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Abstract: Emergent quantum mechanics (EmQM) explores the possibility of an ontology for quantum
mechanics. The resurgence of interest in realist approaches to quantum mechanics challenges the
standard textbook view, which represents an operationalist approach. The possibility of an ontological,
i.e., realist, quantum mechanics was first introduced with the original de Broglie-Bohm theory, which
has also been developed in another context as Bohmian mechanics. This Editorial introduces a Special
Issue featuring contributions which were invited as part of the David Bohm Centennial symposium
of the EmQM conference series (www.emqm17.org). Questions directing the EmQM research agenda
are: Is reality intrinsically random or fundamentally interconnected? Is the universe local or nonlocal?
Might a radically new conception of reality include a form of quantum causality or quantum ontology?
What is the role of the experimenter agent in ontological quantum mechanics? The Special Issue also
includes research examining ontological propositions that are not based on the Bohm-type nonlocality.
These include, for example, local, yet time-symmetric, ontologies, such as quantum models based
upon retrocausality. This Editorial provides topical overviews of thirty-one contributions which are
organized into seven categories to provide orientation.

Keywords: quantum ontology; nonlocality; time-symmetry; retrocausality; quantum causality;
conscious agent; emergent quantum mechanics; Bohmian mechanics; de Broglie-Bohm theory

“Towards Ontology of Quantum Mechanics and the Conscious Agent” was the heading of the
David Bohm Centennial symposium as part of the Emergent Quantum Mechanics (EmQM) conference
series (Wwww.emqm17.org). The three-day symposium was held at the University of London, right
next to Birkbeck College, the final academic home of David Bohm. The symposium offered an open
forum for critically evaluating the prospects and significance—for 21st century physics—of ontological
quantum mechanics, an approach which David Bohm helped pioneer. The Editorial introduces
contributions featuring the original research of the EmQM symposium speakers, as well as additional
researchers who are exploring the ontological implications of quantum mechanics. The contributions
are thematically organized as follows: (1) Quantum Ontology and Foundational Principles, (2) The
Continuing Impact of the Bohmian Theory, (3) Beyond the Bohmian Theory: New Developments,
(4) Quantum Ontology and Time: Retrocausality and Irreversibility, (5) Entropy, Thermodynamics,
and Emergent Quantum Gravity, (6) Alternative Quantum Models and Tools, and (7) Advanced
Quantum Experimentation.

Entropy 2019, 21, 113; d0i:10.3390/€21020113 1 www.mdpi.com/journal/entropy
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1. Quantum Ontology and Foundational Principles

Foundational principles and concepts are introduced to help guide thinking about the validity
of ontological propositions for quantum mechanics. Tim Maudlin starts with the key insight that
any possible ontology for quantum mechanics necessitates “a radical change in our understanding of
physical ontology” [1]. Employing as an example the Aharonov-Bohm effect, he develops a method
for “clarifying what the commitments of a clearly formulated physical theory are”. Referring to the
well-known conceptual challenges in interpreting quantum theory, Maudlin concludes by noting that
if “physicists were to adopt this method ... to convey physical theories clearly and unambiguously,
many conceptual problems could be avoided”.

Jan Walleczek advances the concept of agent inaccessibility as a fundamental principle in quantum
mechanics, based on the objective uncomputability of quantum processes as a formal limit [2].
In support of the Bohmian theory, the proposal of an agent-inaccessibility principle presents an
alternative position to the standard textbook view of quantum indeterminism. Walleczek concludes
that the 20th century quantum revolution need not imply “a radical shift from determinism to
indeterminism” but that—based on current knowledge—it is only valid to assert that “the quantum
revolution signifies the profound discovery of an agent-inaccessible regime of the physical universe”.

Maurice De Gosson next introduces the mathematics of Poincare’s recurrence theorem, and the
associated notion of ‘superrecurrence’, in relation to the properties of symplectic topology, as applied
to quantum mechanics [3]. De Gosson suggests that these recurrence properties “are closely related to
Emergent Quantum Mechanics since they belong to the twilight zone between classical (Hamiltonian)
mechanics and its quantization”, and he views these properties “as imprints of the quantum world on
classical mechanics in its Hamiltonian formulation”.

William Seager provides a 21st century interpretation of the philosophy and scientific metaphysics
of David Bohm [4]. Specifically, Seager examines three core features of Bohm's foundational views,
namely “the holistic nature of the world, the role of a unique kind of information as the ontological
basis of the world, and the integration of mentality into this basis as an essential and irreducible aspect
of it”. Importantly, Seager corrects the persistent, but flawed, view that Bohmian ontology “is a return
to a classical picture of the world”, and he explains that “Bohm’s metaphysics is about as far from that
of the Newtonian classical metaphysical picture of the world as one could get”.

2. The Continuing Impact of the Bohmian Theory

The focus of the second category is the continuing impact, based on recent assessments and
conceptual innovations, of the original de Broglie-Bohm (dBB) theory and Bohmian mechanics.
The opening article by Basil Hiley and Peter Van Reeth engages the historically controversial problem
of the reality of Bohmian quantum trajectories [5]. The authors argue that the previous “conclusion
that the Bohm trajectories should be called ‘surreal’ ... is based on a false argument.” Specifically,
Hiley and Van Reeth show that “standard quantum mechanics produces exactly the same behavior as
the Bohmian approach so it cannot be used to conclude the Bohm trajectories are ‘surreal’.”

Robert Flack and Basil Hiley—again addressing the problem of quantum trajectories—explore
“the relationship between Dirac’s ideas, Feynman paths, and the Bohm approach” [6]. After studying
the relationship in detail, Flack and Hiley propose that “a Bohm ‘trajectory’ is the average of an
ensemble of actual individual stochastic Feynman paths”, and that, therefore, these paths “can be
interpreted as the mean momentum flow of a set of individual quantum processes and not the path of
an individual particle.”

Nicolas Gisin, next, clarifies the long-standing debate between those in the mainstream of
physics who argue that the Bohmian approach is “disproved by experiments”, and those who insist
that “Bohmian mechanics makes the same predictions as standard quantum mechanics” [7]. After
performing a careful analysis, Gisin arrives at the conclusion that “ ... Bohmian mechanics is deeply
consistent”, and he notes that “Bohmian mechanics ... could inspire brave new ideas that challenge
quantum physics.”
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Dustin Lazarovici, Andrea Oldofredi, and Michael Esfeld continue with key arguments in support
of the physical consistency of Bohmian mechanics [8]. In particular, these authors offer a critical
assessment of standard no-hidden-variables theorems, which have long been used to challenge the
plausibility of the Bohmian ontology. In particular, they argue that “far from challenging—or even
refuting—Bohm’s quantum theory, the no-hidden-variables theorems, in fact, support the Bohmian
ontology for quantum mechanics.”

Oliver Passon, next, tackles a common misconception regarding the dBB theory [9], namely the
specific criticism that the theory “not only assigns a position to each quantum object but also contains
the momenta as ‘hidden variables’.” In response to this perceived inconsistency, he points out that the
measurement of momentum in the dBB theory is strictly contextual and does not reveal a “preexisting
value”, and that, therefore, the Bohmian interpretation “is not only a consistent interpretation of
quantum mechanics but includes also ‘quantum weirdness’—like any other interpretation of quantum
theory.”

Travis Norsen offers an explanation of the Born-rule statistics for the dBB pilot-wave theory [10].
In the task of finding a realist account of the Born rule expressing the probability distribution of
measurement outcomes, Norsen compares the two competing approaches from the literature and he
finds that “there is somewhat less conflict between the two approaches than existing polemics might
suggest, and that indeed elements from both arguments may be combined to provide a unified and
fully-compelling explanation, from the postulated dynamical first principles, of the Born rule.”

Angel Sanz highlights the impact of Bohmian theory—beyond mere theoretical significance,
namely, as a “useful resource for computational and interpretive purposes in a wide variety of
practical problems” [11]. Specifically, an analysis of “the problem of the diffraction of helium atoms
from a substrate consisting of a defect with axial symmetry on top of a flat surface” is performed,
and the behavior of Fermatian trajectories (optical rays), Newtonian trajectories, and Bohmian
trajectories is compared, whereby, the latter are shown to “behave quite differently, due to their
implicit non-classicality”.

The final article in this category is contributed by Roderich Tumulka [12]. He provides an overview
of Bohmian mechanics, and then continues to describe “more recent developments and extensions
of Bohmian mechanics, concerning, in particular, relativistic space-time and particle creation and
annihilation.” Tumulka concludes by emphasizing that the described theoretical work represents “the
most plausible ontological theory of quantum mechanics in relativistic space-time”, and it, therefore,
holds great promise “as a fully satisfactory extension of Bohmian mechanics, to relativistic space—time.”

3. Beyond the Bohmian Theory: New Developments

This category features research pursuing ideas beyond the Bohmian theory and its typical
interpretation. Although the researchers agree that the notion of nonlocality is essential to an
ontological quantum mechanics, new developments are explored, based on the assumptions and
propositions that are not normally covered by the dBB theory and by Bohmian mechanics.

Gerhard Grossing, Siegfried Fussy, Johannes Mesa Pascasio, and Herbert Schwabl present a model
of quantum reality that “does not need wave functions”, and one that assumes a “cosmological
solution” to the problem of nonlocality [13]. That is, the researchers propose “that from the beginning
of the universe, each point in space has been the location of a scalar field representing a zero-point
vacuum energy that nonlocally vibrates at a vast range of different frequencies, across the whole
universe.” Assuming this cosmological nonlocality, the authors provide classical computer simulations
of double- and n-slit interference patterns, which reveal trajectories that “are in full accordance with
those obtained from the Bohmian approach.”

Mohamed Hatifi, Ralph Willox, Samuel Colin, and Thomas Durt present an analysis of a quantum
model inspired by “the properties of bouncing oil droplets”—as observed by the so-called ‘walkers” in
non-equilibrium experiments—and which “have attracted much attention because they are thought
to offer a gateway to a better understanding of quantum behavior” [14]. In particular, the authors
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perform an analysis comparing “walker phenomenology in terms of the de Broglie-Bohm dynamics
and of a stochastic version, thereof.” They conclude that “the programs that aim at simulating droplet
dynamics with quantum tools or at describing the emergence of quantum dynamics, based on droplet
dynamics ... raise challenging fundamental questions.”

Mojtaba Ghadimi, Michael Hall, and Howard Wiseman describe research findings related to the
Many Interacting Worlds (MIW) proposal, which is “a new approach to quantum mechanics, inspired
by Bohmian mechanics” [15]. The MIW proposal represents an entirely novel way of addressing the
problem of nonlocality in Bohmian mechanics, and while “it is conceptually clear how the interaction
between worlds can enable this strong nonlocality”, a proof by simulation has not been possible so far.
In the present contribution, the authors now “report significant progress in tackling one of the most
basic difficulties that needs to be overcome: Correctly modelling wave functions with nodes.”

4. Quantum Ontology and Time: Retrocausality and Irreversibility

Time-related aspects and interpretations of quantum mechanics are the focus of this category.
The first three articles present work that considers, in three distinct ways, the possible relationships
between the implicit time-symmetry of the quantum formalism and physical ontology. The final article
discusses the concept of fundamental irreversibility in nature.

Emily Adlam starts by noticing that “the physics community has come to take seriously, the
possibility that the universe might contain physical processes which are spatially nonlocal, but there
has been no such revolution with regard to the possibility of temporally nonlocal processes” [16].
The author suggests that “the assumption of temporal locality is actively limiting progress in the
field of quantum foundations”, and then offers an investigation into “the origins of the assumption,
arguing that it has arisen for historical and pragmatic reasons rather than good scientific ones.” Adlam
concludes with the proposal that “once we accept that the universe may be generically nonlocal, across
both time and space, it becomes at least plausible that quantum theory as we know it is simply the
local limit of a global theory, which applies constraints across the whole of space and time.”

Kenneth Wharton introduces a new class of retrocausal models that he hopes will “guide
further research into space-time-based accounts of weak values, entanglement, and other quantum
phenomena” [17]. This work is inspired by the recognition that “globally-constrained classical fields
provide an unexplored framework for modeling quantum phenomena, including apparent particle-like
behavior.” In relation to prior retrocausal models in the literature, Wharton explains that “the central
novelties in the class of models discussed here are: (1) Using fields (exclusively) rather than particles;
and (2) introducing uncertainty to even the initial and final boundary constraints.”

Nathan Argaman reconsiders a central tenet of Bell’s nonlocality theorem—the causal arrow
of time. He points out that “the physical assumptions regarding causality are seldom studied in
this context, and often even go unmentioned, in stark contrast with the many different possible
locality conditions which have been studied and elaborated upon” [18]. Argaman envisions the future
generalization of “retrocausal toy-models to a full theory—a reformulation of quantum mechanics—in
which the standard causal arrow of time would be replaced by a more lenient one: An arrow of time
applicable only to macroscopically-available information.” He concludes by suggesting that for “such
a reformulation, one finds that many of the perplexing features of quantum mechanics could arise
naturally, especially in the context of stochastic theories.”

Lajos Didsi compares two fundamental concepts of irreversibility which, as he emphasizes in this
work, have “emerged and evolved with few or even no interactions” [19]. First, the concept of universal
gravity-related irreversibility, and, second, irreversibility in “quantum state reductions, unrelated
to gravity or relativity but related to measurement devices”. The author first summarizes the two
concepts and then highlights the significant fact that the precise relationship “between the Planckian
and the Schrodinger-Newton unpredictability of our space-time” remains unknown. In conclusion,
Di6si notes that “Planckian unpredictability survives non-relativistically—for massive macroscopic
quantized degrees of freedom.”
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5. Entropy, Thermodynamics, and Emergent Quantum Gravity

Theoretical issues are addressed linking entropic and thermodynamical considerations with
quantum systems and possible emergent quantum phenomena. The first article by Jen-Tsung Hsiang
and Bei-Lok Hu starts out by explaining that-in view of “quantum mechanics as an emergent
theory”—thermodynamical theory “is perhaps one of the most powerful theories and best understood
examples of emergence in physical sciences, which can be used for understanding the characteristics
and mechanisms of emergent processes” [20]. The authors stress that even for the initial goal of
developing a viable “quantum thermodynamics”, there are “many new issues which need be addressed
and new rules formulated.” For the present contribution, Hsiang and Hu offer “quantum formulations
of equilibrium thermodynamic functions and their relations for Jarzynski’s classical thermodynamics
at strong coupling”.

Osvaldo Civitarese and Manuel Gadella start with a review of “the concept of entropy in
connection with the description of quantum unstable systems”, whereby the goal of this work is
to show “that a comprehensive scheme leading to the definition of entropy for resonances can be
rigorously designed by adopting path integration techniques” [21]. Specifically, these authors advance
“a proper definition of this entropy based on the use of Gamow states as state vectors for resonances.”
In conclusion, Civitarese and Gadella explain that the “resulting entropy is complex, with an imaginary
part which gives an account for the interactions of decaying states with their surroundings.”

Arno Keppens pursues a “complex systems approach, as a kind of toy model, for identifying
space-time’s ontological micro-constituents and their interaction, i.e., their sub-quantum dynamics” [22].
Towards that end, he combines two research strategies, whereby, the first views “gravity as an
entropic phenomenon”, and the second derives “a sub-quantum interaction law” from the solution of
Einstein’s field equations. Keppens argues that “novel views on entropic gravity theory result from this
approach, which eventually provides a different view on quantum gravity and its unification with the
fundamental forces.”

Massimo Tessarotto and Claudio Cremaschini formulate a Bohmian trajectory-based representation
for the quantum theory of the gravitational field [23]. Specifically, the researchers describe “the
basic principles of a new trajectory-based approach to the manifestly-covariant quantum gravity
(CQG) theory.” Importantly, their work provides “new physical insight into the nature and behavior
of the manifestly-covariant quantum-wave equation and corresponding equivalent set of quantum
hydrodynamic equations that are realized by means of CQG-theory.” Remarkably, as Tessarotto and
Cremaschini emphasize, based on their approach “the existence of an emergent gravity phenomenon is
proven to hold.”

6. Alternative Quantum Models and Tools

A wide variety of different approaches, including those proposing the construction of alternative
ontologies, are grouped together in this category. The five contributions range from quantum models
that seek to explain quantum phenomena by local, yet unconventional, accounts of physical reality to
a quantum model based on an observer-independent event ontology.

Tim Palmer presents a cosmological model in “which the universe evolves deterministically
and causally, and from which space-time and the laws of physics in space-time are
emergent” [24]. Significantly, the author counters the view that a Bohm-type nonlocality—in view
of Einstein—Podolsky—Rosen (EPR)-type quantum-entanglement correlations—might exist in reality.
The model “challenges the conclusion that the Bell Inequality has been shown to have been violated
experimentally, even approximately”, and it “postulates the primacy of a fractal-like ‘invariant set’
geometry”. Palmer concludes by discussing the relationships between the Invariant Set Theory, which
is “deterministic and locally causal”, and the Bohmian theory, the cellular automaton interpretation of
quantum theory and the p-adic quantum theory.

Thomas Filk continues the challenge for the need of a Bohm-type, nonlocal ontology as an
explanation of the EPR-type quantum-entanglement correlations [25]. In particular, as an alternative,
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he describes “an interpretation of the mathematical formalism of standard quantum mechanics in
terms of relations”, and from this he develops “the notion of a relational space.” In this description,
as the author explains, “entanglement is interpreted as a relation between two entities (particles or
properties of particles).” Importantly, in the proposed relational view, “the concept of ‘locality’ receives
a completely different meaning when the positions or locations of entities (objects or events) are
defined in a relational sense, as compared to an absolute space or space-time.” In conclusion, Filk
discusses the quantum measurement problem, from the perspective of this relational interpretation.

Dimiter Prodanov’s contribution describes “the mathematical foundations of the scale relativity
theory, its link to stochastic mechanics, and the theory of the Burgers equation” [26]. This work
is motivated “by the premise that inherently nonlinear phenomena need development of novel
mathematical tools for their description.” In particular, Prodanov investigates “the potential of
stochastic methods for simulations of quantum-mechanical and convection—diffusive systems”,
whereby, the “presented numerical approaches can be used ... for simulations of nanoparticles
or quantum dots, which are mesoscopic objects and are expected to have properties intermediate
between macroscopic and quantum systems”.

Louis Kauffman reviews “previous results about discrete physics and non-commutative
worlds” [27]. As the author points out, important “aspects of gauge theory, Hamiltonian mechanics,
relativity and quantum mechanics arise naturally in the mathematics of a non-commutative framework
for calculus and differential geometry.” The article explores “the structure and consequences of
constraints linking classical calculus and discrete calculus formulated via commutators.” Specifically
for the reported second-order constraint, which is “based on interlacing the commutative and
non-commutative worlds”—as Kauffman reports—*“leads to an equivalent tensor equation at the
pole of geodesic coordinates for general relativity”.

Rodolfo Gambini and Jorge Pullin provide a short review of the Montevideo interpretation of
quantum mechanics [28]. Briefly, in their account of quantum phenomena, Gambini and Pullin “adopt
an interpretation that provides an objective criterion for the occurrence of events”, whereby, for that
purpose they are constructing “an ontology of objects and events”. Notably, in this alternative to
the more familiar realist interpretations, the quantum events represent “actual entities” which are
independent of any observers. Importantly, the Montevideo interpretation “is formulated entirely in
terms of quantum concepts, without the need to invoke a classical world.”

7. Advanced Quantum Experimentation

The final category is devoted to experiments, and their interpretation, targeting advanced
research questions in quantum foundations, as well as practical applications. The first article
is by Lukas Mairhofer, Sandra Eibenberger, Armin Shayeghi, and Markus Arndt, who present
quantum-interference experiments with biomolecules, and discuss the sensitivity to weak magnetic
fields of the observed fringe patterns [29]. Under suitable conditions, “the molecules can ... be
prepared in superpositions of position and momentum”, the authors write, “even though we can
assign classical attributes such as internal temperatures, polarizabilities, dipole moments, magnetic
susceptibilities and so forth to them”. The researchers go on to explain that “macromolecular
interferometry has very practical applications in metrology, for the measurement of electronic,
optical, and even magnetic molecular properties.” Specifically, the authors report data for “quantum
interference of the pre-vitamin 7-dehydrocholesterol”, and present the key finding that “even very
small magnetic contributions can become accessible in matter-wave assisted deflectometry.”

Lev Vaidman and Izumi Tsutsui offer a conceptual analysis of “the history of photons in a nested
Mach-Zehnder interferometer with an inserted Dove prism” [30]. The analysis refers to previous
experimental results which “became the topic of a very large controversy”, as the authors explain. This
contribution by Vaidman and Tsutsui serves to clarify the involved issues. Included in the article is an
analysis also of the “nested interferometer in the framework of the Bohmian interpretation of quantum
mechanics.”
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Finally, Robert Flack, Vincenzo Monachello, Basil Hiley, and Peter Barker describe a method
for measuring the weak value of spin, for atoms using a variant of the original Stern-Gerlach
apparatus [31]. The purpose of the methodological design is to enable the testing of “the original
Bohm approach”, which must use “non-relativistic atoms”. Specifically, the described experiment “is
designed to measure the real part of the weak value of spin for an atomic system”, in this case for
helium atoms. Reported in this work is a “full simulation of an experiment for observing the real part
of the weak value”. The obtained results suggest that a “displacement of the beam of helium atoms
in the metastable 23S; state .. . is within the resolution of conventional microchannel plate detectors
indicating that this type of experiment is feasible.”

8. Outlook

The wide range of perspectives which were contributed to this Special Issue on the occasion of
David Bohm’s centennial celebration, provide ample evidence for the continuing possibility of an
ontological quantum mechanics. In fact, the case for realist approaches towards explaining quantum
phenomena, including in the account of EPR-type quantum correlations, has only strengthened,
in recent years. Pivotal to this emerging development—for which stands the project of emergent
quantum mechanics or EmQM—has been the following realization: A physical ontology for the
quantum level represents a measurement-dependent, contextual, or relational ontology; that is,
the advancement of ‘quantum ontology’, as a scientific concept, marks a clear break with classical
ontological propositions in the form of direct or naive realism. Indeed, such an approach to ontology
is a vital part of David Bohm's legacy. He noted that, in classical ontological theories in physics, there
has been a tendency to assume that the basic concepts of the theory correspond to independently
existing realities, i.e., to realities that are not dependent either on context or deeper levels of being.
By contrast, in his ontological interpretation of quantum theory, the basic concepts, such as “particle”
or “momentum”, reflect a reality that is inherently dependent either on context, or on deeper levels,
or on both. For the future, instead of denying the possibility of a ‘quantum reality’, the mainstream
of quantum physics might embrace, and join in, the search for unconventional causal structures and
non-classical ontologies, which can be fully consistent with the known record of quantum observations
in the laboratory.
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Abstract: Quantum physics demands some radical revision of our fundamental beliefs about physical
reality. We know that because there are certain verified physical phenomena—two-slit interference,
the disappearance of interference upon monitoring, violations of Bell’s inequality—that have no
classical analogs. But the exact nature of that revision has been under dispute since the foundation
of quantum theory. I offer a method of clarifying what the commitments of a clearly formulated
physical theory are, and apply it to a discussion of some options available to account for another
non-classical phenomenon: the Aharonov-Bohm effect.
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1. Introduction

Metaphysicians rightly look to physics for insight into the nature of the physical world. And once
upon a time, they would get clear and articulate answers. Newton, in his Scholium on space and
time, for example, beautifully conveys both the exact content of his account of Absolute Space and
Absolute Time and provides the bucket argument as an empirical demonstration that the relationist
theory of motion cannot be correct ([1], pp. 6-12). One can investigate whether Newton’s empirical
considerations really confirm his particular account of space and time over all others (they don't),
but you know with perfect clarity what Newton thought and why.

Unfortunately, the present day situation with respect to physics and metaphysics (ontology)
is nowhere in the vicinity of that clarity. Newton did not answer every ontological question one
might have been interested in—first and foremost, the source of the universal force of gravitation
among particles, concerning which he did not fingere a hypothesis—but Newton was both clear about
some things and clear about where there was more to be said but he didn’t know what to say.
Nowadays nothing is clear and sharp in the area at all. This is not news. But like the weather,
everybody talks about it and nobody does anything. This paper outlines a program for the steps that
might be taken.

The main aim is illustrative. It has been widely accepted that the discovery of the Aharonov-Bohm
effect, in 1959, forced—or at least suggested—a radical change in our understanding of physical
ontology. Briefly, the effect (once it was verified) suggested that the electromagnetic scalar and vector
potentials, which were regarded as mere mathematical artifacts in the classical theory, should be
regarded instead as “physically real”, while the electric and magnetic fields, which were the basic
ontology of Maxwell’s theory, should be somehow ontologically downgraded. This common
suggestion has been disputed, e.g., by regarding the fundamental physical ontology to be a connection
on a fiber bundle, the vector potential as a means to represent the connection, and the electromagnetic
field as the curvature of the bundle [2] (p. 226). However, none of the objections to it support or even
permit the reversion back to Maxwell’s ontology or the Relativistic version of it: the electromagnetic
field tensor.
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Drawing metaphysical conclusions (or teasing metaphysical possibilities) from physics requires
a certain level of clarity about just what the physical theories at issue posit. And since the advent of
quantum mechanics, the practice of physics has been to relentlessly and aggressively refuse to be clear
about precisely the issue that concerns the metaphysician: what exactly physically exists? In Newton’s
age, this question would have been regarded as one of, if not the, central concerns of physics itself.
Oddly, practicing physicists nowadays are likely to direct a student asking such questions to the
philosophy department. The way this plays out in quantum theory over questions such as the status
and “reality” of the wave function is well known, and I do not propose to plow that over-farmed soil
yet again here. Rather, I want to pursue a similar question, as far as I can, without taking issues about
the ontology of quantum theory into account. That makes the particular suggestions about ontology
reached here questionable and provisional, but it should have the compensating virtue of making the
methodological proposal clear and easy to follow.

What is accomplished by having a general framework in which the precise ontological
commitments of a theory are made manifest and unambiguous in a disciplined way? Benefits accrue
on both the conceptual and heuristic sides. Conceptually, one requires this sort of clarity to truly
understand a physical theory. Without it, one can do calculations and produce predictions, but not be
clear about what kind of physical world the theory presents. Quantum theory, as a whole, presents an
excellent example. As for developing new theories, we will see that the method of presentation
suggests almost algorithmic ways to alter the ontology of a theory.

With that as prelude, then, let’s begin.

2. What Is a Physical Theory?

Let’s start by zooming out all the way to the most general question we can ask: what is physics?
Back in the day, physics was characterized as the theory of matter in motion. That remains a wonderful
place to start, although the slogan needs some tweaks and updates. One nice thing about the slogan is
that it immediately indicates the “foundational” aspect of physics as opposed to all the other empirical
sciences. Every empirical science—biology, geology, psychology, economics, etc.—deals with systems
that are matter in motion. A living horse, whatever else it is, is matter in motion and, as such, falls under
the purview of physics. It also falls under the purview of biology, evolutionary theory, economics,
cognitive science, and so on. But the converse does not hold: not every physical system provides
subject matter for biology or geology or psychology or economics. A red dwarf star, for example,
does not. However, the red dwarf is matter in motion and must be susceptible to physical analysis.

The phrase “matter in motion” offers two targets for conceptual and physical analysis: matter
and motion. In contemporary physics, there is no such objective state as “being in motion”. A particle
in interstellar space, for example, can be “at rest” in the sense of not moving relative to its own inertial
frame and at the same time “moving” relative to other perfectly legitimate inertial frames. Since the
theory of Relativity, talk of the “motion of a system” has come to be understood as talk of the trajectory
of the system through space-time. If you specify a space-time structure and the worldlines of the
constituents of the system, then you have specified all there is to say about the “motion” of the system.

Of course, in order to have a trajectory through space-time, a worldline, the constituent has to be a
local beable in John Bell’s sense [3]. That is, the constituent has to be something that has a reasonably
well-defined location in space-time. And there may exist items in the physical ontology of a theory that
fail to have this characteristic. Those would be the non-local beables of the theory. In quantum theory,
the quantum state (the item represented by the wave function) is such a non-local beable according
to most explications of the theory. Hence there arises a trivial semantic issue: should the non-local
beables of a theory count as matter or as something else, some tertium quid beside the space-time and
the local beables?

Nothing hangs in this semantic decision, but for the sake of clarity I will, in this paper, refer only to
local beables as “matter”. According to this usage, the quantum state, if it exists at all, is an immaterial
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and non-local physical item. If the reader dislikes this terminology, she is invited to systematically
rewrite it in whatever way is congenial.

Adopting this updated terminology, then, the fundamental ontology of any physical theory
contains a space-time structure, some local beables (matter), and whatever else may have come up.
Physics, the theory of matter in motion, has become the theory of the trajectories of local beables
through space-time.

In the course of theorizing, we may increase the ontology of a theory by postulating some
new items, local or nonlocal. Methodologically, the grounds for doing that is typically in service of
accounting for the motions of a particular set of local beables, the postulated constituents of familiar
observable matter. Thus, for example, Maxwell introduced the electric and magnetic fields as novel
local beables in order to account for the motions of observable objects such as iron filings. By our
convention, these fields are material because they are local beables. On the other hand, the postulation
of a quantum state, which is a non-local beable, counts as adding an immaterial entity. It is, in any case,
certainly an entity that cannot be directly observed. The only grounds we have to believe in quantum
states is the influence they have on observable collections of local beables such as those that constitute
pointers and radios and tables and chairs.

To sum up so far, and present this account in more detail: physics is the description of local beables
and whatever else is required to account for their trajectories through space-time. That updates the more
mellifluous “Matter in motion” in a way useful for present purposes. Another, essentially equivalent
characterization of physics is the most general account of what there is and what it does, at the fundamental
level. The “what there is” part is provided by the ontology of the theory, and the “what it does” part by
the dynamics. The restriction to fundamental items excludes treating derivative entities, such as horses
or species or economic systems, as the basic subject matter.

Specifying both what there is and what it does has, throughout history, involved specification
of a space-time structure in which the behavior occurs. Whether the spatiotemporal structure is
substantival, or relational, or something else, we do not prejudge. For the purposes of this paper,
we will consider mostly classical space-times, but that is just an historical accident.

We now have four basic “categories of being” postulated by a physical theory:

(1) The local beables or matter, which exists at delimited regions of the spatio-temporal structure.

(2) The non-local beables (if any) that have no particular value at any space-time location.

(3) The spatio-temporal structure, in terms of which the distinction between local and non-local
beables is drawn.

(4) The dynamical laws, which specify, either deterministically or probabilistically, how the various
beables must or can behave.

There is no requirement that the elements of each of these categories be definable independently of
the rest. Indeed, differentiating the local from the non-local beables obviously requires reference to the
spatio-temporal structure. Nor is there any transcendental argument that these four categories of being
exhaust the whole of physical reality, or that all of them must be exemplified. Einstein, for example,
famously opined that the progress of physics marched inexorably toward locality, in the ontology and
even in the laws:

If one asks what, irrespective of quantum mechanics, is characteristic of the world of ideas
of physics, one is first of all struck by the following: the concepts of physics relate to a real
outside world, that is, ideas are established relating to things such as bodies, fields, etc.,
which claim “real existence” that is independent of the perceiving subject—ideas which,
on the other hand, have been brought into as secure a relationship as possible with the
sense data. It is further characteristic of these physical objects that they are thought of as
arranged in a space-time continuum. An essential aspect of this arrangement of things
in physics is that they lay claim, at a certain time, to an existence independent of one
another, provided these objects “are situated in different parts of space” ... This principle
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has been carried to extremes in the field theory by localizing the elementary objects on
which it is based and which exist independently of each other, as well as the elementary
laws which have been postulated for it, in the infinitely small (four-dimensional) elements
of space [4] (pp. 170-171)

All of our four categories of being have been subject to intense philosophical scrutiny through
the ages. The nature of space and time has already been mentioned. The nature of matter has been
equally treated in fundamentally different way: as that which occupies space; as the center of forces;
as a bundle of properties, etc. Laws, of course, have been rendered as relations of necessitation,
as members of the simplest and strongest axiomatization of the Humean mosaic, as dispositions and
as primitive entities not subject to further analysis. For our purposes here, though, these controversies
are inessential: one way or another every physical theory does postulate a dynamics or, as we will
say, a nomology. Just as the ontology of a theory specifies what exists in a more “concrete” sense,
the nomology specifies the laws. The spatiotemporal structure has traditionally been taken to be
somehow less than material but more than nothing. And the non-local ontology is a recent innovation
in physics, still a matter of much dispute (See, e.g., [5]).

Let’s try a couple of simple exercises, drawn from antiquity. Democritean atomism has a material
ontology of solid, shaped, indivisible, and solid bodies. The spatiotemporal structure is an infinite
Euclidean space that persists through time, with the opposite directions “up” and “down” intrinsic to
it. The nomology specifies that the atoms will fall at a constant rate down, save for two circumstances:
collisions between atoms and the occasional random “swerve”. The timing and nature of these swerves
are not precisely defined by Democritus, nor are the laws of collision.

Aristotelian physics, in contrast, posits a finite, spherical spatial structure that persists through
time. There are five fundamental types of matter: earth, water, air, and fire (which correspond to the
modern notion of the states of matter: solid, liquid, gas and plasma), as well as the quintessence, viz.
aether. The spherical spatial structure defines the “up” and “down” directions as towards and away
from the center of the universe. The dynamics is given in terms of nature rather than in terms of laws:
the natural motions of earth and water are to the center and the natural motions of fire and air to the
periphery. The natural motion of aether is uniform circular motion about an axis through the center of
the universe.

The four basic categories used in our anatomy of a physical theory are to be taken cum grano
salis. The category of non-local beables is a recent addition, and there may be more to come. In the
other direction, one could imagine categories melding: the spatio-temporal and material aspects,
for example, becoming so entwined as not to always be distinct. But at least in some conditions the
separate categories must emerge if the theory is to be recognizable as physics at all.

The most profound conceptual addition to this basic scheme of physical theorizing is strongly
associated with the scientific revolution: the geometrization or mathematization of physics.
Galileo famously declared:

Philosophy is written in this grand book—I mean the universe—which stands continually
open to our gaze, but it cannot be understood unless one first learns to comprehend the
language in which it is written. It is written in the language of mathematics, and its
characters are triangles, circles, and other geometric figures, without which it is humanly
impossible to understand a single word of it; without these, one is wandering about in a
dark labyrinth [6] (p. 65)

Modern physics cannot be separated from this mathematization. Our next task is to consider the
use of mathematics in physics and how to cope with it.

3. Mathematical Physics and the Canonical Presentation

As the simple examples of Democritus and Aristotle illustrate, a physical theory need not employ
any sophisticated mathematical apparatus. However, both the glory and the bane of modern physics
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is its highly mathematical character. This has provided both for the calculation of stunningly precise
predictions and for the endemic unclarity about the physical ontology being postulated. The unclarity
arises from a systematic ambiguity among terms that refer to the ontology and nomology of a theory
and terms that refer to the mathematical representations of the ontology and nomology.

Mathematical physics uses mathematical structures to represent physical states of affairs.
Unfortunately, the distinction between the representations and the entities represented is often elided
in the common manner of speech. As a simple example, take the term “scalar field”. It would not
sound in the least odd to say: “The Higgs field is a scalar field”. Further, if one inquires what a scalar
field is, it would not be at all out of place to be told that a scalar field is a mapping from space-time
points into a set of scalars, i.e., real or complex numbers. However, if we naively put these two
innocuous statements together we appear to get the result that the Higgs field (which we took to be
a physical item) is a mapping from space-time points into the field of numbers (which is an abstract
mathematical object). As a purely abstract matter, infinitely many such mappings exist, but that does
not mean there are infinitely many physical scalar fields. Something has gone wrong.

On the other hand, to take a familiar example, we often talk of the wave function of a system
in quantum mechanics, and ask whether the wave function is “real”, “physical”, or “objective”.
However, what is a wave function? As the term implies, it is a function, a mathematical mapping from
(e.g.,) the configuration space of a system to the complex numbers. So is the dispute about the “reality”
of the wave function a dispute about the ontological status of such a mapping? Obviously not.

What has gone wrong in both of these examples is straightforward: the terms “scalar field” and
“wave function” are being used ambiguously. In one sense, they refer to a specific mathematical structure.
In the other, they are used to refer to a postulated physical item that is supposed to be represented by the
mathematical structure. It is trivial that the mathematical structure exists in whatever sense mathematical
entities do. It can be highly contentious whether any physical entity exists that can be represented by
that mathematical item in the way that the physical theory requires.

The most efficient way to resolve any systematic ambiguity is by a linguistic convention. In the
case of the “wave function”, I have adopted the convention that the mathematical representation shall
be called a “wave function” (because a function is plainly a mathematical item) and the non-local beable
that it is posited to represent shall be called the quantum state of a system. So the metaphysical battles
are over the existence and nature (if they exist) of quantum states.

There is no canonical way for a mathematical item to represent a physical one. No amount
of staring at the mathematics per se can resolve questions like: which mathematical degrees of
freedom in the representation correspond to physical degrees of freedom in the system represented?
Mathematical degrees of freedom in the representation that do not correspond to physical degrees of
freedom in the represented system are called gauge degrees of freedom, and representations that differ
only in their gauge degrees of freedom are called gauge equivalent. Transformations between gauge
equivalent mathematical representations are called gauge transformations.

As a seemingly trivial example, a global constant change in the phase of a wave function is
standardly taken to be a gauge transformation and the resulting mathematical representation to
be gauge equivalent to the original. One way to remove this redundancy from the mathematical
representations is to change to another mathematical object as the vehicle of representation. In this case,
one says that quantum states are not properly represented by vectors in a Hilbert space but by rays in a
projective Hilbert space. In one sense of “ideal”, an ideal mathematical representation for a physical
system would implement a one-to-one map from the space of mathematical representations to the
space of physically possible states of the system. At least, such a representation would be maximally
convenient for the metaphysician, while it might be severely impractical for the physicist who actually
has to compute numbers. We will see an example of this anon.

