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Article

Outlier-Robust Three-Element Non-Uniform Linear Arrays
Design Strategy for Direction of Arrival Estimation in
MIMO Radar

Andrea Quirini *, Fabiola Colone and Pierfrancesco Lombardo

Department of Information Engineering, Electronics and Telecommunications DIET, Sapienza University of
Rome, 00184 Rome, Italy; fabiola.colone@uniroma1.it (F.C.); pierfrancesco.lombardo@uniroma1.it (P.L.)
* Correspondence: andrea.quirini@uniroma1.it

Abstract: This paper presents a novel design strategy for outlier-robust, three-element non-
uniform linear array (NULA) configurations optimized for multiple-input multiple-output
(MIMO) radar systems aimed at target direction of arrival (DoA) estimation. The occurrence
of outliers, i.e., ambiguous estimates, is a well-known issue in DoA estimation based on the
maximum likelihood (ML), which is caused by the local maxima of the likelihood function.
Specifically, we study how the positioning of both transmitters and receivers affects both
presence of outliers and accuracy of ML DoA estimation. By leveraging a theoretical
prediction of the DoA mean squared error (MSE), we propose a design strategy to jointly
optimize the positions of NULA array of three transmitting and receiving elements, only
inside a subspace which guarantees that the outlier probability remains below a specified
threshold. Compared to NULA configurations with a single transmitter, the proposed
designs achieve superior estimation accuracy due to two key factors: improved asymptotic
performance resulting from a narrower mainlobe, and enhanced robustness against outliers
due to reduced sidelobes. Furthermore, the proposed approach is well-suited for practical
implementation in low-cost radars using only 3 × 3 or 2 × 3 MIMO configurations, as it also
incorporates practical design constraints such as minimum inter-element spacing to account
for the physical dimensions of the antennas, and tolerance in the installation accuracy.

Keywords: MIMO radar; AESA radar; non-uniform linear arrays; direction of arrival;
maximum likelihood estimation

1. Introduction

Active electronically scanned array (AESA) radar architectures are well-established
in radar surveillance, due to their enhanced flexibility compared to conventional radar
systems. By using multiple transceiver modules, AESA radar systems allow for electronic
control of the antenna beam direction, enabling rapid and precise scanning of the surveilled
area without the need for physical movement of the antenna.

In recent years, the fully digital paradigm for AESA radar has gained attention in
both industry and research, as it leverages digital signal processing to further enhance
the flexibility of radar operations. Specifically, fully digital AESA radars aim to provide
independent digital control of each antenna element for both transmission and reception.
This is achieved by moving analog-to-digital converters (ADCs) and digital-to-analog
converters (DACs) as close as possible to the antennas, allowing most signal processing
operations to be implemented in the digital domain.

Sensors 2025, 25, 5062 https://doi.org/10.3390/s25165062
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Next-generation fully digital arrays are currently employed in only a limited number
of radar products, typically operating in single transmit mode. However, the independent
control of transmit and receive antennas facilitates multiple-input multiple-output (MIMO)
operations. Specifically, in fully digital AESA radar systems, each antenna can transmit
different orthogonal waveforms directly synthesized in the digital domain, ensuring MIMO
functionality and enabling flexible and efficient exploitation of the available antenna
aperture.

A major challenge in MIMO radar systems is ensuring the orthogonality of waveforms,
particularly when multiple transmit antennas are involved. Achieving orthogonality across
a large number of waveforms over a sufficiently wide range and across the Doppler
frequencies of interest is a nontrivial problem. Chirp signals, particularly linear frequency-
modulated (LFM) signals, are known to offer quasi-orthogonal waveform pairs, such as
the “chirp up” and “chirp down” pair. Additionally, further quasi-orthogonal waveforms
can be designed by utilizing “V-chirp” signals with bidirectional sweeps.

In low-cost radar systems for surveillance, there is a strong interest in leveraging the
potential of MIMO operation without significantly increasing system complexity. This
requires the following:

(A) The use of a limited number of antennas to reduce the number of receiving chains
and the volume of data to be processed.

(B) The use of a few simple orthogonal or quasi-orthogonal waveforms, such as chirps,
which do not require complex optimization to ensure orthogonality.

In this perspective, a radar system with an extremely limited number of channels
can be interesting for many low-cost surveillance applications, as it reduces costs and
requires using a limited number of orthogonal waveforms. Systems with a few antennas
are also beneficial for designing lightweight and compact systems, suitable for installation
on moving platforms such as vehicles or aircraft, where the capability to process large
amounts of data is also limited.

When aiming to use a limited number of antennas, non-uniform linear array (NULA)
configurations are ideal. These configurations allow for the strategic positioning of the
available sensors, including both short and long baselines with a small number of elements,
therefore optimizing the trade-off between performance and cost. Specifically, this paper
focuses on the application of target direction of arrival (DoA) maximum likelihood (ML)
estimation, considering a MIMO radar system with three antennas. Three-element array
configurations are widely used for the practical and cost-effective implementation of radar
systems for DoA estimation (e.g., see [1–7]). This choice is driven by the target applications
of our design strategy: low-cost, resource-constrained systems such as automotive radar or
sensors for small unmanned aerial vehicles, where size, weight, power, and computational
load are critical constraints. Each antenna can be either a transmitting/receiving element
or a receiving-only element. Our goal is to optimize the positions of the three antennas to
maximize the estimation accuracy, while constraining the probability of outliers among the
obtained DoA estimates.

Achieving accurate DoA estimation with such a limited number of antenna elements
is especially challenging. Specifically, using a typical uniform linear array (ULA) con-
figuration with only three antennas would be highly constraining, leaving significant
performance potential unexplored. In contrast, NULA configurations can be quite benefi-
cial when there are severe constraints on the number of antenna elements, as they enable
more flexible designs that can better exploit the limited resources available.

However, compared to ULA configurations, it is well known that NULA configura-
tions introduce DoA estimation ambiguities in the direction of one of the sidelobes of the
likelihood function. These ambiguities can significantly degrade DoA estimation accuracy,

2



Sensors 2025, 25, 5062

causing the DoA estimation mean square error (MSE) to deviate from the asymptotic
performance, especially under limited signal-to-noise ratio (SNR) conditions. The accuracy
of DoA estimation in the presence of outliers has been extensively studied in the open
literature [8–17], and several lower bounds for the MSE have been derived, including the
Barankin bound [10], the Bayesian Cramér–Rao Bound (CRB) [11–13], and the Ziv–Zakai
bound [14,15].

The problem of DoA estimation has been extensively addressed in the literature, with
powerful super-resolution algorithms like MUSIC [18], ESPRIT [19], and methods based
on compressed sensing [20–22] as the classical choices. These super-resolution techniques
allow resolving multiple closely-spaced targets. However, the work presented here fo-
cuses on a different challenge, predominant in low-cost, resource-constrained systems:
ensuring robustness against estimation outliers for a single target at low SNR. For this
purpose, the ML estimator is particularly suitable, as its performance is well-understood
theoretically [16], allowing establishment of a direct relationship between array geometry
and outlier probability, which is the core of our contribution.

Notably, Ref. [16] presented an accurate theoretical prediction for the DoA MSE in
moderate to high SNR scenarios. Therein, it is shown that the probability of outliers can be
expressed only in terms of the operative SNR and of the array geometry. This highlights
the importance of the array geometry, which should be carefully designed to maximize
the robustness against outliers, especially under limited SNR conditions. Several efforts
have been undertaken for designing ambiguity-resistant NULA configurations over the
years [23–29], including minimum redundancy arrays (MRA) [23] and ambiguity-resistant
interferometers [24]. Particularly, in our previous work [29], we built upon the MSE
theoretical prediction in [16] to devise a flexible design strategy for outlier-robust three-
element NULA configurations on receive. The design strategy proposed therein was only
applicable to SIMO radar systems, allowing us to control the probability of outliers for
estimating the DoA of either emitting sources, targets illuminated by existing transmitters
of opportunity (as in passive radar), or in scenarios where only one of the three antennas
was equipped with a transmitter.

In this paper, we extend this outlier-robust design framework to co-located MIMO
setups, which represents the main contribution of this work. This extension is non-trivial
since the physical position of each antenna element simultaneously affects multiple virtual
channels. Through theoretical derivation, we demonstrate that for the same physical place-
ment of antennas, a MIMO configuration with multiple transmitters emitting orthogonal
waveforms yields a different virtual array geometry, which generally results in an increased
robustness against outliers. In turn, this modifies the array design strategy, enabling the
design of longer-baseline NULAs that offer superior asymptotic accuracy for the same level
of outlier robustness guaranteed by shorter configurations in the SIMO case.

Based on this analysis, we propose a NULA design strategy that allows system
designers to fully exploit the limited number of available antennas, achieving an optimal
balance between asymptotic accuracy and outlier robustness by leveraging the advantages
of MIMO operation. In the paper, we assume independent digital control over each antenna
element, as guaranteed by next-generation AESA systems, and orthogonality between
waveforms—an assumption that can be approximately satisfied easily in practice with a
system using a maximum of three transmitters, e.g., using quasi-orthogonal up, down, and
V-shaped LFM waveforms.

This paper is organized as follows. Section 2 presents the MIMO signal model and
revisits the MSE theoretical approximation derived in [16]. Section 3 presents the proposed
NULA design strategy for MIMO radar, based on a constraint on the maximum outlier
probability. Section 4 provides an example of an application of the proposed design
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strategy, considering practical technological constraints such as minimum array inter-
element spacings or installation tolerance. Lastly, Section 5 draws our concluding remarks.

2. Array Signal Model and MSE Prediction

Consider the system geometry depicted in Figure 1, showing a NULA with N elements
aligned along the x-axis. Let dn denote the position of the n-th element. Without loss of
generality, we assume that the leftmost element is at the origin of the axis, so that the array
geometry is described by the vector z = [d0, d1, . . . , dN−1] collecting the positions of the
array elements. Here, we assumed that the two-way phase center of the array element at
the origin of the axis is the phase reference.

 
Figure 1. Array geometry and operative scenario.

We consider a target T located within the surveilled area at an angle θT relative to
the array boresight. Our signal model focuses on an isolated target, assuming it has been
resolved within a specific range resolution cell. The array comprises M ≤ N transmitting
elements, each emitting a waveform denoted as sm[k]. The signal contribution at the n-th
antenna after matched filtering to the m-th waveform and at the target range bin can be
expressed as:

xm,n = Am,ne−j2π
dTX

m
λ uT e−j2π dn

λ uT +
M−1

∑
i=0,i �=m

Ai,nρm, ie
−j2π

dTX
i
λ uT e−j2π dn

λ uT + wm, n, (1)

where

• Am,n represents the complex target signal amplitude after range compression;
• λ is the signal wavelength;
• uT � sinθT is the target DoA;
• {

dTX
m , m = 0, . . . M − 1

}
is a subset of {dn, n = 0, · · · , N − 1};

• ρm,n is the complex amplitude of the cross-correlation interference, which models the
leakage from the i-th transmitted waveform into the m-th processed channel.

• wm,n is a complex-valued sequence representing the thermal noise contribution at the
n-th receiving element;
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However, for LFM waveforms with a high time-bandwidth product, such as those
typically used in radar, the energy of the cross-talk term is significantly lower than the peak
energy of the auto-correlation term. For this reason, its effect can be reasonably modeled as
a small degradation of the effective SNR. Therefore, the theoretical derivations are obtained
assuming perfect orthogonality, but the impact of this non-ideal behavior will be considered
in simulated examples later in the paper.

To obtain an estimate ûT of the target DoA uT , we resort to the ML estimation technique.
A block diagram of the fundamental processing scheme considered in this paper is shown in
Figure 2. Specifically, the received signals at different antennas are first range-compressed
via matched filtering, which involves multiplying the received signal spectrum Xn[p] by the
complex conjugate of the spectrum of each transmitted signal, Sm[p]. This is performed by
the block named “MF and TX separation”, which is exploded in its details only for channel
k = 1 for compactness. This operation enables both target range estimation and separation
of the contributions from each transmitter at each receiver. For simplicity, in Figure 2, the
range compression process is represented assuming that M = 3 transmitters are present. In
cases with M = 1 or M = 2 transmitters, the processing scheme is simplified accordingly.

Figure 2. Block diagram of the MIMO processing scheme.

To carry out a fair comparison of SIMO and MIMO, we assume that the total trans-
mitted power is the same for every setup. Therefore, with M transmitters, the amplitudes
Am,n are scaled by

√
M, to account for the power distribution across the array.

Following the processing scheme in Figure 2, each range-compressed sequence ym,n[k]
undergoes a beamforming stage, where the transmit and receive phase shifts are compen-
sated to estimate the target DoA. To this end, Equation (1) can be conveniently rewritten in
vector notation as follows:

x = A � s(uT) + w, (2)

where

• x = [x1,1, . . . , x1,N , x2,1, . . . x2,N , . . . xM,1 . . . , xM,N ]
T is a column vector of size (NM × 1),

collecting the signal contributions xm,n;
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• A = [A1,1, . . . , A1,N , A2,1, . . . A2,N , . . . AM,1 . . . , AM,N ]
T is a column vector of size

(NM × 1), collecting the complex amplitudes Am,n;

• s(θT) is a steering vector of size (NM × 1), collecting the phase shifts e−j2π
dTX

m +dn
λ uT

due to the two-way path;
• w = CN

(
0, σ2

n
)

is a column vector of size (NM × 1), collecting the MN thermal noise
samples, drawn from a complex Gaussian distribution with zero mean and σ2

n ;
• � denotes the elementwise Hadamard product.

Based on this signal model, we can define an ideal likelihood function for our ML
estimator as in [11]:

V(u) =
∣∣∣sH(u)x

∣∣∣2, (3)

Here, sH(u) represents the steering vector corresponding to the generic search direc-
tion u = sinθ. Assuming the target is within a specific angular region of interest, denoted
as UMAX = [−umax, umax], the ML estimator is given by:

ûT = max
u∈UMAX

{V(u)}, (4)

A theoretical performance prediction for the MSE of the ML estimator has been
derived in [16], and it is briefly recalled here for the reader convenience. This performance
prediction is based on the hypothesis that the MSE contribution can be decomposed in the
sum two main terms:

• A small error contribution, due to distortions on the likelihood function main lobe
caused by thermal noise;

• A large error contribution due to the presence of the outliers, namely DoA estimates
located well outside the main lobe peak on the likelihood function, around the an-
gles, um, m = 1, . . . , M where it has its sidelobes’. These errors are still caused by
the presence of thermal noise that occasionally makes them appear higher than the
mainlobe peak.

Specifically, the MSE prediction ζ(SNR, d1, d2, uT) is decomposed in [16] as:

ζ(SNR, d1, d2, uT) � E
[
(ûT − uT)

2
]
≈
[

1 −
M

∑
m=1

Pm

]
·CRB +

M

∑
m=1

(um − uT)
2Pm, (5)

where

• M represents the number of sidelobe peaks in the angular sector of interest UMAX ;
• Pm = Pm(SNR, d1, d2, uT) represents the mth pairwise error probability, i.e., the prob-

ability that the mth sidelobe peak is higher than the main lobe peak;
• um is the m-th sidelobe peak location;
• CRB is the Cramer–Rao lower bound, representing the MSE achieved when the

contribution due to outliers is negligible.

For this approximation to be tight, the union bound limit must apply [25,30], meaning
that the probability of two side peaks simultaneously being higher than the main lobe peak
must be negligible. Clearly, this depends on both the input SNR and the likelihood func-
tion’s side peaks amplitudes, which in turn depend on the array geometry. In practice, for
a given array geometry, there is a specific SNR value above which the MSE approximation
is tight.

This SNR value also determines the lower limit of the so-called threshold region [16],
where the probability of outliers is non-negligible, and the achieved MSE deviates from the
CRB. When the input SNR is high enough, the probability of outliers becomes negligible,
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making the CRB a good approximation of the MSE. Since in this case the asymptotic
performance is reached, this SNR region is referred to as the asymptotic region in [16].
Lastly, when the SNR is too low, the union bound approximation is no longer valid,
meaning that there is a non-negligible probability of multiple side peaks being higher than
the main lobe peak. Under this condition, the DoA can no longer be estimated, so this SNR
region is referred to as the no-information region in [16]. A qualitative overview of the
three regions described is shown in Figure 3.

 

Figure 3. Qualitative behavior of the mean square error (MSE) vs. signal-to-noise power ratio (SNR).

The goal of this paper is to control the probability of outliers in the estimates obtained
by the MIMO radar by optimizing the design of the three-element array. Specifically, we
aim to jointly optimize the positions of both the transmitting/receiving elements and the
receiving-only elements, enabling the design of MIMO NULA configurations, which are
robust to outliers, not only in the asymptotic region, but also for SNR values within the
threshold region. To this end, in the next section we constrain the maximum value for the
MIMO pairwise error probabilities Pm in Equation (5), aiming to reduce the contribution of
outlier estimates to the global MSE.

3. Admissible Pairwise Probability Region

In this section, we carry out the analytical derivations required to design outlier-
robust NULA configurations, tailored for MIMO radar systems. From Equation (5), we
note that the m-th pairwise error probability Pm acts as a scaling factor for the large error
contributions (um − uT)

2 that cause the MSE to deviate from the CRB. Therefore, in the
following we will call outlier-robust array configurations all those NULAs which satisfy
a desired constraint on the maximum pairwise error probabilities Pm. Based on [16], the
mathematical expression for the m-th pairwise error probability is:

Pm = Q(a, b)− 1
2

e−
SNR

2 I0

(
SNR

2

√
L(u)

MN

)
, (6)

7
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where

• I0 denotes the modified Bessel function of the first kind and order zero;
• SNR is the signal-to-noise power ratio, directly related to the complex baseband a

target amplitude, i.e., SNR = A2;
• Q(a, b) denotes the Marcum Q function of the two arguments

a �
√

SNR
2 M

(
1 −

√
1 − L(u)

M2 N2

)
,

b �
√

SNR
2 M

(
1 +

√
1 − L(u)

M2 N2

)
,

(7)

and
L(u) =

∣∣∣sH(u)s(uT)
∣∣∣2 (8)

is the normalized noiseless likelihood function that depends only on the array geometry
and achieves the maximum value of MN when u = uT .

The first step of the design strategy is to impose a constraint on the maximum value
of Pm, namely:

Pm ≤ Pmax, ∀m = 1, . . . , M. (9)

From Equation (6), we note that Pm only depends on the array geometry, by means of
the noiseless likelihood function, and has a monotonic behavior with the operational SNR,
which determines how much this noiseless likelihood function gets distorted. Therefore, for
a fixed SNR value, the constraint on the maximum admissible Pm value can be converted
into a constraint on the maximum admissible value for the m-th sidelobe peak of the
normalized likelihood, namely L(um) ≤ Lmax, where the maximum admissible value Lmax

can be univocally determined by inverting Equation (6) for a given SNR value.
The problem then becomes to identify all the array configurations with M transmit

elements and N receive elements that satisfy the constraint L(um) ≤ Lmax. To this end, we
define the angles

φk � 2π
dk
λ
(u − uT), (10)

and express L(u) for the generic N and M as:

L(u) =

∣∣∣∣∣M−1

∑
m=0

N−1

∑
n=0

ej2π
dTX

m +dn
λ (u−uT)

∣∣∣∣∣
2

= ΨM

(
φTX

0 , · · · , φTX
M−1

)
· ΨN(φ0, · · · , φN−1), (11)

where for the generic number of elements K:

ΨK(φ0, · · · , φK−1) =

∣∣∣∣∣K−1

∑
k=0

ejφk

∣∣∣∣∣
2

(12)

In the following, taking the phase reference in the most left-side element n = 0, it is
assumed for simplicity φ0 = 0, so that φ0 is not listed among the variables of the functions
ΨN and ΨM.

As is apparent, we successfully decoupled the contributions of the phase shifts due
to the transmitter-to-target path, encapsulated in ΨM

(
φTX

0 , · · · , φTX
M−1

)
, from those due to

the target-to-receiver path, encapsulated in ΨN(φ0, · · · , φN−1). Based on Equation (11), we
can derive the outlier-robust NULA design strategy for MIMO radar configurations. In the
following subsections, three different setups are considered:

• A 3 × 3 MIMO setup with three trans-receiving array elements;
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• A 2 × 3 MIMO setup with two trans-receiving array elements, and a third receiving-
only element;

• A SIMO setup with a single trans-receiving element and two receiving-only elements.

3.1. 3 × 3 MIMO with Three Trans-Receiving Array Elements

Based on Equation (11), in the 3 × 3 MIMO setup, N = M = 3, dTX
m = dm, m =

0, · · · , M − 1, and the transmission functional is identical to the reception functional, so
that the constraint L(u) ≤ Lmax becomes:

L(φ1, φ2) =
∣∣∣1 + ejφ1 + ejφ2

∣∣∣4 (13)

We notice that this functional has a large number of symmetries among its angles,
among which:

L(φ1, φ2) = L(φ2, φ1) = L(φ2 − φ1, φ2) = L(φ1 − φ2,−φ2) = L(−φ1, φ2 − φ1) = L(φ1, φ1 − φ2) (14)

By defining a 45◦ rotated axis system as:{
x = φ2−φ1

2
y = φ1+φ2

2
,

{
φ1 = y − x
φ2 = y + x

(15)

and following the derivations in Appendix A, we obtain the following mathematical
representation of the set of points identified by cutting the normalized likelihood function
at the value Lmax in the (φ1, φ2) plane.⎧⎨⎩φ1 = ±acos

[√
Lmax−1
4cosx − cosx

]
+ 2πh − x

φ2 = ±acos
[√

Lmax−1
4cosx − cosx

]
+ 2πk + x

, (16)

with the constraint

−acos
(−1 + 4

√
Lmax

2

)
< x ≤ acos

(−1 + 4
√

Lmax

2

)
. (17)

A contour plot of the likelihood function for the 3 × 3 MIMO case is shown in
Figure 4d.

  
(a) SIMO (b) 2 × 3 MIMO with adjacent transmi ers 

Figure 4. Cont.

9
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(c) 2 × 3 MIMO with transmi ers at the edges (d) 3 × 3 MIMO 

Figure 4. Contour plot of the noiseless normalized likelihood function L(φ1, φ2): (a) SIMO; (b) 2 × 3
MIMO with adjacent transmitters; (c) 2 × 3 MIMO with external transmitters; (d) 3 × 3 MIMO.

3.2. 2 × 3 MIMO with Two Trans-Receiving Array Elements

The 2 × 3 MIMO case can be divided into three subcases, where the single receiving-
only element is positioned alternately at the leftmost, rightmost, or central position. To
mathematically represent the constraint L(u) ≤ Lmax in the (φ1, φ2) plane when only two of
the array elements are equipped with a transmitter, we conveniently set the phase reference
at the receiving-only element, as this simplifies the derivation. The three subcases of the
2 × 3 MIMO configuration can be readily obtained from one another through a simple
coordinate transformation in the (φ1, φ2) plane.

By setting M = 2, dTX
0 = d1, dTX

1 = d2, and taking the phase reference at the receiving-
only element the transmission functional for the 2 × 3 MIMO case is given by:

Ψ2

(
φTX

0 , φTX
1

)
= Ψ2(φ1, φ2) =

∣∣∣ejφ1 + ejφ2
∣∣∣2, (18)

while the reception functional is the same as in the 3 × 3 MIMO case. Therefore, we obtain:

L(u) = Ψ2

(
φTX

0 , φTX
1

)
·Ψ3(φ1, φ2) =

∣∣∣ejφ1 + ejφ2
∣∣∣2∣∣∣1 + ejφ1 + ejφ2

∣∣∣2 ≤ Lmax. (19)

The derivation details are provided in Appendix B, while here we only report the
expressions to mathematically characterize the set of points in (φ1, φ2), identified by cutting
the normalized likelihood function at Lmax:⎧⎪⎪⎪⎨⎪⎪⎪⎩

φ1 = ±acos
[ Lmax

4cos2x
−1

4cosx − cosx
]
+ 2πh − x

φ2 = ±acos
[ Lmax

4cos2x
−1

4cosx − cosx
]
+ 2πk + x

, (20)

with

−acos

(
−1 −

√
1 + 4

√
Lmax

4

)
< x ≤ acos

(
−1 −

√
1 + 4

√
Lmax

4

)
, (21)

Finally, we describe how to transition between different 2 × 3 MIMO configurations.
For the 2 × 3 MIMO case with the receiving-only antenna at the rightmost array

element, using M = 2, dTX
0 = d0, dTX

1 = d1 in Equation (12) yields:

Ψ2

(
φTX

0 , φTX
1

)
= Ψ2(φ1) =

∣∣∣1 + ejφ1
∣∣∣2, (22)

10
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while the reception functional is the same as in the square root of the 3 × 3 MIMO case.
Therefore, we obtain:

L(u) = Ψ2

(
φTX

0 , φTX
1

)
·Ψ3(φ1, φ2) =

∣∣∣1 + ejφ1
∣∣∣2∣∣∣1 + ejφ1 + ejφ2

∣∣∣2 ≤ Lmax. (23)

It is easy to notice that the configuration is perfectly symmetric to the previous one.
Therefore, the resulting coordinate transformation is straightforward. Specifically, by
defining φ′

1 � φ2 − φ1, φ′
2 � φ2, we can transform the TX functional in the TX functional

of the previous case, while the RX functional remains unchanged thanks to its symmetry
properties listed above.

Based on this coordinate transformation, we can reuse Equations (20) and (21) to
describe the set of points in the (φ1, φ2) plane that correspond to the normalized likelihood
function being cut at Lmax in the 2 × 3 MIMO case with a receiving-only antenna at the
rightmost element.

Similarly, for the 2 × 3 MIMO case where the external elements of the array are
used as transmitters and the receiving-only element is at the center, using M = 2,
dTX

0 = d0, dTX
1 = d2 in Equation (12) yields:

Ψ2

(
φTX

0 , φTX
1

)
= Ψ2(φ1) =

∣∣∣1 + ejφ1
∣∣∣2, (24)

while the reception functional is the same as in the square root of the 3 × 3 MIMO case.
Therefore, we obtain:

L(u) = Ψ2

(
φTX

0 , φTX
1

)
·Ψ3(φ1, φ2) =

∣∣∣1 + ejφ2
∣∣∣2∣∣∣1 + ejφ1 + ejφ2

∣∣∣2 ≤ Lmax. (25)

Although this case has no direct relationship with the previous ones, we notice that
it can be obtained from the first one by defining φ

′′
1 � φ2 − φ1, φ

′′
2 � −φ1, which again

transforms Equation (24) in the TX functional of the first case, while the RX functional
remains unchanged thanks to its symmetry properties listed above. Contour plots of the
likelihood function in the 2 × 3 MIMO cases are shown in Figure 4b,c. Specifically, in
Figure 4b, we assume adjacent transmitters, with the receiving-only antenna located at
the leftmost array element. The symmetric case is not included, as the likelihood function
appears identical. Furthermore, Figure 4d shows the likelihood function contour plot
obtained in the 2 × 3 MIMO case with transmitters located at the edges of the array.

3.3. SIMO with a Single Trans-Receiving Array Elements

Finally, we briefly describe how the mathematical formulation of the constraint
L(u) < Lmax changes in the SIMO case. A detailed derivation along these lines is pro-
vided in our previous work [29]. Specifically, when only a single transmitter is present
(M = 1), and if the transmitter corresponds to the leftmost array element, M = 1, dTX

0 = d0,
the transmission functional ΨM(φm) simplifies to:

Ψ1(φ0) =
∣∣∣ejφ0

∣∣∣2 = Ψ1 = 1. (26)

Therefore, in the SIMO case the normalized likelihood function only depends on the
reception functional ΨN(φn):

L(u) = ΨN(φn) =
∣∣∣1 + ejφ1 + ejφ2

∣∣∣2 ≤ Lmax. (27)

Here, the normalized likelihood function is equal to the square root of the one in
Equation (13), obtained in the 3 × 3 MIMO case. Therefore, the mathematical representation

11
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of the set of points identified by cutting the normalized likelihood function at Lmax is
obtained from that of the SIMO case by substituting

√
Lmax with Lmax:⎧⎪⎨⎪⎩

φ1 = ±acos
[

Lmax−1
4cosx − cosx

]
+ 2πh − x

φ2 = ±acos
[

Lmax−1
4cosx − cosx

]
+ 2πk + x

, (28)

with

−acos
(−1 +

√
Lmax

2

)
< x ≤ acos

(−1 +
√

Lmax

2

)
. (29)

Figure 4d shows the likelihood function contour plot obtained in the SIMO case.
By comparing the contour plots in Figure 4, we note that the different likelihood

functions obtained for the considered MIMO cases appear distorted compared to the one
for SIMO. This is since the dependency of the ΨM(φ1, φ2) functional on φ1 and φ2 changes
depending on the transmitter positioning. Notably, the 3 × 3 MIMO (Figure 4d) has the
same shape as the one for the SIMO (Figure 4a), since in this case the transmission and
reception functionals are the equal, so that the 3 × 3 MIMO likelihood function is simply
the square of the SIMO likelihood function.

3.4. From the Likelihood Function Contours to the Admissible Region

After describing the likelihood functions for all the MIMO design case studies, we
need to convert the derived mathematical representations into suitable admissible regions
in the inter-element distance plane. This can be done by following a simple procedure,
similar to the one in [29]. Particularly, Equation (10) allows us to map the quantities φ1 and
φ2 into inter-element distances. This requires knowing the maximum range of variation of
(u − uT), which depends on the extremes of the surveilled angular sector Umax. Specifically,
we have:

−umax ≤ u − uT ≤ umax. (30)

The value of umax acts as a scale factor for the axes, allowing us to rewrite φ1 and φ2 in
terms of the two inter-element distances:

dk
λ

=
φk
2π

· 1
umax

. (31)

After this scaling, the mathematical representation of the set of points identified by
the cut of the normalized likelihood function at the value Lmax can be used to obtain
an admissible pairwise probability (APP) region in the plane of inter-element distances
including all the array configurations satisfying the constraint L(um) < Lmax.

The example in Figure 5 allows us to better clarify the procedure to obtain the
APP region.

We note that the locus of points corresponding to the array beampattern of a specific
3-element array z =

[
0, d1, αd1

]
can be represented on the (φ1, φ2) plane as a linear segment

NP, as shown in Figure 5. The length of the segment is related to the total length of the array
z, while its slope α is determined based on the relationship between the two inter-element
distances d1 and d2. Specifically, based on Equation (10), we have:

α � φ2
φ1

=
d2

d1
, (32)

so that, for instance, all ULA configurations correspond to segments that lie on the
line with slope α = 2, since for every three-element ULA we have d2 = 2d1.

12
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Figure 5. Likelihood function L(φ1, φ2) cut at Lmax. The linear segment NP with slope α represents

the beampattern of a specific 3-element array z =
[
0, d1, αd1

]
.

For a fixed value Lmax, for increasing values of φ1, the first intersection with L(φ1, φ2)

along the slope α represents a specific solution
(
φ1, φ2

)
of the equation

L(φ1, φ2) = Lmax. (33)

For values of φ1 greater than φ1 along the slope α, the constraint L(φ1, φ2) ≤ Lmax is
violated. This is visible in Figure 5, where the beampattern of the array z is shown as a
function of φ1.

Based on the considerations made in Figure 5, the APP region can be obtained by
following the procedure outlined in [29], and recalled here:

I. Inside the set of all possible slopes A = [1,+∞], determine the subset of slopes α

blocked by the first-order replica of L(φ1, φ2), i.e., (k, h) = (0, 1). Notice that all the
replicas (k, h) = (0, h) are blocked by replica (0,1), so they will be ignored in the
following.

II. Update the set of the non-blocked slopes A after step I.

13
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III. Inside the set A, determine the subset of slopes α blocked by the next higher-order
replica of L(φ1, φ2), i.e., (k, h) = (1, 1). Notice that the replicas (k, h) = (h, h) are
blocked by replica (1,1), so they will be ignored in the following.

IV. Update the set of the non-blocked slopes A after step III.
V. Inside the set A, determine the subset of slopes α blocked by higher-order replicas of

L(φ1, φ2).
VI. Update the set of the non-blocked slopes A after step V.
VII. Repeat steps V and VI until the set A is empty.

The presented procedure could be extended to N = 4 antenna elements, by operating
in a 3D space, where the contours are replaced by surfaces. While the extension is feasible,
the analytical derivation would make the description cumbersome. Therefore, we avoid an
explicit illustration of this case and leave it to the interested reader.

Using this procedure, the likelihood function contours in Figure 4 can be easily con-
verted into equivalent APP regions, containing all the array configurations that satisfy
the constraint Pm ≤ Pmax. Figure 6a–d show the admissible regions obtained from the
likelihoods in Figure 4, in the 2D domain (d1, d2 − d1) of the two inter-element distances,
assuming SNR = 15 dB, Pmax = 1 · 10−3, and Umax = [−60◦, 60◦], along with the like-
lihood function cut at Lmax. As expected, the APP region appears symmetrical in this
domain when using the 3 × 3 MIMO configuration, the 3 × 1 SIMO configuration and the
3 × 2 MIMO with the external transmitting elements. This is clearly not the case for the
3 × 2 MIMO configurations with adjacent transmitting elements, because the transmitters
insisting only on one of the two baselines makes the behavior unsymmetric.

  
(a) SIMO (b) 2 × 3 MIMO with adjacent transmi ers 

  
(c) 2 × 3 MIMO with external transmi ers (d) 3 × 3 MIMO 

Figure 6. Admissible regions obtained assuming SNR = 15 dB, Pmax = 1 · 10−3, Umax = [−60◦, 60◦].
(a) SIMO; (b) 2 × 3 MIMO with adjacent transmitting elements (the transpose applies when using
elements 1 and 2 as TX instead of elements 0 and 1); (c) 2 × 3 MIMO with external transmitting
elements; (d) 3 × 3 MIMO.
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In conclusion, in this section, we derived the mathematical expression to identify an
APP region in the plane of the two inter-element distances for each MIMO case considered.
The derived APP region contains all the NULA configurations that satisfy the constraint
imposed on the pairwise error probabilities, allowing us to design outlier-robust three-
element NULA configurations based on the design parameters, namely the operational
SNR, the maximum pairwise error probability, and the angular sector of interest. An
example of application of the proposed strategy is shown in the next section, where we
compare the DoA estimation accuracy and the robustness to outliers of different NULA
configurations resulting from the proposed design strategy.

4. A Design Case Study of the Proposed Strategy

In this section, we show an application example of the design strategy introduced in
the previous section, and we compare different NULA designs considering both SIMO
and MIMO operation. Particularly, we assume the same design parameters used in the
previous section, namely SNR = 15 dB, Pmax = 1 · 10−3, and Umax = [−60◦, 60◦]. We
further assume transmitting narrowband orthogonal signals in the Wi-Fi bandwidth, with
a carrier frequency of f0 = 2.4 GHz, corresponding to a wavelength of λ ≈ 0.125 m.

Before proceeding with the design, we note that the results in this section also relax
the assumption of perfect waveform orthogonality. Specifically, while the theoretical MSE
curves are obtained using the theoretical prediction derived in [16] and reported in Equation
(5), they are compared with Monte Carlo simulation results. For these simulations, we
considered a set of quasi-orthogonal LFM waveforms (up-chirp, down-chirp, and V-chirp),
each with a time-bandwidth product of 200 (B = 20 MHz, T = 10μs). This allows us to
demonstrate that the non-perfect orthogonality between waveforms does not significantly
alter the validity of our theoretical analysis. Specifically, due to the high compression gain,
the energy of the residual cross-talk after range compression is negligible compared to the
main auto-correlation peak.

Similar to [29], the proposed design strategy is particularly flexible, as the identi-
fied APP region eventually allows the designer to account for additional technological
constraints that may emerge during the design phase. Particularly, in this section, the
APP regions resulting from the design procedure are further adjusted to account for
two additional technological constraints:

• Minimum inter-element distance: To account for the physical size of the antennas
(assumed to be 14 cm), we enforce a minimum inter-element distance of l ≈ 1.12λ. This
constraint, which excludes the blue area in Figure 7 from the APP region, carries the
important secondary benefit of mitigating mutual coupling, since the electromagnetic
interaction between elements is significantly reduced at large element separations.

• Mounting tolerance: Since the antennas cannot be positioned with infinite preci-
sion, we assume a mounting tolerance of 1.5 mm in each direction, corresponding
to δ = 0.012λ in wavelength units. This requires excluding from the APP region the
areas close to the region border (i.e., the red region in Figure 7).

These two constraints modify the admissible regions in Figure 6 as shown in Figure 7.
The following observations are in order:

• As shown in Figure 6a, the SIMO configuration already achieved the smallest APP
region compared to MIMO setups (in Figure 6b–d). Therefore, the additional techno-
logical constraints in this case severely limit the set of admissible NULA configurations,
as the residual APP region (Figure 7a) becomes extremely small, leaving very little to
no flexibility in the array design choice.

• By bringing the available two-way phase centers closer together, the MIMO 2 × 3 with
adjacent transmitters prioritizes outlier robustness. This results in a larger APP region
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even after technological constraints (Figure 7b), providing significant flexibility and
greater design freedom compared to SIMO.

• In contrast, the MIMO 2 × 3 with transmitters at the edges of the array (Figure 7c)
increases the overall separation between the array two-way phase centers, resulting in
a narrower main lobe in the likelihood function. This leads to improved performance
in the high SNR conditions, prioritizing asymptotic estimation accuracy over outlier
robustness. Therefore, the resulting APP region is very similar to the one obtained in
the SIMO case.

• Finally, the MIMO 3 × 3 (Figure 7d) benefits from the use of three transmitters,
providing more balanced performance. Since the available power now is equally split
among nine different two-way phase centers, we can benefit from both improved
asymptotic estimation accuracy and enhanced robustness to outliers, resulting in the
largest admissible region.

  
(a) SIMO (b) 2 × 3 MIMO with adjacent transmi ers 

(c) 2 × 3 MIMO with external transmi ers (d) 3 × 3 MIMO 

Figure 7. Admissible regions obtained assuming SNR = 15 dB, Pmax = 1 · 10−3, Umax = [−60◦, 60◦],
and considering additional technological constraints (antenna size: 14 cm, mounting tolerance: 1 cm).
(a) SIMO; (b) 2 × 3 MIMO with adjacent transmitters; (c) 2 × 3 MIMO with transmitters at the edges;
(d) 3 × 3 MIMO.

Based on the above observations, we conduct two different types of comparisons
between the different SIMO and MIMO configurations:

1. Comparison with a fixed array configuration: We analyze the performance of the
NULA z1 = [0 1.16 2.77]λ (‘♦’ marker), which is admissible in all SIMO/MIMO
APP regions.
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2. Comparison with a fixed maximum pairwise error probability: We compare the
performance of z1 = [0 1.16 2.77]λ (‘♦’ marker) for the SIMO and the 2 × 3 MIMO
configuration with transmitters at the edges, z2 = [0 2.20 3.91]λ (‘�’ marker) for the
2 × 3 MIMO with adjacent transmitters, and z3 = [0 1.76 3.98]λ (‘Δ’ marker) for the
3 × 3 MIMO. All configurations ensure a maximum pairwise error probability of
approximately Pmax ≈ 0.6 · 10−3.

The first comparison highlights two key advantages of MIMO: (i) the ability to control
outlier probability and (ii) the improved asymptotic performance of MIMO configurations
compared to SIMO, which results from an increase in the total effective array length.
Specifically, Figure 8a shows the MSE of the different setups, averaged within the Umax

sector, as a function of SNR, while Figure 8c shows the probability of outlier and the
maximum pairwise error probability as a function of the SNR. The following observations
are in order:

• When the SNR is within the threshold region, the MSE obtained with array z1 pro-
gressively improves from SIMO to MIMO. Specifically, the 3 × 3 MIMO achieves
the lowest MSE. Instead, the MSE of the 2 × 3 MIMO configuration with external
transmitters is relatively close to the SIMO, since the probability of an outlier is still
significant at this SNR value. This is also clearly visible from the red curve Figure 8c.

• As the SNR increases and the performance gets closer to the asymptotic region, the
impact of outliers on the MSE becomes negligible (see Figure 8d). As a result, the
asymptotic term in Equation (6) becomes the dominating MSE contribution. Therefore,
for high SNR values, e.g., at SNR = 20 dB where all four array configurations achieve
asymptotic MSE performance, the 2 × 3 MIMO configuration with external trans-
mitters outperforms all other setups, since it yields the lowest CRB. Conversely, as
the CRB of the 2 × 3 MIMO with adjacent transmitters is only marginally better than
that of SIMO, for high SNR values the green MSE curve representing the 2 × 3 MIMO
setup with adjacent transmitters gets closer to the SIMO performance. Finally, the
3 × 3 MIMO configuration provides a more balanced performance, as it distributes
the available transmit power across nine different phase centers.

• As discussed at the beginning of this section, the markers (‘×’) in Figure 8 denote
Monte Carlo simulation results obtained using quasi-orthogonal LFM waveforms.
Given the high compression gain of these waveforms, the slight residual cross-talk
is negligible. As a result, the simulated points show excellent consistency with the
theoretical predictions, which assume perfect orthogonality. This further confirms the
effectiveness of the proposed model and approach.

Overall, the proposed array design ensures high estimation accuracy for SNR val-
ues equal to or greater than the design SNR, maintaining an estimation accuracy close
to the CRB.

