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Most of correlated electronic systems possess ground states with broken crystal sym-
metries. These include superconductivity, spin orderings, a vast family of electronic crystals
(including charge-/spin-density waves, Wigner crystals, arrays of stripes, charge ordering,
and electronic ferroelectrics), and other translationally periodic states like super-structures
in spin systems, spin-polarized density waves, and superconductors. Ground-state de-
generacy allows for topologically nontrivial configurations connecting equivalent, whilst
different, states. These “topological defects” include extended objects such as plane do-
main walls, lines of dislocations or phase vortices, various solitons or skyrmions as local
microscopic objects, and transient processes—referred to as instantons—such as phase slips
as space–time vortices. Embedded or transient topologically nontrivial configurations are
readily induced by doping or optical pumping, by electric or magnetic fields, and under
stresses or sliding. The Special Issue of the MDPI journal Symmetry and this corresponding
e-book address these phenomena, as well as other topology-related electronic properties.
This editorial article offers a schematic introduction to the field, placing emphasis on micro-
scopic solitons and density waves, and provides a short summary of the content of this
Special Issue.

1. Topologically Nontrivial Configurations: From Condensed Matter via
the Solid State to Electronic Realizations

Embedded or transient topologically nontrivial configurations are common among
symmetry-broken ground states [1]. State degeneracy tolerates the formation of various
configurations, commonly called topological defects, connecting equivalent but different
ground states.

The importance of topology-related phenomena in condensed matter physics has been
recognized in the last decade. For example, in 2014, the Lars Onsager Prize was awarded
to V.P. Mineev and G.E. Volovik “for or their contribution to a comprehensive classification
of topological defects in condensed matter phases with broken symmetry”. Then, in 2016,
the Nobel Prize in Physics was awarded to D.J. Thouless, F.D. Haldane, and J.M Kosterlitz,
more generally “for theoretical discoveries of topological phase transitions and topological
phases of matter”.

The classification of topological defects and questions on their allowance, stabil-
ity, and protection primarily depend on the dimensions of the degeneracy manifold of
their order parameters with respect to the dimensions of the space in which they are
embedded [2,3]. Topological defects include macroscopic extended objects (domain walls,
dislocation lines, and vorticity lines of phases or directors), and microscopic ones, including
various solitons [4] and instantons for related transient processes.

Symmetry 2025, 17, 1174 https://doi.org/10.3390/sym17081174
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The numerous existing or discussed realizations of topological defects involve particle
physics [5], cosmology [6,7], quantum liquids [8,9] and gases, optical condensates [10], cold
atoms [11], liquid crystals [12], conjugated polymers [13], and other quasi-one-dimensional
conductors and biological macro-molecules, etc.

Solid states reveal topological defects, such as as domain walls or discommensurations
in superstructures ([14] in this Special Issue), current vortices and phase slips in supercon-
ductors [15], displacement vortices as dislocations [16], vortices [17,18], and phase slips [19]
in sliding superstructures, walls, and skyrmions in magnetic media [20–22].

Topological defects appear in the frame of strongly correlated electronic systems which
typically show various types of symmetry breaking, giving rise to degenerate ground states.
Among them, the vast family of electronic crystals includes charge- and spin-density
waves; Wigner crystals; arrays of stripes [23–25], which will be discussed in this Special
Issue; charge ordering; electronic ferroelectrics; and spin superstructures under magnetic
fields. The latter include the spin-Peierls state [26], spin-polarized charge-density waves,
and the FFLO state [27–29] in superconductors. Some of these superlattices, particularly
incommensurate density waves [23,30–32] and Wigner crystals [23], are able to maintain the
collective electric current by means of sliding (the so called Frölich conductivity [23,30,33]).
For these incommensurate electronic crystals, their number of unit cells is not fixed which
allows to absorb excess electrons into the extended ground state. This exchange among
normal and condensed charge carriers requires for steps involving topologically nontrivial
objects, like amplitude and phase solitons; phase vortices – dislocations, proceeding via
transient processes of phase slips); and space–time vortices [15,17,19]. All of these result in a
rich complex of nonlinear and nonstationary behavior with vast experimental observations.
Here, topological defects are crucially necessary for the conversion between normal and
collective currents, and they also appear in depinning processes to initiate sliding in the
presence of host defects and constraints.

Among electronic crystals, the most frequently studied ordered states are the charge-
and spin-density waves, which are ubiquitous in quasi-one-dimensional systems [30–32].
They demonstrate spectacular nonlinear conduction through collective sliding and lability
to the electric field and the current injection. Static and transient topological defects
emerge necessarily to maintain these phenomena; dislocations as space vortices and space–
time vortices are known as instantons or phase-slip centers. Dislocations [18] are built-in
statically under a transverse electric field [34]; their sweeping provides conversion among
the normal carriers and the condensate [35,36], which ensures the onset of collective sliding.
A special realization in a high magnetic field [37], when the density wave is driven by the
Hall voltage originated by the current of quantized normal carriers, reveals the dynamical
vorticity that serves to annihilate compensating normal and collective currents.

In charge-density waves, topological defects appear under stresses coming from var-
ious sources: surface mismatches of periodicity [38] or injection ([14,39] in this Special
Issue ), proximity to commensurability ([40] in this Special Issue), a constraint geome-
try [41]; and an imbalance of normal and collective currents near junctions in the sliding
regime [35,36]. The stress can easily exceed a plastic threshold, leading to the appearance
of topological defects. For commensurate or close-to-commensurability density waves, the
related strains can leave particular fingerprints, like a solitonic lattice or a system of random
solitons, which allows for the identification of underlying structures via the STM [42,43] or
by space-resolved X-ray scattering ([35,36,40] in this Special Issue).

Finally, spin-density waves, with their rich multiplicative order parameter, reveal
complex objects with half-integer topologically bound vorticities in phases and directional
degrees of freedom ([44] in this Special Issue).
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2. Microscopic Solitons in (Quasi)-One-Dimensional Electronic Systems

The popular notion of “topological solitons” is a shortening for “topologically non-
trivial solitons” which still need to be more precise, such as “topologically stable . . . ” or
“topologically protected . . . ”. The “topological stability” is based on conservation of “topo-
logical charges” and the related “irreducibility of trajectories” connecting different states of
a systems, see reviews e.g., [2,3].

Here, in applications to electronic systems, following only the minimal feature of
a broadly spanning trajectory with no respect to its reducibility , we imply a broader,
while less precise, definition of a “topologically nontrivial object”, as a local configuration
exploring manifold degenerate ground states, connecting different equivalent ones. Their
configurations may not be topologically stable, thus allowing for their transmutations
with trivial electronic excitations. Such solitons appear or are preserved because they
are energetically preferable, and/or because the total electric charge or spin, which these
solitons carry, is preserved or monitored externally.

In one-dimensional systems, topological solitons become truly microscopic objects,
carrying energy, charge, and other quantum numbers at a single-electron scale. As micro-
scopic quasi-particles, they may become the lowest energy excitations and take over the role
of conventional electrons in transport or optical properties (see short reviews [45,46]). Since
the solitons possess similar quantum numbers such as the charge or the spin, their stable
ensembles can be controllably created, maintained, and observed. Such ensembles can
experience a sequence of phase transitions, accompanied by the formation of structures at
an increasing scale: from individual solitons, via their microscopic complexes and growing
aggregates, to macroscopic domain walls and stripes.

The role of solitons in electronic properties was anticipated in theories since the
mid 1970s (see short reviews [45,46]). The common double degeneracy of systems with
dimerization, like (sin-)Peierls states or the Mott state with a charge ordering), gives rise to
solitons as kinks of the scalar order parameter A. The continuous degeneracy of the complex
order parameter A exp(iθ) (superconductors or charge-density waves) gives rise to phase
vortices, amplitudes solitons, and their combinations. These degrees of freedom can be
controlled or accessed independently via either the spin polarization or the charge doping.

There is a vast amount of experimental evidence on the existence of microscopic soli-
tons and their determining role in electronic processes of quasi-one-dimensional electronic
crystals. Different types of solitons appear in experiments. These include the amplitude
king which can be charged spinless or neutral spin carrying, and the “holon” and the
“spinon”, which are general terms used for strongly correlated electronic systems. There
are also the polarization kinks carrying a fractional charge ([47] in this Special Issue), and
the topologically bound charge–spin soliton. Solitons were firstly accessed in experiments
on conducting polymers in the early 1980s [48]. They received renewed attention in the
early 2000s from discoveries of ferroelectric charge ordering (see a review [49]) in organic
conductors, from access via nano-scale tunneling experiments [41] in materials with charge-
density waves, and from the optics of conducting polymers [50]. Today, various solitons
appear in conductivity, tunneling spectroscopy, and optical absorption. Instantons, the
corresponding dynamical processes, are responsible for subgap transitions leading to a
pseudogap formation. The ferroelectric charge ordering in organic conductors provides
access to several types of solitons ([47,49,51] in this Special Issue) observed in conductivity
(holons), NMR (spinons), permittivity (polar kinks), as bound pairs in optics, and also
compound charge–spin solitons in cases of combined symmetry breaking in polymers [50]
and in charge-transfer molecular crystals ([47,51] in this Special Issue). In charge-density
waves, individual solitons as the amplitude kinks, namely the spinons, have been visually
captured in STM experiments [42,43]; notably, they have also been captured in diverse local
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probes in magnetic systems ([52] in this Special Issue). The subgap spectra of the coherent
internal tunneling [41] recover the solitons as instantons.

Beyond the exceptional case of a truly one-dimensional (1D) system [43], experimen-
tally, solitons have been observed or looked for in quasi-one-dimensional systems within
low-temperature phases with long-range orders. Here, commuting between degenerate minima
at only one chain would lead to a loss of the inter-chain-ordering energy proportional to the
distance along the chain until the next soliton or a boundary. This energy dominates at long
distances, even if it can be unimportant locally for a weak inter-chain interaction, which gives
rise to the confinement of solitons (see [45,53] in this Special Issue). These interactions can
appear already in some specific 1D systems where the ground-state degeneracy is not exact, so
the soliton connects the true and false vacuums, losing the confinement energy.

The effect of confinement is omnipresent at higher dimensions where the inter-chain
interactions, which are responsible for establishing the long-range 2D or 3D ordering,
lift the degeneracy locally. In cases of discrete symmetries, the solitons are bound in
topologically trivial pairs with an option for a subsequent phase transition to form cross-
sample domain walls. In cases of continuous symmetries, the gapless mode can cure solve
the interruption from the amplitude kink, which allows for individual solitons to exist in
the low-temperature phases with long-range ordered states. The solitons adapt by forming
topologically bound combined complexes with half-integer vortices of gapless modes: π-
rotons [45,46]. In cases of repulsing and attracting electronic interactions correspondingly,
this results in spin- or charge-roton configurations with charge- or spin-amplitude solitons
localized in the core.

For the ensemble with a finite density of solitons, the confinement forces lead to a
sequence of phase transitions ([53] in this Special Issue). The higher-temperature transition
forces the confinement of solitons into topologically bound complexes: pairs of kinks or the
amplitude solitons dressed by exotic half-integer vortices. At a second, lower temperature
transition, the solitons aggregate into rods of bi-kinks or into walls of amplitude solitons
terminated by rings of half-integer vortices [29,45,46,53]. As temperature lowers , the walls
multiply, passing sequentially across the sample.

3. Special Issue Summary

This Special Issue features nine articles (including this introduction) which largely,
though not exclusively, cover contemporary studies of topological objects in electronic, and
related, systems.

The article by J. Tranquada [25] describes the concept of topological doping realized
in high-Tc cuprate superconductors. Hole doping into a correlated antiferromagnet leads
to charge stripes that separate antiferromagnetic spin stripes from opposite phases. The
anti-phase Josephson coupling across the spin stripes can lead to a pair-density-wave
order in which the broken translation symmetry of the superconducting wave function is
accommodated by pairs with finite momentum.

The article by A. Kranjec et al. [14] describes studies in the dynamics of electronic
dislocations and discommensurations in a Wigner crystal state. The studies exploit the
scanning probe microscopy of an ensemble of structurally ordered polarons perturbed by
optical pulses or a local charge injection. The experiments were performed on a layered
compound which exhibits the Wigner crystal, displaying discommensurations and domain
patterns when an additional charge is injected, either through contact or by photoexcitation.
The domain walls and their crossings display topologically metastable entangled structures.
The studies demonstrate the significance of topological protection at the microscopic level:
the topologically trivial defects are rapidly annihilated pair-density-wave order with respect
to the (meta-)stable non-trivial defects.
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The article by J. Seidel [52] presents a scanning probe microscopy investigation of
topological defects in magnetically and/or ferroelectrically ordered media. The article offers
a comprehensive comparison of various versions of the techniques, from the more common
STM, AFM, and SQUID to less known ones. The examples of nano-scale topological defects
in the study span from straight domain walls to nontrivial monopoles and skyrmions.

The article by L. Vigliotti et al. [54] investigates bound states in a one-dimensional
topological superconductor, addressing the dilemma of competition between the cases
of Majorana- and Tamm-type edge states. This question is important in view of envis-
aged applications in topological quantum computation, which require the engineering
of non-Abelian Majorana zero modes, the presence of which can be misleading due to
the appearance of Tamm- or Andreev-bound states. The authors designed a model in
which both Majorana- and Tamm-bound states can be present and compete. The model is
a finite-size, one-dimensional topological superconductor in the presence of a competing
normal gapping mechanism arising from a position-dependent potential, akin to a CDW,
in which the phase can be monitored.

The article by K. Sunami [47] et al. is devoted to studies of solitons appearing in a
quasi-one-dimensional ferroelectric-conducting material, composed of stacks of alternating
donor and acceptor molecules. The dimerizational symmetry breaking which accompanies
the neutral-–ionic phase transition gives rise to solitonic topological excitations as mobile
boundaries between alternating ferroelectric domains. These solitons are expected to carry
fractional charges, and may also carry the electronic spins that lead to the anomalous charge
transport and the spin response. The article reviews related properties, which are studied
by using a combination of NMR, NQR, and electrical resistivity measurements, and recalls
the underlying theoretical concepts.

The article by D. Le Bolloc’h et al. [40] describes the application of space-resolved
coherent X-ray diffraction in studies of solitonic lattices in sliding charge-density waves.
The main features emerging from the local probe experiments include the influence of
charge-density wave pinning on the sample surfaces and the propagation of periodic
phase defects, such as charge solitons, across the entire sample. Corresponding numerical
modeling is also presented.

The article by P. Karpov et al. [53] presents numerical simulations of the pattern
formation and aggregation across phase transition in ensembles of solitons in a quasi-
one-dimensional system. The long-range ordering enforced by the inter-chain coupling
imposes super-long-range confinement forces upon the solitons, leading to a sequence
of phase transitions in their ensembles. The higher-temperature transition enforces the
confinement of solitons into topologically bound complexes, comprising pairs of kinks or
the amplitude solitons dressed by half-integer vortices. At a second, lower-temperature
transition, the solitons aggregate into rods of bi-kinks or into walls of amplitude solitons
terminated by rings of half-integer vortices. The efficient Monte Carlo algorithm was
employed, allowing to extend them to the three-dimensional case and to include the
long-range Coulomb interactions.

The article by N. Kirova et al. [44] presents the phenomenological theory and numer-
ical simulations of dynamical electronic vortices in charge- and spin-density waves. Their
collective sliding requires the emergence of static and transient topological defects: there are
dislocations as space vortices and space–time vortices known as phase-slip centers, which are
a kind of instantons. The rich order parameter of spin-density waves reveals complex objects
with half-integer topologically bound vorticities in charge- and spin degrees of freedom. The
presented modeling is based upon numerical solutions to partial differential equations for the
dissipative dynamics. It takes into account the complex order parameter, the self-consistent
electric field, and the normal carriers. The traditional time-dependent Ginzburg–Landau
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approach, which is shown to be contradictory with respect to the charge conservation, was
generalized, allowing the authors to treat the intrinsic normal carriers consistently.

In conclusion, we believe that this Special Issue and the subsequent e-book will
illustrate the vitality of the field and the diversity of its subjects. We appreciate the efforts
of the authors and help from referees, all of whose contributions have made this Special
Issue a true success. We acknowledge the Editorial Office for supporting this Special Issue
and the edited e-book.

Author Contributions: All authors have equally contributed to the article. All authors have read and
agreed to the published version of the manuscript.

Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflicts of interest.
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Abstract: Hole doping into a correlated antiferromagnet leads to topological stripe correlations,
involving charge stripes that separate antiferromagnetic spin stripes of opposite phases. The
topological spin stripe order causes the spin degrees of freedom within the charge stripes to feel
a geometric frustration with their environment. In the case of cuprates, where the charge stripes
have the character of a hole-doped two-leg spin ladder, with corresponding pairing correlations,
anti-phase Josephson coupling across the spin stripes can lead to a pair-density-wave order in
which the broken translation symmetry of the superconducting wave function is accommodated
by pairs with finite momentum. This scenario is now experimentally verified by recently reported
measurements on La2−xBaxCuO4 with x = 1/8. While pair-density-wave order is not common as a
cuprate ground state, it provides a basis for understanding the uniform d-wave order that is more
typical in superconducting cuprates.

Keywords: superconductivity; cuprates; stripe order; pair-density-wave order

1. Introduction

Charge order has now been observed in virtually all hole-doped cuprate supercon-
ductor families [1–3]. In 214 cuprates, such as La2−xSrxCuO4 (LSCO) and La2−xBaxCuO4
(LBCO), the charge-stripe order is generally accompanied by spin-stripe order [4–8], as
originally observed in Nd-doped La2−xSrxCuO4 [9,10]; each of these orders breaks the
translation symmetry of the square-lattice CuO2 planes. In a 1996 paper, Kivelson and
Emery [11] pointed out the topological character of the combined spin and charge stripe
orders. This corresponds to the fact that the period of the spin-stripe order is twice that
of the charge-stripe order, as the antiferromagnetic phase flips by π across each charge
stripe, as illustrated in Figure 1.

The topological character of stripes in cuprates is distinct from that of the topological
insulators that have dominated attention more recently [12,13]. In the latter case, the
focus is on Bloch states in which spin-orbit effects play a special role. In cuprates, in
contrast, the effects of strong onsite Coulomb repulsion among Cu 3d electrons tend to
make Bloch states of questionable relevance. In a parent compound, such as La2CuO4, one
has a single unpaired Cu 3dx2−y2 electron on each Cu atom that acts as a local moment,
with neighboring moments coupled antiferromagnetically by superexchange J, a local
interaction. While the electronic band gap has a charge-transfer character due to O 2p
states that lie between the lower and upper Hubbard bands associated with the Cu
3dx2−y2 orbital, it is the locally antiferromagnetic (AF) environment that limits the motion
of doped holes.

It has taken quite some time to appreciate the significance of the topological order
associated with spin stripes. Experimentally, the same antiphase relationship of spin
stripes seen in superconducting cuprates also occurs in the case of insulating behavior in
La2−xSrxNiO4 [14] and in La2−xSrxCuO4 with 0.02 � x � 0.05 [15] (where the stripes run
diagonally with respect to the Ni–O or Cu–O bonds). A theoretical analysis of interaction
requirements for topological doping came to no firm conclusions [16]. Antiphase spin
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stripes have been obtained from many different approaches: from Hartree–Fock calcula-
tions on the Hubbard model [17], from effective models that include long-range Coulomb
interactions [18], and from advanced variational and quantum Monte Carlo evaluations
of the t-J [19] or Hubbard model [20,21].

Figure 1. Upper panel indicates the antiferromagnetic order of the undoped CuO2 planes, with spin
direction (arrows) indicated on Cu atoms (circles), separated by O atoms (ellipses). Lower panel
shows the spin configuration in the stripe-ordered phase at a doped-hole concentration of p = 1/8,
with doped hole density indicated by blue shading; antiphase spin stripe indicated in green.

I argued recently [22] that the key feature of topological doping is that the spin de-
grees of freedom within the charge stripes feel a geometric frustration of their interactions
with the neighboring spin stripes. This allows the charge stripes to develop quasi-one-
dimensional spin correlations. In the case of cuprates with bond-parallel stripes, the
charge stripes may be viewed as hole-doped, two-leg, spin S = 1/2 ladders, which are
established to have strong superconducting correlations [23,24]. This is a variation on the
original proposal of superconducting charge stripes by Emery, Kivelson, and Zachar [25],
who pointed out that a spin gap in a one-dimensional (1D) electron gas acts as a pairing
amplitude; the difference is that they assumed that the spin gap would be transferred from
the neighboring spin stripes, in which case one would never achieve superconductivity
when the spin-stripe order is present. The advantage of the doped two-leg spin ladder is
that it comes with its own spin gap.

To obtain superconducting order in the CuO2 planes, it is necessary to establish
phase coherence, via Josephson coupling, between neighboring charge stripes [25]. Be-
cause of the conflict between local AF order and hole motion, this needs to be antiphase
superconducting order, resulting in a pair-density-wave (PDW) state [26,27]. PDW order
was initially proposed [28,29] to explain the experimental observation of two-dimensional
superconductivity in CuO2 layers [30], with frustration of the usual Josephson coupling
between planes [31].

While the initial case for PDW order was circumstantial, direct phase-sensitive
evidence of PDW order in LBCO x = 1/8 has now been reported [32]. This result is
consistent with measurements of the Hall effect in high magnetic fields along the c-axis
that suggest that the holes in the charge stripes remain paired, even in the absence of
superconducting order [33]. Hence, there is now a solid case that charge stripes in cuprates
are essential to pairing.

Of course, the superconducting ground state of most cuprates is the spatially uniform
d wave, not PDW. This is still compatible with pairing correlations developing within
charge stripes, but it requires disordered spin stripes with an energy gap [22,34]; uniform
phase coherence can only be achieved at energies below the spin gap. The antiphase spin
stripes play a critical role for the superconducting order: they either need to be ordered to
allow the PDW phase order to be established, or gapped to enable a spatially uniform
superconducting order. As a consequence, uniform superconductivity will not coexist
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with a PDW ground state. On the other hand, defects that require the superconducting
order parameter to locally go to zero can favor the local PDW order without a spin order,
as seen in studies by scanning tunneling spectroscopy [35,36].

In the following, I fill in details that provide support for the story laid out above.

2. Stripe Order and Decoupling of Spin Excitations

The holes doped into the CuO2 planes tend to go into O 2p states [37]. As pointed
out by Emery and Reiter [38], if one could localize a single hole, it would cause the
neighboring Cu moments to be parallel, which frustrates the AF order of the undoped
system. In fact, it takes very few holes to kill the AF order. In LSCO, the commensurate
AF order is gone by p = 0.02, and even before that, one has phase separation at low
temperature [39]. This transition occurs at a hole density that is 20 times smaller than the
limit for percolation due to substitution of nonmagnetic ions, as verified in LSCO with
nonmagnetic Zn and Mg substitution for Cu [40].

Initially, the holes form diagonal stripes [15] and the system is insulating. This is
similar to La2−xSrxNiO4 (LSNO) and La2NiO4+δ [41–43]. The case of LSNO with x = 1/3
is of particular interest. Neutron scattering measurements of magnetic scattering are
presented in Figure 2a; these can be understood in terms of the stripe order illustrated
in Figure 3. Note that in contrast to the spin S = 1/2 of Cu2+, the Ni2+ sites have
S = 1. The Ni moments on the spin stripes order [44] and exhibit well-defined spin waves
[45,46]. Within the charge stripes, there is one hole per Ni site; a low-spin hybridization
is expected to leave a net S = 1/2 per Ni site along a charge stripe. The interaction of
each such moment with the neighboring spin stripes is geometrically frustrated. It is
still possible for the reduced Ni moments to couple antiferromagnetically along a charge
stripe. For such a decoupled 1D spin chain, one would expect to see no order but spin
excitations that disperse only along the stripe direction. Just such 1D spin excitations
were first identified by Boothroyd et al. [47]; the role of the decoupling of interactions
due to such site-centered charge stripes between antiphase spin stripes was recognized
and confirmed in [48].

Figure 2. (a) Difference in neutron scattering intensity measured at 5 K and 70 K for h̄ω = 3± 1 meV
in La2−xSrxNiO4 with x = 1/3. Dark blue points at positions of the type (1 ± 1

3 , 0, 0) and (1,± 1
3 , 0)

correspond to spin waves associated with the spin stripe order, where the AF wave vector, QAF,
is (1, 0, 0). Yellow lines correspond to cuts through 2D planes of scattering from 1D spin correlations
in charge stripes. Note that twinning causes the measurement to include scattering from stripe
domains rotated by 90◦. Reprinted with permission from [48], © (2019) by the American Physical
Society. (b) Neutron scattering intensity at h̄ω = 6 meV and T = 10 K for La2−xBaxCuO4 with
x = 1/8. Here, QAF = (0.5, 0.5); inset shows relative orientations of axes in (a,b). (c) Fitted
dispersion and Q widths of magnetic scattering in LBCO x = 1/8 at 10 K along Q = (H, 0.5). Black
line shows the hourglass dispersion often applied to such data. (b,c) Reprinted with permission
from [49], ©(2007) by the American Physical Society.
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Figure 3. Diagonal stripe order as observed in La2−xSrxNiO4 with x = 1/3. Arrows indicate
relative spin orientations on Ni sites (circles), with color change indicating antiphase domains. Blue
shading indicates distribution of doped holes on O sites (ellipses).

In 214 cuprates, the stripe orientation rotates from diagonal to bond-parallel, and
superconductivity appears for x � 0.05 [5,10,15]. The stripe order is stabilized by coupling
to lattice anisotropy, with the strongest stripe order correlated with a strong suppression
of three-dimensional superconducting order at x ≈ 1/8 [4,9]. The static spin order and
the low-energy magnetic excitations correspond to the antiphase spin-stripe domains
of Figure 1; an example is shown in Figure 2b. The absence of any other low-energy
magnetic excitations indicates that the spin degrees of freedom on the charge stripes are
gapped. The size of the gap at QAF, apparent in Figure 2c, is ∼50 meV, above which
commensurate AF excitations appear [50]; the effective correlation length for the high-
energy excitations is only about one lattice spacing [49]. (A two-component picture of the
magnetic excitations was also proposed in [51].)

We can reconcile the variations in the magnetic spectra through the model indicated
schematically in Figure 4. If the charge stripes are centered on a row of bridging O atoms,
then the charge stripes are effectively 2-leg spin ladders that are decoupled from the
neighboring spin stripes due to frustration of the AF coupling [22]. An undoped spin
ladder is a spin liquid [52], with a spin gap that can be as large as J/2 [23]. The hole
concentration in the 2-leg ladder picture of the charge stripes is 25%. With an effective J
of ∼100 meV [50], the holes form pairs so as to avoid exciting the spins across the large
spin gap. As illustrated in Figure 4, the spins can be viewed as forming a resonating-
valence-bond (RVB) state of nearest-neighbor singlets. Theoretical analysis indicates that
the singlet-triplet excitation energy is essentially the pairing scale for the doped holes,
and the pairs have d-wave-like character [24,53].

Figure 4. Cartoon of cuprate spin stripe order at p = 1/8, with resulting pairing correlations within
the charge stripes, as proposed in [22]. Here, only Cu sites are shown. Arrows indicate ordered
spins; blue circles are doped holes; ellipses are spin singlets on pairs of Cu sites.

Note that the RVB state of the 2-leg ladder is a gapped spin liquid, in contrast to the
gapless quantum spin liquid of Anderson’s proposed RVB for the 2D square lattice [54].
It is closer to the short-range RVB of Kivelson, Rokshar, and Sethna [55], in which a
coupling to nearest-neighbor bond-length fluctuations (Peierls mechanism) stabilizes the
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singlet correlations. In the stripe case, the charge segregation that enables the doped
ladders is stabilized by soft phonons and a lattice distortion [9,56–59].

The distinction between the spin stripes and the doped ladders breaks down for
excitations above the pairing scale. Such high-energy excitations can occur anywhere in
the plane, and at such energies, the holes are no longer confined to pairs within charge
stripes. The strong scattering between spins and holes leads to the short correlation length
at high energies.

It is recognized that superconducting and charge-density-wave correlations compete
with one another in 1D [60]. Recent calculations on 2-leg ladder models suggest that
superconducting correlations survive in a 1-band Hubbard model [61] but not in a 3-band
Hubbard model [62]. In the experimental case of interest, we do not have individual
ladders; while the spin components are decoupled by the magnetic topology, the holes
in neighboring ladders interact by long-range Coulomb repulsion and possibly other
effects not considered in the calculations. Furthermore, superconducting order requires
Josephson coupling between the charge stripes [25]. So the important question is, what
happens regarding superconductivity in experiments?

3. PDW Order

In the case of optimal stripe order, LBCO with x = 1/8, 2D superconducting cor-
relations were observed to set in together with the spin-stripe order at ∼40 K [30,63];
2D superconducting order was established through a Berezinskii–Kosterlitz–Thouless
transition at 16 K, with 3D superconductivity developing only at ∼5 K. Related behavior
was observed in Nd-doped LSCO with x = 0.15 [64], where the transition to the crystal
structure that pins stripe order can be tuned with increasing Nd concentration [65]; mea-
surements of c-axis optical conductivity demonstrated the loss of 3D superconductivity
as the Nd concentration was tuned through the structural transition [31].

To explain the 2D superconductivity, a novel superconducting state was proposed:
pair-density-wave order [28,29]. In the PDW state, the pair wave function oscillates from
positive on one charge stripe to negative on the next, passing through zero in the spin
stripes. Because the stripe order is pinned to a lattice anisotropy that rotates by 90◦ on
passing from one layer to the next along the c axis [66], the interlayer Josephson coupling
associated with PDW order should be frustrated.

The PDW order is characterized by a finite wave vector that matches that of the spin
stripe order. This finite-momentum of pairs is shared with the concept of superconduc-
tivity in a strong uniform magnetic field proposed by Fulde and Farrel [67] and Larkin
and Ochinnikov [68]; the difference is the absence of a net magnetic field. (Experimental
evidence for a field-induced FFLO state in a layered organic superconductor was reported
fairly recently [69,70].) It is also apt to note that there have been other proposals for
pairing based on charge-density waves (CDWs) in cuprates. In particular, Castellani,
Di Castro, Grilli, and coworkers [71–73] proposed that dynamical CDWs underlie the
superconductivity of cuprates. The fluctuating CDWs would provide a pairing interaction
between extended quasiparticles as in the general case of bosonic fluctuations near a
quantum critical point [74]. From this perspective, static CDW order tends to compete
with superconductivity.

The evidence of 2D superconductivity in LBCO, together with the PDW proposal,
supported the alternative concept of intertwined order [75]. Here the idea is that the
interactions that drive pairing and spin order actually work together, but benefit from
spatial segregation. This approach builds on theoretical evidence that static spatial inho-
mogeneity can enhance pairing [76–78]. The concept of pairing within charge stripes has
also had to evolve. The initial proposal for pairing in charge stripes relied on interacting
with a spin gap in the neighboring spin stripes [25], which is not consistent with the
presence of spin stripe order. The idea of charge stripes as doped 2-leg spin ladders
resolves this problem [22].
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While the proposed PDW state can explain the 2D superconductivity in LBCO, the
story would be more compelling with direct evidence for PDW order in LBCO. Phase-
sensitive evidence has now been reported [32]. Yang [79] predicted that one could (at least
partially) restore the interlayer Josephson coupling by application of an in-plane magnetic
field, and that the maximum effect would occur with the field at 45◦ to the in-plane Cu–O
bonds. This angular dependence of the superconducting critical current density along the
c axis is now confirmed by experiment [32]. Hence, PDW order coexisting with spin stripe
order is experimentally verified. The conclusion that the charge stripes are the source of
pairing seems unavoidable.

Further evidence of the last conclusion comes from transport measurements in a
large magnetic field applied perpendicular to the planes. Such measurements on LBCO
x = 1/8 revealed, beyond a reentrant 2D superconducting phase at a field of 20 T, an
ultra-quantum metal phase with a very large sheet resistance (twice the quantum of
resistance for pairs) that appears to saturate at low temperature [33]. The Hall resistance
in this phase, as in the 3D and 2D superconducting phases, is zero within the error bars.
(Similar results were obtained for La1.7Eu0.2Sr0.10CuO4 and La1.48Nd0.4Sr0.12CuO4 [80]).
A possible interpretation of the Hall resistance at high field is that the doped holes remain
paired, even with the loss of PDW phase coherence between neighboring charge stripes.
Theoretically, if one takes the disorder into account, this could be a Bose metal phase [81].

Incoherent stripe correlations are also present in the normal state of LSCO [7,8].
Intriguingly, a study of shot noise in tunnel junctions involving LSCO films found evi-
dence for pairs in the the normal state of underdoped samples [82]. That result is at least
compatible with the concept of pair correlations in the charge stripes, even at T > Tc.

4. PDW vs. Uniform d-Wave Superconductivity

Dynamic topological doping, in the form of incommensurate spin excitations, is a
common feature of underdoped cuprates [83]. Spectroscopically, the differences between
cuprates with PDW order [84–86] and those with uniform d-wave superconductivity
[87,88] are small, while charge stripes, static or dynamic, are common [1–3]. Hence, it
seems quite reasonable to propose that charge stripes are the common pairing centers.

The difference between the PDW and uniform superconducting states is associated
with the presence or absence of static spin-stripe order. In the PDW state, the static spin-
stripe order is essential for the pair correlations to develop (anti-)phase coherence between
neighboring charge stripes; purely fluctuating spin stripes oppose superconducting phase
order. We should take a moment to acknowledge that it is surprising that we can have
such spin order at all. There is already a large tendency toward spin fluctuations in the
undoped CuO2 planes [89], while 1D spin chains have no static order. There must be some
degree of spin anisotropy present in order for the spin stripes to order. Besides being an
open question, this represents a challenge for simulations using the Hubbard or t-J models,
as they lack any term that would tend to induce spin order. As a consequence, attempts
to identify PDW order in numerical simulations have generally been unsuccessful [90].

While the spin stripes are good for isolating the doped spin ladders that yield
pairing, they stand in the way of spatially uniform superconducting order. If they can be
gapped, then it should be possible to develop a uniform superconducting phase among
electronic states at energies below the spin gap. Indeed, an analysis of the available
experimental results on cuprate families indicates that the energy gap for incommensurate
spin excitations is an upper limit for the superconducting gap associated with long-range
coherence [34]. Note that the local pairing scale within the charge stripes will be larger
than the coherent gap of the uniform order. This is consistent with observations by
angle-resolved photoemission [91–93] and Raman scattering [94,95] of antinodal gaps
that are much larger than the scale of the coherent gap [22]. On the theory side, recent
density-matrix-renormalization-group calculations of the Hubbard model (on a lattice of
width 4 or 6 Cu sites, with boundaries joined to form a cylinder) found that a modulation
of the hopping between neighboring sites in one direction (around the circumference of
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the cylinder), as one might expect for charge stripes without spin order, enhances the
superconducting correlations [78].

The close relationship between the PDW and uniform superconducting orders is
illustrated by a study of the phase transitions in LBCO x = 0.115 as a function of
uniaxial strain [96]. In the absence of strain, bulk susceptibility measurements suggest
an onset of 2D superconducting correlations, along with spin-stripe order, near 40 K;
however, the spin-stripe order is weaker than at x = 1/8 so that 3D superconducting
order develops below ∼12 K [5]. Application of significant in-plane stress causes the bulk
superconducting Tc to rise to 32 K, while muon-spin-rotation spectra indicate a reduction
in the magnetically ordered volume fraction by more than 50%, consistent with a decrease
in the volume of spin-stripe order and associated PDW order [96]. While the dominant
character of the superconducting state changes under strain, the onset temperature of
superconducting coherence changes relatively little.

Another connection is seen through the impact of proton irradiation on LBCO x = 1/8 [97].
Protons create narrow tracks of structural defects, often used as pinning centers for
magnetic vortices. In LBCO, moderate proton irradiation resulted in an increase in the
bulk Tc, from 4 K to 6 K, while also reducing the correlation length of the charge stripes. It
is difficult to see how the structural disorder induced by the bombardment would directly
enhance pairing. Instead, the induced disorder must modify the coherent coupling among
the correlated pairs already present.

Lee [98] proposed that PDW order is the dominant order in cuprates and that it
explains the pseudogap behavior. While the proposal is interesting, there are a number of
issues with it. For one thing, the PDW order in LBCO x = 1/8 sets in at a temperature far
below the T∗ crossover temperature associated with pseudogap phenomena. While there
are dynamic charge and spin stripes at higher temperatures [4,99], and there could be
pairing correlations within those dynamic charge stripes, there is no evidence of coherence
of pairs between neighboring charge stripes, which would be essential for a reasonable
definition of PDW correlations, let alone PDW order. For another thing, the PDW order
as defined in [26] is not generic to most cuprate families. For example, in YBa2Cu3O6+x,
the charge-density-wave order develops together with a gap in the incommensurate spin
excitations [100]. As discussed above, the spin gap is compatible with the uniform d-wave
superconductivity that orders at lower temperatures.

Another distinction between different cuprates concerns the magnitude of the wave
vector Qco for the charge order and its variation with doping. In 214 cuprates, Qco grows
linearly with hole density p up to p ≈ 1/8, where it saturates at ≈1/8 reciprocal lattice
unit (rlu) [5,101]. Common contrasting behavior is typified by YBa2Cu3O6+x, where Qco
starts at ∼0.34 rlu for p ≈ 0.08, and then decreases by about ∼10% with doping [100,102].
These distinct doping dependencies raise questions about the relationship between the
orders in different compounds.

A new study of the doping and temperature dependence of the charge-stripe order
in La1.8−xEu0.2SrxCuO4 brings new insight to this issue [103]. At low temperature, where
both charge- and spin-stripe orders are observed, Qco follows the behavior identified in
other 214 systems. With rising temperature, however, Qco tends to grow in the disordered
regime, especially at smaller hole density. A physically-inspired Landau–Ginzburg model,
when fitted to the temperature-dependent Qco measurements, provides an extrapolation
that, at T ∼ 400 K, shows behavior of Qco vs. p very similar to that found in YBCO [100,
102]. Hence, it is plausible that the charge orders found in various cuprate families have a
common origin.

5. PDW Around Defects

Scanning tunneling microscopy (STM) experiments have provided evidence for a
local coexistence of PDW and uniform superconducting orders around defects in the
superconducting order, such as magnetic vortex cores [35,104]. The detected signature
corresponds to an induced charge modulation that results from the superimposed, locally
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coexisting orders [26]. The main system studied by STM is Bi2Sr2CaCu2O8+δ, which tends
to have a large spin gap [105]. Local, short-range PDW correlations were also detected
through spatial modulation of the superconducting gap [36].

