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Preface

Quantum physics is a well-established part of many high-school curricula all over the world

and the advance of quantum technologies (usually referred to as “second quantum revolution”) may

provide an additional boost. At the same time, even some elements of the standard model of particle

physics are increasingly included in high school and undergrad syllabi.

Although the integration of these modern topics is welcome, it also poses a challenge for physics

education. What is needed, initially, is a proper simplifications and educational reconstructions of the

aforementioned topics. However, besides these basics the educational value and individual relevance

ascribed by the students also need to be discussed and clarified.

At the high school and undergrad level, one is clearly not aiming at technical mastery of the

formalism but more interested in conceptual clarity. This establishes a connection to issues in the

philosophy and history of physics. Eventually, one should not lose sight of the established demand to

integrate the “nature of science” (roughly speaking over and above the mere scientific facts) into the

teaching of physics.

Oliver Passon, Gesche Pospiech, and Thomas Zügge

Guest Editors
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Article

The Quasi-History of Early Quantum Theory

Oliver Passon

School of Mathematics and Natural Sciences, Bergische Universität Wuppertal, Gaußstr. 20,
42119 Wuppertal, Germany; passon@uni-wuppertal.de

Abstract: While physics has a rather ahistoric teaching tradition, it is common to include at least
anecdotal reference to historical events and actors. These brief remarks on the history are typically
distorted. I take issue with the textbook narrative of the historical development of early quantum
theory and rectify some of the more severe misrepresentations. This seems to be all the more
important, since the history of physics is commonly (and rightly) regarded as a means to foster
scientific literacy and a more appropriate understanding of the nature of science (NoS).

Keywords: history of physics; Planck’s law; light-quantum hypothesis; photo-effect; Bohr’s atomic
model; Compton effect; photon; nature of science (NoS)

1. Introduction

Although science teaching mainly aims at imparting current practices and theories, it is
often framed historically. However, this “quasi-history” [1,2] often distorts the actual course
of events and presents the history of science as a cumulative sequence which finally led to
the acceptance of the current theories [3]. Thus, textbooks produce a sense of participation
in a certain methodological and social tradition which may be fictitious [4]. In view of
current debates in physics education, this may be characterized as a failure to provide an
appropriate view on the nature of science (NoS).

This paper deals with the quasi-history of the discovery of energy quantization and
the quantum of radiation, i.e., the “photon”) as a case study (Section 2). As a by-product,
my investigation helps to trace another problematic issue in the field which is disturbing
beyond the question of historical accuracy. I mean the naïve line of tradition which is
typically drawn from Einstein’s tentative light-quantum hypothesis in 1905 to the current
understanding of “photons” as objects described by quantum electrodynamics (QED).
The decisive differences between the early light-quantum and the QED photon are often
glossed over. As discussed in Section 2.5, this quasi-history of early quantum physics
distorts both the history and the physics of the photon.

In closing (Section 3), I suggest a brief but more appropriate representation of the
historical events and provide some context within the current NoS debate in physics education.

2. The Quasi-History of the Early Quantum Theory

This case study investigates the quasi-history of the discovery of energy quantization
and the quantum of radiation (i.e., the “photon”) in the early quantum theory as presented
in physics textbooks. First, I sketch such a “typical” account which is a collage of elements
frequently met (to substantiate my claim further, include references and quotations from
selected textbooks; it should be emphasized that the discussion is not intended to denigrate
these otherwise recommendable texts):

• Quantum mechanics arose in 1900 from the explanation of the black-body spectrum.
To avoid the (ultra-violet) UV-catastrophe of the classical prediction, Max Planck
introduced the quantum of energy, ε = hν, where h is Planck’s constant and ν denotes
the frequency.

Physics 2022, 4, 880–891. https://doi.org/10.3390/physics4030057 https://www.mdpi.com/journal/physics1
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• In 1905 Albert Einstein generalized Planck’s idea to the radiation field and intro-
duced his light-quantum (with energy E = hν) to explain the photoelectric effect—a
phenomenon which cannot be explained with the classical wave-theory of light.

• Niels Bohr in his atomic model from 1913 combined ideas from both Planck and
Einstein. He proposed stable orbits for the electrons with fixed energies Ei. Any
transition between these states is accompanied by an emitted (or absorbed) photon
which meets the Bohr frequency condition ΔE = Ei − Ej = hν.

• Arthur H. Compton’s discovery of the effect named after him (i.e., the shift in wave-
length of scattered X-rays) in 1922 and his explanation in terms of scattered light-
quanta (soon to be called “photons”) in 1923 convinced the last skeptics of Einstein’s
light-quantum hypothesis.

In showing how these steps oversimplify the actual course of events and contain
even several plain errors, I can build on extensive scholarly work in the history of physics.
Different aspects of this history have been closely investigated by [5–8] to mention just a
few. More comprehensive overviews on the history of quantum theory have been given by,
e.g., Jammer [9] and Mehra and Rechenberg [10].

Before starting, I would like to emphasize that while I try to correct several distortions
and errors in the common quasi-history, I certainly do not intend to provide the “true”
history of the events. The description surely fails to do full justice to the original motivation
of the protagonists. The social dimension and will also oversimplify the development.
In short, that this discussion also represents a specific narrative and some sort of “pre-
sentism”, “Whiggism” [11], or “anachronism” [12] is both inevitable and maybe even
desirable. However, the common quasi-history of quantum physics paints a naïve picture
of a cumulative process in which anomalies (“UV-catastrophe”), successful predictions
(photo-effect), or crucial experiments (Compton-scattering) drive the development. It is
such a picture which is at odds with current views on the Nature of Science, i.e., my goal is
to provide the necessary amendments to correct this specific misrepresentation.

Sections 2.1–2.4 deal with the abovementioned steps in the quasi-historical narrative.

2.1. Planck and the Black-Body Radiation Problem

Already in 1859, Gustav Kirchhoff argued that a black-body (i.e., a body that absorbs
all incident radiation) in thermal equilibrium should emit a radiation spectrum which
does not depend on its shape or material. Thus, there should be a universal function,
u = u(T, ν), describing its spectral energy density at temperature T in the frequency
interval [ν, ν + dν]—an ideal testing ground for theoretical models. In 1896, Willy Wien
suggested a radiation law from thermodynamic arguments [13]:

uWien =
8πν2

c3 · αν

exp (βν/T)
, (1)

where c denotes the speed of light. With the free parameters α and β adjusted accordingly,
this expression could describe the available data well. Discrepancies showed up in the late
summer of 1900.

Another specific theoretical prediction for the black-body spectrum is the so-called
Rayleigh-Jeans (R–J) law, which follows from applying the equipartition theorem to the
continuous Maxwell radiation field:

uR−J =
8πν2

c3 · kT , (2)

where k is the Boltzmann constant.
However, the R–J law cannot be completely valid since it diverges in the high-frequency

regime (“UV catastrophe”). Now, many textbooks (e.g., by Tipler and Llewellyn [14] (p. 122f))

2



Physics 2022, 4

suggest that the failure of this “classical” prediction was the great puzzle which initiated
Planck’s discovery of his radiation law in 1900 [15] (see [16] for English translation):

uPlanck =
8πν2

c3 · hν

exp ( hν
kT )− 1

, (3)

including the discontinuous energy element, ε = hν. This claim is incorrect for various
reasons—the simplest being that the R–J law was only published in 1905, i.e., five years
after Planck’s law [17]. It is true, however, that Lord Rayleigh had anticipated this law
already in 1900 in a brief note but introduced an exponential damping factor to avoid
the divergence [18]. Planck did not cite Rayleigh’s paper in his publications on the ra-
diation problem from 1900 or 1901. However, given that Rayleigh’s paper was cited by
the experimenters (e.g., Rubens and Kurlbaum [19]), Planck must have known it. In any
event, Planck’s law displayed the u ∝ T relation for large wavelength which was found
experimentally and also suggested by Rayleigh’s argument.

Rayleigh returned to this issue only in 1905 and also provided the numerical factors
which were missing in his publication from 1900. However, he committed a small mis-
take, and his result was too big by a factor of eight. James Jeans corrected this mistake
immediately—thus the R–J law got its double name. The role of Jeans is discussed by
McCaughan [20] who even suggested one possible origin of the quasi-historical narrative:
It was Jeans himself who reported for the Physical Society of London on the history of
the radiation problem in 1914. With respect to the R–J law, he stated: “This formula was
given by Lord Rayleigh and the present author in 1900 [. . . ]” [21]. This wrong date also
entered the (much extended) second edition of the report in 1924 and made a textbook
career thereafter. Another curious mistake can be found in the textbook of Alexander
Komech. He claims without reference that the R–J law was already published in 1894 [22]
(p. 12). Now, Jeans was a gifted student but entered Trinity College in Cambridge only at
the age of 19 in October 1896. The common claim (see, e.g., [22], p. 15) that Planck in 1900
interpolated the radiation laws of Wien and R–J is obviously untenable for the same reason).
To call the R–J law the “classical” prediction is also misleading, since the application of
the equipartition theorem was debated at that time. For example, the failure of the rule of
Dulong–Petit for the specific heat compromised this theorem, and it is well documented
that it played no role in Planck’s paper [5]; the term “catastrophe in the ultra-violet” was
coined by Ehrenfest only in 1911.

In addition, it is unclear whether Planck in 1900 intended any physical energy quantization
at all, a debate initiated by Thomas S. Kuhn in 1978 [6]. In Passon and Grebe-Ellis [23], a
reconstruction of the different strands in this complex debate is provided.

Summing up, according to current historiography, Planck’s study was no reaction to an
anomaly, and it is doubtful whether Planck intended any quantization at all. However, be
that as it may, nobody in the community picked up on “quantization” for many years
anyway. Helge Kragh notes [24] (p. 63):

“If a revolution occurred in physics in December 1900, nobody seemed to notice
it, least of all Planck. During the first five years of the century, there was almost
complete silence about the quantum hypothesis, which somewhat obscurely was
involved in Planck’s derivation of the black-body radiation law. The law itself,
on the other hand, was quickly adopted because of its convincing agreement
with experiment.”

This is not the reaction one would expect if the very foundation of “classical physics”
has just been shattered. Part of the explanation lies in Planck’s rather obscure derivation of
his law (it is evidently this obscurity, which fuels the controversial debate on its interpre-
tation, I indicate above). In addition, one observes how claims of validity are negotiated
within the scientific community. The problem of black-body radiation was a rather specific
one, and the finer details of this study were of little concern to many. Kragh [24] (p. 69f)
points out that Einstein’s later application of Planck’s distribution law to the problem of

3
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specific heat in 1907 (later extended by the Dutch theoretician Peter Debye [25]) played
an important role since this was a more traditional field of physics. However, earlier than
that Einstein introduced his famous light-quantum hypothesis; the second step in my
reconstruction of the quasi-history.

2.2. Einstein and the Light-Quantum Hypothesis

In 1905, Einstein published several remarkable papers. Among them is the famous
“Concerning an heuristic point of view toward the emission and transformation of light” [26]
(see English translation in [27]). The usual textbook account caricatures its content as
follows [28] (p. 12f):

“The hypothesis of the existence of the quantum of light was introduced by Albert
Einstein in 1905 starting from Planck’s solution to the black-body problem. In this
way, he was able to explain the photoelectric effect, i.e., the emission of electrons
by a metal surface when it is illuminated by light.”

or [14] (p. 129):

“Einstein assumed that the energy quantization used by Planck in solving the
black-body radiation problem was, in fact, a universal characteristic of light.
Rather than being distributed evenly in the space through which it propagated,
light energy consisted of discrete quanta, each of energy h f .”

Historians of physics are quick to point out that almost every statement in these ac-
counts is imprecise or wrong; Einstein’s reference to Planck’s radiation law is only marginal,
the photoelectric effect is only one application mentioned (not even very prominently), and
it is not “explained” but predicted, given that conclusive data became available only in
1914. Let us briefly set the record straight.

Einstein motivated his investigation with the “profound formal difference between the
theoretical conceptions physicists have formed about [...] ponderable bodies, and Maxwell’s
theory of electromagnetic processes [...]”. While material bodies are thought to consist of a
“finite number of atoms and electrons” the electromagnetic field is described by continuous
spatial functions [27] (p. 86). Einstein suggested that this asymmetry might produce
problems in situations where material bodies and radiation interact, e.g., in the case of
black-body radiation. With hindsight, it appears that Einstein anticipates a full-blown
“quantization program” here in which fields and matter are treated on the same footing.
While this assessment would mean to recast past developments in terms of current theories,
Einstein’s remarks are surely long-sighted. In any event, the paper is so good that its
presentation needs no distortion.

The main body of the paper began by treating exactly this black-body radiation
problem. Here, Einstein derived (independently) the “Rayleigh-Jeans law” (as it is now
called) and emphasized the divergence of the total energy. Since this derivation was based
on Maxwell’s theory and (statistical) mechanics, it illustrates the problems caused by the
asymmetry mentioned above. Einstein noted further that Planck’s law approximates this
expression in the large wavelength regime which allowed for the determination of the
Avogadro constant. In the remainder of the paper, Einstein was silent on Planck’s law.

The mathematical core which led to the introduction of light-quanta was based solely
on Wien’s radiation law (Equation (1)) from 1896. Einstein derived the entropy S0 of
the radiation in the frequency interval [ν, ν + dν] contained in a volume V0. A similar
expression S holds for the entropy of a sub-volume V. From the entropy difference S − S0,
Einstein calculated the probability of an energy fluctuation into the sub-volume V:

Wrad = (V/V0)
N
R

E
βν . (4)

Here N denotes the Avogadro constant and R the gas constant. Einstein then calculated
the corresponding probability of n independent particles fluctuating into a sub-volume:

Wgas = (V/V0)
n. (5)

4
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Comparing these equations, Einstein suggested that [27] (p. 97)

“[...] monochromatic radiation of low density (within the range of validity of
Wien’s radiation formula) behaves thermodynamically as if it consisted of mutu-
ally independent energy quanta of magnitude Rβν/N.”

The wording was chosen carefully, i.e., there was no claim about, say, light in gen-
eral consists of quanta, since the analysis dealt with a specific frequency regime only.
However, Einstein introduced light-quanta heuristically as localized and distinguishable
(“independent”) entities.

Note also, that not even Planck’s constant h was used in that paper. However, with
β = h/k and k = R/N, the exponent of Equation (4) turns into the familiar expression E/hν.

Einstein closed the paper with short sections on possible applications. These were
(i) the Stokes rule of photo-luminescence, (ii) ionization of gases by ultra-violet light, and
(iii) the photoelectric effect. Here the famous “Einstein equation” (in modern notation)
Tmax = hν − W was introduced, with Tmax the kinetic energy of the photo-electrons and
W the work function (I note in passing„ that the actual measurements (e.g., Millikan’s
stopping potential method) are not sensitive to the work function of the cathode, i.e., the
material that emits the electrons. Due to contact potentials, one surprisingly measures
rather the work function of the anode [29]).

While Millikan could confirm this Einstein equation in 1914 [30], this result did not
even convince himself of the validity of the light-quantum hypothesis. Apparently most
physicists joined him in this assessment because there were also competing models to
account for the data [7]. In addition, Millikan’s experiment measured only the maximal
energy of the photo-electrons and not the energy spectra. It was the paper by Maurice de
Broglie in 1921 which removed this ambiguity and had central importance for the growing
acceptance of the light-quantum hypothesis [31] (p. 266ff).

Summing up, the light-quantum hypothesis was no application or generalisation of
Planck’s paper on black-body radiation . The explanation/prediction of the photo-effect
was no main intention of Einstein and the confirmation of the “Einstein equation” only
played a minor role in the gradual acceptance of the light-quantum hypothesis. Not least
important, the frequent claim that this effect has no explanation in terms of the wave-theory
of radiation is likewise incorrect. In fact, the photoelectric effect can be described by the
semi-classical approximation in which the radiation is treated classically (see Section 2.5).
Importantly, this semi-classical explanation also gets the angular distribution of the photo-
electrons right, while the naïve corpuscular explanation fails in this respect [32].

2.3. Bohr and the Atomic Model

Bohr’s atomic model of 1913 is discussed by many textbook authors as an application of
Einstein’s light-quantum hypothesis. Douglas Giancoli provides a typical example [33] (p. 789):

“In this Bohr model, light is emitted only when an electron jumps from a higher
(upper) stationary state to another of lower energy. When such a transition occurs,
a single photon of light is emitted.”

A similar statement can be found, e.g., in [34], p. 7, or in [35], p. 76.
It is certainly true that Bohr’s model puts electrons on stationary states with discrete

energies Ei and that the transition between these states is accompanied by “homogeneous”
(i.e., monochromatic) radiation of the frequency ν = ΔE/h [36]. However, Bohr took this to
be just classical electromagnetic radiation which happens to have a specific frequency, and
his rejection of the light-quantum hypothesis until the mid 1920s is well documented [10]
(pp. 532–554). In his trilogy from 1913, Bohr stated explicitly that he tried to offer a solution
which remained consistent “with experiments on phenomena for which a satisfactory
explanation has been given by the classical dynamics and the wave theory of light” [36]
(p. 19). This misrepresentation of Bohr’s study was also noted by Stachel [37].

To view the Bohr model as a successful application of the light-quantum hypothesis
should confuse textbook authors and readers anyway. It is well known (and often remarked)
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that the light-quantum hypothesis was mostly rejected (until, say, the early 1920s), while the
Bohr model was well received from the outset, could celebrate early successes, but passed
its heydays in the early 1920s [38]. This would be rather odd (or even self-contradictory) if
the latter would contain the former.

There is certainly a sense in which Bohr’s model provided a radical departure from
conventional electrodynamics since the radiation frequency is different from the orbital
motion frequency. (Interestingly, Stachel [39] collects some evidence that Einstein may
have, already anticipated Bohr’s atomic model around 1905. In any event, he was very
excited about its discovery. His derivation of Planck’s radiation law from the study of
transition processes [40] (see [41] for English translation) applied Bohr’s idea of station-
ary states and provided another justification for the frequency condition ΔE = hν—this
time even for a non-periodic process.) However, as is well-known, the later develop-
ments (starting with Heisenberg’s matrix mechanics) went in another direction and aban-
doned particle orbits and semiliteral models of the Bohr-type altogether. (As noted by
Heilbron [42], the Bohr model was actually a late product of Victorian physics and stood in
a line of work initiated by J. J. Thompson. Some of its success can be traced to the impact of
the first world war. This great divide in modern Western history also interrupted research
lines and precluded the development of alternatives. Note that much of the further devel-
opments of Bohr’s model were conducted by Arnold Sommerfeld who escaped military
service owing to his age. Heilbron [42] (p. 230) suggests that not only for general history is
the first world war the watershed between the 19th and 20th centuries—but also for the
history of physics).

Nicolaas P. Landsman remarks with respect to Bohr that “[h]is model probably would
have gained in consistency by adopting the photon picture of radiation” [43] (p. 424). Thus,
this Bohr episode provides a good example for the quasi-historical tendency to increase the
coherence and to distort past events to fit them into a more rational narrative.

However, there is an additional twist to the Bohr story. When asked to contribute
an article to the Einstein volume of the series Living Philosophers, Bohr famously wrote
on his discussions with Einstein on epistemological problems. To set the stage, he briefly
summarized the development of quantum theory including his atomic model from 1913.
There one reads the following account of the radiation between stationary states [44]
(p. 204):

“[...] the spectra were emitted by a step-like process in which each transition is
accompanied by the emission of a monochromatic light-quantum of an energy
just equal to that of an Einstein photon.”

This shortened account is clearly justified, given that Bohr aims at a different issue in
this essay. While he speaks of a “light-quantum” he still does not call it “Einstein’s light-
quantum” but just quanta of the same energy as the “Einstein photon” (actually, Einstein
did not use the term “photon” in any of his papers). Still, when considered superficially,
this Bohr quotation apparently supports the quasi-historical account of the Bohr model.
This nicely illustrates that quasi-historical accounts are also produced by the physicists
involved in the development.

2.4. Compton and The Light-Quantum

Let us turn to the Compton effect, which allegedly played a central role in the final
acceptance of the light-quantum hypothesis. For example, Tipler and Llewellyn [14]
(p. 561) state:

“Einstein’s suggestion was not widely accepted until, over the next 20 years,
Millikan’s thorough experimental investigation of the photoelectric effect and
Compton’s discovery and explanation of the Compton effect provided incon-
trovertible evidence for the quantization of electromagnetic radiation, the field
quantum being a particle we now call the photon.”

In a similar vein is the following “historical remark” [28] (p. 35):

6
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“We would like to end this Subsection with a historical remark. Einstein’s in-
terpretation of the photoelectric effect involving the corpuscular nature of light
had not completely convinced the scientific community about the quantization of
the electromagnetic field. In this respect, the Compton effect, where energy and
momentum are conserved in each single collision, played the role of a definitive
experimental evidence of radiation quantization and convinced even the most
skeptical physicists.”

Brush [45] has pointed out that it is difficult to provide clear evidence for such accep-
tance claims. The problem is that in scientific publications the authors rarely explain if and
(especially) why they have changed their minds on certain issues. Apparently, such a claim
is often based on anecdotal evidence by a few prominent physicists. Brush [45] (Ch. 7.9)
suggests another way to study the impact of the Compton effect on the acceptance of the
light-quantum hypothesis. It is analysed in terms of the reception it found in textbooks
and reviews of that period, i.e., texts with a stronger commitment to give an extended
description. It can be shown that starting arround 1926, reviews quoted the Compton effect
more often as compelling evidence for light-quanta, while textbooks and popular articles
of that time favored the photoelectric effect.

However, the above quotations call Millikan’s and Compton’s study “incontrovertible”
or “definitive experimental evidence” for the “quantization of electromagnetic radiation,
the field quantum being a particle we now call the photon”. Evidently these authors
insinuate that the current reader should be equally convinced and that this is not just a
matter of historical contingency but scientific necessity. However, the situation is more
complex here, and apparently the view on the relation between Compton effect and the
light-quantum hypothesis changed again after 1925/1926.

With the advent of matrix and wave-mechanics, the so-called semi-classical approx-
imation could be applied to known phenomena (according to Alexander Blum [46], this
was not viewed as an approximation at first). Here, the continuous (i.e., unquantized)
Maxwell-field is inserted into the Hamilton operator, i.e., matter is treated quantum me-
chanically and the radiation field classically. Since this method allows a description of
the photoelectric effect and Compton scattering [47,48], there is apparently no need to
introduce any field quantization at this point.

The power of the semi-classical treatment extends even to more than the simple kine-
matics of the Compton scattering. Compton’s original analysis left the intensity distributions
(in energy and angle) open. This gap was filled by the study by Oskar Klein and Yoshio
Nishina in 1929 [49]. However, their derivation (taking full account of relativity and spin)
still applied the semi-classical approximation for the radiation, even though at the time the
beginnings of QED were already developing [50] (p. 233f). Against this background, the
following textbook account is particularly disturbing [14] (p. 141, Note 16):

“It was Compton who suggested the name photon for the light-quantum. His
discovery and explanation of the Compton effect earned him a share of the Nobel
Prize in Physics in 1927.”

Now, the invention of the name “photon” is usually attributed to the American chemist
Gilbert N. Lewis [51]. Kragh [52] has discovered that this name was used before (and
independently) by at least four different researchers. Priority belongs here to the American
physicist and psychologist Leonard T. Troland, who already coined the expression in 1916
in his paper [53], published a year later. Note that to all of these scientists, “photon” did
mean something different than Einstein’s “quantum of light”. Compton rightly deserves
credit for the popularization of the term in its current meaning, and that was not a little
thing: To call Einstein’s light-quantum a “phot-on” on a par with “electr-on” or “prot-on”
reflects the widespread recognition of this concept and, so to say, elevated it into into a
higher rank. At the same time, the name “photon” reflects the tendency of reification of
the underlying concept; cf. Section 2.5. However, more important is the second claim of
the above quotation. In fact, it is not correct that Arthur Compton was awarded the Nobel
prize for “discovery and explanation” of the Compton effect, but only for the “discovery of
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the effect named after him” as Karl Siegbahn stated in his presentation speech at the award
ceremony [54]. Siegbahn’s speech contains another interesting remark which reveals why
the distinction between “discovery” and “explanation” really matters:

“[...] the Compton effect has, through the latest evolutions of the atomic theory,
got rid of the original explanation based upon a corpuscular theory. The new
wave mechanics, in fact, lead as a logical consequence to the mathematical basis
of Compton’s theory. Thus the effect has gained an acceptable connection with
other observations in the sphere of radiation.” [54]

Karl Siegbahn delivered this speech as a member of the Nobel committee. However—more
relevant in this context—he was an eminent physicist himself who had received the 1924
Nobel prize in physics for his discoveries and research in the field of X-ray spectroscopy.

The above quote, however, means that the corpuscular underpinning of the effect was
questioned—with reference to the newly discovered wave mechanics, i.e., Schrödinger’s
theory. Compton’s not receiving the prize for the explanation of his effect was surely no
oversight but pure intention (note that this is as with Einstein, who received the Nobel prize
in 1922 for his discovery of the law of the photoelectric effect—and not for the proposed
explanation, i.e., the light-quantum hypothesis).

Siegbahn’s remark appears to be very much in the spirit of the times, as noted by
Brown [50] (p. 228). Again, such a reception claim is hard to verify from research papers
alone. An interesting source is provided by a paper written by Otto Halpern and Hans
Thirring in 1929 [55]. This paper is contained in the publication series Ergebnisse der
Exakten Naturwissenschaften (Results of the Exact Sciences), which was intended to provide
a semi-technical overview of current developments for students and physicists, working
in neighboring areas. Given that this two-part paper has roughly 200 pages, it could be
almost called a textbook. After discussing the semi-classical treatment of the photoelectric
and Compton effects according to Beck [47] and Schrödinger [48], Halpern and Thirring
remark [55] (p. 444):

“According to current understanding, there is no compelling reason to accept the
existence of “light atoms”. In how far their acceptance could be based on general
considerations concerning the wave-particle parallelism shall not be treated here.
This question reaches into the area of quantum electrodynamic, a subject matter
only now in the process of arising.” (translated by myself)

Hence, the confusion about the light-quantum has recurred in 1926/27 after its appar-
ently being already settled in 1923 (surprisingly, this point is merely mentioned incidentally
in the standard work on the Compton effect by Stuewer [56] (pp. 288–290)). The important
point here is the following: the photon concept which eventually “reappeared” through the
development of quantum electrodynamic has distinctly other features than Einstein’s early
conception or Compton’s photon in his kinematic treatment of the photon-electron scatter-
ing. It is certainly no accident that it got the same name, but for conceptual reasons, this
appears unfortunate nevertheless. This development is discussed in Section 2.5 just below.

2.5. The Current Photon Concept

The above Subsections have concentrated on the misrepresentations of the history of
the early energy- and light-quantum. However, there is another issue involved which is
disturbing beyond the question of historical (in-)accuracy. It is the naïve line of tradition
which is typically drawn from Einstein’s tentative light-quantum hypothesis in 1905 to
the current understanding of “photons” as objects described by QED. In fact, many au-
thors downright identify Einstein’s light-quantum with the current photon. For example,
Giancoli states with reference to Einstein’s 1905 paper that “[...] this idea suggests that
light is transmitted as tiny particles, or photons as they are now called” [33] (p. 775).
In a similar vein Tipler and Llewellyn [14] (p. 561) remark “the Compton effect provided
incontrovertible evidence for the quantization of electromagnetic radiation, the field quan-
tum being a particle we now call the photon”. Auletta et al. [28] (p. 12f) claim that the
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“delocalized” classical wave is unable to account for the photoelectric effect. Emphasizing
the “delocalized wave” is apparently suggesting that only a localized photon can account
e.g., for the photoelectric effect.

However, as mentioned above, the early indications of light-quanta turned out to be
explicable in terms of the semi-classical approximation, i.e., did not imply any quantization
of the radiation field. As noted recently by Blum and Jähnert, it is curious that the very
history of quantum physics was inspired by problems of radiation theory (black-body
radiation, photo electricity, atomic spectra, dispersion etc.), however, the emerging theories
of matrix- and wave mechanics turned out to be no theories of light and radiation—but
theories of matter [57]. Within non-relativistic quantum mechanics, the photon is a foreign
body anyway, and its technical foundation lies in quantum electrodynamics.

This is not the place to get into the specifics of quantum electrodynamics, but suffice it
to note that there is no position operator for the photon [58] and that there is no “wavefunc-
tion” of the photon with probability interpretation in three-space [59]. The current photon
cannot be localized—not even fuzzy. In addition, it is indistinguishable, while Einstein’s
paper from 1905 applied the statistics of distinguishable objects.

To call the photon a “particle” is rather a jargon and refers to the discreteness of the
spectrum of the occupation number operator. It is rather an abstract notion which defies
naïve reification. Genuine QED effects which need the field quantization (i.e., photons) for
their explanation are subtle and well beyond the range of any ordinary quantum physics
curriculum on high school or college level (e.g., spontaneous emission or the hyperfine
splitting in hydrogen). Consequently, one is committing a technical (and not just historical)
mistake if one suggests that the photoelectric effect or Compton scattering imply the
need for the quantization of the electromagnetic field and that Einstein’s localized and
distinguishable light-quantum corresponds to what is now called photon.

This problem in the teaching of the photon concept has been long noted [60–62].
Apparently, it still prevails, and one reason for its persistence is surely the quasi-history
dealt with above. There is obviously a great desire for physicists to endow their concepts
with an honorable family-tree. Another famous example is provided by the concept of
“atom” and “atomism”. Many physicists trace the origin of modern atomism to the alleged
origin in the 5th century BC, i.e., Leucippus and Democritus. However, the atoms of ancient
Greece were certainly quite different from contemporary matter constituents and such a
line of tradition is rather misleading.

3. Summary and Conclusions

At the beginning of Section 2, I sketch the common quasi-history of the early light-
quantum with a four-item list of typical steps (i.e., the standard presentation of Planck’s
law, Einstein’s light-quantum, Bohr’s atomic model, and the Compton effect). Against the
backdrop of my discussion, a more appropriate version of this list may sounds like this:

• In 1900, Planck introduced the energy element, ε = hν, to account for the black-body
spectrum. To avoid the so-called ultra-violet-he was not his intention. If Planck even
intended a physical quantization is debated among historians of physics.

• Einstein‘s light-quantum hypothesis was not based on Planck’s law but on Wien’s law.
His light-quanta should not be confused with the current photon concept since they
were localized and distinguishable. The photo-effect did not play a prominent role in
this paper either.

• Bohr’s atomic model applies ideas of Einstein’s theory of specific heat, but the light-
quantum was rejected by Bohr until 1925. In Bohr’s model, the radiation follows the
frequency condition but is treated classically.

• The Compton effect (and its explanation in 1923) convinced many physicists of the
reality of light quanta. With the advent of quantum mechanics in 1925/1926, the
picture become more differentiated. Here, Compton effect and and photo-effect can
be explained with the classical radiation field. A genuine quantum electrodynamics
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(QED) effect which could be used to motivate the current photon would be, e.g., spon-
taneous emission.

Again, this brief account is not meant to represent the “true” history of the events.
Textbooks need to simplify their subject matter, and they inevitably include inaccuracies or
even errors. Additionally, in physics teaching, historical accuracy is no end in itself. In the
same context, the historian of physics Helge Kragh rightly remarked [8] (p. 360):

“The purist attitude that only detailed, scholarly acceptable history should en-
ter textbooks, amounts in practice to a denial of a historical perspective in sci-
ence teaching.”

However, the common quasi-history of the light-quantum in early quantum theory
contains not just accidental mistakes. It systemically paints a picture of physics research as
a cumulative process in which anomalies (“ultra-violet catastrophe”), successful predic-
tions (photo-effect) or crucial experiments (Compton-scattering) drive the development
inevitably towards our current understanding. In short, it is a typical Whig history. In view
of current debates in physics education this may be characterized as a failure to provide an
adequate view of the nature of sciense (NoS).

NoS typically refers to knowledge “about” science, as opposed to mere scientific
content knowledge. Thus, NoS includes epistemological, historical and sociological aspects
of science and its making. Notwithstanding the universal endorsement of NoS within
the physics education literature and curriculum reform documents the very meaning of
NoS remains elusive and debated. A pragmatic solution to this problem was provided by
Norman Lederman and his group [63,64] who championed the so-called consensus-based
NoS-view. Several authors have criticized this view and emphasized the more controversial
and context dependent character of NoS; see, e.g., [65–67]. However, all approaches of
NoS agree that including elements from the history and philosophy of science (HPS) can
promote the teaching of NoS.

Henke and Höttecke [68] discuss major obstacles for the successful implementation
of HPS elements into the classroom. One of them is a lack of adequate HPS content (e.g.,
case-studies or vignettes) in textbooks. Now, this case study is a reminder that there is not
only a lack of adequate content but a huge problem with inadequate material. I think that
the current NoS debate should pay closer attention to this issue since this problem is not
confined to quantum theory.
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Abstract: The goal of teaching quantum physics (QP) in high school is a problematic and highly
turbulent area of divergent views, curricula studies, and claims. The innovative curricular approach
of discipline-culture (DC) suggests a way of overcoming its significant difficulties. It suggests
presenting QP as a fundamental theory structured in terms of the nucleus, body, and periphery.
Applying this perspective in our study, we interviewed nine experts with respect to their view of
how the nucleus of QP should be presented to high-school students. With the different viewpoints of
the core essentials in hand, we compiled the nucleus of the QP. We also examined this subject using
nine introductory university textbooks that might suit high school students and considered their
coherence and suitability with regard to the specified nucleus. We found some confusion regarding
the status of theoretical items: some fundamental principles, as perceived in the eyes of the experts,
are presented as phenomena. Not only does this mismatch represent a special barrier for both the
teachers and students to understand QP, it promotes an inadequate image of QP as well as a distorted
view of the nature of science. Finally, we offer a framework for a DC-based QP curriculum free of the
noted deficiencies.

Keywords: teaching; quantum physics; discipline-culture; curriculum design

1. Introduction

Quantum physics (QP) exemplifies a central pillar of 20th century physics, and it
represents a foundational stone for 21st century technological innovations. However,
teaching QP at the high-school level is challenging, and, consequently, it is limited in many
countries. The first steps of teaching-learning quantum mechanics are well-represented in
a collection of articles [1]. This collection showed different attempts and aspects are still
missing one inclusive perspective in the way to represent quantum theory. Recent years
have seen attempts to add QP contents; however, the educational literature reveals a highly
dissatisfying situation in schools around the world. Teaching QP is usually superficial and
oversimplified, often emphasizing phenomena while barely touching on principles and
fundamental theory [2,3]. For example, in 2016, the QP curriculum in the Netherlands
depicted the phenomena of tunneling, the potential well, and the two-slit experiment as
representing QP [4]. An experiment demonstrating the interference of a single photon was
specifically developed for this program [5], but a discussion of the wave-particle dualism
in this context was missing. The learning assessment tools emphasized the phenomenon,
practically without stating the principle of superposition and its impact on measurement [6].
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Teaching QP in high schools usually follows a historical approach and because of time
constraints, it was abandoned in an early stage of history [3,7]. Although the role of the
history of science is widely recognized [8–10], in the case of QP, such an approach can be
problematic and sometimes unfeasible [11]. In fact, both a historical and a phenomenologi-
cal approach fail to adequately represent fundamental theory as a basis of the curriculum.
In such approaches, pupils are often presented separate pieces of the theory without a
holistic view. Many curricula discuss Plank’s explanation of black body radiation, the
photoelectric effect, and Bohr’s model of hydrogen, which is only semi-classical [2], but they
often miss more substantial QP content, including problem solving. Note that the impor-
tance of these topics is mainly historical and they have little importance for understanding
QP topics [3]. Teaching QP using a historical approach may cause students to believe
that QP is nothing more than a certain modification to classical physics (CP), whereas it
is actually an essentially different fundamental theory [12]. QP should not be taught by
ignoring CP, and the differences between the theories should not be blurred. Teaching must
emphasize the departure from classical logic [13,14], avoid oversimplification [15], and be
extra careful in using classical analogies [11], which are often inaccurate and misleading.
QP should be studied as a theory with a specific set of logic and laws, which require a deep
understanding [16].

Another challenge in teaching QP in high school is the level of the mathematic for-
malism required. It is well above the standard math curriculum, surpassing most pupil’s
knowledge [2,17]. Visualization is often applied to overcome this deficiency [18,19]. An-
other approach in this direction involves simulations in order to illustrate the principles
of QP, e.g., taking into account the Mach–Zehnder interferometer [16,20]. It should be
recognized, however, that the transition to a phenomenological description excludes the
possibility of using quantitative questions when teaching physics. This is a significant
impediment in presenting physics as essentially a quantitative “exact science”. More-
over, teaching QP non-quantitatively is in contrast with the previously taught domains
of mechanics and electricity, where a computational approach is the standard method.
Instead, students may perceive QP as a collection of stories, leading to an inadequate
understanding [21]. In Germany, there was an attempt to introduce mathematical equa-
tions (aimed for 13th grade) that provide eigenvalues for simple differential operators [16].
In Italy, teachers tried using Feynman’s path integrals, also addressing 13th graders, who
are more mature than regular high-school students in other countries that have twelve-year
schools [22]. The need to find a mathematical structure suitable for high-school students,
which would allow at least some calculations in QP, was evident. Such a mathematical
structure should represent quantum theory holistically, beyond a few simplified solutions.
With this goal in mind, use of Dirac notations has been suggested as suitable for both
computational and conceptual purposes [23].

Curricular designers seek a curriculum that addresses QP misunderstandings, resolv-
ing a confrontation with intuition using a more advanced teaching method. Several studies
depicted the pertinent misconceptions of university (e.g., [24–26]) and secondary school
students [2]. The alternative understandings of the Copenhagen interpretation have been
investigated. For example, students may perceive an electron as a cloud in space [26].
However, beyond the required remedy of correcting misconceptions and alternative under-
standings, a new curriculum should present QP as a fundamental theory, and discuss its
principles and applications.

An appropriate approach to building such a curriculum is to consider it as a discipline-
culture (DC) [15,27–29]. The DC paradigm suggests presenting QP as a fundamental theory
structured in a nucleus, body, and periphery. The nucleus includes basic principles and
concepts, the body includes phenomena and applications, and the periphery includes the
alternative physical accounts and the limits of validity. Thus, for example, in the classical
mechanics picture, the nucleus includes Newton’s laws, the body includes Kepler’s laws,
the associated subdued elements, solved problems, and applications, whereas the periphery
includes alternative understandings, principles, including those of Aristotelian physics,
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relativity, and quantum theories [30]. The periphery is important because in order to under-
stand what is correct, it is necessary to contrast it with the corresponding alternative [31].
This picture makes explicit the idea of historical dynamics, the transition from one theory
to another, and from one nucleus to another [28,32].

The advantage of this approach lies in its holistic presentation. It emphasizes the
basic principles of fundamental theory and connects them to their derived phenomena
and experiments. We have applied this approach to construct a short course on QP for
high school [23,33], which emphasized teaching an existing theory and not how it was
historically developed. The principles and their illustrative experiments became more
prominent. The periphery re-emphasized the principles and positioned the theory (as a
whole) in relation to other fundamental theories such as classical mechanics. This approach
tried to fit QP to the very limited curricular time-frame allotted by the contemporary school
curriculum for modern physics. This constraint dictated a very different curriculum policy
as a feasible and still meaningful alternative.

Here, the aim was to refine some aspects of this approach to QP teaching, an approach
that elicits and emphasizes principles and relates them to their applications rather than just
mentioning them, by explaining such applications and related phenomena, which often
occur in the context of teaching. There was an established need for practitioners [34] to
be provided with a suitable teaching resource to rely on, learn, provide examples, and
acquire competence. Equally important is to identify the principles of QP in parallel with
other physics disciplines taught at school. In a way, this attempt is parallel to a similar
attempt to teach classical mechanics [30]. There was a curricular implication that changed
the regular emphasis with respect to the energy/momentum conservation laws of the body
of knowledge, as derived from Newton’s laws in the nucleus. In other words, the division
into the nucleus and body implies certain ideological assumptions to be explicit in teaching:
stating the basic principles and what is derived from them, specifically, how can a nucleus
and a body be defined. Consequently, the picture for the students becomes transparent. In
accordance, we now specify our research questions.

Here, first, we specify the nucleus in the context of QP to be taught in high school,
which is not being explored sufficiently in an educational context. Therefore, we explored
the views of pertinent experts, physicists directly dealing with QP research. Second, with
the nucleus initially defined, we turned to the available textbooks for secondary education
that can help in this regard.

The obtained answers to these research questions will lead us closer to a better under-
standing of how we can construct an appropriate DC-structured, QP curriculum for high
school, or at least, present an essential step towards an option of this kind. Although there
may probably be more than one solution, we will present a detailed proposal for such a
curriculum. The effect of actually applying such a curriculum (an intervention study) will
be presented elsewhere.

2. Methodology

2.1. Determining the Nucleus via Interviews with Experts

To elicit the QP nucleus applicable for high-school teaching, we first interviewed a
sample of nine experts (Table 1). Other studies [35] showed that practitioners from different
fields in physics have different perspectives on QP; therefore, it was important for us
that the chosen experts were physicists engaged directly in the study and teaching of QP.
Three of them teach or taught QP courses at the university level where they carry out
their research. One was an expert in the philosophy of science with an emphasis on QP.
To avoid possible institutional bias, experts from two research universities were selected,
including an emeritus scholar and other younger researchers at the beginning of their
careers, including a doctoral student with teaching experience. Although they were experts
in the subject matter, all but one were very distant from teaching physics in school. Unlike
other studies that often considered items of knowledge associated with all parts of DC
theory and mostly to the body of knowledge [36], we conducted our interviews in order to
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identify the important concepts of the nucleus, revealing the fundamental meaning of QP as
a theory. For the purpose of identification, personal interviews could better serve our goals.

Table 1. The interviewees and their domains of expertise.

No. Position Seniority (or Years) Area of Expertise

1 Ph.D. student (physics) Ph.D. Student Quantum communication and entanglement
2 Physicist 4 Nuclear and hadronic physics
3 Physicist 40 High energy and strings theory, Lecturer (QP)
4 Physicist 12 Quantum entanglement, Lecturer QP
5 Physicist 36 Condensed matter; Lecturer QP
6 Physicist 14 Quantum coherence
7 Physicist 1 Nuclear astrophysics
8 Physicist 7 Nonlinear quantum optics
9 Philosopher of science 11 Philosophy of physics, classical and quantum statistical mechanics

First five interviews (Table 1) were conducted face-to-face and lasted about an hour
each, in the format of semi-structured interviews (e.g., [37]). The rest were conducted at a
distance. The experts were presented with the DC approach, and as an opening question,
they were asked: “What do you consider as the fundamental QP principles, given that we
want to teach them in high school?”.

After the experts provided the concepts and principles that they considered as im-
portant, they were asked to refine them in order to see the hierarchy of the principles and
their meanings. For example, after pointing to “duality” as an important component of the
nucleus, we asked them to elaborate more about its meaning. Sometimes we asked about
the relationship of certain concepts even if they were not mentioned by the interviewee.
The duration of the interviews could vary according to the ability and interest shown by
the interviewee to the claims made by other colleagues.

The experts defined the items they associate with the nucleus, exemplified by body
items that correspond to the mentioned components of the nucleus, and sometimes they
also referred to the periphery. The interviews were transcribed, and a thematic analysis was
conducted: Because DC was presented to them explicitly, it was not a complicated task to
analyze the experts’ words and to categorize them in triadic terms. After the first author
performed a preliminary categorization, the second author joined in its validation through
a discussion and full agreement was easily reached. Only some of the data used in this
report focused on the nucleus. Experts’ examples and illustrations (associated with the body
or periphery) are not presented here. Since each concept can have many illustrations for
teaching [34], a Delphi study [36] would be a better way to study them.

2.2. QP Textbooks and the Nucleus

A sample of nine textbooks on “modern physics” was examined (Table 2). These
textbooks, intended for colleges, or as service courses for engineering students, were
examined because they should be more suitable for the high-school level, compared with
“quantum physics” textbooks aimed at university physics students. Some of the textbooks
considered contain much more advanced topics (e.g., nuclear physics, elementary particles),
presented mainly phenomenologically with minimal formalism. Such parts, less relevant
to high school are important for us in order to define the scope and limitations of our
teaching at school, particularly in a DC perspective that connects various phenomena
to basic principles. For the purpose of diversity, the sample included both new and old
editions of textbooks. The textbooks were examined according to the saturation method for
qualitative studies, in which the process ends when adding more items seems not to add
new (qualitative) information [38].
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Table 2. List of the physics textbooks examined.

(No) Author(s) (Year of Edition) Title

(1) Beiser (2003 [39]) Concepts of Modern Physics
(2) Weidner and Sells (1973 [40]) Elementary Modern Physics
(3) Serway, Moses, and Moyer (2005 [41]) Modern Physics
(4) Krane (1983 [42]) Modern Physics
(5) Tipler and Llewellyn (2008 [43]) Modern Physics
(6) Thornton and Rex (2013 [44]) Modern Physics for Scientists and Engineers
(7) Nolan (2014 [45]) Fundamentals of Modern Physics
(8) Noce, Ed. (2020 [46]) Modern Physics; A Critical Approach
(9) Halliday, Resnick, Walker, and Taylor (2012 [47]) Understanding Modern Physics (Hebrew translation)

The assumption in looking for fundamental principles is that they are related to
numerous items, experiments, and phenomena. The principles had to be referred to as
such, and not as phenomena. The analysis was twofold, both quantitative and qualitative.

Within the quantitative analysis, we counted the occurrences of keywords of the
nucleus, as it was defined from the first part of the study (the interviews). Most of the
textbooks were available in digital form. They were searched by digital counting. First
textbook (Table 2) was searched manually, using the index. Within the qualitative analysis,
we examined how each item of the nucleus was referred to. The first and second authors
categorized such connections as either a principle or phenomenon. Validation was carried
out by comparing categorizations with a short discussion to reach full agreement. Similarly,
conceptual definitions, explanations, and examples (including problems) were analyzed, as
well as connections between the principles.

Another part of the analysis focused on the book headings (chapters or sub-chapters)
and their relationship to the nucleus, body, or periphery.

3. Findings

3.1. Experts on the Nucleus of Quantum Physics

We obtained a significant amount of data from the experts regarding the QP nucleus.
However, four of the experts (Nos. 1, 3, 6, and 9, see Table 1) hesitated somewhat in
defining the nucleus. For example, expert No. 6 said: “Quantum physics does not have an
agreed upon ontology... As in the parable of the blind examiners and the elephant, each
sees quantum physics as something different” (Figure 1).

Figure 1. The parable of the blind and the elephant [48] (p. 89).

Two related difficulties can be seen here. One is the lack of consensus regarding the
QP ontology and different controversial views. This revealed the second challenge of a
pedagogical nature, namely, the possible approaches to teach QP and its principles, which
may pose the question of whether defining the nucleus of QP is practical. Expert No. 9
suggested: “Students should be presented with the fact that, on the one hand, quantum
physics does not have an agreed-upon worldview, but on the other hand, quantum physics
possesses an excellent ability to predict results with an accuracy of 10 digits after the
decimal point”.
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3.1.1. The Items

The wave-particle duality, or the wavity as a property of a particle, is among the central
principles that arose in all interviews. For example, expert No.3 said: “Axiomatically, there
is a wave function that describes a particle”.

Next, we refer to the meaning ascribed to this feature. The experts associated wavity
with another principle they considered central: the principle of superposition. For example,
expert No.9 stated: “The first principle is that nature includes state superposition. A state
can include several probable options”.

All experts mentioned the probabilistic aspect of the measurement results, for example,
expert No.2 stated: “One of the fundamental principles is the probabilistic explanation of
the wave function”.

Other principles associated with the nucleus are non-locality and entanglement (experts
Nos. 1, 8, and 9). Two of the experts (Nos. 1 and 8) emphasized that only when entangle-
ment is present and realized, can one say that the system is “quantum”, i.e., specific of QP.
Expert No.1 indicated that quantum nature is essentially different, irreducible to the classical
predecessors: “ Waves we know, particles we know, but EPR doesn’t have a classic analogue”.

The EPR (Einstein–Podolsky–Rosen) experiment [49] deals with entangled particles:
two particles produced together and comprising a single system. The experiment states
the immediate effect of measuring one particle on the state of the other. Therefore, this
experiment (realized in the 1980s [50]) demonstrated non-locality in the system described
by the wave function unifying the objects. This way, “non-locality” entered into physics
as a feature of reality. It implied the relationship between two distant measurements of
the quantum objects in a single quantum state, which cannot be explained by any physical
interaction between the parts of the system, and the interaction at a finite speed. Indeed,
we saw the experts who consider non-locality and entanglement as an essential part of the
nucleus of the QP as a fundamental theory.

Some experts mentioned Heisenberg’s uncertainty principle (experts Nos. 2 and 4) and
quantization of energy levels (experts Nos. 2, 3, and 7). For example, expert No. 2 mentioned:
“The basic principles are duality, uncertainty, and discrete energy values”.

Another principle, mentioned by two experts (Nos. 2 and 7), is the division of elemen-
tary particles into bosons and fermions. There are two kinds of indistinguishable particles
with respect to their coexistence: the fermions, which obey the Pauli exclusion principle,
and bosons, which are not committed to it (expert No. 2): “Fermions and bosons; fermions
have the Pauli principle, as opposed to the bosons, which ‘want’ to be in the same state”.

That is, the principles of central importance mentioned by the participants were as
follows: duality, superposition, probability in measurement, entanglement, Heisenberg’s un-
certainty, quantization, as well as the division into bosons and fermions and their properties.

3.1.2. Scrutinizing with Respect to the Nucleus

In this Section, we consider what the experts meant when they referred to the nucleus
concepts. In our opinion, duality was the gateway. When dealing with particles, e.g., an
electron, they stated that the novelty lies in also considering the electron as a wave, i.e., while
characterizing an electron, they added properties that exhibit wave phenomena. To furnish
this idea and to clarify the meaning of “wavity” for matter, we asked the experts directly. In
response, all the experts linked wavity to the principle of superposition. They ascribed to it
the essence of quantum duality. For example, expert No. 9 said: ”Superposition is the most
fundamental, in quantum theory in general and in wavity in particular.”

Just as a wave is a non-local phenomenon, i.e., it exists in different places and at
different amounts, the quantum particle is also in a superposition of locations, as described
by a wave function. In the words of expert No. 8: ”Wave function [of a particle] consists of a
collection of probabilities at each point, a superposition of several likelihoods. For physicists,
it is more interesting to talk about discrete states and a superposition of any two states.”