If one cannot distinguish the gauge from the non-gauge degrees of freedom in a mathematical
representation by any purely mathematical analysis, how is that job to be done? The only way is by a
commentary on the mathematical representation. We can only be sure what a piece of mathematics is
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supposed to represent (if anything) by being told by the expositor of a physical theory. One and the
same mathematical apparatus accompanied by a different commentary can convey different physical theories,
theories with different ontologies and even with different laws. Our examples from classical electromagnetism
will illustrate this possibility.

Although this paper is not particularly about quantum theory, it is worthwhile to pause for
a moment to reflect on the situation there. It is commonly said that there is this thing called
“quantum theory” which works splendidly well as a physical theory but nonetheless lacks an
“interpretation”. The project of interpreting quantum theory is assigned to (or dumped on) people
who work on the foundations of physics, and perhaps most usually to philosophers. “Interpreting”
quantum theory is regarded by many physicists as pointless or frivolous or unscientific or even
meaningless, except insofar as it means altering the empirical predictions of the theory. This attitude
has a long history: already in 1926 the physicist Charles Galton Darwin wrote to Niels Bohr: “It is a
part of my doctrine that the details of a physicist’s philosophy do not matter much” [7] (p. 4).

According to the linguistic usage urged here, though, all of this talk of “interpreting” quantum
theory is mistaken. If a physical theory is supposed to address the questions of what there is and
what it does, the questions of physical ontology and physical nomology, then what goes by the name
“quantum theory” is not a theory at all. It is rather a mathematical method of making predictions. If all
one cares about are the accuracy of the predictions, then one can be completely satisfied with “quantum
theory”, but that is the attitude of the engineer rather than the natural philosopher. “Quantum theory”
is a prediction-making recipe in need of a real physical theory, a theory that specifies what exists
and how it behaves, thereby accounting for the remarkable reliability of the predictive algorithm.
Rather than there being a theory in need of an interpretation, there is a calculational tool in need of a
theory that accounts for it.

How, then, is one to clearly and unambiguously specify a physical theory? And what difference
might it make to have our physical theories clearly and unambiguously presented? The most important
elements of a mathematically formulated physical theory have already been given, and all that is
required is a systematic way to exhibit them. What we need to make clear are the physical ontology,
the spatiotemporal structure, and the nomology (i.e., the fundamental laws) of the theory, by means of
presenting the mathematical representation of these various elements along with a commentary that relates
the mathematical representation to the physical item it is meant to represent. The commentary should
make clear which mathematical degrees of freedom in the representation are gauge and which rather
correspond to physical degrees of freedom in the system represented. In addition, it can be useful to
specify any mathematical fictions that may be employed for the purpose of simplicity of presentation or
of calculation, as well as any derivative ontology, i.e., physically real items that are composed of and
analyzable into more fundamental entities. To take an obvious example, hydrogen atoms are real
physical entities, but they are not physically fundamental: they are just bound states of a proton and
an electron. If protons and electrons are already in one’s physical ontology and the nomology allows
for them to form bound states, then the recognition of hydrogen atoms as physically real does not
increase one’s ontology at all.

In presenting a clear and precisely articulated physical theory, then, one ought to specify the
fundamental physical ontology and how the fundamental physical ontology is to be represented
mathematically. The fundamental nomology—the laws—will be represented by mathematical
equations that make reference to the spatiotemporal structure, and we demand that these mathematical
representations of the laws contain only representations of the fundamental ontology. Hydrogen atoms may
be physically real, but the laws of nature do not influence them qua hydrogen atoms but qua electron
and proton (or better: electron and quarks) that happen to form a bound state. Carrying this insight
further, we see that there can be no fundamental physical laws that mention tables or chairs or horses or
economic systems or measurements as such. Physics deals with these items only as derivative ontology,
not as fundamental ontology. The special sciences can usefully then be regarded as operating under the
fiction that the sorts of items they trade in are fundamental rather than derivative, and are governed by
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sui generis laws. Ultimately, physics must explain the predictive effectiveness of these special science
laws, just as it must explain the predictive effectiveness of the quantum predictive algorithm.

Collecting together all of these threads, we can at last make a concrete proposal. A Canonical
Presentation of a mathematical physical theory shall specify:

(1) The fundamental physical ontology of the theory, which may further be divided into the local
beables (matter and space-time structure) and the non-local beables, if any (e.g., a quantum state
represented by a wave function on configuration space).

(2) The spatio-temporal structure of the theory.

(3) The mathematical items that will be used to represent both 1 and 2, with a commentary making
clear which degrees of freedom in the mathematics are gauge and which are not.

(4) The nomology of the theory, which will be represented by equations couched in terms only of the
items mentioned in (3).

(5) Mathematical fictions—these are mathematically defined quantities that are not intended to
directly represent any part of the physical ontology. Such fictions can play an important practical
role when trying to calculate with the theory.

(6) Derivative ontology—these are items that are taken to be physically real but not fundamental.
They must be definable in terms of the fundamental ontology and nomology.

The only way to argue for the utility of this sort of systematic presentation of a physical theory is
to see it in action. That is our next task.

4. The Canonical Presentation of Classical Electromagnetic Theory

Let’s see how this general approach to specifying a theory in mathematical physics works in
a relatively uncontroversial setting: classical electromagnetism. Even there, we will confront some
interesting and perhaps unexpected choices when trying to lay out the theory in such an explicit way.

Expressed in words, classical electromagnetic theory, as codified in Maxwell’s equations, posits the
existence of an electric field, a magnetic field, matter with mass and charge, a classical space-time,
and several laws.

A naive Canonical Presentation of the physical theory, drawn straight from a standard textbook,
might look like Table 1.

Table 1. Standard E-M Theory.

Mathematical

Physical Ontology; Derivative Ontology;

Theory Spatiotemporal Structure Repr'esentahon of Purely Mathematical Facts Nomology Mathematical Fictions
Physical Ontology
=
If Curl C = 0 on a simply = Derivative Ontology:
connected space, then Div(E) . 7 ntology
S = pv
Slectric Fi = C = Grad(£ N N
Electric Field Exy2, 1) for s g_) Div ( B) “ Fpet = vector sum of all
Classical Magnetic Field Blx,y,2t) = . forces on a body at a point.
E&M Charge Density A IfDiv B =0 on a simply N L oas Mathematical Fictions:
, * oy, 2,0 connected space, then Curl( E )+ 5 =0 5 =
Mass Mass Density ux, v, 7, 1) = K \ ! Let B = Curl(A)
Density Lorentz Force; ]?L(X, ) B= C“'l(A> Curl(B 2oy S
Vorson P o ] 2 . - R Then Curl(E + %) =0
3-D Euclidean Absolute Space (y2) € R3 G T sm'?e ; FL= p(E + (? x 3)) L
sauge transformations \, ) 50 E+ % = —Grad(¢)
' = = pde > I
A " At gr:[d& Fret = 1 or E = —Grad(¢) — %
b= 0-F

In presenting the nomology, we have adopted Metaphysician’s Units: the speed of light c and 47
have both been set to unity. We have allowed ourselves the liberty because for our purposes now those
quantities just clutter the Presentation up.

The Canonical Presentation makes some things immediately clear. We are considering a theory in
which the electric and magnetic fields are two distinct physical items, each represented by a vector
field on a Euclidean space. The Lorentz force, and hence forces in general, are taken to be real parts
of the physical ontology. They, like all the rest of the physical ontology, are local beables. We could
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provide more detail about the mathematical structure of the mathematical representations, some of
which is easy to fill in. For example, both p and p are functions defined over R? for each value of t.
t ranges over some interval of the real numbers.

Looking carefully at the nomology, we see that we have not quite managed to satisfy all of the
requirements of a Canonical Presentation. In particular, the mathematical term v appears thrice in
the nomology but is not the mathematical representation of any part of the ontology. Intuitively, Vis
the velocity of the charged matter density, and one would think that specifying t as a function of t
would serve to fix v. However, because u is supposed to be a continuous matter density, this is just
not so. For example, suppose 1 is the same for all t: a positive constant inside a sphere in E3 and zero
outside it. One might immediately assume that this is the mathematical representation of a uniform
sphere of matter at rest. However, a moment’s thought reveals that it could just as well represent a
uniform sphere of matter rotating on an axis, or performing any other motion that an incompressible
continuous fluid might. In short, the physical content expressed by the function V(x, y, z, t) outruns the
physical content expressed by w(x, y, z, t). If one really wants to make a matter density on a continuum
a fundamental part of the physical ontology, then one must also accept that there is a velocity function
assigned to the matter density that does not supervene on the distribution of the matter density over
all of space for all of time.

The theory also has as yet no mechanism to implement conservation of charge or conservation of

—

N
matter. Conservation of charge is easy: add a law to the effect that aa—{ + Div(] ) = 0. Conservation of

matter would require a similar law: % + Div(u7) =0.

It might also strike one as odd that the physical ontology contains both a matter density and a
charge density with nothing to link them together, either in virtue of a definition or in virtue of a law.
As far as our principles tell us, there could be a positive charge density where the matter density is zero,
just as there could be positive matter density where the charge density is zero. The latter represents
something we understand: the possibility of uncharged matter. The former, though, makes no obvious
sense as it represents, as it were, free-floating charge.

Both of these problems are soluble by changing the theory from one with a matter density ontology
to one with a point particle ontology. A point particle has a precise location at every moment of time
that it exists. If we require that point particles neither be created nor destroyed and that they always
move continuously, then the spatio-temporal career of every point particle will be represented by a
world line: a continuous path through space as a function of time (or, relative to a different set of
representational conventions, a continuous path through space-time). Charge conservation is secured
by simply associating a quantity, the charge, with each particle, and similarly for mass. The Canonical
Presentation of this new theory would be as seen in Table 2.

Table 2. E-M with a Particle Ontology.

Physical Ontology; Malhemat‘lcal Purely Mathematical Derivative Ontology;
Theory . Representation of Nomology N g
Spatiotemporal Structure . Facts Mathematical Fictions
Physical Ontology
If Curl C =0 on a simply Derivative Ontology:
- o dx(y
connected space, then Div(E) =q Vi= g
Electric Field E(xyzt) C = Grad(£) K 5= qv
Magnetic Field E(xvz b for some &. Di"'(B) =0 Foot = vect f all
Point Particles F If Div B =0 on a simply A , e
i X Xi(t) = (x,¥1,2 = ; 9B _ orces on a particle.
CF'a&SLS;\CAal Particle Charge i( )q‘ <€ P i) connected space, then C“ﬂ(r) =0 Mathematical Fictions:
g g i > > > =
Particle Version Particle Mass m; €R>0 B = Curl (A) Ccurl(B) - 2 — v Let B = Curl (A)
Lorentz Force; B (oyt) K
Y2 - N Y
Time te R forsome A By q‘<E + <‘: x ﬁ)) Then Curl(E + %) =0
3-D Euclidean Absolute Space (xyz) € R Gﬂ\gzc transformations N . >
A= A+ gradt, Py = my (0 s0E+ G = ~Grad(¢)
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v} is now rigorously defined, and we understand why there cannot be charge where there is
no matter: charges are ascribed to particles and so can only exist where particles do, and particles
must also have non-zero mass. But some of our mathematical issues have just been moved around
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=
to different places: officially, Div(E) cannot be well-defined if the charge is only non-zero at a point.

So to get our ducks in order we would have to massage the Presentation even more. But since our
main concern here is with the status of the electric and magnetic fields, not with the mass density
or the particles, we will not pursue that problem further. We only pause to note that getting one’s
ducks in a row requires first figuring out which ducks have strayed, and that the discipline we have
imposed on ourselves by trying to present the theory in the form of a Canonical Presentation brings
those delinquent ducklings into focus.

Let us turn our attention now to the nomology of the particle theory. There are a surprising
number of “laws of nature” in this presentation: six just for classical electromagnetism with charged
point particles. The ideal of a completed physics is usually envisaged as a single equation that covers
everything, so compact as to fit on the proverbial T-shirt. Surely we can do better than this unruly
crowd of a half-dozen. In terms of our Canonical Presentation, we would like to depopulate the
nomology. There are several different sorts of moves that can accomplish this.

The easiest case to consider is the “law” Div(g) = 0. The content of this equation is often
described as saying that there are no magnetic monopoles. But the proposition “There are no
magnetic monopoles” does not really have the form of a paradigmatic law. Consider, for comparison,
the proposition that water is H,O. That is certainly true, and necessarily true, but does not have
the characteristics of a physical or chemical law. We do not think that there are as many distinct
chemical laws as there are chemical species: that would lead to millions of laws of chemistry. Water is
H,O is rather the answer to the fundamental philosophical question: What is it? It tells of the
metaphysical nature of water, what water fundamentally is. Although different in some respects,
“There are no magnetic monopoles” is a similar sort of claim: it specifies part of the fundamental
nature of magnetic charges.

Still, to make the connection between the absence of magnetic monopoles and Div(g) =0,
we need a connection between the divergence of the magnetic field and magnetic charges. What would
cut this Gordian knot is another statement about the fundamental metaphysical nature of electric and
magnetic charges: what if magnetic charges just are the divergences of magnetic fields, and electric
charges just are the divergences of electric fields? Then the ontological claim that there are no magnetic
monopoles is completely equivalent ontologically to the claim that the magnetic field is divergenceless,

5
which in turn is represented by the mathematical equation Div(B) = 0. The net result of this ontological
—
move is to shift the equation Div(B) = 0 from the category of the nomology to a logical consequence
—

of an ontological analysis of the form Div(B) = qm, with qm representing a magnetic charge, together
with the negative ontological claim that magnetic charges do not exist.

A non-existence claim such as this is the sort of beast that drove Parmenides around the bend,
and there are various methods we might use to incorporate it into our Canonical Presentation. But the
most elegant is a simple rule of silence: in a physical theory nothing exists unless we explicitly say
it does. So the elegant way to deny the existence of magnetic charges is simply not to list magnetic
charges in the ontology.

Electric charges, though, do exist. But we can eliminate Div(E) = ¢ from the nomology by
exactly the same shift. Let us propose that this equation represents not a physical law but an ontological
analysis: electric charges just are the divergences of electric fields. In this way we reduce both the
physical ontology and the nomology, and further gain an explanation of why electric charges cannot
exist without electric fields.

Bundling these two changes together (one could in principle do just one or the other alone) yields
a new, different physical theory (Table 3).
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Table 3. E-M with Derived Charges.

Mathematical
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If the method of handling Div(g) = 0 strikes one as too baroque, there is another tack available.
Simply stipulate that magnetic fields are to be represented mathematically by divergence-free vector
fields. There is nothing preventing this sort of decision, which now appears as a further restriction on
the mathematical apparatus (Table 4).

Table 4. Particle Ontology with derived charge.

. Mathematical . PR
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Note that although this Canonical Presentation is not identical to the last, a strong argument can be
made that they present one and the same physical theory. The two presentations have identical physical
ontologies, identical spatiotemporal structures and identical nomologies. Their methods of handling
magnetic monopoles can therefore be reasonably regarded as merely presentational differences, to which
no ontological fact corresponds.

There are a couple more mathematical worries one might have about particle ontology

electromagnetic theories. If the charge of a particle is concentrated at a point, then the electric
—

field will not be defined there. That raises problems for both the divergence in Div(E) = ¢; and for
the equation for the Lorentz force on the particle. There are different mathematical approaches to
solving problems like this, but for illustration’s sake here is a sketch of one.

Div(E) is problematic at every point along the worldline of the particle—exactly the points where
the charged particle exists! But we can take a page from Gauss to circumvent this problem. Gauss’s
theorem says that the integral of the flux of a vector field over a closed surface equals the integral of
the divergence over the enclosed volume. And there is no problem defining the flux over any surface
enclosing the particle. So instead of defining q; as the divergence of the electric field at a point, we can
define it as the limit of the flux over surfaces that enclose the point as the maximum distance from the
point to the surface goes to zero. In a similar spirit, define the g;-adjusted electric field Eq; at a point p as

18



Entropy 2018, 20, 465

the electric field at p minus %?, where r is the distance from the location of particle i to p and f is the
unit vector in the direction from the location of the particle to p. Let Eg; ». be the average of Eg; over
the surface X.. Finally, define the electric field at a point on the worldline of particle i to be the limit of
Ey;, ¢ as the distance of the points on X from the point on the worldline goes to zero. It is that value of
E that is used in the Lorentz force law.

What are the solutions to these dynamical equations like? I make no representation that
they give the correct results. I have rather just been illustrating the sorts of conceptual, technical,
and mathematical issues that have to be resolved to complete the Canonical Presentation. It forces one
to answer questions about the ontology of a theory, the nomology, and the way the mathematics is
being used to represent both. Those questions, in turn are illuminating and suggestive.

The last and most important thing to note in all of these Canonical Presentations is the status of
the vector and scalar potentials. When one learns classical electromagnetism, the ontological status
of these potentials is not in doubt: they are not “real”, meaning that there is nothing in the physical
ontology that they directly represent. They can, of course, indirectly represent the electric and magnetic
fields, which are real, but the representation relation is indirect. It goes through the mathematical truths
listed on the Presentation, which imply the well-known gauge freedom in choosing the potentials.
It is that very freedom—the fact that there are mathematical degrees of freedom in the representation
that do not correspond to physical degrees of freedom in the object represented—that makes the
potentials so useful. One is free to choose a convenient gauge, different for different circumstances,
that makes the mathematics easier to handle. One of the most important entries in our charts so far,
then, is the characterization of the potentials as mathematical fictions. So far we have been considering
moves—changes in the fundamental ontology of the theory—that can shift entries out of the nomology
category and the ontology category and so reduce the basic posits of the physics. However, the theory
of electromagnetism had to deal with a shocking empirical discovery that shifted in the other direction:
from mathematical fiction to ontological posit. That is the next chapter of our tale.

5. The Aharonov-Bohm Effect

The physical theories presented above are not capable—even in principle—of accounting for some
observable results that can be obtained in the lab. It is true that these results were not discovered at
random: they were predicted by quantum theory and then confirmed. However, there is no reason in
principle why they could not have been stumbled across. Since the illustrative points I want to make
would become too bogged down if we tried to deal with quantum theory here, I will ignore all the
theoretical details and just focus on the phenomenon and the trouble it causes.

The story is well known. There is both an electric and a magnetic Aharonov-Bohm effect described
in [8], but the magnetic is more familiar and certainly striking enough. Take the usual two-slit set-up
for demonstrating interference effects with electrons and embed a solenoid between the two slits.
Shield the solenoid so no magnetic field inside leaks out and no electrons from outside can penetrate in.
Run the experiment and note where the interference bands are formed. Then change the magnetic flux
in the solenoid without altering either the electric or magnetic fields outside the solenoid. Run the experiment
again. The interference bands will be found to have shifted. The exact amount of the shift as a function
of the flux in the solenoid can be calculated and the prediction checked. They match. Figure 1 shows
the experimental set-up as depicted in the original paper of Aharonov and Bohm [8] (p. 486).
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Figure 1. The Aharonov—-Bohm set-up.

It is clear from our Canonical Presentations above that none of those theories are capable, even in
principle, of accounting for the effect if the experimental conditions are as described. Note that
everything in these theories—both the ontology and the nomology—is local in Einstein’s sense.
There are no non-local beables, and the equations in the nomology take the form of local differential
equations. That means the if there are no changes in the experimental conditions outside of the solenoid
on the two trials of the experiment, then there can be no changes in the outcome of the experiment
outside of the solenoid either. But changing the flux inside the solenoid, according to the theory,
does not alter either the electric or the magnetic field outside. And the electrons themselves cannot
penetrate the solenoid to be affected. In principle, an action-at-a-distance theory could account for the
difference in outcomes, but none of the laws in any of the nomologies are action-at-a-distance laws.
So none of our ways of articulating classical electromagnetic theory is up to the task of explaining
the effect.

How was the effect originally predicted? The quantum state of the electron gets coupled to the
vector potential, not to the electric and magnetic fields. Furthermore, when the magnetic field inside
the solenoid changes, the potentials outside the solenoid have to change as well. This follows from
the Generalized Stokes Theorem: the integral of a one-form over the surface enclosing a volume
must equal the integral over the enclosed volume of the exterior derivative of the one-form. In three
dimensions, as stated in the more familiar vector calculus, this amounts to the claim that the integral
of a vector field over the surface of a volume equals the integral over the enclosed interior of the Curl
of the vector field. Now as noted in the Canonical Presentations above, since the divergence of the

— — — — -
magnetic field B is zero, there exists a vector field A such that B = Curl(A). So if we change B inside

— —
the solenoid, we change Curl(A) inside the solenoid, and hence we change Curl(A) in the interior
of any closed surface that contains the solenoid. However, by the Generalized Stokes Theorem that

means that X must change on the surface of the volume, even if the surface lies as far as you like from
the solenoid. Changing E inside forces a change in X outside, even though E may not change a bit
outside. And since the electron wavefunction couples to X, this allows there to be local laws that
predict the shift in the interference bands so long as those laws advert to X, rather than to E

But according to our rules, X can only be used in specifying the nomology if it appears in the
ontology. So the obvious way to try to account for the Aharonov-Bohm effect is to move the scalar
and vector fields from the category of Mathematical Fictions to the category of Physical Ontology. This is
the formal implementation in the setting of Canonical Presentations of the moral that Aharonov and

Bohm draw in their paper. The title is straightforward: “Significance of Electromagnetic Potentials in
Electromagnetic Theory”. The paper opens ([8], p. 485):

In classical electrodynamics, the vector and scalar potentials were first introduced as a
convenient mathematical aid for calculating the fields. It is true that in order to obtain a
classical canonical formalism, the potentials are needed. Nevertheless, the fundamental
equations of motion can always be expressed directly in terms of the fields alone.
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In the quantum mechanics, however, the canonical formalism is necessary, and as a result,
the potentials cannot be eliminated from the basic equations. Nevertheless, these equations,
as well as the physical quantities, are all gauge invariant; so that it may seem that even in
quantum mechanics, the potentials themselves have no independent significance.

In this paper we shall show that the above conclusions are not correct and that a further
interpretation of the potentials is needed in quantum mechanics.

Colloquially, this change in the status of the potentials is often reported by saying that in
quantum theory, but not in the classical Maxwell theory, the scalar and vector potentials are physical,
physically real, or real.

The Canonical Presentation offers a direct way to indicate this change: move the two potentials
from the category of Mathematical Fictions to the category of Physical Ontology. There is no obvious
need to make them non-local beables, so we won't.

Having added the potentials to the Physical Ontology, there are then a series of other decisions to
make, which can be made in many ways. The first one is whether the addition of the potentials to the
ontology should be accompanied by the elimination of the electric and magnetic fields.

Were we to leave the fields in place there would be several consequences. One is simply that the
ontology becomes more bloated, presumably to Ockham’s consternation. However, that is the least
of it. The real problem is that the potentials and the fields are not independent degrees of physical
freedom: they cannot vary independently of each other. In order to avoid such dependent behavior,

we would have to add a new law to the nomology. In particular, the relation B = Curl(X), which has
so far appeared only as a mathematical observation, would have to become a law relating two distinct
physical magnitudes. While Ockham is known for trying to reduce the ontology to the smallest
possible set, our main goal has been to reduce the nomology to just one compelling equation. Any sort
of behavior can be accounted for by any ontology if you allow yourself enough laws, but that is not
the case given a single fixed law, even if you increase the ontology.

There is one obvious new home for g = Curl(z): a constitutive definition of the magnetic field in
terms of the vector potential. In this picture, magnetic fields are real but also derivative: magnetic fields
are, as it were, made out of or aspects of vector potentials. As derivative, they come with no ontological
cost. Since the equation is now just part of a (real) definition, they come with no nomological cost
either. They are, in a sense, descriptive conveniences as the potentials were originally calculational
conveniences. However, while the original potentials did not exist at all, in the new scheme the fields
do exist as derivative physical entities. These derivative entities will certainly obey Humean laws: the
very laws of Maxwell. However, just as the ontology is derivative and comes at no cost, so too does
that Humean nomology.

The same move can be made by swapping out the scalar potential for the electric field. However,
having made the potentials “real”, there are knock-on consequences for the nomology. Recall that the
mathematical expression of the Nomology should be couched in only in terms of the Physical Ontology

—

and the Spatiotemporal Structure. So the reference to E and g must be expunged in favor of A and
¢. Rewriting Maxwell’s equations in terms of the potentials was the bread and butter of physicists
using the classical theory because, as we have mentioned, the gauge freedom of the potentials offered
opportunities to simplify calculations. If we do nothing more than rewrite the equations in this
way and return from the point particle ontology to the mass density ontology, we get this Canonical
Presentation (Table 5).
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Table 5. Naive Theory with Ontology of Potentials.

. Mathematical Constitutive
Physical Ontology; - Purely e
Theory Spatiotemporal Structure Representation of -y 1 atical Facts Nomology Principles of
P P Physical Ontology Derivative Ontology
Vector Potential A xv,72,0 The pomology does -
Vector and Scalar Potential <p(><' v 9 not jnx the history of V2 2DXA _
- . A ive T i - i -
scalar Charge density 00, 3,7, Acordgiven - Gol 24 Grad(DivA+ 32 ) = pv =V
potentials, Mass densit ¢ complete initial o t = -+
Mass density, nsity wxy 2t values. Radical Py — pdd . B=CuwlA
Newtonian Lorentz Force; FL(, .2, 1) indeterminism . net = Wap L E = —Grad(¢) — 2
Space and Time Time te R A = A+ Grade FL= p(—Gradd) — 9% +Grad <v . A))
3-D Euclidean Absolute Space (xy 2z € R? 1Y

ot

This theory has the same problem with the V term in the nomology as our original theory did.

However, a much more severe issue has arisen: the new dynamics of A and ¢ is now radically
indeterministic. The gauge freedom so prized by mathematicians has been converted into a real
unconstrained physical freedom. Given any solution of the dynamical equations with a given set of
initial conditions one can generate a physically different solution with the same initial conditions.
Simply choose an arbitrary function {(x, y, z, t) whose initial gradient is zero and initial time derivative
is zero. Plugging that into the equations for what used to be a gauge transformation yields a new
solution from the same initial state.

The Canonical Presentation above is the most naive and ham-handed way to implement the
command to “regard the scalar and vector potentials as real”. It illustrates the dangers of mindlessly
reifying some mathematical object to serve some end. It is true that according to the theory when the

physical state in the solenoid changes (by changing the X field so that it’s Curl changes), the state of Z
out in the region available to the electron also changes. It becomes possible, then, to account for the
phenomena with a theory that posits only local interactions. However, the radical indeterminism is
surely too high a price to pay, especially when the phenomena themselves display no indeterminism
or unpredictability (at the level of the location of the interference bands).

The problem is that we now have more physical degrees of freedom than are required for
explanatory purposes. The solution is to posit some new constraint or restriction that kills off that
surplus physical degree of freedom. In classical electromagnetic theory, carried out using the potentials,
this would be called “fixing a gauge”, but keep in mind that in that theory nothing at all physical was
at stake. The most convenient gauge for each problem could be chosen, varying the choice from one
situation to the next. However, exactly because of the practical utility of finding a convenient gauge,
various gauge-fixing conditions were developed. Our job now is to consider what happens if we use
one or another of these conditions to eliminate the indeterminism. What physical features do these
various theories have?

The first, and most famous, gauge is Lorenz gauge (after Ludvig Lorenz). Lorenz gauge kills off

some of the extra degrees of freedom by requiring that DivA = — aait’. This condition clearly simplifies
— —
the nomology, in that the second equation becomes V2A — aaszzx = p7. That has two notable effects.

First, it separates the variables, so there is one equation that mentions only the scalar potential and
another than mentions only the vector potential. Second, the two equations have the same form,

namely V2X — aa% =Yor[?X=Y.
Here is the Canonical Presentation (Table 6).
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Table 6. Lorenz-Gauge Theory with Charge Density.

Physical Ontology; Mathematical Purel Constitutive
Theory s atin};em oral sufz«'um Representation of Maihematic}a,l Facts Nomology Principles of
P P Physical Ontology Derivative Ontology
Vector and N _— N Definition of Lorenz
clot o Vector Potential ARy, 71 Gruge: S
scalar Scalar Potential O,y 2, 1) = ) A GE = v R
potentials in Charge density oy, 2, 1) pi‘.’A - ,§ or, using tlzwe d’Alembertian: T =ov
Lorenz Gauge, Mass density vz b ¢ is fixed by initial P o=—p - =
Mass densit . ooy 2 itions - - B=CulA |
S Y, Lorentz Force; boundary conditions, [PA = —pv - 0
Charge density Time FLixy 2t e.g, requiring it to = I , o E = —Grad(¢) - 5¢
Newtonian ) te R g0 to zero pdy = p(—crad¢ — 42 4 Grad( V- A
Space and Time 3-D Euclidean Absolute Space xy,2) € R? sufficiently fast at oo,

SN
(if Fr, = Fret)

This method of gauge-fixing does not kill off the gauge degrees of freedom completely. In addition,
one must put a constraint on how the scalar field behaves as it goes to spatial infinity. That is, the Lorenz
condition itself only partially fixes a gauge. The remaining freedom—such as how the potentials
behave as one goes to spatial infinity—can be specified in the initial conditions, but no empirical
considerstions can dictate what those initial conditions are.

Lorenz gauge is mathematically convenient because in it the dynamical equations for the vector
and scalar potentials decouple, which explains why Lorenz would have employed it in 1867, long before
any hint of the Theory of Relativity. However, to a more modern eye, something quite different jumps
off the page. The d’Alembertian operator is obviously exactly the right form to be invariant under a
Lorentz transformation (that’s Hendrik Lorentz). In other words, having decided to take the potentials
ontologically seriously, we find that in one gauge the nomology simplifies and shows common
structure for the scalar and vector potentials. And if one had the Canonical Presentation of Maxwellian
electromagnetism in Lorenz gauge, it might possibly occur to you that the fundamental dynamical
equations for the potentials could suggest a change in the spatiotemporal structure. At least as far
as the potentials go, all the spatiotemporal structure would need to do is to allow for the definition
of the d’Alembertian. By such a route, one could have arrived at Special Relativity—as understood
by Minkowski—as a new theory of space-time structure. In short, to a modern sensibility, Maxwell’s
theory expressed in Lorenz gauge virtually shouts “I want to live in Minkowski space-time”. This gives
some indication of the heuristic power that may accrue to presenting a theory in Canonical form.
It becomes clear exactly what is being postulated and how the parts fit together.

We can, of course, play exactly the same game on the new theory as we did on the other theories:
instead of the ontologically independent scalar potential and charge density requiring a law in the
nomology to keep them correlated, one can just decide to cut the Gordian knot by making the
ontological identification of p with a;% — V2¢. Just as we made the electric charge density into a
structural feature of the electric field above, so we can make it a structural feature—indeed, a Lorentz
invariant structural feature—of the scalar potential here. That move reduces the whole dynamics of
the potentials to one law, as shown below (Table 7).

Table 7. Lorenz Gauge, Derived Charge Density.

Mathematical

Theory Physical Ontology; Representation of Purely Nomology Constitutive Principles of
Spatiotemporal Structure WIS PUOY Mathematical Facts Derivative Ontology
Vector and
scalar Vector Potential Aoy 2,0) Definition: Lorenz VA ZA = oV
potentials in Scalar Potential XYz Gauge or, using the d’Alembertian: > 2
Lorenz Gauge, Mass dergit by, 29 2 e gt B =CulA
4 ss density 2 v, — = —pv B A
Mass density, Lorents Force Bz 0 RO A =g , E - ~Grad(o) - %
Derived . ’ FLix,y,2,1) disalso gauge-fixed  av _ 24 ( Gradg — 94 4 Grad(V - A 2y T o
Charge Density Time te R if it has to go to zero dt dt Vip— St =—»
Newtonian  3-D Euclidean Absolute Space (xyz) € R? sufficiently fast at co. (EFy = Fg) orp = —C%¢

Space and Time

Of course, in direct parallel to the discussion above, the status of the velocity vector is obscure
when using a mass density rather than a particle theory. And the same move to a particle theory is
available again.
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We are now in a position to make the most important observation so far. By trading off the electric
and magnetic fields in the original ontology for the scalar and vector potentials, we have been able
to save locality even while handling the Aharonov-Bohm effect: in fact, in the quantum mechanical
one-particle theory the wave function of the electron couples to the vector potential in a completely
local way. Changing the physical state of the solenoid necessarily changes the vector potential outside
the solenoid, so the trick behind the effect seems to be revealed. However, one price we pay for taking
the potentials seriously is taking the gauge ontologically seriously as well. What in the classical theory
was a merely conventional and unphysical change of gauge becomes the means of changing out one
theory in favor of a rival, distinct theory. Our next example illustrates this.

Another of the most popular gauges used in classical Electromagnetism is the Coulomb gauge.

The Coulomb gauge condition is DivA = 0. Looking back at the form that Maxwell’s laws take in
terms of the potentials, the Coulomb condition again simplifies the nomology. Further, unlike the
Lorenz condition, the Coulomb condition is a full gauge-fixing condition: imposing it eliminates all
the original freedom in picking a gauge. Hence the resulting theory—once we take the potentials as
elements of the physical ontology—is both deterministic and does not require any choice of initial
conditions not motivated empirically. We take for granted that the local charge distribution, unlike the
value of the scalar or vector potential, is empirically observable.

Here is a naive attempt at a Canonical Presentation of Classical Electromagnetism formulated
in terms of the potentials in Coulomb Gauge. We have eliminated the charge density by ontological

=

definition in terms of the scalar potential (Table 8). To improve readability, we have employed j in
presenting the nomology, but it can be eliminated in favor of the fundamental Physical Ontology via
the Constitutive Principles at will.

Table 8. A Naive Attempt at Coulomb-fixed Potentials.

Physical Ontology; Mathematical Purely. Constitutive Principles of
Theory ! p of Nomology futty
Spatiotemporal Structure Physical Ontology Facts Derivative Ontology
2 ) A—T 2
Vector and ) R TA-VA=T - Gmd( %)
scalar Vector Pment_ml AKXy, 2, 1) or, using the d’Alembertian:
potentials in Sealar Potential a0, y,2,1) Definition of ~CPA= ]~ Grad( %) T=0ov
Coulomb Mass Density 1y, 7, t) Coulomb Gauge . I = B = Curl A
Gauge, Mass Charge Density 00y, 7,8 o & 92 (Grad(e- (v.2)) 4 9 ., B= )
WG b [ @
density, Charge Lorentz Force; P 32 DivA =0 AN E = ~Grad(¢) — 2
Density Time "R (if F, = Fer) V2= p
Newtonian  3-D Euclidean Absolute Space y,2) € R? olxa)
Space and Time oy ?) o(x8) = 2w
VR

A careful examination of the Canonical presentation reveals an anomaly: there are two separate
equations that relate the scalar potential ¢ and the charge density p. One is the local equation that
derives from the desire to eliminate the charge density by definition as first just the Divergence of
the electric field and then as the negative of the Laplacian of the scalar potential. This is a local
equation in that the scalar potential in any neighborhood of a point determines the charge at that point.
The second equation is most naturally read the other way. It defines the scalar potential in a non-local
way: the scalar potential is the sum of all the contributions of all the charge densities in the universe
with an inverse squared-distance dependency. This definition makes the value of ¢ at any point a
function of the contemporaneous charge distribution throughout the universe.

Clearly, one does not want to define the charge distribution in terms of the scalar potential and
then turn around and define the scalar potential as a function of the charge distribution. So at best
one of the two equations can survive: either the local or the non-local one. Einstein’s choice, of course,
would be the local one, but we are going to make the other decision: keep the equation relating the
scalar potential to the contemporaneous charge distribution. The next question is the ontological status
of this equation. Is it an ontological analysis of charge in terms of scalar potential, an ontological
analysis of scalar potential in terms of charge, or an element of the nomology: a law relating the scalar
potential to the contemporaneous charge distribution? Again, we will make the choice of treating it as
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a law, an “instantaneous production-at-a-distance” law. The picture is that the scalar potential is an
effect of the contemporaneous global charge distribution.

One could obviously make any of these decisions differently, and so end up with a different
theory. The whole universe of such theories would be interesting to map, but for reasons that will soon
become apparent, this is the articulated theory I want to pursue here.

The Canonical Presentation is seen in Table 9.

Table 9. Coulomb Condition, Derived Charge Density.

Math Constitutive

Physical Ontology; Purely Mathematical

Theory ! Representation of Nomology Principles of
Spatiotemporal Structure by i1 Ontology Facts Derivative Ontology
Vector and A _via= T G'ad( D(T‘f)
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potentials in Vector Potential Alx,y,2,t) or, uslr)\g e) eml era ;an_ . i
Coulomb Scalar Potential O, ¥,2,1) ~[PA =] - Grad( %) REDA
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density, Lorentz Force; ﬂ(x,v 29 Gauge DivA = 0 wGr = -V (Grad (q: - (v . A)) + W) o —Grad(¢) — aﬁ\
Derived Time e R (FFp. = Foer) RO
Charge Density  3-D Euclidean Absolute Space xy 7)€ R? L= Fper
Newtonian . o)
Space and Time o(Xt) =1 E=nk

Of course, as a theory with matter densities rather than particles, the significance of the velocity
that occurs explicitly in the Lorenz Force Law and implicitly in the dynamical equation for the vector
potential (via the current) is somewhat obscure. So, as our final adjustment of the theory we will
replace the mass density and charge density with point particles that have characteristic masses and
charges. That yields Table 10.

Table 10. Potentials with Coulomb Condition and Particles.