The absence of spin-stripe order removes the conflict between PDW and uniform
superconducting orders discussed above. At the same time, the PDW order detected by
STM appears to be induced by local defects, which is distinct from the PDW ground state
detected in LBCO, where spin-stripe order appears to be an intrinsic component. A defect
such as a magnetic vortex or a Zn atom substituted for Cu causes the superconducting
order to go to zero [106]; that may make PDW order energetically favored in the local
environment [107].

This line of reasoning provides an interesting connection to the LBCO system. A crys-
tal with x = 0.095 shows a bulk Tc = 32 K in zero magnetic field, along with weakened
stripe order relative to x = 1/8 [5]. Application of a c-axis magnetic field causes an
enhancement of stripe order and a decoupling of the superconducting planes [108,109],
presumably due to the dominance of PDW order. The regions of uniform superconductiv-
ity should act as pinning centers for the magnetic vortices since one can obtain an energy
gain from inducing PDW order there.

If Zn defects act like magnetic vortices in terms of locally favoring PDW order, then
enough Zn should, like the magnetic field, cause a decoupling of superconducting planes.
Indeed, this effect was confirmed in a crystal of LBCO x = 0.095 with 1% Zn [110]. Similar
behavior was observed in La2−xSrxCuO4 with x = 0.13 and 1% Fe [111]. One difference
between Zn defects and magnetic vortices is that Zn is known to induce pinning of
spin-stripe order [112]; however, it may lead to a reduction in the spin-stripe-ordering
temperature when introduced to a system that already has strong spin-stripe order [113].

6. Relations to Other Superconductors

Topological doping is important in cuprates because it establishes regions of reduced
dimensionality where pairing can develop in the presence of repulsive interactions. There
is a natural connection with systems in which the lattice is formed from a coupling
of lower-dimensional components. One example is alkali-doped C60 [114], where the
dopants provide the charge carriers, while the the C60 molecules provide the interactions.
Chakravarty and Kivelson [115] proposed a model in which electrons could minimize
repulsive interactions by hopping onto C60 molecules in pairs. In fact, they made a direct
comparison to pairing in a doped 2-leg spin ladder. Another obvious parallel is with
organic superconductors [116], where superconductivity tends to occur in proximity to
spin-density-wave order [117,118].

The situation is different if we compare with other layered superconductors. In
electron-doped cuprates, such as Nd2−xCexCuO4, the carriers and the Cu moments do
not spatially segregate. As a result, commensurate antiferromagnetic order survives to
a higher carrier concentration, and superconductivity appears only when static order
disappears [119]. There is a good deal of commensurate inelastic magnetic spectral weight
at low energy. If this were a good thing for superconductivity, then one might expect
to obtain a very high Tc; instead, the highest Tc is lower than that in essentially all hole-
doped families of cuprate superconductors. Neutron scattering studies on electron-doped
superconductors show that the low-energy antiferromagnetic excitations become gapped
on an energy scale comparable to the superconducting gap [120–122].
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Abstract: Metastable states appear in many areas of physics as a result of symmetry-breaking phase
transitions. An important challenge is to understand the microscopic mechanisms which lead to the
formation of the energy barrier separating a metastable state from the ground state. In this paper,
we describe an experimental example of the hidden metastable domain state in 1T-TaS2, created by
photoexcitation or carrier injection. The system is an example of a charge density wave superlattice
in the Wigner crystal limit displaying discommensurations and domain formation when additional
charge is injected either through contacts or by photoexcitation. The domain walls and their crossings
in particular display interesting, topologically entangled structures, which have a crucial role in the
metastability of the system. We model the properties of experimentally observed thermally activated
dynamics of topologically protected defects—dislocations—whose annihilation dynamics can be
observed experimentally by scanning tunnelling microscopy as emergent phenomena described by
a doped Wigner crystal. The different dynamics of trivial and non-trivial topological defects are quite
striking. Trivial defects appear to annihilate quite rapidly at low temperatures on the timescale of the
experiments, while non-trivial defects annihilate rarely, if at all.

Keywords: domain walls; electronic crystal; Wigner crystal; polarons; TaS2; transition metal dichalco-
genide; topological defect; dislocations; scanning tunnelling microscopy; topological protection

1. Introduction

Metallic transition metal dichalcogenides (TMDs) commonly display commensurate
charge-ordering at low temperatures. While some materials have received particularly
detailed attention with a focus on specific features, the generic features, and the origin
of broken translational symmetry, in particular, cannot be easily described in terms of
traditional concepts, such as Fermi surface nesting, exciton condensation phenomena or
peculiarities of the electron–phonon interaction occurring in specific systems. On the
other hand, a lattice Wigner crystal description appears to offer a common conceptual
starting point for discussion not only of the ground-state ordering, but also metastable
states in the system. The justification for the lattice Wigner crystal comes from the ratio
of the kinetic energy T in relation to the Coulomb energy V, expressed in terms of the
Wigner–Seitz radius rs, that defines the crossover from Fermi-liquid behaviour to a lattice
Wigner crystal state with dominant Coulomb interactions. The ratio of Coulomb energy to
kinetic energy defines rs =

V
T = e2m∗/

(
�2n1/2

)
, where n is the electron density, e is the

elementary charge, and m∗ is the effective mass of electron [1]. rs is strongly dependent
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on the electron density n. In the prototypical dichalcogenide charge-density-wave (CDW)
system—1T-TaS2, for example—the electron density n is small (one electron per 13 unit
cells). Due to strong coupling to the lattice [2], polaronic effects renormalize the electronic
bands, which become narrow, resulting in an increase in effective mass [3], which leads
to an rs = 70 ∼ 100 and carrier localization in the lattice Wigner-crystal limit. There are
two consequences: the first is the introduction of Mott physics [4,5], where the ordering
dynamics are dominated by the Coulomb interaction, and the second is instability towards
domain formation upon external perturbation or doping that takes place in the form of
a symmetry-breaking transition.

The domains in such electronic crystals display very rich physics [6–9]. For exam-
ple, the structure of domains created by laser excitation displays intertwined orders and
intricate chiral ordering [9]. The structure of domain walls (DWs) themselves has been
addressed on different levels [10–13]. In the context of Wigner crystal domains, Karpov
and Brazovskii [10] introduced fractional charges associated with different mutual domain
configurations. On a microscopic level, domain walls were analysed with scanning tun-
nelling microscopy in combination with density-functional-theory calculations [10–13],
revealing the electronic structure within DWs. However, such modelling cannot be used to
understand domain formation kinetics, the origins of metastability [14], or the dynamics of
domain relaxation, governed by spatial topological constraints; nor can it be used to predict
the generic formation of commensurate and domain structures across the entire series of
metallic TMDs. The first step toward understanding such phenomena is the experimental
characterization of the topology of the domain structure.

Here, we present an experimental analysis of the domain wall junctions, analysing
the vertex structure in terms of 2D classical edge dislocations. Real-time measurements of
domain relaxation using scanning tunnelling microscopy show the possibility of measuring
dislocation annihilation dynamics.

2. Experimental Results

At low temperature (<140 K), the unperturbed ground state in 1T-TaS2 is an electronic
superlattice with a filling of 1/13 with respect to the atomic triangular lattice, which is
commonly referred to as the commensurate charge-density-wave (CCDW or C-state). The
superlattice vector is given by A = 3a+ b, where a and b are the fundamental crystal lattice
vectors (Figure 1a), the stars signify the polaronic distortions around extra electron charge
on the Ta atom at the centre of each star-of-David hexagram. Domains are ubiquitously
observed when a charge is injected by a large STM tip current pulse [6], an electrical pulse
through contacts of a device [8], or by photoexcitation (photodoping), where the effect was
originally discovered [14]. The resulting ‘hidden’ (H) domain state is metastable and has
a lifetime that is sufficiently long that its domain structure can be investigated in detail at
low temperatures [15].

In the present work, we excite in situ cleaved single crystals of 1T-TaS2 at 4.2 K with
a voltage pulse from the tungsten tip of an STM. The area around the location of the voltage
pulse is first probed to determine where the hidden state borders the surrounding CCDW.
When an appropriate area is found, we let the STM scanning run until at least several
frames are acquired and a substantial relaxation is observed. Typical domain-forming pulse
parameters are V = 4 V, pulse duration 1 ms and tunnel junction resistance 1 GΩ.

To study the topological properties of the domain network, we need to accurately
determine domains’ phase shifts, fitting them on the underlying atomic lattice. To this end,
we employ a simulated annealing Monte Carlo (MC) algorithm: first, we determine the
most probable values of phase shifts for each neighbouring pair of domains, which we then
globally optimize for the whole domain network. Such a local procedure supplemented
by global “sewing” helps us to determine the domains’ phases, even for big STM images
which exhibit non-uniform values of the underlying lattice constant or lattice rotation
angle.
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Figure 1. (a) Schematic representation of the commensurate superlattice showing twelve possible
interdomain phase shifts with the corresponding colour coding. The parallelogram shows the CDW
superlattice unit cell. (b) STM image (V = −800 mV) of a part of the domain state with a relatively high
density of dislocations. Yellow arrows indicate non-zero Burgers vectors at the vertices. (c) Zoom-in
of the orange square on (b), rotated to align the underlying atomic lattice with the horizontal axis.
Colour shading indicates different domains. A yellow arrow represents the Burgers vector. (d) Same
as in (c) for a trivial vertex marked with the blue square in (b). (e) A schematic representation of the
3-vertex in (c). Blue circles are tantalum atoms; star of David overlays represent polarons using the
same colour scheme as (c). Black arrows are CDW superlattice vectors indicating the Burgers circuit
around the vertex. Blue vectors are relative shifts of domains upon crossing a domain wall. The inset
shows that the relative shifts add up to a CDW superlattice vector, the Burgers vector of the vertex.
(f) Same as in (e) for the trivial vertex. The inset of image 9 (f) shows that relative shift vectors add up
to zero. Note that all domain wall types are the most common ones observed as reported previously
in Ref. [13].

Using the above procedure, we analyse a large area domain structure formed by STM
tip current injection shown in Figure 1b. The domain walls cross, typically forming three
or four-pronged vertices. The vertices may be trivial, or non-trivial, according to whether
a Burger’s vector construction around the vertex is zero (B = 0), or non-zero (B �= 0), to
which we refer as trivial (t) and non-trivial (nt) vertices, respectively. In Figure 1b, vertices
are labelled according to whether the Burger’s vector construction is t (no arrow), or nt
(the yellow arrow shows B). Figure 1c,d show examples of nt and a t vertices, respectively.
The corresponding Burgers circuit construction in each case is shown in Figure 1e,f. The
construction is always made, along with the shortest possible interdomain shifts upon
crossing a domain wall, which is either of the nearest-neighbour types, with length a, or
the next nearest-neighbour type with length √3a (Figure 1e,f). We emphasize that the
Burgers vector construction does not depend on the detailed structure of the vertex or the
presence of extrinsic defects in its vicinity.

A relaxation sequence of the H state induced by a voltage pulse from the STM tip is
shown in Figure 2. The domain area is entirely surrounded by the C-state (red overlay).
The panels a–b6 show a gradual diminishing of the H-state and expansion of the C-state
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in discrete steps. Each frame was analysed by the MC-simulated annealing algorithm to
determine the presence of dislocations at vertices. The vertices are labelled according to
how many domains are adjacent to the vertex, which is the first number, and whether
they are trivial (t) or non-trivial (nt). The arrows next to non-trivial vertices indicate their
Burgers vector, yellow for 4nt and white for 3nt. Panels b1–b6, with overlaid Burgers
vectors, display the dislocation dynamics. We observe a constant number of dislocations
in the domain reconfiguration process until the last frame, where two dislocations with
opposite Burgers vectors annihilate. The latter two are marked by blue circles on image b5
prior to annihilation. Movement of some dislocations is also observed (which we attribute
to a combination of climb and glide—see Figure 3).

Figure 2. Relaxation sequence of the hidden state induced by a voltage pulse from the STM tip.
(a,b) Analysed STM sequence of the relaxation of a patch of hidden state surrounded by the CCDW.
Vertices are marked by yellow markings, with the number representing the number of domains
that meet at a vertex and the letters “t” and “nt” stand for trivial and non-trivial, respectively
(3nt = non-trivial 3-vertex). The yellow arrow next to non-trivial vertices indicate their Burgers
vector. Red shading indicates the surrounding CCDW and the domain, which is not shifted with
respect to the CCDW. Blue circles in frames 4- and 5-mark pairs of dislocations that annihilate in
the next frame. (c) Colour maps of domains for each frame in (a,b) as a result of the Monte Carlo
algorithm. Colours correspond to relative domain shifts according to Figure 1d, with the origin (red)
chosen as the CCDW. The colour of lines connecting centres of domains represents the quality of
recognition of the MC algorithm. Green edges correspond to the best reliability, orange to lesser, red
even less and black poor recognition. The vast majority of lines in all frames are green indicating
reliable interdomain shift recognition. White lines in the CCDW are used to cut it into smaller pieces
for better algorithm recognition.
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Figure 3. (a) Relaxation events involving annihilation of non-trivial defects. The Burger’s vectors are
indicated by the yellow arrows; (b) two examples of glide and climb motion of 3nt dislocations. The
red overlay represents the bordering CCDW.

The panels c1–c6 show the same time evolution with colour maps for domains gener-
ated by the MC algorithm. The colouring of domains is according to their shift with respect
to the original reference domain (which is chosen to be the C-state) following the colouring
scheme of Figure 1a. We note that the colouring of domains remains consistent throughout
the relaxation in the sense that domains do not change the CDW phase until they disappear.
This is to be expected, since it is energetically costly to change the phase shift of a whole
domain. They do, however, change their shape and size during relaxation.

Annihilation, glide and climb. Figure 3a shows three examples of dislocation pair
annihilation in subsequent frames. In the middle panel, three dislocations disappear; in the
last panel, two dislocations annihilate, and one is displaced. Yellow arrows are Burgers
vectors, red shading indicates the surrounding CCDW. Figure 3b shows two examples of
dislocation (3nt vertex) displacements, which we can attribute to a combination of glide
and climb motion, as indicated by the different-coloured arrows (glide: white, climb: red).
Glide motion involves motion along the direction of B, while climb involves motion at an
angle of either 60◦ or 120◦ to B.

Annihilation dynamics. By examining STM frames in sequence, we can obtain an idea
of the different rates of dislocation annihilation. While the amount of data is limited by the
small number of frames and the slow relaxation rate, we can clearly distinguish different
relaxation rates for different types of vertices. Figure 4 shows a count of the number of t and
nt vertices for three- and four-pronged vertices on the full STM sequence of images shown
in Figure 2. The three-pronged t vertices appear to show relaxation on the timescale of tens
of minutes. In contrast, the four-pronged vertices show much slower dynamics. This is
possibly due to the fact that most 3t vertices are located closer to the border with the CCDW,
or simply due to the fact that they have more phase constraints and are therefore more
energetically costly to relax. The nt defects show very little dynamics on this timescale. The
number of dislocations is constant until the last frame (when two dislocations annihilate)
and so they form a sort of stable backbone of the domain wall network. It is clear from
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the examination of the STM images that t and nt vertices are inextricably entangled with
each other in the sense that vertex (3nt) and anti-vertex (3nt) pairs are not adjacent to
each other, but there may be other vertices geometrically constraining their annihilation.
It is quite likely that some defects have their anti-defects outside the image area, and the
present experiments are limited in this way. Nevertheless, the general trend is clear. We
also note that the fraction of nt vertices increases during relaxation, making the hidden
state more topologically protected. This could have implications for data retention in
memory-device applications.

Figure 4. Temporal dynamics of (a) trivial (t) and (b) non-trivial (nt) vertex relaxation, respectively in
consecutive STM scans. Each scan takes around 20 min. (Note the different scales.) (c) The number of
nt vertices as a fraction of the total number of vertices.

3. Domain Textures as an Emergent Phenomenon

To understand the formation of domains, one may approach it from different direc-
tions [9–14,16,17]. A generally applicable theory with useful predictive value considers the
domain structure as an emergent property, as a response of the polaronic Wigner crystal to
doping [10,14,16]. The model Hamiltonian is given by [16]:

H = ΣI,jVi,jninj (1)

where ni = 0 or 1 is the occupation number of a polaron on the site i, and

V(i, j) = V0 exp
(−rij/rs

)
/rij (2)

is the Yukawa screening potential, where V0 = e2 /ε0a in CGS units and rij =
∣∣ri − rj

∣∣,
where ri is the dimensionless position of the i-th polaron, and rs is the dimensionless
screening radius. ε0 is the dielectric constant of the material. The use of the model for quasi-
2D transition metal dichalcogenides has been justified previously, and has predicted the
existence of electronic superlattices at magic-filling fractions and domains or amorphous
electronic structures in between. Details of the calculation can be found in Ref. [16].

One possible way to represent the topological defects in the data is by using Wigner–
Seitz cell (or sometimes called Voronoi) constructions around each polaron. Figure 5b shows
such a construction for the large area experimental STM image with a large density of
dislocations in Figure 5a. As before, the domains are first put to the underlying lattice with
the MC simulated annealing process. Hexagons are coloured blue, while pentagons and
heptagons are coloured orange and green, respectively. We see that nt vertices indicated by
the arrows (which have non-zero B) are associated with heptagon–pentagon pairs. These
are topologically equivalent to dislocations on a hexagonal lattice. The Wigner–Seitz cell
representation is thus a useful abstraction for the rather complicated domain structure
observed in STM experiments.
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Figure 5. Comparison of an experimental image with the MC lattice gas model. (a) An STM image
with a relatively high density of dislocations. Yellow arrows are Burgers vectors. (b) Wigner–Seitz
cell diagram of the MC lattice fit to the image in (a). (c) Wigner–Seitz cells of the MC lattice gas model
simulation after adding an electron (e-), or a hole (h+) to the lattice at different effective temperatures.
Colour code: hexagons (blue), pentagons (orange), and heptagons (green).

The results of the calculation for lightly doped (adding 1 electron or 1 hole) Wigner
crystal with a magic filling fraction of 1/13 are shown in Figure 5c in the form of a Wigner–
Seitz cell plot. We see that doping creates topological defects in the form of pentagon–
heptagon pairs, irrespective of the temperature. At higher temperatures, additional defects
are visible due to e − h pair excitations appearing as fluctuations in the number density.
Comparing the predictions of this classical polaronic lattice gas model (Figure 5c) with
the experiment in Figure 5b, we see that the model predicts the formation of the same
kind of defects associated with doping. In both cases, we can see paired dislocations. The
difference is in the presence of single heptagon–pentagon pairs in the experimental image,
while in the model they are all paired or clustered. The comparison strongly suggests that
the vertices are associated with an extra trapped charge.

Our simulations also show that the number of defects increases as we increase doping
in the system and when doping is zero, no defects are remaining. Therefore, from the point
of view of our polaronic Wigner crystal approach, the domain formation mechanism is the
following. Photoexcitation or charge injection introduces additional charges in the system.
Karpov and Brazovskii [10] have already shown that a domain wall is energetically more
favourable than a hole or interstitial charge; therefore, a network of domain walls forms.
The number of topologically protected defects is governed by the doping level and this
number does not change if the doping level remains the same. Trivial defects, however, can
relax and disappear. Experimentally, it was noted before [16] that the doping level differs
in the ground state and metastable state, which suggests that extra charges responsible
for topologically protected defects also eventually leak back into the Fermi sea below the
Fermi level.
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4. Discussion

‘Standard’ theory of domain walls in CDW systems considers the energy of DW
formation and energy of DW crossings (DWCs), which are of opposite signs, such that the
two form a metastable minimum in the free energy of the system [14,18–21]. The minimum
corresponds to a particular, topologically protected domain state, in the sense that the
minimum is determined by specific details of the material and is immune to external
single-particle perturbations. However, this does not include the additional complication
of real-space pinning defects, nor is it immune to strain, for example [15]. In the same sense,
the domain size is controlled by carrier injection [14,22,23]. The self-organized intrinsic
formation of topological defects at DW crossings observed above is not included in the
theory, yet it is likely to have a significant effect on the system stability, and hence the
free-energy potential landscape. The dynamics of dislocations in particular are governed
by annihilation dynamics, the bottleneck being matched defect pair annihilation. In 2D,
conventional Kosterlitz–Thouless (K-T) theory, the dynamics are discussed in terms of edge
dislocations, which are created and annihilated in pairs. At high density, the dislocations
destroy long-range order, resulting in a hexatic phase. When the dislocations dissociate
into five- and seven-fold disclinations, an additional isotropic phase may appear. The
two-step melting of such a phase is described in terms of the Kosterlitz–Thouless–Halperin–
Nelson–Young (KTHNY) theory with two consecutive K-T transitions. These theories do
not consider the dynamics of the dislocations, which can be quite intricate.

The dynamics of classical lattice dislocations under stress is governed by a Peach–
Koehler (P-K) force between dislocations described in terms of their Burger’s vector and the
stress tensor, with additional terms arising from pinning by extrinsic defects, temperature-
driven lattice fluctuations, local (Peierls-Nabarro) strains, etc. [24,25]. Simulations of the
dynamics in classical 2D systems typically reveal aggregation of dislocations in the form of
clusters, and at the edges.

In the case of an electronic crystal on a hexagonal lattice, the structure of non-trivial
defects is formally equivalent to lattice dislocations, but the microscopic structural details,
on which the dynamics will depend, are quite specific. The experimental data above
show the structure of trivial and non-trivial vertex dynamics and are presented formally
in terms of dislocation dynamics. Aggregation of dislocations at the edges or in the
centre of the domain structures is not observed on the timescale of the STM experiments,
suggesting that annihilation is faster than the P-K dynamics at 4 K. More importantly,
the dynamics is governed by the entanglement of defect pairs, which prevents direct
annihilation of defect–anti-defect pairs through a simple glide or climb motion, but requires
‘circumnavigation’ and annihilation in a particular sequence. The fact that the domains are
created spontaneously, from initial fluctuation–nucleation after a quench suggests some
degree of randomness in the initial distribution of defects. However, domain-wall repulsion
and the energy gained by crossings at vertices act to form a more uniform, long-ranged
order in the domain structure. The latter process is hindered by topological constraints at
the vertices.

We note that the present analysis is limited to the temporal and spatial window of the
STM experiments. Dynamics on other timescales cannot be excluded, but currently, there
are no other methods to observe the defect dynamics. In spite of experimental limitations,
the dynamics of the observed difference in nt and t dynamics are quite significant, indicat-
ing that the forces between nt and t are quite different. An additional complication arises
from the fact that nt and t vertices are intertwined, which brings a complex topology to
the problem.

On a phenomenological level, the relaxation was previously described in terms of the
Ostwald ripening process, with double exponential relaxation, but the approach is not very
insightful in explaining the magnitude of the energy barrier EB for relaxation to the ground
state [15]. However, the strong observed sensitivity of EB to external strain suggests that
a general P-K approach is reasonable.
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A suitable framework for describing the quantum nature of such a system may be
provided by fractions, excitations within a tensorial field theory that are dual to classical
elasticity theory used in the present analysis [26], but such treatment is beyond the scope
of this paper.

Given that the detailed construction of DWCs is likely to play an important role
in the overall relaxation process of the electronic Wigner crystal, one may comment on
the prospect of dealing with the dynamics of such a system on the microscopic level
(e.g., density functional theory) used recently to describe the static structure of single DWs.
Such modelling may be useful in determining the relative energy stability of different DWs
and eventually DWCs. The transitions between states on the resulting energy landscape
may form the basis of more material-specific relaxation dynamics.

5. Conclusions

The difference in t and nt dynamics is striking and proves that the topological pro-
tection of nt vertices plays a crucial role in the stability of the domain state. We conclude
by commenting on the fact that at low temperatures, the dynamics are limited by macro-
scopic quantum tunnelling between different, but energetically near-degenerate domain
configurations that were shown, in recent experiments, to be finite [27].
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Abstract: Symmetry lowering phase transitions in ferroelectrics, magnets, and materials with various
other forms of inherent order lead to the formation of topological defects. Their non-trivial real-space
topology is characterized by a topological charge, which represents the topological invariant. The
study of topological defects in such materials has seen increased interest over the last decade. Among
the methods used for their study, scanning probe microscopy (SPM) with its many variants has
provided valuable new insight into these structures at the nanoscale. In this perspective, various
approaches are discussed, and different techniques are compared with regard to their ability to
investigate topological defect properties.

1. Introduction

Topological defect formation at the symmetry lowering phase transitions in solids
with various forms of intrinsic order is a phenomenon widely studied in materials science
and solid-state physics [1]. A prototypical example is a magnetic material cooled through
its Curie temperature (see Figure 1), leading to the formation of magnetic domains and
associated domain walls, which are a type of topological defect. From a general perspective,
such nanoscale structures can have different intrinsic properties from the bulk material
itself [2,3], making them interesting nanoscale objects with altered and additional function-
ality. These different properties are brought about by changes in local crystal structure,
sometimes involving large structural gradients. In addition, local symmetry changes allow
for the existence of properties forbidden in the higher symmetry bulk phase, again leading
to changes from macroscopic materials properties.

These considerations have led to proposals of utilizing these altered properties at
topological defects for enhanced material functionality, including for example domain wall
nanoelectronics [4] and spintronic devices [5], which have been discussed in various con-
texts.

The structural width and size of such topological defects typical is found to be in the
nanoscale range, down to atomic length scales. This small size requires high resolution
characterization methods, involving electron microscopy, nanoscale spectroscopy methods,
and in various forms, scanning probe microscopy, the latter being the focus of this article.
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Figure 1. Schematic of a domain wall as an example of a topological defect. (a) The discontinuity
formed in the built-in system order (for example magnetic moments, spins in magnetic materials)
separates adjacent domains and can give rise to emerging properties; (b) emerging material properties
at domain walls.

2. Types of Topological Defects

The types of topological defects found in solids [6,7] range from domain walls [4],
skyrmions [8,9] and associated structures, vortices [10], to dislocations. These structures can
be formed in various types of ‘order background’, involving magnetism (magnetic spins),
ferroelectricty (electric dipoles), ferroelasticity (spontaneous strain), ferrotoroidicity, and
crystal structure defects (dislocations). Their non-trivial real-space topology is characterized
by a topological charge, which represents the topological invariant [11].

Domain walls in ferroelectric and multiferroic materials are a prominent example
and have been investigated in more detail in the last decade. They have a very small
size, on the order of a unit cell, as for example shown in Figure 2a for the case of a 109◦
domain wall in BiFeO3. The colors in the image represent tilt angles of the perovskite unit
cell overlaid on an atomic structure high-angle annular dark-field scanning transmission
electron microscopy (HAADF-STEM) image. At the wall the unit cell tilt reaches ~3◦, which
is considerable if one takes into account its impact on bond lengths and orbital overlap in
the ionic solid. These in turn lead to changes in electronic structure, and, hence the intrinsic
properties are altered directly at the domain wall on the same atomic length scale.
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Figure 2. (a) False color HAADF-STEM image of a 109◦ domain wall in BiFeO3; (b) unit cell tilt
corresponding to colors in (a); (c) local unit cell tilt angle across the domain wall in (a); (d) Fe ion
displacement depicting reorientation of ferroelectric polarization across the domain wall.

3. Scanning Probe Methods

Several different scanning probe methods have been used to study topological defects
in solid materials, including their structural, electrical, magnetic, and other functional
properties. Some methods are more suitable than others and the measured properties vary,
as outlined in Table 1.

Table 1. Comparison of scanning probe methods used for the study of topological defects in various
solid materials. Literature references point to relevant reviews of the technique, and examples of
topological defect research, if applicable. Technique acronyms are explained in the text below.

Method Lateral Resolution Measured Quantity Materials Examples

AFM atomic surface morphology; mechanical properties many, few restrictions [12,13]
PFM ~5 nm piezoresponse ferro-/piezoelectrics [14,15]
STM atomic tunnelling current semiconductors, metals [16,17]

KPFM atomic surface potential difference semiconductors, metals [18]
c-AFM ~5 nm electrical conductivity semiconductors, metals [19,20]

Nano-IR ~10 nm infrared optical properties many with IR bands between 600–4500 cm−1 [21]
NSOM ~10 nm optical properties many, few restrictions [22,23]
MFM ~10 nm magnetic field gradient ferro-/ferrimagnets; superconductors [24,25]

scanning
SQUID ~100 nm magnetic flux antiferro-, ferro-/ferrimagnets;

superconductors [26]

scanning NV ~20 nm magnetic field strength antiferro-, ferro-/ferrimagnets;
superconductors [27,28]

sMIM ~50 nm impedance many, few restrictions [29,30]
CGM ~5 nm charge ferro-/piezoelectrics [31,32]

Application to Imaging and Manipulating Topological Defects

One feature that is common to all SPM methods is the acquisition of topographical
information of measured sample surfaces, depicting their morphology. Even this basic
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atomic force microscopy (AFM) feature can be used for example to study twinning angles
in ferroelastic twin domain walls [33] and to locate their position with sufficient accuracy
for other local probing investigations, such as mechanical probing at the nanoscale [34].

Other techniques such as magnetic force microscopy (MFM) can be used to directly
image magnetic domain structure, in magnetic materials. This method has also been used to
directly visualize skyrmions [23] (Figure 3). Magnetic field dependent measurements show
the ‘melting’ of the hexagonal skyrmion crystal lattice through the formation of magnetic
monopoles. Other techniques to study magnetic properties include scanning SQUID
microscopy [25], and scanning diamond color centre (scanning NV) microscopy [26,27].
The latter also allow for the study of antiferromagnets.

Figure 3. Magnetic force microscopy imaging of skyrmions in FeCoSi. (a) schematic skyrmion
structure, (b) MFM image series in varying magnetic field showing the melting of the skyrmion
crystal lattice, (c) ‘unzipping’ of skyrmion pairs involving a magnetic antimonopole.
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Polar order in ferroelectrics can be visualized by piezoresponse force microscopy
(PFM) and charge gradient microscopy (CGM), among others. This technique is often
used in conjunction with other SPM modes for the investigation of topological defects, for
example conductive AFM (c-AFM) to measure conductivity at domain walls in various
ferroelectric and multiferroic oxides. The resolution in this case is given by the contact area
of the SPM probe with the material surface (as is the case with several other techniques
listed), and can be used to study domain wall devices as well as intrinsic material properties
such as carrier properties, sometimes in conjunction with theoretical models. An example is
shown in Figure 4, which shows a study of orthorhombic-rhombohedral phase boundaries
(hybrid domain walls) in strained BiFeO3 [35].
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Figure 4. c-AFM based investigation of domain wall conduction, in this case for orthorhombic-
rhombohedral phase boundaries (hybrid domain walls) in BiFeO3. (a) PFM phase; (b) PFM amplitude
image showing the two structural phases; (c) c-AFM revealing phase boundary electrical conductivity;
(d) histogram analysis of conduction; (e) temperature-dependent c-AFM data showing thermally
activated conduction mechanism.

Electronic properties of materials have been studied by scanning tunnelling mi-
croscopy and spectroscopy (STM), Kelvin probe force microscopy (KPFM), and scanning
microwave impedance microscopy (sMIM). This includes domain walls, for example the
variation of electronic band structure at individual walls [16]. Local changes of dielectric
constant at structural domain walls have been studied in vanadium oxide by sMIM [28],
which are especially pronounced for metal insulator transitions, but can also be used for
variations in carrier density in semiconducting materials.

Among the SPM techniques available for the study of optical materials are near-
field scanning optical microscopy (NSOM), and nanoscale infrared spectroscopy (nano-
IR). They have been used to study strain induced variations of optical constants around
domain walls [21], and the local variation of phonons around engineered domain walls
in van der Waals heterostructure materials [20]. Various other SPM modes can also be
combined with optical illumination to study the impact of light on topological defects,
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for example the displacement of domain walls in ferroelectrics [36–38] or optically driven
vertex formation [39–41].

In addition to the imaging of various properties, SPM techniques can also be used to
manipulate topological defects through the application of local stimuli, such as mechanical
stress [42], electric and magnetic fields, and the study of topological defects in prototype
device structures. One example is the demonstration and investigation of information
storage in ferroelectric domain wall non-volatile memory cells [43,44] (Figure 5). Here
the conduction paths of individual conductive domain walls can be followed, and polar-
ization orientation can be studied simultaneously, providing information on polarization
orientation across individual walls in memory device prototypes.

Figure 5. Ferroelectric domain wall memory. (a) high resistance state, domain wall is absent; (b) low
resistance state, domain wall is present; (c) and (d) corresponding experimental realisations of (a) and
(b), respectively, using c-AFM imaging of domain wall conduction path [43].

4. Concluding Remarks and Outlook

The study of materials surfaces and cross sections [45] with physical SPM probes
enables the study of various properties associated with topological defects in solid state
material systems, from fundamental material properties, to application relevant proper-
ties [46] and prototype devices [40,41]. The achieved lateral resolution is in many cases
associated with the probe size (tip radius, contact area), which is sufficient to study meso-
scopic nanoscale systems just above atomic resolution, or for measurements in UHV, at
atomic resolution. It can also be used in correlative microscopy studies that involve other
imaging and spectroscopy techniques, where SPM is used to localize features of interest or
study corresponding properties.
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Abstract: Majorana bound states in topological superconductors have attracted intense research
activity in view of applications in topological quantum computation. However, they are not the
only example of topological bound states that can occur in such systems. Here, we study a model in
which both Majorana and Tamm bound states compete. We show both numerically and analytically
that, surprisingly, the Tamm state remains partially localized even when the spectrum becomes
gapless. Despite this fact, we demonstrate that the Majorana polarization shows a clear transition
between the two regimes.
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1. Introduction

Non-Abelian quasiparticles have attracted intense theoretical and experimental
research activities in the last several years, in view of their potential applications in
topologically protected quantum computation [1]. Several proposals for the experi-
mental realization or detection of such exotic states of matter in interacting systems
have hence been put forward [2–13]. Despite steady progress, the need to enforce the
coexistence of superconductivity and electronic interactions makes their experimental
realization challenging [14–16]. In the absence of interactions, the possibility to engineer
non-Abelian Majorana zero modes [17] in spinless p-wave superconductors has been
predicted [18,19]. The unambiguous experimental realization of such states is again far
from straightforward, due to the fact that spinless p-wave superconductivity is rare in
nature. However, it has been realized that this kind of pairing could be achieved by means
of proximity-induced superconductivity on semiconducting structures with pronounced
spin-dependent properties. One of the first example of a system that, once proximitized,
can host Majorana bound states is represented by topological insulators [20–22], where
strong spin–orbit coupling gives rise to inverted bands behavior. However, it additionally
requires the presence of magnetic barriers to allow for Majorana bound state formation.
The difficulty in implanting magnetic barriers has slowed down the development of such
a platform. Recently, the possibility to employ quantum point contacts [23] instead of
magnetic barriers has been considered, providing a promising alternative for topological
insulator-based Majorana platforms [24,25]. Several other platforms have been proposed,
ranging from ferromagnetic atomic chains with superconducting pairing [26], planar
Josephson junctions in 2D semiconductors [27–29], and the more popular setup based
on spin–orbit-coupled quantum wire with proximity superconductivity and applied
magnetic fields [30,31].

In the last case, several experiments have reported signatures compatible with the
presence of Majorana zero modes [32]. However, a clear evidence of the quantization
of the zero bias peak, which is one of the predicted signatures ascribed to the presence
of Majorana zero modes, or other unambiguous fingerprints of their formation are still
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lacking to date. Indeed, an additional challenge in the field is posed by the fact that
Majorana zero modes behave, in many terms, similarly to more conventional Andreev
bound states, which do not exhibit non-Abelian statistics, and are thus less useful in
quantum computation [33–50]. Indeed, on one hand, it is still possible to distinguish
between trivial Andreev bound states that emerge at finite chemical potential in clean
systems and Majorana bound states due to the fact that the phase containing Majorana
fermions and the one with the trivial bound states are separated by a region with extended
states only [51]. On the other hand, the distinction becomes more subtle in the presence
of disorder, spatial variations of the confinement potentials, or whenever the formation of
quantum dots [52] takes place. A detailed analysis of the scenarios in which Majorana
fermions and other bound states coexist is hence in order.

In this work, we concentrate on this aspect by studying a simple model where
different bound states may coexist. To this end, we consider a one-dimensional finite
size spinless p-wave superconductor in the presence of a spatially periodic modulation
of the local chemical potential. The system is numerically investigated by means of
extensive exact diagonalization. We find that the bulk of the system is always gapped
at the chemical potential, except for a gapless point that marks the boundary between
two phases dominated either by the periodic local potential (A) or the superconducting
one (B). In the A phase, either a bound state is localized at one end of the system or
no boundary states are present, depending on the phase of the modulated potential.
The possible boundary state is adiabatically connected with the system in the absence
of superconductivity and hence is, qualitatively speaking, a Tamm state [53–55]. In the
B phase, one recovers the more conventional Majorana scenario, with the zero mode
split into two Majorana modes at both ends of the system. Surprisingly, at the transition
between A and B, the Tamm state remains partially localized. This behavior poses the
question if the Majorana fermions in the B phase are still topological in nature or if the
reminiscence of the Tamm state eventually spoils their properties.

In the second part of the work, we answer this question, deriving and analyzing
a linearized low-energy model that can be analytically solved. This allows us to inter-
pret and discuss the physics observed in the first part in terms of Goldstone–Wilczek
charges [54,56–63].

Finally, to elucidate the interplay between the different kinds of bound states, and to
possibly discriminate between them, we evaluate the Majorana polarization [64–66]
associated to the boundary states. This quantity is one of the standard tools introduced
to characterize topological superconductors. This allows us to conclude that phase B is
indeed characterized by the presence of Majorana fermions.

In more details, the article is divided as follows. In Section 2, we analyze the results
for the p-wave superconductor model. In Section 3, we derive the exactly solvable model
and discuss it. Section 4 contains the calculation of the Majorana polarization. Our
conclusions are finally drawn in Section 5.