This account was generalized to the superposition of the states of other properties
such as momentum states, the states of polarization, spin, and others. Expert 7 confirmed
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this explanation as a “legitimate interpretation”. Another expert (No. 6) mentioned that
the term “wave” in this context signifies a physical quantity having more than one value:
“ . . . wave function is superposition; it presents an extension of meaning that occurred in
English and German. It is in a sense a borrowed semantic, not physical”.

Expert No. 1 clarified the meaning of superposition as follows: ”Waves also have
superposition, but the novelty here [in QP] is the probability... The probabilistic features
have no a classical analogue”.

Thus, the important feature is probabilistic superposition, as expressed by the collapse
of the wave function in a measurement. This is in contrast to the superposition in a classical
case, e.g., in string, where several frequencies and amplitudes are simultaneous. Expert No.
7 stated: “As long as there is no measurement, there is a superposition. We cannot measure
superposition. When measured, the state collapses, and if we do it [the measurement]
many times, we get statistics [and the idea] of what the initial state was”.

That is, according to the Copenhagen interpretation originally proposed by Max
Born, quantum superposition means that before a measurement, a state consists of several
eigenstates. A measurement produces a certain result, and the wave function collapses.
Numerous identical measurements provide results initially described by the wave function.

Regarding measurement and collapse, some experts (Nos. 2, 7, 8, and 9) warned
against the understanding of “turning a wave into a particle” (No. 7): “I wouldn’t express
it as measurement that turns a wave into a particle... It remains a wave function...”

As for Heisenberg’s uncertainty and quantization, experts were not unanimous. Expert
No. 6 stated: “Quantization, tunneling, and uncertainty are not fundamental principles,
but the phenomena arise from fundamental principles, and they can be derived from
these principles”.

Other experts (Nos. 1 and 5) have also argued that quantization can be a phenomenon
in classical waves and that it is not a quantum principle. Another expert (No. 2), to whom
these words were presented, addressed the pedagogical aspect of this point: “Even if
something derives from the core, it could not always be shown to the pupils immediately...
In classical physics, we teach conservation of momentum, but only later, it derives from the
Noether theorem”.

In other words, if one cannot derive a phenomenon as implied from a principle,
perhaps a school teacher can treat it as a principle.

Regarding the meaning of Heisenberg’s principle of uncertainty, expert No. 2 com-
mented: “The uncertainty principle is erroneously presented using Heisenberg’s micro-
scope... The “uncertainty” is related to a conscious viewer, and this is a problem”.

It should be emphasized that the Heisenberg principle refers to the nature of things,
rather than depending on the observer.

3.1.3. Interim Summary of the Nucleus

There is a consensus among the experts regarding the centrality of the superposition
principle in QP. This principle possesses probabilistic meaning, as evident in the collapse of
the wave function in measurement. Beyond that, there was some agreement relating wavity
to superposition. This approach seems to be suitable for high-school teaching and it should
be presented as the greatest conceptual innovation of QP. The wavity of matter constitutes
the gateway (historical and conceptual) to QP. Looking at wavity as a superposition of
states establishes a unified view essentially different from the classical view. In contrast, the
concept of quantization (possessing discrete, non-continuous values) appears to be suitable
for the body, rather than for the nucleus. There are several reasons for that:

A. Methodological: Several experts explicitly argued that quantization represents a
phenomenon and not a principle. In addition, the phenomenon of quantization is also
observed in CP.

B. Conceptual: Quantization derives from the solution of the wave equation. It can be
illustrated by standing waves. Quantization cannot be a fundamental principle in QP,
since it characterizes all waves, both classical and quantum.
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C. Pedagogical: Pupils encounter quantization while studying about the Bohr model,
which is semi classical; it belongs to the periphery of QP. Considering it as a fundamen-
tal principle is misleading regarding the essential features of QP.

The Heisenberg uncertainty principle stems from a more basic principle (Non-
commuting nature of certain observables such as the momentum and coordinate of a
particle), which is beyond high-school students’ mathematical level. However, the Heisen-
berg uncertainty principle is related to the state of superposition, determining the kind of
states that can be superposed. Therefore, in high school, this state of matter can be presented
as claiming the existence of pairs of physical quantities (e.g., position and momentum,
spin and polarization in different directions), for which eigenstates cannot coexist in a
superposition. In this sense, uncertainty can appear as a principle in teaching and can be
referred to with regard to the nucleus. Presented as an inequality relating to the accuracies
of location and momentum (or life time and energy), it may be used as a phenomenological
constraint rather than a basic principle.

We wish to note that the experts did not explicitly mention the complementarity prin-
ciple. However, they talked about uncertainty and duality in relation to complementarity.
Some of them had reservations regarding conceptualizing measurement (and the related
collapse) as a transition of the quantum objects from a wave to a particle.

Regarding non-locality and entanglement, it was associated with the nucleus. To
establish a logical sequence of teaching the nucleus, it should be preceded with such concepts
as quantum state (eigenstate) and superposition of states. Quantum non-locality could
be illustrated in the interference of a single photon with two paths of transition available,
two slits experiment or the Mach–Zehnder interferometer (both affiliated to the body in
the quantum theory). Considering these cases can strengthen students’ understanding of
superposition and non-locality, also demonstrated by the realization of the EPR scenario
as a paradigmatic experiment (In the advanced presentation of QP, the EPR experiment
belongs to the body knowledge. Yet, in the introductory course, which only touch on non-
locality, EPR can be sent to the periphery, posing a ‘paradox’ and promising the students its
resolution in their further learning of Quantum theory).

Another item of the nucleus further expands the theory to many particles. After the
principle of the indistinguishability of elementary particles in QP, the claim of dividing the
micro-world particles into bosons and fermions may follow Pauli’s principle for fermions
and the possible coexistence of bosons in the same state. The principles of the nucleus can
be associated with the phenomena of the body knowledge—the periodical table of elements
for fermions and the laser for bosons.

3.2. Analysis of Textbooks

We will first address the textbooks from a more general perspective, followed by how
the books refer to the concepts of the QP nucleus.

3.2.1. Blurring the Structure of the Nucleus and Periphery

All the textbooks of the sample begin by presenting special relativity theory. At the
introductory level, QP is not relativistic. Thus, the two fundamental theories are essentially
different. This implies that their nuclei are located in each other’s periphery [27,28]. In
fact, the two theories are combined under the roof of Modern Physics developed at the
beginning of the 20th century. Importantly, however, if the curriculum does not deal with
the status of a fundamental theory in physics and there is no such theory called Modern
Physics, the inclusion of both theories in a text may confuse both the students and teachers
regarding the boundaries of the QP nucleus.

Modern Physics texts often follow a historical narrative. In it, Planck’s account of the
black body radiation, Einstein’s account of the photoelectric effect, and the Bohr model
of an atom follow each other in a line. The Bohr model is semi-classical and belongs to
the periphery of QP. This historical evolution in no way represents QP as a theory. For
instance, in Krane’s book [42] Planck’s and Einstein’s explanations are sub-headed under
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“The quantum theory of...”. Certainly, this approach represents neither the nucleus of the
theory nor its periphery. The presented history is also inaccurate, since the Bohr model is
located after dealing with de Broglie waves. Using de Broglie waves in the Bohr model was
heuristic, and it does not explain wavity in the quantum sense as was discussed above.

A review of chapter headings and their subsections reveals a problem when addressing
principles (nucleus) versus phenomena (body), let alone the periphery. For example, in
Thornton and Rex’s text [44], there is a chapter providing a historical introduction, a
chapter on Bohr’s atom, and a chapter (i.e., with the same status) on the wavity of matter,
its meaning, the uncertainty principle, and more. Within the latter chapter, wavity is
not associated with a superposition of states. There is no section that defines the basic
principles of QP; however, several sections deal with phenomena (scattering, “a particle in
a box”). The basic principles do not appear in titles, which would indicate their centrality.
Other books in the sample are similar in this respect. Not identifying a periphery eliminates
any contrast with the nucleus, blurring the meaning of different historical discoveries and
missing the major principles of QP, which becomes clear by explicitly identifying the
nucleus, body, and periphery.

3.2.2. Lack of Stating the Basic Principles

We found that the textbooks examined did not state the basic principles of QP. For
example, in one of the books [43], in the chapter The wavelike properties of particles, the topic
of particle-waves is discussed but no principle was stated, nor were there any fundamental
interpretations of wavity in connection to the superposition of states. This makes the
claim regarding the wave function totally unclear regarding its connection to a wave (what
wave? why a wave?). The statement “|Ψ|2 is proportional to the probability of detecting an
electron in a unit volume” [43] (p. 204) appears arbitrary and is not explained.

Another example comes from Nolan [45]. This book presents and postulates (a sort
of nucleus) both in the context of special relativity and in the context of Bohr’s model of
the atom. In light of this, the lack of such important definitions, which are central to QP, is
very prominent.

3.2.3. Treating Principles as Phenomena

Another observed feature of the presentations in the sampled books is reference to
principles as phenomena. Such a reference is made to superposition, the Heisenberg
uncertainty principle, and wavity. For instance, wavity is referred to as the ability of an
electron to perform diffraction and interference [43] (p. 187), as if in a classical sense. The
meaning by addressing the superposition of different states (which does not exist in CP) is
totally missed.

1. The same is true in Krane’s textbook [42], that is, wavity is treated in the context
of de Broglie’s hypothesis, the focus is on diffraction and interference (p. 104), and
there is no reference to the superposition of states. Later (p. 110), the double slit
experiment is described with an examination of the slit in which an electron passes;
however, there is no mention of wave function collapse during a measurement. The
description mentions that it is related to particle-wise behavior, and if it is a particle,
it loses its wavity (the complementarity principle). In this case, the phenomenon is
indeed explained by a principle (the body is explained by the nucleus); however, a
few deficiencies can be mentioned: The measurement not only revealed the particle
property. It caused the collapse of the wave function from a two-state superposition
to a single state (particle-wise). This is the same for a measurement made in the slits
and a measurement made on the screen. This perspective is absent in the textbook.

2. The principle of complementarity is not explained here. Here, the principle is not
distinguished from phenomena. The title Through Which Slit Does the Particle Pass?
focuses on the phenomenon. The principle is not mentioned.

3. The principle of complementarity rarely appears in the book. It was referred to in the
claim of duality; the wave and particle properties complement each other. The only

21



Physics 2022, 4

other case is where it is mentioned in relation to Bohr’s contribution to QP, too little
for the central principle of this theory.

Recall that the interviewed experts did not mention the complementarity principle
as among the fundamental principles of QP. Complementarity has several faces, among
which is the uncertainty principle. In the textbooks, complementarity is presented in the
aspect of wave-particle duality, and the transition from wave to particle at the moment
of measurement. This is unlike the experts who referred to the wave function collapse
in the measurement but did not relate that to complementarity. This point, the impact of
measurement on a quantum state, seems to us as important and was frequently missing.

Thornton and Rex’s book [44] has more emphasis on principles. For example, there
are two pages (pp. 191–192) under the title Probability, Wave Functions, and the Copenhagen
Interpretation, but there is still no comparison between the Copenhagen interpretation and
any other. The discussion mainly addresses the historical evolution of the QP theory and
less on its holistic image.

Below, in Sections 3.2.4–3.2.7, we present how the books deal with some major compo-
nents of the QP nucleus.

3.2.4. Superposition

In seven of the books chosen, the term “superposition” appears exclusively in ad-
dressing the interference between wave functions causing an interference pattern (in one of
them, the word does not appear even once in the index). The definition of superposition
as a fundamental principle that allows a particle to be simultaneously in several different
states in superposition—the core feature of QP—is lacking.

In textbook [42], the term “superposition” appears only four times. The Bohr model
appears after particle waves. The Bohr model is semi-classical and deterministic. It de-
termines well-defined orbits and the energies of the electron in the hydrogen atom. It
ignores superposition and is certainly inconsistent with the probabilistic aspect of quantum
superposition. Its introduction after “matter waves” positions it as an advanced quantum
model. This is not the case, mainly because it lacks quantum wavity and superposition as
its essence.

In another textbook [43], the term superposition addresses classical waves (5 times),
but its use in a quantum context (3 times) lacks a substantive explanation of superposition
as a unique principle that allows several states to exist simultaneously. The phenomenon
of the wave function collapse in measurement is absent (the term “collapse” does not
appear). The term superposition appears in the context of interference and diffraction
but never regarding the ability to coexist in multiple states. Nonetheless, superposition
is mentioned in the more advanced topics, such as the Bose–Einstein condensate and
elementary particles, but without an explanation presenting it as a principle.

Another example comes from Beiser’s textbook [39], where superposition appears in
two locations (four times). It addresses classical waves (p. 55) as a principle of combined
waves. The other case is when considering the Schrödinger equation (pp. 169–170). It
is used to present the mathematical aspects of the linearity of the equation, allowing its
solutions to be combined. Superposition does not appear as a principle of the possibility of
co-existing quantum states (e.g., in considering non-locality).

Only in book [46] does the superposition appear as a physical principle that addresses
the combining of two states. In other textbooks in the sample, superposition is mentioned
only as a mathematical feature, and not as a central and unique physical principle with
probabilistic meaning.

3.2.5. Measurement and the Collapse of the Wave Function

The probabilistic aspect of QP is an established item of the nucleus (according to experts’
interviews). It is multiply referred to in all the textbooks. To detect problems, we will
address two topics linked to this concept: measurement and collapse of the wave function.
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In eight of the textbooks, the term “collapse” does not appear at all. The books ignore
it, and also lacked any other interpretation of measurement, similar to the “many worlds”
interpretation. The issue of the essence of QP is lacking. In addressing measurement, the
textbooks did not dedicate chapters or sections to define measurement as projecting to
a new state. Seemingly, in the context of measurement, probabilistic results appear as a
phenomenon: using the wave function, one calculates the probability of certain results in
measurement. The books do not state the fundamental difference between the quantum
and classical probabilities. The former presents the intrinsic feature of the QP, its nucleus,
and differs from classical probability in statistical mechanics, technically imposed by the
lack of information regarding the states of all particles. For example, Serway, Moses, and
Moyer [41] (p. 192) refer to the wave function as a probability function describing the Born
Interpretation of the phenomenon. The matter is not related to a state’s superposition, a
subject of intrusion in the course of measurement, and a probabilistic transfer to a single
state. In other words, the nucleus is not contrasted with the periphery (quantum vs. classical
physics). This terminology could be useful for pointing to the principles on which other
ideas are based.

Similarly, Krane’s book [42] (p. 110), when describing the measurement on the screen
in the double slit experiment, does not mention the collapse of the electron’s wave function
and its probabilistic nature being valid for the flux of many particles. A missed opportunity
was to state that the same collapse occurs in the detector instead of on the screen when the
former was added next to the slits.

The book [46] differs from the rest. It relates to collapse (26 times), the interpretation
of many worlds (5 times), and emphasizes the uniqueness of quantum measurement [46]
(p. 8–39): “The postulate that translates operationally this view [the Copenhagen inter-
pretation] is the one that takes into account the so-called collapse of the wave function.
According to this hypothesis, when a quantum system is measured it interacts with a
classical instrument, which forces the measured quantity of the quantum system to assume
only one of the possible eigenvalues for that observable, so that the wave function instantly
changes, i.e., collapses, in the eigenfunction associated with the selected eigenvalue.”

All together, most of the textbooks lack a discussion on the meaning of measurement
in QP as a unique feature through which we obtain knowledge of the micro-world.

3.2.6. Heisenberg’s Uncertainty Principle

All the books refer to Heisenberg’s uncertainty principle, and it does not suffer from
a lack of emphasis (more than 100 references). At the same time, there are a number of
problematic aspects in this regard. It has been often treated as a phenomenon and not as
a principle. For example, [39] proclaims: “This principle... is one of the most significant
physical laws”; yet it states [39] (p. 108): “It is impossible to know both the exact position
and exact momentum of an object at the same time”.

It appears in a separate line, highlighted as a definition of a principle. In a way,
avoiding an explicit reference to uncertainty as an intrinsic feature in nature may be
understood by learners as a difficulty, insurmountable, but it does not exclude the existence
of the exact values. Next, one reads (p. 112): “A measurement establishes the position of a
proton with an accuracy of ± 10−11 m. Find uncertainty in the proton’s position 1s later.
Assume v << c”.

Presented as a phenomenon, the difficulty of our ability to know is emphasized. A
similar motif appears in the explanation of “Heisenberg’s microscope” (p. 113). The uncer-
tainty in momentum is caused by the photon that measured the position. This explanation
is deficient. As was mentioned in the experts’ views, it refers to the uncertainty in our
knowledge (the observers who need a photon) rather than a fundamental limitation. Next,
on pp. 114–116, in addressing the minimal kinetic energy, the uncertainty appears inde-
pendent of the observer. Thus, the two references to Heisenberg’s principle are sometimes
mixed: as the limitation introduced by observation and as intrinsic feature of reality. This
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blurs the difference between principle and phenomenon being potentially confusing at any
level of teaching, especially in high school.

The uncertainty is often stated in the unclear status as our inability to be precise [41]
(p. 174): “If a measurement of position is made with precision Δx, and a simultaneous
measurement of momentum in the x direction is made with precision Δpx, then the product
of the two uncertainties can never be smaller than �

2 . That is, ΔpxΔx ≥ �

2 .” Here, � is the
reduced Planck’s constant.

The definition is presented as a highlighted paragraph. The origin of uncertainty is
ignored. This fuzziness of its origin is common: our limitation, a phenomenon, is not a
principle. It is never mentioned in the context of the superposition of states. In the whole
sample, uncertainty is addressed only regarding the momentum-position or time-energy.

Another example we encounter in the definition appears in [42], which starts with
(p. 116): It is not possible to make a simultaneous determination of the position and the momentum
of a particle with unlimited precision.

A formula that links Δx to Δp follows. Yet the author proceeds with emphasis on our
ability to be accurate. He states that inaccuracy of Δx implies inaccuracy of momentum
and clarifies the essence [42] (p. 116):” The Heisenberg relationships are sometimes called
“indeterminacy” rather than “uncertainty” principles, because the idea of uncertainty may
suggest an experimental limit that can be reduced by using better equipment or technique”.

The emphasis is explicit; it is a matter of principle. The author warns of confusion. Yet,
the principle is never stated as implying the absence of being a particle in eigenstates of
position and momentum simultaneously.

Thus, the uncertainty principle receives the status of a physical property and not the
human inability to be precise, but even in these cases, it does not go beyond addressing
the momentum-position and time-energy. In addition, it is often presented as a phe-
nomenon, described by a formula, and in most textbooks, it ignores the eigenstates and the
superposition states. In other words, it does not appear as a principle, it never mentions
superposition, but rather, it refers to it as a curious phenomenon related to position and
momentum, which have a certain relationship.

3.2.7. Entanglement and Non-Locality

The authors perceive entanglement and non-locality as an advanced topic. In seven
books, these concepts were not mentioned. Non-locality appeared among the advanced
topics in the book [46], in the context of the EPR paradox (p. 8–43). Nolan’s text [45]
did not address non-locality as a physics feature, but employed it in describing quantum
teleportation (six times, pp. 354–355).

In conclusion, our findings indicate that the textbooks suitable for teaching QP in high
school do not emphasize enough the principles, often present them as phenomena, and do
not provide a set of principles on which the considered theory is built.

4. Discussion and Conclusions

Designing a curriculum for teaching QP at the high-school level is challenging in terms
of the conceptual difficulty, the peculiarity of the theory, and the required mathematics
(e.g., [35,51]). A special barrier is a lack of a pedagogical tradition to present a uniform
theory instead of detached topics. Quantum theory essentially differs from the classical
one and is not a refinement of it. An additional difficulty stems from the very limited time
reserved for it in the curriculum. We claim that the DC paradigm of physical theory serves
as an adequate tool in facing these difficulties. Its advantage is a well-defined hierarchical
structure that carefully defines the components of the theory starting from its nucleus. This
new requirement is demanding because such a tradition is lacking in the context of high-
school teaching. We have arrived at a set of conceptual fundamental principles through
interviews with experts in QP. We then examined the way in which these principles are
expressed in textbooks at the relevant level and extracted additional insights.
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In our defining the basic principles feasible for teaching QP in high school, we consider
as central the wave-particle duality, with particle wavity defined as the ability of being
in a superposition of states. This is consistent with the mathematical claim of linearity
from which the superposition principle derives [12,51,52]. The quantum superposition is
probabilistic, which makes the particle wavity specific in QP. This nature is manifested in
measurements in which the collapse of the wave function reduces a quantum object into
a particle-like state. Despite its centrality, we found this discussion extremely rare in the
available teaching materials.

Heisenberg’s uncertainty principle is commonly known as the limit of the accuracies of
two quantities that cannot coexist as exact values. In high school physics, this relationship
cannot be derived from the more general claim. We argue for teaching, in addition to
the common form of the uncertainty principle, the conceptually equivalent claim with
regard to the same pair of quantities prohibiting their simultaneous being in eigenstates.
In other words, given that one quantity is in an eigenstate implies the other to be in a
superposition of its eigenstates. Such an implication of the uncertainty principle strengthens
our qualitative understanding of QP.

We observed that the experts did not mention the complementarity principle. Similarly,
it appears to be not popular in the textbooks. (There is a different approach to preserving
the centrality of the principle of complementarity [12]). This is an educational phenomenon,
given that complementarity is a central philosophical principle of quantum theory. In
fact, the complementarity principle (historically related to Niels Bohr) is closely related to
Heisenberg’s uncertainty principle, and the latter can be seen as a quantitative refinement
of the former. Both principles involve measurement in the quantum world. Bohr’s comple-
mentarity is not quantitative. It might explain its strange absence in introductory textbooks
and teaching discourses. Yet, the conceptual relationship between the two principles would
be definitely conceptually rewarding and it represents an area that requires an extra effort
from physics educators.

4.1. Principles and Phenomena: Teaching the Body as the Nucleus

The division between nucleus and body is not always unequivocal. In the context of
high school, which is given significant limitations of different kinds, some phenomena
that actually arise from a fundamental but inaccessible principle can be referred to as a
nucleus. A prominent example of this is Heisenberg’s uncertainty principle, which is not
fundamental in the advanced course, but it can be so in high school. Thus, some canonical
phenomena, such as quantization, tunneling [53,54], and interference [55] might sometimes
be treated as a “concept” or “principle”.

In some previous studies, there was a search for key-topics in QP for high school,
through various research methods (e.g., [3,35,54]). They categorized their findings to
“fundamental principles” (or “concepts”), “examples” (sometimes include “experiments”
as a different category), and “applications”. Other categories were “philosophical aspects”,
“atomic theory” (which is sometimes included under “examples”) and “mathematical
representations”. Certainly, what we found and define as the nucleus is congruent with
their first category, but a refinement according to the triadic framework of the topics
they consider as fundamental would show that it includes concepts that we define as
the body (e.g., quantization, tunneling); and they are silent about the periphery. This may
be because of the lack of distinction between “what is important to teach in high school
QP” and “what is the nucleus of QP”. The first, should definitely include aspects of the
body (examples, applications), therefore canonical phenomena might get a principal status.
However, although “duality” is unanimously a fundamental concept, in many cases it is
described according to the behavior as a wave or as a particle in different experiments
with no connection to superposition, as we mentioned above. That is, the body is presented
as the nucleus. In addition, whereas some experts thought that teaching superposition is
too complex (e.g., [54], p. 316), we consider it as the gateway for understanding QP and
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immanent to high-school QP curriculum. Yet, we do not exclude that there could be some
circumstances to make a different choice of nucleus.

What is pedagogically important is that the DC approach requires a clear distinction
between the nucleus and the body and periphery. In a way, one may put it as distinguishing
between principles and the corresponding illustrative phenomena. Anything that derives
from basic principles and can demonstrate or explain them can be categorized as the “body”
knowledge. That includes interference, tunneling, quantized spectra, and more. Such an
organization of the curriculum by DC can effectively overcome the challenges of teaching
described above, assist pupils [30,33] and teachers [56] in understanding the subject matter
and can significantly improve students’ perceptions of the nature of science and scientific
knowledge [30,57,58].

4.2. Treating Principles as Phenomena: Teaching the Nucleus as the Body

Unawareness of the DC structure may blur the boundary between the nucleus and the
body by referring to principles as phenomena. Introductory QP textbooks usually introduce
matter waves mainly through the phenomena of interference and diffraction of electrons.
However, there is another way by addressing waves through the fundamental definition
of the superposition of states [33]. A clear example of the former could be by presenting
single photons in an experiment [4]. The alternative instruction, although describing
interference, refers to the principle of superposition, and the collapse of the wave function
in measurement. Similarly, presenting the uncertainty principle as our “inability” to know
focuses on the phenomenon instead of the principle. In the DC approach, the phenomena
demonstrate the principles and do not replace them; interference is not wavity. Instead of
equating wavity with interference, the teacher states that wavity leads to interference, even
if historically the order of the principle-phenomenon could be reversed.

Moreover, stating that the double-slit experiment is a phenomenon not only demon-
strates wavity by interference, it also demonstrates a whole set of principles, a superposition
of states, the non-locality of an electron that interferes with itself, the role of measurement
(the screen as a detector), and the collapse of the wave function. Taken as a phenomenon,
this experiment represents several basic principles. This is not obvious for different stake-
holders of QP [34], but to appreciate this, one needs to distinguish between principles and
their application.

In the DC approach, we try not to present a phenomenon and explain it through
a principle, but rather, we claim the main thing, the nucleus–the principle, through the
body–the phenomenon. In that way, we avoid confirming that wavity is interference or vice
versa, stating that nature behaves according to the principle of wavity; hence, we observe a
phenomenon of interference. We found this teaching suitable for the kind of challenges and
severe limitations that we face in teaching QP at school [23,33,58].

We observed that the textbooks do not identify certain knowledge as the periphery of
QP. Historical introductions often mix the items we identify as the nucleus in contrast to
others identified as the periphery. The image of quantum theory loses clarity, which appears
in contrast with the periphery and supports the understanding of principles—the nucleus.
This effect is known, and an understanding of the wrong creates an understanding of the
right. If one skips a comparison with the previous knowledge, we reduce the chances
that the cognitive processes regarding conceptual change, consequently constructing new
knowledge [59,60]. The absence of a comparison deprives the nucleus of its status, principles,
and consequently, phenomena become indistinguishable.

4.3. Reference to the Principles at a Lower Level

Sometimes a principle is treated at a lower level than it actually deserves. Thus,
teaching superposition solely as a mathematical feature while discussing interference,
without emphasizing that it allows the superposition of states, greatly reduces the centrality
of this principle. Likewise, Heisenberg’s uncertainty is often referred to as a limitation in
the relationship between position and momentum, without regard to the fundamental split
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among observables with direct implications to the kind of observable superposition states,
which devaluates the importance of these fundamental principles.

Construction of a curriculum requires determining the content considered as central,
regardless of the accuracy of its form. This should be backed up by theoretical and empirical
considerations appropriate for the considered population. It is rather common to believe
that QP cannot be taught in high school, and that it is a subject only taught at the university
level. In effect, this challenge implies the need for a specific approach, a special perspective,
and adapted tools, which are technically and philosophically feasible for this goal [23,36].
We believe that the findings of this study help in that endeavor. Specifically, we seek to
bridge the gap between the teaching of QP at high school and higher levels. There is much
in common in the nucleus (principles), periphery, and body, even if the way to teach and to
construct the content must be different.

4.4. Making a DC Curriculum for High School

All of the above supports the need to make a curriculum based on a nucleus, body, and
periphery. One can see that that this program will differ from other programs regarding its
structure, content, and in the emphasis provided to various details.

First, because of the short time allocated for teaching, the curriculum should focus
on QP and less on its historical introductions such as black body radiation and Bohr’s
model of the atom [3]. Second, reviewing worldwide curricula reveals that topics such as
“Discrete energy levels”, “Wave-particle duality”, “Interaction between light and matter”,
“Technical applications”, and “Matter waves, quantitative (calculations with the De Broglie
wavelength)” are the ones that are taught the most [3]. In these topics, the emphasis is on
phenomena much more than the principles of QP. (Even though duality is considered in
Stadermann et al. [3] as a fundamental principle, it is often regarded as phenomena like the
double slit experiment or the Mach-Zehnder interferometer.) Therefore, we do not claim
that teaching the phenomena is not recommended; after all, for the purpose of learning, the
abstract should be anchored to the concrete. Nevertheless, the focus and organization of
QP curricula should differ.

We begin with a single particle and its state. It can be an eigenstate of a physical
observable or a superposition of states. The nucleus defines wavity as a superposition
whose coefficients possess probabilistic meaning, as realized in the collapse of the wave
function in measurement. Heisenberg’s uncertainty claims the existence of pairs of physical
quantities, such as the position-momentum pair, in which being in an eigenstate implies
that the mate is in a state of superposition. This is the nucleus.

The body includes the double slit experiment for electrons. It clarifies the principles of
the nucleus. Its account includes interference of the wave functions of a single electron. The
collapse of the wave function takes place on a screen, producing a specific position with
the probability determined by the wave function. The interference pattern emerges after
the screen is hit numerous times. Another case considers the output with a detector placed
in one of the slits. The new pattern on the screen is compared with the one without the
detector, illustrating the role of measurement, in the slits or on the screen.

The following example considers spin and polarization. The case of three measure-
ments in succession is considered. It appears that each measurement deletes the “memory”
of the electron or photon regarding its previous state. The Mach–Zehnder interferometer
can follow further by illustrating the principles of superposition and the wave function
collapse. As a special example, we used the BB84 quantum encryption protocol.

The items of the periphery emphasize the nucleus. For instance, we refer to the historical
idea that the electron in an atom presents a cloud spread in space (an element of the
periphery). Another example is the nature of quantum uncertainty essentially different
from the uncertainty in classical statistical physics (an element of the periphery). Another
misconception, a particle moving in a wave-like path can be also affiliated to the periphery
of QP.
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Table 3 illustrates the idea of inserting curricular content along with its tripartite
organization into a DC structure. The content expands in the cases of single, double, and
multiple particles (bosons and fermions). For each item of the nucleus, there are examples
from the body and alternative conceptions of the periphery. We argue that such organization
of the curriculum is not only representative but also seems beneficial [33] in the reality of
a highly limited number of teaching hours. The corresponding teaching should include
active learning (e.g., using worksheets and simulations). Being innovative in creating the
content of the new curriculum requires organized and guided training for teachers [56].

Table 3. An example of DC-type of curricular structure of QP in high school. See text for details.

Nucleus Body Periphery

State–eigenstate and the principle of the
superposition of states; the wave function

Dirac notations
The double-slit experiment with electrons
Spin and polarization
The Stern–Gerlach experiment
Mach–Zehnder interferometer
The BB84 protocol

Classical state and probability in
mechanics and thermodynamics

The wavity of matter and superposition.
Probabilistic interpretation and measurement

Classical measurement without
disturbance
Electron as a cloud

Heisenberg’s uncertainty and
complementarity principle

Classic uncertainty—the lack of
knowledge

Entanglement An experiment to examine Bell’s
inequality Hidden variables

Quantum indistinguishability
Bosons and fermions

Laser, Pauli’s exclusion principle,
The Mendeleev periodic table

Particles distinguishable in classical
statistics.
Unification of matter.

4.5. Dirac Notation

An important part of designing the curriculum is adapting proper mathematical tools
of presentation. There is certainly room to combine the teaching of the Schrödinger equation
and its solutions, and the teaching of simple differential operators. However, subject to a
limited timetable, it is necessary to consider the feasibility of such methods, which may be
very mathematical and may disregard important conceptualizations. It appears possible,
however, to use a special symbolic language, namely, the formalism of Dirac notations [23],
to circumvent the challenge of mathematical representation and efficiently deliver the
conceptualizations of QP. Such formalism allows representing much of the contents of
Table 3, such as the principles of superposition, measurement, and collapse of the wave
function of a few state systems (spin half and one).

An expression such as |ψ〉 = 1
2 | ↑〉 −

√
3

2 | ↓〉 denotes the superposition of spin states;
it represents a superposition state of several eigenstates and the simplest wave function of
two states. It indicates the amplitudes allowing the calculation of probabilities to emerge in
a measurement as well as the relative minus sign, which distinguishes this superposition
state from another state with identical probabilities. That is, writing the state in such a
way allows one to visualize the content often hidden in a complex mathematical form
that normally prevents any computational context in high school. In our class, it enabled
students to consider numerical problems requiring a simple calculation of probabilities and
to deal with important cases involving spin or polarization.

5. Coda and Future Research

In this study, we discussed teaching QP in high school within the new educational
paradigm of discipline-culture. In particular, we elaborated on the content of the nucleus—
the core essential principles and concepts of quantum theory as a fundamental physics
theory. We made all of this possible in a form suitable for high-school teaching. Within this
perspective, we interviewed a group of experts, who were university researchers in QP,
and examined how their ideas regarding the nucleus are (and are not) reflected in textbooks
relevant for high-school teaching. We presented the idea of a curriculum structure based on
the three components of the DC structure. Further research should examine the results of
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utilizing the DC approach for teaching and its impact on both the students’ comprehension
of QP and more generally, on their perceptions of the nature of science. Specifically, we
are curious regarding the impact of the quantitative aspect of teaching with the use of
Dirac notation, which seems very promising. Further research should accompany teachers’
training when teaching QP and should elucidate students’ difficulties, as well as determine
the possibility of teaching additional content such as the Schrödinger equation, available in
the same formalism, which was not mentioned as one of the components of the nucleus, but
whose importance (in the body) is understood.
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Abstract: Stimulated by the European project “QTEdu CSA”, within the flagship “Quantum Technolo-
gies”, a community of researchers active in the fields of quantum technologies and physics education
has designed and implemented an extracurricular course on quantum physics concepts and quantum
technologies applications for high school. The course, which featured eight interactive lectures, was
organized online between March and May 2021 and attended by about 250 students from all over
Italy. In this paper, we describe the main tenets and activities of the course. Moreover, we report on
the effectiveness of the course on students’ knowledge of the basic concepts of quantum physics and
students’ views about epistemic aspects and applications of quantum technologies. Results show that
the designed activities were effective in improving students’ knowledge about fundamental aspects
of quantum mechanics and familiarizing them with quantum technology applications.
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1. Introduction

Industrial policies in the EU and US in the past six years have fostered a fast and
increasing interest in quantum mechanics as a pivotal area for the development of future
technological and societal advancements [1]. In particular, quantum mechanics is at the
heart of innovations that include intelligent sensors, networking, communication, com-
puting hardware, algorithms, and other facilitating technologies. Such interest has led to
the launch of far-reaching institutional programs such as the National Quantum Initiative
Act [2,3] in the US and the Quantum Flagship in the EU [4]. However, this interest vividly
clashes with physics education research evidence according to which quantum mechanics
is perceived as a difficult and demanding subject area, whose concepts are considered too
abstract and difficult [5–10]. Many studies also show that students hold a variety of mis-
conceptions in quantum mechanics [11–13] due, for instance, about the need to reconsider
the key concepts of classical physics and to bridge physics and chemistry concepts [14–16].
In this study, we propose to use quantum technologies as a suitable educational context
to introduce foundational aspects of quantum mechanics at the secondary school level.
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Our proposal also builds on recent calls by stakeholders in the EU and US to meet future
demand for a well-trained and aptly prepared workforce to be employed in this promising
industry field [1].

Stimulated by the European project “QTEdu CSA”, active within the Quantum Flagship
program we have designed and implemented an educational path for high school extracurricular
activities on “Quantum Technologies” aimed at introducing basic concepts of quantum physics
in an effective way taking advantage of the context of the second quantum revolution [17].

The activity is the result of the joint efforts of the Italian communities of researchers
active in the fields of quantum technologies and physics education.

1.1. The Use of Quantum Technologies to Introduce Quantum Mechanics

We decided to use the context of quantum technologies to convey the concepts of
quantum mechanics. Our basic assumption is that quantum technologies may reduce the
students’ perceived abstractness of quantum mechanics, which often comes from limited
access to suitable experimental and mathematical literacies.

The basic idea of the educational path is to describe the logic of quantum physics by
establishing a parallelism with the logic circuits of information theory [18–20]. The axioms
of quantum mechanics describe the preparation of a state, its evolution/manipulation, and
its measurement, which can be interpreted as information input, information processing,
and information output, respectively. This parallelism makes it possible to introduce
the fundamental properties of quantum states (superposition and entanglement) and to
introduce the “qubit,” the quantum extension of the classical “bit,” and the elementary
transformation of the qubit in terms of quantum gates. Simulations and descriptions of
experiments with spin and polarization are used to discuss the physical implementation of
qubits. The radical novelty introduced by quantum theory becomes clear from the analysis
of the superposition state, the meaning of probability, and the role of measurement.

1.2. The Educational Path to Quantum Technologies

The activities of our learning path were structured in the following steps: four intro-
ductory lectures (one hour each), an in-depth course of three lectures (one and a half hours
each) on specific aspects of quantum technologies, and a closing lecture (one and a half
hour); see Figure 1.

Figure 1. Overview of the educational path activities.

Going into more detail, in the first lecture, starting with the example of the classical
and quantum coin flip, we introduce the concepts of quantum superposition state (qubit)
and the possible transformations on a single qubit described as logic gates (Figure 2).
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Figure 2. First lecture: the quantum coin flip. Schematics of the quantum coin flip “thought” game
interpreted in terms of state preparation, evolution and measurement. One coin is initially prepared
in a given state (T, i.e., Head here). After a number of flips by either the quantum computer (displayed
as a chip) or the human operator, a measurement is performed (here, yielding C, i.e., Tail).

In the second lecture, we introduce the use of the IBM Q-composer [21] to write and
execute quantum circuits on simulators and real quantum computers (Figure 3).

Figure 3. Second lecture: IBM Q-composer interface for programming quantum computers. Example
of the quantum coin flip circuit executed on a simulator. In the Q-composer interface, |0〉 and |1〉
are the kets representing the computational basis. Center of the graphic interface. Top: the row
of symbols represents a number of quantum logic operators (quantum gates) that can be picked
up to compose the quantum circuit. Middle: below the list of operators is the composed circuit:
here, to the |0〉 state an X-not gate (represented by the plus symbol) is applied, followed by an
Hadamard gate (H symbol) and a measurement operation (gauge symbol). Bottom: representation
of the state vector in terms of probability and in the Bloch sphere representation (left) and of the
measurement probabilities (right). A single measurement yields just one of the possible outcomes
(1 in this case). The left part of the graphical interface shows an output of a repeated measurement
yielding a statistical distribution of the two possible outcomes (in the red circle). The right part of the
interface shows Python code corresponding to the quantum circuit. Credits: IBM Q-composer [21].
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Quantum mechanical applications require measuring the state of the qubits; thus we
introduce the rules of quantum measurement, its epistemological aspects, and its role in the
implementation of quantum algorithms. The lecture is supported by the QuVis simulator
for a series of Stern–Gerlach apparatuses on spin-1/2 particles (Figure 4) [22].

Figure 4. Third lecture: QuVis simulation of Stern–Gerlach experiment. 1000 spins pass through a
z-magnet, after which a measurement is performed detecting 500 of the spins in a spin-down state
(along z). The remaining spin-up states pass through an x-magnet, after which a measurement is
performed detecting half of the spins in a spin-up state (along x). The remaining 250 spins finally
pass through a second z-magnet. The students are then asked (notified by a question mark) what they
do expect would be the outcome of a measurement, after the latter process. sz = −h̄/2 and sz = +h̄/2
define the spin down and up z-components, respectively, and h̄ is the Planck’s reduced constant.

Particular care was paid to describe the role of non-commuting quantum operation
and the need to describe the spin state of the particle as a superposition state.

In the third lecture, we address two-qubit states and gates to introduce the concept
of entanglement, both from the physical and the algorithmic point of view. The IBM
Q-interface is used for the Bell-state circuit.

The relevance of entangled states for quantum technologies is highlighted through the
description of the BBM92 protocol for secure cryptographic key generation (Figure 5) and
the Schrödinger cat paradox.

Figure 5. Third lecture: QuVis simulation of BBM92 cryptographic protocol in the presence of an
eavesdropper. Alice and Bob share a source of entangled spin-1/2 particles and measure through
Z-magnet or X-magnet to obtain a secret key. The eavesdropper Eve measures the spin state of the
transiting qubit toward Bob. Eve cannot measure simultaneously along Z and X and therefore cannot
obtain complete information about the spin state of the intercepted qubit. When Eve resends the
qubit to Bob the spin can be different from the original one; for details, see [23].
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The fourth lecture is devoted to a general recap of the concepts introduced in the first
three lectures to stress the overall rationale and the links among them. A part of the final
lecture introduces the Einstein-Podolsky-Rosen (EPR) paradox and the violation of Bell’s
inequalities (Figure 6) [24].

Figure 6. Fourth lecture: recap of the concepts and discussion of theory interpretations. Screenshots
of the slides used during the lecture. Left: What is a quantum object? Right: concept of properties
(top) and entanglement (bottom).

The second phase of our learning path is devoted to specialized lectures in which
quantum technologies are examined from both physical and technological points of view.
Three different paths were designed: quantum computing, quantum communications,
and quantum mechanics foundations, with the latter organized into the three sub-paths:
polarization; time evolution and the measurement paradox; realism and locality.

Finally, in the last phase, the state of art quantum technologies is from the viewpoint
of their social and economic impact by examining the appearance of the targeted concepts
in the media.

More details on the educational path are included in Appendix A.

1.3. Aims of the Study

This study has a twofold aim: (1) building on the theoretical background described above,
to evaluate whether the designed path helped the students to grasp a basic knowledge of
fundamental quantum physics; (2) building on the potential attractiveness of the quantum
technologies applications, to evaluate whether the designed didactical path improved students’
views about quantum technologies. Thus, we posit the following research questions:

To what extent was the educational path on quantum technologies effective in improv-
ing the students’ knowledge about fundamental quantum mechanics concepts?

To what extent was the educational path on quantum technologies effective in improv-
ing the students’ views about quantum technologies?

36



Physics 2022, 4

2. Methods and Tools

2.1. Instructional Context

The study was carried out in the context of the Italian plan called Paths for Transversal
Competencies and Orientation (PCTO). The PCTO activities are mandatory for students
and include either career orientation or vocational practice.

The PCTO activities on quantum technologies here reported came about as a follow-up
to the outreach conference on the second quantum revolution organized by the European
project QTEdu in November 2020. About 2000 students have registered for the conference
and more than 3800 have viewed it on YouTube so far [25]. The conference aimed at giving
a general introduction to the different quantum technologies that emerged from the first
quantum revolution and are emerging from the second one, avoiding overly technical and
explicit physical and mathematical content. Building on the success of the conference, we
decided to offer Italian high-school teachers and students the opportunity to deepen their
knowledge on the topic.

The activities described in this study were carried out in spring 2021 for a total time of
about 12 h over a time span of two months, in remote distance modality using the Zoom
platform. Lectures were conducted by alternating presentations with simulations and
exercises. Student engagement was stimulated by interactive questions and clickers to
maintain attention and check their understanding of the content.

2.2. Sample

The sample consisted of N = 279 Italian high-school students (females: 24.4%; males:
73.8%; prefer not to say: 1.8%) from 16 different schools distributed across Italy. The course
was restricted to students attending the 12th (N = 101, average age: 18.0 ± 0.4 s.d. (standard
deviation)) and 13th grades (N = 178; average age: 19.0 ± 0.5 s.d.). The great majority (82%)
of the students attended the Liceo Scientifico (mathematically-oriented high school), about
12% attended an applied science course (natural sciences-oriented high school), and about
6% attended a technical school.

2.3. Instruments
2.3.1. Quantum Technologies Inventory (QTI)

For the present study, we developed a short questionnaire (QTI) featuring eight items
on the topics addressed during the educational path. The questionnaire was built on our
prior studies [26–29]. The reason for developing such a new instrument is that none of the
current instruments for evaluating students’ performance in quantum mechanics focuses
on the central concepts addressed in our educational path about quantum technologies.
Table 1 summarizes the concepts and topics addressed in the questionnaire. The complete
questionnaire is reported in Appendix B.

Table 1. The main topics addressed in the quantum technologies inventory (QTI).

Concept Sub-Topic Item

State Bra-Ket Formalism Q3 Q4 Q7
State and eigenstate in

quantum physics Q1 Q2 Q3

Logical gate Q1
Qubit Q3

Superposition Q1 Q7

Measurement Statistical nature of the
measurement Q2 Q6 Q8

Wave function collapse Q7
Entanglement Formalism Q4

measurement on entangled
states Q5

37



Physics 2022, 4

2.3.2. Views about Quantum Technologies (VAQT)

Five elements were used to measure students’ views about quantum, technologies:

1. Assuming to use ideal measuring instruments, in physics I must describe the results of
measurements probabilistically only if I have incomplete information about the system;

2. It is possible for physicists to carefully perform the same experiment and get two very
different results that are both correct;

3. Quantum computers will never work, because it is impossible to build an hardware
that is accurate enough;

4. Scientists say that quantum communication makes it possible to teleport a particle
from one place to another;

5. Scientists say that quantum communication does not make possible the teleportation
of a particle from one place to another, but only the transfer of its characteristics.

The elements 1 and 2 address students’ general epistemic views about quantum me-
chanics, namely ideas about values, assumptions, processes, and formations of knowledge
about quantum mechanics [30]. Elements 3–5 address more specific views about quantum
technologies applications.

2.4. Data Analysis

The QTI items were scored as follows. Correct answers to two items (Q1, Q3) received
2 points, while one option received 1 point. For item Q8, two answer choices received
1 point. Correct answers to the remaining six items received 1 point, while the remaining
options received no credit. The reason for such scoring was that Q1 and Q3 addressed
more complex topics that allowed for a more refined scoring, while Q8 had two correct
answer choices. The total score for the eight items was therefore 10. The five VAQT items
were scored using a 5-point Likert scale.

The QTI was submitted after the teaching activities. The VAQT was submitted before
and after the teaching activities. Pre-post differences in the VAQT items were evaluated
through a t-student test and Cohen’s effect size, d [31].

3. Results

Overall, 176 students responded to the QTI after the didactical path, while 162 com-
pleted the VAQT instrument before and after the out-of-school activities.

The breakdown of the students’ answers to the eight items of the QTI instrument is
given in Table 2. The distribution of the students’ scores is s hown is in Figure 7.

Table 2. Frequencies of N = 176 students’ responses to the QTI. Correct answer choices are in boldface.
See Appendix B for the complete questionnaire.

Answer
Choice

Q1 Q2 Q3 Q4 Q5 Q6 Q7 Q8

A 20% 7% 52% 17% 14% 31% 38% 9%
B 36% 30% 15% 40% 18% 10% 22% 5%
C 39% 53% 18% 16% 15% 23% 11% 32%
D 3% 9% 13% 22% 51% 33% 27% 55%

No answer 1% 1% 2% 4% 3% 3% 2% 1%
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Figure 7. Distribution of students’ scores in the quantum technologies inventory (QTI). See text for details.

The average pre-instruction score in the VAQT items about general epistemic aspects
was 3.04 ±.85 s.d., while the average post-instruction score was 3.40 ± 0.91 s.d. The
difference is statistically significant (t-test t = 4.68, degrees of freedom df = 160, probability
p < 0.001), with a medium effect size (Cohen’s d = 0.37) [31]. The average pre-instruction
score in the VAQT items about quantum technologies applications was 3.43 ± 0.74 s.d.,
while the average post-instruction score was 3.65 ± 0.80 s.d. The difference is statistically
significant (t = 3.35, df = 160, p < 0.001), with a medium effect size (Cohen’s d = 0.26).

To better understand this trend, we divided the sample into four groups according to
their performance and then calculated the effect size of the difference between the post and
pre-test for the VAQT items for each group. Figures 8 and 9 show the average pre-instruction
and post-instruction scores for each group, while Table 3 gives the corresponding Cohen’s d.

Figure 8. Pre-instruction vs. post-instruction average scores of the views about quantum technologies
(VAQT) instrument (general epistemic views) according to the performance in the QTI for four groups
(see Table 3).
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Figure 9. Pre-instruction vs. post-instruction average scores of the VAQT instrument (applications of
quantum technologies) according to the performance in the QTI for four groups (see Table 3).

Table 3. Sample subdivision and pre-post effect size for the views about quantum technologies
(VAQT) instrument according to QT performance score.

Group
QTI

Score
Number of Students

(N = 162)
Cohen’s d

General epistemic views QT applications
G1 0–3 25 0.23 −0.14
G2 4–5 71 0.36 0.22
G3 6–7 56 0.49 0.38
G4 8–10 10 0.54 0.96

4. Discussion and Conclusions

The analysis of the students’ answers to the QTI shows that, on average, the edu-
cational path was useful to familiarize students with fundamental aspects of quantum
mechanics. Considering the fact that this was the first time the students tackled central con-
cepts of quantum theory, the educational path was effective in focusing students’ attention
on the fundamental concepts of quantum mechanics through the parallelism of information
theory. About 40% of the students show a good knowledge of the measurement concept
and of the wave function collapse, as measured by the QTI items. Similarly, on average,
about 45% of the students seem to have grasped the concept of entanglement, which is
not included in the national curriculum. Only about one-third of the students correctly
answered questions about the state and superposition. However, the students found it
difficult to apply formal calculations to states represented as qubits. On such a basis, we
are currently revising our educational path to improve the presentation of the concepts of
state, qubit, and superposition. We also plan to improve the instruments used to assess the
effectiveness of the proposed activities.

From the analysis of the students’ responses to the VAQT, it emerges that, on average,
the proposed path was effective in letting students acquire more informed views about
general epistemic aspects of quantum mechanics and quantum technology applications.
Greater gains, as measured by the Cohen’s d effect size, were shown by the students who
performed better on questions about the fundamental concepts of quantum mechanics.
Such a result suggests a link between the knowledge of quantum physics concepts and in-
formed views about epistemic aspects. However, more research is warranted to investigate
such a relationship in more detail.
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Limitations of the study include the involvement of a small sample and the remote
distance modality of the didactical activities. Results are also limited by the use of instruments
not yet validated. Oral interviews would have improved the reliability of our findings. We plan
to revise both instruments and perform a more rigorous study of their validity and reliability.

Overall, the present study shows that the proposed educational path may be effec-
tive in helping students grasp fundamental quantum concepts, acquire informed views
about how knowledge in quantum mechanics is constructed, and familiarize them with
applications of quantum technologies.