Mathematical Constitutive

Physical Ontology; Purely Mathematical

Theory ! Representation of Nomology Principles of
Spatiotemporal Structure Physical Ontology Facts Derivative Ontology
Vector and PA —VZX7T— cnd( aq:)
) - 5 ad( ¢
scalar Vector Potential Ay 2,0 ) g o
potentials in Scalar Potential b0y, 2,0 e thed ’z_lc"f‘ibf]z‘)““' T=ov
Coulomb o e X0 = (i, yi, 1) Definition of Coulomb A= - Grd(5) B=CulA
Gauge, article Charge e onof € @ N . i
Particles with Particle Mass mER>0 aug miGE =qi|Grad(d—(vi-A) ) +F E = —Grad(¢) - %3¢
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Charge, Time R > a Ji = av
Newtonian 3. Eyclidean Absolute Space vy 2 € R? ¢ ( X, l) ; i

=
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There are various ‘t’s to cross and ‘i’s to dot, but let us stop here. So far we have articulated
eight separate theories—theories with distinct ontologies and nomologies—based on classical
electromagnetic theory. If one uses the phrase “Maxwell’s theory” or “classical electromagnetic
theory” in a way that is neutral between all or some of these precisely specified theories then one is
using the term “theory” too loosely for metaphysical or ontological purposes. If you want to know
what a theory posits about the world then you need to have a theory that is clearly enough articulated
to correspond to a single Canonical Presentation.

Note that there is nothing that would have prevented Maxwell from considering and accepting some
of these had it occurred to him to “take the potentials seriously”. Note also that of all the theories we have
considered yield the same empirical predictions, on any clear notion of “empirical predictions”.

6. Adjusting the Spatiotemporal Structure

So far, we have considered ways of changing a theory so that particular equations in the Canonical
Presentation get moved around: from the Nomology to the Constitutive Principles of Derivative
Ontology, from Mathematical Fictions to Mathematical Representations of Fundamental Ontology, etc.
In order to account for the Aharonov-Bohm effect, either we needed something more than the electric
and magnetic fields in the ontology or we needed an explicit action-at-a-distance law. Aharonov and

25



Entropy 2018, 20, 465

Bohm'’s original suggestion was that we have to take the potentials more seriously, an idea that can be
implemented in many ways (as we have seen). However, the immediate price to pay for changing the
status of the potentials is simple: radical indeterminism. One obvious way to get rid of that is to fix
gauge. Both the Lorenz and Couloumb conditions fix the gauge enough to eliminate the indeterminism.
A weaker reduction in the gauge degrees of freedom, could leave us with radical indeterminism.

However, one thing has remained untouched so far: the spatio-temporal structure. Every one
of our theories has been constructed in the same space-time setting: Newtonian Absolute space and
Absolute Time. Obviously, this is a component that not only can but must be adjusted to account for
Relativistic effects in a plausible way. Our final topic is reflection on this situation.

Just as the physical ontology and the nomology are mutually constraining—only mathematical
representations of items in the physical ontology should appear in the nomology and every such
representation should appear somewhere in the nomology—so too are the contents of the nomology
and the spatio-temporal structure. You need enough spatio-temporal structure to express the laws,
and don’t want more structure than is required for that purpose. Having the full Absolute Space and
Time gives one a lot of structure to work with, and indeed more structure than one needs. In particular,
it allows one to define the absolute velocity of a particle, which is a notion that has long been regarded
as suspect. Playing the same game with Newtonian mechanics reveals that some of the structure
of Absolute Space and Time is otiose for that theory, and one can set a similar theory in Galilean
space-time. What considerations apply to the question of spatio-temporal structure here?

If we set r(x, y, z, t) or all the q; to zero, all that is left of Maxwell’s theory is the homogeneous
Maxwell equations. In the theory that makes the potentials fundamental, choosing the Lorenz gauge

condition converts the nomology to 3>¢ = 0 and D2Z = 0. As noted above, if this where the
whole story ended then the theory would be suggesting that it lives naturally in a Minkowski space.
The d’Almerbertian is easily and naturally definable in Minkowski space-time, where it is Lorentz
invariant. Indeed, the Lorentz invariance of the nomology in Lorenz gauge is one of the reasons so
many people refer to Lorenz gauge as Lorentz gauge. Even more importantly, the manifest Lorentz
invariance of the theory cast in Lorenz gauge provides an easy argument to the conclusion that
Maxwellian electro-magnetic is a Lorentz invariant theory. One should then switch the spatio-temporal
structure to Minkowski, as it is simpler.

There are a few flies in the ointment. One is that the homogeneous equations are not the
whole story. Charged matter does have to be introduced into the theory somehow, so we need
an updated version of the Lorentz force law and a dynamics to go with it. The current also needs
to be reintroduced and the dynamical equation for the vector potential made sensitive to the matter.
Nonetheless, the very existence of the Lorenz gauge has convinced physicists to regard Maxwell’s
theory as implicitly Relativistic.

Another fly, concerns the fact that the Lorenz condition makes the exact value of the vector
potential empirically inaccessible. This can be settled in an island universe by imposing a demand
on how the potential behaves as it goes to infinity, but what is the physical motivation for such a
constraint?. So long as the potentials were regarded as mere mathematical fictions this made no
difference, and the potentials in Lorenz gauge could be used to prove the Lorentz invariance of the
field theory. However, if the potentials are not mere fictions, then we would prefer a deterministic
theory with empirically justified attribution of values to the potentials.

These reflections suggest a different conclusion: instead of Lorenz gauge, consider a theory in
which the potentials are subject to the Coulomb condition. Now the gauge is completely fixed given
the charge distribution, yielding both determinism and empirical justification of the initial conditions.
What sort of spatiotemporal structure would be needed to express the nomology of this theory?

The presence of the d’Alembertian in the equation for the vector field once again suggests a
Minkowski space-time structure. But Coulomb’s Law for the scalar potential points in a very different
direction. Since the scalar potential, in Coulomb gauge, is a function of the contemporaneous charge
distribution throughout all space, one requires a structure akin to Absolute Simultaneity in order to
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define the theory. It is natural, from this point of view, to add such a structure—a preferred foliation—to
the Minkowski space-time.

By this line of argument, merely noticing the Aharonov-Bohm effect, without having a clue about
where it originates, could motivate replacing Absolute Space and Absolute Time with a Lorentzian
space-time plus a preferred foliation. This suggestion has arisen without any consideration of
experimental violation of Bell’s inequality. To review the argument: the Aharonov-Bohm phenomenon
suggests that the electromagnetic situation outside of the solenoid must change when the flux inside
changes. But according to the field theory, the fields outside do not change at all. The vector potential,
however, does. So we reify the vector and scalar potentials. Now when the flux changes inside the
solenoid the vector potential outside must change since the Curl of it has changed inside (via Stokes’
Law). So by reifying the potentials we provide the resources needed (ultimately by quantum mechanics)
to account for the effect using only local interaction of the vector potential and the electron quantum
state. However, in Coulomb gauge, one posits at the very same time a non-local law relating the charge
distribution on a leaf of the preferred foliation to the value of the scalar field there. This combination
of Relativistic locality with foliation-dependent non-locality is at least strongly suggested by taking
the Coulomb condition seriously. It is worthy of both careful consideration and astonishment that
the corresponding space-time structure is precisely what one needs to adapt Bohmian mechanics to a
Relativistic setting.

Tt is worthwhile to reflect on this astonishing fact. A little counterfactual history illustrates the
point. Suppose that, before the development of quantum theory, an experimentalist just stumbled
on the two-slit interference phenomenon. Then again, quite by accident, the experimentalist stuck
a solenoid in the experimental design and discovered the Aharonov-Bohm effect. Armed only
with classical Maxwellian electro-magnetism in a classical space-time and the familiar Maxwellian
calculational techniques, what conclusions might such a physicist entertain?

Without any prompting, the experimentalist would notice that there are shifts in the interference
bands even though the electric and magnetic fields outside the solenoid are unchanged. Wary of
action-at-a-distance, the experimentalist would look for some physical magnitude that does change
outside the solenoid. It is not far to seek in the mathematics: when the magnetic flux in the solenoid
changes, the vector potential outside the solenoid must of necessity change too: Gauss’s Law demands
it. So the experimentalist would first be enticed by Aharonov and Bohm'’s conclusion: rather than
merely being mathematical conveniences for solving problems, the mathematical scalar and vector
potentials directly represent something physically real!

However, now the specter of gauge freedom raises its head. Our physicist has become accustomed
to choosing whatever gauge equivalent vector and scalar potentials happen to be most convenient for
the problem at hand, and has done so with a clear conscience because the potentials were regarded as
just mathematical fictions, mere conveniences. “Making them real”, whatever that precisely may come
to mean, makes the conscience uneasy. If a changed vector potential in a region with an unchanged
electric and magnetic field can make an observable difference, then the choice of a gauge cannot just
be written off as unproblematic.

We now imagine a chain of possible reactions (not the only possible ones by any means!).
First, it occurs to the physicists to cut out the former gauge degrees of freedom by gauge fixing.
However, Alice chooses Lorenz gauge and Bob Coulumb gauge. Each puts the appropriate
fundamental equation into the nomology, and asks: “What sort of a space-time structure do I really
need to make sense of these equations?”. Alice has chosen Lorenz gauge, and is now paying much
more attention to it. She sees that the equations for A and phi decouple, and furthermore that the
decoupled equations both have the form of a d’Alembertian acting on the potential. Noting that the
d’Alembertian looks just like a Laplacian with an extra term that has flipped parity, we have already
come perilously close to considering the Minkowski metric and what it could describe. So we have the
familiar straight-line route from Maxwellian E & M to Special Relativity.
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Meanwhile, Bob always liked to work in Coulomb gauge, so he imposes it as the condition on A
and phi. Now there are two interlocked equations, one using the d’Alembertian again and the other
a simple instantaneous action-at-a-distance formula for the electric potential. Having heard about
Alice’s work, the d’Alembertian suggests a Minkowski space-time. However, the phi dynamics require,
laid over this space-time, a physical foliation. Thus we arrive at a picture of the space-time structure
containing both a Relativistic metric and a privileged set of level surfaces.

The Aharonov-Bohm effect does not violate any Bell’s Inequality, and can be explained in a
completely local way as Alice’s theory shows. Nonetheless, the extensive use of Coulomb gauge
makes a natural opening—once you decide to reify the vector and scalar potentials—for a space-time
structure with both a Lorentzian metric and a preferred foliation. It is exactly that space-time structure
that makes it easy to explain Relativistic effects in Bohmian Mechanics, as well as to implement the
non-locality that we know any empirically successful theory requires.

Our examination of various proposals for how to account for the Aharonov—-Bohm effect by
altering the fundamental ontology and /or nomology of the Maxwellian electrodynamics has been for
illustrative rather than substantial purposes. As we have seen, even before trying to take quantum
theory explicitly into account and operating in a purely classical setting, there are many, many options.
We have only just touched on the changes in spatio-temporal structure that Relativity introduces.
Further, the effect itself has more complex and subtle forms (see, for example, [9,10]). There is a
tremendous amount of detailed work to be done in order to really come to grips with the ultimate
ontology of what Maxwell thought of as the electric and magnetic fields. This essay has been concerned
with what the general nature of that work is, and how it can be pellucidly displayed, not with what
the ultimate outcome should be.

7. Conclusions

Having seen how many different ways the basic structure of classical electromagnetism can
be used when constructing alternative, precisely defined theories (as articulated by a Canonical
Presentation) it may come as no surprise that we have barely scratched the surface. Electromagnetic
theory can, for example, be reformulated in the mathematical language of fiber bundles. In that
setting, the fields are derivative, corresponding to the curvature of the connection on the bundle [2].
That mathematical formalism is suggestive of yet another bevy of precise physical theories that the
Canonical Presentation could help keep straight.

If physicists were to adopt this method—or any other standardized method—to convey physical
theories clearly and unambiguously, many conceptual problems could be avoided. First and foremost
is the unfortunate tendency to portray different theories as nothing but different “interpretations” of
one and the same theory. Further, the discipline that a standardized format of this sort imposes can
make it easier to notice alterative theories that have not yet been considered.

Talk of physical ontology vs. nomology; of derivative ontology vs. mathematical fiction;
of spatio-temporal structure; and of fundamentality may strike one as philosophical rather than physical.
But these sorts of distinctions lie at the heart of physics, even if they are not often acknowledged.
Aharonov and Bohm recognized this perfectly well, so it seems apt to give the last word to them:

In classical mechanics, we recall that potentials cannot have such significance because
the equation of motion involves only the field quantities themselves. For this reason,
the potentials have been regarded as purely mathematical auxiliaries, while only the field
quantities were thought to have a direct physical meaning.

In quantum mechanics, the essential difference is that the equations of motion for a particle
are replaced by the Schrodinger equation for a wave. This Schrodinger equation is obtained
from a canonical formula, which cannot be expressed in terms of the fields alone, but
which also requires the potentials. Indeed, the potentials play a role, in Schrodinger’s
equation, which is analogous to that of the index of refraction in optics. The Lorentz force
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[¢E + (e/c)v x H] does not appear anywhere in the fundamental theory, but appears only
as an approximation appearing in the classical limit. It would therefore seem natural at
this point to propose that, in quantum mechanics, the fundamental physical entities are the
potentials, while the fields are derived from by differentiations ([1], p. 490).
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Abstract: The inaccessibility to the experimenter agent of the complete quantum state is well-known.
However, decisive answers are still missing for the following question: What underpins and
governs the physics of agent inaccessibility? Specifically, how does nature prevent the agent from
accessing, predicting, and controlling, individual quantum measurement outcomes? The orthodox
interpretation of quantum mechanics employs the metaphysical assumption of indeterminism—'intrinsic
randomness’—as an axiomatic, in-principle limit on agent-quantum access. By contrast, ontological
and deterministic interpretations of quantum mechanics typically adopt an operational, in-practice
limit on agent access and knowledge—'effective ignorance’. The present work considers a third
option—’objective ignorance”: an in-principle limit for ontological quantum mechanics based
upon self-referential dynamics, including undecidable dynamics and dynamical chaos, employing
uncomputability as a formal limit. Given a typical quantum random sequence, no formal proof is
available for the truth of quantum indeterminism, whereas a formal proof for the uncomputability
of the quantum random sequence—as a fundamental limit on agent access ensuring objective
unpredictability—is a plausible option. This forms the basis of the present proposal for an
agent-inaccessibility principle in quantum mechanics.

Keywords: ontological quantum mechanics; objective non-signaling constraint; quantum inaccessibility;
epistemic agent; emergent quantum state; self-referential dynamics; dynamical chaos; computational
irreducibility; undecidable dynamics; Turing incomputability

1. Introduction

The fast rising interest in ontological quantum mechanics has brought to the fore again the problem
of the fundamental limits of experimenter agency in quantum mechanics. For example, the physical
consistency of de Broglie-Bohm (dBB) theory [1-4] and Bohmian mechanics [5-8], as well as recent
quantum models within the ontological model framework [9-12], depends strictly on the imposition
of a limit on agent access to nature. However, what governs the physics of ‘agent inaccessibility’? How
and why does nature prohibit the experimenter agent from having unlimited access to reality at the
level of the quantum? Is the universe “fine-tuned” against agent access to the quantum state? What is
the difference between ‘agents’ and observers’ in relation to quantum inaccessibility? Finally, if agent
inaccessibility is fundamental, then what is the ontological status of inaccessible quantum states?

The specific choice of an answer to these foundational questions strongly constrains the plausibility
of any type of quantum-ontological formalism, whether for 1-ontic or -epistemic interpretations [9,11],
including for quantum models that involve globally deterministic constraints [13-17], such as those
exploring the possibility of an emergent quantum mechanics (e.g., see the Special Issue on Emergent
Quantum Mechanics in the Entropy journal). Critically, this suggests that an informal principle like ‘agent
inaccessibility” can decide whether—or not—a formal quantum model, or related mathematical theorem,
might be physically realistic in view of the known record of quantum observations in the laboratory.
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In terms of advancing a physical account of EPR-type quantum correlations, for example, how to
assess whether a proposed quantum formalism is prone to causal-paradox formation? The ineliminable
dependence—apparently—of the respective answers upon an informal agent-centric notion should
cause concern and motivate the development of a model or theory of the physics of agent inaccessibility.

The present work considers an agent-inaccessibility principle (AIP) as a fundamental principle
in quantum mechanics. This analysis adopts the standard assumption that individual quantum
detection events are objectively unpredictable, i.e., unpredictable by any experimenter agents. In search
of an explanation for quantum unpredictability, three distinct physical scenarios will be compared,
as captured by the concepts of (i) intrinsic randomness, (ii) effective ignorance, and finally (iii) absolute
or objective ignorance (see Section 5). The latter concept introduces the possibility of an in-principle
limit for agent inaccessibility based upon formal uncomputability and objective unpredictability.
As a definition of objective unpredictability, and of objective non-signaling, in quantum mechanics,
three types of uncomputability will be considered, all of which are based upon self-referential
relations: (i) uncomputability due to the impossibility to know initial conditions with infinite precision,
as in dynamical chaos, (ii) uncomputability due to ‘computational irreducibility” [18,19], and (iii)
uncomputability due to the halting problem as specified in the Church-Turing thesis [20,21]. Regarding
the latter concept, the term “Turing incomputability” will also be employed in this article. Next, without
adopting an AIP, how could an ontological quantum theory be physically realistic?

2. Many-World and Single-World Quantum Interpretations

A well-known instance of an ontological quantum interpretation that might—possibly—do
without an AIP is Everett’s many-worlds (MW) interpretation [22,23]. The problem of (non-signaling)
agent access is circumvented in the MW interpretation by branching—upon the agent’s measurement
of the quantum state—into parallel world ontologies. However, in the MW interpretation,
the agent is prohibited from accessing any world ontology but the agent’s own, which is, again,
a notion of agent inaccessibility, and one that lacks a physical explanation in the MW proposal.
For many-interacting-worlds interpretations, see References [24-26]. For any single-world (SW)
quantum ontology, in particular, such as dBB-theory and Bohmian mechanics, but also for theories
involving time-symmetric ontologies, the adoption of an AIP appears to be strictly required in view
of possible violations of the non-signaling theorem of quantum mechanics (for an overview see, e.g.,
Reference [27]). Consequently, the question of whether an experimenter agent can access, predict,
compute, and control, quantum information, e.g., as involved in EPR-type quantum correlations
during tests of Bell’s inequality [28], is crucial for assessing the plausibility of any proposed quantum
formalism, whether the formalism posits (local) retrocausality [12-16,29-32], or nonlocality [1-8],
including in the development of an emergent quantum mechanics (e.g., Reference [17]).

The target of the present analysis will be SW quantum interpretations in relation to agent
inaccessibility. A defining feature of any SW interpretation, whether it is an operational or an
ontological one, is that “ ... from the viewpoint of an agent who carries out a measurement, this
measurement has one single outcome”, as was explained by Frauchiger and Renner [33] in the
context of their recent argument against the self-consistency of quantum theory due to self-referential
relations—in Wigner’s friend paradox—between multiple experimenter agents. The significance of the
phrase “from the viewpoint of an agent” concerns the additional question—in relation to the single
outcome in a SW interpretation—of whether a quantum detection event, e.g., a ‘spin-up” observation
by an agent in the laboratory, does—or does not—constitute an “objective fact” of nature. For different
criticisms of the argument by Frauchiger and Renner [33], see References [34-36].

3. Restricting Agent Access to Ontological Quantum States and Quantum Information

The physical plausibility of SW realist quantum theories, including those based upon nonlocal
or retrocausal quantum ontologies, has long been recognized to depend strictly on the assumption
that an ontic state (A) exists whose exact properties are inaccessible to, and hence unobservable by,
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an experimenter agent. For example, in reference to a time-symmetric quantum ontology, Leifer and
Pusey [12] have found that regarding the “ ... exact ontic state ... we cannot actually construct an
experiment that would reveal it”. An example from a wholly different context is decoherence theory,
where “ ... definite, classical pointer states are selected in the interaction between environment and
system” as Zwolak and Zurek [37] explained. There, constraints on agent access are also adopted, of
course, and it was noted by these authors [37] that “ ... a world where objective information is present
is also a world with quantum information inaccessible to all but the most encompassing observer”.

The above examples serve as reminders that agent inaccessibility is a central and unavoidable
concept in quantum mechanics. That is, the existence of inaccessible quantum information is assumed
in diverse quantum-theoretical contexts, and ontological quantum mechanics must typically posit the
existence of an ontic state A whose exact properties are experimentally unobservable. Is it physically
feasible, however, that strictly inaccessible, i.e., unobservable, ontic states may—in fact—exist? What
is the ontological status of a property or information that does exist but that could not be accessed and
predicted either in-practice or in-principle?

3.1. On the Reality of an Indefinite Quantum Ontology: Contextuality and Relationality

An ontological regime whose exact properties are unobservable because they cannot—actually—
be revealed experimentally, will be called an indefinite ontology. The term ‘indefinite’ was chosen
as a neutral term in reference to an ontological state prior to its measurement, whether or not that
state might possess relational or contextual properties. For clarification, regarding an indefinite
(possibly relational or contextual) ontology, the question is not whether a property exists “when
no one is looking”, but whether some property, or value, exists that cannot be predicted by any
amount of “looking”, i.e., by any local or nonlocal tests, including computer simulations, prior to
performing the actual measurement. That question is closely tied, of course, to the well-known
fact that the predictions of orthodox quantum mechanics are wholly incompatible with the (naive
realist) notion of pre-existing quantum properties, i.e., with the false notion that quantum states may
possess (non-contextual) definite properties or values prior to, and independent of, their measurement.
Put generally, a non-contextual (non-relational) property of an ontological system is one whose
outcome state or value is entirely independent of whether, or how, the property is measured by
the agent. It is well-known that Einstein, Podolsky, and Rosen, first introduced a definition of
definite, non-contextual ontic states in relation to the problem of “action-at-a-distance” in quantum
mechanics—the concept of “the elements of reality” [38]. To be sure, quantum ontologies that could be
consistent with orthodox quantum predictions must—by contrast—possess value-indefinite properties,
thereby allowing consistency with the physical demands of the theorem by Kochen and Specker [39].

Again, the term ‘indefinite ontology’ is employed because, prior to any measuring interaction,
ontic state A exists in an indefinite state, i.e., a state whose exact value is not accessible, computable,
or predictable; by contrast, again, a definite, i.e., measurement-independent, state is one whose value
could—in principle—be accessed in nature by the experimenter agent. Importantly, using the present
terminology, a quantum-measurement process entails the transformation of an indefinite ontic state
(IOS) into a definite ontic state (DOS). Consequently, the standard measurement problem of quantum
mechanics is recast as the problem of how to explain, and how to conceptualize, an IOS-DOS transition
event. By that definition, a contextual, or relational, ontology is simply one that is governed by
I0S-DOS transitioning during the (dynamical) process when the agent performs a measurement upon
the quantum state as defined by a particular ontological quantum model.

For explanation, take a typical, experimentally generated quantum random sequence. In the
orthodox interpretation of quantum mechanics, each individual random event is presumed to be
objectively unpredictable as a function of quantum indeterminacy (see also Section 5.1.1). However, and
this is the main proposal of the present analysis, there may be another option for explaining quantum
unpredictability—an explanation that is compatible with the presence of an underlying ontology.
In the ontological option, each one of the individual quantum detection events that together constitute
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a quantum random sequence, existed—prior to the measurement-dependent DOS transformation—in
the form of an IOS, which is a state possessing value-indefinite properties (e.g., see References [40-42]);
only the actual measurement interaction induces the IOS-DOS transition which results in the definite
value of the measured ontic state. The present work considers the proposal that an indefinite, likely
contextual, ontic state A represents either (i) an effectively uncomputable element in the weak option
of ‘effective ignorance’ (Section 5.2), or (ii) an objectively uncomputable element in the strong option
of ‘objective ignorance’ (Section 5.3).

Notably, contextuality might represent the “non-information-theoretic kernel” of quantum theory,
Koberinski and Miiller [43] have suggested recently, and that therefore contextuality could be a
genuine physical (ontological) feature of a possible quantum reality. With respect to contextuality as a
“genuine physical feature”, the investigators cited Fuchs [44] who had also expressed the similar hope
earlier that the “ ... distillate that remains—a piece of quantum theory with no information-theoretic
significance—will be our first unadorned glimpse of ‘quantum reality’.” Related to that suggestion,
the following idea is here pursued also: what Koberinski and Miiller [43] have referred to as
the “non-information-theoretic kernel” of quantum theory may refer directly to the uncomputable
ontological features that are the topic of the present article (compare Section 6).

3.2. The Inaccessible Universe and the Limits of Science

In addition to an ontology being contextual or relational, further important questions
are (i) whether the ontology is nonlocal [1-8], locally time-symmetric [12-16,29-32], or locally
time-asymmetric [45-47], and (ii) what an experimenter agent can know exactly about a given quantum
ontology. For example, in the case of the above-mentioned, time-symmetric ontological model, Leifer
and Pusey [12] have noted that the exact ontic state A—although it “ ... may be unknown to the
experimenter”—" ... is in principle knowable”. If so, then in what specific manner? To address
questions such as these, the present work proceeds by investigating this general question: What is the
ontological status of an empirically inaccessible regime of physical reality?

An objective limit on access to the nature of reality is, of course, anathema to the goals of the
project of modern science. Science is thought to be about an understanding of reality based upon
the capacity to measure, predict, compute, and control. By contrast, the revolutionary discovery of
the fundamental quantization of matter and energy has long been held to imply that—at its smallest
dimensions—the universe is intrinsically random, which—from the start—prevents an agent from
accessing, predicting, and controlling, individual measurement outcomes. This is, of course, the
standard position known as the orthodox interpretation of quantum mechanics. With the advent
of ontological quantum mechanics, however, science started to consider the possibility that (ontic)
“elements of reality” might exist—at the quantum level—in a form that is both compatible with (i)
determinism as well as with (ii) contextuality and single-event unpredictability. However, prior to
answering the question of how a fully deterministic system may produce outcome states that are
unpredictable and uncomputable as a matter of principle, three related issues will be considered
first: (i) the no-hidden-variables theorems in quantum mechanics (Section 3.2.1), (ii) the concept of
agent-inaccessible variables (Section 3.3), and (iii) the definition of the experimenter agent (Section 4).

3.2.1. On No-Hidden-Variables Theorems in Ontological Quantum Mechanics

As a way to begin to frame the above question of unpredictability in deterministic systems, the
ontological status will be reviewed briefly of the variables called ‘hidden” in the original formulation
of an ontological quantum theory, namely in dBB-theory [1-3]. The present analysis argues that the
introduction of the ‘hidden variable’ (HV) marked a turning point, not only for quantum physics, but
for modern science in general. That is, if proven valid, the HV-concept necessitates the introduction
of a radical limit for science: the idea that an inaccessible, or hidden, ontology of nature exists,
which is beyond the scientific method to measure, predict, compute, and control (compare Section 6).
Importantly, it is the very HV-concept which may ensure that a model of quantum reality could
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be free from causal-paradox formation, by prohibiting, for example, superluminal signaling and
communication, in the typical thought experiments that envision physical inconsistencies due to
unorthodox ontological propositions such as nonlocality (e.g., [27]). The opposite and orthodox view
has long been defended by those who have employed the traditional “no-hidden-variables” theorems,
i.e., the no-go theorems against the physical plausibility of, for example, dBB-theory and Bohmian
mechanics (see also Section 5.1).

For critical views arguing against standard interpretations of no-hidden-variables theorems see, for
example, Mermin [48], Maudlin [49,50], Lazarovici et al. [51], Passon [52], Tumulka [8,53], Norsen [6,54],
Palmer [47], De Gosson [55], Wharton [13,32], Adlam [14,15], Ghadimi et al. [26], Khrennikov [56,57],
Hiley and Van Reeth [58], Flack and Hiley [59], and Walleczek [60]. After performing a careful analysis,
Gisin [61] noted recently that “ ... Bohmian mechanics is deeply consistent”, and he remarked that
“Bohmian mechanics ... could inspire brave new ideas that challenge quantum physics.”

3.3. Hidden-Variables in Quantum Mechanics are Agent-Inaccessible Variables

The concept of the HV in quantum mechanics was introduced by David Bohm [1,2]. In original
dBB-theory, the mathematical formalism refers to hypothetical ontic elements such as the quantum
potential [1-4]. Crucially, to avoid any misunderstanding, it should be mentioned that dBB-theory,
which has also been developed in another context as Bohmian mechanics [5-8], is not a classical,
ontological theory, but an ontological theory manifesting entirely non-classical properties, including
nonlocality. The term ‘hidden” usually explains this in Bohm'’s theory: no measurement can
be performed that might reveal exact information about the ontic state in a way that allows an
experimenter agent to controllably direct nonlocal information transfers. For example, Holland [4]
commented that “ ... the quantum potential implies that a certain kind of ‘signaling’ does, in fact,
take place between the sites of distantly separated ... particles in an entangled state”, but that this “
... transfer of information cannot, however, be extracted by any experiment which obeys the laws
of quantum mechanics”. More recently, Valentini [62] had also remarked that this “ ... information
flow is not visible at the statistical level”. Walleczek and Grossing [27] have clarified the point that
this nonlocal quantum information transfer must not be understood as information transfer in any
communication-theoretic sense. That is, for an ontological quantum theory, such as dBB-theory, which
is both contextual and nonlocal (e.g., [48]), the adoption of an AIP—as an informal non-transfer-control
theorem in Reference [27]—prohibits access to, and the instrumental control of, nonlocal information
transfers for the purpose of sending superluminal (Shannon-type) signals, or messages, between
sender and receiver, while—at the same time—allowing the presence of non-Shannon signals [27].
Please note that the term ‘hidden signaling’ has also been used recently, for example by Bendersky et
al. [63], in reference to the concept of non-Shannon signaling [27].

In summary, in a quantum theory such as dBB-theory, the HV indicates the presence of an
indefinite ontological element in the theory (i.e., ontic state A) whose exact value cannot be accessed,
predicted, or controlled (e.g., a spin property). That is, again, the HV-concept refers to an unobservable
property, not merely to one that is unobserved, and—as a consequence—it cannot be controlled by
an observing agent (see Section 3.1). Therefore, John Bell [64], for example, noted that “The usual
nomenclature, hidden variables, is most unfortunate”, and he proposed that “Perhaps uncontrolled
variable would have been better, for these variables, by hypothesis, for the time being, cannot be
manipulated at will by us.” The present work continues in the spirit Bell’s understanding that a variable
called ‘hidden’ represents an uncontrollable variable, i.e., a variable that “cannot be manipulated
at will by us” [64]—an agent-inaccessible variable using the present terminology. Therefore, before
proceeding any further, a definition should be given for what constitutes an ‘agent’—as opposed to an
‘observer’—in quantum physics and for science in general. How to define the experimenter agent to
begin with?
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4. Defining the Experimenter Agent

In the particular context of assessing the role of the agent in relation to the non-signaling theorem,
John Bell [65] insisted that needed is at least “ ... a fragment of a theory of the human being” to be
able to address the question of whether or not “we can signal faster than light?”. Put differently, Bell
requested having a partial theory, at least, of what defines agency in the context of quantum physics.
Specifically, the definition should be relevant, as Bell [65] requested, to the question of who “we think
we are, we who can make measurements, we who can manipulate external fields, we who can signal
at all, even if not faster than light?”. In the context of Bell’s theorem, a consistent understanding of
the notions of agent-dependent versus agent-independent signaling—in terms of Shannon versus
non-Shannon signaling—is available from the above-mentioned analysis that applied the operational
framework of Shannon’s mathematical theory of communication to answer Bell’s questions regarding
the valid interpretation of the non-signaling theorem [27].

As was described by Walleczek and Grossing [27], an experimenter agent is not merely an
observer in the world but is an entity capable of acting in the world in the pursuit of goals, such
as (i) in setting-up an experiment for the purpose of asking questions of nature, or (i) in selecting
specific measurement settings (for details see Section 4.3). However, the continuing lack of a model
of, or of a theory for, the experimenter agent in quantum physics, and in science in general, impedes
making progress towards understanding the foundations of quantum mechanics. The present work
suggests that the success to counter the no-go theorems against the possibility of an ontological
quantum mechanics also depends (i) on the particular model of the experimenter agent, and (ii) on
an understanding of the distinctive role of an AIP in ontological and deterministic interpretations of
quantum mechanics (see Section 3).

4.1. The Quantum Measurement Problem

For a long time, the observing agent was considered in the context only of the familiar
quantum-measurement problem, especially vis-a-vis collapse-type interpretations such as the
Copenhagen interpretation (for an introduction see, e.g., Reference [66]). In recent years, however,
the distinct significance of the notions of observation versus agency has been recognized well beyond
the issue of collapsing the wave function. It is increasingly understood that the concept of the
experimenter agent is central to any plausible SW interpretation of ontological quantum theories, not
only for -epistemic or purely operational interpretations, such as for quantum Bayesianism [67].
The present work, therefore, seeks to establish a minimum framework, one that is capable of addressing
the question of the limits of ‘observer agency’ in the context of new ontological perspectives for
quantum physics. For example, as was described above, traditional assumptions and theorems such as
nonlocality, contextuality, free choice, and non-signaling, need not necessarily contradict the existence
of certain quantum ontologies. Importantly, the non-contradiction, i.e., the theoretical consistency, of
permissible ontologies, such as in the measurement problem as captured by the concept of IOS-DOS
transitioning described in Section 3.1, depends on the validity of an AIP in relation to a given quantum
formalism. In light of an AIP, who or what is the experimenter agent?

4.2. An Early Definition of the Experimenter Agent: “Maxwell’s Demon”

An early notion of the experimenter agent was introduced into physics by James Clerk
Maxwell [68]. To review briefly, in Maxwell’s thought experiment, an intelligent being or agent
was proposed to be capable of lowering the entropy of a “closed” physical system. This being or agent
became known of course as ‘Maxwell’s demon’—a ‘demon’ because of the apparent supernatural
powers to observe, and act in, the world. The term ‘super-natural” is used to characterize the
kind of exceptional demon agency which Maxwell (falsely) presumed to be “free” from known
natural constraints, such as from the Law of Energy Conservation. In short, Maxwell’s agent adopts
therefore an isolated and quasi-transcendent position towards the rest of the physical universe (see
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also Section 5.2). In this pre-quantum thought experiment, the feat of entropy reduction is achieved
by micro-causal interventions of the observing demon-agent who is granted unlimited access to, and
predictive control over, the relevant microphysical processes of the targeted system: first, the agent
observes microscopic events, and, second—based on observational knowledge—selectively acts upon
the physical system so that the system becomes increasingly ordered. That is, in Maxwell’s thought
experiment, knowledge-based agent interventions can predictably counter the intrinsic tendency of
the closed system to spontaneously disorganize. The problem of the apparent violation of the Second
Law of Thermodynamics by the “ordering agent influence” was, of course, first resolved formally by
Szilard [69]. It is noteworthy in the present context that elements of Szilard’s proof assisted in the
development of von Neumann’s mathematical foundations of quantum mechanics [70]. The point will
be made next that, despite the known shortcomings, the concept of Maxwell’s demon captures key
features that are still relevant to recent definitions of the experimenter agent (Section 4.3).

4.3. Recent Definition of the Experimenter Agent: “Epistemic Agency”

Already in the early concept of Maxwell’s demon were implicit two distinct capacities which
continue to be employed in recent definitions of the experimenter agent: (i) the capacity of the agent to
observe and to obtain knowledge (the epistemic dimension), and (ii) the capacity of the agent to act in
the world in the pursuit of a goal (the agentic dimension). Hence, the term ‘epistemic agent’ can be
used synonymously with the term ‘observing agent’. The following informal definition for epistemic
agency was introduced previously [27]:

“Agency is generally defined as the capacity of humans or other entities to act in the world. Put
differently, an agent is defined initially by possessing the capacity to influence causal flows in nature.
By prefacing “agent” with the term “epistemic”, attention is drawn to the fact that a complete
definition of agency represents more than the mere “capacity to influence causal flows”: an agent
possesses knowledge-based, i.e., epistemic, capacity for predictably directing, and redirecting, causal
flows, and thus for directing, and redirecting, information flows as well. That is, an epistemic
agent holds the power to (statistically) control physical activity based upon an ability to predict the
outcome of specific actions on targeted processes in reference to a known standard or goal. In short,
an epistemic agent thus manifests in the world a genuine source of operational control”.

Importantly, the above definition of ‘operational control’—as a criterion for epistemic
agency—ensures that entities other than human systems, such as artificial devices implementing
goal-driven control systems, including devices and algorithms capable of computation and message
communication, qualify as complete epistemic agents. Finally, in contrast to the pre-quantum
conception of the agent in Maxwell’s thought experiment (Section 4.2), after the quantum revolution,
from the perspective of the agent as an effective actor in the world, agent inaccessibility is now
characterized by the denial of operational control in relation to an inaccessible quantum regime of
nature. For example, ‘t Hooft [71] noted recently also that what “ ... distinguishes quantum systems
from classical ones is our fundamental inability to control the microscopic details of the initial state ... ”
Critically, in the present proposal for an AIP, the measure of ‘operational control is the computational
accessibility and predictability of physical processes by the agent. This raises the all-important
question of exactly how nature—after the quantum revolution—prohibits (computational) access to
the experimenter agent in a way that the purely classical world view—apparently—could not.

5. How does Nature Prohibit Access to the Experimenter Agent?

No scientific consensus exists concerning the question of how nature denies unlimited access
to the experimenter agent of quantum states and quantum information. Entirely different physical
explanations are on offer—as part of different quantum interpretations—regarding how nature limits
agent access to quantum states or information and, therefore, how nature prohibits the prediction, and
operational control by epistemic agents of individual quantum measurement outcomes. As was noted
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already, pre-quantum, classical, physics, by contrast, knows of no fundamental limits regarding agent
access to nature (compare Section 4.2).