2. The Quadratic Model

2.1. Hamiltonian

The system we inspect is a finite-size, spinless one-dimensional p-wave supercon-
ductor in the presence of an additional periodic potential [67]. More specifically, the
Hamiltonian, defined on a segment of length L, is

H =
1
2

∫ L

0
Ψ†(x)H(x)Ψ(x)dx, (1)

with the Bogoliubov–de Gennes (BdG) Hamiltonian density H(x) given by (h̄ = 1)

H(x) =
(−∂2

x
2m

− μ0 − μ1(x)
)

τ3 + (−i)
Δ
kF

∂xτ1, (2)
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and Ψ(x) = (ψ(x), ψ†(x))T , where ψ(x) is a fermionic annihilation field. We impose open
boundary conditions, implying Ψ(0) = Ψ(L) = 0. In the Hamiltonian, m is the effective
mass, μ0 sets the filling with (Note that, in view of the finite size of the system, we also
impose kF = nFπ/L, with nF a positive integer.) kF =

√
2mμ0, Δ the strength of the

p-wave superconducting pairing and τi (i = 1, 2, 3) are the Pauli matrices. For future use,
we also introduce τ0 as the 2X2 identity matrix. Finally, we set

μ1(x) = −B cos(2kFx + ϕ), (3)

with the phase ϕ kept as a free parameter. Here, μ1(x) is a periodic potential that can
emerge due to external gates [68] or via a coupling to the phonons [69]. The parameter B
parametrizes the strength of the term, while the phase ϕ, which is clearly an irrelevant
parameter when periodic boundary conditions are imposed, becomes essential in the case
of open boundary conditions. The manipulation of the phase ϕ can be envisioned if μ1(x)
is due to external finger gates [68]. In this case, the spatial variations of the potential can
be fully manipulated.

The energy spectrum and the wavefunctions are evaluated via a numerical exact
diagonalization procedure, which consists of expanding the eigenfunctions ψν(x) of the
Hamiltonian on the basis of the states of a free particle in a infinite 1D box of length L

ψν(x) =

√
2
L ∑

n
sin
(nπx

L

)
cn(ν) (4)

and diagonalizing the associated matrix of the Hamiltonian on this basis. This allows us to
obtain the energy spectrum Eν and the weights cn(ν) of the eigenfunctions of the problem.
It is here worth mentioning that since we adopt the Bogoliubov–de Gennes formalism, we
artificially double the spectrum by introducing a redundant chiral symmetry, and hence
only half of the eigenfunctions of the Hamiltonian matrix have physical meaning. Indeed,
by only taking the positive energy eigenstates, one recovers the correct excitation spectrum.
The diagonalization is performed in Mathematica (TM) and up to 450 box states per BdG
sector are employed depending on the values of B and Δ, to ensure numerical convergence
with a relative error δ � 10−3 on the energy spectrum.

2.2. Tamm States

We begin our analysis by considering the case Δ = 0.
Figure 1 shows the energy spectrum for different values of the strength B and

different phases ϕ. As a general feature, we observe that, for B �= 0, the periodic potential
opens a gap at zero energy—where the chemical potential is set. Secondary gaps can
occur when the amplitude B becomes large, B � μ0. This additional gap, visible in Figure
1a for ν ∼ 150, opens, having in mind periodic boundary conditions and a folded scheme
for taking into account the periodic perturbation, at k = 0. For the same magnitudes of
B, an additional feature appears for small ν (see the blue and red curves). This is due to
the change in nature of the lowest energy states, which, for B > μ0, are dominated by the
periodic potential. Comparing Figure 1a,b, one can observe that for almost all the states,
the overall shape of the energy spectrum depends weakly on the phase ϕ, being almost
insensitive to it for E � μ0. However, inspecting the case ϕ = π/2, one can observe that a
zero-energy mode occurs within the gap, which suggests that the low-energy sector of
the spectrum may exhibit a more pronounced dependence on ϕ.

To check this fact, Figure 2a shows the behavior of the first eight eigenstates with
Eν ≥ 0 as a function of ϕ for the representative case of B = μ0/2. As one can clearly see,
the lowest energy state exhibits a quite dramatic dependence on the phase, becoming a
zero mode for ϕ = (2p+ 1)π/2 with p an integer. The wavefunction of such a zero-energy
state is shown for ϕ = π/2 in Figure 2b and it corresponds to a localized state, which, in
this context, is usually referred to as a Tamm state. Such a state is respectively localized
either at the right (ϕ = π/2 + 2πp) or at the left (ϕ = 3π/2 + 2πp) edge of the system.
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Such a Tamm state is starkly different from the delocalized states obtained at ϕ = πp,
which extend over the entire length of the system; see the representative example reported
in Figure 2c for the case ϕ = 0. In general, for ϕ �= πp, a bound state within the gap
always occurs, possibly with a nonzero energy and a larger localization length.

Figure 1. Plots of the energy spectrum for different values of the amplitude of the periodic potential: B = 0 (black);
B = μ0/2 (green); B = μ0 (blue); B = 2μ0 (red). The case ϕ = 0 is shown in panel (a) for the first 200 eigenstates, while
ϕ = π/2 in panel (b) for the first 100 eigenstates.

Figure 2. Plot of Eν/μ0 for 0 ≤ ν ≤ 7 (from black to red) as a function of ϕ (panel a) and probability density of the ν = 0
state |ψ0(x)|2 (units L−1) as a function of x for ϕ = π/2 (panel b) and ϕ = 0 (panel c). In all panels, the amplitude of the
periodic potential is set at B = μ0/2.

2.3. Majorana States

The regime B = 0 with Δ �= 0 is more known since it represents the paradigmatic
model that hosts Majorana bound states: even in this case a gap opens around the chemical
potential and a fermionic zero-energy mode appears in the spectrum.

The BdG wave function corresponding to this fermionic state is significantly nonzero
close to both ends of the segment (see Figure 3). Formally, one can interpret this nonlocal
fermionic state as two local Majorana states, each one localized close to one end only. This
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is obviously meaningful only when the localization length is smaller than the length of
the system.

Figure 3. Probability density of the zero-energy Majorana state |ψ0(x)|2 (units L−1) as a function of
x for B = 0 and Δ = μ0/2.

2.4. Competition between Tamm and Majorana States

Let us now address the case when both B and Δ are nonzero and thus the two
gaps induced by the oscillating potential and by the p-wave pairing compete. We are
particularly interested into the interplay between the two (qualitatively different) localized
Tamm and Majorana states, and thus we set from now on ϕ = π/2 to achieve the most
dramatic effects. Indeed, ϕ = π/2 corresponds to a maximally localized Tamm state. As a
general feature, we find that in this case, for any value of B, Δ a zero-energy mode occurs.

Figure 4a–e shows the probability amplitude |ψ0(x)|2 of this zero-energy mode for
B = μ0/4 and increasing values of the superconducting pairing. As Δ is increased from
zero, the localized state broadens (see panel (b)). However, when Δ = B (see panel (c)),
a peculiar phenomenon occurs: the former Tamm state gets sharper once again while
the wavefunction in the rest of the system becomes nonzero and with a flat envelope.
When Δ > B (see panel (d)), a second localized state develops. Finally, when Δ � B, the
wavefunction tends to recover a symmetric shape localized at both ends of the system.

To better understand what is going on, we study the spectral weight w(n, E) =
|cn[ν(E)]|2, shown as a density plot as a function of the box state index n and the energy
E in Figure 5 for energies around E = 0. (Note that due to the finite size of the system,
the spectrum is always discrete and a binning of the energies has been performed to
produce the plots.) In general, this tool allows us to get a glimpse of the structure of
the energy spectrum of the system. Indeed, panel (a) shows, as a warm-up, the case
B = Δ = 0. As one can see, the spectral weight is sharply peaked on one box state per
energy value and the yellow traces faithfully reproduce the energy spectra of the particle

(E > 0) and hole (E < 0) sectors of the BdG picture for the Hamiltonian H = p2

2m − μ0.
Panel (b) shows the situation for B = μ0/4 and Δ = 0, when a Tamm state occurs. The
energy gap is clearly visible and the blurry feature at E = 0 is the spectral representation
of the Tamm state, whose amplitude is smeared across many delocalized box states in
order to produce a state localized in space. The situation is somewhat similar for Δ > B—
see panel (d)—again consistent with the picture of a wavefunction with sharp peaks
at the system ends. However, the situation for B = Δ, shown in panel (c), is peculiar.
At this transition point, the spectrum is gapless and exhibits two linear modes around
E = 0. Thus, the zero-energy mode is embedded into a gapless spectrum, and yet it still
represents a bound state.

To summarize our findings so far, even though a gap closing is present at the level of
the bulk spectrum, bound states can exist for every value of B and Δ. However, assessing
the nature of such bound states (Tamm- or Majorana-like) is not a trivial affair in the
context of the full quadratic model, which can only be solved numerically. A notable
exception is represented by the point ϕ = 0. In that case, indeed, no Tamm state is present
and a bound state is necessarily a Majorana state. However, the general case needs further
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inspection. In order to tackle this problem and provide an answer, we now proceed with
development of an analytically solvable low-energy model that is able to capture all of
the features described so far.

Figure 4. Probability density of the zero-energy state |ψ0(x)|2 (units L−1) as a function of x for
different values of the p-wave pairing strength: Δ = 0 (a); Δ = B/2 (b); Δ = B (c); Δ = 2B (d);
Δ = 8B (e). In all panels, B = μ0/4 and ϕ = π/2.
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Figure 5. Density plot of the spectral weight w(n, E) (see text) as a function of the index n labeling
the eigenstates of a particle in a box of length L and energy E (units μ0) for different values of B and
Δ: B = Δ = 0 (a); B = μ0/4, Δ = 0 (b); B = Δ = μ0/4 (c); B = μ0/4, Δ = 2B (d).

3. Effective Low-Energy Model

3.1. Linearization

To develop an effective, low-energy model valid around the chemical potential, we
consider a linear dispersion relation instead of the quadratic one. This is meaningful
as long as μ0 is the largest energy scale involved [70–72]. In detail, we approximate the
fermionic operator as [73–76]

ψ(x) � eikF xψR(x) + e−ikF xψL(x), (5)

with ψR,L(x) fermionic operators for right- or left-moving electrons. In particular, using
the particle-in-a-box states, one can write

ψR(x) =
−i√
2L

∞

∑
n=−∞

einπx/Ldn+nF , (6)

and ψL(x) = −ψR(−x) ensuring, together with the 2L periodicity of the fields, that open
boundary conditions ψ(0) = ψ(L) = 0 are satisfied. Here, the fermionic operators dn are
associated to the nth eigenstate of a particle in a box. Note that, as an approximation,
the sum is here extended to all integers and, consequently, a slight notation abuse has
been adopted, having defined the operators dn for all the integer values n. This approxi-
mation scheme is always performed when discussing the bosonization procedure, and is
discussed, for example, in [77].

The kinetic energy is then approximated with KL

KL = vF ∑
n

nπ

L
dn+nF =

∫ L

0

[
ψ†

R(x)(−ivF∂x)ψR(x) + ψ†
L(x)(ivF∂x)ψL(x)

]
dx, (7)

with vF = (πnF)/(mL) representing the Fermi velocity.
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In order to write the full Hamiltonian within the linear approximation, it is useful to
introduce the enlarged BdG spinor

ΨA(x) = (ψR(x), ψL(x), ψ†
L(x),−ψ†

R(x))T . (8)

By imposing that μ0 is the largest energy scale (we indeed neglect terms proportional
to 1/L with respect to terms proportional to kF), we finally get the approximate form for
the Hamiltonian

H � 1
2

∫ L

0
Ψ†

A(x)HA(x)ΨA(x)dx, (9)

with
HA(x) = −ivF∂xτ3 ⊗ τ3 + Bτ0 ⊗ (cos(φ)τ1 + sin(φ)τ2) + Δτ1 ⊗ τ0. (10)

In order to interpret the boundary conditions and the peculiar effects that they may
have on the bound states, it is useful to think in the following way. Consider a pair of
chiral fermions χR(x) and χL(x), independent from each other and organized in the BdG
spinor X(x) = (χR(x), χL(x), χ†

L(x),−χ†
R(x))T , defined on the whole real axis, and with

Hamiltonian

Hχ =
1
2

∫ +∞

−∞
dx X†(x)[HA(x) + M(x)]X(x) , (11)

where we have introduced a localized backscattering potential

M(x) = m0[δ(x)− δ(x − L)]τ2, (12)

with m0 the backscattering strength. It can be easily shown in the limit m0/vF → ∞
that the wavefunctions in the region 0 < x < L become disconnected and acquire the
boundary conditions χL(0) = −χR(0), χL(L) = −χR(−L) [78–80]. The Schr’́odinger
problem associated to Hχ, when considered for 0 < x < L and when m0/vF → ∞, is
hence perfectly equivalent to the one related to H in Equation (9).

The advantage in resorting to Hχ is conceptual, since it allows to give a simple inter-
pretation to the results described in the previous section. Indeed, from a physical point
of view, Hχ is equivalent to the Hamiltonian of a quantum spin Hall liquid gapped by
both superconductivity, with gap Δ, and a magnetic mass pointing in the direction given
by φ in the presence of two strong backscattering centers with opposite magnetization
localized at x = 0, L.

3.2. Qualitative Interpretation of the Results

The first insight into the results comes from the computation of the spectrum as
obtained by neglecting the presence of boundaries. If we consider the Hamiltonian H∞
given by

H∞ =
1
2

∫ ∞

−∞
Ψ†

A(x)HA(x)ΨA(x)dx, (13)

where the operators are now being defined, with a slight abuse of notation, on the whole
real axis, one can obtain the energy spectrum. The spectrum is promptly found to be

εj(k) = ±
√

v2
Fk2 + Δ2 + B2 + (−1)j2ΔB with j ∈ {1, 2} and is shown in Figure 6.

As can be seen, the spectrum is always gapped for all B > 0, Δ > 0 except for B = Δ—
see panel (b)—where ε1(k) is gapless. The phase space point B = Δ marks a quantum
phase transition where the gap changes from magnetic (B > Δ) to superconducting
(B < Δ). However, it is crucial to notice the presence of a secondary gap of magnitude
B + Δ in ε2(k), which is always present for every B > 0, Δ > 0. Notice also the qualitative
similarity between these spectra and the spectral features found in the quadratic model
substantiating the validity of the linear approximation at low energies, compared to μ0.
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Figure 6. Plot of εj(k) (units vF/L) as a function of k (units π/L) for: B = 3vF/L, Δ = 0 (a);
B = 3vF/L, Δ = 3vF/L (b); B = 3vF/L, Δ = 6vF/L (c). In all panels, red lines represent ε2(k);
black lines correspond to ε1(k).

Turning to the inspection of bound states, it is crucial to observe that the addition
of a confining term proportional to m0 produces a magnetic gap in the spectrum. It
is well known [81] that in the superconducting dominated regime (B < Δ), Majorana
bound states appear at the boundaries of the system. However, in the opposite case,
when B > Δ the situation is more subtle, as this model would implement the physics of
so-called Goldstone–Wilczek fractional solitons [62]. Since this regime is adiabatically
connected to Δ = 0, in order to build some physical intuition, one can refer to the case in
which superconductivity is absent. The system is then equivalent to a quantum spin Hall
liquid, in the absence of superconductivity, gapped by two magnets of equal strength at
x = 0, L and characterized by different magnetization angles: it hence hosts bound states.
Assuming the decay length of these bound states to be shorter than the system size L,
the two bound states are essentially independent, and thus it is sufficient to concentrate
on a single boundary to capture the relevant physics.

3.3. Linear Model with One Boundary and Δ = 0

We thus inspect a simpler linear model in the regime Δ = 0, L → ∞ considering the
bound state localized around x = 0. Its wavefunction ψm(x), that since superconductivity
is now absent (Δ = 0), has only the two right- and left-moving components, can be easily
obtained and reads

ψm(x) =
√

m
2vF

sin(φ)(−1, 1)Te
m
vF

sin(φ)x. (14)

The solution is only acceptable (normalizable) for π < φ < 2π. The corresponding
energy is ε0 = −m cos(φ). Note that for φ = 3π/2 the state, mimicking the Tamm state
of the quadratic model, is at zero energy. The scenario just derived perfectly agrees
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with the behavior of the left boundary of the quadratic model, although in that case
the wavefunction in Equation (14) by means of Equation (5) has one component only,
and is rebuilt from the condition in Equation (5). Moreover, in the quadratic model,
the unphysical particle–hole symmetry of the Bogoliubov–de Gennes equation is present
while here the redundancy [82,83] is not needed since superconductivity is not present.
Hence, we have a single bound state instead of two at opposite energies.

The addition of a second physical boundary at x = L produces effects that can
be now easily understood by leveraging on the single boundary case just discussed.
Indeed, the bound state at the boundary at x = L is present when sin(φ) > 0—that is,
for 0 < φ < π—when the bound state is absent at x = 0. Such exponentially increasing
solution is admissible due to the added barrier at x = L—which prevents the divergence
of the wavefunction—and its decay through the dot. This again is perfectly compatible
with the results of the quadratic model discussed in Section 2.

A final comment for this section is the behavior at φ = 0, π. For those values of the
angle, the energy of the bound state reaches the bulk bands and the bound state becomes
delocalized, and hence, effectively, disappears.

In the following, we will concentrate on the case in which the bound state is maxi-
mally localized around x = 0—that is, for φ = 3π/2.

3.4. The Wavefunction of the Bound State for ϕ = 3π/2

A further interesting behavior of the bound state found within the quadratic model
is the fact that, when present, it does not become completely delocalized at the quantum
phase transition B = Δ. To confirm that this fact occurs also within the linearized
model, we here report the BdG expression of the wavefunction ψ0(x) of the bound
state characterizing the linearized model in Equation (9), together with the condition in
Equation (5), for φ = 3π/2 and arbitrary B > 0, Δ > 0. We find

ψ0(x) = (u(x), v(x))T , (15)

where

u(x) =eikF xχ0(x)− e−ikF xχ0(−x),

v(x) =eikF xξ0(x)− e−ikF xξ0(−x),

χ0(x) =
[(

Δ − B
Δ + B

sinh [L(Δ + B)/vF]

sinh [L(Δ − B)/vF]

Δ + B
4vF

e−2ΔL/vF

1 − e−2(Δ+B)L/vF

)1/2

e(Δ−B)x/vF+

+

(
Δ + B

4vF

1
1 − e−2(Δ+B)L/vF

)1/2

e−(Δ+B)x/vF

]
Θ(x)+

+

[(
Δ − B
Δ + B

sinh [L(Δ + B)/vF]

sinh [L(Δ − B)/vF]

Δ + B
4vF

e−2ΔL/vF

1 − e−2(Δ+B)L/vF

)1/2

e−(Δ−B)x/vF+

+

(
Δ + B

4vF

1
1 − e−2(Δ+B)L/vF

)1/2

e(Δ+B)x/vF

]
Θ(−x)

ξ0(x) =
[(

Δ − B
Δ + B

sinh [L(Δ + B)/vF]

sinh [L(Δ − B)/vF]

Δ + B
4vF

e−2ΔL/vF

1 − e−2(Δ+B)L/vF

)1/2

e(Δ−B)x/vF+

−
(

Δ + B
4vF

1
1 − e−2(Δ+B)L/vF

)1/2

e−(Δ+B)x/vF

]
Θ(x)+

+

[(
Δ − B
Δ + B

sinh [L(Δ + B)/vF]

sinh [L(Δ − B)/vF]

Δ + B
4vF

e−2ΔL/vF

1 − e−2(Δ+B)L/vF

)1/2

e−(Δ−B)x/vF+

−
(

Δ + B
4vF

1
1 − e−2(Δ+B)L/vF

)1/2

e(Δ+B)x/vF

]
Θ(−x).
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Both the particle and the hole components u(x) and v(x) are characterized by a
profile that is peaked around the edge, even at the transition point B = Δ.

This case is shown in Figure 7, where a plot of |u(x)|2 and |v(x)|2 is reported for
B = Δ: one can clearly notice that, although the wavefunction is sharply localized at x = 0,
it does not completely decay exponentially to zero at the transition point. This fact is in
excellent agreement with the results obtained in the full quadratic model. As apparent
from the analytical form of the wavefunction, this fact is due to the presence of the B + Δ
energy scale.

Figure 7. Plot of the probability amplitude of particle and hole components of the zero-mode wavefunction (units L−1) as a
function of x: |u(x)|2 (a); |v(x)|2 (b). Here, B = Δ = 30vF/L and kF = 30π/L.

A natural question hence arises: are the Majorana zero modes, in the superconducting-
dominated phase B < Δ, influenced by the persistence of the Tamm state across the
quantum phase transition?

4. Majorana Polarization

The Majorana polarization PM [64] is a quantity that has been proposed in order to
discriminate between Majorana fermions and other types of Andreev bound states. We
now evaluate the Majorana polarization associated to the state ψ0(x), defined as

PM =
NL
DL

, (16)

where

NL =
∫ L/2

0
2u(x)v(x)dx; DL =

∫ L/2

0
|u(x)|2 + |v(x)|2dx. (17)
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This absolute value of PM is close to one (in the large gap limit) if the bound state is a
Majorana bound state, while it reaches different values for regular Andreev bound states,
which allows us to assess the character of ψ0(x). In the case under examination, we find

PM =

{
L2k2

F +
[

L(B−Δ)
vF

]2
}[

1 + e
L(B−Δ)

vF

]
−
{

L2k2
F +

[
L(B+Δ)

vF

]2
}[

1 + e−
L(B−Δ)

vF

]
{

L2k2
F +

[
L(B−Δ)

vF

]2
}[

1 + e
L(B−Δ)

vF

]
+

{
L2k2

F +
[

L(B+Δ)
vF

]2
}[

1 + e−
L(B+Δ)

vF
)
] . (18)

Looking at the previous expressions, two limiting cases can be extracted. For B = 0,
one finds PM = tanh

(
LΔ
vF

)
, with PM → 1 when Δ → ∞. For Δ � B (and μ0 >> B), we

find PM → − 2BΔ
μ2

0
, and thus PM → 0−. From the point of view of the Majorana polariza-

tion, we hence have that, in the phase dominated by the magnetic field, the Majorana
polarization is small, while it approaches, in modulus, the unity in the large gap limit.
A transition takes place for B � Δ. However, such a transition does not happen at the
exact value of the gap closing, even for L → ∞, that is B = Δ. This behavior of PM shows,
despite the fact that the Majorana phase indeed hosts polarized Majorana fermions, that
a reminiscence of the Tamm state is, however, present—and visible—for B = Δ.

The Majorana polarization is shown in Figure 8.

Figure 8. Plot of the Majorana polarization PM as a function of Δ/B for kF = 30π/L and B = 30vF/L.

5. Conclusions

In this work, we have characterized a simple model for a finite-size, one-dimensional
topological superconductor in the presence of a competing normal gapping mechanism
arising from a position-dependent potential. The first part of the article deals with
the numerical inspection of the model. We find that the model has two phases: one
characterized by Majorana fermions at both ends, and the other by, at most, a single
Tamm bound state localized at one side. The energy of the bound state, when present,
strongly depends on the phase of the position-dependent potential. Surprisingly, we find
that the wavefunction of the bound state remains strongly peaked close to the edges, even
at the gap closing point separating the two phases. In the second part of the article, we
develop an exactly solvable model for interpreting the results of the first part. Finally,
in the last section, we evaluate the Majorana polarization for a fully developed bound
state of the model and show that, despite the fact that the Tamm state is not completely
delocalized at the transition point, deep in the superconducting phase, the Majorana
bound states are not strongly affected by the position-dependent potential.
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Abstract: The existence and physical properties of topological excitations in ferroelectrics, especially
mobile topological boundaries in one dimension, are of profound interest. Notably, topological
excitations emerging in association with the neutral–ionic (NI) phase transition are theoretically
suggested to carry fractional charges and cause anomalous charge transport. In recent years, we
experimentally demonstrated mobile topological excitations in a quasi-one-dimensional (1D) fer-
roelectric, tetrathiafulvalene-p-chloranil [TTF-CA; TTF (C6H4S4) and CA (C6Cl4O2)], which shows
the NI transition, using NMR, NQR, and electrical resistivity measurements. Thermally activated
topological excitations carry charges and spins in the NI crossover region and in the ionic phase
with a dimer liquid. Moreover, free solitons show a binding transition upon a space-inversion
symmetry-breaking ferroelectric order. In this article, we review the recent progress in the study
of mobile topological excitations emerging in TTF-CA, along with earlier reports that intensively
studied these phenomena, aiming to provide the foundations of the physics of electrical conductivity
and magnetism carried by topological excitations in the 1D ferroelectric.

Keywords: topological excitation; domain wall; soliton; neutral–ionic transition; electronic
ferroelectric

1. Introduction

The concept of topology has opened a new window in condensed matter physics
for identifying novel electronic states and phenomena [1–6]. Among them, boundaries
dividing topologically different phases, such as surfaces for three-dimensional (3D) systems
and edges for two-dimensional systems, are intensively researched fields, where peculiar
electronic states emerge, such as gapless surface bands [6]. In the studies to date, how-
ever, the topological boundaries are built-in systems and remain static. If the topological
boundaries are mobile, they are expected to offer new degrees of freedom and open a new
phase in the development of topological condensed matter physics. In one-dimensional
(1D) systems, the boundaries are in the form of zero-dimensional (0D) points, which can be
regarded as a kind of particle and therefore have the potential to be mobile, unlike surfaces
and lines in higher dimensions. The representative example of topological excitation in 1D
systems is a soliton emerging in a conducting polymer, polyacetylene, in which the charged
solitons are responsible for high electrical conductivity [3].

Interestingly, the 1D electronic ferroelectric, in which charge, spin, and lattice degrees
of freedom are strongly entangled, is suggested to host the solitons as elementary excita-
tions carrying a fractional charge and unusual conducting properties. The neutral–ionic
(NI) transition material tetrathiafulvalene-p-chloranil (TTF-CA), which is a quasi-1D fer-
roelectric, has long been argued to be a promising candidate for the emergence of such
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topological excitations [7–15]; however, the existence and physical properties of thermally
excited solitons as suggested theoretically remain elusive. Recently, experimental studies
on topological excitations in the NI transition system have made remarkable progress
because the phase diagram, revisited with experiments performed in a regime with higher
pressure than ever, has proved to have features that can host topological excitations at high
temperatures [16–19]; more specifically, the mobile topological spin and charge excitations,
namely, spin solitons and the neutral–ionic domain wall (NIDW), are captured by nuclear
magnetic resonance (NMR) and electrical resistivity measurements. Such excitations lead
to a novel mechanism of electrical conduction. Moreover, the solitons show a binding
transition upon the long-range ferroelectric order, which is a unique phenomenon that has
never been observed in conducting polymers.

In this review article, we report the recent progress in the physics of mobile topological
excitations in TTF-CA. In Section 2, we briefly introduce the fundamental properties of
the NI transition material TTF-CA and the concept of topological excitations emerging in
this system. In Section 3, we describe the pressure–temperature (P-T) phase diagram of
TTF-CA revisited by nuclear quadrupole resonance (NQR) and highlight high-temperature
characteristics revised from an earlier report. In Section 4, we review the experimental
studies on electrical conductivity and magnetism brought about by mobile topological
excitations in TTF-CA; the paramagnetism carried by mobile spin solitons (Section 4.1); the
anomalous charge transport caused by mobile NIDWs and solitons (Section 4.2); and the
binding transition of solitons upon the space-inversion symmetry-breaking ferroelectric
order (Section 4.3). In Section 5, we summarize this review.

2. Topological Excitations in Neutral–Ionic Transition Systems

2.1. Neutral–Ionic Transition Material TTF-CA

The quasi 1D donor–acceptor (DA) complex, TTF-CA, is a strongly charge–spin–lattice
coupled system, which is the representative NI transition material [20–30]. Molecular
arrangements in TTF-CA are shown in Figure 1a,b. The TTF and CA molecules alternatingly
stack face-to-face along the a-axis, forming 1D chains. At ambient temperature and pressure,
TTF-CA is in a quasi-neutral (N) state; the highest occupied molecular orbitals (HOMOs) of
the donor molecule, TTF, and the acceptor molecule, CA, are doubly occupied by electrons.
Upon cooling, the system transitions to a quasi-ionic (I) state at 81 K with an electron
transfer from the HOMO of TTF to the lowest unoccupied molecular orbital (LUMO) of CA
due to the Madelung energy gain (see Figure 2) [21,23]. The Madelung energy incorporates
long-range Coulomb interactions between all of the molecules in the crystal, and thus, the
charge transfer upon the NI transition is a collective phenomenon. The N and I phases
are characterized by the degree of charge transfer ρ defined by D+ρA−ρ: ρN ~ 0.3 in the N
phase and ρI ~ 0.6–0.7 in the I phase [24,31–35]. The partial charge transfer from TTF to CA
is due to the hybridization of the molecular orbitals between them.

Figure 1. Molecular arrangements in the ac plane (a) and bc plane (b) in the neutral phase of TTF-CA.
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Figure 2. Pressure–temperature phase diagram of TTF-CA. Black open circles (sample #1) and trian-
gles (sample #2) represent the phase transition temperatures Tc determined by the NQR experiments
in [16]. Red open squares represent Tc determined by the NQR and neutron experiments in [36].
Reprinted with permission from [16]. Copyright 2018, American Physical Society. Schematics in
the sides of the central panel depict the electron configurations in space and energy in TTF and
CA molecules; red and blue clouds represent the hole and electron densities in HOMO of TTF
and LUMO of CA by color intensity. Reprinted with permission from [18]. Copyright 2019, The
Authors, some rights reserved; exclusive licensee AAAS. Distributed under a CC BY-NC 4.0 License
(http://creativecommons.org/licenses/by-nc/4.0/ (accessed on 15 November 2021)).

Lattice dimerization is caused in the charge-transferred I phase due to the Peierls or
spin-Peierls instability inherent in 1D systems [25,37–39]. Thus, the 1D dimerized chains are
polarized, which show a long-range ferroelectric order in the I phase. The ferroelectricity
in TTF-CA is of keen interest because the charge transfer coupled with the dimerization
yields electronic ferroelectricity [40–43], which can be described by a modern ferroelectric
theory in the framework of a Berry phase [44–47].

The charge transfer upon the NI transition generates an S = 1/2 spin on each molecule
in the I phase, but the spins form singlet pairs due to the dimerization. Thus, TTF-CA is a
nonmagnetic insulator in both the N phase and ionic ferroelectric (Iferro) phase at ambient
pressure: a band insulator with a closed-shell structure in the former phase and an ionic
Mott insulator with a spin-singlet formation in the latter phase. In the following sections,
we review studies showing that the entanglement of charge, spin, and lattice degrees of
freedom brings about emergent excitations with topological character in TTF-CA.

2.2. Types of Topological Excitations in Neutral–Ionic Transition Systems

The concept of topological excitations in the NI transition systems was theoretically
proposed in the 1980s [7,48,49] as defects that emerge in between domains of degenerate
ground states and thus are activated near the region where more than two phases compete.
In the NI transition system of TTF-CA, the N and Iferro phases are degenerate near the
NI phase boundary due to the coupling between charge-transfer and lattice instabilities,
as mentioned in Section 2.1. Moreover, two opposite polar patterns (denoted by IA and
IB in Figure 3) are degenerate in the Iferro phase. Thus, it is theoretically proposed that
neutral–ionic domain walls (NIDWs) reside in between the N and IA (or IB) domains, and
spin and spinless solitons are located in between the IA and IB domains (see Figure 3).
The spinless soliton is often called a charge soliton, which corresponds to a single neutral
molecule sandwiched by two NIDWs. The difference between spin and charge solitons
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comes from the number of electrons that occupy the molecular orbital of the soliton site; for
the spin soliton, the HOMO of D or the LUMO of A is occupied by one electron, whereas,
for the charge soliton, the HOMO of D is fully occupied or the LUMO of A is empty. The
topological nature of these excitations is expressed based on the phase Hamiltonian in [7,10].
Physically, phases of charge, spin, and lattice modulations have discontinuities at the NI
domain walls, spin solitons, and charge solitons; these discontinuities that are characterized
by topological charge or spin are robust and cannot annihilate without pair collision. These
excitations have fractional charges: e(ρI − ρN)/2 for the NIDW, e(1 − ρI) for the spin soliton,
and −eρI for the charge soliton, where e is the elementary charge. Remarkably, the NIDW
is freely mobile near the NI boundary where the N and I states are degenerate, and its
excitation energy is lowered due to the itinerant nature, attributed to the large transfer
integral along the 1D direction [48]. Thus, NIDWs can be low-energy excitations in NI
transition systems uniquely and are expected to yield unconventional charge transport that
differs from that of individual electrons, as theoretically suggested [7,9,10]; note that both
the NIDW (or charge soliton) and spin soliton are necessary for carrying a steady electrical
current, the mechanism of which is briefly explained in Section 4.2.

Figure 3. Topological excitations in neutral–ionic phase transition systems. ρNIDW, ρSS, and ρCS

are topological charges of a NI domain wall, a spin soliton, and a charge soliton, respectively.
ρN and ρI represent the degree of charge transfer from HOMO of TTF and LUMO of CA in the
neutral and ionic phases, respectively. Modified with permission from [18]. Copyright 2019, The
Authors, some rights reserved; exclusive licensee AAAS. Distributed under a CC BY-NC 4.0 License
(http://creativecommons.org/licenses/by-nc/4.0/ (accessed on 15 November 2021)).

In the past, these topological boundaries were observed as frozen defects in the
ferroelectric phase and its vicinity. The spin solitons were detected in the Iferro phase
at ambient pressure by ESR measurements [11,50], which were generated in the multi-
domain structure of the Iferro phase (the typical ferroelectric domain size was reported to
be ~100 μm [51]) when cooled below the transition temperature Tc. Thus, they behave as
frozen defects, not thermally activated, in the 3D ferroelectric order. The density of the
thus-generated spin soliton was estimated to be ~10−4 spins per molecule from the absolute
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value of spin susceptibility, which is extremely dilute. The emergence of charge solitons was
suggested by dielectric measurements [15,50], which found an anomalous enhancement of
the dielectric constant in the Iferro phases with a characteristic frequency dependence in a
frequency range below ~MHz. It was attributed to the motions of charge solitons. Enhanced
dielectric constants in an analogous material, TTF-QBrCl3, are suppressed by electric-field
poling, which varies the density of frozen charge solitons in the ferroelectric phase [50],
indicating the involvement of domain boundaries in enhanced dielectric constants.

In the N phase near the NI transition temperature, fluctuating I domains sandwiched
by two NIDWs with charges of opposite signs were detected [52,53]. Their motion is
suggested to contribute to the enhancement of dielectric constants in the N phase [15],
as with the charge solitons in the Iferro phase. Moreover, the NIDW motion also pertains
to the photoinduced phase transition (PIPT) of TTF-CA, which has long attracted much
attention as a prototypical system of PIPT [29,54–58]. The N and I phases can be switched
by photoirradiation; recent studies have shown that the electric polarization is controllable
using the THz electric-field pulse, causing the displacement of the NIDW [53,59].

Regarding the charge transport, intriguing phenomena have been observed [12,14];
the two-terminal resistivity decreases around the NI transition under ambient pressure in
TTF-CA despite the fact that the system is an insulator in both the N and Iferro phases, which
evokes some unconventional conduction mechanism. However, this decrease is not due to
the NIDW or soliton conduction, as was demonstrated by resistivity measurements under
the electric-field control of the soliton density in the TTF-QBrCl3 mentioned above [50]; the
electrical conductivity increases when the soliton density is suppressed, possibly suggesting
that the soliton is the carrier scatterer, rather than the charge carrier.

Why has the topological charge transport been experimentally elusive in the NI transi-
tion system? This is very probably because the 3D long-range ferroelectric order prohibits
the travel of NIDWs and solitons at ambient pressure (although the displacement current
flows due to their transient motions). Thus, if NIDWs are activated in the nonordered para-
electric regime, they may travel and carry a charge current. As reported in Sections 3 and 4,
we demonstrated anomalous charge transport by topological excitations under pressures
where the N phase and the I phase free from the dimer order, which we call the para-
electric ionic (Ipara) phase, are temporally fluctuating. Moreover, in the 3D ferroelectric
ordered (Iferro) phase, instead of frozen solitons, we revealed that bound pairs of solitons
are responsible for charge and spin excitations.

3. Revisited Pressure–Temperature Phase Diagram of TTF-CA

3.1. Previous Phase Diagram

In this section, we describe the physical properties of TTF-CA under pressure. First, we
summarize under-pressure studies conducted earlier in TTF-CA using neutron scattering,
X-ray diffraction, NQR, optical spectroscopy (using infrared and visible light), dielectric,
and electrical conductivity measurements [22,36,60–62]. The NI transition occurs simul-
taneously with the dimerization transition under pressures of up to ~7 kbar, as detected
by NQR and neutron scattering measurements (Figure 2); with increasing pressure, the
phase transition temperature, Tc, shows a continuous increase, and the jump in the degree
of charge transfer ρ is diminished. Upon a pressure sweep at room temperature, DA dimer-
ization is detected at high pressures by infrared spectroscopy measurements, which show
that the intensity of the ag mode of the CA molecule, which is sensitive to DA dimerization,
is rapidly enhanced above 8 kbar and reaches a maximum at 11 kbar [27,63,64]. X-ray scat-
tering showed an anomalous lattice-parameter change in the a-axis direction at pressures
of 6.5–11 kbar at 300 K that deviated from the pressure evolution in the lattice parameter in
the N and I phases [62]; thus, a ferroelectric transition at 11 kbar was inferred. The electrical
conductivity measured by the two-terminal method exponentially increases with pressure
and exhibits a peak at ~9 kbar [12,14], which is almost located on the extrapolation of the
NI transition line determined by NQR and neutron scattering at lower pressures below

58



Symmetry 2022, 14, 925

7 kbar. Thus, the inclined NI transition line between the N and Iferro phases is likely to be
in the P-T phase diagram.

On the other hand, the temperature profiles of NQR and neutron diffraction data near
7 kbar suggest that the charge transfer may be separated in temperature from that of the
symmetry-breaking dimerization transition [22,36]. In addition, the dielectric constant
exhibits two-step changes upon cooling at pressures P < 9 kbar coincidentally at the temper-
atures of the charge transfer and the lattice symmetry breaking determined by the neutron
and NQR measurements. These features signify that some change occurs in the system
prior to the long-range dimer order; possibly, the charge-transfer transition line is separated
from the dimerization transition line on the phase diagram. This bifurcation indicates the
existence of a non-dimerized paraelectric ionic (Ipara) phase between the two lines (charge
transfer and dimer order). We note that the above-mentioned ag-mode activation does not
necessarily entail the long-range order of dimerization, as discussed later. Moreover, it was
predicted that the charge-transfer transition line has a critical endpoint because the charge
transfer transition itself is not accompanied by lattice symmetry breaking [22,36,61,65].
As mentioned in Section 2.2, if the Ipara phase is stabilized, there appears to be room for
the emergence of topological charge transport, which is immobile in the 3D ferroelectric
dimer order, in the vicinity of the boundary between the N and Ipara phases. However,
experiments with varying temperatures were only limited to below 9 kbar [22,36,60]. Thus,
further investigations at higher pressures are awaited.