The first implementation of our didactical path is encouraging and may help other
researchers interested in quantum mechanics education to implement similar activities.
While promising, our results also point out that initial motivation toward physics is crucial
to grasping the addressed concepts. This evidence calls for a stricter collaboration with
schoolteachers with the aim to share the key ideas and didactical objectives of the activities.
With this in mind, a second run of PCTO activities was performed in spring 2022 with a very
similar program but with fewer students attending. Data analysis is ongoing. Moreover,
the same approach to quantum physics, more focused on basic concepts, presentation of
axioms, and quantum technologies was adopted by the outreach project “Italian Quantum
Weeks” (2022–2024) [32] devoted to students and the general public.
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Appendix A. Path Description

Appendix A.1. Plenary Introductory Lectures

• Lecture 1 Objective: quantum state, superposition state Content: qubits, Dirac repre-
sentation, role of probability in quantum mechanics

1. Classical and quantum coin-flipping game
2. How to describe a quantum coin: bits and qubits

• Dirac notation
• Superposition states
• Visual representation of qubits (Bloch sphere)

3. Operations on quantum coin: single qubit quantum logic gates

• I, NOT, Z, H

4. Physical examples of qubits

• Single photon after a beam splitter (QuVis, MILQ [33])
• Electronic spin
• Cavity atom
• Superconducting circuits

• Lecture 2 Objective: measurement Content: representation of quantum measures, role
of probability, non-compatible measurements

1. Introduction to IBM Quantum experience
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• again on the logic of H, NOT, Z, X, and exercises on IBMQ
• definition of coefficients of superposition states (probability amplitude),

probability, and measurement

2. Stern–Gerlach experiment

• simulated experiments for sequences of Stern-Gerlach apparatuses per-
formed using QuVis

• discussion on the logical necessity of describing the spin state of the
electron as a superposition state

3. Experiments with QuVis

• difference between mixtures and superposition states
• sequence of three Stern–Gerlach apparatuses

• Lecture 3 Objective: entanglement Content: separable and entangled states,
correlated measurements

1. Introduction

• two-qubit states (basis elements, normalization)
• difference between entangled state and separable state
• measurement of single qubits in many-qubit states
• Bell states: invariance upon basis rotation
• reprise of Stern–Gerlach experiments to discuss the value of reality to be

attributed to the variables

2. IBMQ interlude

• quantum circuit to generate entangled states

3. Application of entanglement

• QuVis: cryptographic protocol BBM92

4. Historical contextualization

• Einstein-Podolsky-Rosen (EPR) paradox (Schrödinger’s cat): locality and realism
• Bell’s inequalities: classical correlations vs entanglement
• QuVis: cryptographic protocol BBM92

• Lecture 4 Objective: synthesis of concepts and formalism Content: axiomatic concep-
tual framework of quantum mechanics, interpretative problems

1. Summary of the concepts discussed in the previous lectures

• highlight the connections among the concepts
• introduce concepts intentionally not mentioned in the lectures but that

the students will encounter in their course of study: uncertainty principle,
wave function, dualism

2. Interpretative problems in quantum mechanics

• EPR paradox
• Bell’s inequalities

Appendix A.2. Specific Paths

• Quantum computing (Figure A1)

Objective: basics of quantum computing
Content: quantum gates, quantum algorithms, teleportation, quantum random walk

42



Physics 2022, 4

Figure A1. Examples from the specific path “Quantum computing”. Screenshots of the slides used
during the lecture. Top: single-qubit gates. Left middle: two-qubit gates. Left bottom: teleportation
protocol. Right-bottom: one step of the mathematical description of the quantum random walk protocol.

• Quantum information (Figure A2)

Objective: basics of quantum information
Content: classical and quantum cryptography, cryptographic protocols, quantum

random number generation for cryptography

Figure A2. Examples from the specific path “Quantum information”. Left: BB84 protocol implemented
on QuVis. Right: example of implementation of a random number generator with single photons.

• Fundamentals: Polarization (Figure A3)

Objective: understand basic principles
Content: state, properties, superposition principle, entanglement
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Figure A3. Examples from the specific path “Fundamentals: Polarization”. Screenshots of the slides
used during the lectures. Top left: summary of the lectures. Top right: examples of polaroid superposi-
tion. Bottom: schematics of the behavior of polarized photons passing through polaroid filters.

• Fundamentals: Measurement Paradox (Figure A4)

Objective: evolution of quantum systems and measurement
Content: the laws of quantum mechanics, logic gates, Schrödinger’s cat

Figure A4. Examples from the specific path “The measurement paradox: Schrödinger’s cat and other
fantastic beasts (and where to find them)”. Before comparing system evolution governed by the
Schrödinger equation and evolution in measurement, students are led to use a PhET simulation in
order to elicit qualitative properties of the former.

• Fundamentals: Realism and Locality (Figure A5)

Objective: discussion of interpretative problems in quantum mechanics
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Content: EPR paradox, hidden variable theories, Bell’s inequalities

Figure A5. Examples from the specific path “Fundamentals: Realism and locality”. Left panel: picto-
rial representation of complementary properties. Right panel: scheme of the EPR paradox experiment
and mathematical description of the entangled state and the values of detection probabilities for
complementary measurements.

Appendix A.3. Final Lecture (Figure A6)

Objective: social and cultural relevance of the second quantum revolution
Content: presentation of the current debate and the implications of the second quan-

tum revolution at national and international levels through newspaper articles and official
documents (e.g., Quantum Manifesto) description of present quantum technologies, de-
scription of new jobs in quantum technologies.

Figure A6. Examples from the final lecture. Screenshots of the slides used during the lecture. Top left:
timeline of quantum computer technology. Top right and bottom-left: examples of newspaper titles
on quantum computers. Bottom-right: image from the website of the Quantum Technology Flagship.
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Appendix B. Quantum-Technologies (QT) Questionnaire

We report in boldface the correct answers (see Table 2). The percentage for each answer
choice is also reported. Note: ‘’NR” denotes ‘’not responded”.

Q1. A quantum state prepared in a |0〉 state undergoes a transformation (logic gate, beam
splitter, magnetic field acting on the spin) but no measurement is made on the system. Will the
resulting state after the transformation (final state) be uniquely determined? (NR = 1%):

(a) Yes. Knowing how the transformation changes the initial state, the final state is
uniquely determined (20%)

(b) No. You could get different states because the transformation might not end up on a
well-defined state |0〉 or |1〉 but on an intermediate state (36%)

(c) No, because I can obtain states with different probability defined by the superposition
coefficients (39%)

(d) Yes, the state remains the same regardless the transformation (3%)

Q2. To “know” the state of a quantum system implies that we are able to predict: (NR = 1%):

(a) the outcome of any measure on the system with certainty (7%)
(b) the outcome of a single measurement of any observable within the limits set by the

uncertainty principle (30%)
(c) the probability of different outcomes of any given measure on the system (53%)
(d) the state a system after any measurement process with certainty (9%)

Q3. A single qubit is on a superposition state |Q〉 = a|0〉 + b|1〉 and no measurement
is performed. That means (NR = 2%):

(a) The state of the single qubit |Q〉 is |0〉 with probability p0 = |a|2 or |1〉 with
probability p1 = |b|2 (52%)

(b) The state of the single qubit |Q〉 is different from both |0〉 and |1〉 (15%)
(c) The state of the single qubit |Q〉 is both |0〉 and |1〉 (18%)
(d) The state of the single qubit |Q〉 oscillates between |0〉 and |1〉 (13%)

Q4. Considering these two-qubit states |Ψ1〉 = 1/
√

2(|0〉|1〉 + |1〉|0〉) and
|Ψ2〉 = 1/

√
2(|0〉|0〉-|1〉|0〉). We can then say that (NR = 4%):

(a) |Ψ1〉 is separable (can be factorized), |Ψ2〉 is entangled (17%)
(b) |Ψ2〉 is separable (can be factorized), |Ψ1〉 is entangled (40%)
(c) Both states are separable (can be factorized) (16%)
(d) Both states are entangled states (22%)

Q5. Consider a system made of two parts A and B (e.g., two electrons and two photons),
that is in an entangled state (e.g., of spin or polarization). Having performed a spin or
polarization measurement on A and noted the result, we can deduce that (NR = 3%):

(a) The same measurement made on system B gives the same result (14%)
(b) The same measurement made on system B gives the opposite result (19%)
(c) We will be able to predict with certainty the outcome of any measurement made on

system B (15%)
(d) We will be able to predict with certainty the outcome of the same measurement made

on system B (51%)

Q6. Consider the following two probabilistic predictions. Prediction 1) In the classic
coin toss, the outcome “head” has probability 1/2 to occur. Prediction 2) The interaction of
a quantum system with a measurement device can only result in two outcomes (e.g., spin
|↓〉 or |↑〉, vertical or horizontal polarization), each with probability 1/2. Why is it that in
both cases the only predictions we are capable of making are probabilistic? (NR = 3%):

(a) In prediction (1), we do not know the initial conditions precisely enough. In prediction
(2) even if the initial conditions are known, the outcome of the interaction is inherently
uncertain. (31%)

(b) In both predictions, we do not know the initial conditions precisely enough (10%)
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(c) In prediction (1), we do not know the initial conditions precisely enough. In prediction
(2) even if the initial conditions are known, we do not know how the interaction works
precisely enough (23%)

(d) To be able to make non-probabilistic predictions, in both cases we would need to have
perfect control of the experiment, which is not currently possible (33%)

Q7. Assume that a spin measurement is made on the electron in the spin state |Ψ〉 =
1/

√
2(| 〉z + |¯〉z) along the Z direction is ↑, i.e., s z = + h/2. What can I say about its spin

along Z before measurement? (NR = 2%):

(a) it had no defined value (38%)
(b) it was ↑ already, but the experimenter didn’t know (22%)
(c) it was zero (11%)
(d) it was ↓ the 50% of the time and ↑ the 50% of the time (27%)

Q8. Regarding the predictability of the outcome of a measurement in quantum
mechanics, which of the following statements is correct? More than one correct answer is
possible (NR = 0.5%):

(a) the outcome of a measurement is always unpredictable (9%)
(b) the outcome of a measurement is always predictable (5%)
(c) the outcome of a measurement is predictable with certainty when the process of

preparation and of measure are related to the same observable of the system (32%)
(d) the outcome of the measurement process is always predictable only in terms of the

probability of outcomes and never with certainty (54%)

References

1. Fox, M.F.; Zwickl, B.M.; Lewandowski, H.J. Preparing for the quantum revolution: What is the role of higher education?
Phys. Rev. Phys. Educ. Res. 2020, 16, 020131. [CrossRef]

2. H.R.6227—National Quantum Initiative Act. Available online: https://www.congress.gov/bill/115th-congress/house-bill/6227
(accessed on 1 September 2022).

3. Raymer, M.G.; Monroe, C. The US National Quantum Initiative. Quant. Sci. Technol. 2019, 4, 020504. [CrossRef]
4. Riedel, M.; Kovacs, M.; Zoller, P.; Mlynek, J.; Calarco, T. Europe’s Quantum Flagship Initiative. Quant. Sci. Technol. 2019, 4, 020501.

[CrossRef]
5. Ayene, M.; Kriek, J.; Damtie, B. Wave-particle duality and uncertainty principle: Phenomenographic categories of description of

tertiary physics students’ depictions. Phys. Rev. ST-PER 2011, 7, 020113. [CrossRef]
6. Ke, J.-L.; Monk, M.; Duschl, R. Learning introductory quantum physics: Sensori-motor experiences and mental models. Int. J. Sci.

Educ. 2005, 27, 1571–1594. [CrossRef]
7. Johnston, I.D.; Crawford, K.; Fletcher, P.R. Student difficulties in learning quantum mechanics. Int. J. Sci. Educ. 1998, 20, 427–446.

[CrossRef]
8. Manilla, K.; Koponen, I.T.; Niskanen, J.A. Building a picture of students’ conceptions of wave- and particle-like properties of

quantum entities. Eur. J. Phys. 2002, 23, 45–53. [CrossRef]
9. Tsaparlis, G.; Papaphotis, G. Quantum-chemical concepts: Are they suitable for secondary students? High-school students’

conceptual difficulties and attempts at conceptual change: The case of basic quantum chemical concepts. Chem. Educ. Res. Pract.
Eur. 2002, 3, 129–144. [CrossRef]

10. Tsaparlis, G.; Papaphotis, G. High-school students’ conceptual difficulties and attempts at conceptual change: The case of basic
quantum chemical concepts. Int. J. Sci. Educ. 2009, 31, 895–930. [CrossRef]

11. Marshman, E.; Singh, C. Framework for understanding the patterns of student difficulties in quantum mechanics. Phys. Rev. ST
Phys. Educ. Res. 2015, 11, 020119. [CrossRef]

12. Krijtenburg-Lewerissa, K.; Pol, H.J.; Brinkman, A.; van Joolingen, W.R. Insights into teaching quantum mechanics in secondary
and lower undergraduate education. Phys. Rev. Phys. Educ. Res. 2017, 13, 010109. [CrossRef]

13. Singh, C.; Marshman, E. Review of student difficulties in upper-level quantum. Phys. Rev. ST Phys. Educ. Res. 2015, 11, 020117.
[CrossRef]

14. Kalkanis, G.; Hadzidaki, P.; Stavrou, D. An instructional model for a radical conceptual change towards quantum mechanics
concepts. Sci. Educ. 2003, 87, 257–280. [CrossRef]

15. Bouchée, T.; de Putter-Smits, L.; Thurlings, M.; Pepin, B. Towards a better understanding of conceptual difficulties in introductory
quantum physics courses. Stud. Sci. Educ. 2022, 58, 183–202. [CrossRef]

16. Stefani, C.; Tsaparlis, G. Students’ levels of explanations, models, and misconceptions in basic quantum chemistry: A phenomeno-
graphic study. J. Res. Sci. Teach. 2009, 46, 520–536. [CrossRef]

47



Physics 2022, 4

17. Satanassi, S. The challenge of Quantum Manifesto for science education: Designing a teaching module on quantum computers
for secondary school students. II Nuovo Cim. 2020, 43, 130. [CrossRef]

18. Mermin, N.D. Quantum Computer Science—An Introduction; Cambridge University Press: Cambridge, UK, 2007. [CrossRef]
19. Satanassi, S.; Fantini, P.; Spada, R.; Levrini, O. Quantum Computing for high school: An approach to interdisciplinary in STEM

for teaching. J. Phys. Conf. Ser. 2019, 1929, 012053. [CrossRef]
20. Satanassi, S.; Ercolessi, E.; Levrini, O. Designing and implementing materials on quantum computing for secondary school

students: The case of teleportation. Phys. Rev. Phys. Educ. Res. 2022, 18, 010122. [CrossRef]
21. IBM Quantum. Available online: https://quantum-computing.ibm.com/ (accessed on 1 September 2022).
22. Sakurai, J.-J.; Napolitano, J. Modern Quantum Mechanics; Cambridge University Press: Cambridge, UK, 2020. [CrossRef]
23. Uncertainty of Spin Measurement Outcomes. Available online: https://www.st-andrews.ac.uk/physics/quvis/simulations_

html5/sims/MeasurementUncertainty/measurement-outcome-uncertainty.html (accessed on 1 September 2020).
24. Bell, J.S. Speakable and Unspeakable in Quantum Mechanics; Cambridge University Press: Cambridge, UK, 2004. [CrossRef]
25. La Seconda Rivoluzione Quantistica: Presente e Futuro Delle Tecnologie Quantistiche. Available online: https://www.youtube.

com/watch?v=_LoWS0MBTu8&t=448s (accessed on 1 September 2022).
26. Michelini, M.; Zuccarini, G. University students’ reasoning on physical information encoded in quantum state at a point in

time. In Proceedings of the 2014 Physics Education Research Conference, Minneapolis, MN, USA, 30–31 July 2014; pp. 187–190.
[CrossRef]

27. Michelini, M.; Stefanel, A. A path to build basic Quantum Mechanics ideas in the context of light polarization and learning
outcomes of secondary students. J. Phys. Conf. Ser. 2021, 1929, 012052. [CrossRef]

28. Scotti di Uccio, U.; Colantonio, A.; Galano, S.; Marzoli, I.; Trani, F.; Testa, I. Design and validation of a two-tier questionnaire on
basic aspects in quantum mechanics. Phys. Rev. Phys. Educ. Res. 2019, 15, 010137. [CrossRef]

29. Zuccarini, G. Analyzing the structure of basic quantum knowledge for instruction. Am. J. Phys. 2020, 88, 385–394. [CrossRef]
30. Chiou, G.-L.; Lee, M.-H.; Tsai, C.-C. High school students’ approaches to learning physics with relationship to epistemic views on

physics and conceptions of learning physics. Res. Sci. Technol. Ed. 2013, 31, 1–15. [CrossRef]
31. Field, A. Discovering Stastitics Using IBM SPSS Statistics; SAGE Publications: London, UK, 2013.
32. Italian Quantum Weeks. Available online: https://www.quantumweeks.it/ (accessed on 1 September 2022).
33. MILQ—Teaching Quantum Physics. Available online: https://www.milq.info/en/ (accessed on 1 September 2022).

48



Article

Key Experiment and Quantum Reasoning

Moritz Waitzmann 1, Kim-Alessandro Weber 2, Susanne Wessnigk 3 and Ruediger Scholz 4,*

1 Institut fuer die Didaktik der Mathematik und Physik, Leibniz Universitaet Hannover,
30167 Hannover, Germany

2 Institut fuer Quantenoptik, Leibniz Universitaet Hannover, 30167 Hannover, Germany
3 QUEST Leibniz Research School, Leibniz Universitaet Hannover, 30167 Hannover, Germany
4 CRC 1227 Designed Quantum States of Matter, Leibniz Universitaet Hannover, 30167 Hannover, Germany
* Correspondence: r.scholz@iqo.uni-hannover.de; Tel.: +49-511-7622850

Abstract: For around five decades, physicists have been experimenting with single quanta such as
single photons. Insofar as the practised ensemble reasoning has become obsolete for the interpretation
of these experiments, the non-classical intrinsic probabilistic nature of quantum theory has gained
increased importance. One of the most important exclusive features of quantum physics is the
undeniable existence of the superposition of states, even for single quantum objects. One known
example of this effect is entanglement. In this paper, two classically contradictory phenomena are
combined to one single experiment. This experiment incontestably shows that a single photon
incident on an optical beam splitter can either be reflected or transmitted. The almost complete
absence of coincident clicks of two photodetectors demonstrates that these two output states are
incompatible. However, when combining these states using two mirrors, we can observe interference
patterns in the counting rate of the single photon detector. The only explanation for this is that the
two incompatible output states are prepared and kept simultaneously—a typical consequence of a
quantum superposition of states. (Semi-)classical physical concepts fail here, and a full quantum
concept is predestined to explain the complementary experimental outcomes for the quantum optical
“non-waves” called single photons. In this paper, we intend to demonstrate that a true quantum
physical key experiment (“true” in the sense that it cannot be explained by any classical physical
concept), when combined with full quantum reasoning (probability, superposition and interference),
influences students’ readiness to use quantum elements for interpretation.

Keywords: physics education; quantum theory; nature of science; scientific literacy; single photon
experiments; quantum reasoning; key experiment

1. Intro: Beyond the Classical Horizon

“Few problems of physics have received more attention in the past than those posed
by the dual wave-particle properties of light. The story of the solution of these problems is
a familiar one. It has culminated in the development of a remarkably versatile quantum
theory of the electromagnetic field. Yet, for reasons which are partly mathematical and
partly, perhaps, the accident of history, very little of the insight of quantum electrodynamics
has been brought to bear on the problems of optics. The statistical properties of photon
beams, for example, have been discussed to date almost exclusively in classical or semi-
classical terms. Such discussions may indeed be informative, but they inevitably leave open
serious questions of self-consistency, and risk overlooking quantum phenomena which
have no classical analogues” [1].

One of the central questions in the context of science education is: how should one
overcome the conceptual barriers of quantum physics? Research shows that even major
support from the quantum mechanical formalism would help only very little in overcoming
these conceptual barriers [2]. Aiming to understand the puzzling quantum phenomena
without converting them into quasi classical phenomena with a hybrid status between the
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quantum and the classical domain is something that requires consistent basic concepts and
proper diction. Educational research shows that a quantum physics course focusing on
an analysis, which is restricted to a limited number of well-considered phenomena and
displays basic and exclusively quantum traits, promotes a deeper conceptual understand-
ing [3].

Some topics from contemporary research on quantum optics are now mandatory
course content for advanced quantum physics courses, while coherent optics and experi-
mental approaches are developed for the undergraduate level [4–8]. Here, we discuss the
impact of a key experiment combined with the rigorous usage of an appropriate argumen-
tation derived from central quantum traits to obtain access to the quantum domain [8].

Interestingly enough, in and of itself, the specific and extremely successful language
for formulating theoretical models in physics is mathematics. At the same time, to be
a physical theory, a mindset has to be set up on a natural idea of the experiments, the
measurements and the objects of nature to which the mathematical constructs refer. The
formalism has to be interpreted upon the background of nature [9]. This vital need usually
produces no problems in classical physics because the physical variables and their tem-
poral development (trajectories in phase space) are manifest. Interpretations in quantum
physics are much more challenging, because the theoretical constructs (quantum state,
probability amplitude, superposition of states, quantum interference) are not just directly
and conceptually connected to the real world of nature.

In a recent paper, Bitzenbauer et al. presented [10]. a new experiment-based quantum
physics course for secondary schools, underlining the strong connection to contemporary
applications of quantum optics in quantum information transfer The authors encourage
the integration of single photon experiments and an interpretation of these experiments
based on quantum theoretical fundamentals of light into the core concept of the course. As
a consequence, one has to accept a significant distancing from Copenhagen-like quantum
mechanics, such as atomic physics and stability of matter based on the discussion of
Schrödinger’s equation as an introductory concept.

As argued in [3], it is promising to minimize the number of axiomatic theoretical quan-
tum features, absolutely necessary for achieving a deeper understanding of the quantum.
Following this idea, we shall restrict ourselves to three basic traits: probability, superposi-
tion and interference (PSI). To allow for multivariant methods of access, we use the Dirac’s
bra-ket notation, complemented by a share of linear algebra formalism, which is adequate
for school, and a geometrical pointer representation to get rid of the algebraic form of
complex numbers directly using the imaginary unit, i2 = −1

The central idea of a conceptual change from classical to specific quantum reasoning is
introduced in Section 2. Here, we present the conversion of the central traits (Wesenszuege)
of quantum physics [3] into an appropriate quantum reasoning and the underlying physical
picture of the photon. Section 3 presents a study which provides empirical evidence of
a substantial interest to physics teachers in true quantum physical experiments without
classical bonds. The results of this study strongly reflect the consequences of this epistemic
requirement on classroom physics and teaching methods. The perspective of the learners
is reflected in Section 4, where the idea of fostering a specific readiness of students for
quantum reasoning as a consequence of the engagement with a quantum physical key
experiment (single photon states interacting with optical beam splitters) is introduced.

A comparative look at the current literature shows a surprising result: Though ed-
ucational research on teaching quantum physics has enjoyed increasing popularity and
revealed numerous (and various) concepts of how to teach quantum physics over the
last 20 or so years, one finds a lack of empirical research into student learning barriers
for teaching strategies intended for a conceptual approach to the quantum domain (for a
comprehensive review, see [11]). The analysis given in [11] shows that the main learning
barrier is the switch from quantum physics to physical reality. The basic idea of the analysis
given in the present contribution is strongly related to the historical judgement that pre-
QED (quantum electrodynamics) models of the photon are anachronistic, only seemingly
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providing a simplification at the expense of deeper understanding [12]. Engagement with
the key experiment thus aims to get rid of misleading dualistic wave-particle models.

Due to pandemic measures, this study was shrunk greatly to an explorative interview
study (a small sample of 36 students and a questionnaire shortened to three questions) to
test the instrument which investigates the impact of the key experiment. Assuming that
the background knowledge of the first-term students is not far from the typical knowledge
of high school graduates, the explorative investigation was conducted with university
physics students.

2. Quantum Reasoning: The Contemporary Model of the Photon

2.1. The Dusk of Dualism

From a contemporary perspective, one should state that interference phenomena of
massive quanta such as electrons are the result of quantum theory based on the Schrödinger’s
equation and deBroglie wavelength, while the interference of light is a matter of classical
Maxwell theory. Switching to the physics of the interaction between light and matter, the
semiclassical theory, which introduces quantized matter and classical light fields, works
remarkable well for a wide range of phenomena (photoelectric effect, Compton effect,
spectroscopy, nonlinear optics, etc.). Subtle phenomena, however, force us to move away
from the classical model of light. Known examples are the almost-zero-time delay between
the emission of photoelectrons and the incident of the light in the photoelectric effect and
the Casimir effect (this is due to vacuum fluctuations of the electromagnetic field) and the
two-photon interference shown by the Hong-Ou-Mandel effect [13,14]. These phenomena
cannot be explained by theories based on classical light.

Since the early days of quantum physics, the puzzling interference phenomena has
led to dualistic hybrid models mixing features of particles and waves of physical items.

Quoting [13]: “Dual conceptions of light, as wave and particle, have co-existed since
antiquity. Quantum mechanics officially sanctions this duality, and puts both concepts on
an equal footing . . . ”

“Equal footing” seems to be a fairly cautious paraphrased way of getting rid of the
dualistic “either–or” and “as-well-as” concepts of light. From this QED point of view,
photons are neither waves nor particles. They are instead an intrinsic quantum optical
entity that obeys the superposition principle. After interacting with an interferometer,
it might be registered by a binary photodetector leading to a “click”. As shown in the
experiment (see Section 3), the accumulation of these detection events finally leads to an
interference-like pattern of the counting rate (i.e., the detection probability). The idea of
“equal footing” may be well suited to developing a mindset of the photon appropriate to
get access to quantum reasoning beyond the classical horizon.

2.2. Conceptual Change to Quantum Reasoning

Today, the application perspective of the second quantum revolution fosters focussing
on the conceptual understanding of quantum physics (e.g., [15]). These requirements
are the background of the development of quantum physics as an often-compulsory part
of upper secondary school curricula [3,16–21]. The move from traditional quantum me-
chanics to conceptual questions of quantum physics made students more attentive for
fundamental differences between the explanations of the physical world and how physical
reality is perceived [22]. Understanding phenomena of the quantum domain concerns the
introduction of somewhat counterintuitive concepts such as probability, uncertainty, and
superposition. A profound change in the mindset and corresponding educational concepts
is needed [23–25]. More recently, some studies and educational proposals have given new
stimuli to the discussion [26].

• Learning physics relies on conceptual understanding. It follows that misleading
preconceptions or unwillingness to change a stable mindset inhibit physics learning.

• Learning quantum physics may be described as a change of reasoning not only scratch-
ing the surface but conceptually changing from classical reasoning to quantum rea-

51



Physics 2022, 4

soning, comparable to the changeover from the semi-classical Bohr’s model to a full
quantum model [27].

• Are there further theoretical approaches to understanding, and why do commonplace
difficulties in quantum physics learning arise?

Some of these questions are touched on by diSessa’s theory of Knowledge in Pieces
(KiP) [28]. This theory describes learning physics as transforming the naïve sense of mech-
anism into a physical one. The term “sense of mechanism” refers to a cognitive heurism
providing explanations for observed phenomena and arguments for the predictions of phe-
nomena or possible events. The backbone of each sense of mechanism is a set of principles
and laws, which have to be identified in the observation. The so-called “phenomenological
primitives” (or “P-prims”) are the superficial version of the physical sense of mechanism
referring to the principles of children’s concept of physics. P-prims are a result of the
straightforward interpretation of the perception of everyday-phenomena. P-prims are
primitive as they are self-explanatory and need no further justification. Thus, P-prims
are strongly bounded to specific contexts, which allows different explanations for similar
physical phenomena to exist [28].

To transform the naïve sense of mechanism into a deeper physical one, the role of p-
prims has to be changed to a necessary set of components of a cognitive heurism to identify
relevant physical laws and principles. For such a changeover of roles, it is necessary to
decontextualize explanations. Decontextualization means that the same physical principles
and laws always explain similar phenomena [28,29]. Because everyday contact with
quantum physics is usually extremely rare, the existence of quantum physical p-prims
are rather unlikely. Perhaps for this reason, learning quantum physics presupposes the
transformation of senses of mechanism, from real-world-principles (such as local reality
and determinism) to quantum principles (such as lost locality), an everlasting internal
probability, a superposition principle and a specific Born’s rule to re-enter the real world.

This paper deals with a role changeover from classical p-primes to a quantum sense
of mechanism. This changeover is thought to be accomplished by decontextualizing a
quantum reasoning based on PSI to explain the prototypical and thoroughly selected
phenomena such as the single photon counter patterns from single photon experiments or
from an electron diffraction tube.

2.3. Components of Quantum Reasoning

Following McNeill and Krajcik [30], three components constitute scientific explanation:

• The claim is an assertion or conclusion which addresses the problem or a phenomenon,
to be explained. Quantum physical phenomena lead to quantum physical claims.

• The evidence supports the claim. It can be a set of scientific data, an observation or
reading material. Thus, the evidence is always part of the real world. To support it,
the evidence has to match the claim, according to the amount and quality of the data.

• The reasoning links claim and evidence, showing, why the evidence can be seen
as supporting the claim, connecting the phenomena with the scientific laws and
principles. Quantum claims need quantum features of reasoning.

Evidence in physics is always backed up by real-world experiments. It thus becomes
understandable that reasoning which links the real-world evidence and phenomena from
the quantum domain has to include a special design. Far from touching the deep logical
questions of reasoning in quantum theory (e.g., [31]), the specific quantum reasoning pro-
posed here turns out to be a mindset consisting of objects and elementary rules bijectively
assigned to central terms of quantum theory (Wesenszuege [32]).

In this sense quantum reasoning is a mindset with the following characteristic features:

• It is designed to be consistent with a rigorously selected list of basic exclusive quantum
theoretical axioms [33].

• It is well-suited to equally footing the features of quantum mechanics (states of massive
quanta) and quantum electrodynamics (states of photons).
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• It links claims from the quantum domain and evidence from the real world.

Specific features of this rational are:

• Probability thinking, where properties of physical systems are completely incorporated
into the quantum states. Principally different from classical physical states quantum
states are just vectors in an abstract vector space. Each vector allows for the calculation
of a probability to detect (or even measure) characteristics of the system. In quantum
physics, we have to think in terms of probabilities derived from quantum states.
One might state that there are no physical variables in quantum physics but solely
probabilities for the assignment of specific values of the variable.

• Superposition thinking focuses on the superposition principle that is a core concept
of quantum theory: The linear combination of quantum states again is a quantum
state. Mathematically a superposition of two quantum states, |ψ1〉 and |ψ2〉, is nothing
but the sum of these state vectors, weighted and phase shifted by specific amplitude
factors, |ψ〉 = c1 · |ψ1〉 + c2 · |ψ2〉. The new quantum state |ψ〉 of the system must
be distinguished from a classical mixture of ensemble states, where probability solely
occurs because our exact knowledge of the components is incomplete. In the quantum
superposition each of the component states is always present. In the weighted sum,
|ψ〉 = c1 · |ψ1〉+ c2 · |ψ2〉, of the substates the coefficients c1 and c2 are closely related
to an internal probability without any connection to the ability of the particular
scientist.

• Interference thinking focusses on the detection of the superposition of states. A polar-
ized spin-up-state |uz〉 of atoms in the Stern-Gerlach apparatus confirms the superposi-
tion of a spin-up-state and a spin-down-state along the x-axis: |uz〉 = (|ux〉+ |dx〉)/

√
2

directly measurable in the experiment. Generally, it is difficult to detect a superposi-
tion of states directly. To demonstrate a state superposition, |ψ〉 = c1 · |ψ1〉+ c2 · |ψ2〉,
we are often forced to resort to demonstrating interference effects. Any phase difference
between c1 · |ψ1〉 and c2 · |ψ2〉, temporally stable during the sampling time of the
detector, may lead to interference patterns. One might say that there is no quantum
interference without the superposition of states and that quantum interference is a
safe indicator of a superposition of quantum states.

See Appendix A for details of the pointer representation of quantum states.

3. Experimental Teaching in Classroom Quantum Physics

3.1. Theoretical Background

Science funding for digitalization and quantum technology (The Quantum Flagship [15])
is one of the most ambitious long-term European Commission research initiatives. The
increasing popularity of quantum physics thus seems unsurprising. Our understanding
of physics evolves hand in hand with advances in our understanding of the interaction
of light and matter, as has been modelled since the 1950s by the modern version of the
quantum electrodynamics. It seems, however, that the physical science of the last 100 years
still represents a small share of classroom physics in German high schools, along with
those in many other countries [10,11]. It looks as though quantum physics curricula
worldwide are locked onto the historical development of quantum physics with some
specific anachronisms (particle-wave-dualism).

The question of how to overcome these shortcomings leads to the corresponding
teacher training requirements as follows.

• Following the major role of experiments in physics education, didactic aspects of
quantum experiments and of science communication should play a substantial role in
physics education [34–36].

• Interpreting quantum theory is a minor part of teachers’ in- or pre-service training.
Conceptual knowledge is often restricted to semiclassical concepts which ignore the
basic concepts of quantum field theory, leading to the notorious problems which arise
from the wave-particle dualism and localization of quanta.
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• There is less information about students’ views on quantum physics when compared
to those of classical physics [37].

• The lack of pre-service teacher training on the educational and experimental efforts of
quantum physics [38] is significant.

• Experiments such as single-photon and two-photon interferometry and current ap-
plications in quantum physics usually go beyond experimental and theoretical high
school expertise.

To face these challenges, systematic training courses for teachers are required, which
go beyond the semiclassical confinements as discussed by [9,39,40]. It is known that the
courses have to comply with the real needs of teachers. First and foremost, the course must
be in accordance with the particular curriculum, which assign quantum phenomena with
single photons to a specific quantum reasoning (Table 1).

Table 1. Typical correspondence between quantum reasoning and quantum phenomena in hight
school textbooks.

Phenomenon Quantum Reasoning

Interference of single photons
Double slit interferometer

Mach-Zehnder-Interferometer

Superposition of states
Born’s rule to determine the probability of an event

Nonlocality of single photon states in the interferometer
Blurring the interference pattern Influence of measurement on system behaviour

Absence of coincidences at the optical beam splitter Complementarity of anticorrelated events

3.2. An Empirical Study

The global aim of the project presented in this Section is to develop and offer a training
course which fits these requirements. Questions such as the following turned out to be
well-suited to structuring the complex research area.

• How do teachers handle the problems which arise from the epistemological clash in
quantum physics at school without experiments?

• How do teachers assess their pre-service education regarding the requirements of
quantum physics at school?

• How can we design a teacher training program that offers university-level experimen-
tal and theoretical backgrounds suited to the real needs of teachers?

A suitable methodological tool for exploring such a complex field of attitudes and
knowledge is the established Delphi-method [41–43]. The Delphi study presented here has
been through three rounds between May 2014 and July 2015 (see Table 2 [43]). The first
round started with N = 84 study participants in mid-2014, the second round with N = 54
at the end of 2014 and the third round with N = 70 in mid-2015. The difference in the
number of participants is mainly explained by nonattendance during the second round
and an increasing attendance in the third. The size of the sample is small; this shortcoming
is compensated for with the high quality of the answers.

Table 2. Details of a Delphi study.

Details of the Design Example Bundled Result

The questionnaire of the first round mainly
consists of open questions

Which topics are challenging for your
students and how do you or what do
you need to master these challenges?

A typical statement: “Due to absence
of experiments in school, most of
principles of quantum physics can
only be believed and memorized.”
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Table 2. Cont.

Details of the Design Example Bundled Result

The goal of the second round is to get access to
the position of each participant to disputable
answers, main attitudes and motivational
topics identified in the first round. The
questions are more focussed in comparison to
round 1, without losing the open character to
permit critical discussions.

Most of principles of quantum physics
can only be believed and memorized
due to absence of experiments. Please
position yourself to the statement above
and describe especially the role of
simulations and animations.

A typical statement: “Simulations
enable the discussion of the principles
of quantum-physics in my class, but
often my students don‘t trust
in simulations.”

The question immediately arising asks for the
generalizability of the positions identified in
the first two rounds. In the third round, critical
opinions and disputes from the previous two
round have been identified. The group of
experts have been asked to rate these on a
5-point Likert-scale

Do you agree (1), . . . , disagree (5)?
My students do not believe in the
results of computer simulations in
quantum physics.

Most of the participants disagree with
the position “My students don‘t trust
in results from simulations.”

Condensing the results of the study into a course specification sheet, a few main
implications for teacher training can be obtained (see Figure 1).

Figure 1. Teachers’ basic needs [43]. The mean value and the standard deviation of the particular
ratings is shown.

• Simulations and real (single-photon) experiments should be used in a mutually sup-
portive manner.

• Focusing on experiments with interpretability does not depend on a formalism which
goes beyond the scope of classroom mathematics.

• There should be an orientation towards principles of quantum reasoning.
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The found results (Figure 1) well reflect the high level of classroom experiments:

3.3. A Quantum Physical Key Experiment

To address the consequences for teachers’ training efforts, we conducted a study based
on an experiment with heralded photons recently proposed for the preuniversity learning
of quantum physics [34]. This experiment demonstrates two classically contradictory
attributes of single photons: incompatibility of the beam splitter output states (absence
of coincidences) and a cos2-dependence of the counting rate on the position of one of the
mirrors in an interferometer set up (interference-like pattern of the counting rate). This
emergence of maxima or minima of the measured photon counting rates (see Figure 2b) by
changing the position of the mirror is quantum theoretically assigned to the difference of
the phases of the substates of a state superposition: quantum interference.

(a) (b)

Figure 2. The number of coincident clicks of the detectors D3 and D4; (a) the setup (the blue square
indicates the beam splitter, encircled numbers are assigned to the beam splitter modes; red lines
indicate the direction of propagation of the light) and (b) experimental results: the mean value of
1000 measurements 〈α〉 << 1; the shaded area indicates the standard error. P denotes the probability
of a detector click.

3.3.1. Part I: Specificities of Single Photon States

Consider the first part of the key experiment with single photon states (Fock states with
n = 1) as the input of the beam splitter (Figure 2a). There are now two potential outcomes.

1. In any case, light behaves like classical electromagnetic fields and, therefore, the
amplitude of the single-photon field (whatever that might be) will also just be split
at the beam splitter. Depending on the physical properties of the light used in the
experiment, clicks of D3 and D4 are more or less independent, the coincidences more
or less accidental. For the joint probability of coincidences compared to the product
of the marginals one finds P(D3 & D4) ≥ P(D3) × P(D4) [43].

2. The single-photon states of the light are made up of breakable particles. These
particles behave like classical ones, and thus may burst, meaning that we have a finite
probability 0<< P(D3 & D4) ≤ P(D3) × P(D4) for coincident clicks.

Instead of the probability P(D3 & D4) itself, the ratio α = P(D3 & D4)/[(P(D3) × P(D4)]
is shown. Classical fields (case (A)) would produce α ≥ 1. Breakable particles (Case (B))
would lead to 0 << α < 1. Figure 2b shows what happens instead. As can be seen, α and
thus the mean value of the probability of coincidences is much smaller than expected from
classical theories. The probability of coincident clicks from detector D3 and D4 almost
vanishes and therefore too the probability of a splitting of the single photon state by the
beam splitter.
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3.3.2. Part II: Quantum Superposition

The interferometer setup is shown in Figure 3a. Again, the single photon state is
the incident state of a beam splitter. Now however two mirrors are added (as shown in
Figure 2a). After an argumentation based on inseparable single-photon-states, classical
probability theory ignoring substates and their phases would lead to a constant probability,
while the equally shared characteristic of the beam splitter would yield equal probabilities
of 0.5 for D2 clicking and for the possibility of the light being reflected back into the source,
not dependent on the mirror’s position.

(a) (b)

Figure 3. The number of single photon clicks of detector D2; quantum interference: a displacement
of the mirror M1 produces a periodic variation of the counting rate even in the case of single photon
states; visibility V = 93%; (a) the setup and (b) experimental results.

The experimental result is completely different. Depending on the position of mirror
M1 the number of output counts changes. Periodically alternating, the light reaches D2 or
is reflected back into the source (the latter is not shown here). This pattern is interpretable
as an interference (Figure 3b). There is no classical physical explanation because there is
neither an electromagnetic wave to produce interference fringes nor more than one photon
to allow for some inter-photonic interaction. Quantum theory, however, is well suited to
solving this conflict. The quantum interference phenomenon shown here experimentally is
a consequence of the superposition of two quantum sub-states, one of them the result of a
transmission process, the other state corresponding to the reflection. The superposition
state leads to interference fringes in the final probability.

Combining both experiments, a puzzling situation concerning the concurrence comple-
mentary phenomena occurs: The bare beam splitter itself shows a lack of the coincidences
one would expect for unbreakable radiation elements. With mirrors added, the experiment
shows an interference-like dependency on counting rates with the same beam splitter. A
nonlocal interpretation (including the complete interferometer), based on quantum theory
resolves the conflict, implying that this combination experiment possibly acts as a “door
opener” to the quantum world. The quantum theoretical interpretation.

• does not concern the splitting of anything by beam splitters,
• does not concern paths of quanta,
• tells us everything about the probabilities of detection eventualities,
• makes use of the superposition principle together with Born’s rule to explain quantum

interference,
• allows us to find the quantum state prepared by a beam splitter as a nonlocal superpo-

sition of single photon substates, and
• encourages us to rename beam splitters “quantum state preparators”.
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The key experiment might help to satisfy physics teachers’ needs, if they are looking
for real experiments which demonstrate true quantum physics which well demonstrate the
failure of classical theory.

4. Impact of a Key Experiment on Quantum Reasoning

4.1. Research Goal

As has just been pointed out, the key experiment can be explained by using the
basic components of quantum physical reasoning PSI. On the other hand, conducting and
discussing the two parts of the experiment separately and independently risks stabilizing
the well-established and attractive semiclassical wave–particle dualism. Closely combining
these experiments, the wave-particle dualism does not well explain the concurrence of
photon anti-correlation and interference in a single experiment. The experiment thus
might function as a door opener to the quantum domain, motivating the development of a
quantum reasoning which relies on PSI [8,9].

Closely related to the present contribution recent studies have reported on approaches
to quantum physics that rely on student insights into the general relevance of quantum
technology for everyday life [44]; that rely on the analysis of typical patterns of student
difficulties in modern quantum physics in schools [45]; and that rely on a specific model of
a learner’s way of understanding quantum physics [46]. While real quantum experiments
with single quanta have been available for many years, they are still not yet practicable in
schools [34,47]. It therefore comes as no surprise that (at least to our knowledge) the impact
of quantum key experiments on learning about quantum physics remains unknown. To
obtain greater insight into the experiment’s impact on students’ readiness to use quantum
terms in their interpretation of the experiment, it would be of interest to investigate.

3. in which regard the students’ lines of argumentation move from classical reasoning
(either-or) or a semiclassical dualism (as-well-as) to quantum reasoning (PSI);

4. which types of specific (quantum) reasoning (PSI; neither-nor) can be found for the
explanation of quantum phenomena such as the key experiment after students had
engaged with the key experiment.

4.2. Method and Sample

Unfortunately, due to the pandemic measures, it was not possible to get in touch with
high school students. As a preliminary step, in order to test the pool of items and to see
whether the idea functions in principle, a reserve sample was used.

For this purpose, 80 physics students (first term at university) in a one-group, pre-
design and post-design were engaged with the key experiment. To gain empirical access to
the experiment’s influence on student reasoning, the empirical construct “use of quantum
reasoning” was improved as explained above (usage of the PSI-line of argumentation)
and a mixed-format test and an additional semi-structured interviews with a subgroup of
36 students were used. These interviews focussed on student reasoning for the explanation
of classical contradictory phenomena of the key experiment. The findings are the topic of
this section.

The interviews with a mean duration of 14.3 min (pre) and 12.0 min (post); standard
deviation, SD = 3 min in both cases, were digitally conducted and recorded via an anony-
mous video conference. An interview guide with three tasks was developed in order to
provide a basic structure; the guidelines were prepared according to [48] (see Table 3):

• Task 1: Basic understanding and description of the term photon.
• Task 2: The explanation of the absence of coincidences in the experiment with the

naked beam-splitter.
• Task 3: The explanation of the counter pattern in the interferometer set up.

To visualise the key experiment, appropriate figures were provided in Tasks 2 and 3,
displaying the absence of coincidences at the beam-splitter and the counter pattern with
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mirrors added. For students who were unable to answer the questions potential answers
are made available, taking into account known misconceptions and appropriate responses.

As taken up in in the conclusion, the interview setup, separating the two components of
the experiment into two tasks, was at risk of stabilizing the concept of the classical particle.

Table 3. Guidelines for the interviews.

Question Hints and Instructions Additional Material

Task 1
In this interview I would
like to talk with you about
the photon and its
behaviour. Please describe
your understanding of
the photon.
Explain: What is
youconception of photons?

What is your conception of particles/waves?

Answer options:
A photon is an undividable energy quantum of the
light field:
1. a light particle, which is moved by the enveloping
light wave. Depending on the experimental setup,
the behaviour of the photon or the light wave occurs
(the classical either–or argument).
2. existing as wave and particle concurrently.
Depending on the experimental setup, it occurs as a
wave or as a particle (the dualistic argument).
3. neither a particle nor a wave, but it behaves
sometimes similar to a wave or a particle (the
quantum neither–nor argument).

Task 2
Single photons interacting
with a beam splitter:
Report the results of the
experiment.
Explain the results

Hints regarding relative frequency of events:
What’s about features of particles?
How does the result fits in with your concept
of photons?
What can be said about the state of the light
at the output of the beam splitter?
Try to give an explanation in terms of two
different output modes of the beam splitter

Task 3
Single photons interacting
with the Michelson
interferometer:
Report the results of the
experiment
Explain the results

Questioning the impact of the mirrors:
What’s about features of waves?
How does the result fits in with your concept
of photons?
What can be said about the state of the light
at the screen?
Try to give an explanation in terms of the
superposition two different output modes of
the beam splitter.

Following Ref. [49], students’ conceptions can essentially be placed into three categories:
classical, dualistic and quasi-quantum physical and assigned to each task. Table 3 lists the
questions of the interview guide translated from German and drastically shortened. For a
detailed version, see Ref. [26]. The interview study was conducted in German. Semantic
deviations from the original questionary due to the translation may have been unavoidable.

To evaluate the coherence of the student responses, the students were advised to link
the results from Task 2 and Task 3 to the results from prior tasks.

4.3. Analysis

The interviews recorded were transcribed and subsequently paraphrased, thus re-
ducing the number of utterances to the relevant aspects (i.e., a student’s reasoning for
the explanation of quantum phenomena). To analyse the students’ responses, the method
of structuring qualitative content analysis [50] was used, because it allows us to identify
and conceptualise contend-related aspects in the material. Based on this conceptualiza-
tion, the method allows for a systematic description of the material with respect to these
content-related aspects [51]. The use of a deductively-inductively derived coding system is
the method of choice for this analysis. To create this system a basic set of categories was
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obtained from the literature and enriched with sub-categories derived from an analysis of
the interviews [50]. As basic categories, classical, dualistic and quasi-quantum categories
were chosen.

In this way it was possible to assign the students’ responses to categories even if they
were given in more complex response patterns (see Table 4). To illustrate this process let us
give an example for a typical dualistic reasoning:

Table 4. Categorial system used to analyse the interview data; the first column refers to the three
basic tasks, the second and third columns show main categories and subcategories derived from
paraphrasing the individual responses, paraphrases are described in the fourth column, the last
column gives an example.

Main
Category

Subcategory Description Example

D
es

cr
ib

e
th

e
te

rm
ph

ot
on

Classical The photon is described as classical
particle or is associated with the
properties of a classical particle

Photons are light particles, energy packages of
electromagnetic radiation.

Photons are portions of light (h × f), which can be
modelled in different ways, but mainly it is modelled
as classical particle.

Dualistic Dualistic description of photons:
Hybrids of waves and particles, like
for example: a wave-particle, a
particle with wave properties,
complementary behaviour
of photons

Light is composed of photons, which are waves as
well as particles. Depending on the experiment one
gets the one or the other.

A photon is something small, which is a wave (wavy
path) as well as a particle (straight direction of
propagation). The experimental setup decides which
property of a photon can be observed.

Quasi-
Quantum

An object which has wave like and
particle like properties, but is neither
a wave nor a particle; Attribution of
probabilistic behaviour/
probability amplitudes

A photon is an object which has properties of a wave
and a particle, but is neither a wave nor a particle.

A photon is a small energy package, which can’t be
described by classical physics. It can be described by
using probability amplitudes

Other Cannot be categorized Photons are positive charged particles, which work
as a current of light

O
pt

ic
al

be
am

sp
lit

te
r

Particle Explanation of the experimental
results by using particle-based
reasoning

Classical Using properties of a classical
particle (e.g., realistic arguments)

In this experiment a single photon can’t be divided
into two halves, because it can be at only one single
position.

At an optical beam-splitter, photons were reflected or
transmitted with a probability of 50%, depending of
the amplitude of the transporting wave. Due to
particle properties, the photon can’t be divided.

With a probability of 50% photons were reflected or
transmitted, but they will never be divided, because
the photon has to choose one path. It cannot be said
anything about wave or particle properties.

Dualistic Due to the experimental setup, the
photons occur as particles.

Because the experimental setup allows to measure
the photon’s location it demonstrates
particle behaviour.
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Table 4. Cont.

Main
Category

Subcategory Description Example

Quasi-
Quantum

Photons behave like particles, but
they are no particles

Due to the particle characteristics, the photon can’t be
divided into halves like a wave. Thus, we get
“either-or”-results.

Energy
Quantum

Explaining the results by the
indivisibility of the photon’s energy.

With a probability of 50% single photons will be
transmitted or reflected at the optical beam-splitter,
but neither divided in two halves, because they are
indivisible energy quanta. The photon decides
whether to be reflected or transmitted in
probabilistic ways.

Probability The experimental results will be
explained by using a
probabilistic reasoning.

Non-
localisation

The experimental results need a
probabilistic explanation, because
the photon position is not
determined until the
photon’s detection.

The path taken by the photon, is unknown until the
photon’s detection. However, the detection is
arbitrary, with a probability of 50%.

Single photons will be reflected or transmitted with a
probability of 50%, but neither divided into two
halves. This looks like a particle property, but the
behaviour can only be described by probability
amplitudes. Until the photon’s detections it is not
determined whether the photon is reflected
or transmitted.

(Non-
localisation
+ superposi-
tion

Explaining the experimental results
by describing the final state as a
superposition of the substates
reflected and transmitted.

Photons will be reflected or transmitted with a
probability of 50%. Until the photon’s detection the
photon’s path is not determined, but it can be
described as a probability amplitude. By detecting
the photon, the superposition of probability
amplitudes will be destroyed.

Choice A provided explanation is chosen by
the student.

Choose Explanation1, because the photons show up
as indivisibleenergy quanta.

Other The explanation cannot be sorted
into one of the categories.

No explanation, but the photons are
distributed randomly.

In
te

rf
er

om
et

er

Wave
interference

Explaining the results like the
interference of waves.

