
control input, and studies the tracking consensus under linear systems. Further, the authors
in [24] used output feedback to design a distributed adaptive control input to implement
output asymptotic tracking consensus. The adaptive protocol proposed was not reliant on
system parameters and solely utilizes the relative outputs of adjacent agents. In addressing
the convergence speed of consensus tracking control for multi-agent systems, the authors
in [14] investigated the finite-time consensus tracking control issue formulated in the form
of non-strict feedback. In utilizing the Lyapunov stability theory and the back-stepping
method, an adaptive control input was developed to guarantee that the tracking error
converges to a small neighborhood of zero in finite time. Furthermore, for high-order
systems, a novel adaptive fixed-time consensus tracking control input was formulated
through the utilization of fuzzy adaptive methods and fixed-time control theory in [25].
Considering the behavior expansion of consensus tracking, the authors in [26] studied the
distributed bipartite tracking consensus problem of linear multi-agent systems under a
single leader with a signed graph, in which the control input of the leader agent is per-
mitted to be non-zero, while each follower’s control input remains unknown. In addition,
the authors in [27] considered a switched network topology and studied the distributed
bipartite tracking consensus control problem under discrete systems. To address limited
network communication resources, the sliding mode control approach with a dynamic
event-triggered mechanism was employed in [28] to tackle the consensus tracking challenge
in discrete-time multi-agent systems; meanwhile, the authors integrated a dynamic event-
triggered mechanism into the sliding mode control system to reduce unnecessary data
transmission. Furthermore, in [29], a novel approach was presented, involving the introduc-
tion of a fixed-time distributed observer with an event-triggered mechanism. Additionally,
to effectively stabilize the tracking error system, an event-based fixed-time controller with
an adaptive dynamic surface was developed.

It is noteworthy that the above literature focuses more on nominal multi-agent systems,
i.e., there are no disturbances or uncertainties. However, due to the complexity of the
environment and the inaccuracy of modeling, agents are inevitably subject to external
disturbances and model uncertainties. Hence, there is a need to develop more robust
control schemes for multi-agent consensus tracking. Overall, there are two main research
ideas available for designing robust consensus tracking control schemes, i.e., feedback
control [30-32] and feedforward control [33-36]. Feedback control mainly refers to further
improving the performance of the system by suppressing disturbances or uncertainties.
Typical control methods mainly include robust adaptive control [30], sliding model variable
structure control [31], and He control [32]. In employing the fractional Lyapunov direct
method, the robust consensus tracking problem in uncertain fractional-order multi-agent
systems was investigated in [30]. An algorithm based on neural networks was designed to
achieve distributed robust adaptation, ensuring exponential convergence of the consensus
tracking error with fixed topology. Additionally, to tackle and alleviate the detrimental
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chattering effects associated with discontinuous controllers, a continuously distributed
robust adaptive control scheme based on neural networks was introduced. In [31], the finite-
time consensus tracking issue for multi-agent systems with disturbances was investigated
through the application of integral sliding mode control (ISMC). Further, the adaptive
mechanism and ISMC were integrated into the system to achieve disturbance suppression.
Furthermore, in [32], the authors studied He consensus tracking control problem for linear
multi-agent systems with directed and switching graphs while accounting for unknown
disturbances. In this paper, the design criteria for consensus protocols are expressed in
the form of linear matrix inequalities, leveraging the topologically dependent multiple
Lyapunov function method and algebraic graph theory. It is demonstrated that ensuring
the solvability of the consensus tracking issue for multi-agent systems under dynamic,
directed topologies hinges on meeting specific switching conditions dictated by the average
dwell time of the topology.

Different from feedback control, feedforward control mainly refers to estimating the
disturbances or uncertainties through detection or a feedback channel, as well as further
generating the feedforward term to achieve the compensation of disturbances and un-
certainties through the control protocol. The key challenge of this method is to design
an effective and easy estimation scheme to generate usable feedforward control terms.
Typical robust consensus tracking control schemes based on disturbance and uncertainty
estimation and compensation have been proposed in the literature, including active distur-
bance rejection control (ADRC) [33], an uncertainty and disturbance estimator UDE [34], a
high-gain observer HGO [35], a disturbance observer (DOB) [36], and so on. The authors
in [33] addressed the consensus tracking issue of multi-agent systems with second-order dy-
namics and unknown disturbances, employing the ADRC method. The tracking consensus
protocol with random disturbance estimation was proposed to ensure system convergence.
At the same time, real-time compensation was implemented for the random disturbance
affecting each agent. By employing the UDE-based control method, ref. [34] delved into the
robust consensus tracking control issue of switched multi-Lagrangian systems. Moreover,
the UDE-based method was used to accurately adjust and asymptotically estimate the
model uncertainty and disturbance. It is worth noting that several unbounded specified
external disturbances can be handled with the help of applying diverse filters. Furthermore,
the authors in [35] accomplished the design of a control protocol for multi-agent robust
global consensus tracking. In employing a predetermined high-gain design technique,
a control input based on the state feedback method was introduced to attain global consen-
sus tracking and disturbance suppression within these systems, considering the dynamics
of the agents and network topology. A distributed disturbance observer was developed
in [36] to estimate the disturbances affecting followers. Subsequently, in leveraging this
disturbance observer, a novel distributed control method was presented to address the
consensus tracking issue with disturbance suppression within a fixed directed network
topology, and its effectiveness was proved. It is worth noting that the above literature
has not yet taken into account the uncertainty that the leader agent may have, and mostly
focuses only on the robust control of the follower agents.

According to the above discussions, it is evident that few existing studies related
to consensus tracking control have simultaneously considered the following constraints,
i.e., external disturbances, mismatched uncertainties, and the leader agent being subject to
uncertain dynamics. Therefore, this study focuses on the problem of robust multi-agent
consensus tracking control with the above constraints. It should be noted that due to the
unknown uncertainty of the leader’s dynamics, only some of the followers are able to
obtain the leader agent’s position, while other higher-order information, such as velocity,
acceleration, etc., is not available to all the followers. The main contributions of this paper
are summarized as follows:

(1) A robust consensus tracking control scheme is proposed, which consists of three
components: a neural network-based distributed observer, a barrier function-based distur-
bance observer, and a back-stepping-based tracking controller. Each of the three compo-
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nents plays a different role, and in complementing each other’s functions, it enables the
follower to track the leader agent’s trajectory. Moreover, the proposed control scheme is
effective in achieving the convergence of the consensus tracking error and the uncertainty
estimation error.

(2) A distributed observer based on neural networks was designed, and an adaptive
update law of the parameters is provided, which can effectively realize the online estima-
tion of leader information. The proposed distributed observer can estimate the leader’s
dynamic states (e.g., velocity, acceleration) for all follower agents despite the absence of
direct higher-order information, enhancing the system’s adaptability and responsiveness in
uncertain environments.

(3) A barrier function-based disturbance observer was designed for a follower agent
to estimate the unknown matched /mismatched uncertainties. In turn, the effective com-
pensation of disturbances and uncertainties can be achieved using a simple feedforward
control component design. Furthermore, the boundedness of the closed-loop error system
was rigorously proved, while extra assumptions on the derivatives of the uncertainty terms
were avoided.

The subsequent sections of this paper are structured as follows. Some theories that
need to be used in this paper are introduced in Section 2, including graph theory, barrier
function, etc. Section 3 then firstly establishes the dynamic model of the followers and
leaders and describes the problem studied. The proposed robust coherent tracking control
scheme is presented in Section 4. Firstly, a distributed observer based on neural networks is
introduced, followed by the design of a perturbation observer based on the barrier function,
and then the back-stepping method is introduced for the design of the robust tracking
controller. Section 5 verifies the effectiveness of the control method designed through some
simulation examples. Lastly, Section 6 summarizes the full work and discusses some of the
future research directions.

2. Preliminaries

The relevant mathematical theories related to graphs (for network connections) and
barrier functions will be covered in this part. Next, we shall provide the following defini-
tions for several types of widely used notations.

Notation col?[6;] = [67,07,...,55]T or col"[6] £ [67T,67,...,5T]] generates a vector in
the form of a column. The vector 1,, is thus represented as 1,, = col”[1]. || - || represents the
Euclidean norm. For a matrix M € R"*" with all the eigenvalues being real, M’s max-
imum and minimum eigenvalues are represented as Amin (M) and Anmin (M). Moreover,
exp(-) denotes an exponential function.

2.1. Graph Theories

A connected undirected graph with n agents is denoted as G = (V, E), in which a node
is represented as an agent and V = {1,2,...,n} is the node set of the multi-agent system.
The set of edges E C V x V defines the communication topology relationship between
the agents, where the presence of an edge (i, j) € E signifies the existence of information
exchange between agent i and agent j. The adjacency matrix A = [a;;] € R"*" represents
the connectivity relationship of the multi-agent system. L = [l;;] € R"*" is a Laplacian
matrix, which is defined as the difference between the degree matrix D and the adjacency
matrix A. Specifically, the degree matrix D is represented by D = diag[dy, ..., d,]| with
di = Z]”:l,i;&j Lll']'.

This paper explores leader-tracking issues, with the leader being treated as an external
entity in a multi-agent system. Specifically, the node set related to G excludes the leader
agent node. To express the relationship between the leader and a follower, we define
B = diag] [b;], where the ith agent can receive state information from the leader agent; we
denote this using b; > 0 to represent information weight, or else b; = 0. Hence, it can be
derived that (L + B) forms a positive definite matrix.
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2.2. Barrier Function
Definition 1 ([37]). A barrier function is defined for some A > 0 as follows:

Fy(x) = A'_x||x|. (1)

It is a continuous even function with the following three properties:
* F:xe(=AA) = Fy(x) €[0,00) is strictly increasing in the interval [0, A).
e lim Fy(x) = +oo.

[x|=A
*  The function Fy(x) has a unique minimum as F,(0) = 0.

Lemma 1 ([37]). Take into account the following system:
S(t) = u(t) +d(t), 2)

in which 0 < |d(t)| < dmax, and dmax is a positive constant that is unknown. Assume that the
function u(t) is represented as

u(t) = —F(t,6(t))sgn(4(t)), ®)

and . ) | ]
F(1,6(t)) = { if]((?(t?;(fl)f:t r I?,(t)l, ifo<t<F "

where Fs(0) and F hold the following conditions F5(0) > 0 and F > 0, respectively. sgn(-)
denotes a signum function. Then, we can obtain that the variable 6(t) can converge to the domain

|0(t)| < 61 within a finite amount of time Ty, where 61 = A (di:‘:il )

3. Problem Statement

In this paper, we consider the following second-order nonlinear multi-agent system
with both unmatched and matched uncertainties:

Xi1(t) = xpp(t) +din(t),
Xpp(t) = fixin (1), xi2(t)) + &i(xi1 (t), xi2 () )i () + dia (1), (5)
yi(t) = xin (),

where x;; € R and xj» € R are the system states, y; € R is the system output, f;(x;1, x;2) €
R is the known nonlinear function, g;(x;1, xi2) € R\{0} is the non-zero control gain, and
di1 € Rand dj € R represent the aggregated uncertainties across various channels, encom-
passing model and parameter uncertainties as well as external disturbances. The agents are
indexed by i € {1,2,...,n} £ Z. The system described by Equation (5) is taken from [38],
which describes the motion of objects in general, such as angular motion.

Assumption 1. The mismatched uncertainties d;; and external disturbances djp are bounded,
ie., |din| < Dyand |dp| < Dy hold, where Dy and D, are unknown positive constants.

Furthermore, the target agent with an index of 0 can be modeled as a differential equa-

tion:

Xo(t) = fo(xo,t),

yo(t) = xo(t),
where the smooth function fy(xo, t) is unknown to all other agents. x(t) represents the
state variable. The agent designated as the leader is referred to as the target agent, while

the other ith agents (i € 7) are referred to as followers. The output y((t) corresponds to the
information that is accessible to at least one follower.

(6)
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Definition 2 (Bounded Consensus Tracking Control). The control protocol u;(t) in (5) is said
to be a bounded consensus tracking control if the state variables x;(t) of all the followers end up
boundedly tracking the leader’s, i.e., foralli € T

|xin (t) — xo(t)| < b, VE > ty, @)
where b > 0 is the ultimate bound of the tracking error, and t;, > 0 is the corresponding settling time.

In order to realize the bounded consensus tracking control problem proposed by the
above definition, we need to design the corresponding control strategy for the followers.

4. Main Results

In this section, a two-module robust consensus tracking control scheme is proposed
for the ith agent shown in Figure 1 to tackle the issue at hand. The scheme combines a
neural network-based distributed observer and a back-stepping-based tracking controller.
Firstly, the neural network-based distributed observer is able to efficiently estimate the
information of the leader through all the followers. Then, the back-stepping-based tracking
controller was designed to enable the followers to track the estimates of the trajectory of
the leader, which is generated by a distributed observer. Eventually, the tracking of the
leader’s trajectory can be achieved.

o CirM; . U; Ti1,Ti2
Leader . .NN-based Robust tracking follower >
distributed observer controller

T

As discussed in the preceding section, there are two issues that need to be addressed
in this process: (1) the leader dynamics involve an uncertainty term, thereby causing each
follower agent to lack precise velocity and acceleration information about the leader agent;
and (2) each follower agent is subject to matched and mismatched uncertainties. Thus,
followers need not only a valid estimate of the leader’s information, but also compensation
for the unknown uncertainty terms.

Figure 1. The proposed control scheme.

4.1. Neural Network-Based Distributed Observer Design

The initial step in addressing the robust consensus tracking issues involves mitigating
uncertainties within the leader agent model. In order to achieve this goal, we need to use
neural networks to fit unknown function values. Therefore, we need the following assump-
tion:

Assumption 2. y(x,t) £ fy(x,t) can be expressed on a prescribed compact set Q.; C R? using
linearly parameterized neural networks as follows:

y(x, t) = (/)A{(x, )6, + e, (8)

Ji . i .
where g1 (x,t) = col," [pix(x,t)] € R™i; the parameter 6., = col,”[0.x] € RMi is an
unknown constant vector; and e, is the NN approximation error.

Remark 1. In traditional adaptive control theories, extensive research has focused on linearly
parameterized models of unknown nonlinear dynamics [39,40]. Assumption 2 will be satisfied once
the fundamental function ¢., is suitably chosen, and the receptive fields cover the respective value
ranges of the smooth functions y(x, t).
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Throughout the paper, & is used to represent the estimate of a quantity a,and & = & — a,
to denote its estimation error. Then, the estimate of the ith agent for y(x, t) is 4;(x,t) =
o5 (x, t)0.;, and the corresponding estimate error is designated by 7;(x, t). The following
formula shows that

ﬁ( ) 477 (x, )6 i = 4’7 (x,t) [9 —0y), )

and the estimation errors can also be represented as
¥i(x,t) = 3i(x,t) — ey (10)
Based on the NN’s approximation theorems, we can make the following assumption.

Assumption 3. The approximation error e is bounded by unknown constants 5 in the corre-
sponding compact set Q). That is, |e;| < 6,;.

In order to obtain the estimated value of the leader’s state, we can construct the
following neural network-based distributed observer:

éi =i,

. T A a T N a T A

N =— keeli - kaZi + (P'Y (C,', t)e’yi + &4)’)’ (gi, t)97i17i + g(’),y (gi/ t)e,},i
— rec(pyi) (|ke€ri| + [ke€1i|04:),

€1i = le] g] +b (é 0)1

(11)

where (; and 7; are distributed observer states, and ke and k, are distributed observer
gains. Moreover, rec(«) is the safe reciprocal function such that rec(«) - « equals unity for
non-zero &, or equals zero otherwise.

Through formulating the subsequent coordinate transformation,

p1i = i — Xo, 12)
p2i = i — §i(Gi t),
one obtains
. . T A a T A 8 T A
Poi =1i — o (Ti 1)0i — z%(@ir B)0iGi — 5,9 (Cir £)0yi
(13)
5 ) N
=i — ¢$(€i/t)67i - C‘P'y (gzr ) villi — &‘P'{(girt)e'yz*
Accordingly,
pai = —ke€1; — kppai — rec(py;) (|keeli| + |keeli,;). (14)

Let X £ col![g], PL & C? "[p1], P» = col?[pai], Xo £ x01y, A = col}[rec(pa;) (|keey; +
keevilé,)], Er 2 collfer], R 2 colf[%:(2,t)], R 2 col![%(3; 1)), and E, = colf[ey].
Apparently, E; = (L + B)P;.

The matrix forms of state variables py; and py; are as follows:

P =X — Xo,

S _ (15)
P,=X-R=X-R-R+E,
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with the following compact models:

Pl = X - XO/ (16)
Pz = —ke(L + B)Pl — kppz —A
Their adaptive rules are
é'yi = —kfke€1i¢'y(€i/ t), (17)

bi = Kslkeer]-

Remark 2. As shown in (17), the adaptive law of 571- contains an absolute value function |keeq;|.
This implies that 571- is an increasing function until the consensus tracking error €1 is 0. When this
parameter 571’ remains constant, it also indicates that the consensus tracking control objective of
this paper is achieved. It should be noted that this absolute value function |ke€y;| does not produce
chattering. In fact, this estimation value 571' compensates for the neural network fitting error e.;.
In the proof, how to ensure the convergence of the closed-loop error system will be further described
later on.

Theorem 1. The distributed observer given by (11) with the adaptive algorithm established
in (17) achieves the estimation of the leader’s states, i.e., lim; 0 ({; — x0) = 0foralli € Z, under
Assumptions 2 and 3, if

d
) 1
5y (1) <0 (18)
Proof. The positive definite Lyapunov function is

k 1

and its derivative is

Vi =k PlT(LJrB)(X—XO)—k (X—R—E+E7)T(L+B)P1—P2TA

29 7l+ 25 —kyP3 P,
. (20)
=ke(R — Xo)T(L+ B)P; + keR"E + Ze
— kpPy P, —keELE — PY A + 25
According to (17), we can obtain that
- 1 & s
keRTEq & ;6716% (21)
and
T T 1\t g - 2 5
*keE'yEl Py A+ — ks Z 571-(571' = Z |: — keeliew- — |ke€qi] (571‘ — (571‘)}
0 =1 i=1
< 22
<Y (Ikeenil -yl — lreel &) 2
i=1
<0
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Moreover, the composition rule reveals that Xy = y(xo, f); then,
R — Xo = col! [(;, t) — o]
v(Girt) — v (x0,1)]
= col! [ {(& 1} (&~ x0)] 23)
= —diag?[—%?(@i/ H1P

£ _EP.

= col}|

where ¢; € [min({;, x9), max({;, xo)]. E is positive definite; consequently,
Vi < —keP{E(L+ B)Py —k,P; P, < 0. (24)

Therefore, V; keeps decreasing until Py = P, = 0, which implies that P;(c0) — 0,
ie., lim¢ 00 (C; — x9) = O forall i € Z. The theorem is proven. [

4.2. Robust Tracking Controller Design

In the following, the design for a robust tracking controller will be shown for each
follower to track the corresponding estimates generated through a neural network-driven
distributed observer (11). Ultimately, consensus tracking from the followers to the leader
is achieved.

Based on the idea of the back-stepping method, the controller design process of the
second-order system (5) can be divided into two steps.

421.Step 1
Introduce a virtual control input v; and define the tracking errors as follows:
el = Xin — i, (25)
eip = Xip = Uj. (26)

When considering (5), (25), and (26), the dynamics of e;; are

éi = epp +0; +dip — 1);. (27)
Design the virtual control input v; as follows:

v; = —kuiey — diy + 1, (28)

where ky; is a positive constant, while dj; stands for the estimate of dj; produced by a
disturbance observer, which is shown later.
Consider the following Lyapunov candidate function:

1
Vg1 = §€i12- (29)
Taking the derivative of Vg1 leads to
Vg1 = —kyjen® — e (din — epn)

N

—kyilen|* + lea| (|4 + leia])
—kii(1 = 0)leal* — kuolen|* + leq | (|din| + lenl)
= —kyi(1—0)len|* — lea| (kuiclen| + |da| + len]),

(30)

where 0 < ¢ < 1, and d;; £ d;; — d;y is the estimation error of d;j.
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From the above equation, it can be derived that
. 2
Vi1 < —k1;i(1 —0)len|”, Vlea| > bp, (31)
where bg; = 7‘5"]]{'“6"2‘.
i0
According tlo Theorem 4.18 in [41], there exists tgy; > 0 such that

lei1 ()] < bp1i, YVt > tpy;. (32)

Thus, the tracking error ¢;; is bounded if e;; and d;; are bounded.

In the following, the disturbance observer is shown for estimating d;; based on the
barrier function to ensure that d;; is bounded.

An auxiliary system is formulated as follows:

Sit = @il — Xi1, (33)
where the dynamic equation of ¢;; is
¢t = Xip +din. (34)
Combining (5), (33), and (34) yields
s =din —djn. (35)

~

Based on the barrier function, d;; is given by

dn = —Ki (s (t))sgn(sin), (36)
e (8), Kt (1) = Kl
Ka1(t), K1 (t) = ka1lsin|, 0 <t < ty,
Ki(si1(t)) = . 37
1(si1(t)) { Kpl(sil) _ A1|i’\ls|i1\’t > 1, (37)

where k,; and Aq are positive constants, and f; is the time when |[s;;(t)| < A is satisfied for
the first time.

Theorem 2. When considering the system (35) under Assumption 1, if we adopt the disturbance

observer as detailed in (36) and (37) based on the barrier function specified in Definition 1, it can be
established that s; achieves convergence to the domain |s;1 ()| < Aq (%) within finite time.
Additionally, the estimation error for d;; exhibits bounded convergence.

Proof. From (35), it is obvious that
sin = di. (38)
By Definition 1, when s;; € [~A1, A1), Kp1(si1) € [0, 0]. According to Lemma 1, it can
be inferred that when t > t;, |s;;| < Ay, and thus, |d;; | is bounded. Meanwhile, it follows

dmax"rl
with with Assumption 1, both dj; and d;; are bounded such that d;; is bounded, and the
boundedness of the integral |s;; | further ensures that the fluctuations of d;; are limited. The
proof is complete. [

from Lemma 1 that s;; converges to |s;;(t)| < /\1< dmax ) in finite time. In combination

Remark 3. Barrier function-based disturbance observers (36) and (37) have only the requirement
that the disturbance be integrable and bounded, i.e., that it is capable of estimating bounded non-
smooth nonlinear disturbances.

42.2. Step 2

Next, we will show the design of the control input u; to ensure that e;, is bounded.
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Combining (26) with the second equation of (5) yields the dynamic equation of ¢;5:

én = fi(xin, xi) + i (xi, Xio)wi + dip + ki (xip +diy — 1) +dig — 7. (39)

We designed u; as follows:

1 7 7 .
i = m (7k2iel‘2 o fi(xil/ xiZ) - diZ - kli (xiZ + dil — 171) + 171-), (40)

where ky; > 0, and d;, is the estimate of d;,.
Consider the following Lyapunov candidate function:

1

Vpo = Eeizz- (41)
The derivative of Vp; is
Vo = —kajen” — eip (671'2 + kyidin — jil)
< —kalenl + lei| (|dial + kuldin| + | ) 42)
= —kai(1 = 0)leail” = lewol (kaicrleial + |l + kil | + | )
where djy £ d;y — djy is the estimation error of dj.
From (42), it can be derived that
Viy < —kai(1—0)en|”, Vlew| > ba, (43)
where bp, = —‘d’ZHkl"d’]H‘d”l
According to Tileorem 4.18 in [41], there exists tgy; > 0 such that
leia(t)] < bpai, Vt > tpy;. (44)

Theorem 2 and Equations (36) and (37) guarantee that dj; and d;q are bounded. Conse-
quently, the tracking error e;, is bounded as long as the disturbance estimation error dj
is bounded.

Similar to the previous step, the disturbance observer for estimating d;, was designed
based on the barrier function.

Likewise, the subsequent auxiliary system is formulated as

Si2 = Qi2 — X2, (45)
where the dynamics of ¢;, are given by
Pi = f(xi1, xia) + g (xin, Xiz) i + dlip- (46)

In combining the second equations of (5), (45), and (46), it can be obtained that

$p =dp —dp. (47)
Then, dj, is given by
dip = —Ka(sp(t))sgn(sio) (48)
e (6), Knn (1) = Fealsal,
KaZ t KaZ - kuZ 52 0<t S t2/
Kr(sip(t)) = 49
2( 12( )) { sz( 12) A2| ‘sl ‘,t > by, ( )
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where k;y and A, are positive constants, and t, equals the time when [sp(t)| < % is
satisfied for the first time.

It is obvious that Equations (47)—(49) have the same structure as Equations (35)—(37).
Therefore, it follows from Theorem 2 that d;, is bounded. As a consequence, ¢;; and e;j
are bounded.

Up to now, with the design idea of the back-stepping technique and based on the
barrier function disturbance observers (36), (37), (48) and (49), we obtained the robust
tracking controller composed by Equations (28) and (40).

Theorem 3. Under Assumptions 1-3, considering multi-agent systems (5) and (6) subject to
both matched and mismatched disturbances in combination with neural network-based distributed
observer (11), the control strategy u; achieves the bounded consensus tracking from the follower
state x;1 (i € ) to the leader state x.

Proof. Foralli € Z, define the tracking error of the ith follower with respect to the leader as
e; = Xj1 — Xo, (50)

which can be transformed into
ej = xjt — §i + i — Xo = ej + i — Xo. (51)

From the design process of the robust tracking controller, it is evident that for
be = max{bpy;(i € Z)}, there is a corresponding settling time t;, such that for all i € Z,

lei1 (t)] < be, Vt > 1. (52)

Disturbance observers (36), (37), (48) and (49) guarantee that b, is bounded.
According to Theorem 1, it is obtained that

lim (¢; — x0) = 0. (53)
Thus, for all i € Z and for t;, there exists a boundary b; > 0 such that |{; — xo| < by.
Hence, it can be obtained that for alli € Z,

ei(t) S b,Vt 2 th/ (54)

where b = b, + b, is the ultimate bound of the tracking error.
Subsequently, according to Definition 2, it can be deduced that the control protocol u;
is a bounded consensus tracking control. The proof is complete. [

The robust tracking control scheme was shown in this section. Initially, a distributed
observer based on neural networks was introduced to accurately estimate leader infor-
mation for all follower nodes. Subsequently, a robust tracking controller based on back-
stepping technique was developed, demonstrating the boundedness of the closed-loop
error system through the application of the Lyapunov-like theorem. Meanwhile, a barrier
function-based disturbance observer was designed to accurately estimate matched and
mismatched uncertainties among followers. Ultimately, bounded consensus tracking from
the followers to the leader trajectory is achieved.

Remark 4. It can be observed from (36), (37), (48) and (49) that for j = 1,2, the solution Sij reaches

= in finite tzme t]-'. At this point, the adaptive gain K; switches from K,; t.o .Kpj and remains as Kpj
thereafter. It is evident that as s;; — 0, K,j — 0. Consequently, K,; exhibits the same behavior as
|S,‘]'| . . e . Sij o |Sij| ~ |S,']'| . . . .

. in the vicinity of zero, that is, % < 1= Kypj(sij) = pyt o o vl This implies that if d;;
and s;; monotonically approach zero, Ky (s;;) will tend to zero as well. Hence, the discontinuity of
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the signal cfij only occurs once at time t; [37]. It is worth noting that ciij becomes continuous from
time t, and there is no chattering generated by (36), (37), (48) or (49).

Remark 5. In the simulation, to mitigate the chattering effect resulting from discontinuous
control signals, the emulation of the signum function sgn(x) is carried out utilizing function

a

tanh(ax) = % Here, parameter a may be set as a = 10, allowing for a smoother control

signal while closely approximating the characteristics of the signum function.

5. Simulation Results

Several simulation examples are presented to validate the efficacy of the proposed
distributed consensus tracking control scheme in this section. Here, we considered that
there are four followers and one leader, and Figure 2 depicts the communication topology
among the agents. Then, L and B were derived as follows:

2 -1 0 -1 14 0 0 0
-1 3 -1 -1 0 12 0 0
L= 0o -1 1 0 B= 0 0 0O
-1 -1 0 2 0 0 0O

Figure 2. The communication topology among agents.

In addition, we consider that each follower agent’s dynamics are characterized by the
longitudinal height channel model of a four-rotor UAV system. According to the previous
work in [42], the transnational dynamic model of the height channel of the four-rotor UAV

system is
X1 = Xjp +dj,
Cos ¢; cos 0;1; (55)
Xip = # —g+dp,

in which ¢; represents the rolling angle, and 0; represents the pitch angle of a follower
agent. The quadrotor’s mass is denoted by m, while U represents the total thrust force.
The acceleration of gravity is expressed as g. Additionally, d;, and d;, correspond to the
mismatched uncertainty and matched uncertainty, respectively.

The model parameters for the four-rotor UAV were chosen as m = 3 kg, ¢; = 0°,
6; = 0°, and, in the simulation verification scenario of this paper, ¢ = 9.81 m/s?. Fur-
thermore, d;; and d;; were regarded as follows: d;; = 0.2x;; + sin(0.27t) and dj, =
0.2sgn(xj1x12).

Moreover, the dynamics of the leading agent were taken into account as follows:

%9 = —0.4x0 + cos(*%) 4-0.02¢ + 1. (56)

A radial basis function (RBF) neural network was employed for the estimation of
v(x,t) utilizing Gaussian basis functions:
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(X*FA,,‘x,k)er(f*ﬂvit,k)z

oL (x,t) = Tk ke {1,2,.. by, (57)

The widths of the Gaussian basis functions were 7., x = 6, and the number of nodes
was h,; = 17 x 17. The centers (}1,ix k, fiitx) Wwere uniformly distributed within the range
[—25,25] x [0,50]. The initial conditions for the system were x((0) = 3.5, 8.,(0) = 0.
The observer gain and adaptive law parameters were k =10, ke =5,k, =5,and ks = 5.
Let Kg(0) = 5 and K,(0) = 10. The step of sampling was chosen to be 0.01 s. Additionally,
the control tracking parameters are presented in Table 1.

Table 1. The control parameters of each follower agent.

Parameter Value Parameter Value Parameter Value
kq 5 ka1 100 M 0.1
ko 10 kao 100 Ao 0.02

In [43], the authors addressed the consensus tracking control problem of second-
order uncertain multi-agent systems with mismatched and matched disturbances. They
designed a neural network-based consensus tracking control scheme and estimated the
compound uncertainties utilizing a neural network approximator. In the simulation, we
compared the differences between the controllers designed in this study and the controllers
designed in the literature [43]. The simulation and comparison results of the numerical
examples are illustrated in Figures 3-7. It is evident from Figure 3 that all follower agents
successfully tracked the leader’s trajectory, signifying the attainment of tracking control
within the multi-agent system. Figure 4 demonstrates the trajectory of the consensus
tracking error under the two control schemes. It can be seen that the control error judder is
more obvious using the control scheme from the literature [43], while the error trajectory
is relatively smooth using the control scheme designed in this study. In Figures 5 and 6,
the disturbance estimation errors are shown under the two control schemes. It can be seen
that the barrier function-based disturbance estimator designed in this study can effectively
achieve compensation for unknown disturbances compared to the neural network-based
estimation method in the literature [43]. Finally, the control input of each follower agent is
shown in Figure 7.

©
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The trajectory of @;(t)

[

—

The trajectory of x;; (t) and zo(t)

—20

10 20 30 40 50 0 10 20 30 40 50
Time(s) Time(s)

Figure 3. The position and velocity trajectories of agents, respectively.
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Figure 4. The consensus tracking error trajectories of follower agents. (a) The proposed controller.
(b) The NN-based controller in [43].
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Figure 5. The estimation error d;; trajectories of follower agents. (a) The proposed controller. (b) The
NN-based controller in [43].
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Figure 6. The estimation error dip trajectories of follower agents. (a) The proposed controller. (b) The
NN-based controller in [43].
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Figure 7. The control input trajectories of follower agents. (a) The proposed controller. (b) The
NN-based controller in [43].

6. Conclusions

This research delved into the intricacies of addressing the consensus tracking control
challenge in second-order multi-agent systems with both mismatched and matched uncer-
tainties. By integrating a neural network-based distributed observer, a barrier function-
based disturbance observer, and a back-stepping-based tracking controller, a robust tracking
control method was developed. This scheme enables the distributed estimation of leader
information, compensation for disturbances, and the effective tracking of the leader’s
trajectory by followers, despite the presence of uncertainties. Then, the stability of the
error system was demonstrated and established using the Lyapunov theory. Addition-
ally, simulation results are provided to validate the efficacy of the distributed consensus
tracking scheme. It is important to point out that in this paper, we consider that followers
can communicate with each other in both directions. In the future, there will be further
exploration of the tracking control problem for uncertain multi-agent systems under a
directed topology.
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Abstract: Chaotic or hyperchaotic systems have a significant role in engineering applications such as
cryptography and secure communication, serving as primary signal generators. To ensure stronger
complexity, memristors with sufficient nonlinearity are commonly incorporated into the system, suf-
fering a limitation on the physical implementation. In this paper, we propose a new four-dimensional
(4D) hyperchaotic system based on the linear memristor which is the most straightforward to im-
plement physically. Through numerical studies, we initially demonstrate that the proposed system
exhibits robust hyperchaotic behaviors under typical parameter conditions. Subsequently, we the-
oretically prove the existence of solid hyperchaos by combining the topological horseshoe theory
with computer-assisted research. Finally, we present the realization of the proposed hyperchaotic
system using an FPGA platform. This proposed system possesses two key properties. Firstly, this
work suggests that the simplest memristor can also induce strong nonlinear behaviors, offering a new
perspective for constructing memristive systems. Secondly, compared to existing systems, our system
not only has the largest Kaplan-Yorke dimension, but also has clear advantages in areas related to
engineering applications, such as the parameter range and signal bandwidth, indicating promising
potential in engineering applications.

Keywords: hyperchaotic system; linear memristor; strong complexity; topological horseshoe; FPGA
implementation

MSC: 93-08

1. Introduction

Hyperchaotic systems are a special kind of chaotic system with more than one positive
Lyapunov Exponent (LE) number [1,2]. hyperchaotic systems with more directions have
more complex dynamic behaviors than stretched ordinary hyperchaos with only a one-
dimensional direction. Therefore, it is widely used in chaotic communication [3], chaotic
encryption [4] and other fields [5].

In 1979, O. Rossler et al. [6] proposed the first hyperchaotic system. In the begin-
ning, many researchers have conducted in-depth and extensive research in this field, and
at the same time, many new Hyperchaotic systems have been proposed. For example,
Wang et al. [7] constructed a Lorenz-like 4D Hyperchaotic system by introducing a nonlin-
ear controller. Li et al. [8] proposed hyperchaotic memristive circuit by adding a quadratic
ideal memristor. V.T.Pham et al. [9] proposed a Hyperchaotic system with no equilibrium
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point. Lai et al. [10] constructed a hyperchaotic system with no fixed points and an infinite
number of coexisting attractors.

Among the aforementioned works, the primary focus lies in uncovering the intricate
dynamical behaviors concealed within the proposed systems. These theoretical analyses
and experimental observations are instrumental in comprehending the nonlinear opera-
tional mechanisms of these systems. However, while these discovered dynamic behaviors
hold significance, they may not always be advantageous, and in certain cases, they can even
prove detrimental to real-world applications. For instance, the transient nature of complex
behaviors, such as hyperchaos, is evident in many systems. Following a period of evolu-
tion, hyperchaos tends to degrade into conventional chaos. In the context of encryption
algorithms based on hyperchaos, this degradation can compromise confidentiality. For a
secure communication process reliant on a chaotic system, quality communication without
information errors can only be achieved when system parameters afford a wide range of
chaotic behaviors. Unfortunately, system properties crucial for engineering applications,
including complexity, parameter robustness, and signal bandwidth, are often overlooked.

Recently, researchers have shifted their focus to address the above-mentioned as-
pects related to engineering applications. For example, Mezatio et al. [11] developed a
6D hyperchaotic autonomous system by introducing a kind of two-order ideal memris-
tor. Xiu et al. [12] adopted multimemristors to trigger the strong hyperchaotic state in a
6D system. Chen et al. [13] proposed a 4D hyperchaotic system characterized by high
complexity. They further explored the system’s engineering-related properties from the
aforementioned perspectives. Thanks to its favorable engineering properties, this system
has demonstrated promising applications in various fields, including public-key cryp-
tography [14] and substitution-box construction [15]. Nevertheless, systems still possess
certain shortcomings, primarily stemming from the intricate coupling of multiple complex
nonlinear terms, which may pose challenges during specific physical implementations of
memristors or circuits. At the same time, whether the simplest linear memristor can lead to
strong complexity is an interesting and open problem.

Aiming at this limitation above, this paper proposes a new 4D hyperchaotic system
based on the simplest linear memristor. In order to study the properties of the system, we
first discuss the basic dynamic properties of the system through theoretical analysis and
dynamic analysis. Then, the properties of the system related to engineering applications
are analyzed. Moreover, based on topological horseshoe theory [16-18], the existence of
strong hyperchaotic behaviors is proved strictly. Finally, Field Programmable Gate Array
(FPGA) hardware platform successfully implements the proposed 4D hyperchaotic system.
Our study indicates that the linear memristor can also lead to strong and robust complexity.

To be summarized, the main contribution of this work covers three folds:

(1)  We introduce a new 4D hyperchaotic system by adding the simplest linear memristor
to the Qi chaotic system, showing the potential of the linear memristor in constructing
memristive systems with complex behaviors.

(2) We show that the developed system has a simpler structure and more intricate dynamic
properties relevant to real-world applications compared to previous research.

(3) We perform in-depth dynamic analyses, including fundamental dynamic proper-
ties, computer-assisted proof for the existence of strong hyperchaos and hardware
validation based on FPGA.

2. Related Work

The existing work for chaotic or hyperchaotic systems can be categorized into
two groups. The first one focuses on constructing new chaotic or hyperchaotic systems.
The representative works include: Wu et al. [19] proposed a hyperchaotic system with two
large positive LEs and studied the Hopf bifurcation transient transition phenomenon in
it. Qi et al. [20] proposed a system with strong hyperchaotic behaviors by introducing
linear feedback. Kuate et al. [21] constructed a new three-dimensional chaotic system
with up to eight coexisting attractors. The proposed system is multiplier-less, variable
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boost, and entirely based on Chua diode nonlinearity. Karawanich et al. [22] proposed
a chaotic system based on the concept of third-order jerk. Zhang et al. [23] developed
a simple non-equilibrium chaotic system with only one sign function. Besides, introduc-
ing memristors is a popular construction way. For example, by connecting two discrete
memristors with sine and cosine memristors in parallel, Zhang et al. [24] constructed two
novel dual-memristor hyperchaotic maps. Although many impressive research studies
continue to make progress, the system construction mentioned above is focused on find-
ing new dynamics. However, it does not adequately consider the challenges of physical
implementation and the robustness of the system’s behaviors, which limits its real-world
applications.

The second group focuses on the complex dynamics in chaotic or hyperchaotic systems.
These works are mainly in three lines. The first line focuses on the emergent mechanisms of
complex behaviors. For example, in the paper by [25], the authors discussed the mechanism
for generating hyperchaos from the micro-scale (intersection of homologous and hetero-
geneous orbits). Another paper by [26] discussed the evolutionary path from ordinary
chaos to hyperchaos using the topological horse theory. The second line focuses on some
interesting new dynamic phenomenons. For example, Tang et al. [27] found a new kind of
topological horseshoe in the phase space of a hyperchaotic system constructed by introduc-
ing memory element. Yu et al. [28] addressed the transient behavior mechanism analysis
of a new 4D chaotic system. The third line switches to systems with distinctive features.
For instance, systems without equilibrium points [10,29] has attracted much attention.
Within the context, the implicit dynamics, such as co-existence of multi-attractor [30,31]
and hidden attractor [32,33], were found and analyzed further. From the work mentioned
above, it is seen that these efforts have highlighted increasing system complexity, reported
new physical phenomena and revealed the hidden working mechanism, losing focus on
the system features closely attached to the real application.

In short, the study of new dynamic behaviors is an important topic in the field of
nonlinear science, but it is not the only theme. The purpose of this paper is to introduce a
new hyperchaotic system with excellent dynamic characteristics relevant to real engineer-
ing scenarios, such as system complexity, parameter robustness, and signal bandwidth.
Therefore, the proposed system contributes to the nonlinear community by enhancing
engineering applications. Additionally, to our knowledge, there are few works conducting
research from this perspective, which is the main motivation behind our work.

3. The Proposed Hyperchaotic System

The mathematical model of the proposed novel 4D system is modified from the
classical Qi system [34] by introducing the simplest linear memristor. According to [35],
the adopted linear memristor can be defined as the following general form.

w(t) = rx(t), ¢(t) = (v +kw(t))x(t) O]

In Equation (1), 7, v and k are constants; x(t) and ¢(t) are two complementary consti-
tutive variables standing for input and output of the memristor, respectively; w(t) is the
internal state variable. In practice, when x(t) and ¢(t) formulate the voltage and current
of a two-terminal electronic element, respectively, Equation (1) essentially represents a
flux-controlled memristor with linear memductance v + kw(t).

Combining the linear memristor above with the Qi system, we describe the novel 4D
system as Equation (2).

¥ =a(y—x)+eyz,
y=cx—by—xz
z=uxy—dz—¢p(w)x,
w=rx,

@

where (x,y,z,w) are state variables, ¢(w) = v+ kw and (a,b,c,d,e,r,k,v) are system
parameters. To present the complexity of the system (2), we perform a comprehen-
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sive numerical study from three aspects: (1) Basic dynamic behaviors, (2) engineering
application-promising characteristics, and (3) computer-assisted proof of strong complexity.
Furthermore, to verify the feasibility of the proposed system, a hardware platform based on
FPGA is built to verify the numerical results experimentally. These details are elaborated
in the following sections.

4. Basic Dynamic Behaviors

For the proposed system (2), when we take
(a, b, ¢, d, e 1k v)=(-39, 39, 15, 41, 123, -100, —35, 1), 3)

the LEs are LE; = 14.149, LE, = 8.421, LE3 = 0, LE4 = —63.475, namely the system (2) is
in a hyperchaotic state. In this paper, the LE computation uses the Jacobian method [36]
with QR-decomposition. The code lec.c is available at https://drive.google.com/file/d/
1sDXjSAjYKmmXSIiSN7zEvVuq58rKBmXg/view?usp=sharing. In the lec.c file, funtion
‘odesolve’ compute the trajectory of one step by local linearixed (i.e., the Jacobian method),
while the QR-decomposition is achieved by the fuction ‘qr’. Of note, the ‘odesolve’ is
different from the ODE45 function in Matlab, which is used for discussing the engineering
application-promising characteristics (Section 5). Specifically, ‘odesolve’ is a component of
our LE computation based on the Jacobian method. In contrast, ODE45 is a built-in official
Matlab function based on the Runge-Kutta method [37], computing the system’s trajectory
under a given time range containing multi-steps.

This specific parameter setting derives from a parallel random searching algorithm for
parameter identification, which is based on the LE computation and the basic parameters
of the Qi system. The corresponding hyperchaotic attractor in phase space is shown in
Figure 1.

In order to verify whether the attractor has 2D stretching during large 1D stretching,
we transformed the original continuous system (2) into Poincaré map by selecting an appro-
priate hyperplane and observed the distribution characteristics of the attractor. Specifically,
the same as previous work [38,39], we choose Poincaré intersection:

Pé{(x,y,z,w)|x:0,5c <0}, (4)

then Poincaré map H : P — P can be defined as: for any point

X2 (0,y,z,w) € P, ®)

H (x) stands for the intersection when a trajectory of the system (2) first return the section
P under initial condition of x.

The attractor of H is shown in Figure 2 where the attractor is distributed approxi-
mately on a 2D surface (Figure 2a). It shows that the system in one direction exists strong
compression, namely LE; < 0. In addition, the distribution shape of the attractor has a
certain area (Figure 2b), which indicates that the system trajectory has two directions of
stretching, namely, LE; > 0, LE; > 0.

It is not hard to find out that the new system (2) is easy to the conclusion:

ox  dy 0z Ju
AT AN
ox dy 0z OJw (6)
=—-a—-b—d=—-41<0.
where (X,y,z,w) # —(X,,%,W), therefore, the new system (2) is not symmetrical and
its dissipation.

The balance points of the hyperchaotic system (2) are found by solving the following
algebraic system of equations:
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a(y—x)+eyz=0
cx—by—xz=0

xy —dz+ ¢(w)x =0
rx =20

@)

From the lastest sub-equation in Equation (7), we have x = 0. Substituting x = 0 into
the second and third sub-equations, we get y = 0 and z = 0, respectively. Thus, w can be
any real numbers, i.e,, w € R. Namely, the system (2) has infinity equilibria as

so = [0,0,0, w]. 8

To explore the nonlinear dynamics of the proposed system at a large range of parame-
ters, we compute the spectrum of LE of the system (1) when parameter 40 < d < 56 with a
stepsize 0.25. The numerical results are shown in Figure 3a, from which it can be seen that
two positive LEs exist in the range of 40 < d < 51.5. The results show that our system can
robustly operate in a hyperchaotic state over a wide range of parameters. At the same time,
the bifurcation diagram with section hyperplane {x = 0, % < 0} is presented in Figure 3c. It
seems that the bifurcation outcomes align with the Lyapunov spectrum, indicating accurate
calculation of the LE. The initial condition for all computations above is (0.5,0,0.5,0.5).

(o) (d)
Figure 1. The hyperchaotic attractor in the phase space of the proposed system (2). (a) Projection in
x —y — z. (b) Projection in x — z — w. (c) Projection in x — z — w. (d) Projection in x —y — w.
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Figure 2. Attractor in phase space of the Poincaré mapping H corresponding to the proposed
system (2). (a) The side view. (b) Projection in y — z.
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Figure 3. The LE spectrum of the proposed system (2). (a) The first three LEs corresponding to the
expanding dimensions. (b) LE corresponding to the compression dimension. (c¢) The corresponding
bifurcation diagram.

68



Mathematics 2024, 12, 1891

5. Engineering Application-Promising Characteristics

In this section, we discuss four dynamical features related to engineering applications,
including (1) attractor complexity, (2) initial value sensitivity, (3) frequency spectrum and
(4) robustness of system parameters.

5.1. Attractor Complexity

In chaos engineering applications, hyperchaos attractors generate random signals.
The more complex the attractor means that it is more difficult to obtain all dynamic
characteristics of the original system by signal analysis and signal reconstruction. Namely,
the security properties of the generated signal are better. Generally, the Kaplan-Yorke
dimension [40] is used to evaluate the complexity of attractors, and it is defined as follows.

D
LE;
Dy = D+ : ©)
l; ILEp|
where the constant D satisfies the following relation:
D D+1
Y LE; >0, ) LE; <0 (10)
i=1 i=1

Based on Equation (9), we can calculate the Kaplan—Yorke dimension of system (2) and
compare it with six other typical systems. As shown in Table 1, system (2) outperforms all
the comparison systems. This result suggests that the attractor of system (2) is more complex
than those of the other systems. Notably, even when compared to the previously best-
performing system [13] with multiple complex nonlinear terms, system (2) still outperforms
it despite utilizing the simplest linear memristor.

Table 1. The Kaplan-Yorke dimension (Dgy) comparisons of typical hyperchaotic systems.

System Dgy LE, LE, LE; LE,
System [41] 3.197 0.119 0.049 0 —0.852
System [42] 3.105 4.409 0.049 0 —0.852
System [18] 3.114 1.349 0.256 0 —14.095
System [19] 3.198 12.08 7.731 0 —97.229
System [20] 3.278 13.46 3.478 0 —61.231
System [13] 3.324 26.05 11.39 0 —115.518
System (2) 3.356 14.149 8.421 0 —63.475

5.2. Initial Value Sensitivity

For some applications, like image encryption, the initial value sensitivity of random
signals is one of the key indicators. For dynamic systems, initial sensitivity can be mea-
sured the separating time, termed t;, when two tracks clearly separated from each other.
Meanwhile, at the beginning, the two tracks’ initial values are very close. In the simulation,
we select two different and sufficiently close points as initial values. They are respectively:

p, = [10,10,10,10],

(11)
p, = p, +[0,0,0,0.01].

Also, we employ the ODE45 function in MATLAB to calculate the corresponding
trajectory. The relative error and absolute errors were e~ '2 and e~ 7, respectively. At the
same time, another three typical hyperchaotic systems were selected as the comparison
systems. Their orbits were calculated under the same initial value conditions.

The comparison results are presented in Figure 4. The two rails of system [19], sys-
tem [20] and system [13] are separated obviously at ts = 0.9, t; = 0.55 and t; = 0.25
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respectively, whilst the separation time of the system (2) is t; = 0.15. These results indicate
that the system (2) is more sensitive to the initial conditions change.

1000
0
% 1000
-2000
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4
t
(c)
‘ ATl AR AR fmn pe
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(d)

Figure 4. Initial value sensitivity comparison in terms of tracking the behaviours of two close initials.
The results are in the x dimension. (a) System [19]. (b) System [20]. (c) System [13]. (d) The proposed
system (2).

5.3. Frequency Spectrum

For secure communication, signal frequency bandwidth is a vital feature. According
to signal theory, wider frequency bandwidth means signals comprise richer sine waves.
The increase in high-frequency components makes the signal spectrum structure more
complex, and the signals changes faster in the same time interval. Therefore, hyperchaotic
signals with large bandwidths are more difficult to capture and extract, thus achieving
secure communication purposes.

Here, we calculate the spectrum of the system [19], the system [20], the system [13],
and the system (2) through simulation experiments Among them, the first three systems
are used as comparison systems. In the calculation process, to eliminate the influence of
variable step size in the Runge-Kutta method, the sampling time series with a sampling
frequency of 400 is generated by interpolation, which was specifically realized by the
DEVAL function in MATLAB.

In Figure 5, we present the one-side frequency spectra of three comparison systems
and the system (2). The spectra values of y are normalized to be between 0 and 1. The same
to the literature [13], the effective bandwidth is defined as spectrum frequency area of y is
greater than 0.1. As shown in Figure 5d, the maximum effective frequency of system (2)
is 120 Hz. Of note, There is also a 16 Hz gap width near 50 Hz (from 39 Hz to 55 Hz).
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Therefore, the effective bandwidth of the system (2) is 104 Hz. Compared with the previous
best 83 Hz [13], the bandwidth of this paper is increased by 21 Hz, relatively increased

by 25%.
0.9 0.9
0.8 0.8
o 0.7 . 0.7
S 0.6 S 0.6
g £
505 £ 0.5
204 8 04
»n )
0.3 0.3
0.2 0'2
0.1 N 0.1 S
0 50 100 150 200 0 50 100 150 200
Frequency(Hz) Frequency(Hz)
(a) )
0.9 1 0.9 r
0.8 ] 0.8
., 0.7 1,07
G G
© 0.6 g 0.6
S 05| £05
k34 5]
3 047 | 204}
w2 w2
03¢ 1 03¢
0.2r 1 0.2r
0.1 0.1 924
0 50 100 150 200 0 50 100 150 200
Frequency(Hz) Frequency(Hz)
(0) (d)

Figure 5. Frequency spectrum comparison based on the one-side normalized frequency spectra.
The same to the literature [13], the effective bandwidth is defined as spectrum frequency area of y
is greater than 0.1; the spectra computation is implemented by the DEVAL function in MATLAB.
(a) System [19]. (b) System [20], (c) System [13], (d) The proposed system (2).

5.4. Robustness of System Parameters

In many practical applications, hyperchaotic systems are usually realized by employ-
ing physical circuits, and integrating them into the specific working system. However,
the circuit is inevitably affected by factors such as thermal noise, thermal accumulation,
electromagnetic interference, and so on, resulting in component parameter drift. Hyper-
chaotic systems with poor parameter robustness often degenerate into ordinary chaos or
long-period orbits, negatively affecting communication systems’ overall performance.

In this subsection, the parameter robustness of system (2) is discussed by the Lyapunov
exponential spectrum method.

Specifically, for each system parameter, we select a real number range with a width of
four, centring on a typical value of this parameter. Over this zone, we calculate the LEs of
the system (2) and collectively present the values as a LE-varying curve. For example, for
parameter a = —39, its corresponding changing range is [—41, —37]. Figure 6 shows the
results of the LE-varying curve of all seven parameters.
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Figure 6. LE spectrum as parameters gradually vary. From (a—f), the results of (a,b,c,e,r,k) are
presented, respectively (The result of d is presented in Figure 3).

From Figure 6, when all parameters of the system (2) have a drift of less than 2, the
system still has two larger positive LEs with little value, and the system (2) continues to be
hyperchaotic. Therefore, the system (2) can overcome hyperchaotic degradation caused by
parameter drift to a certain extent.

6. Computer-Assisted Proof of Strong Complexity

As is known to all, LE is a numerical method, which inevitably has the computation
error. Parameter selection significantly impacts the calculation results. It is not mathemati-
cally reliable to use it to judge system states. To fix this issue, in this section, we strictly
prove the existence of chaos of system (2) with typical parameters utilizing computer-
assisted proof.

Before proof, the symbolic dynamics and topological horseshoe are briefly introduced,
which is essential for rigorous verification of chaos and estimation of topological entropy.
If you want to know the detailed topological horseshoe and specific certification, you can
refer to literature [16,17].

6.1. Result of Topological Horseshoes Theory

Let Z,, is a sequence space that consists of all bi-infinite sequences with form as:

S={ S m e 5_1,50,51, 1Smr )y w2
sm€{1,2,---,m—1}.

Definition 1. Let 0 : X, — Xy, to be m-shift map: for every element of s, it satisfieso (s;) = Sj1 -

Mathematically, it is proved that ¥, is Cantor set. It satisfies three properties [43]: (1) has a

countable infinity of periodic orbits containing all periods; (2) has an uncountable infinity of periodic

orbits; (3) has a dense orbit. From those properties above, we know that dynamics generated by the

map o is sensitive to initial conditions, which means o is chaotic.
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Let X be a metric space, B be a compact subset of X and f : D — X be a map. Assume
that there exists m mutually disjoint compact subsets By, By, - - - , By, 1 < i < m. For each
B;, B} and B? indicate two disjoint compact subsets of B; contained in the boundary 9B;.

Definition 2 ([18]). Let I' is B; a compact subset, if for every subset | C By and I' N1 # ¢, then T’
is said to completely separate B! and B?, we denote it by T 1 (B}, B?).

Definition 3 ([18]). Let ' C B; be a subset, we denote that f(T') separates B; with respect to B]l
and BJZ, if T contains a compact subset I such that f(I") § (B}, BJZ) In this case that f(T) + B;

holds true for every subset T C B; with T { (B}, B?), we say that f (B;) separates B; with respect to
two pairs (B}, B?) and (B}, Bf),or f(B;) — Bj in case of no confusion.

Theorem 1 ([17]). If the codimension-one crossing relation f(B;) v+ Bj, hold for 1 <i,j < m,
then there exists a compact invariant set K C B, such that f|K is semi-conjugate to the m-shift map,
which is denoted by ., and the entropy ent(f) > log m. When ent(f) > 0, the map f is chaotic.

6.2. Horseshoe and Topological Entropy Estimation in Dynamics of Poincaré-Map

In order to apply the above Definition and Theorem, we first convert the original
continuous system (2) into the corresponding Poincaré-map. For the sake of simplicity,
the subsequent proof is based on the Poincaré-map H defined in Section 3. Here, we find
topological horseshoe geometry with 2D stretching, according to the algorithm for the 3D
hyperchaotic topological horseshoes proposed in literature [44]. Firstly, through a series
of attempts to find proper mapping zone containing periodic equilibrium points, the 2D
topology horseshoe consisting of A and B is found on the attractor of map H, as shown in
Figure 7. The four vertices of quadrilateral A in terms of (y x z x w) are:

VA = [—1.8569,25.3930, —5.8155], V4! = [—1.9594, 23.8266, —6.6488],

(13)
V' = [-1.9392,23.7987, —6.6054], V{* = [~1.7935,24.6516, —5.9051].
The four vertices of quadrilateral B in terms of (y x z X w) are:
VB = [~1.8569,25.3930, —5.5985], V§ = [—1.9594,23.8266, —5.9157], (14)

VP = [-1.9392,23.7987, —5.9126], VE = [~1.7935,24.6516, —5.1736],

——

A

-8 16

T

X
-1.4 -12 15 z
Y

Figure 7. The 2D horseshoes in the attractor of map H.

Following that, based on the obtained quadrilateral A, hexahedron a is constructed
through the following three steps:

(1) From the attractor of map H, the point near A is selected for surface fitting, and the
surface equation is obtained.
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(2) With the aid of this obtained equation, the normal direction of the centre of A is
calculated.

(3) A is shifted along this normal line’s positive and negative directions by 0.6, and
two curved surfaces are obtained. Taking the surfaces as top and bottom surfaces,
respectively, we can construct the hexahedron, namely the 3D subset 4.

In the same way above, we can construct 3D subset b, which is corresponding to B in
the 2D topological horseshoes.

Finally, the hexahedron a and b conduct six times Poincaré-map H respectively, a, b
and their images H®(a), H®(b) form geometric relations as shown in Figure 8. It is easy
to find that HS passes through both a and b clearly in the middle (Figure 8b), and there is
no contact between a and b (Figure 8c). Therefore, HS satisfied H®(a) + a, b. Similarly, by
observing the geometry presented in Figure 8d, Figure 8e and Figure 8f, we can find that
the H®(b) ~ a, b also hold.
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Figure 8. The 3D topoloical horseshoes. Top provides the case of H®(a) separates a, b where
(a—c) show the details in 3D view, side view and top view, respectively. Similarly, Bottom provides
the case of H®(b) separates a, b where (d—f) show the details.

Suppose that subsets a and b are considered as By and B, in Theorem 1, respectively.
Obviously, for any 1 < i,j < 2,H(B;) — B; is always is true. According to Theorem 1,
we know that on the compact invariant set A C a U b, the map H is semi-conjugate to the
2-shift map and ent(H) > log2. Given that X, is chaotic. Therefore, H must be chaotic.
Since that H®(a) and H(b) expand in two directions, the expansions along each trajectory
in A are also in two directions. So there must be exit two positive LEs. Therefore, the
system (2) is hyperchaotic.