3.2. Revisited Phase Diagram: Ionic Paraelectric Phase Hosting Dimer-Liquid State

To clarify the existence of the Ipara phase, we conducted a 35Cl-NQR measurement,
which is a microscopic probe of the charge and lattice states, on the polycrystalline TTF-CA
under zero magnetic field in an extended pressure range up to 35 kbar [16]. We used
Daphne 7373 (for P < 20 kbar) and 7474 (for 20 < P < 35 kbar) oils as the pressure media.
The NQR frequency is proportional to the electric-field gradient at the 35Cl nuclear position
in a CA molecule, which is determined by the local charge distribution. As demonstrated by
earlier NQR experiments, the charge transfer and lattice dimerization are directly signified
by the profile of NQR lines [22,36,66,67]; the charge transfer is captured by the shift of the
center of gravity of the lines due to the change in the molecular charge, and the lattice
dimerization is indicated by line splitting due to the loss of the inversion center on the
CA molecule.

At ambient pressure, we observed two 35Cl NQR spectra above Tc, arising from the two
inequivalent Cl sites in each CA molecule (all of the CA molecules are crystallographically
equivalent in the N phase [37]). Because both spectra show similar behaviors in response
to temperature variation, we investigated the NQR line residing on the higher-frequency
side. Upon cooling at ambient pressure, a single 35Cl NQR line observed in the N phase
splits into two lines below Tc = 82 K, accompanied by a jump in the center of gravity of
the spectra (see Figure 4a). This indicates that the charge transfer and the dimerization
coincide at ambient pressure, as earlier results indicated [66,67]. With increasing pressure
at room temperature, however, the NQR line shows a pronounced shift at ~9 kbar but no
line splitting up to 35 kbar (see Figure 4b), suggesting that a sharp charge transfer without
static lattice dimerization occurs at ~9 kbar. Moreover, upon cooling at a high pressure
of 18.2 kbar, we observed a clear line splitting below 258 K, which was not accompanied
by an apparent change in the center of gravity of the split lines, as shown in Figure 4c.
These results demonstrate that the non-dimerized ionic paraelectric (Ipara) phase emerges
at high temperatures and pressures due to decoupling between the charge transfer and
dimer order. The NQR experiments show that, above 8.5 kbar, the dimerization transition
temperature (corresponding to the Ipara-to-Iferro transition temperature) decreases with
pressure (see Figure 4d); the Ipara phase is extended up to 35 kbar, as depicted in Figure 2.
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Figure 4. (a–c) Temperature and pressure profiles of the 35Cl-NQR spectra. (d) Temperature de-
pendence of the 35Cl-NQR frequencies at fixed pressures. Reprinted with permission from [16].
Copyright 2018, American Physical Society.

To discuss the profiles of the charge transfer in more detail, we converted the cen-
ter of gravity of NQR frequency νQ (Figure 5a) to the degree of charge transfer ρ us-
ing the optical data for reference [33,34]. The details of the estimation of ρ are given
in [16]. Here, the main points are briefly summarized below. We assumed that (i) the
temperature dependence of νQ in the state of ρ = 0 obeys the Koukoulas function, which
is a well-known formula empirically describing the lattice vibration effect on νQ [68]
(Figure 6a), (ii) νQ depends linearly on ρ at a given temperature (Figure 6a), and (iii) the
pressure effect on νQ is corrected using the νQ data in the neutral CA crystal with ρ = 0
(Figure 6b). Based on these assumptions, the relationship between νQ and ρ is expressed as
νQ(P, T) = ν0exp(−αT2) + Aρ(P, T) + a[1 − exp(−bP)], where A, ν0, α, a, and b are constants
independent of temperature and pressure. The three terms express the three assumptions,
respectively. The ρ value estimated using the above formula increases with the application
of pressure or decreasing temperature, as shown in Figure 5c, and the jump in ρ at Tc
is diminished with increasing pressure up to 7 kbar and becomes quite small at higher
pressures (Figure 5d). This appears to be linked to the jump in the line splitting width
at Tc, which also decreases with pressure (Figure 5b). These behaviors signify that the
NI transition accompanied by the dimer order becomes second-order at high pressures,
consistent with previous reports [22,36]. Above 7 kbar, where the charge transfer and
dimer order are less coupled, the change in ρ at Tc is nearly zero or takes a negative value,
possibly implying that the charge is backflowed by the promotion of molecular orbital
hybridization due to dimerization, as suggested in a theoretical study [7].

Is the change from the N to Ipara phase a phase transition or a crossover? Does the
critical endpoint of charge transfer exist? To answer these questions, we plotted the detailed
pressure dependence of ρ at fixed temperatures in Figure 5e. The ρ value exhibits a sharp
but continuous change around 8 kbar at 280–320 K. There was no discontinuous anomaly
in ρ on the boundary between the N and Ipara phases, indicating that the charge transfer
occurs as a crossover. For the critical endpoint of the charge transfer suggested by previous
works [22,36,61], it was not captured at least by our experiments. These behaviors are
summarized in Figure 5f as the contour plot of ρ on the P-T phase diagram along with
the dimerization transition temperature, represented by the white line. This figure clearly
indicates that the charge transfer is separated from the dimer order above ~8 kbar, and
the charge-transfer crossover line is an extension of the NI transition line determined at
pressures below ~7 kbar. Note that the slight jump in ρ at ~7 kbar under 240–260 K in
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Figure 5e is an indication of the weak first-order N-to-Iferro transition, not the change from
the N to Ipara phase (see Figure 5f).

Figure 5. Temperature dependence of the center of gravity of 35Cl-NQR frequency (a), line splitting
width (b), and the degree of charge transfer ρ evaluated from the 35Cl-NQR frequency (c) under
various pressures. (d) The jump in ρ, Δρ, at the dimerization temperature. (e) Pressure profiles
of ρ at fixed temperatures. (f) The contour plot of ρ in the pressure–temperature phase diagram.
Open circles represent the phase transition temperatures Tc determined by the NQR experiments,
corresponding to those in Figure 2. Reprinted with permission from [16]. Copyright 2018, American
Physical Society.
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Figure 6. (a) Relationship between the 35Cl-NQR frequency νQ and the degree of charge transfer ρ at
ambient pressure. Red circles are the experimental νQ values at 1 bar and red line is a guide for the
eye. Broken lines are the calculated temperature dependence of νQ in the state of ρ = 0, 0.5, and 1,
expressed by the Koukoulas function. (b) Pressure dependence of the 35Cl-NQR frequency in neutral
CA crystals at room temperature. The line is a fit of a[1 − exp(−bP)] to the data (see text and [16] for
details). Reprinted with permission from [16]. Copyright 2018, American Physical Society.

The emergence of the Ipara phase in the high-temperature and -pressure region appears
to be incompatible with the observation of active ag mode related to the dimerization by
infrared spectroscopy above 8 kbar [27,63,64]. This discrepancy can be resolved by the
picture that the Ipara phase is in a liquid state of DA dimers, which are temporally fluctuating
at a rate in between the two time scales of the experimental probes, ~10−7 s in NQR and
~10−12 s in infrared spectroscopy. As further evidence for the dimer liquid, extraordinarily
enhanced lattice fluctuations are captured by the 35Cl-NQR relaxation rate 35T1

−1 (see
Figure 7). The 35T1

−1 value in the Ipara phase is two orders of magnitude larger than that in
the N phase, suggesting that lattice relaxation is caused by the developed dimer fluctuations
in the dimer-liquid state. The slight decrease in the ambient temperature 35T1

−1 with
increasing pressures above 10 kbar is possibly related to the decrease in the dimerization
transition temperature, which causes a tendency to reduce critical fluctuations at ambient
temperature while moving away from the transition temperature at higher pressures.

 

Figure 7. Pressure dependence of the 35Cl-NQR spin–lattice relaxation rate 35T1
−1 at ambient

temperature. The color represents the degree of charge transfer ρ and corresponds to the color in
Figure 5f. Reprinted with permission from [16]. Copyright 2018, American Physical Society.
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In the Ipara phase hosting the dimer-liquid state, the mobile spin solitons are expected
to emerge on the boundaries between the fluctuating opposite polar domains. Near the
crossover region between the N and Ipara phases, the separation of the charge transfer
from the long-range dimer order may generate mobile NIDWs in 1D chains, which carry
electrical currents, as suggested by theoretical studies [7,9,10].

4. Experimental Evidence for Mobile Topological Excitations Emerging in TTF-CA

4.1. Magnetism in the Ionic Paraelectric Phase: Spin Soliton

In this section, we review the results of NMR experiments on spin excitations in
TTF-CA [17]; the aim of this study was to demonstrate the emergence of the mobile spin
solitons in the Ipara phase of TTF-CA. Naively, the Ipara phase should carry paramagnetic
spins on uniform 1D chains; however, the fact that the Ipara phase hosts the dimer-liquid
state implies the emergence of mobile solitonic spins at thermally activated topological
boundaries separating oppositely polarized dimer domains.

First, we performed NMR experiments for 1H sites in TTF molecules. Figure 8a
shows the pressure profiles of the 1H-NMR spin–lattice relaxation rate 1T1

−1, probing
electron spin fluctuations, at fixed temperatures. At 103 K, where the system shows the
N-to-Iferro transition with increasing pressure, 1T1

−1 is vanishingly small throughout the
N and Iferro phases, indicative of nonmagnetic states, which accords with previous 1H-
NMR results [69,70] and is reasonable because of the closed-shell structure for the N phase
and spin-singlet pairing for the Iferro phase. Remarkably, at higher temperatures, the
1T1

−1 values are enhanced only in the pressure region above the NI crossover. Consistent
behaviors are seen in the temperature dependence of 1T1

−1 at ambient pressure (the N-
to-Iferro transition) and 13 kbar (the Ipara-to-Iferro transition), as shown in Figure 8b; 1T1

−1

at ambient pressure is vanishingly small over the whole temperature range below 300 K,
whereas 1T1

−1 at 13 kbar takes large values near room temperature in the Ipara phase
and is drastically suppressed upon entering the Iferro phase. Note that 1T1

−1 below Tc
at 13 kbar adopts a shoulder structure around 200 K; however, the 13C-NMR relaxation
rate, 13T1

−1, exhibits no such clear shoulder, although there is a sign of it, as shown later.
Although the origin of the different behaviors is not clear, the non-monotonous temperature
dependence of the relaxation rate is possibly because two types of spin excitations, such as
the spin-triplet and the polaron, are responsible for T1

−1 in the Iferro phase, as described in
Section 4.3; just below Tc, the former, with higher excitation energy, is drastically suppressed
upon cooling and almost vanishes around 200 K, whereas the latter, with lower excitation
energy, gradually decreases and survives at a lower temperature. The detailed temperature
profile of spin excitations upon the Ipara-to-Iferro transition is discussed in Section 4.3. The
contour plot of 1T1

−1 depicted on the P-T plane using these data clearly illustrates that the
Ipara phase is the hot spot of activated spins (see Figure 8c). The kink temperatures of 1T1

−1

well coincide with Tc determined by the NQR measurements described in Section 3.2.
Are these spins activated in the Ipara phase the mobile spin solitons or alternative spin

excitations? To clarify the nature of spin excitations, two experiments were conducted;
one is NMR measurement for 13C nuclei on the central double-bonded carbon sites in TTF
(Figure 9a), which are more strongly hyperfine-coupled to electron spins than 1H nuclei
located on the edges of TTF, and the other is the measurement of the frequency dependence
of 1T1

−1, which probes the frequency profile of the spin dynamics.
In 13C-NMR measurements, the spin susceptibility χ is quantitatively estimated from

the NMR spectral shift owing to the strong hyperfine interaction with electron spin. We
compare the NMR spectra for the 1H site (Figure 9b) and 13C site (Figure 9c). Each
spectrum is composed of multiple peaks due to dipolar interactions between nuclear spins
(1H-1H spins for 1H-NMR and 13C-13C spins for 13C-NMR). The 13C-NMR spectrum at
285 K is clearly shifted towards higher frequencies above 7 kbar from its positions in the
nonmagnetic N phase at lower pressures or in the nonmagnetic Iferro phase at 14 kbar and
144 K, as shown in Figure 9c. On the other hand, the 1H-NMR spectra at 13 kbar are almost
invariant throughout the nonmagnetic Ipara-to-Iferro transition upon cooling. These indicate
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that the 13C nuclei are strongly hyperfine-coupled with electron spins, which allows us
to evaluate the spin susceptibility. Note that the 13C-NMR spectral shifts observed below
6 kbar of ~82 ppm are attributed to the chemical shift, not contributed to by electron spins,
because they fairly well agree with the value observed in the Iferro phase of the nonmagnetic
state, represented by the gray line in Figure 9c, which is independent of temperature, as
described in Section 4.3.

Figure 8. (a) Pressure profiles of the 1H-NMR spin–lattice relaxation rate 1T1
−1 at fixed tempera-

tures. (b) Temperature profiles of 1T1
−1 at ambient pressure (blue circles) and 13 kbar (red circles).

(c) Contour plot of 1T1
−1 in the pressure–temperature phase diagram. Red open circles are the phase

transition temperatures Tc determined by the kink temperatures of 1T1
−1. Black open squares and tri-

angles represent Tc determined by neutron and NQR measurements, respectively [16,36]. Reprinted
with permission from [17]. Copyright 2018, The Authors, some rights reserved; exclusive licensee
AAAS. Distributed under a CC BY-NC 4.0 License (http://creativecommons.org/licenses/by-nc/4.0/
(accessed on 30 November 2021)).

If the Ipara phase is not in the dimer-liquid state, the spins should form homogeneous
localized spin chains described by the 1D antiferromagnetic Heisenberg model (AFHM).
Thus, by comparing the 1D AFHM calculations of χ and the nuclear spin–lattice relaxation
rate 13T1

−1 to the experimental χ and 13T1
−1 values, we examine whether the present

spin state can be described by the 1D AFHM or not. In the Ipara phase at 14 kbar, the
13C-NMR spin shift, S, proportional to χ, reaches 51 ppm (Figure 9d), and 13T1

−1 takes a
value of 11 s−1 (Figure 9e). The spin shift S is expressed as S = a‖χ/μBNA, where NA is the
Avogadro constant, μB is the Bohr magneton, and a‖ is the hyperfine coupling component
parallel to the magnetic field H. Through this expression, S is converted to an χ value of
2.6 × 10−5 emu/TTF mol at 14 kbar. Note that we used 13a‖ = 10.8 kOe/μB of the analogous
material, (TMTTF)2X (X = Br and AsF6) [71,72], because 13a‖ of TTF-CA is unknown. The
hyperfine coupling tensor is mainly determined by the charge density of the HOMO of
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TTF, which is concentrated on the central carbons and sulfurs (Figure 9a) [73]. Thus,
the difference in the molecular terminal structure between TTF (with hydrogens) and
TMTTF (with methyl groups) is not influential on the HOMO density at the central carbon,
namely, 13a‖.

Figure 9. (a) 13C-enriched TTF molecule, in which the central double-bonded carbon atoms are
substituted by 13C isotopes with a 99% concentration. (b) Temperature profile of 1H-NMR spectra at
13 kbar. (c) 13C-NMR spectra measured at 285 K under various pressures. The gray spectrum was
measured at 14 kbar and 144 K in the ionic ferroelectric phase. The origin of the shift corresponds to
the resonance frequency of tetramethylsilane (TMS). Pressure profiles of the 13C-NMR spectral shift
(d) and spin–lattice relaxation rate 13T1

−1 (e) at 285 K. Reprinted with permission from [17]. Copyright
2018, The Authors, some rights reserved; exclusive licensee AAAS. Distributed under a CC BY-NC
4.0 License (http://creativecommons.org/licenses/by-nc/4.0/ (accessed on 30 November 2021)).

Then, according to the theoretical calculations of χ by Bonner and Fisher [74] and Estes
et al. [75] for the uniform 1D AFHM, the experimental value of χ = 2.6 × 10−5 emu/TTF
mol projects an exchange interaction J of 5900 K, which is unrealistically large. On the other
hand, in the scaling theory for the uniform 1D AFHM, the nuclear spin–lattice relaxation
rate is expressed as T1

−1 = a⊥2D/h̄J, where a⊥ is the hyperfine coupling component
perpendicular to H, h̄ is the reduced Planck constant, and D is a nonuniversal constant
giving the magnitude of the dynamical spin susceptibility [76,77]. Using the values of
J = 5900 K, D = 0.15 determined for the ideal 1D Heisenberg spin system Sr2CuO3 [77], and
13a⊥ = 5.6 kOe/μB for (TMTTF)2X (X = Br and AsF6), 13T1

−1 for 1D AFHM is calculated
to be 1.1 s−1, which is one order of magnitude smaller than the experimental value of
13T1

−1 = 11 s−1 at 14 kbar (Figure 9e). If J is evaluated from this formula, the resultant
value of J = 580 K projects a χ value one order of magnitude larger than the experimental
value. These estimations suggest that the spin state in the Ipara phase cannot be described
by the framework of the uniform 1D AFHM. This consequence, in conjunction with the
observed dimer-liquid nature, strongly supports the picture that spins are not on each
molecular site but dispersed on the boundaries between the fluctuating dimer domains.

Next, to demonstrate the emergence of mobile spin solitons, we measured the fre-
quency dependence of 1T1

−1, which gives the spectral density of local field fluctuations,
S(ω), directly related to the soliton dynamics. We carried out measurements in the frequency
range of 14–300 MHz at 300 K under 14 kbar in the Ipara phase. 1T1

−1 shows prominent
frequency dependence, as shown in Figure 10; at high frequencies, 1T1

−1 obeys the ω−1/2
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law expected in the 1D diffusion, whereas it saturates to a constant value upon lowering
the frequency. This behavior is well fitted by T1

−1 = kBT(χ/NAμB
2)γN

2aiso
2S1D-3D(ωe) +

const [78,79], where aiso is the isotropic part of the hyperfine coupling tensor, ωe is the
electron Larmor angular frequency, kB is the Boltzmann constant, γN is the nuclear gyro-
magnetic ratio, and S1D-3D(ω) is S(ω) in a 1D-3D crossover regime for the weakly coupled
1D systems described by [80]

S1D−3D(ω) =
1√

2D‖/τ⊥

⎛⎝1 +
√

1 + (ωτ⊥)2

1 + (ωτ⊥)2

⎞⎠1/2

, (1)

where D‖ is the 1D diffusion rate, and 1/τ⊥ is the 3D cutoff frequency. Fitting this formula
to the experimental data gives D‖ = 5.1 × 1011 s−1 and 1/τ⊥ = 5.6 × 1010 s−1 with the use
of 1aiso = −0.39 kOe/μB of TTF-BDT(Cu) [81]. Note that we neglect the anisotropic part
of the hyperfine coupling tensor for simplicity. This result indicates that the spin solitons
move diffusively along 1D chains with much slower interchain diffusion. The D‖ value of
the order of 1011 s−1 resides in between the frequency windows of the NQR (107 Hz) and
infrared (1012 Hz) probes, which explains the seeming discrepancy between the NQR and
infrared observations and is consistent with the temporally fluctuating dimer-liquid picture.

Figure 10. Frequency dependence of 1H-NMR spin–lattice relaxation rate 1T1
−1 at 300 K in the

ionic paraelectric phase at 14 kbar. Red line is a fit to the data (see text and [17] for details). The
inset is a plot of 1T1

−1 against f−1/2. Reprinted with permission from [17]. Copyright 2018, The
Authors, some rights reserved; exclusive licensee AAAS. Distributed under a CC BY-NC 4.0 License
(http://creativecommons.org/licenses/by-nc/4.0/ (accessed on 30 November 2021)).

Here, the spin-soliton density, nss, is evaluated from the NMR results. Assuming that
the spin solitons behave as Curie spins, χ = 2.6 × 10−5 emu/TTF mol leads to 1 spin soliton
per 25 donor–acceptor (DA) pairs at 285 K under 14 kbar. As another estimation of nss, if
the cutoff time τ⊥ is determined by the collision between the soliton and antisoliton within
the 1D chain, we can evaluate the average distance of solitons through the formula of the
mean square displacement for the 1D diffusion described by <x(t)2> = 2D‖t. Substituting
D‖ = 5.1 × 1011 s−1 and t = τ⊥ in this formula, the average distance of spin solitons is
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estimated to be ~10 DA pairs, which is comparable to 1/nss = 25 DA pairs estimated from
the absolute value of χ. Note that the origin of the 3D cutoff has been debatable; there are
other conceivable mechanisms, such as the exchange interaction between the spin solitons
on adjacent 1D chains or the hopping of solitons to neighbor chains. Thus, the obtained
value of 1/nss ~ 10 DA pairs is a lower limit. Anyway, the spin soliton density in the Ipara
phase, 1 spin soliton per 10–25 DA pairs (nss ~ 0.02–0.05 spins per molecule), is much
larger than nss ~ 10−4 spins for frozen solitons in the Iferro phase at ambient pressure [11],
signifying that paramagnetic spin solitons are thermally excited only in the Ipara phase.

During the long history of research on the NI transition since 1981, we successfully
provided the first experimental evidence for thermally activated mobile spin solitons. As
described in Section 2.2, the steady electrical current carried by the NIDW (or charge
solitons) necessitates spin solitons. Thus, the existence of the mobile spin solitons verified
by NMR also lends support to anomalous topological charge transport, described below.

4.2. Electrical Conductivity in the Neutral–Ionic Crossover Region: Neutral–Ionic Domain Wall

NMR studies demonstrated the mobile solitonic spin excitations emerging from the
ferroelectric order. In the vicinity of the NI transition, another type of topological excitations,
namely, NIDWs, can be activated [7–10,52]. The traveling of the two types of topological
excitations is expected to lead to unconventional electrical transport. In this section, we
review experimental demonstrations of anomalous electrical conduction by NIDWs and
spin solitons [18]. Regarding electrical conductivity measurements, some experiments
were previously conducted on TTF-CA. Our conductivity measurements differ from the
previous ones in the following respects:

(i). We employed the four-terminal method to accurately evaluate the absolute value
of the conductivity and the activation energy of charge transport (the two-terminal
method was adopted in earlier studies [12,14]).

(ii). The anisotropy of the charge transport was evaluated by measuring the conductivity
along the three crystal axes to reveal the nature of unconventional charge carriers.

(iii). We measured the electrical conductivity under finely tuned pressures with a Man-
ganin wire used as a pressure gauge to monitor accurate pressure values near the NI
crossover, which allowed us to estimate the activation energy from the conductivity
profile along the inclined line parallel to the NI crossover line in the P-T plane, not at
a fixed pressure.

Figure 11a,b show the temperature dependence of the electrical resistivity along
the 1D chain (parallel to the a-axis) measured with the four-terminal method at fixed
pressures. At lower pressures, the resistivity shows an anomaly at Tc and increases expo-
nentially upon cooling, which is compatible with the previously reported two-terminal
measurements [12,14]. With increasing pressure up to 9 kbar, the absolute value of resis-
tivity at ambient temperature decreases, and the kink structure at Tc becomes rounded.
In the pressure range between 6.6 and 7.5 kbar, the resistivity apparently shows metallic
behavior above Tc. At pressures higher than 9 kbar, the resistivity monotonically increases
with a slight kink around Tc. Figure 11c shows the contour plot of the a-axis conductivity,
σa, which illustrates a highly conducting state just in the NI crossover region; σa reaches
a maximum value of 7 S/cm at ~9 kbar (Figure 12a). This value is comparable to the
conductivities of organic conductors at room temperature.

The anisotropies of conductivity, σa/σb and σa/σc, are also enhanced in association
with the peak of σa at the same pressure of ~9 kbar (see Figure 12a,b), indicating that the
charge carriers resulting in high conductivity in the NI crossover are strongly confined in
the 1D chains. Remarkably, this enhancement of conductivity appears between the two
insulating phases: the band insulator for the N phase and the ionic Mott insulator for the
I phase. These features suggest that the highly conductive charge carriers are associated
with unconventional excitations, such as topological NIDW excitations, as previously
predicted [12,14,48]. Unbound NIDWs have no way to hop into adjacent chains, resulting
in highly 1D transport confined in the chain. Optical measurements indicate that the N
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and I states dynamically coexist near 9 kbar [34], which accords with the picture that the
mobile NIDWs separating the N and I domains are excited in this region. The previously
found NIDWs at ambient pressure were in the vicinity of the N-to-Iferro phase transition,
and thus, NIDW motion was restricted due to the long-range dimer order. In contrast to
this, NIDWs activated near the crossover between the N and Ipara phase without the dimer
order can travel freely to carry the charge current.

Figure 11. (a,b) Temperature profiles of the electrical resistivity along the a-axis (1D direction)
at fixed pressures. (c) Contour plot of the electrical conductivity along the a-axis σa on the
pressure–temperature phase diagram. Orange circles represent the phase transition tempera-
tures Tc determined by the kink temperatures of σa. Open squares represent Tc determined
by NQR measurements [16]. Reprinted with permission from [18]. Copyright 2019, The Au-
thors, some rights reserved; exclusive licensee AAAS. Distributed under a CC BY-NC 4.0 License
(http://creativecommons.org/licenses/by-nc/4.0/ (accessed on 15 November 2021)).

To evaluate the activation energy of the NIDW, we performed more detailed resistivity
measurements under finely tuned pressures near the NI crossover region. As mentioned
above, the temperature profile of resistivity at fixed pressures appears to be of metallic
nature near the NI crossover (Figure 11a). This is probably because the NI crossover
line denoted by Pc(T), which is determined as the pressure at which the conductivity
shows a peak at a fixed temperature, is tilted in the P-T plane (see Figure 13a), and the
activation energy of the NIDW depends on the deviation from the NI crossover line,
ΔP = P − Pc. Indeed, the conductivity along inclined lines parallel to the NI crossover line
(at ΔP = 0) shows insulating behavior, as shown in Figure 13b. Its Arrhenius plot gives
the activation energy Eg of 0.055 eV, which is one order of magnitude smaller than half
of the charge-transfer excitation energy, 0.6–0.7 eV [21,82]; it is rather comparable to the
theoretically predicted NIDW excitation energy of 0.07–0.08 eV [48]. Moreover, as shown in
Figure 13c, the ΔP dependence of Eg reaches a minimum at ΔP = 0, which is also consistent
with quantum Monte Carlo simulations [48]. These features suggest that the thermally
excited NIDWs dividing the two topologically different domains are responsible for the
anomalously high and 1D-confined electrical conductivity.
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Figure 12. Pressure profiles of electrical conductivity along the a-axis σa (a) and the anisotropies of
conductivity, σa/σb and σa/σc (b), at ambient temperature. Reprinted with permission from [18].
Copyright 2019, The Authors, some rights reserved; exclusive licensee AAAS. Distributed under a
CC BY-NC 4.0 License (http://creativecommons.org/licenses/by-nc/4.0/ (accessed on 15 Novem-
ber 2021)).

Here, we estimate the NIDW density, nDW, by mapping the NI transition system to a
1D Ising model [83], which is valid for TTF-CA situated at the NI boundary where the N
and I states are degenerate. In this case, the NIDW corresponds to a spinon in the Ising spin
system (the N and I states correspond to the up and down spins, respectively). Thus, the
correlation length in the Ising model, ξ ~ 1/ln(coth(EDW/2kBT)), roughly gives the average
distance between the NIDWs; nDW is given by nDW ~ 1/2ξ ~ ln(coth(EDW/2kBT))/2. Using
EDW = 0.055 eV evaluated at ΔP = 0, nDW is estimated at 1 NIDW per ~5 DA pairs on
the NI crossover line at ambient temperature. This value is compared to the spin soliton
density nss, 1 spin soliton per 10–25 DA pairs, as described in Section 4.1. Considering that
~10 DA pairs contain one I domain on average, it turns out that a considerable fraction of
the I domains contain a spin soliton. This situation is in agreement with the theoretically
suggested picture that NIDWs carry the stationary electrical current in cooperation with
spin solitons [7,9,10].

Why are spin solitons required for a steady electrical current? We briefly explain the
transport mechanism by topological excitations using the schematic illustrations depicted
in Figure 14, where the N and I states are represented as D0A0 and D+A−, respectively,
for simplicity.
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Figure 13. (a) Electrical conductivity under finely tuned pressures at fixed temperatures (left panel).
Plot of conductivity against ΔP = P − Pc (right panel). Pc is determined by the peak pressure of
conductivity at a given temperature. (b) Activation plot of conductivity at ΔP = 0. Black line is a fit of
the single-exponential function to conductivity. (c) Activation energy, Eg, evaluated at various ΔP.
Reprinted with permission from [18]. Copyright 2019, The Authors, some rights reserved; exclusive
licensee AAAS. Distributed under a CC BY-NC 4.0 License (http://creativecommons.org/licenses/
by-nc/4.0/ (accessed on 15 November 2021)).

Step I: A pair of NIDWs with effective charges, +ρNIDW and −ρNIDW, is thermally
excited in an N domain, where ±ρNIDW is the topological charge of ±e(ρI − ρN)/2.

Step II: An electric field applied to the left separates NIDWs with +ρNIDW and −ρNIDW
in opposite directions to expand the IB domain with the D+A− pattern.

Step III: A pair of spin solitons with effective charges, +ρSS and –ρSS, is thermally
excited in the IB domain, where ±ρSS is the topological charge of ±e(1 − ρI). It generates
an IA domain with the oppositely polarized A−D+ pattern to the IB domain, which has the
D+A− pattern.

Step IV: A pair of NIDWs is excited in the IA domain and grows to an N domain due
to an electron transfer to the right.

Consequently, the positive charges, +ρNIDW and +ρSS, and the negative charges,
−ρNIDW and −ρSS, flow to the left and right, respectively, giving a steady electrical current.
If the spin solitons are absent, Step III is replaced with Step III’: allowed excitations of
the NIDW pair in the IB domain are those with −ρNIDW and +ρNIDW on the left and right
sides, respectively, which are not separated from each other but are recombined under
this electric field configuration, resulting in no steady current. In short, the steady current
necessitates excitations of oppositely polarized I domains, which are made possible by spin
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soliton excitations. Thus, the presence of spin solitons is crucial for the generation of steady
current, as theoretically proposed [7,9,10].

Figure 14. Schematic illustrations of the mechanism of the steady electrical current carried by
topological excitations. The neutral and ionic states are represented as D0A0 and D+A−, re-
spectively, for simplicity. Reprinted with permission from [18]. Copyright 2019, The Authors,
some rights reserved; exclusive licensee AAAS. Distributed under a CC BY-NC 4.0 License
(http://creativecommons.org/licenses/by-nc/4.0/ (accessed on 15 November 2021)).

Finally, we discuss the electrical conduction carried by topological excitations in the
N and Ipara phases far from the NI crossover. In Figure 15, the pressure dependence of
conductivity is shown along with that of 13C-NMR 13T1

−1 to compare the behaviors of spin
and charge excitations. For P < Pc, 13T1

−1 exhibits an exponential decrease as the system
departs from the NI crossover, which is scaled to the conductivity. On the other hand, when
the system enters the Ipara phase for P > Pc, the conductivity begins to decline, whereas
13T1

−1 retains large values. These suggest that the charge and spin degrees of freedom are
coupled in the N phase, whereas they are decoupled in the I phase. The behavior of the N
phase is explainable if the charge carrier is a polaron or equivalently coupled charge and
spin solitons with an unfractionalized charge of ±e and a spin of 1/2, which carries charge
and spin inseparably, as depicted in Figure 16. In the I phase away from the NI crossover,
the N domain shrinks to form a charge soliton sandwiched by two NIDWs, whose density
decreases with pressure. This explains why conductivity decreased when P increased from
Pc. Conversely, the spin solitons responsible for the 13T1

−1 behavior are likely to be more
excited because their excitation energy is diminished for P higher than Pc, as theoretically
suggested [7,9,10]. These decoupled behaviors of charge and spin solitons explain the
observation shown in Figure 15. We note that the steady current in the I phase needs both
charge and spin solitons, and the conductivity is governed by the density of minor carriers,
which are charge solitons. The quantitative estimation of the charge soliton density in the
Ipara phase is described in Section 4.3.

4.3. Binding Transition of Solitons upon Space-Inversion Symmetry-Breaking Ferroelectric Order

The mobile topological excitations mentioned in Sections 4.1 and 4.2 emerge only in
the nonordered paraelectric regime; these are not vital in the long-range ordered phase
because free solitons, if any, would interrupt the long-ranged order [84]. What form do the
spin and charge excitations take in the long-range ordered phase? How do solitons detected
in the nonordered paraelectric regime conform to the 3D ferroelectric ordered state? In
this section, we review the studies on the profiles of spin and charge excitations upon
entering the long-range ferroelectric ordered (Iferro) phase from the nonordered Ipara phase
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by resistivity, NMR, and NQR measurements [19], the goal of which is to pursue the fate of
spin-soliton–charge-soliton composite matter upon the space-inversion symmetry-breaking
ferroelectric order.

Figure 15. Pressure profiles of the electrical conductivity (closed circles) and 13C-NMR spin–lattice
relaxation rate 13T1

−1 (open squares) at ambient temperature. The blue-, red-, and orange-colored re-
gions roughly indicate the neutral phase, NI crossover region, and ionic phase, respectively. Reprinted
with permission from [18]. Copyright 2019, The Authors, some rights reserved; exclusive licensee
AAAS. Distributed under a CC BY-NC 4.0 License (http://creativecommons.org/licenses/by-nc/4.0/
(accessed on 15 November 2021)).

Before we present the experimental results, to make it clear that the dimer-liquid Ipara
phase of TTF-CA is soliton matter, we evaluated the charge soliton density ncs in the Ipara
phase at 14 kbar using the resistivity data shown in Section 4.2. The electrical transport
study strongly suggested that the charge solitons reside in the Ipara phase because the
resistivity in the Ipara phase is much smaller than that in the N phase (see Figure 15) [18,85].
At 9 kbar in the NI crossover region, the NIDW density, nDW, was estimated at about 1 per
5 DA pairs. As described in Section 4.2, the bound NIDWs sandwiching an N molecule
form the charge soliton in the I phase, so ncs = nDW/2. At ambient temperature, the σ value
at 9 kbar is reduced by an order of magnitude at 14 kbar (see Figure 15), which suggests
that ncs is 1 per ~100 DA pairs at 14 kbar, assuming that the pressure dependence of σ
depends on only the charge carrier density. On the other hand, the spin-soliton density, nss,
is 1 per 10–25 DA pairs, as deduced from NMR data (see Section 4.1). Thus, the Ipara phase
at 14 kbar hosts soliton matter composed of spin solitons (majority) and charge solitons
(minority) with a 10:1–4:1 population (see Figure 16).

First, we performed 13C-NMR measurements at 14 kbar to examine the nature of spin
excitations. As shown in Figure 17a,b, both the spin shift, S, and 13T1

−1 exhibit clear kinks
at Tc ~ 270 K, below which they decrease upon cooling, consistent with the nonmagnetic
state of the Iferro phase. However, the slopes in their Arrhenius plots are different (see
Figure 17c); the spin shift multiplied by temperature follows TS ∝ exp(−Δs/kBT) with a
spin excitation gap Δsof 3240 K for 200 K < T < Tc, whereas the variation in 13T1

−1 is more
gradual in the same temperature range, although the activation energy is not well defined.
Here, we discuss the large gap of Δs= 3240 K. For conventional spin-Peierls systems, Tc
and the singlet–triplet gap Δ hold the relation Δ/kBTc ~ 1.76 (the BCS relationship) or 2.47
(obtained with a bosonization method [86]). In the present case, however, Δs/kBTc yields
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~12, which is too large to regard the Ipara-to-Iferro phase transition as the conventional
spin-Peierls transition for 1D Heisenberg spins, supporting the picture that the Ipara phase
hosts mobile spin solitons (see Sections 4.1 and 4.2).

Figure 16. Schematic illustrations of the spin and charge excitations in the neutral (N), ionic para-
electric (Ipara), and ferroelectric (Iferro) phases. The neutral and ionic states are represented as D0A0

and D+A− with degrees of charge transfer ρ = 0 and 1, respectively, for simplicity, although ρ takes
intermediate values in the neutral and ionic states in reality. The lower two panels are reprinted with
permission from [19]. Copyright 2021, American Physical Society.

Next, we discuss the difference between the decreases in the spin shift and 13T1
−1

below Tc. For conventional singlet–triplet excitations, the temperature profiles of S and
T1

−1 in the spin-singlet phase should not significantly differ [87]. Thus, the observed
behaviors of S and T1

−1 imply the presence of at least two types of spin excitations below
Tc. In the Iferro phase, soliton excitations should be in pairs so as not to violate the 3D
ferroelectric order (see Figure 16); one is the triplet spin soliton pair excitation of charge-
neutral spin 1, and the other is the spin soliton–charge soliton pair excitation, equivalently
polarons, with a charge e and a spin 1/2, as discussed for conducting polymers [3]. The
polarons carry not only spins but also charges without violating the ferroelectric dimer
order in the Iferro phase. As estimated above, the spin soliton density nss is larger than
the charge soliton density ncs in the Ipara phase above Tc, suggesting that the magnetism
just below Tc should be dominated by bound spin soliton pairs, whose triplet excitations
cause a steep decrease in the spin shift. On the other hand, well below Tc, where triplet
excitations with a large gap of 3240 K almost vanish, the polaron contribution is expected
to be dominant in 13T1

−1. These pictures signify that the Ipara-to-Iferro phase transition is a
binding transition of solitons upon the symmetry-breaking dimer order.
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Figure 17. Temperature dependence of 13C-NMR spectral shift (a) and spin–lattice relaxation rate
13T1

−1 (b) at 14 kbar. (c) Activation plots of spin shift multiplied by temperature (orange open circles)
and 13T1

−1 (blue closed circles). Reprinted with permission from [19]. Copyright 2021, American
Physical Society.