In the textbook, SW operational interpretation, which is orthodox quantum mechanics, it is
the metaphysical assumption of ‘intrinsic randomness’, i.e., ‘quantum indeterminism’, which
fundamentally limits the powers of the agent to predict the value of a single measurement outcome
(see Section 5.1). By contrast, an ontological quantum theory, such as dBB-theory, typically derives
its constraint on quantum predictability from the technological inability of the experimenter agent to
collect complete information about initial conditions (see Section 5.2). These opposing explanations
are frequently discussed in terms of in-principle versus in-practice limits of agent-access to quantum
systems. It is often presumed that an in-principle limit to agent-quantum access can only be posited in
the case of operational quantum approaches, whereas only an apparently weaker, in-practice limit is
available for ontological quantum mechanics.

The present work introduces a third option: the possibility of an in-principle limit for ontological
quantum mechanics based upon self-referential dynamics which may produce outcome states whose
predictability would require either (i) access to infinitely precise knowledge about initial conditions
and/or (ii) the availability of infinite computational resources (see Section 5.3). In the following,
the three distinct options will be compared, whereby each one, albeit based on completely different
physical assumptions, seeks to explain how nature prevents the agent from computing, predicting,
and controlling, individual quantum events. First, the standard position of “universal indeterminism’
will be briefly discussed and criticized in Section 5.1.

5.1. Orthodox Quantum Mechanics: “Universal Indeterminism”

In orthodox quantum mechanics, the assumption of ‘intrinsic randomness’ serves as an absolute
barrier to agent knowledge at the quantum level. Importantly, in the orthodox interpretation, the
observed randomness is viewed as an a priori property of nature herself, e.g., prior to any additional
physical constraints involving the agent. Remarkably, in universal indeterminism, a single random
event can initiate an entirely new causal chain—apparently “out of nothing” (e.g., [72]). Nevertheless,
and this—again—is the remarkable feature, the detection, for example, of a single ‘spin-up” event by
the measuring apparatus manifests a classical (pointer) state from which may propagate new causal
flows, such as those triggering the formation of new biophysical events during sensory perception
in the agent who observes the ‘spin-up” measurement outcome. However, the question of what
the exact nature might be of that initiating event, i.e., the question of ‘what is a quantum?’, is not
addressed—famously—in the orthodox interpretation, and therefore, Plotnitsky [73], for example, has
noted that “ ... quantum objects are seen as indescribable and possibly even as inconceivable”, in the
indeterministic interpretation of textbook quantum physics.

What is problematic, however, is that the very same indeterminism, or quantum randomness,
which already serves as an absolute limit on agent knowledge, is often—at the same time—held to be
the source also of the free-willed agency of the experimenter as in the free-will theorem by Conway
and Kochen [74,75]. This is the exact opposite of being the source of a universal constraint. How could
this be? How could one and the same (quantum) randomness be the source of both (i) objective
chance and (ii) free-willed agent control of physical events in the world, such as freely selecting a
measurement setting? This self-contradictory view, which has previously been captured in the concept
of quantum super-indeterminism (see Figure 1), has long obscured insight into the plausibility of those
no-go arguments against the possibility of ontological quantum mechanics which are based upon the
freedom of choice of the experimenter agent (for an overview see Walleczek [60]).
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Figure 1. Quantum super-indeterminism [60]. The shortcomings of the orthodox view, which are
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revealed by the simple concept of super-indeterminism, in the attempt to prove, or justify, the
metaphysics behind quantum indeterminacy, are recognized increasingly. The fallacy of circular
reasoning is illustrated in Figure 1, which arises from the use of the intrinsic randomness assumption
in support of the free choice assumption, which—in turn—rationalizes the presumably “free” selection
of measurement settings. Bera et al. [76], for example, have confirmed the fact of ‘super-indeterminism’
by noting that there is indeed present “ ... an unavoidable circulus vitiosus” in any tests for true
randomness, because any available tests for “ ... the indeterministic character of the physical reality”
must presume that “ ... itis, in fact, indeterministic.” Similar arguments have been put forth by, and
prior developments were summarized in, Landsman [77].

Standard no-go theorems, such as Bell’s theorem [28] or, again, the Conway-Kochen free-will
theorem [74,75] fail to account for this contradiction within the orthodox view, which is implied by
super-indeterminism (see the legend to Figure 1). Therefore, such no-go theorems, i.e., the theorems
claiming the impossibility of particular ontological propositions, imply conclusions of debatable
value against the validity of deterministic quantum theories. For example, John Bell recognized the
shortcomings himself regarding his own (no-go) theorem in view of an axiomatic interpretation of
the non-signaling theorem, and he later adjusted his views [78-82]. For a detailed analysis of Bell’s
evolving positions—from an axiomatic to an effective non-signaling constraint—see Walleczek and
Grossing [27]. Concluding, the simple concept of super-indeterminism (Figure 1) explains why the
free choice assumption of the experimenter agent in selecting measurement settings does not imply
the necessary rule of the standard, i.e., axiomatic, non-signaling theorem (for details see Figure 2).

B Intrinsic Axiomatic C
o~ i i

Assumption Assumption
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Figure 2. Illustration of the irreducible interdependency of basic assumptions that are implicit
in standard interpretations of orthodox quantum mechanics (adapted from Walleczek and

Grossing [27,83]). (A) Free choice assumption, (B) Intrinsic randomness assumption, and (C) Axiomatic
non-signaling assumption. Importantly, the validity of interpreting the non-signaling theorem as
a foundational theorem, or axiom, for quantum mechanics, i.e., one which would imply strict
indeterminism as the only viable option for interpreting quantum theory, depends on the independent
validity of assumptions (A,B). However, neither assumption (A) nor assumption (B) can be confirmed
independently if the possibility of ‘free choice” depends on the existence of a process that is intrinsically
random and vice versa (compare Figure 1). Therefore, for example, the observation of EPR-type
nonlocal correlations in the laboratory does not represent empirical proof for the indeterministic nature
of the locally observed measurement outcomes, if that proof relies on the employment of an axiomatic
non-signaling theorem (for more details see Walleczek and Gréssing [27]).
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5.1.1. On the Impossibility of Proving the Truth of Quantum Indeterminism

Long-running arguments against the possibility of deterministic, quantum-ontological approaches
are increasingly criticized as falling short of their stated aims, in particular those based upon the
free-will theorem and the non-signaling constraint as an axiom (see Figures 1 and 2). Importantly, it is
widely accepted that quantum indeterminism in the form of actual or objective chance can neither be
proven by empirical tests nor by mathematical reasoning (e.g., [84]). However, what might be provable
instead is the objective unpredictability of individual quantum measurement outcomes, as defined,
for example, by a formal theorem such as Turing incomputability (see Sections 5.3 and 6). Again,
“indeterminism” captures a metaphysical assumption about how nature really is—prior to any formal
theorizing. Furthermore, an empirical proof of indeterminism is out of reach, likely always, as a final
loophole-free test seems to be a logical impossibility (compare Figure 1).

Finally, for a long time, because of the widespread belief that constraints such as absolute
unpredictability, free will, nonlocality, non-signaling, or contextuality, could be compatible only with
quantum indeterminism, any deterministic approaches to quantum theory have met with little interest
by the mainstream of quantum physics, except often in reference to the perceived implausibility of the
SW ontological quantum approaches (compare Section 2). This lack of interest has long been due to the
near exclusive use—in the mainstream discourse on quantum foundations—of definite, non-contextual
ontological assumptions, i.e., those that are consistent only with the classical, metaphysical assumption
known as direct or naive realism. As was mentioned before, the proposed “elements of reality”
in the argument by Einstein et al. [38] represent, of course, entirely non-contextual ontic states in
agreement with the classical metaphysics of naive realism; there, the “elements” merely reveal their
own “intrinsic”, already given, properties at the moment of their measurement.

As was reviewed in Section 3.1, any non-contextual, measurement-independent ontology, such
as naive realism, is wholly incompatible with the measurement predictions of orthodox quantum
mechanics [39]. In recent years, however, new research has been pushing the frontiers of ontological
possibilities beyond naive realism, such as in the form of relational ontologies (e.g., Esfeld [85]),
time-symmetric ontologies (e.g., Leifer and Pusey [12]), including unconventional causal structures
such as retrocausality (e.g., Sutherland [29], Price [30], Wharton [13,31], Price and Wharton [32]).
In addition, there has been a revival of interest in the nonlocal and contextual ontologies related
to dBB-theory [1-4] and Bohmian mechanics [5-8], which are ontological propositions that posit
the fundamental interconnectedness, instead of the intrinsic randomness, of the physical universe
(e.g., Walleczek and Grossing [86]).

The focus of the subsequent Sections 5.2 and 5.3 will be an assessment of the continuing
possibility of ontology and determinism in quantum theory in relation to the experimenter
agent. Specifically, what is sought is a scientifically based notion of “determinism without
pre-determination” [60,86]. Next, Section 5.2 presents the traditional option for quantum mechanics in
a globally deterministic universe.

5.2. Ontological Quantum Mechanics: “Effective Ignorance in Global Determinism”

Instead of the metaphysical assumption of intrinsic randomness (Figure 3A), an ontological
quantum mechanics opts for an alternative approach to explain the origins—in a globally deterministic
universe—of experimentally observed quantum randomness. That is, ontological approaches typically
seek an agent-dependent explanation based upon the unpredictability of individual measurement
outcomes as a function of an epistemic limit, which—in the present analysis—is introduced as ‘effective
ignorance’ (Figure 3B).
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Figure 3. Agent inaccessibility as a function of (A) Intrinsic randomness versus (B) Effective ignorance
(adapted from Walleczek [60]). Intrinsic randomness represents the orthodox interpretation of
quantum mechanics, which is universal indeterminism. There, the presence of the experimenter
agent introduces an apparent metaphysical dualism between agent and world (see the main text
for additional explanations), which is indicated by the closed line that encloses the presence of the
experimenter agent (Figure 3A). By contrast, in universal or global determinism, agents and the physical
universe are subject to the same fundamental determinism, whereby, there, the experimenter agent
is an integral element of the physical universe, i.e., agent and universe together constitute a lawful,
physical continuum (e.g., Szilard [69]), as is indicated by the open line (see Figure 3B). In this picture, the
experimenter agent constitutes an entity possessing distinct ‘epistemic’ as well as “agentic’ properties
(for definitions see Section 4.3). For a detailed explanation of an axiomatic (Figure 3A) versus an
effective (Figure 3B) non-signaling constraint—in the context of Bell’s nonlocality theorem—consult
Walleczek and Grossing [27]. Briefly, an axiomatic non-signaling constraint (see also Figure 2) is
compatible with the violation of measurement outcome independence, which is the standard violation
in the context of orthodox quantum theory; by contrast, an effective non-signaling constraint is thought
to be compatible with the violation of setting or parameter independence (Shimony [87]), which is
the standard violation in the context of an ontological quantum mechanics such as dBB-theory in a
universally deterministic universe (Section 3.3).

Importantly, the approach towards an “effective randomness”—by way of the concept of ‘effective
ignorance’—is an option that can be consistently adopted if agent and universe are not metaphysically
separated entities as suggested by the open line in Figure 3B (for details see legend to Figure 3).
This is in contrast to the orthodox view shown in Figure 3A, where the agent stands in a physically
isolated (quasi-transcendent) position towards the rest of the physical universe. For explanation,
in the orthodox interpretation of quantum indeterminism, the agent is presumed to be capable of
somehow initiating new cause-effect chains “out of nothing”, e.g., in violation of Leibniz’ Principle of
Sufficient Reason (compare Section 5.1). This extra-physical agentic power is reminiscent of Maxwell’s
demon-agent who was—falsely—thought to be unconstrained by the Laws of Nature, such as by the
Second Law of Thermodynamics (see Section 4.2). This isolated, or dualistic, notion of agency in the
orthodox picture is indicated by the closed line in Figure 3A (for details see legend to Figure 3).

The essential point of ‘effective ignorance’ is the following (Figure 3B): If assuming that the
complete initial conditions of some deterministic system could be obtained, then the exact prediction of
outcome states is possible—at least in principle. An example is a computer-generated pseudorandom
bit sequence that becomes fully predictable once the (random) seed, i.e., the initial condition, as well
as the algorithm, which is used to generate the bit sequence from the seed, is known to the scientific
agent. By analogy, having complete knowledge of initial conditions, the properties of a (deterministic)
quantum state could be computed, e.g., for the purpose of prediction and control, even if possessing
finite computational resources only. Significantly, in the case of effective ignorance—when discrete
events are finite—while access to initial conditions (compare the “seed” above) is technologically

40



Entropy 2019, 21, 4

impractical, there exists, however, no formal limit that fundamentally constrains access to the complete
initial state. For explanation, the definition of finite resources includes the whole universe as a finite
resource, which—again—imposes an in-practice, effective limit, but not an in-principle, objective limit.
In summary, the notion of “effective” quantum randomness as a result of the weak epistemic option
is—at least in principle—computable by a Turing machine, even if the whole universe is to be recruited
as a super-computational resource to achieve quantum predictability.

5.2.1. Understanding John Bell’s Concept of “Free Variables” for Quantum Mechanics

The weak epistemic option of effective ignorance is consistent with, and explains, Bell’s
own proposal of effectively “free variables” [79]. “I would expect a serious theory to permit ...
‘pseudorandomness’ for complicated subsystems (e.g., computers),” Bell [65] suggested “ ... which
would provide variables sufficiently free for the purposes at hand.” In addition, Bell provided the
following explanation [79]:

“Consider the extreme case of a ‘random’ generator which is in fact perfectly deterministic in
nature—and, for simplicity, perfectly isolated. In such a device the complete final state perfectly
determines the complete initial state—nothing is forgotten. And yet for many purposes, such a
device is precisely a ‘forgetting machine’. A particular output is the result of combining so many
factors, of such a lengthy and complicated dynamical chain, that it is quite extraordinarily sensitive
to minute variations of any one of many initial conditions. It is the familiar paradox of classical
statistical mechanics that such exquisite sensitivity to initial conditions is practically equivalent to
complete forgetfulness of them.”

This in-practice limit, which Bell [65,78,79] had argued for, does not, however, deny the theoretical
possibility that the evolution of a deterministic system could be (computationally) predicted—at least
in principle—if it were possible to access and determine “the complete initial state” [79]. By contrast,
under the assumption that there exists a fundamental limit on computability and agent knowledge
about the initial state (compare Section 5.3) that theoretical possibility would be denied also. Although
Bell did mention ‘deterministic chaos’ in the context of ‘pseudorandomness’ [65], he did not propose
that chaotic dynamics may represent a limit in any fundamental sense. On that specific point, the present
work revises the conclusions of an earlier discussion of Bell’s effectively free-variables concept [27,60].

By relying on an additional principle, sometimes the powers of the weak option of effective
ignorance are sought to be enhanced (e.g., Aharonov et al. [88]): the Uncertainty Principle prevents
the simultaneous determination with arbitrary precision of, e.g., particle properties, thereby failing
to characterize the relevant initial conditions for the same instant of time. However, the concept of
‘“uncertainty’ is an operational, epistemic notion also, and the physical foundations of the Uncertainty
Principle also remain to be identified (e.g., Rozema et al. [89]). Summarizing, the weak epistemic
option represents an instance of subjective agent-inaccessibility, because that option depends upon the
incomplete state of knowledge of the experimenter agent, i.e., upon an “uncertainty”, about the physical
universe, including about initial conditions. However, note that even if the entire universe were
available as a super-computational resource, then the presence of a black-hole singularity, for example,
might render impossible even the purely theoretical prospect—in the weak epistemic option—of the
cosmic computability of an individual quantum measurement outcome.

5.2.2. Criticizing the Weak Option Interpretation

The weak option described above has often been criticized on the grounds that quantum
randomness cannot possibly be a function of merely some in-practice limit on agent knowledge
(Figure 3B). That skeptical position is echoed, for example, by Bub [35], who noted that quantum
probabilities that describe the “nonlocal probabilistic correlations that violate Bell’s inequality” must
be “intrinsically random events”, and that these probabilities “do not quantify incomplete knowledge
about an ontic state (the basic idea of ‘hidden variables’).” For a counterpoint to Bub’s skeptical
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position, consult, for example, Figures 1 and 2 in the present article (Section 5.1). Finally, Bub [35] also
reaffirmed the popular position that this very fact in particular “ ... means that quantum mechanics is
quite unlike any theory we have dealt with before in the history of physics.”

Indeed, the perceived uniqueness of quantum mechanics, and it is supposed ‘weirdness’, is often
cited as an “explanation” for strange or surprising features that are encountered in quantum studies
involving single-particle observations. Specifically, concepts such as superposition (e.g., Schrodinger’s
cat) and objective chance (i.e., intrinsic randomness)—in the form of objectively unpredictable
measurement outcomes—are presumed to operate exclusively in the domain of the quantum, but
never in the classical domain. However, what equally ‘weird” phenomena may be produced as part of
entirely classical systems? One example is the notion of “undecidable dynamics’ in classical systems as
a function of self-referential systems dynamics. The present work introduces self-referential dynamics
as a novel explanation that might underpin the physics of agent inaccessibility (see Section 5.3). This
third and final option counters the idea that what distinguishes a quantum from a classical system is
the capacity to generate objectively unpredictable outcomes.

5.3. Ontological Quantum Mechanics: “Objective Ignorance in Global Determinism”

The hypothesis that objective ignorance, as opposed to effective ignorance, can be the source of
the unpredictability of individual quantum events in a deterministic system, represents the strong
ontological option for explaining the physics of agent inaccessibility. Specifically, it had previously
been proposed that agent inaccessibility in ontological quantum mechanics might be due to the limit
that “ ... self-referential processes may generate physical observables whose values are universally
uncomputable, i.e., their computation would require an infinite amount of computational resources”
(Walleczek [60]). Briefly, the key feature of a nonlinear dynamical process called ‘self-referential’ is that
a system output becomes a new input for the system within the same system (e.g., Walleczek [90]).
In dynamical chaos, the constant action of feedback loops (recursive processes) is responsible for the
generation of the chaotically evolving dynamics. In physical systems that can be characterized by
undecidable dynamics, self-referential, recursive processes are, again, responsible for the objective
unpredictability of outcome states. Importantly, the presence of self-referential dynamics (see Table 1
below) can be identified both in concrete physical systems as well as the computational models that
describe them.

Table 1. Two types of self-referential dynamics are considered as a basis for the proposed physics of
agent inaccessibility. For the proposal of an AIP as a fundamental principle in quantum mechanics
(objective ignorance), the objective unpredictability of an individual measurement outcome as part of a
typical quantum random sequence is a function of formal uncomputability; both, dynamical chaos as
well as undecidable dynamics posit “infinity”—the lack of infinite resources—as a fundamental limit
on computability. Regarding the limit of infinite precision detection in relation to the concept of formal
uncomputability, note that—in computational predictions of chaotic dynamics—an arbitrarily small
difference in initial conditions may lead to a vastly different future outcome state. Note also that the
concept of undecidable dynamics underpins both computational irreducibility [18,19] as well as the
halting problem in the Church-Turing thesis [20,21].

Self-Referential Dynamics Formal Uncomputability
Dynamical chaos Infinite precision detection of initial conditions is impossible in-principle
Undecidable dynamics Infinite computational resources are unavailable in-principle

The strong option based upon fundamental uncomputability of outcome states—as a necessary
and sufficient criterion for objective ignorance—is illustrated in Figure 4B. This proposal is
contrasted with the orthodox position of intrinsic randomness shown in Figure 4A. Importantly,
two different types of self-referential dynamics are currently known to support the concept of formal
uncomputability—dynamical chaos and undecidable dynamics; each type posits the lack of infinite
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resources as a fundamental limit on computability (see Table 1). The question of the physical plausibility
of the notion of formal uncomputability in the account of the objective unpredictability of quantum
processes in nature will be discussed in Section 6.

IN-PRINCIPLE LIMIT

“INTRINSIC RANDOMNESS” “OBJECTIVE IGNORANCE”

Indeterministic
Universe

Deterministic
Universe

Experimenter
Agent
AXIOMATIC NON-SIGNALLING OBJECTIVE NON-SIGNALLING
CONSTRAINT CONSTRAINT
A B

Figure 4. Agent inaccessibility as a function of (A) Intrinsic randomness versus (B) Objective ignorance
(adapted from Walleczek [60]). Intrinsic randomness represents the orthodox interpretation of quantum
mechanics, which is universal indeterminism (see legend to Figure 3 for an explanation of the nature
of the experimenter agent). Objective ignorance, by contrast, advances the alternative proposal that
quantum mechanics in a universally deterministic universe (i.e., global determinism) could account for
(objective) quantum unpredictability as defined by an in-principle limit (Figure 4B). Please note that a
prior report referred to a related proposal by the term ‘intrinsic complexity” [60] due to the fact that such
an option is available for complex systems dynamics. An objective non-signaling constraint, which
is proposed here as an option that may underlie the non-signaling theorem of quantum mechanics,
is equally governed by an objective, in-principle constraint; that is, the capacity for operational control
by the experimenter agent (for definition see Section 4.3) of, for example, time-symmetric, or nonlocal,
ontic influences, or information transfers, is formally and objectively limited by the unavailability to
the agent of either (i) infinitely precise knowledge about (time-symmetric) initial conditions, or (ii)
infinite computational, or generally technological, resources, or a combination of (i) and (ii). For an
overview, see Table 1.

A key distinguishing feature of the concept of objective ignorance—in contrast to that of effective
ignorance—is the following (Figure 4B): Even if assuming that the complete initial conditions of
some deterministic system could be obtained, then the exact prediction of outcome states is still
impossible—even in principle. That is, in the option of objective ignorance (Figure 4B), the lack of
infinite computational resources as a criterion places an objective limit on the experimenter agent as
a function of undecidable dynamics (see Table 1), which, as Bennett [91] put it, is dynamics that
is “ ... unpredictable even from total knowledge of the initial conditions”. This type of objective
unpredictability is exemplified also in the halting problem for Turing machines, with the essential
point being that Turing machines “ ... are unpredictable”, as Moore [92] noted, “even if the initial
conditions are known exactly”.

A second key distinguishing feature which is covered by the strong option of objective ignorance,
but not by effective ignorance (Section 5.2), concerns the emergence of dynamical chaos in physical
systems. Importantly, due to the theoretical impossibility of gathering information with infinite
precision about the initial state from which evolves a dynamically chaotic system, an objective limit is
imposed on the computability of the system’s outcome states. For explanation, note that arbitrarily
small differences in initial conditions may generate strongly divergent outcome states in computational
models of dynamical chaos (see Table 1).
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Because the strong option is also a knowledge-constraining option, the term ‘ignorance” has been
retained as part of the present proposal of an AIP for quantum mechanics. However, in contrast
to effective ignorance, in the concept of objective ignorance, agent knowledge is not incomplete in
the sense that gathering more information about initial conditions, or amassing more computational
power, might eventually lead to complete knowledge and total predictability. Instead, an in-principle
limit guarantees the incompleteness of agent knowledge, and therefore the agent’s inability to control
and predict even a single quantum measurement outcome is ensured (see Table 1).

Therefore, the concept of objective ignorance represents an instance of objective agent-inaccessibility,
which—obviously—is a more restrictive notion than subjective or effective agent-inaccessibility.
Accordingly, the difference between the effective non-signaling constraint (Figure 3B) and the objective
non-signaling constraint (Figure 4B) is that the latter constraint adopts a fundamental, and not a
practical, limit on complete agent access towards an ontic state A, and towards quantum information
transfers, in ontological quantum mechanics in general. For example, this holds true for (SW) quantum
ontologies that are locally time-symmetric [12-16,29-32], locally time-asymmetric [45—47], or strictly
nonlocal [1-8]. Finally, the here proposed principle (AIP) is fundamental in the sense that a Turing oracle
only could predict the exact value of an individual outcome state as a function of physical systems and
computational model evolution. The strong option of objective ignorance (Figure 4B) might represent
a fundamental principle by which nature prohibits access to the experimenter agent in the quantum
regime. In the subsequent Section 6, a selection of available views and results are reviewed briefly which
may support the present proposal for an AIP based upon the concepts of objective unpredictability,
undecidability, and uncomputability.

6. In Search of Incomputable Nature: Quantum Reality and Quantum Randomness

The use of computational concepts and terminology in the search of the origins of the observed
randomness in quantum systems, in combination with the recent “ontological turn” in quantum
foundations (see Section 1), offers a new pathway towards exploring the physics of agent inaccessibility.
In regard to the radical concept of incomputability in nature, one of its pioneers, S. Barry Cooper,
once remarked—in reference to the puzzling features of nonlinear emergent states and chaos in
nature—that “ ... many of the troublesome problems can be placed in a helpful explanatory context

. ”if one “ ... admits the possibility that the Universe is deeply imbued with incomputability and
its mathematics” [93].

How realistic is the proposal that notions such as computability and uncomputability are relevant
for physical laws, i.e., for the laws that explain the behavior of concrete micro-physical systems in
nature, including those that are quantum-based? For example, Lloyd [94] has recently advanced
the position that “ ... uncomputability is ubiquitous in physical law”, and that this is a natural
consequence, he argued, of the fact that many “ ... physical systems are capable of universal
computation”. Importantly, “ ... it is difficult to find an extended system with nonlinear interactions
that is not capable of universal computation”, he explained, “ ... given proper initial conditions and
inputs”. Furthermore, he argued that there may be special cases when “ ... quantum systems that
evolve according to nonlinear interactions are capable of universal computation”, which yields the
path-breaking possibility that “ ... the halting problem arises in the computation of basic features of
many physical systems” [94].

Crucially, therefore, the concepts of uncomputability and undecidable dynamics [18-21,91-94]
may have far greater significance to physics, and to the limits of science in general (compare Section 3.2),
than—merely—as a concept that describes an abstract problem in recursive logic. For example,
Rucker [95] has also argued that “ ... we should be able to find numerous examples of undecidability
in the natural world”. Consequently, the formal concepts of undecidability and uncomputability may
challenge the need for the (unprovable) metaphysical assumption of indeterminism as an explanation
for the objective unpredictability in quantum systems. For example, Cubitt et al. [96] offered a physical
model demonstrating the notion of objective unpredictability, not however as a function of quantum
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indeterminism, but due to self-referential, undecidable dynamics operating in the quantum regime
(compare Table 1 in Section 5.3).

6.1. Computational Approaches to Quantum Theory Invoking Nonlinear Interactions

The method of conceptualizing, or even explaining, the physical universe as a (quantum)
computational process has a long history, and for recent overviews, see, e.g., Cooper and Soskova [97]
and Fletcher and Cuffaro [98]. For example, in relation to quantum mechanics, researchers such as
‘t Hooft [45,71] and Elze [46] have long promoted the idea that the probabilistic aspect of quantum
physics does not necessarily have to contradict its possible algorithmic nature as demonstrated in
work with quantum cellular automata. Generally, cellular automata (CA) can present models of the
physical world and for the following discussion the equivalence of Turing machines and CA is assumed.
“It is conceivable that the physical processes described by the laws of nature never come to an end”,
Franke [99], for example, remarked, and that in adopting a CA-simulation of the physical world, “

. we are simulating the behavior of a cellular automaton which runs deterministically, but is not
computable.” Franke [99] emphasized that in such a model—therefore—the apparent randomness in
the world might be due to an “ ... equivalent of chaos as understood in dynamical chaos theory, which
as we know, is not based on actual chance, but on non-computability”. For explanation, Franke [99],
in that quote, refers to ‘actual chance’ as denoting the standard indeterminism of orthodox quantum
theory. By contrast, the non-computability stems from the fact that the possession of knowledge about
the initial conditions of a dynamically chaotic process is not possible with infinite precision, which
imposes a fundamental, in-principle limit on computability (see Table 1 in Section 5.3).

Very recently, the potential power of the approach that combines the notion of universal
computation with unconventional ontological propositions has also been noted, for example, by
Koberinski and Miiller [43]. They considered the kind of information-theoretic properties of quantum
theory “ ... which are directly linked to the possibility of having a universal computing machine, like
the quantum Turing machine”, which is “ ... in principle able to simulate the time evolution of any
physical system”. These authors have proposed that the “ ... notion of ‘universal computation’ ... is
powerful enough to uniquely determine the state space, time evolution, and possible measurements
(and thus also other properties like the maximal amount of non-locality) of quantum theory.”
Again, however, as was emphasized by Lloyd [94], any computational interpretation of quantum
systems might give rise to uncomputable elements, i.e., undecidable outcome states, which—within
the constraints of a universal Turing machine—may therefore yield, again, a fundamental limit
on agent-quantum access and predictability regarding the calculation of exact outcome values
or individual ontological properties. One specific model of undecidable dynamics operating in
the quantum regime was mentioned above [96]. Besides the notion of objective or fundamental
uncomputability, how might the notion of the indefinite, contextual, or relational, ontology (for details
see Section 3.1) enter the picture of the information-theoretic approach towards a quantum reality?

6.2. Quantum Ontology and the Information-Theoretic Paradigm in Quantum Mechanics

As was described in Section 5.1.1, novel ontological possibilities beyond naive realism are
increasingly considered as a basis for quantum mechanics, given that indeterminacy proofs are
impossible. This includes relational ontologies such as ontic structural realism (e.g., [85,100]), locally
time-symmetric ontologies (e.g., [12]), including unorthodox causal structures such as retrocausality
(e.g., [29-32]). In the pursuit of possible ontological features of quantum mechanics, Koberinski
and Miiller [43] have also speculated about the presence of a relational ontology as part of a
future construction of quantum theory, in particular, in reference to the proposal of ontic structural
realism [85,100]. They have acknowledged that while “ ... the information-theoretic reconstructions
... do not typically tell us what quantum states are, or what is really going on in the world when
we perform a Bell experiment, for example”, the possibility might be considered of an “ ... ontology
of structural relations in some sense—simply of the relational structure uniquely picked out by the
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information-theoretic postulates ... ”, which is an approach, they suggested, that “ ... does not
rule out the possibility of discovering a constructive successor to quantum theory, in particular since
ontological stability across theory change is a characteristic of ontic structural realism.” The combined
computational-ontological research strategy, such as the one described above, may chart a new
course also towards understanding the original HV-concept in Bohm’s ontological quantum theory
(Section 3.3). That is, the application of ideas such as dynamical chaos and undecidable dynamics
(see Table 1), to quantum ontology in dBB-theory and Bohmian mechanics, may in the future allow a
new understanding of the variables traditionally called ‘hidden” as uncomputable variables (compare
Section 3.3).

6.3. Could Hidden Variables Represent Uncomputable Variables Such as Turing-Incomputable Variables?

Following the above analysis, the HVs of original dBB-theory may not only be ‘hidden’, and
uncontrollable, in the familiar sense of the weak option known as ‘effective ignorance” (Section 5.2);
instead, the HV-concept might represent a case of uncontrollability and unpredictability as a function
of the strong option involving nonlinear relations as described by the concept of ‘objective ignorance’
(Section 5.3). That proposal suggests the presence of a fundamental limit on agent inaccessibility
in dBB-theory based upon the interpretation of the HV-concept as, for one speculative possibility,
a Turing-incomputable variable (TIV). At a minimum, for starters, the proposal of TIVs in an
ontological quantum mechanics, such as dBB-theory [1-3], would require—in the constructive approach,
at least—the presence of nonlinear, self-referential interactions as part of the ontology of a quantum
theory, i.e., an ontology that is compatible with emergence and chaos theory (see Table 1). Where in
the Bohmian approach could that be found? Could Bohm'’s theory manifest self-referential, chaotic
behavior in a way similar to that seen in some constructions of an emergent quantum mechanics,
which implements self-referential dynamics as a basic resource also?

The original writings of Bohm and Hiley [3] reveal that the nonlinear perspective on the quantum
state in Bohm's theory was evident already 25 years ago: “The general behavior described”, Bohm and
Hiley [3] wrote, “ ... is similar to that obtained in the study of non-linear equations whose solution
contain what are called stable limit cycles”, whereby, however, the “ ... difference from the usual kind
of non-linear equations is that for each stable motion we have a whole set of possible limit cycles rather
than just a single cycle. Each quantum state thus corresponds to a different set of limit cycles and a
transition corresponds to an orbit going from one of these to another”. Importantly, quantum state
transitions, as the authors further explained, happen at “ ... bifurcation points dividing those orbits
entering one channel from those entering another. Near these points, the motion is highly unstable and,
indeed, chaotic in the sense of modern chaos theory” [3]. To mention only one new example: Work
by Tzemos et al. [101] has described the origins of chaos in a mathematical model of a generalized
Bohmian quantum theory. To be sure, there are additional reports that Bohmian trajectories could be
chaotic and that chaotic dynamics could be the source of ‘quantum relaxation” in Bohmian mechanics
(e.g., References [102-104]).

Work such as the above may pave the way towards conceptualizing the HV as an (effectively)
uncomputable variable, or possibly even a TIV should, e.g., evidence for undecidability emerge
in a future quantum-theoretic construction (see Table 1). Next, one topic of debate has long been
the potential risk of violating the non-signaling condition of quantum mechanics as a function of
the intrinsic nonlocality of ontological quantum theories such as dBB-theory (compare Section 3.3).
For prior work which defined an effective non-signaling constraint for ontological quantum mechanics
based upon an analysis of the concept of free variables by John Bell (see Section 5.2), consult
Walleczek and Grossing [27]. Here, the concepts of an effective (Section 5.2.) and of an objective
(Section 5.3) non-signaling constraint will be discussed briefly in the context of approaches considering
computational constraints towards fashioning an understanding of the non-signaling theorem.
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6.4. The Non-Signaling Theorem and Effective versus Objective Computational Constraints

Bendersky et al. [63] have implemented a computational protocol to assess whether, or not, the
nonlocal features associated with results from EPR-type quantum correlation experiments could be
used to communicate messages between two space-like separated locations—in apparent violation of
the non-signaling theorem. That study concluded that this is impossible because the “ ... computability
of results imposes a strong limitation on how nature can behave if it only had computable resources
to generate outputs for the experiments.” Central to that conclusion is, of course, the standard
assumption that computational (Turing-type) processes “ ... cannot generate random sequences”,
and that therefore, as Berendsky et al. [63] have added “ ... we need to accept the existence of truly
unpredictable physical processes.”

Significantly, Berendsky et al. [63] concluded with the message that their findings are not in
“ ... conflict with the different interpretations of quantum mechanics”, and they further noted that in
“ ... the Copenhagen interpretation, the measurement process is postulated as random, whereas,
for example, in Bohmian mechanics, it is deterministic but the initial conditions are randomly
distributed and fundamentally unknowable.” For quantum theories operating in a universally
deterministic universe (see Figures 3 and 4), such as dBB-theory and Bohmian mechanics, the
quantum randomness would be generated by uncomputable processes, whether they be effectively
uncomputable (see the effective non-signaling constraint in Section 5.2), or (ii) objectively uncomputable
in the strong sense of dynamical chaos and/or undecidable dynamics, e.g., in the form of Turing
incomputability (see the objective non-signaling constraint in Section 5.3); only the strong option of
objective ignorance in deterministic systems could entail objective or true unpredictability. However,
the specific topic of self-referential dynamics in formal uncomputability (see Table 1) was not
addressed in the work by Berendsky et al. [63], although these workers did make the important
point that “...in Bohmian mechanics ... the initial conditions are ... fundamentally unknowable.”
Previously, Islam and Wehner [105] had also suggested that quantum mechanics must entail the
presence of (agent-inaccessible) uncomputable states as otherwise a violation of the non-signaling
constraint would inevitably ensue, and these researchers noted that “ ... in any theory in which
the Church-Turing principle holds, certain states and/or measurements are not available to us as
otherwise any (approximate) no-signaling computation could be performed.” To employ the present
terminology, in order (i) to prevent superluminal Shannon-type signaling in nonlocal quantum
ontologies or, alternatively, (ii) to prohibit (future-to-past) retro-signaling in time-symmetric quantum
ontologies, these “states and /or measurements” must be subject to an AIP as a fundamental principle
in quantum mechanics.

6.5. Quantum Randommness and Turing Incomputability

How might the proposed link be explored further between Turing-incomputable processes and
the problem of quantum randomness? On the one hand, a skeptic might argue against the notion of a
successor to standard quantum theory, i.e., against the successful construction of a future quantum
theory which could provide a physical account of quantum randomness. On the other hand, as was
investigated in the present work, a new research movement is fast gaining traction which seeks to
reanalyze, and explore again, the validity of ontological propositions for quantum mechanics (see
Section 1). Could undecidable, Turing-incomputable processes be of significance for the research
program towards an ontological quantum mechanics, including in the account of objective quantum
unpredictability? Further evidence in favor of the plausibility of such a program has come forward in
recent years. “Is quantum randomness Turing incomputable?”, asked Calude [106], and he described
... aprocedure to generate quantum random bits that provably are not reproducible by any Turing
machine”. Based on work that employed an operational version of the theorem by Kochen and
Specker [39], the author suggested that quantum randomness might be the best evidence, so far,
for the existence of a Turing-incomputable phenomenon in the natural world [106]. For a detailed
analysis of that possibility, which posits the existence of value-indefinite observables in nature (compare
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Section 3.1), see Abbott et al. [40—-42]. Given that a formal proof for quantum indeterminism is lacking
in principle (see Section 5.1.1), the promise of a formal proof for the uncomputability of the observed
randomness in quantum experiments both suggests and motivates the present proposal of an AIP for
quantum mechanics (Section 1).