7. Fpga Implementation

Hardware implementation of the chaotic system contains two kinds of methods. One
is to build chaos circuit with basic components of circuit [45], the other is to realize the
chaos circuit with the platform of FPGA. Among them, the first method has many problems,
because the phase diagram of the differential equation of the dynamical system built with
circuit components are displayed by analogue filter [46], which is challenging to deal with
a large amount of data in practical operation. The reason is that the circuit components
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will be affected by temperature, illumination, voltage, and other external factors, which
increases the instability of the chaotic system. It is difficult to apply this hardware to
achieve the method. Another method to realize the FPGA platform [47,48]. There are
two aspects of advantages. On the one hand, FPGA is a digital signal processing device
with high computational accuracy, widely used in multi-tasks [49]. It can strictly match the
two chaotic parameters of its sending end and receiving end, which effectively improves
the fidelity of the signal demodulated at the receiving end. On the other hand, the chaotic
signal generated by FPGA has good portability and high confidentiality, which makes the
circuit stable and not easily affected by external factors. It facilitates the further application
of the chaotic system, e.g., typical image cryptosystem [50,51].

It is well known that FPGA is a semi-custom digital integrated circuits. Thus, the
chaotic system’s hardware implementation based on FPGA must first discretize the contin-
uous system (2). Specifically, the sampling frequency AT must satisfy the chaotic signal
cut-off frequency greater than at least twice. This makes the discrete chaotic system show
dynamical characteristics closer to the system (2). The same to the other work [52,53], this
paper adapts Euler’s algorithm to discretize the system (2), which is described by:

x1(k+1) = [axp(k) — axg k)—l—exz( )x3(k)|AT + x1 (k)

x(k+1) = [cxq (k) —bxz (k) — x1(k)x3(k)| AT + x5 (k) (15)
x3(k+1) = [x1(k)xp(k) — dxs(k) — kx4( )x1 (k)] AT + x3(k)
xg(k+1)=rx (k)AT+x4( )

In Figure 9, we give the DSP-builder model of the system (2). Figure 10 shows the real
FPGA hardware platform and the experimental results displayed by the digital oscilloscope.
Clearly, as shown in Figure 11a—f, the chaotic attractor generated by the FPGA platform
well matches the numerical simulation results of MATLAB displayed in Figure 1. These
results confirm the feasibility of the proposed system.
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Figure 9. DSP-Builer model of the proposed system.
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Figure 10. The implemented FPGA hardware.

Figure 11. Tthe experimental results displayed by the digital oscilloscope.

8. Conclusions

Aiming at the core requirement of chaotic systems in engineering applications, a
new 4D hyperchaotic system based on the linear memristor is proposed and analyzed
comprehensively in this paper. Compared with existing systems, this new system exhibits
improved properties such as strong complexity, initial value sensitivity, bandwidth, and
parameter robustness. For instance, in terms of initial value sensitivity, our system relatively
increased by 40% compared with the previous best system. In terms of theoretical analysis,
we strictly prove the existence of the strong hyperchaos in given typical parameter condition.
In addition, the new system with hyperchaotic was realized based on an FPGA digital
development platform, which verifies the feasibility of the proposed system as a random
number signal generator.

Our future work will focus on two main issues: First, we will explore the impact of
the new dynamic characteristic of infinitely many equilibrium points. Second, we aim to
expand this research to include systems with multi-linear memristors, which is significant
for neuromorphic network research.
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Abstract: This paper investigates robust constrained cooperative control for multiple trains, taking
into account disturbances, velocity and control input constraints, and nonlinear operation resistances.
A robust constrained cooperative control algorithm is employed, utilizing position information from
neighboring trains to ensure each train operates within the desired formation. The effects of external
disturbances are examined through multiple transformations and the convexity of stochastic matrices,
resulting in an error bound for the final relative positions. This error boundary is correlated with the
parameters of the system matrix, initial state conditions, and disturbance amplitudes. The theoretical
findings are substantiated with a numerical example.
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1. Introduction

Railways play an important role in modern transportation [1]. Numerous research
efforts have been dedicated to improving train control systems. Early works on train control
primarily focused on cruise control for single trains. For instance, mixed control H, / He [2],
a robust adaptive control algorithm [3], adaptive iterative learning control [4], and velocity
difference control [5] were derived for high-speed trains to study cruise control problems.

The control of multi-agent systems has been extensively studied. The multi-agent
model was introduced to address the coordinated cruise control problem for multiple
trains [6,7]. In [8], cooperative control was used in multiple train systems. In [9], the pro-
posed event-triggered communication mechanism can reduce the effects of time delay on
the coordinated control of multiple trains effectively. Under a moving block signaling
mechanism, the adaptive control method was introduced to realize the coordinated control
of multiple trains in [10]. Based on the model in [10], the braking distance and redundant
safe distance were considered in [11]. Moreover, in [12], the robust constrained cooperative
control problem for trains was transformed into an optimization problem that can be solved
by the related optimization algorithms.

Additionally, addressing the cooperative control issue for multiple high-speed trains
with constraints, [13] proposed a cooperative control strategy that considers constraints. In
addition, there has been work focusing on energy-saving problems of coordinated control
for multiple train systems in [14,15] and the discussion of cooperative time in [16].

However, most of the above results assumed that each train operates under ideal
conditions without considering constraints and disturbances, which may lead to the poor
performances of those algorithms under actual scenarios. In [4,17,18], constraints were
addressed, but the results were given in the absence of external disturbances and uncer-
tainties. As high-speed railways extend for hundreds of kilometers, the movement of
high-speed trains is inevitably affected by complex environments [19]. Real-world factors,
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such as operational resistance, sensor measurement errors, and environmental disturbances
like wind and rain, impact the control performance. In [19-23], external disturbances and
uncertainties were studied, but it was assumed that the trains are not subjected to the con-
straints of states and inputs. There are few works that address the coexistence of constraints
and external disturbances simultaneously. Motivated by these practical challenges, we
investigate robust constrained cooperative control for multiple train systems considering
disturbances, velocity and control input constraints, and nonlinear operation resistances.

Our work extends the approach in [17] by incorporating external disturbances. The ro-
bust constrained cooperative control algorithm using information from neighboring trains
can guarantee that each train runs in the desired formation. The effects of external dis-
turbances are studied by using multiple transformations and the convexity of stochastic
matrices, based on which an error bound is given for the final relative positions, which
are correlated with the parameters of the system matrix, initial state conditions, and dis-
turbance maximums. The main contribution is the simultaneous consideration of four
different kinds of nonlinearities and the provision of an explicit upper bound for the effects
of external disturbances on robust constrained cooperative control of multiple train sys-
tems. This consideration enhances the robustness and reliability of train control systems in
practical scenarios.

2. Problem Description

In this section, we present the problem description of a multi-train system, considering
disturbances, resistance, and constraints on velocity and control inputs.

2.1. Graph Theory

Let G(Z,€) be a directed graph composed of n nodes, where Z = {1,...,n} and
€ € T x T denotes the edge set. Edge (j,i) € £ if node i can obtain node j’s information.
Each edge weight satisfies that a;; > ¢, for some constant ¢, > 0 if (j,i) € € and a;j =0
otherwise. The neighbor set of node i is denoted by N; = {j € Z: (i,j) € £}.

The Laplacian matrix of G is defined as [L];; = —a;; and [L];; = Z}Ll a;j for all i # j.
A path is composed of a series of edges such as (i1, 12), (i, i3), ..., where i; € Z. A strongly
connected graph is one in which there is a directed path between every node [24]. The
non-negative matrix C € R"*" is stochastic if C1 = 1 [25].

2.2. Model

Suppose a multiple train system with 7 trains. Each train is considered as one node in
graph G and is assumed to have the following dynamics

pi((k+1)T) = pi(kT) + v;(kT)T + wir (kT),
vi((k+1)T) = v;(kT) + [u;(kT) + w3 (kT)]T — r;(kT)T + wip (kT), ey

where p;(kT),v;(kT),u;(kT) € R are the position, velocity and control input for train i,
wi1(kT), wip(kT), and wj3(kT) represent the different disturbances, such as uncertainty in
the system parameters, sensor measurement errors, and uncertainty in air resistance, r;(kT)
denotes the operation resistance, k is the time index, and T represents the sampling period.
These disturbances affect the position, velocity, and control input of the trains, respectively.
Usually, the operation resistance consists of aerodynamic drag, and mechanical resistance
is assumed to have the following form, as in [26],

r:(kT) = co + cpv; (kT) + cav%(kT), ()

where the coefficients are ¢y > 0, ¢y > 0, and ¢; > 0. The first two terms represent the
mechanical resistance, and the third term is the aerodynamic drag. For simplicity, we use
“(k)” instead of “(kT)” in the following when no confusion can arise.

In actual situations, the velocity and input for all trains usually satisfy some constraints
due to the equipment restrictions. To this end, it is assumed that v;(k) € V; = [0,0y;] C R
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and u;(k) € U; = [05;, 0] C R for all trains, where 6;; > 0 denotes the maximum velocity,
0,; < 0 denotes the maximum braking acceleration, and 6,; > 0 denotes the maximum
forward acceleration, respectively.

Let Sx,[-] represents the saturation operator for a set X; = [{ p Zi], such that

i, §<x <

Sx;[xi) =4 Ci, x> 3)
gi’ x; < gi'

The system (1) with constraints is expressed as

pi(k+1) = pi(k) +0;(k)T + wi (k),
vi(k+1) = Sy, [vi(k) + Sy, [ui(k) + wiz (k)] T —7i(k)T 4 wip (k). (4)
According to reference [26], the operation resistance is far less than the maximum

braking acceleration and forward acceleration for trains. For simplicity of discussion,
the following assumption is given.

Assumption 1. Suppose that |0;| > «|ri(k)|, |65;] > x|ri(k)| for some constant x > 10.

Our objective of this paper is to analyze the effects of the disturbances in an explicit
manner when the trains move in the desired formation, i.e.,

,}gr;olpi(m —pj(k) —dy| =0 )

for all i and j. From reference [17], d;; can be regarded as d;; = d; — d; for all i,j € Z, where
d; and d; are two constants.

3. Main Results
3.1. Robust Constrained Cooperative Control Algorithm

For all trains, the algorithm proposed in [17] is adopted as

ui(k) = uyi(k) + uci(k)

i (k) = co + covi(k) + cav? (k)

uci(k) = —hi(v;(k) —vo) + ZN aii(pj(k) — pi(k) + dyj), (6)
JEN;

where h; > 0is a constant. It is assumed here that the desired velocity vy is known to all
trains because of the high requirements of safety.

u,;(k) is used to counteract r;(k) for all trains, and u.;(k) is used to ensure all trains
move in a desired formation by tracking the desired velocity vy.

3.2. Model Transformations

In this subsection, we introduce transformations and scaling factors to handle con-
straints and resistance.

3.2.1. Constraint Set Transformations

In system (4), due to input constraints, u,;(k) cannot compensate the operation resis-
tance directly. Here, we introduce the following equivalent transformations.
Let
Vi = [~v0,01; — vo]. @)

From reference [17,27], it follows that Sy, [v; (k)] — vo = Sy [v; (k) — vo].
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From the definitions of vy and V;, we have |Sy [x]| > B, £ min{vp, 0;; — vo} and
Sy.[x]| < B1i = max{vg, 01; — v} if Sy (x) # x. Define

Ui (k) = [0y; — ri(k), 02 — 1i(K)]. 8)

Then, we have Sy, [u; (k)] —ri(k) = Sg, () [ui(k) — ri(k)]. From (2) and Assumption 1, we
have ¢y < 7i(k) < cg + coby; + caf3..

Slmllarly, if Sy, [x] # x, we have Sy, [x]| = B, £ min{ |0y — co, |8 — (co +
coii +cabf;) |} and |Sp g [x]] < Boi = max{[0s — co, 102 — (o + cobl; + caff;) |}

3.2.2. Model Transformations
Define p;(k) = pi(k) — vokT — d;, and 7;(k) = v;(k) — vo.
It follows that

pilk+1)=pi(k+1) —vo(k+1)T — d;
= pi(k) +0;(k)T + wi (k) —vo(k +1)T — d;

= pi(k) +0:(k)T + w;1 (k)
vi(k+1)—vg
Sv; [vi (k) + Sg, (k) [1ri (k) + uei (k)

+wig (k) = 1i(k)]T + wip (k)] — vo
= Sy, [0i(k) + Sg, (k) [=hi0i (k) + wiz (k)

Y g (5(6) — (k)T + wa k). ©)

To remove the constraint operator S, [*], the following scaling factors py;(k) and py; (k)
are introduced for alli and k > 0,

Sy, Lf1i (k)]
p1i(k) = { fag il 70 (10)
1  fri(k) =0,
and S0 K]
0; (k) Lf2i
02i(k) = Fai(k) , fai(k )7& (11)
1 sz( ) =
where fli(k) = ﬁi(k) + SU( )[”a(k) + wz3(k)]T + sz( ) sz( ) - ”a(k) + wz3(k) Accord-
ing to the definition of p;;(k), we have HSV [f1i(k H < || f1i(k)||- Note that HSV [f1i(k H >0

and || f1;(k)|| > 0. It follows that 0 < py;(k) < 1. Analogously, we have 0 < p,;(k) < 1.
Applying algorithm (6), system (4) can be expressed as

pi(k+1) = pi(k) +0i(k)T + wi (k),

0i(k+1) = p1:(k)0; (k) — p1i (k) p2i (k)h;0: (k) T

+ p1i(k)p2 (k) ()T + p1i(k)wip (k)

+ p1i(k)p2i (k) wia (k) T, (12)

where a;(k) = ¥ p; aij (pj(k) — pi(k)). In system (12), the constraints of the velocities and
the inputs are removed by introducing p;(k) and py;(k). However, there still exists an
integral relationship between the states p;(k) and 7;(k), which makes the system analysis
hard to be proceeded. To this end, a further model transformation needs to be made.
Let
0i(k) = pi(k) + civi(k), (13)
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where ¢; is a constant. It follows that

pilk+1) = (1- £>ﬁi<k> + C%z-(k) +wn (K),

Bilk+1) = (1 3 o)1 — o (BT Pi(k)

+ (ol (1 =2 (DT (8
+ cip1i(k)p2i (k)i (k) T + cipyi(k)wia (k)
+ cip1i(k)p2i(k)wiz (k) T + wiq (k). (14)

Let (k) = [p1(K), 51.(k), ..., pu(k), 0 (K)]T, and M(k) = diag{M; (k), ..., My (k)} with

Mk = l M) My(h ] )

where diag{Hj, ..., Hy} denotes a block diagonal matrix with H; as the ith diagonal ma-

trix block for all i € {1,2,...,m}. Let Myi(k) = 1 — L — p3;(k) (1 — o () T), May(k) = L +
. O 0 .

01i(k) (1 — poi (k)1 T), Q=diag{Qy, ..., Qu} with Q= Py (k)=diag{p11(k), ..., p1n (k) },

Py (k)=diag{021(k), .., p2n(k)} and P(k)=P; (k) P,(k ) = diag{p11 (k)o21(k), -, p1n (k)20 (K)},

F = |:’?" 8], Cdl(k) = [wn(k),..., Wnl(k)]T/ WZ(k) — [wlz(k),--.,wnz(k)]T, and

w3 (k) = [wia(k), ..., wxs(k)]T.
Write system (14) in a matrix form:

p(k+1) = {M(k) = Q[P(k)L @ F}y (k) + w(k), (16)

where w(k)=w; (k) ® [1,1]T + Q{[Piwa(k) + TPws(k)] ® [0,1]T}, and ® denotes the
Kronecker product.

3.3. Convergence Analysis

In this subsection, we analyze the convergence of the robust constrained cooperative
control algorithm for train systems.
Before the main analysis, some results are presented.

Assumption 2. Suppose that @1 = max; ;{|wi1 (k)|}, @2 = max;  {|wir(k)|}, @3 = max;

27,2
{lwa(®)|}, 0 < BT < 1and q; = max[L]; < %for all i and k > 0, where
i = min{ﬁ (B +”171(maxls{|ll]l(0) — s (0)[} +4n(@1 + iz + ¢;@3T)) + @3),1}. Let
i = h ; it is clear that q; < 2

Lemma 1. Under Assumptions 1 and 2,

B..
Mmi = m < Pli(k) <1, (17)
1 1
and
12 < p2i(0) < 1. (18)

Proof. Since S, () [—hi0i(k) + a;(k) + wi(k)] € U;(k) and 6;(k) € V;, it is clear that
6 < B Sy WO ) o)< B and 810+ S )+ +
wi3(k)]T+w12( ) < Bii + BT+ @ O
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Therefore, we have

MM < Pli(k) <1 (19)
for alliand k > 0. Also, from the definition of py;(k), p2i(k) = 1if S ) [—hivi(k) +
a;(k) + wiz (k)] = —h;vi(k) + a;(k) + wiz(k), and Sg, ) [—hivi(k) + ai(k) + wis(k)] = B,
if S, (i [—hiti(k) + a;(k) + wiz (k)] # —hii(k) + a;(k) + wis (k). Note that [Sy, (x)| < B1y;

therefore, we have p;(0) > min{ézl./(@ + ngimax; s {|1;(0) — s (0)|} + 4n(@1 + cij0p +
Cl'(D3T) + (03), 1} .
Hence,
02i(0) = 12, (20)

for all .

Lemma 2. Under Assumptions 1 and 2, the system matrix ¥ (0,0) is a stochastic matrix with all
nonzero elements larger than a positive constant.

Proof. Under Assumptions 1 and 2, from Lemma 1, we have ¢; = ﬂz%h' > pz»(zo)h-' Itis
found that = - < £2i (O T )h <l > and
1= == p1(0)(1 — p2:(0) 1 T)
1
T
= + 02i(0)1; T
1
p2i(0)h; T
- 2
> 0. (21)
Consider that [L]; < g; < Clz It is found that
T
1= == p1i(0)(1 = p2:(0)1;T) — ¢ip1(0)p2i (0) T[L];
1
le(z)h T _ CiQiT
T T
Z -
¢ C
=0. (22)

Note that ajj > Ca if ajj # 0. Thus, all elements of ¥(0,0) are non-negative. Also, note that the
sum of each row in M(k) is 1 and L1 = 0. It follows that ¥(0,0)1 = M(0)1 = 1. Therefore,
¥(0,0) is a stochastic matrix with all nonzero elements larger than a positive constant. [J

3.4. The Effects of External Disturbances

In this subsection, we discuss the system in the presence of external disturbances,
ie, @ # 0,0, # 0and @3 # 0. By considering disturbance models, we assessed the
algorithm’s robustness and its ability to ensure that the trains reach a desired formation
with bounded relative position errors despite external disturbances.

Let fi = min {255 — 4% 20&T} Ay — g2 and Ay = 2n(@1 + ¢@; + ;@3 T). Let

¥(k,s) =TI _{M(l) - Q[P(I)L® F]} System (16) is equivalent to

k-1

Pplk+1) =¥(ks)yp(s) + Y (Y(k 1+ Dw(l)) +w(k), (23)

I=s
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forallk > s.

Lemma 3. Under Assumptions 1 and 2, py;(k) > 11,; for all i and the system matrix ¥ (k, k) is a
stochastic matrix with all nonzero elements larger than a positive constant fi for 0 < k < 2n.

Proof. Under Assumptions 1 and 2, according to Lemma 2, ¥(0, 0) is a stochastic matrix. It
follows that max; ;(1) — min; ¢;(1) < max; ¥;(0) — min; ¥;(0) + 2(@1 + ;@ + c;@3T) <
max; s {|1;(0) — 9s(0)|} + 4n(@1 + cjy + ¢;@3T), and we have pp;(1) > 1, similar to
Lemmas 2, ¥ (1, 1) is a stochastic matrix with all nonzero elements larger than ji. By analogy,
02i(k) > 1o; for all i and ¥ (k, k) is a stochastic matrix with all nonzero elements larger than
pifor0<k<2n 0O

Theorem 1. Consider that G is strongly connected and max; ¢{|1;(0) — 1s(0)|} > 2 4+ 2M. Un-

der Assumptions 1 and 2, applying control algorithm (6), all trains finally run in a deszred formutzon

with some certain relative position errors, i.e., — % —2A; < klim [pi(k) = pj(k) — dij] < 3 +222.
—00

Proof. From Lemma 3, p,;(k) > #y; for all i, and ¥ (k, k) is a stochastic matrix with all
nonzero elements larger than i for 0 < k < 2n. It is proven that ¥(2n — 1,0) is a stochastic
matrix and from [reference [28], Lemma 2], we have

¥(2n—1,0)); > Ay = 2, 1)
foralli,j € {1,2,...,2n}. It follows that
2n—2

Pp(2n) =¥ (2n —1,0)9(0) + Y (Y(2n — 1,1+ Dw(l)) + w(2n —1). (25)
1=0

Note that max;( ¥ (¥(2n — 1,1+ Dw(1)) + w(2n — 1)) < As.
=0

Construct a ijapunov function as

V(k) = max{y;(k)} — min{ys(k)}. 26)
From (24), it follows that

max{s(2n)} <(1 - Ag) max{ps(0)} + A min{ys(0)} + Az, @)
and

min{s(21)} (1~ Ay) min{ys(0)} + Ay max{$s(0)} — Az, 8)

As a consequence,
V(2n) = max{i:(2n)} — min{g (2n)}

< (1= 220 (max{(0)} — min{p(0)}) + 202
= (1—2A1)V(0) + 2A;. (29)

Then,
V(2n) = V(0) < =2A1V(0) 4+ 275 = =2A1[V(0) — Ax/A4q]. (30)
O

It follows that V(2n) — V(0) < 0, p2i(2n) > 115; and ¥ (2n,2n) is a stochastic matrix
with all nonzero elements larger than ji. ¥(2n,1) is also a stochastic matrix with all
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elements larger than 72". Similar to (27)-(29), it can be proven that V(2n + 1) — V(1) <
—2M[V(1) = A2/ 4]

Note that when V(1) > Ay/Aq, V(2n+1) — V(1) < 0. When V(1) < Ay/Aq,
from the stochasticity of ¥(2n,1), under Assumption 2, max; ¢;(2n + 1) — min; ¢;(2n +
1) < max; (1) — min; (1) + 2(@1 + ci@2 + ;@3T) < Az/A + 21y < max; §;(0) —
min; ;(0) + 4n (@1 + ¢;02 + ¢;@3T) and pp;(2n + 1) > 1. ¥(2n +1,2n + 1) is a stochastic
matrix with all nonzero elements larger than fi.

By analogy, p2i(k) > #2;, and ¥ (k, k) is a stochastic matrix with all nonzero elements
larger than ji for all i and k > 2n. We have klim V(2kn) < j\\—f +2A; and I}lim V(2kn +

—00 —®

1) < % +2A,. By analogy, it can be proven that I_{lgrolo V(2kn +k) < % +2A,, where
0 < k < 2n — 1. Hence, klim V(k) < % + 2A;. Finally, from the relationship of p;(k), y;(k),
— 00
and V(k), it follows that —% —2A; < klim [pi(k) — pj(k) —dij] < % —+2A; forall i, j.
—00

4. Simulation

Consider a multiple train system with four trains. Suppose that the communication
graph is as given in Figure 1, where the weight of each edge is 0.01. The maximum ve-
locity of the trains, denoted as 0y;, is 85 m/s. The control input parameters h; and ajj
are set according to selection rule given by Assumption 2. The control input constraint
setis U; = [—2 m/s? 2 m/s?]. The coefficients of r;(k) are ¢g = 1.176 x 10~2 N/kg,
¢y = 7.7616 x 1074 N -s/(m - kg) and ¢, = 1.6 x 107> N - s>/ (m? - kg). The desired rel-
ative positions of all trains are set as d1p = d3 = dzq4 = 8000 m. The sampling time T is
0.8 s. The initial states of four trains are given by p;(0) = 27,000 m, p(0) = 18,500 m,
p3(0) = 7500 m, ps(0) = 0 m, and v1(0) = v2(0) = v3(0) = v4(0) = 0 m/s and
vg = 80 m/s. The feedback gain is h; = 0.3.

Figure 1. The directed communication graph.

Based on Theorem 1, when the controller coefficients are determined, the amplitude
of disturbances needs to establish j\\—f +2A; < djj for any d;; > 0. Accordingly, sup-

pose that the disturbances are wy;(k) = 0.1 m, wyp(k) = 0.1 m/s, wy3(k) = 0.01 m/s?,
wr(k) = —01 m, wp(k) = 02 m/s, wy(k) = —0.01 m/s?, w3 (k) = 0.1 m,
w3y (k) = —0.1m/s, wz(k) = 0.01 m/s?, wyi (k) = —0.1 m, wyp(k) = —0.2 m/s, and
wy3 (k) = —0.01 m/s%.

Figures 2 and 3 show the states and control inputs of all trains. The distances between
neighboring trains are shown in Figures 4 and 5. The results indicate that all trains will
finally move in a desired formation with some certain relative position errors. By calcula-
tion, klgl; |pi(k) — pj(k) — dij| <7694 m. The original relative position of 8000 m plus the

maximum potential error of 7694 m, resulting in a total distance of 15,694 m, is acceptable
because it meets the current safety requirements based on practical scheduling guidelines.

By taking disturbances into consideration, we assessed the algorithm’s robustness
and its ability to ensure that the trains reach a desired formation with bounded relative
position errors despite external disturbances. The simulation results indicate that trains
successfully keep the desired formation with bounded relative position errors despite
external disturbances, demonstrating its effectiveness in disturbance scenarios.
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Figure 2. The position trajectories of all trains (a) in the presence

absence of disturbances.
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Figure 3. The velocity and control input trajectories of all trains (a) in the presence of disturbances

and (b) in the absence of disturbances.
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Figure 4. Relative position trajectories between neighboring trains (a) in the presence of disturbances

and (b) in the absence of disturbances.
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Figure 5. The error trajectories | pij — dij\ (a) in the presence of disturbances and (b) in the absence
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of disturbances.

5. Conclusions

This paper studied robust constrained cooperative control for multiple train systems
with disturbances. A robust constrained cooperative control algorithm using position
information of neighboring trains is employed to guarantee that all trains can run in
a desired formation. The effects of disturbances on robust cooperative control, input
constraints, and velocity constraints for multiple train systems were considered, based on
which an explicit upper bound is given for the final relative positions, which are related
to the initial state conditions and the disturbance maximums. This work might be the
first effort to identify the specific impact boundaries for multiple train systems under the
influence of external disturbances. This paper demonstrates that the robust constrained
cooperative control method enables the safe operation of multiple trains systems under
these nonlinearities, enhancing the robustness and reliability of train control systems in
practical scenarios. Future work could be directed to consider communication delays and
collision avoidance.
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Abstract: Addressing input saturation, external disturbances, and uncertain system parameters, this
paper investigates the position tracking control problem for bilateral teleoperation systems with a
time delay communication channel. Based on a composite energy function, we propose an adaptive
iterative learning control (AILC) method to achieve the objective of position tracking under the
alignment condition. This extends the existing research on the control of nonlinear teleoperation
systems with time delay. The saturation constraint property of the Softsign function ensures that
no state of the system exceeds its constraints. The controller learns to simultaneously deal with the
uncertainty of system parameters online, reject external disturbances, and eliminate positional errors
along the time and iteration axes. All signals in the system for any constant time delay are proved
to be bounded. Ultimately, the performance of the proposed controller is further verified through
numerical simulations.

Keywords: adaptive iterative learning control; position tracking; input saturation; nonlinear teleoperators;
time delay

MSC: 93C10

1. Introduction

Known for the complexity of their nonlinear dynamics, bilateral teleoperation systems
consist of a human operator, local manipulator, communication channel, remote manipula-
tor, and environmental interaction. These systems are utilized in a wide range of real-life
applications, such as space and deep-sea exploration [1,2], telerehabilitation training [3],
nuclear waste disposal [4], and other challenging tasks in multiple fields [5-8]. Despite
the complexity of the system and precision of the control objectives having improved,
the development of teleoperation systems continues to face issues with input saturation,
asymmetric time delays, limited input, and external disturbances [9-12].

In the past two decades, multiple methods have been proposed to deal with the
above problems for robotic manipulators. A simple proportional-derivative (PD)-like
controller was presented in [13] to allow positional tracking in nonlinear teleoperators
under variable time delays. Other control stages have employed fuzzy system to estimate
the system’s uncertainties and eliminate nonlinear actuator faults [14]. Recently, an adaptive
proportional damping control method was introduced in [15], where the authors added
error-damping, operator force, and environmental force. The actuator saturation was
addressed with an auxiliary compensation filter [16] and a proportional-plus-damping
method [17,18].

Among the research investigating nonlinear teleoperator control, most methods
achieve position tracking when the time converges to infinity. To achieve high-precision
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positional tracking within a fixed finite time interval, research on iterative learning con-
trol (ILC) has gradually developed, based on the assumption that robot manipulators are
generally used in repetitive tasks [19-22]. As an intelligent control technology, ILC aims to
improve the control performance from operation to operation [23,24].

Classical ILC of robotic manipulators based on classical contraction mapping theory
imposes strict requirements with respect to knowledge of the robot dynamics [25,26].
Consequently, AILC has gradually become popular with researchers thanks to its feature of
iteratively estimating uncertain parameters before generating the current control inputs. In
general, projection or dead zone mechanisms are employed to construct an adaptive law in
the iteration domain [27,28]. Scholars have focused on the fully distributed coordination of
a time-varying global Lipschitz system with input saturation [29]. However, this imposes
the stringent requirement that the initial state of the system be reset to the initial point of
the desired trajectory. To relax this initialization condition, [30] proposed using an initial
rectifying action to eliminate the undesired effects caused by impulsive action. Following
this line, a new method was presented in [31,32] which simply required that the system
start from where it stopped in the previous iteration. On the other hand, none of the above
works addressed input saturation or time delay. Considering the state and input variables
along the time and iteration axes, the stability of closed-loop teleoperation systems is
worthy of further research.

Based on the above literature review and analysis, we consider the tracking capabilities
of teleoperation systems from the perspective of ILC. The main contributions of this paper
are summarized as follows:

(1) To relax the strict requirement for the application of ILC, we introduce a composite
energy function as a tool for analyzing the stability under the alignment condition,
which extends the results presented in [20,23,27,30]. Verification of the boundedness,
non-increasing, and convergence properties is carried out successively.

(2) By expanding the preliminary work in [29-31], we propose a dual-loop AILC scheme
for teleoperation systems. A D-type ILC loop is nested within a main loop constructed
by the controller and system states. The proposed AILC accounts for parametric
uncertainties, external disturbances, input saturation, and time delay.

(3) In comparison with [10,14,29], two adaptive laws are provided to deal with the
uncertainties of the system parameters in an online manner while rejecting external
disturbances. To compensate for the nonlinear input saturation, a Softsign activation
function is designed with the saturation constraint property. Ultimately, the position
errors simultaneously converge to 0 in both the time and iteration domains.

The rest of this paper is arranged as follows. Section 2 states the dynamic model of the
teleoperation systems and some preliminaries. In Section 3, based on the composite energy
function, a position tracking control scheme is developed through a dual-loop adaptive
scheme. Section 4 provides analysis of the simulation and experimental results, followed
by the conclusions in Section 5.

Throughout this paper, we employ the following notation: R := (—o0,00), Ry :=
(0,00), R>p := [0,00). For any function g: R~y — R", the square of the £,-norm is defined
as|gll, == (fy |g(t)|2dt)% and the Le-norm as ||g||, : sup;~ |g(t)[- The £; and L, spaces
are represented as the sets {g: R>o — R" : ||g||, < oo} and {g: R>¢p — R": ||g]|,, < oo},
respectively. Moreover, sgn(x) is the signum function, I;; denotes an n-dimensional column
vector with all elements equal to I, and I, represents an identity matrix of size n.

2. Preliminaries and Problem Description
2.1. Dynamics of Teleoperation Systems

It is assumed that the manipulators are modeled as a pair of serial links with identical
degrees-of-freedom (DOFs), that they possess actuated revolute joints, and that friction can

be neglected. We consider the teleoperation system illustrated in Figure 1, which has the
following dynamic behavior [33,34]:
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D}y (@) + Chu (@, d) G + G (@) = Pr % sat<§':z,1) + W)y + fi

; )
Dl(qlyil + Cltal )il + Gl = pex sat (2,1) +wl —

where i = {m, s} denotes local or remote robot manipulators, respectively; the superscript
j € Nrepresents the iteration index; qg, qﬁ, qﬁ € R" are the accelerations, velocities, and joint
positions; D/(g}) € R"™" is the inertia matrix; Cl(q,, ) e R>n represents the Coriolis
and centrifugal matrix; Gf (q{) € R™" is the gravitational vector; Ti] € R" is the vector

of the control signal; wf denotes the uncertain external disturbances; f;, and f. € R"
represent human operation; v = [}, 75, .. ., T;{]T, with T; (p=1,2,...,n) being a positive
constant, denotes the upper bound on the magnitude of the control input; and the matrix
Pr € R™" is defined as Pr = diag(7{,75,...,7,). The saturation function sat(x) will be
elaborated later.

Communication External
Channel force
7'y 7'y Remote
. . robot
Local Remote |—»
Controller Controller [— v

Figure 1. Teleoperation system based on 2-DOF mobile manipulators.

The robot dynamic models possess the following important properties [35,36]:

e P1. Positive definiteness: For any q?, the inertia matrix D{ (qf) is uniformly positive
definite, i.e., two positive constants « and f ensure that

0 < al < gl Di(g)) < BI < co. )

*  P2. Skew-symmetric property: The Coriolis and centrifugal matrix C{ (qf:, q{) can be
appropriately selected such that D!(q}) —2C(q/, 4}) is skew-symmetric.

e  P3. Linear in parameter: For any differentiable vector { € R", the dynamics can be
linearly parameterized such that

Di(a)& + Ci(a}, 4)S; + Gi(a)) = Y] (a4}, ], E)es, ®)
where 0; € R" represents an unknown constant vector of the manipulator physical
parameters and the regressor Y/ (g, 4}, &, &) € R"*7 is the map of known functions.

e P4. Boundness of Coriolis forces: The Coriolis forces are bounded as ‘v’qf, qﬂ e R" 3
ke, € R+ such that
2

ICl(ql,d})| < ke,ld)] )

Assumption 1 ([10,32]). In teleoperation systems, the alignment condition is explained as the
initial state of robot at the current iteration being the final state of the previous iteration, i.e.,

41(0) = 47 (Ty), 41(0) = 41 (Ty).
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. . . ' T
Assumption 2 ([37]). For an uncertain external disturbance wé, let w; = [wi, W, ..., Wiy

bounded by W; = [W;1,W; 7, . - .,E,«/n]T, with all elements being positive |w{| < w{fori € {m,s}.

2.2. Description of the Softsign Activation Function

In this work, we propose a dual-loop AILC scheme based on the Softsign activation
function. The mathematical expression takes the form below, as shown in [38]:

X

Softsign(x) = EES (©)
Softsign (x) = m (6)

where x serves as the independent variable of the aforesaid function and the value of
Softsign(x) shows asymptotic convergence to 1 as x approaches positive infinity or to —1
as x approaches negative infinity.

The Softsign function is a bidirectional soft saturation “S-type” activation function
with smoothness, strict monotonicity, and saturation, which facilitates efficient learning
and mitigates gradient vanishing. The input value of the Softsign function is small, and its
output value exhibits nonlinear features in the vicinity of zero, which helps to alleviate or
even eliminate the influence of jitter and in many cases to obtain a smooth control input
without chattering phenomena.

We now introduce the learning gain parameter p and linear regulator e to accommodate
the control requirements:

f(p,x,€) =px Softsign(g). (7)

Notably, the learning gain p alters the range of function values, while the linear
regulator e can adjust the magnitude of the function and the rate of change. As € approaches
infinity, the output of f(p, x, €) tends toward linearization, with a synchronous decrease
in slope.

The sigmoid function, tanh function, Softsign function, and their derivatives are
depicted in Figure 2. It can be seen that the sigmoid function and tanh function are more
saturated than the Softsign function. By assigning a more slowly decreasing derivative, the
sigmoid function shows a softer torque release strategy, indicating that it can reduce the
possibility of oversaturation and the time to reach stability when the input torque is large
for system. Therefore, the Softsign function learns more efficiently and solves the problem
of gradient vanishing better than the sigmoid or tanh functions. Considering the above
analysis, it is suitable for use in the design of an iterative learning controller.

T T T T
1 - T YT TR U S e e e e e e ——
05 ,
0 =

Softsign(x)

Softsign'(x)
el — — =Tanh(x) I

= = =Tanh'(x)

P Sigmoid(x)

L e e - feeaas Sigmoid'(x) ||
1 1 1 1 1 1 1 1 1
-10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 2. Saturation activation functions.
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2.3. Input Constraint
For the vector u{:(t) = P, x Sof tsign(%) — x/(t) (where uf(t) is a continuous function,

P, is diagonal matrices with P, = diag(y1,1,...,1x), and x/(t) indicates a continuous
system condition signal), the vector-valued function Softsign(%) is defined as

T
Softsign(}j) [Softszgn(m> Softszgn(m) Softszgn(inﬂ , 8)

where Zp, ’7p(P =1,2,...,n) denote the pth elements of vectors z and 7, respectively.
To facilitate the subsequent control design, the saturation input function sat(x) is
designed as follows:

j J 1, W) >1
(t i ' )
sat(u’u(*),l) :sgn(ug(t))mm{‘ al )= WfJ;”/ ()] <1 )
1, () < -1

where u* > 0 stands for the upper bound in magnitude of the function u Usmg the
definition in (9), the vector-valued saturation function is presented as follows

. T
) T/ T/ 7/

sat| 4,1 | = |sat| 2,1, sat| 2,11,..., sat| 22,1 (10)
T* T T *

where T{%(p = 1,2,...,n) denotes the pth element of the vector Tij .

j , J
Py x sat(ui;t)J) =Py x sgn(uﬁ(t))min{wz?(m,l}. (11)

e P5([39]). Input saturation: For the vector u?(t) = P,Sof tsign(%) — x/(t), the satura-
tion input function sat(*) follows

Py x sat (ui;t),l) - u{(t)

3. Adaptive Iterative Learning Controller Design

This can also be
written as

<A@ (12)

The objective of this paper is to develop an adaptive iterative learning controller T for
a system of robot manipulators under the alignment condition. The states of local and remote
robots synchronize when the derivatives of their velocities and position errors asymptotically
approach zero; that is, we expect to ensure that q’% — eﬂ —0asj— oot €[AT]

The actual positional errors for a constant time delay T between the local and remote
robot are provided by

eh = ql(t—T) = qhy
{ ; ‘}( Gm (13)
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To facilitate the controller design, an auxiliary variable is defined as follows:
rﬁ = q§ — vef (14)

where v denotes a diagonal positive definite matrix. Differentiating the dynamic model of
the auxiliary variable rﬁ, by virtue of (1), (14), and P3 leads to

Dl (@) + Chy (Fhe, )y = Pr t(l) Wyt fiy = Yy (@l s ehr )
. (15)
Dl + Cligh, diyrl = Pr sat(ii,l) vl — fo—Yid,dl,,él)

By applying a dual-loop AILC scheme for the local and remote manipulators, the
controller for the teleoperation system (15) is provided as follows:

(r) = on( 20 _ ks
4)1:(t) = Py x Softszgn( 5 ) kir; 16)

T (t) = ¢L(t) — Tl + Y/ (4}, 4))0) — Bel

1
where controller gains k; are positive definite matrices and B is a diagonal positive definite
matrix Py = diag(¢;, ¢5, ..., ¢;)T, with all entries being positive. In addition, it is assumed
that the auxiliary term cp{ (t) = 0forj < 0and that T/ = diag(sgn(r{:1 ), sgn(r{z), ey sgn(r{n)),
while @; is used to estimate the uncertain bound of the disturbance w{ and GA{ denotes the
estimate of the dynamic parameter 6;.

The time-varying estimates of the uncertain external disturbance ZT){ and unknown

parameters 9/ evolve as follows:

NN
W) =) 4+ AT, (17)

6l = yiv] 7], (18)

where w;l = é; ! = 0 and the positive constant A and positive definite matrix 7; represent
the adaptation learning gain. The estimate errors are defined as

@ =W, — @, (19)
6 =6 -0, (20)

where w; is the bound of w; defined in Assumption 2.

The controller in (16) is formed from three elements. The D-type terms kirf and Béf are
commonly featured in robotic controls; Yl-] éf aims to compensate for the uncertainties in the
teleoperation system, while Zi){ is used to cope with the external disturbance.

. i .
Remark 1. Let us define T(xf) = Py X sat(% 1) — xf. According to P5 and the AILC law (16),
we have | T(¢})|| < ||kir}||. By substituting T/ into the function T(¢}) and translating along the
coordinate axis, we can obtain

j

Pr x sat(T—l*,l) —1 Pyrl]], (21)

§ki‘

where P, = diag(%, %, oL, ;—’3;) and with ’L'ij provided by (16).
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Remark 2. It can be observed that the control scheme in (16) contains two loops (see Figure 3).
The first equation in (16) constitutes the nested loop, while the second equation forms the main
loop. Utilizing the signals in the previous iteration and incorporating the D-type feedback part

in the current iteration, the auxiliary term 47] (t) is constrained in the nested loop by applying the

Softsign function term Py X Softsi gn((Pj ® ). Subsequently, additional nested loops are designed
to tackle the estimation of uncertain system parameters online and attenuate external disturbances,
as depicted in (17) and (18). Ultimately, the adaptive control scheme is executed in the main loop of
the AILC (16) to achieve position tracking.

j
_r

i T
.| Control Ti] .| Saturated Pr x Sat( 1)
input input
(Eq.(16)) (Eq.(8)) v
Teleoperation
system
(Eq.(1))
A
{ System states }
j j j
i [T i
Auxiliary AILC | External Adaptive | | Uncertain Adaptive
term ¢/ (t) disturbance @} law dynamics 6/ law
A A
(Eq.(16)) (Eq.(17)) (Eq.(18))
Py x Softsign (%1) @

Figure 3. Block diagram of the proposed AILC scheme.

Theorem 1. Under Assumption 1, the closed-loop system (f, = f. = 0) consisting of (1) and
controllers (16)—(18) for any constant time delay T ensures that all signals in the system are bounded
in the sense of the L]0, T] norm for i € {m,s},j € Nxq. Moreover, the actual position error
and velocities asymptotically converge to zero as the iteration number j approaches infinity, i.e.,

\e |—>|q|—>0as]—>oo

Proof. In this work, we discuss the iteration axis and time axis separately in the ILC.

Considering the composite energy function L{: (t), we can analyze the closed-loop stability
of the system

i) = vi j
L:(t) = V/(t) + Ei(t), (22)
where Vij (t) represents the energy term of the system, while Eg (t) signifies the energy term

which addresses the input saturation, external disturbances, and time delay, expressed as
follows [40,41]:

. 1 .T .
vi=Y 5 Dia)r, (23)
ie{ms}
. 1 t . . 1 [ 1 ~iT . .T . t .T .
i) = L ds+ — [ @l wlds+ —8" @ + e vBe! " Balde|.
El(t) _ie{zms} {%i/o ¢ cplds+2)\/0 @] @lds + 58 8] + ¢ vBe{—i—/tiqu Bqlda] (24)

To ensure clarity, the proof is comprised of three parts. In Part A, the boundedness of
the control input signals is shown. In Part B, the non-increasing quality of the composite en-
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ergy function along the iteration axis is demonstrated. Finally, the asymptotic convergence
of the position error is proven in Part C.

Part A: Boundedness Property.

Along the trajectories of the closed-loop system (15), the time derivative of the function
V! (t) is provided by

Vij(t) = ) {r{TD{:(ql)r +;71 D](ql) }

(25)
ie{ms}
With the use of Assumption 2, P2 and P3, Vl] (t) can be described as
7i L pig " el iyl + wl 7 gl
Vi)=Y, ST D; (‘71) -7 Ci(qs,qs)ri—l—wi—i—PTxsat(g,l)—YiGi
ic{m,s} i
v Tj oy yigi
< Y |r Tt (PTS”t(? -7 +7) -1 Y6 (26)
ie{m,s} i

i ) )
Remark 2 and P5 ensure || Py X sat(%,l) — 1| < ki||Pyr)|| for Vt € [A, T] and k; € N.
Hence, Vl] can be written as

T T T T
/()< ¥ |7 gl T+ kilIB I o e YA, (27)
ie{m,s}

Taking the time derivative of the function E{ (t), we have

o 1 1 ATsi  ina
] _ i’ ] J 1l 1 4Rl
El(t)y=)_ [2k4> ¢+ %91‘ 0; + ¢;Bé; —

17 T 147
2)\ z Eq{ (t - T)qu (t - T) + 5‘7{ Btﬂ]-
ie{ms} « _ H,_/ ‘
E]1,i Eéﬂ' Ejsz Eiri
For 9]

9] from (20), substituting the AILC law (16) and adaptive laws (17) and (18)
into (28) and gathermg the crossed terms yields

. i-1 1T i1
E{l(t) = zlqusoftsign(q)é* )} Py ><P¢softsign(‘/’i* ) — kZJ ,,] 2k<p’ 1

L 7'1" .
E;ia)_zg(w; Tl oA T @ a2/ r)

(29)
B (t) = 9{ Yi] r}
i T
E, () = —3¢l Bel.
Combining (27), (29) and applying P1, we obtain
, i ' ki+ A T 1T
b g - (552 - klnll )i - 35, @)
where
-1 7T j 1
= |s % )| p,xpys LI 1
g = 2kl oftsign( = )| Py x PpSoftsign(= e )—i——wi w;. (31)
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Employing P1 and (22) and (23), it is implied that
Li(t) <& —pv](1), (32)

where the constant y should satisfy the requirement that

y = kA= 2linl

(33)
B
Observing (33) and ¢; ' = @w; ' =6, =0, L{ (t) becomes
. ki+A T 1 o7,
L(8) < =(55= = KillB|[)r] rf = 5¢ B& < —pv(). (34)

Therefore, we can find the boundedness of L(t) for Vt € [A,T]. Considering (22)
and (34) yields

Vi) <& - uv (). (35)
Multiplying (35) by ¢*! leads to

2 WP(er) < e 36)

Integrating (36) from [0, t], we derive

VO(t) < [V2(0) — Q?]eﬂ“ + & < V2(0)e M + é;?. (37)
SR 7 poot Z

Therefore, it can be concluded from (23) that

N

e (38)

2
W) < SV (e

Thus, it is evident that r? € £oo,<p?, w? € L from (16) and (17). Now, we present
the boundedness of the signals in the closed-loop system in the iteration domain. When
j=0, 4)1.‘1 = zbi_l = §i_1 = 0; thus, {) = 0. Quoting the conclusions verified in Parts B and
Part C in advance, we find that e?, q?, YZ.O are bounded. Hence, L?(t) is also bounded, which
leads to 9? being bounded. This additionally implies the boundedness of {} and ViO(Tf).
Under the alignment condition in Assumption 1, referring to V? (Ty) = V1(0), it follows
that V1(0) is bounded. Observing (38), we can infer that r] € Lo, leading to ¢!, &} € L.
Repeatedly carrying out this deduction process, with the boundedness of w{ffl, a positive

constant can be found to satisfy ||w§_1 || <W,Vt e [A T)and j € N. Therefore, we obtain
Il <2 = SRl P+ o2 9
il =% = o5 1179 227

Considering the boundedness of C_{ ~and Vij - (Tf), we obtain r{ € L. Consequently,

it can be proven that LTJ{, (5{ , rf are bounded in each iteration.

e Part B: Non-increasing Property.

The difference between L{: (Tf) and L{_l (Tf) can be derived using integration by parts,
as follows:

ALJ(Tp) = LU(Ty) — L] (Ty). (40)

99



Mathematics 2024, 12, 2384

In the case of Assumption 1, we have
‘ ' i Ty i ‘ i—1
ALI(Ty) = AV/(Ty) + AE(Ty) = /0 VI (r)dr + EN(T;) — E7)(Ty). 41)

Considering (27), (29) and (41), it follows that

‘ ki+A Ty g1 17 i T
ALL(Tf) = —( 12 —kiHPb||)/0 r) rfds—ief Bef—ef vBe / q{ Bq]da. (42)

Because AL? (Tf) < 0, this implies that the composite energy function L{: (Tf) is non-

increasing along the iteration axis, that is, L{ (t) is proved to be non-increasing.
e Part C ([42]): Convergence Property.
Repeatedly substituting (42) leads to

4 i
(Ty) = L{(Ty) + Z ALY(Ty)

t
= L(Ty) - (u—k\\PbH Z/ P s — Z 2eZ " Bé —efTvBef—/th}‘TBq'de}

. ‘T .
For bounded LY( Ty) and positive L;(Tf), this leads to lim;_,« fOTf rf rfds = 0. There-
fore, we can conclude that ||7}|| converges to zero as the iteration number approaches infinity.
Accordlng to the above conditions and L! i(Tr) >0, ALl i(Tf) <0, we obtain r] 9{ ,e’ €
Lo, rl, ¢l € L5, which leads to q] Y] € L. Furthermore, the boundedness of e] it can be

determlned by d1fferent1at1ng (13). Because the known signals in (14) and (15) are bounded

I € Lo, ’l’] S Lo, respectively. ‘Hence, the fact that r] € Lo Ly provides

we obtain r;
support for |r]| —0, el,ql € Lo. Similarly, e € Lo and e] € Lo N Ly prove that |e/| — 0.
Now, el,e{,e € Lo and |e]| — 0 imply that llmfo e]ds = e] —e’( ) = h; < oo.
Meanwhile, lzm|r | = lim |q - ve]| = lim |q1 —v(h —I—e]( ))| = 0 imply that q — v(h; +
j

e

:(0)) is constant. Thus, we obtain |ql| — |qu| for g), that is any constant vector and

qm(t = T) — s — qm — qs. Thus, substituting (12) in the limit, = qu‘ — vel, = g}, + vel
and r, = g}, — vel = g}, — vel lead to r}, + rl = 24),. With the fact that |r}| — 0, this proves
that |g},| — 0. Hence, |g]| — || = 0. O

4. Simulation Results

In order to examine the performance of proposed AILC scheme, we carried out
numerical simulations employing local and remote manipulators modeled as a pair of
2-DOF serial links with revolute joints (see Figure 1).

Their corresponding nonlinear dynamics follow (1), where

Digh=| P +2paca  p3+ pac2 , (44)
pA ps + p2c2 p3

Y] ]
f2p252qi2 —P2524;, ], (45)

Olal i =
z(qz q1>qz pzszq{] 0

100

(43)
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o p3ci2 + - (Pl p3)e
Glah=| "% , 46
l(ql) l Ii P3c12 (46)
¢ 3, Y g 5,
(ql,ql, l/ei) 262811 + Czelz' 52%‘%]'612 252%‘2611 ' elz . gclz gcl , (47)
O 026, + $24;, €i é, +é, gcn O

T
ol = [ M2 +m 2 milily, mp Em 2 (M2 — w2 4 12) } . 48)
in which [; is the length and m; the mass of the ith link of the planar robot and g;, 4;
denote the joint position and velocity of the ith link, respectively. Subsequently, p; =
(my, + m,»z)ll.z1 +mi, lz,pz = my,l;, l,z,pg = mlzll2 and M; = m;, + mj,. Furthermore, €1,Co,C3

stands for cos(ql ), cos(qlz) cos(ql1 + ‘712) respectively, while s, abbreviates sm(q ,)- In the

presence of uncertain dynamics, Gf is unknown to the controller and has to be estimated by
the proposed adaptive laws in the system.

In the simulation, the physical parameters of the local and remote manipulators are
set as follows: m,, = 4.0 kg, my,, = 0.6 kg, ms, = 3.2kg, ms, = 0.3 kg, l;;, =I5, = 0.38 m,
and g =9.8m/ s2. There are four controller parameters in (16)—(18) that need to be tuned:
ki, A, i, and B, which are selected as k;;, = 80I, ks = 651, A = 5,v;,, = 1.1I,ys = 0.6I,B =
5.81 with the matrix P = diag(300,100), Py = diag(100,100).

The position and velocity of the manipulators are denoted as q{: = [qf ,qz ]T and
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gl = [qjl,qu]T. The initial conditions are §(0) = 0,4,(0) = [0.02,—0.14]7,4.(0) =
[—0.12,0.18], cﬂn(O) = [-3&, 2T, q]S'(O) = [Z,3]". The external disturbance and time

delay are chosen as w} = Isin(j x ), T = 0.4 s, respectively.

The simulation results with the proposed controller under alignment condition are
depicted in Figures 4-8. Figure 4 shows that the trajectory profiles of the remote robot
at the first iteration have large deviations from the local robot. Contrary to Figure 4, the
trajectory profiles of manipulator robot at the fifth iteration, illustrated in Figure 5, show
that the remote robot’s trajectory is distinguished with the developed controllers. At the
fifth iteration, the position errors all decrease sharply, as shown in Figure 6. We define the

root mean square (RMS) errors at the jth iteration as e{:(RMS ) =1/ N YN e l 2, where N
is the number of data points. As shown in Figure 7, the RMS errors are reduced as the
learning process evolves along the iteration domain. The control inputs Tl-] and saturated

j
inputs Pr X sat( %, 1) at the first iteration are portrayed in Figure 8, which shows that the

latter are constrained with [—100N, 300N]. Consequently, the above simulation results
confirm the validity of Theorem 1.
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Figure 4. Trajectory profiles at the first iteration.
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Figure 5. Trajectory profiles at the fifth iteration.
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In the real world, manipulators face electromagnetic interference, network transmis-
sion delay, uncertainties in the system parameters, and more. This is not a particularly
intricate issue nowadays. Our simulation results validate that the proposed controller
and AILC can guarantee the stability and tracking capabilities of the closed-loop satu-
rated teleoperation system even in the presence of communication time delay, parametric
uncertainties, and external disturbance.
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Abstract: This paper addresses the issue of polynomial iterative learning tracking control (Poly-
ILC) for continuous-time linear systems (LTI) operating repetitively. It explores the design of an
iterative learning control law by examining the stability along the pass theory of 2D repetitive
systems. The obtained result is a generalization of the notion of stability along passages, taking into
account transient performances. To strike a balance between stability along passages and transient
performance, we extend our developed result in the discrete case, relying on some numerical tools.
Specifically, in this work we investigate the convergence of tracking error with given learning
controller gains. The key contribution of this structure of control lies in establishing an LMI (linear
matrix inequality) condition that ensures both pole placement according to desired specifications
and the convergence of output error between iterations. Furthermore, new sufficient conditions
for stability regions along the pass addressing the tracking problem of differential linear repetitive
processes are developed. Numerical results are provided to demonstrate the effectiveness of the
proposed approaches.

Keywords: continuous-time linear repetitive system; iterative learning control (ILC); stability along
the pass (SAP); D-stability regions; polynomial-type ILC; tracking control
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1. Introduction

Iterative learning control (ILC) emerges as a potent tool for mitigating tracking errors
in systems that operate repetitively. It has been heralded as a control strategy capable
of enhancing the performance of systems engaged in batch repetitive servo tasks [1-3].
Over the past two decades, ILC has consistently drawn attention. The treatment of track-
ing problems within the ILC framework often necessitates consideration of certain 2D
properties. Utilizing the delay operator in the time domain (via standard Laplace trans-
formation), ref. [2] translates the dynamics of linear continuous-time systems into an
iterative process, applicable to time-invariant parameters, input variables, output variables,
and errors. This extension allows for the exploration of tracking and stabilization prob-
lems, a topic not extensively addressed in the literature despite its intrinsic connection to
fundamental control issues like stability and stabilization. These core control problems
can be readily extended to encompass robustness analysis and additional control perfor-
mance specifications using norms [4-7]. Consequently, within the realm of robust analysis
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and control synthesis for uncertain linear systems, many results can be characterized by
LMIs [2,8-10]. In the case of the studied LRP systems, the stability analysis of the system
boils down to verifying the convergence of the tracking error to zero. Asymptotic stability
of a repetitive system implies that the system’s response approaches a stable behavior over
time. Specifically, it means that as time goes to infinity, the system’s output settles into
a steady-state behavior where it remains bounded and does not exhibit any oscillatory
behavior. Consequently, if a repetitive system is asymptotically stable, it suggests that any
error between the desired output (reference signal) and the actual output of the system
will tend to decrease and eventually converge to zero as time progresses [11,12]. This is
because the system’s dynamics, under asymptotic stability, ensure that any deviations from
the desired behavior diminish over time until the system reaches a state of equilibrium
where the error becomes negligible. In summary, the convergence of the tracking error
to zero is a consequence of the asymptotic stability of a repetitive system, indicating that
the system’s response settles into a stable behavior over time, with the error between the
desired and actual outputs approaching zero. In this context, the ILC tracking problem
has been reformulated into a stability analysis concept along the pass of 2D repetitive
systems [11,12]. A necessary and sufficient condition ensuring stability along the pass has
been devised. This new formulation offers insight into the problem within the realm of 2D
repetitive systems [13]. The primary contribution of this paper lies in providing the LMI
characterization for stability along the pass and subsequently addressing the tracking error
problem of continuous-time linear systems operating repetitively. Specifically, the theory
of stability along the pass, employing the LMI condition to the processes, yields three
conditions [14-17], as discussed earlier, which can be verified through direct application
of the LMI condition. Two of these tests necessitate that the eigenvalues of the matrices
describing the previous pass profile contribution to the current pass profile and the current
pass state vector contribution to the along the pass dynamics lie within the open unit circle
and the open left half of the complex plane, respectively [18]. Furthermore, this paper aims
to provide a rigorous LMI characterization for stability along the pass to synthesize an ILC
law guaranteeing asymptotic stability of the closed-loop repetitive system for any current
pass state vector while ensuring three different performances simultaneously [19]. These
performances include asymptotic stability with specified transient response and damping
factor [20-22] determined by the pole locations of repetitive closed-loop linear systems.
Polynomial iterative learning tracking (P-ILC) control is a method used to improve the
tracking performance of repetitive systems over multiple iterations. It relies on the concept
of learning from past errors to iteratively adjust the control input, aiming to reduce the
tracking error between the desired and actual outputs. At its core, P-ILC is based on the
notion of iterative learning, where the control input is updated at each iteration based on
the error observed in the previous iterations. This iterative process allows the controller
to gradually learn the system dynamics and improve its performance over time. The
theoretical foundations of P-ILC involve several key concepts. First is the use of polynomial
functions to model the desired trajectory of the system’s output. These polynomial trajecto-
ries provide a flexible and adaptable framework for defining the desired behavior of the
system over time [19,23]. Second is the incorporation of a learning mechanism that adjusts
the control input based on the error between the actual and desired outputs. This learning
mechanism typically involves updating the control input using a combination of past error
measurements and a learning rate parameter, which governs the rate at which the controller
adapts to changes in the system. In the context of repetitive continuous-time linear systems,
P-ILC offers several advantages. By leveraging the repetitive nature of the system, P-ILC
can exploit the similarities between successive iterations to improve tracking performance
more efficiently. Additionally, the use of polynomial trajectories allows for smoother and
more continuous tracking, which can be particularly beneficial for systems with continuous
dynamics. Overall, the theoretical foundations of P-ILC provide a robust framework for
improving the tracking performance of repetitive continuous-time linear systems. By com-
bining the principles of iterative learning with polynomial trajectory modeling, P-ILC offers
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a flexible and effective approach to achieving accurate and reliable tracking in various
applications [18]. The proposed idea in this work is, roughly, to evolve a nominal control
law towards a more robust control law, thus elaborating the concept of stability along the
iteration of LRP systems in this sense. This approach can be called D-stability along the
iteration. Specifically, and in coherence with the objectives, it involves pole placement while
satisfying the notion of stability along the iteration that is presented. Indeed, concerning
the set objectives and satisfied requirements, they fall into two categories. On the one hand,
there is stability and stabilization of LRP systems along the iteration while ensuring desired
transient performance. On the other hand, there is the concept of D-stability along the
iteration, which will be reformulated later as a tracking problem.Given the significance
of ILC, this paper furnishes results necessary both for solving tracking problems and for
ensuring diverse performances for proportional-type ILC and polynomial-type ILC. It
demonstrates that robust stability and controller synthesis for continuous linear repetitive
processes become feasible through efficient numerical techniques based on LMIs. Building
upon these modeling and control methods, this paper establishes a polynomial-type ILC
law and proposes a sufficient condition to achieve high-speed tracking control [24,25]. The
remainder of this paper is structured as follows: Section 2 presents the problem formula-
tion, introducing the concept of stability along the pass and providing LMI conditions to
ensure this stability. In Section 3, the focus shifts to harnessing the ILC tracking problem,
where the convergence of tracking error to zero and pole placement performance depend
on the selection of suitable learning controller gains. The convergence condition for the
tracking error problem is derived using 2D system theory and LMI formulation. Section 4
reveals that convergence and learning performance of this ILC scheme can be achieved
through polynomial ILC controller design. Finally, numerical simulations are provided to
demonstrate the efficacy of the proposed method.