To complement this analysis, we conduct an additional comparison at a fixed-pairwise
error probability. Specifically, the potential of the 2 × 3 MIMO with adjacent transmitters
and the 3 × 3 MIMO setups is not fully exploited. Although we ensured a maximum
pairwise error probability of 10−3 at a design SNR of 15 dB, using array z1, in these
two cases, results in a much lower actual pairwise error probability, namely 5.4 · 10−6 for
the 2 × 3 MIMO with adjacent transmitter, and 5.2 · 10−6 for the 3 × 3 MIMO. This explains
the superior performance of these two configurations at the design SNR. However, the
constraint was overfulfilled, meaning that with z1, these setups are already very close
to their CRB. Based on this analysis, we conduct a second comparison, assuming a fixed
outlier probability, thus selecting a different array from the APP region in each case to
ensure the same maximum pairwise error probability. Specifically:

17



Sensors 2025, 25, 5062

• For SIMO and 2 × 3 MIMO with transmitters at the edges, we keep the array configu-
ration z1 (one of the few arrays in the APP region for these cases), which achieves a
maximum pairwise error probability of about 0.6 · 10−3.

• For 2 × 3 MIMO with adjacent transmitters, we use array z2 = [0 2.20 3.91]λ.
• For 3 × 3 MIMO, we use array z3 = [0 1.76 3.98]λ.

  

  

Figure 8. DoA estimation MSE and maximum pairwise error probability as a function of the
SNR. The comparisons are performed (a,c) assuming the same array configuration z1, achieving
different maximum pairwise error probabilities for different SIMO/MIMO configurations, and
(b,d) assuming different array configurations achieving the same maximum pairwise error probabil-
ity, Pmax ≈ 0.6 · 10−3.

Both z2 and z3 still achieve Pmax ≈ 0.6 · 10−3, bringing them much closer to the
constraint Pmax ≤ 10−3.

Figure 8b shows the MSE of the different array configurations, averaged within the
Umax sector, as a function of SNR, while Figure 8d shows the probability of outlier and the
maximum pairwise error probability as a function of the SNR. The following observations
are in order:

• At the design SNR, all MSE values deviate from their respective CRBs. In such
conditions, the 3 × 3 MIMO achieves the best performance due to its lower CRB, while
the SIMO exhibits the highest MSE.

• Unlike in Figure 8a, in this case, the threshold region starts at approximately the same
SNR for all configurations. Once asymptotic performance is reached, the 3 × 3 MIMO
clearly outperforms the 2 × 3 MIMO, which in turn outperforms the SIMO. This
improvement is due to the greater design flexibility provided by MIMO configurations
compared to SIMO, which allows increasing the global array length, thus achieving a
lower CRB.

• As observed in the fixed-array case study, the close correspondence between the
theoretical predictions (assuming perfect orthogonality) and the simulation results
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(based on quasi-orthogonal LFM waveforms) again demonstrates the robustness of our
design approach against small residual cross-talk between the transmitted waveforms.

Overall, the analysis carried out in Figure 8 highlights the twofold advantage of MIMO
operation. On one hand, MIMO operation allows increasing the global array length, as
it allows us to operate with an effective array with MN elements. In addition to this
trivial benefit, MIMO also offers greater design flexibility, allowing us to design more
challenging NULA configurations with higher global lengths. The compound effects
of these two factors become evident when comparing performance under fixed-array
conditions versus fixed maximum pairwise error probability, demonstrating both the
structural and design benefits of MIMO in DoA estimation.

Incidentally, we observe that the sparse nature of the designed arrays may impose a
lower bound on the operational range due to far-field assumptions. For instance, it is easy
to verify that the longest baseline considered (i.e., D = 3.98λ for array z3) corresponds to a
Fraunhofer distance of approximately 4 m at fc = 2.4 GHz. This makes this array design
best-suited for medium-to-long-range applications, where targets of interest are located at
ranges from tens of meters to kilometers. For scenarios requiring operation at very short
ranges, the designer could simply add a geometric constraint to the APP region to exclude
arrays with excessively large apertures.

To conclude the analysis, in Table 1, we report the average MSEs achieved by different
configurations in the fixed-array and fixed-pairwise error probability comparisons.

Table 1. MSEs averaged within Umax (in square radians).

Comparison SNR SIMO
2 × 3 MIMO
Adjacent TX

2 × 3 MIMO
External TX

3 × 3 MIMO

Fixed array
15 dB 6.6 · 10−4 1.4 · 10−4 5.4 · 10−4 0.9 · 10−4

20 dB 0.6 · 10−4 0.4 · 10−4 0.2 · 10−4 0.3 · 10−4

Fixed pairwise
15 dB 6.6 · 10−4 3.0 · 10−4 5.4 · 10−4 0.3 · 10−4

20 dB 0.6 · 10−4 0.2 · 10−4 0.2 · 10−4 0.1 · 10−4

From the table, it is evident that the MSE decreases significantly when MIMO oper-
ational modes are used, both at SNR = 15 dB and SNR = 20 dB. To better illustrate the
performance improvement of different MIMO configurations relative to SIMO, Table 2
reports the ratio between the average MSE obtained in the SIMO case and that achieved
in each MIMO setup, quantifying the efficiency gains provided by MIMO in terms of
estimation accuracy.

Table 2. Ratio between MSEs averaged within Umax between SIMO and MIMO.

Comparison SNR SIMO
2 × 3 MIMO
Adjacent TX

2 × 3 MIMO
Edge TX

3 × 3 MIMO

Fixed array
15 dB 1 4.6 1.2 7.3
20 dB 1 1.3 2.5 2.0

Fixed pairwise
15dB 1 2.2 1.2 2.3
20 dB 1 3.0 2.5 4.2

Table 2 clearly demonstrates the superior performance of MIMO configurations com-
pared to SIMO across all considered scenarios. Particularly:

• In the fixed-array comparison at SNR = 15 dB, the 3 × 3 MIMO setup achieves the
most significant reduction in MSE, with a performance improvement of 7.3 times over
SIMO. The 2 × 3 MIMO with adjacent transmitters outperforms the 2 × 3 MIMO
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with transmitters at the edges, achieving an MSE reduction of 4.6 times compared
to SIMO, thanks to its greater robustness to outliers. Finally, the 2 × 3 MIMO with
transmitters at the edges offers a more modest improvement of 1.2 times, which is
essentially due to its lower CRB, as the outlier probability is not different from that
achieved by the SIMO.

• At SNR = 20 dB, all the setups achieve asymptotic performance, so the performance
gap between configurations narrows, since the probability of outliers is negligible
here. In this case, MIMO remains advantageous with respect to SIMO. Particularly,
the 2 × 3 MIMO with transmitters at the edges achieves the highest improvement,
showing an MSE 2.5 times lower than that achieved using SIMO.

• In the fixed-pairwise error probability comparison, the performance improvements
in the threshold region, namely at SNR = 15 dB, are more similar across the different
MIMO setups, since the arrays have been chosen to guarantee a similar probability of
outliers across the different setups.

• At SNR = 20 dB, however, the performance improvement increases compared to
the fixed-array comparison, since the MIMO setup allowed choosing longer NULA
designs. Particularly, the 3 × 3 MIMO significantly outperforms the other config-
urations, with an MSE improvement factor of 4.2 compared to SIMO, followed by
the 2 × 3 MIMO with adjacent transmitters (3.0) and the 2 × 3 MIMO with edge
transmitters (2.5).

Overall, these results confirm the dual advantage of MIMO operation. First, MIMO en-
ables an increase in the number of equivalent phase centers, leading to enhanced asymptotic
performance. Second, it provides greater design flexibility, improving robustness against
outliers and allowing for the implementation of NULA that would not be admissible in a
SIMO setup.

After the comparison between SIMO and MIMO setups, we now compare the pro-
posed outlier-controlled NULA design against several standard sparse array configurations.
This analysis is performed for the 3 × 3 MIMO case, and the results are shown in Figure 9.

   
(a) (b) (c) 

Figure 9. (a) APP region and sparse array designs relative positions in the inter-element distance
plane. Comparison of (b) DoA estimation MSE and (c) maximum pairwise error probability obtained
using different sparse array configurations as a function of the SNR.

The first benchmark is the three-element minimum redundancy array (MRA). As
demonstrated in [23], the only MRA with N = 3 elements is zMRA = [0, 0.5, 1.5]λ.
This configuration yields three unique baseline lengths (1, 2, and 3 in λ/2 units), thus
maximizing the asymptotic angular resolution for a given number of elements. As
shown by the ‘♦’ marker in Figure 9a, this array is considerably shorter than the array
zoutlier−controlled = [0 1.67 3.85]λ designed using our strategy (‘Δ’ marker). Furthermore,
we note that this MRA would not be admissible according to the selected minimum
inter-element distance constraint (l ≈ 1.12λ), but we include it in the comparison for a
comprehensive performance evaluation.
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The second benchmark is an ambiguity-resistant NULA designed according to the
criteria from [24]. This design strategy requires the two inter-element distances to be
coprime multiples of λ/2. Among the many possible choices, we selected the configuration
zambiguity−resistant = [0 1.5 3.5]λ (‘�’ marker), which corresponds to coprime spacings of
3 and 4 units of λ/2. Notably, this array configuration falls within our generated admissible
region and satisfies the imposed technological constraints.

Finally, we include a standard λ/2 ULA, with positions zULA = [0, 0.5, 1]λ (‘�’
marker), as a conservative baseline. This configuration also violates our minimum
distance constraint.

Figure 9b,c compare the MSE and maximum pairwise error probability for these
configurations. As expected, the short-aperture ULA and MRA achieve asymptotic per-
formance within the considered range of SNR values, exhibiting negligible outlier prob-
ability. However, their short baselines result in a relatively high CRB, which limits their
asymptotic accuracy.

In contrast, the much sparser outlier-controlled and ambiguity-resistant NULAs
achieve a significantly lower CRB, offering superior asymptotic performance. For these
arrays, the outlier probability is no longer negligible in the threshold region, but satisfies
the required constraint (Pm < Pmax = 10−3, ∀m) for SNR values larger than the design SNR
of 15 dB.

The ambiguity-resistant design is inherently robust due to its coprime nature, but its
maximum pairwise error probability is not explicitly controlled for a specific design SNR.
In contrast, our strategy predicts and constrains Pmax to remain below the design threshold
(indicated by the dashed line in Figure 9c) at the target SNR of 15 dB. This controlled
robustness, combined with its marginally longer aperture, allows our proposed design
to achieve both slightly better asymptotic accuracy and, more importantly, a significantly
lower MSE in the critical threshold region.

In conclusion, this comparison highlights the practical value of our proposed strategy.
Unlike fixed design criteria, our approach provides a flexible framework that defines an
entire region of admissible arrays based on specific design parameters (SNR and Pmax).
This allows a designer to select the optimal configuration for their application, balancing
performance trade-offs that are not captured by fixed-design arrays.

5. Conclusions

In this paper, we have extended the outlier-robust NULA design strategy introduced
in [29] from SIMO to MIMO radar applications. Specifically, we studied how the number
and positioning of transmitters impact both the design procedure and the DoA estimation
accuracy. Through theoretical analysis, we have shown that MIMO operation not only
enhances DoA estimation accuracy but also enhances array robustness to outliers. This
flexibility enables a broader degree of flexibility when designing array configurations for
AESA radar.

Moreover, we conducted a comparative analysis between the proposed MIMO-enabled
NULA configurations and established NULA designs with inter-element distances at
multiples of half wavelength. Our findings highlighted the effectiveness of our design
strategy in identifying NULA configurations that achieve higher DoA estimation accuracy.
This advantage holds even in scenarios where practical technological constraints make it
impossible to resort to conventional design solutions.

The results of our analysis show that a three-element NULA array MIMO radar can be
a viable and advantageous solution for low-cost sensors that require reliable and accurate
DoA estimation but cannot afford either arrays with a large number of elements or large
antenna apertures.
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Appendix A. 3 × 3 MIMO

As discussed in Section 3, in the 3 × 3 MIMO case, the transmission and reception func-
tionals are equal, since N = M = 3, therefore, the likelihood function L(φ1, φ2) becomes:

L(φ1, φ2) =
∣∣∣1 + ejφ1 + ejφ2

∣∣∣4 = [3 + 2cosφ1 + 2cosφ2 + 2cos(φ2 − φ1)]
2. (A1)

By using the 45◦ rotated axis system in Equation (15), we can rewrite Equation (A1) as:

L(x, y) =
[
1 + 4cosycosx + 4cos2x

]2
(A2)

By solving the equation L(x, y) = Lmax we obtain:

cosy =

√
Lmax − 1
4cosx

− cosx, (A3)

yielding:

y = ±acos
{√

Lmax − 1
4cosx

− cosx
}
+ 2πm. (A4)

To obtain valid solutions, the argument of the arccosine must be limited as follows:

−1 ≤
√

Lmax − 1
4cosx

− cosx ≤ 1. (A5)

This constraint is verified by the system of the two inequalities:⎧⎨⎩
4cos2x−4cosx+1−√

Lmax
cosx ≤ 0

4cos2x+4cosx+1−√
Lmax

4cosx ≥ 0
. (A6)

Therefore, assuming Lmax ≥ 1, the first inequality is verified when:

cosx ≤ 1 − 4
√

Lmax

2
∪ 0 ≤ cosx ≤ 1 + 4

√
Lmax

2
, (A7)

Similarly, the second inequality is verified when:

−1 + 4
√

Lmax

2
≤ cosx ≤ 0 ∪ cosx ≥ −1 − 4

√
Lmax

2
. (A8)

Calculating the union of these conditions gives:

−1 + 4
√

Lmax

2
≤ cosx ≤ 1 − 4

√
Lmax

2
∪−1 − 4

√
Lmax

2
≤ cosx ≤1 + 4

√
Lmax

2
, (A9)
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which results in:

−acos
(−1 + 4

√
Lmax

2

)
≤ x ≤ acos

(−1 + 4
√

Lmax

2

)
. (A10)

Therefore, the locus of points in the (φ1, φ2) plane corresponding to the likelihood
function cut at Lmax is obtained by applying the inverse coordinate transformation to
Equation (37) and imposing condition Equation (A10), namely:⎧⎪⎪⎨⎪⎪⎩

φ1 = ±acos
{ Lmax

4cos2x
−1

4cosx − cosx
}
+ 2πh − x

φ2 = ±acos
{ Lmax

4cos2x
−1

4cosx − cosx
}
+ 2πk + x

(A11)

within the limits of Equation (A10) for x.

Appendix B. 2 × 3 MIMO

In the 2 × 3 MIMO case, with the phase reference chosen at the receiving-only array
element, the transmission functional includes only the phase terms φ1 and φ2

Ψ2(φ1, φ2) =
∣∣∣ejφ1 + ejφ2

∣∣∣2 = 2 + 2cos(φ2 − φ1), (A12)

while the reception functional is still the square root of Equation (A1) Ψ3(φ1, φ2). Therefore,
the likelihood function L(φ1, φ2) is:

L(φ1, φ2) = 2[1 + cos(φ2 − φ1)][3 + 2cosφ1 + 2cosφ2 + 2cos(φ2 − φ1)]. (A13)

By using the 45◦ rotated axis system in Equation (15), we can rewrite Equation (A13) as:

L(x, y) = 4cos2x
(

1 + 4cosycosx + 4cos2x
)
≤ Lmax (A14)

The solution of the associated equation is:

cosy =
Lmax

4cos2x − 1
4cosx

− cosx, (A15)

which yields

y = ±acos

{ Lmax
4cos2x − 1

4cosx
− cosx

}
+ 2πm. (A16)

To obtain valid solutions, the following constraint must be imposed on the arccosine
argument:

−1 ≤
Lmax

4cos2x − 1
4cosx

− cosx ≤ 1, (A17)

This constraint is verified by the system of the two inequalities:⎧⎪⎨⎪⎩
cos4x−cos3x+ cos2x

4 − Lmax
16

cos3x ≤ 0

cos4x+cos3x+ cos2x
4 − Lmax

16
cos3x ≥ 0

. (A18)

The numerator of the first inequality has only two real roots:

R1,2 =
1 ±

√
1 + 4

√
Lmax

4
∈ R. (A19)
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Therefore, assuming Lmax ≥ 1, the first inequality is negative if

cosx ≤ 1 −
√

1 + 4
√

Lmax

4
∪ 0 ≤ cosx ≤ 1 +

√
1 + 4

√
Lmax

4
. (A20)

Similarly, the numerator of the second inequality has only two real roots:

R3,4 = −1 ±
√

1 + 4
√

Lmax

4
∈ R. (A21)

Therefore, assuming Lmax ≥ 1, the second inequality is positive if

−1 +
√

1 + 4
√

Lmax

4
≤ cosx ≤ 0 ∪ cosx ≥ −1 −

√
1 + 4

√
Lmax

4
. (A22)

The union of conditions Equations (A20) and (A22) yields:

− 1+
√

1+4
√

Lmax
4 ≤ cosx ≤ 1−

√
1+4

√
Lmax

4
∪

− 1−
√

1+4
√

Lmax
4 ≤ cosx ≤ 1+

√
1+4

√
Lmax

4 ,

(A23)

which results in:

−acos

(
−1 +

√
1 + 4

√
Lmax

4

)
≤ x ≤ acos

(
−1 +

√
1 + 4

√
Lmax

4

)
. (A24)

Therefore, the locus of points in the (φ1, φ2) plane corresponding to the likelihood
function cut at Lmax is obtained by applying the inverse coordinate transformation to
equation Equation (A16) and imposing condition Equation (A24), namely:⎧⎪⎪⎪⎨⎪⎪⎪⎩

φ1 = ±acos
{ Lmax

4cos2x
−1

4cosx − cosx
}
+ 2πh − x

φ2 = ±acos
{ Lmax

4cos2x
−1

4cosx − cosx
}
+ 2πk + x

, (A25)

within the limits of Equation (A24) for x.

−acos

(
−1 +

√
1 + 4

√
Lmax

4

)
≤ x ≤ acos

(
−1 +

√
1 + 4

√
Lmax

4

)
. (A26)
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Abstract: Position localization of wideband source over multipath environment is ad-
dressed in this paper. Traditional methods generally estimate intermediate parameters first
and then use these parameters to construct equations for determining the source position.
However, the localization accuracy of such methods deteriorates significantly in the pres-
ence of multipath effects. In this paper, a direct position determination method combining
Taylor expansion and subspace data fusion in the cross-spectrum domain is proposed. The
method constructs the data model based on the cross-spectrum of the received signals from
arbitrary sensor pairs, effectively avoiding the loss of the available information. Subse-
quently, forward spatial smoothing is used to address the rank-deficiency problem caused
by the multipath effect. Finally, a cost function using subspace data fusion is constructed,
and the optimal value is derived via first-order Taylor expansion to compensate for the po-
sition estimation bias. The proposed method shows higher localization accuracy compared
to state-of-the-art methods. The numerical and experimental results validate the superior
localization performance of the proposed algorithm.

Keywords: direct position determination; distributed sensors; multipath environment;
Taylor expansion

1. Introduction

Emitter localization techniques, which rely on the distributed passive stations, have
significantly contributed to a multitude of fields, including radar and sonar systems, wire-
less communication, automotive technologies, and signal processing [1,2]. The traditional
two-step algorithm [3] is a commonly used position determination method in the early days
that contains two independent steps. This method first obtains position-related parameters
using the received signals from the observation stations, including the direction of arrival
(DOA) [4], time of arrival (TOA) [5], time difference of arrival (TDOA) [6,7], received signal
strength (RSS) [8], and frequency difference of arrival (FDOA), etc. Subsequently, the emit-
ter’s position is determined by formulating corresponding equations with the previously
obtained parameters. Although the two-step method is widely used, it is still not optimal.
The most important reason is that it ignores the correlation between the received signals
from the same emitter.

Recently, with the continuous development and improvement of the Direct Positioning
Determination (DPD) algorithm [9], this problem has been resolved. In [10], Weiss was the

Sensors 2025, 25, 4967 https://doi.org/10.3390/s25164967
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first to systematically introduce this concept and demonstrated its superiority over two-step
positioning methods under low SNR conditions. The algorithm employs the Least Square
(LS) criterion and Maximum Likelihood (ML) criterion to address the localization problems
under unknown noise and known Gaussian noise conditions, respectively. The author
in [11] employs a single moving array to collect signals and introduces a novel Subspace
Data Fusion (SDF) method, which can be regarded as a generalized form of the MUSIC
algorithm [12]. This method significantly improves localization performance and enables
the localization of multiple emitters, but requires determining the number of sources in
advance. The DPD algorithm described in [13], which leverages the Minimum Variance
Distortionless Response (MVDR) approach, offers high-resolution estimation even when
dealing with multiple emitters whose numbers are unknown. In [14], the author proposed a
DPD algorithm for interference sources in satellite systems based on a propagation operator.
This approach reduces the computational complexity of subspace calculations compared
with the MUSIC-based methods. In [15], Quantum-behaved Particle Swarm Optimization
(QPSO) is applied to determine the optimal array response, thus proposing a Multi-array
Data Fusion (MDF)-based technique. In [16], the author proposed a DPD method based on
the signal-to-noise ratio (SNR) weighting and the propagation operator to address the issue
of varying received SNRs at different observation stations. The author in [17] proposed
a closed-form DPD algorithm for linear emitters based on phase alignment and optimal
weighted least square (OWLS), referred to as the PAOWLS method.

The aforementioned DPD methods mainly rely on array stations, resulting in signifi-
cant hardware expenses. In contrast, the DPD method based on TDOA can be implemented
using distributed single sensors, yet there is a scarcity of algorithms currently. In [18],
the TDOA-based DPD algorithm derived by the maximum likelihood estimator (MLE) is
proposed, which provides the Fisher Information Matrix (FIM) in the TDOA scenario, and
the author derives the Cramér–Rao Bound (CRB). In [19], the author offers a DPD algorithm
for multiple unknown signal emitters based on Hough transform (HT). The author in [20]
gives a determinant-based method that uses matrix decomposition and the orthogonal
relationship between the noise subspace and the signal manifold to obtain the spectral
function. The method delivers superior positioning accuracy for multi-target localization,
while the high dimension of the fusion matrix increases computational complexity. Signal
time-domain data segmentation is used in [21] to reduce the computational complexity
of matrix decomposition. Subsequently, a spectrum function is developed via multiple-
frequency function fusion (MFF) to determine the position. In [22], the author introduces a
DPD method based on Parallel Factor (PARAFAC), which acquires the time-delay matrix
through rapid iteration and then constructs the cost function, providing enhanced perfor-
mance and reduced complexity. In [23], the authors propose a subspace focusing algorithm
for multi-array data fusion, which improves the positioning performance of wideband
sources using distributed arrays. In addition, there are still many technologies [24–36]
that have made outstanding contributions to positioning. Most of the aforementioned ap-
proaches just consider ideal environments, but only a few algorithms consider localization
in multipath environments.

In this paper, a direct position determination algorithm based on TDOA under the
multipath environment is proposed. The proposed algorithm jointly employs the cross-
spectrum and Taylor compensation, which is proficient in efficiently resolving challenges
in multipath environments. The following are the main contributions of this work:

1. We construct the data model based on the cross-spectrum between received signals
from any pair of sensors. This method fully extracts the position information from
the received signals, thereby avoiding any loss of available information, and can be
effectively applied to high-resolution models. Moreover, we further use forward spa-
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tial smoothing to address the issue of covariance matrix rank deficiency in multipath
environments.

2. We offer a cost function based on forward spatial smooth and subspace data fusion
to obtain the initial estimation, and then first-order Taylor expansion is employed
to obtain off-grid compensation on the initial estimation, enhancing the localization
performance for emitters that do not lie on the search grid.

3. We have evaluated the performance of our algorithm across multiple circumstances
using comprehensive simulation studies and actual experiments. The results of
these simulations demonstrate our algorithm’s remarkable efficacy and adaptability,
underscoring its significant potential for application in multipath environments.

The structure of this paper is as follows: Section 2 describes the model of the received
signals. In Section 3, cross-spectrum data model is introduced. Then, Section 4 introduces
the proposed algorithm. In Section 5, the proposed algorithm is compared with other
algorithms through numerical simulation. Then, the real-world experiment is conducted
in Section 6 to verify the viability of the proposed algorithm. Finally, Section 7 concludes
the paper.

Notations: Bold characters indicate vectors (e.g., a), bold italic characters indicate matrices
(e.g., A). [•]T, [•]∗, [•]H and [•]+ stand for transpose, conjugation, conjugate transpose and
Moore–Penrose inverse, respectively. [•]n denote the n-th element of the vector.

2. Signal Model

Consider that there are L observation sensors and the l-th sensor located at
Sl = [Xl , Yl ]

T . We suppose that all sensors are time-synchronized. Suppose that there
is an unknown far-field emitter that is confined to a plane with a fixed altitude, and it
transmits a wide-band signal. Assuming the unknown emitter is located in p = [xp, yp]T .
The localization scenario within a multipath environment is illustrated in Figure 1.

Figure 1. Location scenario in a multipath environment.

Then, the received signal of the l-th sensor can be expressed as

xl(n) =
M

∑
m=1

λlms(n − τlm) + σl(n), n = 1, 2, . . ., Na, (1)

where M is the number of multipath components, Na is the number of samples, λlm is
the attenuation coefficient caused by the multipath environment, s(n) is the unknown
wideband signal transmitted by the emitter, σl(n) is a white, zero-mean, complex, additive
Gaussian noise that is independent of the signal, and τlm is the time delay from the emitter
to the l-th sensor in the m-th path.
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Considering that the number of sampling points Na is typically large to ensure accurate
information capture, to reduce computational complexity and to facilitate the construction
of multi-snapshot data, we segment the received data into smaller segments of length
N = Na/K, where K denotes the total number of segments. Then, the k-th part of the
received signal can be denoted as

xlk(nk) =
M

∑
m=1

λlms(nk − τlm) + σlk(nk), nk = 1 + (k − 1)N, 2 + (k − 1)N, . . . , kN. (2)

It should be noted that, although the signal has been segmented, the correlation
between these segments remains unchanged.

To extract the time-delay information from the received signal, the cross-correlation
function between the signals received by each sensor and the reference signal is typically
computed. In this paper, we derive the cross-correlation between any two sensors to fully
exploit all the available information. From (2), the k-th part’s signal from the i-th and j-th
sensor can be expressed as{

xik(nk) = ∑P
p=1 λips(nk − τip) + σik(nk)

xjk(nk) = ∑Q
q=1 λjqs(nk − τjq) + σjk(nk),

(3)

where P, Q is the multipath number.

3. Pre-Procesing in the Cross-Spectrum Domain

The cross-correlation function can be denoted as

Rijk(τ) = E[xik(nk)xH
jk (nk + τ)], (4)

where E(·) represents expectation. Considering that signal is independent of the noise, by
substituting Equation (3) into Equation (4), it can be rewritten as

Rijk(τ)=E

[
P

∑
p=1

λips(nk − τip)
Q

∑
q=1

λH
jqsH(nk − τjq + τ)

]

=
P

∑
p=1

Q

∑
q=1

λipλH
jq E

[
s(nk − τip)sH(nk − τjq + τ)

]

=
P

∑
p=1

Q

∑
q=1

λipλH
jq Rsk (τ − (τjq − τip)) (5)

=
P

∑
p=1

Q

∑
q=1

λipλH
jq Rsk (τ − Δτijpq),

where Rsk (τ) is the self-correlation function of s(nk) and Δτijpq = τjq − τip. Considering
that Rijk(τ) and Rjik(τ) convey identical information, there are L(L − 1)/2 unique cross-
correlation pairs among the L sensors.

By applying discrete Fourier transform (DFT) on Rhk(τ), the corresponding cross-
spectrum is obtained as

Gijk( f ) = Gsk ( f )
P

∑
p=1

Q

∑
q=1

λipλH
jqe−j2π f Δτijpq , (6)

where Gsk ( f ) is the self-spectrum of sk(nk).
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To utilize the time-delay information for the subsequent processing of the received
signal, we assume that the selected reference signal is free of multipath components.
In practice, a signal with prior information is typically selected as the reference signal.
Then, the reference signal can be written as

x0k(nk) = λ0s(nk − τ0) + σ0k(nk), (7)

where λlm is the attenuation coefficient.
Then, the self-correlation of x0k(nk) can be denoted as

Rx0k (τ) = E[x0k(nk)xH
0k(nk + τ)]

= E
[
λ0s(nk − τ0)λ

H
0 sH(nk − τ0 + τ)

]
(8)

+ E[σ0k(nk)σ0k(nk + τ)]

= λ0λH
0 Rs(τ) + Rσ0k (τ),

so the self-spectrum can be written as

Gx0k ( f ) = λ0λH
0 Gsk ( f ) + Gσ0k ( f ). (9)

Then, Equation (6) can be rewritten as

Gijk( f ) =
(
Gx0k ( f )− Gσ0k ( f )

) P

∑
p=1

Q

∑
q=1

λipλH
jq

λ0λH
0

e−j2π f Δτijpq . (10)

Thus, the TDOA information contained in the received signal has been extracted in
the form of the cross-spectrum. Equation (10) can be rewritten as

gijk( f ) =
Gijk( f )
Gx0k ( f )

=
P

∑
p=1

Q

∑
q=1

μijpqe−j2π f Δτijpq + γijk( f ) (11)

γijk( f ) = −Gσ0k ( f )
Gx0k ( f )

P

∑
p=1

Q

∑
q=1

μijpqe−j2π f Δτijpq , (12)

where μijpq =
λipλH

jq

λ0λH
0

, γ( f ) can be regarded as the noise term that is independent of Gx1k ( f )

and follows a Gaussian distribution.
In order to use the high-resolution spectrum estimation method, we would like to

sample gijk( f ) uniformly in the frequency domain to obtain the effective vectors. Let
ω0 denote the first chosen frequency point, and we select the valid portion of the cross-
spectrum with Nf points, then we get

Gijk = Aijμij + γijk ∈ C
Nf ×1, (13)

where
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Gijk =
[

gijk( f0) gijk( f1) . . . gijk( fNf −1)
]T

Aij =
[
aij11(p) . . . aijpq(p) . . . aijPQ(p)

]
(14)

aijpq(p) =
[
e−j2π f0Δτijpq e−j2π f1Δτijpq . . . e

−j2π fNf −1Δτijpq
]T

μij =
[
μij11 . . . μijpq . . . μijPQ

]T

γijk =
[
γijk( f0) γijk( f1) . . . γijk( fNf −1)

]T
,

where [•]T is transpose, Aij is the signal manifold matrix, and aijpq(p) is the signal vector.
Combining all data, we can get

Gij =
[

Gij1 Gij2 . . . GijK

]
. (15)

4. The Proposed Algorithm

In this section, based on the cross-spectrum model presented in Section 3, a DPD algo-
rithm is proposed. We call it “DPD-JTAC” as it is based on all cross-spectrum information
and Taylor compensation.

4.1. Forward Spatial Smoothing Process

Then, the covariance matrix of the ij-th cross-spectrum vector can be denoted as

R̂ij =
1
K

GijGH
ij = AijR̂S,ij Aij + R̂W,ij, (16)

where R̂S,ij = E[μijμ
H
ij ] and R̂W,ij = E[γijkγH

ijk].
However, in a multipath environment, RS,ij may not be nonsingular, which means

that directly using Rij for high-resolution spectrum estimation is not feasible. Therefore, we
subsequently employ the forward spatial smoothing [37], as depicted in Figure 2, to solve
this problem. Let gijkd(d = 1, 2, . . . , D) ∈ C

Nf ×1 denote the d-th observation vector of
gijk( f ) and it can be expressed as

gijkd =
[

gijk( fd−1) gijk( fd−1+D)] . . . gijk( fd−1+D(Nf −1))
]T

, (17)

where D denotes the sampling interval. Thus, the covariance matrix of the smoothed matrix
can be given by

R̃ij =
1
K

K

∑
k=1

G ijkGH
ijk, (18)

where G ijk =
[

gijk1 gijk2 . . . gijkD

]
.

Figure 2. Forward spatial smoothing process.
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4.2. Subspace Data Fusion

Then, the eigen-decomposition of R̃ij is performed to obtain the subspace, which can
be expressed as

R̃ij = Us(ij)Λs(ij)UH
s (ij) + Un(ij)Λn(ij)UH

n (ij), (19)

where Λs(ij) and Λn(ij) are the diagonal matrices containing the largest eigenvalue and
the remaining Nf − 1 eigenvalues, respectively. And Us(ij) and Un(ij) represent the signal
subspace and noise subspace, respectively, spanned by the corresponding eigenvectors.
According to [10], we have the orthogonal relationship in noise subspace and signal vector,
thus, we can get

aH
ijpq(p)Un(ij) = 0, (20)

where 0 denotes the zero vector. Since we only need to determine the true position of the
source corresponding to the main path, defining ãij(p) = aij11(p), Equation (20) can be
rewritten as:

ãH
ij (p)Un(ij) = 0. (21)

However, due to the influence of noise in the received signal, the above equation can
only approximately achieve an orthogonal relationship. Therefore, the cost function at any
point p0 = [x, y]T in the interested area can be denoted as

F(p0) =
L−1

∑
i=1

L

∑
j=i+1

1
ãH

ij (p0)Un(ij)UH
ij (ij)ãij(p0)

, (22)

where
ãij(p0)=

[
e−j2π f0Δτij11 e−j2π fDΔτij11 . . . e

−j2π fD(Nf −1)Δτij11
]T

(23)

Δτij11 =
‖Si − p0‖

c
− ‖Sj − p0‖

c
. (24)

The initial position of the emitter can be determined by searching the spectral peak of the
cost function over the meshed region.

4.3. Taylor Expansion

The search-based algorithm is generally constrained by the resolution of the search
grid, and the position of the emitter may not coincide with the grid point, potentially result-
ing in biased estimation. To improve the localization accuracy, an off-grid compensation
based on the Taylor formula is applied to the initial estimate.

Let pini = [x̂ini, ŷini]
T denote the initial position, in order to use the all cross-spectrum

information, we define

b(p) =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

ã11(p)
...

ãij(p)
...

ã(L−1)L(p)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (25)

Un =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

Un(11)
...

Un(ij)
...

Un((L − 1)L)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (26)
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Due to the orthogonal relationship in noise subspace and signal vector, we have

UH
n b(p) = 0. (27)

Then, perform a first-order Taylor expansion of Equation (25) at p = pini

UH
n (b(pini)+

∂b(pini)

∂x̂ini
(x − x̂ini) +

∂b(pini)

∂ŷini
(y − ŷini)) = 0. (28)

Defining the deviation term as Δx = x − x̂ini, Δy = y − ŷini, the least square solution
of the deviation term can be denoted as[

Δx
Δy

]
= Re

[
−
(

UH
n

[
∂b(pini)

x̂ini

∂b(pini)
ŷini

])+
UH

n b(pini)

]
(29)

According to (25), we can derive that

∂b(pini)

∂x̂ini
=

[
∂ãT

11(pini)
∂x̂ini

. . .
∂ãT

ij(pini)

∂x̂ini
. . .

∂ãT
(L−1)L(pini)

∂x̂ini

]T
. (30)

∂ãij(pini)

∂x̂ini
=

∂Δτij11

∂x̂ini

⎡⎢⎢⎢⎣
−j2π f0e−j2π f0Δτij11

...

−j2π fD(Nf −1)e
−j2π f

D(Nf −1)Δτij11

⎤⎥⎥⎥⎦. (31)

∂Δτij11

∂x̂ini
=

([pini]1 − [Si]1)

‖Si − pini‖c
−
(
[pini]1 − [Sj]1

)
‖Sj − pini‖c

. (32)

Since the partial derivative of b(pini) with respect to ŷini is of the same form as that
with respect to x̂ini, no further elaboration is provided here. The final estimation of the
emitter p̂ = [x̂, ŷ]T can be denoted as[

x̂
ŷ

]
=

[
x̂ini

ŷini

]
+

[
Δx
Δy

]
. (33)

The essential steps of the proposed algorithm are summarized below:

1. Select the reference signal x1(n) based on the prior information and segment the
signals received by each sensor.

2. According to Equation (4), compute the cross-correlation between any two sensors
and obtain the cross-spectrum by applying the DFT.

3. Select the effective portion of the cross-spectrum according to Equation (17), and then
perform forward spatial smoothing to obtain R̃ij according to Equation (18).

4. Obtain the initial position estimation pini based on Equations (22)–(24).
5. Obtain the final position estimation p̂ based on Equations (25) and (29)–(33).

5. Performance Analysis

5.1. Complexity Analysis

In this subsection, we contrast the computational complexity of the JTAC algorithm
with that of the DPD-MFF [21] algorithm, the DPD-CS [37] algorithm, and the initial esti-
mation of the proposed algorithm (DPD-AC). In this paper, for convenience of comparison,
computational complexity is quantified by the number of complex multiplications, which
is approximately four times that required for real multiplications. Define Nx and Ny as
the number of grid points for the x-axis and y-axis, respectively. The computational com-
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plexity of the cross-correlation is approximately O(N), and that of the cross-spectrum
is O(NlogN)). The computational complexity for computing the covariance matrix is
O(N2

f D), and that for eigenvalue decomposition is O(N3
f ). Subsequently, the compu-

tational complexity for computing the cost function is O(L − 1)LNx NyNf (2Nf − 1)/2,
and that of the Taylor compensation is O(2L(L − 1)(4N2

f − Nf ) + 16Nf ). Table 1 summa-
rizes the computational complexities of these four algorithms.

Table 1. Complexity of four algorithms.

Algorithm Computational Complexity

Proposed O(KLNlog2N + K(L − 1)L(N2
f D + N)/2 + (L − 1)L(N3

f + Nx Ny Nf (2Nf − 1))/2 + 2L(L − 1)(4N2
f − Nf ) + 16Nf )

DPD-AC O(KLNlog2N + K(L − 1)L(N2
f D + N)/2 + (L − 1)L(N3

f + Nx Ny Nf (2Nf − 1))/2)

DPD-CS O(KLNlog2N + K(L − 1)(N2
f D + N)/2 + (L − 1)(N3

f + Nx Ny Nf (2Nf − 2M + 1)))

DPD-MFF O(LKNlog2N + KNf L2 + Nf L3 + Nx Ny(2Nf (L − M)L2 + L3))

Figure 3 illustrates the complexities of the four algorithms for different Nf , and the
simulation conditions are K = 50, L = 3, N = 256, D = 2, Nx = Ny = 100, M = 3 and Nf

is changing from 10 to 50. It can be seen that since both the proposed algorithm and the
DPD-AC algorithm consider the complete cross-spectrum information, their computational
complexity is slightly higher than that of the CS algorithm. However, this increase is
minimal while yielding a significant performance improvement. Meanwhile, the proposed
algorithm exhibits computational complexity nearly equivalent to that of DPD-AC, while
its localization performance is greatly enhanced. On the other hand, although the DPD-
MFF algorithm has the lowest computational complexity among the four, its localization
performance in multipath environments is extremely poor, as will be clearly demonstrated
in the subsequent simulations.

Figure 3. Computational complexity of different algorithm for the different Nf .

5.2. Effectiveness of the Proposed Algorithm

In this subsection, we use four sensors to localize an emitter to validate the effective-
ness of the proposed method. In this simulation, the quadrature amplitude modulation
(QAM) signal with a bandwidth of B = 32 MHz is used to simulate the emitted signal
of the emitter. The simulation parameters are set as Na = 102,400, N = 2048, K = 50,
Nf = 40, M = 3, D = 10, the sampling frequency is fs = 125 MHz and SNR = 0 dB.
The real position of the emitter is p = [217.74 m, 340.63 m]T , the four sensors are located at
S1 = [0 m, 0 m]T , S2 = [0 m, 1000 m]T , S3 = [1000 m, 0 m]T , and S4 = [1000 m, 1000 m]T ,
respectively. The simulation result with 50 repeated experiments is shown in Figure 4. It
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is evident that even in the low SNR, the position of the emitter can be determined by the
proposed DPD-JTAC algorithm accurately.

Figure 4. The simulation result.

5.3. Advantage of the Proposed Algorithm

In this subsection, we apply Monte Carlo experiments to estimate the algorithm’s
performance to illustrate the advantage of our proposed algorithm. And we use the root
mean square error (RMSE) to evaluate the algorithm’s localization accuracy, and it can be
denoted as

RMSE =

√√√√ 1
Nm

Nm

∑
nm=1

||p̂nm − p||2, (34)

where p̂nm denotes the position of emitter within the nm-th Monte Carlo experiment. In the
simulation analysis in this subsection, Nm is set to 800.

In the first simulation, we compare the performance of the proposed algorithm with
the DPD-CS algorithm, the DPD-MFF algorithm, the initial estimation of the proposed
algorithm (DPD-AC) and the Two-Step algorithm, under different SNRs by calculating the
RMSE using Monte Carlo simulation. The parameters are set the same as Section 5.2 except
for the SNR changing from −12 dB to 8 dB and the comparison result is shown in Figure 5.
Observably, SNR exerts a significant influence on the proposed algorithm’s performance.
The performance of the proposed algorithm is improved and significantly outperforms
the other three DPD algorithms as the increases. There are two basic reasons behind this.
Firstly, the proposed algorithm employs forward spatial smoothing to eliminate the effects
of multipath, thereby achieving performance superior to that of the unprocessed DPD-
MFF algorithm. Secondly, the proposed algorithm utilizes the complete cross-spectrum
information and applies Taylor compensation on the basis of a coarse estimate, resulting in
performance that is undoubtedly superior to that of the DPD-CS algorithm, which uses
only L − 1 groups of cross-spectrum information, as well as the coarse-estimate DPD-AC
algorithm. In addition, the other four algorithms lead to more accurate tracking results
compared to the Two-Step algorithm due to the improved likelihood function using the
super-resolution cost function.

In the second simulation, we analyze the impact of the arrival paths number on the
localization accuracy of five algorithms by calculating the RMSE. The other parameters
remain the same as the previous simulation, except the number of arrival paths, and SNR
is set to 10 dB. The simulation result is shown in Figure 6. The number of arrival paths
is increased from 1 to 5. It is clear that as the number of arrival paths increases, the per-
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formance of the DPD-MFF and Two-Step algorithms deteriorates drastically, whereas the
performance of the other three algorithms remains nearly unchanged. Moreover, the pro-
posed algorithm consistently maintains optimal localization performance, which indicates
that it exhibits greater robustness in multipath environment.