To seek further evidence for the emergence of polarons, we investigated the lattice
properties using 35Cl-NQR spectroscopy. The motion of polarons should be followed
by lattice distortion. Thus, the 35Cl-NQR spin–lattice relaxation rate 35T1

−1, probing the
lattice fluctuations through nuclear quadrupolar interaction, gives valuable insights into
the lattice dynamics. 35T1

−1 exhibits a divergent peak at Tc, which is attributable to the
critical lattice fluctuations associated with the 3D ferroelectric dimerization transition, and
becomes suppressed upon cooling (see Figure 18). Below 140 K, 35T1

−1 roughly obeys
the T2 law, which is the conventional phonon contribution by the two-phonon Raman
process [88]. Above 140 K, however, 35T1

−1 is drastically enhanced from the T2 law,
indicating that another relaxation mechanism appears. Remarkably, it is scaled to 13T1

−1

for 140 < T < 250 K (< Tc), signifying that the quadrupolar and magnetic relaxations are
attributed to common excitations. This strongly indicates that the spin carriers causing the
magnetic relaxation below 250 K are not conventional band quasiparticles but polarons
dragging lattice distortion.

Polarons also carry an electrical current. Figure 19a shows the temperature depen-
dence of electrical resistivity at 14 kbar, which exhibits insulating behavior below ambient
temperature with a slight kink at Tc. The activation energy of conductivity σ is evaluated
to be Δσ ~ 2100 K in the Iferro phase (see the inset of Figure 19a). If the band quasiparticles
are carriers, Δσ would be larger than half of the charge-transfer gap of ~0.7 eV (~8100 K)
evaluated in optical studies [21,82]. Thus, the substantially lower charge excitation gap
suggests that polarons with excitation energies reduced by lattice relaxation are carriers of
electrical current in the Iferro phase, distinct from the band quasiparticle excitations.
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Figure 18. Comparison between the 35Cl-NQR and 13C-NMR spin–lattice relaxation rates, 35T1
−1

(red closed diamonds) and 13T1
−1 (blue open circles), at 14 kbar. Reprinted with permission from [19].

Copyright 2021, American Physical Society.

We demonstrated that there are two types of spin excitations in the Iferro phase: the
triplet-type bound spin soliton pairs and the polaronic bound pairs of spin and charge
solitons (Figure 16). Finally, we tried to distinguish the two contributions to magnetism.
When the polarons move diffusively, the polaron contribution to 13T1

−1, (13T1
−1)p, is ex-

pressed as (13T1
−1)p ∝ np/

√
aD‖, where np is the density of the polarons, a is the anisotropy

parameter defined by D⊥/D‖, and D‖ (D⊥) is the diffusion constant of the polarons parallel
(perpendicular) to the 1D chain. On the other hand, σ is expressed as σ = npe2D‖/kBT. By
combining the two equations and assuming that np obeys the activation form (see [19] for
details), the temperature profile of D‖ is obtained, as shown in the inset of Figure 19b. Note
that we used the anisotropy of conductivity as a [19]. At low temperatures, D‖ shows an
activation behavior with an energy barrier of 240 K, which is remarkably near the Peierls-
coupled optical phonon frequencies of ~120–180 K in the Iferro phase [89]. This suggests that
the polarons thermally hop over the energy barrier with the assistance of Peierls phonons.
By substituting the obtained D‖ value and the activation form of np in the above formula
of (13T1

−1)p, we evaluate (13T1
−1)p as shown in Figure 19b, which nearly coincides with

the experimental 13T1
−1 below 250 K; however, at 250 K < T < Tc, the experimental values

deviate upward from (13T1
−1)p. This additional contribution is very probably the triplet

excitations of bound spin soliton pairs with a large gap of Δs = 3240 K that appear only just
below Tc because the majority are spin solitons in the Ipara phase above Tc.
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Figure 19. (a) Temperature dependence of electrical resistivity at 14 kbar. Inset: Activation plot
of electrical conductivity at 14 kbar. (b) Comparison between the experimental 13T1

−1 and the
calculated polaron contribution to 13T1

−1, (13T1
−1)p (see text). The inset shows the normalized 1D

diffusion constant. Reprinted with permission from [19]. Copyright 2021, American Physical Society.

The binding transition of solitons has never been observed in a conducting polymer,
which does not show a 3D order. Thus, the presented finding of the soliton organization
upon the symmetry-breaking transition revealed novel aspects of soliton physics that have
ever been studied in one dimension.

5. Summary

In this review, we report recent progress in the study of mobile topological spin and
charge excitations in a neutral–ionic (NI) transition system, TTF-CA. The solitons and
neutral–ionic domain walls (NIDWs) reported in the past were frozen defects and could not
carry an electrical current because these excitations were locked due to the long-range dimer
order. In contrast to these observations, we captured mobile topological excitations that are
thermally excited in the nonordered paraelectric phase in TTF-CA, as summarized below:

(i). The revisited pressure–temperature phase diagram contains the paraelectric ionic
(Ipara) phase extended in the high-pressure region up to 35 kbar. The N-to-Ipara phase
boundary is a crossover, not a phase transition. The Ipara phase hosts the dimer-liquid
state, providing a chance for the emergence of mobile NIDWs near the N-to-Ipara
crossover and solitons in the Ipara phase.

(ii). In the Ipara phase, spin solitons are thermally excited as mobile boundaries dividing
fluctuating dimer domains in 1D chains and contribute to the anomalous topological
charge transport in cooperation with the NIDW.

(iii). Near the N-to-Ipara crossover, mobile NIDWs with topological charges carry 1D-
confined large electrical conduction in cooperation with spin solitons. This is the first
demonstration of the topological charge transport carried by NIDWs and spin solitons
in the NI transition system.

(iv). In the 3D ferroelectric ordered (Iferro) phase, spin solitons and charge solitons that are
free in the Ipara phase undergo a binding transition to form two-component composite
pairings: neutral spin soliton pairs and polaronic spin-soliton–charge-soliton pairs.
The polaronic pairs carry magnetism and electrical conduction with the assistance of
Peierls-coupled optical phonons.
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The topological charge transport revealed here is not the one that occurs in topological
boundaries, as has been extensively studied in topological insulators, but originates from
the excitations and motions of the topological boundaries themselves. This novel charge
transport is a significant addition to soliton physics, which has been developed mainly for
conducting polymers, and is expected to open a novel paradigm for broad transport-related
phenomena such as thermoelectric effects.
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Abstract: In this article, we review different studies based on advanced X-ray diffraction techniq-
ues—especially coherent X-ray diffraction—that allowed us to reveal the behaviour of such symmetry-
breaking systems as Charge Density Wave (CDW) and Spin density Wave (SDW), through their
local phase. After a brief introduction on the added value of using coherent X-rays, we show how
the method can be applied to CDW and SDW systems, in both static and dynamical regimes. The
approach allowed us to probe the particular sliding state of CDWs systems by observing them through
their phase fluctuations, to which coherent X-rays are particularly sensitive. Several compounds
stabilizing a CDW phase able to slide are presented, each with a different but clearly pronounced
signature of the sliding state. Two main features emerge from this series of experiments which
have been little treated until now, the influence of CDW pinning by the sample surfaces and the
propagation of periodic phase defects such as charge solitons across the entire sample. Phase models
describing the spatial and temporal properties of sliding CDWs are presented in the last part of
this review.

Keywords: Charge Density Wave; Coherent Diffraction; sliding; charge propagation; incommensurate
modulation; solitons

1. Introduction

As early as in the 1970s, several authors raised the importance of the phase in CDW
systems [1,2]. Indeed, a Charge Density Wave (CDW) is described by a periodic modulation
of charges ρ(�r) = A cos[2kF�r + φ(�r)], where A is the amplitude and φ is the phase which
denotes the position of the CDW relative to the atomic host lattice. As a matter of facts, ex-
ternal perturbations generally mainly affect the CDW phase. For instance, when submitting
the system to an electric current, the threshold field above which the CDW depins from
the atomic lattice and slides, leading to an additional current, is directly linked to local
CDW phase variations, either through defects in the bulk [2], conversion processes at the
electrodes [3] or pinning at the surface [4,5]. Although CDW deformation and phase shifts
have been theoretically studied for a long time [6], the precise observation of the phase
deformation has been missing until the advent of advanced X-ray diffraction techniques.

From a general point of view, the observation of all types of defects in condensed
matter has always been challenging. Electron diffraction methods on thin samples or
surface techniques such as STM are very efficient to observe crystal dislocations at the
atomic scale. On the other hand, bulk experiments such as neutron or X-ray diffraction
are also sensitive to defects but result from spatial averages which provide a global view
of disorder at the macroscopic scale. Observing localized CDW phase shifts is a much
more difficult task. In that case indeed, the phase shift does not concern the host lattice
itself, but the periodic atomic displacement associated to the CDW, small in amplitude
and which overlaps to the host atomic lattice. To some extent, this type of defect could be
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called a second order phase shift. The purpose of this review is to show how coherent X-ray
diffraction can provide access to such peculiar phase singularities.

Experiments using coherent X-ray beams have been being developed continuously
since the 90’s thanks to the improvement of synchrotron sources [7]. Third generation
sources are indeed able to deliver much brighter beams and smaller source sizes, allowing
to take advantage of the coherence properties of the beam.

After presenting the methodological aspects from model examples, we will show how
this technique has proved efficient to probe CDW phase shifts and their dynamics.

2. Coherent X-ray Diffraction to Track Phase Shifts in Condensed Matter

Speaking of coherent diffraction is actually a pleonasm. Indeed, the diffraction process
originates from contructive interferences and is therefore a coherent phenomenon in essence.
However, this expression is justified by the orders of magnitude involved. Indeed, the
beam is defined by two characteristic lengths: the first one is related to the wavelength,
and the second one to the relative angle of propagation. We thus define two coherence
lengths, the longitudinal coherence length ξl =

λ2

2Δλ and the transverse one ξt =
λR
2a , where

λ is the beam wavelength, Δλ the spectral width of the source, a is the numerical aperture
of the source and R is the distance from the source. These two quantities have to be large
enough to see interferences. But how large? It actually depends on the typical size of
the object under consideration. For instance, in the case of classical X-ray diffraction on
crystals, ξl and ξt have to be larger than the lattice parameters of the chosen crystal, which
is always the case, even for laboratory X-ray sources. However, to obtain interference from
larger objects, both coherence lengths must be scaled to the dimensions of the object. This
is standard to get interferences from micron-size objects with visible light, using lasers
typically, but harder to get with X-rays as ξl and ξt scale with λ. However, since the
emergence of third-generation synchrotrons, micron-size values for ξt can be obtained
thanks to micrometer source sizes and large distances between source and sample, while
ξl in the micron range is achieved thanks to low bandwidth monochromators. Hence, we
generally speak of coherent diffraction, when the coherence lengths of the X-ray beam are
close to the size of the diffracted entities.

The diffraction pattern of a rectangular slit opened at few micrometers and leading to
the expected cardinal sinus squared diffraction pattern (see Figure 1) is an illustration the
phenomenon. The very good contrast of the interference fringes reveals the high degree of
coherence obtained in the hard X-ray regime [8–10].

Figure 1. (a,b) CXRD pattern of a 7 keV X-ray beam by 5 μm square slits. (c) Profile of the diffraction
pattern showing high-visibility fringes.

Many techniques emerged to take advantage of the coherent properties of beams
produced by large-scale instruments, all based on the analysis of the interference patterns
obtained by objects introducing a phase shift in the beam propagation. In condensed
matter physics, any system that deviates from perfect crystallinity and/or is smaller than
the beam size introduces such phase shifts and leads to interference patterns. Coherent
X-ray diffraction (CXRD) thus opened the way to new opportunities, as the possibility
to follow the fluctuation dynamics in condensed matter (called X-ray photon correlation
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spectroscopy) or to obtain the real-space image of the diffracted object using phase-retrieval
methods (referred to as coherent diffraction imaging methods [11,12]).

There is however another possible application of the use of a coherent beam. Among
all the possible defects encountered in condensed matter, some of them introduce phase
shifts, as dislocations, for which coherent diffraction is particularly sensitive. Before
discussing the case of dislocations in electronic crystals, let us illustrate the phenomenon
with the textbook case of an isolated dislocation in a perfect crystal.

For example, an isolated dislocation loop can be stabilized in a silicon crystal after
specific thermal treatments. Such a defect introduces phase-shifted domains on each
side of the dislocation line. When a coherent X-ray beam probes regions containing such
dislocation lines, interferences are observed (see Figure 2).

Figure 2. Coherent diffraction of a Silicon crystal displaying a dislocation loop (a) CXRD pattern obtained
on the 220 reflection when the beam probes the dislocation line. (b) Topography image of a typical
dislocation loop in this sample. (c) Image obtained in the same area as (b) by scanning the area with the
5μm coherent X-ray beam and plotting the intensity at the expected Bragg peak position. This experiment
has been performed at the CRISTAL beamline of the SOLEIL synchrotron at E = 7 keV.

In perfects regions of the crystal, a well defined Bragg peak is observed. In contrast,
when the beam probes the dislocation line, a destructive interference is observed, and the
Bragg peak displays two side maxima (Figure 2a). The local minimum in between the two
maxima can be tracked as a function of beam position on the sample to retrieve the full
dislocation loop (Figure 2c). The resulting image is in agreement with images obtained
by X-ray topography (Figure 2b). In addition, more details can be extracted of the CXRD
pattern, especially from the oblique scattering line that reveals that these dislocation loops
are dissociated into two partials (see [13] for more details).

2.1. Phase Shifts of Electronic Crystals Studied by Coherent X-ray Diffraction

The same methodology can be applied to electronic crystals (CDW and SDW) focusing
the measurement on the satellite reflection associated to the periodic lattice distortion
instead of the diffraction peaks associated to the host atomic lattice itself.

2.2. Isolated CDW and SDW Dislocations

First, electronic crystals can display their own phase defects such as dislocations
that can be probed with a coherent beam, as described in the previous section. A first
demonstration of a CDW dislocation was obtained in the blue bronze K0.3MoO3 [14].
This compound is a quasi-1D system made of chains of MoO6 clusters along which an
incommensurate CDW develops below 183K. The CDW being out-of-phase for adjacent
planes, the CDW wavefronts are inclined with respect to the chain direction, as illustrated
in Figure 3a.
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Figure 3. Schematic representation of the CDW wavefronts in the blue bronze (red lines) in the
quasi-1D crystal structure (only MoO6 octahedra are represented): (a) without a CDW dislocation and
(b) with a CDW mixed-dislocation. Coherent diffraction pattern measured at two different sample
positions at T = 75K. The single peak measured in (c) corresponds to a perfect CDW as represented
in (a) whereas interference fringes in (d) are consistent with a CDW displaying a mixed dislocation,
between an edge and a screw dislocation, as displayed in (b). Note that the widths of the two fringes
are identical and equal to the width of the reflection associated to the perfect CDW.

In most regions of the sample, the satellite reflection associated to the CDW modulation
displays a single peak (Figure 3c), indicating a long-range order greater than the beam size
without CDW phase defect in the micron-sized probed volume. In other regions however,
the CXRD pattern is split into two subpeaks with the same widths (Figure 3d). Similarly to
the diffraction of a slit where all fringes have the same width (at half maximum intensity),
all fringes display here the same widths. This is the typical signature of interference effects
between two domains out of phase. This diffraction profile can be well reproduced by
considering a mixed-dislocation of the CDW, between an edge and a screw dislocation, as
schematically shown in Figure 3b).

Similar isolated phase defects can be detected in magnetic modulations, like SDW.
This was observed in chromium, that exhibits both SDW and CDW modulations below
TN = 311K with associated satellites reflections at wave vectors qs = 2kF and qc = 4kF
respectively. Using CXRD in a non-resonant magnetic mode, a characteristic splitting of the
2kF satellite reflection associated to the SDW is observed at certain positions of the sample,
while a single peak is visible at most other positions, and turned out to be in agreement
with an edge-dislocation on the magnetic modulation (see Figure 4) [15].
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Figure 4. (a) CXRD pattern obtained on the SDW peak of chromium at a position where the peak is
split, as seen on the CCD detector; (b) simulation of an edge dislocation line of the SDW. The white
dot is the dislocation line position, and the yellow/red dots are a representation of the magnetic
moments at each atomic position in the presence of a SDW dislocation; (c) red solid line: simulated
CXRD pattern corresponding to the spatial arrangement shown in (b) represented on top of the
experimental data (black squares).

2.3. Coexisting SDW and CDW: Two Modulations with Highly Different Correlation Lengths

Coherent diffraction experiments also allow to compare the state of disorder through
speckles. Indeed, the number of speckles observed is, in first approximation, related to the
number of defects. This property is particularly interesting in the case of chromium case
that hosts two coexisting phases whose type of interaction has been much discussed.

If the SDW represents the main harmonics of the modulation with wavevector �Q, a
CDW is concommitantly stabilized as its second harmonics at �2Q. However, while the
magnetic instability is clearly due to the nesting of electron and hole pockets at the Fermi
level with wave vector �Q, the origin of the CDW is far less understood. Several scenarii may
account for its appearance. The first one relies on magnetostrictive coupling: the interaction
between the SDW and the atomic lattice induces a CDW at �2Q [16]. Another hypothesis
involves a second nesting of unnested hole pockets following the SDW formation [17].
How to distinguish between this purely electronic or magneto-elastic scenarii? As coherent
diffraction is very sensitive to local defects, similar profiles on the two reflections are
expected in the case of the magnetostrictive origin of the CDW. However, comparing
the singularities of the two phases is not an easy task in diffraction because the probed
volumes are in general not equivalent. The way to avoid this is to use simultaneous
diffraction geometry for the SDW and CDW reflections by placing simultaneously the
qS = (0, 1 − δ, 0) SDW reflection and the qC = (1, 1 − 2δ, 0) CDW reflection on the Ewald
sphere (see Figure 5a). The images recorded at the maximum of the rocking curve for the
CDW and SDW reflections using a 2D detector are displayed in Figure 5b,c respectively,
with the same scale in reciprocal space.

The difference between the two diffraction patterns is striking: while the CDW reflec-
tion is broad and contains many speckles, the SDW reflection is as narrow as the direct
beam. This reveals a high number of CDW defects while the SDW correlation length
remains larger than the 10 μm × 10 μm probed volume. We can directly infer from these
measurements that the the origin of the CDW is not directly linked to that of the SDW. The
scenario relying on a purely magnetostrictive origin of the CDW does not hold while the
results could be compatible with a band model based on a second order nesting [18].
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Figure 5. (a) Schematic drawing of the simultaneous diffraction experiment. Given an incident wave
vector ki, the sample is oriented so that both qS and qC satellite reflections are simultaneously located on
the Ewald sphere, and therefore both fulfill the diffraction condition. Comparison of (b) CDW and (c) SDW
satellite reflections in chromium by using coherent and simultaneous diffraction through the maximum
intensity of the CDW (qC=(1,1−2δ, 0)) and SDW satellites (qS=(0,1−δ, 0)) (beam size = 10 μm × 10 μm).
For most of the regions probed, the qC satellite displays speckles, while no speckle is observed at qS.

3. Dynamics of CDW Sliding Based on Phase Shifts Motion

The most spectacular property of incommensurate CDW systems is their ability to
carry a collective current when submitting the sample to an external electric field (for a
review, see [19,20]). Above a threshold bias current, an oscillating current is detected with
a fundamental frequency as well as several harmonics [21]. Up to 23 harmonics have
been observed in NbSe3 [22]. This collective transport of charges through macroscopic
sample has received a considerable interest for more than 35 years [19,23]. However,
the understanding of the type of charge carriers involved in the phenomenon and their
propagation mode still remains incomplete.

The first proposed scenario was based on the translational invariance of the incom-
mensurate modulation allowing the whole CDW to slide over the atomic lattice without
dispersion [24]. In fact, as we will see in the following, the sliding state is characterized by
a strong distortion of the CDW. In addition, the CDW is an almost sinusoidal modulation
as shown by diffraction experiments (the second harmonic is usually very weak in inten-
sity) while transport measurements reveal a strong anharmonic signal [22] which suggests
that the transport of charges in CDW systems is far more complex than a simple CDW
translation. Another description considering the influence of defects, assumes a slowly
varying phase φ(x) of the CDW interacting weakly with impurities [2]. The existence of the
threshold field is thus well explained by considering an empirical bulk pinning potential,
either strong or weak, depending on the type of defects and their concentration [23]. On
the other hands, a strong electron-phonon coupling has been considered where the lattice
itself plays the role of CDW pinning leading to discontinuities, in the phonon spectrum
and atomic modulation [25]. A pure quantum tunneling through the sample was also
proposed [26]. However, the most accepted theory, developed by Ong and Maki [3] and
Gor’kov [27–29], deals with the CDW-metal junction at electrical contacts. The conversion
of normal electrons from the metallic electrode into condensed charges in the CDW is made
possible by climbing CDW dislocations at the interface. This so-called phase slippage and
current conversion phenomena are in agreement with local resistivity measurements close
to contacts [30]. In the phase slippage theories [3], impurities play a minor role, hidden in
the tunneling coefficient. Note also that phase slippage mixed with quantum tunneling
have been considered at low temperature [31].

The validation of either of these theories suffers, however, from the fact that it is very
difficult to observe this phenomenon at the atomic scale. The aim of this review is to show
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how the use of CXRD to observe CDW phase defects brings new insight on charge transport
in CDW materials.

3.1. Dynamics of Sliding CDW Revealed by CXRD

The sliding state was historically observed by macroscopic resistivity measurements,
but its signature in diffraction is also clear. Although each CDW system displays its own
behavior, the sliding state is characterized in all cases by an increase of disorder below the
threshold. Depending on the system under study, the type of disorder may take the form
of creep, compression, expansion, rotation, or shear of the CDW wavefronts, with ordering
processes by motion for larger currents or the appearance of an additional modulation
appearing on top of the CDW.

As an illustration of the diversity of the phenomenon, let us first describe the behavior
of the blue bronze K0.3MoO3 system under current (see Figure 6).

Figure 6. Coherent diffraction patterns of the 2kF satellite reflection associated to the CDW of the
blue bronze, at two positions A and B, while applying external dc currents. Each diffraction pattern
corresponds to a sum of the full rocking curve and has been obtained for currents between 0 mA and
2 mA at position A and from 5 mA to 15 mA, then switched to −20 mA and back to 0 mA at position
B. A sketch of the corresponding wavefront configuration in real space is displayed below each image,
illustrating the creep regime below the threshold, the narrowing effect above the threshold due to
the sliding motion, as well as dilatation and contraction of the CDW wavelength in the sliding state
depending on the current direction. This experiment was performed at the CRISTAL beamline of
SOLEIL synchrotron.

In this experiment, an external current was applied to the sample in a 4-probe con-
figuration at 70 K, below and above the threshold current IS = 2 mA. In most regions of
the sample, the behaviour is similar to the one measured at position A in Figure 6: in the
virgin state (I = 0 mA), the CDW reflection is made of a single peak, which accounts for a
long-range order of the CDW. When current is applied, the CDW reflection broadens and
displays speckles, which shows that the CDW loses its coherence even at very low currents,
far below the threshold IS, which is characteristic of the creep regime. Above IS, when the
macroscopic excess of current is observed by transport measurements, the CDW reflection
gets narrower and accounts for a recovery of long-range order. However, this observation
remains very local and is not homogeneous from one place to another. At another beam
position (the beam size is few microns large) some intrinsic defects locally pin the CDW
even above IS, which gives rise to speckles (at 5 mA here, see Figure 6b). If current is
further increased, the CDW can overcome the pinning center and recover its long-range
order, here at I = 15 mA. By reversing the current, at I = −20 mA, this long-range order is
maintained, and still apparent when the current is switched off [32,33].
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Finer details revealing the effect of sliding can be detected. Probing the 2kF CDW
satellite with respect to external dc currents in the blue bronze reveals the existence of an
extra modulation (see Figure 7).

Figure 7. (a) 2D maps of the CDW satellite summed over the full rocking curve versus applied
currents and (b) corresponding CDW profile along �b∗ (sum over the vertical CCD axis). (c) Evo-
lution of the two secondary satellites position with respect to the 2kF position (top panel) and the
corresponding period in real space reaching more than one micrometer (lower panel).

In the sliding regime, the 2kF satellite reflection displays secondary satellites along
the chain axis which corresponds to the appearance of a new periodicity in the system,
with periods in the micrometer scale i.e., 1500 times larger than the CDW wavelength that
decrease with increasing currents (see Figure 7). We will come back to this experiment in
the next chapter.

The sliding state is characterized by different features depending on the system under
consideration. Figure 8 shows a comparison between two other sliding systems: the quasi
two dimensional system TbTe3 and the quasi one dimensional one NbSe3, both probed
by CXRD. Although the two systems do not display the same behavior, the diffraction
patterns are very sensitive to the threshold current in both cases.

TbTe3 samples are intrinsically much less ordered than the blue bronze or NbSe3,
leading to broad diffraction peaks and speckles. However, this disorder does not prevent
the system from sliding [34] and the non-Ohmic conductivity is intimately linked to a
strong distortion of the CDW.

The satellite reflection associated to the CDW shown in Figure 8a) displays speckles
even without current. Below the threshold current Is, the peak remains unchanged, but a
visible shift in position is observed above Is. This global shift corresponds to a rotation of
the CDW wave vector in the sliding state (Figure 8a) [35]. Despite this reordering, one can
still observe speckles surrounding the peak proving that the CDW remains in a disordered
state above Is.

The case of NbSe3 is quite different. The diffraction pattern without current displays
an almost single peak corresponding to CDW correlation lengths larger than the beam
size, i.e., more than several micrometers in all directions. For small currents, far below the
threshold, the satellite reflection displays an elongated shape along the transverse direction
and is made of speckles (see Figure 8b).

Once the applied current exceeds the threshold current for sliding, speckles disappear
in NbSe3 leading to smooth diffraction profiles (see Figure 8b). This effect is more visible
in Figure 9. The disappearance of speckles does not correspond to a decreasing number
of CDW phase shifts but to time average, the counting time to get the image being longer
than the characteristic time of CDW sliding. Indeed, the 10s acquisition time necessary to
obtain one diffraction pattern is long compared to the phase shifts motion [36].
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Figure 8. Coherent diffraction patterns of the 2kF satellite reflection associated to the CDW versus
external current, below and above the threshold current IS, in (a) the quasi-two dimensional TbTe3

system (for I = 0 mA, I = IS/2.1 = 5 mA and I = 1.1× IS = 12 mA) where the red arrow indicates
the shift of the 2kF reflection at IS. (b) in the quasi-one dimensional NbSe3 system displaying an
elongated shape made of speckles below the threshold before refining above. The 2D images are a
sum over several incidence angles through the maximum of intensity. Although the cutting plane is
different in the two cases, the vertical direction of the camera is close to the 2kF wave vector (Q‖) and
the horizontal one is transverse to 2kF (Q⊥) in both cases [35].

Figure 9. 2D diffraction patterns of the (0,1.241,0) satellite reflection under external current from
0.2 to 1.8 mA (left column), as well as the corresponding transverse profiles (right column) obtained
after integration over the longitudinal direction. Speckles are observed even for weak currents and
disappear above the threshold at Is = 0.8 mA due to time average [36].

3.2. Microscale Shear Deformation of a CDW Induced by Surface Pinning

The limitation of the previous experiment is that the probe remains static and large,
averaging the CDW over the whole illuminated region of the sample, and thus excluding
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the possibility to observe local variations of the CDW. The NbSe3 system, however, is
known to develop a continuous CDW deformation under current. Indeed, current-induced
CDW deformations have been measured mainly close to the two electrodes by using a
50 μm × 50 μm X-ray beam along the entire sample length. The CDW appears to be
compressed on one edge close to the electrical contact and expanded on the other, leading
to a clear phase asymmetry in this direction [4,37]. These deformations were also observed
by local resistivity measurements [38] and are consistent with those required for phase slip
and CDW-to-normal carrier conversion at the contacts [4].

Although predicted in the 80’s [6], at least in the close vicinity of the surface, the
CDW shear deformation, which takes place along the direction perpendicular to current
injection, had never been observed. This is explained by the fact that NbSe3 samples have
the shape of very thin wires, tens of micrometers wide requiring the use of a much smaller
beam to observe transverse deformations without space averaging. In this regard, an X-ray
micro-diffraction experiment has been performed in NbSe3 versus applied dc currents.
Four gold contacts were evaporated on a 39 μm × 3 μm × 2.25 mm single crystal glued on
a sapphire substrate to perform four points resistivity measurements in-situ. Fast scanning
diffraction technique allows us to map the CDW sliding across the NbSe3 cross section.
The precise 2kF wave vector has been measured as a function of the X-ray beam position
on the sample surface. As shown in Figure 10, 100 μm × 40 μm maps were probed with 1
μm resolution as a function of current. From these diffraction patterns, the CDW phase has
been obtained by using a phase gradient method [39]. The maps in Figure 10 have been
obtained using the gradient method by considering the map measured at I = 0.15 mA as
the reference map. Indeed, due to hysteresis effects, it is always difficult to start the current
injection from the true virgin state. However, we have considered that the reference map
chosen was similar to the CDW initial state without current (see Figure 10 for more details).

In the upper part of the sample, in which current flows, a continuous deformation is
observed from one lateral surface to the other, while the part in which no current flows
remains unchanged. Like a guitar string plucked at both ends and subjected to a transverse
force, the CDW bends in one direction or the other depending on the current direction.
Despite the imperfections of the crystal, the CDW displays a continuous shear through the
whole sample cross section, i.e., across 20 μm, which corresponds to more than 10,000 times
its wavelength (λCDW = 14 Å). This continuous deformation spreading over such a large
distance, and leaving both boundaries unchanged, emphasizes that a CDW is able to
maintain its cohesion over macroscopic distances despite the local disorder. A CDW, a least
in NbSe3, is mainly pinned by the lateral surfaces and little by the bulk, in contradiction
with bulk pinning theories [2].

Another indication that the surface has a dominant effect on CDW sliding is that the
threshold current depends on the sample size and increases as it decreases. Resistivity
measurements show that the threshold value diverges with decreasing sample length
in NbSe3 [40,41] and in TaS3 [42]. Resistivity measurements have also shown that the
threshold field is sensitive to the lateral dimensions of the sample, and increase with
decreasing sample cross-section in NbSe3 [41,43] but also in TaS3 [44].

To describe this sample length-dependence of the threshold, a phenomenological
relationship between Eth and sample length Lx can be established, involving CDW bulk
impurity pinning [6]. Batistic et al. numerically found Eth ≈ 2.55L−α

x where α = 1.23
considering longitudinal pinning [40], but this, however, does not explain the constant Eth
observe for large Lx. On the other hand, a more precise description of the compression-
dilatation profile developing along the CDW direction in NbSe3 has been obtained by
considering nucleation processes of dislocation loops considering creep effect and an
incomplete conversion process [45].
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Figure 10. (a) Image of the NbSe3 wire. The focused ion beam (FIB) cut forces the current to flow
through the upper part of the sample only, and not in the lower part below the cut line. This
geometry allows to simultaneously observe sliding and non-sliding areas from a single sample. The
CDW wave fronts are displayed in yellow. The area mapped by the X-ray beam is indicated in red.
(b) Evolution of the CDW in this region under increasing positive currents and decreasing currents
down to negative values (I = {0.15, 0.6, 1, 0, −0.15, −0.6, −1}). The map at 0.15 mA has been
considered as the reference map. For clarity, the period of the CDW (yellow wave fronts) has been
considerably increased (in reality, the CDW period is λ = 14 Å) [39]).

This experiment obviously highlights the predominant role of pinning by lateral
surfaces, until now neglected in previous theories (see Figure 10). In order to get the
spatial dependence of the phase and the size-dependent threshold field Eth(Lx, Ly, Lz), let
us consider the known 3D CDW free energy [46,47]:

F [φ] ∝
∫

d3�r {c2
xφ2

x + c2
yφ2

y + c2
zφ2

z + ω2
0 [1 − cos(φ)] + ηExφx} (1)

where cx, cy, cz are the CDW longitudinal and transverse elastic coefficients, φj ≡ ∂φ
∂j are the

phase derivatives, Vimp(φ) ≡ ω2
0 [1 − cos(φ)] is a standard emulation of the bulk impurity
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pinning potential [19,23] neglecting its randomness [2,23] and the last term corresponds to
the CDW coupling to an applied electric field E with the longitudinal gradient φx, where η
is a temperature-dependent coupling coefficient [47] and Ex is the applied electric potential.
Guided by the experiment, we fix the phase at the electrical contact (x = 0 and x = Lx) and
at the transverse surfaces. The corresponding boundaryconditions are :

φ

(
± Lx

2
, y, z

)
= φ

(
x,± Ly

2
, z
)
= φ

(
x, y,± Lz

2

)
= 0, (2)

The variational equation for the functional (1) (see Equation (4) below) was solved
using the Green function and image charges method (see details in [48,49]). In the first
order in β, the solution yields:

φ(�r) ≈ − 32
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y
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) (3)

where the coefficient β dependents on the sample size Lx, Ly, Lz as:
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As shown in Figure 11, Equation (3) for the phase satisfies the Dirichlet conditions
(Equation (2)). The solution corresponds to a CDW shear in the central part of the sample
and a compression or a dilatation of the CDW wave fronts at the two edges, in agreement
with experiments.
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Figure 11. (a) CDW including the φ(x, y) obtained from Equation (3) displaying a shear effect with
a curvature of the wave fronts in the middle part of the sample and a compression-dilation of the
CDW period at the two electrical contacts. The CDW wavelength λ has been significantly increased
for clarity (in reality λ = 14 Å in NbSe3, that is λ ≈ 10−6Lx) (b) Threshold field Eth versus Lx and
its corresponding fit using Equation (13) of reference [49]. The experimental dots were obtained in
NbSe3 (reproduced from [40]) and the blue triangles in TaS3 (from [42]). (c) Threshold field Eth (blue
dots) versus sample cross section in small o-TaS3 samples (reproduced from [44]). The fit (red line)
correctly reproduces the increase of Eth for decreasing cross sections and the asymptotic constant
value for large cross sections [49].

The threshold dependence on Lx and Ly can be obtained by considering a threshold
strain φ′ leading to Eth ∝ 1/Lx and to a constant Eth at large Lx. Experimental data in
Figure 11b) are shown with their corresponding fit using Equation (13) from Ref. [49]. The
same equation was used to fit the evolution of Eth as a function of the sample cross-section
S = LyLz shown in Figure 11c). Furthermore, bulk impurity pinning was removed for those
fits (ω0 = 0) showing that surface pinning alone is sufficient to explain the constant Eth at
large Lx (see [49] for more details).

As a conclusion, without considering the empirical bulk pinning (ω0 = 0), and by
only fixing the phase at a constant value on all surfaces, the global deformation of the CDW
under current can be reproduced, including the dilatation and the compression close to
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electrical contacts [4,37], the wave front curvature in the middle part [39], and the threshold
field dependence on sample length and cross section.

This observation raises questions about the very nature of this phase able to develop a
continuous deformation across macroscopic distances in imperfect lattices containing many
defects in volume [26]. We can also note that if the transverse deformation is clearly related
to lateral surface pinning, the longitudinal one isn’t since the CDW compression-dilatation
at the electrodes is also due to the conversion of normal electrons from the metallic electrode
into condensed charges [4,45].

3.3. Sliding CDW Based on a Traveling Soliton Lattice

In the previous chapters, we have shown several aspects of a CDW that are all related
to sliding: CDW can stabilize dislocations at rest (see Figure 3) [14], those phase shifts
are mobile above the threshold, leading to the disappearance of speckles in blue bronze
(see Figure 6) and in NbSe3 (see Figure 9) [36]; the CDW displays a strong distortion
(longitudinal and transverse) in NbSe3 and an additional periodicity appears on top of the
CDW when sliding in K0.3MoO3 blue bronze (see Figure 12) [32]. The excess of current
observed in CDW systems above the threshold could be related to all these observations.

Figure 12. Sketch of the soliton lattice in real space. (a) CDW in the presence of a soliton lattice with
period l corresponding to periodic 2π phase shifts spread over a distance ls and propagating along
the applied field (b) the corresponding electronic density and (c) the phase φ profile [50].

Let us come back to the extra modulation observed in the sliding regime of the blue
bronze (see Figure 7). This modulation can be understood as the presence of a soliton
lattice in translation. For this, let us first consider a crude model considering the influence
of defects through an interaction which couples the pinning potential and the phase φ [2].
The free energy leads to the following equation of motion in 1D [23]:

∂2φ

∂t2 − c2
x

∂2φ

∂x2 + η
∂φ

∂t
+ ω2

0 sin(φ) = F (4)

where F =
2c2

φ e E
h̄ vF

is proportional to the applied electric field, cx =
√

m/m∗ vF is the
phason’s velocity and ω0 the pinning frequency. We also add an effective damping term
η

∂φ
∂t to mainly take into account the coupling between CDW and phonons. The sin(φ)

term is not linearized here allowing for abrupt phase variations. The usual non-perturbed
sine-Gordon equation (for which F = η = 0) is known to admit soliton solutions. However,
soliton excitations are quite robust and survive the inclusion of a reasonable external force
and dissipation keeping their topological properties although the soliton shape is slightly
modified [51]. Let us now solve Equation (4) considering that the phase φ(x, t) contains
two terms: a slowly varying phase φ0(x) and a dynamical part φ1(x, t) where φ1 varies
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much more rapidly than the static one. The static part φ0(x) can then be calculated by
averaging Equation (4) in time:〈

∂2φ0(x)
∂x2

〉
t
= (

η π

e
j − F)/c2

φ, (5)

leading to a quadratic variation of the phase φ0(x) (j = e/π〈∂φ1/∂t〉). The CDW,
ρ = ρ0 cos(2kFx + φ(x, t)), pinned at both ends at the metal/CDW junction, is compressed
at one electrode and stretched at the other in agreement with experiments [4,37,45]. The
excess of current in the sliding regime j = e

π
∂φ
∂t is constant far from electrodes as observed

by numerous transport measurements [38,52–55].
The dynamical part φ1(x, t) obeys the sine-Gordon equation and is submitted to an

effective force including friction. Considering the periodic nucleation of CDW dislocations
at the electrode [31], we obtain a train of solitons [51]:

φ1(x, t) = δ +
∞

∑
n=−∞

4 arctan
(

exp
(

x − vSt − ln
lS γ(v)

))
, (6)

where l is the distance between successive solitons and lS = cx/ω0 their extension (see
Figure 13). Overlapping effects between solitons are neglected (l/lS > 2) [50]. Note also
that the soliton lattice reaches a stationary sliding velocity vs proportional to the electric
field E. Another expression for this soliton lattice, using the elliptic Jacobi function and
giving essentially similar results, will be discussed later (see Equation (14)).