Throughout this paper, for the designs and simulations, the software MATLAB 2019b
was used. The null matrix and the identity matrix with appropriate dimensions are denoted
by 0 and I, respectively. Moreover, the notation X > Y (respectively, X > Y) means that
the matrix X — Y is positive semi-definite (respectively, positive definite). In large matrix
expressions, the symbol * replaces terms that are induced by symmetry. The expression
p() denotes the spectral radius of its matrix argument. Finally, the || | denotes the induced
operator norm, and the Laplace transform is an s-transform.

2. Problem Statement and Preliminaries
Stability along the Pass for 2D Repetitive Systems

The state-space model of a continuous linear repetitive process has the following form
overt € [0,T] and k € IR;:

xp(t) = Axe(t) + Buy(t) -
{ i) = Cxelt) + D) x(0) =0,t >0,k >0 1)

where A, B, and C are a constant matrix; x;1(#) € IR" is the state vector; uy1(t) € IR™
and yy1(f) € IR? are the input and the output of the system, successively; and x is the
initial condition for each iteration. The stability challenge in linear repetitive processes
arises from the potential presence of oscillations within the sequence of pass profiles,
with oscillations increasing in amplitude from pass to pass (k variable). Stability theory for
linear constant pass length examples is formulated using an abstract model of dynamics
within a Banach space setting [3]. In this model, pass-to-pass updating takes the form
Yk+1 = Layx, where y; € E, is a Banach space and L, is a bounded linear operator mapping
E, into it. The property of stability along the pass necessitates the existence of finite real

scalars Mo > 0 and A € (0,1) such that HL{:H < MoK,
Figure 1 represents the dynamics of the repetitive process.
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k A

Figure 1. Graphical representation of a sequence of outputs.

For the autonomous case, where the only contribution to the current trial pass profile
is the previous one, this condition ensures that the sequence of pass profiles produced will
converge to zero. In the context of iterative learning control (ILC), the pass profile on any
pass represents the error; thus, the direct application of repetitive process stability theory
to ILC facilitates error convergence. In the sequel, a necessary and sufficient condition for
stability along the pass for the 2D repetitive system (1) presented in [3] is given. The theory
of stability along the pass to the processes produces three conditions, which are discussed
in Theorem 1.

Theorem 1 ([3]). A differential linear repetitive process of the form (1) is stable along the pass if
and only if:

(i) p(D) <1,

(ii) p(A) € C_,

(iii) All eigenvalues of the transfer function G(s) = C(sI — A)~'B + D, have a modulus
strictly less than one ¥ |s| = 1.

Demonstrating stability along the pass easily confirms that the corresponding limit
profile of the system (1) remains stable as a 1D linear system. When verifying the conditions
outlined in Theorem 1, the first two conditions pose no significant challenge. Firstly,
condition (i) represents the necessary and sufficient condition for asymptotic stability,
ensuring stability over the finite pass length. This condition, proposed in [14,26], guarantees
only trial-to-trial error convergence. The second condition of Theorem 1 entails the stability
of the matrix, indicating a uniformly bounded first-pass profile. Lastly, the third test
involves computing the eigenvalues of the transfer function, contributing to the dynamics
of the previous pass profile to the current one, thereby ensuring error stability. Subsequently,
a novel result concerning the stability analysis along the pass of 2D repetitive systems
is presented. This robust condition holds significant importance in developing robust
formulations and conducting design procedures within the context of ILC synthesis for
continuous-time linear systems. The Objective of this part is to transform the algebraic
conditions given by Theorem 1 into an LMI formulation. The original result proposed in
the Theorem 2, considers a sufficient conditions that leads to the three stability conditions
along the iterations given in the the Theorem 1 for continuous-time repetitive systems.
They particularly access a unified framework for handling tracking problems and open up
new perspectives for solving control problems. Below, we present a novel result developed
within the framework of our previous research work for discrete case by concerning the
stability analysis along the passage of 2D-repetitive systems. This robust condition holds
significant importance in crafting resilient formulations and executing design procedures
within the scope of ILC synthesis for continuous-time linear systems.

Theorem 2. A differential linear repetitive process of the form (1) is stable along the pass if (if and
only if in the MISO case) one of the following equivalent conditions holds:
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(i) A s stable and

1G(s) [lo <1 @)
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(ii)  There exists a positive symmetric matrix X such that the following LMI is feasible:
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B I % | <0 3)
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|
| [cx D J

Figure 2. LMI conditions.

The condition (i) in Theorem 2 aims to ensure the asymptotic stability of the system
over time and to minimize the ratio between the outputs of two successive iterations based
on the He, optimization problem. The combination leads us to a stability condition along
passages described by the condition (ii) given in Theorem 2.

The equivalence between (i) and (ii) is a well-known result.

Note that the third condition of stability along the pass implies that p(G(s)) < 1V|s| =1,
or if we consider omax as the maximum singular value and then the H,, norm of G(s)
(IG(5)||le = 0omax(G(s))), it is known that omax is an upper bound for the eigenvalues
modulus of a matrix p(G(s)) < omax(G(s)).

This equality occurs in the MISO case only when G(s) is a scalar function. Then the
LMI of Theorem 2 implies conditions (ii) and (iii) of Theorem 1.

The coTndition (i) of Theorem 1 is redundant since from the LMI of Theorem 2,we have
{ _*I f) I ] < 0, which complete the proof. [J
3. Main Results
3.1. Control Objective

The objective of this section is to transform the problem of stability along the pass of
the continuous-time linear repetitive systems into a tracking problem [23].
Consider the following assumptions based on system (1):

* (A1) The desired output y,(t),t =1,..., T is given a prior over the same time duration;
it is assumed that the initial resetting condition is satisfied, i.e., yx(0) = y;(0).

e (A2) The initial state remains the same at each iteration, i.e., x,(0) = 0, Vk =
1,2,...,N. For any given assumption Al and A2, one desirable objective in ILC
is that y(t) converges monotonically to y,(#) when k tends to infinity for all t within
the time interval [0, T] since it can guarantee reasonable transients during the learning
process [3]. In the sense of the, {; o 7] norm, this objective can be transformed by
considering the index [8].

N

Jrk) = Y [erin” (B (1) =P (Dex(t)] @

t=1
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where 7y > 0 is a prescribed scalar and e (t) is the tracking error at the kth iteration,
expressed as

er(t) = ya(t) — yx(t) ®)
Obviously, the norm error ||k (#) (o 1) can be guaranteed to converge monotonically
along the iteration axis k if J(y) < 0 holds for any 7 € [0,1].

3.2. ILC Tracking Control

In this section, the ILC scheme given by Figure 3 can focus perfectly to overcome
the tracking problem when it tracks an iteration’s desired trajectory as k tends to infinity.
Following this idea, the concept of the stabilization along the pass can be shown as a
tracking problem. The formulated problem is solved by using the iterative learning control
described by the following updating ILC law [8]:

i1 (1) = Pug(t) + K () 4 Kaée(£) (6)

t
M (®) = [ () = Bxe()dr e(0) =0 )
0

where 77,1 (t) denotes the state vector computed to the cycle direction, K1, K; are switching
learning gains with appropriately dimensioned matrices to be designed, and f is a positive
scalar to be optimized.

Ya e; Feedback
»| Controller
vy C(z)

Vi

+
y

Figure 3. ILC controller.

Moreover, if it is assumed that the matrix D = 0, then clearly, (1) can be written as

X (t) = Axy(t) + Buy(t) -
{ Ye(h) = Cxp (1) x(0)=0,t>0,k>0 (8)

(6)—(8) can be written as
t
e (8) = [ G (8) = B())dr ©
0

M1 () = (A + BKq1)ney1(t) + BKaeg(t)
Ber(t) — exr1(t) = Crigy1(t)
exy1(t) = —C(Agpq + BKy)1ppq (t) + (B — CBKy)er(t)

Obviously (8) can be rewritten as

e (B) | (A+ BKy) BK Ner1(t)
B 1= el i) ook |15 ] 1
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The state-space model (10) is that of a continuous linear repetitive process of the form
defined by the pass output and state vectors e 1 (f) and 7 1(t), respectively.

Note that T(s) is a transfer matrix between Ey(s) and E;1(s).

From (10) we can obtain

Exi1(s) = T(s)Ex(s) (11)
where T(s) — A+ BKy BKj> 12
©) = | “cta+sry) (p— CBKy) 12

Hence, it can be derived that if | T(z)||, < 7,7 € [0,1) holds, then klim llex(£)|l, =0
— 00

(monotonic convergence in the sense of the norm /). This implies that although the tracking
error over the finite time interval [0, T|] is considered in ILC, the monotonic convergence of
the error ||e(t)||, can also be guaranteed when ||T(z)||, < 7 is used to obtain the negative
performance index J(7y) < 0.

[

Theorem 3 ([27]). The output tracking error ey (t) converges monotonically to zero when k tends
to infinity if and only if the 2D repetitive system (12) is stable along the pass.

Starting from Theorem 3 and by applying the obtained Theorem 2 on the given system
representation 12, we can state the following Theorem 4.

Theorem 4 ([23]). The tracking error converges monotonically to zero when k tends to infinity if
there exist matrices Ky, N1 and a positive symmetric matrix X and the scalars B,y € [0,1), such
that the following LMI is feasible:

(AX + BNy) +sym(...) * *
(BKy)" —I x | <0 (13)
—C(AX + BN;) B—CBK, —o2

then the gain matrices are given by: Ko, K; = Ny X~ .

3.3. ILC Tracking Control Using D-Stability along the Pass

In this section, we address the issue of placing all poles of a system within a specified
disk, which is commonly known as the D-pole placement problem for continuous-time linear
repetitive systems. This method has been devised to control systems that exhibit favorable
transient and steady-state responses. Several criteria have been put forth to guarantee that
all the closed-loop eigenvalues of continuous-time linear repetitive systems reside within a
designated disk D(—(r + d), r) centered at (—r + d,0) with a radius of r, see Figure 4.

A Tmag

-(r +d) Real

-

Figure 4. Pole placement for the closed-loop system.

Building upon this concept, the tracking control problem utilizing the notion of
stabilization along the pass discussed earlier can be depicted as a pole placement problem.
Using the parameter d, it is possible to establish an upper bound for the settling time of
the transient response given by 37,57 for a repetitive system undergoing the kth iteration,
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with T = 1. This value r provides the upper bound on the natural frequency of oscillation
for the transient response. Additionally, a lower bound on the damping factor ¢, which
determines the overshoot, can be computed as follows:

(r4+d)—r?

6= r+d (14)

3.4. D-Stability along the Pass for Continuous Linear Repetitive Process
Consider the continuous linear repetitive process having this form over t € [0, T], k € IR :

i (t) = Axg(t), x(0) = 0,t > 0,k > 0 (15)

The objective of this section is to establish criteria to ensure that all the eigenvalues
of the repetitive system (1) reside within a designated disk D(—(r + d), r) centered at
(—(r+d),0) with a radius of r and a distance d from the imaginary axis, as illustrated
previously in Figure 4. Initially, we introduce a computationally sufficient condition for
ensuring D-stability in repetitive systems. This condition will serve as a fundamental
component in deriving ILC tracking control results in the next section.

Theorem 5 ([22]). All the poles of system (15) are located inside a specified disk D centered at
—(r + d) with radius r if the following condition is satisfied:

1
(A+d)X+X(A+d)T+;(A+d)X(A+d)T <0. (16)
We use the well-known common quadratic Lyapunov function:

Vir1(x) = g1 Py, P = PT > 0 (17)

A sufficient condition such that all the eigenvalues of (A + BK1) of the repetitive
system lie inside the circular region ¢(d, r), as depicted in Figure 4, is given by the existence
of a positive definite symmetric matrix X = P~! such that the following condition holds.

Theorem 6 ([23]). The tracking error converges monotonically to zero when k tends to infinity
if there exist matrices Ky, N1, a positive symmetric matrix X, and the scalars v > 0,d > 0, €
[0,1),0 < B < 1 such that the following LMI is feasible:

{(AX+BNT) +sym(...)} +2dX =« * *
(XA + NfBT) +dX —rX 0 0
(BKy)” 0 - . | <0 @8
—C(AX + BN,) 0 (B—CBKy) —92

In this case, the gain matrices are given by Kp, K1 = Ny X1,

Proof. Based on Figure 5, we consider the LMI condition of (13), then replace the bloc
diagonal (1, 1) by (16) and apply the Schur complement we obtained (18).

ii{ATA’+syrn()}+2Xd o

XA" +dX —FEL *
—_—— - B- ....... _0 ..:-_ =
(0 ¢ 0

Figure 5. D-stability LMI.
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The objective of the next section is to transform the condition for analyzing D-stability
along the passages into a tracking problem using ILC control. This leads to a new interpre-
tation of Theorem 6.

3.5. Polynomial ILC Control

This section builds upon the idea introduced in the previous section, where the concept
of D-stabilization along the pass is framed as a tracking problem utilizing high-order
iterative learning control.

The methodology for designing the iterative learning control (ILC) law, particularly in
the context of polynomial-based approaches such as Poly-ILC, involves several key steps
and considerations: modeling the system and defining the control law, learning mechanism,
and iterative optimization. The rationale behind the choice of polynomial-based approaches
like Poly-ILC lies in their flexibility and adaptability. Polynomial functions offer a versatile
framework for representing complex trajectories and can capture a wide range of desired
behaviors with relatively few parameters. Additionally, polynomial-based approaches
provide smooth and continuous control signals, which can be advantageous for systems
with continuous dynamics. Specific contributions of Poly-ILC include the following:

e Introducing a novel polynomial-based approach to iterative learning control, which
offers a flexible and intuitive framework for defining desired trajectories.

*  Advancing existing techniques by providing a systematic methodology for designing
and optimizing polynomial-based control laws for repetitive systems.

e Demonstrating improved tracking performance and robustness compared to tra-
ditional ILC methods, particularly in applications with complex and time-varying
dynamics. Overall, Poly-ILC represents a significant advancement in the field of
iterative learning control, offering a powerful and versatile approach for achieving
accurate and reliable tracking in repetitive systems.

We consider a control law in the following form over t € [0, T| and k € N
W1 (t) = Ok (t) + Lixgpa () (19)
Applying the control law (19) to system (8), the following state space is then obtained:

(20)

{ Xep1(t+1) = (A+ BL1)xg i1 () + Bogy 1 (t)
Yir1 (1) = Cxepa (£)

wheret € [0,T],k=0,1,...,N.
Obviously, from (20), the transfer function matrix from u;,(t) to yx,1(t) can be
expressed as

Yiy1(s) = G(s)Ug11(s) (21)
where
G(z) =C(sI — A+ BL;) 'B (22)

Now, we introduce the polynomial ILC law as follows:

Vis1(s) = BVi(s) + La(s) Ex(s) (23)

La(s) = ) Logs” (24)
q=0

where the Laplace transform of the form Ey(z) = Z[ex(t)], L2(s) is a polynomial learning
gain matrix to be designed, and r is the degree of the learning controller Ly(s).

Given the system (20) with updating structure of control (23), and verifying assump-
tions Al and A2, we find appropriate learning controller L,(s) such that the robust mono-

115



Mathematics 2024, 12, 2573

tonic convergence of ¢ is achieved and the output error e (f) fort =1,..., T converges to
zero as k — oo. Therefore, let us express the difference error as

er1(f) = ex(t) = = (e () = vi(t)) (25)

Consequently, the Laplace transform of the difference between errors at iterations
takes the following form:

Exy1(8) — Ex(s) = —(Yiy1(s) — Yi(s)) (26)
Exy1(s) — Ex(s) = —G(s)(Ugsa(s) — Uk(s)) 27)
Exy1(s) — Ex(s) = —G(s)La(s)Ex(s) (28)
This leads to
Exy1(s) = (I — G(s)La(s))Ek(s) (29)

Based on the preceding developments, deriving a condition for the monotonic conver-
gence of the ILC systems (20) and (21) is straightforward.

r
Ecs1(s) = |B—C(sI— (A+BLy)) "B Y Loys" | Ex(s) (30)
q=0
Let us use the transfer matrix defined by

T(s)=p—C(sI— (A+BLy)) 'B i Ly g5 (31)
q=0

Note that with the relative degree of the polynomial controller r = 1, building upon
Equation (31), we arrive at this result:

T(s) = p—C(sI — (A+BLy)) 'B[Ly +5sLa)] (32)
Considering the fact that

s(sI—A) P =T+ A(sI— A"

It results that
T(s) = —C(sI — (A+ BLy)) '[(BLyy + (A + BLy)BLp)] + (B— CBLy) ~ (33)

If there exist matrices A, B, C, D, we can written T(s) as

~ ~—1~ ~
T(s)=C(sI—A) B+D
= [4]8] G
’ C|D
Referring to (34), T(s) can be written as follows:
[ (A+BLy)|(BLy + (A + BL1)BLyy)
T(s) := [ - 2 CBL, (35)

Now, we introduce LMI conditions aimed at ensuring the monotonic convergence of
P-ILC. Considering the performance index J(vy) and applying the BRL relative to robust
Heo control theory [28,29], Theorem 7 is as follows.
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Theorem 7. The tracking error converges monotonically to zero when k tends to infinity if there
exist matrices Ly, Lo, N, G, a positive symmetric matrix X, and the scalars r > 0,d > 0,7 €
[0,1),0 < B < 1,0 <wa < 1such that the following LMI is feasible:

2(d — )X * * * *
(d—a)X —rX 0 0 *
(BLy;)" — «BLy 0 —1 * ¥ <0 (36)
—CX 0 (B—CBLy) —? *
(GAT+NTBT) +aGT + X7 X7 BLy, 0 -G-GT

Then L; = NX 1.

Proof. Substitute the new model (35) in this LMI, guaranteeing the ILC tracking control
using D-stability along the pass of theorem (6).

We obtain this LMI:
(A+BL)X + X(A+BL))" +2dX  « * *
T
XT(A + BL1)T +dX . —rX 0 0 <0 (37)
(BLp1)" + (BLp2) (A+ BLq) 0 —1I
—CX 0 (B—CBLn) —92

We rewrite (37) as
2dX — 2aX * * * (A+BLy) +al
X —aX —rX 0 0 0

(BLy) —aBlyy 0 o ., |t 0 [ X X BLp 0 ]+sym{...} <0 (38)
-CX 0 (B—CBLyp) —9* 0

Furthermore, applying the projection lemma for inequality (38), the inequality (36) is
obtained. This end the proof. O

4. Uncertain LRP Systems
4.1. Problem Formulation

In most synthesis problems, the desired objective is to achieve and maintain specific
robust performance goals despite the often detrimental uncertainties of the system to be
controlled. To demonstrate the robustness of the ILC (iterative learning control) used, we
consider the LRP system (1) with polytopic modeling uncertainties.

x(t) = Axi(t) + Buy(t) B
{ yi(t) = Cxi(t) + Dug(t) x(0)=0,t>0,k>0 (39)

Such matrices as A and B, C, D are sets of matrices defined by

R Na Ng
{A: Y 6iA;, Y 6i=1, 9i>0} (40)
i=1 i

{

. Nc N¢
{cz Y 6,Ci, Y 6,=1, eizo} (42)
i=1 ]

o

Np Np
=) 6B, ) 6;=1, 6> 0} (41)
i=1 i=1

_ Np Np
{D: Y 6D, Y 6,=1, 6 zo} (43)
i=1 i=1

where N4, N, N¢, and Np are the number of vertices of the polytopes.
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4.2. Poly-Quadratic Stability

The concept of a robust ILC synthesis method is based on the polyquadratic ap-
proach. This approach relies on the use of a Lyapunov function that depends on uncertain
parameters. These functions enable the analysis of stability and stabilization of continuous-
time LRP systems. We consider the LRP system described by Equation (39). The system
modeling involves the use of Lyapunov functions that depend on uncertain parameters.

Let
Vi(k,t) = xT Px (44)
Np
Vi(k,t) =x"} " 0;Px (45)
i=1
A NP
p=Y 6P (46)
i=1

where k describes the evolution of the Lyapunov function at the k** iteration and Np is the
number of vertices of the polytope.

Theorem 8. Consider the uncertain repetitive LRPs system (39) in a closed loop. The system is
D-stable along the pass and the tracking error ey 1(t) converges monotonically to zero as k tends to
infinity if there exist scalars -y, a, v, d, matrices Ky ; ,N;, and positive symmetric matrices G; such
that the following optimization problem is feasible:

min(7y, «)
0<y,a<1
{AIGi+ NIBl +sym(...)} +2Gid =« * *
ATG; + NTBT + dG; —rG; x x (47)
i 1 i i 1 1 < 0
kI.BI 0 —1 *
—CiAiG; — CiB;N; 0 a—-GCBKy; —

Then the learning gains are given by the following:
Fori=1...Ny,
Ky, Ky, = N;G; 1.

The construction of a robust ILC synthesis method is based on the polyquadratic
approach. This approach requires the use of a Lyapunov function dependent on the
uncertain parameters. The system with LRP described by Equation (39) is considered.
The modeling of the system necessitates the use of Lyapunov functions that depend on
the uncertain parameters. Theorem 8 is an extension of the results to the case of polytopic
uncertainty, using polytopic Lyapunov functions.

5. Numerical Examples
5.1. Comparison between D-ILC Tracking Control and D-Poly-ILC Tracking Control

In this section, the effectiveness of the proposed design methods is demonstrated
through simulation results utilizing MATLAB software. Consider the active suspension
system of a car, as shown in Figure 6. All details regarding the system behavior and
operation can be found in [20]. The matrices of the model (1) are presented as follows:
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Uy

g !

s o

Figure 6. Active suspension of a car seat.

The model consists of a car mass M, and a driver seat mass ms. Vertical vibrations
caused by a road can be partially attenuated by the stiffness k1 and damping b; of the shock
absorbers. The driver may still experience undesirable vibrations, which can be reduced by
seat suspension elements of stiffness k, and damping bp. Damping of the vibrations of M,
and m; can be increased by changing the control inputs u; and u5.

0 1 0 0 0 0
0 0 0 1 0 0
A=| kkk, kbbb b |,B=] 1 1 |[5€C=[01 0 0]
M. M. M, M, M. M,
ky _ k. by _b 0 1

mg ms mg msg mg
with the following: M. = 1500 kg, ms = 90kg, k; = 4 x 10* N/m, ky = 5x 10° N/m,
b; =4 x 103 Ns/m, by = 5 x 102 Ns/m.

5.1.1. ILC Controller for Desired Performances

The primary objective is to ensure certain step response performances such as settling
time and overshoot. Based on Theorems 6 and 7, and by solving the set of LMIs (18) and (36),
the system under consideration is monotonically stabilized by designing learning gains
with the following desired performances:

1.  Overshoot < 5%.
2. Setting time at 2% < 10%.

Therefore, it can be inferred that the proposed approach implements D-pole assign-
ment, and the pole locations within the specified disk D are applied for r = 1 and d = 0.685.
In this scenario, the computed learning gains are provided in Table 1:
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Table 1. Proposed approaches.

Parameters Approaches Learning Gains
B =0.99
- | 225 025 0.041 0.753 4
7 =095 Theorem 6 K= { ~052 0451 —0.050 0.013 ] 10
23.02
K= [ 0.072 ]
B =099
v =0.99
_ | 4007 001 015 —0.029 4
x =075 Theorem 7 Ly = { _053 044 —055 0008 } x 10
L — 0.74
271009
0.83
F2=1 012

The closed-loop response achieved with the obtained controller as depicted in Figure 7
illustrates comparable desired specifications defined by the ILC Theorem 6 and the Polynomial-
type ILC Theorem 7. Therefore, the resulting ILC process using the D-stability along the pass
formulation can ensure a settling time of less than 10 s with no overshoot compared to the
desired value previously listed. As is evident from Figure 8, when we opt for identical values
of d and r for both LMIs given by Theorem 6 and Theorem 7, we can assess the effectiveness
of polynomial ILC control in ensuring the desired system specifications. However, we will
later demonstrate the impact of the slack parameter & on enhancing the desired system
specifications while keeping d and r constant and varying «.

Step Response
15 | I I
—LMI(18)
—LMI(38)
% 1t —_—
2 i~ 11
a
£
Cost 09995 1.05 -
L
TR R

time(s)

Figure 7. Step responses with D-stability along the pass.
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Step Response

I _I ___________________
o —LM3g)| -
| |
D —LMI(18)
| I i
| |
I I b
o
| | 7
| |
| | ]
o
o ‘

09993 | | | ! | |

1 2 3 4 Timefsec) 6 li 8 9 10

Figure 8. Zoom of settling time adjustment for Theorems 6 and 7.

In Figure 9, where & > 0.75, the designed polynomial ILC proves to be highly effective
in guaranteeing a critical system performance.

Step Response

o= | S — Ep———— B PP M ——— j y—— -

2 3 4 Time fsec) B 7 8 9 10

Figure 9. Settling time adjustment obtained with & > 0.75: Theorem 7.

The achieved results are demonstrated in Table 2.
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Tracking error

Table 2. Polynomial-ILC approach.

Parameters Approach Learning Gains
B =099
_ [ 225 027 016 —0.02 4
7 =099 Theorem 7 L= { —052 043 —055 0.008 } <10
Lo | 59
2171 0.072
6.2
Lo = { 01 ]

5.1.2. Tracking Error Convergence

In the sequel, consider the linear system (1). For this purpose, the desired trajectory is
defined as follows:
yqa(t) = sin(t), t € [0,10] (48)

Initially, Figure 10 illustrates the evolution of the tracking error in relation to the
iteration number for k = 14 for the ILC schemes.

005
— LMI(18) k=14
0
S 3 4+ 5 5 1 @1 9 1
timef(s)

Figure 10. D-ILC tracking error given by Theorem 6 at 14th iteration.

Subsequently, Figure 11 depicts comparable tracking errors generated by the polynomial-
type ILC (7) and ILC (6). Consequently, the resulting ILC process ensures that its tracking
error converges to zero along the iteration axis. The root mean square error is defined by
the following equation:

a—1
eRMS = J % Zoezz(lﬂ)ek(P) (49)
=
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— L), k=14
— LM(38) =14

Tracking error
1

005
0 1 2 3 4 5 b 1 8 9 10

time(s)
Figure 11. Polynomial D-ILC tracking error given by Theorem 7 at 14th iteration.

Additional quantitative information can be extracted from Figures 12, 13, 14, which
display the root mean square (RMS) values of the tracking errors. The convergence of error
from pass to pass is evaluated using the RMS error for both the polynomial-type ILC law
and the proportional ILC.

L 1 1 1 1 L | 1 | 1
10 10
Trial number

Figure 12. Polynomial ILC tracking error performance given by Theorem 7.
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ERROR rms
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5§ 5 B =
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0013
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10 10 ')
Trial rumber

Figure 13. D-ILC root mean square error at 20th iteration.

w il

o

i Fows]

ERROR rma
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i ;
1] 10 10
Trial rumbes

Figure 14. D-Poly-ILC root mean square error at 20th iteration.

5.1.3. Discussion

In theorem (7), the pass-to-pass updating error is represented by ey 1(t) = @ex(t),
where ¢ is a bounded linear matrix operator. The property of convergence error between
the different profiles along the iteration domain requires the existence of finite real scalars
¢ € [0,1) such that |ex1(t)]| < g@er(t). This prompts a discussion on the speed of
convergence error after the iteration number as a function of ¢ such as

¢ =p—CBLxn (50)

The relaxed parameters f play a crucial role in ensuring the monotonic speed conver-
gence of the system with the minimum number of iterations, illustrated by Table 3.

Table 3. The speed convergence error.

B Y o« @
0.36 0.9 0.9 0.3503
0.25 0.9 0.9 0.232
0.15 0.9 0.9 0.148

On the contrary, Figure 15 illustrates the evolution of the tracking error for different
values of j as listed in Table 3.
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Figure 15. The tracking error for different values of .

The main contribution consists of developing a new stability condition, which achieves
the convergence of the error to zero, and solving the tracking error problem by applying a
D-Poly-ILC control for continuous repetitive systems. The synthesis problem of the robust
ILC produces 2D repetitive continuous systems. The derived conditions are expressed as a
family of linear matrix inequalities (LMIs) parameterized by the scalar variables B,,+ and
Yopt- These conditions reduce significantly the conservatism and the speed convergence of
error and show the advantage of using the scalar variables in the case of ILC control.

5.2. Uncertain Case

For certain situations, we can consider the case where the stiffness of the spring
adjustment mechanism and the hardness of the metal strip can degrade after some time.
To account for this latter configuration, we consider uncertainties on both parameters A1, A»
with /\1 € [/\1 mins Al max} = [550, 676] and Az S [)\Zmin/ )\Zmax] = [1924, 2178]

In this case, the state matrices (39) of Figure 6 transform into an uncertain polytopic
model with four polytopes, with

0o 1 0
A= { —0427 0 ]'Bl - [ —0.002 }

0 1 0 T
Az = | —0.5006 0 }’Bz B { 229 % 107% |
0o 1 0 ]
As = | 0439 0 }’BT‘ B [ —2.015x 107* |
0 1 0
Ay = | —0.50024 0 }’B‘* B { —2.6 x107* |
c=[1 0]

The objective in this case is to determine the matrices K; ; such that the spectrum of A
belongs to a region D for any 6; € N4. Furthermore, the varying gain matrices are given by

Kyp = [ —35734 —22572 ]
Ky, = [ 04056 —0.2578 |10
Ky3=[ 00273 0.0314 |
Kys = [ 04523 —0.2858 |1073
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For
r=1,d=0.83

Figure 16 shows the step response of the uncertain closed-loop system for (a,p; = 0.94,
Yopt = 0.95) with a response time of ¢, = 6.32 s and an overshoot of +5% equal to 0.00102.

0.25¢=—=—== S s = e

0.24

0.23

1 L 1

0 2 4 6 8 10

Figure 16. Step response of uncertain system in the closed loop.

Convergence of the tracking error: Based on the theoretical approach proposed in
Theorem 8, it is evident from Figure 17 that the tracking error e; converges to zero after a
certain number of iterations. The tracking errors are obtained using varying tracking gains
depending on the polytopes.

Ky = —2.4448,Ky5 = 0.1151, Ky 3 = 0.1743, K5 4 = 0.0713

In this final part, an extension of the results to the case of polytopic uncertainties is
considered, using polyquadratic Lyapunov functions as the theoretical foundation.

0.15

025 2 4 6 8 10

Time {secondel

Figure 17. Tracking error after 120 iterations for (aopt = 0.76, Yopt = 0.99) with0 <6; <1.

6. Conclusions

This paper presents significant new findings regarding the ILC-tracking problem for
2D repetitive systems. Specifically, it demonstrates that the three conditions of stability
along the iteration can potentially be replaced by a quadratic necessary and sufficient
condition. This condition ensures the improvement of performance for repetitive systems
and addresses the tracking error problem for this category of systems simultaneously.
The primary contribution lies in proposing a new LMI condition that both achieves the
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convergence of the error to zero and ensures the desired specifications of the transient
response of the repetitive system. By transforming the tracking problem with the real
bounded lemma into an optimization problem using a variable-introducing control law,
a degree of freedom is provided to ensure the feasibility of a stabilizing margin and
guaranteeing the adjustment of the system’s poles from one iteration to another using the
concept of a stability disk known as “D-stability along the pass”. The results demonstrate
the usefulness of ILC in reducing the tracking error. Finally, the effectiveness of the
proposed approach is validated through numerical examples.
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Abstract: The digital economy (DE) is a new driver for enhancing total factor productivity (TFP).
Using panel data from 30 provinces in China between 2011 and 2022, this study measures DE and
TEP using the entropy-weighted TOPSIS method and the Global Malmquist-Luenberger method and
further examines the impact of DE on the TFP of industries. The main findings are as follows: (1) DE
can significantly improve TFP, though the extent of improvement varies. DE has the greatest impact
on the TFP of the service industry, followed by the manufacturing industry, with the weakest effect on
the agricultural industry. (2) The enhancement effect of DE on agriculture and the service industry is
more pronounced in the central and western regions, while the improvement effect on manufacturing
is more evident in the eastern region. (3) DE has facilitated the improvement of TFP in manufacturing
industries such as textiles and special equipment manufacturing, as well as in service industries like
wholesale and retail. However, it has not had a significant impact on the TFP of industries such as
pharmaceutical manufacturing and real estate. This study has significant theoretical value and policy
implications for China and other developing countries in exploring DE and achieving high-quality
industrial development.
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1. Introduction

In recent years, the digital economy (DE) has expanded into new dimensions of
economic development on a global scale. The G20 Digital Economy Development and Co-
operation Initiative highlights the significant role of DE in promoting inclusive growth and
sustainable development worldwide. According to data released by the China Academy
of Information and Communications Technology (Figure 1), during the period from 2005
to 2022, the value added of China’s DE escalated from 2616.1 billion to 50,200 billion,
representing an increase of approximately 14 times. The proportion of DE in GDP ascended
from 14.2% to 41.5%, amounting to an increase of 27.3 percentage points.

High-quality industrial development is an important approach for China to estab-
lish the new “dual circulation” paradigm. Essentially, achieving high-quality industrial
development implies enhancing the total factor productivity (TFP) of industries [1,2]. As
the driving force of the new round of industrial transformation, DE demonstrates distinct
features and patterns in infrastructure, production factors, and production and service
methods compared to the eras of agricultural and industrial economies. Its economic
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development paradigm relies on the evolution of technological revolutions to create an
economic and social network of ubiquitous connectivity, drive the explosive growth of
data factors, and promote disruptive innovations in social production and lifestyle, thereby
providing new impetus for improving the TFP of industries. At present, major economic
entities such as the United States, Germany, and Japan all highly value the development of
DE and seize the commanding heights of the new economic development era by concen-
trating on cutting-edge technological innovation and facilitating the digital transformation
of industries. The Chinese government also considers DE as a new impetus for economic
development and puts forward the proposal of realizing high-quality development of
industries with the help of digital technology.

60,000 - 41.50% - 45.00°
o 38.60% 39-60% ’ .
0,
50000 | 24800 od 40.00%
L 35.00%
| 39,200.00 |

40,000 35.84020 7 30.00%
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7
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@Z& Value added of the digital economy (RMB billion) —e— Digital economy as a share of GDP (%)

Figure 1. Value added of China’s digital economy and its share of GDP, 2005-2022.

However, whether DE can indeed enhance the TFP of industries remains an unre-
solved research issue. In the late 1980s, the “Solow paradox” was proposed, depicting a
paradoxical relationship between the vigorous expansion of investment in Information
and Communication Technologies (ICT) in the United States and the low level of real pro-
ductivity [3]. In the mid-1990s, the United States witnessed 118 months of high economic
growth, high employment, and low inflation, co-existing with the phenomenon of the “new
economy”. Numerous studies have indicated that ICT was the driving force behind the
emergence of the ‘new economy’ in the U.S. [4]. Nevertheless, some research has shown
that the “Solow paradox” still exists and that the prosperity of the new economy stems
from economic cycles and other factors [5]. With the extension of ICT technology to digital
technology, the question of whether digital technology can enhance TFP and its mechanism
of action has drawn continuous academic attention. Some scholars have discovered that
DE can effectively enhance TFP [6-8]. Conversely, ref. [9], by combining the statistics of the
United States, the United Kingdom, and Germany, pointed out that DE has not yet brought
any improvement in the growth of TFP. Similarly, ref. [10] noted that DE has resulted in a
much smaller increase in TFP than the electrification revolution.

Against this backdrop, this paper attempts to answer the following questions: Can
DE break through the “productivity paradox” and promote the TFP of industries? Are
there differences in the effects of DE on the TFP of agriculture, manufacturing, and service
industries? Does the influence of DE on the TFP of industries exhibit regional heterogeneity
and industrial heterogeneity? To address these questions, this paper first formulates a multi-
sector Schumpeterian endogenous growth model to reveal the influence mechanism of DE
on the TFP of industries within a complex economic system. Subsequently, it respectively
computes the development level of the digital economy in Chinese provinces from 2011 to
2022, along with the TFP of agriculture, manufacturing, and service industries. Based on
this, this paper establishes an econometric model, empirically examines the influence of
DE on the TFP of industries, and elaborately dissects this influence from the perspectives
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of regional and industrial heterogeneity, providing policy support for the healthy and
sustainable development of industries.

The contributions of this paper are as follows: First, considering the complexity of the
economy, a multi-sector economic growth model is constructed from the perspective of
efficiency-driven technological progress, providing a theoretical framework for analyzing
the internal mechanism of DE’s influence on the TFP of industries. Second, the provincial-
industry TFP panel data for China’s agriculture, manufacturing, and service industries
are systematically calculated, revealing the effects, as well as regional and industrial
heterogeneity, of DE on the TFP of different industries and providing empirical evidence
for addressing the “Solow Paradox” of DE. Third, tools such as Python 3.11.4 and text
analysis are utilized to measure the digital economy development index of each province
in China by combining network and statistical data, which better reflects the overall impact
of DE on the TFP of industries.

The rest of the paper is organized as follows: Section 2 provides a literature review.
Section 3 establishes a theoretical model to define the relationship between DE and TFP in
complex economic systems. Section 4 describes the measurement model configuration and
data sources. Section 5 presents the empirical results and discussion. Section 6 summarizes
the paper and offers policy recommendations and research limitations.

2. Literature Review

The empirical analysis of DE and the TFP of industries addresses three aspects: the
connotation and measurement of DE, the connotation and measurement of TFP, and the
influence of DE on the TFP of industries.

The concept of “digital economy” was first proposed by Don Tapscott in 1996. In the
initial stage, when the concept was introduced, DE was essentially equivalent to the ICT
industry [11]. With the advancement of digital technologies, the G20 Hangzhou Summit
defined DE as “a series of economic activities that use digitalized knowledge and informa-
tion as the key production factor, modern information networks as the important carrier,
and the effective use of ICT as the crucial driving force for efficiency improvement and
economic structure optimization” [12]. Based on this definition, scholars have conducted
extensive discussions on statistical measurement, mainly including accessing the scale of
DE [13] and measuring the development level of DE [14]. Among them, measuring the
development level of DE provides a more comprehensive reflection of its connotation and
is convenient for regional comparison [15].

The TFP of industries, as a crucial indicator for measuring the efficiency of indus-
trial development, reflects the contribution of factors such as technological progress and
improvements in organizational management, in addition to the input of elements like
capital and labor, to the growth of output during the production process. Multiple studies
have examined the measurement methods and influencing factors of the TFP of industries.
Among them, the measurement methods include the Solow residual, Data Envelopment
Analysis (DEA), and Stochastic Frontier Analysis (SFA) [16-18]. Among these methods,
DEA, especially the Global Malmquist-Luenberger (GML) index method, can handle com-
plex situations with multiple input and output factors and incorporate undesirable outputs,
such as environmental pollution, into the analysis framework, thus reflecting the diversity
and sustainability of the industrial production process more comprehensively [19]. Regard-
ing the influencing factors, existing studies mostly focus on the effects of factors such as
infrastructure investment, carbon emissions, and population aging [20-22]. In recent years,
scholars have begun to pay attention to the impact of artificial intelligence (AI) and the
Internet on the efficiency of different industries [23,24].

The study of the relationship between DE and the TFP of industries has a considerable
history. Ever since the “Solow Paradox” was proposed, scholars have conducted extensive
discussions on the impact of ICT on TFP and have formed two sharply contrasting view-
points. One is the optimistic perspective. Some scholars have developed mathematical
models from the perspective of task automation in their studies, suggesting that artificial
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intelligence will drive rapid growth in manufacturing productivity [25,26]. A study on
TFP in different industries in Sweden found that although there was no significant cor-
relation between ICT and TFP in the short term, there was a positive correlation after a
lag of seven to eight years [27]. The other is the pessimistic perspective. Based on U.S.
statistical data, ref. [28] argued that Al technology alone is insufficient to drive productivity
growth. Ref. [29] proposed that excessive digitization leads to resource wastage and labor
misallocation, which suppresses TFP growth.

In general, there are three aspects that require improvement in the existing studies.
First, most studies rely on statistical data to reflect the development level of the DE.
However, issues such as insufficient indicator coverage and poor data timeliness and
availability make it difficult to objectively represent the overall impact of DE on the TFP
of industries. Consequently, this paper constructs a multi-dimensional indicator system
based on the connotation of DE and incorporates highly timely indicators, such as network
indices, to more accurately depict the development level of China’s DE, providing data
support for researchers testing its impact on the TFP of industries. Second, previous
research focuses on the impact of technical factors, such as ICT and Al on the TFP of
industries. However, as a new economic form, DE encompasses more than just technical
characteristics. Currently, whether from a theoretical or empirical standpoint, research
on the impact of DE on the TFP of industries remains relatively scarce. Therefore, this
paper integrates DE and the TFP of industries into the same analytical framework for both
theoretical analysis and empirical testing. Third, prior studies have analyzed the impact of
DE on TFP within a single industry. Whether there are differences in the impact of DE on
the TFP across different industries still needs validation. Therefore, this paper calculates the
TFP of China’s agriculture, manufacturing, and service industries, respectively, conducts
comparisons using econometric regression, and performs extended analyses of regional
and industry heterogeneity to enhance the understanding derived from existing studies.

3. Theoretical Model

To analyze the impact mechanism of DE on TFP, this paper incorporates DE into the
firm’s production activities based on the multi-sector Schumpeterian endogenous growth
model constructed by [30]. Assume that an economy comprises three sectors: the general
product sector, the industry product sector, and the research and development (R&D)
sector. The role of the general products sector is to aggregate the final products produced
by the n industry products sectors. The industry product sector operates under a perfect
competition market. Each representative firm utilizes labor and intermediate goods as
inputs for producing final products. The production of intermediate goods is carried out
using optimal technological standards. Technological innovation in the economy originates
from the R&D sector, which continuously generates new intermediate products for the
economy through its R&D activities. This process facilitates technological progress within
industries.

3.1. The Model
3.1.1. Firm Behavior in the General Product Sector

General products serve two functions: they are used for household consumption and
firm investment. Assume that the production of general products is composed of final
products from 7 sectors within the perfect competition market. The production function is
specified as a Constant Elasticity of Substitution (CES) production function, which satisfies
constant returns to scale, strict concavity, and the Inada conditions. The specific form is as
follows:

-1\ 7
Y; = Z(Piyit 3 ,i=1,2,---,n (1)
i=1
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where Y; represents the quantity of general products, Yj; represents the quantity of final
products from the i-th industry, and ¢; represents the importance of the i-th industry’s final
products in the general products. € represents the elasticity of substitution between final
product inputs across industries in production. When 0 < ¢ < 1, there is complementarity
between the final products of different industries, and when € > 1, they are substitutable.

In a perfect competition market, producers of general products choose the optimal
quantity Yj; of industry final products to maximize their profits, given the prices of industry
final products P;; and the price of the general products P;.

3.1.2. Firm Behavior in the Industry Product Sector

Assume that the economic system comprises # final product sectors, each characterized
by perfect competition for both final products and factor markets, with each industry’s
final products produced by labor and specialized intermediate products distributed over
the interval [0, 1]. The production function is specified as Equation (2):

1
Y = Ly [ A ) @

where Lj; represents the labor input quantity used in producing final products of industry i,
which ensures that the total labor across all industries equals the economy’s endowment of
labor. x;;(j) represents the quantity of the j-th intermediate product used in the production
process of final products in the industry i. A;;(j) denotes the technological level of the j-th
intermediate product in industry i; a represents the elasticity of specialized intermediate
product output; 1 — « represents the elasticity of labor output.

The production function of the industry’s final products adheres to Harrod-neutral
technological progress. In a perfect competitionmarket, firms producing final products in
the industry i maximize profits by optimizing their inputs of intermediate product input
x;t(j) and labor input Lj;, given predetermined prices for intermediate products P;(j) and
wage rates Wi;.

3.1.3. Firm Behavior in the R&D Sector

Assume that the R&D sector is composed of capitalists who produce a unique inter-
mediate product. Their profit-driven behavior would incentivize them to enter industries
with higher profitability. The production of intermediate products uses the industry’s final
products as inputs. Given the price P;; of the industry’s final product, capitalists adjust the
quantity and price of intermediate products to achieve profit maximization.

To sustain monopoly profits, capitalists rely on R&D activities to optimize production
processes and enhance technological capabilities. Assume that the success probability of
R&D activities is p;(j), and the technological level will increase from Aj;(j) to 6;A;(j),
where 6; > 1. If R&D fails, the technological level of the intermediate product remains
constant. Following the method proposed by [31], this paper expresses the probability of
R&D success as a function of R&D input. The specific formulation is as follows:

N 05
oi(j) = Af(Lif&ifpw 3

where i represents industry, f represents time, j represents intermediate goods categories,
R;t(j) represents R&D inputs, A;;*(j) represents R&D objectives, and A; represents R&D
efficiency.

According to the technological-economic paradigm characteristics of DE, innovation
is the intrinsic force driving the development of digital economic paradigms. Digital
technologies are universal and are capable of widespread application across multiple
industries and domains, thereby empowering industry ecosystems and transforming
enterprise business models and management practices, leading to disruptive innovation.
Therefore, this paper incorporates digital technology into the innovation efficiency of the
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R&D sector. Digital technologies contribute to the innovation efficiency of the R&D sector
in two main aspects: First, by enhancing R&D efficiency through their pervasiveness and
collaborative capabilities, thereby increasing the probability of R&D success. Second, by
optimizing the combination of production factors through their use and thereby influencing
the optimal innovation behavior of the R&D sector. This paper represents R&D efficiency
as an increasing function of digital technology, which is denoted as digital, specifically as
follows:

A; = 1 x digital? (4)
where 77 represents the exogenous efficiency parameter, and § represents the efficiency
parameter of digital technology.

3.2. Optimal Behavior Derivation Process
3.2.1. Optimal Behavior of Firms in the Industry Product Sector

The optimal behavior of firms in the industry’s final product is defined as follows:

1 1
max [Pz-tLh“ | A (i)~ Wil — [P, (j)xito')dj] ©)

Under conditions of perfect competition market in the labor and intermediate goods,
the first-order partial derivatives of x;(j) in Equation (5) can be derived and set to zero
yields. Then, P;(j) can be expressed as follows:

Pu(j) = aPyli* AL ()i~ () (©)
Taking the first-order partial derivatives of L;; in Equation (5) and setting them to zero,

we obtain Equation (7):

1
Wi = (1= )Pl [ A G ()dj @)

Given the demand for intermediate products, producers will determine the optimal
price and quantity of intermediate products based on the principle of profit maximization.
Assume that producing 1 unit of intermediate product requires consuming 1 unit of final
product from the industry. The optimal behavior of intermediate product producers is
represented by Equation (8):

max [Py (f)xit (f) — Piexit (f)] (8)

Combining Equations (6) and (8), the optimization behavior of intermediate product
firms can be derived as follows:

max [P AL ()L x4 () = Puxa(j)] ©)
By taking the first-order partial derivative of x;(j) in Equation (9) and setting it to
zero, we obtain Equation (10):
. 2 .
xit(j) = a7 Ay (j) Lyt (10)
According to Equations (6) and (10), Py (j) can be expressed as follows:

Pj) = 2 an

According to Equations (8), (10), and (11), a firm’s profit from choosing to produce
intermediate products is to be expressed as Equation (12).
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7 (j) = Pu(1— @)aT™ Ay (j) Ly (12)

This paper sets fol Ajt(j)dj = Aj to achieve a simplified analysis. A; represents the
average level of technological progress in industry i. According to Equations (2) and (10),
we obtain the optimal output of firms in industry i:

20 . 20
Yy=al—a Lit/o Ai(j)dj =al — & Ay Ly (13)

Based on the preceding discussion, the success probability of intermediate product
R&D activities depends solely on R&D efficiency. At equilibrium, the success probability of
various types of intermediate product R&D activities in the industry is p;;. Therefore, the
average level of technological progress A;; can be expressed as Equation (14):

Ay = 0iAip1pir + Aip—1(1 — pir) (14)

Based on Equation (14), the rate of technological progress growth for industry i is
given by Equation (15).

g — Ait = Aipr _ BiAipapie + A1 (1 —pir) — Aip1 (60— 1oy (15)

Ai,tfl Ai,tfl

3.2.2. Optimal Innovation Behavior of the R&D Sector
The optimal behavior of the R&D sector is set as follows:

max [0 (7) 71t () — PitRit(f)] (16)

From Equation (3), Equation (17) can be obtained as follows:

(1 2
Ri(j) = L () (£2) a7
1
From Equation (17), it can be observed that there is a positive correlation between
Rj;(j) and p;;(j). Therefore, the profit maximization of the R&D sector can be reformulated
as the maximization of innovation probability. From Equations (12) and (17), Equation (16)
can be expressed as follows:

N 2

maz o) P(1 — S A4 )L — Pl ()22 (18)

Taking the first-order partial derivative of p;;(j) in Equation (18) and setting it to zero
yields:

. 1 1ta
pit(j) = 5(1 - "‘)"‘%t“' /\12 (19)

From Equation (19), it can be seen that p;;(j) depends only on a and R&D efficiency
A;. Therefore, in industry i, the probabilities of success in innovating various types of
intermediate products are equal, which means p;;(j) = p;;. From Equations (4) and (19),
Equation (15) can be expressed as follows:

1+a

1 Lta 1 Lta .y 2
Sit = (0; — 1)5(1 —a)aTu A} = 5(91- —1)(1 —a)at==(n x dzgztaliﬁt) (20)
Equation (20) indicates that the rate of technological progress in industry i depends

on parameters «, 8;, 77, B, and digital;;. It is evident that the development of DE can drive
industry technological progress.
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3.2.3. Optimal Behavior of the General Product Sector

According to Equation (1), the optimal behavior of the general product sector is as

follows:
€

1-—¢e1_¢

n

max | Py( 2471 w5 ) — Y PuYi (21)
i=1

Taking the first-order partial derivative of Yj; in Equation (21) and setting it to zero
yields, we obtain the following:
N\ €
Yy = ( P ) Y, (22)

P

3.3. Efficiency-Enhancing Effects of the Digital Economy

Based on the optimal behavior of firms in the general product sector, the output
structure between any two industries, i and k, can be represented by the following:

Yii  (Pri/ Py)Ys ¢iPre \©
= = 23
Yo (Pepic/ Pra) Vs (¢kpit ) (23)

According to Equation (13), y S - can be expressed as follows:

20
ﬁ _aTe Ayl ALy
=— —
Yie o atwAp Ly AkeLee

(24)

Assume that free mobility of labor across industry sectors, when the labor market
reaches equilibrium, the wages in each industry sector are equal. According to Equation (7),
we have the following;:

L Wi (L= 0Pl o AL () ()d) (25)
Wit (1= )Pl fy AL (), ()dj

According to Equations (10) and (25), II;—Z can be expressed as follows:

Py A
— = (26)
Py A
Taking the natural logarithm of Equation (26) on both sides and differentiating with
respect to time, we obtain Equation (27):

Pit Pkt Akt Ait
_ — kb2 — o 27
Pit Pkt Akt Ait 8kt — it ( )

Equation (27) indicates that the relative price changes between industry sectors depend
on the rates of technological progress across those sectors. Sectors experiencing faster
technological progress have lower rates of product price change compared to sectors with
slower technological progress.

According to Equations (23), (24), and (26), ETZ can be expressed as follows:

¢i & A
= 5 () 28)

Taking the natural logarithm of Equation (28) on both sides and differentiating with
respect to time, and further substituting Equation (27), we obtain the following:
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Lii Ly At A

E—fh—(5—1)(147!—?”)—(e—l)(git—gkt) (29)
where ¢ represents the elasticity of substitution in general product manufacturing. When
0 < & < 1, labor will move from sectors with higher rates of technological advancement to
those with lower rates. When ¢ — 1 < 0, labor will move from sectors with lower rates of
technological advancement to those with higher rates. According to Equations (1) and (13),
Y} can be expressed as follows:

€
e-17e-1
" 2 €

Yi= | ) pi(al —aA;Ly) (30)

i=1

Let L; = Z Lit, where L; represents the aggregate labor force across industries.
i=1
According to Equation (28), L;; can be expressed as follows:

Aels
Li=— ¢u (31)

EA Lt

Letd; = %r where d;; represents the share of labor force occupied by industry i, and
then we obtain Equation (32):

) Ae 1 e
dy =t = L O )
t Z A ¢g
Equation (30) can be rewritten as follows:
L 20
L 1\e—1
Yi= | Yot A al—ar, (33)
i=1
1
-1

For simplifying, let A; = ( Y pifALT 1) , where A; represents the technolog-

ical level of the general product sector Then, per capita output can be expressed as
Equation (34).

]/t = — = D(f“At (34)

n
Taking the natural logarithm of A; = ( ) cpfAitgl) e-1 on both sides and differen-
i=1

tiating with respect to time gives the following equation:

A;
. €A e 144t
At zz pia Ay
AP e S (35)
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Based on % = git, Equation (35) can be transformed into Equation (36).

n

4 LA . 144 .

A 7;171 = Zditgit = Ezdit(gi —1)(1 —a)al —a(y x digitall;) (36)
Fgat =0 24
=

From Equation (36), it is evident that with the escalation of the digital economic
development level, the rate of technological progress ascends concurrently. Generally
speaking, the growth of technological progress is manifested as an augmentation in TFP.
Consequently, the advancement of DE can propel the growth of TFP.

4. Materials and Methods
4.1. The Measurement of Digital Economy Development Index (DEDI)

The objective of this paper is to investigate the influence of DE on TFP. Hence, it is
necessary to scientifically assess the development level of DE to uphold the reliability and
accuracy of the empirical results. Scholars typically use statistical data to measure DEDI
from the aspects of basic conditions, external environment, and integrated application of
DE development. While this approach provides some reference value, it still faces issues
such as inadequate coverage of DE indicators and limited timeliness and availability of data.
This paper argues that DE signifies a novel economic form, with its main features displayed
in three aspects: connectivity, data, and integration. Digital technology and infrastructure
are fundamental in establishing interconnected networks. Data monetization underscores
the economic value of data as a key component. Additionally, industrial digitalization and
digital industrialization reflect the innovative application of digital technology in the real
economy.

Based on existing research indicators, this paper develops a comprehensive DE mea-
surement index system comprising five core indicators: digital technology, digital infras-
tructure, data monetization, digital industrialization, and industrial digitization, along
with 21 underlying indicators, as illustrated in Table 1. In particular, network data such as
the Baidu Index and the frequency of data-related words in government work reports are
acquired using Python 3.11.4.

This paper evaluates China’s DEDI using the entropy-weighted TOPSIS method. In
contrast to the basic average method, the entropy-weighted TOPSIS method not only
eliminates subjective biases, resulting in more objective and reliable weight calculations
but also effectively demonstrates the significance of fundamental indicators in influencing
DE metrics across various dimensions. The specific construction and measurement steps of
DEDI are as follows:

1.  Standardization Processing. To eliminate differences in dimensions and magnitudes
among the various indicators, the range method is adopted to standardize each basic
indicator in the measurement system. All the basic indicators selected in this paper
are positive indicators, and the standardization formula is as follows:

Xij — mm(Xl])

Yo — 37
7 maxX;; — min(X;;) (37)

where Xj; and Yj; represent the original and standardized basic indicators for measur-
ing DEDI, respectively.
2. Calculate the Information Entropy. Calculate the information entropy E; of each basic

indicator Yj;.
n n
i=1 i=1

1 n
i=
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Calculate the Weights. Calculate the weights W; of each basic indicator Y;.

m

Wi=(1-E)/) (1-E) (39)

j=1

Construct the Weighted Matrix. Construct the weighted matrix R of the measurement
indicators for the development level of the digital economy.

R = (rij)nxm (40)

where rij = W] X Yl]
Calculate the Euclidean Distance. Calculate the Euclidean distances d;" and d;-
between each measurement scheme and the optimal scheme Q;“ and the worst

scheme Q]._:

dr =

(& =)
(& =)

! (41)

d: =

1

T=| T

]

6.  Calculate DEDI;:

DEDI; = (42)

1
d +d;

where the value of DEDI; ranges between 0 and 1.

Table 1. Evaluation index system of digital economy.