Figure 5. RMSE of various algorithms under different SNRs.

Figure 6. RMSE of various algorithms versus the number of arrival path.

Through a comprehensive comparison of Figures 5 and 6, it can be observed that the
proposed algorithm effectively adapts to multipath environments, and its performance
under such conditions is significantly superior to that of the other algorithms.

6. Experiment Result

In this subsection, the real-world experiment is conducted using the sensors on the
campus to verify the viability of the proposed algorithm. Figure 7 is the experiment
scenario. The source used in this experiment is 1465L-V Signal Generator. The sensor nodes
used in the experiment are placed on the rooftops and ground of the campus, consisting of
an antenna and a box equipped with node devices. Figure 8 is the schematic diagram of
the node and its internal environment.
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Figure 7. Source and sensing sensor distribution diagram.

Figure 8. Sensor node and its internal environment.

To verify the effectiveness of the algorithm, we conducted 15 repeated experiments.
During each experiment, the source transmitted a 32QAM signal with a bandwidth of
20 MHz and a center frequency of 720 MHz. The sampling frequency used in the ex-
periment is fs = 125 MHz, the sampling center frequency is fsc = 700 MHz, and the
sampling points during every experiment is 32,508. To facilitate the processing of the
received signals, a Cartesian coordinate system is established based on the latitudes and
longitudes of the four sensors and the emitter’s location, with Sensor 2 serving as the
coordinate origin. The coordinates of four sensors are S1 = [−60.1265, 32.06]T , S2 = [0, 0]T ,
S3 = [23.5975,−95.4008]T , S4 = [5.3802,−188.353]T .

Figure 9 shows the frequency spectrum of the signals received by the four sensors
in one experiment, from which the wideband signal can be clearly seen. The localization
results of the source with the proposed JTAC algorithm is shown in Figure 10. Clearly, even
in a complex and dynamic real electromagnetic environment, the proposed algorithm is
also capable of estimating the source’s position.

To highlight the advantages of the proposed algorithm, we compared the cumulative
distribution function (CDF) curves of localization errors for different algorithms as shown
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in Figure 11. In comparison to other algorithms, the proposed method aligns most closely
with the vertical axis, with almost 90% of the error values falling below 20 m, which
demonstrates that the direct positioning algorithm proposed in this paper exhibits lower
error compared to other algorithms, indicating its superior localization performance.

Figure 9. The frequency spectrum of the signals received by the four sensors.

Figure 10. The localization results.

Figure 11. Error CDF curves of different algorithms.
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7. Conclusions

In this paper, a direct position determination method for wideband sources over
multipath environments is proposed. Our proposed method introduces a better data
model based on the cross-spectrum, which utilizes the received signals from any pair of
sensors. Then, we employ forward spatial smoothing to eliminate the multipath effects.
Moreover, Taylor expansion is used to obtain the optimal compensation value, enhanc-
ing the localization accuracy when the source is not located on the search grid. Finally,
the performance analysis, including numerical simulation and real-world experiment,
demonstrates the superior localization capability of the proposed method in comparison
with existing approaches.
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Abbreviations

The following abbreviations are used in this manuscript:

DPD Direct Position Determination
DOA Directory of Arrival
TOA Time of Arrival
TDOA Time Difference in Arrival
RSS Received Signal Strength
FDOA Frequency Difference in Arrival
LS Least Square
ML Maximum Likelihood
SDF Subspace Data Fusion
MUSIC Multiple Signal Classification
MVDP Minimum Variance Distortionless Response
QPSO Quantum-behaved Particle Swarm Optimization
MDF Multi-array Data Fusion
SNR Signal-to-Noise Ratio
OWLS Optimal Weighted Lest Square
FIM Fisher Information Matrix
CRB Cramér–Rao Bound
LFM Linear Frequency Modulation
STFT Short-Time Fourier Transform
HT Hough Transform
MFF Multiple-frequency Function Fusion
PARAFAC Parallel Factor
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Abstract: Non-orthogonal multiple access (NOMA) and reconfigurable intelligent surfaces
(RISs) are recognized as key technologies for beyond 5G and 6G wireless communications.
To address the high computational complexity and non-convex optimization challenges, this
letter proposes an optimization framework based on the Multi-Agent Deep Deterministic
Policy Gradient (MADDPG) algorithm. The proposed framework jointly makes use of sensor
grouping, power allocation, an RIS computation strategy, and phase shifts to minimize
the remote state estimation (RSE) error. Simulation results demonstrate that the MADDPG
algorithm, when applied in an RIS-assisted NOMA system, significantly reduces the RSE error.

Keywords: wireless sensor networks; uplink NOMA; RIS; MADDPG algorithm; RSE error

1. Introduction

With the increasing number of wireless devices and the development of ultra-5G and
6G technologies in industrial Internet of Things (IoT) networks, wireless sensor networks
(WSNs) [1], as a key component of IoT systems, face higher demands for low latency,
low remote state estimation (RSE) errors, and low system error rates (SERs) [2–4]. As the
number of smart devices grows and large-scale IoT applications proliferate, ensuring the
efficiency and reliability of these systems has become a critical issue to address.

To enhance spectrum efficiency in WSNs, non-orthogonal multiple access (NOMA)
technology has been widely adopted due to its capability to support multiple sensors with
the same time–frequency resources through superposition coding and successive interfer-
ence cancellation [5,6]. Recent studies have enhanced NOMA further by integrating active
reconfigurable intelligent surfaces (RISs) to boost the link reliability and energy efficiency.
For instance, the work presented in [7] investigates joint UAV trajectory optimization
and active RIS control in NOMA systems, highlighting significant energy efficiency gains.
However, this study primarily addressed aerial–terrestrial network scenarios and was not
directly applicable to ground-based sensor networks.

Both passive and active RIS technologies have been explored extensively for improving
NOMA system performance. Recent research, such as that presented in [8], demonstrates
passive RISs’ effectiveness in reducing the bit error rate (BER) and extending the network
coverage. Nevertheless, a passive RIS lacks active amplification capabilities and adaptabil-
ity under highly dynamic channel conditions. Conversely, an active RIS, as explored in [9],
enhances the physical-layer security by providing analytical derivations for the secrecy
outage probability. However, this study does not incorporate critical aspects such as sensor
grouping strategies or estimation error optimization.

Sensors 2025, 25, 4878 https://doi.org/10.3390/s25154878
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Traditional optimization methods like block coordinate descent (BCD) and successive
convex approximation (SCA) have been employed for resource allocation in RIS-assisted
NOMA networks. For example, the research by Xu et al. [10] achieves improved system
sum rates using BCD-based resource scheduling techniques. Additionally, recent efforts
such as [11] have explored low-complexity signal processing schemes, including sparse
channel parameter estimation for MIMO-FBMC systems, which are highly relevant to in-
dustrial big data communication scenarios. However, these approaches typically focus on
the physical layer and do not address joint decision-making strategies or cross-layer coordi-
nation for sensor estimation. Moreover, they lack multi-agent coordination mechanisms
and considerations for remote state estimation (RSE) error control, which are essential in
practical WSN deployments.

Meanwhile, reinforcement learning methodologies, including deep reinforcement
learning (DRL), deep deterministic policy gradient (DDPG), and multi-agent DDPG (MAD-
DPG), have emerged as effective solutions for dynamic resource allocation. A recent IEEE
Transactions study [12] presents an attention-augmented MADDPG framework applied to
NOMA-based vehicular mobile edge computing, demonstrating improved convergence
rates and predictive accuracy under realistic workload scenarios. Additionally, recent stud-
ies such as [13] have employed DRL approaches to jointly optimize the UAV trajectories,
transmission power, and RIS phase shifts in RIS-aided UAV-NOMA systems. Nonetheless,
these studies have predominantly considered passive RIS configurations and assumed
static user grouping, limiting the adaptability in dynamic scenarios.

To the best of our knowledge, no existing research has jointly tackled the sensor
state estimation error (RSE), sensor grouping, transmission power control, and active RIS
beamforming within an uplink NOMA-assisted WSN using a decentralized multi-agent
reinforcement learning framework. To this end, we propose a MADDPG-based distributed
policy learning approach. MADDPG is particularly suitable for this problem setting be-
cause it explicitly models the interactions among agents and handles decentralized control
in partially observable environments. In our scenario, each sensor acts as an agent, making
decisions based only on its local state, such as channel gain and estimation covariance.
This naturally forms a Dec-POMDP (Decentralized Partially Observable Markov Deci-
sion Process), to which MADDPG is well suited. It enables coordinated learning during
centralized training while maintaining independent execution, supports hybrid discrete–
continuous action spaces, and offers scalability in large sensor networks with dynamic
channel conditions.

The main contributions of this paper are summarized as follows:

1. Joint Integration of an Active RIS and MADDPG: We propose a joint optimization
framework that integrates an active RIS and MADDPG-based decentralized learning
for uplink WSNs. This design improves the estimation accuracy, reduces the power
consumption, and enhances the system’s adaptability.

2. Real-Time Estimation via Kalman Filtering: The proposed method incorporates
Kalman filtering (KF) to enable real-time state tracking, which improves the esti-
mation robustness under varying network conditions.

3. Decentralized Resource Allocation: We formulate a novel decentralized resource allo-
cation problem that jointly considers sensor grouping, power control, and active RIS
beamforming to minimize the RSE error—an optimization objective rarely addressed
in existing works. Each sensor acts as an independent agent and makes decisions
based on its local state in a Dec-POMDP setting. The MADDPG framework is em-
ployed to enable scalable and coordinated learning among agents. While our method
is built upon an established RL architecture, it is tailored to a unique estimation-driven
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optimization task in WSNs. We also acknowledge the absence of a formal theoretical
convergence analysis and highlight this as a direction for future investigation.

4. Performance Gains Verified by Simulations: Simulation results show significant improve-
ments in the RSE error reduction and system reliability compared to those under conven-
tional and single-agent approaches, confirming the practicality of the proposed framework.

The remainder of this paper is organized as follows: Section 2 details the local sensor
state estimation and the uplink NOMA transmission model with an active RIS, including
the derivation of the RSE error metrics and the outage probability model. Section 3 intro-
duces the MADDPG-based decentralized algorithm, elaborating on the joint optimization
framework that integrates sensor grouping, power allocation, and active RIS beamforming,
as well as incorporating KF or enhanced real-time state estimation. Section 4 presents
the simulation experiments, performance comparisons with benchmark algorithms, and a
comprehensive analysis of the results demonstrating improvements in the RSE accuracy
and network reliability. Finally, Section 5 concludes this paper by summarizing the key
findings and potential directions for future research.

Notations: R denotes the set of real numbers. C represents the set of complex numbers.
The symbol (·)T denotes the transpose operation, and the superscript (·)−1 indicates
the matrix inverse. The notation P[·] refers to probability and E[·] to expectation. Tr(·)
represents the trace operator of a matrix. A bold symbol (e.g., P) is used to denote
vectors or matrices, with lowercase bold letters representing vectors and uppercase bold
letters representing matrices. Non-bold symbols (e.g., p) indicate scalar quantities such as
real-valued parameters or constants.

2. The System Model

This letter explores an RSE system within an uplink NOMA transmission model,
aided by an active RIS. As depicted in Figure 1, the system consists of a single BS,
equipped with G receive antennas, an active RIS with M reflective elements and N single-
antenna sensors. The sets of sensors, sensor groups, and reflective elements are denoted as
N = {1, 2, · · · , N}, G = {1, 2, · · · , G} and M = {1, 2, · · · , M}, respectively.

Figure 1. Active RIS-assisted uplink NOMA model.
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This letter explores an RSE system within an uplink NOMA transmission model, aided
by an active RIS. As depicted in Figure 1, the system consists of a single BS equipped with G
receive antennas; an active RIS with M reflective elements; and N single-antenna sensors. To
facilitate decentralized decision-making, the N sensors are partitioned into G sensor groups,
each served by the BS equipped with G antennas. Note that the grouping does not imply
a one-to-one mapping between each group and a specific antenna; instead, it is designed
for efficient multi-agent training and resource allocation. The sets of sensors, sensor
groups, and reflective elements are denoted as N = {1, 2, · · · , N}, G = {1, 2, · · · , G}, and
M = {1, 2, · · · , M}, respectively.

2.1. Local State Estimation

The output observed by sensor n at time k for the associated linear time-invariant (LTI)
process can be expressed as follows

xk+1
n = Anxk

n + wk
n, (1)

yk+1
n = Cnxk

n + vk
n, (2)

where xk
n ∈ Rln and yk

n ∈ Rrn represent the state and measurement vectors, respectively [14],
with ln and rn denoting the dimensions of the state and measurement vectors for sensor
n. The state evolution is governed by the state transition matrix An ∈ Rln×ln , while the
measurement process is characterized by the measurement matrix Cn ∈ Rrn×ln . The
disturbances wk

n ∈ Rln and vk
n ∈ Rrn are assumed to be zero-mean, independent, and

identically distributed (i.i.d.) Gaussian noise processes, with covariance matrices Qn and
Rn, respectively.

Each sensor operates a local Kalman filter (KF) and transmits the corresponding
minimum mean squared error (MMSE) state estimate to the remote estimator, along with
the associated remote state estimation (RSE) error covariance P

k|k
n , which are defined as [15]

x̂
k|k
n � E

[
xk

n | y1
n, y2

n, . . . , yk
n

]
, (3)

P
k|k
n � E

[(
xk

n − x̂
k|k
n

)(
xk

n − x̂
k|k
n

)�]
. (4)

The prior state estimate x̂
k|k−1
n and the posterior state estimate x̂

k|k
n at time k are

updated through the following steps. The Kalman gain is denoted by Kk
n, and the error

covariances are represented by P
k|k−1
n and P

k|k
n , corresponding to the prior and posterior

error covariances, respectively. The KF update process is given by

x̂
k|k−1
n = Anx̂

k−1|k−1
n , (5)

P
k|k−1
n = AnP

k−1|k−1
n A�

n + Qn, (6)

Kk
n = P

k|k−1
n C�

n

(
CnP

k|k−1
n C�

n + Rn

)−1
, (7)

x̂
k|k
n = x̂

k|k−1
n + Kk

n

(
yk

n − Cnx̂
k|k−1
n

)
, (8)

P
k|k
n =

(
Iln − Kk

nCn

)
P

k|k−1
n , (9)

where Iln is the ln × ln identity matrix, and ln denotes the dimension of the state vector xk
n.

The local estimation error covariance converges exponentially to a steady-state value.
Without loss of generality, we assume that each sensor’s KF reaches this steady state. To
simplify the following analysis, we denote the steady-state covariance as Pk

n = P̄n, k � 1.
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2.2. The Uplink Communication Model

After obtaining x̂k
n, sensor n transmits it to the BS as a data packet. The communication

between the sensors and the BS is based on an uplink NOMA communication model,
supported by an active RIS. In this model, the RIS serves as an enhancement tool for signal
propagation, optimizing both the signal quality and coverage.

The equivalent baseband time-domain channel in the system is composed of three
parts: the channel from the RIS to the BS, from sensor n to the RIS, and from sensor n to the
BS. These channels are denoted by hrb ∈ CG×M, hsr

n ∈ CM×1, and hsb
n ∈ CG×1, respectively.

The reflection coefficient of the RIS element m is expressed as θm = αmejφm , where αm

represents the reflection amplitude and φm ∈ [0, 2π] denotes the phase shift. The RIS beam-
forming is then captured by the reflection coefficient matrix Θ � diag{θ1, θ2, . . . , θM} [2].
Unlike passive RISs, active RISs are equipped with amplifiers that consume additional
power, making thermal noise at the active RIS significant. Consequently, the signal received
at the BS can be modeled as

yk
g =

N

∑
n=1

bk
n,g

√
pk

nhk
n f k

n + nk
g, (10)

where bk
n,g ∈ {0, 1} represents the binary channel selection for sensor n. The to-

tal channel gain hk
n is denoted as hrb

k Θkhsr
n,k + hsb

n,k, hk
n ∈ CG×1. The noise nk

g is
defined as hrb

k Θkvk + nk
0,g, nk

g ∈ CG×1. The thermal noise at the RIS is modeled by
vk ∈ CM×1, which follows a circularly symmetric complex Gaussian distribution, i.e.,
vk ∼ CN (0M, σ2

1 IM). Similarly, the thermal noise at the BS is modeled by nk
0,g ∈ CG×1,

where nk
0,g ∼ CN (0G, σ2

2 IG) [2]. Let f k
n represent the data symbol transmitted by sensor n

at time k, while pk
n denotes the corresponding power used for computation offloading. We

assume that the transmitted symbols are independent and identically distributed (i.i.d.)
as f k

n ∼ CN (0, 1). Since it is an uplink NOMA channel, we assume that the channel gains
between different sensors decrease, i.e., |hk

1|2 ≥ |hk
2|2 · · · ≥ |hk

n|2.
The channel model comprises both path loss and small-scale fading. For the direct link

between the BS and the sensor n, we assume Rayleigh fading. The corresponding channel
can be expressed as

hsb
n,k =

√
d−αS

S,n,kh̃sb
n,k, (11)

where dS,n,k is the distance between the BS and sensor n, αS is the path loss exponent, and
h̃sb

n,k ∈ CG×1 represents the small-scale fading channel, modeled as CN (0G, IG).
The active RIS is deployed at a fixed location, where line-of-sight (LoS) links exist

from both the BS to the RIS and from the RIS to sensor n. Therefore, the reflection channel
follows Rician fading. The channel matrix from the RIS to the BS, hrb

k , and the channel
vector from sensor n to the RIS, hsr

n,k, are given by [16]

hrb
k =

√
d−αB

B,k

(√
δB

δB + 1
h̃rb,l

k +

√
1

δB + 1
h̃rb

k

)
, (12)

hsr
n,k =

√
d−αR

R,n,k

(√
δR

δR + 1
h̃sr,l

n,k +

√
1

δR + 1
h̃sr

n,k

)
, (13)

where dB,k and dR,n,k represent the distances from the BS to the RIS and from the RIS to
sensor n, respectively. αB and αR are the path loss exponents, while δB and δR denote the
Rician factors. The terms h̃rb,l

k ∈ CG×M and h̃sr,l
n,k ∈ CM×1 represent the LoS components

from the RIS to the BS and from the sensor to the RIS, respectively. The small-scale fading
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components, h̃rb
k ∈ CG×M and h̃sr

n,k ∈ CM×1, follow the complex Gaussian distributions
CN (0G×M, IG×M) and CN (0M, IM), respectively.

Therefore, according to the uplink NOMA decoding protocol with successive interfer-
ence cancellation (SIC), the signal from sensor n is decoded after those from the sensors
with smaller indices (i.e., j < n), whose signals are assumed to have been successfully
decoded and removed at the BS. Thus, the residual interference with sensor n originates
only from the sensors with indices greater than n. The signal-to-interference-plus-noise
ratio (SINR) of sensor n is given by

γk
n =

pk
n

∥∥∥hk
n

∥∥∥2

∑N
j=n+1 bk

j,g pk
j

∥∥∥hk
j

∥∥∥2
+ σ2

k

, (14)

where σ2
k � σ2

1,k

∥∥∥hrb
k Θk

∥∥∥2
+ σ2

2,k accounts for the effective noise at the BS, including thermal
noise from both the RIS and the BS receiver.

In digital communication theory, the SER for a single sensor is expressed in terms

of the SINR as SER = Q
(√

γ
)
, where Q(x) = 1√

2π

∫ ∞
x e− t2

2 dt denotes the Gaussian Q-

function. By applying the above theory, the SER can be approximated as SER ≈ e−γ [3].
For sensor n at time k, the SER is approximated as

SERk
n ≈ e−γk

n . (15)

2.3. Remote State Eatimation

Each sensor transmits its local state estimation measurement data to the remote
estimator (i.e., the BS) via a wireless channel, utilizing uplink NOMA technology enhanced
by RIS assistance. Thus, the transmission of x̂k

n can be characterized by a binary random
process

{
λk

n

}
, where (see Figure 2)

λk
n =

⎧⎨⎩1, if x̂k
n arrives error-free at time k,

0, otherwise (regarded as dropout).
(16)

Combining (15) and (16), the probability of the successful transmission of x̂k
n is ex-

pressed as
P

[
λk

n = 1
]
= 1 − SERk

n = 1 − e−γk
n . (17)

Then, the RSE error covariance is [3]

Pk
n =

⎧⎨⎩eαP̄n, if λk
n = 1,

eαun

(
Pk−1

n

)
, if λk

n = 0,
(18)

where α is a positive parameter and un(X) � AnXAT
n + Qn (see Algorithm 1).

To quantify the remote estimation quality of sensor n at time k, we define the trace of
the expected RSE covariance for the sensor as follows:

Jk
n = Tr

{
E[Pk

n,r]
}

= Tr
{
P

[
γk

n = 0
]
eαun

(
Pk−1

n

)
+ P

[
γk

n = 1
]
eαP̄n

} (19)
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Based on the preceding system model and corresponding derivations, the optimization
objective is to minimize the sum of the expected covariance of the RSE errors, which can be
expressed as follows:

Problem 1: min
θk , pk

n , bk
n,g

1
K

K

∑
k=1

N

∑
n=1

Jk
n (20)

s.t. pk
n ≤ pmax, n ∈ N , (20a)

bk
n,g ∈ {0, 1}, n ∈ N , g ∈ G, (20b)
G

∑
g=1

bk
n,g ≤ I, n ∈ N , (20c)

N

∑
n=1

pk
n‖Θkhsr

n,k‖2 + ‖Θk‖2σ2
1,k ≤ PaRIS. (20d)

where K is the maximum value of the time slot set. PaPIS = ξ(Ptotal − M(PDC + Pc))

represents the amplification power of the RIS [2]. Here, ξ is the amplifier efficiency, Ptotal

is the total power budget, PDC is the DC biasing power consumption, and Pc is the circuit
power consumption of the active RIS. Constraint (20a) ensures that the transmission power
of sensor n is within the maximum allowed limit. Constraints (20b) and (20c) enforce
that each channel supports at most I sensors and that each sensor is assigned to only one
channel. These two constraints together imply that the total number of sensors N must
not exceed the overall channel capacity, i.e., G × I ≥ N, in order to ensure the feasibility
of the sensor-to-channel assignment. For example, if N = 15 sensors are to be scheduled
using G = 3 channels, and each channel can support up to I = 5 sensors, then the total
capacity is G × I = 15, and the assignment is feasible. However, if N = 16, at least one
sensor cannot be accommodated, violating the constraints. Therefore, this relationship is
essential to guarantee a valid channel allocation. Constraint (20d) limits the amplification
power of the active RIS.

Algorithm 1 Iterative Algorithm Based on the KF Method.

Input: An, Cn, Qn, Rn, wk
n, vk

n, ε, kmax.
Output: Pk

n.
Initialization: t = 1, Δ = 1.

1: while Δ > ε or t ≤ tmax do
2: Calculate Pt

i,g according to formulas (5)–(9)

3: Update Δ = P
k|k
n − P

k|k−1
n

4: Update k = k + 1
5: end while
6: Obtain Pk

n = P̄
k|k
n

7: for k = 1 to K do
8: for n = 1 to N do
9: for g = 1 to G do

10: Set bk
n,g ∈ {0, 1}

11: if bk
n,g = 1 then

12: Pk
n = P̄

k|k
n

13: else
14: Pk

n = An

(
Pk−1

n

)
(An)′ + Qn

15: end if
16: end for
17: end for
18: end for
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Based on the well-known properties of the standard KF (see Lemma 2.3 in [17]), it
follows that un

(
Pk−1

n

)
≥ P̄n, where P̄n is a fixed constant. Consequently, by applying the

natural logarithm function to (19), the expression can be expressed as

Dk
n = ln(Jk

n) ≈ Tr
{
−γk

n + α ln
[
un

(
Pk−1

n

)
− P̄n

]}
. (21)

Therefore, Problem 1 can be transformed into

Problem 2: min
θk ,pk

n ,bk
n,g

1
K

K

∑
k=1

N

∑
n=1

(
Dk

n

)
, s.t. (20a), (20b), (20c), (20d). (22)

3. MADDPG-Based Resource Allocation

In this section, we first reformulate the optimization problem proposed in Problem 2
as a Multi-Agent Markov Decision Process (MDP) and then solve it using the MADDPG,
Algorithm 2. As shown in Figure 2, the proposed system architecture follows a centralized
training and decentralized execution (CTDE) framework, which is well suited to distributed
wireless sensor networks. Specifically, the MADDPG algorithm is trained offline at a fusion
center or an edge server, where both the actor and critic networks are optimized based
on collected environmental data. After training, only the lightweight actor networks are
deployed to individual sensor nodes, enabling each agent to independently make decisions
based on its local observation without the need for online coordination. This ensures
scalability and practicality in decentralized scenarios. Regarding the deployment of an
active RIS, we assume it is installed at a fixed infrastructure location (e.g., a gateway node
or controller hub), where an external or a battery-based power supply is available. Each
active element is equipped with a low-power amplifier, and the number of elements is
limited to ensure that the overall power consumption remains within practical bounds.
The actions related to RIS beamforming are optimized jointly with the power control and
sensor grouping through learned policies.

These implementation considerations ensure that the proposed active RIS-assisted
MADDPG architecture is both theoretically grounded and practically feasible for deploy-
ment in low-power, distributed WSN environments.

Figure 2. Schematic of MADDPG.
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3.1. MDP Formulation

As depicted in Figure 2, each sensor functions as an individual agent. At time step k,
agent n receives an observation ok

n from the environment and takes an action ak
n. At

time step k, given the set of states sk =
{

ok
1 , ok

2 , . . . , ok
N

}
and the set of joint actions

ak = {ak
1 , ak

2 , . . . , ak
N}, the agent receives an immediate reward rk

n and the subsequent
observation ok+1

n . For sensor n, the observable information at time k comprises both the
channel quality state based on its current location and the remote state estimation (RSE)
error covariance. This can be represented as ok

n = {hk
n, Pk

n}. The system state at time k
is the collection of all sensor observations, expressed as sk

n = {ok
n | n ∈ N}. At each

time step, each sensor selects its action, which consists of the power allocation pk
n, sensor

grouping bk
n,g, and beamforming selection for the RIS, denoted as Θk. Thus, the action ak

n

can be written as ak
n = {Θk, pk

n, bk
n,g}. The reward function assesses the agent’s performance

and guides its decision-making. The objective of this letter is to minimize the total RSE
error of all sensors. MADDPG is typically used to solve maximization problems, where
each agent aims to maximize its reward by selecting actions [18]. However, Problem 2 is a
minimization problem, so we need to invert the objective value by defining the reward as
the negative of the cost, i.e., rk

n = −Dk
n = γk

n − α ln
[
un

(
Pk−1

n

)
− P̄n

]
.

3.2. The MADDPG Algorithm

In this section, we propose the RIS-MADDPG algorithm to address the optimization
problem outlined above. The MADDPG algorithm is a widely used multi-agent reinforce-
ment learning (MADRL) method for continuous control problems. For N agents, the MAD-
DPG algorithm involves N actor networks and N critic networks, as shown in Figure 2. Each
agent’s actor network generates actions based on its policy, denoted as μ = {μ1, μ2, . . . , μN},
with each policy implemented by a neural network φμ = {φ

μ
1 , φ

μ
2 , . . . , φ

μ
N}. The critic net-

works, parameterized by φQ = {φQ
1 , φQ

2 , . . . , φQ
N}, evaluate the quality of the actions taken

by the agents, considering the system state and the joint actions. Each agent n has an
experience replay memory Bn that stores transition tuples (sk, ak, rk

n, sk+1). At each time
step, each agent samples a minibatch from its memory to update its policy. The gradient
for agent n is computed as follows [18]:

∇φ
μ
n
J (μn) =

Eak
n∼Bn

[
∇φ

μ
k
μn

(
ak

n|ok
n

)
Qμ

n

(
sk, ak

)
|ak

n=μn(ok
n)

]
.

(23)

To stabilize the learning process, MADDPG employs the target network technique.
The target networks for the action and evaluation functions, μ′

n and Q′
n, respectively, are

updated using backpropagation. The loss function for updating the evaluation network is

L
(

φQ
n

)
= Esk ,ak ,rk

n ,s′k+1

[(
Qμ

n

(
sk, ak

)
− yk

)2
]

, (24)

where yk = rk
n + ψQ′

n

((
sk
)′

, a′k

)
|
(ak

n)
′
=μ′

n(ok
n)

.

After updating φ
μ
n and φQ

n , the parameters of the target networks, φ
μ′
n and φQ′

n , are
softly updated as

φ
μ′
n = τaφ

μ
n + (1 − τa)φ

μ′
n , (25)

φQ′
n = τcφQ

n + (1 − τc)φ
Q′
n , (26)
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where τa and τc are the update parameters for the target network, and C denotes the update
interval that determines how frequently the actor and target networks are updated during
training. The detailed steps of the RIS-MADDPG algorithm are provided in Algorithm 2.

Algorithm 2 RIS-MADDPG Algorithm.

1: Initialize the actor network μn(ok
n; θ

μ
n ) and the critic network Qn(sk

n; θQ
n ) for each agent

n at time step k;

2: Initialize the target network μ′
n(o

k
n; θ

μ′
n ) and the critic nework Q′

n(s
k
n; θQ′

n ) for each agent
n at time step k;

3: Initialize the experience replay buffer Bn for each agent n;
4: for episode = 1 to E do
5: Initialize state sk = {ok

1 , ok
2 , . . . , ok

N} and k = 1
6: while step k < K do
7: for each agent n do
8: Get ok

n, select action ak
n = μn(ok

n)
9: Execute actions ak and obtain the reward rk

n and the next state ok+1
n

10: Store (sk, ak, rk
n, sk+1) in Bn

11: end for
12: end while
13: for each agent n do
14: Sample a random mini-batch of S samples from the experience replay buffer Bn

15: Update the critic network by minimizing the loss function L(φQ
n ) in (24)

16: if k mod C = 0 then
17: Update the parameters φQ

n using the deterministic policy gradient in (23)
18: Update two target networks: (25) and (26)
19: end if
20: end for
21: end for

To ensure the reproducibility of our results, all of the hyperparameters, training
configurations, and simulation environment details have been clearly specified in Table 1,
and the algorithmic process has been fully described in Algorithm 2.

Table 1. Simulation parameters.

Description Parameter and Value

Transmission model

N = 9, G = I = 3, M = 16, pmax = 20 dBm
δR = δR = 4 PaRIS = 32 dBm

Ptot = 30 dBm, PDC = −5 dBm, Pc = −10 dBm
αR = 2.7, αB = 1.5, αS = 1.6, αm ∈ [1.1, 2]

ξ = 0.8, α = 1017, σ2
1 = −70 dBm, σ2

2 = −80 dBm

KF model An, Cn, Qn, Rn ∈ [0.5, 1.5]

MADDPG E = 10, K = 4000, Bn = 128, C = 2000

3.3. Computational Complexity Analysis

The computational complexity of Algorithm 1 mainly arises from two iterative phases:
the convergence phase for updating the estimation covariance P

k|k
n and the scheduling phase

involving nested loops over time slots (K), agents (N), and groups (G). Specifically, the
convergence phase’s complexity is O(kmax × N × G), and the scheduling phase’s complexity
is O(K× N ×G). Thus, the total complexity of Algorithm 1 is O(N ×G(kmax +K)), reflecting
linear scalability in terms of the agents and groups.

For the MADDPG algorithm used to solve Problem 2, the complexity consists of
two parts: centralized critic network training and decentralized actor network execution.
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The centralized training’s complexity is O(Emax × N), where Emax is the maximum num-
ber of training episodes. The decentralized execution complexity per agent is constant
per episode, resulting in an overall execution complexity of O(Emax). Hence, the total
complexity is O(Emax × N). Compared to centralized approaches like DDPG (with com-
plexity O(Emax × N2)), MADDPG significantly reduces the computational overhead, thus
enhancing the scalability and efficiency for multi-agent scenarios.

4. Simulation Results

Based on the above discussion, we divide the computational complexity of applying
the MADDPG algorithm to solving Problem 2 into three components:

• The critic network (centralized training): During the centralized training phase, the
critic network evaluates the global state–action pairs involving all N agents. Suppose
that the maximum number of episodes is denoted as Emax, and each agent requires a
complexity of O(1) for a single update: the overall complexity becomes O(EmaxN).

• The actor network (decentralized execution): In the decentralized execution phase,
each agent independently selects actions using its actor network. Since each agent
makes decisions independently with the complexity O(1) per episode, the total com-
plexity for all episodes is O(Emax).

Therefore, the total computational complexity of the MADDPG algorithm is repre-
sented as

O(EmaxN + Emax) = O(EmaxN) (27)

Moreover, we critically analyze the overhead costs compared to those of the base-
line models. Specifically, compared to the centralized DDPG method—which incurs a
complexity of approximately O(EmaxN2) due to the joint optimization of the actions over
all agents—MADDPG significantly reduces the complexity by decentralizing the actor
network computations, compared to that of the standard reinforcement learning methods.

Figure 3 compares our proposed MADDPG algorithm with active RIS assistance against
three baseline approaches: MADDPG with a passive RIS, DDPG with an active RIS, and
MADDPG without RIS assistance. The results demonstrate substantial reductions in the
performance errors provided by the active RIS. Specifically, the MADDPG algorithm with
active RIS assistance achieves an 88% reduction in error compared to that with a passive
RIS and a 200% reduction compared to that with no RIS assistance. Additionally, the active
RIS within the MADDPG framework surpasses active-RIS-assisted DDPG by approximately
87% in its error reduction. These results clearly highlight the superior performance of the
MADDPG algorithm with the active RIS, underscoring the potential of the active RIS to
optimize WSNs. To enhance the clarity further, we have specified in the figure captions
that the horizontal axis denotes the iteration steps and the vertical axis corresponds to the
normalized estimation errors, both of which are dimensionless quantities.

Figure 4 illustrates the impact of the number of reflection elements on the sensor’s
RSE error. It can be observed that increasing the number of elements to 128 results in
substantial error reductions of 32%, 78%, and 120% when compared to configurations with
32, 16, and 8 elements, respectively. This performance gain is attributed to the improved
signal reflection and enhanced spatial diversity enabled by more reflection elements. These
results demonstrate that a higher number of elements significantly enhances the sensing
accuracy, thereby playing a crucial role in reducing the estimation error.

Figure 5 presents the convergence behavior of the RSE error under different maximum
power constraints (10 dBm, 15 dBm, and 20 dBm). While the general convergence trends
are visually similar, higher power constraints clearly lead to faster convergence and a lower
steady-state RSE error. This is because larger transmission power budgets improve the
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signal-to-noise ratio (SNR) at the receiver, enabling more precise state estimations. These
findings indicate that the power allocation not only influences the final estimation accuracy
but also affects the convergence speed, highlighting its critical importance in dynamic WSN
environments. In summary, the results in Figures 4 and 5 jointly confirm that both the
number of reflection elements and the power constraints have a pronounced impact on the
sensing performance. Optimizing these parameters leads to more accurate and responsive
sensing, which is essential for reliable state estimation in resource-constrained wireless
sensor networks.
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Figure 3. The sum of expected RSE errors under different algorithms.
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Figure 4. The convergence for different numbers of RIS reflecting elements.
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Figure 5. Convergence for different maximum power constraints.

To investigate the system-level trade-offs further, Figure 6 presents the convergence
behavior of the proposed algorithm under different sensor-to-channel configurations
(e.g., two sensors with six channels, three sensors with four channels, and four sensors
with three channels). It can be observed that as the number of sensors increases under
limited channel resources, the RSE error grows due to heightened interference and limited
degrees of freedom for resource allocation. This validates the system’s sensitivity to the
sensor density and available spectrum.
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Figure 6. Convergence comparison under different sensor-to-channel configurations.
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Figure 7 evaluates the impact of different amplifier efficiency coefficients ξ on the
convergence behavior of the proposed algorithm. The parameter ξ reflects the effective
amplification capability of the active RIS, as constrained by the total power budget Ptotal

and the internal power consumption M(PDC + Pc), as defined in constraint (20d). A larger
value for ξ enables the active RIS to contribute more effectively to signal enhancement via
stronger amplification, thereby improving the signal-to-noise ratio (SNR) at the receiver and
reducing the RSE error. However, increasing ξ also implies that more power is allocated to
RIS amplification, potentially limiting the power available for sensors. As shown in the figure,
a moderate value for ξ achieves a good trade-off between RIS enhancement and the overall
system power balance, whereas excessive amplification may lead to diminishing returns. This
result highlights the importance of careful tuning of the RIS-related parameters to optimize
the joint communication–sensing performance in energy-constrained WSN environments.
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Figure 7. Convergence performance under different RIS amplifier efficiency coefficients ξ.

To facilitate a comprehensive and intuitive comparison across different experimental
settings, Table 2 presents a summary of the convergence time and the steady-state RSE error
under various configurations. In this table, “Conv. Time” denotes the number of iterations
(abbreviated as “Iter.”) required for the algorithm to reach convergence, while “Conv. Value”
represents the final RSE error after stabilization. The data in the table are systematically
derived from key experimental results, primarily based on the quantitative trends observed
in Figures 3–5. As shown in Table 2, the proposed MADDPG algorithm assisted by the
active RIS consistently achieves a superior performance in terms of both the convergence
speed and estimation accuracy, particularly when equipped with a larger number of
reflecting elements. In contrast, reducing the number of RIS elements or the transmission
power constraint leads to increased estimation errors, highlighting the importance of spatial
diversity and power resources for accurate sensing. This table provides a clear and concise
overview of the system behavior across algorithms and configurations, offering valuable
insights for future research and parameter optimization in wireless sensor networks.
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Table 2. A summary of the convergence times and convergence values under different configurations.

Scenario Conv. Time (Iter.) Conv. Value

MADDPG + Active RIS (128 elements, 20 dBm) 3500 0.75
MADDPG + Active RIS (32 elements, 20 dBm) 3300 1.25–1.35
MADDPG + Active RIS (16 elements, 20 dBm) 3200 2.20–2.35
MADDPG + Active RIS (8 elements, 20 dBm) 3000 3.00

MADDPG + Active RIS (16 elements, 10 dBm) 3500 7.10–7.25
MADDPG + Active RIS (16 elements, 15 dBm) 3500 4.85–5.00

DDPG + Active RIS (16 elements, 20 dBm) 4500 3.10–3.20
MADDPG + Passive RIS (16 elements, 20 dBm) 5000 3.00
MADDPG without RIS (16 elements, 20 dBm) 10,000 5.15–5.25

5. Conclusions

This letter proposes an active RIS-assisted uplink NOMA technique using the MAD-
DPG framework, aiming to minimize the sum of the expected RSE errors during wireless
transmission. By leveraging the capabilities of an active RIS and the multi-agent learning
capability of MADDPG, the proposed method dynamically optimizes the resource allocation
to enhance the sensing and transmission performance in wireless networks. The simulation
results validate that the proposed algorithm achieves notable improvements in minimizing
the sum of the RSE errors, outperforming the conventional algorithms by approximately 87%
to 200%. These results demonstrate the effectiveness of combining intelligent reflecting sur-
faces with reinforcement learning for joint communication and sensing design. Despite these
promising results, the proposed approach also has several limitations. The offline training
phase of MADDPG can be computationally intensive, especially with many agents, and the
convergence behavior may be sensitive to hyperparameter tuning. In future work, we plan to
explore more lightweight and scalable learning strategies while also evaluating additional
performance metrics such as the convergence speed, latency, and energy efficiency. Moreover,
extending the framework to support mobile agents and distributed multi-cell deployments
will enhance its applicability further in real-world WSN scenarios.
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Abstract: In industrial wireless networks beyond 5G and toward 6G, combining uplink
non-orthogonal multiple access (NOMA) with the Kalman filter (KF) effectively reduces
interruption risks and transmission delays in remote state estimation. However, the com-
plexity of wireless environments and concurrent multi-sensor transmissions introduce
significant interference and latency, impairing the KF’s ability to continuously obtain re-
liable observations. Meanwhile, existing remote state estimation systems typically rely
on oversimplified wireless communication models, unable to adequately handle the dy-
namics and interference in realistic network scenarios. To address these limitations, this
paper formulates a novel dynamic wireless resource allocation problem as a mixed-integer
nonlinear programming (MINLP) model. By jointly optimizing sensor grouping and power
allocation—considering sensor available power and outage probability constraints—the pro-
posed scheme minimizes both estimation outage and transmission delay. Simulation results
demonstrate that, compared to conventional approaches, our method significantly improves
transmission reliability and KF estimation performance, thus providing robust technical
support for remote state estimation in next-generation industrial wireless networks.

Keywords: uplink NOMA; outage risk; remote state estimation; coalitioin game; dinkel-
bach method; successive convex approximation method; dual decomposition method

1. Introduction

The rapid advancements in beyond 5G and 6G technologies have dramatically im-
proved key aspects of wireless communication, such as bandwidth, latency, and connection
density, thereby creating new opportunities for the development of wireless sensor net-
works (WSNs) [1–3]. However, these advancements also introduce new challenges, particu-
larly in the efficient management of resources due to limited power, bandwidth constraints,
and the complex interactions between critical system components, such as sensor grouping,
power allocation, and state estimation. non-orthogonal multiple access (NOMA), a promis-
ing approach for resource sharing, leverages power-domain differentiation to improve
system performance, particularly in the uplink. At the same time, remote state estimation,
often optimized using the Kalman filter (KF), is crucial for accurately estimating a system’s
state, especially under noisy conditions in wireless networks. Despite the potential of both
technologies, integrating NOMA with KF-based remote state estimation presents unique
challenges, including interference management, power control, transmission delay, and
outage risks. This paper proposes a joint optimization framework that combines NOMA’s
resource allocation capabilities with KF for remote state estimation, addressing these chal-
lenges simultaneously. By optimizing sensor grouping, power allocation, and transmission

Sensors 2025, 25, 4686 https://doi.org/10.3390/s25154686
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strategies, this approach minimizes outage risks while enhancing both the accuracy of
remote state estimation and transmission efficiency, ensuring better system performance
and sustainability in beyond 5G and 6G technologies.