Wave char-
acteristics

Due to the wave characteristics of
photons, the interference occurs.

Interference can be observed in this experiment,
because of the wave characteristics of photons. By
moving the mirror, a difference in the path length is
realized. Particle characteristics would lead to a
constant number of counts.
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Table 4. Cont.

Main
Category

Subcategory Description Example

Dualism The photon shows up as a wave/the
experimental setup determines the
photon as a wave

Intensity minima and maxima can be observed
because of the interference. Due to the superposition
of wave and particle, unbreakable particles show up
as waves in this experiment, because the experiment
demonstrates the interference as a classical
wave property.

The diagram shows a sinusoidal click distribution,
because the wave properties are observed in this
experiment. Thus, the photon cannot be regarded as
a particle/localized object. It is in a subordinated
state. Depending on the superposition of the
amplitudes, constructive or destructive interference
can be observed. It becomes understandable, how the
photon’s properties are determined by the
experimental setup.

Probability
interference

The observed interference is a
probability interference.

Non-
localisation

A probability interference is
observed, because the photon’s
position cannot be determined.

→ Basic probabilistic reasoning

In this experiment constructive and destructive
interference can be observed, because reflected or
transmitted photon 50% probability is reflected on
the beam-splitter again, by the mirrors. Thus, it is
impossible to determine whether the photon is
reflected or transmitted and probabilities will
interfere. This experiment demonstrates a
wave characteristic.

Superposition
of
probability
amplitudes

The photon must be described by
probability amplitudes and the
superposition of the probability
amplitudes causes the interference.

→ Advanced probabilistic reasoning

In this experiment the probability amplitudes of the
both, possible paths the photon could take, are
superimposed. By moving the mirror, a difference in
the paths is realized and the inference pattern
changes from constructive to destructive interference
of the probability. Thus, a wave characteristic is
attributed to the photon.

In this experiment constructive and destructive
interference can be observed, because the probability
distributions of the both possibilities interfere. For
each possibility, reflection or transmission, a
probability distribution exists, which can be regarded
as waves in the arms of the interferometer. Thus, by
moving the mirror a phase difference is created.

Wave
behaviour

The experiment demonstrates the
photon’s wave properties but
no interference

More or less photons are detected, because
depending on the distance between mirror and
beam-splitter more or less photons can be registered.
This must be the wave property, because a particle
will be detected with a property of 50%.

Other The explanation cannot be
categorized.

Not an explanation, but the chose option 2 or 3. The
experiment allows no opportunity to talk about the
indivisibility, because it can’t be measured whether
the photon is reflected or transmitted. And the
energy of the photon changes by increasing the
distance between beam-splitter and mirror, due to
air friction.
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Table 4. Cont.

Main
Category

Subcategory Description Example

No
explanation

Student choose an option without
any further explanation.

This interview can be paraphrased: Photons are light particles, transporting and
releasing energy (energy quanta). However, they are also electromagnetic waves and have
characteristics of waves.

This type of content-related analysis always risks subjective rating, leading to reliability
issues of the results. To adhere to due diligence obligations, we checked the categorization
by two independent raters. Due two different priorities (single statements vs. more
complex patterns) we found Cohen’s kappa [50] M(κ) = 0.6/SD(κ) = 0.2, mean valued over
all three tasks/pre and post. After clarifying the reason for the discrepancy, we reached full
interrater agreement. A piloting test of the questionnaire ensured the students ability to
understand the technical language and to edit the questionnaire.

Student: Eh, I see the photon as a tiny particle which transports a portion of energy as a light 
quantum, thus, a particle, energy and it is also an electromagnetic wave which has particle properties. 

Interviewer: Ok, now you have mentioned three different aspects. I want to take a closer look 
at them. You said, photons are something like particles, did not you? 

S: Yes 
I: Please explain what it means to you. 
S: As I already explained, (they are) portions of energy, light as a particle. Light may be presented 

as a particle, able to release energy just like a particle. e.g., as in the case of the photoelectric effect, where 
the light particles transfer their energy to the metallic plate and the electron will be emitted. 

I: Ok, as a second aspect you mentioned light quanta and as a third aspect you mentioned 
electromagnetic waves. How would you further specify these aspects? 

S: Ehm, light as an electromagnetic wave has wave properties, like for example diffraction on 
surfaces or slits or light refraction. 

I: If I understood you correctly, light has properties of waves as well as properties of particles? 
S: Yes, that is what think about it. 
I: Please try to go into greater detail. 
S: Do you mean the wave-particle dualism of light, that it can be both, particle and wave. 
I: It is irrelevant what I am thinking about it. I just try to find out what you think about it (laughing). 
S (laughing): I think there is a duality and light have both features, features of particles and 

waves as well. 
I: Simultaneously? 
S: Yes, simultaneously. 

4.4. Results
4.4.1. Description of a Photon

During the “pre”-status, more than half of the students describe a photon as a dualistic
wave-particle-hybrid (Figure 4): Photons are light particles, which transport and emit
energy. However, they are also concurrently electromagnetic waves.

37% of the students described a photon in a quasi-quantum physical way: Photons are
small bundles of energy, which cannot be well categorised as waves or particles. Depending
on the situation they show wave or particle behaviour.

9% of the students described a photon as a classical particle. A wavy behaviour
emerged as a feature of larger samples: Light is composed of photons, which are portions of
energy. The photons are considered as particles. However, a bunch of photons will behave
like a wave. Depending on the experimental situation I’m observing the characteristics of
the wave or of the particles.

For the post-interviews an increase in the quasi-quantum physical description (53%)
and a decrease in the dualistic description (33%) could be recognized. The classical de-
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scription of a photon has been stabilized; we found an increase for the classic position
(+2 people/5%).

 
Figure 4. Students‘ understanding of a photon, before (“pre”) and after (“post”) they were engaged
with the experiment.

4.4.2. Beam-Splitter Experiment

For the beam-splitter experiment (Figure 5), one can see that in the pre-interviews, 50%
of the students preferred a particle argument, in which students talk about classical particle,
dualistic particle occurrence or something like a particle behaviour of a rather obscure
object; 25% came up with a probability argument, such as: Photons are indivisible energy
quanta, for which only probability distributions can be formulated behind the beam-splitter.
Only the measurement will lead to a certain result.

 
Figure 5. Students’ reasoning for the explanation of the beam-splitter experiment, before (“pre”) and
after (“post”) they were engaged with the experiment.

One student used the principle of superposition (subcategory of probability arguments).
A group of 14% used energy quantization as an argument to explain the results, such

as: Photons will be reflected or transmitted with a probability of 50% and will produce a
click in one of the detectors, with a certain probability. The photons do not hit both of the
detectors, because they are indivisible energy quanta.

A group of 11% cannot be assigned to any category, because either the argumentation
was entirely wrong (like one person who mixed-up photons and protons).

For the post interviews, a slight decrease in the probability arguments (−1 person
using superposition) and a significant reduction in the non-categorizable paraphrase can
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be seen, while there is no change in arguments with quantized energy. Here, we find a
visible increase in the particle position to 58% (+3 persons).

To get deeper insight into the different particle arguments, Figure 6 shows the distri-
bution in classical, dualistic and quasi-quantum physical particle arguments in absolute
numbers. In the pre-interviews four people used a classical particle argument: Photons
will be reflected or transmitted with the same probability (50%).

 
Figure 6. Particle arguments in detail (left) before the students were engaged with the experiment
and (right): after the students were engaged with the experiment. The absolute numbers of the
students are indicated.

This fosters the idea of photons as localized hard particles: Because particles could only be
at one point at the same time, waves, however, could be transmitted and reflected concurrently.

Additionally, eight people used a quasi-quantum particle argument: The experiments
demonstrate the elementary particle character of a photon. This is fostered by the inseparability.

Six persons used a dualistic argument: The photons will either be completely reflected
or transmitted, but not divided into halves, because then photons occur as particles, which
can only be completely reflected or transmitted.

For the post-interviews, an increase in classical particle arguments (+4 persons) and
the number of dualistic-particle arguments (+1 person) can be seen, while the number of
quasi-quantum-particle arguments decreased (−2 persons).

4.4.3. Michelson Interferometer

For the Michelson interferometer, one can see that 42% of the students who use wave
arguments for their explanation (which can be specified as 53% of the group), say photons
behave like waves due to a basic wavy character (Figure 7):

 
Figure 7. Students’ reasoning for the explanation of single photon interference.
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Destructive and constructive interference can be observed in this experiment, due to
the wave character of photons. Moving the mirror produces a phase difference. A particle
character, however, would produce a constant rate of counts.

A total of 47% use a dualistic reasoning: Constructive and destructive interference can
be measured, because the experimental setup does not allow us to measure whether the
photon is reflected or transmitted. The wave character therefore occurs. By moving the
mirror, the waves were displaced against each other and as a result the detector measures
the photon’s wave.

A quarter of the students used probability arguments, while half of the group has
already used the principle of superposition: In this experiment the wave behaviour of
photons is demonstrated. Against classical waves, however, photons are not divided into
two halves at the optical beam-splitter, but there is a superposition of all the possible paths
a photon could take to the detector. Moving the mirror now produces a phase difference in
the superposition and a single photon cannot be detected. Thus, more photons are need.

Nevertheless, 13 persons/33% of the students do not recognize an interference pattern,
though at least 3% argued, that the result must be a wave behaviour: The experiment
demonstrates the wave character of photons, because depending on the mirror’s position,
more or fewer photons will be detected. Due to the photon’s position on the light wave,
the reflexivity of the beam-splitter will change.

When analysing the post interviews, it can be seen that the amount of non-categorized
paraphrases (19%) and wave arguments decreases (28%), while probability arguments
increase (53%). Going into further details, it can be seen that 76% of these students used
the superposition of probability amplitudes for their explanation. Nevertheless, 19% of the
students interviewed did not recognize the interference pattern, although they analysed it
in the key experiment.

4.5. Conclusions

The analysis of the interviews shows that engaging students with the key experiment
seems to challenge dualistic conceptions/reasoning. For the photon description, an increase
in quasi-quantum physical descriptions and a decrease in dualistic descriptions can be seen.
Nearly the same can be recognized for the explanation of the interference.

By contrast an increase in a classical particle conception and reasoning can also be
observed. The beam-splitter part of the key experiment seems to foster particular classical
reasoning. Here, an increase in classical particle arguments can be seen (+4 persons),
while the use of the principle of superposition is slightly increasing (+3 persons). It can
therefore be concluded that the students did not understand the idea of superposition. This
conclusion is fostered by the explanation of the interference. Here, 39% of the students
explained it by using the superposition of probability amplitudes (~6% in pre-design). It
can thus be concluded that the students deem superposition necessary only in the context
of interference, but not as a fundamental principle for the explanation. A deficiency in the
organisation of the interview study may additionally support this result. Due to the fact
that the two parts of the experiment could not be presented as a closed unit, the particle
concept has been supported.

4.6. Limitations

The analysis of the interviews gave valuable insights into the key experiment’s impact
on the change in rationales for the interpretations of a quantum phenomenon, uncovering
the possible need for change of the concept and the organisation of the study. Some
limitations of the study should be underlined.

• The size and composition of the sample of the present test are not satisfactory for
obtaining robust results which answer the research questions. However, we received
strong suggestions regarding a redesign of the questionnaire (items concerning the
argumentation with the superposition of states must be improved).
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• Perhaps the most important limitation is the design of this study. Because of the
missing control group, the observed effect cannot be attributed to the treatment with-
out uncertainty. Thus, only evidence-based suppositions about the key experiment’s
impact on students learning quantum reasoning can be derived [52]. On the other
hand, one group designed studies seem to be suitable for gathering fruitful hypotheses
about a treatment’s effect and can therefore be starting points for subsequent studies
(see, e.g., [53]).

• Due to pandemic conditions requiring social distancing, the students had no chance
to really engage with the experiment. Instead, they were reliant on a digital version
of the set up. It is to be expected that the impact of the experiment was drastically
lowered due to this shortcoming. For this reason, its comparability with other studies
is assumed to be quite limited and thus omitted in the present paper.

• Finally, the sustainability of the effect can be assumed to be low, due to the singularity
and shortness of the intervention (length ~4 h). However, the aim was to get insights
into the experiment’s effect on learning quantum reasoning. Based on these results,
implications can be made for teaching strategies based on key experiments, especially
for gaining a more sustainable effect. More research in this field is necessary.

5. Discussion

Quoting [54]: “The universe revealed by modern research on the foundations of
quantum mechanics is a strange and wonderful place . . . As a matter of fact, our suspicion
is that this [how to explaining it, Author 4] will prove to be impossible. For surely, to
explain something is to reduce it to what is already known. But it may turn out that we will
never be able to reduce the quantum universe to our customary ways of thinking. Perhaps
we will have to adjust our ways of thinking to it. Perhaps years from now, people will think
in new and unfamiliar ways, ways in which the quantum universe is no longer a challenge,
but rather simple everyday reality.”

In this paper, we present a rigorous formulated concept for an access to fundamentals
of basic quantum phenomena. The argumentation solely relies on a quantum reasoning di-
rectly corresponding to a contemporary quantum traits approach to quantum physics [10]:
probability, superposition and interference. The mathematics could be restricted to sec-
ondary school linear algebra and a straightforward pointer representation for the addition
and multiplication of complex numbers. Our concept makes no use of classical argumen-
tation and thus might show that there ought to be no resemblance between the classical
and the quantum domain. We were able to show that, if one wants to understand quantum
physics one has to be ready for a lane change [8] and that it is not impossible to make
that change.
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Appendix A. Pointer Algebra of Quantum States

First let us emphasize that our analysis accepts one limitation that is apparent in high
school physics textbooks: The difficile epistemic differences between quantum mechanics
(physics of atoms, molecules, solid state bodies) and quantum field theory (physics of
many body systems, physics of creation and annihilation of quanta) are mainly ignored.
Instead, we have restricted ourselves to an equal footing strategy, relying on a set of basic
theoretical traits similarly valid in any case. As explained in Section 2, we have chosen
the triple probability-superposition-quantum interference. For more details of quantum
theory and a representation of the basic ideas and for the mathematical formalism we refer
to standard quantum physics textbooks [55–57].

Appendix A.1. The Geometrical Interpretation of the Phasor q(φ)

The phasors which occur as q-factor constitute a concept of invaluable importance in
science and technology. Figures A1–A3 picture a geometrical representation of electrical
oscillations by a rotating phasor. Figure A2 demonstrates how to get the usual trigonomet-
rical term from the projection on the abscissa. The electrical field strength of an oscillating
field, E0 × cos ωt, can be derived from two opposite rotating phasors, E+ and E−:

E(t) = E0 · cos ωt =
1
2
(
E+ + E−)

. (A1)

To facilitate the solution of problems in the physics of oscillations and waves, phasors
are used instead of the trigonometrical functions. A generalization of the idea draws
phasors of length |q| = 1 and a phase angle φ (Figure A3), depending on the system
under observation. It is straightforward to deduce calculation rules for q(φ) with |q(φ)| = 1
(e.g., from the definition q(φ) = exp(i φ)) (Table A1).

Figure A1. Phasor representation of an oscillation q·cosωt.
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Figure A2. Phasor representation of an oscillating field.

Figure A3. Generalized phasors.

Table A1. Calculation rules for the phasors q(φ).

Operation q(φ)-algebra

Multiplication of q(φ) (geometrical interpreted as a
pointer rotation) q(ϕ1) · q(ϕ2) = q(ϕ1 + ϕ2); q2(ϕ) = q(2ϕ)

Some special values of q(φ) q(0) = 1, q(π) = −1
The absolute squared value |q(ϕ)|2 = q(ϕ) · q(−ϕ) = q(0) = 1
The values for negative phase angles q(−ϕ) = 1/q(ϕ)

Addition of q(φ) q(ϕ1) + q(ϕ2) = 2 · cos((ϕ1 + ϕ2)/2) · cos((ϕ1 − ϕ2)/2) ⇒
q(ϕ) + q(−ϕ) = 2 cos(ϕ) and q(ϕ)− q(−ϕ) = 2 · q(π/2) · sin(ϕ)

Appendix A.2. Pointers and Quantum States

In the quantum domain the factor q(φ) carries the complete phase information of the
quantum state. As stated above we have q(φ) = exp(i φ) and thus q(φ) can be viewed as
the algebraic version of the pointer representation of exp(i φ) = cosφ + i·sinφ. In this sense
Equation (A1) is close to Feynman’s pointer representation of quantum electrodynamics and
has proven extremely useful for an educational approach to the physics of the interaction
of light and matter [58]. Furthermore, the angle φ makes it possible to give an illustrative
interpretation of the quantum theoretical scattering amplitude of photons by atoms. The
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probability amplitude of detecting the photon by a detector placed at distance d from the
atom and with c as the velocity of light ([55], p. 158):

f (d, t) ∝ exp
[
−iω

(
t − d

c

)]
. (A2)

Here, we demonstrate the application of pointers for our key experiment.

• Quantum states are represented by pointers. Positive real numbers by pointers with
phase 0 (3 o’clock position) negative ones with phase π. Phases between 0 and π

belong to numbers with an imaginary part.
• Here, photons are basic energy quanta populating the energy states of physical systems.

The evolution of the quantum states of photons is modelled by the rotation of the
pointers (Equation (A2)).

• The length of the pointer is a measure of the expected number of clicks of the detection
set up (considered proportional to the number of incident photons); the phase of the
state is identical to the phase angle of the pointer.

• Pointer rules (how to add and multiply them) and the calculation of the area of
the square, sided by the pointer length, transform Born’s rule (see [59]) into the
pointer domain.

• The pointer length corresponds to
√

p. The square area sided by the pointer length
thus gives p, the probability for a de-tector click.

• The algebraic representation of the pointer is given by
√

p · q(ϕ) → pointer(|ψ〉)

Appendix A.3. Counting Single Photons−Coincident Clicks

One of the most important optical components of quantum optics is the optical beam
splitter (Figure A4). Textbooks on quantum optics discuss it widely (see, e.g., [60]). Here,
we underline the “key model perspective”: Optical beam splitters can be understood with
our reduced model and suitable for performing experiments to uncover the quantum
character of single photon states.

Figure A4. The optical beam splitter. |11〉 describes the Fock state at the entrance mode of the beam
splitter. See Figure 2a for more details.

The binary detection scheme is realized, using quite low intensities of light. The binary
detectors will only produce a voltage pulse, a “click” or not. For the analysis one usually
estimates click probabilities from the numbers of clicks detected, Ni. The temporal length
of a total measurement cycle may be denoted by T (e.g., 1 s); Δw (e.g., 5 ns) giving the
temporal width resolving the minimum time between two different clicks (the so-called
coincidence window) and, leading to a maximum number of counts Nmax = T/Δw (e.g.,
2 × 108 counts). From the Laplacian definition we find the counting probabilities:

70



Physics 2022, 4

P3 = N3
Nmax

= N3 · Δwc
T ; P4 = N4

Nmax
= N4 · Δwc

T ; Pc =
Nc

Nmax
= Nc · Δwc

T ⇒
α = Pc

P3·P4
= Nc

N3·N4
Nmax = Nc

N3·N4

(
T

Δwc

)
.

(A3)

where Nc is the number of coincident clicks of detectors D3 and D4. As above we introduced
the ratio α = P(D3 & D4)/[(P(D3) × P(D4)].

Classical light with constant intensity I0 is split into two beams, each carrying half of
the energy (equal probability beam splitter). The detector will thus register I0/2 from the
incident irradiance I0. Let us assume, the probability of a “click” being proportional to the
light intensity (for small intensity) and to the sampling time Δt of the detector:

Pi = ηi · I · Δt, i = 3, 4. (A4)

The probability of the two detectors clicking coincidentally is then given by

Pc = η3η4 · I2 · (Δt)2 ⇒ α =
Pc

P3P4
=

η3η4 · I2 · (Δt)2.
η3 · I · Δt · η4 · I · Δt

= 1. (A5)

Appendix A.4. Single Photons Interacting with Beam Splitters

Experimentally one finds (Figure 2/Section 3) that the probability of coincident clicks
from detector D3 and D4, P(D3 & D4), vanishes and thus the substates are incompatible [8].
Quantum reasoning is now used for an explanation of this result.

Appendix A.4.1. Preparation of the Quantum States

The physical system of a single photon populating the output mode of a beam splitter
can be described by a two-dimensional Hilbert space with the natural basis of a photon
at beam splitter mode 3© and non at the mode 4© (see Figure A4): |13〉 = |13, 04〉 and vice
versa: |14〉 = |03, 14〉. For the transformation between input and output we have to take
into account two different possibilities, transmission and reflection, each with a particular
probability and phase. This gives the recipe for preparing the output state.

The impact of a symmetrical beam splitter is described by one probability coefficient
for the reflection, r =

√
prq(ϕr), and another for the transmission, t =

√
ptq(ϕt), with pr,t

as real probabilities and the phase factors q(φ) taking into account any phase jumps due
to reflection or transmission. The input state is transformed by the beam splitter into a
superposition of the substates {single photon state at beam splitter mode 3©)} and {single
photon state at beam splitter mode 4©)}

|ψin〉 → |ψout〉 = (
√

prq(ϕr) +
√

ptq(ϕt))|13〉+ (
√

ptq(ϕt) +
√

prq(ϕr))|14〉. (A6)

Checking for orthonormality fixes the meaning of pr and pt as probabilities and the values
of the phase jumps. With q(φr – φr) = q(φt – φt) = q(0) =1 we get φr – φt = π/2 [8]. Here, we use
φr = π/2 and φt = 0. Inserting further conditions of an equal probability beam splitter (pr = pt =
0.5) we get the quantum states of the beam splitter experiment (see Table A2).

Figure A5 illustrates this transformation for the single photon incident in mode 1©.
The matrix B̂ symbolizes the transformation by the beam splitter.

Table A2. Preparation of the quantum state at the bare beam splitter. See text and Figure A4
for details.

Operation System State

Input: single photon state at the input mode 1© |ψin〉 = |11, 02〉 = |11〉
Output: a superposition of the output modes

3© and 4© |ψout〉 = 1√
2
(q(π/2)|13〉+ |14〉)
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Figure A5. Pointer representation of output state superposition |ψout〉; the transformation |ψin〉 →
|ψout〉 is mediated by the matrix B̂.

Appendix A.4.2. Detection

The probabilities to find the photon in the output substates |13〉 or |14〉 are given
by [59]:

P(|13〉) = |〈13|ψout〉|2 = 1
2

∣∣q(−π
2
)〈13|13〉+ 〈13|14〉

∣∣2 = 1
2

∣∣q(−π
2
)∣∣2 = 1

2 ,

P(|14〉) = |〈14|ψout〉|2 = 1
2

∣∣q(−π
2
)〈14|13〉+ 〈14|14〉

∣∣2 = 1
2 .

(A7)

The interpretation is straightforward: one finds P(|13〉) + P(|14〉) = 1; the input
photon will be detected from D3 or D4. This explains why coincident counts are not to be
expected. This result, a lack of coincident counts, given by P(D3 & D4) = 0, is shown in
Figure 2b. The result indicates that the source produces single-photon states.

Appendix A.5. Single Photons Interacting with a Michelson Interferometer

In Equation (A7) a phase difference of π/2 is noticeable between the two superposed
states|13〉 and |14〉. A phase difference between superposed substates will lead to interfer-
ence fringes if one removes the spatial/temporal separation of the substates and detecting
both states simultaneously superposed on one detector. Two further mirrors help.

The result is shown in Figure 3: Depending on the position of the mirror M1 one gets
interference fringes. To minimize noise, we measured the number NG2 of coincidence clicks
of detector D2 and a single photon trigger detector DG, thus ensuring that only a single
photon state is incident on the beam splitter (DG is not shown in Figure 3). The visibility of
the interference pattern is convincingly high. Inserting experimental data, for the visibility
we get

V =
NG2(max)− NG2(min)
NG2(max) + NG2(min)

=
3982
4234

= 0.94. (A8)

Appendix A.5.1. Preparation of the Quantum States

The operator procedure demonstrated in Equation (A6) is used here too. Again, the
starting point is a single photon state at mode 1© of the beam splitter. The impact of the
beam splitting is thought to be the same as before. We thus can write down the total
transformation chain for deriving the output state (see Table A3):
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Table A3. Preparation of the quantum state at the interferometer.

Operation System State

Input |ψin〉 = |11〉
Beam splitting 1-step |ψout/1〉 = 1√

2

(
q
(

π
2
)|13〉+ |14〉

)
Phase shift φM due to mirror 1

and mirror 2 |ψout/2〉 = 1√
2

(
q
(

π
2
)
q(ϕM2)|13〉+ q(ϕM1)|14〉

)
Beam splitting 2-step |ψout〉 = 1

2

[
(q(π)q(ϕM2) + q(ϕM1))|11〉+
q
(

π
2
)
(q(ϕM2) + q(ϕM1))|12〉

]
(A9)

Appendix A.5.2. Detection

Again we find the probability to detect photons at mode 1© and mode 2© (see Figure A6)
using Born’s rule,

P(mode (2)) = |〈12|ψout〉|2 =

( ) ( ) ( )( )

( ) ( ) ( )( )

+ +

+

2

3 4 2 1

0

3 4 2 22

1

1 1
1
4 1 1

q q q

q q qπ

π ϕ ϕ

ϕ ϕ
= 1

4 [(q(−ϕ3) + q(−ϕ4))][(q(ϕ3) + q(ϕ4))]

= 1
2 (1 + cos(ϕ3 − ϕ4)) = cos2

(
ϕ3−ϕ4

2

)
,

P(mode (1)) = |〈11|ψout〉|2 = . . . = sin2
(

ϕ3−ϕ4
2

)
.

(A10)

We assume the interferometer is adjusted so that the state evolution between beam
splitter and the mirrors leads to ω × d/c =2π (see Equation (A2)). The displacement of
mirror 1 adds a phase Δφ, thus φ4 = 2π + Δφ:

This results expectedly gives the quantum interference pattern from Figure 3b. Quan-
tum interference means, interference without waves. The experiment demonstrates trans-
parent experimental evidence of the phase sensitivity of the probability amplitudes. The
total probability, summed over the output modes equals one, as it should be. The pointer
representation of Equation (A9) (Figure A6) illustrates this result: Adding the pointers gives
the total quantum state, calculating the square of the pointer length gives the probability.

Figure A6. Pointer representation of single photon interference from a Michelson interferometer the
transformation |ψin〉 → |ψout〉 is mediated by the matrix M̂i.
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Abstract: With quantum physics being a particularly difficult subject to teach because of its contextual
distance from everyday life, the need for multiperspective teaching material arises. Quantum physics
education aims at exploring these methods but often lacks physical models and haptic components.
In this paper, we provide two analog models and corresponding teaching concepts that present
analogies to quantum phenomena for implementation in secondary school and university classrooms:
While the first model focuses on the polarization of single photons and the deduction of reasoning
tools for elementary comprehension of quantum theory, the second model investigates analog Hardy
experiments as an alternative to Bell’s theorem. We show how working with physical models to
compare classical and quantum perspectives has proven helpful for novice learners to grasp the
abstract nature of quantum experiments and discuss our findings as an addition to existing quantum
physics teaching concepts.

Keywords: physics education; quantum theory; quantum technology education; history of physics
in physics education; philosophy of physics in physics education

1. Introduction

Due to its inherently unintuitive nature, quantum theory has been met with disbelief
and partly even resentment since its conception in the early twentieth century. Accordingly,
most physicists have been struggling with overcoming the established concepts of the
deterministic and local worldview—seasoned experts maybe even more so than novice
learners. One of the most known examples is the classic Einstein–Podolsky–Rosen (EPR)
paradox [1]. However, even for younger minds, it is often challenging to accept the results
provided by modern quantum experiments and the implications that arise thereof [2],
even though modern views on quantum physics that emphasize its comprehensibility
and help with the interpretation are now widespread and have found their way into
standard textbooks [3–5]. For that reason, educators have since been trying to enrich
their teaching with thought experiments, mental models, and analogies [6] to allow their
audience to develop an understanding from multiple perspectives. Luckily, with the
growing importance of quantum physics for modern society and industry [7], research
in the field of quantum physics education has progressed to explore a variety of options
bringing advanced topics and methods into secondary school and university classrooms:
quantum computing [8], quantum randomness [9,10], quantum sensing, and new concepts
applying quantum technologies to a changing educational framework [11–14]. Recent
empirical studies play an equally important role in evaluating the overall progress of
the field [7,15,16]. In addition, the growing field of edutainment, combining modern
multimedia technologies such as augmented and virtual reality with learning experiences,
has been explored for quantum education [17–19].

Education psychology attributes validity to all of these approaches by emphasizing the
importance of multisensory learning materials: cognitive-affective theory of learning with
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media (CATLM) suggests consideration of not just auditory and visual sources but tactile
and haptic elements as well [20–23], and object-based learning (OBL) claims “that haptic
interaction with real tangible objects can serve important roles in the learning process and
encourages students to link these experiences to abstract ideas and concepts” [20]—an idea
that extends through education ever since physical models, exemplary specimens, and
other display items decorated walls, shelves, and school supply rooms waiting for their
deployment in a lesson period.

On the same level, especially considering physics education, the use of analogies
becomes an undeniably important factor since most physics teaching is based on the
simplification and idealization of complex processes. The use of models and analogies
appears inevitable, bridging the gap between empirical and theoretical entities through
“familiarity” [20]. In that way, quantum physics teaching often lacks the ability to build on
familiarity just because the subject matter does not allow comparison to the macroscopic
world. Nevertheless, we are aiming to fill the gap of missing analog models and add to the
already existing representations of quantum phenomena.

In what follows, we present two applications of analog experiments of quantum
phenomena for teaching scenarios. The first application addresses the polarization of single
photons in Section 2 and showcases a model based on near-field communication (NFC)
technology, Arduino microcontrollers, and 3-dimensional (3D) printing. The corresponding
teaching concept focuses on a multiperspective approach, comparing classical and quantum
explanations of polarization through Section 2.1 while following the study of Müller and
Küblbeck [24], who laid most accepted foundations for modern quantum physics teaching.
All technical aspects of the polarization analogy modules are mapped out in Section 2.2
before their implementation into quantum physics teaching is featured in Section 2.3. The
second application (Section 3) employs a different analog architecture based on mechanical
rather than electronic components: combining clear formalism of quantum mechanics
with a local representation, we propose a model to disprove the local hidden variable
theory, following the argumentation of Lucien Hardy [25]. Section 3.1. summarizes these
considerations about nonlocality regarding entangled spin-states of electrons in a Stern–
Gerlach experiment [6]. while Section 3.2. motivates its usage in a (higher) education
context. Conclusions are drawn in Section 4.

2. Analog Experiment: Polarization Modules

2.1. Comparison of Quantum and Classical Polarization from a Teaching Perspective

Talking about polarization in a secondary school classroom is usually conducted
within a unit about mechanical oscillations and waves and again at an advanced stage
when talking about the properties of light [26]. Especially the latter leads to a dilemma,
which is conventionally used as a stepping stone into the field of modern physics and
quantum mechanics: What is light? At that point, students have seen light behave as a ray,
a wave, or a particle, depending on the examined experiment and context. They learn that
light may exhibit all of these characteristics, but the individual photon is, in fact, something
entirely new: an object called a quantum object. The common narrative then explains the
quantum object to be governed by a set of peculiar, unintuitive rules, fully unfathomable
to the human mind. However, through experimentation, a set of “reasoning tools” [27]
can be found, which then help create a conceptual approach to quantum physics. The
following Sections compare quantum and classical explanations of polarization and show
how the analog model mediates between both perspectives. The quantum aspects are only
discussed on the level of clearly defined photon number states, i.e., we do not take states
with undefined photon numbers into account. While there are reasons, even in a school
context, to discuss the existence of quantum states of light, in which the photon number is
not well defined [28], this is not required for the educational purpose of this work.
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2.1.1. Classical Perspective

Most curricula introduce light as a wave by referring to mechanical transverse waves.
As such, it shares its most common features, such as diffraction behaviors and the ability
to create interference and be polarized. A linear polarizer filters out any part of the wave
that does not match the polarization axis of the filter, thus diminishing light intensity. The
remainder is transmitted and oriented along that axis—hence polarized. What happens
when this transmitted, polarized portion meets a second polarizer is expressed by Malus’
law of the light intensity [3],

I = I0· cos2(α). (1)

Light as an electromagnetic wave is thought to pass a linear polarizer partially: Its
oscillating vector (result of electric and magnetic field vector, respectively) is split into
components vertical and horizontal to the polarization axis of the filter—one part being
transmitted and the other being absorbed. The angle α between the first and second
polarization affects how much of the initial intensity, I0, will be measured behind the
second filter.

The cosine dependency of Malus’ law (1) can be tested qualitatively and even quanti-
tatively in most classroom settings. A light meter is sufficient.

2.1.2. Quantum Perspective

One conclusion that is carried over from a physics curriculum’s explanation of the
photoelectric effect and the black body radiation problem to this polarization case is the
quantization of photon energy. Thinking of light as discrete packages of energy called
photons leads to the idea that light cannot pass a polarizer just partially. The individual
photon may only be transmitted entirely or not at all [29]. A detector behind a polarizing
filter will—within a certain time interval—either detect the photon or not. It is impossible
to make a statement about the behavior of a single photon until we measure its presence (or
absence) at the output of the experiment. In other words: quantum objects are inherently
governed by randomness. Students may arrive at this profound conclusion with the help
of a teacher guiding their train of thought or possibly even on their own. Either way,
abandoning classical determinism is key to engaging with quantum phenomena.

Nevertheless, experiments on quantum systems show that statistical predictions about
results are possible. For polarization problems, this means there is a certain probability for
the photon to be transmitted, to be in a transmission state, |ΨT〉, and pass the filter or to be
absorbed and be in an absorption state, |ΨA〉, when it interacts with the filter. To calculate
these probabilities (see Figure 1), we define the photon’s polarization state before the filter,

|ΨP〉 = cos θ1|↔〉+ sin θ1|�〉, (2)

as a combination of vertical, |�〉, and horizontal, |↔〉, vectors in a reference basis. θ1 is the
angle the polarization state is rotated from |↔〉. Let us further define a measurement basis
representing the second polarizer. This second polarizer will either transmit or absorb—in
other words, measure—the photon. It is rotated by an angle θ2 to the reference basis and
holds the transmission and absorption states, |ΨT〉 and |ΨA〉 , which we define in relation
to the reference vectors:

|ΨT〉 = − sin θ2|↔〉+ cos θ2|�〉, (3)

|ΨA〉 = cos θ2|↔〉+ sin θ2|�〉. (4)
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Figure 1. Visualization of polarization states of photons at a polarizer. To determine transmission and
absorption probabilities, the polarization state |ΨP〉 is projected onto |ΨT〉 and |ΨA〉 , respectively.
See text for details.

One is now ready to calculate the probabilities, PT and PA, respectively, of transmitting
or absorbing the photon at the second filter by projecting the polarization state onto the
measurement basis, which leads to:

PT = |〈ΨT |ΨP〉| 2 = cos2(θ1 − θ2), (5)

PA = |〈ΨA|ΨP〉| 2 = sin2(θ1 − θ2). (6)

As it turns out, the same cosine dependency of the angle α = (θ1 − θ2) is found
between the two polarizers, as Malus’ law (1) states for classical light intensity: what
defines the transmission probability of the single photon in a quantum state of a well-
defined photon number manifests itself as statistical evidence on a macroscopic level.

Using Dirac’s bra–ket notation, < . . . >, simplifies the quantum mechanical calculation
and could, for that reason, be used even in secondary school classrooms. However, in the
next Section we show that the understanding been derived from this calculation may also
be reached experimentally using the analog model.

2.2. Polarization Analogy Module

After considering a number of different methods to implement the extraordinary
phenomena of quantum physics into a physical model, a hybrid approach of mechanical
and electronic elements was settled on: The current iteration of the project takes the shape
of a black box that reads, writes, and redirects incoming NFC chips through utilizing servo
motors and an Arduino microcontroller. NFC chips are able to store and carry information
passively without the need for additional battery power. They are activated through a
radio frequency identification (RFID) module controlled by the Arduino. An Arduino can
connect and control several different input and output components, such as potentiometers,
sensors, motors, displays, and buttons, at the same time. The combination of all these
electronic parts with physical elements such as ducts, switches, and flaps, all within a
suitable enclosure, guide the NFC chips within a physical model representing quantum
measurements and results. We find this hybrid approach to be the most flexible and best-
suited platform for creating analogies for a variety of real-world experiments on quantum
systems. Figure 2 shows images of the current prototyping state of the model.
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(a) (b) 

Figure 2. Prototype of the polarization analogy module. (a) Isometric view: (1) entry slot for near-
field communication (NFC) chips, (2) location of the embedded radio-frequency identification (RFID)
module to interact with NFC chips, (3) hinged flap to guide chips after reading/writing, (4) back exit
slot, (5) bottom exit slot, (6) control knob, (7) organic light-emitting diode (OLED) display. (b) Photo
of the 3-dimensional (3D)-printed model and NFC chips: Values from 0 to 90 can be set by turning the
control knob next to the display. This value will be programmed into the chips on their way through
the system. The white coin-sized NFC chips are encapsulated in a black cover to improve operability
by increasing their grip. A removable side panel reveals the inner paths.

Functionally, this model resembles the “behavior” of single photons at a polarizing
filter. Though one cannot speak of what the photon actually does, one can conduct exper-
iments and take measurements that lead to definite results and tangible interpretations.
Specifically, one knows that the photon as a quantum object will either be fully transmitted
or fully absorbed by the filter. Furthermore, we know that the probability of either of those
events is dependent on the polarization state of the photon in relation to the polarization
axis of the filter. These results are replicated by the model relating to the following analogy:

Single photons passing a polarizer are represented by individual NFC chips passing
through the black box in the following, called the polarization module (Figure 2). Similar
to photons, these chips will either be transmitted (leaving through the bottom exit slit) or
absorbed (leaving through the back exit slit). Additionally, they are given a polarization
state, corresponding to the polarization axis of the filter, that is written onto the chip and
saved as an integer value. This value is displayed at the front of the module and can be
set between 0 degrees and 90 degrees by turning the control knob. Adjusting this value is
equivalent to rotating the orientation of a physical polarizer when light is passed through.
Which path the chips take within the polarization module is determined by the Arduino
microcontroller. First, it reads the polarization state of an incoming chip and compares this
value with the setting on the display, i.e., the orientation of the polarization axis of the filter.
Second, it calculates the difference between the two angles and the resulting transmission
and absorption probability, respectively. Third, it uses a pseudorandom number with
respect to that probability to choose the path in which the chip will be redirected.

Polarization phenomena may not be the prime example to emphasize the fundamental
differences between classical and quantum physics (that may be the double slit experiment);
however, it may serve as yet another case in which to derive and discuss these differences.
As shown in the following, for the early stages, this can be done even without a deep
understanding of the concept of interference (as is required for the double slit).
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2.3. Polarization Analogy and Reasoning Tools

Comparing the classical and quantum perspectives of the same phenomena allow
learners to identify key differences between the classical and the modern worldview. They
are enabled to generalize their findings, define a set of rules—or rather reasoning tools—and
make predictions about the outcome of experiments. So far, it has been explained what this
comparison yields theoretically. The following describes what this multiple perspective
approach, supported by physical analog models, looks like when practiced with a group of
students entirely new to the field of quantum physics.

2.3.1. Conceptualization of a Students’ Laboratory

The polarization analogy modules (Section 2.2) have been designed as a platform to
be introduced in physics classrooms and student labs in a variety of different use cases.
Their hardware, software, and lesson integration can be altered in any way to fit different
preconditions, learner types, time frames, and classroom layouts. Even their contextual
setting as “polarization filters” might, at some point, be changed to suit another narrative.
Therefore, the scenario presented here, which describes a first learning setup, may be
understood as a promising yet preliminary result. The concept at hand was developed with
a certain one-size-fits-all mentality in mind, with the purpose of accommodating student
groups at different learning stages as follows:

A visiting group of students at our laboratory is separated into small peer groups of
two to three learners (11 students in total). Depending on their knowledge prior to the
lesson, they receive a short theoretical introduction (in part, a revision of wave optics) to
particle–wave duality of light, leading up to the question: What is a quantum object, and
how does it behave? Afterward, the main goal of their 2-h-visit is to answer that question
and to find out how photons behave as quantum objects. The peer groups are then asked
to work at four stations simultaneously, switch after a certain amount of time, and discuss
and compare their findings with the rest of the class at the end of the lesson. Three of the
four stations are set up with a number of polarization analogy modules, while the fourth
station allows the learners to experiment with actual polarizers and lasers on an optical
bench. Throughout the entire lesson, students are guided by supervisors.

Thematically, the first two stations form a unit regarding the statistical behavior of
quantum objects. Having arrays of two to three analog modules (representing two to three
polarizers in a row) available at each table, students are tasked to drop NFC chips (photons)
into their models and make predictions about each individual outcome. Station 1 consists
of two of the modules introduced in Section 2.2. The first module prepares the state of the
photon, writing a value onto the chips. The second module then measures the state of the
photon by reading the value off of the chip. It is then to be determined what effect the
angle α between the two polarization axes has (especially considering special case angles
of 0 and 90 degrees). After adding a third module to the array (station 2), the experiment
can be altered to check if the same findings remain true when a third polarization axis is
added to the system. Meanwhile, the students take notes of the results, list occurrences of
each possibility, and calculate percentages of transmission events with respect to the angle
between two polarizers. They draw conclusions and make generalizations about what
would affect the “behavior” of single photons and about how their choice of polarization
angles would influence those results. Finally—though not as abstract and generalized, but
in conversation with supervisors and peers—the learners are then aiming to summarize
what Küblbeck and Müller called “Wesenszüge” [24] and Müller and Mishina translated
as “reasoning tools” [27]: a set of rules allowing to axiomatically describe the essence of
quantum physical phenomena.

• Rule 1—Statistical Behavior. Single events are not predictable; they are random. Only
statistical predictions (for many repetitions) are possible in quantum physics.

• Rule 2—Unique Measurement Results. Even if quantum objects in a superposition
state need not have a fixed value of the measured quantity, one always finds a unique
result upon measurement.
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Similarly, stations 3 and 4 are united by their subject matter. These stations are used
to strengthen the understanding reached so far by linking the behavior of single photons
to the statistical result observed with a classical light wave. At station 3, the findings of
the first two stations are to be built upon by extending the array of polarizers by another
pair, such that the students now examine the statistics of photons passing through four or
five successive filters. Additionally, while the first and last filters are oriented 90 degrees
apart from each other, the polarizers in between are to be adjusted to transmit as much
light as possible. This task is then replicated at station four using classical light, actual
polarizers, and an optical bench. The resulting intensity after the last polarizer is measured
with a light meter and placed in relation to the original intensity of the laser. The ratio of
these two intensities is then compared with the statistics observed in station 3. In addition,
station 4 allows the students to test Malus’ law (1) qualitatively.

The study at hand only includes student tasks to find Rules 1 and 2 of the reasoning
tools. However, the original set comprises four Rules. Let us list here the remaining two
Rules for completeness:

• Rule 3—Ability to Interfere. Interference occurs if there are two or more “paths”
leading to the same experimental result. Even if these alternatives are mutually
exclusive in classical physics, none of them will be “realized” in a classical sense.

• Rule 4—Complementarity. Exemplary formulations are: “which path information and
interference pattern are mutually exclusive” or “quantum objects cannot be prepared
for position and momentum simultaneously”.

A reasonable discussion of interference should include interference patterns, which
need some spatial resolution to be clearly observed. Naturally, such resolution cannot
be implemented with the two-way output of the analog modules: the binary output
information is not sufficient. However, the Arduino platform is highly flexible, and a
multiple-output setup is possible. In the future, this will be used to extend the teaching
concept with analog modules to complete the set of reasoning tools.

2.3.2. Results and Students’ Evaluation

As mentioned before, so far, we have been able to test this teaching concept with a
group of secondary school students. The participating group arrived in our laboratory
without a prior introduction to quantum physics. However, in preparation for their visit,
they had been reviewing topics of wave optics, such as interference, polarization of light,
and even particle–wave duality. Though the sample size is too small to extrapolate actual
empirical evidence, we were able to register a significant increase in content knowledge,
which can be described as follows.

Primarily, for internal review, the students were asked to participate not just in the
testing of the analog polarization modules but in a contextual pre-test and post-test de-
signed to evaluate their general understanding of the subject matter (see Table 1). Before
and after their laboratory visit, all of the 11 students answered a set of comprehension
items, deciding whether they were true or false. The increase in understanding was ex-
pressed in the following items: “A photon at a polarization filter can be absorbed partially”
(pre-test: 2 correct answers, post-test: 9); “The measurement of the state of a quantum
object does not affect that state” (pre-test: 4 correct answers, post-test: 6); “Compared to
classical experiments, the results of quantum experiments are governed by randomness”
(pre-test: 8 correct answers, post-test: 11). Hence, in the second run after the lesson, the
rate of correctly answered items was significantly higher. Surprisingly, one item did not
follow that trend and triggered more incorrect answers in the second round: “Quantum
phenomena can only be verified through thought experiments and analogies, not real
experiments” (pre-test: 5 correct answers, post-test: 2). In the future, more attention to be
paid to this result to avoid misconceptions from only focusing on analog experiments. One
possible solution might lie in expanding this setup through an actual quantum experiment.
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Table 1. Comparison of pre-test and post-test results. A total of 110 comprehension items—10 items
per person—was answered by 11 students before and after their lesson to track comprehension.
Correct answers increased from 51% to 68%.

Pre-Test Post-Test

Absolute Percentage Absolute Percentage

Correct Answers 56/110 51% 75/110 68%
Incorrect Answers 54/110 49% 35/110 32%

Overall, the students were able to gain a deeper understanding of how quantum
objects “behave” while being introduced to concepts that will help shape an easier transition
into learning about quantum physics. We were able to convey the gist of Section 2.1.2. in a
student-centered approach, implementing different perspectives and experiments—rather
untypical for quantum physics teaching.

3. A Hidden Parameter and Hardy’s Experiment

The nonlocal nature of quantum mechanics is hard to believe since it contradicts the
experience we obtained in the classical world. This is, in particular, true for novice learners.
When they first hear about entanglement, the concept of hidden parameters seems to
be appealing. With the following second analog experiment, we address this point and
introduce a possibility to disprove one (at first glance) attractive idea to avoid nonlocality.
This is performed with a non-complicated choice of a (local) hidden parameter. It might
seem to be quite critical to place so much emphasis on hidden parameters since this could
lead to misunderstandings (which happens often enough in this context [30,31]). The use
of hidden parameters could distract from the importance of nonlocality. This should be
discussed in any teaching concept.

Analogous experiments that imitate entanglement already possess hidden parameters
since they are based on classical objects. Certain material properties such as weight, shape,
magnetism, or a digital number on a chip can be such hidden parameters. We see great
potential for teaching with analog experiments to first illustrate and discuss relevant terms
and concepts (such as reality and locality). Afterward, a quantum mechanical experiment
can be thought through/played out with a hidden parameter until a contradiction to the
real experiment occurs, and, thus, a conceptual change, showing that the first appealing
concept of local hidden parameters is not a good choice, can be triggered. This, certainly
does not clarify that nonlocality is the only required assumption for the correct prediction
of quantum physics. However, it provides a relevant step in the discussion with learners.

Actually, Bell’s inequalities are used to disprove a hidden parameter in the experi-
ment [32]. However, we present here an experiment proposed by Lucien Hardy [25]. This
experiment was chosen as soon as its hidden parameter variant is not too complicate to be
reproduced with an analog experiment, and the chain of reasoning to contradict quantum
physics with a hidden parameter is quite straightforward and, therefore, more accessible
for students.

3.1. Nonlocality for Two Particles without Inequalities for Almost All Entangled States

The experiment starts with a system of two entangled particles, where α and β are
two real constants with α2 + β2 = 1 :

|Ψ〉 = α|↑〉1|↑〉2 − β|↓〉1|↓〉2. (7)

The arrows in this notation represent orientations of electron spins in the z-direction,
which can be measured in a Stern–Gerlach experiment. The two particles are sent to two
different researchers (Alice and Bob) with different Stern–Gerlach experiments. Alice and
Bob can measure the spin orientation in the z-direction and two other directions tilted by
the angles θ1 and θ2, where tan(θ1/2) =

√
α/β and tan(θ2/2) = −(α/β)3/2. These tilted
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measurements can be expressed in new bases. There is the skewed θ1-basis with basis states
“up”, |↗〉, and “down”, |↙〉, and the horizontal θ2-basis with the basis states “right”, |→〉,
and “left”, |←〉. The initial state can now, according to quantum theory, be expressed for
four different measurement cases.

Alice and Bob both decide to measure the spin in θ1-direction:

|Ψ〉 = N
(

AB|↗〉1|↙〉2 + AB|↙〉1|↗〉2 + B2|↙〉1|↙〉2

)
. (8)

Alice measures the spin in θ2 direction and Bob in θ1-direction:

|Ψ〉 = N
((

A − A2 A∗
)
|→〉1|↗〉2 + B|→〉1|↙〉2 − A2B|←〉1|↗〉2

)
. (9)

Alice measures the spin in θ1 direction and Bob in θ2-direction:

|Ψ〉 = N
((

A − A2 A∗
)
|↗〉1|→〉2 + B|↙〉1|→〉2 − A2B|↗〉1|←〉2

)
. (10)

Alice and Bob both decide to measure the spin in θ2-direction:

|Ψ〉 = N
((

1 − |A|4
)
|→〉1|→〉2 + A2 A∗B|←〉1|→〉2 + A2 A∗B|→〉1|←〉2 − A2B2|←〉1|←〉2

)
. (11)

Here, N = 1−|αβ|
|α|−|β| , A =

√
αβ√

1−|αβ| and B = |α|−|β|√
1−|αβ| are prefactors.

Equation (11) clearly states that in some cases, Alice and Bob can both measure spin
“left”, |←〉2, in the horizontal, i.e., θ2-basis. If the measurement result is predetermined
by a hidden parameter, then in such an experiment, the two particles must be prepared in
such a way that if Alice and Bob measure in the θ2-basis, both get spin “left” as a result.

If just such a spin pair were underway, but Bob had chosen to measure in the oblique
θ1-base, his result would also be predetermined according to Equation (9), as Bob must
measure spin “up” in the θ1-base because there is no other possibility in which the pre-
determined result “left” for Alice is preserved. When Bob chooses the skewed θ1-basis
so late that his measurement cannot affect Alice’s measurement according to the laws of
realism and locality, then a hidden parameter λ, which is still unknown but is supposed to
fully describe quantum mechanics, must account for the result of Equation (9). The same is
true in case Bob remains in the θ2-basis and Alice chooses the skewed θ1-basis according to
Equation (10). Here, the only possibility for Alice is to obtain the value “up” in the θ1-basis.