Primary Secondary . .
Indicators Indicators Tertiary Indicators
.. Number of artificial intelligence patents (units)
Digital . . .
Technology Number of industrial robot patents (units)
Baidu index of digital technology
Number of Internet broadband access ports (ten thousands)

Dicital Number of web pages (ten thousands)

. igita Number of digital television users (ten thousands)

nirastructure Number of websites owned by every hundred enterprises (units)

Fixed investment amount in the electronic information industry (billion CNY)
Number of data exchanges/data trading platforms (units)
Data . . - . . .
L Number of enterprises ranking top 10 globally in cloud computing enterprises (units)
Monetization .
Digital The frequency of data-related words in government work reports
igita
Economy Output of mobile phones, integrated circuits, and microcomputer devices (ten thousands)
Main business income of the manufacturing industry of communication equipment,
Dicital computers, and other electronic equipment (billion CNY)
nd lglf? . Total volume of telecommunications services (billion CNY)
ndustrialization Employees in the information transmission, software, and information technology service
industry (ten thousand people)
Software business revenue (billion CNY)
Number of rural broadband access users (ten thousand households)
. The proportion of villages with the Internet broadband service opened (%)
Industrial . . T
S Integration Development Index of Informatization and Industrialization
Digitization

Digital Finance Index
E-commerce transaction volume (billion CNY)

139



Mathematics 2024, 12, 2619

4.2. The Measurement of Total Factor Productivity (TFP)

Referring to [32], this paper utilizes the GML index method to measure the TFP
of agriculture (TFP_agri), the TFP of manufacturing (TFP_manu), and the TFP of ser-
vices (TFP_serv) across 30 provinces in China. The calculation processes are shown in
Appendix A. The input, desirable output, and undesirable output indicators used for
calculating different industries are as follows:

1. Total Factor Productivity of Agriculture (TFP_agri). Input indicators include (@) labor,
quantified by the number of people employed in agriculture; 2) land, measured by
the sown area of crops; (3 machinery, measured by the total power of agricultural
machinery; (@ fertilizer, measured by the amount of agricultural fertilizer applied;
(® pesticide, measured by the amount of pesticide utilized. Output indicators include
(D desirable outputs, measured by agricultural value added and adjusted for inflation
using 2011 constant prices; (2) undesirable outputs, measured by the total amount of
agricultural carbon emissions.

2. Total Factor Productivity of Manufacturing (TFP_manu). Input indicators include
(@ capital, measured by the capital stock; (@) labor, represented by the average number
of employees in manufacturing. Output indicators include @) desirable outputs, mea-
sured by the gross output value of manufacturing and its sub-sectors, adjusted using
the producer price index of industrial products; (2) undesirable outputs, measured by
the weighted average of emissions from waste gas, wastewater, and solid waste.

3.  Total Factor Productivity of Service (TFP_serv). Input indicators include () labor,
measured by the number of employed personnel at the end of the year in the service
industry and its sub-sectors; ) capital, measured by the capital stock of the service
industry. Output indicators include (1) desirable output, measured by the value added
of the service industry and its various sub-sectors; (2) undesirable output, measured
by pollution emissions.

4.3. The Estimation Model

In order to accurately identify the impact of DE on the TFP of industries, referring
to [33], this paper constructs a panel regression model for analysis. The specific model
setting is as follows:

TFPM = ap + aq DEDI,‘/[ + IXCCV,‘J +u;i + Or + €t (43)

where TFP;; is the dependent variable, representing the TFP of industries in the i-th
province and the t-th year. DEDI; ; is the independent variable, denoting the development
level of DE. y; represents individual fixed effects, J; represents time fixed effects, and ¢;;
represents random error terms that are independently and identically distributed.

This paper focuses on coefficient &1 of the DEDI to determine whether it is significantly
positive for testing the relationship between TFP and DE. To alleviate the estimation
bias caused by omitted variables, this paper controls for other factors that may have an
impact on the TFP of industries. These factors include the following: Per Capita Gross
Domestic Product (Pgdp): The improvement in the level of economic development not
only provides conditions for technological progress but also increases the demand for
technological innovation, thereby promoting the enhancement of the TFP of industries. In
this paper, the logarithm of Pgdp is selected to represent it. Fiscal Autonomy (FA): The
influencing factors of the TFP of industries also comprise institutional factors. In regions
with higher fiscal autonomy, the government has greater flexibility in adjusting fiscal
expenditures, which benefits the flow of resources toward technological progress. In this
paper, the ratio of general budgetary fiscal revenue to general budgetary fiscal expenditure
is utilized to represent it. Foreign direct investment (FDI): Opening up to the outside
world can drive the improvement of the TFP of industries by promoting employment
growth in the industry, deepening material capital accumulation, and introducing advanced
production technologies and management experiences. In this paper, the proportion of
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foreign direct investment in GDP is employed to measure it, and deflation and price
conversion processing have been implemented.

4.4. Data Sources

The datasets utilized in this study are available from the China Statistical Yearbook,
the China Fixed Assets Investment Statistical Yearbook, the China Rural Areas Statistical
Yearbook, the China Industry Statistical Yearbook, the China Environment Statistical Year-
book, the DRCNET Database, and the Wind Database. The word frequency of the Baidu
Index and government work reports is captured using Python 3.11.4. Missing data are
imputed using the average growth rate. The study encompasses data from 30 provinces in
China (excluding Hong Kong, Macao, Taiwan, and Tibet). The panel period is from 2011 to
2022, and 360 samples are obtained.

5. Results
5.1. The Baseline Regression Analysis

The specific regression results are presented in Table 2. The regression results of
Models (1) to (6) demonstrate that, regardless of the inclusion of control variables, DE
exerts a markedly positive influence on the TFP of agriculture, manufacturing, and service
industries. Furthermore, by comparing Models (2), (4), and (6), it is evident that there
are differences in the enhancing effect of DE on the TFP of different industries. The
coefficients for TFP_agri, TFP_manu, and TFP_serv are 0.602, 0.942, and 1.865, respectively,
all of which are significantly positive, at least at the 5% level. Evidently, DE is currently
focusing its efforts primarily on the service industry. It has transcended the constraints
of time and space, limited information, and precise dissemination. It is likely to disrupt
the pattern that “the era of the service industry is an era of low growth.” In traditional
service industries, production and consumption must occur simultaneously in the same
location and cannot be stored or transported. Nevertheless, DE has subverted these inherent
features. Service commodities, such as artistic performances, education, and healthcare,
can now be exchanged across time and space in the form of data via digital platforms,
facilitating the trade of services and demands that were previously difficult to address. The
advancement of digital technologies has also led to the emergence of business models like
e-commerce and live streaming for selling goods. Economies of scale, economies of scope,
and the long-tail effect in the service industry have progressively emerged and become
prominent.

Table 2. The results of baseline regression.

TFP_Agri TFP_Manu TFP_Serv
() 2 3 @ (5 (6)

0.612 ** 0.602 ** 1.865 *** 0.942 ** 4.753 *** 1.865 ***

DEDI

(0.304) (0.289) (0.549) (0.410) (1.188) (0.491)
0.174 * 0.189 ** 0.258 **
Ln pGDP (0.095) (0.090) (0.104)
FD —0.212* —0.245* —0.220 **
(0.125) *(0.124) (0.094)
Finance 0.174 * 0.010 0.241 **
(0.099) (0.008) (0.121)
FDI —0.078 * 0.367 *** 0.246 **
(0.046) (0.073) (0.103)
Constant 0.929 *** 0.839 *** 0.599 *** 0.245 ** —0.342 *** —0.243
(0.111) (0.137) (0.145) (0.103) (0.090) (0.203)
Individual FE Yes Yes Yes Yes Yes Yes
Time FE Yes Yes Yes Yes Yes Yes
N 360 360 360 360 360 360
R? 0.736 0.835 0.843 0.746 0.805 0.824
Note: ***/**/* indicate statistical significance at 1%, 5%, and 10% levels. Robust standard errors are reported in
parentheses.
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In conclusion, DE is capable of promoting the TFP of agriculture, manufacturing, and
service industries in China, with variations in the enhancement effects across different
industries. Specifically, the digital economy exerts the most substantial positive influence
on the TFP of the service industry, followed by the manufacturing industry, while having
the least impact on agriculture. This indicates that the effect of the digital economy on the TFP
of the manufacturing and agricultural industries requires further enhancement. In the future, it
is indispensable to accelerate the in-depth integration of DE with the manufacturing industry
and facilitate the transformation from “Made in China” to “Intelligently Made in China”.
Additionally, it is of crucial significance to enhance the application of digital technologies in
agriculture to achieve high-quality, efficient, and sustainable development in this sector.

5.2. The Endogenous Analysis

The baseline regression indicates a significant positive correlation between the de-
velopment of DE and the enhancement of TFP in industries. Nevertheless, the baseline
analysis merely utilized OLS regression. If there are latent endogenous issues in the model,
the baseline estimation results might be inaccurate.

There are two main sources of potential endogeneity in this study. First, despite
including control variables and accounting for both time-variant and invariant unobserv-
able factors, some factors may still be difficult to capture, such as regional institutional
differences and dynamic variations in industrial scale. Second, there is a two-way causality
between DE and TFP. The technological level is a crucial driver of DE’s development, and
the TFP level, to some extent, reflects the strength of technological advancement. Therefore,
the level of TFP may also influence the development of DE. To address this issue, this
paper constructs a panel instrumental variable for DEDI (IV_DEDI) by multiplying the
cross-sectional data of the number of fixed-line telephone subscribers at the end of 1998 in
each province by the first-order lag of the Internet penetration rate [34].

As shown in Table 3, the Kleibergen—Paap rk LM statistic is significant at the 1% level,
indicating that there are no issues with unidentifiable instrumental variables in the model.
The Kleibergen—Paap rk Wald F statistic is also much larger than the critical value of 16.38
for the Stock—Yogo weak identification test at the 10% level, suggesting that the problem of
weak instrumental variables can be excluded and that the selected instrumental variables
are valid. The regression results from the first stage show a positive correlation between
IV_DEDI and DEDI for agriculture, manufacturing, and service industries, at least at
the 5% significance level. The second-stage regression results are 0.465, 0.646, and 1.746,
respectively, and are significant at least at the 5% level. This implies that the positive
effect of the digital economy on TFP across different industries remains robust even after
accounting for endogeneity.

Table 3. The results of instrumental variable regression.

TFP_Agri TFP_Manu TFP_Serv
First Second First Second First Second
Stage Stage Stage Stage Stage Stage
0.015 *** 0.083 ** 0.057 ***
IV_DEDI (0.004) (0.038) (0.011)
0.465 ** 0.646 *** 1.743 **
DEDI (0.194) (0.092) (0.814)
Controls Yes Yes Yes Yes Yes Yes
Individual FE Yes Yes Yes Yes Yes Yes
Time FE Yes Yes Yes Yes Yes Yes
N 360 360 360 360 360 360
R? 0.952 0.913 0.945
F 77.53 2.67 74.24 18.35 76.35 44.82
Kleibergen—Paap rk LM (8?)[1)38)
Cragg-Donald Wald F 1378.940
Kleibergen—Paap rk Wald F 244.380

Note: ***/** indicate statistical significance at 1%, 5% levels. Robust standard errors are reported in parentheses.

p-values are reported in parentheses for Kleibergen-Paap rk LM.
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5.3. The Robustness Test

To ensure the robustness of regression results, the following tests are conducted in this
paper, as shown in Table 4:

1.  Change the Empirical Model. In view of the temporal accumulation of TFD, the
first-order lag term of the TFP, TFP;;_; is added to Equation (37), and the first and
second-order lag terms of DEDI are chosen as instrumental variables for the Gener-
alized Method of Moments (GMM) estimation. Across different models, the results
consistently show that the impact of DE on TFP remains positive;

2. Change the Independent Variable. In order to avoid the estimation bias caused by
the estimation method, the vertical and horizontal scatter degree method is used to
recalculate DEDI for robustness analysis, whose results robustly support the above
conclusions;

3. Add the Control Variables. Additional control variables are incorporated, including
levels of technological innovation, marketization, and infrastructure. The level of
technological innovation typically contributes to the TFP of industries. A high degree
of marketization confers a greater degree of innovation in industries, thereby facilitat-
ing the enhancement of the TFP. The upgrading of infrastructure levels, such as those
of railways and highways, also expedites the flow of production factors and boosts
industrial efficiency. The results reveal that the impact of DE on the TFP of industries
is consistent with the baseline regression.

Table 4. The results of robustness test.

TFP_Agri TFP_Manu TFP_Serv
Change Change Change Change Change Change Add the
the Inde- the Inde- Add the the Inde- the Inde- Add the the Inde- the Inde- Control
Control Control .
pendent pendent Variables pendent pendent Variables pendent pendent Vari-
Variable Variable Variable Variable Variable Variable ables
DEDI 0.465 ** 0.576 *** 0.432 *** 0.886 ** 0.986 * 0.821 ** 1.167 ** 1.485 *** 1.094 ***
(0.194) (0.064) (0.096) (0.372) (0.557) (0.345) (0.558) (0.160) (0.168)
. 1.197 ***
L.TFP_agri (0.203)
0.985 ***
L.TFP_manu (0.095)
0.814 ***
L.TFP_serv (0.158)
Controls Yes Yes Yes Yes Yes Yes Yes Yes Yes
Individual FE Yes Yes Yes Yes Yes Yes Yes Yes Yes
Time FE Yes Yes Yes Yes Yes Yes Yes Yes Yes
AR(1) 0.017 0.026 0.015
AR(2) 0.793 0.868 0.754
Sargan 0.989 0.993 0.996

Note: ***/**/* indicate statistical significance at 1%, 5%, and 10% levels. Robust standard errors are reported in
parentheses. The p-values are in parentheses for AR(1), AR(2), and Sargan.

5.4. The Region Heterogeneity Analysis

Given the distinct spatial variance in the regional distribution of DED], this paper
categorizes the samples into the eastern region, as well as central and western regions,
for heterogeneity tests. Prior to conducting the sub-sample tests, this paper executed the
between-group difference test. The outcomes demonstrated that the p-values of the SUR
test all passed the significance test, suggesting that significant differences existed between
the groups.

As shown in Table 5, DE exerts a significant facilitating effect on TFP_agri in the
central and western regions, whereas its impact on TFP_agri in the eastern region is not
notable. The possible reasons are as follows. The eastern region, driven by industrial
construction and radiated by urban expansion, has manifested the feature of concentrated
interests. The digital infrastructure in eastern cities is more advanced, and the level of
human capital is higher as well. Thus, the marginal utility that the digital economy brings
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to industrial efficiency is relatively low. Under the traditional economic model, it has
been difficult for agricultural development in the central and western regions to benefit
from land value appreciation resulting from industrial agglomeration and infrastructure
investment. Nevertheless, the strong diffusibility and high innovativeness of the digital
economy have effectively broken the resource barriers between the eastern and the central
and western regions and can optimize the allocation of resources such as capital and labor
effectively. Especially, the implementation of the “E-commerce Assisting Farmers” program
has offered a new channel for the sales of agricultural products in the central and western
regions. Therefore, the digital economy is more conducive to promoting the enhancement
of agricultural TFP in the central and western regions.

Table 5. The results of region heterogeneity analysis.

TFP_Agri TFP_Manu TFP_Serv
. Central and . Central and . Central and
East Region Western Region East Region Western Region East Region Western Region
DEDI 0.456 0.734 * 1.467 *** 0.835 *** 1.073 ** 1.753 **
(0.326) (0.399) (0.511) (0.317) (0.481) (0.737)
Constant 0.942 ** 0.991 * —3.368 *** —0.839 0.086 0.386 ***
(0.410) (0.583) (0.812) (0.742) (0.261) (0.102)
N 132 228 132 228 132 228
R? 0.943 0.843 0.633 0.574 0.885 0.825
Chi? 5.65 *** 6.35 ** 5.38 ***
p-value 0.005 0.014 0.001
Note: ***/**/* indicate statistical significance at 1%, 5%, and 10% levels. Robust standard errors are reported in

parentheses.

In the manufacturing sector, DE’s promoting effect on TFP_manu is more pronounced
in the eastern region than in the central and western regions. The possible reasons are as
follows: From the perspective of the foundation of economic development and resource
endowment, the eastern region has a first-mover advantage in the manufacturing sector.
Its industrial structure is relatively mature and diversified, having accumulated substantial
physical capital and human capital in the early stages. This creates favorable conditions for
the in-depth integration of the digital economy and manufacturing, enabling it to employ
digital technologies more effectively to enhance production efficiency. From the perspec-
tive of technological innovation, the eastern region possesses dense research institutions,
high-level universities, and innovative enterprise clusters, which can generate numerous
technological innovation achievements and promptly apply them to manufacturing. This
robust innovation ecosystem promotes the research, development, and promotion of digital
technologies, further boosting the TFP of manufacturing in the eastern region. In contrast,
the dominant industries in the central and western regions remain predominantly tradi-
tional manufacturing, and the integration of digital technologies in the manufacturing field
is relatively lagging. Nevertheless, with the continuous reinforcement and improvement
of the central and western regions in infrastructure construction, talent cultivation, policy
support, and other aspects, the digital economy is anticipated to play a more significant
role in the development of manufacturing in the central and western regions in the future.

Regarding the service industry, the impact of DE on TFP_serv in the central and
western regions is greater than that in the eastern region. The possible reasons are as
follows: Firstly, from the perspective of the spatial layout of industrial development, DE
has optimized the industrial spatial organization pattern, giving rise to a virtual agglomer-
ation mode that integrates online and offline services. Under this virtual agglomeration
mode, the development, production, and sales of services can be accomplished via virtual
platforms. For example, Taobao has enabled the virtual agglomeration of the wholesale
and retail industry; Ctrip and Meituan have facilitated the virtual agglomeration of the
accommodation and catering industry; DiDi has brought about the virtual agglomeration
of the transportation industry; and the MOOC has realized the virtual agglomeration of
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the education industry. The service industries in the central and western regions have
benefited from the “spatial spillover” dividend of this virtual agglomeration, leading to a
more substantial improvement in productivity. In addition, in terms of cost and market
access, service enterprises in the central and western regions, aided by the virtual agglom-
eration mode of the digital economy, can build online service platforms at a lower cost,
break through geographical restrictions, rapidly expand their market scope, and lower
market access thresholds. In contrast, due to the relatively complete offline service system
in the eastern region, the transformation costs and resistance are relatively large.

5.5. The Manufacturing Industry Heterogeneity Analysis

The baseline regression results have considered the overall influence of DE on the
TFP of industries. Whether there are disparities in the impact of DE on each subdivided
industry awaits further validation. Based on data availability, the effect of DE on 21 subdi-
vided manufacturing industries was examined and categorized into three types: low-skill
manufacturing, medium-skill manufacturing, and high-skill manufacturing, based on the
average education level of the employed personnel.

As shown in Table 6, it is evident that within the low-skill manufacturing industries,
DE exerts a notably positive influence on the TFP of the agricultural and sideline food
processing industry, food manufacturing, textile industry, textile and apparel industry,
paper and paper products industry, and non-metallic mineral products industry. These
industries are predominantly labor-intensive. The progressive attenuation of the demo-
graphic dividend and the escalating labor costs, among other factors, have compelled
manufacturers to increase the utilization of intelligent equipment. It is precisely due to the
initiative of “Replacing Humans with Machines” that the TFP of these industries has been
elevated.

In the medium-skill manufacturing industries, with the exception of chemical raw
materials and chemical manufacturing, DE has a remarkable enhancing impact on the TFP
of other manufacturing industries. These industries are typically capital-intensive and pos-
sess the financial strength to support the transformation toward automation, digitalization,
and intelligence. Nevertheless, the chemical raw materials and chemical products man-
ufacturing industry lacks the necessary incentive mechanisms and management models
for digital transformation and is more inclined to focus on the research and development
of new materials. Consequently, it has dispersed its investments in digital development,
resulting in an insignificant improvement in efficiency due to DE.

In high-skill manufacturing industries, DE has significantly elevated the TFP of general
equipment manufacturing, special equipment manufacturing, and transportation equip-
ment manufacturing industries. These industries are capital-intensive and have undergone
a relatively high degree of digital transformation within enterprises. Nevertheless, DE has
not exerted a significant impact on pharmaceutical manufacturing, as well as computer,
communications, and other electronic equipment manufacturing. The potential reasons
could be as follows: these industries are technology-intensive and demand a large number
of highly skilled labor. However, at present, the application of DE in China’s manufactur-
ing sector remains at the simplistic stage of “Replacing Humans with Machines”, lacking
mastery of core digital technologies.

In conclusion, the impact of DE on the TFP of different industries in the manufacturing
sector is heterogeneous. DE can significantly enhance the TFP of industries such as food
manufacturing, rubber and plastic products industry, and special equipment manufactur-
ing. However, it has no significant effect on the TFP of industries such as wine, beverage,
and refined tea manufacturing. The possible reason is that these industries have high
profit margins, and their production technologies are usually passed down through tradi-
tional craftsmanship, lacking the motivation for intelligent transformation. Furthermore,
the digital economy can suppress the TFP of the tobacco industry, which may be due to
the management model and distribution mechanism of state-owned enterprises in China.
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Therefore, differentiated digital economy development strategies should be formulated for

different industries.

Table 6. The results of manufacturing industry heterogeneity analysis.

Low-Skill Manufacturing Industry

Agricultural and X . Paper and Non-metallic
4 1. Wine, Beverage, . Textile and .
Sideline Food Food Manu- . Textile Paper Mineral
. . and Refined Tea Apparel
Processing facturing Manufacturin Industry Industr Products Products
Industry 8 y Industry Industry
DEDI 0.765 * 0.746 ** 0.142 1.375 ** 1.243 *** 0.943 ** 0.915 ***
(0.447) (0.336) (0.129) (0.598) (0.249) (0.393) (0.083)
R? 0.835 0.924 0.975 0.825 0.856 0.867 0.817
Medium-skill Manufacturing Industry
Non-
Ferrous ferrous
Chem}cal raw Chemical Rubber and Metelxl Metzill Metal Elelctrlcal
materials and . . Smelting Smelting Machinery and
. Fiber Manu-  plastic products . Products .
chemical facturin industr and Rolling and Indust Equipment
manufacturing & y Processing Rolling Yy Manufacturing
Industry Processing
Industry
DEDI 0.675 0.745 ** 0.798 * 0.636 *** 0.717 ** 0.623 * 0.613 ***
(0.681) (0.339) (0.424) (0.091) (0.306) (0.565) (0.102)
R? 0.884 0.726 0.758 0.683 0.902 0.868 0.826
High-skill manufacturing industry
0il, Coal, . Transportationcompl.lterf Com-
and Other General Special Equipment munications,
Tobacco Pharmaceutical Equipment Equipment and Other
Fuel . Manufac- .
Industry . Manufacturing  Manufactur-  Manufac- . Electronic
Processing . . turing .
Industries ne turing Industry Equipment
Manufacturing
DEDI —0.445 ** —0.356 0.754 0.785 * 0.926 ** 0.757 *** 0.835
(0.223) (0.297) (0.580) (0.444) (0.389) (0.076) (0.596)

R? 0.913 0.698 0.801 0.984 0.635 0.703 0.755
Constant Yes Yes Yes Yes Yes Yes Yes
Controls Yes Yes Yes Yes Yes Yes Yes
IanlijVIdual Yes Yes Yes Yes Yes Yes Yes

N 360 360 360 360 360 360 360

Note: ***/**/* indicate statistical significance at 1%, 5%, and 10% levels. Robust standard errors are reported in
parentheses.

5.6. The Service Industry Heterogeneity Analysis

To investigate the heterogeneity of DE’s impact on the service industry, this paper
examines its influence of DE on five subdivided service industries, as shown in Table 7.

DE exerts a significantly positive influence on the TFP of service industries, with the
exception of the real estate industry. In the aspect of the wholesale and retail industry, the
connectivity of DE has heightened the precision and efficacy of supply-demand matching,
giving rise to business models such as business-to-customer and manufacturers to con-
sumer. In the domain of transportation, warehousing, and postal services, the innovation
of DE business models has generated considerable logistics demands. Furthermore, digital
technologies have empowered processes like logistics transportation and goods distribu-
tion, effectively connecting and optimizing the reorganization of scattered transportation
resources in the market and facilitating the standardization, large-scale operation, and
intensification of logistics. In the financial industry, digital technologies enhance traditional
banking, investment, and insurance, facilitating the optimization of business processes,

146



Mathematics 2024, 12, 2619

user credit ratings, and investment risk assessments and consequently improving the
efficiency of financial transactions.

Table 7. The results of service industry heterogeneity analysis.

Wholesale and Transportation, Warehousing, = Accommodation and Financial Real Estate
Retail Industry and Postal Services Catering Industry Industry Industry
DEDI 1.356 ** 1.325 *** 0.104 ** 1.007 *** 0.843
(0.565) (0.189) (0.043) (0.168) (0.766)
Constant Yes Yes Yes Yes Yes
Cor'1trol Yes Yes Yes Yes Yes
variable
Individual FE Yes Yes Yes Yes Yes
N 360 360 360 360 360
R? 0.3753 0.3435 0.3213 0.3865 0.3654

Note: ***/** indicate statistical significance at 1%, 5%levels. Robust standard errors are reported in parentheses.

In summary, the impact of DE on the TFP of different industries within the service
sector also exhibits heterogeneity. At present, DE has a significantly positive effect on
TFP in most industries, such as the wholesale and retail industries. However, it does not
have a noticeable enhancing effect on the TFP of the real estate industry. The possible
reasons are as follows: Currently, the real estate industry has a relatively low reliance
on data elements, and the application of digital technologies in real estate development,
construction, operation, and decoration is relatively weak. Although consumers can obtain
property information through real estate trading platforms, actual transaction activities are
significantly influenced by regional factors and market policies.

6. Conclusions
6.1. Conclusions and Policy Recommendations

In recent years, research on DE and TFP has witnessed a substantial increase. Never-
theless, empirical analysis at the industrial level remains relatively scarce in China. This
paper utilizes panel data from 30 provinces in China, spanning from 2011 to 2022, to estab-
lish an econometric model examining the influence of DE on the total factor productivity
of industries. In general, this paper provides empirical evidence at the industrial level for
addressing the “Solow Paradox” and offers policy recommendations for the development
of the digital economy in China. The main conclusions are as follows:

Firstly, DE can effectively promote the TEP of industries. The order of the enhancement
effects in various industries is as follows: TFP of the service industry, TFP of the manu-
facturing industry, and TFP of agriculture. This conclusion remains valid after robustness
tests and endogenous treatment. Secondly, compared with the central and western regions,
DE has a stronger promoting effect on the TFP of manufacturing in the eastern region.
However, DE has a more significant enhancing effect on the TFP of agriculture and services
in the central and western regions than in the eastern region. Thirdly, the effect of DE on
the TFP of industries presents industrial heterogeneity. In the manufacturing sector, DE can
significantly enhance the TFP of traditional manufacturing industries such as agricultural
and sideline food processing industry, but it has not yet shown a significant effect on the
TEP of high-skill manufacturing industries such as computer, communications, and other
electronic equipment manufacturing. In the service sector, the promoting effect of DE is
more pronounced in industries such as wholesale and retail, while the real estate industry
has not yet benefited from the dividends of DE.

Based on the above research and considering the current development status of DE,
this paper presents the following suggestions:

Firstly, enhance the application of digital technologies in agriculture and fully leverage
the role of technological progress in improving the TFP of agriculture. Strengthen the
application of technologies such as the Internet of Things and artificial intelligence across all
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stages of agricultural production, processing, and sales. Accelerate the transformation and
application of agricultural digital technology achievements, such as specialized sensors and
agricultural robots, by holding exhibitions of these advancements and creating platforms
for sharing, training, and promotion.

Secondly, formulate differentiated development strategies for manufacturing. For low-
skill manufacturing, upgrading production equipment to be more intelligent, networked,
and digital enables large-scale, customized, and flexible production. For medium-skill man-
ufacturing, enhance connectivity among individuals, machines, objects, and systems. For
high-skill manufacturing, focus not only on intelligent transformation, such as “replacing
humans with machines”, but also on emphasizing research, development, and the creation
of advanced digital technologies.

Finally, there is a need to deepen the application of digital technology in productive
service industries and leverage technological progress to enhance the TFP of these indus-
tries. The focus should be on facilitating the digital upgrading of productive service sectors.
Technologies should be used to develop precise marketing and intelligent decision-making
services. Additionally, focus on advancing scientific and technological innovation services,
such as research and development and technological consultation, as well as services like
green, inclusive, efficient, and secure digital finance. Avoid excessive allocation of resources,
such as capital, talent, and R&D, to consumer service industries to prevent falling into the
“dividend trap”.

6.2. Limitations and Future Research

Given the constraints imposed by data availability and research methodologies, the
article still has the following shortcomings: Firstly, although the paper provides empir-
ical evidence of the digital economy’s impact on improving the TFP of industries, the
exploration of the underlying mechanism is insufficient. In the future, this issue should
be addressed from a broader perspective to uncover the black box mechanism between
the DE and TFP. Secondly, the paper focuses solely on the comprehensive indicator of TFP
without examining the specific impacts of DE on individual production factors such as
capital productivity and labor productivity. This lack of detail may obscure the differen-
tiated effects of DE on various production factors. Therefore, subsequent research could
delve into the independent impacts of DE on single-factor productivity, such as capital
or labor, to construct a more comprehensive and detailed map of the influence pathways.
Lastly, concerning research methodologies, the paper employs a traditional panel regression
model for empirical analysis. With rapid advancements in big data and machine learning
technologies, future research could incorporate these advanced techniques to validate and
expand upon the conclusions. By leveraging modern data analysis tools, we can capture the
intricate relationship between DE and TFP more precisely and provide policymakers with
more scientific and reliable decision-making foundations, thus facilitating the sustainable
and healthy development of DE.
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Appendix A. Process for Calculating Total Factor Productivity (TFP) of Industries

This paper employs the Global Malmquist-Luenberger (GML) index approach to
measure the TFP of industries. This method not only resolves the multi-input and multi-
output issues involving undesirable outputs but also overcomes the limitations of the
Malmquist-Luenberger (ML) index model, and it possesses transitivity and cumulative
multiplicability. The specific procedures are as follows:

1.  Construct the Production Possibility Set. Suppose that there are K decision-making
units (DMUs), each DMU having N inputs, x = (x1,X2,- -+ ,XN) € RZ_\J , M desirable
outputs,y = (y1,¥2,- - yum) € Rﬂ\f, and ] undesirable outputs, b = (by, by, - - - ,by) €
R{r. The input, desirable output and undesirable output in each period t can be
expressed as x*, y¥*, and b*!, respectively. On this basis, the current production
possibility set P!(x!) is constructed.

K K
(yt/ bt) : Z Z]i]/;im 2]/5,1/ m = ]-/ e /M/ Z Z]t(b]i] - b]t/ ] - 1/ e /]/
Pt(xt) _ k=1 k=1 (A1)

K K
kzlzlix,inﬁx;, nzl""'N;kzlzli:LZiZO/ k=1,---,K

where P!(x") is a bounded closed convex set. The input and desirable output are
highly disposable; that is, if (x!,y!,b') € P{(x') and X' > xf or y' < y!, then
(x",y',bt) € Pt(xt) or (x,y",b') € Pt(xt). In addition, two assumptions are required
for dealing with undesirable outputs.

Axiom A1l (weak disposability axiom A1). If (x,y!,b') € P{(x') and 0 < 6 < 1,
then (x!,0y*,0b") € P!(x!). This axiom means that if the undesirable output is to be reduced, the
desirable output must be reduced at the same time, indicating that the improved environment and
the pollution reduction are costly, so the idea of environmental regulation should be included in the
analytical framework.

Axiom A2 (zero combination axiom A2). If (x',y!,b") € P!(x') and b’ = 0, then y* = 0.
This axiom means that if there is no undesirable output, then there is no desirable output. In other
words, whenever a desirable output is produced, the undesirable output accompanies concurrently.

In Equation (A1), z; represents the weight of the cross-sectional data. If z; > 0, then

K
there are constant returns to scale; if ) z,tC = l,z,t( > 0, then there are variable returns to
k=1
scale. However, P!(x!) determines the current production frontier using current period
data, which may lead to technological regress. For this reason, this paper constructs the
global production possibility set, which enhances the comparability between the technical
efficiencies of DMUs.

L tpt t H
MY szbk]':bj/ j=1--, 5

(v0') L L 2, !
P e O t=1k=1

m=1,-
PO() =4 1 g T K (A2)
Zzzlt(x]t(ngx;/ n:]-/"'/N;Z ZZ;(:]., Z}izol k:]-//K
t=1k=1 t=1k=1
2. Calculate the Global Directional Distance Function. Taking period t as an example,
the solution model of the DMU global directional distance function is shown in

Equation (A3):
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Dg(xt,yt,bt;yt, —b') = maxp

I K t.kt 7t o
S AR Y
Y 2B = (1 )b, = A3
t?lkil
rr day' <(1-p)yf, n=1,-- N
Z;(ZO, k:1/lI<

G
3. Construct the GML Index. The global directional distance function is Bo (x5, Y%, b5 87) =
max{p: (y*,b%) + Bg* € P¢(x7)}, where T = t,t +1, PS(x7) represents the global
production possibility set and ¢ = (y, —b) is the directional vector. Under constant
returns to scale, the GML can be expressed as follows:

-G
1+ D, (xf,y!, by, —b")

GML ! = = (Ad)
—
14 D, (xt+1,yt+1 prl,yt+1 _pt+1)
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Abstract: This paper investigates the problem of fixed-time event-triggered consensus control for
a class of multi-agent systems with disturbed and non-linear dynamics. A fixed-time consensus
protocol based on an event-triggered strategy is proposed, which can ensure a fixed-time event-
triggered consensus, reduce energy consumption, and decrease the frequency of controller updates.
The control protocol can also be applied to the case when the systems are free of disturbances; it
solves the problem of high convergence time of the systems and reduces energy consumption of the
systems. Sufficient conditions are proposed for the multi-agent systems with disturbed and non-
linear dynamics to achieve the fixed-time event-triggered consensus by using algebraic graph theory,
inequalities, fixed-time stability theory, and Lyapunov stability theory. Finally, simulation results
show that the proposed control protocol has the advantages of both event-triggered and fixed-time
convergence; compared to previous work, the convergence time of the new control protocol is greatly
reduced (about 1.5 s) and the update times are also greatly reduced (less than 50 times), which is
consistent with the theoretical results.

Keywords: consensus; multi-agent systems; non-linear; event-triggered control; fixed-time

MSC: 93A16

1. Introduction

Consensus is a relatively important issue in the collaborative control [1-4] of multi-
agent systems. The convergence rate is an important performance metric for evaluating
the proposed consensus protocols [5]. The convergence rate was shown to be influenced
by the algebraic connectivity, which is the second smallest eigenvalue of the Laplacian
matrix. In [6], researchers can improve the convergence rate to linear protocols, but only
asymptotically. In practice, it is sometimes necessary for multi-agent systems to achieve
consensus in finite time [7-9]. However, the finite-time consensus has a major drawback
in that the convergence time of the systems still depends on the initial conditions of the
multi-agent systems. Therefore, it is difficult to provide a strict estimate of the convergence
time. Furthermore, the issue of how to decrease the loss of energy of the agents is also a
noted research topic. Therefore, the aim of this paper is to research this problem; specifically,
it will be based on fixed-time convergence and event-triggered mechanisms to propose a
new strategy: a fixed-time event-triggered consensus control protocol.

Fixed-time stability [10] refers to a state where the convergence time of a closed-
loop system is independent of the initial conditions. A fixed-time averaging consensus
algorithm was discussed for multi-agent systems with integrator dynamics in an undirected
topology [11]; then, conclusions on finite-time and fixed-time stability analysis of non-
linear systems were presented by using an implicit Lyapunov function approach [12].
Then, the robust fixed-time consensus problem for multi-agent systems with non-linear
dynamics and uncertain disturbances was studied [13]. Researchers investigated the
fixed-time consensus problem for a class of heterogeneous non-linear multi-agent systems
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and proposed a new control protocol to achieve the fixed-time consensus problem for
leaderless and leader-following systems by using fixed-time control theory and graph
theory [14]. In [15], the fixed-time leader-following consensus problem for higher-order
non-linear multi-agent systems was studied. Based on a fixed-time distributed observer and
a dynamic gain control method, a dynamic controller was proposed to achieve fixed-time
tracking consensus. In [16], a non-singular sliding-mode control law was designed based on
fixed-time synchronization stability, thus solving the fixed-time synchronization consensus
problem. Researchers studied the fixed-time consensus tracking problem of second-order
multi-agent systems under a directed interaction topology, designed a sliding surface, and
established a non-singular terminal sliding-mode consensus protocol to achieve fixed-time
convergence of the tracking error to the origin [17]. In [18], an ideal fixed-time stable virtual
control protocol was derived by adding power integrator techniques, radial basis function
neural network approximation, and adaptive methods; it solved the problems of unknown
control direction and external disturbances of the system. In [19], the fixed-time control of
a second-order perturbed non-linear multi-agent system was studied. A new non-singular
terminal sliding-mode control protocol was proposed to achieve the fixed-time convergence
of the system, and an explicit estimation of the settling time was given. It is worth noting
that the loss of energy of the agents is not considered in the above-mentioned studies
on the fixed-time consensus of multi-agent systems. Additionally, the event-triggered
control problem is closely related to the measurement feedback control problem. An event-
triggered control system is a sampled-data system in which the sampling time instants are
determined by events generated by the real-time system state. By taking advantage of the
inter-sample behavior, event-triggered sampling may realize improved control performance
over periodic sampling. It also has the advantages of saving communication bandwidth,
improving system response speed, reducing control cost, improving system robustness,
and applying to complex systems [9,20-24]. Therefore, it is important to combine the
event-triggered mechanism with multi-agent systems with fixed-time consensus to reduce
the energy consumption and the frequency of controller updates. Additionally, researchers
studied the fixed-time event-triggered consensus problem of uncertain non-linear multi-
agent systems [20], proposed two fixed-time event-triggered consensus controllers, and
obtained sufficient conditions for the fixed-time convergence of the system. Ref. [21] studied
the problem of achieving fixed-time average consensus for a class of multi-agent systems
under switching topology and intermittent communication based on the event-based
control strategy, and obtained sufficient conditions for the system to achieve fixed-time
average consensus. Ref. [22] proposed a new fixed-time event-triggered control protocol
based on a dynamic compensator approach to obtain a sufficient condition for the fixed-
time consensus of linear multi-agent systems. An event-triggered consensus protocol
was proposed in [23]; it obtained sufficient conditions for convergence of event-triggered
attitude consensus for multi-agent systems. In [24], researchers studied the fixed-time
event-triggered consensus of a class of non-linear multi-agent systems with switching
topologies and gave an upper bound on the fixed-time convergence time of the system and
sufficient conditions for the convergence of the system.

It should be noted that the previous works have made significant contributions to the
field of multi-agent consensus control, but some issues have not been considered. In [13],
a non-linear multi-agent system control protocol was proposed in first-order multi-agent
systems with disturbed and non-linear dynamics, but when the agents are internally pow-
ered by their own power supply or battery, the bandwidth is easily limited and the loss
of communication resources occurs, which have not been considered. In addition, re-
searchers studied the fixed-time event-triggered consensus problem for a class of non-linear
multi-agent systems. Ref. [24] proposed a control algorithm that considers its influence
by uncertain non-linear terms, but the disturbance of the systems was not considered;
the algorithm provided a high prediction of the upper bound on the convergence time.
Motivated by the previous works, in this paper, a fixed-time event-triggered consensus
control protocol is proposed, which can achieve fixed-time event-triggered consensus for
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multi-agent systems with disturbed and non-linear dynamics. The control protocol is also
suitable for the case when the systems are free of disturbances. Compared with the previous
works, the results shown in this paper have the following features: Firstly, this protocol
reduces power consumption. Secondly, compared to [24], this paper can provide a more
accurate upper bound estimation of convergence time and save more resources. Finally,
the multi-agent systems with external disturbances are considered. Results about the fixed-
time event-triggered consensus for multi-agent systems with disturbed and non-linear
dynamics are available.

This paper is organized as follows: Preparation and problem formulation are presented
in Section 2. In Section 3, a fixed-time event-triggered consensus control protocol is
proposed and consensus analyses are reviewed. In Section 4, some simulation examples are
provided to illustrate the effectiveness of the fixed-time event-triggered consensus protocol.
Conclusions are drawn in Section 5.

2. Preparation and Problem Description

In this section, firstly, the knowledge of the graph theory will be introduced. Secondly,
some lemmas used in this paper will be introduced. Finally, the problem formulation will
be presented.

A.  the basic graph theory

Let G(V, E, A) be an undirected graph G of order N. The V = {1,2,--- , N} indicates
that the graph has N nodes and E C V x V is the set of edges. An edge (i,j) € E
indicates that note j can exchange information state from note i and note i can also exchange
information from note j. In this paper, agents are considered nodes. Agent i and j can
communicate with each other. A = [g;;] € R"*" is an N order matrix when edge (i, ]) € E,
ajj > 0; otherwise, a ij = 0, A is known as an adjacency matrix. The degree matrix is defined
is DD: dij‘g{dl,- <, dnt, di = Z]'I\LL]'# a;j. The Laplacian matrix of graph G is defined by

B. Some lemmas

Lemma 1 ([13]). The graph G is undirected and connected, and the following three conclusions
hold:

(1) 0is an eigenvalue of the matrix L and the corresponding eigenvector is 1,, L1, = 0.
(2)  The Laplace matrix is positive semidefinite, and all the eigenvalues of the matrix satisfy the
following relation:
0< A< < Ay, 1Tx = 0 then xTLx > /\szx.

Algebraic connectivity of the graph G; the second smallest eigenvalue of the Laplace matrix
is /\2.
(3) Foranyx = (x1,x2,--- ,xN)T e RN, xTLx = %Zfil Zjlil a;j(xj — xl-)z.

Lemma 2 ([11]). If there is a continuous radial unbounded function V(x(t)): R, — RT U {0}
suchthat x =0< V(x) =0
x satisfies the inequality

V() < —aVP(x(t)) — bVI(x(t)) )

fora,b>0,pe(0,1),g>1.p=1—4,qg=1+ 4,7 > 1. then, the fixed-time stable can be
. S 2T Sy
achieved and the settling time T satisfies the following conditions: where, 7y

T(x) < Thax = ﬂ/VJCO € R" (2)

B Vab

Lemma 3 ([13]). Let xq,x2,- -+ ,xny > 0,0 < p < land g > 1. Then
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Zil\; x> (Zilil xi)?, Zle ;>N q(Zz 3 %) ®)

C. the problem formulation

The multi-agent systems consist of N agents and the dynamics model of the agents
can be described by the following differential equation:

xi(t) = ui(t) + f(xi(t), 1) + di(xi(t), ¢) (4)

wherei =1,2,---, N, u;(t) € RN is the control input of the multi-agent systems, x;(t) € RN
is the state of agent, f(x;(t),t) is a non-linear function, and d;(x;(t), t) are disturbances. In
this paper, before moving on, the following assumptions are made:

Assumption 1. f(x;(t),t) is a non-linear function; there exists a positive constant k, 0 < p <
land q > 1, p <1y < gq, p,qand q are the ratios of positive odd numbers, such that

|f(xi(8), 1) = fx(8), ) < Kelxi(t) — x;(8) [ ®)
For example, a non-linear function f(x(t)) = |x(t) + 1| + sin(t), and x;(t) is the state of
agent i, x;(t) is the state of agent j, so | f (x;(t)) — f(x;(t))| = ’%\xi(t) +1] = 3|xj(t) + 1|‘ <
3lxi(t) = xi(1)],

Assumption 2. The disturbances d;(x;(t), t) are bounded by

di(xi(t), 1) < d (6)

:%,‘n:l.

where the number d is assumed to be given, andi =1,2,--- ,N.

For example, a disturbances function d(x(t),t) = sm(x(t) cos(x(t))), then for the state of
agent i, d(x;(t),t) = sin(x;(t)cos(x;(t))) < 1aswell asd = 1.

Definition 1. With a given control protocol, the fixed-time consensus of the multi-agent systems
(4) is that there exists a fixed-time T such that tlirr%|xi(t) —xj(t)| = 0and whent > T, x;(t) =
—

xi(t)(i,j =1,2,- -+, N), if for any initial value x;(0), there is a positive constant Tyax, such that
T < Tyax, multi-agent systems will be said to achieve fixed-time consensus.

3. Fixed-Time Event-Triggered Consensus Protocol

In this section, the main results of the fixed-time event-triggered consensus of the
system (4) are investigated.
Consider the following control protocol:

ui(t) :_klzj']\ilaq( i(t ) x( ))

]
—kzle\; aij (x;(t) — x;(t; ()"
N o) (1) 7
—k42]-]i1 ajjsign(x;(t,) — x;(t1))

where ky,kp, k3,ky > 0,0 <p <1,q>1,p <y <q.pnand q are the ratios of positive odd
numbers. #, is the kth event-triggered instants of the agent i. Additionally, parameters k1,
k2, k3, and k4 affect the consistency of different orders, respectively, and the interaction
reaches the consistency of fixed time.

Define a measurement error; the event-triggered function is related to this measure-
ment error.
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ei(t) = klszlaz](xz(ti> - x](fi)) +k22N1“z](xz(ti) —x(t}))’
—|—k3Z] lal](xl( ) — xj(t N’ +k42] 1ul]szgn(xl( ) — x;j
klZ] 1 aij (xi(t) — x;(¢ )P~ kZZ] 1 aij(xi(t) — x;(t
k3Z] 1‘11](x1( ) Xj ))’7 k4Z] 1’11]518”(x1( )_xj t))

®)

The following event-triggered function is constructed based on the measurement
error:

9(t) = lei(D)] — mki Sy aglxi (1) — x;(5) )" —mka Ty aygli (1) — x; (1))

©)
*kaZ]:l a1]|x1( ) — xj(t)r7 — mkyN
where 0 < m < 1,kq,kp, k3, kg >0,0<p<1,g>1
The event-triggered conditions are as follows:
ey = inf{t > lo(t) > 0} (10)

Based on trigger conditions, at the next trigger moment, each agent will be updated
within its trigger period and will send the updated state information to its neighbors.

Theorem 1. Under all assumptions above, the multi-agent systems, composed of the controlled
plant (4) and the control protocol (7), satisfy the event-triggered condition (10); the multi-agent
systems can achieve fixed-time consensus, if the following inequalities hold:

I B ptl

\meNAN(Lz/pV < NYPAN(Laypin) 2 (11
q q+1
\@WlN)\N(Lz/q)z < )\N(LZ/q-‘rl) - (12)
7’ n+1

k2° 7 < 2Tk3Az(Layyi1) = (13)
V2N (mkyN +d) < kyhy(Lo)? (14)
where Ly, denotes the Laplacian matrix of a graph, where the value of each element is aizj/ 7,

2
L > denotes the Laplacian matrix of a graph, where the value of each element is a ’; P L, denotes

p+1 q+1
2

the Laplacian matrix of a graph, where the value of each element is a’?“ and L 2 denotes the
+1

2
n+1

Laplacian matrix of a graph, where the value of each element is a;} j

The systems (4) can achieve fixed-time consensus under the control protocol (7), and
the system convergence time satisfies:

T < Tax = —L (15)
*p
where the parameters #, B are as follows:
T = k2PN PAn(Layper) T — K2Pv/ImNAN(Lyy,) (16)
— g1 9
B =2TkoAN(Lyyg1) 2 — V22TkomNAN(La/g)?. (17)

Proof. Introducing X(t), let X(t) = %Z]’I\il xj(t) define the state error as follows:
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gi(t) = xi(t) —x(t) (18)

Consider the Lyapunov function as

V() =31 &) (19)

Differentiating,

V() = XN ei(t) (uilt) + f(xi(t), t) + di(xi(t ) t) —
= LN ei(t)(—ei(t) — kg ag(xi(8) — xj(£))7 —ka oy g (x
—ka Yol i (xi() — x;(1)" kg ajjsign(x;(t) — x;(t)) +
+ XN & (1) (f(xi(t), 1) — (1))

According to the state error and the inequalities, one obtains

v(t) < 12?;1 €i(f)(f(xz'(f),t)1— fE(), 1) + f(x(8),1)
*NE]'N:l fxj(t),t) — NZJ‘N:l dj(xj(t), 1))
+Zf\]1 lei()[(lei(t)| +d)
k1Z, pei(t) (S aijei(t) —¢;(1))P)
MY ()(Z]Nm]( i(£)—€; (1))

il

(1))
i(8) = x;()"
d

O

—ks Xy () (T 1%( ei(t)—e;(1)1) —ka iy &;(t) (L aysign (ei(t) —¢j(t)))
. <TY ()({( t),t) - f(x
LT (), — N (0,
kzle1Z]N1”z] Sl(t

ZZV1):]N1az] ei(t

k ZIN12]N1‘11](51<t

kzzfil T ay(ei(t) -

)+ £E0),) o

(e

£]t

(

) — gt
) =&
) =&
)

(
)
)
e

() (eilt) — &

gj(t))sign(ei(t) —¢;(t))

Since Y%y &i(t) = 0, one has (L% (1)) (f(%(1), ) - %2}21 f(x(£),1)) = 0 and
Tk ﬁ(ﬂ)(%i}il dj(x(t),t)) = 0 and

Yo Xy ai(eilt) — e(8))sign(ei(t) =L Dl ala - g0 @)

Substituting Assumption 1 with Assumption 2, and substituting the event-triggered
conditions, one has
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1 1
V() <KEN, [ei(H)2 + (mkaN +d)N2 (TN Jei(1)[?) 2
P
1 2 2
+mkiN(LE [e(8)2) 2 (S T i P lei(t) — & (H)]%)
1 2 2
+mkaN(LE |e(8)2) 2 (S Ty a7 [ei () — (1))
! 2 ] 23)
+mka NN [e;(8)[2)2 (TN XNy a3 fei(t) — &;(1)]?)
p+1 qg+1
2 2 2 2
) 2
NN B P T e() — (D)) (z VXN a1 e (t) —g5(0)2)
17+1
2 2 L 1
<z LN e e — (0 =2 I T alei(t) —(1)[2)2

Invoking Lemma 1, the following inequalities can be obtained:
2
YN YN P lei(t) — (82 = 26Ty e > 440 (Lo, V(E)
i=1 Lj=1 i 1% j - 2/ps = *2\82/p

N N »
Yo ijl aii P lei(t) — ¢j(1)]* = 26" Ly g6 > 4M5 (Lo V(1)

2
N N 5 2 AT
Yo ijl a;i'l |ei(t) —ej(t)|” = 2e" Ly ye > 4Aa(Layy) V(1)
2
N N
Yo Lo T jei(t) — ei(1)7 = 2T Loypiae 2 4Ma(Laypsn) V(1)
2

Zl 1 Z] 1 + 1 |8 ) E](t)|2 = 28TL2/q+1S 2 4A2(L2/q+1)V(t>

where Ly, Lo/g, Layy, Lajpi1, and Ly, q are the Laplacian matrices of the weighted
graphs G(AR/P]), G(AR/a)), G(AR/1), G(AR/PH1]), and G(AR/9+1), respectively.
By Lemma 2, the following inequality can be obtained:

. 1
V(t) < —(klNl_pAN(L2/110+1)pT — k1vV2mNAN(Ly ) )ZPV%U)
g1 9
—(kz/\N(Lz/qH) 2 _\kamN/\N(IQ/q)Z) ()

1t (24)
+(k2" &3 —2'7k3)t2(L2/,]+1) £2 )V (t)
+(VINE (mkgN +d) — kada(L2) 1) VA (8)
By Inequalities (13) and (14)
V(t) < —aV'T (1)~ BV'T (1) (25)
When p = 1+%,q =1- %,'y > 1, one has
V(t) < —av! T (1) — BV (1) (26)
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According to Lemma 2, the systems’ convergence time satisfies:

T < Tmax = L’)L (27)
\V &B
Here are the parameters &, B as follows:

14
2

+1
T =k N P2 AN (Lypin) T — ki V22PmNAN(Ly),)

— 741 q

B = kzzq/\N(Lz/q_H) 2 — \@qusz)LN(Lz/qV
where AN (La/p+1), AN(L2/p), AN(L2/g+1), and An(Ly/,) are the biggest eigenvalues of
the Laplacian matrices Ly/p 11, L2/p, L2/441, and Ly /4 in the connected undirected graphs
G(AR/PH]), G(AlR/P), G(AZ/9H1]), and G(AZ/P]). The multi-agent systems can achieve
fixed-time consensus.

Under the control protocol (7), the inter-event interval is lower bounded; this can be
proven in the following theorem: [

Theorem 2. Considering the multi-agent systems (4) with disturbed and non-linear dynamics, for
any initial condition, the inter-event interval is lower bounded by the strictly positive.

Proof. The presence of a functional term in the measurement error is non-differentiable,
and the next proof process involves the derivation of the measurement error, which is
now generally treated in two ways in the literature—either by approximating the symbolic
function with a saturation function, which requires a segmented discussion, or by replacing
the symbolic function with a hyperbolic tangent function. The second approach will be
used in this part of the proof. The measurement error can be written as

ei(t) = klZ] 1“1](x1(t ) — x](t,'()) +k22N1a1](xl(tk) xj(t;‘(l))q
e 1611]( i) — x;(t})) +k4ZN1ﬂz;tanh( (xi(t) — x;(8)))
klZ] 1a1](xl(t) _x]< ))p kZZleazj( ( ) (t))
_kBZ] 1‘11]( () ())7] k4Z] 1az]tanh( ( () x](t)))
For tanh(n(x;(t) — x;(t)), n > 1, one has

e (0)] < 1SN ag(kap(xi(t) = xi ()P~ 4 kaq(xi(t) = x;(0)" Hkan (xi (1) — x;(1)"" + kan(1 — tank? (n(x; () — x;(1)))) (29)
*(ui(t) + f(xi(t), 1) +di(x (),t) uj(t) + f(xj(t), 1) + dj(x;(t), 1))

Substitute Assumptions 1 and 2

(28)

e (0)] < SNy aij(kup(xi(t) = x; ()7 + kag (xi(t) — x;(£)) 7

- (30)
ks (i (1) — xj(5)77 4 kan) (| (5) — (1) [k xi() — x;(1)]7 + 2d)
Substituting the state error and deflating:
lei(t)] < kipk iy aiglei () —e; (1) [P phagh Dy agjle(F)—e; (£) 1771
hank i aijlei(8) —e(8) 21 kank T agjle (1) —€;(4)]7 31)

FL N aij(kplei(t) =€ (D[P~ + kaglei(t) — (1) |7
+hanlei(t) —e;(O)]771) * (Jui(t) — uj(t)] + 2d)

According to Lemma 1,
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q+n-1

+k2qk(4)\N(Lz/q+17 )V(0)) 2

kkyn(4An (L 2
+ an(4AN(Layy)V ()q)ﬁ (32)

<

lei(t)] < klpk(4/\N(L2/p+nfl)V(0))

+k317k(4)\N(L2/2,7_1)V(O))
+[kip(4An(Layp—1)V

+k317k(4)LN(L2/,],1)V(0

L
(0))12 2q(4AN(L2/p-1)V(0)) 2
)) % J(NJug ()] + [N uj(£) +2d)
The Equation (32) can be written as the sum of two functions on t, t%

e(D)] < h(H) + () (33)
It is also clear from the event-triggering mechanism that the following equation holds:
ei(ty) =0 (34)

By the integral inequalities, one has

()] < ftz le; () |du <ftz (h(t) —l—lz(t]))du

k+1 i ] k+1 * * (35)
Iei(kH |§ft2 h(t) + L(t))du <f (I +13)du
where I; = max{/; ( (t), L(t), -}, 15 = max{ll(to) I(t ) }
The inter-event interval is
) ) mky
g > =
I N >0 (36)

The multi-agent systems under the control protocol (7) have a positive lower bound
on the event-triggered interval. [

4. Numerical Examples

In this section, numerical simulation examples and comparative experiments are used
to verify the effectiveness of the proposed solution. It is assumed that the multi-agent
systems consist of five agents with the following dynamics models described by

xi(t) = ui(t) + f(xi(t), 1) +di(xi (1), 1) (37)

The control input for the multi-agent systems is (7).

ui(t) = —ki 2, ﬂz’j(xi(fi) - xj(fi))p—kzzjzg az‘j(xi('t;() xi(8))"
—ka ol i (xi(t) — xj(t;())}?*kélz]‘l\]:l ajjsign(x;(t,) — x;(tL))

The interaction topology is represented by the following undirected graph shown in
Figure 1. Furthermore, suppose the five agents in Figure 1 represent five smart car robots
or aircraft. The collaboration between them is shown in the figure.

Figure 1. Communication topology.
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From the graph, we can obtain the adjacency matrix and the Laplacian matrix:

e N e R
oOrR OO
N N e
O R O =

0 0 -1 2 -1
-1 -1 0 -1 3

Let f(x;(t),t) = 0.3x;(t) + 0.5cos(t), d;(x;(t),t) =0.5cos(x;(t)), choose the initial
conditions of the multi-agent systems. Additionally, the goal of setting two different initial
states is to verify that the control protocol presented in this article is not affected by the
initial state.

x1(0) = [—4,-1,0,1,3]"
x2(0) = [—400, —100,0,100,300]”

The Laplacian matrix L satisfy Lemma 1 and the second smallest eigenvalue A, = 2.
When the system is in a small initial condition, the values of the parameters of the
fixed-time control protocol are 7 =1, p = 0.6, g = 14, k; = 05,k = 0.6, k3 = 1.5,
ky = 1.5.m = 0.3, v = 2.5 which satisfy the conditions. The simulation results for the
proposed non-linear control protocol are shown in Figure 2.

3

Tl
2F T |
T3
1 — Ty
T5
0
2
@
2 /
-1
2+
3+
" . L . . L . .
0 0.5 1 1.5 2 25 3 3.5 4

time(s)
Figure 2. The states of the agents of a small initial condition.
The parameters are substituted into the expression for estimating the upper bound on
the convergence time of the system; the time to converge T satisfies that T < Typax = 2.12's

when the system is in a big initial condition The simulation results for the proposed
non-linear control protocol are shown in Figure 3.
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300

x
X9 |
z3
Ly |
—T5

200

100

state

-100

-200 -

-300

-400

. , , . . , .
0 0.5 1 15 2 2.5 3 35 4
time(s)

Figure 3. The states of the agents of a big initial condition.

A comparison of Figure 2 with Figure 3 shows that the convergence time of the system
is not affected by the initial state of the intelligence in the system under the action of the
control protocol proposed in this paper.

It is assumed that the multi-agent systems consist of five agents with the following
dynamics models described by

xi(t) = ui(t) + f(xi(t), 1) (38)
wherei =1,2,--- ,N, d;(x(t),t) = 0; the interaction topology is represented by the follow-
ing undirected graph shown in Figure 1. In [24], consider the following control protocol:

ui(t) = =k (S 4 (xi(t)) — xj(t;'{))).p*kZ(Z]:Z\il aij(x;(t,) — xj(£)))1
—ka (LR a(xi(8) — x;(t)))

Let f(x;(t),t) = 0.3x;(t) + 0.5 cos(t), and the values of the parameters of the fixed-time
control protocol be p = 0.5, ¢ = 1.5,k; = 0.5, ko = 0.6, k3 = 1.5,

(39)

1

+ — — (40)
(1—p) k2707 N2 (g—1)

F»—\

T < TNmax = 1

N

k2" A,

The theoretical estimates T < Tjp,x = 7.04 s and the simulation results for the proposed
non-linear control protocol are shown in Figure 4. Control inputs of the agents are shown

in Figure 5.
3
“w —
21 —— T
‘ o
1F T4
k o
0
2
g/
R
2t
-3 ~K
4
o 1 2 3 4 5 6 7 8 9 10

time(s)

Figure 4. The states of the agents under the control protocol (39).
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S,
U

Uy
Us

control input

15 L L L L L L L
0 0.5 1 1.5 2 25 3 3.5 4

time(s)

Figure 5. The control inputs of the agents under the control protocol (39).