In summary, if the best available evidence for the true randomness of a sequence (that is generated
by a quantum-based randomness generator) is the uncomputability of that sequence by a Turing
machine, then this does not—necessarily—imply that the origins of that randomness is to be found
in the metaphysics of quantum indeterminism. Consult Section 5.1 regarding arguments against
the possibility of indeterminacy proofs, and Section 5.3 regarding the possibility of objective (true)
unpredictability in fully deterministic systems (see Table 1). Given an AIP based upon objective
ignorance, the following question remains unanswered at present: How to determine empirically
whether the source of experimentally observed quantum randomness is either (i) ‘intrinsic randomness’
as in the orthodox position of Section 5.1 (Figure 3A), or (ii) ‘objective ignorance” as in the strong option
proposed in Section 5.3 (Figure 4B)? At present it remains unknown whether decisive experimental
tests could be identified and performed. Until such tests might become available, the decision should
be postponed between quantum indeterminism versus agent inaccessibility as a fundamental principle
in quantum mechanics.

7. Conclusions

The question remains an open one as to whether agent inaccessibility in quantum experiments is
either (i) due to metaphysical indeterminism or (ii) due to a quantum ontology of a form where the
exact ontic state A is either effectively or objectively uncomputable. The latter option is the basis of
the present proposal for agent inaccessibility as a fundamental principle (AIP) in quantum mechanics.
What is the ontological status of a fundamentally agent-inaccessible quantum state? The status is
indefinite of the agent-inaccessible (“hidden”) ontic state (IOS) because only an infinite amount of
measurement information, and/or access to infinite computational resources, might enable the exact
prediction of a definite measurement outcome (DOS). Finally, the concepts of self-referential dynamics
and formal uncomputability may represent key elements in a physical theory of agent inaccessibility.
Instead of framing the 20th century quantum revolution as a radical shift from determinism towards
indeterminism, this work has argued that—given the available scientific evidence—it is valid only to
claim the following: the quantum revolution signifies the profound discovery of an agent-inaccessible
regime of the physical universe.
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Abstract: Poincaré’s Recurrence Theorem implies that any isolated Hamiltonian system evolving
in a bounded Universe returns infinitely many times arbitrarily close to its initial phase space
configuration. We discuss this and related recurrence properties from the point of view of recent
advances in symplectic topology which have not yet reached the Physics community. These properties
are closely related to Emergent Quantum Mechanics since they belong to a twilight zone between
classical (Hamiltonian) mechanics and its quantization.
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1. Introduction

In his famous prize-winning 1890 paper [1], Henri Poincaré proved that almost every phase space
trajectory of an isolated three-body system must return arbitrarily close to its initial position, and this
infinitely many times. Poincaré called this result théoréme de stabilité a la Poisson, but it is nowadays
universally known as Poincaré’s recurrence theorem. Poincaré’s theorem lies at the foundations of ergodic
theory, and is actually true of any dynamical system moving in a bounded set under the action of
measure-preserving transformations. One of the most well known applications of Poincaré’s recurrence
is that a bounded Hamiltonian system (“Universe”) must return after some (usually extraordinarily
large) time arbitrarily close to its initial configuration. Let us focus on a subsystem of that Universe
(a galaxy, or more modestly, the solar system, are good examples). This subsystem will return to
its initial configuration after some time—but, what time? If this subsystem does not interact with
the rest of the Universe, it will have its own private return time, and it is reasonable to expect (and
possible to prove) that this return time is usually shorter than the return time of the whole Universe.
Things being what they are, subsystems do usually interact with the rest of the Universe, and it is
then no longer reasonable to expect (or possible to prove) that the subsystem will return to its initial
configuration before the whole Universe does. The aim of this paper is to briefly and tentatively discuss
the possibility of such “superrecurrence” in the presence of interactions: an interacting subsystem of
a Hamiltonian system will have its own return time, which is of the same order of magnitude as if
there were no interaction. The difficulty lies in the fact that an interacting subsystem of a Hamiltonian
system is not Hamiltonian in its own right, but has a much more complicated structure due to the
interactions. We use a tool from symplectic topology, related to Gromov’s symplectic non-squeezing
theorem (also known as the “principle of the symplectic camel”) which we have abundantly explained
and discussed elsewhere [2-5] (cf. [6]). This theorem plays an essential role in quantum mechanics,
and also in the study of entropy [7], aeronautics [8,9], and statistical mechanics [10]. Its importance
and potential applications have however not yet been fully exploited in physics. This might be
due to the mathematical difficulty of the result, which was only discovered in the mid-1980s by the
mathematician Mikhail Gromov, who was awarded the Abel Prize (the equivalent of the Nobel Prize
in mathematics) for his discovery. In fact, the principle of the symplectic camel can be seen as an
imprint of the uncertainty principle of quantum mechanics in classical mechanics—or the other way
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around! Without becoming embroiled in a sterile polemic, let me just say that if one considers (as one
should do!) quantum theory as the “master theory” of which classical mechanics (in its Hamiltonian
formulation) is a macroscopic approximation, then one should find traces of the mathematical structure
of quantum theory in the macroscopic domain. This is exactly what happens here: as we have shown
in the papers cited above, uncertainty relations (in their strong Robertson-Schrodinger form) are not
per se quantum mechanical, but also exist in classical mechanics, but this time for an arbitrary value of
Planck’s constant i, which is now viewed as a free parameter. It is then the more exact theory (quantum
mechanics) which forces us to choose a lower limit for the indeterminacy by fixing a lower bound for
the admissible value of the parameter /1 (in more physical terms, it is the quantum phenomena which
force us to do so: quantum theory exists only to describe quantum phenomena, and not the other way
round). However, more about this is in the Discussion ending the paper.

2. Subsystems of Hamiltonian Systems

2.1. Description of the Problem

Consider a mechanical system of N point-like particles whose motion is determined by a Hamilton
function H. If the system is confined to a bounded region of phase space Rf’l{\l’,, Poincaré’s recurrence
theorem tells us that any initial pattern of positions and velocities (specified within a given error) will
recur, independently of any permutation in the numbering of the particles of the system. The recurrence
time is however generally extremely long, (see [11] for a recent analysis of recurrence time), except
of course for periodic (or quasi-periodic) systems. Of course, the boundedness condition is essential:
a free particle in an infinite Universe will never return to its initial position. Suppose indeed that
the system, represented by a phase point (q,p) = (q1,.., 4N, P1, - PN), With q; = (x;,y;,2;) and
pi = (Pxis Py, Pz:), is confined to a “universe” . We are not asking for an exact return of (q, p)
but we content ourselves with the return of some (arbitrarily) small neighbourhood Q) of that point.
Then, an upper bound for the first return time of that neighbourhood has a magnitude of order
T ~ Vol(U)/ Vol(Q)). This number is usually very large. Let us now focus on a subsystem, identified
with a point (q/,p’) = (q1, - Qu, P1, - Pn) With n < N. Assume first that the total Hamiltonian
function is of the type

H=H'(qd,p")+H"(q",p") 1

where (q”,p") = (qus1, - 9N, Prr1, - PN)- Due to the absence of interaction between the two
subsystems (q’, p’) and (q”, p”), their motions are independent; the time-evolution of (q’, p’) is thus
governed solely by its own private Hamiltonian H’; the equations of motions are

! U

(d,p), pj = *aiqi(q,, p') with 1<j<n )

q; = ap;
and their solutions only dependent on the initial values q’(0) and p’(0). The corresponding universe
U’ consists of the set of all points (q’, p’) such that (q’,q", p’, p”) is in U for some q”, p”; it is thus the
projection of U on the reduced phase space Rf’l’,',p, and, accordingly, the corresponding neighbourhood
(Y is the projection of ) on Rg’?] o+ Let us now compare the return time T’ ~ Vol(U")/ Vol(Y) for the
system (q’, p’) with that of (q, p). To fix the ideas, we choose for U a hypercube with sides of length L
and for Q) a hypercube with sides of length ¢ < L. It follows that T s (L/¢)®N and that T’ = (L/¢)®"
so that the ratio T/ T’ between both return times is of order (L/¢)®N="). Consider next the general
case, where the subsystems interact; we can no longer separate the variables that q; and p;; this is the

case if for instance,
N |p|?
H(q,p) =), ﬁ +V(q1, - qn) 3)
j=1 <M
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although everything will hold for an arbitrary function of the variables q;, p;. We consider again the
subsystem (q’, p’); its motion will now depend on the global behaviour of the system (q, p), since the
solutions of the corresponding Hamilton equations

qj=%(q,p), Pj=*gf$(q,1>) with 1<j<n @)
now depend on the initial values of all variables q;, p;, not only the  first. It follows that the motion of
the subsystem (q’, p’) is not governed by a Hamiltonian; this can be easily seen by finding the explicit
solutions for simple systems. Let us illustrate this using Sharov’s argument [12]. Suppose Equation (4)
represents the time-evolution of a bona fide Hamiltonian system. Denoting by qJ, ..., q%; pJ, ..., p} any
set of initial conditions we have

[170ldp}- - dpldal - dal = [ dpy---dpuday - - das

where J (t) is the Jacobian of the transformation from the initial conditions to (q’, p’). If the system
Equation (4) is Hamiltonian, then this transformation must be canonical, so we should have |7 (t)| = 1.
However, we have, as Sharov [12] showed, dJ (t)/dt # 0, hence J(t) # J(0) = 1. In fact,
the principle of the symplectic camel which we discuss below implies, without any calculation at all,
that |7 ()| > 1. Thus:

A subsystem of a Hamiltonian system is usually not a Hamiltonian system in its own right.

What about the return time? A first educated guess is that since the subsystem interacts (perhaps
very strongly) with the rest of the system this interaction will influence the return time which will
become much longer than in the interaction-free case, perhaps even of the order T = (L/¢)®V, at which
the total system returns.

2.2. Non-Squeezing and Packing

Liouville’s theorem tells us that Hamiltonian motions are volume preserving: this is one of the
best known results from elementary mechanics. However, in addition to being volume-preserving,
Hamiltonian motions have unexpected “rigidity properties”, which distinguish them from ordinary
volume-preserving diffeomorphisms. The most famous is Gromov’s non-squeezing theorem. Assume
that we are dealing with a Hamiltonian system consisting of a large number N of particles with
coordinates q; = (x;,y;,z;) and momenta p; = (px,, Py;, Pz;)- If these points are sufficiently close to
each other, we may, with a good approximation, identify that set with a “cloud” of phase space fluid;
by phase space we mean the space Rg{\{, with q = (q1,q2, .-, qn) and p = (p1, P2, .-, PN)- Suppose that
this cloud contains at time t = 0 a ball with radius R:

Br:|q—qql* +|p — pol* < R ®)

The orthogonal projection of the cloud of points on any plane of coordinates (x, px), (x, py),
(x, pz), etc. will thus have area at least 71R?. Let us now watch the motion of this phase-space cloud.
As time evolves, it will distort and may take after a while a very different shape, while keeping constant
volume in view of Liouville’s theorem. However—and this is the surprising result—the projections of
that deformed cloud on any of the planes of conjugate coordinates (x, px), (v, py) or (z, pz) will never
decrease below the value 77R?. This fact is of course strongly reminiscent of the uncertainty principle
of quantum mechanics, of which it is in fact a classical version; we have discussed this analogy in
detail in de Gosson [4,10]. Scheeres et al. [9] used our results to study orbit uncertainty in space
craft navigation.

The phenomenon described above seems at first sight to conflict with the usual conception of
Liouville’s theorem: according to folk wisdom, the ball Bg can be stretched in all directions, and
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eventually get very thinly spread out over huge regions of phase space, so that the projections on any
plane could a priori become arbitrary small after some time f; this stretching generically increases
with time. In fact, one may very well envisage that the larger the number N of degrees of freedom,
the more that spreading will have chances to occur since there are more and more directions in which
the ball is likely to spread! This possibility has led to many quasi-philosophical speculations about
the stability of Hamiltonian systems (in [4,5] we have discussed Penrose’s claim ([13], p. 183, 1.-3)
that phase space spreading suggests that “classical mechanics cannot actually be true of our world”).
However, the phenomena we shortly described above show that such statements (which abound
in the literature) come from a deep misunderstanding of the nature of Hamiltonian mechanics.
The non-squeezing theorem prevents anarchic and chaotic spreading of the ball in phase space which
would be possible if it were possible to stretch it inside arbitrarily thin tubes in directions orthogonal
to the conjugate planes. This possibility is perfectly consistent with Katok’s lemma [14], which can be
stated as follows: consider two bounded domains Q and )/ in R?" which are both smooth volume
preserving deformations of the ball Bg. Then, for every & > 0, there exists a Hamiltonian function H
and a time t such that Vol(f/(Q)AQY') < e. Here, f/1(Q)AQ) denotes the set of all points that are in
FH(Q) or OV, but not in both. Katok’s lemma thus shows that up to sets of arbitrarily small measure ¢
any kind of phase-space spreading is a priori possible for a volume-preserving flow, because f/7(Q)
can become arbitrarily close to ).

The properties outlined above are best understood (and proved) in terms of a new generation
of theorems from symplectic topology, the first of which goes back to the mid-1980s, and is known
as Gromov'’s non-squeezing theorem [15], which is often referred to as the principle of the symplectic
camel (for various interpretations of this Biblical metaphor, see the comments to the online version
of Reich’s review [16] of my paper [4]. This theorem—whose implications to physics have not yet
been fully explored—has allowed us to give a symplectically invariant topological version of the
principle of quantum indeterminacy [3-5], and to describe in a precise classical uncertainties arising in
some systems [10].

2.3. One Step Further: Subsystems

Gromov’s non-squeezing theorem can be reformulated rigorously as follows: let f be a
canonical transformation (often called a symplectic diffeomorphism, or symplectomorphism in the
mathematical literature). This means that, if (q, p’) = f(q, p), then the Jacobian matrix

Df(q,p) = o’ p (6)

is symplectic, and thus, for every point (q,p) in RN (Arnol'd [17]): Df(q,p) € Sp(3N). Gromov's
theorem says that
Areall;(f(Bg)) > mR? @)

where IT; is the orthogonal projection on the plane of conjugate variables (g;, p;); here the index
j is any of the integers 1,..., N. We now address the following more general question: is there a
generalization of this result to higher dimensional subspaces of R®N? More specifically, what we have
in mind is the volume of the projection IT' of f(Bg) on a subspace R®" in the conjugate coordinates
(q,9") = (91,3u, P1, - Pan); 1 < n < N. Such a subspace of R®N inherits in a natural way a
symplectic structure, and we ask: is the “obvious” generalization

7.[3n

6n
(3n)! R ®)

Volg, IT'(f(Bgr)) >

of Equation (7) true? Let us call a canonical transformation satisfying the property in Equation (8)
a “hereditary” canonical transformation. It has been very recently proved by Abbondandolo and
Matveyev [18] that:
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All linear (or affine) canonical transformations are hereditary.

An immediate consequence of this fact is that if (ff1) is the flow determined by the Hamilton
equations for a Hamiltonian function of the type

3N

H(q,p) = Z% a;(t)pF + bi()q7 + c;(D)p; + dj(£)g;
=

where a i b]-, Cj, d ; are continuous real functions of the time f, then each ftH is hereditary. This applies,
in particular to the independent oscillator model of a heat bath where

1 A1
H(pxps) = 9, it K+ L (9] mef (= g))7)
=1

is the Hamilton function of a linear oscillator in the (x, py) variables coupled with N isotropic oscillators
with frequencies wy, ..., wy.

Let us discuss the non-linear case. In [18], the authors constructed a counterexample showing that
there exist nonlinear canonical transformations which are not hereditary. However, the transformation
they constructed deforms the ball B tremendously and seems to be very unphysical. Now, in the same
paper, Abbondandolo and Matveyev discussed the validity of Equation (8) for more general canonical
transformations when the radius R is small; they conjecture that this property is generically true of all
Hamiltonian systems. At the time of writing, there is however no convincing proof of this conjecture.
We are thus in the unusual (and unpleasant) situation where we would like to use a theorem valid for a
class of Hamiltonians which has not, at the time of writing, been fully characterized! (However, see the
comments in Schlenk’s review paper [19]). If true, there would be large subclasses of Hamiltonian
(sub)systems exhibiting superrecurrence.

2.4. A Simple Case of Superrecurrence

As was pointed out by Polterovich (see Schlenk [19]), the original motivation for Gromov to study
“packing numbers” in symplectic topology was his search for recurrence properties which are stronger
than those of volume preserving mappings. Consider first the following simple planar situation:
we have a disk Dg(0) in the plane R?, that is, the set of points (x, py) such that x> + p2 < R2. We have
Area(Dg(0)) = tR2. We now ask the question: For which radius r can we embed two smaller disjoint
disks D, (a) and D, (b) inside Dg(0) using a canonical transformation? The answer is easy: in the plane,
canonical transformations are just the area preserving diffeomorphisms, so it suffices that

Area(Dy(a)) + Area(D,(b)) < Area(Dg(0))

that is, 2r> < R?. We can thus embed at best two disjoint disks Dy, 3(a) and Dy, (D) inside a
disk with radius R, and that disk is then completely filled by the images of deformed smaller disks.
Choose now a general phase space R?" (with for instance n = 3N) and consider the same problem for
a ball Bg(0) with radius R. We want to pack two smaller disjoint balls B, (a) and B, (b) inside Bg(0)
using general canonical transformations. Calculating the volumes, we have

R2)" 2
VOIZn(BR) = ( ' ) , VOIZn(Br) _ ( |)
n: !
and hence
VOlZn(BR)/VOlZn(Br) = (R/],)Zn‘ o

This indicates that, at first sight, we could pack 2" balls with radius r = R/+/2 inside
Bg(0) and this number becomes very large when the number n of degrees of freedom increases.
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The reality is, however, very different. The argument above, while true for arbitrary volume
preserving diffeomorphisms, does not take into account the fact that we are dealing here with
canonical transformations, and that the latter are much more “rigid” than ordinary volume
preserving diffeomorphisms. In fact, when we are dealing with canonical transformations (and hence, in
particular, Hamiltonian flows), the following result holds:

Gromov’s Two Balls Theorem [15]: If two disjoint phase space balls with radius v are mapped inside a ball Br
by a canonical transformation, then we must have r < R/ V2.

In other words, there is no quantitative difference between the packing number in
two-dimensional phase plane and a general phase space R?" with n > 1. This implies that
any obstruction to symplectically embedding a ball into a larger ball is much stronger than the
volume constraint given by Equation (9). This is a very strong result, and allows proving a simple
superrecurrence theorem: assume that we have a “Universe” { that is the image of a very large ball
Br by some canonical transformation (it may be a symplectic ellipsoid, or more generally any compact
symplectic manifold with boundary). Take a subset 3 of ¢/ which is the image of a ball with radius
(R 4 €)/+/2 where ¢ is a small number, say ¢ = (1/n)R. Then,

Volg, (U)/ Volp, (B) = N =~ e~22", (10)

Now, let H be a Hamiltonian function whose flow (/) preserves the universe i, that is f1(i)
(it is sufficient that the Hamiltonian vector field Xy is tangent to the boundary 9{). The flow fF
displaces the “subuniverse” B which becomes f{(B) after time ¢. If we only use the fact that f/f
volume preserving; then Equation (10) would imply that the recurrence time could be very large:
choosing t = 1 as a unit of time and setting f = f/ the sets f(B), f*(B),...., fN~1(B) cannot be all
disjoint, and hence the return time can a priori be as large as N — 1. However, by Gromov’s Two Balls
Theorem, we will have f(B) N B # @ so the first return time is t = 1.

Remark 1. Gromov’s Two Balls Theorem” whose classical consequences we discussed above is related to the
notion of dislocation of quantum states as discussed by Polterovich [20] and Charles and Polterovich [21].

3. Discussion

Thave discussed in this contribution to EMQM17 some consequences of symplectic topology on
Poincaré recurrence from a perfectly classical point of view. However, as I have explained elsewhere
with Basil Hiley [6], the properties of symplectic topology described here are reminiscent of certain
aspects of quantum mechanics (for instance, the uncertainty principle). I view them as imprints of the
quantum world on classical mechanics in its Hamiltonian formulation. Of course, this point of view
might be felt as controversial by some physicists, so let me explain what I have in mind (thus, partially
answering some interesting remarks and objections made by a Referee). In either of its formulations,
quantum mechanics is built on classical mechanics. In the Heisenberg picture, one wants to give an
operator-theoretical meaning to Hamilton’s equations of motion

dg _oH dp _ _oH

and this is done by replacing the classical position and momentum variables g and p with operators
7 and p satisfying the Born condition [§, p] = ih; after some work, one is led to the quantum

Hamilton equations
dj _oH, . _ dp  0H . _
ot =2y WP L G =G @R, 1)
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In the Schrodinger picture, which is based on de Broglie’s wave mechanics, the time-evolution of
the wavefunction ¢ is governed by Schrodinger’s equation

S0P~

zha = Hy (12)
where H is an operator associated with the classical Hamiltonian function H. Now, it is often
claimed that both pictures lead to the same physical predictions. However, this is only true if one
uses the same quantization procedure for both the Heisenberg and Schrodinger theories. In fact,
the quantum Hamilton equation (Equation (11)) only make sense if one quantizes products " p"
using the prescriptions given in 1923 by Born and Jordan, together with Heisenberg, in their famous
“Dreiménnerarbeit”; it follows that the operator H in Schrédinger’s Equation (12) must be derived
from the Hamiltonian function H also using the Born-Jordan prescription (for otherwise both pictures
would no longer be equivalent, as I have discussed in detail in [22,23]). This short digression is
intended to explain that, no matter how one “defines” quantum mechanics, the classical (Hamiltonian)
theory is always present as a watermark. In fact, in my opinion, this is a quite logical consequence of
the fact that we, humans, are macroscopic objects and as such the only direct experience we have from
our World is of a macroscopic nature, and there is no “pedagogical” way to reverse this approach,
that is to make us in first place become aware of the quantum nature of our environment, and then to
deduce the classical properties as an approximation thereof. Thus, all this brings me to the following
observation: quantum physics is a mathematical construct. However, mathematics is an exact Science;
there is no place for polemic, interpretations, or controversy. Mathematics is not as “emotional”
as physics is: a mathematical statement is either true, or it is false. It turns out that I have shown
in [24] that symplectic geometry is the common mathematical background of classical and quantum
mechanics (also see our paper with Hiley [6]), and that both theories are mathematically equivalent. The
proof mainly relies on the fact that a Hamiltonian isotopy automatically generates a quantum isotopy
(it is a consequence of the theory of the metaplectic group) and vice versa to every quantum isotopy
we can associate a Hamiltonian isotopy. This property shows that there is a canonical isomorphism
between quantum and classical theory. A caveat here: the Reader is invited to observe that this is
by no way a provocative or paradoxical statement: it is just a mathematical theorem, which may be
perceived as counterintuitive by many physicists. Now, a mathematical theory has no a priori physical
meaning unless one creates an interpretational apparatus allowing to draw real-life consequences
from the mathematical objects: an equation is not a physical theory! This explains the statement I
made above, namely that “...properties of symplectic topology ... can be viewed as imprints of the
quantum world on classical mechanics...”. If both the quantum and classical theory are mathematically
equivalent, the sentence could indeed be reversed by saying that it is classical mechanics which leaves
imprints on the quantum world. However, from the physical point of view, we are in a “Cheshire cat”
scenario: since experience shows that quantum mechanics yields a better description of Nature than
classical mechanics, quantum theory contains classical mechanics as an approximation, and leaves in
this approximation some features reminiscent of the true theory, exactly as when the legendary cat
disappears but leaves his grin.
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Abstract: Although David Bohm's interpretation of quantum mechanics is sometimes thought to
be a kind of regression towards classical thinking, it is in fact an extremely radical metaphysics of
nature. The view goes far beyond the familiar but perennially peculiar non-locality and entanglement
of quantum systems. In this paper, a philosophical exploration, I examine three core features of
Bohm’s metaphysical views, which have been both supported by features of quantum mechanics
and integrated into a comprehensive system. These are the holistic nature of the world, the role of a
unique kind of information as the ontological basis of the world, and the integration of mentality into
this basis as an essential and irreducible aspect of it.
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David Bohm is famous for re-invigorating and developing the “pilot wave” interpretation of
quantum mechanics (QM) originally articulated in 1926 by Louis de Broglie. Bohm's theory envisages
a world of particles which all have definite momenta and positions, albeit the values of which are
generally inaccessible. (It is important to point out that the concept of momentum in Bohm'’s theory
is not straightforward. The fact that we can assign a value of mv to a particle is not directly related
to what we would find if we performed a QM measurement of momentum [1,2].) The particles
are deterministically “steered” or “guided” by a universal field which is described by the quantum
wave function. It is sometimes said that Bohm’s view is a return to a classical picture of the world,
embracing atomistic particularity and determinism. For example, the philosopher David Albert
forthrightly claims that “the metaphysics of [Bohm’s] theory is exactly the same as the metaphysics
of classical mechanics” ([3], p. 174). A recent text book casually characterizes Bohm’s account as one
endorsing “local realism” ([4], p. 65). Christopher Fuchs once wrote that “Bohmism” represents a
hopeless “return to the womb of classical physics ...yuck!” ([5], p. 417).

A core classical theory is of course that of Newton. A “Newtonian world view” is a metaphysical
interpretation of a theory which can plausibly be extended to embrace the entire world instead of
and speculatively beyond the systems to which it can actually be successfully applied in experiment
and technology. The Newtonian viewpoint at issue is that of a world of locally interacting particles
which obey well defined laws of nature and whose proclivities for combination lead to all of the
complexity of form and the variety of composite systems that we so abundantly observe. As is well
known, Newton himself was unable fully to subscribe to Newtonianism in this sense because his
theory of gravitation postulated a non-local and instantaneously active “force” generated by every
material object which permeated the universe. At the time, the notion of such a thing as “force” was
dubious, carrying the taint of the occult (forces are akin to older notions of the “spirit”) and the
retrograde Scholastic concept of substantial forms (see [6]). Moreover, Newtonian non-locality is
considerably more radical than the more recently discovered quantum variety. It permits (in principle)
faster than light, indeed instantaneous, signaling via the mere rearrangement of matter. This extension
of the Newtonian metaphysics of nature adds mysterious forces to the push and pull of particle
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collisions which many at the time regarded as an illicit intrusion of immaterial entities into a part of
the world—the material universe—that should be intelligible solely in terms of mechanical principles.

If we take a hard line on Newtonianism—as surrogate for the mechanical metaphysics—then it is
hard to seriously maintain that Bohm’s account of quantum mechanics is Newtonian. The quantum
potential invoked by Bohm and required to duplicate the empirical success of standard quantum
mechanics is irredeemably non-local, and Bohm held views entirely at odds with the mechanical view
of the world as consisting of independent, causally interacting individual parts.

Even if we take a softer line, more in line with what Newton himself was willing to postulate,
then Bohm'’s view is still at odds with a Newtonian picture of the world. There is a split worth noting
here in those who work on theories that develop Bohm's original insight. Bohm himself took the radical
and philosophical line I will investigate in this paper. Others, those who develop so-called Bohmian
Mechanics, strongly resist any need for a new metaphysical outlook and cleave to a particle-based
picture in which the world evolves via, in the words of Peter Holland, “objective processes” ([7], p. 25),
albeit non-local ones; numerous papers by Sheldon Goldstein, Detlef Diirr, and their co-workers would
also fall on this side of the split (for an overview, see [8]). Newton was not averse to the postulation of
forces in nature. However, such forces come in at least two varieties: local forces that are properties
of kinds of material bodies and non-local forces such as gravitation which are suspiciously uncaring
about the nature of the bodies giving rise to it. The former he welcomed and hypothesized that they
would ultimately explain chemistry: “...many things lead me to have a suspicion that all phenomena
may depend on certain forces by which the particles of bodies, by causes not yet known, either are
impelled toward one another and cohere in regular figures, or are repelled from one another and
recede” ([9], p. 382-383). The latter were anathema to Newton, who disparaged those who might
favour the idea of action at a distance: “I believe no Man who has in philosophical Matters a competent
Faculty of thinking can ever fall into it” ([10], p. 102). For many at the time, even the local forces were
suspicious. Pure mechanical contact interaction based upon the impenetrability of matter was the
“gold standard” for explanations of the natural world. Bohm’s view could hardly be more different
than this vision of classical physics.

Of course, Newton was right; the “forces brigade” won the day over pure mechanism, and
Newton’s theory funded the development of classical physics. Still, although physicists became inured
to the scandal of action at a distance and non-local instantaneous forces, there were regular calls
to recast physical theory in terms of local forces smoothly transmitted through space within some
kind of genuinely physical medium. This persistent attitude culminated in Maxwell’s field theory of
electromagnetism and, later, Einstein’s revolutionary field-based account of gravitation (for a brief
history of the field concept, see [11]). QM entanglement apparently introduces an entirely new kind of
non-local relation, which was strongly suggestive to Bohm that a similarly new picture of reality was
needed to accommodate it.

Bohm's account of QM introduces some new ideas and a radically different general outlook
on nature. However, it does not make any empirical difference: Bohmian predictions are identical
to those of “standard” QM. It’s worth noting that there have been some controversial attempts to
empirically distinguish the views. Bohm’s account assumes that the initial conditions of a system
satisfy the quantum equilibrium condition (that is, the probability distribution of the initial positions
of the particles is given by [ip|?). It is conceivable that (parts of) the universe do not abide by this
condition. It has also been argued that, although Bohmian theory matches QM statistically, it could
vary from it in individual cases, and this divergence might not be absolutely impossible to measure.
For references and discussion, see Riggs ([12], pp. 142 ff.). Still, the basic empirical equivalence is the
view is often called the Bohmian or (de Broglie-Bohm) interpretation of QM. It thus joins the ranks of a
host of alternative interpretations and turns into a metaphysics of nature.

This raises an unavoidable question of what is metaphysical about interpretations of QM and,
in general, what distinguishes a metaphysical question from a scientific question about the structure
of reality. Looming behind this issue is a more general one that questions the value of engaging in
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metaphysics at all. Metaphysical skepticism has a long and distinguished history and debates in this
area remain vigorous (see, e.g., [13]). In this paper, I will proceed on the assumption that metaphysical
speculation is both possible and valuable, at least to the extent that trying to understand the kind of
world which our best science suggests we live in is worthwhile, as the lively debate about the meaning
of QM suggests. The quest of metaphysics is succinctly expressed by Wilfred Sellars: “to understand
how things in the broadest possible sense of the term hang together in the broadest possible sense
of the term” ([14], p. 1). This quest goes beyond the purview of theoretical science. Yet delineating
the distinctive nature of metaphysical questions is not a straightforward task because modern science
is a more or less direct descendant of early thought about the general nature of reality. When, for
example, Anaxogoras postulated that “everything is in everything,” that matter is infinitely divisible,
and that every portion of it is a mixture of all possible qualities in different proportions, was he doing
proto-science or philosophical metaphysics? (Anaxogoras’s views are in fact intriguing, complicated
and far from clear; see [15].) At the time, and for long after, there was no such distinction. As the
centuries accumulated, many such questions drifted from the metaphysical towards the scientific pole.

A good clue to a metaphysical question is its distance from empirical testability: the more remote
from empirical consequences, the “more metaphysical” the question. I should add the usual rider of
“in principle” testability. Technical difficulties in constructing appropriate experimental apparatus does
not a metaphysics make. There may also be a general demand on the perceived significance of the
question: metaphysics is supposed to tackle big questions. However, I don’t see exactly why there
can’t be utterly trivial metaphysical questions. Contrary to positivists, this does not mean the question
is empty or meaningless.

To give a pointedly philosophical illustration to illustrate how even the most scholastic seeming
question can still link to scientific concerns, consider the nature and identity of composite objects.
A persistent question in metaphysics is about the ontological status of such entities. The standard
example is the contrast between a bulk lump of clay and the statue artistically formed from it. The lump
of clay is the material from which the statue is made. The clay is still there after this operation as is the
statue. Are they one and the same entity, about which we merely have two different ways of talking?
They occupy exactly the same space and move inexorably together wherever they go. Surely they are
one. And yet while we can destroy the statue with a hammer, the bulk lump of clay remains. It seems
a reasonable principle that, if one can destroy x without destroying y, then x # y. The metaphysics of
composite objects can get quite hairy (see [16]). One thing is pretty clear, however: it is hard to think
of an empirical test which would answer the question whether the statue and lump are one or two.
One might suggest a quick test with a scale. If there are two objects here, then we should sum the
weight of lump and statue. But no one thinks that composite objects count for weight beyond that of
their constituents (and the function relating mass of constituents to mass of the composite, which is not
in general simply summation). Empirically speaking, we already know everything we could possibly
need to know to answer this question.

Although this question has been selected as a paradigm example of a “purely philosophical”
worry, the point is that it does link to scientific concerns. The general problem of understanding
material composition is ancient but also has modern offshoots, obviously in studies of the chemical
bond and solid state physics. A pure reductionist might dismiss the lump and statue question as merely
verbal; what is “really real” is simply the atoms arranged thus and so. However, others hold that
“more is different” [17] and that composition introduces new physics into the world. Most dramatically,
understanding the place of the ordinary objects of everyday experience connects to the effort to show
how a “classical world” can be retrieved from its more fundamental quantum mechanical description.
Despite the seeming inevitability of rampant superposition of quantum states, we experience a world
of stable and determinate composite objects. The modern investigation of decoherence (see [18,19])
has gone a long way towards solving this problem, which has a history of fairly radical suggestions
behind it, as in the suspension of physical law required by the orthodox but infamous projection
postulate, the idea that consciousness itself somehow intervenes in the measurement process or the
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idea that the classical realm is somehow independent of the quantum and in some way is what is
fundamentally real.

In fact, although it is true to say that metaphysical questions are remote from empirical testability,
we see many suggestive connections between them and scientific theorizing. As another example,
there is a perennial tension between the view of the world as an unchanging unity (traditionally
represented by Parmenides) versus a view that sees in nature a universal and ceaseless dynamism
of change (traditionally represented by Heraclitus). At the appropriate (metaphysical) level of
analysis, no empirical test will favour either side of this debate. It is true that we seem to experience
change, but a feeling of change is not (necessarily) a changing feeling. It is hard not to see a dim
foreshadowing of the “block universe” often associated with relativity theory in the Parmenidean
view. Modern quantum cosmology deploys a master equation, the Wheeler-DeWitt equation, that
seems to forbid change in the universe. Of course, temporal dynamicists (if I can call them that) push
back (see, e.g., [20]). No experiment can decide this, the question seems obviously significant, and
important and philosophical reflection here is greatly aided and extended by scientific development.

The grandest metaphysical question of all was posed by Leibniz in 1697: Why is there something
rather than nothing at all [21]? It is hard to see how to even begin to grapple with this. Leibniz’s
sensible answer was that there must be an absolutely necessary ground of being (which he naturally
equated with God) for there could not be a chance “eruption” of contingent reality out of nothingness.
Even here, modern physics is not entirely disconnected from this problem. In a recent book, Lawrence
Krauss [22] outlines how random but statistically inevitable fluctuation in quantum fields could give
rise to particle states from the vacuum state. A trenchant review of Krauss’s book by the philosopher
(and physicist by degree) David Albert led to a testy exchange in the New York Times, which makes for
an amusing read. Albert’s main point (apparently revealing him to be, in Krauss’s words, a “moronic
philosopher”) was that the QFT vacuum is not nothing: “Krauss seems to be thinking that these
vacuum states amount to the relativistic-quantum-field-theoretical version of there not being any
physical stuff at all,” but this has “nothing whatsoever to say on ... why there should have been a
world in the first place” [23]. Clearly, nothingness is incompatible with the existence of any quantum
field state, vacuum or otherwise. Perhaps an analogy is this. If you shut your eyes, you see “nothing,”
but it appears to you as a blacked out visual field. Contrast that with your visual sense of what is
behind your head. That is a nothing which is not any kind of “blackness” but simply an absence.
Metaphysical nothingness is pure absence.

While Albert is obviously right about this, the relation between the vacuum state and various
particle states nonetheless provides an interesting perspective in the philosophy of nothingness.
In general, scientific development illuminates and, it must be admitted, usually deepens rather
than answers metaphysical questions (The situation is thus reminiscent of the following anec dote:
In a summary of lectures on electrodynamics delivered at Moscow University by A. A. Blasov, the
following sentence was stated: “The purpose of the present course is the deepening and development
of difficulties underlying contemporary theory ...” (as reported in the delightful [24], p. 88)). It would
be hard to overstate the significance of the transformation in our metaphysical outlook occasioned by
the scientific revolution’s mechanistic metaphysics, which replaced the largely Aristotelean theological
metaphysics, which dominated thought for more than a millennium.

In all these examples, to a greater or lesser extent, we see how advances in science serve not
to eliminate metaphysical questions, but illuminate them and sometimes to reawaken metaphysical
options that had faded from view.

Such a metaphysical question, and one that Bohm was deeply concerned with, is whether the
universe is primarily a unified whole, as opposed to a collection of ultimate fundamental parts.
As noted above, for a long time, the second, mechanical or part-to-whole, view received vast support
from the advance of scientific understanding. In recent times, QM has with its discovery and
experimental verification of entanglement, revived universal holism. Theoretical advances once
again can underpin or weaken philosophical views in the absence of any decisive empirical test.
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Therefore, what is philosophically spectacular about the development of quantum mechanics is
the possibility that it heralds an equally momentous shift in metaphysical outlook. The still dominant
mechanistic metaphysics, which pictures the world as made of independent interacting parts, will be
hard to overturn. And for good reason. It has generated vast insights, leading to revolutions in
technology that are now generating consequences on a planetary scale. Its philosophical impact has
been no less significant. The rise of physicalism or scientific naturalism as the “default” metaphysics
can in large measure be traced to its long history of success (see [25]).

The fundamental appeal of the mechanical metaphysics is its promise of maximum intelligibility
and conceptual simplicity. Discover the fundamental parts of which everything is composed, and
discover the laws which govern how they interact, and you have in principle the key to understanding
the entire world. The idea of part-whole intelligibility also seems to be ingrained in the human psyche.
When faced with something we don’t understand our natural instinct is to take it apart and “see how
it works.” This has without question served us extremely well, probably since before we were fully
human. Part-whole intelligibility arises from understanding how the properties of the parts and their
interactions determine the property of the whole. Newton nicely codified this procedure, breaking it
into “analysis” and “synthesis”:

By this way of Analysis we may proceed from Compounds to Ingredients, and from
Motions to the Forces producing them... And the Synthesis consists in assuming the
Causes discover’d, and established as Principles, and by them explaining the Phaenomena
proceeding from them, and proving the Explanations ([26], Query 31).