Finally, if both chose the Stern–Gerlach experiment in the θ1-direction, the two cases
with a hidden parameter λ discussed above indicate that both Alice and Bob must measure
spin “up” since no setup knows the orientation of the other. However, such a measurement
result is forbidden according to quantum theory, cf. Equation (8). Here lies the contradiction,
which can be checked experimentally.

3.2. Didactical Framework

Our experience shows that students can have difficulties even with this simplified
chain of reasoning. In order to support this graphically and haptically, we offer an analog
experiment according to the following structure. The hidden parameter is the magnetizabil-
ity of balls, which pass through a box with two-way junctions (see Figure 3). Magnetizable
balls are deflected, and the others are not. Two Stern–Gerlach experiments each can now be
selected by Alice and Bob, each representing a measurement in the θ1 or θ2 direction. The
setup can be built to reproduce all the cases discussed above for a |←〉1|←〉2 pair. Thus, the
hidden parameter setup provides the theoretical result for a hidden parameter quantum
physics, i.e., one possible local description of quantum physics.
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Figure 3. 3D-printed box with two-way connections. The left part represents Alice’s measurement
device; the right one, Bob’s. The red handles each determine the orientation of the Stern–Gerlach
experiment (the right path leads to a measurement in the θ1 direction, the left in the θ2 direction).
Magnets at the bifurcation points guarantee the predetermined result for magnetizable balls. See text
for details.

The setup is designed in a way that an electron pair with the hidden parameter “mag-
netizable” will reproduce the measurement result spin “left” for Alice and Bob when they
decide to use the horizontal θ2-orientated Stern–Gerlach experiment. The red handle is
pointing to the right (thus choosing the θ2-basis) and the ball takes, in both cases, the
left path. Due to the magnet at the bifurcation, both balls will go the left path, result-
ing in a measurement spin left, |←〉. If one chooses the right path, which stands for a
Stern–Gerlach experiment in the θ1-orientation, the magnet on the right-hand side guar-
antees a measurement outcome of spin “up”, |↗〉, in the θ1-direction, as is demanded
in Equations (9) and (10). Without communication at the bifurcation points, Alice and
Bob will both measure spin “up”, |↗〉, when they chose the θ1-orientated Stern–Gerlach
experiment, which is forbidden in quantum mechanics.

Thus, the case distinction can be set up and experimentally performed by learners
themselves. Afterward, the real quantum mechanical experiments and their results have to
be shown and discussed so that the intuitive notion does not take root. Nevertheless, we
consider this procedure to be useful because it shows clearly enough that the intuitive ideas
reach their limits in quantum mechanics, but that the theory and the formalism provide us
with tools that can describe quantum mechanical experiments exactly.

4. Conclusions

Quantum physics is generally perceived as one of the most difficult fields of physics,
not because of an especially complex mathematical formalism but because of the rules
that inherently govern quantum phenomena—rules that go directly against the intuition
of how natural world works. Certainly, it is known that meaning can be brought to this
formalism even for novices. However, this meaning still has to be explained to learners.
For that reason, educators who have since been trying to help their students wrap their
heads around these concepts often resorted to a multitude of representations, analogies,
and thought experiments. Despite real experimental data of empirical evidence, quantum
theory often seems out of reach—even more so in physics classrooms. This is why we have
presented an approach to add to the multitude of representations by providing analog
experiments as a platform for quantum physics education—yet another perspective to
make experimental results more graspable.

Analog polarization modules bear the potential to adapt to various teaching scenarios
and have already proven helpful in reconstructing fundamental principles of thinking about
quantum objects. While expanding the methods and ways in which the models can be used,
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prototypes were already tested under real-world conditions: we collected feedback from
students who showed keen interest in working with the physical simulations mimicking
quantum physics experiments and started to have fun learning about the subject.

On the same level, in a different context, the analog Hardy experiment [25] achieves
similarly promising results: disproving the existence of a local hidden parameter by
simple means of comparison. The contradiction of quantum theoretical formalism and
forbidden measurement is inherent to this classical (thus, local) experiment and is, therefore,
predestined to be used in analogy-driven teaching. This model, too, has already received
great acceptance in a physics classroom, albeit within a higher education setting in a course
for advanced learners.

The next step is to build upon the results gained from testing the analog models,
expand the corresponding teaching concept with further modules, and implement the
findings into physics teaching by offering the materials we developed open source.
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Abstract: It is argued that from a formal point of view, the classical limit of light quanta or photons
is not that of a point-like particle but that of a geometric ray. According to this view, standard
particle-wave dualism, which is often used in schools to describe the quantum behavior of massive
objects, could be replaced by a ray-wave dualism (or even a particle-ray-wave trialism), which seems
to be more appropriate for massless quantum objects such as photons. We compare the limits leading
from quantum electrodynamics to a classical (Hamiltonian) theory of particles for electrons with
those leading from photons via Maxwell’s equations to geometric ray optics. We also discuss the
question to which extent Maxwell’s theory for electromagnetic waves should be considered as being
on the same formal level as Schrödinger’s or Dirac’s theory.

Keywords: quantum theory; classical limits; photon; didactics of physics

1. Introduction

There exist many different didactical approaches to introducing quantum theory in
school. A common one is emphasizing the wave-like nature of electrons, e.g., in double slit
experiments. Another one is pointing out the particle-like nature of light, e.g., when light of
very low intensity is detected on scintillator screens or with high-resolution charged-couple
device (CCD) cameras, or in the photoelectric effect or in Compton scattering. The wave-
particle duality of any form of matter is introduced as one of the characteristic features of
quantum theory.

However, in their educational curriculum, pupils are commonly introduced to ray
optics first, before they are confronted with wave optics. Rays describe light in a form
that appeals to our daily experience. Therefore, one of the naturally arising questions
is, whether or not rays are a more appropriate model for “classical photons” instead of
emphasizing their particle-like nature. It has been noted that the notion of photons as
particles can lead to gross misconceptions; see [1–5].

This raises another important issue: What is the classical limit of photons—optical rays
or Maxwell’s theory of electromagnetism, i.e., essentially wave optics? While Maxwell’s
theory is considered “classical physics” for many reasons (some of them are summarized
in Section 5), ray optics is a particular limit of this classical theory. However, on a formal
mathematical level, Maxwell’s theory should be compared to Schrödinger’s or Dirac’s
theory of electrons, which are unequivocally quantum theories of electrons; see Figure 1.

Figure 1 essentially represents the content of this paper in a schematic form. On the
highest level, we have quantum electrodynamics (QED), a quantum field theory. This is the
level of second quantization, in which the Hilbert space is often represented as a Fock space
(i.e., a space where the base states have definite particle numbers), and it is on this level that
one can speak of electrons and photons as quantum objects. The dynamical variables are
field operators (to be precise, these operators have to be smeared out with test functions,
i.e., they are operator-valued distributions).
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Figure 1. Comparison of the various levels of models for electrons and photons and the approxi-
mations from higher to lower levels, as well as the “quantization” procedures from lower to higher
levels. For details, see text.

We place quantum optics on the same level, even though in standard applications QED
and quantum optics look very different: While QED is more concerned with the scattering
amplitudes of electrons, uses Dirac’s interaction picture and perturbation theory as its main
analytical tools, and treats photons mostly as virtual exchange particles, quantum optics
prefers the Fock space representation, a non-Lorentz invariant choice of gauge, and deals
mainly with non-classical properties of photon states, replacing electrons often by effective
two-state systems which can absorb or emit photons.

On the middle level we have field theories. The dynamical degrees of freedom are real
or complex-valued fields: the gauge field of electrodynamics and the spinor fields of Dirac’s
theory of electrons. While Dirac’s theory for the electron (and its anti-particle, the positron)
is unequivocally considered a quantum theory, Maxwell’s theory for the electromagnetic
field is generally considered a classical (field) theory. From a mathematical viewpoint, both
theories are on the same level. However, from the viewpoint of physics and the physical
interpretation of the fields, there are many differences, which are considered in Section 5.
On the same formal level as Dirac’s theory for the electron is Schrödinger’s equation, which
can be derived from Dirac’s equation by taking a non-relativistic limit and neglecting the
spin degree of freedom (if spin is included, one arrives at the Pauli equation).

The route from the middle level (field theory) to the highest level (quantum field
theory) is second quantization: fields are replaced by operators satisfying canonical com-
mutation relations. The way back from quantum field theory to field theory (i.e., from field
operators to real or complex-valued fields), involves certain approximations: for electrons
the restriction to the one-particle sector of the Fock space and for photons the restriction to
so-called coherent states, i.e., eigenstates of the (annihilation part of) field operators. These
relationships are discussed in more detail in the next section (Section 2).

On the lowest level, we find for the electrons a Newtonian (or rather Hamiltonian)
theory of point-like particles. The classical degrees of freedom are position, xxx(t), and
momentum, ppp(t), variables, which make up the classical phase space of particles. The
step from here to Schrödinger’s equation is (first) quantization: replacing the position and
momentum variables by operators Q̂ and P̂ satisfying canonical commutation relations,
replacing the classical Hamilton function H(x, p) by a Hamilton operator Ĥ(Q̂, P̂) and pos-
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tulating Schrödinger’s equation for wave functions ψ(x), which represent quantum states
(throughout this paper operators are marked with a hat ˆ). The other direction—the route
from Schrödinger’s equation to Hamiltonian mechanics, involves a certain approximation
(the Wentzel–Kramers–Brillouin (WKB) approximation), which is essentially a short-wave
approximation for the Schrödinger fields.

In a similar way, one can perform a short-wave approximation of the wave equation
(or Maxwell’s theory) for electromagnetic fields and arrive at geometrical optics or ray
optics. This is the main reason why we propose to consider rays as the classical limit of
light quanta and not point-like particles. There is no natural limit from Maxwell’s theory
to point-like particles. The transitions between the middle-level and lowest level, i.e.,
from Schrödinger to Newton on the one hand and from wave optics to ray optics, on the
other hand, are considered in Section 3. What is less known is that geometric optics has
a symplectic structure, similar to the phase space of Hamiltonian mechanics, and can be
quantized. The quantization of ray optics leads to wave optics, i.e., back to the middle level.
This is sketched in Section 4.2.

Section 5 deals with the question of whether Maxwell’s theory is a quantum theory
or a classical theory. Of course, eventually, this is a question of definitions and there
are many convincing physical arguments to label Maxwell’s theory a classical theory,
however, there are also justified formal arguments to consider it as the quantized theory of
geometric optics.

Finally, the conclusions (Section 6) summarize the arguments why the classical limit of
photons may not only be described by a “particle-wave” duality, i.e., photons as particles
(this model is often used to explain the photoelectric effect or Compton scattering) or as
electromagnetic waves (explaining, e.g., interference and diffraction), but that there is a
third option: classical photons as geometric rays, for example, when one considers light
rays in optical systems such as lenses or mirrors.

Sections 2–4.2 are “technical sketches”: they indicate the technical steps and relations
between the various levels and theories. For more detailed information, the reader is
referred to the literature. On the other hand, readers who are happy with the introductory
remarks indicating the various relationships may also skip these sections and directly
proceed to the last two sections.

2. Electrons, Photons, and the Electromagnetic Field

The starting point of our considerations is the Lagrange density of electrodynamics:

L = −1
4

FμνFμν + ψ̄(x)
[
γμ(i∂μ + eAμ(x))− m

]
ψ(x) . (1)

Here, Fμν = ∂μ Aν − ∂ν Aμ is the field tensor with the electric and magnetic fields EEE and BBB as
components. The indices μ, ν = 0, 1, 2, and 3, denote the time (0) and space coordinates. Aμ

is the gauge field, ψ(x) is a 4-component spinor field and ψ̄(x) = ψ†γ0 the adjoint spinor
(with ψ† the complex conjugated row vector corresponding to ψ), γμ are the γ-matrices
satisfying anti-commutation relations {γμ, γν} = ημν where ημν is the Minkowski bilinear
form. e is the electric charge, m is the particle mass, and ∂μ = ∂/∂xμ. In this Section only,
the units are such that the Planck’s reduced constant h̄ = 1 and the speed of light c = 1.
The corresponding equations of motion (using Lorentz gauge ∂μ Aμ = 0) are:

�Aμ(x) = eψ̄(x)γμψ(x) and γμ(i∂μ − eAμ)ψ(x)− mψ(x) = 0 . (2)

The first equation is essentially Maxwell’s equation expressed in terms of the gauge field
and the electric current jμ = eψ̄(x)γμψ(x), the second equation is Dirac’s equation.

2.1. Quantum Electrodynamics

The quantization of this field theory leads to QED: The fields are replaced by operators
satisfying the above equations of motion and certain commutation relations. The free fields,

90



Physics 2022, 4

in terms of which the theory is formulated perturbatively, can be expressed in terms of
creation and annihilation operators in the following form:

Âμ(x) =
1√
(2π)3

∫
R3

d3kkk√
2ωk

2

∑
α=1

εαμ

(
âα(kkk)eikx + â†

α(kkk)e
−ikx

)

Ψ̂(x) =
1√
(2π)3

∫
R3

d3kkk√
2ωk

∑
s=±

(
b̂s(kkk)u(kkk, s)eikx + d̂†

s (kkk, s)v(kkk, s)e−ikx
)

Ψ̂†(x) =
1√
(2π)3

∫
R3

d3kkk√
2ωk

∑
s=±

(
b̂†

s (kkk)ū(kkk, s)e−ikx + d̂s(kkk, s)v̄(kkk, s)eikx
)

k = (ωk, kkk) , ωk =
√

kkk2 + m2 , x = (t, xxx)

kx = kkk · xxx − ωkt ,

where u(kkk, s), v(kkk, s) are solutions of Dirac’s equation and εαμ are two polarization vectors
(the technical details are slightly more complex: in order to keep Lorentz invariance,
one has to choose four polarization vectors (i.e., α = 0, . . . , 3) and, correspondingly, four
annihilation and creation operators. In the end, one has to show that two of these—
corresponding to a longitudinal photon and a pure time-like photon—do not contribute.
However, such technical details shall not concern us here and the interested reader is
referred to the standard textbooks on quantum field theory) of the gauge fields (orthonormal
to each other and orthogonal to the momentum kkk). âα(kkk) and â†

α(kkk) are annihilation and
creation operators for field modes with momentum kkk and polarisation εα, respectively.
These field modes created by âα(kkk)† are called photons. In a similar way, d̂†

s (kkk) and b̂†
s (kkk)

are creation operators for positrons and electrons, respectively, d̂s(kkk) and b̂s(kkk) are the
corresponding annihilation operators. The index s accounts for the spin degree of freedom.
m is zero for the gauge field and equals the electron mass for the spinor fields.

If we denote by |Ω〉 the vacuum state of the theory, i.e., the state of lowest energy, then

|αμ〉 =
∫
R4

d4x αμ(x)Â+
μ (x)|Ω〉 (3)

with Â+
μ (x) =

1√
(2π)3

∫
R3

d3kkk√
2ωk

2

∑
α=1

εμα

(
â†

α(kkk)e
−ikx

)
(4)

describes a one-photon state with wave function αμ(x). In a similar way

|ψ〉 =
∫
R4

d4x ψ(x)Ψ̂+(x)|Ω〉 (5)

with Ψ̂+(x) =
1√
(2π)3

∫
R3

d3kkk√
2ωk

∑
s=±

(
b̂†

s (kkk, s)u(kkk, s)e−ikx
)

(6)

describes a single electron state with wave function ψ(x).
All these expressions are quite formal and many technical details are left out. The

interested reader is referred to the standard literature on quantum field theory and second
quantization (e.g., [6–10]).

2.2. Quantum Optics

We consider quantum optics as a special branch of QED. In particular, equations such
as Equations (3) and (4) remain true. In contrast to QED, which in its standard applications
concentrates on n-point functions and scattering amplitudes for electrons and positrons,
quantum optics is mainly concerned with the non-classical behavior of photonic states,
i.e., with deviations of photonic states from the predictions of Maxwell’s theory. This
non-classical behavior is mostly due to the bosonic statistics of photons—a paradigm being
the Hong-Ou-Mandel effect [11]—or due to the discrete nature of photons (see, e.g., [12]). A
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related application consists of the non-classical properties of intensity correlation functions
(see, e.g., [13]).

Closest to the classical electromagnetic field are so-called “coherent” states, which are
described by a Poisson-distribution in photon number. For simplicity, we describe these
states for a given mode and polarization only, i.e., for a single harmonic oscillator.

Let us define the displacement operator

D̂(α) = exp
(

αâ† − α∗ â
)

. (7)

Acting on the vacuum state yields

|α〉 = D̂(α)|Ω〉 , (8)

which is an eigenstate of the annihilation operator â:

â|α〉 = α|α〉 , (9)

and for the probability wn of finding n photons in such a state, one obtains a Poisson distribution:

wn = exp
(
−|α|2

) |α|2n

n!
. (10)

|α〉 represents a state, for which the amplitude is given by a Gaussian distribution around
the value α. It is like the ground state of a harmonic oscillator (which is a Gaussian
distribution around 0) shifted to the value α. In a formal classical limit these states become
sharply distributed around their classical values.

Coherent states often have similar properties as single photon states. In particular, the
superposition principle is the same: The superposition of two single-photon states with,
say, different polarizations or originating from different slits in a double slit experiment
yields a single-photon state with the superimposed polarization or the superimposed
wave-function. The same relations hold for coherent states. Only when the discreteness of
photon states becomes relevant is the difference obvious (see, e.g., [12]).

Again, for details, the interested reader is referred to the literature (e.g., [14,15]).

3. The Classical Limits of Field Theory

The route from field theory to the classical requires several steps. The Dirac equation
is a relativistic equation for electrons and their antiparticles, the positrons, while the
Schrödinger equation is a non-relativistic equation for (spinless) electrons. The intermediate
steps are (i) a non-relativistic approximation for the solutions of Dirac’s equation, which
leads to the Pauli equation, and (ii) the neglect of the spin degree of freedom leading to
Schrödinger’s equation. From Schrödinger’s equation there are several (mostly equivalent)
approximations, the most known being the WKB approximation, leading to Newtonian
mechanics and the classical picture of an electron as a point particle.

The photon part of field theory is essentially Maxwell’s theory. Neglecting the “spin”
(i.e., the polarization) leads to the wave equation for the gauge field and, essentially, wave
optics. A non-relativistic limit is not possible here, mainly because the photon is a massless
particle which propagates with the velocity of light. Quite often the opposite limit, c → ∞
is taken and any temporal dependence eliminated. However, the “classical” limit here
corresponds to a short-wavelength approximation, leading to geometrical optics.

These limits are briefly described in the following sections. For technical details, the
reader is again referred to the literature: for the steps from Dirac to Schrödinger, e.g., [6],
for the WKB approximation, e.g., [16–18], and for the short-wave approximation, e.g., [15].
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3.1. From Dirac to Schrödinger

If we multiply the Dirac equation with γ0 it assumes formally the form of a Schrödinger
equation

ih̄
∂

∂t
ψ(x) = Ĥψ(x) with Ĥ = γγγ · (c ih̄∇∇∇+ eAAA) + γ0mc2 + eφ . (11)

Here, Aμ � (φ, AAA) and γμ � (γ0, γγγ). In a base where γ0 is diagonal, the solutions for
small momenta of the four components of the Dirac spinor ψ(x) can be associated with
the electron (two components taking care of the spin and the spatial degrees of freedom)
and the positron, respectively. By making the ansatz ψ(x) → ψ̃(x) = e−imc2t/h̄ψ(x), which
essentially shifts the energy scale for the new spinor ψ̃(x) to the rest energy Ee = mec2 of
the electron, and neglecting contributions to the energy, which are of the order 2mec2, one
obtains the Pauli equation for two of the components:

ih̄
∂

∂t
ψ̃(x) =

(
1

2m

(
ih̄∇∇∇− e

c
AAA(x)

)2
+ eφ(x) + μBσσσ · BBB(x)

)
ψ̃(x) . (12)

σi are the Pauli matrices. The other two components of ψ̃ effectively vanish (in the sense of
distributions, i.e., they oscillate so rapidly due to their high energies that they do not give
contributions when smeared with ‘low energy’ test functions). If the external magnetic
field vanishes, we obtain Schrödinger’s equation:

ih̄
∂

∂t
ψ̃(x) =

(
− h̄2

2m
Δ + eφ(x)

)
ψ̃(x) . (13)

Now ψ̃ can be considered a one-component complex field.

3.2. From Schrödinger to Newton

There are several, largely equivalent routes from Schrödinger’s equations to Newton’s
equations or rather to Hamiltonian mechanics. One method is the WKB approximation.
One way to think of WKB is that the wavelength λ associated to a given momentum ppp by
deBroglie’s relation |ppp| = h/λ is small compared to distances, over which the potential V(x)
varies, so that locally one has a box-potential. So, effectively, this is a small wave-length
approximation. Making the following ansatz for the wave function,

ψ(x) = exp
(

i
h̄

S(xxx, t)
)

, (14)

and inserting this ansatz into Schrödinger’s equation, one obtains the following differential
equation for S(xxx, t):

− ∂S
∂t

=
1

2m

(
(∇∇∇S)2 − ih̄ΔS(xxx, t)

)
+ V(xxx) . (15)

If S is a slowly varying function (or, less formally, if we neglect terms proportional to
h̄), this becomes the classical Hamilton–Jacobi equation:

∂S0

∂t
+

1
2m

(∇∇∇S0)
2 + V(xxx) = 0 . (16)

The classical trajectories are orthogonal to the planes of constant phase and are deter-
mined by

ppp(t) =∇∇∇S(xxx(t), t) or
dxxx(t)

dt
=

1
m
∇∇∇S(xxx(t), t) . (17)
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For the position xxx(t), one obtains (see, e.g., [19]):

m
d2xxx
dt2 = −∇∇∇V(xxx(t)) . (18)

3.3. From Maxwell to Ray Optics

In complete analogy to the WKB approximation for Schrödinger’s equation, one can
make the ansatz,

EEE(xxx, t) = eee(xxx)eik(S(xxx)−ct) , k =
2π

λ
, (19)

for the electric field (and a similar ansatz with the same phase for the magnetic field). For
large values of k (or small wave-lengths λ), one can make a formal expansion of the phase
S(xxx) and the amplitude eee(xxx) in powers of 1/k. For the leading term S0 in this expansion,
Maxwell’s equations lead to the equation

∇∇∇S0(xxx))2 = n2(k, xxx) , (20)

where n(k, xxx) is the wavelength-dependent optical density of the medium. This is the
famous eikonal equation leading to geometrical optics and Fermat’s principle. One obtains
trajectories of rays as the solutions of

dxxx(s)
ds

=
1

n(k, xxx(s))
∇∇∇S0(xxx(s)) , (21)

where the arc-length parametrization is used. This equation should be compared with
Equation (17). For more details see, e.g., [15].

4. The Quantization of Hamiltonian Mechanics and Ray Optics

“Quantization” of Newtonian mechanics leads to quantum mechanics and Schrödinger’s
equation for the quantum states of, e.g., electrons. This is the subject of any course on
quantum mechanics. However, ray optics can be quantized along similar lines leading to
wave optics. This is less known and we briefly sketch the idea, referring the interested
reader to the literature (e.g., [20]).

4.1. A Different View Onto Quantization of Hamiltonian Mechanics

The state space of Hamiltonian classical mechanics, i.e., the phase space, has a natural
symplectic structure. This structure reveals itself, e.g., in the Poisson brackets, with the
fundamental relation {q, p} = 1. One way to formulate the quantization procedure is to
replace q and p (generalized position and momentum) by operators Q̂ and P̂ and to require
these operators to satisfy canonical commutation relations [Q̂, P̂] = ih̄.

There is, however, a different perspective onto the same procedure. The Hamiltonian
equations of motion define symplectic diffeomorphisms φt, i.e., area preserving differen-
tiable mappings of phase space onto itself: to each point (q, p) of phase space is associated
the point φt(q, p) = (q(t), p(t)), i.e., the point in phase space, where an object, which
initially was at (q, p), will be after a time t. Liouville’s theorem tells us that volumes in
phase space will be preserved. These symplectic diffeomorphisms have a monoid structure
with respect to t in the sense that φt2 ◦ φt1 = φt2+t1 and φ0 = 1. These diffeomorphisms are
generated by Hamilton’s equations of motion: (q̇, ṗ) = (∂p H,−∂q H).

Quantization can now be formalized by looking for unitary representations of this
symplectic diffeomorphisms on a Hilbert space. In quantum mechanics these are the
unitary time evolution operators Û(t) = exp

(− i
h̄ Ĥt

)
. They satisfy Schrödinger’s equation

ih̄
d
dt

Û(t) = ĤÛ(t) Û(0) = 1 . (22)
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4.2. Wave Optics as the Quantization of Ray Optics

Let us first show that geometric optics can also be given a symplectic structure. Then,
we indicate how this symplectic structure can be quantized.

Let us denote by x(z) the point, where a geometric ray punctures a plane orthogonal
to the z-direction, which is taken to be the propagation direction of the ray. Furthermore,
we denote by p(z) the tangent of the angle (between the z- and the x-direction) of the ray
(see Figure 2). We can now represent the configuration of a ray by a two-dimensional vector(

x(z)
p(z)

)
. For simplicity, we consider this as a one-dimensional problem. In general, x(z)

and p(z) will each be two-dimensional vectors (the location in the plane at point z in the
propagation direction of the ray and the two tangents specifying the orientation of the ray
at this plane) leading to a four-dimensional formalism.
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Figure 2. (Left): Characterization of a light ray by the parameters x and p. This refers to one
dimension. In a plane orthogonal to the z-direction one has two parameters for the location and two
parameters for the orientation of the ray at a position z. (Right): The transformations “translation”
(T) by a length L and “defraction” (D) at an interface between two different optical densities n1 and
n2. For details see text.

Essentially, there are two transformations which a ray can be subject to: (T) a “trans-
lation” describes the change in parameters when the ray simply propagates for a certain
distance L without being deflected, and (D) a “defraction” of the ray, e.g., at an interface
between two different optical densities n1 and n2. Both transformations can be described
by a matrix:

T =

(
1 L
0 1

)
, D =

(
1 0
B 1

)
, (23)

where L is the distance by which the ray propagates in a medium of constant optical
density, and B = (n2 − n1)/R is the “refractivity” of the transition from an optical medium
with density n1 to an optical medium with optical density n2, while R is the radius of the
curvature of the interface between these two media.

Both matrices, T and D, are symplectic: they have determinant 1 and a similarity

transformation with these matrices leaves the antisymmetric matrix J =

(
0 1
−1 0

)
invariant. Therefore, one finds a symplectic structure in geometric optics.

There is a general procedure to quantize spaces with a symplectic structure. Again,
one looks for infinite dimensional unitary representations of the symplectic propagation
matrices in a Hilbert space of square integrable functions. The time parameter t is now
replaced by the propagation axis z (formally this corresponds to a limit c → ∞ such that a
time parameter is not involved; the transition to a relativistic formulation with finite c is
an additional structure—in parallel to the transition from the non-relativistic Schrödinger
equation to a relativistic Dirac formalism). The two matrices T and D are represented
by unitary operators ρ̂(T) and ρ̂(D) for which the action on a square integrable function
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f (x; z) (square integrable in the argument x; z is an external parameter like t in quantum
mechanics) is defined by

(ρ̂(T) f )(x; z + L) = exp
(
− iπn

4

)√
k

2πL

∫
exp

(
ik
(x − y)2

2L

)
f (y; z)dy (24)

(ρ̂(D) f )(x; z) = exp
(
−ik

xBx
2

)
f (x; z) , (25)

k being an open parameter. Note that ρ̂(T) essentially represents the unitary time evolution
operator for a free particle in quantum mechanics with t replaced by z (and k by h̄).
In quantum mechanics, ρ̂(D) would correspond to a collision where the momentum is
changed abruptly. One can easily show that these two unitary operators satisfy the same
relations as the matrices T and D and, therefore, are a representation of these symplectic
transformations. The applications of these formulae to various apertures leads to the
integrals of Fresnels’s wave optics (for details, see, e.g., [20]).

Note that the wavelength appears as a free parameter in this quantization procedure,
similar to Planck’s constant in quantum mechanics. Geometric ray optics does not contain
the wavelength of light. Vice versa, the wavelength disappears in the leading terms of
a short-wavelength approximation, which essentially is an expansion in terms of the
wavelength, in a similar way as h̄ disappears in a WKB approximation, which can be
formulated as an expansion in terms of h̄.

5. Maxwell’s Theory—A Classical Theory of Electromagnetic Fields or a Quantum
Theory of Ray Optics?

There are many arguments in favor of Maxwell’s theory being a classical theory. Of
course, as long as “classical theory” is not defined, the header question remains meaningless.
Furthermore, arguably an “and” would be more appropriate in the header of this section
than an “or”. We list a few arguments pro and contra the assignment of “classical” or
“quantum” to Maxwell’s theory.

5.1. Maxwell’s Equations Do Not Contain Planck’s Constant

This is presumably the argument most often used by protagonists of Maxwell’s theory
being a classical theory. In a quantum theory h̄ should appear.

The main reason that h̄ does not appear in Maxwell’s theory is that we are dealing
with a relativistic theory of massless objects. Energy E and momentum ppp appear with the
same power in the relativistic relation,

E2 = m2c4 + ppp2c2 . (26)

Replacing E and ppp by ω and kkk using deBroglie’s relations yields:

h̄2ω2 = m2c4 + h̄2kkk2c2 , (27)

and dividing this equation by h̄2 leaves Planck’s constant only in the mass term (which
essentially becomes Compton’s wavelength for an object of mass m). For m = 0, Planck’s
constant vanishes from the equations. In other words, the (massless) wave equation,

1
c2

∂2 Aμ(x)
∂t2 − ΔAμ(x) = 0 , (28)

contains no h̄, because the h̄-terms drop out of the dispersion relation

1
c2 h̄2ω2 = h̄2k2 . (29)
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For the same reason, Dirac’s equation for massless spin- 1
2 fermions contains no h̄.

Does that make massless neutrinos (as in the standard model) classical objects?
In a non-relativistic theory such as Schrödinger’s theory, the energy-momentum

dependence is not homogeneous: it is the classical relation

E =
1

2m
ppp2 + V(xxx) , (30)

and using deBroglie’s relations necessarily leaves us with h̄s:

h̄ω =
h̄2

2m
kkk2 + V(xxx) , (31)

which becomes Schrödinger’s equation when we require this relation to hold for a wave
ψ(xxx) of frequency ω and wave vector kkk.

5.2. The Fields in Maxwell’s Theory Have no Interpretation in Terms of a Born Rule

The interpretation of fields (neither the electromagnetic fields EEE and BBB nor the gauge
field Aμ) is not that of “a probability amplitude of finding a photon”. In other words, the
absolute squares of these fields do not define a probability density for events in analogy to
the Born rule in quantum mechanics. In fact, it can be shown (see, e.g., [21]) that no such
relativistically invariant probability density can be constructed from these fields. There are
several differences between the electronic part and the photonic part of the field theory
which are responsible for this.

One of the reasons is that the relation between energy E and “number of photons” n
depends on the frequency: E = nh̄ω. Furthermore, states which have a well-defined electric
or magnetic field do not have a well-defined photon number. Indeed, the coherent states in
quantum optics have a Poisson distribution of photon number. Expressed differently, the
field operators and the number operator for photons do not commute.

On the other hand, there are relationships between the gauge field AAA or the electric field
EEE and the number of photons (see, e.g., [16]). When we are dealing with fixed frequencies
and consider only relative quantities (i.e., not absolute normalizations), we can interpret
the absolute square of the gauge potential or the electric field as “relative frequency” and,
eventually, as a probability. This holds in particular for polarization experiments, where the
vector character of the electric field or the vector potential can be used as a two-dimensional
probability amplitude and the absolute square (properly normalized) as a probability for
“detecting an event”.

5.3. Many Systems of Single Objects vs. One System of Many Objects

Quantum mechanics makes predictions about probabilities, at least in the Copenhagen
interpretation. One can test such predictions by measuring relative frequencies. Ensemble
interpretations of quantum mechanics claim that quantum states refer to ensembles—
equally prepared systems—only [22]. The interference fringes of electrons in a double
slit experiment [23] are obtained by letting many single electrons prepared with the same
momentum pass through a double slit, preferably in such a way that they cannot influence
each other, i.e., one at a time.

One might argue that for photons it should be possible that a single system with many
photons prepared with the same quantum numbers might also allow to test probability
predictions as relative frequencies. Photons are bosons and many photons can be in the
same quantum state, which is not possible for electrons because of the Pauli principle.
Furthermore, in contrast to electrons, photons do not interact (quantum corrections can
effectively lead to photon-photon interactions via virtual electron-positron loops, but these
effects are negligible and do not spoil the argument). Therefore, a single multi-particle
state of photons with identical quantum numbers allows for the measurement of relative
frequencies of photons in form of relative intensities. This might replace the preparation
of ensembles of many single-particle states of photons. Even though correct in principle,
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the question remains to which extent states of classical fields in Maxwell’s theory really
represent such states of identical photons.

As mentioned above, this is not the case. States with more or less sharply defined field
strengths correspond to coherent states of many photons. These states are superpositions
of photon states with an arbitrary number of photons and do not describe a many-photon
state with a definite photon number—they are not eigenstates of the photon number
operator. Repeated measurements of relative frequencies in such systems do not yield
the same numbers. This refers to the coherent states of laser light. Thermal light is even
more diverse. Up to now, there are no good methods to prepare many-photon states with
macroscopic numbers of photons in eigenstates of the number operator. Such states would
exhibit an extreme quantum nature and they would differ from the states corresponding to
well-defined field strengths in Maxwell’s theory.

Essentially, this leads to the same conclusion as Section 5.2: the electromagnetic fields
or the vector potentials do not represent wave functions for identically prepared photons,
for which the integral over the absolute square has the interpretation of relative frequencies
of finding definite numbers of photons in a well-defined volume. However, in the limit of
large photon number N, where fluctuations can be neglected and for fields in modes with
well-defined frequencies, we can obtain relative photon numbers from relative intensities
of these fields. A known example being the interference fringes of monochromatic light
behind a double-slit which can be calculated from the intensities of electric field strengths
and which are proportional to the relative abundancies of photons.

However, the limit from macroscopic numbers of photons (of the order of
1018–1020 photons per second in a laser pointer) to single photon sources is far from
trivial. The bosonic nature of photons leads to bunching effects which make it difficult to
prepare states with definite photon numbers—even photon number n = 1 (see, e.g., [24]).

5.4. Wave Optics is Obtained from Geometrical Optics by Geometric Quantization

As has been discussed above (Section 4.2), a formal quantization of the symplectic
structure of geometrical optics leads to wave optics. In this sense it is fair to say that wave
optics is the quantized theory of geometrical optics, but does “quantized theory” imply
that it is a “quantum theory”?

Not necessarily: The fact that the formal mathematical relationship between geo-
metrical optics and wave optics is the same as that between Hamiltonian mechanics and
quantum mechanics does not make wave optics a quantum theory. However, wave optics
has many of the usual essences or characteristic traits (the German expression “Wesenzug”
has been used by [25]) of a quantum theory, such as the superposition principle, interference
effects, and the quantization of modes for finite-size systems.

6. Conclusions

The mathematical analogies, discussed throughout the paper, indicate an alternative
way to introduce the quantum mechanics of photons using classical models. Whether
this method is adequate for schools or only for a university curriculum may be a matter
of debate. Hitherto, the phenomenon of detecting single photons as described in the
introduction is interpreted in schools as proof of the particle nature of light. However,
these phenomena could also be explained by an indivisible ray. The photoelectric effect
does not require photons to be point-like: it requires that a quantized amount of energy
is transmitted locally to a single atom [2,4], which can also be explained by a ray. The
Compton effect might be closer to the scattering of particles, but it can also be explained
using rays to which we can assign a wave-length dependent momentum and energy.
Moreover, when we refer to the point-like detection of photons on a photographic plate,
this is also well explained by a ray which hits this plane.

When talking about “elementary” rays, corresponding to single light-quanta, it might
be useful to introduce the notion of rays of finite length. A typical length could be in
the range of meters based on the coherence length for monochromatic light. This would
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account for all events which are observed at “definite” times. It should be noted, however,
that the notion of a coherence length is beyond the concepts of classical ray optics.

This alternative approach has some advantages:

1. The comparison of the various limits shown in Figure 1 results in a mathematically
consistent and symmetric picture. From a mathematical point of view, one could
argue that it makes sense to speak of particles in the case of electrons and of rays in
the case of light.

2. In contrast to point-like particles, the concept of a one-dimensional ray circumvents
the problem of constructing a three-dimensional probability density from the elec-
tromagnetic field (or the potential). It has been argued (see, e.g., [21]) that this is
not possible and indeed, as we have indicated above, the relationships between the
absolute square of these fields and the (average) number of photons depends on the
frequency of the fields.

3. Massive point-like particles have a rest frame and the remaining invariance is the
rotation group SO(3). This leads to the usual classification of particles according to
their spin. In particular, spin-1 particles have three-dimensional representations for
this degree of freedom. Photons however, being massless, have no rest frame and
their invariance corresponds to the group SO(2) (for which spin-1 representations
are two-dimensional). Rays also have this invariance group of rotations around the
ray axis.

4. In particular, in the class room, the analogies between electrons and photons are often
emphasized to such an extent that for students they appear to be similar objects [26]
and the differences are not sufficiently considered. Different visualizations may
prevent such identifications and help to illuminate these differences.

Of course, photons are objects of quantum electrodynamics (QED) and one may argue
that classical models are inappropriate to describe quantum mechanical systems anyway.
However, there are good reasons not to teach QED in school. Like any model, the notion of
a photon as a wave, a particle, or an elementary ray has limitations. However, the notion of
a ray allows us to evade the dichotomy of a particle-wave dualism, which in our opinion
may be more appropriate for electrons instead for photons. Whether a ray-wave duality or
a particle-ray-wave triality is more appropriate depends on the situations for which these
models are used.
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Abstract: In this paper, we present an overview of recent developments in the Feynman sum
over paths approach for teaching introductory quantum mechanics to high school students and
university undergraduates. A turning point in recent research is identified in the clarification of the
distinction between the time-dependent and time-independent approaches, and it is shown how
the adoption of the latter has allowed new educational reconstructions to proceed much farther
beyond what had previously been achieved. It is argued that sum over paths has now reached full
maturity as an educational reconstruction of quantum physics and offers several advantages with
respect to other approaches in terms of leading students to develop consistent mental models of
quantum phenomena, achieving better conceptual understanding and a higher degree of longitudinal
integration of knowledge.

Keywords: quantum physics education; sum over paths; Feynman approach

1. Introduction

The sum over paths approach in physics education originates mainly from two sources:
Feynman’s path integral formulation of quantum physics [1] and his own divulgation book
QED: the Strange Theory of Light and Matter [2] (‘’QED” stays for Quantum Electro-Dynamics).
The latter, in fact, constitutes the first, fundamental sketch of an educational reconstruction
of quantum physics based on the path integral formulation. Among the milestones for
the development of the approach, one can trace the undergraduate course Demystifying
Quantum Mechanics on quantum physics held by E.F. Taylor at MIT (Massachusetts Institute
of Technology, USA) [3], which had a profound impact in the international physics edu-
cation research community, and the Advancing Physics project [4] of the British Institute
of Physics, an advanced physics course for high schools, designed to attract students to
physics, and to give them a good basis for their future progression in the subject at uni-
versity level, in which J. Ogborn, A. Dobson and collaborators [5] proposed an innovative
presentation of quantum physics based on sum over paths. After the turn of the millennium,
interest in the sum over paths approach has grown, with several works of great interest,
both empirical [6,7] and theoretical [8,9].

Sum over paths has been considered right from the beginning of its history in education
as a promising route for teaching the conceptual core of quantum physics to secondary
school students and non-physicists. However, some critical points in the approach were
also highlighted by some authors (e.g., [10]). These questions and critical remarks can be
summarized as follows:

1. Is it possible that using the sum over paths approach may encourage students to
retain the classical concept of trajectory, as they may misinterpret Feynman paths as
trajectories that are taken alternatively according to some probability rule?

2. The treatment of simple one-dimensional time independent systems may be much
more complicated using Feynman’s approach than using a standard formulation (i.e.,
a wavefunction approach).
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3. Can the approach be integrated to provide at least an elementary introduction to
concepts, related to spin?

2. A summary of Recent Developments

Recent educational research has addressed many of the open issues standing on the
sum over paths approach [11], including devising effective educational strategies for dis-
cussing time-independent problems such as bound states and tunneling [12,13]; improving
the treatment of the uncertainty principle [14]; establishing connections with two state
approaches based on spin or light polarization [15]; designing and realizing tools such as
interactive simulations and tutorials to sustain students’ learning [16,17]. Many of these ad-
vances were stimulated or facilitated by the complete clarification of the distinction between
a time-dependent and a time-independent sum over paths approach in education [13].
Further improvements included pinpointing and clarifying the educational advantages of
sum over paths, including reliable measures of conceptual learning outcomes [18,19] and
highlighting the importance of concepts such as path distinguishability, which were not
central in the initial educational tests of the approach, but have demonstrated extremely
fecund in leading to conceptual understanding of wave particle duality, and allowing
modern experimental settings and technologies to be introduced [20].

In the last 10 years, interest in the sum over paths approach has remained high, al-
though research has been led by a few groups, such as the physics education groups at
the Universities of Pavia and Trento in Italy and the physics education group at CONICET
(Consejo Nacional de Investigaciones Científicas y Técnicas) and the National University
of La Plata in Argentina. There has also been related research into the use of Feynman
diagrams in education (e.g., Ref. [21]), which can be considered, given the shared underly-
ing philosophy, a “natural” prosecution of quantum instruction in the perspective of sum
over paths.

3. Time Dependent vs. Time Independent Sum over Paths Approach

To some degree, the disagreement about the educational usefulness of sum over
paths in the last 20 years has been due to a confusion surrounding the role of time in the
algorithm for computing detection probabilities. In the 10 years, our group took significant
efforts to clarify the situation and show that it is actually possible to use two sum over
paths approaches, with a similar general structure but a different identification of physical
variables involved in the algorithm of summing over all possible paths. In order to clarify
the problem concerning the stationary or time-dependent phenomena, one can analyze the
case of the two slit interference of an individual electron.

This problem can be treated in the sum over paths perspective in two ways:

• Considering an initial wavefunction (a “wavepacket”) and evolving all the points
belonging to it using Feynman’s path integral propagator.

• Considering the time-independent problem (at fixed energy) of the propagation of a
quantum object from the source to the detector, and using the time-independent prop-
agator (Green function), which basically (apart from a prefactor) reduces to eikx with
x denoting the path length. This approach draws, in addition to Feynman’s original
works, from more recent research in the area of semiclassical path integrals [22].

The latter approach may be called “stationary” or “time-independent” path integral
and the results of the two methods agree, if the energy of the time-dependent wavepacket
in the former of the two approaches above is defined with sufficiently small uncertainty
(see e.g., Ref. [23]).

In both the following expositions of the time-dependent and time-independent ap-
proaches, the concept of action is used. However, secondary school students are rarely
exposed to either the full or abbreviated action in the study of classical mechanics. Typically,
in both kinds of approaches a rule is given for computing the phase of path amplitudes,
and then, if desired, the concept of action is introduced, and the principles of stationary
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action are derived, after recovering the classical from quantum behavior (correspondence
principle) in the short wavelength limit [8].

3.1. The Time-Dependent Sum over Paths Approach

The time-dependent version of the sum over paths approach, derived directly from
Feynman’s path integral formulation, can be summarized as follows [3,24–26]:

I. The quantum object goes through all possible paths from an initial space–time point
(xi, ti) to a final space–time point (xf, tf).

II. A complex number, often represented by a conventional rotating vector, is associ-
ated with each of the paths; its phase angle is proportional to the classical action,
R =

∫ L(t)dt, calculated along the path. Here, L denotes the Lagrangian.
III. The (normalized) sum of all contributions from the possible paths starting at (xi, ti)

and ending at (xf, tf) gives the time-dependent propagator, which can be understood
as the probability amplitude of finding at (xf, tf) a quantum object that was initially at
(xi, ti).

IV. The probability, P, of detecting the quantum object at (xf, tf) is then computed by
taking the square modulus of the propagator.

Authors have proposed and experimented with several versions of this approach,
especially in university education for non-specialists [3,27] and in secondary school [26],
but also in introductory courses for first year physics students [28]. These settings are
typical of research on sum over paths, as the use of less advanced mathematics is nor-
mally in order, and the ability to solve problems may be partly sacrificed in favor of a
conceptual understanding of a deep and productive reconstruction of quantum theory.
The approach was in general judged promising by physics education researchers although
some difficulties were highlighted already from the initial paper by Taylor [3], among
which in particular:

• A time-dependent formulation may increase students’ confusion about the concepts
of quantum paths and classical trajectories.

• The time-dependent treatment obscures the fact that many of the most important
predictions of quantum physics are actually time-independent statistics. For example,
finding the eigenfunctions for confining potentials usually requires computing the
time-dependent propagator and then determining the initial amplitudes that, for the
given propagator, are stationary in time, a procedure which appears intricated to stu-
dents even in the presence of technological aids such as tailored simulation software.

3.2. The Time Independent Sum over Paths Approach

In this approach, the behavior of quantum objects is modelled using a sum-over-
paths approach at fixed energy, independent of time. More explicitly, the sum over paths
approach at fixed energy, for time-independent problems, can be compactly described
as follows:

I. The quantum object goes through all possible paths at fixed energy, E, from an initial
point in space, xi (the source), to a final one, xf (the detector).

II. A complex number, often represented by a conventional rotating vector, is associated
with each of the paths; its phase angle is proportional to the classical abbreviated
action, S =

∫
p(x) dx, calculated along the path, where p(x) is the particle momentum at

point x.
III. The sum of all contributions from the possible paths at fixed energy starting at xi and

ending at xf gives the energy-dependent propagator, or Green function, which can
be understood as the probability amplitude of finding at xf, independently of arrival
time, a particle with defined energy whose source is at xi.

IV. The probability P of detecting the quantum object at xf is then proportional to the
square modulus of the Green function. For bound systems, the probability is nonvan-
ishing only when the energy E corresponds to an allowed energy level.
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In this way, the conceptual structure of Feynman’s formulation is entirely preserved,
with two main modifications:

• The action R is replaced by the abbreviated action S;
• All paths connecting xi and xf, regardless of travel time, are considered.

The “disappearance of time” allows the idea (of educational value in itself) to be
introduced that when energy is fixed, time must be completely unknown. This also enables
an interesting connection with the time–energy uncertainty to be constructed, which is
explored in more detail in Section 5.

The time-independent path integral can be considered a partially different educa-
tional reconstruction of quantum mechanics, which in addition to the works of Feyn-
man, also draws from the research on the semiclassical path integral, especially by M.C.
Gutzwiller [29] and L.S. Schulman [30]. Within this new perspective, it was possible
for researchers to address in a more educationally constructive way several problems
of interest in introductory quantum mechanics, such as confined systems with discrete
energy levels, as well as the important case of tunnelling [11] with the same elementary
mathematical tools used in Feynman’s QED [2]. Furthermore, educational advantages
in using the time-independent sum over paths approach were found also in the case of
open systems: for example, the issue sometimes brought up by students in the treatment
of the two slit interference [8], of why it is it that paths of different length are allowed to
interfere, since the photon goes through them in different times, is answered right from the
beginning in this picture. Paths are independent of time, as they represent the corpuscular
equivalent of a plane wave, i.e., a quantum object emitted with infinite uncertainty on
emission time, so that paths of different length are actually not distinguishable and the
sum of their amplitudes must be considered. The focus, right on the beginning, on the
importance of path indistinguishability for producing interference (see Section 7) allows
students to construct a more consistent idea of wave particle duality. In the following
Section, we provide some recent results deriving from the adoption of a time-independent
sum over paths approach.

4. Treatment of Stationary Problems

4.1. Infinite Square Well

The ‘’particle in a box” problem is the paradigmatic example for the treatment of
bound systems in the sum over paths approach. A quantum object is confined in a square
potential well with infinite depth and width L. For a fixed energy E, the particle can reach
the detector xf starting from a source at xi through one of four families of paths, depicted
in Figure 1. The phasor corresponding to each path is computed by the usual rules, with
each reflection contributing a π phase loss, and the result is that amplitudes associated
with all possible paths interfere constructively when the value of energy corresponds to an
allowed energy level (Figure 2; the computed amplitude sum is in the right window) and
destructively otherwise.

Analytically, the allowed energy levels (the poles of the energy dependent Green
function) can be determined uniquely from the condition that two paths differing for a
full back and forth round trip in the well are in phase. Thus, the full Green function can
be determined and the stationary wave functions (eigenfunctions) can be also evaluated.
The set of GeoGebra tutorials [31], created to support student understanding of quantum
concepts within the sum over paths approach [16,17], have been tested with both secondary
school students and pre-service and in-service teachers in several courses. Since the
simulations are available for free on the GeoGebra website [31], they have also occasionally
been modified by teachers to produce simulations of different physical situations or more
suitable to the needs [32], or considered in other research [33].

In a similar fashion to the square well potential, other confined systems of interest
(e.g., the harmonic oscillator, the finite square well [12], the particle confined on a circum-
ference [14]) can be discussed with students in a conceptually consistent way, using the
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same simple mathematical tools (vector amplitudes) used in the treatment of open systems,
such as the two slit interference.

Figure 1. Left: a representation of the one-dimensional infinite square potential well with two points
arbitrarily taken as initial, xi, and final, xf. As common in these representation, the vertical axis U is an
energy scale. Right: the four basic possible routes exist from the source to the detector, including possible
flections on the potential walls. Theoretically, all the paths that can be constructed by adding to any of the
above an arbitrary number of full back and forth routes should be considered. Note that each reflection
from a wall brings a e−iπ contribution (inverts the sign) of the amplitude, associated to that path.

 

Figure 2. Partial snapshot of the simulation of the infinite square potential well. Left: a drawing of
the potential, the initial and final points, and the numerically computed energy levels for n = 1 to 6.
The sliders of the GeoGebra simulation are shown as grey lines with the input values shown by solid
black circles. a is the halfwidth. In this particular case, the value of Energy corresponds to a stationary
state (energy level) for the given value of a. The values of xSource and xDetector correspond to xi and
xf in the text and in this case neither of them is placed on a wavefunction node, see below for details.
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Right: detail of the imaginary part vs. real part of the amplitude computation for a particular value
of energy, in this case, very close to one of the energy eigenvalues. Note that each one of the colored
segments is actually composed of N = 30 parallel tiny arrows placed head to tail. In fact, in this
condition, the amplitudes for paths belonging to the same one of the families shown in the right part
of Figure 1 are in phase. The angle between amplitudes corresponding to different path families (the
angle between colored segments, in the right of Figure 2) depends on the position of xi and xf, and
may lead to destructive interference if either point coincides with a wavefunction node, as expected,
since for stationary wavefunctions, the amplitude only vanishes at nodes. A special case is the limit of
energy E → 0, for which the paths of a given family are in phase, but due to the even or odd number
of path inversions for different families, the resultant of the sum of all four families is identically
zero for all xi and xf. For other values of energy, amplitudes within each individual family of paths
will interfere destructively and in the limit of the number of paths n → ∞ the resultant amplitude
will vanish.