The simulation results for the proposed non-linear control protocol (7) are presented
in Figure 5. The values of the parameters of the fixed-time control protocol are p = 0.5,
g =15k =05, kp = 0.6, and k3 = 1.5; from the analysis of Theorem 1, the time to

converge T satisfies that
Ty

V@B
The theoretical estimates T < Timax = 1.52 s and the simulation results for the

proposed non-linear control protocol are shown in Figure 6. Control inputs of the agents
are shown in Figure 7.

T < Tmax - (41)

3 T T T T T T T
—x
2r —T2|1
T3
1 Ty
Z5
ot ]
g
P 1
2+ ]
3+ ]
-4 L L L L L L L
0 0.5 1 1.5 2 25 3 35 4

time(s)

Figure 6. The states of the agents under the control protocol (7).

—

control input

0.5 1 15 2 25 3 3.5 4
time(s)

Figure 7. The control inputs of the agents under the control protocol (7).
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A comparison of Figure 5 with Figure 7 shows that the event-triggered fixed-time
consensus protocol (7), where the controller updates only at its event time, updates in
Figure 7. Figure 5, where the controller achieves synchronous updates, has a higher number
of controller updates compared to Figure 7. Figure 8 shows the event-triggered interval
of the five agents in the systems under the control protocol proposed in this paper. The
agents are triggered at their respective event times to update the control inputs under this
scheme to reduce the resource consumption of the system and the number of updates to
the system controller. The event-trigger interval under protocol (37) is shown in Figure 9.

5 © g OO

451 1

4 [ O O0O0000D00000000000CTTTTITI 1

35 1

pellk % k% ¥R K Kk KK K dkekionk o

N

15 1

L v AT R S RS S A Y Y S SR Y ST A WA R R T
R R e e e e e e e ) e P v ¥ o L

0 0.5 1 1.5 2 2.5

Figure 8. The event-triggered interval under the control protocol (7).

451 &

IS
m]
a
[m]
[m]
[m]
[m}
i

25

151

Figure 9. The event-triggered interval under the control protocol (39).

Comparing Figure 8 with Figure 9 shows that the event-triggered fixed-time consensus
control protocol (7) can reduce the frequency of system controller updates and save the
system’s energy.

Figures 5 and 7-9 show that the event-triggered protocol reduces updates, and a
numerical analysis of how significant this reduction is shown in Table 1. In short, from the
results outlined above, we can determine that the simulation results show that the proposed
control protocol has the advantages of both event-triggered and fixed-time convergence,
the convergence time of the new control protocol is greatly reduced (about 1.5 s), and the
update times are also greatly reduced (less than 50 times), which is consistent with the
theoretical results.
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Table 1. A summary table comparing the number of updates.

Theoretical Convergence Simulation Convergence
Time Time
Figure 5—under control
<7. 3.
protocol (39) <7.04s 3.30s
Figure 7—under control <152 ~153 s
protocol (7)
Agent the number of updates
Agent 1 28
Agent 2 2
Figure 8—under control gen 3
protocol (7) Agent 3 34
Agent 4 51
Agent 5 39
Agent 1 number of iterations > 51
A 2 f i i 1
Figure 9—under control gent number of iterations > 5
protocol (39) Agent 3 number of iterations > 51
Agent 4 number of iterations > 51
Agent 5 number of iterations > 51

5. Conclusions

For disturbed and non-linear dynamics, in this paper, the main contribution is the
proposal of a fixed-time event-triggered consensus method protocol that can shorten the
time to reach conformance and reduce the update times of the control protocol. Compared
with the consensus protocol in Equation (39), the proposed protocol in this paper can
reduce the frequency of system controller updates and obtain a more accurate estimate
of the upper bound of the convergence time. Finally, examples are presented to show
the effectiveness of the control protocol. It has a fast convergence time and does not
need to control updates frequently. Therefore, this has potential applications in UAV
formation, smart car collaboration, and factory smart robot collaboration. Furthermore,
many existing Al models adopt progressive convergence and non-event triggering, so if
the consistency control strategy of fixed-time event triggering can be applied to existing Al
models, replacing the progressive convergence and non-event-triggering strategies would
greatly improve Al performance.

However, this paper does not consider the problem of transmission delay between
sensor nodes, the network attacks on nodes, or the problem of limited transmission. The
transmission delay will cause the information interaction between each node and the
neighbor node to be inappropriately timed. Failure to interact with real-time informa-
tion can result in poor consistency performance. These questions are also the focus of
follow-up research.
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2
Abstract: A hierarchical consensus control algorithm based on value function decomposition is
proposed for hierarchical multi-agent systems. To implement the consensus control algorithm, the
reward function of the multi-agent systems can be decomposed, and two value functions can be
obtained by analyzing the communication content and the corresponding control objective of each
layer in the hierarchical multi-agent systems. Therefore, for each agent in the systems, a dual-critic
network and a single-actor network structure are applied to realize the objective of each layer. In
addition, the target network is introduced to prevent overfitting in the critic network and improve
the stability of the online learning process. During the updating of network parameters, a soft
updating mechanism and experience replay buffer are introduced to slow down the update rate of
the network and improve the utilization rate of training data. The convergence and stability of the
consensus control algorithm with the soft updating mechanism are analyzed theoretically. Finally,
the correctness of the theoretical analysis and the effectiveness of the algorithm were verified by
two experiments.

Keywords: reinforcement learning; value function decomposition; multi-agent; consensus

MSC: 93A16

1. Introduction

In recent years, due to the intense development of technology and the rapid improve-
ment of data processing capabilities, many practical systems in the field of engineering
have become increasingly complex. Therefore, the study of large and intricate systems
has emerged as a prominent research focus. At present, the main research trend is to
model complex network systems and divide them into multiple simple and identical
subsystems [1]. The hierarchical multi-agent system is an architecture for organizing and
managing multiple agents [2]. The agents of the systems can be divided into different layers,
each of them having different responsibilities and control objectives. Typically, higher-layer
agents are responsible for global policy making, while lower layer agents perform more
specific tasks or operations. Therefore, the model of hierarchical multi-agent systems can
be described by multiple subsystems. This holds significant practical relevance; that is,
we can combine many of the same simple agents to form a large and complex system,
or we can realize the complex tasks that cannot be completed by a single agent. In the
control process of robotic swarms [3], hierarchical multi-agent systems can be employed to
coordinate multiple robots to accomplish complex tasks. For example, in search-and-rescue
missions [4], higher-layer agents can plan the search area, while lower layer agents carry
out specific search actions. In intelligent traffic management [5], higher-layer agents can be
responsible for overall traffic flow management, whereas lower layer agents control specific
traffic signals or vehicles. In complex supply chain systems [6], higher-layer agents can
perform global supply chain optimization, while lower layer agents handle specific tasks
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such as production, transportation, or inventory management. By decomposing complex
tasks and allocating them to different layers of agents, hierarchical multi-agent systems can
enhance the efficiency and flexibility of the system. Over the past decade, the analysis of
hierarchical multi-agent systems and the development of distributed control schemes have
become focal issues in the field of control and obtained numerous research outcomes [7].

For large-scale multi-agent systems, the model is usually described by a hierarchical
structure because large-scale systems can usually be divided into some groups, and the
number of agents in different groups and the communication topology may be different.
The research on the consensus control of hierarchical multi-agent systems is the basis
of all the problems mentioned above. Consensus control is critical for ensuring the sta-
bility and performance of the entire system. Williams et al. [8] outlined the concept of
the hierarchy, which is used to describe relationships between subeformations, for exam-
ple, “formations of formations”. This concept could be valuable in fields like robotics,
swarm intelligence, and military applications. The authors provide a strong theoretical
foundation by discussing the dynamics of stability within hierarchical formations. This
is important for ensuring that the structures they propose are robust and applicable in
real-world scenarios. However, it may pose challenges in large-scale systems with unpre-
dictable environmental factors. Smith et al. [9] studied the application of the hierarchical
structure to the circular tracking of vehicle networks, and better results can be obtained
compared with the traditional circular tracking algorithm; the convergence rate of vehi-
cle groups to the center of mass is significantly increased. Hara et al. [10] proposed a
general hierarchical multi-agent model with a fractal structure and studied the stability,
global convergence, and low rank of the interconnection structure between different layers.
Consensus in hierarchical systems with low-rank interconnections has practical implica-
tions in various fields, such as decentralized control systems and distributed optimization.
However, like many theoretical papers, it may rely on certain simplifying assumptions
that might not hold in real-world scenarios, potentially limiting the generalizability of the
findings. Tsubakino and Hara et al. [11] propose a hierarchical characterization method
based on eigenvectors for low-rank, interconnected, multi-agent, dynamical systems. This
eigenvector-based approach could have practical implications in areas such as robotic
coordination, decentralized decision-making, and networked systems, where efficient and
stable intergroup communication is crucial. However, while low-rank interconnections
aim to reduce complexity, eigenvector computations in large, dynamic systems may still
be computationally expensive, especially in real-time applications where swift decisions
are needed. Sang et al. [12] studied the group consensus problem based on hierarchical
containment control in linear multi-agent systems. The influence of time delay in dynamic
environments and systems on consensus is considered in this paper. A robust control
strategy is designed to ensure that the system can achieve stable containment control and
consensus in the presence of dynamic changes and communication delays. Wang et al. [13]
proposed a new hierarchical control framework for distributed control of multi-agent
systems. The framework divides the system into multiple levels, each responsible for a
different control task. The framework is designed to improve the scalability and robustness
of the system and simplify the control design of complex systems.

Hierarchical reinforcement learning is one of the effective methods of solving large-
scale and multi-task reinforcement learning problems [14]. Through task decomposition,
strategies are learned according to the goals of each subtask, and the learned strategies
are combined to obtain a global strategy, which can effectively solve the dimensional
disaster problem in large-scale systems. Makar et al. [15] propose a hierarchical reinforce-
ment learning algorithm based on value function decomposition to solve the multi-agent
discrete control problem. The combination of hierarchical structures with multi-agent
reinforcement learning represents a novel framework. Hierarchical approaches allow for
the decomposition of complex tasks into subtasks, making it easier to handle environments
with multiple agents and large state-action spaces. However, implementing a hierarchical
algorithm is often more challenging. Designing the appropriate hierarchy of tasks and sub-
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tasks and determining how agents should transition between them can require significant
domain knowledge and expertise. To solve large-scale and complex continuous control
problems, Yang et al. proposed the hierarchical Deep Deterministic Policy Gradient (DDPG)
algorithm [16], which is a dual-critic network and multi-actor network structure. The critic
network is divided into two layers. In the first layer, a Multi-DDPG algorithm structure
is used to solve simple task problems, and the second layer focuses on solving complex
combined tasks. At the same time, hierarchical reinforcement learning can also solve the
problem of switching topology in the multi-agent systems. For example, Wang et al. [17]
proposed a two-layer reinforcement learning framework to solve the output consensus
problem of multi-agent systems under switching topology conditions. The first layer uses
the Q-learning algorithm, wherein each agent selects the optimal action according to the
current state, and the second layer selects the appropriate action strategy according to
the current topology to ensure the output consensus of the entire system. This two-layer
structure gives the control strategy strong adaptability and robustness and can be adjusted
quickly when the topology changes.

The research concerning hierarchical consensus control mentioned above is largely
based on the specific sequence of the tasks, which means that the performance of the
algorithm convergence may be insufficient. However, in this paper, a hierarchical consensus
control algorithm based on value function decomposition is proposed for hierarchical multi-
agent systems. According to the communication content of each layer of the multi-agent
systems and the corresponding control objectives, the reward function is decomposed, and
two value functions are obtained. Specifically, for each agent in the system, the dual-critic
network and single-actor network structure are designed. The updating of the dual-critic
network is based on the decomposition of value functions in different tasks, and the two
decomposed value functions have no logical order. It is also unnecessary to consider the
training order of the double evaluation network during the training process. In addition,
this paper introduces the target network to avoid overfitting in the critic network and
improve the stability of the online learning process. In the updating of network parameters,
a soft updating mechanism and experience replay buffer are introduced to slow down the
update rate of the network and improve the utilization rate of training samples. The main
contributions of this paper are as follows:

(1) For hierarchical multi-agent systems, a hierarchical consensus control algorithm based
on value function decomposition is proposed. Firstly, the structure of the algorithm
is that of a distributed actor—critic network, which ensures that the distributed char-
acteristics of multi-agent systems are fully utilized. In addition, a value function
decomposition algorithm is introduced to ensure the simultaneous optimization of
the control objectives of agents at different levels, which gives the training process a
certain robustness.

(2) The convergence and stability analysis of the consensus control algorithm with a soft
update mechanism are proposed. It is proved that for each agent, the action value
function estimated by the critic network can converge to the optimal value, the policy
output from the actor network can converge to the corresponding optimal value,
and the multi-agent system can be asymptotically stable.

In this paper, the implementation of the hierarchical consensus control algorithm
based on value function decomposition is presented, and the convergence and stability
of the algorithm are analyzed. Finally, the correctness of the theoretical analysis and the
effectiveness of the algorithm were verified by two experiments. Multi-agent systems with
and without leaders are both considered in the Section 5.

2. Preliminaries
2.1. Graph Theory

The communication of the leader—follower multi-agent system can be represented
by a weighted directed graph G(A) = (V, E, A), which is composed of a set of N agents
V = {v1,02,...,0n}, a set of edges E = {¢;j = (v;,v;)} C V xV, and a non-negative
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adjacency matrix A = [a;;]. a;; > 0 if and only if (v;,v;) € E, which means agent i and j
can communicate with each other; otherwise, 4;; = 0. For Vi =1,2,..., N, a;; = 0. The in-
degree matrix D = [diﬂNx N is a diagonal matrix with d;; = Z/:\/ a;;, and the Laplacian
EN;

matrix is defined as L = D — A. The communication between éhe leader and followers is
modeled by the diagonal matrix B = [b;;]nxN, and b; > 0 means there is a directed path
between the leader and the ith follower; otherwise, b; = 0. If a digraph contains a directed
spanning tree, it means there exists a directed path from the leader to any other follower.

2.2. Problem Formulation

Consider the hierarchical(two-layer) discrete multi-agent system [18]. The structure is
shown in Figure 1. The system contains N = p X g agents:

xi(k+1) :Ax,-(k)+Bu,-(k) i=12,...,N, (1)

where x;(k) € R" is the system state, and u;(k) € R™ is the control signal values. The sys-
tem matrix parameters are A € R"*" and B € R"*™. The number of agents is N, which is
divided into g groups, and each group has p agents. Based on the graph theory mentioned
above, the communication of p agents in the bottom H2 groups can be represented by
the adjacency matrix A; of dimensions p x p. The communication between the g groups
of the top layer H1 can be represented by the adjacency matrix A of dimensions g X .
The Laplace matrices are L1 € RP*F and L, € R7*7, corresponding to the adjacent ma-
trices Ajand Aj, respectively. The communication mode between groups and whether
the agents in each group can receive inter-group information are crucial to the consensus
of hierarchical multi-agent systems. In this paper, it is assumed that the agents in each
group can receive information outside the group in the way of the topological structure
Ajy. And the communication information between groups is fixed as the average value

of all agents in each group, g; [19]; that is, for each group of agents in the bottom layer,

8ji= %xi(k),i € P,] cq.

Figure 1. Hierarchical multi-agent systems. H1 is the top layer, and H2 is the bottom layer.

Assumption 1. There is no time delay in intra-group communication and inter-group commu-
nication in hierarchical multi-agent systems. The number and topology of agents in each group
are the same.

In the two-layer discrete multi-agent systems, the agents in the same group are rela-
tively concentrated. For example, the communication distance between robots or vehicles
composed of communication nodes in the group is close, so the communication delay is
small and can be ignored. The communication distance between groups is often very far
because the communication line is long, the signal transmission capacity is limited, and
the communication time delay of each group of agents can not be ignored. In order to
reduce the difficulty of the algorithm, the problem of communication time delay is not
considered in this paper.
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In hierarchical multi-agent systems, the number and topology of agents within each
group can indeed be the same, but this is not always necessary. If each group has the
same number of agents, it simplifies the system design and interaction protocols. This
uniformity makes coordination easier since each group can follow a similar communication
and decision-making process. If each group shares the same topology, it typically means
that the connections and interactions between agents are similar across groups. The specific
number and topology of agents depend on the problem’s requirements.

Definition 1. The two-layer discrete multi-agent system (1) reaches hierarchical consensus, mean-
ing that for any initial state, there is Vi, jlimy_, [|x;(k) — x; (k)| = 0.

If the hierarchical multi-agent systems has a leader agent, it can be defined as follows:
xo(k+1) = Axo(k), 2)
where xo(k) € R" is the reference signal value of multi-agent systems.

Definition 2. The two-layer discrete multi-agent systems (1) and (2) can reach hierarchical
consensus, meaning that for any initial state, there is Vi, limy_,, ||x;(k) — xo(k)|| = 0.

Considering the communication characteristics of hierarchical multi-agent systems,
each agent can obtain intra-group and inter-group information, so the local tracking error
for agent i in each group is as follows:

ei(k) = Y _lav,ij(xi(k) — xj(k)) + bii (xi (k) — xo(K))] + }_ a25(gi (k) — (k). (3)

j€q jep

According to the equation above, the global tracking errors are defined below; that is,
e(k) = [e] (k),el(k),... ek (k)] € RN

e(k) = (I @ (L1 + B) ® In) (X (k) — Xo(k)) + ;(Lz ® A @ In)X(k), €

where @ is the Kronecker product, I; is the n-dimensional unit matrix, I, is the g-dimensional
unit matrix, the state of the  group agent is Xj,(k) = [x&fl)pﬂ(k), x(Th—l)p+2(k)" coad ()T,
the state vector for all agents is defined as X(k) = [x] (k),x] (k),...,xL (k)] € RN", the state
vector of the leader agent is Xo(k) = [x] (k), x} (k), ..., x{ (k)]T € RN, %(Lz ®A1 ® 1) X(k) is
the value of inter-group state error, and Ay = [1,..., 1]T1,...,1] € RP*? is the information
interaction between each group structure. If the multi-agent systems has no leader, then both b;;
and B3 are zero.
According to (4), the global tracking errors can be defined as follows:

e(k) = e1(k) + ex(k), (5)

where e (k) = (I; ® (L1 + B) ® I,) (X (k) — Xo(k)), ea(k) = %(Lz ® A ® L) X(k).
For hierarchical multi-agent systems with a leader agent, in order to reach consensus,
the global consensus error of the whole system is defined as follows:

e(k) = X(K) - Xo(k) + :)(Lz © A ® L)X (K), ©)
where €1 (k) = X (k) = Xo(k), €2(k) = 5(La @ A1 @ L) X (k).

Lemma 1 ([20]). If the matrix (L + B) is singular, then ||e1 (k)| < |le1(k)||/Amin(L1 + B),
where Ay (L1 + B) is the minimum singular value of matrix (L1 + B).
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Lemma 1 shows that if the global tracking error is small enough, then the global
consensus error can be arbitrarily small. To ensure that the inequality in Lemma 1 holds,
the following hypothesis is given:

Assumption 2. The communication graphs G(A1) and G(Az) of the multi-agent systems
are connected.

2.3. Optimal Consensus Control Based on Value Function Decomposition

Considering the two-layer multi-agent systems, the performance index function of
agent i in any group can be defined as follows:

Ji(er(K), ws(K)) = ik i (6, ui(K))
f=

=ri(ei(k),u;j(k)) +Ji(ej(k+1),u;(k+1)),

@)

where u;(k) = (u;(k),u;(k+1),...,u;(c0)) is the control sequence composed of all the
control quantities of agent i from the current moment, and 0 < 7y < 1 is the discount factor.
The reward value of environment is r;(e; (k), u;(k)).

The objective of the optimal consensus control is to minimize the performance index
function (7). Therefore, according to Bellman’s principle, the optimal value of the state
value function [ (e;(k)) satisfies the following equation:

J (k) = minrfes(K), (k) + 7 (ex(k + 1)) ®)

The DTHJB equation for agent i can be expressed as follows:

Ji (ei(k)) = riei(k), ui (k) +7Ji (ei(k +1)). ©)

Therefore, the DTH]B equation for hierarchical multi-agent systems can be expressed
as follows:

J*(e(k)) = R(e(k), u™(k)) +7J* (e(k+1)). (10)

The action value function Q and the optimal action value function Q* are introduced.
Then, the optimal action value function of agent i is as follows:

Qi (ei(k), ui(k)) = ri(ei(k), ui(k)) + Jmin, 7Qi (ei(k+1),ui(k+1)). (11)

By minimizing the action value function, the optimal control value u* can be obtained
directly as follows:

u; (ei(k)) = argm(i]{)l Q7 (ei(k), ui(k)). (12)

For two-layer discrete multi-agent systems, a hierarchical reinforcement learning
algorithm can be introduced to decompose the performance index function and action value
function according to the control objectives of different layers. The following content gives
the conditions that need to be satisfied by the decomposition of the action value function,
so as to provide the basis for the implementation of the algorithm in the next section.

Theorem 1 ([21]). Suppose the reward function v can be decomposed into M reward functions,
namely, r(e,u) = ¥ M, ri(e, u). Then, the performance index function and action value function

can be decomposed into J(e) = XM Ji(e) and Q(e,u) = LM, Qk(e, u).
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Proof of Theorem 1. The performance index function J(e) is expressed as follows:
e) = Z’Yl”t+l+1 (e, u). (13)
1=0

According to the decomposed form of the reward function in Theorem 1, the perfor-
mance index function can be decomposed into the following:

3

M
J(e) = 271 Z Terrsk(e u)

=0 k=1
M ] o

=Y 7Y k(e u) (14)
k=1 1=0

I
M=
=
=

»
Il
—_

Similarly, the decomposition form of the action value function can be obtained:

M
u) =Y Qule,u). (15)
=

O

From Theorem 1, we can know that the action value function can be decomposed
into several sub-functions for different objectives, and there is no sequential relationship
between the objectives. How to optimize these sub-functions separately is also a problem
to be studied below.

3. Proposed Algorithm
3.1. Consensus Algorithm Based on Action Value Function Decomposition

For hierarchical multi-agent systems which contain N agents, the overall consensus
algorithm structure based on action value function decomposition in order to obtain the
optimal control value (12) for each agent is shown in Figure 2. The reward function of agent
i is decomposed into two rewards corresponding to the consensus control objective with
the intra-group r;1(e;(k), u;(k)) and the inter-group r;»(e;(k), u;(k)). That is, the reward
function is expressed as follows:

ri(ei(k), ui(k)) = ri1(e;i(k), ui(k)) +ri2(ei(k), ui(k)), (16)

Whererll(el(k) ( )) - 611( )Qlell< ) ulr(k)Piui(k)/ ri,Z(ei(k)/ Mz(k)> = 612( )Q1612( )+
u] (k)Pu;(k), Qi(k) > 0, and P;(k) > 0 are positive definite matrices. According to
Theorem 1, the action value function of agent i can be decomposed into the following:

Qi(ei(k),ui(k)) = Qixlei(k), ui(k)) + Qi(ei(k), ui(k)). (17)

Therefore, for agent i, the initial value of the action value function is defined as
Q?,l (ei(k),u;i(k)) and Ql ,(ei(k),u;(k)), and the corresponding control value is as follows:

u(ei(k)) = arg min QP(ei(k), i (k). (18)

The objective of the hierarchical consensus control is to achieve consensus states of
all agents; that is, for each agent i, the intra-group error ¢;; and the inter-group error
e; » tend toward zero. Therefore, the action value function is decomposed and updated
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according to the reward function decomposition. Based on Formula (18), each sub-function
of the action value function can be calculated as follows:

Qi1 (ei(k), ui(k)) = rin(ei(k), ui(k)) + I&ml)in(el(kH) ui(k+1)),

QL) (k) = iz, (6 + min AQa(elk+ Du(r+1).
Similarly, the control value of the m-th iteration is as follows:
uj' (ei(k)) = arg gl(lkr)l Qi (ei(k), ui(k)). (20)
The corresponding decomposed action value function is as follows:
QI (ei(k), ui(k)) = ria (ei(k), ui(k)) + Join 7Q; f(ei(k + 1), ui(k +1)), o

Q5 (ei(k), ui(k)) = rin(ei(k), u (k))+ur(nm)7sz(ez(k+1) ui(k+1)),

where m = 1,2,... indicates the number of iterations. The algorithm is based on Bellman'’s
principle of optimality and adopts the iterative method to solve the problem. For each agent
i, the optimal Q function and corresponding control value can be obtained by iteratively
updating Formulas (20) and (21). The iterative algorithm presented in this paper can deal
with the consensus control problem of hierarchical multi-agent systems with and without
leaders. However, how to obtain optimal control and minimize the Q function is a problem
that needs to be solved below.

— u,,
> .7y, | Agent N
P LA/
1 1 1 1
Telm HT’?'TH:’?'ZHT% Trﬂ Ty TQTT”AZT T S 4
Environment ]
\_

Figure 2. Schematic diagram of the reward function decomposition framework for two-layer multi-
agent systems.

3.2. Algorithm Implementation

For each agent i, the hierarchical multi-agent consensus algorithm based on action
value function decomposition is implemented by the dual-critic network and single-actor
network. The corresponding offline training process is shown in Figure 3. The structure
is similar to the hierarchical DDPG, but the difference is that the training of the dual-
critic network has no primary and secondary order. The dual-critic network learns the
control objectives of each layer and aggregates the learned knowledge into the same
actor network to obtain the corresponding control value. For the actor network of each
agent, the input is the local tracking error e;(k), and the output is the control policy
u;(k), which can be obtained by minimizing the action value function Q;(e;(k), u;(k)) =
Qi1(ei(k),ui(k)) + Qiz(ei(k), ui(k)). According to Theorem 1, each agent has a dual-critic
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network 61 and 62, output Q; 1 (e;(k), u;(k)), and Q;s(e;(k),u;(k)), which are used to
evaluate the control effect of current control values on the intra-group consensus and
inter-group consensus of hierarchical multi-agent systems. For the updating of the critic
network, according to the Bellman equation, the temporal difference error is defined as
follows:

Egap = rig(ei(k), ui(k)) +ymin Q1 (ei(k + 1), u;(k)) — Qj1(ei(k), ui(k)),
Egap = rip(ei(k), ui(k)) +ymin Qs (ei(k + 1), u;(k)) — Qin(ei(k), ui(k)),

where y1 (k) = r;1(ei(k), ui (k) + 7 min Qs (e;(k + 1), u;(k)) and ya (k) = ria(ei(k), u; (k) +
ymin Q;(e;(k+1),u;(k)) are the target value of the dual-critic network. The parameters of
the critic network are updated according to the criterion of gradient descent by minimizing
the square value of the temporal difference error.

(22)

e,(k), e, (k). 1, (), (k)

v
Le k), e.0 (00,1, ()., ()
it » Critic Network 7,1 Critic Network 7,2
0,,(e,(k),u,(k)) 0, (e;(k),u;(k))
v
Actor Network i 2 *)
v
e(k) | e(k+1) Agent i »
Experience | Dynamics | [
Reply Bufferi |, %) e e e e e o e e i |

Figure 3. Training process and schematic diagram of the single agent. The solid black line indicates
the signal flow, and the dashed line indicates the parameter adjustment path.

The traditional learning process of the critic network often tends to be unstable or
even divergent. One reason is that the learning process of the critic network is based on the
traditional Q-learning algorithm, which approximates the Q value by taking the maximum
operation, which may suffer great performance loss. Meanwhile, the observation data used
for the critic network training is limited and cannot fully reflect the dynamic characteristics
of the system; therefore, the neural network may overfit, which leads to unstable training.
Therefore, the target networks 671 and 672 and soft update mechanism are introduced into
the training process of the critic network. The main idea is to slow down the parameter
updating of the neural network to avoid overfitting of incomplete observation data so
that the parameters of the target network gradually approximate the critic network. Thus,
the accuracy of the output of the critic network is ensured. The setting of the initial weight
of the target network is generally consistent with that of the critic network. The updating
of the target networks 871 and 0”2 is as follows:

Qi1 (ei(k), ui (k)6 ) = (1= 1)Qy1(ei k), u; (k) |6]1) + Qi1 (es(k), i (k) 651,

A T A T A C (23)
Qialei(k), ui(k)|0,2,) = (1 = 1)Qiaei(k), ui(k)[6,*) + TQia(ei(k), ui(k) |02, ),

where T € (0, 1] indicates the soft update rate, and when 7 = 1, the update process is the
same as that of the traditional actor—critic network. The value of 7 is generally small, which
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slows down the parameter updating of the target network. Accordingly, the temporal
difference errors used to critic network updates are as follows:

Eig = ria(ei(k), ui(k)) +ymin Qp1 (e;(k+ 1), 1;10,") — Qs (ei k), us (k)61

A Ty c (24)
Etap = ria(ei(k), ui(k)) +ymin Q;»(ei(k +1),u;]0,") — Qialei(k), ui(k)[0,3 ).

The hierarchical multi-agent consensus algorithm proposed in this paper based on
action value function decomposition adopts an experience replay buffer and batch pro-
cessing technology in the training process, which fully improves the utilization rate of
historical data. Figure 3 shows the use of the experience replay buffer in the training
process. The implementation of the hierarchical multi-agent consensus algorithm based
on action value function decomposition is shown in Algorithm 1. For each agent i at the
time step k, the data tuples (e;(k), u;(k),r;1(k), ri2(k),ei(k 4 1)) are put into the experience
replay buffer. Tuples (e;(k), u;(k)) are used as the input of the critic network by training
the weights of the critic network which can output Q; 1 (e;(k), u;(k)) and Q; »(e;(k), u;(k)),
and the objective of the critic network is to minimize a batch of temporal difference error,
based on Formula (24). It is defined as follows:

TDi1 = 0 ¥ (Eua (),
1 (25)
TD;, = M ;(Etd,z(”))zr

wheren =1,..., M. M is the number of tuples taken from the experience replay buffer.

Algorithm 1 Hierarchical consensus algorithm based on action value function decomposition

1: Initialization:

2: Randomly initialize the weights 6<1, 02 of the critic network Qi,l, Qﬂ
3: Randomly initialize the weights 871,072 of the target network
4: Randomly initialize the weights 6" of theaction network u;

5. Initialize the experience replay buffer R with the space M

6: Learning process:

7. for Current training Episode = 1, M do

8:  Initialize the exploration noise sequence

9:  Randomly initialize the system state

10:  Local tracking error e;(1) is obtained

11:  for Timestep k =1,T do

12: Calculate control input u;(k) based on the noise

13: Execute the control input u;(k) and observe the new state 7; 1 (k), 7;2(k) and ¢;(k + 1)

14: Store the data tuples (e;(k), u;(k),7i1(k),7i2(k), ei(k+ 1)) into the experience replay
buffer R

15: Sample the M training data from the experience replay buffer R

16: The weight parameters 61,02 of the critic network are updated according to
Formula (25)

17: Update the weight parameters 871,072 of the target network according to Formula
(23)

18: Update the weight parameters 0% of the actor network according to (20)

19:  end for

20: end for
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4. Theoretical Analysis
4.1. Convergence Analysis of the Proposed Algorithm

For agent i, the update mechanism (24) and (23) are simplified as follows:

Q?(ei(k),ui(k)):ri(ei(k) l(k))—i—fymel (ej(k+1),u;),
Qf (ei(k), ui(k)) = (1 —7)Qf (e;(k), ui(k)) + tQF (ei(k), ui(k)),

where the critic network of agent i is QF (e;(k), u;(k)) = Qlci (ei(k), ui(k)) + Ql 5 (ei(k), u;(k)),

and the target network is Q7 (e; (k), u;(k)) = QlTi (ei(k), ui(k)) + le(e,( ), u;(k)). Consider-
ing the whole hierarchical multi-agent systems, and the control value is defined as u(k) =
[uy(k), uz(k), ..., un(k)]", the overall optimization objective function is Q(e(k), u(k)) =
[Q1(er(k),ui(k))...Qn(en(k), un(k))]T. For simplicity of expression, we use u to repre-
sent u(k), and Q represents Q(e(k),u(k)). When the layered multi-agent systems reach
consensus, the optimal performance index is Q* and the optimal control signal is u*.

(26)

Theorem 2. Let QY and QY represent the randomly initialized 2N critic networks, and each
function is a bounded continuous function. Then, according to the action value function sequence
Qm generated by Formula (26) and the control sequence u,, generated by Formula (20), if the
discount factor satisfies v € (0,1), when the iteration number m — oo, there is Q,, — Q* and
Uy — U*.

Proof of Theorem 2. For the layered multi-agent systems, the global tracking error is
e(k) = [l (k),el(k),... ek (k)]T, and according to Formula (26), we introduce two opera-
tors S, and Tj:

T,Q(e,u) = R(e,u) + ymin Q(e,u),
8,Q(e 1) = (1 - 7)Q(x,u) + TT,QLe, ),

(27)
where R(e,u) = [r1(k),r2(k),...,rn(k)]T. Based on the two mappings above, Formula (26)

can be expressed as follows:

(28)

First, the monotonicity of the operator T is proved; that is, let f (e,u),g(e,u) be
the estimates of two action-valued functions. For all (e, 1), when f(e,u) > g(e, u), then
T,f(e,u) > T,g(e,u). Let u* = argmin f (e, u), then

Tyf(e,u) = R(e,u) +7f(e,u”)

> R(e,u) +yg(e,u*)
> R(e,u) + yming(e, u) *)
— Tyg(e,u),

Therefore, it can be proved that the operator T is monotonic.

If the hierarchical multi-agent systems can reach consensus, the optimal value of Q*
must be the fixed point of mapping S;; that is, Q* = S;Q*. In order to prove that the
mapping S, has a unique fixed point, || . || is simplified to represent || . ||sup, and two
bounded continuous functions f and g are defined. Let Iy = [1,1,...,1]7, then we can
obtain f < g+ || f—g |I:

Sof =1 —=1)f +7T,;f
<SA-7)@+Inllf-glD+tThg+InIf—gl) (30)
=S¢+ —t+1)(INn | f=g )
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Similarly, we can obtain the following formula:

S8 =Sef (A —t+Ty)INlg—f1- (31)

According to the Pareto optimality [22], we can obtain:

ISef =Segll <A =7+1y) [lg=f1I- (32)

Therefore, the above formula satisfies Banach’s fixed point theorem [23], and the
mapping S is a strictly compressed mapping with a unique fixed point. It is easy to verify
that the optimal action value function Q* is the fixed point of S;, and therefore it must
be unique.

Based on the above analysis, the following proves that when m — oo, there is Q" — Q*:

|| Q;H -Q H :H SquE - SqQ* ||
<(I—14+1) [ Qn—-Q |
=(1-t4+1) | QL-Qh 1 +QL —Q | (33)
<(A-t+1y) QL - Qb |l
+(1—t+1) | Qs —Q* I,

Then, let § = 1 — T 4 T7; the above formula can be written as follows:

0
| Qui1 — Q|| < 1-3 | Qn = Qi I
(34)

om+1 T T
< 13 Q1 —Qo I,

According to the analysis above, when m — oo, then QF, — Q*. When the discount factor
v € (0,1), the performance index function Q,, and the control policy u,, can reach the
optimal value. That is, Q% — Q% QL = Q*and uy,, — u*. O

4.2. Stability Analysis

Theorem 3. Assuming that the Assumption 2 is true, the hierarchical multi-agent consensus
algorithm based on action value function decomposition can make the global tracking error e(k) of the
multi-agent system (1) and (2) asymptotically stable, and the states of all agents can reach consensus.

Proof of Theorem 3. The hierarchical multi-agent consensus algorithm is based on action
value function decomposition, which considers the DTHJB equation of the multi-agent
systems below:

J*(e(k)) = Rle(k), u” (k) + 7] (e(k + 1)), (35)
Then, multiplying both sides by /I, gives the following:
YIS (e (k) = IS (e(k + 1)) = Y IGR(e(k), u” (K)). (36)

In order to prove the stability of the system, the first difference of the Lyapunov
function is defined as follows:

ALY (e(k))) = LT (e(k + 1)) — v TN (e(K)). (37)
Based on Formula (36), we can obtain the following:

A(FILT (e(k))) = = IR (e(k), u* (k) < 0. (38)
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Since the reward function R is the quadratic or absolute form of the global tracking
error, there is A(7*IJ* (e(k)) = 0 if and only if e(k) = 0. Therefore, the global tracking
error e(k) of the multi-agent systems is asymptotically stable. The state of the entire
multi-agent systems can reach consensus. [

5. Simulation

In this section, two simulation examples are used to verify the effectiveness of the
proposed algorithm. For each agent, the dual-critic network, the actor network, and the
target network all adopt the backpropagation three-layer neural network. The hidden
layer of each agent contains 30 linear rectification units and is fully connected to the input
layer. The output layer of each agent is a fully connected linear layer, and the weights of
all networks are updated according to Algorithm 1. The Adaptive Moment Estimations
(Adam) optimization method was used to update the weights. In order to ensure the
implementation of the algorithm and the consensus control effect, hyperparameters of the
neural network were employed and are given in Table 1. The capacity of the experience
replay buffer was set to 50,000.

Table 1. Parameter settings in the experiment.

Parameter Name Mumber
learning rate of critic network (I) 0.001
learning rate of action network (I,) 0.001
discount factor (7y) 0.995
soft update rate (7) 0.001
experience reply buffer (R) 50,000
batch number ( M) 128
hidden layer nodes of ciric network (N,) 30
hidden layer nodes of action network (N,,) 30

5.1. Multi-Agent Systems without Leader

Considering the topology structure of the multi-agent systems as Figure 4, the system
contains 12 agents, which are divided into 3 groups, and each group has 4 agents. It can be
seen from the figure that the topology structure of the agents in each group is a connected
graph, and the dynamic performance of a single agent is defined as follows:

Xi(k + 1) = Axi(k) + Bui(k), (39)

0.995  0.09983 0.2
—0.09983  0.995 0.1
of the system is randomly selected as [—1, 1], and the safe value of the system state is
set to £2.0. The reward function is decomposed according to the intra-group error and
inter-group error, and Q is taken as the unit matrix, R = 0.1. To verify Theorem 2, we set
7 = 0.995, and the offline training method was used, that is, the offline implementation of
Algorithm 1. We set the soft update rate of the target network to T = 0.001 and used the ex-
perience replay buffer to maximize the use of historical data. The number of iterative steps
in each episode during the training process was 500, and the total number of performed
episodes was 300.

Figure 5 shows the control effect of the algorithm. In a randomly given initial state,
the state of all agents can reach consensus after 200 time steps. Figure 6a,b show the
convergence process of the intra-group error, and Figure 6¢,d show the convergence process
of the inter-group error. From all the simulation results, it can be seen that all the agents
can reach the same state in 150 time steps.

where the system matrix is A = ] and B = [ ] . The initial value
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Figure 5. State trajectories of the layered multi-agent systems in Experiment 1. For (a,b), the horizontal
axis represents the simulation time steps, and the vertical axis represents the state of the system.
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Figure 6. Local tracking error of the layered multi-agent systems in Experiment 1. The horizontal axis
represents the simulation time steps, and the vertical axis represents the local tracking error value of
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5.2. Multi-Agent Systems with Leader

Consider the topology structure of multi-agent systems as Figure 7; the system contains
1 virtual leader agent and 12 follower agents. The 12 follower agents are divided into
3 groups, and each group has 4 agents. It can be seen from the figure that the topology
graph of the agents in each group is connected. The multi-agent systems are defined

as follows:
xo(k+1) = Axo(k), xi(k+1) = Ax;(k)+ Bu;(k), (40)
- 0995  0.09983 0.2 L
where the system matrix isA = 009983 0.995 } and B = {0.1] . The initial value of

the system is randomly selected as [—1, 1], and the safe value of the system state is set as
£2.0. The reward function is decomposed according to intra-group error and inter-group
error, and Q is taken as the unit matrix, R = 0.1. To verify Theorem 2, we set v = 1 and
used the offline training method, that is, the offline implementation of Algorithm 1, and
set the soft update rate of the target network to T = 0.001. The number of iterative steps
in each episode during the training process was 3000, and the total number of performed
episodes was 100.

Figure 8 shows the control effect of the algorithm. In a random given initial state, all
agents can follow the leader agent in 400 time steps. Figure 9a,b show the convergence
process of the intra-group error, and Figure 9¢,d show the convergence process of the
inter-group error. It can be seen from all the simulation graphs that the consensus control
algorithm based on action value function decomposition proposed in this paper can make
all the agent states reach consensus.

—— agentl agent4 —— agent6 ~—— agent8 -—— agentld —— agent12 —— agentl agent4 —— agent6 ~—— agent8 -—— agentld —— agent12
—— agent2 —— agent5 agent7 agent9 —— agentll = leader —— agent2 —— agent5 agent7 agent9 —— agentll = leader
—— agent3

States X 1
States X; 2

0 100 200 300 400 500 60 0 100 200 300 400 500 60
Steps Steps

(a) (b)

Figure 8. State trajectories of the layered multi-agent systems in Experiment 2. For (a,b), the horizontal
axis represents the simulation time steps, and the vertical axis represents the state of the system.
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Figure 9. Local tracking error of the layered multi-agent systems in Experiment 2. The horizontal axis
represents the simulation time steps, and the vertical axis represents the local tracking error value of
the system.

6. Conclusions

In this paper, a hierarchical consensus control algorithm based on value function
decomposition is proposed for hierarchical multi-agent systems. According to the commu-
nication content of each layer and the corresponding control objective of the multi-agent
systems, the value function is decomposed according to the reward function of each layer.
For each agent in the system, a dual-critic network and single-actor network are adopted.
The target network is introduced to avoid overfitting in the critic network and improve the
stability of the online learning process. The soft update mechanism and experience reply
buffer are introduced in the network parameter update process to improve the utilization
rate of training samples. In this paper, the convergence and stability of consensus control
algorithm with a soft update mechanism are analyzed theoretically. Finally, the correctness
of the theoretical analysis and the effectiveness of the algorithm were verified by two
experiments. The value function decomposition method in this paper is used for hierar-
chical consensus control, but the multi-agent systems studied are homogeneous, and for
heterogeneous multi-agent systems, achieving consensus control with this undifferentiated
value decomposition method is of great research value. At the same time, in this paper, it is
assumed that there is no time delay during the information interaction between the groups
of agents, and communication delay often exists in actual systems. Therefore, the design
of an effective hierarchical algorithm for multi-agent systems with communication delay
must also be urgently studied.
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Abstract: The key problem to solving constrained multi-objective optimization problems (CMOPs) is
how to achieve a balance between objectives and constraints. Unfortunately, most existing methods
for CMOPs still cannot achieve the above balance. To this end, this paper proposes an adaptive
constraint relaxation-based evolutionary algorithm (ACREA) for CMOPs. ACREA adaptively relaxes
the constraints according to the iteration information of population, whose purpose is to induce
infeasible solutions to transform into feasible ones and thus improve the ability to explore the
unknown regions. Completely ignoring constraints can cause the population to waste significant
resources searching for infeasible solutions, while excessively satisfying constraints can trap the
population in local optima. Therefore, balancing constraints and objectives is a crucial approach to
improving algorithm performance. By appropriately relaxing the constraints, it induces infeasible
solutions to be transformed into feasible ones, thus obtaining more information from infeasible
solutions. At the same time, it also establishes an archive for the storage and update of solutions. In
the archive update process, a diversity-based ranking is proposed to improve the convergence speed
of the algorithm. In the selection process of the mating pool, common density selection metrics are
incorporated to enable the algorithm to obtain higher-quality solutions. The experimental results
show that the proposed ACREA algorithm not only achieved the best Inverse Generation Distance
(IGD) value in 54.6% of the 44 benchmark test problems and the best Hyper Volume (HV) value in
50% of them, but also obtained the best results in seven out of nine real-world problems. Clearly,
CP-TSEA outperforms its competitors.

Keywords: adaptive relaxation; archive; mating pool; diversity-based ranking; constrained multi-
objective optimization

MSC: 90C29; 68W50; 90C56

1. Introduction

Constrained multi-objective optimization problems (CMOPs) [1,2] refer to the opti-
mization of multiple conflicting objective functions under constraints. In real life, con-
strained multi-objective optimization problems (CMOPs) manifest in many aspects, for
example, as water resource management [3], robot manufacturing [4], and ICMES operation
optimization [5]. The mathematical definition of a CMOP is as follows:
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Minimize F(x) = (fi(x), -, fm(x))

Subject to g;j(x) <0,i=1,---,p
h](x) :O,]:p-f—l, ,q
xeQ)

)

where F(x) denotes a objective vector including m conflicting objective functions, g;(x)
represents the ith inequality constraint, and /;(x) represents the j-th equality constraints.
p represents the number of inequality constraints, and g — p represents the number of
equality constraints. For a CMOP, the constraint violation degree on the jth constrinat of
solution x is caluculated by

cv;

= { O

max (0, |hj(x)| =8),j=p+1,---.q

where ¢ is a small positive tolerance parameter set as 107°. Based on (2), the total constraint
violation degree of solution x is caluculated as follows:

1=
@)
=

CV(x) = j(x) ®)

j=1

when CV(x) = 0, it indicates that solution x is feasible. On the contrary, solution x is a
infeasible solution.

At present, most researchers are focused on constrained multi-objective optimization
problems, aiming to balance the constraints and objectives.

The unconstrained Pareto idea is to approximate the constrained Pareto front (CPF) [6]
as the unconstrained Pareto front (UPF) [7]. This approach makes it difficult to obtain
highly feasible solutions and indirectly reduces the convergence of the algorithm. Therefore,
it is essential not to consider constraints in isolation but to maintain a balance between
objectives and constraints. Due to the population-based search characteristics of constrained
multi-objective evolutionary algorithms (CMOEAs) [8], they have significant advantages
in solving constrained multi-objective optimization (CMOP). However, CMOEAs often
do not achieve the desired results when dealing with discrete and large infeasible regions.
When addressing these issues, most researchers lack the utilization of information from
infeasible solutions, causing the algorithms to become trapped in local optima. Therefore,
strengthening the mining of infeasible solution information is the most urgent means at the
current stage.

To further expand the algorithm’s exploratory capabilities, researchers are dedicated
to developing constraint-handling techniques (CHTs) [9]. At present, the methods for
handling constraints mainly include constraint domination principle (CDP) [10], penalty
functions, random ordering, and hybrid methods. The aforementioned methods have
significant advantages in handling constrained single-objective optimization problems [11].
However, they often do not achieve the expected results when facing complex constrained
multi-objective optimization problems (CMOPs). To address this issue and make full use of
infeasible information, researchers have proposed dual-population-based methods [12-15].
The framework of dual population [13] aims to utilize information from infeasible solutions.
To be specific, one population operating under unconstrained or relaxed constraints incor-
porates infeasible solutions into the candidate solution set, thus enhancing the population’s
exploratory capabilities. On the contrary, the other population considers constraints to
increase the algorithm’s convergence speed, prompting the population to obtain the com-
plete Pareto front (PF). Although dual-population [16] algorithms have achieved promising
results, most CMOEAs fail to promptly share information, the stagnation in population
migration information. Wang et al. [17]. proposed an interaction method based on trans-
fer information, which enhances the algorithm library and increases the feasibility of
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algorithms by solving the transfer probability of similar problems. However, it lacks the
identification of transfer information.

For such issues, some researchers have proposed an archive mechanism [15] that
updates throughout the algorithm’s evolution, preserving the highest-quality solutions
to drive the population towards convergence on the CPF. However, updating the archive
involves identifying a large number of solutions, which consumes a lot of algorithm
resources and greatly deteriorates the algorithm performance.

Faced with the aforementioned issues, this paper proposes an adaptive constraint
relaxation based evolutionary algorithm (ACREA) for CMOPs. The main contributions of
this paper are as follows:

(1) A novel archiving mechanism is designed, utilizing the constraint dominance prin-
ciple (CDP) to filter and mine information on promising solutions, encouraging the
population to explore more unknown areas. Additionally, as the algorithm evolves,
the archive is updated based on diversity ranking.

(2) An adaptive relaxation mechanism is designed to fully utilize information from
infeasible solutions, facilitating the population’s ability to cross large and narrow
infeasible regions in order to obtain a complete feasible area and prevent it from
becoming trapped in local optima. This mechanism adaptively adjusts based on
feedback from the proportion of feasible solutions, optimizing the search strategy to
acquire more potentially valuable feasible solutions.

(3) When selecting parents, a strict domination principle is proposed to ensure the feasi-
bility of the algorithm, prompting the population to obtain higher-quality solutions,
enhancing the diversity and convergence of the population.

(4) Inorder to verify the effectiveness of the proposed ACREA algorithm, we compare
the proposed ACREA algorithm with seven state-of-the-art algorithms on 44 test
problems and 9 real-world problems. The experimental results show that the proposed
algorithm (ACREA) significantly outperforms the competitors.

The remaining work in this paper is organized as follows: Section 2 introduces related
work and motivations, Section 3 elaborates on the algorithm’s principles, Section 4 conducts
experimental research, and Section 5 provides a summary and outlook.

2. Related Work and Motivation
2.1. Related Work

In current CMOEASs, most researchers maintain a balance between objectives and
constraints by improving various constraint handling techniques. These can generally be
divided into the following four categories.

2.1.1. Penalty Function-Based CMOEA

These algorithms primarily use penalty factors to control the balance between ob-
jectives and constraints. Penalty factors can generally be classified into static [18] and
dynamic [19] categories. Static penalty factors remain constant throughout the algorithm’s
evolution process. However, determining an appropriate penalty factor throughout the
algorithm’s entire process is extremely challenging because the penalty factor is not only
influenced by the designed algorithm but also heavily dependent on different test problems.
In contrast, dynamic penalty factors avoid this drawback. Researchers set up adaptive
adjustment of penalty factors based on different penalty criteria. However, when setting
up adaptive adjustment of penalty factors [20], the defined change rules greatly restrict the
algorithm’s performance. It is precisely because of these limitations that the emergence of
self-adaptive penalty (SP) functions [21] occurred, where penalty factors adaptively change
based on feedback information during the evolutionary process.

2.1.2. CHT-Based CMOEA

Deb et al. [22] proposed a method called constraint dominance principle (CDP) to
handle complex CMOPs. The core idea of CDP is the preferential selection, where feasible
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solutions always dominate infeasible solutions. Fan et al. [23] proposed an angle-based CDP,
which incorporates angle information between population solutions into CDP to adjust the
dominance relationship of solutions. For example, when two infeasible solutions exceed a
specified threshold, they are non-dominated. Ma et al. [24] proposed a novel fitness function
that weights the constraint dominance principle (CDP) and Pareto dominance ranking.
Takahama et al. [25] proposed a concept of e constraint relaxation, where the ¢ constraint
values change adaptively based on their own specified rules. Fan et al. [26] dynamically
adjusted the ¢ level based on changes in the population’s feasibility ratio, integrating the
proposed ¢ constraint handling mechanism with MOEA /D to solve CMOPs. Peng et al. [27]
set corresponding weights in the feasible and infeasible regions, respectively, prompting
the algorithm to explore more of the objective space. Adel Younis et al. [28] explored
promising regions using adaptive surrogate models to uncover more feasible domains,
prompting the population to find a set of optimal solutions. Li et al. [14] proposed a dual-
archive evolutionary algorithm called C-TAEA. One archive enhances the convergence of
the population to obtain a complete PF, while the other archive only considers objectives,
prompting the algorithm to obtain more information about solutions.

2.1.3. Multi-Stage Based CMOEA

Liu et al. [29] designed a novel two-stage framework. In the first stage, they trans-
formed the constrained multi-objective problem into a constrained single-objective problem
using weight vectors. In the second stage, they adopted the CMOEA /D [30] strategy to
obtain a high-quality solution set. He et al. [31] proposed a parent crossover selection
strategy to generate excellent offspring and improve the convergence speed of the popula-
tion. Liu et al. [15] proposed a bi-directional cooperative evolution algorithm called BiCo,
which utilizes feasible edges and infeasible edges to bound the boundaries of the feasible
region. Ming et al. [13] proposed a multi-population multi-stage framework concept called
CMOEMT. Zhou et al. [32] proposed a three-indicator evolutionary framework to balance
convergence, diversity, and feasibility.

2.1.4. Based on Archive

Ming et al. [33] proposed a single-population archiving mechanism called C-TSEA.
This algorithm stores the solutions of the Pareto front (PF) in an archive, which is continu-
ously updated to encourage the population to obtain a set of evenly distributed high-quality
solutions. Li et al. [34] proposed a dual-archived weakly cooperative evolutionary algo-
rithm named CMOEA-TWC. This algorithm uses two archives: the driving archive and
the ordinary archive. The driving archive only considers objectives, enhancing the algo-
rithm’s exploration ability and prompting the population to obtain a complete PF, while
the ordinary archive considers both objectives and constraints to ensure the feasibility of
the algorithm. The archive plays an irreplaceable role in the evolutionary process of the
algorithm, not only identifying regional solutions but also continuously updating and
preserving them to enhance the population’s search capability. Therefore, selecting the
archive to assist in population evolution is the most evident choice.

Based on the above discussion, we summarize the existing advantages and disadvan-
tages of representative algorithms in Table 1. It is clear from the table that simultaneously
improving both the diversity and convergence of algorithms is quite challenging. For
example, CMOEA /D and CTAEA tend to favor diversity, which results in slower conver-
gence, while the non-dominance principle of NSGA-II and the dynamic adaptive strategy
of POCEA favor convergence, leading to poorer diversity. Therefore, to improve the over-
all performance of the algorithm, it is essential to overcome the challenges of balancing
convergence and diversity.
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Table 1. Summary of existing CMOEA techniques.

Algorithm Key Feature Strengths Weaknesses
CMOEA/D [30] Decomposition strategy Good diversity Slow convergence speed
. . Poor diversity in
NSGA-II [22] Fast non-dominated sorting Good convergence high-dimensional problems
ToP [29] DE operator operation High adaptability Large computational workload
C-TAEA [14] Two-archive evolutionary approach ~ Better diversity maintenance Slower convergence in
complex problems
TiGE2 [15] Diversity maintenance mechanism Strong in local search Weak convergence ability

Dynamic adjustment of Multiple features make

POCEA [31] evolutionary strategies Strong convergence ability CMOP challenging
MSCMO [35] Multi-stage constraint handling Efficient constraint handling Complexity in implementation
BiCo [15] Bi-population cooperative Improved exploration May require large population size

co-evolution

2.2. Motivation

At the current stage of research, researchers often struggle to achieve optimal results
when dealing with complex CMOPs. Therefore, there is still considerable room for improve-
ment in algorithms that handle CMOPs. Some algorithms, even with the help of existing
techniques, still struggle to converge to the approximate CPF, as shown in Figure 1a,d. For
instance, in POCEA, part of the solution set found on the general PF fails to converge to the
CPFE. The fundamental reason is the lack of solution quality filtering, which prevents some
inferior solutions from converging to the Pareto front. To enhance the convergence ability
of solutions, researchers design various metrics to serve as selection criteria for candidate
solutions. However, excessive convergence may cause the algorithm to fail to traverse
larger infeasible regions, resulting in it becoming trapped in a local search loop. As shown
in Figure 1b,e, certain feasible regions in CMOEAMT and BiCO were not explored. To ad-
dress this limitation, researchers aim to enhance the exploration capabilities of the solutions
while maintaining convergence, ensuring that the population fully covers the objective
space. To further improve algorithm performance, the dimensionality of the objectives is
increased to test the algorithm’s ability to handle complex CMOPs. For instance, Figure 1c
shows the Pareto front of POCEA on the three-objective ZXH_CF15 test problem. POCEA
successfully found the complete Pareto front, demonstrating its strong search performance.
However, with increased search performance, the quality of solutions was overlooked,
leading to some poor-quality solutions failing to converge to the Pareto front. Moreover,
when exploring the objective space, the solution set often encounters many narrow and
large infeasible regions. Many solutions are unable to traverse these narrow infeasible
regions, causing the algorithm to become trapped in local optima, which severely affects
its performance. As shown in Figure 1f, although the CMOEA /D algorithm has most
of its solutions converging to the CPF, the population struggles to fully converge to the
CPF when faced with narrow infeasible regions. To address this challenge, it is crucial not
only to utilize the information from infeasible solutions to maintain diversity but also to
rigorously design selection criteria for the solutions.

In summary;, there is still significant room for expansion in current-stage algorithms. Faced
with the aforementioned issues, we designed an adaptive constraint relaxation mechanim to
encourage the algorithm to explore more of the objective space, thereby enhancing its diversity
and convergence. To further maintain a balance between objectives and constraints, we adopted
an archiving mechanism. Throughout the algorithm evolution, the archive is continuously
updated, preserving high-quality solutions and encouraging population convergence to the PE,
thereby obtaining the complete CPE. To maintain population diversity, it is crucial to strengthen
the interaction between the archive and the population during the evolutionary process as
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well as to share information about infeasible solutions. Only when the population receives
migration information from the archive can it further explore unknown regions, thus avoiding
the algorithm becoming trapped in local optima. Therefore, this algorithm employs strict
constraint dominance principles when selecting parents, further acquiring information about
infeasible solutions, enhancing the population’s external search capability, and enabling the
population to traverse narrow and extensive infeasible regions.
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Figure 1. The obtained feasible and non-dominated solutions of (a) POCEA on ZXH_CF15, (b) CMOEMT on
LIRCMOPS, (c) POCEA on LIRCMOP14, (d) CTAEA on MW9, (e) BiCO on MW3, (f) CMOEA /D on MW5.

3. Framework of ACREA

This section provides an overview of the framework of ACREA and describes the
steps involved in ACREA, with detailed explanations of important components.

3.1. Framework of ACREA

Algorithm 1 offers the framework of ACREA. As shown in Algorithm 1, a population
Py is first initialized in the decision space. In Lines 2-3, the w' value is adaptively adjusted
based on the proportion of feasible solutions, and solutions in population Py that satisfy
(|CV| <= w') are stored in the archive. The calculation of w' is shown in Equation (5). w'
controls the scaling of the boundaries and serves as a criterion for determining the entry of
infeasible solutions into the population, thereby utilizing the information from high-quality
infeasible solutions to enhance the diversity of the population. In the fifth line, the iteration
of the algorithm is determined based on the maximum iteration count (T = 20). In Line 6,
the Pareto front of Pr is obtained, and in Line 7, Pr and Py are combined to generate P;.