Note here that Descartes, and others, had a similarly named distinction but applied it in its
standard domain of logic and mathematics. Newton’s use of the notions in the context of material
constitution presumably harks back to the alchemical tradition in which Newton was very well versed.

Let us call this still ongoing attempt to understand reality in terms of a construction out of
independent components the Parts Project. Rooted in common experience of the material world,
after the 17th century, science or, as it was then known, natural philosophy, and most especially what
became physics and chemistry, was charged with completely vindicating the commonsense vision that
the material world has a part-whole structure. The initial, seemingly crystal clear conception of pure
mechanism slowly gave way to a picture which permitted interactions governed by novel forces. In the
19th century, fields were added to the ontology of interacting particles. However, the electromagnetic
field had material sources and, initially, a special material substrate in which it inhered. Recall that
Maxwell devoted considerable energy to developing mechanical models of the electromagnetic field
(see [27], pp. 451 ff.; for discussion of Maxwell’s “ontological intent” with regard to these models,
see [28], pp. 55 ff.). As for the ether, Maxwell wrote that “there can be no doubt” about the existence of
the “luminiferous aether” whose properties “have been found to be precisely those required to explain
electromagnetic phenomena” [29]. The Parts Project assimilated these changes without difficulty.

The Parts Project is arguably humanity’s most successful intellectual endeavour. Its effect
on the material conditions of life is undeniable, and its associated physicalist metaphysics of an
intelligible—albeit rather aloof, cold and comfortless—picture of reality is both comprehensive and
possesses a still growing cultural influence.

But there is a spectre haunting this history of success. Leaving aside the instrumental and
technological accomplishments, the metaphysical dream behind the Parts Project was exploded with
the birth of QM. One can find many, often astonished, expressions of this:

...a particle certainly is...not a durable little thing with individuality ([30], p. 241);

the historical idea. .. that the material world is...structured by some kind of interacting
“elementary systems” is in sharp contradiction [with] quantum mechanics ([31], p. 88);

quantum phenomena require us to think in a radical new way, a way in which we will have
to ultimately give up both the notion of particles and fields ([32], p. 116).
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David Bohm himself expressed the collapse of the Parts Project in strong terms that prefigured his
favoured replacement metaphysics:

[The] entire universe must, on a very accurate level, be regarded as a single indivisible
unit in which separate parts appear as idealizations permissible only on a classical level of
accuracy of description ([33], p. 167).

Given our discussion of the nature of metaphysical questions above, it is clear that the problem
of interpreting QM is a metaphysical problem. This in part explains the reluctance and even distaste
some physicists, notoriously, for example, Richard Feynman, have about the interpretation project.
However, one cannot really avoid the metaphysical side of things since it forms a kind of backdrop or
implicit viewpoint that conditions thought.

The literature on the interpretation of QM is truly vast and comes with a corresponding
proliferation of interpretations (Wikipedia currently lists 18). Some interpretations do indeed posit an
in principle empirically detectable change in QM (e.g., dynamic collapse theories). We have to say “in
principle” because these new theories must duplicate the predictive successes of standard QM, and
these are so numerous and so rigorous that alternative theories must put any empirical divergence
from QM in hard to reach corners of experimental search space. However, many interpretations do not
imply any distinct empirical predictions and can be regarded as providing relatively pure metaphysical
pictures of the world which their proponents take to be the deep lesson of QM.

Far from an attempt to return to something like a classical mechanistic world view of independent
interacting particles, Bohm’s interpretation is philosophically extremely radical. Three key features of
Bohm’s view are especially worth emphasizing:

holism;
information;
mind.

In metaphysics, the main claim of holism is that the whole is prior to, or more fundamental than,
the parts (an excellent philosophical discussion and defense of holism can be found in Schaffer [34];
Ismael and Schaffer [35] explore the connection between holism and QM). Thus, it is in absolute
contradiction with the mechanistic picture of the whole being determined by the system of interaction
of a set of independent parts. Instead, the parts are the derivative entities. Bohm sometimes uses the
analogy of mathematical projection from higher to lower dimensional spaces. For example, he writes

we may regard each of the “particles” constituting a system as a projection of a
“higher-dimensional” reality, rather than as a separate particle, existing together with
all the others in a common three-dimensional space ([36], p. 238).

Since each entangled particle is a projection of a single encompassing higher dimensional whole,
it is not surprising that particle properties are correlated. Bohm explicates the Bell correlations in
these terms.

However, holism should not be identified with non-locality. All that non-locality shows is the
possibility of interaction (of some sort) between spatially separated features of reality. One could
imagine a world of particles that are able to “talk” to one another after they have met and established
a “special bond.” But once again we see some signs from QM that favour the holistic interpretation.
It seems that the distant connection supported by entanglement does not permit the communication of
information. This is so even in the case of non-relativistic QM. There is no a priori reason to expect
that; if non-relativistic entanglement had predicted superluminal signaling, this would simply be a
false prediction of a false theory. This is noted in Haroche and Raimond ([4], p. 65): “Non-relativistic
quantum physics is non-local in a way subtle enough not to contradict the inherently relativistic
causality principle.” A holistic view makes better sense of this as a global constraint rather than some
very peculiar and highly tuned property of individual particles.
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Again, the wave function seems to be more fundamental than the particles. Experimenters are
free to choose any measurement basis they want (e.g., position vs. momentum) but cannot as it were
“mix and match.” Both the lack of a privileged set of properties associated with the parts and the
inability to measure “across” bases suggests the priority of the whole. We can so to speak pull out
particulate features if we wish but only as permitted by the nature of the wave function.

There is no doubt that Bohm embraced a holistic interpretation on which the universe
is “undivided”:

Ultimately, the entire universe (with all its “particles,” including those constituting human
beings, their laboratories, observing instruments, etc.) has to be understood as a single
undivided whole, in which analysis into separately and independently existent parts has
no fundamental status ([36], p. 221).

Instead of being the signature of ultimate reality, the world dreamt of by the mechanical
philosophers, which is more or less the world of everyday experience, dissolves into a shadowy
realm: non-fundamental, derivative, and merely approximate. The development of physics has
not proven this, but current theories at least strongly hint if not outright suggest that the holistic
metaphysics is to be favoured.

The embrace of holism leaves open the question: what is the nature of (holistic) reality?
The metaphysical atomism of the mechanical world view had a simple answer to this question, based upon
our intuitive familiarity with objects in the everyday world. According to this view, the world is basically
material and matter itself is ultimately resolved into impenetrable, movable, independent, but capable of
causal interaction, “chunks” (quite analogous to microscopic lego bricks). This “lego world” is essentially
what Richard Feynman was talking about in this famous pronouncement:

If, in some cataclysm, all of scientific knowledge were to be destroyed, and only one
sentence passed on to the next generations of creatures, what statement would contain
the most information in the fewest words? I believe it is the atomic hypothesis... that all
things are made of atoms—little particles that move around in perpetual motion, attracting
each other when they are a little distance apart, but repelling upon being squeezed into
one another ([37], v. 1, p. 2).

As attractive and as useful as this picture of the world is, another deep lesson of QM is that
we do not live in a lego world. The rather disturbing philosophical consequence of this is that
we have lost any positive conception of the nature of matter itself. Matter, or “the physical” in
general, has disappeared into an obscurity masked by our vast knowledge of how “it” structures
experience. The unease this should engender is suppressed by our false impression that ordinary
perception reveals, more or less directly, the nature of matter as hard, massy, and space-filling. Both
the growing mathematical abstractness of physical theory and the realization that whatever lies behind
our experiential contact with the material world is completely unlike the tiny “marbles” envisioned by
traditional atomism leads to the insight that theory reveals only structural or relational properties of
the world. These properties tell us how things interact without telling us what those things are. Mass
is the “resistance” a body has to motion when a given force is applied; force is that which induces
motion in mass. A certain pattern of observable effects is codified by theory, but these patterns tell us
nothing about the intrinsic nature of what lies behind them. In the early to mid twentieth century, this
was frequently noted. In 1927, Bertrand Russell wrote:

Physics is mathematical not because we know so much about the physical world, but
because we know so little: it is only its mathematical properties that we can discover ([38],
p. 125).

and this view is echoed by Arthur Eddington:

Physical science consists of purely structural knowledge, so that we know only the structure
of the universe which it describes ([39], p. 142).
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Note that the general thesis that the structural relations which science is limited to revealing
require an intrinsic base often goes by the name Russellian Monism and is enjoying a current
renaissance of interest (see e.g., [40]).

Now, it may not be part of the job of science to dig down into the intrinsic nature of things;
maybe all it can and should deliver is this kind of structural knowledge, which is, in principle,
within the realm of empirical testability. This leads to the movement in philosophy of science called
structuralism (see [41] for discussion) and its radical offspring, ontological structural realism (see [13]).
The metaphysical project of investigating the what-it-is that is being structured remains. Here, Bohm's
(with Basil Hiley) notion of “active information” may be important (see [42]). Active information is a
proprietary concept of Bohm (again, along with Hiley). It is supposed to explicate the relation of the
quantum wave function’s “guidance” role to the particles being guided. It must be admitted that the
concept is not without some obscurity. As Bohm and Hiley describe it, it is unclear how exactly active
information operates in the world, specifically whether it is simply another operative causal feature,
and hence another aspect of the relational structure of the empirical world, or whether it is something
deeper which is involved in the structuring itself. I wish to explore the latter interpretation.

Bohm and Hiley characterize active information in terms of the original etymology of the word
“information”: to in-form or to give form to something. This notion goes back at least to Aristotle’s core
distinction between form and matter. In our terms, “form” would refer to the structural features of
the world: the pattern of interaction and system of spatial-temporal relations described in physical
theory. The “matter” in this case is not material—the physical as scientifically characterized, but rather
whatever it is that makes the structural relations investigated by science into concrete reality. We might
say that this “matter” is what “breathes fire into the equations,” to use Stephen Hawking’s famous
phrase ([43], p. 174). Bohm and Hiley hold that active information operates “actively to put form
into something or to imbue something with form” ([42], p. 35). Most of their examples I regard as
merely illustrative (such things as weak radio signals remotely controlling a much stronger flow of
energy) for they would, if interpreted literally, just make active information into another element in
the causal-structural nexus, albeit one with a distinctive role. I think the notion of active information is
more radical than that.

One way to see this is, following Bohm and Hiley, to contrast active information with what
they call “Shannon information.” The latter is what is studied in the theory of communication and
information. It is a paradigm example of how theory reveals only relational structure. Bohm and Hiley
try to point this out with the claim that Shannon information is “for us,” that is, the significance of
information carried in some channel (information theory is in essence an analysis of such channels)
is a matter of interpretation (see [44,45]). There is nothing intrinsic to a string of bits that makes it
about missile guidance as opposed to, say, a Gilligan’s Island rerun. However, active information is, as
Hiley sometimes puts it, “for the particle” (see, e.g., [32]). Such information is intrinsically semantic as
opposed to the merely syntactic or structural information of standard information theory.

Active information is not local and pervades the universe outside of or “behind” space, ready to
“in-form” aspects of the world, in particular those aspects we call particles “to accelerate or decelerate”
according to its overall content (see [42], p. 37). As Bohm and Hiley discuss this, we see again the
ambiguity between positing more structural features of reality versus positing something which
underlies the structure which physics investigates. For example, Bohm and Hiley conjecture that
particles such as electrons (that is, those particles we take to be elementary) have “a complex and
subtle inner structure” ([42], p. 37). Perhaps this structure is simply more of what physics can
investigate, and will reduce to another, albeit deeper, system of causal relations holding between
entities whose nature remains ultimately mysterious. Or it could be that we should interpret this as
an “inner” nature that underpins the system of physical relations rather than being directly part of it.
Although it cannot be disputed that Bohm and Hiley frequently encourage the former interpretation
of active information, the latter avoids certain basic objections, such as that whether or how active
information can involve energy transfer and the back reaction, or rather the lack of same, on this field
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of information by the in-formed entities (for such worries, see [46]). Regarding the wave function as
embodying information also helps to solve the problem of the very high dimensionality of many body
systems. Normally, configuration space is conceived of as merely a way to describe a complicated
system; however, if we take the wave function ontologically seriously, then we have to grapple with
the mismatch between its extremely high dimensionality and the three dimensions of space found
in experience. Bohm developed the idea that the high dimensionality was an intrinsic feature of a
“pool of [active] information” (though at the time he discussed this in terms of what he called the
“implicate order”) (see [36], pp. 236 ff.). This seems plausible insofar as information is inherently
multidimensional, with no intuitive constraint to merely three dimensions. This is evident even within
the realm of Shannon information, where information is quantified in terms of bits, each capable of
two states. A system or pool of information of  bits is then organized in a space of n dimensions and
the information state is a point in this space. The analogy with configuration space is clear, but in the
case of information there is no pre-existing intuitive constraint limiting the space to three dimensions.
Of course, as we have seen, Bohm did not think that Shannon information was anything like his
active information. However, it is no less clear that a pool of intrinsically semantic information would
also have an organizational structure of high dimensionality. Bohm thought that, if we regarded the
quantum wave function as fundamentally informational, its high dimensionality might seem less
mysteriously connected to the world of experience.

Seeing the universe as based upon an underlying field of information might also help with the
so-called problem of “empty branches.” This is the worry that, although the wave function evolves
throughout its space, the particles are restricted to certain regions (there are no genuine superpositions
of particles in Bohm’s view). This can seem a rather arbitrary imposition of reality on a mere portion
of the world as described by the wave function. As David Deutsch put it, “pilot-wave theories are
parallel-universes theories in a state of chronic denial” ([47], p. 225).

But this misunderstands the nature of the particles within Bohm’s metaphysics. Particles are
abstractions of the holistic reality or can be regarded as projections from the higher dimensional
underlying reality where we find active information. They are not to be thought of as privileged
markers of what is physically real as opposed to the ghostly empty branches of the universal wave
function. Of course, thinking in terms of particles can be useful, perhaps even indispensable. As Bohm
puts it:

Under the ordinary conditions of our experience, these projections will be close enough
to independence so that it will be a good approximation to treat them in the way that
we usually do, as a set of separately existing particles all in the same three-dimensional
space. ([36], p. 239).

If the introduction of this new sort of intrinsically semantic information into the heart of a
world hypothesized to be fundamentally holistic was not strange enough, the final aspect of Bohm's
metaphysical interpretation of QM is more peculiar still. We can approach—gingerly—this feature of
Bohm's philosophy by asking if we are familiar with any source of intrinsic semantic information?
Information is everywhere, but sources of information that do not require interpretation are rare.
The need for interpretation is of course the clue we need. Mental states are the terminus of interpretation
and seem to be the only carriers of information which is intrinsically semantic. This suggests a possible
connection between active information and mentality. Bohm did indeed try to forge such a connection,
pointing the way to an unorthodox solution to the mind-body problem.

At a very general level, Bohm endorsed a vision that connects an underlying reality (active
information) with mind:

...reality can be considered as in essence a set of forms in an underlying universal
movement or process...Thus, the way could be opened for a world view in which
consciousness and reality would not be fragmented from each other ([36], p. xiv).

69



Entropy 2018, 20, 493

More directly, Bohm suggested that “the particles of physics have certain primitive mind-like
qualities” ([48], p. 272). We must always recall that for Bohm “particles” are not anything like tiny,
individual entities. In the quoted philosophical article, he is writing to be understood by a wider and
non-scientific, or at least non-physicist, audience. This audacious proposal integrates well with the
metaphysical viewpoint we have been developing: mentality possesses the intrinsic semantics needed
for active information and active information’s non-local universal presence provides support for the
doctrine of holism.

The idea that mental features are a fundamental and ubiquitous feature of the world is the
ancient doctrine of panpsychism. It has seen a remarkable revival in recent philosophical work
(see, e.g., [49-52]). The general metaphysical outlook that places the mental as the intrinsic ground of
the structural relations studied by science provides a viewpoint that integrates mind and the physical
world, which leaves the physical world causally complete, avoiding outside influences distorting the
laws of nature, but nonetheless provides a role for mind in the world. We can see Bohm as a kind
of pioneer for this rebirth (The Bohmian approach to the mind-body problem and panpsychism is
explored in depth in [53]; I have tried to explore the connection to Russellian Monism in [54]).

I'will conclude with one more puzzle. The most intractable aspect of the mind-body problem is the
problem of understanding consciousness. Although the identification of mentality with consciousness
was philosophical orthodoxy for centuries, in modern times it has been generally accepted that
mentality does not automatically imply consciousness. Bohm would seem to accept this. After the
above quoted endorsement of the mentality of fundamental physical entities, he quickly goes on to
add that, “of course, they do not have consciousness” ([48], p. 272).

This raises a question that has almost as many answers as there are those who ask it: what is
consciousness? We can to some extent cut the complexity of this question by focusing on two basic
conceptions of consciousness, call them the “thick” and the “thin” conceptions of consciousness.
The thick conception is one that sees consciousness as bound up with self-awareness, or a reflective
appreciation of our own mental lives and a palpable sense of knowing that one has awareness. Such a
conception of consciousness is not uncommon and has a distinguished pedigree going back at least to
Aristotle, who arguably equated consciousness with “awareness of awareness” (see [55]) and Leibniz
who defined consciousness as “reflective knowledge of this [i.e., perceptual] inner state” (see [56]).
There is evidence that Bohm too subscribed to a thick conception of consciousness. For example, he
characterizes “conscious awareness” in terms of “attention, sensitivity to incoherence, all sorts of subtle
feeling and thoughts and creative imagination as well as much more” ([42], p. 300). It would indeed
be strange to assign all these mental functions to the lowly electron!

But there is also a thin conception of consciousness. Most think that animals can feel things
such as pain and pleasure, though there is much disagreement about how far bare sentience is
spread throughout nature. Nonetheless, it seems clear that primitive feelings occur without such
higher functions as self-reflection or creative imagination. But feeling pain is a kind of consciousness.
This thin conception is what Thomas Nagel [57] was trying to get at when he pointed out that there is
“something it is like” to be an experiencing creature (famously, a bat). This basic sort of consciousness is
the essence of the difficulty we have integrating consciousness into a physicalist metaphysics, because
how could subjective experience arise from entirely non-experiential constituents? This is in essence
David Chalmers’ famous “hard problem of consciousness” (see [58]). Given a world of physical entities
entirely lacking any subjective aspect, how could the intrinsic subjectivity of conscious experience ever
arise in the world?

The seeming intractability of the problem of consciousness suggests that it is not a phenomena
amenable to direct scientific understanding. We can investigate the links between consciousness and
physical processes, most especially of course those of the brain (though we do not know whether
non-neural substrates, such as make up digital computers, are possible). However, these linkages will
not reveal what consciousness is or how it arises. Bohm'’s view offers a novel explanation for both the
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elusiveness of consciousness when examined from the ordinary scientific standpoint and offers a place
for consciousness within the natural world.

It seems fairly easy to imagine that basic sentience comes in degrees of complexity, ranging
down to extremely simple forms that would be little more than the merest spark of feeling. Although
intellectually challenging and, to many, intuitively implausible, it is not so hard to assign such forms
to the fundamental physical entities. This will be the basic case of intrinsic semantically significant
active information. Presumably then, more complex forms of consciousness will emerge via some
process of increasing physical complexity of structure. Bohm and Hiley have some remarks along
these line in ([42], pp. 381 ff.). How exactly this kind of “mental chemistry” would work is of course
mysterious, but the idea is not incoherent. If we take on board a thin conception of consciousness, we
can perhaps equate it with the primitive mind-like qualities, which Bohm assigned to the foundation
of the world. We would then have the outline of a complete, and anti-reductionist, solution to the
mind-body problem.

In the end, Bohm’s metaphysics is about as far from that of the Newtonian classical metaphysical
picture of the world as one could get. It is highly speculative and audacious. However, it appears to
hold the promise of a new view of nature that integrates consciousness into the world, which science
studies in a way that does not presume to dictate how science ought to proceed, nor does it suggest
that mind or consciousness in any way “interferes” with natural law. At the same time, the view
does not attempt to reduce or eliminate consciousness but rather offers it a place in the world as an
irreducible fundamental feature of it. Overall, it is an inspiring and even exhilarating combination of
philosophical and scientific metaphysics.

Funding: This research received no external funding.

Acknowledgments: The author would like to thank the anonymous referees for the journal. They made a number
of important points and objections which addressing has measurably improved the paper.

Conflicts of Interest: The author declares no conflict of interest.

References

1. Myrvold, W. On some early objections to Bohm’s theory. Int. Stud. Philos. Sci. 2003, 17, 7-24. [CrossRef]

2. Passon, O. On a Common Misconception Regarding the de Broglie-Bohm Theory. Entropy 2018, 20, 440.
[CrossRef]

3. Albert, D. Quantum Mechanics and Experience; Harvard University Press: Cambridge, MA, USA, 1992.

4. Haroche, S.; Raimond, ].M. Exploring the Quantum: Atoms, Cavities and Photons; Oxford University Press:
Oxford, UK, 2006.

5. Fuchs, C.A. Coming of Age With Quantum Information: Notes on a Paulian Idea; Cambridge University Press:
Cambridge, UK, 2011.

6. Normore, C. The Matter of Thought. In Representation and Objects of Thought in Medieval Philosophy (Ashgate
Studies in Medieval Philosophy); Lagerlund, H., Ed.; Ashgate: Aldershot, UK, 2007; pp. 117-133.

7. Holland, P. The Quantum Theory of Motion: An Account of the de Broglie-Bohm Causal Interpretation of Quantum
Mechanics; Cambridge University Press: Cambridge, UK, 1993.

8. Goldstein, S. Bohmian Mechanics. In The Stanford Encyclopedia of Philosophy, Summer 2017 ed.; Zalta, E.N., Ed.;
Metaphysics Research Lab, Stanford University: Stanford, CA, USA, 2017.

9. Newton, I. The Principia: Mathematical Principles of Natural Philosophy; Cohen, L.B., Whitman, A., Eds.;
University of California Press: Los Angeles, CA, USA, 1999.

10.  Newton, L. Isaac Newton: Philosophical Writings; Janiak, A., Ed.; Cambridge University Press: Cambridge, UK, 2004.

11.  McMullin, E. The Origins of the Field Concept in Physics. Phys. Perspect. 2002, 4, 13-39. [CrossRef]

12.  Riggs, P. Quantum Causality: Conceptual Isuses in the Causal Theory of Quantum Mechanics; Springer: Dordrecht,
The Netherlands, 2009.

13. Ladyman, J.; Ross, D.; Spurrett, D.; Collier, J. Everything Must Go: Metaphysics Naturalized; Oxford University
Press: Oxford, UK, 2007.

71



Entropy 2018, 20, 493

14.

15.
16.

17.
18.

19.

20.

21.

22.

23.
24.
25.

26.

27.
28.

29.

30.
31.
32.

33.
34.
35.
36.
37.
38.
39.
40.

41.
42.

43.

44.

45.

46.
47.
48.

Sellars, W. Philosophy and the Scientific Image of Man. In Science, Perception and Reality; Routledge and
Kegan Paul: London, UK, 1963; pp. 1-40.

Marmodoro, A. Everything in Everything: Anaxagoras’s Metaphysics; Oxford University Press: Oxford, UK, 2017.
Korman, D.Z. Ordinary Objects. In The Stanford Encyclopedia of Philosophy, Spring 2016 ed.; Zalta, E.N., Ed.;
Metaphysics Research Lab, Stanford University: Stanford, CA, USA, 2016.

Anderson, P. More is Different. Science 1972, 177, 393-396. [CrossRef] [PubMed]

Joos, E.; Zeh, H.D; Kiefer, C.; Giulini, D.; Kupsch, J.; Stamatescu, 1.O. Decoherence and the Appearance of a
Classical World in Quantum Theory, 2nd ed.; Springer: Berlin/Heidelberg, Germany, 2003.

Wallace, D. The Emergent Multiverse: Quantum theory According to the Everett Interpretation; Oxford University Press:
Oxford, UK, 2012.

Smolin, L. Time Reborn: From the Crisis in Physics to the Future of the Universe; Hought Mifflin Harcourt:
Boston, MA, USA, 2013.

Leibniz, G.W. On the Ultimate Origination of Things. In G. W. Leibniz: Philosophical Essays; Ariew, R.,
Garber, D., Eds.; Hackett: Indianapolis, IN, USA, 1989; pp. 149-154.

Krauss, L. A Universe from Nothing: Why There is Something Rather than Nothing; Free Press: New York, NY,
USA, 2012.

Albert, D. On the Origin of Everything. New York Times, 15 April 2012.

Weber, R.; Mendoza, R. (Eds.) A Random Walk in Science; The Institute of Physics: London, UK, 1973.
Papineau, D. The Rise of Physicalism. In The Proper Ambition of Science; Stone, M., Wolff, J., Eds.; London Studies
in the History of Science; Routledge: London, UK, 2000; pp. 174-205.

Newton, I. Opticks, or, A Treatise of the Reflections, Refractions, Inflections and Colours of Light, 4th ed.; Dover:
New York, NY, USA, 1979.

Maxell, J.C. The Scientific Papers of James Clerk Maxwell; Niven, W.D., Ed.; Dover: New York, NY, USA, 1965.
Siegel, D.M. Innovation in Maxwell’s Electromagnetic Theory: Molecular Vortices, Displacement Current and Light;
Cambridge University Press: Cambridge, UK, 2003.

Maxell, J.C. Ether. In Encyclopedia Britannica, 9th ed.; Baynes, T., Ed.; A. & C. Black: Edinburgh, UK, 1878;
Volume 8, pp. 568-572.

Schrodinger, E. Are There Quantum Jumps? Part II. Br. J. Philos. Sci. 1952, 3, 233-242. [CrossRef]

Primas, H. Emergence in Exact Natural Science. Acta Polytech. Scand. 1998, 91, 83-98.

Hiley, B. Active Information and Teleportation. In Epistenological and Experimental Perspectives on Quantum
Physics; Greenberger, D., Reiter, W., Zeilinger, A., Eds.; Kluwer: Dordrecht, The Netherlands, 1999.

Bohm, D. Quantum Theory; Prentice-Hall: Englewood Cliffs, NJ, USA, 1951.

Schaffer, J. The Internal Relatedness of All Things. Mind 2010, 119, 341-376. [CrossRef]

Ismael, ].; Schaffer, ]. Quantum holism: Nonseparability as common ground. Synthese 2016, 1-30. [CrossRef]
Bohm, D. Wholeness and the Implicate Order; Routledge and Kegan Paul: London, UK, 1980.

Feynman, R.; Leighton, R.; Sands, M. The Feynman Lectures on Physics; Addison-Wesley: Reading, MA, USA, 1963.
Russell, B. An Outline of Philosophy; George Allen & Unwin: London, UK, 1927.

Eddington, A. The Philosophy of Physical Science; Macmillan: New York, NY, USA, 1939.

Alter, T.; Nagasawa, Y. (Eds.) Consciousness in the Physical World: Perspectives on Russellian Monism;
Oxford University Press: Oxford, UK, 2015.

French, S. The Structure of the World: Metaphysics and Representation; Oxford University Press: Oxford, UK, 2014.
Bohm, D.; Hiley, B. The Undivided Universe: An Ontological Interpretation of Quantum Mechanics; Routledge:
London, UK, 1993.

Hawking, S. A Brief History of Time; Bantam: New York, NY, USA, 1988.

Hiley, B. From the Heisenberg Picture to Bohm: A New Perspective on Active Information and its relation to
Shannon Information. In Quantum Theory: Reconsideration of Foundations; Khrennikov, A., Ed.; Vaxjo University Press:
Viaxjo, Sweden, 2002; pp. 141-162.

Pylkkéanen, P. Can Bohmian Quantum Information Help us to Understand Consciousness? In Quantum
Interaction. Lecture Notes in Computer Science, v. 9535; Atmanspacher, H., Filk, T., Pothos, E., Eds.; Springer:
Berlin/Heidelberg, Germany, 2016; pp. 76-87.

Riggs, P. Reflections on the deBroglie-Bohm Quantum Potential. Erkenntnis 2008, 68, 21-39. [CrossRef]
Deutsch, D. Comment on Lockwood. Br. |. Philos. Sci. 1996, 47, 222-228. [CrossRef]

Bohm, D. A new theory of the relationship of mind and matter. Philos. Psychol. 1990, 3, 271-286. [CrossRef]

72



Entropy 2018, 20, 493

49.
50.

51.
52.
53.
54.

55.
56.

57.
58.

Skrbina, D. Panpsychism in the West; MIT Press: Cambridge, MA, USA, 2005.

Skrbina, D. (Ed.) Mind That Abides: Panpsychism in the New Millennium; John Benjamins: Amsterdam,
The Netherlands, 2009.

Briintrup, G.; Jaskolla, L. (Eds.) Panpsychism; Oxford University Press: Oxford, UK, 2016.

Seager, W. (Ed.) The Routledge Handbook on Panpsychism; Routledge: London, UK, 2018.

Pylkénnen, P. Mind, Matter and the Implicate Order; Springer: Berlin/Heidelberg, Germany, 2007.

Seager, W. Classical Levels, Russellian Monism and the Implicate Order. Found. Phys. 2013, 43, 548-567.
[CrossRef]

Caston, V. Aristotle on consciousness. Mind 2002, 111, 751-815. [CrossRef]

Leibniz, G.W. Principles of Nature and Grace, Based on Reason. In G. W. Leibniz: Philosophical Essays; Ariew, R.,
Garber, D., Eds.; Hackett: Indianapolis, IN, USA, 1989; pp. 206-213.

Nagel, T. What Is It Like to be a Bat? Phil. Rev. 1974, 83, 435-450. [CrossRef]

Chalmers, D. The Conscious Mind: In Search of a Fundamental Theory; Oxford University Press: Oxford,
UK, 1996.

® (© 2018 by the author. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution
BY

(CC BY) license (http://creativecommons.org/licenses/by/4.0/).

73



ﬂ entropy MBPY

Atrticle
Quantum Trajectories: Real or Surreal?

Basil J. Hiley * and Peter Van Reeth *

Department of Physics and Astronomy, University College London, Gower Street,
London WCI1E 6BT, UK
* Correspondence: ubap727@mail.bbk.ac.uk (B.J.H.); p.reeth@ucl.ac.uk (P.V.R.)

Received: 8 April 2018; Accepted: 2 May 2018; Published: 8 May 2018

Abstract: The claim of Kocsis et al. to have experimentally determined “photon trajectories” calls
for a re-examination of the meaning of “quantum trajectories”. We will review the arguments that
have been assumed to have established that a trajectory has no meaning in the context of quantum
mechanics. We show that the conclusion that the Bohm trajectories should be called “surreal” because
they are at “variance with the actual observed track” of a particle is wrong as it is based on a
false argument. We also present the results of a numerical investigation of a double Stern-Gerlach
experiment which shows clearly the role of the spin within the Bohm formalism and discuss situations
where the appearance of the quantum potential is open to direct experimental exploration.

Keywords: Stern-Gerlach; trajectories; spin

1. Introduction

The recent claims to have observed “photon trajectories” [1-3] calls for a re-examination of what
we precisely mean by a “particle trajectory” in the quantum domain. Mahler etal. [2] applied the Bohm
approach [4] based on the non-relativistic Schrodinger equation to interpret their results, claiming
their empirical evidence supported this approach producing “trajectories” remarkably similar to those
presented in Philippidis, Dewdney and Hiley [5]. However, the Schrodinger equation cannot be
applied to photons because photons have zero rest mass and are relativistic “particles” which must be
treated differently. In fact details of how to treat photons and the electromagnetic field in the same spirit
as the non-relativistic theory have already been given in Bohm [6], Bohm, Hiley and Kaloyerou [7],
Holland [8] and Kaloyrou [9], but this work seems to have been ignored. Flack and Hiley [10] have
re-examined the results of the experiment of Kocsis et al. [1] in the light of this electromagnetic
field approach and have reached the conclusion that these experimentally constructed flow lines
can be explained in terms of the momentum components of the energy-momentum tensor of the
electromagnetic field. What is being measured is the weak value of the Poynting vector and not the
classical Poynting vector suggested in Bliokh et al. [11].

This leaves open the question of the status of the Bohm trajectories calculated from the
non-relativistic Schrodinger equation [4,5] for particles with finite rest mass. The validity of the
notion of a quantum particle trajectory is certainly controversial. The established view has been
unambiguously defined by Landau and Lifshitz [12]:—"In quantum mechanics there is no such
concept as the path of a particle”. This position was not arrived at without an extensive discussion
going back to the early debates of Bohr and Einstein [13], the pioneering work of Heisenberg [14] and
many others [15]. We will not repeat these arguments here.

In contrast to the accepted position, Bohm showed how it was possible to define mathematically the
notion of a local momentum, p(r,t) = VS(r,t), where S(r,t) is the phase of the wavefunction.
From this definition it is possible to calculate flow-lines which have been interpreted as ‘particle
trajectories’ [5]. To support this theory, Bohm [4] showed that under polar decomposition of the wave
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function, the real part of the Schrédinger equation appears as a deformed Hamilton-Jacobi equation,
an equation that had originally been exploited by Madelung [16] and by de Broglie [17].

Initially this simplistic approach was strongly rejected as it seemed in direct contradiction to the
arguments that had established the standard interpretation, even though the approach was based
on the Schrodinger equation itself with no added new mathematical structures. However, recently
this approach has received considerable mathematical support from the extensive work that has been
ongoing in the literature exploring the deep relation between classical mechanics and the quantum
formalism which has evolved from a field called “pseudo-differential calculus”. Specific relevance of
this work to physics can be found in de Gosson [18] and the references found therein.

In this paper we want to examine one specific criticism that has been made against the notion
of a “quantum trajectory”, namely the one emanating from the work of Englert et al. [19] (ESSW).
They conclude, “the Bohm trajectory is here macroscopically at variance with the actual, that is:
observed track. Tersely: Bohm trajectories are not realistic, they are surreal”. A similar strong criticism
was voiced in Scully [20] who added that these trajectories were “at variance with common sense”.
However the claim of an “observed track" in the above quotation should arouse suspicion coming
from authors who claim to defend the standard interpretation as outlined in Landau and Lifshitz [12].

The first part of the ESSW argument involved what they called the ‘standard analysis” of a
gedanken experiment consisting of several Stern-Gerlach magnets, an experiment that is discussed in
Feynman [21]. It is this part of the argument that we examine in this paper. We show that they arrive at
the wrong conclusion because they have not carried through the analysis correctly. Although Hiley [22]
and Hiley and Callaghan [23] have presented a detailed criticism of this topic before in a different
context, the point that we make in this paper is new. The standard use of quantum mechanics itself
shows that what ESSW call the “macroscopically observed track” is identical to what has been called
the “Bohm trajectory”. We support our arguments with detailed simulations of potential experiments
that are being planned at present with our group at UCL.

2. Re-Examination of the Analysis of ESSW

2.1. General Results Using Wave Packets

The ESSW paper [19] contains an error in their analysis of the Stern-Gerlach experiment as shown
in Figure 1 which is similar to the set-up shown in Figure 4 appearing in ESSW [19]. It depicts the
tracks of spin one-half particles entering two Stern-Gerlach (SG) magnets. The particles enter along
the y-axis with their spins initially pointing along this axis. The orientation of the magnetic field in
each SG magnet is as shown in the figure, the second SG magnet being twice the length of the first.
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Figure 1. Sketch of Particle Tracks Presented in ESSW.
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On entering the first magnet, the wave packet begins to split into two wave packets which move
apart in the magnetic field. The packet, ¢, moves in the +z direction while the other, {_, moves in
the —z direction. Thus the ¢ packet follows the upper track, while the i packet follows the lower
track. Note here it is the wave packet we are discussing, not the particle.

To account for the z-motion of the packets, we use standard quantum mechanics as in ESSW [19],
where the spin-dependent Hamiltonian is

H= P4 g(t)os — F(t)z0
2m ’
where £ ()0 is the magnetic energy at z = 0 and F(t)zo is the energy due to the inhomogeneous field.
The two components of the wave function are initially chosen to be

2
¢Mlm_¢(Zm_(ij%MM)U%w{_(£%>},

where 0z is the initial spread in z which is assumed small compared with the eventual maximum
separation of the two beams.
At a later time, the equations of motion of the two wave packets are

i h
P+(z,t) = A(t)exp {fB(t)[z FAZP + ﬁ[ZAp + §<I>(t)]} ,
where A(t) = (27r)~1/4 [2 (52 4 it )] . and B(t) = — 1 In arriving at this expression
07" "2mdz 4620 (520 + gneeg ) & P

we have used the impulse approximation as presented in Bohm [24]. Here Ap(t) = [, 'dt'F(t') is
the momentum transferred to the “up” wave packet. The actual magnitude is not relevant to our
discussion; the interested reader is referred to the original ESSW paper for these details. The magnitude
of ®(t) = 2/h [, 'dt'E(t') is again not relevant to our argument.

Since no measurement has been made and the two beams are still coherent, the wave function
after it has traversed the magnet is written in the form

[F) = [p) +2) + [p-) —2). ¢))
This gives the final probability density as
o(z,) = |9+ (2 D>+ [9-(z )%,

showing that there is no interference as the wave packets no longer overlap.
The z-component of the current is given by

; . . . _ . *
i@ = 2im | ozt Yozt @

e A AL T A S CONTE 3]

h{*a ?

where C(t) = —it/[2m((6z9)* + (ht/2m)?)]. Note that the probability density is symmetric about the
z = 0 plane, while (% ¢, — p* ip_) is anti-symmetric, showing that the probability current is therefore
antisymmetric, therefore,

pat) =p(-2,8) with j(zt) = —j(~2,0). ©)

Also, as (Y i+ — ¢* ¢p_) = 0 on the z = 0 plane, j(z,t) = 0 at z = 0. Until this stage we agree
totally with the calculations of ESSW using standard quantum mechanics based on conventional wave
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packet calculations, but it should be noted that this argument only holds when the incident spin is in
the y-direction as in the ESSW thought experiment. Particle trajectories have not been discussed so far.