Despite the conceptual simplicity of the treatment of one-dimensional systems, it has
to be remembered that there have been technical difficulties in extending path integral
techniques to radial coordinates beyond the simplest cases [30,34], and progress in obtaining
path integral solutions to three dimensional problems in radial coordinates, including the
hydrogen atom, has been slow [35,36]. Correspondingly, a sum over paths approach
may not be the most suitable way to deal with these problems, which typically appear at
advanced undergraduate and graduate levels.

4.2. Tunneling from a Square Barrier

In the context of the time-independent sum over paths approach, the problem of
tunneling from a square barrier can also be solved analytically, and the main conceptual
elements of the solution can be shown to students through a simulation (Figure 3). Trans-
mission and reflection coefficients at the barrier borders are computed by the simulation
through the equivalent for massive particles of Fresnel coefficients [12], but like in the
case of the square well potential, important features of the solution, such as the formation
of energy-dependent resonances in the transmitted amplitude, are due to constructive
interference between paths, which undergo multiple reflections within the barrier.

 

Figure 3. Partial snapshot of the simulation of square barrier tunneling for a massive particle in the
framework of the time-independent sum over paths approach. Left: the green dot represents the
source and the red triangle the detector. The yellow rectangle represents the incoming particle energy,
as compared to the barrier energy (light blue). m is the particle mass in natural atomic units (so m = 1
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is the electron mass). The word ‘cammini’ stands for ‘paths’ in Italian. Top right: the representation
of the sum of amplitudes (in this case the amplitudes of paths reflecting inside the barrier have
progressively lower absolute value as the number of internal reflections increases). The red arrows
indicate the amplitudes associated to individual paths, which are summed to form the final amplitude
(black arrow). Bottom right: the probability, P(E), of revealing the quantum object at the detector
beyond the barrier (transmission probability) as a function of the difference between the particle
energy and the barrier height, compared to the theoretical formula.

In the typical structure of a teaching-learning sequence based on the sum over paths
approach (e.g., Ref. [18]), the topic of tunneling is treated before bound systems and
energy quantization, with the case of the resonant scattering of a photon between two
semi-reflecting mirrors (Figure 4) playing the role of a transition case between open and
bound systems.

 

Figure 4. Partial snapshot of the simulation of resonant scattering between two semi-reflecting
mirrors for a photon in the framework of the time-independent sum over paths approach. Left:

the setup with the green dot representing the source and the red triangle the detector. The green
arrow represents the wavelength of the photon directed towards a system of two semi-reflecting
mirrors. Right: the probability of detecting the photon at the detector beyond the mirrors as a
function of energy, displaying the typical equispaced resonances. The diamond shows the energy
used in the simulation. The red arrows indicate the amplitudes associated to individual paths, which
are summed to form the final amplitude (black arrow).

5. Stationary Sum over Paths Approach and the Time-Energy Uncertainty Relationship

In the fixed-energy sum over paths approach, the uncertainty in the travel time of the
quantum object from source to detector is considered infinite. Thus, for bound systems,
infinitely many paths, going through an arbitrary number of back and forth roundabouts
within the confining potential, need to be considered in order to obtain the allowed energy
levels. On the other hand, it was shown recently [14] that, if the assumption of infinite
uncertainty in travel time is weakened, considering only a finite, though large, uncertainty
in time, it is possible to derive from the time-independent sum over paths approach,
through geometrical considerations and simple algebra, a time-energy indeterminacy
relationship of the form ΔE · Δt ≈ �, where h̄ is the reduced Planck’s constant. In fact, if
only a finite number of paths are considered, namely those whose travel times differ by less
than the time uncertainty, the resulting approximate Green function will not have sharp
divergences, but widened peaks, whose width in energy can be described such relationship.

The derivation is not valid only for the infinite square well shown in Figure 5, but for
any confined system (in Ref. [14] the particle on a ring is treated). The time indeterminacy,
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Δt, thus derived can be given different interpretations [14]: (a) upper limit on the time the
quantum object can have spent in the confined system before measurement, which is the
most literal interpretation within the sum over paths approach: (b) coherence time for paths
of different length, i.e., timescale over which they can still considered indistinguishable;
and (c) lifetime of the quantum state, due to external, unspecified reasons, which make
it an unstable state. Among the interpretations proposed by the authors, the third one
seems the most promising in education, given the relevance of the lifetime–linewidth
relationship in the elementary treatment of the time-energy uncertainty principle. Thus,
it may be worth explaining the terms of such interpretation in some more detail. The
lifetime–linewidth relationship, originally derived by G. Gamow in the context of alpha
decay [37] but valid in a wide range of different contexts, applies to quasi-bound states,
which are resonances in the continuous spectrum of object temporarily confined by a
potential barrier, which nonetheless possess a positive total energy. Gamow’s derivation
made use of a semiclassical picture, in which the quantum object, bounced within the walls
of the potential an indeterminate number of times, each time with a finite probability of
escaping the well. In this picture, the time indeterminacy Δt is the expected value of the
time the quantum object remains in the confined state. Thus, the derivation proposed in
Ref. [14] can be seen as a simplified (at a level accessible also to advanced high school
students) treatment of Gamow’s analysis, in which rather than assigning a finite probability
to the escape of the quantum object from the potential at each bounce, a hard limit is
imposed on the dwell time. Note that a rigorous analysis of Alpha decay in terms of the
semiclassical path integral (which involves assigning progressively decreasing amplitudes
to paths) was given in Ref. [38], where its results are compared to those of Gamow’s
original treatment.

Figure 5. Graph of the approximate spectrum of the particle-in-a-box system when only a finite
number of paths (here, N = 120 for all values of energy) is considered. The red dot represents the
source, the green triangle the detector. The spread of spectral lines corresponding to energy levels into
Lorentzian-like shapes is evident. The width of the peaks is not uniform because in this simulation N
is kept fixed for all values of energy rather than depending on a fixed time uncertainty, Δt, and the
particle momentum, p.
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6. Connections with Spin: From the Hong-Ou-Mandel Experiment to
Quantum Computing

The Hong-Ou-Mandel (HOM) experiment [39] demonstrates interference between
indistinguishable processes, and its generalized version [15] using electrons can be used to
explain the properties of bosons and fermions. The general setup of the HOM experiment
is depicted in Figure 6. The experiment is known in its original version performed with
photons, as it demonstrates the possibility of two photon interference due to perfect time
overlap and consequent indistinguishability. A less known version of the experiment with
electrons was also performed [40].

 

Figure 6. Setup of a generalized HOM (Hong-Ou-Mandel) experiment. Two sources (S1 and S2) emit
simultaneously indistinguishable quantum objects (either photons or electrons), which are directed
towards either a 50% beam splitter, or in the case of electrons, a potential barrier tailored to have 50%
reflection and 50% transmission probability for the specific energy of the incoming electrons. The
quantum objects may then be revealed at detectors D1 or D2.

Discussing this experiment with students involves first of all a change of perspective,
from performing the sum over all possible paths, to performing a sum over all possible
processes or histories for a given setup. The crucial step in such direction is to explain
that, for processes involving more than one quantum object, amplitudes of histories can be
derived from the amplitudes of single particles paths through a multiplicative operation
(mirroring the multiplication between complex numbers): the result, in the language of
Feynman’s QED, is an arrow whose length is the product of the lengths of the single-particle
arrows, and whose phase is the sum of their phases [2]. At this point, the three possible
distinct outcomes of the experiment (two particles found at D1, two particles at D2, or one
particle in each, referring to Figure 6) can each be represented by two diagrams differing
by the exchange of identical particles (see Figure 3 in Ref. [15] and the text there). Next,
the outcomes of the real experiment are considered. With perfect time coherence, and
so perfect indistinguishability of the two quantum objects, photons are always detected
either both at D1, or both at D2. On the other hand, in the same conditions, electrons
are always found at different detectors. Considering also the phase shift properties of
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beam splitters, the only way to solve such a puzzle is to postulate different exchange
rules for the two types of quantum objects: for indistinguishable fermions, a change of
sign for the global amplitude is involved for diagrams, which only differ by the exchange
of two particles; while for indistinguishable bosons, no such change of sign is involved.
The possibility to introduce, starting from the phenomenology of outcomes of modern
experiments, a key element of the spin-statistics connection, namely the different rules
related to indistinguishability for bosons and fermions, on the one hand reinforces the
centrality of the concept of indistinguishability in quantum mechanics (which is a key idea
of the HOM experiment), and on the other hand provides a first connection of the sum over
paths approach with topics related to spin.

Furthermore, there is currently ongoing research on the integration of sum over
paths with two state approaches [41], especially in the context of teaching introductory
elements of quantum computation and communication. In fact, in this context, in order
to show students applications of quantum computing that are not entirely trivial (e.g.,
the Deutsch and Grover algorithms), it is necessary to code more than just a single qubit
(often at least two). The educational issue in choosing, as the physical realization of such
qubits, different quantum objects (e.g., two or more electrons) is that by doing so the
quantum gates become very difficult to interpret as physical systems within the reach of
secondary school students. The consequence is that at that point the treatment of quantum
algorithms becomes completely symbolic and algebraic, disconnected by any concrete
physical representation. One alternative that is being explored [42], which allows two
qubit quantum logical circuits using simple optical devices to be constructed, is to use
photons and code one qubit as the polarization state, the second qubit as the choice between
possible paths (typically at a beam splitter). Of course, for the second qubit, all the rules
typically introduced in sum over paths concerning, for example, phase displacements at
reflection and transmission are valid. This approach can be considered a prosecution of the
one pioneered by Daniel F. Styer in his book The Strange World of Quantum Mechanics [27].

7. Path Indistinguishability and the Zhou–Wang–Mandel Experiment

The HOM experiment is only one example of the fecundity of the concept of path
distinguishability/indistinguishability in education [20]. Another experimental result that
has proven highly useful in education is the Zhou–Wang–Mandel (ZWM) experiment [43],
which highlights in a peculiarly sharp way the loss of interference resulting from rendering
quantum processes experimentally distinguishable. The ZWM experiment is conceptually
a concrete realization of a two slit interference experiment with which-way detectors;
but which way information is obtained not by physical detection of the photon passing
through a slit, but by detection of a secondary photon that is emitted by a non-linear
crystal at the same time as the primary one. Discussion of this experiment is highly
instructive for students, as they are introduced to a case in which interference can be
made to appear or disappear, without physically touching the quantum object, which is
(supposedly) only responsible for the appearance of interference fringes, i.e., the “signal”
photon arriving at the primary detector. While the initial reaction of many students is to
declare that the experiment works by way of magic, a more thorough discussion leads
to a deeper understanding of the modern meaning of wave particle duality in quantum
mechanics as a relationship of complementarity between interference fringe visibility and
path distinguishability [44].

8. Educational Outcomes

Several tests of the educational effectiveness of the sum over paths approach were
performed in recent years. In Ref. [18], based on an experimentation in a class of final
year secondary school students, the authors found that Feynman’s approach could lead
students to build consistent, detailed, and integrated mental models of wave particle
duality, as tested within Knowledge Integration theory [45]. Furthermore, the approach
could also help overcome some other integration issues in teaching–learning quantum
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mechanics, such as students building completely different mental models for the photon
and the electron. In this study, specific strategies are adopted in order to reduce the
possibility that students interpret paths as classical trajectories. They emphasized that the
sum over possible paths has to be considered a representation of the mathematical model
of quantum theory, and not of the actual physical reality. Moreover, students were guided
through a detailed analysis, in the context of the two slit and Mach Zehnder settings, of
the inconsistency of considering paths as mutually exclusive classical trajectories (e.g., that
the quantum object passed through one or the other slit, or one or the other arm of the
interferometer). In the teaching experiment of Ref. [18], the issue of students appearing
to reason as if paths were alternative classical trajectories was limited to one student.
The incidence of other deterministic and hybrid conceptions was also reportedly low or
non-existent. Advantages in terms of consistence between students’ mental models of the
photon and electron were also reported in Ref. [19], which discusses an experimentation in
a class of 16–17-year-old students. In Ref. [46], which is based on an experimentation with
four classes of 16–17-year-old secondary school students, the authors report advantages in
helping students form consistent and integrated models of light, by connecting in a unified
perspective phenomena related to ray optics, wave optics, and the quantum theory of light.
These results, which echo the findings reported in Ref. [47], appear especially important
in view of the extremely fragmented character of the topic of light within the secondary
school curriculum in many countries. Convincing results were obtained in the context of
teacher education in several studies [16,17] and it was highlighted that the deep conceptual
understanding provided by the sum over paths approach in in-service courses can render a
teacher confident enough to undertake the enterprise of treating quantum physics in the
classroom, even in contexts (such as the Italian system) in which it is possible, and quite
frequent, that secondary school physics teachers have no formal instruction on the topic at
all (for example, having a degree in mathematics or engineering).

9. Discussion and Recapitulation of Educational Perspectives

Based on the results of research literature, and several years of direct experience
with using the sum over paths approach in teacher education, let us summarize the main
educational advantages offered by in the following way:

1. On the mathematical level, the sum over paths approach allows quantum phenomena
to be discussed using quite a simple formal language. At its heart, such a possibility
is due to the fact that, rather than finding solutions to the Schrödinger equation,
Feynman’s method constructs the Green function for the same equation, representing
it as a sum of complex amplitudes computed over all possible paths. In educational
practice, complex amplitudes associated with paths can be represented and added
up as vectors or “little arrows”, a strategy directly derived from the one used by
Feynman himself, which greatly reduces the stress on student’s cognitive resources
while learning the basics of quantum theory. The recent advances in the design of
teaching–learning sequences based on sum over paths, mostly due to a significant
clarification of the subject matter and the adoption of the time-independent version
of the approach, allow the same simple mathematical machinery essentially to be
treated with all problems, which are typically solved with the one-dimensional time-
independent Schrodinger equation. Thus, sum over paths can be considered an
attractive option not only for secondary education, but also for the introduction of
elements of quantum physics to non-physicists.

2. On the conceptual level, sum over paths has the unique peculiarity of offering students
a clear and unambiguous representation of one of the most profound quantum mys-
teries, namely wave particle duality. There are two basic ingredients that contribute to
forming such conceptual understanding. The first one consists of the distinction be-
tween classical and quantum ways of computing probabilities, which is at the heart of
the approach, and allows what is always “corpuscular” in quantum objects’ behaviour
(they are always revealed as discrete entities at detectors) and what may, or may not,
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be “wave-like” (the statistics of their detection events) to be clearly distinguished. The
second ingredient is the focus on path distinguishability/indistinguishability, which
allows a modern understanding of duality to be constructed in which an either/or (par-
ticle or wave) idea of the quantum object is replaced by a continuum of wave-like and
particle-like behaviours, regulated by the respective weight of path distinguishability
and fringe visibility. Furthermore, while going through this educational path, students
generalize the concept of ‘sum over paths’ to ‘sum over histories’, and by doing so
they construct a language capable to discuss modern experiments and technologies
based on quantum optics, and in principle, to understand the conceptual meaning of
simpler Feynman diagrams [15]. Finally, modern educational reconstructions based
on sum over paths can offer deep insight into the origin of energy quantization for
bound systems, and help clarify the meaning of the time-energy uncertainty principle.

3. At the level of knowledge integration, the sum over paths formulation can make the
classical limit (correspondence principle) completely transparent [8], and provide a
unifying perspective on the nature of light, connecting ray optics, wave optics, and
the quantum behaviour of photons. The approach allows students to build consistent
mental models for photons and electrons, in which differences (the dispersion relation,
the exchange rule) are highlighted that build on a common basic model of the quantum
object. Rather than presenting quantum theory as a set of disconnected formulas
for different situations, as it appears in many secondary school textbooks, in sum
over paths the subject matter is presented as an organic theory, with the additional
advantage of offering the possibility to teachers to develop their own exercises and
problems, applying the computational rules to new situations.

10. Conclusions

In this overview of research on the sum over paths approach for teaching introductory
quantum physics, we have argued that such an approach, whose history started in the late
1980s, has reached full maturity in the second decade of the XXI century. Research has
addressed most of the critical points enumerated in Section 1, and while there may not be
a consensus as to whether they have been fully resolved (especially concerning the first
of the three issues, on which data, while encouraging, is rather scarce), progress has been
significant, and can be considered decisive especially concerning the treatment of bound
systems. Furthermore, new experimentations have reinforced evidence on the educational
advantages of sum over paths, demonstrating that the approach can help researchers and
educators improve educational outcomes in terms of conceptual understanding and knowl-
edge integration, and be an invaluable aid in the introduction of quantum technologies, an
issue which is increasingly felt as central and urgent.
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Abstract: Quantum technologies have outgrown mere fundamental research in laboratories over
recent years, and will facilitate more and more potentially disruptive applications in a wide range
of fields in the future. In foresight, qualification opportunities need to be implemented in order to
train qualified specialists, referred to as the future quantum workforce, in various fields. Universities
world-wide have launched qualification programmes for engineers focusing on quantum optics and
photonics. In many of these programmes, students attend courses on quantum physics contextualized
via quantum optics experiments with heralded photons, because: (1) their experimental and physical
foundations may be directly leveraged to teaching a number of quantum technology applications, and
(2) physics education research has provided empirical evidence, according to which such quantum
optics-based approaches are conducive to learning about quantum concepts. While many teachers
are confident about the effectiveness of their concepts, there is little empirical evidence due to the
lack of content-area-specific research tools. We present a 16-item concept inventory to assess students’
conceptual understanding of quantum optics concepts in the context of experiments with heralded
photons adopted from a test instrument published in the literature. We have administered this
Quantum Optics Concept Inventory as a post-test to N = 216 students after instruction on quantum
optics as part of an undergraduate engineering course. We evaluated the instruments’ psychometric
quality, both in terms of classical test theory, and using a Rasch scaling approach. The Quantum
Optics Concept Inventory enables a reliable measure (α = 0.74), and the data gathered show a
good fit to the Rasch model. The students’ scores suggest that fundamental quantum effects pose
striking learning hurdles to the engineering students. In contrast, most of the students are able to
cope with the experimental and technical foundations of quantum optics experiments with heralded
photons and their underlying principles, such as the coincidence technique used for the preparation
of single-photon states. These findings are in accordance with prior research, and hence, the Quantum
Optics Concept Inventory may serve as a fruitful starting point for future empirical research with
regard to the education of the future quantum workforce.

Keywords: quantum optics; concept inventory; Rasch scaling; quantum technology

1. Introduction

Quantum technologies have evolved dynamically in recent years [1]: From purely funda-
mental research in laboratories, they have increasingly moved toward potential disruptive
applications in a wide range of fields until today [2,3]. To establish quantum technologies
in future industry sustainably, it becomes necessary to train qualified specialists—the future
quantum workforce [4], e.g., quantum engineers, since an increase in the “engineering tal-
ent flow [...] could vastly accelerate the development of quantum technologies” [5] (p. 3).
According to [5] the term “quantum engineering” refers to the “application of engineering
methods and principles to quantum information systems and problems” [5] (p. 3). Hence,
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qualification opportunities need to be implemented for this target group, both in terms of
training at universities and in terms of training for professionals.

1.1. Educating the Future Quantum Workforce

Many initiatives have been implemented that aim at boosting the development of
quantum ecosystems, and addressing the industry’s request for a quantum-literate work-
force. A topical overview of the quantum workforce landscape is provided in Ref. [6]. For
example, in the US, the Quantum Information Science and Technology Workforce Development
National Strategic Plan [7] was set up, and with the National Q-12 Education Partnership,
a consortium has been established with the aim of preparing “America’s next genera-
tion workforce with the tools to succeed in the industries of the future” [8]; see [9] for
a comprehensive overview of Quantum Information Science courses at US institutions.
In Europe, the Quantum Flagship [10] is flanked by the Coordination and Support Action
for Quantum Technology Education (QTEdu CSA) [11], which aims at “bringing together
quantum professionals from different walks of quantum education, research, and industry
to help define the future of Europe’s quantum workforce as the second quantum revolution
unfolds” [11]. With Canada’s National Quantum Strategy [12], the Sydney Quantum Academy
in Australia [13], India’s National Mission on Quantum Technologies and Applications [14], or
Singapore’s Quantum Engineering Program [15], similar efforts aimed at educating the future
quantum workforce have been launched in other parts of the world.

In prior research, the industry needs for the future quantum workforce have been
explored in different studies [16–18]. The results of such studies are essential for future
efforts, since they may serve as a starting point for the development of target-group-
specific educational programmes on quantum technologies, as has recently been shown
with the development of a quantum engineering (undergraduate) programme presented
in Ref. [5]. In the European context, a comprehensive Delphi study has been conducted
within the QTEdu CSA, in order to collect quantum-specific competences that experts from
academia and industry demand for the future quantum workforce [19,20]. The Delphi study
results contributed to the development of the European Competence Framework for Quantum
Technologies [21]. One prominent competence domain highlighted by the Competence
Framework refers to quantum optics as a basis for quantum technologies, and closely
related, its application in quantum photonics [21].

Quantum photonics and the underlying quantum optics fundamentals are highly
relevant for almost all applications of quantum technologies, either as a core component of
the application, e.g., in quantum imaging or quantum communication, or as an enabling
technology [22]. Thus, quantum photonics are not limited to a specific application field. On
the other hand, quantum photonics are the technology on the basis of which commercial
applications can already be expected in the near future [2,22], e.g., in quantum sensor
technology. For this reason, we believe that strengthening education in the field of quantum
optics in (undergraduate) engineering programmes might have an impact on boosting
developments in the field.

Different universities world-wide have already launched qualification programmes
for engineering studies focusing on quantum optics and photonics [23–26]. Common are
programmes that introduce students to the essential content domains of quantum physics
via quantum optics fundamentals, most often starting from experiments with heralded
photons (see [27]) for two main reasons:

1. The experimental and physical foundations of experiments with heralded photons
may directly be leveraged to quantum technology applications within teaching sce-
narios, e.g., with regard to quantum computing [28], quantum metrology [29], or
quantum information [30,31]. This content-specific argument is especially important
with regard to undergraduate courses within study programmes for prospective
quantum engineers.

2. Such experiments “provide the simplest method to date for demonstrating the es-
sential mystery of quantum physics” [32] (p. 1), and “elegantly illustrate the fun-
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damental concepts of quantum mechanics such as the wave-particle duality of a
single photon, single-photon interference, and the probabilistic nature of quantum
measurement” [33] (p. 1). Hence, such quantum optics-based approaches are likely
to be conducive to circumvent widespread learning difficulties regarding quantum
concepts, as has already been indicated by empirical results presented in Ref. [34].

1.2. Aim of This Study

Despite the above-mentioned advantages that potentially emerge from the integration
of quantum optics courses with a focus on experiments with heralded photons into quan-
tum engineering study programmes, no empirical results regarding the evaluation of such
study programmes have been published in the literature so far. Not least, this is due to a
lack of target-group- and content-domain-specific concept inventories that allow for the
investigation of students’ learning progression. Therefore, the development of a concept
inventory that can be used to inform instructors about engineering students’ mastery of
quantum optics concepts constitutes a research desideratum to date. This is where this
project comes in: We present a 16-item concept inventory to assess students’ conceptual
understanding of quantum optics, with a focus on experiments with heralded photons on
a qualitative level. We administered this Quantum Optics Concept Inventory as a post-test
to N = 216 students in the end of a four-week programme on quantum optics that is
embedded into an undergraduate engineering course leading students from the basics of
heralded photons experiments to the first insights into quantum technologies applications.
Consequently, the objectives of the study presented in this paper are twofold: From a Rasch
scaling approach, we

(1) investigate as to how our concept inventory psychometrically functions on a sample
of engineering students,

(2) establish a difficulty scale regarding concepts covered by quantum optics experiments
with heralded photons suggested by students’ scores on the concept inventory.

In Section 2, we provide insights into the research background regarding learning
about quantum optics content domains, before the development of the Quantum Optics
Concept Inventory for engineering students is sketched in Section 3. The research questions
are formulated in Section 4, and, in Section 5, we outline the methodology employed in our
study. The results obtained with regard to the research questions are given in Section 6,
and finally, we discuss our findings against the backdrop of the literature in Section 7.

2. Research Background

In recent years, there has been an increase in the number of research projects aimed
at introducing students of different levels and target groups to quantum physics, starting
from a quantum optical perspective [32,35–39]. Although empirical research on teaching
and learning quantum physics is gaining pace in general [40], there have been no empirical
studies examining engineering students’ learning in such quantum optics courses to date.
Contributing to closing this gap is a major goal of this study. In the next two Subsections,
we present some results of research on the teaching and learning of quantum optics in
secondary and undergraduate physics courses, in order to situate the study presented in
this paper against the backdrop of the existing literature.

2.1. Assessment of Students’ Conceptual Understanding of Quantum Optics

Various concept inventories that allow for the assessment of students’ conceptual
understanding of quantum physics have been published so far; a detailed overview of
these concept tests aimed at the secondary school level or at the undergraduate physics
level is given in Ref. [41]. These instruments either cover basic content domains of quantum
physics (see [42–45]) or address aspects of the quantum formalism (see [46–48]).

The only test instrument on the introductory aspects of quantum optics is presented
in Ref. [49]. This instrument consists of single-choice items, and has been developed
in an iterative process, including different rounds of piloting. In terms of content, it
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covers both theoretical and experimental aspects of experiments with heralded photons.
The content validity of the instrument has been ensured by means of an expert survey,
and the tests’ psycometric properties have been analyzed in terms of classical test theory,
based on data from N = 86 undergraduate engineering students after instruction in
introductory quantum optics. The test was found to enable a reliable measure (α = 0.78),
and has good item statistics. This instrument serves as a starting point for the project
presented in this paper: In Section 3, we describe how we adapted it for use on a sample of
engineering students.

2.2. Students’ Conceptions on Quantum Optics Aspects

Two reviews provide a comprehensive overview of learning difficulties that students
may encounter in quantum physics: one review focusing on secondary and lower ele-
mentary levels [41], and another one focusing on upper-level undergraduate students [50].
Currently, only a few studies with relatively small samples have been published explor-
ing obstacles that students encounter with regards to quantum optics [33,51–54]. An
exploratory interview study identifying N = 25 students’ difficulties regarding different
quantum optics content domains is reported in Ref. [55]. In [55], it was shown that (a) stu-
dents are predominantly unprejudiced towards the experimental and technical foundations
of quantum optics experiments, e.g., with regard to the preparation of single-photon states
in experiments with heralded photons via coincident events on binary detectors, and that
(b) most of the students can cope with the underlying principles [55]. These indications are
also supported in further studies, e.g., exploiting the technique of probing acceptance [51].
In contrast, students specifically showed learning difficulties with regard to quantum
effects and photons, which are in accordance with the findings from earlier studies into
students’ difficulties with aspects of quantum physics (see, e.g., [56,57]), for example:

• a part of the learners interpret single-photon interference via photons that divide and
then overlap with themselves [55] (p. 216);

• a part of the respondents equate photons with waves and conclude from this the
necessity of observing interference phenomena [55] (p. 221);

• some learners claim that the photons’ localization would fail due to the small size of
the photons [55] (p. 227);

• furthermore, a part of the participants believe that quantum anticorrelation at a beam
splitter cube would be caused by photons behaving like haptical particles, being either
reflected or transmitted [55] (p. 232).

With respect to the technical basics of quantum optics, learning difficulties regard-
ing the detection of photons have been reported in the literature [51,58]: for example,
a widespread misconception is that a pulse or click of a single-photon detector proves
the detection of a single photon, but “this is not in agreement with the theory. A photo
multiplier tube (PMT) or avalanche photo diode (APD) sends clicks, because engineers
designed them to do so” [51] (p. 2).

For the development of the Quantum Optics Concept Inventory presented in this paper
(see Section 3), we particularly referred to difficulties that students encounter with aspects
of quantum optics that are documented in the literature, as presented in this subsection.

3. The Quantum Optics Concept Inventory for Engineering Students

We used the instrument described in Ref. [49], which is the result of a comprehensive
process of development and piloting (described in Section 2), as a starting point for the
development of our Quantum Optics Concept Inventory, focusing on qualitative aspects
of experiments with heralded photons. We adopted the instrument for use in the primary
target group of engineering students. Namely, we took two steps for the development:

(1) we updated the existing items (and the corresponding distractors) from Ref. [49], in
terms of language, and

(2) beyond the content domains covered in the test of Ref. [49], namely (a) the theoret-
ical and (b) the experimental basics of quantum optics, we developed new items to
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incorporate the thematic area of the technical basics of quantum optics experiments
into the instrument, since we believe this content domain to be relevant to future
quantum engineers.

In total, the Quantum Optics Concept Inventory consists of 16 single-choice items. In
tier one, the participants are asked to select exactly one out of three answer options. In tier
two, the participants are asked to rate their answer confidence on a five-point rating scale
(1 stays for “I guessed”, 2 for “not sure”, 3 for “undecided”, 4 for “sure”, and 5 for “very
sure”). A point is assigned if and only if the correct answer option was chosen in tier one,
plus the respondent was at least sure with the response, meaning that a minimum of 4 was
chosen on the confidence scale in tier two. Comparable confidence scales have previously
been used for concept inventories, and they lead to the combination of two fundamental
advantages [49,59–61]: On the one hand, the confidence scale

(1) helps to minimize the effect of guessing, and hence, is “useful for gauging the quality
of students’ understanding” [59] (p. 3); on the other hand,

(2) it allows for the exploration of learning difficulties regarding the content area under
investigation, namely by analyzing incorrect answers that were given confidently [62].
This point is postponed for the future research.

From a content-specific perspective, the Quantum Optics Concept Inventory aimed at
engineering students is developed to test three content domains regarding quantum optics
with heralded photons: technical-experimental foundations (domain 1), preparation of
single-photon states (domain 2), and quantum effects (domain 3). Each domain is addressed
by at least five items. An overview of the three content areas and the topics covered are
given in Table 1.

Table 1. Overview of the content domains covered in the Quantum Optics Concept Inventory, and
the topics addressed with the related items. For a didactically prepared overview of the subject-
specific topics represented in the test, e.g., the anticorrelation of single-photon states (see [18,51]).
The list of items is given in Appendix A.

Content Domain No. of Items Topics Covered (Related Items)

Technical-experimental foundations 5

Set-up/adjustment of quantum optical ex-
periment (items 1, 2, and 4), Single-photon
detection (items 5 and 8)

Preparation of single-photon states 6

Parametric downconversion and energy
conservation (items 3, 6, and 7), Coinci-
dence technique (items 9, 10, and 15)

Quantum effects 5

Interference of single quanta (items 11, 12,
and 13), Anticorrelation of single-photon
states (items 14 and 16)

The content validity of the Quantum Optics Concept Inventory addressing the context
of experiments with heralded photons was checked by means of an expert survey with
N = 8 faculty members [63]. For the investigation of further aspects of validity, in particular
with regards to construct validity, we checked the fit of the data gathered in our study to a
one-dimensional Rasch model. Therefore, we refer the reader to our methods and results in
Sections 5 and 6. Beyond that, we also describe reliablity issues in the results in Section 6.

4. Research Questions

The psychometric characterization of the Quantum Optics Concept Inventory (see
Section 3) with respect to the primary target group of engineering students is the main goal
of this study. Hence, the first research question (RQ1) to be addressed is:

RQ1: How does the Quantum Optics Concept Inventory function on a sample of engineer-
ing students?
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In the literature, qualitative approaches have been taken so far to explore difficulties
that students encounter with quantum optics concepts (see Section 2). We have outlined
findings from prior studies according to which students seem to be unprejudiced towards
experiments with heralded photons, in particular, regarding the preparation of single-
photon states, and most of the students can cope with the underlying principles. Conversely,
quantum physical effects pose more difficulties to learners. Hence, to draw on earlier
studies, and to shed new light on the difficulties that engineering students encounter with
certain content aspects of quantum optics experiments with heralded photons using our
concept inventory, we approach a clarification of the following second research question
(RQ2) in this paper:

RQ2: What difficulty scale of quantum optics content aspects is suggested by students’
scores on the concept inventory?

5. Methods

5.1. Test Administration and Sample

The Quantum Optics Concept Inventory used was administered to N = 216 second-
year engineering students (144 males, 68 females, 4 not specified) as a post-test after the
students had participated in a four-week program about quantum optics with heralded
photons. This four-week program was integrated in a regular introductory physics lecture
for future engineers. In Section 5.2, a brief overview of the four-week intervention is given
while in Appendix B, we provide an in-depth description of the educational pathway and
the content aspects covered. None of the participants had any prior instruction in quantum
physics beyond school physics.

The participation in our study was voluntary, and was not financially recompensed.
In addition, the students were informed about anonymity, as well as about processing of
their data, and were asked to give their consent to participate.

5.2. Intervention

The educational pathway of the four-week program was based on an introductory
quantum optics course originally developed for the secondary school level as well as for
the lower undergraduate levels, and is described in detail in [51]. For the purpose of this
study, this concept was adapted in terms of content and depth—specifically, two important
modifications dedicated to future engineers have been made to the original version [51] for
the four-week program. Namely,

(1) while the original teaching concept exclusively covered aspects of experiments with
heralded photons qualitatively to make quantum effects accessible [51], during the
course implemented in this study, the same topics were also covered on a formal level,
as proposed in [64];

(2) to conclude, the course implemented in this study provided future engineers with an
outlook on quantum technologies, namely by dealing with quantum cryptography,
e.g., the BB84 protocol with single-photons [65,66].

The four-week program was divided into two consecutive parts, and culminated in
the discussion of the 1986 paper by Grangier et al. [67]. Hence, from a theoretical point
of view, the program was based on the theory of optical coherence, which “investigates
the properties of light in terms of correlation functions between two distinct fields or of a
single field at different points in time and space” [68] (p. 144).

It is noteworthy that the development of a well-grounded proposal for educating the
future quantum workforce is beyond the scope of this paper. However, to provide a deeper
background of the intervention implemented in this study, we sketch the essential topics
that were covered in the four-week quantum optics course, in Appendix B. We reflect on the
role of the educational path for the results of this study in the limitation (see Section 8.1).
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5.3. Data Analysis

In the following, we present the analysis tools incorporated into our research, bundled
for each research question.

5.3.1. Analysis Carried Out to Answer RQ1

In a first step, we provide a characterization of the instrument in the sense of classical
test theory; i.e., Cronbach’s α, as well as the items’ point-biserial coefficents and items
difficulties are presented. Here, we refer to the accepted ranges of 0.2 to 0.8 for the item
difficulty [69] and values ≥0.20 for the point-biserials [70]. For Cronbach’s α, values above
0.7 are considered as acceptable [71].

In a further step, the goal is to divorce statements regarding the concept inventory
from the sample it was piloted with. This is enabled via dichotomous Rasch scaling.
To justify this analysis, we investigated the pre-conditions of Rasch scaling (see [72]) by
verifying that:

• the skewness and kurtosis of the items do not exceed the range of −2 to +2,
• the items are locally independent, and
• the uni-dimensionality of the construct can be assumed.

It is noteworthy that a verification of our instrument’s uni-dimensionality also sup-
ports construct validity [60].

After the pre-conditions of Rasch Scaling are met, the participants’ ability levels and
the items’ difficulties are estimated. The goodness-of-fit parameters, Outfit mean-square
(MNSQ) and Infit MNSQ, further describe how well the items fit the model—their expected
value is 1; values below this indicate unmodeled noise, and values above this indicate
redundancy, meaning that the respective item does not contribute much to estimating the
participants’ latent trait levels [73]. The accepted ranges for these fit statistics are between
0.7 and 1.3 [74]. All parameters were calculated using the software R (Version 4.1.2) and its
packages ltm (1.0-2) [75], TAM 4.0-16 [76], and eRm (1.0-2) [77].

5.3.2. Analysis Carried Out to Answer RQ2

In our concept test, three quantum optics content domains are addressed with at least
five items each (see Table 1). To compare the difficulties of the items related to each of these
content domains, we calculated their average values, μ (in logits), and their uncertainties
in terms of standard errors (SEs), as has been performed in prior studies [78].

Since the average difficulty of all items is set to zero in the Rasch modeling approach,
item groups with negative average item difficulties are easier to solve for the sample
students than the test average, whereas item groups with positive average item difficulties
are more difficult than the test average.

6. Results

6.1. Psychometric Characterization

First, a distractor analysis was conducted, which revealed that for most of the items of
our concept inventory, each answer option was selected by at least 5% of the participants,
which constitutes a widely used criterion in test development (see [49,60]). Next, we an-
alyzed item difficulties and point-biserial coefficents in the sense of classical test theory
(see Table 2). It can be observed that Cronbach’s α increases only slightly when item 10 is
omitted. The item difficulties and the point biserials show a reasonable range, overall.
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Table 2. Each item’s difficulty and point-biserial-coefficent, as well as the adjusted Cronbach’s ᾱ if
the respective item is dropped. See text for details.

Item No. Difficulty Point-Biserial α

1 0.15 0.35 0.73
2 0.37 0.30 0.73
3 0.24 0.46 0.72
4 0.91 0.22 0.74
5 0.43 0.48 0.72
6 0.63 0.39 0.73
7 0.82 0.33 0.73
8 0.37 0.29 0.74
9 0.80 0.21 0.74

10 0.59 0.20 0.75
11 0.54 0.34 0.73
12 0.20 0.34 0.73
13 0.35 0.44 0.72
14 0.32 0.31 0.73
15 0.35 0.34 0.73
16 0.61 0.36 0.73

A dichotomous Rasch model was justified by the data. Values of skewness and kur-
tosis are given in Table 3. Item 4 does not meet the criterion mentioned in Section 5;
however, it was retained for content reasons, as we elaborate on in Section 7. Local indepen-
dence was verified by checking the Q3 correlation matrix for values above 0.2 [79,80]. Uni-
dimensionality was confirmed using the R-package sirt (version 3.9-4), finding weighted in-
dices DETECT = −0.041 (<0.20), ASSI = −0.017 (<0.25), and RATIO = −0.036 (<0.36) [81].
In summary, the pre-conditions of Rasch scaling were met.

Table 3. Overview of the relevant parameters for a dichotomous Rasch Model; “SE” stands for the
standard error of item difficulty. See text for details.

Item No. Skewness Kurtosis Difficulty SE Infit Outfit

1 1.99 2.00 2.096 0.206 0.929 0.916
2 0.54 −1.72 0.648 0.156 1.056 1.042
3 1.22 −0.51 1.393 0.174 0.902 0.772
4 −2.83 6.07 −2.697 0.247 0.985 0.873
5 0.30 −1.93 0.364 0.152 0.902 0.889
6 −0.54 −1.72 −0.652 0.155 0.951 1.139
7 −1.63 0.67 −1.787 0.189 0.956 0.952
8 0.54 −1.72 0.648 0.156 1.079 1.048
9 −1.48 0.20 −1.649 0.183 1.080 1.109

10 −0.38 −1.87 −0.462 0.153 1.148 1.197
11 −0.15 −2.00 −0.184 0.151 1.022 1.002
12 1.48 0.20 1.647 0.183 0.987 0.907
13 0.63 −1.62 0.745 0.157 0.924 0.931
14 0.80 −1.37 0.948 0.161 1.028 1.003
15 0.63 −1.62 0.745 0.157 1.017 0.973
16 −0.46 −1.81 −0.556 0.154 1.005 0.967

The “expected a posteriori/plausible value” (EAP/PV) reliability was found to be
0.746, and the “weighted likelihood estimates” (WLE) reliability was 0.724, exceeding the
lower threshold of 0.5 according to [74]. An overview of all the estimated parameters
by the Rasch model is presented in Table 3. The values of the Infit MNSQ and Outfit
MNSQ all lie in the accepted range indicating a good Rasch homogeneity. The Infit statistic
varies between 0.902 (item 3) and 1.148 (item 10), with a mean value of 〈Infit〉 = 1.004.
The Outfit statistic varies between 0.772 (item 3) and 1.197 (item 10), with a mean value of
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〈Outfit〉 = 0.983. A graphical representation of the findings is given in Figure 1.
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Figure 1. Infit MNSQ (crosses) and Outfit MNSQ (circles) for all items of the concept inventory. See
text for details.

The item difficulties may be investigated by visualizing their relationship to the solving
probability. In this regard, each item can be described by a logit function, where the solving
probability is plotted against the latent trait level on a continuous scale. The resulting
graph of this function is characteristic for the item, and is thus called the item characteristic
curve [74]. The curves are shown in Figure 2.

−4 −3 −2 −1 0 1 2 3 4
0

0.2

0.4

0.6

0.8

1

Item 4

Items 7 & 9

Ability [logits]

Pr
ob

ab
ili

ty

Figure 2. Item characteristic curves (ICC) for all items of the concept inventory. While the blue,
light-blue, and light-green curves correspond to items that show good fit to the Rasch model, the
outliers, namely items 4, 7, and 9, can also be identified. This observation is further substantiated
analyzing the Wright Map presented in Figure 3.

The item difficulty ranges from −2.697 logits (item 4) to 2.096 logits (item 1). More
important, however, is how the items correspond to the latent trait levels within the sample.
This connection is investigated in Figure 3 using a Wright Map. The Wright Map shows the
distribution of item difficulty and respondent latent trait level on a common scale, and thus
enables an assessment of how well the instrument is suited to measuring different areas
of ability. For example, Figure 3 shows that in densely populated areas, the item density
reacts accordingly, but in the upper end of the ability scale (≥2 logits), no item corresponds,
meaning that our concept inventory is not suited to distinguishing between participants
with very high trait levels. In other words, in the future, this concept inventory may be
refined by developing at least one more difficult item.
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Figure 3. Wright Map of our concept inventory. The left-hand side represent the frequency of
respondents’ latent trait levels within the sample. The right-hand side represents a hierarchical order
of all items along the logit scale.

In summary, the results presented in this Subsection may contribute to a clarification
of the research question RQ1. We judge the overall psychometric quality of the Quantum
Optics Concept Inventory and its functioning on our sample of engineering students in
Section 7 below referring to the literature on concept inventories.

6.2. Difficulty Scale of Quantum Optics Concepts

The Rasch scaling of our concept inventory was further leveraged to investigate the
mean difficulty of the different content domains covered in our diagnostic tool (see Table 1),
as has been performed in prior research using concept inventories (see [82]).

The most difficult content domain appears to be domain 3 (quantum effects), with an
average item difficulty of (μ = 0.52, SE = 0.35), as is graphically shown in Figure 4. The next
content domain according to difficulty is the domain 1 on technical and experimental
foundations of quantum optics experiments with heralded photons (μ = 0.21, SE = 0.71).
This content domain, in total, appears to be slightly more difficult than the average. In
contrast, the content domain 2 on the preparation of single-photon states (μ = −0.40,
SE = 0.47) lays well below the average difficulty, and hence, the corresponding items
did not pose a problem for a majority of the students. In summary, these results allow
for the establishment of a difficulty scale of quantum optics concepts with respect to
experiments with heralded photons, and hence, they contribute to a clarification of research
question RQ2.

124



Physics 2022, 4

D
om

ai
n

di
ffi

cu
lt

y
[l

og
it

s]

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

Techn.-Exp.
foundations

Quantum
effects

Preparation of
photon states

Figure 4. Average difficulties of the quantum optics concepts, evaluated by our concept inventory,
measured in logits.

In Section 7 just below, we discuss the observed differences between the three content
domains covered in our concept inventory with regard to their average item difficulties.
There, we provide evidence that the findings of our study are consistent with prior research,
and derive implications for the future. Based on the results obtained, it is not possible
to resolve statistically significant differences regarding the mean item difficulties on a 5%
level. This problem can be addressed by adding further items to the concept inventory
covering the three content domains, respectively. This point is addressed in Section 8.1.

7. Discussion

7.1. Discussion of RQ1

From the standpoint of classical test theory, the item difficulties and point-biserials
lie in the desired range for all items (except for item 4) and constitute a scale with good
internal consistency expressed by Cronbach’s α = 0.74.

The Rasch analysis of the concept inventory showed a good degree of functioning for
almost all test items. Only item 4 may be revisited due to its skewness and kurtosis values,
even though it shows good fit statistics. The Wright Map (see Figure 3) illustrates how well
the items can be ordered along the logit scale; they measure a conceptual understanding
of quantum optics on different trait levels, and most items measure around the 0 logit
area, which is most densely populated. We conclude that the test is well designed for
the population that it is intended to be applied on. Merely for very high trait levels, at
least one further item should be developed in the future. Additionally, one could make
a case for also developing items in the region of about −2.5 logits and about −1.5 logits,
as visual gaps can be observed both in the Wright Map, as well as in the overview of the
item characteristic curves (see Figure 2). Further refinement to close this gap, and thus,
to contribute to an overall continuous item difficulty distribution may result in a further
refined concept inventory for quantum optics in engineering curricula.

In essence, only item 4 turned out to be problematic. It seemed too easy for our
sample, from the perspective of classical test theory (item difficulty 0.91). In addition, its
high skewness and kurtosis suggest a deviation from the normal distribution. However,
the Wright Map substantiates that items of such difficulty (−2.697 logits from the Rasch
perspective) are in fact necessary, and no other item measures similarly at the lower end of
the scale. Furthermore, item 4 is important for content reasons, since it is the only item of
the instrument that asks for a differentiation between single-photon from further types of
quanta, e.g., single electrons, in this case. The mix-up of photons and electrons, however,
has been proven to be a learning obstacle to students in [83,84]. To this end, this item
is to be retained in order to ensure content validity. Additionally, such outlier items are
considered in a categorial judgement scheme provided in [70]. We use this judgement
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scheme to summarize the above discussed observations, allowing for a holistic judgement
regarding all relevant concept inventory characteristics. In this regard, we follow Ref. [60],
where this judgement scheme has been expanded to Rasch scaling parameters. The overall
quality of our concept inventory is summarized in Table 4.

Table 4. Categorial judgment scheme and assignment rules for evaluating a concept inventory
according to [70]. Values in parenthesis indicate the number of items that can fall outside of this rec-
ommendation. The judgement of our concept inventory is presented in the last column labeled QOCI.

Analysis Excellent Good Average Poor QOCI

Classical Test theory

Item Statistics
Difficulty 0.2–0.8 0.2–0.8 (3) 0.1–0.9 0.1–0.9 (3) good
Discrimination >0.2 >0.1 >0 >−0.2 excellent

Total score reliability
α of total score >0.9 >0.8 >0.65 >0.5 average
α-with-item-deleted All items less than overall α (3) (6) (9) good

Item Response Theory

Individual item measures
Infit MNSQ 0.7–1.3 0.6–1.4 0.5–1.5 – excellent
Outfit MNSQ 0.7–1.3 0.6–1.4 0.5–1.5 – excellent
All items fit the model (2) (4) (6) (8) excellent

7.2. Discussion of RQ2

The Quantum Optics Concept Inventory is developed to test students’ conceptual
understanding of quantum optics basics, with a focus on experiments with heralded
photons focusing on three content domains, namely technical-experimental foundations
(domain 1), the preparation of single-photon states (domain 2), and quantum effects
(domain 3).

The data analysis presented in Section 6 revealed that the content domain 3 addressing
quantum effects was the most challenging one for the study participants (average item
difficulty, μ = 0.52). The content domain was covered by six items, three of which address
single-photon interference (items 11, 12, and 13), and two of which focus on single-photons
and the anticorrelation effect (items 14 and 16). Analyzing these items in more detail, two
observations become striking.

(1) The item difficulties of the items 12 (1.647 logits), and 13 (0.745 logits) both lay well
above average—hence, single-photon interference obviously poses conceptual diffi-
culties to the study participants. This observation is in accordance with prior research,
and can be enriched by findings from various qualitative studies exploring student
difficulties on the interference of single quanta [33,55].

(2) Item 14, focusing on the anticorrelation effect of single-photon states at an optical beam
splitter cube, has an item difficulty of 0.948 logits. Hence, the concept that photons are
either transmitted or reflected at a beam splitter cube seems to be difficult for students.
This observation fits well with results presented in an earlier contribution [51], where
the authors used a micro-intervention to explore students’ understanding of single-
photons’ anticorrelation, using the technique of probing acceptance. Beyond that, this
observation is particularly striking against the background of the finding described
above regarding single-photon interference: while items 12 and 13 address the wave
nature of photons, item 14 can be associated with a particle nature of photons. Hence,
the three items represent one of the fundamental issues of quantum physics: wave-
particle duality.

Taken together, the observations fit well with previous studies into students’ concep-
tual hurdles regarding the wave-particle duality of quantum entities (see [55,85,86]; for a
review of studies on this topic, see [41]). In summary, it is not a surprise that in Ref. [87],
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the authors demand “a radical reconstruction” (p. 257) of learners’ initial knowledge when
it comes to learning about quantum physics.

The items related to the content domain 1 on technical-experimental foundations had
an average item difficulty of μ = 0.21. The content domain is covered by five items of the
concept inventory, which cover the whole logit scale regarding item difficulties, ranging
from −2.697 logits (item 4) at the lower end of the difficulty scale, to 2.096 logits (item 1)
at the upper end. While the more difficult items of this content domain (item 1, with
2.096 logits, and item 2, with 0.648 logits) cover experimental aspects, e.g., the use of beam
splitter cubes (item 1) or the adjustment of optical experiments (item 2), the other items
covering technical aspects appear to have low-to-average item difficulties (−2.697 logits
for item 4, 0.364 logits for item 5, and 0.648 logits for item 8).

Finally, the items related to the content domain 2 on the preparation of single-photon
states had an average item difficulty of μ = −0.40, and hence, were easier than average.
This observation is in accordance to the results of prior (qualitative) studies, which revealed
that students can predominantly cope well with the basic ideas underlying the preparation
of single-photon states in experiments with heralded photons via coincident events on
binary detectors [51,55]. To this end, we believe that the results obtained provide a further
argument in favor of using the experimental setting of heralded photons as a gateway
towards quantum effects in teaching quantum physics. The easiest items related to this
content domain were items 6 (−0.652 logits) and 7 (−1.787 logits), addressing the concept
of energy levels and energy conservation in the context of nonlinear optics. In contrast,
the most difficult, item 3 (1.393 logits), referred to parametric downconversion (PDC), a
nonlinear effect leading to the emission of photon pairs from a nonlinear crystal irradiated
by a laser at a certain wavelength. An in-depth analysis of the students’ response behavior
on the answer options of item 3 shows that the students tend to conceptually mess up PDC
with reflection and diffraction from geometrical optics.