Figure 13. (a) Fit of the experimental data from the soliton lattice model (Equation (6)). (b) Fitted
parameters ls and l versus currents and (c) profile of the corresponding phase φ showing an increase
of the soliton density for increasing currents [50].

This scenario of a soliton lattice traveling through macroscopic samples explains the
main features of the collective transport of charges in CDW systems. In this approach, once
created, these topological objects propagate without dispersion and with a remarkably long
lifetime. Furthermore in this theory, the propagation velocity increases while the lattice
period decreases with increasing applied fields and these 2π solitons carry a localized
charge. All these properties are in agreement with observations. It explains the well-defined
frequency of the additional pulsed current despite the macroscopic dimensions of samples.
Indeed, the charges remain spatially correlated despite the distance and the presence of
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disorder thanks to the robustness of these topological objects. The existence of the soliton
lattice is also in agreement with the appearance of an additional periodicity observed by
X-ray diffractioni experiments in the sliding regime of the blue bronze (see Figure 7). It also
explains why the fundamental frequency of the additional current increases with increasing
currents (since vs ∝ E) and why the additional periodicity observed in the blue bronze
decreases with increasing currents.

4. Effects of Solitons Observed by Diffraction

In this chapter, some theoretical aspects of the physics of solitons will be described
in relation to X-ray diffraction experiments. Only the unidirectional case, along the 2kF
direction, is considered.

CDWs are subject to stresses that can come from a variety of sources, such as surface effects
inducing pinning and shear [39] and/or changes in transition temperatures [56]. CDWs can
also be stressed by surface doping, surface steps [57], proximity to commensurability, various
structural defects like twins, domain walls [5], a constraint geometry [58] or an imbalance of
normal and collective currents near junctions in the sliding regime [45]. The stress can easily
exceed an elastic limit leading to the appearance of topological defects. For commensurate or
near commensurate CDWs, the associated stresses can leave particular fingerprints such as a
soliton lattice or a system of random solitons [32,59–61]. All these effects can, in principle, be
observed by local probes such as STM or by space-resolved X-ray beam as previously described
in this article (see also [5,38,45,57]) although the interpretation is not always obvious.

The intensity of the elastic scattering of the CDW with a distorted phase φ(r) is given
by the expression:

I(q) = I0

∣∣∣∣∫ S(r) · eiq·r · ei(φ(r)−φ(0)) · dr

∣∣∣∣2 (7)

where I0 is the normalization constant, and S(r) is the correlation function describing
an intrinsic disorder or inhomogeneity. X-ray experiments usually recover the “square
Lorentz” intensity profiles [62] which correspond to a simple exponential decay in real
space: S(r) ∼ exp(−|r|/η) where η is the correlation length.

The M-fold commensurate CDW interacts with the underlying lattice via the com-
mensurability energy which, for a small CDW amplitude A, can be written as (see e.g.,
[23]):

Wcom = α(1 − cos Mφ) , α = AM (8)

Cases M = 2, 3, 4, 8 are known in various CDW materials with M = 4 for NbSe3 and
M = 8 for Blue Bronzes; the case M = 1 is to emulate the interaction with host impurities
if we ignore the randomness of their positions. With primary contributions to the CDW
energy ∝ A2, the commensurability effect is weak for M > 2, affecting only the low energy
deformations of the phase, leaving the amplitude A almost unchanged.

For an exactly commensurate system, Wcom results in locking of the CDW phase φ at
values that are multiples of 2π/M. The actual band filling and/or local perturbations of
the concentration of condensed electrons enforce small deviations q from commensurability.
The overall phase displays increments Δφ = qL over a length L and the phase jumps
N = ΔφM/2π times along the sequence of commensurability plateaux, forming a lattice of
solitons (see experimental Figure 13, and theoretical Figures 14). As previously described
in the experimental section, the soliton lattice is characterized by two lengthscales, the
distance between solitons l = L

N = 2π/(Mq) and the soliton width ξ (similar to ls in the
previous arctangent model, see Equation (6)). The period l depends on band filling which
makes it temperature-dependent due to thermal activation of carriers [63,64]. The single
soliton width ξ ∝ (Cx/α)−1/2 is jointly determined by the energy α and the CDW rigidity
parameter Cx. It also depends on the carriers concentration due to the so-called effect of
Coulomb hardening [19,65–67]. The basic model describing effects of the commensurability
upon both the ground state and the spatio-temporal evolution of the CDW phase relies
upon equation [51]
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m∗ ∂2φ

∂t2 + γ
∂φ

∂t
− Cx

∂2φ

∂x2 +
e
π

E∗ + Fcom = 0 , Fcom(φ) = αM sin(Mφ) (9)

whose parameters will be discussed later. The simplicity of the model and availability of
exact solutions (the pure sine-Gordon limit with γ = 0, E∗ = 0) provoked a great amount of
studies through decades ([50] and references therein). However, the precise measurement
of the different parameters of this equation is far from being simple. The effective mass
density m∗ is accessible by optical measurements though the parameter α which is related
to the measurable pinning frequency ωpin as αM/m∗ = ω2

pin. With regards to the damping
coefficient γ, it is related to the measurable conductivity of the collective CDW sliding σc as
γ = e2/(sσc) where s is the area per chain. The definitions of σc, the stiffness Cx, and the
effective driving field E∗ require a comprehensive approach to CDW physics, including
such essential elements as Coulomb forces and normal carriers. The full microscopical
approach with some applications was reviewed in [19], the transparent equations have
been derived in [68] and the reasonably simplified version can be written as:

1
π

1
sσc

∂tφ − 1
π

ρc/ρn∂2
xφ +

Fcom

e2NF
= − J(t)

sσn
,

1
σc

=
1

σCDW
+

1
σn

(10)

which is comparable, term by term, to Equation (9) allowing to interpret its components.
The microscopically-derived temperature-dependent parameters are the normal and con-
densed densities ρn and ρc = 1 − ρn, with ρc(Tc) = 0. They are normalized to ρc(0) = 1,
and hence ρn(0) = 0. The second term on the left-hand-side describes the enhancement
of the phase elasticity Cx and the ratio ρc/ρn controls the rigidity vanishing, while ap-
proaching the metallic state at T → Tc. It also explains the Coulomb hardening between
condensed charges which dramatically increases with freezing out of screening by normal
carriers when ρn → 0 at T → 0. The right-hand-side of Equation (10) gives the driving
force E∗ as the total monitored current J(t) divided by the normal conductivity σn alone.
The total current is additive: J = Jn + JCDW with the intrinsic CDW current (per chain)
being J1

CDW = −(e/π)∂tφ.
These complications, not quite intuitive, arise from the complex interplay of Coulomb

interactions with screening facility of normal carriers. The effects are particularly strong for
solitons which are actually the walls crossing the sample; their charge density generates
a constant electric field which must be screened by the cloud of normal electrons whose
width is the screening length ∝ 1/ρn. This cloud deforms or moves together with the phase
evolution thus contributing to both elastic energy and friction.

The boundary conditions applied to the solution of Equation (9) also require special
attention. It is already known that without pinning, the solution in the dissipative limit is:
φ = (px2 − rt) where p and r are related as follows: Cx p + γr = eE∗/π. In the opposite
case, without boundary conditions, there is a freedom to redistribute the action of the
driving force among the elastic ∼ p and viscous ∼ r contributions. We will demonstrate
below the difference in behavior under different boundary conditions, both physically
motivated.

Experiments performed on CDW systems show that the sliding motion is essentially
dissipative. According to optical data (see e.g., [23]), the CDW response is overdamped
for frequencies below 10 GHz, while the characteristic frequencies of CDW sliding, as
measured by Narrow Band Noise (NBN) measurements, do not exceed 100 MHz. We must
therefore keep only the derivatives in the dynamical equation (Equation (9)). The resulting
equations can only be studied numerically, and is presented in the following.

The important question that arises is why the damping coefficient γ is so large, as
shwon by the experiments dealing with the interaction of CDW with phonons. The
answer also deserves to be integrated in the context of the physics of solitons, a now local
phenomenon, caused by microscopic defects. Indeed, their presence is known to destroy
the long-range CDW order. However, more importantly for us here, they provide an
evolving metastable order, whose relaxation dissipates the sliding energy.
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For the so-called local or strong pinning, the answer is explicitly known (see [69]). For
small velocities, it looks like

γ = 4niFπτπ , Fπ =
1
2

dΔE
dθ

∣∣∣∣
π

(11)

where ni is the linear concentration of impurities, τπ is the relaxation time of the local
metastable state, Fπ is the phase restoring force produced by the impurity, ΔE is the energy
term dependent on the phase mismatch θ, and τπ is the relaxation rate of the metastable
state. More details are given in the last section.

In the following, we will first consider randomly-distributed static solitons, then a regular
lattice of solitons, either static or moving under the effect of an external electric field, and finally
the solitons in space and time domains appearing in the course of phase slips.

4.1. Rare Random Solitons

Consider a CDW system containing few solitons, with a mean concentration c = 1/l,
trapped by impurities or thermally-scattered at T > Tc, so that their positions xi are
random. Each soliton produces a phase shift χ = 2π/M. We shall keep χ to be arbitrary
allowing also to include the effect of charged impurities, providing Friedel phase shifts
even in absence of solitons (see [62] and refs. therein). The correlation function in (7) can be
calculated via the Poisson distribution for a number of defects n found within the interval
(0, x). We have

D(x) =
〈

eı[φ(x)−φ(0)]
〉
= ∑

n
eiχ·n·sgn(x) (c|x|)n

n!
e−c|x| = e−|x|c(1−cos χ)eixc sin χ. (12)

In q space, we find a single symmetrical Lorentzian peak with the width c(1 − cos χ)
and located at the displaced position δq=c sin χ:

I(q) = R
2c(1 − cos χ)

(q − c sin χ)2 + 4c2(1 − cos χ)2 ; χ =
2π

M
(13)

where R is the material parameter. If χ � 1, the shift is just given by the mean stretching
δq ≈ cχ. Even small, the shift is nevertheless visible because the broadening cχ2 is even
smaller. On the contrary, when the shift is maximal (δq = c at χ = π/2 for M = 4), for the
unitary limit of the impurity potential, the peak position is no longer well-defined since its
broadening is of the same order of magnitude as the shift.

4.2. Static Lattice of Solitons

Without driving force, E∗ = 0, the static soliton of Equation (9) yields the regular
soliton lattice whose form is known analytically:

φ(x, k) =
2
M

am
[

M
2k

x
ξ

, k
]

; l =
4kK(k)ξ

M
; ξ =

(
Cx

α

)1/2
(14)

where l is the distance between solitons, ξ is the characteristic soliton size, am[τ, k] is
the elliptic Jacobi function, and K(k) the complete elliptic integral of the first kind. This
expression is more precise than the one used previously (see Equation (6)), although it may
be less intuitive.

The intensity I(q) is determined by Equation (7) containing the phase φ given by
Equation (14). The results are shown in Figure 14. When the soliton size is large, for ξ ∼ l
(k � 1), the phase φ grows almost linearly. In that case, the intensity I(q) is simply shifted in
q-space from the commensurability point Q0 to Q0 + 2π/l. In the opposite strongly non-linear
case, where φ contains abrupt phase shifts (ξ � l), the solitonic superstructure leads to the
formation of non-symmetric peaks, spaced by a wave vector depending of 1/l (Figure 14).
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4.3. Lattice of Solitons Submitted to an External Electric Field

Consider now the static and the stationary states of the solitonic lattice under the
applied homogeneous field E∗. Recall that the CDW sliding is overdamped, and so we
consider the behavior of the phase φ described by Equation (9) in the limit m∗ = 0. We
numerically solve the differential equation by considering two different physical situations:

(i) The CDW condensate is considered as isolated, with a conserved total charge and
submitted to boundary conditions fixing the phase increment:

Δφ = φ(L, t)− φ(0, t) = 2πNs/M (15)

where Ns is the number of solitons over the chain length L present before the field is
applied.

(ii) The CDW condensate without boundary conditions, only the initial phase distribution
φ(x, 0) is defined.

Independently of the boundary conditions, the CDW state is not static anymore for too
large E, exceeding a critical electric field Ec. In the specific case of the rigid approximation,
where ∂xφ = 0, the potential energy −α cos(Mφ)− eEx/π behind the Equation (9) looses
its minima above the critical electric field Ec0 = Mα. In the more general case, where
∂xφ �= 0, the threshold field Ec is different and our numerical solution shows that the actual
threshold field is lower than the rigid case, with Ec ≈ 0.7Ec0, being reduced by the allowed
elasticity ∂xφ �= 0.

Figure 14. (a) The phase φ grows almost linearly for ξ = 0.44l (blue line) or displays abrupt phase
shifts ξ = 0.04l (yellow line) (b) Corresponding normalized diffraction profile of the sattelite reflection
associated to the CDW displaying the two types of solitonic lattice for ξ = 0.44l (dashed blue line)
and for ξ = 0.04l (yellow line). The shift of the maximum of intensity is related to the average slope
of the phase, which is equal in both cases here.

For the case (i) of the closed system, the space-time distribution of the phase φ(x, t) is
presented in Figure 15 for low and high electric fields.

We see that the static solution corresponding to the lattice of somehow deformed
solitons is reached at sufficiently long times. At the critical field, the soliton lattice starts
to move and no static limit can be reached. Figure 16a shows the space dependence at a
given point t0 of φ(x, t0) for various electric fields. In the sliding regime, the amplitude of
undulations diminishes. At larger E, the profile of φ(x, t0) approaches a plateau while the
solitons are expelled in favor of a steep rise of φ near a boundary. The scattering intensity
I(q) is presented in Figure 16b for a subcritical electric field.
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Figure 15. Space-time distribution of the phase φ for various electric fields: (a) E = 0.5Ec,
(b) E = 0.65Ec and (c) E = 0.8Ec.

Figure 16. (a) Space distribution of the phase φ(x) at a fixed time for various electric fields.
(b) Scattering intensity profile for an intermediate field E/Ec = 0.5.

For the case (ii) of the open system, we imply the initial conditions corresponding to
the initial solitonic distribution:

φ(x, 0) = am(x, k) (16)

The results of the numerical solution are presented in Figures 17 and 18. At short
times, the soliton lattice profile φ(x, t) changes and becomes non-symmetrical. The soliton
width increases with increasing applied fields, and the solitons start moving. The density
plot of φ(x, t) is presented in Figure 17.

Figure 17. Contour plots of phase φ for (a) E = 0 and (b) E = 0.15Ec.

At zero electric field (Figure 17a), the initial periodic profile φ(x, 0) is kept statically,
but it starts to move under applied external electric fields with no threshold. The contour
lines φ(x, t) bend and the distance between solitons changes not only in space but also in
time (Figure 17b). The behavior of the phase in the middle part of the sample, φ(L/2, t),
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for various electric fields is presented in Figure 18a; the intensity I(q) at an intermediate
electric field is presented in Figure 18b.

Figure 18. (a) Space distribution of the phase φ(x) at a fixed time for various electric fields.
(b) Scattering intensity profile for intermediate field.

In this complex CDW sliding process, many questions can be answered by considering
the phase-only framework, like how solitons enter or leave the sample, how they are
(re)created near junctions, how the total soliton number Ns changes with temperature for
example, or how the equilibrium wave vector evolves (see [70] and the first part of this
review concerning diffraction experiments). However, a change of Ns, or more generally of
the total phase increment Δφ, is required for so-called phase-slip processes, which corre-
spond to a kind of space-time vortices. As a consequence, it is required for the amplitude
A of the CDW order parameter Ψ = A exp(iφ) to vanish in the vortex core [49]. Thus, the
equations must be generalized and include the function A(x, t). The commensurability
energy has to be generalized as Wcom ∝ −α

(
ΨM + Ψ∗M) and the following additional

equation for A has to be considered:

κx∂2
x A + κx A(∂xφ)2 − A + A3 − αM

(
ΨM−1 + Ψ∗M−1

)
= τ−1∂t A (17)

where κx and τ (the amplitude relaxation rate) are some constants. In Equation (9), we
must take into account that γ ∝ Cx ∝ A2 and α ∝ AM. The vorticity can be obtained only
in invariant variables, so the phase derivative in Equations (9) and (17) must be generalized
as ∂tφ → ω = Im(Ψ∗∂tΨ)/A2, ∂xΨ → q = Im(Ψ∗∂xΨ)/A2 with the phase being restored
as φ =

∫ t
ω(t′)dt′. The numerical solution was performed in terms of components u, v

of Ψ = u + iv. The boundary conditions are given in terms of q ; in view of the local
electroneutrality condition (q/π) + n = 0, q specifies the concentration of normal electrons
n, and thus their chemical potential which is the standard assumption.

Figure 19 shows an example of numerical solutions for M = 1. We see a stratification
among the pinned bulk where the phase is nearly constant and the sliding stripes near
junctions where the phase evolves by 2π pulses (solitons in the time domain). The regions
are separated by a periodic array of vortices in time, and form as a wall in the x direction,
which can be viewed as space-domain solitons. The plot of the amplitude shows the
sequence of nodes: as expected, A(x, t) goes to zero at the space-time vortex centers.

In conclusion, the commensurability solitons can be observable in CDWs with a
sufficient concentration of normal electrons. Particular manifestations near junctions are
challenging for space-resolved studies, particularly coherent micro-diffraction. These
intriguing spatial and temporal effects require the use of both space and time-resolved
techniques to be observed.
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Figure 19. Phase slip processes. (a) Space-time distribution of the phase φ(x) and (b) of the amplitude A(x, t).

4.4. Generation of Pairs of Solitons by an Impurity and Resulting CDW Viscosity

Consider a system of interacting CDW chains with a point impurity located at position
�ri, x = xi on the chain n = 0. We can write the Hamiltonian as

H =
∫

dx

{
∑
n

[
1
2

C‖(∂xφn)
2 − ∑

m
C⊥ cos(φn − φm)

]
−V cos(φ0 + �Q�ri)δ(x − xi)

}
(18)

where C⊥ is the interchain coupling and V is the impurity strength. The 2π periodicity of
the pinning energy allows to skip the 2π quanta in φ0 to optimize the total energy. More-
over, the 2π periodicity of the regular energy in Equation (18) allows for interchain ±2π
solitons. For the soliton centered at position X, the phase profile φs(x − X) describes stretch-
ing/dilatation by one period along the defected chain relative to the surrounding ones. The
soliton is distributed over the length ξ ∼

√
C‖/C⊥ and costs the energy Es ∼

√
C‖C⊥, the

two terms defining the equilibrium concentration of solitons ns ∼ exp(−Es/T).
The energy should be minimized over φ(x) with the asymptotic condition φ → φ̄ at

|x − xi| → ∞ where the mean phase in the bulk φ̄ can be time-dependent. It is convenient to
keep the local value φ0(xi) fixed and optimize it only at the end of the calculation. Then the
pinning center can be described by a single degree of freedom ψi and monitored by another
single one θi. Let us define the local mismatches of phases relative to the bulk value φ̄:

ψi = φ(xi)− φ̄ , θi = −Qxi − φ̄ , ∂tφ̄ = ω (19)

Henceforth, the index i will be omitted.
Quantitative results can be obtained within a short-range model (Equation (18)). If

we consider that only the central chain n = 0 (passing through the impurity) is perturbed
while its neighbors stay at φn �=0 ≡ φ̄ homogeneously, then the energy functional can be
simplified as: ∫

dx
[

1
2

C‖(φ′)2 − C⊥ cos(φ)− V cos(φ − θ)δ(x)
]

(20)

Its extremum is the function φ(x) = φs(x−X)−φs(x+X) where φs(x) is the standard
sine-Gordon soliton shape and X is fixed by the conditions φ(0) = 2φs(X) = ψ. The
successive φ(x) profiles versus θ is shown in Figure 20a.

The energy can be written as: W(ψ) = Es(1 − cos(ψ/2)). Over one period, W(ψ)
changes monotonously within 0 = W(0) ≤ W(ψ) ≤ W(2π) = 2Es. The remnant varia-
tional energy contains the pinning potential V(ψ − θ), which we take as
V(φ) = V(1 − cos φ), and the energy of deformations W(ψ) with W(0) = 0, W(2π) = 2Es:

H(ψ, θ) = V(ψ − θ) + W(ψ) (21)

The study of the extrema of this energy yields one or three solutions ψi(θ), i = 1, 2, 3
whose energies Ei(θ) are illustrated in Figure 20b. As an example, the profile i = 3
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corresponds to a dilatation of the CDW wavelength at one side and a compression on the
other side, in agreement with the observations [4,37]. The whole interval of θ, or some parts
of it, can be either mono-stable or bi-stable. The last case corresponds to the coexistence of two
locally stable branches: the absolutely stable one with the lower energy E1 and the metastable
one with a higher energy E2. The same pair of branches can be regrouped also as the
ascending branch E+ for which F+(θ) > 0 and the descending one E− with F−(θ) < 0, where
Ea (with a = ±) are the partial forces generated by the pinned state a. They correspond to
the retarded and the advanced states at the impurity, respectively, and the two branches cross
each other at θ = π, with ψ±(π) < π (see Figure 20b). The barrier height, with respect to
the metastable branch E2, gives the activation energy for its decay: Ub(θ) = E3(θ)− E2(θ).

Figure 20. (a) The φ profile starts from the equilibrium position 0 with φ(x) ≡ 0, and evolves through
the shapes 1, 2, 3, 0′. These configurations correspond to the retarded branch E+ which becomes
metastable after φ(0) crosses π. The phase φ will then follow the advanced profiles 1′, 2′, 3′, 0,
corresponding to the branch E_. If the retarded branch E+ is less deformed, costing a smaller energy
W, the relaxation E+ → E_ is avoided, and the new development starts with the profile 0′ = 0 + 2π

corresponding to the infinitely divergent pair of solitons. (b) Energy branches for a bistable impurity.
The upper line shows the barrier branch E3. Solid lines show the locally stable branches E±, also
classified as E2 > E1. The difference ΔE = E2 − E1 gives the dissipated energy. The difference
U = E3 − E2 gives the activation energy for a decay of the metastable state E2.

Let us consider the stationary process when the CDW moves with a constant phase
velocity ω = − ˙̄φ = θ̇ = const. The pinning force can be written as a weighted distribution
of instantaneous forces:

Fpin = ni

∫ θmax

π
dθF(θ) exp

(
−
∫ θ

π

dθ1

ωτ(θ1)

)
, F =

d
dθ

ΔE
2

=
F+ − F−

2
(22)

where the expression in the exponent generalizes, for a variable relaxation time τ(θ), the
natural guess for the decay probability as exp(−Tslide/τ) where Tslide = 2π/ω is the period
of the CDW sliding over the impurity site.

We shall limit the discussion to small velocities ω � τ−1
π where τπ = τ(π) ∼

exp(Uπ/T), Uπ = U(π), is the maximal relaxation time in the region of the branch crossing
the point θ = π. The main contribution comes from the close vicinity of π: θ ≈ π + δθ
where δθ ∼ ωτπ . We can distinguish between two sub-regimes.

1. Very small velocities: with ω � ωπ = T/(τπ Fπ) � τ−1
π and Fπ = F(π). The

decay happens as soon as the branch becomes metastable in a vicinity of π, even before the θ
dependence is seen. The life time interval is δθ ∼ vτπ, hence Equation (22) yields the expression

Fpin = niωFπτπ (23)

which gives the phenomenological viscosity in the regime of the linear collective conductivity.
It shows an activated behavior via τ−1

π which can emulate the normal conductivity via
thermally activated quasi-particles.
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2. Moderately small velocities: with ωπ � ω � τ−1
π and

Fpin ∼ niT ln[ωτπ ] i.e., ω ∼ τ−1
π exp( f /niT) (24)

Convenient interpolation formulas for the two cases 1,2 can be obtained:

Fpin ≈ Tni ln
(

1 + ω
τπ Fπ

2πT

)
; ω =

2πT
τπ Fπ

(
exp

Fpin

Tni
− 1
)

(25)

The physics of Fpin ∼ ω regime is given by the high probability to stay with the
metastable branch in the course of small displacements δθ ∼ τπv. The Fpin ∼ ln ω regime
appears because that at higher ω a wider region of δθ is explored and the metastable branch
starts to feel the decrease of the barrier (long in advance, there is either the termination
point θe or the minimal barrier point θm), even if still unreachable at these moderate ω. The
complete range of velocities was described in [69] and compared with experiments in [71].

5. Conclusions

This article summarizes different studies that have made it possible to observe defects
in electronic crystals, such as charge and spin density waves, thanks to cutting-edge X-ray
diffraction techniques and more particularly coherent X-ray diffraction. New information
about the CDW static and dynamical regimes could be obtained thanks to the sensitivity of
coherent X-rays to phase variations, especially in the sliding CDW state. Two main features
emerge from this series of experiments: the CDW deformation, mainly due to pinning by
sample surfaces and the propagation of a periodic lattice of phase shifts on top of the CDW.
These two characteristics of sliding CDW are linked. The collective transport of charges in
CDW systems is based on the dynamics of phase shifts induced by CDW deformations. After
a threshold strain, the CDW elastic energy is released by creating a 2π soliton. Once created,
the soliton propagates freely across the sample. Since the applied current is continuous, the
creation of soliton is periodic, generating a soliton lattice in motion.

There is, however, still a lot to understand. The main difficulty lies in the fact that each
system, despite identical aspects, has different properties. The diversity of measured re-
sponses probably shows that the type of transport is not identical depending on the system.
Ultrashort and coherent X-ray pulses as the ones delivered by X-ray Free Electron Lasers
could open new perspectives thanks to unprecedented spatial and temporal resolution to
get a better understanding of this collective motion of charges.
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Abstract: Broken symmetries of quasi one-dimensional electronic systems give rise to microscopic
solitons taking roles of carriers of the charge or spin. The double degeneracy gives rise to solitons as
kinks of the scalar order parameter A; the continuous degeneracy for the complex order parameter
A exp(iθ) gives rise to phase vortices, amplitudes solitons, and their combinations. These degrees of
freedom can be controlled or accessed independently via either the spin polarization or the charge
doping. The long-range ordering in dimensions above one imposes super-long-range confinement
forces upon the solitons, leading to a sequence of phase transitions in their ensembles. The higher-
temperature T transition enforces the confinement of solitons into topologically bound complexes:
pairs of kinks or the amplitude solitons dressed by exotic half-integer vortices. At a second lower T
transition, the solitons aggregate into rods of bi-kinks or into walls of amplitude solitons terminated
by rings of half-integer vortices. With lowering T, the walls multiply, passing sequentially across the
sample. Here, we summarize results of a numerical modeling for different symmetries, for charged
and neutral soliton, in two and three dimensions. The efficient Monte Carlo algorithm, preserving
the number of solitons, was employed which substantially facilitates the calculations, allowing to
extend them to the three-dimensional case and to include the long-range Coulomb interactions.

Keywords: topological defect; soliton; stripe; confinement; aggregation

1. Introduction: Confinement and Phase Transitions in Ensembles of Solitons

Strongly correlated electronic systems are prone to spontaneous symmetry breaking
which brings about a manifold of degenerate ground states. Such degeneracy makes pos-
sible the existence of topologically non-trivial configurations connecting different states
(see [1] for a latest review). These include, for example, domain walls and stripes, disloca-
tions and vortex lines, as well as their complex aggregates. In two- and three-dimensional
systems such objects are still macroscopic. However, in one-dimensional (1D) systems they
become truly microscopic objects carrying energy, charge, and other quantum numbers of
a single-electron scale. It appears, frequently, that such microscopic quasi-particles, called
solitons, become the lowest energy excitations and take over the role of conventional elec-
trons, e.g., in transport or optical properties (see [2,3] for short reviews). Since the solitons
possess such non-zero quantum numbers as charge or spin, their stable ensembles can
be controllably created and/or observed by the usual means, such as scanning tunneling
microscopy. Such collective systems typically experience a sequence of phase transitions,
accompanied by the formation of structures at an increasing scale: from individual solitons,
via their microscopic complexes and growing aggregates to macroscopic domain walls
and stripes.

The popular notion of “topological solitons” is a shortening for “topologically nontriv-
ial solitons” which still needs precision such as “topologically stable . . . ” or “topologically
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protected . . . ”. The “topological stability” is based on conservation of “topological charges”
and the related “irreducibility of trajectories” connecting different states of a systems, see
reviews [4,5]. Following only the minimal feature of a spanning trajectory, with no respect
to its reducibility, we shall imply a broader while less precise definition of a “topologically
nontrivial soliton” as a local configuration exploring a manifold of degenerate ground state
connecting different equivalent ones. The configurations may not be topologically stable,
thus allowing for their transmutations with trivial electronic excitations. Such solitons
appear or are preserved because they are energetically preferable and/or because the total
electric charge or spin, which these solitons carry on, are monitored externally.

A major puzzle, as well as the inspiration, is that experimentally the solitons were
observed or looked for within the low-temperature phases with a long-range order. The
commonly unattended obstacle is the effect of the confinement of solitons (see [2] and
refs. therein). Commuting between degenerate minima at only one chain would lead to a
loss of the interchain ordering energy proportional to |x|—the distance along the chain till
the next soliton or a boundary. This energy dominates at long distances even if it can be
unimportant locally for a weak interchain interaction.

These interactions can appear already in some specific 1D systems where the ground
state degeneracy is not exact, so the soliton connects the true and the false vacuums losing
the confinement energy. The effect of confinement is omnipresent at higher dimensions
where the interchain interactions, which are responsible for establishing the long-range 2D
or 3D ordering, lift the degeneracy locally. In cases of discrete symmetries (when solitons
are the amplitude kinks as in the Z2 case of the dimerization) the solitons are bound in
topologically trivial pairs with an option for a subsequent phase transition to form cross-
sample domain walls [6–8]. Much richer are the cases of continuous symmetries: the
phase degeneracy in superconductors and incommensurate charge density waves (ICDW),
the directional degeneracy in spin-isotropic antiferromagnets, and both phase and spin
degeneracy in spin density waves (SDW). Here, the gapless mode can cure the interruption
from the amplitude kink which allows for individual solitons to enter the low-temperature
phases with long-range ordered states. The solitons adapt by forming topologically bound
combined complexes with half-integer vortices of gapless modes: π-rotons [2,3]. For cases
of repulsing and attracting electronic interactions correspondingly, that results in spin- or
charge-roton configurations with charge- or spin-amplitude solitons localized in the core.
Beyond the quasi-1D electronic systems, the interference of different types of topological
defects has been noticed already in the theory of superfluid phases in surface layers of
He3 [9,10] and recently in doped antiferromagnets [11].

In this short review, we shall summarize and update our recent, largely numerical,
studies on statistical ensembles of solitons [12,13], see also [14]. We refer to these pub-
lications for a broad review of experimental motivation and for a wider citations of the
theoretical literature, while here we shall be concerned with only major theoretical aspects.
Section 2 will be devoted to solitons in systems with a discrete double degeneracy. Separate
sections will describe cases of neutral and charged solitons, modeling in D = 2 and D = 3
dimensions, slow a cooling and a quench. Section 3 will be devoted to a richer system with
a combined amplitude-phase degeneracy, with numerical results shown for D = 2, prone
to combined topological defects with half-integer vorticity. Section 4 will be devoted to
discussions and conclusions.

2. Discrete Symmetry: Solitons in Doubly-Degenerate Systems

In this chapter we shall address the case of a discrete symmetry breaking, particu-
larly the double degeneracy, which is a very common phenomenon of a dimerization of
bonds (the family of Peierls-like transitions) and/or of sites (the family of transitions with
charge ordering or disproportionation). The alternation of spontaneously different sites or
bonds allows for disruptive defects which passing changes the sign of the order parameter
A → −A, hence a soliton with a nickname the “kink”. In relevant electronic systems the
soliton forms a potential wall possessing the bound “mid-gap” state which is allowed to
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capture one or two electrons, giving rise to oppositely charged spinless and/or neutral (or
sometimes also charged) spin-carrying solitons. In a 1D-system or at high-temperature
(T) disordered phase at a higher dimension (D), the randomly distributed solitons break
the long range correlation at a length of the order of a mean distance among the kinks.
Commonly, the on-chain interactions among solitons are short range (falling exponentially)
repulsive. There are special cases of a highly degenerate energy landscape with a coa-
lescence of different ground states, when the interaction among solitons becomes long
ranged, decaying only as power laws (see [15] and refs. therein). Still, this is a weak effect
in comparison with non-decaying confinement forces produced by interchain interactions
which we shall study below.

At D > 1 with lowering T, the interchain correlation of kinks enters the game drasti-
cally. Figure 1a,b shows that the energy of interchain interactions increases with growing
separation between two solitons both on the same chain or on neighboring chains. Hence,
there are two tendencies: either towards the formation of intra-chain bound pairs of solitons
(which we shall call bi-solitons or bi-kinks), or towards inter-chain aggregation of solitons
into the kink walls. As a result of these competing trends, the system goes through two
phase transitions: the intra-chain pairing of solitons at a higher T = T1, see Figure 1c,d,
and the inter-chain aggregation of pairs at a lower T = T2, see Figure 1e,f. The upper T1
is the transition temperature where the long range is established for the order parameter:
〈A〉 �= 0 at T < T1, while for solitons it is the onset of their pairwise confinement. For a
three-dimensional system, T2 is a specific phase transition point; below this temperature
there appear domain wall planes, which pass through the entire cross section of the sample.
For a two-dimensional system, this is not a phase transition, but rather a crossover: with
lowering the temperature below T2, finite bi-solitonic rods (pieces of paired domain walls)
gradually grow in the transverse direction. For finite systems, as in our numerical simula-
tions, there exists a sample-dependent temperature TF, at which the first wall crosses the
entire sample even in a two-dimensional system.

(a)

(b)

(c)

(d) (f)

(e)

Figure 1. Schemes of interactions and aggregations of solitons for a three-chain fragment. White and
gray squares correspond to different signs of the order parameter, their boundaries in the direction of
chains correspond to solitons; blue arrows show forces acting upon them. At T > T1, the kinks exist
as separate objects, but they already experience a long-range attraction that links them into pairs
on the same chain (a) or into walls across the chains (b). At T1 > T > T2, the solitons are bound
forming an ensemble of bisolitons (c). The lengths of bisolitons are large and fluctuate at T1 > T > J⊥
(c). The bisolitonic pairs are tight at J⊥ > T > T2 (d). At T < T2, the bisolitons aggregate into
growing bisolitonic walls (e) and then, reaching the sample boundaries, they split into isolated walls
of kinks (f).

This qualitative picture is supported by an exact solution available for a 2D system of
neutral solitons with some qualitative extensions to the 3D case [6]. The case of electrically
charged solitons has been addressed in [7,8], but the numerical studies [7] suffered with
a restrictive constraint: the bi-kink pairs were not allowed to jump between the chains.
Following the approach of [12], here we shall present the results of unrestricted numerical
modeling performed for the challenging case of a 3D system, both for neutral and charged
ensembles of solitons.
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2.1. Mapping to the Constrained Ising Model

The doubly-degenerate system can be mapped [6] upon the Ising model for spin
variables Sn,α = ±1 defined upon the discretized (with a distance a||) sites n of chains α.
The local density of kinks ρn,α can be expressed as

ρn,α = (1 − Sn,αSn+1,α)/2 , 〈ρn,α〉 = ν = N/V,

where ν is the mean concentration of solitons per site, N is their total number, V = L× HD−1

is the system volume with L, H being the sizes along and transverse the chains. The mean
density ν of solitons can be controlled by their chemical potential μ, then the Gibbs energy
H̃0 for the grand canonical ensemble of solitons becomes

H̃0 = H0 + (Es − μ)N = −J⊥ ∑
〈α,β〉n

Sn,αSn,β − J|| ∑
α,n

(Sn,αSn+1,α − 1), (1)

where the transverse spin-coupling constant J⊥ comes from the given energy of interchain
interactions while the longitudinal one J|| = (μ − Es)/2, where Es is the energy paid to
create the defect, is variable together with μ.

For electrically charged solitons we must add also [7,8] the Coulomb energy HC:

H̃ = H̃0 + HC , HC =
e2

2ε ∑
n,m;α,β

(ρn,α − ν)(ρm,β − ν)

|rn,α − rm,β| , (2)

where e is the electron charge and ε is the dielectric constant.
In the resulting anisotropic Ising model (1), only the interchain coupling constant

J⊥ has a physical nature and remains fixed, while the intrachain coupling constant J|| is
determined by the chemical potential of solitons. Controlling μ, a grand canonical ensemble
of solitons in D dimensions can be mapped to the D-dimensional Ising model, whereas the
canonical ensemble can be mapped to a stack of non-interacting (D − 1)-dimensional Ising
models with a global constraint 〈ρn,α〉 = ν. The latter case of controlling the concentration
ν corresponds to our physical situation of interest, where the source of the most interesting
behavior comes from inverting the self-consistency condition ν(μ, T) to μ(ν, T), which
means moving along a special line in the parameter space of the Ising model {J||, J⊥ , T}.
Alternatively, it is possible to construct a numerical procedure [12], which allows us to
implement the constraint explicitly by preserving the total number of solitons. In this
case, we work directly with the canonical ensemble and taking advantage of working with
(D − 1)-dimensional systems in which only physical interchain interaction is present.

2.2. Summary for the Effective Ising Model for a Neutral System

Recall the picture of equilibrium states for a neutral system (Figure 1). As the tempera-
ture decreases at a given concentration ν of solitons, the system goes through a sequence
of two phase transitions (at T = T1, T2) and a crossover between them (at T ≈ J⊥). These
temperatures are governed by three energy scales: J⊥ as the local energy of interchain
ordering, larger T1 ∝ J⊥/ν as the nonlocal energy of soliton confinement, and the smaller
T2 ∝ J⊥/ ln(1/ν) as characteristic energy of the transverse aggregation of solitons.

I. T1 ∝ J⊥/ν. For the Ising order parameter 〈S〉, this is simply the temperature T1 = Tc
of the second-order phase transition to a state with its non-zero mean at T < Tc. However,
for an ensemble of solitons, this is a confinement–deconfinement phase transition. It occurs
when the temperature drops below the average interchain interaction Fl, where l = a||/ν is
the mean distance between solitons. At T < T1, individual solitons become confined into
loose intra-chain pairs; at the lower T ∼ J⊥, the pairs evolve into tightly bound “bisolitons”.