The main purpose is to increase the probability of selecting high-quality solutions,
thereby enhancing the algorithm’s convergence capability and driving the population to
converge to the forefront CPF. In Line 8, an elitist selection is performed on P; and the
archive to generate parent M. In Line 9, genetic operators are applied to M, to generate
offspring Q. In Line 10, the Archive is sorted and updated. In Line 11, we adopted
the NRC’s IA [36] elite selection approach with the goal of finding as many high-quality
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solutions as possible to generate the final population Py;. To better understand ARCEA,
we also created a flowchart, as shown in Figure 2. The entire flowchart process of ARCEA
corresponds to the description of Algorithm 1. Additionally, the total execution time for
one invocation of ACREA is 0.02 s.

Initialization(Pyy)

while.NotTerminated?
(T<20)

M,=Matingselection

Q,=Genetic

Py=Elite environment

Pn(Final population)

&

Figure 2. Flowchart of ACREA.

Algorithm 1 Framework of ACREA

Input: N (population size), T (max iterations)
Output: P (final population)
: Py < Initialize the population (N);
Calculate the CV values of solutions in Py; by Formula (3);
Py <+ Py(|CV] <= wh)
t+0
while t < T do
Pr <~ Obtain the Pr of Py by non-dominated sorting;
Py < Py U Pr
M, < Perform the elite mating selection (Py;, P4, N, ratio);
Q> + Genetic operator (M»);
Archive < UpdatedArchive (P; U Qy, P4, N);
Py < Perform the elite environment selection (P; U Q3, Py);
t—t+1
end while

e S S
@ N 2o
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3.2. Relaxed Constraint Learning Mechanism

The primary goal of using the constraint relaxation learning mechanism is to fully
leverage the information from infeasible solutions to drive the population towards a com-
plete CPFE. The boundary values are adjusted adaptively based on the proportion of feasible
solutions, as shown in Equation (5). As the proportion of feasible solutions increases, the
boundaries begin to gradually relax, allowing for more feasible solutions to reduce the
proportion of infeasibility and control the boundary’s contraction capability, until the algo-
rithm reaches its termination condition, at which point the constraint relaxation concludes.
Figure 3 illustrates the entire constraint relaxation process. In Figure 3a, before constraint
relaxation, infeasible solutions are ranked according to Equation (3) and poor solutions are
removed. At this stage, many infeasible solutions are disregarded, significantly reducing
the algorithm’s performance. In Figure 3b, the constraints begin to relax. It is evident
that as the boundaries expand, many infeasible solutions are considered. Solutions within
the boundaries are diversity-ranked according to Equation (5), with lower-ranked solu-
tions being eliminated. For example, although solution b is close to the front and has low
constraint violation, it is ranked lower when infeasible solutions are included within the
boundary and is thus removed, while solution ¢, ranked higher, is retained. In Figure 3c, as
the constraint relaxation completes, the boundary values are scaled, removing solution /
from the boundary. Solutions within the boundary are preserved based on non-dominated
sorting and diversity ranking, retaining those with higher rankings. The mathematical
model for constraint relaxation is as follows:

Minimize L(x) = (f1(x), -, fm(x),CV(x))

g(x) <o
Subject to ' = (w! ), t=0 T @)
u]eC o w —(wl,"',wp>/ — Y,y

xe Q)

t represents the current iteration number of the algorithm and T represents the max-
imum number of iterations. ' is a parameter threshold for relaxation, extending the
constraint violation into the objective space. The motivation for the constraint relaxation
mechanism is as follows: (1) To fully utilize information from infeasible solutions and
encourage the population to traverse narrow infeasible regions, we appropriately relax
the constraints, thereby enhancing the algorithm'’s search capability in the objective space.
(2) During the evolution process, the algorithm obtains more information from infeasible
solutions by appropriately relaxing the constraints, encouraging the population to approxi-
mate the CPF from both the feasible and infeasible sides. The mathematical formula for the

value of w! is as follows:
—In(fr)—4

wh = fr (1 — ;) e (5)

In the above formula, fr represents the proportion of feasible solutions, and A indicates
the rate of change set to 0.4. w' is adaptively adjusted based on the ratio of feasible solutions.

3.3. UpdatedArchive

Algorithm 2 describes the entire process of archive updating. When the number of
solutions in the archive does not reach N, the solutions in the main population P are sorted
in ascending order based on their CV values, and high-quality solutions are selected to
supplement the archive. If the solution in the archive is greater than N, non-dominated
sorting is applied on top of diversity sorting to remove redundant solutions. Diversity
sorting is based on Equation (6), where each solution x is calculated and then sorted in
descending order to remove redundant solutions. The main idea is to determine the quality
of diversity by assessing whether the population solutions are evenly distributed. This
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promotes the convergence of the population towards the pareto front. The mathematical
formula for diversity is as follows:

1
P = T a2 ©

d(x, Q);) represents the distance from the ith solution x to k neighboring solutions depending
solely on k. i indicates the index of the solution [37]. D(x) represents the crowding degree
of solution x. The lower the crowding degree, the denser the solutions and the better the
diversity; conversely, the higher the crowding degree, the worse the diversity.
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Figure 3. The entire process of relaxing constraint boundaries. (a) Unrelaxed constraint boundaries;
(b) start of relaxing constraint boundaries; and (c) finish of relaxing constraint boundaries.

Algorithm 2 Updated Archive
Input: N (population size), U (combined population), P4 (Archive population)
Output: UpdatedArchive
1: if |[P4| < N then

Sort P in ascending order according to CV;

2

3 P4 + Select the first N solutions;
4: else
5

6

7

P4 < Perform the non-dominated sorting based on the diversity sorting (U);
. end if
: return UpdatedArchive

3.4. Elite Mating Pool Selection

Algorithm 3 describes the entire process of elite parent selection. First, the number of
feasible solutions in Py is calculated. If the number of feasible solutions is less than N or if
the number of solutions in the Py is less than N, two solutions are randomly selected from
the combined population U, and their density is calculated using Equation (7). The solution
with the lower density is selected. The density calculation formula is shown below:

1 k
Di= ) d(i,) @)

j=1

D, represents the density of the ith solution. d(i, j) represents the distance between
the ith solution and the jth solution, and k represents the number of nearest neighbors.
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Algorithm 3 The elite mating selection

Input: Py (main population), P4 (Archive population), N (population size)
Output: M; (mating pool)

1: U< PyyUPy;

2: Ny < Calculate the number of feasible solutions in Py;

3: if Nf < N or |PA| < N then

4:  Randomly select two solutions from U;
5. Calculate the density of the two solutions by Formula (7);
6: My < Select the solution with the smaller Density;
7. else
8. if rand < ratio then
9: Randomly select two solutions (x,; and x;) in Py;
10: Determine its dominance relationship by Formulas (9) and (10);
11: if x; < xp then
12: My < xg;
13: else if x;, < x; then
14: My x4
15: else
16: M, < Select solutions with higher density;
17: end if
18:  else
19: Randomly select two solutions (x; and x;) in Pyy;
20: Determine its dominance relationship by Formulas (9) and (10);
21: if x; < xp then
22: My < xg;
23: else if x;, < x; then
24: My« xg4;
25: else
26: M < Select solutions with higher density;
27 end if
28:  end if
29: end if

tio = ! 8

T exp(—20(% — 0.5)) ®)
Conversely, two solutions are randomly selected from P4 and Py based on the proba-
bility function ratio, and the solution with stronger dominance is chosen. Under stricter
constraint dominance principles, the selected solutions exhibit strong convergence capa-
bility, facilitating Py in obtaining a complete CPFE. The constraint dominance formula is

shown below:
1, ify <cppx
r = 9
() {O, otherwise ©)
Rx = Z T’(X,y) (10)
yeCy#x

If the two solutions do not mutually dominate each other, the solution with higher
density is selected using Equation (7). At this point, the supplementary solutions have
strong dominance, which improves the population’s convergence speed toward the Pareto
front (PF) and significantly enhances the convergence of the population. During the sec-
ondary selection, solutions with higher density are chosen to obtain a uniformly distributed
set of solutions, thus maintaining the diversity of the population. The solutions selected
under strict dominance principles and density support are of very high quality. This not
only preserves the diversity of the population but also accelerates its convergence speed, in-
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directly maintaining a balance between diversity and convergence. This process continues
until there are N remaining solutions in M.

3.5. Elite Environment Selection

Algorithm 4 describes the process of elite environment selection. First, the combined
population is layered based on non-dominated sorting, categorizing feasible solutions into
different fronts (Fy, F, - - -). If the number of feasible solutions in the combined population
U exceeds N, layered sorting is performed for selection, as follows: if the number of feasible
solutions in the first front exceeds N, non-dominated sorting based on reverse objectives
and diversity sorting is applied to (F"), and the top N solutions are selected. If the number
of feasible solutions in the first front is less than N, the process moves to the next front (F;)
and continues with the same sorting method until Py, is filled to N solutions, and so on
until (F") is reached, where (F) indicates that the number of feasible solutions only reaches
N at layer [, thus ensuring Ps meets the requirement of N solutions. Conversely, when the
number of feasible solutions in the combined population U is less than N, the infeasible
solutions are sorted based on diversity and supplemented into the population Py until it
reaches N solutions.

Algorithm 4 Cascading sorting-based environment selection

Input: U (combined population), N (population size)
Output: Py (main population)

—_

: {F,F, - -} < Perform (m + 1) objective-based non-dominated sorting (U, N);
(F{F;, - - -) < Find the feasible solutions in each front (F;, F, - - -);

if]}Fl* > N then
Pyp < Perform the non-dominated sorting based on the reverse objective and diver-
sity sorting (F;");

else

6:  Ppp < Select N feasible solutions (F, F;, - - -);

7: end if

o

The cascading sorting used in elite environment selection ensures that the selected
solutions not only possess strong dominance but also exhibit good diversity with the
support of diversity metrics. This indirectly guarantees a balance between population
diversity and convergence, preventing poor diversity from causing the population to
become trapped in local optima.

4. Experiment Studies

This section discusses the experimental setup and algorithm comparison, concluding
that ACREA significantly outperforms other competitors based on all the conclusions.

4.1. Experimental Setup

(1) Test problems: In this research work, we employ three sets of test instances: MW,
LIRCMOP, and ZXH_CF, for comparative experiments. Among them, the decision space
of MW is set to 15 for all instances. Except for MW4, MWS, and MW14, which are set to
have 3 objectives, the rest are all set to have 2 objectives. The decision space of LIRCMOP
is set to 30 for all instances. LIRCMOP13-14 instances are configured with 3 objectives,
while LIRCMOP1-12 instances are configured with 2 objectives. ZXH_CF1-12 instances are
configured with 3 objectives, and the decision space is set to 13. ZXH_CF13-16 instances
are configured with 2 objectives, and the decision space is set to 12.

(2) Performance metrics: In this study, we employ the commonly used Inverted
Generational Distance (IGD) [38] and Hypervolume (HV) [39] indicators to evaluate the
diversity and convergence of algorithms. A smaller IGD value and a larger HV value
indicate better overall performance of the algorithm. The settings for algorithm iterations
are 20, evaluation counts are 100,000, and Wilcoxon’s rank is set to 0.05. “NalN” in the
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table indicates that no feasible solution is found. “+”, ’,and “~”, respectively, denote
superior to, inferior to, and comparable to competitors. All experimenters in this study are
conducted on Platform PlatEMO 4.3 [40].

(3) Genetic operators: The SBX and PM for all experimental algorithms in this article
are set to 1 and 1/ D, respectively. The distribution index is set to 20.

(4) Comparative algorithms: This paper compares with seven advanced algorithms,
namely CMOEA /D, CTAEA, ToP, POCEA, CMOEMT [13], BiCo, and TiGE2. Both CMOEA /D
and ToP adopt the decomposition approach. CMOEA /D decomposes the problem into
weighted subproblems, while ToP decomposes the multi-objective into weighted single-
objective. CTAEA applies an archive mechanism. BiCo employs a single-population archive
framework. CMOEMT adopts a multi-population multi-stage approach. POCEA processes
each problem with different weight vectors. TiGE2 employs a novel evaluation mechanism.

(5) Parameter settings for each algorithm: The population size of all algorithms in this
paper is set to 100. The remaining settings are kept unchanged according to their respective
papers to ensure fairness in experimental comparisons.

(6) Equipment requirements: In all experiments, the hardware used includes a pro-
cessor model of i5-7300HQ (Intel, Santa Clara, CA, USA), with a system type based on a
x64 processor and 8.00 GB of memory (RAM). On the software side, Windows 10 is used as
the operating system, with MATLAB R2021a as the programming language. The toolbox
utilized is the PlatEMO 4.6 toolbox in MATLAB.

4.2. Comparison Experiments with Seven Competitors

In this section, we assess ACREA’s performance by contrasting ACREA against its
seven competitors across the MW, LIRCMOP, and ZXH_CF test suites. In the MW test
problem, many narrow infeasible regions are set, as shown in Figure 1. Many algorithms
struggle to overcome this difficulty, resulting in incomplete frontier surfaces. In the LIRC-
MOP test suite, large infeasible regions are set to test whether the algorithms could traverse
these regions and find the complete feasible area. Many algorithms, due to a lack of external
search capability, end up in local optima. In ZXH_CF, many three-objective test problems
are set to evaluate whether the algorithms can address the conflicts between multiple
objectives. Many algorithms when handling this issue fail to maintain a balance between
constraints and multiple objectives, thus reducing their performance. Next, we conduct a
comprehensive analysis of the IGD and HV indicators separately.

(1) Comprehensive analysis of IGD indicators

As shown in Table 2, ToP did not find feasible solutions in the MW test suite for
MW1 and MW10, primarily because it was unable to identify the true Pareto front in
the face of narrow infeasible regions. To enhance ACREA’s exploration capabilities, an
adaptive constraint relaxation strategy was implemented to utilize more information from
infeasible solutions, helping the population to traverse larger infeasible areas. This is a key
reason why ACREA achieved optimal solutions in 10 test problems, while CMOEA /D only
found optimal solutions in MW9 and MW12, indicating that ACREA excels far beyond its
competitors in exploration and expansion. ACREA outperformed CMOEA /D, CTAEA,
ToP, POCEA, CMOEMT, BiCo, and TiGE2 in 12, 12, 9, 13, 13, 13, and 13 test problems,
respectively. CMOEA /D, CTAEA, ToP, POCEA, CMOEMT, BiCo, and TiGE2 performed
similarly to ACREA in 0, 0, 3,0, 0, 0, and 1 test problems. Overall, considering the MW test
suite, ACREA significantly outperforms these seven competitors.

196



z/6/¢ ¢/T1/1 0/11/¢ 8/9/0 /8/% ¥/8/C 0/21/t ~/—/+
(-9%CTT) 0+3£24TT  — (I-9GT°7) 0+9T0TE T — (€-91€7) 0+99G4T T + (TOLFT) 1-984FFC  ~(1-9£9'G) 1-986/£9'6  — (€-9€0°9) 0+9820€'T  + (€-948'T) I-9FIIT'T  + ($-946'7) 0+9G65CT 0 €  FIJOWDAIT
(€-979°'1) 0+3TSTE T + (I-941°€) 0+36€6TT  — (€-290°7) 0+9981€'T |+ (292CQ) 1-91464T  ~ (I-9119) I-9€166Z  + (C956'6) 0+3621€' T ~ (1-997°9) T-99%1CL  + (F-9€9°7) 0+3FE0E'T  0€ €  SIJONDAIT
(1-96T°1) 10029’ — (2200'6) T-9€746F  — (1-92€°7) 1-206€€9  — (1-9€8°7) T-9€T04'8  — (I-998°€) 1-9442T’L R (TIWLL) T99¢LT'E  ~ (1-968'F) 19979 — (I-964'T) T-96FF89 0 ¢  CIJOWDAIT
(I-9%T'T) 1-9£819°S  — (1-9¢60) 1-9¢eS6Z4  — (1-996'T) 1-90670°Z  — (I-906°TD) 1-949%¢'6  — (1-94T°€) 1-9¢F18Z  + (I-9FL'T) [-94ces¥  ~ (1-9€0%) 1994609  — (C97€L) 1965088  0€ T TIJOWDAIT
(1-9£9°1) T-9¢615°9  — (I-9%8'T) 1920668  — (T9FCL) 1-9C6FS6  — (CT9F1°6) 0+3F200T =~ (I-90%°€) 1-9€8/%'8 |+ (T9€8°G) I-040¥¢F  ~ (1-9¢0F%) 1941972  — (I-96F1) I-91S108 0 ¢  OIJOWDAIT
(1-98C°1) I-9¢c6cS  — (T916°6) 1-98F1C L  — (2975'8) 1-99€89°'6  — (I-9¢H'1) 0+¢810T  — (I-9G0°€) 1-9¥850°6  ~ (1-98¢'T) 1-91846'S  — (I-946'0) 1-9G141'8  — (I-30%'1) 1-206698 0€ T  6dOWDAIT
(1-988°G) 0+2056€'T  + (I-98T°€) T-980TT'S  + (I-90%2) 0+29620°'T  + (1-9€5°S) 0+9€8€' T ~ (0+3F0°'T) 0+29€0T'T  — (I-99C°F) 0+38FFS' T + (1-9£0°2) 0+3F64ET  — (I-9LEF) 0+2L0FST  0€ T SJOWDAI'L
(1-9£2°9) 1-20128F%  + (I-90S°D) I-96¥cce  ~ (1-968'9) [-9¢597S  — (1-906'9) 0+92£80T  — (0+3G0°T) 0+3099¢°T  — (I-9€C°9) 0+3%08¢'T  — (I-9¢¥'£) 1-9€987'8  — (I-901°2) 0+3%62CT 0€ T  LAOWDEI'T
(#-9667) 0+3FSPE' T R (I9FTF) 1992996  ~ (F-9G9°T) 0+3€SHe' T — (T-94F'1) 0+9209€'T  ~ (I-90€9) 0+3€6€0'T  — (F-204F) 0+249%€' T — (1-20T°€) 0+36GEF T — (F-996'F) 0+929%€'T  0€ T  9JOWDAI'L
(€-96G6°£) 0+99G1TT R (I-®LTFH) [-9CI866  — (€-98'G) 0+31zccT  — (I-9%8'TD) 0+3FF0ET = (I-91%6) 0+3€6€CT  + (I-9187) 0+TITT'T  — (I-961°7) 0+362ZCT  — (I-9GTH) 0+9909€'T 0 ¢  SAOWDUI'L
(2T209°€) T-9CHFF T  — (¢9€50) T-9IFSTT  — (€-9%0°8) T-99160C  — (T-98€°€) 1-96008°C  — (C-9TT6) 1-9€69€C  — (T2ICT) 1-9847¢€  — (TO€1'S) 1-906€6C  — (T9€8°7) 1-96€44C 0 T FIOWDEI'L
(T92g¢) 1-92I€T  — (C20€'T) 1-941STT  — (T99677) 1-9%10CC  — (TRITH) 1-9¢S6'C  — (T9L0°6) 1-9¢6£0C  — (T9%9'T) 1-966€F'€  — (I-9%9'T) 1-9TFcFE  — (T960°F) 1-98926C 06 ¢  €dOWDII'T
(48 T) 984906 — (To6LT) 1-995%6'T  — (C984'T) 1-96948'T  — (T96€°€) 1-949%4C  ~(I-9C0°T) T-96€¥ST  — (T981°7) 1-99068C  — (¢-9%€'6) 1-99%chc  — (T20C°€) 1-9650FC 06 T  <dOWDAI'T
(T96%0) T-9190T'T  — (C34€'T) T-20¥80C  — (2989°7) 1-98641°C  — (T969°T) 1-9986€'¢ =~ (I-99¢'T) T-90¥94T  — (C991°C) T-9€68C°€  — (T-9GF'6) 1-9€180°C  — (T-94€€) 1-96099C 0€ ¢  TdOWDEI'T
1/€1/0 0/€1/1 0/€1/1 0/¢1/1 €/6/0 0/T1/¢ 0/21/T ~/—/+
(-999°T) ¢-9¢t%9'6  — (¢998°¢) T-97818'T  — (1-99¢°T) 1-9¢£98'8  — (1-986'T) T-9FSeTZ4  — (1-94T°S) 1-99788'S  — (1-969'8) 196668  — (1-966'C) T-9F196F  — (€-98G°T) T-9¢S¢T'C ST ¢ FIMIN
(T986F7) ¢-8ev4€  — (1-969°T) 1-960€5F  — (2-940°8) 1-99609°'T  — (T99%°C) I-96SF0'T  — (I-9%S°€) 1-90484F  — (1-926'2) 0+36H80°'T  — (T-3/F'€) T200¥€9  — (1-990°¢) 1-96k6¥' 1T ST T CIMIN
(T2£09) T9t6TH9  ~(1-997°7) T-9106TT  — (I-9GT°7) 1-9¢688°C  + (T-990°T) ¢-989¢9'C  + (I-910°T) T9%S4LF  ~ (0+900°0) T-2069¢'8  + (I-978'T) TFT0T9  + (€-948°T) €96967S ST ¢ TIMIN
(F-9€€T) 970109  — (€-900'8) ToL0€4'€  — (1-90€°€) -9€ThST  — (€-946F) T99048'T  — (C-3/82) 7984859  — (1-969°7) 1-9618C°S  — (€-92L°£) T95¥50C  — (I-911°7) ¢2609T8 ST T TIMIN
(20T T) €-984209  — (T98%'S) T96T6LL  — (TL€'8) T-94CST'T  — (T968'S) T-o80%€'8  — (I-918°T) 1-292€6'C (N'eN) NeN —(2999'1) ¢-29209C  — (I-9€£'D 1-9%1SCT ST ¢ 0TMIN
(-9€8°17) ¢-oct#81'9  — (I-9C1'C) T-9T6€8'6  + (F-981°8) €96€89'G  — (I-911°7) ¢92065'6  — (I-911°7) 1-99£90'T  — (T9CG'8) I-91FPS'8  + (€-969'T) €-9%44L8  + (TOITT) T3L98T'T SI ¢ 6MIN
(F2€%'9) ¢29¢8CF  — (1-94L0) T-9GTFS'S  — (€-208'T) T-9G4ESF  — (T9€€0) To690°Z4  — (1-9G%C) 1-9¢8%0c  — (I-9TT'F) 1984869  — (€-960°€) T9906%'S  — (T9T6'T) ¢21084S ST € SMIN
(F-9£T0) €9€86€F  — (C30T'T) TO€L0T'E€  — (P9FTF) €9066LF  — (€-9€9°€) T-9669S'T  — (T91€'9) T3LeLTS  — (T9%96'6) T2L9¢4'G — (F-9%0°6) €929¢249  — (I-900°'T) ¢9%02LC ST ¢ LMIN
(G290°€) €-09%44C  — (1-960°€) 1-9G66€C  — (€-920°6) T29/8T'T  — (TOLTT) To6£59°€  — (1-9£9°€) 1-9%064'S  — (I-915°€) T-9620€°Z  — (€-9/%9) T96560'T  — (T-240'T) ¢20¢Z8T ST T IMIN
(6-9G6'8) 7-9/789°C  — (€-940°6) T298¢LF  — (€-34F'1) €9¢e€T' T — (2T9907) €922 — (T9%€'7) T9G9689°Z  ~ (0+900°0) T-99TFSZ4  — (€-9GT'F) TOLTIF T — (€-9€8°T) €96456'T ST ¢ SMIN
(#98477) ¢20980F%  — (T961°9) I-9CETITT  — (CT9FET) C9C1STL  — (TOG€0) T-9620T'T  — (€-9%€°€) T9806F'S  ~ (0+200°0) 1-914S¢Z  — (T9907) To96F79  — (€-200'T) ¢-2984TF% ST € FMIN
(#-9920) €-9¢4tcS  — (C96LF) TTSOT'S  — (€9CT°L) T96eL1'C — (€-9%T€) T9G0€9'T  — (T98F'T) T98814C  — (I-9€T°€) 1-9460CC  — (€9CST) T9HS6C T  — ($-946'9) €91969S ST ¢ SMIN
(€-96G°T) €-96/80F  — (TO16°C) ToGGHHS  — (€-966'2) 981841 — (T-968°0) To1050F  — (I-9%0°1) 1-91€5€'T  — (1-98%'T) 1-00%64T  — (€-968°£) TO€EI8T  — (€-9€T'4) ¢981STC ST T TMIN
(€-91027) €20990C  — (C916°9) To€9¥¢'S  — (1-98C°T) 1-98910C  — (T-9CF¥) ¢-98€90'6  — (€-946°F) T-9680€'T (NeN) NeN — (T98%'¢) 720e8¢'c  — (T9409) T9¥85¢T ST T ITMIN
VIOV TADIL oDrIg LNFOD VaDOd dolL, VAVID a/VaOID a w  wdjqoig

swaqoxd 1D HXZ Pue JOINDIIT ‘MIA o3 uo sungirodye 3ydte Aq paureiqo (U0eIASp pIepue)s pue Ueawr) s)nsal (JO] Y], "¢ d[qeL

GZ0€ ‘T “$TOT SouviajuN

IS
=)
—



1/81/0

L/S/v

€/Cl/1

0/91/0

0/91/0

€/€1/0

€/Cl/1

~/ =/t

(5-218°¢) €-201£9°C

(€-94T°L) TaTWL6'C

%

(S-968°€) €-2L6¥9°C

L_l

(6-980°%) £-29%€9°C

— (€-9%F'T) T-266¥S'L

— (¢-2£8%) T2L6€L°C

(€-9€T°S) T-965T¥'T

T-98L'F) T-9995¥ L

¢l

914D HXZ

(6-298°%) £-205%8°C

(T-2€6'8) T291LT 'L

(¢-aLL:9) ToeLv1E

(2-985£) T-92610°C

— (¢-9€€7) T201€5°€

— (1-990°7) 1-952¢8'T

(#-920°2) €-92699°'S

1-9%5'T) T-97888'6

¢l

S1dD HXZ

(6-9%8°9) €-9%90% ¢

(£-90€°9) T-9¢248°¢

_l’_

(6-207°9) £-2045¢°C

(#-2£0'7) £-9%€8€°€

— (€-9£1°7) T981H9'T

— (1-960°7) 1-9%0S%'T

(F-922'1) €-21%58'C

T-9€8'T) €-96896'L

¢l

¥1dD HXZ

(1-928°1) 1-9%9¢'T

Q

(z-9£5°8) 1-9¢¥6T T

Q

(2-92L°6) T-95/88°9

Q

(1-9¢¥°1) T-2119%°6

— (1-905°S) 1-9G108'Z

— (I-916°€) 1-9%L7S'6

(I-9%0°'1) T-9%9%% 2

Q

—_ o~~~

1-96%'1) T-957L6'8

¢l

€1dD HXZ

(#-981%) ¢-296££°C

(1-91€°7) 1-9908%°C

(I-9%T°1) T-34T9%'S

(€-99£°1) T-9£916°C

— (2-965°2) 1-99¢¥1°T

— (I-910'T) 1-2£5€8'F

(1-905'T) T-96.48S "2

(1-960°7) 1-9G61T°C

€l

CIdD HXZ

(#-20%°¢) ¢-98964C

(T-9%0°¢) T-99888'T

(F-9T1°¢) T-2L128°C

(F-21¢°9) T-92690°€

— (€-9¢6'9) T-9T0¥6'9

— (1-960°7) 1-996€1°S

(¥-204'6) T-9T€5S°€

(1-200°'T) T-96FT°1

€l

114D HXZ

(Z-9€0°2) T-26010°T

(2-297%) 1-9€209°'T

Q

(Z-21%'6) 1-26200°T

Q

(2-905°9) T-985/T°6

— (1-968°F) 0+32T6T'T

— (1-96T°%) 0+299GT°1

(2-9%0'8) 1-20TCC' T

Q

(1-96577) 1-2964T°C

€l

014D HXZ

(€-96'S) T-20918'C

(2-046'T) T-26660'T

l_l

(#-996°¢) ¢-248€9C

(F-o€¢°6) T-2¢££0°€

— (1-966'T) 1-9Z€TI8°E

— (I-91T°T) T-214IT'S

(2-20%'T) 2-98£05°9

(Z-201°9) T-2€758°6

€l

640 HXZ

(¥-20¢'9) z-o16C€'€

(€-9T1'9) T-96/48€°L

l_l

(¥-099°9) ¢-o6¥1C €

(¢-966'T) T-2T1¥80°F

— (2-928°7) 1-9%29¢'T

— (1-929°¢) 1-98¢S5H'C

(€-929°9) T-2£429°S

(£-9%9°'F) T-9%16€9

€l

840 HXZ

(2-99£'£) T-9%009°6

(1-9€1°2) 1-9641¢C°C

~
~

(I-91T'T) T-2T9¢T'T

~
~

(¢-25%'9) T-2452S° £

— (I-9%S'%) 1-9%F¥FC9

— (I-99¥%°27) 1-96£0S'S

(2-210'9) ¢-218%¢'6

Q

(T-981°'8) T-9FGLT'T

€l

4D HXZ

(#-201°G) T-9%8¢T°€

(g-oT¥°¢) T-988%6'S

%

(¥-968'9) ¢-2987T1°¢

(#-980"9) T-2150S°€

— (T T) ToLECO L

— (€-941°2) T989.9°S

(€-909'T) T-9€1€9°€

(€-9%9°'T) T-o%THT'S

8

94D HXZ

(¥-220'6) ¢-oTHT e

(1-941°¢) T-26066'T

(z-212°6) T-o€HH09

(T-948'T) T-9999G°F

— (C-96S°T) T-9%£0S°8

— (2-990°9) 1-97S61'T

(z-98T°¢) T-9T¥8L'S

(1-92C'T) T-9€90¢°8

€l

4D HXZ

(¢-921'%) T2€9LL°L

(1-9€€°7) 1-988€0°¢

1%

(1-96C°'T) T-260%F'1

(T-94T°2) TO18ET'T

— (I-9C¢C°F) 1-9€911°L

— (I-9657) 0+92S0T'T

(2-9%9'9) 1-980¢T'T

(Z-980°6) T-98T1¢'T

€l

4D HXZ

(€-921°'T) 720429

(2-9£0'T) 1-2094T° T

+

(€-92C°T) T21561°9

(€-969'T) T-98764°9

— (2-925°¢€) 1-99%¥8°1

— (2966'G) 1-9G%8C'C

(€-9£97C) T-9TH9S L

(£-9%0'C) T-99CTF 2

€l

€40 HXZ

(€-960'T) T-2€%58'S

(1-94%'2) T-21969°C

(2-219'7) T-916L0°2

(€-9%9'T) T-20€7F9

— (2926'8) 1-29665°1

— (I-90£4°T) 1-99€ST°E

(T-299'8) T-2£599'6

(1-9%1°2) 1-9209¢°1

€l

21D HXZ

(¥-2L¥'8) T-2L8TLF

(T29€°T) 1-969€T°T

%

(#-96.'9) T-26969'F%

(€-9€¥'T) T-26¥97°S

— (T964'T) T21¥6T'S

— (¢-995°T) T-20992°6

(€-906°T) T-295/8'F%

L_l

(#-926'8) T-9C66¥7 7

€l

11D HXZ

VIOV

CHIOLL

oo1d

LINIONO

viaD0d

dOL

VAVLD

d/VAOIND

a

EmmmmmmmmmmmmNNNN

wa[qoI]

Ju03 T AqeL

SZ0€ “CL ‘FT0T sonvayvN

198



Mathematics 2024, 12, 3075

From Table 2, we can see the IGD metrics of the eight algorithms on the LIRCMOP test
suite. With the support of strict dominance principles, the selected high-quality solutions
are highly competitive, which contributes to ACREA’s strong exploration and handling
capabilities when facing irregular Pareto fronts. This is why CMOEA /D, CTAEA, ToP,
POCEA, CMOEMT, BiCo, and TiGE2 perform worse than ACREA in 12, 8, 8, 6, 11, 11,
and 9 test problems, respectively. Although slightly inferior to competitors in some test
problems, overall, considering the 14 test problems, ACREA significantly outperforms
other competing methods. POCEA only performs similarly to ACREA in 8 test problems
and does not surpass ACREA in any test problem. The main reason for this is that the
adaptive constraint relaxation expands the population’s demand for solutions, while the
strict dominance principle accelerates the population’s convergence ability. The LIRCMOP
test suite features numerous discontinuous feasible regions, posing significant challenges
for algorithms. Many algorithms tend to overlook the balance between diversity and
convergence, resulting in suboptimal performance. For example, CTAEA's dual-archive
mechanism favors diversity, while POCEA’s dynamic adaptive evolution strategy favors
convergence. Although the algorithms improve performance in one aspect, their overall
performance declines significantly. In contrast, ACREA enhances algorithm diversity
through the design of an adaptive constraint relaxation strategy and implements a strict
dominance principle to ensure rapid convergence to optimal solutions. Therefore, we can
conclude that ACREA outperforms its competitors both theoretically and experimentally.

The ZXH_CF test suite places significant demands on the search capabilities of algo-
rithms. During the search for the Pareto front, there are many small independent feasible
regions, making it difficult for most algorithms to find a complete feasible domain, often
leading them to become stuck in local optima. The representative ToP algorithm frequently
fails to cross larger infeasible areas to find new feasible domains, resulting in the algorithm
remaining in a local optimum and unable to achieve a complete CPFE. In contrast, ACREA
exhibits strong exploration capabilities, continuously updating its archive with diverse,
high-ranking solutions, which helps the population obtain a complete CPF. This is a key
reason why ACREA performs well on the 16 ZXH_CF test problems, achieving the best
results in seven of them. CTAEA, ToP, POCEA, and TiGE2 did not achieve the best results
in any of these 16 test problems. CMOEA /D only outperformed ACREA in the ZXH_CF1
test problem. ACREA significantly outperformed these seven competitors in 12, 13, 16, 16,
12, 5, and 15 test problems, respectively.

For example, the similar BiCO algorithm updates its archive based on the degree of
constraint violation. Although it explores many infeasible solutions, the quality of these
solutions is inconsistent, leading to a significant waste of algorithmic resources. This results
in BiCO's inability to traverse infeasible areas on the ZXH_CF test problems, causing it
to become stuck in local optima. In contrast, ACREA addresses this drawback by using
diversity ranking as a criterion for solution selection, significantly enhancing the search
capabilities of the population.

In summary, although ACREA did not perform well in some test problems, consider-
ing a total of 44 test problems, it significantly outperformed other competitors.

(2) Comprehensive analysis of HV indicators

From Table 3, we can see the HV metrics of the eight algorithms across the three bench-
mark test suites. The HV metric is mainly used to assess the diversity of the algorithms,
measuring whether the solutions are evenly distributed along the constrained Pareto front.
On the MW test suite, ACREA achieved the best results on 11 test problems, significantly
outperforming its competitors. The primary reason for this is that the archive update
process uses diversity metrics as a criterion for selecting solutions, greatly improving the
quality of the selected solutions and thus enhancing the diversity of the population. Due
to the ToP algorithm’s lack of exploration capabilities, it is prone to becoming stuck in
local optima when facing narrow Pareto fronts. For example, the reason ToP did not find
feasible solutions in MW1 and MW10 is its poor exploration ability, which prevented it from
finding the Pareto front. POCEA, CMOEMT, and BiCo achieved the best results in MW12,
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MW12, and MW9, respectively, indicating that their strategies favor handling diversity.
CMOEA/D and CTAEA each obtained two best results in MW9 and MW12. ACREA
significantly outperformed CMOEA /D, CTAEA, ToP, POCEA, CMOEMT, BiCo, and TiGE2
on11,12,9,12, 12,12, and 13 test problems, respectively. This indirectly demonstrates that
ACREA’s handling of diversity metrics in its archive is highly reliable.

Table 3. The HV results (mean and standard deviation) obtained by eight algorithms on the MW,

LIRCMOP and ZXH_CF problems.

Problem M D CMOEA/D CTAEA ToP POCEA CMOEMT BiCo TiGE2 ACREA
MW1 2 15  4.6948e-1(5.16e2) —  4.4028e-1 (5.14e-2) — NaN (NaN) 4.6778¢-1 (8.81e-3) —  3.7795e-1(3.83e-2) —  2.7066e-1 (1.06e-1) —  4.3091e-1 (5.71e2) — | 4.8936e-1 (3.22¢-3)
MW2 2 15 55149-1(1.16e2) —  5.5749-1(136e-2) —  3.718le-1 (154e-1) —  4.0848¢-1 (1.0de-1) —  5237le-1(3.92e-2) —  55816e-1(1.19e-2) —  5.1177e-1 (3.26e-2) —  5.8179%-1 (2.57¢-3)
MW3 2 15 54375e-1(897¢-4)~ 53036e-1(5.69¢-3) —  3.8019-1(1.79-1) —  5.1197e-1 (220e-2) —  5.2490¢-1 (6.74e-3) —  5.1505¢-1 (1.17e-2) —  5.067%-1 (3.05¢-2) —  5.4370¢-1 (3.86¢-4)
MW4 3 15 84106e-1(8.60e-4) —  8.078le-1(359%-2) —  1.1720e-1 (0.00e+0) ~  8.2053e-1 (4.97e-3) —  7.4032e-1 (3.39¢2) —  7.9419%-1 (1.67e-2) —  7.5360e-1 (5.62e-2) — | 841731 (3.40e-4)
MW5 2 15 32393e-1(591e-4) —  3.1575e-1(3.06e-3) —  5.6763e-2 (0.00e+0) ~  2.5604e-1 (297e-2) —  2.3863¢e-1(270e-2) —  3.2404e-1(7.77e-4) —  2.9680e-1 (5.95¢-3) — | 3.2448e-1 (6.69¢-5)
MW6 2 15 3.0532e-1(152¢2) —  3.1273¢-1(9.65¢-3) —  7.1210e-2 (591e-2) —  9.8677¢-2 (9.92¢-2) —  2.7929¢-1 (1.85¢-2) —  3.145le-1(1.31e-2) —  2.2186¢-1 (7.25¢-2) —  3.2851e-1 (1.46¢-5)
MW7 2 15  4.0276e-1(3.74e2) —  4.0939%-1 (645e-4) —  3.7013e-1(3.75e-2) —  3.704de-1(3.95e-2) —  3.98%e-1 (4.10e-3) —  4.1158e-1 (7.92e-4) ~  3.9406e-1 (3.86e-3) — | 4.1165e-1 (4.57¢-4)
MW8 3 15 5.1728e-1(440e2) —  5.1979e-1(135e2) —  1.2738e-1 (1.54e-1) —  2.8547e-1 (1.49e-1) —  4.7820e-1 (4.53e-2) —  54199¢-1 (1.07e-2) —  2.0847¢-1 (1.47e-1) —  5.5239%-1 (9.55¢-4)
MW9 2 15 3.8407e-1(120e2) -  3.9136e-1 (457e-3) +  0.0000e+0 (0.00e+0) —  3.1255e-1 (1.05e-1) ~  3.2620e-1 (7.81e-2) ~  3.9395e-1 (2.79¢-3) +  3.2957e-1 (1.13e-1) —  3.3243e-1 (1.68¢-2)
MW10 2 15 3.689le-1(8.88e-2) —  4.2774e-1 (1.64e-2) — NaN (NaN) 2.6992¢-1 (849¢-2) —  3.8526e-1(3.58e2) —  3.6735e-1 (45%-2) —  3.8532e-1 (3.36e-2) — | 45241e-1 (1.18¢-2)
MWI1 2 15 42815e-1(5.34e-2) —  4.3958¢-1(3.8%-3) —  3.069e-1(599-2) —  4204le-1(257e2) —  4.4071e-1(1.88e-3) —  3.7685e-1(7.73e-2) —  4.3233e-1 (3.57e-3) — | 44796e-1 (1.44e-4)
MW12 2 15 6.0417e-1(3.64¢3) +  5.5480e-1 (132e-1) +  0.0000e+0 (0.00e+0) ~  5.6168¢-1 (8.68¢-2) +  5.7818¢-1 (1.60e-2) +  2.7104e-1 (1.53e-1) —  4.9722¢-1 (1.90e-1) ~  5.4474e-1 (4.87¢-2)
MW13 2 15  4.2945¢-1(541e2) —  4.5178e-1(1.60e-2) —  1.6784e-1(1.3%-1) —  2.5860¢-1 (1.2de-1) —  4.3310¢-1 (1.60e-2) —  4.1121e-1(2.83e-2) —  3.2082¢-1 (5.20e-2) —  4.6158¢-1 (2.83¢-2)
MW14 3 15 44391e-1(1.84e-3) —  2.8965e-1(1.83e-1) —  2.4175e-1 (1.88e-1) —  2.9586e-1 (1.68e-1) —  2.2506e-1 (7.75e-2) —  12684e-1 (4.06e-2) —  4.3891e-1 (1.65e-2) —  4.7118e-1 (2.68¢-3)

+/ -/~ 2/11/1 2/12/0 0/9/3 1/12/1 1/12/1 1/12/1 0/13/1

LIRCMOPL 2 30 12116e-1(1.10e2) —  1.1153e-1 (2.82¢2) —  1.0174e-1 (9.76e-3) —  1.5953¢-1 (5.44e-2) ~  1.0091e-1 (4.59%-3) —  1.3937¢-1(9.00e-3) —  1.4146e-1 (6.14e-3) — | 1.7610e-1 (1.11e-2)
LIRCMOP2 2 30 23474e-1(1.73¢-2) —  24258e-1(5.15e-2) —  2.1439%-1(1.74e-2) —  2.8226e-1 (5.06e-2) ~  2.1985e-1 (1.55¢2) —  2.5706e-1 (1.25¢-2) —  2.6515e-1 (8.62e-3) — |3.0416e-1 (1.05¢-2)
LIRCMOP3 2 30 1.0487e-1(1.10e-2) —  9.9568¢-2 (244e-2) —  9.3085¢-2 (5.54e-3) —  1.3158¢-1 (2.68¢-2) —  1.0345¢-1 (1.17¢-2) —  1.259%6e-1(8.39¢-3) —  1.2988e-1 (6.94e-3) — | 1.5242e-1 (1.22¢-2)
LIRCMOP4 2 30 19952-1(1.26e2) —  19572e-1 (2.13¢2) —  1.773%-1 (121e2) —  2.1458e-1 (4.01e-2) —  1.9454e-1(1.38e-2) —  2.2302¢-1(7.89¢-3) —  2.2270e-1 (1.17e2) — | 2.5348e-1 (1.75¢-2)
LIRCMOP5 2 30 0.0000e+0 (0.00e+0) ~  7.1968e-3 (3.22e-2) ~  2.0299%-2 (6.39¢-2) ~  7.2046e-2 (1.16e-1) +  0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~  4.3036e-2 (6.80¢-2) +  0.0000e+0 (0.00e+0)
LIRCMOP6 2 30 0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~  4.5566e-2 (5.91e-2) +  0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~  3.8927¢-2 (4.08¢-2) +  0.0000e+0 (0.00e+0)
LIRCMOP7 2 30 7.0285¢-2 (1.10e-1) —  1.3077¢-1 (L.14e-1) ~  4.8767¢-2 (1.0le-1) —  9.2152e-2 (1.16e-1) —  8.6706¢-2 (1.00e-1) —  1.8117¢-1 (1.08¢-1) ~ | 1.9985e-1 (2.55¢-2) +  1.8860e-1 (9.88¢-2)
LIRCMOP8 2 30 2.1332e-2(6.57e-2) ~  5.8184e-2 (9.46e-2) ~ 198752 (6.15e-2) ~  1.1464e-1 (1.07e-1) ~  4.2404e-2 (7.75e-2) ~  9.9586e-2 (1.13¢-1) ~  1.6923e-1 (5.11e2) +  4.4049%-2 (9.04e-2)
LIRCMOP9 2 30 1.6350e-1(7.54e-2) —  19810e-1 (1.38e-1) —  2.8476e-1 (8.05¢-2) —  1.8196e-1(1.10e-1) —  1.1293e-1 (6.34e2) —  1.3088e-1 (4.68¢-2) —  2.3237e-1(7.89¢-2) —  3.6917e-1 (8.39-2)
LIRCMOP10 2 30 15345¢-1(890e-2) —  2.8484e-1 (246e-1) ~  4763le-1(6.28¢-2) +  1.8828¢-1 (1.65e-1) ~  7.3399¢-2 (2.80e-2) —  7.8375¢-2 (3.60e-2) —  1.4833e-1 (4.6le2) —  2.5795e-1 (147¢-1)
LIRCMOPI1 2 30 19776e-1(1.67¢-2) —  3.7493e-1 (2.26e-1) ~  3.7436e-1 (8.42¢2) +  2.6700e-1 (147e-1)~  1.7346e-1 (721e-2) —  2.7374e-1 (1.05e-1) —  2.1275e-1 (9.66e-2) —  3.0929¢-1 (7.61e-2)
LIRCMOP12 2 30 34942%-1(734e2) —  3.316le-1(195e-1)~ |46118e-1 (40le2)~  3.3562¢-1 (1.20e-1) —  2.2078¢-1(1.02e-1) —  3.4543¢-1 (1.26e-1) —  3.8103¢-1 (5.36e-2) —  4.6044e-1 (5.78¢-2)
LIRCMOPI3 3 30 4.3975e-4 (128e-5) +  2.7248e-1 (2.80e-1) ~  5.3778¢-3 (1.68e-2) ~  23106e-1 (254e-1) ~  3.6032e-1 (1.8762) +  1.0027e-4 (9.83e5) ~  3.5692e2 (1.17e-1) +  1.7117e-4 (1.50e-4)
LIRCMOP14 3 30 9.8092¢-4 (3.03¢-5) +  546l6e-1 (9.14e-4) +  2.5125¢-4 (2.75¢-4) —  1.5822e-1 (243e-1) ~  4.0060e-1 (1.50e-2) +  4.3442¢-4 (2.88e-4) —  15500e-2 (6.90e-2) +  6.3884e-4 (2.73¢-4)

+/ -/~ 2/9/3 1/5/8 2/7/5 2/5/7 2/9/3 0/9/5 6/8/0
ZXH_CF1 3 13 83449¢-1(8.76¢-4) - | 8.346de-1(125¢3) +  7.6055e-1(229¢-2) —  8.0689%-1(5.10e-2) —  8.2047¢-1(1.95¢-3) —  8.3138¢-1 (8.69e-4) +  7.5475¢-1 (1.62¢-2) —  8.3049%-1 (1.11e-3)
ZXH_CF2 3 13  47412¢-1(158¢-1) —  4.9353¢-1 (125¢-1) —  2.3984e-1 (1.0de-1) —  4.0154e-1 (8.37¢-2) —  5.2960¢-1 (351e-3) —  5.2343¢-1(5.43e-2) ~  3.9404e-1 (1.45¢-1) — | 5.4743¢-1 (1.86e-3)
ZXH_CF3 3 13 50966e-1(2.87e-3) —  5.1163e-1 (257e-3) ~  2.5602e-1(5.77e-2) —  4.2994e-1 (1.99e-2) —  4.9615¢-1 (3.61e-3) —  5.1487e-1 (2.04e-3) +  4.4603¢-1 (1.25e-2) —  5.115%-1 (2.71e-3)
ZXH_CF4 3 13 32362¢-1(1.17¢-1) —  3.4425¢-1 (9.58¢2) —  0.0000e+0 (0.00e+0) —  5.8954e-2 (1.29¢-1) —  3.282le-1(9.97e-2) —  3.0874e-1(1.34e-1) ~  1.7839%-1 (1.38e-1) — | 8.7717e-1 (6.72¢-2)
ZXH.CF5 3 13 27373e-1(6.83e-2) —  2.7618¢-1 (436e-2) —  19029-1(4.81e-2) —  24109-1 (1.24e2) —  2.8224e-1 (2.58¢2) —  2.7979-1 (7.02¢-2) —  2.0341e-1 (931e-2) —  |3.0637¢-1 (1.48¢-3)
ZXH_CF6 3 13 21543e-1(2.00e-3) —  2.2440e-1 (1.01e-3) ~  1.9209-1(8.92e-3) —  1.8694e-1 (1.09e-2) —  2.1727e-1 (1.05¢-3) —  2.2490e-1 (.14e-3) ~  2.0066¢-1 (2.91e-3) —  2.2453¢-1 (9.61e-4)
ZXH_CF7 3 13 24956e-1(1.12¢-1)~  2.6190e-1(9.00e2) ~  2.8320e-2 (5.66¢-2) —  7.0418¢-2 (1.0de-1) —  |2.9140¢-1 (8.89e-2) ~  2.4202¢-1 (1.22e-1) ~  1.7165¢-1 (1.25e-1) —  2.6874e-1 (1.02¢-1)
ZXH_CF8 3 13 22692¢-1(194e-3) —  2.1152¢-1 (5.81e-3) —  1.0386e-1(334e-2) —  1.2063e-1 (1.91e-2) —  2.2296¢-1(2.93¢-3) —  2.345le-1 (L.61e-3) +  2.1263¢-1 (5.15¢-3) —  2.3302¢-1 (1.06¢-3)
ZXH.CF9 3 13 25625e-1 (2.74e-2) —  2.3990e-1(9.76e-3) —  8.0970e-2 (3.67e-2) —  1.1181e-1 (397e2) —  2.6303e-1 (2.74e-3) —  2.7150e-1 (1.74e-3) ~  2.4880e-1 (5.50e-3) —  2.6806e-1 (1.71e-2)
ZXH.CFI0 3 13 |24240e-1(1.07e-1)~  1.866le-1(1.0le-1)~  12733e-2(2.8%-2) —  3.5459e-3 (5.36e-3) —  2.1794e-1(1.08e-1) ~  2.2483e-1(122e-1)~  2.1093e-1 (1.07e-1) ~  2.0681e-1 (1.12e-1)
ZXH_CFI1 3 13 394921 (4.84c2) ~  3.8991e-1(871e-3) —  1.986de-1(6.11e-2) —  3.5334e-1(1.34e-2) —  4.1834e-1(344e-3) —  4.2578¢-1(2.23¢-3) ~  2.8437¢-1 (1.85¢-2) — | 4.2645¢-1 (1.83¢-3)
ZXH_CF12 3 13  6.1528¢-1(1.42e-1) —  6.7025¢-1 (2.02¢-1) —  3.0386¢-1 (1.08e-1) —  5.8553¢-1 (1.03e-1) —  7.4573¢-1(6.03¢-3) —  7.1094e-1 (1.68¢-1) —  4.5357¢-1 (2.56e-1) —  7.5662e-1 (1.54¢-3)
ZXH_CF13 2 12 249971 (1.19%-1)~ 2419e-1(1.10e-1)~  4.6817e-3 (140e-2) —  2.7546e-2 (6.94e-2) —  2.3574e-1(1.22e-1) ~  2475%-1 (1.04e-1) ~  1.8601e-1 (1.13e-1) ~  2.0406e-1 (1.23e-1)
ZXH.CF14 2 12 5.3856e-1(137e-2) —  54203e-1(5.07e-4) —  3.8169%-1 (1.07e-1) —  5.125le-1 (4.30e3) —  54114e-1 (3.36e-4) —  |5.4325e-1 (1.90e-4) ~  4.9882e-1(9.92e-3) —  5.4321e-1 (1.92e-4)
ZXH._CF15 2 12 6.1734e-1(9.73¢-2) —  6.6107¢e-1 (227e-4) —  44797¢-1 (1.43e-1) —  6.2683¢-1 (2.55¢-2) —  6.4283¢-1(8.01e-2) —  6.2999%-1 (9.60e-2) ~  5.9186e-1 (1.01e-1) —  6.6196e-1 (1.09¢-4)
ZXH.CFl6 2 12 7.6180e-1(1.78¢-2) —  7.6380e-1(7.24e-3) —  7.6813e-1 (1.59%-2) —  7.65%e-1 (2.85¢-3) —  7.7809%-1 (1.65e-4) — | 7.7828e-1 (9.34e-5) ~  7.5343¢-1 (6.85¢-3) —  7.7825e-1 (8.64e-5)
+/ -/~ 1/11/4 1/10/5 0/16/0 0/16/0 0/13/3 3/2/11 0/14/2

The LIRCMORP test suite includes many large infeasible regions to evaluate the algo-

rithms” ability to traverse these areas. From the HV metrics of the LIRCMOP test suite, it is
evident that most algorithms struggle to cross large infeasible regions in search of feasible
solutions, significantly reducing their overall performance. For example, in the LIRCMOP6
test problem, there are extensive infeasible regions, and many algorithms, despite searching
within the local space, fail to find suitable solutions, which greatly wastes algorithmic
resources. To address this challenge, it is essential not only to enhance the algorithm’s
exploration capabilities but also to strictly select high-quality solutions. With this approach
in mind, ACREA relaxes constraints to gather more information from infeasible solutions,
thereby increasing its ability to explore further. At the same time, it adopts a strict den-
sity dominance principle to select high-quality solutions, ensuring that the population
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obtains a set of optimal solutions. These two aspects are the primary reasons why ACREA
outperforms the seven competitorsin9, 5,7, 5,9, 9, and 8 test problems.

In the ZXH_CEF test suite, ToP, POCEA, CMOEMT, and TiGE2 did not achieve the
best results on any test problems, indirectly indicating that this type of algorithm has poor
exploration capabilities and fails to obtain the full feasible region, resulting in suboptimal
solutions. In contrast, CMOEA /D and CTAEA achieved the best results on the ZXH_CF1
test problem, demonstrating that their algorithms perform well in terms of diversity.
Compared to these, ACREA achieved the best results on six test problems, indirectly
proving the effectiveness of its diversity metrics. The traditional exploration strategies
fall short of enabling the algorithm to obtain better solutions. Although ACREA did not
achieve the best performance on some test problems, considering the 16 ZXH_CF test
problems and the seven comparative algorithms, ACREA outperforms its competitors.

From the above analysis, it can be seen that across 44 different test problems, ACREA’s
overall performance far surpasses its competitors, fully demonstrating the superiority and
competitiveness of ACREA.

4.3. The Validation of Parameter A in ACREA

In this section, we validate parameter A using an equidistant strategy and conduct
comparative experiments on the LIRCMOP test suite with different settings of A. From
the IGD metric in Table 4, it can be seen that ACREA (A = 0.4) outperforms ACREA (A =0,
0.2,0.6,0.8,and 1) on 2,2, 1, 2, and 1 test problems, respectively. From the HV metric in
Table 5, it can be seen that ACREA (A =0, 0.2, 0.6, 0.8, and 1) performs worse than ACREA
(A=04)on0,2,1,1, and 1 test problems, respectively. Although ACREA (A = 0) achieves
the same HV metric as ACREA (A = 0.4) on the LIRCMOP test suite, it performs worse on 2
test problems in the IGD metric compared to ACREA (A = 0.4). In summary, the results
obtained by ACREA (A = 0.4) are the best. Therefore, setting A to 0.4 is optimal.

Table 4. The IGD results (mean and standard deviation) of ACREA (A =0,0.2,0.4,0.6,0.8, and 1) on
the LIRCMOP test suite.

Problem M D ACREA (A =0) ACREA (A =0.2) ACREA (A =0.6) ACREA (A =0.8) ACREA (A =1) ACREA (A =0.4)
LIRCMOP1 2 30 1.2506e-1 (2.76e-2) —  1.3145e-1 (2.37e-2) —  1.2833e-1(2.41e-2) —  1.2704e-1 (1.84e-2) — 1.3136e-1 (2.45e-2) — 1.1061e-1 (2.45e-2)
LIRCMOP2 2 30 1.0014e-1 (1.61e-2) =  1.0500e-1 (1.78e-2) —  1.0071e-1 (1.33e-2) ~  1.0073e-1 (1.52e-2) =~ 9.875%-2 (1.58e-2) ~ 9.2673e-2 (1.57e-2)
LIRCMOP3 2 30 1.3429%-1 (2.43e-2) = 1.2848e-1 (2.64e-2) ~  1.4182e-1(2.19¢-2) ~  1.3866e-1 (3.19¢-2) ~ 1.3094e-1 (2.85e-2) ~ 1.3122e-1 (3.32e-2)
LIRCMOP4 2 30 1.4046e-1(2.8%9¢-2) ~  1.3183e-1 (3.07e-2) ~  1.3722e-1(3.18e-2) ~  1.2986e-1 (2.58e-2) ~ 1.3986e-1 (2.75e-2) ~ 1.4442e-1 (3.50e-2)
LIRCMOP5 2 30 1.2206e+0 (7.48e-3) —  1.2201e+0 (8.57e-3) = 1.2177e+0 (8.54e-3) ~  1.2174e+0 (8.17e-3) =  1.2149e+0 (1.21e-2) ~  1.2156e+0 (7.59¢-3)
LIRCMOP6 2 30 1.3455e+0 (2.18e-4) =~  1.3455e+0 (1.81e-4) ~  1.3454e+0 (2.55e-4) ~  1.3454e+0 (1.66e-4) ~  1.3455e+0 (2.85e-4) ~  1.3454e+0 (2.59¢-4)
LIRCMOP7 2 30 6.1919e-1(7.17e-1) =  5.3444e-1 (6.81e-1) ~  6.0558e-1 (7.23e-1) =~  2.9229¢-1 (4.77e-1) ~ 4.8099%-1 (6.21e-1) =~ 4.8210e-1 (6.27e-1)
LIRCMOP8 2 30 1.3332e+0(6.20e-1) =  1.2236e+0 (6.58e-1) ~  1.4625e+0 (5.35e-1) ~  1.1913e+0 (6.87e-1) =~  1.2455e+0 (6.84e-1) ~  1.3950e+0 (5.88e-1)
LIRCMOP9 2 30 5.4482¢-1(1.18e-1)~  5.5301e-1 (1.14e-1) =~  5.5117e-1 (1.40e-1) =~  5.6146e-1 (1.35e-1) =~ 5.6448e-1 (1.24e-1) = 5.2922¢-1 (1.28e-1)
LIRCMOP10 2 30 6.3475e-1(1.8le-1) =  6.2310e-1 (1.85e-1) =  6.3372e-1 (1.96e-1) ~  7.5640e-1 (1.65e-1) — 5.9253e-1 (2.02e-1) =~ 6.5193e-1 (1.67e-1)
LIRCMOP11 2 30 5.3027e-1(1.21e-1)~  5.5273e-1(1.63e-1) =  6.0785e-1 (1.37e-1) ~  5.2048e-1 (1.32e-1) = 5.2028e-1 (1.12e-1) = 5.6187e-1 (1.14e-1)
LIRCMOP12 2 30 2.788le-1(8.14e-2)~  3.5553e-1 (1.46e-1) ~  3.4480e-1 (1.16e-1) =~  2.9271e-1(8.93e-2) = 3.3023e-1 (9.60e-2) ~ 3.4620e-1 (1.25e-1)
LIRCMOP13 3 30 1.3157e+0(1.59e-3) ~ 1.3161e+0 (1.53e-3) ~ 1.3162e+0 (2.06e-3) ~  1.3153e+0 (1.69¢-3) ~  1.3156e+0 (1.90e-3) ~  1.3152e+0 (1.62¢-3)
LIRCMOP14 3 30 1.2723e+0(1.84e-3) ~  1.2725e+0 (2.16e-3) ~ 1.2727e+0 (1.21e-3) ~  1.2723e+0 (1.70e-3) ~  1.2722e+0 (1.63e-3) =  1.2727e+0 (1.24e-3)

+/ -/ = 0/2/12 0/2/12 0/1/13 0/2/12 0/1/13

4.4. Performance Analysis

From Table 6, we can see the Wilcoxon rank analysis between ACREA and the com-
parative algorithms. R*, R™, and p-value, respectively, represent superior to, inferior to,
and similar to values. In IGD’s R~, CMOEMT reached the highest at 187.0, while in HV’s
R~, CTAEA achieved 257.0. However, in comparison to the values of competitors in R,
both for IGD and HYV, they were all above 700, with the best reaching a peak value of
899.0. Therefore, overall, the performance of ACREA far surpasses that of its competitors.
From Figure 4, we can see the PF of the 8 algorithms on MW4. ToP did not find the Pareto
front, while TIGE2 and POCEA only found partial Pareto fronts. CTAEA, CMOEMT, and
CMOEA /D have some missing solutions that are not on the Pareto front and are relatively
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sparse. Although all solutions of BiCo are on the Pareto front, they are not as uniformly
distributed and dense as compared to ACREA.