During the transmission of sensor local states to the base station, limitations in band-
width, power, and other resources, as well as factors such as delay, packet loss, and channel
interference, make it a critical issue to consider how to assign sensors to channels and
set appropriate power levels for each sensor to minimize the total outage risk across all
sensors. To address this, we propose combining game theory with sensor grouping and
power allocation strategies in NOMA as an effective approach [4–6]. For instance, Liu et al.
propose a greedy subchannel matching algorithm based on hypergame theory for sensor
and subchannel pairing in downlink NOMA networks, highlighting the importance of
sensor grouping in WSN [7]. Additionally, a game theory-driven data security transmis-
sion method is proposed to mitigate potential interference in drone-assisted vehicular
networks, with the significant impact of mutual interference on communication quality
being demonstrated [8]. Wang et al. explore the application of game theory in coopera-
tive communication scenarios, proposing a two-stage game model based on power and
spectrum trading, optimizing transmission rates by solving the game equilibrium, and
emphasizing the key role of power in communication processes [9,10].

While some models in sensor wireless transmission are convex functions, many oth-
ers are non-convex, which makes traditional game theory methods ineffective in solving
such problems. As a result, researchers have proposed solutions to convert non-convex
problems into convex optimization problems [11–13]. For example, in reference [14], a
joint optimization algorithm that combines the Dinkelbach algorithm with a successive
convex approximation (SCA) method successfully converts fractional optimization prob-
lems into equivalent linear problems, thus converting non-convex problems into convex
ones. This method proves the existence of an optimal solution for the joint optimization
of power and subcarrier allocation. The complex constrained optimization problems are
simplified using Lagrangian dual decomposition in [15,16], where power allocation in
uplink NOMA systems is optimized, leading to a significant reduction in computational
complexity. Transmission delay is another critical factor. Transmission delay, energy con-
sumption, and sensor grouping are jointly optimized in [17,18], where their impacts on
data transmission are studied, emphasizing the indispensable role of transmission delay in
the optimization process.

Although existing research provides valuable insights into addressing some problems
in sensor wireless transmission, several challenges remain unsolved. First, effectively
integrating transmission delay, energy consumption, channel interference, and outage risk
due to remote state estimation in beyond 5G and 6G environments remains a complex
problem. Second, while some methods have addressed parts of non-convex optimization
problems, further research is needed to reduce system complexity while maintaining
computational efficiency. Additionally, current game theory models primarily focus on
single-objective optimization; thus, balancing multiple objectives in a multi-objective
optimization framework requires further exploration.

Minimizing outage risks for sensors during transmission is critical for ensuring the
stability and reliability of uplink NOMA systems [19–22]. Yadav et al. introduce the opti-
mization of intelligent reflecting surface reflection coefficients, which effectively reduces
the impact of channel fading and lowers outage probability [23]. However, it does not
fully address the effects of power allocation and non-ideal intelligent reflecting surfaces on
the system. Power allocation and sensor grouping are optimized to reduce outage risks
and increase system capacity, though the study lacks a detailed discussion of interference
management and dynamic resource scheduling strategies. In [24], outage probability in
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downlink NOMA systems is minimized through energy harvesting and cooperative com-
munication optimization; however, the paper does not explore how to further improve
performance via enhanced CSI estimation and optimized power allocation. The optimiza-
tion of power allocation is used to enhance system rate and reduce outage probability,
though the specifics of sensor grouping and interference management are not delved into in
the study [25]. Overall, while these methods effectively reduce outage probability, they do
not fully explore refined resource scheduling strategies. Future research could investigate
the impact of these factors on system performance.

When addressing the minimization of outage risk during the remote state estimation
process for sensors, we must not only consider sensor state estimation issues (e.g., the state
estimation error covariance) but also focus on the communication challenges in beyond 5G
and 6G wireless transmission. Unlike conventional studies that rely purely on quality-of-
service (QoS) metrics or signal-to-interference-plus-noise ratio (SINR) for sensor grouping and
power allocation, this work focuses explicitly on integrating remote state estimation, network
communication processes, and outage probabilities during transmission. Specifically, the
complexity arises from the necessity to balance multiple performance criteria—remote state
estimation accuracy, transmission latency, and outage probability—in a unified optimization
framework, which underscores the importance of jointly utilizing uplink NOMA and KF
techniques. The main contributions of this paper are summarized as follows

1. Problem Modeling: We propose a novel unified optimization framework, formulating
the joint minimization of outage risk in remote state estimation and transmission
delay as a mixed-integer nonlinear programming (MINLP) problem. This formulation
explicitly incorporates both communication and estimation constraints, providing a
theoretical foundation for subsequent algorithm designs.

2. Coalitional Game-Based Sensor Grouping: Motivated by the limitations of traditional
heuristic approaches, we propose a coalitional game-based sensor grouping algorithm.
In this framework, each sensor acts as a rational player seeking to maximize its
individual utility, and sensors iteratively form cooperative groups based on local
improvement rules. The game converges to a Nash-stable coalition structure, which
ensures a locally optimal grouping strategy. This approach effectively mitigates inter-
group interference in multi-sensor uplink scenarios while significantly enhancing
grouping efficiency and resource utilization.

3. Power Allocation Optimization: To address the nonlinearity and fractional nature of
the power allocation subproblem, we employ the Dinkelbach algorithm to transform
the original fractional objective into a parameterized form. Then, we use successive
convex approximation (SCA) to handle non-convex constraints and apply dual decom-
position to solve the resulting convex subproblems. This layered solution framework
guarantees convergence to a stationary point and achieves a suboptimal solution
with provable performance. Simulation results confirm that this approach provides
near-optimal performance with significantly reduced computational complexity.

By combining these strategies, our framework effectively mitigates outage risks during
sensor transmissions and considerably enhances overall system reliability and estimation
performance. Additionally, by transforming the original non-convex optimization into
convex subproblems, the proposed solution methodology substantially reduces computa-
tional complexity. These contributions provide theoretical insights and practical guidelines
for optimizing wireless transmission in uplink NOMA systems within future industrial
wireless networks beyond 5G and 6G.

To further highlight the novelty of our approach, we provide a comparison in Table 1
that contrasts the proposed framework with representative existing methods in terms of
sensor grouping, power allocation, outage-awareness, and estimation integration.
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The remainder of this paper is organized as follows: Section 2 presents the math-
ematical formulation of the problem, Section 3 investigates the coalition game-based
sensor grouping problem and the joint optimization algorithm for solving the opti-
mal power allocation, while numerical examples and conclusions are presented in
Sections 4 and 5, respectively.

Table 1. Comparison of the proposed method with existing approaches.

Feature In [26] In [22] Proposed Method

Sensor grouping Not considered Heuristic clustering Game-theoretic

Power allocation Fixed allocation Cognitive + Fairness Dinkelbach + SCA

Outage Not addressed Closed-form Closed-form

Estimation KF Ignored KF

Notations: R denotes the set of real numbers. C represents the set of complex numbers.
The symbol (·)T denotes the transpose operation. The superscript (·)−1 indicates the matrix
inverse. The symbol (·)′ represents the vector or matrix transpose operator. The notation
P[·] refers to probability. Tr(·) represents the trace operator of a matrix.

2. System Model

This paper investigates an uplink NOMA transmission model in a wireless sensor
network with a single base station. As illustrated in Figure 1, after performing local
processing, N sensors transmit their data to the base station, which subsequently conducts
remote state estimation. Before transmission, each sensor independently evaluates and
selects one of the G channels for sensor grouping based on a comprehensive assessment
of factors such as its distance to the base station, channel gain, maximum and minimum
power constraints, and noise levels. Additionally, within each group, the decoding order
and power allocation strategy are determined to optimize transmission performance and
resource utilization efficiency. This process highlights the sensors’ adaptive capabilities
in channel selection, grouping, and resource scheduling, which are critical components of
the system design. The set of cellular sensors is denoted by N = {1, 2, . . . , N}, with each
sensor equipped with a single antenna. In an uplink NOMA system for beyond 5G and
6G networks, the same channel can be assigned to multiple sensors. It is assumed that all
sensors in the base station share G channels, resulting in G = {1, 2, . . . , G} NOMA clusters
within the cell. The set of sensor indices in each cluster is defined as Ig =

{
1, 2, . . . , Ig

}
,

where Ig denotes the number of sensors assigned to the g-th NOMA cluster. It should be
noted that the set Ig may vary across different clusters depending on the grouping results.

Figure 1. System model of remote state estimation outage risk.

61



Sensors 2025, 25, 4686

2.1. Local State Estimate Model

To introduce the basic framework of the KF method, we describe how the measure-
ment output of sensor i in channel g reflects the underlying process. The system’s state
at the next time step evolves from the previous state at time t according to the linear
transition equation

xt+1
i,g = Ag

i xt
i,g + wt

i,g, (1)

where xt
i,g ∈ Rln , wt

i,g ∈ Rln , and Ag
i ∈ Rln×ln make up the state transition matrix. The state

variable xt+1
i,g and the process noise wt

i,g are independent and follow complex Gaussian
distributions. At the next time step, the observation is modeled by the linear measure-
ment equation

yt+1
i,g = Cg

i xt
i,g + vt

i,g, (2)

where yt+1
i,g ∈ Rrn and Cg

i ∈ Rrn×ln make up the measurement matrix and vt
i,g ∈ Rrn is the

measurement noise, which also follows a complex Gaussian distribution [26,27]. The KF
aims to use a sequence of observations to accurately estimate the state.

The prior and posterior state estimates, x̂t|t−1
i,g and x̂t

i,g, respectively, are updated using

the Kalman gain Kt
i,g and the error covariances Pt|t−1

i,g and Pt
i,g. The KF equations are as

follows [26]:
x̂t|t−1

i,g = Ag
i x̂t−1

i,g , (3)

Pt|t−1
i,g = Ag

i Pt−1
i,g (Ag

i )
′ + Qg

i , (4)

Kt
i,g = Pt|t−1

i,g (Cg
i )

′
[
Cg

i Pt|t−1
i,g (Cg

i )
′ + Rg

i

]−1
, (5)

x̂t
i,g = x̂t|t−1

i,g + Kt
i,g

(
yt

i,g − Cg
i x̂t|t−1

i,g

)
, (6)

Pt
i,g =

(
ν − Kt

i,gCg
i

)
Pt|t−1

i,g , (7)

where ν is the identity matrix of size ln × ln.
The estimation error covariance, denoted Pt

i,g, quantifies the uncertainty of the state
estimate and is defined as

Pt
i,g � E

[(
xt

i,g − x̂t
i,g

)(
xt

i,g − x̂t
i,g

)′]
. (8)

As the local estimation error covariance Pt
i,g converges exponentially to a steady-state

value P̄g
i , the KF’s accuracy improves over time.

2.2. Uplink NOMA Communication Model

The impulse response of the channel between sensor i and the base station is rep-

resented by hk
i,g =

ek
i,g√

1+
(

dk
i,g

)β
, where ek

i,g denotes the impulse response of the Rayleigh

fading channel, with β as the path loss exponent and dk
i,g as the distance between sensor i

and the base station. This model captures both small-scale and large-scale effects, where
the numerator models Rayleigh fading and the denominator models large-scale path loss.
The square root form is used because path loss affects the signal power and, thus, the
amplitude is scaled by the square root to ensure that the average received power decays
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as 1/(1 + (dk
i,g)

β). This ensures consistency with standard wireless propagation models.

The probability density function of |ek
i,g|2 is given by f|ek

i,g |2(x) = 1
2μ2 e

− x
2μ2 , where μ is the

variance of the normal distribution N(0, μ).
The received signal at the base station is given by

yk
g =

I

∑
i=1

hk
i,g

√
pk

i,gsk
i,g + ng, (9)

where pk
i,g represents the transmit power allocated to sensor i in channel g and sk

i,g denotes
the transmitted message from sensor i in channel g. Additionally, ng represents the Gaus-
sian white noise in the process of signal transmission from the base station to sensor i
through channel g.

The probability density function (PDF) of |ei|2 [19] is given by

F∣∣∣ek
i,g

∣∣∣2(x) =
∫ x

−∞
f∣∣∣ek

i,g

∣∣∣2(t)dt = 1 − e
− x

2μ2 . (10)

At the receiver in a NOMA system, SIC detection is applied to separate the multi-
sensor superimposed signals. The optimal decoding order follows an ascending sequence
based on sensors’ channel gains, allowing for sequential detection and separation of each
sensor’s signal. Finally, the achievable transmission rate for sensor i in channel g can
be expressed according to Shannon’s theorem as follows: At the receiver in a NOMA
system, SIC detection is applied to separate the multi-sensor superimposed signals. The
optimal decoding order is determined by an ascending sequence of sensors’ channel gains,
thereby facilitating sequential detection and the separation of each sensor’s signal. Finally,
the achievable transmission rate for sensor i in channel g can be expressed according to
Shannon’s theorem as follows:

Rk
i,g = B log2(1 + SINRk

i,g), (11)

where B represents the bandwidth available to each sensor and SINRk
i,g is defined

as
pk

i,g |hk
i,g |2

∑I
j=i+1 pk

j,g |hk
j,g |2+σ2 .

The outage probability, as a critical metric for evaluating wireless system performance,
represents the probability that the instantaneous link rate falls below the required sensor
rate. We define Ek

i,g as the event in which the base station can successfully decode the
signals from sensors 1 to i − 1 in channel g but fails to correctly decode the signal from
sensor i in the same channel. When the sensor’s rate requirement is Rk

i,g, the minimum

transmission rate is R̂k
i,g and Rk

i,g < R̂k
i,g; the outage probability of the event Ek

i,g can be
expressed as follows: [21]

P(Ek
i,g) = P

{
Rk

i,g < R̂k
i,g

}
= 1 − e

−
φk

i,g
2μ2 , (12)

where φk
i,g =

(2
R̂k

i,g
B −1)(∑I

j=i+1 pk
j,g |hk

j,g |2+σ2)
(

1+(dk
i,g)

β
)

pk
i,g

. Correspondingly, this also represents its

non-outage probability, which we define as Pc. Based on the above derivation, the outage
probability for sensor i in channel g is formulated as follows:

P
out,k
i,g = 1 − Pc(Ek

1,g ∩ · · · ∩ Ek
i,g) = 1 −

i

∏
z=1

e
− φk

z,g
2μ2 , (13)
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where

φk
z,g =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(2

ˆRk
z,g
B −1)(∑I

j=z+1 pk
j,g |hk

j,g |2+σ2)(1+(dk
z,g)

β)
pk

z,g
, z �= I,

(2

ˆRk
z,g
B −1)(1+(dk

z,g)
β)σ2

pk
z,g

, z = I.

2.3. Remote State Estimation Model

At each remote time k, all sensors must send their local estimates to the remote
estimator over a shared wireless channel. We denote the transmission of x̂k

i,g by a binary

random process
{

γk
i,g

}
:

γk
i,g =

{
1, if x̂k

i,g arrives without errors at time k,

0, otherwise (regarded as dropout) .
(14)

To explicitly reflect how packet dropouts influence the remote estimation process,
we derive the expression of Pr,k

i,g based on the binary transmission indicator γk
i,g defined

in (14). Specifically, when γk
i,g = 1, the remote estimator directly adopts the received local

estimate and sets the estimation error covariance to the local value P̄g
i . Conversely, when

γk
i,g = 0, the transmission fails, and the remote estimator performs a time prediction using

the Kalman filter, resulting in the following recursive update:

Pr,k
i,g =

⎧⎨⎩ P̄g
i , if γk

i,g = 1,

Ag
i

(
Pr,k−1

i,g

)
(Ag

i )
′ + Qg

i , if γk
i,g = 0.

(15)

Combining Equation (14) with Equation (13) from the previous section, we can draw
the following conclusion:

P

[
γk

i,g = 0
]
= 1 −

i

∏
z=1

e
− φ

g
z

2μ2 . (16)

2.4. Transmission Delay Model
2.4.1. Local Transmission Time

When sensor i in channel g performs its task locally, the task execution delay can be

described by Tlocal
i,g =

Ig
i

Fs , where Fs denotes the computational capability of the sensor.

2.4.2. Base Station Offload and Processing Time

If the sensor offloads its task to the base station, the total delay consists of the transmis-
sion delay over the wireless link and the execution delay at the base station, expressed as
To f f

i,g = Ttra
i,g + Tbase

i,g , where Ttra
i,g and Tbase

i,g denote the transmission delay and the execution

delay, respectively. The transmission delay is formulated as Ttra
i,g =

Dg
i

Rg
i

, and the execution

delay at the base station is Tbase
i,g =

Ig
i

Fb , where Fb denotes the computational capability of the

base station. The total time expenditure for the sensor is Ttotal
i,g = Tlocal

i,g + To f f
i,g .

2.5. Problem Formulation

In this section, we formulate an optimization problem to minimize the remote outage
risk, which incorporates the total time expenditure and the associated error covariance
of remote state estimation in KF. The objective is to jointly optimize sensor grouping and
power allocation for the sensors. This objective balances transmission delay and estimation
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accuracy. To capture this trade-off, we introduce a weighted cost that accounts for both
communication efficiency and estimation quality. Specifically, we define the system’s
objective value using the following equation:

Jk
i,g = Tr{(1 − P

out,k
i,g )[ξTtotal,k

i,g + (1 − ξ)ψP̄g
i ]

+ P
out,k
i,g [ξTlocal,k

i,g + (1 − ξ)ψHg
i (Pr,k−1

i,g )]},
(17)

where Hg
i (X) � Ag

i X(Ag
i )

′ + Qg
i and ξ (with 0 < ξ < 1 ) make up a weight factor used to

combine the objectives into a single function and ψ is a scaling factor to align the objectives
to the same magnitude. The description of Problem 1 is as follows:

Problem 1: min
pk

i,g

1
K

K

∑
k=1

I

∑
i=1

G

∑
g=1

Jk
i,g (18a)

s.t. pk
i,g ≤ pmax, i ∈ I , g ∈ G, (18b)

Ttotal,k
i,g ≤ Tmax

i,g , i ∈ I , g ∈ G, (18c)⋃
i∈I

⋃
g∈G

U g
i = N , i ∈ I , g ∈ G, (18d)

U g ∩ U g′ = ∅, g, g′ ∈ G, (18e)

Constraint (18b) specifies that the transmission power of sensor i in channel g must be
less than the maximum transmission power limits. Constraint (18c) ensures that the overall
transmission time experienced by sensor i over channel g does not exceed the prescribed
maximum threshold. Constraints (18d) and (18e) indicate that each sensor can be assigned
to only one channel.

3. Solution of the Optimization Probelm

In this chapter, we propose an optimization method based on algorithm decomposition
for the MINLP problem in Problem 2. Due to the high computational complexity typi-
cally associated with solving MINLP problems, we decompose the original problem into
two subproblems to reduce the computational burden during the solution process, aiming
to improve both the solving efficiency and practical feasibility of the implementation.

3.1. Grouping Strategy Based on Coalition Game Theory

To obtain the initial grouping Uini, sensors are uniformly and randomly assigned to
each channel, achieving an even distribution of sensors across channels (see Algorithm 1).

In the above system model, the sensors are divided into multiple channels, each
forming a coalition of the same size. Within each coalition, sensors collaboratively offload
their respective data blocks to the base station, while competition exists between different
coalitions. The objective of the optimization problem is to maximize the overall system
performance. We define the outage risk under the joint optimization of remote state
estimation and transmission delay as the utility function v within the coalition, representing
the total outage risks of all sensors within the coalition, as follows:

v(G) = (O1,O2, · · · ,ON). (19)

Before the matching process, the mutual preference lists are indispensable. Both
sensors and base station need to build their preference lists based on their own utilities. We
define Γ as the total outage risks of all sensors within a coalition. For any sensors U g

i ∈ N ,
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U g′
j ∈ N with U g

i ∈ Gg and U g′
j ∈ Gg′ , Gg �U g

i ,U g′
j

Gg′ indicates that sensor U g
i prefers

joining coalition Gg over Gg′ . In this case, the sensor will exchange positions with those in
Gg′ . The final result is that after exchanging positions, the total outage risks of sensors in
different coalitions is higher than before the exchange. The new partition can be denoted as

Γ{G′} = Γ(Gg \ {U g
i } ∪ {U g′

j }) + Γ(Gg′ \ {U g′
j } ∪ {U g

i }).

Algorithm 1 Intelligent Sensor Grouping Algorithm Based on Coalition Game Theory
under Fixed Power Constraints
Input: N , G0, I , hg

i , pg
i , n ∈ N , i ∈ I , g ∈ G0.

Output: Optimal grouping G f in.
Initialization: t = 1, pg

i = pmax, Uini = U g
i , G0 = Gini, ∀i ∈ I , g ∈

G0.
1: while G t does not converge to Nash-stable partition Gf in do

2: Select U g
i ∈ Gg and U g′

j ∈ Gg′ , where g �= g′, i ∈ I , j ∈ I
3: Define G′ =

(
G t \ {Gg′ , Gg}

)
∪ {Gg′ \ {U g

i } ∪ {U g′
j }, Gg \ {U g′

j } ∪ {U g′
i }}

4: Calculate E(Gm),E(Gm′) by Problem 4
5: if Γ{G′} > Γ{G t} then
6: Update G t+1 = G′
7: Update t = t + 1
8: end if
9: end while

3.2. Power Allocation Based on Dinkelbach, SCA, and Dual Decomposition Methods

This section addresses the power allocation problem for a fixed sensor grouping
by applying the Dinkelbach algorithm, along with the SCA and dual decomposition
methods discussed below. To address the issue of offloading time consumption in the
expectation, we use the Dinkelbach algorithm to handle the fractional programming. This
method is particularly suitable because our objective function involves a ratio structure, and
Dinkelbach’s algorithm efficiently handles such problems with convergence guarantees.
The transformed problem is described as follows (see Algorithm 2):

Jk
i,g = Tr

⎧⎨⎩Zk
i,g −

i

∏
z=1

e
− φk

z,g
2μ2

(
λk

i,g

Rk
i,g

ξ
+ Lk

i,g

)⎫⎬⎭. (20)

where Zk
i,g and Lk

i,g represent ξTlocal,k
i,g + (1− ξ)ψP̄g

i and (1− ξ)ψZk
i,g − Dg

i − ξTbase,k
i,g , respec-

tively, and λk
i,g is a non-negative parameter. We define F(λk

i,g) = −min
pk

i,g

{
λk

i,g
Rk

i,g
ξ − Dg

i

}
.

Algorithm 2 Iterative Algorithm Based on Dinkelbach

Input: ξ, Dg
i , Rk

i,g, iter_max, ε, i ∈ I , g ∈ G.

Initialization: λiter,k
i,g = 0, iter = 1.

1: while F(λiter,k
i,g ) > ε or iter ≤ iter_max do

2: F(λiter,k
i,g ) = Dg

i − λiter,k
i,g

Rk
i,g
ξ

3: iter = iter + 1
4: λiter,k

i,g = ξ
Dg

i
Rk

i,g

5: end while

Output: Obtain λk
i,g = λiter,k

i,g .
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To facilitate subsequent analysis, we can derive from Equation (20) that the minimiza-
tion problem above can be transformed into a maximization problem. Additionally, since
Zg

i (k) is a constant, it has no impact on sensor grouping or power allocation. We redefine
an objective function Ok

i,g, which is derived from the original objective function Jk
i,g by

excluding the Zk
i,g component and can be considered an approximation of Jk

i,g.

Ok
i,g ≈ −Jk

i,g = Tr

⎧⎨⎩ i

∏
z=1

e
− φk

z,g
2μ2

(
λk

i,g

Rk
i,g

ξ
+ Lk

i,g

)⎫⎬⎭. (21)

Therefore, Problem 1 can be reformulated as

Problem 2: max
pk

i,g

1
K

K

∑
k=1

I

∑
i=1

G

∑
g=1

Ok
i,g

s.t.(18b), (18c).

(22)

Moreover, since the subproblem of outage probability involves a product of terms, it
is challenging to solve directly. To address this, we apply a natural logarithm function to
transform the product into a summation, thereby simplifying the problem and facilitating
subsequent analysis.

Ek
i,g = ln Ok

i,g = Tr

{
ln

(
λk

i,gRk
i,g

ξ
+ L

)

+
i

∑
z=1

∑I
j=z+1 pk

j,g|hk
j,g)|2 + σ2

−pk
z,g

Fk
z,g

}
,

(23)

where Fk
z,g =

(2
R̂g

z
B −1)((1+dk

z,g)
β)

2μ2 .
Problem 2 is rewritten as

Problem 3: max
pk

i,g

1
K

K

∑
k=1

I

∑
i=1

G

∑
g=1

Ek
i,g

s.t.(18b), (18c).

(24)

Since Problem 3 is a non-convex optimization problem with respect to pk
i,g, it is

challenging to solve directly. Therefore, we adopt the SCA method, whose convergence is
proven in [11]. Hence, a lower bound for Rk

i,g can be expressed as

Rk
i,g = B log2(1 + SINRk

i,g)

≥ B
(

ak
i,g log2(SINRk

i,g) + bk
i,g

)
= R̂k

i,g,
(25)

where the equality holds when

ak
i,g =

SINRk
i,g

1 + SINRk
i,g

, (26)

and
bk

i,g = log2(1 + SINRk
i,g)− ak

i,g log2(SINRk
i,g). (27)
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With the fixed approximation coefficients A(k) � ag
i (k) and B(k) � bk

i,g, the con-

straint in Problem 3 remains non-concave with respect to pk
i,g. Therefore, we introduce the

transformation p̄k
i,g = ln pk

i,g.

Here, we decompose the objective function in Problem 3 into two parts, Uk
i,g and Dk

i,g,
which are expressed as follows:

Ek
i,g = Tr

{
Uk

i,g + Dk
i,g

}
, (28)

Uk
i,g =

i

∑
z=1

∑I
j=z+1 ep̄k

j,g |hk
j,g|2 + σ2

−ep̄k
z,g

Fk
z,g, (29)

and

Dk
i,g = ln

(
λk

i,gRk
i,g

ξ
+ Lk

i,g

)

= ln

{
λk

i,gak
i,g p̄k

i,g|hk
i,g|2

ξ ln 2
+ Sk

i,g

}
,

(30)

where
λk

i,gak
i,g ln

(
∑I

j=i+1 e
p̄k

j,g |hk
j,g |2+σ2

)
+bk

i,g

−ξ ln 2 + Lk
i,g is abbreviated as Sk

i,g.

The first-order partial derivative of Uk
i,g is given as follows:

∂Uk
i,g

∂( p̄k
i,g)

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

|hk
i,g |2

Vk
i,g

Fk
i,g,

−∑i−1
z=1 δk

z,gFk
z,g +

|hk
i,g |2

Vk
i,g

Fk
i,g,

−∑i−1
z=1 δk

z,gFk
z,g +

σ2

e
p̄k

i,g
Fk

i,g,

(31)

where we define Vk
i,g =

e
p̄k

i,g |hk
i,g |2

∑I
j=i+1 e

p̄k
j,g |hk

j,g |2+σ2
and δk

z,g =
e

p̄k
i,g |hk

i,g |2

ep̄k
z,g

. The three cases, listed from

top to bottom, correspond to i = 1, 1 < i < I, and i = I, respectively.
The second-order partial derivative of U

g
i (k) is given by

∂2Uk
i,g

∂( p̄k
i,g)

2
=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
−|hk

i,g |2
Vk

i,g
Fk

i,g,

−∑i−1
z=1 δk

z,gFk
z,g −

|hk
i,g |2

Vk
i,g

Fk
i,g,

−∑i−1
z=1 δk

z,gFk
z,g − σ2

e
p̄k

i,g
Fk

i,g,

(32)

where the three constraint conditions for the second-order partial derivatives are the same
as those for the first-order derivatives.

The first- and second-order derivatives of D
g
i (k) are expressed as follows

∂Dk
i,g

∂ p̄k
i,g

=

λk
i,gak

i,g |hk
i,g |2

ξ ln 2
λk

i,gak
i,g |hk

i,g |2
ξ ln 2 p̄k

i,g + Sk
i,g

, (33)
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∂2Dk
i,g

∂
(

p̄k
i,g

)2 =

−
(

λk
i,gak

i,g |hk
i,g |2

ξ ln 2

)2

(
λk

i,gak
i,g |hk

i,g |2
ξ ln 2 p̄k

i,g + Sk
i,g

)2 . (34)

According to Equations (31)–(34), Problem 3 is proven to be a convex optimization
problem, and we use the dual decomposition method to solve it. Consequently, the
Lagrangian function for Problem 4 is

I

∑
i=1

G

∑
g=1

L
(

pk
i,g, ηk

i,g, φk
i,g

)

=
I

∑
i=1

G

∑
g=1

Ek
i,g +

I

∑
i=1

G

∑
g=1

ηk
i,g

(
pmax − pk

i,g

)

+
I

∑
i=1

G

∑
g=1

φk
i,g

(
Tmax

i,g − Ttotal,k
i,g

)
,

(35)

where ηk
i,g and φk

i,g are the Lagrangian multipliers.

According to (35), the dual function D
(

ηk
i,g, φk

i,g

)
can be expressed as

D
(

ηk
i,g, φk

i,g

)
=

⎧⎪⎨⎪⎩
max

p̄k
i,g

L
(

p̄k
i,g, ηk

i,g, φk
i,g

)
s.t. p̄k

i,g ≥ 0.

Hence, the dual problem is

Problem 4: minD
(

ηk
i,g, φk

i,g

)
s.t.ηk

i,g ≥ 0, φk
i,g ≥ 0.

(36)

The power allocation p̄k
i,g for the fixed values ηk

i,g, φk
i,g is calculated via (37) by applying

the KKT condition on (35). Hence, we have (see Alogorithm 4)

∂L
(

pk
i,g, ηk

i,g, φk
i,g

)
∂ p̄k

i,g
= 0. (37)

Since the problem involves solving a multi-objective nonlinear equation system where
the result is equal to zero, we utilized the lsqnonlin function in MATLAB 2024b to find the
optimal solution p̄∗,k

i,g .

For ηk
i,g and φk

i,g, we use the gradient descent method to obtain the optimal values:

η
j+1,k
i,g =

[
η

j,k
i,g − Δε

j,k
1 (pmax − pk

i,g)
]+

, (38)

φ
j+1,k
i,g =

[
φ

j,k
i,g − Δε

j,k
2 (Tmax,k

i,g − Ttotal,k
i,g )

]+
. (39)

where j is an iteration index. The parameters Δε1 and Δε2 represent the learning rates for
η

j
i,g and φ

j
i,g, respectively.

3.3. Complexity Analysis

The computational complexity of the proposed algorithms was analyzed as follows:
The complexity is determined by the number of iterations of the while loop, combined
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with the nested loops, resulting in a time complexity of O(tmax · K · I · G), where tmax and
K represent the maximum number of iterations and the iteration count within the loop,
respectively; G is the number of groups; and I is the number of sensors within each group.
For Algorithm 3, the complexity is approximately O(T · N2 · G), where T denotes the
number of iterations required to achieve a Nash-stable partition and N represents the total
number of sensors. For Algorithms 3, the complexity is O(K · L · M), where L is the number
of iterations required for convergence and M is the number of power allocation variables.
Thus, the total complexity of the system, combining the complexities of sensor grouping
and power allocation processes, is O(tmax · K · I · G + T · N2 · G + K · L · M). To further
verify the practical efficiency of the proposed algorithm, we report the actual computational
time of each method under various system scales, as summarized in Table 2.

Algorithm 3 Power Allocation Based on SCA and Dual Decomposition Methods

Input: λiter,k
i,g , ξ, ψ, iter_max, ε, Dg

i , Rk
i,g, σ, i ∈ I , g ∈ G.

Initialization: ak
i,g = bk

i,g = 1, Δε = Δε2 = 0.1, pk
i,g = pmax, j = iter = 1, E

g
i = Ek

i,g =

0.
1: for k = 1 to K do
2: while Δ > ε or iter ≤ iter_max do
3: Update iter = iter + 1
4: Update ak

i,g according formula (26)

5: Update bk
i,g according formula (27)

6: Calculate p∗,k
i,g = exp( p̄∗,k

i,g )
7: repeat
8: j = j + 1
9: Calculate p̄k

i,g according to formula (37)

10: Update
{

ηk
i,g

}
according to formula (38)

11: Update
{

φk
i,g

}
according to formula (39)

12: until j ≥ iter_max
13: Update Δ = |F(λiter,k

i,g )− F(λiter-1,k
i,g )|

14: end while
15: Obtain Ek

i,g according to formula (23)

16: Update E
g
i = E

g
i + Ek

i,g
17: end for

Output: E
g
i = Ek

i,g/K.

Table 2. Performance comparison under different system scales.

System Scale (N, I, G) This Work Random Suboptimal

(12, 2, 6) 1846.6s 1739.0s 1793.1s
(12, 3, 4) 1622.3s 1565.7s 1583.0s
(12, 4, 3) 1571.0s 1494.9s 1525.4s

4. Performance Evalution

In this section, we evaluate the performance of the resource allocation algorithm
for minimizing outage risk under the joint optimization of remote state estimation and
transmission delay. The experiments were conducted using MATLAB 2024b. The simu-
lation setup positioned the base station at coordinates (0 m, 0 m), with sensors randomly
distributed within a 100 m × 100 m area. This area size was chosen to represent a typical
industrial Internet of Things (IIoT) scenario, where a large number of sensors operate in a
compact space with short-range wireless communication and strict latency and reliability
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requirements. We simulated 1000 Rayleigh fading channel realizations and used the sam-
pled values to calculate channel gains. Each sensor was assigned a bandwidth of 1 KHz for
data transmission. To reflect a dynamic and time-varying wireless environment, we further
assumed that sensor positions were updated at each time slot, simulating node mobility
or deployment variations commonly encountered in practical wireless sensor networks.
Specific parameters are summarized in Table 3. The system parameters Ag

i , Cg
i , Qg

i , and
Rg

i were sampled from the range [0.5, 1.5] to reflect moderate system dynamics and noise
levels while ensuring numerical stability for Kalman filtering. The optimization-related
parameters were set as ζ = 0.4, ψ = 1, and μ = 1, representing a balanced trade-off be-
tween communication delay and estimation accuracy, as well as a standard Rayleigh fading
environment. These parameter settings were consistent with prior works and supported
the generality and reliability of the simulation.

Table 3. Summary of the simluation parameters.

Parameters Values

Simulation area size 100 m × 100 m
Base station antenna location (0, 0) m
CPU cycles required to process task Ig

i 1000 Megacycles
Computational capability of sensor Fs 1 GHz
Computational capability of base station Fb 10 GHz
System bandwith B 1 KHz
Minimum transmission rate R̂ 100 bps
Maximum power pmax 20 dBm
Maximum tolerable transmission delay Tmax

i,g 0.1 s
Size of received input data Dg

i 80 B
Noise power density σ −170 dBm/Hz
State transition matrix Ag

i [0.5, 1.5]
Measurement matrix Cg

i [0.5, 1.5]
Process noise covariance Qg

i [0.5, 1.5]
Measurement noise covariance Rg

i [0.5, 1.5]
Weighting factor ξ 0.4
Scaling factor ψ 1
Variance of the normal distribution μ 1

For the sensor grouping algorithm, we evaluated two alternative strategies and com-
pared them with the proposed heuristic algorithm, which optimized sensor grouping under
fixed power constraints to minimize the state estimation outage risk. The two strategies
were random sensor grouping [28] and a suboptimal grouping approach [29]. The subopti-
mal strategy operated as follows: given N sensors, they were first sorted in descending
order based on their channel gains. The sorted sensors were then evenly divided into
M blocks. Sensors from the same position in each block formed a group (e.g., the first
sensor in each block formed the first group, the second sensor formed the second group,
etc.) until all groups were created. For the power allocation algorithm, we compared two
approaches: random power allocation within the allowable range [30] and assigning the
maximum power value to all sensors [15]. Comparing the algorithm with the four afore-
mentioned algorithms helped evaluate the performance, computational complexity, and
practical feasibility of different strategies in the uplink NOMA system, thereby optimizing
resource allocation.

Figure 2 presents the sum of the expected function in Problem 4 with nine sensors and
three channels. The simulation parameters were set as ξ = 0.5, R̂ = 100 bps, B = 1 KHZ,
and pmax = 20 dBm. We compared different sensor grouping strategies, including the
proposed coalition game-based intelligent grouping algorithm, the random grouping
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algorithm, and the suboptimal grouping algorithm. As shown, across all time slots k, the
coalition game-based algorithm consistently outperformed the other two in solving the sum
of expectations in Problem 1. Each point was obtained from 500 Monte Carlo simulations
per algorithm per time slot.

Figure 2. Comparison of the total outage risks under different sensor grouping strategies.

Figure 3 compares different power allocation methods under the same coalition game-
based grouping strategy. Simulation settings and Monte Carlo parameters were consistent
with those in Figure 2. The joint Dinkelbach algorithm, the SCA algorithm, and the KKT-
based power allocation were evaluated against random and full power allocation. The
proposed joint allocation methods clearly outperformed the baselines in solving the sum of
expectations in Problem 1.

Figure 3. Comparison of the total outage risks under different power allocation strategies.

Figure 4 illustrates the impact of different minimum transmission rates on the total
value of the objective function in Problem 1. The minimum rates were set to 100 bps,
500 bps, and 1000 bps, while other parameters remained unchanged. It was observed that
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the total objective value increased significantly with R̂k
i,g, which aligned with the theoretical

expectations based on Equation (20).

Figure 4. Comparison of the total outage risks under different minimum transmission rates R̂.

Figure 5 examines the effect of bandwidth B on Jk
i,g. Bandwidth values were set to

1 KHz, 10 KHz, and 100 KHz. The curves show that as B increased, Jk
i,g grew accord-

ingly. Limited bandwidth constrained communication performance, while a larger B
improved transmission rates and system efficiency, validating the model’s sensitivity to
bandwidth variations.

Figure 5. Comparison of the total outage risks under different bandwidths B.

In Figure 6, we show the impact of the weighting parameter ξ on the total value Jk
i,g of

the objective function in Problem 1. Specifically, we varied the parameter ξ with values
ξ = 0.2, ξ = 0.5, and ξ = 0.8. The results indicate a clear trend: as the proportion allocated
to ξ increased, the total value Jk

i,g also rose. This suggests that in the joint optimization of
remote state estimation using KF and the offloading time consumption, the latter has a
more pronounced influence on the objective function. Given that our optimization problem
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aimed to minimize the objective function, this result highlights a critical trade-off. To
achieve optimal system performance, it is advisable to assign a relatively smaller weight
to offloading time consumption while allocating a greater proportion to the remote state
estimation component. This allocation strategy aligns with the objective of minimizing the
overall efficiency and benefit of the system.

In Figure 6, the impact of the weighting parameter ξ on Jk
i,g is shown. We considered

0.2, 0.5, and 0.8. The results show that as ξ increased, the total objective value rose. This indi-
cates that offloading time consumption has a greater influence on the objective, suggesting
that assigning a smaller weight to offloading time can better optimize system performance.

Figure 6. Comparison of total outage risks under different association factors ξ.

Figure 7 analyzes the impact of maximum transmission power on Jk
i,g. As pmax in-

creased, the total objective value decreased. This was because higher transmission power
strengthened the transmitted signal, thereby improving transmission reliability according
to the Shannon–Hartley theorem. However, the resulting increase in power consumption
must be considered in practical applications to balance performance and energy efficiency.

Figure 7. Comparison of total outage risks under different maximum powers pmax.
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In Figure 8, we analyze how different sensor allocations within each channel group
affected Jk

i,g with a fixed total of 12 sensors. Group sizes of two, three, and four sensors were
compared. The results show that increasing the number of sensors per group improved
system performance by reducing the total objective value. However, it significantly in-
creased computational complexity, with computation time for four sensors per group being
approximately 10 times higher than for two or three sensors. Thus, a trade-off between
performance and computational cost must be carefully considered.

Figure 8. Comparison of total outage risks under different sensor counts within the same channel.

5. Conclusions

This paper investigated the problem of minimizing outage risk under joint optimiza-
tion of remote state estimation and transmission delay. By formulating the problem as a
MINLP problem, it was further divided into an intelligent sensor grouping algorithm based
on coalition game theory and a joint power allocation algorithm leveraging the Dinkelbach
algorithm, SCA, and dual decomposition methods. Simulation results demonstrate that
the proposed algorithm outperforms traditional sensor grouping and power allocation
algorithms in terms of performance, effectively reducing the outage risk of sensors during
transmission. Future research can further extend to multi-sensor and multi-base station
scenarios in downlink NOMA systems, exploring outage risk assessment methods in more
complex systems.
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Abstract: As a key technology for the fifth-generation of mobile communications, massive
MIMO systems enable massive user access via large-scale arrays. However, their dense
deployment extends the near-field (NF) region, introducing new localization complexities.
Based on an exact spherical wavefront model, this paper proposes a multiple-cumulant-
matrices-based method for NF source localization using a Co-centered Orthogonal Loop
and Dipole (COLD) array. Firstly, following the physical numbering of array elements, we
can construct multiple polarization cumulant matrices, which can then be cascaded into a
long matrix. Next, the signal subspace can be obtained through eigen-decomposition of this
long matrix, from which the horizontal and vertical components can be further separated.
By applying ESPRIT, joint angle, range, and polarization parameters can be estimated.
In addition, the asymptotic variances for joint spatial and polarization parameters are ana-
lyzed. Compared with existing NF polarization algorithms, the proposed method exhibits
better parameter estimation and is consistent with a theoretical asymptotic performance.