2.2. What Can Be Said about the Behaviour of Individual Particles?

Now we turn to consider what can be inferred about the behaviour of the individual particles,
if anything. To answer this question let us return to Landau and Lifshitz [25] who argue that although
we cannot talk about a precise particle trajectory, we can talk about the probability of finding a particle
in a volume AV, provided the volume is large enough so that we avoid any problems associated with
the uncertainty principle. Particles will flow into and out of the volume by crossing the boundary of
the small volume. In this process we must ensure that probability is conserved.

To see how this works in detail, let us write the well-known conservation of probability equation
in integral form. Thus

d o .
o [rerav =~ [vjav - —  jaz @

where at the last stage we have used Stokes’ theorem. Here j is the probability current density used
to ensure probability conservation. The integral of this current over the surface ¥ is the probability
that a particle will cross the surface in unit time. By considering a series of connected volumes we
can construct what can be regarded as a “macroscopic particle track”. Mott [26] has given a deeper
analysis of this process.

Let us now apply this analysis to the situation shown in Figure 1. Construct a surface X comprising
the z = 0 plane and a surface enclosing the upper half of the figure so as to include the upper parts of
the magnet. Since the current density is zero everywhere on the z = 0 plane, no particles can cross
this plane. Thus the particles that arrive in the upper-half of the experimental setup must remain
in the upper-half and can never cross the z = 0 plane as long as the wave packets remain coherent.
This clearly shows that the continuation of the trajectories sketched in Figure 4 of the ESSW paper
(as in Figure 1 here) is not correct.

In Figure 5 of their paper, ESSW show more explicitly the spin directions together with a sketch of
two Bohm trajectories. This shows that their spin wave packets cross the z = 0 axis whereas the Bohm
trajectories do not. ESSW take this to mean that at first, part of the Bohm trajectories follow one of the
wave packets and then, after their spin wave packets cross this axis, the trajectories follow the other
wave packet. We will show in Section 4.3 the behaviour of their wave packets is not correct because
they have not included spin correctly into the Bohm model.

3. The Bohm Approach When Spin Is Included

To give an account of the behaviour of a particle with spin in the non-relativistic limit, we must
widen the scope of the Bohm approach. An extended model for a spin-half particle based on the
Pauli equation has already been presented in Bohm, Schiller and Tiomno (BST) [27]. Full details
of this model have also been discussed in a series of papers by Dewdney et al. [28-31] and by
Holland [32]. This simple model has been applied to neutron diffraction and a single Stern-Gerlach
magnet, the results being reported in [29,30]. It should be noted that none of this work is referred
to in the ESSW paper and yet this is clearly significant as the Stern-Gerlach magnets operate on the
magnetic moments of the particles.

If they had been aware of this work they would not have made the statement that in the Bohm
theory a particle has a position and nothing else. In the BST extension, not only do we have position,
but also the orientation of the spin vector. Here the Euler angles (6, ¢, ¢) are used to specify the spin
direction. This is essentially the precursor of the flag picture of the spinor presented in Penrose and
Rindler [33]. Bell [34] has a simpler model which was also based on the three components of the
spin vector. A more general approach using Clifford algebras in which the Pauli spin matrices play a
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fundamental role has been presented in Hiley and Callaghan [35]. This approach shows how the BST
model emerges as a particular representation using Euler angles.

3.1. Spin and the Use of the Pauli Equation

We start with the Pauli equation

L 0G
mg = HE, ®)

where { is the two-component spinor which we write in the form

_ pi(/2) cos(9/2)ei<fp/2)
§=Re (isin(G/Z)e_l(‘f’/z) ' ©)

Here (6, ¢, 1) are the three Euler angles.
The Hamiltonian H is then written in the form

He (v a) woBrv @)
T 2m 2m po- !

where y is the magnetic moment of the particle.

The original physical idea here was to assume the particle is a spinning object whose orientation
is specified by the three Euler angles (6, ¢, 1). The probability of the particle being at a given position,
(r,t),is p(r,t) = R%(r,t) = |&(r,t)|?>. This means the properties of the Pauli particle are specified
by four real numbers (p, 0, ¢, ) given at the point (r,t). The time evolution of these parameters is
determined by the Pauli Equation (5) as we will now show.

It is more convenient to rewrite the wave function in the form

where

_ otan-1 R, .y S+—S-
0 = 2tan R P 7 /2, ¢ = + /2. 8)

1 Ro _ S+ 4S5 -5

+ h
To find the velocity of the particle, let us first write the quantity &' V¢ in terms of the Euler angles,
E'VE=RVR+ IRV + L cosOR?V .

Then following Hiley [36] we can define a complex local velocity

. —ih &'V
U = URe + 10y = 72*;{
where the probability density is given by R? = ¢t¢.
The real part of the local velocity is
VRe = iZ(V +cos Vo) 9)
Re — om P ¢
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which replaces v(r,t) = VS(r,t)/m defined for the spin-less particle. The imaginary part, which was
not discussed by Bohm in his original paper (but see Bohm and Hiley [37]) is called the “osmotic
velocity” and has the form

ifi . [ VR
Vi = —%z {T} . (10)

We will now use Equations (9) and (10) to simulate the detailed behaviour of the particles and
their spin orientations as they traverse the set-up illustrated in Figure 1.

4. Detailed Calculation of the Trajectories

4.1. One Stern-Gerlach Magnet

We begin by simulating the behaviour of the particles having passed through a single
Stern-Gerlach magnet. For simplicity we use the impulse approximation given in Bohm [24] to
analyse the evolution of a wave packet as it leaves the magnet (A full treatment using Feynman
propagators is being prepared by Hiley and Callaghan. This allows us to calculate trajectories inside
the SG. Preliminary results confirm the results presented here.).

In the Hamiltonian given in Equation (7), we replace B by the field in the SG magnet, which we
write as B & ji(By + zBj)), where Bj is the field gradient inside the magnet and set A and V to zero.

Following Dewdney et al. [30] and Holland [32], we choose the initial wave function to be

Zo=C++&- = f(2)(chuy +cou) = (2m) /2 / (k) (cquy +cou-)e™dk,
where g(k) = (20%/ 7)YV 4¢=K0% i5 a normalised Gaussian packet centred at k = 0 in momentum space.

Here u and u_ are the eigenstates of the spin operator ;. The solution of the Pauli equation at time ¢
after the particle has left the SG magnetic field is

&= (2n)" 12 /dkg(k){c.,_u.,. exp {i (—A+ (k— Az — 2%("_ A’)2>]
+e_u_ exp{ <A+(k+A) h;(k+A/)2>]}

where A = uBoAt/h, A = pyB|At/h and At is the time spent in the field. Carrying out the integral
we find

&(z,t) = (2nst2)*1/4{c+u+ exp[—(z + ut)?/4os¢) exp [ i(A+(z+5 ut)A’)]
(11

+e_u_exp[—(z — ut)?/4os¢] exp [z( ] }

Here s; = o (1 + ilit/2mo?), and u = hA' /m. We now write &(t) in the form
&z, t) = co RoeS+/ My +c R_eS/My_ (12)
where
~1/4 _ —(z £ ut)?

Ry = (2702 1+ 128 /4mPo*)~1/4 13
o= (ane?) AP\ L e ama) =
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and

ht(z + ut)?
8mo* (1 + K212 /4m204)

Si/h=FAF (z+ Jut)A — Ltan~' (nt/2mo?) + (14)

We are now in a position to calculate the local velocities from the specific solution given
by Equation (12). Since the real part of the local velocity is given by Equation (9), namely,
(Vi + cos 8V ¢) /2m, we need only evaluate 0y/dz and d¢/9z since we are only considering the
motion along the z-direction. In order to find these derivatives, and those required for the osmotic
velocity and the quantum potential, we express the parameters (p, 6, ¢, ) in terms of (R4, R—,S4,5-)
using Equations (8), (13) and (14), and obtain,

ap 4htz
0z 8mo* (12 /4m20* + 1)

2
¢ YN 24hut /
oz 8mot (h*12 /4m20* + 1)
a0 . ut

sin 92—,
0z o2(h*#2 /4m20* +1)
and

leR _ z + ut cos 6
R oz 202 (R*2 f4m20t +1)

The Bohm velocity given by Equation (9) then becomes

hs
VRe = ﬁ <2A/ cosf +

Ttz + ut cos 6] ) (15)

2mot (R /4m204 4-1)

Note here that the second term in the above expression corresponds to the spreading of the wave
packet and contributes little to the overall behaviour. The main effect of the field comes from the
first term A’ cos 6, which reveals clearly how the velocities and therefore the trajectories are strongly
affected by the behaviour of the spin vector. This term depends implicitly on (z, ¢, 1) and is responsible
for the splitting of the beam.

The imaginary part or osmotic local velocity given in Equation (10), namely, vy, = —iii[VR/R]/m,
now becomes

_ 2h Z[z4 utcosb)

U= ——"57———""—- 16
! m g2(h*2 /4m2c4 + 1) e

Note there is no explicit dependence on the magnetic field gradient but there is an implicit
dependence through u and cos 6.

These results enable us to calculate specific trajectories and spin vectors for various particle initial
positions and for various values of (c4,c—) should that become necessary. The choice of the latter
determine the initial value of the spin vector direction 6 which, in our case was chosen to be along the
y-direction, hence (c4,c—) = 1/+/2. The results shown in figures below are calculated for parameters
listed in Table 1.
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Table 1. Parameters used in the numerical investigation.

Atom Ag
Mass 1.8 x 1072 Kg
Width of magnets 4and 8 x 10~ m
Length of magnets land2 x 1072 m
Velocity of atoms vy =y/t =500m/s
Time within magnets At=2and4x107%s
Magnetic field strength at centre By = 5 Tesla
Magnetic field gradient 36 = 1000 Tesla/m
Wave packet width c=1x10"*m
Wave packet speed u = pgByAt/m =1m/s
A = ugB)Ath = mu/h A =1714 x 10 m~!

4.2. Numerical Values for Single Stern-Gerlach Magnet

Integrating Equation (9) will give us the Bohm trajectories. In Figure 2 we show the ensemble of
Bohm trajectories and the spin orientations as they leave the Stern-Gerlach magnet, shown in brown at
the LHS of the figure. The background colours show the probability density, black being the greatest,
while blue is zero.

Figure 2. Trajectories with spin vectors immediately on exiting the Stern-Gerlach (S5G) magnet.

The dark background shows how the wave packets diverge along straight lines, as do the
trajectories. Superimposed on the trajectories are the spin orientations.

Notice that, contrary to the conventional view, the atoms do not immediately “jump” into one or
other z-spin eigenstates, rather the spin vectors undergo continuous evolution until they reach their
final z-spin eigenstate. This occurs once the two wave packets 4 (z, t) and 9_ (z, t) have separated and
have no significant overlap. The upper beam will contain only atoms with spin “up" in the z-direction
while those in the lower beam will all be “down” in the z-direction. Notice also that the rotational
changes occur in a magnetic field-free region . We can also see that the alignment of the spin vector at
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a given y value close to the magnet depends on z, with the spin associated to trajectories closer to
the z = 0 axis rotated least. In Section 4.7 we will see that the cause of these behaviours is a torque
produced by the quantum potential. These results for a single magnet confirm what was already found
in Dewdney et al. [29-31].

Figure 3 shows the effect of the osmotic velocity, which we have represented by arrows. They are
responsible for maintaining the wave packet profile and will be discussed further in Section 4.6.

0.6

0.4

0.2

0.0

z (mm)

0.00 0.05 0.10 0.15 0.20 0.25 0.30
y (m)

Figure 3. The osmotic flow vectors immediately on exiting the SG magnet.

4.3. Two Stern-Gerlach Magnets

Having seen how the atoms behave in a single SG magnet, let us now move on to consider two
SG magnets with opposite field directions as shown in Figure 1. Note here the second SG magnet is
double the length of the first.

The method is similar to the case of the single magnet, except now we use, as initial wave packet,
the inverse Fourier transform of the wavefunction at the second magnet at time ¢ = t;. We obtain the
real part of the local velocity as

hz A
VaRe = 5= | | —245 — ZW cos 6
am2ct (17)
h(ty+t
% [z + uat cos 6]
2mg4( 4m2o4 H)
and the osmotic velocity as
hz 1
Volm = [z + (u1(t1 +t) + uat) cos 0] (18)

hr 1
™ 202 (TBEE +1)

82



Entropy 2018, 20, 353

where t = 0 at the exit of the second magnet. In Figure 4 we have plotted the trajectories together with
the spin orientations as the atoms pass through two SG magnets. The details of the parameters used in
the calculations are again as listed in Table 1. The position of the second magnet is as indicated by the
brown bar between y = 0.1 mand y = 0.12 m.

7

/

N\,

Figure 4. Spins emerging from two Stern-Gerlach magnets.

There are several features of the ensemble of trajectories that are noteworthy. Firstly, at the exit
of the second magnet, the wave-packets are refocused toward the y-axis until the inner edge of the
packets reaches the axis at y ~ 0.22 m at which point they diverge again.

Secondly, no trajectories are found to cross the z = 0 plane. This should, in fact, not be surprising
since vg, can also be obtained from j(z, t)/p(z,t). This means that the “Bohm trajectories” are identical
to the probability flow lines and, as we have seen, the probability flow lines do not cross the z = 0
plane. Thus there is no experimental difference between the Bohm approach and standard quantum
mechanics at this stage. It could be argued that it is quantum mechanics that is “at variance with
common sense”!

Thirdly, notice once again that the spins do not immediately “jump” into the eigenstates as
assumed by the standard theory. Rather they take a small but finite time to reach the final eigenstate as
discussed above in Section 3.1. Furthermore note that when the beams are refocused close to the z =0
plane, at about y = 0.22, the spin vectors are rotated so that they all become aligned with the y—axis
before being rotated again until they end up anti-parallel to the direction with which they entered the
second magnet. This rotation is very surprising but is generated by the quantum torque that arises
from the quantum potential as we show in the next section in Equation (21).

Furthermore this is in contradiction with Figure 5 of ESSW where they argue that the Bohm
trajectories are not realistic because in order to get the observed final spin state, their particles must
cross the z = 0 axis. Therefore the present work shows clearly the importance of coupling the spin and
the centre of mass motion in order to obtain a correct and consistent analysis of the problem.

Figure 5 shows the direction of the osmotic velocity in the two SG magnets case. Its behaviour is
again exactly the same as in the one SG magnet case.
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Figure 5. The osmotic velocity superimposed on the trajectories for two Stern-Gerlach magnets.
To return the packet to its original state with all the spins pointing in the y-direction, we have

to add a third magnet as indicated in the original diagram in Feynman et al. [38]. Thus the Bohm
approach gives a complete account of the average behaviour of the individual quantum processes.

4.4. The Appearance of the Quantum Torque

Now let us show the source of the quantum torque. We start by examining the real part of the
Pauli Equation (5) under polar decomposition of the wave function, which can be written in the form

%h (%—lf +cos9%—f> +%mv2+Qp+2%cr.s+V=0. (19)

Here once again we see, as in the case of the Schrodinger equation, an extra energy term, Qp,
the quantum potential energy, appears. In the present case Qp takes the form

2
Qp = —(H*V*R)/2mR — :—m[(ve)z +sin? §(V¢)?]. (20)

The first term will be recognised as the quantum potential found in the Schrodinger equation.
The second term determines the evolution of the spin vector which is given by

s = inttod = 1(sinf'sin ¢, sin 6 cos ¢, cos 0).
The equation of motion for the spin vector s, is then found to be

ds 2u
i =T ?(SXB). (21)

Here B is an external magnetic field and
9 ds
_ -1
T = (mp) s X z,‘ o, <ani> . (22)

It is the quantum torque, T, that acts on the individual atoms, rotating their spin vectors and the
flag plane.
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4.5. Detailed Calculation of the Quantum Potential

To understand better the role played by the quantum potential, let us examine in more detail its
mathematical structure as shown in Equation (20). We restrict our analysis to the case of a single magnet.
As the quantum Hamilton-Jacobi Equation (19) is an equation that conserves energy, the appearance of
Q implies that some of the kinetic energy of the particle is transferred to the quantum potential energy
Q. As we see from Equation (20), the quantum potential energy has two components

1?V2R >

ImR and  Qspin = %[(Vﬂ)z +sin? §(V¢)?].

thns = -

We will examine the two terms independently. First consider Qyy4ns. Since the particle is moving
in one-dimension

2 2 2,2
VZR_>87R7_£ (_2R(Z+utcos(~)) +R<1_4u t )sinz€>,

922~ bd bd

where we have written

2,2
b= <ht+1> and d = 402

4m2o*
Then
PV2R i 2 I
Qtrans = — SmR bdm <*w[(z+utcosf)) + 2u”t* sin” 6] +1) .

Now we turn to evaluate the spin part of the quantum potential, Qs;,, where we need to evaluate

2
At and V0= sinf)u—

t
= 2N .
Ve * 8mbo? bo?

This gives

12 sin20 [ ut? hut? n2 2
pin = ———— | — — 20— + 4A"? 1.
Qspin 8bm ( ot 2mo + 4m2ot +

The expression for the total quantum potential, Q = Qtrans + Qspin is rather complex so it will
be helpful if we can make an approximation without significantly altering the final result. This can

2
be done by noticing the magnitude of b = ( 4;;1 zt; + 1) ~ 1. This means that we are assuming the
wave packet does not spread significantly during the flight times considered. We arrive at the final
expression for the total quantum potential:

" 2
Q~ P <—m[(z + ut cos 0)% + 2u*? sin” 0] + l)

W2 sin?6 (122 fut?
—— 2N —— +4A?).
T 8m ( ot mod T

4.6. Numerical Details: Quantum Potential Single Stern-Gerlach Magnet

In Figure 6 below we plot the transverse quantum potential Q415 and the spin quantum potential,
Qspin for the single SG magnet. The end of the SG magnet is again along the z-axis at y = 0, with the
atoms flowing along the y-axis out of the page.
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0.10
y(m) 0.15

Figure 6. Transverse (left) and spin (right) quantum potential at exit of a single SG magnet.

The atoms initially experience the first part of the quantum potential where the beam begins to
split into two as shown in Figure 2. Both quantum potentials split symmetrically into two parts about
the y-axis. The two “domes” of Qyrans, shown in the left hand of the figure, cover each beam as they
separate. The width of each dome characterises the spreading wave packet as it evolves in time. Also,
when compared to the osmotic velocities shown in Figure 3, we can see how these velocities are related
to the gradient of Qyqns. The trajectories are seen to follow paths of constant gradient and the osmotic
velocities are constant along the trajectories in Figure 3. Furthermore, those trajectories in the wings
of the wave packets experience a more steep gradient and the osmotic velocities are indeed found to
be larger there. At the maximum of the packet, the osmotic velocity is zero. An interpretation of the
Qtrans would therefore be that it gives rise to a force, which is anti-parallel to the osmotic velocity and
restricts the spreading of the wave packet.

The spin part of the quantum potential Q;p;, is shown in the right hand of Figure 6. The upward
slope produces the quantum torque that rotates the spin vectors of the atoms as the two beams separate.
This rotation continues until the two packets are completely separate. When this happens all the
spins point “up” in the upper beam, while they all point “down” in the lower beam. At this stage the
Qspin — 0 ensuring the atoms remain in their final spin eigenstates. Figure 7 shows the projection of
the Qgpin of Figure 6 on the trajectories and spin orientation. Note also that the trajectories close to
the y-axis do not experience the same steepness of Qspin as do those which are off-axis. This explains
why, as remarked earlier, the spin vectors closer to the y-axis take longer to align themselves either up
or down.

Z(mm)

Figure 7. Trajectories with spin vectors overlaid on the spin quantum potential immediately on exiting
a single SG magnet.
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4.7. Numerical Details: Quantum Potential in Two SG Magnet Case

Now let us consider the case when the two Stern-Gerlach magnets are in place. The positions of
the magnets are shown in brown. Recall here that the inhomogeneities in the magnetic fields oppose
each other.

In Figure 8 we show both Qtrans and Qgpiy for the case of two magnets. The gap in each figure
corresponds to the position of the second magnet. The quantum potential after the second magnet is
similar to that of the single SG magnet as shown in Figure 6. These results give a detailed picture of the
expected evolution of a non-relativistic atom with spin one-half as it goes through both SG magnets.

y(m) 04

Figure 8. Qjrans (left) and Qspiy (right) quantum potential for a two SG magnets system.

Figure 9 shows the projection of the spin quantum potential superimposed on the trajectories.
Notice that the quantum torque is strongest well outside the second SG magnet in the magnetic
field-free region, producing a 180 degree rotation of the spin vector. It is at this point that the wave
packets begin to interfere strongly. In fact the quantum torque continues to act outside the magnet
until the two wave packets . (z,t) and ¢_(z, t) cease to overlap. Notice once again how the spin
does not immediately ‘jump” into one of the two spin z-eigenstates, but undergoes a well-defined time
evolution. Such a behaviour would have, perhaps, been welcomed by Schrodinger himself [39].

og,

Z(mm)

Y(m)

Figure 9. Trajectories with spin vectors overlaid on the spin quantum potential for a two SG
magnet system.
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Once they no longer overlap, each atom remains in one or the other spin eigenstates. Again,
as was the case with the single SG magnet, the spin vectors along the trajectories close to the y-axis,
especially at the point where the two beams are refocused, experience less of the gradient of Qspy-
Thus it is clear that the quantum torque arises from the interference region, implying it is an internal
feature of the overall behaviour, suggesting a kind of dramatic re-structuring of the underlying process.

Bohm was intuitively well aware of this possibility and it was one of the reasons why he
abandoned the view that the atom only had a local, “rock-like” property. He preferred to regard
the atom as a quasi-local region of energy undergoing a new type of process that he described in
more general terms as an “unfolding-enfolding” process, comparing it to a gas near its critical point,
the particle itself constantly forming and dissolving, as in critical opalescence [40,41]. In other words,
the quantum evolution involves an entirely new re-ordering process which should not be regarded as
a particle following a well defined trajectory.

This view of the evolving quantum process becomes even more compelling since Hiley and
Callaghan [42] and Takabayasi [43] have shown that the local momentum and energy are actually
related to the energy-momentum tensor, T"", through the relations

ppl(r,t) = T (r,t) and pE(r,t) = TO(r,1t),

a feature of which Schwinger [44] was well aware. The question of which particular trajectory a
specific atom actually takes cannot be answered because the experimenter has no way of choosing or
controlling the initial position of the particle. The final result is also totally independent of the observer.
A detailed discussion of the role of the experimenter in the Bohm approach can be found in Bohm and
Hiley [45,46]. A more recent paper by Flack and Hiley [47] shows how the Bohm trajectories emerge
from an averaging over this deeper process.

We can see from Figure 9, the above simulations predict some interesting structure in near field
behaviour of the atoms after they leave the second SG magnet. This could be experimentally explored
through weak measurements as suggested in [48]. At present, our group [49] is attempting to measure
the weak values of momentum and spin which, if successful, would ultimately enable us to not only
construct these flow lines, but also to measure the time evolution of the angle (y, t) of the spin vector.

We are also exploring the possibility of using the techniques we are developing to check the
results shown in Figure 2. At present we are on the edge of what is technically possible and
if we are successful, the experiments will show that the quantum potential energy appearing in
Equation (19) has an observable experimental consequence and therefore cannot be ignored in
analysing quantum phenomena.

5. Conclusions

In this paper we have shown that the differences that are claimed to exist between the standard
approach to quantum mechanics and the Bohm approach do not exist when both are applied correctly.
Indeed it is hard to imagine how there could be any differences in the predicted experimental results
since both approaches use exactly the same mathematical structure. For the type of experiments
considered by ESSW [19], the probability current plays a key role. In both approaches the probability
current is considered as a particle flow, the conventional approach regarding it as a measure of particles
flowing out of a small region, AV, of space, whereas the Bohm approach assumes the probability current
arises from the velocities of individual particles through the relation j(r)/p(r) = VS(r)/m = p(r) /m.
In the Bohm model this is taken as the definition of the local momentum, p(r). Clearly the behaviour
of the probability currents is identical to the local momentum. This is what ESSW failed to recognise.
Notice that this disagreement arises before the addition of any device to measure which path the
particle actually took.

The inclusion of a which-way detector into the discussion merely confuses the issue. Traditionally
it is assumed that any measurement to determine which path a particle actually takes brings about
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the “collapse” of the wave function. Suppose a position measurement is made after the atom has left
the second SG magnet as shown in Figure 1. The wave function (1) will not then be the pure state
but instead will be a mixture which must be described by a density matrix p with p? # p. This means
there is no interference between the two wave packets 1 and 1_ in which case the particles actually
cross the z = 0 plane as shown in Figure 1. Exactly the same thing happens in the Bohm model as was
discussed in detail in Hiley [22] and Hiley and Callaghan [23]. We will not repeat the argument again
in this paper but refer the interested reader to the original papers. Our conclusion is that the standard
quantum mechanics produces exactly the same behaviour as the Bohmian approach so it cannot be
used to conclude the Bohm trajectories are “surreal”.

Since these earlier objections were raised, an entirely new way of experimentally constructing the
“Bohm particle trajectories” has been developed by Kocsis et al. [1] as discussed in the introduction.
Furthermore in the case of atoms the claim that these are “particle trajectories” has been re-examined
recently by Flack and Hiley [47] who have concluded that the flow lines, as we shall now call them,
are not the trajectories of single atoms but an average momentum flow, the measurements being taken
over many individual particle events. In fact they have shown that they represent an average of the
ensemble of actual individual stochastic Feynman paths.

The calculations we have presented in this paper provide a detailed background to the experiments
of Monachello et al. [49] and Morley et al. [50]. This means that we will not have to rely on theoretical
arguments alone to reach an understanding of the behaviour reported in this paper but we hope to be
able to provide experimental evidence to further clarify the situation.
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Abstract: There has been a recent revival of interest in the notion of a ‘trajectory’ of a quantum
particle. In this paper, we detail the relationship between Dirac’s ideas, Feynman paths and the
Bohm approach. The key to the relationship is the weak value of the momentum which Feynman
calls a transition probability amplitude. With this identification we are able to conclude that a Bohm
‘trajectory’ is the average of an ensemble of actual individual stochastic Feynman paths. This implies
that they can be interpreted as the mean momentum flow of a set of individual quantum processes
and not the path of an individual particle. This enables us to give a clearer account of the experimental
two-slit results of Kocsis et al.

Keywords: Feynman paths; weak values; Bohm theory

1. Introduction

One of the basic tenets of quantum mechanics is that the notion of a particle trajectory has
no meaning. The established view has been unambiguously defined by Landau and Lifshitz [1]:
“In quantum mechanics there is no such concept as the path of a particle”. This position was not
arrived at without an extensive discussion going back to the early debates of Bohr and Einstein [2],
the pioneering work of Heisenberg [3] and many others [4].

Yet Kocsis et al. [5] have experimentally determined an ensemble of what they call “photon
trajectories’ for individual photons traversing a two-slit interference experiment. The set of trajectories,
or what we will call flow-lines, they construct is very similar in appearance to the ensemble of Bohmian
trajectories calculated by Philippidis et al. [6]. Mahler et al. [7] have gone further and claimed that
their new experimental results provide evidence in support of Bohmian mechanics. However such a
claim cannot be correct because Bohmian mechanics is based on the Schrédinger equation which holds
only for non-relativistic particles with non-zero rest mass, whereas photons are relativistic, having
zero rest mass.

The flow-lines are calculated from experimentally determined weak values of the momentum
operator, a notion that was introduced originally by Aharonov et al. [8] for the spin operator. When
examined closely, the momentum weak value is the Feynman transition probability amplitude (TPA) [9].
In fact, Schwinger [10] explicitly writes the TPA of the momentum in exactly the same form as the weak
value. Recall that the TPA involving the momentum operator plays a central role in the discussion of
the path integral method, an approach that was inspired by an earlier paper of Dirac [11] who was
interested in developing the notion of a ‘quantum trajectory’.

Weak values are in general complex numbers, as are TPAs. The real part of the momentum
weak value is the local momentum, sometimes known as the Bohm momentum. The imaginary part
turns out to be the osmotic momentum introduced by Nelson [12] in his stochastic derivation of the
Schrodinger equation. In this paper, we will show how the weak value of momentum, Feynman
paths and the Bohm trajectories are related enabling us to give a different meaning to the flow-lines
constructed in experiments of the type carried out by Kocsis et al. [5] and Mahler et al. [7].
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Feynman [9] also shows that in his approach the usual expression for the kinetic energy becomes
infinite unless one introduces a small fluctuation in the mass of the particle. We will show that this is
equivalent to introducing the quantum potential, a new quality of energy that appears in the real part
of the Schrodinger equation under polar decomposition of the wave function [13].

2. Dirac’s Notion of a Quantum Trajectory

2.1. Dirac Trajectories

To make the context of our discussion clear, we will begin by drawing attention to an early paper
by Dirac [11] who attempted to generalise the Heisenberg algebraic approach through his unique
bra-ket notation, not as elements in a Hilbert space, but as elements of a non-commutative algebra.
In this approach the operators of the algebra are functions of time. Dirac argued that to get round
the difficulties presented by a non-commutative quantum algebra, strict attention must be paid to the
time-order of the appearance of elements in a sequence of operators.

In the non-relativistic limit, operators at different times always commute. (In this paper, we will,
for simplicity, only consider the non-relativistic domain. Dirac himself shows how the ideas can be
extended to the relativistic domain.) This means that a time ordered sequence of position operators
can be written in the form,

(i) = [+ [ el ) . ol )b (e ) )

This breaks the TPA, (x¢|x,), into a sequence of adjacent points, each pair connected by an
infinitesimal TPA. Dirac writes “...one can regard this as a trajectory ...and thus makes quantum
mechanics more closely resemble classical mechanics”.

In order to analyse the sequence in Equation (1) further, Dirac assumed that for a small time
interval At = €, we can write

(x]x")e = expliSe(x, x") /7] )

where we will take S¢(x, x') to be a real function in the first instance. Then Dirac [14] shows that
ph(x,x') = (x| P'|xYe = ihV g {x|x")e = =V Se(x, x') (x|x")e 3)

and
pe(x,x") = (x|P|x")e = —ihVy (x]|x")e = ViSe(x, x') (x]x")e. (4)

Here P is the momentum operator. The remarkable similarity of these objects to the canonical
momentum appearing in the classical Hamilton-Jacobi theory should be noted, a fact of which Dirac
was well aware. They are also the canonical momenta appearing in the real part of the Schrédinger
equation under polar decomposition of the wave function exploited by Bohm [13] who identified the
momentum with the gradient of the phase of the wave function.

In an earlier paper, Dirac [11] did not specify how Se¢(x,x’) could be determined. It was
Feynman [9] who later identified its relation to the classical Lagrangian L(x, x, t) through the relation

t

Sy (x,x') = Min / L(%,x, £)dt. ®)

v

However, this Lagrangian determines the classical path, so using the exponent of the classical
action seems puzzling. Is there a mathematical explanation for such a choice? The answer is ‘yes’
and is discussed in Guillemin and Sternberg [15]. The essential reason for this lies in the relation
between the symmetry group, in this case the symplectic group, and its covering group. Exploiting
this structure, de Gosson and Hiley [16] have shown in detail how it is possible to mathematically
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‘lift” classical trajectories onto this covering space. It is from this structure that the wave properties
emerge. The lift is achieved by exponentiating the classical action, namely using exp[iSe(x, x)]. It is
the existence of this structure that the close relation between the Dirac quantum ‘trajectories” and the
de Broglie-Bohm ‘trajectories’ first calculated by Philippidis et al. [6] emerges. We will bring out this
relationship in the rest of this paper.

2.2. The Feynman Propagator

Equation (5) allows us to write the propagator in the well known form
K(x,x') = /x S Dy
x/

dxg dxjq
..
where (xo, x1,...,%j_1) are points on the path and A is the normalising factor introduced by Feynman.

Clearly here S(x, x’) is real.
For a free particle with mass m, we have L = mx2/2 and one can show that

im(x — x’)z}
2h(t —t')

where the integral is taken over all paths connecting x’ to x. We have written Dx’ for

Ky (x,x') = E exp { (6)

A

where A = (%M) 1/2. With this propagator, Feynman was able to derive the Schrodinger equation
by assuming the underlying paths were continuous and differentiable.

However if we examine the terms (x|x’)¢ for ¢ — 0, we find the curves, although continuous,
are non-differentiable. To show this let us introduce the TPA of a function F(x, t) defined by

(@1 Fl9p)s = Lime_o / . / ¢ (x, ) F(x0,x1, . ., ¥;)

-1
i
X exp {h 2 S(xk+1,xk):| (', t)Dx(t).
k=0
Here D is now written as Dx(t) = % .. dx’%dxj.

These TPAs can be evaluated by using functional derivatives. In fact, the average of the functional
derivative of a function F(x, t) is given by

<5§€;)>S:_% <Faj€;)>s )

at the point x(s) on the path x(t). In the case of the specific integral

| 5 explli/ms ()P,

Equation (7) can be written in the form

OFN __i/pds
axk S_ h axk 5'

Feynman notes that the quantities in this expression need not be observables, nevertheless the
equivalence is true [17].
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Let us now consider three adjacent points xy_1,xx, Xi+1, each separated by a small time
difference €, we have

/9N /P [95 (ke 1) | 9S (g A1)
i \odx k/s B ox, k dx k s ’
This equation is correct to zero and first order in €. If we choose the action for a particle moving
in a potential V, we have

m(x —x')

S(x,x') = { 5 2} —eV(x,x).

Then at the point x; this gives us

_h/oFN\ _ (kX g —x1) OV
?<87xk>5_<1:{ m( € € eaxk("k) ’

If F is unity and we divide by € we get

_1 X1 — Xk X — Xp—1 oV
om (el (e -2 i) ®

If we follow Feynman and call (x;,1 — xx)/€ a “velocity’, then this equation gives the ‘average’
over an ensemble of individual velocities. It is the quantum equivalent of Newton’s second law of motion;
the potential V at x; gives rise to a force which changes the incoming momentum m(x; — x;_1)/€

to the outgoing momentum m(x;,1 — x)/€. Notice to order €, no extra term corresponding to the
quantum potential appears. de Gosson and Hiley [18] have shown in a detailed analysis that this is to
be expected.

These paths are reminiscent of Brownian motion, a characteristic feature of which is the appearance
of two “derivatives’ at xy, a ‘forward’ and a ‘backward’ derivative, illustrating the non-differentiable
nature of the path. In this paper, we need not discuss the precise nature of these paths to arrive at
our conclusion. It is sufficient for us to note that the substructure of a quantum process is certainly
not classical. In passing we should also note that the ‘velocities’, being of order (i1/me)'/2, diverge as
€ — 0 and therefore, in Feynman’s terms, are not observables.

2.3. TPAs Involving the Momentum

In 1974 Hirschfelder [19,20] introduced a quantity 9(x,t)"'py(x,t), which he called a
sub-observable” as he could see no way of measuring it directly, although integrating it over the
whole of configuration space gave the measurable expectation value. Using the polar form of the wave
function, ¥(x,t) = R(x,t) exp[iS(x,t)/h], this ‘sub-observable’ is the weak value of the momentum
operator which can be written in the form

’

P(x, ) py(xt) = % = mlog(x,t) —ivo(x,t)], ©
where explicitly vg(x,t) = VS(x, t)/m is the local Bohm velocity and vo(x,t) = VR(x,t)/mR(x,t) is
the localising osmotic velocity, originally introduced by Nelson [12] in a stochastic theory. The meaning
of these velocities is discussed in more detail in Bohm and Hiley [21]. Much later Hiley [22] showed
exactly how these expressions emerged directly from the weak value of the momentum operator.
It should be noted that weak values are essentially TPAs of the type considered by Feynman [9] and
Schwinger [23].

In the spirit of Schwinger [10], where he argues that “the quantum dynamical laws will find
their proper expression in terms of the transformation functions” that is TPAs, we can introduce two
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momentum TPAs, (x|?|1/}(t)) and (w(t)|<ﬁ|x) where P = —ihV and P = in'V. Notice by placing
the arrows over the momentum operators, we are emphasising the distinction between left and right
multiplication and it is this distinction that is equivalent to the forward and backward derivatives.
In fact we may identify

/ _ / AN P IP(X)—E’J(X')
XIPIp() = (XIP W), = i lim S0

with the forward derivative at X, a point that lies between x” and x.

5 N N im Y =9 (X)
P|X) = P|IX)=1il r A v AT
@O P13 = 9 (o) P20 = i Jim =
corresponds to the backward derivative. Note that the words ‘forward” and ‘backward” here have
nothing to do with time order.
If we again evaluate these TPAs using i = Rexp(iS/h), we find

1[I Blyt) |, (o)l P 1)
x 0| -
2 G T woR | VW = B, 0

and

= <
L &PIp®) @@ Plx) | _ VR(x 1)

t
20 | () (@O | Rxb)

= Po(x, t). (11)

Notice how the sums and differences of the left/right operators produce real values.

We can immediately connect these results with those of Dirac [11] if, in Equations (3) and (4),
we replace the real value of S¢(x, x') by a complex value which we will write as S.(x, x') = Se(x, x") —
iln Re(x, x’). In this case, we find

/ no_ N VrRe(x,x')
pe(x,x") = =VuSe(x,x') —i Re(x,x') (12)
and VR (x,2)
N n - ViRe(x x
pe(x,x") = Vi Se(x,x") liRg(x,x’) . (13)

Notice also the connection with the classical relations obtained in Equations (3) and (4).