II. T2 ∝ J⊥/ ln(1/ν) < J⊥. This is the temperature of solitons’ transverse aggregation,
when the first domain walls crossing the entire sample emerge. Since, at T = T2, we have
J||(T2) = 0, the effective dimensionality of the system D is reduced by 1. With aggregation
of bisolitons into the domain walls, the confinement energy is gained due to the proper
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ordering between neighboring chains. With that, the entropy is lost, and this balance sets
the temperature T2.

The bisolitonic pairs still coexist with walls below T2, but as the temperature decreases
further, the pairs disappear, giving material for building new domain walls. The basic
intuition for ordered systems (e.g., Ising model) tells us that at low T the system remains
in a simple form of a single ordered domain, diluted by rare spin-flips—tightly-bound
bisolitons with an energy of 2NJ⊥. However, with our constraints, the picture is different.
The self-consistent concentration of bi-kinks is

νbk ≈ exp
(
−4J|| + 2NJ⊥

T

)
, (3)

where N is the number of nearest chains. Since the concentration is fixed at νbk = ν/2,
then the decrease in temperature must be compensated by the decrease in J||, which
nevertheless must remain non-negative J|| ≥ 0. Hence, a new soliton storage reservoir
must be opened, with J|| remaining equal to zero when T decreases below T2(ν) such that
ν = 2 exp(−2NJ⊥/T2), i.e.,

T2 ≈ 2NJ⊥
ln(2/ν)

. (4)

This reservoir is a system of stripes (lines in 2D or planes in 3D) that cross the entire
sample, dividing it into domains of alternating magnetization. In three-dimensional
systems, below T2 the transverse layers do not interact and J|| stays at zero value, hence T2
must be indeed a sharp phase transition. In two-dimensional systems, T2 is only a crossover
for nucleation of growing rods of finite length. In 2D, only for a finite sample of a width H,
the rods grow through its entire cross-section at a temperature TF ≈ 4J⊥/ ln(H/2ν).

2.3. Numerical Approach for Ensembles of Amplitude Solitons

In this section, we review our numerical Monte Carlo (MC) results for 2D and 3D
cases of neutral and charged solitons [12]. As we pointed out above, in the numerical
simulations it is more efficient to preserve a fixed number of solitons, while for analytical
calculations it is more favorable to use self-consistent J||(T, ν) approach, which was more
convenient for the qualitative analysis and the access to exact solutions in D = 2 [6]. We
will work in the canonical ensemble representation, keeping fixed only the total number
of solitons, while allowing to exchange them between the chains (in contrast to the more
restrictive condition of fixing their number at the individual chains used in Ref. [7]). For
charged solitons, it is also necessary to consider the long-range Coulomb interactions,
which is always a difficult task, especially in our case of pattern-prone system, where
locally non-compensated charges appear at growing scales.

2.3.1. Neutral Solitons

We start with the basic case of the ensemble of neutral solitons. Figure 2 presents
typical patterns of formation and reproduction of domain walls and discs (paired walls).
At higher temperatures (T = 2.1J⊥ > T2, Figure 2a) the system is in an ordered state
diluted by a gas of bisolitons. With the formation of the first pair of domain walls (at
T = 2.0J⊥ ≈ T2, Figure 2b), the concentration of non-condensed solitons drops, further
decreasing gradually to cure the voids in already existing bisolitonic walls which then
diverge and form two solitonic ones, giving rise to a domain of inverted spins between
them. Then, the concentration of noncondensed solitons drops abruptly again with the
formation of the another bisolitonic wall (T = 1.6J⊥ < T2, Figure 2c).

Interestingly, the second bisolitonic wall emerges in the vicinity of the first soliton
wall. Presumably, this is because the motion of bisolitons intending to build the second
wall is forbidden in the direction of the existing wall, which halves the probability of their
escape, and thus facilitates the aggregation of the incipient second pair of walls.
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(a) (b) (c)

Figure 2. Formation of domain walls in a system of neutral solitons with the size 50 × 8 × 8 and
the solitons’ concentration ν = 0.08. (a) T = 2.1J⊥—no walls; (b) T = 2.0J⊥—two soliton walls;
(c) T = 1.6J⊥—four soliton walls.

2.3.2. Charged Solitons

Next, we address the case of electrically charged solions, focusing on the most in-
teresting regime of intermediate values J⊥/H2 � VC � J⊥ of the Coulomb parameter
VC = e2/εa⊥ (a⊥ is the interchain distance). Now, VC is locally sufficiently weak, that it
does not prevent the binding of kinks into bi-kinks; but even more than that—it does not
prevent the initial aggregation of bi-kinks at neighboring chains into small disks. However,
CI plays an important role for the large-scale structures, e.g., for large disks and domain
walls, because for VC � J⊥/H2 the formation of a wall planes is energetically unfavorable.

Thus, in contrast to the neutral solitons and weak CI cases, we do not observe a sharp
transition of wall formation for intermediate values of the Coulomb parameter. We still
observe finite bi-walls, possessing now the void defects. As the temperature approaches
zero, these defects can merge, cutting the wall along one of the transverse directions
(Figure 3a). At higher values of the Coulomb parameter, no plane walls are formed at
all, but filamentous stripes emerge instead, which are infinite along one of the transverse
directions and finite along the other one (Figure 3b).

(a) (b) (c)

Figure 3. Disintegration of domain walls as the CI increases. Modeling for a system with a size
50 × 8 × 8 at ν = 0.08 and T = 0.1J⊥ for different values of the Coulomb parameter: (a) VC = 0.02J⊥,
(b) VC = 0.1J⊥, (c) VC = 0.3J⊥.

Formation of lines rather than planes demonstrates the extreme sensitivity of CIs
to the pattern geometry. A charged plane wall would create a constant electric field
E = 4πe/(εa2

⊥) in the chains’ x direction, whose repulsive force eE would oppose directly
the attractive confinement force F = 2ZJ⊥ overpassing it at the intermediate CI, hence no
stable planes could exist. However, forming the stripes (in one transverse y direction) at
the expense of the part of the confinement energy (lost in the other transverse direction z),
the system generates a decreasing electric field E ∝ 1/

√
x2 + z2 which falls below the

confinement force at sufficiently large distances, hence preserving the partial aggregation.
We expect that for an infinite system these structures will further disintegrate into finite
pieces. For an even higher value of the Coulomb parameter, the formation of stripes
becomes also energetically unfavorable even for a finite system, and we observe only disks
of bi-kinks (Figure 3c). For an even stronger Coulomb interaction VC � J⊥, the transverse
disks shrink to the minimum size of one bi-kink which form a Wigner “liquid”, then the
crystal, and finally a crystal of solitons. The latter state is the universal limit of any system
of dilute point charges.

3. Pattern Formation in Ensembles of Phase-Amplitude Solitons for a Complex
Order Parameter

In this chapter, we construct and study the coarse-grained model of XY–Ising type,
which describes the local and the long-range orderings under the created and then mon-
itored mean concentration of solitons. We shall demonstrate an evolution of ensembles
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of solitons via a sequence of phase transitions or crossovers. At T < T1 the interchain
correlations settle in, and dilute amplitude solitons are dressed by half-integer vortex rings
(vortex-antivortex (VA) pairs in D = 2). Upon further cooling towards a lower T2, the
solitons start to aggregate in the transverse direction forming domain walls terminated by
the half-VA pairs. The terminating half-vortices at neighboring walls interact by pseudo-
Coulomb forces. Attraction and subsequent annihilation of vortices of opposite signs
belonging to neighboring walls favors the gluing of walls, either sequentially, elongating
their lengths, or parallelly forming bisolitonic rods. Both scenarios will be visualized in our
modeling. At T < T2 in D = 3, or at a size-dependent temperature TF ∼ T2 at D = 2, the
solitonic walls grow across the whole sample and finally the regular “stripe phase” sets in.

3.1. Solitons in Quasi-1D Systems with Combined Amplitude and Phase Degeneracies

Most important cases of degenerate ground states in electronic systems (superconduc-
tivity, incommensurate CDWs) invoke a complex order parameter O = A exp(iθ). Almost
commonly, the amplitude A is assumed to be positive A > 0 being associated with a
“superfluid” or “collective” densities A = ρs, ρc known also as the “phase rigidity”. With
respect to the flexible phase θ which variations give rise to observable collective currents,
sound waves and vortices, the amplitude is considered to be only weakly perturbed, except
for its enforced vanishing at cores of phase vortices. However, the microscopic insight at
quasi-1D electronic systems (see [2,3]) shows that actually A is an independent local degree
of freedom which should not be positively defined and, moreover, the alternations of its
sign are related to monitored quantum numbers.

Recall briefly some most basic facts on solitons in spin-singlet ground states of elec-
tronic systems: ICDWs and quasi-1D superconductors (see refs. in [2,3]). The ICDW is
a weak crystal A cos(2K f x + θ) of the electronic density and atomic displacements with
the order parameter is OICDW = A exp(iθ). The singlet pair can be broken into spin 1/2
components, but instead of expectedly liberated electron–hole pair at the gap rims ±Δ,
there will be spin-carrying “amplitude solitons” (AS)—nodes of the order parameter dis-
tributed over the length ξ ∼ 1/Δ. The total energy of the soliton is Es ≈ 2Δ/3 < Δ making
it energetically favorable with respect to the energy Δ of the undressed unpaired electron
which now is trapped at the mid-gap state associated with the amplitude soliton. This
electron brings the spin 1/2, but its charge is compensated to zero by the local dilatation
in the occupied manifold of singlet vacuum states. That makes the AS a CDW realization
of the “spinon”, with a direct generalization to a superconductor [16] where the AS ap-
pears as the node line in the so called Fulde–Ferrel–Larkin–Ovchinnikov (FFLO) phase in
spin-polarized superconductors (see [3] and refs. therein).

The amplitude soliton A(x = −∞) ⇒ −A(x = +∞) performs the sign change of
the order parameter O at an arbitrary phase θ = const. As a non-trivial topological object
(the order parameter Ocdw(x) = A(x) exp(iθ(x)) does not map onto itself), the pure AS
(with θ(x) = const) is prohibited in D > 1 environment. At higher space (or space-time
for instantons) dimensions D, the requirement always appears that the order parameter
is mapped onto itself. Even having a lower energy in comparison with the band electron,
the purely amplitude soliton cannot be created dynamically already in the D = 1 space
dimension, and it is not allowed even stationary at D > 1. The conflict is resolved recalling
the combined symmetry: the amplitude kink A ⇒ −A accompanied by the half-integer
θ ⇒ θ ± π vortex of the phase rotation, for which the factor exp(iθ(x)) compensates for the
amplitude sign change. The resulting kink–roton complex allows for several interpretations
in applications to ICDW or superconductors: 2D view is a pair of π-vortices sharing
the common core which accommodates one unpaired spin which stabilizes the state; 3D
view is a ring of a half-integer vortex ring which center confines the spin; at any D > 1
this is a nucleus of the melted FFLO phase in the spin-polarized superconductors or its
CDW analogue, see [3]. In repulsive electronic systems, basically the SDW and the doped
antiferromagnetic state, the situation is mirror symmetrical: the amplitude node carries
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the electronic charge ±e while the wings of half-integer vortices provide a distributed spin
1/2, see [2,3].

3.2. The Effective Model and the Qualitative Phase Diagram

A discrete description of a quasi-1D system with both the amplitude A and the phase
θ degrees of freedom can be based upon the energy functional

H = −C ∑
r

cos(θr − θr+x̂)− J⊥ ∑
r

srsr+ŷ cos(θr − θr+ŷ)− J|| ∑
r

srsr+x̂. (5)

Here, the Ising variable sr = ±1 corresponds to the normalized amplitude of the com-
plex order parameter and the angle θr corresponds to its phase; r runs over sites of a
lattice including the chains’ direction x̂ and the interchain vector ŷ. The last term with
J|| = (μ − Es)/2 fixes the chemical potential μ of amplitude solitons, similarly to the Z2
symmetry case of the previous chapter.

The Hamiltonian (5) describes two interfering subsystems: an Ising model which
interchain coupling is modulated by phase distortions, and the XY model which interchain
rigidity is interrupted by defects of the spin ordering. It is conceptually close to the
Korshunov’s 2θ model [9,10] and the coupled XY–Ising model [17,18]. The Hamiltonian (5)
is invariant under a semi-local gauge transformation of simultaneous flipping of all Ising
spins and all XY vectors within any given chain y independently: sr → −sr , θr → θr + π.
That implies vanishing of macroscopical averages and the interchain correlations of Ising
and XY fields separately: 〈sr〉 = 0, 〈exp(iθr)〉 = 0. Still, a combined variable – the
physical order parameter Δr = sreiθr – possesses the correlation functions and can acquire
a nontrivial average.

Similarly to the case of the Z2 symmetry, we expect two successive phase transitions at
T1 and T2. The long range ordering is established at T1, so that only at T > T1 the amplitude
solitons exist in their pure form at uncorrelated chains. For the 3D system, the upper
transition temperature T1 of the Z2 case is generalized as a critical temperature Tc which
character will change along the line Tc(ν), see Figure 4. The line can be determined within
the mean-field approximation with the expansion in powers of the order parameter η:

〈sr cos(θr)〉 = η , while 〈sr〉 = 0 , 〈cos(θr)〉 = 0.

At T > T1, η = 0; the interchain interactions can be neglected so that only intra-chain
correlations are present:

〈s00s0x cos(θ00) cos(θ0x)〉 ⇒ 〈s00s0x〉〈cos(θ00) cos(θ0x)〉 = exp(−ν|x|− |x|/lT) , lT ∼ C/T,

where lT is the phase correlation length in the 1D regime. The mean-field Hamiltonian

H = −C ∑
r

cos(θr − θr+x̂)− J⊥η ∑
r

sr cos(θr)− J|| ∑
r

srsr+x̂

gives rise to the self-consistent equation which, in the first order in η, reads

η = ηNJ⊥ ∑
x
〈s00s0x cos(θ00) cos(θ0x)〉 , η �= 0 if :

1 = NJ⊥/Tc ∑
x

exp(−ν|x| − |x|/lT) =
2NJ⊥/Tc

ν + Tc/C
(6)

where N is the number of nearest interacting chains. Equation (6) gives the dependence
Tc(ν) via the equation 2NJ⊥/Tc − Tc/C = ν. There are two regimes:

Tc ≈ NJ⊥/ν at ν > ν∗ = Tc/C ≈
√

2NJ⊥/C (7)

Tc ≈
√

NJ⊥C at ν < ν∗, max(Tc) = Tc0 =
√

2NJ⊥C at ν = 0
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with a crossover at ν = ν∗. The first line in Equation (7) implies a weak interchain coupling:
J⊥ � C when ν∗ � 1; otherwise, for a strong coupling J⊥ � C, only the regime of the
second line takes place with a nearly constant Tc(ν). At ν > ν∗ the distance 1/ν among
solitons is shorter than the phase correlation length lT , then the phase transition follows the
Z2 case scenario of pairwise binding of solitons; Tc generalizes the T1 transition temperature.
At ν < ν∗ (hence for any allowed ν < 1 if ν∗ > 1) the solitons are rare over the phase
correlation length lT and the phase transition follows the XY regime of the phase ordering
while isolated solitons are dressed, at T < Tc, by half-integer vortex rings.

Below Tc, there is a competition between the two forms of adaptation of solitons to
the confinement. Because of the exchange of constituting particles, the chemical potentials
are equilibrated. Then, the concentrations of bi-kinks and solitonic complexes are given as

νbk = exp(β(2μ − 2Es − 2NJ⊥)) , νs = exp(β(μ − Es − EV)) , 2νbk + νs = ν,

where NJ⊥ is the interchain energy paid over the bi-kink, EV ∝ Tc0 is the energy of the
vorticity accompanying the soliton. We can easily conclude that the total concentration
is dominated by solitons, ν ≈ νs, if: a) at any ν, T in the strong coupling case when
NJ⊥ � EV and b) in the weak coupling case NJ⊥ � EV at sufficiently high T > T∗ =
2(EV − NJ⊥)/ ln(1/ν). Neglecting the minor νbk, the condition μ − Es = 0 determines the
phase transition of aggregation of solitons into the domain walls as ν = exp(−EV/T2),
T2 = EV/ ln(1/ν). This estimation works indeed for the strong coupling case. For the
weak coupling, such a defined temperature T2 is below the crossover, T2 < T∗, where
actually the concentration is dominated by the bi-kinks. Hence, with cooling below Tc, the
ensemble of combined solitons evolves to the ensemble of bi-kinks while passing through
the crossover T∗. Then, the bisolitonic mechanism of aggregation into double-wall rods
takes place below the temperature estimated as T′

2 = NJ⊥/ ln(1/ν), analogously to the Z2
case.

In the dimension D = 2, the above estimations of T∗, T2 for the bi-kinks regime are
valid except for the fact that T′

2 becomes a crossover where the rods start to grow, rather
than a sharp transition. Still, the solitonic mechanism of the strong coupling keeps the sharp
transition. This nontrivial difference comes from long range pseudo-Coulomb interactions
of half-integer vortices terminating a finite segment of aggregated solitons. We can explain
that by extending simple arguments which have been proved for the case of the discrete
symmetry by comparison with the exact solution available at D = 2 [6]. In the next section
we shall illustrate them by means of the numerical modeling.

Consider a thermodynamically equilibrium system of transverse segments of solitonic
walls of variable lengths l. Because of exchange of solitons among the rods, their chemical
potentials are μ(l) = μl. In D = 2, their energies E(l) can be estimated as:

E(l) = Esl + 2Ec +
1
2 πEV ln l. (8)

Here, Es is the core energy of the amplitude soliton; 2Ec ∼ J⊥ is the local energy of termina-
tion points and the last term is the pseudo-Coulomb interaction between terminating half-
integer vortices. The distribution of walls over their lengths n(l) = exp((μ(l)− E(l))/T)
yields the total concentration of solitons as

ν =
∞

∑
l=1

l n(l) = exp
(
−2Ec

T

) ∞

∑
l=1

l1−αe−ml , m =
(Es − μ)

T
≥ 0 , α =

πEV
2T

. (9)

Recall the situation of the Z2 case, where the expression (8) holds with EV = 0, hence
α = 0 in (9). As T → 0, the factor exp(−2Ec/T) → 0, so to keep ν fixed, the sum in (9)
needs to diverge at m → 0 which would happen at α < 2. That holds indeed for the Z2 case
with α = 0, then ν ∝ exp(−2Ec/T)/m2 which yields the characteristic rod length growing
with T as

l ∝ 1
m

∝ ν exp(Ec/T).
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For the system with the vorticity when EV �= 0, the m → 0 divergence requires that
T > πEV/4 � Tc0. However, we are in the region well below Tc0 where α > 2, then the
sum in (9) is bounded from above being convergent even at m = 0. Therefore, the ensemble
of finite wall segments cannot further accommodate all the solitons, with the rest of them
being stored in a reservoir played by domain walls crossing the sample. The temperature
of this condensation is given by Equation (9) at m = 0 which yields T2 ≈ 2Ec/ ln(1/ν).
Figure 4 shows the expected phase diagram of the system for the simpler case of the strong
interchain coupling.

The 2D case is special because of a particular role of thermally activated vortices lead-
ing to a famous physics of the Berezinskii–Kosterlitz–Thouless (BKT) transition, see [19,20].
Here, our consideration is complicated by several factors. Phase fluctuations are essential
even in the low T region, destroying the long range order while leaving the power law
correlations. Vanishing of the order parameter at all temperatures leaves the mean field
approximation for the upper transition at Tc(ν) (6) and (7) to be valid only locally. The
thermally activated conventional integer vortices are abundant at high T, playing a leading
role in the phase transition. These properties are well established for the pure XY model,
which corresponds to our model in the limit ν = 0.

Figure 4. Phase diagram of a 3D system in temperature vs solitons’ concentration coordinates in the
regime of weak interchain coupling. Notations are explained in the text.

In the 2D case, the coexistence of integer and half-integer vortices and their relation
to spin arrangements can be made explicit by the following procedure. Using the Villain
approximation [21], we can find the “pseudo-Coulomb gas” representation of the statistical
sum Z originated by the Hamiltonian (5):

Z = ∑
{mR}

∑
{sr}

exp

(
πβTc0 ∑

R �=R′
(mR + νR) ln

|R − R′|
a

(mR′ + νR′)

+(π2βTc0/2)∑
R
(mR + νR)

2 + βJ|| ∑
r

srsr+x̂

)
(10)

νR =
1
4
(sr+x̂sr+x̂+ŷ − srsr+ŷ) = {0,±1/2} (11)

Here, the indices r and R run over sites of the original lattice and the dual one correspond-
ingly; the summation goes over all integer values of mR and all configurations of spins
sr = ±1. The vortex “charge” (the vorticity) mR + νR can acquire, unusually, a half-integer
value; moreover, it becomes dependent on the local configuration of spins. Apart from
the conventional long-range pseudo-Coulomb energy associated with all vortices, there
is an additional local Ising term ∼ J||. The anomalous contribution to the vorticity νR,
see Equation (11), at a site R emerges for particular configurations of spins sr in the sur-
rounding placket r: with three spins up and one down, or vice versa, see Figure 5. Such
a configuration appears only as a termination of a transverse line of kinks: srsr+x̂ = −1
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(the orange lines in Figures 5a and 6), leading to the linearly growing, as |y|J||, of the ∼ J||
term in (10). Thus, the longitudinal spin-coupling term with J|| �= 0 leads to confinement of
half-vortex pairs, situated at the ends of transverse solitonic walls, preventing formation of
single half-vortices.

At the special value J|| = 0, the Hamiltonian (10) gives rise to a BKT type physics of

half-vortices with the associated BKT transition of unbinding of their pairs at T = Thal f
BKT =

TBKT/4. The point J|| = 0 can be realized, in principle, experimentally by coupling to an
electronic bath with an appropriate tuning of the voltage difference. For a closed system,
the limit J|| → 0 is realized when the chemical potential of amplitude solitons is trapped at
Es, which happens below the temperature of the solitonic walls formation.

The opposite limit βJ|| → ∞ means that (μ − Es)/T → −∞, i.e., the vanishing
concentration of solitons. In this limit, the half-vortices are strongly confined by the energy-
costly spin strings. The game is dominated by conventional thermally activated integer
vortices which drive the conventional BKT type transition at T = TBKT ≈ 0.9C between
the high-temperature disordered phase and the low-temperature phase with algebraically
decaying correlations.

For intermediate J|| we expect a crossover between regimes with domination of either
integer or half-integer vortices.

The outlined phase diagram was confirmed via a numerical modeling by calculating
macroscopic averages and their anomalies at phase transitions [12,13], and by displaying
local pattern formations which examples we shall show below.

+1
2

(a) (b)

Figure 5. A half-vortex (a)—drawn schematically (after [13]), and a half-antivortex (b)-extracted
from simulations of Figure 8. Here and in the following figures: arrows show XY degree of freedom,
white/gray shading shows the Ising degree of freedom, the orange vertical (transverse to chains) thick
line shows the array of amplitude solitons, the black horizontal (along the chains) thick line shows
a string attached to a half-vortex—the line of transverse π-jumps in the phase θ, the disks denote
the cores of half-integer (anti)vortices. The orange line is a uniquely defined physical object: the J||
energy-costing spin mismatches. The black line is gauge dependent, lacking a physical singularity,
with no energy cost.

+1
2

1
2

+1
2

1
2

(a) (b)

Figure 6. Half-integer vortex-antivortex pairs. (a) T > T2, the pair structure is dominated by the
linear confinement potential, solitonic walls (orange) are finite. (b) T < T2, the pair structure is
dominated by 2D Coulomb log-potential, solitonic walls grow to infinity. (After [13]).

3.3. Pattern Formation from Numerical Simulations

In this section, we describe the pattern formation in relation to the phase diagram. First,
recall the terminology. An amplitude soliton (or just a kink for brevity) is an interruption of
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the Ising order along the chains’ (x) direction, i.e., the soliton is present when srsr+x̂ = −1.
A solitonic wall (or a line of kinks in D = 2) is the aggregation of solitons transversely to the
chains. (In the 3D case, the wall becomes a solitonic disk.) A domain wall appears when a
solitonic wall grows across the whole transverse section of the sample. A bisoliton consists
of two kinks at the minimal in-chain distance a between them; it is a reversed spin sr in the
otherwise ordered part of the chain. A rod in 2D is an aggregation of bisolitons arranged
transversally to the chains. Analogous configurations in 3D are called “bisolitonic disks”.
When such discs grow transversially and reach the boundaries of the system, we obtain
bisolitonic domain walls.

We model the cooling behavior of a system described by the Hamiltonian (5) using
the Metropolis Monte Carlo method. The numerical algorithm preserves the number of
amplitude solitons (so the term J|| ∑r srsr+x̂ = const) which substantially simplifies the
analysis. There are no restrictions upon the phase degree of freedom θr.

Figure 7 shows a configuration with four solitons which are dressed by the phase
adjustments θ → θ + π, restoring the interchain order. Here, we observe two neutral
half-VA pairs (outer ones) and also two charged half-VV and half-AA pairs (inner ones).
The presence of such configurations with combined phase-amplitude topological defects
grows with the increasing J⊥. Sharper versions of such combined defects can be also found
in a great number in Figure 8.

Figure 7. Configurations with four solitons for a system 10 × 30 with J⊥ = 0.25C, which was rapidly
quenched down to T � C. Red and blue disks denote half-integer vortices and antivortices.

(a)

(b)

(c)

Figure 8. Configurations upon cooling for a system 25 × 100 with a strong interchain coupling
J⊥ = 4C. (a) T = 0.31C, (b) T = 0.30C, and (c) T = 0.01C. From (a) to (b) we see that the transverse
rod of solitons grows across the whole sample towards formation of macroscopic domains in (c). The
box in (c) shows the half-antivortex, presented in Figure 5.
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3.3.1. Quasi-Equilibrium Cooling

We begin with the strong interchain coupling: J⊥ = 4C. Cooling the system down
starting from high temperatures, first we observe only short transverse solitonic walls
(Figure 8a). At a temperature T2 ≈ 0.3C we observe a sudden change: one of the walls
starts to grow until it reaches the borders of the sample (Figure 8b). With a further cooling,
more solitonic walls appear (Figure 8c) until the material for their building—free solitons—
is exhausted. All the domain walls are installed through the growth of solitonic walls.

For a weak interchain coupling J⊥ = 0.25C, the walls formation is similar to the previ-
ously studied Z2 case of the pure Ising model. The aggregation proceeds via proliferation
of bisolitonic rods which do not need to be terminated by vortices (Figure 9).

(a)

(b)

Figure 9. Configurations upon cooling for a weak interchain coupling J⊥ = 0.25C. (a) T = 0.33C,
(b) T = 0.32C.

3.3.2. Quench versus Cooling: Two Regimes of Aggregation

In this section, we simulate a sudden quench from high to low temperatures T < T2.
This scenario is relevant to modern experiments on phase transitions induced by optical
or electrical pulses, particularly in CDWs and other electronic crystals, see the discussion
and references in [14]. We shall demonstrate that even for the case of weak interchain
coupling the setting of domain walls is dominated by the mechanism of aggregation of
soliton–vortex complexes.

Figure 10 shows configuration of a system with a weak interchain coupling J⊥ = C/4 after
a sudden quench from a high temperature T > T2 to the low temperature T = 0.25C < T2.
We observe the domain wall created by the solitonic mechanism, even if for the quasi-
equilibrium slow cooling at the weak coupling the growth was dominated by the bisolitonic
mechanism. When the solitonic wall initially starts to grow, half-vortices with opposite
charges (vorticities) are created at its ends. These charges attract smaller solitonic rods
via pseudo-Coulomb interaction mediated by the XY subsystem, promoting the further
growth of the solitonic walls. The energy gain from merging of two walls is ∼ C ln l, so the
growth process is self-accelerating and for finite samples the solitonic walls can even grow
across the whole sample. On the contrary, the growth of bisolitonic rods goes via attaching
of new bisolitons at the ends—similar to the case of the Z2 symmetry, which is a much
slower random walk process. At the same time, longer solitonic rods become low-mobile,
therefore their recombination to bisolitonic rods is kinetically suppressed.
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Figure 10. Configuration of the system after sudden quench from T > T2 to T = 0.25C < T2 (for a
system 25 × 100 with J⊥ = C/4).

4. Conclusions

Solitons have returned to the agenda of studies of correlated electronic systems as
their cooperative states can be created and studied in experiments on optical pumping
and field effect doping. In this review, we have outlined results of the numerical and the
qualitative analyses of phase transitions in ensembles of solitons. The numerical simulation
of large-scale pattern formation in the full 3D system, including true Coulomb forces and
for the combined discrete-continuous symmetry, was a challenging goal. The success came
from using an efficient Monte Carlo algorithm which steps preserve the total number of
solitons while allowing for their on-chain number variations. We have studied two of the
most common cases:

I. The double degeneracy of the ground state which is found experimentally in elec-
tronic systems with a spontaneous dimerizations of bonds or charges. The solitons appear
as kinks in the field of a scalar order parameter. In comparison with earlier studies [7], here
we employed a more advanced numerical technique [12] which allowed us to model the
pattern formation in D = 3, including the true Coulomb effects. Results of the modeling
can be qualitatively summarized as following. The systems of solitons shows a sequence of
phase transformations:

i. The confinement transition at T1, below which individual solitons are bound into
on-chain pairs. It is followed by progressive aggregation of bisolitons into transverse
disk-like or rod-like formations;

ii. At a lower critical temperature T2, the second phase transition (a crossover in D = 2)
occurs: the bisolitonic disks cross the entire sample and disintegrate into solitonic
domain walls;

iii. For electrically charged solitons, even locally small Coulomb interactions can nev-
ertheless affect the T2 transition where macroscopic patterns are created. A large
scale structure, such as a domain wall, gives rise to a high long-range electric field
withstanding the confinement forces. That erases the gain of the confinement energy
reached by the wall formation, resulting in fragmenting macroscopic patterns which
give rise to long-range electric field.

II. The combined degeneracy with respect to both the amplitude and the phase of the
order parameter. The motivation of presented studies was to notice that most common
types of symmetry breaking (superconductivity, spin density waves, antiferromagnetic
Mott state, incommensurate charge density waves) in quasi-one-dimensional electronic
systems possess a combined manifold of degenerate states. Beyond the standard continuous
XY-type degeneracy with respect to the phase θ degree of freedom, there is also an Ising-
type discrete degeneracy with respect to the sign of the amplitude A of the order parameter
A exp(iθ). These two degrees of freedom can be controlled or accessed independently
via either the spin polarization or the charge doping. The degeneracies give rise to two
coexisting types of topologically nontrivial configurations: phase vortices or amplitude
kinks – the solitons. Being decoupled at the 1D level of isolated chains, at higher D the two
degrees of freedom experience confinement which binds together kinks and half-integer
vortices. These combined amplitude-phase solitons are the lowest-energy excitations of
either spin or charge taking that role from conventional electrons. The case of the combined
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symmetry also shows a sequence of two phase transitions. At the higher T1 the (quasi in
D = 2) long-range order of the XY type sets in, leading to the confinement which dresses
the kinks by half-integer vortices. At the lower T2 the liquid of combined solitons starts to
structure by aggregating the solitons into walls growing across the sample. That proceeds
via either solitonic domain walls or bisolitonic rods. The growing solitonic walls are formed
by transversely correlated amplitude kinks; termination points of walls of finite lengths
must be accomplished by half-integer vortices. Attractions of vortices from different walls
may force the walls to glue together forming a topologically trivial bisolitonic rod. For non-
equilibrium processes, such as supercooling by a sudden quench, the solitonic-wall scenario
can be strongly promoted because the growing solitonic wall has uncompensated half-
vortex “charges” at the ends. They attract mobile smaller rods, while the slow process of
gluing of low-mobile long solitonic walls into bisolitonic rods can be kinetically suppressed.
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Abstract: Charge and spin density waves are typical symmetry broken states of quasi one-dimensional
electronic systems. They demonstrate such common features of all incommensurate electronic crystals
as a spectacular non-linear conduction by means of the collective sliding and susceptibility to the
electric field. These phenomena ultimately require for emergence of static and transient topological
defects: there are dislocations as space vortices and space-time vortices known as phase slip centers,
i.e., a kind of instantons. Dislocations are statically built-in under a transverse electric field; their
sweeping provides a conversion among the normal carriers and condensate which ensures the onset
of the collective sliding. A special realization in a high magnetic field, when the density wave is
driven by the Hall voltage, originated by quantized normal carriers, reveals the dynamic vorticity
serving to annihilate compensating normal and collective currents. Spin density waves, with their
rich multiplicative order parameter, bring to life complex objects with half-integer topologically
bound vorticities in charge and spin degrees of freedom. We present the basic concepts and mod-
elling results of the stationary states and their transient dynamics involving vorticity. The models
take into account multiple fields in their mutual non-linear interactions: the complex order parameter,
the self-consistent electric field, and the reaction of normal carriers. We explore the traditional
time-dependent Ginzburg–Landau approach and introduce its generalization allowing the treatment
of intrinsic normal carriers. The main insights and illustrations come from numerical solutions to
partial differential equations for the dissipative dynamics of one and two space dimensions.

Keywords: charge density wave; spin density wave; electronic crystal; topological defect; vortex;
dislocation; phase slip

1. Introduction

Embedded or transient topologically non-trivial configurations [1,2] are common
among symmetry broken ground states [3]. Numerous applications involve particle
physics [4], cosmology [5,6], quantum liquids [7–9], gases [10], optical condensates [11],
cold atoms [12], and liquid crystals [13,14].

More specifically, solid states bring to life domain walls and discommensurations in
superstructures [15], current vortices in superconductors [16], displacements vortices as dis-
locations [17], phase slips and vortices in sliding superstructures (discussed in this article),
and walls and skyrmions in magnetic media [18–20]. The ground states with spontaneously
broken symmetries are ubiquitous in correlated electronic systems. Among them is the
vast family of electronic crystals (see review [21] or collection [22]) which includes charge
and spin density waves (CDW, SDW), Wigner crystals, stripe arrays, charge ordering states,
electronic ferro- and antiferroelectrics, and superstructures in spin singlet systems under a
magnetic field: spin-Peierls state, spin-polarized density waves (DW) and superconductors.
The ground state degeneracy tolerates the formation of various topologically protected
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configurations connecting equivalent, but different, ground states. These topological de-
fects include macroscopic extended objects (plane domain walls, dislocation lines, phase
vortices), and microscopic ones (various solitons and instantons.)

The electronic crystals can be incommensurate with the underlying host lattice; conse-
quently, their number of unit cells is not fixed. This allows them to absorb excess electrons
into the extended (with a different number of total DW periods) ground state. These super-
lattices, particularly incommensurate CDWs, SDWs [21,23–25] and Wigner crystals [21], are
able to perform the collective current conduction (Frölich conductivity [21,23,26]) by means
of sliding. Here, the topological defects are crucial for the conversion between normal
and collective currents and they also appear in de-pinning processes to initiate sliding in
the presence of host defects and constraints. The exchange among normal and condensed
charge carriers comes from their imbalance or a stress from the electric field. The steps
involve topologically non-trivial objects, such as amplitude and phase solitons, and phase
vortex dislocations, which proceed via transient phase slip processes, i.e., the space-time
vortices [27,28]. This results in a rich complex of non-linear and non stationary behaviours
with vast experimental observations.

In this article, we mostly address DWs which are ubiquitous in quasi one-dimensional
(1D) systems [23,24]. We concentrate on a phenomenological description, which is already
quite complicated involving coupled equations for order parameters, the self-consistent
electric potential, and the density and current of normal carriers interacting with both fields.
The main tool used are numerical solutions to these equations, yielding configurations
involving static and dynamic topological defects.

The structure of the article is as follows. In Section 2, we outline the basic properties
and regimes of DW sliding and deformation. In Section 2.1, we describe the approach
based on intuitive phenomenological equations for the CDW order parameter interacting
with the self-consistent electric field and extrinsic normal carriers. In the Section 3 we
introduce the generalized GL phenomenology. It takes into account explicitly the effects of
intrinsic normal carriers and avoids problems with the conservation of condensed density,
inherent to the traditional approach of the Section 2.1. Section 4 addresses the special
circumstance of CDW sliding driven by the Hall voltage under a high magnetic field.
Section 5 discusses more complicated configurations allowed for the rich order parameters
of the SDW. We address the scenario of splitting conventional dislocations into combined
objects of topologically bound half-integer vortices of the phase and magnetic components.
Finally, Section 6 summarises our conclusions.

2. Basic Properties and Regimes in Sliding Density Waves

CDWs [23,24] and SDWs [25] are directly observed as sinusoidal periodic modula-
tions which perturb the electronic density together with atomic distortions for CDWs or
electronic spin polarization �m for SDWs. The DW deformations are characterized by the su-
perstructure wave vector �Q, the normalized amplitude A(x, t), and the phase φ(x, t). These
macroscopic quantum states [26] can be described by a complex scalar-order parameter for
the CDW and a complex vector for the SDW:

ηCDW(�R, φ) = A exp(�Q · �R + φ) ; ηSDW = A�m exp(�Q · �R + φ). (1)

Phenomenologically, a quasi 1D DW can be viewed as an elastic uniaxial crystal with
distortions of the phase φ(�R, t) playing the role of conventional displacements. The rela-
tionships between DWs and the traditional notion of conventional crystals, their elasticity
and topological defects, such as dislocations [29,30], are summarized in Table 1.
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Table 1. Relationships between DWs and conventional crystals.

Conventional crystal DW (CDW or SDW)
Atomic density ρatomic DW modulation: A cos(�Q · �R + φ)× (1 or �m)
Displacements �u/a −�νφ/2π , �ν = (1, 0, 0)
Compression −∇�u DW charge density 1

π
∂φ
∂x

Velocity ∂�u
∂t DW current −�ν 1

π
∂φ
∂t

Vacancies or addatoms ±2π solitons
Dislocations Phase vortices (plus �m vortices in SDWs)

Here a is the host crystal period, �Q is the DW equilibrium wave number, and �m is the
unit vector of the staggered magnetization in a SDW, where �R = (x,�r⊥) (with x being the
coordinate in the chains’ direction�ν and location�r⊥).

As DWs are electronic crystals, their deformations are charged giving rise to long-
range Coulomb forces which result in anomalous elasticity. Properties of all macro- and
microscopic topological defects, their interactions, and transformations, are strongly af-
fected by the Coulomb energy [31,32].