Keywords: spherical wavefront; fourth order cumulant; ESPRIT; asymptotic variance

1. Introduction

In array signal processing, source localization is an important problem, with
widespread applications in wireless communication and radar systems [1–7]. In prac-
tical scenarios, such as multiple-input multiple-output (MIMO) systems equipped with a
large antenna array, the target source crosses the Fresnel boundary, entering the NF region.
When the sources move from the far-field (FF) region, the planar wavefront assumption
is not available, requiring characterization by a spherical wavefront that is bivariate in
both the Direction-of-Arrival (DOA) and range parameters, and the propagation attenua-
tion induces range-dependent amplitude variations among sensors, thereby rendering FF
localization methods ineffective.

Nowadays, numerous algorithms for FF localization have been successfully general-
ized for NF applications, such as the maximum-likelihood (ML) method [8], second-order
statistics (SOS) methods [9–12] and fourth-order cumulant (FOC) methods [13–15]. Based
on the wavefront approximation principle, i.e., Fresnel approximation, these methods suffer
from amplitude and phase loss compared with practical wireless environments [16–18].
For amplitude attenuation, several works have addressed this issue. In [19], a delay-
correlation SOS-based method was proposed considering amplitude attenuation; however,

Sensors 2025, 25, 3244 https://doi.org/10.3390/s25103244
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to satisfy the symmetric property of the array, this method utilizes an approximation phase
item. Recently, based on an exact spherical wavefront model, Ref. [20] proposed a delay
FOC-based method, which can achieve underdetermined estimation by using a cumulant
matrix and vectorization operation, but it requires 3-D spectral search, suffering from an
extremely high complexity. In [21], a mixed FF and NF localization method was proposed
using coarse and fine estimation from the amplitude and phase item, and this method is
closed-from, but suffers from aperture loss.

Although all the abovementioned algorithms were designed for effective spatial
parameter estimation, they neglect polarization information, which is a fundamental
feature of electromagnetic sources. With the introduction of polarization-sensitive arrays,
both spatial and polarization parameter localization are possible. In [22], a generalized
ESPRIT method was performed for NF polarization source localization based on a cross-
dipole array, which can decouple spatial and polarization parameters, but it can only
estimate spatial parameters. In [23], a rank-reduction-based method was proposed, but it
still required a 2-D spectral search to estimate polarization parameters. The aforementioned
methods [8–11,13,15,22,23] employed Fresnel approximation. Then, a COLD array-based
exact NF polarization localization method was proposed in [24], which can estimate the
polarization rotational matrix, but estimates spatial parameters from range-dependent
amplitude attenuation, resulting in a lower estimation accuracy.

To address the issue of exact NF polarization source localization, by employing a
COLD array, this paper proposes a multiple-cumulant-based DOA estimation method.
Cumulant matrices related to various array elements are calculated, which can then be com-
bined in a long matrix, avoiding the aperture loss. By using ESPRIT, the proposed method
can achieve spatial and polarization decoupling and joint estimation of four-dimensional
(4-D) parameters. Moreover, joint spatial and polarization parameter performance eval-
uation was performed to demonstrate the algorithm’s validity.This paper represents an
original contribution in three aspects:

(1) Unlike conventional NF polarization localization methods, the proposed algorithm
completely avoids systematic errors induced by model approximations.

(2) Multiple cumulant matrices are constructed and cascaded into a long matrix, so
the manifold matrix for joint parameters can be estimated without aperture loss.

(3) We derive an analytical expression for the asymptotic variance under an exact NF
polarization condition.

2. Signal Model

As depicted in Figure 1, assume that there is a linear array deployed along the x-axis
consisting of 2L + 1 COLD antennas, where the center antenna, i.e., the 0-th antenna,
serves as amplitude-phase reference. Consider K narrowband completely polarized signals
impinging on the array from (θ1, r1), · · · , (θk, rk), · · · (θK, rK) with corresponding polar-
ization parameters (γ1, η1), · · · , (γk, ηk), · · · , (γK, ηK), where θk, rk, γk and ηk represent
the angle, range, polarization angle, and polarization phase difference of the k-th signal
sk(t), respectively.

Based on spherical wavefront geometry, the range between the k-th source and l-th
sensor is given by

rl,k =
√

r2
k + d2

l − 2rkdl sin θk, (1)

where dl represents the distance between the l-th COLD and reference point,
l = −L, ..., 0, ..., L. Therefore, the exact spatial amplitude-phase corresponding to between
k-th source and l-th sensor be expressed as
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bl,k =
rk
rl,k

ej 2π
λ (rk−rl,k) = ρl,kejτl,k , (2)

where ρl,k stands for the amplitude attenuation, τl,k = 2π
λ (rk − rl,k) stands for the exact

phase shift caused by propagation delay, and then we can obtain the spatial steering vector
of the k-th source, which can be expressed as

b(θk, rk) = [b−L,k, ..., b0,k, ..., bL,k]
T . (3)

Additionally, for the COLD array, the polarization steering vector of the k-th source
can be written as

g(γk, ηk) =

[
sin γkejηk

cos γk

]
. (4)

Hence, we can obtain a spatial and polarization joint steering vector as

a(θk, rk, γk, ηk) = g(γk, ηk)⊗ b(θk, rk), (5)

where ⊗ represents the Kronecker product, a(θk, rk, γk, ηk) is the 2(2L + 1) × 1 vector.
At time t, the signal data vector of the COLD array can be expressed as the following
2(2L + 1)× 1 vector:

x(t) =
K

∑
k=1

g(γk, ηk)⊗ b(θk, rk)sk(t) + n(t)

= (G � B)s(t) + n(t)

= As(t) + n(t)

, (6)

where � represents the Khatri–Rao product, A = [a(θ1, r1, γ1, η1), ..., a(θK, rK, γK, ηK)]

signifies the 2(2L + 1)× K manifold matrix, B = [b(θ1, r1), ..., b(θK, rK)] stands for spatial
manifold matrix, G = [g(γ1, η1), ..., g(γK, ηK)] stands for the 2 × K polarization manifold
matrix, s(t) = [s1(t), ..., sK(t)]

T represents the K × 1 signal vector, and n(t) represents the
2(2L + 1)× 1 additive noise vector of COLD array with zero mean.

From (5), the signal data vector can be divided into horizontal and vertical components,
expressed as

x(t) =

[
x1(t)
x2(t)

]
=

[
BP1

BP2

]
s(t) + n(t), (7)

where x1(t) is composed of the first 2L + 1 rows of x(t), x1(t) = [x1,−L(t), ..., x1,L(t)]
T ,

and x2(t) containing the last 2L + 1 rows, x2(t) = [x2,−L(t), ..., x2,L(t)]
T . P1 and P2

are diagonal matrices, whose k-th diagonal elements are sin γkejηk and cos γk, respec-
tively. Hence, the steering vector a(θk, rk, γk, ηk) can be rewritten as two components,
i.e., a(θk, rk, γk, ηk) = [a1,−L,k, ..., a1,L,k, a2,−L,k, ..., a2,L,k]

T , where a1,l,k = sin γkejηk bl,k and
a2,l,k = cos γkbl,k.

Figure 1. COLD array configuration for exact NF source localization.
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3. The Proposed Method

According to the definition in [25], the FOC of xp(t), xq(t), xi(t), xj(t) is given by

C
(

xp, x∗q , xi, x∗j
)
= E{xpx∗q xix∗j }
− E{xpx∗q}E{xix∗j }
− E{xpxi}E{x∗q x∗j }
− E{xpx∗j }E{x∗q xi}

. (8)

3.1. Spatial Manifold Matrix Estimation

Using the signal data vector, we can construct the FOC matrix of the l-th COLD
antenna Cl as follows [26]

Cl =
2

∑
i=1

cum
(

xi,l(t), x∗i,0(t), x(t), xH(t)
)

=
2

∑
i=1

{
K

∑
k=1

ai,l,kai,0,kakaH
k × cum(sk(t), s∗k (t), sk(t), s∗k (t))

}

=
K

∑
k=1

bl,kakaH
k c4sk

, (9)

where (·)∗ represents complex conjugate, (·)H represents conjugate transpose, and the
FOC matrix Cl can be expressed in compact form as Cl = AΦlC4sAH with dimensions of
2(2L + 1)× 2(2L + 1), c4sk = cum

(
sk(t), s∗k (t), sk(t), s∗k (t)

)
stands for the FOC of k-th signal,

Φl is diagonal matrix, whose diagonal elements are related to the amplitude-phase corre-
sponding of l-th COLD array, Φl = diag

[
ρl,1ejτl,1 , ..., ρl,Kejτl,K

]
, C4s = diag

[
c4s1 , ..., c4sK

]
.

From (9), for the complete COLD array, we can construct 2L + 1 similar cumulant
matrices by varying the sensor index. Subsequently, a long matrix Ξ can be obtained by
cascading these cumulant matrices

Ξ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

C−L
...

C0
...

CL

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

AΦ−LC4sAH

...
AΦ0C4sAH

...
AΦLC4sAH

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, (10)

where Φ0 is the identity matrix. The covariance matrix of this joint long matrix is given by

R = E{ΞΞH}. (11)

The eigen-decomposition of the covariance matrix R yields

R = UΣUH = USΣSUH
S + UNΣNUH

N, (12)

where U contains the eigenvectors of R, Σ is the diagonal matrix, the signal subspace US

corresponds to the K largest eigenvalues with the dimensions 2(2L + 1)2 × K, while the
noise subspace UN corresponds to the 2(2L + 1)2 − K smallest eigenvalues.
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The signal subspace US comprises the subspace associated with the cumulant matrices
of all array elements, which can be partitioned into 2L + 1 block sub-matrices as follows:

US =
[
UT

S−L
, · · · , UT

S0
, · · · , UT

SL

]T
, (13)

where US0 , formed by the elements from rows 2(2L + 1)L + 1 to 2(2L + 1)L + 1 of US,
represents the subspace corresponding to the cumulant matrix of the reference. Due to
the rotation-invariant property between the reference cumulant matrix and other sensors’
matrices, there exists a full-rank matrix T satisfying

US =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

AΦ−L
...

AΦ0
...

AΦL

⎤⎥⎥⎥⎥⎥⎥⎥⎦
T. (14)

From (14), between USl and US0 , we can have the following relationship as

USl = US0 T−1ΦlT = US0 Ψl , (15)

where Ψl = T−1ΦlT, Φl is diagonal matrix, whose diagonal elements are the eigenvalues
of Ψl . Using the least squares (LS), we can obtain the following formulation:

min‖ΔU‖2 s.t.USl + ΔU = US0 Ψl . (16)

From (16), we can derive

Ψl =
(

UH
S0

US0

)−1
UH

S0
USl

= U+
S0

USl

, (17)

where (·)+ represents pseudo-inverse. Obviously, Φ̂l can be estimated by performing
the eigen-decomposition of Ψl . Iterate through different array elements and repeat the
aforementioned steps (17), the spatial manifold matrix B̂ can be estimated as follows:

B̂ =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

diag−1(Φ̂−L
)

...
diag−1(Φ̂0

)
...

diag−1(Φ̂L
)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
=
[
b̂(θ1, r1), ..., b̂(θK, rK)

]
, (18)

where diag−1(·) represents the row vector operation, and the estimation of spatial steering

vector of k-th signal is b̂(θk, rk) =
[
b̂−L,k, ..., b̂0,k, ..., b̂L,k

]T
.

3.2. Polarization Parameters Estimation

From (7), obviously, the FOC matrix Cl can be divided into

Cl =

[
BΦlP1C4sBH

BΦlP2C4sBH

]
, (19)
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where the first half of Cl corresponds to the horizontal component, while the second half
corresponds to the vertical component. Therefore, USl can be further divided into

USl =
[
UT

Sl,1
, UT

Sl,2

]T
, (20)

where USl,1 is formed by the first 2L + 1 rows of USl and USl,2 formed by the last 2L + 1 rows.
Sub-matrices US−L,1 , ..., USL,1 and US−L,2 , ..., USL,2 can be extracted from the signal subspace US,
the horizontal and vertical component subspaces, Eh and Ev, can then be constructed as

Eh =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

US−L,1
...

US0,1
...

USL,1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
, Ev =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

US−L,2
...

US0,2
...

USL,2

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (21)

By applying ESPRIT, we can rewrite (21) as

Eh =

⎡⎢⎢⎣
BΦ−LP1

...
BΦLP1

⎤⎥⎥⎦T, Ev =

⎡⎢⎢⎣
BΦ−LP2

...
BΦLP2

⎤⎥⎥⎦T. (22)

With component matrices Eh and Ev, we can obtain the following matrix:

D = E+
h Ev

= T−1P−1
1 P2T = T−1PT

. (23)

Substituting matrices P1 and P2 into (23), the polarized diagonal matrix P can be
expressed as

P = diag
[
cot γ1e−jη1 , ..., cot γKe−jηK

]
. (24)

Like (15), P̂ can be estimated by performing eigen-decomposition of D. As a result,
the polarization parameters estimates of k-th source are given by

γ̂k = arc cot
∣∣P̂k

∣∣
η̂k = −angle

(
P̂k
), (25)

where P̂k represents the k-th diagonal element of P̂.

3.3. Coarse Estimation

The angle(·) operator can extract the phase of b̂l,k but introduces phase ambiguity
when the spacing between two COLDs exceeds λ/2. To resolve this ambiguity, disam-
biguation operations utilizing the coarse reference estimates are employed to obtain the
unambiguous phase τ̂l,k for fine estimation. Then, we impose structural constraints on the
array configuration to obtain unambiguous reference values. Assuming there exist three
sensors, whose positions are dp, dc, and dq, respectively, the phase factor will be coarse
but unambiguous, when the spacing of these three sensors satisfies

∣∣dp − dc
∣∣ � λ/2 and∣∣dq − dc

∣∣ � λ/2. The relationship between these sensors can be established as⎧⎨⎩
√

r2
k + d2

c − 2rkdc sin αk −
√

r2
k + d2

p − 2rkdp sin αk =
ψ̂c,p,k
2π/λ√

r2
k + d2

c − 2rkdc sin αk −
√

r2
k + d2

q − 2rkdq sin αk =
ψ̂c,q,k
2π/λ

, (26)
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where ψ̂c,p,k = angle
(
B̂(p, k)/B̂(c, k)

)
and ψ̂c,p,k = angle

(
B̂(q, k)/B̂(c, k)

)
. In this work, dc

represents the coordinates of the reference element, while dp = d−1 and dq = d1 denote
the coordinates of its adjacent elements located at λ/2 on either side. Hence, from (18),
the unambiguous phases of the k-th steering vector can be denoted as τ̂−1,k and τ̂1,k. Then,
the coarse estimates of θk and rk can be given by⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

r̂(c)k =
d1

(
τ̂−1,k
2π/λ

)2
−d−1

(
τ̂1,k

2π/λ

)2
+d−1d2

1−d1d2
−1

2d1
τ̂−1,k
2π/λ −2d−1

τ̂1,k
2π/λ

θ̂
(c)
k = arc sin

⎛⎜⎝ 2r̂(c)k
τ̂−1,k
2π/λ −

(
τ̂−1,k
2π/λ

)2
+d2

−1

2r̂(c)k d−1

⎞⎟⎠ . (27)

3.4. Fine Estimation

Let φ̂l,k denote the ambiguous phase. According to the (2), there exists an integer-multiplicity
set Sl relationship between φ̂l,k and τ̂l,k, expressed as Sl =

{
φ̂l,k + 2πn

∣∣ n ∈ Z}. With (27),

by using θ̂
(c)
k and r̂(c)k , we can construct the unambiguous phase reference values as follows:

τ̂co
l,k =

2π

λ

(
r̂(c)k − r̂(c)l,k

)
. (28)

Thus, the exact estimation τ̂l,k is the value in Sl that minimizes the deviation from the
coarse estimate τ̂co

l,k, i.e.,

τ̂l,k = arg min
n

∣∣∣τco
l,k − φ̂l,k + 2πn

∣∣∣. (29)

Furthermore, the phase term satisfies the following relationship with respect to the
angle and range:

τl,k

2π/λ
= rk − rl,k = rk −

√
r2

k + d2
l − 2rkdl sin θk. (30)

Substituting the τ̂−L,k, · · · , τ̂l,k, · · · , τ̂L,k into (30) and simplifying, we can construct
coefficient matrices which consist of 2L equation relations

Vk =

⎡⎢⎢⎣
2 τ̂−L,k

2π/λ −2d−L
...

...
2 τ̂L,k

2π/λ −2dL

⎤⎥⎥⎦, Wk =

⎡⎢⎢⎢⎢⎣
(

τ̂−L,k
2π/λ

)2 − d2
−L

...(
τ̂L,k

2π/λ

)2 − d2
L

⎤⎥⎥⎥⎥⎦, (31)

where the unknown vector to be solved is denoted as ΔT
f ,k = [rk rk sin θk]

T . These vectors

can be further rewritten as a matrix equation Vk × Δ f ,k = Wk. By applying LS, the Δ̂ f ,k

can be solved as
Δ̂ f ,k =

(
VH

k Vk

)−1
VH

k Wk

= V+
k Wk

. (32)

Finally, the fine estimates of angle and range can be derived as⎧⎪⎨⎪⎩
r̂ f i

k = Δ̂ f ,k(1)

θ̂
f i
k = arc sin

(
Δ̂ f ,k(2)
Δ̂ f ,k(1)

) . (33)
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3.5. Asymptotic Variance for Joint Parameters

The theoretical phase at the l-th sensor from the k-th source is given by

ϑl,k = ej 2π
λ

(
rk−

√
r2

k+d2
l −2rkdl sin θk

)
, (34)

while the corresponding polarization factor for the k-th source is

pk = cot γke−jηk . (35)

Additionally, the estimate ϑ̂l,k of ϑl,k, is the (l, k)-th element of B̂, while p̂k is obtained
from the k-th diagonal element of P̂. Thus, the deviations between the true and estimated
values are δϑl,k = ϑ̂l,k − ϑl,k and δpk = p̂k − pk [13].

For simplicity, the fine estimates of angle and range are defined as θ̂k and r̂k, whose
deviations are defined as δθk = θ̂k − θk and δrk = r̂k − rk. In addition, the deviations of
polarization angle and polarization phase difference are defined as δγk = γ̂k − γk and
δηk = η̂k − ηk, respectively.

Using the first-order Taylor expansion for ϑl,k and pk, we can obtain

ϑl,k ≈ ϑ̂l,k +
(
θk − θ̂k

)∂ϑl,k

∂θk
+ (rk − r̂k)

∂ϑl,k

∂rk
, (36)

pk ≈ p̂k + (γk − γ̂k)
∂pk
∂γk

+ (ηk − η̂k)
∂pk
∂ηk

, (37)

where the partial derivatives of ϑl,k to θ̂k and r̂k are

∂ϑl,k

∂θk
= ϑl,k j

2π

λ

⎛⎝ rkdl cos θk√
r2

k + d2
l − 2rkdl sin θk

⎞⎠,

∂ϑl,k

∂rk
= ϑl,k j

2π

λ

⎛⎝1 − 2rk − 2dl sin θk

2
√

r2
k + d2

l − 2rkdl sin θk

⎞⎠,

(38)

and
∂pk
∂γk

= − 1
sin2 γk

e−jηk ,

∂pk
∂ηk

= −j cot γke−jηk .
(39)

Substituting (38) and (39) into (36) and (37), respectively, the final expansion yields

j
2πrkdl

λrl,k
cos θkϑl,kδθk + j

2π(rl,k − rk + dl sin θk)

λrl,k
ϑl,kδrk = δϑl,k, (40)

− 1
sin2 γk

e−jηk δγk − j cot γke−jηk δηk = δpk. (41)

With the same principle as (31), 2L equations can be listed, which can than be rewritten
in matrix form

Zk =

⎡⎢⎢⎣
jυ−L,kϑ−L,k jω−L,kϑ−L,k

...
...

jυL,kϑL,k jωL,kϑL,k

⎤⎥⎥⎦, Λk =

⎡⎢⎢⎣
δϑ−L,k

...
δϑL,k

⎤⎥⎥⎦, (42)
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where

υl,k =
2πrkdl

λrl,k
cos θk, ωl,k =

2π(rl,k − rk + dl sin θk)

λrl,k
, (43)

and the unknown vector to be solved is Γk = [δθk δrk]
T , which satisfies Zk × Γk = Λk.

By applying LS, we have the following results:

Γk =
(

ZH
k Zk

)−1
ZH

k Λk = Z+
k Λk, (44)

Thus, the closed-form variance expressions can be given by

E
{
(δθk)

2
}
= E

{[
Z+

k Λk
(
Z+

k Λk
)T
]

1

}
,

E
{
(δrk)

2
}
= E

{[
Z+

k Λk
(
Z+

k Λk
)T
]

2

}
.

(45)

where [·]1 represents the first diagonal element, and [·]2 represents the second diagonal element.
According to (41), δγk and δηk correspond to the real and imaginary parts of δpk,

respectively. By exploiting the conjugate symmetry, the closed-form expressions for δγk

and δηk are

δγk =

(
δpkejηk + δp∗k e−jηk

)
sin2 γk

−2
,

δηk =
δpkejηk − δp∗k e−jηk

−2j cot γk
,

(46)

and the variances of δγk and δηk can be given by⎧⎪⎪⎨⎪⎪⎩
E
{
(δγk)

2
}
=

E
{
(δpkejηk+δp∗k e−jηk )

2}
sin4 γk

4

E
{
(δηk)

2
}
=

E
{
(δpkejηk−δp∗k e−jηk )

2}
−4 cot2 γk

. (47)

The steps of the proposed method are summarized in Table 1.

Table 1. Algorithmic steps.

Step Operation

1 Construct C−L, · · · , C0, · · · , CL via (9) and the long matrix Ξ

can be obtain via (10).
2 Compute the covariance matrix R and perform eigen-decomposition

to obtain signal subspace US.
3 Using the LS and eigen-decomposition, we can obtain

Φ̂−L, · · · , Φ̂0, · · · , Φ̂L to construct B̂.
4 Extract US−L,1 , ..., USL,1 and US−L,2 , ..., USL,2 from US to construct Eh and Ev.

Matrix P is obtained by performing eigen-decomposition on matrix D,
where matrix D can be obtain from (33). From the diagonal element of P,
we have the estimates γ̂1, · · · , γ̂k, · · · , γ̂K and η̂1, · · · , η̂k, · · · , η̂K .

5 for k ∈ [1, K] do

(1) The closed-form coarse estimation r̂(c)k and θ̂
(c)
k can be obtained via (26) and (27).

(2) Via (28) and (29), we can disambiguate the phase to construct matrices
Vk and Wk.

(3) Based on LS method, the fine estimation r̂ f i
k and θ̂

f i
k can be obtained by

solving (33).
End for

3.6. Computational Complexity

In this section, we analyze the computational complexity of the proposed method,
focusing on (a) 2L + 1 FOC matrix construction requires O

{
4(2L + 1)× (2L + 1)2N

}
flops;
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(b) the complexity of computing the covariance matrix R requires O{8(2L + 1)5}; (c) the
eigen-decomposition of the covariance matrix requires O{8(2L + 1)6} multiplication oper-
ations; (d) the complexity of manifold matrix estimation requires O{4(2L + 1)K2 + 2K2};
(e) the complexity in computing D is O{2(2L + 1)K2}. Overall, the proposed method is
approximately O{4(2L + 1)3N + 8(2L + 1)5 + 8(2L + 1)6 + (12L + 8)K2}. The computa-
tional complexity of the proposed algorithm and that of other comparative methods are
summarized in Table 2, where nθ , nr, nγ, nη represent the number of searches for DOA,
range, polarization angle, and polarization phase difference. As shown in Table 2, the pro-
posed method showed better efficiency than FR-RARE and G-ESPRIT without peak search,
though requiring more operations than He’s method.

Table 2. Computational complexity of all compared algorithms.

Method Complexity

Proposed O{4(2L + 1)3N + 8(2L + 1)5 + 8(2L + 1)6 + (12L + 8)K2}
FR-RARE [22] O{4(2L + 1)2N + 8(2L + 1)3 + 4(L + 1)(4L + 2 − K)(2L + 1)Knθ

+(2L + 1)(32L + 16 − 4K + 8)Knr + 2(2L + 1)(4L + 2 − K)nγnη}
G-ESPRIT [23] O{4(2L + 1)2N + 8(2L + 1)3 + 32LK2nθ + 4(2L + 1)(4L + 2 − K)nr}
He [24] O{4(2L + 1)2N + 8(2L + 1)3 + 4(2L + 1)2K + 2(2L + 1)K2}

3.7. CRB Derivation

This section derives the closed-form deterministic Cramér–Rao Bound (CRB) expres-
sions for jointly estimating the DOA, range, and polarization parameters under exact near-

field polarization conditions. We define the real-valued vector ε =
[
θT rT ηT γT

]T
, where

θ = [θ1, θ2, · · · , θK]
T , r = [r1, r2, · · · , rK]

T , η = [η1, η2, · · · , ηK]
T and γ = [γ1, γ2, · · · , γK]

T .
Thus, the CRB for the parameters in ε is given by [24]

CRB(ε) =
σ2

n
2N

{
�
[(

ΥHP⊥
ΘΥ

)
⊕
(

14 � 1T
4 ⊗ RT

s

)]}−1
. (48)

where Υ =
[
Υθ , Υr, Υγ, Υη

]
, Υθ =

[
∂Θ
∂θ1

, · · · , ∂Θ
∂θK

]
, Υr =

[
∂Θ
∂r1

, · · · , ∂Θ
∂rK

]
, Υγ =

[
∂Θ
∂γ1

, · · · , ∂Θ
∂γK

]
,

Υη =
[

∂Θ
∂η1

, · · · , ∂Θ
∂ηK

]
, P⊥

Θ = I2(2L+1) − Θ
(
ΘHΘ

)−1
ΘH .

4. Simulation Results

Simulation experiments were performed to evaluate the performance of the proposed
method compared with the existing G-ESPRIT method [22], FR-RARE method [23], He’s
method [24], and the CRB [24] for an exact NF polarization scenario.

4.1. Experiment 1: RMSE vs. SNR

In this section, a symmetric linear COLD array consisting of 9 antenna elements was
considered, with uniform spacing λ/4. Two uncorrelated NF sources arrived at the COLD
array, with parameters (−15◦, 5.5λ, 20◦,−20◦) and (20◦, 6λ, 30◦, 40◦) and the number
of snapshots was set to N = 2000. The root-mean-square error (RMSE) was utilized to
evaluate the performance, defined as

RMSE =

√√√√ 1
500K

K

∑
k=1

500

∑
i=1

(xk − x̂i,k)
2, (49)

where xk stands for the true value of parameters θk, rk, γk, ηk and x̂i,k represents the estimate
of the θ̂i,k, r̂i,k, γ̂i,k, η̂i,k at the i-th run in 500 Monte-Carlo trials.
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Figure 2 shows the RMSE curves of the spatial and polarization parameters, when the
SNR varied from 0 dB to 40 dB. It can be seen that the estimation performance of both the
proposed algorithm and He’s method improved as the SNR increased. As an amplitude-
attenuation based method, He’s method exhibited limited estimation accuracy, suffering
from mismatch under the low SNR. Among all the algorithms, the proposed algorithm
more closely approximated the CRB and could exploit the whole aperture. In addition, due
to the model approximation, G-ESPRIT and FR-RARE showed performance “saturation”.
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Figure 2. RMSE vs. SNR.

4.2. Experiment 2: Scatter for Spatial and Polarization

In this section, we derived the maximum number of identifiable NF sources. Based
on an analysis of the rank of the manifold matrix, the theoretical limit was established
when the matrix satisfied the full-rank condition. Consider a 9-element COLD array with
antenna positions [−2,−1.6,−1.1,−0.5, 0, 0.5, 1.3, 1.5, 2.2]. Assume that 8 uncorrelated
NF sources arrive at the array with locations (−15◦, 5.5λ, 20◦,−20◦), (−5◦, 6λ, 30◦, 40◦),
(5◦, 6.5λ, 45◦, 30◦), (20◦, 7.5λ, 50◦, 25◦), (25◦, 5.8λ, 25◦,−10◦), (30◦, 6λ, 20◦, 42◦),
(35◦, 6.3λ, 40◦, 10◦), and (40◦, 6.8λ, 30◦, 50◦). With the SNR fixed at 25 dB and the number
of snapshots be 2000, Figure 3 presents scatter plots of joint parameters in a 2-D plane
based on 500 Monte Carlo runs. As shown in Figure 3, the 4-D parameters were all closely
distributed near the true values, which were automatically paired.
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Figure 3. Scatter plots of 4-D parameters estimation.

4.3. Experiment 3: RMSE vs. Path Loss Exponent

In this section, we tested the algorithm performance with difference path loss expo-
nents. The location of the sources and other parameters were set the same as in Experi-
ment 1, and the path loss exponent varied from 2 to 6. As shown in Figure 4, the RMSE
was approximately constant with the exponential increase in path loss. The reasons for
the performance saturation of He’s method, G-ESPRIT, and FR-RARE were the same as in
Experiment 1.
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Figure 4. RMSE vs. path loss exponent.

4.4. Experiment 4: Detection Capability for Closely Spaced Targets

In this section, we considered a scenario where two closely spaced impinging signals
had the same DOA or same range. In Figure 5a, two sources had the same DOA parameter-
ized by (20◦, 5.5λ, 20◦,−20◦), and (20◦, 5.5λ + δλ, 30◦, 40◦), in Figure 5b, the two sources
had the same range parameterized by (20◦, 5.5λ, 20◦,−20◦), and (20◦ + δθ, 5.5λ, 30◦, 40◦),
and the other parameters were set as same as Experiment 2. Successful detection was
defined as a polarization angle RSME between the estimated γ̂ and true value γ less than
1◦. The probability of successful detection (PSD) was defined as a successful detection trial
under 500 Monte-Carlo runs. As shown in Figure 5, when the DOA interval was larger
than 0.5◦ or the range interval was larger than 0.4λ, the proposed method offered 100%
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PSD for polarization angle; that is, we could refer to polarization information to distinguish
two closely spaced impinging signals.
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Figure 5. PSD vs. parameter interval.

4.5. Experiment 5: RMSE vs. Correlation Coefficient

Assume that there are two correlated sources parameterized by (10◦, 5.5λ, 15◦, 45◦)
and (22◦, 5.8λ, 35◦, 90◦) , the other parameters were set the same as in Experiment 2, where
correlation coefficient varied from 0.1 to 0.9. As can be seen from Figure 6, the RMSE of all
spatial and polarization parameters increased with the increase in the correlation coefficient.
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Figure 6. RMSE vs. correlation coefficient.

4.6. Experiment 6: RMSE vs. Snapshots

In this experiment, we evaluated the performance by varying the number of snapshots
from 400 to 5000, the SNR was fixed as 25 dB, with the same source parameters as in
Experiment 1. The RMSE of the 4-D parameters vs. the number of snapshots is shown in
Figure 7. The results demonstrate that the RMSE of both the proposed algorithm and He’s
method decreased with increasing snapshots, while our method had a better performance.
In contrast, G-ESPRIT and FR-RARE were always in a performance saturation state.
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Figure 7. RMSE vs. the number of snapshots.

5. Conclusions

The primary contribution of this paper is source localization under an exact NF
polarization scenario. With a COLD array, a multiple-cumulant-matrices-based method
was proposed for joint 4-D parameter estimation, formulated via least squares principles,
with neither approximation nor aperture loss. After that, the asymptotic variances of 4-D
parameters were derived. Simulation results demonstrated that the algorithm had superior
performance under the exact NF polarization scenario.
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Abstract: Frequency diversity array–multiple-input multiple-output (FDA-MIMO) radar
realizes an angle- and range-dependent system model by adopting a slight frequency offset
between adjacent transmitter sensors, thereby enabling potential target localization. This
paper presents FDA-MIMO radar-based rapid target localization via the reduction dimen-
sion root reconstructed multiple signal classification (RDRR-MUSIC) algorithm. Firstly,
we reconstruct the two-dimensional (2D)-MUSIC spatial spectrum function using the re-
constructed steering vector, which involves no coupling of direction of arrival (DOA) and
range. Subsequently, the 2D spectrum peaks search (SPS) is converted into one-dimensional
(1D) SPS to reduce the computational complexity using a reduction dimension transfor-
mation. Finally, we conduct polynomial root finding to further eliminate computational
costs, in which DOA and range can be rapidly estimated without performance degradation.
The simulation results validate the effectiveness and superiority of the proposed RDRR-
MUSIC algorithm over the conventional 2D-MUSIC algorithm and reduced-dimension
(RD)-MUSIC algorithm.

Keywords: FDA-MIMO radar; rapid target localization; spectrum reconstruction;
RDRR-MUSIC

1. Introduction

The multiple-input multiple-output (MIMO) radar fully utilizes space diversity to
improve direction estimation accuracy, communication capacity, and interference suppres-
sion capability, which has been widely adopted in sonar, satellite navigation, and mobile
communications [1,2]. However, the MIMO radar system model is independent of the
target range, which limits the applications of the MIMO radar. Fortunately, the frequency
diversity array (FDA) employs a slight frequency offset between adjacent transmitter
sensors to realize the angle- and range-dependent beam pattern [3–5], which enjoys the
potential of joint angle and range estimation. In order to fully utilize the advantages of the
MIMO radar and FDA, a new radar system was investigated in [6–8], which merged the
FDA and MIMO radar into a hybrid named the FDA-MIMO radar. The FDA-MIMO radar
significantly improves the degrees of freedom (DOFs) of target localization, which has
drawn much research attention. However, the ambiguous estimates caused by the coupling
of the angle and range limit the applications of the FDA-MIMO radar. Researchers have
proposed several schemes to solve this problem.

Sensors 2025, 25, 513 https://doi.org/10.3390/s25020513
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A double pulses scheme has been proposed to solve the coupling of the direction
of arrival (DOA) and range [9], in which a pulse with zero frequency offset is utilized
to estimate the DOA, and another pulse with non-zero frequency offset is exploited to
estimate the range without coupling. However, the double pulses scheme adopts the
maximum likelihood (ML) algorithm to estimate the DOA and range, which involves a
high computational burden. In [10], a transmitter subaperture-based scheme was studied,
in which the transmitter is divided into several subtransmitters to erase the coupling, and
the DOA and range are successively estimated. However, the DOA and range are estimated
by searching the 2D spatial domain, which restricts the practical uses of this transmitter
subaperture-based scheme. Estimation of signal parameters via rotational invariance tech-
niques (ESPRIT)-based algorithms [11–13] utilize the rotational invariance property of the
structure to rapidly estimate the DOA and range without coupling, but the estimation
accuracy needs to be further improved. The conventional 2D-MUSIC algorithm [14] can ac-
curately estimate DOA and range using the 2D spectrum peaks search (SPS), which avoids
an extra decoupling operation, but the computational complexity increases exponentially
with an increasing number of search grids. The RD-MUSIC algorithm [15] exploits the re-
duction dimension transformation (RDT) to decouple DOA and range, and thereby reduces
the computational complexity, but the DOA information is not fully utilized, resulting in
DOA estimation performance degradation. Meanwhile, the error conduction caused by the
extra decoupling operation also deteriorates the range estimation performance. In general,
the algorithms mentioned above all require a trade-off between estimation reliability and
estimation effectiveness.

In this paper, we propose the reduction dimension root reconstructed MUSIC (RDRR-
MUSIC) algorithm to rapidly estimate DOA and range. We first reconstruct the 2D-MUSIC
spatial spectrum function (SSF), utilizing the reconstructed steering vector without coupling
the DOA and range. Then, we convert 2D SPS into 1D SPS using RDT; therefore, the
computational complexity is significantly reduced. Finally, 1D SPS is transformed into
polynomial root finding (PRF) to further reduce the computational complexity, and the DOA
and range are rapidly estimated, but with no performance degradation. The advantages of
the proposed RDRR-MUSIC algorithm are demonstrated using numerical simulation.

The contributions of this paper are as follows:

(1) We decouple DOA and range by reconstructing the steering vector, and all DOA infor-
mation is fully used in PRF, which prevents DOA estimation performance degradation.

(2) We construct a transformation mechanism between DOA and range, and eliminate
the error conduction caused by the extra decoupling operation, which prevents range
estimation performance degradation.

(3) We achieve the automatic pairing of DOA estimates and range estimates.
(4) We reduce the large computational costs and realize rapid target localization using

RDT and PRF.

The remainder of this paper can be summarized as follows: Section 2 shows the
system model. The 2D-MUSIC SSF reconstruction, RDT, and PRF are presented in Section 3.
Section 4 comprises the numerical simulations. The conclusion can be found in Section 5.

2. System Model

As shown in Figure 1, the transmitter and receiver of collocated FDA-MIMO radar
contain M and N sensors, respectively, and they are all uniform linear arrays with d = λ/2
interspace, where λ is the wavelength. The radiated frequency of the mth sensor is defined
as follows:

fm = f0 + (m − 1)Δ f , m = 1, 2, ..., M (1)
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where f0 is the carrier frequency, Δ f is the frequency offset between adjacent sensors, and
Δ f � f0. We assume that K point targets need to be located, and (θk, rk) are the DOA and
range of the kth target, k = 1, 2, ..., K. Then, the output signal after matched filtering can be
given as follows: [6]

x(t) = As(t) + n(t) (2)

where s(t) = [s1(t), s2(t), ..., sK(t)]T is the signal vector, sk(t) = σkej2π fdk
(t−τ0)e−4π f0rk/c,

σk is the radar cross section, fdk
is the Doppler frequency, τ0 = 2r/c is the time delay

between the first sensor and target, c is light speed, and n(t) ∼ CN (
0, δ2I

)
is the noise

vector. Moreover, A is the steering matrix which is given as follows:

A = [ar(θ1)⊗ at(θ1, r1), . . . , ar(θK)⊗ at(θK, rK)]

= [a(θ1, r1), . . . , a(θK, rK)]
(3)

where a(θk, rk) is the steering vector, ⊗ is the Kronecker product, and ar(θk) is the receive
steering vector, which is defined as follows:

ar(θk) =
[
1, ej2πd sin(θk)/λ, . . . , ej2π(N−1)d sin(θk)/λ

]T
(4)

at(θk, rk) is the transmit steering vector, which is defined as follows:

at(θk, rk) = at(θk)⊕ at(rk) (5)

⊕ is the Hadamard product and at(θk) is the DOA-dependent transmit steering vector,
defined as follows:

at(θk) =
[
1, ej2πd sin(θk)/λ, . . . , ej2π(M−1)d sin(θk)/λ

]T
(6)

at(rk) is the range-dependent transmit steering vector, defined as follows:

at(rk) =
[
1, e−j4πΔ f rk/c, . . . , e−j4π(M−1)Δ f rk/c

]T
(7)

ɵ

Figure 1. Collocated FDA-MIMO radar.

When we consider finite samples, the covariance matrix (CM) of the output signal can
be presented as follows:

R̂ =
1
L

L

∑
l=1

x(l)xH(l) (8)

where L is the snapshot.
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3. Proposed Method

We conduct eigenvalue decomposition (CED) for R̂, resulting in the following:

R̂ = EsDsEH
s + EnDnEH

n (9)

where Es ∈ CNM×K is the signal subspace containing the eigenvectors corresponding to
the largest K eigenvalues and En ∈ CNM×(NM−K) is the noise subspace that consists of
eigenvectors corresponding to the other eigenvalues [16]. We construct 2D-MUSIC SSF as
in [15], as follows:

f2D−MUSIC(θ, r) =
1

aH(θ, r)EnEH
n a(θ, r)

(10)

We can find K spectrum peaks using 2D SPS, and the entries of the peaks denote the
locations of the targets. However, the conventional 2D-MUSIC algorithm cannot be utilized
directly in practice due to the heavy computational burden caused by 2D SPS. Therefore,
we propose the RDRR-MUSIC algorithm to overcome this drawback.