Table 5. The HV results (mean and standard deviation) of ACREA (A =0,0.2,0.4,0.6, 0.8, and 1) on
the LIRCMOP test suite.

Problem M D ACREA (A = 0) ACREA (A = 0.2) ACREA (A = 0.6) ACREA (1 = 0.8) ACREA (A =1) ACREA (A = 0.4)
LIRCMOP1 2 30 17106e-1(1.20e-2) ~  1.6777e-1(1.05e-2) —  1.6916e-1 (1.22e-2) —  1.7252e-1 (1.15e2) ~  1.6735e-1 (1.17e2) — | 1.7610e-1 (1.11e-2)
LIRCMOP2 2 30 3.0315e-1(82%-3)~  3.0069-1 (L.1le-2) ~  3.0006e-1 (9.13e-3) ~  3.0055e-1(9.02e-3) ~  3.0072e-1 (9.74e-3) ~  3.0416e-1 (1.05e-2)
LIRCMOP3 2 30 15210e-1(9.94e-3) ~ | 1.536le-1(9.75e-3)~  1.5000e-1 (8.44e-3) ~  14987e-1(1.06e-2) ~  15300e-1(9.57e-3) ~  1.5242e-1 (1.22¢-2)
LIRCMOP4 2 30 25587e-1(1.37e-2)~  2.5842¢-1(148e-2)~  2.5618e-1(1.33e-2) ~  2.593%-1(1.30e2) ~ 2.536le-1(1.39%2) ~  2.5348e-1 (1.75e-2)
LIRCMOP5 2 30 0.0000e+0 (0.00e+0) ~  0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e-+0)
LIRCMOP6 2 30  0.0000e+0 (0.00e+0) ~  0.0000e+0 (0.00e+0) ~  0.0000e+0 (0.00e+0) ~  0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e-+0)
LIRCMOP7 2 30  1.6488e-1(1.13e-1)~  1.7976e-1(1.07e-1)~  1.6946e-1 (1.1de-1) ~  2.1981e-1 (7.62e2) ~  1.8716e-1 (9.80e2) ~  1.8860e-1 (9.88e-2)
LIRCMOP8 2 30 5.1586e-2 (9.24e-2) ~  7.0517e-2 (1.02e-1)~  3.319%-2 (8.11e-2) ~  7.5814e-2 (1.06e-1) ~  6.674%-2 (1.05e-1) ~  4.4049-2 (9.04e-2)
LIRCMOP9 2 30 35598e-1(7.38¢-2) ~  3.5097e-1(7.75e-2) ~ 3.6132e-1(8.79e-2) ~  3.4443e-1 (8.10e-2) ~  3.3537e-1(848e-2) ~  3.6917e-1 (8.39%-2)
LIRCMOP10 2 30 2.7572e-1(1.5%-1)~  2.8507e-1(1.60e-1)~  2.8397e-1 (1.60e-1) ~  1.7292e-1(1.29e-1) —  3.18%e-1 (1.74e-1) ~  2.5795e-1 (1.47e-1)
LIRCMOP11 2 30 3.3192e-1(82le2)~  3.2432-1(1.02e-1)~  2.9214e-1 (7.81e2) ~  3.393%-1 (8.36e2) ~  3.4103e-1(7.25e2) ~  3.0929-1 (7.61e-2)
LIRCMOP12 2 30 |48166e-1(44562) ~  4.5804e-1(5.89e-2) ~  4.5633e-1 (5.34e-2) ~  4.7458¢-1 (4.83e-2) ~  4.6187e-1 (442e-2) ~  4.6044e-1 (5.78¢-2)
LIRCMOP13 3 30 1.7638e-4 (1.2le-4)~  5.3638e-5 (7.60e-5) —  1.1290e-4 (1.23e-4) ~  1.2054e-4 (1.33e-4) ~  1.0322e-4 (1.15e-4) ~  1.7117e-4 (1.50e-4)
LIRCMOP14 3 30  6.8294e-4 (3.0le-4)~  5.3264e-4 (3.10e-4) ~  5.814%-4 (3.29e-4) ~  4.6205e-4 (2.97e-4) ~  6.6766e-4 (2.69e-4) ~  6.3884e-4 (2.73e-4)

1/ -/~ 0/0/14 0/2/12 0/1/13 0/1/13 0/1/13

Table 6. Wilcoxon’s rank sum test results based on mean IGD and HV values on the three test suite.

IGD HV
ACREA vs.

RT R~ p-Value Rt R~ p-Value
CMOEAD 868.0 78.0 0.000002 843.5 146.5 0.000043
CTAEA 774.0 172.0 0.000272 733.0 257.0 0.004923

ToP 897.0 49.0 0 899.0 47.0 0
POCEA 853.0 137.0 0.000029 851.0 139.0 0.00003
CMOEMT 803.0 187.0 0.000318 783.0 163.0 0.000162
BiCo 827.0 163.0 0.000104 806.0 184.0 0.000278
TiGE2 829.0 161.0 0.000095 887.0 103.0 0.000005

As shown in Figure 5, the convergence plots comparing ACREA with five repre-
sentative algorithms clearly demonstrate the results. In Figure 4a, ACREA’s IGD metric
remains at the lowest level as the evaluation count increases, indicating that lower IGD
values reflect better algorithm performance. Conversely, in Figure 4b, ACREA’s HV metric
consistently stays at a leading standard as the evaluation count increases, with higher HV
values representing better algorithm performance. Therefore, considering the convergence
plots of both IGD and HV metrics, ACREA outperforms its competitors.

Analyzing from the perspective of time complexity, traditional CMOED algorithms
such as CTAEA, ToP, POCEA, CMOEMT, BiCo, and TiGE2 have a time complexity of
O(N?). However, ACREA also has a complexity of O(N?), but the experimental results of
the seven competing algorithms are far inferior to those of ACREA. Additionally, the space
complexity of eight CMOEAs is O(N), indicating that the proposed ACREA algorithm not
only significantly saves computational resources but also achieves ideal results.

In conclusion, ACREA achieved good performance in Wilcoxon rank-sum analysis, the
Pareto front plot of MW4, time complexity, IGD convergence plots, and HV convergence
plots, further demonstrating the superiority and competitiveness of ACREA.
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Figure 4. The Pareto front (PF) plot obtained in MW4 test problem.

—— ACREA
0.35 . S 0.16 {|——CMOEA/D [
‘ —— ACREA 015 1 ToP
CMOEA/D ©7 ||7—POCEA
03¢ —e—ToP B 0.14 ||——BiCo
| B [ -1 POCEA ——TiGE2
0os l. ——BiCo 0.13
e ——TiGE2 i
5 J Ll [IC 2 0.12 i
021 &g { 0.11 1
Y | 0.1 ’
0.15
0.09 1
o1l 0.08 ]
2 4 6 8 10 2 4 6 8 10
Number of function evaluations % 10* Number of function evaluations %10
(a) HV convergence plot (b) IGD convergence plot

Figure 5. HV and IGD convergence plots.
4.5. Effectiveness of Core Components of ACREA

To further verify the effectiveness of ACREA, we conducted a comparative analysis of
three variants and ACREA on the LIRCMOP test suite. The specific details are as follows:

(1) ACREA1: Remove the boundary constraint learning mechanism and the correspond-
ing constraint handling technique.
(2) ACREAZ2: Remove the archive and replace it with the archive mechanism of CTSEA.
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(3) ACREAS3: Remove the elite selection mechanism of the parent generation and replace
it with binary tournament selection.

As shown in Table 7, the IGD metrics of the three variants and ACREA on LIRCMOP
can be observed. When the boundary constraint mechanism and the corresponding constraint
handling technique were removed, the performance of ACREAL1 significantly decreased, further
illustrating the importance of the boundary constraint handling mechanism. ACREA2 deleted
the archive and performed worse than ACREA on eight test problems, indicating that the
archiving mechanism significantly enhances the overall performance of the algorithm. ACREA
outperformed ACREA3 on nine test problems, with only one test problem performing worse
than ACREAS3, thus fully validating the effectiveness of parent elite selection. ACREA outper-
forms the other three variants on 9, 8, and 9 test problems, respectively. As shown in Table 8, the
three variants and ACREA in terms of the HV indicator in LIRCMOP. ACREA far outperforms
the other three variants, once again validating the effectiveness of constraint boundary learning,
archiving mechanism, and parent elite selection.

In conclusion, the analysis of IGD and HV indicators on the LIRCMOP test suite for
the three variants and ACREA further demonstrates the effectiveness of ACREA.

Table 7. The IGD results (mean and standard deviation) of ACREA and three variants of it on

LIRCMOP test suite.

Problem M D ACREA1 ACREA2 ACREA3 ACREA
LIRCMOP1 2 30 25126e-1(2.15e2) —  2.4680e-1 (2.84e-2) —  2.7802e-1(1.98e-2) —  1.1061e-1 (2.45¢-2)
LIRCMOP2 2 30 1.9515e-1(2.33e-2) —  1.7677e-1 (2.83e-2) —  2.5457e-1 (1.37e-2) —  9.2673e-2 (1.57¢-2)
LIRCMOP3 2 30 2.1620e-1(2.07e-2) —  1.9357e-1 (3.34e-2) —  3.1490e-1 (2.78e-2) —  1.3122¢-1 (3.32¢-2)
LIRCMOP4 2 30 2.1652e-1(2.94e-2) — 1.8669¢-1 (3.59¢-2) — 2.7240e-1 (3.12e-2) — 1.4442e-1 (3.50e-2)
LIRCMOP5 2 30 1.2196e+0 (1.56e-2) ~ 1.2150e+0 (1.10e-2) ~ 1.2212e+0 (6.86e-3) — 1.2156e+0 (7.59¢-3)
LIRCMOP6 2 30 1.3455e+0 (2.14e-4) ~  1.3459%+0 (1.81e-3) ~ 1.3453e+0 (2.20e-4) ~ 1.3454e+0 (2.59%¢-4)
LIRCMOP7 2 30 1.2365e+0 (6.98¢e-1) —  7.7288¢-1 (7.62e-1) ~  7.006le-1 (743e-1)~  4.8210e-1 (6.27e-1)
LIRCMOP8 2 30 1.3400e+0 (6.17e-1)~ 1.3612e+0 (5.74e-1) ~  1.2565e+0 (6.67e-1) =  1.3950e-+0 (5.88e-1)
LIRCMOP9 2 30 87315e-1(1.69e-1) —  9.2451e-1 (1.55e-1) —  1.0128e+0 (1.14e-1) —  5.2922e-1 (1.28e-1)
LIRCMOP10 2 30 84546e-1(1.17e-1) —  8.7443e-1(1.20e-1) —  9.5300e-1 (4.36e-2) —  6.5193e-1 (1.67e-1)
LIRCMOP11 2 30 7.3926e-1(6.95e2) — 7.479le-1(3.37e2) —  8.6312e-1 (1.10e-1) —  5.6187e-1 (1.14e-1)
LIRCMOP12 2 30 7.7156e-1(1.63e-1) —  7.9126e-1 (1.90e-1) —  8.6827e-1 (1.57e-1) —  3.4620e-1 (1.25e-1)
LIRCMOP13 3 30 1.3163e+0 (1.60e-3)~ 1.3158e+0 (1.58e-3) ~  1.3161e+0 (1.71e-3) ~  1.3152e+0 (1.62¢-3)
LIRCMOP14 3 30 1.2722e+0 (2.26e-3) ~  1.2722e+0 (2.05e-3) ~ 1.2727e+0 (1.54e-3) ~ 1.2727e+0 (1.24e-3)

+/ -/ = 0/9/5 0/8/6 1/9/4

Table 8. The HV results (mean and standard deviation) of ACREA and three variants of it on

LIRCMOP test suite.

Problem M D ACREA1 ACREA2 ACREA3 ACREA
LIRCMOP1 2 30  1.2767e-1(7.91e-3) —  1.2828e-1(1.05e-2) —  1.1882e-1 (7.47e-3) —  1.7610e-1 (1.11e-2)
LIRCMOP2 2 30 25666e-1 (1.26e2) —  2.6234e-1(1.43e-2) —  2.2984e-1 (1.05e-2) —  3.0416e-1 (1.05e-2)
LIRCMOP3 2 30 1.2614e-1 (6.15e-3) — 1.3252e-1 (9.64e-3) — 9.8497e-2 (9.30e-3) — 1.5242¢-1 (1.22e-2)
LIRCMOP4 2 30 2.1996e-1 (1.30e-2) — 2.3401e-1 (1.46e-2) — 1.9949¢-1 (1.45e-2) — 2.5348e-1 (1.75e-2)
LIRCMOP5 2 30 0.0000e+0 (0.00e+0) ~  0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) ~  0.0000e+0 (0.00e+0)
LIRCMOP6 2 30 0.0000e+0 (0.00e+0) ~  0.0000e+0 (0.00e+0) ~ 0.0000e+0 (0.00e+0) =~  0.0000e+0 (0.00e+0)
LIRCMOP7 2 30 6.8526e-2(1.08e-1) —  14132e-1(1.1%-1)~  1.523%-1(1.17e-1)~  1.8860e-1 (9.88¢-2)
LIRCMOP8 2 30 5.0263e-2(9.32e-2) ~  4.8626e-2 (8.75e-2) ~ 6.3603e-2 (1.00e-1) ~  4.4049-2 (9.04e-2)
LIRCMOP9 2 30 1.5668e-1(821e-2) —  1.440de-1(743e-2) —  1.0725e-1 (4.18e-2) —  3.6917e-1 (8.3%-2)
LIRCMOP10 2 30 1.1153e-1(9.55¢-2) —  1.0460e-1 (8.90e-2) —  7.8915e-2 (2.41e-2) —  2.5795e-1 (1.47e-1)
LIRCMOP11 2 30 2.3909-1(5.14e-2) —  2.2859%-1 (8.44e-3) —  1.8798e-1(3.38¢-2) —  3.0929-1 (7.61e-2)
LIRCMOP12 2 30 24835e-1(825e-2) —  2.6859%-1(8.56e-2) —  2.3595e-1(8.59¢-2) —  4.6044e-1 (5.78¢-2)
LIRCMOP13 3 30 1.7262e-4 (1.28e-4) ~ 8.5829¢-5 (1.06e-4) ~ 7.5357e-5 (9.57e-5) — 1.7117e-4 (1.50e-4)
LIRCMOP14 3 30 478694 (3.23e-4) ~  5.5208e-4 (3.20e-4) ~  5.8565¢-4 (3.09¢-4) ~  6.3884e-4 (2.73e-4)

+/ =/ = 0/9/5 0/8/6 0/9/5
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4.6. Real Case Problem Testing for ACREA

In this subsection, extending the application of ACREA to real-world problems, we
select nine of the most common real-world problems to contrast the eight algorithms in
our experiments. For example, the water resource management problem (WRM) [41] and
the speed reducer design problem (SRD) [42], which are currently of most interest, have a
WRM setup that includes 5 objectives and 7 constraints, and a SRD that has 2 objectives
and 11 constraints. As shown in Table 9, ACREA outperforms 7 seven competitors in 8,
9,9,9,9,9,7 and 9 real-world problems, which is enough to prove that ACREA is highly
scalable in real-world applications.

Table 9. The HV results (mean and standard deviation) of ACREA on the real-world case problem.

Problem M D CMOEA/D CTAEA ToP POCEA CMOEMT BiCo TiGE2 ACREA
TBTD 2 3 1.0257e-1(155e2) — 8.8768e-1(1.21e-2) — 9.0175e-1(2.26e-4) — 2.3952e-1 (L6Ge-1) — 8.9847e-1 (6.65e-4) —  8.9981e-1 (5.55e-4) —  8.9583e-1 (1.39¢-3) —  9.0209e-1 (2.11e-4)
WBD 2 4 19462e2 (354e2) — 85106e-1(1.25e-2) — 8.6267e-1(221e-d) — 348382 (L43e-1) — 8.566le-1 (141e-3) —  85894e-1(243e-3) —  8.3175e-1 (6.68¢-3) — | 8.6324e-1 (3.94e-4)
DBD 2 4 42455e-1(7.03e3) — 43173e-1 (16de-3) — 4.3452e-1 (1.02e-4) — 4.2557e-1 (1.61e-3) — 4.3450e-1 (1.68e-4) —  4.3495e-1 (1.15e-4) —  4.2078e-1 (4.95¢-3) —  4.3503e-1 (1.37e-4)
SRD 2 7 276491 (3.02¢-6) — 24217e-1(3.89¢2) — 27702e-1(3.56e-4) — 2.742le-1 (121e-3) — 27642e-1 (L06e-d) —  2.7725e-1 (1.32e5) ~  2.7086e-1 (1.37e-3) — | 2.7725e-1 (1.14e-5)
FBPD 2 4 530732 (429e-5) —  4.0882e-1(4.77e-4) — 4.0929e-1 (1.30e-4) — 4.0634e-1 (124e-3) — 4.0952e-1 (1.22e-4) —  4.0981e-1 (6.37e-5) —  3.9604e-1 (3.92e-3) —  4.0988e-1 (8.30e-5)
TBPT 2 2  7.9374c-2 (48%e-4) — 8.4173¢-1 (4.34e-3) — 8.4736e-1 (1.20e-4) — 8.3907e-1 (351e-3) — 8.4206e-1 (1.85¢-3) — | 84750e-1 (5.14e-5) ~  8.4108¢-1 (2.75¢-3) —  8.4749-1 (5.95¢-5)
WRM 5 3 5879e2(9.96e5) — 9.4576e2 (9.78e-d) — 8.6757e-2 (2.75¢-3) — 57791e-2 (9.80e3) — 9.0453¢-2 (245e-3) —  9.6073e-2 (5.06e-4) —  9.5972e-2 (5.60e-4) — | 9.6987e-2 (5.14e-4)
SLBD 2 4 701472 (875e-3) — 54770e-1(7.78¢-3) — 5.6025e-1 (3.26e-4) — 3.3342e-1 (153e-2) — 555581 (1.30e-3) —  5.5677e-1 (1.06e-3) —  5.4944e-1 (2.79%-3) — 5.6107e-1 (1.90e-4)
GBD 3 7 |88158¢2(314e5)~ 866442 (6450-4) — 877012 (120e-4) — 6554de-2 (1.30e2) — 8.7082e-2 (1.93e-4) —  8.7992e2 (9.92e-5) —  8.5329e-2 (7.18¢-4) —  8.8108e-2 (8.79¢-5)

+/—/ = 0/8/1 0/9/0 0/9/0 0/9/0 0/9/0 0/7/2 0/9/0

5. Conclusions

In this study, we cleverly designed a novel archiving mechanism to retain high-quality
solutions, assisting the main population in approaching the CPF from both feasible and
infeasible regions, in order to effectively address CMOPS. To further exploit information
from infeasible solutions, a novel boundary relaxation constraint learning mechanism
was established. The learning mechanism can adaptively relax the constraints according
to the proportion of feasible solutions, enhance the search ability of the population, and
promote the population to obtain a complete CPFE. In terms of parent selection, strict
constraint dominance principles and crowding distance definitions were established to
drive competition between solutions. This approach helps select higher-quality solution
sets, enabling the population to traverse large and narrow infeasible regions.

Comprehensive analysis of the experimental data shows that ACREA achieved 54.6%
of the best values in the IGD metric across 44 benchmark test problems and 50% of the
best values in the HV metric while obtaining seven best values among nine real-world
problems. This once again verifies that ACREA not only outperforms its competitors but
also demonstrates strong scalability in practical problems. Although ACREA achieved
good results, there are still some areas for improvement. For example, the lack of interaction
between the population and the archive not only leads to the mishandling of important
information but also greatly reduces the speed of convergence to the Pareto front. Addi-
tionally, the threshold settings for parameters (A) in real-world problems are not precise
enough, hindering the algorithm from truly achieving optimality in practical applications.
In future research, we will enhance the information transfer between the population and
the archive and optimize the precision of the threshold, embedding these improvements
into a large-scale model for evaluation.
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Abstract: No matter whether with constraint or without constraint, most of the research about
distributed optimization is studied for the kind of quadratic performance criteria that does not have
an integrator; these optimization problems only concern the state value at the time of the final state,
not the whole process of the system change. For this problem, this paper discusses second-order
multi-agent systems with a discrete-time dynamic and a continuous-time dynamic, respectively,
for distributed optimization control problems, and proposes sufficient conditions to ensure the
quadratic performance criteria with an integrator is positive. Specifically, under sufficient conditions,
we describe the multi-agent systems that are considered in this paper to be connected topology;
all the agents can obtain the information from their neighbors. In addition, the structure of our
controller only relies on the Laplace matrix of the system’s topology, and the reaction coefficients in
the controller are the parameters in the performance criteria. Finally, the analysis of convergence is
given and verified by numerical examples and simulations.
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1. Introduction

The problem with distributed optimization control is designing a suitable distributed
controller to make the system finish its assignment while optimizing the performance
criteria or objective function [1-8]. However, no matter whether with constraint or without
constraint, most of this research about distributed optimization is studied for the kind
of quadratic performance criteria that does not have an integrator; these optimization
problems only concern the state value at the time of the final state, not the whole process of
the system change. In particular, sometimes the optimal solution can only be calculated
from a feasible set due to the constraints of the actual system, which makes the constrained
optimization problem begin to be noticed. In addition, most of the research on distributed
optimization, whether constrained or unconstrained, is aimed at the quadratic performance
criteria without integration. In other words, these optimization problems are concerned
only with the state values at the end of the state, not with the entire process of changing
the system. This paper was launched in response to the above problems.

Specifically, for the distributed estimation problem without constraint, Tsitsiklis and
colleagues [9] used the gradient of the local objective function and the weighted average of
self-estimation and neighbor estimations, which is calculated by row stochastic matrix and
Laplacian matrix, to approach the optimal estimation value. Harold and colleagues [10]
considered the problem with random noise; this conclusion has been put into use in many
engineering applications such as space allocation [11], power network optimization [12],
and parameter estimation [13,14]. However, the local information sharing among the
agents of the system must be guaranteed before this optimization strategy is available.
This requirement brings a huge communication cost to the system, which leads to the
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creation of a “de-centration” optimization strategy. The problem of how to optimize the
sum of multiple convex functions has been considered in [15], which proposed the “de-
centration” optimization strategy first. Next, convex intersection calculation is discussed
in [16], and the distributed convex intersection algorithm based on approximate projection
is given to solve this kind of problem. Besides, the optimization with constraint sets is
translated to the optimization without constraint through the penalty function [17]. Similar
problems about optimization without constraint have been concluded as a generalized
form in [18]. From this, lots of attention is put on optimization without constraint under the
different surroundings. For example, the objective function that is strongly convex with the
Lipschitz continuous gradient is studied in [19]; also, the gradient of the objective function
on some specific points can be obtained. Another situation in the objective function is
the convex and continuously quadratic differential, which is studied in [20]. However,
sometimes, because of the constraint of real systems, the optimized solution can only
be calculated from a feasible set; this makes the optimization problem with constraint
begin to be noticed. To address this problem, the system with the same and different
constraint sets for each local smooth objective function are analyzed, respectively, in [12]
and [21]. Relatively, the differentiable prime—-dual contained algorithm is proposed when
the objective function is not smooth [22]. Otherwise, some constraint sets with special
structures are studied, in [23,24]; authors proposed a distributed saddle point search
algorithm based on the Lagrange function to deal with the constraint formed in a vector.
Chang and colleagues [25] proposed the disturbance saddle point algorithm to overcome
the strictly convex assumption further. However, all of those methods require that the
information be globally shared. In addition, due to the system states and inputs being
continuous-time, a general method that transfers the control algorithm used in the discrete-
time system to a suitable form in the continuous-time system is present, [15,19] gives the
error analysis while using a fix step algorithm in the continuous-time system and discrete-
time system, respectively. Another method is quantizing the system states and inputs; the
effect of which is analyzed in [26].

Nevertheless, most of the above research about distributed optimization control, no
matter whether with constraint or without constraint was studied for the kind of quadratic
performance criteria without an integrator. In other words, these optimization problems
only concern the state value at the time of the final state, not the whole process of the system
change. For the problem, Zhang and colleagues [27] researched the distributed optimiza-
tion control of the first-order discrete-time system with the quadratic performance criteria
with the integrator in fixed topology, as well as designed the distributed optimization
consensus controller based on the results of the distributed consensus algorithm published
in [28-32]. Also, since the agents considered have second-order dynamics, which have great
differences from first-order dynamics, the distributed algorithms proposed in [33,34] are
invalid here. In [34], state-dependent gradient gains were introduced into the distributed
optimal algorithm to tackle this problem of first-order multi-agent networks; meanwhile,
it demonstrated that the team objective function can be minimized asymptotically or in
finite time. Inspired by [27,33,34], this paper goes on to discuss the distributed optimiza-
tion control in second-order discrete-time systems and continuous-time systems with the
quadratic performance criteria with an integrator under the fixed topology. Additionally,
sufficient conditions to ensure the existence of a distributed optimization control system
and the form of the controller are given in the form of analysis expression. The stability of
the controller is proven and verified by simulations.

The paper is organized as follows: the preparation and the problem formulation are
presented in Section 2. In Section 3, distributed optimization control problems in second-
order discrete-time systems are described and analyzed. In Section 4, some simulation
examples are provided to illustrate the distributed optimization control in second-order
discrete-time systems and continuous-time systems with the quadratic performance criteria
with an integrator under fixed topology. Conclusions are drawn in Section 5.
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2. Problem Statement

In this part, we discuss the distributed optimization problem in second-order continuous-
time systems and second-order discrete-time systems, respectively, in two sections.

2.1. Continuous-Time Dynamic

In this section, we discuss distributed optimization control problems in second-order
continuous-time systems. This kind of problem can be described as follows.

2.1.1. System Describe

A dynamic system

2=(A®IN)x+ (B® IN)u 1)
X . . 0 1 00
where £ denotes the differential x, A = 0 ol and B = 1 ol
Performance index:
] = %/0 (xTQx + u” (I, ® R)u]dt @)

We hope to design a distributed optimization control system, which can make the
system states in Equation (1) achieve consensus; meanwhile, the quadratic performance
criteria (2) are minimum. Before solving this problem, we give the following definitions
and theorems.

Definition 1. For the system in Equation (1), we can construct a weight matrix Q as follows.

Q=—-(K®L)[(A®I)— (BBTK® R7'L] — (ATK® L)

R = I’IN (3)

where A and B are described in Equation (1), K and L are as follows:
_ (ko ki _
K= [kl kz]' L = hly+ Lo

where Ly is the Laplace matrix of the system topology, and h is a self-coupling coefficient.

Theorem 1. For the weight matrix Q, it is positive semi-definite if the following condition holds

2
P> maxd 2 K (4)
k12 + ka2’ 2k (koka — ki2)

Meanwhile, r~y; satisfied the following Equation.

_ 2 _
[2k1 — (k12 + kzz)r 1}11‘] > 4[2k3(k0k2 — k12)1’ 1]/11‘ — koZ] 5)

Proof.
Q__ kOL k1L 0 In B 0 0
- kiL koL —kyr 1L —kor 1L koL kL

klzl’_le klkzr_le — koL
klkzi’_le — koL k227’_1L2 — 2k L

B ky2r 1L kikor 'L—keI | [ L 0
| kykor 'L —kol ko?r 1L — 2k 0 L
=M

X N
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Matrix N is positive semi-definite. Next, we calculate the eigenvalues of matrix M.

My —ki?r 1L kikor 1L — koln
det(Al — M) = det
et( ) =de l kikor 'L — koly Ay — ka2r 'L + 2k Iy
= det{INAz + 2Kk Iy — (k2 + Ko2)]A — 2k 3 1L
koI + 2k0k1k2r*1L}
N
=11 {)\2 + [2k; — (k2 + ko2)r i) A + [2k; (Koks

— k) — koz]}

Because matrix M is real symmetric, and

_ 2k ko?
r 1%- > max 5 1 57 0 3
k1= + ko 2kq(koko — ki7)

We can obtain
2k

k12+k22
1’_1]4‘ > k02
"= 2k (koky—ky )

2ky — (k> +k?)r'u; <0
= 2y, 1., 2
Zkl (k0k2 - kl )1’ Hi — ko >0

r i >

It is obvious that matrix N is semi-definite, and matrix Q is positive semi-definite. [J

2.1.2. Controller Design

Now, we give the design of the distributed optimization control system. For the multi-
agent system described in Equation (1) with the quadratic performance criteria described
in Equation (2), we have the following theorem.

Theorem 2. For the system (1), if the weight matrix Q and R in Equation (2) satisfies the condition
as follows.

Q=-(K®L)[(A®I)— (BBTK® R 'L] — (ATK® L)
{ R=rI ©)

There must be an optimization distributed control that can be designed to minimize the
quadratic performance criteria in Equation (2).

Proof. First, according to the continuous minimum principle, we can introduce the
Lagrange multiplier.

XT(t) = [M(), - Aan(B)]"

Then, for the optimization problem described in Equations (1) and (2), we can structure
the Hamiltonian function as follows:

H = S [T Qu T (@ R + AT[(A ® Iy)x + (B® Iy)u]
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Next, when we take partials to the H, we can obtain

A=-28 = _Qx— (AT®Iy)A
W — (IN®R)u+ (BT®@IN)A =0
t=(A®IN)x+ (B®Iy)u
A= = _Qx*— (AT®IN)A
u*=—(BT@R™1)A
=(AIN)x*+ (B® Iy)u*

{ A=-Qx — (AT®Iy)A

2= (A®Iy)x* — (BBT@ R™1)A @

where u*(t) is the optimization control system to be solved, and x*(t) is the optimiza-
tion track.
Because the system (1) is linear, we can assume that

A(t) = Vxx (1) 8)
From Equation (7), we know that matrix V and Q satisfy the following Riccati Equation.
(ATRINV+V(A®Iy) - V(BB @ R"HV = —Q 9)

Insert Equation (6) into Equation (9); we obtain

V=K®L
A = (Ko L)x (1)

We obtain the optimization control system.
ux(t) = —(BTK®@ R 1L)x * ()
The optimization track is £*(t) = [(A® Iy) — (BBTK @ R71L)|x*(t). O

2.1.3. Convergence Analysis

Now, we give the convergence analysis for the system under the effect of the optimiza-
tion control system.
Let
P=[(A®Iy)— (BBTK®R'L)]

We can calculate

Al —1
det(AI — P) = det j\{ N 1
kll’ L )\IN + 2k27’ IN

= det(AIy + kor 'LA + kyr7IL)
N

= 'Hl (A2In + kor Y d + Feyr ;)
i=

=0

The eigenvalue is

—kor 1y £ \/k22r71%,2 — dkyr1y;

A 2
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It is easy to know that
k1 > O,}l,‘ >0
~.Re(A) <0
Thus, the system must be stable.

The distributed optimization control for the continuous-time system is finished hereto.
In the next section, we discuss the condition of a discrete-time system.

3. Discrete-Time Dynamic

In this section, we discuss distributed optimization control problems in second-order
discrete-time systems. This kind of problem can be described as follows.

3.1. System Describe
Dynamic System

x(k+1) = (In® A)x(k) + (Iy ® B)u(k) (10)
where A = [(1) ﬂ and B = [(1) 8}
Performance index:
J= 2% [T 0Qx(0) + 4T (R(R @ L)u(k)] )
k=0

where R = rly;, r is constant.
Similar to section A, the following definitions and theorems are given first.

Definition 2. For the system in Equation (9), we can construct a weight matrix Q as follows.
-1
Q=(L®K)[(IN®A)— (R'L®BB'K)]  — (L& A’K) (12)

where A and B are described in Equation (9); K is as follows:

_ k1 ke _
K_[k3 k4]’ L =hiy+ Lo

L0 is the Laplace matrix of the system, and h is a self-coupling coefficient.

Theorem 3. For the matrix Q described in Equation (10), if the following condition holds, Q must

be existent. ,

ky — k3

r i #
where y; is the eigenvalue of L.

Proof. Let P = [(Iy® A) — (R~'L ® BBTK)] and det(P) = 0; we have

In In
—kar L Iy —kar 'L

det[IN — <k4 — kg)rilL]

[1— (kg — k3)r~tp]

det(P) = det

Il
=z

i=1

0
-1,,. _ 1
L £ A S o8

Because r~y; # ﬁ, det(P) # 0, the P~ is existent, and Q is existent. [J
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Theorem 4. For a block matrix

c D

If it satisfies AB = BA; CD = DC and AD — BC is non-singular.
Then, we can obtain

o

-1
. [D =B] _[AD-BC 0
M _[—c A" 0  AD-BC
Proof.
-1
A B D -B AD-BC 0

ML —

M-M {c D]X[—C A]X[ 0 AD—BC]
_[AD-BC BA-AB| [ AD—BC 0 o
~| cb-DC AD-BC 0  AD-BC
[ AD-BC 0 AD — BC 0 1
Lo AD-BC | ~ 0 AD — BC
(10
"o

0

Theorem 5. For the weight matrix Q described in Equation (12), it is positive semi-definite when
the following condition holds

2(ky —k3) > kz >1

4k _ . (13)

ké}% S r l]'ll < mln{%’ 2k447k3’ k41k3}

Meanwhile, ky satisfied the following in equations.
ka®r i + ky(ky — ka)r i — ks

ko = ki + k3 < 14
e 1— (kg — kg)r—tp (%
[1— (ks — ka)r " pilka® — ka[2 — kar™ pilka + ka® [T+ kar ™' i) <0 (15)

Proof. Before proofing Theorem 5, we need to give the existence proof of k. In other
words, the k; satisfied in Equations (14) and (15) must exist.

First, we prove that the solution of k; satisfied in Equation (15) must be existent.
Equation (14) is a quadratic in the equation in one unknown of k;, calculating the A; of
Equation (16).

Ay = b? — 4ac
= ks?[2 — kar V)" — 4ks®[1 — (kg — k3)r = ] [1 + kar ] (16)
= ka?(2ky —k3)*r2pu2 >0

}2

Thus, the solution of k; satisfied in Equation (15) must be existent. Next, we need to
illustrate that the intersection of Equations (14) and (15) is existent.
From Equation (15), we can calculate its axis of symmetry.

b k(2 —kr ')
2a 21— (kg — k3)r—"p;]

(17)
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Let the right of Equation (14) minus the right of Equation (17)

k32r4ui+k4(k4fk3)r’%*ks _ ks@ksrp)
kT 2[1—(kg—kz)r1p;
1= (ks—k3)r~ 170 [1=(ky—ka)r = (18)
2k4(k4 ) ]41+3k3 r Vf74k3
2[1—(kg—k3)r—Tp;]

From Condition (13), we know the denominator of Equation (18) is greater than zero.
Meanwhile, the member is an increasing function r~!;. We take the minimum value of
r1 u; into the member of Equation (18).

2ky (kg — ka)r = p; + 3ka?r 1 p; — 4ks

ak

1,43

ropi=
kg2

— [2ky(ky — k3) + 3ks ] — 4k, )
19
- {[3k3 + kg (kg — k3)] —k42} x ‘;4&;

= [2ks® + (ks —k3)’] x 23 > 0
4

Thus, the factors satisfied in Equations (14) and (15) must be existent. Now, we give
the proof of the positive semidefinite of weight matrix Q.

Q =(LeK)|[(Iy®A) — (R-1L® BBTK)] ' — (L® ATK)

={(L®K)— (L ATK)[(Iy® A) — (R"'L ® BBTK)]}
[(Iy® A) — (R"1L ® BBTK)] "

= {[L® (K— ATKA)] + (LR"'L ® ATKBBTK)}

x[(Iy® A) = (R"'L® BBTK)] "'

={[L® (K- ATKA)]+ (LR"'L ® ATKBBTK)} x P~1

From Theorem 2, we have

P_] _ Iy — k41’71L —1Iyn % In — (k4 — k3)1’71L 0 !
k3r-1L In — k41’_1L 0 In — (k4 — kg)r 1
Thus
L 0
Q= 0 L }
ks 2p-1L —kI+ k2(k4 — kg)?‘_lL
—kiI+ko(ky —k3)r 'L —kqI + (ko + ky) (ks — k3)r 'L
In+ (ks —kg)r 'L 0 !
0 IN + (k3 — kg)r!

For convenience, we make the symbol definition as follows,

=16 ]
ks2r1L —kq I+ ko(ky —k3)r~ 'L
B [ kil ka(ks —k3)r 'L —kyl 4 (ko + k) (ks — k3)r 'L ]
N | N (k3 — kg)r1L 0 ]
0 In + (ks — kg)r'L
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Then, Q can be expressed as Q = L'MN “land L' is positive semi-definite. Next, we
solve the eigenvalues of matrix N.

z

det(/\nIN—N) :iljl{(/\n—l) (k4—k3 ],ll} =0
Aw=1— (ks —ks)r '
Because r~p; < ﬁ, all the eigenvalues of N are greater than zero, and matrix N is

positive semi-definite. The eigenvalues of matrix M are solved in Equation (20), and the
judgment of Equation (20) is shown in Equation (21)

ks*r 1L —kq I +ko(ky —k3)r—1L
det(Aly — M) = det [ My 0 } - 3 1+ ka (ks — k3)
0 /\IN —k11+k2(k4—k3)r_1L _k1[+ (k2+k4)(k4—k3)7‘_1L
= det{Ale + [(kZ + kS)IN - (kZ + k4)(k4 — k3)7‘71L — k32r*1L]A + k32(k2 +k4)(k4 _ k3)1’72 2
— (ky — k3)21N — k32(k2 +k3)r YL + 2Ky (ks — k3) (ko — ks)r~ 1L — ko> (ky — k3) 2 72L2}
-2

N
= :1{ + (ko +k3) = (ko + ko) (kg — ka)r = pi = ka?r ] A+ ks (ko + k) (kg — ka)r—2pi?

1

— (ko — k3) Iy — k?(kp + k3)r ' p; + 2kp (kg — k3) (ko — ka)r i — ko? (ks — k3)2772Vi2}

2
Ay = b? —4dac = [(ky +k3) — (ko + k) (ke — k3)r "y — kar ;)" — 4[ka® (ko + ka) (ks — k3)r =22
— (ky — k3)?In — ka®(ka + k3)r s + 2ka (kg — k) (ko — ka)r "y — ko® (kg — k3)*r2u?]
2
= [(ko+ks) — (ko + ka) (kg — ka)r~p; — ka®r ] + 4[(ka — k3) — ko (kg — k3)7_1ﬂi]2
— 4ks? (kp + ka) (kg — k3)r=2p;2 — ka® (ko + k3 )r ;]
2
= {(kz + k3) — [(kz + k4)(k4 — kg)rfl]/li — k32]r’1yi} + 4[(](2 — kg) — kz(k4 — kg)i’flyi
>0

]2

Then, we judge the positive and negative coefficient of a quadratic Equation (20) (see
Equations (22)-(24)).
a=1>0 (22)
b= [(ka+ks) — (ko + ka) (ks — ka)r ' pti — ka®r ™ pu]
= [1— (kg —ka)r ' plley — [ka®r 'y

(kg — k3)r ' pi — k3 (23)
.. ka2 Hz+k4(k4 ks)V Hi—ks
RS ks k) 10
S b<0

c= {k32(k2 k) (ks — k)22 — (ko — ks ) In — ka? (ko + ka)r i+
2k (kg — k3) (ko — k3)r~ 7/‘1 — ko2 (ky — k3)?r 2 12}
(ks — k3)r~u; — 1) Zko2 + [ka2 (kg — ka)r2p;2 — 2ks (ks — k3)r s — ka2r s + 2ks ko
+ (kg — k3)ka®kgr—2p® — ka®rp; — k3?]
= —[1— (kg —k3)r ' pi] {[1 — (ka —ka)r pilka® — ka2 — kar ' plka + ka®[1 + k47*114i]}
1= (kg —ks)r T uilko® — ks[2 — kar M pilko + ks [1 + kar 1] <0
i< gty
sc>0
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So, all the eigenvalues of M are greater than zero and matrix M is a positive semi-
definite because matrix L', M, and N are all symmetric positive definite. Additionally, they

are satisfied.
L'M = ML’
(LM)N~! = N~ (L'M)

Thus, Q is positive semi-definite. [

3.2. Controller Design

For the multi-agent systems described in Equation (10) with the quadratic performance
criteria described in Equation (11), we have the following theorem.

Theorem 6. For the system (10), if the weight matrix Q and R in Equation (11) are designed as
Equation (12), there must be an optimization distributed control system that can be designed to min-
imize the performance index in Equation (11) and the distributed control system and optimization
track are as follows.

(25)

ux* (k) =—(R'L®BTK)x * (k)
L Saven 2 e e s

Proof. First, according to the discrete minimum principle, we can introduce the Lagrange

T
multiplier A (k) = [A1(k), - - Aan ()]
Then, for the optimization problem described in Equations (10) and (11), we can
structure the discrete-time Hamiltonian function as follows.

= 3[xT(k)Qx(k) + uT (k) (R @ L)u(k)]
+AT(k+1)[—x(k+1) + (Iy ® A)x(k) + (Iy ® B)u(k)]
Hy_q = 3[xT(k—1)Qx(k — 1) + uT (k= 1)(R® L, )u(k — 1)]
+AT(k>[—X(k)+(IN®A) (k—=1) + (In® B)u(k —1)]

Next, taking partials to the Hy and, we can obtain

ol = Qx(k) + (I @ AT)A(k+1)

Tl = —A(k)
aifj,g = (R® L)u(k) + (Iy @ BDA(k+1) 26)
<k+1> (Iy® A~T) (A (k) — Qx * (k))
= x (k)= —(R1®I,)(Iy® BD)A(k +1)

x*(k+1) = (In@ A)xx (k) + (Iy @ B)u * (k)

where u * (k) is the optimization control system to be solved, and x * (k) is the optimiza-
tion track.
Assume ® ®
Alk) = Wx(k
{ Alk+1) = Vx(k) 27)
We substitute terminal Condition (27) into Equation (26), and we can obtain the
following equations.

W = (In® AT)[(In ® I,) + W(Iy @ B)(R"' @ L) (Iy ® BT)] '

xW(Iy® A)+Q (28)
V=(Iyo®AT) '(W-Q)
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The optimization control system u * (k) and optimization track x * (k) can be obtained
by substituting the result of Equation (12) into Condition (26):

V=L®K
Ak+1) = (L@ K)x (k)

ux* (k) = —(R7'L® BTK)x * (k)

x* (k+1)=[(IN® A) — (RT'L ® BBTK)]x * (k)

(29)

0

Remark 1. According to Equation (29), we can see that the optimization track under the optimiza-
tion control system is distributed.

3.3. Convergence Analysis
Let P = [(A® Iy) — (BBTK ® R™1L)]; we have

o My — Iy —Iy
det(Al - P) "det< kL ALy — Iy + kgL )
::det{(AlN~—IN)z—kk4r‘1L(ALV——IN)—Fkgr‘lL}
N
= Hl{()\ — 1)2 + k47'_1]41'(}\ — 1) + kgi’_lyi} =0
1=

The eigenvalue is

—kgr Yy £ \/k42r*2y,«2 — 4kear—1y;
5 +1

4k 1 . 4 4 1
< . =
0<k42 <r Hl<mm{k4'2k4—k3’k4—k3}

Ailp =

From

We can obtain
k421’_2]/li2 > k421’_2yi2 — 4k31’_1]/li >0

—kgr A kg2 22 —dkgr—
2

= 1<

and . .
"M < R
*kgi’_lﬂl‘ <4 - 2k41’_1]/ll‘
ka®r2p? — dksr ' < 16 — 8kar~ p; + ka?r2p? (30)
\/k427’_2‘ui2 — 4k31’_1]4i <4 - k41’71“l/l,‘
—kgr V= kg2 22— Ak
e !

It is noticed that all the eigenvalues of matrix P are in the unit circle. Thus, the system
under the distributed controller must be stable.

4. Simulation and Analysis

This section provides a simulation to verify the effectiveness optimization designed in
this paper.
4.1. Continuous-Time System

We assume a multi-agent system including five agents, the self-coupling coefficient
h =1, and the adjacent matrix A" of the system is as Equation (1):
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2=(AQIN)x+ (B® IN)u
01 1 0 0 3 -1 -1 0 0
0 1 00 1 0 0 1 1 -1 4 0 -1 -1
whereA:[O 0},3:[1 0},A’_ 1 0 0 0 O0|],andL=1|-1 0 2 0 0
01 0 0 1 0 -1 0 3 -1
01 0 10 o -1 0 -1 3
The initial states of the system are as follows.
[ 1 x2 x3 x4 x5 ]=[ 18 21 15 70 10 ]
[ 01 v» ©v3 vy vs|=[ 14 28 —4 1 19 ]
Performance index:
Lror T
] = 5/0 [x"Qx+u' (I, ® R)u|dt
where R is shown in Equation (31) and Q is shown in Equation (32)
300 00
03000
R=10 0 3 0 0 (31)
00030
00003

[91.67 89.00 —5833 —63.00 —41.67 —43.00 8.33 10.00 8.33 10.00 ]|
89.00 102.00 —-63.00 —74.00 —43.00 —-50.00 10.00 12.00 10.00 12.00

—58.33 —63.00 158.33 162.00 8.33 10.00  —50.00 —53.00 —50.00 —53.00
—63.00 —74.00 162.00 188.00 10.00 12.00 —-53.00 —62.00 —53.00 —62.00

| —41.67 —43.00 8.33 10.00  41.67  36.00 0 0 0 0
Q= —43.00 —-50.00 10.00 12.00  36.00  40.00 0 0 0 0
8.33 10.00 —50.00 —-53.00 0 0 91.67 89.00 —41.67 —43.00
10.00 1200 —53.00 —62.00 0 0 89.00 102.00 —43.00 —50.00
8.33 10.00 —50.00 —53.00 0 0 —41.67 —43.00 91.67  89.00
| 10.00 1200 —53.00 —62.00 0 0 —43.00 —50.00 89.00  102.00 |

It is easy to verify if the optimization problem satisfies Conditions (1) and (2) and
Equation (6). Thus, we can design the following optimization control system.

ux(t) = —(BTK®@ R 1L)x * (t) (33)
where
7 5
K — {5 6] (34)

The optimization trick is
(1) = [(A ®In) — (BBTK ® R*lL)} X () = Px*(t) (35)

The changes in system states under our optimization control system are shown in
Figure 1.
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80
—agent 1
——agent2 [
agent 3
——agent4 ||
=—agent 5
c
k<]
®
5]
kel
-10 ;
0 1 2 3 4 5 6 T
step
(a)
30 T
——agent 1
——agent 2
20 2 i
agent 3
——agent 4
10 ——agent5 ||

velocity

Figure 1. States of continuous-time system. (a) State of the agents’ location, (b) state of the
agents’ velocity.
4.2. Discrete-Time Dynamic

Similar to the continuous-time system, we assume a multi-agent system including
five agents, and the adjacent matrix A’ of the system does not change, but its self-coupling
coefficient i = 0.1, and the adjacent matrix A’ of the system is as Equation (1):

2=(A®IN)x+ (B®IN)u

11 0 0
whereA—[0 1],B—[1 O]'

The initial states of the system are as follows.

[ 1 x2 x3 x4 x5 ]=[ 18 21 15 70 10 ]

36
[ v1 v» ©v3 vy vs|=[ 14 28 —4 1 10 ] (36)

Performance index:

[e9)

T= 3% [T0Qx(k) + T () (R @ Lyyu(k)]

k=0
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where Q is shown in Equation (37) and R is shown in Equation (38)

[ 0.2844 04599 —-0.0181 -0.1125 —-0.0172 —-0.1049 0.0004 0.0037 0.0004  0.0037 |
0.4599 125391 —-0.1125 —-1.2124 —-0.1049 —1.1441 0.0037 0.0337 0.0037  0.0337
—0.0181 —0.1125 0.3029 0.5761 0.0004 0.0037 —-0.0176 —0.1087 —0.0176 —0.1087
—-0.1125 -1.2124 05761  13.7852  0.0037 0.0337 —-0.1087 —-1.1782 —0.1087 —1.1782

| —0.0172 —0.1049 0.0004 0.0037 0.2668 0.3513 —0.0000 —0.0001 —0.0000 —0.0001
Q= —0.1049 —1.1441 0.0037 0.0337 0.3513  11.3613 —0.0001 —0.0005 —0.0001 —0.0005
0.0004 0.0037 —-0.0176 —0.1087 —0.0000 —0.0001 0.2844 04598 —0.0172 —0.1048
0.0037 0.0337 —0.1087 —1.1782 —0.0001 —0.0005 0.4598  12.5386 —0.1048 —1.1436
0.0004 0.0037 —0.0176 —0.1087 —0.0000 —0.0001 —0.0172 —0.1048 0.2844  0.4598
| 0.0037 0.0337 —-0.1087 -1.1782 —0.0001 —0.0005 —0.1048 —1.1436 0.4598  12.5386 |
100 O 0 0 0
100 0 0 0
R = 0 100 O 0 (38)
0 0 100 O
0 0 0 100

It is easy to verify the optimization problem that satisfies Conditions (1) and (2) and
Equation (6). Thus, we can design the following optimization control system.

ux (k) = —(R™'L @ BTK)x (k) (39)
where
K= [(1)3 110'?0} (40)
The optimization trick is
xx(k4+1)=[(IN®A) — (RT'L® BBTK)]x * (k) (41)

The changes in system states under our optimization control system are shown in
Figure 2; we can see that all the system states reached a consensus under the effect of the
distributed optimization control system.

80
—agent 1

70
—agent 2

60 agent3 |1
——agent 4
50
=——agent 5
40

location

30

20

0 10 20 30 40 50 60
step

(a)

Figure 2. Cont.
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30
——agent 1
25 =—=agent 2
agent 3
20
~——agent 4
15 —agent 5
=
8 10
[
>
5
0
-5
-10
0 10 20 30 40 50 60
step
(b)
Figure 2. States of discrete-time system. (a) State of the agents’ location, (b) state of the agents’

velocity.

5. Conclusions

In this paper, we have solved the distributed optimization control for second-order
multi-agent systems with a discrete-time dynamic and a continuous-time dynamic, when
the objective function of the quadratic performance criteria with an integrator is positive.
The sufficient conditions to ensure the quadratic performance criteria with an integrator are
positive and the existence of a distributed optimization control system is given. So, this has
potential applications in future automated transportation, smart cities, and smart power
grids, as well as robots that will replace humans in hazardous workplaces and situations.
However, this paper does not consider the problem of transmission delay, but in practice,
several issues arise in implementing distributed methods due to the use of a communication
network, such as quantization and link delays. These two aspects are currently of great
interest as they are the bottleneck for the efficiency of the methods. Studies of the effects of
quantization in distributed methods have been somewhat limited [35,36]. Very recently,
a distributed algorithm that factors in link delays in communications has been proposed
and investigated [37]. The transmission delay will cause each node and each neighbor
node in the information interaction to be untimely. The transmission delay will cause each
node and each neighbor node in the information interaction to be untimely. The failure
to interact with real-time information can result in poor consistency performance. These
questions are also the focus of follow-up research.
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Abstract: Multi-population mean-field game is a critical subclass of mean-field games (MFGs). It is a
theoretically feasible multi-agent model for simulating and analyzing the game between multiple
heterogeneous populations of interacting massive agents. Due to the factors of game complexity,
dimensionality disaster and disturbances should be taken into account simultaneously to solve the
multi-population high-dimensional stochastic MFG problem, which is a great challenge. We present
CA-Net, a coupled alternating neural network approach for tractably solving multi-population high-
dimensional MFGs. First, we provide a universal modeling framework for large-scale heterogeneous
multi-agent game systems, which is strictly expressed as a multi-population MFG problem. Next, we
generalize the potential variational primal-dual structure that MFGs exhibit, then phrase the multi-
population MFG problem as a convex—concave saddle-point problem. Last but not least, we design a
generative adversarial network (GAN) with multiple generators and multiple discriminators—the
solving network—which parameterizes the value functions and the density functions of multiple
populations by two sets of neural networks, respectively. In multi-group quadcopter trajectory-
planning numerical experiments, the convergence results of HJB residuals, control, and average
speed show the effectiveness of the CA-Net algorithm, and the comparison with baseline methods—
cluster game, HJB-NN, Lax—Friedrichs, ML, and APAC-Net—shows the progressiveness of our
solution method.

Keywords: multi-population model; mean-field game (MFG); high-dimensional solution space;
generative adversarial network

MSC: 91A16; 93-10; 49N80

1. Introduction

Mean-field games (MFGs) are a class of models that simulate and analyze large
populations of interacting agents [1-3]. MFG theory can be used to solve the communication
and calculation difficulties caused by large-scale multi-agent system (MAS) scenarios, i.e.,
the core is to transform the 1-vs-N game form into a 1-vs-1 game form. In other words, the
communication and computational complexities are no longer related to the agent number.
They are widely used in economics, finance, industrial engineering, epidemic modeling,
data science, material dynamics [4-6], opinion evolution [7], crowd motion [8], and swarm
robotics [9-12].

From the perspective of the implementation of MFG theory, we will find that although
MFG theoretical research is relatively advanced and mature, its numerical-solution technol-
ogy is far from reaching the needs of actual scenarios [13]. Many researchers have investi-
gated the numerical solution of MFGs and have produced many excellent results. However,
most of them are directed against a single population. Specifically, the simultaneous pio-
neering works of MFG theory are proposed by Lasry & Lions [1-3] and Huang, Malhame
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& Caines [4-6], independently. After that, some literature has used rigorous analytical
methods to study numerical algorithms in various situations, including continuous-state
problems [14-20] and finite-state problems [21,22]. In the absence of explicit solutions,
there have been too many fast solvers for the solution of MFGs in two and three dimens-
ions [23-28], but they all need grid-based spatial discretization. Grid-based numerical
solutions will be cursed by dimensionality. Specifically, their computational complexity in-
creases exponentially with the spatial dimension [29], while the numerical-solution method
based on neural networks will be more suitable for the high-dimensional HJB-FPK coupled
equations [30]. In terms of the numerical methods for solving high-dimensional MFGs,
ref. [13] perfectly avoids spatial grids of high-dimensional MFGs based on the machine-
learning framework, but their work is limited to the deterministic setting (¢ = 0). Further-
more, ref. [31] is the first document to solve high-dimensional MFGs under a stochastic
setting (o > 0), which utilizes the natural connection between MFGs and generative ad-
versarial neural networks (GANSs) [32]. Based on the original technical difficulties (large
scale, high dimensional), the multi-population model increases the complexity of sequential
games, including heterogeneous group communication and two-level game reasoning. This
makes the numerical framework for solving single-population MFGs no longer applicable.
To sum up, to meet the high requirements of more complex actual scene modeling, there is
an urgent need to break through the numerical-solution technology of multi-population
high-dimensional stochastic MFGs.

Multi-population mean-field games, as an important subclass of MFGs, naturally
arise in most practical applications [33]. Since the original contribution of [5], many
researchers have studied it using analytical methods, but the technical gap in the calculation
of equilibrium solution is particularly prominent. Refs. [34,35] dealt with ergodic MFGs
of multi-population under different boundary conditions, including the existence and
uniqueness results of systems. Refs. [36,37] considered mean-field control problems with
several populations, and the authors introduced these models for crowd motion (with local
and non-local interactions, respectively). They have studied optimality conditions and
provided numerical results. Ref. [38] studied the issue of urban settlements and residential
choice using the MFG model to describe the interactions between two populations and
provides some numerical simulations. Refs. [33,39] systematically studied the problems
of mean-field games and mean-field-type control problems with multi-population by
analyzing the interaction of two populations. It can be seen that the above authors have
studied the theory and application of multi-population MEGs, but the equilibrium solution
parts generally adopt analytical methods, and their numerical examples are limited to
low dimensions (ordinarily one-dimensional or two-dimensional). The numerical-solution
method of multi-population high-dimensional MFGs is still relatively blank.

Inspired by the above-mentioned cutting-edge works, in this paper, we are com-
mitted to solving the difficult problem of numerical solution for multi-population high-
dimensional MFGs with stochasticity, which needs to take into account factors of game
complexity, dimensionality disaster, and disturbances simultaneously.

Main Contribution

We present CA-Net, a coupled alternating neural network approach for tractably
solving multi-population high-dimensional stochastic MFGs. To this end, we have made
the following contributions.

(1) We provide a general framework for modeling large-scale heterogeneous multi-
agent game systems, give a unified expression of multi-population MFGs under a two-layer
game structure, and ensure the existence of equilibrium of such systems. Of course, it also
theoretically solves the problems of information-sharing and dimensional explosion that
are common in large-scale heterogeneous multi-agent complex game systems.

(2) We generalize the potential variational primal-dual structure that MFGs exhibit
and phrase the multi-population MFG problem as a convex—concave saddle-point problem.
In this way, we circumvent spatial grids or uniformly sampling in high dimensions (the
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curse of dimensionality) and provide the cornerstone for the construction of the following
solving network.

(3) Based on the saddle-point problem, we parameterize the value functions and the
density functions of multiple populations by two sets of neural networks, respectively.
Then, we design a generative adversarial network (GAN), a nonlinear coupled alternating
neural network composed of multiple generators and multiple discriminators, i.e., the
solving network, referred to as CA-Net.

(4) We simulate a classic task of heterogeneous MAS with numerical examples and ver-
ify and analyze the feasibility and effectiveness of the multi-population high-dimensional
stochastic MFG model and CA-Net algorithm. In addition, the comparison with the baseline
methods shows the advanced nature of our method.