Commonly, the sliding DW current is driven by the electric field Ex along the chains;
therefore, the collective and normal currents flow in the same direction x. The current
conversion near contacts progressively gives rise to the collective current, resulting in
a stationary equilibrium in the bulk. The conversion of the injected current of normal
electrons (or holes) into the collective DW current and back requires adding electronic
crystal planes near the contact source and their elimination near the drain. In thick channels
that proceeds via a transverse flow of dislocations [33,34] which can be viewed as the
leading edges of the penetrating/retreating planes, while in wires the plane phase slips
are expected to be formed (see [28] for a review). In any case, an extended distribution
of these topological events is formed, as identified in CDWs by space-resolved X-ray
diffraction [35,36].

Dislocations, as electronic vortices, can be initiated statically when the lateral electric
field Ey,z is applied transversely to the chains’ orientation [37], or due to variations in �Q
near the surface [38], or because of thermal hysteresis of �Q [39]. All of this provides a rich
complex of non-linear and non stationary effects, partly illustrated in Sections 2.1 and 3.

In superfluids or superconductors, vortices can move in any direction transverse to
their axis. However, for dislocations there are two types of motion [17]: conservative (glide)
and non-conservative (climb). A glide along the Burgers vector passes freely, while a
transverse to the Burgers vector climb requires an inflow of addatoms or vacancies (elec-
trons and holes, or their polaronic states [15] for electronic crystals). Specifically for DWs,
when a dislocation climbs across a chain, the phase increment along the chain changes by
±2π, i.e., one period is added/removed; thus, two electrons are absorbed/emitted from/to
the reservoir of normal carriers. Thus, the climb of dislocations, the rarest process in
conventional crystals, becomes obligatory in sliding electronic crystals, while the common
glide is less important. Considering these events on average, we arrive at a new multi-fluid
hydrodynamic system involving conventional and topological objects [40].

A peculiar realization [41] of CDW sliding can be achieved using mesa-junctions
under an external high magnetic field, where sliding can be driven by the Hall voltage VH
originating from the transverse current of normal carriers. Here, unusually, the collective
and normal currents move in opposite directions, allowed to be exactly compensated for so
that the total current is zero. The zero-sum loop of the collective current is compensated
exactly by the counter current of normal electrons. This promotes their annihilation at the
boundaries of the open circuit design, which is provided by periodic phase slip processes
seen as spontaneous coherent oscillations.

The rich order parameter of the SDW allows for complex topological defects where
phase displacements interfere with the magnetic orientation [42]. Thus, the half-integer
π-vortices or phase slips can appear in SDWs, while they are forbidden in CDWs where
only self-mapping 2π phase circulations are allowed. With assistance from Coulomb
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repulsion forces, the conventional dislocations lose their priority bringing to life an unusual
topological object, constructed by the combination of a half-integer dislocation and a
semi-vortex of the staggered magnetization.

DW deformations and movements are realized through interacting and exchanging
with a sea of normal carriers present as extrinsic nex and intrinsic nin carriers. The extrinsic
carriers come from pockets on the Fermi surface which are not connected by the CDW wave
number �Q or even belong to another electronic band; therefore, they do not participate in
DW formation. They only interact with the charged DW deformations via the common
electric potential Φ. The intrinsic carriers belong to bands participating in DW formation;
they can be activated across the DW gap or injected, thus mutually influencing the DW
amplitude. Importantly in our context, they are also affected by DW phase deformations,
so that the total potential energy V for intrinsic carriers can be written as:

V = Φ + δEF , δEF = vFδpF =
1

πNF

∂φ

∂x
=

nc

NF
, NF =

2
πh̄vF

(2)

where vF and NF are the Fermi velocity and the related DOS in the parent metal, respectively,
and δEF is the Fermi energy shift coming from the DW briefing ∼ ∂xφ.

With this in mind, our numerical simulations are presented in two approaches:

(i) the minimal Ginzburg-Landay type model, where all intrinsic carriers are prematurely
integrated out [43,44];

(ii) a deeper and more complicated model [45] exposing the intrinsic carriers explicitly.

In both cases, we take into account multiple fields in their mutual non-linear inter-
actions: the amplitude A and the phase φ of the order parameter, distributions of the
electric potential Φ, of the density n, and the current j of normal carriers. The results of the
numerical modelling for the static, stationary, and transitory effects in CDWs are presented
in Sections 2.1 and 3.

The approaches tested for CDWs are extended in Section 5 to a more complicated
SDW case. For both CDW and SDW, a spontaneous origin of dislocations and vortices is
achieved without seeding or promoting their formation.

2.1. The Ginzburg–Landau Type Model for the CDW

In this section, we study the CDW dynamics within the dissipative time dependent
Ginzburg–Landay (TDGL) type model. Generically this approach can be traced back to
the phenomenological equation γ∂tη = −δW/δη for relaxation of the order parameter η
determining the energy functional W{η}. It has been widely used (analytically, e.g., [46]
and numerically, e.g., [10,47]) for non-equilibrium pattern formations, particularly with the
appearance of topological defects when quenching across a phase transition. The parameter
γ can be complex, interpolating with the Gross–Pitaevskii equation for a Bose condensate,
allowing the inclusion of the quantum coherent states of polaritons or cold atoms. In this
approach for fermionic systems, originally developed for superconductivity (see [16,27])
and extended to CDWs (see [48,49]), the intrinsic carriers are integrated out giving rise to
coefficients of amplitude expansion and gradients of the order parameter; while extrinsic
carriers from the bands not involved in CDW formation are taken into account explicitly
(if present).

The density (per unit length of one chain) wGL of the energy functional can be writ-
ten as:

wGL = h̄vF
4π {(∂x A)2 + βy(∂y A)2 + βz(∂z A)2

+A2(∂xφ)2 + βy A2(∂yφ)2 + βz A2(∂zφ)2}+
F(A) + Φ

π A2∂xφ + Φnex + Fex(nex)− εhsts⊥
8πe2 (∇Φ)2

(3)

Here the overall coefficient h̄vF/4π comes from the microscopically derivable terms
A2(∂xφ)2 and A2∂xφΦ/π, parameters βy,z describe CDW interchain coupling, Fex(nex)
is the free energy of extrinsic carriers, and εhost is the host dielectric constant. The coupling
of the phase with the electric potential Φ comes from the fact that within the Ginzburg–
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Landau scheme A2∂xφe/π = nc is the charge density distribution originated from phase
deformations. The amplitude A is normalized such that the energy of a homogeneous state
F(A) has a minimum at A = 1. Various forms for F(A), such as generic GL expansion FGL
or the broader energy dependence FPF of the Peierls–Froehlich microscopic theory, can be
input akin to the BCS:

F(A) : FGL =
Δ0

2ξ0
(−aA2 + bA4) or FPF =

Δ0

2ξ0
A2 ln

A2

e
. (4)

where Δ0 and ξ0 = h̄vF/Δ0 are the microscopic parameters: the electronic gap and correla-
tion length, and a, b are numerical coefficients (functions of T).

The time evolution, assuming a dissipative regime, is described by functional deriva-
tives of W in Equation (3) with respect to A, φ and Φ:

h̄vF
4π

[
(∂2

x A + βy∂2
y A)− A(∂xφ)2 − βy A(∂yφ)2

]
− ∂AF(A) = γA∂t A (5)

here and below, for brevity we only show derivatives over one transverse coordinate y.

∂x(A2∂xφ + πNFΦ) + βy∂y(A2∂yφ) = −γφ A2∂tφ (6)

−∇2Φ =
1

NFr2
0
(

A2

π
∂xφ + nex) (7)

The concentration of normal carriers obeys the diffusion equation

∇jex + ∂tnex = −∇[σex∇(ζex + Φ)] + ∂tnex = 0 , ζex =
∂Fex

∂nex
(8)

Notice that, contrary to common minimal Ginzburg–Landau models [16,27,49] that only
contain equations such as (5) and (6) for the order parameter, we include two more: the
Poisson Equation (7), coupling collective and normal extrinsic charges through the potential
Φ; and the diffusion equation for the carriers (8). Boundary conditions for these partial
differential equations (see [43,44]) take into account that the normal CDW stress and normal
electric field (confined within samples) vanish at all boundaries, and the normal current
flow only exists at source–drain boundaries.

Below we discuss the results of the numerical solutions to the above equations in a
rectangular geometry for two cases corresponding to different applications of the electric
voltage: longitudinal and transverse.

For a transversely applied electric field, our simulations (see [43,44] for more examples)
recover a fast initial creation of multiple dynamical vortices evolving to their smaller
equilibrium number. The snapshots of a multi-vortex transient process in Figure 1 (left
panel) illustrate vortices nucleations at opposite boundaries and their traversing of the
sample with their mutual annihilation or absorption at another boundary (plot a). Only
a small number of static vortices are left at the final stage (plot b). An isolated vortex is
shown in detail in the right panel.

For a longitudinally applied voltage, the main interest lies in observing the space-time
vorticity giving rise to phase slip processes. This one-dimensional regime has already
been addressed in numerical simulations [50–52] based on minimalistic equations derived
microscopically [28,49] for a dirty limit near the transition temperature. Contrarily, our
multiple equations were designed for a pure system with a well-established gap in the
fermionic spectrum where the self-consistent electric field and the reaction of normal
carriers become important. For shortness, in Section 4 we demonstrate results for a special
case of sliding under an HMF.
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Figure 1. Left panel: 2D presentation of the CDW amplitude A. Upper plot (a): a snapshot of
the transient state with many intermittent vortices. Lower plot (b): the final state with only three
remaining vortices showing a tendency to form a triangular lattice. Right panel: 3D plot of the
amplitude of a single CDW vortex in the final state. On the basis: the density plot of A with stream
lines of the phase.

2.2. Coulomb Hardening, Anomalous Energy and Shape of Charged Dislocations in DWs

The strong contribution of Coulomb interactions to the energetics of dislocations is
very important for their properties which may have a qualitative effect as will be discussed
in Section 5. Here, we shall provide some necessary estimations which can be tuned by
analytical solutions to some cases [31,37].

In a static linear regime with a constant amplitude (i.e., sufficiently far away from the
amplitude node), the Coulomb potential and the normal carriers can be excluded from
the GL free energy (3). In the Fourier phase representation φk, the resulting energy can be
written as

Wchrg{φ} =
h̄vF

4πa2
⊥

∑
�k

|φ�k|2
⎡⎣C0

‖k2
‖ + C⊥k2

⊥ +
r−2

0 k2
‖

k2
‖ + k2

⊥ + r−2
scr

⎤⎦ (9)

with

C⊥ ∼
(

a⊥Tc

h̄vF

)2
, rscr =

r0

ρ1/2
n

, r0 =
a⊥

(8α)1/2 , α =
e2

h̄vF

where C0
‖ ∼ 1 is the compression modulus, C⊥ is the share modulus which comes from

the interchain coupling yielding the 3D transition temperature Tc. The last term is due to
Coulomb interactions of charged phase deformations, taking into account the screening by
normal carriers.

Let the phase be deformed in a volume with characteristic lengths L‖ and L⊥ deter-
mined, for example, by a dislocation loop or a dipole of dislocation lines. At distances
below the screening length L⊥ < rscr the energy (9) can be estimated as

Wdsl ≈ h̄vF

4πa2
⊥

[
C⊥
L2
⊥
+

L2
⊥

r2
0L2

‖

]
L2
⊥L‖ , L⊥ < rscr.

At the monitored L⊥, the dependence of Wdsl on L‖ is non-monotonous. Minimization over
L‖ results in the optimal length and energy

L‖ = C−1/2
⊥ L2

⊥r−1
0 ∼ Tcα1/2(L⊥/a⊥)2 , Wdsl{L⊥ < rscr} = E0N

where E0 ∼ α1/2Tc and N ∼ L2
⊥/a2

⊥ are the number of chains embraced by the dislocation
loop. We can see that for non-screened Coulomb interactions the dislocation energy obeys
the area law (∝ N), growing much faster than according to the usual perimetric law
(∼ N1/2 ln N) law.

At large distances r⊥ >> rscr, the analytical (in�k) form of the elastic energy is restored,
while with an enhanced compression module:
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Wchrg{φ} ≈ h̄vF

4πa2
⊥

∑
�k

|φ�k|2
[

C⊥k2
⊥ +

k2
‖

ρn

]
At low T the normal carriers are frozen out, ρn → 0, causing the divergence of the compre-
hensibility C‖ = 1/ρn (“Coulomb hardening” effect [53]) under the simultaneous action of
Coulomb interactions and screening carriers. For a dislocation, the standard perimetric law
is restored Wdsl{L⊥ >> rscr} = E0ρ−1/2

n N1/2 ln N with the dislocation energy enhanced as
ρ−1/2

n . Nevertheless, the creation of dislocations, in spite of their big energy at a small ρn, is
allowed requiring higher applied potentials.

For another important geometry, consider a straight dislocation line positioned at a
depth Y below the lateral junction surface. For screened Coulomb interactions at Y � rscr,
the dislocation energy (per unit of its length) Wdisl ∼ E0/a⊥(rscr/r0) ln(Y/rscr)Lx obeys the
traditional vortex lines logarithmic law, but quantitatively it is greatly enhanced as rscr/r0.
At low T there is an intermediate wide region r0 < Y < rscr where a confinement law is set
up with Wdisl ∼ E0Y/a2

⊥. A constant force with a linear density Fcon f ∼ E0Y/a2
⊥ acts upon

the dislocation line requiring the application of an electric field with a definite threshold.

3. Generalized Ginzburg–Landau Type Model for CDW Vortex Formation

Within the traditional GL approach presented in the previous section, the intrinsic
electrons are excluded (“fermions are integrated out”) at the microscopic level. All ob-
servable quantities characterizing the CDW are determined via the order parameter alone.
Now we consider the generalized GL-type theory [42,45] which explicitly accounts for
intrinsic carriers and their interaction with the order parameter. The theory can be further
extended [40] to include the possible extraction/reabsorption of normal carriers from/to
the CDW collective density which proceeds via the formation of topological defects. This
approach provides deeper insights into the partitions of the normal and collective charges
and currents at the expense of specific numerical modelling difficulties as the theory is now
non-analytic with respect to the order parameter.

The on-chain energy density w̃GL can be written as [42,45]:

w̃GL =
1

2NF

[
(∂x A)2 +

(
1
π

∂xφ

)2
]
+

1
π

Φ∂xφ + (Φ +
1

πNF
∂xφ)n − εhosts

8π
(∇Φ)2 + F(A, n) (10)

Here, for brevity we do not show terms related to transverse gradients or extrinsic carriers
which are the same as in (3); also we omit the index “in” as nin −→ n. The order parameter
amplitude A is connected with n via the energy F(A, n) which must have a property that
its minimum over A disappears when n surpasses a critical value ncr above which the
CDW state is erased. Unlike the generic GL case, the terms containing ∂xφ and (∂xφ)2 are
not multiplied by A2 making them singular near the vortex core when A → 0. Originating
from the chiral anomaly [42,45], they cannot be derived perturbatively. However, altogether
the contribution of non-analytic terms vanishes when A → 0. This hidden compensation
can be proven by excluding n from the equations of motion which, in general, cannot be
performed explicitly, rather than with the help of additional approximations [45].

The time evolution equations acquire the form (we only show only one transverse
coordinate y):

∂x(∂xφ + n + πNFΦ) + βy∂y(A2∂yφ) = −γφ A2∂tφ (11)

− (∂2
x A + βy∂2

y A) + βy A(∂yφ)2 + ∂AF(A, n) = −γA∂t A (12)

∇2Φ = − 1
NFr2

0
(

1
π

∂xφ + n) (13)

Contrary to the former GL equations described in the previous section, now Equations (11)–
(13) are non-analytic concerning the order parameter [45].
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As before, we consider the kinetics of the carriers in the quasi-equilibrium diffusive
approximation with the important peculiarity that they experience combining the potential
V from (2), rather than just Φ:

∇j + ∂tn = −∇(σ̂∇μ) + ∂tn = 0 , μ = ζ + Φ +
1

πNF
∂xφ , ζ =

∂F(A, n)
∂n

(14)

Here σ̂, ζ and μ are the conductivities, the chemical potential, and the electrochemical
potentials of intrinsic carriers, respectively. We define the normal ρn and collective ρc
charge densities as

ρn =
1

NF

∂n
∂ζ

, ρc = 1 − ρn

In the metallic phase ρn = 1 and ρc = 0; with the development of the CDW gap, ρc ∼ A2

grows reaching the equilibrium ρc = 1 at T = 0 when ρn = 0.
To proceed with the numerical solutions to the above equations, we must add, as be-

fore, the boundary and initial conditions. The initial conditions are commonly chosen
as

n(0, x) = 0, Φ(0, x) = 0 , φ(0, x) = 0 , A(0, x) = 1 (15)

Boundary conditions for A can be chosen as either A = 1 or�ν⊥∇A = 0 with�ν ⊥ being a
normal to the boundary. For the function F(n, A) we use the simplest expression:

F(n, A) =
n2

2NF
+

1
2

A2(−τ + (aξ0n)2)Δ2
0NF + A4 b

4
Δ2

0NF (16)

where the coefficients a, b ∼ 1. Here, the first term comes from the normal metal, and the
two other terms present the Landau-type expansion in A at the proximity τ = 1− T/Tc � 1
of the nominal transition temperature Tc. The actual transition is shifted locally by the
presence of normal carriers with a critical concentration of ncr = 1/(aξ0) where ξ = ξ0τ1/2

is the correlation length. Thus, we obtain

∂F
∂A

= AΔ2
0NF(−τ + (aξ0n)2 + bA2) (17)

ζ =

(
n

NF

)2
(1 + (aA)2 , ρn =

1
1 + (aA)2 , ρc =

(aA)2

1 + (aA)2 .

Our numerical results presented below demonstrate the possibility of vortex creation
when the applied electric field or monitored current are above their thresholds. Figure 2
illustrates a one-dimensional regime corresponding to experimentally typical whisker
crystals. We observe the nodes of the DW amplitude A(x, t) located at both sides of the
sample; they correspond periodical in time in the phase slip processes. Figure 3 illustrates
a two-dimensional regime in a film with an electric field applied transversely to the CDW
displacements. The achieved appearance of the static array of dislocations might be relevant
to the experimentally observed step-wise reconstruction of mesa-junctions [54].
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Figure 2. A sequences of phase slip events near the two sample boundaries. They are seen as sets of
nodes of the DW amplitude A(x, t)

Figure 3. A fragment of a static array of dislocations appearing near sample boundaries under an
electric field applied transversely to direction x of DW displacements.

4. CDW Sliding and Vorticity Under a High Magnetic Field

Commonly, the sliding CDW current is driven by the electric field Ex (in direction x of
the chains), which penetration is mediated by the normal current density jnx in the same
direction. The sliding jc and normal jnx currents flow in the same direction x experiencing
a gradual conversion towards the equilibrium. The normal current dominates at a junction;
it gradually fades giving rise to the collective current until the equilibrium is reached for
the bulk stationary regime [35,36].

New astonishing circumstances have appeared with experiments on mesa-junctions
under a high magnetic field (HMF) [41,55]. It was found that the CDW can be driven by the
Hall voltage VH along the chains’ direction x, generated by a normal current jny running in
a transverse interchain direction y. Moreover, the collective and normal longitudinal jnx
currents now move in opposite directions; furthermore, they are completely compensated
so that the total current is zero. The zero-sum loop of the collective current, exactly
compensated for by the counter current of normal electrons, promotes their annihilation at
the boundaries of the open circuit design, enacted by periodic phase slip processes seen as
spontaneous coherent oscillations.

Following the experimental geometry, the Hall bar was formed across the CDW chains;
the magnetic field and bias normal current were applied orthogonally in the interchain
directions z and y correspondingly, producing the Hall voltage Vx in the direction x̂ of
the chains with a short length Lx. According to experiments, the magnetic field must be
sufficiently high such that the carriers are quantized and only occupy the lowest Landau
levels (LL). This level can acquire as much as NLL = 1/(2πλ2) electrons per unit area where
λ =

√
(h̄c/eB) is the magnetic length, so the LL filling per chain is ν = 2πλ2n̄1/dy, ν ≤ 1

where n̄1 is the mean concentration of normal carriers with a local value of n1(x, t). In this
regime of the extreme Landau quantization, the density is determined locally by the electric
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potential Φ(�r). The profile for the density of carriers per chain is n1 = fF(Φ/T)n̄1/ν where
fF(z) is the Fermi distribution function.

There are basic local relations

nc(x, t) = A2∂xφ(x, t)/π , jc = −A2∂tφ(x, t)/π (18)

n1(x, t) + nc(x, t) ≡ n̄1 fF(Φ/T)/ν + ∂xφ/π = n̄1 (19)

Here, the relations (18) are common to the conventional GL picture in Section 2.1; they
provide the commonly used definitions of the collective density and current; nc and n1 are
coupled by Equation (19) in the local electroneutrality approximation which is the limit
r0 → 0 of the Poisson Equation (7).

The entangled evolution of φ(x, t) and A(x, t) are described by the basic time-dependent
GL equations:

γjc(x, t) + ∂xnc(x, t)− NF∂xΦ(x, t) + Fp(φ) = 0 (20)

γA∂t A(x, t)− ξ2∂2
x A(x, t) + ξ2(∂xφ(x, t))2 A(x, t)− A(x, t) + A(x, t)3 = 0

Φ(x, t) = T ln
(

n1/ν − n1 + nc(x, t)
n1 − nc(x, t)

)
(21)

where Equation (21) is the resolution for Φ as a function of nc of Equation (19), and Fp(φ) is
the pinning force which disappears after the onset of sliding. These equations were solved
for a sample with a width of l with boundary conditions A(0, t) = A(l, t) = 1; boundary
values of the potential Φ were turned on, in view of the unique relation (21), via nc(0, t)
and nc(l, t), following smooth switching ∝ tanh(t/τ).

The regime of depinned sliding with Fp(φ) = 0 is illustrated in Figure 4. This shows
a generated sequence of periodic phase slips where the CDW phase acquires 2π steps
Figure 4, Left panel). With phase slips as the space-time vortices (Figure 4, Right panel),
the amplitude A(x, t) passes through zero at their cores. With our parameters, it is not
completely restored between the nodes, so a persistent dip is formed from which A(x, t)
periodically shoots to zero (Figure 4, Center panel). This figure explains the generation of
the experimentally observed coherent oscillations [41] which frequency is proportional to
the bias voltage along the Hall bar.

Consider the depinning regime of CDW sliding when the driving force (the Hall
voltage) just exceeds the threshold [41]. We use the same set of equations with a necessary
simplification to fix the CDW amplitude A(x, t) ≡ 1 in the bulk. We model the pinning
force Fp(φ) in such a way that it starts with the linear law Fp(φ) ∝ φ and then sharply drops
towards zero at φ > φp, where φp � π is the threshold phase displacement of depinning:

Fp(φ) =
φ/(πNFL2

p)

1 + exp(k(φ − φp))
(22)

Here Lp is the pinning length which value can be taken from the experiments, and k � 1
is a modelling parameter. The space-temporal evolution of the amplitude A(x, t) and the
phase φ(x, t) are presented in Figure 5. The modelling reveals the formation of depinning
propagating fronts created at the sample boundaries. The fronts collide, first forming a
short peak of the phase velocity ∂tφ/π; subsequently, the fronts annihilate giving rise to
the sliding regime at still inhomogeneous distributions of the electric field and particle
density.
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Figure 4. Plots of the spatio-temporal evolution from modelling the periodic phase slips: Left
panel: the 3D plot of the phase φ(t, x)/π); Center panel: the CDW amplitude A(t, x); Right panel:
streamlines on the amplitude density plot for the vector {u(x, t), v(x, t)}. A sequence of three phase
slip events is observed with the amplitude nodes located near x ≈ 0.11.

Figure 5. Evolution of the depinning process: Left panel: the self-consistent driving electric field
F(x, t) = −∂xΦ(x, t) with Φ(x, t) given by Equation (21); Right panel: the phase velocity ∂tφ.

We summarize the content of this Section as follows. Application of a high magnetic
field, normal carriers in residual pockets left after CDW formation can be brought to a
quantum state at low Landau levels. When forced to carry a transverse current, the carriers
generate a Hall electric field in the chains’ direction which brings the CDW background
to the collective sliding. Ensuring the Hall geometry has no source/drain junctions in the
sliding direction, the collective current enforces the on-chain component of the normal
current, exactly compensating for the two counter currents. The annihilation of the counter
currents takes place near the boundaries via the space-time vortices of the CDW phase
around the enforced amplitude nodes resulting in a regular sequence of the phase slips. For
the first time, to our knowledge, the simplicity of Equations (due to the local relation (21) of
the electric potential and the carriers’ concentration) allows to model the depinning process
when the depinning fronts are nucleated at the edges and develop into the bulk with their
subsequent annihilation.

5. Combined Topological Defects in Spin-Density Waves

Systems with spontaneous symmetry breaking with respect to a complex multi-
component order parameter may offer an intriguing possibility for non-integer vorticities
in subspaces of their degeneracy (see [56]). Fractional vortices have been investigated
in the superfluid helium A ([57,58], triplet superconductors [59,60], FFLO phase [61,62]
and Bose-condensate of polaritons [63]. Following the suggestion of a fractionalization of
the spin vortex in an anti-ferromagnetic crystal in presence of a frozen-in dislocation [64],
the regular presence of combined topological defects have been suggested [65] for a sliding
SDW state which is explored below.
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5.1. Half-Integer Complexes of Vortices and Dislocations in SDWs.

Contrary to conventional 2π vortices created in CDWs [65], in SDWs the complex
topological objects can appear as half-integer π-phase vortices combined with half-integer
spin rotation. The SDW order parameter �ηSDW (1) allows for three options of its self-
mapping �ηSDW → �ηSDW which are determined by partial vorticities νφ and νm in the SDW
phase and its magnetization direction.

(i) The phase dislocation Dφ2π , i.e., the pure phase φ vortex Vφ2π , while �m stays intact:
φ → φ + 2π ≡ φ and �m → �m, where νφ = 1 and νm = 0;

(ii) The �m - vortex V�m2π , where �m performs the full rotation while the phase φ stays intact:
�m → O2π�m ≡ �m and φ → φ, where νφ = 0 and νm = 1;

(iii) The combined object Vφπ ⊗V�mπ : φ → φ±π and �m → Oπ�m = −�m, where νφ = ±1/2
and νm = ±1/2. In this case, the two factors of the SDW order parameter
�ηSDW = �m exp(iφ) change the sign together, but their product leaves ηSDW constant.

The distribution of �m near the combined half-integer vortex is illustrated schematically
in Figure 6.

Figure 6. Configurations of the half-integer combined vortex in the SDW: vector plot of the magneti-
zation �m on top of the contours of the positional phase Qx + φ(x). The white line drawn to the left
from the defect centre carries no physical singularity: the visible discontinuity in the direction of �m is
compensated by the π jump in φ.

The energy density in the SDW encompasses two parts: wSDW = wchrg{φ}+wspin{�m}.
The charged part wchrg{φ} originating from the phase displacements is common to both
CDW and SDW; it is given by Equation (10). The magnetic part wspin{�m} has the form

wspin{�m} =
h̄vF
4π

[
α‖(∂x�m)2 + α⊥

(
(∂y�m)2 + (∂z�m)2

)
+ wani

]
(23)

where the moduli α‖, α⊥ characterizes the rotation of the staggered magnetization with the
unit vector �m; their values are similar to the bare moduli C0

‖, C⊥ of the phase displacements
taken without Coulomb interactions in (10). wani is the spin anisotropy energy; its effects
on the structure of combined topological defects are discussed in the next section.

Since the energies of the vortices depend on their winding numbers as ∝ ν2
φ,m, the

common tendency is to reduce νφ,m to the lowest permissible values. A comparison of
energies of the pure phase vortex Vφ2π (phase dislocations Dφ2π) and combined objects
Vφπ ⊗ V�mπ must account for the charge conservation, thus protecting the total phase
vorticity ∑ νφ. The total magnetic vorticity ∑ νm does not need to be conserved, but
should be kept at zero to avoid logarithmic energy divergence at large distances from a
non-compensated pair of vortices. The energy divergence of phase dislocations is not a
limitation since it is compensated for by the driving electric field. Therefore, it is tempting
to consider the spitting of one Vφ2π into two combined objects Vφπ ⊗ V±�mπ which follows
a decomposition path of a phase vortex into two pairs of half-vortices:
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Vφ2π ⇒ {Vφπ ⊗ V�mπ}+ {Vφπ ⊗ V−�mπ}
If the energy parameters for phase and magnetic perturbations, α‖, α⊥ and C0

‖, C⊥,
are comparable as it takes place near to Tc when free carriers screen Coulomb interactions
at shortest distances, the consequent dissociation cost is zero: ν2

2π = 1 ⇒ 4ν2
π = 1 and

the result depends on a tiny balance of coefficients. Contrarily, at low T the Coulomb
energy of the phase counterpart dominates; therefore, the magnetic vortex energy can
be neglected. In this case about a half of the energy is gained by the decomposition of
(ν2π = 1)2 ⇒ 2(νπ = 1/2)2 = 1/2 which cannot be rejected.

The energy of the pure spin vortex V�m2π is estimated as W�m2π ∼ Tc ln(Y/a⊥) at all
transverse distances Y among the vortex lines. As demonstrated in Section 2.2, for a
pure phase vortex such a form of energy persists for the screened Coulomb interaction at
Y � rscr where Wφ2π ∼ Tc(rscr/r0) ln(Y/rscr); at low T it is greatly enhanced as rscr/r0
with respect to W�m2π . However, except when in close proximity to Tc, the energies of he
initial connfiguration Vφ2π and the Vφπ counterpart of the split configuration are highly
enhanced. The energy gain is more drastic at low T at intermediate Y < r0 which is discuss
below in Section 5.2 in conjunction with effects of magnetic anisotropy.

Our numerical calculations confirm the spontaneous splitting of the integer 2π phase
vortex Vφ2π (Figure 7a) into two half-integer combined vortices

{
Vφπ ⊗ V�mπ , Vφπ ⊗ V−�mπ

}
(Figure 7a,b).

Figure 7. Calculated profiles of the amplitude A(x, y) for the spontaneous splitting of the bare phase
vortex (a) into a pair of combined, phase plus magnetization, half-integer vortices (b and c for the 3D
and density plots, respectively).

5.2. Effects of the Spin Anisotropy

There are two cases of the spin anisotropy which still allow for a free rotation of spins,
thus validating the above conclusions: (i) a full isotropy or an “easy plane” anisotropy;
(ii) an “easy axis” anisotropy under a magnetic field exceeding the spin-flop threshold
H > Hs f ∼ 1T (the momentum �m is tilted and a free rotation of the hard plane projection
is permitted). However, the known SDW crystals are of low-symmetry, possessing the
spin anisotropy in all three directions. Its presence prevents the long-distance rotation
of �m which results in a confinement of the half-integer vortices in pairs connected by a
magnetic domain wall. If the anisotropy is weak, it will not affect the arrangement in the
vicinity of a vortex, but at large distances the rotation of spins is concentrated within a
Neel domain wall. This forms a string (a plane in 3D) which attempts to confine the two
combined objects as it is illustrated in Figure 8.
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Figure 8. Two half-integer �m vortices connected by a Neel domain wall.

The combined objects are composed of the spin and charge semi-vortices. The con-
finement, due the spin anisotropy, competes with the repulsion, due to Coulomb forces.
We now recall (Section 2.2) that the unscreened Coulomb contribution to the vortex en-
ergy brings about a linear law instead of the standard logarithmic law. The total energy
gain for the pair of combined vortices with respect to the normal phase vortex will be
EC N/2, where EC ∼ Tca⊥/r0 and N = Y/a⊥ is the number of chains between the com-
bined vortices. The repulsive anti-confinement energy overcomes the energy lost due to
domain wall formation Wwall = wAN, as both possess a similar N dependence. Commonly,
wA ∼ 1K < EC ∼ 101K is much smaller than EC, hence the resulting interaction between
the two semi-vortices is repulsive. We see that within the screening length r < rscr both the
anisotropy and Coulomb energies grow linearly with distance, with the latter dominating
quantitatively. Hence the anisotropy binding energy is overcome by Coulomb repulsion
and thus no confinement.

At distances exceeding the screening length r > rscr, the growth of the Coulomb
energy slows down to the conventional, while quantitatively enhanced, logarithmic law
(Section 2.2). However, the spin anisotropy energy WA

spin keeps growing linearly. The total
energy gain of the two combined vortices with respect to the dislocation becomes

W = −E0 ln N + wAN , E0 ∼ Tcrscr/r0 = Tc/
√

ρn

As this dependence on N is non-monotonous, there exists an equilibrium distance between
the two semi-vortices Neq ∼ E0/wA ∝ 101/

√
ρn. With the screening being frozen out at

low temperatures when ρn → 0, the string length may pass through the whole sample
width, typically ∼ 1 μm, already at experimentally accessibly low temperatures.

5.3. Combined Topological Defects and Narrow Band Noise Generation

A universal signature of DW sliding is the generation of a coherent periodic unhar-
monic voltage signal, the so called “narrow band noise” (NBN) (see [23,66]). In CDWs, its
frequency fCDW is usually proportional to the collective jCDW and, remarkably, their ratio
universally corresponds to the intuitively clear definitions

jCDW =
e
π

∂φ

∂t
, fCDW =

1
2π

∂φ

∂t
(24)

The resulting ratio RCDW = fCDW/jCDW = 1/2 corresponds to the proliferation of
two electrons when the CDW is displaced by its wave length λ. In CDWs the NBN
generation was measured directly and the ratio of 1/2 was definitively confirmed. In SDWs
the NBN was observed less precision with a variable ratio RSDW = e fSDW/jSDW (usually
small because of the inhomogeneous distribution of currents). Nevertheless, the linear law
RSDW = cnst was confirmed.

Up till now there is no consensus on the origin of the NBN, with two competing views.
(i) The first and largely accepted was the wash-board frequency (WBF) model which

suggests extrinsic NBN generation by DW sliding through the periodic host lattice or its
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defects [23]. Within the WBF model, the NBN frequency in SDWs is doubled with respect
to CDWs. This comes from differences in the oscillating densities of the charge or lattice
displacements:

ρCDW ∼ ηCDW = A cos[Qx + φ] , φ = 2π f t

ρSDW ∼ δ(�ηSDW)2 ⇒ A2 cos[2Qx + 2φ]

because of the disparity of �ηSDW with respect to the time reversal. Within the WBF model,
the NBN frequency should be doubled for SDWs with respect to CDWs.

(ii) The phase slip generation (PSG) model assumes that the NBN is generated by phase
slip processes created periodically near injection contacts [33,34,48–50]. This mechanism
looks plausible since the phase slips are already necessary for the current conversion at the
contacts, with some concerns on their regularity. Nevertheless, this regularity is clearly
reproduced in our modelling, as demonstrated in Sections 2.1 and 4, in accordance with
the experimentally confirmed high coherence of the NBN signal.

(iii) An intermediate scenario can be envisaged for the DW which slides in the bulk,
while being pinned at the sample surface. With the coupling energy Wb−s = W0 cos(φbulk −
φsur f ace), the proliferation of φbulk at constant φsur f ace would provide the necessary WBF.
This separation of moving and pinned layers calls for the successive creation of dislocations,
thus constructing a bridge to the PSG scenario. This scenario is also successfully covered
within our modelling.

While for CDWs all three scenario give the same ratio RCDW = 1/2, for SDWs an
intriguing difference was discussed (see [67,68]): RSDW = 1/2 for the PSG mechanisms in
(ii) and (iii) and RSDW = 1 for (i) of the WBF one. Intriguingly, our prediction for chimera
defects with combined half-integer vorticities indicates the possibility of RSDW = 1/2, even
for the PSG mechanisms (ii) and (iii). Moreover, the ratio can switch between 1/2 and 1
depending on the temperature. Indeed, the chimeras are energetically favourable at low
temperatures in the absence of screening carriers, when the Coulomb energy dominates the
phase vorticity. The π vorticity of the phase requires a double slip rate to promote the same
collective current. However, near Tc the energies of the magnetic and phase vorticities
are comparable, so the splitting into half-integer objects is not strongly profitable bringing
back RSDW from 1 to 1/2. As we have explained in the previous sections, the magnetic
anisotropy can confine the half-integer object into loose integer pairs, thus re-tuning RSDW
to 1/2 for sufficiently narrow samples.

To summarise this section, the sliding SDW generates combined topological objects,
where the DW displacement and spin rotations are topologically coupled. These defects
lower the Coulomb energy of the conventional phase vortex and are energetically stable.
Their formation also leads to a twice reduction in the NBN frequency, which remains an
important debatable topic.

6. Conclusions

In the science of electronic crystals, ample research has been devoted to the study
of stationary or transient states with static and dynamic topologically non-trivial config-
urations, such as electronic vortices (dislocations), instantons (phase slip centres), and
microscopic soliton complexes. Having been inspired by extensive experiments, we have
studied equations for dynamics involving topological objects in density waves under
various circumstances. Our models include multiple fields in their mutual non-linear
interactions: the phase and amplitude of CDWs, the spin polarization for SDWs, electric
field, and distributions of current and density of normal carriers. The numerical solutions
to the resulting equations illustrate the emergence of vortices, their turbulent evolution,
and the final formation of steady arrays or stationary oscillations.

We have studied several experimentally significant situations, such as proliferations
of space vortices under the field effect of a transverse voltage and a coherent sequence of
space-time vortices, or phase slips, under longitudinal driving. Furthermore, the sliding
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driven by the Hall field generated by quantized electrons under a high magnetic field was
modelled, revealing an interesting regime of exactly compensated collective and normal
countercurrents; their annihilation proceeds via a regular sequence of phase slip processes.

SDWs add an additional richness by combining the common vorticity of the phase
with the particular vorticity of modulated magnetization. This gives rise to interesting
topological objects with normally prohibited half-integer winding numbers. The standard
dislocation splits into two combined topological objects which, in the presence of a weak
spin anisotropy, are connected by a string whichconfining tension can be overrun by the
Coulomb energy of the phase component. The formation of such combined topological
objects results in a two-fold reduction in the NBN frequency, which still remains an essential
disputed question.

The combined topological defects link our specific problems with the general issues
reported for quantum solids and liquids, particle physics, and cosmology.
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