2.4. The Relation between Weak Values and TPAs

In the previous two sections, we have shown how TPAs of the form (¢ |F|iy) arise from some
underlying non-differentiable process. The original assumption was that these quantities could not be
investigated experimentally. However starting from a different perspective, the notion of a weak value,
introduced by Aharonov, Albert and Vaidman [8], allows us to experimentally measure these quantities.

A weak value of an operator F is defined by

<1§~> <¢t‘ﬁ‘lpt’>

O elyr)

Clearly these weak values are Feynman TPAs. Using the suggestions of Leavens [24] and
Wiseman [25], Kocsis et al. [5] have actually measured the weak value of the transverse momentum in
an optical two-slit experiment and as a result have constructed what they called photon ‘trajectories’.
We refer to their paper to explain the details of how this is done.
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Unfortunately photons cannot be treated as particles that satisfy the Schrodinger equation.
They have zero rest mass and are excitations of the electromagnetic field. Nevertheless this does
not invalidate the notion of a momentum flow line; the question remains “How are we to understand
these flow lines?” Flack and Hiley [26] have shown that if we generalise the Bohm approach to include
the electromagnetic field [27], each flow line emerges as the locus of a weak Poynting vector.

To connect with the non-relativistic approach we are discussing in this paper, we need to use atoms.
Indeed experiments are being developed at UCL to measure weak values of spin and momentum,
(P)w, for helium atoms [28] and argon atoms [29] respectively. The experimental details can be found
in these references. In this paper, we will clarify further the relation between the Feynman paths and
weak values.

3. Weak Values Are Weighted TPAs

3.1. Flow Lines Constructed from Weak Values

In quantum mechanics, the uncertainty principle does not allow us to give meaning to the
“trajectory’ of a single particle so we are left with the question: “How does a particle get from A to B?”.
Rather than taking two points, consider two small volumes, AV’ (x’) surrounding the point A = x’
and AV (x) surrounding B = x. We assume these volumes are initially large enough to avoid problems
with the uncertainty principle.

Now imagine a sequence of particles emanating from AV’(x’), each with a different momentum.
Over time we will have a spray of possible momenta emerging from the volume AV’ (x’), the nature
of this spray depending on the size of AV’(x’). Similarly there will be a spray of momenta over time
arriving at the small volume AV (x) surrounding the point x.

Better still let us consider a small volume surrounding the midpoint X. At this point there is
a spray arriving and a spray leaving a volume AV (X) as shown in Figure 1. To see how the local
momenta behave at the midpoint X, we will use the real part of S/(x, x’) defined by

m (x —x')?

Se(x,x") = Ir— (14)

="
(x't') (x.)

Figure 1. Behaviour of the momenta sprays at the midpoint of (x, t[x’, t')c.

Let us define a quantity

9Se(x,x’ 0Se(X, x 0Se(x, X
Px(x ) = eéx = e(ax )+ Eéx , (15)

then using the action (Equation (14)), we find

Px(x,x') =m @ - (";—X) = px(x,x) + px(x,x). (16)

Not surprisingly, this is exactly what Feynman [9] is averaging over at the point X, agreeing with
the term between the brace [...].
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What is more important is the relation of Equation (16) to Equation (10) which is the real part of
the weak value of the momentum operator. Thus, the mean momentum of a set of Feynman paths at
X is clearly the real part of this weak value. However, this weak value is just the Bohm momentum.
Thus the Bohm ‘trajectories’ are simply an ensemble of the average of the ensemble of individual
Feynman paths.

To see how this unexpected result also emerges from a different perspective, let us consider
the process in Figure 1 which we regard as an image of an ensemble of actual individual quantum
processes. We are interested in finding the average behaviour of the momentum, Py, at the point X.
However, we have two contributions to consider, one coming from the point x’ and one leaving for
the point x. We must determine the distribution of momenta in each spray to produce a result that
is consistent with the wave function (X) at X. Feynman suggests [9] that we can think of §(X)
as ‘information coming from the past’ and ¢*(X) as ‘potential information appearing in the future’.
This suggests that we can write

lim (x /cp )e?Xdp'  and hm 1/; /cp Ye P Xdp,
X=X

The ¢(p’) contains information regarding the probability distribution of the incoming momentum
spray, while ¢*(p) contains information about the probability distribution in the outgoing momentum
spray. These wave functions must be such that in the limit € — 0 they are consistent with the wave
function i(X).

Thus, we can define the mean momentum, P(X ), at the point X as

p(XB(X) = [ [ Py (p)e P gl Xo(P — (¢ + p) /2)dPdpdy 7)

where p(X) is the probability density at X. We have added the restriction §(P — (p’ + p)/2) since
momentum is conserved at X. We can rewrite Equation (17) and form

p(X)P(X) = %//P¢*(p+9/2)e’ixo¢(p—9/2)d9dP

or equivalently taking Fourier transforms
p(X)P(X) = % [ [P (x=cr2e y(x+o/2)doap

which means that f(X ) is the conditional expectation value of the momentum weighted by the Wigner
function. Equation (17) can be put in the form

PP = (37 ) (@ =209 (32l (18)

an equation that appears in the Moyal approach [30], which is based on a different non-commutative
algebra. If we evaluate this expression for the wave function written in polar form
P(x) = R(x)expliS(x)], we find P(X) = VS(X) which is identical to the expression for the local
(Bohm) momentum used in the Bohm interpretation.

This then confirms the conclusion we reached above, namely, that the set of Bohm ‘trajectories’ is
an ensemble of the average ensemble of individual paths. Notice, once again, that this gives a very
different picture of the Bohm momentum from the usual one used in Bohmian mechanics [31]. It is
not the momentum of a single “particle’ passing the point X, but the mean momentum flow at the point
in question.

This conclusion is supported by the experiments of Kocsis et al. [5]. They construct the flow lines
from an average made over many individual input photons. Thus, the so-called ‘photon’ flow-lines
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are constructed statistically from an ensemble of individual events. As was shown in Flack and
Hiley [26], these flow lines are an average of the momentum flow as described by the weak value of the
Poynting vector. This agrees with what one would expect from standard quantum electrodynamics,
where the notion of a “photon trajectory” has no meaning, but the notion of a ‘momentum flow” does
have meaning.

Bliokh et al. [32] have presented a beautiful illustration showing the results of a two-slit
interference experiment. Figure 2a shows the real part of the momentum flow lines in the
electromagnetic field, while the imaginary component (osmotic) momentum flow lines are shown in
Figure 2b. It is then clear that we can regard vg(x,t) = pp(x,t)/m as a local velocity, while the
osmotic velocity vo(x,t) = po(x,t)/m can be regarded as a localising velocity as discussed in
Bohm and Hiley [33]. The osmotic velocity behaves in such a way as to maintain the form of the
probability distribution.

(a) (b)

20| 201

I
m

-l =4 = 2 4 6

2 0 6 -4 -2 0 2 4 6
X, mm

Y. mm

Figure 2. (a) Local field momentum; (b) Localising field momentum.

3.2. Where Is the Quantum Potential?

One of the features that many find ‘mysterious’ [34] is the appearance of the ‘quantum potential”
in the Bohm approach. Is there any trace of it in the Feynman paper [9]? To answer this question,
we must first refer to de Gosson and Hiley [18] where it is shown that this energy term is absent in
quantum processes when taken only to O(At = €) so we must consider terms to O(At = €2).

Feynman shows that the kinetic energy is of O(e?) when written in the form
K.E. = [(xt;1 — x;)/€]? and diverges as ¢ — 0. Feynman points out that this quantity is not an
observable functional. However, let us now define the kinetic energy to be

KE/:ﬂ Xk+1 — Xk Xk — Xk—1
2 € € ’

This function is finite to O(€) and therefore is an observable functional. Feynman then shows that
if we allow “the mass to change by a small amount to (1 + ) for a short time, say € around t,” we
can obtain the relation

2
mo (X — X\ (X — X1 m [ Xgy1 — Xg h

mn I S5 S 4 o 1
2 ( € ) ( € ) 2 ( € > * 2 (19)

the extra term arising from the normalising function A. Thus, we must add a ‘correction’ term to the
K.E. in order for the total energy to be finite to O(€?).

This is the forerunner of mass renormalisation used in quantum electrodynamics. In that case the
charged particle is subjected to electromagnetic vacuum fluctuations. The particle we are considering
here is not charged and so the fluctuation must arise from a different source, but however it arises,
it changes the TPA by 4.
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Later in the same paper, Feynman shows that any random fluctuation in the phase function
will produce the same effect. A random fluctuation at the point x; implies we must replace
S(Xk1, b1 Yo tr) bY Ss(Xky1, b1 Xk b — J). Thus, to the first order in 6 we have

(@119)s — @IS, = 2 (el

where Hy is the Hamiltonian functional

H =  9S (kg1 ey X tr) _ h ) (20)
atk+] 2Z(tk+1 - tk)

Apart from the minus sign, the last term is identical to the last term in Equation (19).
Thus Feynman required extra energy to appear from somewhere. A more detailed discussion of
this feature appears in Feynman and Hibbs [35]. The Bohm approach indicates that some ‘extra’ energy
appears in the form of the quantum potential energy at the expense of the kinetic energy. Could it be
that the source of the energy is the same?

To explore this possibility, let us use the method explained in Section 2.3 to obtain a more general
result for the K.E. The real part of the weak value of the momentum operator squared is obtained from
((p(1)|p?|x) + (x|p?[(t))) /2. Under polar decomposition of the wave function, we find the real part
of the weak value of the kinetic energy is

1

1
%<ﬁ2>w = 5

2
o B} . 1)

(952 - Y

With the identification VS « m(xx;1 — x¢) /€, we see that the quantum potential is playing a
similar role as the mass/energy fluctuation in Feynman’s approach. In fact, de Broglie’s original
suggestion was that the quantum potential could be associated with a change of the rest mass [36].

Notice that the quantum potential appears essentially as a derivative of the osmotic velocity,
which in turn is obtained from the imaginary part of §'(x, x’). Any fluctuating term added to the real
part of Se(x, x') should also be added to the imaginary part. This would also introduce some change
in the energy relation shown in Equation (20). This interplay between the real components of the
complex S¢(x, x') is clearly presented as an average over fluctuations arising from some background.
Here we can recall Bohr insisting that quantum phenomena must include a description of the whole
experimental arrangement. More details will be found in Smolin [37] and in Hiley [38].

4. Conclusions

Our explorations of the weak values of the momentum operator [22] have led us to reconsider the
basis on which Feynman [9] developed his path integral approach. We have shown that there is an
unexpected close connection between the Feynman propagator, the weak values of the momentum
and the original Bohm approach [13].

Feynman had already noticed that to prevent the kinetic energy tending to infinity as the time
interval between steps tends to zero, it was necessary to introduce a ‘fluctuation” in the mass/energy
of the particle. This extra energy can be thought of as arising in a way similar to the way the quantum
potential energy appears as an effect of some background field. Indeed, as we have remarked above,
de Broglie [36] had already proposed that the quantum potential could be included in the mass term
M = /[m?+ (h*/c2)OR/R], R being the amplitude of the wave function. Hiley [38] has shown a
similar conclusion arises for the Dirac equation.

The approach outlined in this paper shows that the basic assumption made in Bohmian mechanics,
namely, that each particle follows one of the ensemble of “trajectories’ calculated by Philippidis et al. [6]
from Pg(x,t) cannot be maintained. Rather the trajectories should be interpreted as a statistical average
of the momentum flow of a basic underlying stochastic process.
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It is now possible to experimentally explore weak values, perhaps clarifying the nature of this
stochastic process. In the case of the electromagnetic field this has already been done by Kocsis et al. [5],
but as we have seen the notion of a ‘photon trajectory’ has no meaning. However, the average
momentum flow does have meaning [26]. As mentioned above, new experiments using argon and
helium atoms are now being carried out at UCL by Morley et al. [29] and by Monachello, Flack, and
Hiley [28]. It is hoped that these future experiments will throw more light on the nature of individual
quantum processes.
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Abstract: In Bohmian mechanics, particles follow continuous trajectories, so two-time position
correlations have been well defined. However, Bohmian mechanics predicts the violation of Bell
inequalities. Motivated by this fact, we investigate position measurements in Bohmian mechanics
by coupling the particles to macroscopic pointers. This explains the violation of Bell inequalities
despite two-time position correlations. We relate this fact to so-called surrealistic trajectories that,
in our model, correspond to slowly moving pointers. Next, we emphasize that Bohmian mechanics,
which does not distinguish between microscopic and macroscopic systems, implies that the quantum
weirdness of quantum physics also shows up at the macro-scale. Finally, we discuss the fact that
Bohmian mechanics is attractive to philosophers but not so much to physicists and argue that the
Bohmian community is responsible for the latter.

Keywords: Bohmian mechanics; quantum theory; surrealistic trajectories; Bell inequality

1. Introduction

Bohmian mechanics differs deeply from standard quantum mechanics. In particular, in Bohmian
mechanics, particles, here called Bohmian particles, follow continuous trajectories; hence, in Bohmian
mechanics, there is a natural concept of time-correlation for particles” positions. This led M. Correggi
and G. Morchio [1] and more recently Kiukas and Werner [2] to conclude that Bohmian mechanics
“cannot violate any Bell inequality” and hence is disproved by experiments. However, the Bohmian
community maintains its claim that Bohmian mechanics makes the same predictions as standard
quantum mechanics (at least as long as only position measurements are considered, arguing that, at the
end of the day, all measurements result in position measurement, e.g., a pointer’s positions).

Here, we clarify this debate. First, we recall why two-time position correlation is at a tension
with Bell inequality violation. Next, we show that this is actually not at odds with standard quantum
mechanics because of certain subtleties. For this purpose, we do not go for full generality but illustrate
our point with an explicit and rather simple example based on a two-particle interferometers, partly
already experimentally demonstrated and certainly entirely experimentally feasible (with photons,
but also feasible at the cost of additional technical complications with massive particles). The subtleties
are illustrated by explicitly coupling the particles to macroscopic systems, called pointers, that measure
the particles” positions. Finally, we raise questions about Bohmian positions, about macroscopic
systems, and about the large differences in appreciation of Bohmian mechanics between philosophers
and physicists.

2. Bohmian Positions

Bohmian particles have, at all times, well defined positions in our three-dimensional space.
However, for the purpose of my analysis, I need only to specify in which mode the Bohmian particle is.

Entropy 2018, 20, 105; d0i:10.3390/20020105 103 www.mdpi.com/journal/entropy
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Here I use “mode” as is usually done in optics, including atomic optics. For example, if a particle in
Mode 1 encounters a beam splitter (BS) with Output Modes 1 and 2, then the Bohmian particle exits
the beam splitter either in Mode 1 or in Mode 2, see Figure 1.

detector 2

(@)

mode “2”

N\

> > D detector 1

ws n

mode “in mode “1”

Figure 1. A Bohmian particle and its pilot wave arrive on a beam splitter (BS) from the left in Mode “in”
The pilot wave emerges both in Modes 1 and 2, as per the quantum state in standard quantum theory.
However, the Bohmian particle emerges either in Mode 1 or in Mode 2, depending on its precise initial
position. As Bohmian trajectories cannot cross each other (in configuration space), if the initial position
is in the lower half of Mode “in”, then the Bohmian particle has the BS in Mode 1 or, if not, in Mode 2.

Part of the attraction of Bohmian mechanics lies then in the following assumption:

e  Assumption H:
Position measurements merely reveal in which (spatially separated and non-overlapping) mode the Bohmian
particle actually is.

Accordingly, if Modes 1 and 2 after the beam splitter are connected to two single-particle detectors,
then, if the Bohmian particle is in Mode 1, the corresponding detector clicks, and the case of Mode 2 is
similar, see Figure 1.

3. Two-Time Position Correlation in a Bell Test

Let’s consider a two-particle experiment with 4 modes, labeled 1, 2, 3, and 4, as illustrated in
Figure 2. The source produces the quantum state:

o = (]1001) + [0110)) / V2 1)

where, e.g., |1001) means that there is one particle in Mode 1 and one in Mode 4, and Modes 2 and 3 are
empty. This is an entangled state that can be used in a Bell inequality test. For this, Alice (who controls
Modes 1 and 2) and Bob (who controls Modes 3 and 4) apply phases x and y to Modes 1 and 4,
respectively, and combine their modes on a beam splitter, see Figure 2. Taking into account that
a reflection on a BS induces a phase ¢//2 = i, the quantum state after the two beam splitters reads

ei(x+y) } '
a7z (11001) +i0101) +7[1010) — [0110))

1 . .
+ 2575 (0110) +1]0101) +[1010) — [1001)). @

104



Entropy 2018, 20, 105

If Modes 1, 2, 3, and 4, after the beam splitter, encounter four single-particle detectors, also labeled
1,2, 3, and 4, then the probabilities for coincidence detection are

Pry = Py = ) — 1P = szﬂ .
Pis = Py = %|ef<’(+y> TP = Hf—"zﬂ @

from which a maximal violation of the CHSH-Bell inequality of 21/2 can be obtained with appropriate
choices of the phase inputs.

detector 1

. " ,detector 2

O

detector 3

. detector 4

O

Figure 2. Two Bohmian particles spread over four modes. The quantum state is entangled,
see Equation (1), so the two particle are either in Modes 1 and 4 or in Modes 2 and 3. Alice applies
a phase x on Mode 1 and Bob a phase y on Mode 4. Accordingly, after the two beam splitters,
the correlations between the detectors allow Alice and Bob to violate Bell inequality. The convention
regarding mode numbering is that modes do not cross, i.e., the nth mode before the beam splitter goes
to detector 7.

In Bohmian mechanics, this experiment is easily described. Denote the two particles’ positions
r4 and rp. In the initial state (Equation (1)), the particles are either in Modes 1 and 4, a situation we
denoter4 € “1” and rp € “4,” orin Modes 2 and 3, i.e., 74 € “2” and rg € “3.” According to Bohmian
mechanics, the particles have more precise positions, but for our argument this suffices.

Now, according to Bohmian mechanics and Assumption H, one does not need to actually measure
the positions of the particles; it suffices to know that each is in one specific mode. Hence, one can
undo Alice’s measurement as illustrated in Figure 3. After the phase shift —x, the quantum state is
precisely back to the initial state ¢, see Equation (1). Alice can thus perform a second measurement
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with a freshly chosen phase x” and a third beam splitter, see Figure 3. Moreover, as Bohmian trajectories
cannot cross each other (in configuration space), if r 4 is in Mode 1 before the first BS, then r4 is also in
Mode 1 before the last BS.

detector 1

detector 2

detector 3

3 Odetector 4

Y

Figure 3. Alice’s first “measurement”, with phase x, can be undone because in Bohmian mechanics
there is no collapse of the wavefunction. Hence, after having applied the phase —x after her second
beam splitter, Alice can perform a second “measurement” with phase x’. Mode number convention
implies, e.g., that Mode 1 is always the upper mode, i.e., the mode on which all phases x, —x and x’,
are applied.

There is no doubt that, according to Bohmian mechanics, there is a well-defined joint probability
distribution for Alice’s particle at two times and Bob’s particle: P(r4, 1" 4,rg|x,x’, ), where r 4 denotes
Alice’s particle after the first beam splitter and 7’ 4 after the third beam splitter of Figure 3. But here
comes the puzzle. According to Assumption H, if 74 € “1”, then any position measurement performed
by Alice between the first and second beam splitter necessarily results in 2 = 1. Similarly, r4 € “2”
implies a = 2. Thus, Alice’s position measurement after the third beam splitter is determined by
1’ 4, and Bob’s measurement is determined by r5. Hence, it seems that one obtains a joint probability
distribution for Alice’s measurements results and Bob’s: P(a,a’,b|x,x’,y). However, such a joint
probability distribution implies that Alice does not have to make any choice (she merely makes both
choices, one after the other), and in such a situation there cannot be any Bell inequality violation.
Hence, as claimed in [2], it seems that the existence of two-time position correlations in Bohmian
mechanics prevents the possibility of a CHSH-Bell inequality violation, in contradiction with quantum
theory predictions and experimental demonstrations [3].

Let’s have a closer look at the probability distribution that lies at the bottom of our puzzle:
P(ra, 7" a,r8|x, ¥, ). More precisely, it suffices to consider in which modes the Bohmian particles are.
That is, it suffices to consider the following joint probability distribution:

P(VA c “ﬂ”, r’A c uuur, rg € “b”‘x, x’/ y) (5)
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where a,a" = 1,2 and b = 3,4 number modes. This can be computed explicitly:

1 -1 a+b 1 -1 a'+b
Doy € g g gy — LD RO y) 1 (1) cos(x 4 )

7 2 )

Note that, if one sums over a’, i.e., traces out Alice’s second measurement, then one recovers the
quantum prediction equations (Equations (3) and (4)):

P(ra € ”a”,rg € “b"|x,y) =
ZP(T’A c uarrl r’A c //urr/, B c ubrrlxl x’,_‘/) —
=
14 (—=1)"*b cos(x +y)
4

. @)
It is important is to notice that P(r4 € “a”,rg € “b”|x,y) does not depend on Alice’s second
measurement setting x’, as one would expect. Similarly, if one traces out Alice’s first measurement,

14 (=1)7+b cos(x' +y)

P(YA c //uur, B c ”b"‘x’,y) — 1

®)

one recovers Equations (3) and (4). Again, the probability that Equation (8) does not depend on Alice’s
first measurement setting.

So far so good, but now comes the catch. If one traces out Bob’s measurement, one obtains
a probability distribution for Alice’s particle’s position that depends on Bob’s setting y:

a1 e

P(rpe€”a’,ra€a”|x,x,y) =

ZP(rA c //arrl r’A c uurrr, rp € “b”|x, xr,y) _
b

1+ (=1)" cos(x +y) cos(x” +y)

; . ©)

Hence, the joint probability distribution (Equation (6)) is signaling from Bob to Alice! Is this
a problem for Bohmian mechanics? Probably not, as the Bohmian particles’ positions are assumed to
be “hidden”. Actually, it is already well-known that they have to be hidden in order to avoid signaling
in Bohmian mechanics. Some may find this feature unpleasant, as it implies that Bohmian particles are
postulated to exist “only” to immediately add that they are ultimately not fully accessible, but this is
not new.

Consequently, defining a joint probability for the measurement outcomes a, a’, and b in the
natural way,

P (a,a,blx,x',y) =
P (rA c uurl, ra c uaur’ B c //bli‘x’ X',y) (10)

can be done mathematically but cannot have a physical meaning, as P(a,a’,b|x,x’,y) would
be signaling.

4. What Is Going on? Let’s Add a Position Measurement

In summary, it is the identification in Equation (10) that confused the authors of [1,2] and led
them to wrongly conclude that Bohmian mechanics cannot predict violations of Bell inequalities in
experiments involving only position measurements. Note that the identification of Equation (10)
follows from Assumption H, so Assumption H is wrong. Every introduction to Bohmian mechanics
should emphasize this. Indeed, Assumption H is very intuitive and appealing, but wrong
and confusing.
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To elaborate on this, let’s add an explicit position measurement after the first beam splitter on
the Alice side. The fact is that, according to both standard quantum theory and Bohmian mechanics,
this position measurement perturbs the quantum state (hence the pilot wave) in such a way that the
second measurement, labeled x” on Figure 4, no longer shares the correlation (Equation (9)) with the
first measurement, see [4—6].

4 < ) détector 1
e

« detector 2

20, detector 3

detector 4

O

AN

Figure 4. We add a pointer that measures through which path Alice’s particle propagates between her
first and second beam splitter. The pointer moves up if Alice’s particle goes through the upper path,
ie., ry €“1”, and down if it goes through the lower path, i.e., r4 € “2”. Hence, by finding out the
pointer’s position, one learns through which path Alice’s particle goes, i.e., one finds out Alice’s first
measurement result, though it all depends how fast the pointer moves. See text for explanation.

Let’s model Alice’s first position measurement, labeled x (i.e., corresponding to the input
phase x), by an extra system, called here the pointer, initially at rest in a Gaussian state, see Figure 4.
One should think of the pointer as a large and massive system; note that it suffices to consider
the state of the center of mass of the pointer. If Alice’s particle passes through the upper part of
the interferometer (r4 € “1”), then the pointer gets a kick in the upward direction and is left with
a momentum +p; however, if Alice’s particle passes through the lower part of her interferometer
(ra €"2”), then the pointer gets a kick —p. We made p large enough so that the two quantum
states of the pointer | & p) are orthogonal, i.e., according to quantum theory, we consider a strong
(projective) which-path measurement. Note, however, that, immediately after the pointer has interacted
with Alice’s particle, the two Gaussians corresponding to | + p) overlap in space, so no position
measurement can distinguish them. It is only after some time that the two Gaussians separate in space
and that position measurements can distinguish them. Since in Bohmian mechanics there are only
position measurements, this implies that, in Bohmian mechanics, it takes some time for the pointer to
measure Alice’s particle.

Accordingly, if p is large enough for the pointer to have moved by more than its spread by the
time Alice’s particle hits the second BS, then the pointer acts like a standard measurement, and the
second position measurement x’ of Alice’s particle is perturbed by measurement x, as discussed in the
previous paragraph. However, if p is small enough, then, by the time the second measurement x” takes
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place, the pointer barely moves. In this case, the second position measurement is not affected [4-6],
see also the appendix. However, it is now this second measurement x” that perturbs the “first” one,
i.e., perturbs measurement x. Indeed, because of the entanglement between Alice’s particle and the
pointer, if one waits long enough for the pointer to move by more than its spread and then reads
the result of the “first” measurement out of this pointer, then one will not find the expected result:
the second measurement perturbed the “first” one. I put “first” in quotes because, in such a slow
measurement, the result is actually read out of the pointer after the “second” measurement took place.

This is very similar to the so-called surrealistic trajectories, see [4-6]. In the appendix, I recall this
counter-intuitive aspect of Bohmian mechanics.

5. What about Large Systems?

So far so good. But let’s now consider, not single particles, but elephants. One of the advantages
of Bohmian mechanics is that whether systems are microscopic and macroscopic makes no difference:
all systems are treated alike. The price to pay, as we illustrate below, is that all the strangeness of
quantum physics at the microscopic level has to show up also at the macroscopic level.

Let’s consider two elephants in the state of Equation (1) corresponding to entangled elephants
in Modes 1 & 4 superposed with elephants in Modes 2 & 3. Note that, instead of elephants, one may
consider classical light pulses and replace, in Equation (1), the one-photon state |1) with a coherent
state |a) with mean photon number |«|? as large as desired: (|&,0,0,a) + |0,a,&,0))/+/2. The beam
splitters have to be replaced by EBSs—Elephant Beam Splitters—which split elephants: an incoming
elephant emerges from an EBS in a superposition of elephant-transmitted and elephant-reflected.
In the case of coherent states, the transformation reads:

la,0) — (Ja,0) +i[0,a)) /v2 1)
0,a) — (i, 0) + [0, &) / V2. 12)

Note that the above deeply differs from the standard BS, which corresponds to |a,0) —
la//2,ia/\/2).

The story of the single particles described above remains the same. In Bohmian mechanics,
the elephants’ positions are also hidden, or at least not fully accessible. However, this is puzzling, as it
means that, when one “looks slowly” (as the pointer in Section 4, see also the Appendix) at an elephant,
one may see it where it is not. Indeed, according to Bohmian mechanics, an elephant is where all the
Bohmian positions of all the particles that make up the elephant are, but what does this mean if it does
not correspond to where one sees the elephant? Bohmians may reply that one does not “look slowly”
at elephants and that EBSs do not exist. This is certainly true of today’s technology, but there will soon
be beam splitters for quantum systems large enough to be seen by the naked eye. In addition, to avoid
signaling, it has to be impossible to “see” or find out in any way two-time position correlations of such
quantum systems, even when they are large.

Admittedly, it is an advantage that, in Bohmian mechanics, the difference between micro- and
macro-worlds is immaterial. But, accordingly and unavoidably, quantum weirdness shows up at
the macro-scale.

6. Assumption H Revisited

Assumption H is wrong. How should one reformulate it? Clearly, a position measurement does
not merely reveal the Bohmian particle because of the following:

1. A position measurement necessarily involves the coupling to a large system, some sort of pointer,
and this coupling implies some perturbation. Hence the “merely” in assumption H is wrong [7].
2. Whether a position measurement reveals information about the Bohmian particle or not depends
on how the coupling to a large system is done and on how that large system (the pointer) evolves.
Hence, not all measurements that, according to quantum theory, are position measurements,
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are also Bohmian-position measurements: some quantum-position measurements do not reveal
where the Bohmian particle is.

The first point above is very familiar to quantum physicists. However, it may take away some
of the appeal of Bohmian mechanics. Indeed, the naive picture of particles with always well-defined
positions is obscured by the fact that these positions cannot be “seen”—in fact, one can not “merely see”
in which mode a Bohmian particle is. At the end of the day, Bohmian mechanics is not simpler than
quantum theory. The promise of a continuously well-defined position and the associated intuition
is deceptive.

The second point listed above is interesting: One should distinguish between quantum-position
and Bohmian-position measurements. The latter refers to measurements that provide information about
the position of Bohmian particles. It would be interesting to figure out how to characterize such
Bohmian-position measurements without the need to fully compute all the Bohmian trajectories.

7. Why Bohmian Mechanics

From all we have seen so far, one should, first of all, recognize that Bohmian mechanics is deeply
consistent and provides a nice and explicit existence proof of a deterministic non-local hidden variables
model. Moreover, the ontology of Bohmian mechanics is pretty straightforward: the set of Bohmian
positions is the real stuff. This is especially attractive to philosophers. Understandably so. But what
about physicists mostly interested in research? What new physics did Bohmian mechanics teach us in
the last 60 years? Here, I believe it is fair to answer: Not enough! Understandably disappointing.

It is deeply disappointing that an alternative theory to quantum mechanics, a theory that John Bell
thought should be taught in parallel to standard textbook quantum mechanics [8], did not produce
new physics, nor even inspirations for new ideas to be tested in the lab (though see [9-12]). How could
this be? Some may conclude that not enough people worked on Bohmian mechanics. But tens or
hundreds of passionate researchers worked on it for decades. Some may conclude that this lack of new
ideas proves that Bohmian mechanics is a dead end. But how could a consistent theory, empirically
equivalent to quantum theory, have no future?

Let me suggest some possible, albeit only partial, answers to the above puzzle. I am afraid that
almost all the research on Bohmian mechanics over the last several decades remained trapped within
an exceedingly narrow viewpoint and worked only on problems of interest that were highly specific to
their Bohmian community. I believe this is especially disappointing, as there were several interesting
open problems that Bohmian-inspired ideas could have addressed. The positive side is there are likely
still interesting open problems that open-minded researchers can explore.

Let me illustrate some of the ideas I believe Bohmian mechanics should have triggered. This list
is obviously subjective—it is only important that it is not empty. Bohmian mechanics, like quantum
theory, is in deep tension with relativity theory. I know of Bohmians who claim that it is obvious that
any non-local theory, Bohmian or not, requires a privileged universal reference frame. I also know
of Bohmians who claim that it is obvious that Bohmian mechanics can be generalized to a relativistic
theory (though, admittedly, I never understood their model). However, I know of no Bohmians who
are inspired by their theory and its tension with relativity to try to go beyond Bohmian mechanics,
as illustrated in the next two paragraphs.

According to Bohmian mechanics, particles “make decisions” at beam splitters in the sense that,
after a beam splitter, the particle is definitively in one of the output modes. Admittedly, this is not
a real decision as everything is determined by the initial state of the particle and of all other systems
entangled with the particle. However, let me continue using this inspiring terminology. Accordingly,
and following Suarez, we call such beam splitters choice-devices [13]. Such choice-devices take into
account everything in their past. Now, a natural assumption inspired by the sketched description is
that the past is not merely the past light cone, but all of the past in the inertial reference frame of the
choice device. This idea led Suarze and Scarani to suggest that one should test situations in which
several choice-devices, e.g., several beam splitters, are in relative motion such that what is the past
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for one choice-device may differ from the past of another choice-device [14]. This has the advantage
(at least for researchers in physics) that it leads to experimental predictions that differ from standard
quantum predictions and that can be experimentally tested. Hence, this brings Bohmian-inspired
ideas to physics. This has been tested in my lab, and the result have shown that the idea, in spite of its
appeal, is wrong [15].

Another Bohmian-inspired idea follows directly from an observation by Hiley and Bohm [16]:
“it is quite possible that quantum nonlocal connections might be propagated, not at infinite speeds (as in
standard Bohmian mechanics), but at speeds very much greater than that of light. In this case, we could
expect observable deviations from the predictions of current quantum theory (e.g., by means of a kind of
extension of the Aspect-type experiment).” Again, this can be experimentally tested [17-20]. The results
put lower bounds on this hypothetical faster-than-light-but-finite speed influence, something like
10,000 to 100,000 times the speed of light. Aspect-type experiments between two sites can only either find
that hypothetical speed or set lower bounds on it. However, recently we have been able to demonstrate
that, by going to more parties, one can prove that either there is no such finite-but-superluminal
speed or that one can use it for faster than light communication using only classical inputs and output
(i.e., measurement settings and results) [21,22].

T am confident that Bohmian mechanics and other alternative views on quantum mechanics will
inspire further ideas that will lead to experiments that might work to extend quantum theory. The real
question is whether the Bohmian community will pursue such ideas.

8. Conclusions

Naive Bohmian mechanics that assumes Assumption H is wrong. Still, Bohmian mechanics is
deeply consistent. Position measurements perturb the system, even in Bohmian mechanics. Hence,
the existence of two-time position correlations is not in contradiction with possible violations of
Bell inequalities.

Generally, position measurements sometimes reveal information about Bohmian positions,
but never full information and sometimes none at all. Simple and handy criteria for determining when
the Bohmian position measurements of a particle under test highly correlate with the position of the
center of mass of some large pointer are still missing.

Bohmian mechanics is attractive to philosophers because it provides a clear ontology. However,
it is not as attractive to researchers in physics. This is unfortunate because it could inspire brave new
ideas that challenge quantum physics.
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Appendix A. Slow Position-Measurements in Bohmian Mechanics

Appendix A.1. Bohmian Trajectories in a Semi-Interferometer

Let us consider a “half Mach-Zehnder” interferometer, which is a Mach-Zehnder interferometer in
which the second beam splitter is removed, see Figure A1. We call such a circuit a semi-interferometer.
After the beam splitter, any particle entering from the input mode is in a superposition of Modes 1 and 2:
|1) = (|1,0) + |0,1)) /v/2, with possibly a relative phase irrelevant in semi-interferometers.

According to quantum theory, if Detector 1 clicks, then the particle went through Mode 1.
This should be interpreted as “if one adds position measurements in Modes 1 and 2, then there
is a 100% correlation between Detector 1 and the position measurement in Mode 1 (and similarly for
Detector 2 and the position measurement in Mode 2)”.
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According to Bohmian mechanics, things are different. If Detector 1 clicks, then the particle went
through Mode 2, in sharp contrast to the quantum retro-diction. However, the interpretation is also
totally different. According to Bohmian mechanics, particles follow continuous trajectories and the
interpretation here is that, if Detector 1 clicks, then the Bohmian particle followed Mode 2.

In order to reconcile both views, let’s add position measurements in Modes 1 and 2.

detector 1

No beam-splitter

/ d> _J (/{

Node agn Bohmian

trajectories

detector 2

P

mode “in”

BS

Figure Al. A Bohmian particle and its pilot wave arrive on a beam splitter (BS) from the left in Mode
“in”. The pilot wave emerges both in Modes 1 and 2, as the quantum state in standard quantum
theory. Modes 1 and 2 meet again, but there is no beam splitter at this meeting point. Nevertheless,
the Bohmian trajectories bounce at this point as indicated by the red arrows. Intuitively, this can be
understood because the evolution equation of the Bohmian position is a first order differential equation,
so Bohmian trajectories never cross each other. This intuition is confirmed by numerical simulations.

Appendix A.2. Position Measurements in Modes 1 and 2

In order to describe position measurements in both modes, we add two pointers, each initially at
rest, denoted [p; = 0), that we locally couple to Modes 1 and 2 in such a way that, if the particle is in
Mode j, then the corresponding pointer gets a momentum kick k, resulting in state |p; = k), while the
other pointer is left unaffected, see Figure A2. The joint particle-pointers state after the two local
interactions thus read (|1,0)|p1 = k)|p2 = 0) +(0,1)|p1 = 0)|p2 = k)) / /2. Note that the pointers are
in some localized (e.g., Gaussian) states, the kets only indicate the mean momenta.

Let us emphasize that the pointer should be thought of as large and massive and consisting of
many internal degrees of freedom; in short, it is a “macroscopic” object, and the result of the position
measurement can merely be read of the pointer’s position: if the pointer moves, then it has detected
the presence of the particle; if the pointer hasn’t moved, then the particle went the other way. Such
a formalization of position measurements applies both to quantum and Bohmian theories.

Note that, in order for the pointer to indicate an unambiguous result, one has to wait long enough
for the pointer to have moved by much more than it’s spread Ax and the kick has to be large enough,
k>>h/Ax.

According to quantum theory, if Detector 1 clicks, then Pointer 1 got a kick and thus moves,
while Pointer 2 rests in state |[p = 0). However, the situation as described by Bohmian mehcanics is
more interesting.

First, consider the case that the kick k is so large that the pointer, if kicked, moves by more than
its spread before the two Modes 1 and 2 cross at the place of the “missing beam splitter”. In this case,
the particle and the kicked pointer become entangled, and this modifies the Bohmian trajectory of
the particle. According to this modified trajectory and in full agreement with quantum predictions,
if Detector 1 clicks, then Bohmian mechanics predicts that it is Pointer 1 that moved (including the
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Bohmian position of pointer 1). Note that, in this situation, Boh