2. System Model and Problem Formulation
2.1. Control Formulation of Multi-Population Model

We consider a multi-agent system (MAS) with N agents indexedbyi € I = {1,...,N},
who take part in the game are not all homogeneous, and can be subdivided into P agent
populations indexed by p(i) € Q = {1,..., P}, as illustrated in Figure 1. In addition, each
continuum population p with small rational agents plays a non-cooperative differential
game on a time horizon [0, T|. To model the set of P distinct and interconnected populations,
we assume a graph G = (Q, E) is given, where Q = {1,..., P} is the set of vertices, one per
each agent population, and E C Q x Q is the set of all weighted edges. More specifically,
arg(p, q) belongs to E if the corresponding weight v, ; > 0. A positive scalar weight v 4
means the relative influence that population p assigns to population q. For example, v 4
could be calculated as the ratio of the number of agents for population g to the total number
of agents for all the neighbor populations. Although most results are easily extended
to more general graphs, possibly directed, time-varying, for the sake of simplicity, we
henceforward assume that G = (Q, E) is a connected undirected graph. We denote the
set of neighbors of p by V(p) = {g € Q|(p,q) € E}, and the cardinality of the set V(p)

by [V (p)|.

&

population

Figure 1. Illustration of a multi-population model with local interactions. Large-scale agents are
divided into different populations (indicated by different colors) according to different characteristics
to participate in the game. The communication between populations follows the communication
topology diagram (the population is the vertex, and the communication is the black solid line). A
representative continuum population (bottom shaded part) with small rational agents communicates
with three neighboring populations to play a non-cooperative differential game on a time horizon.
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In the same agent population, we argue that the agents share a common characteristic
(e.g., type, function, angle range, or upper bound of velocity). Each agent i € I belongs to
a population p(i) € Q and is characterized by a state x?(t) € R" at time ¢ € [0, T]. More
precisely, we consider that the state of the generic player i of population p is a stochastic
process {xZ c Q} in RP" with the following forward McKean-Vlasov dynamics

dx? = WP (xF,pP, 0P, uP)dt + oPdw? 1)

where u? : [0, T] — U, C R™ is the control input (strategy), o? : R" x [0, T] — P»(R") is
the probability density function, p™7 = (p7),cy(,) : R" x [0, T] — Py (RM) V(P describes
the distribution vector of neighbor populations, i : R x P, (R")IV(P)I+1 U, — R"is
the nonlinear evolution function, c” > 0, w? denotes an m-dimensional Wiener process
(standard Brownian motion) comes from the environment, where each component w]’: is
independent of w;’ forallk#1,p=1,...,P.

Then, for the generic player i of population p, p =1,..., P, we consider the following
cost function

T
Jo(u,07,77) =B [ 1,57 (0) ()

R (), 07 (xP (), 1), 0P (xP (1), )l @
T Gy(xP(T), pP (xP(T), T), o~ (x~P(T), T))]

where L, : R" x U, — R is a running cost incurred by an agent based solely on their
actions, F, : R" x Po(RHIVIPIHT 5 R is a running cost incurred by an agent based on
their interaction with the rest of the same population and the neighbor populations, and
Gp : R" x P, (R") V(P)I+1 — R is a terminal cost incurred by an agent based on their final
state and the final distribution of the whole related populations. The terms F and G are
called mean-field terms because they encode the interaction of a single agent with the rest
of the populations.

2.2. The Formulation of Multi-Population Mean-Field Game

Mean-field games (MFGs) are a class of problems that encode large populations of
interacting agents into systems of coupled partial differential equations. As an important
subclass of MFGs, the multi-population mean-field game not only has the advantages of
MEFG, e.g., it overcomes the difficulties of large-scale and information-sharing, but allows
for the representation of some more realistic situations, such as large-scale multi-group
instances of [36,38,40].

For every population p = 1,..., P, each agent i of population p(i) forecasts a distribu-
tion of the population {p? (-, #)}[_,, and aims at minimizing their cost, which eventually
reaches the Nash equilibrium where no agent can reduce individual cost by changing its
control strategy unilaterally, i.e., for every x? € R",

Jo (7,07, 07P) < Jy(uP, 07, 07), Va1 [0,T] = Uy )

where u? is the equilibrium strategy of an agent at state x”. Here, we assume that agents are
small, and their unilateral actions do not alter the density p”. References [33,39], regarding
multi-population MFGs, provides sufficient and necessary conditions for the solution
to the coupled system of forward-backward stochastic partial differential equations
(SPDEs), respectively.

Remark 1. Under appropriate assumptions, the solution to the MFFG provides an approximate
Nash equilibrium for the corresponding game with a large but finite number of agents [33].
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From Equation (3), we show that each agent i of population p(i) solves an optimal control
problem that has a value function

Dy (xF,t) = ir}gf]p(up,pp,p*p), subject to Equation (1) 4)
u

From the optimal control theory (for details, see reference [41], sections 2.2, 2.3, and 3.4.2 or
reference [39], section 4.1), we show that @, solves the following H]B equation

p2
— 0Py (xF, t) — %ACDP(x”, t) + Hy(xP, 07,077, VO, (xF, 1))

= F, (2, 0 (2, 8), 0P (x 7, 1)) ©
s.t. @p(xF, T) = Gp(xF, pP (xP,T),p"F(x7F,T))

where the Hamiltonian, Hy : R x Py (RHIVPIHT 5 R? — R, is defined as

Hy(x?, 07,077, 27) = sup{ ~Ly(x?, u?) 2 TP (2,07, 0, u”)} ©

ub

Hence, we have
zP = V@, (2P, t) (7)

P (x?, 0P, 077, uP) = =V Hy(x?, 07,077, V@ (2", 1)) ®)

According to Ito’s lemma (for details, see reference [41], sections 2.2 and 3.2.2), pP satisfies the
forward equation of xP, i.e., the following FPK equation

oP?
907 (7, 1) — TP (47,1

—div(pP (xF, 1)V Hp (xF, pF, p7F, VD, (x, 1)) =0 ©)
st pP (x?,0) = o (xP)

where p}) € Po(IR") is the given population density at time t = 0.

The above discussion provides an alternative to optimizing the strategy u? individually for
each agent of the multi-population model. One can obtain the optimal strategy for all agents of
multi-population simultaneously by solving the coupled SPDEs system given by the HJB (5) and
the FPK (9). Following this macroscopic approach, our first step is to accurately establish a multi-
population agent model and reduce the immense computational challenges and communication
energy consumption caused by heterogeneous multi-agent systems .

Remark 2. Instead of including all agents’ states in the value function [42—44], the MFGs’
deterministic flows of probability density describe the population’s current information. Utilizing
the density distribution can benefit from two aspects: (1) the dimension of the density distribution is
independent of the number of agents, so the dimension disaster is overcome theoretically, and (2) the
density distribution can be obtained by locally solving the FPK equation so information-sharing
between all agents is not necessary.

Remark 3. From an engineering angle, the proposed multi-population MFG model can provide
an accurate and feasible scheme for the large-scale heterogeneous MAS because it breaks the di-
mensionality curse of the system theoretically and ensures the Nash equilibrium solution under
limit conditions.

To compute the optimal control policy of the large-scale heterogeneous MAS, the
mean-field Equations (5) and (9) need to be solved in real time. However, the HJB and
FPK are two high-dimensional nonlinear SPDEs that are also solved in different directions.
Therefore, the analytical solution is nearly impossible to obtain. In this article, a novel
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CA-Net algorithm induced from the idea of the generative adversarial network (GAN) is
developed to find the solution of the coupled HJB-FPK equations in high dimensions.

3. GAN-Based Approach for High-Dimensional SPDEs of Multi-Population Problem

In this section, we formally propose a numerical-solution method for solving the
multi-population high-dimensional mean-field game problem described in Section 2. First,
we phrase the multi-population MFG problem as a saddle-point problem and parameterize
the value functions and the density functions of multi-population in Section 3.1. Then,
we use a coupled alternating neural network (CA-Net) to find the equilibrium solution in
Section 3.2.

3.1. Variational Primal-Dual Formulation of Multi-Population Mean-Field Game

According to the natural connection between MFGs and GANSs, we deduce the multi-
population MFG formulation to a primal-dual convex—concave one, then can obtain a
tailored coupled alternating network to find the equilibrium solution.

A multi-population MFG system consists of the two Equations (5) and (9), and is
called potential if there exist functionals F, G, : P>(R") - R, p=1,...,Psuch that

SppFp = Fp(x¥,p%,p7F) and dprGp = Gp(x¥, pF,p77)

where Folo? + ) — Fo(o?)
P oPVu(xP)d? = lim 2P\ ) — e
o B 7 = iy P
. Gp(p” +hp) — Gp(pP)
PP PVdx? =1 4 P
/Rn Gp(x?, pP)p(x")dx? = lim - Vi

That is, there exist functionals F, G such that their variational derivatives with respect
to p are the interaction and terminal costs F and G from (5) and (9). A key feature of potential
MFG is that it can be equivalently expressed as a convex—concave saddle-point optimization
problem. So, the multi-population MFG problem in (5) and (9) can be reformulated as a
variational problem [3,24]. For the generic player i of population p, we obtain:

inf /O ! / P (P, )Ly (xP (1), P (1)) APt

oPub

+ /OT Fp(xP(£), pF (xP (1)), 7P (x7P(t), 1))dt
+ Gp(xP(T),p" (xP(T), T),p P (x~P(T), T))

» (10)
s.t. atp” — %App + V- (pPhP) - O/ Pp(xp/ 0) = Pg(xp)
o2
0rp7 — —-Ap7 + V- (pTh1) =0, p(x7,0) = p(x)

p—P = (pq)qGV(p)

Now, the running cost L, could be regarded as the Lagrangian function corresponding
to the Legendre transform of the Hamiltonian H), (6), and F},, G, are mean-field interaction
terms corresponding to F,, Gp in (2).

To obtain the Lagrangian dual problem of (10) [40,45], we start with introducing the
value function ®,(x?, t) as a Lagrange multiplier, then insert the constraint (FPK equations)
into the objective (cost function) to obtain the following extended cost function:
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sg plpnufv/ /npp (xP, t)Ly(xP(t), uP (t))dxPdt

+/OT Fp(xP(t), 07 (xP (1), £), 0P (x7P(t), £))dt
+ Gp(xP(T), pP (xF(T), T),p P (x"P(T),T))

T oP?
_ p p_ Y AP (11)
/0 /QCDP(X 1) (E)tp 7 Ap

+ V- (pP (xF, t)hP (xP, p", p7F, up)))dxpdt

2 / / D,(x1,t) <atp‘7— —qu

qev(p
+V- (Pq(x"/f)hq(xq,p",p 1,u7)))dx7dt

Following the approach of [24,46,47], we write the constraint d;p” — ”szApp +V.
(oPhP) =0,p =1,...,P in weak form, i.e.,

T oP?
/ / 010Dy + T ADyp” + VD, - (oM7) dxPdl

+ . @, (xP,0)pp (xP)dx? — /]R" D, (xF, T)pP (xF, T)dxP =0 "
Finally, utilizing (12) and integrating by parts, we can rewrite our problem as
mfsup/ / (E)td)p + = Hﬂx’”,Vd%))p”(x”,t)dx”dt
+/O Fp(xP(£), pP (2P (), 8), 07 P (x7 P (8), 1))t
+ Gp(P(T), P (P(T), T), 0P (x7P(T), T))
(13)

+/ @, (x?,0)p} (x")dx” _/]R” ®,(xP, T)pP (xF, T)dxP

q2
+ Y { / / (atqnq Acp,,+vq>q-hq> p7(x7, £)dxdt

qgeVip
+/]R" D, (x7,0)p0 (x7)dxT — /]R" D,(x1,T)p(x1, T)dxq}

This formula can also be deduced in the context of HJB equations in probability
measure spaces [25] or by integrating the HJB (5) and the FPK (9) equations for ®, and p?,
respectively [48].

In [48], it has been shown that all MFG systems coincide with an infinite-dimensional
two-player general-sum game, and the potential MFGs are the ones that correspond to
zero-sum games. In its elaboration, Player 1 represents the whole population and their
strategy is the population’s probability distribution. While Player 2 represents the generic
agent, their strategy is the value function. The goal of Player 2 is to provide a strategy
that yields the best response of a generic agent against the population. This elaboration is
consistent with the intuition behind generative adversarial networks (GANs). By drawing
from a natural connection between MFGs and GAN:Ss, ref. [31] presents APAC-Net, an
alternating population and agent control neural network, which is the first model for
solving high-dimensional MFGs of a single population in the stochastic case. We extended
this methodology to multiple characteristic populations and solved the HJB-FPK coupled
system (5)—(9) for a certain population p of the multi-population high-dimensional MFG.
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Remark 4. Under mild assumptions on Fp, and Gy, each spatial integral is really an expectation
from p?, p =1,...,P. The formulation (13) is the cornerstone of our approach.

3.2. CA-Net

Recall that from Riemann integral to Lebesgue integral, the former focuses on grid
points of the definition domain, while the latter focuses on values of the function. The
following proposed CA-Net does not discretize the domain and solve for the function
values on grid points but avoids these problems by parameterizing the function and
solving for the function itself. This is also the fundamental reason CA-Net can overcome
the dimensional disaster of high-dimensional MFG equations. Another important point
is that although the idea is inspired by GANSs, the training process of single-population
MFG solving networks is analog to that of GANs (a single generator and discriminator). A
multi-population MFG solving network is a nonlinear coupled alternating neural network
formed by multiple generators and multiple discriminators. We show the structure and
training process of our CA-Net in the diagram Figure 2.

1 2 P
@, 7, - ®F,

Y
> Initialize weight

Y ~ Pos Y5 ~ Po
tp ~ Unif(0,T)

| = i
2 g Ty T
o
2
@ Y
ztotal
(total

premioq

Y ~ Pos Y5 ~ Py
t ~ Unif(0,T)

ayepdn (SO

Initialize weight |€——
7

Figure 2. Visualization of the structure and training process of CA-Net. CA-Net is composed of
multiple generators (bottom) and multiple discriminators (top). Its training process is divided into
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two coupled alternating training parts. To initialize the weights of @ZV and Ggp, p=1...,P
p

wP7

VZ' tp,b=1,...,B, obtain x;’; , xZ forward through the density function network Gg,,. The weight w?

randomly, the first step is to train the value function network @/ ,, batch a random sample point yZ ,
of CDZ,, is updated by the gradient descent algorithm to minimize loss function £y, . The second step
is to train the density function network Gg,,, batch a random sample points yZ, yz, tp,b=1,...,B,
and update the weight 07 of GZ,, through the value function network CDZ),, and the gradient descent
algorithm to minimize loss function (i1 - Then, loop the two parts to achieve the optimal result.

We initialize P pairs of neural networks N’ (x,t) and N}, (y?,t), p = 1,...,P. We
then let

OF (xF,t) = (1 — t)NF, (P, t) + tGp(xP)

» » (14)
Gor (yr,t)=(1-ty" + tNgp (y?,t)

where y7 ~ pg are samples drawn from the initial distribution, and GS,, produces samples
from p}) at t = 0. When we set o (-, t) = G, (-, t)#pg, it is the push-forward of pj. In this

setting, we train GJ, (-, t) to produce samples from p?(-,t). We note that ® , and G,
automatically satisfy the terminal and initial condition, respectively.

Our approach for training neural networks includes parallel alternately training P
pairs of Ggp (the density distribution of population p) and q)f],, (the value function for
the generic agent of population p). Intuitively, in order to obtain the equilibrium of
multi-population MFG, we are training coupled alternating neural networks (CA-Net)
about multi-group distributions and agent controls. Specifically, we train @Zp by first

B
sampling a batch {ylg }bil from the given initial density pg ,and {ft,} E:l uniformly from
0,1], i.e., we are sampling from p} x Unif([0,1]). Next, we compute the push-forward

states xl’: = Ggp (ylf , tb) forb =1,...,B. It should be emphasized that we construct the

loss functions of CA-Net according to the variational primal-dual formulation (13) of
multi-population MFG. Therefore, here is the main loss item for training the discriminator,

18 18
lossgr =3 ;;1 CI>Z},, (x,f, O) + 3 l;l{atCIDZ,, (xZ, tb)

7 a0l (xf,0) -y (Tl (x4,11)))

(15)
+

Of course, we need to consider adding a dual penalty term from neighbors to correct
for the density update of other populations (tending to obey the FPK equations).

L& oot (o A
penaltYneighbors =1 Z {E Z [atq)wﬂ (xb’ tb) + TA(I)LUL] (xb’ tb)
1evip) BiTt

+Vud, (xZ tb) -h (XZ X}, tb)]}

(16)

And we can optionally add a regularization term to penalize deviations from the HJB
equations [13,49].

penaltyyyp :A;é |9, (xZ, tb) + ‘TzzAch;p (x;f/ fb) )
— Hy(Var®l, (xf,ts) )+ Fp (<, ], 1) |
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This extra regularization term has also been found effective in, e.g., Wasserstein GANs [50].
Finally, we backpropagate loss i, to the weights of <I>Z}p. To train the generator, we again

B
sample {yZ }bzl and {%}5:1 as before, and compute

ossr = 3000 (6 (1) 1) + G 0% (6 (1) 1)

— Hy (fo’q)z,p (C’SP (yf), tb)) +F (C’SP (yZ)’ GZq (yZ)/ tb) }

Finally, we backpropagate loss (a1 to the weights of Gs,,. Please refer to Algorithm 1
for detailed operation flow.

(18)

Algorithm 1: CA-Net

1 Require: ¢* diffusion parameter, G, terminal cost, H, Hamiltonian, F, interaction
term,p=1,...,P.

2 Require: Initialize neural networks NZ p and ng, batch size B.

3 Require: Set (DZ;V and Ggp as in (14).

4 while not converged do

5 train q)z},,:

6 | Sample batch { (yf, tb) }::1, { (er tb) }::1, q € V(p) wherey!, ~ pf, y] ~ pf
and t, ~ Unif(0, T).

7| e Gl (vht), o]« Gl (Vi) forb =1, B.
o | e drl, ol ()
2
9 éf — % 2{?:1{8@5);, (xg, tb) + %A@Zp (XZ, tb) — Hp (prCDZ)p <x5, tb) )}
1 v-B 92
10 Eﬁeighbors = ZQEV(P) B thl{atQZJq (XZ, tb) + %Aq)z;ﬂ (XZ/ tb) +
Yl (1) 0 (<], 1y) }
2

n | g < AFEE 10, (x), 1) + A, (xf, 1) —
H, (vxpcpg,, (x;j, tb>) +F, (xg, %, th) I

p PP P P
12 étotal A 60 + gt + Eneighbors + EH]B

13 Backpropagate total loss liora1 = 1, éfotal to w = (wP)p=1,..p weights.

14 train Ggp :

15 Sample batch { (yf, tb> };lj:l’ { (yz, fb) }lel q € V(p) where yf ~ Pg/ J/Z ~ Pg
and t, ~ Unif(0, T).

6 | O} g {0, (Ggp (yfffb>/fb) TRLAN (Gé’p (J/Z tb)/tb) -

Hp (VX”CDE;P (Ggp <3/Z' tb)' tb)) +Fp (ng (yz}:r tb)'Ggq (yZ/ tb)' tb) }

17 Backpropagate total 10ss ioral = 1) Cf to 0 = (67))—1,..p weights.
18 end

4. Numerical Experiments

In this section, we demonstrate the potential of the proposed CA-Net on large-scale het-
erogeneous MAS control problems. First, we show the feasibility of using multi-population
MEFG to model large-scale heterogeneous MAS and the convergence of using CA-Net to
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solve the corresponding problems in high-dimensional space in Section 4.1. Second, we
also illustrate the behaviors of the multi-population MFG solutions for different values of
stochastic characteristic o in Section 4.2. Third, we further reveal the relationship between
algorithm parameters and costs in Section 4.3. Last, to demonstrate the competitiveness of
our approach, we compare the CA-Net algorithm’s performance against baseline methods
in Section 4.4.

4.1. Multi-Group Quadcopters Trajectory-Planning Example

This experiment is inspired by [31,42,51], we examine a realistic scenario where the
dynamics are that of a quadcopter, which is an aerial vehicle with four rotary wings and
utilizes its four rotors to propel itself across space from an initial state to target state.
The designed test environment is a 3-D real flight space and has a total of a thousand
drones, which are divided into five populations with different velocity ranges to perform
tasks—flying from their initial distribution to the common terminal distribution. Here,
graph G = (Q,E) is considered to be a global communication between groups. The
dynamics of the generic quadrotor craft i of population p, p =1, ..., P are given as

Xy = %(sin(%) sin(ypp) + cos(¢y) cos(pp) sin(6,))

iip = %(* cos(ipp) sin(¢Pp) + cos(¢p) sin(6)) sin(¢pp))

ijl.p = % cos(0y) cos(¢p) — 8 (19)
p =Ty,

% =T,

Pp =Ty

where Xp, Yp, and zp are the usual Euclidean spatial coordinates of the quadcopter, and
¢p, 0y and ¥, are the angular coordinates of roll, pitch, and yaw, respectively. The constant
my is the quadcopter’s mass, and g is the gravitation acceleration constant on Earth. The
variables up, ﬁl,p,fgp, Tp, are the controls representing thrust, and angular acceleration,
respectively [52]. To fit a control framework, the above second-order system is turned into
a first-order system:

Xp = Ux,

yl’ = Uy,

Zp = Oz

I,PP = Uyp

by = Vg,

¢P vgp

Ox, = m—’;(sin((pp) sin(ipp) + cos(¢p) cos(yp) sin(6))) (20)
Oy, = :T’;(— cos(p) sin(¢p) + cos(¢y) sin(6,) sin(;))
Uz, = :T‘:)(cos(Qp) cos(¢pp)) — 8

O, = Ty,

Y, = To,

Ogp = Ty

which we will compactly denote as x” = h” (x”,u”), where h” is a 12-dimensional vector
function in the right-hand side of (20), X” = [xp, Yp, Zp, Pp, Op, Pp, Uxys Oy Uz, Vg Vg, v(pp]T
12 - . g _ T 6

€ R'< is the state with velocities vF = [pr, Vypr Vzpr Vs V6, s v(pp] € R° and
u? = [up,pr,fg p,fq,p]T € R* is the control. As can be seen, (20) is a 12-dimensional
system that is highly coupled, nonlinear and high-dimensional. In the stochastic case,
we add a noise term to the dynamics: dx? = h?(x?,u”)dt + c?dW?, where W denotes
a Wiener process (standard Brownian motion). The interpretation here is that we are
modeling the situation when the quadcopter suffers from noisy measurements.
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For the Lagrangian cost function, we consider

Ly(w?) = 2w (13

2 @)
= (uf,(t) +75 (1) + 7 (1) + i%p(t))
We consider the Hamiltonian in (6) where zP = [z}, 2}, ..., z],]T € R!2. Noting the
optimality conditions of (6) for the quadcopter problem are obtamed by
~VuwLy(uP) —2zPTVyh? =0
- QT
zh h7/m, 0 0 07
Uup zk hg/my, 0 0 0
Ty, zg hg/my, 0 0 0 | _
R I R o 100/ °
0y 210
T, 2 0 010 (22)
zl, 0 0 0 1]
i ( h7+z§hg+z§h9)
T p
= | W] - “10 =0
o 2
Top Zfz J
We can derive an expression for the controls as
u :—i zbhy + z8hg + zhh
p my \ 77 T ~81%8 T 29719 (23)
= p P
Tyy = ~Z10: o, = ~Z11, Tpy = ~712
We therefore can compute the Hamiltonian
Z
Hp(t, Xp, Zp) - 7Lp (up) - {vxpvypvzp} Zg
3
-
%’ 1 P P P 2 @4
— |:Z)lpp09p0¢p:| zs |+ =) (z7h7 + zghg + Zghg)
zg P
2 2 2
+2hg+ (o +2 +2)
Finally, using (7) and (23), we compute the controls u” using the CA-Net with
) 0
up = — i (hr +hga¢” + ho ai’”)
. R (25)
Ty = 5oy, 0, = T ovg, W0 T T30,

We assume that the initial density of the five populations is Gaussian distributions
pg ,p = 1,2,3,4,5. In addition, their centers in the spatial coordinates (x,y,z) are lo-
cated in (—1, =5, —8), (4 cos(%fF) — 5,4sin(4F) — 5, —6), (4cos(2E) — 5,4sin(*E) — 5,—6),
(4cos(8F) —5,4sin(%F) — 5, —4) and (4 cos(3F) — 5,4 sin(8F) — 5, —2) with same standard
deviation 0.5, respectively. Note that we set all other initial coordinates to zero (i.e., initial
angular position, initial velocity, and initial angular velocity are all set to zero). We set the
terminal cost to be a simple norm difference between the agent’s current position and the
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terminal distribution center position (8, 8,8), and we also want the agents to have zero
velocity at the terminal point, i.e.

Gp(p?P (-, T),p7P(, T)) =
/ NGy zp Wps - 09,) — (8,8,8,0,....,0) 207 (x, T)dx?

+ /R (X Yar 20, P -1 0,) — (8,8,8,0,...,0) 20" (x, T)dxt
q€V(p)

(26)

In our experiments, we set the final time to be T = 4.

We choose the interaction term to penalize congestion (a.k.a. interactive running cost)
in our experiments, where the congestion is in the spatial positions, to encourage agents to
spread out (and thus make mid-air collisions less likely). The first and second terms of the
right formula of (27) are intra-group and inter-group congestion terms, respectively:

]:p(Pp(xpryp/Zp)/pr(xfpryfprzfp)) =

et o e gt 52007 G )+ e
1

(27)2 L /n/ne(i%H(xp'yp’Zp)i(xq/yq'Zq)H%)dpp(xP'yP'ZP)qu(xqfyqrzq)
q€V(p)

Ycong

(27)

X

where, in our experiments, we put intra-group congestion coefficient ycong = 20, and
inter-group congestion coefficient Bcong = 1 X 104,

In all experiments, our neural networks have three hidden layers, with 100 hidden
units per layer, which is a lightweight network for solving PDEs. We use a residual neural
network (ResNet) for both networks, with a skip connection weight of 0.5. For @Z}p, we
use the Tanh activation function, and for Ggp, we use the ReLU activation function. For
training, we use ADAM with 8 = (0.5,0.9), learning rate 4 x 10~ for @Zp, learning rate
1x 104 for GS,,, weight decay of 1 x 10~ for both networks, batch size 250, A = 1 (the HJB
penalty parameter), and 7 = 2.5 x 102 (the neighbors penalty parameter) in Algorithm 1.
The algorithm runs on a computer with a 2.5 GHz dual-core Intel Core i7 processor and
16 GB 2133 MHz LPDDR3 memory. In the following figures, time is represented by color.
Specifically, blue denotes the starting time, red denotes the final time, and the intermediate
colors denote intermediate times. As in standard machine-learning methods, all the plots
in Section 4 are generated using validation data, i.e., data not used in training, to gauge the
generalizability of CA-Net.

Figure 3 shows the trajectories of N = 1000 quadcopters under the multi-population
MFG method. Through the observation and analysis of the obtained trajectories corre-
sponding to eight groups of parameters, we can see that with noise o, the agents add
an envelope of uncertainty, so we do see that the agents are not as streamlined as in
the noiseless cases, and not moving as close to the terminal point of (8,8, 8) at terminal
time. This is the comparison of subgraphs (e-h) with (a—d), respectively. Furthermore,
in the presence of intra-group congestion coefficient ycong, the agents of intra-group
spread out more as expected. This is the comparison of subgraphs between (a-h). In
addition, in the presence of inter-group congestion coefficient feong, the clusters are
more diffuse, and their terminal distributions do not fully gather to the expected ter-
minal point of (8,8,8). This is the comparison of subgraphs between (a-h). We also
plot the HJB residual errors in Figure 4, i.e., EIIiI]B in Algorithm 1, which shows the con-
vergence of CA-Net. Without an efficient strategy control, the HJB residuals under dif-
ferent cases are relatively high. HJB residuals drop fast after we apply a series of con-
trols. After around 4 x 10* iterations, the error curves tend to be stable and close to zero
when we obtain an optimal control for quadcopters. Moreover, it is obvious that the
CA-Net algorithm converges faster without noise, and the red curve (no A, no B, with
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C)—without noise, without intra-group congestion, but with inter-group congestio-
n—converges the fastest.

E3F 38
*‘li[ *

e

(@Q)no A, noB,noC (c) no A, with B, withC ~ (d) no A, with B,no C

(e) withA,noB,noC  (f) with A, no B, withC (g) with A, with B, with C (h) with A, with B, no C

Figure 3. Illustration of multi-group quadcopter trajectory-planning problem. The initial density
(bottom left) and target density (top right) are Gaussians at the bottom and top, respectively, of
these subplots” domains. The five groups of agents start from the initial distribution, aiming to
move towards the target distribution while avoiding intra-group and inter-group congestion. The
colors in each subplot represent time, thus presenting the trajectories of the agents over time. Under
different parameter configurations, the trajectories of the agents are different. A stands for noise
c=1x10"2,B for intra-group congestion coefficient ycong = 20 and C for inter-group congestion
coefficient Beong = 1 x 10%. Comparing sub-pictures (a-h), it can be seen that with o, the agents add
an envelope of uncertainty; with ycong , the agents of intra-group spread out more as expected; with
Beong , the clusters are more diffuse.

5
—— noAnoB,noC —— with A,noB,no C
—— no A,with B,no C —— with A,with B,no C
—— no A,with B,with C —— with A,with B,with C
4 —— no A,no B,with C —— with A,no B,with C
3 -
0.50
0.25

0.00 T
99,900 99,950 100,000

Log HJB Residuals
N

0 10,000 20,000 30,000 40,000 50,000 60,000 70,000 80,000 90,000 100,000
Iteration

Figure 4. Log HJB residual errors comparison with eight cases in Figure 3. The horizontal axis is the
number of iterations, and the vertical axis is ffp in Algorithm 1.
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4.2. Effect of Stochasticity Parameter o

We investigate the effect of the stochasticity parameter ¢ on the behavior of the HJB
residual errors and the multi-population MFG solutions.

In Figure 5, we show the convergence behavior of the HJB residual errors of quad-
copters with different stochasticity parameters. The HJB residual error decreases more
and more slowly with the increase of noise ¢. This means that the smaller o, the faster the
CA-Net algorithm converges.

— 0=0.02
— 0=0.04
—— 0=0.06

Log HJB Residuals

0 10,000 20,000 30,000 40,000 50,000 60,000 70,000 80,000 90,000 100,000
Iteration

Figure 5. Comparison of log HJB residual errors with stochasticity parameter o = 0.02, 0.04 and 0.06.

In Figure 6, we show the controls for multi-group quadcopter trajectory planning using
o =0.02,0.04, and 0.06. As ¢ increases, the control curves of the agent fluctuates more.

0.50 -

0.25 1

~0.25+

T —0.50
0 1 2 3 4 0 i 2 3 4
Time LU

w

Figure 6. Cont.
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|
N

0 1 4 3 4 0 1 2 3 4
Time Time

Figure 6. Comparison of controls with different stochasticity parameters. The horizontal axis
is time and the vertical axis is up (Top Left), Ty, (Top Right), T, (Bottom Left), 7y, (Bottom
Right), respectively.

In Figure 7, we show the optimal velocity of quadcopters obtained by Algorithm 1. The
initial average speed of drones is zero, and it increases first and then decreases gradually
when they approach the target distribution to minimize their loss functions. Moreover,
before approaching the peak, when ¢ is larger, the quadcopter tends to choose a faster
speed. After the strategic speed change, at the terminal time T = 4, the smaller ¢ is, the
closer the quadcopter terminal speed is to zero.

Average speed

|
N

0 1 2 3 4
Time

Figure 7. Comparison of average speed with different stochasticity parameters.

4.3. Comparison with Costs

To further reveal the role of some important parameters in the design of the CA-Net
algorithm. We show the transport £, intra-running ]-"pmtra, inter-running .Fpmter, terminal
Gp, and objective ], costs in Table 1 under the change in parameters.
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From Table 1, first, we compare the influence of the ¢ parameter and fix other pa-
rameters. From the first line to the third line, it can be seen that the larger stochasticity o,
the greater the transport cost £, the smaller the intra-group collision cost ]-'pintra, and the
greater the total cost | p- Comparing lines 6 and 10, 7 and 11, 8 and 12, and 9 and 13, we
can see that if o exists, the total cost ], is relatively large. Second, comparing the influence
of parameter 7, it can be seen from the fourth and fifth lines that if the neighbor dual
penalty item exists, the smaller the transport cost £, the greater the intra-group ]-'pima
and inter-group ]-",ginter cost, the constant terminal cost G, and the smaller the total cost
Jp- Third, compare the influence of the parameter A. It can be seen from lines 13 and
14 that if the HJB penalty item exists, the smaller the transport cost £, the smaller the
total cost J,. Fourth, compare the influence of the parameter ycong. It can be seen from
lines 6 and 8 or lines 10 and 12 that if the intra-group congestion coefficient ycong exists,
the intra-group collision cost fpintm will be relatively small. Fifth, compare the impact of
parameter Beong. It can be seen from lines 6 and 7 or lines 10 and 11 that if the inter-group
congestion coefficient Bcong eXists, the inter-group collision cost ]—"pinter is relatively small.
Sixth, compare the influence of the network parameter width, i.e., the network width of
each layer. By observing lines 13 and 15, we can see that smaller networks can also achieve
convergence, and the total cost ], is small. As shown in Figure 8, for networks with the
same depth, the training convergence speed is faster if each layer is appropriately widened.
The larger networks have good robustness and better generalization in complex cases.
Finally, comparing the parameter time steps, i.e., lines 13 and 16, the time steps are reduced
from 600 to 300, and the total cost fluctuates by nearly 1%, which means that our network
is convergent and stable.

— width =50
—— width =100

Log HJB Residuals

0 10,000 20,000 30,000 40,000 50,000 60,000 70,000 80,000 90,000 100,000
Iteration

Figure 8. Comparison of log HJB residual errors under different network widths.
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Table 1. Comparison with Costs.

Number Width  Time Steps I 1 A Yecong Beong L, ,’Fpi""“‘ ]:pi“*e‘ G, Iy
1 100 600 002 25x10°% 1 20 1x10° 16.8 233%x1072 5.03x10°2 145 31.4
2 100 600 004 25x10°% 1 20 1% 10° 17.9 1.85x 1072 554x 1072 149 329
3 100 600 006 25x1073% 1 20 1% 10° 19.9 126 x 1072 3.15x 1072 147 34.7
4 100 600 0.01 0 1 20 1 x 10° 16.4 233x1072 430x1072 146 31.1
5 100 600 0.01 1x10°2 1 20 1% 10° 15.2 2.86x1072 522x 1072 146 29.8
6 100 600 0 25x1073 1 0 0 15.6 473 %1072 141 x10°1 141 29.8
7 100 600 0 25x1073 1 0 1% 10° 15.7 471x1072 6.85x1072 145 30.3
8 100 600 0 25x1073 1 20 0 16.5 311 x1072 564 x1072 141 30.7
9 100 600 0 25x1073 1 20 1% 10° 15.5 286 %1072 6.08 x 1072 147 30.3
10 100 600 001 25x107% 1 0 0 15.9 3.76 x 1072 9.28 x 1072 14 30.1
11 100 600 001 25x107°% 1 0 1x10° 16.1 330%x1072 583 x1072 149 31.1
12 100 600 001 25x10°% 1 20 0 16.6 249 %1072 540x 1072 142 30.8
13 100 600 001 25x107°% 1 20 1% 10° 16.5 243 %1072 627 x1072 147 31.3
14 100 600 001 25x10% 0 20 1% 10° 16.8 276 x1072 589 x 1072 146 31.5
15 50 600 001 25x103% 1 20 1% 10° 15.3 227 %1072 645x10°2 15.1 30.4
16 100 300 001 25x1073 1 20 1% 10° 16.3 257 x1072 597 x1072 145 30.9

All values were approximated using the validation points; o, stochasticity; 77, neighbor penalty coefficient;
A, HJB penalty coefficient; 7cong, intra-group congestion coefficient; Bcong, inter-group congestion coeffi-

inter

cient; Ly, transport costs; ]-'pi“tra, intra-running costs; F,"", inter-running costs; Gp, terminal costs; J,,

objective costs.

4.4. Comparison with Baselines

As the last part of the numerical experiment, we verify the superiority of our method
by comparing it to some typical baseline methods, including cluster game [53], H]B-
NN [42], Lax—Friedrichs [40], ML [13], and APAC-Net [31]. For more details of these
baseline methods, please refer to the related documents [13,31,40,42,53], etc. We give the
performance comparison of the above algorithms in Table 2.

Table 2. Comparison with baseline methods.

Method Communication Computation Scale (N) Dimension (1) Population (P) Stochasticity (o)
Cluster game [53] O(N) O(n!) Small Low Multiple No
HJB-NN [42] O(N) O(n) Large High Single No
Lax-Friedrichs [40] o(1) O(n!) Large Low Multiple Yes
ML [13] O(1) O(n) Large High Single No
APAC-Net [31] o0(1) O(n) Large High Single Yes
CA-Net O(1) O(n) Large High Multiple Yes

O(), infinitesimal of the same order; n!, the factorial of n.

For cluster game [53], it is a game model for small-scale multi-group agent control
problems that communicates through a given point-to-point communication topology. The
equilibrium calculation adopts an analytical solution based on grid calculation. The solution
space is generally low-dimensional, and special interference is usually not considered.
HJB-NN [42] is a neural network approach for solving high-dimensional optimal control
problems. This method can be used for large-scale group modeling. In addition, the
information interaction between agents is point-to-point communication, which means
that the communication cost is relatively high. Reference [40] describes a multi-population
social network MFG problem, which is solved analytically using the adjoint method. Its
corresponding algorithm uses a numerical scheme called the Lax—Friedrichs scheme [41]
belonging to the finite-difference method. Therefore, the numerical solution is cursed
by dimension and is only suitable for low-dimensional solution space. Reference [13]
provides a machine-learning framework for solving high-dimensional MFG and mean-field
control problems. However, it is limited to solving the single-group deterministic MFGs.
APAC-Net [31] is an alternating population and agent control neural network for solving
high-dimensional stochastic MFGs. It is indeed suitable for large-scale homogeneous agent
systems. Our proposed CA-Net is a nonlinear coupled alternating neural network tailored
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for multi-population high-dimensional stochastic MFGs, which can be induced by optimal
control problems of large-scale multi-agent heterogeneous systems. To sum up, we can see
the superiority of the CA-Net algorithm in all-around performance from Table 2.

5. Conclusions

We formally propose a numerical-solution scheme for the multi-population
high-dimensional stochastic MFG system. The execution algorithm here is CA-Net, a
nonlinear coupled alternating neural network. To this end, the proposed modeling frame-
work strictly represents the large-scale heterogeneous multi-agent game system as a multi-
population MFG model. Our algorithm avoids the use of spatial grids by parameterizing
the value functions and the density functions of multiple populations by two sets of neu-
ral networks, respectively. We design multiple generators and multiple discriminators
GAN, where density functions act as generative networks and value functions act as
discriminative networks. Unlike other GANs, CA-Net incorporates the structure of multi-
population MFGs, which absolves the network from learning an entire multi-population
MEFG solution from the ground up, provides numerical solutions for the multi-population
MFG, and improves the solution efficiency. Consequently, our method is geared toward
multi-population high-dimensional instances of MFGs that are beyond reach with existing
solution methods. CA-Net, therefore, sets the stage for solving realistic multi-population
high-dimensional MFGs arising in, e.g., crowd motion, swarm robotics, and epidemic mod-
eling. To verify the feasibility of the multi-population MFG model, we provide a practical
numerical simulation case, multi-group quadcopter trajectory planning. The convergence
results regarding HJB residual error, control, and average speed show the effectiveness of
the CA-Net algorithm. To reveal the role of multi-dimensional parameters in the design of
the CA-Net, we show the costs of transport, intra-running, inter-running, terminal, and
objective under the change in these parameters. Finally, the comparison with baseline
methods—cluster game, HJB-NN, Lax—Friedrichs, ML, and APAC-Net—makes clear the
advanced nature of our solution method. In the future, we will consider the application and
adaptation of the CA-Net method in more complex scenarios of heterogeneous multi-agent
systems, such as complex communication conditions (time-varying, partial rejection) and
obstacles (static, dynamic).

Author Contributions: Conceptualization, G.W. and W.Y.; methodology, G.W.; software, G.W. and
J.E; validation, G.W. and L.J.; formal analysis, N.L.; investigation, G.W.; resources, G.W.; data curation,
G.W.; writing—original draft preparation, G.W.; writing—review and editing, J.F,, L.]. and W.Y.;
visualization, G.W.; supervision, L.J.; project administration, N.L.; funding acquisition, N.L. All
authors have read and agreed to the published version of the manuscript.

Funding: This research was funded by the Equipment Advanced Research Project Foundation of
China, grant number 50912020105, the Naval Weaponry Advance Research Project Foundation of
China, grant number 3020904040301 and the Science and Technology Innovation 2030-Key Project
grant number 2020A AA0108200.

Data Availability Statement: Data are contained within the article.

Conflicts of Interest: The authors declare no conflicts of interest. The funders had no role in the design
of the study, in the collection, analyses, or interpretation of data, in the writing of the manuscript, or
in the decision to publish the results.

Notations

The following notations are used in this manuscript:

N The total number of intelligent agents

I={1,...,N} Intelligent agent set of heterogeneous multi-agent system

P Total number of intelligent agent populations

Q={1,...,P} Population set of heterogeneous multi-agent system

G=(QE) Communication topology graph in heterogeneous multi-agent system
ECOxQ The set of all weighted edgesin G = (Q, E)
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arg(p,q) The connection edge between populations p and ¢q

Upg The weight of the edge arg(p, )

V(p) ={q€ Ql(p,q) € E} The set of neighbors of population p

[V(p)] The cardinality of the set V(p)

t e [0,T] time

xP(t) € R" The state of agent 7 at time t which belongs to a population p(i)
h The nonlinear evolution function

u The control input (strategy)

0 The probability density function

o Noise coefficient/diffusion parameter/stochasticity parameter
w An m-dimensional Wiener process (standard Brownian motion)
J Cost function

L A running cost incurred by an agent based solely on its actions
F A running cost incurred by an agent based on its interaction with the

rest of the same population and the neighbor populations

G A terminal cost incurred by an agent based on its final state and the
final distribution of the whole related populations

[ Value function

H Hamiltonian

F The potential function of F

g The potential function of G

Gh, The density distribution of population p, we train G}, (-, t) to
produce samples from p? (-, )

o’ The value function for the generic agent of population p
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Abstract: In this paper, group therapy behavior is studied from the viewpoint of coopera-
tive control. To describe the range of emotional changes in each participant, nonconvex
constraint sets are employed, which can be used to quantitatively represent the differences
among all the participants. Then, a cooperative control model is proposed to describe the
interaction between participants. Based on this model, emotion analysis is performed, and
it is shown that all participants finally reach an emotion consensus regardless of facilitators
being involved. In particular, when facilitators are absent, the final states of all participants
cannot be controlled, while when facilitators are involved, the final states of all participants
can be driven to a desired state of mental health. Numerical simulation examples are given
to illustrate the theoretical conclusions.

Keywords: distributed cooperative algorithm; library group therapy behavior; nonlinear
constraints

MSC: 93C95

1. Introduction

As an important branch of mental health problems, group therapy has received
more and more attention from researchers in the education system [1-10]. For example,
in [2], the self-growth process in the graduate school of counseling was studied through
a group art therapy class. In [6], a single-session approach was studied for creative art
university students for group therapy. In [7,8], group cohesion and group alliance were
studied to improve mental health recovery. All of these works have greatly promoted the
development of group therapy. However, research [1-10] has focused on the impact of
some group therapy behaviors on the mental health of participants and has not considered
the process of emotional changes.

In this study, we were interested in group therapy and investigated the emotional
changes in participants from the viewpoint of cooperative control. Cooperative control was
first studied in [11-13]. Existing studies focus on applying cooperative control theory to
subject services and embedded services [14-16], including collaborative filtering algorithms
for library data mining [17], models for collaborative learning spaces in Korean university
libraries [18], and analysis of abnormal collaborative behaviors in smart libraries [19],
aiming to optimize group collaboration dynamics. While less attention has been paid to
solving group dynamics by using cooperative control theory. The objective of cooperative
control is to propose algorithms to drive all agents to complete a task in a cooperative
manner. Group therapy is essentially a kind of group control of behavior. To better
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understand the role of group therapy, in this paper, we first use nonconvex constraint
sets to describe the range of emotional changes for each participant, which can be used
to quantitatively represent the differences among all the participants. Then, we propose
a cooperative control model to describe the interaction between participants. Based on
this model, emotion analysis is performed, and it is shown that all participants finally
reach an emotional consensus regardless of facilitators being involved. In particular, when
facilitators are absent, the final states of all participants cannot be controlled, while, when
facilitators are involved, the final states of all participants can be driven to a desired state
of mental health.

2. Main Results
2.1. Graph Theory

Let G = (V, €&, A) denote a group therapy space, where V = {1,2, ...,n} denotes
the set of participants, £ C V x V denotes the set of edges, and A denotes the weighted
adjacency matrix. Define a;; > 0, if (i, j) € &; otherwise, a;; = 0. Let the neighbor set of i be
defined as N; = {j € V| (j,i) € £} and 7; be the number of neighbors in N;.

2.2. Problem Formulation

The objective of this paper is to try to understand the process of emotional changes
during group therapy in a quantitative way so as to promote the effects of group therapy,
which is different from most of the existing works, which focused on the behaviors and
phenomena that might appear.

Consider a group of participants, where each participant is assumed to have the
following dynamics:

xi(k+1) = x;(k) + ZN Suy[aij(xj(k) — xi(k))] )
JEN;

where x;(k) € R denotes the ith participant’s emotion state at time k, and

i sup {&%%GL%O<a<ﬁ}
0<p<|x|

Suy (¥) =4 i x 20,
0,if x = 0.

In (1), the term a;;(x;(k) — x;(k)) denotes the weighted emotion interaction between
participants; the term a;;(x;(k) — x;(k)) denotes the weighted effect of x;(k) on x;(k). As
the emotion interaction might widely differ between different participants, the operator
Sui], (), which was first proposed in [20] and successfully studied in [21], is introduced to
describe the different interaction parts of a;;(x;j(k) — x;(k)). When's = 0, Sy, (s) = 0 means
that participants are highly similar; they are more likely to understand both themselves
and others. When s # 0, the whole term % Suy, [a;;(xj(k) — x;(k))] denotes the sum of the

JEN;

emotional interaction between participants.

It should be noted that the specific form of Sy, (+) is not given here because, in the
following theorems, it is shown that all participants reach a consensus state no matter what
form Sy, (-) takes.

Group identification according to the psychological conditions of participants should
be performed before we start our analyses. Some projects on group emotion identification
and classification have made headway. For example, based on the six basic emotions
of human beings, the participants of the “Libraries of emotions” project redistributed
their collected resources and developed an open-source methodology for presenting the
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role of reading therapy and emotion in reading. With this method, this project helped
readers connect their emotional experience during reading with their experiences in real
life, which had a positive impact on their mental health [22]. The “Dan Dan growth” of
“Dan Dan happy reading” activities, carried out by Fudan University Library, are other
examples. The applicants’” psychological disorders, mental needs, reading habits, and other
information were identified using a questionnaire survey. Then, based on this questionnaire,
selected applicants who were appropriate for the current topic participated in a group
therapy activity. In this program, Fudan University Library invited internal and external
psychologists, who guided participants to read together and carried out various face-to-face
group activities.

In the following, we analyze the group therapy behaviors between participants based
on the system dynamics in (1). First, we present some necessary assumptions.

Assumption 1. Suppose that Z]'f:l ajj < 11 for some constant 0 < < 1.

Assumption 2 ([20]). Suppose that each LIZ-]- CR",i=1,2,...,nis nonempty and closed.

sup [|Sy, (x)|| =7; >0
er

f S =0;>0
nf s, (0] = e

forall i.

Assumption 2 means that the distance from any point outside Uj; to the origin is lower-
bounded by a positive constant. That is, the participants can interact from all directions,
and, no matter what happens, the emotional states of all participants are upper-bounded.

Under this assumption, we have the following theorem:

Theorem 1. Suppose that the communication graph is connected. Under Assumption 1, the
emotional state of all participants reaches a consensus as time evolves. That is, tlir+n (x;(k) —
—r oo

xj(k)) = 0 forall i,].

Proof. Let
Su; [aij (xi (k) —x; (k)]
ailk) = —Sm=m
When a;j(x;(k) — xj(k)) = 0, we define ¢;j(k) = 1. When a;j(x;(k) — x;(k)) # 0 and
su[aij(xi(k) — x;(k))] = ajj(xi(k) — xj(k)), we have e;j (k) = 1. When a;;(x; (k) — x;(k)) # 0
and Su; [al](xl(k) —xj(k))] # aij(xi(k) = xj(k)), from the definition of operator Sy;(-),
we have

Z; ..
0 < sy < ei(k) <1

Using e;;(k), (1) is equivalent to

xi(k+1) = x;(k) + Z/\:[ eij(k)aij(xj(k) — x;(k)). )
JEN

Writing (2) in matrix form, we have
x(k+1) =Y (k)x(k), 3)

where X(k) = [xl (k), i ,xn(k)}T, [“F(kﬂu =1- Y €i]'(k)uij is the iith entry of T(k), if
JEN;
j €N, [¥(K)]ij = eij(k)ajj is the ijth entry of ¥ (k); if j ¢ N, [¥(k)];; = 0. It can be easily
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checked that each row sum of ¥ (k) is 1, and each entry is non-negative. Hence, ¥ (k) is a
stochastic matrix.

Now, we prove that each nonzero entry of ¥ (k) is lower-bounded by a positive
constant. First, consider the quantity max;c7 x;(k), where Z = {1,2,...,n}.

Since ¥ (k) is a stochastic matrix, each x;(k + 1) is a convex combination of all x;(k),
and hence

xi(k+1) < maxjez x; (k).
That is,
max;e X;(k + 1) < maxjer x;(k).
With a similar approach, it can be proved that
min;ez x;(k + 1) > min;ez x; (k).
Therefore,

le‘(k+ 1) — x]-(k+ 1)|

max;ez X;(k) — min;ez x; (k)

ININA

max;cz X;(0) — min;c7 x;(0).

As a result,

o,
€ij (k) = maxjez xi(o)_]miniel' x;(0)

for each j € Nj;. Moreover, under Assumption 1,

1—Yjen, eijaij >1—1.
Therefore, [¥(k)];; is nonzero for all i, and each nonzero entry of ¥ (k) is lower-bounded by
a positive constant.

Next, we prove the consensus convergence of the system. Consider a matrix sequence,
A(0), A(1),...,where A(m) =¥ ((m+1)n—1)¥((m+1)n—2)...¥((m+1)n —n). Note
that the communication graph is connected under Assumption 2. Since [¥ (k)];; is nonzero
for all i, and each nonzero entry of ¥ (k) is lower-bounded by a positive constant, it follows

from graph theory that each entry of A(m) is nonzero and lower-bounded by a constant,
denoted by c. Note that x((m + 1)n) = A(m)x(mn). It follows that

xi((m+1)n) = Yy [A(m)]ijx;(mn)
i1, [ (m) ijx (mn) + [A(m) iy xi, (mn)

< (1 - [A(m)]llg) max]:l,]yézo xj(mn) (4)
+[A( )]uoxm (mn)

< (1 = c) maxjez xj(mn) + cminjez x;(mn)

for all i, where x;  (mn) = minjcz xj(mn).
Similarly, it can be obtained that x;((m + 1)n) > (1 — ¢) min;ez x;(mn) + c max;jez x;(mn)
for all x. Then,

max;c1 xi((m + 1)1’1) — minjer xi((m + 1)7’[)
< (1 —2¢)(maxg x;(mn) — min;c7 x;(mn)).

©)

This means that lim,—, o (max;ez x;((m + 1)n) — min;ez x;((m + 1)n)) = 0 for all i,j.
From the definition of the limitation, there must exist a constant Ty > 0 for any € > 0
such that

250



Mathematics 2025, 13, 1363

max;e7 X;((m+1)n) — minjez x;(m+1)n) < e.

From (2), we have
lxi((m+1)n+1) —x;((m+1)n+1)|
< nfxi(((m+1)n) — x;(((m +1)n)|

< ne.

This means that lim,—, 4 o (max;e7 x;((m + 1)n + 1) — minjez x;((m+1)n+1)) =0
for all i, j. By analogy, it can be proven that lim;—, +«(x;(k) — x;(k)) = 0 for all i, j. This
completes the proof. [

Theorem 1 means that all participants can reach a consensus emotional mental health
state, indicating that mutual interaction might result in the same emotional state. This is
consistent with the idea of the Swiss psychologist Jean Piaget: the formation of cognition is
a process of the gradual assimilation and adaptation of psychology [23].

Mutual interactions among participants are spontaneous, and they might have pro-
fessional limitations. In order to avoid being affected by each other’s negative emotions,
the psychological intervention and guidance of facilitators should play an oriented role
in group therapy. On the one hand, under the constraints of the rules and regulations
of the facilitators, participants transform spontaneous conflict into cohesion with others.
On the other hand, the rational distribution of facilitator resources can match the library
collection of resources with the needs of participants more effectively. At the same time, it
can strengthen the cooperation between a university library and the other departments of a
university, in particular for the departments of psychological counseling and psychological
education, to establish a sound long-term mechanism together to solve the professional
limitation problem with participants.

In Theorem 1, the case where there are no facilitators or constraint conditions is studied.
In the following, we study the case where there are facilitators, where each participant is
assumed to have the following dynamics:

xi(k+1) =x;(k) + Y Suylai(xj(k) — x;(k))]
X, ©)
+ ajo (k) (xo — xi(k))

foralli € Z, where x is the desired emotional state given by the facilitator, and a;o (k) # 0if
the ith participant can receive the information from the facilitator, and a,y(k) = 0 otherwise.

Assumption 3. Suppose that Z?:1 a;j + ajo(k) < 1 for some constant 0 < n < 1and all k, and
ajo(k) # 0 for some i and all k.

Under this assumption, we have the following theorem:

Theorem 2. Suppose that the communication graph is connected. Under Assumption 3, the
behaviors of all participants reach the desired state x as time evolves. That is, lim;_, 4 (x; (k) —
xg) = 0 forall i.

Proof. Let ¥;(k) = x;(k) — x¢. Then, system (6) can be written as
%i(k+1) =(1 = ap(k))xi(k)
+ Y e (k)ayi (% (k) — (k). @)
JEN;

Writing (7) in matrix form, we have
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(k+1) =¥ (k)x(k). (8)

where %(k) = [#1(k), -, %, ()], [¥(K)];i =1— ¥ ejj(k)a;j — ajo(k) is the iith entry of
JEN:
¥ (k), [¥(k)ij = eij(k)ajj is the ijth entry of ¥ (k) if j € N, and [¥ (k)];; = 0if j ¢ M.
Consider a matrix sequence A(0), A(1), - - -, where A(m) = ¥((m + 1)n — 1)¥((m +
n—2)---¥((m+1)n—n). When

ll,'o(k) 75 0,0 < Z?:l {‘?]1] < 1.

Under Assumption 3, it follows from graph theory that each row sum of A(m) is no larger
than a positive constant, denoted as 0 < 7, < 1. From Gasgolin’s theorem, all of the
norms of the eigenvalues of ¥ are no larger than 0 < 7. < 1. From control theory, it
follows that limy,—, 4+ %;((m + 1)n) = 0 for all i. Similar to the proof of Theorem 1, we
have limy ., , £;(k) = 0 for all i. That is, lim—, 4« (x;(k) — x0) = 0 for all i. This completes
the proof. O

Theorem 2 shows that all participants can be driven to a desired emotional mental
health state under the guidance of facilitators. In future studies, we will consider treating
indicators such as the evaluation of participants” psychotherapy effects as optimization
functions for each agent in [24] to achieve the optimal psychotherapy effect.

3. Simulations

Consider a group of 8 participants. Figure 1 shows the communication graph be-
tween participants, where each nonzero a;; is a;; = 0.3, and the sampling time of sim-
ulation is chosen as 0.1 s. Each constraint set U;; was adopted as U;; = {s | [|s| < 1},
and the desired state was (20,20). The initial emotion states for the participants were
(0,2),(0,1),(5,0),(8,4),(8,0), (12,3), (11,0) and (10,4).

e O [
SR — A — SR —
[

[
[ J [
A — A — A — R

Figure 1. A group of 8 participants without a facilitator.

First, we consider the case where there is no facilitator to guide the participants.
Figures 2 and 3 show the simulation results. It is clear that the participants cannot reach
the desired state (20,20). Note that, in this case as discussed in the proof of Theorem 1,
system (1) is equivalent to (2) which is a time-varying linear system; hence the final common
emotion state is strongly related to the initial states. In this case, all participants update
their emotional state based on the states of their neighbors. The final consensus state
is generally a function of the initial states of all participants, converging to a weighted
average or another combination of these initial conditions. Without external guidance
from facilitators, the intrinsic dynamics drive the system toward a state that reflects these
starting values.
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Figure 3. The weighted emotion interaction uy/uy = a;j[x;(k) — x;(k)] between all participants i, j
without a facilitator.

Now, we consider the case where there is a facilitator to guide participants 3 and 4,
and the communication graph is shown in Figure 4. Figures 5 and 6 show the simulation
results. It is clear that the final common state has no relationship with the initial emotional
states of the participants, and, under the guidance of a facilitator, all participants reach the
desired state (20,20) with a;o(k) = 0.3 for all i, k.

facilitator
yal LN

|

Do

<>

® ® ®
AR — A —
i i
(5 ]

B

®
R — A —

<>

Figure 4. There is a facilitator to guide participants 3 and 4.
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(20,20)

x(m)

Figure 5. All participants reach the desired state with a facilitator.
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Figure 6. The weighted emotional interaction ux /uy = a;j[x;(k) — x;(k)| between all participants i, j
with a facilitator.

4. Conclusions

In this paper, group therapy behavior was studied from the viewpoint of cooperative
control. To describe the range of emotional changes for each participant, nonconvex con-
straint set was employed, which was used to quantitatively represent the differences among
all the participants. Then a cooperative control model was constructed to describe the inter-
actions between participants. Based on this model, it was shown that all participants finally
reached an emotional consensus regardless of facilitators being involved. In particular,
when facilitators were absent, the final states of all participants could not be controlled,
while, when facilitators were involved, the final emotion states of all participants could be
driven to a desired emotional mental health state.
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