We reconstruct the steering vector with the decoupling of DOA and range, as follows:

a(θ, r) = ar(θ)⊗ [diag(at(θ))at(r)]

= [ar(θ)⊗ diag(at(θ))]at(r)

= D(θ)at(r)

(11)

where diag(.) represents a diagonal matrix where the diagonal entries are composed of the
entries of a vector. Note that ar(θ) and at(θ) are combined into D(θ), which is independent
of the range. The 2D-MUSIC SSF can be reconstructed as follows:

fRC−MUSIC(θ, r) =
1

aH
t (r)DH(θ)EnEH

n D(θ)at(r)
(12)

Then, we conduct RDT, to alleviate the computational complexity.
We construct the optimization function as in [15], as follows:

min
θ,r

aH
t (r)Q(θ)at(r) s.t. eH

1 at(r) = 1 (13)

where Q(θ) = DH(θ)EnEH
n D(θ), e1 = [1, 0, ..., 0]T ∈ RM×1. Then, the loss function is as

in [15], as follows:

L(θ, r) = aH
t (r)Q(θ)at(r)− η

(
eH

1 at(r)− 1
)

(14)

where η is the regularization coefficient. Then, we can obtain the following:

∂L(θ, r)
∂at(r)

= 2Q(θ)at(r)− ηe1 = 0 (15)

We consider eH
1 at(r) = 1; therefore, we can obtain the following:

at(r) =
Q−1(θ)e1

eH
1 Q−1(θ)e1

(16)
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Note that the transformation mechanism between DOA and range is constructed, and
the extra decoupling operation is undesired because at(r) is independent from DOA. The
optimization function can be further reconstructed as follows:

θ̂ = min
θ

1
eH

1 Q−1(θ)e1
= min

θ

det(Q(θ))

compan(Q(θ))1,1
(17)

where det(.) is the determinant and compan(.) is the companion matrix. We can estimate
the DOA by searching the zero value of det(Q(θ)), and the 2D SPS is converted into 1D
SPS using RDT. In order to further reduce the computational complexity, we construct the
following symbol vector:

Q(z) =
[
zN−1ar

(
z−1

)
⊗ diag

(
zM−1at

(
z−1

))]T
En

× EH
n [ar(z)⊗ diag(at(z))]

(18)

where z = ej2πd sin(θ)/λ is the symbol variable, zN−1 and zM−1 are utilized to avoid negative
power series of z, ar(z) =

[
1, z, . . . , zN−1]T , and at(z) =

[
1, z, . . . , zM−1]T . We can find K

roots ẑ1, ẑ2, . . . , ẑK by conducting PRF to det(Q(z)) = 0, and the DOA estimates θ̂k can be
given as follows:

θ̂k = arcsin[angle(ẑk)λ/2πd], k = 1, 2, . . . , K (19)

where angle(.) is the phase angle of a complex number.
Considering Equation (16), we obtain the following:

ât(rk) =
Q−1(θ̂k

)
e1

eH
1 Q−1

(
θ̂k
)
e1

(20)

We construct the least square fitting (LSF) of the range, as follows:

ĝk = min
gk

‖Ggk − angle(ât(rk))‖2, k = 1, 2, . . . , K (21)

where G = [1M, μ], μ = [0,−4πΔ f /c, . . . ,−4π(M − 1)Δ f /c]T , 1M = [1, 1, ..., 1]T ∈ RM×1,
gk = [εk, rk]

T , and εk is residual. The range estimates r̂k can be given as follows:

ĝk =
(

GHG
)−1

GHangle(ât(rk)), k = 1, 2, . . . , K (22)

where r̂k is the second element of ĝk.

Remark 1. The transformation mechanism between the DOA and the range is constructed as
Equation (16), so the DOA estimates and range estimates are automatically paired.

Remark 2. The computational complexity of the proposed RDRR-MUSIC algorithm includes
the following parts: the CM construction in Equation (8) requires O((MN)2L), the CED in
Equation (9) needs O((MN)3), the symbol vector construction and PRF in Equation (18) requires
O(M2(MN − K) + (2M(N − 1))3), and LSF in Equation (21) needs O((3M + 1)K), which
avoids the heavy computational cost of SPS.

Remark 3. The proposed RDRR-MUSIC algorithm can also be utilized in the multipath interfer-
ence scenario, but the rank of the covariance matrix in Equation (8) needs to be recovered via spatial
smoothing [17].
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The specific steps of the proposed RDRR-MUSIC algorithm are concluded as follow
Algorithm 1:

Algorithm 1 RDRR-MUSIC

Input: The output signal x(t);
1: Calculate R and En using Equations (8) and (9);
2: Reconstruct 2D-MUSIC SSF utilizing reconstructed steering vector through Equation (12);
3: Perform RDT and PRF to obtain DOA estimates using Equation (19);
4: Perform LSF to obtain range estimates using Equation (21);
Output: (θ̂k, r̂k), k = 1, 2, ..., K

4. Complexity Analysis

The computational complexity of the proposed RDRR-MUSIC algorithm, the ESPRIT
algorithm [11], the conventional 2D-MUSIC algorithm [14], and the RD-MUSIC algo-
rithm [15] are described in Table 1, where Δθ and Δr are the DOA and range search scopes,
and θd and rd are the DOA and range search step widths, respectively. Meanwhile, the com-
plexity comparison versus the number of receive sensors is presented in Figure 2, where
M = 6, L = 200, Δθ = 180◦, Δr = 500 m,θd = 0.01◦, and rd = 0.01 m. The complexity
comparison versus the number of snapshots is shown in Figure 3, where M = 6, N = 4,
Δθ = 180◦, Δr = 500 m, θd = 0.01◦, and rd = 0.01 m. It is obvious that the computational
complexity of the proposed RDRR-MUSIC is much lower than that of the conventional
2D-MUSIC algorithm and RD-MUSIC algorithm, and is almost the same as for the ESPRIT
algorithm. The reason for this is that 2D SPS and 1D SPS are successfully eliminated by
RDT and PRF.

Table 1. Computational complexity comparison of different algorithms.

RDRR-MUSIC O((MN)2L + (MN)3 + M2(MN − K) + (2M(N − 1))3 + (3M + 1)K)

ESPRIT O((MN)2L + (MN)3 + 2K2M(N − 1) + 2K2(M − 1)N + 6K3)
2D-MUSIC O((MN)2L + (MN)3 + (MN + 1)(MN − K)ΔθΔr/θdrd)
RD-MUSIC O((MN)2L + (MN)3 + (M2(N + 1)(MN − K) + M3)Δθ/θd)
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Figure 2. Complexity comparison versus the number of receive sensors.
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Figure 3. Complexity comparison versus the number of snapshots.

In order to further demonstrate the effectiveness of the proposed RDRR-MUSIC
algorithm, a comparison of the actual computation time is shown in Table 2, where M = 3,
N = 3, L = 400, Δθ = 180◦, Δr = 500 m, θd = 0.01◦, and rd = 0.01 m. Different algorithms
are computed by the MATLAB R2021b with Intel Core i5-12400 @2.5 GHz and 16GB RAM.
We found that the computation time of the proposed RDRR-MUSIC algorithm is shorter
than that of the conventional 2D-MUSIC algorithm [14] and the RD-MUSIC algorithm [15].

Table 2. Computation time comparison of different algorithms.

Algorithm Complexity Multiplications Computation Time, s

ESPRIT 3.3507 × 104 0.552 × 10−3

RDRR-MUSIC 3.4941 × 104 0.4704 × 10−1

RD-MUSIC 4.8931 × 106 0.8895 × 10−1

2D-MUSIC 5.4 × 109 6.1463

5. Numerical Simulations

We perform numerical simulations to validate the superiority and effectiveness of
the proposed RDRR-MUSIC algorithm. Different algorithms are compared with the pro-
posed RDRR-MUSIC, including the ESPRIT algorithm [11], the conventional 2D-MUSIC
algorithm [14], the RD-MUSIC algorithm [15], and the Cramér–Rao bound (CRB). The root
mean square error (RMSE) is utilized to evaluate all the algorithms mentioned above and
is defined as follows:

RMSEβ =

√√√√ 1
KP

K

∑
k=1

P

∑
p=1

(
β̂k,p − βk

)2
(23)
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where β̂k,p is the DOA or range estimate of the kth target, which is conducted by the pth
trail, βk is the real DOA or range of the kth target, and P denotes the number of Monte
Carlo trials. Table 3 shows the simulation parameter configuration, where Δ f � f0. Note
that the maximum unambiguous estimation range is rmax = c/2Δ f [6].

Table 3. Parameter configuration.

Parameter M N f0 Δ f K (θk, rk)

Value 6 8 10 GHz 300 KHz 3
(10◦, 200) m
(20◦, 220) m
(30◦, 240) m

Example 1. The estimates of the proposed RDRR-MUSIC algorithm are shown in Figure 4, where
the signal-to-noise ratio (SNR) is SNR = 5 dB, L = 400, and P = 200. We found that the
estimates of three targets are close to the corresponding real values, and the DOA estimates and
range estimates are automatically paired, which verifies the reliability of the proposed RDRR-MUSIC
algorithm.

Figure 4. Scatter figure.

Example 2. The performance comparison of different algorithms versus SNR are presented
in Figures 5 and 6, where L = 400, P = 600, θd = 0.01◦, and rd = 0.01 m. In
Figures 5 and 6, we can observe that the RMSE curves of the proposed RDRR-MUSIC algo-
rithm, the conventional 2D-MUSIC algorithm, and the RD-MUSIC algorithm almost overlap in
SNR > 0dB cases, which means that they enjoy identical estimation accuracy. In SNR ≤ 0 dB
cases, the proposed RDRR-MUSIC algorithm enjoys a better estimation performance than the
RD-MUSIC algorithm, because the proposed RDRR-MUSIC algorithm fully exploits all DOA
information when conducting PRF, and the error conduction caused by the extra decoupling opera-
tion is eliminated. Moreover, the proposed RDRR-MUSIC algorithm outperforms the conventional
2D-MUSIC algorithm in SNR ≤ 0 dB cases. The reason for this is that, because the estimates
of the conventional 2D-MUSIC algorithm are generated by 2D SPS, the grid mismatch problem
cannot be solved, even in a dense search grid. Meanwhile, the DOA searching error and range
searching error will interfere with each other, deteriorating the 2D searching accuracy. However, the
estimates of the proposed RDRR-MUSIC algorithm are calculated using PRF, which avoids the grid
mismatch problem.

The performance comparison of different algorithms versus the number of snapshots
are also plotted in Figures 7 and 8, where SNR = 10 dB, P = 600, θd = 0.01◦, and rd = 0.01
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m. In Figures 7 and 8, the proposed RDRR-MUSIC algorithm, the conventional 2D-MUSIC
algorithm, and the RD-MUSIC algorithm have identical estimation performances, and
they all outperform the ESPRIT algorithm. However, the computational complexity of the
proposed RDRR-MUSIC algorithm is much lower than that of the conventional 2D-MUSIC
algorithm and the RD-MUSIC algorithm, which means that the DOA and range can be
rapidly estimated without performance degradation. This simulation demonstrates the
superiority of the proposed RDRR-MUSIC algorithm.

Figure 5. DOA estimation performance comparison of different algorithms versus SNR.

Figure 6. Range estimation performance comparison of different algorithms versus SNR.

Figure 7. DOA estimation performance comparison of different algorithms versus the number of
snapshots.

102



Sensors 2025, 25, 513

Figure 8. Range estimation performance comparison of different algorithms versus the number of
snapshots.

6. Conclusions

The RDRR-MUSIC algorithm, used to rapidly locate targets using the FDA-MIMO
radar, was proposed in this paper. We decoupled the DOA and range by reconstructing the
steering vector, and achieved the automatic pairing of DOA estimates and range estimates.
Meanwhile, we realized rapid target localization, but without performance degradation.
Numerical simulations were used to demonstrate the effectiveness and superiority of the
proposed RDRR-MUSIC algorithm. However, the accuracy of the DOA and range estimates
were limited by the system’s framework, and the array aperture and signal bandwidth
need to be expanded. In future research, we will propose sparse frameworks and the
corresponding algorithms to further improve the DOA and range estimation performance.
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Abstract: To solve the problem of aperture fill time (AFT) for wideband sparse arrays, variable
fractional delay (VFD) FIR filters are applied to eliminate linear coupling between spatial and
time domains. However, the large dimensions of the filter coefficient matrix result in high system
complexity. To alleviate the computational burden of solving VFD filter coefficients, a novel multi–
regultion minimax (MRMM) model utilizing the sparse representation technique has been presented.
The error function is constrained by the introduction of L2–norm and L1–norm regularizations within
the minimax criterion. The L2–norm effectively resolves the problems of overfitting and non–unique
solutions that arise in the sparse optimization of traditional minimax (MM) models. Meanwhile, the
use of multiple L1–norms enables the optimal design of the smallest sub–filter number and order
of the VFD filter. To solve the established nonconvex model, an improved sequential–alternating
direction method of multipliers (S–ADMM) algorithm for filter coefficients is proposed, which utilizes
sequential alternation to iteratively update multiple soft–thresholding problems. The experimental
results show that the optimized VFD filter reduces system complexity significantly and corrects AFT
effectively in a wideband sparse array.

Keywords: wideband sparse array; variable fractional delay (VFD); minimax criterion; ADMM algorithm

1. Introduction

A wideband sparse array has the advantages of improving spatial resolution, reduc-
ing hardware complexity, and improving target detection and recognition performance.
However, the aperture fill time (AFT) phenomenon, inherent to wideband arrays, sig-
nificantly diminishes the performance of beamforming. Variable fractional delay (VFD)
filters involve the implementation of precise variable delay in digital systems and are
widely used for aperture correction in wideband arrays [1,2]. High–precision delay fil-
ters are usually represented as a sum of integer and fractional terms. While cascaded
registers allow for the implementation of integer terms, fractional terms require more
sophisticated techniques [3,4]. The pioneering Farrow structure [5], known for its flexible
and efficient delay correction, modifies and extends the traditional structure, effectively
reducing implementation complexity and improving design accuracy.

In general, the design of a Farrow structure VFD (FS–VFD) filter primarily involves
the minimax method [6,7] and the weighted least squares (WLS) method [8,9]. The mini-
max method is implemented by minimizing the maximum magnitude value between the
actual frequency response and the ideal frequency response, ensuring accuracy within
the approximation error range [7]. Some studies have transformed the solution problem
into convex optimization problems in order to ensure the optimal value of the coefficient
solution; it still requires numerous iterations and updates, leading to high computational
complexity. The WLS design is implemented by minimizing the mean square error of
the two frequencies, yielding an optimal closed solution [8]. However, the higher–order
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filter design leads to a cascading increase in computational complexity for both design
criterion, necessitating additional storage resources [9]. High computational complexity
and unstable values affect the efficiency of FS–VFD filters, so an ideal design approach
needs to ensure accuracy while reducing computational complexity.

FS–VFD FIR filters comprise several sub–filters with a large number of coefficients,
distinguishing them from the numerical scalars in digital FIR filters [10]. To reduce com-
putation, the literature [11] reduces the number of filter coefficients using the WLS design
criterion and the (inverse) symmetry of the coefficients but does not take into account
the change in system complexity. Filter coefficient sparse processing is an optimization
technique aimed at reducing system complexity and improving processing efficiency by re-
ducing the number of non–zero coefficients in a filter [12,13]. Through sparse optimization,
we can obtain a more compact and efficient filter structure, which is especially impor-
tant for resource–constrained environments or application scenarios requiring real–time
performance. The literature [14] studies VFDs with sparse coefficients for reducing com-
putation. Leveraging the polynomial properties of the coefficients, a two–stage technique
is proposed for a VFD FIR filter, aimed at obtaining a least squares solution under sparse
target coefficients. To reduce system complexity and computation of the Farrow structure,
the literature [15] considers sparse–optimized Farrow structure VFD (SFS–VFD) filters
based on least squares and coefficient (inverse) symmetry to ensure high accuracy and
efficient correction of aperture effects. It is noteworthy that while much research focuses
on implementing FS–VFD filters with the WLS criterion, there remains a gap in related
research based on the minimax criterion [16].

Therefore, this paper proposes a new multi–regulation minimax sparse model for
VFD design. The error function is constrained by introducing L2–norm and L1–norm
regularizations under the minimax criterion. The L2–norm solves the overfitting and non–
unique solution problems of the traditional MM model in sparse optimization, and the
L1–norm achieves the optimal design of the smallest sub–filter number and order for VFD
filters. An improved sequential ADMM algorithm is proposed for solving this nonconvex
model. Subsequently, the proposed MRMM–VFD filters are applied to a wideband sparse
array to correct the AFT. Finally, simulation results verify the effectiveness and feasibility
of MRMM–VFD filters.

2. Problem Formulation

The ideal frequency response of a VFD filter is expressed as follows:

Hd(ω, p) = e−jωp (1)

where ω ∈ [0, απ] is the passband range, and 0 < α ≤ 1, p ∈ [−0.5 , 0.5] is the fractional
delay parameter range. The block diagram of the VFD filter structure based on the Farrow
structure is shown in Figure 1. Therefore, the actual filter frequency response can be
expressed as follows:

H(ω, p) =
N+1

∑
n=−N

M

∑
m=0

a(n, m)pme−jωn (2)

where a(n, m) are the filter coefficients; M is the number of sub–filters; and N is the sub–
filter order. Since VFD filters have coefficient (anti)symmetry, taking an odd number N as
an example, the coefficients of the even sub–filter (with symmetry) and the odd sub–filter
(with anti–symmetry) are split to obtain the following form:

H(ω, p) =
Me

∑
m=0

cT
mbem p2m − j

Mo

∑
m=1

sT
mbom p2m−1 (3)

where {
cT

m = [cos( 1
2 ω) cos( 3

2 ω) . . . cos((N + 1
2 )ω)]

t

sT
m = [sin( 1

2 ω) sin( 3
2 ω) . . . sin((N + 1

2 )ω)]
t (4)
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Figure 1. The Farrow structure the VFD FIR filter.

Convert it into the following form:

H(ω, p) = fTbe − jgTbo (5)

where
fT
m = cT

m p2m, gT
m = sT

m p2m−1 (6)

{
fT =

[
fT
0 fT

1 · · · fT
I

]
gT =

[
gT

1 gT
2 · · · gT

I+1
] (7)

The minimax design of a VFD filter refers to minimizing the peak error between the
ideal frequency response and the actual frequency response. The solution problem for the
filter coefficients of the minimax model is given as follows:

minimize max|H(ω, p)− Hd(ω, p)| (8)

The error function is defined as follows:

eH(ω, p) = H(ω, p)− Hd(ω, p) = eR(ω, p)− jeI(ω, p) (9)

where {
eR(ω, p) = fbe − cos(ωp)
eI(ω, p) = gbo − sin(ωp)

(10)

Then, problem (8) can be transformed into the following form:

minimize ‖fbe − cos(ωp) + j(gbo − sin(ωp))‖∞ (11)

where || · ||∞ denotes the L∞ norm.

3. Improved Sparse–Constrained Design for the VFD FIR Filter

3.1. The Cost Function Based on the Multi–Regulation Minimax Criterion

Building upon the traditional MM model established in the above section, SDP and
SOCP algorithms are usually used to optimize the solution [17] but can easily lead to
high system complexity. Owing to the characteristics of VFD filters with more near–zero
coefficients, sparse constraint theory is introduced into the optimization of filter weight
coefficients, and an improved MM model, the multi–regulation minimax (MRMM) model,
is proposed in this paper. The model is introduced with L2 and L1 regularization to
constrain the model coefficients. The L2–norm solves the overfitting and non–unique
solution problems of the traditional MM model in sparse optimization [18]. The L1–norm
realizes the design of the minimum number of sub–filters and orders of the VFD filter. The
MRMM model is formulated as follows:
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minimize‖Φx − ψ‖∞ + ‖y‖2
2 + λ1

(N+1)(M+1)−1

∑
n=0

∥∥∥∥∥ n

∑
k=0

x(N+1)(M+1)−k

∥∥∥∥∥
1

+ λ2

N+1

∑
n=1

M

∑
m=0

∥∥∥∥∥ n

∑
k=1

x(N+1−k)+M(N+1)

∥∥∥∥∥
1

(12)

where the filter coefficient vector x= [be, bo]T and the parameters Φ and ψ in the term
|| · ||∞ are related to Equation (11) in Section 2. According to reference [19], the diagonal
elements of H are associated with the symmetry of the coefficients of the filter. y is the vector
associated with the real impulse response a(n, m) of the filter. According to coefficient
symmetry b(n, m) = 2a(n, m), for m = 0, 1, · · · , M, we define that the diagonal elements
of H are h1 = h2 = . . . = h(N+1)(M+1) = 1/2, and the diagonal matrix H can be reduced to
a multiple of the unit matrix I(N+1)(M+1). In the L∞ term, we give

Φ =

[
f 0
0 g

]
, ψ =

[
cos(ωp)
sin(ωp)

]
(13)

The first and second terms in problem (12) denote the minimax error of the VFD filter;
the third term denotes the optimal filter order constraint; and the fourth term denotes the
optimal number of sub–filters constraint. The last two sparse terms should essentially be
formulated as L0–norm problems. However, they cannot be solved directly due to NP
Hard and a highly nonconvex nature. Therefore, the last two sparse terms are converted
to L1–norm form after relaxation [20,21]. It can be seen that the orders of all sub–filters
are optimized simultaneously by the second L1–norm term, which has a complex nested
summation process and cannot be solved directly. Based on the properties of paradigm
triangular inequality ||∑

i
bi|| ≤ ∑

i
||bi|| [22], problem (12) can be approximated as follows:

minimize‖Φx − ψ‖∞ + xT Hx + λ1

(N+1)(M+1)−1

∑
n=0

n

∑
k=0

∣∣∣x(N+1)(M+1)−k

∣∣∣+ λ2

N+1

∑
n=1

n

∑
k=1

[∣∣∣x(N+1−k)

∣∣∣+ . . . +
∣∣∣x((N+1−k)+M(N+1))

∣∣∣] (14)

A further derivation gives the following:

minimize‖Φx − ψ‖∞ + xT Hx + λ1

(N+1)(M+1)−1

∑
n=0

((N + 1)(M + 1)− n)
∣∣∣x(N+1)(M+1)−n

∣∣∣+ λ2

(M+1)(N+1)

∑
n=1

rem[
n

(N + 1)
]|xn| (15)

The last two items are integrated and reformulated in L1–norm form as follows:

minimize‖Φx − ψ‖∞ + xT Hx + λ1‖Qx‖1 + λ2‖Sx‖1 (16)

Q and S in the formula are, respectively, as follows:⎧⎨⎩
Q = diag(1, 2, . . . , (N + 1)(M + 1))
si = diag(1, 2, . . . , N + 1)
S = diag(s1, s2, . . . , sM+1)

(17)

3.2. S–ADMM Algorithm for Computing VFD Filter Coefficients

Since problem (16) needs to solve the optimization problem of the minimum sum
of different paradigms, and the solution variables are multi–dimensional and complex,
it is difficult for general optimization algorithms or tools to find the optimal solution.
The ADMM algorithm combines the decomposability of the dual ascent method with the
superior convergence of the multiplier method, making it suitable for solving large–scale
distributed optimization problems.

The core idea of the ADMM algorithm is to decompose the original high–dimensional
optimization problem into several low–dimensional subproblems, and gradually approach
the optimal solution by solving these subproblems with alternating iterations. This de-
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composition and iteration strategy enables the algorithm to effectively deal with high–
dimensional data and has better convergence and solving efficiency. However, the standard
ADMM algorithm is only applicable to the problem of minimizing the sum of two norms.
Therefore, in order to solve problem (3), the ADMM algorithm was improved and a sequen-
tial ADMM algorithm is proposed.

By introducing the auxiliary variables z1, z2, z3, problem (16) is expressed as a mini-
mum optimization problem with constraints as follows:

minimize ‖z1 − ψ‖∞ + 1
2 xT Hx + λ1‖z2‖1 + λ2‖z3‖1

subject to

⎡⎣ Φ
Q
S

⎤⎦x +

⎡⎣ −I
0
0

⎤⎦z1 +

⎡⎣ 0
−I
0

⎤⎦z2 +

⎡⎣ 0
0
−I

⎤⎦z3 = 0
(18)

The variable x of the original problem is decomposed by the S–ADMM algorithm
into multiple variables for sequential alternating iterations. Through constructing the
augmented Lagrange function and updating the independent variables and the Lagrange
multipliers, the iterations are repeated and stopped until the residuals reach a predeter-
mined accuracy, thereby determining the optimal values of the variables. By defining
the Lagrange multiplier vector u = [u1, u2, u3], the following iterative solution formula is
obtained using the dual gradient descent method:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1 = argmin
x

Lρ(x, zk
1, zk

2, zk
3, uk)

= argmin
x

1
2

xT Hx +
ρ1

2

∥∥Φx − ψ − zk
1 + uk

1

∥∥2
2 +

ρ2

2

∥∥Qx − zk
2 + uk

2

∥∥2
2 +

ρ3

2

∥∥Sx − zk
3 + uk

3

∥∥2
2

xk+1 = βxk + (1 − βxk)

zk+1
1 = argmin

z1

Lρ(xk , z1, uk
1) = argmin

z1

‖z1 − ψ‖∞ +
ρ1

2

∥∥Φxk − z1 + uk
1

∥∥2
2

zk+1
2 = argmin

z2

Lρ(xk , z2, uk
2) = argmin

x
λ1‖z2‖1 +

ρ2

2

∥∥Qxk − z2 + uk
2

∥∥2
2

zk+1
3 = argmin

z3

Lρ(xk , z3, uk
3) = argmin

x
λ2‖z3‖1 +

ρ3

2

∥∥Sxk − z3 + uk
3

∥∥2
2

(19)

where β takes the value in the range of (0, 1]. It is the core correction parameter that
ensures the convergence of the algorithm [23]. It is not difficult to find that solving for x
is a quadratic optimization problem, while solving for the auxiliary variable z1, z2, z3 is
a multi–soft–threshold optimization problem. Multiple variables are iteratively updated
in an alternating sequence and constraints are taken into account using the Lagrange
multiplier u. The iterative formula for the Lagrange multiplier vector u is as follows:⎧⎪⎨⎪⎩

uk+1
1 = uk

1 + ρ1(Φxk − zk+1
1 )

uk+1
2 = uk

2 + ρ2(Qxk − zk+1
2 )

uk+1
3 = uk

3 + ρ3(Sxk − zk+1
3 )

(20)

The algorithm sets a predefined termination condition ‖xk+1−xk‖2
(N+1)(M+1) ≤ μ and determines

whether the convergence criterion is met, where μ is the threshold value. If it is satisfied,
the iteration is stopped; the optimal solution is found; and the final coefficients are obtained
by using the symmetry of the coefficients; otherwise, the iteration is continued.

The coefficient vector x, i.e., the corresponding even sub–filter coefficients be and
odd sub–filter coefficients bo, is computed according to the S–ADMM algorithm. The
complete filter coefficient matrix is obtained using the following coefficient (inverse)
symmetry formula:

b(n, m) = 2a(n, m), for m = 0, 1, · · · , M (21)

4. Wideband Sparse Array AFT Correction Using MRMM–VFD

Sparse array design strives to optimally deploy sensors to achieve desirable beamform-
ing characteristics, reduce system hardware costs, and lower computational complexity. In
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wideband signal models, sparse arrays can avoid conflicts caused by frequency spread of
the signal. Reference [24] frames the design problem as optimally selecting P sensors out of
N possible equally spaced locations (P << N), and a wideband sparse array design method
based on the tapped delay line (TDL) structure was proposed.

Assume that all of the sensors are omnidirectional with the same response, and
the signals impinge upon the array from the far field. The beamformer output y[n] is
a linear combination of differently delayed versions of the received array signals xm[n],
m = 0, · · · , M − 1. The distance from the zeroth sensor to the subsequent sensor is denoted
by dm for m = 0, · · · , M − 1, with d0 = 0. And the incident signal arrives at an angle θ.

The steering vector of the array as a function of the normalized frequency Ω = wTs
and the arrival angle θ is as follows:

minimize‖Φx − ψ‖∞ + xT Hx + λ1

(N+1)(M+1)−1

∑
n=0

n

∑
k=0

∣∣∣x(N+1)(M+1)−k

∣∣∣+ λ2

N+1

∑
n=1

n

∑
k=1

[∣∣∣x(N+1−k)

∣∣∣+ . . . +
∣∣∣x((N+1−k)+M(N+1))

∣∣∣] (22)

where μm = dm
cTs

for m = 0, 1, · · · , M − 1, and {·}T indicates a transpose operation.
The response of the array is then given by the following:

P(Ω, θ) = wHs(Ω, θ) (23)

where wH is the Hermitian transpose of the weight vector of the array, which is given by
the following:

w =
[

wT
0 wT

1 . . . wT
M−1

]T (24)

wm =
[

wm,0 wm,1 . . . wm,J−1
]T (25)

Then, a compressive sensing sparse algorithm is used to match the array response
with the desired/reference response, resulting in a sparse wideband array distribution [24].
For the obtained wideband sparse array, the MRMM–VFD filter is employed for aperture
crossing correction, with the specific operational diagram shown in Figure 2.

N  
Figure 2. Aperture crossing correction of wideband sparse array.

The MRMM–VFD filter proposed in this paper has coefficient invariance, indicating
that only the delay input needs to be altered while the filter coefficients remain unchanged
when processing with different time delay parameters. In the aperture fill time correction
of wideband sparse arrays, the MRMM–VFD greatly reduces computational complexity
and system complexity.

5. Experimental Analysis

To verify the effectiveness of the designed MRMM sparse algorithm, the error results
for different parameter settings are given in this section. Regarding the filter order N, a
higher value results in a steeper frequency response of the filter, allowing for more accurate
delay performance. However, excessively high orders may induce system instability,
leading to increased noise and distortion; here, the value of N was chosen to be 30. The
number of sub–filters M was set to 5, 7, 9, and 11. Regarding the value of the number
of sub–filters, the amplitude response error decreases with an increase in the number of
sub–filters. However, when it increases to a certain amount, the error reduction is no longer
obvious. Additionally, an excessively large number of sub–filters can lead to unnecessary
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group phase delay errors [11,25]. The cutoff frequency parameter α = 1, i.e., the full–pass
bandwidth range was chosen for the experiment. In the MRMM algorithm, the penalty
factors λ1 and λ2 are two important regularization parameters, which control the trade–
off between data fitting and sparsity. We kept adjusting these two parameters with a
sampling interval of 0.01, and the designed MRMM–VFD can achieve better performance
when λ1 = 0.11 and λ2 = 0.27. To evaluate the error accuracy of the filter, the maximum
magnitude error, the normalized mean square error (NMSE), and the maximum group delay
error were used as evaluation metrics [25], and the expressions are shown, respectively,
as follows:

ε1 = max{20 log|H(ω, p)− Hd(ω, p)|} (26)

ε2 =

(∫ απ
0

∫ 0.5
−0.5|H(ω, p)− Hd(ω, p)|2dpdω∫ απ

0

∫ 0.5
−0.5|Hd(ω, p)|2dpdω

)1
2

(27)

εp = max{|τ(ω, p)− p|} (28)

Firstly, Figure 3a shows the convergence of primal and pairwise residuals in the S–
ADMM algorithm, where the dotted lines are the set threshold; both of which can converge
with an accuracy of 10−5. The algorithm sets the maximum number of iterations to 100 but
as can be seen in Figure 3b, the minimum of function (16) is actually found after 20 iterations,
with a clear and fast trend. The results of the standard MM algorithm and the weighted
least squares sparse algorithm are compared to demonstrate the effectiveness of the MRMM
sparse model in this paper, and the error results of different algorithms are given in Table 1.
When M = 5, the maximum magnitude error and the normalized mean square error of the
MRMM sparse algorithm are larger than the standard MM algorithm, but as the number of
sub–filters increases, the maximum magnitude error gradually approaches the standard
MM algorithm. The normalized mean square error of the MRMM algorithm is smaller
compared to the S–WLS sparse algorithm for different numbers of sub–filters. In addition,
the more the number of sub–filters, the smaller the filter error, but too many sub–filters will
make the system redundant, so M = 9 is chosen for practical applications. The amplitude–
frequency response error plots of the VFD filters using the MRMM algorithm, the standard
MM algorithm, and the S–WLS sparse algorithm for the N = 30, M = 9 condition are given
as shown in Figure 4. In comparison, the MRMM algorithm is flatter than the S–WLS
sparse algorithm. The maximum magnitude error is −19.81 dB for the MRMM algorithm
and −18.71 dB for the S–WLS sparse algorithm. The amplitude error is reduced by 1.0 dB
compared to the un–sparse–processed MM algorithm. Therefore, it can be concluded that
the proposed MRMM sparse algorithm is highly effective with high error accuracy.

 
(a) (b) 

Figure 3. Convergence of the S−ADMM algorithm: (a) shows the convergence of ‖r‖2 and ‖s‖2; and
(b) shows the convergence of the cost function given by Equation (16).
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Table 1. Comparison of error performance of different algorithms.

M = 5 M = 7 M = 9 M = 11

ε1 ε2 ε1 ε2 ε1 ε2 ε1 ε2

MM −19.83 0.0067 −20.01 0.0061 −18.69 0.0085 −23.24 0.0047
S–WLS −17.74 0.01 −20.78 0.0054 −18.71 0.0072 −20.44 0.0061
MRMM −18.37 0.0097 −19.45 0.0080 −19.81 0.0066 −21.98 0.0058

 
(a) (b) 

Figure 4. Amplitude–frequency response error plots for different algorithms. (a) is the MM algorithm;
(b) is the S–WLS algorithm; and (c) is the MRMM algorithm.

Next, the amplitude–frequency response error and phase–frequency response error
of the designed VFD filter were analyzed. Experimental results are given for the number
of sub–filters M = 9 and the initial order of sub–filters N = 30. The magnitude–frequency
response plots of different algorithms are given as shown in Figure 5, where it can be seen
that the normalized magnitude of the un–sparse standard MM algorithm is close to one
between the band range [0,0.9], and the normalized magnitude of the sparse–processed
S–WLS algorithm and the MRMM algorithm fluctuates around one between the band range
[0,0.9], but the range of fluctuation is within acceptable limits. In the bandwidth range
[0.9,1], the maximum amplitude fluctuation of the MRMM algorithm is only 0.05, while
the maximum amplitude fluctuation of the S–WLS algorithm in this range is 0.12. Next,
Figure 6 shows the phase–frequency curves of the different algorithms where fractional
delay p = 0.3; the maximum phase fluctuation of the S–WLS algorithm is 0.004; and the
maximum phase fluctuation of the MRMM algorithm is only 0.002. Therefore, it can be
proved that the MRMM algorithm proposed in this paper has more stable amplitude–
frequency characteristics than the existing sparse algorithms.
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(a)  (b) 

 

 

(c)  

Figure 5. Amplitude–frequency response plots of different algorithms. (a) is the MM algorithm;
(b) is the S–WLS algorithm; and (c) is the MRMM algorithm.

Figure 6. Phase–frequency plot for different algorithms at a fractional delay p = 0.3.

To evaluate the sparsity of the MRMM algorithm and the effect of the sparse design
on system complexity, the sparsity rate is defined as η = Ps

P × 100% where Ps represents
the number of zero coefficients after being sparse and P = 2(N + 1)(M + 1) represents
the number of filter coefficients under the initial setting. The experimental parameters
are M = 9, N = 30, and P = 620. The results of the sparsity rate η and operation time Tc
comparison of different algorithms are given in Table 2. The data in the table show that at
M = 5 and M = 7, the sparsity rate of the MRMM algorithm is 66.67% and 75.40%, while
the sparsity rate of the S–WLS algorithm is 69.89% and 75.80%, respectively. It can be
seen that the sparsity of the S–WLS algorithm is a little bit better when the number of
sub–filters is small, and the MRMM algorithm is better when the number of sub–filters is
large. However, the sparsity of the sparse algorithms MRMM and S–WLS is much greater

113



Sensors 2024, 24, 4327

than that of the standard MM algorithm, regardless of the experimental conditions. In terms
of computation time, we can see that the MRMM algorithm exhibits higher computational
efficiency, especially when dealing with more sub–filters, and the MRMM algorithm is able
to complete the computation faster. Therefore, it can be shown the sparsity of the MRMM
algorithm designed in this paper fully satisfies our desired design.

Table 2. Comparison of sparsity and operation time of different algorithms.

M = 5 M = 7 M = 9 M = 11

η Tc η Tc η Tc η Tc

MRMM 66.67%
(248) 0.16 s 75.40%

(374) 0.29 s 82.64%
(512) 0.61 s 85.75%

(638) 0.73 s

LCMM 37.97%
(139) 0.62 s 21.77%

(108) 2.05 s 31.93%
(198) 2.40 s 32.52%

(242) 3.67 s

S–WLS 69.89%
(260) 0.14 s 75.80%

(376) 0.26 s 81.29%
(504) 0.77 s 85.21%

(634) 0.92 s

Next, the system complexity of the VFD filter designed by the sparse MRMM algorithm
is evaluated. The presence of zero coefficients at lower orders saves the use of corresponding
multipliers, and the presence of zero coefficients at higher orders saves the corresponding
multipliers and adders. By statistically analyzing the coefficient matrix elements, it can be
determined that the filter designed by the standard MM algorithm requires 844 multipliers
and 421 adders, which results in extremely high complexity for the system. However,
the multipliers and adders required by the sparse MRMM algorithm are 240 and 119,
corresponding to a reduction of 71.56% and 71.73%, respectively. It can be concluded that
the use of multipliers and adders is significantly reduced by the MRMM sparse design
algorithm, which effectively reduces system complexity.

The above experiment analysis proves that the improved VFD filter based on the
MRMM model can achieve our purpose well. We then used it to correct the aperture effect
in a wideband array. Assume that the angle of incidence of the signal is 10◦; the center
frequency is 1.2 GHz; and the fH : fL = 3 : 1. The uniformly distributed array element
spacing is 0.5λmin, and the number of full arrays is 30. Then, the number of arrays after
sparse reconstruction is 20, as shown in Figure 7, which is designed according to [24].

Figure 7. Sparse array location distribution.

Compared with the conventional wideband aperture effect correction for a TDL
structure [24], our proposed MRMM–VFD–based wideband aperture effect correction
method can keep the filter coefficients unchanged under different scan angles, and only
the delay parameter needs to be adjusted. Compared with the LCMM–VFD filter, our
proposed MRMM–VFD can significantly reduce the use of multipliers and adders and
decrease system complexity. Figure 8a shows the aperture crossing phenomenon of a
wideband sparse array, and it can be seen that serious pointing deviations occur in the
received signals of different arrays. Figure 8b shows that the received signals of each array
are aggregated to the same distance unit after aperture correction using the improved VFD
filter, which completely solves beam dispersion. The antenna orientation diagrams of the
wideband sparse array with different frequency signals are given in Figure 9. It can be seen
above that it is effective to use the proposed VFD filter for wideband sparse arrays during
aperture correction.
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(a) (b) 

Figure 8. Wideband sparse array antenna orientation diagram. (a) is the result of aperture crossing;
and (b) is the result of aperture correction.

Figure 9. Wideband sparse array antenna orientation diagram.

6. Conclusions

In order to reduce the system complexity of the VFD FIR filter, a new MRMM sparse
algorithm under a great–minimal criterion is proposed. The error function is constrained
by introducing L2 and L1 regularizations. To solve this nonconvex model, an improved
S–ADMM algorithm is proposed, which uses sequential alternation to iteratively update
multiple soft–threshold problems. Experimental results show that the proposed MRMM
algorithm completely satisfies the desired error value and sparsity. The use of multipliers
and adders is reduced by 71.56% and 71.73%, respectively, leading to a significant decrease
in system complexity. Simulation results confirm that the MRMM–VFD effectively corrects
AFT in a wideband sparse array.
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Abstract: In array signal processing, the mutual coupling among physical sensors can inevitably
affect the estimation of the direction of arrival (DOA). Despite the fact that multiple-input and
multiple-output (MIMO) radar can provide greater degrees of freedom (DOFs), the influence of
mutual coupling is largely overlooked in many current MIMO radar designs. To tackle this issue, we
propose the utilization of a generalized nested array (GNA) in transmitter array and we introduce an
expansion factor into the nested array in the receiver array. Thereby, a novel GNA-MIMO radar is
put forward. The proposed MIMO radar offers O(N4) consecutive DOFs with N sensors and avoids
the adverse effects of high mutual coupling caused by closely located sensors. Furthermore, we
derive the closed-form expressions for the position of physical sensors and the attainable consecutive
DOFs of the proposed MIMO radar. Through simulation experiments, we demonstrate the superior
accuracy of the proposed MIMO configuration in DOA estimation and angle resolution under the
condition of mutual coupling effect.

Keywords: multiple-input multiple-output (MIMO) radar; nested array; direction of arrival estimation;
degree of freedom; mutual coupling

1. Introduction

In the field of array signal processing, direction of arrival (DOA) estimation is a crucial
topic with significant importance in wireless communication, radar and medical imaging,
etc., [1–4]. Multi-input multi-output (MIMO) radar is an innovative radar system that was
initially proposed in 2003 [5]. In the past decades, MIMO radar has drawn substantial
concern and is becoming an increasingly hot topic [3,6]. One of the advantages of MIMO
radar is the ability to create a virtual array with large aperture and increased degrees of
freedom (DOFs) by utilizing multiple transmitter and receiver antennas [7]. The number of
DOFs is one of the key parameters to measure the performance of DOA in MIMO radar
systems, which represents the ability of radar to distinguish and process multiple targets
simultaneously. DOFs are mainly determined by the number of antennas, the distance
between antennas and the arrangement of sensors. By increasing DOFs, the resolution,
detection accuracy and anti-interference ability of the radar system can be significantly
improved. However, the current research on MIMO radar systems mainly focuses on
ways to achieve higher DOFs while few of them study the mutual coupling effect between
physical sensors. The impact of mutual coupling cannot be neglected in practice and can
degrade the performance of DOA estimation, especially when physical sensors are closely
located [8].

Various design methods have been put forward to design MIMO radar array configura-
tions with better properties. Initially, the design of minimal redundancy (MR) MIMO radar
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was proposed to reduce sensor redundancy [9–12]. Nonetheless, this method suffers from
high computational complexity, leading to increased costs. Subsequently, the advancement
of nested array (NA) [13], coprime array (CA) [14] and other sparse linear arrays [15–17]
have offered a new perspective in MIMO radar system design. For example, Qin et al.
proposed a design method for nested MIMO radar [18] and co-prime MIMO radar [19]
through the utilization of two subarrays of NA (or CA) in the transmitter and receiver
arrays, respectively. However, the above-mentioned MIMO radar has the limitation of
restricted DOFs, the maximal DOFs of which can only reach O(N2) with N physical sensors.
To increase DOFs, the concept of difference co-array of sum co-array (DCSC) [12] as well as
the generalized sum co-array of difference co-array (GSDC) [13] were proposed. These two
methods gained significant attention for the ability to achieve O(N4) DOFs with only N
physical sensors. Zheng et al. proposed a nested MIMO radar with a sparsely extended
array geometry, the transmitter array of which is composed of extended nested arrays
by introducing an expansion factor [20]. Likewise, a generalized co-prime MIMO radar
was proposed with generalized co-prime arrays by introducing an expansion factor to the
transmitter array [21]. Later in [22], a flexible MIMO radar was proposed to enhance the
element spacing of transmitter and receiver arrays by generalizing the coprime expansion
factors. It is worth mentioning that the above conventional nested and co-prime MIMO
radars represent special cases of flexible MIMO radar. Additionally, Zhang et al. proposed
a novel generalized nested MIMO radar by replacing the nested array with an extended
nested array to achieve more DOFs [23]. Furthermore, to gain more attainable DOFs,
Shaikh et al. devised a generalized multi-level MIMO radar configuration [24].