8. Conclusions

We presented a 16-item Quantum Optics Concept Inventory aimed at assessing en-
gineering students’ conceptual understandings of the fundamental aspects of quantum
optics experiments with heralded photons. This tool has been adopted from an instrument
previously published elsewhere [49]. We added items related to the technical aspects of
single-photon experiments, e.g., addressing single-photon detection, making it a valuable
tool for evaluating teaching-learning scenarios

• aimed at engineering university students, and
• designed to introduce these students to quantum physics and modern quantum

technologies via quantum optics experiments with heralded photons.

8.1. Limitations

There are some limitations of our study that may serve as a springboard for future
research. These limitations either stem from the study design itself (Section 8.1.1), or are
related to the concept inventory evaluated in this study (Section 8.1.2).

8.1.1. Limitations of this Study

Without a doubt, the evaluation of the Quantum Optics Concept Inventory presented
in this paper is—at least to some extent—dependent on the quantum optics instruction that
the study participants had received prior to test administration. This a known concern in
educational research in general [88]—especially when it comes to piloting novel assessment
tools. However, in the current study, this issue was mitigated by means of Rasch scaling
utilized for the psychometric characterization of the Quantum Optics Concept Inventory,
since the Rasch model permits the separation of person and item parameters [89].

Against the backdrop of the above argumentation, it becomes apparent that the
difficulty scale of quantum optics concepts established on the basis of the participants’
test results (see Section 6.2) should not be confused with statements about the perceived
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difficulty of quantum optics topics. Rather, this difficulty scale should be understood to
shed more light on (a) the items of the Quantum Optics Concept Inventory, and (b) on
possible learning difficulties that might pose obstacles to student learning in the context of
introductory quantum optics (see Section 7.2). Taken together, the results presented in this
study may not only lead to a revision of the Quantum Optics Concept Inventory, but they
might also initiate the refinement of the four-week program implemented in a lecture for
future engineers in the course of this study.

8.1.2. Limitations Related to the Quantum Optics Concept Inventory

We merged the viewpoints of classical test theory with those of probabilistic test theory
to provide a psychometric characterization of the Quantum Optics Concept Inventory.
Based on the data gathered from N = 216 engineering students who took the Quantum
Optics Concept Inventory as a post-test after instruction, we found our instrument to
exhibit average-to-excellent psychometric properties following the categorical judgment
scheme for evaluating a concept inventory of Ref. [70]. In particular, the Rasch analysis
results revealed that the items discriminate well among students from lower to medium–
high competence levels (see Figure 3). However, the items do not manage to discriminate
well between students at the upper end of the ability scale. Hence, in order to refine our
instrument accordingly, items with a higher difficulty should be added.

Analyzing the data in more detail with respect to the content domains covered in our
inventory (see Table 1), findings from prior research could be replicated, adding further
evidence for the functioning of our concept inventory: The average item difficulty for
the items related to the content domain 3 on quantum effects lies well above the average.
Specifically, we found that items addressing different aspects of wave-particle duality,
i.e., items 12, 13, and 14, covering single-photon interference and the anticorrelation of
single-photon states, were found at the upper end of the difficulty scale. This is consistent
with the wave-particle duality posing several conceptual hurdles to learners from different
target groups, as is well documented in the literature [41]. However, more differentiated
statements on student conceptions, especially regarding quantum optics concepts, are
difficult to make with the current version of our concept inventory: since for now, all
topics are covered with only two or three items each, further items would be required
in order to allow for a more comprehensive insight into students’ conceptions regarding
the respective isolated topics. In contrast, the brevity of our concept inventory allows for
economic practical use aimed at the evaluation of teaching–learning environments. Against
this backdrop, the creation of additional items is always to be considered carefully, in order
to maintain the practical applicability of the instrument.

Finally, at the qualitative level, an important limitation must be considered, which
stems from the fact that the items of the Quantum Optics Concept Inventory represent a
compromise of the following criteria:

(i) intelligible wording,
(ii) coverage of overarching concepts of quantum optics in the heralded photon realm,

rather than addressing all the details of a topic,
(iii) subject-specific correctness.

Item 7 of the Quantum Optics Concept Inventory (see Appendix A), which deals with
PDC, may serve as a prime example of this tradeoff: While PDC photons in general have
different frequencies, in this item, we focus on the particular situation where the two PDC
photons have equal frequencies. Hence, this item is intended to evaluate whether students
have understood that energy is conserved in the PDC process. In contrast, assessing
students’ conceptual understanding of details of phasematching conditions is outside the
scope of this item (see bullet 2 in the above list). Again, developing additional items that
cover further topics and aspects related to quantum optics experiments with heralded
photons could help alleviate the constraints imposed by the aforementioned compromise.
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8.2. Outlook

In the future, standardized feedback formats need to be established, such that out-
comes can easily be communicated to various stakeholders, e.g., to teachers or to their
students [90]. For this purpose, instead of presenting statistics based on raw test val-
ues, feedback formats that map the distribution of student performance on categorically
graded levels of proficiency are required. Future studies may draw on the determination of
such levels of proficiency with respect to the content area under investigation, in order to
describe (and predict) students’ learning progressions [91].

The number of proficiency levels regarding quantum optics experiments with heralded
photons that can be empirically separated using our concept inventory depends on the
person separation reliability of our concept inventory. According to [92], the person
seperation reliability, s, can be used to calculate the G-value,

G =

√
s

1 − s
,

which allows for the determination of the number of empirically separable proficiency
levels via [

4G + 1
3

]
.

Here, [−] is the closest integer; for details, see [74]. For the Quantum Optics Concept
Inventory under investigation, we obtained s = 0.75, and hence, G =

√
3, meaning that it

allows us to differentiate between [
4G + 1

3

]
= 3

proficiency levels among engineering students. After a revision of our instrument to
tackle the above-mentioned weaknesses, future research will address the definition of the
proficiency levels regarding quantum optics experiments with heralded photons based on
data from larger samples.
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Appendix A. The Quantum Optics Concept Inventory

(The correct answer option is marked by an asterisk.)
Item 1. A beam splitter

(a) is employed in the Michelson interferometer, because it can be used to split an incident
ray of light into two partial beams.

(b) is made out of two merged prisms, where one of them is responsible for the transmit-
ted beam and one for the reflected beam.

*(c) separates incident rays of light or superimposes two rays of light.

Item 2. To precisely adjust a laser beam along a specific straight line on a breadboard
in a quantum optics experiment,

(a) two mirrors can be used to deflect the laser on this line.
*(b) two apertures can be used to define two points laying on this line.
(c) two lenses can be used to focus the laser beam on this line.

Item 3. If a non-linear crystal is irradiated by laser light, then,

*(a) light is emitted by the crystal.
(b) the laser beam is divided in two beams.
(c) diffraction leads to laser light forming a cone after passing the crystal.

Item 4. Experiments with heralded photons differ from experiments with single
electrons, because:

(a) electrons are bigger than photons, leading to technical difficulties.
(b) conducting the double-slit experiment one after the other with single electrons does

not lead to an interference pattern.
*(c) experiments with single electrons require a vacuum.

Item 5. The human eye may not be used as a detector for single photons, because:

*(a) the intensity of the light falling on the eye in the single-photon regime ist too low.
(b) the eye can only perceive light at specific wavelengths, but not those of single photons.
(c) the photons are too small to be resolved with human eyes.

Item 6. If an electron transitions from an energy state E1 to an energy state E2 < E1,
light is emitted. The bigger the energy difference, ΔE = E1 − E2, (adopted from [43])

(a) the more photons are emitted.
(b) the longer the wavelength of the emitted light.
*(c) the shorter the wavelength of the emitted light.

Item 7. When irradiated with laser light at a certain wavelength, parametric downcon-
version can be driven in a nonlinear crystal. This process leads to the emission of photon
pairs. Both photons have

(a) half the wavelength of the incident laser light.
(b) the same wavelength of the incident light of the laser.
*(c) double the wavelength of the incident light of the laser.

Item 8. Avalanche photodiodes used for single-photon detection

(a) count the number of registered photons within a certain time interval.
*(b) lead to electron avalanches when some kind of energy portion is registered.
(c) point to the detection of a single-photon with each click.

Item 9. Coincident events measured at avalanche photodiodes in experiments with
heralded photons

*(a) mark simultaneous clicks at two or more detectors.
(b) represent a measure of the detectors’ dark count rate.
(c) can each be associated with the detection of a single-photon state.

Item 10. The coincidence technique is used in experiments with heralded photons

(a) to show that photons are physical entities with finite size.
(b) in order to experiment with two single-photons simultaneously.
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*(c) for single-photon detections.

Item 11. When the double-slit experiment is repeatedly performed with only one
single-photon in the apparatus at a time,

*(a) an interference pattern with minima and maxima can be observed.
(b) two well-defined detection zones can be observed.
(c) two well-defined detection zones and a zero-order maximum can be observed.

Item 12. In the Michelson interferometer, (answer options adopted from [34,45])

(a) the single-photon follows a specific path, regardless of whether I observe this path or
not.

(b) the current position of a photon between source and detector is not indeterminate in
principle, but unknown to the experimenter.

*(c) the photon behaves like a particle and like a wave. It is none of them.

Item 13. Which statement about the behavior of a single-photon state in an interfer-
ometer is correct? (answer options adopted from [34,45])

*(a) No one can say with certainty at which output port of the beam splitter cube a single-
photon will be detected.

(b) A single-photon state is divided at the beam splitter cube.
(c) In the interferometer, the single-photon state is found in a superposition state of both,

particle and wave.

Item 14. Anticorrelation of single-photon states can be observed at the outputs of a
beam splitter cube because

(a) more coincident events are detected between the outputs of the beam splitter than can
be expected at random.

*(b) a single-photon may only be detected once.
(c) a single photon can be in both states, ’reflected’ and ’transmitted’, at the same time.

Item 15. For the preparation of single-photon states in experiments with heralded
photons, one needs

*(a) exactly two single-photon detectors.
(b) at least one single-photon detector.
(c) at least three single-photon detectors.

Item 16. Single-photons can be regarded as

(a) spherical entities moving along a wavy path with the speed of light.
(b) elementary energy portions of light surrounded by a wave that is responsible for

interference.
*(c) indivisible energy portions of light that are never detected on both output ports of a

beam splitter cube simultaneously.

Appendix B. Overview of the Four-Week Program on Introductory Quantum Optics

Appendix B.1. Part I: Foundations of Quantum Optics Experiments with Heralded Photons

The course’s first part covered technical and experimental key ideas regarding ex-
periments with heralded photons in order to help the students to make sense out of the
experimental results in the later stage of the course:

• First, optical components widely used in quantum optics labs were introduced: For
example, the role of mirrors for the adjustment of quantum optics experiments or the
action of a beam splitter on incident light (see, e.g., [93,94]) were described.

• Second, the study participants were introduced to the properties of avalanche photo-
diodes operating above their breakdown voltage—also referred to as single-photon
avalanche diode (SPAD) [95,96]: For example, quantum efficiency, dark count rate,
and dead time [68] were covered. SPADs are binary detectors, which means that
the “outcome of these APD’s is either ‘off’ (no photons detected) or ‘on,’ i.e., a ‘click,’
indicating the detection of one or more photons” [97] (p. 1).
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• Third, the students were introduced to spontaneous parametric downconversion
(PDC) [98], a quantum electrodynamic process in which “an incoming pump photon
decays, under energy and momentum conservation, into a photon-pair” [99] (p. 351).
Here, the students learned that a) PDC is driven by irradiating a nonlinear crystal (e.g.,
β-barium borate) with a pump beam, most often emitted by a laser, and that b) the
“spectral properties of PDC states are governed by the phasematching properties of
the nonlinear material, and this determines the frequencies of the downconverted pho-
tons” [100] (p. 3442). For an comprehensive overview of parametric downconversion,
we refer the reader to [101].

Appendix B.2. Part II: Experiments with Heralded Photons

The course’s second part made use of the foundation that was laid in the first part:
On the one hand, the students were introduced to the preparation of single-photon Fock
states. On the other hand, they got in touch with quantum effects that indeed require the
quantization of the electromagnetic field. To provide engineering students with insights into
real quantum laboratories, interactive screen experiments of heralded photon experiments
previously developed by Bronner et al. [37] were shown throughout the lectures.

• First, the students learned about heralded single-photon state preparation, which is
widely used in quantum optics research [102–105]). That is, one of the PDC photons
is detected and heralds the second photon at a spatially separated detector—hence,
simultaneous clicks at two detectors, also referred to as a coincident events, are “taken
as preparation and detection of a single photon state” [37] (p. 348).

• Second, heralded single-photon states incident on a 50:50 beam splitter were inves-
tigated. In this experiment, the lack of coincident events at the output ports of the
beam splitter, i.e., photon antibunching [106], was discussed. This anticorrelation
effect is irreconcilable with any classical description of light: “A single photon can
only be detected once” [67] (p. 173). These observations were further substantiated on
a formal level a) by means of the second-order correlation function g(2), which allows
for a judgement of the purity of single-photon states [94], and b) by highlighting the
ideas of quantum superposition and quantum random, as has been achieved in [31].

• The investigation and quantum description of Grangier et al.’s experiment from
1986 [67] represents the last step of the course. In this experiment, the students
realized that by using only one single-photon state, the anticorrelation at a 50:50
beam splitter appeared simultaneously to the single-photon interference observed
in a spatially separated interferometer (e.g., a Michelson interferometer) using the
same single-photon state in the same experimental set-up. The students experienced
that the “quantum interference phenomenon shown experimentally is a consequence
of the interplay of superposition and nonlocality” [64] (p. 17), while the idea of
the photon as a localizable particle is not valid. Instead, in this course, the photon
was introduced as an elementary field mode excitation in the sense of quantum
electrodynamics [83,84,107,108].

• In the outlook, the engineering students were given first insights into quantum tech-
nologies 2.0, namely by applying an understanding of heralded photons experiments
to the context of quantum cryptography.
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Abstract: This international curricular review provides a structured overview of the particle physics
content in 27 state, national, and international high-school physics curricula. The review was based
on a coding manual that included 60 concepts that were identified as relevant for high-school
particle physics education. Two types of curricula were reviewed, namely curricula with a dedicated
particle physics chapter and curricula without a dedicated particle physics chapter. The results
of the curricular review show that particle physics concepts are explicitly or implicitly present in
all reviewed curricula. However, the number of particle physics concepts that are featured in a
curriculum varies greatly across the reviewed curricula. We identified core particle physics concepts
that can be found in most curricula. Here, elementary particles, fundamental interactions, and
charges were identified as explicit particle physics concepts that are featured in more than half of the
reviewed curricula either as content or context. Indeed, theoretical particle physics concepts are more
prominent in high-school physics curricula than experimental particle physics concepts. Overall, this
international curricular review provides the basis for future curricular development with respect
to particle physics and suggests an increased inclusion of experimental particle physics concepts in
high-school physics curricula.

Keywords: curricular review; particle physics; high-school education

1. Introduction

Spectacular phenomena and ground-breaking discoveries in particle physics often
shake the media. One of the main keywords in particle physics research is CERN, the
European Organization for Nuclear Research, as the largest particle physics research
institution in the world. While CERN is mostly famous for its state-of-the-art particle
physics research, one of its main missions is also education. Thus, CERN offers various
educational programmes for research professionals, high-school students, and high-school
teachers from around the world. However, offering programmes for an international
selection of high-school students and teachers can be challenging, especially as the curricula
of different countries can differ significantly. Therefore, a broader overview of the particle
physics content in high-school curricula is needed to better support future educational
programmes for high-school students and teachers.

Why should one include particle physics? First, phenomena in particle physics are
spectacular. From high-energy particle collisions in detectors weighing several thou-
sand tonnes, particle accelerators deep underground spanning across borders, to matter-
antimatter annihilation, particle physics often attracts the attention of the media—and
students. Indeed, students have been shown to be interested in spectacular phenomena
of physics [1]. Second, particle physics is not limited to spectacular phenomena in big
research laboratories. Various particle physics applications are present in everyday lives
(e.g., medical imaging or radiation therapy). As such, particle physics shows a recent image
of physics, which can help students to increase their knowledge of the nature of science
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made over the past few decades [2–7]. For example, one prominent call for including
particle physics in more curricula comes directly from the latest European Strategy for
Particle Physics Update, the cornerstone of the decision-making process in Europe for the
long-term future of the field of particle physics, which states that: “The particle physics
community should work with educators and relevant authorities to explore the adoption
of basic knowledge of elementary particles and their interactions in the regular school
curriculum.” [8] (p. 13).

Since the first calls, several high-school physics curricula have already introduced
particle physics. However, changes to curricula are slow [9,10] and most curricula still
lag behind.

There are no research-based guidelines on how to introduce particle physics in high-
school education. Therefore, an overview of practices in other educational systems can be
beneficial. Indeed, curricular reviews are common practice in curriculum development
(see, e.g., [11,12]). However, current reviews of particle physics content in high-school
curricula are either limited to one educational system [6] or do not explicitly target particle
physics [13]. Additionally, all efforts mostly focus on explicit particle physics in the
curricula. Nevertheless, particle physics can be connected to other curricular topics as
well. For example, when explaining the acceleration of particles in a particle accelerator,
one can highlight aspects of mechanics, electromagnetism, quantum physics, and special
relativity [14]. As such, neither a generalized overview of particle physics in high-school
physics curricula nor high-school education in general can be inferred from the reviewed
studies. Therefore, we designed a study to address this research gap by investigating the
following questions:

1. Which concepts related to particle physics are the most common in national and
international high-school physics curricula with a dedicated particle physics chapter?

2. Which concepts related to particle physics are the most common in national and inter-
national high-school physics curricula without a dedicated particle physics chapter?

3. What are the differences and similarities between particle physics contents in curricula
with and without a dedicated particle physics chapter?

Overall, this study aims to give a clear overview of the particle physics content in
various national and international curricula by taking stock of which particle physics
concepts appear in the reviewed curricula.

2. State of the Research

This study reviewed particle physics content in high-school curricula. The following
Sections focus on clarifying the necessary definitions and reviewing the current state of
the research.

2.1. The Definition of a Curriculum

The term curriculum does not have a consensual definition in educational literature.
The differences in the definition often stem from the various roles and characteristics that
define curricula [15,16]. Generally, curriculum theorists distinguish three categories of
curricula based on their role: formal, intended, and enacted curriculum [16–18]. This
study focused on formal curricula. Formal curricula describe a set of guidelines for what
should be taught in school and are designed and outlined by stakeholders of the respective
educational system.

However, formal curricula can differ greatly depending on the educational system
and the purpose of the curriculum in the respective system. Some curricula provide general
guidelines with main key concepts (e.g., the Austrian curriculum), while others provide
a detailed syllabus (e.g., the International Baccalaureate (IB) curriculum). Thus, curric-
ula can be difficult to compare directly. An additional problem in curricular review is
the language obstacle. Indeed, high-school curricula are typically written in the respec-
tive language of the instruction (e.g., the Slovenian curriculum is written in Slovenian).
Furthermore, research suggests that curricula are subject to different interpretations [16].
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Specifically, teachers interpret the formal curriculum within the scope of their teaching
practices, which can lead to differences between the formal curriculum and the enacted
curriculum. The possible differences in interpretation must be considered when designing
a curriculum review.

2.2. Particle Physics in High-School Education

Particle physics is often perceived as a difficult topic in physics, associated with
complex mathematics and difficult concepts. This perception can make the introduction
of particle physics in high schools sound daunting and challenging. However, studies
have shown that students can understand basic concepts of particle physics. For example,
a study by Gourlay looked at high-school students’ understanding of particle physics
after they had explicit particle physics lessons [19]. The study showed that students could
learn about quarks, leptons, particle systems, and annihilation. However, the students’
knowledge was mostly declarative, which might reflect the curricular structure and content.
For example, students knew that “electron is a type of lepton”. Yet, they also mistakenly
remembered matter as “made of particles and antiparticles” [19] (p. 6).

Similarly, Tuzón and Solbes reviewed the knowledge of Spanish high-school students
that had no explicit lessons on particle physics before the study [5]. They had also shown
some understanding of basic particle physics concepts. For example, half of the students
knew that new particles can be observed from collisions. However, their overall particle
physics knowledge was unstructured and incomplete. Indeed, without an explicit focus
on particle physics, students only learn about particle physics implicitly and in fragments.
Here, a structured introduction to particle physics can help students organize and expand
their existing particle physics knowledge in a more meaningful way.

An introduction of particle physics as an explicit learning unit has not yet been empiri-
cally explored in the literature. Still, a few different approaches can be found. First, particle
physics can be introduced through the perspective of particle interactions [20–22]. Here,
particle interactions serve as a context for introducing the different charges, fundamental
interactions, and elementary particles, which build the basis of the Standard Model of
particle physics. Overall, this approach focuses on introducing mostly theoretical particle
physics concepts.

Second, the challenge of teaching particle physics can be approached from the per-
spective of quantum mechanics [23,24]. This learning unit builds upon electromagnetism,
quantum field theory, and quantum electrodynamics. However, students do not necessarily
have experience with quantum field theory and quantum electrodynamics. While this
approach does touch upon the reasons behind particles’ existence, which is not the case in
other approaches, its implementation might be too advanced and time-consuming to be
included in high-school education. Furthermore, only theoretical particle physics concepts
and some history of particle physics are included in this example.

Last, one suggestion features experimental particle physics concepts explicitly. Here,
Polen proposes a broader chapter, including all concepts mentioned above with the addition
of particle accelerators and detectors [25]. However, this suggestion is less detailed and
provides less insight into the lesson structure. Thus, which concepts should be included
and how they should connect within the lesson is unclear.

Likewise, suggestions for introducing individual particle physics concepts also focus
more on theoretical particle physics than experimental particle physics. For example,
several authors suggest using the Standard Model of particle physics as a possible window
into the world of particle physics [22,26,27]. However, the Standard Model is a complex
mathematical description of particle physics that goes beyond the level of high-school
physics education. This level of complexity can lead to a naïve and reductionistic approach
to introducing the Standard Model of particle physics [28,29]. Therefore, the complex
mathematics of the Standard Model of particle physics is probably best avoided in the
classroom. Here, for example, Lindenau and Kobel suggested a simplified introduction
to the Standard Model of particle physics. Indeed, they focus on the three pillars of the
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Standard Model of particle physics: elementary particles, fundamental interactions, and
charges [22]. Furthermore, they connect these three concepts to other curricular topics to
allow for better integration of particle physics.

Several other publications also explored the introduction of the three main concepts
of the Standard Model of particle physics, i.e., elementary particles, fundamental interac-
tions, and charges. Here, various innovative techniques have been suggested to enhance
the introduction of elementary particles, for example, through hands-on activities and
art [27,30–34]. For instance, McGinness et al. developed an activity using 3D-printed
models of elementary particles, which students can use to learn about the different charac-
teristics of elementary particles [31]. However, many of the published suggestions aim at
introducing elementary particles and their properties in a declarative way, similar to the
introduction of the periodic system of elements [20,22]. While students can memorize these
concepts [19], it is questionable whether such rote learning contributes to the understanding
of particle physics. One example that ties learning about elementary particles closer to
understanding particle physics and how it is conducted are particle physics masterclasses.
Here, students explore real data from particle colliders to identify which particles were
created in a collision [35]. This approach is also one of the few that connect theoretical
particle physics concepts, such as elementary particles and fundamental interactions, to
experimental particle physics processes.

Several suggestions in the literature also explore the introduction of charges and
fundamental interactions. Here, charges are typically mentioned as properties of ele-
mentary particles. In the example above, the 3D-printed elementary particle models by
McGinness included information on particles’ charges [31]. Likewise, the particle dance
by Nikolopoulos and Pardalaki helped students embody elementary particles and particle
interactions [27]. Moreover, the study by Wiener et al. that strongly focused on the repre-
sentation of fundamental charges contextualized the concept of charges with elementary
particles [36].

Overall, a big part of the reviewed suggestions on how to introduce particle physics
in high-school education focused on theoretical particle physics concepts. Only a few sug-
gestions for inclusions of experimental particle physics can also be found in the literature.
Here, particle physics concepts are generally used as context for other curricular topics.
For example, Barradas-Solas et al. suggested introducing particle detectors in the context
of radiation [37]. Similarly, Cid-Vidal and Cid connected the acceleration of lead ions for
particle collisions to electromagnetism [38]. Another extensive suggestion for contextual-
izing particle physics comes from Wiener et al. [14]. They suggested introducing particle
physics concepts also in the contexts of mechanics, electromagnetism, thermodynamics,
optics, radiation, quantum physics, and the theory of relativity. Indeed, experimental parti-
cle physics offers many links to other curricular topics. However, only a few mentioned
publications on experimental particle physics explicitly included connections to theoretical
particle physics concepts. For example, the above-mentioned suggestion by Wiener et al.
connects charges and fundamental interactions to the Large Hadron Collider (LHC) at
CERN, the largest particle accelerator in the world [14]. Additionally, Barradas-Solas [37]
and Kvita et al. [39] use the context of particle detectors to introduce various elementary
particles. Still, in most examples, experimental particle physics and theoretical particle
physics concepts are presented as two separate entities with scarce connections.

Based on this literature review and the identified research gap, we conducted a
curriculum review that is described in the following Sections.

3. Methods

This curriculum review consists of three steps. First, a coding manual was developed
to guide the curriculum review. Second, the selected curricula were reviewed by experts.
Last, the reviews were compared and analysed by the researchers. Each step is presented
in more detail in the following Sections.
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3.1. Coding Manual

The coding manual was developed following the dualistic method of deductive and
inductive code creation [40,41]. First, the deductive part of the coding manual stemmed
from previous research [11,42], including an expert concept mapping study with 13 experts
in particle physics and physics education research [43]. Overall, the included concepts
were not limited only to explicit particle physics, especially as curricula without a particle
chapter were also included in the design. Indeed, concepts from other curricular topics
were added to the review. These curricular topics were identified by the experts in the
development phase of the coding manual as relevant for particle physics education, and
they are also mentioned in various suggestions in the literature for particle physics introduc-
tion in high schools. For example, electromagnetism, special relativity, quantum physics,
thermodynamics, radiation, and mechanics are some of the topics that were suggested by
Wiener et al. as possible contexts for introducing particle physics concepts [14]. Second, the
concepts that emerged from previous studies were used as the basis for an initial thematic
analysis of a selected sample of curricula. Several additional concepts were added to the
coding manual based on the patterns that emerged during this initial thematic analysis. For
example, the initial analysis led to the addition of the concepts history of quantum physics
and history of particle physics to the coding manual.

After the initial thematic analysis, the coding manual was re-tested on five curricula by
at least two independent reviewers per curriculum. In addition to reviewing, the reviewers
noted any ambiguities, problems, and suggestions they might encounter during their
review. Next, the reviewers discussed their reviews with the first author. This discussion
led to several modifications to the coding manual. For example, the concept electromagnetic
waves was added to the coding manual due to its presence in several curricula and strong
connection to particle accelerators. Additionally, the coding agreement increased from 60%
to 100% after the review discussion.

Last, two physics education researchers and a particle physicist verified the updated
coding manual. In the verification phase, some codes were combined based on their simi-
larities. Indeed, various types of real-life applications (medical, technical) were merged into
a bigger concept of real-life applications. Likewise, the concepts of Brout-Englert-Higgs
field and Higgs boson were joined under the concept of Brout-Englert-Higgs mechanism.
Additionally, the concept of Newtonian gravity was added to the category of other cur-
ricular topics. This addition ensured the separation between the concepts of Newtonian
gravity and gravitational interaction. Furthermore, the concept of Einsteinian gravity was
added to ensure that all mentions of gravity in the context of general relativity theory were
coded separately from the concept of gravitational interaction in the context of particle
physics. Likewise, the topic of particle transformations was split into three separate con-
cepts: particle transformations, alpha radiation, and beta radiation. Here, the concepts
of alpha radiation and beta radiation only included codes that appeared in the context of
the topic of radiation. The concept of particle transformation only denoted processes of
particle transformation in the explicit context of particle physics. Similarly, the concept of
Feynman diagrams only included the explicit mention of Feynman diagrams as tools in
particle physics. Furthermore, any indirectly hinted concepts (e.g., the concept of particle
transformations is closely related to Feynman diagrams) were not to be coded unless
explicitly mentioned elsewhere in the curriculum.

The final coding manual includes 60 codes that are either directly or indirectly related
to particle physics. The codes are hierarchically organized into three levels. First, each code
describes a specific concept, e.g., the concept of quarks. Second, the concepts are combined
into topics, e.g., the concepts of quarks and leptons are in the topic of elementary particles.
Overall, 25 topics were defined. Last, the topics are joined into three categories: explicit
particle physics, other curricular topics, and history and nature of science. Within the
category of explicit particle physics, some topics were additionally identified as theoretical
or experimental particle physics topics based on their inherent nature. For example, the
topic of elementary particles includes inherently theoretical particle physics concepts, while
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the topic of particle accelerators covers inherently experimental particle physics concepts.
This distinction does not reflect the actual context in which the concepts appear in the
curricula (e.g., the concept of leptons in an experimental context is still a theoretical particle
physics concept).

Within the coding manual, each code is described by a short definition and a possible
example from a curriculum, as shown in Table 1. Furthermore, exclusion criteria were
added to codes that could be understood differently from what was intended (see the
example of the concept of interaction particles in Table 1).

Table 1. Two examples of codes in the coding manual. Both examples fall into the category
of explicit particle physics. The complete coding manual with all 60 codes can be found in the
Supplementary Materials.

Topic Code Description Exclusion Example

Interaction particles Interaction particles

The curriculum mentions
bosons or at least one of
the following: photons

(as interaction particles),
W bosons, Z bosons,

gluons, gauge bosons.

To code the Higgs boson,
please use the code

“Brout-Englert-Higgs
mechanism”.

“The Standard Model
explains three of the four

(strong, weak and
electromagnetic forces) in
terms of an exchange of
force-carrying particles
called gauge bosons.”

Elementary particles Quarks

The curriculum mentions
quarks or at least one of
the following: up quark,

down quark, strange
quark, charm quark, top

quark, bottom quark,
anti-(up quark, down

quark, etc.).

“Compare and contrast
the up quark, the down
quark, the electron and
the electron neutrino,

and their antiparticles, in
terms of charge and

energy (mass-energy).”

3.2. Reviewing the Curricula

The selection of the curricula was initially influenced by the fact that the study was
conducted at CERN. Therefore, the initial selection of curricula was made by focusing on
several CERN’s member and associate member states. The list of all CERN’s member and
associate member states can be found on CERN’s website [44]. The selection of countries
was later expanded to include a more representative sample. Specifically, curricula from
various other countries, such as Australia, Brazil, Russia, South Africa, and the United
States of America, were added to the selection. Furthermore, the IB curriculum was
included in the review due to its international character and relevance.

Several of the selected countries have more than one high-school physics curriculum.
In that case, a curriculum with the most advanced physics curriculum was chosen for the
review. This selection was made as particle physics is more likely to be included in more
advanced curricula. Additionally, the curricula were chosen in a way that would reflect
high-school students’ expected knowledge at the end of their high-school education (i.e.,
age 18–19). With this selection, the study aimed to cover all relevant years of high-school
education in a respective educational system. Overall, 27 curricula were selected, including
6 state curricula, 20 national curricula, and 1 international curriculum.

As mentioned above, the review and the comparison of different national and inter-
national curricula presented several obstacles. Thus, special attention was given to the
selection of suitable reviewers. The curricula were reviewed by experts, namely teachers
with experience in the relevant curriculum, sufficient particle physics knowledge and
knowledge of the respective language. Two independent experts reviewed each curriculum
following the coding manual to increase the reliability of the coding. In addition, each
curriculum was examined by the first author, some with the help of online translators.
Additional peer validation was conducted by the second author.
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All discrepancies between the reviews of the experts and the researcher were addressed
either by the first author directly or through discussion with the respective experts. For
example, if one expert missed coding “the beginning and evolution of the Universe” as the
concept of Big Bang, the first author would assign the respective code. Another example
would be that “describe elementary particles” was coded as the concept of Standard Model
of particle physics by one expert and not the other. Here, the first author discussed the
discrepancy with the experts to find a consensus. In this example, the concept of Standard
Model of particle physics was agreed not to be coded for that curriculum.

3.3. Analysis

The curricula were split into two types for analysis: curricula with a dedicated particle
physics chapter and curricula without a dedicated particle physics chapter. Here, a chapter
is defined as a section in the curriculum with an explicit focus on particle physics and a
telling header, e.g., “Particle physics” or “The Standard Model of particle physics”. Several
curricula included the particle physics focus in a broader “Modern physics” chapter. These
curricula were also counted as curricula with a dedicated particle physics chapter. Curricula
without an explicit focus on particle physics or with no chapter were counted as curricula
without a dedicated particle physics chapter.

The next step in the analysis was determining which concepts and topics are the
most common in each type of curricula. As mentioned above, the review included 60 con-
cepts that were grouped into 25 topics. Furthermore, the topics were grouped into three
categories, namely the categories of explicit particle physics, other curricular topics, and
history and nature of science. The number of curricula in which a specific concept would be
featured was determined as follows: for each curriculum in which a concept was identified
one or more times, the count increased by one. For example, if the concept of magnetic
field was identified twice in the Slovenian curriculum, the count only increased by one.
The topics were counted slightly differently. Here, a topic is counted as having appeared in
a curriculum if at least one concept from the topic was identified in the curriculum. For
example, the topic of charges contains concepts of electric charge, weak charge, and strong
charge. Thus, the topic of charges was counted to appear in a curriculum if at least one of
the three concepts was coded in the curriculum (e.g., the concept of electric charge). If a
concept is featured multiple times in one curriculum or various concepts within the topic
were identified in one curriculum, the count was still only increased by one.

Based on the count in the previous step, the concepts and topics that were found in
more than half of the curricula were identified. Identifying the most featured concepts and
topics allowed for a better comparison between the particle physics content in curricula
with a dedicated particle physics chapter and curricula without a dedicated particle physics
chapter. The results of this analysis are presented in Section 4.

4. Results

4.1. Curriculum Types

This curricular review reviewed 27 state, national and international high-school
physics curricula. First, the structure of the curricula was inspected to define chapters and
identify whether they include a dedicated particle physics chapter.

The 12 curricula with a dedicated particle physics chapter were the curricula of the
IB [45], Austria [46], Australia—Queensland [47], Croatia [48], Germany—Brandenburg [49],
Israel [50], Russia [51], Switzerland—Nidwalden [52], Serbia [53], South Africa [54], Spain [55],
and the United Kingdom—A levels [56]. In most of these curricula, particle physics was
included as a dedicated chapter towards the end of the curriculum. Thus, students would
typically explicitly learn particle physics at the end of their high-school education, typically
between ages 17 and 19.

The 15 curricula without a dedicated particle physics chapter were curricula of Brazil—
São Paolo [57], Canada—Manitoba [58], Germany—Baden-Württemberg [59], Germany—
Saxony [60], France [61], Ghana [62], Greece [63], Italy [64], Lebanon [65], Netherlands [66],
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Poland [67], Slovakia [68], Slovenia [69], Sweden [70] and the United States of America—
Next Generation Science Standards (NGSS) [71]. In both types of curricula, all chapters
included in the curriculum were reviewed for explicit and implicit particle physics concepts.

4.2. Results of the Analysis

The curricula were reviewed based on the coding manual with 60 hierarchically
organized concepts, as described above. The concepts were organized into 25 topics that
were grouped into three categories, namely the categories of explicit particle physics, other
curricular topics, and history and nature of science. After reviewers identified the presence
of individual concepts, the number of times individual concepts appeared in different
curricula was counted. Special focus was given to determining which concepts appear in
more than half of the curricula.

The curricula were grouped and compared based on whether they contained a dedi-
cated particle physics chapter. First, the curricula with a dedicated particle physics chapter
were analysed. Here, 35 out of 60 concepts were found in more than half of the curricula
with a dedicated particle physics chapter. Furthermore, 19 out of 25 topics were identified
in more than half of said curricula. Second, the curricula without a dedicated particle
physics chapter were analysed. Overall, 27 out of 60 concepts were identified in more than
half of the curricula. Furthermore, 14 out of 25 topics appear in over half of the curricula
without a dedicated particle physics chapter. The overall overlap between the curricula
with and without a dedicated particle physics chapter is 80%. More details are presented in
the paragraphs below.

4.2.1. Explicit Particle Physics

The results for the category of explicit particle physics are shown in Table 2 and
Figure 1. Additionally, these results are summarized in the following paragraphs.

The review of the curricula with a dedicated particle physics chapter showed that
the following nine explicit particle physics topics were identified in more than half of
said curricula: topics of cosmology, the Standard Model of particle physics, fundamental
interactions, charges, elementary particles, interaction particles, antimatter research, open
questions in particle physics, and particle accelerators. All but two of these topics are from
theoretical particle physics. All topics from the category of explicit particle physics were
identified in at least one curriculum. Likewise, ten concepts were found in more than
half of the reviewed curricula with a dedicated particle physics chapter: the concepts of
Standard Model of particle physics, electromagnetic interaction, strong interaction, weak
interaction, quarks, leptons, interaction particles, antimatter research, general particle
accelerators, and open questions in particle physics. The following three concepts were not
found in any reviewed curricula: the concepts of weak charge, strong charge, and modern
particle detectors.

The review of the curricula without a dedicated particle physics chapter showed that
four topics in the category of explicit particle physics were identified in more than half
of the curricula, namely the topics of cosmology, fundamental interactions, charges, and
elementary particles. Likewise, four concepts were found in more than half of the curricula,
namely the concepts of Big Bang, electromagnetic interaction, electric charge, and leptons.
Here, the review showed that the topic of cosmology and the concept of Big Bang typically
appeared in parts of curricula that focused on astronomy. On the other hand, concepts
within the topics of fundamental interactions, charges, and elementary particles were
mostly featured in the topic of electromagnetism. They were represented by the concepts
of electromagnetic interaction, electric charge, and an electron as an example of the concept
of leptons, respectively.

Overall, the overlap of concepts appearing in curricula with and without a dedicated
particle physics chapter is 32%. Each type of curricula includes concepts that the other
type does not. The explicit particle physics concepts that appear in both types of curricula
are the concepts of electromagnetic interaction, electric charge, and leptons. More than
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half of the curricula with a dedicated particle physics chapter also feature the concepts
of the Standard Model of particle physics, strong interaction, weak interaction, quarks,
interaction particles, antimatter research, general particle accelerators, and open questions
in particle physics. Additionally, the following topics were identified only in more than
half of the curricula with a dedicated particle physics chapter: the topics of the Standard
Model of particle physics, interaction particles, particle accelerators, antimatter research,
and open questions in particle physics.

Table 2. Overview of the concepts and topics within the category of explicit particle physics and their
count across the curricula with and without a dedicated particle physics chapter. Topics in the first
column are marked with T as theoretical and E as experimental.

12 Curricula with a
Dedicated Particle
Physics Chapter

15 Curricula without a
Dedicated Particle
Physics Chapter

Topic Concept
Count
(Topic)

Count
(Concept)

Count
(Topic)

Count
(Concept)

1 T Cosmology
Big Bang 7 * 6 9 * 9 *
Inflation 5 4
Expansion 5 5

2 T Standard Model Standard Model 8 * 8 * 3 3

3 T Fundamental interactions

Electromagnetic interaction 9 * 8 * 9 * 9 *
Strong interaction 9 * 3
Weak interaction 8 * 2
Gravitational interaction 5 0

4 T Charges
Electric charge 11 * 11 * 11 * 11 *
Strong charge 0 0
Weak charge 0 0

5 T Elementary particles
Quarks 10 * 9 * 11 * 4
Leptons 10 * 10 *

6 T Interaction particles Interaction particles 8 8 * 7 7

7 T Brout-Englert-Higgs
mechanism

Brout-Englert-Higgs
mechanism 3 3 0 0

8 T Particle transformations Particle transformations 6 6 4 4

9 T Feynman diagrams Feynman diagrams 3 3 0 0

10 T Antimatter research Antimatter research 7 * 7 * 4 4

11 E Particle accelerators
Linear accelerators 8 * 1 4 3
Circular accelerators 5 3
General particle accelerators 7 * 2

12 E Particle detectors
Historical detectors 4 1 2 1
Modern detectors 0 0
General particle detectors 3 1

13 E Data storage and
data analysis

Data storage and
data analysis 2 2 3 3

14 Advances in particle
physics

Experimental results 7 * 3 1 1
Open questions 7 * 0

15 Real-life applications of
particle physics

Real-life applications of
particle physics 6 6 5 5

* Concepts and topics that were identified in more than six curricula with a dedicated particle physics chapter
or in more than eight curricula without a dedicated particle physics chapter. T Topics that were categorized as
theoretical particle physics topics. E Topics that were categorized as experimental particle physics topics.
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Figure 1. Graphic overview of the concepts within the category of explicit particle physics and
the percentage of curricula in which they are featured. The bars in blue represent curricula with
a dedicated particle physics chapter. The bars in orange represent curricula without a dedicated
particle physics chapter. The figure corresponds to Table 2.
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4.2.2. Other Curricular Topics

The results for the category of other curricular topics are shown in Table 3 and Figure 2.
Additionally, these results are summarized in this Section.

The review of the curricula with a dedicated particle physics chapter showed that all
topics from the category of other curricular topics are featured in all reviewed curricula.
Similarly, 22 out of 29 concepts from the category of other curricular topics were identified
in more than half of the curricula with a dedicated particle physics chapter. Only a few
concepts were not found in more than half of the curricula, namely the concepts of Ein-
steinian gravity, conservation of angular momentum, conservation of charges, ionization,
superconductivity, cosmic radiation, and quantum effects.

Table 3. Overview of concepts and topics within the category of other curricular topics and their
count across the curricula with and without a dedicated particle physics chapter.

12 Curricula with a
Dedicated Particle
Physics Chapter

15 Curricula without a
Dedicated Particle
Physics Chapter

Topic Concept
Count
(Topic)

Count
(Concept)

Count
(Topic)

Count
(Concept)

Mechanics
Linear motion 12 * 11 * 15 * 15 *
Circular motion 11 * 15 *

Gravity Newtonian gravity 12 * 12* 15 * 15 *
Einsteinian gravity 5 2

Conservation Laws (of)

Energy 12 * 12 * 15 * 15 *
Linear momentum 11 * 13 *
Angular momentum 4 7
Charges 6 4

Thermodynamics
Particle model 12 * 11 * 14 * 14 *
Phase transitions 7 * *
Vacuum 7 * 4

Electromagnetism

Electric fields 12 * 12 * 15 * 14 *
Magnetic fields 12 * 1 *
Magnetic force 11 * 12 *
Ionisation 5 10 *
Electromagnetic waves 12 * 13 *
Superconductivity 5 2

Radiation

Cosmic radiation 12 * 4 14* 3
Alpha radiation 10 * 12 *
Beta radiation 10 * 12 *
Gamma radiation 10 * 12 *
Radiation (general) 12 * 14 *

Special relativity Relativistic motion 12 * 11 * 11 * 7
E = mc2 11 * 11 *

Quantum physics

Quantum effects 12 * 2 15 * 4
Probability in quantum physics 11 * 11 *
Atomic models 12 * 14*
Atomic energy levels 11 * 11 *
Quantum mechanics 10 * 9 *

* Concepts and topics that were identified in more than six curricula with a dedicated particle physics chapter or
in more than eight curricula without a dedicated particle physics chapter.
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Figure 2. Graphic overview of the concepts within the category of other curricular topics and the
percentage of curricula in which they are featured. The bars in blue represent curricula with a
dedicated particle physics chapter. The bars in orange represent curricula without a dedicated
particle physics chapter. The figure corresponds to Table 3.

Likewise, all topics from the category of other curricular topics are featured in more
than half of the curricula without a dedicated particle physics chapter. Only the topics
of thermodynamics, radiation, and special relativity were not identified in all curricula.
Similarly, 21 out of 29 concepts from the category of other curricular topics were identified
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in more than half of the curricula without a dedicated particle physics chapter. Last,
nine concepts were not found in more than half of the curricula, namely the concepts of
Einsteinian gravity, conservation of angular momentum, conservation of charge, vacuum,
superconductivity, cosmic radiation, relativistic motion, and quantum effects.

A 90% overlap was identified between the two types of curricula. Concepts that were
identified in more than half of the curricula with a dedicated particle physics chapter
and not in the other type are the concepts of vacuum and relativistic motion. Conversely,
curricula without a dedicated particle physics chapter also feature the concept of ionization,
which is typically introduced in the context of radiation.

4.2.3. History and Nature of Science

The results for the category of history and nature of science are shown in Table 4 and
Figure 3. The category of history and nature of science has a complete overlap (100%)
between the two types of curricula. Out of the three concepts in the category of history
and nature of science, two were featured in more than half of the curricula: the concepts of
history of quantum physics and the nature of science. Here, the concept of nature of science
was typically present only implicitly. Most curricula listed aspects of the nature of science
as general goals of physics as a subject. However, most curricula explicitly mentioned
the topic of history of science within the content part of the curricula (either as content
or context).

Table 4. Overview of concepts and topics within the category of history and nature of science and
their count across the curricula with and without a dedicated particle physics chapter.

12 Curricula with a
Dedicated Particle
Physics Chapter

15 Curricula without a
Dedicated Particle
Physics Chapter

Topic Concept
Count
(Topic)

Count
(Concept)

Count
(Topic)

Count
(Concept)

History of science History of quantum physics 10 * 10 * 10 * 10 *
History of particle physics 3 2

Nature of science Nature of science 10 * 10 * 13 * 13 *

* Concepts and topics that were identified in more than six curricula with a dedicated particle physics chapter or
in more than eight curricula without a dedicated particle physics chapter.

Figure 3. Graphic overview of the concepts within the category of history and nature of science and
the percentage of curricula in which they are featured. The bars in blue represent curricula with
a dedicated particle physics chapter. The bars in orange represent curricula without a dedicated
particle physics chapter. The figure corresponds to Table 4.
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5. Discussion

This curricular review investigated the particle physics content in 27 state, national,
and international high-school physics curricula. Two types of curricula were reviewed:
namely curricula with a dedicated particle physics chapter and curricula without a ded-
icated particle physics chapter. The analysis resulted in an overview of particle physics
topics and concepts that are featured in more than half of the curricula with or without a
dedicated particle physics chapter.

The reviewed curricula have many similarities. First, both types of curricula have a
stronger focus on theoretical than experimental particle physics. Indeed, only curricula
with a dedicated particle physics chapter feature experimental particle physics concepts.
This result corresponds to what was found in the literature. Indeed, most suggestions for
the introduction of particle physics focused more on theoretical than experimental particle
physics concepts, e.g., [20–24]. Furthermore, the concepts that were most prominently
mentioned in the literature are also present in more than half of the reviewed curricula,
namely the topics of fundamental interactions, elementary particles, and charges. The
results of this curricular review show that curricula with a dedicated particle physics
chapter come somewhat close to Polen’s suggested learning unit [25]. They suggested a
learning unit that would include understanding particle accelerators and particle detectors
as one of the goals. Indeed, most reviewed curricula also mention particle accelerators, at
least as context for electromagnetism or circular motion. However, the topic of particle
detectors is not present in a great majority of the curricula, regardless of how much the
curriculum focuses on particle physics. Moreover, none of the curricula mentioned the
concept of modern particle detectors. In the literature, particle detectors are generally
introduced as a context for other curricular topics, for example, the topic of radiation—if at
all [37]. Here, not including particle detectors appears to be a lost opportunity for more
active learning and better representations. Indeed, introducing particle detectors in the
classroom can help students better visualize an otherwise very abstract chapter [72].

The lack of including experimental aspects is not limited to particle physics. While
experiments play a central role in physics education, their importance and value are often
not introduced well enough in the physics education literature [73,74]. Specifically, Park
et al. noted that physics is mostly presented in curricula and textbooks as “hardened facts
with its making process erased” [75] (p. 1078). Thus, students often struggle to understand
the role of experiments in science [75,76]. For example, most students think that confirming
previously known results is the main goal of doing experiments [75]. Explicitly including
aspects of modern experimental physics in curricula could help change this conception.

Second, three explicit particle physics concepts were not identified in any curriculum:
the concepts of strong charge, weak charge, and modern particle detectors. Indeed, while
electric charge has been identified as one of the most common concepts, the concepts of
strong charge and weak charge are not mentioned in any curricula. However, the concept
of electric charge was commonly mentioned in the context of electromagnetism, where it
was typically referred to only as merely “charge”. This nomenclature is not surprising, as
no other charge appeared in the curriculum. Using “charge” to denote only electric charge
also means that the concept of conservation of charge only constitutes the conservation of
electric charge. However, the concepts of strong interaction and weak interaction are both
mentioned in several curricula. Their description is generally limited to their role in nuclear
reactions. Indeed, other studies have found that teachers often mention the concepts of
strong interaction and weak interaction as decontextualized and in passing [5,77]. While the
introduction of the strong interaction and weak interaction can include a short discussion
about the nature of these fundamental interactions (e.g., range and relative strength), it
typically avoids the associated charges. For example, the international baccalaureate (IB)
curriculum, one of the most comprehensive curricula in this curricular review, prominently
includes strong interaction and weak interaction [45]. However, while it describes the
electromagnetic charge and the baryon numbers of elementary particles and interaction
particles, the IB curriculum does not introduce strong charge or weak charge. Omitting the
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topic of charges from curricula means omitting the information about the role of charges in
weak interaction and strong interaction. It can be argued that charges, especially strong
charge and weak charge, can be a complex topic in particle physics. At higher levels of
education, the topic of charges is often introduced through complex mathematics and
difficult equations. However, as Wiener et al. [36] argued, the notion of charge can be
introduced to learners as young as 12 years old without much complex mathematics.
Furthermore, introducing at least the concepts of strong charge and weak charge can aid
later studies by expanding the concept of charge to fields beyond electromagnetism.

Last, most curricula include the topic of history and nature of science, albeit most
of them only implicitly. For example, the Austrian curriculum provides several aspects
of nature of science at the beginning of the curriculum to highlight what teachers should
convey throughout their teaching. However, the nature of science aspects are later not
present in the content part of the Austrian curriculum. Indeed, the concept of nature of
science is rarely found within the content part of curricula. Likewise, most textbooks
only implicitly include the nature of science [78,79]. Yet, research shows that the nature
of science is most effectively taught explicitly [80]. Therefore, finding appropriate context
to support the teaching of the nature of science as content is crucial for teachers. Previous
studies have suggested that contemporary topics can be used as the basis for teaching the
nature of science [74,81]. Thus, as a contemporary field of physics, particle physics can
help contextualize various aspects of the nature of science [82,83]. Here, the introduction
of the concept of nature of science again calls for more experimental particle physics to
be included in high-school education. Indeed, through learning about modern particle
physics methods, students experience particle physics as “science-in-the-making”. Through
it, students can understand the principles of modern scientific explorations, from the
importance of theoretical prediction to inference and social aspects of science. The role of
theoretical predictions in designing future experiments and the tentativeness of science
can further be highlighted through the discussion about open questions in particle physics.
Indeed, open questions in particle physics can trigger conversations about science beyond
what is typically perceived as facts. Likewise, by learning about real-life applications of
particle physics, students can discover the value of modern science and its impact on life
and society. As such, particle physics, similarly to other contemporary fields of science,
presents itself as an excellent context for teaching the nature of science.

5.1. Strengths and Limitations

This international curricular review provides an overview of particle physics contents
in 27 high-school state, national and international physics curricula. The curricula were
screened using a coding manual that contained 60 concepts in particle physics and related
topics. The coding manual was developed through an extensive literature review and
the expert knowledge of multiple particle physicists and physics education researchers.
Additionally, the manual was extensively pre-tested to ensure clarity. In its final form,
the coding manual provides a clear and concise overview of particle physics concepts
that experts perceive as the most relevant for high-school education. As such, the coding
manual is a powerful tool both for evaluating particle physics content in curricula and
possible further curricular development.

The curricular review was conducted by teachers with vast experience in the relevant
curriculum, sufficient particle physics knowledge and knowledge of the respective lan-
guage. These qualifications make them experts in their respective curricula, improving
the quality of the review. Additionally, all curricula were reviewed by at least two experts
in addition to being reviewed by the authors as well. The multitude of reviewers and the
discussions to reach a consensus improved the overall reliability of the reviews.

However, the review of the curricula in this study was limited to science-oriented
high-school physics curricula (when applicable) with no differentiation between elective
and compulsory concepts. Such a selection of the curricula was purposeful to include the
physics curricula with the maximum particle physics content in each country to determine
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the “ideal” scenario within physics curricula. However, this selection excludes curricula
with less physics and curricula of other high-school subjects (e.g., astronomy and chemistry).
This limitation can be addressed by broadening the scope of future studies to review
curricula of other school types (e.g., technical high schools) and other school subjects.

Additionally, this curricular review focused on identifying which particle physics
concepts are prominently featured in international curricula. As such, the review did
not explore how particle physics concepts are introduced or how they are connected to
other topics. Likewise, the levels of competence that students are expected to achieve in
the context of particle physics were not analysed. The main reason for this decision is
the stylistic differences between the curricula. Indeed, while some curricula are written
as an extensive syllabus (e.g., the IB curriculum), others describe the required course
content in open terms (e.g., the Austrian curriculum). However, the focus of this study was
only to give an overview of which particle physics concepts are explicitly included in the
curriculum. Therefore, the contextualization of particle physics and the level of competency
students achieve on the topic should be a subject of a subsequent study.

Similarly, this curricular review focused on formal curricula provided by the govern-
ing bodies of the respective educational systems. Teachers, especially experienced teachers
with deeper content knowledge in particle physics, can choose to include more concepts
and more examples that are not mentioned in the formal curriculum. Likewise, how particle
physics is introduced in textbooks can significantly change how particle physics is taught
in classrooms. Indeed, textbooks are often used as a primary source of instruction [74]. As
such, the results of this curricular review only show the baselines set by physics curricula.
Further investigations into classroom practice and textbooks are needed to identify how
teachers’ instructional practices correspond to the official curriculum and how many elec-
tive topics are presented in the classroom. Furthermore, such investigations could provide
a better overview of how particle physics context enters teachers’ instructional practices.

5.2. Implications

The results of this first international curricular review of the particle physics content
in high-school curricula show that particle physics is present in all high-school physics
curricula, albeit not always explicitly. Regardless, particle physics is typically introduced
with a strong focus on theoretical particle physics. Indeed, very little attention is given
to experimental particle physics in high-school physics curricula. Based on these results,
we can draw several implications for teaching, future curricular development, and future
research, as presented below.

First, the coding manual developed for this curricular review is a powerful tool for
identifying important concepts in particle physics education. The coding manual was based
on the literature and further developed by experts in particle physics and physics education.
Therefore, the manual itself can be used as a guide for teachers when implementing particle
physics in their teaching practice.

Second, the curricular review uncovered many aspects for improving the curricula in
general. The most striking is the lack of experimental particle physics concepts. Here, stud-
ies have shown that students often struggle with understanding the role of experiments
in science [76,77]. Therefore, including more modern experimental physics in physics
curricula can help students understand not only the importance but also the role of ex-
periments in modern physics. Furthermore, several suggestions in the literature showed
that experimental particle physics concepts could be a suitable context for other curricular
topics, e.g., [14,37,38]. As such, connecting different parts of the curriculum to new con-
cepts can help students to learn more meaningfully [84]. Additionally, giving a modern
experimental example from an interesting topic in an otherwise classical topic can increase
students’ interest in other parts of physics as well. Indeed, especially real-life applications
of experimental technologies in physics in fields such as medicine, food safety, and art
(among others) can appeal to students on a personal level.
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Likewise, particle physics can be a powerful context for learning about the nature
of science. The results of this study show that the knowledge of the nature of science is
often included as one of the overarching goals of physics education. Although the nature
of science has been shown to be best taught explicitly [80], most curricula do not include
it in the content part of the curricular document. Thus, a modern context such as particle
physics can be used to introduce the nature of science more explicitly. However, further
studies are needed to investigate how best to showcase the nature of science in the context
of particle physics.

Last, the methodology in this curricular review relied greatly on expert practitioners,
namely teachers with experience with their respective curricula. As such, the researchers
were able to explore various curricula in different languages with little chance of mistrans-
lation. Additionally, including several reviewers per curriculum reduced the possibility of
misinterpretations of the curriculum and increased the reliability of the review. As such, the
curriculum review was more streamlined, with less back-and-forth between the reviewers
and the researchers. Therefore, this method is very suitable for future curriculum reviews.

To conclude, particle physics concepts are included in all curricula either explicitly
or implicitly. Therefore, particle physics can provide students with an excellent example
of science-in-action. However, particle physics is not the only modern physics topic that
can fulfil that role. Indeed, quantum physics, nanotechnology, and soft condensed matter
are only some examples of topics that can have a similar role in the curriculum. They
are all examples of science-in-action, can be used as context for the explicit teaching of
the Nature of Science, and are closely connected to various other parts of the curriculum.
Furthermore, these topics might come even closer to students’ everyday lives as they have
or explicitly strive for more direct applications, e.g., nanotechnology for surface coatings or
quantum computers. While there are several very prominent examples of particle physics
applications in real-life situations (e.g., hadron therapy, positron emission tomography
(PET), safety scanners), particle physics introduces a discussion on the value of purely basic
science. Indeed, particle physics research is not explicitly aiming to result in a practical
application, e.g., an equivalent of a quantum computer. The aim of particle physics remains
to address the most fundamental questions of human nature: what are we made of, where
do we come from, and where are we going. Therefore, the introduction of particle physics
in high-school education provides a unique opportunity to discuss the importance of basic
sciences in modern society.
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Abstract: Particle physics is an exciting subject for high school students, and there have been
various approaches on how to introduce the topic in the classroom. Feynman diagrams (FDs) are
an often-used form of representation in particle physics and could play an important role in such
an introduction. However, their potential educational value has not yet been investigated. To this
end, we interviewed four experts in the field of particle physics education on the opportunities and
challenges Feynman diagrams could pose for high school students. We analyzed their answers using
a thematic analysis framework, categorizing them into five themes. The results of these interviews
show that there are two challenges (FDs elicit and perpetuate inadequate conceptions about particle
physics, and FDs can only be treated superficially in school) and three opportunities (FDs can
link particle physics and other physics topics in high school education, FDs offer an opportunity
for different particle physics topics to be taught, and FDs offer a connection to current research).
The results of this expert interview study lead to several suggestions on how to design learning
environments that incorporate Feynman diagrams.

Keywords: particle physics; Feynman diagrams; secondary education; expert interviews; design-
based research

1. Introduction

Particle physics has been introduced in high school physics curricula in many countries.
When teaching about particle physics, an often-used representation is that of so-called
Feynman diagrams (FDs). However, while being of great use for particle physics, it
is unclear whether using FDs in education benefits learners, since possible inadequate
conceptions could be connected to them. The current study explores potential opportunities
FDs can create for learning particle physics and the challenges that using these diagrams
pose. To meet these aims, we interviewed experts in particle physics education.

1.1. Particle Physics in High School Education

The first calls to introduce particle physics in high school physics teaching date back
to the 1980s [1], with one of the first conferences on the teaching of modern physics taking
place at the European Organization for Nuclear Research (CERN) in 1984 [2]. Students
might see particle physics as an exciting topic, which can serve as an example of the nature
of physics as being tentative and constantly changing. Moreover, unknown phenomena
and the newest scientific discoveries have been proven to be extremely interesting topics
for adolescents [3]. Finding answers to the fundamental questions of nature can positively
influence students’ attitudes toward physics. The call for particle physics in high school
education has since been replicated several times (e.g., [4–6]). Despite these calls, particle
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physics only rarely makes it into the curricula and subsequently into the teacher training
courses at university. However, several suggestions have been made on how to incorporate
particle physics into high school education (e.g., [7–10]). These suggestions vary greatly
in the concepts they include and the approaches they take to introduce these concepts to
high school students. They range from an overview of the “particle zoo” [10] to discussions
of particle interactions, conservation laws, and symmetries [11,12] to coherent learning
material for teaching the Standard Model of particle physics by connecting charges, particle
interactions, and elementary particles [9].

Some approaches have been criticized as presenting the topic of particle physics in
a superficial and oversimplified way [13,14]. Furthermore, presenting all the elementary
particles in a merely enumerative manner might not be very motivating and might lead
to rote learning of particle names instead of achieving a conceptual understanding of
particle physics [15].

So far, few studies have been conducted to systematically investigate students’ under-
standing of particle physics or the impact of specific interventions in the field [6,16,17].

1.2. Feynman Diagrams

A specific topic within particle physics is that of Feynman diagrams. The idea of FDs
was first presented publicly by Richard Feynman at a conference in the spring of 1948 [18]
and was subsequently published by Freeman Dyson and Feynman [19,20]. Since then,
they have become a commonly used graphical tool in many areas of theoretical physics,
but especially in quantum field theory and, thus, particle physics. In fact, they have
been invented mainly as a tool for “bookkeeping” and visualization in the perturbation-
theoretical calculation of processes in particle physics [18]. However, there is a debate about
whether or not FDs are a form of representation of physical processes [21–23]. This debate
dates to a disagreement between the inventor of the diagrams, Feynman, and the physicist
who connected the diagram to a set of mathematical rules, Dyson. This disagreement is
also known as the Feynman–Dyson split [18].

FDs are also part of many introductions to particle physics for high school students
(e.g., [7–9]). However, Passon et al. [24] highlight various ideas associated with FDs that are
present in educational material, which can be considered to be misleading. For example,
any reading in which particles are assigned a trajectory in time and space is, according
to the authors, physically nonsensical. Various physicists and physics educators have
attempted to give educational introductions to FDs. For instance, Pascolini and Pietroni [25]
introduced the diagrams as “accurate metaphors” and attempted to introduce the rules
underlying Feynman diagrams to learners using a mechanical model. This approach was
empirically investigated in a post-test one month after the intervention, where the learners
performed satisfactorily. Hoekzema et al. [11,12] used a reduced form of FDs, which they
call “reaction diagrams”, to explain conservation laws and symmetries in particle physics.
Their proposed teaching activity consists of two 50 min lessons embedded in a larger
teaching project about nuclear reactions and elementary particles. The activity had been
used for two years as part of a modern physics teaching project. In particular, the approach
with the reduced form of the FDs was deemed more comprehensible than a previous text
with conventional FDs.

Figure 1 shows a typical example of an FD. Explanations for this type of diagram differ
in the extent to which it is explained ‘literally’. “Literally” means, in this context, that the
diagram is understood as a particle and an antiparticle traveling in straight lines toward
each other, meeting and creating a photon, and, at some point, a new particle-antiparticle
pair flying away from each other. While some parts of these explanations are compatible
with the physical interpretation of the diagrams (for example, particles annihilate each
other and new particles are created), others are rather inadequate conceptions (for example,
particles do not have determined trajectories). In some texts, FDs are introduced as space–
time diagrams [26], while in others, the individual fundamental vertices are explained
and linked to mathematical terms in order to stress the inherent mathematical meaning
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of the diagrams [27]. Several authors try to avoid the problem of a too literal reading by
emphasizing the fact that FDs contribute to a probability amplitude [7,28,29].

Figure 1. An example of a Feynman diagram of electron–positron (eē) annihilation. The diagram
describes the transformation of an electron–positron pair into a muon–antimuon (μμ) pair. The
interaction is mediated by a photon (γ) which is the interaction particle of the electromagnetic
interaction. The direction of arrows determines whether it is a particle or an antiparticle.

A defining property of every FD is that charges are conserved throughout the diagram,
meaning that the total amount of any charge (electromagnetic, weak, and strong charge)
is the same on the left and on the right side of the diagram. In Figure 1, this can be
straightforwardly checked for the electric charge, since the electron and the positron on the
left have a total electric charge of zero, which is also true for the muon and the antimuon
on the right side.

Different tools have been developed to teach the underlying principles of FDs, most
notably the conservation of charges. For example, FeynGame is a software that can be used
to draw FDs and check them for correctness [30]. Another example is the educational
card game Feynman-Rhombino, which allows players to create FDs by applying the rules of
charge conservation [31].

1.3. Context of the Present Study: Design-Based Research

As illustrated above, several proposals suggest how FDs can be used for educational
purposes. However, to our knowledge, no empirical study has investigated the suitability
and feasibility of FDs for use in the physics classroom. Therefore, the overarching aim of
this research project is to iteratively develop a learning environment that introduces FDs to
upper secondary students (16–18-year-olds) and to test the educational use of Feynman
diagrams. To do so, we use the framework of design-based research (DBR) [32].

DBR has been used to create learning environments in various fields of modern
physics, for example, for the topics of chaotic systems [33], general relativity [34], special
relativity [35], and, in particular, particle physics [17].

The DBR framework, also known as design research, design experiments, or educa-
tional research design, has been widely used and has resulted in learning interventions that
create improved outcomes or student attitudes among the students [36,37]. There are many
different approaches to DBR, but a central element is the iterative design and testing of the
material. DBR produces both new theories and teaching practices to impact learning [38].
In this way, DBR is a method designed to bridge the gap between research and practice.

A particularly interesting link can be created between DBR and the model of educa-
tional reconstruction [39]. In this model, the educational design is informed both by the
content structure of the subject matter and by the perspectives of the learners. Analysis
of the content structure leads to the formulation of key messages, whereas that of the
learners’ perspective identifies relevant prior knowledge and potential learning difficulties
of the respective subject matter. These two perspectives influence each other in an iterative
process. Therefore, the reconstruction of the subject matter does not necessarily follow the
content structure of the subject matter. Both the analysis of the content structure and the
learners’ perspective can be informed by different sources such as experts, literature, and
the students themselves.
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1.4. Scope of the Study

Building on the existing work about how (not) to incorporate FDs in educational
material about particle physics, the current study presents a systematic analysis of the
challenges and learning opportunities that are connected to the teaching of FDs. This
analysis is the basis for an educational reconstruction of FDs, which is currently undergoing
iterative testing with high school students. The research question that guided this work
was: What challenges and opportunities do FDs pose for high school students?

2. Materials and Methods

To answer the research question, explorative interviews were conducted with experts
in the field of particle physics education [40]. The aim was to determine and summarize the
experts’ opinions on what purpose FDs could serve in upper secondary school education.

2.1. Selection of Experts

The experts were selected based on their expertise in conveying particle physics to
high school students.

We selected three researchers from two German universities who are involved in
education programs in particle physics aimed at high school students. Two of them are
education researchers, and one is a particle physicist. All three experts have previously
published on the educational use of FDs.

After conducting interviews with these three experts and discussing the results among
the research team, a discussion point regarding the epistemological role of FDs was raised.
Therefore, a science philosopher was interviewed as fourth expert. This expert had expertise
in the philosophy of science and conceptual analysis of contemporary physics.

The present study is exploratory in that, for the first time, it gathers data for the
challenges and opportunities of integrating important content of contemporary physics
into high school physics teaching. While the sample size is small, the results provide
evidence for considerable and informative variance on the one hand and increasing overlap
between the answer sets on the other hand. This is well in line with the main purpose of
the present study, namely an in-depth insight about potential challenges and opportunities
to guide further development, and not an exhaustive treatment of the topic (see [41,42]).

2.2. Conducting the Interviews

The first author conducted the interviews in a semi-structured way, that is, the inter-
viewer had an interview guideline with the core questions, but he could diverge from it
depending on the answers the interviewees gave.

The interview guideline was constructed based on two guiding questions, which
resulted from the research question stated above. These were:

• What challenges are connected to teaching FDs to high school students?
• What opportunities for physics education at the high school level are provided by FDs?

The interview guideline, which is published in the Supplementary Material, contained
12 questions, which were divided into three parts: In the first part, the interviewees
described what FDs are. This part served as an entry point to the interview and was not
connected to one of the guiding questions. The second part was concerned with possible
learning obstacles the experts could imagine or had encountered. This included inadequate
conceptions students might already have, or what prior knowledge is needed to read and
draw FDs. The third part was connected to the second guiding question and focused on
potential learning opportunities offered by FDs. In this part, it was asked, for example, how
an appropriate instruction would look like and how students could benefit from learning
about Feynman diagrams. In the end, the experts were asked how they would describe a
particular Feynman diagram to a high school student.

Special emphasis was put on appropriateness for the target group. For example,
concerning the question of what a Feynman diagram is, the experts were specifically
asked to describe it for a 17-year-old high school student. Similarly, when asked about
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potential learning obstacles, the experts were asked about learning obstacles specific to
high school students.

The guideline for the interview with the fourth expert was adapted to his expertise,
which differed from the expertise of the other interviewees. Specifically, the original
guideline was shortened, and the following three introductory segments were added to
the interview guideline to better align the results of the fourth interview with the first
three interviews: The first segment was intended to clarify the definition of terms such
as “model” and “theory”. The second segment touched upon the connection between
models and reality, since one of the open discussion points concerned the epistemological
meaning of FDs. In this part, the expert was asked, for example, to which extent models
play a role in science and what role mathematical descriptions play for models. The third
segment focused on the role of modern physics in schools, since the second open discussion
point after the first three interviews led to the question of whether modern physics—or
particle physics in particular—should be taught in high school. In this part, the expert was
asked, for example, which aspects of the nature of science he sees as vital for a meaningful
discussion of science in a high school classroom.

The interviews were conducted in German via a videoconferencing software and were
subsequently transcribed verbatim by the interviewer. The interviews were scheduled to
take one hour and lasted for 63, 81, 37, and 81 min. The third expert mentioned during the
interview that he did not feel completely well, which led to shorter answers and a faster
interview pace, resulting in a shorter interview length.

2.3. Coding Scheme

The interview transcripts were categorized according to the thematic analysis frame-
work [43]. The coding scheme contained two dimensions based on the guiding questions,
that is, opportunities and challenges of FDs. These dimensions subsequently served as the
highest level of the category system.

The transcripts were scanned for segments referring to these dimensions. Only those
segments that answered one of the two guiding questions were categorized. Segments
were of different lengths, depending on how much context was given within one segment.
The shortest segments consisted of one sentence and the longest of about ten sentences. The
first author inductively categorized these segments with preliminary category descriptions.
The segments were categorized at the least general level possible, based on their thematic
similarities. After categorizing approximately 30% of the transcripts, the categorization
was discussed with the co-authors and revised, that is, categories were added, renamed, or
merged. Based on the revised categorization, the transcripts were categorized in full. The
categories were then subsumed into common themes and subthemes. Some subthemes also
had sub-subthemes. Since, depending on the number of segments in a theme, the division
into themes and (sub-)subthemes is different, the lowest level is generically called categories
in the further description. Further on, categories were dissolved, and the segments were
categorized into other existing categories. Through this process, the number of categories
was reduced. This categorization was subsequently reviewed while the categories were
given instructive descriptions to be incorporated into a coding manual. This coding
manual was then discussed with two German-speaking doctoral students in the field of
physics education who were not previously involved in the research process. Based on
this discussion, the manual was again adapted by redefining category descriptions and
merging categories to further reduce their number.

2.4. Validating the Coding of the Data

The revised coding manual was eventually given to the two doctoral students who
used this coding manual to code approximately 10% of the coded text segments. This coding
manual had 37 categories categorized into five themes. Interrating yielded a Krippendorff’s
alpha [44] of 0.49. This interrating was subsequently discussed between the first author and
the two interraters. Interrater reliability after the discussion was increased to an acceptable
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level of 0.87. During this interrater discussion, several remarks about the coding manual
were made, which led to another revision of both the coding manual and the coding of
categories. Disagreements in the coding were caused by giving too little context within
segments, which is why some segments were extended to give more context. The final
coding manual is shown in the Supplementary Material. It is divided into two dimensions
(challenges and opportunities), of which the first dimension contains 12 categories divided
into two themes and four subthemes. The second dimension contains 12 categories divided
into three themes. A second round of interrating was conducted with a new set of segments
and a new interrater who had not been involved in the process before. This interrating
showed an initial Krippendorff’s alpha of 0.37, and after another interrater discussion and
a revised coding, the interrater reliability showed 100% agreement.

3. Results

In total, five themes emerged from the analysis of all four expert interviews, which in
turn were assigned to the two dimensions “challenges” and “opportunities”. Two themes
concerned challenges and three themes concerned opportunities. Of the challenges, the
most prominent theme was that FDs elicit and perpetuate inadequate conceptions, which
is in line with prior work (see Section 1.2). The second theme was that FDs can only
be discussed superficially when discussing them with high school students. In contrast,
among the opportunities, the following three themes became apparent: (a) FDs offer the
opportunity to discuss perspectives on science, (b) FDs offer a link between particle physics
and other high school physics topics, and (c) FDs can be a hook for different particle physics
topics, such as the conservation of charges in particle transformation processes.

These five themes are explained further in the following text using subthemes and
example segments from the transcripts. The segments presented here are translated from
the original. The experts are referred here to as E1, E2, E3, and E4 in the following.
E1, E2, and E3 are the first three experts, while E4 is the science philosopher who was
later interviewed.

3.1. Challenges

Table 1 shows the two themes and corresponding subthemes present within the
dimension of challenges. The subthemes are also further divided into sub-subthemes.
Moreover, not all the themes were mentioned by all the experts. Table 1, therefore, shows
which of the four experts mentioned which sub-subtheme.

Table 1. Themes and subthemes of the dimension challenges. The order of the (sub-)subthemes
within a (sub)theme is according to the frequency of mentions.

Theme Subtheme Sub-Subtheme
Mentioned by Experts

(E1, E2, etc.)

Feynman
diagrams (FDs) elicit
and perpetuate
inadequate conceptions

Types of inadequate
conceptions connected
to FDs

Particle processes are embedded in spacetime E1, E2, E3, E4
FDs show observable processes E1, E2, E3, E4

Particles are small balls E1, E2, E3
Focus on the concept of “building blocks” and neglect of the

concept of ”interaction” E1, E2

Potential sources of
inadequate conceptions

Use of scientific language is a source of misconceptions E1, E2, E3
The axes of FDs are misleading E2, E3

Particle physics can only be
treated superficially

Limitations by
educational setting

The time used for particle physics could be used otherwise E1, E3
Necessary prior knowledge is missing in school-level physics E1, E3

It is a challenge for teachers to teach modern physics E1

The disciplinary
handling of FD is not
taught in school

Calculations might be too difficult E1, E2, E3, E4
Drawing FDs is challenging E2

Some concepts are too difficult for school-level physics E2
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3.1.1. FDs Evoke and Perpetuate Inadequate Conceptions about Particle Physics

The experts discussed several inadequate conceptions, as well as possible sources of
these conceptions, that are connected to FDs.

The conception that was mentioned most often as an inadequate conception connected
to FDs was that they represent processes embedded in space–time. E1 pointed out that
“this form of illustration in the sense of spatiotemporal embedding” should be avoided.
However, E3 has “also noticed with teachers” that they “try to read off information from
[the] geometry about the movement . . . of the particles involved”. E2 also clarifies that
the interpretation of an FD as a space–time diagram is “only a crutch here” because it
cannot “be a real space-time diagram at all”, since there is “no concept of path in quantum
mechanics”. E4 describes it as a “graphic idealization of a process from which one thinks
that it actually does not happen that way, but which seems to be the correct technique
for bookkeeping”.

Close to that idea, the experts said that it is a common misconception that FDs show
observable processes. E2 explains that an FD is “not at all an image of a process in that
sense” but “a quantum mechanical amplitude” and that “a process is not only described
by one FD but by infinitely many”. E3 emphasized that “an FD is not a literally readable
description of an actually happening process”. E1 went on to say that “a physical process,
that must be something that I can observe in the world. The rock that falls. And FDs
just do not play in this league”. He also pointed out that FDs “ostensibly tell stories
about what is happening” and expands on this point by emphasizing that quantum field
theory, that is the theory underlying elementary particle physics, is “no less strange” than
quantum mechanics and that the “form of clarity” suggested by FDs is “not [offered] by
our modern theories”.

Another inadequate conception closely connected to FDs is the conception of particles
as being small balls which physically collide with each other. E2 explained in the context of
Compton scattering that even university students still have the conception that “an electron-
and a photon-ball meet each other and then there is an elastic collision, and then there is
somehow energy- and momentum-transition and then the electron and the photon fly away
from each other with a different momentum”. E1 compared this to the transport conception
of electric current which was “as wrong as only few things” but “still this naïve particle
conception could be measured . . . so strongly”. He also made a point about interaction
particles stating that “the idea that a particle mediates something through an exchange” is
“pure use of a metaphor” in his eyes. He emphasized that “nothing is exchanged. It is not
here before and there afterwards”.

Not directly related to FDs, E1 mentioned the challenge that particle physics is often
thought of as “searching the fundamental building blocks” while, in fact, “the part-whole
relation of modern physics” would be in fact “superposition and mixing”. E2 also men-
tioned this sub-subtheme but was more practical in the sense that he mentioned that he “is
not a friend of first introducing all the particles because that only leads to learning them by
heart”. They shared the concern of conveying a reductionist image of particle physics as
the theory of “the fundamental building blocks”.

The experts discussed some sources of misconceptions stemming from the FDs. One
important source for the origin of these misconceptions is the use of FDs in the everyday
life of scientists and hence the use of scientific jargon which is closely related to their use.
E1 described this circumstance as “the use of FDs is always embedded in a practice” and
“talking about FDs . . . is simply jargon”. For students, however, “these diagrams . . . are
simply pure poison” because “there is the danger that school only conveys the jargon but
not the practice of course”. He stated that “experts talk like topsy-turvy about them” and
would use “the most naïve metaphors such as ‘comes in’, ‘comes out’, ‘get scattered’”,
but this would all be “embedded into practice which then clears the misconceptions”.
Besides these general considerations about scientific language, the experts mentioned
several specific terms which might be a source of misconceptions, in particular, the term
“virtual particle”, which E2 calls “very misleading” because “it leads one to say they

164



Physics 2022, 4

actually weren’t there, as in virtual reality, and that’s not the case”. A term which was
explicitly mentioned as a term used by experts by E2 and E3 but not suitable for students
was the term “propagator”.

Another source of misconceptions that was mentioned was the drawing of space- and
time-axes in FDs. E2 explained that “in the region where the interactions take place, there is
no linear order of time anymore . . . but only the initial and final state, where the two lines
come in and where the two lines go out, there it can be imagined in good approximation
as trajectories”. He admitted that he was not sure whether “the axes should be omitted in
the first place or only the t[time]-axis” and suggested to investigate x-t[space-time]-axes,
whether they help or lead to even more misconceptions”. E3, on the other hand, suggested
that “one should not draw a space axis”.

3.1.2. Feynman Diagrams Can Only Be Treated Superficially with High School Students

The second theme in the dimension of challenges concerned the treatment of FDs in in
school physics classes. Two subthemes belong to this theme. The first subtheme is related
to the framework conditions that might inhibit the appropriate treatment of FDs in the
classroom. The second subtheme concerns the lack of practice when handling FDs.

One challenge that was pointed out by E1 was that the discussion of particle physics in
school lessons takes time away from the discussion of other curricular topics, since particle
physics is often not marked as a mandatory topic in high school physics. On the question
of whether FDs or particle physics should be treated in school lessons, he explained that
this was also connected with the question of what would be lost as a result. This time
“should not be taken away from quantum mechanics, for example”. E3 pointed out that “if
the connection to theory and to quantum mechanics cannot be made due to lack of time
and so forth, then it [the treatment of FDs] shouldn’t be done”.

E3 also pointed out that for an appropriate introduction of FDs in school lessons, a
certain level of “prior knowledge is necessary in order not to be subject to a too literal
reading of the diagrams”, that is, “prior knowledge of quantum objects in general”. E1
also raised the concern that the topic of particle physics might be taught “by teachers who
never learned about that topic in their education”, since particle physics is often not part of
the mandatory courses for teacher training students.

The lack of practice is most prominent in calculations that are too difficult for school.
E1 pointed out that particle physics in schools can only convey “an overview knowledge.
Even more than in other fields of school physics, students will not learn any calculations,
they won’t solve any concrete problems”. E2 described one experience with high school
students when it was too difficult “to explain in one day” to draw a certain conclusion
from a calculation. E4 points out that “one cannot hope that one can gain a complete
understanding of these theories without diving deep into the mathematics”.

E2 also mentioned the experience that “it seems to be more difficult for [university]
students to draw FDs than to interpret presented FDs”, but he admitted that “this was for
reasons [he] doesn’t understand”.

Moreover, E2 mentioned two concepts which are explicitly too complicated for
students, namely the transformation to the center-of-mass inertial system for arguing
that certain decays are kinetically forbidden and the mixing via the Cabibbo–Kobayashi–
Maskawa matrix.

3.2. Opportunities

Table 2 shows the three themes and their associated subthemes that were attributed to
the dimension of ‘opportunities’. In contrast to the first dimension, the subthemes are not
further divided into sub-subthemes.
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Table 2. Themes and subthemes for the dimension opportunities. The order of the subthemes within
a theme is according to the frequency of overall mentions.

Theme Subtheme Mentioned by

FDs offer a link between
particle physics and high
school topics

FDs are suited to teach conservation laws E1, E2, E3
FDs link particle physics and quantum mechanics E1, E2, E4

FDs offer an insight into the use of structurally equivalent representations E1, E2, E3
FDs offer an analogy to resonance phenomena in classical oscillations E2, E3

FDs offer an opportunity to
teach different particle
physics topics

Outer and inner lines/virtual particles E1, E2, E3
Introduction of interaction particles E1, E2, E3

Suggestions for educational uses of FDs E1, E2, E3
Particle types E2, E3, E4

Introduction of pair production and annihilation E1

FDs offer a connection to
current research

FDs help scientists to discuss particle processes E1, E2, E3, E4
Particle physics is a showcase for modern science E1, E2, E3, E4

Students can find FDs in popular scientific representations E1, E3

3.2.1. FDs Offer a Link between Particle Physics and Other High School Physics Topics

The experts mentioned in the interviews that FDs are linked in many ways to concepts
that occur in school lessons. Most prominently, the concept of charge conservation was
judged to be very connectable. E2 described FDs as “a wonderful means to check for
conservation laws” and even estimated that “charge conservation . . . could definitely be
done with younger [than upper secondary] students”. Furthermore, E1 uses conservation
laws when he is asked to explain a specific FD.

Almost as often as the first subtheme, the experts mentioned that a link between
quantum mechanics and particle physics could be established using FDs. E1 emphasized
that in the teaching of elementary particle physics, “a certain unity of modern physics”
should be presented and that “one should see where one can deepen what one has already
learned in quantum mechanics, that this is regarded as [a] unity”. E2 pointed out that
“one should refer to the other world of quantum physics as early as possible”. Moreover,
E4 pointed out that “it is important to see that the Standard Model is a quantum theory,
that the quantum effects which one has maybe discussed more generally are built into it”.
More specifically regarding FDs, E1 stated that he would “elucidate the meaning of an FD
analogous to the single amplitudes in the double slit, . . . that there is one contribution of
the wave function, which expresses that the electron goes through one slit”. But this would
not be a process “which occurs in nature. But the square of the sum of both of these parts
corresponds to the observation”. E2 summarized this by stating that “FDs don’t describe
the truth singularly but only the coherent sum describes the truth”.

The experts also described the analogy of FDs offering an insight to structural equiv-
alence in analogy to the teaching of electricity. E1 explained that FDs have structural
similarities with drawings of electrical circuits. They both have in common that it is im-
portant to see “where something is only symbolically noted and how literally a symbolic
depiction can be read . . . This kind of structural knowledge can be used . . . not to fall
into the trap to think so vividly”. The experts called this notion of invariance concerning
different drawings ‘topological equivalence’. E3 explained electrical circuits in this sense as
“an example where one does not need to focus on the exact geometry in order to analyze
what is depicted”. E2 expanded on this thought by making the analogy that “the conserva-
tion law is the junction rule of currents for example. Current just doesn’t get lost. . . . And
these charge currents are also in the FDs”. E1 also made another point connected to the
teaching of electricity by stating that particle physics could already be introduced together
with electricity “if we want to make the point in particle physics that actually there are no
particles, then this could be the conclusion which already informs the teaching of electricity
in lower secondary schools”.
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Another analogy that was highlighted by the experts was between the concept of
virtual particles, which are “off mass-shell”, and the concept of forced oscillations in
mechanics. E2 explained this concept as: “in classical mechanics it is not special at all to
have an oscillating system which can be excited with all frequencies and when it is excited
with the eigenfrequency I get a high amplitude and it’s just like that with virtual particles
when I excite them with their eigenfrequency, then the process is very likely because I
have a high amplitude”. He also connected this concept to the nuclear fusion in the sun,
which is happening so slowly because “there all the W-particles . . . are highly virtual”.
This concept might be “fascinating for high school students”. E3 also mentioned this
analogy and estimated that “it might work well for teachers”, while for students it might
be more difficult since “forced oscillations . . . do not play a role everywhere or only in
selected courses”.

3.2.2. FDs Offer an Opportunity for Different Particle Physics Topics to Be Taught

While the previous theme was about potential links between particle physics and
other high school physics topics, the experts mentioned several aspects of particle physics
that could be worthwhile to teach in high school physics. In all of these aspects, FDs play
an important role.

One very prominent topic was the distinction between initial, intermediate, and
final states. E1 stressed that “the initial state has a meaning, and the final state has a
meaning. And when the diagrams do not differ in the initial and final state, then they
aren’t distinguishable in the measurement”. Moreover, then one would be “interested
in all possible intermediate processes which can connect them [the initial and final state]
according to the rules”. This distinction, in his view, has to be “brought home centrally”.
Further, E2 said that he would “clearly define particles in the initial state and particles in
the final state”. E3 further explained the distinction between outer lines and inner lines
of FDs as for an inner line the “mass-energy-momentum relation . . . does not have to be
fulfilled” while it has to be fulfilled for an outer line. He also made the connection that
“virtual particles are inner lines in FDs”. This concept, on the other hand, connects to the
analogy of forced oscillations in mechanics mentioned in the previous theme. Connected to
the topic of the inner lines is also the topic of “topological equivalence”, which was already
mentioned in connection with electrical circuits. E3 stressed this topic by explaining that
“the temporal order of vertices is not fixed. One can shift vertices and transfer diagrams in
other topologically equivalent diagrams, which are then the same diagrams”.

Another promising opportunity mentioned is to introduce and further explain the
notion of interaction particles (also known as exchange- or messenger-particles or force
carriers). E1 even stated that he believes that “the only reason why one should talk about
FDs is that one can introduce exchange particles or because exchange particles obtain their
metaphorical meaning from this graphical symbolic language”. E3 stated the contrasting
view that “one needs the concept of exchange- or messenger-particles for that [FDs]” which,
in turn, “only make sense . . . in this view of fundamental interactions”. E2 expands
this concept by stating that “when the concept of exchange- or messenger-particles is
introduced, then one has to say that these exchange- or messenger-particles couple to
charge, that is, they see—in quotation marks—only other objects which carry or own the
charge of this interaction”.

Two of the experts also mentioned a subtheme on how FDs are connected to different
particle types. E2 stated that “it suffices to first only work with the electron, photon, up
and down quark, . . . electron neutrino, . . . W and Z”, that is, he only wants to introduce a
selection of particles. E3 suggested that “messenger particles could be drawn differently
from matter particles to emphasize the distinction”. Another important point concerns the
antiparticles, which in FDs are depicted with an arrow against the direction of time. E3
acknowledged the inadequate conception of a particle moving backward in time but also
stressed that “in his experience, teachers accept [that it’s just a symbolic convention]”.
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One other aspect raised by E1 was the introduction of pair production and particle
annihilation, which would be “the main point of relativistic quantum field theory”. He
explains that “the type of question on which FDs could be an answer to” is about how a
detector can detect many particles although only two particles interact with each other.

The experts also made several suggestions on how to introduce FDs in high school
classrooms. For example, both E2 and E3 mentioned Feynman-Rhombino, a card game which
was invented to practice the rules of creating FDs [31]. These rules were described by E2 as
“chaining up [basic] vertices to build scattering processes, decay processes, annihilation-
and creation processes”. E2 also suggested that “in school, one can explain some basic
calculation principles”, and he described FDs as “a wonderful tool . . . that I can bring
something from the right to the left side, from initial to final state” and by that one can
make connections to reaction equations in chemistry or even mathematical equations.

3.2.3. FDs Offer the Opportunity to Discuss Insightful Perspectives on Science

The experts mentioned several aspects where FDs can offer perspectives on science in
general and modern physics in particular.

E4 distinguished the roles of FDs “between a pedagogical role to convey the theory
and a scientific role to work with the theory as a scientist”. The latter was described by E2
from the point of view of a particle physicist. Specifically, for him, FDs are “[a] very clear
representation, [a] very helpful, but also very impressively powerful representation”. E4
raised the point that “FDs can serve to . . . also [show] the methodology of particle physics”.
According to him, physics classes in upper secondary schools should convey “the way of
thinking, the methodology which lies behind [the theories and physics]” and “FDs [can be]
an extremely good illustration [for this]”.

Apart from the connection to the daily work, the experts also mentioned that FDs in
particular, and particle physics in general, are showcases for modern science and modern
physics. E2 emphasized that “physics has come so far that it has managed to predict what
may happen, . . . what may not happen and even with what probability this or that will
happen”. This “predictive power” is something that “should definitely be emphasized at
school”. E4 also described this theory as “the most successful theory that humankind has
ever come up with”. E3 suggested that students can learn “something about the procedures
of and mathematization in theoretical physics” using FDs. E1 suggested using FDs as
an opportunity to “[convey] the big message of modern physics . . . We have theories
which work perfectly in a functional sense, but actually we do not know what the objects
refer to, at least they are not spatially and temporally embedded”. He also raised another
point on how particle physics might be useful for students, namely by highlighting “the
science-sociological and nature of science aspect that science is a collaborative endeavor”.

Another aspect related to the engagement with science is the critical examination of
scientific representations, such as in textbooks or popular science texts. E3 explains that “of
course, it should also be a learning goal” that “the students can classify popular science
literature or sources . . . ” E1 even notes that “the main benefit in the educational context”
is that “one can point out widespread misunderstandings” and “send the students on
a journey to find misleading or false representations in popular, but also subject-related
representations”. This could be “a contribution to an experience of autonomy”.

4. Discussion

The results from the expert interviews show the potential, but also the difficulties,
associated with the introduction of FDs in high school classrooms. The experts had different
opinions on whether and how FDs should be used with high school students. Indeed, all
experts presented both opportunities and challenges on this matter. Based on the results,
four learning objectives for potential learning material with FDs were developed. These
are presented and motivated here.
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4.1. Learning Objectives
4.1.1. Charge Conservation

The first learning objective is: “Students will be able to use the concept of conservation
of charge to determine whether a particle process is possible or not”. The subtheme “FDs are
a tool to teach about conservation laws” was the most often mentioned opportunity, and all
three original experts mentioned it (the fourth expert did not mention this opportunity since
the scope of that interview was to clarify discussion points connected to more advanced
topics such as the connection to quantum physics). Since conservation laws are arguably
one of the most important concepts in physics [45], this learning objective is well suited to
also connect FDs to different physics topics such as mechanics or electricity. This connection
has also been made by Hoekzema et al. [12], who used a modified version of FDs to
teach about symmetries and conservation laws. Additionally, Pascolini and Pietroni [25]
used FDs explicitly without their original meaning in the mathematical sense to teach
concepts such as conservation laws. Furthermore, there have been different approaches
to certain educational activities that help students to use conservation laws with FDs in a
playful way [30,31].

We argue that conservation laws are the inevitable entry point to any learning unit
dealing with FDs. If the deep connection between conservation laws and FDs is not under-
stood, FDs cannot be used. This first learning objective therefore serves as a prerequisite to
all of the following.

4.1.2. Interaction Particles

The second learning objective is: “Students will be able to explain the role of inter-
action particles and motivate their existence in the Standard Model of particle physics”.
The experts mentioned interaction particles as one of the most prominent subthemes of
the opportunities that FDs can provide for the teaching of particle physics concepts. Lin-
denau and Kobel [15] argue that the concept of interaction particles is one of the core
concepts in the Standard Model of particle physics. A common way to introduce inter-
action particles is through everyday analogies, such as people on a boat throwing balls
and boomerangs at each other, but these tend to promote inadequate conceptions rather
than explain physical concepts. We argue that FDs provide a motivation for the concept of
interaction particles without going too much into the mathematical details of the Standard
Model of particle physics on the one hand and avoiding simple heuristics on the other
hand. A more sophisticated way is to connect interactions with fields using the concept
of interaction particles [7,28,46]. While this is arguably an adequate way to think about
interaction particles—or particles in general—it is also more abstract and thus more difficult
to comprehend. However, the concept of interaction particles could be an opportunity to
link this idea of how interactions are thought about in particle physics to the concept of the
electromagnetic field, which might already be known from earlier school physics.

4.1.3. Superposition

The third learning objective should directly link particle physics to already known
quantum physics concepts. It consists of two parts to make it more accessible and relevant
to high school education. The first part is: “Students will be able to apply the superposition
principle from quantum mechanics to particle processes”. Here, students should realize
that a process is not only represented by a single diagram, but that several diagrams always
contribute to a process. This is in analogy to the double and multiple slit experiment, where
several slits contribute equally to the interference pattern. Extending this principle, the
second part of this learning objective is: “Students will recognize particle processes as a
superposition of infinitely many contributions”. Here, students learn that for any FD there
can be another FD drawn that represents the same particle process.

Also in the literature, Passon et al. [29] mention the above mentioned analogy to the
double slit experiment. Moreover, Allday [7] showcased how this principle is important
for learning about the nature of interactions in particle physics. Passon et al. [29] made the
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connection to the concept of topological equivalence and pointed out structural similarities
between FDs and electrical circuits.

This concept is closely connected to a common misunderstanding about FDs, that of
representation. As stated above, the debate on whether FDs represent physical processes
is almost as old as FDs themselves [21,22]. For certain processes, some diagrams are
much more dominant in the calculation; therefore, in these cases, one diagram is a good
approximation of what is happening. However, to distinguish between such processes
where a single diagram might be a good approximation and processes where several
diagrams are needed for a reasonable approximation, a good working knowledge of the
corresponding mechanisms, the parameters, and the energies and momenta is needed.
Therefore, for high school students, we argue that learning about the general principles
might already be challenging enough. For advanced students who already know about the
series expansion of a mathematical function, this learning objective could also be linked
with an introduction to calculations, but in principle, the learning objective is achievable
without addressing this mathematical concept.

4.1.4. Work of Particle Physicists

The experts emphasized that FDs can give an insight into how work is conducted
in (theoretical) particle physics. To take advantage of this, the fourth learning objective
is: “Students will be able to relate the method of FDs to the work of particle physicists”.
This learning objective accounts for the fact that a whole theme of opportunities was
dedicated to the perspectives on science, and within that, a prominent subtheme was the
helpfulness of FDs to scientists. Nevertheless, the helpfulness for scientists alone would
not be an argument to use FDs in schools. Some prior knowledge is necessary to use
the diagrams in a way scientists use them. We argue that, after achieving the first three
learning objectives, students might have acquired enough knowledge to get a glimpse into
why and how scientists use FDs. For instance, to achieve this learning objective, one can
imagine presenting students with an example of a measurement that does not agree with a
theoretical prediction. In this case, the students would have to realize that this could be
due, among other things, to the fact that not enough FDs were considered. In this way, the
use of FDs can be illustrated in practice.

However, even if all the learning goals were achieved, a full mathematical account
would be too ambitious for high school students, as the underlying mathematics requires
knowledge of quantum field theory. Nonetheless, as illustrated above, some of the basic
underlying calculation principles might be suitable for advanced high school students.

Furthermore, even without going into the details of calculations, a simulation tool
could help students understand why the calculation of different diagrams shapes the
theoretical predictions for particle physics experiments.

This learning objective is particularly beneficial for learners from a nature of science
perspective in the sense that students get to experience first-hand that science is theory-
laden by exploring theoretical predictions and getting a glimpse of the tentativeness of
science when open questions of modern physics can be examined by FDs (e.g., the high-
precision measurement of the magnetic moment anomaly of the muon [47]).

4.2. Challenges to Address When Teaching with FDs

While all these learning objectives pose good opportunities for the learning of and
with FDs, the inherent challenges that are connected also need to be addressed. These
challenges might translate into domain-specific design principles when designing a learning
environment that incorporates these learning objectives.

The most prominent theme mentioned within the challenges dimension was that FDs
might evoke and perpetuate inadequate conceptions, most notably one of a space–time
embedding of particle processes. One discussed source for this inadequate conception was
that of the drawing of an FD as a space–time diagram. Among the experts, there was a
tendency towards the opinion that while a time axis is useful to denote what is the initial
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and what is the final state, a space axis does not make any physical sense. Therefore, we
argue that FDs should be clearly distinguished from space–time diagrams, or, at least,
drawing a space axis should be avoided. Closely connected to this is the conception
that particles are small balls that are physically colliding at the interaction points. Both
conceptions might also be perpetuated by the depicting particles using lines with arrows.
We therefore suggest exploring the possibility to omit the arrows when using FDs in
educational contexts. The only function of the arrows in an FD is to distinguish particles
from antiparticles. This distinction can be made differently, for example, by using colors or
by writing the corresponding symbol. Conceptualizing antiparticles as particles that move
backward in time might be a mathematically allowed description when also attributing a
negative energy to antiparticles, but it does not represent the physical reality and might
evoke misconceptions about the nature of antiparticles.

Another very prominent inadequate conception was that FDs show observable pro-
cesses. Avoiding this conception is very challenging since part of the popularity of the
diagrams is that they seem to “tell a story of what happens” (E1). We argue that pronounc-
ing the third learning objective (particle processes are superpositions of FDs) addresses this
inadequate conception.

The most prominent single subtheme in the expert interviews was the challenge that
the use of scientific language is a source of inadequate conceptions. This issue might be
addressed by a careful use of language in educational contexts [17,48], for example, when
speaking of “decay” by clearly explaining that it is in fact a transformation of particles and
speaking of “electrical charge” instead of just “charge” to emphasize the fact that there are
different charges. However, more research is needed into which conceptions are connected
to these different terms and in which way they are beneficial or hindering for learning.

Other challenges touch on the topic of too little time or missing prior knowledge for the
meaningful use of FDs in high school physics classes. We propose to address this challenge
by linking FDs to concepts that are already known, such as charges, conservation laws, and,
for more advanced students, the superposition principle in quantum mechanics or even
series expansion in mathematics. If the latter is not yet known by the students, calculations
can be omitted in educational settings or substituted by simulation tools instead.

4.3. Outcomes and Limitations

The scope of the study was to explore possible challenges and opportunities of using
FDs in high school education. In doing so, this study was the first one to explore the
educational use of FDs empirically. Our goal was to interview experts whose opinions
are representative of the field. For example, in the interviews we could find the above-
mentioned “Feynman-Dyson split” [18,21] to some extent. While E1 stressed the purely
mathematical nature of FDs and strongly opposed the notion of a too literal reading of the
diagrams, E2 was very open to using the diagrams as a pictorial representation also in a
qualitative sense, that is, without immediately referring to the mathematical expression
that certain FDs represent. Nevertheless, we have only covered a narrow perspective on
the topic, since all four experts came from the German-speaking region (the first three from
Germany, the fourth from Switzerland). This might have led to a biased view. However, the
small number of experts allowed an in-depth analysis in line with the explorative purpose
of the current study. This study in its present form already gives valuable insight for the
development of educational material. Moreover, it serves as a basis for future studies
with a larger number of experts that can be envisaged to build upon our initial results by
conducting a Delphi study [49] and gathering additional perspectives on the educational
value of FDs.

4.4. Outlook

The learning objectives and design suggestions developed in this study are used to cre-
ate learning material for introducing FDs to 14–18-year-olds within a massive open online
course (MOOC) on particle physics. The development of this learning material follows the
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iterative design principles of the design-based research framework [32]. Specifically, design
principles based on multimedia learning theories are developed for these learning materials
and are combined with more domain-specific design principles resulting from this study.
The developed learning material is tested in teaching experiments using eye-tracking data
with high school students from the target group. The learning materials will be further
developed based on the results of these teaching experiments.

5. Conclusions

The presented study systematically analyzed the risk and potential that lies in teaching
about particle physics to high school students using FDs. We have found two general
challenges and three major opportunities that are connected to this peculiar form of rep-
resentation within particle physics. We argue that the opportunities we have found are
calls for using FDs in teaching particle physics, even beyond their original function as mere
calculation tools. Indeed, FDs can serve as a tool to connect particle physics to already
known concepts, such as charges and conservation laws on the one hand and to other ad-
vanced topics such as quantum mechanics on the other hand. Since FDs are used by particle
physicists every day, their educational use can offer high school students a window into
the daily work of particle physicists. The challenges we have found can be addressed by
domain-specific design principles for developing a learning environment for and with FDs.

We are confident that it is useful to introduce high school students to FDs, not least
because FDs are part of popular representations of particle physics. As one of the experts
who took part in this study stated, one can “send students on a journey to find misleading
or wrong depictions in popular or even specialized media . . . that can be a contribution
to an experience of autonomy”. This could be a major strength of using this form of
representation in physics classrooms.
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