However, the above-mentioned MIMO radar systems neglected the influence of mu-
tual coupling. Consequently, despite the great number of DOFs, these systems suffer from
significant degradation in DOA performance caused by severe mutual coupling in practice.
In [25,26], a UCA-MIMO radar was proposed by using unfolded co-prime arrays (UCA)
in the transmitter and receiver arrays. Although this design only achieves O(N2) DOFs,
the advantage lies in the sparsely located sensors. In [27], by using uniform linear arrays
in the transmit-receiver array and introducing coprime factors, a generalized two-level
nested array (GTNA) MIMO radar was proposed. Benefiting from the coprime factor,
the element spacing continuously increases while the consecutive DOFs gradually decrease,
thus reaching a balance between a great number of consecutive DOFs and a weak mutual
coupling effect. However, the optimal selection of coprime factors was not discussed.
In [28], a UGCA-MIMO radar was proposed by utilizing an unfolded generalized co-prime
array (UGCA) in the transmitter and receiver arrays. However, no closed-form expression
was provided. To address these issues and limitations, this paper puts forward the design
of a GNA-MIMO radar. The proposed structure utilizes a GNA in the transmitter array and
a prototype NA with a sparse expansion factor in the receiver array. The main contributions
of this paper are as follows:

(1) The proposed GNA-MIMO radar reaches the balance between both a great number
of consecutive DOFs and a weak mutual coupling leakage effect. Specifically, it achieves
O(N4) consecutive DOFs with only N physical sensors with no need for closely located
physical sensors in the transmitter or receiver arrays. This achievement is noteworthy as it
surpasses the capabilities of most previously devised MIMO radars.

(2) We derive the closed-form expressions for the location of physical sensors and the
attainable consecutive DOFs for the proposed GNA-MIMO radar. Meanwhile, we present
the design principle for GNA-MIMO radar in Section 3.3. In contrast, the UGCA-MIMO
radar designed in [29] lacks closed-form expressions and is not suitable for all possible
numbers of sensors. Simulation results also prove that the proposed GNA-MIMO radar
has a weaker coupling effect.

The paper is outlined as follows: Section 2 introduces the data model of the monostatic
MIMO radar. The GNA-MIMO radar geometry is proposed in Section 3. In Section 4,
sufficient theoretical analysis is provided. Section 5 provides lots of numerical results and
Section 6 concludes.
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Throughout this paper, the upper-case bold and lower-case bold characters, respec-
tively, denote matrices and vectors; (·)T , (·)∗ and (·)H denote transpose, conjugate and
conjugate transpose; � and ⊗ represent Khatri–Rao product and Kronecker product; IN
denotes an N × N identity matrix; E[·] denotes the expectation operator; diag(·) denotes
the diagonal operation; vec(·) stands for the vectorization operator.

2. Signal Model

A narrow-banded monostatic MIMO radar system is composed of an M-element
transmitter array and an N-element receiver array. The transmitter array emits multiple
orthogonal signals while the receiver array captures the reflected signals.

Assuming that there are K far-field incoherent targets, where θk denotes the direction
of the k-th target. Then the MIMO steering vector a(θk) equals to [20]

a(θk) = ar(θk)⊗ at(θk), (1)

where ar(θk) and at(θk) are the steering vectors of the receiver and transmitter correspond-
ing to the k-th target, respectively. And ar(θk) and at(θk) can be given as [20]

ar(θk)= [e
j2πd1sinθk

λ ,· · ·, e
j2πdN sinθk

λ ]T , (2)

at(θk)= [e
j2πd1sinθk

λ ,· · ·, e
j2πdMsinθk

λ ]T , (3)

where λ denotes the wavelength, dn(n = 1, 2, · · · , N) and d′m(m = 1, 2, · · · , M) stands for
the sensor locations in the receiver and transmitter arrays.

Further, a(θk) can be written as [21]

a(θk) = [ej2π(d1+d′1)sinθk/λ, ej2π(d1+d′2)sinθk/λ

, · · · , ej2π(d2+d′1)sinθk/λ, ej2π(d2+d′2)sinθk/λ

, · · · , ej2π(dN+d′M)sinθk/λ],

(4)

where the MIMO steering vector a(θk) is a MN × 1 steering vector.
Subsequently, taking mutual coupling into account, the signal model of the received

signal can be formulated as [28]

X(t) = Ct ⊗ Cr

K

∑
k=1

at(θk)⊗ ar(θk)s(t) + n(t)

= CAs(t) + n(t),

(5)

where s(t) = [s1(t), s2(t), . . . , sK(t)] represents the signal source vector, n(t) represents
the zero-mean Gaussian white noise vector, A = [a(θ1), · · · , a(θK)] represents the steering
matrix and a(θk) = at(θk)⊗ ar(θk) is the steering vector of the k-th signal. The mutual
coupling matrix C = Ct ⊗ Cr. The mutual coupling matrice C can be approximated as [15]

Cij =

{
c|pi−pj |, |pid − pjd| ≤ B
0, |pid − pjd| > B

(6)

where Cij denotes the element located in the i-th row and j-th column of the matrix C and pid
denotes the position of i-th sensor (i = 1, 2, . . . N). 1 = c0 > |c1| > · · · > |cB| > |cB+1| = 0,
cl = c1e−j(l−1)π/8/l for 2 ≤ B ≤ 100 [30]. Subsequently, the coupling leakage can be
measured by the parameter [30]

L(M) =
||C − I||F
||C||F (7)
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where I represents the identity matrix with the same order as the matrix C.
The covariance matrix of the received signal can be calculated as [20]

Rx = E[X(t)XH(t)] = ARsAH + σ2
nIN2 , (8)

where Rs = E[s(t)sH(t)] = diag([σ2
1 , . . . , σ2

K]) and σ2
k denotes the power of the k-th source.

In practice, the covariance matrix is calculated through a certain number of snapshots,
R̂x = (1/L)∑L

t=1 X(t)XH(t), where L is the number of snapshots.
Vectorizing the covariance matrix in (8) yields [20]

z = vec(Rx) = vec(A0p) + σ2
nvec(IN2), (9)

where A0 = A∗ � A = [a∗(θ1)⊗ a(θ1), a∗(θ2)⊗ a(θ2), · · · , a∗(θK)⊗ a(θK)] is a new steer-
ing matrix including a lot of virtual array elements; p = [σ2

1 , . . . , σ2
K]

T . From (9), the vector
z indicates a new received signal corresponding with the new steering matrix A0 with a
single snapshot.

3. Generalized Nested Array MIMO Radar Configuration

In this section, we present a concise review of sum co-array and difference co-array.
Second, the reformulation of GNA is shown. Later, the design process of the Generalized
Nested Array MIMO radar is presented. At last, the closed-form expression of consecutive
virtual array elements and the available consecutive DOFs are derived in detail.

3.1. Review of Sum Co-Array and Difference Co-Array

Definition 1. The position set of sensors for a given M − element array is denoted by set S:

S = {p1, p2, . . . , pM}d.

where M represents the number of elements and d denotes the unit element spacing, d = λ/2.
In subsequent representations in this paper, we omit the parameter d.

Definition 2. The sum co-array generated by the arrays Sa and Sb can be defined by the unique
elements in the set Ssum, which can be written as [18]

Ssum = {u + u′|u ∈ Sa, u′ ∈ Sb}.

Definition 3. The difference co-array generated by the array Su is symmetric and can be similarly
defined by the unique elements in the set Sdi f f , which can be given as [31]

Sdi f f = {u − u′|u, u′ ∈ Su}.

Definition 4. Given an array S, the number of elements in the consecutive segment of its difference
co-array Sdi f f is defined as “consecutive DOFs”.

For instance, the ULAs Sa = {0, 1, 2} and Sb = {0, 3} can obtain the sum co-array
Ssum = {0, 1, 2, 3, 4, 5} in the end. Su = {1, 2, 3, 6} can finally obtain a uniform liner
difference co-array Sdi f f = {−5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5}. In this case, the consecutive
DOFs of Sdi f f is 11 (From −5 to 5).

3.2. Reformulation of Generalized Nested Array

A generalized nested array (GNA) consists of two sparse uniform linear subarrays [15].
One subarray consists of M1 elements with element-spacing αd0 while the other subarray
contains M2 elements with element-spacing βd0, where d0 is the unit sensor spacing and
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will be omitted in the subsequent text. Here, α and β are flexible co-prime factors satisfying
1 ≤ α ≤ M2, 1 ≤ β ≤ M1 + 1. The position set of GNA elements can be represented as

SGNA = {1, 1 + α, · · · , 1 + αM1, 1 + αM1 + β,

· · · , 1 + αM1 + β(M2 − 1)}.
(10)

In [15], it has been demonstrated that the DOFs of GNA are related to the variables
α, β, M1 and M2. Notably, the maximum DOFs of GNA are attained when M1 = M2 or
M2 = M1 + 1 and one of the two factors α or β reaches its maximal value. Under this
circumstance, the difference co-array of GNA is non-consecutive and results in a decrease
in the mutual coupling leakage rate.

3.3. Design Principle for GNA-MIMO Radar

According to the GSDC concept [21], the virtual array elements of a MIMO radar
can be computed by the operation sum co-array of the transmitter’s difference co-array
and the receiver’s difference co-array. This approach allows us to utilize a GNA in the
transmitter array with the maximum possible element spacing and an NA with an extension
factor γ in the receiver array. Despite the non-continuous nature of their individual
difference co-arrays, the sum co-array of these two difference co-arrays remains continuous.
Consequently, this design strategy offers not only a large number of consecutive DOFs but
also mitigates the mutual coupling effect.

The configuration of the proposed GNA-MIMO radar involves two steps:
(1) For the transmitter array, we employ an M-element GNA. The optimal values for

variables are provided in Table 1 [15]. When M is even, we take the maximum value of α,
β, that is α = M2 = M/2, β = M1 + 1 = M/2 + 1. In this case, β = α + 1, α and β satisfy
the co-prime relation. However, if we take the maximum value of α, β when M is odd, α
and β are not co-prime. So, we think α = M2 − 1 = (M − 1)/2. In this case, β = α + 1, α
and β also satisfy the co-prime relation. The difference co-array for the transmitter array,
denoted as DT , can be written as

DT = D
+
T ∪D

−
T

D
+
T = {n − n′|n ≥ n′, n, n′ ∈ ST}
= {αm1 + βm2|0 ≤ m1 ≤ M1, 0 ≤ m2 ≤ M2 − 1}.

(11)

where D
+
T and D

−
T denote the non-negative and negative values in DT , respectively.

Table 1. The Optimal Variables Values of M1,M2 and α,β.

When M Is The Optimal M1, M2 The Optimal α,β

Even M1 = M2 = M/2 α = M/2, β = M/2 + 1
Odd M1 = (M − 1)/2, M2 = (M + 1)/2 α = (M − 1)/2, β = (M + 1)/2

(2) For the receiver array, we utilize an N-element NA with an extension factor γ =
M2(M1 + 1). If N is even, the number of elements for the two subarrays is N1 = N2 = N/2,
respectively, otherwise, if N is odd, N1 = (N − 1)/2 and N2 = (N + 1)/2. The difference
co-array for the receiver array, denoted as DR, can be presented as [13]

DR = γ{−(N2(N1 + 1)− 1), · · · , 0, 1, · · · , N2(N1 + 1)− 1}. (12)

In Figure 1, we present an instance of the proposed GNA-MIMO radar with a six-
element transmitter array and a four-element receiver array. The position of the array
element is determined based on the aforementioned design rules. Considering the sym-
metric property of difference co-array, only the non-negative part of the GSDC is plotted.
Figure 1 illustrates that although elements in the transmitter and receiver arrays are sparsely
located, the GSDC still has a long consecutive segment.
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Figure 1. An example of a proposed radar array with a six-element transmitter array and a four-
element receiver array. Only the non-negative part of the GSDC is given. The squares in the
Transmitter and circles in Receiver are the actual positions of physical sensors while the others are
virtual elements.

3.4. Properties of the GNA-MIMO Radar

Proposition 1. The closed-form expression of attainable consecutive DOFs for the proposed GNA-
MIMO radar is

f = 2(M2(M1 + 1))(N2(N1 + 1))− 1. (13)

Proof. The D
+
T in (11) has the following properties:

(a) There are M2(M1 + 1) distinct integers in the set D+
T .

(b) 0 ≤ αm1 + βm2 ≤ αM1 + β(M2 − 1).
(c) There are not such two values in D

+
T that differ by a distance of M2(M1 + 1).

In other words, the inequality αm1 + βm2 − (αm′
1 + βm′

2) �= M2(M1 + 1) holds true.
Dividing both sides of the inequation by β, the expression α

β (m1 − m′
1) �= M2 + (m2 −

m′
2). We can see that α

β (m1 − m′
1) must be a decimal number except for m1 = m′

1 while
the right side of the inequality is a positive integer. Therefore, the inequality definitely
holds true.

(d) The set S′ = {mod(αm1 + βm2, M2(M1 + 1))|0 ≤ m1 ≤ M1, 0 ≤ m2 ≤ M2 − 1}
contains all integers from 0 to M2(M1 + 1)− 1, where mod represents the modulo opera-
tion.

From (a) (b) (c), we can conclude that the set S′ also contains M2(M1 + 1) distinct
integers in the range [0, M2(M1 + 1)− 1]. Therefore, the set S′ contains all integers from 0
to M2(M1 + 1)− 1.

(e) The set {D+
T − M2(M1 + 1)} ∪ D

+
T contains the set S′ and is consecutive in the

range [0, M2(M1 + 1)− 1].
The GSDC for GNA-MIMO SGSDC has the following properties:
(f) SGSDC = {D+

T ∪D
−
T }+DR = {D−

T +DR} ∪ {D+
T +DR}.

(g) The set DR +D
+
T is consecutive in the range [0, N2(N1 + 1)γ − 1].

The set DR +D
+
T

⊆ γ{−1, 0, · · · , N2(N1 + 1)− 1}+D
+
T

= {−γ +D
+
T } ∪D

+
T ∪ · · · ∪ {γ(N2(N1 + 1)− 1) +D

+
T }.

According to (e), the set {−γ +D
+
T } ∪D

+
T contains [0, γ − 1] and the set D+

T ∪ {γ +
D
+
T } contains [γ, 2γ − 1]. By inference, the above set certainly contains

∪[γ, 2γ − 1] ∪ · · · ∪ [(N2(N1 + 1)− 1)γ, (N2(N1 + 1))γ − 1].

After merging, we can conclude that the set DR + D
+
T is consecutive in the range

[0, (N2(N1 + 1))γ − 1]. Based on the property (f), the proposed GNA-MIMO radar ulti-
mately obtains a virtual array from -u to u, where u = (N2(N1 + 1))γ − 1. Consequently,
the consecutive DOFs can be calculated as

f = 2u + 1 = 2M2N2(M1 + 1)(N1 + 1)− 1 (14)
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3.5. Optimal M and N

Although the number of physical sensors in the transmitter and receiver arrays can be
selected according to the specific requirements, the maximum number of consecutive DOFs
can be realized by choosing optimal values of M and N given the number of total physical
sensors T. Based on the arithmetic mean–geometric mean inequalities, the optimal values
of M and N can be achieved by{

M = N = T/2, if T is even
M = (T − 1)/2, N = (T + 1)/2, if T is odd.

(15)

4. Performance Analysis

In this part, we provide sufficient theoretical analysis to demonstrate the advantages
of the proposed GNA-MIMO radar. First, four other MIMO radars including UCA-MIMO
radar in [25], UGCA-MIMO radar in [28], NA-MIMO radar in [20] and GTNA-MIMO radar
in [27] are adopted for comparison. Then, three aspects including the consecutive DOFs,
the mutual coupling leakage and the Cramer–Rao Bound (CRB) are considered for analysis.

4.1. The Consecutive DOFs

Usually, the optimal array configuration and design methodology of the MIMO radar
should be determined before comparing the consecutive DOFs of the different MIMO
radars. Here, for the GTNA-MIMO radar, α = M1M2 − M1 − M2 and β = α + 1 and
the optimal array configurations for the other types of MIMO radar can be found in the
corresponding original text.

Table 2 lists the closed-form expression of consecutive DOFs for five types of MIMO
radar. In the table, M′ and N′ represent two coprime numbers in the co-prime MIMO
radar, where M1 and M2 represent the number of array elements in the transmit array of
nested array MIMO radar and N1 and N2 represent the number of array sensors in the
receive array of nested array MIMO radar. In general, MIMO radar with more DOFs will
obtain a more accurate DOA result. Also, from the table, we can observe that the proposed
GNA-MIMO radar has relatively high consecutive DOFs and achieves the same consecutive
DOFs as the NA-MIMO radar in [20].

Figure 2 depicts the variation of attainable consecutive DOFs with a given number of
physical sensors for these five different MIMO radars. It can be observed from Figure 2 that
as the number of array elements increases, the consecutive DOFs continuously increase.
Given the same number of physical sensors, the proposed GNA-MIMO radar can achieve
the maximum consecutive DOFs as the NA-MIMO radar in [20] and exceeds other types
of MIMO radar. Additionally, the solid lines in the figure represent that the nested array
MIMO radars can take the number of array elements for all integers on the abscissa and the
curves are smoother. However, the dashed lines in the figure represent that the co-prime
MIMO radars can only take a few discrete integers on the abscissa, indicating that the
design of nested array MIMO radar is more flexible.

Table 2. The closed-form expression of attainable consecutive DOFs for five types of MIMO radar.

The Total Number of The Closed-Form Expression of
Physical Radar Elements Consecutive DOFs

UCA-MIMO radar in [20] M′ + N′ 2(3MN − M − N)− 1
GTNA-MIMO radar in [19] M1 + M2 + N1 + N2 2αM2(M1 − 1) + 2βN2(N1 + 1)
NA-MIMO radar in [19] M1 + M2 + N1 + N2 2M2N2(M1 + 1)(N1 + 1)− 1
UGCA-MIMO radar in [24] M′ + N′ 8(MN)2 − 1
The proposed GNA-MIMO radar M1 + M2 + N1 + N2 Equation (14)

α = M1 M2 − M1 − M2.β = α + 1. M′ and N′ are coprime.
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Figure 2. The attainable consecutive DOFs with given number of physical sensors.

4.2. The Mutual Coupling Leakage Rate

This subsection compares the coupling leakage rates of different MIMO radars under
the optimal array element configuration. Generally, the smaller the mutual coupling
leakage rate, the less influence the MIMO radar experiences in DOA estimation, resulting
in more accurate DOA estimation results. The mutual coupling is built on (6) with c0 = 1,
c1 = 0.3ejπ/3, B = 100, cl = c1e−j(l−1)π/8/l for 2 ≤ B ≤ 100 [30].

Figure 3 compares the coupling leakage rates for these five MIMO radar systems when
the total number of array elements is 12 and 24. From Figure 3, it can be observed that
the proposed GNA-MIMO radar exhibits a lower coupling leakage rate compared to the
other MIMO radars. Additionally, it can be observed that UCA-MIMO radar exhibits the
highest mutual coupling leakage rate, mainly resulting in smaller element spacing and a
significant mutual coupling effect. The mutual coupling leakage rate of NA-MIMO radar
is also significant, especially when there are lots of array elements. The reason is that
NA-MIMO radar contains a large number of adjacent array elements, which increases as
the number of array elements increases.

Figure 3. The coupling leakage rates for these five MIMO radar systems when the total number of
array elements is 12 and 24.

4.3. The CRB Bound

The CRB bound means that the variance of an unbiased estimator can only approx-
imate the CRB infinitely but not better than it. Thus, CRB provides a standard for the
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performance of an unbiased estimator. The CRB expression in this paper is derived accord-
ing to the proof in the literature [22],

CRBθ =
1
L
(FH

θ �⊥
Fs

Fθ)
−1

, (16)

where Fθ = (Rx
T ⊗ Rx)

− 1
2 ĈRs, �⊥

Fs
= I − Fs(Fs

HFs)
−1

Fs
H , Fs = (Rx

T ⊗ Rx)
− 1

2 A0, Ĉ =

Â∗ � A + A∗ � Â and Â = ∂
∂θ A.

Figure 4 shows the CRB curves of five MIMO radars where the SNR ranges from
−15 dB to 15 dB and snapshots L = 100. It can be observed from the figure that the CRB
curve of the proposed GNA-MIMO radar has a smaller corresponding value than that of
the other four MIMO radars. Therefore, the MIMO radar designed in this paper has the
best DOA performance theoretically.

Figure 4. The CRB curves of five MIMO radars when the snapshots L = 100.

5. Simulation Results

In this part, we provide numerical simulation results to demonstrate the effectiveness
and superiority of our proposed GNA-MIMO radar. First, we consider the optimal five
MIMO radar configurations mentioned in the last section. Each of them is composed of
12 physical sensors. The mutual coupling is also built on (6) with c0 = 1, c1 = 0.3ejπ/3,
B = 100 and cl = 0.3e−j(l−1)π/8/l for 2 ≤ B ≤ 100 [30]. In the experiment, the signal power
of the receiver array is fixed at 16 DBm. The transmitted signal is a Gaussian signal and the
noise simulation of the channel is additive Gaussian white. Subsequently, the SS-MUSIC
algorithm is utilized to estimate DOA. At last, the results of the MUSIC spectrum, the root
mean square error (RMSE) curves and angle resolution performance are obtained.

5.1. MUSIC Spectrum

Figure 5 shows the spatial spectrum with the SS-MUSIC algorithm for four radar
systems, except for the UCA-MIMO radar in [25]. Because of the limited consecutive DOFs
of the UCA-MIMO radar, effective spatial spectra cannot be obtained. Assuming that
there are K = 31 incoherent targets in the far field evenly distributed from −30° to 30°.
SNR = 3 dB; the number of snapshots L = 100; the search range is from −31° to 31° and
the step size is 0.01°. It can be seen from the figure that the MIMO radar designed in this
paper can estimate incoherent targets far beyond the total number of physical array sensors.
Moreover, the proposed GNA-MIMO radar exhibits more precise angular resolution and
sharper spectral peaks.
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Figure 5. The spatial spectrum with SS-MUSIC when there are K = 31 incoherent targets.

5.2. The RMSE Performance versus SNR and Snapshots

We utilize the SS-MUSIC algorithm to research the different performances of DOA
estimation with five MIMO radars. It is assumed there are K = 6 incoherent targets
impinging on the MIMO radar from angles [10°, 20°, 30°, 40°, 50°, 60°]. The RMSE of
estimated DOAs can be calculated by [20]

RMSE =

√√√√ 1
KΓ

(
K

∑
k=1

Γ

∑
τ=1

θk − θ̂k,τ)

2

, (17)

where Γ is the number of Monte-Carlo trials, θ̂k,τ denotes the τ-th trial of the k-th angle θk
and θk represents the true DOA.

Figure 6 depicts the DOA estimation performance with different MIMO radars versus
SNR, where the number of snapshots L = 1000. Figure 7 illustrates the RMSE performance
versus the number of snapshots, where SNR is set as 0 dB. It can be observed that the DOA
estimation results become more and more accurate with the increase in snapshots and SNR.
Specifically, under the condition of given snapshots and SNR, the proposed GNA-MIMO
radar outperforms other MIMO radars due to its ability to provide pretty much more
consecutive DOFs and a lower mutual coupling rate.

Figure 6. The RMSE performance versus SNR when L = 1000.
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Figure 7. The RMSE performance versus the number of snapshots when SNR = 0.

5.3. Resolution Performance

Assuming that there are two close uncorrelated targets located at θ1 and θ2 and the
estimation results of these two angles are, respectively, denoted as θ̂1 and θ̂2. If θ1, θ2, θ̂1,
θ̂2 satisfy that |θ1 − θ̂1| < |θ1 − θ2|/2 and |θ2 − θ̂2| < |θ1 − θ2|/2, we consider these two
targets can be successfully resolved [21]. In this section, we assume Δθ = |θ1 − θ2| = 0.5◦.

Figure 8 depicts the success rate of angle resolution with the variation of SNR when
the number of snapshots is 10. Figure 9 demonstrates the success rate of angle resolution
with the variation of snapshot number where SNR is −6 dB. From Figures 8 and 9, it can be
observed that as the SNR and snapshot number increase, the success rate of angle resolution
improves. Obviously, under the same simulation conditions the proposed GNA-MIMO
radar achieves the highest success rate of angle resolution.

Figure 8. The rate of successful resolution versus SNR when L = 10.
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Figure 9. The rate of successful resolution versus the number of snapshots when SNR = −2.

6. Conclusions

This paper introduces a GNA-MIMO radar configuration with improved DOA perfor-
mance. In the meantime, the closed-form expressions for the position of physical sensors
and the attainable consecutive DOFs are derived. Simulation results verify the advantages
of the proposed MIMO radar in DOA estimation performance and angle resolution using
the SS-MUSIC algorithm. Moreover, our findings emphasize the importance of consid-
ering mutual coupling in MIMO radar design and highlight the efficacy of the proposed
GNA-MIMO radar system in overcoming these challenges. This research opens up new
possibilities for improving the performance of array signal processing techniques in prac-
tical applications. Furthermore, it is possible to substitute the receiver array with other
sparse arrays to further increase DOFs while reducing the mutual coupling leakage rate.
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Abstract: The growing population of space debris poses significant risks to operational
satellites and future space missions, necessitating innovative and efficient tracking solutions.
Ground-based radar for space surveillance has been a central area of research since the
early Space Age, with recent advancements emphasizing the use of bistatic radar systems
that incorporate sensitive radio telescopes as receivers. This approach offers a cost-effective
and scalable solution for monitoring space debris. Preliminary observations demonstrated
the viability of employing radio telescopes in bistatic configurations for effective debris
tracking. This review provides a comprehensive analysis of experiments utilizing radio
telescopes as bistatic receivers, highlighting key advancements, challenges, and potential
applications in space surveillance systems. By detailing the progress in this field, this study
underscores the critical role of bistatic radar systems in mitigating the growing threat of
space debris.

Keywords: radio telescope; bistatic radar; debris tracking; space surveillance and tracking;
passive radar

1. Introduction

1.1. Background and Motivation

Space debris presents several significant risks to space operations and long-term sus-
tainability of space activities [1]. Collision hazards are a primary concern, as debris can
damage or destroy operational satellites, spacecraft, and the International Space Station
(ISS). The risk of Kessler Syndrome, in which debris collisions generate more debris, threat-
ens the viability of certain orbital regions, particularly the Low Earth Orbit (LEO) [2]. The
presence of space debris also increases the operational costs for space agencies and satellite
operators, necessitating investment in tracking systems, collision avoidance maneuvers,
and protective shielding. Ultimately, the increasing quantity of debris threatens the long-
term sustainability of space activities, presenting a complex challenge for the global space
community. As part of Space Situational Awareness (SSA) [3], Space Surveillance and
Tracking (SST) focuses on technologies such as radar, optical telescopes, and advanced data
analysis algorithms to identify and forecast the paths of active satellites and space debris
with precision [4]. A global network of surveillance sites is continuously being developed
to ensure uninterrupted space monitoring. The United States maintains a comprehensive
catalog through its Space Surveillance Network (SSN), utilizing both optical and radar
sensors [5,6]. Based on the data collected by these sensors, Two-Line Element (TLE) sets
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are generated and made freely available to promote international cooperation, enabling
orbit propagation using the standard SGP4 algorithm [7].

Radar has been employed in space surveillance studies since the early years of the
Space Age because of its key benefit of operating efficiently under all weather conditions
without the need for sunlight, which optical sensors do [8]. In addition to traditional
radar systems, complementary techniques such as phased array radars and LIDAR (Light
Detection and Ranging) have been employed for tracking smaller space debris due to their
enhanced accuracy and rapid beam steering [9,10]. However, the high cost of phased arrays
and the technical challenges associated with high-power lasers in LIDAR systems limit
their scalability [11,12]. Thus, research is increasingly focusing on developing innovative
and cost-effective solutions for space surveillance by leveraging existing infrastructure and
passive sensing techniques.

In particular, systems that employ a sensitive radio telescope as a bistatic receiver
operating in beam-park mode have gained interest, due to their potential for wide-area cov-
erage with reduced infrastructure requirements [13]. Radio telescopes, originally designed
for observing faint cosmic signals [14], have demonstrated their capability as receivers
for radar applications. Researchers have been investigating the use of radio telescopes
as radar receivers for space surveillance applications, and several experiments have been
performed with configurations of interest. A few of these experiments, with a special focus
on the LEO region, were reported in [15]; however, an extensive review is still missing.
This article comprehensively examines debris monitoring experiments conducted using
radio telescopes in the past, provides a detailed analysis, and elucidates the progress made
to date in this field. Figure 1 shows the locations of radio telescopes around the globe
that have been utilized in past space monitoring campaigns. Several countries, including
Australia and South Africa, have contributed to such efforts; however, Europe remains
the primary contributor, particularly in advancing innovative radio-telescope-based ap-
proaches. Furthermore, the classification of systems into active and passive types, based on
their transmitter configuration, is explained in the following section.

Figure 1. Locations of radio telescopes around the world involved in past space debris monitoring
campaigns. Blue squares represent systems used with active narrow beam transmitters, while red
square indicate passive systems that utilize illuminators of opportunity as transmitters (generated
using MATLAB R2024a, www.mathworks.com; accessed on 6 March 2025).

1.2. Structure of the Review

The aim of this section is to clarify the boundaries of the review and explain how the
content is organized. Firstly, the suitability of radio telescopes for space debris monitoring,
along with their advantages, is discussed in Section 2. Secondly, based on the available
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literature, the radio telescope experiments have been categorized into two main state-of-
the-art configurations, classified by the type of transmitter involved.

• Active systems are those in which the radio telescope acts as a receiver in conjunction
with a separate high-power narrow-beam radar transmitter. These systems emit
controlled signals and analyze the reflections from space objects. However, the narrow
beams of the radar and receiver limit the coverage area. This is consistent with the
operation of most space-surveillance radar systems that use single narrow beams
or fence configurations. One example of this kind of system is the Effelsberg radio
telescope with Tracking and Imaging Radar (TIRA) as the transmitter [16]. Figure 2a
illustrates an active bistatic configuration of the TIRA–Effelsberg system, where a
narrow beam transmitter TIRA illuminates the target and the Effelsberg radio telescope
captures the reflected signal.

• Passive bistatic radar systems rely on existing sources of illumination, such as FM
and DVB signals. Unlike active radar systems, passive radar does not require a
dedicated transmitter, making it the most cost-effective alternative. In this setup,
single or distributed arrays of radio telescopes are paired with broadband transmitters
located at significant distances. The wider field of view of the receiver, combined
with the broad broadcast coverage of the transmitter, results in a significantly larger
surveillance volume. Although this setup decreases the power concentration on
space objects, it offers the benefit of a longer detection time for space debris, allowing
precise orbital calculations without requiring previous data. Moreover, a distributed
ground broadcast network allows several simultaneous sources of illumination. One
such example is the Murchison Widefield Array (MWA) in Australia [17]. Figure 2b
illustrates a passive radar configuration, where MWA functions as a receiving system
capturing signals reflected from a space object, using non-cooperative transmitters
(illuminators of opportunity).

(a) (b)

Figure 2. Types of configurations based on the nature of the transmitter used: (a) An example of a
narrow-beam active transmitter system: TIRA used as the transmitter and Effelsberg as the receiver,
reproduced from [16]. (b) An example of a passive configuration using illuminators of opportunity:
Murchison Widefield Array (MWA) operating as a receiver with external transmitters, reproduced
from [17].

The structure of the following sections reflects this division, with separate discus-
sions on experiments with active transmitters and passive setups using illuminators of
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opportunity. Section 3 reviews experiments conducted with narrow beam transmitters,
and Section 4 then discusses experiments carried out involving illuminators of opportunity.
Figure 3 illustrates the structure of the review with classification of radio telescope experi-
ments based on the type of transmitter used and lists the notable telescopes involved in
experiments conducted under each configuration. Lastly, the conclusions and discussion
are presented in the final section of the article. In summary, this article discusses the
outcomes of the experiments conducted and presents a broad overview of the current state
of research, along with a discussion of future scope.

Figure 3. This flowchart presents the overall layout of the review article, including classification of
radio telescope experiments based on the type of transmitter used and the radio telescopes involved
in the past experiments.

2. Why Use Radio Telescopes?

One of the main reasons behind using radio telescopes as receivers is their capability
to detect small debris that could not be observed by traditional monostatic radars. This can
be understood by the well-known radar Equation in (1) ([18] pp. 1.11–1.13).

SNR =
PtGtGrλ2σ

(4π)2R2
t R2

r LkTsysB
(1)

where Pt denotes transmitted power. Gt, Gr are the transmitter and receiver gains, λ is
the wavelength, σ is the radar cross-section (RCS) of the debris. Rt, Rr are the range
from the target to the transmitter and receiver, respectively, k is Boltzmann’s constant, Tsys

represents the system noise temperature, B represents the bandwidth of the system, and
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SNR represents the signal-to-noise ratio. The benefits of using a radio telescope as a bistatic
receiver are summarized as follows:

1. The high sensitivity of radio telescopes arises from their large collecting areas. Accord-
ing to antenna theory, receiver antenna gain (Gr) in Equation (1) can be expressed as

Gr =
4πAe f f

λ2 (2)

where Ae f f denotes the effective reception area. The larger the effective area, the
larger the signal-to-noise ratio. Hence, the large aperture size of the radio telescopes
significantly enhances their detection range.

2. The lower system noise temperature (Tsys) of radio telescopes is another key factor
contributing to their higher SNR, as it is inversely proportional. This improved
sensitivity is achieved by cryogenically cooling the receiver front-end, including
the low-noise amplifiers, to temperatures as low as 4 Kelvin using liquid helium.
Such cryogenic cooling significantly reduces thermal noise and enhances the overall
sensitivity of the system [19].

3. In a bistatic configuration, separating the transmitter and receiver enhances angular
diversity, minimizing blind spots and improving detection capabilities. The total
bistatic range, given by Rb = Rt + Rr, provides greater flexibility in observation
geometry. This configuration complements traditional monostatic radar systems by
enhancing coverage and redundancy [20].

4. Radio telescopes can also contribute to debris characterization by analyzing radar
cross-sections σ at multiple scattering angles, providing detailed information about the
size, shape, and material composition of debris, as σ is a function of f (θinc, θsca, φ, λ),
where θinc is the incident angle, θsca is the scattering angle, and φ is the polarization.
This detailed profiling is vital for understanding the physical properties of debris and
assessing its potential threats [21].

5. Interferometric capabilities from modern phased array radio telescopes such as the
Square Kilometre Array (SKA) enable high-resolution imaging of space debris, allow-
ing precise visualization of debris clouds and their spatial distribution.

6. Using these radio telescopes in a multistatic configuration becomes beneficial, as
the systems already work in synchronization for Very Long Baseline Interferometry
(VLBI) or similar projects.

7. Another benefit of using a radio telescope is to utilize the existing infrastructure,
primarily designed for other purposes, which makes the overall system cost-effective.

These features, coupled with the ability to leverage the existing infrastructure, make
radio telescopes indispensable tools for enhancing SSA.

3. Radio Telescope Measurements with Active Transmitters

Previous investigations have shown that several available facilities around the globe
participated in collaborative space debris monitoring, based on the first architecture dis-
cussed in Section 1.2. These measurement campaigns have included Germany’s Effelsberg
Radio Telescope in collaboration with TIRA since 1996 [8], which is described in detail
in Section 3.1. Another validation experiment was performed in the late 90s using Gold-
stone bistatic Radar in the USA [22], which is discussed in Section 3.2. The Arecibo Radio
telescope, once the largest telescope in the world, in Puerto Rico, reported a few debris
observations during the early 1990s. Sadly, this architecture has been dismantled due to
collapse in 2020, as discussed in Section 3.3 [23]. Moreover, an initial stage space debris
observational test was conducted in 2007 using the Medicina–Evpatoria bistatic radar
system, where the system consisted of the Evpatoria RT-70 radar antenna in Ukraine as
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the transmitter and the Medicina VLBI 32 m dish in Italy as the receiver [24]. Unfortu-
nately, due to the ongoing war in Ukraine, the Evpatoria antenna is no longer available for
collaboration with the Western world.

Moreover, Italy has two active bistatic radars based on radio telescopes. One of them is
the BIRALES system, whose acronym stands for BI-static RAdar for LEO Survey, located in
Medicina, Bologna [25]. The other is the BIRALET system, which is an acronym for BI-static
RAdar for LEO Tracking, and its receiver is the Sardinia Radio Telescope (SRT) located in
Sardinia [26]. A detailed review and the results from the BIRALES and BIRALET experimental
campaigns are discussed in Sections 3.4 and 3.5, respectively. Our group in Pisa, Italy, has also
contributed to this field by investigating the performance metrics and operational benefits of
multibistatic configurations using three Italian radio telescopes as receivers [27–29], and it is
discussed in detail in Section 3.6. In the last few years, experiments have been conducted by
NATO Science and Technology Organization (STO) members for Geostationary Earth Orbit
(GEO) monitoring [30], and it is reported in Section 3.7. A relevant additional investigation
was carried out with SKA in South Africa, specifically utilizing the MeerKAT radar system,
which is also explored in detail in Section 3.8.

Recent studies have further advanced the application of radio astronomy to space
debris tracking. For instance, Tianlai radio arrays have been explored as part of a bistatic
radar system for LEO debris detection [31]. Additionally, ref. [32] demonstrated that
passive RF observations using collocated antennas can refine orbit determination and
reduce TLE-based errors to below 100 m and 0.2 m/s, as validated by the Canadian Space
Agency. However, these specific findings are beyond the scope of this article and have not
been reported here.

3.1. TIRA with the Effelsberg Telescope

The Fraunhofer Institute for High-Frequency Physics and Radar Techniques (FHR),
Germany, operates one of the largest radars in Europe, the Tracking and Imaging Radar
(TIRA). It is capable of operating in both the L-band (1.33 GHz) as a narrow-band mono-
pulse tracking radar and the Ku-band (16.7 GHz) as a high-range-resolution imaging
radar [33]. In 1996, a space debris observation experiment was conducted using a bistatic
radar formed with the TIRA system as the radar transmitter and the Effelsberg radio
telescope as the radar receiver [8]. The Effelsberg radio telescope has a 100 m dish antenna
and is operated by the Max Planck Institute for Radio Astronomy in Germany. Several
experiments using TIRA as the transmitter/receiver and the Effelsberg radio telescope as a
secondary receiver to lower the detection threshold have been performed since 1996 [34–36].
Figure 2a illustrates the geometry of the experiment, showing the TIRA transmitter and the
Effelsberg radio telescope as the receiver.

The initial COoperative BEAM-park mode (COBEAM) experiment was conducted
over a 24-h period and successfully collected observational data on objects as small as 0.9 cm
at a range of 1000 km [34]. Figure 4a illustrates the detection rate (detections per hour)
against altitude (at 30 km intervals) for the TIRA L-band radar and Effelsberg. Effelsberg
achieved a notably higher detection rate owing to its higher sensitivity, even though its
beam width was only one-third that of the TIRA L-band beam. Figure 4b displays the
detection rates compared with range rates over the −1 to 1.8 km/s limits, segmented into
100 m/s increments. The distribution peaks at 0.1 km/s for data from TIRA, whereas
the Effelsberg data predominate around 1 km/s. Following the first promising results of
the COBEAM experiment, researchers have refined estimation and calibration procedures
to further enhance system performance [37]. The authors in [38] showed a moderate
improvement in the detection capability after revising the multidimensional maximum
likelihood estimation for determining object trajectories and RCS between beam park
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campaigns in 2008 and 2009. Ongoing TIRA upgrades, including Ka-band polarimetric
imaging and L-band tracking enhancements, will significantly boost space surveillance and
support future bistatic measurement campaigns [33]. Expanding on the successful bistatic
radar experiments involving TIRA-Effelsberg, which improved the detection of space
debris in low Earth orbit, the German Experimental Space Surveillance and Tracking Radar
(GESTRA) is set to further enhance these capabilities. Its phased-array design inherently
supports bistatic and multistatic configurations, leading to improved detection accuracy
and estimation performance [9].

(a) (b)

Figure 4. Results from the first COBEAM experiment performed in 1996: (a) Detection rate (detections
per hour) versus altitude, shown in 30 km bins, comparing performance of the TIRA L-band radar
and the Effelsberg radio telescope. Effelsberg demonstrates significantly higher detection rates across
all altitude ranges due to its superior sensitivity. (b) Detection rate versus range rate in 100 m/s
bins over the interval −1 to 1.8 km/s. The TIRA detections peak around 0.1 km/s, indicating more
detections of near-stationary or slowly moving objects, while Effelsberg shows a dominant detection
rate near 1 km/s, corresponding to faster-moving targets in its field of view [34]. Reprinted from
Advances in Space Research, Copyright 1999, with permission from Elsevier.

3.2. Goldstone Orbital Debris Radar

The Goldstone Orbital Debris Radar operated by NASA, is a highly capable system
used for monitoring the orbital debris environment. It has supported multiple space debris
observation campaigns [39]. Between October 1994 and May 1997, the Goldstone Solar
System Radar, together with a 35-m parabolic antenna acting as the receiver, operated in
beam-park mode. During this period, approximately 110 h of observations were conducted,
resulting in the detection of 3476 objects [22]. Figure 5 presents a summary of this mea-
surement campaign, where the minimum radar cross-section (RCS) of the detected objects
is plotted against their corresponding altitudes. A particularly noteworthy finding from
this study was the unexpected identification of a concentration of debris around 2900 km
in altitude, a group not previously observed by other radar systems. Additionally, very
few objects were detected below 300 km, which the authors attributed to the geometric
limitations of the intersecting radar beam [22]. In a related study, Stokley et al. [40] com-
pared debris flux measurements from three radar systems: the Goldstone Radar, Haystack
Imaging Radar, and Haystack Auxiliary Radar (HAX) before the year 1998, during 2001,
and after 2003, the last solar maximum. Furthermore, the findings from the measurement
campaigns conducted between 2016 and 2017 are reported here [41]. Thanks to several
upgrades in bandwidth and the integration of dual-polarization capabilities over the last
few years, the detection efficiency of the system has improved significantly, enabling the
detection of debris as small as 3 mm.
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Figure 5. Radar cross-section (RCS) versus altitude of targets detected by the Goldstone bistatic radar
during a 3-year period (1994–1997). The plot highlights the distribution of object sizes and altitudes,
reflecting the radar’s ability to detect a range of space objects across different orbital regions [22].
Reprinted from Advances in Space Research, Copyright 1999, with permission from Elsevier.

3.3. Arecibo Observatory

The Arecibo Observatory was once among the world’s largest and most sensitive
radio telescopes. During a debris radar experiment conducted from late June to early July
1989, the Arecibo Observatory collected approximately 19 h of data and detected 90 objects
ranging in size from 5 mm to 20 mm in diameter [23]. The experiment utilized the Arecibo
radar as the transmitting antenna, while a 3.5 m reflector auxiliary antenna, positioned
near the main observatory, served as the receiving antenna. These antennas were separated
by a 10 km baseline and were aligned to observe a common point at an altitude of 575 km,
and to detect the smallest objects, ranging from 0.5 to 2 cm, by comparing the observed
results with a predictive model. The comparison results from the experiment are shown
in Figure 6, where the detected objects are plotted against their diameter. Unfortunately,
the recent structural failure of the Arecibo dish has resulted in the loss of these significant
capabilities. However, the proposal for a Next Generation Arecibo Telescope (NGAT) holds
promise for improved radar performance compared with the already substantial legacy
system. This enhanced sensitivity could be leveraged to address the knowledge gaps in
the orbital debris environment within the size range of 1 mm to 1 cm in low Earth orbit,
while simultaneously obtaining measurements across an underrepresented range of orbital
inclinations [42].

Figure 6. Comparison results from the Arecibo debris radar experiment (June–July 1989), showing
detected objects plotted against diameter. Around 19 h of data collection led to the detection of
90 objects between 5 mm and 20 mm [23]. Reprinted from Geophysical Research Letters, Copyright
1992, with permission from John Wiley and Sons.
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3.4. BIRALES

Both the BIRALES and BIRALET systems utilize a common transmitter, the Radio
Frequency Transmitter (TRF), which consists of a 7 m dish wheel-and-track steerable
parabolic antenna. The transmitter is situated in the Italian Joint Test Range within the
region of Cagliari, Sardinia, Italy. TRF is capable of generating a peak power of 10 kW
and operates with a 410–415 MHz bandwidth [43]. The receiving antenna is part of
the Northern Cross radio telescope, which is currently one of the largest UHF-capable
antennas worldwide [44], as shown in Figure 7. The components of the BIRALES receiver
include eight parabolic cylindrical antennas located along the north–south (N-S) arm with
a combined collection area of approximately 1400 square meters, enabling the detection of
objects as small as 10 cm at a slant range of 2000 km [45]. BIRALES has achieved notable
success in tracking debris owing to its higher sensitivity and strategic location in central
Italy. The current 32-receiver multibeam configuration of BIRALES allows the angular
track of the space object to be calculated to complement the bistatic range and Doppler
measurements [46,47]. This innovative technique outperforms conventional single-beam
radar because when an object passes through the field of view of the radar, it is illuminated
by radio waves, and the beam illumination sequence helps define the angular trajectory of
the target, as explained in [46].

Figure 7. BIRALES receiving antenna, part of the Northern Cross radio telescope located at the
Medicina Observatory in Bologna, Italy. It consists of eight parabolic cylindrical antennas arranged
along the north—south arm depicted in red box, with a total collection area of approximately
1400 m2 [44]. Reprinted from Acta Astronautica, Copyright 2020, with permission from Elsevier.

BIRALES began its measurement campaigns with initial trials in 2014, during which
the bistatic radar successfully detected around 20 objects at altitudes between 300 and
850 km. A comprehensive summary of the experimental measurements performed by
BIRALES in 2014 is reported in the comprehensive analysis by Muntoni et al. [15]. BIRALES
is designed to simultaneously receive Continuous Wave (CW) and chirp signals from
the TRF for Doppler and range measurements, respectively [48]. With the help of the
multibeam approach, the time profiles of the range, Doppler, and angular position can
be used to perform initial orbit determination (IOD) for unknown objects and reconstruct
the track [49]. Consequently, an IOD algorithm was developed, particularly according to
BIRALES system measurements, to tackle the problem of element spacing longer than half
the wavelength [44]. Researchers have reported a range accuracy of 50 m and an angular
accuracy of 10−3 deg, which were utilized by the orbit determination block to perform
statistical orbit determination using measurement data from BIRALES during single- or
multipass observations [50]. In 2018, BIRALES participated in tracking the re-entry of
Tiangong-1 with observations conducted on 29 and 31 March. The re-entry time was
predicted by propagating the state estimates, with the 31 March observation aligning well
within the European Space Agency’s forecasted window [51].
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Another study involving BIRALES radar observation and reconstruction of the Cosmos
1408 fragmentation event, which occurred on 15 November 2021, following an anti-satellite
missile test, was conducted by a team from Politecnico di Milano, the Italian Space Agency,
and the Italian National Institute of Astrophysics [52]. In a recent article [53], results from
the third Long March 5 B re-entry campaign, which took place from 31 October to 4 Novem-
ber 2022, were derived. BIRALES observations were combined with measurements from
the MFDR-MR sensor, a tracking radar involved in the campaign and managed by the
Italian Air Force. Orbit determination results were computed to obtain a re-entry epoch
prediction, and a novel method for estimating the ballistic coefficient in a stochastic manner,
which can be used in orbit determination and re-entry analysis, was also discussed by
the authors. The predicted re-entry epoch was found to be consistent with the reference
provided by the U.S. Space Command. A unique orbit determination pipeline was con-
sidered for the two-sensor scenario. Using the first set of observations from BIRALES,
researchers calculated the initial orbit determination (IOD) with an adaptive beamforming
approach [47]. Subsequently, predictions were made using an Unscented Kalman Filter
(UKF) to propagate to the next observation set at the MFDR-MR tracking radar [54]. At the
end of the measurements at MFDR-MR, the states were propagated again to the BIRALES
sensor to obtain a second set of measurements to perform the refined orbit determination
again. Table 1 presents the Keplerian parameters of the orbit determination results obtained,
along with the reference parameters derived from the most recently available TLE. Note
that BIRALES 1 and BIRALES 2 correspond to the first and second sets of measurements, re-
spectively, and a(m), e, i, Ω, ω, and ν represent the semimajor axis, eccentricity, inclination,
longitude of the ascending node, argument of periapsis, and true anomaly, respectively.

Table 1. Keplerian parameters for the Orbit determination results obtained on 4 November from
BIRALES and MFDR observations, along with parameters computed from the last available TLE [53].
Reprinted from Advances in Space Research, Copyright 2025, with permission from Elsevier.

a [km] e i [deg] Ω [deg] ω [deg]

BIRALES 1 6530.3 0.020 41.5 77.4 179.6
MFDR-MR 6533.6 0.003 41.6 82.3 158.2
BIRALES 2 6517.4 0.004 41.6 82.1 172.6

Reference 6516.1 0.002 41.6 82.8 201.0

Overall, BIRALES demonstrates notable efficiency in detecting small objects owing
to its large receiving area and real-time radar data processing backends [55]. This enables
it to identify items just a few centimeters in size while significantly conserving energy.
Future plans include upgrading 64 parabolic cylindrical reflectors on the N-S arm, totaling
256 receivers and over 10,000 m2 of the collecting area, and a new transmitting antenna for
observation flexibility of any kind [56]. Maximum sensitivity is achieved when all reflectors
are aligned in the same direction, enabling BIRALES to detect debris a few centimeters
in size in LEO. This configuration reduces the field of view from 90° × 6.6° to 5.7° × 6.6°
compared with independent cylinder pointing. This mode will be effective in specific cases,
such as monitoring fragment clouds after satellite explosions and to prevent collisions with
operational satellites.

3.5. BIRALET

BIRALET operates in the P-band at 410–415 MHz, has a bistatic configuration com-
posed of the same transmitting antenna used in BIRALES and SRT as the receiver, with a
baseline of approximately 20 km [13]. The SRT is a 64-m fully steerable wheel-and-track
antenna located near San Basilio (Cagliari, Sardinia, Italy). In the initial phase, SRT partic-

141



Sensors 2025, 25, 2900

ipated in the debris monitoring campaign in 2014 jointly with the Northern Cross radio
telescope and was able to detect six objects, as listed in Table 2. The authors described
three possible hardware configurations of the system to perform Doppler shift and range
measurements [25]. The first configuration utilizes the spectrum analyzer as a backend that
permits Doppler shift measurements, whereas the second configuration is based on the
electronic Red Pitaya board. The final configuration uses the National Instruments USRP
board as a back end. The hardware has been constantly upgraded to perform space debris
monitoring, including the re-entry of the Chinese space station Tiangong-1 together with
other Italian SST sensors in 2018 [57,58].

Table 2. Summary of the debris measurements by Bistatic Radar for LEO Tracking (BIRALET) in
2014, using the Sardinia Radio Telescope (SRT) as the receiver. During this campaign, six objects in
LEO were successfully detected. Reproduced from [13].

Object ID Name Doppler (Hz) Altitude (km) Slant Range (km) RCS (m2)

22565 COSMOS 2237 (First passage) not measured 853.6 1732 11.6

22565 COSMOS 2237 (Second passage) −5200 852.7 2836 11.6

33320 HJ-1A (First passage) 6200 628.7 3640 1.5

33320 HJ-1A (Second passage) 4600 629.3 1832 1.5

32783 CARTOSAT 2A 5200 629.4 2056 2.3

13552 COSMOS 1408 not measured 523.7 1093 8.4

16206 COSMOS 1375 3400 984.8 2326 0.5

38047 VESSELSAT 2 5200 460.7 1664 0.3

Between 13 December 2018 and 10 October 2019, the BIRALET system was able to
observe a total of 33 objects in the beam-parking mode using the dedicated back-end. The
estimated and measured Doppler shifts for the detected debris between 13 December 2018
and 8 October 2019, can be found in the following literature [25,26]. Figure 8 shows a scatter
plot of the RCS versus the range for the detected objects with respect to the minimum
detectable size using the BIRALET system. These measurement campaigns serve as a solid
foundation for monitoring space debris using radio telescopes.

Figure 8. Scatter plot of radar cross-section (RCS) versus range for the detected objects, with reference
to the minimum detectable size of the BIRALET system. Reproduced from [26].
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3.6. Italian Multibistatic Radar

A multibistatic radar system consists of multiple spatially separated antennas, typi-
cally with one serving as the transmitter and several others as receivers, or vice versa. The
spatial diversity provided by such configurations enhances detection, tracking, and IOD
capabilities. In recent years, the Radar and Surveillance Systems National Laboratory in
Pisa initiated simulation-based studies on multibistatic radar systems. Cataldo et al. [27]
proposed a configuration involving three Italian radio telescopes: Medicina, NOTO, and
SRT. The Medicina observatory is the same one that is used in the BIRALES experiment,
while SRT is the receiver in BIRALET [48]. The third radio telescope, NOTO, located in
Sicily, is operated by the Istituto di Radioastronomia di Bologna. A simulation tool was
developed to evaluate system performance for SSA missions under various scenarios. To
manage system complexity, the authors proposed decentralized processing with track
fusion, and addressed synchronization challenges using GPS-based clocks [28]. Different
signal processing techniques were implemented to extract range and Doppler measure-
ments by combining data from multiple sensors. Consequently, IOD was performed using
a multilateration technique, while orbit tracking was carried out using an Unscented
Kalman Filter (UKF). Additionally, the system was designed to associate newly detected
tracks or correlate them with existing ones. Figure 9a shows the target ground track on
a flat Earth crossing over considered sensors, and Figure 9b presents the tracking results
in Earth-Centered Earth-Fixed (ECEF) coordinates, comparing the true trajectory (blue),
multilateration output (red), and UKF-based estimation (green). In a recent study [59],
the same research group demonstrated that the proposed multibistatic configuration can
significantly enhance tracking performance. Their findings underscore the potential of
this architecture to support not only space situational awareness (SSA) but also mission
planning and navigation for low-thrust transfer trajectories.

Interestingly, these three Italian radio telescopes (Medicina, NOTO, and SRT), along
with the Effelsberg radio telescope in Germany, have demonstrated the capability to detect
Near-Earth Objects (NEOs) in a collaborative experiment with NASA [60]. This effort was
part of a European Space Agency (ESA) project aimed at defining functional requirements
for a future planetary radar system and assessing the suitability of existing European infras-
tructure for NEO observations. In parallel, the Planetary Radio Interferometry and Doppler
Experiment (PRIDE), also implemented in ESA’s JUICE mission, represents a sophisticated
evolution of multibistatic radar concepts [61]. PRIDE uses VLBI by coordinating globally
distributed radio telescopes to derive high-precision spacecraft state vectors. Although
originally developed for deep-space and planetary science applications, the PRIDE frame-
work presents a promising approach for long-baseline, passive multibistatic tracking of
high-altitude targets, such as GEO satellites. Although NEO and planetary surveillance
are important applications of SSA, they lie outside the scope of this paper. Its potential for
future extension to space debris monitoring is particularly relevant, as similar concepts
inspire the long-baseline GEO surveillance approach discussed in the following section.
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(a) (b)

Figure 9. (a) Ground track of the target as it passes over the Italian radio telescopes—Medicina,
NOTO, and SRT. (b) Three-dimensional global tracking results of the target’s truth path (blue), IOD-
multilateration path (red), and UKF tracking path (green), demonstrating tracking accuracy and
deviations [27]. Reprinted with permission from IEEE Aerospace and Electronic Systems Magazine,
Copyright 2020, under license from IEEE.

3.7. Long Baseline Bistatic Radar (LBBR)

The study, conducted by the NATO STO Research Task Group (RTG), investigated
the use of existing monostatic radars as transmitters in combination with large-aperture
radio telescopes as bistatic receivers for GEO monitoring [30,62]. This approach aimed to
enhance the sensitivity of object detection at GEO distances. Monitoring geostationary
satellites poses significant challenges due to their considerable distance of approximately
36,000 km from Earth. Addressing these challenges requires high-power radars, typically in
the megawatt (MW) range, as well as international collaboration to establish the necessary
bistatic configuration for effective detection and tracking of objects at GEO altitudes.
Table 3 lists high-power radars that are either currently used for GEO monitoring or have
the capability to track GEO targets due to their substantial transmission power. Only
radars that can be configured in a bistatic setup with radio telescopes are included. Other
high-power phased array radars, such as the Cobra Dane phased array radar with a peak
power of 15.4 MW, are not listed here. However, the full list can be found in [15].

The experiments conducted by RTG involved two transmitting radars: the Millstone
Hill Radar (MHR) in the USA and TIRA in Germany. These transmitters were paired with
multiple receiving radio telescopes in Europe, including SRT in Italy, Westerbork Synthesis
Radio Telescope (WSRT) in the Netherlands, and multiple antennas of the e-MERLIN
(enhanced MultiElement Remotely Linked Interferometer Network) array in Manchester,
United Kingdom. The research team conducted several experiments between 2020 and
2021, targeting known geostationary satellites, to test the feasibility and performance of the
bistatic radar setup. In such scenarios, a large-aperture radio telescope is the best option to
increase the sensitivity of the system, especially when dealing with large-distance detection.
Consequently, the results demonstrate successful continental baseline coherent bistatic
radar collections of GEO targets. It should be noted that there was no synchronization
between the transmitters and receivers, and the only available time synchronization was
provided by GPS, which was presumed sufficient for these experiments.
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Table 3. List of high-power radar transmitters with the capability to detect GEO targets. The
table includes radar systems that are either currently used for GEO monitoring or are suitable for
such applications.

Name Country of Origin Peak Power Operating Frequency

TIRA Germany 1.6 MW 1.33 GHz

Millstone Hill Radar USA 3 MW 1.295 GHz

Haystack Radar USA 400 kW 10 GHz

Goldstone Radar USA 440 kW 8.56 GHz

EISCAT * UHF Radar Sweden 2 MW 930 MHz

EISCAT Svalbard Radar (ESR) Norway 1 MW 500 MHz
* European Incoherent Scatter Scientific Association.

The team was able to perform range–Doppler (RD) processing after performing co-
herent integration for a long period and then determine the target RCS. The experimental
outcomes for two targets (ID 43039 and 27683) in January 2020 using the MHR-WSRT
combination are displayed in Figure 10. Specifically, Figure 10a,b present the range–time
intensity plot, whereas Figure 10c,d show the RD maps for the same targets. It is important
to note that the origin (0, 0) of the RD maps aligns with the expected target range and
Doppler measurements. The bias in the range value plots could be a result of the timing
difference between the transmit and receive site clocks and the TLE error, which can reach
up to 25 km in the along-track direction and 10 km in the cross-track direction for GEO
objects [63]. The observed Doppler offset may have resulted from an unmatched bistatic
Doppler during pulse compression, leading to a residual phase ramp across the pulses.
The research team also provided measurement results from the monostatic radar TIRA and
bistatic results combined with the e-MERLIN radio telescope. During this measurement
campaign, three antennas (Knockin: 25 m, Pickmere: 25 m, and Cambridge: 32 m) of the
e-MERLIN array simultaneously received the TIRA signal at 1.33 GHz in both polarizations.
RD analysis was performed, and four targets were detected using all three antennas, as
can be seen in Figure 11. The study also highlighted the challenges and complexities of
long-baseline bistatic radar, including timing synchronization, phase coherence, and the
need for an accurate target ephemeris. To the best of our knowledge, orbit determination
results are not included in the study.

The same RTG performed monostatic and bistatic radar imaging experiments on
real on-orbit tumbling rocket bodies by utilizing the same network of transmitters and
receivers [64–67]. These studies demonstrated advanced bistatic Doppler characterization
across diverse imaging geometries and highlighted the successful implementation of
specialized Doppler processing techniques, such as the Doppler superpulse algorithm.
The study in [64] also outlines the methodology for accurately determining the rotation
periods and maximum observed length extent of tumbling objects in space. Figure 12
displays the bistatic Doppler tomography reconstructions for the Atlas 5 Centaur rocket
body in the L-band with an 8 MHz bandwidth based on WSRT data collection. The PP
and OP channels are shown in Figure 12a,b, respectively. Table 4 compares the rotation
period estimates for Delta-4 and Atlas 5, derived from multiple receivers and different
processing methods. Recent studies have presented a novel range–Doppler–time (RDT)
tensor processing technique for GEO characterization with narrow-band radar, which
provides detailed Doppler information [68].
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Figure 10. (a,b) Range—time intensity plots for objects 43039 and 27683, recorded during a single
CPI in January 2020 using the MHR transmitter and WSRT receiver. These plots show signal strength
variations over time and range. (c,d) Corresponding range–Doppler (RD) maps for the same targets.
The origin (0,0) in each map is aligned with the expected range and Doppler shift of the respective
object, aiding in accurate target identification and motion characterization [30].

Figure 11. Range—Doppler map generated from the TIRA–Knockin bistatic radar data using a
CPI of 512 pulses. The map clearly reveals four distinct targets detected during the January 2020
experimental campaign [62].
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In another study, Riofrío et al. [69] discussed the performance analysis of ground-
based long baseline radar for SSA by examining targets at different altitudes. The study
examines the performance of a multistatic system considering one transmitter in three
scenarios: a cluster of receivers, receivers spread throughout the world, and a combination
of both. The authors used the multiple-input–multiple-output (MIMO) ambiguity function
to analyze the system’s performance, and simulations were performed for targets in LEO
and GEO to check the feasibility of the proposed radar systems.

Table 4. The table shows the results of rotation period estimation using different methods: TAC—
time–domain auto-correlation, TFAC—time–frequency domain auto-correlation, STC—slow-time
cepstrum, SFC—slow frequency spectogram, SIRTA—spectrogram–inverse Radon transform-based
algorithm [64]. Reprinted from IET Radar, Sonar, and Navigation, Copyright 2023, with permission
from John Wiley and Sons.

Target Receiver TAC TFAC STC SFS SIRTA Average

Delta-4

WSRT 164.2373 164.1280 164.2228 164.1748 164.4878 164.2501
JBO-KN 164.0500 164.0257 164.0103 161.3476 164.6694 164.1889
JBO-DE 164.2581 164.1588 164.2345 162.1518 164.3632 164.2537
JBO-DA 164.2790 164.2472 164.3130 162.5722 164.9472 164.4466
JBO-CM 164.1957 164.2717 164.3948 166.5494 164.5672 164.3573

Atlas 5 WSRT 33.6552 33.6567 33.6627 33.6651 33.6490 33.6577
TIRA 33.6388 33.6507 33.6654 33.6221 34.8242 33.6442

JBO—Jodrell Bank observatory, KN—Knockin, DE—Defford, DA—Darnhall, CM—Cambridge.

(a) (b)

Figure 12. Bistatic Doppler tomography reconstructions of the Atlas 5 Centaur rocket body using
L-band data with 8 MHz bandwidth, collected by WSRT. The results illustrate the target structure
based on Doppler information: (a) PP—prime polarization channel, (b) OP—orthogonal polarization
channel [64]. Reprinted from IET Radar, Sonar, and Navigation, Copyright 2023, with permission
from John Wiley and Sons.

3.8. MeerKAT

The Meer Karoo Array Telescope (MeerKAT), located in the Northern Cape of South
Africa, is part of the SKA network. It comprises 64 dishes intended for radio astronomy and
serves as proof of technological advancement toward constructing a Square Kilometre Array
(SKA), as shown in Figure 13. The MeerKAT radar is designed to operate at 1350 MHz
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(L-Band) frequency with a bandwidth of 10 MHz. The Radar Remote Sensing Group
(RRSG) at the University of Cape Town, South Africa, laid the essential groundwork with
simulations for the Mission Planning Tool (MPT), which will be used at the MeerKAT
radar to perform sensor scheduling and orbit determination analysis [70,71]. Agaba’s PhD
thesis [71] primarily concentrates on designing the comprehensive system operation and
the radar signal processing for the proposed MeerKAT radar with the RRSG’s Flexible
Extensible Radar Simulator (FERS) [72]. In addition, different radar configurations, such as
monostatic, quasi-monostatic, and single-input–multiple-output (SIMO), were analyzed to
determine the best performance with MeerKAT. The results indicate that the multistatic
radar configuration is the most appropriate and computationally efficient option compared
with the bistatic and SIMO configurations. The research presented in this PhD thesis
also focused on Inverse Synthetic Aperture Radar (ISAR) imaging, comparing simulated
results with theoretical models while developing methods to correct range and Doppler
ambiguities, thereby improving imaging precision [71].

Figure 13. Map showing the layout of the MeerKAT radio telescope array. The receptors, labeled
M000 to M063, are distributed across the site based on a two-dimensional Gaussian configuration [70].

Moreover, in another study, a bistatic system was proposed with a transmitter located
at Denel Dynamics’ Overberg Test Range in Arniston, Bredasdorp (Western Cape, South
Africa) and a receiver at MeerKAT, separated by a baseline of approximately 450 km. A
preliminary case study was conducted to demonstrate the operation of a bistatic passive
radar system to observe the International Space Station [73]. The authors compared the
capabilities of the MeerKAT radar to the BIRALES system, as described in Section 3.4,
to estimate azimuth and elevation angles [70]. This comparison was necessary because
the current design of MeerKAT does not include an angle of arrival estimation scheme.
Nonetheless, the simulation results demonstrate the potential effectiveness of the MeerKAT
radar in tracking LEO space debris. However, this must be validated through real-world
measurement campaigns.

4. Radio Telescope Measurements with Illuminators of Opportunity

Typically, terrestrial broadcasting networks, including television and radio, comprise
a distributed array of multiple transmitters. This configuration enables the simultaneous
utilization of several transmitters as radar illumination sources above the receiver. Trans-
mitting antennas are typically oriented towards the ground to maximize the power directed
at the intended terrestrial targets. However, this design choice can present challenges for
illuminating satellites, as considerable effort has been made to minimize outward radiation,
with the main elevation sidelobes exhibiting power levels that are substantially lower, up
to 15 dB, compared with the main beam [74]. Currently, there are at least two prominent fa-
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cilities, the Murchison Widefield Array (MWA) located in Australia and part of the LOFAR
telescope in Poland, which are actively working on developing and utilizing passive radar
systems for space debris monitoring. These passive radar configurations leverage existing
sources of illumination, such as FM and DVB signals, to detect and track space debris,
thereby providing a cost-effective and expandable solution for this growing challenge. The
MWA, like the MeerKAT radar, is part of the SKA project, and a detailed discussion is
provided in Section 4.1. Measurement results from the LOFAR telescope are presented and
discussed in detail in Section 4.2.

4.1. Murchison Widefield Array

The Murchison Widefield Array (MWA), a member of the trio of SKA Precursor
telescopes, is situated at the Murchison Radio-astronomy Observatory in the Murchison
Shire, located in the mid-west of Western Australia. This site was specifically chosen
because of its exceptionally low radio-frequency interference. Operating in the low radio
frequency range of 80–300 MHz, the MWA features a processed bandwidth of 30.72 MHz
per linear polarization. It comprises 128 aperture arrays or tiles spread across an area
with a diameter of approximately 3 km, as illustrated in Figure 14 [17,75]. The primary
objectives of MWA include detecting neutral hydrogen from the epoch of re-ionization,
investigating Earth’s ionosphere, and creating maps of both galactic and extragalactic radio
sources. Earlier demonstrations used MWA to detect ISS and the moon using reflected
FM radio emissions, but observations were limited to angular domain (i.e., right ascension
and declination) only [76,77]. The experimental campaign conducted in April 2015 used
both the MWA and a Defense Science and Technology group line-of-sight receiver in
Adelaide. The primary target was the ISS, which was illuminated by nearby FM radio
transmissions, as described in the scenario outlined in [78]. Researchers in [78,79] developed
a passive radar signal processing technique to derive the bistatic range and Doppler
shift with a coherent processing interval of 1 s. This technique improved the detection
performance by 25–40 dB compared with the previous case where only angle observations
were possible [80]. Additionally, azimuth and elevation measurements were derived
through interferometric processing. These four measurements were combined to perform
IOD and tracking by using the Markov chain Monte Carlo algorithm.

Figure 14. Layout of the Murchison Widefield Array (MWA). Each receiver is represented by a blue
marker. The array consists of multiple tiles spread across the site to form a large interferometric
baseline. Reproduced from [17].
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Hennessy et al. [81] introduced the concept of Orbit Determination Before Detect
(ODBD) for MWA, which constrains the search space to realistic orbital trajectories and
improves detection efficiency. This algorithm incorporates orbital parameters into the
radar ambiguity function and applies matched filtering to single-beam radar systems. The
authors further validated the algorithm by applying it to a real measurement campaign
at MWA conducted in 2018 and comparing it with the standard IOD method, such as
Herrick-Gibbs, demonstrating the practical implementation of the algorithm, which further
enhances the accuracy of debris detection [82]. While the authors proposed ways to
constrain the search space, it may still require significant processing power for practical
implementation.

Another measurement campaign was conducted in December 2019 using four trans-
mitters (Geraldton, Perth, Albany, Mount Gambier) [17], and one of the detected targets,
COSMOS 1707, was tracked for almost 90 s. The tracking results from the multistatic
measurements are shown in Figure 15, with the top row as the covariance of position and
velocity, and the bottom row shows the error estimates of position and velocity in compari-
son with the TLE ephemeris. The authors also mentioned that these results are typical for
most of the objects detected at the MWA in a bistatic configuration. The measurements
were combined at the orbit determination stage, and it can be seen in Figure 15 that the
joint result from the Perth and Albany transmitters shows significant improvement in both
position and velocity covariance. The mean error values, especially in the velocity, were
reduced, which shows that the orbit accuracy improved with the combined data. In the
same campaign, the tracking results of other targets, OPS 5721 (9415) and NADEZHDA
(25567), are also published [17].

Figure 15. The resulting orbit predictions from the multistatic measurements of COSMOS 1707,
conducted in December 2019 with the MWA radio telescope. The top rows show the covariance of
the position estimate and the velocity estimate, and the bottom row shows the mean errors when
compared with the Two-Line Element (TLE). Reproduced from [17].

Moreover, a rigorous assessment was conducted between 2019 and 2023 by investiga-
tors to extract precise angular measurements of satellites from spatially blurred detections
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produced by non-coherent passive radar techniques using the MWA [83,84]. By develop-
ing specialized signal processing methods, researchers were able to derive time-stamped
angular coordinates for 32 observed satellite passes, which were then used to perform
high-accuracy orbit determination through a least-squares fitting algorithm. The resulting
median uncertainties of 860 m in the cross-track and 780 m in the in-track directions have
been reported for LEO objects, which are comparable to the typical 1000 m uncertainty
in publicly available TLE data [85,86]. Over the past decade, the development of MWA
has been successful, with significant improvements in passive radar signal processing
techniques that have enhanced the ability to refine the orbit determination of space ob-
jects. Advancements in MWA in this area have contributed to more accurate tracking and
monitoring of the growing population of space debris, which poses escalating risks to
operational satellites and future space missions.

4.2. LOFAR

The Netherlands Institute for Radio Astronomy, ASTRON, developed and built the
LOw-Frequency ARray for radio astronomy (LOFAR), an international network of radio
telescopes. LOFAR began operations in 2012 and currently comprises 52 independent
stations. Of these, ASTRON manages 38 stations, whereas the remaining 14 are interna-
tional stations situated across Europe [87,88]. Earlier research conducted by a group of
researchers at the Warsaw University of Technology (Poland) explored the application
of LOFAR radio telescopes as passive radar receivers [89]. Initially, the focus was on the
possibility of detecting airplanes, but the research was expanded to include the observation
of space objects traveling in LEO. The research team carried out experimental trials to
validate the concept, utilizing a LOFAR station as the receiver and commercial digital
audio broadcasting (DAB) transmitters as illuminators of opportunity for aerial object
detection [90,91].

In a previous study, researchers employed the LOFAR station PL610 in Borówiec,
Poland, and a proximate DVB-T transmitter to detect ISS [92,93]. The utilization of DVB-
T offers the advantage of providing a broader bandwidth and potentially more precise
range measurements compared with previously utilized DAB+ transmitters [93]. The
cross-ambiguity function (CAF) calculated in [92] is displayed in Figure 16, showing its
appearance both prior to and following the implementation of Direct Path Interference
(DPI) and clutter cancellation techniques. Figure 16a clearly shows the presence of DPI
and clutter elements. In contrast, Figure 16b illustrates the successful removal of these
interferences, demonstrating the efficacy of the cancellation method. This enhancement
results in a clearer CAF, which allows for a more precise identification of target signals
in the vicinity of the zero bistatic range and velocity. This enabled the detection of weak
signals from distant objects. The successful detection of ISS across a wide range highlights
the capability of passive radar systems for space surveillance [94,95]. Recent studies have
further demonstrated the potential of this approach by detecting Starlink satellites [96],
which have significantly lower radar cross-sections than the ISS, showcasing the feasibility
of exploiting the existing radio astronomy infrastructure to enhance space situational
awareness.
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(a) (b)

Figure 16. (a) A zoom on cross -ambiguity function (CAF) near-zero bistatic range and velocity before
direct-path interference (DPI) and clutter cancellation. (b) A zoom on cross-ambiguity function (CAF)
near zero bistatic range and velocity after direct-path interference (DPI) and clutter cancellation,
showing improved target signal clarity in the bistatic domain. The data were obtained using the
LOFAR PL610 station with a DVB-T transmitter as an illuminator of opportunity for ISS detection [92].
Reprinted from IET Radar, Sonar, and Navigation, Copyright 2023, with permission from John Wiley
and Sons.

5. Conclusions and Future Directions

An extensive review of past space debris monitoring campaigns using radio telescopes
is conducted in this study. The challenges of monitoring space debris are compounded
by the need to track fragments as small as 5 mm, as even at this size, they can cause
significant damage to active satellites. Globally, more than 50 radar systems are currently
dedicated to monitoring space objects and debris, and efforts are underway to expand this
network of radar systems designed for space surveillance. Among these, bistatic radars
with radio telescopes provide a balanced approach that combines high sensitivity and
cost-effectiveness for space debris monitoring. In this study, an important perspective
is explored by organizing the debris monitoring campaigns into two segments based on
the type of transmitter used. A comparative summary of the radio telescopes discussed
in this study is available in Table 5, listing relevant attributes including location, setup,
transmission features, and detection performance. The analysis presented in Table 5
and the review of existing literature reveal that more campaigns have been conducted
with active transmitter configurations, likely due to the advantage of higher transmitted
power. Nevertheless, opportunistic transmitters are also favored because of their all-time
availability and long exposure durations. This study included measurement campaigns for
both LEO and GEO orbital regions, but most of the campaigns were conducted to monitor
the LEO orbit, as it is highly populated with space debris. However, monitoring GEO
targets is particularly challenging because of their large distance from the Earth, and it
involves coordinating multiple countries to establish the necessary bistatic configuration
and requires high transmission power, as emphasized in Section 3.7. Some of the radio
telescopes discussed also operate in a multistatic configuration, which, despite introducing
additional system complexity, significantly enhances overall sensitivity. This improvement,
along with the transition from bistatic to multistatic configurations, provides advantages
in terms of precise localization and measurement ambiguity reduction, as highlighted in
Sections 3.6, 3.7 and 4.1 (indicated by † in Table 5).
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There are a few limitations associated with conventional radio telescopes for space
debris monitoring, and they have been highlighted in this manuscript. A common issue en-
countered when using radio telescopes is obtaining precise angular measurements, as most
radio telescopes provide only range and Doppler measurements. Determining the orbit
of an uncataloged object using only these two types of measurement can be challenging.
However, some of the radio telescopes discussed here have addressed this problem through
unique designs such as multibeam antennas and advanced data processing algorithms,
as detailed in Sections 3.4 and 4.1, respectively. Single-beam radio telescopes still face
difficulties in deriving accurate angular measurements, which could be an area of future
research and improvement.

Table 5. Overview of the radio telescopes analyzed in this study, providing a comparative summary
of the systems examined.

Configuration
Sensors

Involved
(Tx/Rx)

Country Configuration
Operating
Frequency

Waveform
Type

Detection
Performance

References

TIRA with
Effelsberg

Radio
Telescope

TIRA (Tx),
Effelsberg (Rx) Germany Active 1.33 GHz Pulsed

Targets ≥ 1 cm
RCS detectable

at 1000 km
[34]

Goldstone
orbital debris

radar

GSSR (Tx), DSS
(Rx) USA Active 8.56 GHz Pulsed

Targets ≥ 3 mm
RCS detectable

at 1000 km
[22]

Arecibo
Observatory

Arecibo
Telescope (Rx) USA Active 430 MHz Pulsed

Targets ≥ 5 mm
RCS detectable

at 1000 km
[23]

BIRALES TRF (Tx),
Medicina (Rx) Italy Active 410–415 MHz CW

Targets ≥ 1 m
RCS detectable

at 1000 Km
[51]

BIRALET TRF (Tx), SRT
(Rx) Italy Active 410–415 MHz CW

Targets ≥ −8 dBsm
RCS detectable

at 1000 km
[26]

Italian
Multibistatic

Radar†

Medicina (Rx),
NOTO (Rx),

SRT (Rx)
Italy Active - - N.A. [27]

Long baseline
bistatic radar†

TIRA (Tx),
MHR (Tx),
WSRT (Rx),

E-Merlin (Rx),
SRT (Rx)

Germany, USA,
Netherlands,

UK, Italy
Active

1.333 GHz
(TIRA) ,

1.295 GHz
(MHR)

Pulsed Detection at
GEO range [62]

MeerKAT†
Denel

Dynamics (Tx),
MeerKAT (Rx)

South Africa Interferometer-
Active 1350 MHz Pulsed N.A. [70,73]

Murchison
Widefield Array

(MWA) †
MWA (Rx) Australia Interferometer—

Passive 80–300 MHz Passive (FM
broadcast)

Targets ≥ 0.5 m2

RCS detectable
at 1000 Km

[17]

LOFAR LOFAR PL160
(Rx) Poland Interferometer—

Passive 110–240 MHz Passive (FM
broadcast)

Targets ≥ 0.1 m2

RCS detectable
[91,92]

† Multistatic-capable.

Several studies [11,97–99] suggested that integrating space-based radar and radio
telescopes with existing space situational awareness programs can significantly improve
debris tracking and collision avoidance strategies. This approach can enhance the detection
accuracy, expand coverage beyond the low Earth orbit, and enable real-time monitoring
of hazardous space debris. On the other hand, some of the radio telescopes discussed in
this paper, such as BIRALES, MeerKAT, MWA, and LOFAR, operate based on the Very
Long Baseline Interferometry (VLBI) principle or similar interferometric techniques, which

153



Sensors 2025, 25, 2900

are known to enhance spatial resolution and measurement accuracy. In addition, future
research can expand the characterization of space objects using multistatic interferometric
ISAR imaging, as very limited research has been conducted in this domain. A notable
application of high-resolution radar imaging, utilizing similar principles, is the IoSiS
experiment conducted by the German Space Agency, DLR, for imaging satellites and
space debris in LEO [100,101]. Moreover, the mathematical model proposed in the recent
literature [102] for the 3D imaging of resident space objects based on the interferometric
approach needs to be further validated using real-world multistatic receiver networks.
Its independence from the sensor system geometry makes it a promising approach for
improving space object tracking and identification. This direction is further supported by
the PRIDE experiment discussed in Section 3.6, which applied interferometric techniques
for deep-space tracking and may inspire similar methodologies for space debris imaging in
high-altitude orbits.

The comprehensive analysis in this manuscript reveals that space situational aware-
ness efforts are primarily led by the USA and European countries, while relatively fewer
experiments have been conducted in other parts of the world. Research institutions and
space agencies in the Asia-Pacific region, such as ISRO and JAXA, have the potential to
adopt innovative approaches and further advance this technology. It should be emphasized
that one of the key reasons for the limited analysis reported so far is the lack of publicly
available data, as some space agencies classify such work for security and strategic rea-
sons. Although the USA and Europe have been significant contributors, engaging more
stakeholders from other parts of the world could further propel progress in this domain.
In addition to government initiatives, a few private companies are also contributing to
space situational awareness, such as LeoLabs from the USA and Silentium Defense from
Australia [103,104]. While LeoLabs uses phase-array technology to precisely track targets
in space, the Maverick radar from Silentium Defense utilizes passive FM signals to detect
and determine the orbit of debris. Moreover, advances in computational power and the
refinement of machine learning and deep learning techniques have driven increasing in-
terest in applying these methods to improve orbit prediction accuracy and resident space
object classification [105–108]. Ongoing advancements in radar and radio telescope sys-
tems, along with improvements in data analysis and machine learning methods, are crucial
for advancing future space debris tracking. By addressing existing technical issues and
promoting international collaboration, researchers can devise more effective and scalable
strategies to mitigate the increasing threats posed by space debris accumulation.
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Abbreviations

The following abbreviations are used in this manuscript:

ISS International Space Station
LEO Low Earth Orbit
SSA Space Situational Awareness
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SST Space Surveillance and Tracking
SSN Space Surveillance Network
TLE Two Line Element
LIDAR Light Detection and Ranging
TIRA Tracking and Imaging Radar
MWA Murchison Widefield Array
RCS Radar Cross-Section
SKA Square Kilometer Array
VLBI Very Long Baseline Interferometry
BIRALES Bistatic Radar for LEO Survey
BIRALET Bistatic Radar for LEO Tracking
SRT Sardinia Radio Telescope
STO Science and Technology Organization
GEO Geostationary Earth Orbit
GESTRA German Experimental Space Surveillance and Tracking Radar
NGAT Next Generation Arecibo Telescope
TRF Radio Frequency Transmitter
IOD Initial Orbit Determination
CW Continuous Wave
UKF Unscented Kalman Filter
ECEF Earth Centred Earth Fixed
NEO Near-Earth Objects
PRIDE Planetary Radio Interferometry and Doppler Experiment
LBBR Long Baseline Bistatic Radar
RTG Research Task Group
MHR Millstone Hill Radar
WSRT Westerbork Synthesis Radio Telescope
E merlin enhanced MultiElement Remotely Linked Interferometer Network
MIMO Multi Input Multi Output
MeerKAT Meer Karoo Array Telescope
RRSG Radar Remote Sensing Group
MPT Mission Planning Tool
FERS Flexible Extensible Radar Simulator
SIMO Single-Input–Multiple-Output
ISAR Inverse Synthetic Aperture Radar
ODBD Orbit Determination Before Detect
CAF Cross-Ambiguity Function
DPI Direct Path Interference
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